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Abstract 

Multi-photon Doppleron resonances are investigated for the diffraction of atoms 

by a classical standing-wave optical field in the regime where energy conservation 

limits the diffraction orders. In this regime, atomic recoil is incorporated into the 

description, and consideration of the dynamical shift of the re20nance condition from 

the purely kinematic results becomes critical to observing the desired diffraction 

of the atomic wave function. Special attention is given to the development of a 

technique for evaluating the resonances which constitutes a significant simplification 

of the usual degenerate perturbation theory approach for a quantum-mechanical 

Hamiltonian. Also developed is a specialized off-resonant atom-field interaction 

which is shown to be maximally efficient at producing high-order diffraction of the 

atomic wave function. Suggestions for its implementation are given. 



CHAPTER 1 

INTRODUCTION 

9 

Atom optics and, specifically, atom interferometry are emerging fields of the 

physical sciences in which recent developments have made it clear that the quantum 

mechanical world can be extended to even larger scales than previously demon

strated. Of course it's been nearly sixty years since Kapitza and Dirac proposed 

performing Young's double slit experiment with matter waves (electrons), and over 

twenty-five years since the experiment, but interferometry with a sodium atom and 

an electron are two different things. Besides the existence of an internal structure 

(electronic levels) and, perhaps unfortunately, the coupling to the vacuum (spon

taneous emission), there is the idea that quantum mechanics is, in this instance, 

describing an "enormous" system. This aspect of atomic interferometry, in and of 

itself, presents no theoretical problem, mathematical or otherwise, and therefore 

will receive little attention in this thesis beyond the introduction. Nevertheless it 

is an amazing observation that an object which, apart from its internal structure, 

can be depicted so adequately in the vast majority of circumstances by classical 

mechanics, can also be coaxed into demonstrating decidedly quantum mechanical 

behavior. In the words of one (perhaps over-enthusiastic) researcher, "It's like doing 

interferometry with a school bus!" 

As the title suggests, this thesis will mainly be concerned with special resonances 

in the coherent interaction of an atom with light that can be used to produce an 

atomic "beam splitter". More specifically, velocity-tuned or Doppleron scattering 

will be considered as opposed to the purely geometric Bragg scattering, although 

a hybrid of the two, Doppler-catalyzed Bragg scattering, will be a significant part 

of the complete picture (for an excellent treatment of generalized Bragg scattering 

see reference 1 ). The study of such resonances and the accompanying scattering 
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will, mathematically speaking, be the study of near degeneracies in the spectrum of 

a quantum mechanical Hamiltonian. The method that naturally comes to mind in 

studying such problems is degenerate perturbation theory, an exposition of which 

for the particular type of problem at hand appears in the first chapter on two-fold 

degeneracies. For this treatment of the degenerate eigenvalue problem and the use 

of the Laplace transform, I am indebted to Martin Wilkens. As will be seen in this 

rather abstract development, the results desired, namely the dominating dynamics of 

the populated eigenstates, the resonance criteria, and the fundamental time scale are 

buried in a mire of information, most of which is either irrelevant or uninteresting. In 

fact the final results were originally derived by the extended adiabatic approximation 

developed exhaustively in the chapter on four-fold degeneracies. This material is 

included for three reasons: First, it demonstrates the relative ease with which the 

interesting results can be obtained otherwise. Second, it shows that the resonance 

condition is actually an over-determined problem for a non-zero field. Consequently 

the resonance condition cannot be satisfied to all orders in the field. Finally, it 

demonstrates the validity of the extended adiabatic approximation (up to the over

determined orders) since, by comparison, this simplified method is readily seen to 

be the solution to the eigenvalue-eigenvector problem up to the first non-zero term 

in the expansion for the splitting of the degenerate eigenvalues and to the first non

zero term in the expansion for the populated eigenstates. In any case, the utility 

of the simplified method is augmented in the specific problems that are studied in 

this thesis because it will generate closed form expressions for various important 

quantities. 
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1.1 A Brief History 

The study of Doppleron resonances is one in which many have contributed, each 

with their own emphasis. It would require a separate monograph on the subject to 

completely cover the literature, and this should probably be done at one point. Here, 

however, we will be content to review only a few key developments and compare 

and contrast their considerations with the ones presented in this work. 

Perhaps the place to begin is with the origin of this term "Dopplerons". Stig 

Stenholm and Erkki Kyrol.ii coined the phrase in a letter in which they (indirectly) 

defined a Doppleron as the quantum resulting from the alternative absorption of a 

"photon" from one component of a standing wave followed by emission into the other 

component.2 We have not said what is doing the absorbing or emitting since the 

definition does not care, but in their case and in the others which will be mentioned, 

the system envisioned is that of a two-level atom interacting with a classical field. 

The processes of absorption and emission do not necessarily cancel one another 

since the atom's velocity can make the respective "photons" appear to have different 

frequencies as modified by the Doppler shift. The net effect of several of these paired 

processes can be to bridge the energy gap between the two electronic levels. One 

of the key contributions of this paper, besides the insight into the quanta involved 

in the exchange, was the application of continued fractions to the analysis of the 

resonances, a technique which was important to this thesis and has been to almost 

every other investigation of the problem. These initial results neglected the energy 

associated with the center of mass motion of the atom (recoil), and therefore only 

the population difference between the electronic states was investigated as a function 

of the Doppler shift, atom-field detuning, and the field strength. In their treatment, 

the manipulation of the atom's motion was not of central importance as it will be 

in this thesis. 
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Earlier that same year, Paul R. Berman and Jehuda Ziegler had already made 

some calculations of the dynamic renormalization of the resonance condition from 

the kinematic picture.3 Their paper emphasizes the usefullness of what they call 

the generalized dressed-atom approach to atom-strong-field interactions. In their 

development, part of the atom-field interaction is explicitly incorporated into the def

inition of the unperturbed "Hamiltonian" which is then said to describe a "dressed

atom." When viewed in the density matrix formalism and with a clever choice for 

the basis elements, the unperturbed problem is seen to correspond to a rate equa

tion approximation, with the probe or perturbation stemming from the interference 

terms from the counter-propagating beams as they are Doppler shifted in the atom's 

rest frame. Predictions of the resonances based solely on this rate equation approach 

are given (in closed form) and comparisons with the exact results based on a numer

ical solution to the full problem are made for specific choices of the dipole matrix 

element, atom-field detuning, Doppler shift, and order of the resonance. Over a 

broad range of these parameters, the results differ by only a few percent, and the 

utility of the approach is established. What is not clear is how to systematize the 

incorporation of the perturbation into calculating better approximants to the reso

nance condition, an appealing aspect of the "undressed-atom" approach wherein the 

use of continued fractions is available. In any case, recoil effects were not considered 

in the renormalization since, other than the constant velocity Doppler shift, atomic 

motion was not a concern. 

The effects of spontaneous emission on the resonance condition was a significant 

contribution by V.G. Minogin and O.T. Serimaa in a paper in which the force on 

the atom constituted the resonant phenomena.4 Though atomic motion was still not 

treated as a dynamical quantity, the anticipation of the use of these resonances for 

cooling and trapping was an issue. Also included in their discussion was the interplay 

between the longitudinal and transverse forces as a consequence of a specific beam 
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profile, an idea which will be used to great advantage in the final chapter of this 

thesis. 

It seems that the first recognition of the importance of the dispersion relation 

of an atom to the Doppleron phenomena (that is allowing for the manipulation 

of atomic motion) came from the experimentalists in a speculative paper on the 

"possibilities for the observation of unidirectional momentum transfer to atoms from 

standing-wave light" by Pritchard and Gould.5 They also suggested that a hybrid 

process involving both Bragg and Doppleron scattering could be used to widen the 

parameter space in which either was applicable. Their idea involves the use of both 

a standing wave and a traveling wave rather than the use of a single standing wave 

as in this thesis. Interestingly, though the inclusion of the recqil effect is implicit in 

both the kinematic drawings and the central idea of manipulating atomic motion in 

this paper, the resonance condition derived neglects it. Later theoretical work done 

by the MIT group (specificallY in the Ph.D thesis of Bruce Oldaker) did include a 

linearized dispersion relation valid for large angles of incidence. 

In 1990 two labs reported the first experimental demonstrations of Doppleron res

onances influencing velocity distributions. N.P. Bigelow and M.G. Prentiss showed 

that there was a reasonable agreement between their observations of the longitudinal 

(along the laser) redistribution of atomic velocities and the results based upon the 

continued fraction solutions for the force. 6 The results of ToIlet et. aI., 1 in which 

transverse resonances up to seventh order were observed also showed good agree

ment with theory. In both of these instances, an incoherent beam of atoms filling 

up the spectrum over a wide range of velocities impinged upon the near-resonant 

standing-wave laser. The selection of a specific resonance by a coherent beam of 

identically prepared atoms, and the corresponding beam-splitting possibilities has 

yet to be demonstrated experimentally using Doppleron resonances. 

The inclusion of the quadratic dispersion relation in the investigation of the 
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Doppleron phenomena has been limited almost exclusively to the Meystre group 

(with the help of Ewan Wright) here at the University of Arizona, most of the 

results of which are contained in this thesis. The notable exception is the work 

of M. Marte and Stig Senholm 8 in which an optical field exactly resonant with 

the relevant atomic transition is considered. With the inclusion of recoil, the only 

electro-translational states of different electronic label which can be resonant are 

those of opposite momentum (in the rest frame defined by the nodes of the stand

ing wave). In this case the resonance reduces to a geometric criteria in which the 

dynamic renormalization can play no role since both states are affected equally. 

Because of this purely geometric criteria, the phenomena should probably be con

sidered as one in the class of generalized Bragg scattering. Nevertheless, the concept 

of Doppler quanta can be retained if we think of the exchange as containing equal 

numbers of positive and negative quanta (energy-wise), but both types with the 

same directional property (momentum-wise). 

The general problem which we have studied has probably been avoided so sys

tematically by other authors because of the lack of a convenient method to determine 

the renormalization of the resonances from the kinematic picture. The adiabatic re

moval of unpopulated states as usually implemented does not produce correct results 

beyond first order in the field intensity. On the other hand, degenerate perturbation 

theory becomes unwieldy when, in particular, so much of the information generated 

is not needed. The method presented in this thesis combines the best of these two 

methods and is one of its central contributions. 

1.2 Organization of the Thesis 

The chapters are given in order of the number of degeneracies anticipated in the 

Hamiltonian: two, three, four and finally m-fold degeneracies. As such, they are 
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given in order of increasing complexity, with the possible exception of the final 

chapter on amplitude modulation resonances which is simplified by the connection 

made to angular momentum. This final chapter is not, in some ways, a natural 

extension of the previous chapters since the degeneracies are due to the interplay 

between the longitudinal and transverse structure of the laser beam, and not that 

between this transverse structure and the atom-field detuning. Amplitude mod

ulation resonances do, however, fall in the category of velocity-tuned resonances, 

although it is the longitudinal velocity which selects the resonance rather'than the 

transverse (here we break with some authors and define longitudinal as the predom

inant direction of motion of the atom-i.e. perpendicular to the laser axis). This 

chapter is also included since it is in keeping with the spirit of developing efficient 

atomic beam splitters (in fact it will be shown that this configuration is in some sense 

maximally efficient). In addition to this progression in the number of degeneracies, 

there will be a "progression" in the methodology. This progression will not be from 

simple to complex but vice versa. As mentioned previously, the first chapter will 

drag us through the full-blown degenerate perturbation development. In the second 

chapter the extended adiabatic approximation will be used (although the emphasis 

will not be on the method) but without taking advantage of a certain simplifying 

recurrence relation. This will help show that the method can be applied generally. 

The most complex scenario, that of the four-fold degenerate problem, will require 

the use of these recurrence relations to render the problem manageable. Again, the 

development of the last chapter is distinct from the others and is relatively simple 

due to the applicability of a closed algebra. 

As important as the progression in the methods used, is the progression of the 

effectiveness of the atomic beam splitter constructed. In chapter 2, the atomic 

wave function will be split between two states of different electronic label. Aside 

from spontaneous emission, there is the more basic problem that the two electronic 
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states are orthogonal. Since there is no overlap between the electronic states, this 

scenario could not be used directly to perform an interferometry experiment: if 

another process bringing the two components to the same electronic state is not 

used, the signal at the detector would correspond to the addition of probabilities 

rather than the probability associated with added amplitudes. In chapter 3, the 

atom will end up in a superposition of two states with the same electronic label 

so that we do not encounter the orthoganality problem of chapter 2. In addition, 

for the same scaling of the interaction time, we get twice the angular separation 

of the two scattered components as compared with that achieved in the previous 

chapter. Unfortunately, the atom must be sent into the field interaction region in a 

state with upper electronic label if it is to emerge from the region in a state with 

lower electronic label. Spontaneous emision could then pose a threat. In chapter 

4, we acheive a beam splitter with the nice characteristics of that encountered in 

chapter 3, but without the problem of a large probability of finding the atom in a 

state with upper electronic label. Still, there is some residual probability of finding 

the atom in such a state, and the concern over spontaneous emission cannot be 

completely dismissed. Finally in chapter 5 a specialized off-resonant interaction is 

developed by spatially modulating the laser amplitude. The off-resonant interaction 

eliminates the concern over spontaneous emission. Also, because real transitions 

(rather than virtual transitions) are used between the various translational states 

of lower electronic label, we get an amazingly fast splitting of the atomic beam 

over relatively large angles. On all counts this is the most efficient beam splitter 

envisioned in this work. The thesis culminates with the theory of this ideal beam 

splitter. 
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CHAPTER 2 

LARGE INCIDENCE ANGLE DEFLECTION 

2.1 Introduction 

As mentioned previously, this chapter will discuss the degenerate perturbation the

ory development in the case that the Pendellosung effect9 between states of opposite 

momentum can be ignored on the time scale of the Doppleron exchange. This is 

equivalent to demanding that the candidate states for the Doppleron exchange are 

closer in momentum space than those for the purely geometric or Bragg scattering. 

Since degenerate perturbation theory is well-known, many of the details necessary 

to determine the resonance condition and the other relevant aspects of the phenom

ena are only sketched. Consequently, the amount of work involved in proceeding 

this way is largely hidden. The detailed development of the ext€.:. ~d adiabatic 

approximation in chapter 4 will appear no less difficult when compared on these 

unequal terms. These ideas should be kept in mind while proceeding through the 

thesis. Again, this development has benefited substantially from Martin Wilken's 

contributions. 

2.2 The Model 

We consider a beam of two-level atoms travelling predominantly in the z or longi

tudinal direction and crossing a standing-wave laser field which is aligned along the 

x or transverse axis [see Fig. 2.1]. Inside the laser beam, the atoms coherently ex

change energy and momentum with the laser field. The atoms leave the interaction 

region after an interaction time Tint and then travel freely until they are detected. 

We assume that the detector (hot-wire detector) is not sensitive to the electronic 

state of the atoms. Moreover, we assume that it is located far behind the laser beam, 
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Figure 2.1: Geometry on an atomic beam deflection experiment. The initial trans
verse momentum of the atom in the x-direction is Po, and the screen is typically a 
hot wire detector. 
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so that the momentum distribution of the outgoing atoms is measured (Fraunhofer 

diffraction) . 

The atom's initial and final momenta are assumed to be largely along the lon

gitudinal or z-axis and we wish to characterize the relatively small changes in the 

atom's transverse momentum. We do not consider effects in the third dimension 

(alternatively, the detector is insensitive to these effects). In the absence of sponta

neous emission the Hamiltonian describing this arrangement in the rotating frame 

(given by exponentiating out a high frequency component of the evolution) and in 

the rotating wave and dipole approximations is 

where k = Ole is the wave number of the laser field, 0 = Wab - 0 is the atom-laser 

detuning for the two electronic levels Ie) and 19), n is the Rabi frequency, O'±.z 

are the Pauli spin operators and U(Z) describes the mode structure of the laser in 

the longitudinal direction. Since we are only interested in transverse effects, we 

will consider the following unitary transformation of the state vector in the time 

dependent Schrodinger equation: 

Our Hamiltonian acting on the transformed state vector becomes 

If the atom's longitudinal momentum is fairly well defined and large enough, we 
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can, for short enough times, replace pz/M by Vz to obtain 

(2.1) 

At t = 0 we consider the atom to be fairly well localized in the z or longitudinal 

direction so that for short enough times we can replace z by z = Zo in Eq. (2.1). 

Finally by relabeling the time origin we get 

In terms of the recoil frequency WR = ~~, and the dimensionless parameters r = 

wRt, ~ = ...L, and 9 = .13:.. the time-dependent Schrodinger equation becomes 
WR WR 

i :r 11/J) = {1i~i2 + ~ O'z + gU( :~) cos kx(O'+ + O'_)} 11/J), (2.2) 

where we have dropped the prime on the state vector 11/J). This will be the generalized 

model applicable to all sections of this thesis, although in chapter 2 we will use 

scalings more amenable to an experimentalist's tastes. For now we will consider 

U(Z) to be 1 during the interaction region and zero otherwise: the laser is either on 

or off in the atom's frame of reference. The resulting Schrodinger equation in the 

interaction region is 

(2.3) 

2.3 Half-Period Symmetry 

Before proceeding with the determination of the resonances, we decompose the 

state-space on which the Hamiltonian acts into two orthogonal subspaces in order 
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to simplify the calculations. Alternatively, one may view this as the characterization 

of the full symmetry group of H, which was the viewpoint taken in reference 10. This 

decomposition is used throughout the thesis. In preparation for this, we first define 

the following states and their corresponding labels. 

{ 
IK + nk,g) = IK + nk)lg) 

IK,n) = 
IK + nk, e) = IK + nk)le) 

if n even 

if n odd, 
(2.4) 

where the lower and upper electronic states, Ig) and Ie), are orthonormal eigenstates 

of {7z with eigenvalues -1 and +1, respectively. A pair of orthonormal eigenstates 

of {7+ + {7_ = (7x are ~Ie) ± ~Ig) with eigenvalues ±1. The states IK + nk) = IK, n) 

are eigenstates of Px with eigenvalues n(K + nk). These electro-translational states 

are chosen as the basis since (1) they are eigenstates of the Hamiltonian when 9 = 0 

(no field), and (2) they are eigenstates of an operator T (T shifts the atom by half 

a wavelength and inverts the atomic polarization) with eigenvalues _e i1rn/k, which 

expresses the most fundamental symmetry of the Hamiltonian. This last property 

is manifested by the fact that T and H commute and that T cannot be decomposed 

into other operators which also commute with H. For a unique parameterization 

of the eigenvalues of T while allowing for the spectrum of Px, K will be restricted 

to an interval of length 2k ([-k, k),say) with n taking on integer values. With 

this restriction, the states (2.4) form a complete orthonormal basis. The symmetry 

operation consisting of a pure translation by a whole wavelength, call it F, is not 

fundamental since F = T2. 

2.4 Large Incidence Angle Dopplerons 

With the definitions of the previous section, the set of electro-translational states 

(2.4) are seen to be orthonormal and complete and the state vector 11P) can be 
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expanded as 

(2.5) 

Substituting this expansion into (2.2), the spinor Schrodinger equation reduces to 

the following scalar form: 

where 

(2.7) 

In the lth order Doppleron resonance aground state atom with transverse momentum 

nolik is resonantly scattered into a state where the atom is excited, and moves with 

transverse momentum nl = no + 21 + 1 with no ~ 1 (large incidence angle). To 

zeroth order in the atom-laser coupling, this process is resonant for a detuning 

_,6.(0) = ni - n5 which compensates for the kinetic energy gained by the scattered 

atom. This resonance condition is expected to be modified due to AC Stark shifts 

of the levels when the laser interaction is taken into account. 

To elucidate the dynamics of a particular Doppleron resonance, and to derive 

the precise resonance condition, we solve the Schrodinger equation (2.6) subject to 

the initial condition that the incoming atom is in the electronic ground state and in 

a momentum eigenstate corresponding to an even integer number of units of lik: no 

is even, K. = ° and the initial amplitudes are given as cn(O,O) = on.no. Under these 

conditions 

(2.8) 

To allow for a lth order Doppleron resonance, we assume ,6. ~ ,6.(0) == -(ni - n~), so 

that Ei~) ~ Ei~) where nl stands for no + 21 + 1. 

Observing the symmetry E~O) = E£o~, the set of equations (2.6) is transformed 
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into two decoupled sets for the amplitudes 8 n = Cn + C-n and dn = Cn - C_n, 

collectively referred to as Qn (we can now suppress the", dependence since we 

choose '" = 0). Except for the first equations in which 80 and 81 appear, the 

modified Laplace transform Q(z) = -iJooo eiztQ(t)dt yields algebraic equations of 

the form 

- 9 -Dl(Z)Ql(Z) + 2"Q2(Z) = 0, 

Dn(z)Qn(z) + ~ (Qn-l(Z) + Qn+l(z)) = on,no, n = 2,3, ... , (2.9) 

where Dn(z) = Z - E~O) for n 2:: 2. For n = 1 and Q~8 we have D1(z) = Z -

E~O) - g2/2(z - EaO») which is obtained only after using the first equation in which 

80 appears to eliminate it from the first one in which 81 appears. D 1(z) = Z - E~O) 

if Q~d. 

A perturbative solution of the set of equations (2.9) is threatened by a secular 

divergence resulting from the Doppleron degeneracy E~~) ~ E~~) which calls for a 

separate treatment ofthose two equations where n = no and n = nl. Using standard 

techniques (Cramer's Rule) to formally eliminate from those two equations all but 

the pair of potentially resonant amplitudes Qno and Qnl' the equations for these 

amplitudes take the form 

(;;:; ~;:;) ( ~:;:; ) = ( ~ ) , 
(2.10) 

where 

2 

A(z) = z - Ei~) - ~ (Ti~no-l(Z) + T~+l,nl_l(Z)), (2.11) 

2 

B(z) = z - E~~) - ~ (Tn~+I,oo(Z) + T~+l,nl-l(Z)) , (2.12) 
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(2.13) 

Here ~m,n denotes the determinant of a tridiagonal (n - m + 1) x (n - m + 1) 

matrix with diagonal elements Dm, Dm+1, ... ,Dn and 9 /2 off diagonal. In terms of 

those determinants, the auxiliary quantities T~,n are given by T';;,n = ~m,n-t/ ~m,n' 

T;,n = ~m+1,n/ ~m,n' and have the continued fraction representation 

1 
= 

Dn{z) - (g/2)2T~,n_l{Z)' 
(2.14) 

1 
= 

Dm(z) - (g/2)2T;+1,n(z)' 
(2.15) 

Equation (2.10) yields the result Qno(z) = B(z)/1J(z), Qnl (z) = -G(z)/1J(z), where 

1J(z) = A(z)B(z) - G2(z) is the determinant of the 2 x 2 matrix in Eq. (2.10). The 

zeros of this determinant are all real. They give the position of the poles in the 

inverse Laplace transform Q(i) = f e-izt Q(z)dz/27ri which, being evaluated as a 

contour integral, yields Q(i) as a sum of oscillating exponentials with frequencies 

given by the zeros of 1J(z) and amplitudes given by the residues of Q(z) at the 

corresponding poles. (The poles of B(z) and G(z) do not contribute since they are 

cancelled by the same poles in 1J(z).) 

As it stands, the problem of finding the zeros of 1J(z) and corresponding residues 

is a perfect candidate for a numerical solution, the only "complicated" routine re

quired being a root finding algorithm a la Newton-Raphson. In fact, due to the 

distinctive treatment of the potentially resonant amplitudes Qno and Qnl' the de

terminant 1J(z) is exceptionally well behaved near the two roots Zl and Z2 which 

approach the unperturbed frequencies E~~) and E~~) of Qno and Qnl in the limit 

9 -? O. In particular, the distinctive treatment of Qno and Qnl has removed all 

spurious singularities, which notoriously plague continued fractions. 

Concentrating for the time being on the two zeros Zb Z2 of 1J(z) associated with 
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Qno and Qnll we write V(z) = (z-zt}(z-z2)F(z). The function F(z) is expected

and subsequently demonstrated-to be a well-behaved function of order one, with 

zeros only "far off" the resonance frequencies Zl,2' 

Denoting tl.E = Zl - Z2, Ec = (Zl + z2)/2, and applying the inverse Laplace 

transform, our favorite amplitudes turn out to evolve in time according to 

where Bl = B(zt) etc., and the Rn(t) denote contributions from the inverse Laplace 

transform associated with the remote zeros of F(z). Below we shall show that these 

contributions are small in a resonant situation. 

From Eq. (2.16) we may read off that Qno(t) and Qn! (t) are "in resonance"-i.e. 

oscillate with equal amplitudes-if we can adjust the two roots Zl, Z2 by a proper 

choice of the experimental paramete,rs (the detuning) such that /G(Zl,2)/ = /B(Zl,2)/' 

By virtue of the defining equation A(Zl,2)B(Zl,2) = G(Zl,2)2, these requirements are 

in fact equivalent to the two conditions A(Zl,2) = B(Zl,2), called resonance conditions 

in what follows. 

Considering the detuning as the only variable parameter, the system of resonance 

conditions is over-determined: from a purist point of view, the resonance conditions 

can never be fulfilled exactly. If not exact, however, the resonance conditions can 

be fulfilled at least quite well if the atom-laser coupling is not too strong, and that 

is of advantage anyway: a strong atom-laser interaction would lead to multiple 

beam splitting, which is not desired. From this consideration, we conclude that our 

definition of "far" when refering to the remote zeros of F(z) should be with respect 

to this laser coupling. 

In the remainder of this chapter we leave the exact description behind and turn 

to perturbation theory in order to investigate the Doppleron resonances further. 



26 

Introducing the small parameter 

_ ((9/2) (9/2)) "" 9 
<: - max E(O) E(O) , E(O) E(O) "" 8no' no - n nl - m 

(2.17) 

we observe G(z) [see Eq. (2.13)] to be of order g<:21 in the relevant range of z. Since 

in this range the derivative dG(z)/dz is of order 2lt:2/+1 ~ 1, we may replace the 

function G(z), and in particular the residue parts G(Zl,2) by the effective coupling 

constant 

neglecting corrections of order f2/+1. For later usage we also note 

(2.19) 

(2.20) 

which is proved by inserting the leading order Ti;no-l(Z) '" 1/(z - E~ ~l) etc. into 

the defining equations (2.11) and (2.12) of A(z) and B(z), respectivel , and taking 

the z-derivatives. 

To find the zeros Zl and Z2 of'D(z), we use the parametrization Zl,2 Ec ±b..E/2, 

and expand A(z) and B(z) around the (yet unknown) center Ec. W iting Ac for 

A(Ec) etc., and using Eqs. (2.18)-(2.20), the leading order of the defini g equations 

'D(Zl,2) = 0 reads AcBc ± (Ac + Bc)b..E/2 + (b.E/2)2 = G2, which imposes the 

condition 

(2.21) 

and implies the solution 

(2.22) 
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The values B(Zl,2) and F(Zl,2) which in combination with 6.E determine the 

amplitudes of Qno(t) and Qnl (t), respectively, are obtained similarily. To determine 

the regular part F(z) in A(z)B(z) - G(Z)2 = (z - zt)(z - z2)F(z), we expand A(z) 

and B(z) around Ee, and use Eqs. (2.18)-(2.22) to obtain 

B(Zl,2) = -A(Ee) ± 6.E/2, 

F(Zl,2) = 1 

(2.23) 

(2.24) 

up to relative corrections of order f.2. Now everything depends on the (yet unknown) 

center frequency Ee and the value Ae = A(Ee). 

To proceed, we impose the resonance condition A(Zl,2) = B(Zl,2) which reads 

A(Ee) = B(Ee) up to corrections of order 6.Ef.2. In combination with the center 

condition (2.21), we have to solve A(Ee) = 0, i.e. 

2 

Ee = E~~) + ~ (Ti:no_l(Ee) + Tn-;;+1,nl-l(Ee)). (2.25) 

The solution Ee = Ee(6.) of this equation still has to obey the resonance condition 

A(Ee(6.)) = B(Ee(6.)), i.e. [see Eqs. (2.11),(2.12)] 

2 

~ (Ti:no-l(Ee) + Tn-;;+l,nl_l(Ee)) 
2 

+ ~ (Tn~+l,oo(Ee) + T,t+1,nl-l(Ee)) , 

(2.26) 

(2.27) 

which in turn fixes the optimal detuning 6. r = 6.(g) and yields the center frequency 

Eer = Ee(6.r) up to relative corrections of order f.21+2. Below we will outline an 

iterative procedure to solve Eqs. (2.25) and (2.27) simultaneously. We assume for 

now to have solutions 6.r and Ecr and study the impact of small deviations 86. = 

6. - 6. r on the resonance performance of our favorite amplitudes. These deviations 
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lead to a modification of the center frequency t::.Ee = Ee - EeT which is determined 

by the center condition A(EeT + t::.Ee, t::.r + 8t::.) + B(Eer + t::.Ee, t::.r + 8t::.) = O. To 

first order in the deviations and to leading order in €, the solution of this equation 

is t::.Ee = -8t::./2, which leads to Ae = -8t::./2. Including deviations 8k of the 

momentum of the impinging atom, similar reasoning leads to t::.Ec = (no + nl )8k -

8t::./2 and 
8t::. 

Ae = (21 + 1)8k - 2' (2.28) 

which completes the perturbative analysis of the resonance. Using Eq. (2.28) in 

Eqs. (2.22)-(2.24), inserting the resultant expressions in Eq. (2.16), and using the 

definition of Qn(t) in terms of sums and differences of cn(t), the result is 

= e-;E,. (COS(~Et/2) + i VG:: A1 Sin(~Et/2)) + 11,..(t), (2.29) 

= i V G e-;E,. sin(~Et/2)+ R., (t), (2.30) 
G2 +A~ 

where the remainders Rn(t) are of order € and Ae is given in Eq. (2.28). The 

probability to find the atom moving with momentum nl + 8k 

reveals oscillations with an amplitude which has the form of a two-dimensional 

Lorentzian as a function of 8k and 8t::.. The respective widths are given by 

21 I 
HWHM 9 no· 

8t::. = 2G = 9 641(l!)2(no + 2/)!' (2.32) 

and 
G 8t::.HWHM 

8kHWHM = -- = ---
21 + 1 41 + 2 ' 

(2.33) 
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meaning that the momentum transfer of the Doppleron decreases to less than half 

the optimal value when detuning or the initial momentum deviate by more than the 

above widths from their respective resonance values 6. r and no. 

This reminds us that we still carry the burden to solve Eqs. (2.27) and (2.25) for 

the optimal detuning 6. r and corresponding center frequency Ecr • These equations 

have the structure Ec = F(Ec, 6.),6. = Q(Ec, 6.) and are most easily solved using an 

iteration scheme. Introducing the notation E~i) and ~(j) for the ph approximant, we 

set up the iteration E~i+I) = F(E~j), 6.(j») and similarily 6. (j+I) = Q(E~j), ~ (j») with 

the initial values E~O) = E~~) and _6.(0) = n~ - n6. To be consistent in calculating 

the ph approximant, the continued fractions in Eqs. (2.25) and (2.27) have to be 

truncated at the ph level, and the (j - m) Ih approximants should be used on the 

m 'h intermediate level. Following all these recipes, we have to iterate up to j = I 

and may identify Ecr = E~l) and ~r = ~(l), respectively. 

The first approximants are readily obtained 

(I) 2 / 2 [1 1] 6. (I) 
Ec = no + (g 4) (no + 1)(1 + 1) + (no + 1+1)1 + -2-' (2.34) 

(I) _ (0) 2 21 + 1 [1 _1_] 
6. - 6. + 9 161(1 + 1) no + 1+1 + no + I ' 

(2.35) 

but the general expressions for the second approximants are already far too opaque 

to be displayed. To give an impression, we give the second (and final) approximant 

of a second order Doppleron resonance (I = 2) 

6.
r 

== 6.(2) = 6.(0) + 5g
2 

[NI + N2 + N3 + N4] , 
96 no + 2 no + 3 

(2.36) 

where 

(2.37) 
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N 2 [1 g2 (1 1 1)] -1 

2 = "5 - 192(no + 2) no - 1 + 2(no + 2) + 3(no + 3) , 
(2.38) 

N3 _ ~ [1 _ g2 ( 1 + 1 _ 1 )] -1 

-5 128(no+3) 3(no+3) 2(no+2) no+1 ' 
(2.39) 

N 2 [1 g2 (1 1 1)] -1 

4 = "5 - 192(no + 3) no + 6 + 2(no + 3) + 3(no + 2) 
(2.40) 

In particular, for the second order Doppleron with no = 660 and 9 = 4000 we find 

~r = ~(O) + (~(1) _ ~(O) + (~(2) - ~(1) = -6625 + 2516 + 512 = -3597. (2.41) 

We also have ~~HWHM = 324, i.e. the second correction exceeds the bandwith and 

neglecting it will certainly suppress the desired resonance. 

In Figure 2.2, the amplitudes C660 and C665 are plotted as functions of time with 

~ = ~ (2). In Figure 2.3, we use ~ = ~ (1). In both cases, a significant amount of 

population is in the off-resonant amplitudes since 9 is quite large. 

For smaller coupling, the effect of neglecting the second correction is even more 

obvious. In Figures 2.4 and 2.5, the amplitudes C660 and C665 are again plotted as 

before but with 9 = 2000. In Figure 2.4, we use ~ = ~(2), whereas in Figure 2.5 

we use ~ = ~ (1). Without the second correction, the transfer of population between 

the relevant translational states does not occur. 

2.5 Summary 

The resonance criteria for a large angle Doppleron has been developed by studing 

the Laplace transform of the set of coupled differential equations resulting from the 

use of the electro-translational basis (2.4). The bare resonance condition is altered 

due to the shifting of the levels from the laser interaction, and the tolerances in both 

the atom-field detuning and initial atomic momentum can be given. 
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Figure 2.2: Large angle doppleron resonance with no = 660, I = 2, and 9 = 4000 
with the detuning chosen as in 2.41. 
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Figure 2.3: Large angle doppleron resonance as above but with only the first COf

rection taken into account. 
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Figure 2.4: Large angle doppleron resonance with no = 660, I = 2, and 9 = 2000 

with the detuning chosen as in 2.41. 
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Figure 2.5: Large angle doppleron resonance as above but with only the first cor
rection taken into account. 
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CHAPTER 3 

SYMMETRIC DOPPLER BEAM SPLITTER 

3.1 Introduction 

Instead of large angles of incidence, we now turn to the case of a symmetric atomic 

beam splitter in which a monoenergetic beam of two-level atoms is incident normally 

to a classical standing-wave light field. The incident atomic wave functiqn can be 

split into two coherent components with transverse momenta ±(2n + 1 )lik using 

Doppleron resonances, where n is the order of the resonance. We discuss the cases 

of zero- and first-order resonances in detail, and show that, as in chapter 2, the 

Doppleron resonances are renormalized due to a high frequency Stark shift. Some 

numerical results will be shown which display the effects of a finite momentum 

spread in the incident atomic beam. Though the emphasis will not be so much 

on the method of extended adiabatic approximation as on the results and physical 

insight, we will show some examples of the over-determined nature of the resonance 

criteria as discussed in the preceding chapter. 

There has been considerable recent interest in developing matter-wave interfer

ometers employing neutral atoms. Potential applications include ultra-high sensitiv

ity accelerometers and gyroscopes as well as high resolution spatial spectroscopy.ll 

One of the major challenges in the design of such interferometers is to obtain large 

enough scattering angles that the atomic wave function becomes truly spatially sep

arated. In atomic beam-splitters using the near-resonant Kapitza-Dirac effect 12, 

the scattering angle is of the order of lik/Mv, where k is the wave number of light, 

M the atomic mass and v its velocity. For typical atomic velocities of the order 

of hundreds of meters per second and visible light, this corresponds to very small 

angles. There are however a number of ways out of this difficulty. The most obvi-
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ous one is to reduce the atomic velocity. In the so-called Bragg regime of atomic 

diffraction, strict energy-momentum conservation limits the scattering orders to a 

few well determined values. Specifically, if the atoms enter the electromagnetic field 

with a transverse momentum mfik, they are effectively coupled only to the state 

with transverse momentum -mfik, and the evolution between these two states is 

governed by a Pendellosung-type oscillation.9 However, the frequency of oscillation 

of these solutions scales as (OJ ~w )(2m-l), where 0 is the Rabi frequency and ~w 

the atom-field detuning. This makes the method impractical since one must have 

~w ~ 0 to minimize the effects of spontaneous emission. In the preceding chap

ter, our system could not really be used as a beam splitter since the atom would 

end up in a superposition of both electronic states, and the upper electronic state 

is orthogonal to the lower one. In this chapter, though the atom must enter the 

laser in the upper electronic state, the final state will be a superposition of lower 

electro-translational states only. When compared to the normal Bragg scattering of 

the same order, we show that this technique presents the advantage of leading to 

an effective separation of the atomic wave function over considerably shorter time 

scales. Also, the particular method used here takes advantage of a symmetry of the 

problem, which has technical as well as aesthetic appeal. However, it also suffers 

from a number of difficulties, especially for high-order Dopplerons. In particular, 

the atom-field detuning must be chosen very accurately for a given initial momen

tum. For realistic atomic wave functions with a finite beam profile, this can lead to 

a severe break-up of the scattered wave function. 

This chapter is organized as follows: Section 3.2 presents the basic model used 

to describe the interaction between a two-level atom and a classical standing wave, 

and develops the equations of motion for the atomic probability amplitudes in mo

mentum space. It then reviews the kinematic argument first advanced by Pritchard 

and Gould 5 to determine the location of the Doppleron resonances. Section 3.3 
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considers the situation of an atomic beam-splitter, usmg both zeroth-order and 

higher-order Dopplerons. The kinematic resonance condition is corrected to account 

for a Stark shift resulting from interactions with non-resonant electro-translational 

levels. These corrections are shown to be negligible for zeroth-order Dopplerons, but 

become essential in higher-order cases, where they imply stringent constraints on 

the atom-field detuning. So far, the discussion is concerned with plane atomic wave 

functions. Section 3.4 relaxes this limitation, and shows how the narrow resonance 

condition derived in Section 3.3 can lead to a break-up of the atomic wave function 

for atomic beams of finite extent. 

3.2 Theory 

3.2.1 Basic Model and Equations 

The atomic beam splitter under consideration is illustrated in Figure 3.1. A mo

noenergetic beam of two-level atoms of mass M, electronic spacing liwo travelling 

at velocity V z along the z-axis, is incident normally to a monochromatic classi

cal standing-wave light field of frequency w. The electric field is polarized in the 

transverse y-direction. In the rotating-wave-approximation and in the coordinate 

representation, the atomic evolution is adequately described by the pair of coupled 

Schrodinger equations 13 

. aa li2 a2a liO 
zli- = ---+ -cos(kx)b at 2M ax2 2 ' 

(3.1 ) 

and 

(3.2) 

where a(x, t) and b(x, t) are the wave functions for the upper and lower electronic 

states of the two-level atoms, ~w = Wo - w detuning, k = w / c is the light wave 
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Figure 3.1: Geometry of the proposed atomic beam splitter. The atoms enter the 
standing-wave light field in their excited state la) and have longitudinal velocity V z• 
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vector, and n is the field Rabi frequency. Comparing with (2.2), we see that we 

have chosen U(z) to be piece-wise constant so that in the atom's rest frame, the 

laser appears to be altogether on or off. We also ignore the effects of spontaneous 

emission from the upper to lower electronic level. 

It is convenient to consider input atomic wave functions corresponding to trans

verse momentum eigenstates separated in momentum space by the "kick" associ

ated with the stimulated emision or absorption process. This allows us to expand 

the upper and lower state wave functions as spatial Fourier series over, for exam

ple, the following transverse momentum eigenstates (as written in the coordinate 

representation) 13, 14 

00 

a(x, t) = E aj(t)eiikr 
j=-oo 

00 

b(x, t) = E bj(t)eijkx. 
j=-oo 

(3.3) 

Such an expansIOn is appropriate to describe the situation where the atoms are 

injected in their upper electronic state and with no transverse momentum, j = 0, 

i.e. for the initial conditions 

(3.4) 

In this case, the atom-field interaction can only produce new scattering orders 

(transverse momentum eigenstates) corresponding to integer multiples of lik, the 

quantum of transverse momentum exchanged between the atom and the field in ele

mentary absorption and emission processes, and the expansions given by Eq.s (3.3) 

are valid. Then, for example, laj(tW is the probability of finding the atom in its 

upper state with transverse momentum jlik at time t. 



40 

Substituting the expansions (3.3) into the Schrodinger equations (3.1) and (3.2) 

yields equations for the time-dependent amplitudes aj(t) and bAt). For the initial 

conditions (3.4), we have the symmetries 

(3.5) 

with j = 1,2,3.... Furthermore, the various amplitudes couple according to the 

scheme shown in Figure 3.2. That is, for example, a2 couples directly to ,bl and b3 

only. This is a result, seen here in momentum space, of the half-period symmetry 

manifest in coordinate space which was discussed in chapter 2. Thus we need only 

consider even values of j for aj, and odd values of j for bj,l3 By making use of these 

properties, we obtain the system of equations 

,dao 
t-

dt 
,daj 
z-

dt 
,dbj 
t-

dt 

= 

-

= 

o 
-bi 
2 

j2wRaj + ~ (bU~I) + bUH»), j = 2,4,6 

(j2WR - bow)bj + ~ (aU-I) + a(jH»), j = 1,3,5 ... , 

(3.6) 

where WR = ~:; is the recoil frequency. Note that, in comparison to the second 

and third of these equations, the right-hand side of the first involves a factor 0/2 

as opposed to 0/4. This is because ao interacts with both bi and LI and these 

amplitudes are equal according to Eqs. (3.5). In this chapter, we concentrate on 

the use of Doppleron resonances to operate an atomic beam splitter. As mentioned 

previously the concept of Dopplerons, or velocity-tuned resonances, was originally 

introduced by KyroHi. and Stenholm,2 who considered situations in which the atoms 

have an initial transverse momentum satisfying Ip",1 ~ fik, so that the atomic ve

locity remains essentially unchanged in absorption and emission processes. Again, 
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Figure 3.2: Coupling scheme between the excited and ground state amplitudes QJ 

and bj • 
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this approximation amounts to neglecting the effects of atomic recoil and effectively 

dropping the kinetic energy terms in Eq.s (3.1) and Eq.s (3.2). KyroHi and Sten

holm did, however, retain the first-order Doppler effect by employing a convective 

derivative {a/at + (Px/m)a/ax) in place of the time derivative in Eq.s (3.1) and 

Eq.s (3.2). In contrast, our work assumes that the atom initially has zero transverse 

momentum, and it is therefore essential to retain both the first-order Doppler effect 

and atomic recoil, as described fully by the kinetic energy terms in Eq.s (3.1) and 

Eq.s (3.2). In other words, we have to consider the full electro-translational states 

of the atom instead of electronic states only. 

3.2.2 Kinematic Picture 

The solutions of Eq.s (3.6) have been studied In detail on resonance by several 

authors, both theoretically 13,15 and experimentally.1S,17 In the limit that the re

coil frequency is negligible compared to the Rabi frequency, the solutions are given 

in terms of Bessel functions, and the spread in atomic transverse momentum in

creases linearly with time. 13 Similar results are found in the highly detuned case 

ILlw/nl ~ 1.18 However, when the effects of atomic recoil are retained the growth 

in the spread in atomic transverse momentum becomes bounded.13,14 In particu

lar, when the atomic recoil frequency becomes of the order of the single-photon 

frequency (we shall quantify these statements in the following sections) it becomes 

possible to limit the scattering to only a few scattering orders. In this sense atomic 

recoil can be seen as a phase-matching constraint which limits the proliferation of 

scattering orders. 

The other parameter of central importance to our discussion is the atom-field 

detuning Llw, as it can be used to control the occurence of certain types of atomic 

processes over others. On resonance, single photon processes dominate, and the scat-
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tering orders correspond to transverse momenta which are integer multiples of hk. 

Far off-resonance (but avoiding special choices of D.w corresponding to Dopplerons), 

in contrast, only virtual transitions betwen the upper and lower electronic states 

take place, and the scattering orders separated in momentum by integer multiples 

of 2hk dominate. In general, if an m-photon process is dominant, the important 

scattered components are at integer multiples of mhk. However, if atomic recoil is 

effective, it is possible to limit the scattered components to ±mhk. 

In this chapter, we consider specifically nth-order Doppleron resonances, which 

correspond to atom-field interactions for which 2n + 1 elementary emission or ab

sorption processes occur. For atoms initially in their upper state and no transverse 

momentum, the scattered components at ±(2n + 1 )hk are th~refore necessarily in 

their lower state. With the above discussion in mind, a kinematic picture of the 

conditions under which Doppleron resonances occur can be obtained by using the 

simple model discussed by Pritchard and Gould.s The bare energies (without the 

atom-field interaction energy) of the various states of the system can be written as 

(3.7) 

where j even (odd) corresponds to the upper (lower) state. These states are illus

trated schematically in Figure 3.3. The symmetric nth-order Doppleron resonance 

occurs when 

Eo - E2n+1 = Tiw, (3.8) 

or for the atom-field detuning 

(3.9) 

where the subscript n labels the symmetric nth-order Doppleron. The superscript 



E· J 

-3 -2 -1 o . 
J 

1 2 3 

Figure :3.3: Bare energies EJ of the various states of the system. ~ote that here. a~ 
in Figure 3.2. j even corresponds to the excited state and j odd the ground state. 
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denotes the various corrections to the kinematic result similar to the last chapter. 

If this condition is satisfied, and assuming that the atomic recoil is sufficient to 

constrain the scattering orders, the initial atomic wave function will be split into 

two coherent components corresponding to transverse momentum eigenstates with 

momenta ±(2n + l)/ik. Finally, for future use we define the effective detuning from 

one-photon resonance for the nth-order Doppleron resonance as 5 

(3.10) 

3.3 Atomic Beam Splitter 

In this section we analyze atomic beam splitters using both zeroth-order and first

order Doppleron resonances. We comment on the use of still higher-order Doppleron 

resonances in section 3.3.3. 

3.3.1 Zeroth-Order Doppleron Resonance 

In this section, we will take the opportunity to show explicitly the implications of 

the over-determinacy of the Doppler resonance criteria as mentioned in the previous 

chapter. This aspect manifests itself in the extended adiabatic approximation when 

the resonance criteria is sought to an accuracy greater than that dictated by the 

difference in energies of the populated eigenstates. This occurs because the extended 

adiabatic approximation requires that we go to a slowly varying frame - that is 

lock on to the frequency of the populated eigenstates: of course there is no single 

frequency, rather there are two and thus the indeterminacy of the method beyond 

this lifting of the degeneracy. 

For the zeroth-order resonance, we will calculate the renormalization of the reso

nance criteria using the extended adiabatic approximation and show that the result 
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given by this approximation is the average of the two results which can be obtained 

by a perturbative analysis of the eigenvalues. 

In this case the atomic wave function, which is initially given by Eq. (3.4), is to 

be split into two coherent components, both corresponding to the atom being in its 

lower electronic state, and with transverse momenta ±1ik. To analyze this situation 

we truncate the equations of motion (3.6) beyond j ;::: 3, which yields 

(3.11) 

Note that we need to retain the non-resonant amplitude a2 since it is coupled 

directly to bl and since our point will be to investigate the first term in the perturba

tive expression for the renormalization of the resonance criteria due to the presence 

of the non-resonant levels. According to Eq. (3.9), the atom-field detuning required 

for the zeroth-order Doppleron resonance is D.w~O) = WR. Under this condition we 

see from Eq.s (3.11) that the amplitudes ao and bl are phase synchronous, whereas 

a2 is phase-mismatched. It follows that a2 is non-resonant in the weak coupling limit 

and can be adiabatically eliminated. This is generally done by setting da2/ dt = 0 

and solving the resulting equation for a2 as a function of the resonant amplitudes. 

More precisely, in the extended adiabatic approximation we set dad dt = ()a2 where 

() is "the" frequency associated with the resulting reduced system (we will go into 

this in greater detail in chapter 4). Of course, as mentioned previously, there are two 

frequencies and thus the ambiguity. To zeroth order in the perturbation parameter 

(n/WR), however, we may as well let () = O. If it were not that the two frequencies 
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will be separated by the perturbative parameter to the first power, letting e = 0 (the 

zeroth order approximation for 0) would give us the first correction to the resonance 

condition. Proceeding without this insight, the second equation of (3.11) becomes 

(3.12) 

This equation gives a corrected value for the resonance condition of the zeroth-order 

Doppleron as 

(3.13) 

In contrast to the adiabatic approximation, if we consider a perturbative analysis of 

the eigenvalues to make our choice in the best detuning to this order, we find that 

the resonant choices are 

(3.14) 

Here we define the resonant detunings as the ones which will produce the greatest 

degeneracy in the spectrum-i.e. minimize the difference between our favorite eigen

values and therefore force the corresponding eigenstates to be as close as possible to 

simple symmetric and antisymmetric sums of our two resonant states. For either of 

the choices of the detuning given by the eigenvalue approach, the difference between 

the eigenvalues is 

(3.15) 

where f = f2/WR, and we have chosen the detuning so that the f3 term vanishes. 

This term in the expansion would not be zero for the choice of (3.13) which is given 

by the adiabatic approximation. We see that the adiabatic approximation gives a 

correct choice only to zeroth order in this case. In the limit of "small" f'S, this 

is adequate. In fact, the extended adiabatic approximation always gives a choice 
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which is adequate, but may give spurious results beyond that. 

Regardless of the two methods used, the first-order correction can be seen as 

arising from the coupling of bi to a2, and can therefore be interpreted as a renor

malization of the kinematic resonance condition. In the field of high resolution 

spectroscopy the shift of a resonance due to interaction with non-resonant levels is 

referred to as a high-frequency Stark shift.I9,2o For the case we are considering, the 

level a2 is non-resonant due to the effects of atomic recoil. We therefore interpret 

the shift in the zeroth-order Doppleron resonance condition as a Stark shift due 

to coupling to neighboring electro-translational states. According to the adiabatic 

approximation, the results should be valid if the correction is small, that is if 

n/SWR ~ 1. (3.16) 

This correction is only the average of the two results obtained from a perturbative 

analysis of the eigenvalues. Nevertheless, we will study the solutions for various 

values of this correction. 

Under conditions of zeroth-order resonance the first of Eqs. (3.11) and Eq. (3.12) 

can easily be solved for ao and bl • We can then obtain expressions for /ao/ 2 and /b i /2 = 

/b_d 2 , which are the probabilities for finding the atom with transverse momenta 

0, ±1/ik. A simple calculation yields 

(3.17) 

where the effective Rabi frequency for coupling from ao to bi (or h- I) is nodvi2. 

This implies that the effective field causing transitions from ao to b±l is 1/vi2 of 

the applied field. For an interaction time tint = 7r /nOl the incident atomic wave 

function splits into two coherent components with transverse momenta ±/ik. 
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To corroborate these predictions we have solved the full set of coupled equations 

(3.6) with up to twenty scattering orders. The results are shown in Figures 3.4, 3.5, 

and 3.6 where the probabilities Pj = lajl2 ,j even, and Pj = Ibjl2, j odd, for finding 

the atom in the various scattering orders are plotted as functions of fU/2. The 

detuning was chosen as that for the zeroth-order Doppleron resonance, Eq. (3.9), and 

results were obtained for various values of n/8WR, which according to Eq. (3.16) 

should be much less than 1. As shown in Figures 3.4 and 3.5, the probability 

P2 = P-2 of finding an atom with a transverse momentum ±21ik can exceed 10% 

for n/8WR > 1/2. In particular, for n/8WR = 1 (Figure 3.4) it is seen that the 

higher scattering orders are being resonantly excited. In contrast, for n/8WR :5 1/4, 

P2 becomes less than 1 %, and the zeroth-order Doppleron resonance can be used 

as an effective atomic beam splitter. The width of the zeroth-order Doppleron 

resonance can be obtained from the reduced system by setting .6.w = .6.wo + 8w, 

where 8w is the detuning from the Doppleron resonance. By solving these equations 

as a function of 8w one finds that the zeroth-order resonance has a width 8w ~ 0 01 • 

Note that the first order correction l.6.w~l)1 ~ (0/8WR)001 is considerably smaller 

than the bandwidth bw since we require that 0/8WR :5 1/4 for an effective atomic 

beam splitter. Therefore, the results shown in Figures 3.4, 3.5, and 3.6 are 

essentially the same whether or not we include the renormalization due to the high 

frequency Stark shift. In the following sections we shall see that this is not the case 

for higher-order Dopplerons. 

3.3.2 First-Order Doppleron Resonance 

For the case of the first-order Doppleron resonance the incident atomic beam wave 

function can be split into two coherent parts of transverse momenta ±31ik. To 
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Figure :3..!: Probabilities of finding the atom with transverse momentum jn.k as a 
function of the dimensionless time fJt/2 under the conditions of the zeroth-order 
Doppleron resonance and fJ/8u..·R = 1. 
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Figure 3.6: Same as Figure 3.4 but f>./BwR = 1/4. 
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analyze this case we truncate Eqs. (3.6) beyond j ~ 5, which yields 

.dao n 
z- = -b1 dt 2 ' 
.db1 n 
z- = (wn - ~W)bl + 4(ao + a2), 

dt 
.da2 n 
z- = 4Wna2 + 4(b1 + b3), dt 
.db3 n 
z- = (9WR - ~W)b3 + 4(a2 + a4), 

dt 
.da4 n 
z- = 16wRa4 + "4 b3' dt 

(3.18) 

We retain the amplitude a4 since it is coupled directly to .b3 and since we want 

to calculate the first correction to the resonance condition. Equation (3.9) gives 

the resonance condition for the first-order Doppleron ~w~o) = 9wn. Under this 

condition we see from the first and fourth equations of (3.18) that the amplitudes 

ao and b3 are phase synchronous, whereas b., a2, and a4 are phase-mismatched. We 

therefore adiabatically eliminate these amplitudes using ~w = ~wiO) and () = 0 in 

the second, third, and fourth equations of (3.18). It will be sufficient to use these 

zeroth-order values to get the first order correction. This yields 

and 
n 

a4 = ---b3 • 
64wR 

(3.19) 

(3.20) 

Note that from Eq. (3.20) the magnitude of a4 is of order f = njwR. Equation 

(3.19) can easily be inverted to yield b1 and a2 as functions of ao and b3 • If we 
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perform this inversion and retain only terms up to order €2 we obtain 

( bl) ( 0/32wR -0
2
/ 512wk ) ( ao ) (3.21) 

a2 - -02/512wk -0/16wR ba ' 

Substituting Eqs. (3.20) and (3.21) into the first and fourth equations of (3.18), 

and setting ~w = ~wfO) + ~Wfl) in the fourth equation of (3.18) yields 

(3.22) 

In order that ao and ba be phase synchronous, we require that the diagonal terms 

in Eqs. (3.22) be equal. This yields the first-order Doppleron resonance condition 

(3.23) 

Note that our analysis is only valid if this correction term is small, which requires 

0/16wR « 1. (3.24) 

This condition also guarantees that the bl , a2, and higher amplitudes with j ~ 4 do 

not become significantly excited. 

If we do a perturbative analysis of the eigenvalues and go to one higher correction, 

we find that there is still a single choice of detuning which works best: 

(3.25) 
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This is in contrast to the zeroth-order Doppleron where taking a higher order cor

rection than necessary (we will show that in the present case the first correction is 

necessary) gives two choices. Concomittant with this lack of ambiguity in the choice 

to this order, however, is the result that the £s term in the difference in our two 

favorite eigenvalues cannot be eliminated (for real detuning!), only minimized. The 

minimized difference is 

(3.26) 

Just as the £3 term cannot be eliminated because of the "repulsion" of the eigenvalues 

associated with the existence of a degeneracy (the first-order Doppleron between ao 

and b3 ) , we might suspect that the failure to eliminate the next higher term (£S) 

is due to the existence, simultaneous with the degeneracy we are investigating, of 

yet another degeneracy. This turns out to be the case. Note that according to the 

uncorrected resonance condition (3.9) for the first-order Doppleron at hand, the 

"bare" energy associated with bs is 25wR - ~w = 16wR, which is the same as that 

associated with a4, producing a zeroth-order Doppleron between the corresponding 

states. The simultaneous existence of two different Dopplerons happens because of 

the pythagorean triple [3,4,5]' i.e. 32 + 42 = 52. It follows there are simultaneous 

Dopplerons for the amplitudes ao, bs, a12, b13 , etc. 

In any case we see that the (extended) adiabatic approximation gives us a correct 

result at least to the first renormalization term. Again this term is due to the 

coupling of the amplitudes of interest, ao and b3 , with the non-resonant amplitudes, 

and can be interpreted as a high frequency Stark shift. However, in contrast to the 

zeroth-order Doppleron, where we have seen that the correction ~w~l) is of little 

significance, for the first-order Doppleron the inclusion of the renormalization is of 

central importance, as shall be seen below. Under the conditions of the first-order 
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Doppleron resonance Eqs. (3.22) can easily be solved for ao and b3 to give 

(3.27) 

and 

(3.28) 

where the effective three-photon Rabi frequency for coupling from ao to b3 is given 

by 

1 ( n)2 (n/-I2) 2 
n03 = - - 0 = -- (n/h). 

2v'2 16wR 281 
(3.29) 

Here, following the notation introduced in Sec. 3.2.2, we have used the effective 

detuning from one-photon resonance 81 = SWR' Taking account of the fact that the 

effective field is 1/v'2 of the applied field (see Sec. 3.3.1), Eq. (3.29) is the standard 

result for the effective three-photon Rabi frequency. 5, 19 Therefore, for an interaction 

time tint = 7r /003 the incident atomic wave function is split into two coherent com

ponents with transverse momenta ±3hk. Figures 3.7, 3.S, and 3.9 show numerical 

results for the probabilities Pi of finding the atom in the various scattering orders as 

functions of nt /2. In Figures 3.7 and 3.S the detuning was chosen as that for the 

first-order Doppleron resonance, Eq. (3.23), and the values of n/16wR used were 1/2 

and 1/4, respectively. As shown in Figure 3.7 the probabilities Pt,2 of finding an 

atom with transverse momentum ±hk, and ±2hk can exceed 20% for n/16wR > 1/2. 

In contrast, for n/16wR :5 1/4 (Figure 3.S) Pl,2 become less than 1 %, and the first

order Doppleron resonance can be used as an effective atomic beam splitter. Note, 

however, the difference in time scales in Figures 3.7 and 3.8. It follows from 

Eq. (3.29) that, for a fixed Rabi frequency n, the interaction time tint = 7r /003 

required for an atomic beam splitter scales as (0/16wR)-2 ~ (gn/16~w )-2, where 

we have used the zeroth-order Doppleron resonance condition. This scaling is much 
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more favorable than for an atomic beam-splitter using Pendellosung oscillations9 

between states of transverse momenta 31ik and -31ik, which is a six-photon process. 

The time scale for this process can be obtained by expanding the generalized Rabi 

frequency as 

... , (3.30) 

where the fourth term corresponds to the six-photon process. Therefore, for a fixed 

Rabi frequency a, the interaction time required for this process to operate as an 

atomic beam splitter scales as (a/2~w)-5. The width of the first-order Doppleron 

resonance can be obtained from Eqs. (3.22) and by setting ~w = ~Wl +b'w, where b'w 

is the detuning from the Doppleron resonance. By solving these equations as a func

tion of b'w one finds that it has a width b'w ~ a03 • In this case, the first order correc

tion to the resonance frequency l~wP)1 ::::: (a/16wR)-la03 is larger than the band

width b'w, since we require that a/16wR :5 1/4 for an effective atomic beam splitter. 

Therefore, for an atomic beam splitter based on a first-order Doppleron resonance, 

the renormalization of the resonant frequency due to the high frequency Stark shift 

is of utmost importance. This is illustrated in Figure 3.9 which corresponds to the 

same situation as shown in Figure 3.8, but now we have set ~w = ~w1°), thus 

neglecting the first-order correction. In comparison to the resonant case shown in 

Figure 3.8 we see that the system no longer acts as an atomic beam splitter. 

3.3.3 Higher-Order Doppleron Resonances 

It is possible to solve the system of equations (3.6) for higher-order Doppleron 

resonances (n ~ 1). However, the adiabatic elimination procedure becomes more 

and more subtle due to the presence of an increasing number of detuned intermediate 

states. The extended adiabatic approximation as completely desribed in chapter 4 



58 

r (=f2t/2) 

Figure 3.7: Probabilities Pj of finding the atom with transverse momentum jlik as 
a function of the dimensionless time fU/2 under the conditions of the first-order 
Doppleron resonance and f!/SwR = 1/2. 
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Figure 3.8: Same as Figure 3.7 but with n/SwR = 1/4. 
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Figure 3.9: Same as Figure 3.8 but without the first-order correction taken into 
account. 



61 

handles this problem up to the lifting of the degeneracy of the relevant eigenenergies. 

For example, for n = 2 the resonance condition is given by 

and numerical calculations verify that it is important to retain the second-order 

correction in this expression. 

3.4 Finite Atomic Beam Effects 

In our treatment so far we have assumed that the input atomic wave function is 

a single transverse momentum eigenstate. In reality, however, the input may be 

described by a coherent superposition of transverse eigenstates. The variance in the 

transverse momentum of the input wavefunction is no longer zero, which implies, via 

the uncertainty principle, that we are dealing with atomic beams of finite transverse 

extent. 

To treat such atomic beams we have solved Eqs. (3.1) numerically with the beam 

propagation method 21,22 using the fast-Fourier-transform algorithm. We assume 

an initial Gaussian atomic wave function 

(3.32) 

where 6x is the rms fluctuation in position around x = O. From the uncertainty 

principle for a Gaussian wave packet we know that the fluctuations in transverse 

momentum 6p are given by 

6p = fi6k = fi/26x, (3.33) 
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where ~k is the rms fluctuation in the transverse wave vector. Numerically we solve 

for a(x, t) and b(x, t). We then convert this to momentum space by Fourier transfor

mation to obtain a(px, t) and b(px, t). Then, for example, la(px, tW is the probability 

density for finding the atom in its excited state with transverse momentum Px' 

To obtain an idea of when finite beam effects are relevant it is possible to rework 

the calculations of Sees. 3.2.1 and 3.3 to incorporate an initial transverse momen

tum Po = liko. From these calculations one can obtain the bandwidth 8p = 1i8k 

over which the initial atomic transverse momentum may deviate from zero before 

the Doppleron resonance is destroyed. For the cases of zeroth-order and first-order 

Doppleron resonances we find 

8ko ~ (n/8WR)k, (3.34) 

and 

(3.35) 

where the first result comes from an average of the two correct c oices for the 

detuning. Finite beam effects are relevant when ~k is greater tha the spatial 

frequency bandwidth 8k. 

Figures 3.10 and 3.11 show lal2 (dashed line), Ibl2 (solid line) a d the initial 

probability density (dashed-dotted line) as functions of Px/lik for the zeroth-order 

Doppleron. The parameters used are the same as in Figure 3.5, and for an inter

action time ntint/2 = 2.3. This is the time for which the system a ts effectively 

as an atomic beam splitter (see Figure 3.5). The two examples shown in Figures 

3.10 and 3.11 correspond to ~k/k = 1/4 and ~k/k = 1/2, respectively, whereas 

8ko/k = 1/2. For the case shown in Figure 3.10, ~k = 8k/2, the input wave 

function is split as expected into two coherent components with mean transverse 

momenta ±lik. Note that there is a relatively small probability of finding the atom 
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Figure 3.10: Probability densities of finding the atom with scaled transverse mo
mentum Prink under the conditions of the zeroth-order Doppleron resonance for 
n/8WR = 1/4, nt/2 = 2.3, and 6.k/ k = 1/4 . 

. in its excited state. In contrast, for the case shown in Figure 3.11 b..k = 8k, and 

only the central portion of the incident atomic wave function is scattered by the 

Doppleron resonance, there now being a significant probabili ty of finding the atom 

in its excited state. In this case the input spread in transverse momentum is larger 

than the spatial frequency bandwidth of the system, and this leads to break-up in 

the scattered wave functions. Similar break-up phemomena also occur for higher

order Dopplerons but are much more severe, as reflected in Eq. (3.35). Recalling 

that n/16wR < 1/4 for the first-order Doppleron to be effective as an atomic beam 

splitt~r, this implies that the input spread in transverse atomic momentum must 

obey b..kj k < 0.02 to avoid break-up. This is a very stringent requirement on future 
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Figure 3.11: Same as in Figure 3.10 but with Ak/k = 1/2. 
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experiments in this direction. 

Figure 3.12 shows the probability densities /a/ 2
, and /1>/2 as functions of Px/hk 

for the first-order Doppleron. The parameters used in this run are the same as those 

used in Figure 3.B, and the interaction time is f!tint/2 = 70, for which the system 

acts effectively as an atomic beam splitter (see Figure 3.8). The portions of the 

figure labelled (a) and (b) correspond to the excited and ground state wave function, 

respectively. Here we have chosen 6.k/k = 0.1, whereas bk/k = 0.02. Consequently 

excessive break-up occurs in the scattered wave functions. This is illustrated in 

Figures 3.13 and 3.14 where we show blown-up views of the regions around Px = 0 

and px = 3hk from Figure 3.12. Note in Figure 3.13 that only the very central 

portion of the incident wave function is scattered by the Doppleron resonance. This 

is also evident in Figure 3.14, where the scattered wave function has a width of 

about 0.02, in excellent agreement with the predicted spatial frequency bandwidth. 
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Figure 3.12: Probability densities of finding the atom with scaled transverse mo
mentum Pr/n.k under the conditions of the first-order Doppleron resonance for 
n/SwR = 1/4, nt/2 = 70, and ~k/k = 1/10. 
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Figure 3.13: Same as in Figure 3.12 but blown up around Olik. 
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Figure 3.14: Same as in Figure 3.12 but blown up around 31i.k. 
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DOPPLER-CATALYZED BRAGG 

4.1 Introduction 
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The essential feature of an atomic "beam splitter" is its ability to take an atom in a 

single momentum eigenstate (approximately), and place it in a coherent superposi

tion of two momentum eigenstates (again approximately). For this to be pO,ssible, (1) 

the effective Hamiltonian describing the system must have eigenstates that include 

non-trivial superpositions of momentum eigenstates and (2) the "initial-condition" 

of the atom must excite (or have an overlap with) more than one of these eigenstates. 

In the case of the Doppler-catalyzed Bragg scattering considered in this chapter, we 

will find, in the weak field limit, that the detuning can be chosen so that the relevant 

eigenstates are two pairs of symmetric and anti-symmetric combinations of two mo

mentum eigenstates, and that the correct choice in the initial condition is one that 

excites one of these eigenstate pairs. This is the s!tme as in normal Bragg scattering, 

except that in the catalyzed scattering the degeneracy between the energies of the 

eigenstate pair which is excited will be lifted even more than in the usual case by 

the presence of the other "auxilliary" pair. All four of these eigenstates correspond 

to the same energy in the limit of weak fields so that the problem becomes the 

study of a nearly four-fold degeneracy. This will not be the case in the amplitude 

modulation method of the final chapter where several eigenstates will be important. 

In the former method we will have simple sinusoidal exchange of population (two 

eigenstates -jo two frequencies -jo sinusoidal) and in the latter a more complicated 

evolution of the state vector. 

An efficient beam splitter produces high order diffraction of the atomic wave 

function in relatively short interaction times. In the present chapter this will be 
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achieved by Doppler-catalyzed Bragg resonances which will involve a stringent re

quirement on the detuning just as in the previous chapter in the case of high-order 

symmetric Dopplerons. In chapter 5, high order diffraction will be achieved by a 

specialized longitudinal mode structure of the laser field. The Doppler-catalyzed 

method will necessarily involve real transitions to the upper electronic state and 

will, therefore, require a detailed examination of the full spinor Schrodinger equa

tion. The amplitude modulation method will, on the other hand, treat the atom as a 

scalar matter wave. In either case the full spinor equation will be solved numerically 

to confirm the predictions of the two methods. 

4.2 Specific Model 

For the Doppler-catalyzed Bragg system, we consider the field profile U( VzT /WR) 

of chapter 2 to be zero for T < 0 and T > Tmax , and unity otherwise; that is, in 

the atom's moving reference frame, the laser appears to be altogether on or off. 

We consider the atom to be initially in the ground state Ib) and in the transverse 

momentum eigenstate I(n + 2m + l)/ik), where nand m are fixed and specifically 

m ~ n. We will label this state as Ib, n + 2m + 1). The Hamiltonian will couple this 

electro-translational state to other electro-translational states which will, therefore, 

be needed in the description of the evolution of the state vector. The half-period 

symmetry of the Hamiltonian (2.4), however, shows that for such an initial state the 

electronic state of the other electro-translational states to which this initial state is 

coupled are well defined by the translational label alone. That is we can abbreviate 

as follows: 

In + 2/) _ la, n + 2/) 

In+2/+1) _ Ib,n+2/+1). 
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( 4.1) 

We wri te our state vector I~} as a sum of these states: 

I~} = E C1(r)ll}, (4.2) 
1 

where, as indicated, we choose 

C1(0) = b'I,n+2m+l. (4.3) 

Substituting (4.2) in (2.2) with U( *) = 1, we find that the amplitudes CI obey 

( 4.4) 

where 

(4.5) 

The resonance condition will be pursued further in section 4.5, but for now we note 

that if 

Ll = (n + 2m + 1)2 - n2 = (2m + 1)(2n + 2m + 1), (4.6) 

then Eo[±{n + 2m + 1)] = Eo[±n] , and we have a four-fold degeneracy in the 

Hamiltonian for zero field strength. We expect a non-zero field to lift this degeneracy, 

and further anticipate a shift in this resonance condition caused by the presence of 

the non-resonant levels. That is 

(4.7) 
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where Llo(n,m) is given by Eq. (4.6), and s is the anticipated Stark shift. In order 

to simplify the analysis, we shift the energy reference so that the bare-energies of 

the near-resonant electro-translational states will vanish as 9 becomes small. Using 

the resonant detuning (4.7), the mode amplitudes obey 

(4.8) 

where 

Eo(l) = 12 - (n + 2m + 1)20d(l- n) - n2ev(1 - n), (4.9) 

and where 

(1) 
_ 1 + (-1)1 

ev - , 
2 

(4.10) 

and od(l) = 1 - ev(l). 

In order to take advantage of the symmetry 

Eo(l) = Eo( -1), (4.11) 

where the tildes have been dropped for convenience, we introduce the symmetric 

and antisymmetric amplitudes as follows: 

1 
SI == 21/ 2 (CI + C_I), 

1 = 1,2,3, ... ; 

So - Co; 
1 

DI - 21/ 2 (CI - C_I), 

1 = 1,2,3, .... (4.12) 
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We then obtain the two uncoupled systems: 

. d S z- I 
dr 

. d D z- I 
dr 

= 

= 

[Eo(l) - (_I)I-n~g2] SI + ~ [Jl + OI,OSI+1 + (1 - OI,o)Jl + OI,ISI-d ' 

1=0,1,2, ... ; 

[Eo(l) - (-I)I-n~l] DI + ~ [DI+1 + (1 - ol,dDI-I]' 

1 = 1,2, .... 

(4.13) 

We immediately see that it may not be possible by a single choice of detuning to 

make simultaneously both Sn resonant with Sn+2m+1 and Dn resonant with Dn+2m+1' 

since they obey slightly different equations. In chapter 2 (2.41), it was shown that for 

an mth-order Doppleron between the nth momentum eigenstate and the n + 2m + 1st 

moment um eigenstate and, significantly, for n ~ m there was a single choice for 

the detuning that lead to the best coupling (up to the over-determined orders). 

More generally, this is possible in the weak field limit as long as n > m. This is 

the regime where, thinking in the time domain, the Doppler scattering between the 

(n + 2m + l)th and the nth momentumeigenstates is faster than the Bragg scattering 

between the nth and _nth momentum eigenstates. In chapter 3, we investigated the 

case where n = 0 and, consequently, m ~ n since m takes on the values 0,1,2, .... 

Because the initial condition was symmetric about the oth momentum eigenstate, 

however, there too a single choice of detuning (3.23) maximized the desired coupling 

(Le. DI == 0 for 1 = 1,2, ... ). In contrast, this will not be the case for an initial 

condition which excites both the symmetric and antisymmetric states and for m ~ n. 

We will, however, find that a choice of detuning which leaves neither the symmetric 

nor the antisymmetric system maximally coupled will provide the desired catalytic 

action for scattering between the (n + 2m + l)th and -(n + 2m + l)th momentum 

eigenstates. In any case, we are left to solve Eq.s (4.13) for a single choice of detuning 
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that places both of the desired symmetric and antisymmetric states near a Doppler 

resonance. 

4.3 The Extended Adiabatic Approximation 

If the detuning is chosen near a resonance between the relevant symmetric and 

anti-symmetric states and if the field is weak enough, the non-resonant electro

translational levels will adiabatiacally follow the populated near-resonant ones and, 

therefore, undergo simple sinusoidal oscillations in their magnitudes. Up to one time 

scale shorter than that which will characterize the population exchange between the 

(n + 2m + 1)th and -(n + 2m + 1)th momentum eigenstates, however (i.e. up to 

one less order in the field amplitude g), we expect the evolution of the non-resonant 

levels to be dominated by complex rotations, 

. d S z- t dr 

.d
D z- I = 

dr 

-olSt, 
1 = 0,1,2, ... =f. n, n + 2m + 1; 

_rjJg2Dt, 

1 = 1,2,3, ... =f. n, n + 2m + 1. 

( 4.14) 

Eqs. (4.14) constitute the adiabatic approximation. It is sufficient to keep track of 

these rotations in order to determine the envelopes for Sn, Sn+2m+1, and Dn , Dn+2m+1 

and to develop the restriction on the detuning. These rotations will be given by the 

rotations of the two two-level systems that we seek: that is by the eigenvalues 

of the two-by-two matrices which give the reduced problem. Using Eqs. (4.14) in 



Eqs. (4.13) the problem has been reduced to solving the following system: 

. d 5 
z dr n+2m+1 = 

with the constraint that 

and 

0= [Eo(/) +ol- (_I)(l-n)~g2] 5,+ 

~ [VI + 15,,05/+1 + (1 - t5"o)Vl + 15,,1 5'-1] , 
/ =1= n, n + 2m + 1; 

. d
D z dr n+2m+1 = 

with the constraint that 

o - [Eo(l) + <ftl- (_1)(l-n)~g2] D, + ~ [D/+1 + (1 - t5"dD,-d, 

/ =1= n, n + 2m + 1. 
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(4.15) 

(4.16) 

(4.17) 

(4.18) 

In this adiabatic approximation, the expressions for the non-resonant amplitudes 

constitute linear systems in which we can consider the near-resonant amplitudes as 
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the known quantities. Within this approximation, each non-resonant amplitude can 

be written as a linear combination of the near-resonant ones. This is similar to the 

center manifold theory of dynamical systems except for the statement about linear 

combinations and, more importantly, the justification for the reduction. In our case, 

the reduction is not due to the sign of the real part of the eigenvalues associated with 

the slaved amplitudes. In fact, to make the connection with a general dynamical 

system, we should really think of the problem at hand as one in which we must find 

the eigenvalues of the operator -iH, all of whose eigenvalues have zero real part. 

The reduction is possible because the eliminated amplitudes are non-resonant and 

because the eliminated amplitudes do not start out populated. 

The tridiagonal form of (4.16) and (4.18) together with the exclusion in each of 

them of the diagonal elements associated with I = n and I = n + 2m + 1, render 

these expressions block diagonal about these columns. Therefore, in the expansion 

of the non-resonant amplitudes in terms of the resonant ones, several of the weights 

vanish (e.g. Sn+2m+2 = 2gaSn+2m+1 + OSn). Assuming these weights can be found, 

the two two-level systems obey the equations 

where 

Ms -
[ 

~g2 + g2[0(Og2,sg2) + ,8(Og2,sg2)] 

ng2m+1 

(4.19) 

ng2m
+1 1 

_~g2 + g2[£(Og2,sg2) + J(Og2,sg2)] , 

( 4.20) 



and 

where 

MD 
_ [~g2+g2[a(¢>g2,sg2)+,B(¢>g2,sg2)J 

ng2m+l 
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(4.21) 

ng2m+l 1 
_~g2 + g2[£( 4>g2, sg2) + f( 4>g2, 8g2)] 

( 4.22) 

The relationships between the weights and the amplitudes are 

Sn+2m+2 = 2go:( ()g2, sg2)Sn+2m+l 

Sn+2m = 2gf3( ()l, sg2)Sn+2m+l + 2nlm Sn 

Sn+l = 2g€(()l, sl)Sn + 2ng2m 
Sn+2m+l 

Sn-l = 2gf( ()g2, sg2)Sn 

Dn+2m+2 = 2ga( ¢>g2, sg2)Dn+2m+l 

Dn+2m = 2gf3( ¢>l, sl)Dn+2m+l + 2ng2m Dn 

Dn+l = 2g€( ¢>l, sg2)Dn + 2nlm Dn+2m+l 

Dn- 1 = 2gf( ¢>g2, sg2)Dn 

( 4.23) 

as advertised. We have also made explicit the fact that the coupling between the 

near resonant amplitudes scales as the field to the 2m + pt power, a point we will 

demonstrate later. 
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Note that the envelope equations for the symmetric and anti-symmetric ampli

tudes are identical in form except for two points. First, in the symmetric amplitudes 

we see the weights as they depend on 0 and in the anti-symmetric case we see them 

as they depend on ,po Secondly, and more importantly, in the anti-symmetric case 

we see] (Dn- 1 = 2g]Dn), rather than j (Sn-l = 2gjSn), the difference stemming 

from the exclusion of the "d.c." mode in the anti-symmetric case. Later we will 

show that g2(1(*) -](*)) is of order g2n. This can be understood intuitively from 

the fact that the effective coupling of Sn to So scales like gn, and that the "dressing" 

of Sn by So scales as the square of this coupling. In any case, it is this difference 

that makes it impossible to make both the symmetric and anti-symmetric ampli

tudes completely resonant by a single choice of detuning. Fortunately, we will also 

see that this difference in phase without perfect resonance accounts for the catalytic 

action without significant population transfer to the catalytic states ("none" as 9 

goes to zero). 

Eq. (4.19) and Eq. (4.21) constitute the complete implementation of the adiabatic 

approximation: we can write the near-resonant levels as being directly coupled to 

one another and keep track of the other non-resonant levels by assuming they are 

linear combinations of the resonant ones as given by Eq. (4.23). At this point, we are 

ready to invoke the criteria under which this decomposition is appropriate, namely 

that the rotations of the non-resonant levels follow (or are given by) those of the 

populated resonant ones: 

_Og2 = E(Ms) 

_,pg2 = E(MD), 

( 4.24) 

where E(Ms) means the eigenvalue of Ms which would correspond to the eigenstate 
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Sn+2m+l if we let f2 = 0, and similarly for E(MD). The energies () and ¢ can be 

obtained via the quadratic formula as applied to the characteristic equations of Nfs 

and MD, respectively, where we are careful to take the correct sign in front of the 

square root to comply with the criteria about f2 = o. We note that if f and] were 

identical the equations for () and ¢ would be identical and therefore the symmetric 

and antisymmetric states would be synchronous and no population transfer from the 

(n + 2m + l)th to the -(n + 2m + l)th momentumeigenstates would be possible. As 

mentioned previously we can write g2 f = g2] + 4vg2n where v =f. O. Keeping this 

difference in mind and using the quadratic formula to obtain E(Ms) and E(NfD), 

the largest possible difference between the expressions for ()g2 and ¢g2 scales like 

g2n(g2(2m+1))/(g2n)2. More explicitly, when we choose 

] f 
S = -0: - f3 + € + 2 + 2' 

and note that f = ] + 4vg2n- 2, the expressions for () and ¢ reduce to 

g2 , __________ _ 

_ ()g2 = "2[0: + f3 + € + fl- sign(v)jv2g4n + f22 g4m+2 
g2 _ ,--_______ _ 

_ ¢g2 = "2[0: + f3 + € + fl + sign(vh/v2g4n + f22 g4m+2, 

or 

(() - ¢)l = -2vln[1-
f22 g4m+2-4n 

1 + 2 1 v 

v 

( 4.25) 

( 4.26) 

( 4.27) 

Note that in Eq. (4.25) we have not distinguished between 0:(g2()) and 0:(g2¢), etc. 
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Consistent with Eq. (4.27) this is appropriate up to order g2(2m+l-n). The resonance 

and, therefore, the catalytic action is given entirely by the following criteria: 

s = -a(Og2,sl) _ (3(Ol,sl) + €(Ol,sg2) + 1(Og2,Sg2); 1(Og2,sg2) 

-0 = ~ [a(Ol,sg2) + (3(Ol,sg2) + €(Og2,sg2) + 1(Og2,Sg2); 1(Og2,Sg2)] _ 

( n2 g~:m-n») , 

( 4.28) 

where we have yet to determine the explicit forms of the weights. The final correction 

of order g2(2m-n+l) to Og2 is given in parenthesis to emphasize that it is not necessary 

to keep this term to get the Stark shift correct to order g2(2m-n). It is, however, 

necessary to know that this term is there in order to predict the period of oscillation. 

That is, we have 

-</1 _ ~ [a(</1g2,sg2) + (3(</1g2,sg2) + €(</1g2,sg2) + 1(</1g2,Sg2); 1(</1g2,Sg2)] + 

(n2g~:m-n) ) 

( 4.29) 

wherein we get the self-consistent result of Eq. (4.27). 

The weights given have a Taylor expansion in g2 so that we must keep 2m - n 

terms in these expansions to get the Stark shift to order g2(2m-n). This fact will be 

used later to truncate the expressions appropriately to obtain the simplest method 

for finding the resonance. 
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4.4 The Fundamental Time Scale 

The difference in the evolution of the symmetric and anti-symmetric states accounts 

for the population transfer between our near-resonant states. From Eq. (4.24) we 

have for the envelopes Sn+2m+l and Dn+2m+1, 

or, equivalently, 

Sn+2m+1 (t) = eitOg2 Sn+2m+ 1 (0) 

Dn+2m+1(t) = eitrPg2 Dn+2m+1(0) 

( 4.30) 

isin[tg
2
t/1_/2] 1 [ Cn+2m+1(O) 1 

cos[tg2t/1_ /2] C-(n+2m+l)(O) ' 

(4.31) 

where ¢± = 0 ± <p. Using Eq. (4.27) and considering the initial condition Cj(O) = 

OJ,n+2m+1 we obtain for the probability amplitudes 

f2 2g2(2m+1-n). 
Pn+2m+1(t) = cos

2
(t 2v ) 

f22g2(2m+l-n) 
P-(n+2m+l)(t) = sin2(t 2v ). 

( 4.32) 

Now we must find f2 and v to completely characterize the fundamental time scale. 

From Eqs. (4.23) we see that 

Sn+2m = 2gf3( Og2, sg2)Sn+2m+l + 2f2g2m Sn 

Sn+1 = 2gf.( Og2, sg2 )Sn + 2f2lm Sn+2m+1, 
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( 4.33) 

and we have a similar expression for the anti-symmetric amplitudes. For example, 

o'g2m is the weight describing how Sn+2m depends on Sn as allowed by the linear 

system which is the adiabatic approximation. The constraints for Eq. (4.15) are 

block diagonal about the columns and rows given by 1= n+2m+1 and l = n and can 

be written as a 2m x 2m matrix equation for, in this case, the symmetric amplitudes 

with index running from j = n + 1 to j = n + 2m. The non-homogenous part is a 

2m-vector in terms of the near-resonant amplitudes Sn and Sn+2m+t. Explicitly we 

have 

where, 

Aik = [Eo(j) + g2( (} - ~(-1 )i-n)] + ~Sllli-kl 
v = [Sn+2m, Sn+2m-17 ... , Sn+2, Sn+tf 

... [g 9 ]T b= -'2Sn+2m+t,O,O, ... ,O,O'-'2Sn . 

( 4.34) 

( 4.35) 

Note that A is tridiagonal. The expression for Sn+2m in terms of Sn, that is 

2o'g2m Sn, is given by an application of Cramer's Rule: 

20, 2m+t S _ detA' 
9 n - detA' ( 4.36) 

where A' is the matrix given by replacing the first column in A by b', and b' is 

given by b with Sn+2m+t eliminated from the first entry. Note that, except for the 

first column, A' is tridiagonal. With only one non-zero element in the first column, 
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namely -g/2Sn1 the coupling immediately reduces to 

20 2m S = ~S detAil 
9 n 2 n detA I 

(4.37) 

where A" is a 2m - 1 x 2m - 1 matrix given by eliminating the last row and first 

column of A'. Since, except for the first column, A' was tridiagonal, A" is lower 

triangular with diagonal elements g/2. The determinant of A" is just (g/2)2m-l and 

we have 

or 

( / ?)2m-l 
20g2m = (~)=g~w--:-_ 

2 detA ' 

1/22m+l 

0= detA . 

( 4.38) 

( 4.39) 

Since we want 0 to Oth order in the field amplitude g, we set 9 = 0 in A and 

immediately obtain 

2m 
detA(O) = II Eo(n + j), 

j=l 

and after some factoring find 

so that 

detA(O) = (_1)m 2
4m

(m!)2(n + 2m)! 
n! 

( 4.40) 

( 4.41) 

( 4.42) 

Obtaining 11 is a bit more subtle. We first note that 11 arises from the difference in 
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evolution of the symmetric and anti-symmetric amplitudes and is, therefore, directly 

traceable to the d.c. amplitude in the symmetric case. Because of this, it seems 

reasonable to treat So more explicity than the other non-resonant amplitudes and 

thereby discover the nature of the difference. 

Previously we found that within the adiabatic approximation we can write the 

non-resonant amplitudes as linear combinations of the near-resonant ones, consid

ering the near-resonant amplitudes as "knowns" and the non-resonant ones as "un

knowns." Alternatively, we could start by considering So as a "known" as well 

and then, in the final step, determine So in terms of the near-resonant amplitudes. 

Instead of Eq. (4.19), we would have 

where 

Ms= 

Sn+2m+l Sn+2m+l 
.d 
z-
dr 

~g2 + g2(O' +,8) 

ng2m+l 

o 

Sn =Ms 

So 

ng2m+l 

_~g2 + g2(€ + 7) 

Sn 

So 

( 4.43) 

o 
(4.44) 

and where we have replaced f by 7 since the expression for Sn-l in terms of Sn is 

identical to that of Dn- 1 in terms of Dn except for the inclusion in the former case 

of the d.c. amplitude which we now treat explicitly. Note that the d.c. coupling 

term wgn comes from writing, in the adiabatic approximation, 

( 4.45) 
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or 

( 4.46) 

Proceeding as we did in the near-resonant coupling n we find wgn to be given in 

terms of the ratio of the two determinants which, to lowest order in 9 gives, 

21/2m![n + (2m + l)od(n)] 
w=- . 

23n- 1(m + n)!(n - I)! 
( 4.47) 

We now let the d.c. amplitude adiabatically follow the near-resonant ones by letting 

i~So = _Og2 So 
dr 

as before. To lowest order we may as well let 

from which we obtain 

Using this result, Eq. (4.43) becomes 

( 4.48) 

(4.49) 

( 4.50) 

( 4.51) 
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Comparison with Eq. (4.19) yields, to lowest order, 

( 4.52) 

so that 

( 4.53) 

The period of the catalyzed scattering is, then, 

T _ 212m-6n+411'(m!)6[(n + 2m)!]2 
- (n!)2[(n - 1)!J2[(n + m)!J2g2(2m+l-n)' 

(4.54) 

For m = n = 3 and 9 = 30.4 we predict T = 1486 so that at l' = T/4 = 370 we 

expect to have the beam split between the 10th and _10 th momentum eigenstate 

(remember according to Eq. 2.2 time is measured in inverse recoil units). Figure 4.1 

shows the numerical solution to the full spinor equation for these parameters. Note 

that at l' ~ 360 the system acts as an almost perfect beam splitter with about 42% 

of the probability in each of the desired momentum eigenstates. In this figure we 

also show the time dependence of la, 3) and la, -3). Together with levels la, ±9) and 

la, ±11), they are the only states that become significantly populated. We see that 

although small, the populations are by no means negligible. Hence, spontaneous 

emission may prove devastating if it occurs on a time scale which is small compared 

to the population transfer time between the 10th and _10 th momentum states. Yet, 

these populations remain sufficiently small (1 % on average) that an appropriate 

choice of long-lived transitions with a natural lifetime of the order of the inverse 

recoil frequency should lead to an experimental demonstration of this scheme. We 

can obtain an upper bound for the allowable spontaneous emission rate by noting 

that the transfer time is of the order 360jwR for the example given. For an average 
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Figure 4.1: Populations of the states Ib,10) [curve (a)], Ib, -10), [curve (b)] , la,3), 
[curve (c)] , and la, -3), [curve (d)] as functions of time. The parameters are ~ = 80, 
and 9 = 30. 

upper electronic state population of 10-2 , the spontaneous emission will be negligible 

provided 1/",( ~ 3.6/WR' Considering as an example the intercombination transition 

3 PI ...:..,1 So of 40Ca, with a transition wavelength A = 657.46nm, a lifetime r = Amsec 

and a recoil frequency wR/27r = .104sec-1 ,23 we find that this condition is well 

satisfied. In the example of Figure 4.1, in the limit of weak fields the resonance 

requirement on the detuning is according to Eq. (4.6) 

~o = 91. (4.55) 

We have however 9 = 30 so we expect a renormalization of this resonance condition. 

In fact, if we use ~ = 91, the period of oscillation is around 860 times longer than 
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predicted. The renormalization of the resonance condition caused by the dressing of 

the eigenstates of the Hamiltonian by the laser field is of critical importance. The 

actual detuning used was 

6 = 80 = 91 - 11 = 91 - sl, ( 4.56) 

so that the Stark shift is around 10% of the weak field detuning. In Eq. (4.28) we 

show symbolically how to calculate this renormalization, but we have yet to make 

the calculation explicit by finding the weights in terms of the bare energies and field 

strength. This is the subject of the next section. 

4.5 The Resonance Condition 

Now we find explicit forms for the weights developed in the adiabatic approximation 

to obtain the required Stark shift. It will suffice to show how we obtain 1 and 7 
since the other weights are obtained similarly. From Eq. (4.23) we have 

or, equivilantly 

Sn-l = 2g1Sn 

Dn - 1 = 2gJDn 

2 1 Sn-l 
9 =

Sn 

2 -1 Dn- 1 
9 =--

Dn 

( 4.57) 

( 4.58) 
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We proceed to find these ratios by the well-known method of continued fractions 

allowed by the tridiagonal form of the constraints of Eq. (4.15) and that of the 

corresponding constraints for the anti-symmetric case. For simplicity we rewrite 

these constraints as 

where 

and 

o = Eo(I)SI + ~[Jl + 8/,OSI+1 + (1 - 8/,o)Jl + 8/,lSI-d 

I =J. n, n + 2m + 1, I ?: 0; 

o ~ 9 
Eo(I)DI + 2"[D1+1 + (1 - 8/,l)DI-l] 

I =J. n, n + 2m + 1, I ?: 1; 

~ 2( l-n S ) Eo(l) == Eo(1) + 9 B - (-1) 2" ' 

Eo(1) = [2 - (n + 2m + 1)2od(l- n) - n2ev(l- n). 

If, in the symmetric case, we define 

we get 

(4.59) 

( 4.60) 

(4.61 ) 

( 4.62) 

( 4.63) 



or, equivalently, 

g/2 
QI = 

Using this last expression and iterating for the case 1= n - 1 we get, 

g/2 _(g/2)2 
Qn-l = Eo(n - 1) _ _ (g/2)2 

Eo(n-2) (g/2)~ 

where, by definition, Qo = Sd So. But from Eq. (4.59) with I = 0 we get 

so that finally, 

E (1) (g/2)2 
o n - - Eo(n-2)- (gI2)2 

Eo(2)- (gI2)2 

Eo(I)- ~:g) 

Similarly, for the anti-symmetric case we get, 

2- _(g/2)2 
9 f = Eo(n _ 1) _ _ (g/2)2 

Eo{n-2)- (gI2)2 

W£ Eo(2)- Eo(l) 

90 

(4.64 ) 

(4.65) 

( 4.66) 

( 4.67) 

( 4.68) 
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The other weights follow analogously to obtain, 

2 _(g/2)2 
9 Ct = -=E--(-+-?-+-2-) ---"'-"'----'---(;-"g/-;:::2=)2----

o n ~m - - (g/2)2 Eo(n+2m+3)-----'-.... -L.:.-"----

g2 f3 _ -(g /2)2 
- Eo( n + 2m) _ _ (g/2)2 

Eo(n+2m-l)- (g/2)2 

g2f = _ _(g/2)2 
E ( + 1) (g/2)2 o n - - (g/2)2 

Eo(n+2)-----'-'-"'-t..:;-'----

Eo(2m-l)- ) 
Eo(2m 

.~ 

(4.69) 

Note that in Ct, f3 and f we have kept only 2m - n levels of the continued fractions, 

consistent with obtaining the Stark shift to order g2(2m-n). This is true for any 

desired accuracy: that is we need only keep p levels of the continued fractions to 

calculate the Stark shift to order g2P. Also, we have in this notation suppressed the 

fact that the Eo's depend upon the Stark shift sand () (or <p). Since we have 

(4.70) 

it is only necessary to know sand () to order g2(P-l) in the Eo's to obtain sand 0 to 

order g2P. This suggests an iterative approach to finding the Stark shift. In particu

lar we keep only p levels in the continued fractions to obtain the pth approximation 

to the Stark shift and to (), where at the first level we use the p - pt approximations 

to these two quantities, in the second level the p - 2nd approximations, etc. 



4.6 Example 

Let's consider the case of Figure 4.1 where n = m = 3. We have 

20 = _(g/2)2 
9 E (11) _ (g/2)2 

o - !:lEi!.. 
Eo(12)- Eo(13) 

2 _(g/2)2 
9 f3 = E (9) _ (g/2)2 

o -~ 
Eo(8)- EO(7) 

2€ _ _(g/2)2 
9 - E (4) _ (g/2)2 

o - ~ 
Eo(5)- Eo(6) 

2 _(g/2)2 
9 1 = E (2) _ (g/2)2 

o - ~ Eo(I)-EO(Oj 

2- _(g/2)2 
9 1 = E (2) _ W!!: ' 

o Eo(l) 
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(4.71) 

where for each of the Eo's we actually mean Eo(l) = Eo(l,g2s,g2(}). We note that 

the resonant detuning is given by 

6 = 6 0 - sg2 

= (n + 2m + 1)2 - n2 
- sl 

= 91- sl. 

(4.72) 

From Eq. (4.28) and Eq. (4.71) and following our prescription for finding each ap

proximation we get for the first approximation 

sll = l [1(0,0) ; 1(0, 0) - 0(0,0) - f3(0, 0) + €(O, 0)1 



Similarly 

_(g/2)2 (g/2)2 (g/2)2 _(g/2)2 
= - + - + - + -=--=-'---'--

Eo(2,0,0) Eo(l1,O,O) Eo(9,0,0) Eo(4,0,0) 
13g2 

= 1152' 

= 1 [ _(g/2)2 (g/2)2 (g/2)2 _(g/2)2 ] 
2 £'0(11,0,0) - £'0(9,0,0) - £'0(4,0,0) + £'0(2,0,0) 

_g2 
= 16,128 . 

The second approximations are 

2 13g2 
[3/13 24/91 18/91 4/13 1 

829 = 1152 ~ + ...!!L + 111g2 + --.!!L' 
1 - 387,072 1 + 42,336 1 - 1,103,872 1 + 580,608 

2 _g2 [18 28 24 21 1 
-()2g = 1 2 111rP + -1!1L. - ~ - ~. 

6, 1 8 1 - 1,103,872 1 + 580,608 1 + 42,336 1 - 387,072 
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(4.73) 

(4.74) 

(4.75) 

The third and final approximations are far too long to be written down for arbitrary 

field g. For 9 = 30 we have the following iterations 

~o = 91 

~1 = 91- 81l = 80.84 

~2 = 91 - 82g
2 = 79.71 

~3 = 91 - 83g
2 = 79.99 

(4.76) 



or 

. ~ = ~3 = ~O + (~l - ~O) + (~2 - ~d + (~3 - ~2) 

= 91 - 10.16 - 1.13 + .28. 

By a previous result for a 3rd order Doppleron (Eq. (2.31)) we find 

8~H.W.H.M. = .0383 
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(4.77) 

(4.78) 

and therefore the last correction, which is larger than this bandwidth, is significant. 

Previously, we also found that 

elL" 8~H.W.H.M. 00274 
Ur-lIH.W.H.M. = 2(2m + 1) =. ( 4.79) 

so that the atomic beam must be extremely well directed. 
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CHAPTER 5 

AMPLITUDE MODULATION RESONANCES 

5.1 Introduction 

In the previous chapters we considered various geometries of the atom-laser system 

which, with an appropriate choice for the detuning, can couple two or more electro

translational states of different electronic label and thereby produce an atomic beam 

splitter. In this chapter, we consider a specialized longitudinal profile of the laser 

which, when viewed in the atom's moving reference frame, effectively produces a 

temporal modulation of the laser amplitude. This modulation combined with large 

detuning can make transitions between electro-translational states of the same elec

tronic label energetically possible. We are no longer satisfied to accept the properties 

of the normal atom-laser interaction, rather, in this amplitude modulation or A.M. 

method, we tailor the interaction for the highest possible efficiency by adjusting 

the lonitudinal mode structure. Also, since we consider an off-resonant interac

tion ( off-resonant with respect to electronic states), we can eliminate the effects of 

spontaneous emission. 

5.2 Specific Model 

We first return to the generalized semi-classical model developed for large longitu

dinal velocity 

(5.1) 
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By a simple transformation we obtain 

(5.2) 

where we have dropped any notation indicating the transformed state. We antici

pate the use of large detuning to eliminate electro-translational states with upper 

electronic label. In this regime, but avoiding special choices of the detuning corre

sponding to Doppleron resonances, the evolution of the electro-translational states 

with lower electronic label is given by the following scalar Schrodinger equation 

(5.3) 

To within a trivial phase, this equation is equivalent to 

(504) 

If we let 

+00 
l?jJg) = E b2n ( T) Ig) 12n) 

n=-oo 

(5.5) 

where 

pxl2n) = 2nlikl2n) 

(5.6) 
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then the b2n( T) satisfy 

. db 2b g2 2(VZT)[b b 1 
Z dT 2n = 4n 2n - 4~ U WR 2(n+1) + 2(n-I)' 

(5.7) 

We wish to choose the longitudinal mode structure U so that an atom entering 

the laser in the state Ig,O) will after some time with equal probability be found in 

either of the states /g,2j) or /g, -2j), where j is some integer indicating the order 

of the A.M. resonance. With an initial condition symmetric about the origin in 

momentum, it is convenient to introduce the symmetric and antisymmetric states 

since the antisymmetric states will be completely unpopulated. Accordingly we 

define 

to obtain 

n = 1,2,3, ... j 

So - boj 

1 
D2n - 21/ 2 (b2n - L 2n ), n = 1,2,3, ... , 

n=0,1,2, .... 

(5.8) 

(5.9) 
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We can go to a specific interaction picture in which the general form of the profile 

U necessary to obtain the scattering becomes clear. We define 

to obtain 

S -iT4n2s~ 
2n = e 2n 

_d/2( VZT) [e-iT8(n+t/2)y'1 + Dn,OS2(n+l)+ 
WR 

e
iT8(n-1/2)(l - Dn ,o)y'l + Dn ,lS2(n-l)] 

n=0,1,2, ... , 

(5.10) 

(5.11) 

where f = 92/4D.. We expect that by a special choice of the longi udinal mode 

structure U we can, among other things, effectively decouple the electro translational 

states with momentum label greater than 2j. Accordingly we trunca e Eq. (5.11) 

after n = j. If U has the form 

j 

U(VZT) = O(T) = 1 + EWicos[8(i -1/2)T] 
WR i=l 

(5.12) 

then the vector (dropping the tildes for convenience) 

(5.13) 



obeys the Schrodinger equation: 

where J+ and J_ are j + 1 x j + 1 matrices with the following elements: 

·t . so that J+ = J_. 

J_ lp = 2Wpbl+IIPvh + bpll 1= 0,1, ... ,j - 1 

p = 1,2, ... ,j 

J+lp = 2Wibp+I ll.jl+bl,l P = 0,1, ... ,j - 1 

1=1,2, ... ,j. 
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(5.14) 

(5.15) 

In these matrices, the rows and columns are labeled starting from the lower-right 

corner. Also O( T) is a matrix periodic in T with no d.c. component. It might seem 

a bit contrived at first to consider a longitudinal mode structure as in Eq. (5.12) 

until we realize that as a sum of discrete modes, U is just the far-field "image" 

of a series of "delta functions." That is, if we place a grating between the source 

of the laser light and the laser-atom interaction region, then with the appropriate 

widths and spacings in the grating we will have the amplitude modulation desired, 

accompanied by an overall modulation (the envelope of U) created by the finite 

widths of each slit in the grating. The relative spacings in the grating will give us 

the correct frequencies for an atom moving at the right velocity while the relative 

widths will give the correct relative weights (which we have yet to determine). In 

short, we use interferences in the laser light to produce a particularly efficient beam 

splitter. 
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Unlike the Doppler-catalyzed result, we can remove the upper electronic state 

arbitrarily well by making 9 / ~ arbitrarily small, while keeping 9 2 
/ ~ = 4c relatively 

large. We will find, however that we cannot make the effective scalar coupling c arbi

trarily large, since if the frequencies associated with the difference in the eigenvalues 

of c(J+ + J_) become close to the inherent frequencies in O(r), the adiabatic ap

proximation (to be made and explained shortly) will no longer be appropriate, and 

a simple transfer of population from So to S2j will not happen. On the other hand, 

we will also see that this method provides the most efficient method for evoking this 

transfer of population. In particular, instead of finding the frequency of exchange 

scaling as the coupling term to the 4ph power as might be expected, the frequency 

scales as the coupling to the first power regardless of the order of the scattering! 

This sounds very much like the Raman-Nath regime where, because of real tran

sitions between each of the intermediate states, the time required to populate the 

2j1h momentum eigenstate scales as j / c. The problem with the usual Raman-N ath 

regime is that there is always a significant amount of population in the intermediate 

states, resulting in a poor beam splitter. In contrast, in the A.M. method, we will 

find that a clever choice in the weights Wi, will, after some time, leave most of 

the population in the desired translational states (all in the limit of weak fields). 

Furthermore, whereas in the Doppler-catalyzed situation we were happy to achieve 

about a 42% chance of finding the atom in each of the desired translational states 

after r = 360 (inverse recoil units), we can do as well in the A.M. method at about 

r = 25! In addition there is, in the example that will be shown, a completely negli

gible amount of population in the upper electronic state, eliminating altogether the 

concern over spontaneous emission. 

We are left with the task of finding the weights which will give the desired 

population transfer. First, though, we must show that for c small enough we can 

discard the time-dependent term in Eq. 5.14. 
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5.3 The Adiabatic Approximation 

We can study the effects of the time dependent term by exponentiating out the 

time-independent ones: 

§ - eiuP++L1S 

. d S z- = dT 
_fe-iuP++L10( T )eiuP++L1S. 

(5.16) 

The matrix i+ + i_ is Hermitian so we can write 

... 
= -f6(T)S 

(5.17) 

where A is real and diagonal and 0+ + i_)U = U A. We see that the frequency 

components in 6( T) go like 

(5.18) 

where the Ai's are the eigenvalues of i+ + L and the WI'S are the frequences in O( T). 

Previously we said that O( T) has no d.c. component. In particular, examination 

of the form of SV and the form of Eq. (5.11) shows that the lowest frequency is 

W = 4. Therefore, for small enough f, O( T) will not have a zero frequency com

ponent and will not contribute any secular effects (that is effects of order fO on 

the time scale given by the frequencies f(Ai - Aj)). For small enough f, the adia

batic approximation just consists of neglecting OCT). This is not unlike neglecting 
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the electro-translational states with momentum label greater than 2j: the terms 

neglected oscillate at too high a frequency to contribute to the dynamics for small 

enough coupling and long enough times. For smaller coupling, the population trans

fer takes longer and we would expect that the frequencies in n will have to be given 

to greater and greater precision so that over the time scale of the transfer, the correct 

frequencies are resolved to within the tolerance allowed by the coupling. With this 

in mind, we concentrate on the large coupling end of the parameter space, where € 

is just small enough so that the anticipated secular effects of O(r) are acceptable. 

In the examination that follows we discard O( r) and seek to find the weights 

Wi which give the best transfer of population. We will later show the complete 

numerical solution of the spinor Schrodinger equation and show where the adiabatic 

approximation breaks down. 

5.4 Description In Tern:ts of Angular Momentum 

The weights Wi needed for the best population transfer are most easily derived by 

noting the commutation relations of the three components of angular momentum: 

Jx, Jy , Jz.24 These commutation relations are 

[Jx, Jy ] = iJz 
[Jy , Jz] = iJx (5.19) 

[Jz, Jx] = iJy • 

Eigenstates of ]2 and Jz are traditionally labeled Ii, m), where 

J21i, m) = j(j + 1)jj, m) 

Jzjj, m) = mlj, m), m = -j, -j + 1, ... ,j - 1,j 

(5.20) 
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and 

j = n/2 n = 0,1,2, .... 

(5.21) 

Consider such a state evolving under the Hamiltonian H = lx, that is 

i~I~) - lxl~) 
dr 
I~(O)) = Ij, m). 

(5.22) 

In particular consider such an initial state with minimum amount of the z-component 

of angular momentum: 

I~(O)) = Ij, -j). 

(5.23) 

With such an inital condition, it is easy to prove that at a later time r = 7r we 

can, with certainty, know that the system has evolved to the state 1~(7r)) = eiOIj,j), 

where () is some real phase. To prove this, consider as a function of time the 

expectation of the z-component of angular momentum: 

(z)(r) == N(r)llzl~(r)). 

(5.24) 

Now we can take the derivative in time and see that 



and 

= -i(~(r)l[Jz, ixll~(r)) 

= (~(r)IiYI~(r)) 

(z)(r) = -i(~(r)l[iy,ixll~(r)) 

= -(~(r)lizl~(r)) 

= -(z)(r) 

so that we can solve for (z)(r), 

Now 

and 

(z)(r) = A sin r + B cos r. 

(z)(O) = (~(O)lizl~(O)) 

= (j,-jliz/j,-j) 

= -) 

(~)(O) = (j, -jliylj, -j) = o. 
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(5.25) 

(5.26) 

(5.27) 

(5.28) 

(5.29) 
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The last result is clear since, if the system is in an eigenstate of Jz , the y-component 

must be completely undetermined. Consequently, it can be found, with equal prob

ability, in any state of the y-component of angular momentum. By symmetry, the 

eigenvalues, just as in the z-component, range from -j to j by integer jumps. 

The equally weighted average of these values is zero (alternatively we can write 

ly = -i/2(lx + ily) + i/2(lx - iJy) and show that to within a proportionality 

constant, each of the two terms shifts the z-component label by one and then, by 

orthogonality, the expectation vanishes). 

We have B = - j and A = 0 so that 

(z)(r) = -j cos( r) 

(5.30) 

and, in particular, 

(z)(ll') = j. 

(5.31) 

Since our state space only includes states with z-component of angular momentum 

less than or equal to j, clearly 

(5.32) 

The lesson to be learned is that a state with total angular momentum Vj(j + 1) and 

minimum z-component of angular momentum will, under the action of lx, evolve 

with certainty to a state with maximum z-component of angular momentum. For 
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our atomic beam splitter, we would like the system initally in a state with a well 

defined transverse momentum of Olik to evolve with certainty to a state with 2jlik 

units of transverse momentum. Following this analogy, the weights are completely 

determined, up to a proportionality constant. 

(j, m'IJxlj, m) = 

~bm',m+l Ju - m)(j + m + 1) + ~bm',m-l J(j + m)(j - m + 1) 

(5.33) 

Since we want So to relate to Ii, -j) and S2j to relate to Ij,j) and we wish to jump 

by two units of momentum at a time, we equate m - (-j) with i in the index for 

the weights Wi and change j --+ j /2 to get, with Eq. 5.15, 

(5.34) 

where>. is some proportionality constant. We can get some intuition on the best 

choice for>. by expressing n in terms of this last equation as 

j 

nCr) = 1 + >. E 
. i=l 

i(j + 1b - i) cos[8(i - 1/2)r]. 
1 + i,l 

(5.35) 

If 1>'1 = 0 we can have no frequencies which help bridge the gap in energy between 

each of the electrotranslational states. On the other hand if 1,\ I ~ 1, then in n2 
( r) 

all we get are d.c. terms and terms oscillating at twice the frequencies given in the 
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summand and in particular there are no integers i and i' such that 

2 x 8(i -1/2) = 8(i' - 1/2) 

(5.36) 

so that we cannot, with this general ansatz for the longitudinal mode profile obtain 

the correct frequencies. There must be a happy medium which gives the correct 

weighting A so that the cross terms become the most significant with respect to 

the others. The following heuristic argument gives a choice for A which in all cases 

examined turned out to be the best choice, although I have yet to prove that it will 

be the best choice for all possible cases. 

We can choose A by expressing S1( r) more symmetrically as 

j 'C + 1 .) 
S1(r) = A L (1 + Di,I/2) Z J D - Z cos[8(i -1/2)r], 

i=I/2,1 1 + i,l 

(5.37) 

where the notation means i takes on the values i = ~, 1,2,3, ... ,j - l,j. 

Note that we choose to weight the d.c. term twice as much as the other terms as 

is common with a Fourier decomposition (this comes from the fact that the average 

value of cos2(wt) over a period is 1/2 except when w = 0, in which case it is 2/2). 

For i = 1/2 we have, after comparing with ( 5.35), 

2AV1/2(j + 1/2) = 1 

(5.38) 



or 

so that, finally 

j 

n(r) = 1 + L: 
i=1 

5.5 Time Scales 
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(5.39) 

i(j + 1 - i) . 
(1 + 8i,t)(2j + 1) cos[8(z - 1/2)r]. 

(5.40) 

With the choice for the longitudinal mode profile developed in the last section, the 

Schrodinger equation for the evolution of our transformed symmetric states in the 

adiabatic approximation becomes 

(5.41) 

so that at the time 

(5.42) 

we have a complete transfer of population from So to S2j. In the original electro

translational basis, the initial state Ig,O) has evolved, up to a trivial phase, to 

211/ 2 Ig,2j) + 211/ 2 Ig , -2j), evoking a 2jth order "Bragg" scattering. 

Eq. (5.42) suggests that the time required for this 2ph order scattering scales 
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not as 2j/€ as in the Raman-Nath regime, but as (2j)1/2/€. This may seem an 

insignificant point at first since our choice of the overall scaling (A) of the non

d.c. components of the Rabi frequency n affects this expression and, perhaps, a 

redefinition of € which indicates the overall intensity of the beam (rather than just 

the d.c. component) should be in order. The form of Eq. (5.42) is, however, the 

most informative since we can show that the maximum allowable d.c. component 

of the field (which is given by €) is quite insensitive to scattering order. To make 

this more precise, we start by using Eq. (5.42) to write the minimum time required 

to achieve this scattering in terms of the maximum allowable d.c. intensity € as 

(5.43) 

In this expression, we have explicitly allowed for the possibility that the max

imum allowable d.c. intensity depends on the scattering order. By maximum al

lowable d.c. intensity we mean the maxiumum value of I€I as used in the definition 

of n that transfers an acceptable amount of population from the state Ig,O) to the 

state 211'2Ig,2j) + 2b21g, -2j) (80% efficient say). With this definition of 1€(j)lmax 

we find (numerically) that in the limit of large scattering order (j large) and high 

efficiency (tending toward 100%), 1€(j)lmax does not depend on j. In this case, for 

high efficiency and large scattering order, we have 

(5.44) 

Hence the j dependence of A, Eq.( 5.39), is vindicated for a second reason. 

We can gain some intuition for the j dependence of Eq. (5.44), that is understand 

why I € Imax becomes independant of j, by realizing that the bridging of the energy 
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gap between successive electro-translational states is, because of the quadratic na

ture of the dispersion relation and the relative strengths of the VVi'S, "easiest" be

tween those of lowest energy: specifically between Ig,O) and 211'2Ig, 2) + 2?'2Ig, -2}. 

Being the easiest gap to bridge, it is also the easiest one to bridge via the un

wanted non-adiabatic terms in O( T) when € becomes large enough. The weighting 

term Wi which evokes this transition is WI and has, because of our choice of ..\, 

the form J~, which becomes independant of j for large j. This is also the 

weighting, along with the d.c. term, that gives the largest non-adiabatic effect. The 

bare energy difference between Ig,O) and 211'2Ig, 2) + 211'2Ig, -2) is independent of j 

and we should expect, then, that the weighting WI (which may give us unwanted 

non-adiabatic effects as we increase 1 € I) should be independent of j if we wish to 

make the klmax independent of j. We see that for large j it is enough that WI is 

independent of j (with our choice of ..\ it is). Because of this propery, a choice for € 

which avoids non-adiabatic transitions between Ig,O) and 211'2Ig, 2) + ~ Ig, -2) for 

a specific j, should not cause them for this pair or subsequent pairs for any larger 

choice of j. The maximum allowable d.c. component of the field, 1€lmax, according 

to the convention chosen, becomes independant of j (the scattering order). 

5.6 Examples 

As mentioned previously, in the limit of small €, we expect there to be a next-to

perfect transfer of population from Ig,O) to 2b2Ig,2j) + 211/2lg, -2j). Figure 5.1 

shows the probability amplitudes corresponding to the states with translational 

label running from 0 to 12. In this example, we have j = 5 and € = .01, and we 

see an ideal transfer which takes a long time since € is so small. With € = .2 as 

in Figure 5.2, we see a much quicker transfer of population, suitable for a beam 

splitting experiment. Note that giving the value of € is not the whole story since € is 
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Figure 5.1: Probability of finding the atom in the translational states with label 
running from 0 to 12 in the case of a fifth-order A.M. resonance. Since € = .01 is 
so small, we have an almost perfect transfer of population to the state 2//2 Ig, 10) + 
2//2lg, -10). 

composed of 9 and ~. For the example shown in Figure 5.2, g/ ~ = 1/2000 so that 

only the even momentum eigenstates corresponding to the lower electronic state are 

populated. The value of € = g2 /2~, however, is relatively large and thus, as we 

can see in Figure 5.2, the population transfer among the lower electro-translational 

states is less than perfect, demonstrating the transition to the regime in which the 

non-adiabatic terms of O( T) become influential. 
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Figure 5.2: Same as in Figure 5.1 but with t: = .2. Note the good but less than 
perfect transfer of population to the state ~Ig, 10) + ~Ig, -10). 



CHAPTER 6 

CONCLUSION 
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We have seen in this thesis the deliberate search for degeneracies and their associ

ated resonance phenomena. A two-level atom in which recoil in one space coordinate 

is taken into account immediately has the possibility of a four-fold degeneracy in 

the spectrum (2 internal levels x 2-fold degeneracy in the spectrum of the squared 

operator p;). By considering certain regimes of the initial state space, we can be 

led to find degeneracies of lower order, thus the contents of chapters 2 and 3. By in

cluding explicit time dependence in the Hamiltonian, we can generate degeneracies 

of higher order, thus the artificially generated many-fold degeneracies of chapter 5. 

Concomittant with this search for degeneracies and resonance phenomena, there 

has been a practical concern for the development of an efficient atomic beam split

ter. If spontaneous emission were not a factor and the resonance conditions not 

so delicate, all of the scenarios envisioned in chapters 3 through 5 could be used 

to improve upon the usual first-order Bragg scattering often used in atomic inter

ferometry. With these limitations in mind, the results of chapter 5 in which the 

spectrum was not (grudgingly) accepted as-is, but deliberately manipulated, still 

stand undaunted. This is similar in attitude and expectation to the work done by 

Pfau, Adams, and Mlynek25 of the University of Konstanz in which the use of both 

an optical as well as a magnetic field can produce an effective potential (as seen by 

a "dressed" atom) which is nearly piece-wise linear, and which, therefore, produces 

high collimation of the scattered wave function even in the Raman-Nath regime. The 

deliberate manipulation of the spectrum of a Hamiltonian for a specific purpose and 

for enhanced efficiency in the blossoming field of atom optics will probably become 

more common. If that is true, the development of designer optical elements will not 

be limited to microstructures and the associated micro-fabrication techniques, but 
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will be extended to fields and cavities. It is my hope that our work will contribute 

to this practical endeavor. 

Finally, there has been in this work the development of a technique to find and 

characterize the resonances which is minimalistic in approach. As such, we find 

that it constitutes a significant simplification over degenerate perturbation theory, 

yet works while simple-minded adiabatic elimination falls short. It is my hope that 

this method, or a generalization of it, will also prove usefull in the study of other 

systems in which resonant phenomena are important. 
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