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ABSTRACT 

We have found some fresh and important results in both classical and quantum 

dynamical systems. The understanding of the order within Hamiltonian chaos is en

hanced particularly by the studies of novel systems that generate the stochastic web, 

both in classical and quantum systems. The most significant result in this dissertation is 

established by our counter examples to the common belief in the absence of deterministic 

chaos in quantum systems. Our examples deal with a periodically kicked quantum spin 

(PKQS) and with the superconducting systems described by a time-dependent Hamilto

nian and a time-independent one. The asymptotic property of the Lyapunov exponents 

in Hamiltonian systems is also intensively investigated. 

------.~-.--. - ~ ."-"-~-""'.---~--"-' 
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CHAPTER 1 

Introduction 

Any branch of science reflects some philosophy, and the philosophy bestows a feedback 

to the ways of pondering the nature of our universe. Physics belongs to the category 

that impacts in a most direct way. It is not exaggerating to say that every major 

revolution in Physics would inevitably lead to a revolution in philosophy. The discovery 

of deterministic chaos may be the most recent one that plays this role. 

Looking over physical science, one might come across two kinds of phenomena: 

regular phenomena and irregular phenomena. Although the bridge between those two 

should be a very fundamental problem, yet, at least within the traditional Physics edu

cation, it was absent. The birth of quantum theory was an exciting achievement. The 

uncertainty principle is one of the most important discoveries in science, and its philoso

phy has been a major topic argued frequently by some celebrated scientists. However, the 

bridge between regularity and irregularity is still open. As a matter of fact, most of the 

modern developments in physics deal with objects or phenomena exhibiting regularity, 

and the linearization of a problem is usually an important procedure. Carefully investi

gating the conservation rules and symmetry properties, one can discover deeper physical 

realities. Those researches are indeed admirable. Such a way of thinking had been es

poused by Poincare. At the same time, Poincare shed some light into another direction, 

not considered important un till recent decades. The concept is "deterministic chaos", a 

"blind spot" in the study of physics through many generations. 

Human intuition would suggest that when a deterministic dynamical system 

is set in motion, its behavior should become regular after initial transients have died 



15 

out. However, the physical reality indicates that this intuition should be corrected. 

In fact, most of the deterministic nonlinear dynamical systems have the potential to 

generate permanent irregular motion. Such phenomena have a strong impact on human 

understanding and raise the curiosity of scientists deeply. A most intriguing property 

of such deterministic irregular motion is the sensitive dependence on initial condition, 

called "chaotic motion". At this point, we distinguish the two kinds of deterministic 

motion [1]: 

1. Regular motion: Neighboring points in phase space stay neighboring. This include 

periodic and quasi-periodic motion. 

2. Chaotic motion: Neighboring points in phase space separate exponentially with 

time. This obviously implies extreme sensitivity to initial conditions. 

In contrast to the deterministic motion, the non-deterministic motion or the "random 

motion" can be described [1]: Neighboring points at t = 0 are equally likely to be 

anywhere in the accessible region at a later time. In this dissertation, we are interested 

in deterministic and conservative (or Hamiltonian) systems for the sake of direct linkage 

with fundamental physics. 

Much of the important fundamental theory in physics can be established with 

the aid of simple systems. Fortunately, to deal with the theory involving deterministic 

chaos, some very simple and physically realistic models call reveal most of the important 

dynamic behavior, including chaos. However, if all the theories about dynamic chaos had 

been completely understood, the birth of this dissertation would be impossible. Some 

fresh aspects as well as new simple systems will be introduced here in dealing with our 

original researches. These aspects involve: 

• The problems of divergence properties of trajectories in conservative systems [10J . 

• The order within dynamical chaos both in classical and quantum system, the 

stochastic webs [18, 19]. 
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• The true models of chaotic behaviors in quantum systems including both time

dependent and time-independent Hamiltonian [19, 42, 49]. 

Nevertheless, we also elucidate some important aspects which are not created by us but 

indeed need to be emphasized. 

At the end of this chapter, we note that the value of science is not only in some 

certain applications, but also in pedagogy, that is, to let people think in a more objective 

way. We hope those new aspects have value in both respects. 

Note: All the graphs in this dissertation are made by author and director of this 

dissertation, no graph is copied from any otller autllOr. 
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CHAPTER 2 

Classical Hamiltonian Systems I 

2.1 General discriptions 

The dynamics of a classical Hamiltonian system can be expressed by the evolution of 

the generalized momenta p == (P},P2,"') and generalized coordinates ij == (Q},Q2,''')' 

The number of pairs of conjugate variables is treated as the degrees of freedom of the 

dynamical system. If the Hamiltonian H is an explicit function of time, one should add 

a half degree of freedom to this system because the conjugate variable associated with 

time is a constant. The evolution in phase space {p,ii, t} obeys Hamilton's equations of 

motion, Pi = -(OH/Oqi) and qi = (OH/OPi). The volume elements in phase space are 

preserved. 

The phase space can be constructed by any set of generalized coordinates un

der the canonical transformations so that the form of Hamilton's equations is invariant. 

Action-angle variables (i, 0) form the canonically conjugate pairs and play an impor

tant role in analyzing the nonlinear Hamiltonian system, for example, the prediction of 

nonlinear resonance and the origin of KAM theory. Let us first consider an integrable 

Hamiltonian system. One can find a generating function S( if, i) to transform the coor

dinates (p, iJ into action-angle coordinates, (1, if) , by the relations p = OS( if, 1)/Oij and 

{j = OS(ij,i)/o1. The transformed Hamiltonian Ho is then, as expected, only function 

of action 1. In other words, the Hamilton's equations become j = -(OHo/OO) = 0 

and {j = (OHo/ OJ) == w(J). The solution of this integrable, regular system is simply 

i = const, and {j = w(J)t + const. 

----- .,~~- ... - .. ' .. "'_ .. -.,,~.-.' .-- _ ... -.'--" '" .... _ .. 
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Furthermore we shall consider the behavior of this system under a nonlinear 

perturbation. The perturbed Hamiltonian may take the form 

The function HI can be expanded in a multiple Fourier series in 0: 

HI(i,o) = I:/IIk(i)eik.O. 
k 

Our goal is to construct a transformation 

generated by 

where 

... as ri\ n H(I = -::.,(}, _lI'(J, ao 

SI(I,O) = ~Slk(l)eik.O. 
k 

Note that from equation (2.4), we have 

and from Hamiltonian (2.1), 

... as... ... ri\ 
I = ~ = J + cSI(J,O" ao 

H(fo,O) = Ho(fo) + cHI(fo, ff) 

= Ho(l + cUft) + cHI(l + c~,O). 

Expanding H to order c, we have 

I ...... n aHo aSI ... 1\ 2 
H (J,O) = Ho(J, +c a'" . -:;' +cHI(J,O, +O(c ). 

J ao 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

Since the new Hamiltonian H' is expected to satisfy Eq.(2.3), Le., independent of 0, the 

required condition should be 

aSI .~ ~ w· - - - "\' H ~(J"'\elk.e 
al - '--' lk " , 

k#J 
(2.9) 

--_._--... __ .. - _._--_ .. ----.---._.--
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which yields 

(2.10) 

where 
-(In = 8Ho W ') _ _, 

8J 
(2.11) 

However the vicinity of resonance conditions 

(2.12) 

give rise to the problem of small denominators. For example, for a system of two degrees 

of freedom, the resonance conditions are 

(2.13) 

or 

(2.14) 

The above illustrations can be immediately applied to a time-dependent Hamiltonian 

system: 

H(l) = Ho(l) -I- cHI(I,O; t). (2.15) 

where HI is a periodic function of time: 

Hl(I,O;t + T) = Hl(I,Ojt). (2.16) 

Letting T = 211"/0., HI can be developed in the Fourier series 

HI(I,Ojt) = LHIkm(l)ei(koO-milt). (2.17) 
k,m 

Thus the resonance condition finally become 

k . w( J) - mn = o. (2.18) 

The resonance induces a topological change in the flow pattern in phase space. In other 

words, it creates sequence of elliptic and hyperbolic fixed points in phase space [2J. 

The formation of the separatrix trajectories near those resonance orbits (the hyperbolic 

•• _ .. _'4 ..... ___ •.•• _ ..... -_._ ••• -- ~ 
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orbits) is the main origin of dynamical chaos. The domain enveloped inside of the 

separatrix is usually called "resonance zone." One of the early studies involving this 

problem was the investigation of the instability in celestial dynamics, which is generally 

caused by some higher-order resonance conditions [3]. The importance of resonance 

behavior will be found frequently throughout this dissertation. 

One should be aware that resonance chaos could exist for arbitrarily small pa

rameter e. On the contrary, if the frequency ratio is sufficiently irrational and the associ

ated orbits are not close to resonance, for a small perturbation, i.e., e < < 1, permanently 

stable tori can be guaranteed. This is the celebrated KAM theory which is introduced 

in most of the books on dynamical chaos. One can easily suspect that a stable orbit in 

a perturbed system is in fact a transient phenomenon. The key point of KAM theory is 

to give the answer for that suspicion, i.e, the prediction of stability of an orbit as time 

t -+ 00. Besides, there is one more restriction in KAM theory, the non-degeneracy of 

frequencies, which needs to be noticed: 

(2.19) 

We will not discuss further the details of KAM theory here. 

The solutions of Hamilton's equations P(t), q(t) are continuous functions, but in 

many cases, it is important to describe the system by Poincare mapping. The Poincare 

mapping is a discrete map of p, ij. For example, we choose a sequence of time instants 

(to, tl, ... ) and at each of the instants tn one obtains a pair of values (Pn, Q;.), then the 

equation of map is 

(2.20) 

where Mn is the operator or map at time tn. Thus the dynamics of the system can be 

described by the difference equation (2.20) if the operator Mn is suitably derived. The 

first example, the derivation of the standard map [4], will be demonstrated in section 

2.2 from a Hamiltonian of a nonlinearly kicked rotor. Many of the dynamical properties 

can be generated simply by the map. 
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In chapter three, the map of a nonlinear oscillator will be intensively studied 

and some striking phenomena of dynamical chaos will be introduced. In the latter part 

of this chapter, we would also like to pay some attention to the characterization of chaos 

by the Lyapunov exponents. 

2.2 Standard Map 

Studying a map is much simpler than dealing with a continuous flow. Moreover, the con

servative maps can ·actually furnish all the important dynamic behaviors in Hamiltonian 

systems. The standard map[4] is the simplest example to demonstrate the properties of 

the stochastic (chaotic) layer. In classical Hamiltonian system, the stochastic layer with 

an arbitrarily small thickness can be called "weak chaos". The Hamiltonian of a system 

that produces the standard mapping, may have the following simple form: 

1 00 

H = _p2 - J( cos(O) L oCt - nT), 
2 n=-oo 

(2.21) 

where p is the angular momentum and the parameter J( is associated with the amplitude 

of the kicks. In order to derive the standard map we first write Hamilton's equations 

dp (}1I . 00 

dt = -750 = -J( sm(O) L o(t - nT), 
n=-oo 

(2.22) 

and 
dO {}H 
dt = (}p = p. (2.23) 

At the nth kick, i.e, during the infinitesimal time interval, nT- < t < nT+, the change 

of p can be obtained by integrating Eq.(2.22) and we get 

pet = nT+) - p(t = nT-) = -!(sinO(t = nT). (2.24) 

In the interval without the kick, nT+ < t < (n + l)T-, p has a constant value so that 

p(t = nT+) = pet = (n + l)T-), (2.25) 
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but 0 changes according to Eq.(2.23). Integrating Eq.(2.23) from t = nT+ to t = 
(n + l)T-, we have 

(2.26) 

or 

OCt = (n + l)T-) - OCt = nT-) = pet = (n + l)T-)T, (2.27) 

due to continuity of 0 and the constancy of p shown in Eq.(2.25). Now let us define p" 

and On be the values of momentum p and angle 0 infinitesimally prior to the nth kick: 

011 == O(t = nT-), 

Pn == pet = nT-), Pn+1 == pet = (n + l)T-) = p(nT+). 

Setting T = 1, we obtain the standard map from Eq.(2.24),(2.27) and (2.18): 

Pn+1 = Pn - J( sin(On), 

On+1 = Pn+1 + On. 

Note that we shall be particularly interested in the case of weak chaos: 

0< ]( ~ 1, 

(2.28) 

(2.29) 

(2.30) 

the discrete standard map can be roughly approximated by the differential equations 

~~ = -I( sin(O); 
dO 
-=P 
dn 

which is analogous to the equation of motion of a nonlinear pendulum: 

d20 
dn2 + J( sin(O) = 0, 

where n stands for time. The corresponding Hamiltonian is 

1 
H = 2p2 - J( cos(O). 

On the other hand, considering the identity 

~ 1 ~ 27rmt 
L.J 6(t - nT) = T L.J cos( ---r-)' 

n=-oo m=-oo 

---.-.--.. -.~----.- ... _ .. -... __ .. -.--- -

(2.31) 

(2.32) 

(2.33) 

(2.34) 
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Figure 2.1: a: The separatrix of a first order approximation of the standard map, equa
tion (2.38). b: The real trajectory of weak chaos generated by the standard map, 
equation.(2.29). The parameter [( = 0.5 for both cases. 

the Hamiltonian (2.21) can also be represented in the form 

1 2 J( ~ 21l"mt 
H = '2P - T cos(O) L..J cos(""T)' 

m=-oo 
(2.35) 

or 
1 2 [( 21l"mt 

H = 2"P - T cos(O)(l + 2cos r- + ... ). (2.36) 

Taking the first order approximation of Eq.(2.36) and setting T = 1, we can get the 

same Hamiltonian as Eq.(2.33) corresponding to a nonlinear pendulum. The solution on 

a separatrix can be obtained if we substitute 

1I = Ils = J( (2.37) 

in the Eq.(2.33) to satisfy the condition, [8H/8p]H=H. = [8H/80]H=H. = O. This gives 

the following equation on phase plane: 

P = ±2VK cos(O/2). (2.38) 

The comparison between the first order separatrix, Eq.(2.38), and the real trajectory of 

weak chaos generated by the standard map (2.29) is depicted in Figs.2.1a and 2.1b, where 
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J( = 0.5. If we choose the parameter J( to be less than 0.5, which is more in compliance 

with the restriction (2.30), the distortion and thickness of the stochastic layer shown in 

Fig.2.1b will become minor. 

The most important notion gained from the investigation of Hamiltonian dy

namics is the existence of irremovable chaos due to nonlinear resonance. For example, 

dealing with the standard map, there is no lower limit of the parameter I( :f 0 to prohibit 

the presence of chaotic trajectories. In other words, the existence of "weak chaos" is a 

universal property in many classes of nonlinear Hamiltonian systems with the degrees of 

freedom;:: 1~. 

2.3 Deterministic diffusion 

When parameter J( < < 1, indeed, chaotic trajectories are present in the neighborhood 

of separatrices in phase space. However, most of the phase portrait is composed of the 

KAM tori which isolate all the separatrices. Both the amplitude and the thickness of 

chaotic layers increase with increasing parameter J(. When J( > J(c = 0.972, most of the 

KAM tori are destroyed by the resonance overlaps and the chaotic trajectories therefore 

become connected, blended, occupying sufficient area in phase space (See Fig.2.2), called 

the "chaotic sea". In such a situation the "deterministic diffusion" serves as the main 

feature of the motion in chaotic region of the dynamical system. One must notice 

that Chirikov's criterion for resonance overlap [4], J( > J(c, is in fact a criterion of 

strong chaos; in other words, for the condition of weak chaos, J( < J(c, such kind of 

overlapping and diffusive property is not present. Therefore, even though deterministic 

diffusion can be an indicator of deterministic chaos in Hamiltonian system, it is by no 

mean a sufficient condition for the existence of deterministic chaos in the system. As a 

metaphor, a running nose (deterministic diffusion) can be an indicator of catching a cold 

(deterministic chaos), but when catching a cold (deterministic chaos), one may not have 

this symptom (deterministic diffusion) but perhaps the sore throat instead. Therefore, 

one should not diagnose the existence of catching a cold (deterministic chaos) only by 
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Figure 2.2: The chaotic trajectory (chaotic sea) of the standard map when the parameter 
J( = 1.5 > J(c. 

the symptom running nose (deterministic diffusion). 

In order to interpret the diffusion behavior, let us now consider the deviation of 

momentum, Dop, of Pn from its initial value after n = r iterations of the standard map 

r 

Dop(r) = Pr - PO = -J( LsinOn 
n=O 

The phase average of a function, I(On), of On can be defined by 

(2.39) 

(2.40) 

Then it is obviously that the phase average, < Dop( r) >= O. Next, consider the variance 

r r 

< (Dop(r))2 >= 1(2 L L < sinOnsinOm >. 
n=Om=O 

Assuming that the motion is a global diffusion process (I( > J(c), we have 

< sinOn sin Om >= Cn,m < sin2 On >, 

and thus 

____ ~~ ..• _ •• _ .. _ .... _ ....• _. _ .. 6_' ___ ~ ___ .""_" __ 'O-__ ' •• ,' 

(2.41) 

(2.42) 

(2.43) 
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where D is the diffusion coefficient. Note that this result indicates that the average 

energy (or the square of the angular momentum) grows linearly with time. We have 

hence demonstrated the diffusion property of the kicked rotator when the system is 

in the chaotic phase region and the parameter is greater then the critical value J(c' 

As a matter of fact, by numerically iterating the standard map [5], one does find the 

expected diffusive behavior as the initial conditions and parameter J( satisfy the previous 

assumptions. 

In this dissertation, we will not keep on discussing the well-known standard map. 

We attempt to investigate some more interesting phenomena of weak chaos in classical 

Hamiltonian systems in chapter three. 

2.4 Double Resonance Model 

The kicked rotor model leads to the standard map, which is an analytical Poincare map 

and manifests rich properties of a dynamical system. However, the double resonance 

model is even a better model for one to realize the problems of nonlinear resonance 

overlap (NRO) and the onset of global chaos. This model can be physically demonstrated 

by a one-dimensional rotor driven by two traveling waves. The Hamiltonian takes the 

form 

(2.44) 

where J is the angular momentum of the rotor, I is its moment of inertia and VI as well 

as V2 are constants. The wave velocities of the traveling cosine waves are 'VI = 0/ kl and 

V2 = O/k2 respectively. The Hamilton's equation, 

iJ = 8H/8J = J/I == w(J), (2.45) 

implies the resonance condition w( Jj) = Jd I = 0/ kj. The widths of the resonance 

zones are given by !:l.Jj = 4JViI. The Chirikov overlap condition is that the distance 

between the resonances become equal to the sum of the half-widths, Le., IJI - hi = 
(1/2)(!:l.Jl + !:l.h) = 2( JVII + JV2I). Although no analytical map can be derived from 
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this model, it is still the simplest model to provide a clear picture of NRO. Moreover, 

the numerical solution is easy to obtain for both the classical and quantum version of 

this model: In the classical version , NRO provides the most fundamental mechanism 

by which KAM tori are destroyed and the global (strong) chaos sets in. In the quantum 

version, the NRO can also be well predicted and observed in the Hilbert space [6J, but 

as we will see, it is still somewhat difficult to characterize the chaos in this quantum 

system. Further discussion can be found in the next section and in chapter four. 

2.5 Lyapunov Exponents 

2.5.1 Definition 

As we have discussed, the presence of irregular and even mixing behavior in a deter

ministic system is quite universal. However, the term "random motion" is not sufficient 

to describe this kind of phenomena since it has been used so frequently in the field 

of statistical physics - the motion with random sources. This may be the reason that 

the term "chaotic motion" was introduced by pioneers in science. Besides the irregular 

property, more importantly, "chaotic motion" especially exhibits sensitive dependence 

on initial conditions. Any infinitesimal change in the initial state in this system can 

lead to drastically different final states. Therefore, chaos can be carefully defined by this 

important property. The sensitive dependence on initial conditions is characterized by 

the Lyapunov exponents which will be discussed as below. 

Consider two neighboring points in a C dimensional phase space {xl, x2, ... , xl}, 

separated by the intervals 8xA, 8xij, ... , and 8xa. For a map, we have the following relation: 

(2.46) 

where J/JJj is the Jacobian matrix of the map and v, J.l = 1,2, ... , C. From the recurrence 

property, one can write 

(2.47) 
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with definition 
n-l 

M~1l == II J:;t' (2.48) 
rn=O 

Let ,\~ be the eigenvalues of M~IJ. Wri ting 

\ II: ~ enO''' .... 1 2 n "n'- , ",= , , ... ,t.. (2.49) 

the Lyapunov exponents all: are determined for n - 00. 

Any positive Lyapunov exponent indicates the exponential divergence behavior 

of the trajectory which means chaos. By contrast, all Lyapunov exponents should be 

zero for any nonchaotic conservative map, since for a conservative system 

2: a II: = 0 . (2.50) 
II: 

For an N-dimensional system, one can obtain N Lyapunov exponents. However, in some 

references [7J, the largest Lyapunov exponent a l == a is called the "Lyapunov exponent", 

since this value is crucial for judging the divergence properties of the trajectory. 

2.5.2 A Better Treatment 

If we compute the Lyapunov exponents directly from the definition, we will encounter 

an serious overload problem since when the system is chaotic, at least one Lyapunov 

exponent is positive which implies that when n is large, ..\ diverges rapidly. However, a 

better treatment was introduced [8, 9J so that the overflow problem was solved. It is a 

normalization procedure, as shown below. Choose an initial condition xo == xg and an 

initial perturbation vo == oxo. Consider 

- 7 VO 
VI == "0 Ilvoll (2.51) 

and 

(2.52) 

In other words, 

- J Vrn-I 
Vrn == rn-11IVrn_ll/' (2.53) 



Repeat this iteration/normalization procedure n times. Then we have 

n-l n 

vn = ( IT Jm)vo * ( ITIIVm-lll)-l, 
m=l m=O 

or 
n n-l 

ITllvmll = II( IT Jm)ii'oll· 
m=O m=O 

It ends up with getting the Lyapunov exponent 0'1: 

or 

n 
enO'l ~ ITIIii'mll, 

m=l 

29 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

Note that all the values llii'mll are finite numbers, and we take their logarithm before we 

calculate their sums so that the divergence problems can be solved. 

It is worth-while introducing a formalism called Gram-Schmidt Othonormal

ization. By this method, we can estimates all e Lyapunov exponents, based on the 

orthonormaliztion of e eigenvectors. 

A numerical procedure to calculate the quantity a~, by the Gram- Schmidt 

method was introduced [8, 9], such that 

0''' == lim 0'1> n ..... oo n (2.58) 

where a~ is an nth approximation to the Lyapunov exponent 0'''. Although the procedure 

is quite complicated, Parmenter [10, 18] formulated an elegant representation described 

as follows. 

Define an operator 0, which Schmidt-orthgonalizes the columns of a square 

matrix 

(OM)"I' = P"I' (2.59) 

where 

p"l' = !v!"/' - )' r /J" p"l> , 
f</t 

(2.60) 



30 

and 

rlJK. = (I:PIIK.)-l(I:MIIIJ plIK.). (2.61) 
II II 

Define the matrix /( nand Ln such that 

(2.62) 

and 

(2.63) 

with /(0 = Lo being the unit matrix. Ln differs from /(n only in that the columns of the 

former are normalized. The quantity O'~ is given by 

(2.64) 

where 

(2.65) 

By this method we are able to obtain all the Lyapunov exponents O'K. shown in Eq. (2.56). 

The Lyapunov exponent is a true indicator of deterministic chaos. However, a 

major difficulty remains, that is, strictly speaking, it is a quantity defined after an infinite 

time evolution. For this reason, one may easily raise a faultfinding-comment that all the 

chaos can be actually trallsient and after a very long time (much longer than some 

certain computation) the system finally becomes regular, i.e, periodic or quasi-periodic, 

and the Lyapunov exponent will not be positive, so that the conclusion may end up 

with the nonexistence of deterministic chaos! It is easy for us to answer this question: 

Firstly, there are many classes of dynamic systems whose Lyapunov exponents can be 

analytically solved for t - 00 and they are clearly positive. Second, there are strong 

theoretical and empirical backgrounds to determine the asymptotic values of Lyapunov 

exponents from numerical computations. This will be discussed in the next section. 

In addition, a more reasonable conjecture can be made: Such an extreme sen

sitivity to initial conditions maybe causes the unboundedness of the orbits rather than 

------ ..... --...... _ ..... -- -_ .. _- ... _-_ ...... -.. - .•.•... -
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deterministic chaos. The answer is: In general, the notion of sensitivity to initial con

ditions are appropriate to bounded, deterministic dynamical systems. It is in fact the 

boundedness property that, in the presence of sensitivity to initial conditions, forces the 

mixing structure in phase space, i.e, the structure of deterministic chaos. 

2.6 Divergence properties of the trajectories in conservative systems 

There are some important properties of the Lyapunov exponents in a dynamical system. 

First, it is proven t'hat at least one Lyapunov exponent vanishes for any flow [l1J or map 

[12J of a dimension 2:: 3, no matter whether this system is chaotic or nonchaotic. Second, 

since the Hamiltonian (conservative) system is phase volume preserving, the Sllm of all 

Lyapunov exponents must vanish. Thus for a 2 - D nonchaotic conservative system, the 

only possibility for the two Lyapunov exponents is (at, a2 ) = (0,0), and for chaotic cases, 

(at, a2 ) = (at, _at). For a 3 - D nonchaotic conservative system, (at, a2, a3 ) = (0,0,0), 

and for chaotic cases, (al , a2 , a3 ) = (at, 0, _al ). 

However, in many cases, it seems difficult to distinguish the weak chaos and non

chaotic trajectory, since they both have the property an « 1 when 1 « n. Therefore 

it is useful to investigate the asymptotic behavior of the Lyapunov exponents intensively. 

Consider the following two classes of trajectories of a map: 

• A. Initially neighboring trajectories diverge exponentially in phase space with in

creasing iteration number . 

• B. Initially neighboring trajectories diverge as some polynomial function of n. 

There is general agreement that class A trajectories are chaotic, characterized by one or 

more Lyapunov exponents a" being positive. This class also satisfies the definition of 

a random trajectory in algorithmic complexity theory [13J. There is also general agree

ment that class B trajectories are nonchaotic, characterized by the absence of positive 
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Lyapunov exponents [14]. It is readily seen that for class A, An = aebn , so that 

(2.66) 

For sufficient large n, one can drop the term n-I ina, therefore, 

O'n = b = constant> O. (2.67) 

For class B, An = anP, so that 

(2.68) 

In the limit of large n, the term n-ICna can also be omitted. Let y = inn so that 

O'n = pye-Y, and 

Thus 

inO'n = inp + Cny - y, 

(djdy)(enO'n) = y-I - 1. 

lim dCnO'n = -1. 
n ..... oo dCnn 

(2.69) 

(2.70) 

This is obviously different from the chaotic case Eq.(2.67), since for that case the cor

responding limit is trivially zero. Thus far, the problem addressed above is solved. 

Furthermore, one may raise the question: Does a nonchaotic trajectory in a realistic dy

namical system uniquely obey the simple behavior Eq.(2.70)? for example, if the initially 

neighboring trajectories diverge corresponding to a characteristic multiplier An given by 

An = exp[an I- a], 0 < a, 0 < (l < 1, (2.71) 

then the limit of Eq.(2.70) will be -(l :I -1. In order to answer this question, we 

are going to apply the procedure for calculating the largest Lyapunov exponent O'n, 

obtainable after n iterations of a map [8, 9], such that 

0' = lim O'n. 
n ..... oo 

(2.72) 

A log-log plot of O'n versus n should produce a straight-line asymptote with slope -G', if 

the divergence property Eq.(2.71) is true. Such kind a plot was made by Bennettin et aI. 
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[15] in analyzing the Henon-Heiles model [16], but they contented themselves with the 

comment that the asymptotic slope was roughly -1. We attempt to give more precise 

information by considering the following four examples of conservative maps. 

(I) The one-dimensional logistic map 

(2.73) 

with the parameter /I. restricted to values where a period-doubling bifurcation occurs, 

and for such values of /I., the map is conservative because the absolute value of the first 

derivative at the first order fixed point is one. 

(II) The two-dimensional Henon map [17], 

with b ::: -1. 

Xn+l = Yn + 1 - ax;, 

Yn+! = bXn, 

(III) The two-dimensional conservative map [18]: 

Xn+l = aXn - b(Yn - x~), 

Yn+l = bXn + a(Yn - x~), 

(2.74) 

(2.75) 

(IV) The three-dimensional periodically kicked quantum spin (PKQS) map [19J, 

as we will discuss in detail in chapter five: 

Xn+l = Xn cos Zn + Yn sin Zn, 

Yn+l = -( Xn sin Zn - Yn cos zn) cos 2woT + Zn sin 2woT, 

zn+l = (xn sin Zn - Yn cos zn) sin 2woT + Zn cos 2woT, 

(2.76) 

In addition to the parameter 2woT, there is a second parameter 2a, set by initial 

conditions, since it can be shown that (x 2 + y2 + z2) = (2a)2. This map is associated 

with a simple quantum mechanical system capable of chaos. 
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Figure 2.3: a: 0'" versus n for trajectories 1 and 2 of the logistic map (I). b:O'" versus n 
for trajectories 1-4 of the Henon map (II). c: 0'" versus n for trajectories 1-4 of the map 
(III). d: an versus n for trajectories 1-4 of the PKQS map (IV). 
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Figure 2.4: Trajectories of the Henon map (II). a: block, trajectory 1; dot, trajectory :.I. 
b: block, trajectory 2; dot, trajectory 4. 

For each of the maps, several choices of parameters and initial conditions were 

made and the map iterated out to n = 105• The resulting log-log plots of 0'11 versus n 

are shown in Figs.2.3a through 2.3d. In each case, the points between n = 5 . 10,1 and 

n = 105 were fitted by a straight line on the log-log plot. The resulting values of the 

slope parameter Q are listed in Table 1, along with the rms deviation of the calculated 

values logan from the straight-line fitting. It is remarkable that fourteen different 

nonchaotic trajectories associated with different conservative maps all give values of Q 

lying in the range -0.80 < Q < 0.91. Kikuchi and Aizawa [20J have suggested that near

integrable Hamiltonian systems can have chaotic trajectories, where All asymptotically 

satisfies Eq.(2.71). The vanishing of an despite the chaotic motion results from the 

orbit being trapped in the vicinity of "sticky tori ll a dominant fraction of the time. In 

order to examine this possibility, we have made phase plots of the trajectories associated 

with maps JI,III, and IV, as shown in Figs.2A, 2.5 and 2.6. It is apparent that these 

trajectories are quasiperiodic. There is no sign of chaos. Thus, the mechanism of Kikuchi 

and Aizawa is not operative here. 
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Figure 2.5: Trajectories of Map (III). a: block, trajectory 1. b: block, trajectory 2; dot, 
trajectory 4. c: block, trajectory 3. 
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Dased on the numerical results above, it seems plausible to assume that nOll· 

chaotic trajectories in phase space of conservative dynamical systems do not have the 

divergence properties of class D, but rather than those described by Eq.(2.il). However, 

Table 2.1: Asymptotic slope(·o) or the log·log plot or q versus n ror various trajectories 
or maps (!)-(!V), the trajectories being distinguished by the values or parameters anll 
initial conditions. The rms diviation or the asymptote rrom straight. line dependence is 
listed. 

Map Trajeclory Pu-.. (nnw a R.\{S OOVllliOil 

C 0CIdi I ioo.o 

( 1 1 .. (1 +-./0) z,.0.1 0.8833 1.\0 • 10-' 
2 11_3 z. =- 0.7 0.86M U9.10·· 

II 1 • _ 0.075 1,.2.7 0.8406 ~.O • 10·' 
V.·1.8 

2 • - O.oro 1,.3.0 O.S25 5.0 • 10·' 
~ •• 0 

3 •• 0.075 1 •• 2.1 0.889 0.0. 10·' 

V. - 1.35 
4 a_ O.oro , •• 2.3 O.Sog 3.0 • 10-' 

V. - 0.1 

III 1 p_2 , •• 0.4 0.8110 8.39. 10·' 
a_ 0.5 V. - 0.2 

2 p_4 I, .0.4 0.847 4.99. 10-' 
• _ 0.1 V •• 0.5 

3 pa2 1 •• 0.2 0.1154 4.52. 10·' 
a_ 0.1 V.·O 

4 p-4 " -0.3 0.806 2.io. 10·' 
a_ 0.1 V. - 0.3 

IV 1 2w.r.l.O " _ -1.QOOI302 0.P003 14.0. 10-' 
a.l.0 V, • -O.3973528 

I, .0 
2 2w,r.l.O I •• 0.2 0.go74 2.15. 10·' 

• .0.1732011 V •• 0.2 
I •• 0.2 

3 2w,r .o.a Ie .0.1 0.8945 l.iO. 10·' 
a_ O.oeaG03 V, .0.1 

I •• 0.1 
4 2w,r .1.0 " - -0.1842114 O.a783 1.99 • 10-' 

0_0.1 V, • -0.077880 
" .0 

the evidence may not be sufficient to support this assumption. The reason is given by 

a hypothetical nonchaotic trajectory with Lyapunov exponent an = n-1enn, so that 

Eq,(2.70) is strictly satisfied. Comparing the slopes in the log-log plot shown on Fig. 2.7 

to those on Table 2.1, one can see the surprising consistency for those values of slopes 

after 10
5 

iterations. Note that, on average, the slopes on Table 2.1 are in fact lower than 
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that in Fig. 2.7. This is nontrivial because one can see that, from Fig. 2.7, the hypo

thetical trajectory converges in an extremely slow manner but the realistic trajectories 

converge even more slowly than that. 

In conclusion, the class B is still the probable behavior of a nonchaotic trajectory 

in conservative systems, but the converging rate must be incredibly slow. However, to 

distinguish the weak chaos and those non chaotic trajectories is by no means a problem 

as long as one applies the algorithm up to 105 iterations. This will be clearly shown at 

the end of section 3.2. 
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CHAPTER ~ 

Classical Hamiltonian system II 

3.1 The Periodically Kicked Harmonic Oscillator and The Stochastic Web 

Niels Bohr once said, "Anyone who is not shocked by the quantum theory has not un

derstood it." Nowadays, one might remark with equal conviction, "People who are not 

shocked by Hamiltonian chaos have probably not understood it." This is especially true 

because of the discovery of the Zaslavsky stochastic web [21, 22], a mapping which ex

hibits remarkable order in the midst of chaos. A stochastic web is a single connected 

network of stochastic layers over all of the phase space allowing Arnold diffusion. The 

Hamiltonian that leads to the web map, in quite a general sense, can be treated as the 

combination of a skeleton part (web with zero width) and a high frequency perturbation 

part. Even though under such a perturbation the trajectory in the neighborhood of the 

skeleton is characterized as chaotic, the main shape of the skeleton still survives over 

the entire phase space. A uniform web has the property that the width of the web is on 

average invariant under translation transformations of the coordinates in phase space. 

A Zaslavsky stochastic web is characterized by some kind of order remaining in phase 

space, for instance, the quasi crystal symmetry. 

Such behavior is in striking contrast to the strong mixing associated with the 

Arnold cat map [23] and the baker's map [2]. Even the physically more realistic system, 

the Chirikov-Taylor or standard map [4], as derived in section 2.2, On+l = On + Pn+l, 

Pn+l = Pn - J( sin On, for sufficiently small parameter J( there is no sign of web structure 

in phase space since the thinner chaotic separatrices are isolated by the KAM tori, while 

for J( greater than a critical value J(c, the deterministic diffusion along the momentum 
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direction results in these tori being destroyed by thick stochastic layers. As a further 

example, consider the conservative model 

Xn+l = aXn - b(Yn - x~) , 

Yn+l = bXn + a(Yn - x~) , 
(3.1) 

(a2 + b2 = 1, p arbitrary positive integer).When x > 1, this system diverges rapidly. 

We can find at least one chaotic trajectory near the boundary of binding. Some other 

thin stochastic chains can be seen between more strongly deformed quasi-periodic tori. 

However, no two chaotic chains are connected to each other. The numerically determined 

absence of a stochastic web is a consequence of the unboundedness of trajectories when 

x > 1. On the other hand, the solutions of separatrices themselves do not form a web 

pattern due to the fact that the function xP is lacking in periodicity. 

The typical model of the stochastic web is an undamped kicked oscillator. When 

resonance occurs, the chaotic trajectories in phase space form the regular symmetric 

patterns of thin channels. The Hamiltonian takes the form 

1 1 00 

II = 2'p2 + 2'w5z2 - ]( cos kz L o(t - nT) , 
n=-oo 

(3.2) 

where ]( = f.w'5/ k, and the appearance of cos kz along with the delta function (the 

kicked term) is equivalent to the superposition of a large number of plane waves. Setting 

x = -kz the equation of motion becomes 
00 

x + wax = Af(x) L o(t - nT) (3.3) 
n=-oo 

where A = -]( k2 = -f.wak and f( x) = sin x. In the interval (n - l)T < t < nT between 

kicks, we have the familiar solutions of a simple harmonic oscillator: 

x(t) = Ancoswot + Bnsinwot, 

x(t) = -woAnsinwot + woBn cos wot. 
(3.4) 

Now we define Xn and xn to be the values of x(t) and x(t) infinitesimally prior to t = nT. 

Thus 

xn = An cos wonT + Bn sin wonT, 
(3.5) 

xn = -woAn sin wonT + woBn cos wonT. 
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At t = nT, x is continuous bllt x changes discontinuously by an amount Af(x lI ) by 

integrating the equation of motion (3,3) from t = nT - 0+ to t = nT + 0+. This implies 

that 

An+l = All - (A/wo)f(xn) sin wonT, 

B II+1 = BII + (A/wo)f(x ll ) cos wonT. 

Then we can get the stroboscopic map 

XII+! = (coswoT)xn + wo 1 sinwoT(xn + Asin XII) , 

xn+! = -wo(sinwoT)xlI + coswoT(xn + Asinx ll ) • 

(3.6) 

(3.7) 

Note that when wo -+ 0, it reduces to the Chirikov-Taylor map [4J. Letting y = x/wo , 



Ao = A/wo = -(wok and woT = 271'/q, we obtain the Zaslavsky web map [21,22] 

XI1+1 = xncos271'/q + [Yn + Aof(xn)] sin 271'/q , 

Yn+1 = -Xu sin 271'/ q + [Yn + Aof( xu)] cos 271'/ q , 

where f(xn) = sin(xn). The Jacobian matrix is 

Since 

J = ( cos 271'/ q + Aof'( x) sin 271' / q + sin 271'/ q) . 

-sin271'/q + Aof'(x) cos 271'/q cos 271'/q 

this is an area-preserving map for any given function f( x). 

3.2 Some New Systems That Generate A Uniform Stochastic Web 
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(3.8) 

(3.9) 

(3.10) 

When q is an integer in equation (3.8), the Zaslavsky web map, resonance occurs and 

the stochastic web may appear for any given parameter Ao f. OJ An example is shown 

in Fig.3.1 for q=4. This phenomenon may be related to the fact that lex) is purely 

sinusoidal in Eq. (3.3). Thus an interesting question is raised. When f( x) = sin x is 

slightly disturbed, will the stochastic web still remain? The positive answer has been 

given [24]. The perturbation was introduced by 

(3.11) 

which is associated with a time varying modulation of the amplitude of kicks on the 

right hand side of Eq.(3.3). We would like to pose another intriguing question: Will the 

stochastic web exist when /(x) is entirely nonsinusoidal? In this paper we give affirmative 

answers. We conclude that as long as f( x) is any periodic function, the stochastic webs 

always exist. We first investigated the situation that lex) is the square wave function 

discribed in Figs.3.2a-b. It can be expressed by the Fourier series: 

f() 4(sinx sin3x sin5x sin 7x ) 
x =;;:- -1- + -3- + -5- + -7- + ... j (3.12) 
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Figure 3.2: a: Square wave function I(x). b: Fourier expansion of the square wave 
function to the fourth term. c: Sawtooth funtion I( x). d: Fourier expansion of the 
sawtooth function to the fifth term. 
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Then we examined the saw tooth function (Figs.3.1c-d). The Fourier expansion is 

() 
2 (sinx sin2x sin3x sin4x + ) 

fx =;-1---2-+-3-- 4 .... (3.13) 

We found that it generates unexpected symmetric stochasic webs (Figs. 3.3) but the 

square lattice no longer appears. Furthermore we considered the kick term in Eq.(3.2) 

forced into the form 

]('(cos k}q + J1. cos k2q) L:o(t - nT), (3.14) 
n 

(with coupling constant ](') so that f(x) can not be converted into sinx but rather 

sinx + sinJ1.x where J1. = kI/k2. If J1. is rational f(x) is more like a periodic function, 

otherwise f( x) is quasi-periodic. We carried out the phase plots for J1. = 1/2 and for 

J1. = 1/3. Webs with quite different structures are generated as shown in Fig.3.5 and 

Fig.3.6. The structure inside the web is somewhat complicated. Are there bounded 

chaotic trajectories inside the stochastic web? In order to answer this question we have 

computed the Lyapunov exponents of those chaotic-like trajectories. Positive values of 

Lypaunov exponents were indeed obtained. We applied the Gram-Schmidt orthogonal

ization method and carried out the algorithm up to 100000 iterations. We are going to 

discuss our investigations in more detail in following. The most fundamental Zaslavsky 

web map is obtained by choosing the resonance parameter q = 4 in Eq.(3.8). Figs.3.1a

d are the structures of web and nodes for f(x) = sin(x) and Ao = 0.7. As shown in 

Fig.3.1d, one can see that there are abundant thinner separatrices near the stochastic 

nodes. This phenomenon may be due to the higher order resonances. Whether or not 

this kind of trajectory is chaotic is another interesting question. Figs. 3.3a-f result from 

approximating the square wave function of Eq.(3.12) by the first few terms in the expan

sion: Fig.3.3a-b for the first two terms, Fig.3.3c-d for the first three terms and Fig.3.3e-f 

for the first four terms of Eq.(3.12). Compared to the pure sinusoidal wave, this map is 

more like a "square web" map. Increasing the number of approximation terms, the web 

turns out to be more straight but the thickness of the web becomes surprisingly larger. 

However, according to our numerical investegations, the web skeletons show the same 

feature for taking different numbers of approximation terms. For the sawtooth func-
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Figure 3.3: a-f: Phase plots of map Eq.(3.8) where f(x) is the square wave function. 
Ao = 0.6. a-b: The Fourier expansion of f(x) to the second term. cod: The Fourier 
expansion of f( x) to the third term. e-f: The Fourier expansion of f( x) to the fourth 
term. 
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Figure 3.4: a-d: Phase plots of map Eq.(3.8) when I(x) is the sawtooth function, taking 
the Fourier expansion to the fifth term. Ao = 0.6. 
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Figure 3.5: a-b: Phase plots for J.L = 1/2 in Eq.(3.14)j /(x) = (1/2)(sinx + sinltX) and 
Ao = 0.6 in Eq.(3.8). Stochastic web is present. 
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Figure 3.6: a-b: Phase plots for J1. = 1/3 in Eq.(3.14)j I(x) = (1/2)(sin x + sinJ1.x) and 
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tion (Eq.3.13), quite unpredictable structure appears in Fig.3Aa-c. It is a remarkable 

example which depicts that for the resonance condition q = 4, we may have a rather 

different tiling from a square lattice. In addition, we found that the shape of the web 

skeleton changes drastically (from a square lattice to a rounded tiling) by including the 

second term of Eq(3.13). Thereafter it keeps the same shape even as many more terms 

are included. Note that the locations of the nodes (saddle points) are approximately all 

the same for I( x) a pure sinusoidal function, a square wave function, or for sawtooth 

function, although the shape of the webs may not coincide with each other. This is due 

to the fact that they have the same solution for the saddle points on the unperturbed 

separatrices. 

In Fig.3.4d near the stochastic node there are a large number of n shaped tori 

and we may conjecture that the shapes of some higher order resonances can be quite 

different from the cases disscussed previously. 

Considering the situation discribed by Eq.(3.14), one may look at the structure 

shown in Fig.3.5 for kl = 1, k2 = 2. In Figs.3.6a-d, for kl = 1, k2 = 3, they should 

be examined more carefully: First, we must check the sensitive dependence on initial 

conditions of the web in order to categorize this map, i.e to determine that it is definitely 

a chaotic map rather than a quasi-periodic one. Second, most importantly, we must 

determine whether or not the shaded regions in the diamond in Fig.3.6c or Fig.3.6d are 

chaotic, without any ambiguity. The sensitive dependence on initial conditions can be 

determined by the Schmidt-orthgonalizes method introduced in previous chapter. 

The results of computing the largest Lyapunov exponent O'A are shown in figures 

3.7. In figure 3.7a, the web map with I(x) = sinx and Ao = 0.7, the largest Lyapunov 

exponent 0'1 ~ +0.023. For the square web, in figure 3.7b, 0'1 ~ +0.09. For the web 

of figure 3.6b, which is indeed a chaotic web, 0'1 ~ +0.05 as shown in figure 3.7c. For 

the shaded region in figure 3.6d, 0'1 ~ +0.06 as given by figure 3.7d. This is a chaotic 

region, not a quasi-periodic region. And it is even "more chaotic" than the web in 

Fig.3.6b because of its larger Lyapunov exponent. In order to distinguish those positive 
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Figure 3.9: a: The Lyapunov exponent of the stochastic webs versus the parameter 110 
and number of terms N in Eq.(3.12). b: The Lyapunov exponent of the stochastic webs 
versus the parameter Ao and the number of terms N in Eq.(3.13). 

non-vanishing Lyapunov exponents and the vanishing Lyapunov exponents which are 

associated with the non-chaotic conservative systems, we compare both the linear and 

Log-Log plots of the web in Fig.3.Gb and one of the non-chaotic trajectories in Fig.3.Gc. 

Notice that the slope of the Log-Log plot for the non-chaotic trajectory (in Fig.3.8c) ap

proaches to -1 as n _ 00, but for the chaotic trajectory (Fig.3.8d), the slope approaches 

to zero. Inspecting Figs.3.8a-d, one can guarantee that our previous conclusions as to the 

presence of chaos is correct. Then we may conclude that the stochastic web and bounded 

chaos inside the web can coexist. This phenomenon can be treated as an extension of 

the categories of Hamiltonian chaos given in reference [25]. 
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Moreover, it is worthwhile demonstrating how the Lyapunov exponents of the 

stochastic webs depend on following conditions: l.The number of terms retained in 

Eq.(3.12) (the square wave function) and Eq.(3.13) (the sawtooth function). 2.The 

perturbation parameter Ao in map (3.8). We chose an initial point in the vicinity of the 

saddle point (on the web) and iterated the map upto 105 times to obtain the Lyapunov 

exponents for each different set of values of parameter Ao and number of approximation 

terms. The results are depicted in Fig.3.9a-b. The Lyapunov exponents increase when 

the number of terms N in Eq.(3.12) or Eq.(3.13) increase. It also tends to a larger value 

(with some up and down) when Ao is chosen to be bigger. For small value of Ao, The 

Lyapunov exponent changes its value more smoothly and linearly with increasing N. 

Some more detailed investigations of the web skeleton (solution of separatrices) 

and the width of the stochastic web for those new systems will be discussed in the next 

section. 

3.3 The Skeletons and Widths of Some New Stochastic Webs 

There are already countless exquisite patterns produced by ancient artists. Those vari

eties of symmetric and periodic tHings on a plane, for the need of esthetics, were probably 

created by means of human intuition, geometry, or simply the structures in nature. Nev

ertheless, some classes of those wonderful patterns can be generated purely scientifically 

via the stochastic web [21,22]. However, tllis absorbing achievement was probably not 

carried out mainly for the the sake of esthetics. The motivation of those pioneers of non

linear physics was to investigate some stability properties of a realistic physical system, 

which is typically a Hamiltonian system involving the problem of an oscillator under the 

influence of a periodic perturbation. As a consequence, a new kind of a bridge connecting 

chaos and order was brought into the field of nonlinear science. 

As pointed out by Zaslavsky in reference [26] : "The longer is the passed time 

of investigations of the phenomena called chaos, the more and more surprising things 
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appear." We believe that this statement indeed holds true even for a low-dimensional 

system. Let us consider a Hamiltonian of a kicked oscillator with I! degree of freedom: 

1 00 

II = -aq(u2 + v2) - KoF(v) L 6(r - n) 
2 n=-oo 

(3.15) 

where 

aq = 27r/q (3.16) 

with q an integer to provide the resonance condition, the conjugate varables (u, v) 

describe the dimensionless momentum and coordinate respectively, r denotes the dimen

sionless time, and [(0 is a dimensionless perturbation parameter. Note that F(v) may 

be any periodic function of the coordinate. The most "surprising thing" is the existence 

of an irremovable stochastic web in this Hamiltonian system as Ko f: 0 [22J . Another 

surprising thing was introduced in our previous report [18J: that is, the stochastic web 

exists for many classes of periodic function F(v) and even for a same parameter q, by 

virtue of different structures of F( v), the systems may be able to generate distinctly dif

ferent web patterns of dynamical chaos. Because of its global change of the web pattern, 

this kind of treatment is different from a pl'evious investigation on the perturbation of a 

stochastic web [24J. 

The Hamiltonian (3.15) leads to the Zaslavsky web map: 

Un+l = [un + Kof(vn)] cos 27r /q + vn sin27r/q , 

vn+l = -[Un + Ko/(vn)] sin 27r/q + vn cos 27r/q , 
(3.17) 

where I(v) = -dF(v)/dv. This is an "exact" mapping, namely, no approximation was 

made to get this map from the original Hamiltoian (3.15). Thus the stability of the 

, map is exactly the stability of the Hamiltonian system. By choosing an initial point 

in the neighborhood of a separatrix, one can directly find the stochastic web with a 

q-fold symmetry. As q = 3,4 or 6, all the saddles lie on some certain energy levels 

[21]. This property offers the possibility of finding the "trace" of a stochastic web called 

"skeleton" cooresponding to a certain energy plane without directly iterating Eq(3.17). 

This notion has been introduced in reference [21] and [22] and carried out by transfering 
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the Hamiltonian into a rotating coordinate system with the frequency aq. Applying 

the same procedure ,we are able to transform the Hamiltonian (3.15) into the following 

expression: 

Ii = Hq + Vq , 

Hq = -If LJ=1 F(ej) , (3.18) 

Vq = -~I(o '2:1=1 F(ej) ~1 cos[2'r(r - j)] , 

where 

ej = R· ej , 

R=(v,u), (3.19) 

e' = (cos 211'J' - sin 211'J') 1 q' q' 

The Hamiltonian Hq is subtle, not only because it may describe the averaged motion in 

time but also because the coarse structure of the stochastic web,the so called skeleton, 

can be determined on the the phase plane by purely solving Hq in Eq.(3.18). At different 

values of q, it may represent a tiling with a different symmetry on the phase plane (u, v). 

Let us consider that F( x) is an even function, i.e. F( -x) = F( x). With the resonance 

condition q = 4, from Eqs.(3.18) and (3.19) we have 

(3.20) 

and for the case q = 3, we found that 

1 1 V3 1 V3 
H3 = --J(o[F(v) + F( -v + -u) + F( -v - -u)] 3 2 2 2 2 . (3.21) 

For the sake of simplicity we may define 

(3.22) 

and 

(3.23) 

Now it is not so hard to find out the skeleton of the stochastic web for q = 3 or 4 with 

the help of Eqs.(3.20) to (3.23) for a given function F. As shown in reference [22], when 

F(v) = cos(v) in Eq.(3.15) or,of course, I(v) = sin(v) in Eq.(3.17), at q=4 the skeleton 
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v v 

Figure 3.10: a: The web skeleton for f(v) being a square wave function, q = 4, on the 
energy plane E4 = O. b: The web skeleton and some other orbits on the energy planes 
E4 = -1,0 and 1. (center:(O,O); size:40x40) 

with Hamiltonian Ilq makes the connected net in the form of a square lattice on the 

energy level E4 = O. In case of q = 3 the web is a Kagome lattice and has a hexagonal 

symmetry on the energy level E3 = -1 [27]. 

It is interesting to investigate the web skeleton corresponding to the dynamical 

system when F(v) or f(v) is some other periodic function which may not be a sinusoidal 

function or a slightly disturbed sinusoidal function. Firstly let us consider the simplest 

case when q = 4 and f( v) is a square wave function as following: 

f(v)=:!. " sinkv, 
11' L.J k 

k=1,3,5, ... 
(3.24) 

and 

F(v) = ~ :L: cO;2kv 
(3.25) 

k=I,3,5, ... 

(since f(v) = -dF(v)/dv). Substituting F(u) and F(v) into Eq.(3.20), we may find 

the difficuity to get the solutions on separatrices analytically. The numerical solution is 

shown in Fig.3.lOa on the energy level E4 = O. It resembles the case for F(v) = cos v. 
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v v 

Figure 3.11: a: The web skeleton for f(v) being a sawtooth function, q = 4, on the 
energy plane E., = 0.6. b: The web skeleton and some other orbits for f(v) being a 
sawtooth function, q = 4, on the energy planes E4 = -1.5, -0.6 and 1.2. (center:(O,O); 
size:40x40) 

Fig.3.lOb shows the solutions on the energy planes E4 = -1,0 and 1. Note that the tori 

inside the web are not rounded but squared orbits. 

For q = 4, a more interesting case is when we choose f( v) as a sawtooth function: 

f( v) = ~ '" (_1)k+1 sin kv 
1C' LJ k 

1>=1,2,3, ... 

(3.26) 

or 

F( v) = ~ '" (_1)k+l cos kv. 
1C' LJ k2 

A.=1,2,3, ... 
(3.27) 

The numerical solutions on separatrices are shown in Fig.3.lla on the energy plane 

E., = 0.6. This pattern coincides with our previous results [18] of stochastic web obtained 

by directly iterating the Zaslavsky map (3.17). It is a remarkable demonstration for the 

condition q = 4 but the the tiles are not squares. Fig.3.llb represents the solutions on 

the energy levels E4 = -1.5, -0.6 and 1.2. 
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v 

Figure 3.12: The web skeleton for f(v) = sin Vj q = 3j on the energy plane E3 = -1. 
(center:(O,O); size:40x40) 

In case of q = 3, we have to solve the equation of separatrices (3.21). The 

numerical solution for F(v) = cosv is shown in Fig.3.12 on the energy levels E3 = -1.3 

(inside the triangles), E3 = -1 (web skeleton) and E3 = 2.2 (inside of the hexagons). 

Considering the system that f( v) is the sawtooth function with the same res

onace condition q = 3, we need to insert Eq.(3.27) into Eqs.(3.2l) and (3.23) and solve the 

skeleton numerically. The results are dipicted in Fig.3.l3. Fig.3.l3a shows the web skele

ton - a connected network of separatrices on the energy plane E3 = -1.1. In Fig.3.l3b 

the solution on energy planes E = -1.1, -1.8 (inside the small rectangles),and 1.5 (inside 

the hexagons) are included. This kind of web skeleton is somewhat unexpected, but the 

real stochastic web in Fig.3.l4a generated by the exact Zaslavsky map (3.17) is evidently 

consistent with this skeleton pattern. The parameter ](0 in map (3.Ii) is 0.6 and the 

initial conditions are chosen in the vicinity of the separatrices. Fig.3.l4b is a magnifi

cation around the center loop. Some more non-connected trajectories are described in 
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Figure 3.13: a: The web skeleton when I(v) is the sawtooth function; q = 3. The energy 
level is Ea = -1.1. b: The web skeleton and some orbits when I( v) is the sawtooth 
function; q = 3. The energy levels are Ea = -1.1, -1.8 (inside of the small rectangles), 
and 1.5 (inside the hexagons). (center:(O,O); size:40x40) 
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Figure 3.14: a: The stochastic web with all the same conditions as in Fig.3.13a and with 
1(0 = 0.6; (center:(O,O)j size:40x40). b: TIle blowup around the center of Fig. 3.14aj 
(ccnter:(O,O)j sizc:12x12). 
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Figure 3.15: a-d: The same conditions in Fig.3.13a but the energy level are not on the 
web skeleton. a: E3 = -1.0. b: E3 = -1.3. c: E3 = +1.5. Fig.3.15d: E3 = -1, -1.3 
and +2.2. (center:(O,O)i size:40x40) 



64 

example of bifurcation trajectoriesj Fig.3.15b is on the enegry plane E3 = -1.3. Note 

that for the web skeleton the energy plane (E3 = -1.1) is in between those two energy 

plane and that is the reason for the occuring of bifurcations. Fig.6c is on the plane 

E3 = +1.5. Fig.3.15d accommodates the trajectories for the energies E3 = -1, -1.3 and 

+2.2, without a connected network in this diagram. 

As we mentioned in the begining of this section, a very distinctive property of a 

Zaslavsky map is the pattern of an irremovable stochastic web without a lower limit to 

/(0 except the trivial case /(0 = 0 [28, 29J (at least for the condition q = 4,3 or 6). In 

the case of small values of /(0, the stochastic web is very thin and the structure is a wcll

defined regular pattern on the phase plane. However, the motion of the particle along 

the web behaves as a diffusive, random walk. Therefore it is important to determine 

the range[30J of the random walks ,namely, the width of the stochatic web (in the unit 

of energy). With the aid of Eq.(3.18), taking the exact solution for separatrices of Hq 

and some major terms in the expansion of the perturbation Vq, the width of the web 

can be estimated analytically [29]. However, when F( v) is not such a simple function 

as a pure sinusoidal one, it will not be feasible to manipulate it analytically because the 

solution of the separatrices probably can not be cast into a simple closed form. On the 

other hand, it is also difficult to find a reliable numerical method to determine the width. 

Here we would like to introduce the following numerical treatment. First, let us consider 

Eq.(3.20) or Eq.(3.21). For a certain averaged Hamiltoian Hq( u, Vj /(0) = h, we can get 

a point: 

((uo,vo): (uo,vo) is any solution of Hq(u,vj/(o) = h}, (3.28) 

and now let (uo, vo) be an initial condition of the Zaslavsky map (3.17) with parameter 

/(0. Then we compute the Lyapunov exponent O'(uo, Voj /(0) of the map[31J. Therefore 

the Lyapunov exponent is a functional of h: 

0' = O'(uo, Voj /(0) --l- O'(h(/(o)). (3.29) 

Let hs be the energy level of the web skeleton. After the perturbation, the center of the 

web can have a slight shift from hs. Define h~ = hs + oh to be the center of the stochastic 
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web, where oh is the energy shift. Let hmax > h~ be the maximum value, and hmin < h~ 

be the minimum value, such that 

(T(h) > 0 (3.30) 

for all h satisfying 

hmin < h < hmax (3.31) 

Then the width of the stochastic web H w can be estimated: 

(3.32) 

Note that 

hmin < h~ < hmax (3.33) 

is a requirement for the connected networks, and Eq.(3.30) characterizes the positive 

measurement of a stochastic web. In order to determine hmax and hmin accurately, we 

need to rule out the stochastic regions which do not belong to the stochastic web. Those 

ruled-out stochastic regions are actually the closed separatrices inside the web (not on 

the web)j we would rather call them "Poincare-Birkhoff separatrices" [32] so that one can 

distinguish them from the Zaslavsky separatrices forming the stochastic web. 

Now let us see the numerical results of the width of the stochastic webs H w in 

Figs.3.16, and notice that Eqs.(3.22) and (3.23) should be considered to get Hq from Eq. 

The dashed lines in Figs.3.16 are just the smoothed curve from those marked data. As 

shown in the figures, we can see that when ](0 < < 1, the width of the stochastic web 

maintains the property of a exponential dependence: 

Hw '" exp(-const/](o), ](0« 1. (3.34) 

In conclusion, the structure of the stochastic web of the dynamical system with 

the same resonance condition (same value of q) can have quite different patterns associ

ated with different form of periodic pertubation function in the Hamiltonian or equation 

of motion (Zaslavsky web map). The existence of these web patterns have been con

firmed by both the iterations of Zaslavsky web map and the solutions of the averaged 
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Hamiltonian (web skeleton). To estimate the energy width of these new stochastic webs 

is important, and we have shown a numerical process to carry out this goal. The width 

of the web does posses the exponential dependence on the pertubation parameter /(0 as 

/(0 « 1. 
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CHAPTER 4 

Quantum Mechanics and Deterministic Chaos 

4.1 "Quantum Chaos" 

It seems difficult to define a terminology "quantum chaos". However, it is appropriate to 

quote "chaos in quantum systems" or "chaotic behavior in quantum systems" to describe 

the sensitive dependence on initial conditions in quantum systems. It is irresponsible to 

draw a conclusion that the deterministic chaos is absent because of the discretness of 

energy levels in quantum systems. As an analogy, the number of animals in some certain 

area is definitely discrete, but one should not conclude the nonexistence of chaos in the 

grouping of animals. This is because that the extreme sensitivity on initial conditions 

indeed exist in dealing with some types of animal behaviors. Next, it may not be appro

priate to smear out the existence of deterministic chaos by the probability interpretation 

of a quantum system. One should notice that the probability function (wavefunction) 

itself can be a deterministic function of coordinates, and the wavefunction may evolve 

either regularly or chaotically with respect to time. An example will be given in chap

ter 5: The wavefunction (or probability function) of a quantum spin is a deterministic 

function of () and 'P, and those two variables can evolve chaotically with time in that 

system. 

However, there was quite strong support for the nonexistence of chaos in quan

tum systems based on the lack of diffusion in some certain systems [33]. But first of all, 

we should notice that, as pointed out in chapter 2, the system whose chaotic behavior 

is accompanied by the diffusion phenomena are actually quite restricted, for example, 



69 

dealing with the standard map, the diffusion phenomena appear only when the param

eter J( ;:: J(c, but when J( < J(c, chaos indeed exists without diffusion. Therefore, the 

absence of diffusion property does not provide a conclusion of the nonexistence of chaos 

even in classical dynamics. In addition, in Hogg's [33] paper most of the quantum sys

tems considered are actually linear systems! for example, the harmonic oscillator with 

linear kicks whose classical counterpart has no chaos at all. Therefore, such examples 

might not be the appropriate candidates to demonstrate the dynamical behaviors in 

quantum system. 

On the other hand, Toda and Ikeda [34] proposed a numerical calculation of 

a quantal analogue of the approximate maximum Lyapunov exponent for some special 

quanta! cases. One important example is the quantum double resonance model, the re

sults show that the extreme sensitivity on initial conditions (exponential grows of contour 

lengths) in this system is a transient phenomenon although the occurrence of quantum 

resonance overlap indeed has been observed in the Hilbert space [6]. Therefore, the neg

ative answer to the existence of chaos in quantum systems was still implied from their 

efforts. However, in studying Toda's paper, we must remark that their contour length in 

the quantum system has not been clearly defined. The property of the distribution func

tion Q(p, q, t) for the quanta! resonance model has not been described to the readers at 

all. The whole computation of quanta! Lyapunov exponents directly from the "contour 

lengths" is rather more puzzling than reliable. 

Indeed, because of so many examples (that may not be reliable), it is still com

monly believed that systems treated quantum mechanically, under very general condi

tions, do not exhibit the same kind of deterministic chaos (extreme sensitivity to initial 

conditions) that is often found in system treated classically [35, 36]. On the contrary, 

Chirikov et. aI. [37] have demonstrated that for a particular quantaI Hamiltonian sys

tem, the Schrodinger equation can directly imply that the quantum probability would 

evolve exactly in the same way as the classical one, including the case of chaotic motion. 

Although the example is not very realistic, the notion is no doubt enlightening. 
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In recent notes [19, 42, 49], we presented simple realistic counter examples to 

the belief of absence of chaos in quantum systems. For these realistic quantum systems, 

the quantum probabilities indeed evolve chaotically and can be characterized by positive 

Lyapunov exponents. We shall discuss those examples in chapter five to seven. 

4.2 Periodically Kicked Quantum Rotor 

It is worthwhile demonstrating how to derive the map for a quantum system. In this 

section, we intend to derive the "quantum standard map", an analytical mapping of a 

periodically kicked quantum rotor whose classical version has been intensively studied. 

Firstly, let us write down the Hamiltonian that leads to the classical standard map: 

1l = p3/21 + K cos( 0) 2)(t - nT). ( 4.1) 
n 

This Hamiltonian describes the motion of a one dimensional rotor with angular momen

tum PO, and moment of inertia I. The quantized version of this system can be described 

by the Schrodinger equation 

where the momentum operator is given by PO = ilia/aO, and the wave function ¢(O,t) 

can be represented by the eigenstates ee(t) associated with the lth quantum index. 

¢(O,t) = ~ee(t)eil9 . (4.3) 

where ee are essentially taken as the Fourier coefficients of the time-dependent wave 

function 'Ij;(O,t). Then the Schrodinger equation can be written in terms of ee: 

or 

iii ~~l = (li2e2/2I)ee + (K/2T) t (e-iwktel_l + eiwktel+l) , (4.5) 
k=-oo 
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where w = 21f,/T. Since the kicks occur only at times t = nT, , the system evolves as 

a free rotor between those kicks. Let 1/;(0,0+) denote the state of the system at time 

t = 0+, and let 
00 

1/1(0,0+) = L ee(O+)eieo . 
1.=-00 

(4.6) 

Thus during the time interval 0+ < t < T - O+(between kicks), the system evolves freely 

and the solution is 

00 

1/1( 0, t) = L ee(O+)eilO exp( -ilii2t/2I), (0+ < t < T - 0+) . (4.7) 
l=-oo 

In order to determine the wave function 1/;(O,T + 0+), right after the kick at time t=T, 

we integrate the Schrodinger equation (4.2) from t = T - 0+ to t = T + 0+: 

f+O+ EN li2 fT+O+ 821/1 f+O+ 00 

iii Jr-o+ 7ftdt + 2I Jr-o+ 802 dt - J( Jr-o+ cos(O) n:~oo oCt - nT)1/;dt = 0, (4.8) 

The middle integral gives no contribution and the change in 1/1 due to the kick is deter

mined by 

81/1 00 

ili7Jt = ]( cos(O) L oCt - nT)1/I, (T - 0+ < t < T + 0+) . (4.9) 
n=-oo 

The solution turns out to be 

t/J( 0, T + 0+) = e-i(K/h) cos(O)1/I(O, T - 0+) (4.10) 

Combining Eqs. (4.7) and (4.10), we get the wave function at t = T + 0+ in terms of 

the eigenstates at the time t = 0+ 

1/1(0, T + 0+) = e-i(K/h)cos(O) t ee(O+)eilO exp( _ili~~T) . (4.11) 
l=-oo 

Let us write 
00 

1/1(0, T + 0+) = L el(T + O+)eilO , 
t=-oo 

( 4.12) 

and note the identities 
00 

e-izcos(¢) = L (-i/Jt(z)eil¢ , 
(=-00 

( 4.13) 
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and 

Ol,m = ~ J. ei(l-m)rPdfjJ (4.14) 
211' -00 

where Je(z) is the Bessel function and oe,m is the Kronecker delta function. Then we 

find 
00 

ee(t = T + 0+) = L: Uem(T + O+)em(O+) , ( 4.15) 
m=-oo 

where Uem is the Floquet matrix 

( 4.16) 

4.3 Diffusion in the Kicked Quantum Rotor 

It is easy to see that, from Eq.(4.11), the motion does not change if T -+ T + 411'IIIi. 

Thus we only need to consider values of T in the interval 0 < T ~ 4rrI Iii. 

It has been shown [38,39,40,41] that the behavior of the kicked quantum rotor 

is quite different depending on whether the period of the kick, T, is a rational multiple 

or an irrational multiple of 4rrI Iii. For rational multiples, a rather unexpected result 

was obtained [38], without a classical analog. For irrational multiples the average of the 

rotor increases linearly with time in a diffusive manner but the diffusion stops after a 

short period of time. This phenomenon has been called "transient stochasticity" [39]. 

Now let us first consider the simplest rational case: When T = 4rr I In. The 

average energy of the rotor after N Kicks can be calculated: 

< E(N) >= 2~ !o27r dfh//'(O, NT)(-1i2/2I)({PI802)1f;(O, NT). (4.17) 

Choosing T = 4rr I Iii, from Eq. (4.11), we have 

( 4.18) 

The initial conditions, for simplicity, can be chosen in the eigenstate, l = 0, with proba

bility one. Then 1f;( 0,0+) = 1 and after N kicks we have 

(4.19) 



If we substitute Eq.(19) into Eq.(17) and carry out the integral, we find 

1(2N2 
< E(N) >- -4-' N - 00. 
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( 4.20) 

It means that the energy grows quadratically with the time t = NT. This is entirely 

different from the J.i.ruau: increase in the diffusive classical case. 

Although somewhat complicated, some more general cases of rational kicks, 

T = (471"1/1i)(v/J.L), where (v/J.L) is a rational fraction and 0 < (v/J.L) ~ 1, have been also 

investigated [40, 41J. The results show that, for all cases (except v / J.L = 1/2) the average 

energy grows quadratically with time (For the special case, v / J.L = 1/2, the average 

energy simply oscillates with time.) and they found that for all cases, the spectrum 

contains continuous bands. 

Next we consider the case of irrational kicks, that is for T = 471"I/1i0:, where 0: is 

an irrational number and 0 < 0: < 1. The numerical works [38, 40, 41] show that, after 

a long time evolution, the spectrum is always discrete. The energy grows linearly in a 

diffusive manner within the certain time scales TD '" 1(2, but for long times, TD < < t, the 

diffusion stops and the system turns into a stationary oscillation. This can be explained 

by the effect of the discretness of the spectrum. 
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CHAPTER 5 

Chaos in the Periodically Kicked Quantum Spin 

5.1 Periodically Kicked Quantum Spin 

In this chapter, we consider an electron which is in a constant magnetic field parallel to 

the x-axis and which is periodically kicked by an impulsive magnetic field parallel to the 

z-axis. The normalized two-component spin wavefunction is 

h (:) 

If the spin points in the direction denoted by (O,r.p) with unit probability, then 

U = ei(-y-~<p) cos !O, 
v = ei(-y+!<p) sin ~O, 

(5.1) 

(5.2) 

where i is an arbitrary phase. We assume the impulsive field is proportional to the 

instantaneous value of cos 0, so that the Hamiltonian is a functional of the state of the 

system. In this regard, our model [19] diffel's from previous models of a periodically 

kicked spin [43]. The Hamiltonian can be written 

00 

H = -hwoO'x - haO'z kcosOnO(t - nT), (5.3) 

where O'x and O'z are the Pauli spin matrices. We define 'lI = 'lin, U = Un, V = Vn, 0 = On, 

<P = 1/Jn to be the values just prior to time t = nT. The Pauli wave equation 

ih(a'll lot) = H'lI, (5.4) 



leads directly to the two-dimensional complex map (see Appendix A): 

UII+1 = (coswoT)e+iacOSOnUIi + i(sinwoT)e-ia cos On Vn, 

VII+1 = (cos woT)e- ia cos On VII + i(sinwoT)e+ia cos On Un. 

Now let us define the quantities 

Note that 

XII == 2a( U;Vn + V;U,,) = 2a sin On cos 4>n, 

Vn == -2ai(u:,vn - v;un) = 2asinOn sin4>n, 

2 2 2_42 XII + VII + z" - a. 
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(5.5) 

(5.6) 

(5.7) 

With the aid of Eqs.(5.5) and a little algebra, the two-dimensional complex map can be 

transformed into the three-dimensional real map 

Xn+l = XII cos ZII + VII sin Zn, 

Vn+! = -A(xli sin Zn - Vn cos zn) + BZn, 

zn+l = B( XII sin Zn - Vn cos zn) + Azn. 

(5.8) 

where A = cos 2woT and B = sin 2woT. Note that the only adjustable parameter of this 

map appears to be 2woT. The other parameter, 2a, is hidden implicitly in the chosen 

initial conditions (xo,Vo,zo), since (x5 + V5 + z6) = (2a)2. The trajectory of the map is 

on the surface of a sphere of radius 2a centered on the origin of the phase volume. The 

Jacobian matrix is 

cosz sin z 

J(X,V,z) = -Asinz Acosz -Apl(X,V,z)+B 

where 

Not surprisingly 

Asinz -Bcosz +Bpl(X,V,z)+A 

Pl(X,V,Z) == xcosz + vsinz, 

P2(X,V,Z) == xsinz - VCOSZ. 

detJ = +1, 

(5.9) 

(5.10) 

(5.11) 
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Figure 5.1: Plot of (1},;n versus n using parameters (5.13) and initial conditions (5.14). 

so that Eq.(5.8) is a conservative map. We refer to our model as the periodically kicked 

quantum spin (PKQS). Equation (5.8) is the PKQS map. 

With the aid of a numerical procedure derived in chapter two, we can ca.lculate 

a quantity (1~, obtainable after n iterations of the map, such that 

(1" = lim (1~. 
71=00 

(5.12) 

(1" is the Lyapunov exponent, while (1~ is the nth approximation to (1" [18]. One or more 

positive values of the (1" indicates a chaotic trajectory of tIle map. Consider the case 

where the parameters are cllOsen to be 

(2woT) = 1, (2a)2 = 7.79, (5.13) 

with initial conditions 

Xo = -1.527349, YO = -0.433581, Zo = +2.295477. (5.14) 

A plot of (1~ versus n for 0 < n < 105 is shown in Fig.4.1. The values of the Lyapunov 

exponents are 

(1 = 0, ±0.273. (5.15) 
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This demonstrates the presence of chaos. The two dips in (1 clearly seen in Fig.5.1 for 

n < 3 . 104 are associated with a transient phenomenon resulting from "sticky torL" In 

the initial transient of a chaotic trajectory, there may be a sizable sequence of iterates 

which cluster in the vicinity of a stable torus, followed by iterates which explore other 

regions of the accessible phase space. Such clustering can clearly be seen in the top plots 

of Fig.5.2. 

A kind of physically unrealistic quantum model that does exhibit chaos was first 

mentioned by Chirikov [37]. In this model, the wave function develops higher and higher 

order Fourier components with the passage of time. Corresponding classical systems 

have chaotic trajectories in phase space that are unbounded, when one uses action-angle 
I 

variables, since the action variables increase without limit. 

In contrast to this, our model has a wave function 'l1 whose Fourier transform 

does !lQ1 develop higher and higher order components. In any interval between kicks, 

(8/8t)'l1 is not indefinitely large, no matter how many kicks have already occurred. The 

corresponding map always has a bounded trajectory in phase space. After initial tran

sients have died out, the Fourier spectra of the map variables will be time-independent. 

In the case of the chaotic trajectory already mentioned as an example, the fast Fourier 

transform has been calculated for an interval of 1024 successive iterations. The results 

are essentially independent of the number of iterations preceding the interval, with no 

indication of growth of higher-order Fourier components. 

Contrary to popular belief [35], certain quantum mechanical systems are capable 

of exhibiting the same deterministic chaos seen in classical systems. We have speculated 

that a necessary condition for such a quantum mechanical system is that the Hamiltonian 

of the system can be depicted by an effective Hamiltonian which is a functional of the 

wave function describing the state of the system. 

A physical realization of our model appears to require the use of an ensemble 

of identical spins. The ensemble provides the information about the evolution of proba

bility function. If the experiment is to run for N periods, then we break our ensemble 
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into N subensembles. For example, if the ensemble contains 1012 spins, and the exper

iment is to run for 106 periods, then there will be 106 spins in each subensemble. The 

experiment is started with all spins of the ensemble identically oriented. At the end of 

each period, one subensemble is "sacrificed" by measuring the probability P that the 

spins of that subensemble are pointing straight up. The impulsive magnetic field acting 

on the remaining unsacrificed subensembles is then set proportional to cos () = 2P - 1. 

The physical realization is thus a many-body system. The angle () and <p are collective 

coordinates describing the orintation of the as yet unsacrificed assembly of spins, while 

Eq.(5.3) describes an effective Hamiltonian involving these collective coordinates. 

5.2 Application to Particles with Spin 8 ~ 1 

In the last section, we considered the quantum mechanical problem of an electron in a 

constant magnetic field parallel to the x-axis and an impulsive magnetic field parallel to 

the z-axis, and we were led to the PKQS map, Eq.(5.8). Although a spin ~ particle has no 

strict classical counterpart, we saw that the same map resulted from the classical problem 

of the two magnetic fields acting on a particle whose magnetic moment is proportional 

to its orbital angular momentum. This suggests the following question: Can quantum 

particles of spin s ~ 1 also lead to the PKQS map? We address this question in this 

section. The answer is ~ for 8 = 1, no for 8 > 1. 

First we consider the case 8 = 1. The normalized three-component spin wave 

function is 

d 

1lI= f 

9 

(5.16) 

We assume that III describes what might be called a classically-oriented (CO) state, de

fined to mean that the spin points in some direction denoted by ((},¢) with unit probability. 



Thus, 

d = !(1 + cos O)ei<-r-q,) , 

I = 'li(sin O)ei'Y, 

9 = !(1 - cos O)eih+4» , 
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(5.17) 

'Y being an arbitrary phase. Every state of a spin-! particle is necessarily a CO state 

[44], but this is not true for particles with s ~ 1. However, if a spin-one particle is 

initially in some CO state, it will transform in to another CO state under the influence 

of an arbitrary magnetic field. The impulsive magnetic field is proportional to the 

instantaneous value of cos O. 

The Hamiltonian van be written 

H = -woSx - aSz L:cosOc(t - nT). (5.18) 
n 

Define IJt = IJtn, d = dn, I = In, 9 = gn, 0 = On, ¢ = ¢n to be the values just prior to 

t = nT. Also 

010 1 0 0 

Sx = (1i/../2) 1 0 1 ,Sz = Ii 0 0 0 (5.19) 

010 o 0 -1 

Thus far, we have expressed 1Jt, Sx in the usual basis. It is more convenient, however, to 

a new basis 

where 

1Jt= 
p 

q 

r 

p == (1/../2)( d + g) = (1/../2)( cos ¢ - i sin ¢> cos ¢ )eh', 

q == I = (1/V2) sin Oei-r, 

'Y == (1/V2)(d - g) = (1/V2)(cos¢cosO - isin¢)eh'. 

(5.20) 

(5.21) 



In this basis 

0 1 0 0 0 1 

Sx = Ii 1 0 0 , Sz = 1i 0 0 0 

0 0 0 1 0 0 

Note that 

/p/ 2 + /q/2 + /r/ 2 = 1. 

The matrix wave equation 

i1i(81J! f8t) = HIJ! 

leads directly to the three-dimensional complex map 

Pn+l coswoT i sinwoT 0 cos aZn 0 isin aZn 

qn+l = isinwoT cos woT 0 X 0 1 0 

rn+l 0 0 1 i sin aZn 0 cosazn 

where 

Thus, 

Pn+l = (coswoTcosazn)Pn + i(sinwoT)qn + i(coswoTsinazn)rn, 

qn+l = i(sinwoTcosazn)Pn + (cos woT)qn - (sinwoTsinazn)rn, 

rn+l = i( sin aZn)Pn + (cos aZn)rn. 

81 

(5.22) 

(5.23) 

(5.24) 

pn 

(5.25) 

(5.26) 

(5.27) 

In the analogous spino! problem, a two-dimensional complex map was converted into a 

three-dimensional real map by constructing real bilinear combinations of the elements 

of the two-dimensional map. Similarly, here we construct real bilinear combinations 

of the elements of the complex three-dimensional map. Eight such quantities can be 

constructed. 

(5.28) 



Sn == v'3(/Pn/ 2 -/rn/2 ) = !v'3 sin2 On cos 2<1>n = !v'3(x~ - Y~), 

tn == iv'3(p;,rn - r~Pn) = !v'3 sin2 On sin2 <l>n = V3xnYx, 

Un == v3( q;,rn + r~qn) = v3 sin On cos Oil cos <1>11 = v3xnzn 

Vn == iV3( q;Pn - p~qn) = V3 sin On cos On sin <l>n = V3YIIZII, 

Wn == (/Pn/ 2 + Irnl2 - 2/qnI 2) = !(3 cos2 On - 1) = !(2z~ - x; - y~). 

Note that 

( 2 2 2) _ (2 2 2 + 2 + 2) - 1 xn + Yn + zn - sn + til + un Vn Wn - . 

82 

(5.29) 

(5.30) 

The quantities xn,. Yn, Zn are the l = 1 spherical harmonics; Sn, t'l! Un, Vn, Wn are 

the e = 2 spherical harmonics. Furthermore, the latter are bilinear combinations of the 

former. 

With the aid of Eqs.(5.8), a real three-dimensional map involving only Xn, Yn, 

Zn can now be constructed. 

Xn+1 :: Xn cos aZn + Yn sin azn, 

Yn+1 = -(xn sinazn - Yn cos aZn) coswoT + Zn sinwoT, 

zn+I = (xn sin aZn - Yn cos aZn) sin woT + Zn cos woT. 

The e = 2 spherical harmonics are not present. If we perform the rescaling 

-1 
Xn - a Xn, 

Wo - 2wo, 

the above map become identical with the map for the spino! case Eq.(5.8). 

( 5.31) 

(5.32) 

For arbitrary s, the state of the spin is described by a (2s + 1) component wave 

vector. Under the restriction that the state be classically oriented, the (l+ 1) component 

is proportional to 

(cos ~O)2S-l(sin ~OleXPib + (l- s)<I>], (5.33) 
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with 0 :5 e :5 28. Is it possible to construct x, y, and z, the e = 1 spherical harmonics, 

by taking bilinear combination of these (28 + 1) compoments? The answer is yes for 

8 = 1/2 and 8 = 1, as has already been shown. The answer is no for 8 ~ (3/2). Consider 

the case 8 = (3/2), where the four components are 

One has 

so that 

Thus, 

Jll = cos3 !Oei(r-~¢», 

Jl2 = V3 cos2 !O sin !Oei(r- !¢», 

Jl3 = V3 cos !O sin2 !Oei(r+!¢», 

(V3Jll + Jl3) = V3 cos ~O{ cos if> - i cos () sin if> )ei(r- ~¢», 

(V3Jll - Jl3) = V3 cos !O{ cos 0 cos if> - i sin if> )ei(r- ~¢», 

(V3Jl4 + Jl2) = V3 sin !O( cos if> - i cos 0 sin if> )ei(r+~¢», 

(V3Jl4 - Jl2) = -V3 sin ~()( cos 0 cos if> - i sin if> )ei(r+~¢», 

![V3Jli + /ij){V3/il - /i3) + (V3/ii - /ia){V3/il + /i3)] 

i(31/i112 - 1/i312) = cos2 !O cos 0, 

H( V3/i4 + /ii){ V3/i4 - /i2) + (V3/i4 - /ii)( V3/i4 + /i2)] 

i(31Jl41 2 -1//i212) = -sin2!Ocos(}. 

(5.34) 

(5.35) 

(5.36) 

(5.37) 

It is not possible to construct sin 0 cos if> or sin () sin if> in any similar fashion. There 

are too many powers of trigonometric functions in each component in order to be able 

to construct all of the e = 1 spherical harmonics out of bilinear combinations. This 

precludes the construction of the three-dimensional real map. 

5.3 Generalized PKQS Model and Stochastic Webs 

In this section we consider the following generalization of the PKQS model. Rather than 

have the impulsive magnetic field be proportional to the instaneous value of cos 0, we 
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make it proportional to the instantaneous value of cos pO, where p is a positive integer. 

It is now more convinenient to define 

Xn = sin On cos tPn, 

Yn = sin On sin tPn, 

rather than using Eq.(5.6). The quantity cos On is a polynomial function of Zn, 

which satisfies the recursion relation 

f p+l(Z) = 2zfp(z) - fp-l(z), 

subject to the starting condition, 

Thus, for example 

Equation (5.8) is replaced by 

fo(z) = 1, h(z) = z. 

J2(Z) = 2z2 - 1, 

h(z) = 4z2 - 3z, 

f4(z) = 8z4 - 8z2 + 1, 

f5(z) = 16z5 - 20z3 + 5z. 

Xn+l = Xn cos[2afp(zn)] + Yn sin[2afp{zn)], 

(5.38) 

(5.39) 

(5.40) 

(5.41) 

(5.42) 

Yn+l = -Xn sin[2afp(zn)] - Yn cos[2afp(zn)] cos 2woT + Zn sin 2woT, (5.43) 

zn+l = Xn sin[2afp(zn)] - Yn cos[2afp(zn)] sin 2woT + Zn cos 2woT. 

The case p = 1 differs from the treatment of the PKQS only in a change of scale of the 

iterates. In order to get physically meaningful results, it is essential to pick up initial 

conditions satisfying the condition 

X5 + Y5 + z5 = 1. (5.44) 
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When p is even, there are no fixed points of the map for most values of the 

parameters a and woT. In contra.st, when p is odd, the points x = ±1, y = z = ° are 

cycle-one fixed points for all values of a and woT. The Jacobian matrix for either of 

these fixed points is 

where 

1 ° ° 
J(x,O,O) = 0 cos2woT -2/(cos2woT+sin2woT 

° -sin 2woT 2/( sin 2woT + cos 2woT 

I( == (-I)~(p-l)apx. 

The eigenvalues of J are 

where 

P == (/(sin2woT + cos2woT). 

(5.45) 

(5.46) 

(5.47) 

(5.48) 

If p2 :::; 1, then all three" satisfy the condition 1"1 = 1, the fixed point is stable, and 

the model is near integrable. If p2 > 1, then on " satisfies the condition 1"1 > 1 and the 

fixed point is unstable. The condition p2 :::; 1 is equivalent to 

/(2 + 2/( cot 2woT - 1 :::; 0. 

The equality sign here holds when 

/( = - cot 2woT ± [1 + cot2(2woT)]! 

= tan woT, - cot woT. 

Thus the fixed point is stable when 

- cotwoT :::; /( :::; tanwoT, tanwoT > 0, 

tanwoT:::; /( :::; - cotwoT, tanwoT < 0. 

(5.49) 

(5.50) 

(5.51) 

A primary motivation for studying this generalization of the PKQS map was the 

possibility of generating stochastic webs similar to the type pioneered by Zaslavsky and 
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Figure 5.3: Plots of the generalized PKQS map using parameters p = 5, a = 0.1, 
2woT = (27r/4). a: Yn, Z" for all x" > O. b: Yn, ZII for all x" < O. c: angle plot 011 versus 
<p". d: 3-D perspective of the stochastic web. 
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Figure 5.'1: Plots of the generalized PKQS map using parameters p = 5, a = 0.12, 
2woT = (27r'/3). a: Yn, Zn for all XII > O. b: Yn, Zn for all Xn < O. c: the mirror image 
(y ~ -V) of figure d. d: angle plot 811 versus ¢In. 

his colleagues. An examination of Figs.5.3 and 5.4 certainly shows that this possibility 

has been achieved. Both figures deal with the case ]J = 5. When 2woT is a rational 

fraction of 27r', there is a resonance between the unperturbed part of the Hamiltonian 

(-liwoO'x) and the impulsive perturbation. III Fig.5.3 where (7r'/woT) = 4, one would 

expect four-fold symmetry for a Zaslavsky web; in Fig.5A, where (7r' /woT) = 3, one 

would expect a threefold symmetry. The difference between the Zaslavsky webs and the 

PKQS webs, is that the former lie on an unbounded fu!1 surface, the latter on a finite 

but ~ surface. These PKQS webs are novel in two respects:(l) they arc associated 
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with a quantum mechanical system; (2) they lie on the surface of a sphere. 

Figure 5.5 shows how the stochastic web grows with insreasing parameter a in 

the vicinity of a saddle point of the unperturbed motion. Figure 5.6 gives an example of 

the stochastic behavior of the map in the absence of any resonance between unperturbed 

and perturbed portions of the Hamiltonian (lI'- l wQT being irrational). 

The examples thus far considered have all involved odd values of p. The reason 

for this is the apparent difficulty in generating thin stochastic webs with even values of 

p. The angle plots of Fig.5.7 show the very different forms of stochastic regions of the 

maps associated with p = 7 and p = 8, respectively, the parameters a and 2woT being 

the same in both cases. The absence of stochastic webs for even values of p is apparently 

related to the already discussed absence of fixed points. 
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Figure 5.5: Growth of the stochastic web with increasing parameter a, in lhe vicini ty of 
a saddle point, using p = I, 2woT = (211'/4). a: angle plot 0" versus ¢JII' with a = 0.8. 
b: blowup of the angle plot, a = 0.8. c: blowup of the angle plot, a = 0.9. d: blowup of 
the angle plot, a = 1.0. 
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Figure 5.6: Projection plots of the PKQS map when 2woT = (rr/";5) is an irrational 
fraction of 2rr, with parameters p = 1, a = 1.08. a: XII, YII for all ZII > O. b: XII, YII for 
all ZII < O. c: Y,l, ZII for all XII > O. d: YII' Z,l for all XII < O. 
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Figure 5.7: Angle plots of the gencralizcd PKQS map with parameters a = 0.16, 
2woT = (21T/4). a: p = 7. b: p = 8. 
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CHAPTER 6 

Chaos in a Superconducting System 

In the last chapter, we have presented a counter-example to the belief in nonexistence of 

deterministic chaos in quantum systems. Our system [19J consisted of an electron that 

is in a constant magnetic field parallel to the x-axis and that is periodically kicked by 

an impulsive magnetic field parallel to the z-axis. The impulsive field is proportional to 

the instantaneous value of cos 0, where the angles (0, c.p) designate the direction in which 

the spin of the electron is pointing with unit probability. The Hamiltonian describing 

this system is functional of the spin wave function. The simple system indeed exhibits 

deterministic chaos. 

In this chapter, we shall consider another example which is a many-body quan

tum mechanical system consisting of a very large number of two types of interacting 

bosons subject to a time-dependent external force [42J. Under suitable choice of param

eters of the Hamiltonian of the system, the equations of motion are equivalent to those 

describing an electric circuit consisting of Josephson junction in series with an external 

capacitor and a sinusoidal voltage, or alternatively equivalent to an undamped driven 

pendulum. The system is capable of exhibiting deterministic chaos (extreme sensitivity 

to initial conditions). The Hamiltonian of this system is 

H = ~{cla!ai + 2c2(a!ai)atai + C3( -l)iJ(t)atai + c4ata3-i}, (6.1) 
I 

where the ai (i=1,2) are the bose destruction operators and the Cj 0=1,2,3,4) are con

stants. The angular brackets denote an expectation value with respect to the state of 

the system. In the absence of the external driving potential J(t), each type of boson 

has an eqUilibrium number no, which is very large (e.g., 1020). In the presence of J( t), 
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deviations from the equilibrium values are many powers of ten smaller than no. We may 

thus make the c-number replacements without loss of accuracy, 

(6.2) 

1/J being an effective wave function. The Heisenberg equation of motion for aj, 

ih(d/dt)aj = [aj,HJ, (6.3) 

thus becomes the matrix Schrodinger equation 

ih(d/dt)iI! = HeffiI!, (6.4) 

where 

( 
fl.l C4) 

Hell == , 
C4 fl.2 

(6.5) 

and 

(6.6) 

It should be emphasized that the possibility of deterministic chaos does 1lQ1 result from 

the effective-field approximation of Eq.(6.2), but rather from the fact that both Hand 

Heff are functionals of the state of the system. In order to demonstrate this point, 

the Appendix.D shows that Heff is exactly equivalent to a Hamiltonian describing a 

hypothetical spino! particle interacting with time-dependent external vector and tensor 

fields, the vector field being both time-dependent and a functional of the state of the 

system. We will discuss why deterministic chaos may occur when Hamiltonian is a 

functional of the state of the system. 

Equation (6.4) is just the sort of Schrodinger equation used by Feynman [45J in 

discussing the Josephson junction [46J. Writing 

.1 •• _ n~eiSi 
'1'1- I , (6.7) 

Eq.(6.4) gives 

(6.8) 
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(6.9) 

1/Ji may be considered to be the Cooper-pair wave function of the i'th electrode. Defining 

the supercurrent 

1 == 2e(dn2/dt), 

the voltage across the junction 

and the phase difference 

we have 

1 = 10 sinS, 10 == (4noe/h)c4' 

dS/dt = (2e/h)V. 

In (6.13), use was made of the fact that /ni - no/ « no. 

(6.10) 

(6.11) 

(6.12) 

(6.13) 

(6.14) 

Intrinsic to the Josephson junction is a shunt capacitance Cs and a shunt resis

tance Rs. By taking the absolute temperature of the junction much smaller than the 

superconducting transition temperature of the material of the electrodes, there will be 

a negligible number of normal electrons present, and Rs will be so large that it may 

be ignored. Consider an electrical circuit consisting of the junction in series with an 

external capacitor Ce and an applied voltage Va cos wt. The charge on this capacitor is 

(6.15) 

where Qs is the charge associated with the shunt capacitance. Thus, 

(6.16) 

With the aid of Eq.(6.15), Eq.(6.16) can be rewritten in the form 

V = Vocoswt - (Qc/C), (6.17) 

where 

C == (Ce + Cs), Vo == (Ce/C). (6.18) 
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Figure 6.1: Phase velocity (dS/dt) versus numbcr of driving cycles. 

Wc must now choose 

f(t) = coswt, 

Cl = 2J1. + (noc 2/C), 

C2 = -(e2/C), 

C3 = eVo. 

Dcfinc the reduced charge 

Q == (Qc/1o), 

and the two characteristic frcquencics 

Wo == (2e1o/IiC)!, no == (2eVo/Ii). 

We have 

dS/dt = (2e/Ii)V = ncoswt - waQ, 

dQ/dt=sinS, 
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(6.19) 

(6.20) 

( 6.21) 

(6.22) 

(6.23) 
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(6.24) 

This is equivalent to the classical equation of motion for an undamped driven pendulum, 

a system capable of deterministic chaos. 

The undamped (conservative) driven system is more basic then a damped (dissi

pative) system. Let us present the following example ofEq.(6.24) exhibiting deterministic 

chaos. We choose the frequencies w = 0.87wo, w5 = w110 = 1. The differential equation 

was integrated using the fourth-order Runge-Kutta method with an integration step size 

of D..t = 0.1. The initial conditions chosen were So = (dS/dt)o = wto = 0.1. Figure 

6.1 shows the phase velocity (dS/dt) versus time for 2000 periods of the driving voltage, 

demonstrating a hounded trajectory in the phase space. (The phase S itself is of course 

periodic). Figure 6.2 shows the values of the Lyapunov exponents over the same pe

riod of time, calculated by the numerical procedure of Wolf et al.[47J. The asymptotic 

values of approximately 0, ±0.16 demonstrate the presence of deterministic chaos. Of 
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course, it is well known that a driven Josephson junction can give rise to chaos [48J. It 

is conventional, however, to consider the junction to be current driven in the absence 

of any external capacitor, under conditions where Rs and Cs must be considered. This 

arrangement precludes describing the system in terms of a quantum mechanical many 

body Hamiltonian. 

In summary, we have seen that the Hamiltonian of Eq.(6.1) describes a system 

that can exhibit deterministic chaos. As has already been pointed out, both H and He!! 

are functional of the state of the system. We speculate that a necessary (but by no 

means sufficient) condition that a quantum mechanical system can exhibit deterministic 

chaos be that a portion of the lIamiltoinan involving the degrees of freedom which are 

chaotic be a functional of either the wave function or the density matrix describing the 

states of the system. In order to solve for collective degrees of freedom in a many-body 

system, it may be necessary to perform a canonical transformation which is a functional 

of the states of the system. An example is the calculation of the phonon spectrum of 

a solid, a spectrum which will change with temperature because of thermal expansion. 

(Of course, we are not suggesting the presence of chaos here.) 

Despite the fact that lIe!! is Hermitian, the time-dependent matrix Schrodinger 

equation, Eq.(6.4), is not a unitary flow. Although the norm of '11 is invariant, the scalar 

product of two distinct '11 can change with time, by virtue of the functional dependence 

of Hef! on '11 • Thus the norm of the difference between two distinct '11, both solutions to 

Eq.(6.4), may be time dependent. This allows for the possibility of extreme sensitivity 

to initial conditions. 
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CHAPTER 7 

Chaos in a Time Independent Superconducting System 

It is not difficult to find physical systems that exhibit deterministic chaos (extreme sensi

tivity to initial conditions) when treated by classical mechanics. It is commonly believed, 

however, that, aside from certain unphysical examples, systems treated quantum me

chanically do not exhibit the same kind of deterministic chaos [35]. So far, we have 

presented two simple counter examples to this belief in chapter 5 and 6. 

The first example [19], given in chapter 5, is the periodically kicked quantum spin 

(PKQS). The system consists of an electron that is in a constant magnetic field parallel 

to the x-axis and that is periodically kicked by an impulsive magnetic field parallel to 

the z-axis. The impulsive filed is proportional to the instance values of cos 0, where the 

angles (0, ¢) designate the direction in which the spin of the electron is pointing with 

unit probability. The Hamiltonian describing this system is a functional of the spin wave 

function. A physical realization of this model requires the use of an ensemble of identical 

spins. 

The second example [42], introduced in chapter 6, is a many-body quantum 

mechanical system consisting of a very large number of two types of interacting bosons 

subject to a time-dependent external force. With suitable choices of the constants of 

the Hamiltonian, this system represents a Josephson junction in series with an external 

capacitor and an applied sinusoidal voltage (J 2C SV). As with the first example, the 

Hamiltonian is a functional of the state of the system. 

Both of these examples are systems which are either kicked or driven by an ex

ternal potential, so that the corresponding Hamiltonians are explicitly time dependent. 
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In this chapter, we wish to consider another quantum mechanical system, one not in

volving any external potentials. Thus the Hamiltonian describing the system is time 

independent and a constant of the motion. We shall demonstrate that this system also 

exhibits deterministic chaos, despite the absence of any explicit time dependence in the 

equations of motion. 

This system [49], which is somewhat analogous to (J2CSV), consists of a very 

large number of ~ types of interacting bosons. The Hamiltonian is 

I 

Jl = L:{CI + c2(a!aj)}ataj + C3 2:ataj, (7.1) 
I I,) 

where the prime over the double sum indicates i :I j (i,j = 1,2,3). The aj are Bose 

destruction operators and the Ck are constants. The aj and their Hermitian conjugates 

obey the commutation relation [aj, a}] = bj,i. The angular brackets denote an expectation 

value with respect to the state of the system. In the ground state, each type of boson 

has an equilibrium number no, which is very large (e.g. 1020). In the excited states we 

shall consider, the deviations from the equilibrium values are many powers of ten smaller 

than no. (Of course, the total number of all the three types of bosons, 3no, is strictly 

conserved.) Thus we may make the c-number replacements without loss of accuracy, 

(7.2) 

'l/Jj being an effective wave function. The Heisenberg equation of motion for aj, 

ih(d/dt)aj = [aj,H], (7.3) 

become the matrix Schrodinger equation 

ih(d/dt)iI! = lleffiI!, (7.4) 

where 

PI C3 C3 

Heff == C3 Il2 C3 (7.5) 

C3 C3 113 
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and 

(7.6) 

It should be emphasized that the possibility of deterministic chaos does not result from 

the effective-field approximation of Eq.(7.2), but rather from the fact that both Hand 

He!! are functionals of the state of the system. In order to demonstrate this point, 

the Appendix.C shows that Heff is exactly equivalent to a Hamiltonian describing a 

hypothetical spin-one particle interacting with external vector and tensor fields, these 

fields being functionals of the state of the system [50]. We have already discussed why 

deterministic chaos may occur when a Hamiltonian is a functional of the state of the 

system. 

Writing 

Eq.(7.4) gives 

and 

.1 •• _ n~eiSi 
'1-'1 - 1 , 

n(dni/dt) = 2c3[(nmi+t)1/2sin(8i+I - 8i) 

+( nini_d1/2 sin(8i_l - 8i)], 

-n(d8i/dt) = Pi + c3[(ni+1/nd1/2cos(8i+I - 8i) 

+(ni/ni_t)1/2 COS(8i_1 - 8d]. 

(7.7) 

(7.8) 

(7.9) 

(In these equations, understand i - 1 = 3 when i = 1, i -I- 1 = 1 when i=3.) Defining the 

quantities 

we have 

Vij == (2e)-1(pj - pd, Qi == 2e(ni - no), 

8ij == (8i - 8j), 10 == (4noe/n)c3! 

(dQ1/dt) = Io(sin831 - sin 812), 

(dQ2/dt) = Io(sin 812 - sin 823), 

(dQ3/dt ) = Io(sin 823 - sin 831); 

(7.10) 

(7.11) 
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Figure 7.1: Schematic diagram of the three-Josephson-junction loop. 

(dS12/dt) = (2e/h)V12 + (C3/ft)(COSS23 - COSS31), 

(dS23/cit) = (2e/h)V23 + (C3/ft)(COSS31 - COSSI2), 

(dS23/lit) = (2e/h)V31 + (C3/h)(COSS12 - COSS23). 

In Eq.(7.11) and Eq.(7.12), use was made of the fact tha.t Inj - nol « no. 
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(7.12) 

Consider a superconducting loop containing three identical Josephson junctions 

(3J2 L), as illustrated in Fig.7.1. The loop contains three separate pieces of superconduc

tor (labeled by the numbers in circles). The ends of adjacent pieces form the electrodes of 

a Josephson junction (the junction being labeled by the two numbers associated with the 

pieces of superconductor). Assume a temperature much lower than the superconducting 

transition temperature, so that there is negligible normal current in each junction. We 

now associate the previously obtained equations with this system. Vij is the voltage 

across junction ij, and Sij is the phase difference across the junction. Qi is the unbal

anced charge 011 piece i, while nj is the Ilumber of cooper pairs on the piece. We have 

implicitly assumed that the phase Sj is constant over the total length of piece i. This 

will be true as long as tllC current in superconducting loop is sufficiently small that a 
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negligible magnetic field is generated. This condition is satisfied if 

LIo « f/Jo == (1i/2e), (7.13) 

where L is the self inductance of the loop and f/Jo is the flux quantum [51J. There has 

been considerable study of Josephson junction arrays [52J, but the writer is unaware of 

any previous work on the superconducting loop (3J2 L) being considered here. 

Any unbalanced charge on a piece of superconductor will immediately redis

tribute itself on the two electrodes at the ends of the piece. This means that 

Q1 + Cs(V31 - V12) = Q2 + Cs(V12 - V23) 

= Q3 + Cs(V23 - V31) = 0, 

where Cs is the shunt capacitance of each of the junctions. Note that 

Q1 + Q2 + Q3 = 0, 

512 + 523 + 531 = 0 

V12 + V23 + V31 = o. 

Using Eqs.(7.14) and (7.15), we get 

In order to achieve consistency, we now choose 

C1 = 2J.l. + (4noe2 /3Cs), 

C2 = -(4e2/3Cs). 

Define the characteristic frequencies 

and the reduced charge 

wo == (2eIo/3IiCs), 

no == (4noe)-lIo, 

(7.14) 

(7.15) 

(7.16) 

(7.17) 

(7.18) 

(7.19) 
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Equations (7.11) and (7.12) become 

n(jl(dQ1/dt) = sin S31 - sin S12 , 

n(jl(dQ2/dt) = sin S12 - sin S23 , 

no1(dQ3/dt) = sin S23 - sin S31 ; 

n(jl(dSI2/dt) = (',",o/no)2(QI - Q2) + COSS23 - COSS31 , 

(7.20) 

n(jl(dS23/dt) = (wo/no)2(Q2 - Q3) + COSS31 - cos S12 , (7.21) 

nOl(dS3t/dt) = (wo/no)2(Q3 - QI) + cos S12 - cos S23 . 

The fact that Inj - nol «no implies that IQil < < 1. In a typical Josephson 

junction, the two characteristic frequencies wo and no are widely different in size, 

(7.22) 

As a consequence, the cosine terms on the right-hand sides of Eqs.(7.21) may be dropped 

[53]. Equations (7.20) and (7.21) may now be combined to give 

W(j2( d2S12/ dt 2) = sin S23 + sin S31 - 2 sin S12 , 

w(j2(d2S23(dt2) = sinS31 +sinSl2 - 2sinS23, 

w(j2(d2S3t/dt2) = sin S12 + sin S23 - 2 sin S31 . 

(7.23) 

Because of Eq.(7.15), we need to consider only two of these last three equations. Since 

we have 

W(j2( d2 S12/ dt2) = sin S23 - 2 sin S 12 - sine S 12 + S23) , 

w(j2( d2S23/ dt2) = sin S12 - 2 sin S23 - sin(Sl2 + S23) . 

(7.24) 

(7.25) 

We define the unit of time such that Wo = 1. Define the four dependent variables 

W == S12, X == S23, Y == (dS12/dt) , Z == (dS23/dt) , (7.26) 



so that we have coupled nonlinear first-order differential equations, 

(dWjdt) = Y , 

(dXjdt) = Z , 

(dY/dt) = sinX - 2sin W - sineW + X) , 

(dZ/dt) = sin W - 2sinX - sineW + X) 
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(7.27) 

Since energy is conserved within the approximation of equation (7.2), the trajectory 

of the system moves on a three-dimensional surface in the four-dimensional phase space 

(W, X, Y, Z). This is analogous to a system with 1! degrees of freedom. 

The Jacobi matrix corresponding to equation (7.27) is 

0 0 1 0 

0 0 0 1 
J= (7.28) 

-(2a + c) (b- c) 0 0 

(a - c) -(2b + c) 0 0 

where 

a == cos W, b == cos X, c == cos(W + X) . (7.29) 

Note that trace J = 0, indicating a conservative flow. The eigenvalues of J satisfy the 

equation 

Thus 

;\2 = -(a + b + c) ± {(a + b + c)2 - 3[ab + c(a + b)]}1/2 

= -(a + b + c) ± H[2c - (a + b)J2 + 3(a - b)2}i/2. 

(7.30) 

(7.31) 

The second line of Eq.(7.31) shows that ;\2 is always real. For every root of ;\2 which 

is positive, these will be a positive real root of ;\, indicating instability of a time

independent stationary-state solution to the equations of motion. 



;.: .r-----------,. 
a 

-3' +, ------------'-
-3 1 3.1 -2 -1 0 : 

Y =dS~/d~ 

2· 

-2 -

-3 , , -2 -1 0 
'(=dS~!dt 

2 3 
-2,0-1.5-1.0-0.500 0.5 1.0 15 20 

2+--~~-~-~~--t 

i5 0 
........ 
!/l'" 

" 11-1 
N 

-2 

e 
(''''. 

~------
-3+-~-~-~-r-~--+ 

0,0 0.5 1.0 1.5 2,0 2.5 3,0 
X=S2J 

X=S" 

105 

Figure 7.2: Quasipel'iodic trajectory with initial conditions Wo = 0.5, Xo = 0.3, Yo = 0.7, 
Zo = 1.5. a: X vs. W. b: Z vs. 1',5000 integration steps. c: Z vs. 1',10,000 integration 
steps. d: Z vs. X. e: Poincare section of Z vs. X when /JV/ $ 0.005 and l' ~ O. 
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Let us consider the stationary states. They occur when 

Y=Z=o, 

sinX - 2sin W - sin(l'V + X) = 0, 

sin W - 2sinX - siu(W + X) = 0 . 

Subtracting the last two equations gives sin W = sinX, or 

X = TV, (rr - W) . 

(7.32) 

(7.33) 



If X = W, we have 

Thus 

sin W + sin2W = 0 = sin W(1 + 2 cos W) . 

2 
X = W = 0, 11", ±3"11". 

If X = (11" - W), we have sin W + sin 11' = 0 = sin W. Thus 

X = (11' - W) = 0, 11'. 
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(7.34) 

(7.35) 

(7.36) 

For X = W = 0, Eq.(7.31) gives A2 = -3,-3. For X = W = 11", X = 0, W = 11', or 

X = 11", W = 0, A2 = 3,-1. For X = W = ±~11", A2 = ~,~. We see that the only stable 

stationary state occurs when 

(7.37) 

This is the ground state of the system, The ground-state energy is 

Eo = 6noJ.l. (7.38) 

The presence of this stable fixed point in phase space for the equations of motion indicates 

that they are near integrable. 

Equations (7.27) have been integrated numerically using the fourth-order Runge

Kutta method and doing the calculations in double precision (15 significant figures). The 

integration step size was Dot = 0.01, corresponding to some 614 steps in one cycle of the 

characteristic frequency woo Figures 7.2 and 7.3 show projection plots and Poincare 

sections for two different quasiperiodic trajectories. Figure 7.4 shows the same for a 

chaotic trajectory. Figure 7.4c shows that this chaotic trajectory is bounded in Y and 

z. (Wand X, of course, are periodic.) Figure 7.5 shows the values of the Lyapunov 

exponents over an interval of 105 integration steps for each of the three trajectories, the 

exponents being calculated by the numerical procedure of Wolf et al [47]. The fact that 

all four exponents asymptotically vanish for each of the first two trajectories shows that 

they are quasiperiodic. The chaotic nature of the third trajectory is demonstrated by 

two of the four exponents having asymptotic values of ±0.004. 
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In conclusion, we have manifested that the Hamiltonian of Eq.(7.1) can undoubt

edly exhibit deterministic chaos. As has already been pointed out, both H and Hell 

are functionals of the state of the system. In fact, we have previously proposed [19, 42] 

a necessary condition for the presence of deterministic chaos in a quantum mechanical 

system, that is, a portion of the Hamiltonian is a functional of either the wave function 

or the density matrix describing the state of the system. 

As mentioned in chapter 6, although Heff is Hermitian, the time-dependent 

matrix Schrodinger equation, Eq.(7.4), is ll21 a unitary flow. Indeed, the norm of III is 

invariant, but the scalar product of two distinct III can change with time, due to the 

functional dependence of Heff on Ill. In other words, the norm of the difference between 

two distinct Ill, both solutions to Eq.(7.4), may be time dependent. This gives the 

possibility of extreme sensitivity to initial conditions, in a quantum mechanical system. 
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APPENDIX A 

The PKQS Map 

The Hamiltonian of the periodically kicked quantum spin (PKQS) is 
00 

H = -fiwoO'x -fiaO'z ~cosOuo(t - nT), (A.l) 

where ax and O'z are Pauli matrices. At the nth kick, i.e, during the infinitesimal time 

interval, nT- < t < nT+, the change of the wavefunction is due to the delta kick: 
00 

(8il!/8t) = ia[O'z LcosOuo(t - nT)]il!, nT- < t < nT+. (A.2) 
11=0 

Thus the solution right after the nth kick is 

(A.3) 

In the interval nT+ < t < (n + l)T-, the wavefunction evolves without a kick so that 

the wave equation is 

(8il!/8t) = iwoO'xW, nT+ < t < (n+ l)T-. (A.4) 

The solution is 

( : ) (icS~::O: ic:::O;) (: ) 
t=(u+I)T- t=nT+ 

(A.5) 

Therefore the evolution of the wave function from the time prior to The nth kick to the 

time prior to the (n + l)th kick can be obtained by substituting Eq.(A.3) into Eq.(A.5): 

( 
u ) = ( coswoT 

v isinwoT 
t=(1I+1)T-

i sin woT ) ( e+iacosOn 

coswoT 0 

(A.6) 

This is exactly the PKQS map. 

- •• - •• $ _ •• ~ .--- .,~.- ... -.---- ••• ' ••• -
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APPENDIX B 

The Effective Hamiltonian as a Spin-! Particle 

Consider a hypothetical particle with spin 8 = !. The particle interacts with external 

vector and tensor fields. The normalized two-component wavefunction is: 

h (::). 

If the spin points in the direction denoted by (fJ, cp) wi th unit probabili ty, then 

III = ei('Y- !cp) cos !fJ, 

112 = ei(-y+!cP) sin !fJ, 

where 'Y is an arbitrary phase. The Hamiltonian of the system is 

H = LVpO'p + LO'pTpqO'q, 
p pq 

where O'x, O'y, O'z are the Pauli spin matrices. The vector field is 

Vx = C4, Vy = 0, Vz = 2nOCI cos fJ - c3f(t), 

and the tensor field is 

(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

We see that Vz has one term proportional to cos fJ and a second term which is time

dependent. Thus the Hamiltonian is both time-dependent and a functional of the state 

of the system. The Pauli wave equation is 

i!i(a~/at) = H~. (B.6) 
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Define a renormalized wave function 

1 ( 1P1 ) IP = (3no)~1{1 = 1P2 ' 
1 

lPi = (2no)~JLi. (B.7) 

so that 

ili,(81P/8t) = IlIP. (B.8) 

We can write H in the form 

( 
JLl C4) 

Ile!! == , 
C4 JL2 

(B.9) 

where JLi is given by Eq.(6.6). We see that this II is identical with the Hell of Eq. (6.5). 

The above lPi is identical with that of Eq.(6.7) after choosing 

nl = 2no cos2 !O, n2 = 2no sin2 !O, 

81 = '"I - !cp, 82 = '"I + !cp. 
(B.lO) 

-----~ ... -~-~ ....... " ....•.. -..•. -.. --.---.~ .. -.------.. -.. -.-
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APPENDIX C 

The Effective Hamiltonian as a Spin-! Particle 

Analogous to the approach in Appendix B, we now consider a hypothetical particle with 

spin s = 1. The particle also interacts with external vector and tensor fields. The 

normalized three-component wavefunction is: 

JlI 

e} = Jl2 

Jl3 

The Hamiltonian of the system is 

where (1x, (1y, (1% are the 3 X 3 spin-one matrices [541. The vector field is 

and the tensor field is 

Tpq = T pp5pg , 

Txx = ![CI + 2C3 + 3nOC2/Jl2/21, 

Tyy = ~[CI - 2C3 + 3nOC2/Jl2/2], 

Tn = ![CI + 3nOC2(/JlI/2 + /Jl3/ 2 - /Jl2/ 2)1. 

(C.l) 

(C.2) 

(C.3) 

(C.4) 

Note that V, T, and H are all functionals of the state of the system. The time-dependent 

Schrodinger equation is 

i1i(8e}/8t) = He}. (C.5) 

--_. _ .. _--_ ....•.. _ ...•..... -.--_ ..•.... 
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Define a renormalized wave function 

1 
1lt=(3no)2~= 1lt2 (C.6) 

1lt3 

Thus 

i1i( 81lt / 8t) = lIllt. (C.7) 

with II being identical to the lIeff of Eq.(7.5). 

----------------------"----"---- ------" -" 
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