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ABSTRACf 

Aggregates formed by Brownian motion, shear motion, and differential 

sedimentation are found to be fractals. To characterize the structure and properties 

of these aggregates, a set of equations was derived to describe the relationship 

between aggregate size and solid volume, porosity, density, settling velocity and 

collision efficiency. By extending concepts developed by Friedlander and Hunt for the 

analysis of nonfractal particle coagulation at steady state, a steady-state size 

distribution model for fractal aggregates was developed for size intervals dominated 

by Brownian motion, shear, or differential sedimentation. A non-steady-state size 

distribution (two-slope) method was proposed for determining three dimensional 

fractal dimensions. Using size distributions in terms of both aggregate length and solid 

volume, a method was also developed to obtain the relationship between solid 

volume and aggregate size for examining the variation of fractal dimensions over a 

given size range. Coagulation experiments with latex microspheres in salt solutions 

were conducted to test predictions of the steady-state model and to study the effects 

of salt concentration and shear rates on the fractal structure of aggregates in both 

laminar shear and turbulent shear devices. The prediction of the steady-state model 

over the subrange dominated by shear motion was verified by the results of the 

experiments at 0.15 M NaCI and a shear rate of 3.4 s-t, and the experiment at 0.6 M 

NaCI and a shear rate of 0.5 S-l. In turbulent flow, fractal dimensions were not a 

function of salt concentration. In laminar shear, at NaCI concentration :5 0.3 M 

fractal dimensions were 1.9 to 2.1 with a collision efficiency of 10-3• High NaCI 
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concentrations (0.45 to 0.6M) resulted in lower fractal dimensions of 1.4 to 1.7 with 

a collision efficiency of 10-1• Laminar shear rates of 0.5 to 15 S-I had little effect on 

fractal dimensions. Boundary fractal dimensions of aggregates were not sensitive to 

changes in NaCI concentrations in both laminar and turbulent flow but they were a 

function of laminar shear rate. 
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Recent studies show that most aggregates formed by coagulation are fractal. 

Examples of aggregates include marine snow in the oceans (Logan & Wilkinson, 

1990) or aerosols in the atmosphere (Klingen and Roth, 1989), and activated sludge 

in wastewater treatment plants (Logan and Wilkinson, 1991; Li and Ganczarczyk, 

1990). However, many conventional studies on coagulation, such as the prediction of 

the size distribution of particles in steady-state by Friedlander (1960 a,b) and Hunt 

(1980, 1982) are based on the assumption that aggregates formed during coagulation 

are composed of particles evenly spaced and uniformly distributed in spherical 

aggregates. This suggests that conventional coagulation theories should be modified 

to account for the fractal structure of aggregates and that factors affecting fractal 

structure of aggregates should be studied. 

The main research objectives in this study can be summarized as follows: 

(1). Derivation of basic equations that can be used to characterize the 

properties of fractal aggregates. The equations describe the relationships between 

aggregate size and volume, porosity, density, and settling velocity. In addition, these 

equations of aggregate properties are used to derive collision frequency function 

which are valid for fractal aggregates. 

(2). Extension of a steady-state size distribution model developed by 

Friedlander (1960 a, b) and Hunt (1980, 1982) to include the fractal structure of 

aggregates. The modified model can be used to predict the size distribution function 
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for known fractal dimensions, or to estimate fractal dimensions from known steady-

state size distribution function. 

(3). Experimental verification of the modified steady-state size distribution 

model. First, data from coagulation experiments Hunt conducted with clay particles 

in artificial sea water (Hunt, 1980) were analyzed. Then coagulation experiments with 

latex beads destabilized by NaCl solution were run. The size distribution were 

measured and fractal dimensions were calculated for comparison with the values 

predicted by the model. A method was developed to estimate fractal dimensions in 

three dimensions from a non-steady-state size distribution. 

(4). Study of the effects of coagulation conditions on fractal structure of 

aggregates. In laminar shear, both effects of NaCl concentration and shear rate were 

examined. For turbulent mixing, only the effects of N aCl concentration was studied. 

Since most aggregates formed by coagulation are fractal, incorporation of 

fractal dimensions will result in more descriptive governing equations used to model 

coagulation. In addition, because fractal dimensions will affect the settling velocity, 

porosity (Li and Ganczarczyk, 1990; Logan and Wilkinson, 1990; Jiang and Logan, 

1991) and maximum size of aggregates formed at a specific shear rate (Tambo, 1979), 

the study of fractal dimensions as a function of different conditions could supply some 

information for improving the performance of tlocculators, sand filters and settling 

tanks. The coagulation model developed here will also improve our ability to study 

the fate of particles in the ocean. 
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The field of colloid aggregation is a very old subject whose theory was 

pioneered by the famous work of von Smoluchowski (1916). Much work has since 

been devoted to understand the interactions between colloidal particles, the 

conditions of aggregation, and the principles of aggregation kinetics. However, it is 

only recently, after the introduction of the concept of fractals by B. Mandelbrot 

(1975) that it has been possible to quantitatively describe the structure of colloidal 

aggregates (Jullien, 1990). In this review, I will briefly describe previously known 

properties of fractal aggregates, present experimental results on fractal aggregates, 

introduce the previous work associated with the steady state coagulation models 

developed by Friedlander (1960 a,b) and Hunt (1980,1982), and state the methods 

for determination of fractal dimension. 

2.1 Fractal structure of aggregates 

The word "fractal" was introduced by B. Mandelbrot (1982) to describe rugose 

(wrinkled or corrugated) objects which include particle trajectories, landscapes of 

mountains, turbulence, and many types of aggregates. Although fractal geometry does 

not give us a complete description of the structure of aggregates, it does provide a 

basis for developing a better understanding of many of the most important properties 

of at least some types of aggregates. 

The simplest fractals are self-similar, implying that the structure of objects is 
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invariant under isotropic dilation or contraction. Figure 2-1 shows four stages in the 

construction of a self-similar fractal (Meakin, 1988). The example which has been 

selected can be considered to represent a very simple, highly organized aggregation 

process. This process can, in principle, be continued indefinitely for a large number 

of generation steps (N) leading to an "aggregate" containing SN discs with a diameter 

of 3N disc diameters (do). The hierarchical structure formed in this fashion can also 

be extended to arbitrarily small length scales by replacing each of the discs by five 

smaller discs each having a diameter of dj3, etc. We can imagine extending these 

processes to infinitely large and infinitely small scales resulting in the generation of 

a self-similar fractal. Colloidal aggregates, however, have a random structure much 

different from the regular structure shown in Fig 2-1 and there is no exact self

similarity. Instead, we have an average or statistical self similarity. 

This similarity can be expressed mathematically as a correlation function by 

using a power law. For example, the number of particles within a circle of radius r 

around the center of the aggregate shows a characteristic power-law relationship: 

N oc rD (2-1) 

where the exponent D is called the fractal dimension. 

The fractal dimension can be seen to measure the degree of occupation of the 

embedding space by the particles composing the aggregates. If the particles are 

aligned along a straight line, D = 1. If the particles are placed on a two dimensional 

grid, D = 2. For the most compact arrangement, or for any homogeneous disposition, 
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in a space of any number dimensions (ds), the fractal dimension is equal to the 

dimension of space (D = ds). However, for typical fractal aggregates the fractal 

dimension D is smaller than the space dimension ds and may not be an integer. In 

the case of the aggregate shown in the Figure 2-1, one can see that the fractal 

dimension is In5IIn3 = 1.4649. Therefore, a fractal aggregate is a general concept 

used to describe the aggregates whose size-mass relationship follows a power law. For 

the purpose of distinguishing between aggregates with D=ds and those with D<ds, 

only aggregates with D < ds are called fractal aggregates here. Aggregates with D = 

ds are classified as Euclidean or non-fractal. 

• a 

e 
" _nIlS 

D 

Figure 2-1 Four stages in the construction of simple deterministic fractal model for 
particle aggregation; Meakin (1988) 
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The physical meaning of D < ds is that the density of aggregates, p, decreases 

as the aggregate size increases. This can be seen using the correlation below (Feder, 

1988): 

p oc r;D,D-d (2-2) 

where ro is radius of primary particles composing the aggregate. The exponent of r 

is negative if D < ds, so when the size of the aggregate increases, the density of the 

aggregate decreases. It is emphasized that the fact that an aggregate is porous, 

random, or has an irregular shape does not necessarily imply that the aggregate is 

fractal. Only the distribution of primary particles in the aggregate described by a 

power law where the exponent in the number-radius relationship is less than space 

dimension makes the aggregate fractal. 

In the preceding paragraphs, I have restricted myself to the simplest case of 

self-similar fractals because in this study all aggregates are assumed to belong to this 

category. However, much more complicated fractals have been introduced, such as 

self-affine fractals (Feder, 1988), for which there exists different fractal dimensions 

along different directions of space. Special attention has also been given to multi

fractals (Hasley, et aI, 1986), for which one needs an infinite set of independent 

fractal dimensions to define completely all their properties. Moreover, fractal 

aggregates are examples of particular fractal structures called "mass fractals" by 

opposition to "surface fractals" where the surface is considered as an object for 

classifying the fractal structure (Pfeifer et al., 1983). 
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As the concept of fractal geometry is introduced into aggregation, the study 

of the aggregation models has be greatly stimulated. One reason for this is that 

researchers have realized that growth and aggregation models exhibit a new type of 

dynamic scaling which is intimately related to the geometrical form of aggregates, 

which can be quantified by a fractal dimension (Herrmann, 1985). Another reason 

is the experimental relevance of the aggregation model. For example, fractal 

dimensionalities of about 1.75 have been found for the fast aggregation of silica 

colloids (Schaefer et aI., 1984) and colloidal gold (Meakin, 1988), which are close to 

those obtained from the diffusion-limited cluster-cluster model of aggregation. Slow 

aggregation of silica (Schaefer et aI., 1984) and gold (Weitz et al., 1984) generates 

aggregates with a fractal dimension of about 2, a value near those predicted by a 

reaction-limited model. Table 2-1 briefly summarizes representative aggregation 

models recently developed. 
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Table 2-1 Summary of aggregation models 

Type of 
Model 

Diffusion 
limited 
Cluster
Cluster 

(DLCA) 

Ballistic 
Cluster
Cluster 
(BCA) 

Reaction 
limited 
Cluster
Cluster 

(RLCA) 

Diffusion 
Limited 
Cluster
Cluster 

Restructured 

Ballistic 
Cluster
Cluster 

Restructured 

Reaction 
limited 

Cluster
Cluster 

Restructured 

Characteristics 

CI us ters/particles 
move into close 
proximity with each 
other via random walk 
trajectory 

CI u s t ers/particl es 
move into close 
proximity with each 
other via linear 
trajectory 

Many 
between 
clusters 
before 
occurs 

collisions 
pairs of 

are required 
aggregation 

Two clusters collided 
will rotate to get more 
attachment after each 
step of DLCA 

Two clusters collided 
will rotate to get more 
attachment after each 
step of BCA 

Two clusters collided 
will rotate to get more 
attachment after each 
step of RLCA 

Physical 
Background 

D Referen 
ds = 3 ce 

Aggregation in a 1.78-
dense fluid with an 1.80 
attractive particle-
particle interaction 
potential larger 
than kT only on 
short length scales 

Aggregation of 1.95 
small particles in a 
thin fluid, i.e. in a 
gas 

There is a small 2.04 
repulsive barrier on 
the surface of 
particles 

2.18 

2.19 

2.25 

Meakin 
1983 

Kolb et 
al. 

1983 

Meakin 
& Donn 

1988 

Brown 
et al. 
1984 

Meakin 
1988 

Meakin 
1988 

Meakin 
1988 
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2.2 Experimental study of fractal aggregates in environmental engineering 

The concepts of fractal geometry have become widely disseminated only in 

recent years. However, density-length relationships which would now be recognized 

as indicating a fractal geometry were found earlier in a variety of systems. Due to the 

importance of the density-length relationships of aggregates to operation of a settling 

tank, a thickening tank, and a filter in water and wastewater treatment processes 

(Glasgow and Kim, 1989), researchers in the Environmental Engineering and 

Chemical Engineering fields conducted experiments to study the effect of process 

conditions on the density-length relationships of aggregates, i.e. on the characteristics 

of fractal aggregates. 

Lagvankar and Gemmell (1968) provided one of the earliest studies of the 

relationship of aggregate density to size and operation parameters. The experimental 

aggregates were formed by adding ferric sulfate to a high alkalinity, simulated natural 

water in a jar test apparatus. The buoyant densities of aggregates were determined 

by immersion of aggregates in a series of density-graded sucrose solutions. In the 

measured size range of 0.2 - 7 mm2 of projected area of aggregates, the relationship 

of buoyant density, or effective density, and size of aggregates obtained from their 

experiments was in the form: 

P oc Af3 
eff p 

(2-3) 

where Ap is the projected area of an aggregate. The power f3 is related to fractal 

dimensions by f3 = (D - 3)/2, if the fractal dimension in two dimensions is assumed 
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as 2, i.e. A oc 12. For the aggregates of less than about 1 mm2
, f3 = - 0.349, while for 

the aggregates of bigger size, f3 = - 0.108. Accordingly, fractal dimensions of 

aggregates in the two size regions are 2.3 and 2.8, respectively. They found that the 

shear rate, varying from 11 to 40 s·t, did not significantly alter the size-density 

relationship, but that the maximum aggregate size decreased with increasing intensity 

of agitation. They also found that the addition of a polyelectrolyte as a coagulant aid 

did not significantly change the buoyant density of aggregates. 

Tambo and Watanabe (1979) studied aggregates formed from kaolinite 

suspensions, with aluminum sulfate or polymerized aluminum chloride (PAC) as a 

coagulant, in a modified jar test apparatus. The buoyant densities of aggregates were 

determined from their terminal settling velocities assuming a drag coefficient CD = 

45/Re. They found the same density-size relationship they originally found in 1967 

over a size range of 0.2 - 2 mm of diameter (Tambo and Watanabe, 1967; in Tambo 

and Watanabe, 1979): 

Pelf = (2-4) 

where a and Kp are constants and de is the diameter of an aggregate. Kp is related 

to the fractal dimension by Kp = 3 - D. Tambo and Watanabe (1979) found that 

agitation intensity did not significantly alter the floc density function at shear rates 

from 17 to 44 S·l, and that increasing the shear rate only decreased the maximum 

aggregate size, in agreement with Lagvankar and Gemmell (1968). However, 
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coagulant dosage was found to affect the density-size relationship. They used a 

parameter called the ALT ratio defined as the ratio of aluminum ion concentration 

(in mg!I) dosed to suspended particle concentration (turbidity in mg!I), to characterize 

coagulant dosage. Table 2-2 summarizes their experimental results at pH = 7. Except 

for the experiment of 1:100 of ALT using PAC coagulant, fractal dimensions and the 

coefficient a decreased as the dosage of coagulant increased. This implies that with 

the increase of the electrolyte concentration, aggregates formed in shear motion 

followed a similar pattern to those induced by Brownian motion, i.e., the coagulation 

rate is changed from reaction-limited to diffusion-limited with increasing coagulant 

doses. A similar density-size function is obtained at the fixed AL T ratio independent 

of the type of aluminum coagulant in the neutral pH range. 

Table 2-2 Effect of coagulant dosage on size-density relationship from Tambo's 
experiments 

Coagulant ALT a*104 
~ D 

1:60 12 1.05 1.95 

Alum 1:20-23 5 1.23 1.77 

1:12 3 1.40 1.60 

1:100 13 1.11 1.89 

1:50 12 1.03 1.97 
PAC 

1:17-20 4 1.30 1.70 

1:10 2 1.41 1.59 

ALT the ratio of aluminum ion concentration dosed (in mg!I) to suspended particle 
concentration (turbidity in mgll). 



35 

Another interesting result is the effect of pH on the buoyant density function. 

Tambo's results (Fig 2-2 ) show that the effect of pH on ~, is negligible for a pH 

range of 6.5-8 when the ALT ratio is higher than 4 x 10-2
, However, in the low ALT 

ratio region, such as 2 x 10-2
, the fractal dimension increases from about 1.85 to 2.3 

with increasing pH values from 6.5 to 8.0. In this pH range, extent of hydrolysis of 

AJ+3 increases with increasing pH (Snoeyink and Jenkins, 1980), which results in 

lower ionic strength. In the high AL T ratios, ionic strength is strong enough for total 

destabilization of the particles even at higher pH. In the low ALT ratios, the particles 

in the system have not been completely destabilized by the AJ+3. In this latter 

instance, where the repression of the double layer thickness is the predominant 

destabilization mechanism, more collisions are required to produce a successful 

collision at lower ionic strengths, so that aggregates with higher fractal dimension are 

formed. These results are additional evidence that aggregates formed at a low AL T 

ratio are governed by a reaction-limit(!d coagulation mechanism. 

Tambo and Watanabe (1979) also found that variation of alkalinity and 

addition of coagulant aid, such as activated silica, sodium alginate and Aco floc N100, 

did not significantly influence the floc density function, implying that fractal dimension 

would not be influenced by coagulant aids. 

Glasgow and Hsu (1984) performed a number of coagulation experiments to 

examine the effects of the operation factors on the size-density relationship of 

aggregates. Kaolin suspensions were coagulated using FeCl3 and a coagulant aid of 

polyacrylamide in a baffled-stirred tank. The buoyant densities of aggregates were 
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Figure 2-2 Relationship between ALT ratio and constants with variable pH range. 
(Tambo and Watanabe, 1979) 

determined using Stokes' law from measured terminal velocities of aggregates. They 

found a dependence of floc density upon pH, with a pH of 8.27 producing 3 mm 

aggregates that had a buoyant density about 65% larger than similarly-sized 

aggregates formed at pH= 10.82. They tried to correlate the density and size using a 

power law, in the size range of 200 - 3800 f..I.m. Unfortunately, they used buoyant 

density plus liquid density as a dependent variable, rather than buoyant density itself. 

The former should not have a power law relationship with floc size, so that their 

regression results were not statistically satisfied. If we transfer their results to a 

buoyant density size relationship, this results hi fractal dimensions of 2.5 and 2.38 at 

pH 8.27 and pH 10.82 respectively. However, this effect of pH on the fractal 
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dimension of aggregates is opposite to that done by Tambo and Watanabe (1979). 

KIimpel and Hogg (1986 a, b, 1990) have performed extensive experiments to 

investigate the effects of flocculation conditions on aggregate structure. Experiments 

were mainly carried out using pure quartz coagulated by nonionic polyacrylamide 

(less than 1 % hydrolysis, 13x106 amw) in a mixing tank. They measured the terminal 

velocity of aggregates, and calculated the density of an aggregate with Newton's law 

and a drag coefficient developed by Concha and Almendra (1979). They proposed 

that the simple power-law form relating buoyant density and aggregate size is 

approximately valid over a limited range of aggregate sizes, but the relationship 

"leveled off' at small and large sizes. The experimental observations of their study in 

about 5 to 500 relative size (floc diameter/primary particle diameter) range, were 

fitted to the following empirical expression: 

loge 1-£) = 
(2-5) 

where £ is porosity of an aggregate, £1 the limiting porosity for large aggregates, x 

diameter of an aggregate, Xg a characteristic floc size, and i.. a constant. The fractal 

dimension obtained in the middle size range was about 2.15. They found that the 

effect of polymer dosage, in the range of 0.35 to 5.83 ppm, on floc density size 

relationship was insignificant. The density of large aggregates generally increased 

slightly when the shear rate was changed from 356 to 2917 sol. Differences in primary 

particle size from 1.1 to 10.8 J,Lm demonstrated the most significant changes in 
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density-size relationships. The slopes of log(l - e) vs. log(x/xo) are almost the same 

for different primary particle sizes, showing that primary particle size does not 

significantly affect the fractal dimension of aggregates. The intercepts of the log(l -

e) vs. log(x/xo), however, vary with primary particle size. The aggregates formed from 

fine particles have smaller intercepts than those containing larger primary particles. 

This appears to imply that aggregates grown from small particles are packed more 

tightly than that from larger primary particles. 

Hugashitani and coworkers (Higashitani, et aI, 1987) discovered an interesting 

phenomena in the coagulation of kaolin. The kaolin suspension of 7.5 gil coagulated 

by aluminum sulfate and a nonionic polyacrylamide at a concentration 500 mg/I 

generated aggregates with a fractal dimension of about 1.6. At a polymer 

concentration of 3000 mg!l, the aggregates formed had a fractal dimension of 3. The 

morphologies of the two kinds of floc were quite different too. The former was either 

highly irregular or nearly spherical in shape, while the latter is nearly spherical in 

shape and had a higher density. 

Based upon the different coagulation experiments described above, we can 

infer what factors affect aggregate structures. Shear rate does not seem to influence 

aggregates structure at low shear rates ( < 100 S·l ). This implies that at low shear 

rates shear forces can break up aggregates, but it does not restructure the aggregates. 

The breakage of aggregates, therefore, only changes the size distribution of 

aggregates in suspension, while the size distribution has little effect on fractal 

dimension, which is consistent with the simulation results of diffusion-limited cluster 
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aggregation (Meakin, 1988). At very higher shear rates ( > 1000 S-l), Klimpel's results 

show that increasing shear will result in aggregates with slightly higher density. This 

probably indicates restructuring of aggregates. At this stage, it is difficult to positively 

correlate aggregate restructuring and shear rate, because the binding forces between 

different particles are not known. The binding forces between quartz particles used 

in Klimpel 's experiments may not be the same as those between kaolinite particles 

studied by Tambo and Watanabe (1979) or Lagvanker and Gemmell (1968). 

The effects of coagulant dosage on aggregate structure in the above 

experiments are quite different, which implies that the effect of coagulant dosage 

seems to largely depend on the type of coagulant, dosage range studied, and surface 

charge of colloids to be coagulated. These factors eventually determine the 

predominant destabilization mechanism. 

The effect of pH on the fractal dimension of aggregates also varies among 

experiments. This could also be explained by differences in the predominant 

destabilization mechanism. Therefore, the structure of aggregates seems to be related 

with how the colloids are destabilized and the extent of their destabilization. 

In addition to work described above, there are other experimental results that 

can be used to determine fractal dimensions of aggregates formed from either 

biological or non-biological material. Tables 2-3 and 2-4 summarize the fractal 

dimension results from a variety of studies. 
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Table 2-3 Fractal dimension of non-biological aggregates 

Shear Size 
Measuring Fractal 

Colloid Coagulant Rate Range Reference 
s·l Method Dimension 

J.Lm 

700-
Moudgil & 

dolomite PEO 
3000 

porosity 1.68 Springgate, 
1989 

kaolin 
polyacrylamide/ 

200 rpm settling 1.6 
Higashitani, 

Alz(S04h 1987 

kaolin polyacrylamide 1000 500-
settling 2.4 

Ray & Hogg, 
5000 1986 

kaolin 
FeCly'polyacryl 200-

settling 2.3-2.5 
Glasgow & 

amide 3800 Hsu, 1984 

300-
Tambo & 

kaolinite MgClz 2000 
settling 1.91 Watanabe, 

1979 

200-
Tambo & 

kaolinite FeZ(S04h 2000 
settling 1.92 Watanabe, 

1979 

AlCl3 or 200-
Tambo & 

kaolinite 17-44 settling 1.60-1.95 Watanabe, 
PAC 4000 

1979 

700-
Moudgil & 

kaolinite PEO 
3000 

porosity 2.04 Springgate, 
1989 

latex pOlyelectrolyte 1-4 settling 2.00 
Stroll et ai, 

1990 

latex NaCl 1-4 settling 2.40 
Stroll et ai, 

1990 

natural 440-
Lagvankar & 

water FeZ(S04h 11-40 
'1380 

density 2.3/2.78 Gemmell, 
1968 

quartz polyacrylamide 350 - 20-
settling 1.7 - 2.1 

KIimpel & 
2900 1500 Hogg, 1986 

quartz 
NaCI 

settling 1.82 Koglin, 1977 
cationic 

polyelectrolyte 
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Table 2-4 Fractal dimension of biological aggregates 

Aggregate 
Size 

Measuring Fractal 
Type 

System Range 
Method dimension 

Reference 
J!m 

activated 
settling 1.70-2.07 Mitani et ai, 1983 

sludge 

activated 
settling 1.44-1.49 Magara et ai, 1976 

sludge 

activated 
WWTP3 200-

settling 1.32 
Tambo & Watanabe, 

sludge 2000 1979 

activated 
WWTP 

200-
settling 1.45-2.0 

Li & Ganczarczyk, 
sludge 1400 1989 

effluent solid trickling filter 
20-

settling 1.79 
Zahid & 

1000 Ganczarczyk, 1989 

marine snow 
200-

porosity 1.40 
Alldredge & 

ocean 
10000 Gotschalk, 1988 

marine snow 
200-

settling 1.26 
Alldredge & 

ocean 
10000 Gotschalk, 1988 

marine snow 7000-
settling 1.52 

Logan & Alldredge, 
diatom floc 

ocean 
20000 1989 

S. cercvisae RTTb 700-
dispersal 2.66 

Logan & Wilkinson, 
1500 1991 

Yeast RTT 
700-

dispersal 2.66 
Logan & 

1500 Wilkinson,1991 

Yeast shaker microscope 1.79-2.25 Davis & Hunt, 1986 

Z. ramgera RTT 
700-

dispersal 1.80 
Logan & Wilkinson, 

1500 1991 

Z. ramgera 
700-

dispersal 3.0 
Logan & Wilkinson, 

reactor 
1500 1991 

WWTpa wastewater treatment plant 
RTTb rotating test tube 
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2.3 Particle dynamics for coagulation 

Since coagulation can increase the removal of particles of a given size from 

a volume of fluid, it is a very important process in both natural and industrial 

environments. The fates of aerosols in the air and hydrosols in the ocean have been 

shown to be a function of coagulation (Friedlander, 1977; Q'Melia, 1985). 

Coagulation also is widely used in water and wastewater treatment processes to 

remove suspended solids (Bratby, 1980) and is highly relevant to other processes such 

as sedimentation (Farley and Morel, 1986) and filtration. Particle dynamics for 

coagulation, therefore, is an important topic in many diverse fields. 

2.3.1 Coagulation mechanism 

In natural waters there exists a continuous distribution of particle sizes, 

described by a particle differential size distribution, n(v), defined in the expression 

dN = n(v)dv (2-6) 

or a cumulative size distribution, N(>v), given by 

00 

N(>v) = [ n(v) dv (2-7) 

where dN is the number of particles per unit volume of fluid in the particle size 

volume range v to v + dv. The dynamic equation for the continuous distribution 

function (Friedlander, 1977) is: 



an(v) 
at 

v 

= ~I ,8(vl,v-vl)ll(vl)n(v-v')dvl 

co 

-I,8(V,VI )1Z(VI )Il(V)d v' 
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(2-8) 

This equation is usually called the Smoluchowski equation to honor his contribution 

in proposing the dynamic equation for the discrete distribution function. The first 

term on the right hand side of represents the rate of formation of particles of volume 

v, while the second term is the rate of removal of particles of volume of v. The 

collision-frequency function, ,8(v',v), is the probability that two particles of size v' and 

v will collide per unit time and unit volume of solution. This probability is 

proportional to the product of a cross section by a relative velocity of two particles 

carried by one or more physical mechanisms in a unit volume of fluid. 

There are three important collision mechanisms in aqueous systems: Brownian 

motion, shear motion and differential sedimentation. For Brownian motion, an 

analytical expression for the coagulation frequency between spherical solids was 

derived by Smoluchowski (1916) assuming the particles were non-interacting up to 

the time of collision. The collision function for Brownian motion, ,8E' is: 

2k ~ 1 1 1 1/3 1/3 ,8B(V"V,) = -- -- + - (Vi + V,' ) 
I , 3J.L 1/3 1/3 

Vi Vj 

(2-9) 

where k is the Boltzmann constant, T, the absolute temperature, and J.L the fluid 

dynamic viscosity. In this equation the diffusion coefficient of particles is assumed to 
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be inversely proportional to the length of the particles, Corrections to this collision 

function for electrostatic, van der Waals, and hydrodynamic forces between particles 

has been proposed for spherical solid particles (Spielman, 1970; Honig et a1., 1971; 

Valioulis, 1983), For fractal aggregates, Ziff et a1. (1985) proposed that the collision 

frequency function, or kernel, for diffusion-limited cluster-cluster aggregation had the 

form: 

Q(' ') ('liD 'lID) ('-lID '-IID) 
fJ IJ - I +] I +] (2-10) 

where i and j are the numbers of primary particles in each of two colliding 

aggregates. Compared to equation 2-8, the form for fractal aggregates is only changed 

by using the fractal dimension D in place of the Euclidean space dimension of 3. 

Therefore, equation 2-9 also requires the same assumption about the diffusivity of 

particles in the Smoluchowski equation presented above. If we do not use this 

assumption, a more general relationship of the diffusion coefficient, Ddiff' for fractal 

aggregates (Ziff et a1., 1985) is: 

D - RaJ) 
diff g 

(2-11) 

where Rg is the radius of gyration and a is a coefficient. When a = -lID, the diffusion 

coefficient is reduced to its original form. Through computer simulation, it was found 

that the fractal dimension was independent of a, when a was varied over large range 

and only the size distribution of aggregates was dependent on a, If we include the 

diffusion coefficient into the kernel for Brownian motion where coagulation is 

diffusion-limited, we have: 
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(2-12) 

Particles in a uniform, laminar shear flow collide because of their relative 

motion. Under the assumption of straight streamlines, Smoluchowski (1917) proposed 

the collision frequency function for laminar shear motion, {3sh' as: 

(2-13) 

where G is the shear rate. The corrections for effects of hydrodynamic, electrostatic 

and van der Waals forces have been investigated for spherical solids by others (van 

de Wen and Mason, 1977; Zeichner and Schowalter 1977; Adler, 1981) and are not 

included here. 

For coagulation by turbulent shear of particles much smaller than the size of 

the energy dissipating eddies, Saffman and Turner (1956) proposed: 

(2-14) 

where {3tsh is the collision frequency function for turbulent shear, E is the energy 

dissipation by turbulence, and v is the kinematic viscosity of the fluid. 

Differential sedimentation refers to the collisions occurring when a faster-

settling particle overtakes a slower-settling particle. The collision frequency function 

for differential sedi!TIentation is the product of the effective collision cross-section and 

the difference in particle settling velocities. Assuming straight streamlines, Findheisen 
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(1939) proposed the equation for collision frequency of particles with Stokes settling 

velocities: 

(2-15) 

where Pp is the density of particles and Pc is the density of fluid. Hydrodynamic forces 

are known to limit the collision efficiency of this mechanism and a correction for 

hydrodynamic interactions has been proposed (Batchelor, 1976; Pruppacher and 

Klett, 1978). Corrections for electrostatic and van der Waals forces were also studied 

by several researchers (Han, 1991; Valioulis and List, 1984). These collision frequency 

functions for solid spherical particles without interactions are summarized in 

Table 2-6. 



Table 2-5 Collision frequency functions for solid spherical particles 

Mechanism 

Brownian 
Motion 

Laminar Shear 

Isotropic 
Turbulent 

Shear 

Differential 
Sedimentation 

Collision Frequency 
Function 

2kT (-113 -113) 
-- V· + V· * 3J.L I J 

* (VJI3 + VJI3) 

1 1 
G J -
- (Vi + Vt)3 
1T 

1 
J 0.55 (Vi 

1 1 

3)3 (£)2 + v· _ 
J V 

2 2 
J J I Vi - Vj I 

Source 

Smoluchowski 
(1916) 

Smoluchowski 
(1917) 

Saffman & 
Turner 
(1956) 

Saffman & 
Turner 
(1956) 

47 

Characteristic 
parameter 

kT 

J.L 

G 
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2.3.2 Solution of the coagulation equation at steady state 

There is no general analytical solution for the Smoluchowski coagulation 

equation. However, there exist simplifying solutions based on an assumed dynamic 

steady state, in which the time change rate of size distribution function is equal to 

zero. From a dimensional analysis, Friedlander (1960a,b) and Hunt (1980, 1982) 

derived expressions for the size distribution of coagulating particles at dynamic steady 

state. The underlying idea was inspired by Kolmogorov's equilibrium theory of 

turbulence (Batchelor, 1953) and the observed similarity in the shape of a size 

distribution of aerosols measured by Junge and others (Junge, 1958). Friedlander 

assumed that a state of dynamic equilibrium would exist between production, 

coagulation and loss through sedimentation of particles in atmospheric aerosols. He 

hoped that the particle size distribution would reach a dynamic steady state, sustained 

by flux of particle volume through the distribution. If it is further assumed that there 

exists size ranges where only one of the collision mechanisms mentioned above is 

important, then the size distribution in some subrange will depend only on the 

particle volume v, the constant particle volume flux E through the size distribution, 

and a dimensional parameter K characterizing the dominant coagulation mechanism. 

By dimensional analysis, the size distribution for the Brownian motion range is: 

(2-15) 

where Al is a constant, and KB is a dimensional parameter for Brownian motion. 
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Hunt (1980, 1982) extended the Friedlander's ideas to hydrosols, including 

shear and differential sedimentation dominated subranges. He suggested four 

assumptions as premises to derive the steady-state size distribution function: (1) the 

particle distribution is in a dynamic steady state; (2) only one coagulation mechanism 

is dominant at a given particle size; (3) the collision efficiency of particle sticking on 

collision is independent of particle size; and (4) each coagulation mechanism can be 

characterized by a single parameter. The first two assumptions are the same as 

Friedlander (1960 b). With a dimensional analysis, Hunt obtained the following 

expressions for n(v): 

Il (v) = AB[ :.)~ v-
j (2-16) 

Il (v) = A [~]~ v-2 
511 K 

511 

(2-17) 

E 2 --

[ ]

1 13 

n(v) = Ads Kds V 6 
(2-18) 

where An, A.h and Ads are dimensionless constants, and Kn, ~h' and Kds are 

characteristic parameters for Brownian motion, shear motion and differential 

sedimentation, respectively, which are shown in Table 2-5. Hunt (1982) also ran 

coagulation experiments in a laminar shear device using two kinds of clay particles. 

The size distributions of particles smaller than 1 J,£m support his prediction in the 
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Brownian motion range. 

Jeffrey (1981) offered a new derivation of the model developed by Friedlander 

(1960 a,b) and Hunt (1980, 1982), which clarified the assumptions involved in the 

dimensional arguments. Over particle sizes where the source and sink terms are 

negligible, the steady state form of the Smoluchowski equation is: 

v 00 

~J /3(v',v-v')n(v')n(v-v')dv' = J /3(v,v')n(v)n(v')dv' (2-19) 

Jeffrey assumed that collision between particles of similar size contribute mostly to 

the right hand side of the equation, and approximated this relationship as 

00 

J /3(v,v')ll(v)n(v')dv' ~ /3(v,v)n2(v)v (2-20) 

which, if multiplied by V- to convert from number density flux to volume flux, is 

precisely the flux E of particle volume through the size-space. The general expression 

then follows that: 

(E)!. -~ 
ll(v) - /3 2V 2 

(2-21) 

From collision frequency functions for different mechanisms, the same results as 

Hunt's can be obtained. Therefore, Jeffrey considered that the assumption that 

collisions between particles with similar size contribute the most to coagulation 

needed to be included as a premise of the models by Friedlander (1960 a,b) and 

Hunt (1980, 1982). 
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Garcia et al. (1987) supplied another method to derive the stationary size 

distribution. He defined the volume flux through a volume v as the summation of two 

terms. The first term is volume flux due to coagulation between particles of volume 

VI and Vz (vI and Vz < v) to form a particle of volume greater than v. The second 

term is due to coagulation of a particle of volume VI < v with a particle of volume 

Vz > v. They assumed that a stationary size distribution exists in the form of a power 

law, i.e. n(v) = A vk
• They noticed that each collision frequency function (for 

spherical solid particles) is a homogeneous function, which means: 

f3(av,av') = aPf3(v,v') (2-22) 

Based on this common feature of collision functions they found that the volume flux 

will be independent of v, as long as the size distribution of particles satisfies the 

equation: 

2k + p + 3 = 0 (2-23) 

From the collision frequency functions of solid spheres, p is 0 for Brownian motion, 

1 for shear motion, and 4/3 for differential sedimentation (equation 2-8, 2-12 and 2-

14). Using equation 2-23, we can obtain the same steady-state size distribution 

function obtained by Hunt (1982). There are three assumptions or conditions in 

Garcia et aJ.'s derivation: (1) the system is at steady state, (2) a single collision 

mechanism is dominant in certain particle sizes, and (3) the size distribution of 

particles fits a power law. However, it seems that the definition of solid volume flux 

given by Garcia et al. is not quite reasonable, although their method produced a 
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reasonable condition for a stationary state size distribution (equation 2-23). Garcia 

et al. also performed Monte Carlo simulation of coagulation induced by Brownian 

motion. The steady state distribution was obtained by adding unit-size particles at a 

constant rate and removing the particles with a radius greater than certain size from 

the system. The resulting size distributions of particles were found to agree with those 

expected from their model. 

Pearson et al. (1984) examined Hunt's steady-state size distribution model 

using a Monte Carlo simulation. Collision mechanisms investigated both separately 

and in combination were: Brownian motion, laminar shear and isotropic turbulent 

shear. They used the same method as Garcia to obtain steady-state size distributions. 

Their results were consistent with those obtained by Hunt (1980, 1982) using a 

dimensional analysis. 

Valioulis et al. (1984) improved the simulation by Pearson et al. (1984) by 

taking into account effects of van der Waals, electrostatic, and hydrodynamic forces 

on coagulation. In addition to Brownian motion and shear motion, they studied 

coagulation induced by differential sedimentation. They found that for coagulation 

due to shear motion, the same steady-state size distribution as predicted by Hunt still 

could be reached at any size range. However, for coagulation induced by either 

Brownian motion or differential sedimentation, the slopes of steady-state size 

distributions obtained by simulations varied around the expected values and changed 

with size ranges. They thought these variation from the Hunt's prediction for 

Brownian motion and differential sedimentation was because the assumption that 
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collisions between particles of similar size contributed the most to coagulation could 

not hold when interactions between particles for Brownian motion and differential 

sedimentation were taken into account. They also noticed that steady-state size 

distributions could be obtained long before a dynamic equilibrium of particle number 

was reached. Fractal structure of aggregates is not accounted for in these studies. 

Vicsek, et al. (1985) investigated diffusion-limited cluster-cluster aggregation 

under conditions which over long times lead to steady state coagulation. Single 

particles were added to the system at a constant rate and the larger aggregates were 

removed in two different ways. First, an aggregate was discarded as soon as it became 

larger than a previously fixed number. Second, the aggregates were removed with 

some rate independent of their size. This simulation showed for the first mode of 

removing particles, that the steady-state size distribution closely followed a power law, 

producing slopes (from a log-log plot) of about -1.55. When the second mode was 

used to discard particles, the steady-state size distribution followed a power law with 

an exponential cutoff for the large size range. The slopes were around -2.0 in the size 

range following the power law relationship. They found that the steady-state size 

distribution depended only slightly on the exponent which determined the diffusion 

coefficient of aggregates (0: in equation 2-11). Their simulation results also show that 

the dependence of the number of aggregates, N(t), on the rate at which particles with 

unit size are added into a unit volume, K, and the time t could be well represented 

by a scaling form N(t) - KO:f(K.Bt).The exponent 0: and .B are found to depend on the 

spatial dimension of the system, but within statistically significant errors, they always 
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satisfied the relationship a + f3 = 1. This result was in agreement with the prediction 

of a generalized rate equation made by Racz (1985). The a and f3 data found in two 

and three spatial dimensions were quite close to the value of 1/2, which is the same 

as predicted from the Smoluchowski equation. 

From the above studies on steady-state size distributions, there are several 

points we can make. First, for a coagulating system with a constant feed rate and 

certain pattern for removing particles from the system, a steady-state size distribution 

of aggregates can be reached. Second, under these conditions the steady-state size 

distribution follows a power law. Third, in the subrange of size where sources and 

sinks of particles can be neglected, and the dominant collision mechanism can be 

represented by a homogeneous function, the exponent k of the stationary size 

distribution and the exponent p for characterizing the homogeneous collision function 

satisfy the relation 3 + 2k + P = 0 (equation 2-23). Fourth, from the equation and 

collision frequency functions for spherical solids, the exponents of the steady-state size 

distributions are -3/2, -2 and -13/6 for Brownian motion, shear motion and differential 

sedimentation respectively, as predicted by Friedlander and Hunt using dimensional 

analysis. These four observations have been partially supported by both experimental 

studies and Monte Carlo simulations. 

When van der Waals, electrostatic forces and hydrodynamic effects are taken 

account, coagulation due to shear motion produces a steady state size distribution 

that is the same as predicted by the model that did not take into account particle 

interactions. This is because the collision efficiency for shear motion that ValiouIis 
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used is only a function of the ratio of sizes of two colliding particles, which does not 

alter the homogeneous form of the kernel (i.e. p = 1). However, for Brownian 

motion and differential sedimentation, the collision efficiency is not only a function 

of the ratio of the sizes of two particles but also a function of the size itself. 

Therefore, this alters the homogeneous form of the collision kernel so that the 

exponents of a steady state size distribution predicted by a non-interaction model can 

not hold for the whole size range. 

Finally, for the fractal aggregates generated by a diffusion-limited cluster

cluster model, a simulation of coagulation process due to Brownian motion, the 

exponents of steady state size distribution are about 1.55. This observation is 

consistent with that prediction by Friedlander (1960, a, b) and Hunt (1980, 1982) in 

Brownian motion. In chapter 4, it will be shown that the slope of the steady-state size 

distribution based on solid volume due to Brownian motion predicted by the model 

proposed in this study is not related to fractal dimension. However, steady-state size 

distributions generated by shear motion and differential sedimentation have not been 

examined for fractal aggregates, although these two collision mechanisms are 

probably the dominant coagulation mechanisms in water and wastewater treatment 

processes and in the oceans. 

2.4 Determination of Fractal Dimensions of Aggregates 

In this section, the methods used to determine mass fractal dimensions and 

boundary fractal dimensions are briefly reviewed. 
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2.4.1 Determination of mass fractal dimension 

The methods for determining mass fractal dimensions can be divided into two 

groups. The first method involves direct measurement of the mass of the aggregates 

as a function of length. The second involves indirect measurement, in which a 

property of aggregates associated with a fractal dimension is determined. 

For the first method, the instruments, such as TEM, SEM or an optical 

microscope are coupled to a computer image analyzer. Through the system, the 

fractal dimension can be determined either by measuring the aggregate -to-aggregate 

variation in primary particle number (mass) as their size increases ( N - RD ), or by 

measuring the density-density correlation functions ( c(r) - rD-d ) within an individual 

aggregates (Forrest and Witten, 1979; Weitz and Oliveria, 1984; Davis and Hunt, 

1986). In the University of Arizona laboratory, Wilkinson manually counted the 

number of primary particles in aggregates after dispersing aggregates, and obtained 

the relationship between the number of particles and sizes of aggregates (Logan and 

Wilkinson, 1991). 

The fractal dimension can also be determined indirectly by measuring some 

of the aggregate properties. The fractal dimension is then calculated using defined 

relationships between these aggregate parameters. The properties used for this 

purpose include density (Lagvankar and Gemmell, 1968), porosity (Moudgil and 

Springgate, 1989; Alldredge and Gotschalk, 1988), settling velocity (Stroll et aI, 1990; 

Li and Ganczarczyk, 1989; Logan and Alldredge, 1989), scattering intensity (Weitz 

et aI, 1985; Bolle et aI, 1987), and energy migration (Evesque, 1989). 
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2.4.2 Determination of boundary fractal dimensions 

The boundary property is another fractal system of interest to many scientists 

and engineers. Several procedures for characterizing boundaries of objects have been 

reported (Kaye, 1989a). The first technique used to evaluate the fractal dimension 

of a rugged boundary is a modification of an original technique used by Richardson 

to study the structure of coastlines (Mandelbrot, 1982). This characterization 

technique is also called the yardstick method or the structured walk technique. The 

technique involves the construction of a polygon of side A. on the profile of the 

boundary as imaged at a given level of optical resolution. 

The second technique is called the dilation procedure. In this procedure a 

boundary observed at high resolution is thickened by systematically adding pixels to 

the image. As an image is diluted the finer structural features disappear and the 

perimeter estimated at any given dilation decreases as the dilation level increases. 

This procedure for estimating the fractal dimension is relatively slow, and has been 

frequently replaced by a technique described as mosaic amalgamation by Kaye in 

1978 (Kaye, 1989b). The technique was independently suggested in early 1980s by 

Russ (Kaye, 1989b), who called the technique 'image degradation'. 

The basic logic of this procedure was clearly outlined by Kaye (1989 b). Using 

Figure 2-3, the images are represented by a mosaic with the tile being black 

depending on whether or not a boundary passes through a particular tile. The 

perimeter estimate is then achieved by counting the number of boundary tiles to 

obtain the area of a Minkowski ribbon, i.e. a thickened boundary, thrown around the 
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profile. The perimeter of the profile is estimated by dividing the boundary area by 

the size of the tile. In a manner similar to the dilation procedure, as tile size increases 

the perimeter of the rugged image decreases. When the estimates of the perimeter 

are plotted against the tile size, A, on log-log scales a straight-line data relationship 

is obsezved. The fractal dimension of the boundary, or the boundary fractal 

dimension, Db' is calculated using: 

(2-24) 
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Figure 2-3 Illustration of mosaic amalgamation procedure. (a) Perimeter of an image 
estimated at different tile size; (b) Relationship of perimeter and tile size (Kaye, 
1989) 
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In summary, the geometrical form of aggregates can be quantified by a fractal 

dimension. It has been shown by others through coagulation experiments and 

computer simulations that the fractal dimension of aggregates produced by Brownian 

motion is related with their formation mechanism determined by the destabilization 

level. For fully destabilized particles the coagulation process is diffusion-limited 

resulting in aggregates with lower fractal dimensions. For the partially destabilized 

particles coagulation is reaction-limited generating aggregates with higher fractal 

dimensions. Coagulation experiments run in the jar test devices suggest that the 

coagulant dosage is an important factor affecting the fractal dimension of aggregates, 

while the shear rate has little effect. However, whether or not the destabilization level 

is a key factor in determining the fractal dimension in the size range dominated by 

shear motion has not yet be studied. Since the turbulent shear rates generated by the 

jar test device are highly heterogeneous this device is not appropriate for studying the 

effects of shear. Therefore, further experiments are needed to study factors that 

affect the fractal structure of the aggregates produced in shear motion. 
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Fractal aggregates have properties, such as porosity and settling velocity, that 

are different than those of non-fractal or Euclidean aggregates. These difference are 

represented in the relationship of these properties with the sizes of aggregates. 

Previously, most people have used a proportionality function to represent these 

relationships. In order to analyze the effect of the fractal structure of aggregates on 

their properties in more detail, a set of equations that can be used to specify these 

relationships are derived below in Section 3.1. These equations are then used to 

describe aggregate properties in Section 3.2 and 3.3. 

3.1 Definition of parameters 

The first parameter for characterizing aggregate properties is the characteristic 

length. Maximum length, average length and radius of gyration are commonly used 

in the analysis of fractal structure. In this study, maximum length is selected as the 

characteristic length unless otherwise mentioned. 

3.1.1 Shape coefficient 

The shape coefficient, ~ is defined as the ratio of encased volume of an 

aggregate to the cube of its characteristic length, i.e. 
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~ = (3-1) 

where ve is encased volume of an aggregate and I the characteristic aggregate length. 

Similarly, the shape coefficient of primary particle, ~o, is: 

~o = 
p 
o (3-2) 

where v 0 is the volume of a primary particle, 10 • the characteristic length of a primary 

particle. 

The magnitude of the shape coefficient depends on the shape of aggregates 

and the characteristic length used. For example, a shape coefficient of 7T/6 defines the 

shape of a sphere in terms of diameter, and ~ = 1 defines a cube in terms of the 

length of a side. In this study, it is assumed that shape coefficients for aggregates and 

primary particles are constant and independent of their sizes. 

3.1.2 Packing factor 

When primary particles are uniformly distributed inside an aggregate, or when 

the fractal dimension is 3, the ratio of solid volume, v, to the encased volume is 

defined as a packing factor, or 

c = v 
= at D=3 (3-3) 

where N is the number of primary particles in an aggregate. It should be noted that 
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only for aggregates with D=3 is the ratio of Nvo to v equal to the packing factor. If 

the fractal dimension is less than 3, this ratio wiIl be a function of both the packing 

factor and the characteristic length. 

3.1.3 Effective primary particle 

The physical meaning of a packing factor less than unity is that there are pores 

in the aggregate due to either packing arrangements or the shape of primary 

particles. For a fractal aggregate there exist pores not only from. packing but also 

from a nonuniform distribution of primary particles, i.e. from a fractal property of the 

aggregate. Since pores from the packing of particles are, on a statistical basis, 

uniformly distributed in the aggregate, the ratio of solid volume to the volume of 

these pores is a constant. However, the ratio of solid volume to the volume of the 

pores varies with the scales of the aggregate due to its fractal nature. In order to 

avoid dealing with two kinds of pores at the same time in the derivations presented 

below, an effective primary particle is introduced. The effective primary particle is a 

hypothetical particle, the volume of which is equal to the ratio ofvo to C. Accordingly, 

the length of effective primary particle, 10" will be defined by: 

(3-4) 

Combining equation 3-2 and equation 3-4, we have: 
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I' = (~)~ I 
o ~ C 0 

(3-5) 

With the effective primary particle so defined, we can consider a fractal aggregate 

composed of effective primary particles without any pores due to packing, since all 

of the pore space due to packing has been included in the volume of the effective 

primary particles. 

3.2 Solid Volume-Size Relationship of Fractal Aggregates 

The relationship between aggregate volume and size is a key factor in 

characterizing properties of fractal aggregates. In this study, two kinds of volume-size 

relationships are defined. One is for aggregates with a single fractal dimension. The 

second is defined for aggregates having two fractal dimensions over different size 

ranges. 

3.2.1 Solid volume-size relationship of aggregates governed by single fractal 

dimension 

Aggregates formed by a single coagulation mechanism can be characterized 

by one fractal dimension. This would produce a constant slope in a plot of log v 

versus log lover whole size range. For aggregates composed of primary particles of 

characteristic length of 10 , we have (Feder, 1988): 
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(3-6) 

If we neglect the asymptotic property of the relationship, and use 10' in place of la, 

then N = 1 when I = 10" Substituting equation 3-5 into equation 3-6, we obtain: 

N = (_I )D 
I' o 

(3-7) 

From equation 3-7, we can obtain the equation for solid volume of aggregates based 

on relation of v = Nvo' as: 

D 

V = (~e)3 eo l! (+)D 
o 0 

(3-8) 

Defining * = ce/~o' we have the basic equation which will often be used later: 

D 

V = *3 eo l; (+)D 
o 

(3-9) 

When a fractal dimension is 3, equation 3-9 will be reduced to that for non-

fractal aggregates: 

(3-10) 

where the superscript • is used to denote variables based on Euclidean geometry. 

Differences between the aggregate volume for Euclidian and fractal aggregates are 

significant. As seen in Figure 3-1, for aggregates with the same solid volume, fractal 

aggregates will have a bigger size than non-fractal aggregates. The solid volume of 
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non-fractal aggregates is not related to the primary particle size, while solid volume 

of fractal aggregates is a function of both the characteristic size and the size of 

primary particles. Fractal aggregates composed of smaller primary particles will have 

a larger characteristic size than those with bigger primary particles when they have 

the same solid volume (if the packing and the shape coefficients are the same). 

3.2.2 Solid volume-size relationships of aggregates governed by two fractal 

dimensions 

Some aggregates have two fractal dimensions, implying they are formed by 

separate coagulation mechanisms in different size ranges (Meakin, 1988; Lagvankar 

and Gemmell, 1968). To characterize these kinds of aggregates, it is assumed that 

parameters such as 10' ~o' ~ and C are the same in the two size ranges, and that there 

is no transient stage (reflected in a gradual change in the slope) that exists between 

the two size ranges, as shown in Fig 3-2. Therefore there exists a critical solid volume, 

defined as vc. If the solid volume of an aggregate is not bigger than vc' the fractal 

dimension is denoted as D(:::; vc). When solid volume of an aggregate is bigger than 

vc' the aggregates have a fractal dimension D(> vc). 

When v:::; vc' we have the same equation for v as equation 3-9. 

(3-11) 

When v > vc' we have v 0< I D(>vc). From equation 3-11, Vc is: 
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Figure 3-1 Size-solid volume relationship. (a) effect of fractal dimension on size-solid 
volume relationship; (b) effect of primary particle size on size-solid volume 
relationship (Symbols are only used to distinguish lines) 
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(3-12) 

where the critical length, Ie' is defined the same way as the critical volume. Based on 

the assumption of no transition region, it is also true that ve oc Ie D(>ve). Therefore by 

combining equations 3-11 and 3-12, the volume-size relationship for aggregates with 

two fractal dimensions is obtained: 

(3-13) 

or 

v = Vc ( ; )D(>v£) 

c 

(3-14) 

3.3 Other Properties of Fractal Aggregates 

Using the solid volume-size relationship for aggregates with a single fractal 

dimension (equation 3-9), equations describing the other properties of fractal 

aggregates can be easily derived. These properties are mass, porosity, density, settling 

velocity, and collision frequency of aggregates. 

3.3.1 Aggregate Mass 

The mass of an aggregate, m, is the product of the solid volume and the 

density of primary particles, Po, that is: 
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Figure 3-2 Size-solid volume relationship with two fractal dimensions 

m = Po v (3-15) 

combining equations 3-9 and 3-15, we obtain the equation for the mass of a fractal 

aggregate: 

3.3.2 Aggregate Porosity 

D 
11,3 r: [3-D [D m = Po 'I' "0 0 

(3-16) 

The porosity of a fractal aggregate, £, can be expressed in terms of the 

encased and solid volume as: 
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e = (3-17) 

From the definition of v and v c' equation 3-17 becomes: 

D ~o [_/jD-3 
e = 1 - ",3 

~ 10 
(3-18) 

3.3.3 Aggregate Density 

The density of an aggregate is defined as the total mass of primary particles 

in the aggregate per encased volume, i.e. p =m/vc. Using this definition and equation 

3-16, the fractal density, p, is: 

D [jD-3 3 ~o I 
p=p",- -

o ~ 1 
o 

(3-19) 

Since the density of fractal aggregates is a function of aggregate size, and usually 

decreases with the size of the aggregate, the collision of two aggregates produces an 

aggregate of a larger encased volume than the sum of two original aggregate volumes. 

The bulk density, Pa' which includes the mass of both primary particles and 

liquid in the encased aggregate volume, can be obtained from the identity 

(3-20) 

where Pw is the fluid density. Substituting equation 3-18 in equation 3-20, the bulk 

density is given by 
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(3-21) 

3.3.4 Settling Velocity 

Relationships to describe the settling velocity of impermeable spheres are 

based on a force balance on a settling aggregate (Bird et al., 1960), or 

(3-22) 

where g is the gravitational constant, A the projected surface area of the aggregate 

perpendicular to the direction of settling, CD the drag coefficient, and U the 

aggregate settling velocity. 

In order to specify a similar relationship for the settling velocity of a fractal 

aggregate three assumptions are necessary. First, it is assumed that the advective flow 

through the porous aggregates does not significantly affect settling velocity. This 

assumption is supported by the analysis contained in Logan and Hunt (1987) and in 

Sutherland and Tan (1970), computer simulation by Adler (1989), and experiments 

conducted by (K1impel, et al., 1986; Glasgow and Hsu, 1985). Second, the projected 

surface area is assumed to be a function of an additional fractal dimension defined 

as: 
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Z-D2 D 
A = ~z 10 1 2 

(3-23) 

where ~z is the shape coefficient for projected area and Dz the fractal dimension that 

relates aggregate size to projected area in two dimensions. The area defined by the 

two-dimensional fractal dimension, Dz, is not equal to an encased area, Ac' for the 

same reasons that the fractal volume is not equal to the encased volume. Third, the 

empirical expression for the drag coefficient for spheres (White, 1974), 

24 6 
CD = - + ---

Re 1 +JRe 
+ 0.4 

(3-24) 

where the Reynolds number, Re = Ud/v, is assumed valid for fractal aggregates, and 

v is the fluid kinematic viscosity. In order to use this expression in the current scaling 

relationships, we approximate the drag coefficient in equation 3-24 as a power law 

function in terms of a Reynolds number (Re= UI/v) for a fractal aggregate as: 

(3-25) 

where a and b are determined for different ranges of Reynolds numbers from 

equation 3-24. For Re<O.l, a=24.0 and b=1.0, for 0.1 <Re< 10, a=29.03 and 

b=0.871, and for lO<Re< 100, a= 14.15 and b=0.547. As shown in Figure 3-3, the 

power law function is within 10% of values calculated using equation 3-24. 
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Figure 3-3 Drag coefficient as a function of Reynolds number for an empirical 
equation. 

Substituting equations 3-1,3-21, 3-23 and 3-25 into an analogous fractal 

expression of equation 3-22, we obtain for fractal aggregates: 

(3-26) 

If the aggregate is Euclidean, i.e. a sphere with D=3, and Re< < 1, equation 3-26 

reduces to Stokes Law. For fractal aggregates, D2 must be less than or equal to 2. 

As discussed by Meakin (1988), if D is less than 2, then D2=D; when D is greater 

than 2, D2 = 2. 
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3.3.5 Collision Frequency Functions 

Coagulation of particles occurs by three coagulation mechanisms: Brownian 

motion, shear and differential sedimentation. Collision-frequency functions for fractal 

aggregates can be derived for each coagulation mechanism using solid volume-size 

relationships. In the current analysis, it is assumed that collision frequency functions, 

expressed as a function of the size of the aggregate, are valid for fractal aggregates 

of size I or Euclidean aggregates of size d. Therefore, the collision-frequency 

functions for fractal aggregates can be written by replacing aggregate diameter, d, 

with the aggregate length, l. 

The collision-frequency function for Brownian motion, /3B' based on 

Smoluchowski's equation and Einstein's relationship, is: 

(3-27) 

The collision frequency for shear coagulation is: 

(3-28) 

The collision frequency for' differential sedimentation is the collision 

cross-section times the difference in the floc settling velocities, 

(3-29) 
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Substituting settling velocity equation (3-26), we obtain: 

?!. [ 2 g ~o (p ~ -b Il+DrD ]zh- 2 = 0 - pw) '" v 0 (Ii + Ij ) * 
4 a Pw ~2 (3-30) 

D+b-D2 D+b-D2 

* I~-/~ I J 

The collision frequency equations for fractal aggregates can also be expressed 

in terms of solid volume. These collision functions are: 

= 2kT [V~~ + V~~] [V~ + v~l 
3J1. I J I J 

[ ]

1 
1r 2 g -b 2-b 

{3ds (v. ,v.) = - (p - p ) V 
IJ 4apl: 0 w 

* Vo 

_ ~ _ 2. ( b -D2 ... 2) 
3 J) 2-lJ 

w '"2 

1 D+b-D2 I D+b-D2 

( 
J) 2-b J) 2-b ) 

Vi. - Vj 

(3-31) 

(3-32) 

(3-33) 

Based on these equations, when the packing factor and shape coefficient for 

Euclidean and fractal objects are equal, particles are predicted to collide more 

frequently than when D=3. This occurs because the size of the fractal aggregate 

increases faster during coagulation than aggregates with constant size-mass 
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relationships. Collision frequencies are shown in Figure 3-4 for coagulation via 

Brownian, shear and differential sedimentation (for Re< < 1) as a function of 

aggregate size for different fractal dimensions. Collision frequencies are calculated 

as a ratio of collision frequencies at fractal dimensions of 1.5, 2.0 and 2.5 versus 

collision frequencies at D=3. As the fractal dimension decreases, the collision 

frequency of fractal aggregates is larger than for Euclidean aggregates. For example, 

during shear coagulation, aggregates with a fractal dimension of 1.5 could collide 774 

times as frequently as aggregates with a fractal dimension of 3. For aggregates with 

the same solid volume, collision frequencies could be 8.4 to 91 times as large as 

predicted from conventional models for coagulation by Brownian and differential 

sedimentation. 

3.4 Summary of Properties of Fractal Aggregates 

All of equations characterizing fractal aggregates, that were derived in this 

study are listed in Tables 3-1 and 3-2. 
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Figure 3-4 Effect of the fractal dimension on collision frequencies for (a) Brownian 
motion, (b) shear, and (c) differential sedimentation (for Re < < 1). 



Table 3-1 The property equations for fractal aggregates 

Properties 

Solid volume 

Solid volume 
II 

Solid mass 

Density 

Effective 
density 

Porosity 

Settling 
velocity 

v = 

v = 

Equations 

D 

V = 1J1"3 ~ol: C+)D 
o 

D(~',) ( r~") 
1J1-3 - ~ I! !.. v 

o I 
0 

v (~r'~ v 
c 

D 
m = 1J1"3 ~ P -DID Po 00 

P = "3 ~o I 
D (r' Po 1J1 T ~ 

Pelf = "3 ~o I 
D (r' (Po - Pw)1J1 T ~ 

D (r' 1 - 1J1"3 ~o ~ e" = 
~ 10 
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:5 Vc 

> Vc 



Table 3-2 Collision frequency functions for fractal aggregates 

Mechanism Equation 

Brownian 
motion 

Shear motion 
I 

Differential 
sedimentation 

* 

'2kT [- ~ -~l = - vi + Vj 
3J.£ 

1 D+h-D2 

( 
D 2-b 

Vi 

G 1- ~ 
D 

1 D+h-D2 

D 2-b ) 
-Vj 
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CHAPTER 4 

STEADY-STATE SIZE DISTRIBUTION FUNCTIONS 

OF FRACTAL AGGREGATES 

As mentioned in the literature review section, steady-state size distribution 

models developed by Friedlander (1960, a,b) and Hunt (1980,1982) were derived for 

Euclidian aggregates and need to be revised for fractal aggregates. In this section, 

modification of their steady state size distribution models is described. In order to 

examine these proposed models, experimental data from Hunt (1980) are analyzed. 

Before deriving the size distribution models for fractal aggregates, the dominant 

collision mechanism is defined and investigated, since the existence of single dominant 

collision mechanism is a major premise of these models. 

4.1 Dominant collision mechanism 

In this study, the dominant collision mechanism at a given size range is defined 

as the mechanism that contributes the most to particle flow into and out of the size 

range. The rate of change in a size distribution at a size vk due to the flow of 

particles into the size range vk + aVk is: 

(4-1) 

The rate of change due to particle flow out is: 



00 

= n(vk ) L f3(Vj,Vk ) n(Vj) !wj 
i=l 
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(4-2) 

where nevi) = !1N/ ll. vi is the differential size distribution function, and f3(vi,vj ) is the 

collision frequency function between particles of solid volume vi and vj . The 

summation of the two terms, defined as absolute collision rate, is taken as the 

criterion for dominant collision mechanism. Under an assumption of non-interference 

among collision mechanisms, the absolute collision rate for each collision mechanism 

can be calculated separately for a particle of volume vk' The mechanism yielding the 

highest absolute collision rate is defined here as the dominant collision mechanism 

for particles of that size. Particles over the whole size range are evaluated in this way, 

one by one, so that a map of the dominant collision mechanism over whole size range 

can be obtained. As a result of this process, the dominant collision mechanism at a 

given size relies on not only the factors which affect the collision frequency function, 

but also on the size distribution of particles in the system being studied. 

4.2 Steady-state size distribution model 

A model of steady-state size 'distributions for fractal aggregates can be 

developed using a dimensional analysis, an approach adopted by Friedlander (1960, 

a, b) and Hunt (1980, 1982) for their models. There are five assumptions involved in 

the model. The first assumption is that the particle size distribution is in a dynamic 

steady state. This implies the existence of a constant flux of solid volume of 
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aggregates through the distribution, which is equal to both of the rate of formation 

of small particles and the rate of large particle removal by sedimentation. 

The second assumption is that the change of particle number only results from 

coagulation, and only one collision mechanism is dominant in a given size range. In 

certain subrange, the new particles produced by other processes and particle removal 

due to sedimentation can be neglected compared to the particle change rate due to 

coagulation. From the definition of the dominant collision mechanism presented 

above and the simulations done on a computer (shown later in Section 4.3), the single 

collision mechanism assumption is valid in general case. 

The third assumption is that the efficiency of particle collisions is independent 

of particle size. The collision efficiency is defined as the ratio of coalescence rate to 

collision frequency. According to conventional collision frequency functions, which are 

based on the assumption of a rectilinear trajectory, the efficiency of collisions is 

affected by two factors. One is interparticle forces, such as hydrodynamic forces, 

electrostatic forces and van der Waals' forces. These forces modify the trajectory of 

two approaching particles, increasing or decreasing the probability of collision and 

subsequent coalescence. Another is the "stickiness" of the surface of colliding 

particles, which determines whether particles that have stuck each other will still 

remain attached. The latter probably is not a function of size. The former, however, 

does vary with size based on theoretical equations derived for solid spherical 

particles. Since whether or not the interacting forces on fractal aggregates are the 

same as on spherical solids is not known yet, the effect of interparticle forces on 
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collision will be ignored in order to simplify the current analysis. 

The fourth assumption is that steady-state size distribution follows a power 

law. Particle size distributions in the ocean (McCave, 1975), in wastewater treatment 

system (Faisst, 1980) and in computer simulations (Pearson, 1984; Valious et al., 

1984; Garcia, 1987) support the validity of a power law distribution over certain size 

ranges. 

The last assumption is that each collision mechanism can be characterized by 

a single parameter. The coagulation parameters and associated dimensions for 

Brownian, shear and differential sedimentation from equations 3-31 through 3-33 are: 

KB = 
kT 

J.1. 

1 - ~ 
K = G Vo 

D 
sll 

9 

[ L3 {n rl ] (4-3) 

1 1 (b-D2 ) _ - _ ...,......,- +2 
3 D 2-D 

Vo 

where the values in the brackets on right side indicate dimensions for each 

parameter. 

The size distribution function is defined in terms of aggregate solid volume, 

n(v), and has dimensions of [L-3]"3], where [L] is a fluid-length unit and [1] is the 

aggregate-length unit. E is defined as a constant solid volume flux through the size 

distribution, with dimension of [I3L-3Cl]. 

Due to the five assumptions above, the size distribution will have the functional 

form of: 
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n (v) = n (v, E, K) (4-4) 

where K is either of KB, ~h or ~s. This expression has four variables and three 

units (I, Land t). Using the Buckingham 1T theorem, we can obtain a size distribution 

function for each coagulation mechanism as: 

[ ]

1 
E '2 

n (v) = AB KB 

3 

V '2 

[ ]
1 3( 1) E '2 -- 1+_ 

n (v) = ASh _ V 2 D 

KsII 

(4-5) 

(4-6) 

(4-7) 

where As, ~h and Ads are dimensionless constants that must be experimentally 

determined, b is a constant for settling velocity (equation 3-25), and D2 is a fractal 

dimension in two dimensions. Appendix I shows the derivations in detail. 

The size distribution function, n(I) is a continuous function describing the 

number of aggregates per volume of fluid per floc length interval. The relationship 

between n(v) and n(1) is: 



dv 
n(/) = n(v)

dl 

By taking the derivative of equation 3-9, we have 

Combining equations 4-8 and 4-9 results in 

D 

n(/) = *3 ~o I;-D D ID-1 Il (v) 
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(4-8) 

(4-9) 

(4-10) 

Substituting equation 4-10 in equations 4-5 through 4-7, the size distribution 

functions based on length are: 

Brownian: 

Shear: 

Il (I) f [E]~ = As" -
. Ksh 

1 -_(D+5) 
I 2 

Differential Sedimentation: 

[ ]

1 
f E 2 

n (l) = Ads Kds 

_ 2 [3 +D + _2+."...D..,...-D_2] 
I 2 2-b 

where A'B' A'sh and A'ds are functions of 10 and D. 

(4-11) 

(4-12) 

(4-13) 
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Based on the relationship of the differential size distribution and cumulative 

size distribution followed by a power law, the exponent of cumulative size distribution 

is equal to one plus the exponent of differential size distribution. Therefore the 

exponents for the steady-state cumulative size distributions are easily obtained, which 

are listed in Table 4-1. 

Table 4-] Exponents of steady-state cumulative size distribution 

Collision 
mechanism 

Brownian 

shear 

differential 
sedimentation 

Sv 

1 
2 

1 3 
--(1+-) 

2 D 

1 [ 1 2 +D -D2 )] 
- - 1 + - (1 + ----::--::--

2 D 2-b 

SI 

D 

2 

1 
--(D+3) 

2 

-~ [1 + D + _2_+-::-D_--:-D_2_] 
2 2 - b 

Sv exponent of the size distribution in terms of solid volume; 
SI exponent of the size distribution in terms of aggregate length. 

4.3 Analysis of Clay Coagulation Experimental Data 

Hunt (1980, 1982) conducted laminar shear coagulation experiments using 

small clay particles in artificial sea-water. Laminar shear was generated between two 
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concentric cylinders by rotating the outer cylinder and keeping the inner cylinder 

fixed. In the present study, his original data for kaolinite and illite are analyzed using 

the models developed in section 4-2. 

4.3.1 Fractal dimension 

In Hunt's experiments, the size distributions of particles during coagulation 

were measured using a Coulter counter. This instrument works by electronically 

sensing the passage of a particle suspended in electrolyte through a small orifice 

based on the change in resistance across the orifice. Theoretically, the resistance 

change due to particle is proportional to the solid volume of the particle when the 

particle diameter is less than 40 % of the orifice diameter. Therefore, data from the 

Coulter counter are actually a size distribution in terms of solid volume of the 

aggregate, rather than aggregate diameter. The volume and size are related during 

calibration of this instrument, assuming a relationship based on a spherical solid, 

therefore the size distribution in terms of length obtained from this kind of 

instrument is not accurate for fractal aggregates. 

Data were analyzed from Hunt's experiments conducted at shear rates of 1,2,4 

and 8 S·l for kaolinite and 0.5, 1, 4 and 8 S·l for illite. After the coagulation 

experiments were run more than 10 minutes at a fixed shear rate it was observed that 

the measured size distribution did not change in shape over time, indicating quasi

steady-state size distributions (see Figure 4-1). This means that the size distribution 

could be expressed as 
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(4-14) 

Assuming that get) is a power law, then equation 4-14 becomes 

n(v,t) = t Y f(v) (4-15) 

Following equation was used to calculate 'Y by linear regression: 

[
ll(V,t.)] 

log I = 'Y log ( tj) + constant 
n(v,tj ) 

I = 1,2, ... ,m (4-16) 

j = 1 or 2 

where m is the number of measurements made at different time. Usually, n(v) at the 

first time point was taken as the denominator. If the first size distribution function 

was obviously different in shape from other data, the second sample was used instead. 
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The values of y obtained from kaolinite and illite are shown in the Table 4-2, 

and all of the size distributions are plotted in Figures 4-2 through 4-5. 

Table 4-2 Time coefficient y in Hunt's clay coagulation experiments 

Clay G y (± SEC) R2 
S·l 

0.5 -1.56 ± 0.04 0.95 

1 -1.34 ± 0.04 0.93 
IIIite 

4 -1.45 ± 0.04 0.96 

8 -1.40 ± 0.05 0.93 

1 -0.93 ± 0.03 0.93 

2 -1.16 ± 0.04 0.93 
Kaolinite 

4 -0.94 ± 0.03 0.93 

8 -1.11 ± 0.04 0.96 

SEC standard error coefficient of slope 

In these figures we can see that most data points converge to a single line, indicating 

that the size distribution data are well fitted by equation 4-15. We can also see that 

there are size ranges over which the data are linear, implying that size distribution 

follows a power law. 

When shear or differential sedimentation is the dominant collision mechanism, 

the exponent of the steady-state size distribution jn terms of aggregate volume can 

be used to calculate a fractal dimension (equations 4-6 and 4-7). Two assumptions 

were made for coagulation dominated by differential sedimentation. First, since most 

aggregates in Hunt's experiments were smaIler than 20 J.Lm, Reynolds numbers were 
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less than 0.1, and b in equation 4-7 was assumed to be a unity (see Fig 3-2). 

Second, it was assumed that D2 = D3 according to an argument by Meakin (1988). 

Based on these assumptions, the slopes for both differential sedimentation and shear 

have the same expression, therefore, the fractal dimension can be obtained using: 

D = 1 
2 

l+-S 
3 

( 4-17) 

where S is the slope of log n(v) versus log v in the sizes where shear motion or 

differential sedimentation is the dominant collision mechanism. 

As shown in Figures 4-2 through 4-5, most size distribution curves plotted on 

log-log axes consist of two straight lines. The absolute value of the slope for the 

smaller size particles is smaller than that for the large size range. This slope over the 

smaller size range was probably dominated by Brownian motion. The straight line of 

the larger size range suggests that collisions were dominated by either shear motion 

or differential sedimentation (In next section, it will be shown that this size range is 

actually dominated by shear motion). The size range between the two straight line 

regions represents a transition region between coagulation dominated by Brownian 

motion and that dominated by shear motion. The slopes of two straight lines in size 

distributions on log-log scales and fractal dimensions calculated by equation 4-17 are 

shown in Tables 4-3 and 4-4. 
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Table 4-3 Slopes of size distribution and fractal dimension of Kaolinite in Hunt's 
experiment 

G 
Sb 

Ssh Dsh 
S·l value R2 

1 -1.36 -2.63 ± 0.05 0.99 1.33 ± 0.07 

2 -1.46 -2.78 ± 0.09 0.99 1.18 ± 0.09 

4 -1.67 -2.48 ± 0.08 0.98 1.53 ± 0.13 

8 -1.82 -2.40 ± 0.04 0.99 1.67 ± 0.08 

So slope of size distribution function in Brownian motion range; 
Ssh slope of size distribution function in shear motion range; 
Dsh fractal dimension in the size range that coagulation is dominated by shear. 

motion range. 

Table 4-4 Slopes of size distribution and fractal dimension in illite of Hunt's 
experiment 

G 
Sb 

Ssh 
Dsh S·l value R2 

0.5 -1.59 -3.31 ± 0.10 0.98 0.83 ± 0.05 

1 -1.75 -3.40 ± 0.07 0.99 0.79 ± 0.03 

4 -1.93 -2.80 ± 0.07 0.99 1.15 ± 0.06 

8 -2.05 -2.54 ± 0.05 0.99 1.44 ± 0.07 

The fractal dimensions calculated using Hunt's data were in the range of 1.18 

to 1.67 for kaolinite, and 0.83 to 1.44 for illite. The value for illite is much lower than 

values observed so far by other methods. In addition, the fractal dimension of both 

kaolinite and illite increased in proportion to shear rate, in contrast to the early 

results calculated from Tambo's experiments (1979). 
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As shown in Tables 4-3 and 4-4, at low shear rate, the exponents in the small 

size range, Sb' at low shear rates were closed to -1.5, the value predicted by steady

state size distribution model for coagulation dominated by Brownian motion 

(equation 4-6). As shear rate increased, the magnitude of these exponents increased. 

This might imply that at higher shear rates the size range dominated by Brownian 

motion collisions at the low shear rate become a transition region between Brownian 

motion and shear. As a result, the exponents at higher shear are some combination 

of the two exponents calculated for the single dominant collision mechanism. 

4.3.2 Dominant collision mechanism 

Using the method presented in the Section 4.1, the size range in which a single 

collision mechanism is dominant can be checked. For each shear rate, the size 

distribution data from the first time point was used for calculating the absolute 

collision rate through the whole measured size range. In these calculations, the fractal 

dimension for Brownian motion was assumed to be 2.2, and the fractal dimension 

estimated from the steady-state size distribution model was used for the larger size 

ranges. Primary particle sizes of kaolinite and illite were estimated as 0.6 and 0.5 J,Lm, 

respectively, based on SEM photographs prepared and analyzed at the University of 

Arizona. (Samples were provided by 1.R. Hunt.) The packing factor was assumed to 

be unity, and shape coefficients for both primary particles and aggregates were 

assumed for spheres, i.e. ~o = ~ = 'ff/6. 

From Figures 4-6 to 4-13, we can see that the point where two collision 
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mechanisms intersect (i.e. have the same absolute collision rate) shifts to the left 

(towards smaller particle size) as shear rate increases. This intersection is indicated 

by a vertical line. We can also see that as shear rate increases, there exists a larger 

transition range, which is defined as the size range where the ratio of the absolute 

collision rates via two collision mechanisms is less than or equal to 2, and greater 

than or equal to 0.5. This supports the previous explanation that the absolute value 

of the size distribution exponents for Brownian motion changed with shear rate 

(Section 4.3.1). Theoretically, the change of the exponent of a size distribution at 

steady-state can be taken as an indicator of a turning point in collision mechanisms, 

and a curve rather than straight line, as an indicator of transition range. In these 

figures, the turning point and transition range calculated from absolute collision rates 

matches the information about dominant collision mechanism from size distribution. 

However, if we calculate an absolute collision rate assuming a fractal dimension of 

3, which are shown in the b figures of Figure 4-6 to 4-13, this information about 

collision mechanisms from size distributions and absolute collision rate do not match 

each other very well. 

The dominant collision mechanism in the larger size range for fractal 

aggregates is much different from the dominant collision mechanism calculated using 

o = 3 (Tables 4-5 and 4-6). For fractal aggregates, the dominant collision mechanism 

in the second size range always is shear motion at shear rates from 0.5 to 8 S·l. For 

non-fractal aggregates, differential sedimentation becomes dominant in the large size 

range at low shear rates of < 4 S·l for kaolinite and < 8 S·l for illite. Assuming that 
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there is no interference between collision mechanisms, if coagulation is dominated 

by either Brownian motion or differential sedimentation, the solid volume flux would 

not change with shear rate. Hunt's data, however, does show that the solid volume 

flux increases in proportion to shear rate no matter how small the shear rate is. 

In summary, the fractal dimensions calculated from Hunt's experimental data 

are less than 3 using steady-size distribution model proposed in this study, and that 

the fractal structure of aggregates changes the size range of the dominant collision 

mechanisms. 

Table 4-5 Dominant collision mechanism of illite coagulation in Hunt's experiments 

a). Fractal aggregates 

G 
Turning point 

S·l volume diameter D Mechanism 

J.Lm3 J.Lm 

0.5 2.00 2.21 2.2/0.85 B/sh 

1 1.40 1.88 2.2/0.85 B/sh 

4 0.17 0.72 2.2/1.00 B/sh 

8 1.28 sh 

b). Non-fractal aggregates 

G 
Turning point 

S·l volume diameter D Mechanism 

J.Lm3 J.Lm 

0.5 3.10 1.81 3/3 B/diff 

1 3.10 1.81 3/3 B/diff 

4 3.10 1.81 3/3 B/diff 

8 0.77 1.14 3/3 B/sh 
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Table 4-6 Dominant collision mechanism of kaolinite in Hunt's experiments 
a) Fractal aggregates 

* 

** 

G 
Turning point 

S-1 solid volume diameter D Mechanism 

J.Lm3 J.Lm 

1 1.8 2.11 2.2/1.22· B/sh·· 

2 1.2 1.76 2.2/1.27 B/sh 

4 0.19 .0.76 2.2/1.65 B/sh 

8 1.77 sh 

number on left of slash is fractal dimension in size range less than turning 
point, in right of slash, it is fractal dimension in size range larger than turning 
point; 
number on left of slash is dominant mechanism in size range less than turning 
point, in right of splash, it is the mechanism in size range larger than turning 
point; 

b) non-fractal aggregates 

1st turning 2nd turning 

G point 
D Mech. 

point 
D Mech S-1 

vol. dia. vol. dia. 
J.Lm3 J.Lm J.Lm3 J.Lm 

1 3.1 1.81 3/3 B/diff 

2 3.3 1.85 3/3 B/diff 

4 1.8 1.51 3/3 B/sh 5.1 2.14 3/3 sh/diff 

8 0.42 0.93 3/3 B/sh 
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This chapter describes the experimental devices and methods used for testing 

the validity of the steady-state size distribution model and for studying the effects of 

shear rate and salt concentration on the structure of aggregates induced by laminar 

and turbulent shear motion. 

5.1 Experimental Apparatus and Material 

Flocculation experiments with polystyrene microspheres were conducted in a 

concentric rotating cylinder apparatus and a conventional jar test device. The former 

generates laminar shear, while the latter produces turbulent flow. 

5.1.1 Polystyrene microspheres 

Fluorescent carboxylate polystyrene microspheres (type YG; Polysciences, Inc.) 

were chosen for the coagulation experiments, because of their monodispersity, 

chemical stability, and ability to be destabilized by salts. Two sizes of particles, 0.92 

± 0.01 J.Lm and 0.83 ± 0.006 J.Lm, were used in the experiments. Both particles had 

a density of 1.055 glcm3
• 
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Figure 5-1 Concentric rotating cylinder apparatus 

5.1.2 Concentric rotating cylinderr 
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The concentric rotating cylinder apparatus used in the experiments is sketched 

in Fig 5-1. A Bodin NSH-12 electric motor with Bodin motor controller (BSH-200) 

provided a constant rotation rate. The rotation rate was further reduced using speed 
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reducers (Berg Company). Three speed reducers (RXI8-I3, 500:1; 200:1, 9.93:1) 

producing speed ratios of 500:1, 200:1 and 9.93:1 were used in the experiments to 

obtain the required shear rates. The speed reducer controls the rotation rate of the 

outer cylinder, while the inner cylinder is fIXed by a bolt to the main housing. The 

tangential velocity difference between the inner cylinder and outer cylinder generates 

laminar shear field in the gap between the cylinders. Other researchers (Swift and 

Friedlander, 1964; Bradley and Krone, 1971; Ives and Bohle; 1973; Hunt; 1980) used 

similar devices for particle coagulation studies, since the device produces a completely 

laminar rate with little variation from the mean shear rate. 

The shear rate generated by the concentric rolling cylinder depends on two 

factors: the rotation rate and the ratio of diameter of inner and outer cylinders. The 

mean shear rate can be expressed by (Bird, Steward and Lightfoot; 1960): 

G = Nrr k 
meall 15 --'-"'-::2 

1-~ 
(5-1) 

where Gmcan is the mean shear rate in s-l, N, the rotation rate in rpm, and k the ratio 

of the inner and outer cylinder diameters. Because the velocity profile in the gap is 

not linearly distributed, there is some variation of shear in the gap. The minimum 

shear rate (Gmin) and maximum shear rate (GmruJ produced in the gap of two 

cylinders are: 

G min = (5-2) 



G = N1f 1 
max 15 1 _ I?-

Therefore, the variation of shear rate is limited to the range: 

k < G 1 
< k 

When k > 0.8, the greatest variation to average shear rate is less than 25%. 
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(5-3) 

(5-4) 

The rotation rate of the variable speed motor with the three different speed 

reducers was calibrated by counting the number of revolutions of the cylinder per 

minute. As seen in Fig 5-2, the rotation rate is directly proportional to the reading 

of motor controller, which has been correlated with the by equations in Table 5-1. 

Table 5-1 Rotation rate of the concentric cylinders with different speed reducers 

Speed 
Rotation Rate N(Sl R2 

Reducer 

9.93:1 N = 3.40 S - 24.53 0.999 

200:1 N = 0.150 S - 0.611 0.999 

500:1 N = 0.059 S - 0.129 0.997 

a N is rotation rate in rpm, S is the speed setting in percentage 

Two sets of cylinders with different diameters were used in the experiments. 

As shown in the Table 5-2, various combinations of the two cylinder sets, the three 

speed reducers and the variable speed settings provided a wide range in shear rates, 

of 0.5 - 129 ( Figure 5-3). At higher shear rate ( > 20 S-l ), however, the fluid did not 

appear to be stable laminar shear. 
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Figure 5-2 Rotation rate versus speed setting 

Table 5-2 Shear rates range formed by the concentric cylinders 

speed Shear Rate ( S·l ) 

Reducer 

9.93:1 

200:1 

500:1 

setting 
% 

10 - 40 

20 - 90 

20 - 90 

. setl set2 
k = 0.847 k = 0.915 

5.5 - 69 10.2 - 129 

1.4 - 8.0 2.6 - 15 

0.6 - 3.2 1.1 - 5.6 
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5.1.3 Jar test device 

A standard paddle mixer (PHIPPS & BIRD Stirrer, Model 7790-400) was used 

in turbulent shear flocculation experiments. The speed was set at 30 ± 1 rpm. The 

paddles of 2.5 by 7.5 cm were located at 3.5 cm above the bottom of the beakers 

(1000 ml). When filled to 800 ml liquid, this system generated a mean shear rate of 

30 S·l (Kilps, 1992). 

5.2 Experimental Procedures 

All of the coagulation experiments followed the same procedures for 

suspension preparation, sampling and measurements. 

5.2.1 Suspension preparation and sampling 

The number concentration, of polystyrene microspheres of about 1 J.Lm 

diameter in the manufacture's bottles is about 1010 per m!. Introduction of this 

sample in a high concentration of NaCI solution could cause rapid flocculation of 

beads prior to complete mixing. To avoid the problem, the bead suspension was 

diluted 10 fold with ultra-pure water, and the diluted suspension was then mixed with 

NaCI solution by stirring the suspension gently with a glass rod. After the suspension 

was poured into the rotation cylinders or paddle mixing devices, a sample was 

immediately withdrawn to verify that the sample was predominately monomer 

particles. If the ratio of doublets to total particles was> 5%, a new suspension was 

prepared. 
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Because aggregates formed during coagulation are very fragile, careful 

sampling and dilution procedures were required. At various times during an 

experiment, samples were withdrawn from the containers using a Pasteur pipet 23 cm 

long and 0.1 cm diameter. In laminar shear experiments, samples were obtained from 

either about 2 cm below the water surface, or from 3.5 cm above the bottom of the 

cylinder. The sample ( 0.5 ml or 1 ml ) was then mixed with 5 ml of ultra-pure water. 

Part of this sample ( 0.02 to 1 ml ) was transferred to a filter funnel containing - 5 

ml of water. This suspension was filtered onto a black polycarbonate membrane (0.2 

/.Lm, Poreties Corp) resting on a second larger-pore filter (5 /.Lm, Millipore, type SM). 

The membrane was then fixed on a glass slide with oil. All samples were prepared 

in duplicate. The slides were stored at 4 DC for later use. The analyses of the slides 

included number concentration, size distribution in terms of maximum length, fractal 

dimensions in one and two dimensions, and a boundary fractal dimension. 

The remainder of a sample was diluted with 2 % NaCl solution for particle 

counter analysis. The dilution was so chosen that total particle number concentration 

was not greater than 106 Iml to avoid coincidence of particles in the counter orifiee 

during measurement. Particle counter data consisted of size distributions expressed 

in terms of aggregate solid volume. 

5.2.2 Condition of experiments 

Flocculation experiments were performed at various NaCl concentrations 

(0.05 to 0.8 M for the experiments in turbulent flow and 0.15 to 0.6 M for laminar 
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shear experiments) and shear rates (0.5 to 30 S-l). In all experiments, several fractal 

parameters of aggregates were calculated including fractal dimensions in three, two 

and one dimension, as well as boundary fractal dimensions. Other parameters were 

also analyzed, such as the size distribution in terms of both solid volume and length, 

average size of aggregates, shape factor and collision efficiency. Table 5-3 through 

Table 5-5 summarize the experimental conditions and analysis that have been 

performed. 

Table 5-3 Condition of flocculation in the concentric cylinder experiments 

Name NaCI G Speed Cylinder Speed Run 
M S-l Reducer Set Setting Period 

sh6 0.6 0.5 500:1 1 20 4/16-5/3 

sh9 0.6 3.38 500:1 2 50 5/19-5/24 

sh8 0.6 8 200:1 1 90 5/14-5/19 

sh7 0.6 27.53 9.93:1 1 20 5/11-5/14 

shlO 0.6 15 200:1 2 90 5/27-5/30 

sh11 0.45 15 200:1 2 90 5/30-6/3 

sh12 0.3 15 200:1 2 90 6/3-6/7 

sh5 0.15 15 200:1 2 90 3/26-4/14 

sh3 0.15 5.89 500:1 2 90 2/9-2/16 

sh4 0.15 3.38 500:1 2 50 2/25-3/24 
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Table 5-4 Parameters determined in laminar shear experiments 

Shape 
Volume-

Name D3 Dz D} Db Length 
Factor 

Relation 

sh6 + + + + + + 
sh9 + + + + + + + 
sh8 + + + + + + + 
sh7 + + + + + 

shlO + + + + + + + 
sh11 + + + + + + + 
sh12 + + + + + + + 
sh5 + + + + + + 
sh3 + + + + + + + 
sh4 + + + + + + + 

Dz fractal dimension in two dimensions; 
D} fractal dimension in one dimension; 
Db boundary fractal dimension. 
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Table 5-5 Parameters determined in turbulent shear experiments 

NaCI Shape 
Volume-

Name D3 D2 D} Db Length 
M Factor 

Relation 

ce1 0.01 + 
ce2 0.05 + + + + + + + 
ce3 0.15 + + + + + + + 
ce4 0.25 + + + + + + + 
ce5 0.35 + + 
ce6 0.50 + + + + + + + 
ce7 0.50 + 
ceS 0.60 + 
ce9 0.70 + 

celO O.SO + 

5.3 Measurement of Size Distributions 

Two methods were. used to determine size distributions. The first method 

employed a particle counter to measure the size distribution in terms of aggregate 

solid volume. The second method used an image analysis system for measuring size 

distributions in terms of the maximum lengths of aggregates. 

5.3.1 Size distribution using a particle counter 

In these experiments, an Elzone ISO (Particle Data Inc.) was used to measure 

size distributions in terms of aggregate solid volume. The particle size sensing 

technique is based on changes in solution resistance caused by the passage of a 
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particle across a small orifice. Imposing a constant current through the orifice will 

cause a voltage change proportional to the solid volume of the particle. The signal 

pulses from particles passing through the orifice are logarithmically amplified by the 

particle sizing amplifier. The multichannel analyzer has 128 channels in which to 

distribute and store the pulses. The data collected by the multichannel analyzer are 

transferred to a computer for calculation of the particle size distribution. One 

problem with this method is that it probably underestimates the solid volume of an 

aggregate composed of many primary particles. As the aggregate passes through the 

orifice, it generates many small pulses. These signals may not be analyzed rapidly 

enough to collect a complete signal (Treweek and Morgan, 1977). 

An orifice of 48 /.Lm was used for all of particle measurements. Two known 

sizes of standard latex microspheres ( 5.05 /.Lm and 15.2 /.Lm, Duke Scientific), were 

employed for instrument calibration, producing the settings used in all experiments 

listed in Table 5-6. 

Table 5-6 Fixed setting for the particle counter 

Item 

Orifice 

Channel Number 

Current 

Gain 

Log Number 

Interchannel Number 

Base Channel Size 

Setting 

48 /.Lm 

128 

5.0 

2.5 

10 

1.002243 

1.918 /.Lm 
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The size of each channel was determined by: 

(5-5) 

where i is the channel number, d j the equivalent diameter of spherical particle of 

solid volume register on channel i, B the base channel size, and I the interchannel 

number. With this setting, the particle counter could measure particle sizes from 1.94 

J.Lm to 18.68 J.Lm. 

In order to remove all particles from the electrolyte used for the particle 

counter, a 2 % of NaCI solution was pre-filtrated twice through a 0.2 J.Lm 

polycarbonate membrane (Poretics Corp.) 

Several steps were taken to control the accuracy of measurements. First, 

several blank samples were analyzed under particle-counting mode. If the particle 

number was more than 400 per 200 J.LI, fresh NaCI solution was prepared. Second, the 

analysis time was recorded for the measurement of a fixed volume ( 200 J.LI ) of 

sample. If the analysis time of a sample was 1 second longer than the time of a blank 

sample (typically 25 s), the orifice was cleaned and the sample re-measured. Third, 

standard particles were routinely used for verifying the stability of the instrument. If 

the peak of the size distribution was more than two channels from the designated 

channel, no analysis was conducted until the system was considered as stable. Finally, 

each analysis was performed in duplicate. 

Two kinds of size distribution functions were calculated from the data 

obtained from the particle counter: a cumulative size distribution and a differential 
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size distribution. The differential size distribution function n(v) is calculated from the 

number of particles in each channel: 

11 (v;) = (5-6) 
v; + 1 - v; _ 1 

where nj is the number of particles counted at the ith channel, and Vj is the solid 

volume at the channel. The cumulative size distribution in terms of solid volume is 

given by 

128 

N(>vk ) = Ell; 
;ck 

(5-7) 

The average solid volume of aggregates analyzed by the particle counter were 

calculated by 

* 11. 

128 

Ell; 
j c 1 

I 

(5-8) 

It should be noted that vavg here only included the particles that can be measured. 

Particles with an equivalent diameter of less than 1.94 J.Lm could not be measured, 

and therefore were not included in the average volume. 

5.3.2 Size distributions using an image analysis system 

An image analysis system is a computerized optical system capable of 

transforming a gray level image obtained through a camera into a binary image. The 
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image analyzer used in this study is CUE II system (Olympus Corp), consisting of 

four components: a microscope (BH-2, Olympus Corp), a CCD-video camera (XC-57, 

SONY) with a resolution of 510 x 492 pixels and a signal to noise ratio of 50 dB, an 

image monitor (Trinitron, SONY) with a resolution of 512 x 512 pixels and 256 gray 

levels, and a 80386 personal computer. A computer software ( VISION or PLANO) 

was loaded into the computer and used to analyze the image. The CCD-video camera 

transfers the image under the microscope to symbols consisting of 256 gray levels. A 

binary image was generated by converting all the gray levels within a selected 

threshold to the black color, while all other gray levels become white. From the 

binary image, the system can calculate several geometric parameters of an object, 

including the Ferret's length, area, perimeter and shape factors that were used in this 

study. The pixel size was calibrated for 100, 400 and 1000 times magnification levels, 

resulting in calibration and camera factors shown in Table 5-7. 

Table 5-7 Calibration of pixel size of the image analyzer 

magnification System calibration (J.Lm) 

100 x 1.282 

400 x 

1000 x 

0.340 

0.136 

Camera factor 

0.808 

0.803 

0.803 

Ferret's lengths are the projections of an object measured at specific angles 

(00

, 45", 900

, 135" for this system). Using these Ferret's lengths, the maximum, 

minimum and average Ferret's length are calculated by the image analysis software. 
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The maximum Ferret's length is defined as characteristic aggregate size used in the 

most cases in this study. 

The area of an object is the product of the area of a pixel and the number of 

the black pixels in the object. Similarly, the perimeter of an object is calculated from 

the number of pixels on the edge of a binary image. The perimeter includes both 

boundaries outside and inside the object. 

The shape factor, sf, is given by: 

sf = 
41t A 

p2 
(5-9) 

where A is the area of an object, and P is the perimeter. This shape factor is a 

measurement of the elongation of an object, where a value of 1 corresponds to a 

circle, and values approaching 0 indicate straight lines for the objects which do not 

have any pores. 

The accuracy of object data depends primarily on whether the image being 

analyzed is set at a good threshold. In other words, if different thresholds are chosen 

on the same image, the values of parameters for the object could be substantially 

altered. To get consistent measurements, thresholds were always set in this study so 

that the area of a triplet of standard particles (0.92 J.Lm or 0.83 J.Lm diameter) was 

verified to be 2.0 ± 0.2 J.Lm2• 

Since a size distribution is a statistical property of population, obtaining the 

distribution within a certain confidence level requires a large sample size. About one 

thousand particles with sizes greater than 2 J.Lm were analyzed (at 400 x ) in most 
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experiments. In some of the early experiments, however, the distribution curves were 

not very accurate because the number of the larger particles (> 3 J,Lm) analyzed was 

less than 400 although the total number of particles measured was more than 3000. 

Data from the image analyzer, such as length, area, and perimeter were sorted 

and analyzed using a macro written for the spreadsheet (Quattro PRO, Borland Co.). 

From this tabulated data, the cumulative size distribution in terms of length was 

determined by 

imu 

N (>l,) = L ni 
i c k 

(5-10) 

where i and k are the indices of particle size, nj is the number of particles with the 

ith size in the list, and imax is the index for the largest particles in the sample 

analyzed. 

The differential size distribution based on maximum Ferret's length, I, was 

calculated using: 

n (l) = (5-11) 

The average length of aggregates in a sample was given by 

lavg :: (5-12) 

where Nl is the total number of particles analyzed. 



124 

5.4 Determination of Fractal Dimensions 

This section presents the methods used in this study for determination of 

fractal parameters of aggregates, including fractal dimensions in three dimensions, 

fractal dimensions in two and one dimensions, and boundary fractal dimensions. 

5.4.1 Determination of fractal dimensions in three dimensions 

Fractal dimensions in three dimensions were obtained using both the steady-state 

size distribution and non-steady state size distribution. As explained in Section 4.3, 

the exponent of a steady-state size distribution is a function of fractal dimension 

(equations 4-6 through 4-7, equations 4-11 through 4-13, and Table 4-1). Therefore, 

assuming a steady-state size distribution is dominated by shear or differential 

sedimentation, the fractal dimensions can be calculated from the exponent of size 

distribution. Under the same assumptions made in Section 4.3.1, the equations for 

obtaining fractal dimensions from the exponents of the cumulative steady-state size 

distributions in terms of both aggregate length and solid volume are 

D = 
3 

(5-13) 
2S + 1 v 

D = -( 2S1 + 3) (5-14) 

where S, and Sv are the exponents for two cumulative size distributions N( > I) and 

N(>v). 

Another method using non-steady state size distribution to calculate fractal 
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dimension was also developed in this study. In this method, it is assumed that there 

are sections of both size distributions that satisfy power laws, i.e. 

N(>l) (5-15) 

(5-16) 

where AI and A. are empirical coefficients. Based on the definition of a cumulative 

size distribution, size distributions in terms of solid volume and length are equal if the 

same population of particles is analyzed, or: 

N(>l) = N(>v) (5-17) 

when v is the solid volume of the aggregate with a length l. If these functions describe 

the set of data over the same size range, we can combine equations 5-15 through 

5-17, and obtain 

(5-18) 

Substituting the definition of v into the equation above, we have 

(5-19) 

Since the exponent of I should be the same on both sides of the equation, we can 

equate the slopes of two size distributions as: 

(5-20) 

Therefore, the fractal dimension in three dimensions can be calculated using: 
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D = (5-21) 

By following the same assumptions and procedures, we can derive a similar 

relationship using exponents of differential size distributions, expressed in terms of 

length, SI', and that based on solid volume of aggregate, Sv', as 

D = 
sf + 1 

Sf + 1 
v 

(5-22) 

Theoretically, the relationships using the differential and cumulative size 

distribution should be the same. In practice, however, there is substantially more 

scatter in experimental data for a differential size distribution than for a cumulative 

size distribution. For example, in Figure 5-4 we can see that there would be much 

greater uncertainty in the slope obtained from a differential size distribution than a 

cumulative size distribution. For this reason, fractal dimensions in three dimensions 

were obtained in this study using cumulative size distributions. The fractal dimension 

defined using equation 5-21 is referred to as a two-slope fractal dimension, Dlv' since 

two slopes are used in its determination. 

Identification of the same size ranges used for obtaining the two slopes can 

affect the accuracy of the calculated fractal dimension. The particle counter, with a 

48 J..Lm orifice, only covers the size range of 1.96 to 18.68 J..Lm (equivalent diameter, 

while image analysis could, theoretically, measure the particles over the whole size 
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range. Therefore, it was difficult to ensure the points in two size distributions where 

an aggregate with a length measured by the image analysis system corresponded to 

the same aggregate with a specific solid volume obtained using the particle counter. 

In order to obtain accurate results, several steps were taken. First, a method was 

developed to identify a similar size range. As an example, consider the set of data 

shown in Figure 5-5. The values of both distributions on the figure are the number 

of particles directly obtained from instruments prior to being converted to number 

concentration, since it is not necessary to know the specific number concentration of 

particles for calculation of slopes. It can be seen that, when N(>l) ~ 20, the data 

were quite scattered (Figure 5-5b). This indicates that the sample size in this range 
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is not large enough for an accurate size distribution. As a result, values larger than 

20 J..£m were not used for obtaining slopes. In addition, data for particles smaller than 

3 J..£m were also removed since the particle counter could not provide any 

corresponding data in this size range. In order to compare the image analysis and 

particle counter data, two lines were draw on the N(>I) curve, as shown on the 

Figure 5-5b. Only that part of curve which is on the right of vertical line and above 

the parallel line was used for further analysis. Using the size range based on length, 

a corresponding solid volume range was estimated. An aggregate of -14 primary 

particles of 1 J..£m diameter with a solid volume of 5.5 J..£m3 and length of 3 J..£m was 

arbitrarily chosen as a reference. As mentioned above, N(>v) is theoretically equal 

to N (> I) when v is the solid volume of particles with length I (equation 5-17). When 

the two distributions were not in the same units, N(>v) ex N(>I), or, the ratio of 

N(>v) to N(>I) is unchanged with size. Therefore, the cumulative solid volume 

distribution N(>v) that is related to N(>I)=20 was calculated using 20 * 

N(>v=5.5)/N(>1=3). The size range for the N(>v) similar to that for N(>I) was 

obtained by drawing a parallel line from this point for N(>v) and a vertical line from 

5.5, we determined the size range for the N(>v) similar to that for N(>l). 

The second part of this process was identifying linear sections on both size 

distributions to calculate the slopes SI and Sv' Within the similar size range, la to lb a 

corresponding straight line of log N(>I) versus log I was chosen. The straight line 

range, va to Vb' from N(>v) related with la and Ib was then selected. If the whole size 

distribution was a curve, a trial and error procedure shown in Figure 5-6 had to be 
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used to get a reasonable estimate of va and Vb. 

After la' lb' Va and vb were determined, data of N(>v) and N(>l) in these 

ranges were used for calculation of Sy and SI. The fractal dimension then could be 

obtained by using equation 5-17 from the two slopes. Since V 0< lD, if the size ranges 

were correctly selected, ValVb should be equal to (Iallb)D. Therefore, from the size 

range data, the fractal dimension could be calculated as 

D = (5-23) 

Comparing this value with the fractal dimension calculated by the two-slope method 

yielded another indicator if the size ranges selected for the two-slope method 

(equation 5-21) were suitable. For the example above, the slopes and the calculated 

fractal dimensions using the two-slope method (DIY) and the size range method (Dab) 

are shown in Table 5-8. The two fractal dimensions are quite similar, indicating that 

the size ranges were properly chosen and the fractal dimension obtained from data 

from these size ranges was reliable. 

Table 5-8 Fractal dimensions using two-slope method and size-range method 

Type 
Size Range 

Slope DIY Dab 
low high 

N(>I) 3.06 7.14 -2.348 
1.89 1.85 

N(>v) 5.5 26.3 -1.243 
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5.4.2 Determination of fractal dimensions in two dimensions 

In this study a fractal dimension in two dimensions is defined as the power 

of the equation correlating maximum Ferret's aggregate length (I) and their 

projection area (A), i.e. 

(5-24) 

About one thousand aggregates larger than 2 J,Lm were analyzed for each sample 

using the image analysis system to measure the projected area and maximum Ferret's 

length of the aggregates. The Dz fractal dimension was then calculated from linear 

regression of log(l) with 10g(A). 

Experiments in our laboratory have shown that the actual projection area of 

an aggregate is overestimated by the Cue II system (Kilps, 1992). This results from 

including not only the projected area of the all primary particles inside an aggregate, 

but also some of the space between the particles. As a result, the area of an 

aggregate reported by the Cue-II system is slightly larger than true projected area of 

the aggregate. Kilps (1992) studied the effect of this error on two dimensional fractal 

dimensions. He took aggregates from a coagulation experiment (paddle mixer), and 

measured the area of an aggregate using the Cue-II system. He also calculated the 

true projected area by counting the number of individual primary particles inside the 

aggregate. The Dz fractal dimensions from the true projected area and from the area 

measured with the Cue-II system were 1.65 ± 0.04 and 1.73 ± 0.03, respectively. This 

suggests overestimation of the value does not significantly affect area-size calculation, 



133 

since this difference is less than 5%. Reproducibility of the measurements was quite 

good. 

5.4.3 Determination of fractal dimensions in one dimension 

A fractal dimension in one dimension characterizes the invariant scale of the 

perimeters in terms of the length of objects, using: 

(5-25) 

where P is the perimeter of an aggregates, and Dl is fractal dimension in one 

dimension. When an object is Euclidian, such as a square, a circle etc., Dl should be 

equal to one. When the object is a fractal, Dl would be greater than one. In this 

study, log-log linear regressions were used to calculate Dl from the perimeters and 

maximum Ferret's lengths of - 1000 aggregates larger than 2 J.Lm measured by the 

image analyzer. 

5.4.4 Determination of boundary fractal dimensions 

The mosaic amalgamation method (refer to chapter 2.4) was used in the 

procedure to determine boundary fractal dimensions. Two programs were written in 

TURBO PASCAL (see Appendix II) to accomplish this. The first program read data 

on an individual aggregate from the image analysis system, and generated a map of 

the coordinates of the pixels which formed the boundary of the aggregate. The 

second program used this map to calculate the perimeters of the aggregate as a 
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function of the size of the tiles that covered the boundary of the aggregate. The 

perimeter here was computed as the product of number of tiles and their side length. 

The program started from the smallest possible size of tiles, which was the pixel size 

on the image analysis system. The tile size was then doubled, and the perimeter was 

calculated again from the number of the enlarged tiles that cover the boundary of the 

aggregate. This procedure was repeated until the number of tiles needed to cover the 

aggregate was less than or equal to 4. This data was analyzed using a linear 

regression of the perimeter and tile size on log-log scales. The slope, Sp' was used to 

calculate boundary fractal dimension by 

(5-26) 

The slides for determining boundary fractal dimensions were the same as those 

used for the size distribution analysis. However, they were viewed at lOOOx to obtain 

more detail on the boundary. The boundary fractal dimension is a statistical 

parameter of the population, and therefore varied from one aggregate to another 

within certain range (Figure 5-7). In order to obtain the boundary fractal dimension 

which can well represent the morphology of the whole population, the sample size 

for obtaining average boundary fractal dimension was determined with the method 

suggested by Nelson (1989). Assuming boundary fractal dimensions are normally 

distributed, the sample size can be determined from the analysis of mean chart 

(ANOM). 
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The normality of the boundary fractal dimensions was first examined by 

plotting the ordered residuals versus the expected values of normal statistical 

distribution (Figure 5-8). The fit of the data to a straight line implies that the 

boundary fractal dimension was normally distributed. 

Prom the data set shown in figure 5-13, the average of boundary fractal 

dimension is 1.415, with a standard derivation, a, of 0.1177. To detect a change in Db 

within 6% of the average, ilia should be 0.7, where Il is the difference of average that 

we desire to detect. For recognizing such a difference within a probability 0.9 for any 

two averages of Db when using a level of significance of 0.05, the necessary number 

of aggregates to measure would be 44 based on the ANOM chart. Therefore, in this 

study about 40 aggregates with a perimeter > 30 /-Lm were randomly chosen from 

each sample for calculating boundary fractal dimensions. 

5.5 Measurement of Collision Efficiency 

The collision efficiency is a ratio of the measured collision rate divided by the 

collision rate calculated from rectilinear collision models. To characterize the impact 

of different NaCI concentrations on coagulation, the collision efficiency was measured 

using both laminar and turbulent shear devices. 

For shear coagulation, the collision rate of a monodisperse system is a first 

order reaction (Friedlander, 1971), according to 

where N is the number concentration of particles, (m}"l), ct, the collision efficiency, 

kIll is the predicted collision reaction constant. For laminar shear, kIll equals 4iJlG/7r, 
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(5-27) 

where IP is solid volume fraction of particles, and G the shear rate ( S·l ). For 

turbulent shear, kth is calculated by 2.2IPG. This equation is only valid for the initial 

coagulation period based on the assumption of a monodisperse system. The first-

order rate expression has been experimentally vt:rified by Swift and Friedlander 

(1964) for laminar flow and by Birkner and Morgan (1968) for turbulent flow. They 

observed first order rate constant less than kth' or a: < 1. This difference has been 

explained by the interaction of van der Waals, electrostatics, and hydrodynamics 

forces(van de Ven and Mason, 1977; Zeichner and Schowalter, 1977). 

In this study, the number of particles during coagulation was counted using a 
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Figure 5-8 Examination of normality of boundary fractal dimension 

microscope as a function of time in order to calculate the collision efficiency. The 

spatial distribution of particles on the slides was proven to be in agreement with a 

Poisson series by checking the ratio of the variance to the mean for 91 fields. Since 

the Poisson series is a suitable model for the samples, the sample size necessary for 

a given level of precision (Elliott, 1977) is: 

n = 1 
(5-28) 

P2 X 
mean 

where p is a standard error coefficient, and x mean ' the arithmetic mean of number of 

fields to count. For an error of 3.5% and xmean of 15, the optimum sample size is 54. 

Therefore, a total of 60 fields from each slide were counted at 400 x. The total 

numbers of single particles, doublets, triplets, and aggregates with any other number 
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of primary particles were recorded. The ratio of the total number of particles to the 

total number of primary particles, NINo, was used to calculate the collision efficiency 

as: 

N 
In (-) = - ex klh t 

No 
(5-29) 

where t is the elapsed time of coagulation. The value of ex is calculated from a linear 

regression of In(NINo) versus t. Sampling of particles for calculation of the collision 

efficiency analysis was stopped when NINo < 0.7, since this was considered an 

indicator of a non-homogeneous distribution. 

5.6 Estimate of Relationship between Solid Volume and Length of 

Aggregates 

In some cases, the size distribution was too curved, prohibiting calculation of 

D3 using the two-slope method. In addition, there could have been a variation in 

fractal dimension with size, which is not easy to detect by the two-slope method. 

Therefore, a program was developed to examine the relationsh}p between the solid 

volume and aggregate length over the whole size range from the data of two size 

distributions. 

The basic idea behind this approach is that the ratio of N( >v) to N( > I) should 

be a constant throughout whole size range analyzed if v is the solid volume of 

aggregates with size of I, as discussed in 5.4. To accomplish the process, a program 

was written in TURBO PASCAL. The program begins with an aggregate volume, Vo 
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= 4.74 p.m3
, and then assumes a length of aggregate in the data of N(>l), 10 , 

associated with this solid volume. Using the ratio of N(>vo)/N(>lo)' the size 

distribution of N(>vJ can be related to N(>li) using 

i = 1,2, ... , m (5-30) 

where m is the index of the largest length used for this analysis (N (> 1m)::::: 20). The 

value of vi can then be interpolated from data set of N(>v). After the calculation of 

all of solid volumes, the relationship between solid volume and length of aggregates 

can be obtained by plotting v versus I on log-log scales. 

Since v - ID the slopes of the plot represents fractal dimensions in three 

dimensions. A straight line with one slope implies a single fractal dimension governing 

whole size range, while a broken line indicates two or more fractal dimensions over 

the particle size range. The variation of fractal dimension with size could be 

represented by a curved solid volume and length relationship. Due to the uncertainty 

of starting point 10, the true relationship between solid volume and size can not be 

obtained with this method. However, the pattern of the curves of v versus I produced 

in this way is not sensitive to the starting point. For example, a linear relationship 

over the whole size range is obtained with assumption of 10 = 3 p.m. When 4 p.m is 

used as 10 , the relationship between the solid volume and length of aggregates is still 

a straight line. The value of the intercept or the slope may differ, but the straight line 

could not become a curve due to the change of 1
0

, This property can be seen in 
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Figure 5-9. Therefore, although the value of fractal dimension can not be obtained 

from this method, the relationship between solid volume and length of aggregates 

obtained in this method still can be used to examine the variation of fractal 

dimension over the whole size range. 
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CHAPTER 6 

RESULTS FROM FLOCCULATION EXPERIMENTS IN CONCENTRIC 

ROTATION CYLINDERS 

This chapter presents the results from ten experiments conducted in concentric 

rotating cylinders. The·first section describes the collision efficiency data from these 

experiments, followed by the three sections on coagulation experiments: (1) at a fixed 

NaCl concentration with variable shear rates, (2) experiments at a fixed shear rate 

with variable NaCI concentrations, and (3) experiments conducted at a low NaCl 

concentration and low shear rates. Each section presents size distributions and fractal 

dimensions in three, two and one dimension, boundary fractal dimensions, and the 

relationship between solid volume and the maximum length of aggregates. 

6.1 Collision Efficiency in Laminar Shear Experiments 

Collision efficiency was measured in seven experiments out of total of ten 

flocculation experiments in the laminar shear device. Three to five samples were 

withdrawn during the early stages of coagulation of a monodisperse suspension of 

microspheres. The changes in particle number concentration are shown in Figure 6-1. 

By plotting time versus the natural logarithm of ratio of total particle number to 

initial particle number, NINo, divided by the theoretical coagulation rate constant for 

laminar shear motion (kth = 4G<I>/7T), the slope of the plot is the collision efficiency, 

a, (equation 5-27). 
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The data from Figure 6-1 were combined and used to evaluate the effect of 

NaCI concentration on collision efficiency (Figure 6-2). The calculated collision 

efficiencies from laminar shear coagulation experiments are summarized in Table 6-

1. The ratio (f/P)min, represents the extent of flocculation. For example, (f/P)min = 

0.73 indicates the ratio of total number of aggregates to primary particles in the 

system when the last sample was withdrawn for calculating collision efficiency. If the 

value is smaller than 0.7, the system would be considered as polydisperse, and the 

data could not be used for determination of collision efficiency. As seen from Table 

6-1, collision efficiencies increased from 10-3 at 0.15 M to - 10-1 at 0.3 to 0.6 M, 

implying that when NaCI concentration is higher than 0.3 M, the particles might be 

completely destabilized, while particles at NaCl 0.15 M only were partially 

destabilized. 
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Table 6-1 Collision efficiency in laminar shear flocculation experiments 

NaCl G 
Bead Collision Number 

M S·l Size Efficiency R2 of (f/P)min 
J1.m (± SEC) Observations 

0.60 3.4 0.83 0.373 ± 0.012 0.988 5 0.80 

0.60 8 0.83 0.099 ± 0.004 0.994 3 0.73 

0.60 15 0.83 0.141 ± 0.004 0.992 4 0.73 

0.45 15 0.83 0.184 ± 0.015 0.935 4 0.75 

0.30 15 0.83 0.090 ± 0.006 0.961 4 0.79 

0.15 15 0.92 0.0016 ± 0.0001 0.949 5 0.89 

0.15 3.4 0.92 0.0026 ± 0.0002 0.969 4 0.75 

(f/p )min the minimum ratio of the number of aggregates to primary particles in 
the samples for collision efficiency; 

SEC standard error coefficient for the slope. 

6.2 Experiments at a Fixed NaCl Concentration with Various Shear Rates 

Coagulation experiments were conducted at 0.6 M NaCl in order to use the 

most destabilized microspheres. Shear rates of 0.5,3.4,8 and 27.5 S·l were chosen to 

examine the effect of fluid shear on the fractal structure of aggregates formed in 

laminar shear. 

6.2.1 Size distribution and Fractal dimension in three dimensions 

At a shear rate of 0.5 S·l, both the size and solid volume distributions of 

aggregates were fairly linear on log-log axes (Figure 6-3). The average size of 

aggregates in the cylinder were greatly decreased with time. The slopes of these size 
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distributions increased slightly with time (Figure 6-4). The slope of N(>l) on day 

thirteen, decreased and had a different variation pattern from that of N(>v), which 

might imply a sampling error. Fractal dimensions in three dimensions were calculated 

using both the steady-state size distribution model and the two-slope method 

(Figure 6-5). Except for day thirteen, all fractal dimensions from the two-slope 

method were around 2.0. The fractal dimension calculated using a steady-state size 

distribution model varied widely, but converged to the same value calculated from the 

two-slope method. These results suggest that the size distribution can gradually reach 

a quasi-dynamic steady state. A steady state condition is shown by the fractal 

dimension obtained with the method that does not required a steady-state condition 

being equal to the values calculated using an equation that does require a steady 
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state assumption. The data on size distribution slopes and fractal dimensions in three 

dimensions are summarized in Table III-6 (Appendix III). 

In the experiment at a higher shear rate of 3.4 S·l (0.6 M NaCl), size 

distributions on log-log scales were curved (Figure 6-6). The size distribution became 

even more non-linear with time implying that larger particles were accumulating with 

time. This can be seen in Figure 6-7, which shows that the average size of aggregates 

measured increased as flocculation proceeded. Fractal dimensions determined from 

the slopes of size and solid volume using an assumption of steady state are much 

different from the values of the fractal dimension calculated using the two-slope 

method. The two-slope fractal dimension was about 1.4, which was much lower than 

the value obtained at 0.5 S·l. 

At a shear rate of 8 S·l ( 0.6 M NaCI ), the shape of the size distributions 

changed with time (Figure 6-8). At the higher shear rate larger particles that were 

produced could not settle out of the system at the same rate that they were 

generated. The average size of aggregates therefore continuously increased 

(Figure 6-7). The resulting fractal dimensions in three dimensions (Figure 6-9) were 

not a constant, and varied from about 1.7 to 2.0. All values of slopes and fractal 

dimensions in the experiment at 0.6 M NaCl and a shear rate of 8 S·l are summarized 

in Table 111-6 (Appendix III). Since the experiment never reached a steady-state, only 

the fractal dimensions from the two-slope method are shown. 
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The size distributions of aggregates formed a shear rate of 27.5 S·l were similar 

with those obtained at G = 8 S·l (see Figure 6-10). The difference was that the 

bending of the curves was more pronounced than curves of distributions obtained at 

lower shear rates. The average size of aggregates generated in the experiment, again 

increased with time (Figure 6-9). It is interesting to notice that the average sizes of 

aggregates near the top of the cylinders were generally greater than that from the 

bottom, suggesting that a fluid instability within the rotating cylinder apparatus at 

this shear rate hindered aggregate settling. Because the size distributions are highly 

non-linear, the two-slope method is not valid for calculating fractal dimensions in this 

experiment. 
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6.2.2 Fractal dimensions in one and two dimensions 

The fractal dimensions in one and two dimensions and the shape factors were 

calculated from the aggregate area, perimeter, and maximum Ferret's length for all 

of the laminar shear experiments (Figure 6-11 and Figure 6-12). For the experiments 

at shear rates of 3.4 and 8 S·l, fractal dimensions in one and two dimensions gradually 

increased, while the shape factor of the aggregates decreased with time. These same 

parameters of aggregates were generally constant with time at 0.5 and 27.5 S·l, except 

for the shape factor at a shear rate of 27.5 S·l which declined by 0.1 during the 48 

to 70 h time period. 

6.2.3 Boundary fractal dimension 

At the conclusion of four experiments, 39 to 41 aggregates were analyzed for 

the boundary fractal dimension. As shown in Table 6-2, at shear rates of 3.4 and 8 

S·l the average boundary fractal dimensions were around 1.34, while at either low or 

high shear rates (0.5 or 27.5 S·l), boundary fractal dimensions were about 1.24. 

Table 6-2 Boundary fractal dimension of aggregates in the experiments of 0.6 M NaCl 
and shear rates of 0.5, 3.4, 8 and 27.5 S·l 

G Elapsed Time 
Db 

Number of 
S·l day Observations 

0.5 15 1.23 ± 0.02 38 

3.4 4 1.34 ± 0.02 40 

8.0 2 1.35 ± 0.02 40 

27.5 3 1.24 ± 0.02 40 
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Figure 6-11 Fractal dimension in one and two dimensions and shape factor of 
aggregates (a) NaCI: 0.6 M; G: 0.5 S·l; (b) NaCI: 0.6 M ; G: 3.4 S·l 
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6.2.4 Relationship of solid volume and length of aggregates 

The relationship between solid volume and maximum length was examined for 

each experiment (Figure 6-13 and Figure 6-14) to see if the fractal dimension was a 

function of size. At the shear rates of 0.5 and 3.4 S·l, solid volume varied linearly with 

length (on log-log scales) for all times. This implies that only one fractal dimension 

in three dimensions governed the whole size range during the period of time being 

sampled. At the shear rate of 8 S·l, however, the relationship was only linear from 4.8 

h to 47.7 h. After this period, the volume distribution became a broken line. Similarly, 

the experiment at G = 27.5 S·l, also initially showed a linear distribution but became 

curved at longer times. These results suggest that while aggregates formed at 

beginning of the coagulation are governed by single fractal dimension, after 

flocculation has proceeded for longer periods of time, the fractal dimension of 

aggregates varied with size. 

The shapes of differential size distributions altered with the change in the 

relationship between aggregate solid volume and length. As seen in the Figure 6-15 

before coagulation proceeded for about 40 hours there were no peaks on the 

differential size distribution curves based on solid volume. As the linear solid volume

length relationship became broken lines, however, small peaks occurred in the larger 

size range on differential size distribution curves. These changes may result from 

variation in dominant collision mechanism, resuspension or breakage of aggregates 

in the larger size. 
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6.3 Experiments at a Fixed Shear Rate with Various NaCI Concentrations 

In this section, the results from the experiments in the laminar shear device 

at a constant shear rate of 15 S·l are presented. The purpose of these experiments 

was to investigate the effect of NaCI concentration on size distributions and fractal 

dimensions using NaCI at concentrations of 0.6, 0.45 and 0.3 M. 

6.3.1 Size distributions and fractal dimensions in three dimensions 

Size distributions of aggregates formed at 0.6 M NaCI solution were curved 

(see Figure 6-16), indicating that the system never reached a steady state. The 

average size of aggregates first increased and then decreased (Figure 6-17). The 

fractal dimension in three dimensions slightly increased with time (Figure 6-17), and 

average value of them is 1.68. 

In the coagulation experiment at 0.45 M NaCl, average aggregate size did not 

appreciably change between 40 to 90 h (Figure 6-18). As a result, the size 

distribution curves kept almost the same shape (Figure 6-18). From the slopes of the 

two size distributions (Table 1II-5 in Appendix III), fractal dimensions in three 

dimensions were calculated as shown in Table 6-3. Within a small variation, the 

average fractal dimension is 1.58. 

In the experiment at 0.3 M NaCI, there was again little change in average 

aggregate size during the period of time from 20 h to 100 h (Figure 6-21). However 

size distributions of aggregates varied from straight lines to curved lines implying the 

system did not reach a quasi-steady-state (Figure 6-20). At the beginning of 
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coagulation, the fractal dimension in three dimensions, calculated from the slopes in 

Appendix III, was initially 1.7, but it increased to about 2.1 by the end of the 

experiment (Table 6-4). Because less than 400 aggregates larger than 3.1 /.Lm were 

counted at 21 h, the values obtained at this time were excluded from the calculation 

the of average fractal dimension in three dimensions of 2.08. 
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Table 6-3 Fractal dimension in three dimensions of aggregates in the experiment of 
0.45 M NaCI and 15 S·l shear rate 

Elapsed Time Dlv Dab hour 

41.3 1.54 ± 0.04 1.54 

53.8 1.53 ± 0.05 1.61 

65.6 1.56 ± 0.07 1.58 

88.5 1.66 ± 0.04 1.63 

88.5 1.60 ± 0.04 1.64 
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Figure 6-21 Average aggregate size variation. NaCl: 0.3 M; G: 15 S·l 
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Table 6-4 Fractal dimension in three dimensions of aggregates in the experiment of 
0.3 M NaCI and 15 S·l shear rate 

Elapsed Time Dlv Dab hour 

21.3 b 1.76 ± 0.06 1.74 

21.3 t 1.64 ± 0.09 1.65 

43.1 b 2.04 ± 0.05 2.04 

43.1 t 2.03 ± 0.04 2.06 

103.1 b 2.14 ± 0.03 2.16 

103.1 t 2.12 ± 0.06 2.16 

6.3.2 Fractal dimension in two and one dimension of aggregates 

As observed for the fractal dimension in three dimensions, the fractal 

dimension in two dimensions and one dimension, and shape factor remained nearly 

constant with time at the shear rate of 15 S·l and NaCI concentration of 0.3,0.45, and 

0.6 M. The values determined are summarized in the Table 6-6 through Table 6-7. 

Table 6-5 Dp Dz and shape factor of aggregates in the experiment of 0.45 M NaCI 
and 15 S·l shear rate 

Time Dz D1 Shape Factor 

hour value RZ value RZ value 

41.3b 1.96 ± 0.01 0.966 1.127 ± 0.005 0.978 0.553 ± 0.005 

53.8t 1.99 ± 0.01 0.971 1.117 ± 0.005 0.980 0.552 ± 0.004 

65.6t 1.97 ± 0.01 0.967 1.135 ± 0.006 0.975 0.544 ± 0.004 

88.5b 1.94 ± 0.01 0.960 1.165 ± 0.007 0.963 0.462 ± 0.005 

88.5t 1.99 ± 0.01 0.972 1.133 ± 0.006 0.977 0.528 ± 0.005 
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Table 6-6 D}, D2 and shape factor of aggregates in the experiment of 0.6 M NaCl 
and 15 s·} shear rate 

Time D2 D} Shape Factor 

hour value R2 value R2 value 

24.7 b 1.92 ± 0.02 0.939 1.096 ± 0.006 0.971 0.550 ± 0.004 

24.7 t 1.85 ± 0.02 0.925 1.103 ± 0.006 0.962 0.547 ± 0.004 

31.7 t 1.85 ± 0.02 0.923 1.097 ± 0.007 0.965 0.584 ± 0.004 

50.8 b 1.92 ± 0.02 0.926 1.106 ± 0.008 0.957 0.533 ± 0.004 

50.8 t 1.94 ± 0.02 0.918 1.120 ± 0.008 0.957 0.561 ± 0.004 

72.0 b 1.98 ± 0.01 0.961 1.129 ± 0.006 0.974 0.517 ± 0.005 

72.0 t 2.04 ± 0.01 0.968 1.101 ± 0.005 0.977 0.536 ± 0.004 

Table 6-7 D}, D2 and shape factor of aggregates in the experiment of 0.3 M NaCI 
and 15 s·} shear rate 

Time D2 D} Shape Factor 

hour value R2 value R2 value 

21.3b 1.81 ± 0.02 0.912 1.083 ± 0.007 0.956 0.601 ± 0.004 

21.3t 1.79 ± 0.02 0.922 1.074 ± 0.007 0.962 0.608 ± 0.004 

43.1b 1.95 ± 0.01 0.960 1.078 ± 0.005 0.980 0.585 ± 0.004 

43.lt 1.95 ± 0.01 0.949 1.100 ± 0.006 0.972 0.558 ± 0.004 

103.1b 1.82 ± 0.02 0.932 1.100 ± 0.007 0.965 0.596 ± 0.004 

103.lt 1.81 ± 0.02 0.933 1.080 ± 0.007 0.965 0.608 ± 0.004 
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6.3.3 Boundary fractal dimension of aggregates 

The boundary fractal dimensions were measured for 37 to 43 aggregates in 

each experiment. As seen in the Table 6-8, the average boundary fractal dimension 

of 1.28 was unchanged with NaCl concentration. 

Table 6-8 Boundary fractal dimension of aggregates in the experiments of 15 S-1 shear 
rate and NaCl concentration of 0.3, 0.45 and 0.6 M 

NaCl 
M 

0.3 

0.45 

0.6 

Time 
hour 

103.1 

53.8 

72.0 

Db 

1.30 ± 0.03 

1.27 ± 0.02 

1.29 ± 0.02 

6.3.4 Relationship of solid volume and length of aggregates 

Number of 
Observations 

37 

43 

41 

The relationship between solid volume and aggregate length in these 

experiments was also examined (Figure 6-22 though Figure 6-24). In all experiments, 

the volume increased linearly with length on log-log scales, indicating that a single 

fractal dimension governed the whole size range. Furthermore, at 0.6 M NaCI, the 

data for solid volume versus maximum aggregate length at different times overlapped, 

indicating the fractal dimension was constant over time. However, for the experiments 

at 0.3 and 0.45 M NaCI, slopes were lower at the beginning of the experiments than 

at the end of the experiment, implying that there was a slight increase in the fractal 

dimensions with time. 
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6.4 Experiments at Low NaCl Concentration 

This section presents the results of coagulation experiments at a fIxed NaCl 

concentration of 0.15 M and three different shear rates of 3.4, 5.9 and 15 S·l. Due to 

the low NaCI concentration, the coagulation rate was very slow making it possible to 

more closely examine the variation in aggregate characteristics during coagulation. 

6.4.1 Size distributions and fractal dimensions in three dimensions 

The experiment at the shear rate of 3.4 S·l was run for 28 days. The average 

length of aggregates constantly increased but the average volume of aggregates 

decreased for days 5-12, increased again until day 22, and then decreased thereafter 

Figure 6-25a). As the average volume of aggregates changed with time, the absolute 
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value of the slope of solid volume size distribution changed accordingly. The total 

number of particles measured by the particle counter increased and then decreased 

(oscillated) twice during this period of time (Figure 6-25b). The size distributions (on 

log-log axes) were all nearly straight lines (Figure 6-26 and Table III-1 in Appendix 

III). 

Fractal dimensions calculated from the two-slope method and the two steady

state models are shown in Figure 6-27 and Table 1II-1 (in Appendix III). As 

previously observed in the experiment at 0.6 M NaCI and a shear rate of 0.5 S-l, the 

fractal dimension from the two-slope method was fairly constant over time, and had 

an average of 1.94. The fractal dimensions from the steady-state models were initially 

much different but gradually approached the same values calculated using the two

slope method. These results indicate that coagulation reached a quasi-steady state, 

and at the steady-state the size distributions are in agreement with that predicted by 

the steady-state model proposed in this study. 



176 

5 1E+07 

4.5 -
~ 

Ntot 

% -a-
0 c: Sv 
~ 1E+06 .Q 
Cl ro -> "-co E Vavg/20 > ... 2.5 OJ 
0 0 c: 
OJ 2 0 
C- O 
0 1E+05 "-(jj OJ 

.0 

1 E 
~ 

0.5 
z 

a 
301E+ 04 a 5 10 15 20 25 

Time (day) 

6.4 20 ---5.9 18 lavg 

-
5.4 16 Vavg 

.c CD 
..... 

14 E 
0) 4.9 :::l c: 
CD 0 

....J 
12 > 

CD 4.4 CD 
0) 0) 

ttl ttl 
"- 10 "-
CD 3.9 CD 

~ -, ~ ~ 
3.4 8 

2.9 -...JV'V 6 

2.4 , 4 
0 5 10 15 20 25 30 

Time (day) 

Figure 6-25 Size, slope and total particle number. NaCI: 0.15 M; G: 3.4 S·l; (a) 
variation of average length and solid volume of aggregates; (b) variation of total 
particle number, slope and average solid volume 



177 

-
11 day 

--*-0.1 - 15 day 
to 
to ~ 

A 19 day -z 0.01 --> 
A 23 day -z ---;-

0.001 28 day 

~. 

0.0001 0 I I I III 0 

1 10 100 1000 10000 
v (um3) 

1 
-

11 day 

--*-

- 0.1 
15 day 

...-
C'? 

~ 

A 19 day -z - -+--
::::::-
A 23 day -z 0.01 -+--

28 day 

10 100 
I (urn) 

Figure 6-26 Size distribution of aggregates. NaCl: 0.15 M; G: 3.4 S-l; (a) N(>v) (b) 
N(>l) 



178 

5 -4.5 Olv 
4 -

c: 3.5 01 
.9 
CIl -;;t-
c: 3 Q) Ov E 
Cl 2.5 
(\j 2 t5 
(\j 

·1.5 .... 
u. 

1 

0.5 

D. . . . . 
10 12 14 16 18 20 22 24 26 28 30 

Time (day) 

Figure 6-27 Fractal dimensions in three dimensions of aggregate from two-slope 
method and from the steady-state model. NaCl: 0.15 M; G: 3.4 S·l 

In the experiment at a shear rate of 5.9 S·l (0.15 M NaCI), the average size of 

aggregates did not change significantly from day 9 to day 13 (Figure 6-28), indicating 

that the system either had a very slow coagulation rate or had reached a quasi-steady 

state. 

The size distributions of aggregates in this experiment were also linear on log-

log scales (Figure 6-29). However, since the number of aggregates bigger than 3 f.Lm 

being analyzed by image analyzer was less than 300 for all of samples, there were too 

few particles to obtain an accurate size distribution based on aggregate length. 

Therefore, fractal dimensions were unable to calculate using either the two-slope 

method or the steady state models. 
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The coagulation of polystyrene beads at the shear rate of 15 S·l (0.15 M NaCI) 

was examined over a 19 day period. The average size of particles varied periodically 

(Figure 6-30a). The average length of aggregates varied inversely with average solid 

volume of aggregates until day 12. There may be two reasons for this unusual 

variation with time. First, this result could reflect a change in the fractal dimension 

of the aggregates. The increase in the ~verage solid volume coincided with a decrease 

in the average length of aggregates implying that more mass was contained in 

aggregates with smaller length; this would result in a higher fractal dimension. For 

example, from day 2 to day 7, length of aggregates increased while the average solid 

volume decreased. In this period of time the fractal dimension from two-slope 
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method decreased with time. After day 8, the two-slope fractal dimension increased 

accompanied by an increasing average solid volume and decreasing average length. 

After day 16, average solid volume and length varied proportionally, coinciding with 

a constant fractal dimension. Second, inaccuracies in the size distribution may have 

contributed to this unusual variation. Some of samples being analyzed with the image 

analysis system before day 9 contained less than 400 aggregates larger than 3 ILm. 

Therefore, the small number of aggregates sampled may have affected the calculation 

of average length of aggregates. 

The number concentration of aggregates measured by the particle counter also 

periodically changed with time (Figure 6-30b). Size distributions of aggregates in the 

experiment were again straight lines on log-log scales (see Figure 6-31). 

Figure 6-32 shows the fractal dimensions calculated using the two-slope 

method and steady-state methods for the data after day 9. The average fractal 

dimension in three dimensions obtained by the two-slope method was 1.89 based on 

size distributions from day 9 to day 19. The fractal dimensions calculated from the 

steady state model varied and appeared to be converging to the same fractal 

dimensions calculated using the two-slope method. However, the system had not 

reached quasi-steady state in the experiment by day 19. The data of slopes and fractal 

dimensions from the experiment are listed in the Table 1II-3 (Appendix III). 
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Figure 6-31 Size distribution of aggregates. NaCI: 0.15 M; G: 15 S·l; (a): N(>v); (b) 
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steady-state size distribution model. NaCI: 0.15 M; G: 15 sol 

6.4.2 Fractal dimensions in two and one dimensions 

Fractal dimensions in two dimensions and one dimension and the shape factor 

were calculated using aggregate area, maximum length and perimeter for each 

experiment as a function of time. These results are shown in Figure 6-33 and 

Figure 6-34. 

At a shear rate of 3.4 sol, the fractal dimension in two dimensions slightly 

increased while the fractal dimension in one dimension and the shape factor were 

unchanged. The average values for the experiment were Dz = 1.98, DI = 1.085 and 

the shape factor = 0.656 respectively. For aggregates generated at the shear rate of 

5.9 S·l, the fractal dimension in two dimensions decreased, fractal dimensions in one 
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Figure 6-33 Fractal dimension in two dimensions and in one dimension and shape 
factor of aggregates. NaCl: 0.15 M; G: 3.4 S·l 

dimension increased, and the shape factor had no significant change. At a shear rate 

of 15 s-l, all parameters exhibited a dynamic change with time. All of these data are 

summarized in Tables III-I, 1II-2 and III-3 (Appendix III). 

6.4.3 Boundary fractal dimension of aggregates 

At the end of the experiments, 33 to 40 aggregates from each experiment were 

analyzed in order to calculate the boundary fractal dimension. The average values 

from these analysis are tabulated below. Similar to the experiments at 0.6 NaCI, the 

boundary fractal dimension varied with shear rate. At the shear rates of 3.4 and 5.9 

s-l, the boundary fractal dimension is - 1.40, while at higher shear rate of 15 s-l, the 

value decreased to 1.29_ 
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Table 6-9 Boundary fractal dimensions of aggregates in the experiments of 0.15 M 
NaCI and 3.4, 5.9 and 15 S·l shear rate 

G Elapsed Time 
Db Number of 

S·l days Observations 

3.4 28 1.38 ± 0.02 40 

5.9 7 1.42 ± 0.02 40 

15 19 1.29 ± 0.02 33 

6.4.4 Relationship between solid volume and aggregate length 

The relationship between solid volume and length of aggregates was examined 

for all these experiments using the method described in Section 5.6. For the 

experiments at shear rates of 3.4 and 5.9 S·l, the change in length was linear with 

volume on log-log scales. However, the slopes of the straight lines gradually 

decreased with time, implying that the fractal dimension in three dimensions 

decreased with time. Aggregates produced at the shear rate of 15 S·l, were slightly 

nonlinear, indicating the fractal dimensions slightly increased with the size of 

aggregates (Figure 6-35 and Figure 6-36). 

6.5 Summary of Results of the Laminar Shear Experiments 

In summary, ten coagulation experiments were run in the concentric cylinders 

at various shear rates and NaCl concentrations. During the experiments, several 

parameters were analyzed including collision efficiencies, size distributions, fractal 

dimensions in three, two dimensions and one dimension, boundary fractal dimensions, 
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shape factors and the relationship between solid volume and aggregate length. The 

results of experiments at 0.6 M NaCI and 0.5 S-l shear rate and at 0.15 M NaCl and 

3.4-1 shear rate verify the validity of steady-state size distribution model. All of 

experiments illustrated that the procedures for measuring the size distributions and 

calculating fractal dimensions in three dimensions were valid. The average values of 

parameters analyzed in all these experiments are summarized in Table 6-10. 
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Table 6-10 Summary of results of coagulation experiments in the concentric cylinders 

NaCI G Collision 
D3 D2 D1 

Shape 
Db v-I 

M s-l efficiency Factor 

0.15 3.4 2.6 x 10-3 1.94 1.98 1.085 0.656 1.38 straight 

0.15 5.9 1.83 1.073 0.727 1.42 straight 

0.15 15 1.6 x 10-3 1.89 1.86 1.083 0.618 1.29 straight 

0.3 15 9.0 x 10-2 2.08 1.86 1.086 0.591 1.30 straight 

0.45 15 1.8 x 10-1 1.58 1.97 1.135 0.528 1.28 straight 

0.6 0.5 2.09 1.97 1.098 0.64 1.23 straight 

0.6 3.4 3.7 x 10.1 1.43 1.86 1.094 0.555 1.34 straight 

0.6 8.0 9.9 x 10-2 1.74 1.85 1.077 0.593 straight 

1.99 1.97 1.130 0.488 1.35 curve 

0.6 15 1.4 x 10-1 1.68 1.93 1.107 0.547 1.29 straight 

0.6 27.5 1.96 1.143 0.451 1.24 str/curve 
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CHAPTER 7 

RESULTS OF FLOCCULATION EXPERIMENTS IN JAR TEST DEVICE 

This chapter presents the experimental results for microsphere coagulation 

experiments conducted in a jar test device. Ten experiments were conducted at nine 

different NaCI concentrations at a fixed shear rate of 30 S·l. Collision efficiencies 

were measured in all of experiments, in order to identify the optimum concentration 

of NaCI to destabilize particles. Fractal dimensions were calculated in five of 

experiments. The first section of this chapter describes the collision efficiency 

measurements, while the second section describes the fractal dimension results. 

7.1 Collision Efficiency 

The experiments were conducted at NaCI concentrations of 0.01, 0.05, 0.15, 

0.25, 0.35, 0.5, 0.6, 0.7 and 0.8 M. Microspheres 0.92 I-£m in diameter were used at 

NaCI concentrations ~ 0.5 M, while 0.81-£m beads were used in the other coagulation 

experiments. To ensure comparable results with different bead diameter, both beads 

were used at 0.5 M NaCI. 

There was no appreciable coagulation at 0.01 M NaCl, even after three days, 

implying that the latex beads still were completely stable at this NaCI concentration. 

In all other experiments the particles coagulated to a sufficient extent to allow 

calculation of the collision efficiency (Figure 7-1 and Figure 7-2). Using the equation 

shown in Table 2-5 for isotropic turbulent shear, Klh is equal to 2.2GtfJ. As discussed 

in Chapter 6, the slopes of these lines in Figures 7-1 and 7-2 are collision efficiencies. 
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Figure 7-1 Change of total particle number with time; (a) NaCI concentration: 0.05, 
0.15 and 0.25 M; Bead size: 0.92 ILID; (b) NaCI concentration: 0.35(0.92 ILID beads), 
0.5(0.92 ILm bead), and 0.5(0.83 ILID bead)M 
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Figure 7-2 Change of total particle number with time; NaCl concentration: 0.6, 0.7, 
and 0.8 M; Bead size: 0.83 J,£m 

Table 7-1 summarizes the collision efficiency data at different NaCl 

concentrations. As seen in Figure 7-3, collision efficiency increased with NaCl 

concentration up to 0.5 M. At higher NaCl concentrations, the collision efficiency 

was essentially constant. As a result of these experiments, a NaCl concentration of 

0.6 M was chosen as a condition for totally destabilized beads, while lower 

concentrations of NaCl were used to obtain partially destabilized particles for 

aggregation experiments. 
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Table 7-1 Collision efficiencies of coagulation in jar test apparatus at a shear rate 
of 30 S·l 

NaCI Bead Size Collision 
Number of 

R2 Observation (f/P)min M J.Lm Efficiency 
s 

0.01 0.92 undetectable 

0.05 0.92 7.5 x 10-4 ± 0.0001 0.95 5 0.97 

0.15 0.92 2.1 x 10.2 ± 0.002 0.96 3 0.86 

0.25 0.92 1.3 x 10.2 ± 0.001 0.94 4 0.94 

0.35 0.92 2.7 x 10.2 ± 0.001 1.00 3 0.94 

0.5 0.92 1.1 x 10.1 ± 0.006 0.96 5 0.76 

0.5 0.83 5.0 x 10.2 ± 0.005 0.91 4 0.77 

0.6 0.83 4.0 x 10.2 ± 0.002 1.00 4 0.85 

0.7 0.83 2.4 x 10.2 ± 0.004 0.92 3 0.92 

0.8 0.83 3.9 x 10.2 ± 0.004 0.96 3 0.86 

(f/P)min the minimum ratio of number of aggregates to primary particles 

:>. 
tJ 0.1 c: 
CD 
13 = jjj 
c: 
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~ 
'0 0.01 
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0.001-t----,---.----,------..---,----.---.,.----! 
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Figure 7-3 Effect of NaCI concentration on collision efficiency in jar test. 
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7.2 Fractal Dimension of Aggregates 

The three, two and one fractal dimensions, and the boundary fractal 

dimension were measured for the aggregates generated in 0.05, 0.15, 0.25, and 0.5 M 

NaCl solutions. The aggregates generated in 0.35 M NaCl solution were also 

measured for boundary fractal dimensions. 

7.2.1 Fractal dimension in three dimensions 

Fractal dimensions in three dimensions were obtained by the two-slope 

method. The size distributions obtained at four NaCl concentrations using both the 

image analyzer and particle counter are shown in Figure 7-4. In three of the 

experiments, two size ranges from each experimental data set were selected for 

calculating the fractal dimension in three dimensions. The slopes and size ranges for 

the slopes from these experiments are listed in Table 7-2. Table 7-3 summarizes the 

fractal dimensions from two-slope method, Dlv, and from size range method, Dab' 

All of fractal dimensions calculated from two-slope method are similar to those 

determined using the size range method, indicating that appropriate size ranges were 

used for the two-slope method. The fractal dimensions for the smaller size ranges are 

almost all - 1.8. However, a fractal dimension of 2.3 was obtained for the 0.15 M 

NaCI experiment over the large size range ( > 14 J.l.m ). An aggregate from the 0.15 

M NaCl experiment is shown in Figure 7-5, illustrating a typical loose and self-similar 

structure. From this picture it also can be seen that the aggregate was formed mainly 

by cluster-cluster aggregation rather than by primary particles attaching to the 
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Table 7-2 Slopes of the size distributions of aggregates in jar test 

Type 
NaCI 

Index 
Range Slope 

M low high value R2 

0.05 1 8.1 29.2 -0.422 ± 0.004 0.998 

2 95.6 182.2 -1.342 ± 0.013 0.999 

0.15 1 30.9 62.2 -0.572 ± 0.006 0.999 

N(>v) 2 132.0 226.0 -1.100 ± 0.011 0.999 

0.25 1 19.1 40.4 -0.696 ± 0.015 0.994 

2 50.1 100.9 -1.881 ± 0.050 0.992 

0.5 1 5.S 19.0 -0.600 ± 0.008 0.996 

0.05 1 4.1 8.2 -0.783 ± 0.019 0.994 

2 15.3 22.1 -2.388 ± 0.041 0.995 

0.15 1 7.1 10.2 -1.045 ± 0.041 0.987 

N(>l) 2 14.3 18.0 -2.573 ± 0.054 0.996 

0.25 1 6.1 9.2 -1.290 ± 0.043 0.991 

2 11.2 17.0 -3.316 ± 0.045 0.997 

0.5 1 3.1 6.1 -1.059 ± 0.036 0.991 

aggregate (particle-cluster aggregation). 
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Figure 7-4 Size distributions. (a) N(>v); (b) N(>l); NaCI: 0.05, 0.15, 0.25 and 0.5 M 
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Figure 7-5 A typical aggregate in 0.15 M NaCI experiment photographed under 400 
x microscope 
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Table 7-3 Fractal dimension of aggregates in jar test 

NaCI 
Index 

D1v Dab M 

1 1.86 ± 0.07 1.86 
0.05 

2 1.79 ± 0.05 1.75 

1 1.83 ± 0.09 1.96 
0.15 

2 2.34 ± 0.07 2.31 

1 1.85 ± 0.11 1.86 
0.25 

2 1.76 ± 0.08 1.68 

0.50 1 1.77 ± 0.08 1.79 

D1v fractal dimension from two-slope method; 
Dab fractal dimension from size range data. 

7.2.2 Fractal dimensions in two and one dimensions 

Using the aggregate area, perimeter and size distribution data, fractal 

dimensions in one and two dimensions were calculated (Table 7-4). The shape factor 

and average size of aggregates are shown in Table 7-5. 

Table 7-4 Fractal dimensions in one and two dimensions from jar test experiments 

NaCI D2 D} 
M 

value R2 value R2 

0.05 1.87 ± 0.01 0.976 1.132 ± 0.005 0.984 

0.15 1.87 ±0.01 0.972 1.095 ±0.005 0.982 

0.25 1.86 ±0.01 0.969 1.081 ±0.005 0.983 

0.50 1.79 ± 0.01 0.948 1.125 ±0.009 0.944 
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Table 7-5 Shape factor and average size of aggregates in jar test 

NaCl Time Shape Factor 1m vm 
M hour IJ.m IJ.m 

0.05 74.0 0.535 ± 0.005 8.7 56.0 

0.15 73.6 0.573 ± 0.005 9.8 76.9 

0.25 63.3 0.604 ± 0.004 8.4 41.6 

0.50 39.8 0.577 ± 0.005 6.4 34.3 

7.2.3 Boundary fractal dimension 

Between 32 to 40 aggregates were analyzed in each experiment in order to 

calculate boundary fractal dimensions (Table 7-6). Although the boundary fractal 

dimension for each aggregate ranged from 1.1 to 1.6, the average boundary fractal 

dimension of aggregates from each experiment was constant, and equal to - 1.35. 

Table 7-6 Summary of boundary fractal dimension of aggregates in jar test at the 
shear rate of 30 S·l 

NaCI 
Db 

Number of 
M Observations 

0.05 1.34 ± 0.02 32 

0.15 1.32 ± 0.02 39 

0.25 1.33 ± 0.02 41 

0.35 1.37 ± 0.02 36 

0.50 1.38 ± 0.02 40 

Average 1.35 ± 0.02 38 
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7.3 Relationship between Solid Volume and Length of Aggregates 

An analysis of the relationship between solid volume and aggregate length in 

four jar test experiments was made (Figure 7-6). The resulting plots (log-log axes) for 

aggregates generated in 0.05, 0.25, and 0.5 M NaCI solutions all are straight lines, 

indicating the fractal dimension was constant over the size range being analyzed. 

However, the resulting line for the 0.15 M NaCI experiment was curved, implying 

that there was a smaller fractal dimension in the small size range than in the bigger 

size range. These results are consistent with the fractal dimensions determined using 

the two-slope method. 

1000 
Cl 

en It:! NaCI 0.05 M 
OJ ;If _ 

co j,'!,rfi) * C'l NaCI 0.15 M OJ 
"- 100 OJ x C'l 
<{ NaCI 0.25 M a 
CD -+-
E NaCI 0.50 M ::l 
"0 10 

~ > 
:g ~ 
"0 
en 

1 
1 10 100 

Maximum Ferret's Length 

Figure 7-6 Relationship between solid volume and maximum length of aggregates in 
jar test apparatus. NaCI: 0.05, 0.15, 0.25 and 0.5 M 
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7.4 Summary of Experimental Results in a Jar Test Apparatus 

Ten coagulation experiments were run in a jar test apparatus at a fixed 

turbulent shear rate of 30 S-l and various NaCI concentrations. Collision efficiencies, 

size distributions, fractal dimensions and the relationship between solid volume and 

aggregate length were measured. All of these results are summarized in Table 7-7. 

Table 7-7 Summary of results of coagulation experiments in the jar test apparatus 

NaCI Collision 
D3 D2 Dl 

Shape 
Db v-I 

M Efficiency Factor 

0.01 0 

0.05 7.5 x 10-4 1.83 1.87 1.132 0.535 1.34 straight 

0.15 2.1 x 10-2 1.83 1.87 1.095 0.573 1.32 concave 

0.25 1.3 x 10-2 1.80 1.86 1.081 0.604 1.33 straight 

0.35 2.7 x 10-2 1.37 

0.5 1.1 x 10-1 1.77 1.79 1.125 0.577 1.38 straight 

0.5 5.0 x 10-2 

0.6 4.0 x 10-2 

0.7 2.4 x 10-2 

0.8 3.9 x 10-2 
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DISCUSSION 
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In this chapter, the size distribution of aggregates which approached quasi

steady state and factors that affected the fractal structures of aggregates are 

discussed. In the last section the results of this study are compared with Hunt's (1980, 

1982) work. 

8.1 Size Distribution of Aggregates at Quasi-Steady State 

There were four experiments in this study that had straight line size 

distributions (log-log scales) and were reaching or had a quasi-steady state. They are 

experiments at 0.6 M NaCI and a laminar shear rate of 0.5 s-I, and 0.15 M NaCI and 

laminar shear rates of 3.4, 5.9 and 15 S-I. The dominant collision mechanism 

governing the size distribution formed in these experiments, the process by which the 

size distribution reached steady state, and the conditions that determined the shape 

of size distribution are examined in this section. 

8.1.1 Dominant collision mechanism 

Among the four experiments with straight line size distribution, two 

experiments at 0.6 M NaCI with a shear rate of 0.5 S-1 and 0.15 M NaCI with a shear 

rate of 3.4 S-1 verified the steady-state size distribution model since the fractal 

dimensions calculated from the model were very close to those obtained from the 

two-slope method. In other words the exponents measured from these experiments 
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were consistent with those calculated from the steady-state size distribution model 

with fractal dimensions obtained using two-slope method. 

As mentioned in chapter 5, equations 5-13 and 5-14 used for calculating fractal 

dimensions in three dimensions from cumulative size distributions at steady state are 

valid for coagulation by both shear motion and differential sedimentation. In order 

to identify the specific collision mechanism responsible for forming the aggregates, 

the calculated collision rates due to each mechanism were compared to the total 

collision .:ate (summation of collision rates of three collision mechanisms) using 

previousl)' explained methods in Section 4-1. For both experimental conditions, the 

collision rate due to shear motion is about one to two orders of magnitude higher 
I 

than that due to other mechanisms, indicating that shear motion is the dominant 

mechanism in the system (Figure 8-1). Therefore, the two experiments verified the 

predictions by steady-state size distribution model that aggregates are formed by the 

shear collision mechanism. 

8.1.2 An approach to quasi-steady state 

As discussed in Chapter 6, the slopes of size distributions and total particle 

number measured using the particle counter sometimes demonstrated a periodic 

osciIIation process ( experiments at NaCl 0.15 M and shear rates of 3.4 and 5.9 S·l 

experienced a periodic variation (Figures 6-25 and 6-30). The fractal dimensions 

calculated from the steady-state model gradually converged to the same values 

obtained using the two-slope method. The reasons for this oscillation are discussed 
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Figure 8-1 Fraction of collision rate of each collision mechanism to summation of 
three collision rates. (a) NaCl: 0.6 M; G: 0.5 S·l; D3: 1.98; (b) NaCl: 0.15 M; G: 3.4 
S·l; D3: 1.79 
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below. 

An important factor in this process is that the particle counter only can 

measure solid particles bigger than 4.5 /.Lm3
• All particles smaller than this size can 

be considered as the "source" of particles, even though some of these small particles 

are aggregates. Three processes were responsible for the change of particle number 

concentration over a measurable size interval: (1) small particles collided and moved 

into a detectable size interval, increasing the number concentration; (2) aggregates 

in a measurable size range coagulated with each other, reducing the number 

concentration; (3) aggregates were removed from the size range by settling. An 

increase in particle number concentration implies that the number of small particles 

moving into a size interval is bigger than those lost due to coagulation and settling. 

A decrease in number concentration refers to the reverse situation. 

In order to understand how this process affects the slopes of size distributions, 

consider the experiment at NaCl 0.15 M and 15 S·l as an example (see Figure 6-30). 

From days 2 to 7, the number concentration and the absolute value of the slope of 

the size distribution (in terms of solid volume) both increased, indicating more 

particles from the source ( < 4.5 /.Lm3 
) moved into the small size range than moved 

out by coagulation and settling. After day 7, however, both the slope of size 

distribution and the total number concentration of particles decreased, indicating that 

the coagulation rate was faster than the rate that smaller particle collided and moved 

into the size distribution. 

After day 9, number concentration of particles and the size distribution slope 
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increased again. This increase could be due to: resuspension of particles, an increased 

rate of source particles entering the size distribution, a decreased coagulation rate, 

or a decreased seWing rate. Resuspension of particles was probably not a reason 

since resuspensions of particles would result in a smaller slope rather than a bigger 

one. It is also likely that there was no increase in the rate of source particle collisions 

since no new particles were added into the coagulation device after the start of the 

experiment. Therefore, the only possible explanation is that there was a reduced 

coagulation rate or an increased settling rate. After day 12, the slopes of size 

distribution had moved through two cycles of change and the number concentration 

continued to decrease. 

The question about the measured size distributions is what caused the periodic 

change of slopes of the size distributions. Since settling rate is a function of size, the 

smaller the slope of the size distribution, the larger the relative concentration of 

larger particles in the system and the larger the settling rate. It is hypothesized that 

changes in settling rates with slopes of size distribution provided a feedback 

mechanism that affected the slopes of the size distributions. When coagulation 

increased, more particles moved into the large size range, decreasing the slope of the 

size distribution increasing the overall sedimentation rate. The process continued until 

a point was reached where the sedimentation rate was larger than the coagulation 

rate, so that the slope started increasing. At the same time the overall sedimentation 

rate decreased due to the larger slope, and this cause a reversal in the process, 

resulting in an oscillating system. The amplitude of oscillation decreased with each 
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cycle, finally driving the system to a steady state. 

8.1.3 Formation of linear size distribution in log-log scales 

Of the ten experiments run in the laminar shear device, four of them had a 

linear size distribution on log-log scales. The other six experiments resulted in curved 

size distributions. The difference of shear rate and ionic strength among these 

experiments can explain these two different forms of the size distributions. 

As mentioned above, there are three factors governing the size distribution: 

the rate in which particles move into the size distribution, the coagulation rate, and 

the particle settling rate, ( assuming no breakage of particles ). Since the initial 

particle concentration was nearly the same for all of the experiments, only the last 

two factors can account for the different shapes of the size distribution. Since shear 

motion was the dominant collision mechanism, the coagulation rate was assumed to 

be proportional to aGo The removal rate due to settling, according to Stokes' law, is 

proportional to t.p/J1.. The ratio of the two terms can defined as the balance factor, 

BR, and used as a parameter to characterize the system: 

BR . = a G J1. 
dp 

(8-1) 

According to this ratio, a large BR means higher shear rate and collision efficiency 

that will favor coagulation, whereas a small BR implies a large density difference, and 

therefore high settling rates. When the collision rate is very large compared to the 

settling rate (when BR is big), particles will accumulate in the large size range and 
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produce a curved size distribution function. 

Table 8-1 shows the calculated BR numbers for all of experiments run in the 

concentric cylinders. In the calculations, the density difference is taken as 0.055 gcm-3 

and J.L is 0.01 gem-Is-I. All of the experiments that produced straight line size 

distributions have BR numbers lower than 0.1, whereas the size distributions in the 

experiments with the higher BR number were all curved. Therefore, a BR number 

of 0.1 may be considered as a criterion for the shape of size distributions. 

Table 8-1 Balance ratio of experiments in the concentric cylinders 

* 

8.2 

NaCl G 
alpha BR shape 

M 1/sec 

0.6 0.5 ·1.5 x 10-1 0.014 straight 

0.6 3.4 3.7 x 10-1 0.23 curve 

0.6 8.0 9.9 x 10-2 0.14 curve 

0.6 27.5 ·1.5 x 10-1 0.75 curve 

0.6 15.0 1.4 x 10-1 0.39 curve 

0.45 15.0 1.8 x 10-1 0.50 curve 

0.3 15.0 9.0 x 10-2 0.25 curve 

0.15 15.0 1.6 x 10-3 0.0044 straight 

0.15 5.9 ·2.0 x 10-3 0.0021 straight 

0.15 3.4 2.6 x 10-3 0.0016 straight 

the values were obtained from the data of other experiments that had the 
same NaCI concentration 

Factors Affecting the Structures of Fractal Aggregates 

The factors that may affect the structure of aggregates can be evaluated by 

examining the magnitude of fractal dimensions in three, two and one dimension, the 
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boundary fractal dimension, and the shape factor. 

8.2.1 Fractal dimensions in three dimensions 

Estimation of fractal dimension is subject to an error due to several factors 

including instrumental errors and experimental errors. All of these errors lead to the 

error of the slopes used for calculating D3 with the two-slope method (using 

cumulative size distributions) by the equation: D3 = St / Sv (equation 5-21). The 

variation of D3 due to errors in both size and solid volume distribution slopes is: 

(8-2) 

Substituting the expression for D3 (equation 5-21) into equation 8-2, and rearranging, 

the relative error of D3 becomes 

(8-3) 

The error of slopes from linear regression usually are small, which only lead to an 

error in D3 of ± 0.01. However, the largest error in the calculation of D3 may be a 

result of an error in defining the size range that describes the same set of particles 

for determining Sv and St. Assuming an error of 5% for this procedure, the biggest 

relative error for D3 is 10 %. If a fractal dimension is 2.0, for example, the resulting 

error will be 0.2. As a result of this error analysis, it can be assumed that all fractal 

dimensions in three dimension obtained by two-slope method have an inherent error 



of ± 10%. 
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Figure 8-2 Effects of NaCl concentration and shear rate on fractal dimension in three 
dimensions of aggregates induced by laminar shear 

Figure 8-2 shows the eight fractal dimensions in three dimension determined 

in the laminar shear device as a function of NaCI concentration and shear rate. For 

aggregates formed at NaCI concentrations of 0.15 and 0.3 M, fractal dimensions in 

three dimensions are 1.9 to 2.1. Aggregates formed at higher NaCI concentrations 

have fractal dimensions ranging from 1.4 to 1.7 that are not a function of shear rate. 

The experiment at 0.6 M NaCI and 0.5 S·l is an exception to these results since the 

fractal dimension was 2.1. Although the exact reason for this exception is not known, 

it may be a result of the very small average size of aggregates observed in the 

experiment. Overall, these results suggest that increasing concentration of salt 
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decreased the fractal dimension in shear dominant size interval. This is the same 

pattern observed for aggregates formed by Brownian motion. It has been determined 

by experiments and computer simulations that at low salt concentrations aggregation 

by Brownian motion is reaction-limited, resulting in aggregates with higher fractal 

dimensions, while at higher salt concentration aggregation is diffusion-limited 

producing aggregates with lower fractal dimensions (Meakin, 1988). 

With the exception of the experiment at 0.5 s'l, The variation in the of fractal 

dimension due to shear rate is small. At 0.6 M NaCl, shear rates from 3.4 to 15 S·l 

resulted in fractal dimensions in the range of 1.43 to 1.73, while all fractal dimension 

at 0.15 M NaCl were 1.92 ± 0.04 at shear rates ranging from 3.4 to 15 S·l shear rate. 

Therefore, within a 10% error, there was no detectable variation in the fractal 

dimensions caused by shear rates of 3.4 to 15 S·l. 

One factor that may have complicated the above comparison is that further 

analysis of these results has shown that the fractal dimension was a function of 

average aggregate size in the experiment at 0.6 M NaCl and 8 S·l (Figure 8-3). When 

the average length of aggregates was less than 10 tLm, D3 was in the range of 1.7 to 

1.8, but when the length increased to more than 11 tLm, the fractal dimension also 

increased to 2.07. This variation in D3 and aggregate size coincided with a changing 

pattern of the relationship between solid volume and length of aggregates (Figure 6-

23). The line of solid volume versus aggregate size was broken at around 10 tLm. At 

the same time, differential size distribution of aggregates contained a peak in bigger 

size range (> 100 tLm3 ) (Figure 6-24). 



213 

2.2 20 

2.1 18 

~ 2 16 

1.9 
14 Lavg -12 C') 

E 
> 1.8 :r :::J 

B 10 -
1.7 - Cl 

8 > 
til 
-J 

1.6 6 

1.5 4 

1.4 2 

1.3. .0 
a 10 20 30 40 50 60 70 

Time (hour) 

Figure 8-3 Fractal dimension in three dimensions and average solid volume of 
aggregates. NaCI: 0.6 M; G: 8 S·l 

There are several factors that may have caused this variation of fractal 

dimensions. First, there may have been a change in the dominant collision 

mechanism. However, as seen in Figure 8-4, shear was always the dominant 

coagulation mechanism for both samples. Therefore, a change in the collision 

mechanism was not likely. Second, particle resuspension could have altered the size 

distribution and fractal dimensions. Aggregates that settled to the bottom rolled along 

the bottom of device, which may result in higher fractal dimensions of aggregates. If 

these aggregates were resuspended, it would have increased both the average size and 

the fractal dimension. The extent to which resuspension occurred can not be 

evaluated. The third possible reason for the increase in the fractal dimension could 

be restructuring and breakage of aggregates. As aggregates became larger, shear 
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stress on the aggregates increased due to a larger velocity difference across the 

aggregates, which could cause restructure resulting in denser aggregates. If these 

aggregates were subsequently broken up, this would produce smaller aggregates with 

higher fractal dimension. Again, the extent that this contributed to the relationship 

between aggregate size and the fractal dimension is not known. 

In contrast to the laminar shear experiment, the results from the jar test 

experiments do not indicate that NaCI concentration ranging from 0.05 to 0.5 M 

significantly changed the fractal dimension (Figure 8-5). This may result from 

restructure and breakage of aggregates under turbulent shear dominating the 

structure of aggregates formed at all NaCI concentrations. The average value of D3 

is 1.81, which is within the range of D3 values determined for diffusion-limited 

aggregation observed for aggregates formed by Brownian motion. The effect of 

turbulent shear rate on D3 was not examined. 

In conclusion, the laminar results indicate that NaCl concentration plays the 

most important role in determining of the magnitude of the fractal dimension in three 

dimensions. Shear rate is probably only important when the aggregates become very 

large resulting in other mechanisms, such as breakage and restructure, to play an 

important role in the process. In turbulent shear, no effect of salt concentration was 

observed. 

8.2.2 Boundary fractal dimension 

The boundary fractal dimension was not a function of NaCI concentration in 
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Figure 8-5 Effect of NaCI concentration on fractal dimension in three dimensions in 
jar test apparatus. G: 30 S·l 

both the laminar shear device and the paddle mixer. As shown in Figure 8-6 the 

boundary fractal dimensions of aggregates in the laminar shear device was 1.29 at 15 

S·l, and 1.36 at 3.4 S·l when NaCI varied from 0.15 to 0.6 M. A comparable value of 

Db = 1.35 ± 0.03 was observed in the paddle mixer at the shear rate of 30 S·l with 

NaCI concentrations ranging from 0.05 to 0.5 M. 

A statistical method, called the analysis of means (ANOM) was used to 

determinate if the variation of boundary fractal dimension with NaCI concentration 

was significant (Wadsworth, 1990). This method is used for comparison of more than 

two groups of means generated in single-factor experiments when observations are 

all independent quantitative values and they are normally distributed. As previously 

shown (chapter 5), the boundary fractal dimensions were normally distributed. 
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According to this method, the decision lines are calculated for a selected confidence 

level. The magnitude of the decision line is a function of the sample size and 

therefore can vary for each data set. If the mean from any group is outside these 

decision lines, the difference between the this group and other groups would be 

considered as significant at the given confidence level. The two ANOM charts show 

that all of means of boundary fractal dimensions at fixed shear rates are inside the 

decision lines for the experiments in both the jar test apparatus and in. the laminar 

shear device at a 95% confidence level. Therefore, the boundary fractal dimensions 

of aggregates are not significantly changed with NaCI concentrations. 

The boundary fractal dimension is, however, a function of shear rates 

(Figure 8-8). At low shear rates, Db ranged from 1.23 (G = 0.5 S·l) to 1.34 (G = 3.4 

S·l). At the highest shear rate (G = 27.5 S·l), the boundary fractal dimension 

decreased to 1.24. The ANOM charts (Figure 8-9 and Figure 8-10) show that the 

variation in the boundary fractal dimension with shear rate are significant at the 95% 

confidential level. 

The effects ofNaCI concentration and G on aggregate morphologies evaluated 

using the boundary fractal dimension is different from the effect observed on D3 

determined by two-slope method. The different effect of shear rates and NaCI 

concentration on D3 and Db implies that the two parameters measured different 

characteristics of the aggregates and that these fractal dimensions are therefore not 

correlated to each other. The fractal dimension in three dimensions describes how 

the primary particles are distributed inside an aggregate, while the boundary fractal 
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dimension depicts the roughness of boundary of an aggregate. In other words, D3 

might represent the macroscale structure of aggregates, whereas Db describe the 

microscale structure. Therefore, aggregates with the same fractal dimension in three 

dimensions can have different boundary fractal dimensions. 
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Figure 8-6 Effect of NaCI concentration on boundary fractal dimension of aggregates 
(a) in laminar shear rate of 15 S·l; (b) in turbulent shear rate of 30 S·l; horizontal line 
shows average value of the boundary fractal dimension 
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8.2.3 Fractal dimensions in two and one dimensions 

In both laminar and turbulent shear experiments, shear rate and NaCl 

concentration did not have a statistically significant effect on the two or one 

dimensional fractal dimensions. As seen in Figure 8-11 fractal dimensions in two 

dimensions were in the range of 1.83 to 1.98 with no apparent correlation with either 

shear rate or NaCl concentration. Application of the ANOM (Figure 8-11) shows that 

most of values fell within decision lines at the 95% confidential level, implying that 

the variation of D2 with shear rate and NaCl concentration was not significant with 

current measurement method. The D2 fractal dimensions for aggregates formed in 

jar test apparatus also were not a function of NaCl concentration (Figure 8-12). 

It was similarly determined that fractal dimensions in one dimension of 

aggregates generated in the laminar shear device were not a function of either NaCl 

concentration or shear rates (Figure 8-13). Seven out of eleven values fell in the 

range of low and high decision lines at the 95% confidence level (Figure 8-13). The 

values measured for aggregates in the jar test apparatus did not vary very much with 

NaCl concentration (Figure 8-12). 

Both data sets do indicate that D2 and D} are positively correlated with the 

size of the aggregates (Figure 8-14 and Figure 8-15). In addition, there is also an 

apparent positive correlation between D} and D2• This relationship is not expected 

based on the physical definition of the two fractal dimensions. 

The correlation between size and fractal dimension probably is due to the 

methods used for determination of D2 and D}. In this study, the smallest aggregate 
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size used for calculating 02 and 01 was 2 ILm. Although the correlation cuefficients 

(R 2) of the regression were usually > 0.90 for 02 and > 0.95 for 01 based on over 

950 data points used in the regressions, if the cutoff was increased to 3 ILm, then the 

02 and 01 always increase by 0.05 to 0.1 (small aggregates only). This increase could 

either be a result of a different fractal dimension in the two size ranges or because 

the relative error of the data is large for smaller particles. If the size distribution had 

a large average aggregate size the increase in 01 and 02 was substantially smaller 

than observed for the smaller average size distribution. 

Similar problems with average size versus 02 and 01 were not observed in the 

jar test experiments, since all of samples from the jar test apparatus have average 

aggregate size bigger than 6 ILm. As a result, the fractal dimension in one and two 

dimensions for the paddle mixer were more accurate than that obtained in the 

laminar shear experiments. Furthermore, 02 values in the paddle mixer experiments 

were very close to the values observed for 03' which is consistent with Meakin's 

(1988) claim that 02 = D3 if D3 < 2. 
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Figure 8-11 (a) Effect of NaCl concentration and shear rates on fractal dimension 
in two dimensions of aggregates in the concentric cylinders (b) ANOM chart of D2 
in the concentric cylinders (index of experiments is referred to Table 5-3) 
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Figure 8-13 (a) Effects of NaCI concentration and shear rates on fractal dimension 
in one dimension of aggregates in the concentric cylinder;(b) ANOM chart of Dl in 
the concentric cylinder (index of experiments is referred to Table 5-3) 
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8.2.4 Shape factor 

The shape factor is a parameter which describes the sphericity and porosity 

of an object. Aggregates that are perfect spheres and do not contain any pores have 

a shape factor of unity, while irregularly shaped aggregates or spheres with pores 

have lower values. As seen in Figure 8-16 shape factors of aggregates from the 

laminar shear device were inversely proportional to shear rate or NaCI concentration. 

Statistical analysis shows that the variation of shape factors is significant at the 95% 

confidence level (Figure 8-17). The results indicate that high NaCI concentration and 

high shear rates produced more porous and irregularly shaped aggregates. 

This changes in shape factor with NaCI concentration is consistent with results 

about fractal dimension in three dimensions. However, shape factors of aggregates 

also show strong dependency on aggregate size (Figure 8-18). Therefore, it can not 

be conclusively determine which factor(s) influenced the shape factor. In order to 

clarity these questions, further analysis based on the shape factor over a fixed size 

intervals, rather than average shape factors over the whole size range, need to be 

performed in future research. 
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Figure 8-16 Effects of NaCI concentration and shear rates on shape factor of 
aggregates in the concentric cylinders 
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Figure 8-18 Dependence of average shape factors of aggregates on average aggregate 
size in the laminar shear 

8.3 Comparison with Hunt's (1980) experimental results 

A similar shear device was used both in this study and by Hunt (1980) to study 

coagulation. However, because of the differences in the primary particle used in two 

studies, the size distributions that developed had different features. In Hunt's 

, experiments all size distributions of clay aggregates had two sections of straight lines 

(on log-log scales) each with a different slope, while the size distributions developed 

in this study only had one single straight line. The development of two sections of 

straight lines resulted from two different coagulation mechanisms being dominant at 

different size ranges. Brownian motion was dominant over the smaller size range, 

while shear motion governed coagulation for larger particles. However, shear motion 

was always the dominant collision mechanism over the whole size range in this study, 
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resulting in a single slope in the linear size distribution on log-log scales. 

Another difference between the two studies is that only four experiments in 

this study had linear size distributions, while all of size distributions in Hunt's 

experiments were straight lines. The reason for this difference is in that the clay 

particles Hunt used has much higher densities than the microspheres used in this 

study. Because Hunt's coagulation experiments were conducted in artificial sea water 

(- 0.5 M NaCI), let us assume a very high collision efficiency of 0.1 to 1.0 in his 

experiments. With the density difference of 1.6 g/cm3, the BR numbers calculated for 

Hunt's experiments (Table 8-2) are all far below the criterion of 0.1 determined in 

this study, indicating size distributions should all have been linear. Therefore, Hunt's 

result are consistent with the current study. 

Table 8-2 Balance Ratio of Hunt's experiments 

G BR BR 
Shape 

1/sec a=O.l a=l 

0.5 0.0003 0.003 straight 

1 0.0006 0.006 straight 

2 0.0013 0.013 straight 

4 0.0025 0.025 straight 

8 0.005 0.05 straight 

A third difference between two studies is the effect of shear rate on the fractal 

dimension. Values of D3 extrapolated from Hunt's experiments indicate that the 

fractal dimension obtained from the steady-state model increased with increasing 

shear rates ranging from D3 = 1.2 to 1.6 for G = 1 to 8 S·l for kaolinite. The fractal 
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dimension from the two-slope method in this study, however, did not change with 

shear rate. The explanation for this difference is probably that size distribution 

formed in his study may not have reached steady state. In this study, size distributions 

were initially characterized with a large absolute value of the slope. As coagulation 

continued with time, this value gradually decreased and oscillated before reaching a 

steady state. Assuming Hunt's experiment followed the same process to reach the 

steady state, the slope in his study would have also been larger than steady state 

value before coagulation had reached a steady state. This large slope from n(v) would 

result in calculated fractal dimensions using the steady-state model that were smaller 

than the real values. The reason that the fractal dimensions changed with shear rate 

in Hunt's studies was that the higher the shear rate, the faster the size distribution 

approached steady-state. If a fixed time interval was used to obtain data on the 

system, it would make it appear that the fractal dimension changed with shear rate. 

Therefore, the dependence of fractal dimension on shear rate shown in Hunt's 

experiments probably only reflects a relationship between the shear rate and the time 

necessary to reach a quasi-steady state. Since Hunt did not analyze the size 

distributions in terms of aggregate length, it is not possible to re-calculate the true 

fractal dimensions with the two-slope method from his study. Therefore, the active 

effect of shear rate on the fractal dimension could not be obtained from Hunt's 

experiments. 
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In this study, a set of basic equations for characterizing the structure and 

properties of fractal aggregates was derived. These equations describe the 

relationship between aggregate size and solid volume, porosity, density, settling 

velocity and collision frequency. It is predicted from these equations that aggregate 

density decreases and porosity increases with aggregate size. Therefore a fractal 

aggregate has a smaller settling velocity than an Euclidian aggregate with the same 

size. The fractal structure of aggregates increases collisions between particles during 

coagulation. Among the three collision mechanisms examined, collisions due to shear 

motion are increased the most from the fractal structure, followed by differential 

sedimentation and Brownian motion. 

A steady-state size distribution model developed by Friedlander (1960 a, b) 

and Hunt (1980, 1982) for Euclidian aggregates was extended to fractal aggregates. 

The predictions of particle size distributions were obtained from dimensional analysis 

over size intervals dominated by Brownian motion, shear motion or differential 

sedimentation. At steady-state, the slope of size distributions based on length are less 

than that of Euclidian aggregates when fractal dimensions are less than 3. 

A non-steady state size distribution (two-slope) method was proposed for 

determining three dimensional fractal dimensions in this study. By comparing size 

distributions expressed in terms of length and solid volume, fractal dimensions were 

calculated from the slopes of two distributions. The feasibility of the method was 
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estimated to be accurate to within 10%. A method was also developed for estimating 

the relationship between solid volume and aggregate length using the data from size 

distributions to examine the variation of fractal dimensions with aggregate size. 

Experiments using fluorescent polystyrene microspheres were designed to test 

the validity of the prediction of the steady-state size distribution model. Batch 

coagulation experiments were conducted in a rotating cylinder apparatus which 

produced a laminar shear field at low shear rates while allowing aggregates to settle. 

Within the uncertainties of the system, an experiment with 0.6 M NaCl and a shear 

rate of 0.5 S·l and an experiment with 0.15 M NaCI and a shear rate of 3.4 S·l verified 

the size distribution prediction for shear dominated coagulation. Because of 

limitations of the particle counter and the size and density of the primary particles 

used, experimental verification of predictions for Brownian motion and differential 

sedimentation were not possible. 

An empirical parameter, called the balance ratio, was proposed to be useful 

for predicting the shape of a size distribution. For particle coagulation with settling, 

the size distribution was linear (on log-log axes) if the balance ratio is less than O.l. 

Otherwise, the size distribution was curved. 

Experiments were also conducted for examining factors that influenced the 

fractal structure of aggregates. For laminar shear, the effects of shear rate and NaCl 

concentration on fractal dimensions were studied. Only the effect of NaCl 

concentration was examined for turbulent shear. Laminar shear rates of 3.4 to 15 S·l 

did not show a significant effect on the fractal dimension in three dimensions, 
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whereas the fractal dimension was highly related to NaCl concentration. When NaCI 

concentration was lower than 0.3 M, resulting in a collision efficiency of less than 10.2, 

fractal dimensions were 1.9 to 2.1. At higher NaCI concentrations, with collision 

efficiencies on the order of 10·\ fractal dimensions in three dimensions ranged from 

1.4 to 1.7. The lower fractal dimension at higher collision efficiency and higher fractal 

dimensions at lower collision efficiency are similar to the patterns observed for 

coagulation by Brownian motion (Lin et aI, 1989). However, in turbulent shear 

experiments, fractal dimensions in three dimensions were not a function of NaCI 

concentration in the range of 0.05 to 0.6 M. The average value of D3 in these 

turbulent shear experiments was 1.8 ± 0.03. The absence of an effect of salt 

concentration may be due to breakage and restructuring of aggregates formed in a 

turbulent shear field. 

Boundary fractal dimensions varied significantly with shear rates. At a NaCI 

concentration of 0.6 M, the boundary fractal dimension was 1.23 at a shear rate of 

0.5 sec·I, and 1.35 at 8 sec·I . However, this parameter did not change with NaCI 

concentration in either laminar or turbulent shear. At laminar shear of 15 sec·I , the 

boundary fractal dimensions was a constant at 1.28 ± 0.007 for NaCl concentrations 

from 0.15 to 0.6 M. At the turbulent shear rate of 30 s·l, the average value of 

aggregates was 1.35 ± 0.035 at NaCl concentrations from 0.05 M to 0.5 M. 

The effects of NaCI and shear rate on fractal dimension in two and one 

dimension were not significant, and these effects on shape factor of aggregates could 

not be determined. 
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In the course of this work, a number of areas for further research have been 

identified. First, the coagulation experiments with smaller primary particles and 

experiments with denser particles are needed in order to test the validity of 

predictions over size intervals dominated by Brownian motion and differential 

sedimentation. Second, a simulation of a coagulation process that includes a 

continuous source and sink of particles needs to be performed to further verify the 

steady-state size distribution model and to study the process as the size distribution 

reaches steady-state. Third, additional coagulation experiments are needed to study 

collision kernels for fractal aggregates. Fourth, more theoretical and experimental 

studies are needed to explore relationships between the boundary fractal dimension 

and the other properties of aggregates. Finally, coagulation experiments in turbulent 

flow are needed to further study the effects of shear and aggregate breakup on the 

fractal structures of aggregates. 
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• Aggregates formed by Brownian motion. shear coagu· 
lation. and differential sedimentation have fractal geom· 
eaies. In order to model ooaguIation of fractal aggr~ateS. 
we have derived a set of collision functions containing a 
fractal dimension for use in a genern1 ooaguIation equation. 
These collision functions predict greater collision fre
quencies than models based on aggregates with Euclidean 
properties. Assuming only one mechanism of aggregate 
formation is dominant for a range of particle sizes. we aiso 
incorpomted a fractal dimension in a dimensional analysis 
of steady·state particle-size disaibutions. Using parti· 
cle-size distributions observed in marine systems. we 
calculated that aggregates formed by shear coagulation had 
fractal dimensions greater than 2.4. whereas aggregates 
formed from differential sedimentation had lower irac-..ai 
dimensions in the range of 1.6-2.3. Reponed fractal cij. 
mens ions for many biological aggregates from bioreactors 
and marine systems are in the range expected for differ· 
ential sedimentation. Fractal dimensions of inorganic 
colloidal aggregates are in the range expected for aggre
gation by Brownian motion and shear coagu1ation. 

Introduction 

Recent studies indicate coagulation can be an important 
mechanism of particle removal in lakes (1.2) and oceans 
(3). In freshwater systems. collision efficiencies are low 
(~0.OO1-o.1). and coagulation is strongly influenced by 
surface chemistry of the particles (4). In marine systems. 
large aggregates have been shown to have high sticking 
efficiencies (5). In the deep ocean, McCave (6. 7) preciicted 
that low particle concentrations would result in slow c0-
agulation rates except under specific conditions where 
particle concentrations are much higher. such as benthic 
boundnry layers and near ocean outfalls (8. 9). Algal 
blooms have also been observed to rapidly flocculate 
forming large amorphoua aggregates up to 20 mm in size 
(10). A coagulation model developed by Jackson (3) was 
used to show that diatom aggregates can be formed by 
shear and differential sedimentation. but be bypothesized 
that these types of aggregates are only formed in the ab
sence of grazing. Aggregates can also be produced in the 
ocean from fceding webs and other material produced by 
small O.Ilimals. such as fecal pellets (10). 

Coagulation has been modeled through two approaches: 
by solving a general dynamic equation describing coagu· 
lation or by developing solutions for coagu1ation based on 
a dimensional analysis. A aimplified equation for coagu. 
lation by the fIrSt approach (11) is 

an(v) 
--= 

at 
1 r" r-2 Jo P(O.v-O)n(O)n(v-O) do - J o p(v,D)n(v)n(O) dO 

(1) 

where n(v) dv is the number concentration of floes in the 
volume interval v to v + dv. The fIrSt term on the 
right.bond side of the equation describes coagu1ation of 
similar flocs to form floes of size v, O.Ild the second term 
represents the loss of floes of volume v througb collision 

with other floes. Numerical solutions have been provided 
by several researchers for hydrosol dynamics (12, 13). but 
none of these solutions have been verified with experi· 
mental data. 

A second approach to describe particle sizes during c0-

agulation was used by Hunt (8. 14) and McCave (6. 7). 
This approach is based on a dimensional analysis of par
ticle-size distributions and requires four assumptions: (1) 
floc-size disaibutions are in a steady state. with a COnstllIlt 
source of particles. which coagulate through the size dis· 
tribution to form aggregates that are removed through 
sedimentation: (2) only one coagulation mechanism 
(Brownian. fluid shear. differential settling) is dominant 
at a given particle size: (3) particle sticking efficiency is 
constant and independent of particle size; (4) each mech· 
anism can be charaCterized by a single parameter. Theo
retical predictions were verified by analyzing particle-size 
disaibutions of clay particles «2 1LIIl) undergoing Brown. 
ian and shear coagu1ation in seawater (8) and compared 
with marine particle-size distributions (14). 

The premise of both coagulation models is that aggre
gates formed during coagulation are composed of particles 
evenly spaced and uniformly distributed in spherical ago 
gregates. However, it is now known that aggregates formed 
by Brownian motion bave fractal structures (15-18). 
Therefore. the density of fractal aggregates is not constant, 
and the properties of fractal aggregateS. such as mass and 
encased volume. do not dimensionally scale according to 
the mathematics of Euclidean geometry. For example. the 
number of particles. N. in an aggregate of uniformly dis· 
aibuted spherical monomers (19) is 

N = m/£.)(d/d.J3 (2) 

where the superscript. is used to denote variables based 
on Euclidean geometry, r is a packing factor. d is the 
aggregate diameter. d. is the diameter of primary particles 
composing the aggregate. and ~ and t. are shape factors 
of the aggregate and primary particles. An analogous . 
expression for the number of particles in an aggregate for 
fractal aggregates cannot be directly developed, since for 
a fractal aggregate 

N;o! !tv/v.) (3) 

For a fractal aggregate. we choose packing and shape 
factors that will be reduced to their EuclideO.ll counter· 
partS, O.Ild obtain 

(4) 

where '" = ru Eo. I is the characteristic length of a fractal 
aggregate. here defined as the longest aggregate length. I. 
is the length of primary particles in the aggregate, and D 
is the fractal dimension. Comparison of eqs 2 and 4 ahows 
that D = 3 for Euclidean objecta. However. aggregates 
formed from metal colloids. soot, aerosols, silica. and 
polystyrene (18.20) have fractal. or nonintcger, dimensions 
significantly less than 3. 

Since aggregates are fractal and have nonuniform 
properties. both of the above coagu1ation theories need to 
be revised to include the fractal geometry of the aggregates. 
In this paper we derive a set of collision frequency func· 
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tiOIlS that incorporate fractal dimensions of aggngates and 
show that collision rates for frnct4l aguregates are greater 
than rates for Euclidean aggregates. We also demonstrate 
that fractal dimensions affect 8teady.stete size distribu· 
tions in marino systemS. 

Methods 
CharaeterdtiCll ot Fractal Aggregates. In order to 

describe coagulation by use of fractal geometry, the 
properties of the fractal aggregates must be cast in terms 
of fractal dimensions. These properties. such as mass. 
volume. density, porosity, and !n!1ling velocity affect 
particle co1lisions and. therefore. coagulation rate. Below. 
we derive equations for frac:tal aggregates based on rela· 
tionships used for Euclidean objects. 

(a) Aggregate Mas&. If we lI5SUIIIe that aggregates are 
composed of spherical particles with diameter do and 
density Po. the mlW of each primary particle. TIl .. is 

TIIo • pJ.d.' (5) 

The mass of an nggnpte. iii, is the product of the number 
and mass of primazy particles or. for a Euclidean aggregate. 
is 

iii .. 1iI .. ¥ = pJ~cF (6) 

For a fractal aggregate, we define the mass of the primary 
particle as 

(7) 

Combining eqs 4 and 7, we ohtain for fractal aggregates 

m .. Po'J,JJI'!.I.)-olo (8) 

(b) Aggregate Volume. The volume of an aggregate 
can be deflDed in two ways: a5 an encased volume or as 
an occupied or solid volume. According to the fU'St defi· 
nition, the volume of an aggregate is calculated as .the 
spherical volume that encases the aggregate. or ~, .. fcF. 
For a fractal aggregate. we can similarly calculate this 
volume substituting I for d, or 

11, .. ~r (9) 

The solid volume of the aggregate, 11, is calculated as the 
total volume occupied by all primary particles in the ag· 
gregate. The difference between the encased volume, 11 .. 
and the solid volume. c, is that the former includes both 
the volume of particles and the volume of the pores. The 
solid volume for a fractal aggregate is related to its mlW 
by m .. liP •• or by using eq 8 

11 • ~1D/lc.I. )-010 (10) 

As eq 10 shows. 11 does not scale to an integer power of 3. 
a5 lWumed in previous model! (8. 14). These changes 
affect the relationship5 between aggregate charaCteristics 
such as density. porosity. and settling velocity. 

(e) Aggregate Density, The density of an aggregate 
is defined as the total mass of primary particles in the 
aggregate per encased volume. or p .. TIl/v, for Euclidean 
aggregates. and P .. mlv, for fractol aggregates. Using this 
deflDition and eq 8, the fractal density, p, is 

P" P.yP/'(f.n)(I/I,)M (ll) 

Since density is a function of aggregate me, and usually 
decreases with the siu of the aggregate, the collision of 
two aggregates produces an aggregate of a larger encased 
volume than the sum of two original aggregate volumes. 

(d) Aggregate Poru.ity. The porosity of a fractal ago 
gregate, c. can be expressed in terms of the enC8lled and 
solid volume a5 
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c - 1 - II/V, (12) 

From the definition of v and v .. eq 12 becomes 

... 1 - yP/S(c./ml/I,)D-l (13) 

(0) SettliDg Velocity. Relationships to describe the 
settling velocity of impermeable spheres are baaed on a 
force balance on a settling aggregate (21). or 

v,<p, - P.)C • 1',.4 P.Co(Jz (14) 

where p. is the bulk aggregate density, which includes the 
masa of both primary particles and liquid in the encased 
aggregate volume, /1. is the fluid density, g is the gravi. 
tational constant, A is the projected swiace area of the 
aggregate perpendicu1ar to the direction oi settling. Co is 
a drag coefficient, and U is the aggregate settling velocity. 
The bulk aggregate density can be obtained from the 
identity 

(p. - P.) .. (1 - cl(P. - pJ (15) 

which is valid for either fractal or Euclidean objects. In 
order to specify II similar relationship for the settling ve
locity of fractal aggregates, three assumptions arE neces· 
sary. First. on the basis of the analysis coctained in Logsn 
and Hunt (22). it is assumed tha~ the advective flow 
through the highly porous aggregate does not ~cantly 
affect settling velocity, Second. the projected swiace area 
is assumed to be a function of an additional fractal di· 
mension deflDed as 

(16) 

where Q is the shape factor and D~ is the fractsl dimension 
that relate aggregate size to projected area in two dimen· 
sions. The area defmed by the two-dimensional fractal 
dimension. Dt , is not equal to an encased art!8, A., for the 
same reasons that the fractal volume is not equal te the 
encased volume. Third, the empirical expression for the 
drag coefficient for spheres (23) 

Co .. (24/Re) + [6/(1 + y'R;)J + 0.4 (17) 

where the Reynolds number. Re .. (j d/., is assumed valid 
for fractal aggreglltes. and , is the fluid kinematic viscosity. 
An analysis by Alldredge and Gotschal.k (10) on marine 
snow aggr~ates, which are known to be fractal (24). sug· 
gests that the above empirical drag coefficient does not 
accurately predict settling valocities at larger Reynolds 
numbers (Re > 1). However. Alldredge and Gotschalk 
were unable to derive a more accurate expression. In order 
to use this expression in the current scaling relationships, 
we appruximllte the drag coefficient in eq 17 lIS a power 
law function in terms of a Reynolds number (Re • Ul/.) 
for a fractal aggregate lIS 

CD = aRe" (18) 

where a and b are determined for different ranges of 
Reynolds numbers from eq 17. For Re:s 0.1. a" 24.0 and 
b .. 1.0; for 0.1 < Re < 10. a .. 29.03 and b .. 0.871; and 
for 10 < Re < 100. a • 14,15 and b .. 0.547. As shown in 
Figure 1. the power law function is within 10% of values 
calculated from eq 17, 

Substituting eqa 10, 16, and 18 into an analogous ex· 
pression of eq 14. we obtain for fractal aggregates 

[ 

2gf. ]1/12-6) 
U .. 1lp..(2 (P. - p.)oJIl/sl.1+Dro."ID+ro, (19) 

If the aggregate is Euclidean, i.e., a sphere with D .. 3, and 
Re « 1. eq 19 reduces to Stokes law. For fractal aggre
gates. D2 must be less than or equal to 2. As discussed by 
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Collision Frequency Functions. Coarulation oi 
panicles occurs by:ilree CXl4gUiation m~ Brown
ian motion. shes:' and difi'ermtial sedimenlAticm. Collision 
frequency functions ior fractal sgpegt1te5 am he der1veC 
for each coagulation mechanism by using size-'1Oiu:ne f1!

lationships. In this analysis. we lWume that collision 
frequency functions. expressed 85 a function of the size oC 
the aggregate. are valid for fractal aggrerates of size I or 
Euclidean aggre~teS of size Ii. Toereiore. the collision 
frequency functions for iractalaggregates am be written 
by replacing aggregate diameter. d, with the aggregate 
length. L 

The collision frequen~' function for Brol<'UiaD !:lotiOI:. 
fJa. b85ed on Smoluchowsid's equation and Einstein's re
la ti onshi p. is 

fJa(~.I,) .. (2kT /3111[(lj + 1,)2/(41,») (20) 

where k is the BoI== constant. T is absolute tem· 
perature. and II is the fluid viscosity. 

The collision frequency for shear coaguiation (ll) is 

fJu (4.I,) .. (G /6)(l j + I,)' (21) 

where G is the fluid shear rate. 
The third CQ8iUlation mechanism, diliereotial sedi· 

mentation. occurs when a fIIStU settling floc overtakes and 
collides with a slower settling floc. The collision !reqUeDe)' 

for di£ferential sedimentation is thll collision C'!m section 
times thB difIerence in the floc settling velocities, assuming 
a COlIStant floc density 

Pdo(dr4,) IS ~(dj + dj)2IUj - UA (2!!) 

For fractal aggr~tes. we use the settling velocity in eq 
19 and replace the aggregate diameter with the aggregate 
length. I, to obtain 

[ 
2:' Jlla-., 

fJdo .. ~ lIP:;, (p. - p.)yJJn."!,'+DrD (Ij + I,p x 

IljlD+Oo-D,l/lWl - Ij U>+O-D,)/rH1 (23) 

Thll collision frequency equations for £mctal ag:l'e!!ates 
can be expressed in t.e:'Im of solid voiume. Toese collision 
functions are 

2kT 
fJD(UI,u,) .. 3;[urOIDI + ur(lIDIJ(UjIlD + IJl'DJ (24) 
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fJ.-(u,,u1) .. ~u loQ/Dl(u,!ID + u.l/ll\' (25) -, 6y,c. • I J -, 

Pdo(UI,u,) .. ~[ ~ (p. - P.)~" ]"IWI X 

£. -n/31y,-(lnl((~/IWI+2Iu. oo(InHI/DlUHlJ/a-. .. ', X 

((ui'/Dl1Ul+W>,)/IWII - upIDlrlD+Oo-D,l/a-.I~1 X 

(UjIID + uFDJ' (26) 

where u. is the volume of primary panicles in the aggre
gate. These equations do not include correction factOrs 
suggested by oth= (7, 13) to reduce collisions hetween 
dissimilar·siz!!d panicles. 

Dimensional Analy.ia. The assumption of a dynamic 
steady stat!! used in a dime.nsional anaJym implies that 
there is a continuous SOUl'C1! of primary particles tha~ CQo 

agulata through the size distribution to form aggre~tes 
that are removed through sedimentation (11. 25. 26). 
Thus, larger aggregates undergoing coagulation by shear 
or differmtial sedimentation would primarily be produced 
by aggregates formed by Browni411 COagulatiOD of the 
smallest (SUilmicrOD) particles. In llllIrine systems. how. 
ever. panicles can be produced de novo tha~ are on the 
same order in size lIS aggregates produced iraQ Brownian 
coagulation. A dimensional analysis also requires the four 
lWumptiOns made by Hunt (14), as descrihed in the In· 
troduction. These lWumptiOns and limitations may not 
be critical factOrs in the current calculations sma! previow 
research by Hunt (14) has shoWII tha~ a dimensional 
analysis does result in steady*stat!! size discihutions in 
agreement with observations. In the =~ analYSis. we 
modify relationships used in a dimensional anaiysis to 
include Siu:-1DIlSS relationships based on £mC"..aJ weomeay. 

In our analysis we deflDe n(u) as a continuous function 
describing the number of aggregates per voiume of fluid 
per solid voiume interval. in units of L *j rl, where L is a 
fluid.length unit and 1 is the aggre~ate-lengtb unit. For 
a steady*state size distribution. Hunt (14) defuted E (P L~ 
t*l) lIS the steady·state particle volume flU% through the 
size discibution. In our analysis. we defJne a £mctallOlid 
volume fl= denored by E, which has the same dimensions 
85E. 

The charoCteristic parameters for each coagu'Jation 
mechanist!:. beed on fractal geomeay, are 

KB IS kT /11 [L' /*1) , 

Ku .. Gu.I-("DI IL' ~/D /*1) (27), 

Kd> .. [ g."~: -p.i ],"Hlu.nnHI/DlOIHlJ/rH)J+2J 

ltaIDlU"'l>+D,)/rHIIL' ,I] 

where KB, x... and K .. are thll characteristic parameters 
for Brownian. shear motion. and difIerectial sedimentation. 
respectively, which are ohtained from the collision fre
quency functions (eqs 24-26), except the independent 
variables are not included. 

The mil discibution ha:I the functional form of 
n(lJ) .. n(u.E.KB.K .. .K.,,) (28) 

By selectinr: 8 siz!! interval wher!! only ODe coagulation 
mechanism. is dominant. eq 28 becomes 8D expression of 
four variables and ~ unilA (I. L. and t). Using the 
Buckingham or theorem. we can obtain a size-discibution 
function for each coagulation mechanism as 

( 
E)ln 

n(u) • AD KB uoo(Il2I (29) 
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n(lI) .. Au ita 1I-l3/2I/I+lIIDlJ (30) 

n(lI) • A.!.. ( fv.) 112 vr-al2HIIZDlI1+!D+D-D,JICNl/n (31) 

where AB. Au. and Ao. are dimell5ioniess COll5ta1lU that 
must be experimentally determined. 

The size distribution function. n(l) is a continuous 
function desc:ibillg the number oi aggregates per volume 
fluid per floc )1IDgti! interVal The relationship between 
n(lI) and nil) is 

nIl) • n(lI) dll/dl (32) 

and by talciDg the derivative of eq 10. we determine 

dll /dl .. yJJI3~1. WJD/~I (33) 

Combining eqs 32 IIDd 33. we obtain 

n(l) .. o,!·D/3~o/.:J-DD!~;nlll) (34) 

Using eq 34 in eqs 2,<>-31. the size.d.i.s::rihution iuDctions 
based on nIl) are 

Brownil1ll 

nIl) = A'B(E/Kn)lI2/'iI+ID/:1I (35) 

Shear 

(36) 

Differential Sedimentation 

nIl) .. A 'daCE/ K.!.P12t-1I1:1l'J+D+II2+D-D,JICW)JI (3i) 

where A 'B. A ~. and A'dJ are functions of 1, and D. The 
size distribution iuDctioll5 nIl) and nill) are summarized 
ill Table I. 

Re.sillts 
E!lect oC Frnct.lll Structures on Collision Rates. 

When fractlll dimensiOl15 are illcluded in expressions for 
collmon frequency functiOl15 and wilen packinr and shape 
£actOrS for Euclidean and fractll! objects are equal. particles 
are predicted to collide more frequently than when D • 
3. This occurs because the size of the iractll! aggregate 
increases fastel' during coagulation than ag~gates with 
CODStant 1ize-1DII55 relationships. In Figun 2 we plot 
collision frequencies for coaguiation via Brownian. shear. 
and differential sedimentation (for He <~ 1) as a function 
of aggregate size for different fractII! dimensions. Collision 
frequencies are calculated as a ratio of collision frequIIDcies 
at fractlll dimensions of 1.5. 2, and 2.5 versus collision 
frequencies at D .. 3. As the fractlll dimension decreases, 
the collision ftequency of ftactll! aggregates is lar!rer than 
for Euclidean aggregates. For example. during shear co
agulJttion. ~tes with a fractll! dimension of 1.5 could 
collide 774 times as frequently as aggregates with a fractll! 
dimension of 3. For floc:! with the same solid volumc. 
collision ftequcncies could be up to 8.4 and 91 times as 
large as predicted from convIIDtional models for coagula
tion by Brownian and differentiAl sedimentation. A con
stant porosity could be chosen to make c:oaguIation rates 
equal to Euclidean and fractlll aggregates. but the mag
nitude of ·thc porosity would be wriablc for different 
fracta..1 dimensions. 

Frnctal Dimensions from Size Dinribution Fnnc· 
tions. The equatiOIl5 derived for the fractll! size distri
hutions. n(u), based on coaguiation by Brownian motion, 
shear, and difl'erential sedimentation (Table D are identical 
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FIgure 2. EHoa of Ine nctal -. on CDIlsIon Ireauonc:ooo tOr 
'al ~ Ibl IlleSt. and leI dltflWOt11lal __ (I'" Ro « 
1~ -.. tlICJI II Ine CDIlsIon InIQuonCy lor. ncw.~ aline 
i"OcalOCl ....... cC D. and tlr.lJ II Ina CDIlsIon InJQuonc:y ttr • E!.doacan 
COjOC. IV, a Ina -.no 01 11M IggrllQ8lO coI5Idlng wun I ponjCIe 

"""""v .. J 

with thD5e previously presented (8. 14) if the fractal di
mcmion in each size.distribution equation is set equal to 
a Euclidean value of 3 and Re « L 

Hunt (14) campareci steady-state size dist:rioutions from 
marine II)'3tems with his predicted re1atiomb.ips based on 
a dimcmional analysis. In this study, we can make an 
analogous comparison of size distributiollS with our di
mensional an.aiyais based on fractlll ~tes. The fractII! 
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ciimension in eqs 30 and 31 can be obtained from the siope 
in a plot oflog n(u) verslU log u. Hunt used ciata awiiabie 
in the literature to calculate ~evera1 ~uch siopes. Toese 
aize distributions were ori¢na1.1y obtained by using pmicie 
counce:s for marine particles In.rger than 2 jlI:. anc from 
direct microscopic observation for smaller sized particles. 
Although size distributions are reported in tams of ag
gregate diameter. ~ particle counters (resist.ll.llce type) 
measure tho volume occupied by primary particles com· 
prising the aggregate (Le., U 1I0t v'); lip is the equivaieot 
~pherical diameter b~ed all imtrument calibration witil 
solid spheres. AJJ a result of this calibratioll p=dure, 
ag;regate sizc.l. is underestimated. However, ~ate 
size date (n(l}J reported in ref 14 can be COllverted baclc 
into aolld volume (n(u)J with the equatioll 

s, • (5{- 2)/3 (38) 

whe", s. is the slope ba5ed all the particie-volume log-log 
plot&. and ${ is a slope based aD the particl .. le~ jog-log 
plor.s. This equatiOIl can be verified by eitiler compa:'ing 
OQWltiOn. pr~ented in ref 8 with ref 14. or for fractal 
aggregates. comparing eq& 2!t-31 with 35-37. 

The omerved and predicted elopes of log-lo~ plots of 
aize distributions lIS reported by HlII1t (14) and caicuJated 
here ore shown in Table n. The aize range ove: which 
each coagu1atiOIl mec:hani5m operates islWUllled to be tile 
same Il5 detennined by Hunt (14). From the range of 
reponed slopes for particl~ assumed to be produced by 
shear coagulation. we calculate fracta1 dimensions of 
2.4-3.75 for aggregates developed from abear coagulation; 
however. it is willkely that D is greater than 3. ~veral 
factors may help explain the magnitude of this fractal 

aboar dlff...."ti&I aedim ..... aoD 

2-40 >.0 

CD + 5) 1[ 2+D-Do] 
2 -- 3-D---.-· 2 2-0 

-4 -9 
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-3.7 w-4.~ -4.65. -5.!:. -5.3 

-~(l +~) 3 1( 2+D-D,) -2-W l+~ 

-2 13 
-"6 

-1.9 w -:!.13 -~ ... 2...0, -2a43 
2.4-3.75 1.61-:!.31 

ciimensioll. Fin:. the aize range calculated for aggregates 
formed by seer coagulatioll (2-40 I'm) is typical of 11011-
aggregated particles in the water column. such as phyw
pianktoll. Since particle counters do 1I0t distinguish be
rween amorphous qgregstes and solid particles. it may be 
that some particies analyzed in the sbear coagulatiOIl size 
rllllge are 1I0t argregaces, but microorganisms such u 
single-celled phytoplanlctoll with EuclideAII. IlIId 1I0t 
fracta1. strUctures. A second source oC enor is the se.nsi
tivity of the magnitude of the fractal dimension to the 
~lope. For cample, fmctaJ dimensions in a wicie range of 
1 < D < 3 produce slopes in the n.arrow range of2.1i-2.5. 
Third, many marine aggregates colltain actively growing 
microorganisms (27). resulting in aggregates formed by 
growth of cel1s already in the ag;regate, IlIId 1I0t by co
agulatiOIl of tmattached particl~ 

For particles lWumed to be produced by differelltial 
sedimentation. slopes of -2.22 to -2.53 were calculated for 
frocta1 size distri'outiOIlS by lUing slopes of -4.65 and -5.2 
",ported by Hunt (Table m. A third aet of data a1so 
reported by BUIlt (14) indicated a elope of -5.6. but our 
e=inatioo of tbe data reported by Faist (28) provided 
a slope of -50S. U~g slopes of -4.65. -5.2. and -5.3, we 
obtained fractal dimensions in the range of 2.31. 1.67, and 
1.61. All Reynolcis rrumbers were1ess than 0.1 independent 
of our 8!lSumed value of D2> resulting in b • 1. The as
sumptiOIl that D: '" D whell D is1ess than 2 increased the 
calculated fractal dimension. If we assumed that D: .. Z. 
we would calcuiate fractal dimensions of l.25 and 1.15, for 
slopes of -5.2 and -5.3. =pectively. 

Only a single slope of -2.65 W~ reported by Hunt (]4) 
for sma1I aggrq:ates (<2 lUll) llSIIUlIIed to form by Brownian 
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coagulation. However. a fractal dimemion CIII1IIOt be 
c.ulculated from A dimensional analysis for aggregates 
fanned from Brownian motion since D does not appesr in 
the fmal expn=ion for the elope calcul.ated by using eq 
29 (Table m bll!ed on aggregate volume. 

Discussion 

There is now substantial evidence that aggregates 
formed from coagulation processe! passelS fractal Stnlc· = CI5-18. 29). ~ a result. existing coagu.iation models 
bll!ed on Euclidean scnling' relationships must be modified 
to account for the scaling propertie! of fractal aggregates. 
Co1lliion functions bll!ed on fractal geometrj· (Table n 
indicate more frequent co1lisiom between fractal ~tes 
CD < 3) than Euclidean objects CD .. 3). FI'ZICUI! ~ateS 
bave a larger size. and therefore a greater collision prob
ability, than aggregates lI!Sumed to have a constant p0-
rosity. 

Using II dimensional analysis based on a iractal scalinr 
relationships. we c.ulcul.ated frsctal dimensions of agg're
gates formed in marine systems. For aggregsteS forced 
from differential sedimentation and shear coa.EUiation. we 
determined 1.61 ~ D ~ ::'31 and 2.4 ~ D ~ :i::~. respec· 
tively. Frsctal dimensions could nOL be calc:ciated ior 
sggregates fOr:Ded by Brownian motion b~' use of the cU· 
mensional anaiysis since D did not appear in the f1::8l 
dimensional analysis based on aggreg'Bte volume leq !!9). 
However. computer simulations de!cribing colloicial ago 
gregation have shOWl! that aggregates iormed through the 
co1lliion of clusters (c1uster-cluster) have iractai dimen· 
sions of either 1.8 or!!.!! (18). These simuiations have been 
erperimentally verified by measurement of the fractal 
dimensions of a variety oi colloicial ~~ates iormed -by 
Brownian motion CI8). The two different values of the 
fractal dimension occu: as a function of different particie 
stickiDess. Particles that stick immediately upon contact 
with other particles cannot penetrate the aggregate since 
they collide with particles on the aggregate uterior and 
stick. Aggregates formed from these particles are ciassiiied 
as "diffusion limited" and have fractal dimensions of D = 
l.8. As the collision prohability approacbes :zero. however, 
particles may collide many times before stickin/;: these celli 
can penetrate the aggregate. increasing the aggregate 
density. These aggregates are referred to as -reaction 
limited-. with D .. 2.2 CI8). Since different types of ago 
gregates have different values of D, fractal cl.as.siIicatioD 
of aggregates formed by Brownian motioD identifies both 
the aggregate formation mechanism II! well as the co1Iision 
efficiency of cells composing the aggregate. 

The different ranges of the fractal dimensions presented 
in Table ill incUcste that different values of the fractal 
dimensioD occur as a result of different coa~tiOD 
mechanisms. Conversel)', this suggem that the magnicucie 
of the fractal dimensinn for a collection of aggrep.tes could 
be a useful reference for identifying a coaguIatiOD mecb· 
anWn. Although the fractal dimensions determined for 
coagulation by Brownian motioD (1.8 ~ D ~ !!.!!) and 
differential sedimentation (1.61 ~ D :S 2.31) overlap. it is 
unlikely that we would need to distinguish between iii' 
gregates formed by the!e two diIIerent COAJUiatiOD 
mechanisms. Aggregate formatioD by Brownian motioD 
it. likely to be dominant only for small particles. OD the 
order of 1 jlIll or leIS (7). Therefore. these two coagulation 
mechanisms lU'e easily distinguished by, the absolute ago 
gregate me. The frnctaI dimensions of aggregates formed 
by shear coagulation CD ~ 2.4) are larger than those de
termined for the other twO coagulation mechanisms. sug· 
gesting that shear coagulation produce denser aggregates 
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than other COagulatiOD mechanisms. Howeve:. it is not 
clear that all particies mea5ured in the 2-1().um size dis
tribution were aggregates produced by coagulation since 
this size range includes solid particles sucb lIS sin~ie-celled 
phytopianktoa. Thus. it may be that most particles 8Jl8o 

lyzeQ in this size range in marine systems are not aggre
(!iltes. but other objectS with Euclidean. and Dot frat:tal. 
Stnlctures. Additional information. whicb could be ob
tained through direct observation via photogrephs. is 
necessary to clarify the types of particles present in the 
!!-I().jlIll size distributions. 

Toe fractal dimensions determined by Lin et al (18) for 
coagulation by Brownian motion and the fractal dimen· 
sions for coagulation by shear and differential sedimen· 
tatiOD are compared to reponed fractal dimensions of a 
variety of types of organic and inorganic aigregaus in 
Table m. On the basis of eq 4. Logan and Vr-Ilkinson (29) 
determined the fractal dimension oC 3.0 :!: 0.4 for macro
scopic aggregates (0 .• -1.4 mm) oC Zoogoka rrunicaa grown 
in a laboratory bencbtop fermentor. This fractal dimen
sion is within the range of values calcul.ated from marine 
distributions for aggregates formed by shear coagulation. 
However. wheD bacterial aggregates were developed in 
rotating test tubes. Z. ramigero aggregates had a fractal 
dimensioD oC 1.8 :!: 0.3. The fractal dimensiOD obtained 
for the rotating rube aggregates is smaller than the range 
of fractal dimensions indicated far shear coagulation. The 
resultS of the dimeD.llional analysis imply that aggregates 
formed in the rotating rue were not formed by shear 
coagulation. but by differential Bedimentation. Since these 
aggregates settled to the bottom of the rotating tubes 
during cu1tun: growth and coagulation, this coDclusion is 
reasonable. 

To our knowledge, there are no reports of frac:r.al die 
mensions of aggregates formed by differential sedimen
tatiOD that have been generated either through computer 
simulations or through experiments. However. Logan and 
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Willcimon (24) estimated fmctal dimensioru of cwine 
snow aggregates auumed to be formed by differentia! 
sedimenmtion using in aitu data reported by others 110. 
30). They obtained fractqJ dimenaiona at U9 :!: 0.15 from 
size-porosity damlll1d 1.26 :!: D.26 from lettling velocity 
data. for mazizle mow aggregllteS 0.4-20 mID in length. 
'They alBo calculated II fractal dimension at 1.52 :!: 0.19 for 
diatom a;gregates IIIing data on the Dumber at diatoms 
per aggregate, for aggregates 7-20 mm in length. The 
magnitude of these fractal dimenaioD5 obtained from in 
situ studies is within the ll1lIl!e predicted by the fractal ~ 
distribution analysis for IIggregaus formed from differ· 
entia! sedimentation. 

Li and Gancz.a.rczyic (31) determined fractal dimensions 
for a variety of ~tes formed in Wllter IIDd WBSteWBte 

treatment pr0ces5es. Inorpnic floes have higher fractal 
dimeruions in the range of 1..59-2.85. The primal1· par· 
ticles forming these inorpnic aggregateS are colloicia1 «1 
/IIII).eo we would expect these aggregates to be formed by 
either Brownian motion or shear coagulation. The clay 
floes have fractal dimensiom in the Brownia.n motion lI!lU!l! 
of 1.6-2.2. bw. the fractal dimensions for alum floes span 
the ran~e of vaiues for shear IIDd Bro\"lUian motion. 'The 
ferric aggregateS are in the range indiCllted for snell!' co
agulation. Ac:ivated siudge floes had fractal dimellSions 
ranging froCl1A to 2.0i (Table mI. Since these iioes ere 
very l~e. this sugt!ests formation by difierentiaJ sedi· 
meDmtion. Activated siudge floes contllinin. a imte 
number at fiiamentoUS microorganisms have a lower fraCtal 
dimension of 1.0 (2~'). 

In general. the iractaJ dimensiom at biological ~teS 
obtained from natural and engineered environments 
(1.0-1.5) are muWe:" than other fractal dimensiollS de
termined for inorganic colloidalllggTegates. Part of the 
reason for fractal dimell5ioD5 below values of 1.61-2.31 
determined here may be due to different scaling reiatiOIl
ships used to relate settling velocity to Ag!!fegate size. Li 
and GanCUl.l'CZYk (3]) lIS'Iumed that II - I~I. ..lJthoUf:h 
Logan and Wilkinson used II - ID+I-D:. they a.ssumed D: 
c 2. which reduced their expression to the same as that 
ofLi and GBll=r:z~;1:. In the present Study. we have used 
II - IID+I-D,)/CH,. If D < 211Dd we can assume D • .. D. then 
settling veloci~· is only II function of the po~r law rela· 
tionship and is nOL a function of the frllctal dimeruion. 
Therefore. at lU > 1. auregate settling velocities are most 
sensitive to values of b. For example. marine sno .. · at!. 
gregates anaiyzed by Loj!11D and Wilkinson (24) had a 
fractal dimension of D .. 1..39 :!: 0.15 determineci from 
size-porosity cial&. and Reynolcla numbers in the ll1lIl!e of 
0.1-10 (lOl. In this faDt!t. b - o.B71.lIl1d we would expect 
that II - 1"'. but it we observed that II - P. Toese 
differences could either be due to different values of D: 
than assumed here or errors introduced by using cirIIg 
coefficients deva.ioped for spheres for Donapherical frnctal 
IIggTeglltes. From aize.projected area dam (32). D: .. 1.46 
:!: 0.16. Within a sUlDdard error. D .. D: since D .. 1.39 
:!: 0.15. 'Therefore. the diflerences in observed and aicu· 
lated relationships between s~e and settlinr veloci~· are 
probably a resuJt.of our IWUlDption of the drac coefficient 
for these llgiregaw.. 

The collision functioD5 derived hy using fractal rela· 
tionships are only a tim Step in modifying coagulation 
theory to incorporate fractal geometrY. Existing collision 
models predict II very iew probability of collisions Detweell 
dissimilar.meci spheres in marine systemS (7). Howeve:. 
collisi~m between dissimila.r-aiud aggregates ue probabiy 
more likely fo~ fraCtalllgt!regBtes than spheres. Toe Ja:,er 
crms-sec:tional ares aDd branches of II fractal aggtetate Dot 
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only allow for increased collisions between colliding par. 
ticles, but the open·branched 1t1"Uc:tUre of a fractal will 
permit advective flow through the aegregate (33. 34) re
sulting in collisioll5 between ~tes that would not 
occur if the aggregates were COD5rnined to follow streI\m. 
lines that did not c:roea the llgiregate 1IIrlace. The effect 
of fractal reomeay on flow-through porous objects is a 
emergin&' field with imJlOlUlDt implications for coagulation 
theory. 

Coru:lwio/lS 
Coagulation equatioru and a self-simiiar me.dist:n'bution 

8llaIysis used to describe coagulation can be modified to 
incorporllte the fractal geoOleay of aggregates. We have 
proposed a set of collision functions containing a fractal 
dimension that can be used in the general coagulation 
equation. Through the use of II fractal size distribution 
analysis, we have calculated that aggregateS formed by 
shear coagulation should have fractal dimensiOllS greater 
than 2.(. whereas IIggregateS formed from difierential 
sedimcomtion would have lower fraCtal dimemiollS in the 
rllIl~e oi 1.&-2.3. Most biologica.J auregateS from engi. 
neered ilioreactors ADd marine systems have fractal di· 
mellSions in the rBllge expected for ciiIierentia! seciimell· 
tation. F rsctal dimemiona oi inorganic Blld colloidal ago 
p-egates were in the range expected io~ aggregation by 
BrowniBll motion ADd sbear coaguiation. 
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APPENDIX II 

COMPUTER PROGRAMS DEVELOPED IN THIS STUDY 



II-I Program for Obtaining Coordinates of Boundary Pixels 

program bound Jractal; 
{SN+} 
{SM 19000,O,300000} 
uses 

Crt,USRINTER, showout, bound4; 

type 
item_array = array[l..lO) of string[80); 
menu_type = record 

tille, command: string[SO); 
item_num: integer; 
item: item_array; 
item_status: item_array; 

end; 
point_type = record 

x,y: integer; 
end; 

const 
command_pos: point_type = (x:lO; y:lS); 
status-pos : point_type = (x:lO; y:21); 

var 
bound_menu : menu_type; 
object_num : integer; 
data_file_name: string[SO); 
quit : boolean; 

procedure command_line) (msg: string); 
begin 

with command_pos do 
gotoxy(x,y); 

clreol; 
write(msg); 

end; 

procedure command_line2 (msg: string); 
begin 

with command_pas do 
gotoxy(x,y+ 1); 

clreol; 
write(msg); 

end; 

procedure status_line (msg: string); 
var 

x,y: integer; 
begin 

x:= wherex; 
Y:= wherey; 
with status_pos do 

gotoxy(x,y); 
writeln(msg); 
gotoxy(x,y); 

end; 

procedure resetscreen (color:word); 
begin 

window(l,I,SO,25); 
textbackground( color); 
clrscr; 

end; 

procedure type_info; 
var 

f: text; 
s: string(80); 

begin 
assign(f,'c:\cis2\usrinf.txt'); 
reset(f); 
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while not eof(f) do 
begin 

readln(f,s); 
writeln(s); 

end; 
close(f); 

end; 

procedure give_info(var quit: boolean); 
const 

ESC = #27; 
var 

ch: char; 
begin 

resetscreen(blue ); 
textcolor(yellow); 
typeJnfo; 
status_line(,press ESC to quit, any other key to continue'); 
repeat 
until keypressed; 
ch:= read key; 
quit:= ch=ESC; 

end; 

procedure init_menu; 

var 
i : integer; 

begin 
with Bound_menu do 

begin 
title:= 'Boundary Data Menu'; 
command:='Enter your selection (1-4):'; 
item_num:= 4; 

item[I]:='I: Select object to study:'; 
item[2]:='2: Save boundary data:'; 
item[3]:='3: Go '; 
item[4]:='4: Quit '; 
for i:= 1 to item num do 

item_status[i]:="; 
end; 

end; 

procedure displaLmenu(menu: menu_type); 
const 

space = 4; 
tab = 20; 

var 
i: integer; 

begin 
resetscreen(black); 
textbackground(blue); 
c1rscr; 
textcolor(white ); 
for i:= 1 to space do 

writeln; 
with menu do 

begin 
writexy(round(1.2*tab), wherey, title); 
writeln; 
for i:= 1 to item num do 

begin 
writexy(tab,wherey,item[ij +' '+item_status[i]); 
writeln; 

end; 
with command _pos do 

gotoxy(x,y); 
write(command); N 
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end; 
end; (* display_menu *) 

function seleclOr(menu: menu_type):char; 
var 

ch: char; 
up_bound: string[3]; 

begin 
str(menu.item _ num, up_bound); 
repeat 
display _ menu(menu); 
readln(ch); 
until (ch >= '1') and (ch <= up_bound); 
selector:= ch; 

end; 

procedure select_object; 
var 

max_num: integer; 
s: string[3]; 
code : integer; 

begin 
max_num:= round(get_cue_var(max.JlartJn_buffer_code»; 
commandJinel(,Enter number of object you want to study'); 
write('( < = ',max_num:3,' )'); 
readln(s); 
bound _menu.item_status(1]:= s; 
val(s, object_num, code); 

end; 

procedure set_ work_ window(object_num: integer; 
data_file_name: string); 

var 
ch: char; 

begin 
status_ window('Be patient, the program is running .. .'); 
work_window; 
get_boundary_data(object_num, data_file_name); 
status_window(,It is done! Press any key to return to the 

menu'); 
repeat 
until keypressed; 
ch:= read key; 

end; 

procedure to -Eet_ boundary _ data( object_ num: integer; 
data_file_name: string); 

canst 
ESC = #27; 

var 
ch: char; 

begin 
if data_file_name<>" then 

set_ work_ window(object_num, data_file_name) 
else 

begin 
commandJinel('You have not entered the filename to store 

the result'); 
command_line2(,press ESC to quit, any other key to 

continue .. .'); 
ch:= readkey; 
if ch < > ESC then 

set_work _ window(object_ num, data _file_name); 
end; 

end; 

procedure bound_data; 
var 

quit: boolean; 
s: string[80]; 
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scan_length: integer; 

begin 
scanJength:= 500; 
resetscreen(bl ue); 
quit:= false; 
repeat 

with bound menu do 
case selector(bound _menu) of 

'1': select_object; 
'2': begin 

command _Iinel(,Enter filename to save boundary data: '); 
readln(s); 
item_status[2]:=s; 
data_file_name:=s; 

end; 
'3': to-Eet_boundary_data(object_num, datajile_name); 
'4': quit:= true; 
end; (* case *) 

until quit; 
end; 

procedure batch; 
begin 

end; 

init_menu; 
bound_data; 

procedure continuous; 
var 

max_num: integer; 
i: integer; 
hd: string; 

begin 
max_num:= round(get_cue_var(max_part_in_buffer_code»); 

work_window; 
writeln(' num_object: ',max_num: 10); 
gotoxy(I,5); 
write_center(,Enter the head of filename: '); 
readln(hd); 
for i:= 1 to max num do 

begin 
if num_ofJines(i) >= 1 then 

begin 
data_file_name:= hd + int2str(i)+'.bou'; 
writeln(' filename: ',data_file_name); 
to -Eet_ boundary _ data(i, data_file _name); 

end; 
end; 

end; 

function chose .J>rocess:char; 
var 

ch: char; 
begin 

Choice analysis processes:'); 

repeat 
work_window; 
gotoxy(I,4); 
writeln(' 
writeln(' 1: Analyze all floes shown on the 

screen'); 
writeln(' 

each time'); 
writeln(' 
writeC 
readln(ch); 
until ch in ['1','2','3']; 

chose_process:= ch; 
end; 

begin 

2: Analyze one floc selected by you 

3: Quite'); 
Enter your selection: '); 
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(* giveJnfo(quit); 
if not quit then 

repeat 
case chose_process of 
'1': continuous; 
'2': batch; 
'3': quit:= true; 
end; 

until quit; *) 
continuous; 

end. 

(* ******************** unit bound4 *********************) 
(* input: Object number, filename to write results *) 
(* output: number and ordinates of boundary points in a file *) 
(* Objective: get data of an image from Cue system; *) 
(* identify boundary points; *) 
(* write results on file; *) 
(******************************************************) 
unit bound4; 
{$N+} 
INTERFACE 
uses 

Dos, Crt, Usrinter,showout; 

procedure get_boundary_data(object_num: integer; 
filename : string); 

IMPLEMENTATION 

const 
off= 0; 
on = 1; 
max Jine _ num = 2500; 
max_section = 100; 

type 
switch_type = off .. on; 
point_type = record 

x: integer; 
y: integer; 

end; 

map_rec = record 
y, xl, x2: integer; 

end; 
map_type = array (1..maxJine_num] of mapJec; 
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IineJec = record 
xl,x2: integer 

end; 
line_array = array[1..max_section] of line_rec; 
line_type = record 

y: integer; 
num: integer; 
x: line_array 

end; 

var 
num_bound_point: integer; 
num_pixel: longint; 
num_line : integer; 
map: map_type; 

(* ***************** get_map ***************************) 
(* input: object_num *) 
(* output: image data in the format of lines (y, xl, x2) *) 
(* number of lines *) 
(* number of pixels *) 
(* ****************************************~********** *) 

procedure get_map(object_num: integer); 
var 

i: integer; 
begin 

num_Iine:= num_oUines(object_num); 
if num_line > maxJine_num then 

message_hall(,number of lines in the image is out of limit of 
the array.'); 

num-pixel:= 0; 
for i:= 1 to num line do 

begin 
with map[i] do 

begin 

reUine(object_num, i-I, y, xl, x2); 
num_pixel:= num..rixel + abs(x2 - xl) + 1; 

end; 
end; 

end; 

procedure test~et_true_map; 
var 

i:integer; 
begin 

get_map(l); 
writeln(,numJine: " num_line:lO); 
for i:= 1 to num line do 

with map[i] do 
writeln(i:5, y:lO, xl:lO, x2:1O); 

end; 

(* *********************** copy_map_rec ****************) 
procedure copy_mapJec(source: map_rec; 

begin 
with source do 

begin 
goal.y:= y; 
goal.xl:= xl; 
goal.x2:= x2 

end; 
end; 

var goal: map_rcc); 

(* ************************ sort_map ***************** *) 

procedure sort_map; 
var 

pass: integer; 
index: integer; 
temp_row: mapJec; N 
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begin 
for pass := I to numJinc - I do 

for index:= 1 to numJine - pass do 

end; 

if maplindexJ.y > maplindcx + 1 J.y then 
begin 

cOPLmap_rec(map(indexJ,temp_row); 
cOPLmapJec(map(indcl( + IJ, maplindexj); 
coPLmap_rcc(temp_row, map[index+ 1]); 

end; 

( •••••••••••••••••••• write_data ••••••••••••••••••••••• ) 

(. objective: write out data on screen .) 
( •••••••••••••••••••••••••••••••••••••••••••••••••••• *~ 

proccdure writc_data(num: integcr; 
poilll: poinuype; 
var out: text; 
switch: switch_type); 

begin 
if switch = on then 

writeln(out,' " num:IO, poinl.x:lO, poinl.y:lO); 
if (num/lOO) = (num div IOU) then 

begin 
with point do 

writeln( , ',num:lO,x:lO,y:lO); 
end; 

end; 

( ••••••••••••••••••• read""y_linc •••••••••••••••••••• .) 
(. input: yy: y value for lines .) 
(* indexJ: index of the line .) 
(* ••••••••••••••••••••••••••••••••••••••••••••••••••• +) 

procedure rcad""y_line(yy: integer; 
var indexJ: integer; 
var line: line_type); 

var 

xxI, xx2, yyI: integer; 
begin 

line.y:= yy; 
line.num:= 0; 
repeat 

line.num:= line.num + 1; 
with line.x[line.numJ do 

bcgin 
xI:= maplindex_lJ.xl; 
x2:= maplindex_l).x2; 
linc.y:= map[indexJJ.y; 

cnd; 
indexJ:= indexJ + 1; 

until (map[indexJ).y > yy) or (index_I> numJine); 
end; 

function point_ coinsidc _linc(xx: integcr; 

var 
found: boolean; 
i: integer; 

begin 
i:= 0; 
repeat 

i:= i + 1; 
with line.x(i) do 

line: line_type):boolcan; 

found:= (xx > xl) and (xx < x2); 
until found or (i= line.num); 
point_coinside_line:= found; 

cnd; 

ftlnction point_on_IJOundary(xx: integer; 

var 
found: boolean; 

begin 

up_line, down_linc: linc_typc): boolcan; 
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if not point_coinsideJine(xx, up_line) then 
point_on_boundary:= true 

else 
point_ on_boundary: = (not poin t_ coinside _Iine(xx, 

down_line»; 
end; 

procedure copyJine(source: line_type; 
var goal: line_type); 

var 
i: integer; 

begin 
with source do 
begin 
goal.nurn:= nurn; 
goal.y := y; 
for i:= 1 to nurn do 
begin 
goal.x[i].xl:= x[i].xI; 
goal.x[i].x2:= x[i].x2; 

end; 
end; 

end; 

procedure copy_line_to _ boundary(line: line_type; 

var 
i, j,n: integer; 
xx: integer; 
point: point_type; 

begin 

var bound_point_nurn: integer; 
var out:text; 
switch: switch_type); 

for i:= 1 to Iinc.num do 
begin 

with line.x[i] do 

begin 
xx:= xl; 

end; 
repeat 

bound_point_nurn:= bound_point_nurn + 1; 
with point do 

begin 
y:= line.y; 
x:= xx 

end; 
write _ data(bound _point_ num, point,out,switch); 
xx:= xx + I; 

until xx > line.xlil.x2; 
end; 

end; 

proccdure geUine_houndary(up_line, line, down_line: line _lype; 
var nurn: integer; 
var out: text; 
switch: switch_type); 

var 
i, j, n, xx: integer; 
point: point_type; 

begin 
for i:= I to line.num do 

begin 
num:= nurn + 1; 
with point do 

begin 
y:= line.y; 
x:= linc.xlil.xl 

cnd; 
writc_data(nurn, point, out, switch); 
nurn:= nurn + I; 
with point do 

begin 
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y:= line.y; 
x:= line.xli).x2 

end; 
write _ data(nurn,point,oul,switch); 
with line.xli) do 

n:= x2 - xl + 1; 
if n> 2lhen 
begin 

for j:= 1 to (n-2) do 
begin 

xx:= line.xli).xI + j; 
if point_on_houndary(xx, up_line, down_line) then 

begin 
nurn:= nurn + I; 
point.y:= line.y; 
point.x:= xx; 
write_data(nurn.poinl,out,switch); 

end; 
end; 

end; 
end; (. i .) 

end; 

(. "' ••• "'. "' •••• ~ "' ••• display _ ohj •••••••• "' •••• ~ "'. '" '" '" "'. '" "' •• ) 
procedure display_title (object_nurn: integer; 

var 
i: integer; 

begin 
writeln(outfile); 
writeln(outfile,' 

',object_nurn:3); 
writeln(outfile); 
writeln(outfile,' 
writeln( ou tfile); 
writeln(outfile,' 

var out file: text); 

Information of boundary pixel in object 

number of lines :', nurnJine:4); 

No x y'); 

end; 

( •••••••••••••••••••• gel_boundary •••••••••••••••••••• ) 

procedure get_boundary(objecl_nurn: integer; 
var out: text; 
switch: switch_type); 

var 
xl, x2, yy: integer; 
i : integer; 
up_line, line, down_line: line _lype; 
Lrnax: integer; 

begin 
c1rscr; 
displaLtitlc(ohjccl_nurn,output); 
nurn_bound_point:= 0; 
i:= 1; 
yy:=. rnapI11·y; 
Lrnax:= rnap[nurnJineJ.y; 
read...Y_linc(yy, i, up_line); 
cOPLline _to _ houndary(up Jine, nurn_ bound _point,out, switch); 
yy:= yy + I; 

read.JJine(yy, i, line); 
while yy < Lrnax do 

bcgin 
yy:= yy + 1; 
read.J Jinc(yy,i,down Jine); 

gct_linc_boundary(up_line, linc, down_line, 
nurn_bound_point,out,swiICh); 

cOPLline(line, up_line); 
copyJinc(down_line, line); 

end; 
copy_line_to _ bonndary(line, nurn _bound _poinl,oul, SwiICh); 

end; 
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(. * ••••••••••••• * ••••• opcn_filc •••••••••••••••••••• * *) 

procedure open_file (object_num: integer; 
filename: string; 
var data: text; 
var switch: switch_lype); 

var 
response: char; 
cancel: boolean; 

begin 
cancel:= false; 
if filename< >" then 

begin 
assign(data, filename); 
if file_exist(fiIename) then 

begin 
response:= manner_write _fiIe(fiIename); 
case upcase(response) of 
'R': begin 

rewrite(data); 
end; 

'A': begin 
append(data); 

end; 
'E': cancel:= true; 
end; (. case .) 

end (* if *) 
else 

end 
else 

rewrite(data); 

cancel:= true; 

if not cancel then 
begin 

display _ title( object_ num,data); 

switch:= on; 
end 

else 
switch:= off; 

end; (. open_file .) 

proced ure get_boundary _ da ta( object _ num: integer; 
filename : string); 

var 
data: text; 
switch: switch_type; 

begin 
get_map(object_num); 
sort_map; 
open_fiIe(object_num, filename, data, switch); 
get_boundary(object_num, data, switch); 
if switch = on then 

close(data); 
end; 

end. 
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II-2 Program for Calculatiing Boundary Fractal Dimensions 

program get_bound _fractal; 
uses 

Crt, showout, analy3; 

type 
item_array = array[l..lO) of string[SO); 
menu_type = record 

title, command: string[SOj; 
item_num: integer; 
item: item_array; 
item_status: item_array; 

end; 
point_type = record 

x,y: integer; 
end; 

const 
command_pos : point_type = (x:lO; y:IS); 
status_pas : point_type = (x:lO; y:21); 

var 
analysis_menu: menu_type; 
object_num : integer; 

procedure command _linel (msg: string); 
begin 

with command_pas do 
gotoxy(x,y); 

clreol; 
write(msg); 

end; 

procedure command_line2 (msg: string); 
begin 

with command_pas do 
gotoxy(x,y+ 1); 

clreol; 
write(msg); 

end; 

procedure status_line (msg: string); 
var 

x,y: integer; 
begin 

x:= wherex; 
Y:= wherey; 
with status_pos do 

gotoxy(x,y); 
writeln(msg); 
gotoxy(x,y); 

end; 

procedure init_menu; 

V2r 

i : integer; 
begin 

with Analysis_menu do 
begin 

title:='Analysis Menu'; 
command:='Enter your selection (1-4):'; 
item num:= 4· - , 
item [I 1:= '1: Boundary data to analysis:'; 
item(2):= '2: Output file name:'; 
item[3):= '3: Go'; 
item(4):= '4: QUit'; 
for i:= 1 to item num do 

item_status[il:="; 
end; 
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end; 

procedure resetscreen (~Ior:word); 
begin 

textbackground(color); 
clrscr; 

end; 

procedure writexy (x, y: integer; 
msg: string); 

begin 
gotoxy(x,y); 
writeln(msg); 

end; 

procedure writeln_center(msg: string); 
var 

I: integer; 
begin 

1:= length(msg); 
1:= round«80 - 1)/2); 
gotoxy(l,wherey); 
writeln(msg); 

end; 

procedure display_menu(menu: menu_type); 
const 

space = 4; 
tab = 20; 

var 
i: integer; 

begin 
window(I,I,80,25); 
textbackground(hlack); 
clrscr; 

window(I, 1,80,25); 
textbackground(blue); 
clrscr; 
textcolor(white); 
for i:= 1 to space do 

writeln; 
with menu do 

begin 
writexy(round( 1.2* tab), wherey, title); 
writeln; 
for i:= 1 to item_num do 

hegin 
writexy(tah,whcrey,itcm(il +' , +itcm_status(i)); 
writeln; 

end; 
with command_pos do 

gotoxy(x,y); 
write(command); 

end; 
end; (* display-menu *) 

function selector(menu: menu_lype):char; 
var 

ch: char; 
up_bound: string(3}; 

begin 
str(menu.item_num, up_bound); 
repeat 
display_menu(menu); 
readln(ch); 
until (ch > = 'I') and (ch < = up_bound); 
selector:= ch; 

end; 
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procedure analysis(data_file_name, out_file_name: string); 
begin 

writeln('this is analysis procedure.'); 
writeln(,data Jile _name: " data_file _name); 
writeln('out_file _name: " out_file _name); 

end; 
} 

procedure work_window; 
begin 

window( 1,1,80,22); 
textcolor(white); 
textbackground(blue); 
clrscr; 

end; 

procedure status_ window(msg:string); 
begin 

window( 1,24,80,25); 
textcolor(black); 
textbackground(lightgray); 
clrscr; 
writeln_center(msg); 

end; 

procedure set_analysis(data_file_name, out_file_name: string); 
var 

ch: char; 
begin 

status_window('Be patient, program is running .. .'); 
work_window; 
analysis(data_filc_namc,out_filc_name); 
status_window(,It is donc! Press any kcy to rcturn thc mcnu'); 
repeat 
until keypressed; 
ch:= read key; 

end; 
procedurc goto_analysis(data_file_head, out_file_name: string; 

var data_file_name: string); 
var 

i, j: integer; 
found: boolean; 
further: boolean; 

begin 
i:= -I; 
repeat 

i:= i + I; 
j:= 0; 
further:= true; 
repeat 
j:= j + 1; 
found:= true; 
data_file_name:= data_file_head + int2str(i) 

int2strO)+'.bou'; 
if file_exist(data_file_name) then 

set_analysis(data_file_name, out_file_name) 
else 

begin 
found:= false; 
if (j = 1) and (i< >0) then 

further:= false; 
end; 

until (not found) or (j = 9) 
until (not further) or (i = 9); 

end; (* goto_analysis *) 

procedure to_analysis(data_filc_name, out_fiIc_name: string); 
const 

ESC = #27; 
var 

ch: char; 
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begin 
if file_exist(data_file_name) then 

begin 
if out_file_name = " then 

begin 
commandJinelCYou have not entered the filename to 

store the result'); 
commandJine2Cpress ESC to quit, any other key to 

continue .. .'); 
ch:= read key; 
if ch< > ESC then 

set_analysis(data_file_name, out_file_name) 
end 

else 
set_analysis(data_file_name,outjile_name); 

end 
else 

begin 
if data file name = " then 

commandJinelCFile name for the data to analysis has not 
entered') 

else 
begin 

with command-pos do 
gotoxy(x,y); 

clreol; 
writeln('File " data_file_name,' is not found'); 

end; 
commandJine2(,press any key to quit'); 
ch:= readkey; 

end; 
end; 

procedure analysis_data; 
var 

quit: boolean; 
s : string; 
data_file_name, data_file_head: string; 
out_file _name: string; 

begin 

data_file _name: ="; 
out_fiIe_name:="; 
resetscreen(blue ); 
quit:= false; 
repeat 

with analysis_menu do 
case selector(analysis_menu) of 
'I': begin 

commandJinel(,Enter head of filename of data to 
analysis: '); 

'); 

readln(s); 
data_fiIe_head:= s; 
item_status[1 ]:= s; 

end; 
'2': begin 

command_line l(,Enter filename for saving output result: 

readln(s); 
out_file_name:= s; 
item_status[2]:= s; 

end; 
'3': goto_analysis(data_file_head, 

out_file_name,datajile_name); 
'4': quit:= true; 
end; (* case *) 

until quit; 
tv 
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end; (* analysis_data *) 

bcgin 
init_menu; 
analysis_data; 

end. 

(* *************** unit analy •••••••• *.*...... .) 
(* input: filename of input data .) 
(. filename of output data .) 
(* objectives: .) 
(. 1) read coordinates of floc boundary from a file .) 
(* 2) draw the boundary on screen .) 
(* 3) count the number of tiles where the boundary points are 

in with the certain tile size. The tile size begin with unit 
then is continously doubled until number of tiles is not 
greater than 4 *) 

(. 4) write the number of tiles and its regarding tile size into 
a file .) 

( •• * ••• * ••••••••••••••••••••••••• ** •••••••••• * .) 
unit analy3; 
{$N+} 

INTERFACE 
uses 

Dos, Crt, showout, mathlib, Graph; 

procedure analysis(data_fiIe_name : string; 
out_file_name : string); 

procedurc test_circle; 
IMPLEMENTATION 

const 
max_pnt= 8000; 
max_tile_num = 4000; 
max_sp_num = max_tilc_num div 4; 

type 
point_type = record 

x: integer; 
y: integer 

end; N 
0\ 
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point_array = array [l..max_pnt] of point_type; 

sp_type = record 
size: integer; 
perimeter: integer 

end; 
tile_array = array [D .• mruUile_numJ of point_type; 

sp_array = array [l..max_sp_numJ of sp_type; 

var 
bound_point: point_array; 
tile: tile_array; 
sp: sp_array; 
tile_size: integer; 
tile_num: integer; 
point_num: integer; 
sp_num: integer; 
xmin,ymin: integer; 

(* ========= copy_point ======= 
procedure copy_point (source: point_type; 

begin 
with source do 

begin 
goal.x:= x; 
goal.y:= y; 

end; 

var goal: point_type); 

end; (. copy_point *) 

(. =========== function same_paint ==== 
function same_point (point 1, point2: point_type):boolean; 
begin 

with pointl do 
begin 

.) 

*) 

if (x=point2.x) and (y=point2.y) then 
same_point:=true 

else 
same _point:=false; 

end; 
end; (* same_point *) 

(* ***.* •••••• readin_data •••••••••••••••••••• ) 
procedure readin_data(fiIename: string); 
var 

data: text; 
i: integer; 
space: string[2D]; 

begin 
if not file_exist(fiIename) then 

begin 
writeln(' file is not found, press ENTER to qui I'); 
halt(1 ); 

end; 
assign(data, filename); 
reset(data); 
for i:= 1 to 6 do 

readln(data); 
i:= D; 
while not cof(data) do 

begin 
i:= i + I; 
if i> max_pnt then 

message _ halt (,date set is out of the up limit of the array.'); 
with bound_point[iJ do 
begin 

readln(data,space, x, y); 
if (i div 100) = i/IOD then 
writeln(' ',i:4,x:IO,y:IO); 

end; 
end; 
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point_num:= i; 
close(data); 
wrileln(, point_num:', i:lO); 

end; (* readin_dala *) 

( ••••••••••• *. * •••••••••• • get_base * * •••• * ••• * •••• **.~) 
procedure get_base; 
var 

i: integer; 
begin 

xmin:= 1000; 
ymin:= lOoo; 
for i:= 1 to point_num do 

begin 
with bound-point[i) do 

begin 
if x < xmin then 

xmin:= x; 
if y < ymin then 

ymin:= y; 
end; 

end; 
end; e get_base .) 

( •••• * •• * * * •••••• * •• get_circle_data * •••••••• * * ••••• 
procedure get_circle_dala; 
canst 

xO = 100; 
yO = 100; 
radius = 5; 

var 
cita: real; 
i : integer; 
point: point_type; 

begin 

.) 

i:= 1; 
wilh bound_poinl[i) do 

begin 
x:= xO + radius; 
y:= yO 

end; 
cita:= Pi/I80; 
while cila < (2*Pi) do 

begin 
with point do 

begin 
x:= xO + round(radius· cas(cila»; 
y:= yO + round(radius· sin(cita»; 

end; 
if not same-point(point, bound_point[i]) then 

begin 
i:= i + 1; 
cOPLpoint(point, bound -point[i)); 
writeln(' ',i:3, point.x:lO, point.y:lO); 

end; 
cita:= cita + Pi/I80; 

end; 
point_num:=i; 

end; (. get_circle_data .) 

( •••••••••••••••••••••• raw_boundary *.*.* •••••• ** ••••• ) 
procedure draw_boundary; 

var 
Gd, Gm : Integer; 
Color : Word; 
i : integer; 
dirname: string; 

begin 
Gd := Detect; 
InitGraph(Gd, Gm, 'c:\tp55\graphics'); 
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while GraphRcsult < > grOK do 
begin 

writc(, input BG I dircclOry name: '); 
readln(dirname); 
Gd:= Detect; 
InitGraph(Gd, Gm, dirname); 

end; 

setBkcolor(lightgray); 
setcolor(red); 

for i:= 1 to point_num do 
with bound_point(iJ do 
PutPixel(x,y,blue); 

settextjustify(centertext,centerlext); 
oUllexlXy(succ(getmaxx) div 2, getmaxy-lO,'press RETURN to 

continue'); 
readln; 
c1osegraph; 

end; 

(* ***** •• ****.**** function pointjn_lile ••• * •••••• ****** *) 
function point_in_tile (point: point_type; 

this_tile: point_type): boolean; 
var 

length: integer; 
begin 

length:= tile_size - 1; 
with this_tile do 

begin 
if (point.x > = x) and 

(point.x < = ( x + Icngth» and 
(point.y > = y) and 
(point.y < = ( y + Icngth» then 
point)n_tile:= true 

clse 
point)n_tile:= false; 

cnd; 
enid; (. point)n_tile .) 

C: * ••••••••••••••• test_point_tile •••••••••••••••••• * •••• ) 
procedure test_paint_tile; 
var 

paint, the_tile: point_type; 
continue: boolean; 

begin 
writeln; 
write(, input tile point x, y: '); 
with the tile do 

readln(x,y); 
write(, input tile size: '); 
readln(tile_size); 

repeat 
write(, input point to test x,y: '); 
with point do 

readln(x,y); 
writeln(point)n _tile(point, the_tile»; 
continue:= ycs_no('continue? yin'); 

until not continue; 
end; (. tcst_point_tile .) 

( ••••••••••• **** function pointjn_array ••••• ** ........... ) 
function point)n_tilc_array (point: point_type):boolean; 
var 

i: intcger; 
found: boolcan; 

bcgin 
i:= tile_num + I; 
found:= false; 
rcpeat 
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i:= i-I; 
if pointJn_tilc(point, tilclil) then 

found:= true; 
until (found or (i= 0»; 

if found then 
pOintJn_tile_array:= true 

else 
poinUn_tile_array:= false; 

end; (. pOint_tile_array·) 

( •••••• ** ........ test_point_tile_array •••• * •••••••••••••• ) 
procedure test_point_tile_array; 
var 

point: point_type; 
continue: boolean; 

begin 
tile_size:= 3; 
tile_num:= 2; 
with tile[1] do 

begin 
x:= 0; 
y:= 0; 

cnd; 
with tilel2] do 

begin 
x:=3; 
y:=O; 

end; 
repeat 

write(, input point to check x,Y: '); 
with point do 

readln(x,y); 
writeln(pointJn_tile_array(point»; 
continue:= yes_noCcontinue? '); 

until not continue; 

cnd; (. tcst_point_tilc_array .) 

( ••••••••••••••••••••• gct_new_tile •••••••••••••••••••• *) 

proccdure get_new_tile (point: point_type); 
begin 

with tile[tile_num] do 
begin 

x:= «point.x - xmin) div tile_size) * tile_size + xmin; 
y:= «point.y - ymin) div tile_size) * tile_size + ymin; 

end; 
end; (* get_new_tile *) 

procedure test~et_new_tile; 
var 

point: point_type; 
another_point: boolean; 
another_size: boolean; 

begin 
repeat 

writeln; 
writeC input tile_size: '); 
readln(!i1e _size); 
tile_num:= 0; 
repeat 

write(, input point x,y : '); 
with point do 

rcadln(x,y); 
get_new _ tile(point); 
wilh tile[tile_num] do 

writeln(' tile x, y: " x:lO, y:lO); 
another_point:= yes_no(,another point? (yIn) '); 

until not another_point; 
another_size:= ycs_noCanother tile size? (yIn)'); 

until not another_size; 
end; (. test~et_new_tile .) N 
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( •••••••••••••• search-IJoint_array •••••••••••••••••• * ••• ) 
procedure search_point_array(var tile_num: integer); 
var 

i: integer; 
begin 

tile_num:= 0; 
with tile[tile_num] do 

begin 
x:= -1; 
y:= -1; 

end; 

for i:= 1 to point_num do 
begin 

if not poinUn_tile_array(bound_point[i)) thcn 
bcgin 

gct_new_tilc(bound_point(i)); 
tile_num:= tile_num + 1; 

end; 
end; 

end; 

( •••••••••••• record_sp ••••••••••••••••••••••••••••••• ) 

procedure record_sp; 
begin 

sp_num:= sp_num + 1; 
with sp[sp_num] do 

begin 
size:= tile_size; 
perimeter:= tile_num • tile_size 

end; 
end; (. record_sp .) 

( •••••••••••••••••••••••••• display_sp .................. ) 

proccdurc displaLsp(data_file_name: string; 
var outfilc:tcxt); 

var 
i: integer; 

begin 
writeln(outfile, , Data file name: " data_file_name); 
writeln(outfile, 'No Tile Size Num_Tile Perimeter'); 
writeln(outfile); 
for i:= 1 to sp_num do 

begin 
with sp(i) do 

writcln(outfilc, i:4, sizc:10, (pcrimetcr div 
size):1 O,perimetcr: I 0); 

cnd; 
end; 

( •••••••• ** .... * •••• write_out_file ••••••••••• "' •••••••• ) 
proccdure writc_out_file (data_file_name, filename: string); 

var 
data: text; 
response: char; 

begin 
if filename< >" then 

begin 
assign(data, filename); 
if file_exist(filename) then 

bcgin 
append(da~a); 

display_sp(data_fiIe _name, data); 
c1ose( data); 

end 

else 
bcgin 

rewritc(data ); 
display_sp(data_fiIe_name, data); 
cJosc(dala); 
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end; 
end; C· if .) 

end; (. write_file .) 

c· ••• *.* •••••••••• get_sp_array •••••••••• * ••••• ****.**. *) 
procedure get_sp_array; 
var 

i: integer; 
begin 

sp_num:= I; 
tile_size:= I; 
with sp(1] do 

begin 
size:= I; 
perimeter:= point_num; 

end; 
with sp[sp_num] do 

writeln(sp_num:4, size: 10, perimeter:lO); 

repeat 
Hle_size:= tile_size * 2; 
search _point_arrayCtile _ num); 
record_sp; 
with sp[sp_num] do 

writeln(sp_num:4, size:lO, perimeter:l0); 
until tile_num <= 4; 

end; 

( •••••••••••• *.*** •• set_window •••••••••••••• ** •• *. *) 
procedure set_window; 
begin 

window( 1,1,80,25); 
textbackground(black); 
c1rscr; 
window( 1 ,24,80,25); 
textbackground(lightgray); 

textcolorCblack); 
clrscr; 
writeln_ccnterCBe patient, program is running .. .'); 
window(I,I,80,23); 
textbackground(blue); 
textcolor(white); 
c1rscr; 

end; 

( ••••• ** •• * •• ***.*** •• analysis •••••••••••••• * •••••••• ) 
procedure analysis(data_fiIe_name, out_fiIc_name: string); 
begin 

c1rscr; 
readin_data(dataJile_name); 
gct_base; 
draw_boundary; 
set_window; 
gel_sp_array; 
write_oul_fiIe(dala_fiIe_name,out_file_name); 

end; (. main .) 

c· •••••••••••••••• write_bound_data ••••••••••••••••••••• ) 
proccdure wrilc_bound_data(var outfile: text); 
var 

i : integer; 
begin 

writeln(outfile); 
for i:= 1 to point_num do 

begin 
with bound_point[i] do 

writelnC ',i:5, x:IO, y:lO); 
cnd; 

cnd; 

( •••••• *.* •••••••••••••• tcst_circle ••••••••••••••••••• *) 

procedure tcsl_circle; 
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var 
data: text; 
data_file_name: string; 

begin 
data_file _name: ='b:circle.dat'; 
assign(data, data_file_name); 
rewrite(data); 
get_circle_data; 
write_bound_data(data); 
pause; 
draw_boundary; 
get_sp_array; 
displaLsp(data_file_name,data); 
c1ose(data); 

end; 

end. 
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Table III-I Experimental data. NaCI: 0.15 M; G: 3.4 s·l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCI: 0.15 M; G: 3.4 s·l 

Time Range Sv Range SI 

day low high value (±SD) R2 low high value (±SD) R2 

2 5.5 20.1 -1.253 ± 0.002 1.000 

5 5.5 20.1 -1.313 ± 0.005 1.000 

6 5.5 20.1 -1.456 ± 0.008 0.999 

7 5.5 20.1 -1.500 ± 0.013 0.998 

8 5.5 20.1 -1.502 ± 0.009 0.999 

9 5.5 20.1 -1.662 ± 0.005 1.000 

lD 5.5 20.1 -1.774 ± 0.005 1.000 

11 5.5 20.1 -1.9lD ± 0.013 0.999 3.1 6.1 -3.666 ± 0.098 0.995 

12 5.5 22.4 -2.057 ± 0.016 0.999 3.1 6.8 -3.680 ± 0.100 0.993 

13 5.5 18.1 -1.981 ± 0.012 0.999 3.1 5.8 -3.666 ± 0.011 0.994 

15 5.5 20.1 -1.816 ± 0.016 0.998 3.1 6.1 -3.340 ± 0.048 0.998 

17 5.5 20.1 -1.337 ± 0.014 0.998 3.1 6.1 -2.600 ± 0.060 0.996 

18 5.5 36.3 -1.420 ± 0.021 0.992 3.1 7.8 -2.960 ± 0.057 0.995 

19 5.5 24.9 -1.372 ± 0.011 0.998 3.1 7.1 -2.375 ± 0.027 0.999 

20 5.5 23.6 -1.289 ± 0.008 0.999 3.1 6.1 -2.660 ± 0.048 0.997 

21 5.5 21.2 -1.308 ± 0.008 0.999 3.1 6.1 -2.519 ± 0.068 0.994 

22 5.5 38.3 ·1.290 ± O.OlD 0.998 3.1 7.8 -2.647 ± 0.039 0.997 

23 5.5 40.0 -1.096 ± 0.012 0.996 3.1 7.8 -2.313 ± 0.062 0.992 

24 5.5 24.9 -1.042 ± 0.008 0.998 3.1 6.1 -2.270 ± 0.039 0.998 

25 5.5 45.0 -1.146 ± O.OlD 0.997 3.1 8.2 ·2.460 ± 0.023 0.999 

26 5.5 26.3 -1.243 ± 0.009 0.998 3.1 7.1 -2.348 ± 0.035 0.998 

27 5.5 29.3 -1.364 ± 0.013 0.997 3.1 7.8 -2.458 ± 0.040 0.997 

28 5.5 23.6 -1.352 ± O.OlD 0.999 3.1 7.1 -2.307 ± 0.031 0.998 
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(b) Fractal dimensions in three dimensions. NaCl: 0.15 M; G: 3.4 s·l 

Time 
DIy Dab Dv DI day 

11 1.92 ± 0.06 1.87 1.06 ± 0.01 4.33 ± 0.20 

12 1.79 ± 0.06 1.76 0.96 ± 0.01 4.36 ± 0.20 

13 1.85 ± 0.02 1.86 1.01 ± 0.01 4.33 ± 0.02 

15 1.84 ± 0.04 1.87 1.14 ± 0.01 3.68 ± 0.10 

17 1.94 ± 0.07 1.87 1.79 ± 0.03 2.20 ± 0.12 

18 2.08 ± 0.07 2.02 1.63 ± 0.04 2.92 ± 0.11 

19 1.73 ± 0.03 1.79 1.72 ± 0.02 1.75 ± 0.05 

20 2.06 ± 0.05 2.10 1.90 ± 0.02 2.32 ± 0.10 

21 1.93 ± 0.06 1.95 1.86 ± 0.02 2.04 ± 0.14 

22 2.05 ± 0.05 2.07 1.90 ± 0.02 2.29 ± 0.08 

23 2.11 ± 0.08 2.11 2.52 ± 0.05 1.63 ± 0.12 

24 2.18 ± 0.05 2.18 2.77 ± 0.04 1.54 ± 0.08 

25 2.15 ± 0.04 2.14 2.32 ± 0.04 1.92 ± 0.05 

26 1.89 ± 0.04 1.85 2.02 ± 0.03 1.70 ± 0.07 

27 1.80 ± 0.05 1.79 1.74 ± 0.03 1.92 ± 0.08 

28 1.71 ± 0.04 1.72 1.76 ± 0.02 1.61 ± 0.06 

DIY: Fractal dimension from two-slope method; 
Dab: Fractal dimension from size range data; 
DI: Fractal dimension from steady state size distribution model based on length of aggregates; 
Dy: Fractal dimension from steady state size distribution model based on solid volume of 

aggregates. 
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(c) Fractal dimensions in one and two dimensions and shape factors. NaCl: 0.15 M; G: 3.4 s·l 

Time D2 Dl Shape Factor 

day value R2 value R2 value 

11 1.92 ± 0.02 0.883 1.062 ± 0.011 0.920 0.664 ± 0.003 

12 1.86 ± 0.02 0.899 1.068 ± 0.009 0.940 0.678 ± 0.003 

13 1.86 ± 0.02 0.868 1.087 ± O.OlD 0.929 0.614 ± 0.003 

15 1.93 ± 0.02 0.900 1.085 ± O.OlD 0.936 0.657 ± 0.003 

17 2.03 ± 0.02 0.930 1.084 ± 0.008 0.954 0.677 ± 0.002 

18 1.98 ± 0.02 0.930 1.098 ± 0.008 0.956 0.640 ± 0.003 

19 2.06 ± 0.02 0.941 1.120 ± 0.007 0.966 0.659 ± 0.003 

20 2.08 ± 0.02 0.930 1.071 ± 0.007 0.959 0.675 ± 0.003 

21 2.05 ± 0.02 0.933 1.120 ± 0.008 0.958 0.644 ± 0.003 

22 2.00 ± 0.02 0.938 1.095 ± 0.007 0.965 0.639 ± 0.003 

23 2.03 ± 0.02 0.947 1.113 ± 0.007 0.964 0.638 ± 0.003 

24 2.02 ± 0.02 0.949 1.134 ± 0.006 0.970 0.651 ± 0.003 

25 2.04 ± 0.02 0.941 1.106 ± 0.007 0.965 0.652 ± 0.003 

26 2.04 ± 0.02 0.943 1.108 ± 0.007 0.965 0.618 ± 0.003 

27 2.01 ± 0.02 0.941 1.089 ± 0.007 0.963 0.655 ± 0.003 

28 2.03 ± 0.02 0.944 1.086 ± 0.007 0.965 0.648 ± 0.003 
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(d) Boundary fractal dimensions. Nael: 0.15 M; G: 3.4 s·l 

No Db error R2 No Db error R2 

1 1.175 0.030 0.917 21 1.181 - 0.025 0.963 

2 1.414 0.011 0.999 22 1.466 0.031 0.987 

3 1.309 0.017 0.997 23 1.565 0.012 1.000 

4 1.297 0.029 0.981 24 1.665 0.064 0.982 

5 1.341 0.016 0.998 25 1.406 0.022 0.994 

6 1.208 0.049 0.899 26 1.381 0.033 0.985 

7 1.684 0.062 0.984 27 1.493 0.023 0.996 

8 1.298 0.008 0.998 28 1.460 0.053 0.962 

9 1.350 0.016 0.998 29 1.404 0.034 0.979 

10 1.373 0.048 0.968 30 1.298 0.049 0.949 

11 1.557 0.057 0.979 31 1.433 0.068 0.976 

12 1.585 0.000 1.000 32 1.415 0.014 0.998 

13 1.548 0.030 0.997 33 1.416 0.049 0.973 

14 1.762 0.026 0.999 34 1.344 0.018 0.992 

15 1.450 0.031 0.986 35 1.183 0.023 0.985 

16 1.374 0.039 0.989 36 1.143 0.012 0.994 

17 1.062 0.005 0.987 37 1.467 0.068 0.979 

18 1.423 0.089 0.919 38 1.237 0.020 0.978 

19 1.488 0.034 0.990 39 1.114 0.020 0.940 

20 1.208 0.050 0.852 40 1.301 0.034 0.963 

average 1.382 standard 0.156 

Db derivation 
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Table III-2 Experimental data. NaCI: 0.15 M; G: 5.9 s-l; (a) fractal dimensions in one and two 
dimensions and shape factors; (b) boundary fractal dimensions 

(a) Fractal dimensions in one and two dimensions and shape factors. NaCl: 0.15 M; G: 5.9 s-l 

Time D2 D1 Shape factor 

day value R2 value R2 value 

4 1.89 ± 0.02 0.923 1.042 ± 0.008 0.956 0.762 ± 0.001 

5 1.85 ± 0.02 0.947 1.040 ± 0.009 0.978 0.691 ± 0.004 

6 1.84 ± 0.02 0.946 1.086 ± 0.003 0.972 0.735 ± 0.003 

7 1.80 ± 0.03 0.927 1.124 ± 0.012 0.966 0.727 ± 0.003 
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(b) Boundary fractal dimensions. NaCl: 0.15 M; G: 5.9 s-l 

No Db error R2 No Db error R2 

1 1.238 0.049 0.960 21 1.560 0.036 0.992 

2 1.095 0.017 0.970 22 1.537 0.051 0.982 

3 1.312 0.032 0.969 23 1.429 0.042 0.990 

4 1.283 0.038 0.966 24 1.317 0.046 0.959 

5 1.552 0.066 0.972 25 1.425 0.054 0.968 

6 1.547 0.080 0.959 26 1.539 0.022 0.995 

7 1.490 0.061 0.969 27 1.525 0.049 0.991 

8 1.390 0.015 0.999 28 1.359 0.059 0.949 

9 1.418 0.032 0.989 29 1.425 0.019 0.996 

10 1.401 0.051 0.969 30 1.348 0.022 0.992 

11 1.552 0.019 0.998 31 1.364 0.024 0.992 

12 1.440 0.064 0.979 32 1.328 0.058 0.940 

13 1.426 0.080 0.934 33 1.492 0.039 0.988 

14 1.409 0.051 0.970 34 1.435 0.014 0.999 

15 1.430 0.046 0.967 35 1.446 0.016 0.996 

16 1.423 0.043 0.980 36 1.632 0.077 0.985 

17 1.326 0.028 0.971 37 1.330 0.049 0.957 

18 1.135 0.036 0.933 38 1.388 0.047 0.985 

19 1.230 0.053 0.949 39 1.523 0.070 0.965 

20 1.550 0.061 0.976 40 1.576 0.080 0.963 

avgerage 1.416 standard 0.118 
Db derivation 
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Table III-3 Experimental data. NaCI: 0.15 M; G: 15 s·l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCl: 0.15; G: 15 s·l 

Time Range Sv Range S( 

day low high value R2 low high value R2 

2 5.5 24.9 -1.309 ± 0.004 1.000 3.1 6.1 -2.866 ± 0.048 0.998 

3 5.5 18.0 -1.571 ± 0.012 0.999 3.1 6.1 -2.637 ± 0.035 0.999 

4 5.5 18.0 -1.760 ± 0.009 0.999 3.1 6.1 -3.004 ± 0.069 0.996 

5 10.5 36.0 -1.690 ± 0.010 0.999 3.1 6.1 -2.960 ± 0.081 0.994 

6 10.5 42.0 -1.691 ± 0.011 0.999 3.1 7.1 -2.800 ± 0.080 0.991 

7 10.5 23.6 -1.879 ± 0.016 0.999 5.1 8.2 -3.325 ± 0.117 0.990 

8 15.0 30.0 -1.781 ± 0.022 0.998 5.1 8.2 -2.738 ± 0.109 0.987 

9 5.5 20.0 -1.771 ± 0.023 0.996 3.1 6.1 -3.210 ± 0.107 0.991 

10 7.2 16.2 -1. 782 ± 0.022 0.998 3.7 5.8 -3.380 ± 0.137 0.992 

11 9.0 16.2 -1.836 ± 0.032 0.997 6.1 8.5 -3.370 ± 0.052 0.998 

12 8.1 18.1 -1.806 ± 0.013 0.999 6.1 9.2 -3.603 ± 0.069 0.997 

16 6.5 23.6 -1.507 ± 0.014 0.998 3.1 6.1 -2.879 ± 0.099 0.991 

17 5.5 27.8 -1.416 ± 0.012 0.998 3.1 7.1 -2.660 ± 0.027 0.999 

18 5.5 26.3 -1.568 ± 0.007 1.000 3.1 7.1 -2.945 ± 0.032 0.999 

19 5.5 21.2 -1.549 ± 0.007 1.000 3.1 6.1 -2.930 ± 0.096 0.991 
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(b) Fractal dimensions in three dimensions. NaCI: 0.15 M; G: 15 s·l 

Time 
DIV Dab day 

2 2.19 ± 0.04 2.18 

3 1.68 ± 0.03 1.71 

4 1.71 ± 0.05 1.71 

5 1.75 ± 0.06 1.78 

6 1.66 ± 0.06 1.64 

7 1.77 ± 0.08 1.72 

8 1.54 ± 0.08 1.47 

9 1.81 ± 0.08 .1.86 

10 1.90 ± 0.10 1.85 

11 1.84 ± 0.06 1.79 

12 2.00 ± 0.05 1.99 

16 1.91 ± 0.08 1.87 

17 1.88 ± 0.04 1.91 

18 1.88 ± 0.03 1.85 

19 1.89 ± 0.07 1.95 
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(c) Fractal dimensions in one and two dimensions and shape factors. NaCI: 0.15 M; G: 15 s-l 

Time D1 Dz Shape Factor 

day value RZ value RZ value 

2 1.99 ± 0.02 0.923 1.062 ± 0.009 0.945 0.666 ± 0.007 

3 1.88 ± 0.03 0.917 1.109 ± 0.014 0.955 0.613 ± 0.007 

4 1.96 ± 0.03 0.928 1.092 ± 0.012 0.955 0.660 ± 0.012 

5 1.80 ± 0.02 0.897 1.073 ± 0.009 0.952 0.621 ± 0.004 

6 1.73 ± 0.03 0.892 1.051 ± 0.012 0.956 0.597 ± 0.006 

7 1.81 ± 0.02 0.918 1.070 ± 0.009 0.963 0.591 ± 0.005 

8 1.93 ± 0.02 0.951 1.067 ± 0.007 0.975 0.652 ± 0.004 

9 1.87 ± 0.02 0.906 1.092 ± 0.008 0.950 0.614 ± 0.004 

10 1.87 ± 0.02 0.898 1.073 ± 0.008 0.951 0.611 ± 0.003 

11 1.82 ± 0.02 0.912 1.076 ± 0.007 0.954 0.609 ± 0.004 

12 1.93 ± 0.01 0.970 1.123 ± 0.005 0.984 0.598 ± 0.004 

16 1.091 ± 0.009 0.938 0.572 ± 0.004 

17 1.82 ± 0.02 0.915 1.093 ± 0.008 0.958 0.602 ± 0.004 

18 1.85 ± 0.02 0.916 1.096 ± 0.008 0.955 0.631 ± 0.003 

19 1.77 ± 0.03 0.903 1.072 ± 0.010 0.956 0.628 ± 0.005 
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(d) Boundary fractal dimensions. NaCl: 0.15 M; G: 15 S·l 

No Db error R2 No Db error R2 

1 1.241 0.044 0.939 21 1.318 0.031 0.981 

2 1.242 0.015 0.992 22 1.473 0.042 0.984 

3 1.450 0.054 0.972 23 1.283 0.064 0.908 

4 1.480 0.037 0.988 24 1.195 0.023 0.972 

5 1.476 0.031 0.992 25 1.257 0.045 0.941 

6 1.360 0.041 0.975 26 1.234 0.052 0.909 

7 1.121 0.016 0.982 27 1.415 0.040 0.981 

8 1.150 0.012 0.987 28 1.302 0.073 0.944 

9 1.205 0.047 0.951 29 1.265 0.033 0.941 

10 1.247 0.027 0.977 30 1.252 0.036 0.943 

11 1.233 0.029 0.970 31 1.338 0.044 0.968 

12 1.410 0.101 0.943 32 1.608 0.038 0.988 

13 1.049 0.009 0.932 33 1.239 0.024 0.990 

14 1.428 0.043 0.981 

15 1.212 0.008 0.997 

16 1.318 0.071 0.953 

17 1.121 0.017 0.964 

18 1.130 0.024 0.906 

19 1.046 0.004 0.992 

20 1.355 0.004 1.000 

average 1.287 standard 0.130 
Db derivation 
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Table 1I1-4 Experimental data. NaCI: 0.3 M; G: 15 s·l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCI: 0.3 M; G: 15 s·l 

Time Range Slope Range Slope 

hour low high value R2 low high value R2 

21.3 b 5.5 14.6 -1.539 ± 0.022 0.998 4.1 7.1 -2.704 ± 0.048 0.997 

21.3 t 5.5 11.1 -1.506 ± 0.033 0.994 5.1 7.8 -2.470 ± 0.082 0.992 

43.1 b 5.5 30.9 -0.742 ± 0.004 0.997 3.1 7.1 -1.510 ± 0.025 0.997 

43.1 t 5.5 45.0 -0.805 ± 0.004 0.999 3.1 8.5 -1.636 ± 0.023 0.997 

103.1 b 5.5 34.4 -0.999 ± 0.005 0.999 3.1 7.1 -2.140 ± 0.024 0.999 

103.1 t 5.5 34.4 -0.994 ± 0.005 0.999 3.1 7.1 -2.110 ± 0.051 0.994 

b: sampling from the place near the bottom of the cylinders; 
t: sampling from the place near the top of the cylinders. 

(b) Fractal dimensions in three dimensions. NaCI: 0.3 M; G: 15 s·l 

Elasped Time 
D lv Dab hour 

21.3 b 1.76 ± 0.06 1.74 

21.3 t 1.64 ± 0.09 1.65 

43.1 b 2.04 ± 0.05 2.04 

43.1 t 2.03 ± 0.04 2.06 

103.1 b 2.14 ± 0.03 2.16 

103.1 t 2.12 ± 0.06 2.16 



281 

(c) Fractal dimensions in one and two dimensions and shape factors. NaCl: 0.3 M; G: 15 s-l 

Time Dz D} Shape Factor 

hour value RZ value R2 value 

21.3b 1.81 ± 0.02 0.912 1.083 ± 0.007 0.956 0.601 ± 0.004 

21.3t 1.79 ± 0.02 0.922 1.074 ± 0.007 0.962 0.608 ± 0.004 

43.1b 1.95 ± 0.01 0.960 1.078 ± 0.005 0.980 0.585 ± 0.004 

43.1t 1.95 ± 0.01 0.949 1.100 ± 0.006 0.972 0.558 ± 0.004 

103.1b 1.82 ± 0.02 0.932 1.100 ± 0.007 0.965 0.596 ± 0.004 

103.lt 1.81 ± 0.02 0.933 1.080 ± 0.007 0.965 0.608 ± 0.004 
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(d) Boundary fractal dimensions. NaCl: 0.3 M; G: 15 s·l 

No Db error R2 No Db error R2 

2 1.440 0.046 0.968 22 1.333 0.007 0.999 

3 1.331 0.065 0.963 23 1.220 0.004 0.999 

4 1.384 0.020 0.992 24 1.348 0.014 0.995 

5 1.521 0.050 0.982 25 1.529 0.017 0.998 

6 1.179 0.009 0.995 26 1.156 0.019 0.986 

7 1.082 0.012 0.941 27 1.261 0.023 0.978 

8 1.259 0.039 0.937 28 1.132 0.012 0.968 

9 1.439 0.035 0.987 29 1.239 0.023 0.982 

10 1.160 0.036 0.907 30 1.300 0.033 0.988 

11 1.624 0.023 0.999 31 1.132 0.009 0.995 

12 1.552 0.019 0.999 32 1.299 0.020 0.987 

13 1.170 0.000 1.000 33 1.138 0.023 0.948 

14 1.118 0.D15 0.984 34 1.250 0.019 0.989 

15 1.470 0.048 0.979 35 1.100 0.016 0.974 

16 1.605 0.011 LOOO 36 1.206 0.029 0.961 

17 1.213 0.020 0.983 37 1.176 0.022 0.984 

18 1.412 0.037 0.985 

19 1.073 0.008 0.979 

20 1.569 0.066 0.974 

average 1.298 standard 0.156 
Db derivation 
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Table III-5 Experimental data. NaCI: 0.45 M; G: 15 s·l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCl: 0.45 M; G: 15 s·l 

Time Range Slope Range Slope 

hour low high value R2 low high value R2 

41.3 b 10.0 26.3 -1.453 ± 0.023 0.995 8.2 15.3 -2.240 ± 0.018 0.999 

53.8 b 7.6 15.4 -0.808 ± 0.013 0.997 6.1 9.2 -1.372 ± 0.027 0.997 

53.8 t 7.6 17.3 -0.988 ± 0.016 0.996 6.1 10.2 -1.508 ± 0.028 0.996 

65.6 t 6.9 15.4 ·0.888 ± 0.013 0.997 5.1 8.5 -1.381 ± 0.037 0.994 

88.5 b 17.1 42.6 -1.242 ± 0.D15 0.998 8.2 14.3 -2.063 ± 0.023 0.998 

88.5 t 8.5 22.4 -0.992 ± 0.007 0.999 7.1 12.9 -1.583 ± 0.032 0.991 

(b) Fractal dimensions in three dimensions. NaCI: 4.5 M; G: 15 s·l 

Elasped Time 
D lv Dab hour 

41.3 1.54 ± 0.04 1.54 

53.8 1.53 ± 0.05 1.61 

65.6 1.56 ± 0.07 1.58 

88.5 1.66 ± 0.04 1.63 

88.5 1.60 ± 0.04 1.64 

(c) Fractal dim,ensions in one and two dimensions and shape factors. NaCI: 0.45 M; G: 15 s·l 

Time D2 D} Shape Factor 

hour value R2 value R2 value 

4I.3b 1.96 ± 0.01 0.966 1.127 ± 0.005 0.978 0.553 ± 0.005 

53.8t 1.99 ± 0.01 0.971 1.117 ± 0.005 0.980 0.552 ± 0.004 

65.6t 1.97 ± 0.01 0.967 1.135 ± 0.006 0.975 0.544 ± 0.004 

88.5b 1.94 ± 0.01 0.960 1.165 ± 0.007 0.963 0.462 ± 0.005 

88.5t 1.99 ± 0.D1 0.972 1.133 ± 0.006 0.977 0.528 ± 0.005 
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(d) Boundary fractal dimensions. NaCl: 0.45 M; G: 15 s-1 

No Db errpr R2 No Db errpr R2 

1 1.354 0.002 1.000 23 1.319 0.044 0.945 

2 1.402 0.024 0.985 24 1.114 0.011 0.972 

3 1.281 0.020 0.990 25 1.388 0.070 0.968 

4 1.354 0.002 1.000 26 1.072 0.002 0.999 

5 1.441 0.D15 0.996 27 1.305 0.036 0.974 

6 1.281 0.020 0.990 28 1.239 0.041 0.944 

7 1.200 0.005 0.997 29 1.173 0.017 0.980 

8 1.347 0.017 0.993 30 1.414 0.029 0.990 

9 1.301 0.035 0.973 31 1.123 0.021 0.918 

10 1.425 0.078 0.937 32 1.081 0.013 0.930 

11 1.217 0.025 0.974 33 1.214 0.014 0.991 

12 1.135 0.020 0.959 34 1.178 0.019 0.967 

13 1.474 0.019 0.998 35 1.070 0.010 0.964 

14 1.127 0.006 0.998 36 1.196 0.014 0.990 

15 1.394 0.031 0.994 37 1.265 0.036 0.964 

16 1.197 0.021 0.977 38 1.135 0.021 0.930 

17 1.236 0.020 0.993 39 1.177 0.027 0.955 

18 1.277 0.029 0.958 40 1.394 0.037 0.974 

19 1.157 0.012 0.984 41 1.564 0.027 0.993 

20 1.487 0.057 0.987 42 1.261 0.042 0.975 

21 1.118 0.004 0.998 43 1.444 0.020 0.994 

22 1.476 0.026 0.994 

average 1.275 standard 0:129 
Dh derivation 
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Table III-6 Experimental data. NaCI: 0.6 M; G: 0.5 s-l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCl: 0.6 M; G: 0.5 s-l 

Range Sy Range SI 
day 

R2 low high value (±SD) low high value (±SD) R2 

11 5.5 42.6 -1.054 ± 0.004 1.000 3.1 8.5 -2.151 ± 0.025 0.998 

13 5.5 29.4 -1.092 ± 0.012 0.997 3.1 6.1 -2.648 ± 0.076 0.994 

14 5.5 42.7 -1.218 ± 0.006 0.999 3.1 8.5 -2.470 ± 0.049 0.994 

15 5.5 21.2 -1.265 ± 0.020 0.993 3.1 6.1 -2.501 ± 0.065 0.995 

(b) Fractal dimensions in three dimensions. NaCl: 0.6 M; G: 0.5 s-l 

day DIy Dab DI Dy 

11 2.04 ± 0.03 2.00 1.30 ± 0.05 2.71 ± 0.01 

13 2.42 ± 0.10 2.42 2.23 ± 0.12 2.53 ± 0.06 

14 2.03 ± 006 2.01 1.94 ± 0.06 2.09 ± 0.02 

15 1.98 ± 0.08 1.95 2.00 ± 0.13 1.96 ± 0.05 

(c) Fractal dimensions in one and two dimensions and shape factors. NaCl: 0.6 M; G: 0.5 s-I 

time D2 DI Shape Factor 

day value error R2 value error R2 value error 

11 2.01 0.01 0.958 1.093 0.005 0.973 0.644 0.003 

13 1.98 0.02 0.941 1.077 0.007 0.965 0.681 0.002 

14 1.96 0.02 0.931 1.086 0.007 0.965 0.615 0.004 

15 1.95 0.02 0.932 1.137 0.008 0.959 0.620 0.004 
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(d) Boundary fractal dimensions. NaCl: 0.6 Mi G: 0.5 s·l 

No Db error R2 No error Db R2 

1 1.225 0.022 0.982 20 1.255 0.038 0.978 

2 1.312 0.006 1.000 21 1.149 0.008 0.992 

3 1.245 0.019 0.988 22 1.062 0.022 0.797 

4 1.073 0.006 0.994 23 1.281 0.038 0.982 

5 1.199 0.040 0.924 24 1.328 0.061 0.967 

6 1.265 0.052 0.927 25 1.240 0.042 0.944 

7 1.365 0.022 0.993 26 1.078 0.008 0.977 

8 1.158 0.009 0.990 27 1.249 0.008 0.998 

9 1.051 0.003 0.992 28 1.249 0.008 0.998 

10 1.302 0.024 0.993 29 1.184 0.010 0.994 

11 1.262 0.035 0.983 30 1.367 0.014 0.996 

12 1.340 0.056 0.924 31 1.264 0.019 0.989 

13 1.194 U.034 0.943 32 1.142 0.022 0.956 

14 1.079 0.039 0.675 33 1.038 0.007 0.962 

15 1.326 0.044 0.982 34 1.251 0.041 0.974 

16 1.410 0.028 0.986 35 1.458 0.044 0.982 

17 1.111 0.015 0.945 36 1.178 0.034 0.932 

18 1.247 0.018 0.990 37 1.196 0.008 0.998 

19 1.236 0.009 0.997 38 1.292 0.040 0.981 

average 1.228 standard 0.101 
Db derivation 
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Table III-7 Experimental data. NaCl: 0.6 M; G: 3.4 s·l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCI: 0.6 M; G: 3.4 s·l 

Range Sy Range SI 
day 

R2 low high value (±SD) R2 low high value (±SD) 

4 7.6 15.4 -3.160 ± 0.051 0.997 7.1 11.6 -4.393 ± 0.161 0.984 

5b 7.6 15.4 -3.013 ± 0.032 0.999 7.1 11.9 -4.410 ± 0.122 0.982 

5t 5.5 9.0 -1.868 ± 0.032 0.998 6.5 9.2 -2.661 ± 0.054 0.997 

(b) Fractal dimensions in three dimensions. NaCI: 0.6 M; G: 3.4 s·l 

day Diy Dab DI Dy 

4 1.39 ± 0.07 1.45 5.79 ± 0.32 1.84 ± 0.05 

5b 1.46 ± 0.06 1.37 5.82 ± 0.24 0.71 ± 0.01 

5t 1.42 ± 0.05 1.39 2.32 ± 0.11 0.56 ± om 

(c) Fractal dimensions in one and two dimensions and shape factors. NaCI: 0.6 M; G: 3.4 s·l 

Time D2 D1 Shape Factor 

day value error R2 value error R2 Sf error 

1 1.70 0.02 0.872 1.019 0.008 0.945 0.609 0.004 

4 1.82 0.02 0.931 1.072 0.006 0.968 0.565 0.004 

5b 1.87 0.02 0.936 1.102 0.007 0.966 0.563 0.004 

5t 1.88 0.01 0.946 1.110 0.007 0.969 0.539 0.004 
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(d) Boundary fractal dimensions. NaCI: 0.6 M; G: 3.4 s-1 

No Db error R2 No Db error R2 

1 1.424 0.081 0.932 21 1.473 0.045 0.982 

2 1.274 0.D15 0.997 22 1.486 0.028 0.997 

3 1.122 0.007 0.991 23 1.337 0.048 0.961 

4 1.646 0.069 0.989 24 1.221 0.026 0.973 

5 1.567 0.070 0.985 25 1.146 0.014 0.991 

6 1.500 0.115 0.904 26 1.078 0.027 0.807 

7 1.131 0.004 0.998 27 1.397 0.028 0.985 

8 1.229 0.039 0.945 28 1.397 0.013 0.998 

9 1.333 0.020 0.993 29 1.444 0.034 0.989 

10 1.127 0.002 0.999 30 1.492 0.053 0.988 

11 1.179 0.024 0.967 31 1.354 0.055 0.954 

12 1.368 0.040 0.976 32 1.357 0.063 0.942 

13 1.278 0.027 0.982 33 1.271 0.007 0.999 

14 1.387 0.023 0.993 34 1.429 0.021 0.993 

15 1.161 0.D15 0.991 35 1.458 0.051 0.976 

16 1.292 0.017 0.997 36 1.190 0.035 0.968 

17 1.212 0.017 0.994 37 1.365 0.044 0.971 

18 1.404 0.085 0.958 38 1.398 0.045 0.975 

19 1.465 0.009 0.999 39 1.624 0.029 0.996 

20 1.159 0.020 0.970 40 1.423 0.024 0.994 

average 1.340 standard 0.142 
Db derivation 
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Table IIl-8 Experimental data. NaCl: 0.6 M; G: 8 s·l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCl: 0.6 M; G: 8 s·l 

Time Range Sv Range SI 

hour low High value (± SD) R2 low High value (± SD) R2 

4.8 11.7 19.1 ·2.616 ± 0.037 0.998 6.1 8.2 -4.420 ± 0.071 0.999 

10.7 23.6 45.0 -1.890 ± 0.024 0.998 8.2 11.9 -3.340 ± 0.067 0.996 

21.7 16.2 45.0 -0.855 ± 0.007 0.998 9.2 16.3 -1.496 ± 0.015 0.998 

47.7 62.2 100.9 -1.357 ± 0.016 0.999 17.0 22.1 -2.579 ± 0.039 0.999 

59.8 5.5 30.9 -0.283 ± 0.002 0.998 3.1 7.1 -0.587 ± 0.017 0.991 

(b) Fractal dimensions in three dimensions. NaCl: 0.6 M; G: 8 s·l 

Time 
Dlv Dab hour 

4.8 1.69 ± 0.05 1.69 

10.7 1.77 ± 0.06 1.71 

21.7 1.75 ± 0.03 1.77 

47.7 1.90 ± 0.05 1.85 

59.8 2.07 ± 0.08 2.04 

(c) Fractal dimensions in one and two dimensions and shape factors. NaCl: 0.6 M; G: 8 s·} 

Time D2 D} Shape Factor 

hour value error R2 value error R2 value error 

4.8 1.84 0.02 0.917 1.066 0.007 0.957 0.600 0.004 

10.7 1.87 0.01 0.949 1.088 0.006 0.974 0.586 0.004 

21.7 1.98 0.01 0.971 1.133 0.005 0.983 0.499 0.005 

47.7 1.95 om 0.974 1.129 0.005 0.983 0.503 0.005 

59.8b 1.99 0.01 0.985 1.133 0.004 0.988 0.477 0.005 

59.8t 1.97 0.01 0.981 1.126 0.004 0.988 0.472 0.005 
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(d) Boundary fractal dimensions. NaCI: 0.6 M; G: 8 s·l 

No Db error R2 No Db error R2 

1 1.339 0.059 0.971 21 1.282 0.031 0.955 

2 1.526 0.022 0.997 22 1.311 0.026 0.987 

3 1.509 0.029 0.990 23 1.274 0.052 0.932 

4 1.490 0,018 0.997 24 1.232 0.047 0.923 

5 1.391 0.046 0.961 25 1.429 0.046 0.977 

6 1.306 0.015 0.990 26 1.211 0.016 0.994 

7 1.309 0.033 0.978 27 1.571 0.008 LOOO 

8 1.380 0.012 0.997 28 1.425 0.008 0.999 

9 1.170 0.017 0.981 29 1.144 0.026 0.911 

10 1.372 0.044 0.973 30 1.515 0.040 0.988 

11 1.516 0.040 0.988 31 1.235 0.019 0.981 

12 1.099 0,015 0.955 32 1.142 0.012 0.987 

13 1.585 0.000 1.000 33 1.410 0.056 0.964 

14 1.261 0.008 0.998 34 1.390 0.053 0.964 

15 1.244 0.014 0.990 35 1.329 0.034 0.990 

16 1.346 0.021 0.993 36 1.306 0.032 0.979 

17 1.201 0.008 0.997 37 1.465 0.074 0.930 

18 1.268 0.032 0.972 38 1.200 0.033 0.926 

19 1.233 0.024 0.969 39 1.421 0.022 0.997 

20 1.446 0,018 0.997 40 1.553 0.048 0.978 

average 1.346 standard 0.128 
derivation 
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Table III-9 Experimental data. NaCI: 0.6 M; G: 15 s-l; (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d) boundary fractal dimensions 

(a) Slopes of size distribution. NaCl: 0.6 M; G: 15 S·l 

Time Range Sv Range SI 

hour low high value (± SD) R2 low high value (± SD) R2 

24.7 10.5 15.3 -2.019 ± 0.023 0.999 8.2 10.2 -3.390 ± 0.114 0.994 

24.7 10.5 21.2 -2.780 ± 0.038 0.998 8.2 12.6 -4.390 ± 0.149 0.986 

31.7 10.0 17.1 -2.858 ± 0.045 0.998 8.2 11.2 -4.630 ± 0.14 0.992 

50.8 9.5 26.3 -2.200 ± 0.034 0.996 8.2 15.0 -3.731 ± 0.045 0.997 

50.8 10.5 29.3 -2.307 ± 0.041 0.994 8.2 15.3 -3.883 ± 0.067 0.994 

72.0 11.7 29.3 -1.324 ± 0.019 0.997 9.2 15.3 -2.327 ± 0.035 0.996 

72.0 10.5 26.3 -1.198 ± 0.024 0.993 9.2 15.3 -2.101 ± 0.049 0.991 

(b) Fractal dimensions in three dimensions. NaCI: 0.6 M; G: 15 s·l 

Elasped Time 
Dlv Dab hour 

24.7 1.68 ± 0.08 1.67 

24.7 1.58 ± 0.08 1.61 

31.7 1.62 ± 0.08 1.70 

50.8 1.70 ± 0.05 1.69 

50.8 1.68 ± 0.06 1.63 

72.0 1.76 ± 0.05 1.80 

72.0 1.75 ± 0.08 1.79 
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(c) Fractal dimensions in one and two dimensions and shape factors. NaCI: 0.6 M; G: 15 s-1 

Time D2 Dl Shape Factor 

hour value R2 value R2 value 

24.7 b 1.92 ± 0.02 0.939 1.096 ± 0.006 0.971 0.550 ± 0.004 

24.7 t 1.85 ± 0.02 0.925 1.103 ± 0.006 0.962 0.547 ± 0.004 

31.7 t 1.85 ± 0.02 0.923 1.097 ± 0.007 0.965 0.584 ± 0.004 

50.8 b 1.92 ± 0.02 0.926 1.106 ± 0.008 0.957 0.533 ± 0.004 

50.8 t 1.94 ± 0.02 0.918 1.120 ± 0.008 0.957 0.561 ± 0.004 

72.0 b 1.98 ± 0.01 0.961 1.129 ± 0.006 0.974 0.517 ± 0.005 

72.0 t 2.04 ± 0.01 0.968 1.101 ± 0.005 0.977 0.536 ± 0.004 
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(d) Boundary fractal dimensions. NaCl: 0.6 M; G: 15 s·l 

No Db error R2 No Db error R2 

1 1.661 0.027 0.995 22 1.161 0.011 0.991 

2 1.358 0.017 0.993 23 1.466 0.029 0.992 

3 1.380 0.020 0.995 24 1.115 0.048 0.745 

4 1.477 0.025 0.992 25 1.430 0.023 0.992 

5 1.327 0.024 0.989 26 1.304 0.033 0.967 

6 1.419 0.024 0.994 27 1.429 0.067 0.976 

7 1.199 0.045 0.906 28 1.150 0.012 0.987 

8 1.444 0.028 0.988 29 1.399 0.031 0.983 

9 1.410 0.019 0.993 30 1.115 0.004 0.998 

10 1.657 0.036 0.991 31 1.215 0.022 0.970 

11 1.380 0.018 0.993 32 1.197 0.020 0.980 

12 1.200 0.016 0.988 33 1.213 0.019 0.977 

13 1.301 0.039 0.967 34 1.169 0.015 0.985 

14 1.097 0.009 0.976 35 1.181 0.024 0.967 

15 1.210 0.005 0.998 36 1.191 0.009 0.996 

16 1.223 0.006 0.998 37 1.313 0.014 0.996 

17 1.166 0.026 0.952 38 1.135 0.012 0.970 

18 1.119 0.008 0.990 39 1.124 0.008 0.996 

19 1.529 0.066 0.985 40 1.319 0.019 0.989 

20 1.317 0.020 0.992 41 1.171 0.020 0.972 

21 1.204 0.032 0.933 

average 1.290 standard 0.145 
Db derivation 
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Table III-lD Experimental data. NaCl: 0.6 M; G: 27.5 s·l; (b) fractal dimensions in one and two 
dimensions and shape factors; (b) boundary fractal dimensions 

(a) Fractal dimensions in one and two dimensions and shape factors. NaCl: 0.6 M; G: 27.5 s·l 

Time D2 D1 Shape Factor 

hour value error R2 value error R2 Sf error 

lD.6b 1.93 0.01 0.966 1.133 0.006 0.977 0.505 0.005 

lD.3t 1.96 0.01 0.960 1.196 0.007 0.968 0.441 0.005 

23.3b 1.96 0.01 0.979 1.134 0.005 0.980 0.487 0.005 

46.8b 1.97 0.01 0.977 1.135 0.004 0.988 0.485 0.005 

46.8t 1.96 0.01 0.984 1.110 0.008 0.984 0.418 0.005 

70.8b 1.98 0.01 0.976 1.137 0.007 0.962 0.404 0.005 

70.8t 1.96 om 0.988 1.159 0.004 0.985 0.420 0.006 
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(d) Boundary fractal dimensions. NaCl: 0.6 M; G: 27.5 s·l 

No Db error R2 No Db error R2 

1 1.277 0.014 0.990 21 1.235 0.024 0.980 

2 1.211 0.035 0.949 22 1.243 0.014 0.990 

3 1.209 0.032 0.954 23 1.227 0.027 0.959 

4 1.251 0.023 0.975 24 1.229 0.049 0.877 

5 1.377 0.022 0.997 25 1.177 0.023 0.967 

6 1.234 0.006 0.998 26 1.137 0.011 0.980 

7 1.240 0.056 0.901 27 1.258 0.034 0.967 

8 1.256 0.018 0.990 28 1.203 0.019 0.982 

9 1.250 0.016 0.988 29 1.346 0.037 0.967 

lD 1.409 0.027 0.987 30 1.580 0.042 0.990 

11 1.319 0.030 0.967 31 1.308 0.022 0.990 

12 1.150 0.035 0.900 32 1.260 0.040 0.955 

13 1.107 0.003 0.997 33 1.227 0.029 0.952 

14 1.088 O.OlD 0.977 34 1.223 0.032 0.926 

15 1.081 0.006 0.989 35 1.163 0.029 0.942 

16 1.177 0.015 0.986 36 1.082 0.007 0.988 

17 1.063 0.005 0.989 37 1.240 0.041 0.945 

18 1.119 0.017 0.945 38 1.567 0.033 0.990 

19 1.156 0.029 0.935 39 1.216 0.021 0.973 

20 1.494 0.040 0.981 40 1.182 0.024 0.948 

average 1.239 standard 0.117 
Db derivation 
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Table III-ll Experimental data in jar test apparatus. (a) slopes of size distributions; (b) fractal 
dimensions in three dimensions; (c) fractal dimensions in one and two dimensions and shape factors; 
(d-h) boundary fractal dimensions 

(a) Slopes of size distributions in jar test apparatus at G = 30 s·l 

NaCI Range Slope 
Type 

M 
Index 

low high value R2 

0.05 1 8.1 29.2 -0.422 ± 0.004 0.998 

2 95.6 182.2 -1.342 ± 0.013 0.999 

0.15 1 30.9 62.2 -0.572 ± 0.006 0.999 

N(>v) 2 132.0 226.0 -1.100 ± 0.011 0.999 

0.25 1 19.1 40.4 -0.696 ± 0.D15 0.994 

2 50.1 100.9 -1.881 ± 0.050 0.992 

0.5 1 5.5 19.0 -0.600 ± 0.008 0.996 

0.05 4.1 8.2 -0.783 ± 0.019 0.994 

2 15.3 22.1 -2.388 ± 0.041 0.995 

0.15 7.1 10.2 -1.045 ± 0.041 0.987 

N(>l) 2 14.3 18.0 -2.573 ± 0.054 0.996 

0.25 1 6.1 9.2 -1.290 ± 0.043 0.991 

2 11.2 17.0 -3.316 ± 0.045 0.997 

0.5 3.1 6.1 -1.059 ± 0.036 0.991 
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(b) Fractal dimensions in three dimensions in jar test apparatus at G = 30 s·l 

NaCI 
Index 

Dlv Dab M 

1 1.86 ± 0.07 1.86 
0.05 

2 1.79 ± 0.05 1.75 

1 1.83 ± 0.09 1.96 
0.15 

2 2.34 ± 0.07 2.31 

1 1.85 ± 0.11 1.86 
0.25 

2 1.76 ± 0.08 1.68 

0.50 1 1.77 ± 0.08 1.79 

(c) Fractal dimensions in one and two dimensions and shape factors in jar test apparatus at 
G = 30 s·1 

NaCl D2 D1 Shape Factor 
M 

R2 R2 value value 

0.05 1.87 ± 0.01 0.976 1.132 ± 0.005 0.984 0.535 ± 0.005 

0.15 1.87 ± 0.01 0.972 1.095 ± 0.005 0.982 0.573 ± 0.005 

0.25 1.86 ± 0.01 0.969 1.081 ± 0.005 0.983 0.604 ± 0.004 

0.50 1.79 ± 0.01 0.948 1.125 ± 0.009 0.944 0.577 ± 0.005 
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(d) Boundary fractal dimensions in jar test apparatus. NaCI: 0.05 M; G: 30 s·l 

No Db error R2 No Db error R2 

1 1.434 0.021 0.993 17 1.336 0.030 0.976 

2 1.184 0.055 0.850 18 1.305 0.027 0.985 

3 1.342 0.078 0.950 19 1.373 0.019 0.992 

4 1.405 0.025 0.993 20 1.420 0.011 0.999 

5 1.455 0.075 0.948 21 1.375 0.051 0.964 

6 1.488 0.069 0.962 22 1.611 0.073 0.986 

7 1.292 0.043 0.958 23 1.545 0.077 0.961 

8 1.327 0.057 0.943 24 1.128 O.OlD 0.988 

9 1.584 0.087 0.958 25 1.198 0.017 0.985 

lD 1.201 0.027 0.965 26 1.447 0.057 0.969 

11 1.344 0.031 0.992 27 1.298 0.028 0.966 

12 1.116 0.002 0.999 28 1.102 0.021 0.889 

13 1.447 0.042 0.983 29 1.230 0.012 0.992 

14 1.178 0.038 0.916 30 1.307 0.058 0.934 

15 1.249 0.D18 0.990 31 1.378 0.060 0.951 

16 1.189 0.037 0.899 32 1.608 0.058 0.982 

average 1.340 standard 0.139 
Db derivation 



299 

(e) Boundary fractal dimensions in jar test apparatus. NaCl: 0.15 M; G: 30 s-l 

No Db error R2 No Db error R2 

1 1.411 0.052 0.968 21 1.203 0.026 0.968 

2 1.177 0.025 0.963 22 1.152 0.021 0.962 

3 1.062 0;010 0.954 23 1.314 0.036 0.974 

4 1.272 0.029 0.989 24 1.417 0.042 0.980 

5 1.464 0.090 0.930 25 1.371 0.073 0.895 

6 1.421 0.047 0.988 26 1.534 0.050 0.983 

7 1.518 0.091 0.942 27 1.161 0.018 0.975 

8 1.569 0.114 0.962 28 1.144 0.026 0.941 

9 1.248 0.021 0.971 29 1.479 0.033 0.991 

10 1.238 0.027 0.974 30 1.158 0.039 0.892 

11 1.283 0.020 0.981 31 1.343 0.060 0.943 

12 1.615 0.055 0.984 32 1.162 0.019 0.959 

13 1.385 0.045 0.973 33 1.162 0.032 0.929 

14 1.151 0.002 1.000 34 1.212 0.029 0.964 

15 1.312 0.022 0.985 35 1.371 0.057 0.977 

16 1.703 0.036 0.997 36 1.205 0.029 0.962 

17 1.210 0.018 0.985 37 1.124 0.011 0.985 

18 1.535 0.029 0.997 38 1.308 0.036 0.973 

19 1.380 0.057 0.957 39 1.349 0.023 0.992 

20 1.165 0.013 0.987 

average 1.315 standard 0.154 
Db derivation 
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(f) Boundary fractal dimensions in jar test apparatus. NaCl: 0.25 M; G: 30 s·l 

No Db error R2 No Db error R2 

1 1.408 0.026 0.988 22 1.313 0.014 0.996 

2 1.237 0.027 0.974 23 1.392 0.031 0.987 

3 1.113 0.023 0.924 24 1.233 0.025 0.977 

4 1.370 0.021 0.993 25 1.503 0.047 0.983 

5 1.291 0.008 0.999 26 1.370 0.026 0.981 

6 1.149 0.034 0.908 27 1.181 0.030 0.948 

7 1.329 0.031 0.982 28 1.070 0.011 0.954 

8 1.585 0.067 0.987 29 1.396 0.033 0.986 

9 1.200 0.026 0.967 30 1.102 0.012 0.974 

10 1.482 0.060 0.985 31 1.116 0.014 0.971 

11 1.429 0.037 0.985 32 1.375 0.028 0.989 

12 1.148 0.017 0.976 33 1.147 0.028 0.933 

13 1.227 0.039 0.945 34 1.306 0.034 0.975 

14 1.417 0.052 0.969 35 1.473 0.027 0.994 

15 1.368 0.029 0.988 36 1.282 0.027 0.981 

16 1.442 0.020 0.994 37 1.560 0.014 0.998 

17 1.468 0.041 0.978 38 1.341 0.020 0.993 

18 1.370 0.029 0.982 39 1.463 0.045 0.972 

19 1.239 0.006 0.998 40 1.594 0.054 0.984 

20 1.444 0.032 0.984 41 1.302 0.032 0.978 

21 1.139 0.019 0.963 

average 1.326 stardard 0.139 
Db derivation 
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(g) Boundary fractal dimensions in jar test apparatus. NaCl: 0.35 M; G: 30 s-l 

No Db error R2 No Db error R2 

1 1.304 0.065 0.915 21 1.218 0.029 0.983 

2 1.489 0.020 0.998 22 1.585 0.088 0.978 

3 1.515 0.065 0.969 23 1.244 0.046 0.934 

4 1.465 0.031 0.987 24 1.440 0.066 0.957 

5 1.319 0.020 0.996 25 1.517 0.019 0.997 

6 1.318 0.023 0.990 26 1.660 0.071 0.977 

7 1.498 0.033 0.987 27 1.372 0.037 0.981 

8 1.424 0.035 0.993 28 1.407 0.031 0.978 

9 1.388 0.021 0.991 29 1.180 0.021 0.973 

10 1.483 0.037 0.989 30 1.433 0.061 0.962 

11 1.375 0.034 0.984 31 1.284 0.022 0.994 

12 1.239 0.024 0.990 32 1.361 0.034 0.966 

13 1.393 0.044 0.975 33 1.574 0.054 0.983 

14 1.307 0.019 0.992 34 1.159 0.017 0.977 

15 1.447 0.003 1.000 35 1.199 0.009 0.998 

16 1.291 0.030 0.979 36 1.132 0.011 0.987 

17 1.144 0.023 0.949 

18 1.597 0.022 0.996 

19 1.237 0.021 0.984 

20 1.184 0.026 0.981 

average 1.366 standard 0.139 
Db derivation 
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(h) Boundary fractal dimensions in jar test apparatus. NaCl: 0.5 M; G: 30 s-l 

No Db error R2 No Db error R2 

1 1.401 0.012 0.998 21 1.786 0.073 0.983 

2 1.472 0.119 0.941 22 1.225 0.022 0.973 

3 1.292 0.031 0.977 23 1.182 0.049 0.874 

4 1.320 0.033 0.970 24 1.353 0.028 0.987 

5 1.166 0.028 0.972 25 1.475 0.049 0.969 

6 1.176 0.001 1.000 26 1.316 0.058 0.938 

7 1.463 0.020 0.994 27 1.324 0.052 0.951 

8 1.690 0.076 0.976 28 1.559 0.044 0.988 

9 1.568 0.026 0.996 29 1.537 0.051 0.991 

10 1.199 0.029 0.959 30 1.516 0.023 0.994 

11 1.108 0.026 0.897 31 1.536 0.052 0.973 

12 1.452 0.054 0.973 32 1.599 0.063 0.978 

13 1.337 0.025 0.984 33 1.321 0.031 0.972 

14 1.500 0.039 0.977 34 1.436 0.063 0.960 

15 1.392 0.017 0.995 35 1.135 0.025 0.935 

16 1.450 0.043 0.982 36 1.313 0.015 0.998 

17 1.347 0.060 0.971 37 1.248 0.037 0.958 

18 1.547 0.041 0.983 38 1.468 0.046 0.981 

19 1.282 0.036 0.954 39 1.101 0.004 0.996 

20 1.361 0.046 0.968 40 1.400 0.044 0.976 

average 1.384 standard 0.157 
Db derivation 
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