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ABSTRACT 

A numerical model for the analysis of three-dimensional flow of two im

miscible fluids through porous media is developed based on the boundary integral 

equation technique. Hydrodynamic dispersion is assumed to be negligible and 

therefore a sharp interface is assumed to separate the two fluids. Triangular el

ements are used to discretize the boundary of the solution domain and the areal 

integration over triangles is reduced to a linear form by carrying out analytical 

integration along one coordinate direction. As a result, the singular integrals are 

reduced to completely analytic forms, thus avoiding the need of using a large num

ber of Gauss points for numerical integration as used in some earlier models. This 

is found to result in substantial saying in computer time and increased accuracy of 

results, even at points close to the boundary. The model is verified by comparing 

its results to those from analytic solutions and other numerical methods like the 

Finite Element Method. An efficient two-dimensional Finite Element Model is also 

developed to simulate salt water intrusion. Both the Boundary Element Model 

and the Finite Element Model are applied to the problem of sea water intrusion 

in the coastal aquifer of Guam and the results are discussed. It is observed that 

the boundary element method, in general, requires smaller time steps as com

pared to the finite element method in order to get stable results for transient flow 

problems. The increase in number of time steps, however, is compensated by the 

smaller number of nodes and the overall computational effort appears to be of the 

same order for both the methods. 
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CHAPTER 1 

INTRODUCTION 

1.1 General 

The occurrence of seawater encroachment into the groundwater is increasing 

at a considerable rate mainly due to the higher rates of freshwater pumping to 

meet the needs of development. For efficient planning and proper management 

of a coastal aquifer, it is essential to predict the extent of seawater intrusion into 

the aquifer in response to variations in the components of the freshwater mass 

balance. Any management strategy to contain this intrusion must utilize a quick 

and efficient tool for predicting this response to variations in the natural and 

human-induced stresses. The need for an accurate model to simulate the behavior 

of coastal aquifers is made more acute by the fact that many coastal areas are 

hem-ily urbanized and therefore require an adequate and sustained yield of water 

which is fit for drinking and other purposes. 

Starting from the pioneering work of Ghyben [26] and Herzberg [34], vari

ous studies have been conducted to better understand the interaction of freshwater 

and saltwater. Most of the earlier studies are based on analytical solutions of the 

governing equations. Although these models are very simple and least compu

tationally intensive, they eannot be used for an irregular geometry or complex 

boundary conditions. Thus, for most practical problems, it may be impossible 

to generate analytic solutions without making some drastic simplifications. Nu

merical methods have therefore become the method of choice for simulating the 

seawater intrusion problem. 

Among the numerical methods used for groundwater flow simulation, the 

Finite Difference Method (FD:t\'I) and the Finite Element Method (FEM) are per

haps the most widely used. During the past two decades, however, the Bound

ary Element l\Iethod (BETI.'1), also called the Boundal'Y Integral Equation Method 

(BIEM), has been applied to a variety of groundwater flow situations. The BEM 

is thus a recent innovation in comparison with the FEM. 'While the mathematieal 
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formulation is complex, the use of BEM is more straightforward and economical 

than FEM in most cases. All of these methods, though known for a long time, 

have gained particular significance with the advent of, and continuous improve

ment in, digital computing. The FDM is slowly but surely going out of favor 

because of its inability to conform to irregular geometries and the difficulty in ap

plying boundary conditions. The FEM has been proven to be a robust and efficient 

method but requires considerable bookkeeping regarding its nodes and elements. 

For three-dimensional problems, the discretization and data input preparation re

quires a considerable amOlmt of time. Another drawback of the FEM is that, for 

situations where only the boundary values are required, much of the computa

tional effort is 'wasted' in solving for the variables at the internal nodes. On the 

other hand, the BEM requires only an areal discretization for three-dimensional 

problems thereby reducing the data preparation time and errors in mesh prepara

tion~ and the results are obtained only at the boundaries. Solution at the internal 

points may, then, be generated from the boundary values. Another advantage of 

the BEM lies in its ease of mesh concentration in the areas of local interest. The 

disadvantages ofthe BEM include its inability to incorporate large heterogeneities, 

requirement of a 'fundamental solution' to the adjoint equation and sensitivity to 

fluctuations in the boundary shape. 

IvIost of the numerical models for groundwater flow using the BEM have 

been two-dimensional. Three-dimensional BEM models for free surface flows have 

also been developed. A fully three-dimensional BEM code for two-phase flow of 

salt water and fresh water is not currently available. Our objective for the present 

study is, therefore, to develop an efficient three-dimensional BEM model for salt 

water intrusion into groundwater. The model would also be able to simulate other 

two-phase immiscible flow situations like oil-water or oil-gas but the emphasis in 

the present work is on the salt water intrusion problems. Extensive verification of 

the model is performed against known analytic and numerical solutions and then 

it is applied to simulate a field study of seawater intrusion into t.he Guam aquifer. 

An efficient two-dimensional finite element code is also developed and applied to 
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the Guam aquifer to ascertain the relative advantages and accuracies of the FEM 

and BEM. 

1.2 Objective and Scope of Research 

The main objectives of this research are: 

1. Develop an efficient three-dimensional BEM model for two-phase flow. 

2. Develop an efficient two-dimensional FEM model for salt water intrusion. 

3. Verify and calibrate the proposed models. 

4. Implement the proposed BEM model for the solution of seawater intrusion 

in the Guam aquifer and compare the results with the FEM model. 

In the context of the above objectives, the special and new contributions 

of this research can be stated as follows: 

(a) Reduction of areal integration to line integrals, thereby saving considerable 

computational time on numerical integration. 

(b) Analytic integration of singular integrals, thus doing away with the use of 

a large number of Gauss points for singular numf'rical integration. 

(c) Reduction of the Finite Element matrices for 2-dimellsional seawater intru

sion problems into a symmetric form. 

(d) Better representations of the mixed type conditions on the coast.al bound-

anes. 

1.3 Organization of Text 

Chapter 2 presents a review of literat.ure on the phenomenon of salt water 

intrusion; the numerical techniques used in the present study and their applications 

in flow problems. 

The formulation of the proposed model is described in Chapter 3. In this 

chapter, the algorithm for the reduction of the areal integrals to line integ,l'als is 

derived and various coefficient matrices for both singular and non-singular cases 

are derived. Both the boundary element and the finite element equations arc 

dcriyec1 and the boundary conditions required for the solution are discussed. 
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~/Iodel verification and analyses are considered in Chapter 4 and the im

plementation of the proposed models to the Guam aquifer is discussed in Chapter 

5. 

Finally, Chapter 6 summarIzes the work described in this dissertation, 

presents some conclusions and suggests a few options for furthering this work. 
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CHAPTER 2 

REVIEW OF LITERATURE 

2.1 General 

This chapter presents a brief review of literature on the phenomenon of 

salt water intrusion, the numerical techniques used in the present study and their 

applications in the field of ground water flow. A large number of experimental, 

analytical and numerical studies of salt water intrusion have been conducted since 

the pioneering work of Ghyben [26] and Herzberg [34]. Similarly, the boundary 

element method and the finite element method have also been subjects of various 

theoretical and numerical analyses. An exhaustive review of these topics was 

undertaken and detailed description of the most relevant work is given in the 

following sections. The numerical methods are discussed very briefly here and more 

of the discussion is focussed on their applications to ground water flow, particularly 

salt water intrusion. Detailed description of the mathematical aspects of both the 

FEM and the BEM can be found in a number of text books (e.g., Zienkiewicz [82], 

Brebbia [9]). 

2.2 Salt Water Intrusion 

Salt water intrusion into ground water can result from both natural condi

tions and human actions. Various sources of salinity which can adversely affect the 

ground water are sea water, lealdng waste disposal wells, oil field brine pits, road 

de-icing salts etc. (Task Committee on Saltwater Intrusion [73]). The increase 

in the salinity of ground wat.er leads to higher costs to municipal, industrial and 

agricultural users through added water treatment. costs, high soap consumption, 

scale formation in boilers, reduction in plant growth and corrosion in distribution 

pipelines. A study by Holburt [35] estimates that the salinity impact on the Lower 

Colorado River Basin would reach 45 to 60 million dollars by the turn of the cen

tury. l'\ewport [62] reported a survey of salt water intrusion in the United States 

aud indicated that the subsurface fresh water aquifers suffered a degradation of 
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quality due to salt water intrusion in 43 states. Out of these, 27 were affected 

by lateral intrusion caused by excessive pumping, 11 by vertical intrusion caused 

by excessive pumping, 8 by improper disposal of oil field brines, 6 by faulty well 

casings, 5 by surface infiltration, 5 by presence of layers of salt water in thick lime

stone formations, 2 by vertical intrusion due to dredging and 2 by irrigation return 

flow. At the time of his study, there was no known example of salt water intrusion 

in Arizona. A later study (Atkinson et al. [1]), however, reports the presence of 

ground water with more than 3000 mg/l of total dissolved solids within less than 

500 feet of the ground surface. With the increase in ground water pwnping, we 

might face a severe problem of salt water intrusion in near future. In order to 

better understand the mechanism of salt water intrusion, in this section we review 

some previous studies on this phenomenon. 

The first published study on the subject of salt water intrusion is that of 

Braithwaite [8], who described salinity problems caused by well pumping in London 

and Liverpool. He suggested, erroneously, that the encroachment of sea water into 

the gTound water was caused by the lowering of the fresh water level below that of 

the sea. It is now well established (Kashef [38]) that salt water intrusion takes place 

even if the water table is slightly above the sea level. The earliest theoretical work 

on this subject was done by Ghyben [26] and Herzberg [34] concerning the northern 

coastal areas of Europe. They, independently, developed an analytical expression 

for the location of the interface between the fresh water and the sea water assuming 

that the interface is a sharp interface and that the sea water is in static equilibrium. 

The interface is therefore commonly referred to in the literature as the Ghyben

Herzberg interface and the assumption of static equilibrium as the Ghyben-Herzberg 

approximation. Using these assumptions, Hubbert [36] concluded that the depth of 

interface below the mean sea level, (, can be expressed as ( = ... /!!.-yl <pI , in which 

" is the specific weight and <p is the piezometric head. The superscript f refers to 

fresh water and s to sea water. 'With the commonly used values for "Is = 1.025 "If, 

the depth of the fresh water below the sea level is 40 times as much as the height 

of the fresh water above sea level. Herzberg [34] also reported the rise and fall of 
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water level with the tidal effects and a lag of about 3 to 4 hours behind the tide. 

Another observation made by him was that salinity increases during dry seasons 

and during periods of heavy pumping. 

To take into account the moving natural flow, further mathematical ap

proximations and techniques were attempted. The new era of study of sea water 

intrusion started with the wo~k of Glover [27J. Early studies by Glover [27], Henry 

[32J, and Bear and Dagan [6J used the conformal mapping technique and the 

hodograph method to locate the steady state position of the interface under hy

drodynamic conditions wit.h a variety of boundary conditions. Henry [32J, Glover 

[27], Cooper et al. [20J and Hubbert [36J used the analogy between the conditions 

at the interface and the free-surface conditions in earth dams under steady state 

flow to derive expressions for the location of interface. Kashef [40J later grouped 

these solutions into a unified formula which can be used for confined or uncon

fined aquifers with horizontal or vertical outflow surface. Rumer and Shiau [66J 

included the effects of anisotropy and layered non-homogeneity and Rumer and 

Harleman [65J used a sand box physical model to experimentally verify the theo

retical results. Henry [33J relaxed the sharp interface assumption and examined 

the effects of mixing on the location and extent of the interface. Bear and Da

gan [5J used the depth-averaged piezometric head to study confined aquifers with 

sharp interface and also used a Hele-Shaw model to investigate the movement of 

the interfacc with changes in incoming fresh water flow. They proposed two ex

pressions for the location of interface, one for an advancillg wedge anu the other 

for retreating wcdge. Hantush [28J developed differential equations based on thc 

sharp interface assumption and using depth-average values and solved them for 

the transient position of the interface in infinitely deep, homogeneous and isotropic 

phreatic aquifers. The assumption of infinite depth of aquifer permits the use of 

the Ghyben-Herzberg approximation. Collins and Gelhar [14J solved the goycrning 

equation analytically inland of the sea water wedge and by numerical integration 

oYer the wedge. Ivlualem and Bear [59J considered steady state flow in a two layer 

aquifer with yertical How allowed between the layers. Veroll [78J and Hashish ct aZ. 
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[29] describe solutions for the steady state position of the interface for a leaky layer 

on top of an aquifer. Effect of wells on sea water intrusion has been considered 

by many investigators (Kashef and Smith [41], Strack [71], Kishi and Fukuo [43]) 

and up coning of salt water beneath fresh water wells has also been subjected to 

various analytical studies (Muskat and Wyckoff [61], Muskat [60]). 

It should be noted that all of these analytical solutions are based upon 

various simplifying assumptions, either in deriving the governing equation or in 

the application of boundary conditions. For more general cases, it may not be 

possible to obtain an analytic solution. Physical modeling is an alternative in 

such cases (Columbus [15], Kashef [39]) but the drawback is that they are problem 

specific, expensive and time consuming. Thus numerical modeling becomes the 

best way to provide an efficient tool to the ground water manager and planner for 

fidd situations. In the next sections, we describe some previous studies on two of 

the commonly used numerical methods and then, their application to salt water 

intrusion problems. 

2.3 Boundary Element Method 

The mathematical formulation for the integral equation method dates back 

to 1903 (Fredholm[24]) but the difficulty of finding analytic solutions and the lack 

of high speed computers prevented rapid development of a corresponding nunlerical 

technique. III his technique, the harmonic potential was represented by single layer 

or double layer potentials. Kellogg [42] was the first to apply this technique for the 

solution of Laplace-type problems. The integral equation technique was mostly 

used in fluid mechanics and general potential problems and was known as the 

'source' method. Singularities (sources) acting in the infinite space were placed 

in such a way as to satisfy the boundary conditions of the problem at hand and 

reducing the differential equation t.o a 'boundary only' integral equation. Since 

these 'sources' did not represent physical quantities (some researchers do not agree, 

e.g., Massonnet and IvIorelle [57]), this method is termed the 'indirect' method. 

On the other hand the 'direct' form of the BE~vI deals with potentials and fluxes 
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along the boundary and is consequently more appealing to scientists and engineers. 

This method is believed to have been described first by Kupradze [45] and used 

by Rizzo and Shippy [64] to solve problems of elastostatics. The term 'Boundary 

Elem-=nt' was first used in the title of a book by Brebbia [9] who related the 

boundary integral equation technique to other approximate numerical methods. 

In this dissertation, we concern ourselves with the 'direct' method only and would 

refer to the technique as the Boundary Element Method. 

2.4 Finite Element Method 

There is no agreement about the first application of this method. Finite 

elements have probably been used for engineering purposes for many years in a 

more or less explicit form. The first appearance in the literature may be that by 

Courant [21], who used continuous piecewise lin~ar functions on a triangulat.ion to 

approximate a quadratic function. The first systematic application of the method 

took place in the field of solid mechanics in the sixties coinciding, naturally, with 

the early stages of scientific computing with computers. The basic idea behind 

the method is to formulate a w~ak form1dation of the governing differential equa

tion and to apply it with domain decomposition. Thus, we satisfy the governing 

equation in an integral sense by minimizing the residual, which is a measure of the 

approximation errors. Many variations of the technique are obtained on the basis 

of the shape of 'discretizing elements', the type of 'approximation functions' and 

the nature of 'weighting function' etc. 

2.5 Applications of Numerical Models to Salt Water Intrusion 

Various finite element models have been used in the past to predict the 

location of the salt water interface for a given set of hydrologic conditions. These 

models, depending upon the way they treat the interface, are broadly classified 

into two types: (a) diffused interface models and (b) sharp interface models. In 

the first type of model (Lee and Cheng [48], Desai and Contractor [22]) the zone 
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of contact between freshwater and seawater is a transition zone, caused by hy

drodynamic dispersion, across which the density of the water varies from that of 

freshwater to that of seawater. The second type of model (Pinder and Page [63], 

Sa da Costa and Wilson [67]; Contractor[16]) approximates this gradual transi

tion from freshwater to seawater by a sharp interface. In general, there is always 

some degree of salt water diffusion in coastal aquifers. However, under certain 

conditions, the width of the transition zone is small relative to the thickness of 

the aquifer, so that it may still be appropriate to use a sharp interface model. 

The assumption of a sharp interface, when combined with the Dupuit assumption 

of horizontal flow, greatly simplifies the model in most cases of practical interest. 

Most of these models are two-dimensional in nature, either areal (Contractor [16]) 

or axisymmetric (Wirojanagud and Charbeneau [80]). Taylor and Huyakorn [74] 

developed a three-dimensional model using the diffused interface approach. They 

chose the hydraulic head and the salt concentration as the dependent variables 

and compared their results with some earlier models. They later improved upon 

the model to make it more efficient and thus alleviate the computational bur

den (Huyakorn et al. [37]). Even then, a three-dimensional FEM model requires 

enormous amount of bookkeeping regarding its nodes and elements and consumes 

considerable computer time also. The boundary element method therefore be

comes more attractive as it reduces the dimensionality of the problem by one. 

The boundary element method has been extensively used to simulate the 

behavior of the interface under various flow situations. Liggett [50] was the first 

investigator to apply the BEM to ground water flow problems. He studied the 

transient movement of the free surface in porous media and concluded that the 

BEM is a flexible and efficient tool specially for problems involving the free surface 

where the solution at every point is not needed. He also suggested that the largest 

use of the BEM would be in three-dimensional problems in which the savings com

pared to a full solution would be large. Liu and Liggett [54] combined BE~'il \vith 

the conformal mapping technique to solve the steady state free surface problems 

without iteration. The physical plane was transformed into the complex potential 



22 

plane in which all boundaries become straight lines and the problem of unknown 

location of the free surface is avoided. They applied the technique to a salt water 

intrusion situation in a confined coastal aquifer, studied earlier by Charmonman 

[11]. Good agreement with the previous numerical and analytical results was re

ported. They also mentioned that the time required for the BEM solution varies 

as the inverse square of the nodal spacing while that for the finite difference-finite 

element version varies as the inverse fourth power. This estimate is however biased 

towards the BEM as the matrices in the finite difference-finite element method are 

much more sparsely populated. It was suggested that the internal solutions can 

be obtained in the complex plane by including an interior boundary but the po

sition of this boundary is unknown a priori. Therefore, it is better to complete 

the boundary solution, transform the problem back to physical plane and then 

compute the potential at the desired locations. The method was later extended 

(Liu and Liggett [55]) to problems where surface recharge is important and also in 

which the domain of solution is infinite. The numerical results were compared with 

experimental observations and the accuracy and efficiency of the technique was es

tablished. They mention that the open boundary problems are readily handled 

by the BEM, specially if analytic far-field solution is utilized. A disadvantage of 

the BElvl was mentioned for cases involving variable permeability. The possibility 

of dividing the problem into regions of approximately constcUlt permeability was 

discussed. Difficulties were discussed for problems involving arbitrary number of 

zones and arbitrary shape of bOlmdaries. Liggett and Liu [52] compared two dif

ferent approaches to solve unsteady flow in confined aquifers. The first technique 

uses the Laplace transform to r~move the time derivative, solves the associated 

equation by using BEM and then uses numerical inversion to get the solution back 

in time domain. The second technique solves the differential equation directly 

with BEM by using a time-dependent Green's function. The Laplace transform 

technique was found to be fast and accurate but the inversion of the transformed 

values must be done with caution and largely depends on the 'feel' of the analyst. 
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It was also found that the greater number of points used for the numerical inver

sion of the Laplace transform, though providing higher accuracy, quickly leads to 

ill-conditioned coefficient matrix. The direct method, on the other hand, is sim

pler and straightforward. The disadvantage of this method is that time appears 

both as a limit of integration and in the integrand. Thus all solutions require to 

be started from time zero and also, the initial integration was found to be very 

critical. Very small time steps near the initial conditions were required to get an 

accurate solution. They concluded that the Laplace transform technique should 

be preferred over the direct method. Lafe et al. [46] applied the BEM to porous 

media flow where the presence of singularities might destroy a numerical solution. 

They found that weak singularities, like those present at the interface of zones in 

nonhomogeneous aquifers can be treated by concentrating points in the vicinity 

of the singularity but stronger singularities needed special treatment. Special ele

ments were proposed to take care of the problem, for example, in case of the tip of 

a cutoff wall. They also mentioned the existence of singularity at the junction of 

the downstream face of a dam, the seepage face and the tailwater and use of spe

cial elements to remove the singularity. All these models are two-dimensional in 

nature. An axisymmetric study and a three-dimensional boundary element study 

of ground water flow is mentioned by Lennon et al. [49]. The technique allowed so

lution of transient three-dimensional problems at reasonable computational costs. 

Numerical examples, including recharge through rectangular and circular areas 

and seepage flow from a surface pond, were discussed. Lafe ct al. [47] expanded 

the BE:M to solve nonlinear problems with nonconstant coefficients. Efficient and 

automatic area integration was proposed for nonhomogeneous equations. Dupuit 

assumption was invoked to reduce a leaky, layered aquifer system to two dimen

sions and iterative solution was proposed. Liu et al. [56] formulated the boundary 

integral equations for problems concerning a moving interface bet.ween two fluids 

in a porous medium assuming a sharp interface to exist. Experimental study of 

tilting of the interface was performed using a Rele-Shaw cell. Non-linear effects 

during the initial stages of motion of the interface were clearly demonstrated. A 
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transient sea water iiltrusion problem in a confined coastal aquifer was also solved 

by the BEM. The numerical results were not in close agreement with the experi

mental results of Bear and Dagan [5] but were closely matched by an earlier FEM 

simulation (Sa da Costa and Wilson [67]). Volker and Rushton [79] considered 

the problem of determining the location and shape of the steady interface in a 

coastal aquifer discharging fresh water to the sea. They applied the BEM to 

a sharp interface model and the finite difference method to a diffused interface 

model. The examples give an indication of the relative accuracy of the sharp in

terface assumption for different ratios of convection to dispersion and enable the 

influence of various parameters on the shape and extent of the dispersion zone to 

be studied. Bruch and Grilli [10] applied the BEM to transient flow problems in 

anisotropic porous media. They mention typical oscillation problems of the free 

surface, in space and time, which sometimes cause the divergence of the iterative 

procedure. It was pointed out that the potential values are 10 to 20 times less 

sensitive to boundary geometry variations than the gradient values near the point 

under consideration. Therefore, the normal derivative was eliminated from the 

matrix equations using the kinematic free surface condition (as opposed to the 

elimination of potential done in some previous studies). Significant improvement 

in convergence and stability was reported without the use of any smoothing pro

cedure. Recently the boundary element method has been applied to stochastic 

ground water flow with random boundary conditions and recharge (Cheng and 

Lafe [12]). The aquifer was considered to have deterministic hydraulic conductiv

ity and stochast.ic int~gral equations for the mean and covariance of head and flux 

were derived. The solution was limited to steady state flow situations but transient 

solutioll may be obtained by using Fourier transformation. Stothoff and Pinder 

[70] developed a formulation for simulating multiple-phase flow in porous media 

using a two-dimensional BEM model. Unsaturated flow problems were solved by 

dividing the domain into ~arious regions of constant saturation-dependent prop

eIties. 
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Thus, there have been a number of studies on the application of numerical 

methods to the problem of salt water intrusion. There is, however, no reliable 

three-dimensional boundary element model described in the literature. It is our 

objective in this work to develop and verify such a model. 
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CHAPTER 3 

NUMERICAL ANALYSIS 

3.1 General 

As described in the previous chapter, in the Boundary Element Method, 

the application of the Green's function and the divergence theorem reduces the 

problem of solving Laplace equation over a three-dimensional region to one involv

ing the potential and its derivatives on its boundary. In this chapter we derive 

the numerical formulation of the resulting integral equations by using triangular 

elements on the boundary and assuming the potential and its llormal derivative to 

be linearly varying inside an element. To increase the accuracy of results, higher 

order elements may be used but will increase the computational time. Similar ac

curacy could be achieved by a finer discretization with linear elements. Also, the 

Galerkin technique is applied to the governing equations for fresh and salt water 

flows to reduce the partial differential equations to a set of linear simultaneous 

equations in the piezometric heads in the fresh water zone and those in the salt 

water zone. The boundary conditions required for the solution of both the BEM 

and the FEM models are discussed. 

3.2 Boundary Element Technique 

In this section we describe the application of the Boundary Element Method 

to the solution of Laplace equation in three-dimensional domain. The resulting 

integrals are described and the boundary conditions required for the solution of 

equations are discussed. The results obtained from the proposed scheme are com

pared with those from some other schemes. 

3.2.1 Derivation of Basic Equation 

'Ve define cfJP to be the piezometric head (potential) of phase p, i.e., 

(3.1 ) 
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where: p is the pressure, z is the elevation and I is the specific weight and the 

superscript represents the phase p. Then, for steady flow in an unconfined or con

fined aquifer, the potential cP satisfies the Laplace (or, if source/sinks are present, 

the Poisson) equation. This equation is also a good approximation for transient 

flow in unconfined aquifers. To derive the boundary integral equation, let us rep

resent the domain of interest by n and its boundary by r. We assume that along 

the entire boundary, either cP or its normal derivative or a relation between the 

two is prescribed. The governing equation is thus written for each phase as (for 

convenience, the superscript is omitted) 

III 

subjected to the boundary conditions 

cPo on 

on rN 

acP + bcPn = c on rc 

(3.2) 

(3.3a) 

(3.3b) 

(3.3c) 

where r D is the Dirichlet boundary on which the potential is specified as <Po, r N 

is the Neumann boundary on which the normal derivative of potential is specified 

as <PliO and r c is the Robin boundary. The outward normal at the boundary is 

denoted by n, subscript n denotes the normal derivative and a,b and c are known 

constants (both a and b being nonzero). To reduce the governing equation to a 

boundary only formulation, we can use the Green's function approach as is done 

here or a weighted residual approach as described by Srivasta\'a and Contractor 

[69J. 

vVe define the 'free space' Green's function by a function G, such that 

(3.4) 

in which :ri represents the location of the 'source' point. The properties of the delta 

function are such that \12G is 0 e\'erywhere except the source point, where it is OG 
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in such a way that J\12Gdn = -1. This indicates a potential field generated by 

a 'source' of unit strength in an infinite domain 'free' of any boundary conditions. 

In 2-dimensions, the Green's function is given by G = l~: while in 3-dimensions 

it is given by G = 4;R where R is the distance between the 'field' point and the 

source point. 

To reduce the governing equation to a 'boundary only' form, we note that 

10 cjJ\1 2G do' = 10 \1. (cjJ\1G) - \1 ¢ . \1G dn 

10 G\12 ¢ dn = 10 \1. ( G\1 cjJ) - \7 G . \1 cjJ dn 

(3.5a) 

(3.5b) 

The divergence theorem states that for a vector V (vectors are written in bold 

face throughout this chapter) having continuous first partial derivatives in n 

In \1. V dn = l V· dr = l V· n df (3.6) 

Subtracting equation (3.5 b) from (3.5 a) and applying the divergence theorem, 

we get 

(3.7) 

or, since the second term on the left hand side is identically zero over the entire 

domain, 

(3.8) 

with c(p )=1 if the source point p is an internal point and c(p) = /rr if p is on the 

boundary where 0 is the internal solid angle. 

Equation (3.8) can be simplified to 

r 1 acjJ ¢ aR 
O(p)¢(p) = ir Ran + R2 an df (3.9) 

with 0 = 4" for internal points. 
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3.2.2 Evaluation of Integrals 

The bounding surface r is discretized into plane triangular elements. In 

problems involving large boundary curvatures, the projection technique used by 

some previous investigators (e.g., Hayami and Brebbia [30]) can be applied to 

reduce the integrals to a ~lane triangular area. Let N E be the total number of 

elements on the boundary and N N be the total number of nodes. For a properly 

formulated problem, either ¢ or ¢n or some relation between the two is specified at 

each node and hence we are left with N N unknowns. The solution is obtained by 

the standard technique of moving the source point to each node and obtaining N N 

equations relating the boundary values of ¢ and ¢n to one another. The numerical 

analysis is described in the next section for the source point at node I and field 

point in element J for both singular and non-singular cases. 

Assuming ¢ and ¢n to vary linearly within an element and using the linear 

weight functions N 1 , N2 and N 3 , we can write the right hand side of (3.9) as 

(3.10) 

with subscripts 1,2 and 3 referring to the nodes of the element J. 

Now, placing the source point at node I, we have the singular case when I 

is one of the nodes of element J and the non-singular case results otherwise. 

3.2.2.1 Non-singular Case 

Denoting the position of the field point with respect to the source point by 

the vector R and using iJ,k for the unit vectors in x,y and z directions, we can 

write 

R = xi + yj + zk (3.11 ) 

where x,y and z are the coordinates of the field point with respect to the source 

point. 

Therefore, R = IRI = J :1.. 2 + y2 + =2. 
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Using the relation between the shape functions NI + N2 + N3 = 1, we can 

write 

where al = Xl - X3 and a2 = X2 - X3. 

Similarly, 

and 

with bi = Yi - Y3 and Ci = Zi - Z3· 

Thus R can be written as 

where 

4 - x2 + y2 + _2 R2 • - 3 < 3 "'3 = 3 

E 2 b2 2 R2 = (II + 1 + CI = 31 

2 b2 2 R2 F = Q 2 + 2 + C2 = 32 

(3.12a) 

(3.12b) 

(3.12c) 

(3.13) 

(3.140 ) 

(3.14b) 

(3.14c) 

(3.14d) 

(3.14e) 

(3.14f) 

in which R3 is the vector from source point to node 3 of element, R31 is the vector 

from node 3 to node 1 and R32 is the vector from node 3 to node 2 (Figure 3.1). 

For the area integration over the triangle, we can take strips parallel to the 

side 3-1 of tl1f' triangle and write expression (3.10) as 
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(3.15) 

with J as the Jacobian. 

Let n be the outward normal unit vector for the element. We can write 

(3.16) 

where 

A.e being the area of the element. 

Then 

(3.17) 

Also, 

l
oR oR I ') IJI = oNl x oN2 = ~Ae (3.18) 

Expression (3.15) can therefore be written as 

[H]{ <p} + [G]{ <Pn} (3.19) 

with [H] as the head coefficient matrix and [G] as the gradient coefficient matrix, 

which are given by 

and 

where eu = 2Ae(nxx3 + nyY3 + n;:z3). 

To eyaluate matrices [G] and [H], we take a line parallel to side 3-1 as PQ 

(Figure 3.2) and use the symbols R p , R Q , RR to represent the vectors O-P~ O-Q 

and Q-P respectively as shown in Figure 3.3 (0 being the source point). Also, we 
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denote the length of perpendicular on PQ from 0 as Q', the included angle at P 

as f) p, angle at Q as f)Q and the angle at 0 as f) R. Then 

The terms in expression (3.15) can be evaluated using the following relations 

obtained by analytically integrating with respect to N 1 : 

I =JJdN1dN2 =_1_11 .. ~JRp+RQ)(1_ f) )IN 
A R'l R 2 R cos R C 2 

, 31 0 a R 

I = J J N1dN1dN2 = _1_11 RQ(I- cosf)R) dN 
B R3 R2 2 2 

31 0 Q' 

1 = JJ N2dN1dN2 = _1_11 N2 (Rp +RQ)( - 'f) )dN 
c R3 R 2 R 1 cos R 2 

31 0 Q' R 

ID = JJ dN1dN2 = _1_ tIn Rp + RQ + RRdN2 
R R31 Jo Rp + RQ - RR 

I = J J N 1dN1dN2 = _1_11 R - R R f) 1 Rp + RQ + RR i!\T'J 
E R R2 P Q + Q cos Q n R R - R (.. .. 

31 0 P + Q R 

IF = J J N2dN1dN2 = _1_ t N
2

ln Rp + RQ + RRdN2 
R R31 Jo Rp + RQ - RR 

The elements of matrices [G] and [H] are therefore given as 

2Ae 11 Rp + RQ + RR 
G1 = R2 Rp - RQ + RQ cos f)Q In R R R dN2 

31 0 P + Q - R 

G 2Ae 11 liT 1 Rp + RQ + RR dN 
2 = - H2 n 'J 

R31 0 Rp + RQ - RR .. 

G - 2Ae ill Rp + RQ + RR dN G G 
73 - - n 2 - '1 - 72 

R31 0 R p + RQ - R R 

H = GEl 11 RQ(l- casOn) i(lt 
1 R2 ,2 ( .. :2 

31 0 0 



33 

H - CH 11 N2 (Rp + RQ)(l 0 )dN 
2 - -- -- - cos R 2 

R31 0 (1'2 RR 

H = CH 11 Rp(l- cos OR) dN 
3 R2 2 2 

31 0 (1' 

These expressions are evaluated using the Gaussian integration technique 

with respect to N2 • 

3.2.2.2 Singular Case 

\iVhen the source point is at node I of an element having corner nodes I,J ,K 

in the counterclockwise direction, the [H] matrix elements are identically zero, as 

the radius vector and the normal vector are perpendicular to each other. The [G] 

matrix elements can be analytically integrated in this case and are given as 

\Vith the coefficient matrices [G] and [H] thus determined for all elements, 

we can write the assembled equation as 

[L]{ 4>} = [R]{ cPll} (3.21 ) 

with [L] being the assembly of [H] matrices for elements along with the internal 

angle terms on the main diagonal and [R] is the assemblage of the element [G] 

matrices. These N N equations can be solved for the remaining unknowns on the 

boundary and equation (3.9) can then be used to get 4> at internal points. 

3.2.2.3 Internal Points 

Evaluation of 4> at internal points is straightforward once the boundary 

values of the potential and its normal derivative are determined. Application of 

equation (3.9) with () = 4rr and with the source point kept at the internal point 

produces the required result. The determination of the derivatives is, however, not 
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so simple. To get the derivatives of 4> at the internal points, equation (3.9) needs 

to be differentiated with respect to the coordinate directions. Here, we derive 

the expressions for the x-derivative and list the expressions for the derivatives in 

y and z directions. The resulting expressions can again be integrated along one 

coordinate direction analytically to obtain 

(3.22) 

The relevant expressions for Hx and Gx are derived below: 

Differentiating equation (3.9) at an internal point with respect to x, we 

obtain 

EN -.2.. r ~ (~) a¢ + 4>~ (~aR) dr ax - 47l' ir ox R on ax R2 on (3.23) 

Now using R = (l'B - x)i + (YB - y)j + (ZB - z)k where the subscript B refers to 

the boundary, we have :1: (-k) = -ks and ~. (-h~~) = fts - 3(n;rXa+
7I

R;3+
7I

Z

Z
3)J' 

Again, writing x = X3 + a2Nl + alN2 and using the relations 

1 11 1 1 RQ cos()Q cos3 
()p cos3 

()Q) /i\' 
~ - R3 + R3 + 4 (cos () p - 3 + cos BQ - 3 C1 2 
R31 0 P Q Q 

( 
() cos3 0p () cos

3 
09 ) 

(')R2 2 () R2 ) cos p - 3 + cos Q - 3 iN 
- Q cos Q - Q 4 ( 2 

Q 

1 1 11 R2 
R

2 Iv + R3 i (2cos()Q(1 + cos(()p + ()Q)) - cos()p - cos()Q) dN2 
31 31 0 (\ 



we obtain, 

GX3 = At (:r3 I A + Cl2IB + alIe) - GXl - Gx2 
27f 

3CH AenxIB 
Hxl = -4-(x3 I H + a2h + alIM ) - ~-')~=-

7f ~7f 

3CJ-] Ae11xIe 
Hx2 = -4-(:1.'31/\. + a2hd + al1£) - ~-')...:..-=-

7f ~7f 
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The expressions for the y and z derivatives are exactly similar with nx replaced 

by n y or n z and :1.'3 replaced by Y3 or Z3, 

3.2.3 Boundary Conditions 

Once the N N equations relating the boundary values of <p and <Pn are ob

tained, the solution requires the prescription of NN values out of these 2N N un

knowlls, At each node, either c/> or 911 or a relation between the two has to be 



36 

specified. In this section, we discuss some of the commonly encountered boundary 

conditions and their incorporation into the solution of the system of equations. 

3.2.3.1 Dirichlet Boundary 

These are the boundaries on which the potential <P is specified as either 

constant or a known function of time. The examples are upstream and downstream 

faces of earth dams. Since we write our BEM equations in such a way that the 

potentials are on the left hand side, the coefficients corresponding to the nodes 

on such boundaries need to be modified. The relevant columns of the Land R 

matrices are interchanged (with a negative sign) and <Pn is transferred to the left 

hand side as an unknown quantity. The known value of <P is put on the right hand 

side and is multiplied by the R matrix to generate the 'load vector'. 

3.2.3.2 Neumann Boundary 

These are the boundaries on which <Pn or, in other words, the flow rate, 

is specified. Most common example is the impermeable boundary. In the finite 

element method these boundaries are 'naturally' included into the equations and 

no special treatment is necessary. Similarly, in our boundary element formulation, 

because of the way we write the equations, no special treatment is required for 

such boundaries. The unknown <P value is kept on the left hand side and the known 

¢I! will generate the load vector. 

3.2.3.3 Robin Boundary 

On these boundaries, a relation between the potential and flow rate is 

prescribed. This can occur, for example, at the boundary between a river and an 

aquifer where the flow to or from the river will depend on the head in the aquifer. 

Assun1ing the relation between <P and <P1l to be of the form 

¢ + a <Pn = b (3.24) 

we can take care of nocles on such boundaries by dividing the corresponding cohmm 

of n by a, subtracting it from L and putting -b/a in place of <Pn at that node. 

After soh'ing for </>. we can use the relation 3.24 to obtain the value of <Pn. 
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3.2.3.4 Free Surface 

At steady state, the free surface can be viewed as both a Dirichlet type and 

a Neumann type boundary. The potential is equal to the elevation because the 

pressure head is zero and the normal derivative of potential is zero because the 

free surface is a streamline. However, since the position of the free surface is not 

known a priori, we cannot use a Dirichlet condition. An iterative scheme can be 

used for steady state problems in which the free surface is treated as a Neumann 

surface. An initial position is assumed, the potential is computed and is compared 

with the elevation. The surface is then moved to a new location based on the 

potential values and the process is repeated till the potential and elevation along 

the free surface are equal. In transient problems, h()wever, we use the kinematic 

boundary condition on the free surface to obtain a relation between the potential 

and its normal derivative. 

As shown in Figure 3.4, let ~ denote the elevation of the free surface above 

some datum ancllet e~. and ey be the angles of the free surface from the x and y 

axes respectively. The kinemat.ic boundary condition on the free surface can be 

written as 

o~ 
ot 

where K is the permeability and 7] the porosity. If we write the equation in 

dimensionless form by using a characteristic length L * such that the dimensionless 

potential is given as t. and dimensionless time is given as J:i~, we can write 

o~ a¢> - = -(1 + tan2 e + tan2 e )1/2_ at x y on 

To incorporate this condition into our equation, we use a time weighting factor e 
and write 
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'Vhere, ~t is the time step length, t denotes the previous time values and t + ~t 
the current time values. Thus we can use a procedure similar to the one described 

for Robin type boundaries, with 

3.2.3.5 Seepage face 

On the seepage face, the potential is equal to the elevation as the pressure 

IS atmospheric. In this regard it is similar to a Dirichlet boundary condition. 

The difficulty in applying this condition lies in the change in position of nodes 

on this boundary as the free surface moves up or down. Starting with an initial 

distribution of nodes on such boundaries, we will have to readjust the locations 

every time step. Otherwise, we will have either elements with very different sizes 

or, if care is not taken, crossing of the free surface and seepage face nodes. In 

the present study, the number of nodes on the seepage face is kept same and 

they are moved at every time step to equally divide the area between the free 

surface and the reservoir level. The columns of the Land R matrices are switched, 

<p is put equal to the elevation of the node, and cPn is obtained as part of the 

solution. It should be noted that the value of cPll at the seepage face is always 

negative since the flow is going out of the domain. Another important point to 

note regarding the seepage face is that there exists a singularity at the junction of 

the tail water and the seepage face in that the velocity normal to the face goes to 

infinity. Ignoring this singularity will not have much effect on the overall solution 

though it might affect the results very close to this point. For this study, we 

neglected the singularity and still obtained fairly accurate results even near the 

tail \vater location. 

3.2.3.6 Interface 

The interface between the salt water and fresh water is also a moving bound

ary whose position is not known a priori. The boundary conditions on the interface 

require a continuity of pressure in both phases and a continuity of mass across the 
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interface. The application of these conditions provides us with a relation between 

the potentials in both phases and one involving the nonnal derivatives in both 

phases. By numbering the interface nodes twice, once in each phase, and using 

these relations, we again remove half of the unknowns from the equations to solve 

for the remaining half. After the solution, the interfacial boundary conditions are 

used to obtained the rest of the values on the interlace. 

3.2.3.7 Coastal Boundary 

The nature of this boundary is not very well understood at present. Though 

it is standard to assume it a Robin boundary, the determination of coefficients is 

rather arbitrary. It is mostly assumed that the freshwater flows to the sea through 

a finite thickness opening along the coastline and all the remaining freshwater head 

is dissipated while doing so. The thickness and permeability of this finite opening 

are considered empirical parameters which need to be caJ.ibrated for individual 

cases. It is assumed that the permeability is same as that of the aquifer material, 

thus leaving only the thic::kness to be calibrated. 

3.2.4 Comparison with other Schemes 

To illustrate the effectiveness of the proposed integ,Tation scheme, it is ap

plied to numerical integration of 1z and Jb- over a rectangular domain. Hayami 

and Brebbia [31] applied the PART (Projection and Angular and Radial Trans

formation) technique to this problem and compared their results with those of 

Telles [75] and also with the results of areal Gauss integration. We divide the 

rectangular domain into two triangles in order to use our scheme. Hayami and 

Brebbia [31] mention that an analytic solution to this problem is not available and 

therefore the results obtained with a large number of integration points are taken 

to be the 'exact' solution. In the present study, a similar philosophy was used 

for the integration of the ~3 term, but an analytic solution was obtained for the 

integration of '-h term as follows: 

The rectangular domain of integration is assumed to extend from -(( to a 

along x direction and from - b t.o b along y direction. The source point. is located 



40 

at (Xo, Yo, d) so that d denotes the vertical distance between the domain and the 

source point. R is then given by 

R = J(x - xo)2 + (y - Yo)2 + d2 

The required integral is therefore 

jbja 1 
1= dx dy 

-b -a J(x - xo)2 + (y - Yo)2 + d2 

Translation of the variables leads to 

j b- YO ja-xo 1 
--;=:;:=======::;;: d;r dy -b-yo -a-xo J x2 + y2 + d2 

U sing the symbols 

xp = a - Xo Xn = -a - Xo YP = b - Yo and Yn = -b - Yo 

and integrating with respect to x, we get 

l
yp 

.1'1' + Ja~~ + y2 + d2 

I = In ely 
2 'J 'J 

Yn ;rn+Ja'n+y-+d-

To evaluate this integral, we use integration by parts as follows: 

J / J y
2
dy In(p + yq + y2)dy = yln(p + V q + y2) - --r====:=-, ---;:==;::-J q + y2 (p + J q + y2 ) 

The integral on the right is written as 

J y2 + q + pJq + y2 - q - pJq + y2 1 J q - p2 + p2 + pJq + y2d 
~--=---F=:::::::::~-=---7====~~--=-- (y = Y - Y 

Jq + y2(p + Jq + y2) Jq + y2(p+ Jq + y2) 

- / ') 2 J dy = y - pln(y + V q + y-) - (q - p ) 
q + y2 + pJ q + y2 

The last. term on the right hand side is easily manipulated into standard forms 

and is found to be equal to 

r--') . P + y + J q + y2 
:2 V q - p- arct an "----=-t===~-=-

Jq- p2 



Using these results with the symbols 

p(x, y) = VX2 + y2 + d2 and O(x, y) = arctan x + y :p(x, y) 

we obtain the expression for the integral of 1 as 

Ypln{xp + p(xP'Yp)} - Yn In{xp + p(xp,Yn)}

YP In{x n + p(xn' Yp)} + Yn In{x n + p(xn, Yn)}+ 

xp In{yp + p(xp, Yp)} - Xn In{yp + p(xn, Yp)}-
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Table 3.1 shows the comparison of the various schemes for the integration 

of -h over a square domain, with the source point vertically above its center at 

different distances (total number of integration points is obtained by multiplying 

the number of integration points for each triangular region by the number of 

triangles). Corresponding results for a rect angular element with different aspect 

ratios are shown in Table 3.2 and the effect of moving the source point towards 

the corner of the domain is presented in Table 3.3. Results for the integration of 

-b- for a square domain with centered source point are shown in Table 3.4. 

These results clearly show the advantage of the present scheme in terms 

of the number of Gauss points needed for the desired accuracy (10- 6 ). In most 

practical cases, however, the accuracy requirement may not be as stringent as 

is used here. Therefore, a much smaller number of Gauss points should suffice, 

specially if the source point is not very close to the boundary. It is observed 

that PART gives much better results when the source point is very close to the 

boundary, but seems to break down when the source point approaches the corner 

points and also requires more effort for large aspect ratios. The present scheme, on 

the other hand, is not much affected by the aspect ratio or the horizontal location 

of the source point, but is quite sensitive to the distance of the source point from 
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the boundary. Thus for problems involving thin domains, for example thin plate 

analysis in elasticity, or when the results are needed at an interior point very close 

to the boundary, the present scheme will not be very efficient. In these situations 

the PART scheme of Hayami and Brebbia [31] or the hierarchical correction scheme 

of Koizumi and Utamura [44] would be more suitable. 

3.2.5 Limitations of the Scheme 

In the areal Gaussian integration schemes, we need to compute only R at 

the Gauss points, but in this scheme we have longer expressions for the integrals. 

This means that we have to perform more function evaluations at each Gauss 

point.. It is expected, though, that the reduction in Gauss points from the areal 

scheme to the linear scheme will offset the extra effort in the function evaluations. 

The reduction in one dimensional integration is rather arbitrary in the 

choice of variable of integration. Thus, one can eliminate Nl or N2 from the 

original integrand, instead of N3 as we have done. Also, at the next step, any 

one of the remaining two variables can be eliminated by analytic integration. This 

problem is not very serious in most of the cases, but may cause some inaccuracy in 

near-singular cases. In a few sample runs to test this behaviour, it was found that 

the integral value was dependent, although to a very small degree, on the sequence 

of local numbering of nodes. Obviously then one of the results is more accurate 

than the other. Further work is needed to either make the scheme independent 

of the numbering scheme or to arrive at an optimum numbering of nodes for an 

element for a given source point. 

3.3 Finite Element Technique 

The goyerning equations are solved by using the finite element discretiza

tion of the domain into triang;ular elements and applying the Galerkin method 

of weighted residuals. This model draws heavily from a previous model devel

oped by Contractor [16] while adding some improvements in computer storage 

requirement, computation time and graphical display (Contractor and Srivastava 

[IS,19]). A band-width minimization algorithm is used to arrive at an efficient 
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node-numbering scheme and the stiffness matrix is manipulated to make it sym

metric. 

3.3.1 Derivation of Basic Equation 

The depth-averaged differential equations for freshwater and saltwater have 

been derived by Sa da Costa and Wilson [67]. Their derivation involved the fol

lowing assumptions: 

(i) Darcy's law is valid 

(ii) A sharp interface exists between the freshwater and saltwater. 

(iii) The horizontal permeability varies negligibly in the vertical direction. 

(iv) The Dupuit approximation holds for unconfined.aquifers and essentially hori

zontal flow occurs in confined aquifers. Only recharge or leakage will occur in the 

vertical direction. 

(',) Both freshwater and saltwater are homogeneous and isotropic fluids with con

stant density and viscosity. 

(vi) Saturated flow occurs in the fresh wat.er and saltwater zones. 

The governing equat.ions for each phase are then, 

Freshwater: 

~(I{f.bl o<jJI ) + N + qf = (Sl + 1] ,I ) o<jJI _ 77~ O¢8 
o;rj I} OXj P 1:::., at 1:::.'), at 

Saltwater: 

a .s S O<jJ8 ,I o¢1 8 ,8 O<jJ8 
-(J... .. b -) = -77--- + (S + 77-)-
o,r i IJ o;r j 1:::., at 1:::., at 

(3.25(1 ) 

(3.25b) 

\iVhere: :1' i and x j are the coordinate axes in plan, ]{ij are the permeability 

tensor components, b is the thickness of aquifer, <jJ is the piezometric head, N is 

the freshwater recharge, qp is the source/sink term, S is the storativity, 1] is the 

porosity, I is the specific weight of the fluid, 1:::., is the difference of the specific 

weights of freshwater and saltwater and t is the time. Superscript f refers to 
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freshwater and s represents saltwater. Einstein's summation convention is used 

with i,j = 1,2. See Figure 3.5 for a definition sketch of aquifers. 

For this study, a few more assumptions were made to simplify the differen

tial equations still further: 

(i) Soil and water compressibilities are smail, so that for confined flow, Sf and ss 
can be neglected and for unconfined flow, Sf = SS = 1] . 

(ii) Xl and X2 are the principal directions of the ellipse of permeabilities such that 

J{ij = 0 if i 1= j ap.d ](jj = J(j if z = J 

To make the final element matrix symmetric, the saltwater equation needs 

to be multiplied by "/ / "t' . 

Thus, the final differential equations are: 

(3.26 ) 

-' -(](i9bS
_') + -(Iqb S

-) = -1]-- + 1]-----
~ ,q [ a o¢S a o¢S ] ,S ocPf ,S ,,("* o¢s 

,f o;rl OXI OX2 OJ.'2 ~,at ,f ~"i at (3.27) 

'Where: ,,/* is equal to ,f for confined flow and hf + ~,,) for unconfined 

flow; and ,,8* is equal to ,S for confined flow and (,'S + ~,) for unconfined flow. 

The elevation of the interface can be determined from the continuity of 

pressure across the interface, i,e. pf = pS at z = (. Thus 

or (3.28) 

'Where: pf is the pressure of freshwater, pS is the pressure of saltwater, z 

is the vertical coordinate and ( is the elevation of the interface. Equations (3.26) 

and (3.27) are solved numerically using the finite element method for <pf and 9s 

at the nodes of the element network. Equation (3.28) is then used to determine 

tlw cleyatioll of the interface at each node. 
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3.3.2 Application of the Galerkil1 Technique 

Linear triangular elements are used to discretize the domain of the aquifer 

in plan. Let N1 , N 2 , N3 be the usual linear shape functions for a triangular element 

and let {{I>} be the vector of nodal degrees of freedom for such an element. 

Then, 

(3.29) 

The subscripts refer to the node number of the triangular element. 

Let 

and (3.30) 

'Where [Nf] = [N1 0 N2 0 N3 0] and [NS] = [0 N} 0 N2 0 N3 ] 

Similarly, we can define 

{B} = [b{ b~ b{ b~ b{ b~f (3.31 ) 

Then, 

(3.32) 

Substituting these expressions in equations (3.26) and (3.27), we define the 

residuals as 

Rf = 8~1 {J{{[Nf]{B} 8~1 [Nf]{{I>}} + 8~2 {K{[Nf]{B} 8~2 [Nf]{{I>}} + N 

J{' ",-!*. ~(s + qf - - ([Nf]{{I>} - <Po) -11-[Nf]{4} + 17-[N8]{<I>} (3.33) 
l' b~ Ll"r Ll, 

R S = ~/ [~{J{nN8]{B}~[NS]{{I>}} + ~{I~nNS]{B}~[N8]{{I>}}] ,f 8:1:} 8.7:} 8:r2 8:C2 

_ 17 'fS :\s* [N S]{ <I>} + 17 7s 
[N f]{ <I>} (3.34) , b, u, 

"There R is the residual obtained on putting the approximate values of 

variables in the governing differential equation. The Galerkin weighted-residual 

method utilizes the following procedure to obtain the element equations: 

(3.35 ) 
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These six equations can be written in matrix fonn as follows: 

[C]{<p} + [D]{<i>} = {Q} + Boundary terms (3.36) 

A time-integration scheme is adopted and a weighing factor 0 is defined 

such that, 
{<i>} = ~{<p} = {<P}t+Llt - {<Ph 

dt !:::.t 
(3.37) 

and 

(3.38) 

Substituting equations (3.37) and (3.38) into (3.36), we get 

1 1 
[O[C] + !:::.t[D]]{<P}t+Llt = [-(1- O)[C] + !:::.t[D]]{<P}t + {Q}t 

+ Boundary terms averaged over !:::.t (3.39) 

The matrices [C] and [D] are symmetric, hence the matrix [O[C] + L [D]] 

will also be symmetric. This symmetry results in a reduction of computer storage 

and execution time, since only the terms on and above the main diagonal need to 

be saved. 

Equation (3.39) is applied successively to all the elements of the network and 

a global matrix is assembled. The global matrix is solved by a Gauss elimination 

subroutine. A few iterations may be required to take care of the non-linearity 

introduced by the time variation of bl and bB
• 

The computer program has the capability of simulating steady and unsteady 

flows, and of analyzing both confined and unconfined aquifers. If the aquifer is 

confined, the program considers leaky or non-leaky conditions. Pumps can be 

located at any number of nodes of the network. Recharge is assumed constant in 

an element but can be varied from element to element. 

Since the heads are assumed to vary linearly across the triangular element, 

the velocity will be constant in each element.. The program is capable of computing 

the velocities in the x and y directions in each element in both the freshwater and 

saltwater layers. These velorities can then be used to calculate the flow rates across 
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any line or boundary. The program can also determine where in the network a 

freshwater or saltwater toe occurs. A saltwater toe occurs at the intersection of 

the sharp interface with the lower and/or upper boundaries of the aquifer. A 

freshwater toe occurs at the intersection of the phreatic surface with the lower 

and/or upper boundaries of the aquifer. 

The program assumes that there are two independent variables at each 

node: the freshwater head and saltwater head. After solving for the heads, equa

tion (3.28) is used to determine the depth (() of the interface. The location of the 

interface determines the thickness of the freshwater and the saltwater layers. If, 

however, the interface is calculated to be below the lower impervious boundary, 

then the entire aquifer thickness would contain only freshwat.er and the thickness 

of the saltwater layer would theoretically be zero. Hmvever, the program makes 

the saltwater layer equal to an arbitrary small value. Similarly, when the phreatic 

surface intersects the lower impervious boundary, the freshwater thickness beyond 

the toe is made equal to a small value instead of zero. 

Equation (3.38) introduces a weighting factor, (), which varies between zero 

and one. This factor is useful in regulating the stability and accuracy of the 

solution. When () = 0, the problem formulation is referred to as explicit. In 

this formulation, the spatial derivatives are evaluated at the known time, t. The 

time-step, llt, necessary for stable results is very small. This results in very 

long execution times for the program. When () = 0.5, the approach provides 

high-accuracy with large values of llt, even though the results may show some 

numerical instability. When () = 1.0, the formulation is known as fully implicit. 

This formulation provides the maximum stability at a sacrifice of some accuracy. 

Values of () between 0.5 and 1.0 (e.g., 0.6, 2/3, 3/4) have been used to provide 

the proper balance bet.ween accuracy and stability. All of the examples presented 

in this study were run with () = 1. When steady state results are desired, the 

program should be run with () = 1.0 and 6.t equal to a very large number (e.g., 

1.0E20). Since D..t is large, the time derivative terms in the element equations 

(3.2G) and (3.27) become very small. The program should be run for several time 
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steps because of the non-linear nature of the problem, until the error is less than 

a specified tolerance. 

The program can be run using any set of consistent units. Thus, if feet 

and seconds are the length and time units, the permeability and recharge must be 

input in ft/sec and the pmnp rate in cu.ft/sec. If meters and days are the length 

and time units, then the penneability and recharge must be input in m/day and 

the pump rate in cu.m/day. 

To simplify the entry of the input data, the element network is divided 

into regions in which the element properties such as conductivity and porosity are 

constant. Thus, the data for each region needs to be read only once. The same is 

true for the elevations of the bottom and ceiling of the aquifer at the nodes of the 

network. 

3.3.3 Boundary Conditions 

The boundary conditions described in section 3.2.3 are equally applicable 

to the finite element model, too. The only difference is the way they are applied 

to the set of equations. Here, we use the piezometric heads in the two phases as 

unknowns while the derivatives are naturally included into the formulation as the 

boundary fluxes. Thus, Nemnann type boundaries are automatically taken care 

of. Head or flow rates can be applied at the boundaries as a function of time. At a 

coastal boundary, a mixed or third-type boundary condition can be specified. For 

steady flow conditions, the saltwater head can be specified to be zero along the 

boundary or at every node in the network. This procedure results in the Ghyben

Herzberg condition being satisfied. The program can also be run in the unsteady 

mode with the Ghyben-Herzberg condition. Constant head conditions are taken 

into account by eliminating that variable from the matrix. The right hand side of 

each equation is reduced by the product of the constant head times its coefficient 

in the matrix. The row and column of that variable are eliminated and the size of 

the matrix reduced. Other alternative could be to put the corresponding element 

in the right hand side load vector equal to the specified value and that entire 

row of the left hand side coefficient matrix equal to zero, except for unity on the 
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diagonal. The whole set of equations can then be solved and it will produce the 

desired head at that node. This scheme is more useful for iterative solvers where 

the structure of matrix should be kept same. Here, since we are using a direct 

solver, the first scheme was adopted. 

If the saltwater head at every node in the network is specified to be much 

less than the anticipated freshwater head, the results of the computer program will 

show that the thickness of the saltwater layer is equal to an arbitrarily small value. 

Under these conditions, the program can simulate flow in a freshwater aquifer. Use 

of the program to simulate freshwater aquifers will be limited only by the number 

of nodes in the network, since the element matrix still contains saltwater heads. 

Apart from this limitation, the solution procedure should still be efficient. 

3.3.4 Comparison with other Schemes 

Some previous studies used the non-symmetric coefficient matrix and the 

full equation solver. Sa Da Costa and VVilson [67] mention that the upper and 

lower diagonal terms differ from each other by a factor of about 1.03 and proposed 

to split the matrix into a symmetric and a non-symmetric part. Then the equation 

is solved as a symmetric set by moying the non-symmetric part to the right hand 

side. This process requires iteration but the number of iterations is not very 

large and the saving in computer time may be considerable. Our formulation 

does away with the need of splitting the matrices. Thus, we reduce the storage 

requirement by about half and the execution time by about three quarters. Also, 

the use of optimized node numbering scheme reduces the storage requirement and 

computation time even more. 
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CHAPTER 4 

VERIFICATION STUDIES 

4.1 General 

In the previous chapter, the ,integration scheme used for the Boundary 

Element Method is shown to work well for the integration over a rectangular 

area. In this chapter, we show that the incorporation of this scheme into a three

dimensional model makes it more efficient than some previously used models. In 

addition, the model is applied to a few simple flow situations to verify its accuracy. 

The Finite Element Model is also verified against an analytic solution . . 
4.2 Applications of the BEM Model 

In this section, we apply the three-dimensional boundary element model 

to various flow situations for which analytical, experimental or numerical so

lutions are available. Most of these applications are one-dimensional or two

dimensional in nature, because not many studies have been done in the past on 

real three-dimensional cases. As part of the present work, we also developed a 

two-dimensional boundary element model which, in some cases, is used for the 

verification studies. 

4.2.1 Uni-dimensional Flow through a Cube 

The first application of the program is to the problem of uniform Ul1l

dimensional flow through a pipe of square cross section. Wu [81] has solved this 

problem using triangular elements over which both <P and <Pn were taken as constant 

while Liggett and Liu [53] solved it using linear triangular elements with a linear 

variation of <P and <Pn within an element. Wu [81] used 64 Gaussian points for 

all elements and obtained results with 7.8% error, while Liggett and Liu [53] used 

different number of Gauss points ranging from 4 to 64 on non-sing;ular elements 

and 64 points on singular elements. The technique of separation of integrand into 

a singular part and a non-singular part was used to evaluate the singular integrals. 
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The pipe dimensions are taken as 1x1x1 units, <P is kept at 1 unit on the front 

face (x=O) and at 0 units at the" back face (x=l). On the sides, no flow condition 

is applied, giving <Pn = o. The analytic solution to the problem is <P = 1 - x and 

<Px = -1. On the front face the outward nonnal points in the negative x direction 

and thus <Pn = 1, while on the back face <Pn = -1. As mentioned by Liggett and 

Liu [53], the actual behaviour of the solution is linear or constant on the boundary 

and therefore the assumption of linear variation on the elements should not cause 

any error in the numerical solution. Whatever error is exhibited by the solution 

must therefore be the result of the numerical integration and the round-off errors 

in the equation solution routine. Figure 4.1 sho~s the problem domain and its 

boundary element discretization. 

The results obtained using the present integration scheme show that when 

usmg as little as 5 Gauss points, we obtain <P and <Pn values at the boundary 

with less than 0.001% error. Maximum error in the boundary solution is shown 

in Figure 4.2 as a function of the number of Gauss points used. vVe observe that 

maximum error in <P at the boundary using just 1 Gauss point is 4.2% and that 

in ¢n is 51.2 %. Increasing the number of Gauss points to 3 reduces these errors 

to 0.044% and 0.087% respectively and for 5 Gauss points the results are almost 

exact. The error is compared with that obtained by Liggett and Liu [53], and 

demonstrates the marked improvement in the accuracy. The CPU time required 

for the solution could not be compared since the systems used to run the problem 

arc vastly different. However, we can safely assume that the present scheme will 

require considerably less time than the other two because of (i) smaller number 

of Gauss points used on non-singular elements and (ii) analytic integration on 

singular elements. The error in <P and <Px at the center of the cube as a function 

of the number of Gauss points used, is shown in Figure 4.3. 

To further ascertain the accuracy of the scheme, <P and <Px values at internal 

points very close to the boundary were computed. It has been suggested that the 

accuracy of boundary element results diminishes rapidly as the internal point 

approaches the boundary and as a rule of thumb, should be kept at least one 
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element length away from the boundary. The results obtained here show that 

by increasing the number of Gauss points, reasonably accurate results can be 

obtained at locations as close as 0.01 units from the boundary! Figures 4.4 and 

4.5 show the results obtained with different number of Gauss points for points 

(0.1,0.1,0.1) and (0.025,0.025,0.025). The results for point (0.01,0.01,0.01) are not 

shown, but the error was less than 1 % for 50 Gauss points. The rapid decrease in 

error with moderate increase in the number of Gauss points is clearly shown in the 

figures. The oscillations shown in these figures are thought to be a consequence of 

round-off errors, but the general trend of increasing accuracy with increase in the 

number of Gauss points is apparent. For this problem, 10 Gauss points appear 

to be enough for most cases. The number of Gauss points should be increased 

only if one is interested in points very close to the boundary. Therefore, for all 

subsequent applications 10 Gauss points are used. 

4.2.2 Potential Distribution over a Flat Plate 

The next application is to the problem of two-dimensional steady state 

potential distribution over a flat plate. The boundaries of the plate are kept at 

constant potential such that the potential is zero on two edges and varies linearly 

on the other two edges as shown in Figure 4.6. The analytical solution for this 

simple case is given by 

<P=~ '" 71"2 ~ 

. nrr . h nrry + . h nrr(b-y) SIn 2 sm (l SIn a 

11 2 sinh Tl7rb 

• 1171":r 
sm-

a 
n=I,3,5 ... a 

The derivatives along x and y directions are obtained as 

o</J 
ax 

a</> 
oy 

. n~ . I nrry . I nrr(b-I') 8 sm -" sm 1 + SIn 1 .J 

'" 2 a a 
a7f ~ 11 sinh nrrb 
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cos-

a 

8 sin.!!2!: cosh nrry _ cosh 1Irr(b-y) 
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- sm--
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The model was first applied to the full plate and the boundary values of the normal 

derivatives are compared to the analytic solution in Figure 4.7. Results at some in

ternal points were computed and a good matching with analytic values was shown. 
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For example, the potential at point (a/4, b/4) was obtained as 0.29633 from the 

numerical solution as compared to the analytic value of 0.29609. The derivatives 

in x and y directions were obtained as 0.25032 and -0.14028 respectively, while 

the analytic values were 0.25000 and -0.14027. The discrepancy between the two 

solutions near the corners results from the fact that the corner point has no well 

defined normal. In the numerical scheme, we could put two nodes very close to 

the corner, one on either side. However, this causes singularity in the coefficient 

matrix because the rows corresponding to these two nodes are identical. This 

problem arises only at the junction of two Dirichlet type boundaries. At the junc

tion of a Dirichlet and a Neumann boundary, we can safely put a double node 

on the corner. After solution, the potential at the Neumann boundary node is 

obtained exactly equal to the prescribed value at the Dirichlet boundary node, as 

it. should be. On the other hand, the normal derivative on the Dirichlet boundary 

node will represent the derivative normal to that boundary. 

Due to the symmetry of geometry and the boundary conditions, the same 

problem can be solved as a quarter-plate problem. The boundary conditions in this 

case would be zero gradient along the axes of symmetry and specified potential 

along the edges as shown in Figure 4.8. The resulting potential distributions 

along the axes of symmetry are plotted in Figure 4.9 and again a very good 

correspondence with the analytic solution is obtained. 

4.2.3 Steady State Location of Free Surface 

To demonstrate the effectiveness of the model to handle flows with a free 

surface, it is applied to the problem of flow through a block of porous medium. As 

discussed in chapter 2, the free surface problems are made more difficult due to 

the fact that the position of the free surface, which is a boundary of the domain is 

not known a priori. Thus, the domain methods like the FEM require some kind of 

iterative scheme to locate the free surface and it becomes cumbersome to adjust 

the elements according to the movement of the free surface. While applying the 

BE1'!. the conditions to be satisfied at the free surface are, as described ill chapter 

3. (i) the potential is equal to the elevation and (ii) at steady state, the normal 
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derivative of potential is zero. In the BEM, however, we can apply only one 

boundary condition at any node. To solve for the location of the steady state 

free surface under any given boundary conditions, we start from an initial guess 

of the location and apply the zero gradient condition at the free surface nodes. 

Once we solve for the potential at the free surface nodes, we move the free surface 

to satisfy the first condition. Repeating the iterations till the difference in two 

successive iterations is less than a prespecified tolerance, we obtain the steady 

state location of the free surface. Earlier studies have used an iterative scheme 

in which the updating of location of the free surface is based upon the potential 

values obtained at the previous iteration. No consideration is given to the previous 

location of the free surface. In this study, we used a weighting factor so as to assign 

some weight to the previous location and some to the potential. It was found 

that for the problem under consideration, a weight of 0.8 to the potential (and 

consequently, 0.2 to the previous position) resulted in convergence in minimum 

number of iterations. However, some further tests showed that a 'universal' value 

for the weight could not be assigned. 

This iterative scheme is applied to a problem with geometry and boundary 

conditions as shown in Figure 4.10. Analog model results for this problem have 

been reported by France et al.[23]. Comparison of the numerical and experimental 

results is shown in Figure 4.11. It should be mentioned that there is a singularity at 

the junction of the free surface and the tail water which is ignored in the numerical 

simulation. This does not seem to affect the results. Also, at the junction of free 

surface and seepage face, the free surface should be tangential to the seepage face. 

Using linear elements, this condition cannot be satisfied. An alternative is to use 

quadrat.ic element as the last element on the free surface but it is not absolutely 

necessary, as shown by some previous studies (Liggett and Liu [53]). 

4.2.4 Transient Location of Free Surface 

After these steady state simulations, we turn our attention to transient flow 

situations. As a matter of fact, the transient simulation performed for a long time 

will result in the steady state solution but the resulting effort may be much larger 
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than that involved in the iterative scheme of the previous section. This section 

describes the simulation of a sudden drawdown situation in which the upstream 

head is kept constant at 10 units and the downstream head is suddenly reduced 

from 10 units to 3 units. Numerical simulation of this problem was conducted by 

Liggett [50]. The geometry of the problem and the applicable boundary conditions 

are depicted in Figure 4.12. In the next figure, 4.13, the results from the present 

study and those of Liggett [50] are compared. It is not.eworthy that Liggett [50] 

started his simulation from t=0.6 and not t=O because the tangency condition 

is violated by the initial horizontal free surface. He used the time series solution 

of Liggett and Hadjitheodorou [51] to advance to time 0.6. In the present study, 

we start from the initial conditions at t=O and it appears that there is no serious 

effect of disregarding the initial tangency violation. The steady state is reached at 

a time (dimensionless) of about 30 and the location of the free surface at steady 

state was checked with the application of the iterative scheme described in the 

previous case. 

4.2.5 Tilting of Interface 

We now apply our model to a two phase flow situation in which an initial 

vertical interface between salt water and fresh water tilts due to the density dif

ference. The heavier salt water tends to go under the lighter fresh water, thus 

causing the upper part of the interface to move towards the salt water zone and 

the lower part to move towards the fresh water zone. Analytical solution to this 

problem is presented by Gelhar et al. [25] according to which the salt water depth 

at any location is given by 

bB = ~(b +~) 
2 Jr 

in which bS is the thickness of seawater below the interface, b is the total depth, 

T is the dimensionless time and is given by I~~t. Experimental study of this 

problem \vas done by Liu e.t ai. [56] who also applied a two-dimensional boundary 

element model. A finite element solution of this problem is presented by Sa Da 

costa and ·Wilson [67] which matches exactly with the analytic solution. It was 
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however mentioned that the solution could not be started from the initial vertical 

location of the interface as it required very dense grid near the interface and very 

small time steps for convergence. The problem geometry along with the boundary 

conditions is shown in Figure 4.14 and the transient locations of the interface at 

different times are shown in Figure 4.15. Again, in previous numerical models, the 

solution was not started from the vertical location but from a very slightly tilted 

position. In the present case, however, we started from the vertical position and 

obtain sufficiently accurate results. Thus, the BEM has a distinct advantage over 

the FEM in simulating this particular problem in that no concentration of nodes 

near the interface is needed and there is no convergence problem encountered. 

4.2.6 Location of Interface under Fre'sh Water Recharge 

vVe now simulate the development of a fresh water lens over seawater for 

a coastal aquifer of finite width receiving a uniform recharge from a strip parallel 

to the coast. This problem has been analytically solved by Hantush [28] and 

numerically by Sa Da costa and Wilson [67] using FEM and Taigbenu et al. [72] 

using two-dimensional Boundary Element model. Figure 4.16 shows the geometry 

and boundary condit.ions. The depth of the interface given by Hantush [28] is 

(2 = 2c[2(b-a)x-f(x,t)] for 0 < x < a 

2c[2(b - a).T - (:t - ay - f(:r, t)] for a < x < b 

for b < x < L 

in which 

f( 
32L2 "R . (2n + l)7rx 

Xl t) = -3- 6 n S111 ? L 7r _ 

n 

Rn = -( 2-n-~-----'1 )-:-, [cos (211 ~Ll)1fb - cos (211 ~; )1fa 1 €3'p{ - [(2" ~ 1)1f r ~;) 
R 

c = 26(1 + 6)IU 

} -f - . 
\. b~avg 

II = ----"-
'7 
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(avg is the average depth of interface over the whole area at any glven time. 

For this derivation, Hantush applied both the Dupuit and the Ghyben-Herzberg 

assumptions. Sa da Costa and Wilson [67] applied the Finite Element Method 

to this problem with and without using the Ghyben-Herzberg assumptions and 

showed its effect on the solution. Naturally, the results obtained with the Ghyben

herzberg assumption were much closer to the analytic solution. Since we do not 

invoke these assumptions here, it was considered better to compare the results 

with the FEM. Taigbenu et al. [72] applied a planar two-dimensional BEM model 

to this problem and obtained good results with minor differences attributed to the 

Dupuit and Ghyben-Herzberg assumptions. 

Figure 4.17 shows the results and comparison with the FEM solution of sa 

da Costa and Wilson [67]. The coastal boundary condition, as explained in the 

previous chapter was considered as a mixed type boundary and the value of the 

coefficient 0: in the equation <p + O:<Pn = 0 was calibrated to match the results 

with the FEM solution. It can be seen from Figure 4.17 that 0: for best fit is 

not a constant but increases with time. This led us to believe that a boundary 

condition similar to that suggested by Bear [4] would be better suited to represent 

the coastal boundary. According to this equation, the coastal boundary condition 

is <P + O:IBI <Pn = 0 where BI is the fresh water opening at the coastal boundary. 

Thus, as the opening increases with time, the value of 0: in the previous equation 

also increases. This idea (Srivastava and Contractor [68]) would be used in the 

next chapter to simulate the interface movement in the island aquifer of Guam. 

4.2.7 Three-dimensional Seepage through Porous Media 

N one of the previous problems is a really three-dimensional problem. The 

three-dimensional model is applied by taking unit width perpendicular to the 

plane and using exactly similar discretization on both planes. Here, we use a 

real three-dimensional flow situation to test the model. Baseghi [2] conducted 
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laboratory studies of three-dimensional seepage through earth dam models and 

also performed numerical simulations using the finite element method with the 

residual flow procedure (Baseghi and Desai [3]). The laboratory model consisted 

of an outside box of plexiglass panels and wire meshes that were placed inside 

the panels to simulate the sloping sides of the dam section. Glass beads of 1 mm 

mean diameter were used to simulate granular soil media. The beads were coated 

with silicon to reduce capillary effects. The fluid level on the upstream side of 

the model were raised or lowered by means of a motorized unit, thus creating 

rise, drawdown and steady state conditions and an overflow tank was used to keep 

the head constant. Figures 4.18-4.20 show the geometry and applied boundary 

conditions. The sections F, B and S are shown in this figure and the numerical 

results at these section are compared with the observed values. The location of free 

surface at various times was recorded photographically at these sections. Figures 

4.21-4.23 show the numerical results obtained from the Boundary Element model 

and those observed in the experiments. Also shown are the FEM results and our 

results compare well with both the observation and the earlier numerical results. 

One drawback of our model is that we cannot start the simulation from the initial 

conditions when there is no water inside the domain. Under this situation, the 

three-dimensional section becomes flat in the x-y plane and the resulting equations 

become singular. Therefore, in our simulations we started with initial location 

of the free surface at time equal to 4 minutes. This location was taken as the 

average of the observed and FEM values at that time. On the other hand, our 

model is more accurate during the draw down stage as seen from Figures 4.21-4.23. 

'Vle believe that the lack of the FEM to reproduce the observed values during the 

drawdown stage, specially near the upstream end, is due to the absence of a seepage 

surface on the upstream face. The FEM results indicated that the boundary 

condition used on the upstream face was prescribed head equal to the watcr level 

and no provision was made for the presence of seepage surface above the water 

level. In our model, we allow for the development of a seepage sUlface by putting a 

node above the water lcyel and designating it as a seepage face node. The results, 
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apparently, are much closer to the experimental values than those obtained by the 

FEM. Another reason for the inability of the FEM to reproduce the experimental 

values may be that the FEM uses only the potential boundary condition at the free 

surface. The location of the free surface is determined by interpolating between 

nodal pressure to get the point of zero pressure. No consideration is given to the 

kinematic boundary condition at the,free surface. 

4.3 Application of the FEM Model 

In order to develop confidence in the program, a few simple simulations were 

made, for which analytical solutions were available. Van der Veer [77] has given 

a closed form solution to a one-dimensional flow of freshwater in an unconfined 

aquifer towards the sea coast. Figure 4.24 presents the element network used to 

simulate the I-dimensional system. Figure 4.25 shows a comparison of the numer

ical and analytical results. The numerical solution is quite close to the analytical 

solution thus verifying the accuracy of the numerical scheme. The numerical pro

gram was also verified by comparing its output with the analytical solutions of 

(a) the gravity segregation problem described by Sa da Costa and Wilson [67] and 

(b) the drawdowl1 in an aquifer due to constant-discharge pumping from a well 

(Theis solution). 
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CHAPTER 5 

APPLICATION TO GUAM AQUIFER 

5.1 General 

Guam is the largest and southernmost of the Mariana Islands and is located 

at 130 28' N latitude and 1440 45' E longitude (Figure 5.1). It is approximately 

30 miles long and 4 to 10 miles wide and has an area of 212 square miles. It is 

divided into two nearly equal parts of different geology (Tracey et al. [76]). The 

northern half is a broad limestone plateau and the southern half is a dissected 

volcanic upland fringed with limestone along the east coast. The main aquifer of 

Northern Guam is bounded by the sea coast on the east, north and west, and by 

a volcanic outcrop on the south, and comprises the Mariana limestone and the 

older Barrigada limestone. The limestone plateau of Northern Guam slopes to the 

southwest from an altitude of about 600 ft in the north to less than 100 ft at the 

midsection of the island. The most important characteristics of the limestone unit 

is its high hydraulic conductivity and porosity. The aquifer also has a complex 

basement of impervious volcanic rock. A contour map of the basement surface was 

prepared based on a study by Biehler and Walen [7] and the basement elevations 

at the nodes were interpolated from it. The recharge into the aquifer was obtained 

by using a technique suggested by IvIink [58] based upon the fact that there are 

no streams and high infiltration in the northern region of Guam and many gaged 

streams and negligible groundwater storage in the southern region of Guam. The 

streamflow records for various streanlS are published by the USGS and these can 

be converted to inches of runoff. The evapotranspiration in the south is then 

obtailled as the difference between the rainfall and runoff. The evapotranspiration 

in the north is assumed to be the same and the groundwater recharge is obtained 

by subtracting it from the average rainfall over the north. 

The available hydrologic data consisted of rainfall records for the years 1978, 

79, 80, 85, 86 and 87 and the runoff records for 1978- 1985. The missing data of 

rainfall for the period 1981-84 was estimated based upon an average rainfall-runoff 
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relation for each month and the available runoff records. The runoff for the period 

1986-87 was estimated based upon the rainfall values of those years. The pumping 

rates were observed to be more or less constant from year to year. Therefore the 

pumping rate for 1981-85 was taken as the average of other years for each month. 

Ocean level data was available for 78-80 and 85-87. During the years 81-84, the 

ocean level was assumed to be at mean sea level. Average annual hydrologic data 

for the 10 year period 78-87 for Northern Guam were estimated as: Rainfall 95 

inches, Recharge 58 inches and Pumpage 27,620 acre-feet. 

5.2 Application of the Finite Element Model 

The Guam aquifer was discretized into 295 element.s using 189 nodes based 

upon the requirements of proper accuracy and the limitation of computer storage 

space (Figure 5.2). Pump discharges were lumped at 72 nodal points. There were 

39 element boundaries along the coastline and the saltwater head was specified at 

40 nodes. Along the southern boundary (the volcanic outcrop) a no-flow condition 

was imposed. Along the volcanic outcrop in the northern part of the aquifer, 

freshwater flow rates were estimated and imposed as a boundary condition. The 

porosity of the aquifer was estimated to be 0.25 but the permeability in each of 

the three regions of the aquifer was considered t.o be different. 

The saltwater intrusion program requires the flow domain (aquifer in plan) 

to be discretized into triangular elements. The elements and the nodes of the 

network are then numbered. In the solution of the freshwater and saltwater heads 

at the nodes of the network: t.he program has to solve a matrix of equations. The 

solution of this set of equations can be time-consuming and requires considerable 

comput.er storage space. Both the computer storage space and eXecution time 

are a function of the bandwidth of the matrix. The bandwidth is a function of 

the numbering of the nodes but is independent of the numbering of the elements. 

Reduction in the bandwidth results in a reduction of storage space and execution 

time. The preprocessor is a program that takes a network with an initial numbering 

of the nodes and then renumbers the nodes so that the bandwidth is minimized. 
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The program is based on an algorithm suggested by Collins [13]. This 

procedure starts with a node in the initial network and renumbers it as node 

number 1 in the new network. Then, the program determines the nodes connected 

to it and renumbers them as new nodes 2,3,4, etc .. The program then takes new 

node number 2, finds out the nodes it is connected to and renumbers them in 

sequence. When all the nodes in the network are thus renumbered, the bandwidth 

of the system is determined and compared with the initial bandwidth. If the 

bandwidth has been reduced, the new numbering system is stored in memory, 

othenvise it is discarded. This procedure is repeated starting with every node in 

the initial network. The output of the program presents the old node number and 

the corresponding new nodE number in the optimized· network for every node. The 

optimized network can then be used for production runs with the main program. 

The preprocessor needs to be run only when changes in the network are made. 

This program was applied to the network used for the Guam Lens (Con

tractor [16]). The bandwidth was reduced from 83 to 63 and the execution time 

was reduced by 10% for each solution of the matrix. 

The model was calibrated using the observed hydrologic data of 1978,79 and 

SO. The aquifer was divided into 3 regions of different permeabilities for modeling 

purposes. Region I contained elements 1 through 24, region II consisted of elements 

25 to 83 and Region III comprised the rest of the elements. Several calibration runs 

were made (Contractor and Srivastava [17]) in which the permeabilities of the three 

regions were changed until a good comparison was obtained between measured 

and computed values of water levels at nine observation wells. As a results of 

calibration, the permeabilities were obtained as 80 ft/day for region I, 5000 ft/day 

for region II and 20,000 ft/day for region III. The average absolute error for these 

values of permeabilities for all the observation wells (excluding well A-20 which 

showed a large error which was attributed to some local influence) was about 0.45 

feet or about 13%. The error could have been reduced further, if the permeabilities 

of elements containing observation wells were changed individually but this level 

of error was considered satisfactory for most planning and management purposes. 
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Therefore no fine-tuning of the model was attempted. Further reduction in the 

error would be best obtained by utilizing parameter identification techniques and 

stochastic analyses. 

The program used a time step !:l.t of 1 month. Each iteration (one solution 

of the global matrix) took approximately 40 s on the microcomputer. The same 

program required only one second/iteration on the VAX 11/780. 

Exploratory wells were drilled at various locations of the aquifer (Figure 

5.3). The specific conductance of water samples from different depths were mea

sured at six exploratory wells at different times of the year. These measurements 

were used to plot the chloride-concentration profile with depth at the wells some 

of which are presented in Figures 5.4-5.6. The depth of the 50% isochlor is taken 

to be the depth of sharp interface. From most of the plotted profiles it was ob

served that depth over which the chloride concentration varies, is small in absolute 

dimensions and in relation to the depth below'MSL. Thus, the assumption of a 

sharp interface is reasonable. A notable exception occurs in well Ex-1 (Figure 

5.4) which is near region I . Region I is an argillaceous limest.one, in which the 

conductivity is very low and in which the dispersive effects are large. Fortunately, 

the areal extent of region I is not large. 

It was felt desirable to compare the measured interface depths with those 

calc.ulated by the program. To do this, a simulation run was made for the time 

period 1978-87 using the hydrologic data base described previously and the cali

brated permeabilities. Figures 5.7-5.11 show the calculated and measured values 

of the well water level and the interface depth for the period of simulation. It 

can be seen that the computed values of the interface depth compare well with 

the measured values at some of the wells. At the remaining wells, the computed 

depth is smaller than the measured depth. Thus, the program gives a conservative 

estimate of the interface depth, the actual depth being greater than the computed 

one. One of the reasons for the discrepancy is that the program is two-dimensional 

while the flow is three-dimensional in nat.ure. A three-dimensional program would 

take into account the vertical components of the velocity, resulting in a higher 
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freshwatcr head at the interface than at the free surface and hence would result 

in a lower elevation of the interface. From the measured values of the interface 

depth, it can be seen there is no long-term trend, even though there are seasonal 

changes in the depth. A long-term trend will be experienced if there is a significant 

increase in the pumping rate from the aquifer. 

The computed freshwater head ¢f is seen to have many sharp peaks and 

the measured head is seen to be very smooth and damped. The explanation for 

this difference lies in the fact that the recharge to the aquifer has to travel through 

200-300 feet of unsaturated media before it reaches the groundwater level. The 

numerical model assumes that the recharge enters the groundwater lens instantly 

and without change in magnitude. In reality, the recharge will be delayed by the 

time of travel and the magnitude will be damped by dispersion effects. 

The influence of using or neglecting the Ghyben-Herzberg approximation 

(( = 40¢f) can be seen in Figures 5.12-5.15. Computer runs were made with the 

saltwater head specified as zero at all nodes of the network. The results of these 

runs are referred to as static state and are shown in the figures by a dashed line. It 

can be seen that the influence on the interface depth is only minor. However, the 

influence on the well water level is quite significant. Using the Ghyben-Herzberg 

approximation results in the well water levels being damped out, with very little 

variation in the water levels. The measured data shows more fluctuations in the 

watcr level. The influence of the ocean level variations cannot be taken into 

account when the Ghyben-Herzberg approximation is used. 

5.3 Application of the Boundary Element Model 

In the application of the two-dimensional FEM model, discrepancies be

tween the simulated results and the observed values were attributed to disregard

ing the vertical component of the velocity near the coastal boundary. Thus, a 

fully three-dimensional model should represent more accurately the behavior of 

the aquifer. A three-dimensional finite element model would require too much 
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bookkeeping and also would generate a huge coefficient matrix with large band

width. The application of three-dimensional boundary element model thus be

comes an attractive choice. We had hoped, initially, to apply the BEM model to 

the whole aquifer using the same discretization as that used for the FEM model 

(with same location of nodes at the lower boundary). It was soon obvious that 

it would require an incredible amount of computer storage which was not feasible 

for the available computer systems. The main reason for this large storage is that 

the BEM matrix is a full matrix and we have to divide the domain into two zones, 

fresh water and salt water. This introduces another 'layer' of nodes at the inter

face which are numbered twice, once in each zone. It was then decided to use a 

smaller portion of the aquifer, which includes many of the observation wells, for 

the BEM analysis. Figure 5.2 shows the area used for this purpose as that between 

sections X-X and V-Yo The calibrated value of permeability for this region, 20,000 

ft/day, was assigned to the simulated domain and the porosity vms tal\:en as 0.25. 

The uniform recharge used in the FEM model was applied to the BEM model 

also and is equal to 0.01296 ft/day. It was found that the time step required for 

convergence of the BEM was very small. ,\iVhile in the case of FEM we could usc 

a time step of one month, for BEM the time step was limited to one day at the 

initial time and then could be increased to 5 days for later times. The constant 

in the coastal boundary condition was first taken as independent of the thickness 

of the freshwater opening to the sea, and various values of a: were tried. Thus the 

value of a remained constant throughout the simulation even though the opening 

at the coastal boundary increased in thickness. The results of this simulation are 

shown in Figure 5.16, in which the interface location obtained by using different 

values of a is plotted. Also shown is the position of the interface obtained from 

the FEM simulations. VVhile the interface position matches fairly well, the free 

surface location is slightly different. Further runs with a variable a: proportional 

to the thickness of the opening were performed but failed to converge. It should be 

mcntioned that the same technique when used for the aquifer described in section 

4.2.6, gave very good results. It is believed that the widely different dimensions 
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in different directions have an effect on the solution. In this case, the x and y 

dimensions of the domain are of the order of tens of thousands of feet while the 

depths are only of the order of hundred feet. In almost all applications described 

in the previous chapter, the domain size in all directions is of comparable order 

of magnitude. Thus, for the Guam aquifer, the aspect ratio of the boundary el

ements becomes very different from 'unity, specially near the coastal boundary. 

Therefore, the solution is very sensitive to the boundary conditions and, since we 

are using the width of the fresh water opening as a parameter for the generation 

of the matrix equation, strong oscillations in the results are observed. The very 

large aspect ratio may be the cause of having to choose very small time steps even 

when the coastal boundary condition is taken independent of the opening width. 

It appears, therefore, that, in such cases invoking Dupuit's assumption of nearly 

horizontal flow to reduce the problem to a two-dimensional one would be a better 

option. Further studies are needed to ascertain the effect of aspect ratio on the 

accuracy and stability of the boundary element method, particularly in presence of 

free surface, interface or coastal boundaries where iterative solutions are required. 



67 

CHAPTER 6 

CONCLUSIONS AND FUTURE SCOPE 

6.1 General 

An efficient three-dimensional ,boundary element model is developed which 

can simulate transient or steady state, single phase flows and two phase flows, 

with or without the presence of a free surface. Also, an existing two-dimensional 

finite element model has been modified to improve upon the computer storage 

and execution time requirements. Detailed verification studies are performed to 

generate confidence in the working of the models. For the boundary element 

model, comparison with some previous studies indicated that the present model 

is generally more efficient and accurate. Reduction of the boundary integrals to a 

one-dimensional form and analytic determination of singular integrals contribute 

heavily to its efficiency. The finite element model is made more efficient by using 

a band width minimization scheme and manipulating the coefficient matrix to 

make it symmetric. The level of accuracy, though, is almost same as the previous 

model. In the following sections, we summarize the results obtained from our 

models, discuss their limitations and suggest some directions for future studies. 

6.2 Discussion of Results 

The finite element model has already been tested rigorously before (Con

tractor [16]), therefore only a few verification runs were undertaken. The main 

objective of these tests was to compare the efficiency and accuracy of the modi

fied model with that of the previously used model. The band width minimization 

algorithm, used as preprocessor, reduces the storage by about 25% and the ex

ecution time by about 10% for the Guam aquifer simulations. The model was 

used to calibrate the perm<;ability values in the different regions of the aquifer and 

good matching with the observed fresh water levels and interface locations was 

obtained. The effect of assuming the sea water to be static was demonstrated by 

running the model with salt ,vater head specified to zero at all nodes. It was seen 
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that this assumption has only minor effects on the interface depth but the fresh 

water level variations are damped out. No convergence or stability problem was 

encountered, even with time steps of one month. 

The boundary element model is applied to a variety of flow situations for 

which numerical or analytical solutions are reported in literature. Since not many 

studies are available which are three-dimensional in nature, most of the scenar

ios described are either one or two dimensional problems. Both single phase and 

two phase flows are simulated and transient and steady state simulations are per

formed. In all cases, the model results are very close to the analytic or observed 

values. The efficiency and accuracy of the model are established by comparing its 

results with those of some previous boundary elem~nt models. It was observed 

that for the same number of Gauss points (and therefore, the computational ef

fort), the present model resulted in a much larger accuracy. An iterative scheme 

for direct steady state solution and a 'logical' formulation of the coastal boundary 

condition are also discussed in connection with the model. It is believed that this 

model represents considerable improvements over those already developed. 

The application of the boundary element model to the field situation was, 

however, not very successful. First of all, the same grid used for the finite element 

model could not be used for the boundary element model because the computer 

memory requirements were too large to be handled by the available system. And 

then, convergence and stability problems were encountered when a smaller section 

of the aquifer was simulated. It was thought that the widely different dimensions 

of the area in the x-y plcme and in the z-direction were responsible for it. 

6.3 Limitations 

The bouudary element coefficient matrices are full matrices because each 

node, as a source, affects every other node in the domain. The number of nodes 

which can be used are therefore governed by the computer memory limitations. In 

the finite element method, the matrices are banded because only nodes within an 

element influence one another. Thus a much larger number of nodes can be used. 
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The problem of aspect ratio has already been encountered in the finite 

element method. Here, we find' that the boundary element method also suffers 

from it, at least in the cases we considered in our study. In such situations, it 

would probably be the best to 'average out' the vertical direction and apply a 

two-dimensional model. 

As previously discussed, the algorithm for reducing the integrals to one

dimensional form is dependent on local numbering of nodes. The accuracy of 

results was found to be different for different numbering schemes, though not by 

much. This arbitrariness in the scheme, though not found very serious in our 

applications, may lead to somewhat inaccurate results in some situations. In fact, 

our initial reaction to the instability seen during our application of the method 

to the Guam aquifer was that it is due to this effect. But later we used various 

alternative numbering schemes and also a two-dimensional cross-sectional model 

to simulate the same situation and still encountered the instability. 

6.4 Scope of Further Studies 

This study provides us with a basic and efficient model, which can be 

improved in many ways for future applications. Detailed investigations on the 

integration scheme may be carried out to determine if a scheme independent of 

node numbering can be obtained. If not, an optimum numbering technique for 

a particular node numbering scheme may be developed. Further work on the 

coastal boundary condition will be useful to alTive at a stable scheme while still 

incorporating the width of the fresh \vater opening into the equation. And, before 

field applications can be thought of, a thorough study of the effect of aspect ratio 

on the accuracy and stability of the method is desired. 
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TABLE 3.1 

Effect of the distance of source point on the number of integration 

points required to get accuracy of 10-6 in integration of -h 

Distance Analytic Standard PART Present 
d Result Gauss Scheme 

4.0 0.980029 4x4 8x4 3x2 
2.0 1.857196 5x5 7x4 4x2 
1.0 3.173436 8x8 7x4 5 x 2 . 
0.5 4.583161 13 x 13 7x4 7x2 
0.3 5.415995 20 x 20 7x4 9x2 
0.1 6.450896 53 x 53 7x4 16 x 2 
0.05 6.743897 98 x 98 7x4 19 x 2 
0.01 6.988440 418 x 418 7x4 34 x 2 
0.001 7.044708 * 7x4 87 x 2 
0.000 7.050989 - 7x4 None 

* :tvlore than 1000 x 1000 

Source point vertically above the cent.er of the square 

Size of the square: a= b= 1 
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TABLE 3.2 

Effect of the aspect ratio on the number of integration points 

required to get accuracy of 10-6 in integr~tion of -k 

Aspect Analytic Standard PART Present 
Ratio Result Gauss Scheme 

1 5.415995 20 x 20 7x4 9 x 2 
2 7.93i754 36 x 36 9x4 9x2 
5 11.51955 86 x 86 16 x 4 18 x 2 
10 14.27959 169 x 169 25 x 4 30 x 2 

Source point 0.3 units above the center of the rectangle 

Size of the rectangle: b= 1 a= Aspect ratio 
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TABLE 3.3 

Effect of horizontal location of source point on the number of integration 

points required to get accuracy of 10-6 in integration of -k 

Horizontal Analytic Standard 
Location Result Gauss 

(0.0,0.0) 5.415995 20 x 20 
(0.5,0.5) 4.782493 17 x 17 
(0.9,0.9) 3.448978 12 x 12 

(0.95,0.95 ) 3.263480 10 x 10 

Source point 0.3 units above the square 

Size of the square: a= b= 1 

PART Present 
Scheme 

7x4 9x2 
10 x 4 9x2 
28 x 4 10 x 2 
32 x 4 10 x 2 
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TABLE 3.4 

Effect of the distance of source point on the number of integration 

points required to get accuracy of 10-6 in integration of -h 

, 

Distance Exact Standard PART Present 
d Result Gauss Scheme 

4.0 0.058858 4x4 7x4 4x2 
2.0 0.402716 6x6 7x4 5x2 
1.0 2.094395 9x9 6x4 6x2 
0.5 7.418362 16 x 16 5x4 9x2 
0.3 15.48768 26 x 26 5x4 11 x 2 
0.1 57.19842 77 x 77 4x4 20 x 2 

0.05 120.0127 153 x 153 4x4 28 x 2 
0.01 622.6619 760 x 760 4x4 63 x 2 
0.001 6277.528 * 4x4 198 x 2 

* More than 1000 x 1000 

Source point vertically above the center of the square 

Size of the square: a=b=l 
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