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Abstract 

This dissertation consists of two independent parts. In the first part we study 

the ergodic theory of surface endomorphisms. We consider non-uniformly expanding 

maps with generic singularities, and prove that the Pesin formula holds, which is to 

say that entropy is equal to the sum of the positive Lyapunov exponents if and only 

if the invariant probability measure in question is absolutely continuous with respect 

to Lebesgue measure. In the second part we study small random perturbations of 

the Feigenbaum map relative to the fixed point of Feigenbaum's renormalization 

operator for unimodal maps of the interval. We give a rigorous analysis of the 

changes in the geometry of the noisy attractor as noise level varies. 
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Introduction 

I. General Discussion of the Thesis 

This dissertation consists of two independent parts which we present as Chapters 1 

and Chapter 2. Chapter 1 is about the ergodic theory of surface endomorphisms. 

Chapter 2 is about small random perturbations of certain dynamical systems. 

Entropy, first introduced into ergodic theory by Kolmogorov in 1959, is used 

to measure the randomness of the disorder of a system. And Lyapunov exponents, 

first successfully used in studying the long-time behavior of a dyna1:nical system by 

Oseledec in 1968, are used to measure the rate of divergence of nearby orbits. As 

a result, it is important to understand the relationship between these numbers in 

studying the complexity of a dynamical system. In 1967 Rohlin [R2] first solved 

this problem for expanding 1-dimensional maps. In 1977 Pesin [P] proved a for­

mula (now called the Pesin entropy formula) for diffeomorphisms preserving smooth 

measures, i.e. entropy is equal to the sum of the positive exponents. Later, Ru­

elle [R] showed that for any invariant measure entropy is always bounded above 

by the sum of the positive exponents. The complete solution to this problem for 

C2-diffeomorphisms was given by Ledrappier and Young [LY] in 1985, when they 

proved that Pesin's formula holds if and only if Il has absolutely continuous condi­

tional measure on unstable manifolds. 

In Chapter 1 of this dissertation we study differential maps of smooth surfaces 

which have singularities, and which may not be one-to-one. A dynamical system 

generated by a map f with singularities, has a much more complex behavior than 

one generated by a map without singularities, because near its singularities f may 

have a very complex local structure. It is also extremely hard to classify all singu­

larities in general. (See, for example, [GG].) Therefore, it is very hard to estimate 

the distortion of f near its singularities. (The estimation of the distortion of a 

function f without singularities was the crucial step in the proof of Pesin's entropy 
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formula.) In 1981 Ledrappier [L] proved that for a 1-dimensional map j, if both j 

and the invariant measure fl have certain nice properties near the singularities (J is 

non-flat, fl is non-degenerate, etc.), then the absolute continuity of fl with respect to 

Lebesgue measure is again a necessary and sufficient condition for Pesin's formula 

to hold. In this work we extend Ledrappier's 1-dimensional map result to higher 

dimensional maps. Under certain assumptions, we show that fl being smooth is still 

a necessary and sufficient condition for Pesin's formula to hold. 

In Chapter 2, we turn to the problem of noise in certain dynamical systems. 

In the late 1970's, Feigenbaum [Fl] and Coullet and 'II'esser [CT] independently 

observed that the limit of period-doubling bifurcations of unimodal maps on B,n 

interval I has certain universal scaling properties and they related these to certain 

properties of a particular fixed point for the period-doubling operator. The existence 

of such a fixed point, denoted by g, was proved by Lanford [La] and by Campanins 

and Epstein [CEl, using computer-assisted proofs. The qualitative properties of 

9 and its attractor, A, were studied theoretically by many authors in 1980's. (See 

for example, [G], [M], [R], [VSK] ) 

In iterating g, the approximation can be considered as random perturbations 

(or the error as noise) of g. For a given noise level 10, we have a Markov chain 

X~, n 2: 0, on the interval I, with the transition probability at x E I tending to 

the Dirac measure at g(x) as 10 ~ O. If fl€ is the invariant measure of the Markov 

chain {X~}, then we call the support of IJ,€ the noisy attmctor for noise level 10 and 

denote it by A€. In 1984 Vul, Sinai and Khanin [VSK] obtained some results on 

the statistical properties of fl€. We focus here on the geometry of A€. We prove 

for each fixed 10 > 0 that A€ consists of 2n ( disjoint intervals cyclically permuted by 

{X~}. As 10 decreases, the number of components of A€ increases. We will discuss 

the geometrical mechanism that leads to these changes in A€ and give estimates on 

how n€ scales with 10 as 10 changes. 



II. Outline of the Thesis 

Chapter 1. Entropy Formula of Non-Uniformly Expanding 

Maps with Singularities 
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In §1.0, we briefly discuss some background and state our main result in Chap­

ter 1. 

In § 1.1, we first discuss some elementary properties of measure theory and some 

facts about the local structure of singularities for a certain class of maps. We then 

prove a local property of maps (Proposition 1.1.15), which, when combined with 

the unstable manifold theorem of Ruelle and 51mb on the inverse limit X {Theorem 

1.1.18}, is important in constructing the partitions in the space considered. 

In §1.2, we restate precisely the main theorem of Chapter 1 proved in this paper 

{Theorem 1.2.1} and its generalized version {Theorem 1.2.2}. 

In §1.3, we make a construction, based on the results discussed in §1.1, of 

3 fundamental partitions in both X and its inverse limit X. By considering the 

relevant properties of these partitions, we prove that one of them is actually a 

generator {Theorem 1.3.6}. We also show how the map f behaves on the atoms of 

the generator {Theorem 1.3.12}. 

In §1.4, we carefully discuss the geometric difference between I-dimensional 

and 2-dimensional maps. we then prove the main theorem of Chapter 1 under the 

assumption of ergodicity, using the methods of Ledrappier for I-dimensional maps 

[L]. 

In §1.5, we prove stronger version of main theorem in which the assumption of 

ergodicity is dropped and generalize this result to dimensions higher than 2. 

In the Appendix, we discuss in detail the local properties of two generic types 

of singularities, viz. fold and cusp. 
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Chapter 2. Random Perturbations of Feigenbaum Map 

In §2.0, we introduce briefly some background about small random perturba­

tions of a dynamical system, and state the main theorem of Chapter 2. 

In §2.1, we discuss some well-known results for the unperturbed Feigenbaum 

map g, especially, a result proved by Vul, Sinai and Khanin in 1984 [VSK] (Theorem 

2.1.5). 

In §2.2, we study the relationship between the noisy attractor Ae and the 

Feigenbaum attractor A. We show how the components of Ae behave for small 

€-noise (Theorem 2.2.7). 

In §2.3, we focus on the geometric aspects of Ae and prove that Ae "explodes" 

at certain €-noise levels as € varies, i.e. the change in the geometry of Ae is discon­

tinuous even though the change in € is continuous (Theorem 2.3.8). 

In §2.4, we first estimate the distortion of the Feigenbaum map (Lemma 2.4.4), 

and, using this result, we then study the scaling of Ae with respect to € (Theorem 

2.4.6). 

~"----- ----------



Chapter 1 

Entropy Formula of Non-Uniformly Expanding Maps 

with Singularities 

§1.0. Introduction 
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Consider f : (X, J.L) ~ (X, J.L) where X is a 2-dimensional Riemannian compact 

manifold, f is a smooth map and J.L is an f-invariant Borel probability measure on 

X. 

We make the following assumptions on f and J.L: 

1) f is generic, namely f belongs to a subset which is the countable intersection 

of open dense subsets in the space COO (X, X) with the Whitney Coo topology (see 

[GG], p.42 for details); 

2) f is asymptotically expanding, i.e. for J.L almost every x E X, the Lyapunov 

exponents Ai(X) > 0, for i = 1,2; 

3) J.L is non-degenerate with respect to the set of critical points of f(the precise 

definition is given in the next section). 

Let A be the natural Lebesgue measure on X and write" J.L « A" to mean that 

J.L is absolutely continuous with respect to Lebesgue measure A. We prove, in this 

paper, a generalization of a theorem of Ledrappier [L] for I-dimensional piecewise 

monotone maps. 

Main theorem. Under the assumptions (1) - (3), we have that J.L « A if and 

only if Pesin's formula holds fo1' f, i.e. 

(1.0.1) 

whe1'e hp.(J) is the meaSU1'e theo1'et'ic entropy. 
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Our proof follows closely to that given in [L], and it depends greatly on the 

local properties of f. For a given f, we consider the local structure of its singularities 

[GG], consider the local unstable manifold [RS], and then carefully construct good 

partitions on both X and its inverse limit space X. We will discuss the relevant 

properties in detail in the next section. 

The first paper which studied the connection between entropy and Lyapunov 

exponents was by Rohlin [R] in the 1960's. Then in the middle 1970's, Pesin [P] 

gave the following well-known formula under the assumptions that JL is equivalent 

to A and f is a C Ha diffeomorphism: 

hJL(J) = J L Ai' dimEidJL, 
Ai ;::0 

(1.0.2) 

where Ai's are Lyapunov exponents and E/s are the corresponding subspace in the 

tangent space. 

Later, Ruelle[R] proved that when f is a differentiable map and JL is an ar­

bitrary invariant Borel probability measure, the equality (1.0.2) is an inequality, 

i.e. 

hJL(J) ::; J L Ai' dimEidJL. 
Ai ;::0 

(1.0.3) 

The picture for C2 diffeomorphisms was in some sense completed by Ledrappier 

and Young [LY] in 1985 when they proved that the equality of (1.0.2) holds if and 

only if JL has absolutely continuous conditional measures on unstable manifolds. 

However, if f is a non-invertible transformation, and especially if f has crit­

ical points, one must take into consideration the properties of f and It near the 

critical points of f. The first result of this type was proved by Ledrappier [Le] in 

1981 for some maps of the closed interval. This paper is an attempt to generalize 

Ledrappier's result from one-dimensional to higher-dimensional compact manifolds. 
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§ 1.1. Preliminaries 

In this section we present for the convenience of the reader some fundamental facts 

from measure theory and the theory of classification of generic maps. These will be 

useful in the proof of the main theorem. 

A. Some Measure-Theoretic Background 

Lemma 1.1.1. (Borel-CanteIli Lemma) Let (X, B, JL) be a probability space and 

Ei ~ X be any sequence of measurable subsets of X. Set 

E = {Xj x E Ei for infinitely many i}. 

. 00 

Then JL{E) = 0 provided 2: JL{Ed < +00. 
i=l 

Lemma 1.1.2[L]. Let I = [a, b] be a closed interval in R and let v be any 

BOTel probability measure on I. Then for Lebesgue almost all x E I, and JOT any 

0< a < 1, 

lim sup ! log v[x - an,x + an] < O. 
n n 

Proof. Set 

Ak = {x E Ij 

and cover the complementary Bk = 1\ Ak by intervals 

C [ k k] i = Xi - a ,Xi + a , 

where Xi E B k • That is, if we let A be the Lebesgue measure, we must have 

Moreover, we require that for any x E I, x is at most in such two different intervals. 

Then we have the following estimation: 
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This implies that 
00 00 1 
L A(Bk) ::; 2 L k2 < +00. 
k=l k=l 

By the Borel-Cantelli Lemma, we know that for A-a.e. x E I, that x belongs 

only finitely many Bk. Hence, for A-a.e. x, there is a sufficiently large Nx such that 

for any n ;::: N x , it follows that x ~ Bn , i.e, 

Therefore, 

lim sup .!.log v[x - an, x + an J ::; log a < 0, A - a.e. 
n n 

(1.1.1) 

I 

We now assume that X is a Riemannian manifold of finite dimension and that J-l 

is a non-atomic Borel probability measure on X. Since our purpose in this Chapter 

is to study those measures which are relatively smooth, we assume for any open set 

o C X that J-l( 0) > O. Now for x E X, let B(x,8) be the open ball of radius 8 > 0 

in X, centered at x i.e. 

B(x,8) = {y E X; d(x, y) < 8}, 

and let B(x,8) denote the closure of B(x, 8). 

Define 

J-lx := the normalized measure J-lI B (x,c5) on B(x,8). 

Then for every x E X, the closed ball B(x,8) itself becomes a measurable space 

equipped with the probability measure J-lx for any 8 > O. 

We now define a map 1I"x: B(x,8) -4 1= [0,8J by letting 

y ~ d(x,y), 
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that is, 1f x maps each sphere to its radius. 

It is easy to check that 1fx is continuous. Therefore, the measure Jlx on B(x, 8) 

can be easily transfered to another Borel probability measure /-l; on I as follows: 

Given any Borel subset B c I, define 

(1.1.2) 

Then by Kolmogorov extension theorem, there is a unique probability measure v on 

I which is the extension of /-l; defined by (1.1.2), since the following three sufficient 

conditions are easily verified: 

(i) Jl;(¢) = /-lx(¢) = 0, 

(ii) /-l;(I) = /-lx(B(x, 8)) = 1, 
00 00 00 00 00 

(iii) Jl;( U In) = /-lx(1f;;l U In) = /-lx( U 1f;;1 In) = L:: Jlx(1f;;l In) = L:: Jl;(In), 
11.=1 11.=1 11.=1 11.=1 11.=1 

where the In are pairwise disjoint intervals in I. 

Moreover, by Lemma 1.1.2, for '\-a.e ~ E [0,8] and for any ° < a < 1, we have 

that (v = /-l;) 
00 

L /-l;[~ - an,~ + an] < 00. 

11.=1 

i,From this estimate, we obtain the following estimate for /-lx: 

00 

L /-lx{B(x; ~ - an, ~ + an)} < 00, 

11.=1 

where 

For abbrevity, we introduce the following notation: 

oB~ = oB(x, 8), the boundary of the ball B(x,8), 

B!',7 = {y;dist(y,oB~)::; an} = B(x; 8 - an,8 + an). 

We are now in aposition to prove the next proposition. 

(1.1.3) 
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Proposition 1.1.3. Given any x EX, there exists a Ox > 0 for which 

00 

L JL(B!';) < 00, (1.1.4) 
n=l 

provided for >.-a.e 0 E (0,8x ) and any 0 < a < 1. 

Proof. Note by the definition that we have B!',7 ~ B(x,ox). when n is 

large enough. Hence, there is a constant independent of n such that 

Therefore, (1.1.4) follows from (1.1.3). I 

We now consider the dynamical systems (X, JL, f) and its natural extension 
00 

(X, jl, J). That is, X ~ IT X is the inverse limit space of X which can be specified 
i=O 

as follows: 

x = (xo, Xl, ... ) E X iff f(xi) = Xi-I, i = 1,2, ... , 

and ! : X ---+ X is specifed as 

It is obvious that! is invertible, i.e. 

Moreover, if let 7r be the projection of X to X via 7r(xo, XI, ... ) = Xo, and then 

the measure jl on X can be specified by the following character, 

JL = 7rjl. 

It is not hard to check the fact that if JL is ergodic, then so is p. 

More generally, we denote by 7ri the projection of X to X by its ith entry. 

Clearly, 7ro = 7r. 
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For convenience, we will frequently use the following notation. For any subset 

C ~ X and x = (XO,Xl' ... ) E X, let 

N€(C) = {x E Xi dist(x, C) < E}, 

oc(x) = dist(7rx, C) = dist(xo, C). 

Definition 1.1.4 . We say the measure J1, is not too concentrated at C (~ X) 

if there are constants a > 0 and f3 > 0 such that 

\:/O<E<1. 

Remark. J1,( C) = O. 

Definition 1.1.5.[L] We say the measure J1, is non-degenerate at C (~ X) if 

1 -
lim inf -log ocU-nx) = 0, 

n n 
jl - a.e. x EX. 

Definition 1.1.6. Define the set of critical points of f as the following set 

C f = {x E Xi detD f x = 0 }. 

Note if C f =1= 0 for a dynamical system (X, f, J1,), then its dynamical behavior 

is much more complicated than when C f = 0. Basically this is because f loses the 

property of local diffeomorphism near critical points. It is also hard to estimate the 

distortion near the critical set. We have to carefully discuss the local structure of 

f near Cf' 

Remark. If C = Cf in the definitions 1.4 and 1.5, then the version 1.4 is 

natural, and is commonly used.(See for instance [KS]). However, the following 

argument shows that definition 1.5 is a weaker version. 

Proposition 1.1.7. If the measure J1, is not too concentrated at a subset 

C ~ X, then J1, must be non-degenerate at C. 
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Proof. Let 

B = {x E X; 1 -
liminf -log OcU-nx) < 0 }, 

n n 

and for € > 0, let 

1 -
liminf-logocU-nx) < -€}. 

n n 

It is clear that 

Vk ~ 1. 

Therefore, to show jl(B) = 0, it suffices to show that for any € > 0, 

Note if x E BE, that there exists a sequence {nd with ni ~ 00 as i ~ 00 such 

that 

Then, we let At E X defined as follows: 

At = {x E X; 

We now claim that 

(1.1.5) 

In fact, if x E BE, then there is a sequence {ni ~ +oo} such that oc(f-ni x) < 
n'E • e • , l.e. 

for all 'l ~ 1, ni ~ i. Therefore, 
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We have thus proved that 

On the other hand, however, if x E nn;:::l Uk;:::nAk, then for any j, x E Uk;:::j A~. 

Hence, we can pick an increasing sequence nj -+ +00 such that x E A~., i.e. 
) 

OcU-nj) < e-njl':. 

This implies that 

1 -
liminf -log(J-nx) < -€, 

n n 

and hence x E B€" Thus 

so (1.1.5) is true. 

N ow for any n, we have that 

It is obvious by the definition of At that 

Then by the invariance of f and J.L being not too concentrated at C, we obtain as 

n -+ 00 that 

p,(EI':) ~ ji(Uk;:::nAk) 

~ L p,(Ak) 
k;:::n 

= L p,(7r- l 7r/-k (Ak)) 
k;:::n 

~ L p,(7r-1(Ne-I:«C))) 
k;:::n 

= LJ.L(Ne-I:«C)) 
k;:::n 

~ L ae-k €{3 --+ O. 
k;:::n 
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Therefore, 

Since € > 0 can be chosen arbitrarily small, this implies for jl-a.e. X, 

1 -
liminf -logocU-nx) = O. 

n n 

We have thus proved that J1, is non-degenerate at C. I 

Corallary 1.1.8. For any measurable set C C X and 0 < a < 1, let 

Ca.n = {x; d(x,C) < an }. 

Proof. For any n, we have by Prop. 1.7, 

jl(Bf:) ~ L J1,(Ca. k ). 

k~n 

Hence, jl(B€) = 0 for any € > O. I 

The Corallary above with Prop. 1.3 gives the following proposition: 

Proposition 1.1.9. Given x E X and a small Ox > O. Then J1, is non­

degenerate at 8B6(X) for A-a.e. 0 E (O,ox)' 

We next define the Rohlin decomposition of the measure J1, with respect to a 

measurable partition e. 
For a measurable partition e of X, we define the modulo space X/e to be a 

measurable space having the atoms of e as points and an associated measure J1,~ on 

X / e defined by 

where P is the projection from X ---t X/e by x f-t e(x). 
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By a decomposition of J-L with respect to e, we mean a collection of measures 

J-Lt;(x) for any x E X, satisfying 

(1) J-Lt;(x) is a Borel probability measure in each atom e(x) E ej 
(2) For any measurable set A ~ X, the set Ane(x) is measurable in the space 

e(x), for J-Le-a.e. x, and the function J-Lt;(x)(A n e(x)) is J-Lt; measurable satisfying the 

following equality: 

J-L(A) = ( J-Lt;(x)(A n e(x))J-Lt;(dx). 
lx/e 

B. Maps with Some Generic Properties 

In this section we examine the generic properties of maps that are related to fold 

and cusp singularities. (See [GG] for instance.) We will restrict our investigation 

here to 2-dimensional Riemannian manifolds. 

Definition 1.1.10.[GG] Call a smooth map f : X -+ X finite if for any 

x E X, the estimate dimRRf(x) < 00 holds, where Rf(x) is the local ring of 

germs of f at x. 

Proposition 1.1.11. If X is compact and f : X -+ X finite, then there is 

an integer N = N(J) E Z+ such that for any x EX, 

Card{f-1x} < N. 

Proof. By the property of finite maps (See [GG], Prop. 2.4, p.168), for 

x EX, there is a neighborhood Ux C X such that for any y E Ux , 

Since finitely many open sets Ux's cover X, the result follows. I 

Proposotion 1.1.12.([GG]' Theorem 2.6, p.169) The finite maps f : X -+ X 

ar'e a residual subset oJCOO(X,X). 



26 

Definition 1.1.13. Let f : X ---+ X be a smooth map. 

(1) We say a critical point p E X of f is a fold if one can choose a system of 

coordinates (x, y) near p and (u, v) near q == f(p) such that f is of the form: 

(1.1.6) 

near p. 

(2) We say a critical point p E X of f is a simple cusp if one can choose a 

system of coordinates (x, y) near p and (u, v) near q = f(p) such that f is of the 

form 

(1.1.7) 

near p. 

For more details on fold and cusp, see the Appendix. 

Proposition 1.1.14. (Whitney classification, [GG), p.145) There is a resid­

ual subset in Coo(X, X) such that if f belongs to this set, its critical points are 

either folds or simple cusps. 

We now make the following clear statement on a generic property for maps by 

Propositions 1.10 and 1.12. 

Property - A: We say f E COO (X, X) satisfies the property-A if f is finite 

and its singularities are either folds or cusps. 

Remark. It is obvious that the subset 1{ = {f E Coo; f is of property - A } 

is a residual subset of COO (X, X). From now on we assume that the map under 

consideration has property-A. 

We end this part by proving a local property of f which is useful when we 

construct partitions on X. 

Proposition 1.1.15. Let X be a 2-dimensional compact Riemannian man­

ifold, f : x ---+ X be smooth and /1, be an f -inva1'iant Borel probability measure. 

For any x E X and a 8x small enough, the1'e is a collection of small neighbodwods 
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{Nc5 (x)}oe[O,c5x ) of x such that for A-a.e. 0 E [0, ox], 

Proof. Let Nc5 (x) be the o-ball centered at x, i.e. 

N c5 (x) = {y EX; d(x, y) < 0 }. 

Then clearly, if 01 i= 02, 

This implies that for A-a.e. 0 E [0, ox], 

/-l(EJNc5 (x)) = 0. 

Hence by the invariance, for A-a.e. 0, we have 

We next show that 

For i ;::: 1, define 

Then it suffices to show that for all i ;::: 1, 

Since, if this equality holds, then ~oo := ni~l ~i must have the full measure, 

where ~i is the complement of ~i. Also it is clear that for any 0 E ~oo, 
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Now let ~ be the collection of Borel subset of X. We define an equivalence 

relation, "",,", on S as follows: 

A rv B -¢=> J1.(Al1B) = 0, 

where "l1" denotes the symmetric difference of two sets. Let [A] represent the 

equivalence class of A. 

We now consider l11' and for brevity, let 

A6 = f(8N6(x)). 

Let :F1 be the collection of those A6 with 0 E l11 such that [A6,] i= [A62 ] for 

A6, i= A62 E :F1, i.e. for each equivalent class, we specify a representative as follows: 

Suppose that >'(l11) > O. This implies that l11 is an uncountable subset. 

Now, if:F1 were countable, then one could choose an infinite sequence {od ~ l11 

with all Oi'S different in such a way that for the associated sequence { A6; }, one would 

have [A6,] = [A6j]' for j ~ 1. But then it would follow by induction that for any 

n ~ 1, 

Hence, 

This implies for any n ~ 1 that there is ayE X such that Card{j-1y} ~ n, 

contradicting the hypothesis that f is a finite map. 

Now since :F1 is uncountable, we can construct from :F1 a second collection :F2 

of subsets as follows: 
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But F2 is also uncountable, since otherwise we we could order the As's used in 

constructing F2 by F~ = {As1,· .. , ASn , ... }. Then let 

for which it follows that F{ is uncountable. There are now two cases: 

(1) Uncountably many As in F{ are such that for any two of them, J1.(A S1 n 
A S2 ) = O. This implies that there are uncountably many subsets in X with positive 

measure which are pairwise disjoint. This contradicts the hypothesis that X is a 

proba.bility space. 

(2) Uncountably many indices (6i,6j ) are such that ASi,Asj E F{ and AS1S2 E 

F2 with [AS1S2] = [Asisj ] for any such an index (6i,6j). This implies that one can 

choose an infinite sequence of different indices {( 6ni , 6mi )} such that for some fixed 

A S1S2 E F2, 

Reasoning as above, 

This again implies for any N E Z+ that there is a element in X such that the 

number of its pre-images is greater than N, which contradicts the finiteness of f. 

Therefore F2 must be uncountable. 

Inductively, for n > 2, we can construct Fn based on Fn-l with Fn uncount­

able. Note that an element in Fn has the form 

Again, by the same reasoning, this contradicts the finiteness of f. So we have 

proved that ).(~1) = o. 
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For i > 1, we need only set g = fi, and the rest is exactly the same as above. 

This finishes the proof. I 

C. Smooth Dynamical Systems 

We assume in this section that X is a smooth Riemannian manifold of finite dim en-

sion (not necessarily with dim = 2). 

We first present the following well-known result in ergodic theory due to Os­

eledec [0]. 

Theorem 1.1.16. (multiplicative ergodic theorem) Let f : X ---t X be 

a measurable map, J.L be an f -invariant Borel probability measure, and A : X ---t 

M (m, n) be a measure map such that 

Ix log+ IIA(x)lIdJ.L(x) < +00, 

where log+ a = max{log a, O} and M (m, n) is the set of all real m x m matr'ices. 

Then for X E X, there is an integers(x) E [I,m] and a measurable filtration 

where {Li)X)h:5i:5s(x) are linear subspaces ofnm such that Li(X) i= Lj(x),i i= j, 

A(x)Li(X) = Li(JX) and that for all 0 i= v E Li(X) \ Li-1(X), 1 ::; i ::; s(x), the 

following limit exists 

lim ~ log IIA(n.x)vll = Ai(X), 
n ..... oo n 

where A(n,x) = A(Jn-lx )A(Jn-2) ... A(x), and 

Remark. For our purpose in this paper, let A(x) = Dfx. Then the associated 

numbers {Ai(x)h:5'i:5s(x) are the well-known Lyapunov exponents of f at x. The 



31 

number ki(x) = dimLi(x) - dimLi_I(X) is called the multiplicity of the exponent 

Ai. Both exponent and its multiplicity are invariant along an orbit. 

Definition 1.1.17. We say a smooth map f : x ~ X is a non-uniformly 

expanding map if Ai(x) > ° for /-L-a.e. x E X, 1 ::; i ::; s(x). 

Next we state a theorem due to Ruelle and 81mb [RS] which is useful in the 

construction of good partitions on X as well as on the inverse limit X. 

Theorem 1.1. 18. (unstable manifold theorem on X) Let X be a smooth Rie­

mannian manifold of finite dimension, f : X ~ X be a C 2 endomorphism, and 

/-L be an f -invariant Borel probability measure. Let X be the inverse limit of X, 

i : X ~ X be the extension of f, and 71 be the extension of /-L which is i-invariant. 

Then 

(i) There is a Borel set f' ~ X such that J(f') ~ f' and p,(f') = 1. Moreover, if 

x = {xn } E f', then there is an s E [0, m], where m = dimX, /-L(I) > ... > /-L(S) , and 

nested subspaces of Txo , 

then Uo E vis). Conversely, fm> every'uo E vis), there is a unique sequence {Un}n;:::O 

such that 

>' -(r) -(r-I) >_ p10vzded Uo E Vx \ Vx ,1 - 1,2, ... , s. 

(ii). Let B, v', be I-invariant Borel functions on f' with B > 0, v > 0, IE [0, s] 

and 



32 

Then there are Borel functions p > a > 0 and l' > 0 on r with the following 

properties: 

(a) Ifx = (x n ) E r, the set 

is contained in r; the map 7r restricted to W: is injective (1 - 1) and 7rW: 2S 

a submanifold of the ball Bxo = {x EX; d( xo, x) ::; a( x) } . Moreover, for each 

yEW: , we have 

(c) If x E r, then a(J-nx ) and (J(J-nx ) decrease less fast with n than the 

exponential e-no . 

Remark. Comparing Theorem 1.14 to Theorem 1.16, if we let A(x) = Dfx, 

then -J-lU)(x) = Ai(X) for x E r with 7rX = x. 

Based on this theorem, we can now define a local unstable manifold at x for 

J-l-a.e. x as follows. Let r = 7rr, then J-l(r) = 1 and for x E r, let x E r be such that 

7rX = x. Moreover for such a x, we assume that the following relationship holds: 

J-l(l) > ... > J-l(r) > 0 > J-lCr+l) > ... > J-l(S) , for some 1'. 

We then fix a positive measurable function v(y) > 0 on r such that 

o < v(x) < J-l(r) , 

and define a local unstable manifold W;~loc at x by 

-u 
W;! loc = 7rW x , 
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where W; is defined by Theorem 1.16, (ii)-(a). It is clear that W:'loc is not unique, 

it depends greatly on the choice of x E X. 

Theorom 1.1.19[SR]. (unstable manifold theorem on X) For J-L-a.e. x E X, 

there is a x = {xn} E r (defined by Theorem 1.16) with 7rX = x, and a submanifold 

W:,loc passing through x such that for any y E W:'loc' there is a Y = {Yn} E X with 

7rY = y, and for any n ~ 1, 

where the positive measurable functions a(x) and (J(x) are given by Theorem 1.16. 

That is, 

W:,loc(x) = {y EX; 3y E X witll7rY = y and d(x, y) < a(x), d(xn, Yn) < (J(x)e-nv(X)}. 

Remark. If we consider expanding maps, then W:'loc must contain an open 

ball centered at x. 
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§1.2. Precise Statement of the Main Theorem of Chapter 1 

We now restate our main theorem precisely as Theorem 1.2.1. In higher dimen­

sions, if the singularities of a map have certain nice properties, for instance, the 

singularities are locally of polynomial type, then our proof works also. This will be 

stated as Theorem 1.2.2. 

Theorem 1.2.1. Suppose that X is a 2-dimensional compact Riemannian 

manifold without boundary, f : x ~ X is a smooth endomorphism, and Jl is an 

f -invariant Borel probability measure. Assume that 

(1) f is non-uniformly expanding; 

(2) f has the Property-A; 

(3) Jl is non-degenerate at the critical set C. 

Then Jl «A (= Lebesgue measure) if and only if Pesin's formula holds, i.e. 

hp,(J) = Ix log /detD fx/dJl(x). 

Theorem 1.2.2 Suppose that X is a compact Riemannian manifold of di­

mension higher than 2 without boundary, and f : X ~ X is a smooth non-uniformly 

expanding map, and Jl is an f -invariant Borel probability measure. Assume that 

(1) There is a finite measurable partition of X, ( = {6,"', 6J, such that the 

interim' of (i is non-empty for each i and f/intei is one-to-one to its image; 

(2) Jl is non-degenerate at the boundary 8( = U8(i. 

Then Jl « A if and only if Pesin's formula holds, i.e. 

hp.(J) = Ix log /detD fx/dJl(x). 

Remark. (i) To simplify the proof, we will always assume that the invariant 

measure Jl is ergodic. However this condition is not necessary since by the ergodic 
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decomposition theorem, J1 can be expressed as the convex combination of ergodic 

measures. We will discuss this condition more in detail in §5. 

(ii) The proof of Theorem 2.2 will be explained in §5 under some weaker 

assumption on f. 
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§1.3. 3 Useful Partitions 

A. An Elementary Partition e on X 

For the rest of the discussions in this Chapter, we assume that all the hypothe­

sis of Theorem 1.2.1 are satisfied. We especially emphasize that dimX = 2 and 

Al (x) 2:: A2 (x) > 0 for J-t-a.e. x EX. Then by Prop. 1.13, we will construct ous 

first elementary finite measurable partition of X based on the local structure of 

singularities as follows. 

Proposition 1.3.1. 

of X such that for each i, 

There is a finite measurable partition e = {6, 6, ... en} 

i = 1,2, ... n, 

is a diffeomorphism, where the interior of ei, denoted bye?, is not empty. 

Proof. Given x E X, choose a small open neighborhood Nx of x in such a 

way that: 

(a) If x is a regular point of f, then choose Nx so that fiNo is a diffeomorphism 
:r 

from N~ to its image; 

(b) If x is a critical point of f, then choose Nx so that under the change of 

coordinate, the local structure of f in N x has the form either (1.1.6), as a fold, or 

(1.1.7), as a cusp. (Cf. the definition 1.1.2) 

Moreover by Prop. 1.9 and 1.13, we may assume that every Nx is chosen 

adequatedly so that J-t is non-degenerate at 8Nx • 

Since X is compact, there are finitely many such open sets, N x , denoted by 

Nt, ... ,Nm , which cover X. Then by the properties (A.l) and (A.3) in the Appendix, 

if Ni is the neighborhood of critical point, then it can be split into at most seven 

subsets such that the interior of each subset is non-empty and f is a diffeomorphism 

when restricted to this interior. Also if Nj is the neighborhood of a regular point, 

we do not split it. Therefore, from this finite measurable covering of X, it is easy 
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to construct a finite partition ~ = {6, 6, ... , ~n} and clearly it satisfies the required 

condition. This finishes the proof. I 

Clearly if we connect this partition to the inverse limit space X of X, it turns 

out that there is finite p-measurable partition, on X induced by ~ defined as 

follows: 

Remark. If Nx is a neighborhood of cusp, the curves which splite N x into a 

few components as Prop. 3.1 may not satisfy Propositions 1.3 and 1.13. However 

by the same method used in the construction of the partition, we can always choose 

nice curves which satisfies Proposition 3.1. (For details please see the Appendix.) 

Therefore, J1 is non-degenerate not only at aNx and on the critical set, but also at 

those curves which split Nx • So techniquely, we make the following assumption on 

the partition ~. 

n 

H-l. Let a~i be the boundary of the set ~i, and let a~ denote U a~i' then 
i=l 

+00 

J1( U fn(a~)) = o. 
-00 

H-2. J1 is non-degenerate at a~. 

By H - 2, we let E ~ X be the set 

E = {x E X; lim inf .!.log 8a~(]-nx) = 0 }. 
n n 

It is clear that /I(E) = 1. 

B. An Elementary Partition P on X 

In the view of the elementary partition ~ on X in the previous section, we construct 

a fundamental partition P on X as follows: 
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Given X = (xo, XI,''') E X, the atom .P(x) in .P, which contains x, is defined 

as follows: 

Theorem 1.3.2. The partition .P defined above has the following properties: 

(i) .P = Vr:=o !nei 

(ii) 7r.P(x) is open in ~(xo) for il- a.e. x E X, where x = (XO,Xl, ... ). 

To prove Theorem 1.3.2, we need to discuss some local properties of x and X. 
n 

As before, let 8~ denote the boundary of partition ~, i.e. 8~ = U 8~i where 
k=l 

Definition 1.3.3. Say a point x = (xn) E X typical if x E f' n f: and for every 

n, Xn ~ 8~. 

If we let '1' denote the set of typical points in X, it is easy to check: 

Proposition 1.3.4. '1' has full il-measure, i.e. p,('1') = 1. 

Proof. Assumption H-l gives the following fact 

+00 
p,( U !-n( 7r-1 (8~))) = O. 

n=O 

Note that '1'c ~ tr !-n(1f-l(8~)), this implies that '1' has full measure. I 
n=O 

For the rest of this Chapter, we will follow closely what Ledrappier did in his 

paper[L]. By generalizing his methods, we can get some similar propositions for 

X, f and /l specified in this part, and the proofs we adopted here have the same 

flavor as those of Ledrappier's. 

Lemma 1.3.5. If x = (xn) E X is typical, then there is a (x > 0 such that 

for every Yo E B(xo,(x), there exists a unique jj = (YO,y}, ... ) E X satisfying 

1 
d(xn' Yn) < '2 d(Xn , 80· 
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Remark. This proposition means that for x = {xn} typical, there is a collec­

tion of open sets O(xn), n ~ 0, in X such that for any Y E O(xo), there is ayE x" 
typical satisfying 7ry = Y and Yn E O(xn). 

Proof. By the assumption that the measure /L is non-degenerate on the bound­

ary ae of the partition e, then for a given typical point x = (xn) E X, we have 

Thus for any € > 0, there is an integer Nt > 0 such that for n ~ Nt, we have 

for n ~ Nt. 

But on the other hand, by Theorem 1.16, we can fix a >. > 0 with 

such that if d(xo, Yo) < a(x), we have a unique fj E W:¥' satisfying 

n > O. 

Note that since € > 0 is arbitrary, we can choose 0 < € < >. and hence, there 

exists an N2 > 0 such that for n > N2, we have 

that is, 

Let N = max{Nt ,N2 }, then for n ~ N, we obtain 

where fj E W:¥' IS uniquely determined by the given initial point Yo E X with 

d(xo, Yo) < a(x). 
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Set 

Then obviously, 'fr(BN nW:) contains an open neighborhood of Xo. This implies 

that we can choose a (x > 0 such that 

Therefore, it is clear that given any Yo E B(xo, (x), there is a unique y E 

X with 'fry = Yo and for all n 2:: 0, 

We finish the proof. I 

Proof of Theorem 1.3.2: 

(i) It follows easily by the induction, since from the definition of "V" we have 

that 

(f.V ff.)(x) = {y = (Yn); ~(xo) = ~(yo), ~(1rf-lx) = ~('frf-ly)} 

= {y = (Yn); ~(xo) = ~(Yo), ~(Yl) = ~(Xl)}. 
and in general, we have for any n that, 

(ii) By the hypothesis that JL is non-degenerate on 8~, that is, for jl-a.e. x E X, 

there is an to > 0 such that 

But on the other hand by Lemma 1.3.5, for any Yo E B(xo, (x), there is a 

unique Y = (Yo, Yb ... ) E X such that 

Y E P(x). 
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Since d(xn' Yn) < td(xn' ae), this implies that e(xn ) = e(Yn) for n ;::: O. Hence, 

7rP(x) contains an open ball centered at Xo, denoted as B(xo), and it is obvious 

that 

I 

Remark. It is clear that P may not be a generator. Since if the partition e 
satisfies that f-1ae ~ ae, then it is easy to verify (V n'?O !-n P)(x) = P(x). Hence 

if x is typical, then the Theorem 1.3.2 implies that 7r P( x) contains an open set 

B(xo), and for any Yo E B(xo), there is ayE X such that y E P(x). 

C. A Generator fJ on X 

To construct a generator on X, we consider the measurable functions a(x) and i3(x) 

which are given by Theorem 1.16, and two fixed constants ao > 0, and (30 > 0 such 

that the measurable set A = {a ;::: ao, fJ ::; (30} has positive measure, i.e. 

jl(A) > O. 

Moreover, fix an Xo EX \ ae and an € > 0 with € < ao/3, and set 

It is clear that A€ ~ X is measurable and we may choose such an Xo and a small €, 

such that each component of f-l(B(xo, E)) is contained inside exactly one atom of 

the partition e, and 

jl(A~) > O. 

This can be done because of the compactness of X and the finiteness of f with 

l1-(ao = O. 

Following Ledrappier [L], we now construct a measurable partition fJ onX as 

follows and then prove that fj is a generator with some interesting properties. 



Let 
00 

ij = V !n( {A~,X \ A~} V t). 
n=O 

Theorem 1.3.6. ij has the following properties: 

(i) ij increases, i.e. f-l'fJ > ij; 

(ii) ij(x) ~ F(x); 

(iii) ij is a generator. 

Proof. (i) It is obvious by the definition. 

(ii) Since ij > V':=o fnt = F, the result follows immediately. 
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(iii) Given x = (xn) and y = (Yn) E V':=o f-nij(x), i.e. fn x and !ny belong to 

the same element of ij, 'Vn ~ O. Note that also 

Then we can choose an increasing subsequence ni such that 

This is because that jl(A~) > 0 and Jt is ergodic. We now have the following 

estimate: 
d( 7rX, 7rY) = d( 7r !-n; Un; x), 7r !-n; (!n; y)) 

< 2(3 e-n ;>. _ 0 , 

where !n; x and !n; y belong to the same unstable manifold by (*). 

Therefore, Xo = 7rX = 7ry = Yo. Note that 7r is injective when restricted to the 

local unstable manifold, we have proved the result by applying Theorem 1.16 that 

x = y. 

It follows that 'ij is a generator. I 

Proposition 1.3.7. Fm' Jt - a.e. x E X, 7rij(x) ~ 7rP(x) is open. 
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Proof. By an appropriate choice of € > 0, we may assume that 

Define w(y) as the follwing distance function 

w(y) = dist(1I"Y, oB(xo, E)). 

Note that for 0 < T < 0, 

Similarly, we can choose an € so that J-l satisfies the condition of Prop. 1.9 on 

oB(xo, E). This yields 

00 

Lil({w(f-ny) < Tn}) ~ Lfi{y; d(1I"y,oB(xo,€)) < Tn} < +00. 
n=l 

Thus in the view of Borel-cantelli Lemma, it follows that for any X > 0, the 

following function 

'IjJ(x) := inf{w(!-nx)enX , n ~ O}, fi - a.e. 

is positive. 

For x = (xn ) E X, we now consider those Yo E X such that 

d(xo, Yo) < mini a(x), (x, 'IjJ(x)\2,6(x)}. 

It is clear that there exists a unique y(Yo, Yb ... ) E X with y E P(x) such that 

d( 11" f-nx, 11" f-n y) ~ ,B(x)e-nXd(xo, Yo) 

~ ,B(x)e-nX'IjJ(x)\2,B(x) < w(!-nx ). 

This implies that f-nx and f-n y are either in .it: or in X \ A,;:, for all n ~ O. But 

d(xo, Yo) < (x, this implies that x and y must be in the same atom of fj. Therefore, 

there exists an open neighborhood of xo, denoted as N(xo), such that 

N(xo) ~ 1I"fj(x) ~ 1tP(x). 
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". 
Proposition 1.3.8. For the generator ij, we have 

Proof. See [L]. 

Up to now, we have constructed three relevant partitions, ~, P, and ij, and 

discussed some interesting properties which are useful in the proof of the main 

theorem of this Chapter. 

D. An Important Estimate on 7j 

Let C = C f be the critical set of f. 
Proposition 1.3.9. If x E X is not a critical point, then 

D-1 < 1 detDfx 1 < D 
- Id(x, C)I - , 

where D is a constant independent of the choice of x. 

Remark. This inequality means that for maps satisfying the generic property­

A, their critical points satisfy the condition very similar to that of "non-flat" con­

dition for maps defined in an interval. 

Proof. By Whitney's classification theorem (Prop. 1.14), the only critical 

points are folds and cusps. For € > 0 small enough, let N€( C) denote the open 

€-eighborhood of C. 

It is obvious that for x in the complement of N€(C), there is a constant Dl 

independent of x such that 

D
1
- 1 < IdetDfxl '5,D

1
• 

- d(x,Cf) 
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We now suppose that x E N€( C). 

Case 1. Assume that x is near a fold. Clearly, there is a constant D2 such that 

IdetDlxl < D2d(x,C) = D
2

• 

d(x, C) - d(x, C) 

Moreover, we assume that locally near the fold, we have already had the local 

coordinate such that I has the form I : (u, v) ~ (u, v2 ). Then it is easy to check 

that d(x, C) = lvi, (v = 0 corresponding critical point), and detD Ix = 2v, hence, 

let D2 > 2, we obtain, 

D -1 IdetD Ixl D 
2 $ d(x,c) $ 2· 

Case 2. Assume that x is near a cusp. Also we assume that near this cusp we 

have already had I : (u, v) ~ (u, uv + v3 ). Clearly, there is a D3 such that 

IdetDlxl D 
d(x, c) < 3· 

Note that locally, the critical set is a 1-dimensional manifold: u + 3v2 = 0, and 

hence for fixed Xo = (uo, vo) ~ C, Yo = (-3v5, vo) E C, wc have 

d(xo, C) $ d(xo, Yo) = luo + 3v51· 

and 

detD Ixo = Uo + 3v5 

Therefore if we let D3 > 1, we have obtained 

D- 1 IdetDlxl D 
3 < d(x,c) < 3· 

Let D = max { Db D2 , D3 }, thcn for x E X \ C, we obtain 

D- 1 < IdetDlxl < D 
d(x, C) . 

It is clear that D is independent of x E X \ C. I 
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Proposition 1.3.10. There is a constant A > 0 independent of all typical 

points x E 'i' ~ X such that for y E X determined by Lemma 1.3.5 with d( xo, Yo) < 

(ii:, we have 

A-I < IdetDfxnl < A 
IdetDfyni ' 

\I n;::: O. 

Proof. Since x is typical, it implies by Pro.3.4 that 

detDfYn # 0, detDfxn # 0, \In;::: O. 

Now for each n ;::: 0, let x~ E ae and y~ E ae be such that 

But on the other hand, geometrically we have, 

Thus we obtain 

Note that 

By setting A = 2D2 , we finish the proof by combining the above estimate with 

Prop.3.5 that 

A-I < IdetDfxnl < A 
- IdetD fYn I ' 

\In;::: O. 

I 
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Now for any x = (Xn) E X be typical, let fj = (Yn) E X satisfy Prop. 3.10 , 

and we set -- rroo 
IdetD f x" I 

~(x, y) = n=O IdetD fyn!' 

Proposition 1.3.11. There are measurable functions VI (x) and V2(X) on X 

such that 

fl- a.e. X. 

Proof. Let B > 0 be the constant such that for any x and Y in X, the following 

estimate holds 

IdetDfx - detDfyl :::; B· d(x,y). 

Then for x = (xn) typical, and fj = (Yn) in X with d(xo, Yo) < (;;, by applying the 

unstable manifold theorem we obtain 

It follows that 

IdetDfxn 
detDfYn 

B(3(X)e-n >. - 11 < -c---'---'--,.-

- IdetDfYnl 
AB(3(x)e-n >. AB(3(x)e-n >. 

:::; IdetDfxnl :::; b·d(xn,fJO 

:::; const.(3(x)e-n >. . en€o 

= const.(3(x)e-n (>.-€o). 

'in ~ o. 

Hence it is easy to choose the measurable functions V2 (x) ~ VI (x) > 0 based on the 

above estimate that 

I 



Theorem 1.3.12. For p, - a.e. x EX, we have 

o < J D.(x, y)dy < 00, 

ii(x) 

where dy denotes the natural Lebesgue measure on each element of fj. 
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Proof. The integral having positive value follows directly from the previous 

Proposition 3.11, since fj(x) contains an open neighborhood of x, which haspositive 

Lebesgue measure. And on fj(x), we have proved that D.(x, y) > vJ(x) > o. Hence, 

we only need to verify the integral bounded above. 

Note that fj > {A~, X \ .A~} V P, hence if fj(x) ~ A~, then by the proof of 

Prop.2.7, we have 

The result follows immediately since (3(x) ::; (3o = constant. 

On the other hand, if fj(x) ~ X \.A~, then by the ergodicity, there is an integer 

k such that j-kx E .Ao!.. Note that 
2 

it follows that 

k 

J A(- -)d- - J A (f--k- f-- k -) II IdetDfxild_ 
l..l. x, y Y - l..l. X, Y Id Df Y 

'_ et Yi 
ii(x) JI.: ([J-I.:1J](]-1.: X» l-l 

k 

= II IdetDf71'J-ixl 
i=l 

Thus the boundness of the integral has been proved. I 
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§1.4. The Proof of the Main Theorem of Chapter 1 

A. Prove: "Pesin's formula holds => J.L « A" . 

Lemma 1.4.1.(following [L]) The Rohlin decomposition of the measure p, on 

X with respect to the partition fJ is given by q( x, .) on fJ( x), for x EX, for which 

q( x, .) is specified as follows: for any measurable subset iJ ~ X, 

J ~(x,y)dy 
- iJ Bn7j(x) 

q(x, ) = --=-J-"-(----)-d--
L...l. x,y y 

7j(x) 

Proof. It is obvious, by Prop. 1.3.12, that q( x, .) is a probability measure. 

This can be checked easily that 

(i) q(x, "l(x)) = 1; 

(ii) q(Xl,·)=q(X2,·), iffJ(Xl)=fJ(X2). 

If we assume that the Rohlin decomposition for p, with respect to fJ is given 

by p(x,.) on fJ(x), then by taking an integer n, we have the following estimate by 

Prop. 1.3.8 that 

(1.4.1) 

But on the other hand, we will have the following estimate by Prop.2.10 that 

and 

J ~(x, y)dy 

( - [f--n -]( -)) [~j-_nTJ.,:-:.-](-,-x)-:---:--_ 
q x, "l x = J "(- -)d- , 

L...l. X,Y Y 
i7(x) 

J ~(x, y)dy 
q(x, [!nfJ](x)) = j-n(i7(.1

nx
» _ _ _ 

J ~(x,y)dy 
7j(x) 

J 
I I 

Set k(y) = ~(y, Y )dy , we obtain the following equality easily that 
fj(y) 

(1.4.2) 

(1.4.3) 

(1.4.4 ) 
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It follows that 

- j log q(x, [Jnij](x) )djl = j log IdetD f::xldjl 

= j log IdetDf:ld/L = n j log IdetDfxld/L. (1.4.5) 

By comparing (1.4.1) and (1.4.5), we obtain the relationshi between q and p as 

follows: . 

j log q(x, [~-nij](x)) jl(dx) = O. 
p(x, [J-nij](x)) 

(1.4.6) 

We now define a measure fJ on the a-algebra generated by measurable subsets 

of J-nij by 

-(B-)_jq(x,B)- (d-) v - (_ -)mu x. 
p x,B 

Then it is clear that (1.4.6) implies 

j dfJ 
log djl djl = O. 

And this is possible only if jt = fJ by the concavity of log Therefore, q( x, B) = p( x, B) 

for any B being J-nij measurable. Note that J-nij generates, by letting n ~ +00, 

we obtain the result that 

q(x,.) =p(x,·). 

I 

We are now back to the proof of the main theorem. Suppose A ~ X is mea­

surable with Lebesgue measure zero. Clearly w-1(A) is of q(x,.) measure zero for 

jl - a.e. x by the lemma 1.3.2. Therefore, by averaging in x, we conclude that 

w-1 (A) is of jl-measure zero. It follows that /L(A) = O. We have proved that 

provided that Pesin's formula holds. 
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B. Prove: "J-L ~ oX ==> Pesin's formula holds". 

Note that Ruelle's inequality gives the estimate, 

hp.(J) ~ J log IdetD fxldll, (1.4.7) 

we need only estimate the entropy bounded from below, i.e. 

(1.4.9) 

Lemma 1.4.2. Assume that p is the density of J-L, i.e. dJ.l = pdoX, then for 

J.l- a.e. x E X, we have 

set 

Set 

~ p(y) 
p(x) = L.J IdetDf1 I' 

YE/-Ix Y 

Proof. Let Co = C be the set of critical points of f, and for n = ±1, ±2,"', 

-00 

It is clear by H - 1 that J-L(Coo ) = o. 
Now for any x E X \ Coo, let 

where 111, is some fixed integer less than or equal to some fixed integer N by the 

finiteness of f. 

We notice that detD fYi i 0 for i = 1,2 ... , 'In, and there is a sufficiently large 

J( such that for all n ~ J(, 
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is a diffeomorphism for i = 1,2, ... , m. By fixed a large no, we may assume that 

m 

f-I(B(x, l/no)) = U B(Yi), 
i=1 

where B(Yi) is an open neighborhood of Yi such that B(Yi) n B(Yi) = 0 for i =1= j. 

Furthermore, by changing the variables, we have following equality: 

J p(x)dA(x) = f J p(y)dA(Y) 
B(x,l/no) i=1 B(y;) 

= 

J f p(J-Ix) dA(x) 
i-I IdetD It-Ixl 

B(x,l/no) -

J '" p(y) 
~ IdetDfyldA(X), 

B(x,l/no) yEt-Ix 

in which the first equality holds by the f-invariance of J-l. Since no can be chosen 

arbitrarily large, the neighborhood B(x, 1/17,0) of x can be arbitrarily small. Hence 

we obtain 

'" p(y) 
p(x) = ~ IdetDf11' 

yEt-Ix Y 

J-l- a.e x. 

I 

Lemma 1.4.3. Let E denote the partition by point, then the Rohlin decom­

position f01' J-l = PA with respect to f-nE is given by, (with ~ = 0), 

for J-l - a.e x, 

where 1B(Y) is the chamcte1'istic function. 

Proof. Assume that 
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For simplifying, we will only prove the Lemma for n = 1. 

Obviously, the point in the modulo space X\I- I ~ has the form: I-lx, \:Ix E X. 

A set K ~ X\I- I ~ is measurable if there is a measurable set A ~ X such that 

It is easy to check that the associated probability measure /If-IE on X\I- 1 ~ can 

be defined by 

/If-1dK) = /lU-1 A), where K = U {I-Ix}. (1.4.9) 
xEA 

We now consider any sufficiently small open ball B ~ X such that liB is a 

diffeomorphism. Then clearly for x E X, there is at most one y = Yx E I-Ix 

-such that y E B. In the view of Rohlin decomposition, we then have the following 

estimate: 

= 

j Ep>.(B n I-I~(x)I/-I~)(x)d/lf-IE 
X\f-IE 

j p(Yx)lB \ ~ p(y) 
IdetDlvxi ~ IdetD Iyl d/lf-IE. 

X\f-1E yEf fx 

By (1.4.9), it is easy to check that 

It follows that (1.4.10) becomes 

j 1:~~~~~ldA(X) = jldetDI;lld/l(X) = /lU-IB). 
x B 

Note that /l is I-invariant, we obtain 

/l(B) = j Ep>.(B n I-I~(x) I I-I~)(x)dltf-IE' 
X\f-IE 

(1.4.10) 
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This finishes the proof. I 

Lemma 1.4.4. [P] 

hJL(J) = sup{H(~ I f- 10; ~ is a measurable partition of X and f-l~ < ~}. 

Proof. See [P], " Entropy and generators in engodic theory", on p.57. I 

We now estimate hJL(J) from the below. 

If we let J(. I .) denote the conditional information, then by its definition we 

have the following estimate 

VEX 

= -log EJL(l{x} If- 1"£.) 

{ 
p{x) \ '" P(Y)} 

= -log IdetDfxl L....J IdetDfyl . 
yEj-ljx 

The last equality is from Lemma 4.3. Furthermore, it is easy to verify, by Lemma 

1.4.2, that 

Thus, we obtain 

J("£. I f-l"£.)(x) = log IdetD fxl + log p(Jx) -log p(x). 

By taking the ergodic average to the above formula, we obtain 

By Lemma 1.4.4, we have obtained the estimate (3.8), i.e. 

The theorem is proved. 
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§1.5. Extension of the Proof in §1.4 

A. Ergodic Decomposition 

We show that the hypothesis of ergodicity in the proof of Theorem 1.2.1 is not 

necessary. 

Let M(X, I) be the set of I-invariant Borel probability measures on X, and 

E(X, I) c M(X, I) be the set of ergodic measures. Note that M(X, I) =f. 0 and 

E(X, I) =f. 0 since X is compact. 

Proposition 1.5.1[W]. (1) For J-L E M(X, I), there is a unique Borel proba­

bility measure r on the compact metrizable space M(X, I) such that r(E(X, I)) = 1 

and 

J-L = r mdr(m). 
iE(X,f) 

(2) h/.L(J) = JE(X,f) hm(J)dr(m). 

Using this proposition, we assume that the I-invariant measure J-L considered 

in this Chapter has the ergodic decomposition given by (1). 

We note that if "J-L ~ '\", then Pesin's entropy formula holds regardless of 

whether J-L is ergodic or not. This fact is clear if we check carefully the proof of the 

sufficiency of Pesin's formula in §4. So the ergodicity is only used when we prove 

the necessity of Pesin's formula. Now we show that ergodicity is not necessary. 

We assume that Pesin's formula holds. Then, 

h/.L(J) = J log IdetD IxldJ-L(x) 

= r log IdetD Ixldm(x) r dr(m,) 
ix iE(X,f) 

= r { r log IdetD Ixldm,(x)}dr(m). 
iE(X,f) ix 

On the other hand, (2) above gives 
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Therefore, 

r hm(J)dr(m) = r { r log IdetDfxldm(x)}dr(m). 
JE(X,J) JE(X,f) Jx 

By Ruelle's inequality, we have 

hm(J) ::; Ix log IdetDfxldm(x). 

This implies that 

hm(J) = Ix log IdetDfxldm(x), T - a.e.m. 

Thus "m « A, T - a.e.m", which implies that "fL « A". 

B. Dimensions Higher than 2 

We know that in the case of dimension = 2, the property that singularities of a 

smooth map are either folds or cusps is generic. Then one can divide a neighborhood 

of a single singularity into finitely many disjoint pieces such that f, restricted to 

the interior of each piece, is one-to-one, which leads to some nice partitions on both 

X and X. 

However singularities in higher dimensional case are so complicated that there 

does not exist a similar generic property for maps with singularities as in the case 

of "dim X = 2". Therefore, we can only prove a similar result in higher dimension 

for those maps satisfying the following hypothesis (such as the polynomial-type 

singulari ties): 

For x E Gt, there are a neighborhood Nx C X and finitely many codimensioll 

1 submanifolds such that 

(1) N x can be split into finitely many disjoint domains by these submanifolds, 



57 

(2) There is no singularities in the interior of each domain, and f, restricted 

to the interior of each domain, is one-to-one. 

Then we can easily construct some nice partitions as we have done in §1.3. Moreover 

all the methods used in §1.4 can be carried out. Therefore Theorem 1.2.2 can be 

proved in a similar way as Theorem 1.2.1. 
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Appendix. Local Properties of 2-Generic Maps 

By the remark of Prop. 1.14, for a generic map of a 2-manifold, the critic points 

are only of the two types: 

(1) fold: (x, y) ~ (x, y2), 

(2) cusp: (x,y)~(x,xy+y3). 

Then locally the sets of singularities of a fold and a cusp are {y = O} and 

{ x + 3r2 = O}, respectively. We will discuss their local properties as follows. 

(1) Fold. Given two points (x, V) and (x, y) in the neighborhood of the 

origin, it is obvious that I(x, V) = I(x, y) iff x = x, and V2 = y2 , i.e. the points 

having the same image must lie on a same vertical line. Hence we need only cut 

the disk Bo defined by 

Bo = {(x,V); d((x,V), (0,0)) < 8} (A -1) 

into two pieces along the x-axis. Then it is easy to check that when 1 is restricted 

to either the upper half or the lower half of the disk, it is a diffeomorphism. 

(ii) Cusp If (x, y) and (x, y) are in a neighborhood of cusp, then they have 

the same image under the map 1 iff x = X and xV + V3 = xy + y3. It follows that. 

fP + Vy + V2 + X = O. Hence we have 

_ -V ± J -3y2 - 4x 
V = ----~--------

2 
(A - 3) 

This implies if (x, V) lies in the right half disk (x ~ 0), the mapping 1 is one-to-one. 

So we need only consider the case that x < O. 

Proposition A.I. Let CE: be the critical set near a cusp, i.e. 

Then 1-1(f(C3 )) consists 01 two smooth curves: 
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and 

(See the figure Figure 1.1). 

Proof. It is easy to check that for a fixed small xo < 0, if (xo, YO) on C3 and 

(xo, y) on C~, then f(xo, y) = f(xo, y) iff Y = (-y ± J -3y2 - 4xo)/2. Note that 

Xo + 3y2 = 0, then _3y2 - 4xo = _3y2 + 12y=9y2, i.e. 

_ -y±J9ij2 -y±3y {-2Y y- - -- 2 - 2 - y 

Hence y = - 2y. It follows that 

4xo + 3( _2y)2 = 4xo + 12y2 = 4(xo + 3y2) = o. 

Moreover, since y is the only solution which is not a critical point, we have proved 

that Ct; and C~ are the only sets such that 

I 

Set 

Proposition A.2. Given any -c < Xo < 0, the vertical line: x = Xo 

intersects C~' and the x-axis at the following thTee points: 

(xo,O), (xo, V-xo), (xo, -V-xo). 

And 

f(xo,O) = f(xo, -V-xo) = f(xo, V-xo). 
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Proof. Obvious. I 

Proposition A.3. The curves Ge , G~, G~' and the negative x-axis divide 

Be into seven subsets, PI, P2, ... , P7 . And moreover flp~: PP -+ f(PP) are diffeo-
• 

morphisms for i = 1,2, ... , 7, where KO denote the interior of a set K. 

(Please see the figure Figure 1.2). 

Proof. If xo ~ 0, it is trivial to check the one-to-one property. So we need 

only check that xo < O. Also by symmetry, we need only to check y > O. 

(i) If y > 0 is outside Pi, i = 2, ... , 7, then the points (x, y) satisfies 4x+3y2 > 
O. By (A-3), 

~ = -4x - 3y2 < 0, 

Hence, (A-3) has no solution other than (x, y). Therefore 

flpo : pf -+ f(pf) is a diffeomorphism. 
1 

(ii) If (xo, y) E P2, then (xo, YO) is at Ge , i.e. xo + 3Y5 = O. Clearly, (xo,2yo) 

is at G~ and (xo, V3yo) is at G~/. Hence, 

V3YO < 'Y < 2yo, xo + 3Y5 = o. 

We now consider a different point (XO,y) from (XO,y) such that it has same image 

as (xo, y), then by (A-3), 

_ -y ± J - 4xo - 3y2 _ _ 
Y = 2 = y- and y+ 

and clearly y_ ¢ P2. If y+ < 0, then we are done since 0 > y+ ¢ P2. So we assume 

that y+ > O. It follows that J -4xo - 3y2 > y > 0, and hence Xo + y2 < 0 It is a 

contradiction since we assume that y E P2 which implies Xo + y2 > O. 

(iii) (xo, y) E P3 , i.e. 0 < Yo < y < V3Yo. Then as Xo + 3Y5 = 0 

_ -y + J -4xo - 3y2 -y + J -4( -3YO)2 - 3y2 
y+ = = 2 2 
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_ -y + J12Y5 - 3y2 -Yo + J12Y5 - 3Y5 
- 2 < 2 = Yo· 

Hence, y+ ~ P3 and flpo is diffeomorphic. 
3 

(iv) (xo, Yo) E P4 i.e. 0 < y < Yo, with Xo + 3Y5 = o. 

_ -y + J -4x o - 3y2 -y + J12Y5 - 3y2 
y+ = = 

2 2 

-Yo + J12Y5 - 3Y5 
> 2 = Yo 

Hence, (xo, y±) E P4 , i.e. flpo is diffeomorphic. 
>\ 

By symmetry, we can check Ps, P6 , and P7 in the same way. Hence we have 

finished the proof that 

flpo : PP -? f(PP), i = 1,2, ... , 7 
• 

is a diffeomorphism. jqed 
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Chapter 2 

Random Perturbations of Feigenbaum Map 

§2.0. Introduction 

Let 9 be the Feigenbaum map. That is, 9 is a fixed point of the period doubling 

operator 

T: f(x) ~ af(f(a-1x)), x E [-1,1]' (2.0.1) 

defined on a certain class of functions on [-1,1]. A more precise description of 9 

will be given in the next section. 

For each € > 0, we consider the Markov chain X~, n = 0,1"" , defined as 

follows: 

(2.0.2) 

where {e~} are Li.d. random variables whose distributions have densities positive 

on [-t, €] and 0 elsewhere. 

We say that a probability measure J1€ on I is an invariant measure of the 

Markov chain X~ if for every Borel set r ~ I, 

(2.0.3) 

where P€(x, r) is the transition probability of the chain X~, and it is specified by 

the density of the random variable e (see [Ki] for instance). It is well known that 

J1 € exists, and that if 

J1€i ~ J1 'Weakly as €·i ~ 0, (2.0.4) 

then J1 is a g-invariant probability measure. This means that for every Borel set 

r ~ I, 
(2.0.5) 
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Some authors have considered the limit behavior of the measure p,€. s as € ~ 0 

for various kinds of transformations. For example Kifer [Ki] and Young [Y] studied 

the case where f has a hyperbolic attractor. Katok and Kifer [KK] and Benedicks 

and Young [BY] studied the one-parameter family f>.(x) = Ax(1 - x). There are 

various other results, mostly numerical in nature (see [CNR],[SWN] and [Ka] for 

example). 

In [VSKJ, Vul, Sinai and Khanin studied the Feigenbaum map g. Among 

other things they considered random perturbations of g and obtained some results 

on the statistical properties of the invariant measure p,€. This paper is also about 

perturbations of g. We focus however on the geometry of the support of p,€. 

More precisely, we consider the perturbed Feigenbaum system X~, n = 0,1"" 

defined at the beginning of the introduction. For each € > 0, we let A€ denote the 

support of the invariant measure p,€ and call it the noisy attractor of X~. We 

will prove some rigorous results about how the geometry of Ae changes as € varies. 

We will show in particular that as € increases, our noisy attractor does not change 

continuously. Instead, it "explodes" at certain values of € as adjacent components 

of Ae merge together. Then borrowing some estimates from [VSK], we will discuss 

also how the number of components of A€ scales with € as € changes. More precisely, 

we prove the following result in this part: 

Main Theorem. There exists a strictly decreasing sequence €n ~ 0 such 

that for eve1'y € with €n ~ € > €n+b the noisy attractor Ae consists of exactly 2n 

disjoint intervals, the union of which contains the Feigenbaum attractor A. These 

intervals are cyclically permuted by X~ . Moreover', €n goes to ze1'O exponentially 

fast as n ~ 00. 

For numerical results along similar lines, see for instance [CNR], [Ka], [SWM] 

and [CFH]. 
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§2.1. Properties of the Map 9 

Let M denote the space of continuously differentiable even maps ¢ of the interval 

[-1,1] into itself such that 

M1. ¢(O) = 1, 

M2. x¢'(x) < 0 for x t= O. 

M2 says that ¢ is strictly increasing on [-1,0) and strictly decreasing on (0,1]. 

M1 says that the unique critical point 0 is mapped to 1. We want to consider 

those ¢'s which maps 1 slightly - but not too far - to the left of O. It may then 

be possible to find nonoverlapping intervals 10 about 0 and II near 1 which are 

exchanged by ¢. Technically, let a = -¢(1) = _¢2(0) and b = ¢(a). We suppress 

from the notation the dependence of a and b on ¢. Define D(T) to be the set of all 

¢'s in M such that: 

D1. a> 0, 

D2. b> a, 

D3. ¢(b) ~ a. 

The two intervals 10 = [-a, a] and It = [b, 1] are then nonoverlapping and ¢ 

maps 10 into II and vice versa. If ¢ E D(T), then ¢ 0 ¢/Jo has a single critical point, 

which is minimum. By making the change of variables x ~ -ax, we replace 10 by 

[-1,1] and the minimum by the maximum, i.e. if we define the period doubling 

operator T by 

1 
T¢(x) = --¢ 0 ¢( -ax) 

a 
f01' X E [-1,1]' 

then T¢ is again in M. Thus T defines a map of D(T) into M. (See e.g. [La].) 

M. Feigenbaum [Fl] and Coullet and Tressel' [CT] independently observed 

certain universal scaling properties in the limit of period doubling bifurcations of 

unimodal maps. They proposed to explain their observation in terms of a fixed point 

with certain properties for T. The existence of this fixed point was later proved rig­

orously by Lanford [La] and Campanius and Epstein [CE] using computer-assisted 
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proofs. They showed that T has a fixed poi~t 9 which is analytic with g{l) = _a-I, 

a = 2.5029···. 

A proof that is not computer-assisted has recently been obtained by Sullivan 

[Sl]. 

Definition 2.1.1. We call this fixed point 9 of T the Feigenbaum map. 

It is easy to check that, for any n ~ 1, 9 satisfies the functional equation: 

(2.1.1) 

In order to understand the perturbed system X~, n = 0,1,," , , we will need 

to know some properties of g. 

(O) 9 is an even function; 

(1) 9 has a unique unstable periodic orbit of period 2n for each n ~ 0; 

(2) 9 has no other periodic orbits; 

Moreover, if we let 

A(n)_[_ -n -n] L.lo - a ,a , for each n ~ 0, 

and 

then, 

(3) ~~n) n ~~n) = (/), for i :p j; 
(4) g2" (~~n») ~ ~~n); 

(5) Each ~Ln-l) contains exactly two subintervals of the next generation, 

namely ~ (n) and ~ (n) 0 < k < 2(n-l) - l' e k k+2,.-I, _ _ , 

(6) Each point of the unstable orbit of period 2n lies in some ~~n), strictly 

b A (n+l) d A (n+l) etween L.lk an L.lk+2'" 

(7) let I~I denote the length of an interval ~, then 
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For a proof of these properties, we refer the reader to, for example, [VSK]. 

If we let dn denote the distance between the orbit of period 2n and the origin, 

then it is easy to obtain the following result. 

Proposition 2.1.2. There is a constant Co > a-I, such that 

d - G -(n-l) 
n - oa . 

Proof. Let Co be the distance between the origin and the fixed point of g. 

Since T(g) = g, we have for n ~ 1, 

d . ",-n - d l' ",-(n-l) n . u. - n- . u. 

and the proposition then follows. I 

Definition 2.1.3. The closed set n U2"-1 ~ (n) - A is called the 
n~1 k=O k -

Feigenbaum attractor. 

Proposition 2.1.4. The map 9 has a unique invariant ergodic probability 

measure J1, on I. This measure is supported on A, and glA is minimal. 

Proof. Cf. [VSK] or [M]. I 

We end this section by quoting a theorem proved in [VSK] which provides us 

with some quantitative estimates on g. 

Theorem 2.1.5. [VSK] There are positive number's ,\ and a such that 

1 1 2"_1 

lim -log[ -2 (~ 1~1n) I)] = loga, 
n-+oo n n ~ 

k=1 

and 

2"_12"_1 

lim !l09[1 + ~ II (9'(Xi))2] = 2(log'\ - loga) 
n-+oo n ~ 

k=1 i=k 
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where 

i (n) 
Xi = g (XO), Xo E ~O . 

Numerically, one has .x = 6.6 ... and a = 0.29 .... 
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§2.2. The Noisy Attractor A€ 

Throughout this section, we assume that € > 0 is fixed so that we will suppress 

from the notation the dependence on € where there is no confusion. 

As we assumed before that the i.i.d. random variables ~~ have densities, it 

follows easily that the transition probability P(x,.) must be absolutely continuous 

(denoted by "«") with respect to the Lebesgue measure A, i.e. for any x E I, 

P(x,.) «A. (2.2.1) 

Let f-l€ be an invariant measure of the Markov chain X~. It follows from (2.2.1) that 

Let "supp f-l€" denote the support of f-l€. 

Lemma 2.2.1. For any n ~ 0, 

(2.2.2) 

Proof. This follows from the definition of invariant measure. I 

Definition 2.2.2.[B] Say a set A ~ I is closed under the Markov chain X~, 

if for all x E A, 

P(x, A) = 1. 

Lemma 2.2.3. Let A be a set that is closed unde1' X~, and let U€(A) denote 

the €-neighborhood of the Feigenbaum attract01' A. Then 

U~(A) ~ A, A - a.c. 

Proof. Let z E A be an arbitrary point. We will show that U€/2(Z) ~ A up to 

a set of Lebesgue measure O. Let yEA be such that gy = z. Since A is an attractor 
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and glA is topologically transitive, for every Xo E A and every 0 > 0, there exist an 

n such that pn(xo,U.5(Y)) > O. If 0 is small enough so that Ig(y±o) - zl < f./2, then 

it will follow that the distribution of pn+I(xo,') has a positive density on U€/2(Z). 

Since A is closed under X~, we have P(x, A) = 1, V x E A. So pn+I(xo, A) = 1, 

which implies that U€/2 ~ A, A - a.e .. I 

Proposition 2.2.4. For f. > 0, JL€ is the unique invariant measure for the 

Markov chain X~. 

Proof. Suppose both Al and A2 are closed under X~, then according to 

lemma 2.3, one has 

Obviously, A (U fr (A)) > 0, so there cannot be two disjoint closed sets. By a standard 

fact about Markov chains (see for instance [B], Theorem 7.16, pp.136), the invariant 

measure JL€ is unique. I 

Definition 2.2.5. Let A€ denote the support of the unique invariant measure 

JL€ with respect to the Markov chain X~. Call A€ the noisy attractor of X~. 

The following lemma is sometimes useful: 

Lemma 2.2.6. (i) If K is a nonempty compact set closed under X~, then 

(ii) A€ is the topological closure of Un~oX~(A). 

Proof. (i) Since for all n 2:: 0, X~ is well defined on K, so there exists an 

invariant measure v€ with support in K. By the uniqueness of the invariant measure 

for 9 on I(Prop. 2.4), we conclude that 

It hence follows that 
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(ii) Let C be the set in question. It is easy to verify that it is closed under X~. 

By (i), Ae C C. To prove the other inclusion, we know from Lemma 2.2.3 that Ae 

must contain the topological closure of Un;?:OX~(U~(A)), which obviously contains 

C. I 

Because of the nature of our transition probabilities, it is easy to see that 

Ae consists of finitely many closed disjoint intervals, each has length at least 210. 

Moreover, these intervals must be cyclically permuted by X~. This is because each 

interval has positive J1.e-measure and A€ is considered to be the smallest invariant 

set of X~ in I in the sense of the Lemma 2.6. More precisely, we prove the following 

result. 

Theorem 2.2.7. For fixed 10 > 0, there exist an integer ne and 2n• pairwise 

disjoint closed intervals Ii, i = 0,1"" ,2n• - 1, satisfying the following properties: 

(1) 

(2) 

(3) 

Proof. 

A - U2n
< -lIe. 

e - i=O i' 

o E 10; IZ = Xk(Io), for k = 1,2"" ,2n• - 1, and 10 = Xin. (10); 

~~n,) ~ IZ, for k = 1,2"", 2n, -1. (This need not be true for k = 0.) 

Since Ae is closed under X~, we know by Lemma 2.2.3 that U~ (A) ~ 

Ae. We let 10 be the component of Ae containing 0, and let Ii = Xi(1o), for i 2:: 1. 

Since Ae consists of finitely many closed intervals, there must be an integer l 2:: 1 

such that 10"", It-l are mutually disjoint, Xt(Io) = 10, and 

A Ul-II€ 
e = i=O i' 

Furthermore it is clear that 0 is in the interior of Ae, and that for m sufficiently 

large, ~~m) ~ 10, 
Let ne be the smallest integer such that either a-n, E 10 or _a-n, E 10, Recall 

that ~~ n,) = [_a-n" a-n,], and note that for i < 2n, , since gi maps [_a-n" 0] or 

[0, a-n ,] onto ~~ n,), it follows from our definition of ne that ~~ n.) is contained in 

Xf(Io), which is equal to some IZ. 
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Claim. For j = 1,2, ... ,2n
< - 1, 

Suppose this was not the case. Then by the connectedness of 10 and 0111' 

observation about that every ~~n<) is contained in some lZ, 10 must contain one of 

the two ~(n<Lintervals adjacent to ~bn<). If ~~~~~1 C 10 , then [_o:-(n<-I), 0] C 10, 
If 10 contains the ~)n<), for some j other than 0 and 2n< -1, on the other side, then 

[0,0:-(11-< -1)] C 10, Both scenarios contradict our choice of A€. 

(Please see the figure Figure 2.1). 

Next we claim that for i < j < 211-<, ~~11-<) and l!::.)n<) must lie in different compo­

nents of A€. If they were in the same lZ, then we would have gl-k (~~ 11-<»), gl-k (~) 11-<») 

~ 10, which contradicts the claim above. 

We have argued that each component of A€ contains exactly one ~~11-<), which 

proves our assertion with 211-< = i. I 



§2.3. Geometry of the Noisy Attractor A€ as € Varies: 

a Qualitative Analysis 

We begin this section with an easy proposition. 

Proposition 2.3.1.{Monotonicity) If €2 > €1 > 0, then 

Proof. This follows from Lemma 2.2.6{ii). 
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I 

Proposition 2 .. 3.1 together with Theorem 2.2.7 in the previous section show 

that there is an integer-valued function € H n€, with n€ increasing as € decreases, 

such that A€ is the disjoint union of exactly 2n • intervals. In this section, we study 

the geometrical mechanism leading to the "jumps" in n€ as € decreases. We will 

show that for every n E Z+, there is an interval with positive Lebesgue measure 

such that for every € in this interval, n€ = n. 

For all the discussion below, we assume that the integer n considered is an even 

integer unless otherwise stated. The analysis for n odd is the same. 

We now fix n and consider the image of ~~n) = [_a-n , a-n ] under the random 

process X~, m = 1,2"", for € small. Note that g folds ~~n), and gil A (n) is a 
guo 

homeomorphism for i = 1,··· ,2n - 1. We set 

and for k> 0, 

Also set 

~(n)= u~(n) 
€ k,€' 

k~O 

The following fact is simple but useful. 
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Lemma 2.3.2. For fixed nand €, 

A(n) A(n) 
i..J..k,€ ~ i..J..k+I,€' for k;::: o. 

Proof. Since g2" [0 a-n] = [_a-(n+l) a-n] it is clear that ~ (n) C ~ (n) and , " O,€ - l,€ , 

hence Xi" ~~~1 ~ Xi" ~~~1. The rest follows by induction. I 

Recall that one of the fundamental properties of g is that for each n ;::: 1 

and i = 0,1, ... ,2n - 1, ~~n) contains exactly one point from the 2n-periodic orbit, 

denoted by {x~n); i = 0,1,··· ,2n-1}. We refer this orbit as Orb{x~n)), and assume 

that these points are labeled in such a way that 

and for i = 1,2, ... ,2n - 1, 

Let _x~n) be the point symmetric to x~n) by the origin. 

For n even, the geometry near the origin 0 is as follows: 

(Please see the figure Figure 2.2). 

Note that for any Xo E [-1, 1], Xi{ xo} is an interval of length ;::: 2€. In the 

analysis to follow, we will be speaking of the left end point and the right end point 

of Xi{xo}. 

Lemma 2.3.3. For € > 0 small enough, 

~(n) - [A€ B€] 
€ - 2, 2, 

and ±x~n-l) ~ ~~n) . 

Proof. We only need to prove that for sufficiently small €, Xi .. [A~, nil .­

[A~, Bi] and ±x~n-l) ~ [A~, Bi]. 



Observe that for fixed k ~ 1, 

We can therefore choose € > 0 small enough that the following hold: 

(1) Xk(~~n}) n {O} = 0, for 0 < k < 2· 2n , k =P 2n; 

(2) IAil:s; Bj, and IA~I :s; B~. 
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Since Xk(~~n}) n {O} = 0 for 0 < k < 2n , it follows from the geometry of g 

that BI is the right end point of X2n {O}, and Ai is the left end point of X2n {a-n }. 

(Please refer to the figure Figure 2.3). 

Furthermore, since IAi I :s; IBII, the same reasoning tells us that B~ = Bl, and 

A~ is the left end point of X 2n {Bn. From this it follows that ~1~1 = ~~~J \;/k ~ 2. 

One could easily arrange to have ±x~n-1} ~ ~~nJ for € small. I , 

For 0> 0 small, we define the o-neighborhood of ±x~n-1} as follows, 

We now fix an Tn > 0 such that for € < Tn, Lemma 2.3.3 holds. 

Lemma 2.3.4. There is a On > 0 depending on Tn such that for all € ~ Tn, 

(n-1) [A€ B€ 1 
Xo E k+1' k+1· 

Proof. Let On > 0 be such that for y E Vn( on), 

Our claim follows since 
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Lemma 2.3.6. For € > En, A€ consists of at most 2n - 1 disjoint components. 

Proof. Let € > €n be arbitrarily close to En. We may assume that 

because these inequalities hold for En. It is clear that IA~I > Bi, otherwise [A~, Bil 
will be invariant under X k.2" , and hence xbn

-
1

) ¢:. [A~, Bil = ~~n), which contradicts 

the choice of € > En. Moreover, our choice of € implies that there is a ko such that 

A€ (n-l) b t A€ < (n-l) 
ko > Xo ,u ko+l _ Xo • 

Again let 10 be the component of A€ containing O. We first show that 

(n-l) 1€ 
Xo E j.2"' for some j. 

Case 1. IA~I ~ Bi. 
It is easy to verify inductively that for j = 1"", ko, Aj is reached by an 

€-pseudo orbit of length j . 2n starting at a-n . An argument similar to that in 

Lemma 2.3.4 then tells us that x~n-l) can be reached by an €-pseudo orbit of length 

(ko + 1) . 2n. Since g2" (0) = a-n , we obtain that 

Case 2. IA~I < Bi. 
In this case, A~ is reached by an €-pseudo orbit starting at Bi, which in turn 

is reached by an €-pseudo orbit starting at O. The rest is the same as in the Case 1. 

Having shown that xbn
-

1
) E IJ.2" for some j, we note that g2"-1 (xbn

-
1
)) = 

x~n-l), which implies that 

This proves that the number of components of A€ must be :::; 2n-l. I 
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Lemma 2.3.7. En > En +l. 

Proof. Clearly, Lemmas 2.3.5 and 2.3.6 imply that En ~ En+l' and hence 

x;~t~ {O} ~ X;~+l {O}. We next argue that there is a j ~ 1 such that 

which is possible only if En > En +l. 

By Lemma 2.3.5, xbn
) ¢ D.~~L. This implies that x;~t~ {O} is contained in the 

interval bounded by ±x~n-l). 

On the other hand, arguing as in the last lemma, we see that B~n can be reached 

by an En-pseudo orbit of length 2· 2n = 2n +1 starting at 0 (case 2 in Lemma 3.6), 

or A~n is reached by a pseudo orbit of length 4 . 2n = 2 . 2n+1 starting at 0 (case 1 

in Lemma 3.6). Since IA~n I ~ IA~n I ~ B~n > a-n > Ix~n-l)l, we have proved our 

claim. I 

We are now ready to summarize the above propositions as the following result 

which forms the first half of the main theorem. 

Theorem 2.3.8. The1'e exists a strictly decreasing sequence {En}, with En -+ 

o as n -+ +00, such that for any E E (En+ll En] , the noisy attractor A€ consists of 

exactly 2n disjoint intervals. Moreover, these intervals are cyclically permuted by 

the process X€ . 
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§2.4. Scaling of A€ with respect to € 

In practice it is useful to have some estimates on the the rate of convergence of En. 

We first introduce the following notations. 

Let in be the smallest integer such that IAt I > a-n. From our previous 

discussion we know that in is either 1 or 2. Let 

Dn = IAt I - a-(n+l). 

(Please see the figure Figure 2.4).) 

For i = 0,1,· .. ,2n - 1, we let Q~n) denote the gap inside ~~n) between ~:+1) and 

~::21J. (Note that the picture looks slightly different for i = 0.) 

Lemma 2.4.1. We have the following estimate: 
2"_12"_1 

Dn = En· (1 + L II 19'(Yj)l), (2.4.1) 
k=1 j=k 

I d Q(n-l) f . 1 2n- 1 1 Q(n-l) w wre Yj an Yj+2,,-1 E j , Jor J = , ... , -, Y2"-1 Eo· 

Proof. We first consider the case in = l. 

l,From the last section, we know that {Xi" (~~n»), i = 0,1,··· ,2n - 1} are 

pairwise disjoint intervals with Xi" (~~n») :::> gi(~~n»). We want to estimate how 

much bigger Xf" (~bn») is than gi(~~n»). 

It is clear from the geometry of 9 that g2" (a-n) = _a-(n+l) and that of 

gi(a-n) is one of the end points of gi(~bn»). It is also clear that there exists an 

En-pseudo orbit 'U~"' •• " 'u~~ such that u~" = a-n
, u~~~ = A~", and Ui" is one of 

the end point of Xi" (~~n») for 0 ::; i ::; 2n. Moreover, it is easy to argue that the 

interval between 'u~" and gi(a-n ) lies in the gap Q}n-l) for i = j or j +2n -1 with 

Q(n-l) _ Q(n-l) 
o - 2"-1· 

assume that 
i-I i-I 

lui" - gi(a-n)1 = En· (1 + L II Ig'(Yj)l) 
k=1 j=k 
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where Yj, j ::; i, are as in the statement of the lemma. Since 

where Yi+l E Q~n-l), it follows that 

i i 

IU~+l - gi+l(a-n )1 = En· (1 + L II Il(Yj)l). 
k=lj=k 

The assertion in this lemma is the 2nth_step of this induction. 

Next we consider the case in = 2. Note that B~" lies between a-n and _x~n-l). 

Hence it is clear that gi(B~") must lie in the same gap as gi(a-n ). Reasoning as 

in the first case, there exists an En-pseudo orbit V~", .. ·, v2~ such that v~" = B~" 

and v2~ = A 2", and v!" is one of the end point of Xi.t2" (A~n)) for 0 ::; i ::; 2n. Also 

the interval between Vi" and gi(B~") lies in the same gap as gi(a-n ) does. So the 

rest is the same as in the case in = 1. I 

We will need the following important fact about the Feigenbaum attractor A. 

Lemma 2.4.2.[G],[S] The attractor A of 9 has bounded geomet'T"'l), i.e. ther'e 

is a constant c > 0 independent of n such that for all k, 0 ::; k ::; 2n 
- 1, 

(2.4.2) 

Using the bounded geometry of A, we obtain t.he following estimate, which is 

also used in [VSK]. 

Lemma 2.4.3. Ther'e exists a universal constant R such that 

(2.4.3) 
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Proof. Note that for any i = i, ... , 2n - 1, 

~ ~n) = ~ ~n+l) U Q~n) U ~ ~n+l) 
l l l l+2 n • 

So 

By lemma 2.4.2, we have 

This gives 

Summing over i, we obtain 

(2.4.4) 

Moreover, by the fundamental properties of 9 discussed in the first section, 

and 

Therefore, 

min Ig'(x)l:?: Ig'(a-(n+1)1 = const.a-(n+l). 
E A(n+l) x L..l. 2u 

I~ (n+l) 1 2a-(n+l) 
2" < k 

1 ( )1 ( ) = const. = '0, 
g' x - const.a- n+l 
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where ko = ko(g) is independent of n. (Set ko ? 1). Let 

Then (2.4.4) is reduced to 

for all n ? 1. Inductively we obtain 

2n_l 1~~n)1 k L max ~ < ko(l + 1 + ... + In-2) + In-l < _0_ = cko = R < 00. 
i=1 xE~~n) Ig'(x)1 - - 1 - 1 

Lemma 2.4.3 is proved. I 

Lemma 2.4.4.(Distortion lemma) Given n ? 1 and any two sequences 

{ } 2n_l d{ }2n_l h / A(n) d A(n). -12 2n 1 Xi i=1 an Yi i=1 suc t ~at Xi E t...l.i an Yi E t...l.i ,'/, - , , ••• , -, 

we have 

D-1 < rr~:~1Ig'(Xi)1 < D 
- rr2n

-
1 1 '( ')1 -i=1 9 Y~ 

f01' some D independent of n. 

Proof. By the mean value theorem, we have 

2n -1 

L lIog Ig'(Xi)I-Iog Ig'(Yi)II 
i=1 

(2.4.5) 

where M2 = maxlg"(x)1 and ~i E 1~~n)l, and the last inequality is from lemma 

2.4.3 . 
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By taking D = exp(M2R), we finish the proof. I 

Corallary 2.4.5. There is a constant C = C(g) > 0 independent of 17, such 

that for the sequence {yd;:i'"l obtained in the Lemma 2.4.1, 

(2.4.6) 

where Zi = gi(a-n ). 

Proof. We note that for i i= 2 n - 1 , Yi, Yi+2n-1 E Q1n-1) C ~ln-1). So for 

2n - 1 < k < 2n - 1, (2.4.6) is obtained by (2.4.5) with C = D. 

For k < 2n - 1 , we have 

Note that 0 < IY2n-11 < IZ2n-11. Thus 

Hence we can obtain the estimate (4.6) by choosing C = D2. I 

We now prove the second half of the main theorem. 

Theorem 2.4.6 There exist constants ad> a), E and E1 such that 

Proof. It is obvious by Lemma 2.3.3 that 

En ~ Ea-n
, for some constant E. 

So we only need to estimate a lower bound for En. 



83 

Let AL be as defined at the beginning of §2.4. Then 

By Lemma 4.1, 

2"-12"-1 

Dn = En' (1 + L IT Ig'(Yj)1) ~ const· a-no 

k=l j=k 

Hence, 
a-n 

En > const. 2"-1 2"-1, . 
1 + L:k=l IIj=k Ig (Yj)1 

Now by Corollary 2.4.5, we have 

2"_12"_1 2"_12"_1 

1 + L IT 19'(Yj)1 ::; C(1 + L IT Ig'(zj)l), 
k=l j=k k=l j=k 

where Zj = gj (a-n ). Moreover by Holder inequality we have 

2"-12"-1 2"_12"_1 

1 + L II Ig'(zj)1 ::; 2~ . (1 + L IT (g'(Zj))2)~, 
k=l j=k k=l j=k 

where we let ai = 1, i = 0,1,,,, ,2n - 1, bo = 1, and bj = II~:-;:l Ig'(zj)l, j = 
1,"',2n 

- 1. 

We now use an estimate from [VSK] (stated as Theorem 1.5 in the first section) 

to obtain 
2"_12"_1 

-. 1 """ IT 1 ' In-I hmn ..... oo -(1 + ~ 9 (Yj)1 ::; v2)'o- , 
n k=l j=k 

and so a1 can be chosen to slightly bigger than J2).o--l a . We finish the proof of 

Theorem 2.4.6. I 

We remark that a = 2.50···, and J2).o--l a is numerically estimated to be 

I"V 80.55 .... 



84 
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x 

(Figure 1.1) Smooth curves generated by f- 1(f(C3 )) 
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C": x+y.=o 

x 

(Figure 1.2) The geometry near a cusp 



(n<-l) 
Xo 

(n<-l) 
-Xo 

1 ~ (n<) 
0 1 

• -------1 1 1 • I········ '1 
o 

I~~~~~~~~~~~~~~~~~~~~~I , ., 

(Figure 2.1) 

" IE o 

or: 

I~~~~~~~~~~~~~~~~~~~~~I , ' 
" IE o 

The relative position of the interval 10 
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A (n) 
L..l2n-l 

~ 
_a-(n-l) 

(n-l) 
Xo 

1 

• 

~(n) 
0 

.....-----..-.. 
1 1 1 

1 1 1 
~ 

_a-(n+l) 

92n (~bn») 

(n-l) 
-Xo 

1 

• 1 ·········1 
a-(n-l) 

(Figure 2.2) The geometry of 9 near the origin 
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(n-I) ~(n) (n-I) 
Xo 0 -XO 

~ 
... 

" • I I • 
-a -n 0 a-n 

(Figure 2.3) The relative positions of A~ and Bf, i = 1,2 
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Case 1: in = 1. 

I .. • .. II I' 1 
~'---' 

/' Dn g2" (A~n») '" 

Bi 

Case 2: in = 2. 
A(n) 

o 
..----"----.. 
1 1 1 

_a-n 0 a-n 

1 .... 1· II I' 1 
~'---' 

/' Dn g2" (A~n») '" 

(Figure 2.4) The length of Dn 
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