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ABSTRACT 

This dissertation considers multi-wave interactions in bulk semiconductors. 

Nonequilibrium Green's functions are used to derive an appropriate set of equations 

describing the interaction of a light field with a semiconductor. Many-body effects 

lead to the screening of the Coulomb potential in these equations, as well as, carrier

carrier scattering. The carrier-carrier scattering is studied within the context of the 

carrier Boltzmann equation which contains the dynamically screened Coulomb poten

tial. The relation between carrier scattering and optical dephasing is also made. 

The carrier scattering rates are then used in the equations describing a two beam 

pump-probe experiment. The resulting equations are solved numerically for both 

passive and active systems, and effects such as spectral hole burning, coherent light 

scattering, and light induced band splitting are studied. Considering three CW beams 

(pump and two probes) allows for the study of four-wave mixing in semiconductors. 

By considering CW fields, the semiconductor may be treated in the quasi-equilibrium 

approximation allowing for greater detail in the treatment of the light field. The res

ulting probe absorption yields asymmetries which result in an asymmetric four-wave 

mixing spectrum. The four-wave mixing spectrum is then used to study the amount 

of squeezing in the light field exiting the cavity in a four-wave mixing experiment. 



CHAPTER I 

ELEMENTS OF MULTI-WAVE INTERACTIONS IN SEMICONDUCTORS 

§l.l INTRODUCTION AND HISTORY 

12 

The physics of highly excited semiconductors has been the subject of intense 

research for almost twenty years. Nonlinear optical phenomena connected with high

power laser excitation of semiconductors have been investigated both experimentally 

and theoretically.I,2 At the end of the seventies, when experimentalists were able to 

produce pulses in the sUbpicosecond regime, the possibility of studying time resolved 

evolution of the excited system arose. 3 It became obvious that a theoretical descrip

tion based on the generally used concept of a quasi-equilibrium plasma of electrons 

(e) and holes (h) would not be sufficient for a quantitative understanding of the 

underlying processes. In general, nonequilibrium behavior will become important in 

situations where a nonequilibrium state is excited and the equilibrium is not reached 

in times much shorter than the inverse energy width to be resolved. It should also 

be noted, that besides the importance of nonequilibrium behavior, highly excited sem

iconductors represent a complex system and exhibit various many-body effects such 

as: strong electronic correlation, bound states (exciton. biexciton). screening (plasmons). 

and coupling to photons (polariton) and phonons (polaron). Therefore. we will pro

vide in this dissertation an approach for a consistent many-body and nonequilibrium 

theory. For a basic review of these phenomena we refer to references 4 - 6. 

The basic premis of the following investigation consists of the explicit consi

deration of the external electromagnetic field which excites the system. Thus the 

Hamiltonian describing the interacting system of particles and field may depend expli

citly on time and so we have to employ nonequilibrium techniques of many particle 
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theory to deal with this problem. We will use the real time version of a method 

originally proposed by Schwinger,1 which was elaborated in many ways by several 

authors and is now known as Keldysh formalism. a-II A brief review of this general 

method is given in appendix A which is shown to yield a closed system of equations 

as a basis for the following investigation. In Sec. 1.2 we show how. within the 

dipole approximation. the resulting equation of motion for the Green's function cou

ples the different one particle states. It is in this section we introduce the Screened

Hartree-Fock (SHF) approximation for the self-energy which results in the renormali

zation of the single particle energies as well as the Coulomb interaction required to 

produce bound states. Using these approximations. in Sec. 1.3 we give the general

ized semiconductor Bloch equations describing the driven optical polarization of the 

system. Although the equations presented in Sec. 1.3 have been used for some time. 

the general form given there has yet to be solved successfully. In fact. because of 

the numerical difficulties involved. it is popular to take these equations within a 

static screening model. as at the end of the section. 

However. a static screening model can lead to anomalous energy shifts in the 

resulting renormalized single particle energies. Therefore. in Sec. 1.4 we derive the 

screened Coulomb interaction on the same level of approximation as SHF resulting in 

the so-called Random Phas,,", Approximation (RPA) for the intraband polarization 

function. As we show. it is the dynamic character of the screened Coulomb poten

tial which makes the solution of the generalized moch equations so difficult. By 

making appropriate frequency substitutions in the screened Coulomb potentia\. we 

obtain a new set of Bloch equations which are solvable yet specifically take into 

account the dynamic character of the Coulomb interaction. The frequency depen

dence of the screened Coulomb potential is important for the correct renormalization 
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of the one particle states. In addition to obtaining the correct single particle energies, 

the imaginary part of the Coulomb interaction gives the level broadening of these 

states. As we wiII show, the broadening of these states (optical dephasing) is simply 

the sum of the carrier-carrier and carrier-Iongitudinal-optical-phonon (carrier-LO

phonon) scattering rates. Therefore, to correctly describe optical interactions in semi

conductors, one must properly include the different carrier scattering processes. 

We discuss the problem of carrier scattering and its influence on optical 

dephasing in Chapter 2. Because of the relatively slow radiative and nonradiative 

recombination times in semiconductors the optical dephasing time is essentially given 

by the very fast carrier scattering times. Our analysis is based on the carrier 

Boltzmann equation for carrier-carrier and carrier-LO-phonon scattering within the 

so-called Born approximation. Quite often, in the semiconductor Bloch equations, a 

relaxation time approximation (RTA) is used in place of the Boltzmann equation for 

numerical simplicity. However, a comparison with the Boltzmann equation is needed 

to establish a regime of validity for this approximation. Therefore, in Sec. 2.4 we 

numerically evaluate the Boltzmann equation and monitor the relaxation process which 

is compared to the results obtained using the RTA. We also study the steady state 

carrier-carrier scattering rates used in the RTA for various parameter regimes. 

In principle it is possible to construct situations where the effects of carrier

phonon scattering may be ignored. Examples are excitation below the LO-phonon 

threshold or excitation in a highly degenerate plasma where carrier-LO-phonon 

scattering is inhibited due to increased Pauli blocking. However, for reasons of com

pleteness we discuss carrier-LO-phonon scattering in Sec. 2.5. In fact, for the par

ameter regime considered, the carrier-LO-phonon scattering rates are as fast as car

rier-carrier scattering and must be taken into account for a proper description of the 
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relaxation process. 

As stated earlier. the scattering rates obtained in Chapter 2 are necessary for 

the correct description of multiwave interactions in semiconductors. Specifically. we 

consider one strong (pump) and one weak (probe) beam incident on a sample from 

different directions defined by their relative angle e. The different scattering orders 

resulting from such a configuration are distinguishable by the different combinations 

of the incoming wave vectors of the light fields. The different types of processes 

we wish to investigate are shown schematically in Fig. 1.1. By monitoring the 

changes of the probe beam after passing through the medium. we can study so-called 

pump-probe spectroscopy. In addition to monitoring the probe signal. one can moni-

tor the so-called four-wave mixing signal which exits the sample in the direction of 

the -3 scattering order. The remaining scattering direction shown in Fig. l.l is the 

so-called phase conjugate direction. 

PUMP 

·1 ~ __ .~ 

1 

PROBE 

MEDIUM 

Figure 1.1 Schematic diagram of multi wave interactions in semiconductors. 

Pump and probe directions are indicated by the scattering orders -I and + I. 

respectively. The four-wave mixing and phase conjugate directions are 

given by the -3 and +3 scattering orders. respectively. 
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In Chapter 3. we study pump-probe spectroscopy which is often the basis for 

understanding the underlying processes present in semiconductors. We begin the 

chapter by deriving the appropriate set of equations describing non-copropagating 

pump and probe fields used in a typical experiment. Our equations include the 

appropriate scattering processes (given in Chapter 2) needed to describe the optical 

dephasing and the relaxation of the nonequilibrium carrier distributions. With the 

correct microscopic description of the system we are able to investigate spectral hole 

burning (SHB) in passive (Sec. 3.3) and active (Sec. 3.4) systems. We stress SHB in 

active systems because of the applicability of the RTA as shown in Chapter 2. As 

we will show. SHB is a result of the light induced changes of the carrier distribu

tions which locally modify the phase-space filling effects. In addition to changes in 

the carrier distributions. the light field renormalizes the single particle energies (li~ht 

induced gaps or band splitting) as well. Because the pump and probe propagate in 

different directions. the nonlinear response of the medium can scatter light into or 

out of the different beam direstions. Therefore. we discuss the necessary parameter 

regime to observe such coherent light effects in the gain region of an active semicon

ductor. If the probe pulse is not spectrally resolved it is difficult to observe these 

effects. However. as we show at the end of Chapter 3. it is still possible to detect 

SHB using the integrated probe signal. Finally. we discuss the effects of excitation 

process on the effective plasma temperature and density for different pump frequen

cIes (gain. transparancy. and absorption). 

In Chapter 4. we wish to discuss four-wave mixing in semiconductors. Of 

course. because this is a higher scattering order. it involves muItiphoton scattering. 

i.e .. two pump photons scatter via the nonlinear medium into the four-wave mixing 

and the phase conjugate direction simultaneously conserving energy and momentum. 
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Theoretically. the four-wave mixing signal depends sensitively on ~he treatment of the 

light-matter coupling. Within the Keldysh formalism. it is generally possible to yield 

an appropriate set of equations describing four-wave mixing. However. the resulting 

equations are extremely complicated and have only recently been solved for the 

single-mode case. For these reasons we restrict ourselves to the situation of a high 

density quasi-equilibrium regime where nonequilibrium techniques are no longer nec

essary. In this regime we are further restricted to CW fields whose changes come 

through the relatively slow variations in the carrier density. In this way we simplify 

our description of the semiconductor while increasing the level of complication in the 

description of the light field. Therefore. it is convenient to shift our emphasis from 

the language of semiconductor physics to that of quantum optics where the descrip

tion of the light-matter interactions are more transparent. Because of the historic 

connection between quantum optics and atomic physics. we proceed in a manner in

spired by standard two-level theories (for a comprehensive review see Ref. 12). The 

standard approach begins with the Heisenberg equation of motion for the density 

operator. By tracing over the semiconductor degrees of freedom. we are left with 

the so-called reduced density operator which describes the features of the field. The 

resulting equation of motion for the reduced density operator yields the so-called 

four-wave mixing coefficients which describe absorption. emission. and the coherent 

coupling between the different modes of the field. In Sec. 4.3. we discuss and plot 

these coefficients for specific excitation conditions. Because we specifically include 

field coherences we are able to describe quantum features of the field such as quad

rature squeezing. Squeezing occurs when the fluctuations of a given observable (in 

this case the field amplitude) are reduced below the quantum limit defined by the 

uncertainty principle. For a coherent state. we know from the uncertainty principle 
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that reduced fluctuations in one observable induces increased fluctuations in the cor

responding conjugate observable. As we show in Sec. 4.5. the quadrature squeezing 

in four-wave mixing can be expressed in terms of the four-wave mixing coefficients. 

We end the chapter with a discussion of the amount of squeezing in the output field 

due to an intracavity four-wave mixing experiment. 

§ 1.2 THEORETICAL CONCEPTS AND BASIC MODELS 

In this section we summarize the theoretical concepts for a description of 

highly excited bulk semiconductors. As a general theoretical framework we choose 

the Green's function (GF) approach within the so-called Keldysh formalism. which 

allows us to deal with optical as well as the plasma related many-body effects within 

one set of equations. The system under consideration consists of electrons in a rigid 

lattice described by the Hamiltonian 

:7C = J d3r l/lt (rts) [- ;~1 a + U(rt)] l/l(rts) 

+ 1 J d3rd 3r' l/lt(rts) l/lt(r'ts) V(r-r') l/l(rts) l/l(r'ts) 

~ J d3r j(rt)'A(rt) 

+ 2~C2 J d3
r p(rt) A 2(rt) • (I. I) 

where r (x. y. z). s is the spin and t is the time. We have also introduced U which 
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is the rigid crystal potential. and the Coulomb potential V describes the interaction 

between charged particles. The Heisenberg field operators ljJ are of the Fermi type. 

The last two terms in Eq. 0.1) describe the interaction with the light field where A 

is the vector potential of the light field. j is the current density. and p is the charge 

density given by ljJtljJ. 

For reasons of simplicity we restrict ourselves to spatially homogeneous excita

tion conditions for both the field and the material. The carriers are described within 

the simple parabolic band approximation. with spin degeneracy only. The general 

response of the semiconductor can be expressed in terms of the one-particle Keldysh 

Green's function 

( 1.2) 

where T = r s t ? with the additional Keldysh index ? and Tc orders operators 

along the so-called Keldysh contour going from -00 to +00 on a positive (+) branch 

and then back from +00 to -00 on a negative branch (-). The symbol ( ... ) denotes 

an expectation value with respect to an initial state. Tr(po .. ·)/Tr(po)' The exact pro

perties of the Keldysh contour and the matrix G can be found in appendix A. 

In general. the GF approach leads to so-called longitudinal and transverse 

photon Green's functions. The longitudinal photon GF describes the fluctuations of 

the scalar potential and leads to effects such as the screening of the Coulomb poten

tial. The transverse photon GF describes fluctuations of the vector potential and 

leads to the optical coupling between the field and the material. For reasons of sim

plicity. we neglect transverse effects in Eq. (1.1). other than the fact that they lead to 
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a field-material coupling described by the induced electric dipole 

(-e) (r) = (-e) J dr ( 1/1 t (r, s, t) r 1/1(r, s, t) ) . (1.3) 

where e is the electron charge. The dipole moment may be expressed in terms of 

the matrix element of 0 with 6- 1=+ and 6-2=-

(-e) (r) = (-e) J dr l r l L iii 0+_(1,1) , 

Sl 

(1.4) 

with I = r] Sl t l • To obtain the equation of motion for 0 we use the standard 

Hamilton operator for electrons in a general lattice potential U, coupled to 

an external electric field. The electrons interact among themselves via the Coulomb 

potential which couples the single particle OF to higher order OFs which are them-

selves coupled to higher order OFs. These correlations are treated by introducing the 

self-energy L, for which specific approximations are introduced in appendix A. 

The one-particle energy states define an appropriate basis set of space-depen-

dent wave functions ¢ which can be used to expand 0 as 

(1.5) 

n,m 
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Using the above expansion the induced dipole can be written as 

(-e) (r) in L /lmn G~~(tltl) (1.6) 

n.m 

where the matrix elements 

(1.7) 

determine the optical selection rules. We see that even if the symmetry of ¢ with 

respect to r allows an optical transition between two given bands. their respective 

wave functions must have sufficient overlap in order to make the transition effective. 

In other words. spatially indirect transitions are impeded to the degree of the overlap 

reduction of the bands involved. 

In general. the +- elements of G with different one-particle quantum numbers 

n.m describes induced coherences (polarizations) between the two states 

(1.8) 

The corresponding diagonal elements carry the information about the occupation pro-

bability / n of the states. 

(1.9) 
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In addition. we introduce the retarded (advanced) OF. Or = 0+_ + 0++ (Oa = 0;). 

which describes the spectral properties of the one particle states. 

The equation of motion for the matrix elements of 0 reads 

+ L /lnn" E(t l6- l) on'rn(tl6- l. t26-2) 

n' 

+ J dt3 L L Lnn,(tl6-l.t36-3) on'rn(t36-3.tz6-2) • (1.10) 

6-3 n' 

This equation shows how the various matrix elements of 0 are coupled. If all 

plasma effects were neglected. only the external field would couple the various polar-

ization and distribution functions. In addition. within the dipole approximation when 

the photon momentum is negligible compared to an electron momentum within the 

Brillouin zone. the matrix elements of /Lnrn couple only conduction and valence band 

states with the same k. 

Now it is important to address the question of how plasma effects renormalize 

the various bands and how they couple the one particle states. To be specific. we 

introduce the so-called Screened-Hartree-Fock (SHF) approximation for the self-energy 

(1.11) 

Here W is the screened Coulomb potential which is generally a consequence of car-

rier-carrier and carrier-phonon interactions. The technique to derive W in terms of 

V and 0 consistently within the SHF approximation in discussed in Sec. 1.3. The 
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matrix elements of L are 

ifi6- 1 L W nmn'm' Gn'm' ( 1.12) 

n',m' 

where the time and Keldysh variables have been omitted. Although Eq. (1.10). in 

principle. couples all one-particle states via Lnn" in practice L will favor specific 

transitions. There are two reasons for this: one is connected to the overlap of wave 

functions. and the other is the time-dependence of W. which reflects the energy-con-

servation in interaction processes described by L. The matrix elements of Ware 

given by 

Wnmn'm' ( 1.13) 

which implies that particles labeled nand n' must belong to the same region of 

space. This is also true for particles labeled m and m'. However. if the particles 

labeled nand m are localized in different regions of space. the Coulomb interaction 

could in principle induce a coupling which does not require any wavefunction over-

lap which. of course. decreases inversely with their separation. These effects could 

be important in the presence of an external static electric field or in heterostructures 

where tunneling effects induce a charge separation. However. as stated earlier. we 

will only be considering homogeneous semiconductors in the presence of homogeneous 

optical electric fields. 

In addition to the coupling represented by Wnn'mm'. there IS a coupling 
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between the states nand m through the self-energy. 

LJ ( 1.14) 

n'.ro' 

which is determined by the possible energy transfer processes described by W. Car-

rier-carrier and carrier-LO-phonon scattering involves transfer energies of the order 

of the plasma or LO-phonon frequency. respectively. Regarding conduction-valence 

band transitions in the direct gap semiconductors considered in this dissertation. the 

energy transfer is usually several orders of magnitude larger than typical plasma or 

LO-phonon frequencies. Concerning inter-subband scattering. the energy separation 

depends strongly on the structure involved. and we will only deal with situations 

where it is justified to neglect this scattering. Therefore. if we consider energy 

transfer processes alone the coupling between the states nand m through Eq. (1.14) 

is expected to be greatest for n' = nand m' = m. 

Returning to the question of eigenfunctions of the system. we employ the 

Bloch theorem which requires that the wavefunction only change by a phase factor 

when translated by a lattice constant. To satisfy this condition we make the ansatz. 

eik ' r 
-j un k(r) L3 2 • 

(I. IS) 

where L is the volume of the sample. n is the energy eigenvalue. and k is the cry-

stal momentum. The Bloch functions un.k (r) are periodic in real space and have the 



25 

orthogonality property 

(1.16) 

In general. the k-dependence of the Bloch functions results in a complicated energy 

dispersion. For reasons of simplicity we make the parabolic band approximation. i.e .• 

we neglect the k dependence in the periodic Bloch functions. Within this approxima-

tion we can rewrite Eq. (1.14) in the form 

~nn' = i/i?l \V nn'nn' Gnn' . ( 1.17) 

This equation shows that. within the parabolic band approximation. the self-energy 

(l.17) is equivalent to neglecting the coupling of interband with intraband transitions 

which. based on energy transfer arguments. we argued to be weak. In this form the 

coupling of the different states n if. n' occurs through the interband polarization 

which leads to the so-called Coulomb enhancement. The coupling of states with 

n = n' occurs through the density which leads to the renormalization of the single 

particle energies (bandgap renormalization). 

§ 1.3 SEMICONDUCTOR BLOCH EQUATIONS 

Using Eq. (1.10) it is possible to derive an equation describing the driven 10-

terband polarization characterizing the optical properties of the system. Due to the 

action of the external pulse. time-translation invariance is broken and an 10 induced 10 
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(center of mass) time scale T = (t l + t2)/2 occurs in addition to the microscopic 

(relative) time scale t = t1 - t2 • The nonequilibrium system evolves on the induced 

time scale while the spectral proper.ties are given by the relative time scale, i.e., we 

perform a Fourier transform from t to w. In these coordinates and expanding in 

conduction (c) and valence (v) indices, Eq. (1.10) can be rewritten (appendix A) into 
~ 

a generalized equation describing the driven optical polarization propogator, G~~ 

[ ih a~ - ',(k) + 'v(k) 

+ iii I ;~' L [ Wr(k'-k,w-w'+wo/2) G~~(k',w') - Wr (k'-k,w'-w+wo/2) G~~(k',w') ] 
k' 

+ L W +_(k'-k,w') [ G~C(k',w+w'+wo/2) - G~V(k"W+W'-wo/2)]] G~~(k,w) 
k' 

= i tLcv E [ G~(k,w) - G~~(k,w) ] 

+ iii I ;~' L [Wr (k'-k,W'-W'+wo/2) G~~(k,w) - Wr (k'-k,w-w'+wo/2) G~~(k,w) 
k' 

+ W +_(k'-k,w) [ G~C(k,w'+w+wo/2) - G~V(k,w'+w-wo/2) ]] G~~(k',w') , (1.18) 

where we have suppressed the time dependence and tc/v(k) = li2k2/2mc/v are the free 
~ 

particle energy dispersions. The terms multiplying G~~(k) in the above equation 

describe the renormalization of the one-particle states in the presence of an e-h 

plasma. The real part corresponds to the renormalization of the single particle ener-

gies and the imaginary part corresponds to the broadening of these states. The elec-

tric field multiplies the population inversion which represents the driving term for 
~ 

G~~. The remaining so-called otT-diagonal terms, are responsible for the formation of 

e-h bound states (excitons) via the Coulomb potential. Because the off-diagonal terms 
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are complex in general. they can also modify the optical dephasing described by the 

imaginary part of the diagonal terms. 
~ 

Eq. (1.18) presents a complicated linear integro-differential equation for G~~. 

The general approach to solve such an equation is to convert the continuous w integ-

ral into a discrete sum. In this way one is able to generate a matrix in frequency 

space which can be inverted for each time step needed in the time integration rou-

tine. The polarization is then given by the equal time arguments tl = t2 (see 

Eq. (l.8)) which is equivalent to integrating over frequency in frequency space. i.e .• 

(1.19) 

However. even with the use of super computers this presents a very complicated 

problem. and is presently beyond our numerical capabilities. 

Over the years several approaches have been taken to overcome this problem. 

Let us first consider the solution to Eq. (1.18) obtained by iteration 

G~~(T.w) = G~~(T.w)(O) + G~~(T.w)(l) + ... + G~~(T.w)(n) • ( 1.20) 

where G~~(T.w)(n) contains all contributions of n-th order in the screened Coulomb 

potential. In the limit of n -+ 00 we have the rather trivial identity 

~ 

G~~(T.w) == 
G~~(T.w)(O) + ... + G~~(T.w)(n) 

-------------------------------- PCy(T) . 

J ~~ (G~~(T.w)(O) + ... + G~~(T.w)(n) ) 

(1.21) 
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where we have suppressed the k-dependence. The simplest (zeroth order) nontrivial 

approximation to (l.20 corresponds to the so-called Shindo approximation 13 which in 

our notation reads 

~ 

G~~(k.w. T) == 
G~~(k.w-wo/2) - G~:(k.w+wo/2) 

--------------- Pey(k. T) . 

I ~~ (G~(k.w-wo/2) - G~:(k.w+wo/2) ) 
(1.22) 

Using the definitions for Gee and Gvv given in appendix A one is able to carry out 

the frequency integration in Eq. (l.18) by hand. Although this approximation has 

been widely used. it is strictly valid in linear order in the density of excited pairs. 

An alternative method of dealing with the dynamic character of the Coulomb 

potential involves so-called quasi-static plasmon pole approximations. The basic idea 

is to ignore all frequency dependence of the Coulomb potential so that W can be 

pulled out of the frequency integration in Eq. (1.18). One specific example is the 

Single Plasmon Pole approximation4- G (SPP) which approximates the pole structure in 

the screened Coulomb potential with a single pole structure. In the following we 

have transformed from the conduction-valence band picture to the electron-hole pic-

ture by making the substitutions: fe ~ fe• fy ~ (l-fh ) for the carrier distributions. 

and me ~ me' and my ~ -mh for the effective masses. In addition. we have allowed 

for multiple valence bands which we labeled by the index j. Therefore. in the e1ec-

tron-hole picture. the screened Coulomb potential in the SPP is 

yS(q) = Y(q) [I - :::1]. ( 1.23) 



carrier density. The bare Coulomb potential is 

41Te2 

V(q) = VEoq2 • 
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0.24) 

which includes the background dielectric constant of the unexcited material Eo and V 

is the crystal volume. The plasma dispersion is given hy 

'"~ " '";1 [I - ~: 1 + L [2"ni: r . 
n! 

( 1.25) 

where we introduce the square of the inverse screening length 

( 1.26) 

n!.k 

Using definition (1.19) and the SPP. the equation of motion for the interband 

polarization resulting from Eq. (1.18) is 

ifl ~t Pj(k) = [E/k) - iflfj(k) - 2:rX(k) - 2:CH J Pj(k) 

- fir2j (k) [1 - fe(k) - fh/k) J . (1.27) 

where Ej(k) = fl 2k2(1/2me + 1/2mhj) + ej). in which E~) is the unrenormalized 

bandgap. Because we have ignored the frequency dependence in W. we no longer 

have imaginary contributions describing the dcphasing. Therefore. the dephasing rate 
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rj(k) must be put in by hand. To yield a more realistic theory one must evaluate 

the dephasing rates from the original equations. As we will show later. these rates 

are essentially given by the carrier-carrier and carrier-LO-phonon scattering. Fur-

thermore. in Eq. 0.27) we have introduced the exchange self-energy 

1:~X(k) = L:: yS(1 k-k'l) [fe(k') + fh/k') ) • (1.28) 

k' 

the Coulomb-hole self-energy 

1:CH = L:: [Y(k') - YS(k') ) • ( 1.29) 

k' 

and the wave-vector-dependent generalized Rabi energy. 

7'lstj (k) = JlcVj E + L:: yS(1 k-k'l) Pj(k') • ( 1.30) 

k' 

where Jlcv . is the interband dipole matrix element between the conduction and val
J 

ence bands. and E is the electric field. The exchange and Coulomb-hole self-energies 

give the renormalization of the single particle energies and are a result of the real 

part of the diagonal self-energy given in Eq. (1.10). The generalized Rabi energy 

has two main effects; the term proportional to the field drives the polarization. while 

the second term is responsible for e-h bound states at low densities and the so-called 

Coulomb enhancement for larger densities. 
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The corresponding equation for the carrier distributions is given by Eq. (1.10) 

with n = m, for electrons we have 

8
8tfe (k) = 2Im(~ QJ~(k) PJ.(k)) + 8fe(k) I 

L 8t scatt' 
j 

( 1.31) 

and similarly for holes (e .... h). The last term in Eq. (1.31) accounts for all scatter-

ing processes which will be discussed in Chapter 2. For the carrier distributions, the 

generalized Rabi energy has two effects; the term proportional to the electric field 

cre:;.tes or destroys carriers depending on the sign of the polarization while the 

second term redistributes the carriers among the different k-states without changing 

the total carrier density. Equation (1.27) combined with Eq. (1.31) are the so-called 

Semiconductor Bloch equations within the SPP approximation. In fact, these equations 

are valid for any static screening model by simply replacing yS with the appropriate 

screened Coulomb potential. 

§ 1.4 DYNAMICALLY SCREENED COULOMB POTENTIAL 

The SPP approximation for the screened Coulomb potential is appealing for 

reasons of numerical simplicity, however, as will be shown later, it sometimes leads 

to anomalous energy shifts in the optical spectra. Therefore, we wish to discuss the 

self-consistent form for the dynamically screened Coulomb potential W corresponding 

to Eq. (1.18). As discussed in appendix A, the SHF approximation (1.11) is obtained 

by neglecting higher order vertex corrections, i.e., by setting r(123) = -8(1-2) 8(2-3). 

Therefore, it is self-consistent to ignore higher order vertex corrections in the 
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screened Coulomb potential as well. In this case we obtain 

W(l2) = Va -2) + J d3d4 va -3) P(34) W(42) (1.32) 

where P(34) is the intraband polarization function. In the relative and center of 

mass coordinates for a homogeneous system Eq. (1.18) can be inverted: 

(1.33) 

Within this approximation the dynamical screening due to charge carriers is deter-

mined by the RPA intraband polarization function 

where we have introduced the free particle energies Cex (k) = ti2k2/2mex. From this 

equation one can see that the momentum state q with energy tiw is screened by car-

rier-carrier scattering. The physical processes involved are absorption. described by 

the first term in Eq. (1.34). and emission described by the second term. These 

processes are shown diagrammatically in Fig. (1.2) along with the resulting polariza-

tion bubble. 



+ 
f1w. q 

flw. q 

Figure 1.2 Diagrammatic representation of RPA polarization (1.34) showing 

emission and absorption separately. and the resulting polarization bubble. 
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The possibility for a scattering event to occur is determined by the availability of 

states as well as energy and momentum conservation. The dominance of absorption 

or emission processes determine whether the energy moves in a clockwise or counter-

clockwise fashion in the polarization bubble shown in Fig. (1.2). 

As stated in the previous section. the frequency dependence of the screened 

Coulomb potential leads to complicated problems in the solution of the equation of 
~ 

motion for the interband polarization G~~. Using approaches other than GFs and 

then comparing the different methods can lead to great insights with respect to the 

problem of dynamic screening. One such approach is the use of projection operator 

techniques in which the basic idea is to build a hierarchy of expectation values 

which. when projected correctly. can be summed up to give the correct form of the 

screened Coulomb potential. This method is very cumbersome and. as shown in 

appendix B. can only be reasonably carried out for the first few terms. However. a 

direct comparison can be made with the Green's function approach if we take 
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Eq. (1.33) and expands Wr in terms of V(q) and the RPA polarization (see appendix 

A). Upon direct comparison of the two methods we find perfect agreement if we 

make the following energy substitutions 

ti(w + wo/2) -+ fc (k) 

and 

ti(W - wo/2) -+ fy (k) , ( 1.35) 

for diagonal terms, and 

and 

tz(W - wo/2) -+ fy(k+k') , ( 1.36) 

for off-diagonal terms. 

In general, in the screened Coulomb potential, there is no direct connection 

between the momentum transfer q and the frequency dependence w. However, for a 
~ 

given q the frequency dependence of G~~ will sample all frequencies of W r in 

Eq. (1.18). The peaks of this product can be used to determine a relationship 

between wand q. By choosing the energies (1.35) and (1.36) we follow the peaks 

which are of greatest importance for Eq. (1.18). Of course, by following these 

dispersions we implicitly neglect the width of these transitions, i.e., for a given q we 

choose the peak energy rather than summing over all of the energies. Therefore, we 

treat the transition energies as being discrete resonances following the above free par-

tide dispersions. 

If we use the quasi-particle energy substitutions (1.35) - (1.36) and define the 



polarization by Eq. 0.24) we obtain the equation of motion for P(k, T) 

[ iii a~ - €(k) + L [ Wr(k'-k,Ae(k,k')) fe(k') + (e +--+ h) ] 

k' 

+ L [V(k-k') - Wr(k-k,.Ah(k.k'))] 

k' 

+ 2 L {IWr(k'-k.Ae(lk'-k+k"l.k"))1
2 

fe(lk'-k+k"l) (l - fe(k")) 

k'.k" 

x [Ae(j k'-k+k"l ,k'!) - Ae(k. k') + ill - Ae (I k'-k+k"l. k'!) - Ah (k'. k) - ill] 

+ (e H h)}] p(k.n 
= -/leY E(T) (I - fe(k) - fh(k)) 

+ L [ Wr(k'-k.Ae(k'.k)) fe(k) + Wr(k'-k.Ah(k'.k)) (fh(k) - 1) ] P(k'. T) 

k' 

+ 2 L {IWr(k'-k.Ae(lk'-k+k"l.k"))1
2 

fe(lk'-k+k"l) (l - fe(k")) 

k'.k" 

35 

x [Aeq k'-k+k"l \") - Ae(k.k') - Ae(j k'-k+k"l \") - Ah(k,.k)] 

+ (e +--+ h)}] P(k'. T) • (1.37) 

where we have introduced the energy difference 

( 1.38) 
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The corresponding equation for the carrier distributions is 

~tfc«k) = 2 Im[(J.Lcv E(T) + L Wr(k'-k'~c«k.k') P(k') r P(k)] + afa(k) I . 
t scatt 

k' 

( 1.39) 

If the temporal separation between an excitation and probe field is long com-

pared to the carrier relaxation time. yet short compared to carrier recombination time 

then Eqs. (1.32) or (1.39) can be solved for the probe field alone by direct numerical 

inversion with the carrier distributions as inputs. Since the relaxation processes leads 

to quasi-thermal distributions in the various energy bands. the relaxation will also be 

influenced by the induced potential which determines the relative energetic position 

of the various bands. In general. the Bloch wavefunction can be factorized into 

atomic and envelope wavefunctions. The atomic wavefunction describes the local 

energy structure while the envelope wavefunction. which extends over the whole cry-

stal. describes the collective excitations of the system. The collective excitations are 

labeled in the usual fashion nf where n (= I. 2 .... ) labels the energy eigenvalues and 

l (= o. 1...= s. P .... ) labels the angular momentum eigenvalues. By monitoring the 

energetic position of the Is-exciton we are able to make qualitative statements regard-

ing our choice for the energy arguments in the screened Coulomb potential. Experi-

mentally.14-1G it is known that the exciton exhibits basically no shift for increasing 

carrier densities. Theoretically. this has only been achieved through tedious varia-

tional calculations17 which are realistically of no use when calculating optical spectra. 

For our numerical calculations we will assume we are in the quasi-equili-

brium regime where the polarization can be adiabatically eliminated and matrix in-

version is appropriate for the solution of the probe spectrum. Experimentally. this 



Figure 1.3 Probe spectrum for bulk GaAs at T .. 300K within the quasi-par

ticle approximation (solid) and the single plasmon pole approximation 

(dashed). The different curves are for increasing carrier density n = O. 

Ix 1016• IxI017. and 3xlO17 cm-3• The parameters used in the calculation are 

as follows: me = O.067mo. mh = O.247mo. the background dielecrtic constant 

to = 12.9. and exciton Rydberg energy ER '" 4.2meV where mo is the free 

electron mass. 
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corresponds to the situation where the carriers are continuously generated through in-

coherent injection pumping and the semiconductor is probed by a weak CW laser. 

By continuously tuning the laser frequency and monitoring the transmission changes. 

we are able to obtain the probe absorption spectrum. Because there is no driving 

field and the carriers are continuously regenerated. the polarization reaches an effec-

tive steady state rotating in the rotating frame of the probe frequency. As an appro-

priate system. we consider bulk GaAs in the two-band model. In addition. we 

choose the electron-hole plasma to be at room temperature since it will accentuate the 

differences between the SPP approximation and the quasi-particle approximation 

(QPA) given by Eq. (1.37). The results of our calculations are shown in Fig. (1.3) 

where. for increasing carrier density. the I s-exciton shows increasingly larger energy 
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shifts within the SPP approximation. The QP A. on the other hand. simply shows an 

expected bleaching of the exciton accompanied by an infinitesimal energy shift for 

increasing carrier densities. In Fig. (1.4) we show the corresponding carrier distribu-

tion for electrons and holes. Because of the complicated phase space filling effects in 

Eq. (1.20) it is very difficult to predict the behavior of the screening based on tern': 

perature and density alone. The failure of the SPP form of the screened Coulomb 

potential to yield an excitation independent exciton resonance energy arises from the 

fact that Eq. (1.24) always over-estimates the screening at low densities. In fact. the 

only compensation for changing carrier distributions comes through the screening 

length which effectiveiy measures the area under the distribution function. However. 

for a gi-/e.1 plasma frequency (carrier density) there exists many different possible 

carrier distributions which yield the same screening length. In other words. the SPP 

approximation inadequately predicts the effects of phase-space filling. 
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CHAPTER 2 

CARRIER RELAXATION AND OPTICAL DEPHASING 

§2.1 INTRODUCTION 

As discussed in Chapter l, the ability to produce subpicosecond optical pulses 

opened the possibility of studying the time evolution of excited semiconductors. The 

technique of femtosecond hole burning has been previously employed to probe the 

thermalization dynamics of nonthermal carriers in bulk 18- 20 and two-dimensionaI21 

semiconductors. The results of these investigations indicate that carrier-carrier 

scattering (CCS) and carrier-LO-phonon scattering (CLPS) in highly excited semicon

ductors are often the dominant relaxation mechanisms which drive a system toward a 

quasi-equilibrium state. In addition, because of the relatively slow carrier recombi

nation time CCS and CLPS are the dominant mechanisms describing the temporal 

decay of the interband polarization. 

In this dissertation we are particularly interested in the situation of an opti

cally pumped semiconductor, where electron-hole pairs are generated by short-pulse 

interband excitation. 19,2o,22,23 This kind of experiment in intrinsic, p- or n-doped 

semiconductors makes it possible to investigate scattering in a neutral electron-hole 

plasma, or in a hole or electron plasma, respectively.23 Optical femtosecond pump 

and probe techniques discussed in the next chapter allow time resolved observation of 

the relaxation processes by monitoring the spectral changes caused by the temporal 

evolution of the carrier distribution function, which may lead to a spectral hole in 

the continuum absorption or in the optical gain. 19,2o 
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The theoretical basis of carrier scattering and its consequences, like energy

level broadening and screening of the Coulomb potential, can be found in the many

body-theory literature, e.g. Refs. 5 and 9. Therefore, only a brief summary of the 

essential equations are given in this chapter. For our purposes it is especially impor

tant to emphasize the relation of the carrier scattering rates to the optical dephasing. 

The optical dephasing turns out to be the average of the total electron and hole 

relaxation rates. 

Although a large number of publications deal with scattering rates and time 

evolution of distribution functions,24-33 it is still difficult to perform a direct numeri

cal integration of the Boltzmann equation in which the screening is treated on the 

same level of approximation as the scattering probabilities themselves. This chapter 

presents a solution for the scattering rates within the Born approximation including 

the screening of the Coulomb potential in the full dynamical RPA approximation. In 

Sec. 2.4 the Boltzmann equation for the relaxation of a kinetic hole in a high density 

quasi-equilibrium carrier distribution is evaluated. This situation is most relevant in 

semiconductor lasers and amplifiers. From the full solution of the Boltzmann equa

tion, carrier relaxation rates are extracted and the applicability of the so-called relax

ation time approximation (RTA), as discussed in Sec. 2.3, is investigated. Further

more, Sec. 2.3 gives some useful analytical fitting formulas for the chemical potential 

and the effective carrier temperature for quasi-equilibrium Fermi distributions. 

Section 2.4 presents a detailed discussion of the dependence of the CCS rates on 

relevant material parameters such as the electron and hole masses, the plasma density 

and the optical pump frequency. The effective masses of holes and electrons in semi

conductors and semiconductor quantum wells differ by factors on the order of I to 

10. Therefore. the phase-space effects (Pauli-blocking) are often quantitatively quite 
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different for electrons and holes. For doped semiconductors this leads to different 

scattering rates in n- or p-type materials. 23 For a two-component electron-hole (e-h) 

plasma. the scattering rates depend on the e-h mass ratio. 

Generally. other mechanisms besides carrier-carrier scattering exist which con-

tribute to the total relaxation. Examples are LO-phonon and acoustic phonon scatter-

ing. i.e. deformation potential and piezo electric scattering. 34
•
35 Carrier-carrier colli-

sions provide the dominant relaxation channel for situations with very high carrier 

densities.23•36 or low temperature and carrier excitation below the LO-phonon thres-

holdY However. in some materials CLPS rates can be quite comparable to CCS. 

Therefore. in Sec. 2.5 we discuss CLPS and numerically evaluate the scattering 

rates for a given set of parameters. 

§2.2 BOLTZMANN EQUATION FOR CARRIER-CARRIER SCATTERING 

As discussed in Chapter 1. optical nonlinearities in highly excited semiconduc-

tors can be modeled using a generalization of the semiclassical optical Bloch equations 

(1.37) and (1.39) for the polarization P(k) of the momentum state k and the distribu-

tion functions of electrons and holes f Ct (k. t). O! = e. h. 37
-

40 The CCS term in 

Eq. (1.31) and (1.39) is given by the Boltzmann equation 

df(k(k) I 
dt cc 

(2.1) 
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In Eq. 0.28) the renormalization of the unperturbed energy bands. €c.(k) = tz2k2/2mc. + 

€c.(0). due to carder scattering is described by the retarded self-energy L~(k.w). The 

frequency dependence of the self-energy is treated in a quasi-particle approximation 

based on the fact that the quasi-particle dispersion for electrons or holes follows from 

(2.2) 

where L~(k) == L~[k.€c. (k)V Renormalization and broadening of the state k are 

therefore approximately given by the real and imaginary parts of L~(k). respectively. 

In Eq. (1.28) the decay of the optical polarization in the limit of vanishing 

plasma density is given by a phenomenological constant which we will denote as 'Yo. 

The additional dephasing due to the carrier plasma can be described by the dephas

ing time T2' defined as 

(2.3) 

Therefore. other than 'Yo. the optical dephasing time is governed by the fast carrier

carrier intraband scattering. not by the e-h interband recombination as could be 

expected in analogy to atomic systems. The relaxation of the distribution function 

toward a thermal quasi equilibrium is described by the in and out scattering rates fin 

and f out. In general. the carrier Boltzmann equation (2.1) can be derived from 

Eq. (1.10) with n = m. Comparing this approach with Eq. (2.1) leads to the relation

ship itzfin = L+_ and i/ifin = L_+. Using the fact that L+_ + L_+ = Lr - La leads to 

the following relationship between the dephasing rate of one-particle states and the 
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retarded self _energy,9,27,34 

(2.4) 

As discussed in Sec. 2.4 in more detail, it is possible to define the total scattering 

rate r for plasmas close to quasi-thermal equilibrium via 

ro: - ro: ro: 
- in + out· (2.5) 

Introducing the longitudinal intraband relaxation time T I ', r = Ii/TI ', leads to the 

usual relationship T2 = 2 T I ', here specialized for the case of cc scattering. A discus-

sion of more sophisticated dephasing theories (i.e. beyond the quasi-particle 

approximation) can be found for example in Ref. 34. 

The carrier-carrier scattering rates within the Born approximation are derived 

and qualitatively discussed in many publications (see e.g. Ref. 9). Therefore, the 

basic results are summarized: 

21T 
ti 

(2.6) 



and 

21T 
11 

ct', k2' k3' k4 

X (1 - f~(k2)) f~'(k3) (1 - f~'(k4)) 
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(2.7) 

where W denotes the screened Coulomb potential given by Eq. (1.33) and the energy 

difference A~ (k, k') is given by Eq. 0.38). These equations describe the scattering of 

two carriers via the exchange of a longitudinal photon as shown in Fig. (2.1). The 

delta functions in Eq. (2.6) and (2.7) guarantee energy and momentum conservation at 

all vertices while the renormalized longitudinal interaction W determines the strength 

of the scattering event. The distribution functions are necessary to describe the 

effects of phase-space filling since the carriers cannot scatter into occupied states. 

Figure 2.1 Schematic diagram of carrier-carrier scattering described by the 

Boltzmann equation. 



45 

In general. the spectral functions of the one-particle states entering the scatter

ing rates are not sharp delta functions at the one-particle energies. but broadened 

peaks. where the broadening is itself determined by the scattering rates to be calcu

lated.9 This poses a formidable self-consistency requirement and hence even today 

overtaxes at least our numerical capabilities. We therefore proceed in the spirit of 

perturbation theory and take sharp spectral functions as the input to the scattering 

rates calculation. Although we have referred to Ref. (9) for the derivation of the 

Boltzmann equation including the screened Coulomb potential. we would like to point 

out. that a derivation on the basis of the Keldysh Green's function method shows in 

a much simpler way. how the approximations for the screening function (in our case 

the RPA approximation). for the scattering rates (here the Born approximation) and 

the one for the renormalization of the one-particle energies (which implicitly is here 

the Screened-Hartree-Fock approximation) are actually the same approximations. and 

both neglect higher order vertex corrections within the Keldysh diagram technique. 

In the notation of appendix A. this is equivalent to approximating the vertex function 

r(l23) by - S(I-2) S(2-3) (see Eq. (1.15) of Ref. (41). It follows that from a diagram

matic point of view the consistent way to treat the screening of the Coulomb poten

tial when calculating the scattering rates within the Born approximation is to use the 

RPA inlraband polarization function. It is important to point out that within the 

Born approximation the quasi-equilibrium scattering rates take the familiar form (ex 

1m W) only if we use the full RPA screening function. 

The effer;ts of phase-space filling due to Fermi statistics and ihe screening of 

the Coulomb potential generally prevent the scattering rates from increasing monoto

nously with the density of the plasma. These effects are not mutually independent 

since. as shown by Eq. (1.21). the screening itself is affected by phase-space filling. 
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In the classical limit. when the distribution functions are small in comparison to 

unity. the density dependence of the scattering rates are dominated by screening. 

Therefore. at low densities an increase of the carrier density makes more particles 

available for scattering but the matrix element for each scattering event is reduced. 

At higher densities the situation is more complicated due to phase space filling whiCh 

depends strongly on the masses of the two plasma components. 

§2.3 RELAXATION TIME APPROXIMATION 

The relaxation time approximation (RT A) is the model of an exponential decay 

of a deviation Sf == f - fF from a quasi-equilibrium distribution 

(2.8) 

The linearized Boltzmann equation reads 

(2.9) 

where the the relaxation rate r should be evaluated at the value ko around which the 

relaxation will be studied. 

Eq. (2.9) is an approximation to the linearized version of the original Boltzmann 

equation (2.1). The rigorously linearized Boltzmann equation of course contains also 

non-diagonal terms in k. which result from the functional derivative of the scattering 

rates with respect to Sf. Nevertheless. we could then perform a matrix diagonaliza-
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tion and extract the dominant scattering rates. However, as shown in Sec. 2.4, for 

the conditions analyzed in this chapter a diagonal relaxation rate approximation seems 

quite appropriate. 

The condition, that r has to be k-independent is a consequence of carrier-con-

servation. If r would be k-dependent in the momentum region where Of '" 0, the 

carrier conservation, which requires ° = dldt Lk Sf(k) = Lk r(f(k)-fF(k» and simul-

taneously Lk (f(k)-fF (k)) = 0, could be violated. 

For an efficient evaluation of the relaxation rates needed for the RT A, we can 

redefine the Fermi function in terms of the energy argument, i.e., f(k) ~ f(f(k» :: f(f), 

and use the identity 

fF (f-fIw) (1 - fF (f) ) = DB (-fIw) ( fF (f) - fF (f-fIw) ) , (2.10) 

where nB is the Bose distribution 

nB(tlw) = e{3f1w _ (2.11) 

Using this identity, the d~finition of the RPA polarization (1.21) and the relation 

I Wr l2 1m P r = 1m W r , we rewrite the relaxation rates (2.6) and (2.7) in the form: 

r~ut[kl,fF] = - 2 L Im[ W(k2-kl'~Q(k2,kl» J 
k2 

x nB(~Q(k2,kl» (1 - f~(k2») , (2.12) 



and 

r~[ki' fF] = - 2 L Im[ W(k2-k i . .6.c. (k2. k i» ) 
k2 

X (I + ns(.6.c.(k2.k i)) J f~(k2) 
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(2.13) 

In this form. the Boltzmann equation describes CCS via the interaction with "Bose 

like" particles. often referred to as plasmons. 4
•
21 The population of the plasmons is 

determined by ns. while the absence of energy and momentum conserving delta func-

tions imply that the plasmon resonances are determined by Im(W) (= V Im(E;I)). 

Therefore. for an e-h plasma in quasi-equilibrium. CCS can be described by the 

scattering of carriers by Bose like particles (pi as mons) whose resonances are deter-

mined by the imaginary part of the inverse dielectric function. 

For practical applications of the RT A. Eq. (2.9). we need. in addition to rc.. 

the chemical potential /lc. of the carriers and the carrier temperature ks T = I /f3. which 

uniquely determine the Fermi functions fr and f~. To obtain these parameters. we 

use the fact that CCS conserves the particle densities of electrons and holes. 

(2.14) 

as weB as the total kinetic energy 

(2.15) 

These conditions determine /lc. and f3 and ensure that the carrier distributions relax 
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toward the correct Fermi functions. If additional effects. such as the pump-injection 

or spontaneous emission in a laser are relevant. the outlined procedure still optimizes 

the RTA, even if the actual distribution function never totally agrees with the Fermi 

functions. 42
,43 Although one could solve for Iler. and T by guessing initial values and 

iterating Eq. (2.14) and (2.15) until a stable solution is reached, there exists a more 

practical numerical approach. 

First Eq. (2.14) is inverted for f31ler.. This is achieved using the analytical 

approximation for the chemical potential discussed in Ref. 4, Chap. 6, where also 

references to the original work are given. According to Eq. (6.37) in Ref. 4. f31l can 

be approximated by 

(2.16) 

where Kl = 4.8966851. K2 0.04496457. K3 0.1333760, and the parameter ver. is 

defined by 

(2.17) 

This approximation is valid in the regime -00 < f31ler. < 30. In the region where f31ler. 

is larger than 30, the solution can be matched with the welI-known Sommerfeld solu-
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tion for low temperatures given by 

(2.18) 

Eqs. (2.16) and (2.18) cover the whole range very well for Eq. (2.14). 

To treat Eq. (2.15) the same way, we rewrite Eq. (2.15) by converting the sum 

over k to a continuous integral 

00 

I: fo de €3f2 f~(€) 
ex 

3 

[
2mn ]2 

f/2 (2.19) 

Using Eq. (2.19) combined with the fact that 

(2.20) 

we obtain the identity 

(2.21) 
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Inserting now Eq. (2.16) or Eq. (2.18) into Eq. (2.21) and integrating over all possible 

values of {3 gives 

P'k;o '" ~ L no [ I + K, -
O! 

(2.22) 

for high temperatures and 

2 

" L no [ * 3"4 h f (2.23) 

O! 

for low temperatures. respectively. These equations form a single nonlinear equation 

for the variable {3 for given nCt and fkin. which is easy to solve numerically because 

the right hand side is a monotone. smooth function. Once {3 is known. Eq. (2. 16) or 

Eq. (2.18) is used to obtain the chemical potentials. 

§2.4 NUMERICAL RESULTS FOR CARRIER-CARRIER SCATTERING 

As a relevant material for our studies bulk GaAs is chosen. where fo = 12.3 

and the exciton binding energy is ER = 4.2 meV. which corresponds to a Bohr radius 

of aB = 140 A within a two-band model. Since the two-band model is being used. 

the heavy and light hole bands. which are degenerate at k = O. are approximated by 

one effedive band. The choice of the averaged hole mass is not unambiguous. 

Therefore. we investigate the influence of the average hole mass or. more precisely. 

the influence of the mass ratio mh /me for a fixed reduced mass (I /me + I /mh tl. 
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The chosen model parameters are me = 0.067mo and mh = 0.247mo (mo being the free 

electron mass). corresponding to a mass ratio mh/me = 3.68. This value for mh is 

obtained simply by averaging the heavy-hole mass mhh = 0.37mo and the light hole 

mass mlh = 0.08mo so that the density of states of the averaged hole band yields the 

average of the density of states of the two hole bands. i.e .. ' mt = 1/2 [m~~ + m;~2 J. 
The situation where the distribution function has been distorted at small k 

values is studied. as would happen due to an optical pump beam with a central fre-

quency in the gain region of an inverted semiconductor. Fig. 2.2 shows the relaxa-

tion of such a "kinetic hole" in the electron and hole distribution functions. The 

kinetic hole in both distributions vanishes very rapidly. on the time scale of 

50-100 fs. The corresponding dephasing time T2 ' = 2/(re +rh) == 50 fs. 

To study the validity of the relaxation time approximation (RTA) discussed in 

Section 2.3. Eq. (2.9). the diagonal relaxation rates are extracted using the numerical 

results of Fig. 2.2. These relaxation rates are plotted in Fig. 2.3. for both electrons 

and holes. The relaxation rates at the center of the spectral hole are r e == 22.1 pS-l 

and r h == 18.2 pS-l corresponding to relaxation times of 45.2 fs for the electrons and 

54.9 fs for the holes. respectively. Using these relaxation rates. Eq. (2.9) is solved 

for the same initial condition as Fig. 2.2. and the qualitative results are almost indis-

tinguishable. Therefore. in order to investigate the subtle differences between relaxa-

tion rate approximation and full Boltzmann equation solution. Fig. 2.4 shows the 

difference. ilfj(t) == fj(t) - fj(too ). between the actual distribution functions at time t 

and the final distribution function using the respective curves in Fig. 2.2 and those 

obtained in RTA. The longest time in these plots is chosen as too. i.e .• too == 0.8 ps. 

Fig. 2.4 shows. that even though the RTA results are remarkably close to the full 

result. they do not reproduce the dynamic reshaping of the kinetic holes. especially 
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Figure 2.2 Relaxation of initially disturbed Fermi distribution functions for 

density n = 3 x 1018 cm-3 and temperature T ~ 300 K obtained by numeri

cally solving the Boltzmann equation using the dynamically screened Coulomb 

potential in RPA approximation. Shown are the distribution functions of 

electrons and holes as functions of the carrier momentum in units of aB -1. 

The initial (t = 0) distribution functions are shown as dotted lines. Consecu

tive times are t = 21 fs (short-dashed). t = 75 fs (long-dashed). and 

t = 147 fs (dash-dotted). and the final time t = 796 fs (solid). [Binder et al.. 

Ref. 44] 
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at later times in the relaxation process. This reshaping is a consequence of non-

diagonal relaxation. i.e .• scattering of carriers between different k states. For a qual-

itative analysis of the relaxation of slightly disturbed quasi-equilibrium distributions. 

optical dephasing and related phenomena. where fine details of the kinetic hole play 

no significant role. the RTA can safely be used. provided that the relaxation rates 

are computed properly. 

The remainder of this section is dedicated to studying various parametric de-

pendencies of the relaxation rates for the quasi-equilibrium. To investigate the mass 

ratio dependence. a high plasma density is chosen (here n = 3 x 1018 cm-3
) and room 



30 r---,---r---.----.---r---r---,.----.---. 

°0~~-~-~3~~-~--6~~-~-~gO 

WAVE NUMEER kaa 

Figure 2.3 Carrier-carrier scattering rates extracted from Fig. 2.2 for elec

trons and holes. [Binder et aI.. Ref. 44] 
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temperature T = 300 K. Fig. 2.5 shows the relaxation rates of electrons and holes 

for various mass ratios mh /me' all other parameters remain unchanged. The electron 

relaxation rates show a minimum where the distribution switches from occupied to 

unoccupied due to phase-space restrictions.24 For the mass ratio mh /me = 3.68 there 

is much less phase-space restriction for the holes than for the electrons leading to an 

almost k-independent hole scattering rate. For electrons and holes the scattering rates 

are both ~ 20 ps-l, so that an initial disturbance of the Fermi distribution function at 

a given k value would experience an exponential decay with the time constant 

~ 50 fs. This result is not much different for a semiconductor with equal electron 

and hole masses (mh /me = I). except for the fact that now the hole also exhibits 

reduced relaxation near the Fermi wavenumber kF . More pronounced changes occur 

for systems with very unequal masses. Fig. 2.5 shows the case of mh /me '" 10. 

where the holes experience almost no phase-space restrictions. This situation is 

accompanied by a strong enhancement of the relaxation rates of the holes which now 



corresponds to a time constant of only 35 fs. 
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Figure 2.4 Difference of carrier distribution functions (a) .0..fe = fe(t) -

fe(too) and (b) .0..fh obtained from the results in Fig. 2.2 (solid lines) and the 

corresponding relaxation rate approximation (dashed lines). using the relaxa

tion rates of Fig. 2.3 at the maximum of the spectral hole. The steady state 

time. too. is chosen to be 0.8 ps and the other times are 21 fs. 75 fs and 147 

fs. respectively. The small substructures in the RPA result indicate our 

numerical accuracy. [Binder et al.. Ref. 44] 
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Figure 2.5 (a) Carrier-carrier scattering rates of electrons and holes in the 

presence of an electron-hole plasma in bulk GaAs in quasi-thermal equili

brium at a temperature of T = 300K and a density of n = 3 x 1018 cm-3
• 

The electron-hole mass ratio is mh fme = 3.68 (solid line), mh fme = 1.0 

(short-dashed line), and mh fme = 10 (long-dashed line). (b) The correspond

ing Fermi distribution functions. [Binder et aI., Ref. 44] 
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To investigate the relative influence of phase-space filling and screening. in 

Fig. 2.6 the relaxation rates for a single component electron plasma and a single com

ponent hole plasma are compared. thereby modeling the cases of n or p doped semi

conductors. Also shown are the results for a double component electron-hole plasma 

with half the density of the single component plasma. so that the total particle densi

ties are the same in all cases. However. because of the different masses the plasma 

frequency wpl varies between the curves. in contrast to the examples shown in 

Fig. 2.5 which all correspond to the same plasma frequency (same reduced mass). 

The plasma frequency liwpi/ER ::::: 18 for the single component electron plasma in 

Fig. 2.7. liwpi/ER ::::: 14 for the double component plasma. and IiWpl/ER ::::: 9 for the 

single component hole plasma. It is quite striking that the hole relaxation rates. 

which are less dominated by pure phase-space restriction than the electron relaxation 

rates. are roughly inversely proportional to the plasma frequency. showing that 

screening slows down the carrier equilibration process in a more or less k-indepen

dent fashion. The electron relaxation rates in Fig. 2.6 exhibit strong phase-space 

effects for the case of a single component electron plasma. and somewhat reduced 

phase-space modifications for the half-density double component plasma. In the case 

of a single component hole plasma the electrons can thermalize most effectively 

except at small k-values. 

Usually. in doped semiconductors the background carrier density is not quite as 

high as in optical excitation experiments. Therefore. the scattering rates are calcu

lated for a plasma of density n = 3 x 1011 cm-3 at room temperature. The compari

son of Figs. 2.5 and 2.6 for the double comp0n~nt plasma with mass ratio 

mh / me = 3.68 shows that a reduced density "washes out" the structure in the 

electron relaxation rate. since the distribution function is not strongly degenerate. 
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Figure 2.6 (a) Equilibrium scattering rates for mh/me = 3.68. The differ

ent curves are for a double component (electron-hole) plasma with electron

hole density n = 1.5 x 1018 cm-3 (solid), for a single component plasma of 

electrons at a density of n = 3 x 1018 cm-3 (short-dashed), and for a single 

component plasma of holes at a density of n = 3 x 1018 cm-3 (long-dashed). 

(b) The corresponding Fermi distribution functions for the electron-hole 

plasma are the solid curves, and those of the single-component electron and 

hole plasmas are the short-dashed curves. [Binder et aI., Ref. 44] 
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Figure 2.7 Equilibrium scattering rates corresponding to Fig. 2.5. The dif

ferent curves are for a double component plasma of electrons (a) and holes 

(b) each having a density of 1.5 x 1017 cm-3 (solid), 3 x 1017 cm-3 (short

dashed), for a single component plasma of electrons at a density of 

n = 3 x 1017 cm-3 (medium-dashed), and for a single component plasma of 

holes at a density of n '" 3 x 10 17 cm-3 ·(long-dashed). T = 300 K for all 

curves. (c) The corresponding Fermi distribution f~nctiol1s for the electrcn

hole plasma are the solid curves, and those of the single-component electron 

and hole plasmas as short-dashed curves. [Binder et aI., Ref. 44] 
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Both e and h scattering rates do not change drastically as the density is reduced. in-

dicating again the twofold role of the carriers: i) Fewer carriers lead to fewer 

scattering events and thus to a decrease of the scattering rates; ii) Fewer carriers 

lead to increased scattering cross sections because the screening of the Coulomb 

potential is reduced. 

The comparison of Figs. 2.6 and 2.7 for the single component plasmas and for 

the corresponding half-density e-h plasma shows that most of the features found in 

the high density case still occur at reduced density. Of course. for lower densities the 

e-scattering rates exhibit less structure and all scattering rates are slightly increased 

in comparison to Fig. 2.6. This is attributed to the reduction of screening. which 

overcompensates the effect of a reduced number of scattering partners. 
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Figure 2.8 Equilibrium scattering rates for T = 10K and e-h plasma dcn-

sity n The different curves are for mass ratios of 

mh fme 3.68 (solid). mh fme = 1.0 (short-dashed). and mh fme = 10 (long-

dashed). [Binder et al.. Ref. 44] 
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In addition, for a hot (300 K) plasma, Figs. 2.6 and 2.7 both show larger 

scattering rates if the single component plasma consists of heavy particles (h-plasma) 

compared to a light particle plasma (e-plasma). For a cold (10K) e-h plasma. 

Fig. 2.8 shows the influence of the mass ratio on the scattering rates where phase 

restrictions yield the dominant contribution. At low temperatures and small k-values 

the heavier particles relax at a much reduced rate in comparison to the lighter parti-

c1es. 

By changing the e-h plasma temperature independently we can monitor the 

phase-space effects on the CCS rates. In Fig. 2.9, we show the CCS rates for incre-

asing temperatures which generally increase with increasing temperature due to the 

reduction of screening. In addition, the scattering rates show less structure for tn-

creased temperature. This is attributed to the reduction of the Pauli-blocking since 

the distribution functions spread out with larger temperatures. 

--I til 
I=l.. ---

12l-____ ------------~-----

\lectrons J 
6 I \ -- ------ ~-~------ -~-= -

/ ",.............. ..... . ......... -
I ... ?..:....... --;-c..". ... 

..... ~ II, .. ,:-..-<: ....................... .... 
,- - - I ,.' ............. - - .... 

, I I ,I'I' ................... - .... __ 

'- I, ,I' ........_ 

.... ", ""',' ,'I" ................... .. 

" I ", \ ',' - ..... \ / """,,' 
·~~-t 

'.' 
0'--'---.1--'----1.-...1..---'--.1---.1...--.1'---'----'----10 

o 4 8 12 
WAVE NUMBER kas 

Figure 2.9 Equilibrium scattering rates for mh fme 3.68 and e-h plasma 

density n = 3 x 1017 cm-3 • The different curves are for plasma tempera-

tures of 90K (solid), 30K (long-dashed), and 10K (short-dashed). 
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§2.5 CARRIER-LO-PHONON SCATTERING 

In systems where the LO-phonon threshold is small in comparison with the 

excitation energy. CLPS scattering can become as equally important as CCS. In this 

section we present a theory of CLPS and evaluate our equations for physically rele-

vant situations. The collision rate for CLPS is given by the rate equation governing 

LO-phonons34•45 

afCt(k) 1 = afCt(k) 1+ + afCt(k) 1- . 
at c-LO at c-LO at c-LO 

(2.24) 

The corresponding transition rate (a/at)fl~_LO from the state k toward lower states 

reads 

afCta(k) 1 + = ~1T ~ I M(q)1 2 S(LlCt(k.1 k-ql) - tiwLO) 
t c-LO (/ L 

q 

x [fCt(lk-ql) n(q) (I - fa(k))- (I - fCt(lk-ql))(1 + n(q)) fa(k)] (2.25) 

and the corresponding transition rate into higher k-states is given by 

afaCt(k)1- = :1T ~ IM(q)1 2 O(LlCt(k.lk-ql) + tiwLO) 
t c-LO rl L 

q 

x [fa(lk-ql) (I + n(q))(1 - fCt(k))- (I - fCt(lk-ql))n(q) fa(k)] (2.26) 

where LlCt (k. k') is given by Eq. (1.38) and the coupling of electrons with LO-phonons 
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is described by the well known Froelich coupling46 

I M(q)1
2 V(g) (2.27) 

I €(q,wLQ)1
2 

Here wLO is the LO-phonon frequency, and too and to are the high- and low-fre-

quency limits of the dielectric constant, respectively. Both Eqs. (2.25) and (2.26) 

describe emission and absorption of LO-phonons by carriers depending on the sign of 

the energy difference in the delta functions. Because of the different possible vecto-

rial orientations of k and q the energy difference in the delta functiollS of both 

equations can have any sign. The possible absorption and emission processes are 

shown in Fig. 2.10 where the strength of each scattering event is determined by 

I M(q)1 2
. It should be noted that the CLPS given by Eqs. (2.25) and (2.26) have a 

similar form to the steady state CCS rates Eqs. (2.12) and (2.13). The main differ-

ence between scattering due to plasmons and scattering due to LO-phonons is that the 

ABSORPTION 

(1 - fa(lk+ql») 

fa(k) 

EMISSION 

Figure 2.10 Schematic diagram of emission and absorption processes In car

rier-LO-phonon scattering. 
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resonances in CLPS are determined by flwLO rather than the resonances of Im(W) for 

CCS. This is an important difference since the plasma frequency is density depen-

dent while the LO-phonon energy remains constant. In addition. the Froelich cou-

piing contains both the real and imaginary part of the inverse dielectric function as 

opposed to only the imaginary part for carrier scattering by plasmons. As we will 

see. these differences will lead to quantitative differences between carrier scattering 

by plasmons and CLPS. however. they both show similar features due to phase-space 

filling effects. 

In general. the CLPS Eqs. (2.22) are coupled to the equation of motion for the 

LO-phonons which can lead to enhanced scattering rates and phonon emission below 

flWLO above the band gap. However. to properly include these effects. one must in-

c1ude carrier-phonon scattering in the description of the screened Coulomb potential 

which we presently do not take into consideration. Because of the feedback effects 

of non-equilibrium phonon distributions on the screened Coulomb potential. it would 

be inconsistent to neglect screening due to phonons and at the same time keep the 

non-equilibrium behavior of the phonons. Therefore. at present we assume the 

phonon distribution n(q) to be given by the Bose-Einstein distribution (2.11). If we 

take advantage of the fact that nB(-7'lw) = -(I+nB(flw» then we can combine 

Eqs. (2.25) and (2.26) to write 

(2.28) 
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where 

and 

'Y~[k.f] = 2"11" L I M(q)12 (8(~a(k.1 k-ql) - "I1wLQ) - 8(~a(k.1 k-ql) + "I1wLO)) 

q 

x nB(~a(k.lk-ql)) fa(lk-ql) (2.29) 

'Y~ut[k.f] = ~ L I M(q)12 (8(~a(k.1 k-ql) - "I1wLO) - 8(~a(k.1 k-ql) + "I1WLQ)) 

q 

x (1 + nB(~a(k.lk-ql)))(1 - fa(lk-ql)). (2.30) 

Because of the relatively small LO-phonon energy ("I1wLO = 26me V) a relevant 

material for study is bulk CdSe. Although. CdSe is a multi-valence band structure 

for this study we will only consider the conduction band and the top valence band 

(light-hole band). The relevant parameters for CdSe are. to = 9.2. too = 6.3. and the 

A-exciton binding energy ER = 15.75meV. The corresponding carrier masses are 

me = 0.13mo• mlh = 0. 587mo (= m~). and mhh = l.Omo (= m~). 

In Fig. 2.11 we show the CLPS rates for various temperatures. The main 

features in these scattering rates are due to phase-space filling and the finite LO-

phonon energy. For k-states far above the bandgap both emission and absorption 

processes yield large CLPS rates. However. as we approache the Fermi edge. Pauli 

blocking causes a dramatic reduction in the CLPS rate due to LO-phonon emission. 

At energies less than {zwLO above the bandgap. LO-phonon emission is inhibited all 

together. If we consider k-states less than iiWLO below the Fermi. edge LO-phonon 

absorption is also inhibited due to the Pauli blocking. All of these effects contribute 
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Figure 2.11 (a) Carrier-LO-phonon scattering rates and (b) corresponding 

distribution functions for a carrier density of n = 3x 1016 cm-3
• The differ
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to the decreased CLPS rate at low k-states. The effect of increasing temperature is 

to reduce the phase-space filling effects of the electrons and holes. In addition, the 

increased temperature means an increase in the LO-phonon population which leads to 

a greater possibility for scattering due to phonon absorption. 
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CHAPTER 3 

TWO-WAVE INTERACTIONS 

§3.1 INTRODUCTION 

The electron and hole distribution functions and the microscopic scattering 

rates are of central importance to the theoretical description of highly excited semi

conductors. Because of its inherent energetic resolution and sensitivity. optical spec

troscopy provides a number of relatively simple and elegant methods to directly mea

sure the effects of nonthermal carrier distributions. The technique of pump-probe 

spectroscopy18.21.41.23 has been previously employed to probe the thermalization dynam

ics non thermal carrier distribution in bulk18.41.23 and two-dimensional21 semiconduc

tors. 

In this chapter. we present a theoretical analysis of femtosecond pump-probe 

interactions in bulk semiconductors. Our theoretical analysis described in Sec. 3.2 is 

based on the semiconductor Bloch equations38•4 (1.27) and 0.31). which describe the 

dynamic behavior of the light-induced optical polarization within the semiconductor. 

By considering the different beam directions in Sec. 3.2. we derive the appropriate 

set of equations describing the pump-probe experiment. In these equations we 

describe the thermalization of the carrier distribution and the decay of the phase 

coherence of the optical polarization as discussed in Chapter 2. Because of the 

numerical difficulties involved in the evaluation of dynamic screening and the large 

number of time steps required to resolve fs pulses. we employ the quasi-static 
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screening model (1.23) and retain the time dependence of the screening through its 

dependence on the carrier distribution functions. In addition. we assume the sample 

to be sufficiently thin so that nonlinear propagation effect of the scattered light can 

be ignored. Although propagation effects are ignored. at the end of Sec. 3.2 the pro

pagation equation for the electric field (linearized Maxwell equation) is used to define 

the probe absorption coefficient and the integrated signal. 

In Sec. 3.3 we report on combined experimental and theoretical investigation 

of spectral hole burning (SHB) in initially unexcited CdSe. Because of the relatively 

small LO-phonon energy in CdSe both CCS and CLPS participate in the thermaliza

tion process. In general. the nonequilibrium phonon distributions are necessary for 

the correct description of such a system. However. as shown in this section. the 

observed effects are well described within equilibrium phonon distributions. 

In the situation of an initially inverted semiconductor with a very high elec

tron-hole plasma density. it is possible to isolate CCS from all other scattering 

processes. Experimentally. such an initial condition can be prepared either by injec

tion pumping or by a separate strong light-pulse. The initial optical absorption spec

trum of such a system has a gain region near the fundamental band edge. In 

Sec. 3.4 we consider SHB in such an initially inverted system where CLPS can be 

neglected and the CCS can be described by the RTA of Chapter 2. 

§3.2 FEMTOSECOND PUMP-PROBE INTERACTIONS 

In the derivation of Eq. 0.22) for the interband polarization we assume a 

homogeneous semiconductor in a dipole field. This assumption is valid as long as the 

interaction region. which is roughly the order of an exciton Bohr radius. is small 
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compared to the optical wavelength. However. in a typical pump-probe experiment 

we must still account for the various beam directions as shown in Fig. 3.1. This is 

accomplished by introducing a parametric dependence of the electric field (and hence 

the polarization) on the macroscopic position vector R. 

E(R.t) L 6'n(t) e-i(wnt - Kn'R) + C.C •• 

n 

(3.1) 

where Kn is the wave vector. wn is the central frequency. 6' n (t) is the pulse envelope 

of the field amplitude. and n = x or p for excitation or probe field. respectively. 

Application of the rotating-wave approximation in the frame rotating with the carrier 

frequency Wx of the pump field leads to the replacements 

f(k) ~ f(k) - I1wx and (3.2) 

Therefore. wp represents the detuning of the probe frequency from the pump. 

sample 

detector 

Figure 3.1 Schematic diagram of typical pump-probe experiment. 
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The two pulses in a standard femtosecond pump-probe experiment are delayed 

with respect to each other by the delay time tp' The detector measures the spectrum 

of all of the light propagating in the probe-pulse direction Kp. Theoretically, this is 

achieved by Fourier transforming from t to w that part of the time-dependent inter

band polarization which propagates in the probe direction Kp. The general procedure 

to obtain the response to Ep is by first writing Eqs. (1.27) and (1.31) for the case 

Ep = 0 to obtain P(k) and fa: due to the excitation field alone. Next we linearize the 

equations for the total field with respect to Ep in order to extract the polarization OP 

and the population of due to the probe field in the presence of the excitation field. 

The linearized part of the resulting polarization contains contributions traveling in the 

directions Kp and 2Kx - Kp. 

In general, the direct linearization of Eqs. (1.27) and (1.31) leads to an inho

mogeneous set of linear equations44 ,48 for the pseudo vector (Px' fa:' OP, OP*, ofa:) 

which we will denote by v. The resulting equations can be written in the form 

dv/dt = Mv + b where the matrix M mixes the different elements of v and the in

homogeneities described by bare Ep, E;, Ex, E:, P(k), P*(k), and fa:' Because we are 

dealing with a linear equation, the total solution can be obtained through a linear 

combination of the solution of each inhomogeniety independently. We need only con

sider the propagation factors for each term since our aim is to obtain the appropriate 

form of the linearized equations which result in OP traveling in the probe direction. 

The propagation factors are given in Eq. (3.1) and the phase factors for P(k) and 

p* (k) are the same as for Ex and ~, respectively. The term fa: has no phase factor 

as can be verified by direct inspection of the equations for P(k) and fa:' Using these 

phase factors it is possible to invert the equations to verify that the inhomogenieties 
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E:O-fe-fh) in the equation for SP" and E;P(k) in the equation for Sf lead to signals 

in the phase-conjugate direction. However. after the elimination of these contribu

tions. the equation for OP" is no longer the complex conjugate of the equation for OP. 

Therefore. the new quantity is referred to as spt. In addition. the equation for Sf 

now yields a complex contribution which determines the relevant part of the field in-

duced density grating which scatters oP into the probe direction. 

After these manipulations we finally obtain the relevant set of equations 

(including 0.27) and 0.31) can describe the pump-probe experiment. 

ill E..oP.(k) = (€.(k) - illr·(k) - ~S~(k) - ~CH J OP·(k) at J J J X,J J 

- IlQp,j(k) (1 - fe(k) - fh/k) J 
- ~~~(k) Pj(k) + IlQX,j(k) (Sfe(k) + Sfh/k) J . (3.3) 

-ill 

ill %t ofCk = L (Q:)k) oPj(k) - Qx)k) opJ(k) J 
j 

+ L (Q~)k) Pj(k) - Qp)k) Pj(k) J . 
j 

(3.4) 

(3.5) 
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where we have introduced 

tinp.j(k) = JLjEp e~iWt + L yS(1 k-k'l) IiPj(k') • (3.6) 

k' 

tin;.j(k) = L ysq k-k'l) IiPj(k') • (3.7) 

k' 

and 

2:~~(k) = L yS(1 k-k'l) (life(k') + lifh/k') J . (3.8) 

k' 

In addition to these equations. to correctly describe the experiments we must 

take into consideration that optical detectors measure intensities. We begin with the 

linearized Maxwell equation in one-dimension 

[:z - ~ ~t] 8(z. t) = ~~ _0(z. t) • (3.9) 

where K is the wave vector. € is the background dielectric constant. c!} is the en vel-

ope function of Eq. (3.1) and !lJ is the corresponding envelope for the polarization. 

If we define a = K/2f. and transform to the new coordinates 

~ = z and 1/ = t - z/c • (3.10) 
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then we can rewrite Eq. (3.9) as 

(3.11) 

Next, we multiply Eq. (3.11) by {foil and add the resulting equation to its complex 

conjugate to obtain an equation for the intensity 1 (f12 

~~ 1 (f(~,1) 1 2 = ia .P(~,1) g* (~,1) - ia 'poll (~,1) (f(~,1) 

= -2a Im( (foil (~,1) .P(~,1) J . (3.12) 

Therefore, if the detector does not spectrally resolve the probe signal it will measure 

the time (or frequency) integrated signal -fIm('p{f*). However, if the signal is spec-

trally resolved then we measure what is known as the absorption coefficient. If we 

define the absorption coefficient by 81 (f12 /8~ = -Q!(w) 1 (f12 then we have 

or, for our purposes, 

Im( g* (w).p(w) ) 
Q!(w) oc 

1 g(w)1 2 

1+;, 6';(w) ~OP(k.W) 1 
1 f.Lcv{fp(w)1

2 

where Q!pr is the probe absorption coefficient. 

(3.13) 

Technically, Eqs. (1.27), (1.31), and (3.3) - (3.5) are a set of coupled integro-

differential equations describing the pump-probe experiment and may be solved 
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numerically. For the numerical results discussed below we use the carrier scattering 

rates obtained with the methods presented in Chapter 2. The general proceedure for 

the numerical solution is to represent the integrations as Gaussian-quadratures and 

compute the time-derivatives as an initial value-problem with a fourth-order Runge

Kutta integration routine. The major point behind the discretization is the optimiza

tion of the Gaussian quadrature points in such a way that they resolve all structures 

in the final solution. Concerning the k discretization. it is important to resolve the 

energies corresponding to the central pump frequency as well as the regions where 

the distribution functions are non-zero. We achieved this with 100 - 120 k points 

and using multiple boundaries to allow for unequal distribution of these points. 

Concerning the temporal evolution of our equations we must resolve the most rapid 

oscillation which corresponds to the frequency E(kmax )/t1. In addition. the time steps 

are chosen such that each pulse envelope is resolved by 1000-2000 points. Therefore. 

we typically use 20.000 to 30.000 time points for a given computer run. 

§3.3 SPECTRAL HOLE BURNING IN PASSIVE SYSTEMS 

Spectral hole burning in passive systems results from optical excitation of the 

continuum states of an initially unexcited semiconductor. A probe field is used to 

monitor changes in the system via the probe absorption spectrum. The probe absorp

tion spectrum at different times is sensitive to phase-space filling effects (Pauli 

blocking) which is determined by the time evolution of the carrier distributions. In 

this section we report on a combined experimental and theoretical investigation of 

dynamics of non thermal carrier distribution in bulk CdSe at 10 K using femtosecond 

hole burning. Unlike GaAs. intervalley scattering processes49
-

51 are absent in CdSe 
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for excitation by photons with less than 4 eV ener;;ies. making the experiments easier 

to interpret. The experiment:.; were performed with 70-f5 pulses generated at 

I. 99 eV from an amplified colliding pulse mode-locked dye laser. Figure 3.2(a) 

shows the linear absorption spectrum of the sample at 10 K. The two excitonic 

peaks labeled A and B originate from the heavy·-hole and light-hole valence bands 

split by crystal field interaction. Absorption changes. -AO!. following excitation by 

the pump pulse were measured as a function of time delay between the pump and 

probe pulses. Figure 3.3(a) shows -AO! spectra in 50-fs intervals. At the onset of 

the pump pulse. we observed a nonthermal distribution that essentially extended from 

the pump energy of 1. 99 e V to lower energies. in.Jicating participation of both CCS 

and CLPS as expected. Specifically the O-fs and 50-fs spectra show the presence of 

EXPERIMENT (a) 

A 

CdSe 
4.2 K 

THEORY 

B 

1.7 1.9 2.1-5 0 5 
PHOTON ENERGY (eV) ENERGY (n,,,, 

(b) 

Figure. 3.2 (a) The measured linear probe absorption of our CdSe platelet 

at 10K: (b) the calculated linear absorption. [Fluegel et al.. Ref. 52] 
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a hot nonthermal spectral hole. as indicated by the hatched area. on the high-energy 

side of A and B exciton bleaching. As the nonthermal distribution thermalizes. the 

spectral hole washes out and only the bleached excitons remain. 

EXPERIMENT (a) 

CdSe 
10K 

100 A!L ____ . 

50 _!!L ____ . 

1.8 1.9 2.0 2.1 

THEORY (b) 

a 10 20 

PHOTON ENERGY (eV) ENERGY (11,,,, - Ea) IER 

Figure 3.3 (a) The measured change in the absorption coefficient observed 

under the 1.99 e V excitation at 10K. The time delay of each spectrum is 

shown in the figure. The hatched area shows the nonthermalized distribu

tion of hot carriers. (b) Calculated pump-induced absorption for various 

time delays between the pump and probe pulses. [Fluegel et aI.. Ref. 52] 

Results of our theory are presented in Figs. 3.2(b) and 3.3(b) where we use a 

16 fs (FWHM) probe pulse centered around the pump frequency. In order to obtain 

agreement with the experiment for the A and B excitons. the zero density dephasing 

constants were adjusted independently. The exctiation parameters for the pump cor-
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respond to those of the experiment except for the pump energy. The pump energy 

was chosen to yield similar features in the probe spectra as those observed in the 

experiment. Because the RT A is used to describe the CCS we must determine the 

scattering rates based on the final temperature and density. These rates cannot be 

obtained a priori since the final temperature and density are determined by the exci

tation dynamics. Therefore, these rates are determined in a iterative fashion which 

in practice takes only a few computer runs. For the CLPS rates we follow the 

methods of Sec. 2.6. Figure 3.2(b) shows the calculated linear absorption spectrum, 

consisting of the A and B excitons. The O-fs spectrum in Fig. 3.3(b) clearly displays 

the spectral hole peaked at the pump position 12 ER (== 2eV), where ER = 15.75 meV, 

the A-exciton Rydberg energy. The two excitons are completely bleached. The hole 

has a tail extending to low energies with respect to pump energy, as was observed in 

Fig. 3.2(a), in good agreement with the experiment. The theory also shows that the 

spectral hole washes out by 100 fs, and the excitons stay bleached for later times, in

dicating very large carrier-carrier scattering rates. Our analysis shows how the very 

short scattering times (both CCS and CLPS) yield an almost instantaneous bleaching 

of both the exciton resonance and the Coulomb enhancement of the lower continuum 

states. Since the La-phonon emission processes are essentially as fast as the CCS, 

the Pauli blocking (spectral hole) primarily affects the low-energy side of the pump 

frequency. After approximately one hundred femtoseconds, the phase-space blocking 

is similar to that of a high-temperature thermal plasma where, in this case, the tem

perature range is essentially given by the La-phonon energy. This is a result of 

both CLPS and CCS, where the CLPS reduces the mean kinetic energy of the 

plasma, and the CCS yields a quasi-thermal distribution where even the states below 
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nWLO are filled. The most prominent effect of the phase-space blocking of the low 

k-states is the reduction of the absorption below the A-exciton. which in the experi

mental data sets in after 100 fs. In this investigation. the experimental results seem 

to be well-explained within the simple model of equilibrium phonon distributions. 

An enhanced temporal resolution might. however. show the significance of non-equili

brium53 and/or coherent54 phonon effects. Nonequilibrium effects can lead to modif

ied carrier scattering rates by changes in the phonon occupation. In addition. coher

ent coupling of phonons and plasmons can lead to modifications of the carrier scatter

ing rates. as well as the possibility of quantum beating effects. 

93.4 SPECTRAL HOLE BURNING IN ACTIVE SYSTEMS 

In this section. we present a theoretical study of pump-probe spectroscopy of 

a bulk semiconductor. which initially contains a high density electron-hole plasma at 

room temperature. Here. we consider the situation where a strong femtosecond (fs) 

light pulse. with central frequency in the gain region of the band-edge absorption 

spectrum. modifies the initial thermal carrier distribution functions. The main effect 

of the light pulse is stimulated emission which slightly decreases the plasma density. 

A second. non-copropagating weak light pulse probes the effects of the pump. thus 

monitoring the relaxation of the non-equilibrium carrier distribution functions. The 

spectral bandwidth of the probe is taken to be broad enough to cover the whole 

range of interest in the gain region. Interference effects lead to a field-induced den

sity-grating which allows for the scattering of the pump and probe fields. e.g .• 

scattering of the pump field into the probe direction. We numerically solve Eqs. 

(1.27). (1.31). and (3.3) - (3.5) as described at the end of Sec. 3.2. The CCS is 
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described within the RT A of Chapter 2 and CLPS is neglected. 

COHERENT LIGHT SCA TIERING AND BAND SPLITTING 

Examples of our numerical results are shown in Figs. 3.4 - 3.7. In all cases 

we consider a 20 fs (FWHM) probe with both pump and probe centered at a fre

quency one exciton Rydberg below the unrenormalized bandgap. This is well within 

the gain region for the chosen initial carrier density n = 4 x 1018 cm-3 • We take 

parameters corresponding to bulk GaAs given in Chapter 2. For bulk GaAs and the 

above carrier density at room temperature the resulting optical dephasing rate corres

ponds to r Cl: -1 = 50fs.44 All other dephasing mechanisms are accounted for by an 

additional constant dephasing corresponding to 400[s. 

In Fig. 3.4 we plot the probe absorption for a spectrally wide (100 fs FWHM) 

pump pulse at different pump-probe delay times. As seen in the figure. a spectral 

hole is centered around the pump frequency which. in the gain region. presents itself 

as a peak in the probe absorption spectrum. The width of the hole is determined by 

the width of the pump plus an additional contribution due to the optical dephasing 

rate. Around the center of the spectral hole. we even see some probe absorption for 

o fs time delay. i.e. for pump-probe overlap. After 250 fs the pump is totally gone 

and the probe absorption has fully recovered to its new equilibrium value. This 

new equilibrium value is determined by the spectral shape and strength of the pump 

since it is amplified (stimulated recombination) as it passes through. the medium caus

ing a decrease of the total carrier density. In addition. because the spectral hole dis

appears on the same time scale as the pump. we are observing predominantly a "coh

erent" spectral hole which depends primarily on the coherent scattering between the 

pump and probe. To observe the effects of the distorted carrier distribution func-
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tions only. we neglect all pump-probe scattering contributions in the Bloch equations. 

This is equivalent to setting the field-induced density-grating Sf(i equal to zero for all 

tim.:!s. In Fig. 3.5 we compare the zero time delay spectrum of Fig. 3.4 to the anal-

ogous result without pump-probe scattering. Clearly the dominant contribution to the 

spectral hole is due to the light scattering. This is also the explanation for the 

absorption of the probe at zero time delay which is not possible for a stationary field 

since the feedback of the field causes the gain to equal the loss. 
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Figure 3.4 Probe absorption spectra for different pump-probe delays 

assuming a relatively short pump pulse with F\""HMpump = 100fs with peak 

energy /LEpeak" 2.82 ER , and a spectrally broad probe pulse with 

FWHMprobe = 20fs. The solid line is a part of the linear probe absorption 

spectrum and the other curves are the probe absorption spectra for 0 fs 

pump-probe delay (short dashed), 50 1's delay (dash-dotted). 125 fs delay (long 

dashed). 250 fs del:ly (dash-double-dotted). The inset shows the full probe 

absorption spectrum in the absence of the pump. The y-axis shows the 

absurption from - 0.5 to + I and the x-axis displays the detuning frolll 

- 20 ER to + 50 ER. [Paul et aI., ReI'. 55] 
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Figure 3.5 Probe absorption spectra for zero time delay with and without 

the coherent scattering terms in the Bloch equations. The dash-double-dotted 

curve and the short dashed curve are for the same parameters as in Fig. 3.3 

with and without the scattering terms, respectively. The dash-dotted curve 

and the long dashed curve are for the same parameters as in Fig. 3.5 with 

and without the scattering terms, respectively, and the solid curve shows the 

linear spectrum. [Paul et aI.. Ref. 55] 
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In Fig. 3.6 we show the probe absorption for a relatively narrow pump pulse 

(800 fs FWHM) at different pump-probe delay times. At zero delay time the figure 

shows a spectral hole centered around the pump frequency which relaxes in a similar 

fashion to that of Fig. 3.4. However. at zero time delay, we observe two additional 

peaks centered around the pump frequency. These peaks arise as a result of the 

light induced band splitting of the free particle dispersions43
,56 which we show sche-

matically in Fig. 3.7 In the case of a CW field with no energy-broadening (no 
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dephasing) and a set of uncoupled 2-level transitions (k-states). these transitions are 

given by 
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Figure 3.6 Same as Fig. 3.3. but for a relatively long pump pulse with 

FWHMpump = 800fs with peak energy ,uEpeak = 2.12 ER. The linear spec

trum is shown as a solid line and the other spectra are for 0 fs delay (short 

dashed). 125 fs delay (dash-dotted). 250 fs delay (long dashed). 500 fs delay 

(dash-double-dotted). For comparison the inset shows the optical transitions 

of a corresponding two-level model (with ,uE = 2.12 ER and 

I1wpump = 10 ER ) which neglects (unlike the spectra shown) the effects of the 

Coulomb correlation. dephasing. and finite pulse duration. The dominating 

transitions are shown as solid lines. the weaker transitions as dashed lines. 

The y-axis displays the transition energy relative to I1wpump from - 25 ER to 

+ 25 ER and the x-axis gives the normalized wave number. kaB' from 

o to 6. [Paul et al.. Ref. 55] 

For comparison. these renormalized optical transition energies are shown in the inset 
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to Fig. 3.6. The closest separation of the upper and lower branches corresponds to 

the width of the light induced gap which is consistent with the peak separation in 

the spectra shown in Fig. 3.6. These spectra show clearly the influence of the finite 

duration of the pump field as well as the large energy broadening (dephasing). In 

order to show that the observed structure is a pure nonlinear light scattering effect 

and not caused by the shape of the carrier distribution functions. in Fig. 3.5 we 

show the corresponding zero time delay spectrum without pump-probe scattering 

effects. We see only the regular spectral hole due to reduced phase-space blocking. 

1'Iwpump 

Egnp 

I!wpump 

WAVE NUMBER 

Figure 3.7 Schematic diagram band splitting by the light induced coupling 

of the conduction and valence band. 
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Fig. 3.8 presents the absorption spectrum for an 800 fs pump at zero delay 

time for several different pump int~nsities. This figure shows that the splitting 

scales with the field amplitude. For small intensities the splitting is smaller than the 

spectral hole and therefore cannot be observed. When the splitting becomes larger 

than the spectral hole. the side peaks become observable. However. because of the 

large dephasing. these peaks are smeared out as well. and simply increasing the pump 

intensity does not particularly enhance the height of the side peaks. 
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Figure 3.8 Probe absorption spectra for the long pump pulse and different 

peak intensities. The pump-probe parameters are: FWHMpump = 800fs. 

FWHMprobe :2 20fs. and zero delay time. The linear spectrum is plotted as 

the solid line. and the other curves are for IlEpeak = 1.6 ER (short dashed). 

2.12 ER (dash-dotted). 3.2 ER (dash-double-dotted). 4.24 ER (long dashed). 

[Paul et aI.. Ref. 55] 
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INTEGRATED SIGNAL AND CARRIER HEATING 

Because of the interpretation of recent pump-probe experiments in semicon-

ductor amplifiers47 it is interesting to consider the probe transition given by the time 

integrated signal -f Im(.Q? 6'*}. We consider the initial conditions corresponding to 

Fig. 3.3 where now we pump in three different regions; gain, transparency, and 

absorption. The resulting probe transmission versus time delay is shown in Fig. 3.9. 

In each case the probe transmission can be understood in terms of probe absorption 

changes where the probe signal increases in the case of decreasing absorption and 

decreases in the case of decreasing gain. In the case of transparency the pump fre-

quency is chosen as the crossover frequency between gain and absorption. However, 

because of the nonlinear density of states in a bulk semiconductor, the frequency 
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Figure 3.9 Normalized differential probe transmission for the pulse parame

ters given in Fig. 3.3. The pump energy for the gain (solid), transparency 

(long dashed), and absorption (short dashed) region is 12 ER , 30 ER , and 

45 ER , respectively. 
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for transparency does not result in the total transmission of the probe. 

In each of the above cases we are able to monitor the time dependent carrier 

density and effective temperature where we define the temperature to· be that cor-

responding to an equilibrium carrier distribution with the same density and kinetic 

energy. Fig. 3.10 shows an increase of the effective temperature for each region of 

excitation even in the gain region where carriers are removed. 
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Figure 3.10 Density and effective temperature corresponding to the gain 

(solid), transparency (long dashed), and absorption (short dashed) regions. 
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This effect is easily explained using the phase-space diagram of Fig. 3.11. In 

this figure we plot the average kinetic energy per particle as a function of k. On 

top of this we plot the total average kinetic energy horizontally and the transparency 

frequency vertically. Particles below the transparency frequency may be removed by 

an optical pulse while particles above transparency may by added. If we consider 

the average kinetic energy of carriers in a given region and compare it with the total 

average kinetic energy we can determine if the plasma will be cooled or heated. In 

the gain region considered above, heating occurred due to the removal of cold car-

riers increasing the total average kinetic energy. In the absorption, we simply add 
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Figure 3.11 Average kinetic energy per particle (sum of electrons and 

holes) of as a function of the reduced energy corresponding to the initial 

conditions of Fig. 3.3. The vertical line corresponds to the crossover from 

gain to absorption and the horizontal line is the total average kinetic energy 

per particle. The shaded region indicates hot carriers in the gain region. 
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hot carriers. and in the case of transparency the pulse removes cold carriers while 

simultaneously adding hot carriers. By generating such a phase-space diagram for 

different initial conditions it is possible to predict the heating or cooling properties an 

optical pulse might have on the plasma. Of course cooling is achieved by adding 

cold carriers or removing hot carriers. In the case considered above we can predict 

the cooling effect if all hot carriers below transparency could be removed. This 

would only result in a 12 K cooling of the e-h plasma. In addition. removal of these 

carriers causes a decrease in the transparency frequency. Eventually the system 

aligns itself so that total average kinetic energy and the transparency energy are 

equal and no more cooling can occur (only heating). 

In addition to excitation of e-h pairs at the pump frequency. in strong fields 

it is possible to induce two-photon absorption processes. In this case carriers with 

extremely large excess energies could be excited which would effectively increase the 

plasma temperature. However. such carriers high in the band have little effect on 

the CCS process near the band edge for short times and can be suppressed by using 

slightly weaker pump pUlses. 
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CHAPTER 4 

THREE-WA VE INTERACTIONS 

§4.1 INTRODUCTION 

In this chapter. we wish to discuss four-wave mixing 1fl semiconductors. In 

the previous ~hapter. we were particularly concerned with the nonequilibrium beha

vior of the semiconductor because of the short pulse durations considered. As dis

cussed at the beginning of Chapter I. four-wave mixing involves multi photon scatter

ing. i.e .• two pump photons scatter via the nonlinear medium into the four-wave 

mixing and the phase conjugate direction simultaneously conserving energy and mom

entum. Theoretically. the four-wave mixing signal depends sensitively on the treat

ment of the light-matter coupling. Within the Keldysh formalism. it is generally pos

sible to yield an appropriate set of equations describing four-wave mixing. However. 

the resulting equations are extremely complicated and have only recently been solved 

for the single-mode case. For these reasons we restrict ourselves to the situation of a 

high density quasi-equilibrium regime where nonequilibrium techniques are no longer 

necessary. Therefore. we assume that the optical response of such a highly excited 

semiconductor can be computed using a linear response theory in which the material 

parameters are renormalized and depend parametrically on the electron-hole pair den

sity and temperature.4.6.57.58 In this regime we are further restricted to CW fields 

whose changes come through the relatively slow variations in the carrier density. 

This limit is appropriate for mode frequencies sufficiently close to one another that 

the mode beat frequencies are small compared to the fast inter band relaxation rates 

and the pump-wave intensity is too weak to burn spectral holes. In this way we 
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simplify our description of the semiconductor while increasing the level of complica

tion in the description of the light field. Therefore. it is convenient to shift our 

emphasis from the language of semiconductor physics to that of quantum optics 

where the description of the light-matter interactions are more transparent. Because 

of the historic connection between quantum optics and atomic physics. we proceed in 

a manner inspired by standard two-level theories (for a comprehensive review see 

Ref. 12). 

The standard approach. shown in Sec. 4.2. begins with the Heisenberg equa

tion of motion for the density operator. By tracing over the semiconductor degrees 

of freedom. we are left with the so-called reduced density operator which describes 

the features of the field. Our analysis of NDFWM in semiconductors is applied to 

the situation of a CW optical field consisting of one or two weak probe fields and a 

strong pump field. We assume the semiconductor material is placed in an optical 

cavity so that the weak probe fields are assumed to correspond to adjacent cavity 

modes. The beating of the pump and probe fields couple coherently to the total car

rier-density pulsations yielding a set of coupled-mode equations for the two probe 

fields. In Sec. 4.3. we discuss and plot the different coefficients in the coupled

mode equations for specific excitation conditions. By investigating the parametric 

dependencies of the various coefficients we are able to deduce some general proper

ties of the NDFWM spectra. The coupled-mode equations are then used in Sec. 4.4 

to construct the appropriate two-time correlations from which the output field inten

sity may be calculated. Because we specifically include field coherences we are able 

to describe quantum features of the field such as quadrature squeezing.59
-

62 Squeez

ing occurs when the fluctuations of a given observable (in this case the field 

amplitude) are reduced below the quantum limit defined by the uncertainty principle. 
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For a coherent state, we know from the uncertainty principle that reduced f1uctua-

tions in one observable induces increased fluctuations in the corresponding conjugate 

observable. As we show in Sec. 4.5, the quadrature squeezing in four-wave mixing 

can be expressed in terms of the two-time correlations of Sec.4.4. We end the 

chapter with a discussion of the amount of squeezing in the output field due to an 

intracavity four-wave mixing experiment. 

§4.2 THEORETICAL MODEL 

Nondegenerate four-wave mixing in a semiconductor medium involves the cou-

piing of two pump photons with two weak-field photons via the nonlinear semicon-

ductor medium. The semiconductor is placed in an optical cavity and subjected to 

an external coherent pump beam of frequency V2• Carriers are incoherently intro-

Figure 4.1 Spectrum of three-mode field relative to the unrenormalized 

band gap, Eg • Modes with frequencies VI and V3 are weak (nonsaturating), 

while the mode V2 is allowed to be arbitrarily intense limited only by the 

constraints of the quasi-equilibrium approximation. 
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duced into the semiconductor via an injection current or by optical pumping at a 

frequency far above the band gap. The coherent pump is tuned symmetrically 

between two adjacent cavity modes VI and V3 as shown in Fig. 4.1. The strong mode 

is treated semiclassically while the two side modes are treated quantum mechani

cally.I2 

To describe the electrons and holes in the medium the generalized Bloch equa-

tions for semiconductors given in Chapter 1 are used. These equations may be sim-

plified by noting that the rapid intraband scattering destroys electron-hole correlations 

on a 50fs timescale (see Chapter 2). Providing the field varies little in a carrier-car-

rier scattering time. the rapid dephasing causes electrons and holes to relax into 

quasi-thermal equilibrium where the carriers are described by Fermi-Dirac distribu

tions. In this limit. all Coulomb effects are neglected other than the fact that the 

system is in the quasi-equilibrium state due to Coulomb scattering. In the quasi-

equilibrium regime the properties of the system are parametrically related to the total 

carrier density. where the details of the carrier generation are of no interest as long 

as the generation of carriers due to the coherent pump does not interfere with the 

rapid thermalization process. In this regime we obtain a simple rate equation for the 

total electron-hole-pair density 

aN = A _ N + ex(v N) !!!1 at T • tiV' 
(4. I) 

where A describes incoherent carrier generation. T is the interband recombination 

time. and ex is the semiclassical absorption coefficient describing optical carrier gener-

ation through light absorption. Equation (4. I) is obtained by summing Eq. (1.3 I) over 

k. Since all scattering processes discussed conserve carrier density. the only term 
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remaining from (1.31) correspond to the last in Eq. (4.1). We treat the carrier pump-

ing and carrier recombination phenomenologically through A anf T. This equation 

may be solved numerically to ensure that the number of carriers generated by the 

coherent pump is small in comparison with the number of incoherently generated car-

riers. This is a necessary condition since. in the quasi-equilibrium regime. spectral 

hole burning is implicitly ignored via the introduction of Fermi distributions. 

The coupled mode equations are derived using the standard density matrix 

equations of motion. 

- 1 [ % . p] + ~inc(P). (4.2) 

where :7C is the total Hamiltonian and $inc is the quantum Liouville operator des-

cribing the incoherent processes64 such as spontaneous emission. electron-hole scatter-

ing. and cavity damping. The model Hamiltonian for the system is given by 

(4.3) 

The first contribution is given by the usual two-band model for noninteracting elec-

trons and holes. namely. 

:7Ceh 2:= €e(k) atak + th(k) b!kb-k • 

k 

(4.4) 

where €e (k). th (k) are the free particle energies. and at. b!k are the creation operators 



94 

of the electrons and holes. respectively. The Hamiltonian :7Cr In Eq. (4.3) describes 

the free photons of the weak modes. and is given by 

(4.5) 

where VI' V3 are the frequencies of the side modes. and d l
t and d3

t are the corres-

ponding photon creation operators. The last two terms in Eq. (4.3) describe the usual 

dipole coupling between fields and the electron-hole excitations. For the relatively 

strong pump mode it is sufficient to treat it semicIassically 

(4.6) 

where JIev is the dipole matrix element. (] is the field amplitude. and V2 is the fre-

quency of the laser field. The explicit time dependence of Eq. (4.6) is eliminated by 

using the rotating wave approximation in which case all frequencies are given as 

detunings from V2• Similarly the dipole coupling of the quantum modes is given by 

the Hamiltonian 

:7Ceh- f 2:= d~ev ( d l + d3 ) atb!k + h.c .• 

k 

(4.7) 

where £lev is the coupling constant. Note that these equationc:.: are the same as those 

presented in Chapter I. where we have expanded the vector potential in terms of the 

photon creation and anihilation operators and the Fermi operator t/J in terms of the 
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electron and hole creation and anihilation operators. Since the quantum mechanical 

field modes are damped primarily through cavity losses. the relaxation terms for the 

weak modes can be described by the Liouvillean 12 

(4.8) 

where K. is the cavity damping rate. A linear coupling of the electron-hole degrees 

of freedom to the vacuum modes leads to the Liouvillean12 

-t'rr(P) = f2r L ( 2 b-kakpatb!k - atb!kb-kakP - patb!kb-kak ) . (4.9) 

k 

where frr is the radiative recombination rate. The non-radiative recombination is 

characterized with a rate "tor' assumed to be k independent. Furthermore. charge 

neutrality guarantees that electrons and holes have the same recombination rate. 

In quasi-equilibrium the expectation values for the polarization and the distri-

but ion functions are determined essentially by Coulomb scattering. where the popula-

tions are given by Fermi-Dirac distributions. and the polarization is obtained by set-

ting the Coulomb interaction to zero in Eq. (1.27) 

(4.10) 

where 

(4.11 ) 
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and 'Y is the intraband Coulomb scattering rate given by the methods of Chapter 2. 

In Eq. (4.10) ( ... )e,h represents the trace over the electron-hole degrees of freedom. 

In general. the equation for the polarization is modified by additional many-body 

effects4.6.57.58 such as band gap renarmalization and the formation of bound states at 

low densities (see. for example. Eq. 0.37)). However. since 'Y is the largest relaxation 

rate in the system. the polarization adiabatically follows the field fluctuations and the 

damping of the polarization is approximated with a single damping constant. 

§4.3 COUPLED-MODE EQUATIONS 

Using the equation of motion for the total density operator, we can obtain the 

reduced field-density operator by tracing over the electron-hole degrees of freedom 

which yields the time-dependence of the two quantized fields. It is assumed that all 

field amplitudes vary little in the time Ih, allowing the semiconductor equations of 

motion to be solved in steady state since in this limit the electron-hole polarization 

adiabatically follows the field. Using these solutions, as shown in Appendix B. gives 

the slowly varying field-density operator equation of motion 

~tPr = -A1(Prdldlt - d1t Prdl) - B1(d1t dlPr - d1Prdl t ) 

+ Cl(dltd3tpr - d3tPrdlt) + Dl(Prd3tdlt - d1tpr(V) 

+ (1 ....... 3) + h.c. , (4.12) 

where (1 ....... 3) represents the same four terms as before with I and 3 interchanged. 

Of particular interest are the equations of motion for the average photon number 
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(d/d l ) and the combination tone (d l d3). By multiplying Eq. (4.12) by the appropriate 

operators and tracing over the photon degrees of freedom. we obtain the equation of 

motion for the average photon number and the so-called combination tone 

* * + (C I - 0 1 ) (d ld3) + c.c .• 

:t (d l d3) = (AI - BI - 'Ycav - i.6..Q) (d l d3) + CI 

+ (C3 - 0 3) (dltdl) + ( 1 -1--+ 3 ) • 

(4.13) 

(4.14) 

where .6..Q is defined as the detuning of the pump mode from the nearby passive-

cavity mode. and 'Ycav is the total loss in the cavity. including internal losses. The 

equation of motion for (d3 t d3) is given by Eq. (4.13) by interchanging the subscripts 

1 and 3. The coupled equations (4. 13) - (4.14) contain all of the information about 

emission and reabsorption in the system. The real part of 0; n := Bn - An is the 

absorption coefficient of the mode n. while the imaginary part of o;n is the dispersive 

response for mode n. The coefficient Xn := Cn - On is the semiclassical coupling 

coefficient. giving rise to the generation of mode n in the presence of the pump mode 

. d * v2 and the conjugate mo en. The inhomogeneous source terms An and Cn arise 

due to the quantum mechanical noise processes in the system. Appendix B gives a 

derivation for the coefficients An. Bn. Cn• and On based on projection operator meth-

ods as well as spin operator methods often employed in two-level caIculations. 12 

Rather than writing down the coefficients Bn and On all we really need is the coef-

ficient. an := o;n + 'Ycav + ib.Q • and the coupling coefficient. Xn. From appendix B. 



we have the coupling coefficient Xn 

The semiclassical absorption coefficient ~n is 

where 

'" 
O!n = O!ine + O!n.eoh O!ine - Xn • 

O!ine = ~ Idcv l 2 
O2(k) (I - fe(k) - fh(k) J. 

k 
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(4.15) 

(4.16) 

(4.17) 

The coefficient An. which describes the fluorescence spectrum. is given by 

(4.18) 

where An.R is the Rayleigh (zeroth order) contribution which originates from a 

simple energy and momentum conservation argument and gives a delta function peak 

spectrum 

An.R ~ 21T S(D.n ) L d ev p*(k) 

k 

2 

(4.19) 
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The second contribution. oAo. the so-called ordinary resonance fluorescence. is given 

by 

oAo = L Idey l 2 
O 2(k) fe(k) fh(k) 

k 

(4.20) 

This term is independent of the excitation mechanism. and is responsible for the large 

background contribution to An (Fig. 4.2a). The last term. oA n.pul is the coherent 

contribution resulting from the coupling of the pump to the side mode and is given 

by 

where 

~A = _ ~ 2 p'" 1':71 *(k) ~ (k) + gh (k) 
U n.eh L Ileyc:>{bey ~2 ( ·AT 

k 
"tnr + "te + "th - lL.ln J 

x L ll:yIJ* dey $~k') fe(k') fh(k') • 

k' 

(4.21) 

(4.22) 

x L IIley IJI2 Il:yg*dey O 2(k'? (I - fe(k') - fh(k') r . (4.23) 

k' 

= L IJ (* (JJ *(k) ~(k)(rnr +' "te - i~n ) - gh(k) "th 
oAn.e Iley (. ey 2 ( "tnr + "te + "th - i~n ) ( "tnr - i~n ) 

k 

(4.24) 
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and SAn.h is given by SAn.e with e and h interchanged. This is identical to the Al 

coefficient derived by Lindberg et a1.65 where An == Vn - vz• and 0 z(k) is given by 

Eq. (4.12). 

The C n coefficient is the inhomogeneous source term for the combination tone 

(4.25) 

where C n.R is identical to the Rayleigh term (4.19) when VI and V3 are conjugate 

modes. The remaining contributions to Cn are 

and 

where 

SCQ = -2 L (Ilevgtt:v ) 2 0 z(k)3 (I - fe(k) - fh(k») 2 • 

k 

oC = - ""' 2 gd* 0 z*(k) ~(k) + gh(k) 
n.eh L Ilev ev ( 'Ynr + 'Ye + 'Yh - iAn ) 

k 

x L Ilevgtt:v Z~k') fe(k') fh(k') • 

k' 

(4.26) 

(4.27) 

(4.28) 

x L Illcv6'12 Ilcvg{l:v O2(k')3 (I - fe(k') - fh (k,»)2. (4.29) 

k' 
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(4.30) 

and the equation for oCn•h is given by OCn,e with e and h interchanged. 
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The incoherent absorption spectra for different carrier densities near threshold 

are shown in Fig. 4.2(a). This figure clearly shows that for large enough carrier 

densities the medium exhibits a region of gain (negative absorption) at frequencies 

between the band edge and the chemical potential. The laser threshold for the 

system is defined by the gain-equals-loss condition. and the rest of the chapter con

siders the situation of carrier densities below or near threshold. The effect of the 

coherent pump field on the probe absorption. which is partially responsible for the 

NDFWM process. is shown in Fig. 4.3. As seen in Figs. 4.3(a) and 4.3(c). the probe 

absorption spectrum exhibits asymmetric dips for pump frequencies either above or 

below the chemical potential. When the pump frequency is near the chemical poten

tial. the coherent dip in the absorption becomes symmetric. Fig. 4.3(b). The asymme

try of the probe absorption is related to the fact that fluctuations in the carrier den

sity simultaneously affect both the absorption and the index in the active region. In 

addition. these figures show a shift of the dips dependent on the field amplitude 

(Stark shift) as well as a power broadening of the coherent dip for increasing pump 

intensities. Both of these features can be seen to originate from the dependence of 

the decay constants 'Ye and 'Yh on the pump intensity. 

In addition to the induced absorption gratings there are also index gratings 

that arise due to the presence of the strong pump field. In Fig. 4 the dispersive 

response. Im(a 1)' is shown for various pump frequencies. As can be seen from these 

figures the dispersive profile is asymmetric at all pump frequencies. Specifically. at 

frequencies well below (above) the chemical potential the dispersive response exhibits 

an asymmetric dip (peak) which shows the same type of power broadening and Stark 

shift as the absorption spectrum. At pump frequencies near the chemical potential 

the dispersive response appears very similar to that of a two-level atom which is a 
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consequence of the corresponding symmetric nature of the absorption spectrum. 

Mathematically this is attributed to the fact that ~ (k) + gh (k) always peaks at the 

chemical potential. i.e.. the Fermi distributions change the most near the chemical 

potential for small variations in the density. Furthermore because of the large asym-

metry of the dispersion term. perfect phase matching of the sidebands cannot be ach-

ieved in a collinear cavity configuration. This is due to the fact that the different 

modes see a different index of refraction which cause the effective wavelength to 

change in the material. This result is of importance later when the NDFWM spec-

trum outside the cavity is discussed. 

The coupling response I XII. which may be thought of as the spectrum for 

FWM between the sidebands. is plotted in Fig. 4.5. This figure shows that the max-

imum coupling occurs at ~I = O. i.e.. for degenerate four-wave mixing (DFWM). 

The basic shape of the coupling spectrum is the same at all pump frequencies with 

the peak value increasing for increasing pump frequencies and intensities. Due to 
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contributions from both the real and imaginary parts of XI' the width of the coupling 

spectrum is rather large. 
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Figure 4.6 Resonance fluorescence versus pump-probe detuning 6. 1' The 

carrier density No = 1018 (cm-3). 12Jl6' 1 = 0.1 (solid). 0.25 (dashed). 0.4 (dot

dashed) meV. flV2 - Eg = (a) 25. (b) 75. and (c) 125 meV. and the rest of the 

parameters are the same as in Fig. 4.2. [Paul et al.. Ref. 66] 
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In addition. since the buildup of the sidemodes relies on spontaneous emission 

to occur, we must include the quantum noise correlations An and Cn . In Fig. 4.2(b) 

the so-called ordinary (incoherent) fluorescence spectrum oAo is shown for several 

different carrier densities. As this figure clearly shows, the fluorescence spectrum 

exhibits an asymmetric shape which is basically the same at all carrier densities. 

While the peak of the spectrum is mainly determined by the total carrier density, the 

asymmetry and large width of the spectrum is due to the large intrinsic inhomogene

ous broadening resulting from the dispersion of the energy bands. Figure 4.6 shows 

the total fluorescence spectrum for various pump frequencies. For pump frequencies 

far enough above the chemical potential the fluorescence spectrum exhibits a sharp 

peak which increases for increasing pump intensities. At pump frequencies near or 

below the chemical potential the fluorescence spectrum exhibits an asymmetric coher

ent-dip spectrum for sufficiently large Rabi frequencies. Thi~ sharp dip is attributed 

to the nonradiative and intensity dependent decay processes in the medium which 

specifically appear in the terms oAn•e and oAn•h . This is reminiscent of the coher

ent-dip spectrum observed in two-level systems in which the population difference 

lifetime (Tl) greatly exceeds the dipole lifetime (T2). The situation in semiconductors 

is similarly characterized by T l» T2 since Tl is essentially given by the radiative rec

ombination time (==ns) while T2 is characterized by the carrier-carrier scattering time 

(==50fs). 

The behavior of the phase-sensitive term Cl is summarized in Fig. 4.7. The 

real part of C l is essentially the same as the coherent contribution to A l. which can 

be seen in the similarity of Eqs. (13) and (14) or equivalently Figs. 4.6 and 4.7. 

Because of the similarity in the real part of Al and Cl, we must rely on the imagi

nary part of Cl' also shown in Fig. 4.7, to overcome the phase insensitive fluores-
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cence in order to obtain squeezing. However. the coupling spectrum I XII also plays 

an important role in the production of squeezed light. Bearing in mind that Xl is the 

coefficient for coupling between a number of photons. as opposed to the fluorescence 

Al which relates to emission of single photons. it is interesting to compare the two 

spectra. As pointed out by Reid and Walls.61 increased fluorescence detracts from 

squeezing. Thus regimes showing large FWM coupling Xl with minimal fluorescence 

Al are promising for the production of squeezed light. However. the spectrum of the 

phase sensitive noise term C I has a width similar to that of the fluorescence. there

fore we do not expect to obtain squeezing for Al greater than the width of the fluo

rescence spectrum in Fig. 4.6. 

§4.4 FOUR-WAVE MIXING SPECTRUM 

The NDFWM spectrum may be calculated by using the quantum coupled mode 

equations (4.13) - (4.14) to solve for (dn t dn) and (d ld3). However. these expectation 

values do not represent the experimentally accessible spectra external to the cavity. 

In fact the detector sees a non-delta function spectrum around each cavity mode fre

quency due to the time varying fluctuations about their steady-state values. To 

obtain the low frequency spectra of the various mode correlations let us first notice 

that the coupled mode equations may be rewritten in the following form 

~t (0/0/) = - A (0/0/) - (0/0/) AT + 0 . (4.31) 

where O/T == (dl.dlt.d3.d3t). (0/0/) == (O/(O)O/T(O). A is the drift matrix. and 0 is the 

diffusion matrix whose elements consist or the inhomogeneous source terms of 
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Eqs. (4.13) - (4.14). These matrices have the specific form 

O!l 0 0 -Xl 
0 * * 0 O!l -Xl 

A= 0 -X3 0!3 0 (4.32) 

* * -X3 0 0 0!3 

and 

0 * C I+C3 0 AI+AI 
* * * 0 0 C I +C3 AI+AI 

D= C I+C3 0 0 * A3+A 3 (4.33) 

0 * * C I +C3 A3+A 3 * 0 

The spectral matrix can then be written as 

00 

Jij(O) = Loo dt e-jSt (O!j(t)O!j(O) = ((A _. iol)-I D(AT + iol)-I ) ij , (4.34) 

where I is the identity matrix. Equation (4.34) has been derived by several auth-

ors,62,67 and the solutions for the elements of the spectral matrix are 

(4.35) 

(4.36) 

where the equation for J 43(O) is given by J 21 (O) with I interchanged with 3, and the 

remaining elements are found using the fact that Jjj(o) = Jij(-o). The NDFWM 
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spectrum external to the cavity IS then obtained by summing the contributions from 

both modes 1 and 3. 
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Figure 4.8 Four-wave mixing spectrum for (a) tJV2 - Eg = 40meV . .6. 1 = 

-0.001 meV. 12116'1 = 0.2 meV. (b) No = [018 (cm-3). 6. 1 = -0.002 meV. 

12116'1 = 0.2 meV . (c) No = 1018 (cm-3
). 6. 1 = -0.0001 meV. Vz - Eg = 40 

meV. The rest of the parameters are the same as in Fig. 2. The insert in 

Fig. 8(c) shows the peak intensity versus the Rabi frequency where the solid 

line is for the low energy mode and the dashed line is for the high energy 

mode. The x-axis of the insert ranges from 0.1 to 0.15 me V while the y

axis ranges from 0 to 2800 O!o-I. [Paul et aI.. Ref. 66] 
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As stated earlier. perfect phase matching cannot be achieved 10 a collinear 

cavity configuration due to the dispersive response of the medium. However. the 

external pump frequency may be adjusted at various intensities so that it is kept 

approximately resonant with the nonlinear dressed pumped cavity. This corresponds 

to a detuning of the pump mode from the passive-cavity mode equal to .6..Q = 

-Im(0!1(.6..1=O)) which would seem to be the most straightforward way of maximizing 

the response of the internal cavity field to the external driving field. Several graphs 

of the NDFWM spectrum for this choice of .6..Q are shown in Fig. 4.8. Fig

ures 4.8(a. b) show the output spectrum for increasing carrier density and decreasing 

pump frequency. respectively. Figure 4.8(a) shows that as the carrier density in the 

medium is increased. the sidemode intensity also increases. This reflects the fact that 

the absorption decreases while the background fluorescence <lAo increases for increas

ing carrier densities. Figure 4.8(b) shows that as we increase the pump frequency 

far into the band. the output intensity decreases rapidly. This feature of the spec

trum is also not very surprising since the absorption increases while the background 

fluorescence oAo decreases for increasing pump frequency. In addition. both of these 

graphs exhibit the same general feature that the light emitted at 1.6..11 is greater than 

that emitted at -1.6..d. In the gain region the asymmetry reverses and the mode at 

-1.6...1 has the greatest intensity. This feature has been observed in traveling wave 

amplifiers. IS and it is mainly due to the coherent induced asymmetry absorption spec

tra which cause the side modes to have different absorption and index values. 

Figure 4.8(c) shows the output spectrum for increasing pump intensity which 

shows a resonant structure at 12110'1 ~ O.lmeY. This feature is easily understood as 

the coinciding of the relaxation oscillation frequency with the cavity frequency 

±1.6...I. The relaxation frequency is the frequency at which the carrier density osci-
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lates back to equilibrium when perturbed.4 The peak intensity of the sidemodes as a 

function of the Rabi frequency is shown· in the inset of Fig. 4.8(c). As the pump 

intensity is increased the relaxation oscillation frequency passes by the cavity mode 

and the resonant feature disappears. 

§4.5 QUADRATURE SQUEEZING 

In order to calculate the amount of squeezing from an intracavity FWM 

experiment it is necessarry to understand how quadrature squeezed light is measured. 

Squeezed light results from a linear combination of the sideband amplitudes d, and 

d3• To detect squeezing. a homodyne detection scheme may be used wherein the 

sidemode fields exiting the cavity are mixed with a local oscillator whose phase is 

shifted an angle e with respect to the strong mode V2 (see Fig. 4.9). The total ampli-

tude d of the squeezed field is given by 

d '" d, e- iO + d/ eiO • (4.37) 

local oscillator I. o. 
phase 
shift 

semiconductor 
pump beam v2 

Figure 4.9 Schematic diagram of cavity four-wave mixing experiment used 

to observe squeezed states. 
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From this operator we can define two conjugate Hermetian operators 

and (4.38) 

The variance of an operator is defined to be the expectation value of its 

square minus the square of its expectation value, so using the above definitions the 

variance of X+ is 

(4.39) 

where squeezing occurs for V(X+) < I and perfect squeezing corresponds to V(X+) = 

o. However, Eq. (4.39) only describes the squeezing inside the cavity since a detec-

tor outside the cavity sees a non-delta-function spectrum around each cavity mode 

frequency. This is due to the time-varying. fluctuations of the modes about their 

steady state values. Therefore, in order to describe the squeezing outside of the 

cavity we simply replaces the expectation values with the corresponding spectral 

quantities. Furthermore, as noted by Collett and Gardiner68
,69 these spectral quanti-

ties are modified by the density of states factor 2rcav describing the transmission 

through the cavity mirror. 

V(X+) = I + rcav [ J do) + J 21(0) + J 34(0) + J do) 

+ [( J 13(0) + J 31(0) ) e-2iO + c.c. ]] , (4.40) 

where the optimal situation of a single-port cavity has been asumed, i.e. one mirror 
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is perfectly reflecting so the field can only exit through the lossy mirror. Since the 

angle () is not restricted it may be chosen in such a way as to achieve maximum 

squeezing. The best squeezing is 

V(X+) = 1 + 'Ycav (012(8) + 0 21(8) + 0 34(8) + 0d8) 

- 21 0 13(8) + 0 31(8)1 J. 
where () is chosen such that 

and sin(2() 
Im( 0 13 + 0 31 ) 

1013 + 0311 

(4.41) 

(4.42) 

Figure 4.10 shows the squeezing spectrum in the output field for () given by 

Eq. (27). Figures 4.10(a) and 4.1O(b) both suggest that by saturating the medium in a 

OFWM scheme we can overcome the phase insensitive fluorescence enough to pro-

duce squeezing. As mentioned earlier we expected a OFWM or nearly OFWM 

scheme to produce the best squeezing result because of the narrow spectrum of the 

phase sensitive noise term C I . In addition. Fig. 4.l0(b) shows why the use of a 

cavity is beneficial in the production of squeezed light. Remembering that (d l t d l ) is 

the spectral average of 0 21(8). the variance given by Eq.(24) is the average of that in 

Fig. 4.l0(b). Keeping these facts in mind we set 8=0 and .6.1=0 and plots the variance 

versus pump intensity as shown in Figs. 4.1 O(c. d). From both of these figures we 

conclude that the best squeezing is obtained near threshold No == 1018cm-3 at about 

50meV above the bandgap. However. since these plots are in units of the inverse of 

the cooperativity. it would appear that the best squeezing occurs in the low-Q cavity 

limit. which however. cannot be treated consistently in the present formalism. 
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CHAPTER 5 

SUMMARY AND CONCLUSIONS 

In this dissertation. we have presented our theoretical work on multi-wave in

teractions in semiconductors. In Chapter 1 we introduced the basic theoretical con

cepts used in our description of highly excited semiconductors. In section 1.2 we 

discussed how the self-energy can couple the various states in the system based on 

wavefunction overlap and the energy conserving processes described by the Coulomb 

potential. In addition. in section 1.3 we discussed exactly how the dynamically 

screened Coulomb potential couples to the interband polarization and how attempts 

have been made to deal with this coupling. One specific example is the Shindo 

approximation which. however. is only valid in linear order in the density of excited 

carriers. Another alternative is to use the single plasmon pole (SPP) approximation 

for the screening which is valid for all density regimes. We also discuss our quasi

particle approach to dynamic screening and compare with the SPP approximation by 

inverting the semiconductor Bloch equations for the probe absorption spectrum. Our 

calculation for the quasi-particle approximation (QPA) shows a constant Is exciton 

energy in the low density regime which is consistent with experimental results and is 

a significant improvement over the SPP approximation and other previously existing 

models. In addition to the constant Is exciton energy. the QPA also predicts the cor

rect optical dephasing rates due to carrier-carrier scattering (CCS). 

In Chapter 2. a quantitative analysis of scattering and dephasing rates for 

electron. hole. and electron-hole plasmas in semiconductors was presented. Scattering 

rates and dynamical screening were treated on equal footing. Carrier relaxation for 
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situations in and near quasi-thermal equilibrium were studied. The dependence of 

the scattering and dephasing rates on electron and hole masses. plasma density. and 

lattice temperature was also discussed. 

The relaxation time approximation (RT A) was introduced in Sec. 2.3 and its 

region of validity analyzed. Even though the RTA results show good qualitative 

agreement with the full results. they do not reproduce the reshaping of the kinetic 

hole. especially during the later stages of the relaxation process. Therefore. the RTA 

can be used for a simple description of the relaxation of kinetic holes in a high den

sity plasma. as long as the detailed shape of the kinetic hole is not significant for the 

processes investigated. It is important to point out. however. that our results do not 

imply that the RTA is valid for arbitrary initial carrier distributions. Indeed. for 

optical excitation of carriers high into the interband absorption region of the semicon

ductor. quite significant deviations are expected. 

For completeness. in Sec. 2.5 we introduced the carrier-LO-phonon Boltzmann 

equation describing the scattering of charged carriers by LO-phonons. The corres

ponding carrier-LO-phonon scattering (CLPS) rates were observed to have strong 

Pauli blocking effects due to the finite LO-phonon energy. The scattering rates are 

seen to have very similar features to those of CCS. The main differences being that 

for CLPS the scattering energy (tlwLO) is a constant and population of phonons incre

ases with temperature in contrast to CCS where the plasma energy (tlwpl) is density 

dependent and the plasmon population is a complicated function of the carrier distri

butions. 

In Chapter 3. we consider a simple two beam pump-probe experiment using 

the scattering rates of Chapter 2. By distinguishing between the different beam 

directions we use the semiconductor Bloch equations of Chapter I to derive an 
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appropriate set of equations describing the experiment. We solved our equations for 

both active and passive systems and found that spectral hole burning (SHB) in passive 

systems IS observed on a time scale comparable with the CCS and CLPS rates. 

Because the LO-phonon emission processes are essentially as fast CCS. the spectral 

hole primarily affects the low-energy side of the pump frequency. By comparing 

with the experimental results we found good agreement within the simple model of 

equilibrium phonon distributions. In active systems we found that SHB is observed 

on a time scale comparable with the pump pulse where the main contribution of the 

spectral hole is due to a coherent scattering between the pump and probe. We dif

ferentiate this feature from the "regular" SHB. which is solely a consequence of 

phase-space filling of the carrier distribution functions. In addition. we showed in 

which parameter regime the occurrence of a light induced gap in the probe absorp

tion of a gain region should be expected. We also showed the signature for SHB in 

the time integrated probe signal which can be directly interpreted through probe 

absorption changes. The changes in carrier density and the effective plasma temper

ature were also discussed and a simple explanation. in terms of the addition or remo

val of "hot" or "cold" carriers. is given to explain plasma heating (or cooling). 

In the last chapter we presented the quantum theory of nearly degenerate 

four-wave mixing (NDFWM) for a highly excited semiconductor in a cavity. The 

theory assumed small intensity fluctuations yeilding equations linear in the sidemode 

amplitudes. Hence. feedback effects of the sideband intensities on the pump were 

not taken into account. The effect of the strong mode on the sidemode absorption 

spectrum and the resonance fluorescence spectrum show that these quantities are 

greatly modified in the spectral region around the pump. leading to an enhancement 

of the NDFWM spectrum. The absorption coefficient as well as the resonance fluo-
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rescence shows a pronounced asymmetric dip for large enough pump intensities. 

Furthermore. it was shown that the asymmetry in NDFWM spectrum is a result of 

the corresponding asymmetry in the absorption coefficient and the dispersive response 

of the system. The features predicted have their origin in the scattering of the pump 

field into the sidemodes by the carrier density fluctuations. In the last section the 

squeezing in the sidemode spectrum for a NDFWM intracavity experiment was calcu

lated. The analysis showed that a DFWM scheme results in the greatest amount of 

squeezing which is a direct result of the similarity in the noise terms C I and AI' 

In conclusion. we have studied multi-wave interactions in bulk semiconduc

tors. Our theory can qualitatively explain most features observed in two beam 

pump-probe experiments. We predict the observation of SHB and band splitting in 

amplifiers. Considering the fact that pump-probe experiments are carried out by 

many different experimental groups. it should not be too difficult to carry out pump

probe measurements in the gain region of an amplifier. Of course the experimental 

parameters should be ·consistent with those discussed in Sec. 3.4. Finally. we pred

icted the different features of NDFWM in a cavity four-wave mixing experiment. 

Although it is technically very difficult to probe a running laser. significant advances 

have recently been made in the effort to observe the NDFWM probe absorption spec

trum. 
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In this appendix we summarize the theoretical concepts for a description of 

highly excited bulk semiconductors. As a general theoretical framework we choose 

the Green's function (GF) approach within the so-called Keldysh formalism, which 

allows us to deal with optical as well as the plasma related many-body effects within 

one set of equations. We consider homogeneously excited homogeneous semiconduc

tors, which we describe in the simple parbolic band approximation, with spin degen

eracy only. The system under consideration consists of electrons 10 a rigid lattice 

described by the Hamiltonian 

:Ji,- = J d3r tf;t (rts) [-;~ II + U(rt)] tf;(rts) 

+ 1 J d3rd3r' tf;t (rts) tf;t (r'ts) V(r-r') tf;(rts) tf;(r'ts) 

- ~ J d3r j(rt)· A(rt) 

+ 2~C2 J d3r p(rt) A2(rt) , (A. I) 

where r = (x, y, z), s is the spin and t is the time. We have also introduced U which 

is the rigid crystal potential, and the Coulomb potential V describes the interaction 

between charged particles. The Heisenberg field operators tf; are of the Fermi type. 
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The last two terms in Eq. (A.1) describe the interaction with the light field where A 

is the vector potential of the light field. j is the current density. and p is the charge 

density given by ljJtljJ. 

In our system a nonequilibrium situation should be produced by an externally 

controlled mechanism. Physically. the external perturbations originate from the excit

ing laser. However. they need not be specified further. but will be used formally to 

develope the equations for nonequilibrium GFs. In general. perturbations in both the 

vector potential and the scalar field must be considered. However. in this disserta

tion we only wish to consider the so-called longitudinal perturbations described by 

the scalar potential. The so-called tranverse effects described by the vector potential 

are neglected other than the resulting dipole coupling between the light field and the 

semiconductor. In this case. we have A = 0 and the external perturbations are 

written in the form of externally controlled charges. 

f/Cext (A.2) 

The scalar potential ¢ext is the solution of the Poisson equation with the external 

charge density 

¢ext (r. t) = J d 3r' V(I r-r'l) Pext (r'. t) . (A.3) 

It is well known that in a real nonequilibrium situation we have to consider. 

instead of the usual time ordered GFs. all possible time orderings. To preserve the 
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sence of chronological order in the nonequilibrium system we generalize the definition 

of chronological products by introducing a time ordering operator Te. which orders 

along a contour C going from -00 to +00 on a positive branch and then back from 

+00 to -00 on a negative branch. Thus a calculation of chronological products in the 

nonequilibrium case leads to four different kinds of one particle Green's functions. 

corresponding to the four possibilities of arranging two time arguments on the contour 

C. which are 

G (12) = - j (Te (1/1(1 + )I/It (2+ ))) = - { (T + (1/10 )I/It (2))) 
++ 11 fl 

G+_(12) = -Ji (Te(I/I(1+)l/It(2_))) = -~ (I/It(2)1/I(1) 

G_+(12) = -{I (Te(I/I(L)tPt (2+))) - _1 (1/I(1)l/It(2) 
fl - 11 

G __ (12) == ~ (Te(I/I(1+hut(2+))) = ~ (L(I/I(I)l/It(2))) 

which we can write in the condensed form 

(AA) 

(A.S) 

(A.6) 

(A.7) 

(A.8) 

where T = r1.t1.s1.b-1 and the Keldysh index b-=± depending on whether the time argu-

ment is on the positive (+) or negative (-) branch. In addition. it will also be con-

venient to introduce specific linear combinations of G r and Ga known as the 

retarded and advanced GFs. respectively. The retarded and advanced GFs are def-
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ined by 

(A.9) 

and 

(A. 10) 

At this point we could try to proceed analogously to equilibrium theory to 

obtain a closed set of basic equations for the OFs and self-energies using the func-

tional derivative technique. However. this is not possible because the variational der-

ivative of 0(12) with respect to ¢ext is not so simply connected with the two-particle 

OF occurring in the equation of motion for 0(12) as in the equilibrium case. In 

order to eliminate this defect we will generalize our definition of 0(12) by introduc-

ing artifically independent external sources ¢ext (I) for the two different time paths on 

c. 

We begin by introducing the interaction representation with respect to external 

sources for any Heisenberg operator 19- according to 

(A.li) 

(A.12) 

(A.13) 
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Here we have distinguished all quantities on the positive branch to be independent of 

those on the negative branch. Of course the true physical limit is always described 

by setting ¢:xt = ¢~xt = ¢ext' which we shaH call the phYl>ical limit. 

Now we generalize the definition of the OF according to 

(A.14) 

and 

Sc = Sj-oo,oo) S + (00,-00) . (A. 1 5) 

In the physical limit, obviously, Sc -+ I and .!l -+ O. Note that the formal introduc-

tion of Sc allows for writing (Sc> in the denominator of Eq. (A. IS) which is essential 

in formulating a simple connection with the two-particle OF. We define the general-

ized two-particle OF as 

(A.16) 

Using the above definitions we are able to relate the two-particle .!l to that of the 

one-particle .!l via a functional derivative, 

o.!l(l2) = _ .1(1323+) + .1(33+) .1(12) , (A.17) 

o¢ext (3) 

where we have made the infinitesimal substitution r t = T ±t6- 1• Using the fact that 

the operators l/J obey the Heisenberg equation of motion and the above relationship 



(A.17) we obtain the equation of motion for jJ 

{ iiI a~l - tfH(T) } jJ(12) = 8(T-2) 

+ iiI 6-3 J d3 V(T3+) 8jJ(12) • 

8CPext (3) 

with the Hartree Hamiltonian 

The Hartree Hamiltonian contains the induced Hartree potential 

VH(T) = -ill J d3 V(T+ - 3) jJ(33+) • 
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(A.18) 

(A.19) 

(A.20) 

which occurs if the excited electron and hole plasmas are not distributed in the cry-

stal according to equal wave-functions. i.e. local charge neutrality is broken. 

Next we introduce the self-energy through the two-particle OF (A.17) via 

L(T2) = ill 6-4 J d3d4 V(T -4+) 8jJ(T3) jJ-1(32) 

8CPext (4) 

= iiI b-4 J d3d4 V(2-4-) jJ-I(13) 8jJ(3~) • 

8CPext (4) 

(A.2l) 

where jJ-1 is the inverse OF defined by !J- 1(13)!J(32) = 8(1 -2). In order to obtain a 
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closed set of equations we introduce the effective potential ¢eff = ¢ext + yH. Using 

this definition. a closed set of equations is obtained by introducing the vertex correc-

tion r. the longitudinal polarization P. and the screened Coulomb potential W: 

and 

r(T23) = o§-1(T2) 

o¢eff(3) 

P(12) = -iii 6-
1 

o§(TT +) 

o¢eff(2) 

(A.22) 

(A.23) 

(A. 24) 

Therefore. in the physical limit. the equation for G obtained from Eq. (A.I8) reads 

{ it, :.. - kH(I) } G(l2) - I d'l 1:(T'l) G(l2) ~ 8(1-2) . (A.2S) 

which is coupled through the self-energy 

(A.26) 



to the equations 

and 

r(113) = -0(1-2) 0(1-3) 

+ J d4d5diJdi 0~(T2) 0(4iJ) r(iJn) 0(75) . 
00(45) 

P(T2) = iii 6- 1 J d3d4 0(14) r(432) 0(31+) . 

W(T2) = V(I -2) + J d3d4 V(3-I) P(34) W(42) . 
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(A.27) 

(A.28) 

(A.29) 

Self-consistent approximations for ~. P. and Ware obtained through iteration of the 

vertex function r. The most widely used approximations arise from the first itera-

tion of r. i.e .. r(T23) = -0(1-2) 0(T -3). The resulting self-energy and longitudinal pol-

arization are the so-called Screened-Hartree-Fock (SH:-::) and the random phase approx-

imation (RPA). respectively. Their exact form is as follows 

~(T2) = i6 1 W(21) 0(T2) • (A.3D) 

and 

P(l2) = -iii 6- 1 0(T2) 0(21) . (A.3l) 
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!lA.2 GENERALIZED BLOCH EQUATIONS FOR SEMICONDUCTORS 

In this section we show how to derive the generalized Bloch equations for 

semiconductor using Eq. (A.2S) and the SHF approximation for the self-energy. We 

expand our GFs and self-energy in terms of the conduction and valence band indices 

according to Eqs. (1.5) and (1.17). If we transform to the so-called relative 

(microscopic) and center of mass (macroscopic) variables defined by 

and (A.32) 

we are able to write an Eq. (A.2S) in terms of T and t. It is a straight foreward 

task to write the corresponding equation of motion to Eq. (A.2S) for t2 which when 

subtracted from (A.2S) yields our generalized Bloch equations. If we consider the 

GFs which are off-diagonal in the conduction and valence indices we obtain 

(i a~ - €c(k) + €v(k») G~~(tl.t2) 

= L<t(t l) G~(tl.t2) - G~:(tl.t2) LfV(t2) 

- G~C(tl' t3) L~~(t3' t2) + G~V(tl' t3) L~~(t3' t2) 

- G~:(tl' t3) L~V(t3' t2) + G~~(tl' t3) L~V(t3' t2) ) • (A.33) 

where we have suppressed the spatial dependence. Next we wish to rewrite the 
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times in terms of T and 1. In this case we have terms of the form 

(A.34) 

Now we wish to go into the rotating frame of the optical frequency. Wo - Eg • We 

now define the propogators in the rotating frame as 

GCV(t. T) = e-iwoT QCV(t. T) 

LCV(t. T) = e -iwoT ~CV(t. T) . 

Define the Fourier transform as 

a(t) = J dw e-iwt a(w) 
21T 

a(w) = J dt eiwt a(t) . 

Now we wish to Fourier transform Eq. (A.33) in the rotating frame 

~ 

A(w. T) B(w-wo/2. T) . 

(A.35) 

(A.36) 

(A.37) 
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If we instead consider the second term in the rotating frame we have 

(A.38) 

In both Eqs. (A.37) and (A.38) we have made the Markov approximation which neg-

lects t3/2 and (t3-t)/2 in the second time argument. respectively. 

Now we rewrite Eq.(A.33) in the rotating frame in relative and center of 

mass coordinates to get 

(i a~ - €(k) - 2:~C(w+wo/2. T) + 2:v;'(w-wo/2. T) ) G~~(w. T) 

= eiwoT J dt eiwt (2:CV(T+t/2) G~(t.T) - G~~(t.T) 2:fV(T-t/2») 

'" '" 
+ 2:~V(w. T) G~(w-wo/2. T) - G~~(w+wo/2. T) 2:~V(w. T) 

'" '" 
+ 2:~~(w. T) G~V(w-wo/2. T) - G~C(w+wo/2. T) 2:~~(w. T) 

'" '" 
- G~V(w. T) 2:~~(w-wo/2. T) + 2:~~(w+wo/2. T) G~V(w. T) (A.39) 

Next. we need to relate the different GFs to the physical quantities such as 

distributions and polarizations. The distribution functions are diagonal in band in-

dices and are given for tl = t2 which is equiviJant to integrating over w in G(w. T). 
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Therefore. in frequency space we have 

i t1 O~~ = 2rrt1 f n (k) 8(t1w - En (k)) • (A.40) 

where n = c or v and En (k) = 1i2k2/2mn . In general. the single particle energies are 

broadened resulting in a broadened spectral function. This broadening is determined 

by the above equation leading to a iterative solution. Because of the difficulties in 

the self-consistency requirements we keep the delta functions and proceed in the 

spirit of perturbation theory. In addition, we take the same approach for the 

retarded and advanced OFs which are, in general, obtained from a Dyson equation. 

The free particle retarded and advanced GFs are 

O nrm(k,w) = 8n.m Onm*(k ) 
t1w - En (k) + i80 = a ,W. 

(A.4l) 

Using these definitions we are able to write Eq. (A.39) in terms of the distribution 

functions and the screened Coulomb potential. In contrast to Eq. (A.40), there is not 

'" 
a straight fore ward relationship between the propogator G~~ and the interband polari-

zation P(k). We refer to Sec. 1.3 for a discussion of this problem. 

Next we will need the exact form of the self-energy (A.30), as well as the in-

traband polarization (A.31) and the screened Coulomb potential (A.29). The self-

energy and intraband polarization have the general form 

K(12) = iii X(2T) Y(T2) (A.42) 

For homogeneous systems considered In this dissertation, the propogators depend on 
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the difference coordinates. i.e .• K(12) -+ K(T-2). In space and time corrdinates we 

have 

K(r. t) = in X(-r.-t) Y(r. t) . (A.43) 

After Fourier transforming over space and time we obtain 

K(k.w) = in L J ~~' X(k'-k.w'-w) Y(k'.w') 

k' 

= in L J ;~' X(k'.w') Y(k'+k.w'+w) 

k' 

(A.44) 

Using Eq. (A.44) and the appropriate definitions for }:(6-16-2) and P(6-,6-2). we obtain 
~ 

the equation of motion for G~~. As discussed in Sec. 1.3. the general solution for 
~ 

P(k) is obtained by integrating G~~ over all possible frequencies. Alternatively. we 

directly integrate Eq. (1.18) over frequency in an attempt to approximate the fre-

'" 
quency dependence of G~~. 
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APPENDIX B 

HEISENBERG EQUATIONS OF MOTION 

!lB.-I HIGHER ORDER CORRELATIONS FOR THE CARRIERS 

In this section, we derive the equations of motion for the expectation values 

the populations of electrons and holes at the wave number k and the third gives the 

polarization of the medium. The Hamiltonian equation of motion for the expectation 

value of an operator A in the density-matrix formalism is 

~t (A) = -iii tr([A..7Ctot ]p) . 

The Hamiltonian describing the system is 

where 

.7C = L fe(k) at ak + L fh(k) b\ b_k + V , 

k k 

I V=i L V(q) (aLq at'_q ak' ak 

k,k',q*O 

+ bLq bt-_q bk, bk - 2 aLq bt'_q bk , ak ) , 

(8.1) 

(B.2) 

(8.3) 
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and we have neglected any field coupling. Using Eq. (8.1). operator algebra yields 

+ I: 
k. k'. q:#O 

+ (at b!k-q bt'+q bk,) - (aLq bt'_q bk, b!k) ) . (804) 

As usual. the equation of motion includes couplings to higher-order correlations. To 

obtain the next order correction to this equation we must evaluate the equation of 

motion for the four operator expectation values which couple to six operator expecta-

tion values. The equation of motion for the four operator expectation values is 

solved in steady state and substituted back into Eq. (804). At this point. the remain-

ing expectation values are factorized into so-called macroscopic expectation values. 

i.e .• the physical quantities fe • fh• and Pk. One example of such a factorization for a 

four operator expectation value is 

(8.5) 

Although we do not show the details. it is a tedious yet straightforeward task to in-

elude the next order expectation values to obtain corrections of order V2 in the equa-

tion for p~. Terms of the order V yield 

+ I: V(q) (re.ktq + f h.ktq ) p~ 
qi:O 

(8.6) 



The terms proportional to V2 yield 

where 

a '" * ~ * t1 at Pk = -A(k) Pk + L B(k. q) Pk • 

q:#O 

A(k) = 2 L V2(q) (\(~e(k'-q.k') + ~e(k+q.k» 
q:#O 

x (re.k'-q fe.k+q (l - fe.d + fe.k, (l - fe.k'_q) (l - fe.k+q) ) 

+ (\(~e(k'-q.k') + ~h(k-q.k» 

x (re.k'-q fh•k-q (l - fe.d + fe.k, (l - fh•k-q) (l - fe.k'_q) ) 

+ same terms with e +--+> h • 
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(B. 7) 

(B.8) 

where the energy difference ~Ci is defined by Eq. (1.38) and by assuming a finite 

dephasing we get the broadened delta function 

The coefficient B(k. q) is defined as 

B(k) = 2 y2(q) L (O'Y(~e(k'+q.k') + ~e(k.k+q» 
k' 

x (re.k'+q fe.k (l - fe,d + fe.k, (l - fe.k'+q) (l - fe.k) ) 

+ 0'Y(~e(k'-q.k') + ~h(k.k+q» 

x (re.k'-q fh.k (l - fe.d + fe.k, (1 - fe.k'_q) (l - fh•k ) ) 

+ same terms with e +--+> h . 

(B.9) 

(RIO) 
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§B.2 HIGHER ORDER CORRELATIONS IN THE FIELD (PROJECTION 

OPERATORS) 

In this section the equations of motion for the semiconductor-field correlations 

are derived. Because the semiconductor is assumed to be in the quasi-equilibrium 

regime due to the rapid Coulomb scattering, the material dynamics reach steady state 

nearly instantaneously. Therefore, the equations describing the material dynamics are 

solved in steady state and substituted into the FWM coefficients An' Bn, Cn, and On. 

As in the familiar two-level system, we find that the average photon number and the 

combination tone couple to expectation values containing various combinations of field 

and electron-hole operators. To simplify these coupled equations it is convienent to 

introduce the following notation65,66 

Cn(k) :: (dnak tb_k t), 

En(k) :: (dnak t ak ) , 

On (k) :: (dn b_k ak) , 

Hn (k) :: (dn b_k t b_k) , 

(B.ll) 

(B.12) 

where Cn (k) and On (k) are the dipole-field correlations and En (k) and Hn (k) are the 

electron and hole population-field correlations. 

A standard approach to solving these equations involves factorizing the 

strongest correlation from these expectation values by introducing a fluctuation opera

tor, 

(B.13) 

where Of and Qeh symbolize field and electron-hole operators, respectively. Using 

this notation, we can rewrite Eqs. (B.II) and (B.12) as a factorized contribution plus a 



fluctuation contribution, i.e., 

Cn(k) = (dn> p*(k) + SCn(k) , 

En(k) = (dn> fe(k) + SEn(k) , 

Dn (k) = (dn> p(k) + SDn (k) , 

Hn (k) = (dn> f h (k) + SHn (k) , 
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(8.14) 

(8.15) 

where fe/h (k) are Fermi-Dirac distributions and p(k) is the interband polarization de

fined in Eq. (4. to). It has been shown that in the quasi-equilibrium regime the fluc-

tuations of the individual k-states are proportional to the total carrier density fluctua-

tions, in which case, the following relations are valid under steady state conditions 

SEn (k) ~ ~ (k) L SEn (k) = ~ (k) SEn ' 

k 

SHn (k) ~ gh (k) L SHn (k) = gh (k) SHn ' 

k 

(8.16) 

(8.17) 

where the coefficients ~/h (k) are the leading coefficients of a Taylor series given by 

the equation (ex = e, h) 

(8.18) 

L fa(k') (l - fa(k')) 

k' 

The total carrier-density pulsations SEn and SHn are analogous to the semiclassical 

population pulsations, and the quasi-equilibrium Eqs. (8.16) and (8.17) illustrate the 

fact that the field is correlated with the electron-hole excitations through the total 

number of carriers, or equivalently. the chemical potentials. 
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Next. we derive the equations of motion for Sen (k). SOn (k). SEn. and SHn. It 

is easy to show that the equation for (dn) is not coupled to the equations for Sen (k). 

SOn (k). SEn. and SHn. Therefore. we calculate it separately. and it only contributes 

to the factorized part of Cn (k) and On (k). i.e.. to the zeroth order of (d 1 t d 1) and 

(d 1d3). In addition. since the side modes are assumed to be weak. we may take dev 

as a small parameter and drop terms higher than second order in dev . Furthermore. 

we assume that the corrections to factorization of the field and electron-hole variables 

only give rise to higher-order effects in dev which can be neglected. Hence. we 

ignore correlations like «dn)mQeh) when m is greater than one. so that the equations 

of motion for the fluctuations are derived from the equation of motion for (dn) 

Jt (dn) = - (2'Yeav + i~n) (dn) + i L d:v p(k) • 

k 

where ~n is the detuned frequency vn - V2• 

(B.19) 

In these approximations. we obtain the following equations of motion for the 

fluctuations 

Jt Sen (k) = - ['Y - i(w(k) - ~n)] Sen (k) 

+ ill:vG'* [ ~ (k) SEn + gh (k) SHn ] 

- id:v ( [1 - fe(k) - fh(k)] (dntdn) - fe(k) fh(k) ) . 

Jt SOn (k) = - ['Y + i(w(k) + ~n)] SOn (k) 

- illev G' [ ~ (k) SEn + gh (k) SHn ] 

- idev p(kf • 

(8.20) 

(8.21) 



+ iL Jlev{J SC1(k) - iL Jl~v{J· SD1(k) 

k k 

+ L Jlev{J d:v O 2*(k) ( [1 - fe(k) - fh(k)] (dntdn> - fe(k) fh(k) ) 

k 

+ L Jl:v{J* dev O 2(k) [1 - fe(k) - fh(k)] (d1d 3> 

k 

+ L Jlev{J d:v 0/(k) [I - fe(k)] fe(k) • 

k 
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(8.22) 

and the equation for SHn is given by Eq. (8.22) with SEn interchanged with SHn and 

e interchanged with h. The Jast term in Eq. (8.22) reflects the fact that the fluctua-

lions of electrons and holes in their quasi-thermal distributions are uncorrelated. 

These equations may be simplified since for the small pump-probe detunings 

under consideration we can rewrite the complex Lorentzian as 

(8.23) 

Using this approximation. Eqs. (8.20) and (8.21) can be solved in steady state to 

obtain 

SCn (k) = iJl:v{J* O 2(k) [ ~ (k) SEn + gh (k) SHn ] 

- id~v02(k) ([1 - fe(k) - fh(k)] (dntdn> - fe(k) fh(k». (8.24) 



SDn (k) = -iJlCY (} O 2 *(k) [ ~ (k) SEn + gh (k) SHn ] 

+ idcv 0 2*(k) [I - fe(k) - fh(k)] (d 1d3> 

+ iJl~(}2d:y02*(k)3 [1 - fe(k) - fh(k)]2 . 

Substituting these solutions into Eq. (B.22) leads to the steady-state solution 
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(B.25) 

where -t"(k) = "I Re(02(k)) and we have introduced the power-broadened carrier-den-

sity decay constant "Inr + "Ie + "Ih where 

"Itt. = rrr L ftt.(k) gtt.,(k) + L 21 Jlcy(}12 $~k) gtt.,(k) • (B.27) 

k k 

with a. a' = e. h and a =F a'. Again. the steady-state equation for SHn is obtained 

by interchanging the SEn with SHn and e with h. In Eq. (B.24) the last term propor-
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tional to dCY is independent of the pump field and is essentially determined by the 

Fermi-Dirac distributions. This is also true for the second term in Eq. (8.25). These 

contributions are obtained regardless of the excitation mechanism for the semiconduc-

tor. On the other hand. the first terms in Eqs. (B.24) and (B.25) are proportional to 

the carrier-density pulsations cSEn and cSHn• and it is exactly these terms that give rise 

to the coherent modification of the FWM coefficients. 

Using the density matrix formalism of Eq. (4.2) along with the definitions 

(8.19) and (8.20) we can begin to write down the equation of motion for (d1 t d 1) and 

and 

:t (d 1d3) = iL d~y [D1(k) + D3(k)] - 2'Ycay (d 1d3) • 

k 

(B.28) 

(8.29) 

where the equation for (d3
t d3) is given by Eq. (8.28) with the index I interchanged 

with 3. It is tedious yet straightforward to substitute the steady-state solutions for 

Cn (k) and On (k) into Eqs. (8.28) and (8.29). A simple comparison of the coefficients 

of (d~dn) and (d~dn) with Eqs. (4.13) - (4.14) leads to the definitions of th:3 coeffi-

cients An. Bn. Cn. and On presented in Section 4.3. 
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§B.3 HIGHER ORDER CORRELATIONS IN THE FIELD (SPIN OPERA TORS) 

An alternative method of deriving the coupled mode equations utilizes the spin 

operator method often employed by atomc physicists (see .e.g Ref. 12). First we 

rewrite the semiclassical Hamiltonian which describes the interaction of the electro-

magnetic field with the electron-hole excitations of the semiconductor as 

:7C = L £e(k) Se.k + L £h (k) Sh.k - L [llcv 6' S+.k + ll:v6'* S-.d. (8.30) 

k k k 

where the operators Si.k are defined by 

Including all decay terms. we obtain the equations of motion for Si.k 

(8.31) 

(8.32) 

(8.33) 

(8.34) 



Jt Ncx = -rnr Ncx - frr L Se,k Sh,k 

k 
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+ L iflcy(] S+,k - L ifl~y(]" S-,k + .9"" cx(t) • (B.36) 

k k 
d 
dtS-,k = -[r + i(w(k) - V2)]S_,k - iflcy(] [Se,k + Sh,k - 1] + .9""-,k (t) (B.37) 

where Ncx (ct = e or h) is defined by 

Ncx ;: L Scx,k • 

k 

with 

( Ne ) = ( Nh ) • 

and Yi are the noise operators which satisfy 

( .9""i (t) ) = 0 • 

( .9""i(t).9""j(t') ) ex 0ij o(t-t') 

(B.38) 

(B.39) 

(B.40) 

(B.41) 

The scattered light spectrum is given by the two-time correlation function of 

the total dipole operator 

00 

J(v l ) = {3 Ia dt ( S+(t)S_(O) ) ei
(V

2
-V

1)t + C.C •• (B.42) 

where {3 is a proportionality constant and S± is the total spin operator which is def-
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ined by 

(B.43) 

We compute J(v 1) by decomposing the operators as 

(B.44) 

Equation (B.44) can then be used to decompose the light spectrum into coherent and 

incoherent contributions: 

00 

J'(Vl) == Jcoh(v1) + Jinc(v1) = {3 fo dt ( S+(t) )( S_(O) ) e
i
(V2-V1)1 

00 

+ {3 f dt L ( oS+.k (t)oS_.k'(O) ) ei
(V

2
-V

1)1 + c.c. 

o k.k' 

(B.45) 

In steady state, the coherent part of the spectrum is readily found to be 

2 

J coh (V 1) = 21T{3 L ( S+.k (V 1) O(V 1-V2) (B.46) 

k 

which simply consists of a delta-function peak centered at the laser frequency V2• 

This is precisely the result that would be expected from a simple energy and momen-
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tum conservation argument, and is known as the Rayleigh peak. Since the different 

k-states destroy the fluctuation correlation for different k's, the coherent part is given 

by 

00 

Jinc(v1) = {3 L I dt ( oS+,k(t)oS_,k(O) ) ei
(v2-v\)t . 

k 0 

(B.47) 

To evaluate the coherent contribution, we need the two-time correlation func-

tion of the fluctuations oSi,k of the spin operators about their semiclassical mean 

values. The equations of motion for the oSi,k's have the general form 

gt oS+.k = -['y - i(w(k) - v2)]oS+,k + ip.:v (J* [oSe,k + oSh,k] + .9' +,k (t) 

= -['y - i(w(k) - v2)]oS+,k + ip.:v (J* [~(k) oNe + gh (k) oNh] + .9' +,k (t), (B.48) 

gt oNo: = -'Ynr oNo: - frr L o[Se,k Sh,k] 

k 

+ L ip.cv(J oS+.k - L ip.~v(J* oS_,k + .9'0: (t) 

k k 

= -'Ynr oNo: - frr L [fh(k) ge(k) oNe + fe(k) gh(k) oNIt ] 

k 

+ L ip.cv(J OS+,k - L ip.:v(J'" oS_,k + .9'o:(t) , 

k k 

(B.49) 



~t oNo: = -'Ynr oNo: - rrr L O[Se.k Sh.k] 

k 

+ L iflcv(i OS+.k - L ifl:v(i* OS_.k + gr o:(t) 

k k 

= -'Ynr oNo: - rrr L [ fh(k) ~(k) oNe + fe(k) gh(k) oNh] 

k 

+ L iflcv(i oS+.k - L ifl:v(i* oS_.k + gr 0: (t) . 

k k 
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(8.50) 

Using Eqs. (B.48) - (8.50) along with the quantum regression theorem. we may derive 

the equations of motion for the two-time correlation functions 

~t ( oS+.k(t)oS_.k(O) ) = -[-y - i(w(k) - v2)] ( oS+.k(t)oS_.k(O) ) 

+ ifl:v(i* [~(k) ( oNe (t)oS_.k (0) ) + gh (k) ( oNh (t)IJS_.k (0) )] • (8.51) 

d 
dt ( oNe: (t)oS_.k (0) ) = -'Y nr ( oNo: (t)OS_.k (0) ) 

- rrr L [fh(k) ~(k) ( oNe(t)oS_.k(O) ) + fe(k) gh(k) ( oNh(t)oS_.k(O) ) 

k 

+ L iflcv(i ( oS+.k(t)oS_.k(O) ) - L ifl:v(i* ( oS_.k(t)IJS_.k(O) ) • (8.52) 

k k 

~t ( oS_.k (t)IJS_.k (0) ) = -[-y + i(w(k) - v2)] ( oS_.dt)oS_.k (0) ) 

- iflcv (i [~(k) ( oNe (t)IJS _. dO) ) + gh (k) ( oNh (t)IJS _. k (0) )] . (8. 53) 

These equations are solved simultaneously for Lk ( OS+.k (t)IJS_. k (0) ) which can then be 
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substituted into Eq. (B.44) to find the inelastic part of the resonance fluorescence 

spectrum. The easiest way to obtain these solutions is to note that the spectral quan-

tity needed in Eq. (B.45) is actually the Laplace transform of Lk( 5S+,k(t)5S_,k(0) ). 

The Laplace transforms of Eqs. (B.51) - (B. 53) are 

S5J'+_,k(S) - ( 5St ,k(0)5S_,k(0) ) = -['Y - i(w(k) - v2)] 5J't_,k(s) 

+ ill~v6''' [~(k) 5J' e-,k (s) + gh (k) 5J' h-,k (s)] • 

s5J'n_,k(S) - ( 5Nn (0)5S_,k(0) ) = -'Ynr 5J'n_,k(s) - frr L [fh(k) ~(k) 5J'e_,k(s) 

k 

(B.54) 

+ fe(k) gh(k) 5J'h_,k(s) + L illcv 6' 5J't_,k(s) - L ill~v6''' 5J' __ ,k(s) • (B.55) 

and 

k k 

s5J' --,k (s) - ( 5S -,k (0)5S -,k (0) ) = -[ 'Y + i(w(k) - v2)] 5J' --,k (s) 

- illcv 6' [~(k) 5J' e-,k (s) + gh (k) 5J' h-,k (s)] • 

where the Laplace transforms 5J'ij,k (s) are defined by 

00 

5J't_,k(s) = fo dt e-st ( 5St ,k(t)5S_,k(0) ) • 

00 

5J' __ .k (s) = f 0 dt e-st ( 5S_.dt)5S_. k (0) ) • 

(B.56) 

(B.57) 

(B.58) 
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and 

00 

~J Ck-.k (S) = J 0 dt e-st < ~NCk (t)~S_.k (0) ) . (B.59) 

Substituting s = i.6. = i(v1-v2) into Eqs. (B.54) and (B.56) yields 

~J+_.k(i.6.) = i/lCY *0'* 0t(k) [gc(k) ~Je-.k(it.) + gh(k) ~Jh_.k(i.6.)] 

+ O 2*(k) < ~S+.k(O)~S_.k(O) ) . (B.60) 

oJ --.k (it.) = -i/lG'02(k) [~(k) oJ e-.k (i.6.) + gh (k) oJh-. k (i.6.)] 

+ O2(k) < ~S+.k(O)oS_.k(O) ) • (B.6l) 

where O 2 has been used in accordance with Eq. (8.43). Substituting Eqs. (B.60) and 

(B.59) into Eq. (B.55) and solving for oJe-.k and oJ h-.k gives 

D~Je_.k(it.) = h'nr + it.)L [/lcy G'0t(k) < oS+.k(O)oS_.k(O) ) 

k 

- i/lCY *G'*02(k) (~S_.k(O)oS_.k(O»] + (rnr + re + it.) < ~Ne(O)~S_,k(O» - re 

< oNh (O)oS_.k (0) ) • 

where 

D = (rnr + it.) (rnr + re + rh + it.) • (8.63) 

and the decay constants rCk are defined in Eq. (B.27). The equation ~Jh-.k (it.) is 

given by Eq. (B.63) by interchanging e with h. The initial conditions in Eqs. (8.59) -
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(8.63) are given by 

(OS+.k(O)OS_.k(O» = (Se.k) (S-.k) = fe(k) fh(k) • (8.64) 

(oS_.k(O)oS_.k(O» = -(S_.k)2 = flCy2(}202(k)2 [fe(k) + fh(k) -IF. (8.65) 

(oNe(O)oS_.k(O» = -L (Se.k') (S_.k) = flcy (}02(k) fe(k) [fe(k) + fh(k) -I]. (8.66) 

k' 

(oNh(O)oS_.k(O» = -L (Sh.k') (S-.k) = flcy (}02(k) fh(k) [fe(k) + fh(k) -I] . (8.67) 

k' 

If the Rayleigh contribution IS neglected then the four-wave mixing coefficients are 

defined by 

and 

'" 

A, s ~[~ !J',_.k(iAI] . 

BI == ,B L oJ_+. k(i.6.) • 

k 

CI == ,B L bJ __ .k (i.6.) • 

k 

DI == ,B L oJ ++.k (i.6.) . 

k 

(8.68) 

(8.69) 

(8. 70) 

(8. 71) 

Again it is a straightforeward task to substitute Eqs. (8.64) - (8.67) into Eqs. (8.60) 

and (8.61) to obtain the four-wave mixing coefficients in Section 4.3. 
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