





















































































































































































































































CHAPTER 3

RECTANGULAR TISSUE
REGIONS

Since blood vessels are approximately cylindrical, it is natural to approximate them
by uniform parallel cylinders. However, the most appropiate shape of the outer
boundary of the tissue region is less clear. In the previous chapter, a cylindrical
boundary was chosen. This is the simplest choice that provides a finite tissue region,
and follows the precedent of the Krogh model. The same choice was made by
Baish [1] and Zhu et al. [20]. However, this approach has the limitation that
cylinders cannot be packed together to form a space-filling array, and thus it can only
approximate a continuous array of vessels, as was indicated in figure 1.3. Moreover,
this arrangement implies that all neighboring vessels (or vessel pairs) are equidistant
from a given vessel (or pair).

An alternative assumption is that the tissue region is rectangular. If Krogh-
type (zero flux) boundary conditions are imposed, this case is exactly equivalent
to that of a regular infinite array of vessel pairs arranged in a rectilinear grid, as
shown in Figure 3.2. Also, this condition is the two-dimensional analog to the
three-dimensional simulations developed by Hsu and Secomb [8]. This facilitates

comparisons between two- and three-dimensional calculations.
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The general approach described in this chapter for a rectangular tissue region
could be applied also to other geometries. As in Chapter 2, we shall show that the
semianalytic approach can yield a rapidly decaying sequence of Fourier coefficients,
and so solutions can be obtained with a small amount of computation, once the
form of the solution is established. Also, the diffusion conductances are immediate-
ly available without further computations, éince they depend only on the leading

coefficients in the Fourier series.

3.1 General approach

We consider the nondimensional problem (2.5 - 2.9) already stated in Chapter 2, in
which I'; now corresponds to some outer boundary surrounding the vessel, symmetric
with respect to the X axis. We recall that the problem (2.5 - 2.9) is reduced to (2.10
- 2.14) because of the particular solution Sp(X,Y) = M(X? + Y?)/4.

Consider the Z plane (Z = X + ¢Y), the plane where the problem is given, and
let B = {I',,T,,T';} be the set of boundaries, each of which is a closed curve. Due
to the linearity of the problem (2.10 - 2.14), the set B can be partitioned, and then
the superposition principle be applied. The form in which the set B is partitioned is
dependent on the knowledge of general solutions of the Laplace equation in regions
bounded by the boundaries in each class of the partition. The procedure is as

follows:

a.- The set B of boundaries is partitioned. Let P be a particular partition, that is,

B = gep . To refer to each 2 in P, we enumerate the classes  as {Q,}5_,.

b.- Find a general solution of the Laplace equation for each set of boundaries
Q,,v =1,...,k. Generally, in this step, it is necessary to use a conformal

transformation w, for each geometry given by (2, to get a more suitable geom-
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etry 2, on which the method of separation of variables is applicable. Thus,

we will have k distinct planes {w,}5_, = {(uy,v.)}5-,.

Let {S(w,)}5_, be the general solutions for each plane. The superposition
principle allows us to build up a general form for the original problem by
adding the solutions S} (w,). In this part, functional dependence between the

terms of the different solutions S} (w,) sometimes appears and it is necessary

to remove this redundancy.

Once the general solution has been constructed in the previous step, we can
identify the basis functions. Every basis function should be expanded in Fouri-
er series on each boundary I';, T', and I'; (or on the corresponding transformed
boundary). If each basis function allows at least a continuous periodic exten-
sion on each boundary (or transformed boundary) we know that its Fourier
coefficients will decay at least as 1/n2. If the periodic extension is not con-
tinuous, the Fourier coeflicients will decay like 1/n. This is undesirable since
it involves computing many Fourier coefficients to get an appropriate approx-
imation to the solution. However, if the imposed boundary conditions are
continuous along each boundary, the basis functions can be modified to get at
least a continuous periodic extension of each of them, while still satisfying the

Laplace equation.

By imposing the boundary conditions given in the problem (2.5 - 2.9), we can
obtain one equation for each Fourier coeflicient and solve the corresponding
linear system of equations. Since the number of the coefficients is infinite,
the rate of decay of Fourier coefficients of the basis functions should be esti-
mated on each boundary to choose how many coefficients should be retained,

according to some tolerance.
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3.2 Krogh case on a rectangle

The Dirichlet case with outer rectangular boundary shown in Figure 3.1 has been

Yi 1,
T
T, v
Ll |
O x

—h, hy

Figure 3.1: Rectangular domain

included in Appendix A. The Krogh case (zero flux on the outer boundary) for the
same geometry is presented in this section not only as an example of the general
approach, but also because it represents an infinite array of countercurrent pairs, as

mentioned above.

Step a

We partition B as:

B = {T,T.} U{Ft} = Uﬂz,
because we know already; from Chapter 2 the solution for the domain given by the
class §2; and because we can solve for the domain given by the class ; by separation

of variables.



83

Figure 3.2: Infinite array of countercurrent pairs

Step b

We recall the solution (2.21) for the class §;,

Si(w) = Re{Ylog/Z(w)?— A? + ap(u; — w) + bo(w — uy) +
+ z:[an sinh n(u; — w) + b, sinhn(w — u,)]}, (3.1)

n=1

where the conformal transformation w; = w corresponds to the map (2.1).
For the class §2; the method of separation of variables is applied on the original
domain given by the class {2;, meaning that the applied conformal transformation

is the identity. Thus the solution for this problem written in complex form is:

S;(Z) = RG{AO + BQZ + CoZ2 +

= km km
+ ;[Ak cosh V(hl — Z) + Bj cosh —1—/-(Z — hy) +

+ Cycos %’r(z — b)) (3.2)
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Step ¢

Adding solutions (3.1) and (3.2) we have a candidate for the general solution. We
can absorb the constant aqu; — bou, into the constant Ag and rewrite the term

(bo — ap)w as Aw. With these modifications and the particular solution we get:

S(w) = -];f | Z(w) |2 +Re{T log /Z(w)F = A% + \w +

+ Z[an sinhn(u; — w) + b, sinh n(w — uy)]} +

n=1

+ Re{Ao+ BoZ(w) + CoZ*(w) +

> k k
+ Z[A" cosh Vw(hl — Z(w)) + B cosh VW(Z(w) — ho) +

k=1

+ Chcos %’E(Z(w) — )]} (3.3)

Step d

The analytic calculation of the Fourier coefficients for each basis function can be
very difficult, making numerical evaluation necessary.

For the w; plane, which is the w plane, every basis function can be expanded ana-
lytically in Fourier series. For instance the Fourier representation for log(Z2— A?)!/2
is given in (2.28) and for Z and Z? in (2.29). For the basis functions cosh kr(h; —
Z(w))/V, cosh kw(Z(w) — h2)/V, and coskn(Z(w) — hy)/H, the expansion is ob-
tained using Taylor series and the relation (2.29).

For the w, plane, which is the Z plane, the analytic computation of the Fouri-
er coefficients for the basis functions generally involves the evaluation of special
functions like SinIntegral or CosIntegral or a long expansion in partial fraction-
s, so numerical evaluation is more convenient. Thus, the majority of the Fourier

coefficients for the basis functions in the Z plane were computed numerically.
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Step e

At this point, we can write the equations for the Fourier coefficients of the solution
imposing the boundary conditions. By evaluating at w = up+1v (i.e. in the arteriole
in the Z plane), multiplying by cosnv and integrating over v in the interval [—m, ]
for n =0,...,00, we get the first set of equations. For n = 0:

MA2

S, = (2 coth uz + 1) + T(log(2A) + 1‘2) + duz + Ao — BoA + CoA? +

kn
+ Z[A" cosh —(h1 + A) + By cosh V(hz + A) + Ck cos —(h2 + A)],(3.4)
k=1

and forn > 1:

nup
0 = ant— {—MAzcothuz+%—2ABO+AzB2mC°+

sinhnl
had k'/rhl k7l'h2 (k"A )21
+ E=l [(Ak cosh v + Bj. cosh ——= % ) E (21)' B21 n+

(> o]

kmh
|4

+ (Agsinh ! 4 Bisi e By, +

a (21+1)'

7hy s krdAy2l
+ Ck(cos%ﬁ—Z(—l)l((m)) Bain
rhy k7rA 20141
- a5 Y G Bl 35)

Similarly, by evaluating at w = u; + v, multiplying by cosnv and integrating over

v from —7 to 7 we get for n = 0:

2
S, = M A7 9 cothuy — 1) + T(log(24) — %)+ dur + Ao+ BoA + Co? 4
+ ;[Ak cosh V(hl A) + By cosh '—'(hz A)
+ Cjcos ﬁﬁ(hg _A)), . (36)
and for n > 1:
e—nul 2 ’r N
0 = b+ = {MA® cothuy + — + 2ABy + A*B, .Co +
sinhnl n '
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+ };[(Akcoshkvh + B kr krks Z(;;?))'mBﬂn—

— (Aysinh ﬁ"i/’-’- + Bysi ’”"/”2 ) ; ((1:2,;221:;1 Bas1n +

+ ot 2 3y L B

+ sin krh2 > (- 1)'((;};{A+211+1321+1.n)]}- (3.7)
=0

To impose the zero flux boundary conditions we need to compute the derivatives
of (3.3) respect to X and Y. To do that we use the fact that if S(Z) = Re{G(Z)}
then 85(Z2)/0X = Re{dG(Z)/dZ} and 0S(Z)/0Y = Re{idG(Z)/dZ}. Thus we

have:
05(72) MX T 1 T 1
ax - Pl ( NZA +(3 2 T VZ¥a
—kua —ku Z+A k-1
- AZk[(bke k — Qr€ k 1)'((—Z—:—A—;;ﬁ+
Z — A)+-1
+ (bke""2 —ake"”’)_"—gz A ;k+1']+
+ Bo+2XCO+Z[—(Bksmh———(Z—hg) AkSlnh-’;/—ﬂ-(hl—Z))—
k=1
- -gcksin ’ﬁ(z—hg)]}, (3.8)
and
OS(2) _ MY, (T
o = Rl (G- Nyig N
—kuz =kuy 2(Z+A)k -1
_ AZ:k[(bke k — are€ )m-}-
wri(Z — A1
+ (e - et '%m)m“

kmi

- 2YCo+ }:[—~(3k sinh —-(z hy) — Agsinh ——(hl - 2)) -

- ZcﬂCk sin %(Z h2)]}. (3.9)
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By evaluating (3.8) at Z = h, + Y, multiplying by cos(n7Y/V) and integrating

from —V to V we obtain for n = 0:

Mh, T |4
0 = 2V( 5 + Bp + 2Cohs) + 2(—2- — A) arctan - +
+ 2(I + A)arctan v__ Aik[(bke“k“2 — are *) I, [he, A, k, 0] +
9 h2 +A £ v )y Sy iy
+  (breF™ — are* )1, [he, — A, K, 0]], (3.10)
and forn > 1
nmH

T T
)An + (5 - ’\)Itu [h2’ _As n] + ('2— + ’\)Ivl [h2, A’n] -

0 = —(nwsinh v
— A k[(bke™F — e )1, [k, A Ky 0] +

k=1
+  (breF2 — are*™) I, [hy, —A, K, n]]. (3.11)

Then doing the same for Z = h; +¢Y we have for n = 0,

Mh, T Vv
0 = 2V( ) +Bo+2Coh1)+2(5—)\)arctan hl-—A +
+ 2(I + A) arctan V__ Ai k[(bre*"2 — are™**1) I, [y, A, k, 0] +
2 hi+A T b T
+ (D" — ape*™)I,,[hy, = A, k,0]], (3.12)
and for n > 1,
0 = (nrsinh 1’1"7@)/4" + (; — Ny, [h1,—A, 0] + (%;- + My [k, A, 0] —

~ A k(e — a7 I, (b, A, kyn] +
k=
+  (bre*? — age* )1, [hy, =4, K, 1) (3.13)
Finally, by evaluating (3.9) at Z = X + ¢V, multiplying by cos(nm(X — he)/H) and

integrating from h; to h; we have for n = 0:

HV +
V2 + (hl - A)(hg - A)

0 = HV(%/I— —2Co) + (-'2E — ) arctan
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HV _

(-g— + M) arctan
- A i k[(bre™ 2 — are™*") 1, [A, k, 0] +
+ (bke_’“" — aref*)) I, [—A, K, 0]), (3.14)
and forn > 1,
0 = (Fsin hﬂ‘f)c + V(— — N [A,n] + V(—- + ) [-A, ] -

- A Z E[(bre™*2 — are™*1) I, [A, k0] +

b (beet — apet ) [A, k,n]l, (3.15)
where
I, le,n] = /h:l X = a1)2 7 o8 n7r(XH— hz)dX, (3.16)
Injokn] = [ Re {((ZZ*'—“));:} cos EMT“"QdX, (3.17)
L,h,a,n] = f : G +h;)r2‘:_ — cos ’”"/Ydy, (3.18)
L[hyak,n] = / Re {(Z te ,: } cos ";Ydy. (3.19)

Note that if we want to apply an iterative procedure to solve the system of linear
equations we can choose one equation for each coeflicient. For instance we can solve
equation (3.10) for T, (3.12) for A, (3.5) for an, n 2 1, (3.7) for by, n > 1, (3.4) for
Ao, (3.11) for A, n 2 1, (3.6) for By, (3.13) for By, n > 1, (3.14) for Cy and (3.15)

for C,,, n > 1. Also, we shall see that the equation for T can be replaced by

o |
1= MVH (3.20)

T

as a consequence of conservation of mass. That is, the fluxes per unit length into

tissue from the arteriole and venule are:

Q. = —7[YT +2) + MR2], (3.21)
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and

Q, = —7[T —2) + MR?], (3.22)

and their sum should equal the product of the consumption rate with the tissue
area, since the outer tissue flux is zero. Thus Q. + Q, = —7[2Y + M(R? + R?)] =
M[2VH — n(R2 + R?)] and the equation (3.20) is deduced.

3.2.1 Numerical results

To give a numerical example, we present the solution, after truncating the infinite
series in (3.3) to three terms, for the geometry R,/R, = 2/3, R, + R, = 3/5, and
the square of side 3.0 defined by hy = 1.596, h; = —1.404 and V = 1.5. These
results are given in Table 3.1 where T = 0 and A = —0.4076290147. The surface

and contour levels for the solution are given in the Figure 3.3.

an bs An B, Cu

0.428634593 -0.067965995 0.001632164
-0.005596969 0.007410997 0.000147595 -0.996876E-4 0.038563502
-0.000166963 0.000289418 0.141461E-7 -0.218591E-8 0.447140E-3
3 -0.507349E-5 0.112442E-4 0.51224E-11 -0.33199E-11 -0.115476E-3

n
0
1
2

Table 3.1: Fourier coefficients for Krogh boundary conditions with S, =1, S, =0
and M =0
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N
{ i
-1.5 {1 \;o.s

Figure 3.3: Solution for Krogh boundary conditions with S, = 1, S, = 0 and
M=0 _



CHAPTER 4

COUNTERCURRENT
EXCHANGE

In this chapter, we combine the equations for convective transport in the vessels
with the relationships obtained in Chapters 2 and 3 for diffusive transport in tissue.
The resulting equations are solved to obtain the axial variation of concentration (of
mass or thermal energy) along the vessels. Two types of problems are considered:
Dirichlet, in which concentration is prescribed on the tissue boundary; and Krogh-
type, in which the zero-flux condition is imposed at the outer boundary of the tissue.
In Chapters 2 and 3, the relationships between concentrations and fluxes at the tissue
boundaries were given in terms of diffusion conductances, which were calculated
for several different geometrical conditions in both the Dirichlet and Krogh-type
problems.

In the Dirichlet case, the solutions for axial variation lead to the definition of
an equilibration length, which can be compared with that given in Chapter 1 for
the case of a single vessel. In the Krogh-type case, however, no such equilibration
length can be defined.

The analyses used in Chapters 2 and 3 consider two-dimensional diffusion, and

axial diffusion in the tissue is neglected. However, we show that, in the Krogh-type
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case, our two-dimensional solutions lead directly to exact solutions of the full three-
dimensional diffusion equation, including axial diffusion. In these solutions, the
total axial flux is composed of a convective flux in the vessels and a diffusive flux in
tissue. The convective flux may be regarded as an enhancement of the diffusive flux
that would occur in the absence of vessels, and the total axial flux may be described

in terms of an effective diffusivity that would result in the same total axial flux.

4.1 Governing equations

We reproduce here equations (1.41) and (1.42) derived previously in Chapter 1 in

the interval 0 < { < L, as:

dG,

QK, T = (4.1)
dG,

QK, 7 Qs (4.2)

where G, and G, are generic variables (thermal energy density or gas concentration)
specified in tissue adjacent to the arteriole and venule, ¢, and ¢, are effluxes per unit
length from the arteriole and venule respectively and @ is the volumetric flow rate.
The parameter Kp, which is assumed constant in this analysis, is defined in section
1.4.3 as the parameter relating blood concentrations to tissue concentrations at the
tissue-vessel boundary. Throughout this chapter G variables refer to tissue values.
We specify the concentration or thermal energy density in the arteriole and venule

where they enter the domain. Therefore, the boundary conditions are of the form

Ga(O) - GO, (4.3)
G,(Ly) = G, (4.4)
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In the Dirichlet case, the expression for the fluxes ¢, and ¢, is obtained from Chapter

2 in terms of the diffusion conductances, written in dimensional form as:

Ga

Ga =D Faa Fau Fat FaM Gu
qv F, va F, vu F, vl F, vM Gt ?
MUE/D

where D corresponds to thermal diffusivity D} in the case of heat and to D, in the
case of gases, M is the consumption rate i.e., M}, for heat and M, for gases, and [,

is the distance between the centers of the vessels. Thus the system (4.1)-(4.2) can

be written as:

[g“]=A[g“J+B, (4.5)

v v

4

edC

where © = QK,/D,

and

R _ —Fy '—FaM 2
5[ e | 0w

These equations may be written in an alternative form, by noting, from section 2.3.2

that Faa+Fau+Fat=Fua+Fvu+Fut=0150

Qf(od(i“ — DFo(Ga — Gy) + DFu(Ga — G) = DEayMI2/D,  (4.6)
and
dG, 2
~ QK" = DFu(Gy = Go) + DFu(Gy = G) = DPacME/D.  (41)

The coeflicients F,,, F,, and F,, are negative, and F,js and Fyps are positive. We
see that the rate of change of convective mass or heat flux in each vessel is the sum
of contributions from exchange between vessels (Fj,), exchange with surrounding
tissue (Fy;, Fy;) and consumption (Fypr, Fyupr)-

In the Krogh-type case, the governing equations are the same except that the

terms involving Fy; and F; are absent.



94

4.2 Krogh-type solutions

Consider the homogeneous part of the system (4.5) and recall from section 2.3.2 that
for the Krogh case, F,, = F,, = —F,,. Hence the matrix A has a zero eigenvalue of

double multiplicity and therefore the homogeneous solution for (4.5) is of the form:

e llal

where Cp, C, are arbitrary constants to be determined according to the boundary

conditions (4.3) and (4.4). Particular solutions to (4.5) are quadratic in ¢, and the

general solution for (4.5) is:

2 2
[Ga]=[1 Ce J [CO +MIC[—FGM]C—MICFGU(FaM"'FuM)[i]CZ'

G, 1 (— & Ci| DO | Fum 20?

Recall from section 2.3.2 that 12(F,a + Fyum) equals the product of tissue area and

unit consumption rate, that is, A,. The general solution then reduces to:

Ga 1 ¢ Co|, ME[ -F, MAF,, [1
RN RN k) el e

Note that if the consumption/deposition rate M = 0, the solution (4.8) varies

linearly in ¢. This shows an analogy to the solutions (1.43-1.44) in Chapter 1. Also,
if M # 0, the solution (4.8) varies quadratically in ¢ with equal coeflicients in (?

for both vessels. This is illustrated in Figure 4.1.

4.3 Dirichlet-type solutions

Refer to equation (4.5) and let T be the matrix whose columns are the eigenvectors

of ©~1A, that is:

1 1
T=| _Fpa-n6 -Fga-30 |,
Fau Fﬂl’
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Krogh
Nonzero deposition rate
T T

40.5 T
40
39.5
39
38.5

38 Arteriole .
37.5 Temperature o]

Venule
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- I‘

37 | 1 i | 1
0 0.05 0.1 0.15 0.2 0.25

¢ (em)

Figure 4.1: Vessel solutions for equal vessel radii (r, = r, = 45 ym), one diameter
between vessels (h = 90 um), outer radius ry = 450 um, F,, = 2.2836, Fopr =
9.6211, and heat deposition rate M = —1.535 x 10°® ergs/(cm® — sec)

where the corresponding eigenvalues A, A; are:

Fvu—Faa+\/(Faa+Fvu)2_4F¢?u
20 ’
Fvu—Faa"\/(Faa+Fuv)2_4F¢;2u
20 '

M

/\2=

Then the system (4.5) has the homogeneous solution:

GHa -7 e’\’( 0 Co
Gn, | 0 ¢ G |’

where Cy, C; are arbitrary constants.

Note that F,, > —F,, and F,, > —F,,, which implies that F? — F,,F,, < 0.
But M)Ay = (F2%, — F,,F,,)/0%, so M\ )2 < 0, and from the expressions for A; and ),
we get A, — A, > 0 implying that A < 0 < A;. Thus we have one positive and one
negative eigenvalue.

From the knowledge of the homogeneous solution we can identify a particular
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solution:
Gpa . -10 _ 1 1 FauFuM - FuuFaM Mlg
[ Gr, ] =-ATE= [ 1 ] Gt foFoy —FZ | FarFurs— FuuFur | D -

Note that Fo, Fypr— FuuForm < 0 and Foy Fopr— Foo Fupr < 0, so the terms multiplying
M are negative. Thus, in the case of consumption, M > 0, the particular solution is

smaller than for deposition, M < 0, as expected. The system (4.5) has the general

[g:}=,r[e;c eﬂc}[gf]+[§ﬁ] (4.9)

We provide a numerical example for heat with circular outer tissue boundary

solution:

with the following data: pc = 41.73 x 10% ergs/(ecm®°K), equal vessel radii r, =
r, = 45 um, outer radius r, = 450 pm, interior vessel separation A = 90 um (one
vessel diameter separation), length of the vessels L, = 2700 pm, and volumetric flow
rate Q = 0.000514 cm®/sec. The diffusion conductances are F,, = F,, = 3.4974,
F,, = =1.5066, F,;, = F,, = —1.9908, and F,»y = Fypr = 2.7293. The outer
tissue boundary is Gy = 37 pcergs/em® (corresponding to 37°C), and the initial
conditions are G,(0) = 37.25 pcergs/em® and G,(L;) = 37.05 pcergs/em®. These
energy densities are stated relative to the energy density at 0°C. The solution for
zero deposition rate is presented in Figure 4.2, where the vertical scale is in °C.
The solution for 2 nonzero deposition rate of M = —2.086 x 107 ergs/(cm?® — sec)

is presented in Figure 4.3.

4.3.1 Equilibration length for two vessels

In Chapter 1, the concept of the equilibration length was introduced, for a single
vessel in a tissue cylinder with Dirichlet boundary conditions. Here, we consider
the extension of this concept for two vessels. We note first that in the Krogh-type

case, the axial variation is quadratic, and not exponential (see (4.8)), and so an
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Diricbl_et
37.3 | Zfl:ro deposxtlc')n rate : :
37.2 -
°C Arteriole
37.1 -
Particular - Venulg
Soluti empexature -
37 . ] o\ ] ] i
0 0.05 0.1 0.15 0.2 0.25
¢ (em)

Figure 4.2: Vessel solutions for equal vessel radii (r, = r, = 45 um), one diameter
between vessels (h = 90 um), and outer radius r, = 450 um

equilibration length, analogous to that in the Krogh-type case for a single vessel,
cannot be defined. In contrast, the Dirichlet-type solution involves exponentials,
like the single vessel solution (1.19), allowing us to define equilibration lengths. For
comparison with Chapter 1 results, we consider circular outer tissue boundaries.
By analogy with the expressions in Chapter 1, we can identify from (4.9) two
equilibration lengths as F; = 1/A, and E, = —1/X,. In general, these two lengths
are different. FE; gives the length over which conditions imposed at { = L; decay
to uniform values and F; gives the corresponding length for conditions imposed at

¢ =0. If F,; = F,, (equal diameter vessels) then E; and E, are both given by:
QKo

DVFaza_Fazu,

where the values for K, were estimated in section 1.4.3. Note that the ratios of

E= (4.10)

equilibration lengths for gases to that of heat are identical to those for a single

vessel, as described in Table 1.3.
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Dirichlet
N d itl t
37.3 : ox:zero eposxllon rate | :
Arteriole
Particular
37.2 S/ohtion =
°C
Vi .
37.1 | Temgg/::g:re -]
37 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25

((em)

Figure 4.3: Vessel solutions for equal vessel radii (r, = r, = 45 um), one diameter
between vessels (b = 90 um), outer radius r, = 450 um, and heat deposition rate
M = —2.086 x 107 ergs/(ecm?® — sec)

Intuitively, we might expect that the equilibration length for two vessels, which
we will refer as FL,, should be smaller than that of one vessel, referred to as EL,,
whenever the radii of all vessels are kept the same. To see this, first consider the

equilibration length for one vessel given in Chapter 1 as:

QKO T
27D log( a )

EL, =

Note that from equation (1.16) the diffusion conductance for one vessel is:
2w
Ff=—1r—F—=
f log(r:/a)’
and thus EFL, can be written as:

QKo

Bh= "Dy

where a is the radius for one vessel. Now consider the ratio:

L ~F
EL _ ta (4.11)

ELI VFga—szu.
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This ratio is plotted in Figure 4.4 for one diameter vessel separation. The ratio

0.8 .

35
NS

04 1

0.2 | 4

R,

Figure 4.4: Ratio EL,/EL, whenever R, + R, =1/2 and R,/R, =1

EL,/EL, is less than 1, showing that equilibration is slightly more rapid when a

single vessel is replaced by a pair of countercurrent vessels with the same diameter.

4.4 Exact solutions with axial diffusion

In this section, we show that solutions obtained in tissue considering only two-
dimensional diffusion can provide particular solutions to the three-dimensional Pois-
son equation

D+ 2 P ey, 0) = M (4.12)
Bz " gyz T gc/ T\ S =M '

We recall equation (2.48), which can be written in dimensional form for the Krogh-

type case as

Gl@,9,€) = Gul0)S"(x/les /1) + GulO)S"(a/ by 1)+ 2o M (a Ly 1), (413)
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where S, S¥ and SM are the solutions to the two-dimensional diffusion equation in
tissue, as defined in Chapter 2.

If the consumption/deposition rate M = 0, the solution (4.8) varies linearly in
¢, and (4.13) shows that G(z,y,() also varies linearly in (. Therefore G(z,y,() is
an exact solution to the full diffusion equation (4.12).

If M # 0 the solution (4.8) varies quadratically in {. Note that the coefficients
of ¢? in G4(¢) and G,(¢) are the same (—MA,F,,/(2D0O?)). For brevity, let us call

this coefficient C. Then, equation (4.13) has the form:
2

G(z,y,() = CC*[S® + 5] + (linear terms) + %SM,

But S¢+SY =1 as shown in section 2.3.2. Applying the three-dimensional Laplacian

to this last expression we therefore obtain:

L L L

+ + AtIFaul
oz?  Oy?  0¢?

@2 ]7

D )G(z,,() = 2DC + M = M[1 +

where the right hand side is a constant. The solution (4.13) satisfies the three-
dimensional diffusion equation with an increased rate of consumption or deposition
M. A solution to the original three-dimensional diffusion equation (4.12) is given
by the solution (4.13) to the problem with two-dimensional diffusion, if M in (4.13),
is replaced by:

M

AcfFad?

1 4 A

which can be written as:

(4.14)

M
D(JFa)A:”
4.5 Convective enhancement of axial transport

In the previous section, we established the existence of solutions including axial

diffusion in the Krogh-type case. In such solutions, the total axial flux J({) of heat
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or gas may be defined as the sum of net convection in the pair of vessels Jo(¢{) and

diffusion in the tissue Jp((), i.e., J({) = Je(¢) + Ip((), where

JC(C) = QI{O(Ga(C) - Gv(())7

and
0G(z,y,()
—2 dzdy.
A (¢

By applying the divergence theorem in the  —y plane to equation (4.12), and using

Jp({) = —

(4.1) and (4.2), it is easy to establish that

dJ(¢) _
d—C —_ —MA“ (4.15)

which is an expression of conservation of heat or mass.

First we consider the case in which the consumption/deposition rate M = 0.

Then J is a constant, and from (4.8)

B QK2
J=Jp[l+ DZA, |Fau|]
where Jp = —C1 A, D is the diffusive transport in the absence of countercurrent flow,

for the same overall gradient C;. We see that countercurrent flow enhances axial
transport by an amount proportional to the square of the flow rate and inversely
proportional to the diffusion conductance F,,. One consequence is that increasing
the distance between the vessels (for fixed A;) would result in increased convective

transport. We may define an effective diffusivity

_ Q*K?
= D[1 + DeA, | F.. |] | (4.16)
so that J = —C1A,D', i.e., the total flux is the same as would occur solely with

diffusion and with the diffusivity replaced by the effective diffusivity.
Next we consider the case M # 0, in which J is no longer constant, but from

(4.15), J(¢) = J(0) — MA. The solution (including axial diffusion) is given by
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(4.8) with M replaced by M/(1 + D?A, | F,, | /(QKo)?). In this case, the above
definition of effective diffusivity cannot be used. Instead, we consider what value
of diffusivity, in the absence of convection, would give the same coefficient for the
quadratic term in the expression for G, i.e., the same curvature of the concentration

profile along the tissue (see Figure 4.1). Thus we have

M M - A; | Faul
2D 1+ﬂ|ﬁ‘"g_vl 2D0O2 ’
Q2KJ
i.e.
Q*K¢
r_
D' =D[1+ D7A, Ile],

as previously defined.

The consistency of these two definitions shows that the effectively diffusivity is
useful both to describe the increase in flux under a given linear gradient (M = 0),
and the distribution of concentration that would occur for a given rate of deposition

or consumption (M # 0).

4.6 Numerical estimates of countercurrent ex-
change

In this section, we examine the effects of countercurrent exchange on transport,
taking into account the physical dimensions of vessels in the circulatory system.
Clearly, countercurrent exchange can have several different effects, depending on the
situations being considered. Here, we consider two particular aspects: the reduction
of convective transport by countercurrent exchange; and the total axial transport
resulting from diffusion and convection in countercurrent systems. For simplicity, we
neglect consumption or deposition in the tissue, and consider Krogh-type boundary

conditions.
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In the absence of countercurrent exchange, the net axial convective transport
in a countercurrent system is the difference in concentration (heat energy density)

multiplied by the flow rate:
Jo = QI{()[G“(O) - Gv(Lb)]a

since the concentrations in the two vessels do not vary from their initial values.

With countercurrent exchange, the convective flux is

JC = QI(O[Ga(C) - GU(C)]

Taking the solution (4.8) with M = 0 and applying the boundary conditions (4.3)
and (4.4), we obtain

—17 (4.17)

where Lo = QKo/(D | F,, |). We see that countercurrent exchange reduces the
net convective transport. This reduction depends on the ratio of the lehgth of the
tissue region to the length Lo which is analogous to the entrance lengths defined
in Chapter 1 and earlier in this chapter for Dirichlet-type problems. Increasing the
flow rate or the distance between the vessels (resulting in a reduction of | Fy,|) has
the effect of increasing L¢, and Jg/Jp approaches one if Lg becomes very large.

Using the empirical scaling relations @ = A;r® and L, = A, r, noted in 1.5.2,
we can estimate the vessel radius at which Ly = L¢, so that Jo/Jo = 1/2. For this
estimation, we assume that the vessels have equal diameters and are one diameter
apart. Thus, the vessel radius is

(D1 A\
v AlKo ’

and the radius estimates are shown in Table 4.1
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Heat | O, | He | Ar | Xe
ry (pm) | 192.6 | 2.1 [ 34.8 | 15.6 | 8.2

Table 4.1: Radius at which Jg¢/Jo = 1/2, i.e., convective transport falls to half of
its value in the absence of countercurrent exchange

These values are very similar to the equilibration radii for a single vessel with
Dirichlet boundary conditions, given in Table 1.6. For vessels much larger than this
radius, convective transport is little changed by diffusive countercurrent exchange,
while for vessels smaller than this radius, convective transport is greatly reduced.
In the case of oxygen, the computed radius is smaller than the range of values
over which vessel pairing is observed to occur, so these results suggest that convec-
tive ozygen transport is little influenced by countercurrent exchange. In contrast,
for radii less than 193 pm, corresponding to most microvessels, countercurrent ex-
change of heat reduces the initial convective transport Js, by more than 50 %. Inert
gases represent intermediate cases, in \-Nhich countercurrent exchange reduces the
net convective transport in the precapillary vessels of the microcirculation.

It is also of interest to examine the effect of countercurrent diffusion on the total
axial transport resulting from convection and axial diffusion. We use the effective
diffusivity defined in equation (4.16), and determine the vessel radiué at which
D' = 2D, where D is the actual diffusivity, again using the scaling relationships
given in 1.5.2. The results are obtained from

DAs \'* /4
n= () (IR

where Aj is the ratio of the radius of the tissue cylinder to that of the vessels, and
A; = w(Asr)?. Estimates of r; are shown in Table 4.2 for the same conditions as

above, and also assuming Az = 10, so that the vessels represent 2% of the total
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cross sectional area. In each case, convective transport is dominant for vessel radii

Heat | O, | He | Ar | Xe
rn(pm) | 85.1 [09]|154]7.0]3.6

Table 4.2: Radius at which D'/D = 2, i.e., convective transport is equal to axial
diffusive transport.

larger than those in Table 4.2, while axial diffusion is dominant for smaller radii. In
the case of oxygen, convection remains as the dominant process of axial transport
through the whole circulation. For inert gases, axial diffusion takes over at the
diameter of small arterioles, while for heat, axial diffusion becomes important even
for large microvessels.

Table 4.2 provides a lower limit r; of radii for which convective flux dominates
axial diffusive flux, and Table 4.1 provides an upper limit of radii r, for which
convective flux is substantially reduced by countercurrent exchange. The radii in
Table 4.1 are similar in magnitude to those appearing in Table 4.2. This shows
that, as vessel radius decreases (for heat and inert gases), axial diffusion takes over
at roughly the same radius at which convective transport becomes ineffective.

It will be noted that the radius r, (Table 4.1) is in each case approximately twice

the radius r; (Table 4.2). Their ratio is given by

re _Aﬁ 1/2 | Fy | 1/4
r \Aj T '

The parameters appearing on the right hand side depend only on the geometry
of the system. The quantity A;/A; is the ratio of vessel length to tissue cylinder
radius, assumed to be approximately 6 in the above estimates. | F,, | depends on the
spacing between the two vessels, decreasing with increasing spacing. If the spacing

between vessel pairs is increased, or if the overall vascular density is decreased (i.e.,
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Aj is increased), then the ratio r,/r; is correspondingly decreased.

The ratio r,/r; may be interpreted in terms of the efficiency by which a branching
network can transport heat or gas to its extremities. Large values of r,/r; imply
that convective transport is reduced before diffusive transport becomes effective,
resulting in inefficient transport. Conversely, values of r,/r; of unity or less imply
that diffusive transport becomes effective at or before the stage that convective
transport is strongly reduced by countercurrent exchange. The fact that typical
values of geometric parameters lead to values of r,/r; of order one may therefore

have broad significance for the transport functions of the circulatory system.

4.7 Conclusions

In this chapter, we have developed solutions for simultaneous convection and dif-
fusion in tissue containing paired countercurrent blood vessels. These solutions are
based on the diffusion conductances calculated in Chapters 2 and 3, which were ob-
tained considering only diffusion in planes perpendicular to the vessels. Two types of
boundary conditions on the outer tissue boundary were considered, Dirichlet-type,
and Krogh-type (i.e., zero flux).

The Dirichlet-type problem models the case in which a particular vessel pair
has different concentrations of heat or gas than the surrounding tissue. Then, an
equilibration length can be defined, and it is shown that equilibrium is achieved
slightly more rapidly when a single vessel is replaced by two vessels with the same
diameter as the single vessel. This result, while expected intuitively, remains to be
proved analytically.

The Krogh-type problem models the case in which an array of identical vessel

pairs run in parallel, with the same variation of concentration in each pair. In
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this case, the solutions obtained neglecting axial diffusion also represent particular
solutions to the same problem including axial diffusion, with the exception that
the rate of consumption or deposition, M, must be adjusted. These results can
be interpreted in terms of an effective diffusivity. In the case of a linear gradient,
this is the diffusivity that would give the same flux in the absence of convection.
When consumption or deposition is present, the effective diffusivity is defined as
the diffusivity that would give the same coefficient for (2 in the expression for G, in
the absence of convection. Both definitions lead to the same expression, illustrating
the usefulness of this concept, which forms the basis of the new bioheat equation of
Weinbaum et al. [16]. The limitations of using an effective diffusivity are pointed
out in [2].

Finally, we have interpreted these results in terms of the complementary roles
of convection and diffusion in providing mass and heat transport in the direction
parallel to vessels. Considering a sequence of vessels from large to small, we have
shown that at a certain range of diameters, countercurrent exchange starts to limit
the ability of paired vessels to provide convective transport, but that axial diffusion
becomes significant at about the same diameter range. This finding is interpreted in
terms of the efficiency by which a branching network can transport heat and mass

to its extremities.
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Appendix A

RECTANGULAR DIRICHLET
CASE

In this Appendix, we develop the solution for two vessels in a rectangular tissue
region, as is illustrated in Figure 3.1 with Dirichlet conditions on the outer boundary.

The procedure is similar to that for the Krogh-type case (Chapter 3).

Steps a,b

We again divide B as:

B = {T,, [} J{T} = % | 0.

The solution for the domain given by the class {2, is:

Si(w) = Re{Ylog+\/Z(w)?*—- A%+
+  ao(uy — w) + bo(w — uy) +
+ Z[an sinh n(u; — w) + b, sinh n(w — u,)]}, (A.1)

n=1
where the conformal transformation w; = w corresponds to the function (1.6.1).
For the class §2; the method of separation of variables is applied on the original

domain given by the class {);, meaning that the conformal transformation is the
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identity. Thus the solution for this problem written in complex form is:
S3(Z) = Re{D) [Apsinhmy(hy — Z) + By sinhmy(Z — ho)] +
k=0

+ Y lCusin Tz - )}, (A2)
k=1

where mi = (2k + 1) /(2V).

Steps c,d

Adding solutions (A.1) and (A.2) we have a candidate for the general solution. We
can absorb the constant agu; — byus into the solution (A.2) and rewrite the term
(bo — ap)w as Aw.

However, in this case, the basis functions in the Z plane, log(Z? — A?)!/2
log((Z+A)/(Z — A)), sinh k(u; —w), sinh k(w—u3) and M(X?+Y?)/4 are inconve-
nient. They do not have continuous horizontal periodic extensions on the horizontal
edges of the rectangle, and so their Fourier coefficients decay as 1/n. To accelerate
convergence, we can subtract from each one a harmonic polynomial, without violat-
ing the Laplace equation, so that it vanishes at the corners of the rectangle. This
leads to a solution formed entirely with basis functions vanishing at the corners of
the rectangle (the basis functions in S;(Z) already vanish there), that have contin-
uous periodic extensions along the edges of the rectangle in the Z plane. ‘Therefore,
their Fourier coefficients will decay at least as 1/n?. Since the prescribed value S;
should be satisfied in the corners and all the basis functions vanish there, a constant
should be added to the solution, and it is precisely S;.

To make clear the modifications in the solution we write the term a,, sinhn(u; —

w) + b, sinhn(w — uz) as a function of Z:

1 Z+A " —nug —nuy Z—A " nuy nux .
2[(Z—A) (bne a,e” ") + (Z+A) (bne aze™)].
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For convenience, we define the following functions:

w(2) = T 12f, (A3)
fi(Z) = Re{log(2* - A%/} (A.4)
fi2) = Re{log 222}, (A5)
(A.6)
and
7@ = re((225)) (A7)

We want to make each of the functions (A.3-A.7) vanish at the corners of the rect-
angle, by subtracting a polynomial of the form a4+ X + 7Y 4 6§ XY. Because these
functions are symmetric with respect to the X axis, the polynomial is of the form
a+ BX. Let gi(X) = a; + B; X be the function subtracted from f; for : = 0,1,2.

The coefficients «;, B3; for : = 0,1, 2 are:

hifi(ha +1V) = hafi(h1 +1V)

al = H 3
5 = filhy +3iV) = fi(ha +iV)
1 - H .

Let gx(X) = dax + BkX be the function subtracted from fk, where

& = by fe(hz +iV) = by fi(hy + V)

H

; Je(hy +3V) = filha +4V)
& H )

Thus finally the general solution becomes:

S(Z) = Si+ Re{(fo(Z) — go(X)) +
+ Y(fi(2) — 9:1(X)) + M f2(2) — g2(X)) +
23 I0E) ~ XN e — et -
k=1
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(F=r(2) = §-4(X))(bre*? — arer™ )] +

+ Re{Z[Ak sinhmy(hy — Z) + By sinhmy(Z — hy)] +
k=0

+ Y [Cusin S2(Z ~ Br)]). (A8)
k=1

Step e

By evaluating at w = ug 4+ iv, multiplying by cosnv and integrating over v in the

interval [—m, 7] for n = 0,...,00, we get the first set of equations. For n = 0:

MA2 Ug
Sa = - 4 (2 coth Uz + ].) - og + ﬂoA -+ T(log(2A) + 3‘ - + ﬁlA) +
+ AMuz — a2+ B2A) + Z[A" sinhmy(hy + A) — B sinh my(he + A)] —
k=0
ad L kw
— ) [Cysin > (k2 + A)] +

k=1
b D l@ — ) (ae — )
k=1
— (&—g — B_rD)(are®™ — breF™)), (A.9)

and forn > 1,

nu
e 2

T
2
sinh nL{MA cothuy — 2A(fo + TP + AB2) — — -

(mkA)2l+1
Z;[(Akcoshmkhl By cosh myh,) Z @it 1)

+ (Agsinhmyh, — Bksmhmkhg)z(mm)')

0 = a,—

Byyin +

BZI 'n] +

kﬂ'h 0 k1rA 2141

NG
Zo 1) @ F 1) B2I+1,n+

(kﬂ'A)

+ Z Ck[cos

kﬂ'hz

72

+ AZ[Bk(ake"k“‘ — bre~kuz) — B_k(akek“‘ — breFu2)]}. (A.10)

+ sin B )l +
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Similarly by evaluating at w = u; + v, multiplying by cos nv and integrating over

v from —7 to = we get for n = 0:

Sy

MA2
(2cothu; — 1) — g — foA + T(log(2A) — — — a; — fL1A) +

AMup — az — B A) + Z[Ak sinhmy(h; — A) + By sinh mi(A — b)) —

k=0
Z[Ck sin —(h2 —- A)] +
k=1
5 Z[(dk + ﬂAkA)(ake_k“’ _ bke—kug)
k=1
(G_i + B_iA)(are®™ — bref2)], A

and forn > 1,

-—nu
e 1

T
P L{MN cothuy — 2A(Bo + YP1 + AB2) + ~-

(mkA)ZH-I
— kZ%[(Ak cosh mkhl Bk cosh mkhz Z W

+ (Agsinhmih; — By sinhmyhs) Z m;gl)

= bn+

B2l+1,n -

B21 n] +

krh krA 21+1
+ ZC’k[cos 22( 1) ((21+1 Bayin —

(k1rA )21

— sin L7rh2 Z( 1)t ) Baa) +

+ AZ[Bk(ake—kul ~ bre~F42) — By (apet™ — brek2)]}. (A.12)

The remaining equations for the edges of the rectangle are:

at Z =hi 41V

= Vsinh(mnH)B + Iy [h1, mp] + Y1 [hy, mp] + ALy, [Re, my) +

+ _Z[Ivs[hl,k mn](bke kuz _ ake—k“’) _

k=1

— I [h1, =k, m,)(bre*? — areF™)], (A.13)
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at Z = hy +:V

0 = Vsinh(m,H)A, + Ly[he,mn] + T, [h2, ma] + ALy, [he, my] +

1 [e o)
-+ '5 Z[I"-" [hz, k,mn](bke—kuz _ ake—k"l) _

k=1

— I, [ha, =k, m,](beeF? — aref™)], (A.14)

andat Z=X+:Y

H Vv
0 = 5 cosh(ll—;%r—)C,1 + Iy [n] + Y1 [n] + M, [n] +
+ -;— Z[Ihs [k, n](bee™ %2 — are™ 1) — I, [—k, n](bee®*? — areF)], (A.15)

=1

where
| %
Tafbyma] = [ {falh+3Y) - go(W)] cosmnYa,
-V
v
I,.[h,m,] = /V[fl(h +:Y) — g1(h)] cos m,YdY,
L,h,m,] = /V [f2(h +3iY) — g2(h)] cosm,Y dY,
-V
L[k, kym,) = /_ ‘;[ Fi(h +1Y) — §c(h)] cos m, Y dY,
Tl = [ X + V) - go(X)]sin "2 ~2) x,
ha
Ino[n] = " [1(X +1V) — g1 (X)]sin H(—X}—[:—@dX,
ha
hy -
bl = [ 1R00+iV) = ga00)sin S P gx,
ha
and
hy [ —
I [k,n] = [fe(X + V) — §e(X)] sin M—ﬁ——@dX. (A.16)
h2

We supply as an example the solution for the particular geometry R,/R, = 2/3,
R, + R, = 3/5, and the square of side 3.0 defined by k; = 1.596, h; = —1.404 and
V = 1.5. The Fourier coeflicients are A = —0.515616214, T = 0.07434716036 and
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-1.5
-1.5 =1 -0.5 o0 0.5 1 1.5

Figure A.1: Solution for Dirichlet problem with S, =1, S, =0,5, =1/2and M = 0.

the remaining are given in Table A.1. The surface and contour levels are given in

Figure A.1.

n a, b, A, B, C,

0 -0.01121258166 0.01396434856

1 0.0042304564  -0.017644374 -2.67988556E-6  2.15988192E-6 0.01327855449
2 0.0002125836 -6.0562029E-4 -1.05977749E-10 6.15283368E-12 -3.39854692E-3
3

4

b

7.99602780L-6 -2.4603082E-5 -2.09731200E-13 1.5648991G6E-13 -3.14022976E-5
2.92524390E-7 -1.0816512E-6 1.21523368E-16 -1.06673951E-16 -1.01001653E-6
1.08223048E-8 -5.0559894E-8 -1.37638344E-19 1.13603635E-19 -2.22775096E-8

Table A.1: Fourier coefficients for Dirichlet boundary conditions with S, =1, S, = 0,
St=1/2and M =0



115

REFERENCES

[1] BAISH, J.W., P.S. AYYASWAMY, AND K.R. FOSTER. Small-scale tem-
perature fluctuations in perfused tissue during local hyperthermia, Journal of

Biomechanical Engineering, Vol. 108: pp 246-250, 1986.

[2] BAISH, J.W. Heat transport by countercurrent blood vessels in the presence of

an arbitrary temperature gradient, Journal of Biomechanical Engineering, Vol.

112: pp 207-211, 1990.

[3] CARO, C.G., T.J. PEDLEY, R.C. SCHROTER, AND W.A. SEED. The me-

chanics of the circulation, Oxford University Press, 1978.

[4] CHARNY, C.K. Mathematical models of bioheat transfer. In Bioengineering
Heat Transfer: Advances in heat transfer, Vol 22, Ed. Cho, Y.I., Academic

press, Inc., 1992, pp 19-155.

[5] CHATO, J.C. Heat transfer to blood vessels, Journal of Biomechanical Engi-
neering, Vol. 102: pp 110-118, 1980.

[6) HARRIS, P.D. Movement of oxygen in skeletal muscle, News in Physiological
Sciences, Vol. I: pp 147-149, 1986.

[7] HINTON, E., AND D.R.J. OWEN. An Introduction to Finite Element Com-

putations, Pineridge Press, 1979.



116

[8] HSU, R., AND T.W. SECOMB. A Green’s function method for analysis of
oxygen delivery to tissue by microvascular networks, Mathematical Biosciences,

96:61-78, 1989.

[9] KROGH, A. The number and distribution of capillaries in muscles with cal-
culations of the oxygen pressure head necessary for supplying the tissue, The

Journal of Physiology, Vol 52 No 6: pp 409-415, 1919.

[10] LIPOWSKY, H.H. AND B.W. ZWEIFACH. Network analysis of microcircula-

tion of cat mesentery. Microvascular research 7:73-83, 1974.

[11] MIDDLEMAN, S. Transport Phenomena in the Cardiovascular System. Wiley-

Interscience, 1972.

[12] PENNES, H.H. Analysis of tissue and arterial blood temperatures in the resting

human forearm, Journal of Applied Physiology, Vol. I: pp 93-122, 1948.

(13] POPEL, A.S. AND J.F. GROSS. Analysis of oxygen diffusion from arteriolar
networks, American Journal of Physiology, Vol. 237: pp H681-H689, 1979.

[14] SHARAN, M. AND A.S. POPEL. A mathematical model of countercurrent
exchange of oxygen between paired of arterioles and venules, Mathematical

Biosciences, Vol. 91: pp 17-34, 1988.

[15) SHITZER, A. AND R.C. EBERHART. Heat transfer in medicine and biology.
Analysis and applications, Vol. I, Plenum Press New York and London, 1985.

[16] WEINBAUM, S. AND L.M. JIJI. A new simplified bioheat equation for the ef-
fect of blood flow on local average tissue temperature, Journal of Biomechanical

Engineering, Vol. 107: pp 131-138, 1985.



117

[17] WHANG, J.M,, J.A. QUINN, D.J. GRAVES AND G.R. NEUFELD. Perme-
ation of inert gases through human skin: modeling the effect of skin blood flow,

Journal of Applied Physiology, Vol. 67: pp 1670-1686, 1989.

(18] WIEDEMAN, M.P., R.F. TUMA AND H.N. MAYROVITZ. An introduction to
microcirculation. Biophysics and Bioengineering Series Vol 2. Academic Press,

1981.

[19] WOLFRAM, S. Mathematica: a system for doing mathematics by computer,
version 2.0, Addison Wesley, 1991.

[20] ZHU, M., S. WEINBAUM, L.M. JUJI AND D.E. LEMONS. On the generaliza-
tion of the Weinbaum-Jiji bioheat equation to microvessels of unequal size: The
relation between the near field and local average tissue temperatures, Journal

of Biomechanical Engineering, Vol. 110: pp 74-81, 1988.



