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ABSTRACT 

Throughout much of the blood circulatory system, supply vessels (arteries and ar

terioles) are situated adjacent to corresponding draining vessels (veins and venules), 

which flow in the opposite direction. In this dissertation, mathematical models are 

developed to describe diffusive exchange of heat, oxygen and inert gases between 

such paired countercurrent blood vessels and surrounding tissue. 

In preliminary analyses, exchange between a single vessel and surrounding tissue 

is considered. The concept of equilibration length is developed. Then a well-known 

solution for two-dimensional diffusion between two vessels situated in an infinite 

domain is presented. This provides a basis for developing semianalytic solutions 

for two vessels situated in a cylindrical tissue region with Dirichlet or zero-flux 

conditions at the outer boundary. A general approach is then developed for obtaining 

semianalytic solutions for domains with non-circular cross-sections, and applied to 

the case of a rectangular domain. 

The governing equations for paired blood vessels are then solved to obtain the 

axial variation of temperature or concentration for a variety of cases, including 

Dirichlet and zero-flux boundary conditions, with and without deposition or con

sumption of heat or gas. For the Dirichlet case, the equilibration length is compared 

to that for a single vessel, showing that equilibrium is achieved more rapidly when 

a single vessel is replaced by two vessels with the same diameter as the single vessel. 

For the zero-flux case, particular solutions to the full three-dimensional diffusion 

equation in the tissue are obtained from the two-dimensional solutions. The total 

transport (convective and diffusive) in the axial direction is evaluated, with and 

without consumption/deposition, and the results are interpreted in terms of an en

hanced diffusivity. Finally, the complementary roles of convection and diffusion in 
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mass and heat transport in the axial direction are considered. It is shown that as 

vessel diameter decreases, countercurrent exchange eventually results in a reduction 

of convective transport. Axial diffusion becomes significant at approximately the 

same range of diameters. This finding is interpreted in terms of the efficiency by 

which a branching network can transport heat and mass to its extremities. 



CHAPTER 1 

PRELIMIN ARIES 

1.1 Objective 

The aim of this work is to model mathematically the phenomenon of diffusive ex

change of heat and mass between paired blood vessels with countercurrent flow. 

This phenomenon is important in the distribution of heat in the body, and may also 

be important in transport of inert gases and oxygen. 

Most previous analyses of countercurrent exchange have considered the case of 

paired vessels in an infinite tissue space. Here, the case of a pair of vessels contained 

within a finite cylindrical region of tissue is analyzed along with several other relevant 

geometric configurations. 

In this chapter, we review relevant anatomical features of the circulation, and 

discuss some basic analyses of heat and mass exchange between blood and tissue. 

1.2 Anatomical features of the circulation 

Cardiovascular system 

The cardiovascular system provides the means for circulation of materials through

out the body. Its principal function is to supply oxygen, metabolic substances, hor

mones, and vitamins to the organs and individual cells. The circulation also serves 

14 
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to keep stable temperatures within the body under varying external conditions. 

The circulating medium is blood. While blood perfuses all the body, most of 

the circulation is delivered through the major organs. The liver, kidney, brain, and 

heart are supplied with roughly 60 to 65 % of the blood circulation at rest. 

The vascular system carries the blood. It consists of a distributing system of 

arteries and arterioles to the organs, and a system of thin capillaries which are in 

contact with the cells of the body and provide a large surface area for diffusive 

exchange. The venous system returns the blood, reduced in oxygen, to the heart. 

The heart sustains the motion of blood through the vascular system. The lungs 

provide a region for transferring oxygen to the blood, and removal of carbon dioxide 

and water from the blood. The kidney, the liver, and the spleen perform functions 

related to maintaining the chemical quality of the blood under normal conditions, 

as well as during states of stress. 

The vascular system is a complicated network of vessels. Figure 1.1 shows a 

grossly simplified schematic of the routes blood takes to the major systems of the 

body. The major exit from the heart, the aorta, branches into several arteries, 

which may serve a particular organ or system. These arteries sequentially branch 

into smaller vessels until finally the capillary bed is reached. Beyond the capillary 

bed vessels converge into the venous system until several large veins discharge into 

the venae cavae, the main entrances to the right atrium of the heart. The degree 

of simplification of Figure 1.1 can be appreciated by examining the details of the 

geometry of the vascular bed of the dog as given by Table 1.1 from [11]. 

Blood 

The cardiovascular system is the principal transport route of the body. Blood is 

the transport vehicle. Blood is a suspension of cells in an aqueous solution called 
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Figure 1.1: Schematic of the circulatory system 

plasma. Most of these cells are red blood cells or erythrocytes whose primary role 

is the transportation of oxygen from the lungs to all the cells of the body and the 

removal of carbon dioxide formed by metabolic processes. The red cell is composed 

of about 70 % water and 25 % hemoglobin (by volume). The rest of the cell consists 

of protein and ions such as Na+, J(+, 01-, and HOQ-. Hemoglobin possesses a 

high capacity for binding oxygen as oxyhemoglobin, and this accounts for the great 

efficiency of blood as an oxygen carrier. 

1.3 Heat and mass transport in the circulation 

A number of mechanisms are used to transport materials between blood in capillaries 

and cells in the surrounding tissue. The transport of some materials, including 

dissolved gases such as oxygen, helium, argon and xenon, occurs primarily by passive 
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Diameter Length 
Kind of Vessel (/lm) Number (em) 

Aorta 10,000 1 40 
Large arteries 3,000 40 20 
Main artery branches 1,000 600 10 
Terminal branches 600 1,800 1 
Arterioles 20 40,000,000 0.2 
Capillaries 8 1,200,000,000 0.1 
Venules 30 80,000,000 0.2 
Terminal veins 1,500 1,800 1 
Main venous branches 2400 600 10 
Large veins 6,000 40 20 
Vena cava 12,500 1 40 

Table 1.1: Vascular bed of the dog 

diffusion, as does the transport of heat between blood and tissue. Although inert 

gases (helium, argon and xenon) are not important in normal physiological function, 

they are used in some methods for measuring blood flow in the skin and other tissues 

[17]. In this work, we consider transport of heat and the above gases, although the 

results may be relevant to other materials also. 

Gases and heat are transported in the blood by convective motion of red blood 

cells and plasma in both longitudinal and radial directions and by molecular dif

fusion. The axial molecular diffusion of gases and heat in the blood is generally 

negligible in comparison with the axial convection. The situation is in contrast in 

the tissue surrounding the vessel, where convection is slight and where diffusion is 

dominant for heat and gases. 

For instance, in the lung, oxygen diffuses from the alveoli (air spaces) through 

the capillary walls into the pulmonary capillaries, and then it is convected by the 

blood throughout the body. Of course, this convection process also occurs for heat 

and inert gases, but in the case of oxygen, the additional mechanism of binding of 
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oxygen to hemoglobin (giving oxyhemoglobin) results in a different law connecting 

concentration with partial pressure than applies for inert gases, as described next. 

Solubility of a gas 

The solubility of a gas is defined as the amount of gas (expressed in grams, moles, 

volume, etc.) present in a given amount (grams, moles, volume, etc.) of solvent or 

of solution at equilibrium, for a given partial pressure. 

We consider two different solvents, blood and tissue. The solution of gases in 

blood or tissue is affected by the partial pressure. Henry's law states that the amount 

of a gas dissolved in a solvent is directly proportional to the partial pressure. This 

law is written as: 

(1.1) 

where CiSg is the solubility constant of the gas 9 in solvent S and PSg the partial 

pressure. Both blood plasma and tissue may be considered as solvents for oxygen. 

Blood 

As we mentioned before, blood is a suspension of cells in an aqueous solution called 

plasma. Most of these cells are red cells, and we consider the blood as a suspension of 

red cells in plasma. For inert gases, blood can be considered as a well-mixed solution 

for which Henry's law is applicable. However, the solubility of oxygen in blood is 

treated differently due the presence of hemoglobin inside the red cells. In plasma, 

the solubility of oxygen obeys Henry's law, but in the red cells, nearly all of the 

oxygen is bound to hemoglobin to give oxyhemoglobin. The remainder is dissolved 

in the red cell, but this amount is negligible. Thus only the oxygen corresponding 

to oxyhemoglobin is considered and its solubility or concentration does not obey 

\ 
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Henry's law, but instead, varies nonlinearly with the Po2 • This nonlinear variation 

is empirically approximated by Hill's equation: 

C tJ is the concentration of oxygen in fully satmated blood, Pso = 26 mmH 9 is the 

P02 at which 50 % saturation occurs and (3 = 2.55, for human blood under normal 

conditions. 

1 

0.8 

0.6 
S(P) 

0.4 

0.2 

0 
0 20 40 60 80 100 120 

P (mmHg) 

Figure 1.2: Hill's equation for saturation of oxygen in (a) hemoglobin (b) myoglobin 

Tissue 

The largest constituent in tissues is water, so that Henry's law is in general appli-

cable. We should mention the presence of the protein myoglobin in tissue, because 

it is a potential carrier of oxygen in tissue. Although myoglobin is not present in 

all tissues, it can be found generally in heart and red skeletal muscle cells. Myo

globin has a great affinity to bind oxygen and this affinity, as a function of partial 
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pressure of oxygen, may also be represented by Hill's equation with f3 = 1 and 

P50 = 2.3 mmHg. From the myoglobin saturation curve (Figure 1.2 b), we see that 

under partial pressures higher than approximately 5 mmHg, myoglobin is com

pletely saturated. For myoglobin to result in net oxygen transport, a gradient in 

saturation of myoglobin is required and such a gradient only can be found with 

partial pressure of oxygen lower than 5 mmH g. As we will see, the partial pressures 

involved are generally above 5 mmHg, and so the participation of myoglobin is not 

included in the diffusion processes we consider here. 

Specific heat 

Starting with the concept of solubility for gases, we have stated laws linking con-

centration with partial pressure in tissue and in blood. For heat, heat energy and 

temperature take the role of concentration and partial pressure, respectively. Spe

cific heat, c, is a property of substances and it is defined as the heat energy required 

to raise a unit mass of a substance a unit temperature. This is defined as: 

1 dH 
c= mdT' 

where H is for heat energy, m mass, and T temperature. Thus, specific heat can be 

measured in units like ergs/gOI<. 

Fick and Fourier laws 

A phenomenological model is used in diffusion of both heat and gases and other 

substances, which specifies that the flux of heat (volume or mass of gas) is propor

tional to the gradient of temperature (concentration of gas). In the case of heat, the 

law is called Fourier's law, while for gas it is called Fick's law. Hence, we can write 

these laws as follows: 



Fourier's law 
<Ph = -Dh \IT, 

Fick's law 
<Pg = -Dg \lC 
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where <Ph is the heat flux (ergs/em2 sec), T is temperature (o/{), Dh is the thermal 

conductivity (ergs/em o/{ sec), <Pg is the volume flux of gas (em/sec), Dg is the 

diffusivity (em 2 / sec), and C is the concentration. 

Note that a diffusivity for heat D'h can be computed to compare with gas diffu-

sivities as follows: 

D* _ Dh 
h - , 

pc 

where p is density (g/cm3
), and D'h has units of (cm 2/sec). Then Fourier's law may 

be written as <Ph = -D'hV'£, where £ is the thermal energy density (ergs/em3 ). 

This analogy allows us to write a generic transport law as: 

<P = -D\lG(x,y) + G(x,y)V, 

where we have included the convective term, V being the velocity vector. In tissue, 

only the diffusive term - D\I G( x, y) is present while in blood only the convective 

term G( x, y) V is considered. 

Tissue-blood partition coefficient for gases 

We will assume the vessel wall to be part of the tissue in the sense that it has 

the same transport properties for gases and heat. Thus, we will have two different 

media, blood and tissue. Since density and specific heat are considered equal in 

blood and in tissue the energy density is a continuous variable through these medi

a. However, for mass transport of gases, different media have different solubilities, 

creating a discontinuity in concentration at the tissue-blood boundary. One way 

to represent this discontinuity is to work in terms of partial pressure of gas, this 

being a continuous function. In fact, this is the way in which the oxygen is treated 
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here. However, for inert gases, the tissue-blood partition coefficient )..g is used in

stead, which is defined as the ratio between tissue gas concentration to blood gas 

concentration at the blood-tissue interface 

(1.3) 

where from Henry's law 

1.4 Diffusion between a single vessel and sur
rounding tissue 

The geometrical arrangement of vessels in tissue can be very complicated. However, 

in skeletal muscles, capillaries are generally parallel to the muscle fibers, fed by arte

rioles that flow across the fibers. This can be approximated by a model with simple 

geometry which is a good starting point for understanding heat or gas transport 

between vessels and tissue. 

1.4.1 Krogh model 

The diffusion of oxygen from capillaries in isolated cylinders of tissue was modeled 

first by Krogh in 1919, and this model continues to be the basis for studies of oxygen 

transport to tissue. The Krogh model assumes a cylinder arrangement as shown in 

Figure 1.3. With this structure, the model implies that each capillary is responsible 

for providing oxygen to a corresponding cylindrical section of surrounding tissue. 

This is a simplification because, in reality, each part of tissue is actually supplied in 

some amount by many surrounding capillaries, although the majority of the oxygen 

is taken from the nearest capillaries. Besides the geometry of the Figure 1.3, the 

following are the assumptions of the Krogh model: 
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Figure 1.3: Krogh cylinder arrangement 

1. Homogeneity: the surrounding tissue cylinder of each capillary is homoge-

nous. 

2. Zero flux: no interaction among the tissue cylinders is assumed, which means 

that there is no flux across the outside boundary of each tissue cylinder. 

3. Symmetry: symmetry is assumed about the axis of the capillary-tissue cylin

der. Thus dependent variables will be functions only of the radial distance from 

the capillary axis. 

4. Vessel wall: the vessel wall is considered part of the tissue region. 

5. Metabolism: it is assumed that oxygen moves through the tissue cylinder on

ly by molecular diffusion, and that oxygen is consumed by tissue at a uniform 

consumption rate. 

6. Two-dimensional diffusion: axial diffusion of oxygen is neglected in tissue. 

Usually, this is valid because the outer radius of the tissue cylinder is small 

compared with the length of the vessel. 

7. No influence of other vessels: the influence of oxygen diffusion from venules 

or arteries to the capillaries is not taken into account. 

8. Steady state: the concentration of oxygen does not depend on time. 
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9. No axial diffusion in blood: the convection process dominates the axial 

diffusion. This assumption is not explicitly mentioned, but usually assumed 

in Krogh-type models. 

To formulate the model, consider a blood vessel of radius a of length Lb sur

rounded by a homogeneous cylinder of tissue of radius R as in Figure 1.4, where R 

is chosen based on the typical separation of vessels. 

'M 

Figure 1.4: Tissue-vessel system 

Tissue governing equation 

Applying conservation of mass in the surrounding tissue as well as Fick's law and 

the homogeneity hypotheses, we get the Poisson equation as the governing equation 

in tissue: 
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where Mg is the consumption rate. Because of the given geometry, it is better to 

consider a cylindrical coordinate system, for which the Laplacian becomes: 

D [!~( oC(r,O,()) ~ 02C(r,O,() 02C(r,O,()] = M 
r or r or + r2 002 + 0(2 g' 

Using the hypotheses of symmetry, no axial diffusion in tissue and zero flux at the 

outer radius, we obtain: 

with boundary conditions: 

C(a) 

o~;r) Ir=R _ 0, Zero flux, 

where Ct (() is specified in the tissue at the tissue-vessel boundary. 

We can readily solve equation (1.4) as: 

M r2 
C(r) = 4; + Alogr + B, 

(1.4) 

(1.5) 

(1.6) 

where by imposing the boundary conditions (1.5) - (1.6) we determine the constants 

A and B to get: 

M a 
C(r) = D

g [r2 - a2 + 2R2log -] + Ct ((). 
4 r 

(1.7) 

Now, again by using Fick's law, we can compute the efflux per unit length from 

the vessel to the tissue (r = a) as: 

oC(r) I [2 2] q = -27rDa or r=a= M g 7r R - a . (1.8) 

Note that q is equal t.o the area of tissue 7r[R2 - a2] multiplied by the uniform 

consumption rate Mg. 
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Blood vessel governing equation 

As we said before, axial diffusion in blood is negligible in comparison with convec

tion. Also, the blood is considered well-mixed so that the concentration of oxygen 

is constant in the cross section of the vessel and therefore will depend only on (. 

We will denote the oxygen concentration inside the vessel as Cb((). 

By the application of conservation of mass and neglecting axial diffusion in the 

blood vessel the governing equation becomes: 

(1.9) 

with boundary condition 

where Q is the volumetric flow rate in cm3 / sec and q is given by equation (1.8). 

Substituting (1.8) in (1.9) we can solve for Cb(() as: 

Cb(() = Co _ M g 7r(R2 - a
2
) (. 

Q 
(1.10) 

Whenever the consumption rate is nonzero, there is a uniform demand for oxygen 

in tissue which is satisfied by oxygen extracted from the blood at the constant rate 

q. Thus, the concentration of oxygen in the blood Cb(() decreases linearly from 

its initial value Co given at the vessel inlet, independent of the oxygen content in 

tissue outside the Krogh cylinder. This is a consequence of the non-flux boundary 

condition. 

To examine the influence of the surrounding tissue on the axial variation of 

concentration, we develop, in the remainder of this chapter, the concept of the 

equilibration length, that is, the typical length over which the heat or gas content of 

the blood approaches equilibrium with the surrounding tissue. This length may be 

estimated using the above model with two important changes: 
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o Instead of considering no flux in the outer boundary of tissue, we impose a 

reference gas concentration or temperature, representative of conditions in the 

tissue surrounding the cylinder. 

o The consumption rate Mg is set to zero for simplicity. In fact, the equilibration 

length is independent of Mg (see Chapter 4). 

Neither the Krogh model nor this modified Krogh-type model is an accurate 

description of the real situation in tissue, but each model helps us to understand 

certain aspects. The original Krogh model describes the oxygen diffusion from an 

array of identical vessels into surrounding tissue. The modified model indicates how 

the temperature or gas content of a single vessel adjusts to the ambient conditions 

established by other vessels in the tissue. This approach was originally used by 

Chato [5] in the context of heat transfer to blood vessels. 

1.4.2 Generic model 

To provide a common approach for heat and gases, we develop a generic model 

including the changes mentioned at the end of the previous section. Let G be a 

variable to represent thermal energy density £ or gas concentration C, and express 

the generic law for fluxes given by the Fick and Fourier laws as: 

<I> = -DVG(x,y), (1.11) 

where D is D'h for heat and Dg for gases. 

Tissue governing equation 

From (1.11) and conservation of heat energy (mass), we get Laplace's equation in 

the tissue: 
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Using cylindrical coordinates as well as the hypotheses of symmetry and no axial 

diffusion, we obtain: 

~( 8G(r)) = 0 
8r r 8r ' 

with boundary conditions: 

G(a) Gt ((), 

G(R) - GR. 

(1.12) 

(1.13) 

(1.14) 

GR is the prescribed constant energy density (concentration) in the tissue at ra

dius R, and Gt (() is specified in the tissue at the blood-tissue boundary. Note 

that we retain the variable ( because the boundary condition (1.13) depends on (. 

Equation (1.12) gives: 

G(r) = Alogr + B, 

and from the boundary conditions (1.13) - (1.14): 

(1.15) 

Again using the generic flux law, we can compute the ejJiux per unit length from the 

vessel to the tissue as: 

(1.16) 

where 1(1 = -27rD/log(a/R). 

Blood vessel governing equation 

Since the blood is considered well mixed, the generic variable G( r) is constant in 

the cross section of the vessel and therefore will depend only on " so that we will 

refer to it inside the vessel as Gb( (). 
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From conservation of mass or energy in the vessel, the governing equation be-

comes: 

(1.17) 

with boundary condition given at the inlet of the vessel as: 

At this point, we should consider in more detail the assumption that the blood is 

well mixed, i.e., that the concentration or energy density G' is uniform in the cross 

section. In reality, radial transport within the blood must be driven by radial gradi

ents in G'. These gradients can be taken into account by introducing modifications 

to the equations already given for the well-mixed case. Equation (1.17) holds, if Gb 

is considered as the mixing cup gas concentration or energy density given by 

fA v(r)G'(r)d4b G b - ~b:!--_..".-__ _ 

- Q ' 

where Ab is the cross sectional area of the vessel. The corresponding partial pressure 

or temperature n in the vessel is no longer equal to the value in the adjacent 

tissue, Tt • The difference between nand Tt reflects the radial partial pressure or 

temperature gradient inside the vessel, and is linearly related to the flux q per unit 

length: 

1 
q = -(Tt -n), s 

where S is the intravascular resistance. Estimation of S is difficult, since it de-

pends on convective and diffusive transport processes occurring within the blood. 

Examples of the use of this approach are given in [1, 5, 16]. 

In general, Gt (() and Gb(() need not to be equal. However, they are functionally 

related to each other, according to the discussion in section 1.3. We introduce a 
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dimensionless parameter Ko = dGb/ dGt • Then, from (1.16) and (1.17), 

(1.18) 

For the moment, we consider the case in which Ko is constant, so that. the solution 

of (1.18) may be written: 

(1.19) 

where E = QKo/K1 • Note that the eigenvalue of (1.18) is ,\ = -Kt/(QKo) and 

hence E = -1/,\. Also note that, E is the length over which the difference between 

Gt and GR fall to e-1 times its initial value. Thus, E gives an estimate of the 

lengthscale over which equilibration between blood and surrounding tissue occurs, 

and is called the equilibration length, as indicated in Figure 1.5. 

GR ........................................................ . 

E 

Figure 1.5: Equilibration length 

1.4.3 Heat and gases 

Now, we consider the particular cases of heat and gases. 
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Heat 

The governing equations for heat with no consumption rate are analogous to (1.12) 

and (1.13). In this case Ko = 1, since temperature is continuous at the blood-tissue 

boundary, and the thermal capacities of blood and tissue may be assumed to be 

equal. Thus, the axial variation of temperature is: 

and 

Q Q R 
Eh = -K = 2 D· log(-). 

1 1T' h a 
(1.20) 

Gases 

For gases, the governing equations with no consumption rate are also analogous to 

(1.12) and (1.13). Here we consider two cases, inert gases and oxygen: 

1. Inert gases. We recall the tissue-blood partition coefficient ~g, which connects 

(1.21) 

2. Oxygen. The partial pressure of oxygen in the blood, Pb((), is continuous at 

the blood tissue interface. Since Cb = CIfS(Pb), Ct = a02 Pb then 

Now /(0 depends on Pb. To obtain an estimate of /(0, we use the value Pb = P50 : 

and then 

(1.22) 
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If the P02 is substantially different to Pso , then this may be an overestimate. 

For instance, if both Pb and PR were much larger than Pso , then the slope 

of the oxyhemoglobin saturation curve would be much lower, so K o would be 

lower and the entrance length would be correspondingly reduced (see Figure 

1.6). 

1 
0.9 
0.8 
0.7 
0.6 

S(P) 0.5 
0.4 
0.3 
0.2 
0.1 

2026 40 60 80 100 120 
P (mmHg) 

Figure 1.6: Slope of saturation curve at P02 = 26 mmH 9 

1.5 Equilibration length estimates for a single 
vessel 

We can summarize the equations (1.20), (1.21) and (1.22) for the equilibration 

lengths in Table 1.2. 

1.5.1 Parameters 

In order to compare the equilibration lengths in Table 1.2, it is necessary to supply 

the relevant properties for heat and gases. For heat, Dh = 64 X 103 ergs/{cm 0 K sec), 



33 

Heat He, ArXe 

E.L. R.log(B)(_l ) 
211" a Di. R.lo (R)( 1 ) 

211" g -; Dg>.g 

Table 1.2: Equilibration length for a single vessel 

c = 3.9 X 107 ergs/(g 0 K), p = 1.07 g/cm3, and so Dh = 1.53 x 10-3 cm2/sec. Note 

the 10g(R/ a) is insensitive to changes in the ratio R/a because the logarithm function 

varies slowly. We assign the value of 10 for this ratio. This corresponds to the case 

in which the spacing between adjacent vessels of a given size is approximately 10 

times their diameter, which is typically the correct order of magnitude. Then 

where Q is measured in cm3 / sec. 

For oxygen, f3 = 2.55, 0'02 = 3 X 10-5 cm302/(cm3mmHg), P50 = 26 mmHg, 

C3 = 0.1 cm302/cm3blood, and the remaining parameters are: 

O2 He Ar Xe 
Dg 1.5 X 10-5 5 X 10-5 1 X 10-5 4 X 10-6 

>.g 1.0 1.0 0.7 

where Dg has units of (cm2/sec) and >.g is nondimensional. 

From these data we obtain the corresponding equilibration length estimates 

which we summarize in Table 1.3, as well as the corresponding ratios for each gas 

with the heat equilibration length. 

Table 1.3 suggests that for a given diameter and flow rate, equilibration of tem

perature is extremely rapid compared to equilibrium of partial pressure of gases and 

that oxygen has the slowest equilibration. 
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Heat O2 He Ar Xe 
E.L (em) 2.4 x 102 Q 2.0 X 106 Q 7.3 X 103 Q 3.7 X 104 Q 1.3 X 105 Q 

Eg/Eh 1.0 8333 30.4 154.2 541.7 

Table 1.3: Equilibration length estimates for a single vessel 

1.5.2 Sites of equilibration in the circulation 

To put equilibration length in terms of diameters, we can use empirical relations 

found throughout the circulation that Q is roughly proportional to a3
, and the 

length of the vessel Lb is roughly proportional to the radius of the vessel, a. Let us 

say Q = Alr~ and Lb = A2rv ' Then the estimates E / Lb are given in the Table 1.4, 

where A = A1/A 2 • 

Heat O2 He Ar Xe 

E/Lb A 240a2 A 2.0 x 106 a 2 A 7300a2 A3.7x104a2 ALI X 105 a 2 

Table 1.4: Ratios of equilibration length to vessel length 

For each case, we may calculate a vessel radius for which E / Lb = 1, i.e., for 

which the equilibration length is equal to the length of the vessel. The value of 

this radius gives an indication of the site in the circulation at which equilibration 

(temperature or partial pressure) is achieved. It is necessary first to estimate the 

constant A from data obtained in the microcirculation. We consider Table 1.5 from 

[3]. 

From these data, we use a least squares fit with the data transformed by the log

arithm. We obtain estimates for AI, A2 and A as 564.48 sec-I, 59.91 and 9.42 sec-1 

respectively. Then, for each case, we get the radius from Table 1.4, as shown in 

Table 1.6. 

The radius r02 = 2.3 p.m in Table 1.6 indicates that the concentration of oxygen 



Site 
Descending aorta 
Abdominal aorta 
Femoral artery 
Arteriole 
Capillary 
Venule 
Inf. Vena Cava 

Peak Velocity 
(em/sec) 

105 
55 
100 
0.75 
0.07 
0.35 
25 

Length 
(em) 
20 
15 
10 

0.15 
0.06 
0.15 
30 

Radius 
(em) 
0.65 
0.45 
0.20 

0.0025 
0.0003 
0.002 
0.5 

Table 1.5: Normal values for canine cardiovascular parameters 

Heat O2 He Ar Xe 
Radius (pm) 210 2.3 38.1 16.9 9.8 

Table 1.6: Equilibration radius 
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in blood never fully equilibrates with the concentration of oxygen of the surrounding 

tissue, since even the smallest vessels (capillaries) have a typical radius of 3 pm 

(see Table 1.5). In contrast rh = 210 pm, showing that the temperature in the 

bloodstream equilibrates with the surrounding tissue for arterioles, capillaries and 

venules. The inert gases represent intermediate cases, in which equilibration takes 

place in the precapillary vessels of the microcirculation. 

The reasons for these differences are clear from the preceding discussion. The 

diffusivity of heat D'h is about two orders of magnitude larger than the diffusivities of 

oxygen and inert gases in tissue, leading to much more rapid equilibration, and thus 

to equilibration of temperature in relatively large vessels. Although the diffusivity 

of oxygen is of the same magnitude of those of inert gases, blood has a much higher 

oxygen carrying capacity than it does for other gases, and so equilibration of oxygen 

is relatively slow, and not achieved even in the capillaries. 

These findings provide a framework for considering theoretical models for heat 
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and mass transport in tissues. They provide an indication of the length scales that 

such models should be concerned with. In the case of oxygen, it is necessary to 

consider the scale of capillaries, as has been done since the early work of Krogh 

[9]. For inert gases, larger microvessels must be included [17]. For heat, the small 

arteries are the primary site of heat exchange, and the microcirculation is essentially 

at equal temperature to the surrounding tissue [5]. 

A number of models have been developed in which some vessels are explicitly 

included and smaller vessels are represented using a continuum approach. The bio

heat equation [12] implicitly uses this approach, and more recent models of bioheat 

transfer [16] explicitly model the smaller vessels as a continuum. Popel and Gross 

[13] and Sharan and Popel [14] use an analogous approach in modeling oxygen ex-

change by arterioles and venules. The above analysis confirms that the microvessels 

are indeed near thermal equilibrium with the surrounding tissue. It suggests that 

continuum approaches may be useful in considering the transport of inert gases in 

the microcirculation. However, the above analysis shows that caution is required 

when using continuum models to analyze oxygen transport in the microcirculation. 

In the next section, we consider a system involving two parallel vessels with 

countercurrent flow in an infinite domain. This forms a preliminary step towards 

the analyses presented in the remainder of this dissertation. 

1.6 Diffusion between paired blood vessels and 
tissue 

Throughout much of the circulation, arteries and arterioles are situated adjacent to 

corresponding veins and venules, which flow in the opposite direction. This paired 

arrangement is found in vessels ranging in size from major arteries and veins to 

small branches of the arteriolar and venular trees. However, the capillaries and the 
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smallest arterioles and venules do not typically exhibit pairing. The transition from 

paired to non-paired arrangements typically occurs at vessel diameters of about 

20 pm (see [10] and [18] p.24). 

Such a geometric arrangement permits diffusive exchange of heat and gases be

tween paired vessels. This is known as countercurrent exchange or diffusive shunting 

(Figure 1.7). 

Figure 1. 7: Countercurrent exchange 

In the case of oxygen, the physiological significance of countercurrent exchange 

has not been convincingly established. Harris [6] suggested that countercurrent 

exchange may explain the observation that the partial pressure of oxygen in tissue 

is often less than that of venous blood. Inert gases (Ar, X e or He) are not important 

in normal 'physiological function, but their flux through human skin has been used 

to measure blood flow rates. Countercurrent exchange may be an important factor 

in the interpretation of such measurements [17]. 

In contrast to gases, there has been considerable attention paid to the heat 

exchange between arteries and veins in counterflow, located close enough to have 

significant heat exchange between them. This is specially summarized by Charny in 

[4]. Most papers on this subject have considered the case of vessels situated in an 

infinite domain with no heat generation [2, 5, 14, 16]. These solutions make use of 
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an exact solution of Laplace's equation in the two-dimension region exterior to two 

circles. This solution is presented here in detail, as it forms the basis for the next 

chapters. 

Consider a pair of parallel vessels of length Lb surrounded by an infinite homo

geneous region of tissue as illustrated in Figure 1.8. 

y 

x 

Figure 1.8: Two vessels without far field boundary 

1.6.1 Generic model 

As before, the concentration of gas or heat energy satisfies 

with boundary conditions 

G(x, y) l'Ya 

(1.23) 

(1.24) 

(1.25) 
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where la and Iv are the boundaries for the arterial vessel and venous vessel respec-

tively. 

This problem is well known in potential theory, and has an exact solution that 

may be obtained as follows. Consider two point sources of equal and opposite 

intensity ±Qo located on the x axis and symmetrically with respect to the y axis 

with distance ±a from the origin as illustrated in Figure 1.9. The free space solution 

of the Laplace equation (1.23) with the given sources is: 

where 

Qo rl 
G(x, y) = -2 log - + Ql, 

7T' r2 

rl - [(x + a)2 + y2j1/2, 

r2 [(x - a)2 + y2j1/2. 

Figure 1.9: Two point sources in a plane 

x 
-I 

On the equipotential curves of (1.26), log(rI/r2) is a constant, U, so: 

(x+a)2+y2 2u 
= e , 

(x - a)2 + y2 

(1.26) 
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It follows that the equipotentials are a family of circles: 

(x - a coth u? + y2 = (a cschu? (1.27) 

These are known as Appollonius' circles. If this family includes the boundaries of 

the two vessels, the boundary conditions are easily satisfied, giving a solution to the 

problem. 

Suppose the radii of the vessels to be ra and rv and the distance between the 

centers Ie = ra + rv + h, where h is the distance between the vessels. We locate 

the centers on the x axis, at (-da, 0) and (dv,O), where da + dv = Ie. It is easily 

shown that the vessel boundaries are equipotentials if da , dv and a are given by the 

following expressi0Hs: 
12 + 2 2 d - e ra - rv 

a - 21e ' (1.28) 

12 + 2 2 d - I _ d _ e rv - ra 
v - e a - 2/e ' (1.29) 

a = J d2 - r2 = J d2 - r2 a a v v· (1.30) 

Applying the boundary conditions (1.24) and (1.25), we obtain 

Qo = 271" Gv(O - Ga(O , 
L 

(1.31 ) 

and 

Ql = Ga(OUl - GV (Ou2, 
L 

where 

L - Ul - U2, (1.32) 

Ul 
11 dv + a 
'2 og dv - a' (1.33) 

1 da - a 
(1.34) U2 - '2 log d ' a+a 

and u takes the values Ul and U2 on the two vessel boundaries. 
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Conformal map 

The solution (1.26) may also be interpreted as the real part of an analytic function 

in the complex plane z = x + iy: 

where 

J(z) = ~: Re(w) + Q1, 

z+a 
w=log--. 

z-a 
(1.35) 

Equation (1.35) defines a conformal mapping from the z-plane to the plane w = 

u + iv, and is consistent with the previous definition of u. Thus the equipotential 

lines are mapped to lines u = constant in the w-plane. The mapping may be 

expressed in several alternative forms: 

z+a z 
(1.36) w - log -- = 2 arccoth-

z-a a 
1 (x+a)2+y2. 2ay 

(1.37) - 2" log 2 + Z arctan 2 2 2 ' (x - a) + y2 a - x - y 
w 

(1.38) z - acoth -
2 

sinh u smv 
(1.39) - a 

cosh u - cos v 
-za 

cosh u - cos v 

When the principal branch of the logarithm is selected, the mapping is one-to-

one between the region exterior to the two vessels and a rectangle in the w-plane, as 

shown in Figure 1.10. Note that a branch cut is made along the real axis between 

the two vessels, and the two sides of the branch cut are mapped to the lines v = ±rr. 

Note also that the singularities at ±a are mapped to ±oo in the w-plane. 

The conformal mapping defined by equation (1.35) provides an alternative ap

proach to the problem (1.23)-(1.25), which will be used for the more complicated 

problems considered in the next chapters. In this approach, the governing equation 

and boundary conditions are mapped from the z-plane to the w-plane, and solved 
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w-plane 

.:-plane t'i 
y C' 

11 

I I 
: J~ a 1 • 
, I 

--hi. ---j.-dw --'I:-

Figure 1.10: Map w = log ;!: 

there. In this case the problem becomes 

G(u,v) IU=U2 - Ga ((), 

G(u,V)IU=Ul Gt/(() , 

while 

aG(u, v) 
av 1t/=±1I'= 0 by symmetry. 

This has a solution G(u, v) = Qou/(27r) + Ql with Qo and Ql as already defined. 

It is a standard property of conformal mappings that fluxes are preserved. The 

efflux per unit length from the arteriole to the tissue is easily computed in the 

w-plane: 

111' aG(u, v) 
qa = -D a IU=U2 dv = -DQo, 

-11' u 
(1.40) 

and similarly q" = DQo. 
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Governing equations for a pair of blood vessels 

The governing equations in the vessels specified in the tissue at the blood-tissue 

boundary are: 

(1.41) 

(1.42) 

Substituting qa, qv and using the expression (1.40) in (1.41) and (1.42) we get a 

y 

Q 

Figure 1.11: Flow in the vessels 

linear system of two ordinary differential equations: 

dGa (() = dGv (() = 27rD (G (I") _ G (1")) de de QLI<o v '> a '> • 

Since L = Ul - U2, the general solution may be written in the form 

Q 

(1.43) 

(1.44) 
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Figure 1.12: Axial variation in the vessels 

where Co and I are constants. An example is graphed in Figure 1.12. 

Far from the vessels, G -+ Co - 1(, which describes a uniform gradient. Since 

Ul > 0 and U2 < 0, the arterial vessel is hotter (more concentrated) than the 

surrounding tissue when I > 0, while the venous vessel is cooler (less concentrated). 

The difference in thermal energy density or concentration between the vessels is a 

constant, proportional to the gradient and to the flow rate: 

This difference results in a net axial convective flux of heat or mass, given by: 

We shall return to this point in Chapter 4. 

It will be noted that no equilibration between the two vessels occurs in this 

model, which is for an infinite domain. For any given boundary conditions on Ga(O) 
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and Gv(Lb), the solution gives a constant value of Ga - Gv. No equilibration length 

can be defined, analogous to that defined earlier for a single vessel in a finite domain. 

In the next two chapters, we consider countercurrent exchange in finite domains, 

and in Chapter 4 we define equilibration length for such cases. 



CHAPTER 2 

CYLINDRICAL TISSUE 
REGIONS 

As was already pointed out, many papers on the subject of countercurrent exchange 

have been based on the solution presented in Chapter 1 for two vessels in an infinite 

domain. In that solution, there is no net exchange between the two vessels and the 

surrounding tissue. 

Consequently, that approach requires modification for cases involving consump

tion or deposition of heat or gases. Also, no equilibration length appears in that 

solution. In this chapter and the next, we consider finite tissue domains, in which 

these restrictions are removed. 

In an analysis of countercurrent exchange of oxygen, Sharan and Popel [14] 

used an equation, introduced by Popel and Gross [13] analogous to the bioheat 

equation including an apparent term related to consumption rate, but making this 

consumption proportional to concentration. Under this special assumption, Sharan 

and Popel [14] obtained solutions in an infinite tissue domain. 

Two previous studies have considered a cylindrical tissue domain with Dirich

let boundary conditions. Baish [1] satisfied the Dirichlet conditions at the outer 

boundary under the approximation that the pair of vessels is replaced by a single 

46 
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vessel with the average temperature of the two vessels. Using this solution, Baish [1] 

introduced the concept of equilibration length in countercurrent exchange in heat 

transfer, and pointed out the importance of the countercurrent exchange in small

scale temperature fluctuations in perfused tissue during local hyperthermia. Zhu et 

al. [20] gave a solution that satisfies the outer Dirichlet boundary condition on a 

cylinder in the mean, but not pointwise. 

The concept of equilibration length for countercurrent flow will be considered 

again in Chapter 4, not only in heat transfer but also for gases. The conclusions 

will be similar to those reached for equilibration of a single vessel in a finite tissue 

region. In the largest vessels, the heat or gas transfer is negligible compared with 

the convective flux. In the smallest vessels, total equilibrium is approached and so 

countercurrent exchange is again slight. Significant countercurrent exchange occurs 

at intermediate diameters. 

It is the aim of this chapter to solve the tissue governing equation for gases and 

heat, including a uniform consumption/deposition rate in the tissue, and surround

ing the vessels with a cylindrical tissue region. This analysis is carried out both 

for Dirichlet boundary conditions, which are satisfied pointwise, and for Neuman 

(zero-flux) conditions in the outer boundary. In all cases, we consider diffusion 

in the plane perpendicular to the vessels, and neglect axial diffusion. From these 

solutions, diffusion conductances are obtained, which relate the diffusive fluxes to 

the boundary conditions. These diffusion conductances may be used to analyze the 

axial variations of blood's heat or gas content as described in Chapter 4. 
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2.1 Statement of the problem 

We consider a paired arteriole and venule, surrounded by a tissue cylinder of radius 

rt. This model is analogous to the Krogh cylinder model already described, but 

with the central vessel replaced by a pair of vessels. For a Krogh-type model, the 

boundary condition at the outside of the tissue cylinder is zero flux, leading to a 

mixed problem. In addition, we consider the case in which thermal energy density or 

concentration is prescribed, giving a Dirichlet problem. The Poisson equation will be 

solved in the tissue region with constant forcing function (or uniform consumption 

rate). This chapter is dedicated to solving the governing equations in the tissue. 

Vessel governing equations are considered in Chapter 4. 

The governing equations in the tissue are: 

Heat Gases 

D'h"\12£(x,y) = Mh Dg"\12C(x,y) = Mg 

with b.c. : with b.c.: 

£(x, y) l'"Ia - £a C(x,y) l'"Ia Ca 
£(x,y) l'"Iv - £v C(x,y) l'"Iv Cu 

£(x, y) 1'"11 £t C(x,y) 1'"11 - Ct 
or or 

8E(x,v) 1 
an '"II - 0, 8G(x,v) 1 

8n '"II - 0, 

where £ is thermal energy density, C is concentration of gas, and a/an is the normal 

directional derivative. 

Considering a bounded region of tissue surrounding the vessels substantially 

complicates the solution, in comparison with the well known case of an unbounded 

region of tissue surrounding the vessels, previously presented. However, we shall 

obtain the general form of the solution. 

It is convenient to convert the tissue governing equations to nondimensional 
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Figure 2.1: The tissue domain and its image under the conformal mapping 

form. Thus, consider a reference concentration C, (thermal energy density £,) and 

let Ie be the separation between the centers of the vessels. The original plane is 

denoted by z = x + iy and the dimensionless plane by Z = z/Ie where X = x/Ie, 

Y = y/le, Ra = ra/le! Rv = rv/le! Da = da/le, Dv = du/le, /:1 = a/Ie, H = h/le (h is 

the internal separation of the vessels), Rt = rtlle, SeX! Y) = £(X, Y)/£, for heat, 

and SeX, Y) = C(X, Y)/C, for gases. Then the scaled boundaries for the arteriole, 

venule and far field tissue respectively may be represented as: 

ra: Z iO - Rae - Da, 

rv : Z - Rve iO + Du! 

rt : Z - R eiO 
t , 

where -'Jr < 0 ~ 'Jr. 

We shall again use the conformal map defined in section 1.6.1 

z+a Z+b. 
w = log -- = log . 

z-a Z-b. 
(2.1) 
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Figure 2.1 shows how the domain is mapped into a rectangle with an almost circular 

excluded region enclosing the origin. Note that the variables w = u + iv are non-

dimensional. The expressions for .6., Da and Dv are as follows: 

D _ 1 + R~ - R~ 
a - 2 ' (2.2) 

D - 1 _ D _ 1 + R~ - R~ 
v- a- 2 ' (2.3) 

and 

(2.4) 

The dimensionless consumption or production rates are: 

Heat Gases 

With the new scaling, Q = - fr V S{X, y). ii dr is the efflux per unit length, where 

Q = q/{£JDh) for heat and Q = q/{CJDg ) for gases. The governing equation is 

(2.5) 

where S is the generic variable representing nondimensionalized thermal energy 

density or concentration of gas. The boundary conditions are: 

S{X, Y)Ir .. 

S{X, Y)lrv 

S(X, Y)II', 

or 

as(X, Y) I an I', - O. 

(2.6) 

(2.7) 

(2.8) 

(2.9) 
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Because 

( M 2 2 
Sp X, Y) = T(X + Y ) 

is a particular solution to the equation (2.5), the problem is transformed into: 

with modified boundary conditions: 

S*(X, Y) Ira - Sa - Sp(X, Y) Ira' 

S*(X, Y) Ir" - Sv - Sp(X, Y) Ir", 

S*(X, Y) Ire - St _ MR~ 
4 ' 

or 

as*(X, Y) I MRt 
an re ---, 

2 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

so that the final solution will be S(X, Y) = Sp(X, Y) + S*(X, Y). Our problem 

reduces to finding S*(X, Y). 

2.2 Construction of the general form of the so
lution 

Our goal is to construct a general solution to the problem (2.10)-(2.14). The solution 

to this problem is symmetric with respect to the X axis in the Z plane, and therefore 

it will be also symmetric with respect to u in the w plane (see the map 1.35). 

We proceed from the simplest problem already seen in section 1.6.1, which corre-

sponds to two vessels situated in an infinite domain, to the desired problem (2.10)

(2.14). We can divide this process into the following subproblems: 



52 

Subproblem 1 

Initially, we ignore the boundary condition on r t and consider the Laplace equation 

in the infinite region exterior to two circles as follows: 

with boundary conditions: 

S;(X, Y)lra 9a(X, Y), 

S;(X, Y)lr" - 9v(X, Y). 

We recall the solution obtained in section 1.6.1, which assumed two point sources 

of equal and opposite intensity. The implicit assumption was made that there was no 

source or sink at infinity. However, to solve the problem (2.10)-(2.14) it is necessary 

to relax this assumption. 

Let ka be the intensity of the sink located at Z = -~ and let kv be the intensity 

of the source located at Z = ~. Then the free space solution to the Laplace equation 

in the Z plane has the form: 

1 
F(Z) = 211" Re{ka log(Z +~) - kv log(Z - ~)}. 

Note that we can rewrite this last expression as: 

F(Z) _ Re{ ka ~kv (log(Z +~) + log(Z _ ~)) 

+ ka + kv (log(Z +~) -log(Z _ ~))} 
411" 

_ Re{ilog JZ2 - ~2 + Bw(Z)}, 

where i = (ka - kv )/211". The first term in this expression gives a sink or source at 

infinity of strength ka - kv. 
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Due to the linearity of the Laplace equation, we can add a function J( w( Z)) to 

the F(Z) solution to satisfy the boundary conditions on the vessels. The linear term 

Bw(Z) may be absorbed in J, giving the general solution for this subproblem: 

S;(Z) = Re{T log JZ2 - ~2} + J(w(Z)). (2.15) 

To determine the form of the solution J(w), we transform the tissue region into 

a rectangle in the w plane. Note that the flux to infinity in the Z plane is mapped to 

the origin in the w plane, so we have a sink/source of intensity 21T"T at w = o. This 

may also be seen by noting that J Z2 - ~ 2 = ~cschw /2. Thus the new problem in 

the w plane is: 

with boundary conditions: 

S;(u,v) IU=U2 -

S;(u,v) IU=Ul -

aSi(u, v) 1 
av 11=11" -

aSi~~, v) 111=-11" -

9a(V), 

911 ( v), 

0, 

O. 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

The function f( w) satisfies ,,2 f = 0 in the w plane and also satisfies the homo

geneous boundary conditions (2.19) and (2.20). It may be obtained by separation 

of variables and written in complex form. Thus, Si becomes: 

S;(w) Re{Tlog JZ(w)2 - ~2 + 

00 

+ L[an sinh n(ul - w) + bn sinh n(w - U2)]}, (2.21) 
n=l 

where an and bn (n = 0,1,2, ... ) are unknown constants. 



54 

Subproblem 2 

Now we return to the boundary condition on rt. Consider the Laplace equation: 

in the interior of a circle of radius Rt with boundary condition: 

S;(X, Y) Ir,= gt(X, Y). 

As is well known, this may be solved in polar coordinates by separation of variables. 

The solution is: 

00 

S;(R,O) = Ao + L Rn(An cos nO + Bn sin nO), 
n=l 

with 0 < R ~ R t and -7r ~ 0 < 7r. 

Because of the symmetry of the problem respect to the real X axis, the solution 

is even in O. Using complex notation, the solution is expressed as: 

00 

S;(Z) = Ao + Re{L Anzn}. (2.22) 
n=l 

We shall see that the total flux through the boundary r t corresponding to this 

solution is zero, and therefore this solution does not contribute to a source or sink 

at infinity. Also, this solution has no singularities at Z = ±~, in contrast to all the 

terms in (2.21). 

A solution to the original problem (2.5}-(2.9) is then given by superposition: 

S(w) = Sp(Z(w)) + S;(w) + S;(Z(w)), 

where by substituting for (2.21) and (2.22) and absorbing the coefficient Ao into the 

other constant coefficients, we get: 

M 00 

S(w) = ""'4 1 Z(w) 12 +Re{ilog(Z2(w) - ~2)1/2 + L AnZn(w)} + 
n=l 
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00 

+ :l)an sinhn(ul - w) + bnsinhn(w - U2)]}, (2.23) 
n=1 

where the real constants T, An, an and bn remain to be determined. 

2.2.1 General solution in terms of Z and in terms of w 

The solution (2.23) is not explicitly written purely in terms of functions of Z or of 

w. Since the Fourier coefficients {an, bn}~=o are related to the w plane, the solution 

(2.23) should be written explicitly as a function of w. Similarly, to determine the 

coefficients T and {An}~=l' the solution should be written explicitly in terms of Z. 

Substituting the relation (1.35) between wand Z gives us the solution explicitly in 

terms of w or Z, but does not facilitate calculation of the Fourier coefficients. To 

get manageable expressions from (2.23) we first give some useful relations: 

10g(I + x) 
~ (-I)'.·+1 x i 
~ Ixl<I, 
i=1 ) 

(
_1 )m+l _ 
I-x Ixl< 1, 

and 

where 
Min{i,n} ( ) ( . k ) 
L n n+}--1 

Bni = k 1· . n-
k=O 

Now we write the terms involving Z as functions of w. Recall that 

so 

w 
Z = ~coth2' 

v'Z2 _ ~2 = ~csch w, 
2 

(2.24) 

(2.25) 

(2.26) 

(2.27) 



and 

log(Z2 - ~.2)1/2 = log~ + logcsch w = log2~ _log(ew/ 2 _ e-w / 2). 
2 

Now we write the last term of this expression in two different forms as: 

using (2.24), and 

w 00 eiw 
- i7l" - "2 - L -. if Re( w) < 0, 

i=1 J 

00 -iw 
log(ew

/
2 

- e-w/2
) = ; - L ~ if Re(w) > 0. 

i=1 J 

Summarizing this, we get 

log(Z2 _ ~2)1/2 = . ) 
{ 

log2~ - i7l" + * + E~1 e
i
.
w 

Re(w) < 0, 

log 2~ - !!! +"~ e-~w Re(w) > 0. 
2 L.J)=1 ) 

Additionally, we need to write zn as a function of w. Now 

zn = ~ncothn w = ~n (e
W 

+ l)n 
2 eW 

- 1 ' 

and using the relation (2.26) 

cothn w = (_l)n (1 + eW)n = (_l)n ~ B ·eiw if Re(w) < 0, 
2 (1 - ew)n L...J n) 

i=O 

(1 + -w)n 00 

cothn w
2 

= ( e) = '" Bnie-iw if Re( w) > 0, 1 - c-W n L...J 
i=O 

{ 

(-l)nE~oBnieiw Re(w) <0, 
zn = ~n 

E~o Bnie-iw Re(w) > 0. 
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(2.28) 

(2.29) 

Next we write the terms involving w as functions of z. Note that using (2.24) 

we can write log JZ2 - ~2 as: 

~ 
1 z 1< 1, 
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and using (2.26) we can write was: 

= 1 Z + ~ = ~ (-1 )i+1 + 1 ( ~ )i 
wogz_~~' Z· 

i=t J 
(2.30) 

Consider: 

and analogously 

sinhn(ut- w ) = -~ f)e- nu1 
- (-l)ienul]Bni(~)i. (2.32) 

3=0 

and 

We can now write the solution (2.23) in terms of w or in terms of Z as follows. 

M ~2 coshu + cos v 
S(w) = -4-coshu _ cos v + 

{ 

log2~ - i7r + !f + E~l e~w Re(w) < 0 } 
+ Re{T . } + 

log2~ -!f + E~l e-;W Re(w) > 0 

00 { (_l)k E~o Bkieiw Re(w) < 0 } 
+ Re{ L Ak~ k . } + 

k=l E~o Bkie-3W Re(w) > 0 

+ Re{ao(ut - w) + bo(w - U2) + 
00 

+ L[ak sinh k( Ut - w) + bk sinh k( w - U2)]}, 
k=l 

S(Z) 

(2.33) 
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00 00 .6.. 
+ L[(bkcoshku2 - akcoshkul) L Bkj ( zF + 

k=l j=1 
jodd 

00 .6.. 
+( ak sinh kUl - bk sinh kU2) L B kj ( z Fl}· (2.34) 

j=O 
Jeven 

2.2.2 Evaluation of coefficients 

Equations for the coefficients an and bn are obtained by Fourier analysis of (2.33) 

with respect to v, taking w = U2 + iv for an and w = Ul + iv for bn. For T and An, 

we Fourier analyze (2.34) with respect to () on the boundary r t , where Z = Rtei8 • 

To carry this out, the following integrals are required. 

j 7r coshu + cos v 
I1(u) = h dv = 271"[21 coth u 1-1], 

-7r cos u - cos v 

j 7r coshu + cos v . 
12 (u,n) = h cosnvdv = 471" Icothul (coshu-Ismhult· 

-7r cos u - cos v 

The equations for an for n ~ 0 come from the application of the boundary condition 

(2.6) [S( U2, v) = Sa] to the solution (2.33): 

Similarly, the boundary condition (2.7) [S(ut, v) = Sv] determines the coefficients 

bn for n ~ 0 as: 

(2.38) 
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Finally the boundary condition on the outer boundary is applied. First we consider 

the case (2.8), in which S is prescribed on rt. Application of this condition to (2.34) 

leads to the equations for T and An, n > 1: 

T = [St - M :~ + bOU2 - aOul + f)bk sinh kU2 - ak sinh kUl]]f log Rt, 
k=1 

(2.39) 

n odd, 
(2.40) 

n even. 

Since the equations (2.35)-(2.40) are coupled, the solution (2.23) is a semi analytic 

solution. That is, although we know the general form of the solution, a numerical 

procedure is necessary to compute the Fourier coefficients. Thus, for a particular 

geometry, an iterative scheme can be used to solve (2.35)-(2.40), initializing, for 

example, the coefficients {An} ~=1 and i to some value and then obtaining the 

coefficients {an, bn}~=o. The coefficients {An}~=l and T are then recomputed and 

so on, until a convergence criterion is satisfied. This scheme is applied in subsection 

2.3.1 where the numerical results are presented. 

An additional comment about the Bkn is pertinent here. Some of the coefficients 

Bkn are given in Table 2.1. Note that for k ;::: 1 and n ;::: 1, the recurrence relation 

(2.41) 

applies and may be used to compute Bkn efficiently. 

A similar procedure applies when the Krogh condition (2.9) of zero normal di

rectional derivative at r t is applied. The result is that the equations for {an, bn}~=o 

are the same as the expressions given by (2.35) through (2.38), and the remaining 

coefficients are as follows: 

T = _ MR~ 
2 ' 

(2.42) 
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n 
0 1 2 3 4 5 6 

0 1 0 0 0 0 0 0 
1 1 2 2 2 2 2 2 
2 1 4 8 12 16 20 24 

k 3 1 6 18 38 66 102 146 
4 1 8 32 88 192 360 608 
5 1 10 50 170 450 1002 1970 
6 1 12 72 292 912 2364 5336 

Table 2.1: Some values of Bkn 

n odd, 
(2.43) 

n even. 

2.2.3 Numerical results 

We present the values of the Fourier coefficients for the particular geometry Rt = 2.0, 

Ra + Rv = 3/5 and Ra/ Rv = 2/3 to provide an example of the problem. The 

calculations were made with 20 terms with the one-norm and a tolerance of 10-7• 

Denote by a~ the nth coefficient in the kth iteration. Then the convergence criterion 

was 
n=20 

L 1 a~ - a~-l 1< 10-7
• 

n=O 

The prescribed values at the vessels were Sa = 1, Sv = 0 and M = o. 

Prescribed value on r t (Dirichlet conditions) 

Using St = 1/2 we obtain Y = 0.069589090587710 and the other coefficients are 

given in Table 2.2. The convergence of the series is seen to be very rapid. The 

solution as well as the contour levels are presented in Figure 2.2. 
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Krogh approach 

For an example of the case of zero normal derivative at rt, we let M = 0, so the 

constant T is zero. The remaining coefficients are presented in Table 2.3, and the 

solution appears in Figure 2.3. 
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n an bn An 
0 0.494016519356729 0.003444690979143 
1 0.000760461603763 -0.012842710621265 0.104012197519866 
2 0.000084460623952 -0.000410236615198 0.001009099426331 
3 0.000003148990526 -0.000015530609671 0.000426089485483 
4 0.000000103869341 -0.000000618391231 0.000012790831634 
5 0.000000003295118 -0.000000025209804 0.000003638623772 
6 0.000000000102826 -0.000000001041831 0.000000201158583 
7 0.000000000003184 -0.000000000043448 0.000000042659265 
8 0.000000000000098 -0.000000000001824 0.000000003397436 
9 0.000000000000003 -0.000000000000077 0.000000000603180 
." H.o 0.000000000000000 -0.000000000000003 0.000000000059218 
11 0.000000000000000 0.000000000000000 0.000000000009495 
12 0.000000000000000 0.000000000000000 0.000000000001049 
13 0.000000000000000 0.000000000000000 0.000000000000159 
14 0.000000000000000 0.000000000000000 0.000000000000019 
15 0.000000000000000 0.000000000000000 0.000000000000003 

Table 2.2: Fourier coefficients for Dirichlet boundary conditions with Sa = 1, 
Sf) = 0, St = 1/2 and M = 0 

-1 o 1 2 

Figure 2.2: Solution for Dirichlet boundary conditions with Sa = 1, Sf) = 0 and 
St = 1/2 
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n an bn An 
0 0.434275076202070 0.014125001050364 
1 -0.003835573610148 0.005286786422815 -0.079371708320398 
2 -0.000114163242519 0.000216887282012 0.000212367218227 
3 -0.000003442603656 0.000009013862700 -0.000208989464390 
4 -0.000000104000504 0.000000375258091 0.000004408145831 
5 -0.000000003147129 0.000000015646573 -0.000000546468149 
6 -0.000000000095394 0.000000000653370 0.000000087294826 
7 -0.000000000002896 0.000000000027323 0.000000006706854 
8 -0.000000000000088 0.000000000001144 0.000000001679512 
9 -0.000000000000003 0.000000000000048 0.000000000223190 
10 -0.000000000000000 0.000000000000002 0.000000000031712 
11 -0.000000000000000 0.000000000000000 0.000000000004690 
12 -0.000000000000000 0.000000000000000 0.000000000000591 
13 -0.000000000000000 0.000000000000000 0.000000000000089 
14 -0.000000000000000 0.000000000000000 0.000000000000011 
15 -0.000000000000000 0.000000000000000 0.000000000000002 

Table 2.3: Fourier coefficients for the Krogh approach, with Sa = 1, Sv = 0 and 
M=O 

Figure 2.3: Solution for Krogh-type boundary conditions, with Sa = 1, Sv = 0 and 
M=O 
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2.3 Diffusion Conductances 

The flux Q into the tissue per unit length is given as: 

Q = _1 \1S(X, Y)· iida = - 1 \1S(u,v) . iiida', fa fa, (2.44) 

where a' = w(a) and iii = w(ii). Thus, the fluxes per unit length from the arteriolp., 

the venule and the outer boundary into the tissue are computed from the equations 

(2.23) and (2.44) as: 

Qa - -71"[1 + 2(bo - ao) + M R~], 

Qu - -71"[1 - 2(bo - ao) + M R~], 

Qt - 7I"[M R; + 21]. 

(2.45) 

(2.46) 

(2.4 7) 

Note that Qa + Qu + Qt = M7I"[R~ - R~ - R~], where 7I"[R~ - R~ - R~] is the area 

of tissue. The sum of the fluxes gives the nondimensional net consumption of gas 

(or heat) times the tissue area, as expected from conservation of mass/energy. 

Because the Laplace equation is linear, the solution to the problem can be written 

as a linear combination of the input data Sa, Su, St and the consumption rate M 

as: 

(2.48) 

where sa(u, v), SU(u, v), st(u, v) and SM(u, v) are solutions of the equation (2.5) 

for the following input data: 

Sa 8u St M 
sa(u, v) 1 0 0 0 
SU(u, v) 0 1 0 0 (2.49) 
st(u,v) 0 0 1 0 

SM(-u, v) 0 0 0 1. 

Here we are considering the case in which S is prescribed on the tissue boundary 

r t • The fluxes depend linearly on the solution and we can write them as: 
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where the elements Fij, (i,j) = a, v, t, M are called diffusion conductances and can 

be computed from the equations (2.45), (2.46) and (2.47) giving us: 

[ 

Ta + 2(bg - ag) TU + 2(bo - ao) it + 2(b~ - a~) i M + 2(b~ - a~) + R~ ] 
-1r' i a - 2(bg - ag) TU - 2(bo - ao) it - 2(b~ - a~) TM - 2(b~ - a~) + R; 

-2ia -2Tu -2it -2iM - R~ 

where the superscripts correspond to those introduced in (2.48). The conductance 

Fij, i = a, v, t and j = a, v, t, M corresponds to the nondimensional flux into the 

tissue on the boundary fi whenever a prescribed value of one is imposed on fj,j = 

a, v, t or if j = M the nondimensional consumption rate (deposition of heat) is one. 

In the Krogh-type case, the dependence of the fluxes on the boundary conditions 

is expressed by 

[ Q a ] = [Faa Fau ~aM 1 [ ~: ] , 
Qu Fua Fuu FuM M 

where the elements in the matrix are defined analogously to the Dirichlet case. 

2.3.1 Computation of diffusion conductances 

Since the diffusion conductance matrix F is nondimensional, its values depend only 

on the considered geometry. Instead of giving numerical values, we present a set 

of graphs of the most relevant diffusion conductances. For many of them, we can 

predict the qualitative behavior with variation of a selected parameter. For instance, 

Fau should increase in magnitude as the vessels become close together, keeping the 

radius R t fixed (we recall that all the lengths are made nondimensional with respect 

to the distance Ie between the centers of the vessels). The Figure 2.4 shows this 

behavior for a fixed value of Rt = 5 and for several ratios Ra/ Ru = 1/3,1/2,2/3,1. 



66 

We can see in this figure that Fav does not vary much with respect to the ratios 

Dirichlet 
0 

-1 

-2 

Fav -3 

-4 

-5 

-6 
0 0.2 0.4 0.6 0.8 1 

Ra+Rv 

Figure 2.4: Diffusion conductance Fav for Dirichlet boundary conditions, R t = 5, 
and several values of Raj Rv, as a function of Ra + Rv. Note that the dimensionless 
distance between the vessels is 1 - (Ra + Rv). 

The diffusion conductance Fav measures the countercurrent exchange of heat or 

gases, because it measures the flux from the arterial vessel due to a prescribed value 

of one on the boundary of the venular vessel (and vice versa). For completeness we 

include also the graphs for Faa and Fvv in Figures 2.5 and 2.6. The previous be

havior for Fav is also observed when the Krogh approach (zero outer flux condition) 

is used and this is illustrated in Figure 2.7. 
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Dirichlet 
8 

7 

6 

5 

Faa 4 

3 

2 

1 

0 
0 0.2 0.4 0.6 0.8 1 

Ra+Rv 

Figure 2.5: Diffusion conductance Faa for Dirichlet boundary conditions, Rt = 5, 
and several values of Ra/ Rv, as a function of Ra + Rv. 

Dirichlet 
8 

7 

6 

5 
Fvv 

4 

3 

2 

1 
0 0.2 0.4 0.6 0.8 1 

Ra+Rv 

Figure 2.6: Diffusion conductance Fvv for Dirichlet boundary conditions, Rt = 5, 
and several values of Ra/ Rv, as a function of Ra + Rv. 
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Krogh 
0 

-1 

-2 

Fav 
-3 

-4 

-5 

-6 

0 0.2 0.4 0.6 0.8 1 
Ra+Rv 

Figure 2.7: Diffusion conductance Fav for Krogh-type boundary conditions, Rt = 5 
and several values Ra/ Rv, as a function of Ra + Rv 
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If Fat or Fut are plotted versus Rt, we get an asymptotic approach to zero as 

Rt grows. This is illustrated in Figure 2.8 for Ra/ Rv = 2/3 and Ra + Rv = 3/5. 

The coefficients FaM' FuM and FtM are illustrated in Figure 2.9 for Ra/ Rv = 2/3 

Dirichlet 
0 

-2 

-4 
Fat 

-6 Fut 

-8 

-10 

0 1 2 3 4 5 

Figure 2.8: Diffusion conductances Fat, Fut for Dirichlet boundary conditions, 
Ra = 0.24 and Rv = 0.36, so that Ra/ Rv = 2/3 and Ra + Rv = 3/5 

and Ra + Ru = 3/5. The values are positive because the condition of consumption 

M = 1 demands heat or gas from the vessels as well as from the outer boundary 

and FaM' FuM and FtM are effluxes from the arteriole, venule and outer boundary 

into the tissue respectively. As long as Rt grows, the total consumption grows and 

consequently FaM' FuM and FtM increase. The same behavior is observed for the 

Krogh-type approach in Figure 2.10. 
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Dirichlet 

50 

40 
FaM 

FuM 30 
FtM 

20 

10 

0 
FaM 

0 1 2 3 4 5 
Rt 

Figure 2.9: Diffusion conductances FaM,FvM , and FtM for Dirichlet boundary con
ditions, Ra = 0.24 and Rv = 0.36 

Krogh 

45 
40 
35 
30 

FaM 25 
FuM 20 

15 
10 
5 
0 

0 1 2 3 4 5 
Rt 

Figure 2.10: Diffusion conductances FaM and FuM for Krogh-type boundary con
ditions, Ra = 0.24 and Rv = 0.36 
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We include additional figures for the case of equal vessels and one vessel diameter 

of internal separation. Figures 2.11 and 2.12 are for the Dirichlet case and Figure 

2.13 for the Krogh-type case. These graphs will be used in Chapter 4 to provide nu-

merical examples for equilibration length and convective enhancement of transport. 

Dirichlet 
10 

8 

6 

4 

2 

0 
0 1 2 3 4 5 

Rt 

Figure 2.11: Diffusion conductance Faa and FaM for Dirichlet boundary conditions, 
Ra/Rv = 1 (equal vessels), Ra + Rv = 1/2 (one vessel diameter separation). 
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Dirichlet 
0 

-2 

-4 

-6 

-8 

-10 
0 1 2 3 4 5 

Rt 

Figure 2.12: Diffusion conductance Fav and Fat for Dirichlet boundary conditions, 
Ra/Rv = 1 (equal vessels), Ra + Rv = 1/2 (one vessel diameter separation). 

Krogh 
0 

-0.5 

-1 

Fav 
-1.5 

-2 

-2.5 
0 1 2 3 4 5 

Rt 

Figure 2.13: Diffusion conductance Fav for Krogh-type boundary conditions, 
Ra/R-v = 1 (equal vessels), Ra + Rv = 1/2 (one vessel diameter separation). 
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To give an independent check of the results, Fav was computed numerically with 

the finite element method [7]. The tissue region was mapped by (1.35) into the 

w plane and half (by symmetry) of this new region was subdivided into 160 linear 

triangular elements. Since the image of the outer boundary under the map w (1.35) 

is a curved boundary, more elements were considered there. Figures 2.14 and 2.15 

show close agreement between the results of our semianalytical procedure and the 

finite element method. 

Dirichlet 
0 

-0.5 

-1 

Fav -1.5 

-2 

-2.5 

0 1 2 3 4 5 
Rt 

Figure 2.14: Diffusion conductance Fav for Dirichlet boundary conditions, Ra = 
0.24 and Rv = 0.36 

To provide another basis of comparison, results of our approach are compared 

in Figures 2.14 and 2.15 with the results obtained using the method of Zhu et al. 

[20]. The latter method gives a solution that satisfies the boundary condition on f t 

in the mean, but not pointwise. It gives a good approximation for large values of 

Rt, but becomes increasingly inaccurate as Rt decreases, corresponding to smaller 

distances between the vessels and the outer boundary. 
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Dirichlet 
0 

-1 

-2 
-3 

/" 
Numerical 

-4 
Fut -5 

-6 
-7 Zhu 
-8 
-9 

0 1 2 3 4 5 

Figure 2.15: Diffusion conductance Fut for Dirichlet boundary conditions, Ra = 
0.24 and Ru = 0.36 
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2.3.2 Symmetry 

We digress in this section to note the symmetry of the submatrix Pij, where i,j = 

a, v or t. First, we consider the Dirichlet case and the proof that Fatl = Ftla . In 

the following presentation, we omit the argument of the functions for brevity. We 

recall the pevious convention to compute fluxes on the boundaries ra, r tl and r t 

considering normal vectors entering the tissue. In this section, however due to the 

application of the divergence theorem, the normal vectors are considered as leaving 

the tissue. Also, we recall that sa and Stl satisfy 

\72Sa = 0 \72StI = 0 
sa Ira= 1, sa Ir.,= 0, sa Ir,= 0, Stl Ira= 0, Stl Ir.,= 1, Stl Ir,= O. 

Now 

and so, 

\7. (sa\7StI ) _ \7Sa. \7StI + sa\7. \7StI = \7Sa . \7StI , 

\7. (StI\7Sa) _ \7StI. \7Sa + StI\7. \7Sa = \7StI. \7sa, 

Now consider the integral 

(2.50) 

where A is the tissue region. To apply the divergence theorem to the region A, we 

subdivide it into an upper subregion Au located at the intersection of the upper half 

plane with the region A and a lower subregion Al given by the intersection of the 

lower half plane with A as illustrated in Figure 2.16. 

Thus I becomes: 

I = f \7. (sa\7 Stl - StI\7 sa) dX dY + f \7. (sa\7 Stl - StI\7 sa) dX dY 
lAu lAI 
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Figure 2.16: Tissue subareas Au and A, 

_ 1 (sa\1 SV - SV\1 sa) . na df' a + 1 (sa\1 SV - SV\1 sa) . nv dr v + 
~~ ~~ 

+ 1 (sa\1sv-sv\1sa).nt df't. (2.51) h, 

From the boundary conditions, 

and then 

which is what we wanted to prove. Analogous reasoning shows that Fat = Fta and 

From the above expressions for [Fi,i], we deduce that Faa + Fav + Fat = Fva + 

Fvv + Fvt = o. This represents the fact that the fluxes Qa and Qv vanish when 

Sa = Sv = St and M = o. 
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Note that for the Krogh-case in which the outer boundary condition \1S·ii Ir,= 0 

replaces the prescribed value, the term (2.51) vanishes and therefore symmetry is also 

preserved for this case. Also for the Krogh case we can see that Faa = Fvv = - Fav. 

This is based on the fact that for the Krogh case So + sv = 1, which we now show. 

Define f = So + sv - 1 and note that f is harmonic and satisfies f Ira = f Ir" = 0 

and \1 f . ii Ir,= o. Then \1 . (1\1 J) =11 \1 f 112 and by the divergence theorem: 

which implies that \1 f = 0 on A and therefore f should be a constant on A. Since 

f Ira= f Ir,,= 0, f = So + sv - 1 = 0 on A. 

Now to prove that Faa = -Fav, use the fact that sa + sv = 1, and then 

Then by divergence theorem applied on the tissue region, we have that 

0=- 1 \1(sa + SV) . iidra = -Faa - Fav =? Faa = -Fav. 
Ira 

Now using the same argument as above with \1 . SV\1(sa + SV) implies that Fvv = 

-Fva, so this concludes the proof. 

2.4 Conclusions 

We have presented a semianalytic solution to the diffusion equation in a disk-shaped 

domain with two smaller disks excluded. This represents the geometry of a pair of 

blood vessels contained in a larger tissue cylinder. From this solution, we have 

computed the diffusion conductances, which describe the dependence of the fluxes 

across the boundaries on the boundary conditions and on the rate of consumption 

of gas or production of heat. These conductances can be used to compute the axial 
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variation of heat or gas content in vessels in countercurrent exchange (see Chapter 

4). It should be noted that the diffusion conductances have been computed under 

the assumption of zero intravascular resistance in the blood vessels. This may be an 

overestimation when the pair blood-vessels are close enough. Comparisons, in the 

case of heat, between the diffusion conductances and the equivalent conduction cou

pling parameters with no resistance (Nusselt number equal infinity) in the existing 

literature (see [1, 4, 5, 16, 20]) can be made. 

The diffusion equation can also be solved directly by finite element techniques. 

However, the semianalytic approach has several advantages. Once the approach is 

formulated, the amount of numerical computation is very small. The Fourier series 

converge rapidly, so only a few terms are needed. Thus, solutions may be obtained 

readily for a wide range of parameter values. Also, the diffusion conductances 

are given directly as the leading terms (see equations 2.45, 2.46, and 2.47) in the 

expansions, and so it is not necessary to integrate fluxes around the boundaries. 



CHAPTER 3 

RECTANGULAR TISSUE 
REGIONS 

Since blood vessels are approximately cylindrical, it is natural to approximate them 

by uniform parallel cylinders. However, the most appropiate shape of the outer 

boundary of the tissue region is less clear. In the previous chapter, a cylindrical 

boundary was chosen. This is the simplest choice that provides a finite tissue region, 

and follows the precedent of the Krogh model. The same choice was made by 

Baish [1] and Zhu et al. [20]. However, this approach has the limitation that 

cylinders cannot be packed together to form a space-filling array, and thus it can only 

approximate a continuous array of vessels, as was indicated in figure 1.3. Moreover, 

this arrangement implies that all neighboring vessels (or vessel pairs) are equidistant 

from a given vessel (or pair). 

An alternative assumption is that the tissue region is rectangular. If Krogh

type (zero flux) boundary conditions are imposed, this case is exactly equivalent 

to that of a regular infinite array of vessel pairs arranged in a rectilinear grid, as 

shown in Figure 3.2. Also, this condition is the two-dimensional analog to the 

three-dimensional simulations developed by Hsu and Secomb [8]. This facilitates 

comparisons between two- and three-dimensional calculations. 
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The general approach described in this chapter for a rectangular tissue region 

could be applied also to other geometries. As in Chapter 2, we shall show that the 

semi analytic approach can yield a rapidly decaying sequence of Fourier coefficients, 

and so solutions can be obtained with a small amount of computation, once the 

form of the solution is established. Also, the diffusion conductances are immediate

ly available without further computations, since they depend only on the leading 

coefficients in the Fourier series. 

3.1 General approach 

We consider the nondimensional problem (2.5 - 2.9) already stated in Chapter 2, in 

which r t now corresponds to some outer boundary surrounding the vessel, symmetric 

with respect to the X axis. We recall that the problem (2.5 - 2.9) is reduced to (2.10 

- 2.14) because of the particular solution Sp(X, Y) = M(X2 + y 2)/4. 

Consider the Z plane (Z = X + iY), the plane where the problem is given, and 

let B = {r a, r v, rtl be the set of boundaries, each of which is a closed curve. Due 

to the linearity of the problem (2.10 - 2.14), the set B can be partitioned, and then 

the superposition principle be applied. The form in which the set B is partitioned is 

dependent on the knowledge of general solutions of the Laplace equation in regions 

bounded by the boundaries in each class of the partition. The procedure is as 

follows: 

a.- The set B of boundaries is partitioned. Let P be a particular partition, that is, 

B = UoEP n. To refer to each n in P, we enumerate the classes n as {n"}~=l. 

b.- Find a general solution of the Laplace equation for each set of boundaries 

n", v = 1, ... , k. Generally, in this step, it is necessary to use a conformal 

transformation w" for each geometry given by n" to get a more suitable geom-
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etry n~, on which the method of separation of variables is applicable. Thus, 

we will have k distinct planes {w il }~=1 = {( U II , VII )}~=1' 

c.- Let {S;( W II )}~=1 be the general solutions for each plane. The superposition 

principle allows us to build up a general form for the original problem by 

adding the solutions S;(wlI ). In this part, functional dependence between the 

terms of the different solutions S=(wlI ) sometimes appears and it is necessary 

to remove this redundancy. 

d.- Once the general solution has been constructed in the previous step, we can 

identify the basis functions. Every basis function should be expanded in Fouri

er series on each boundary ra, rv and r t (or on the corresponding transformed 

boundary). If each basis function allows at least a continuous periodic exten

sion on each boundary (or transformed boundary) we know that its Fourier 

coefficients will decay at least as 1/n2• If the periodic extension is not con

tinuous, the Fourier coefficients will decay like lin. This is undesirable since 

it involves computing many Fourier coefficients to get an appropriate approx

imation to the solution. However, if the imposed boundary conditions are 

continuous along each boundary, the basis functions can be modified to get at 

least a continuous periodic extension of each of them, while still satisfying the 

Laplace equation. 

e.- By imposing the boundary conditions given in the problem (2.5 - 2.9), we can 

obtain one equation for each Fourier coefficient and solve the corresponding 

linear system of equations. Since the number of the coefficients is infinite, 

the rate of decay of Fourier coefficients of the basis functions should be esti

mated on each boundary to choose how many coefficients should be retained, 

according to some tolerance. 
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3.2 Krogh case on a rectangle 

The Dirichlet case with outer rectangular boundary shown in Figure 3.1 has been 

Y r 

1 
V 

•• 
----H----

Figure 3.1: Rectangular domain 

included in Appendix A. The Krogh case (zero flux on the outer boundary) for the 

same geometry is presented in this section not only as an example of the general 

approach, but also because it represents an infinite array of countercurrent pairs, as 

mentioned above. 

Step a 

We partition B as: 

" because we know already from Chapter 2 the solution for the domain given by the 

class 0 1 and because we can solve for the domain given by the class O2 by separation 

of variables. 
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00 00 

00 00 

Figure 3.2: Infinite array of countercurrent pairs 

Step b 

We recall the solution (2.21) for the class OJ, 

S;(W) 
00 

+ :~::)an sinh n(ul - w) + bn sinh n(w - U2)]}, (3.1) 
n=I 

where the conformal transformation WI = w corresponds to the map (2.1). 

For the class O2 the method of separat.ion of variables is applied on the original 

domain given by the class O2 , meaning that the applied conformal transformation 

is the identity. Thus the solution for this problem written in complex form is: 
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Step c 

Adding solutions (3.1) and (3.2) we have a candidate for the general solution. We 

can absorb the constant aOUI - boU2 into the constant Ao and rewrite the term 

(bo - ao)w as ).w. With these modifications and the particular solution we get: 

M 
S(w) - "4 1 Z(w) 12 +Re{ilog .jZ(w)2 - ~2 +).w + 

00 

+ :L)an sinh n(ul - w) + bn sinh n(w - U2)]} + 
n=1 

+ Re{Ao + BoZ(w) + CoZ2(w) + 

f: k7r k7r 
+ [Ak cosh V(hl - Z(w)) + Bk cosh y-(Z(w) - h2) + 

k=1 

k7r 
(3.3) + Ck cos H (Z(w) - h2)]}' 

Step d 

The analytic calculation of the Fourier coefficients for each basis function can be 

very difficult, making numerical evaluation necessary. 

For the WI plane, which is the w plane, every basis function can be expanded ana

lytically in Fourier series. For instance the Fourier representation for log( Z2 - ~ 2)1/2 

is given in (2.28) and for Z and Z2 in (2.29). For the basis functions cosh k7r(h l -

Z(w))/V, coshk7r(Z(w) - h2 )/V, and cosk7r(Z(w) - h2 )/H, the expansion is ob-

tained using Taylor series and the relation (2.29). 

For the W2 plane, which is the Z plane, the analytic computation of the Fouri-

er coefficients for the basis functions generally involves the evaluation of special 

functions like Sinlntegral or Coslntegral or a long expansion in partial fraction

s, so numerical evaluation is more convenient. Thus, the majority of the Fourier 

coefficients for the basis functions in the Z plane were computed numerically. 
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Step e 

At this point, we can write the equations for the Fourier coefficients of the solution 

imposing the boundary conditions. By evaluating at w = u2+iv (i.e. in the arteriole 

in the Z plane), multiplying by cos nv and integrating over v in the interval [-7r, 7r] 

for n = 0, ... ,00, we get the first set of equations. For n = 0: 

M tl.2 U2 2 
Sa - --4-(2 coth U2 + 1) + T(log(2tl.) + 2") + AU2 + Ao - Botl. + Cotl. + 

~ k7r k7r k7r 
+ L.)Ak cosh -y(hl + tl.) + Bk cosh -y(h2 + tl.) + Ck cos H (h2 + tl.)],(3.4) 

k=l 

and for n ;::: 1: 

o enU2 T 
an + . h L {-Mtl.2cothu2 + - - 2tl.Bo + tl.2B2nCo + 

SIn n n ' 
00 k7rh l k7rh2 00 (k~8?1 

+ tt[(AkcoshV-+Bkcoshv-)~ (21)! B21,n+ 

k7rh k7rh 00 (k1r8)21+1 
+ (Ak sinh T + Bk sinh -V) 2: (2~ + 1 )! B21+1,n + 

1=0 

k7rh2 00 1 (k;l?1 
+ Ck(cos H ~(-1) (21)! B21,n 

k7r h 00 (k1r8 )21+1 
sin H 2 ~(-1)1 (27+ I)! B21+1,n)]}. (3.5) 

Similarly, by evaluating at w = Ul + iv, multiplying by cos nv and integrating over 

v from -7r to 7r we get for n = 0: 

Mtl.2 Ul 2 
Sv - -4-(2coth Ul - 1) + T(log(26.) - 2") + AUl + Ao + Botl. + Cotl. + 

~ k7r k7r 
+ L.)Ak cosh V-(h 1 - tl.) + Bk cosh V-(h 2 - tl.) 

k=l 

k7r 
+ Ck cos H (h2 - tl.)], (3.6) 

and for n ;::: 1: 

e-nUl T 
o = bn + . h L {M tl.2 coth Ul + - + 2tl.Bo + tl.2 B2 nCO + 

SIn n n ' 
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00 k1r hI k1r h2 00 ( k~~ )21 
+ ~[(AkCOShV-+BkCoshV-)~ (21)! B2/,n-

k1r h k7r h 00 (k1r~ )21+1 

- (Aksinh V.!. + Bk sinh T) ~ (2~ + I)! B2/+1,n + 

k7r h2 00 1 ( k'lI~ )21 
+ Ck(cos If ~(-1) (21)! B2/,n 

k1rh 00 (k1r~ )2/+1 

+ sin H 2 ~(_1)1 (27+ I)! B2/+I ,n)]}' (3.7) 

To impose the zero flux boundary conditions we need to compute the derivatives 

of (3.3) respect to X and Y. To do that we use the fact that if S(Z) = Re{G(Z)} 

then 8S(Z)j8X = Re{dG(Z)jdZ} and 8S(Z)j8Y = Re{idG(Z)jdZ}. Thus we 

have: 

8S(Z) 
8X 

and 

8S(Z) 
8Y 
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By evaluating (3.8) at Z = h2 + iV, multiplying by cos(mrY/V) and integrating 

from - V to V we obtain for n = 0: 

M~ T V o - 2V(-2- + Bo + 2Coh2) + 2("2 - -X) arctan h2 _ ~ + 
T V co 

+ 2("2 + -X) arctan h2 + ~ - ~ L k[(bke-ku~ - ake- ku1 )ItJ:l[h2'~' k, 0] + 
k=1 

+ (bkeku2-akekul)ItJ:l[h2,-~,k,O]], (3.10) 

and for n ~ 1 

co 

~ L k[(bke-ku2 - ake- ku1 )ItJ:l [h2'~' k, n] + 
k=I 

+ (bkeku2 - akeku1 )ItJ:l [h2' -~, k, n)). 

Then doing the same for Z = hI + iY we have for n = 0, 

o 

and for n ~ 1, 

00 

~ L k[(bke-ku2 - ake- ku1 )It/2[hb~' k, n] + 
k=I 

+ (bkeku2 - akeku1 )It/2 [hI! -~, k, n)). 

(3.11) 

(3.13) 

Finally, by evaluating (3.9) at Z = X + iV, multiplying by cos(mr(X - h2 )/ H) and 

integrating from h2 to hI we have for n = 0: 

M T HV 
o = HV("2 - 2Co) + ("2 - -X) arctan V2 + (hI - ~)(h2 _ ~) + 
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T HV 
+ (- + .,\) arctan V2 (h ~)( 1, ~) 

2 + 1 + h~ + 
00 

~ L k[(bke-ku2 - ake- ku1 )h2 [~, k, 0] + 
k=l 

+ (bkeku2 - akeku1 )h2 [-~, k, 0]], (3.14) 

and for n > 1, 

n1r. n1rV T T o - (2S111hH)Cn+V(2-"\)hl[~,n]+V(2+"\)Ihl[-~,n]-
00 

~ L k[(bke-ku2 - ake- ku1 )h2[~' k, n] + 
k=l 

+ (bkeku2 - akeku1 )h2[-~' k, n]], (3.15) 

where 

hI [a, n] 
lhl 1 n1r(X - h2) 

h2 (X - a)2 + V2 cos H dX, (3.16) 

Ih2 [a, k, n] lhl R {i(Z + a)k-l} n1r(X - h2) dX 
h2 e (Z _ a) k+ 1 cos H ' (3.17) 

IVI [h, a, n] -
jV h+a n1rY 
-v (h + a)2 + y2 cos -VdY, (3.18) 

IV2 [h,a,k,n] -
jV (Z + a)k-l n1l"Y 
-v Re{ (Z _ a)k+1} cos -VdY. (3.19) 

Note that if we want to apply an iterative procedure to solve the system of linear 

equations we can choose one equation for each coefficient. For instance we can solve 

equation (3.10) for T, (3.12) for "\, (3.5) for an, n ~ 1, (3.7) for bn, n ~ 1, (3.4) for 

AD, (3.11) for An, n ~ 1, (3.6) for Bo, (3.13) for Bn, n ~ 1, (3.14) for Co and (3.15) 

for Cn , n ~ 1. Also, we shall see that the equation for T can be replaced by 

T = _MVH, 
11" 

(3.20) 

as a consequence of conservation of mass. That is, the fluxes per unit length into 

tissue from the arteriole and venule are: 

(3.21 ) 
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and 

QtI = -1r[T - 2A + MR~], (3.22) 

and their sum should equal the product of the consumption rate with the tissue 

area, since the outer tissue flux is zero. Thus Qa + QtI = -1r[2T + Af(R~ + R~)] = 
M[2V H - 1r(R~ + R~)] and the equation (3.20) is deduced. 

3.2.1 Numerical results 

To give a numerical example, we present the solution, after truncating the infinite 

series in (3.3) to three terms, for the geometry Ra/ Rv = 2/3, Ra + Rv = 3/5, and 

the square of side 3.0 defined by hI = 1.596, h2 = -1.404 and V = 1.5. These 

results are given in Table 3.1 where T = 0 and A = -0.4076290147. The surface 

and contour levels for the solution are given in the Figure 3.3. 

n an bn An Bn en 
0 0.428634593 -0.067965995 0.001632164 
1 -0.005596969 0.007410997 0.000147595 -0.996876E-4 0.038563502 
2 -0.000166963 0.000289418 0.141461E-7 -0.218591E-8 0.447140E-3 
3 -0.507349E-5 0.112442E-4 0.51224E-11 -0.33199E-11 -0. 115476E-3 

Table 3.1: Fourier coefficients for Krogh boundary conditions with Sa = 1, Stl = 0 
and M = 0 
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Figure 3.3: Solution for Krogh boundary conditions with Sa - 1, SIJ - 0 and 
M=O 



CHAPTER 4 

COUNTERCURRENT 
EXCHANGE 

In this chapter, we combine the equations for convective transport in the vessels 

with the relationships obtained in Chapters 2 and 3 for diffusive transport in tissue. 

The resulting equations are solved to obtain the axial variation of concentration (of 

mass or thermal energy) along the vessels. Two types of problems are considered: 

Dirichlet, in which concentration is prescribed on the tissue boundary; and Krogh

type, in which the zero-flux condition is imposed at the outer boundary of the tissue. 

In Chapters 2 and 3, the relationships between concentrations and fluxes at the tissue 

boundaries were given in terms of diffusion conductances, which were calculated 

for several different geometrical conditions in both the Dirichlet and Krogh-type 

problems. 

In the Dirichlet case, the solutions for axial variation lead to the definition of 

an equilibration length, which can be compared with that given in Chapter 1 for 

the case of a single vessel. In the Krogh-type case, however, no such equilibration 

length can be defined. 

The analyses used in Chapters 2 and 3 consider two-dimensional diffusion, and 

axial diffusion in the tissue is neglected. However, we show that, in the Krogh-type 

91 
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case, our two-dimensional solutions lead directly to exact solutions of the full three-

dimensional diffusion equation, including axial diffusion. In these solutions, the 

total axial flux is composed of a convective flux in the vessels and a diffusive flux in 

tissue. The convective flux may be regarded as an enhancement of the diffusive flux 

that would occur in the absence of vessels, and the total axial flux may be described 

in terms of an effective diffusivity that would result in the same total axial flux. 

4.1 Governing equations 

We reproduce here equations (1.41) and (1.42) derived previously in Chapter 1 in 

the interval 0 < ( :5 Lb as: 

QK dGa 
o d( - -qa, (4.1) 

QJ{, dGu 
o d( - qu, (4.2) 

where Ga and Gu are generic variables (thermal energy density or gas concentration) 

specified in tissue adjacent to the arteriole and venule, qa and qu are effluxes per unit 

length from the arteriole and venule respectively and Q is the volumetric flow rate. 

The parameter /(0, which is assumed constant in this analysis, is defined in section 

1.4.3 as the parameter relating blood concentrations to tissue concentrations at the 

tissue-vessel boundary. Throughout this chapter G variables refer to tissue values. 

We specify the concentration or thermal energy density in the arteriole and venule 

where they enter the domain. Therefore, the boundary conditions are of the form 

Go, (4.3) 

(4.4) 
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In the Dirichlet case, the expression for the fluxes qa and qv is obtained from Chapter 

2 in terms of the diffusion conductances, written in dimensional form as: 

[ 
qa ] = D [Faa Fav Fat FaM] [ g: ], 
qv Fva Fvv Fvt FvM Gt 

Ml;/D 

where D corresponds to thermal diffusivity D'h in the case of heat and to Dg in the 

case of gases, M is the consumption rate i.e., Mh for heat and Mg for gases, and Ie 

is the distance between the centers of the vessels. Thus the system (4.1 )-( 4.2) can 

be written as: 

(4.5) 

where e = QJ(o/D, 

A = [-Faa -Fav 1 ' 
Fva Fvv 

and 

B = [ -Fat] Gt + [ -FaM ] Ml~/D. 
Fvt FvM 

These equations may be written in an alternative form, by noting, from section 2.3.2 

that Faa + Fav + Fat = Fva + Fvv + Fvt = 0, so 

and 

The coefficients Fav' Fat and Fvt are negative, and FaM and FvM are positive. We 

see that the rate of change of convective mass or heat flux in each vessel is the sum 

of contributions from exchange between vessels (Fav), exchange with surrounding 

tissue (Fat, Fvt ) and consumption (FaM' FVM). 

In the Krogh-type case, the governing equations are the same except that the 

terms involving Fat and Fvt are absent. 
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4.2 Krogh-type solutions 

Consider the homogeneous part of the system (4.5) and recall from section 2.3.2 that 

for the Krogh case, Faa = Fvv = - Fav. Hence the matrix A has a zero eigenvalue of 

double multiplicity and therefore the homogeneous solution for (4.5) is of the form: 

where Co, C1 are arbitrary constants to be determined according to the boundary 

conditions (4.3) and (4.4). Particular solutions to (4.5) are quadratic in (, and the 

general solution for (4.5) is: 

Recall from section 2.3.2 that l~(FaM + FvM) equals the product of tissue area and 

unit consumption rate, that is, At. The general solution then reduces to: 

Note that if the consumption/deposition rate M = 0, the solution (4.8) varies 

linearly in (. This shows an analogy to the solutions (1.43-1.44) in Chapter 1. Also, 

if M i= 0, the solution (4.8) varies quadratically in ( with equal coefficients in (2 

for both vessels. This is illustrated in Figure 4.1. 

4.3 Dirichlet-type solutions 

Refer to equation (4.5) and let T be the matrix whose columns are the eigenvectors 

of 8-1 A, that is: 

T=[ 
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Figure 4.1: Vessel solutions for equal vessel radii (ra = rv = 45 pm), one diameter 
between vessels (h = 90 pm), outer radius rt = 450 pm, Fav = 2.2836, FaM = 
9.6211, and heat deposition rate M = -1.535 X 1Q6ergsj(cm3 - sec) 

where the corresponding eigenvalues AI, A2 are: 

Fvv - Faa + J(Faa + Fvv)2 - 4F;v 
28 

Fvv - Faa - J(Faa + Fvv)2 - 4F;v 
28 

Then the system (4.5) has the homogeneous solution: 

where Co, CI are arbitrary constants. 

Note that Faa> -Fav and Fvv > -Fav' which implies that F;v - FaaFvv < O. 

But AIA2 = (F;v - FaaFvv)j82, so AIA2 < 0, and from the expressions for Al and A2 

we get Al - A2 > 0 implying that A2 < 0 < AI. Thus we have one positive and one 

negative eigenvalue. 

From the knowledge of the homogeneous solution we can identify a particular 
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solution: 

Note that FavFvM-FvvFaM < 0 and FavFaM-FaaFvM < 0, so the terms multiplying 

M are negative. Thus, in the case of consumption, M > 0, the particular solution is 

smaller than for deposition, M < 0, as expected. The system (4.5) has the general 

solution: 

(4.9) 

We provide a numerical example for heat with circular outer tissue boundary 

with the following data: pc = 41.73 X 106 ergs/(cm3 °K), equal vessel radii ra = 
rv = 45 J.Lm, outer radius rt = 450 J.Lm, interior vessel separation h = 90 J.Lm (one 

vessel diameter separation), length of the vessels Lb = 2700 J.Lm, and volumetric flow 

rate Q = 0.000514 cm3 /sec. The diffusion conductances are Faa = Fvv = 3.4974, 

Fav = -1.5066, Fat = Fvt = -1.9908, and FaM = FvM = 2.7293. The outer 

tissue boundary is Gt = 37 pcergs/cm3 (corresponding to 37°G), and the initial 

conditions are Ga(O) = 37.25 pc ergs/cm3 and Gv(Lb) = 37.05 pcergs/cm3
• These 

energy densities are stated relative to the energy density at OOG. The solution for 

zero deposition rate is presented in Figure 4.2, where the vertical scale is in °G. 

The solution for a nonzero deposition rate of M = -2.086 X 107 ergs/(cm3 - sec) 

is presented in Figure 4.3. 

4.3.1 Equilibration length for two vessels 

In Chapter 1, the concept of the equilibration length was introduced, for a single 

vessel in a tissue cylinder with Dirichlet boundary conditions. Here, we consider 

the extension of this concept for two vessels. We note first that in the Krogh-type 

case, the axial variation is quadratic, and not exponential (see (4.8)), and so an 
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Figure 4.2: Vessel solutions for equal vessel radii (Ta = Tv = 45 pm), one diameter 
between vessels (It = 90 pm), and outer radius Tt = 450 pm 

equilibration length, analogous to that in the Krogh-type case for a single vessel, 

cannot be defined. In contrast, the Dirichlet-type solution involves exponentials, 

like the single vessel solution (1.19), allowing us to define equilibration lengths. For 

comparison with Chapter 1 results, we consider circular outer tissue boundaries. 

By analogy with the expressions in Chapter 1, we can identify from (4.9) two 

equilibration lengths as El = 1/).1 and E2 = -1/).2. In general, these two lengths 

are different. E1 gives the length over which conditions imposed at ( = Lb decay 

to uniform values and E2 gives the corresponding length for conditions imposed at 

( = o. If Faa = Fvv (equal diameter vessels) then E1 and E2 are both given by: 

E = QKo , 
DJF2 - F2 aa av 

(4.10) 

where the values for Ko were estimated in section 1.4.3. Note that the ratios of 

equilibration lengths for gases to that of heat are identical to those for a single 

vessel, as described in Table 1.3. 
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Figure 4.3: Vessel solutions for equal vessel radii (ra = rv = 45 pm), one diameter 
between vessels (h = 90 pm), outer radius rt = 450 pm, and heat deposition rate 
M = -2.086 X 107 ergs/(em3 - sec) 

Intuitively, we might expect that the equilibration length for two vessels, which 

we will refer as EL2 , should be smaller than that of one vessel, referred to as ELl! 

whenever the radii of all vessels are kept the same. To see this, first consider the 

equilibration length for one vessel given in Chapter 1 as: 

EL = QI<01 (rt) 
1 27r D og a . 

Note that from equation (1.16) the diffusion conductance for one vessel is: 

F* _ _ 27r 
ta - log(rt/a)' 

and thus ELI can be written as: 

EL = _ QI<o 
1 DF*' ta 

where a is the radius for one vessel. Now consider the ratio: 

(4.11) 
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This ratio is plotted in Figure 4.4 for one diameter vessel separation. The ratio 

1 
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0.2 

0 
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Figure 4.4: Ratio EL21 ELI whenever Ra + Rv = 1/2 and Ral Rv = 1 

ELd ELI is less than 1, showing that equilibration is slightly more rapid when a 

single vessel is replaced by a pair of countercurrent vessels with the same diameter. 

4.4 Exact solutions with axial diffusion 

In this section, we show that solutions obtained in tissue considering only two-

dimensional diffusion can provide particular solutions to the three-dimensional Pois-

son equation 

(4.12) 

We recall equation (2.48), which can be written in dimensional form for the Krogh-

type case as 
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where sa, S" and SM are the solutions to the two-dimensional diffusion equation in 

tissue, as defined in Chapter 2. 

If the consumption/deposition rate M = 0, the solution (4.8) varies linearly in 

(, and (4.13) shows that G(x,y,() also varies linearly in (. Therefore G(x,y,() is 

an exact solution to the full diffusion equation (4.12). 

If M =f. 0 the solution (4.8) varies quadratically in (. Note that the coefficients 

of (2 in Ga(() and G,,(() are the same (-MAt Fa,,/(2D02
)). For brevity, let us call 

this coefficient C. Then, equation (4.13) has the form: 

But sa+s" = 1 as shown in section 2.3.2. Applying the three-dimensional Laplacian 

to this last expression we therefore obtain: 

82 82 82 At I Fa" I 
D(8x2 + 8y2 + 8(2)G(X,y,() = 2DC + M = M[l + 0 2 ], 

where the right hand side is a constant. The solution (4.13) satisfies the three-

dimensional diffusion equation with an increased rate of consumption or deposition 

M. A solution to the original three-dimensional diffusion equation (4.12) is given 

by the solution (4.13) to the problem with two-dimensional diffusion, if M in (4.13), 

is replaced by: 
M 

which can be written as: 
M 

( 4.14) 

4.5 Convective enhancement of axial transport 

In the previous section, we established the existence of solutions including axial 

diffusion in the Krogh-type case. In such solutions, the total axial flux J(() of heat 
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or gas may be defined as the sum of net convection in the pair of vessels Je (() and 

diffusion in the tissue JD((), i.e., J(O = Je (() + JD(O, where 

and 

JD(O = -D it 8G(~,/, () dxdy. 

By applying the divergence theorem in the x - y plane to equation (4.12), and using 

(4.1) and (4.2), it is easy to establish that 

dJ(() = -MA 
d( t, (4.15) 

which is an expression of conservation of heat or mass. 

First we consider the case in which the consumption/deposition rate M = o. 
Then J is a constant, and from (4.8) 

where JD = -C1AtD is the diffusive transport in the absence of countercurrent flow, 

for the same overall gradient C1 • We see that countercurrent flow enhances axial 

transport by an amount proportional to the square of the flow rate and inversely 

proportional to the diffusion conductance Fav. One consequence is that increasing 

the distance between the vessels (for fixed At) would result in increased convective 

transport. We may define an effective diffusiviiy 

( 4.16) 

so that J = -C1AtD', i.e., the total flux is the same as would occur solely with 

diffusion and with the diffusivity replaced by the effective diffusivity. 

Next we consider the case M =f. 0, in which J is no longer constant, but from 

(4.15), J(() = J(O) - MAt(. The solution (including axial diffusion) is given by 
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(4.8) with M replaced by Mj(l + D2 At I Fav I j(QKo)2). In this case, the above 

definition of effective diffusivity cannot be used. Instead, we consider what value 

of diffusivity, in the absence of convection, would give the same coefficient for the 

quadratic term in the expression for G, i.e., the same curvature of the concentration 

profile along the tissue (see Figure 4.1). Thus we have 

I.e. 

as previously defined. 

The consistency of these two definitions shows that the effectively diffusivity is 

useful both to describe the increase in flux under a given linear gradient (M = 0), 

and the distribution of concentration that would occur for a given rate of deposition 

or consumption (M =f:. 0). 

4.6 Numerical estimates of countercurrent ex
change 

In this section, we examine the effects of countercurrent exchange on transport, 

taking into account the physical dimensions of vessels in the circulatory system. 

Clearly, countercurrent exchange can have several different effects, depending on the 

situations being considered. Here, we consider two particular aspects: the reduction 

of convective transport by countercurrent exchange; and the total axial transport 

resulting from diffusion and convection in countercurrent systems. For simplicity, we 

neglect consumption or deposition in the tissue, and consider Krogh-type boundary 

conditions. 
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In the absence of countercurrent exchange, the net axial convective transport 

in a countercurrent system is the difference in concentration (heat energy density) 

multiplied by the flow rate: 

since the concentrations in the two vessels do not vary from their initial values. 

With countercurrent exchange, the convective flux is 

Taking the solution (4.8) with M = 0 and applying the boundary conditions (4.3) 

and (4.4), we obtain 

(4.17) 

where Lc = QKo/(D I Fat} I). We see that countercurrent exchange reduces the 

net convective transport. This reduction depends on the ratio of the length of the 

tissue region to the length Lc which is analogous to the entrance lengths defined 

in Chapter 1 and earlier in this chapter for Dirichlet-type problems. Increasing the 

flow rate or the distance between the vessels (resulting in a reduction of I Fat) I) has 

the effect of increasing Lc , and J c / Jo approaches one if Lc becomes very large. 

Using the empirical scaling relations Q = Al r3 and Lb = A2 r, noted in 1.5.2, 

we can estimate the vessel radius at which Lb = Lc , so that Jc / Jo = 1/2. For this 

estimation, we assume that the vessels have equal diameters and are one diameter 

apart. Thus, the vessel radius is 

and the radius estimates are shown in Table 4.1 
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Heat O2 He Ar Xe 
ru (pm) 192.6 2.1 34.8 15.6 8.2 

Table 4.1: Radius at which JelJo = 1/2, i.e., convective transport falls to half of 
its value in the absence of countercurrent exchange 

These values are very similar to the equilibration radii for a single vessel with 

Dirichlet boundary conditions, given in Table 1.6. For vessels much larger than this 

radius, convective transport is little changed by diffusive countercurrent exchange, 

while for vessels smaller than this radius, convective transport is greatly reduced. 

In the case of oxygen, the computed radius is smaller than the range of values 

over which vessel pairing is observed to occur, so these results suggest that convec

tive oxygen transport is little influenced by countercurrent exchange. In contrast, 

for radii less than 193 pm, corresponding to most microvessels, countercurrent ex-

change of heat reduces the init.ial convective transport Jo, by more than 50 %. Inert 

gases represent intermediate cases, in which countercurrent exchange reduces the 

net convective transport in the precapillary vessels of the microcirculation. 

It is also of interest to examine the effect of countercurrent diffusion on the total 

axial transport resulting from convection and axial diffusion. We use the effective 

diffusivity defined in equation (4.16), and determine the vessel radius at which 

D' = 2D, where D is the actual diffusivity, again using the scaling relationships 

given in 1.5.2. The results are obtained from 

where A3 is the ratio of the radius of the tissue cylinder to that of the vessels, and 

At = 7r(A3r)2. Estimates of r, are shown in Table 4.2 for the same conditions as 

above, and also assuming A3 = 10, so that the vessels represent 2 % of the total 



105 

cross sectional area. In each case, convective transport is dominant for vessel radii 

Heat O2 He Ar Xe 
rl (11m ) 85.1 0.9 15.4 7.0 3.6 

Table 4.2: Radius at which D' / D = 2, i.e., convective transport is equal to axial 
diffusive transport. 

larger than those in Table 4.2, while axial diffusion is dominant for smaller radii. In 

the case of oxygen, convection remains as the dominant process of axial transport 

through the whole circulation. For inert gases, axial diffusion takes over at the 

diameter of small arterioles, while for heat, axial diffusion becomes important even 

for large microvessels. 

Table 4.2 provides a lower limit rl of radii for which convective flux dominates 

axial diffusive flux, and Table 4.1 provides an upper limit of radii ru for which 

convective flux is substantially reduced by countercurrent exchange. The radii in 

Table 4.1 are similar in magnitude to those appearing in Table 4.2. This shows 

that, as vessel radius decreases (for heat and inert gases), axial diffusion takes over 

at roughly the same radius at which convective transport becomes ineffective. 

It will be noted that the radius r u (Table 4.1) is in each case approximately twice 

the radius rl (Table 4.2). Their ratio is given by 

ru = (A2)1/2 (IFavl)1/4 
rl A3 1C' 

The parameters appearing on the right hand side depend only on the geometry 

of the system. The quantity A2/ A3 is the ratio of vessel length to tissue cylinder 

radius, assumed to be approximately 6 in the above estimates. I Fav I depends on the 

spacing between the two vessels, decreasing with increasing spacing. If the spacing 

between vessel pairs is increased, or if the overall vascular density is decreased (i.e., 
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A3 is increased), then the ratio rufr, is correspondingly decreased. 

The ratio TufT, may be interpreted in terms of the efficiency by which a branching 

network can transport heat or gas to its extremities. Large values of rufT' imply 

that convective transport is reduced before diffusive transport becomes effective, 

resulting in inefficient transport. Conversely, values of rufr, of unity or less imply 

that diffusive transport becomes effective at or before the stage that convective 

transport is strongly reduced by countercurrent exchange. The fact that typical 

values of geometric parameters lead to values of TufT, of order one may therefore 

have broad significance for the transport functions of the circulatory system. 

4.7 Conclusions 

In this chapter, we have developed solutions for simultaneous convection and dif

fusion in tissue containing paired countercurrent blood vessels. These solutions are 

based on the diffusion conductances calculated in Chapters 2 and 3, which were ob

tained considering only diffusion in planes perpendicular to the vessels. Two types of 

boundary conditions on the outer tissue boundary were considered, Dirichlet-type, 

and Krogh-type (i.e., zero flux). 

The Dirichlet-type problem models the case in which a particular vessel pair 

has different concentrations of heat or gas than the surrounding tissue. Then, an 

equilibration length can be defined, and it is shown that equilibrium is achieved 

slightly more rapidly when a single vessel is replaced by two vessels with the same 

diameter as the single vessel. This result, while expected intuitively, remains to be 

proved analytically. 

The Krogh-type problem models the case in which an array of identical vessel 

pairs run in parallel, with the same variation of concentration in each pair. In 
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this case, the solutions obtained neglecting axial diffusion also represent particular 

solutions to the same problem including axial diffusion, with the exception that 

the rate of consumption or deposition, M, must be adjusted. These results can 

be interpreted in terms of an effective diffusivity. In the case of a linear gradient, 

this is the diffusivity that would give the same flux in the absence of convection. 

When consumption or deposition is present, the effective diffusivity is defined as 

the diffusivity that would give the same coefficient for (2 in the expression for G, in 

the absence of convection. Both definitions lead to the same expression, illustrating 

the usefulness of this concept, which forms the basis of the new bioheat equation of 

Weinbaum et al. [16]. The limitations of using an effective diffusivity are pointed 

out in [2]. 

Finally, we have interpreted these results in terms of the complementary roles 

of convection and diffusion in providing mass and heat transport in the direction 

parallel to vessels. Considering a sequence of vessels from large to small, we have 

shown that at a certain range of diameters, countercurrent exchange starts to limit 

the ability of paired vessels to provide convective transport, but that axial diffusion 

becomes significant at about the same diameter range. This finding is interpreted in 

terms of the efficiency by which a branching network can transport heat and mass 

to its extremities. 



Appendix A 

RECTANGULAR DIRICHLET 
CASE 

108 

In this Appendix, we develop the solution for two vessels in a rectangular tissue 

region, as is illustrated in Figure 3.1 with Dirichlet conditions on the outer boundary. 

The procedure is similar to that for the Krogh-type case (Chapter 3). 

Steps a,b 

We again divide B as: 

The solution for the domain given by the class !h is: 

S;(W) - Re{T log JZ(w)2 - 6.2 + 

00 

+ I)ansinhn(uI-w)+bnsinhn(w-u2)]}, (A.l) 
n=I 

where the conformal transformation WI = W corresponds to the function (1.6.1). 

For the class !12 the method of separation of variables is applied on the original 

domain given by the class !121 meaning that the conformal transformation is the 
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identity. Thus the solution for this problem written in complex form is: 

00 

S;(Z) = Re{2)Ak sinh mk(h1 - Z) + Bk sinh mk(Z - h2 )] + 
k=O 

+ f)Ck sin ~ (Z - h2 )]}, 

k=1 

(A.2) 

where mk = (2k + 1)7r /(2V). 

Steps c,d 

Adding solutions (A.l) and (A.2) we have a candidate for the general solution. We 

can absorb the constant aOul - bOU2 into the solution (A.2) and rewrite the term 

(bo - ao)w as ).w. 

However, in this case, the basis functions in the Z plane, loge Z2 _ ~ 2) 1/2, 

10g((Z +~)/(Z - ~)), sinh k(UI - w), sinh k(W-U2) and M(X2 +y2)/4 are inconve-

nient. They do not have continuous horizontal periodic extensions on the horizontal 

edges of the rectangle, and so their Fourier coefficients decay as lIn. To accelerate 

convergence, we can subtract from each one a harmonic polynomial, without violat-

ing the Laplace equation, so that it vanishes at the corners of the rectangle. This 

leads to a solution formed entirely with basis functions vanishing at the corners of 

the rectangle (the basis functions in S;(Z) already vanish there), that have contin-

uous periodic extensions along the edges of the rectangle in the Z plane. Therefore, 

their Fourier coefficients will decay at least as 1/n2• Since the prescribed value St 

should be satisfied in the corners and all the basis functions vanish there, a constant 

should be added to the solution, and it is precisely St. 

To make clear the modifications in the solution we write the term an sinh n( Ul -

w) + bnsinhn(w - U2) as a function of Z: 
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For convenience, we define the following functions: 

fo(Z) - ~ IZI2
, (A.3) 

fl(Z) - Re{log(Z2 _ D..2)1/2,} (AA) 

f2(Z) 
Z+D.. 

(A.5) - Re{log Z - D..}' 

(A.6) 

and 

. (Z+t.)' fk(Z) = Re{ Z _ D.. }. (A.7) 

We want to make each of the functions (A.3-A.7) vanish at the corners of the rect

angle, by subtracting a polynomial of the form a + (3X +,Y + b'XY. Because these 

functions are symmetric with respect to the X axis, the polynomial is of the form 

a + (3X. Let 9i(X) = ai + (3iX be the function subtracted from fi for i = 0,1,2. 

The coefficients ai, (3i for i = 0,1,2 are: 

ai -
h1 fi(h 2 + iV) - h2fi(hl + iV) 

H 
fi(h l + iV) - fi(h 2 + iV) 

H 

Let 9k(X) = O:k + /JkX be the function subtracted from ik, where 

hlA(h2 + iV) - h2ik(hl + iV) 
H 

ik(hl + iV) - ik(h2 + iV) 
H 

Thus finally the general solution becomes: 

S(Z) - St + Re{(fo(Z) - 9o(X)) + 

+ i(fI(Z) - 91 (X)) + >'(h(Z) - 92(X)) + 
1 00 

+ 2 2:[(Jk(Z) - 9k(X))(bke-ku2 - ake- ku1 ) -
k=l 
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00 

+ Re(l)Ak sinh mk(h l - Z) + Bk sinh mk(Z - h2)) + 
k=o 

+ f[Ck sin '; (Z - h2)]). 
k=1 

(A.8) 

Step e 

By evaluating at w = U2 + iv, multiplying by cos nv and integrating over v in the 

interval [-71",71") for n = 0, ... ,00, we get the first set of equations. For n = 0: 

Mf:l.2 U 
Sa - --4-(2coth U2 + 1) - ao + (30f:l. + T(log(2f:l.) + 22 - al + (31f:l.) + 

00 

+ ,\( U2 - a2 + (32f:l.) + L:[Ak sinh mk(h1 + f:l.) - Bk sinh mk( h2 + f:l.)) -
k=O 

f[Ck sin ~ (h2 + f:l.)) + 
k=1 

1 00 

+ 2" L:[(h - Pkf:l.)(ake- ku1 - bke-ku2 ) 
k=1 

(&-k - p_kf:l.)(akekul - bkeku2 )), 

and for n ;::: 1, 

o enU2 T 
an - . h L {M f:l. 2 coth U2 - 2f:l.((30 + T,81 + '\(32) - - -

run n n 
00 00 (mkf:l. )2/+1 

£;[(Ak cosh mkhl - Bk cosh m kh2) f,; (21 + I)! B2/+I,n + 

+ (A. sinh m.", - B. sinh m.h,) t, (~;~t B21•nl + 

00 k7l" h2 00 1 ( k;t· )2'+1 
+ ~ Ck[COS -n f,;( -1) (21 + I)! B 2/+I,n + 

k h 00 (k1r~ )21 
+ sin ;/2 f,;(-1)1 (;Z)! B2/,n)) + 

00 

+ f:l. L[Pk(ake- kU1 - bke-ku2 ) - p_k(akeku1 - bkekU2 )]}. 
k=1 

(A.9) 

(A.lO) 
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Similarly by evaluating at w = Ut + iv, multiplying by cos nv and integrating over 

v from -7r to 7r we get for n = 0: 

MIJ.2 U 
Sv - -4-(2 coth Ul - 1) - ao - (301:.i + T(1og(2IJ.) - 21 - al - (31IJ.) + 

00 

+ '\(Ut - a2 - (32IJ.) + I)Aksinhmk(hl - IJ.) + Bksinhmk(IJ. - h2)]-
k=O 

00 k7r 
I)Ck sin H (h2 - IJ.)] + 
k=I 

+ ~ f)(&k + PkIJ.)(ake-kul - bke-ku2 ) 
k=1 

(&-k + p_kIJ.)(akeku1 - bkeku2 )], 

and for n ~ 1, 

e-nu1 T 
o - bn + . h L {M IJ.2 coth Ul - 2IJ.((30 + T(31 + '\(32) + - -

ffin n n 
00 00 (mkIJ.)21+1 £;[( Ak cosh mkhl - Bk cosh mkh2) ~ (21 + 1 )! B 21+I ,n-

+ (A. sinh mkh, - B. sinh m.h,) t. (~;~t B2I,n] + 

00 k7rh2 00 1 (k"l.JA )21+1 
+ £; Ck[COS ---n- ~(-1) (21 + I)! B 21+I ,n -

k7r h 00 ( brA )21 
sin II 2 L( _1)1 (~1)! B 21,n] + 

1=0 
00 

+ IJ. L[Pk(ake- ku1 - bke-ku2 ) - p_k(akeku1 - bkeku2 )]}. 
k=1 

The remaining equations for the edges of the rectangle are: 

at Z = hI + iV 

o - Vsinh(mnH)Bn + Ivo[hI,mnJ + Tlv3 [ht,mn] + ,\Iv4 [hI, mn] + 
1 00 

+ 2" L[Iv5 [hI, k, mn](bke-ku2 - ake- ku1 ) -
k=1 

IV5[ht, -k,mn](bkeku2 - ak eku1 )], 

(A.11) 

(A.12) 

(A.13) 



at Z = hI + iV 

o - V sinh(mnH)An + Ivo[h2, m n ] + T IV3 [h2' m n ] + ,.\Iv4 [h2' m n ] + 
1 00 

+ '2 L[Iv5 [h2' k, mn](bke-ku2 - ake- kU1 ) -
k=I 

IV5[h2, -k, mn](bkeku2 - akeku1 )], 

and at Z = X + iY 

H mrV o - "2cosh(H)Cn + horn] + Th3[n] + "\h4[n] + 
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(A.14) 

+ ~ i=[h5[k, n](bke-ku2 - ake- ku1 ) - h5[-k, n](bkeku2 - akeku1 )], (A.15) 
k=I 

where 

Ivo[h,mn] l:[Jo(h + iY) - 9o(h)] cos mnY dY, 

IV3 [h, m n ] - 1: [fI(h + iY) - 9I(h)] cos mnY dY, 

IV4 [h, m n ] - l:[h(h + iY) - 92(h)] cos mnY dY, 

Iv5 [h,k,mn] 1: [ik(h + iY) - 9k(h)] cos mnY dY, 

horn] - lhl [fo(X + iV) - 9o(X)] sin n7r(X
H

- h2) dX, 
h2 

h3[n] - lhl [!t(X + iV) _ 9I(X)] sin n7r(X;; h2) dX, 
h2 

h 4[n] lhl [h(X + iV) - 92(X)] sin n7r(X
H

- h2) dX, 
h2 

and 

h5[k, n] = lhl [ik(X + iV) - 9k(X)] sin n7r(X
H

- h2) dX. (A.16) 
h2 

We supply as an example the solution for the particular geometry Ra/ Rv = 2/3, 

Ra + Rv = 3/5, and the square of side 3.0 defined by hI = 1.596, h2 = -1.404 and 

V = 1.5. The Fourier coefficients are ,.\ = -0.515616214, T = 0.07434716036 and 
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Figure A.I: Solution for Dirichlet problem with Sa = 1, Sv = 0, St = 1/2 and M = 0. 

the remaining are given in Table A.1. The surface and contour levels are given in 

Figure A.I. 

n an bn An Bn en 
0 -0.01121258166 0.01396434856 
1 0.0042304564 -0.017644374 -2.67988556E-6 2.15988192E-6 0.01327855449 
2 0.0002125836 -6.0562029E-4 -1.05977749E-I0 6.15283368E-12 -3.39854692E-3 
3 7.99602780E-6 -2.4603082E-5 -2.09731200E-13 1.56489916E-13 -3.14022976E-5 
4 2.92524390E-7 -1.0816512E-6 1.21523368E-16 -1.06673951 E-16 -1.01001653E-6 
5 1.08223048E-8 -5.0559894E-8 -1.37638344E-19 1.13603635E-19 -2.22775096E-8 

Table A.I: Fourier coefficients for Dirichlet boundary conditions with Sa = 1, Sv = 0, 
St = 1/2 and M = 0 
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