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ABSTRACT 

For sparsely distributed arrays of optical telescopes operating in phase, large 

regions of complete attenuation in the modulation transfer function (MTF) result 

from the spaces between telescopes. These 'holes' in the MTF can be used to 

advantage to avoid aliasing of high spatial frequency components when the resultant 

optical image is undersampled by a detector array. The technique for isolating and 

removing the harmonic components of the sampled image spectrum from the 

undersampled image has been labeled 'dealiasing'. The result of undersampling the 

image plane is a reduction in the number of detectors required to image a particular 

scene by nearly a factor of four. 

The appropriate conditions for recovering a non-aliased image from the 

undersampled image focal plane are set by two parameters; the configuration of the 

pupil, and the detector array sampling rate. The two parameters are coupled, so 

that the selection of one constrains the allowed values of the other. Errors may be 

introduced by incorrectly scaling the pupil function to the detector array. 

Increasing the size of the individual subapertures in the telescope array beyond a 

prescribed limit also introduces errors that significantly degrade the dealiased result. 

The latter error is partially mitigated by the associated increase in object 

information transferred into the image. 

In this study, an algorithm is formulated to implement the dealiasing 

technique. The algorithm is demonstrated on point and extended objects using both 

an image simulation environment and a laboratory breadboard. The robustness of 

the algorithm to sources of error and the introduction of noise are measured. 

Quantitative metrics and visual assessment of image quality are used to evaluate 
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the results. The CLEAN algorithm, a method to interpolate between the peaks of 

the image spectrum of the sparse telescope array is implemented. This 

enhancement to image quality is useful when demonstrating the concept on detailed, 

high resolution objects. 

Finally, a concept for enhancing the image quality of a sparse telescope array 

is presented. The technique combines imagery of two wavelengths, co-focal on the 

detector array. One image is of high resolution, undersampled, and dealiased. The 

second image is Nyquist-sampled but of low resolution. This technique 

significantly improves on the quality of sparse array imagery obtained at a single 

wavelength. 
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DEFINITION OF PARAMETERS 

Image area 
Area of entrance pupil, typically the telescope primary mirror 
detector pixel dimension 
detector pixel center-to-center spacing 
Diameter of FEAD at the aperture stop 
marginal ray height at zoom 2 (exit pupil) 
Diameter of a single subaperture 
Diameter of a telescope 
Diameter of a F AEA telescope 
CLEAN dirty PSF scalefactor 
zoom 1 focal length 
zoom 2 focal length 
effective system focal length 
effective system F number 
focal length of closeup adaptor for zoom 1 
focal length of closeup adaptor for zoom 2 
focal length of collimating doublet 
focal length of imaging doublet 
Fill factor of detector array 
Full Aperture of Equivalent Diameter to Multiple Telescope 
Full Aperture of Equivalent Area to Multiple Telescope 
Fidelity defect 
Fourier transform operator 
inverse Fourier transform operator 
Greylevel - shade of grey representing 1 bit of information 
Hexagonal configuration of Multiple telescope array 
Sparse hexagonal configuration of multiple telescope array 
electronics transfer function 
low-pass filter for doubling image size 
100% pass filter 
Dealiasing bandpass filter for HXEX image spectrum 
Inverse filter function 
optical image irradiance function 
maximum value ofi(x,y) 
sampled image function 
image spectrum 
sampled image spectrum 
sampled image spectrum with finite detector pixel blur 
photocathode quantum efficiency 
Source radiance 
Number of processor pixels integrated to simulate a single 

detector pixel of dimension a 
optical wavelength 
Source irradiance 
magnification 
Minimum mean square error 
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MTF 
N(u,v) 
N 
N 
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OTF,H(u,v) 
PSF, h(x,y) 
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'l1 
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s 
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SNR(x,y) 

SNRxy 
SNRmax 
SNRps(u,v) 

SNRps 

S( u,v) 
(In( x,v) 
(J JNJ2l u, v) 
(Jdi 
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Ui,Vi 
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ur 
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x,Y 
Xp,YP 
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DEFINITION OF PARAMETERS - continued 

Number of processor pixels simulating center-to-center 
detector pixel separation b 

Modulation Transfer Function, I H( u, v) I 
Noise spectrum 
Number of pixels in processing array 
number of incident photons per integration time 
Oversampling scale for simulation 
Number of processor pixels to shift image Xo 
object radiance function 
Object spectrum 
Optical transfer function 
Point spread function 
Pupil function 
Radiant flux 
Power ratio for fusion of two image spectra 
Quantization factor 
coordinate of pupil function in rotationally symmetric system 
Irradiance throughput scale factor between two pupils 
Scale factor for inverse filter SNR 
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Signal-to-noise ratio of a point in the focal plane, given b;y 
the expected value of the signal at (x,y) over (In(x,Yl 

SNR of integrated focal plane signal over integrated (In( x,y) 
SNR(x,y) evaluated at point of maximum signal in the image 
Signal-to-noise ratio of a point in the image power spectrum, 

given by signal expected value at (u, v) over (J JNJ2( u, v) 
Signal-to-noise ratio of integrated exyected value of the image 
power spectrum over integrated (J JNJ2l u, v) 
l/SNRps( u, v) 
image plane noise standard deviation 
noise power spectrum standard deviation 

CLEAN dirty image standard deviation of intensity 
Coordinates of spatial frequency 
Coordinates of the i th telescope in an array 
the optical cutoff spatial frequency at the final image plane 
folding freq. - spatial sampling rate of the detector C=.1/2b) 
the folding frequency satisfying ur = Uco 
Width of a band-limited function 
image plane coordinates 
coordinate of telescope entrance pupil 
horzontal and vertical shifts between detector center and 

centroid of image 
cross correlation operator 
convolution operator 
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CHAPTER 1 

INTRODUCTION 

Large telescopes, with primary mirror diameters much greater than 6 meters, 

are under development for both ground-based and space-based high resolution 

imaging applications. The size and weight of large glass primary mirror blanks 

must invariably be taken into consideration in mechanical and structural designs. A 

number of innovative approaches have been suggested for producing large aperture 

optical systems which avoid the problem of manufacturing large, conventional 

primary mirrors. For example, in t.w/) variations of the single aperture approach, 

the primary mirror is fabricated from a thin sheet of glass, or many small mirror 

segments, with an array of actuators integrated onto the back to maintain optical 

figure control (Ray and Perroni, 1982, Noethe, et. al., 1986). 

Considerable attention has been given to the multiple telescope array as 

another approach to synthesis of large telescopes (Aikens, et. al., 1977 and 1978, 

Goodman, 1967, Reynolds, 1978, Shannon, 1973). Such an array is defined as a 

grouping of two or more smaller telescopes, with outputs combined at a focal plane, 

or pupil plane. The resultant image has the potential for spatial resolution spot 

diameter proportional to the inverse distance between the furthest two points in the 

combined pupil. Although attractive in principle, multiple telescope arrays have 

their own design issues and problems, which will be outlined later in this chapter. 

The subject of this study is removing aliasing from, or 'dealiasing,' an 

undersampled multiple telescope array image. This concept addresses one solution 

to a problem inherent to wide field--{)f-view, high resolution telescopes - the design 
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of the huge focal plane detector array necessary to fully sample the image plane. 

The dealiasing concept, first considered by Dereniak (1973), has the potential to 

reduce by up to 75% the number of detector elements required in a given focal plane 

array. The concept uses the unfilled Fourier plane of the multiple telescope array to 

the advantage of the image plane content. The image is undersampled, but 

complete image information is recovered. 

Two methods are utilized to test the dealiasing concept and its limits: a 

computer simulation and a small laboratory breadboard. The two methods are in 

many respects complimentary, the limitations of one being the strengths of the 

other. The computer simulation provides the most controlled, ideal conditions for 

image formation. Parameters such as detector size and fill factor, subaperture sizes 

and spatial frequency cutoff are relatively easy to change. The lab breadboard adds 

reality to the image formation problem; detector read noise, fixed pattern noise, 

responsivity variations, optical aberrations and source intensity nonuniformity are 

all inherent. 

High Resolution, Wide Field-of-View Optical Systems 

Design issues associated with building large aperture telescopes for high 

resolution are diverse. The primary mirror curvature, or figure, is typically 

specified within tolerances of about ),,/10. Stresses that cause the mirror to deform 

under its own weight and thermal fluctuations make such tolerances difficult with 

conventional optics. Even the most thermally inert mirror materials exhibit some 

thermal distortion in the conventional form of an 8 m mirror (Enard, et. al., 1986). 

If the telescope is ground-based, an even more gross aberration to be 

overcome is introduced by the turbulent atmosphere. Even at the best astronomical 
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observing sites, the atmosphere limits resolution of any telescope to the resolution of 

a telescope of diameter equal to the atmospheric seeing parameter, ro, typically 

between 5 and 20 cm (Fried, 1966a). Many large telescopes are designed primarily 

as 'light buckets,' huge light collectors that are limited in resolution due to 

aberrations such as atmospheric turbulence. Because this limit is so much lower 

than the potential resolution achievable by such systems, a wealth of information 

could be gained with even modest improvement in resolution. 

The introduction of high resolution imaging techniques, such as predetection 

adaptive optical compensation and post-detection image processing, and the 

introduction of telescopes into the turbulence-free domain of space has renewed 

interest in the potential for using large telescopes to collect high resolution imagery 

(Faucherre, et. al., 1989, Hoctor and Kassam, 1990). To combine high resolution 

with a wide field-of-view further enhances the system capabilities. A larger 

field-of-view reduces the pointing accuracy required and allows observation of 

objects with greater angular extent. 

The Focal Plane Limitation 

One problem with optical systems that can achieve high resolution imagery 

over a wide field-of-view is the stressing requirement they place on the resolution 

capabilities or size of focal plane detectors or detector arrays. For instance, a 10 m 

telescope aperture diameter, D, operating at 0.5 J.Lm nominal wavelength, A, has an 

angular resolution of A/D = 0.05 J.Lrad or about 0.01 arcsec. Considering the 

Nyquist criteria of 2 detectors per resolution element, even a 1/4 degree 

field-of-view imaging system requires a detector array at the focal plane with 



1.8 x 105 detecting elements along one dimension in order to take advantage of the 

available optical resolution. 
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The current state-of-the-art in visible band, two-dimensional detector 

arrays is about 4096 detecting elements on a side (for example Geary, 1991). 

However, even as larger detector arrays are developed, the problem of acquisition, 

transmission and processing of enormous amounts of data arises. A square array 

with 180,000 detecting elements on a side and 8 bits of intensity resolution per 

element would require a 32 Gbyte/second data transfer rate to achieve a 1 Hz frame 

rate. The current state-of-the-art stream data rate for disk storage media is about 

150 Mbyte/ second, and CCD readout rates, especially for low noise systems, are 

much slower (Dereniak and Crowe, p. 244, 1983). Clearly any technique which 

significantly reduces the number of detector elements required in the focal plane 

should be considered in designs of large aperture systems. 

Multiple Aperture Imaging 

Sparse telescope arrays have been considered as one approach to the problem 

of obtaining high resolution imagery from ground or space based imaging systems 

(Greene and Wood, 1978, Aikens, 1978). Images from a collection of separated 

telescopes can be combined under certain conditions to form an image or 

interferogram. The result is imagery with spatial resolution components inversely 

proportional in size to the separation of the telescopes. This constitutes a 

significant improvement over the resolution of any single telescope in the array. 

The image Fourier spectrum, often referred to as the (u, v) plane, must be 

sufficiently sampled that the image provides sufficient object information for 

identification. An array configuration design is usually selected which minimizes 
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the irregular coverage of the spectrum due to the unfilled entrance pupil. Many 

authors have suggested that a system which covers the greatest area of the Fourier 

plane is ideal. (Moffet, 1968, Shu, 1983, Roddier, 1987) This is because of the 

improvement in image information associated with more coverage. 

In comparing two multiple telescope arrays of equal effective resolution and 

collecting area; one with greater coverage of spatial frequencies to one with more 

sub-telescope elements devoted to a smaller set of spatial frequencies, the array 

with the greater coverage will have less received power in any spatial frequency. 

This means that the signal-to-noise ratio (SNR) of a given component is also lower. 

Therefore, if high SNR is a requirement for the system, tradeoffs between (u, v) 

coverage and SNR may have to be considered. 

Phasing Telescopes 

Several conditions must be met for the synthesis of multiple telescopes to 

produce the effects of a single telescope. First, the optical paths through each 

telescope must be equal from every point in the object to its conjugate point in the 

image (Weaver, et. aL, 1988). This is the process of phasing. Second, the geometry 

of the entrance and exit pupil of the combined telescopes must be proportional, with 

the constant of proportionality equal to the angular magnification of the system 

(Hentz, 1988). Third, the geometric configuration of the apertures in the pupil 

plane must be chosen so the first two conditions can be met and the image spatial 

frequency components are transmitted intact (Harvey, 1988). 

The first condition requires the introduction of phasing mechanisms to 

measure optical path differences and adjust each path (SheHan, 1985, Voelz, 1988). 

For an extended object, only the region within an isoplanatic patch is in phase at a 
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given time. The isoplanatic patch is defined as ·the region over which the image of a 

point is "a function of the displacement vector from the Gaussian image point, but 

not of the position of the image of the point itself" (Born and Wolf, 1965). For wide 

fields-of-view, therefore, close attention must be given to correcting third and 

higher order aberrations that reduce the size of the isoplanatic patch. Further, 

Harvey has shown that field curvature, though relatively benign in single aperture 

systems, introduces critical errors into multiple telescope systems. 

The third condition is central to the question of image quality, since the 

system will be nonfunctional if the required image components can not be 

reproduced satisfactorily. The pupil of a properly phased and geometrically aligned 

multiple telescope system is equivalent to the configuration of pupils of the 

subtelescopes. The Modulation Transfer Function (MTF) of the system is defined 

as the autocorrelation of this pupil function with itself, and is therefore a 

multi-peaked function. For relatively sparse configurations, with pupil fill of less 

than about 50%, there will be regions of the (u, v) plane in which the autocorrelation 

is zero, creating zeros in the transfer function. These regions transmit zero 

information about the object. 

Redundant and Nonredundant Telescope Arrays 

Many proponents of multiple aperture type systems have advocated 

'nonredundant' array configurations for the telescope subapertures. These arrays 

minimize the number of zeros in the transfer function and provide relatively uniform 

coverage of the image spectrum (Golay, 1971). They are nonredundant in the sense 

that each spatial frequency component is represented by one pair of subtelescopes. 



Therefore, a large number of components can be represented by the minimum 

number of apertures. 

21 

There are two limitations on nonredundant arrays. First, they are generally 

complex configurations which may not be compatible with the physical 

requirements of a beam combining system, adding complexity to the optical system 

design and engineering. Second, the low distribution of telescopes for each spatial 

frequency component means that signal levels at most frequencies are relatively low, 

which may result in low signal-to-noise values, and ultimately, poor image quality. 

In a 'redundant' array configuration more than one telescope pair contributes 

energy to a given region of the (u, v) plane. This may be less efficient in terms of 

spatial frequency coverage, and will introduce zeros in some regions of the transfer 

function, but the signal in other regions is stronger, essentially because the larger 

collecting area ascribed to each spatial frequency increases its signal strength. In 

high noise situations, the higher signal strength may mean easier detection of 

specific high spatial frequency detail. 

The drawback of the redundant array is the tendency for higher sidelobes in 

the associated point spread function (PSF). Energy that would be contained in the 

central lobe of a nonredundant PSF is redistributed to the sidelobes of the 

redundant array. This redistribution of energy reduces the image plane SNR per 

PSF lobe, making detection more difficult. The sidelobes also cloud the image, 

making it more complicated for human interpretation. 

In existing multiple telescope systems, the tendency is toward a simple, 

redundant configuration of telescopes evenly distributed on a circle centered about 

the optical axis. The Multiple Mirror Telescope at Mount Hopkins, near Tucson 

Arizona, is a collection of six 1.8 m diameter telescopes in a hexagonal pattern, 



centered on a circle of radius 2.3 m. The MMTT, an Air Force laboratory 

breadboard (DeHainaut, et. al., 1990), which is a prototype for future wide 

field-Df-view multiple telescope arrays, has four 20 cm telescopes with centers at 

the corners of a square of diagonal 55 cm. Optical design studies that have 

addressed upscaled versions of the MMTT (Miao, 1991, Stuhlinger, 1991), showed 

that subtelescope symmetry about the central system axis reduces the aberration 

introduced during image combination of the individual subtelescopes. 

Methods to Interpolate Low Signal Regions in the Transfer Function 
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Techniques for filling in the zero signal regions of an unfilled pupil have been 

developed, and show promise of reducing the information loss due to these regions. 

The maximum entropy method, MEM, (Narayan and Nityananda, 1986) and the 

CLEAN algorithm (Hogbom, 1974) are two commonly used techniques which have 

been used to enhance imagery from sparse array systems. (Cornwell and 

Evans, 1985, Bernier and Arsenault, 1991) 

These techniques are able to estimate or interpolate some of the missing 

information in the image spectrum. This has been likened to super-resolution 

(Fried, 1992). The correlation of object information between zero and nonzero 

regions of the object spectrum is used to estimate the unknown information. Many 

other algorithms exist, and are used in other applications in which zeros exist 

(Biemond, et. al., 1990) including true super-resolution techniques, which seek to 

extend the optical system resolution beyond the diffraction limit. 
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Multiple Telescopes for Ground-Based Imaging 

For earth based telescopes, the limitation on resolution is not the primary 

mirror diameter, but the blurring due to atmospheric turbulence (Fried, 1966b, 

Roddier, 1981). Under such conditions, phasing multiple telescopes is required for 

beam combination (Hall et. al., 1977, Hege, et. al., 1985), but this is overshadowed 

by the resolution limits. Methods of compensation of atmospheric turbulence 

include predetection adaptive optical techniques (Hardy, 1978), post~etection 

image processing techniques such as speckle imaging and deconvolution (Knox and 

Thompson, 1978, Labeyrie, 1970, Primot, et. al., 1990) and hybrid combinations of 

the two (Goodman and Belsher, 1976, Niesenson and Barakat, 1987, Roggemann, 

et. al., 1992, Bilmont, et. al., 1992). 

Long baseline interferometry techniques have also been considered for 

imaging extended objects (Gamiz and Loos, 1993). Modeled after the Very Large 

Array (VLA) radio telescope in Soccorro, NM, such systems would require 

atmospheric correction across each aperture as well as phasing of each leg of the 

interferometer in order to operate in the optical regime. Interferometric techniques 

use arrays so sparse they measure only a small percentage of the (u, v) plane per 

baseline, so that many baselines are required to fill in the object spectrum. Very 

often, other mechanisms are used to acquire more spatial frequency components, 

such as the movement of the telescope relative to the object resulting from the 

earth's rotation. 

Coded apertures, used in medical imaging applications, are the extreme case 

of sparse array imaging. The image is formed through an array of pinholes 

comprising the coded mask (Fennimore and Cannon, 1978). The ideal pinhole 

camera operates on purely geometrical optical principles. The pinhole is so small 
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that only one small bundle of rays from each point in the object is projected onto 

the image plane. The size of the bundle determines the image resolution, and is 

traded off with the signal strength. An array of pinholes produces an identical array 

of images, which may overlap. The resultant image is deconvolved from this image 

using the known 'coded' PSF. 

Evaluation of Ima~e Quality 

Metrics for measuring the performance of an imaging system fall into two 

basic categories; those which measure the information transfer of the system, and 

those which measure the 'quality' of the imagery produced. Virtually all metrics 

are related either quantitatively or qualitatively to the optical transfer function of 

the imaging system (Brock, 1968, Schade, 1964). Noise in the system is another 

major factor affecting image quality (Shanley and Fried, 1987, Baddiley and Dennis, 

1986). 

Information transfer is a quantitative concept with roots in communications 

theory. It refers to a measure of the capacity of the 'channel,' to transfer 

information, typically measured in bits. In this case, the channel is the complete 

optical system from the source of light to its receiver (Linfoot, 1955, Bershad, 1969, 

Dainty, 1974, Cox, 1986). Image quality metrics can also be very quantitative, but 

generally attempt to associate a measure of performance to both the content and 

functionality of the image for the user (Linfoot, 1958, Charman and Olin, 1965, 

Biberman, 1973, Schindler, 1982). 

Each approach must ultimately address the problem of providing a measure 

that is consistent with the image interpretation capabilities of the end-user, which 

to date has been a human observer. Information capacity tends to ignore the 



human factor, instead seeking ways to maximize information throughput. The 

advent of image pattern recognition and machine vision (Kovalevsky, 1980) in 

which a computer makes a decision based on a simple set of fixed observations, 

favors a high information capacity approach. Neural networks (Wasserman, 1989) 

are increasing the capability of such decision making systems, so that more and 

more complex situations can be evaluated electronically. Still, in many cases the 

end-user of information will continue to be human, and human interpretability is 

essential to performance (for example King, 1991, Riehl and ruder, 1992). 

Although high information capacity is very often necessary for human 

interpretation, it is not exclusive of other factors. A good example of this is found 

in sparse array imagery. The zeros in the transfer function of a sparse array cause 

the point spread function to have very high sidelobes, which appear as a series of 

'ghost' images surrounding the central image. This clouds the resultant image, 

making it difficult to visually identify high resolution object features. 
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A single aperture telescope with equivalent (u, v) coverage as the sparse array 

typically has Significantly lower resolution. The sparse array optical system may 

transmit as much information about an object as its single aperture counterpart, but 

a human looking at the two images will very likely find more recognizable 

information in the single aperture system, because it produces imagery that is most 

like the human visual system, and therefore easier to interpret. In Chapter 3, it will 

be demonstrated that introduction of techniques such as CLEAN or MEM reduce 

the sidelobe effects, improving visual interpretation. 

For system evaluation under controlled conditions, a known object can be 

introduced, and the measure of performance is the amount of error generated in 

image formation. In such cases the distance (Linfoot, 1958) between the original 
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object and the optical image, often termed the minimum mean square error or 

fidelity defect, is a measure of image er!or. These metrics remove the ambiguity of 

quality and information resulting from other metrics but are narrowly focused on a 

specific target. To make generalizations, such metrics should be combined with 

other methods of evaluation. 

The concept ofimage gathering (Cathey, et. aI., 1984, Huck, et. al., 1985, 

Barakat, 1990) has arisen for complex imaging system development. Image metrics 

are used to optimize all aspects of system design. Factors of image formation, 

including predetection aberration compensation, optical detection, and 

post-<ietection recovery and enhancement, are formulated into an optimizing 

function. Such constructs may enhance the productivity of the system by 

optimizing system parameters to perform a specific function. 

Image Sampling and Aliasing 

Electronic detection systems are generally rectangular, uniformly spaced, 

finite arrays of detectors grown on a single chip, with finite spacing between the 

detector centers. It is relatively easy to design an optical system with resolution 

that exceeds the detector sampling frequency, resulting in a condition known as 

aliasing. 

The effect of aliasing is the generation of erroneous low frequency signal 

(Linden, 1953). Fig. 1.1 illustrates in one dimension how sampling can change the 

detected frequency of a simple sine wave pattern. In Fig. 1.1a, more samples of the 

the pattern are taken than are required to absolutely identify its frequency. This is 

a case of oversampling. When only the dotted arrows are used to sample the 
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Fig. 1.1. Spatial Frequency Corruption of a Sine Wave by Aliasing 

pattern, Fig. 1.1b, it is 'aliased' as a lower spatial frequency. This is the case of 

undersampling. 
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For optical imagery, the erroneous signal is actually a series of spatial 

frequency domain harmonic spectra. These harmonic terms are identical to the 

image spectrum, but shifted in frequency so that their physical relation to detail in 

the object is no longer interpretable. The resulting detected function is the sum, in 

Fourier space, of the original unsampled image and these harmonic terms. 

Uncoupling the image from tIlE: .l.liased signal is not possible without additional 

information. 

In general, designing optical systems that do not experience any aliasing is 

optimal, since infor!D.ation that is corrupted by aliased signal is difficult to 

interpret. The optical image spectrum cannot be separated from unknown 

harmonics terms. However, if there are regions of low or zero signal in the harmonic 



terms, the image spectrum over those regions of the spectrum is uncorrupted. Of 

course a zero in the harmonic term can only mean an identical zero in the image 

spectrum. Conversely, in the image spectrum zero region, the harmonic term is 

predominant. 
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Normally, undersampling imagery leads to spatial aliasing effects, which 

corrupt high spatial frequency components of the optical imagery irreparably. 

However, with careful placement of phased telescopes and appropriate selection of 

detector sample spacing, essentially Nyquist sampled imagery can be extracted from 

undersampled focal plane. The result is a system design in which the focal plane of 

a sparse telescope array system is significantly undersampled, therefore substantially 

reducing the focal plane detector size requirements. 

Chapter Overviews 

In the next chapter, 'Theory,' a mathematical model is discussed that 

addresses image formation, signal-to-noise, the imaging detector array geometry, 

and sparse telescope array configurations. It describes the general form for the 

resultant sampled image spectrum for undersampled and Nyquist sampled 

conditions in one- and two-dimensional systems. Next, the dealiasing technique for 

separating the optical image spectrum from its harmonic components is described. 

Finally, an image metric is described that is appropriate for comparisons of multiple 

aperture and single aperture imagery, or between aliased and nonaliased imagery. 

The third chapter, 'Computer Algorithm Implementation,' describes the 

computer algorithms used to recover the optical image spectrum in practice. The 

dealiasing algorithm, which removes aliasing harmonics is presented. Two image 

reconstruction algorithms are also described. These algorithms, one linear, the 



inverse filter, and one non-linear, CLEAN, can be used to remove some of the 

sidelobe features characteristic of sparse multiple telescope arrays. 
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A discussion of the limits of the dealiasing technique begins in Chapter 4. 

images are simulated prior to sampling using a computer generated optical transfer 

function of a diffraction-limited telescope array optical system. The image is 

undersampled using a detector focal plane model and then the dealiasing algorithm 

is applied. The resulting dealiased imagery is compared qualitatively to the ideal 

and to the undersampled and aliased cases. The effects of errors in the recovered 

image when harmonics are not completely eliminated from the imagery is 

investigated. 

An experimental breadboard used to further test the dealiasing concept is 

described in Chapter 5. The breadboard simulates the optical beam train of a large 

aperture telescope, and can be configured to simulate both single and multiple 

telescope systems. The objective of building the breadboard was to introduce some 

effects not easily simulated on a computer, such as detector noise, aberration and 

other real-world artifacts. The results of the dealiasing algorithm performance on 

experimental data are discussed, including the robustness of the dealiasing 

algorithm to Fourier domain scaling errors. 

Finally, in Chapter 6, a novel system concept is described that uses a 

combination of a high-resolution, dealiased image at one wavelength with a 

low-resolution, Nyquist sampled image at a longer wavelength. The images are 

coincident on a dual wavelength detector focal plane, so that image registration 

errors are eliminated. This concept provides greater (u, v) coverage than a single 

wavelength design. The resultant imagery has lower sidelobes, reducing the burden 

on the image spectrum interpolation algorithms. 
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CHAPTER 2 

THEORY 

After development of image formation notation for multiple telescope arrays in 

the first section of this chapter, the functional form for an aliased image is 

developed, and the procedure by which an unaliased image can be recovered from 

undersampled data is laid out. The form of the minimum mean square error metric 

is described in the third section. The functions cylO, rectO and combO are used as 

defined by Gaskill (1978, Chapter 3) throughout this chapter. 

Image Formation for Multiple Telescope Arrays 

The optical transfer function (OTF) of an incoherent optical system is given 

by the normalized autocorrelation of the pupil function (Goodman, 1968, sect. 6.3), 

(JJ * ff P(u' ,v')P (u'-u,v'-v)du'dv' 
H(u,v) = __ -«l=--________ _ 

(JJ ff IP(u',v')1 2du'dv' 
-«l 

where P( u, v) is defined as the exit pupil of the optical system scaled in terms of 

image space spatial frequency, u = mX~' v = mX¥S where (xP,Yp) is a spatial 

coordinate of the entrance pupil, me is the magnification ratio of exit pupil to the 

entrance pupil, and fs is the system effective back focal length. For an ideally 

transmitting system of entrance pupil diameter Dt 

2.1 
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P(p) :: 
1, 

where p =..; U2+V2, which essentially defines a cylinder function, cyl( u, v). 

Therefore, the transfer function H(p) is given by 

H(p) = 'Ycyl(p/ucoj1), 
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2.2 

= ~ [cos -l(pjuco) - (pjuco)(l-{pjuco) 2) 1/2 ] cyl [ 2to ] , 2.3 

where Uco is the cutoff of this bandlimited function. 

For a two-dimensional telescope array meeting the conditions for phased 

operation, with the entrance pupil designed conjugate to the primary mirror plane, 

the exit pupil function consists of a series of cylinder functions given by 

cyl [m:A~..; (U-Ui)2 + (V-ViF] , where (Ui, Vi) is the center of the ith telescope in 

the array and Di is the diameter of its entrance pupil. The optical transfer function 

is then simply found by computing the normalized autocorrelation of the series of 

cylinder functions. The highest resolution attainable by such a system is defined by 

the furthest separation of any two telescopes in the array, D. The spatial cutoff 

frequency for the system is then Uco = :Xf~ 
The two-dimensional entrance pupil function, diffraction limited modulation 

transfer function (MTF) and the MTF cIOss-section for six sub apertures forming a 

hexagonal array, HEX, are plotted in Fig. 2.1. The individual subapertures were of 

equal diameter and the separation of subapertures exceeded the subaperture 

diameter by a finite amount. The nonzero transfer region of the OTF is defined as 

the region inside the circle with radius Uco for which H( u, v) f. 0. This is sometimes 

called the support of the transfer function. 
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It is useful to make comparisons of multiple telescope designs to the single 

aperture equivalent. A monolithic telescope with primary mirror diameter equal to 

the effective diameter of the multiple array, defined as the furthest distance between 

the two most separated telescopes, contains all the ( u, v) coverage of the telescope 

array. Imagery through such a full aperture of equivalent diameter, D, (FAED) can 

be used as a truth image for comparing the multiple array imagery. 

A full aperture telescope of equivalent primary mirror area (FAEA) to the 

sum total of the array's primary area is useful for comparison purposes. Its 

diameter is Da = JIDs, where i is the number of telescopes in the equivalent array, 

and Ds is the primary diameter of each. Such a telescope would be a likely design 

alternative, since the light collecting capacity is often a significant consideration to 

users. Pupil function configurations and MTF plots for the single aperture 

telescopes of equivalent effective diameter, FAED and of equivalent area, FAEA to 

HEX are shown in Figs 2.2 and 2.3. 

Image formation in the ideal, diffraction limited, incoherent case can be 

modeled as a simple convolution of the imaging system point spread function (PSF), 

with the object radiance function, 

i(x,y) = h(x,y) ee o(x,y). 2.4 

The PSF, h(x,y), is the Fourier transform of H(u,v). Conversely, the image can be 

defined in the Fourier domain as the product of OTF and object spectrum, 

I(u,v) = H(u,v) O(u,v). 2.5 

It is clear from Eq. 2.5 that object information can be recovered from the image 

wherever the OTF is non-zero, with the caveat that noise introduced into the 

imaging system can prevent recovery of information at low signal levels. A further 
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discussion of the effects of noise on image formation is presented at the end of this 

section. 

Spatial frequency components of an object observed through the HEX 

telescope array will only be transmitted if they fall within the nonzero transfer 

regions. Conversely, the FAEA telescope is completely filled within its cutoff 

frequency, Uco = i\f~a. However, the (u,v) coverage outside the cutoff frequency 

is zero, so that significantly lower resolution is obtainable. This is the tradeoff 

between full aperture and multiple arrays of telescopes. 

The effect of a multi-peaked OTF on imagery can be inferred from the point 

spread function, shown in Fig. 2.4a. The HEX PSF has six high sidelobes around 

the central lobe, and many more small lobes. An object convolved with such a PSF 

would have six dim 'shadow' images surrounding the actual object. Even though 

each spike is very narrow, indicating high resolution, the shadows 'cloud' the image, 

especially of variegated objects. The low resolution F AEA has a single, broad PSF 

peak, Fig. 2.4b, which produces blurred imagery. Because the human visual system 

is adapted to single peaked transfer functions, FAEA imagery is more visually 

appealing than HXEX imagery. The high resolution FAED PSF is also shown, 

Fig. 2.4c, for comparison. 

Noise in Image Formation 

Noise, defined as any random distortion of the image, can be introduced into 

an imaging system in various ways (Dereniak and Crowe, 1984, sect. 2.3). Photon 

noise is present in any imaging system, because it is inherent to the statistical 

nature of detecting incident photon events. Most electrical detection systems 
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introduce other types of noise that overwhelm photon noise. Finally, atmosphere 

and thermal distortions of the optical system are time varying and unpredictable 

and can therefore be considered noise. 
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For imaging detector systems, noises introduced by the electronic readout are 

often collectively referred to as read noise. They are introduced when charge built 

up in the detector well, due to incident photoevents, is read out of the detecting 

array and converted to an analog signal. Many of these sources, as well as photon 

noise, are commonly modeled as additive, that is, they are added to the signal, and 

the noise strength is independent of signal strength. The image function becomes 

i(x,y) = h(x,y) EI}(D o(x,y) + n(x,y). 2.6 

The signal-to-noise ratio, SNR, of an imaging system can be defined in a 

number of ways, both in the pupil plane or image plane, and as a function of spatial 

variables or as a constant. An image plane domain definition of SNR(x,y) is often 

useful for quantifying detection performance 

SNR(x y) = (i (x,y)~ , ~n(X,y' 2.7 

where the angular brackets denote the expectation value of the random function 

i(x,y) over all possible functions. If n(x,y) has a zero mean value for all (x,y), and 

(i(x,y» is calculated from a large number of sampled values of the i(x,y), the result 

is an estimate of the noiseless image function, h(x,y) mm o(x,y). The function ~n(X,y) 

is the standard deviation ofthe random noise function n(x,y). 

The expression SNR(x,y) indicates the strength of the signal at any point in 

the image plane. A value much greater than one is typically required to successfully 

identify object features. Integrating the expression of Eq. 2.7 over (x,y) results in 

the ratio of total detected signal radiant flux and noise power. 



(IJ ff (i (x,y» dxdy 
SNRxy = __ --ro _____ _ 

(IJ ff (In(X y) dxdy 
--ro 

This expression is useful for quantifying the effect of noise on systems of different 

throughput. 
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2.8 

The expressions of Eqs. 2.7 and 2.8 quantify the amount of noise relative to 

the optical signal, but do not provide any insight into the effect of noise as a 

function of spatial frequency. For high resolution imaging, SNR is often calculated 

as a function of spatial frequency. The Fourier equivalent to Eq. 2.6 is 

I(u,v) = O(u,v) H(u,v) + N(u,v), 2.9 

where n(x,y) and N(u,v) are a Fourier transform pair. The loss of low signal spatial 

frequency content is obvious from Eq. 2.9, because as H(u,v) approaches 0, I(u,v) 

approaches a random value N. 

The Fourier transform I( u, v) of a real, nonsymmetric function i( x, y) is a 

complex Hermitian. It is often more convenient to work with the real valued image 

power spectrum, I I( u, v) 12. An expression for the power spectrum SNR is given by 

SNRps(u,v)= (II(u
t
v)12). 

(J INI2 U, v) 

where (J INI2( u, v) is the noise power spectrum standard deviation. 

2.10 

The image plane noise, n(x,y) is often assumed to be a zero-mean Gaussian 

random variable. If this is the case, N( u,v) is also zero-mean and Gaussian. Then 

the noise power spectrum is (J 1N12( u, v). In the case of uncorrelated, wide-sense 

stationary noise, the standard deviation (In of Gaussian random process n(x,y) is a 

constant for all values of x and yand (In = (J 1N12 (Frieden, 1983, Chapter 8). 
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If unknown, an estimate of ( / I( u, v) /2) can be found by taking many different 

image realizations, i(x,y) and calculating the mean power spectrum. The result is 

an estimate of the noiseless image power spectrum. The power spectrum standard 

deviation is found from the same image realizations at each (u, v) point. 

One measure of the effectiveness of a high-resolution imaging system is the 

point (u, v) furthest from DC for which SNRps( u, v) exceeds a critical value, below 

which no known reconstruction technique can reproduce the signal (Idell and 

Webster, 1992). To measure the effectiveness of sparse multiple telescope systems, 

for which there are many spatial frequencies at which the signal will sink into the 

noise, this metric is difficult to apply. A 3-D plot of power versus (u, v) position is 

a cumbersome but thorough way to measure content. 

Finally, the integrated power spectrum SNR is a single number metric that is 

a measure of the average signal strength per frequency. 

ID ff (I I( u,v) 12)dudv 
SNRps = __ -!D....:::... _____ _ 

W ff (f ~12( U, v) dudv 

2.11 

-!D 

Because it is integrated over spatial frequency, Eq. 2.11 does not provide any 

information about which frequencies were passed with highest power. therefore, if 

the object being imaged has significant high resolution detail, the result can be 

expected to vary with the system resolution capabilities. 

Atmospheric and thermal noise introduced to the optical system are not 

additive. They generally are introduced into the phase of the transfer function, and 

must be dealt with nonlinearly using speckle imaging techniques discussed in 

Chapter 1. The introduction of such noises is an interesting extension to the 
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aliasing problem for future work, however this will not be addressed further in this 

study. 

Samplin~ Theory and Aliasing Applied to Array Detectors 

Sampling theory encompasses the causes, effects and prevention of aliasing in 

temporally and spatially varying signals. The Whittaker-Shannon sampling 

theorem simply states that "any band-limited function can be specified exactly by 

its sampled values, taken at regular intervals, provided that these intervals do not 

exceed some critical sampling interval" (Gaskill, 1978, pg. 267). That critical 

sampling interval is 1/ W where Wis the width ofthe band-limited function. A 

telescope array optical system is band-limited in the spatial frequency domain by 

virtue of the low-pass filtering effect of the OTF. The width of this function, for 

the incoherent imaging case, is twice the optical cutoff frequency, '1Lco, of the OTF. 

A detector array placed in the focal plane of a telescope system samples the 

optical image at regular intervals specified by the detector center-to-center 

spacing, b. If b exceeds the interval (2uco) -1, the image will be undersampled and 

aliasing can occur. The Nyquist sampling condition is the critical delineation 

between undersampling and oversampling. It exists when b = (2uco) -1. The folding 

frequency is defined as 

Uf = (2b)-1. 

The Nyquist frequency 'Unyq is defined as the folding frequency satisfying the 

Nyquist condition. Typically, designs of optical systems specify Uco ~ ur, the 

Nyquist or oversampled condition, to prevent aliasing. 

2.12 
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The Sampled Image Fourier Spectrum and Aliasing 

A one-dimensional derivation of the resultant image spectrum after sampling 

is useful to demonstrate the undersampling concept. The effect of finite detector 

pixel size on the image is to integrate the signal from the optical image over the 

area of the pixel. Let the function i{x) represent the bandlimited irradiance 

distribution of an optically transmitted image incident on an array of detector 

elements. Each detector pixel has width a and the spacing between adjacent pixels 

is b, as shown in Fig. 2.5. The mechanism of detection is a proportional exchange of 

photons for electrons, as in an ideal charge coupled device. The irradiance 

distribution is integrated across a pixel width, a. 

~ ... 

active region ~ .. ~ 

~y~ ~ 

~yJ ~ ~: ~~ .... 
r-+ • y 

x xo ... ax ... 
~ ~b.~ ~ 

Ir 

a = ax. b = bx 

Fig. 2.5. Two-Dimensional Focal Plane Array 

The sampled image function, is{x), is defined as the array of values, 

distributed across the focal plane, which represents the integrated intensity at each 
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detector, prior to digitization. Using this definition, it can be written as 

N /2 x+a/2 
is(x) = ~ l t5(x-nb) J i(x'-xo)dx', 

n=-N /2 TJ-a/2 
2.13 

where Xo is a spatial shift of the detector array relative to the centroid of the image, 

o < Xo $ band N is the number of pixels in the array. The integration above can 

also be represented as 

+00 
= ~ l t5(x-nb) J i(x'-xo) rect [ x' ~x] dx'. 2.14 

n --m 

This integral is by definition the correlation of two functions, i( x) and rect [ ~ ] 

= ~ l t5(x-nb) [ i(x-Xo) erect [ x~Xo ] ]. 2.15 
n 

Then, 

is(x) = ~ [ i(x-xo) erect [ x~Xo ] ] comb [ ~] rect [---No], 2.16 

where the combO function is defined as an infinite sum of O:-functions periodically 

spaced a distance b apart. 

The convolution with the rectO function in Eq. 2.16 indicates that the effect 

of the finite width of a detector pixel is to blur the incident irradiance function i(x). 

If the Fourier transform of i(x) is given by I( u), a bandlimited function with cutoff 

at u = =uco, then the sampled image spectrum is 

Is( u) = I( u) sinc( ua) e -L2'ff
xoU ® comb( ub) ® sinc(N ub). 2.17 

The term in the exponent is a tilt phase component that arises if the image is not 

centered on the detector array, (xo * 0). Replacing the combO function with a 



summation, and letting the blurred image function Ib(U) = I(u) sinc(ua), the 

spectral harmonics due to sampling become apparent, 

OJ 

Is(u) = I [ Ib [ u - +J e -t21rXo( u-nJ b)] ® sinc(Nub). 

The form of Eq. 2.18 is easily extended to two dimensions, 

Is( u, v) = II [ Ib [ u - t, v - b J e -t27r{ Xo( u-nJ bx)+Yo( v-mJ by»] 

nm 

®® sinc(N ubx,M vby). 

and Ib( u, v) = I( u, v) sinc( uax, vay). For the remainder of this section, assume 

ax = ay = a and bx = by = b. 
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2.18 

2.19 

The zeroth order term, n = 0, m = 0, is an exact replica of the image spectrum 

I( u, v). This will be denoted as the zeroth image spectrum. This component 

contains all the information necessary to reconstruct the image. All other terms are 

harmonic spectra which contain information that is not generally used for image 

reconstruction, because the spatial frequencies have been shifted away from the 

image values. For the case where Uco ~ ur, no overlapping of the zeroth spectrum by 

higher order terms occurs, and an appropriate filter He( u,v) can be multiplied by the 

sampled spectrum to eliminate the higher order terms, leaving the zeroth term, 

Ib( u, v), unaltered. This function would have the form 

He(u):: . 
{

o, u or v ~ Uco 

1, u and v < Uco 

2.20 

In actuality, the effect of the standard fast Fourier transform (FFT) algorithm 

on a sampled image is as if a filter He were applied with the form 



{
o, U or v ~ ur 

He(u) ;: . 
1, U and v < ur 

The edges of the FFT array are mathematically equivalent to a discrete 

representation of ur. For any Nyquist or oversampled image, this form of He 

produces equivalent results as Eq. 2.20. 
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2.21 

The detector spacing, b, determines whether or not the harmonic terms will 

overlap and add to components of the zeroth spectrum, resulting in aliased data. 

Because it is bandlimited, the first order terms ((n,m) = (0,-1), (0,1), (1,0) 

and (-1,0)) are identically zero at spatial frequencies less than 2ur - Uco. However, 

if ur ~ Uco, that is if the image is undersampled, the zeroth and first order terms of 

Eq. 2.19, at the least, will overlap. 

Fig. 2.6 shows three one-dimensional, band-limited images and the modulus 

of their spectra. These depict the optical image, Fig. 2.6a, and two sampling cases, 

one satisfying the Nyquist condition, 2.6b, and one with overlapping harmonics 

resulting in an aliased spectrum, Fig. 2.6c. As the optical system resolution 

improves, and Uco increases, the aliasing of the image Fourier spectral components 

will increase, affecting lower spatial frequencies. Eventually, with 1/ b ~ uco, more 

than two orders of the sampled image spectrum overlap. 

Undersampling and Multiple Telescope Arrays 

If nonzero components of the higher order harmonic spectral terms do not 

overlap nonzero regions of the zeroth spectrum, the resulting aliasing effects due to 

undersampling the imagery can be removed. This can be accomplished with certain 

sparse multiple telescope system configurations and sampling conditions. Such a 

system would be configured so that the peaks of the harmonic spectra coincide only 
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with zero signal regions of the zeroth spectrum. Then if a bandpass filter which has 

value 1 in all the nonzero signal portions of the zeroth spectrum and value 0 in the 

zero signal portions, the filter can be applied in postprocessing to any undersampled 

image produced by the imaging system to reconstruct unaliased imagery. 

To ensure this condition is met, candidate array arrangements must be 

carefully selected. If the diameters of the individual telescopes of the array are 

larger than twice the smallest distance between any two telescopes, there will 

always be some overlap of harmonic terms and the zeroth spectrum. This is because 

the width of each local peak in the image spectrum is proportional to the sum of the 

widths of the two largest subapertures that contribute to the spatial frequency 

region in question. 

The spacing between such spectral peaks is proportional to the spacing 

between the apertures. The peaks of the harmonic terms have the same width as 

the zeroth term. Therefore, if the total width of any zeroth order peak is greater 

than the separation of two nearest peaks, there will be overlap. The degradation to 

image quality when this occurs is examined in Chapter 4. 

Competing with the need to provide room for harmonic spectra to fall in the 

zero regions of the zeroth spectrum is the desire to maximize the spatial frequency, 

or (u, v) coverage ofthe telescope array. To maximize coverage, the fill ratio of the 

effective area covered by the subapertures to the total area of the array must be 

maximized. Therefore, in most applications it is appropriate to choose an array 

configuration with subtelescope diameters and spacings selected such that the 

support of the harmonic peaks 'just fit' within the zero regions of the zeroth 

spectrum. 
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The optimal configuration to maximize (u, '11) coverage and eliminate overlap of 

harmonics is the densest packed configuration possible. For six telescopes, this is 

the hexagonal array. Fig. 2.7 illustrates the MTF for the densest packing of a 

hexagonal array for which no harmonic overlaps will occur. It is significantly more 

sparse than the array of Fig 2.l. 

Unlike the HEX array, the v-axis extent of the HXEX pupil function is about 

equal to the u-axis, as seen in Fig. 2.7c. The six subapertures are circumscribed by 

an ellipse of eccentricity 0.5, instead of a circle. The asymmetry is such that the 

cutoff frequency of the two axes are equal. This was done because the six-fold 

symmetry of the HEX array is not compatible with the four-fold symmetry of the 

undersampling algorithm. A folding frequency cannot be found that has no overlaps 

of harmonic peaks onto the zeroth order term in both dimensions. To introduce 

spacings that are identical in both u- and v-dimensions, the position vectors are 

slightly stretched in the v-dimension. 

Alternatively, the sampling rate could be made directionally dependent, 

however, this would make the simulation more difficult to implement. The 

objective in either case is prevention of overlap between the image spectral bandpass 

regions and the harmonic spectrum. 

Other configurations can work with significantly reduced (u, v) coverage. The 

Mill's Cross array is a less redundant array than the HXEX configuration. Its MTF 

contains non-zero values throughout more area of the (u,'II) spectrum per 

subaperture than a HEX array with equivalent subaperture diameter. The 

additional fill of the (u,'II) plane means that the subaperture diameter required for 

dealiasing is much smaller relative to the effective diameter than for the HXEX 

array. 
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Fig. 2.8 shows the densest packing of the Mill's Cross array, MXEX, that can 

be used. In Fig. 2.9, The PSFs for the HXEX and MXEX configurations are shown. 

The resolution, measured as the diameter of the central peak or any sidelobe, is still 

equivalent to the F AED PSF of Fig. 2.4c. The sidelobes of the sparse array 

configurations are severe, especially compared to the more filled HEX array. The 

alternative full aperture of equivalent area (FAEA) to the HXEX array, Fig. 2.9c, 

has significantly lower resolution than either array, but the Airy disk is significantly 

smaller than the total extent of the array PSFs. 

This investigation covered only the case in which all sub apertures are of the 

same diameter. There is the potential for more flexibility in (u, v) coverage if that 

limitation is relaxed; however, for purposes of demonstrating the concept, a single 

subaperture diameter is sufficient. 

The cross section of the sampled image Fourier spectrum, Is( u,O), of a point 

source through the multiple telescope array of Fig. 2.7c is shown in Fig 2.10 for 

three cases: (a) Nyquist sampled, Uco = Uf, (b) 2/3 Nyquist sampled, Uco = 3/2 Uf 

and (c) 5/9 Nyquist sampled, Uco = 9/5 Uf. The latter two cases are examples that 

demonstrate different degrees of undersampling. In case (a), The image spectrum 

can easily be separated from its harmonic terms, by multiplying the full spectrum 

Is( u,O) by a rectangular filter with width 2uco, centered at DC, Eq. 2.14. Such a 

filter is indicated by the dashed lines. In case (b), however, the harmonic terms 

overlay the optical image spectrum, adding aliasing signal which is inseparable from 

the image spectrum. The dotted lines in this figure indicate the original spectrum. 

Fig. 2.10c is also undersampled, but in this case the harmonic terms overlap 

the zero regions of the zeroth image spectrum, and do not corrupt the image spectral 

components at all. With an appropriate filter, shown as dashed lines, the harmonic 
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components can be eliminated, leaving the image spectrum intact. In effect, the 

optical spectrum has been undersampled without adding aliasing to the image 

spectrum. 

Tradeoff of Pixel Size and Signal-to-Noise 
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The sinc(ua) term in Eq. 2.17 modulates the zeroth and all the harmonic 

components, reducing the contrast of high spatial frequency details in the object. 

The modulation encountered is dependent on the photodetecting area fill factor for 

the detector array, Ff = a2/b2• For the optimal aliased case of Fig 2.lOc, the cutoff 

frequency is Uco = 9/5 Uf, but Uf = (2b)-1, therefore Uco = O.9/b. Multiplying both 

the numerator and denominator in the sincO term by Uco, and substituting O.9/b 

into the numerator yields an attenuation factor given by 

A[ a] . [o.9ua] . [o.9va] 
u,v'o = SIne Uco 1i SIne vco"5' 2.22 

The detected SNR is also dependent on the fill factor of the imaging array. 

The exact expression for the SNR is dependent on the type of detector used and its 

noise characteristics. As an example, a photon noise-limited sensor, such as a 

photocathode/micro channel plate assembly was selected, because many 

astronomical applications require very low signal detection. The output SNR for 

such a detector array is given by (Dereniak and Crowe, 1984, pg. 124) 

SNR = J 'TJ Ff N , 2.23 

where 'TJ is the photocathode quantum efficiency, Ff is the fill factor of the 

microchannel plate and output array, and N is the total number of photons incident 

on a fully filled detector array per b2 region. 
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In Fig. 2.11, the attenuation due to the finite detector area and the detector 

SNR are plotted together against the detector fill ratio, a/ b. The values of A were 

calculated and plotted for u = 'IJ = 0.8ueo, the coordinates of one of the outermost 

transfer function peaks in the sparse HXEX array. A typical value for 'TJ was 

selected (0.15), and, considering typical astronomical objects of interest have visual 

magnitudes of >17, an optimistic value of N = 1000 photons per b2 area was chosen. 

The product ofthe two curves, A·SNR, has a peak value at a detector fill ratio 

of 0.5. 
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Fig. 2.11. Tradeoff of Detector SNR and Fillfactor for High 
Resolution Dealiased Imaging 

In this example, optimum performance is obtained with a fill ratio of 0.5, or 

a = 0.5b. Although other detectors can have different SNR characteristics than the 

example, the ~ dependence in Eq. 2.23 is typical of detectors that operate near 

the photon noise limit. Therefore, One would expect optimal fill ratios near 0.5 for 

these devices generally. 
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Metrics for Demonstrating Dealiasing On Variegated Targets 

To be of use, the concept of dealiasing described in the previous section should 

work well under a wide range of conditions, including introduction of noise and 

quantization errors, and for a variety of objects. The quality of the imagery 

reconstructed using this technique should be the same as imagery formed with 

Nyquist or greater sampling, under identical conditions, since the image spectrum is 

reproduced intact. 

In the next three chapters, a dealiasing algorithm is developed and 

descriptions are presented of a simulation and laboratory breadboard used to 

demonstrate dealiasing under a variety of conditions. Additionally, a simple, 

iterative reconstruction algorithm, CLEAN, is used to show the potential of sparse 

telescope imagery. The technique is demonstrated with both simple and complex 

two dimensional objects, and then errors are introduced which degrade the 

performance of the algorithm. 

Comparisons of the imagery generated can be made on a quantitative or 

qualitative basis. A visual comparison is satisfactory for cases where detection of 

image details by a human is the ultimate goal. In this case, the comparison is 

subject to a multitude of human preferences, and the experimenter is forced to 

examine both the human and the imagery for external influences. Many studies 

have examined these influences and their effects on the results (for example, Evans 

and Attaya, 1978). Quantitative rating scales have been developed for visual 

comparison of imagery (King, 1991, Riehl and Rider, 1992). Their usefulness is 

limited to a small class of objects, and may be dependent on the training and 

partiality of the raters. 
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The SNR measure provides a quantitative metric of the quality of the imagery 

in the presence of noise; however, in most situations it tells nothing about how the 

image compares to the original object. If the object is unknown, as is the case in 

most operational imaging scenarios, then SNR is a good measure of how well the 

system reproduces the time and space invariant signal. However, it does not tell 

whether that signal is equivalent to the object. To test the system in controlled 

conditions, a metric that compares the input object to the output image directly 

yields the best results. 

Linfoot (1958) cites both fidelity of the image to the object content and 

information passed by the optical channel as valid criteria, the latter can be related 

to the SNR. The quantity fidelity defect is defined as lithe normalized mean square 

distance between an image and its corresponding object. II 

d 2(i ,0) , 
d2(O,0) 

FD 2.24 

where o(x,y) is the expected object or signal function and 

CD 

d2(i,0) = II li(x,y) - o(x,y) I 2 d:zxly. 2.25 
-w 

Parseval's theorem can then be utilized to rewrite the equivalent fidelity defect 

expression for the Fourier domain, as 

[I) II II(u,v) - O(u,v)1 2dudv 
FD = _-w~ ________ _ 2.26 

CD II IO( u,v) 12dudv 
-w 

The expressions of Eqs. 2.24 and 2.26 are exactly equivalent, and either can be used, 

depending on application. In a digital processing environment, with finite 

integration regions, one or the other may be more likely to produce errors. 
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The Minimum Mean Square Error Metric 

One problem with the fidelity defect metric is that it does not take into 

account differences in power or scale between the expected object and the resultant 

image. The minimum mean square error metric, or MMSE, scales the image to a 

best linear fit to the object (Seldin and Fienup, 1990, Fienup and Kowalczyk, 1990), 

CD ff I ai(x,y)-6(x,y)1 2darly 
MMSE = __ -aJ-'--________ _ 2.27 

jf CD 16( x, Y) 12darly 
-ro 

where a is the linear scale factor for a given image 

CD ff Ii (x, Y) 6*(x, y) 12darly 
a = __ -m=--_______ _ 2.28 

CD ff li(x,Y)1 2darly 
-aJ 

In practice, the MMSE measures the content of the image relative to a known 

'truth' image - which may be the object itself prior to the degenerative effects of 

the optical system, or the noise-free, diffraction limited image. The truth image 

used for MMSE evaluations of the dealiasing concept may be either the high 

resolution oversampled image through the diffraction limited F AED pupil or 

through the test pupil, depending on the comparison desired. 

The selection of the comparison truth image, 6(x,y), is made to most 

effectively demonstrate the errors introduced to the resultant image. The HXEX 

multiple telescope configuration and its associated full aperture telescope of 

equivalent area (FAEA), are best compared relative to the full aperture of 

equivalent diameter to the array, (F AED). A truth formed through a smaller 

aperture would not demonstrate the high resolution capability of the telescope 
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array. Conversely, a truth formed through a larger aperture would introduce spatial 

frequency content that neither test image could contain, and therefore the error in 

each measurement would increase, reducing the effectiveness of the comparison. 

Second, to test the effectiveness of post-processing image enhancement such as 

the CLEAN algorithm on the multiple aperture telescope image, the truth image is 

again formed through the F AED system. The CLEAN algorithm seeks to fill in the 

low signal regions between the peaks in the multiple telescope transfer function. 

The result is an estimate of the F AED image, and the MMSE comparison is a 

measure of the quality of the estimate. 

Finally, in order to evaluate the results of different imaging conditions through 

a particular aperture configuration, the comparison truth image should be formed 

through the same configuration under ideal (typically diffraction-limited) 

conditions. In this way, the errors between the test and truth are solely dependent 

on the test conditions, and are not overwhelmed by the spatial frequency content 

differences between test and truth images. 

In a sense the MMSE metric of Eq. 2.27 for this type of comparison is similar 

to a measure of integrated power spectrum SNR, SNRps of Eq. 2.11. The truth 

image 6(x,y) is essentially equivalent to the mean signal irradiance in the limiting 

case. Subtracting 6(x,y) from the 'noisy'1 image i(x,y) and taking the square 

modulus results, after applying Parseval's theorem, in an integrated 'noise' power 

spectrum, which for zero-mean noise is equivalently the noise variance, lTn 2• This 

quantity divided by the integrated signal power spectrum forms a noise-to-signal 

ratio of the integrated power spectrum. 

lAdditive noise may not be the only contribution to i(x,y). Other processing applied 
to the image may introduce changes which will appear as 'noise' in the MMSE. 



Reduction of Errors That Minimally Affect Image Quality 

Some image errors introduced by the imaging system do not influence the 

amount of information contained in the image, and can be removed to improve 

image quality. Examples are registration, translational and rotational errors and 

magnification errors. These types of errors will affect the MMSE, and should be 

prevented or removed prior to comparisons. 
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Registration errors, in which the centroids of the test and truth image are not 

at the same image plane position, can be removed in the image domain using a 

re--centroiding algorithm, and in the Fourier domain by removing tilt components. 

Image plane translational and rotational errors can be removed geometrically using 

linear transformation equations in the image plane. 

Magnification may affect the image quality if the image spectrum transmitted 

by the system is altered by changing the scale of Fourier components of the object 

relative to the MTF. However, if both the MTF and object are scaled incorrectly, 

the spectrum can be rescaled if the error is known. This is done by resizing the 

image using discrete Fourier transforming (DFT) techniques. The image is Fourier 

transformed in an M )( M array and embedded in an array of zeros of dimension 

N )( N. The spectrum is then inverse transformed and the reSUlting image 

magnification is scaled by the ratio of N 1M. 
This technique is limited by the Fourier transforming capabilities of the 

computer system. Most fast Fourier transforming (FFT) algorithms only operate on 

arrays with 2n pixels per dimension to increase the speed; however, algorithms for 

other array sizes are available. Another issue is the pixelation of the image; because 

the high spatial frequency details under discussion here are on the order of two 



detector pixels in extent, changing the magnification may be sensitive to 

image-to-pixel registration. 

Comparisons of Imagery Sampled Under a Variety of Conditions 
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The MMSE compares a degraded image to a truth image. Ideally the result is 

a measure of the degradation alone. If this is the case, then measurements under 

different imaging conditions, but with the same amount of degradation, will produce 

the same result. However, the test conditions for image formation will often have 

an effect on the MMSE result. In following chapters, MMSE results obtained under 

a variety of conditions will be presented and compared. The conditions encountered 

in the study which affect the MMSE results, including errors to the signal spectrum, 

and noise, are identified in the following paragraphs, and the effect is described. 

The image signal spectrum is determined by the object, pupil function, cutoff 

frequency scale, and magnification. The latter three quantities vary with the 

effective system F-number, Fs. Depending on the test configuration, the truth 

image was formed through either the same pupil as the test or through the full 

aperture pupil function of equivalent diameter to the test array, FAED. The other 

quantities were always maintained for both truth and test image formation. 

Measurable errors were introduced to the sampled image spectrum to test 

dealiasingj therefore, conditions listed above could not always be maintained from 

test to test, changing the functional forms within Eq. 2.27. Several methods were 

used to introduce errorSj small changes were made to the spatial frequency cutoff 

relative to the sampled frequency, small changes were made in the size of the 

subapertures in the pupil, changes were made in the object structure, and finally 



noise and quantization error were introduced to the imagery. Fig. 2.12 illustrates 

these test conditions. 
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Variations of the spatial frequency scale, Fig. 2.12a, are made by varying Fs, 

in turn scaling the signal spectrum of the test and truth images. Because the 

magnification also scales with F s, these comparisons are made between different 

sized images. This changes the way both image spectrum and image planes are 

sampled, which may introduce errors to the MMSE measurement. Errors 

introduced are primarily due to the differences in quantization and pixel integration 

of the digital images. Ideally the image size is normalized out of the MMSE, 

however, the resulting quantization and pixel integration effect the image spectrum 

nonlinearly. 

An alternative testing method was to maintain constant magnification as the 

spectral scale varied, so that the image size relative to pixel size was held constant, 

reducing pixelation and quantization errors. This would shift the object spectrum 

relative to the transfer function; however, so that the comparison would be made on 

two different Signal spectrums, and the result would be dependent on object 

frequency content. The decision to allow magnification to vary resulted in lower 

error for spectrally diverse objects. 

Variations in the subaperture size relative to the total effective diameter, 

Fig. 2.12b, also affect the image spectral content by increasing the diameter of the 

transfer function peaks. All the images contain the spatial frequency information of 

the smallest subaperture size, but as subaperture size increases the information 

content increases and the signal in each spectral peak falls off more gradually. 

Naturally, the MMSE of these images relative to the full aperture truth will increase 

also. 
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Fig. 2.12. Effect of Test Conditions on the Transfer Function 
and Resultant Image Spectrum 

63 

II 

II 

II 

II 



64 

The change in subaperture diameter may affect other conditions under test. 

Ideally, when the difference between truth and test images is strictly limited to 

differences in processing; that is they share the same object spectrum and transfer 

function, the effect of subaperture diameter should be normalized out of the MMSE 

result. If residual errors occur, it is an indication that some other subaperture size 

dependent contribution, such as noise, is contributing. Making a measurement of 

the residual error sets an upper performance bracket for results as test conditions 

are degraded. 

Comparisons of MMSE for two objects, Fig. 2.12c, may also be made. If the 

comparison is between imagery formed through two different pupil configurations, 

then the results will be object structure dependent. For example, the MMSE for 

three objects; a single point source, the letter 'E' and the word 'IMAGE,' were 

calculated for two test cases, with F AEA and HXEX apertures. The pupils were of 

equivalent area, and both form images under noiseless, diffraction limited 

conditions. The truth image was formed through F AED. The results are shown in 

Table 2.1. The differences in object and transfer function spatial frequency content 

Table 2.1. MMSE Comparison of Three Objects 

Object MMSE MMSE 
FAEA HXEX 

point source 1.9488 8.2147 
'E' 0.5955 1.7175 

'IMAGE' 0.5079 1.7325 

are large, and the resultant MMSE values for each object reflect the differences. To 

make comparisons of such objects, it may be best to bracket the results for each 

object with worst and best case scenarios. 



Noise, Fig. 2.12d, and quantization error are introduced to the signal during 

detection. Each will have some functional dependence on spatial frequency, 

however, only spatial frequency components within the nonzero support of the 

image spectrum have an effect on the information content of the image. Noise 

outside the support region can be filtered out of the image spectrum without 

changing the image content. Therefore, noisy images should be filtered prior to 

measurement of MMSE to eliminate the noise outside the support. 
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The characterization of additive noise introduced to each system under 

evaluation is necessary in order to appropriately validate comparisons of different 

systems subjected to equal amounts of noise, or a single system subjected to 

different amounts of noise. Two forms of comparison can be made between different 

imaging systems. The comparison metric used is the MMSE, and the noise is 

measured in greylevels [GL], since the image in this study is typically stored on a 

digital framegrabber. The SNR provides a measure of the level of noise introduced 

per signal level. Either the maximum SNR per detector pixel, of Eq. 2.7, or the 

integrated irradiance SNR of Eq. 2.8 can be can be fixed, depending on the objective 

of the comparison. 

The first type of comparison is essentially a measure of performance for a 

particular level of detected signal. Given a certain amount of detector noise, how 

well does the system perform for different levels of signal? This measure does not 

consider a specific object radiance to be a factor in the comparison. It is best for 

comparisons of detection performance independent of system throughput differences. 

This comparison was implemented using a fixed SNR per pixel from Eq. 2.7. The 

expression was changed slightly to scale the objects so that the SNR at the pixel 



with maximum irradiance, imax(x,y) was fixed. The expression becomes 

SNRmax = ~'max , 
(J'n x,y 

where (J'n is evaluated at the (x,y) position of imax. 
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2.29 

The second type of comparison measures the performance of the two systems 

for a fixed ratio of irradiance throughput and noise level. Effectively, the integrated 

image plane SNR, SNRxy of Eq. 2.8, is fixed. In this case, the incident object 

irradiance at the pupil and the transmittance of the pupil are important factors. If 

the two systems have different entrance pupil area, Ap, then the average detected 

signal will be higher for the larger pupil. This signal difference has a substantial 

effect on the result. 

The mathematical formalism for the image irradiance dependence on Ap is 

developed in Appendix A. The results can be summarized in a few sentences. For a 

point source image centered at the origin, the transfer function values, H( u, v), scale 

with Ap , while the image peak signal, h(O,O), is proportional to A~. For an 

extended source the image spectrum, which is a separable function of object and 

transfer functions, still scales with Ap, as does the total throughput of the pupil. 

The image irradiance distribution, on the other hand, is an inseparable function of 

the PSF and object irradiance. The exact functional dependence on Ap is dependent 

on the form of o(x,y), and falls somewhere between Ap and A~. As the object 

becomes less point-like and more extended, the relationship approaches Ap. 

Fig. 2.13 demonstrates the difference between the two types of fixed SNR 

comparison. The irradiance of two point source images formed through pupils 

of area At and A2 are shown incident on a noiseless detector. The image through the 

larger aperture saturates the detector, at imax. The second image has a maximum 
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signal of simax, where s is the ratio ofthe square of the two areas, {At! A2)2. In the 

Fourier domain, the MTFs of the two point sources are scaled equally. The ratio of 

volumes under the OTF is proportional to s. 

Noise is added to the two point images in one of two ways. To compare the 

two images with fixed SNRmax, the noise of the lower irradiance image is scaled 

with s. Conversely, to make a comparison for a fixed ratio of irradiance to detector 

noise, the case of fixed SNRxy, both images are subjected to the same level of noise. 
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CHAPTER 3 

COMPUTER ALGORITHM IMPLEMENTATION 

Image acquisition and post-processing were accomplished using PC / AT based 

image framegrabber and array processor boards. The hardware is discussed in detail 

in Chapter 5. The basic functions of image processing, such as acquiring frames, 

mathematical and logic functions, display and buffer manipulations and Fourier 

transforming were available in subroutine form. A program structure was developed 

to perform more complex functions and facilitate image handling. Appendix B 

describes the structure and functions implemented. 

In this chapter, a few complex processing algorithms that were used 

extensively in this study are described in detail. The dealiasing algorithm 

implements the process described in Chapter 2 for removing harmonic terms from 

an undersampled image. The inverse filter and CLEAN are enhancement 

algorithms, which are well known to the image processing community. They have 

the respective functions of boosting the SNR of the non-zero signal regions and 

interpolating values within the zero and low-signal regions of the image spectrum. 

Noise and quantization error are two factors that have a strong effect on the 

performance of image processing techniques such as the inverse filter and CLEAN, 

which will be used extensively in this and following chapters. The parameters (Tn, 

the standard deviation of the noise, and q, the quantization factor, are defined here 

in order to clarify the test range for algorithm performance demonstrations. 

The generation of various types of additive noise is one function of the 

computer simulation described in Chapter 4. For read noise, the statistics are 



generally assumed to be zero-mean Gaussian. The values of (Tn(x,y) ofthe noise 

determine its strength relative to the image signal. State-of-the-art, low-noise, 

imaging CCD arrays typically have a white noise spectrum, with (Tn of about 

5 photoevents per pixel. Assuming an object irradiance of approximately 
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75 photoevents per pixel (a fairly bright object on an astronomical scale), (Tn for an 

8 bit digital output has value of roughly 15 greylevels (GL). 

Quantization is introduced to the 8 bit test image array by dividing each pixel 

greylevel value by a quantization factor, q. The digital framegrabber logic removes 

the remainder from the result, automatically quantizing the image. The image can 

then be stretched to the 8 bit range of the framegrabber while retaining the 

quantized nature. The amount of quantization error per GL is q/256. The resultant 

error is nonlinear. 

The Dealiasing Algorithm 

The implementation of the process described in Chapter 2 for undersampling 

the telescope array image focal plane is fairly simple in principle. Once the sparse 

telescope array configuration is selected, the detector center-to-center spacing 

resulting in minimal overlap of harmonic terms must be determined. The detected 

image is then transformed to Fourier space, and the full zeroth order image 

spectrum plus harmonic spectra is constructed. Finally, a filter is applied to block 

all spatial frequency components that would not be passed by the unsampled OTF. 

There is a problem with this implementation in practice, however. The fast 

Fourier transform algorithm (FFT), routinely in use for digital Fourier processing, 

has the property that the edge of the transformed array is the component with 

spatial frequency Uf that is Uf = 1/(N-l), where N is the number of elements across 
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the image domain array. If Uco is greater than ur, as is the case for an undersampled 

image, those optical image spectral components of frequency greater than ur are 

functionally outside the limits of the transformed array. 

From the sampled image spectrum equation, Eq. 2.13 

Is(u) = ~ G(u-n/b), 
n 

=~G(u-2nur), 
n 

3.1 

where 

3.2 

recall that G( u) is a periodic function, with period 1/ b. The harmonic (n :f 0) terms 

replicate the zeroth order image spectrum in every detail, and the terms are 

summed where they overlap. Fig. 3.1 illustrates the summing of harmonic terms for 

an aliased image spectrum. Because of the periodicity, the magnitude and phase of 

the spectrum in the two shaded regions are identical, even though these regions 

represent different spatial frequency components in Ib( u). If the sampled image 

spectrum resulting from the FFT of the sampled image could be processed so that it 

includes the region outside ur, the aliased, high resolution information would be 

retained. 

Images are routinely doubled in size using fast Fourier transforms. Typically, 

the image is transformed in a small array, then the Fourier spectrum is embedded in 

a double-sized array of zeros. This large array is inverse Fourier transformed back 

to image space. The image is doubled in size, and, because no high spatial 

frequencies were added to the Fourier spectrum, none are added to the image. The 

algorithm simply interpolates values for the image between the original points. 

Fig. 3.2 illustrates this process in one dimension. 
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If the original image were undersampled, by a factor of 2 or less, the new 

double-sized image, although no longer aliased in the true sense of the word, retains 

the information corruption of the aliasing harmonic components. The interpolation 

process cannot distinguish the true image values, and instead finds an average value. 

The region between -Uco and -Uf in Fig 3.1 is out of the bounds of the FFT 

from image to Fourier space. However the same information is folded into the 

region between Ul and Uf, within the bounds of the FFT. The information is 

therefore accessible to synthesize the high spatial frequencies greater than Uf by 

replicating portions of the spectrum within Uf. 

Instead of embedding the spectrum array in a larger array of zeros, as for a 

simple doubling of the image size, the known portions of the spectrum are replicated 

and appended onto the outer boundaries of the original image spectrum array, 

forming a larger array. Effectively, the spatial frequencies of the sampled spectrum 

have been synthesized out to the optical system cutoff, Uco. The remainder of the 

array is filled with zeros. Fig 3.3 depicts the analog synthesized spectrum. 

When the new double-sized array is inverse Fourier transformed, the result 

will be a double-sized version of the undersampled image. The FFT will not simply 

interpolate values for every other point, because we have introduced information 

into higher spatial frequencies. The new image will have additional, high spatial 

frequency detail not observed in the original undersampled image. We have 

unfolded information from the original image. However, if aliasing is present, that 

new information may not be beneficial. 

In order to remove the overlapping harmonic terms of the sparse array OTF, a 

bandpass filter is applied to the Fourier spectrum of the doubled image. This filter 

has value one everywhere that the OTF is non-zero, and is of zero value elsewhere. 
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The filter passes only the portions of the spectrum within the nonzero region of the 

unsampled image spectrum. If a harmonic term overlaps into this region, it too will 

be passed, and appear as artifacts of the processing. The error introduced by such 

overlaps is investigated in the following chapters. The steps of the dealiasing 

algorithm are outlined in Fig. 3.4. 

I 256x256 zeroes 1 ~ 

[ apply 256x256 BP filter 1---.1 
.9'-1 {image spectrum} 256.256 array 

Fig. 3.4. Flowchart 1: Steps of the Dealiasing Algorithm 

Two Dimensional Example of Dealiasing 

The simplest simulation to demonstrate the dealiasing technique on is a pair of 

point sources. The mechanics of the simulation will be discussed in Chapter 4. 



Fig. 3.5 illustrates the binary point object and the image, oversampled by a factor 

of 4. The optical system MTF was formed from the HXEX pupil function. 
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The dealiasing process is illustrated in Fig. 3.6. Fig. 3.6a is a sampled version 

of the image in Fig. 3.5. This result is slightly oversampled, that is, near-Nyquist 

sampled. It is the 'truth' image for this demonstration. After re-sampling the 

image at every other pixel, Fig. 3.6b, the image is undersampled by nearly a factor 

of 2. The resultant image no longer has the structure of the truth image, a result of 

aliased information in the image. When the array is doubled in size, by embedding 

the aliased spectrum in a double--sized array of zeros, the new image, Fig. 3.6c, has 

the same scale, but no longer resembles the truth image. 

Now the dealiasing algorithm is implemented, but by replicating the spectrum 

outside the folding frequency, instead of adding zeros, as described in the previous 

section. The replication of the image spectrum in two dimensions is done by 

quadrants. This is illustrated in Fig. 3.7. Each quadrant of the complex 128 x 128 

Fourier spectrum array is replicated three times to fill the entire 256 )( 256 array. 

Fig. 3.6d is the resultant image. In this case; however, the harmonic spectral 

components have not been filtered out, and the result is severelyaliased. Finally, in 

Fig. 3.6e, the harmonic spectral components are removed by filtering, leaving only 

the zeroth order image spectrum. The result is an image which appears identical to 

the truth. 

A look at the Fourier spectra of the truth and dealiased images provides 

further insight into the dealiasing algorithm. Fig. 3.8a and b show the log of the 

modulus, and the phase of the truth image spectrum. The modulus is shown as map 

of spatial frequency component magnitudes. Five decades are represented. The 

phase map is on a linear scale, but modulo 21T. 
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Fig. 3.5. Binary Point Object and Its Image, Oversampled 4)(, Separation 16 Pixels 
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Fig. 3.6. The Dealiasing Process, 1: Near-Nyquist and Sub-Nyquist Sampling 
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The image spatial shift from the center of the array results in a tilt component 

in the phase map. This appears as a gradation from grey to black to white and back 

to grey. The interference fringes formed from the two points in the binary result in 

the center column of spectral peaks having values near ± 1T', while the next column of 

peaks on each side have phase near zero. The outer two columns have phase at 

about ± 1T'/2, due to the tilt component. It is clear that the fringes are being 

sampled by the nonzero spectral bandpass regions of the telescope array. The phase 

is nonzero between the bandpass regions, although the modulus has zero magnitude. 

This may be due to quantization errors in the FFT algorithm, 

The spatial frequency cutoff, Uco, of the image spectrum is about 10 pixels 

from the edges of the array at it closest points. This is the case of a near-Nyquist 

sampled image. Once the image is sampled to introduce aliaSing, Fig. 3.Sc and d, 



Fig. 3.8. Fourier Magnitude and Phase of the Truth 
and Aliased Image Spectra 
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the spectrum doubles in size, extending well beyond the array cutoff. Now the 

zeroth order spectrum is truncated by the edges of the FFT array and harmonic 

spectral peaks fill the holes. 

The spectrum of the undersampled image after being FFTed in a 128 )( 128 

array, and doubled within a 256 )( 256 array of zeros (Fig. 3.6c), is shown in 
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Fig. 3.9 a and b. The resultant spectrum is similar2 to the undersampled spectrum 

of Fig 3.8c, but a quarter of its size. All the components required to replicate the 

image spectrum are contained in this spectrum, but shifted in spatial frequency and 

interspersed with the low spatial frequency peaks of the image spectrum. 

When the quadrant replication operation is executed on the image spectrum 

(resulting in the image of Fig. 3.6d) the sampled image spectrum, Fig. 3.9 c and d, 

contains the zeroth order spectrum plus the harmonic terms. The harmonic terms 

fall between the peaks of the image spectrum. If they are zeroed, the image 

spectrum will remain intact. This is the objective of dealiasing. 

Fig. 3.9 e and f show the Fourier modulus and phase of the dealiased binary 

image (Fig. 3.6e). Unlike the phase of the truth image, the phase of the dealiased 

image is random between bandpass regions of the dealiased image. However; a 

comparison of the phase in Fig. 3.8b and 3.9f shows that within the bandpass 

regions, the phase spectra are only slightly altered. It is probable that errors due to 

digitization are as responsible for differences as errors in the dealiasing process. A 

double precision floating point processor would have provided more precise results. 

20utside the central 128 )( 128 region of the array, some spectral detail is observed. 
This is because the dealiasing replication was done, but then to simulate doubling, a 
128 )( 128 filter was applied. Although the filter had zero values outside the central 
128 )( 128, it did not completely attenuate the spectrum. 



Fig. 3.9 Fourier Magnitude and Phase of Dealiased Images 
Before and After Filtering 
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The Inverse Filter 

Inverse filters, such as the Wiener-Helstrom filter, are generally used to 

enhance noisy imagery. As discussed in Chapter 2, additive white noise is boosted 

by dividing the noisy image Fourier spectrum by the optical transfer function, in the 

regions where signal is low or zero. The Wiener-Helstrom filter is given by 

* H-l(U,V) = H Cu, v) 
IH(U,v) 12 + S(U,V) 

3.3 

where S( u, v) is inversely proportional to the SNR of the image power spectrum, 

SNRps(u,v) (Gonzalez and Wintz, 1987, pp. 229-232). When the image spectrum is 

multiplied by the function H-l, the magnification or attenuation at each coordinate 

of (u,v) is dependent on the SNR at that point. Where signal is high (S(u,v) ~ 0) 

the filter divides out the attenuating OTF. Where signal is low relative to the noise 

(S(u,v) -lID), the filter attenuates. 

The inverse filter implemented in this work uses a constant, S( u, v) = 1/ C for 

all values of u and v. The value of C is approximately equal to the DC value of 

SNRps. Its optimal value was found by trial and error. This filter is often used in 

place of the Wiener-Helstrom filter when S(u,v) is not known. When I/Cis large 

compared to a value in S( u, v), the spatial frequency will be more attenuated than 

with the Wiener-Helstrom filter. 

The result is that lower SNR regions are less enhanced, while higher SNR 

regions are more enhanced than with the equivalent Wiener-Helstrom filter. 

Therefore, when C is low, the image appears blurred. As C is increased, the effect is 

to boost the enhancement of low SNR features. For this reason, the lowest error is 

achieved when 1/ C approximates S(O,O), enhancing regions of highest SNR, near 

DC. If C exceeds S(O,O) by a significant amount, however, the very low SNR 
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regions are boosted, enhancing noise in the system, while the enhancement to higher 

spatial frequencies reaches the limiting value (S( u, v) ~ 0). 

The effectiveness of this implementation is demonstrated in Fig. 3.10 and 

Fig. 3.11. Here, the letter 'E' was imaged through a single aperture (FAEA) optical 

system and then inverse filtered using various values for C. Noise or quantization 

error was gradually added to the simulation, reducing the value of SNRmax 

(Eq. 2.29) of the image. The noise is represented by On, in greylevels, and the 

signal maximum value, imax has the value of 255 GL. Quantization is measured in 

error per GL. 

The MMSE of the 'E' images, using the high resolution F AED 'E' image as 

the truth, is plotted in Fig. 3.12 versus Log C. Fig. 3.12a shows the MMSE for 

different values of C as the noise increases and Fig. 3.12b shows the MMSE as 

quantization error increases. All the curves tend to follow the high SNR case until a 

minimum value is reached. This is the optimal C value. As the value of C increases 

beyond the optimal value for a particular SNRmax, the MMSE increases 

dramatically. The optimal image is formed using the inverse filter at this optimal C 

value. 

The inverse filter provides the best enhancement to single aperture imagery 

without employing super-resolution techniques, making comparisons of single 

telescope imagery to the CLEANed multiple telescope imagery discussed in the next 

section more representative of current image processing capabilities. 

The inverse filter can also be applied to multiple telescope imagery. If, for 

instance, the image spectrum of a multiple telescope were to be compared to the 

high resolution FAED, a single aperture, the peaks ofthe multiple telescope 

spectrum could be boosted to closer approximate the single aperture spectrum prior 
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Fig. 3.10. Effectiveness of the Inverse Filter in the Presence of Noise 
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Fig. 3.11. Effectiveness of the Inverse Filter in the Presence of Quantization Error 



87a 

C:= 5 25 51] 11]1] 21]1] 51]1] 

Ci=l I EE E E E E 

I
· 

.-. '-1"-'1 ' 
1 - - -' _-1;-._IL !_ 

.~ .~ .. 

, 
..... ,. E, ,. E· -.. :. ;'··E-.,"' .. U'i:~~) ~" .~[(.~:GW .. ~::.· :. '1· 1:'\.:: H-::iT!;: h '. i t.:.. r •. I t.:-.4. ", 

'. _'; '. ~.::t!:-!.;, . '-... 1·:i::!.~1 . 
", ... : 



1.00-r----------........ ~-iI":R:= .. ~d:;-No::i.:l • 
." 0 OL 

0.80 

t;:J 0.60 
::E ::E 0.40 

~ 20L 

o 60L 

- • 10 aL 

• ., CiL 

0.20 

O.OO..J.--_--_-_--_-_-~ 

0.00 0.50 1.00 1.50 2.00 2.50 3.00 

Log(C) 

a) Noise Effect on MMSE 

1.00.-------------<;Hrr;:::Q::::ua=-nt-;;:Er::::ro~r 
A Ihil, 1-1 

0.80 * 'b1"." 
o 31111,1-32 

~ 0.60 • ""'." 
::E ::E 0.40 

0.20 

0.00-1--_--_-_--...-----,...--1 
0.00 0.50 1.00 1.50 2.00 2.50 3.00 

Log(C) 

b) Quantization Error Effect on MMSE 

Fig. 3.12. Optimization of the Inverse Filter for a Single Telescope 
Aperture in the Presence of Noise and Quantization Error 
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Fig. 3.13. Inverse Filter Enhancement of Sparse Array Imagery 
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to comparison. In this case, the multiple telescope MTF would be used to create 

the inverse filter. 

The HXEX image of the word 'IMAGE' was inverse filtered with a filter 

formed from the HXEX MTF. The resultant images are shown in Fig. 3.13 The 

unfiltered image is shown on the top right. The SNR factor varies from 5 to 500. 

When these images are compared to the F AED truth image at the top left of 

Fig. 3.13, using the MMSE metric, the resultant curve, shown in Fig. 3.14, has a 

similar trend to those of Fig. 3.12 for the single FAEA aperture with zero noise; 

however, the overall MMSE values are significantly higher for the multiple 

telescope. 
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Fig. 3.14. Effectiveness of the Inverse Filter for 
the HXEX Array Imagery 

The CLEAN Algorithm 

While inverse filter techniques enhance information already present in the 

imagery, other techniques seek to improve imagery by recovering or estimating 

information not present in the original image. The CLEAN algorithm was 

developed to recover details of sparse array imagery. Although it operates in the 
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image domain, the result of the CLEAN algorithm is an estimate of the Fourier 

spectrum between spectral peaks. 

The errors in the CLEAN estimate are related to the lack of correlation 

between points in the image Fourier spectrum (Fried, 1992). As the aperture 

becomes more sparse, points with spectral information become widely separated, 

and the correlation may fall off rapidly. Although the accuracy of CLEAN for 

widely separated telescopes is reduced, the effect of filling in the transfer function 

with any value tends to make the imagery more visually appealing, because the 

sidelobes are reduced. 
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CLEAN is a simple to implement, iterative algorithm, which performs a 

nonlinear point-by-point enhancement of the image. The implementation of 

CLEAN used in this study is a fairly simple one, and is meant only to demonstrate 

the potential for reconstructing visually interpretable imagery from sparse telescope 

array imagery. It is slow, strongly subject to noise effects, and does not appear to 

be very robust for different types of imagery. However, it successfully reconstructs 

some specific objects from sparse array data. Fig. 3.15 is a flowchart of the CLEAN 

process. A description follows. 

The premise of the algorithm is simple. The image with the high sidelobes is 

the 'dirty' image, formed by convolution with a 'dirty' PSF, that is the PSF of the 

sparse array optics and detector. Each point in the dirty image can be CLEANed 

by replacing the dirty PSF at that point by a clean one. 

If the object is represented as an infinite number of weighted delta functions, 

3.4 

then the 'dirty' image is just the convolution of the dirty PSF with each point in the 
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Fig. 3.15. Flowchart 2: The CLEAN Algorithm 
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object 

i(x,y) = {E Cn 6(ar-Xn,Y-Yn) } em h(x,x), 

= E { Cn o(ar-Xn,Y-Yn) em h(x,y) }, 

= E Cn h(ar-Xn,Y-Yn). 
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3.5 

3.6 

3.7 

CLEAN assumes that high intensity points in the image are likely to result from the 

central lobe of a PSF convolved with an object feature at that point. For each 

iteration, the coordinates of the dirty object maximum value, Cnmax, is found. The 

'dirty' PSF is weighted to the local dirty image intensity, then subtracted from the 

dirty image. At the same location in a new CLEANed image plane, a 'clean' PSF, 

one with no sidelobes, is weighted and added to the image. 

In practice, a high intensity point mayor may not be associated with a central 

PSF lobe, and in fact if the dirty PSF sidelobes are high enough and in a particular 

orientation, sidelobes from surrounding points in the object may sum at a given 

point and cause a local maximum. In this case details are added to the clean image 

which did not exist in the original object. To mitigate this effect, the CLEAN 

algorithm is iterative, subtracting only a small fraction, 6, of the PSF from the dirty 

image and adding an equally small fraction to the clean image. As 6 decreases, false 

details tend to grow more slowly than true details, and may be kept to a minimum. 

Sensitivity of CLEAN to Input Parameters 

Image results produced by the CLEAN algorithm are sensitive to both the 

value of 6 applied to the PSF and the number of iterations. In Fig. 3.16, CLEAN is 

applied to the HXEX image of the word 'IMAGE' for four values of o. Here the 

number of iterations was selected to minimize MMSE compared to the F AED 

simulated truth. CLEAN displays varying effectiveness on the different letters in 
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Fig. 3.16. Sensitivity of the CLEAN Algorithm to the Dirty PSF Scalefactor, 0 
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the image, depending on their spatial frequency content. The image reconstruction 

was enhanced by lowering the value of 8, especially improving resolution and 

contrast of the tail of the letter 'G'. 

After each CLEAN iteration, the standard deviation of the greylevel intensity 

of all pixels within the support of the dirty image, (1i, is calculated. This quantity is 

large when the image is high in contrast, but as the PSFs are iteratively subtracted 

from the dirty image, (Ti decreases until the dirty image is reduced to a random 

background. When this occurs, no further improvement to the image is observed, 

and the value of (Tj remains constant for further iterations. In Fig. 3.17, the MMSE 

and (Ti are plotted against the number of iterations for two images of the letter 'E' 

formed experimentally. The PSF scalefactor, 8, was arbitrarily set to 0.1. The 

MMSE leveled off more rapidly and earlier than (Ti in each case observed. 

Throughout this study, whenever the CLEAN algorithm was applied, it was ended 

when the values of MMSE leveled off, rather than those of (Ti. 
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Fig. 3.17. Sensitivity of the CLEAN Algorithm to the Number ofIterations 
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Effectiveness of the CLEAN Algorithm for Image Reconstruction 

The dependence of CLEAN on spatial frequency content of the dirty image 

and PSF reduces its usefulness as a method of reconstruction. Noise and errors that 

distort the original image also have a detrimental effect on CLEANed imagery. 

Because this algorithm was used extensively to visually demonstrate the results of 

dealiasing imagery, these dependencies should be discussed. 

Two examples of the letter 'M', Fig. 3.18a, were imaged through a multiple 

telescope array, HEX, which has zero regions throughout 17% of the transfer 

function. The only difference between the two is that the object on the left has a 

vertical bar spacing two pixels wider than the object on the right. The dirty PSF is 

shown in Fig. 3.18b. The dirty images and CLEANed results are shown in 

Fig.3.18c. 

One false detail was added to the CLEANed image. In the center of the wider 

'M', a small vertical line cuts through the intersection of the two slanted lines of the 

true 'M'. This line is actually the brightest feature in the image. Comparison of 

the objects and the PSF in Fig. 3.18a and b suggest that this feature arose because 

of the overlapping of sidelobes of the two vertical bars of the 'M' onto the 

intersection of the slanted line. The narrower 'M' image did not have such an 

overlap. 

Intuitively, this false feature suggests that the spatial frequency between the 

two legs and the intersection of the slanted lines is one which, after passage through 

the multiple array transfer function filter, is aliased as a new spatial frequency 

because of sampling. Note that the idea of a sparse array undersampling the object 

Fourier domain is different from the sampling of the image plane which is the 

subject of this thesis. Appropriate sampling of the Fourier domain is an issue of 
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Fig. 3.18. Artifacts Introduced by CLEAN: The Letter 'M' 
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significance to the recovery of object detail; however, the implications are beyond 

the scope of this work. 
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As the subapertures of the telescope array become more widely separated, the 

case for the HXEX array, with 77% zero region throughout the transfer function, 

sidelobes of the point spread function gain in relative power over the central lobe 

(Fig. 3.18d). The image has many high intensity points resulting from the summing 

of sidelobes components rather than from the central lobe. Results of CLEAN 

processing on the letter 'M', Fig. 3.18e, with the sparse telescope array configuration 

shows how CLEAN fails. The algorithm becomes very sensitive to the input object, 

in this case the separation of the vertical bars in the 'M' becomes critical to 

recovery. 

To help understand the limits of the CLEAN algorithm used in this study, a 

test of its performance under various error conditions was performed using the 

simulation environment described in the next chapter. In Figs. 3.19a and b, images 

of the letter 'E' are CLEANed after introducing increasing levels of quantization 

error and read noise, respectively. The HXEX array was used to generate the dirty 

images, and the CLEAN scalefactor 0 was set at 0.1. The 4 bit (q = 16) image 

reconstructs almost as well as the 8 bit, but the 2 and 3 bit images (q = 32 and 

q = 64) are severely degraded. The 2 bit image actually CLEANs better, probably 

because of high contrast nature of the object. The read noise quickly degrades 

above O'n > 6 GL. These images will be examined quantitatively and compared 

with dealiased images in Chapter 4. 

The choice of dirty PSF to use with the CLEAN algorithm also has an effect 

on the reconstruction. CLEAN assumes that the image is formed through a linear, 

isoplanatic imaging system. If that were the case, the PSF convolved with each 
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Fig. 3.19. Effectiveness of CLEAN in the Presence of Noise and Quantization Error 
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object point would be identical. However, distorting errors such as quantization 

have nonlinear effects on the image spectrum that are not as easily interpreted by 

CLEAN. In just about every case examined, the best dirty PSF to use was the 

8 bit, zero noise, diffraction limited PSF through the telescope pupil function under 

study, even ifthe test image included noise or distortion. The clean PSF used was 

always that of the diffraction limited F AED with zero noise. 



CHAPTER 4 

COMPUTER SIMULATION 

A simulation of the optical system was developed to test the dealiasing 

concept in an isolated environment, away from aberration, background noise, 

detector nonuniformities, and magnification, throughput power and registration 

errors. The simulation was created within the same software environment as the 

data acquisition, so that the implementation of the algorithms in their final form 

could be evaluated. The output of the simulation was a model of a diffraction 

limited optical image after detection. Most functions are contained in two 
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C language based computer programs, WHF.C and SIMU.C, which are described in 

Appendix B. The programs were written to support a subroutine library that 

controls hardware functions on the framegrabber and array processor boards. 

The simulation objectives were fourfold. Primarily, they were run to 

demonstrate that the dealiasing concept could be implemented and could produce 

imagery from under sampled focal plane imagery. A second objective was to show 

the effect of the fill ratio of the detector pixel elements to the amount of image 

spectrum information residing outside the Nyquist sampling envelope. Third, 

simulations were run to measure the effect of sub aperture size on errors in the 

dealiased image result. Finally, simulations were run to examine the effects of 

distortion and noise on the dealiasing process and explain the effects observed in the 

laboratory breadboard, and predict results of the laboratory data. 
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Computer Model of Optics and Detector 

Five aspects of the physical system are included in the model: subaperture 

configurations and sizing, diffraction limited blurring, detector area integration and 

interpixel spacing, Nyquist and sub-Nyquist sampling with spatial translations of 

the image plane, and noise. The undersampled, aliased imagery is processed using 

the dealiasing algorithm, contained in the subroutine DOUBLE. The result is a 

near-Nyquist sampled image. 

Quantitative analysis of dealiased image results is performed by comparison to 

a near-Nyquist sampled truth image using the MMSE image quality metric. The 

simulation environment is also used to perform post-processing algorithms such as 

CLEAN and inverse filtering on imagery generated either in simulation or the 

laboratory breadboard. 

The simulation is executed in several steps illustrated in the flowchart of 

Fig. 4.1. The imagery is formed oversampled by a factor n, then sampled with the 

detector pixel model. First, an object is created with dimensions n times the desired 

image size. All important spatial details in the object should be oversampled by n 

times. In order to form imagery that is oversampled by n times the Nyquist rate, 

the object is filtered with a simulated MTF with a cutoff frequency which is 1Jn 

times the desired cutoff. 

SIMU generates the diffraction limited MTF given telescope effective full and 

subaperture dimensions and position vectors for each subaperture. For an object to 

be sampled at n times Nyquist, SIMU generates an MTF in an N )C N array which 

falls off to zero at NJ(2n) pixels from the central (NJ2+1,NJ2+1) pixel. The result 

is an incoherent MTF with optical cutoff at Uco = urJn. 
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Fig. 4.1. Flowchart 3: The Computer Simulation 
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The image is formed by multiplying the complex N x N object Fourier 

spectrum by the MTF. After inverse transforming back to the image domain, a 

model of detector sampling is applied. The image is sampled at the desired 

sampling rates, and with the necessary spatial shifts of the samples across the image 

plane. The detector array dimensions, a and b, and spatial shift Xo, are each 

modeled by a grouping of computer pixels specified by, I, m, and 'llQ, respectively. 

The detector pixel center-to-center separation, b is obtained by sampling 

every mth pixel. The effect of finite detector pixel dimension, a, is simulated by 

computing an average greylevel intensity value at every mth pixel over an 1 x 1 array 

of surrounding pixel intensity values in the oversampled image, where m ~ l. The 

spatial shift from the centroid of the image, Xo is represented by shifting the 

sampling by no pixels from the center (N/2+1, N/2+1), where 'llQ is the integer 

result of mXo/ b. The image is then sampled at every nth pixel to obtain a Nyquist 

image, or at m> n pixels to obtain sub-Nyquist imagery. 

Additive noise and quantization error are introduced after the image is formed 

on the simulated detector array. Noise is simulated as a frame of randomly 

generated greylevel values (0 - 255) with the appropriate statistics for the desired 

type of noise, and mean of 127. Each frame produced is uncorrelated white noise, 

within the limits of the array processor random number generator. 

The noise frame is scaled to the selected (Tn value and a mean bias value, and 

then added to the test image. The noise image contains a bias so that both positive 

and negative values can be retained. The noise is added to the image using the 

array processor, then the bias is subtracted before transferring back to the 

framegrabber. Any negative values resulting from very low signal regions will be 



truncated, just as an image detected by a biased, read noise-limited detector is 

truncated after bias subtraction. 

Limits to Simulation Accuracy 
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Because the applied sampling rate changes the magnification of the sampled 

image, direct comparisons of simulated images sampled at different rates is 

generally not possible. Only sampling at 1/2 or 1/4 truth image size can be 

analytically compared to the truth image using image metrics. This is because the 

simulated, undersampled image can only be doubled by the dealiasing algorithm, 

DOUBLE - that is it can only be increased in size by factors of two. 

The imagery is reduced in size by the sampling routine by a factor of l/m 

times the near-Nyquist image size. If m is 3, the image would have to be tripled in 

size to compare it to its oversampled counterpart. This is not possible with the 

simulation. The laboratory setup takes a different approach, allowing constant 

magnification as the sampling rate is varied, or constant sampling rate as the 

magnification is varied. 

Errors in the generation of the image were introduced by transfers between the 

Single-precision floating-point array processor and the 8-bit framegrabber. Once 

an image is digitized by the framegrabber for display, it loses a large amount of its 

precision. An example is the calculation of the MTF and the PSF. The MTF is 

calculated using an algorithm which uses the array processor for all steps. Fig.4.2a 

shows the MTF for F AED as calculated by SIMU. The PSF is also generated on 

the array processor by SIMU, but by storing it in a framegrabber buffer, it is 

quantized, and the two are no longer a perfect Fourier transform pair. Fig.4.2b 

shows the FFT of the PSF from the F AED aperture. The peak of the function is 
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very rounded compared to 4.2a, and it is noisy in the zero signal regions. To 

minimize this type of effect, care was taken to minimize board-to-board transfers 

in all algorithms. 

Digital processing also introduces pixelation of the oversampled Fourier 

spectral results. The large ratio of subaperture diameter to effective array diameter, 

Ds/D, means that the number of pixels across a simulated subaperture is small. 

When combined with a large n value, the size of each individual spectral peak of the 

oversampled MTF is only a few pixels across. This introduces errors in the 

resultant sampled image. 

Tests and Results 

In order to demonstrate the dealiasing concept and begin to define its limits, 

computer generated imagery was formed to simulate sparse array imagery in both 

near-Nyquist sampled (oversampled by a factor of 1.1Uf) and undersampled 

conditions. After applying the dealiasing algorithm to the undersampled imagery, it 

could be compared both visually and using the MMSE metric to the oversampled 

image. By applying fairly systematic tests on the imagery, the primary error 

sources of dealiasing were verified. 

One limitation of the dealiasing algorithm is that it requires a sparse array in 

order to eliminate overlaps of harmonic spectral components onto the zeroth order 

image spectrum. To test the resilience of the dealiasing concept, errors in MMSE 

were measured as the size of the telescope array subapertures were gradually 

increased. Next, noise and quantization error were introduced to the simulation, to 

determine whether the optimal subaperture diameter for dealiasing was affected. 

Finally, images generated using the optimal set of sparse arrays were compared to 



images produced by the set of equivalent area single apertures as noise was 

introduced. 
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Two classes of objects were used in the simulation: binary point sources, and 

combinations of alphabetic characters. Binary point sources can be created to 

simulate a variety of imaging cases. High resolution details in binaries are usually 

apparent, even without post-processing, and in very sparse array conditions. 

Separation and relative brightness of the points can be varied, demonstrating the 

effect of dealiasing on a specific spatial frequency component and contrast level. 

This in turn enhances insight into the dealiasing algorithm as well as other 

post-processing algorithm capabilities. 

Extended objects such as the letters 'E' and word 'IMAGE' broaden the 

demonstration of sparse array imaging and dealiasing to more complicated spatial 

frequency distributions. The limits of post-processing enhancement and 

reconstruction techniques when operating on a wide range of spatial frequency 

components are readily observed. Two classes of extended objects that could have 

been included were multi-greylevel objects and objects with non-finite support in 

the image domain, such as ground scenes. Because of the introduction of 

low--contrast regions and increased background, respectively, these types of objects 

would certainly stretch the limits of reconstruction techniques, but the general 

conclusions presented here and in the following chapters regarding dealiasing will 

still be valid. 

Dealiasing of Point Objects 

Basic dealiasing on a binary point source was already demonstrated in 

Chapter 3. The effect of sampling conditions and dealiasing on the same binary 
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point source imagery is examined here. Each image was created oversampled by 

n=8 times Nyquist, and then sampled to the Nyquist rate under a variety of 

conditions: The integrating array was varied from 1 = 1 pixel to 4 and 8 pixels on a 

side, and the image was shifted from the center of the sampling array by no = 2 

and 6 pixels. 

Fig. 4.3a shows the resultant images for the binary point source of Fig. 3.5, 

after sampling by a factor of 8, with a range of integrating areas, 1 and spatial 

shifts, no. The two central lobes of the binary were of equal intensity, and 

separated by 32 pixels before sampling. In Fig. 4.3b, the same matrix of images is 

shown after dealiasing. 

In Fig. 4.4a-e, the dealiasing process is demonstrated on a second binary point 

source image. In this case the binary central lobes were separated by 20 pixels before 

sampling. As in Fig. 3.6, the dealiasing filter is required to reconstruct the original 

image, Fig. 4.4e. The effects of detector integration and spatial shifts is 

demonstrated on the binary of Fig. 4.4 in Fig. 4.5. 

The three Fourier bandpass filters used to process Figs. 4.4c-e are shown in 

Fig. 4.6. They will be referred to as HI, H2, and H3. These are the same filters 

applied to Fig. 3.6c-e. HI, the low pass filter of Fig. 4.6a essentially doubles the 

size of the input image, including the aliased detail. H2, the 100% passband filter of 

Fig. 4.6b, passes the full replicated image spectrum plus all the harmonic spectral 

components in the image with nonzero value below ur, severely aliasing the 

resultant image. The dealiasing filter, H3, Fig. 4.6c, passes only spatial frequencies 

for which the HXEX MTF has nonzero values. Using this filter results in 

reproduction of the original oversampled image from the undersampled image. 
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Fig. 4.3. Binary Images, 32 Pixel Separation When 4x Oversampled: 
Nyquist Sampling Rate and Dealiased 



, , 
'!:j • 
1 •• 1_1 .... 

, , 
,'L- " 
I.~_I •• 

',-', -1-' I' ,1.:.-_ 

, " .") 
.','·:·-L 

',-', - r'-" ,'.1.:.- _I 

',-', -'-I ,',1.:.- _ 

',-', - r'-" ,','.:.- _I 

',',", -1 .1.',' -

· . .. . . 
~ .:~.:~:. : ... ~ . .. . ' .. ~ .. 

· .... 
., :··1 .. :-0 !!! 

Ill, .• 
01 1 .. -.... 
!. 

· , .. I 
,iI. 

!I,'i.-. . 

110a 

",',"', -lr'-" I',',' - _I 



111 

Fig. 4.4. The Dealiasing Process 2: a = 4, b = 8, (xo= 0, Yo=6) 20 Pixel Separation 
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Fig. 4.5. Binary Images, 20 Pixel Separation: Nyquist 
Sampling Rate and Dealiased 
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Fig. 4.6. Bandpass Filters for Doubling and Dealiasing; a) Hl, b) H2, c) H3 
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Table. 4.1 lists the MMSE of the two binary images of Fig. 4.3 and 4.5 for the 

matrix of I and no values. The first column of results compares each undersampled 

case to an 'average' case near the center of the matrix (a = 4, no = 2) prior to 

dealiasing This result shows that relatively small variations in sampling conditions 

produced large differences in the resultant images, due to pixelation. The second 

column compares the dealiased binary to a truth that was sampled under identical 

circumstances. This shows that the error due to dealiasing is extremely small 

compared to the sampling error. 

One effect resulting from dealiasing was lower brightness results as no 

increased. This is because the algorithm scales the result to the brightest sampled 

point. Because the binaries were centered horizontally in the array, as no increased, 

moving away from the center, the regions sampled were offset from the image peaks. 

This effect did not appear to affect the MMSE dealiasing results. Since the test 

image is linearly scaled to the truth prior to measurement, the only additional error 

introduced was residual quantization error of the 8 bit framegrabber buffer. 

The binary test was extended by examining images of various binaries with a 

range of separations and relative brightnesses. These images were simulated with 

n = 1, 1= 1 and no = O. In Fig. 4.7, each binary pair object is shown in column (a). 

To form the images, the simulated MTF of the HXEX array was multiplied by each 

binary object spectrum, shown in column (b). The simulated MTF of the F AED 

array was applied to each in column (c). The CLEAN algorithm was applied to the 

images of (b) using the simulated HXEX PSF as the dirty PSF, the FAED PSF as 

the clean PSF, and a scalefactor of 6 = 0.1. The result is shown in column (d). 

Next the dealiasing algorithm was applied to column (b) using the dealiasing filter, 

Ha, to remove harmonic spectral components. The result is shown in column (e). 



Table 4.1. MMSE for Dealiased Binaries 

binarysep shift from integrated 
before samp centroid detector pix MMSE1 MMSE2 

fpixelsl fpixelsl fpixelsl 

32 0 1 0.1410 0.0007 
32 0 4 0.0339 0.0007 
32 0 8 0.0514 0.0006 
32 0 16 0.4588 0.0008 
32 2 1 0.0501 0.0007 
32 2 4 0.0000 0.0007 
32 2 8 0.0832 0.0006 
32 2 16 0.5609 0.0007 
32 6 1 0.0862 0.0006 
32 6 4 0.1414 0.0006 
32 6 8 0.3545 0.0006 
32 6 16 0.8739 0.0007 
20 0 1 0.2434 0.0006 
20 0 4 0.0672 0.0006 
20 0 8 0.0338 0.0006 
20 0 16 0.3826 0.0006 
20 2 1 0.0571 0.0005 
20 2 4 0.0000 0.0006 
20 2 8 0.0904 0.0006 
20 2 16 0.4699 0.0006 
20 6 1 0.1292 0.0006 
20 6 4 0.2764 0.0006 
20 6 8 0.5473 0.0006 
20 6 16 0.5920 0.0006 

1 Truth IS bmary of same sep wI a=4, 2 pIXel centroid shift 
2 Truth is binary before and test is after dealiasing 
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Fig. 4.7. Dealiasing of Low Contrast Binaries 
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Finally, the CLEAN algorithm was applied to the dealiased images of (e) for three 

scalefactor values, 0 = 0.3, 0.1 and 0.05, and the results are displayed in column (f). 

To quantify the results, the MMSE calculated for each binary under six sets of 

conditions is given in Table 4.2. The maximum greylevel values of the two points 

are also listed for each binary object. First, to calculate MMSE 1, the unaliased, 

CLEANed binary was compared to a full aperture, single point source truth. This 

was done to provide a 'worst' case MMSE value for each binary, as if the secondary 

point did not exist. Note that the higher contrast binaries have a higher worst case 

MMSE. Next MMSE 2 was calculated for each unaliased binary after CLEAN, with 

the oversampled image formed with FAED as truth. This demonstrated the 'best' 

case CLEAN performance for each binary. In this way, the MMSE results to follow 

were bracketed for each object. 

After dealiasing, MMSE 3 was calculated. The oversampled image formed 

with HXEX from column (b) was used as truth. The error generated was similar to 

that of the binaries in Table 4.1. These MMSE values were consistently the lowest 

ofthis table. Finally, after dealiasing and CLEAN, MMSE 4, 5 and 6 were 

calculated with F AED again as the truth, and for the three values of o. The 

dealiasing algorithm alone, MMSE 3, introduced the least amounts of error. The 

MMSE of the CLEANed images after dealiasing was slightly higer than before 

dealiasing, for 0 = 0.1, but MMSE decreased as 0 was decreased, so that the results 

after dealiasing began to converge toward the unaliased best case. 

The binary results show that the dealiasing algorithm works, introducing 

relatively small errors compared to errors introduced by sampling. These errors are 

magnified in some cases by the CLEAN algorithm, increasing the number of 

iterations required to obtain similar CLEAN results as for the unaliased images. 



binary 
separation 

[pixels] 

4 
4 
6 
6 
5 

peak 1 
value 
[GL] 

200 
250 
200 
250 
250 

peak 2 
value rvIMSE 1 rvIMSE2 MMSE3 rvIMSE4 
[GL] PSFsf=O.1 PSFsf= 0.3 

200 0.8862 0.0145 0.0008 0.0154 
30 0.0238 0.016 0.001 0.0645 
100 0.2371 0.0001 0.0009 0.1635 
30 0.0258 0.0128 0.0007 0.1209 
30 0.0257 0.0154 0.0007 0.0569 

1 Compare CLEAN Truth to point source 
2 prior to undersampling and dealiasing, wi CLEAN 
3 dealiased, no CLEAN 
4-6 dealiased, wi CLEAN, various PSF scalefactors 

MMSE5 
PSFsf = 0.1 

0.0155 
0.02 

0.0273 
0.0369 
0.0154 

Table. 4.2. MMSE of Dealiased, Low Contrast Binaries 

MMSE6 
PSFsf= 0.05 

0.0138 
0.0126 
0.0004 
0.0137 
0.0119 

--00 



It is likely that the error introduced by dealiasing is due to the added processing 

that is required to produce the imagery, and to errors in the precision of the 

processing computer. CLEAN appears to be very sensitive to such errors. 

Dealiasing of Extended Objects 
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The same procedure was followed for extended objects as for point objects. A 

simple demonstration of the algorithm was generated on the computer using the 

letter 'E' as the target. This letter was chosen because it was fairly simple to 

generate and had high resolution detail stored in spatial frequency components 

transfered with the HXEX array transfer function, making the result easy to 

visually assess. The extended imagery produced using the various Fourier domain 

(Hl-Ha) filters again demonstrate that the dealiasing algorithm works by removing 

the harmonics from the sampled spectrum. 

In Fig. 4.8a and b the object and its image through the high-resolution F AED 

simulation are shown. The scale of the object was selected to make it difficult to 

successfully image with a system of lower resolution than the effective diameter of 

the HXEX array. The bar widths are of similar dimension as the full aperture PSF, 

and the horizontal bar separations are close in dimension to the sidelobe separations 

of the HXEX PSF, Fig. 3.19d. 

The image through the HXEX array is shown in Fig. 4.8c. Very little high 

resolution detail is discernible in the resultant image. The towering first and second 

order sidelobes of the PSF left the image nearly unrecognizable, although some 

distinct high resolution detail is still observable, especially at the edges of the image 

where the corners of the 'E', superimposed on second order side1obes, stand out. 

Once the CLEAN algorithm was run, Fig. 4.8d, The high resolution details of the 
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Fig. 4.8. Dealiasing the Letter 'E' 
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image were recovered nearly as well as in the full aperture case. The MMSE of this 

image, using Fig. 4.8b as the truth was 0.079 

To simulate aliasing, every other row and column of the raw simulated HXEX 

image of Fig. 4.8d was selected, resulting in the undersampled, aliased image of 4.8e. 

In Fig. 4.8 f, g and h, the resultant images are shown before and after CLEAN 

processing with Hh H2, and H3. The MMSE of the three dealiased images relative to 

the original unaliased image before CLEAN are 3.0, 0.06, and 0.0004, for the three 

filters respectively. Only the image through the dealiasing filter closely resembled 

the truth. 

In each CLEANed case, a dirty PSF was created, undersampled, and dealiased 

to match the dealiased conditions of the test image spectrum. This was done to 

determine whether CLEAN could extract the image from the aliased information if 

it had some 'knowledge' of the aliasing spectrum. To accomplish this, both dirty 

image and PSF were simulated as if formed through identical optical conditions 

prior to the processing steps. The HXEX point spread function was undersampled 

and dealiased using the same three spectral bandpass filters. The dealiased image 

through Hs was also CLEANed with the unaliased HXEX PSF for comparison. 

Again, only the images filtered through the dealiasing filter produced a result 

resembling the original object. The MMSE after 400 CLEAN iterations with 

8 = 0.05 was 0.26 for filter HI, 0.25 for H2, and 0.08 for Hs. The image 

reconstructed using the dealiasing filter has by far the least error, compared to 

processing with filters that leave the harmonics of the sampled image spectrum 

intact3. It was also found that CLEANing the dealiased image with the dealiased 

3This test was also performed on experimental data, with similar results. 



dirty PSF converged on a minimum MMSE value faster than the unaliased PSF, 

however, this result was inconsistent when tried under other conditions. 

Next, the dealiasing algorithm was run on a more complex extended object, 

the word 'IMAGE', Fig. 4.9a. The image was resampled, Fig. 4.9b, and the 

dealiasing algorithm was run using the dealiasing filter, Ha. The result, shown in 

Fig. 4.9c was then CLEANed, Fig. 4.9d. It is nearly identical to the unaliased, 

CLEANed image of Fig. 3.16, even to the details of artifacts in the CLEANed 

image. The most difficult detail to resolve, the tail of the 'G,' still reconstructed, 

but with very low contrast. 

The dealiasing algorithm was effective on extended objects as well as point 

objects. The selection of dealiasing filter was critical. One was required that 

filtered out the harmonic terms without impairing the zeroth order spectrum. 

CLEAN was again shown to be quite sensitive to errors introduced to the image 

spectrum by processing. 

Limits on the Dealiasing Algorithm 
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As noted in Chapter 2, the sparse array configuration of HXEX was 

determined to be the optimal configuration for dealiasing because the resultant 

zeroth order image spectrum and harmonic spectra do not overlap when the image is 

undersampled. The subapertures of the array were sized so that the edges of 

spectral peaks are separated by the width of one spectral peak. Just enough room 

exists for interspersing the zeroth spectral peaks with the harmonic spectral peaks. 

Larger subapertures are often desired to fill in more of the Fourier spectrum. 

To determine how large the apertures can become before the dealiasing algorithm is 

adversely affected, a simulation of the algorithm limits was conducted. The 
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Fig. 4.9. Dealiasing the Word 'IMAGE' 
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algorithm was run on binary points and more complex targets for a range of 

sub aperture sizes, from the optimum, of diameter Ds, the sparse HXEX array 

subaperture diameter, to the case of a nearly filled Fourier spectrum such as with 

the HEX array. The position vectors of the sub apertures were held constant for this 

part of the study, so that the support of the transfer function simply increases in 

area as the subaperture diameter increases. 

The subaperture diameters used were 1.00, 1.14, 1.21, 1.29, 1.43, and 1.57 

times Ds. To simplify discussion, the subaperture arrays are referenced as SA_xx 

where xx is the fractional size of the aperture over Ds. Therefore SA_OO has six 

apertures of diameter Ds, and SA_43 has six apertures of diameter 1.43Ds, both 

with the same position vectors as the HXEX array. SA_OO is equivalent to HXEX. 

A cross-section through the simulated transfer function of each new array 

prior to undersampling is plotted in Fig. 4.10. The noise between the signal regions 

lE-Ollliillillllll ~ lE-ozl 
[ Ic-UI3+=~ 

IE-OS --I-------I---+---t----+----1 
0_0 0.2 0.4 0.6 

-SAJXl 
- - SAJ4 

/I [nonnalized to ud 

Subaperture Diameter 
- -SA_21 
-SA_29 

0_8 1.0 

Fig. 4.10. Transfer Functions for Six Simulated Subaperture Diameters 
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was due to processing errors such as quantization. With under sampling by a factor 

of 2, each curve would be folded over at 0.5 ur, so that the outermost spectral peak 

would fall between the two inner peaks. The peaks of each array are centered on 

the same spatial frequency coordinates, so the only residual aliasing error is 

introduced by overlap due to the diameter of the peaks. The largest subaperture 

array model, SA_57, has a nearly filled (u,v) spectrum, similar to the HEX 

spectrum. 

For each subaperture array model used, a new dealiasing filter, Ha was 

constructed to pass all nonzero regions of the new image spectrum. The larger 

sub aperture filters intentionally pass some of the harmonic spectral components of 

the image within these nonzero regions. Parts of the harmonic spectrum are sharply 

truncated by the edges of these filters, resulting in artifactual ringing in the image 

called Gibb's phenomenon (Gaskill, 1978, pg. 110). 

In order to reduce the ringing effects, the dealiasing filters were constructed as 

4-point rounded edge filters (Oppenheim and Schafer, 1975). The bandpass cutoff 

at the filter edge was smoothed over 4 pixels, replacing a sharp 1 pixel cutoff. The 

ringing in the resultant images was reduced. The ringing attenuation is discussed 

further in the experimental 'Limitations on Dealiasing' section of Chapter 5. 

In Fig. 4.11, the results of applying dealiasing using the various sized 

sub aperture arrays on two binary point source pair images are shown. The two 

cases are similar except that the first binary, BINI, is separated by 7 pixels and the 

second, BIN2, by 8 pixels. The intensities of the two binary components are 170 

and 200 greylevels for the left and right components, respectively. In each case the 

two point 'target' was filtered with the appropriate SA_xx MTF to produce a 
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Fig. 4.11. Sensitivity of Dealiasing to Subaperture Diameter, 1: Binaries 
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diffraction limited, 8-bit, near-Nyquist sampled image, shown in column (a) for the 

optimal, SA_DO and two of the oversized arrays tested, SA_21 and SA_57. 

After generating a new dirty PSF for each subaperture size using SIMU, the 

CLEAN algorithm was run on each image from column (a). The resultant images 

are shown in column (b) and the maximum value of the binary image peaks are 

tabulated in Table 4.3 for each. After undersampling the original images, column 

(c) of Fig. 4.11, the dealiasing algorithm was run, using the dealiasing filter. The 

result is shown in column (d). 

Table 4.3. Effect of Subaperture Diameter on Dealiasing of Two Binaries 

binary subap dia peak 1 peak 2 ratio peak 1 peak 2 ratio 
separation relative value * value * 1/2 value value 1/2 

rpixelsl to SA 00 rGL] IGlJ IGlJ rGLl 

7 1.00 168 200 0.840 150 176 0.852 
7 1.14 168 200 0.840 159 176 0.888 
7 1.21 167 200 0.835 175 162 1.080 
7 1.29 167 200 0.835 175 138 1.268 
7 1.43 167 200 0.835 174 105 1.657 
7 1.57 167 200 0.835 173 66 2.621 
8 1.00 152 181 0.840 152 181 0.840 
8 1.14 153 183 0.836 153 183 0.836 
8 1.21 155 184 0.842 155 184 0.842 
8 1.29 156 186 0.839 156 186 0.839 
8 1.43 157 188 0.835 158 188 0.840 
8 1.57 159 190 0.837 159 190 0.837 

* pnor to undersamphng and deahasmg 

To more clearly see the effect of residual aliasing on the images, CLEAN was 

run on the dealiased imagery, column (e), and the ratio of maximum values of the 

binary peaks are compared to those before dealiasing in Table 4.3. The differences 

between the results of CLEAN with no aliasing and after dealiasing show that some 

significant changes occurred in the data as sub aperture diameter increased. The 



MMSE was calculated for images in columns (b), (d) and (e) and plotted in 

Fig. 4.12. 
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Some notable trends were apparent in the results. First the separation of the 

two points in both binary pairs was accurately reproduced in all cases. Second, 

BINI showed significant inaccuracies after dealiasing, which increased as the 

subapertures grew, while for BIN2 nearly the same result was reproduced before and 

after dealiasing. 

l.OE+OO ,",,1(''''Il00,,,,, 
~tlnd.-'(C1.N 

1.0E-01iOid·i·l·ino~(]J<~I:======~ OdnL,w/a..N 

~ 1.0E-02 

:::g l.OE-03~:;===:i==== 1.0E-041 
l.OE-OS +--.....--r---,---.---.-----i 1.00 1.10 1.20 1.30 1.40 1.50 1.60 

Subaperture Diameter Relative to SA_OO 

Fig. 4.12. MMSE Versus Subaperture Diameter for 
Two Binary Point Sources 

The difference between results for BINI and BIN2 points to a major failing of 

the CLEAN algorithm. It is extremely sensitive to the spatial frequency content of 

the initial image. In this case a very small difference, 1 pixel, or approximately a 

12% decrease in separation, produced very large errors. The MMSE in the 

unCLEANed case showed that the actual errors introduced by the dealiasing 

algorithm were about the same for BINI and BIN2. Only after CLEAN did the 

differences become apparent. Using CLEAN provides insight and visual 

comprehension to the image data, but the match between object and transfer 
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function spatial frequency content limits the accuracy for reconstructing the object 

information. 

Identical steps were taken for the word 'IMAGE', a significantly more 

complex target. The results are shown in Fig. 4.13. In column (a) the diffraction 

limited images through SA_DO, SA_21 and SA_57, with no aliasing, are shown. 

Increasing the size of the subapertures within the simulated telescope array resulted 

in a tremendous improvement on the performance of the CLEAN algorithm, column 

(b). The dealiased images are shown before and after CLEAN in columns (c) and 

(d). The dealiased imagery became increasingly degraded as sub aperture diameter 

increased. 

The MMSE for images of the word 'IMAGE' and for the letter 'E' alone, 

before and after dealiasing, is plotted in Fig. 4.14 versus sub aperture diameter 

normalized to Ds. In 4.14a, the dealiased image MMSE, formed with the unaliased 

multiple aperture truth, is shown. As expected, because of the aliasing errors 

generated by dealiasing with the larger subapertures, the MMSE increases for both 

objects at about the same rate. For large subapertures, the two curves diverge as 

the MMSE of the word 'IMAGE' increases steeply before leveling off. 

The MMSE for the CLEANed images of the 'E' and 'IMAGE', each with no 

aliasing and after dealiasing, are plotted in Fig. 4.14b. Again, for the oversampled, 

unaliased image, the MMSE of CLEANed results improves significantly with 

subaperture size increase, and the MMSE approaches zero. This is obviously 

because more spatial frequency components were transmitted to the image, the PSF 

sidelobes were smaller, and CLEAN was able to interpolate more easily. When the 

image was dealiased and CLEAN was run again, a new trend was observed. The 

downward trend of error caused by increasing spatial frequency information 
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Fig. 4.13. Sensitivity of Dealiasing to Sub aperture Diameter, 2: The 
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With CLEAN Processing 
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Fig. 4.14. MMSE Versus Subaperture Diameter, 2: Comparison of Two Objects 
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contended with the upward trend of the error introduced by residual aliasing as 

subaperture dialli~£er increased. The result was a minimum error at a sub aperture 

diameter about 20% larger than Ds. 

The minimum MMSE for the word 'IMAGE' is significantly higher than for 

the letter 'E'. This is to be expected since the word has more detail, and therefore a 

more continuous spread of spatial frequencies across the (u, v) plane, while the E has 

a few distinct spatial frequency components, which happen to be fairly well matched 

to the HXEX array. This effect might be reduced with a more robust 

reconstruction algorithm than CLEAN. 

The major limitation to the dealiasing technique is that it is restricted to use 

with fairly sparse arrays. As subaperture diameter increased, the error due to 

dealiasing rapidly increased. This effect is found to be somewhat mitigated by the 

increase in spatial frequency content of the larger diameter subtelescopes. The 

CLEAN algorithm works better on the dealiased imagery, out to a new optimal 

diameter between 1.14 and 1.21 times Ds , improving the overall result. This new 

optimal value for subtelescope diameter is dependent on the object spatial frequency 

content, and probably on parameters used for reconstruction, although the latter 

effect was not investigated. 

This result appears to agree with the conclusion of Fried (1991) that the 

CLEAN algorithm works well as long as the extent of the nonzero regions of the 

transfer function within the cutoff frequency have width no greater than inverse size 

of the object detail in question. The horizontal bars of the 'E' target are 10 pixels 

apart, which for a 256 x 256 FFT array is equivalent to a spatial frequency width of 

about 25 pixels. For the most sparse array, SA_DO, the distance between any two 



peaks ranges from 25 to 60 pixels in extent, depending on the direction from the 

origin. The result is that the detail of the bars is not completely reconstructed. 
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As the fill of the array increases, the spaces decrease in extent, improving the 

CLEANed results. A subaperture diameter 1.21 times Ds (SA_21) increases the 

width of MTF peaks relative to holes by 1.42 times (the autocorrelation doubles the 

total peak width), reducing the extent of the zero regions to a range of 14 to 42 

pixels. Now the horizontal bar detail has a greater capacity for reconstruction. 

Noise and Quantization Effect on Dealiasing 

Noise and quantization error were introduced to the simulation to see how the 

optimal subaperture diameter selection was affected. The letter 'E' was used as the 

object for two reasons. First, it could be contained within a small (64 x 64) image 

array so that CLEAN processing would run faster. This was important because of 

the large number of cases run. Second, CLEAN worked well on the 'E' image 

spectrum in the zero noise case, even for the smallest subaperture size, SA_OO. 

Therefore, MMSE results could be more easily attributed to introduction of noise 

than to lack of information in the spectrum. 

To characterize the relative amounts of error introduced to the imagery, the 

MMSE was calculated for noisy, unaliased, and unCLEANed images of the letter 'E' 

formed through simulated telescope arrays of each sub aperture diameter. The 

differences in subaperture diameter were found to introduce some additional error. 

The curves of Fig 4.15 show how a fixed amount of error input to the imagery 

affected the MMSE output. 

Several levels of a fixed amount of error were applied to images formed 

through each subaperture configuration. The input errors were held at fixed levels 
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of SNRmax (Eq. 2.29), Fig 4.15a, fixed SNRxy (Eq. 2.8), Fig 4.15b, and fixed levels 

of quantization error, Fig. 4.15c. The levels are represented on the curves by O'n and 

q/255, for noise and quantization error, respectively. 

The truth image in each case was a noiseless, unaliased 'E'. Both the truth 

image and the test image were formed with the same MTF. As discussed in 

Chapter 2, the MMSE measured under these conditions is closely related to the 

inverse of SNRps. The dependence of the MMSE (and SNRps) on the increasing 

subaperture diameter is indicated by the spread of each set of curves as higher levels 

of error were introduced. An understanding of the curves in Fig. 4.15 is essential to 

understanding the relative errors introduced in each case, and therefore will be 

briefly discussed here. 

With fixed SNRmax, the signal maximum for each test image, imax, was scaled 

to the full 8 bit framegrabber range, so that for a given noise level, the SNR of that 

point was fixed, regardless of subaperture diameter. The diameter of the 

sub apertures determined the amount of power distributed into the sidelobes. The 

smaller the subaperture area relative to the total pupil area, the more energy was 

distributed into the sidelobes. In other words, the total signal power scaled 

approximately inversely with subaperture diameter squared, but the total noise 

power was invariant with subaperture diameter. The result of these two factors was 

that the sparser array images had greater integrated SNRps, and therefore the 

integrated quantity MMSE had the lowest value for the sparsest array. 

The curves for quantization error do not exhibit a significant spread as the 

subaperture diameter increases, even for errors as great as 0.25 per GL. The 

amount of error introduced in any given image pixel is the same regardless of the 

the Signal level of the pixel. This is identical to the case of fixed SNRmax; however, 



the error is zero when the signal is zero, and so the total noise as well as the total 

signal scales inversely with the pupil diameter. 
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In the case of fixed SNRxy, the ratio of total incident radiant flux and noise 

power was held constant as subaperture size varied. Note that for zero noise, the 

curves of Fig. 4.15a and c are identical. The relative image irradiance, i(x,y), scales 

with the pupil area, as shown in Appendix A. This is the case for systems of 

different pupil area imaging an object of fixed radiance. The error introduced to the 

largest subaperture diameter array is lowest, because its signal is greatest. As noise 

increased, SNRxy changed most rapidly for the most sparse arrays, and the 

difference in MMSE increased proportionately. The relative error for the different 

subaperture diameters was significantly higher in this case. 

Noise was added to simulated imagery before dealiasing, and the noisy 

imagery was evaluated before and after CLEAN processing. The most visually 

graphic images resulted after CLEAN reconstruction. In Fig. 4.16 and 4.17, the 'E' 

images are presented as a matrix, with subaperture size varying horizontally and 

SNRmax increasing vertically. 

In Fig. 4.16, no aliasing has been introduced, and the CLEANed images 

improve with subaperture size independent of noise level. The relative MMSE 

difference between subaperture cases is many times that measured above. After 

dealiasing, Fig. 4.17, the aliasing error introduced to the larger apertures is apparent 

in the CLEAN reconstruction. An optimal aperture size appears between SA_14 

and SA_21. However the two highest noise cases show an abrupt decrease in 

quality at SA_21. 

One notable trend observed in Figs. 4.16 and 4.17 was that the images after 

dealiasing were significantly better than before dealiasing, for a given subaperture 



Fig. 4.16. Combined Effect of Noise and Subaperture Diameter 
on Imagery) 1: U naliased Imagery 
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Fig. 4.17. Combined Effect of Noise and Subaperture Diameter 
on Imagery, 2: Dealiased Imagery 
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size and noise level. This result was expected, and was due to the bandpass filtering 

of the image by the dealiasing filter. This filter not only filtered out the harmonic 

spectral components, but also the noise outside the image spectrum support. If the 

unaliased images had also been filtered, those images would improve, and more 

closely resemble the dealiased images of SA_OO and SA_14. 

The error in the 'E' images are quantified in Fig. 4.18 with plots of MMSE 

versus relative subaperture diameter, for varying levels of fixed SNRmax• With no 

aliasing, the MMSE of the CLEANed images decreased as subaperture size 

increased. The higher noise cases followed the trend but showed the same impulsive 

error around SA_ 21, possibly due to the sensitivity of the CLEAN algorithm to 

minute errors. After dealiasing, Fig 4.18b, the MMSE rose with sub aperture size, 

due to the introduction of aliasing. But after CLEAN, Fig. 4.18c, the optimal 

sub aperture diameter was found near 1.14Ds. 

The same trends were evident when quantization error was introduced instead 

of noise. In Fig. 4.19, the unaliased 'E' image cleaned up well, especially for larger 

sub aperture sizes, even with quantization error as high as 12.5% per greylevel. This 

is not too surprising, since the original object had only two greylevels. After 

dealiasing, Fig. 4.20, the CLEANed images of the lowest quantization error 

optimally reconstructed between SA_14 and SA_21. As quantization increased, 

there was a clear trend toward a larger optimal subaperture diameter. The 

dealiased images again reconstructed better than the unaliased images after using 

filter H3 to filter out some of the nonisoplanatic effects of quantization on the 

imagery. 

In Fig. 4.21, the trends of Figs. 4.19 and 4.20 are quantified and are found to 

show similar results as those of Fig. 4.18. The major difference is the progression 
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Fig. 4.19. Combined Effect of Quantization and Subaperture 
Diameter on Imagery, 1: Unaliased Imagery 

141 



141a 

~:;Inl nn 1-' n 14 1-' n "-'11 r' n "-'Iq 1-' n 4'-1 - II _II • - II . - I I _ _ H ___ ._IH _ . _IH_L ._IH_L·_ ._IH_ ._1 

(l:=l ~ E E E E .,,--

Ct-.=lFi . - E E E E 

[ [_. - ~ 
'-1-'-' '~ oi- 1_1- ~ 1:. f-l- - -,I . " ... r _- :-._IL 

• -@!r." .... .. ~. .~ -. 

'e--~ '!i ..... 11' .... !tOP r-.... 
cl:=64 +'! '1- ,- llii! I .. 

'" oil ..... .. ~ ...... iJi*' .. ", .. 



Fig. 4.20. Combined Effect of Quantization and Subaperture 
Diameter on Imagery, 2: Dealiased Imagery 
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toward a larger sub aperture size as an optimal array for reconstruction as 

quantization increases Fig. 4.21c. This effect may have occurred because the 'E' 

object had only one bit of greyscale information, and therefore high levels of image 

quantization actually enhanced the object features. 

Finally, the trends were investigated for levels of fixed SNRxy, Fig. 4.22. One 

significant difference between this figure and Fig. 4.18, is the high level of error for 

the sparsest (presumed optimal) telescope array, SA_OO. This effect tends to shift 

the position of the minimum value of MMSE towards the larger area arrays, 

especially for high noise cases. 

Comparison of HXEX to F AEA After Post-Processing 

The sparse array is often compared to the full aperture of equivalent area 

(FAEA) in trade studies, because they would have similar cost in a large telescope 

design. Therefore, a comparison of MMSE in the presence of noise for the two 

configurations was made. Dealiased, CLEANed imagery through the sparse array 

was traded against inverse filtered imagery through the full aperture. The truth in 

each case was the high resolution image through FAED, and the peak image plane 

SNR, SNRmax, was held constant. 

Three subaperture sizes were used in the comparison, SA_OO, SA_14 and 

SA_21. The total pupil area of arrays SA_14 and SA_21 are 1.28 and 1.43 times 

the total area of the HXEX array (SA_OO) respectively. Therefore they were 

compared to single apertures of area 1.28 and 1.43 times the F AEA aperture. In 

each case, the error of the single aperture images was relatively constant as the 

noise increased, while the error in sparse array images increased with noise. 
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The MMSE results are plotted in Fig. 4.23 for three different pupil areas. 

Above a certain noise level, the sparse array MMSE would cross over and exceed 

that of the single aperture of equivalent area. As the total area increased from 

SA_OO to SA_14, the noise level of the cross-{)ver point increased. However, for 

SA_21, the errors due dealiasing began to dominate, and the crossing point noise 

level decreased. 
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The plots demonstrate that for this high resolution object, the sparse array 

produces imagery with less error than the full aperture, even for fairly high amounts 

of added noise. Because the dealiasing concept is limited to sparse configurations, 

as the total area approaches that of F AED, the sparse array result begins to develop 

large errors. These results should be consistent for most high resolution objects, 

although the relative amounts of error between sparse and single aperture telescope 

arrays of the same area will change depending on how well each matches the spatial 

frequency content of the object. 
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Conclusions 

The dealiasing concept has been shown to work in a variety of situations. The 

major mechanism of failure is introduction of harmonic terms into the zeroth order 

image spectrum signal regions, resulting in inextricable aliased components. Some 

error is introduced during the dealiasing process, likely due to the additional data 

processing involved. 

The CLEAN algorithm is very sensitive to errors in the image data and often 

responds in a nonlinear fashion, so that CLEANed results are sometimes 

inconsistent. However, a trend towards an optimal subaperture diameter around 

SA_14 is observed in all CLEANed, dealiased data. Finally, the sparse array 

imagery compared well to single aperture imagery of the same total pupil area, even 

in the presence of large amounts of noise. 

The results are consistent with the Fried theory that CLEAN is able to 

reconstruct details in imagery as long as the nonzero regions of the system transfer 

function are of equal or less extent than the object detail. It follows that CLEAN 

requires some correlation between points in the image spectrum in order to operate. 

Noise in the image spectrum reduces the effectiveness of CLEAN reconstruction, 

which should be expected since the correlation between points is dependent on the 

noisy image spectrum (Frieden, 1983). 
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CHAPTER 5 

LABORATORY EXPERIMENT 

Three motivations arise for testing the dealiasing algorithm on experimentally 

produced imagery. First, verification of the simulated results on real optical 

imagery validated the accuracy of the simulations in producing optical imagery, and 

tested the algorithm in less pristine conditions. Second, the lab setup was more 

amenable to testing the degradation introduced to dealiased imagery by errors in 

the spatial frequency scaling of the optics. Third, the experimental data could in 

some cases be taken more easily and quickly, eliminating the computer processing 

involved in simulating objects, PSFs and MTFs of various configurations. 

The design of the experiment breadboard is described in the next section. The 

setup supported various comparisons of optical telescopes for differences in aperture 

configuration, aberrations, noise and changes to the optical throughput to achieve a 

range of resolution scales. For a few classes of objects, imagery could be directly 

compared to results of computer simulations in order to verify the accuracy of lab 

results. 

Design 

The breadboard experiment required an imaging system scalable to a large 

telescope. The components include a back-illuminating source and transparency 

target, a collimating assembly to transfer the target radiance distribution into the 

far field, an entrance aperture which defines the pupil configuration, are-imaging 

assembly and a rectangular array imaging camera. In order to perform 
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post-processing tasks, the data acquisition system was developed to interface with 

the processing environment of the simulation. 

The detector sampling, which is critical to the dealiasing concept, became the 

starting point for the experiment design. In keeping with this approach, the system 

description begins with imaging camera considerations, then details the optical 

system design, moves on to the target and finally the illumination system. Next the 

electronics and image processing subsystems are described. At the end of the design 

section, experimental errors are discussed, and these errors are simulated in order to 

bring the lab and simulation results into agreement. 

Breadboard Configuration 

The detector focal plane array (fpa) pixel spacing fixes the Nyquist sampling 

rate for the system, 

1 
Unyq = n 

To satisfy Nyquist sampling conditions, the optical system cutoff frequency Uco, 

must be equal to Unyq. That is, 

1 
Uco = Unyq = IF; 

F s is the effective system F-number, defined by the cone of light incident on the 

camera emanating from an on-axis point source at the object plane. 

5.1 

5.2 

In order to study effects of different sampling rates relative to Uco, many 

cameras of varying center-to-center spacing, b, would be required in order to vary 

Unyq. The cost of such cameras makes this infeasible. Additionally, the change in 

sampling rate would be accompanied by a change in the scale of the image, as well 

as electronic differences. 
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A better solution, from a design standpoint, was to allow Fs to vary, and with 

it the system resolution. As an increase in optical cutoff frequency was made, 

producing a sharper optical image, the detector was eventually unable to sufficiently 

sample. The condition of Eq. 5.2 became Unyq ~ 'Uco. 

Some of the goals in the optics design were scaling the spatial frequency 

domain without changing magnification and flexibility in anticipation of matching 

the computer simulation. Fs was varied by varying the effective focal length at the 

image plane using a zoom lens assembly. Magnification was maintained by 

integrating a second zoom lens assembly into object space. An optical layout is 

shown in Fig. 5.l. 

The optics were designed using two doublet lenses which formed a 

collimator/imager pair. The lenses were 10 cm diameter F/5.5 achromats corrected 

at infinite conjugates. Only a 5.1 em diameter full aperture was used for this study. 

When the aperture became much larger, aberration, especially astigmatism, 

overwhelmed the transfer function. The lenses were tested with a Zygo 

interferometer and found to be corrected to tenth wave over the region used. 

Two intermediate images were formed before the final image was detected. A 

closeup adapted zoom lens assembly was placed after the object to form the first 

intermediate image, as depicted schematically in Fig. 5.2a. The magnification was 

varied by adjusting the focal length of the zoom, fZ1. This image was located at the 

focal plane of the collimating doublet, so that a second intermediate image was 

formed at the back focal plane of the imaging doublet. 

A second, identical zoom lens assembly reimaged the second intermediate 

image onto the fpa. This zoom lens was used at opposite conjugates to the first 
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zoom, with what is normally the entrance pupil of the zoom lens becoming the exit 

pupil. This is shown in Fig. 5.2b. In normal zoom lens operation, the entrance 

pupil position remains fixed, so that the object focus does not have to be adjusted. 

The exit pupil position varies, so that the change in focal length does not change the 

position of the image plane. Zoom 2 was used inverted, so that changing fZ2 

changed the entrance pupil position. 

The entrance pupil of the zoom 2 was conjugate to the aperture stop, so that a 

change in fZ2 corresponded to a change in magnification of the stop, that is 

D - fZ2D 
Z2-~ 

The effective F-number became 

F - f 2 _ fif 2 
s - ~ - I';2lJ 

5.3 

5.4 

Therefore, the cutoff frequency of the image incident on the detector focal plane was 

fZ2D 
Uco = IfiT2 

proportional to the zoom 2 focal length. The system magnification was given by 

m - fzl fi f2 _ C fZl 
-Tircrz;- rz; 

where C is a constant, so that a selection offz1 = Cfz2 maintained constant 

magnification while the optical cutoff varied. 

5.5 

5.6 

The aperture configuration masks - aluminum plates with holes which 

simulate the configuration of either a phased array or a single telescope aperture -

were positioned between the collimator and imager. This was the aperture stop of 

the system. Care was taken to make sure that the aperture masks were placed at 

the stop of the system, so that the diffraction limited PSF at the final image plane 

could be related by a Fourier transform to the telescope aperture mask located at 

the pupil via Eq. 2.1. The illuminating system was designed so that the intensity 

distribution at the stop coincided with the far field intensity for a coherent object. 
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The significance of this design was that beyond the aperture stop, the system acted 

like a scaled version of a real telescope observing a far field object. 

All targets were back-illuminated transparencies, about 1 mm2 in extent. To 

produce results which mirrored the simulation results as much as possible, objects 

were created which were as close those of the simulation as possible. A single 

unresolved point source was formed using a microscope objective focused at the 

object plane. Binary point images were created by punching pinholes in copper 

tape. 

The letter 'E' simulation object was made into a transparency by taking a 

35mm image of it in inverse greyscale from the framegrabber output display. The 

negative was then used as the target. The long exposure ORTHO film used was 

very high contrast and excellent for two greylevel, high-contrast targets. 

Background illumination could not be detected through the black regions, and the 

clear regions were nearly 100% transmissive. Multi-greylevel targets could also be 

made with ORTHO film but results were found to be nonlinear and unpredictable. 

The multiple aperture configurations, HEX and HXEX, had six 3/8 and 7/16 

inch diameter subapertures distributed throughout a 2 inch effective diameter circle, 

respectively. When compared to their single aperture F AEA equivalents, the 

diffraction sidelobes of the multiple aperture mask PSFs broadened the irradiance 

distribution to circumscribe more of the detector area, resulting in lower peak signal 

power. The power throughput varied with the fill ratio of any mask's transmitting 

region compared to the full aperture, F AED. The HXEX aperture fill was about 

1.1% of the FAED mask. This increased the power required by two orders of 

magnitude over the full aperture case. 
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The system power requirements were driven by the throughput. The required 

power at the detector is given by 

where (2 is the solid angle subtended by the optical system from any area A. Then 

\IT = LsAi I [+r 5.7 

Ai is the illuminated area of the image plane. The source radiance, Ls, if assumed 

to be Lambertian, is related to the irradiance, M, on the detector by Ls = 7rM/To. 

The quantity To is the optical transmission and Ls is the source radiance. 

The image area, Ai is proportional to the object area as m2, so that the power 

varies as (fzI/fz2)fz22 = fz!fz2. Maximum power was required when Fs was a 

minimum. The cutoff frequency, Uco was never required to exceed l/b, so that Fs 

always exceeded A/b. The illuminating source consisted of a 34mW HeNe laser and 

beam expander with variable focus. 

To produce spatially incoherent illumination, the expanded beam was passed 

through a rotating ground glass plate, approximating Lambertian illumination. A 

250mm plano convex lens placed just before the object plane maximized the 

irradiance on the object and projected the image of the source onto the aperture 

stop plane. The position of this image changed slightly with changes in fz1, which 

were compensated for by varying the beam expander focus. For coherent 

illumination, the ground glass plate could be removed, or simply stopped. The 

roughness coherence length of the ground glass surface scaled the speckle size on the 

object. 

The resultant optical system was versatile and could be adjusted relatively 

easily to satisfy a range of sampling conditions. In order to closely match computer 



simulation results, the magnification could be scaled for various types of targets. 

Final selection or range for each system parameter is listed in Table 5.1. 

Table 5.1. Parameter Values Used in Experimental Setup 

quantity varies as experiment range 

b const. SO J.Lm 

Unyq const. 6.25Ip/mm 

fZ1 zoom setting 35 -135 mm 

fZ2 zoom setting 35 -135 mm 

A const. 632.S nm 

D const. 5.1cm 

f1 const. 2 diopters 

fe const. 1m 

fi const. 1m 

f2 const. 1 diopter 

Fs 1/fz2 145 - 560 

Ueo fZ2 2.S - 10.Slp/mm 

m fz t/fz 2 0.5 -7.7 

W fZ1fz2 2.3-34mW 

Detector Electronics 

156 

While Fourier domain processing often requires array dimensions that are 

powers of two, most commercial electronic area array cameras have irregular array 

dimensions. Further the RS-170 standard video format common to most 

commercial cameras does not provide accurate sampling of the center of each pixel, 

instead sampling the input video Signal in whatever format is convenient to the 
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manufacturer. Therefore a camera with a 2n )( 2n pixel detector array and a 

nonstandard video output was sought. The camera selected was an EG&G Reticon 

MB 9256, a 256 )( 256 pixel diode array. 

Fig. 5.3 is a schematic layout of the electronics from camera to display. Most 

components were off-the-shelf devices. The EG&G Reticon camera was supplied 

with formatting circuitry to produce analog video using an external clock and power 

supply. An interface between the formatter and framegrabber was built to furnish 

appropriate timing and power to the camera. A sample-and-hold circuit was added 

to sample the analog video signal at the center of each pixel and hold that value 

until the center of the next pixel arrived. This procedure ensured that the 256 )( 256 

image stored would be a direct mapping of the 256 )( 256 pixel detector focal plane, 

with no registration errors or blurring due to pixel averaging. 

The camera timing signals and synchronous video were input to a Data 

Translation DT2861 framegrabber board plugged into a PC/AT bus. On the 

framegrabber, images were digitized to 8 bits and stored temporarily in 16 internal 

buffers. From there, images could be manipulated both spatially and in the Fourier 

domain using a Data Translation DT7020 array processor. A dedicated port 

between the two boards allowed for fast transfer of data independent of the PC bus. 

Image Processing 

Data acquisition was performed in the C program MALC, and additional 

processing was handled by WHF.C, the same program used for simulations. Data 

processing steps were very similar for experimental and simulation imagery. The 

major steps of processing are illustrated in the flowchart of Fig. 5.4. A subroutine 

library written by the manufacturer accessed the basic functions of the framegrabber 
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board. MALC provided a menu interface between the board and the user, and 

combined basic functions into working algorithms. 
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Fig. 5.4. Flowchart 4: Lab Data Processing 
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MALC was set up to support and simplify optical alignment and reduce the 

work involved in acquiring and saving data. The program also allowed for quick 

evaluation of the data using Fourier analysis, false color display, grey level stretches 

and one-dimensional slices through the image frame. The camera could be 

controlled, frames averaged or integrated, and a small region of the real time image 

compared with imagery in another buffer. An input look-up-table (ILUT) on the 

framegrabber mapped the digital input into any function of the framegrabber 256 

level greyscale. This was used to perform image processing functions such as 



stretching and thresholding during acquisition. Appendix B describes the data 

acquisition functions in detail. 
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Once the data was stored, WHF.C was used to analyze and process imagery. 

Many of the same analysis tools as in MALC were available, as well as more spatial 

and Fourier domain filter routines, a routine to combine groups of undersampled 

imagery to produce Nyquist sampled imagery, an inverse filter routine, and the 

CLEAN algorithm. 

Detector Artifacts and Noise 

Although the camera pixel spacing, b, was specified by the manufacturer as 

40 JLm center-t~enter, on inspection it was found that pixel dimensions as well as 

center-t~enter spacings were different in the horizontal and vertical directions. 

Fig. 5.5 depicts the focal plane array pixels. This schematic was drawn from 

information based on microscopic inspection and discussions with the manufacturer. 

The pixels were actually L shaped, and along rows, the 'center of mass' of 

consecutive pixels was separated by either b/3 or 2b/3 while columns were evenly 

spaced a distance b apart. 

To measure the camera contribution to resolution blurring, an OPTOLINER 

was used to project the image of a sharp edge onto the fpa. The OPTOLINER is an 

instrument which projects a high resolution target such as an edge onto the focal 

plane. It is used to measure camera response independent of system optics. 

The edge was oriented vertically so that the black to white transition could be 

measured across any row of pixels. A one dimensional intensity slice through the 

edge was taken near the middle of the array. To measure the variation in response, 

the position of the edge was then scanned at 10 /lm intervals across three columns of 
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pixels and horizontal slices were taken at each interval. The slices are plotted in 

Fig 5.6a. The OPTOLINER was then rotated 90° and vertical slices taken 

following the same procedure, Fig 5.6b. 
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The derivative of the edge response is the PSF. Plots of the horizontal and 

vertical PSF, calculated from the edge data, are shown in Fig. 5.7a and b. The 

PSFs were clearly dependent on position relative to the detector center, and 

demonstrated that the detector MTF was anisoplanatic. This effect was introduced 

into the simulation by varying the pixel shift, no. It did not appear to have an 

effect on the dealiasing results. 

Comparison of the plots for horizontal and vertical response shows that the 

architecture and possibly the different readout mechanism of rows and columns 

resulted in very different response to light. Horizontal PSFs had a width of 2-3 

pixels, while vertical PSFs were 4-5 pixels wide. This difference appeared in 

imagery through the test bed optics as well. High resolution point sources imaged by 

the detector had an oblong appearance. To use the detector to study sampling and 

dealiasing in this state, different dealiasing algorithm steps would have had to be 

developed for the two dimensions. 

Another problem with the detector was a variation in responsivity between 

every other row of the array. The right half of the slices in Fig. 5.6b provide an 

example of this uneven response function. Fig. 5.8a shows both the image of the AF 

standard 3-bar target through the full 5.1 cm aperture mask, FAED, and its 

sampled Fourier spectrum modulus. The log of each value in the image spectrum 

was taken to accentuate the differences. The features appearing on the left and 

right edges, and also appearing faintly on the top and bottem edges of the image 

spectrum, were due to the odd/even pixel response nonuniformity. The effect can 
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Fig. 5.8. Removing Pixel Nonuniformities by 
Smoothing and Sampling 
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be modeled as a one-dimensional cosine function superimposed on the optical image 

is(x,y) = i(x,y) [1 + A cos (27rx/b)] 5.8 

A was not really constant, however, and related to the intensity on the detector in 

an approximately linear fashion. Ignoring this small effect, the resultant spectrum 

is 

Is(u,v) = I(u,v) + AI(u+l/b,v)+ AI(u-l/b,v) 5.9 

when the edges of the spectrum approached the edge of the transforming array, the 

spectral copies at u-l/ band u+ 1/ b would fold into the image spectrum, I( u, v). 

The pixel responsivity variations could removed by applying a 2 x 2 low pass 

filter to the image, slightly reducing the spectral intensity within the Nyquist limit. 

Fig. 5.8b shows the 3-bar chart and its spectrum after application of a low pass 

filter. Once smoothed, the factor A was reduced by a factor of 10 or more. 

The problem with smoothing was that it reduced the signal at the high spatial 

frequencies, which were necessary to the dealiasing study. The resultant 

attenuation can best be seen in the Group 4 #1 and #2 bar resolution. Before 

smoothing these bars have fairly high contrast. After smoothing the Group 4 #1 

bars are blurred, and the #2 bars are almost unresolvable. 

Another way to remove the cosine artifact was to sample data from every 

other row and column of the detector, effectively doubling the Nyquist sample 

spacing to 80Jlm and returning the output to a regular array structure, with the 

same array characteristics in the horizontal and vertical dimensions. In Fig. S.8c, 

the log modulus Fourier spectrum of a second 3-bar chart image, which was formed 

oversampled by more than a factor of two, is shown after resampling every other 

row and column to achieve the same spatial frequency scale as the previous images. 
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The ghost spectra were eliminated. The equivalent bar spacing of Group 4 #1 

and #2 in the previous two images is now seen in Group 3 #2 and #3. This 

sampling approach maintained the contrast of the original image but removed the 

spectral contamination of Eq. 5.9. 

In order to eliminate the detector responsivity problems discussed above, 

images were acquired in a two times oversampled mode. Images were then 

resampled after detection using the computer sampling routine at every other row 

and column to create the near-Nyquist sampled truth images. The effect of 

undersampling was then produced by sampling the image a second time. The 

resultant images had the same characteristics in horizontal and vertical dimensions, 

so that the dealiasing algorithm procedure for the two dimensions was identical. 

Another artifact introduced by the detector was a fringe pattern resulting from 

interference of the temporally coherent illumination on the detector window 

surfaces. This effect was present even though the spatial coherence was virtually 

eliminated by the rotating diffuser. An attempt was made to remove the window, 

but it is cemented onto the detector array. In Fig. 5.9, the pattern projected onto 

the detector and the log modulus of its Fourier spectrum are shown. 

The fringing introduced errors to the sparse array data which made the 

CLEAN algorithm fail, and therefore, processing steps to remove it were tried. The 

fringe pattern was found to be invariant with small translations and rotations of the 

detector plane, which meant it could be treated as a fixed pattern noise. Both a 

flat-fielding procedure and Fourier filtering were tried. 

Flat-fielding algorithms work on linear irregularities in the data. A dark 

image and an image of a flat illuminated field are taken, and for each detector pixel, 

values are taken from each image and used to calculate a responsivity slope and 
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Fig. 5.9. Fringes on the FP A Window Due to A Temporally Coherent Source 
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y-intercept for that pixel. Then each pixel is stretched so that all pixels have the 

same responsivity function. Unfortunately, the fringe contrast was intensity 

dependent, rather than linear, so flat-fielding required a more complicated, object 

dependent scaling function. 

An easier way to remove most of the fringing from the sparse array imagery 

was to bandpass filter the image spectrum, using the dealiasing filter to zero the 

spectral information outside the image support. Not all of the fringe spectrum could 

be removed in this way, but it was reduced significantly. This step vastly improved 

the capability of CLEAN to operate on the lab image. 

Images were saved after a dark bias frame was subtracted out. This 

background frame, called FP _NOISE in the software, had a bias of about 15 

greylevels with a standard deviation between 1-2 bits of grey level information. 

Histograms of greylevels over the 256 x 256 image array for a single background 

frame and 20, 40, 100 and 200 frame averages are shown in Fig 5.10. Single frame 
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Fig. 5.10 Histograms of Focal Plane Array Background Noise 

statistics were variable, so every image frame taken was a 40 frame average. As the 

camera aged, even the 40 frame averages taken a few minutes apart became more 
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variable, so a new FP _NOISE frame had to be taken immediately after each image 

frame and subtracted. 

Computer Simulation of Experimental Imagery 

In order to validate the simulations, lab data was taken on objects which were 

nearly identical to the simulated objects in structure, including the binary point 

sources and the letter 'E'. The 'E' was selected as a good visual test of the 

algorithm because it was recoverable with the CLEAN algorithm, even under very 

sparse array conditions, eliminating the issue of whether the CLEAN algorithm was 

working from consideration. However, when reproducing results in the lab, noise 

and distortion were introduced which were not present in the simulation, resulting 

in much poorer imagery, and comparison of results was unreliable. 

After eliminating as much of the distortion from the lab setup as possible by 

careful alignment and selection of optics, the simulation was expanded to include 

several of the noise effects that were known to be degrading the imagery. In this 

way, the lab results could be made to validate the simulation, and in turn, a more 

accurate model of the optical imaging system would be simulated. Fig. 5.lla and b 

show the best lab generated images of the letter 'E' through the 2in full aperture 

mask and sparse hexagonal array mask. The CLEANed result of 5.l1b is shown in 

5.l1c. The dirty PSF used for reconstruction was the simulated diffraction limited 

PSF. This produced a better result than the lab generated PSF. 

Variations in the lab generated images, registration and magnification errors, 

were experimental errors not associated with image quality that caused comparisons 

made with the simulated truth to produce erroneous results. Instead, the lab 

generated image through the FAED aperture mask, such as that of Fig. 5.l1a, was 
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Fig. 5.11. Laboratory Generated Images of the Letter 'E' 
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used as the truth for MMSE measurements of CLEANed experimental data. The 

MMSE for the image of Fig. 5.11c is 0.2419. 
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Various sources of degradation of the lab data were found which were difficult 

to remove from the experimental setup. These sources included camera read noise, 

quantization error, camera MTF response, and nonuniform illumination of the 

object. Read noise was estimated from histograms of background frames to have a 

standard deviation of Un = 2 GL. Its incorporation in the simulation was discussed 

in Chapter 4. The loss of bits due to the background bias resulted in some 

quantization error. The detector MTF was improved by oversampling the image, 

however there was some residual blurring, especially in the horizontal dimension 

where the PSF remained 2-3 pixels wide. 

The nonuniformity of the illumination on the detector resulted because the 

radiance distribution was more Gaussian than Lambertian. The laser was focused 

near the object plane and diffuse ground glass plate to increase the power on the 

target. The tradeoff was that the irradiance distribution at the detector fell off 

rapidly around the image. 

This degradation was partially reduced by constructing targets which had 

variable transmittance, lower towards the middle of the target where the source is 

brightest, and increasing radially outward. Still some residual source nonuniformity 

was obvious when the lab generated full aperture image was compared to the 

simulated truth through FAED. 

Rather than simulate the source radiance and propagate it through the 

system, a simpler approach was to develop a simulated target which had the source 

nonuniformity built in. This was done by hand using a framegrabber bitmapping 

tool to alter the target. The degraded MTF was then applied to the object, noise 



was added, and the result compared to the lab generated truth. After a few 

iterations of bitmapping, calculating the image, and comparing the results, the 

object of Fig. 5.12a was generated. 
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In Fig. 5.12b-d, the resultant images are shown through the FAED and 

HXEX simulations, before and after CLEAN, and with MTF attenuation and noise 

added. Now the simulation compares favorably to the lab result. The MMSE of the 

CLEANed image was 0.2165, using the simulated, degraded image through FAED. 

The degrading features in the CLEANed image, such as false details between the 

horizontal bars of the 'E' appeared in both. 

Tests and Results 

The experiment setup was used to demonstrate the concept of dealiasing on 

optically formed imagery. In the next two sections, the dealiasing results of 

Chapter 4 are reproduced using data from the laboratory setup, and the 

investigation is broadened to include errors in system resolution, represented by the 

cutoff frequency, 'l.Lco. Typical experimental effects, such as illumination 

nonuniformity and detector response variations, described in the design section, 

were present in the experimental setup. These have been reduced as much as 

possible. Some factors could not be entirely eliminated, and the effects on results 

are discussed where necessary. 

Dealiasing of Point and Extended Objects 

To simulate a pair of point sources, two pinholes were made in a sheet of 

copper tape. The pinholes were just unresolved when zoom 1 was near its 35mm 

focal length limit. Because of power limits, fzl was increased in order to use the full 
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Fig. 5.12. Computer Simulation of the Laboratory Generated 'E' Image 
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dynamic range of the detector, so the pinholes were slightly resolved. The 

separation could be increased somewhat by further increasing fZh however this 

caused the size of the resolved pinholes to also increase. In order to keep the objects 

close to unresolved, the value of fzl was kept as low as possible, and the separation 

was instead varied on the copper tape. Two pinhole separations and two pinhole 

relative brightness levels were used. Relative brightness was altered by moving one 

point off the center of the illuminating beam. 

The point sources were imaged through both the F AED and HXEX aperture 

masks. CLEAN was run on each HXEX array image, to help demonstrate that the 

high resolution information contained in the images was accurately transferred by 

the sparse telescope array system. The relative intensity and separation were 

measured through the FAED mask, for comparison with the CLEANed image. 

In Fig. 5.13 the images offour different binary pairs are shown: in column (a) 

through FAED, (b) raw through HXEX, (c) after CLEAN processing, (d) after 

sampling to a sub-Nyquist condition, (e) after dealiasing, and (f) after dealiasing 

and CLEAN processing. The intensities in greylevels and separations in pixels, 

measured for a, c and f are shown in Table 5.2. 

The MMSE was calculated for each HXEX binary test image after dealiasing, 

after CLEAN and after dealiasing and CLEAN. The error introduced by dealiasing 

was a factor of two or three greater than the results from simulation, Table 4.2. 

After CLEAN the dealiased image MMSE was within 7% of the unaliased result for 

binaries 2 and 3, but the error in binary 1 increased by 38%, and in binary 4 

decreased by 18%. 

The results are similar to the simulation results, except that higher errors were 

generated. Comparison of the unprocessed images through both HXEX and F AED 
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Fig. 5.13. Experimental Dealiasing 1: 4 Binary Point Sources 
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# 

1 
2 
3 
4 

- - - -- - -- - -- --- -- -~-- --

Lab Generated TRUTH Test after Test after CLEAN Test after dealias and CLEAN I 

peak 1 peak 2 delta delta dealias peak 1 peak 2 delta delta peak 1 peak 2 delta delta 
value value rows cols MMSE value value rows cols MMSE value value rows cols MMSEi 

166 218 1 7 0.0020 146 212 1 7 0.0609 130 204 1 7 0.0846 
180 172 0 8 0.0023 208 228 1 7 0.0626 207 228 1 7 0.0668 
228 226 0 14 0.0025 191 152 0 14 0.1666 191 145 0 14 0.1682 
62 206 0 15 0.0026 47 176 0 15 0.0798 50 165 0 14 0.0656 

Table. 5.2. Comparison of Dealiasing Results for Four Binaries 
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aperture masks to the raw binary images of Chapter 4 show that the lab data was 

significantly blurred. After CLEAN processing, more artifacts were introduced to 

the images of Fig. 5.13 than for the simulated binaries. There is some correlation 

between the size of the errors before CLEAN and the amount of error after CLEAN, 

however the differences between reconstruction of binaries 2 and 3 over 1 and 4 were 

more likely due to differences in image spectral content and contrast than errors in 

the raw data. 

Next, dealiasing was run on the 'E' image of Fig. 5.11. The result is shown in 

Fig 5.14a and b, before and after CLEAN. The MMSE was calculated between the 

unCLEANed images before and after dealiasing and found to be 0.0007. The 

CLEANed image after dealiasing had a MMSE of 0.26, 7% higher than without 

dealiasing. The difference in the second result appears to be the CLEAN processing 

response to errors, rather than the dealiasing itself. 

A simulation of the dealiasing result was run on the simulated 'E' of 

Fig.5.12d. The HXEX image before and after CLEAN are shown in Fig. 5.15a 

and b. The MMSE of the unCLEANed image is 0.0002 and after dealiasing and 

CLEAN, the MMSE is 0.1879. The result is lower than the case before dealiasing, 

even though both results were filtered with H3 prior to CLEAN. 

Limits on the Dealiasing Algorithm - Experimental Investigation 

In the Computer Simulation chapter, the dealiasing algorithm was tested for 

its robustness as the size of the apertures increased, increasing the overlap of 

harmonic spectral components into nonzero regions of the zeroth spectrum. A 

second test of the algorithm was for robustness as the scale of Uco changed relative 

to ur, introducing small levels of aliasing information into nonzero regions of the 
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Fig. 5.14. Experimental Dealiasing 2: The Letter 'E' 
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Fig. 5.15. Simulation of the Experimental Dealiasing Result 
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zeroth image spectrum. Changes in Fs or>. from the design values would result in 

such a change in Uco. The lab setup, was ideal for such a test, since Uco was easily 

varied by varying fz2• 

Five values of Uco were tested, including that postulated to be optimum 

because of the closest packing arrangement of overlapping harmonics. These were 

designated Ua, U4, U5, U6, and Ur, for the position read on the zoom 2 positioner. The 

selection of U5 designated the optimum arrangement, which was equivalently the 

HXEX configuration used for SA_DO in simulations4. The images were produced in 

an oversampled mode, and then resampled to produce the undersampling effects. 

After undersampling, the spectrum with Uco = Ua was half-Nyquist sampled, 

Ua = 2Uf. The spectrum of Uco = Ur was undersampled by a factor of 1.56, that is 

U7 = 1.56Uf. The other three cases were scaled at approximately equal intervals 

between these limits; U4 = 1.67Uf, U5 = 1.8Uf, U6 = 1.89Uf. 

The four new Uco values represented two cutoff selections at roughly even 

spaces on either side of the optimum position. Because of the hexagonal 

arrangement, it was not expected that the amounts of overlap of the harmonic 

components when the images were undersampled would be in any sense linear with 

Uco. In fact, the overlap of the U7 spectrum is very small compared to that of U6 

because of the geometries involved, while the overlap of the Ua spectrum is much 

greater than that of U4. The two cases nearest the optimal were expected to 

produce better results from dealiased imagery because the amounts of overlap of the 

harmonics into the zeroth order image spectrum were less. 

4The computer simulated HXEX pupil function and the HXEX pupil mask generate 
for the laboratory tests had some differences. The machined coordinates of the 
pupil mask could only be reproduced within the limits of the simulation pixel size. 
The diameter of the subapertures in the mask were slightly smaller than the 
simulation. 
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A cross-section through the resultant MTFs, formed from the lab generated 

PSF at each Uco scale, is plotted in Fig. 5.16. These curves provide an opportunity 

to compare the laboratory transfer function characteristics to the ideal, 

diffraction-limited case. Comparison to the MTF curves of Fig. 4.10 shows that the 

third spectral peak out from DC was attenuated by a factor of 2 over the ideal case. 

Further, the relative widths of the peaks to holes in the spectral cross-section at Us 

was slightly smaller than the SA_DO case of Fig. 4.10. 
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Fig. 5.16. Transfer Functions for Five Laboratory Spatial Frequency Scales 

In order to test the dealiasing technique for each Uco scale, dealiasing filters 

like H3 (Fig. 4.5) had to be constructed. Further, to run CLEAN on imagery, a 

dirty PSF of the correct Uco was required. Both filter and PSF functions were 

generated using the lab setup with an unresolved point source. 



183 

The filters were formed using the MTF of the point image. The program 

FILTER formed a threshold image from the displayed spectrum, at some fraction of 

the maximum height. The fractional cutoff for these filters was made where the 

spectral peaks exceeded the flat noise level outside the spectrum. The bandpass 

regions of the filter were thus sized to only pass information within the region in 

which the spectral components of the point source image exceeded the noise floor. 

this process was identical to the building the simulated dealiasing filter. 

Testing the effect of dealiasing on a single point source demonstrated 

effectively how the failure to remove aliased information degraded the resultant 

image. In Fig. 5.17a, the lab generated point spread function for each Uco is 

displayed. In column (a) is the full greyscale PSF, in column (b), the greyscale has 

been ramped with a look-up-table so that only the lowest five greylevels have 

contrast, all other levels are displayed as 255. Each image was then resampled to 

sub-Nyquist conditions. Finally, columns (c) and (d) show the resultant point 

images after dealiasing using the respective bandpass filters. 

The full greyscale images did not reveal significant differences between 

unaliased and dealiased PSFs, except for the case Uco = U3, which lost significant 

levels of sidelobe structure in the dealiasing process. However significant differences 

appear between Fig. 5.19b and d at the low greylevel scale. While the unaliased 

PSFs have the circular envelope of the low resolution Airy disk, those features are 

filled with a ringing pattern in the dealiased result. The optimal case, Uco = U5 is 

clearly the best for recovery of the undistorted image. The case Uco = U4 has the 

least amount of distorting high frequency structure. The cases Uco = U6 and 

Uco = U7 show moderate amounts of structure and again, Uco = u3looses the PSF 

structure altogether. 



Fig. 5.17 Sensitivity of the Dealiasing Algorithm to Errors in Spatial 
Frequency Scale, I: Point Spread Functions 
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One potential cause of the ringing structure of Fig 5.17 other than the 

dealiasing process was the form of the dealiasing filter. The bandpass filters used 

originally were tophat-type filters with value 1 in the passband regions and 0 

elsewhere. These filters have the tendency to cause ringing in the image domain, an 

effect of truncation of the Fourier spectrum related to Gibb's phenomenon (Gaskill, 

1978, pg 110). This ringing could be reduced using various 'window' filters, which 

modulated the Fourier spectrum at the edge of the truncated region to minimize 

ringing effects (Oppenheim, 1975). However, such modulation also dampened the 

Fourier spectral terms. A filter which provided significant modulation without high 

damping was a rounded edge filter. 

In Fig. 5.18 the 4-point rounded edge filter version of H3 for spectral cutoffs 

U6 and ur have been applied in the dealiasing process. Some of the ringing of 

Fig. 5.17 has been reduced, but the basic structure of the dealiased imagery is 

intact, suggesting that the ringing is in fact due to residual aliasing effects. These 

effects were predominant in the case Uco = Ua and to a lesser extent Uco = Ur 

Binary point images were also taken at each of the five cutoff frequency 

settings. The results for binaries 1 and 3 (Fig. 5.13), are shown in Figs. 5.19 

and 5.20. In each figure, the first column, (a) is the raw image after prefiltering 

using the 4-point filter to remove detector artifacts for each Uco case. Column (b) 

shows the same image after CLEAN using the experimental PSFs generated for each 

as the dirty PSF function, (c) is the image after dealiasing and (d) shows the 

dealiased image after running CLEAN. 

The magnification of the binary images was allowed to vary with the spatial 

frequency scale by keeping zoom 1 at a constant position. Because this was done, 

the target spatial frequency components appeared in each zeroth spectrum in the 



Fig. 5.18. Effect of Dealiasing Filter Selection on Aliased 
PSFs: Tophat Vs. Four Point Filters 
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Fig. 5.19. Sensitivity of the Dealiasing Algorithm to Errors in 
Spatial Frequency Scale, 2: Binary Point Source.#! 
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Fig. 5.20. Sensitivity of the Dealiasing Algorithm to Errors in 
Spatial Frequency Scale, 3: Binary Point Source #3 
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same location relative to ?teo. The advantage of this approach was that the CLEAN 

algori thm performed equally well on each image, eliminating that factor from the 

comparison. Had the data been taken with varying magnification, the nonlinear 

nature of the CLEAN algorithm with respect to varying spatial frequency content 

would have made those results more difficult to interpret. 

The MMSE values calculated after dealiasing and for each CLEANed binary 

component before and after dealiasing was applied, are plotted in Fig. 5.21. Because 

different optical transfer functions were used for image formation in each case, a 

check of the validity of the MMSE comparison was in order. Since the 

magnification scaled with the cutoff frequency, the image spectra would be identical 

to each other if there were no other sources of error affecting the data. This would 

be reflected as a flat MMSE curve as a function of spatial frequency scale. The 

curves for unaliased imagery in Fig. 5.21 were not flat and did not follow a notable 

trend. 

1.0E+Ol!~~!~~~~~!~m 

1.0E+OOli l""IIIIIII.lYil/1 ~ 1.0E·Ol ~ 

~ 

~ l.OE.02~~:"""'~!i~~~~~~//~~ 
r:lnl (Mal), bin) (bU:).......... // 

1.0E-03 "'."L ... ClR 
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1.0E-04 ~."L.""Cl.N 
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Fig. 5.21 Dealiasing Sensitivity to Errors in Spatial Frequency 
Scale, 1: Comparison of Results for Two Binaries 

A likely explanation was that each truth image in the CLEANed cases had a 

different relative brightness resulting from errors generated in data collection. At 
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each zoom setting, the binary was imaged through the HXEX and then the F AED 

aperture masks to produce the test and truth images, respectively. because of the 

large power throughput differences, a neutral density filter was removed between 

these two measurements, and then reinserted for the next scale value. Small errors 

in the positioning of the filter changed the relative brightness of the two points in 

the binary source. These erfort.; made the comparison with the F AED truth 

inaccurate. 

The results before CLEAN do show a trend towards an optimal cutoff at Us for 

dealiasing. Because the truth used contained the same data before sampling, none 

of the adjustment errors that arose for the CLEANed data were present. The error 

at U5 was significantly lower than previous lab results on binaries, and compared 

favorably to the simulated case. The MMSE rose by about a factor of 20 at the 

next settings on both sides of optimal, and by almost three orders of magnitude for 

the Nyquist sampled case. In the other direction the error did not grow as rapidly. 

A final visual demonstration of the results was produced by imaging the letter 

'E'. In Fig. 5.22 the Letter 'E' was imaged using U4, U5, Ue, and U7 spatial frequency 

cutoff scales. The holes in the pupil mask were enlarged slightly to broaden the 

Fourier spectral peaks. This improved the image reconstruction to more closely 

match the simulated results. As a result, Us was caused to exceed ur, resulting in 

aliasing in the truth image. Therefore, Ua was eliminated from the comparison. 

Magnification was allowed to vary so that the same image details were 

transmitted at each setting. In column (a) the image through the FAED aperture is 

shown. The raw image through the HXEX mask is shown in column (b). CLEAN 

was run on each raw image after filtering out the detector artifacts, and the results 

are shown in column (c). As expected, the same object features were recovered for 



Fig. 5.22. Sensitivity of the Dealiasing Algorithm to Errors 
in Spatial Frequency Scale, 2: The Letter 'E' 
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each Uco since the magnification was allowed to vary. The images for Uco = Ua and 

'U.co = U7 were noisier and not quite as well recovered because the target illumination 

was insufficient at those settings to reach saturation, reducing the SNR in those 

cases. 

The raw image data was sampled to sub-Nyquist rates (d) and the dealiasing 

algorithm was run on each (e). Finally the dealiased images were CLEANed to 

visually measure what details were recoverable (f). The results show again that the 

most accurate recovery is made at Uco = U5. Moderate amounts of artifacts are 

introduced at 'U.co = Us, and large errors are introduced for Uco = U4 and U7. 

The image results are mirrored in the MMSE results plotted in Fig. 5.23. In 

this case, the unaliased, CLEANed data was nearly fiat, suggesting that the truth 

images were more closely aligned with the tests. Because there was more filled area 

in the object, there may have been slightly less sensitivity to irradiance changes 

introduced by the source. 
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Fig. 5.23. Dealiasing Sensitivity to Errors in Spatial Frequency 
Scale, 2: The Letter 'E' 

After deaiiasing, without CLEAN, the results were very similar to those of the 

two binaries. The error rose very rapidly for the U4 case, probably because it took 
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the place of U3 as the just-Nyquist sampled case prior to undersampling. After 

CLEAN, the dealiased curve resembles the unaliased curve, but is higher by a factor 

of 1.5 for Us and us. It has some upward curvature toward the two extremes. 

However the errors due to CLEAN appear to overwhelm most of the error 

introduced by changing the spatial frequency scale. 

The experimental 'E' images of Figs. 5.11 and 5.14 are recovered from the 

same image data as the case Uco = Us. The CLEANed MMSE results, both prior to 

and after applying the dealiasing algorithm are significantly higher in the second 

result. The only significant change in the second result reported here was that the 

experimental point spread function was used as the dirty PSF, rather than the 

diffraction limited, simulated HXEX PSF. This is a strong example of the CLEAN 

dependence on PSF. Although this result varied some in other cases, the general 

trend is for CLEAN to work better with a diffraction limited dirty PSF. 

Since Uco is inversely proportional to wavelength, some conclusions can be 

drawn about the wavelength bandwidth limitations of the dealiasing concept. 

Errors in the CLEANed imagery of Us and U6 were about equal, indicating that the 

dealiasing algorithm can tolerate a variability in Uco of approximately 10%. Since 

Then, 

1 
Uco = XF;' 

1 6 [1] 6uco = p;n X 6)". 

= 0.1)... 

At a median operating wavelength of 500 nm, a 50 nm bandwidth would be 

tolerated. 

5.10 

5.11 

5.12 
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Conclusions 

The dealiasing technique was demonstrated on optical imagery under various 

conditions. Slightly higher error was generated by the dealiasing algorithm than for 

the simulated case. Because the optical imagery was generally of lesser quality than 

the simulated, imagery, it is likely that these errors were magnified by the 

additional processing. 

Changes in the scale of the optical system resolution relative to the optimal 

case, cited in Chapter 2, resulted in overlaps of harmonic spectra into the zeroth 

order image spectrum. These overlaps caused unrecoverable aliasing errors which 

severely degraded the dealiased imagery. After CLEAN processing, however, the 

errors did not change so rapidly. The presence of a nonzero margin of cutoff 

frequencies for which the algorithm works, equates to a tolerance in optical 

bandpass of approximately 10% of the median wavelength. 
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CHAPTER 6 

A PROPOSED SYSTEM DESIGN 

The concept of dealiasing imagery to more efficiently use the focal plane in a 

multiple telescope imaging system has been shown to work well under a variety of 

conditions. The major limitation of the concept is that it requires a minimal 

overlap of the harmonic spectral terms into the nonzero regions of the zeroth order 

image spectrum. The sparsity of the array required substantially reduces image 

qUality. 

Because of the limitations of sparse arrays, there may only be a few cases for 

which they satisfy design requirements. For a space-based telescope with severe 

data transmission limitations, undersampling a smaller array-size detector makes 

an attractive option. Alternatively, a system of very high resolution requirements 

but with limitations on the total telescope area may be designed in a sparse 

configuration. 

The CLEAN algorithm and other techniques have been developed for the 

purpose of recovering and enhancing sparse array information. However, in 

practice, any method which fills in the zero signal regions optically, prior to 

detection, should be undertaken to enhance image quality. Two methods that can 

help fill the (u,v) plane include: (1) making multiple measurements with varying 

telescope positions, and (2) forming images at multiple wavelengths, deliberately 

altering the scale of the pupil plane relative to the ( u, v) plane. In each case the 

multiple measurements can be combined to fill in the (u, v) plane. In this chapter, a 

concept is presented which employs two wavelength measurements. 
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Concept for a Dual Wavelength Imaging System Using Dealiasing 

A concept for a dual wavelength imaging system has been developed which 

fills more of the (u, v) plane, enhancing the image quality of a sparse array telescope, 

and still uses half the number of detectors as a single wavelength, Nyquist sampled 

system. A two wavelength imaging system can provide both a wider range of 

spatial frequency information about the object, and also information about the 

object's response to light in two bandpass regions of the optical spectrum. Such 

bispectral information could be used for material identification. 

The concept revolves around the dependence of Uco on Al Eq. 5.2, and the 

independence of magnification, Eq. 5.7. If an imaging system were designed to 

operate in two wavelength regimes, where Al and A2 are the median wavelengths of 

the two regimes and, 

Al = 2A2 

Then the two associated cutoff frequencies would be related by 

"_ _ Uco2 
"'{;Ol-~ 

6.1 

6.2 

A dual wavelength focal plane could be used, with identical pixel spacings for the 

two wavelength regimes. The resultant images would be coincident on the detector 

array. 

The pixel spacing, h, of the two coincident detector arrays would be selected so 

that one image, at AI, would be collected in the undersampled condition 

UcOI ~ 0.45ur 6.3 

and dealiasing would be used in post-processing to recover the full image spectrum. 
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The second image, at ).2, would be detected under near-Nyquist sampling 

conditions, 

Uco2 ~ O.9ur 6.4 

A possible focal plane architecture is shown in Fig. 6.1. The undersampled 

image would be detected using the smaller, square-shaped pixels, the size is selected 

to optimize the tradeoff of SNR and pixel size as described in Chapter 2. The 

L-shaped pixels of the longer wavelength array collect light in all the remaining 

space in the array. Of course, in a working design, space might be required for leads 

and electrodes between pixels. 

long wavelength 
oversampled 

short wavelength 
undersampled 

Fig. 6.1. Focal Plane Architecture for Dual Wavelength Imaging 

Fusing Dual Wavelength Images for Spatial Frequency Content 

The two images, once formed, can be used separately for wavelength signature 

analysis, however, combining them has even greater potential. The long wavelength 
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image spectrum contains spatial frequencies within the low spatial frequency region 

of the (u, v) plane, including some of the holes in the shorter wavelength image 

spectrum. By combining the two, often referred to as image 'fusion,' some of the 

holes in the sparse array spectrum are filled, reducing the penalty of using a sparse 

array configuration. 

To perform the fusion, the two images can simply be added, either in image or 

Fourier space. Problems of image registration and magnification correction are 

eliminated by the co-focal image plane. Each image is represented as 

im(x,y) = o(x,y) etD (Tm hm(x,y)) + nm(x,y) for m=1,2 6.5 

where nm(x,y) is the only system noise per image, and Tm is the object reflectivity or 

emittance at the wavelength Am. The sum of i1 and i2 is 

6.6 

More control can be gained by combining the images in the Fourier domain. 

The OTF, defined in Eq. 2.1, is a normalized quantity. However if the power 

throughput of the two wavelength regimes is equal, the signal strength per spatial 

frequency will scale differently for the two images, and in order to calculate a 'fused' 

OTF, this scale difference must be included in the calculation. Since the spectrum 

for m = 1, H I( u, v), covers only a quarter of the spatial frequency region of H2( u, v), 

it has four times the signal strength. The resultant image spectrum is 

1=0 [4TIHI + 72H2] + TINI + T2N2 
4TI + T2 

The quantity in parentheses is the fused OTF. The values of Tl and 72 may be 

artificially varied in order to change the relative strengths of the two transfer 

functions. The ratio 72/71 will be referred to as the power ratio 7/1, of the two 

images. 

6.7 
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Simulation of Image Combination 

In order to test the dual wavelength concept, a program was written to fuse 

two MTFs to form the dual wavelength MTF of the form in Eq. 6.7. The MTF 

could then be applied to imagery using the computer simulation software. The low 

resolution MTF was formed by taking the high resolution MTF 256 )( 256 array, 

sampling it at every other row and column, and embedding it in an array of 

256 )( 256 zeros. The high and low resolution MTFs are shown in Fig 6.2a and b. 

When the two are summed, witt; power ratio of one, the fused MTF of Fig. 6.2c 

results. The process has increased the fill of the (u, v) plane by 16%. 

Varying the power ratio of the two MTFs, either artificially, or because of 

actual transmission losses, changes the character of the resultant image, adding 

different relative amounts of low (1"1) and high (1"2) spatial frequency signal. 

Cross-sections of the fused MTFs through the (u,O) axis, Fig. 6.3, for 1/J = 1,2,4 

and 6, show how spatial frequencies can be weighted. 

1.0 
rntiot = 

0.8 

0.2 ~~ A lif\\ 
0.0 Vf\\.J \~ 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

U [normalized 10 UrI 

Fig. 6.3. Cross-Sections of MTFs Fused With Various Power Ratios 

The additional fill of the MTF results in some sidelobe suppression in the PSF. 

The resultant PSFs for the four power ratios are shown in Fig. 6.4. When the power 
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ratio is low, and the low resolution MTF dominates, Fig. 6.4a and b, the first ring of 

sidelobes, due to the high resolution MTF, are low, and the second ring of lower 

resolution lobes dominates. As the high resolution MTF gains in relative strength, 

Fig. 6.4c and d, The two sets of sidelobes are about equal in power, and lower than 

the single wavelength HXEX PSF of Fig. 2.7b. This suggests that CLEAN will 

work better on the fused images. 

Images of the letter 'E' were formed using the fused MTFs and CLEANed. 

The MMSE performance of the four power ratios are plotted in Fig. 6.5, and 

compared to the MMSE of the 'E' formed under identical conditions with the single 

wavelength HXEX MTF. The 'E' reconstruction has fairly low error, even for the 

single wavelength case. The images are shown in Fig. 6.6a-d before and after 

CLEAN with PSF scalefactor 8 = 0.1. 

0.20 

0.15 
~ en 
::=s 0.10 

::=s 
0.05 

2 4 6 high res 

Power Ratio 

Fig. 6.5. MMSE Results for the Fused Letter 'E' 

The reconstruction of the word 'IMAGE,' which had relatively poor 

reconstruction for the single wavelength case, is a more powerful demonstration of 

the image quality improvement potential of the dual wavelength concept. Images 

formed using the high (1/J -I w) and low (1/J = 0) resolution MTFs of Fig. 6.2 were 
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Fig. 6.6. Images of the Fused Letter 'E' 
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compared to that formed using a fused (1/J = 6) MTF. The resultant images are 

shown in Fig. 6.7, before and after CLEAN reconstruction. The CLEAN scalefactor 

was 8 = 0.05, and 2600 iterations were run. 

The MMSE for the fused reconstruction was 0.2064, a factor of 3 improvement 

over the high resolution reconstruction. The fused image MMSE is lower than that 

of the CLEANed, unaliased image through SA_21 in Fig. 4.13b. The low resolution 

image was formed and CLEANed in order to check that the improvement of the 

fused image did not result because significant object information was contained at 

low spatial frequencies. From the reconstruction it can be concluded that this was 

not the case, since CLEAN did not isolate any significant low resolution details. 

Conclusions 

The concept of a dual wavelength imaging system utilizing dealiasing was 

presented. By imaging both wavelength regime images onto a single hybrid detector 

array, the problems of magnification error and image registration were eliminated. 

A simple simulation was developed which demonstrated the potential for 

enhancement of sparse array imagery over the single wavelength, Nyquist sampled 

case. 

Such a system requires only half the number of detectors required for the high 

resolution, Nyquist sampled, imaging telsecope array. It can produce imagery 

comparable to a telescope array of significantly larger subaperture size. Finally, it 

characterizes the object in two optical wavelength regimes, adding a 'third 

dimension' to target characterization. 
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Fig. 6.7. Images of the Fused Word 'IMAGE' 
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Several issues not addressed in the simulation should be considered in any 

future design study. First, in the simulation the MTFs were summed, rather than 

the images or their spectra. Correcting this would change the processing steps 

required. Second, the power ratio, 'ljJ, was assumed to be a constant as a function of 

spatial frequency. This might not be the case for a UV /vis or vis/IR fusion. Third, 

the effect of the power ratio on noise in the system, and the summing of two noisy 

spectra would introduce errors in the result. 
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CHAPTER 7 

SUMMARY AND CONCLUSIONS 

In this study the concept of dealiasing was described and evaluated. The 

objective of dealiasing was to design a sparse multiple telescope array imaging 

system with an undersampled image plane, and - after some intermediate 

processing - without aliasing. This was achieved with appropriate positioning of 

the telescope array subapertures and a 'dealiasing' algorithm, which rearranges the 

image spectrum and filters out aliasing harmonic terms between image spectrum 

holes. An elongated hexagonal array of telescopes was selected for demonstration; 

however, other configurations, including nonredundant configurations, can be used, 

although with reduced pupil fill. 

The computer algorithm for dealiasing was developed within the framework of 

an extensive PC/AT data acquisition and image processing environment. Imagery 

could be manipulated, filtered, and evaluated either spatially or in the Fourier 

domain. An image enhancement algorithm, the inverse filter, and an image 

recovery algorithm designed for sparse arrays, CLEAN, were also implemented, in 

order to produce imagery of the highest visual quality possible. 

A computer simulation of phased multiple telescope imagery was developed to 

test the dealiasing concept under ideal conditions. The computer simulation 

provided the most controlled environment for image formation. Test parameters 

such as detector size and fill factor, sub aperture sizes and spatial frequency cutoff 

were relati vely easy to change. 
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A laboratory breadboard was constructed to demonstrate the dealiasing 

technique on optical imagery. It included an optical imaging system that scaled to 

large telescope parameters and an electronic imaging camera that interfaced to the 

data acquisition system. Detector read noise, fixed pattern noise, responsivity 

variations, and source intensity nonuniformity were all inherent. The breadboard 

was designed to provide continuous variation of spatial frequency scale, 

magnification, or both over a substantial range, adding versatility to the computer 

simulation. 

Noise, distortion, and other errors could be introduced into both the 

simulation and lab. Noise was added to the simulation by generating random noise 

images that could be added at any strength to the simulated image. Images could 

be quantized as low as 2 bits. Distortion to the simulated optics was introduced by 

multiplying the image spectrum by an attenuating filter. As noted above, the lab 

setup inherently contained some level of noise and distortion error. In order to 

study the effect of decreases in signal relative to those levels, the signal level could 

be reduced using an neutral density filter. 

Several objects were selected as targets for evaluation of dealiasing. Point 

spread functions and transfer functions derived from imaging a single point source in 

an undersampled condition yielded insight into the effectiveness of dealiasing 

without the additional issue of image spatial frequency content. Spacing and 

relative brightness of binary point sources were varied to measure the contrast 

attenuation of different spatial frequency components. Extended objects such as the 

letter 'E' and word 'IMAGE' were used to demonstrate the dealiasing technique for 

multi-detailed spatial frequency spectra. 
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Assessment of resultant imagery was made both quantitatively using 

minimum mean square error (MMSE) and signal-to-noise ratio (SNR) metrics, and 

qualitatively from visual assessment. The MMSE is a tool for comparing results of 

imaging under a variety of conditions. It is defined as the error between the image 

formed under test conditions to a truth which was formed in ideal conditions. 

Comparisons of MMSE were dependent on the object spatial frequency content; 

however, some general trends and observations were possible if the results were 

appropriately bracketed. 

The integrated SNR of the image is a quantitative measure of image signal 

content relative to system noise. It does not assume a measure of ideal 

performance, such as the truth image in the MMSE calculation, so it is not used for 

comparing the system performance, but it does provide a value for the relative 

degree of system degradation, and was used to quantify the noise levels introduced 

in terms other than the MMSE. 

Visual assessment of imagery was useful for qualitative comparison of results. 

An image may have very low error when compared to the truth in a metric such as 

MMSE, but if the image content cannot be interpreted by the user, it is of little 

value. Sparse array imagery was particularly difficult to interpret, even when the 

SNR was high. Therefore, visual assessment provided a link between the 

quantitative error measurement and image value. 

Another qualitative metric was the ability of CLEAN to successfully process 

imagery. CLEAN operated best on objects with high spatial frequency content in 

the nonzero regions of the transfer function, and for high SNR. If CLEAN worked 

well, it was more a measure of the image spectral content than of the dealiasing 



algorithm performance. When dealiasing introduced errors to the spectrum; 

however, the CLEAN performance reflected those errors. 
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The dealiasing concept was successfully implemented and shown to work, both 

in simulation and on optical imagery. When the prescribed array configuration was 

used, the algorithm introduced minute errors in the imagery compared to unaliased 

imagery formed under otherwise identical conditions. Typically, dealiased imagery 

had MMSE values between 10-3 to 10-4 relative to the unaliased truth. A perfect 

reproduction of the truth image would result in an MMSE of zero. An MMSE of 0.1 

to 0.3 had relatively good image quality when compared visually to the truth image, 

while an MMSE greater than 1.0 typically indicated an image which had very little 

visual similarity to the truth. 

Tables 4.1 and 4.2 listed errors for various binary images. These small errors 

also affected the CLEAN processing; the CLEANed, dealiased imagery was 

consistently higher in error than the CLEANed imagery without aliasing (compared 

to a full aperture, diffraction limited truth image). This was shown quantitatively 

in Table 4.2. The differences were small in the simulation, but increased under 

laboratory conditions. It is surmised that the additional processing of the dealiasing 

algorithm caused these errors. 

The study addressed the severity of aliasing error introduced by overlaps of 

harmonic spectra into the zeroth image spectrum. Two sources of this error were 

identified and examined. Increasing the subaperture size relative to the effective 

full aperture diameter and varying the image spatial frequency cutoff (or resolution) 

scaling away from the configuration prescribed for dealiasing. The former was 

introduced in simulation, although the results were verified for a few cases in the 

lab. The experimental system was optimal for examining the latter effect. 
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Increases in sub aperture diameter beyond the size prescribed for zero overlaps 

introduced error in the dealiasing algorithm. In Fig. 4.12, the error introduced by 

dealiasing was shown to grow as harmonic spectral overlaps increased. The relative 

amounts of error introduced showed a very different trend when CLEAN was used 

on the dealiased data. In Figs. 4.18, 4.21 and 4.22, the tradeoff between increased 

spatial frequency content and increased dealiasing error, both due to the increasing 

subaperture diameter, would introduce a minimum error at some intermediate 

subaperture diameter. This indicated that an optimal array size could be larger 

than that prescribed for dealiasing. 

As spatial frequency content of the image increases, dealiasing begins to 

introduce errors, but CLEAN performance improves, and theoverall error is 

reduced. However, the enhancement to image quality due gains in CLEAN 

effectiveness is eventually overwhelmed by errors due to dealiasing. Since CLEAN 

processing is object spectrum dependent while dealiasing is not, it is likely that as 

the object becomes better matched to the dirty PSF, the tolerable overlap by 

harmonics in the undersampled image will be reduced. 

This result is consistent with Fried's contention that CLEAN is capable of 

estimating low or zero signal details from a sparse array image only as long as the 

nonzero regions of the system transfer function have extent equal to or less than 

that of the object spectrum detail. CLEAN requires some correlation between 

points in the image spectrum in order to produce acceptable results, and as nonzero 

points become more separated, the correlation between them is generally reduced. 

Noise in the image spectrum reduces the effectiveness of CLEAN reconstruction by 

reducing the correlation. 
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Increasing or decreasing the system resolution scale resulted in rapid increases 

in dealiasing error, shown in the plots in Figs. 5.21 and 5.23. The effect of scale 

changes was equated to variations in operating wavelength. This effect could be 

critical if designing for a fairly broad wavelength band, since the optical cutoff 

frequency scales inversely with wavelength. The presence of a nonzero margin of 

cutoff frequencies for which the algorithm worked, equated to a tolerance in optical 

bandpass of approximately 10% of the median wavelength. 

The sparse telescope array with dealiased imagery was compared to a single 

aperture telescope of the same total pupil area. The objective was to determine 

which system would hold up best to noise degradation. An inverse filter was applied 

to the single aperture and CLEAN to the sparse array in order to maximize image 

enhancement of both. The comparison was made for five levels of additive noise. 

The results were compiled in Fig. 4.23. 

At low noise levels, the MMSE of the sparse array system was lower than that 

of the single aperture. As noise increased, the error grew rapidly for the sparse 

array, while the single aperture error increased gradually. This meant that above 

some noise level the single aperture would outperform the sparse array. This trend 

is expected to hold in general, although the actual result is dependent on how well 

the object spectrum matches the respective OTFs. 

After demonstrating the dealiasing concept for sparse array systems, an 

enhancement to it became apparent. An image focal plane design concept was 

introduced which utilized dealiasing and image fusion to enhance the spatial 

frequency content transmitted by a sparse telescope array. Such a system would 

have half the detector elements of a Nyquist sampled array, image at two 
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wavelengths and increase the low spatial frequency (u, v) coverage of the array. A 

first-order simulation was run to investigate the potential for enhancement. 

The dual wavelength, co-focal imaging system concept was shown to 

significantly improve the performance of the sparse array telescope system. The fill 

of the (u, v) plane increased 16%, which on first inspection seems a small 

improvement; however, when the resultant imagery was CLEAN enhanced, the 

MMSE was reduced by up to a factor of three over the single wavelength, unaliased, 

clean image. This result also proved to be object dependent. Objects with 

significant mid-range spatial frequency detail should gain the most from this 

technique. 

Suggestions for Future Work 

Three major topics related to dealiasing could enhance the utility of the 

concept for imaging. First is an investigation of the optimum pupil configuration 

for dealiasing, including redundant and nonredundant configurations, and 

configurations of different sized apertures. The comparison could be made based on 

image quality or (u, v) plane coverage. The hexagonal configuration used was 

assumed to be near optimum because of the dose packing arrangement which 

maximized the pupil function fill. On the other hand, nonredundant configurations 

may have less pupil fill, but result in greater fill of the (u, v) plane. Robustness in 

the presence of noise would be an important factor. 

Second is an investigation of the feasibility of using dealiasing in the presence 

of atmospheric turbulence. This would broaden the technique to use for 

ground-based, uncompensated or partially compensated telescopes. Speckle 

imaging techniques, which attempt to form a statistical estimate of the image 



spectrum from a stochastic set of atmospherically degraded images, should be 

insensitive to undersampling the image plane. Incorporating the dealiasing 

algorithm into the bispectrum technique would only minimally increase the 

processing involved. 
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With respect to the specific work presented in this study, two investigations 

would make worthwhile supplements. One enhancement would be to rerun the 

subaperture size tests using a dealiasing bandpass filter which maximizes the 

amount of image spectrum transmitted but blocks all the harmonic spectrum. Next, 

a refined simulation, and an experimental test of the dual wavelength system are 

requisite to fully validate that concept. 

The subaperture size error test performed passed all components within the 

nonzero support of the image spectrum. The error measured was the amount of 

residual aliasing left in the image. If, instead, a filter were built which blocked all of 

the harmonic spectrum, even that overlapping into the image spectrum, the error 

measured would be due to the reduction in spatial frequency content of the filtered 

image. This error might be partially mitigated by the higher signal-to-noise at a 

given spatial frequency component in the unfiltered portion of the image spectrum, 

due to the larger subapertures. 

With regard to the dual wavelength design concept, image combination issues 

that were avoided by summing the MTFs should be examined. Problems which 

were not addressed in the first order simulation included different noise levels for 

the two images, and a spatial frequency dependent power ratio, 7f;( u, v). A 

laboratory demonstration would isolate problems such as differences in image 

formats, signal-to-noise ratio, the functional form of the noise, and object spectral 

radiance of the two bandpass regions of interest. 
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Finally, several other topics relating to image quality and reconstruction need 

further attention. CLEAN appears to partially interpolate and partially estimate 

spatial frequency components between the image spectral peaks. A measure of the 

residual error after CLEAN deconvolution, as a function of distance from the 

unCLEANed image spectrum edge, would provide further understanding of the 

strengths and limitations of CLEAN. 

A comparison of redundant and nonredundant array configurations for 

compatibility with CLEAN enhancement would be of interest. Certain 

configurations may produce better CLEAN results than others. Also, other 

deconvolution techniques such as the maximum entropy method are known to work 

better than CLEAN on extended objects, and might provide further insight into the 

dealiasing results. 

CLEAN may have potential for enhancing imagery with other kinds of dirty 

PSFs. Single speckled images result from imaging through the atmosphere with 

very short exposure time (Knox and Thompson, 1978). They are highly abberated 

by atmospheric turbulence, and the instantaneous transfer function has zero regions 

similar to the sparse array transfer function. Any speckle imaging technique that 

measures a P SF or point source wavefront instantaneously with the image 

(Gonglewski, et. al., 1990, Marais, et. al., 1991) might benefit from CLEAN 

enhancement of the individual snapshots. 

Last, the redistribution of energy from the central lobe to the sidelobes of the 

imagery results in a distinct image pattern, the same pattern sought out by 

algorithms such as CLEAN. Although lower in signal per sidelobe than the 

equivalent single aperture, such distinct patterns could be used to enhance target 

detection algorithms in applications such as pointing and tracking. 
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APPENDIX A 

IRRADIANCE SCALING WITH PUPIL PLANE AREA 

A telescope configuration with pupil function P( u, v), forms an image of an 

object with a radiance distribution given by Lo(x,y) [W m-2sr-1]. The pupil is a real 

function of 100% transmission, and has area Ap in exit pupil coordinates (Xp,yp). 

The object radiance is totally incoherent. How does the resultant image irradiance 

distribution, i(x,y) scale with Ap? A semi-rigorous discussion ofthis question was 

formulated with the assistance of Boris Venet (1993). 

Power at the Pupil Plane 

Consider an infinitely small region of the object, Lloi, as shown in Fig. A.I. It 

emanates a spherical wave which impinges on the pupil with uniform irradiance. 

Fig. A.I. Image Formation Through a Pupil 



The radiant flux from this element through the pupil is given by 

~'Iti = ~Li Ap ~ni, 
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A.l 

where ~ni is the solid angle subtended by ~Oi, and ~Li is the radiance emanating 

from ~Oi. The total power throughput, 'It across the pupil is the sum of ~ 'It over all 

contributing object elements. 

A.2 

= Ap ~ ~Li ~ni. A.3 
1 

Both ~Li and ~ni are functions of the object and source structure only. Therefore, 

the flux dependence on the pupil structure is proportional to Ap. 

The Image Irradiance as ~ Function of Pupil Area 

Next, consider the image irradiance distribution formed through the pupil, 

i(x,y) [W m-2]. It contains all radiant flux through the pupil, 

W 

'It = ff i(x' ,y') dx'dy'. 
-w 

Its Fourier spectrum I( u, v) is given by 

I( u, v) = ffwi ( x' ,y') e -i27T( u::c' vy' )dx' dy' , 
-w 

but at DC, 

1(0,0) = 'l1 [W}. 

I( u,v) is also given by 

I(u,v) = H(u,v) O(u,v). 

The transfer function is, by definition, normalized to DC, that is H(O,O) = 1. 

Therefore, 

0(0,0) = 'l1 [W]. 

A.4 

A.S 

A.6 

A.7 

A.8 
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The image can also be described as the inverse Fourier transform of the image 

spectrum, 

i(x' ,y') = ffm I( u,v) ei27r( UX' vy' )dx' dy' , A.9 
-II) 

and on axis, 

m 

i(O,O) = ff O(u,v) H(u,v) dudv. A.10 
-II) 

m * ff P(u',v')P (u'-u,v'-v)du'dv' 
H(u,v) = 

-II) A.ll 
m ff I P( u', v') 1 2du'dv' 

-II) 

The denominator of this expression is a constant, c. For a (1,0) function P( u,v) 

(100% transmission),c is simply the integral of a constant over Ap in (u,v) space. 

Ap is defined in pupil space, with as u = xT;' v = X¥;. The result is 

c = [xh] 2Ap [m-2]. Therefore 

1 m [m * ] i(O,O) = c ff O(u,v) ff P(u',v')P (u'-u,v'-v)du'dv' dudv. 
-II) -II) 

A.12 

This function is difficult to evaluate without knowledge of the object spectrum. 

Two limiting cases can be evaluated, O( u,v) = constant (unresolved point source 

object) and O(u,v) = wh'(u,v) (flat radiant object of infinite extent). A third case 

can be made with some approximations to Case 2, for a finite extended object. 

Case 1: Unresolved Point Source Object 

The object spectrum for an unresolved point source is flat, 

O( u,v) = 0(0,0) = w [W]. A.13 
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Using this value for O(u,v) in Eq. A.12 and rearranging terms yields 

lIt III [Ill * ] i(O,O) =-c-II P(U',v') II P (U'-u,v'-v)dudv du'dv'. 
--tD --tD 

A.14 

* Since P is real, P = P, and the term in brackets is a copy of the pupil function 

rotated 1800 in the (u, v) plane. Its integral over all (u, v) is still equal to c. 

III 

i(O,O)=W II P(u',v')du'dv', A.1S 
--tD 

= 'IT c [W m-2], 

since lIt and c are both proportional to Ap, 

i(O,O) ex A~. A.16 

The result can be extended to every point i(x' ,V') in the image plane as 

follows. Shifting the object by an arbitrary amount (~x,~V) results in a shift in the 

image of (m~x,m~v), where m is the transverse magnification. This is due to a 

change in phase introduced in the image spectrum, I(u,v). However, in the 

isoplanatic limit, the magnitude of image functionality does not change with such a 

shift. Therefore, the irradiance of any point in the image can be scaled in the same 

manor as i(O,O). 

The result for a point object can be physically explained as follows, the point 

object is imaged as a diffraction limited Airy disk, whose resolution is l/D, where D 

is the extent of the exit pupil. Therefore, the area of the Airy disc, is proportional 

to 1/ Ap. If the point object introduced a flux of unity at the pupil, regardless of 

diameter, the same fraction of energy will be contained within that disc. Therefore 

the irradiance of each point i(x' ,V') would scale with Ap. The second Ap factor is 

introduced with the flux, lIt. 
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Case 2: Flat Radiant Object of Infinite Extent 

Again rearranging terms in Eq. A.12, 

1 CD [(J) * J i(O,O) =-c-ff P(u',v') ff O(u,v)P (u'-u,v'-v)dudv du'dv', A.17 
-00 -00 

= + ff(J)p(u' ,v')[ O(u' ,v') ell) P*(u' ,v') ]dU'dV'. A.18 
-00 

Since O(u,v) = 'It 6(u,v), [W] 

i(O,O) =+ ffCDp(u',v')[ 6(u',v') eep*(u',v') ]du'dv', A.19 
-00 

w CD * 
= -c- ff P(u' ,v') p (u' ,v') du' dv', A.20 

-00 

W CD 

= -c- ff 1 P(u' ,v') 12 du' dv'. A.2I 
-00 

The integral of A.2I is, again, equal to c. Therefore 

i(O,O) = w [W m-2], A.22 

where the m -2 dependence is implicit in the integrals over u and v. 

i(O,O) IX Ap. A.23 

This result can be extended if some assumptions about the object and pupil function 

are made, and will be shown in Case 3. 

Case 3: Finite Extended Object with Feature Sizes Much Greater Than the Extent 

of the PSF. 

Again, the image at the origin is given by 

1 (J) [ *] i(O,O) =-c-ff P(u',v') O(u',v')eeP (u',v') du'dv'. 
-00 

A.24 

If O( u, v) is a very narrow function compared to P( u, v), approaching the limit of a 

* t5-function, then the convolution approximates P (u,v). The edges of the convolved 
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function will be slightly rounded, and as the object spectrum becomes more broad, 

the object dependence rapidly increases. In this limit, 

W CD * 
i(O,O) ~ -c-jj P(u' ,v') P (u' ,v') du'dv', A.25 

-m 

N \If rw TTl -21 
- - L" --- J' A.26 

A.27 

In image space, the limit equates to an object which is very broad compared to the 

Fourier transform of the pupil (the coherent PSF). 

Physically, the geometric extent of the object has become more dominant in 

determining the size of the image than the diffraction spot size. Conversely to 

Case 1, the area of the image, Ai, is ~ m2 Ao, where Ao is the total object area. Ai is 

independent of Ap. As in the previous cases, all points in the image scale in 

magnitude in the same manor as i(O,O). Therefore, the irradiance of each point 

i(x' ,y') scales with m, the only Ap term is introduced with the flux, W. 

The three limiting cases indicate that image irradiance, in general, scales in 

the range between Ap and Ap2. The exact functionality is dependent on the relative 

extent of object and PSF. For complicated object distributions, the easiest way to 

determine the power scaling is to run a simulation, after verifying that the 

simulation works for the three cases described above. 
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APPENDIX B 

IMAGE PROCESSING SOFTWARE 

Figures B.1 and B.2 map the menu routines MAl and WHF. Each routine is 

divided into four and five submenus respectively, which can be accessed from the 

main menu. These submenus are organized to efficiently perform the main image 

processing functions required. These are 1) image 110, acquisition and storage; 2) 

image buffer operations; 3) look-up-table operations; 4) Fourier domain/array 

processing; 5) image quality metrics. Additionally, three commonly used buffer 

functions, to Q!splay, clear and zoom/pan an image buffer are accessible from all 

menus. 

It should be noted that these algorithms were written to enable data 

collection, and are not written for the casual user. There are several design features 

which should be kept in mind. The most important is that most of the buffer 

manipulations such as copying regions only work for regions which begin and end on 

columns which are factors of 16. This is a hardware limitation of the DT2861. 

The menu screens are designed to inform the user of the status of the 

framegrabber, and specify inputs. On the top left is the menu, the PC keyboard 

arrow keys move the cursor to the selected function. The currently active function 

is then displayed in the top right corner of this window. The status section lists 

current framegrabber status, including the current displayed buffer, the current 

input and output look-up-table settings, the current cursor position, if on, and the 

current window region. The bottom four lines are for input queries and, when 

required, directions for use of the current function. 



MAl 

panO ss_pass() set_ilutO dataJnO sampleO 

disp() slo_scanO set_olutO data_autO set_ cursor() 

clsJmg() integrate() stretchJlut() mull_canst 0 fp_noise() 

geUmg() stretch_olutO fttJmgO histogram() 

ss_copy_ 
saveJutO logJmg() frame_sllceQ reglonO 

L video mode I SS_COPY_ readJutO regionO 

createJut() 
t buffer mode 

graphics mode 

displaLolutO 
I 

Fig. B.1. Map of MALe 
"" "" ~ 



l WHF 
i 

panO I geUmg() I S5_COpy 
regionO 

bpf() FDO I set_olutO 

disp() I set_cursor() 
t buffer mode 

I graphics mode whfO rinMeanSqro stretch_olutO 

stretch ilutO 
processor() clsJmgO I frame_sliceO I - save_lutO 

plct_genO 
double_size{) saveJmgO readJutO 

IMAGE_gen() 
ffUmgO createJutO 

square_genO 
logJmgO display Jut() 

sample() 
CLEAN() 

frame_add() 
I 

Fig. B.2. Map of WHF.C 
~ 
~ 
>I'>-
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The size of the menu programs grew beyond the capacity of the 286 PC used. 

To accomodate all the required functions, two programs were developed. MAl is 

used primarily for image aquisition from the detector, while WHF is used for image 

post-processing. In the WHF routine, a new way of accessing array processor 

functions was developed. A subroutine library of array processor calls to perform 

short tasks such as input/output, adding arrays, performing an FFT were written. 

These subroutines access the MACH Vector subroutines which in turn send specific 

signals to the array processor. The augmented array processor routines combine 

MACH Vector segments for completing a sequence of tasks. Routines which are 

implemented only for MAl or WHF are indicated in the listing below. 

Definitions 

A description of each of the functions in the submenus is listed in the next 

section. Some definitions are required to clarify these descriptions. 

BUFFER: 

IMAGE: 

The 512 x 512 temporary storage area on the DT2861 Framegrabber 

board. There are 16 buffers available. 

Generally the 256 x 256 region of the buffer with top left corner at 

row 50 and column 128 in which most framegrabber and array 

processor tasks are performed. Sometimes a different region can be 

defined for the image. 

AP: Array Processor 

LUT: Look-up-table. Map of greyleve1 values to a given greyscale or color 

scale. 14 L UTs can be defined at one time on the DT2861, 7 for input 

(ILUT) and 7 for output (OLUT). 
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DISPLAY BUFFER: 

A buffer specified by DISP which is the current buffer displayed on 

the RGB monitor. 

FRAME: One image in a sequence of video. 

BPF 

Alphabetical Listing of MAl and WHF Functions 

Stores a bandpass filter in AP memory. The filter is an image file that has 

been saved previously. BPF can be used to remove consistent background 

distortions of the image such as interference fringes from the detector window 

and streaks left from the rotating ground glass plates. The function 

automatically scales the input filter to a maximum value of 1 and minimum 

of O. The filter can then be applied to the image Fourier spectrum using the 

PROCESSOR function. WHF only. 

CIRCLE_GEN 

Generates a solid circle of specified center position, radius and greylevel 

value in the current buffer. 

CLEAN 

Image reconstruction algorithm which attempts to remove sidelobes of the 

'dirty' point spread function and replace them with a high resolution point 

spread function. See Chapter 3. WHF only. 

CLEANUP 

A noniterative approach to CLEAN algorithm. WHF only, not currently in 

use. 

CLS_IMG 

Sets all pixels in buffer i to zero. i is input by the user. 
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CREATE_LUT 

Creates a linear input or output look-up-table by selecting a slope and y 

intercept. For output LUTs, three slopes and intercepts are selected for each 

of the three display colors, red, green and blue. 

DATA_IN 

Inputs an image to the array processor. This is part of an older technique for 

manipulating Array Processor functions. MAl only. 

DATA_OUT 

Retrieves a 256 x 256 image from the array processor. The array processor 

operates in single precision floating point. Upon output the data must be 

scaled to match the 8 bit format of the framegrabber, so precision is lost. 

MAl only. 

DESAMPLE 

DISP 

Doubles an image size by combining 4128 x 128 images taken at 1/2 detector 

pixel intervals. Not currently used. 

Displays buffer i, where i is input by the user. This display buffer is used in 

all subroutines, except where the user is allowed to specify a different buffer. 

Thus the display buffer is used as a global variable which is passed to all 

menus and subroutines. 

DISPLAY_OLUT 

Displays a color bar scale of the current output LUT below the camera frame 

in the current image buffer. The scale is the mapping to greylevels from 0 on 

the left to 255 on the right. 

DOUBLE_SIZE 

This routine is designed to process alias removal called dealiasing, (See 

Chapter 3) and can also be used to double the image dimensions using 

Fourier processing to interpolate values. If a sequence of spatially shifted 
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images is input, the images are added in Fourier space, combining the 

information contained in each. If the images contained aliased information, a 

Fourier space bandpass filter can block it out. However, if multiple aliased 

images are shifted, they add to retrieve the true information from the aliased 

information. WHF only. 

Calculates the fidelity defect of a test image compared to a truth image. If 

desired, a bandpass filter can be applied to the test image before calculating. 

WHF only. 

FFT_IMG 

Performs a 256 x 256 FFT in the array processor. The image should already 

be loaded into the array processor memory using DATA_IN. The modulus 

is stored in the first array region of AP memory, which is also the array 

which DATA_OUT retrieves. This form used in MAL 

FFT_IMG 

Performs 256 x 256 FFT of image in current display buffer. Both Fourier 

modulus and phase are transferred to 2 buffers specified by the user. This 

form used in waF. 

FIX_PIX 

Reads a file of pixel rows and columns containing bad values, either due to 

blemishes in the optics or the detector. A smoothing process is performed 

which sets the blemished pixel to the average value of surounding pixels. 

WHF only. 

FP_NOISE 

Subtracts a background image from buffer i, specified by the user. The 

background image must be previously saved as FP _NOISE.lMG (specify no 

path). MAl only. 
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FRAME_ADD 

Adds images from two buffers and inputs result to a third. If addition results 

im values greater than 255, those values are set to 255. 

FRAME_DIFF 

Takes the difference of two images. Since the framegrabber cannot handle 

negative values, the value 128 is added to each resulting pixel value. 

Resulting Negative values are set to 0 and those greater than 255 are set to 

255. The purpose of this algorithm is to identify differences in two very 

similar images. 

FRAME_SLICE 

Takes a one dimensional slice through a portion of a buffer and stores the 

greylevel values in a QUATTRO (.PRN) file at the path 

C:\QUATTRO\FILES for graphical evaluation. The slice can be horizontal, 

vertical or a diagonal, and can be made from right to left, left to right, top to 

bottom or bottom to top. The cursor is used to select endpoints. When the 

file is saved, a line of information can be entered (in quotes) for identification 

purposes. If the image is of a Modulation Transfer Function, the associated 

Line Spread Function can be calculated and stored in the same path as a 

.LSF file with the same filename. 

GET IMG 

Reads an image file (FILENAME.IMG) from one of three disk paths, 

including a: \, and, if found, loads it into buffer i, where i is input by the 

user. 

GET_SCALE_FACTOR 

used by FD and MinMeanSqr to find the linear best fit scalefactor of test to 

truth image. 

IMAGE_GEN 

Generates the word IMAGE (21 pixel height) in the current display buffer. 

Writes over any existing image. 
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INTEGRATE 

Sequential frames in the display buffer are digitized and added. The 

maximum pixel value of the each frame is found and summed. When the 

sum exceeds greylevel 255 the process is stopped before that frame is added. 

FP _NOISE is subtracted from each frame before it is added. 

HISTOGRAM 

Calculates the number of pixels per greylevel in an image and writes the data 

to a FILENAME.HIS file at path C:\QUATTRO\FILES for graphical 

evaluation. 

LOG IMG 

Takes the LOG of the current image stored in the AP memory, scales 5 

decades to 256 greylevels and writes to user selected buffer. Generally used 

after FFT_IMG. In MAl, no transfer to buffer occurs. 

MinMeanSqr 

Calculates the minimum mean square error between test and truth images. 

A linear best fit to the truth is applied before calculation. See Chapter 3. 

WHF only. 

MULT_CONST 

PAN 

Multiplies image in first array of array processor memory by a constant 

specified by the user. This can be useful after an FFT to saturate high 

greylevel features and bring out lower bits (this works only after the modulus 

has been passed to the framegrabber once using DATA_OUT). MAl only. 

Implements framegrabber hardware zoom and pan features. The buffer 

displayed can be zoomed to 2x,4x and 8x, and panned horizontally and 

vertically, so that all regions ofthe buffer can be viewed. Once exited, the 

current zoom and pan settings are used until PAN is accessed again or a 

function which is incompatible, such as SET_CURSOR, is turned on. 
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PICT_GEN 

Allows the user to draw a 256 greyscale bitmapped image within the central 

64 )( 64 region of the current image. The image is drawn by moving the 

cursor and Xing or Zeroing the current pixel. 

PIX_STRETCH 

Performs a pixel by pixel stretch on the image. Slope and intercept are 

calculated per pixel from two flat field images. 

PROCESSOR 

Applies a Fourier domain filter to the Fourier spectrum of the image in 

buffer specified by the user and returns the filtered image to a new buffer. 

WHF only. 

READ_LUT 

Gets a .L UT extension file and loads it into a hardware look-up-table. The 

filename, and whether the LUT is an input or output LUT, are specified by 

the user. 

SAMPLE 

Samples or smooths the current displayed image. User selects the sample 

rate, spatial shifts, number of pixels to average and output buffer. 

SAVE_IMG 

Saves image in buffer i to an image file in .IMG format at the path and 

filename specified by the user. 

SAVE_LUT 

Saves a look-up-table to a PC file (.LUT extension). Used with 

CREATE_LUT. Files are specified as input LUT or output LUT by the 

user. 
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SET ILUT 

Sets the current input look-up-table (ILUT) to one of six stored in 

framegrabber memory. The video signal is passed through the LUT after 

digitization, and stored with the altered values. At initialization, ILUT 0 is 

a 1 to 1 mapping of the input image, 1 is an inverse mapping ie 255 -I 1, 254 

-12, ... , 1 -1255. There are seven ILUTs stored in the framegrabber at any 

time. 

SET OLUT 

Sets the current output look-up-table (OLUT) to one of six stored in 

framegrabber memory. The buffer image is passed through the LUT prior to 

display, but is not stored with the altered values. At initialization, GLUT 0 

is a 1 to 1 mapping of the input image, 1 is an inverse mapping ie 255 -I 1, 

254 -I 2, ... , 1 -1255. There are seven GLUTs stored in the framegrabber at a 

time. Output LUTs have three tables for red green and blue output scales, 

so a potential for 2563 colors exists, although only 256 colors can be mapped 

to the 256 greylevel image. 

SET_CURSOR 

Turns cursor crosshairs on and off. When on, the cursor can be moved 

around the image buffer. The current row, column and greylevel value are 

displayed in the STATUS section of the PC screen. accessing the function a 

second time turns the cursor off. cursor can be moved by 1, 2, 4, 8 or 16 

pixels per keystrike in both horizontal and vertical directions. 

SLO SCAN 

Sequentially acquires and digitizes N frames. The average frame value is 

input to the display buffer. N is input by the user. MAl only. 

SQUARE_GEN 

generates a square or rectangle bitmap of the current display buffer. 

Position and size are selected by moving the cursor to top left and bottom 

right corners. Greylevel is selected by the user. 
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SS_COPY_REGION 

Is used to copy a region either in video mode or between stored buffers. A 

region of the 256 x 256 frame is passed to the buffer. The rest of the buffer is 

unchanged. The region is specified by the user by its top-left and 

bottom-right pixels using the cursor. 

VIDEO mode 

Used in data acquisition to display a small region of video in the 

display buffer while the entire frame is transferred to a temporary 

storage buffer. This is useful for comparing the video input with a 

previously stored image, to check for magnification differences, 

brightness differences etc. 

BUFFER mode 

Copys region between two buffers. 

GRAPHICS mode 

SS_PASS 

writes greylevel values of region to a FILENAME.GRD file for display 

using the SURFER 3D graphics display package. 

This is the 'video' mode for the framegrabber operating at slows canning 

rates. The video signal is digitized and stored in a buffer instantaneously, 

then replaced with the next frame. If the slowscanning frame rate is set 

lower than standard video rate of 30Hz, image flicker occurs. This mode is 

used for alignment and focusing, and during data acquisition. MAl only. 

STRETCH_ILUT 

Calculates look-up-table values to stretch a seed image buffer, mapping the 

minimum greylevel to 0 and the maximum to 255. The resultantt LUT is 

loaded into ILUT 3. The current display buffer values are operated on and 

the resultant image is stored in a specified buffer. Both the seed buffer and 

the storage buffer are specified by the user. MAl only. 
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STRETCH_OLUT 

SYNC 

TEXT 

Calculates look-up-table values to stretch a seed image buffer, mapping the 

minimum greylevel to 0 and the maximum to 255. The subsequent LUT is 

loaded into OLUT 3. The seed buffer is specified by the user. 

An unused function which switches the frame grabber from internal to 

external sync. In slowscan mode, sync is always external, driven by the 

frame, line and pixel clock signals from the camera interface. 

Writes a 30 character line of text to the buffer. 

WINDOW 

WHF 

Changes the framegrabber window from the standard image window. Not 

used, and some functions are incompatible with changes to this window. 

Calculates the Wiener-Helstrom Filter for the system. The system PSF or a 

simulation of it must have been saved as an image file. The signal-to-noise 

factor is a constant which can be varied to observe the change in results. 

Used in the WHF routine. All filenames and image buffers are user specified. 

The filter is applied to an image using the PROCESSOR function. 

Other Programs 

ADDNOISE 

Adds a noise image to a signal image. The noise image is assumed to have a 

mean of 128 and standard deviation of 64. It is rescaled for zero mean and a 

standard deviation input by the user. 



AZ_AVG 

Forms the radial average plot of an image greyscale versus distance from 

center. Each point is formed as the average of all points in the 256 x 256 

array which fall within an incremental radius from the center. 

FILTER 
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Forms a 0,1 bandpass filter from a greyscale object. The threshold is input 

by the user. 

FLATFLD 

Performs fiatfielding on an image exhibiting fixed pattern noise. The inputs 

are a background frame, an illuminated flat field frame and the image. 

N_RAND 

Forms a normal law random image. Pixels are uncorrelated within the limits 

of the random number generator. 

P_RAND 

Forms a Poisson law random image. Pixels are uncorrelated within the 

limits of the random number generator. 

TEXTLABL 

Adds a text label to the current image frame at a location specified by 

moving the cursor. 
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