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ABSTRACT 

An "excitable medium" , such as nerve fiber or heart tissue, can be locally pro

voked by a relatively small stimulus to execute a relatively large transient response, 

followed by recovery to the original rest state. In one-, two-, or three-dimensional 

excitable media, such episodes of excitation can propagate as nondecrementing 

pulses, until they are extinguished at the domain boundaries. In two- or three

dimensional excitable media, these travelling wavefronts of excitation can become 

arranged in self-perpetuating spirals (in 2D) or "scrolls" (in 3D), which rotate 

indefinitely, organizing the entire medium with periodic wavetrains. In three di

mensions, the pivot of the scroll, around which the sheetlike wavefront unfurls, is a 

one-dimensional space curve, a "vortex filament", which may end only on domain 

boundaries, or close into rings, and which may be knotted or linked. 

Vortex filaments and their associated scroll waves are of interest as periodic 

solutions to the underlying reaction-diffusion equations, and they may also play 

a role in understanding the behavior of certain natural systems, perhaps most 

prominently the disintegration of normal coordinated activity in large mammalian 

hearts known as ventricular fibrillation. Analytic or experimental approaches to 

investigating vortex filaments have met with limited success, and in any case stand 

in need of testing. 

This thesis presents the results of four largescale numerical investigations of 

vortex filaments, using supercomputers. Starting with various carefully contrived 

initial conditions, three-dimensional volumes of excitable media are simulated by 

numerical integration of partial differential equation models. During the run, the 

form and behavior of the simulated vortex filaments are monitored by means of 

a "differential geometry toolkit". Emphasis is given to two fronts. First, I tried 

to establish the existence and properties of stable filament configurations. This 

resulted in the discovery of half a dozen stable organizing centers, more than 
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doubling the number of previously known periodic solutions. Second, I attempted 

to discern the factors and rules which govern filament dynamics. This effort is 

largely guided by and aims to test the so-called "local geometry hypothesis", which 

supposes that local filament dynamics are determined by local filament geometry. 



Chapter 1 

Introduction 
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1.1 Vortex filaluents in three-dimensional excitable luedia 

A system is said to be excitable if a small stimulus can elicit a large transient 

response. The small stimulus cannot be too small: it must exceed some threshold, 

in order to give rise to the relatively large response known as excitation, which in 

turn is followed by some manner of recovery. Of particular interest are those ex

citable systems which regain the potential for another round of excitation as part 

of their recovery. An excitable mediu.m is simply a spatially distributed system 

whose component parts exhibit excitability, and which are coupled in such a way 

that neighbors can excite each other. Chemical diffusion, br passive electrotonic 

spread, are two common mechanisms of coupling. This coupling allows a localized 

excitation to spread outward, as a nondecrementing travelling pulse whose charac

teristic shape and speed are dependent on various parameters of the medium, and 

also the time since the last excitation. The classic example of an excitable medium 

is the nerve axon, an essentially one-dimensional cable which supports travelling 

pulses of excitation known as action potentials. 

In an isotropic two-dimensional excitable medium, a sufficiently vigorous local

ized source of excitation will give rise to an expanding circular wavefront, propa

gating outward until it reaches the boundaries of the domain, where it is ushered 

into extinction by its trailing refractory waveback, and the medium returns to qui

escence. However, in two dimensions, it is possible for the propagating waves to be 

arranged in such a manner that the excitation is self-perpetuating. In stIch cases, 

the wavefront is seen to be an Archimidean spiral, persistently rotating around 

a singular core region, which is therefore called a "rotor". At the center of the 

spiral, the wavetip continually turns in pursuit of its own refractory wake; while 
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inside the rotor itself, where diffusion creates conditions averaging the surrounding 

spectrum of excitation and recovery, full excitation is never achieved. 

Since the excitation-recovery cycle is periodic (represented by a closed loop in 

the appropriate state space), it is useful to characterize the state of an element of 

an excitable medium by its phase, which specifies where in the cycle that element is 

at any given instant. The phase map of an excitable medium lives on a ring, whose 

perimeter corresponds to the medium's rest state, threshold, excitation, refractory 

period, and final recovery back to the rest state. Every element of an excitable 

medium can be characterized by its phase, except the core regions of spiral waves, 

which are surrounded by a full cycle of phase ("winding number"=1) and so must 

harbor a point or region at which all phases converge. Hence, the core regions 

give rise to singularities in the mapping from 2D space to the circular phase space 

(R2 -t ,ej1). 

In a three-dimensional excitable medium, these phase singularities are drawn 

into filaments, essentially one-dimensional loci which may snake through the 

medium, and which form the pivot points or axles at the center of a rotating vortex 

of excitation. Around these filaments unfurl spiral waves of excitation, which in 

their full three-dimensional glory are manifested as curved sheets or "scrolls". The 

filaments are therefore referred to variously as scroll filaments, or vortex filaments, 

or singular filaments. An object made of vortex filament, with its surrounding 

spiral waves, organizes the entire excitable medium with periodic wavetrains, and 

is called an "organizing center". Organizing centers may be transient or stable, 

and in either case tend to move through their supporting medium. Vortex fila

ments cannot abruptly end (or just peter out) somewhere inside the medium, as 

this would entail some major phase discontinuities: the filaments can end only at 

the boundary of the medium, or can be closed into loops, which may be variously 

knotted or linked. These so-called "scroll rings" have many interesting properties, 



14 

resulting from topologically permissible arrangements of phase. This sort of talk 

should not mislead one into thinking of vortex filaments as material objects, in the 

sense of a piece of wire, or the like: a vortex filament is merely a locus of points 

within an excitable medium held by diffusion at an unstable quasi-equilibrium, 

singled out on the basis of its peculiar phase properties. 

1.2 Previous studies 

Vortex filaments and their associated spiral waves are of intrinsic mathematical 

interest since they represent stable periodic solutions to the underlying reaction

diffusion equations. In addition, spiral waves have been documented in several 

"real-world" systems: assemblies of slime-molds; sheets of neural tissue, such as 

cortex or retina; regions of carbon monoxide oxidation on crystal facets of metallic 

catalysts; the Belousov-Zhabotinsky oxidation reaction and its relatives; and the 

neuromuscular tissue of certain kinds of hearts. Some of these systems are essen

tially two-dimensional, but sufficient quantities of BZ reagent and the ventricular 

myocardium of largish mammals are "fully three-dimensional" and capable of har

boring significant stretches of vortex filament. Documenting and understanding 

the behavior of vortices in the heart has especially generated much interest recently, 

as this mode of excitation may underly certain kinds of cardiac arrhythmias or even 

fibrillation. 

Studies of three-dimensional spiral waves have been primarily concerned with 

the "statics" and dynamics of vortex filaments [Tyson & Strogatz 1991]. The 

statics of scroll waves and filaments are amenable to rigorous geometric anal

ysis and are well understood. In a series of papers, Winfree and Strogatz 

[1983a,1983b,1983c,1984a] explored the topological constraints governing the ex

istence of organizing centers. By considering globally consistent arrangements 

of phase, they were able to outline formal "realizability criteria", a converse 
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"exclusion principle", possible transmutations, and some general notions about 

constructing initial conditions of organizing centers. Some of this work, along 

with its previously developed topological foundations, was usefully summarized 

by [Tyson & Strogatz 1991]. These general approaches to the geometry of scroll 

waves and filaments are illuminating, bui they can provide only the broadest nec

essary conditions for organizing center realization. Topology does not provide 

sufficient conditions for organizing center viability or stability in a particular ex

citable medium, nor does it say much about scroll wave or filament dynamics. 

Attempts at understanding the dynamics of vortex filaments are mostly 

grounded in some version of the so-called "local geometry hypothesis". This 

paradigm assumes that local filament dynamics are determined by local filament 

geometry and twist [Keener 1988, Winfree & Guilford,1988]. (The local geometry 

of an idealized space curve reduces to curvature and torsion; twist is the arclength 

gradient of phase.) More specifically, it is supposed that the vortex spinrate, and 

lateral filament displacements in the local Normal and Binormal directions, are 

some functions of local filament curvature and twist. Tangential motion of the 

filament is excluded as physically meaningless, since its ascertainment would re

quire unambiguous identification of filament locations over time-impossible even 

in principle. The dynamical role of torsion per se is typically downplayed, as it is 

seen as a mere coordinate rotation, and is ill-behaved besides in the case of low cur

vature. However, some aspects of filament torsion are captured by the operational 

definition of twist, which sums contributions to the arclength gradient of phase 

from both the rotation of the phase distribution within the local Frenet frame, 

and from the rotation of the Frenet frame itself around the local Tangent with 

respect to absolute coordinates. Moreover, the possibility of torsion appearing in 

an interaction term (e.g., ~r:curvature times torsion, which is well-behaved as cur

vature goes to zero) has hardly been explored, let alone justifiably excluded as a 
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potential determinant of filament dynamics. Whatever their details, local models 

derive plausibility from the conception of the vortex filament as a continuum of 

2D spiral waves: the rotation of any spiral wave in this stack is presumably influ

enced by its immediate neighbors up and down the line, depending on their precise 

manner of juxtaposition as dictated by filament geometry and twist. Thus, a local 

model is presumed to apply only to well-isolated filaments, and perhaps only in 

non-extreme geometric situations, where the rotors are not overly distorted. 

Despite the conceptual framework provided by the local geometry hypoth

esis, analytic approaches to the dynamics of vortex filaments have not been 

far reaching. There are a few specialized cases which exhibit so much sym

metry that 2D arguments virtually suffice. The prediction that a simple (un

twisted, uniformly curved) vortex ring in an "equal-diffusion medium" (excita

tion and recovery variables sharing the same diffusion coefficient) will shrink 

at a rate D/l, (diffusion coefficient times curvature) was derived for Ginzburg

Landau kinetics by [Yakushevich 1984], and for more traditional excitable ki

netics by [Panfilov et at. 1986]. This "law" has been confirmed numerically 

[Panfilov & Pertsov 1984] and chemically [Jahnke et al. 1988, Jahnke et af. 1989]. 

Analyzing uniformly twisted uncurved filaments, [Mikhailov et al. (1985)] found 

that the vortex spin rate should increase proportionally with the magnitude of 

twist, until propagation failure at some critical value. Similar findings were de

rived analytically by [Davydov el at. (1989)], although they found that the in

crease in spin rate levelled off at high twist values, prior to propagation failure. 

[Biktashev 1989], again analyzing twisted uncurved filaments, but allowing for 

nonuniform twist, claimed that spin rate should increase like twist squared, and 

also derived expressions for the changing twist distribution along a nonuniformly 

twisted filament. 

By far the most ambitious analytic effort to understand vortex filament dy-
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namics is due to Keener [Keener 1988]. Assuming that a stretch of vortex filament 

can be accurately modelled as a stack of 20 spiral wave solutions, and applying 

standard perturbation theory, Keener deduced equations of filament motion and 

vortex spin rate, which describe these local responses as linear functions of local 

filament curvature, twist squared, and the arclength derivative of twist. The equa

tions contain nine coefficients, which must be evaluated empirically for a given 

excitable medium; however, in the special case of equal diffusion, three of the 

coefficients equal zero, and two of them equal the diffusion coefficient (which in 

the equal diffusion case is pretty much just a scaling factor). Keener was the 

first to suggest that the arclength derivative of twist may be an important de

terminant of filament dynamics. His prediction received some numerical support 

from [Henze & Winfree 1991], which constitutes Chapter 3 of this thesis. Keener's 

model is derived in the limiting case of only slight curvature and twist, and it is 

not known how far its jurisdiction extends as filament geometry becomes more and 

more extreme. However, the basic model presented in [Keener 1988] contains just 

the leading order terms of a power expansion in a parameter specifying the devia

tion from an uncurved untwisted filament, and the model can be expanded to acco

modate more and more "extreme" geometry. Nonlinearities in filament dynamics 

uncovered by recent numerical experiments [Skaggs et al. 1988, Henze et al. 1990] 

led Keener and Tyson [Keener & Tyson 1990, Keener & Tyson 1991] to incorpo

rate some higher order terms into the original model, and the resultant nonlinear 

equatiolls appear to acommodate that experimental data quite well. Some acldi

tional explorations of Keener's expanded model are presented in Chapter 5. 

Although intuitively appealing, local geometry models of vortex filament dy

namics have not received a whole lot of empirical testing, either numerically or 

in the laboratory. Experimentally, the best bet for quantifying filament geometry 

and dynamics is probably Belousov-Zhabotinsky reagent, but the technical prob-
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lems are considerable. A voiding convection, severe bubbling, and arranging initial 

conditions is hard enough, but then one is faced with trying to accurately visualize 

a significant translucent volume of deep red quiescent medium, with the filaments 

wrapped in coils of fuzzy bluish wavefront, and any organizing center surrounded 

by expanding concentric shells of wavefront erupting on the surface in complex 

patterns. Dynamical studies require that the precise position, geometry and twist 

of the rather obscured filament be assayed at short intervals, so that motion can be 

inferred. These sorts of technical issues have not yet been adequately resolved, so 

laboratory studies of vortex filaments have been limited so far to just a few simple 

cases. 

[Jahnke et al. 1988] poured a thin layer of quiescent BZ medium onto another 

thin layer containing an expanding cylindrical wavefront, to produce an untwisted 

uniformly curved scroll ring. They were able to monitor the fate of the simple 

scroll ring by viewing it from above and inferring the location of the filament 

as the midpoint of the inside and outside wavetip "turnarounds"-which appear 

from above as ingoing and outgoing wave bifurcations. The study showed the 

theoretically expected linear relation between the shrink rate of the ring and its 

curvature; refinements and numerical confirmation with the Oregonator are found 

in [Jahnke el al. 1989, Winfree & Jahnke 1989]. [Jahnke el at. 1988] also poured 

quiescent medium atop a spiral wave, producing a horizontal "scroll filament" 

anchored to the floor of the reaction chamber. By observing the unwinding of 

the scroll filament they were able to infer both shrinkage and drift (binormal dis

placement), but both motions appeared nonlinearly related to curvature, perhaps 

because of the extreme curvatures at the scroll filament endpoint. 

[Pertsov el at. 1990] studied nonuniformly twisted filaments in gelled BZ by 

creating straight untwisted filaments then heating them from one end, producing 

a temperature gradient which differentially enhanced the rotor spinrate, causing 
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the accumulation of twist. However, only the vortex period, wavelength, and 

average twist along the filament could be estimated from rather crude sideview 

photographs. The data show a (probably linear) decrease in wavelength and a 

(very weak) decrease in vortex period with increasing twist, until turbulence was 

engendered at some critical twist value. The kinetics of untwisting appeared to 

follow the predictions of [Biktashev 1989]. The motion or even configuratiou of 

the filament is unavailable from the data presented, so it cannot be determined 

whether or not the twist produced helical "sproinging", as found numerically in 

[Henze et at. 1990]. 

Just recently, [Pertsov ct at. 1993] proposed a technique for monitoring fila

ments based on "time-space" plots. In this method, one divides a 3D volume 

into a series of 2D slices, then plots row and column projections of each 2D slice 

against time. The projections are simply row-wise or column-wise numerical or 

optical summations, which accumulate line-of-sight values of some indicator of au

tocatalytic activity (the real-valued "excitation variable" in numerical models, or 

the visibly oxidized catalyst in BZ). The 1D projections are rastered in time: wave

trains appear as sloped bands, and a phase singularity is revealed as a locus along 

which the bands converge a half cycle out of phase. The two orthogonal projections 

allow one to precisely locate the phase singularity in the 2D slab, and a set of such 

locations provides the full 3D reconstruction of the filament. [Pertsov et al. 1993] 

apply the method to a straight scroll filament and a scroll ring in numerical simu

lation, and a non planar arc of filament in gelled BZ. The method appears to show 

promise, but [Pertsov ct al. 1993] provide little quantitative data, so it is hard to 

know what sort of resolution can be achieved. [Pertsov et at. 1993] warn that the 

method will break down in the case of closely associated filaments, which could 

be a serious limitation for reconstructing complex organizing centers. Also in this 

regard, there could be trouble from multiple filaments in a given 2D slab, and from 
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wave collisions, although I cannot get entirely clear about the potential complicat

ing effects of these factors. From the standpoint of the local geometry hypothesis, 

however, the most fundamental shortcoming of the method is its lack of a twist 

assay. There is surely some phase information in the time-space plots, but whether 

it is sufficient to adequately resolve the twist of the filament is unclear. 

Winfree [personal communication] has proposed what is essentially a generaliza

tion of the above method: fullscale reconstruction of a 3D volume by tomographic 

techniques. In this method, using a 3D volume of gelled BZ, a rather large number 

of 2D projections taken from various viewpoints would permit reconstruction of 

the full 3D scalar field of optical densities. The idea then is that this 3D array 

would be susceptible to many of the same analyses which have been extensively 

developed for numerical simulations. In this regard, I wrote a 3D tomographic 

backprojection routine (discrete Radon transform) which tested well numerically, 

but has not yet been utilized at the lab bench. Many serious technical issues re

main, but if this method can be satisfactorily implemented, it may provide a good 

testing ground for laboratory studies of filament dynamics. 

Compared with laboratory studies, numerical studies of vortex filament dynam

ics have been much more extensive. The numerical studies rely upon simulation 

of a 3D volume of excitable medium, either by some kind of cellular automaton, 

or by numerical integration of PDE models. The simulations are generally simple, 

but require vast amounts of supercomputer time and memory, so domain sizes and 

time and space stepping are frequently compromised. As with more traditional 

laboratory studies, the tricky part of the numerical work is extracting measure

ments of filament geometry and behavior from the full 3D volume. By far the 

most extensive work in this regard has been the development of a "differential ge

ometry toolkit" by Winfree and his students. I had the privilege of working with 

this toolkit for several years, and used it for the studies making up the bulk of 
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this thesis. The methodology underlying the toolkit is discussed in more detail in 

Chapters 2 and 3, but I will outline the general ideas here. 

To begin with, the 3D simulation proceeds by way of cell-by-cell explicit Eu

ler integration of two PDE's describing the temporal changes in the "excitation" 

and "recovery" state variables of a given kinetics, with adjacent cells "diffusively 

coupled" by a second-difference discrete approximation of the Laplacian operator. 

Time and space steps are typically chosen with reference to 2D numerical studies 

of a given kinetics. Initial conditions vary with the problem at hand; a common 

ploy is to use a fibration specified by a complex-valued polynomial-see Chapter 3 

of this thesis, [Winfree 1987, Appendix], and a forthcoming (perhaps!) monograph 

by Timothy Poston. As the simulation churns away, one of several criteria identi

fies those array cells belonging to the core region of the spiral waves. I mostly use 

the "pivot core" criterion, which identifies those persistently quiescent array cells 

which don't exceed some relatively low excitation threshold throughout an entire 

vortex rotation period. Other criteria are discussed in Chapters 3 and 4. An 

appropriately tuned "core detector" yields an essentially cylindrical tube of array 

cells, which can be gathered at arbitrary temporal intervals. A 1D space curve is 

fit to the midline of this core by calculating, at closely spaced intervals, the center 

of mass in a small sampling sphere enclosing a short segment of the tube. The 

string of points so obtained is represented as a vector-valued Fourier series; only 

low harmonics are retained in order to resynthesize the "filament" as a smoothed 

space curve. The Fourier representation analytically yields curvature and torsion 

profiles of the filament, and the local Frenet frame at any desired location. Local 

normal and binormal displacements are calculated by comparing two successive 

filaments with respect to the local Frenet frame of the first. The local gradient of 

the excitation (or recovery) variable at any point along the filament is determined 

by averaging first-differences amongst the core array cells within a small sphere 
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centered on the filament. Twist is calculated by observing the rotation of the gra

dient vector with arclength around the local tangent, and the arclength derivative 

of twist is derived by first-differencing. These last calculations tend to magnify 

discretization artefacts and noise, sometimes to unacceptable levels. 

Without the benefit of the toolkit just described, [Panfilov & Pertsov 1984] and 

subsequently [Panfilov et al. 1986], numerically confirmed the linear dependence 

of shrink rate on curvature for the simple scroll ring in equal diffusion media. 

Numerous exceptions to this generality have been uncovered numerically in the 

case of unequal diffusion, including the discovery of a simple ring that stabilizes 

at finite radius ([Skaggs et at. 1988, Courtemanche et al. (1990)]). 

[Panfilov & Winfree 1985] simulated a single scroll ring with a complete cycle 

of twist, and confirmed the existence of the topologically required threading axial 

filament, which in this case was uncurved. However, they found that along part 

of its length, the straight axial filament was a sink for incoming waves emitted 

by the surrounding twisted ring. Such a state of affairs is not singled out by 

the toplogical arguments. [Nandapurkar & Winfree 1987] simulated two singly

twisted scroll rings, each linked through the other, and found that the arrangement 

persisted for a.bout 20-30 vortex rotations, then either blew apart and dissipated, 

or fused into a nonplanar and nonuniformly twisted single ring which then shrank 

to extinction. Unfortunately, the twist and displacement measurements in these 

pioneering explorations were too crude to satisfactorily quantify their changing 

distributions during these interesting transformations. 

By way of simulation, [Nandapurkar 1987] showed that a trefoil-knotted scroll 

ring could persist, and was apparently stable. The entire object was seen to rigidly 

rotate about and drift along its symmetry axis. Again, however, the simulation 

was too coarse, and the nascent analytic machinery too frail, to yield accurate 

twist or displacement measurements. 
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At about this time, I became associated with the Winfree lab. I spent the 

better part of 2 years refurbishing and documenting the "toolkit", which I then 

used to complete two studies which had been started by others: an investigation 

of twisted helical filaments, and a detailed analysis of the trefoil-knotted vortex 

ring. These studies are the first to scrutinize intrapcriod details of vortex filament 

behavior, and to accurately quantify the distributions of twist and displacements in 

a detailed manner. The studies raised a number of interesting questions, which can 

be roughly divided into two groups: issues about the existence and properties of 

stable filament configurations, and questions about the factors and rules governing 

the dynamics of vortex filaments. These two sorts of questions steered me to the 

investigations which form the basis of the second half of this thesis. 

1.3 Present studies in context: the plan of the thesis 

The remaining Chapters of this thesis present the results of four extensive 

numerical investigations of vortex filaments. Two of the Chapters have already 

been published; the latter two Chapters have not. 

Chapter 2 summarizes the most important results of "Helical organizing cen

ters in excitable media" [Henze cl al. 1990], which is included in its entirety as 

Appendix A. This was the first fullscale numerical study to explicitly address the 

effects of twist on vortex filament dynamics. Although few quantitative generali

ties emerged, the study established without a doubt the profound effects of even 

slight amounts of twist on vortex spinrate and filament motion. A twist bifurca

tion, at which uncurved filaments "sproing" into radially expanding helices, was an 

unexpected and novel result. The helices which stabilized at finite radius provided 

the first examples of a newly discovered class of stable organizing centers. The ob

vious nonlinearities encountered provided much of the motivation and material for 

[Keener & Tyson 1991], in which Keener's original model of filament evolution is 
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modified by the inclusion of the curvature and twist "bifurcation parameters", 1,,2 

and 104 • The study additionally revealed significant differences in the behavior of 

twisted filaments supported by the three diverse models of excitable media which 

were employed, providing clear evidence that one must be cautious about inferring 

"generic" behavior from a given model. 

Although the appearance of helices largely precluded the study's original aim of 

strictly isolating the effects of twist, the helices exhibited uniform twist throughout 

their development, thus excluding the potential effects of the arclength derivative 

of twist, and providing somewhat reduced cases for analysis. However, the dynam

ical effects of the derivative of twist, and the longterm kinetics of the distribution 

of nonuniform twist itself, are of much interest. Chapter 3 is a brief synopsis of "A 

stable knotted singularity in an excitable medium" [Henze & Winfree 1991], which 

is reproduced in full as Appendix B. This study presents a detailed analysis of the 

geometry and dynamics of a stable trefoil-knotted vortex ring. This organizing 

center is the first to be studied which maintains a stable distribution of nonuni

form twist (which at first glance appeared problematic). The behavior of the knot 

strongly implicates the arclength derivative of twist as an important determinant 

of filament dynamics, as predicted by [Keener 1988]. The locus along which waves 

unfurling from different parts of the knot meet one another-the so-called "colli

sion interface"-was visualized for the first time, and shows a surprisingly close 

association with the filament itself. However, the most significant finding of the 

study was the discovery of considerable intrapcriod variation in the distribution 

of twist, displacements, and vortex anatomy. This variation has extremely impor

tant methodological consequences, since it becomes apparent that the timescale 

on which the filament is observed assumes paramount importance. This issue of 

temporal variation is at odds with previous theoretical conceptions of the laws of 

filament motion being "instantaneous" functions of filament geometry and twist. 
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Moreover, the apparent lack of an invariant rotor structure-which structure is 

central to analytic approaches to filament dynamics-raises crucial theoretical is

sues, which have yet to be addressed. 

The period averaged trefoil dataset yielded excellent linear regression models 

of local filament displacements as functions of local geometry and twist, in ac

cord with Keener's leading order model. However, the regressors themselves were 

nonorthogonal, and also correlated with other "suspect" features of the knot, such 

as torsion and interfilament distance-producing nagging doubts about the validity 

or robustness of the models. I therefore set about trying to break the correlation 

structure inherent in the trefoil dataset by assembling analogous data taken from 

many different organizing centers of diverse geometries. In order for the data to 

be commensurable, this sort of compilation needs to use a single standard model 

of excitable kinetics. 

Chapter <1 presents the previously unpublished results of a wide-ranging sur

vey of stable organizing centers, using single-diffusion FitzHugh-Nagumo kinetics 

at fixed parameters. The survey turned up six hitherto unseen stable organizing 

centers, more than doubling the number of known periodic solutions to FHN, or 

any other excitable media. This impressive collection of data shows a number of 

informative general features. Prominent among them is the exceedingly compact 

nature of all the stable structures, and the overwhelming (yet circumstantial and 

unquantified!) evidence for the crucial role of interfilament interactions. U nfortu

nately, this latter (presumed) stabilizing influence places the FHN bestiary in its 

entirety outside the domain of any local geometry model-and in fact, attempts 

at correlating local filament dynamics with local geometry and twist, for a single 

organizing center or various pooled datasets, were on the whole notably unsuccess

ful. However, despite the confounding effects of filament interactions, the influence 

of local geometry appears to show through in the FHN datasets-for example, bi-



26 

normal displacements are usually positive and increase with curvature, and twist 

typically does not accumulate beyond the threshold value determined from helices. 

Although the existence and some aspects of the behavior of the FHN stable 

organizing centers are of considerable interest, the study strongly indicates that 

compact organizing centers are inappropriate subjects for investigating local mod

els of filament dynamics. The geometry and twist of the organizing center filaments 

tends to be extreme, and I could find no way of cleanly separating the dynamical 

effects of filament interactions from those (presumably) due to local conditions. At 

this early stage of the game, testing local models of filament dynamics calls for iso

lated stretches of filament, preferably with only slight twist and curvature, in order 

to evade the poorly understood effects of filament interactions, and perhaps avoid 

nonlinear complications due to extreme geometry. Though I did not explicitly set 

out with such an investigation in mind, various scraps and pieces of filament from 

the FHN stable organizing center workbench more or less fit the above criteria, so 

I worked up the analyses a bit: Chapter 5 contains the results. 
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Chapter 2 

Helical organizing centers in excitable media 

The methods, results, and conclusions of this Chapter are presented in the 

paper constituting Appendix A of this thesis: [Henze et at. 1990]. The following 

is a summary of the most important findings in this paper. 

Topological reasoning [Winfree and Strogatz 1983b, Winfree & Guilford,1988]' 

perturbation techniques [Keener 1988], and simple common sense, all suggest a 

role for twist in filament dynamics. [I-Ienze et at. 1990] was the first largescale 

numerical investigation to attempt to explicitly elucidate the behavior of twisted 

filaments. Three distinct models of excitable media were used in 3D numerical sim

ulations, in which the evolution of initially uncurved filaments uniformly twisted 

by varying amounts was closely monitored by means of a newly constructed "dif

ferential geometry toolkit". An initial and unforeseen development, and one which 

greatly affected the subsequent course of the investigation, was the discovery of a 

"threshold" amount of twist. Filaments twisted less than the threshold amount 

relaxed to exactly straight form, smoothing out any imperfections in the initial 

conditions. Filaments twisted more than the threshold amount "sproinged" into 

expanding helices, some of which attained a stable radius apparently independently 

of the confining array sidewalls. Thus the suprathreshold cases admitted the effects 

of curvature (perhaps independent of, or perhaps interacting with twist), and the 

dynamical influences due to twist could no longer be examined in isolation, adding 

much complexity to the analysis. However, at all times, the developing helices ex

hibited strictly uniform twist and curvature, thereby excluding potential effects due 

to the arclength derivatives of those quanitities, and providing somewhat reduced 

cases for investigation which nonetheless displayed nontrivial behavior. 

The study established without a doubt that even slight amounts of twist may 



28 

dramatically affect filament behavior. Filament displacements in the local nor

mal and binormal directions were clearly influenced by twist, as was the vortex 

period. Moreover, some of the observed effects were distinctly nonlinear (most 

obviously the bifurcation at the twist threshold), even in situations where effects 

of interfilament interactions could be safely excluded. This clearly demonstrated 

the inadequacy of a simple linear local model of filament dynamics. Keener and 

Tyson's [Keener & Tyson 1991] attempt to extend a local linear model by incor

porating certain nonlinearities was based largely on motivation and data provided 

by this study. 

Plotting the evolution of the helices as trajectories in the (curvature, twist) plane 

vividly illustrated the nonlinear dependencies of filament displacements on local 

conditions. The Vn = 0 locus was shown to be an especially problematic and illumi

nating study subject. [Henze et al. 1990] pointed out the possibility of other types 

of uniformly twisted and curved helices which might be used to explore this subset 

of function space (some of the problems encountered in following up this suggestion 

are discussed in Chapter 5). The constant-radius helices encountered in the study 

constitute a new variety of stable organizing center, probably maintained by some 

sort of equilibrium between twist-induced expansion and curvature-induced tihrink. 

On the other hand, filament fragmentation resulting from too-twisted initial con

ditions suggested a possible mechanism of transition to turbulence which might be 

manifested in nonuniform media (e.g. ventricular myocardium) where production 

(and perhaps accumulation) of twist would be unavoidable. Finally, the study re

vealed dramatic differences between the three models of excitable media employed, 

underscoring the importance of details in the underlying field equations/kinetics, 

and raising questions about the notion of "generic" filament behavior. 
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The methods, results, and conclusions of this Chapter are presented in the pa

per constituting Appendix B ofthis thesis: [Henze & Winfree 1991]. The following 

is a summary of the most important findings in this paper. 

Using initial conditions contrived by Timothy Poston, [Nandapurkar 1987] first 

showed that a trefoil-knotted vortex ring could persist in 3D numerical simulation 

of an excitable medium. However, these early simulations were too coarse, and 

the post-simulation analytic machinery too primitive, to yield worthwhile quan

titative measurements of filament motion and geometry, and especially the twist. 

Nonetheless, intrigued by these preliminary results, Keener used his filament evo

lution equations to study the trefoil knot [Keener 1989], concluding that invariant 

knotted solutions were indeed consistent with his model. In H)90, after exten

sively refurbishing the "differential geometry toolkit" used to analyze the out

put of the 3D simulations, I embarked on a detailed quantitative study of the 

trefoil-knotted singularity, the results of which were published the following year 

as [Henze & Winfree 1991]. 

The most important overall result of the study was the discovery of considerable 

and systematic intra]Jcl'iod variation in filament behavior. Most prominently, the 

filament was shown to support forward-travelling pulses of twist, whose nonuni

form arclength distribution repeated exactly each vortex rotation period. Filament 

displacements were also noted to vary cyclically within the rotation interval. This 

unforeseen variation is of much interest in itself for understanding the detailed 

mechanics of organizing centers, and it also poses a fundamental challenge to at

tempts at evaluating or even interpreting local models of filament dynamics. If 
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one is attempting to functionally relate local filament displacements to local ge

ometry and twist, it becomes important to choose the appropriate timescale over 

which those variables are assayed. The present study indicates that the default 

expectation of filament behavior resulting from "instantaneous" functions of local 

conditions is no longer tenable. 

The strategy proposed in [Henze & Winfree 1991] is to appraise filament ge

ometry and motion at frequent intraperiod intervals, and then period average the 

data for attempts at discerning functional relationships. This practice appeared 

to show promise, as it yielded virtually perfect regression models of filament mo

tion as linear functions of local geometry and twist (squared): possible "laws of 

filament motion", according with the most favored version of the local geometry 

hypothesis. However, the high degree of correlation amongst the predictors greatly 

muddied the interpretation of the regressions. The attempt to gather the sorts of 

data needed to break the correlation structure inherent in the trefoil dataset pro

vided some of the initial motivation for the wide-ranging survey of many distinct 

organizing centers described in Chapter 4 of this thesis. 

Detailed visualization of the wavefront unfurling from the trefoil-knotted vor

tex ring revealed several novel facts. It can be seen that wave propagation across 

the "lobes" of the trefoil knot is unidirectional. Contour plots of planes normal 

to the filament showed that this one-way propagation is mediated by a "ratchet

mechanism" along the downstream side of each lobe, in which the wavebreak con

stituting the filament is transferred to another wave, most of a cycle out of phase 

with the firsL. Thus the collision interface-the locus along which waves from 

various parts of the knot collide and annihilate one another-is seen in places to 

abut the filament directly. The methodology for detecting and visualizing the en

tire collision interface was developed and implemented in this study for the first 

time. In addition to showing the surprisingly close association of the collision inter-
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face and the filament, the nonintuitive result obtained that the collision interface 

does not extend very far away from the filament, in principle or in practice, since 

the sharply curved cusp between the colliding waves is rapidly smoothed out by 

forward-concave curvature-enhanced wave propagation. Even within a very short 

distance of the filament, the normal plane portraits reveal structures which are a 

far cry from the classic involute spiral form. At different places along the filament, 

and at different times throughout the vortex interval, these periodic waveforms 

certainly do not share an invariant structure of diameter >'o/7r, and in fact appear 

to exhibit no sizable invariant structure whatsoever-a condition which violates 

the fundamental assumption of the current mathematical analysis of filaments, 

which treats them as a slowly varying stack of invariant 2D spiral wave solutions. 
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Chapter 4 

Stable organizing centers 

4.1 Preliminaries 

Previous numerical studies of three-dimensional excitable media have employed 

a wide variety of dynamical models, and within a given model, a wide range of 

adjustable parameter settings. This diversity provides an opportunity to recog

nize generic behavior, but hinders comparative studies attempting to isolate the 

effects of say, filament geometry, from idiosyncrasies imposed by different excitable 

media. With the vagaries of a given excitable medium held constant, it becomes 

meaningful to pool data from several distinct filament geometries. Such pooled 

data will provide a wider and presumably more robust foundation on which to 

base an investigation of filament behavior, allowing convincing tests of the local 

geometry hypothesis (or perhaps the wider range of observations will suggest an 

alternative paradigm for understanding filament evolution): Data taken from dis

parate structures will likely defeat the happenstance correlation structure in the 

geometric variables typically exhibited by highly symmetric organizing centers, 

which greatly reduces the power of regression studies. Comparative studies may 

also reveal whether or not the many "separate observations" collected from a sin

gle organizing center are indeed independent, in the causal or statistical senses. 

Similar local conditions reached in differing contexts will permit investigation of 

context- or history-dependent filament behavior, key tests of the local geometry hy

pothesis. Finally, a wide-ranging survey with one particular excitable medium will 

greatly inform past and future studies with different models. For these reasons, 

I undertook a comprehensive numerical investigation of many distinct filament 

geometries, using a single fixed model of an excitable medium. The results are 

presented in this and the next chapter. 
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4.2 The Kinetics 

What model should one choose for an extensive numerical investigation of three

dimensional excitable media? The simulations are very computer-intensive, so 

above all the model needs to be computationally efficient. Computational effi

ciency depends on the nature of the equations to be integrated, the time and space 

steps demanded by the kinetics, and also the wavelength and rotation period of 

the spiral waves supported by the model. Together, these factors determine the 

size of the arrays, the frequency of the updates, and the length of the run nec

essary to simulate a given type of filament evolution. A measure which captures 

these essential features might be something like elementary computer operations 

per spiral wave rotation period per cubic wavelength. In addition to the obvious 

numerical instabilities encountered when time and space steps are made too large, 

some kinetics are prey to more insidious numerical artefacts: these are the scourge 

of the simulation business, and should be grounds for much contempt of any model 

which is known to be aillicted. Looking beyond computational factors, one would 

like a model which is well understood in zero, one, and two dimensions, either ana

lytically or numerically, so that one has benchmarks for the 3D results, and also so 

that one can choose parameters in an informed manner. Finally, one might argue 

that a good candidate model should be abstract and "generic", that is, it should 

exhibit behaviors which are universal to all excitable media, so that the lessons 

learned might find general application. In this regard, it is nice to have models with 

just a few adjustable parameters, which allow access to the full range of known 

excitable idiotypes, so future work can be extended in a natural and efficient way. 

Too many parameters could lead to endless explorations of an immense landscape, 

and possibly idiosyncratic behavior. Opposing the generic vision, however, in the 

hopes that results might find some real-world embodiment, one might emphasize 

the value of employing models which are purposely constructed to be accurate 
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reflections of some particular physical system (e.g., ventricular myocardium). 

The model chosen for this survey is the so-called FitzHugh-Nagumo kinet

ICS. This distillation of the Hodgkin-Huxley model of the squid giant axon is 

due to [Fitzhugh 1961, Fitzhugh 1969], who derived the model through consid

eration of van del' Pol's relaxation oscillator, and Bonhoeffer's passivated iron 

wire model of the axon. FitzHugh's model closely resembles equations st.udied by 

Nagumo ([Nagumo ct al. 1962]), and the model is widely referred to as FitzHugh

N agumo, or simply FHN, kinetics. One way to write the model ("format 1", see 

[Winfree 1991a]) is simply this: 

du 
dt = (1/c:)(u-u3 /3-v) 

dv 
dt = C:('ll + (3 - ,v) 

Here u is the "excitation variable" (originally supposed to represent transmem

brane potential) and v is some measure of local refractoriness, a generic "recovery 

variable". c:, (3, and, are adjustable parameters. For spatial modelling purposes, a 

Laplacian term representing diffusion can be added to just the excitation variable, 

or to both the excitation and recovery variables. The former case corresponds to 

excitable membranes, where the recovery variables are something like the conduc

tances of nondiffusing membrane-bound ion channels; the latter case corresponds 

to some chemical systems, where both excitation and recovery chemical species 

diffuse. 

The u and v nullclines for FHN kinetics (at the parameters lIsed here; see below) 

are shown in Figure 4.1. Superimposed on the nullclines is the state-space image 

of a two-dimensional spiral wave numerically simulated on a square lattice. Each 

vertex represents the [u,v] concentration of a single cell in the 2D array, and the 

edges connect immediately adjacent neighbors. Diffusive coupling exists only along 

the u-axis, and only between edge-adjacent cells (not diagonals: 5-point vs 9-point 
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Laplacian). Although there is no limit cycle in this kinetics at the parameters 

shown, this entire image stably rotates. Diffusion of state-variable u from cells on 

the rapid upstroke continually drags neighbors over threshold, from where they 

are caught up in the flow around the excitation-recovery loop. Cells in the middle 

of this circulation execute attenuated trajectories, or are held at an unstable near

equilibrium by diffusion from all sides: they represent the rotor core, or in 3D, the 

filament. 

At the parameters shown, the intersection of the u and v nullclines marks 

the stable equilibrium to which the undisturbed system would always settle were 

it not for diffusion. The nature of this fixed point may change with varying 

(,(3, and 'Y - which may influence matters in interesting ways. If the fixed 

point is pushed above the lower turnaround of the u-nullcline, so that it inter

sects along the middle branch, it becomes unstable, and the system will spon

taneously oscillate (although it can still be excitable, in the sense described 

above). The existence of alternative stable rotors was recently demonstrated by 

[Winfree 1990b, Winfree 1990c, Winfree 1991bJ, in a parameter range (actually, 

the one shown here!) which makes the equilibrium only weakly attracting, and 

more or less a center (relatively small real eigenvalues compared to their imagi

nary parts). Since the center is located very near the usual threshold region, the 

"effective threshold" of state points varies significantly as they orbit the equilib

rium. A sort of diffusion-mediated "resonance" with state points launching on an 

excitation trajectory can provide a well-timed kick out of orbit, resulting in rotors 

of very difrerent wavelength and period coexisting in the same excitable medium. 

It would be interesting in 3D to attempt to string such distinct rotors along a 

continuous stretch of filament. 

The cubic nullcline of the excitation variable is typical of an excitable kinetics: 

some kind of zigzag nullcline is necessary, and a cubic is probably the simplest to 
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u 

Figure 4.1, State-space image of 2D rotor on a square-lattice, with nullclines [or 
FHN kinetics at the parameters used here. 
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represent algebraically. The equation for the v nullcline is just the line u = ,V - (3, 

so the u-axis intercept -(3 and the slope I together determine where the v nullcline 

falls relative to the lower turnaround of the u nullcline. This vertical distance is 

roughly the threshold for excitation in the system: it is the amount of excitation 

variable u which must be added to a state point at equilibrium, in order to pro

voke an excursion around the excitation-recovery loop. This threshold amount of 

u is typically some relatively small fraction of the total amount of u autocatalyti

cally produced upon excitation. Clearly E controls the relative rates of excitation 

and recovery (E ---t 0 can also be thought of as the singular perturbation limit). 

These two proportions-(threshold u)j(max u) and (rate of excitation)j(rat.e of 

recovery)-have been suggested as t.he basis for an exhaustive classification of 

excitable systems; that is, all qualitatively distinct features of excitability are sup

posed to be determined by these two measures. Perhaps a more modest claim along 

these lines is that a large variety of behaviors exhibited by excitable media can 

be captured by these two proportions; in other words, they define a plane which 

provides a useful and informative reduction of a more complex parameter space. 

1 If this proves to be true, then FHN kinetics would seem to be the ideal vehicle 

wit.h which t.o explore different kinds of excit.able media: it is hard to imagine a 

much simpler scheme which preserves all the essential features of excitability. 

Systematic parameter surveys for the 2D case are available only for the piece

wise linear "B-kinetics" ([Zykov 1986, Lugosi 1989)), the Oregonator model of 

the Belousov-Zhabotinsky reaction ([Jahnke & Winfree 1991]), and FHN kinetics 

1 However, there is reason to suppose that these two "excitability parameters" don't totally 
run the show in FHN kinetics. This makes intuitive sense: (J and I set the threshold at the steady 
state (and I is frequently set to zero, to further reduce the system), but in addition I controls 
the slope of the v nullcline, which in part determines the threshold of the incompletely recovered 
("relatively refractory") system, and other details of recovery. I think of [ and (J as controlling 
the wavefront, and (J and I as controlling the waveback. In a diffusion-coupled medium, the 
relative postioning of the entire v nullcline and the middle branch of the u nullcline would seem 
to be an important factor, particularly in rotating spiral waves, where wavefronts and backs are 
juxtaposed, perhaps severely so, as in a twisted filament. 
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([Winfree 1991a]). These studies reveal fairly similar landscapes. A propagation 

boundary demarcates those parameter values which yield a medium not sufficiently 

excitable to sustain travelling waves. Just inside the propagation boundary lies a 

rotor boundary, and inside that, a domain of increasingly complex meander. Win

free's FUN survey ([Winfree 1991a]) is by far the most exhaustive: his map of the 

(<0, /3) plane (I fixed at 0.5, only u diffusing) for FEN kinetics shows that inside the 

rotor boundary, the wavelength and period of the spiral waves vary in a systematic 

fashion, both becoming longer with decreasing <0, and especially with increasing 

1/31. In addition, from a purely numerical standpoint, smaller values of <0 require 

finer time and space steps in order to adequately resolve the increasingly abrupt 

excitation front. 

For these 3D studies, aimed in large part at examining filament motion, it was 

thought important to avoid the potential complicating effects of meander. This 

constrained possible parameter choices to rather large E and small /3, or within the 

narrow zone between the rotor and meander boundaries. Economic considerations 

argued for <0 as large as possible, and /3 as small as possible, so that wavelengths and 

periods were minimized, and smoothness requirements were not overly stringent. 

Trying to keep clear of the bifurcation boundaries, and also out of the zone of 

spontaneous oscillation ("purely excitable", /3 < 2/3) led to a final parameter 

choice of <0 = 0.3, /3 = 0.7, 1= 0.5. 

Virtually the same FEN (<0, /3) parameter survey as that presented in 

[Winfree 199b], repeated with u and v diffusing equally (unpublished data) 

showed nothing qualitatively new, but wavelengths about doubled and all bound

aries shifted to smaller <0, so that the analogous parameters would require much 

larger and finergraincd arrays. Although the "equal diffusion" case is accomodated 

more simply by theory (e.g., some of Keener's coefficients are zeroed) it was de

cided that the additional computational expense was unjustified, so only u was 
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allowed to diffuse. 

Single-diffusion FHN at < 0.3,0.7,0.5 > has two peculiarities: it yields alterna

tive stable rotors ([Winfree 1990b, Winfree 1990c, Winfree 1991bD, and it supports 

stable vortex rings ([Skaggs et al. 1988, Courtemanche et al. (1990)]). The alter

native stable solution evidently did not manifest itself in these 3D studies, and can 

probably be safely ignored here. All periods and wavelengths encountered in the 

present studies were close to the "normal" values (period 11 time units, wavelength 

21 space units). There is some variation, presumably due to filament geometry, 

twist, or sampling, but no departures nearly so extreme as the "alternative" values 

(period 17 time units, wavelength 29). The fact that vortex rings stabilize at finite 

radius has unclear implications for the present study. The stabilization of the ring 

against further shrinkage is presumably due to across-ring repulsion of filaments 

when the ring becomes less than a wavelength or two across. 2 There is evidence 

that filament interaction, including repulsion, depends upon the skew angle, dis

tance, and relation of phases between the interacting partners (unpublished data). 

But in this regard, the special case of the uniformly curved, planar, and untwisted 

ring says nothing about more general cases. For instance, simple rings shrink to ex

tinction in "B-kinetics" (with its "excitability parameter" g=0.9), but stretches of 

filament evidently stabilize against one another when the ring is tied into a trefoil 

knot, and the filaments are abutting nearly orthogonally along regions of consider

able twist (phase variation with arclength)([Henze & Winfree 1991 D. Except for 

the simple ring, all filaments described here are twisted and tOlted, and for those 

reasons alone are little impugned by the behavior of one particularly reduced case. 

Whatever the kinetics, I would guess that all compact organizing centers demand 

some sort of filament interaction for their stability, and that if one wants to be sure 

2 [Courtemanche ct al. (HJ90)] argue for a nonlinear slowing in the rate of shrinkage bcforc 
repulsive effects across the ring take effect. But this conclusion is supported by appeal to the 
observed range of rotor interactions in 2D. The corroboration is unjustified in the 3D context, as 
it. plainly ignores effects of curvature and possible "chord" interactions. 
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of evading effects of such interactions, one should not look to alternative kinetics, 

but rather to isolated filaments (see Chapter 5). 

To summarize, the complete model used in the present 3D survey is: 

~ 3 2 
dt = (1/0.3)(u - u /3 - v) + \7 u 

dv 
-d = (0.3)(u + 0.7 - 0.5v) 

t 

The "diffusion coefficient" scaling the Laplacian term [or u is implicitly 1, fixing 

the "space unit" (S1l hereafter) in which all distances are presented here. These 

equations were integrated using the explicit Euler method; time and space steps 

varied, and will be mentioned where appropriate. In all cases the Laplacian was 

approximated by second differences, using the 4 nearest neighbors in 2D, and the 6 

nearest neighbors in 3D. I will repeat the usual disclaimer [rom this lab that more 

exotic integrators were tried, and diagonals added to the discrete approximations 

o[ the Laplacians, with little effect but increased computation times. 

In the end, of course, the choice of the model and the parameters is somewhat 

arbitrary, but we've got to start somewhere! A thorough understanding of the 

behavior of 3D excitable media will require further investigation elucidating the 

roles of various kinetic schemes. At the very least, I hope the present findings 

provide a comparison for those future studies. 

4.3 The Bestiary 

The previous two Chapter::; presented mther detailed analyses of two of the 

topologically simplest organizing centers. In the remainder of the present Chap

ter, I describe the results of a deliberate search for more complex organizing 

centers, which turned up several novel species. Since Winfree and Strogatz 

[19S3a,19S3b,19S3c,19S£1a] outlined their formal "realizability criteria", based on 

purely toplogical arguments, there has been some speculation as to what rules 
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govern the existence and behaviour of stable organizing centers. Such rules have 

not been forthcoming, nor are they revealed here. At the outset of this study, I 

thought that analyzing the collective behavior of a diversity of organizing centers 

would be the best way to seek out laws of filament motion, but the compact na.ture 

of all organizing centers known so far, and the certain involvement of poorly un

derstood filament interactions, has diminished this hope. Nevertheless, there are 

some tantalizing clues, and it is of interest in itself to establish the existence of sev

eral more stable periodic solutions to the underlying field equations of a particular 

excitable medium. Grounded in topology, the "realizability criteria" provided nec

essary conditions for the viability of organizing centers in general; here I provide 

sufficient conditions, for a few specific cases, by way of demonstration. 

4.3.1 Simple rings 

The stability of simple untwisted rings in FHN < 0.3,0.7,0.5 > was first demon

strated by [Skaggs el al. 1988], and the behaviour of such rings was analyzed in 

detail by [Courtemanche ct al. (1990)]. I include the case here for completeness, 

and also because it exposes several important methodological details which were 

overlooked in the previous studies. 

It has been shown analytically, numerically, and experimentally, that simple 

vortex rings shrink at a rate proportional to curvature (inversely proportional to 

radius). However, this result holds strictly only with equal diffusion; in single 

diffusion models, many departures from linearity have been noted. The present 

model provides such an exception. Shrinkage increases linearly with curvature until 

the ring is about a wavelength or so in radius, at which point the further increase 

in shrink rate slows nonlinearly, reaching a maximum at radius about one-half 

wavelength, after which shrinkage decreases to zero at the stable radius of about 

5 space units (not much more than a rotor core radius defined as wavelength/7r). 

The plot of shrinkage against curvature at these small radii appears parabolic 
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([Courtemanche et at. (1990), Figure 4]). 

Simple rings have also been noted to drift along their symmetry axes, again 

with a rate linearly proportional to curvature. In the present case, linearity persists 

at all observed radii, the relation being approximately li = 1 su2/tu fl,. Thus at 

the stable radius (4.8 su) fl, = 0.2 su- 1 and the ring is drifting at approximately 

0.2 su/tu. At the stable radius the rotor period has increased to about 12.5 tu, so 

within one rotor period, the ring drifts about 2.5 suo This is a substantial fraction 

of the core radius defined as wavelength/7r, and generally exceeds the radius of 

the core operationally defined by various numerical procedures. This introduces 

complications into assays of core location and motion. 

My experience has shown that the so-called "pivot core" is the best criterion 

for the rotor core in 3D numerical studies. The pivot core method admits into 

the core those array cells which remain relatively unexcited over at least one rotor 

period. Other core criteria which have been suggested are the "cross core" (region 

of high magnitude of 'Vu X 'Vv), the "window core" (UI < U < Ult n VI < V < VIt), 

the "concentration core" (region within a given radius of U * nv*), and the "u dot 

core" (u = 0 n u' = 0). 3 These latter methods differ fundamentally from the 

pivot core method, in that they sample only at a given instant, rather than over 

an entire rotor interval. For this reason, and others particular to each case, the 

alternative methods generally yield a much smaller core of array cells, which tends 

to orbit with the wavetip, confounding assays of overall filament motion:' The 

smaller cores also yield highly variable gradients at the wavetip, as individual cells 

greatly influence the first-difference averaging scheme. This variability is magnified 

in the derivative quantity twist, and even more so in its own arclength derivative. 

In addition, the alternative methods are generally very sensitive to changes in 

:lSome other methods of locating the rotor core, based on maximum curvature or inflection of 
the wavefront, have been used in 20, but would seem to be inapplicable or at least difficult to 
implement in 3D. 

4But. in 2D, revealing the intricacies of meander. 
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parameters or kinetics, and can be quite difficult to tune properly. 

The pivot core has its problems too. It is computationally expensive. During 

the sampling interval, an array cell is deemed "excited" and thereby excluded from 

the pivot core when its u value exceeds some threshold. Thus each array cell must 

be compared with the threshold at each update, a considerable time overhead. If 

pivot cores are desired at intervals shorter than the sampling period, then many 

assays must be run simultaneously, with staggered endpoints. Fortunately, the 

bookkeeping data is binary, so this does not require much space (but the bitmasking 

was a bit of a pain to implement in Fortran). The pivot core is fairly robust to 

changes in the threshold, within reasonable bounds, and since the overall values 

of u spanned by the excitation front are hardly sensitive to parameter changes (at 

least in FHN), a given cutoff usually works well over the entire range of the model. 

Under ideal conditions, in 2D or at a given location along the filament in 3D, the 

pivot core yields a rather large disk of relatively quiescent medium, the perimeter 

of which was just skirted by the wavetip, whose snout just now intrudes somewhere 

around the rim. If concentration (u or v) is represented vertically on the disk, the 

bulk of the core is very fiat, like a, roundish lake, and the wa,vetip appears as the 

end of a ridgetop, or a terminal moraine, extending in from shore. The average 

gradient in this scenario is usually well-defined, pointing right at and up the ridge, 

and stable against small rockslides or changes in lake level. Thus the pivot core 

generally yields a reliable measure of twist, and its arclength derivative. 

In general, the pivot core is very stable, and does not orbit. The core is essen

tially "machined" out of the entire array by the spiral wave, as if on a lathe. But, 

as on a, lathe, the core is distorted if the cutting blade moves very much out of 

round during one revolution. This must be the case whenever the filament moves 

substantially during a vortex rotation, preventing the trajectory of the wavetip 

from exactly closing on itself. Such motion-induced pivot core distortions are ex-
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hibited most dramatically in the stable vortex ring, whose rate of drift-about 

10% wavespeed-is the fastest filament motion I have observed. Figure L1.2 shows 

radial slices taken from a vortex ring which has nearly attained stable radius. The 

symmetry axis of the ring lies along the left margin of each panel, and the ring is 

drifting upwards, in the direction of waves passing through its interior. The pivot 

core whose sampling period has just ended is shown as a cluster of black cells, and 

the average gradient of u found in these cells is drawn as a straight white line. 

The gradient vector points approximately at the wavetip and is anchored at the 

centroid of the pivot core, defined to be the location of the filament in this normal 

plane. (The magnitude of the gradient vector has been scaled away, as only its 

direction is of interest here.) The curved black line is a spline through the tip loca

tions of 32 past pivot core gradients, whose sampling periods ended n/32 sampling 

periods ago. The black vector represent the gradient vector associated with the 

pivot core 32/32=1 full sampling period ago. Thus the black vector reveals the 

filament location and wavetip direction at the beginning of the sampling period 

whose end, and resultant pivot core makes up the bulk of each panel, and the 

spline curve shows the approximate trajectory of the wavetip during the sampling 

period. The squiggly white line shows the path of the pivot core centroid for the 

last 10 vortex rotations. 

These panels reveal that as the wavetip passes through the interior of the ring, 

it advances further in the direction of drift than it retreats as it completes its 

rotation around the exterior of the ring. Put another way, the wavetip is able 

to turn more sharply as it rounds the outside of the ring, but it translates more 

("skids") on the inside. This accords well with intuition: if we imagine the filament 

as a stack of 2D rotors, a wavetip coming up through the inside of the ring has its 

arclength neighbors curving away and behind it, so it is peeking its nose over the 

top of the ring in relative isolation, and has a harder time exciting the medium in 
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Figure 4.2, Effect of sampling phase on the pivot core. The figures are described 
in detail in the text. 

front of it via diffusion. Conversely, arclength neighbors rounding the outside of 

the ring and heading into the interior are crowded together, and their collective 

efforts are able to advance the rotation of the concave-forward line of wavetips 

more effectively. The effect is similar to curvature-dependent wave propagation 

speed, but at the wave edge, where it is curling around on itself. The effect should 

be proportional to curvature, and should produce shrinkage in addition to drift 

(unless this is countered by collisions from waves traversing the ring). 

However it is described, a wavetip following this sort of trajectory carves out 

different sorts of pivot cores, depending on the phases of the endpoints of the 

sampling interval. As seen in the middle panel of Figure 4.2, if the sampling 

period begins and ends on the outside of the ring, the resultant pivot core is greatly 

elongated, since the wavetip never gets it chance to make amends for its lengthy 

translation up through the interior. If the endpoints of the sampling period are 

moved just a little forward, as in rightmost panel of Figure 4.2, then the "bottom" 
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of the elongated pivot core is "shaved off" towards the end of the interval. The 

centroid of two such successive pivot core samples is seen to rapidly spurt forward. 

Sampling periods beginning and ending at later and later points yield virtually the 

same pivot cores as the "shaved" one, until the core is elongated once again in the 

direction of drift. Thus successive pivot cores taken at closely spaced (overlapping) 

intervals are seen to progress through the medium much like an inchworm. 

The pivot core sampling period cannot simply be made longer to evade the 

inchworm phenomenon in a rapidly moving filament: if the period is longer than 

about 1.5 times the rotor period, then for some sample phases, the wavetip is 

allowed two passes at the bottom of the core, and the entire core is obliterated (by 

the upwardly translated second pass). Moreover, since the wavetip trajectory no 

longer closes on itself, the sampling period must somewhat exceed the rotor period, 

in order to avoid large "comma shaped" regions from being admitted to the core. 

These bounds constrain the pivot period to be about 1.1 -t 1.4 rotor periods, 

depending on the motion of the filament. Within this range, in a moderately to 

rapidly moving filament, the pivot core will be seen to pulsate with varying sample 

phase. In the drifting stable ring, the pivot core population typically varies by a 

factor of 2 to 3. 

Thus drift of the ring assayed by successive locations of the centroid of closely 

spaced pivot cores shows pronounced peaks of extremely rapid movement separated 

by long intervals of virtual standstill. In the normal direction (shrink) there is an 

associated wobble of the pivot core (though no net motion, once the stable radius is 

attained), due again to sample phase distortions of the core. Do these fluctuations 

accurately portray what the filament is 1'cally doing, or are they in some sense 

spurious? Well, to some extent the observed finescale structure reflects arbitrary 

details of the sampling protocol, but this is a general phenomenon in science, 

and there does seem to be some invariant signal showing through. In the end, 
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it does not seem overly important to me what ontological status we accord these 

intraperiod motions, but if we have chosen to define the filament by means of the 

pivot core, we have got to learn to live with them. 

The best strategy, I think, and one that has already showed promise in the 

trefoil study (Chapter 3), is to look to intraperiod details for a qualitative under

standing of organizing center mechanics, but to gloss over these details, by using 

some sort of period-averaging, for quantitative investigations of longterm filament 

evolution. The sort of qualitative understanding I have in mind is illustrated above 

by the intuitive account of curvature-induced drift and shrink. In compiling the 

quantitative data, the trick now is to avoid severe aliasing. One needs enough 

samples to adequately capture any intraperiod variation (Nyquist limits, and all 

that), and one must be very careful about the endpoints of any running-average 

window (leakage from adjacent period bins). 5 In the case of the simple ring, these 

problems are pretty much restricted to the motion assay; they are fairly easily cir

cumvented, and will not be pursued further here. Fortunately, all other filaments 

I have encountered move more slowly than the drifting ring at its stable radius, 

and the pivot core distortion is not so severe. But in more complex organizing cen

ters, with torsion and twist, there are still intraperiod fluctuations in motion, and 

frequently considerable intraperiod fluctuations in twist. Moreover, these extrema 

are generally out of phase with arclength, adding even more complexity. 

4.3.2 Singly-linked rings 

This section describes a composite organizing center consisting of two vortex 

rings each linked once with the other. In such a configuration, each ring completes a 

5[Courtemanche ct at. (1990)] effectively obtained period-averaged values for motion of the 
ring, by gathering a single pivot core every 15 tu (compared to a rotor period of 11 -? 12.5tu), 
one after the other. However, with respect to sampling phase, this window ranged somewhat 
haphazardly over the (changing) rotor period, resulting ill aliasing artefacts (sometimes their 
window included two peaks of shrink or drift) which I surmise accounts for the large scatter in 
their data. 
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closed path around the other filament. Since the filament is the locus along which 

a complete cycle of phases converges, the encircling ring encounters all phases 

exactly once ("winding number" 1). Hence, at all times, the encircling ring must 

be capable of absorbing, or fending off, all phases: it must possess one complete 

cycle of twist. The situation is identical for either ring, so both must be twisted 

once, and in the same direction. The arrangement is summed up neatly in the 

following "linking matrices": 

[ 
-1 1 ] 

1 -1 
or [ 1 -1] 

-1 1 

Here the off-diagonal elements represent how each ring is linked with the other, 

and the diagonal elements represent how each ring links with an adjacent curve 

"pushed off" a short distance onto an isophase. This "push-off linking integer" is 

the sum of the total twist and a geometric quantity termed writhing. In turn, the 

total twist, which represents phase variation with arclength, receives contributions 

from the phase varying with respect to the local Frenet frame, and also from the 

rotation of the Frenet frame with respect to absolute coordinates. Filaments are 

oriented by the righthand rule (fingers curl in direction of rotor, thumb points 

forward along filament), and sign is given to the links also by the righthand rule 

(fingers point forward along closed ring, thumb punctures its spanning disk in 

the positive direction). The matrices generalize to any number of members and 

links, and will be used to describe all the organizing centers presented here. A 

fundamental constraint ("exclusion principle") is that all rows and columns must 

sum to zero ([Winfree and Strogatz 198Lla, Winfree ct al. 1985, Sumners 1987]). 

The singly-linked rings are induced by the polynomial y2 - X 2 , which when 

used with a counterclockwise "rotor map", yields negatively twisted rings with 

positive linkage (left matrix above). The stereographic projection utilized a 3-

sphere of radius 1, and was mapped into a cubical volume scaled from -3 --7 3 

along each edge. From the start to time 400, the box measured 91 x 91 x 91 
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gridpoints, at smoothness 1.4 gp/su, representing a cube about 3 wavelengths on 

a side (653 su). The timestep used for the numerical integration was dt=0.018, 

well below the discrete Laplacian instability at ~ 1/6h2 = 0.085. As in all the 

simulations discussed in this Chapter, the four "sidewalls" of the simulation array 

are equipped with no-flux boundary conditions, whereas the "top" and "bottom" 

of the array are periodically coupled. This arrangement allows one to follow the 

long term motion of properly oriented organizing centers, which generally tend to 

move along their symmetry axes. At time 400, the smoothness was increased (by 

way of trilinear interpolation) to 2.0 gp/su (dt=0.018), so that the array measured 

130 gridpoints in each principal direction. This refined version was run for another 

100 tu (about 10 vortex periods) and pivot cores (period 16, threshold 1.0) from 

the last vortex period (times 488 ~ 500) were used for the analyses presented 

below. In addition, the less smooth version was run for another 500 tu, to time 

900, in order to confirm that the final configuration had been reached. 

The initial conditions are symmetric, with the two rings planar and orthog

onal, but not passing through one another's centers. In the simulation focussed 

upon here, the rings were initially about a wavelength and a half across, and the 

passthroughs about halfway out from the centers. The rings rapidly shrank to a 

constant diameter of about one wavelength, with the passthroughs more nearly in 

the center of each ring; thus the shrinking rings were seen to move slightly apart 

at their point of closest encounter. Within 20-30 rotor periods the rings assumed a 

final configuration, which persisted unchanged for the remainder of the simulation. 

Evidently, then, the singly-linked rings in FEN are a stable organizing cen

ter, in the nontechnical sense of that term which is used throughout this the

sis. This finding differs from an earlier numerical study of singly-linked rings by 

[Nandapurkar & Winfree 1987], which used the piecewise-linear "B-kinetics" with 

excitability parameter g=0.85 and 0.9, and single diffusion. Although B-kinetics 
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Figure 4.3, Portrait of the stable singly-linked rings, with key for arclength plots. 

at those parameters yields contracting untwisted vortex rings, that study showed 

the singly-linked pair quickly destabilizing by either expanding and fragmenting 

on the no-flux walls of the simulation array, or fusing into a single untwisted planar 

ring which eventually shrank to extinction. In fact, these findings led Nandapurkar 

and Winfree to speculate that all "exotic" (linked or knotted) organizing centers 

might ultimately decompose into planar rings-a supposition not borne out here! 

The two rings appear identical in all respects. The vortex rotation period 

associated with the rings does not appear wildly different than the 2D rotor period 

of 11.1 tu. Although the presence of twist is expected to shorten the period, 

arrivals of successive wavefronts were consistently timed at 10.8 -t 11.2 tu apart 

by a fixed simulation-array detector. Evidently this range shows both Doppler

shifted extremes, yielding an average of 11 tu. No attempt was made to glean 

the period from successive contour plots or gradient vectors, as these methods are 

generally no more reliable than the detector-cell assay. 

The singly-linked rings found here stabilize at a circumference of 67 suo Since 

they are fairly uniformly curved, this gives an approximate diameter of 21.3 su, 
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almost exactly a wavelength. This is about twice the diameter of the stable un

twisted ring, but each linked ring has shrunk around its threading axial filament 

to within about half a wavelength, which is approximately the distance entirely 

across the isolated (untwisted) ring. In any case, with respect to the presumed 

stabilizing effects of interfilament repulsion, the presence or absence of twist may 

make such distances incommensurate. Each ring of the linked pair is fairly uni

formly curved, and fairly planar. In the arclength distributions, there are three 

slight peaks of curvature, and three positive/negative pairs of nonzero torsion fluc

tuations. The two rings remain almost exactly perpendicular, each tilted 450 away 

from a common axle. 

The entire composite object rotates and drifts along its central axis, much like 

a two-bladed screw propellor. The rate of rotation is approximately 0.3°/su, so 

the rings complete one rotation every 1200 tu, or about once every 100 vortex 

rotations. The center of mass of the rings moves along the axis at roughly 0.04 

su/tu, about 0.5 su per vortex period, or about 2% wavespeed. The direction of 

both the rotation and the translation is consistent with waves passing through the 

interior of each ring.G 

If this global motion of the filaments is decomposed into local contributions, 

on an intraperiod timescale, an extremely interesting pattern emerges. Figures L1.4 

and 4.5 show arclength distributions of local binormal and normal velocities, from 

consecutive pivot core samples taken 2 tu apart. The panels span 10 tu, a bit less 

than the vortex period of about 11 tu, so the plots do not quite repeat themselves. 

It is readily apparent that within the rotor period there is a compact region of 

positive Vb which first grows in amplitude, then diminishes, as it travels forward 

along the filament. This forward-travelling pulse of Vb originates where the two 

GThus the propellor analogy is not entirely apt: in order to mimic the real thing, one of three 
quantities-the direction of rotation, the direction of translation, or the angle of attack-needs 
to be reversed. 
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rings pass over/under one another (near the "axle" of the propellor), and reaches 

its maximum at the tip of the propellor. There is a similar forward-moving pulse 

of positive lin, immediately trailed by a pulse of negative lin. 

The pulses of Vi, and lin are pretty much coextensive, indicating that motion 

over most of the vortex rotation interval is manifested as a single localized seg

ment of displacement, a "sliding kink". This moving "kink" is correlated with 

the wave coming through the interior of the ring (i.e., pivot sampling interval 

beginning/ending on the outside) and, I suggest, can be understood in terms of 

the description presented above (and see Figure 4.2). Since the rings are nega

tively twisted, this region advances along the filament, as more forward stretches 

of filament lag in phase. 

Arclength distributions of overall displacements for the entire rotor period are 

included in Figure 4.6. These period-averaged values are essentially the time in

tegrals of the moving pulses just discussed, summed over a rotor period. Since 

the velocities are fairly low all along the filament at either ends of the averaging 

window, end-point aliasing ("leakage" from adjacent period bins) is not too severe, 

even if first and last pivot core samples do not exactly span a rotor period (sort of a 

fortuitously built in "tapering window", although care must be taken to frameshift 

appropriately, as was done here). The period-averaged distribution for \-'t, shows 

maximum positive values at the propellor tips, as expected, and slightly negative 

values directly across the ring: a short stretch of arc on the far side of the axle which 

is "backpedaling". The areas under the positive and negative period-averaged lin 

distribution should sum to zero, since there is no net shrinkage or expansion of the 

ring, but the components of \~, which contribute to the rotation and translation 

remain unevenly distributed over arclength: negative on the "leading edge" of the 

propellor, and positive on the "trailing edge" (and a bit of a jumble around the 

axle). 
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Figure 4.4, Arclength distributions of % at 2 tu intervals, for one of the singly
linked rings. 
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Figure 4.5, Arclength distributions of l~, at 2 tu intervals, for one of the singly
linked rings. 
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Figure 4.6, Arclength distributions of geometric and dynamical variables for one 
of the singly-linked rings 
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There is a pulse of increased negative twist which travels forward along each 

ring, accompanying the intraperiod wave of displacement. The peak of twist does 

not appear so pronounced as the velocity peaks, perhaps because it must stand out 

above the complete cycle of twist necessarily locked in to each ring at all times. But 

a region of increased twist associated with the displacements might be expected, 

if the mechanism of curvature-induced flament motion presented above is correct. 

The displacement peaks are centered about that part of the filament where the 

wave is coming through the interior of the ring, and can't turn as sharply. Just 

behind this segment the wave begins to round the outside of the ring, where its 

cornering ability is enhanced, giving it the opportunity to pull ahead in phase. 

Thus we should see an increased discrepancy in phase, negative twist in this case, 

immediately behind the region of maximum displacement: exactly what is observed 

here. 

However fanciful this scenario may be, the total twist measured over each of 

the rings at any time was -0.97 ~ -0.98. This differs from Lii = -1 by a 

small amount due to the writhing of the slightly non-planar rings. The period

averaged values of twist appear fairly constant over about half the ring, declining 

to a consistently low value somewhat behind the passover/under region. This 

rather quiet stretch of filament can be thought of as the "beach", where pulses of 

displacement and twist wash up and dissipate. In this region the wavefront receives 

immediate contributions from each ring: although its nearly perpendicular edges 

are not very twisted, the "composite" front itself appears as a severely twisted band 

over most of the vortex period, and the classic involute form is much disrupted. 

The collision interface for the linked rings was successfully assayed using the 

"imminent collision" algorithm, described in Chapter 3. However, the resultant 

sheet of points is too difficult to render effectively here, so I will only briefly 

describe it (if this proves incomprehensible, just skip it). The interface appears as 
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two adjoined perpendicular tubes surrounding the passthrough segments of each 

ring. The tubes barely extend "above" each ring, that is, in the positive binormal 

direction (the diredion of rotation and translation). "Below" each ring, the tubes 

extend about a third of a wavelength along their central axial filaments, then 

fray from the outside in, till only the joined inner sections remain, a flat sheet 

lying along the central axis and extending towards the tips of the propellor. This 

sheet tapers to nothing within about a wavelength below the rings. Just between 

the rings, the tubes are joined along a saddle-like surface. In many respects this 

structure resembles the collision interface found in the trefoil knot (see Chapter 

3, and note that "above" and "below" were used in the opposite sense there). In 

both cases, the collision interface does not extend above the lobes of the object, 

since the colliding waves coming through the interior are fairly flat and parallel, 

fusing immediately into a single ballooning dome with no collision cusps. Below, 

the interface extends unequally around the lobes, and the central regions connect 

to form some sort of tapering stalk. In the trefoil, the three "paddles" reach only 

part way around each lobe, and virtually merge with the filament. In the linked 

rings, the interface entirely surrounds the central part of each ring, and nowhere 

approaches the filaments so closely. 

This last point seems to be the most important. The collision interface tubes 

are centered about each axial filament, their walls almost exactly halfway out t.o 

the encircling ring, all the way around. Thus the interface is nowhere closer than 

about a quarter wavelength from the filament, and this distance is pretty much 

constant in the plane of each ring. This happy situation arises because stretches 

of filament opposite each other across each individual ring differ in phase by about 

half a cycle, and homologous stretches of the two rings are exactly in phase. So, 

for example, the outer section of each ring (propellor tip) lags in phase by half 

a cycle from the inner section, and therefore also from the inner section of the 
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other ring, which is its axial filament. When the axial filament throws a wave 

straight "out" (along its own negative normal direction), the outer section of the 

encircling ring is throwing a wave straight "in" (along its own positive normal 

direction), and the waves meet halfway. This nice synchronization proceeds all 

along the ring throughout the rotation cycle: the u gradient vector on the axial 

filament just on the minimal spanning disk of the other ring, always points to the 

location on the encircling ring whose own u gradient vector is pointing straight 

in at the axial filament. Thus, the crowded regions in the interior, where the two 

axial filaments passby one another, throw waves directly at each other in phase. 

Note that this symmetrical arrangment of the collision interface could not obtain if 

the rings were not orthogonal, and cannot be distorted too far by nonorthogonality 

at these close quarters without drastic consequences: offcentering the interface till 

it engulfs filament. This last fact might place "flattening constraints" on other 

compact organizing centers, such as the trefoil with its 115° face (lobe) angles and 

a collision interface pushed right up against the filament. 

I could find no evidence that the collision locus infiuences the motion of the 

rings, at least directly. It appears likely that filament interactions playa role in 

stabilizing the rings, presumably by constraining their motions, but as usual, the 

evidence here is merely circumstantial. Figure 4.7 plots the arclength distribution 
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Figure 4.7, Arclength distribution of interfilament distance for one of the singly 
linked rings. 
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of "elbowroom": the shortest distance from a given point on one of the rings to 

a point on the other. The plot is not quite constant, as it would be if the rings 

passed exactly through each others centers. The step in the otherwise sinusoidal 

distribution indicates that each ring is pushed ofFcenter in a direction different than 

its local normal at the point of puncture (so the closest point of approach is no 

longer at the puncture point). In fact, each ring deviates from the other's center in 

a direction pretty much along its own binormal-the direction it is moving. This 

suggests that each ring tries to drift along its binormal direction till its encircled 

region is impeded (it does not get far, since the encircling ring has presumably 

shrunk down around it neariy as tight as it can); thereafter the unobstructed 

outer regions of each ring continue to drift, resulting in rotation and translation of 

the composite object. We might think of these motions as each ring sliding forward 

along the other ([Nandapurkar & Winfree 1987J similarly described the motions of 

their linked rings). 

Figure 4.8 is a matrix plot including the period-averaged values of the presumed 

predictor and response variables for the (favorite version) local geometry hypoth

esis. There don't appear to be any obvious linear relations among the variables, 

except perhaps between binormal velocity and derivative of twist, but this is strain

ing credibility. Besides, t.he largely constant twist measurements yield mostly mi

croscopic first-difference arclength derivatives, dominated by noise. (Keep in mind 

that all panels are scaled to be filled by t.he data.) These impressions are borne out 

by linear regression attempts, none of which produced very satisfactory models. 

For example, the standard attempt of linearly regressing K on /1" w 2
, w' gives an 

R2 = 0.39, and regression of ltb on these same predictors yields an R2 = 0.57. More 

exotic models didn't improve matters much. Adding "elbowroom" to the predic

tors vastly improves the ltb models, but the significance at present is unclear. The 

linked rings greatly constrain the other two factors (besides distance) presumed t.o 
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influence filament interactions (skew angle and relative phase), possibly allowing 

the effects of elbowroom to show through unmuddied-or perhaps the high degree 

of correlation between Vb and elbowroom is entirely fortuitous. Later, after we 

have assembled some more datasets, we will attempt to sort this out. 

4.3.3 Doubly-linked rings 

I next describe a composite object consisting of two vortex rings each linked 

twice through the other. Such a configuration demands that each ring be linked 

twice, in the direction opposite the mutual links, with its own "push off" curve. 

The head of the u gradient vector traces out such a push off: it winds around its 

central filament twice at any given time, keeping pace with the two complete cycles 

of phase continuously presented by t.he twice-encircling other filament. Again, the 

situation is identical for either partner: a ring which links a second ring twice, is 

necessarily linked twice itself by the other ring. The linking matrices are: 

[ 
-2 2 ] 

2 -2 
01· [ 2 -2] 

-2 2 

The doubly-linked rings arose from two rather distinct initial conditions, a fact 

which complements their persistence in arguing for stability. The first instance 

followed a deliberate attempt, using the complex polynomial y2 - X", whose roots 

are, in fact, two doubly-linked rings when stereographically projected into R3.7 

The second appearance was a surprise, when the 4 mutually linked rings induced 

by yl - X" fused into two rings. I note in passing that in order to accord with 

the "selection rules" put forth by [Winfree and Strogatz 1984a], the latter case 

requires one or two filament "pass throughs". The original linking matrix is: 

[ -i -~ ~ ~ 1 
1 1 -3 1 
1 1 1-3 

7111 general, yn - X 2n produces 2 rings linked n times. 
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Two separate pairs of rings can each fuse, or one pair of rings can fuse and the 

product fuse with a third, yielding (respectively): 

[ 
-4 4 ] 

4 _i! 

or 

[ 
-3 3 ] 

3 -3 

In either case, the triply- or quadruply-linked rings must "pull through" each 

other, once or twice, in order to give the final doubly-linked configuration. Note 

that a passthrough which changes the linkage, must be accompanied by a com

pensatory change in the push-off linking integer. Initially, this change in Lii is 

due predominantly to the discontinuous change in writhing resulting from the 

passthrough, but afterwards can be redistributed as a change in total twist. Not 

all passthroughs result in changes in linkage: passthroughs involving segments of 

filament belonging to the same ring either tie or untie knots or are merely Reide

meister moves, which might change the writhing, but demand equal and opposite 

changes in the total twist to keep Li = o. The results of a passthrough between fil

aments belonging to different rings i and j must always change the mutual linking, 

and can be summed up as: 

k = ±l, ... ,n 

Such transmutations appear to have been unforeseen before the present study. 

For topological purposes they can be thought of as filament fusion followed by 

fission, but it is surely simpler, and probably more accurate mechanistically, to 

consider passthroughs as single events, precluding the need for shortlived interme

diary species (e.g. a 2:5 torus knot for the transmutation just described, by way 

of the triply-linked rings). 
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Figure 4.9, The doubly-linked rings, with indices for arclength plots. 

The doubly-linked rings created deliberately using y2 - X 4 were stereographi

cally projected from a 3-sphere of radius 1 into a cube indexed -2.67 -t 2.67 on a 

side, and scaled to 653 su at smoothness 1.4 gp/su (913 gridpoints, dt=0.018). As 

before, the simulation was allowed to proceed until time 400, at which time addi

tional gridpoints were trilinearly interpolated, raising the smoothness to 2.0 gp/su 

(1303 gripoints, dt=0.108), and the simulation was continued for another 100 tu. 

Pivot cores (period 16, threshold 1.0) from the last vortex period (times 488 -~ 500) 

were used for the analyses discussed here. The "accidental" doubly-linked rings 

were followed for 30 rotation periods, by which time they were indistinguishable 

from the original set. 

However they arose, the rings here had positive linkage and negative twist. Dur

ing the initial "firming up" period (first 10-20 vortex rotations or so) the encircling 

portions of the rings shrank, while the inner segments pushed apart, until the in-
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Figure 4.10, Arclength distribution of interfilament distance for one of the doubly 
linked rings. 

terfilament distance became approximately constant for all parts of the object. 

In addition to shrinking, the lobes adjusted their face angles, generally becoming 

more "open" than the initial conditions. The object stabilizes when the rings are 

121 su in circumference, just a bit less than twice the arclength of the singly-linked 

rings. Each of the doubly-linked rings is roughly a nonplanar ellipse, measuring 

about two wavelengths along the major axis, and about one wavelength along the 
. . 

mmor aXIS. 

The object exhibits considerable symmetry. Not only are the two rings iden

tical, but each ring is composed of two identical subunits. Thus the entire object 

possesses fourfold rotational symmetry, resembling a fourbladed propellor. Not 

surprisingly, perhaps, the object shows propellor-like motions, rotating about and 

drifting along its central axis. These motions are quite similar in magnitude to 

those of the singly-linked rings: about 0.3°/lu rotation, and 0.01 su/tu translation. 

Both the rotation and translation follow the direction of waves passing throught 

the interior of each ring. 

Again, plotting the arclength distributions of intraperiod displacements reveals 

an interesting pattern. Figure 4.11 shows two conspicuous pulses of positive Vb 

moving forward along one of the doubly-linked rings. The abrupt change of sign 

in the middle of the plots and at the (periodically coupled) ends corresponds to 

the two straight segments found along the interior stretches of each ring, where 
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curvature practically vanishes, and the local normal and binormal directions do 

an immediate about-face. It can be seen that the pulses originate at the straight 

segments, travel around each of the two identical curved ends of the ring, reaching 

maximum amplitude at the curved extrema, then dissipate at the straight section 

on the far side. In each subunit, the succeeding pulse evidently begins its journey 

before the preceding pulse has completed its own. 

Figure 4.12 shows the analogous lin distributions. These plots reveal a forward 

travelling pulse of positive Vn immediately followed by a region of negative Vn, in 

each half of the ring. The positive and negative peaks of lin each increase then 

decrease in amplitude, but these variations are out of phase with one another. 

The It/, and Vn pulses are more or less coextensive, delineating a travelling region 

of displacement which is correlated with the wave coming through the interior 

of the lobe. This moving region of displacement is accompanied by a pulse of 

increased negative twist, perhaps for the reasons presented above. 

The arclength distributions of the period-averaged values for various quantities 

are shown in Figure 4.13. These plots are as expected: maximum It/, at the tips of 

the propellor, negative Vn along the leading edges, and positve lin along the trailing 

edges. On average, the interior stretches of the object appear more twisted than 

the curved lobes. A matrix plot of these quantities is shown in Figure 4.14. It is 

apparent that li is highly linearly correlated with curvature. This is reflected in 

the linear regression of li on /\',10,10', which yields an R2 = 0.95, and a coefficient 

for /\, of nearly 1. The same regression with lin produces a model with a rather 

unsatisfactory R2 = 0.63. In a more speculative mood, we might notice that /\, and 

10' appear related by a vaguely cubic function. More intriguing, perhaps, is the 

"circular" relationship between /\, and Vn, suggesting something like v,;+(/\'_/\'0)2 = 

C. It is interesting that the displacement /\'0 ~ 0.04s'U-1, corresponding to a radius 

of curvature of about a wavelength. 
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Figure 4.11, Arclength distributions of Vi, at 2 iu intervals, for one of the doubly
linked rings. 



67 

: 11111111,., '11111 11 ",1111111111"."""""", ,.11111111", I[ 1111 1",11111111111".""""", III' 

20 40 60 eo 100 

Index 

I: II"" 11111""., 111111111" "11111111,,, 1111111' I"""", """, 11111111 111 " 111111111", 111111" I 

20 40 60 eo 100 

Index 

j: 1111111111" '"'''' '11111111111 [I'" 11111" ,11111111111",,,,,,, '1111111111
1
1"" 11111", II 

20 40 60 eo 100 

Indol 

j: '1",,'111111111111"".""'1111111111111'1" """,. "1111111111111,,, ""'111111111111111"""" 

20 40 60 80 100 

Index 

I: I ""11111 1",111111111111"""" "' ,111111111 1""'11111
"

"111111111111".""",,,,1111111111 1' 

20 40 60 eo 100 

Indu: 

Figure 4.12, Arclength distributions of l~l at 2 tu intervals, for one of the doubly
linked rings. 



j 

1 

1 
1i 

o 
a 

! 
0 
0 

! 

N 

d 

0 
0 

fj 
<;> 

0 
a 

~ 

d 

000
00 

40 

Index 

00000000000 

000 0 

000000000000000000000 0
0 

00° 00 

20 40 

20 40 

20 40 

000 
o 

Index 

00 o 

o 0 

Index 

Index 

Index 

60 '0 

60 .0 

000 

60 .0 

60 .0 

o 

100 

00 
o 

100 

000 

100 

100 

100 

68 

Figure L1.13, Arclength distributions of geometric and dynamical variables for one 
of the doubly-linked rings 



69 

·0.14 ·0.12 ·0.10 ·0.02 0.0 0.02 

0.0 0.04 O.OB ·0.006 0.0 0.004 0.0 0.04 0.08 

Figure 4.14, Matrix plot for the doubly-linked rings. 
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In the stable configuration, interfilament distance varies only between lOA -f 

11.2 su, just about half a wavelength. This is the same "preferred distance" ob

served in the singly-linked rings. Although the doubly-linked rings have two cycles 

of twist locked in, and a bit more positive writhing to contend with, they are able 

to distribute their total twist over approximately twice the arclength, and so on 

the average the filament is twisted about the same in the two cases. Of course, to 

maintain the constant interfilament distance, the maximum radius of curvature is 

about the same-half a wavelength-in both cases, although in the doubly-linked 

rings the curved sections are joined by segments in which curvature drops virtually 

to zero. To some degree, then, each lobe of the doubly-linked rings resembles half 

o[ a singly-linked ring and its threading filament. 

In the doubly-linked rings, however, the threading axial filament is relatively 

straight, and p<lsses through the plane o[ each lobe somewhat less than perpendic

ularly. Thus the axial filament passes over the encircling ring 1800 around [rom 

where it passes under it (unlike the singly-linked case, where the passover/under oc

curs at the same place on the encircling ring). The passovers/unders are the points 

of closest encounter between the two doubly-linked rings, and at these points the 

nearly orthogonal filaments throw waves directly at each other in phase. Thus the 

passunder is throwing a wave up at the same time the passover is throwing a wave 

down, and the beginning and end of the half ring are doing just the opposite. This 

nice synchronization advances around each lobe of the object: at any time the 

u-gradient o[ the encircling ring points at successively forward locations along the 

axial filament: just the region whose own u-gradient is pointing directly back at 

the ring. The four lobes of the object perform this dance exactly in phase. 

So, not surprisingly, the collision interface [or the doubly-linked rings appears 

as [our truncated tubes, surrounding each interior segment o[ the object, and 

shielding it from the encircling lobe. Again, the tubes barely project above the 
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object; below, their central walls coalesce into an X-shaped surface which divides 

the central region into equal quadrants. This central wall erodes to nothing, from 

the outside in, within a wavelength or so. 

4.3.4 Triply-linked rings 

The next object in the bestiary consists of two vortex rings winding around 

each other three times. The linking matrix is therefore: 

[ -3 3] 
3 -3 

or [ 3 -3] 
-3 3 

The initial conditions used here, complex polynomial y2 - X 6 and a coun

terclockwise 2D map, produced the object described by the left matrix above: 

positive mutual linkage and negative push-off linkage. The stereographic projec

tion mapped a 3-sphere of radius 1.0 into a cubic volume indexed from -2.5 -t 2.5 

along two edges, but indexed from -1.25 -t 1.25 along the third edge. This 

anisotropic scaling effectively stretches the projection in the direction of the ob

ject's symmetry axis, and serves to separate the otherwise closely wound strands 

of the two rings. This volume was represented by 913 gridpoints at smoothness 1.4 

gplsu (and dt=0.018). This 653 su cube (about 3 wavelengths on a side) barely 

accomodated the rather large object. Nevertheless, the simulation was run in these 

cramped quarters till time 500. At this time, I "pulled back" the no-flux sidewalls, 

creating a larger array measuring 108 X 108 x 65 su (151 X 151 X 91 gridpoints, 

smoothness 1.4, dt=0.018). This roomier version was run for another 1100 tu (!), 

in order to follow the "de-symmetrization" described below. In addition, a copy 

of the array at time 1100 was trilinearly interpolated to smoothness 2.0 gplsu 

(216 X 216 x 130 gridpoints, dt=0.018) and followed for 100 tu in order to gather 

higher resolution filament measurements, which are presented here (from period 

16, threshold 1.0 pivot cores, times 1188 -t 1200). 
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Figure 4.15, The triply-linked rings from above, with indices for arclength plots. 
Note the asymmetry. 

Initially, each ring contracts around the other, while the central regions push 

out, resulting in a rather tightly wound pair of filaments surrounding a relatively 

roomy interior. Again, the configuration resembles a propellor8, but with six small 

blades mounted on a large hub, like a turbine. Early on, the object is about 2.5 -t 3 

wavelengths across (the empty cenral hub accounting for considerably more than 

half this distance) and less than a wavelength high. The rings cease shrinking at 

a circumference of 176.5 su, just a bit less than three times the arclength of the 

singly-linked rings. The total twist (about -3.5, there is considerable writhing) is 

distributed fairly evenly, so that on average the filament is twisted to about the 

same degree as in the singly- and doubly-linked rings. This relatively stable config

uration exhibits rather constant interfilament distance of about half a wavelength, 

ranging from 10.1 -t 11.9 suo 

8 ... or a Star of David 
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Figure 4.16, Arclength distribution of interfilament distance for one of the triply 
linked rings. 

Surprisingly, the object is not exactly threefold symmetric. Seen from above, 

the two rings appear elongated in opposite directions, and compressed along the 

orthogonal axis. However, each ring suffers the same distortion from the threefold 

symmetric initial conditions, so the object retains twofold rotational symmetry. 

The departure from threefold symmetry begins early on, when the object is in 

the small start-up array-a cube 3 wavelengths on a side-but continues after the 

object was transplanted into much roomier environs (a box 5 X 5 X 3 wavelengths). 

I am not sure whether the initial distortion was induced by interaction with the 

boundaries, or indicates some kind of intrinsic instability. However, for reasons 

developed more fully in Section 4.4, I suspect that boundary effects playa minor 

role, and that the collapse of the rings into a "linear" form represents the con

tinuing evolution to a more stable configuration, in which filament interactions 

dominate. Filament interactions across the initially spacious interior of the rings 

cannot withstand a shrinkage-induced collapse, but the arclength of the rings ap

parently cannot be decreased further (presumably because they contain a critical 

amount of twist-see Section 4.4. A lengthwise buckling is the only recourse which 

allows the filaments to snug up against one another. 

Throughout its development the object translates along and rotates about its 

central axis, both motions consistent with waves passing through the interior of 

the tilted lobes. Again, finescale analysis reveals pulses of mostly positive Vb, 
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Figure '1.17, Arclength distributions of Vb at 2 tu intervals, for one of the triply
linked rings. 
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Figure 4.18, Arclength distributions of Vn at 2 tu intervals, for one of the triply
linked rings. 
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Figure '1.19, Arclength distributions of geometric and dynamical variables for one 
of the triply-linked rings 



-0.15 -0.12 -0.03 0.0 0.02 

07rt; of} 

r~'"'J o ~~~ 0
0 oo~~ 80 0 00 0 °0 o 0 0 

curvature 0 0 QJoDo o cfJ g 00 ~ a a gc90 8 '" a 0 0,0 o 001ll~ 0 0'/,8'/,00 000 '0 
o 0 0 o 0 0 000 Q) 'fl 

o 0 0 0 0 0 <Xl 
00 0 0 0 0 00 
0 0 0 0 

on 

9 

o~ [J g00l!~ ~ "'~ t;i;}'o 0 0 00' « 0
0 

00 'b !&a0 8000 oo~ 
o 00 8 <16060 w 0 0 

0 

o 0 0 
0 o 0 d' 0 o a DOOr!' 

0 
0 

0 
0 

0 
0 

0 
0 

0 0 0 0 
0 00 0 o 0 0 00 0, og 0 a 0 0 

o!'~ 0 'b 

00 0
0 

~oo 
OU 

o 0 :it 0 
0 

~~~ 
0 

o 0 0 o 0 cP 00 ~ ~oOoi~'b~tg 
0 ell 00 0 od' 0 

0 oil» 8 Oib 0 0 deriv.twist '/,'lxloo°l\8;j 0 o~ 0 0
0 

o 0 <?i'0 '8
8 

&,00 00 
00 0 

. 0 0 o 0 '00 
00 o 00 cl' 0 0 0 

000 00 0 olb 000 
0 0 o 0 00 "0 

0 0 0 0 

o 0 0 

~""~ 
ago 

B 
lEo 

:'.~ 00 

o~~ 0
0
°000 08 ~OD\t' 0 o '0

080 ~~ o 0 a 00 o <il 
o off (} a 1°0 a a 00 

DOm ~ a a ~ooo 00 ~( o "0 0 

o a 00 0
0 

00 0 o g o 00 19 oB 
Decpo 0 000

0 
0800 ~,o 

~~J 
fOOO%o gIllo rs 
"t) o 00~".B" 0 

°lb 
o 0 ~ 000 

o 0 0 
0

8 oJ/" 
o 0 binorm.vel 

0 
000 0 ~ 00 'b 00 g\! 

0 o 0
0 &,"o°,p90'O 0 

0
8 

o 0 a a 0 a a SO D 6\l 0 0 0 °OcS 9'0'0 \lQPo 0 0 00 00 

0.02 0.06 ·0.004 0.0 0.02 0.06 0.10 

Figure 4.20, Matrix plot for the triply-linked rings. 
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positive and negative lin, and negative twist, moving forward along the filament. 

The origin and demise of these pulses are not so evident as in the singly- and (to a 

lesser extent) the doubly-linked rings; the pulses of lin and twist in the triply-linked 

rings evidently traverse the lesser curved inner segments unimpeded. 

Each lobe of the object and its lesser-curved threading filament are synchro

nized: the inward-pointing u-gradient vector on the encircling "half-ring" tracks 

the location on the threading filament which is throwing a wave outward. This 

produces a collision interface tube lining each lobe and surrounding each thread

ing filament, standing off from each about a 1/4 wavelength. The tubes do not 

fully enclose each threading filament: the walls of the tubes toward the center of 

the object are absent. However, the interior of the object contains a section of 

the <.:Ollision interface, contiguous with two tubes opposite across the rings, which 

effectively divides the interior of the object into halves. This spoils the threefold 

symmetry of the interface, and in fact puts each of the thirds of either ring in a 

unique environment, although the two rings are identically situated. Evidently, 

this asymmetry shows through in the geometric, twist, and motion assays. How

ever, it is not at all clear whether the asymmetry in the collision interface is a 

cause or an effect. 

The period-averaged arclength distributions show consistently positive Vb with 

maximum amplitude at the propellor tips, negative l~t along the leading edges, 

and positive lin along the trailing edges. Average twist is distributed a bit more 

haphazardly. The matrix plot uncovers no striking two-way relationships, although 

ll,t and ~ appear fairly linearly correlated. The usual regressions produced mediocre 

models: Vi, and Vn on ~,w, w' gave R2 = 0.69 and R2 = 0.'18, respectively. 

4.3.5 Three Inutually linked rings 

This object comprises three vortex rings, each of which is linked once with 

each of the other two. The three rings are identical, and negatively twisted, so the 
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linking matrix is: 

[ 

-2 1 1 1 
1 -2 1 
1 1-2 

In addition to the "mirror image" of the above (all signs inverted), another 

plausible configuration for three mutually linked rings is: 

[ -~ -~ ~ 1 
1 1-2 

I have my doubts that this latter object would persist, at least in compact form. 

However, it is certainly possible, and if it survived, it would be interesting to see 

how the asymmetry was accomodated. In any case, I could not construct it. 

The former, symmetrical object is specified by the complex polynomial Y3_X3, 

which can be seen to factor into the three independent linear terms: t(Y -X)(2Y + 
(1 - iV3)X)(2Y + (1 + iV3)x). 9 However, I had much difficulty working with 

this polynomial, and before I managed to scale it properly, I captured the desired 

configuration quite by accident: the three mutually linked rings described here 

resulted from a transmutation of the product of y3 - Y X 3 = (y2 - X 3)(y), a 

trefoil knot linked by a simple ring. Knottedness has no effect on the linking 

relations, so this latter object has the linking matrix given above for the singly

linked rings. The most parsimonious transmutation (not necessarily manifested 

here) to three mutually linked rings is 

[ -1 1] 
1 -1 [ 

-2 2 ] 
2 -2 [ -~ -~ ~ 1 

1 1-2 

a single pass-through followed by a single fission (or vice-versa). The transmutation 

was not followed in detail here. 

9In general, Y" - X" produces n mutually linked rings. 
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The transmutation was completed within the first few vortex rotation periods, 

and the three mutually linked rings were allowed to evolve in the usual 653 su start

up array (913 gridpoints, smoothness 1.4 gplsu, dt=0.018) until time 900. At this 

time the no-flux sidewalls were pulled back, creating an array about 5 x 5 x 3 

wavelengths (151 x 151 x 91 gridpoints, smoothness 1.4 gplsu, dt=0.018), and the 

object was observed to remain unchanged for another 10 vortex rotation periods. 

Additionally, a copy of the array at time 400 (by which time the final form had been 

attained) was trilinearly interpolated to smoothness 2.0 gp/sn (1303 gridpoints, 

dt=0.018), and run for another 100 tn. Pivot cores (period 16, threshold 1.0) from 

the last vortex period (times '188 --t 500) of this higher resolution simulation were 

used for the analyses shown below. 

All three of the mutually linked rings remained identical with each other, and 

the composite object retained perfect threefold rotational symmetry, for the dura

tion of the simulation. The rings in the stable object have circumference 104 su, 

so are something like 33 su across (about a wavelength and a half), although they 

are not perfectly circular. Nor are the rings entirely planar: torsion ranges from 

-0.09 --t 0.08 rad/su. However, the rings have virtually zero writhing. 

Ea.ch ring completely encircles two filaments-a limb from each of the other 

two rings. Where the two rings puncture the minimal spanning disk of the third, 

they are very nearly parallel, and something like a quarter cycle out of phase. The 

two punctures are as remote as possible within the confines of the encircling third 

ring: equispaced along one of its diameters. Interfilament distance varies from 

10.0 --t 17.5 su. 

The object rotates around and translates along its central symmetry axis. The 

rates are comparable to the various linked rings presented so far: 0.2°/tu rotation, 

and 0.01 sultu translation. The directions of the translation and rotation are 

generally consistent with waves travelling throught the interior of the rings, i.e., in 
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Figure 4.21, The three mutually linked rings, from above, with key for arclength 
plots. 
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Figure 4.22, Arclength distribution of interfilament distance for one of the three 
mutually linked rings. 
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Figure 4.23, Intraperiod binormal displacements for one of the three mutually 
linked rings. 
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Figure 4.24, Intraperiod normal displacements for one of the three mutually linked 
rmgs. 
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Figure 4.25, Period-averaged measurements for one of the three mutually linked 
rings. 
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the positive binormal direction, but since the symmetry axis skewers each of the 

rings along a radius halfway out from its center, something like a third of each ring 

lies on the "other side" of the rotation axle, and exhibits net negative binormal 

displacement. 

The intraperiod displacements show a pronounced pulse of positive Vb travelling 

forward around the outside of each ring, and a pulse of negative li travelling 

forward around the inside. Likewise, a pulse of positive Vn travels along the trailing 

edge of each ring, while a pulse of negative Vn moves around the leading edge. The 

two sets of displacements are roughly coextensive, and are associated with the 

wave coming through the inside of the ring. Note that since each ring has two 

cycles of negative twist locked in (push-off linking integer = -2), at any time the 

wave is passing through the interior of each ring at two separate locations, and 

these locations move forward during the vortex rotation interval. 

Two forward-moving regions of increased negative twist are loosely associated 

with the travelling displacements. Although each ring is considerably shorter than 

one of the doubly-linked rings (104 su vs. 121 su, push-off linking integer = -

2 in both cases), there is virtually no writhing, and the mean twist is actually 

lower in the three mutually linked rings. However, the twist is less uniformly 

distributed in the latter case, and in fact higher in some places than anywhere 

along the doubly-linked rings. It is notable that the outer, less crowded regions 

of each of the three rings are consistently and significantly more twisted than the 

cramped inner stretches. The crucial synchronization between these closely-packed 

inner segments which centers the collision interface may be effected more by the 

filaments curving past one another than by phase variation with arclength. In 

fact, the geometry of the three-way encounter at the center of the object may so 

constrain matters that more than a little twist is precluded here, and banished to 

the more open and forgiving outlying regions. 



87 

Coefficients: lin on I~, 'W, 'W' 

Value Std. Error t value Pr(> Itl) 
(Intercept) -0.1717 0.0180 -9.5412 0.0000 
curvature 1.0006 0.2253 4.4415 0.0000 
t.wist. -0.9210 0.0642 -14.3472 0.0000 
deriv.twist -4.4728 0.6452 -6.9320 0.0000 
Residual standard error: 0.0143 on 96 degrees of freedom 
Multiple R-Squared: 0.7207 

Coefficients: Vb on ~,'W, 'W' 

Value St.d. Error t value Pr(> Itl) 
(Intercept. ) -0.2619 0.0201 -12.9975 0.0000 
curvature 1.9253 0.2523 7.6314 0.0000 
twist. -1.3052 0.0719 -18.1550 0.0000 
deriv.twist 2.5860 0.7226 3.5786 0.0005 
Residual standard error: 0.01601 on 96 degrees of freedom 
Multiple R-Squared: 0.7878 

Table 4.1, Regressions for the three mut.ually linked rings. 

The matrix plot for one of the three mutually linked rings doesn't show much, 

except perhaps that the faster moving "propellor tips" are also the most. negatively 

twisted. The standard linear regressions using these variables produced the results 

summarized in Table 4.1. It is notable, though perhaps not significant, that the 

coefficient on curvature for the lin model is exactly 1. 

4.3.6 Borromean rings 

I turn next to an object composed of the so-called Borromean rings. None of 

the three Borromean rings links the others-that is, the spanning disk of none of 

the rings is punctured-yet the three cannot be separated. Each of the rings is 

prevented from "slipping off" one of the other rings by the third. The arrangement 

is similar to a two carabiner rappel device, with the rope playing the part of the 

third ring. Since there are no "hard links" in the arrangement, each of the rings 
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must have push-off linking integer 0, and the linking matrix is: 

[ 
0 0 0 1 
000 
000 

Because the three rings are not linked, they cannot be produced by the usual 

stereographic projection method used for all objects discussed so far. However, the 

initial conditions arc easily rigged with some simple algebra. The basic strategy is 

to write two 3-variable functions (R3 -+ R) whose roots specify two surfaces which 

intersect orthogonally along the intended filament locus. One of the functions 

determines values of u, and the other function determines values of v. The (0,0) 

locus is mapped onto (u, v) values found at the pivot point of a spiral wave in the 

given kinetics. Then the other level surfaces of the functions can be appropriately 

scaled for ranges of u and v in and around the rotor core, 01' the values can be used 

as coordinates enabling one to retrieve (u,v) doublets from a "precoiled" 2D rotor. 

The two zero-surfaces of the functions essentially divide 3-space into 4 regions, 

which are mapped onto the 4 quadrants of the excitation-recovery trajectory, with 

the (0,0) locus pointing at the interior of the loop. 

More abstractly, we can imagine the two functions f and g as specifying a 

phase, arctan(g In, and an amplitude, J P + g'2. It is convenient to represent 

both of these quantities as a single complex number, J + ig, and to consider the 

functions f and g as two components of a single function F(R3 -+ C), which takes 

in a position vector (x,y,z) and returns a complex number. In terms of phase, the 

locus where F(:c, y, z) = 0 + iO is a singularity, and its complement is fibered by 

F. 

The canonical form of the Borromean rings consists of three orthogonal ellipses. 

To produce one ellipse, we need only intersect a cylinder of elliptical cross-section, 

with a plane. The u-surface elliptical cylinder oriented along the X-axis (denoted 

here by "j~") anel the v-surface orthogonal plane (denoted here by "g~.") are given 
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by the usual equations: 

9x = :F(Im) = x 

where Rand r are the lengths of the major and minor radii of the ellipse, respec

tively. The orthogonal ellipses, oriented along the other two principle directions 

are just 

9y = g(Im) = y 

and 

9:: = 1-l(Im) = z 

The roots of each of these functions describe an ellipse, with its center at the 

origin, and its foci along one of the three principle axes. Each function fibers the 

complement of the ellipse with a full cycle of phases. In order to make a single 

object out of these components, we simply multiply the phases together, following 

the rules of complex multiplication. Thus 

P = :FGN 

'll ex: P(Re) = JxJyJ:: - xyJ:: - yzJx - xzj~ 

vex: P(Im) = -xyz + xIyI:: + vIxJ:: + zJxJy 

The zero-set of these initial conditions, with 2:1 ellipses, is shown in Figure 4.27. 

Note that while the composite object appears quite symmetric, each ring is oriented 



90 

by a spiral wave of a certain hand. When the reaction and diffusion were turned 

on, each ring was observed to drift in the direction of the wave passing through 

its interior. This positive binormal displacement was faster on the more sharply 

curved ends of the ellipses, so that the rings became nonplanar. Each ring slides 

along the ring it completely surrounds, until impeded by its own surrounding ring. 

Since each ring moves towards one end of one of the other rings, the deserted 

ends of each ellipse are able to continue drifting after the more crowded ends have 

halted each others progress. Thus the relatively open ends of each ellipse swing 

around, like petals on an opening flower, making the object relatively flat-about 

3 wavelengths across, but less than a wavelength high. 

The object maintains perfect threefold rotational symmetry during this meta

morphosis. Because each ring initially moves "forward" along a principle direction, 

then the "back" ends of the rings swing around equally, the final symmetry axis 

lies along the [111] axis: a body diagonal of the simulation cube. (This turns out 

to be fortunate, as it allows the somewhat ungainly object to be accomodated by 

an array of reasonable size for the rather lengthy firming up period.) After the 

initial transformation, the object continues to drift along and rotate (like 0.20 ftu 

and 0.01 suftu) about this central axis. 

Although the Borromean rings possess no "topological charge", in the form of 

signed mutual links or push-off links, the orientation of the rings conferred by the 

spiral wave allows one to distinguish a "left" from a "right" set of rings. There is 

a one-to-one correspondence between the 23 = 8 permutations of ring orientations, 

and the 8 "half body-diagonals" which can each serve as the axis of motion for 

the object, assuming it begins life centered in a cube, with its initially orthogonal 

rings parallel to the cube faces. 10 Half body-diagonals ending at edge-adjacent 

vertices of the cube support objects of opposite hand. It can be seen that reversing 

lOIn terms of Miller indices, rings (pOO)(OqO)(OOr) will live and travel upon [pqr]. 
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Figure 4.27, Initial configuration of the Borromean rings. The three 2:1 elliptical 
rings are mutually orthogonal, and aligned with the principal directions of the 
simulation cube. 
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orientation of 1 or 3 of the rings produces a set of the opposite handedness (headed 

towards an edge-adjacent, or body-diagonally opposite vertex), whereas reversing 

orientation of 2 of the rings leaves the hand unchanged (and the object moving 

towards a face-diagonally opposite vertex). I shall call "right" Borromean rings 

those whose inner passunders are righthanded, and "left" Borromean rings those 

whose inner passunders are lefthanded. Equivalently, if the binormal vectors of any 

one of the initially orthogonal rings, and that ring's encircled and encircling rings 

(in that order) form a righthanded basis, then the rings will flatten into righthanded 

rings, else they will become lefthanded. When seen from above (from a vantage 

point in the positive binormal direction), right Borromean rings rotate clockwise 

around the symmetry axis, whereas left Borromean rings rotate anticlockwise. 

The Borromean rings studied here in the most detail are lefthanded. They 

were constructed from the initial conditions above using a counterclockwise rotor 

map. Righthanded rings, made from the same initial conditions but pointing 

at a clockwise rotor, were followed just long enough to confirm their inverted 

configuration and direction of travel. 

Because the Borromean rings made here end up moving along an axis which 

no longer points directly at the periodic floor-ceiling of the array, trouble lies 

ahead. The rings followed here for the longest time began life centered in a cube 

3 wavelengths on a side (smoothness 1.4 gp!su, 913 gridpoints, dt=0.018). After 

about one hundred vortex rotations, the rings approach the no-flux sidewalls so 

closely that one of the lobes begins to scrape, and the object veers off course and is 

distorted. The motion and configuration of the entire object is affected, including 

those parts remote from the boundaries, suggesting that the object as a whole 

possesses some kind of coherence or rigidity. Eventually, after 130 vortex rotations 

(time=1390tu), one of the rings fragments. The simulation was followed until 

time=2100, by which time all three rings have fragmented, yet are still intertwined. 
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Figure 4.28, The Borromean rings, seen from above, as they cruise the body di
agonal of the simulation cube (up and left). The numbered ring is keyed to the 
arclength plots. 
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A copy of the object from time=1306 was placed into the center of an array two 

wavelengths longer in width and breadth (lOS X lOS X 65 su, still at smoothness 

1.4 gp/su, dt=O.OlS). This effectively "pulled back" the noflux sidewalls a full 

wavelength from all sides of the object. By this time the object is significantly 

distorted, and I wanted to see whether or not it would rebound to its former 

symmetric configuration: it does not, at least within the 50 vortex periods following 

the transplant. This experiment should be pursued further, but the simulation is 

enormously expensive in terms of supercomputer resources, and I ran out of time 

anyway. 

In the stable, symmetric configuration, after the initial flattening, each of the 

rings is 140 su in circumference. Each ring passes under one of its partners twice, 

and over the other partner twice, the passovers and passunders alternating. (The 

central region of the object looks a bit like a loose weave, or a fragment from a 

suit of chain mail.) All passbys are approximately orthogonal. The interfilament 

distance measured off one of the rings ranges from S.9 -+ 16.0 su, with a mean 

of 10.S suo These short distances (down to 0.4 wavelength!) make the Borromean 

rings the snuggest object so far encountered. The initial flattening of the rings 

appears to be halted by filament repulsion: each ring is prevented from pulling 

out its loop from the interior of another ring by a "crossbrace" formed from the 

third ring. It just looks like the rings are bent around one another at the regions 

of closest encounter, draped over each other like melted Dali watches. 

The 4 passover/unders along each ring are spread out over less than half its ar

clength, and the inner passbys are especially close together. At such close quarters, 

the passbys must throw waves at each other exactly in phase to avoid annihilation. 

This means that within each ring, between the two inner passbys in which it par

ticipates, there must be something like a half-cycle of twist, so that the filament 

can defend itself from waves below (at its inner passover) and, just 20 su or so 
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Figure 4.29, Arclength distribution of interfilament distance for one of the Bor
romean rmgs. 

down the line, from waves above (at its inner passunder). In fact, twist is at its 

maximum along these crucial inner stretches (even showing two additional pulses 

just at the passbys, as if for fine tuning), and the measurements are about what 

is expected from this back-of-the-envelope estimate: 7r /20 = 0.15 rad/su. The en

tire central region of each ring is positively twisted, and the distribution does not 

change much over the vortex rotation interval, perhaps because of the constraint 

imposed by the rather tight timing requirements. 

Since the rings have very little writhing 11 there must be negative twist else

where on the ring to ensure the push-off linking integer is zero. In fact, the entire 

outer portion of each ring is consistently negatively twisted. These outer portions 

face stretches of filament from both the other rings-the leading edge of one, and 

the trailing edge of the other-which are out of phase by something like half a 

cycle. The peak in negative twist on the outer lobe approximately divides the 

filament into the two parts which separately fend off waves from the two interior 

stretches. The intricacies involved in this "changing of the guard" may explain 

why the outer lobes stand off at 16 su from the inner regions, 1.5-2 times the 

interfilament distances found in the central regions. 

IIThey are not very flat either, so presumably must be closely approximated by a curve in
scribed on a sphere. Only planar curves, and curves living on the surface of a sphere have zero 
writhing. 
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Figure 4.30, Arclength distributions of Vb at 2 tu intervals, for one of the Borromean 
rings. 
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Figure 1.31, Arclength distributions of lin at 2 tu intervals, for one of the Bor
romean rings. 
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Figure 4.32, Arclength distributions of geometric and dynamical variables for one 
of the Borromean rings 
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Given the tightly boxed-in filaments in the interior of the Borromean rings, it 

is perhaps not surprising that it is hard to make sense of the intraperiod displace

ments. There is a pronounced forward-moving pulse of Vi, along the outer stretches. 

Oddly, it is negative, a departure from the usual behavior seen so far, in which 

the relatively unconstrained lobes seem inclined to follow their tendency to drift 

in the positive binormal direction. There are various pulses of positive Vi, along 

the crowded inner stretches of the rings, most prominently right at the passbys. 

The overall result is that lib is nicely negatively correlated with elbowroom: the 

most open segments of filament show negative binormal displacements, and the 

most crowded segments move the fastest in the positive binormal direction! The 

intraperiod displacements in the local normal direction are complex. However, the 

mean value for the period-averaged arclength distribution of lin is 0.00, providing 

a nice confirmation that each ring has attained its final configuration. 

The usual regressions failed miserably to produce a decent linear model relating 

either lin or lib to /\', W, Wi. It is worth mentioning t.hat the period-averaged measure

ments of arclength derivative of twist are relatively clean for the Borromean rings, 

unlike the fairly noisy results usually obtained. This probably obtains here because 

there are no major travelling intraperiod pulses of twist, which tend to overwhelm 

the period-averaged derivative with a composition of many first-difference signals. 

It is also worthy of notice that the derivative of twist is consistently near zero 

along the relatively open stretch of filament on the outside of each ring, where 

interfilament timing requirements are more relaxed. The arclength derivative of 

t.wist assumes a much wider range of values along the more crowded and complexly 

interacting inner segments, where a precise distribution of phase is of decisive im

portance. 



101 

4.3.7 Trefoil knot 

The next object is a single ring, but it is tied into a trefoil knot. The trefoil 

knot is the simplest torus knot: it can be drawn as a closed curve on the surface 

of a torus, where it winds three times around the smaller circumference (through 

the hole) while it winds twice around the larger circumference. For this reason the 

trefoil knot is known as a 2:3 torus knot. In general, the analogous m : n windings 

around a torus produce a knot, if m and n are relatively prime. Knottedness 

can have no effect on the linking relations, since the filament never manages to 

complete a closed path around itself. Put another way, a knotted space curve 

cannot puncture its own spanning disk.12 Hence, the trefoil-knotted vortex ring 

has the same linking matrix as any other isolated ring, which is just: 

[ 0 ] 

The trefoil knot described here was produced by the complex polynomial y2 -

X 3 , radius of the 3-sphere = 1, using an anticlockwise rotor map13. The initial 

conditions were projected into a cubic array 3 wavelengths on a side, with indices 

ranging from -3.85 ~ 3.85. However, the index along the symmetry axis was 

clamped at ±3, and then transformed by a tangent function (W = tan(W7fj6), 

so that the mapping towards the top and bottom of the array was sent quickly to 

±oo and no trash collected along a mismatched periodically coupled boundary. 

In addition to this invocation by design, trefoil-knotted vortex rings arose via 

transmutation on at least three separate occasions. Misscaled Borromean rings, 

three mutually linked rings, and a 2:5 torus knot, were all observed to decay into 

trefoil knots. It is of interest that all three of these "accidental" trefoils, although 

starting from wildly differing intial geometries, appeared to converge upon the 

12Nevertheless, not all knots have a fibreable complement. However, the knots presented here 
are all fibreable. 

13111 general, ylll - xn, Tn and n relatively prime, produces a Tn : n torus knot. 
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Figure 4.3 tl, The trefoil-knotted vortex ring, with index for arclength plots. 
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same form observed in the deliberately produced model. This simple observation 

argues strongly for the final configuration being a stable one, with a wide "basin of 

attraction". The Borromean ring transmutation provides an spectacular example 

of convergence, as the initial trefoil knotted ring is much distended, with the inner 

segments pulled out into huge twisted loops, yet the object eventually finds its 

way back to the standard compact version (drifting along a body diagonal of the 

simulation cube). The 2:5 torus knot transmutation is interesting, as the trefoil 

makes its initial appearance in extremely asymmetrical form, but soon attains 

nearly perfect threefold symmetry. 

The trefoil-knotted vortex ring studied in detail here was allowed to develop 

m the 653 su start-up array (smoothness 1.4 gp/su, 913 gridpoints, dt=0.018) 

until time 400, at which time the smoothness was increased to 2.0 gp/su (1303 

gridpoints, dt=0.018). After another 100 tu at this resolution, the smoothness was 

increased yet further, to 2.8 gp/su (1823 gridpoints, dt=O.Ol) for another 50 tu. No 

significant differences were noted in the form or behavior of the knot at the three 

different resolutions, although the twist measurements cleaned up slightly with 

increasing smoothness. I also conducted a pivot core period "titration", rerunning 

a copy of the array at pivot periods 12, 14, and 16 tu (threshold held constant at 

1.0). The three periods yielded nearly identical cores, and measurements based on 

them, for this slowly moving object. For the sake of consistency, I used pivot cores 

(period 16, threshold 1.0) from the last vortex rotation period of the smoothness 

2.0 run (times L188 -t 500) for the analyses presented here. 

The trefoil knot scrutini2ed here is lefthanded; the righthanded form is merely 

its mirror image. Although the ring must possess push-off linking integer Lii = 0, 

the three passunders ensure that the writhing will never be less than 3, and since 

L jj = Tw + Wr = 0, the ring is actually quite twisted. It turns out that the left 

knot has positive writhing, hence must be negatively twisted by the same amount. 
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Figure 4.35, Trefoil which arose via transmutation of 2:5 knot. 

Figure 4.36, Trefoil transmuted from Borromean rings. 
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In its stable configuration, the trefoil knot yields a total twist measurement of 

-3.30 ~ -3.33 using either \lv. or \lv, and the usual triple-product scheme. This 

total twist can be decomposed into the total torsion, and the integer winding 

number of the gradient vector around the filament as seen from the local Frenet 

frame [Tyson & Strogatz 1991]. As a check on the numerics, I calculated both 

these quantities: total torsion simply by trapezoidal integration around the ring, 

and total cP merely by summing the first differences of the angles made by \lu and 

the local normal vector. The total torsion measured -0.32, and, not surprisingly, 

total cP was -3. A pilot circumnavigating the ring in the Frenet frame would need 

to roll left more than right, and would see the u and v gradient vectors wheel 

around him 3 times counterclockwise. 

All that remains for a complete consistency check is to independently calculate 

the writhing. This is a bit more involved, but proved not too difficult with quan

tities already in hand and, as I had never seen it done before, I decided to give it 

a go. There are several formulae for the writhing; I used one from [Pohl 1980]: 

where S1 and S2 are arclength parameters of the space curve C singling out two 

position vectors x and v, and the function e returns a unit vector pointing from x 

to y: 

v-x 
e(x,v)= I I v-x 

Thus we need to integrate the triple product of e and its partials with respect 

to S1 and S2 over the torus C X C. Let D be the magnitUde of the difference vector 

y -x: 
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Then the Quotient Rule gives 

and since 8(g~x) = - Tx , the tangent vector of C at x 

ae -DTx + (y - xH(D2)-l/22[(y - x) . Txl 
aS l = D2 

ae 1 
- = -[e(e . T ) - T 1 
aS

l 
D x x 

Likewise, with a few sign changes, 

With the partials written in this form, it is a straightforward matter to evaluate 

the triple product in the original integrand-all we need are the position vectors 

and tangent vectors at a number of locations along the filament, both of which 

are readily available from its Fourier representation. Numerically integrating the 

writhing of the stable trefoil using these expressions and 200 locations along the 

filament consistently produced values of 3.30 --I- 3.33, in excellent agreement with 

the twist and torsion measurements. This numerical exercise thereby provides sup

port for both Calugareanu's theorem that Tw+ Wr = Lii [Calugareanu 1961], and 

the computational procedures used here. The validation of the computational pro

tocol is an especially good one, as it pits purely geometric factors against measures 

involving the gradients. Most triumphant! 

The trefoil stabilizes at a circumference of 187 suo This is about 3 times the 

arclength of one of the singly-linked rings, and as we have just seen, must accomo

date about 3 times as much twist. Indeed, the median twist values for the one of 

the singly-linked rings (-.107 rad/su) and for the trefoil (-.106 rad/su) are virtu

ally identical. In the stable configuration, the interfilament distance for all parts of 
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Figure 4.37, Values of the writhing integrand portrayed on the (unrolled) torus 
C xC, for the trefoil knotted vortex ring. The total writhing is the volume under 
this surface. 
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Figure 4.38, Arclength distribution of interfilament distances for the trefoil knot. 

the ring (calculated after excluding immediately contiguous segments) stays very 

close to half a wavelength, ranging from 10.1 -t 11.7 suo Each lobe of the knot 

is very flat, and its plane is threaded by a nearly perpendicular filament passing 

very nearly through its center of curvature. Each third of the trefoil thus resem

bles half or three-quarters of a singly-linked ring along with its axial filament. (In 

the trefoil however, because of the regions of high torsion on the axial filament on 

either sicle of the lobe, the axial filament passes uncler its encircling ring about 900 

around from where it passes over it.) The short distance between each lobe and its 

threading axial filament demands synchronization of phases between the partners; 

there is little margin for error. Each location around the lobe throws a wave in at 

the axial filament, just when the axial filament is throwing a wave out at that part 

of the lobe. Put another way, the u-gradient on the axial filament in the plane of 

each lobe, always points directly out at that location on the encircling ring which 

is throwing a wave directly in towards its center. This coordination gives rise to a 

collision interface formed of three short tubes, separating each thrcading filament 

from its encircling lobe. The walls of the tubes are just about halfway between 

the threading filament and its lobe. The three skew tubes are each tangcnt to the 

central symmetry axle. They don't extend much above the knot; below, they peter 

out within about a wavelength.!4 

14Thus, the collision interface for the FUN trefoil differs considerably from that of the A-kinetics 
trefoil of Chapter 3 (!). 
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Seen from along the symmetry axis, the filament appears to pass by itself in 

three places, separating three interior stretches from the exterior lobes. Since each 

third of the ring is in phase with each other third, the stretches of filament at 

each passby must throw waves at each other in phase. This means that one end 

of each interior segment (the "bottom" member of a passby) must throw waves 

up, at the same time its other end ("top" member of another passby) is throwing 

a wave down. To effect this synchrony, there needs to be something like half a 

cycle of twist along each interior segment; and to maintain the synchrony with the 

lobes, there needs to be a half cycle of twist around each lobe. Thus the ring can 

be subdivided into 6 sections (three interior segments, three lobes) each of which 

maintains a half cycle of twist, accounting in all for the 3 complete cycles of twist 

found in the ring. Since the interior segments are shorter than the lobes, they are, 

on average, more twisted. This vision is inexact (neglecting the writhing), but 

is a useful heuristic for understanding the detailed mechanics of the spiral wave 

unfurling from this compact organizing center. 

On an intraperiod timescale, the arclength distribution of twist varies dramat

ically along the trefoil. There is a very prominent pulse of iner·eased negative twist 

which travels foward around each lobe, from one passby to the next. This moving 

region of increased phase discrepancy travels just behind a pronounced forward

moving pulse of positive binormal displacement, which is itself correlated with the 

vortex wave coming up through the interior of the lobes. There is an accompanying 

and more complicated travelling "wave packet" of normal displacements, including 

both positive and negative peaks. The mean of the normal displacements summed 

over the entire filament is 0.00, indicating unchanging arclength. 

These intraperiod displacements sum to produce an overall translation along 

and rotation about the symmetry axis, in the direction of vortex waves passing 

through the interiors of the skewed lobes. Consistently negative Vn is found along 
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Figure 4.39, Intraperiod distributions of twist along the trefoil knotted vortex ring. 
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Figure 4.40, Arclength distributions of Vi, for the trefoil. 
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Figure 4.41, Arclength distributions of ,~, for the trefoil. 
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Figure 4.42, Arclength distributions of geometric and dynamical variables for the 
2:3 torus knot. 
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the leading edge of each lobe; consistently positive lin along each trailing edge. 

Except for along three very short stretches of filament along the inner segments, Vi, 

is overwhelmingly positive. The entire object rotates relatively quickly, compared 

to the other stable organizing centers: about 0.35 ~ 0.4° jiu. Overall translation 

is slow, about 0.16 sujtu. 

The matrix plot shows that Vi, is plainly correlated with curvature, and also 

exhibits the "circular" relationship between ,~, and curvature that we have seen 

before. As expected, the usual regressions produce fairly good linear models for '1, 

on /\', w, w', due in large part to linear relation between 'tb and /\'. The lin models 

are not nearly so good. 

4.3.8 2:5 torus knot 

The last object to be presented here is a single vortex ring tied into a 2:5 torus 

knot. This knot winds five times around the smaller circumference of a torus as it 

completes two windings the long way around. It is quite similar to the trefoil knot, 

but with five lobes instead of three. Regardless of its form, the 2:fj torus knot is 

an isolated vortex ring, with linking matrix 

[ 0 ] 

The 2:5 torus knot is constructed usmg the complex polynomial y2 - X 5 ; 

however, these initial conditions required a fair amount of fiddling before the stable 

object was produced. Using a 3-sphere of radius 1 for the stereographic projection 

resulLs in a knot wound around a torus with a relatively small hole, so the five 

inner segments are crowded together in the center of the knot. Knots started from 

such initial conditions invariably collapsed into simple rings after the conflict in 

the center was resolved. Reducing the 3-sphere radius to 0.6 results in a more 

equitable arrangement of the inner and outer segments, with the smaller diameter 

of the torus becoming less than the diameter of the central hole. However, the knot 
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now has an aspect ratio which is inefficient-it is too flat for its width-and if the 

incipient form is scaled up to properly separate the upper and lower windings, 

the resultant behemoth requires too large a cage. Fortunately, the aspect ratio 

is easily adjusted in R3 by rubbersheeting the transform from array locations to 

the indices which are fed to the complex function. At first I merely halved the 

scaling along the symmetry axis, effectively doubling the "height" of the initial 

conditions, but ended up using a nonlinear (tangent) transform, as this can be 

set up to "stretch" the top and bottom of the array disproportionately, affording 

a better periodic coupling at ±oo. Finally, despite all these encouragements, the 

initial conditions st.ill required fine tuning of the initial phase, or the desired form 

was disrupted (in one instance producing a trefoil, as mentioned above). Initial 

phase is readily tuned simply by multiplying the complex function by some power 

of i. Evidently this is required at relatively close quarters so the waves along closely 

abutting segments of filament have their backs to one another, and have a chance 

to "firm up" before their more intimate encounters. Presumably regulating the 

phase would be of less importance if the initial conditions were much larger, but 

the present object was pushing the confines of an economically feasible array. The 

ultimately successful initial conditions used R3 indices ranging from -2.25 -t 2.25, 

with the index along symmetry axis (periodic direction in the array) modified by 

W = tan(7fW/4.5). The result of the polynomial was multiplied by i2, though the 

required value will vary depending on the phase of the rotor map used. The map 

used here was anticlockwise. The initial conditions were projected into a cubic 

array three wavelengths on a side (913 gridpoints, 1.4 gp/su, dt=0.018) and, after 

~ 50 vortex rotations (time 532), transplanted to an array five wavelengths on a 

side and three wavelengths high (151 x 151 x 91 gridpoints, 1.4 gp/su, dt=0.018), 

for another 35 rotations (till time 885). Pivot cores (period 16, threshold 1.0) from 

times 621 -t 633 were used for the analyses shown below. 
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Figure 4.44, The 2:5 torus knot, with legend [or arclength plots. 
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Figure 4.45, Arclength distribution of interfilament distance for one of the 2:5 torus 
knot. 

In the stable configuration, total twist measured -5.75 ~ -5.79, and writhing 

5. 72 ~ 5.75. Total <P is -5, and total T = -0.75. The 2:5 torus knot stabilizes at 

arclength 297 suo This is somewhat less than 5 times the circumference of one of 

the singly-linked rings (5 x 67 = 335 su) or 5/3 the circumference of the trefoil 

knot (~ x 187 = 312 su). Nevertheless, the mean and median twist along the 

2:5 knot and the trefoil are nearly identical (2:5 mean:-0.108,median:-0.106jtrefoil 

mean:-0.104,median:-0.106). The 2:5 knot has a smaller overall range of twist, 

however. 

Interfilament distance for all parts of the 2:5 knot is a remarkably constant 

half-wavelength, varying less than a single space unit (10.3 ~ 11.2 su). Thus, 

overlooking for the moment that there is only one contiguous filament here, the 

object can be thought of a closed double helical ring, much like a bacterial clll'o

mosome. 15 Each fifth of the knot comprises a fairly planar half-ring, encircling a 

very nearly centered axial filament. The axial filament broaches the plane of the 

ring not quite orthogonally, being a bit off in the parallel direction. Each axial 

filament and its surrounding ring are precisely in synch: the axial filament throws 

a wave out just at that part of the ring which is throwing a wave in, and this site 

moves forward in an orderly manner around each lobe (tracked by the u-gradient 

vector on the axial filament). The synchrony requirements mean that as seen in 

15Uowever, unlike doublestranded DNA, the strands here arc parallel. 
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Figure 4.46, Arclength distributions of "1 at 2 tu intervals, for the 2:5 torus knot. 
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Figure 4.47, Arclength distributions of l~1 at 2 tu intervals, for the 2:5 torus knot. 
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Figure 4.48, Arclength distributions of geometric and dynamical variables for the 
2:5 torus knot. 
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projection from along the symmetry axis, each interior segment and each lobe has 

something like a half-cycle of twist. The precise timing also centers the five colli

sion interface tubes surrounding each axial filament, so that their walls are midway 

out to the encircling lobes. As usual, the tubes barely extend above the knot, and 

extend below about a wavelength. In cross-section, each of the five skew tubes has 

a teardrop shape, elongated towards the rather roomy interior of the knot. The 

"points" of the teardrops converge along the central symmetry axis. 

There are intraperiod pulses of normal and binormal displacements which move 

forward around each lobe of the knot. The predominantly positive pulses of Vb are 

correlated with the wave coming through the interior of the lobes. A pulse of 

negative lin is coupled with a trailing pulse of positive lin. A region of increased 

negative twist follows the binormal displacements. 

The local intraperiod motions give rise to the usual global motions of translation 

along and rotation about the symmetry axis. As usual, these overall motions result 

predominantly from the binormal displacements, so they follow the direction of 

waves passing through the interior of the lobes. The 2:5 knot rotates at something 

like 0.2°/tu, and translates at 0.014 su/tu (1/70 su/tu). Cross-plotting the period

averaged displacements and geometric measures gives the matrix plot shown in 

Figure X. Again, we see a strong linear correlation between curvature and 11" and 

a somewhat "circular" relation between curvature and ~!. The matrix plot for the 

2:5 knot looks to me quite a bit different than that for the trefoil, though I do not 

know how to quantify the distinction. As usual, the standard linear regressions of 

11, and lin on < /\', tv, w' > produced a better model for Vb(R2 = 0.89) than for 

1~t(R2 = 0.61), but because of filament interactions, both are sllspect. 
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4.4 Generalities 

The handful of apparently stable organizing centers just described share a num

ber of features which may be indicative of underlying mechanisms or constraints. 

First off, it is suggested both by the early development from their initial con

ditions, and the final forms assumed, that all the component rings of the objects 

shrink and flatten until countered by repulsive forces engendered by filament in

teractions. Filament interactions are hardly understood, and it is difficult to draw 

many quantitative conclusions about them here, but I think the circumstantial 

evidence for their influence is undeniable. Most notably, all the objects here ex

hibit a final mean interfilament separation of 10 or 11 space units. This is half a 

wavelength, and the same distance at which pairs of counterrotating spiral waves 

in 2D repel one another [Courtemanche el al. (1990)]. It has been supposed that 

in 3D, filament interactions are influenced not only by distance, but also by the 

skew angle, relative phase, and perhaps twist (Henze, unpublished observations) 

of the interacting partners. In all the objects presented here, pairs of filaments at 

their points of closest encounter are nearly orthogonal, or tending slightly towards 

parallel, except in the simple untwisted ring, in which filaments directly across a 

diameter are exactly anti parallel. It is notable that filaments are never observed 

to be nearly parallel, even in situations which would seem t.o be conducive to 

that arrangement, such as the triply linked rings, or the 2:5 knot, in which simi

larly oriented strands are wound around one another. It appears, then, that there 

may be some "force" discouraging parallel abutment (and so encouraging tight 

wraparounds to be planar orthogonal), and that orthogonal or nearly orthogonal 

filaments stand off from one another about the same distance as anti parallel fil

aments (or counterrotating 2D rotors). However, this latter conclusion docs not 

take into account the possible mediating roles of relative phase or twist. 

Relative phase of closely interacting filaments is highly constrained III the 
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present kinetics. The closer two filaments are, the tighter are the mutual timing 

requirements, lest the wave from one wash over the other filament while its back is 

turned. In Chapter 3, it is shown that such an occurrence doesn't have to be dis

astrous: the collision interface in the B-kinetics trefoil abuts the filament directly, 

allowing one-way wave propagation between the interacting filaments, mediated at 

the downstream filament by the "ratchet mechanism". But in FHN < .3,.7,.5 >, 

the collision interface was never observed to approach a filament more closely than 

a quarter wavelength. Thus if filaments are separated by the "preferred distance" 

of half a wavelength, the collision interface must be exactly centered between them, 

and the filaments are constrained to throw waves at each other exactly in phase. 

So in order to approach one another within half a wavelength, stretches of filament 

must phaselock, rather like a synchromesh transmission. It is appropriate to imag

ine the filaments constituting the compact organizing centers here as interacting 

like meshing gears, a metaphor which also illuminates the linking constraints. Ap

parently the forward-moving intraperiod pulses of twist typically seen succeeding 

the binormal displacements do not disrupt the phase synchronization, and in fact 

may serve to fine-tune it. 

Presumably the propel' "gear meshing" occurs gradually as the filaments shrink 

and approach one another. If the intitial conditions comprise two or more strictly 

identical and symmetrically situated rings, or if a single ring like the trefoil knot has 

rotationally symmetric phase distribution which matches its rotationally symmet

ric shape, then the phaselocking is already largely built in, just as a feature of the 

symmetry. However, the fact that the synchronization persists is at least a prima 

facie argument that it is maintained against noise-level fluctuations. Stronger sup

port for a functional constraint comes from the observations that the phaselocking 

is maintained even in highly asymmetric objects, such as the Borromean rings after 

hitting the wall, or the trefoil which arose from the 2:5 knot (Figure 11.36). Like-
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WIse, the two triply-linked rings shed their threefold symmetry, yet still remain 

twofold symmetric: identical with one another, so their phases remain locked. 

All this suggests that symmetries are produced or mainlained by the phaselock

ing mechanism, which is fundamental. I'll state the obvious by pointing out that 

symmetry itself has no causal efficacy, and is a prominent feature of all known sta

ble organizing centers which stands in need of explanation. Phaselocking provides 

a developmental constraint which guides the contraction process into producing 

forms with certain types of symmetries. 

This phaselocking and collision interface-centering business is really just a re

finement of the linking constraints. For instance, a :filament completely encircled 

by another, as in the singly-linked rings, cannot fend of[ encroaching waves from 

all directions at once. Instead, the wave unfurling from the axial :filament in the 

plane of the encircling ring turns to meet incoming waves peeling off successive 

locations around the ring. Of course, both rings are faced with the same situation, 

so it can be seen that both must be twisted once, and in the same direction. But 

the phaselocking constraints additionally say something about the twist dislribu

lion, not just the totals required to produce global consistency. For example, the 

over-under-over-under weaving of each of the flattened Borromean rings through 

the other two clearly requires considerable twist to bring these inner stretches of 

filament into proper synchronization, even though the total twist around each ring 

must be zero. Just how much twist is demanded of course depends upon the geom

etry of the encounters. As we saw above, the fairly straight :filaments involved in 

the inner passbys of the Borromean rings enabled us to predict the requisite twist 

there rather accurately. In contrast, in the central regions of the three mutually 

linked rings, each :filament's synchronization with the other two appears largely ef

fected by the mutually perpendicular orientation of the three rings, and the inner 

segments are relatively untwisted. 
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An additional constraint is the maximum allowable twist along any given 

stretch of filament. The most twisted filament found here belongs to the triply

linked rings, -0.159 radlsu in places. With the exceptions of the simple untwisted 

ring and the Borromean rings, all of the objects here share fairly similar mean 

twist values, from 0.09 to 0.12 rad/su. Twist of 0.10 radlsu corresponds to 27r 163 

rad/su, a full cycle of twist uniformly distributed over about 7r wavelengths, or 

along a ring of wavelength diameter. Evidently the objects adjust their arclength 

(i.e. cease shrinking) to achieve approximately this value. In some cases, such as 

the singly-linked rings or the trefoil knot, further shrinkage is prohibited anyway 

by interfilament repulsion. But the Borromean rings and the three mutually linked 

rings, while possessing quite compact centers, have greatly "ballooned" outer sec

tions standing far beyond the half-wavelength "force field", and presumably held 

at bay by near-maximal twist, which in the latter case reaches its zenith along 

these outer sections. In the triply-linked rings and the 2:5 knot, although interfil

ament distance is everywhere minimal, the snugly intertwined filaments together 

wrap around a spacious interior, and could shrink further without violating the 

half-wavelength zone were it not for another constraint. The interior of the triply

linked rings is especially roomy (each ring needs to accomodate three cycles of 

twist), perhaps accounting for its instability and collapse: the tightly-wound dou

ble helix formed by the two rings surrounds a vaccuum and buckles under the 

slightest (shrink-induced) pressure like a cheap aluminum can. Note that in this 

case, arclength is preserved as the empty insides of the rings are squeezed out, 

and the object assumes a more stable configuration in which two "double strands" 

are aligned and pulled together. (The 2:5 knot harbors over 5 cycles of twist, but 

this is distributed along its single strand over two circumferences of the object, so 

the interior of the knot is not quite so roomy and apparently resists compressive 

forces.) Based on this scenario, I predict that two n-linked rings (n > 3), and 2 : n 
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torus knots (17. > 5 and odd), will form similarly "floppy rings" which will shear 

along an (to some extent arbitrary) axis and collapse into more linear form. 

As we saw in Chapter 2, initially straight filaments twisted more than a thresh

old amount become unstable, and sproing into helices, thereby distributing the 

twist over a greater arclength and as writhing. We shall see in Chapter 5 that the 

threshold for FHN< .3, .7,.5 > is about 0.1.5 rad/su. Straight filaments twisted 

by more than this amount sproing into helices which expand until the twist is 

no more than 0.15-0.16 rad/su (and sometimes considerably less, in the case of 

very twisted initial conditions). Presumably the helices reach a stable radius due 

to some sort of equilibrium between the opposing "forces" of twist-induced ex

pansion and curvature-induced shrink. Here is another indication that something 

like 10.151 radlsu is the maximum twist which can be maintained against positive 

normal displacements. 

A filament cannot have a radius of curvature less than a rotor radius, without 

greatly distorting the core. The untwisted ring shows that this lower-bound esti

mate is appropriate: its stable radius of just less than 5 su cannot be decreased 

by more than 0.5 -)0 1.0 su (bringing it down to about a rotor radius) without 

annihilating the ring ([Courtemanche et al. (1990)]). Of the composite objects 

here, the most curved are the singly-linked rings, with a mean curvature of 0.095, 

corresponding to a radius of curvature of 10.5 su, a half-wavelength. The other 

objects exhibit maximum curvatures close to this value, reflecting the fact that 

they all contain segments of filament encircling another filament approximately 

orthogonally at the minimal distance of a half wavelength. The mean curvatures 

are dragged down various amounts by the relatively straight sections found in some 

of the objects, but in general the means are not too far below that of the singly

linked ring, showing that the filaments constituting these stable organizing centers 

are for the most part wound tightly around one another. 
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For this reason alone it is not too surprising that filament motion along the 

local normal direction does not readily conform to the sorts of rules the local ge

ometry hypothesis might suggest. Early on in their development, the filaments are 

generally observed to move in their positive normal directions, but t.his tendency 

is soon thwarted by other filaments obstructing the way. Indeed, a mean Vn = 0 

for the entire filament was used here as an indication that arclength was no longer 

changing and the object had attained its final configuration. The filaments' press

ing together by opposed normal displacements may contribute to the stability or 

"rigidity" of the objects. 

Displacements along the local binormal directions are not so constrained. En

circling loops of filament are still able to "slide" along their axles, and in fact 

this sort of mutual sliding, or "crawling over one another", may serve to explain 

some of the overall motions (rotation and drift) exhibited by all of the organiz

ing centers. But the geometry of the objects ultimately interferes with binormal 

displacements too. For example, even in the simplest and least obstructed case of 

the singly-linked rings, all parts of each ring are not free to continue drifting along 

their positive binormals: each ring has to continually turn aside of its symmetry 

axis in order to keep centered on its curved track. Even in locally unobstructed 

sliding it is not clear if there is any sort of "friction" between the ring and the 

shaft. In general, the filaments in the organizing centers here moved along their 

positive binormals, with rates increasing with curvature, but there are plenty of 

exceptions (typically along the encircled regions near the centers of the objects, 

but even in the open outer lobes of the Borromean rings), and the relcltion with 

curvature was rarely strictly linear. 

On an intraperiod timescale, it can be seen that filament motion is largely man

ifested as relatively compact forward-moving pulses of displacement. In general, 

the pulses of binormal displacement are cleanly defined and positive, travelling 
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around the tightly curved lobes of the object, and reaching maximum amplitude 

at the extrema of the lobes. The pulses of binormal displacement are invariably 

correlated with the vortex wave passing through the interior (positive normal side) 

of the curved filament. This regular association strongly supports the rationale for 

binormal displacement given above, namely that the vortex wave cannot turn as 

sharply above (positive binormal direction) the curved filament as below, due to 

curvature-enhanced or diluted diffusion contributions in the direction of rotation. 

A pulse of increased twist almost always immediately follows the pulse of binormal 

displacement, as also predicted by the preceding account. 

A region of normal displacements usually accompanies the moving "hot spot", 

but is typically more spread out and complex. However, it frequently comprises 

a "wave packet" made up of a pulse of positive Vn trailed by a pulse of negative 

Vn • As the packet travels forward around a lobe, the initially large positive peak 

diminishes, while the negative peak increases in amplitude, so that the net effect 

is positive normal displacement on one side of the lobe, and negative normal dis

placement on the other, contributing to the usual propellor-like motion of the lobe. 

In a simple object like the singly-linked rings, this pattern means that both pos

itive and negative Vn are exhibited by stretches of filament with almost identical 

curvature and twist (and also arclength derivative of twist), in direct contradiction 

of the local geometry hypothesis. This contributes to the "circular" relationships 

between Vn and /\,,10,10' seen in the matrix plots, and the poor linear regression 

models. Of course, the complex patterns of Vn are likely due to filament interac

tions, an external influence not accomodated by any purely local theory. Note that 

the vastly different behavior of the two sides of the ring may not be due to simple 

differences in interfilament distance or skew angle or relative phase, which are all 

fairly constant and similar, but to the much more dramatic distinction that the 

two sides of the ring lie on opposite sides of the other ring. As is made abundantly 



clear by the collision interfaces, conditions above a ring are much different than 

conditions below. Thus an account of filament interactions may be faced with the 

formidable task of embracing some notion of context-specificity. 

A feature in common to all the objects described here is a translation along and 

rotation about the central symmetry axis. There is nothing mysterious here: these 

are the only allowable motions consistent with deterministic behavior of a rigid 

symmetric organizing center. They result from any "residual" filament motion 

after the compaction process has eliminated further change in arclength. 

However that may be, the linear regressions of Vn and Vb on the presumed causal 

determinants of motion < /\', w, w' > invariably produced better models for Vb than 

for Vn , probably reflecting the reduced constraints on binormal displacements. But 

none of the models is very satisfactory, undoubtedly because the motions in all 

cases are heavily influenced by filament interactions. I do not see any way of 

factoring out the effects of filament interactions, either for the purpose of trying 

to understand the interactions themselves, or to salvage the investigation into 

the laws of filament motion. On a fine scale the distributions of interfilament 

distance in all cases is quite complex, but for the most part never departs far 

from half a wavelength. Adding these measures to the linear regressions usually 

had no significant effect (so I do not report them in detail here). The related 

measures of skew angle and relative phase are difficult to define in a complicated 

encounter of several filaments, and even harder to actually measure. And as we 

have just seen, these additional measures may not even provide sufficient conditions 

for determining filament interactions: the issues of "context dependence" may be 

far more complex. So, in the crowded jumble of a compact organizing center, 

the original motivation and justification for the local geometry hypothesis is lost. 

Instead of viewing the filament as a stack of relatively independent 2D rotors which 

are slightly affected by their neighbors twisted or curved down the line, I think it is 
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Coefficients: lin on ~,W2, W', no intercept 
Value Std. Error t value Pr(> Iii) 

curvature -0.1166 0.0184 -6.3351 0.0000 
twist.sq 0.8351 0.1009 8.2804 0.0000 
deri v. twist 0.4644 0.2344 1.9810 0.0480 
Residual standard error: 0.01927 on 697 degrees of freedom 
Multiple R-Squared: 0.09488 

Coefficients: Vb on ~,W2, w', no intercept 
Value Std. Error t value Pr(> Ill) 

curvature 0.4721 0.0260 18.1637 0.0000 
twist.sq 0.4437 0.1424 3.1161 0.0019 
deriv.twist 2.1726 0.3309 6.5649 0.0000 
Residual standard error: 0.02721 on 697 degrees of freedom 
Multiple R-Squared: 0.6931 

Table 4.2, Regressions for the stable organizing center pooled data. 

more realistic to consider the entire compact organizing center as a single dynamic 

unit-a wad of meshing gears which functions and behaves as a whole. 

Thus the original hope of evading happenstance correlations and seeing the 

true laws of motion shine forth from data collected from several distinct organizing 

centers in a single excitable medium, is probably not a realistic one. Nevertheless, 

I pooled all the data from the objects described here, and ran the regressions. The 

results are given in Table 4.2. Judge them for yourself. Note that the model fit 

is vastly better for li than for Vn. More informative, I think is the corresponding 

matrix plot (Figure 4.53). The strong dependence of Vi, on curvature still shows 

through all the noise, and one can almost imagine a similar dependence of Vi, on 

the derivative of twist. There is the vaguely circular relationship between lin and 

curvature, centered on l~, = 0, ~ = 0.04 (radius of curvature ~ 1 wavelength). The 

Borromean rings provide many of the wild outliers in this dataset. 

So although nothing remarkable quantitatively comes of all this, surely the 

regularities encountered here reveal some qualitative features of organizing center 

anatomy and physiology, and may even point to underlying mechanisms. And in 



·0.15 0.0 0.15 ·0.010 0.005 ·0.05 

curvature 

136 

0.05 

o 

d 

m ~--------~ ~~------~ ~------~~ ~--~----~ ~--~~~~ ~--~~--~ ~ 

d 

o 
d 

~ 
o 
d 

o 
o 
9 

~ 

m 
~--~--~ ~---=~~ r---~----~ ~ 

deriv.twist 

binorm.vel 

o 

o 
o 
d 

q 
o 

9 ~~~~~~ ~~,-~-.~ ~~~~~~ L~~~-r~ L~~~~~ L.-~ __ .-~ 
0.0 0.04 0.10 0.0 0.010 0.025 ·0.06 0.0 

Figure 4.53, Matrix plot for the stable organizing center pooled data. 



137 

fact it is of interest in itself to merely establish the existence of a variety of "sta

ble" solutions to the underlying reaction-diffusion equations. With the exception 

of the simple untwisted vortex ring, all of the organizing centers described here 

are newly discovered in FHN kinetics. Only the trefoil knotted vortex ring and 

the singly-linked rings were previously known from other kinetics (B-kinetics), al

though the latter did not persist. I am quite certain that other stable organizing 

centers will be supported by FHN < .3, .7,.5 >-at least n-linked rings (n > 3) 

and 2 : n torus knots (n > 5 and odd)-and probably others as well. 16 But I 

am equally convinced that with the possible exception of twist-induced helices, all 

stable objects in FHN< .3, .7,.5 > will be compact, relying on filament interac

tions for their persistence. As I have tried to show here, the complex geometry and 

holistic behavior of compact organizing centers makes them ill-suited for teasing 

apart the effects of filament interactions from the filaments' "natural" inclinations. 

An understanding of filament interactions will start from observing the behavior 

of simply contrived filament arrangements: two skew filaments whose separation, 

skew angle, and relative phases can be stipulated at will. I am currently undertak

ing such a survey. A quantitative understanding of filament motion, in the absence 

of filament interaction or extreme geometry, will need to rely upon very large rings 

or stretches of filament spanning periodic boundaries. I present the results of such 

an (unfinished) investigation in the following Chapter. 

iGI have an immature and pretty mixed-up 2:7 or 2:9 torus knot from an aborted attempt at 
producing a (2 : 3)2 iterated torus knot. 



Chapter 5 

Vortex filament motion 

5.1 Introduction 

138 

In this chapter I present the results of my efforts to understand the dynam

ics of vortex filaments. In large part this consists of attempts at testing ver

sions of the local geometry hypothesis, which maintains that filament motion 

is everywhere determined solely by local filament shape and twist, in the ab

sence of filament interactions, boundary effects, or severe filament distortions 

[Winfree & Guilford,1988, Keener 1988]. I tried to show in the last chapter that 

compact organizing centers were not favorable subjects for such an endeavour, as 

their behavior is almost certainly influenced-perhaps dominated-by filament in

teractions. A proper investigation which seeks regularities of filament motion in 

general, or aims to test the local geometry hypothesis in particular, requires that 

one exclude the complicating effects of filament interactions, by studying filaments 

which are well isolated from one another and from domain boundaries, and also 

that one avoid ext.remes of filament curvature and twist. Unfortunately, if one 

is proceeding numerically, as here, these requirements are presently almost im

possible to meet in an entirely satisfactory manner, since the appropriately-sized 

3D arrays and fine space/time steps which are called for easily overrun current 

supercomputer capacities. 

In a simply-connected medium, I take it that a stretch of filament is "well iso

lated" if there are no other filaments within a wavelength or two. Within this dis

t.ance, the filament radiates waves outward in all directions, periodically resetting 

the medium, and it is hard to imagine how any wave activity outside t.his cylinder 

could successfully transmit any influence inward to the core. No-flux boundaries 

confront the filament with "passive resistance": since iso-concentration surfaces 
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must meet any no-flux boundary strictly orthogonally, a filament some distance in 

front of such a boundary can be imagined as facing its own mirror image located the 

same distance behind the boundary. Therefore in order to keep the mirror-image 

pair at least a wavelength apart, filaments must not approach no-flux boundaries 

within half a wavelength. These a priori estimates of filament "solitary confine

ment" requirements may need to be customized for specific kinetics, but in general 

are supported by numerical results in 2D and 3D, which suggest that they may 

be generous in FHN< .3, .7,.5 >. In 2D, [Courtemanche et al. (1990)] found that 

counterrotors repelled one another within half a wavelength, but observed no ef

fects whatsoever if the rotors were separated by more than this distance. In 3D, 

some of the larger objects described in the last Chapter were started in relatively 

small boxes so that filaments came within a wavelength of the no-flux sidewalls, 

but no distortions were observed. In particular, the 2:5 knot in the initial 65 su 

box had some of its lobes come within about a third of a wavelength from the side

walls, while other lobes (facing the more distant corners of the box) had almost a 

full wavelength of leeway-yet no departure from fivefold symmetry was detected. 

Likewise, the Borromean rings travelling along the cubic array body diagonal did 

not distort until some of its parts were well within a half-wavelength of the no-flux 

boundaries. 

Estimates of "extreme" geometric measures, outside the purported domain of 

the local geometry hypothesis, are a bit harder to come by. Keener's original 

analysis [Keener 1988] which suggests that filament motion should be some linear 

function of geometry and twist is derived only in the limiting case of low curva

ture and twist. The theory is a bit more precise in stipulating that w < (, and 

I\, < (2, but ( in this case merely represents some small indeterminate quantity 

approaching zero (not the adjustable parameter of FI-IN kinetics!). That theory 

was amended [Keener & Tyson 1990, Keener & Tyson 1991] to cover nonlineari-
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ties found numerically in the normal displacements of circular and helical vortex 

filaments [Skaggs et al. 1988, Courtemanche et al. (1990), Henze et al. 1990], but 

this enterprise merely aims to accomodate the nonlinearites produced by increased 

geometric measures, and gives no hint as to when we should abandon a local the

ory althogether. Numerically, for the simple untwisted ring, Courtemanche et al. 

show a departure from linearity in the (", Vrt) relation at " = 0.04su-1 (radius of 

curvature ~ one wavelength). As pointed out in the last Chapter, it is unclear 

whether this nonlinearity is intrinsic to the shrink rate dependence on curvature, 

or whether it is due to filament repulsion across the ring diameters or chords (or 

even whether this is a valid distinction). In any case, this is about the only quan

titative clue I can think of regarding geometric limits and linear laws of filament 

motion in FHN. 

Informed by the above considerations, I have sought out regularities in the 

evolution of three types of "uncrowded" organizing centers. The first are deliber

ate deformations of uniformly curved planar rings: large warpy rings with varied 

curvature, twist, and arclength derivative of twist. The second are planar ellipses, 

whose variable drift quickly produces nonplanar rings, with an interesting and in

formative distribution of nonuniform twist. Finally, I have constructed twisted 

helical filaments, either by uniformly twisting straight filaments beyond a thresh

old amount so they "spl'Oing", or by constructing a helical filament backbone of 

finite radius and overlaying a predetermined distribution of twist. As will become 

apparent, these explorations were secondary to my primary aim of investigating 

stable organizing centers: the results presented here are preliminary and largely 

inconclusive, and need to be pursued further. 
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5.2 Floppy rings 

In order to produce uncrowded filaments with varied combinations of curvature 

and nonuniform twist, I constructed large warped isolated rings. Simple rings 

are nicely suited for the present purposes because they are "self contained" and 

can be kept far from any boundaries. Moreover, in FHN< .3, .7,.5 >, initially 

twisted and tor ted rings naturally evolve into flat, untwisted, uniformly curved 

specimens, shrinking towards the stable radius, and in so doing span a wide range 

of intermediate forms, exhibiting a diversity of normal and binormal displacements. 

This metamorphosis provides good opportunites to collect data with which to probe 

the relationship between filament form and motion. 

There are many ways to bend a simple ring. I chose a particularly simple 

method here, producing bent rings de novo using complex polynomials of the form 

y + xn. This family of polynomials gives rise to filaments which can be drawn 

on the surface of a torus, going once around the large circumference (due to the 

Y term), and n times through the hole (due to the xn term). Essentially the 

filaments trace out 17, turns of a helix, of radius r, whose central axis is closed 

in a ring, of radius R. One varies the ratio of the two radii of the torus by 

varying the diameter of the 3-sphere used for stereographic projection into R3. 

For the present study I generally used smallish 3-spheres (radius::; 1), making 

simple rings wound around a very open torus looking something like a bicycle tirc. 

Various rubbersheet deformations were sometimes used in R3 in conjunction with 

the stereographic projections, in order to adjust certain features of the rings. After 

all this processing, the distribution of phase around the distorted rings is typically 

nicely mixed up, yielding varied combinations of curvaturc, twist, and its arclength 

derivative. 



5.2.1 Take 1 

The first floppy ring I tried was induced by Y + X2, and 3-sphere radius = 

1. This gives a rather long and narrow ring, which winds through the hole of the 

torus at diametrically opposite locations (much resembling one of the doubly-linked 

rings). I therefore stretched the array 3.5 times in the direction of the short axis of 

the ring to produce a more equitable aspect ratio. I also stretched the array 1.67 

times along the axis of the ring, to accentuate and distort its helical windings. This 

beast was projected into an array 75.5 x 75.5 x 45.5 su (151 x 151 x 91 gridpoints, 

smoothness 2.0, dt=0.018), and run for 130 tu. Pivot cores at threshold u=1.0, 

period 12 tu, were collected every 12/8=1.5 tu. 

After an initial shakedown period of about 10 vortex rotations, a series of pivot 

cores were analyzed from t=116.5 ~ 128, and the results period-averaged. At 

this time, the ring has a circumference of 153 su, and is somewhat more than 2 

wavelengths across. Its closest approach to the noflux sidewalls is about 3/4 wave

length. Data were collected from 100 locations around the ring: the distributions 

of geometric and dynamical variables encountered at these sites are summarized 

in Figures 5.1 and 5.2. The usual scatterplots are shown in Figure 5.3. 

Regressing either K or Vi, on < fl"W
2
,W' > yields excellent linear models, as 

shown in Table 5.1. The three predictors favored by Keener's analysis are all 

admitted to the models with highly significant t/F statistics, giving p-values of < 

0.0000. Using w2 rather than w significantly improves both l~l and Vi, models. The 

ring exhibits both positive and negative twist, so squaring the values has a dramatic 

effect on the distribution (compare the squared and unsquared distributions in 

Figure 5.1). An intercept term was estimated in the initial regressions, but in both 

cases it was extremely small (Vn : 0.007 and l-'b : -0.01) and could be rejected 

outright (in either case) at the p < 0.002 level (relatively large p given the p

values of the other parameters), and the models shown here were forced through 
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Figure 5.1, Arclength distributions of period-averaged geometric and dynamical 
variables of the warped ring induced by Y + X 2

• 
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the origin. This is plausible from a physical standpoint, too, since filaments with 

I\. = 102 = 10' = 0 should exhibit no motion in this non-meandering regime (nor 

would such perfectly straight filaments even have defined local normal or binormal 

directions). Excluding the intercept term of course resulted in a slight increase in 

the residual standard error, but the multiple R2 actually went up in both models 

(as it may, since in the absence of an intercept, R2 is no longer "translationally 

adjusted" for the mean sum of squares). Torsion could not be admitted to the 

models even at the p < 0.5 significance level. 

I obtained period-averaged data sets from two earlier intervals 111 the ring's 
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Coefficients: Vn on Ii, w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
curvature 1.0417 0.0152 68.6689 0.0000 
twist.sq 3.2179 0.3639 8.8434 0.0000 
deriv.twist 1.3939 0.1291 10.801.5 0.0000 
Residual standard error: 0.004523 on 97 degrees of freedom 
Multiple R-Squared: 0.9935 

Coefficients: Vb on Ii, w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
curvature 1.3861 0.0206 67.1357 0.0000 
twist.sq -9.4949 0.4952 -19.1729 0.0000 
deriv.twist -3.6006 0.1756 -20.5009 0.0000 
Residual standard error: 0.006156 on 97 degrees of freedom 
Multiple R-Squared: 0.9871 

Table 5.1, Regressions for Y + X 2
• 

career, one starting at time 25, and the other starting at time 50. The object 

is considerably different at these times since it steadily unwarps with age. In

terestingly, neither of these data sets conformed to the same model as the one 

just developed, and the R2 's, though still respectable, are a bit low. The differ

ences show up much more dramatically in the Vn models than in the Vi, models. 

Although the earliest dataset may still be slightly "wet behind the ears", I find 

it hard to imagine that the middle data set could still be harboring transients 5 

vortex rotations after birth, especially since the initial conditions were "precoiled" 

and accurately scaled. Instead, since some of the curvature values in this data set 

are high (up to 0.12 SUI, radius of curvature 8.3 su or about a third of a wave

length), I suspect that parts of the object may have strayed into the nonlinear 

realm of "extreme geometry". I tried two methods of addressing this potential 

complication. 

First, I tried supplementing the leading terms of the linear models with two 

nonlinear terms (1i 2 and w4
) suggested by [Keener & Tyson 1990] in their study 

of scroll rings and helices. Following their lead, I focus just on the Vn models; 
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Coefficients: Vn on "', w 2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
curvature 0.7601 0.0456 16.6739 0.0000 
twist.sq -2.8376 1.0307 -2.7532 0.0070 
deriv. twist 0.3202 0.5146 0.6221 0.5353 
Residual standard error: 0.01935 on 97 degrees of freedom 
Multiple R-Squared: 0.8586 

Coefficients: Vn on "', w 2
, w', ",2, w 4

, no intercept 
Value Std. Error t value Pr(> It I) 

curvature 0.8952 0.0789 11.3482 0.0000 
twist.sq 15.3688 1.7501 8.7817 0.0000 
deriv.twist 0.2717 0.2710 1.0026 0.3186 
",2 -3.9735 0.6790 -5.8517 0.0000 
w<1 -3143.6007 256.6431 -12.2489 0.0000 
Residual standard error: 0.01016 on 97 degrees of freedom 
Multiple R-Squared: 0.9618 

Table 5.2, Regression with nonlinear terms for Y + X 2 early data set. 

the results are summarized in Tables 5.2. Both nonlinear terms are admitted to 

the model with highest significance (p < 0.0000). The w" term even captures the 

greatestt-value, beating out "', which typically dominates in this arena. The 

overall fit of the model is plainly much improved. Moreover, the coefficient on 

curvature, which seemed a bit low, moves closer to the expected value of 1. But as 

usual, the physical significance of these improvements remains unclear: this could 

all be simply an exercise in curve-fitting. 

Second, I attempted to extract a "non-extreme" subset of the data in the hopes 

that it would satisfy the original linear form of the models. Using the later data set 

as a guide, I excluded all sites from the earlier data set in which", > 0.08 su-1 and 

Iwl > 0.06 rad/su. This left 43 filament sites out of the original 100-a little thin, 

but probably sufficient for the 3-variable linear regression, which is summarized in 

Table 5.3. Again, the model is seen to be much improved over the original, sug

gesting rather strongly that the highly curved and twisted sites in the intact data 
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Coefficients: Vn on I., w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
curvature 0.6472 0.0386 16.7730 0.0000 
twist.sq 8.4906 1.3627 6.2308 0.0000 
deriv.twist -2.1144 0.4454 -4.7475 0.0000 
Residual standard error: 0.008526 on 40 degrees of freedom 
Multiple R-Squared: 0.9658 

Table 5.3, Regression for Y + X 2 reduced early data set, K. < 0.08 su-1 , Iwl < 0.06 
rad/su. 

set were responsible for the inadequacies of the simple linear relation. The cutoff 

for the curvature furnished by the later data set (0.08) corresponds to a radius 

of curvature of 12.5 su, about half a wavelength, and half the radius of CUl'va

ture at which [Courtemanche et al. (1990)] noted nonlinearities in the shrink rate. 

However, lowering the curvature cutoff to 0.04 in an attempt to further improve 

the model here resulted in too sparse a data set for reliable regression. Excluding 

sites on the basis of high curvature (> 0.08) alone had little effect on the models. 

On the other hand, relaxing the curvature constraint completely, and excluding 

sites solely on the basis of twist magnitude produced marked improvements of the 

linear model. In fact, eliminating only the extreme ends of the twist distribution 

(Iwl > 0.06 rad/su, one full turn in 5 wavelengths) excludes only 23 sites out of 100, 

but accounts for most of the improvement in the R2 seen in the more completely 

sifted model of Table 5.3. This behavior indicates that even very low values of 

twist may result in significantly nonlinear filament dynamics, and that the onset 

of twist-induced nonlinearities may be fairly abrupt as twist is increased. 

5.2.2 Take 2 

A second "floppy ring" was manufactured using Y + X 3
, and 3-sphere radius 

0.5. Again, this was projected into an array 75.5 x 75.5 x 45.5 su (151 x 151 x 91 

gridpoints, smoothness 2.0, dt=0.018). The array was indexed from -0.75 ~ 0.75 
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Coefficients: lin on K, w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
CUl'vature 1.0538 0.0156 67.5156 0.0000 
twist.sq -1.0874 0.7435 -1.4625 0.1468 
deriv.twist 2.0487 0.4374 4.6838 0.0000 

Residual standard error: 0.004739 on 97 degrees of freedom 
Multiple R-Squared: 0.9924 

Coefficients: Vt. on K, w2 , w', no intercept 
Value Std. Error t value Pr(> Itl) 

curvature 1.3270 0.0298 44.6011 0.0000 
twist.sq -9.5294 1.4173 -6.7236 0.0000 
deri v. twist -2.4120 0.8338 -2.8927 0.0047 

Residual standard error: 0.009035 on 97 degrees of freedom 
Multiple R-Squared: 0.9796 

Table 5.4, Regressions for Y + X 3
• 

along its width and breadth, and -0.375 ---7 0.375 along its height. Note that 

this scaling is anisotropic: the height dimension is effectively stretched by a factor 

of 1.2. These initial conditions were allowed to run for 100 tu (about 10 vortex 

periods). Pivot cores at threshold u=1.0 and period=12 tu were collected every 

12/8=1.5 tu. The last 7/8 were analyzed and period-averaged. Results of the 

standard regressions are given in Table 5.4. 

In this data set, the curvature and twist values are all low, and the simple 

linear models appear to suffice. In fact, the twist values in this case might be so 

low, and the influence on filament behavior so tenuous at these low levels, that the 

signal/noise ratio reaches unacceptable limits, explaining why twist is not admitted 

to the l~t model with much significance. 
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Figure 5.4, Arclength distributions of period-averaged geometric and dynamical 
variables for the warped ring induced by Y + X 3
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Coefficients: Vn on /\', w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
curvature 0.6399 0.0337 18.9906 0.0000 
twist.sq 2.5762 1.0446 2.4662 0.0154 
deriv.twist 0.4527 0.3344 1.3536 0.1790 

Residual standard error: 0.01265 on 97 degrees of freedom 
Multiple R-Squared: 0.9633 

Coefficients: Vb on /\', w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
curvature 1.2971 0.0501 25.8977 0.0000 
twist.sq -4.2898 1.5528 -2.7626 0.0069 
deriv.twist -2.9868 0.4971 -6.0084 0.0000 

Residual standard error: 0.0188 on 97 degrees of freedom 
Multiple R-Squared: 0.9704 

Table 5.5, Regressions for the y3 - X 4 "blow-out". 

5.2.3 Take 3 

The third Hoppy ring analyzed here was not deliberately created as such: it 

arose from an unsuccessful attempt to produce a 3:<1 torus knotted vortex ring 

(using y3 - X 4 ), whose crowded inner sections disintegrated, leaving a simple 

ring with four nonplanar undulations. These remnants were about 1 ~ wavelengths 

across in a 3 x 3 x 3 wavelength box (653 su, smoothness 2.0, dt=0.018). The ring 

was followed to time 200, and pivot cores were collected every 12/8=1.5 tu. Data 

from the last 7/8 cores were period-averaged and used for the regressions shown 

in Table 5.5. 

The Vrt model in this case appears to diverge somewhat from the previous two: 

the coefIicient on curvature is smaller than the (developing) consensus of 1, and 

the R2 's, although very respectable, are a bit low from what we have seen. The 

data set shows low to moderate twist values, but the curvatures are high, in places 

exceeding 0.12 su-1 (radius of curvature 8 su). Adding /\,2 and w4 to the regressions 

results in a bit of improvement of the model fit, and revised coefficients, as shown 
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Figure 5.7, Arclength distributions of period-averaged geometric and dynamical 
variables for the y3 - X 4 "blow-out". The central regions of the 3:4 torus knot 
disintegrated, leaving a simple warped ring with 4 pronounced undulations. 
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Figure 5.9, Scatterplots for the y3 - X" "blow-out". 
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Coefficients: Vn on "', w2
, w', ",2, w\ no intercept 

Value Std. Error t value Pr(> It I) 
curvature 1.1311 0.1306 8.6575 0.0000 
twist.sq 6.3715 3.1880 1.9986 0.0485 
deriv.twist 0.5718 0.2328 2.4565 0.0158 
",2 -4.1573 0.8748 -4.7522 0.0000 
w4 -2028.5755 598.2297 -3.3910 0.0010 
Residual standard error: 0.008526 on 95 degrees of freedom 
Multiple R-Squared: 0.9837 

Table 5.6, Regression with nonlinear terms for y3 - X 4 data set. 

in Table 5.6. 

5.3 Elliptical vortex rings 

If one rescales the principal directions in the plane, so x ~ x/a and y ~ y/b, 

then the circle x 2 + y2 = 1 is transformed into :~ + ~ = 1, an ellipse. By 

applying this transformation to each x, y plane of an x, y, z volume, I converted a 

uniformly curved simple scroll ring into an elliptical vortex ring. The scroll ring 

was produced by stereographic projection of the complex polynomial Y, which 

produces a planar ring of unit radius (for a nice exposition of the mechanics of this 

process, see [Winfree 1987, Appendix]. For the transformation I used a = 2.0 and 

b = 1.33, thus producing an ellipse 1~ times as long as wide (eccentricity 0.745). I 

scaled things so that the major axis was M.3 su and the minor axis was 42.8 su in 

length (3 wavelengths by 2 wavelengths). This behemoth was centered in an array 

107.85 su on a side, and 65 su high (5 x 5 x 3 wavelengths), at smoothness 1.4 

(151 x 151 x 91 gridpoints, dt=0.018), with no-flux sidwalls, and periodic top and 

bottom. The simulation was allowed to run for 200 tu, about 20 vortex rotations. 

The ellipse is initially planar and untwisted, but unequal binormal diplacements 

due to its nonuniform curvature quickly give rise to significant torsion and twist. 

The more sharply curved ends of the ellipse drift more quickly than the flatter sides, 
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and the ellipse is bent into a shape much resembling the rim of a potato chip (or 

the seat of a Western saddle). This bending doesn't continue indefinitely, however: 

evidently some limit is reached, and the whole potato chip then drifts rather rigidly 

along its vertical axis. The more curved ends suffer more normal displacement than 

the flats, so as the entire ellipse shrinks it gradually becomes less eccentric, which 

may be expected to reduce the bending. (I followed a smaller ellipse and confirmed 

that as it becomes rounder it flattens out, and eventually metamorphoses into the 

stable planar ring. 1
) Both the normal and binormal displacements occur in brief 

intraperiod spurts, correlated with the wave coming through the interior of the 

rmg. 

The torsion of the drift-warped ellipse gives rise to an interesting and informa

tive pattern of twist. Each of the more-curved and upturned ends of the ellipse 

is negatively twisted on one side of its apex, and positively twisted on the other 

side. The distributions of positive and negative twist along each flexure are exactly 

symmetric, passing through zero at the apex, and also along the flat sides of the 

ellipse. See Figure 5.lD, and compare the curvature and twist distributions. In 

essence, adjacent quarters of the ellipse are mirror images, reflected about either 

the major or minor axes. This happy situation provides paired stretches of filament 

with precisely the same nonuniform distributions of curvature, arclength derivative 

of twist, and twist magnitude, differing only in the sign of the twist. This provides 

an ideal situation in which to ascertain the causal role of the sign of twist. 

The behavior of the ellipse indicates clearly that the sign of twist is irrelevant., 

as regards Vn and li. This is illustrated dramatically in the scatterplots (see Fig

ure 5.12). Although it was not accurately measured, the spinrate (or .6.w) can 

1 Interestingly, however, as the smaller ellipse approached its final form, the more sharply 
curved ends appear to shrink "too much", resulting in a (smaller yet) ellipse whose major axis 
is orthogonal to the original. This exchange was repeated several times before it damped out, 
yielding the stable ring. I don't know if this signifies some kind of filament "momentum" or 
"ringing", but it might be worthy of further investigation. 
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Figure 5.10, Arclength distributions of period-averaged geometric and dynamical 
variables of the ellipse, period 188 -)- 200 tu. 
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Figure 5.12, Scatterplots for the ellipse, period 188 --I- 200 tu. 

be inferred to be similarly immune from the hand of the twist, since differently 

altered spinrates amongst the alternating quadrants of the ellipse would be ex

pected to produce much cumulative twist at the interfaces (instead of the observed 

smooth transitions through zero). Thus as foreseen by Winfree [Winfree 1990a], if 

twist influences the dynamical behavior of vortex filaments, it enters only in even 

functions-at least in the present case! 

Tables 5.7 and 5.8 summarize the results of regressing lin and Vb on curvature, 

the square of twist, and the arclength derivative of twist. As usual, all values 

are period averages, those used in Table 5.7 gleaned from the eighth or ninth 
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Coefficients: Vn on K, w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
curvature 1.3427 0.0081 165.7055 0.0000 
twist.sq -5.3415 2.1808 -2.4493 0.0161 
deriv. twist -1.0130 0.1536 -6.5969 0.0000 
Residual standard error: 0.001725 on 97 degrees of freedom 
Multiple R-Squared: 0.9988 

Coefficients: Vn on K, w2 
, w', no intercept 

Value Std. Error t value Pr(> It!) 
curvature 1.2404 0.0234 52.9174 0.0000 
twist.sq -5.3816 6.3086 -0.8531 0.3957 
deriv. twist 3.0768 0.4442 6.9262 0.0000 
Residual standard error: 0.004989 on 97 degrees of freedom 
Multiple R-Squared: 0.9881 

Table 5.7, Regressions for the ellipse, period 88 ~ 100 tu. 

Coefficients: Vn on K, w2
, w', no intercept 

Value Std. Error t value Pr(> It I) 
curvature 1.3268 0.0074 178.3979 0.0000 
twist.sq -5 .. 5140 1.5850 -3.4789 0.0008 
deriv.twist -0.6163 0.1100 -5.6037 0.0000 
Residual standard error: 0.001781 on 97 degrees of freedom 
Multiple R-Squared: 0.999 

Coefficients: Vb on /l" w2
, w', no intercept 

Value Std. Error t value Pr(> Itl) 
CUl'vature 1.2121 0.0201 60.4147 0.0000 
twist.sq 23.4438 4.2757 5.4830 0.0000 
deriv.twist 2.6075 0.2967 8.7893 0.0000 
Residual standard error: 0.004805 on 97 degrees of freedom 
Multiple R-Squared: 0.9928 

Table 5.8, Regressions for the ellipse, period 188 ~ 200 tu. 
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vortex rotation period of the ellipse, and those used in Table 5.8 taken about ten 

rotation periods later. After all the claptrap above it is somewhat amusing that 

the square of twist is not admitted to the first H, regression. It is notable that the 

coefficient on curvature for Vn is estimated at 1.32 ---t 1.34, virtually identical to 

that extrapolated by [Courtemanche et al. (1990)] in their study of simple rings. 

Referring to Figure 5.12, it appears that the relations between both lin and li, 

and the derivative of twist, may be nonlinear. 

5.4 Helical vortex filaments 

In the course of an investigation attempting to isolate the effects of twist on vor

tex filament behavior, [Henze et al. 1990] (Chapter 2 of this thesis) found that in 

three diverse excitable media initially uncurved filaments uniformly twisted more 

than a threshold amount spontaneously evolved into expanding helices (some of 

which apparently stabilized of their own accord at finite radius). This unforeseen 

development thwarted the original aim of the study, by introducing the complicat

ing effects of curvature, whose contributions to the behavior of the helices could 

not be simply disentangled from those due to twist. However, the naturally arising 

helices maintained strictly uniform curvature and twist, excluding the possible ef

fects of the arclength derivatives of those quantities, and hence providing somewhat 

reduced cases for analysis. In addition, [Henze et at. 1990] remarked on the pos

sibility of other species of uniformly twisted helices, in which phase varies within 

each coil of the helix with respect to the local Frenet frame, unlike the aforemen

tioned helices in which the "local phase" is everywhere the same. In this section I 

report the findings of an abbreviated investigation of spontaneously arising helical 

filaments using FHN< 0.3,0.7,0.5 >, and then present some preliminary results 

(mostly methodological so far) from my attempts at capturing the more exotic 

sorts of helices, which proves to be technically challenging. 



5.4.1 J=O 

The integer J provides a means of classifying uniformly twisted helical filaments 

which are exactly periodic in phase within each helical coil: it is the integral number 

of rotations of the gradient vector within the local Frenet frame per helical coil 2 

(see [Henze et al. 1990, Appendix II]). Let a represent the radius of the cylinder 

around which the circular helix winds, and let b represent the pitch of the helix 

(sometimes given as an angle, but here as a distance: the rise per radian). Single

coil periodicity requires that the gradient vector complete an integral number of 

rotations (¢ = 'hrJ) per coil, whose total arclength is L = 21f"va2 + b2 • Therefore 

the twist is: 

Here the first term represents the torsion of the filament, which is just the 

rate of rotation of the Frenet frame (about its tangent vector) with arclength with 

respect to absolute coordinates. The second term represents the rotation of the 

gradient vector (about the local tangent vector) with arclength with respect to the 

local Frenet frame. Note that if J = 0 then twist and torsion are identical: at any 

given time the gradient vector stands in fixed relation to the local binormal vector, 

and both must rotate about the local tangent vector at the same rate. 

Helices "sproinging" naturally from uniformly twisted uncurved filaments in

variably exhibit J = O. Uniformly twisted and nearly uncurved filaments are easy 

to make numerically: one need only stack up replicates of a 2D rotor, rotating each 

copy by some fixed amount before adding it to the pile, and taking care to line 

up the pivot points. The initial twist rate is controlled by varying the incremental 

rotation between layers, or equivalently, the height of the stack comprising one full 

rotation. The top and bottom of the stack are periodically identified, in order to 

2Relaxing the assumption of single-coil periodicity admits the possibility a wider range of 
uniformly-twisted helices; in general, J could be real (rational or irrational). 
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Initial conditions Final conditions: measured Final conditions: analytic 
Height twist Length w total w final" a b tor cur 
62.85 0.099 62.8 +0.099 -1.00 0.000 0.00 na na 0.00 
42.86 0.146 43.0 -0.146 -0.99 0.011 0.51 6.81 0.146 0.011 
35.71 0.176 36.9 +0.165 +0.97 0.043 1.48 5.68 0.165 0.043 
31.43 0.199 34.5 -0.165 -0.90 0.075 2.30 5.00 0.165 0.075 
25.71 0.244 31.6 +0.161 +0.81 0.115 2.92 4.08 0.162 0.116 
22.50 0.279 30.9 +0.148 +0.73 0.139 3.59 3.37 0.148 0.139 

Table 5.9, Summary of geometric data from J = ° helices. The "analytic" val
ues were computed from the boxheight H, and the measured arclength L, using 
equations 10 and 11 of [Henze et al. 1990 , Appendix II]. 

"lock in" the twist, which otherwise tends to unwind if the filament spans no-flux 

boundaries. The procedure initially yields only "nearly uncurved" filaments, be

cause one can never choose the "twist pivot point" to exactly coincide with that of 

the rotor. Fortunately, the resulting slight wobble is probably not very important: 

filaments twisted less than a threshold amount collapse to exactly straight form, 

and suprathreshold-twisted filaments rapidly sproing into expanding helices with 

significant and uniform curvature. However, it may be the case that imperfect 

initial conditions influence at least the primary formation of the incipient helix in 

the suprathreshold instances. 

I made half a dozen or so uniformly twisted and nearly uncurvecl filaments 

and followed their evolution, using FHN< 0.3,0.7,0.5 >. The results conform 

to the earlier study of [Henze el at. 1990] in that filaments twisted less than a 

threshold amount (in the present kinetics about 0.15 rad/su, or 1 full turn over 

approximately 2 wavelengths) collapse into straight filaments, whereas filaments 

twisted more than the threshold amount sproing into helices which promptly attain 

a stable (or at least constant) radius. The geometric details of the initial and final 

forms are presented in Table 5.9. 

All of the helices shown here arrive at their final configuration within the first 

five to ten vortex rotation periods, and the majority of the "sproinging" takes 



166 

place in the very first few rotation periods. As assayed by sequential pivot cores, 

the negative normal displacement responsible for the expansion of the helices is 

unevenly distributed over the rotation interval: there are prominent pulses asso

ciated with the wave rounding the "outside" of the circular helix. I aborted an 

attempt at quantifying the growth of the helices in detail, as this endeavour would 

be of limited utility anyway, and there seemed to be too many vagaries associated 

with the initial transition from imprecise initial conditions, arbitrary sampling in

terval endpoints, complications due to rapid and nonuniform motion, and possible 

transient behavior. 

At their stable radii, by definition, the helices exhibit no net motion in the 

local normal direction. This was confirmed satisfactorily in all cases: although 

there is a slight wobble of the pivot core associated with the wave rotation, period

averaged values of IVnl for the stable helices here were always less than 0.005 su/tu, 

probably indistinguishable from numerical noise. Thus plotting the final values 

of the (nearly uniform) twist (= torsion) and curvature exhibited by the helices 

reveals the locus Vn(n:, w) = 0, as shown in Figure 5.13. The form of the K = 0 

locus is reminiscent of that found for J = 0 helices supported by Oregonator and 

"A" kinetics [Henze et af. 1990]. However, since FHN< 0.3,0.7,0.5 > supports 

stable vortex rings at n: ~ 0.2su- l
, the Vn(n:, w) = 0 locus should intersect the 

curvature axis off the origin, as speculated in [Henze et af. 1990, Figure 20, panel 

2']-although the precise course of the isocontour as it approaches the curvature 

axis is unclear. My attempts at pursuing the l~t = 0 locus further towards the 

curvature axis were stymied by lack of sufficient supercomputer resources: the 

very twisted initial conditions which are called for require both very fine spatial 

resolution (so that adjacent gridlayers are not wildly out of phase) and very large 

spatial domains (to accomodate the big sproingage which results in the low final 

twist values). 
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Figure 5.13, Data f0r J = 0 hdices. Tlw stable (w,~) value:, arc shown as open 
circles, traced back to ~ ~ 0 initial conditions by iso-b semicircular trajectories. 
The \~t = 0 locus inferred from Keener and Tyson's model is plotted as a line 
of dots. The sloped line delineates the "forbidden zone", which lies to the left, 
wherein distinct segments of helical filament approach each other closer than a 
wavelength within a common normal plane, and so may interact. 
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Unfortunately, this omission precludes straightforward determination of the 

extremal point "8" of [Keener & Tyson 1991, Appendix], which (along with 

points "Q" and "R") would enable a direct estimation of all the coefficients for 

the nonlinear function of (local normal) filament motion they propose: lin = 

b2", - a2w2 + /2",2 + 82w4 [Keener & Tyson 1991, Equation 9]. However, points 

"Q" and "R" can be estimated from the present data, and the behavior of 

the helices and the fact that there exists a stable untwisted ring indicates that 

FHN< 0.3,0.7,0.5 > accords with case (v) of [Keener & Tyson 1990, Table 2], 

that is, b2 > 0, a2 < 0, /2 < 0,82 < O. Therefore, one can completely solve the 

QR8 equations [Keener & Tyson 1991, Equations A1-A3] merely by stipulating 

a value for one of the 4 unknowns-·most prudently b2 , the coefficient on curva

ture in the equation for local normal filament motion. In the equal diffusion case, 

b2 = D1 , the diffusion coefficient of the excitation variable, but in the present single

diffusion case one needs to determine b2 empirically. The studies of untwisted rings 

[Courtemanche et al. (1990)] and the data presented above for floppy rings are in 

fair agreement, and indicate that b2 = 1.0 ~ 1.3. 

Estimating point Q at w = 0.15, '" = 0, point Rat 10 = 0.165, '" = 0.075, and 

using b2 = 1.0 yields3 : 

Cl2 = -6.93 

b2 = 1.0 

82 = -308.3 

/2 = -6.67 

These values allow one to calculate point 8, at 10 = 0.1,,,, = 0.18. This point lies 

along the circle ",2 + (T -1/2b)2 = 1/4b2, and so should be attained by an uncurved 

3If instead we take b2 = 1.3 then a2 = -9.0,82 = -401.0, /2 = -8.67. 
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filament with b = 2.36, corresponding to initial twist lib = 0.42 radlsu, or about 1 ~ 

full turns per wavelength. The entire Vn = 0 locus given by the above parameters 

is superimposed on Figure 5.13. It is notable that this Vn = 0 locus intersects the 

curvature axis at I\, = 0.15, and so predicts stable rings at radius 6.67 su, not too far 

off the observed value of 4.8 suo However, this point lies in the "forbidden zone", 

in which segments of filament are separated by less than a wavelength, and so is 

exempt from any suppositions based on a local theory. On the other hand, note 

that all the helices described here lie well outside the forbidden zone; in fact, since 

for all the helices alb < 2.1455, no normal plane of the filament ever intersects the 

helix more than once [Keener & Tyson 1991], precluding interfilament interactions 

within a coil either along the axis of the helix or across the helical cylinder. Thus 

the helix data truly represent isolated filaments, and to the extent that Keener 

and Tyson's model is adequate and the numerics here are accurate, the estimated 

coefficients just presented should reflect the importance of nonlinearities associated 

with "extreme" curvature and twist. 

5.4.2 J i= 0 

If J =J. 0 then twist differs from torsion: the local gradient vector rotates with 

arclength as seen from the local Frcnet frame. We saw above that the total twist 

is the sum of the torsion and the local gradient of phase: 

The torsion measures the rate at which the Frenet frame "rolls" around its 

tangent vector with increasing arclength. Since torsion is defined as r = - B' N, 

positive torsion means B' must point away from the normal vector, so the Frenet 

frame rolls clockwise as we sight forward along (the tangent of) a filament with 

positive torsion (regardless of filament orientation). Positive twist is similarly 

defined as clockwise rotation of the gradient vector with increasing arclength (with 
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the filament oriented by the righthand rule: fingers curl in direction of the rotating 

spiral wave, thumb points forward along filament). Note that the sign of J derives 

entirely from the sense of rotation of the gradient vector within the oriented Frenet 

frame, but whether this rotation is "with" or "against" the rotation of the Frenet 

frame itself depends on the sign of the torsion. So, for instance, J > 0 for a right 

helix (positive torsion) means that the gradient vector rotates in the same direction 

as the Frenet frame, and both rotations combine for an "enhanced" twistrate. On 

the other hand, J < 0 for a right helix has the two rotations going in opposite 

directions, and the overall twistrate must be less than either individual contribution 

<I. The situations are reversed for left helices (negative torsion): J > 0 has the 

gradient vector turning against the torsion, whereas J < 0 has the two rotations 

in agreement. This means that the physical interpretation of a particular value 

of J depends on the hand of the associated helix, and the mirror-image of a right 

helix with J = n is a left helix with J = -no 

Now it is quite possible to have nonuniformly twisted helices with J =1= 0, 

but with the aim of investigating filament dynamics one must then address the 

potential effects of the arclength derivative of twist. It is difficult enough to try 

to understand the evidently nonlinear effects of curvature and twist alone! To 

this end, note that all uniformly twisted helices lie on the same (/\',10) plane, 

and helices with different J's (evolving with b ensured constant by a periodic 

unit cell) must follow different curvilinear trajectories in this plane. A complete 

mapping of filament dynamical variables (K, Vb, .0.w) onto this plane would provide 

a powerful test of local models like Keener's, and if it could be shown that the (/\',10) 

trajectories-not just the positions-influenced the helix dynamics, this would be 

a decisive test of the adequacy of local theories in general. Different behavior 

1But for no J can physically realizable values of a and & be found which result in T = -¢1/ L => 

w = O. This would require that a,tb. = ';a-;;~b' which implies a = J ~~ -&2. The latter equation 
clearly cannot be satisfied by non-imaginary a if IJI > 1, and permits only the degenerate case 
a = 0 (and torsion undefined) if 1.11 = 1. 
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exhibited by helices with different J crossing the same (K, tv) location would point 

to possible history- or context-dependence of filament behavior or, perhaps less 

grandly, might signify a causal role for torsion (traditionally deprecated as a mere 

coordinate normalization). 

Thus it is of some interest to devise initial conditions yielding uniformly twisted 

helical vortex filaments with J =J O. It is clear that such helices must be constructed 

de novo with finite radius, since (suprathreshold-) twisted uncurved filaments al

ways produce helices with J = O. (In the naturally arising helices twist = torsion, 

so initially positively twisted filaments give rise to right helices, and initially neg

atively twisted filaments give rise to left helices; there are no variations on this 

simple theme.) 

We can produce positive or negative twist as described above: rotating succes

sive copies of a 2D spiral wave about their pivot points as we line them up to form 

the filament. In addition, we can swing the pivot points about a remote axle as we 

stack them up, thereby stringing the incipient filament around the circumference 

of a cylinder, and creating a helix of either hand. A tidy transformation which 

accomplishes both the rotation and the revolution was conceived by Tim Poston: 

Zr = cos( ¢z )(sin(y) + a cos( r z)) - sin( ¢z )(sin( x) + (l sin( rz)) 

Zi = cos(¢z)(sin(x) + asin(rz)) + sin(¢z)(sin(y) + acos(rz)) 

The transform is essentially a rotation matrix whose origin travels around a 

circle of radius a. The position on the circle is given by rz, where r is a "torsion 

parameter", and z is an index of position along the periodic direction of the sim

ulation array unit cell (height in the stack). Typically things are scaled so that 

z = -1 ~ 1 as one proceeds from the bottom to the top of the array, so that 

r = mf produces 11, helical coils of radius a. Then the magnitude of the torsion of 
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Note that positive n produces a left helix (negative torsion), and negative n 

yields a right helix (positive torsion). The pivot-point rotation which contributes 

to the total twist is controlled by ¢> and takes place in each x, y plane ("horizontal" 

planes, if the axis of the helix is imagined to be vertical, as seems to be natural 

[why should this be so?]). If z = -1 ~ 1 then ¢> = m7f spins the horizontal 

plane around m times from bottom to top of the array. As written, positive 

m contributes positive (right) twist, and negative m contributes negative (left) 

twist. Thus with the usual scalings J = m + 71" and the total initial twist can 

be determined by summing the contribution due to J(i.e., JjJa2 + b2 ) with the 

torsion, given above. 

With appropriate scaling the results of the transform, Zr and Zi, can be used 

directly as the ini tial values of the exci tation and recovery variables at each (x, y, z) 

location in the 3D array. In this case, the transform produces spatial gradients of 

the two variables which cross orthogonally along the intended helical locus. Alter

natively, Zr and Zi can be used as row and column pointers, retrieving excitation 

and recovery variable doublets from an array containing a fully developed 2D spi

ral wave. Note that with this method, the direction of the 2D rotor has no effect 

on the sign of the stipulated twist or torsion, but merely controls the filament 

orientation. 

Now, it turns out that except for the special case m. = -71. or the degenerate 

case (l = 0 (for both of which J = 0) the method just described will produce 

nonuniformly twisted initial conditions, since for m =I n, a > 0 the filament and 

the rotation axis used by the transform are not parallel. Uniform rotation viewed 

askance appears nonuniform. Twist is the apparent rate of rotation of the gradient 

vector with arclength around the local tangent, which for a > 0 no longer coincides 
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with the vertical rotation axis of the transform. If we sight along the local tangent 

of a vertically oriented helix with finite radius, a circle drawn on a horizontal plane 

will appear as an ellipse, and uniform rotation around the vertical axis of the circle 

will appear nonuniformly distributed around the ellipse. A gradient vector rotating 

uniformly around the circle will be seen to race across the flats of the ellipse, and 

appear much slowed as it approaches the more sharply curved (and foreshortened) 

ends of the ellipse (which are always aligned with the local ±normal directions). 

I attempted to salvage the original transform simply by incorporating a correc

tion factor for the eccentric rotation, that is, by arranging for a nonuniform rotation 

about the vertical axis which would appear uniform when viewed obliquely. This 

requires that one determine the mapping from angle <J> on a circle to angle ¢ on 

the ellipse produced by "tilting" the circle by 0, the departure from vertical made 

by the helix tangent vector. 5 Unrolling the helical cylinder reveals that the he

lix runs along the hypotenuse of a right triangle with sides of length 27l'a and H, 

so that 0 = arctan(27l'a/ H). If we tilt the unit circle by rotating it by angle 0 

about the x-axis, we find that .'1: remains unchanged and y ~ cos( O)y, so that 

<J> = arctan(y/x) maps to ¢ = arctan(cos(O)y/x) = arctan(cos(O) tan(<J»). We can 

invert this last relation and write <J> = arctan(tan(¢)/ cos(O)). Thus <J> is the angle 

we need to impose on the circle in order to produce angle ¢ on the ellipse. This 

correction works only in the local coordinate frame in which the ellipse remains 

oriented with its long axis at <J> = 0, so we had better account for the rotation 

of the ellipse around the vertical axis (as we ascend the helix) due to the torsion, 

which is just TZ. Therefore, we need to scale things as above, so that Z varies 

5This is analogous to the problem engineers are faced with in designing a constant-velocity 
joint. A good example is the joint which couples the drive-axle to each front wheel in a front
wheel drive car. Without the CV joint, the engine or the car would have to move nonuniformly 
every time the wheels were turned out of the normal plane of the axles, an unsatisfactory and 
extremely stressful condition which would not hold up very long. The joint must be machined to 
high tolerances according to an equation similar to the one derived here, and is one of the most 
expensive parts for its size in almost any car. 
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from -1 --t 1 from the bottom to the top of the array, then calculate a uniform 

increment of rotation as we ascend the array, but then apply the correction factor 

to get the actual rotation in absolute coordinates which will produce the desired 

angle as seen along the local tangent. 

Note that care must be taken to ensure that the gradient vector of interest 

is in phase with the correction factor. We assumed above that <I> = 0 is aligned 

with the long axis of the ellipse (which always lies along the local normal). But 

\7u and \7v typically differ in phase by something like 7r /2, so it is evident that 

each must be treated separately-while one gradient vector is rounding the more 

sharply curved ends of the ellipse, the other gradient vector is traversing the fiats. 

The second correction factor required, 7r /2 out of phase from the first, is most 

simply obtained as above, but imagining the ellipse produced by rotating the unit 

circle by angle 0 around the y-axis. Then (x,y) on the circle goes to (xcos(O),y), 

and ¢ = arctan(y/(x cos(O)) = arctan(tan(<I»/ cos(O)). Again, this factor corrects 

only for the oblique projection of rotation in the horizontal plane onto the tilted 

filament normal plane; to obtain the required rotation in absolute terms we must 

subtract TZ, the rotation of the tilt axis clue to the torsion of the helix. As in the 

original transform, if Z = -1 --t 1 then r = n7r produces n helical coils of radius 

a, with torsion opposite the sign of n. Unlike the original transform, however, 

the corrected version uses ¢ = m,7r to produce J = m, directly. All that remains 

for implementation of this scheme is a bit of maneuvering designed to outwit the 

typical arctan function, and ensure we are in the proper quadrant. The Fortran 

code I used follows (I include it verbatim: PAR(l)=m7r, PAR(2)=n7r, PAR(3)=a, 

VC=x, UR=y, WD=z): 

PI = 3.1415926535897 
T = ATAN(2.*PI*PAR(3)/2.) !angle of tangent from vertical 
P = PAR(1)*WD 
IF (AMOD(P/PI,O.5).EQ.O) THEN 

c = P 



ELSE 
C = ATAN(TAN(P)*COS(T)) !zero is on flats of ellipse 
IF (P.GT.PI/2.AND.P.LT.PI) C = C + PI 
IF (P.LT.-PI/2.AND.P,GT.-PI) C = C - PI 
IF (P.GT.PI.AND.P.LT.3*PI/2.) C = C + PI 
IF (P.LT.-PI.AND.P.GT.-3*PI/2.) C = C + PI 

ENDIF 
C = C - PAR(2)*WD 
ZREAL=COS(C)*(SIN(UR)+PAR(3)*COS(PAR(2)*WD))-

& SIN(C)*(SIN(VC)+PAR(3)*SIN(PAR(2)*WD)) 
CCCCCC now do v, which lags by pi/2 

IF (AMOD(P/PI,O.5).EQ.O) THEN 
C = P 

ELSE 
C = ATAN(TAN(P)/COS(T)) !zero is on ends of ellipse 
IF (P.GT.PI/2.AND.P.LT.PI) C = C + PI 
IF (P.LT.-PI/2.AND.P.GT.-PI) C = C - PI 
IF (P.GT.PI.AND.P.LT.3*PI/2.) C = C + PI 
IF (P.LT.-PI.AND.P.GT.-3*PI/2.) C = C + PI 

ENDIF 
C = C - PAR(2)*WD 
ZIMAG=COS(C)*(SIN(VC)+PAR(3)*SIN(PAR(2)*WD))+ 

& SIN(C)*(SIN(UR)+PAR(3)*COS(PAR(2)*WD)) 
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This algorithm was used to produce "crossed-gradient" initial conditions with 

very satisfactory results. The twist of both V'u and V'v was measured to be quite 

uniform for J = -2, -1, 1,2 on a right helix with alb = 0.79. As noted above, for 

a right helix positive J means that the gradient vector must "overtake" the Frenct 

frame which is rotating in the same direction, so the twist due to J is supplemented 

by the torsion, whereas for negative J the twist due to J is decremented by the 

torsion. These relations were confirmed numerically, as shown in Table 5.10. Note 

that when T and J are the same sign, even small J leads to exaggerated twist values, 

which demand increased spatial resolution in a discrete numerical simulation, and 

could easily become unsupportable even in the continuum limit. Also note that 

we can integrate the separate contributions to the twist given by the torsion and 
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J w T !l... 
~ Iw IT 

-2 -0.11 +0.078 -0.196 -1.20 +0.79 
-1 -0.02 +0.078 -0.098 -0.20 +0.79 
+1 +0.17 +0.078 +0.098 +1.79 +0.79 
+2 +0.28 +0.078 +0.196 +2.79 +0.79 

Table 5.10, Measurements of J =I 0 helix initial conditions produced by the 
"constant-velocity joint" algorithm. The initial conditions called for a right helix 
with a = 6.34, b = 8.07, and were constructed in a 50.7 X 50.7 X 50.7 su cube at 
smoothness 1.4 (713 gridpoints). 

J, yielding: 

I = 1 +J 

a relation which was also satisfied nicely by the numerical procedures. 

Unfortunately, these initial conditions failed miserably when the kinetics were 

turned on. The ensuing confusion suggests a rather bad choice of Zr, Zj -t u, v 

scaling on my part, but I was unable to refine these attempts for lack of time. I 

expect proper scaling will produce a viable helix, but suspect that the details of 

rotor nucleation from the crossed gradients may be affected by orientation within 

the local Frenet frame, thereby introducing nonuniformities. Whether these would 

persist or not is another matter. 

Using Zr and Zj as pointers into a 2D spiral wave introduces another suite of 

problems. To begin with, one must properly mount the pointed-at 2D rotor on the 

"constant-velocity joint", bringing the pivot-point and its associated gradients into 

register with the correction apparatus. Rotational orientation is most important, 

but translational errors are manifested as unwanted eccentricities even at low rpm. 

More important, however, are the distortions of the 2D rotor produced by the 

oblique projection onto the intended filament normal plane. These distortions 

vary with the orientation of the spiral wave within the local Frenet frame (and 

hence with arclength in a J =I 0 helix), and could perhaps be rectified in some 
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manner analgous to the rotational correction (perhaps using some sort of conformal 

mapping?), but that was not attempted here. Besides, nonuniform intraperiod 

motion suggests that the microanatomy of the rotor changes with orientation in 

the local Frenet frame, so an undistorted 2D rotor in every normal plane of a 

J =I 0 helix may not even be a realistic desideratum. For the relatively slim 

helices outside the forbidden zone and within the limits of current computation, 

the initial condition rotor distortions do not appear overly severe to my eye, but 

how they impress the filament in the long run is another question. The hope is 

that imperfect initial conditions need only approximate the desired form, landing 

in some sort of "basin of attraction" , from which they are drawn naturally to the 

final, stable configuration. 

In any case, I managed to create two FHN< .3, .7,.5 >, J =I 0 helices which 

seemed significant enough improvements on the products of the orignal transform 

to warrant simulation. Both of these were left helices (negative torsion) with 

positive twist, one with J = +1 and the other with J = +2. Both helices were 

started with a = 6.3 and b = 8.0, in a 50.7 X 50.7 X 50.7 su box, at smoothness 

1.4 (71 3 gridpoints). Both helices promptly collapsed to straight filaments. In the 

J = 1 case, the clockwise cycle of twist mostly results from the binormal rotating 

counterclockwise around the gradient vectors, which hold fairly constant absolute 

direction along the length of the helix. When the filament finally straightens, the 

binormal fails to complete a rotation around the flat scroll ribbon, and a completely 

untwisted filament results. The similar "unwinding" of the left helix in the J = +2 

case produces an uncurved filament with a single cycle of positive twist, distributed 

uniformly to subthreshold value on the 2t wavelength filament, and so incapable 

of maintaining any sproing. 

I was not able to usefully extend these rather tame cases for lack of time and 

supercomputer resources. A few attempts at locking in twist of one hand on a helix 
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of the other hand resulted in fragmentation, probably due to insufficient spatial 

resolution. Further pursuit of stable J =I 0 helices will require very smooth (and 

expensive) domains in order to accomodate the extreme twists involved. 

5.4.2.1 Unfinished helix business 

I have tinkered with another method of creating uniformly twisted helices with 

J =I 0, which may prove to be more satisfactory than the one just described. The 

method has its own serious limitations and problems, but I present it here in the 

hopes that it may be enhanced and prove useful in future investigations. The 

procedure is essentially the converse of that which I devised for extracting filament 

normal planes from 3D simulation arrays. In that method, cells in a 3D array are 

admitted to an approximate normal plane of a point on the filament on the basis 

of their small dot product with the tangent vector of the filament at the point 

of interest. The qualified cells are then dotted with the corresponding normal 

and binormal vectors to position them in an oriented array for contouring, etc. I 

propose here to do the opposite: for each cell in a 3D array, determine which point 

along the intended helix contains that cell in its normal plane. Then determine 

local normal and binormal coordinates of the cell, which can be scaled for crossed 

gradients, or used to point into a 2D spiral, according to any desired arclength 

function of twist. Essentially this method stacks up and twists 2D rotors (or 

crossed-gradient pre-rotors) like the previous one, but instead of using horizontal 

planes and a vertical rotation axis, each 2D copy is skewered on the helix and 

pushed into approximately normal position, and appropriately rotated about the 

local tangent. 

The mechanics are fairly straightforward. We can represent any point along 

the helix as a position vector parameterized by 0, which ranges from 0 ~ 271' over 
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one coil: 

R = a sin 0, a cos 0, bO 

Then we differentiate twice with respect to 0 to produce the tangent and normal 

vectors, respectively, and take their cross product to obtain the binormal vector: 

T = a cos 0, -a sin 0, b 

N = -asinO, -a cos 0,0 

B = abcosO, -absinO, _a2 

Next, we imagine one coil of a helix with desired (a, b) winding through a 3D 

array of suitable dimensions. For each cell in the array, we need to find the location 

on the helix whose tangent dotted with the cell's position vector (point on helix 

origin) is approximately zero. The equation to be solved is: 

(x - asinO,y - acosO,z - bO)· T(O) = 0 

or 

ax cos 0 - ay sin 0 - b20 + bz = 0 

Unfortunately, this transcendental equation cannot be solved exactly, and we 

must rely on numerical or graphical methods of solution. This is not too bad, and 

in fact as long as we must resort to numerics anyway, it is simpler just to step 

along the helix, construct the difference vector and tangent vector, and take their 

dot product, retaining the smallest value over the entire helix. The real problem 

is that the solutions, however obtained, are not unique in many cases: since the 

normal planes of any two points along one coil of the helix are not parallel, they 

must intersect. This means that the initial conditions must accomodate a collision 
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interface, and the construction problem is no longer just an exercise in geometry, 

but must respect wave dynamics as well. (The complex polynomials solve this 

problem neatly, by the way.) Although I have not been able to show it, it seems 

to me that the locus of normal plane intersections for a helix must trace out some 

kind of (scroll-shaped?) surface, at least partly inside the helix cylinder for alb 

sufficiently large, but standing off at some distance (~ II I\, = (a2 + b2 )la?) outside 

the cylinder for a relatively slim helix. Unless one can contrive some suitable 

method of unifying the skewed and overlapping stack of 2D rotors, it might be 

best to just push aside the intersection problem by concentrating on helices for 

which alb is sufficiently small so that the normal planes intersect well outside of 

the helix cylinder. This might not be a severe constraint for dynamical studies, as 

for computationally-feasible-sized helices one needs alb < 2.1455 anyway in order 

to avoid the "forbidden zone" of intra-coil interactions. Moreover, alb just needs 

to be small enough so that the normal planes intersect outside of the helix cylinder 

just clear of the filament: the well-behaved initial conditions inside this zone can 

be "pulled-back" to the more distant no-flux domain boundaries by concentric 

replication of their outer rind, generally without introducing any new wavebreaks. 

5.5 Prelhninary conclusions 

Period averaging closely spaced pivot cores, a technique first employed by 

[Henze ct at. 1990], continues to appear appropriate for investigations of vortex 

filament behavior. Models based upon period-averaged data indicate a strong 

functional relationship between local filament geometry and behavior, providing 

general support for the local geometry hypothesis. However, interpretation of the 

specific models obtained above is far from straightforward. 

It is well known that it is dangerous to put much faith in multiple regression 

estimates of coefficients, particularly when the regressors are not strictly orthog-
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onal, or the exact form of the model is uncertain. Nevertheless, the agreement 

between some of the coefficient estimates obtained here from a diversity of data 

sources is encouraging, suggesting that some of the values may indeed be robust. 

In particular, the coefficient on curvature for the Vn models nearly always turned 

out to be between 1.0 ---+ 1.35. This is in fair agreement with the value obtained by 

[Courtemanche et al. (1990)], who extrapolated from their small ring data to 1.3<1 

su2 ftu for isolated filaments. The coefficent on curvature for Vi, was consistently 

estimated here at 1.2 ---+ 1.4, somewhat. greater than the 1.02 su2 ftu approximated 

by [Courtemanche ct al. (1990)]. Both the curvature coefficients are positive, in

dicating curvature-induced shrink, and drift in the direction of waves passing up 

through the concave side of a curved filament. I tried to present a mechanistic 

basis for these motions in the previous Chapter. 

The estimates for the rest of the coefficients appear a bit flaky. The estimates 

of the coefficient on w2 for the Vb models are fairly tight, ranging from -<1.3 ---+ 

-9.5 ... if we exclude the later ellipse estimate of 23.44. It is gratifying that 

the coefficients on the nonlinear terms ",2 and w" derived from the J = 0 helix 

data by way of Keener and Tyson's QRS equations at least resemble (in sign and 

magnitude) the same coefficients obtained from regression of the floppy ring data. 

Whatever the precise values of the coefficients, the success of the regressions 

leave no doubt that the (period-averaged) local displacements of gently curved and 

twisted filaments can be expressed as linear functions of the (period-averaged) local 

geometry and the square of twist. The fact that the simple linear regressions appear 

to break down when curvature or twist exceeds certain limits, and can be remedied 

by addition of the nonlinear terms ",2 and w", argues that filament dynamics are 

intrinsically nonlinear, but can be approximated well by the leading linear terms 

when the geometry is not extreme. The accompanying fact noted above, that the 

simple linear models suffice to account for the motion of relatively tame stretches 
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of filament even when they are contiguous with very curved or twisted regions, 

indicates that segments of filament move indepently of one another, in response to 

purely local conditions. This is the essence of the local geometry hypothesis. 

Although we lack precise coefficients, nor are we entirely certain even of the 

correct form of the models, let's pretend for a moment that one of the models 

obtained above is as good as it gets. Then we can use this model to predict the 

motion of a given filament, and if the behavior departs from expectations, we may 

be able to discern some nonlocal influences on filament dynamics. For example, 

Figure 5.14 plots the measured distributions of Vn and Vb from the stably precess

ing trefoil knot, and the expected values based on the local geometry using the 

"extreme" model derived from the early floppy ring (Vn model shown in Table 5.2). 

It can be seen at a glance that the model is much more successful in predicting the 

binormal displacements than the normal displacements. Assuming that the trefoil 

knotted filament would "obey the dynamical laws if it could", this discrepancy 

may reflect the fact that the binormal displacements are less constrained than the 

normal displacements. Recall that the lobes of the knot are able to "slide" over 

one another along their binormal directions without much affecting interfilament 

distances, whereas normal displacements at such close quarters must immediately 

contend with interfilament repulsion or attraction. A more careful analysis of this 

sort, with the best model at hand and appropriately constructed filaments as test 

subjects, might be able to quantitatively monitor the effects of filament encounters 

or domain boundaries. 

The goodness of fit displayed by each of the separately derived models above is 

impressive. However, the numbers themselves can provide no assurance that the 

functional form of the models accurately reflects some underlying causal mecha

nism, or even whether the proper subset of predictors has been employed. In a 

halfhearted attempt to address this last problem, I played around with some of the 
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Figure 5.14, Predicted and actual arclength distributions of v,t and l'i, for the stable 
trefoil knot, using one of the warpy ring nonlinear models. 
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fancier methods of model selection, and explored some of the usual cross-validation 

techniques, but in the end decided not to include those results here, as nothing 

much conclusive came of it all. Just for kicks, I sought out "optimal" nonlinear 

transformations of the usual predictors, using two recently developed techniques, 

ACE (alternating conditional expectations) [Brei man & Friedman 1985] and AVAS 

(additivity and variance stabilization) [Tibshirani 1988]. In some cases, both tech

niques did suggest that twist should be squared, in accord with theoretical ex

pectation. In the end, however, justification for a particular model of filament 

evolution must be based on either mechanistic or pragmatic arguments. If one is 

interested purely in prediction, then the performance of the models becomes the 

dominant concern, and formal considerations are secondary. But if one is seeking 

to provide an explanation of filament dynamics, viewing the models as summaries 

of some more fundamental physical processes, then one must justify the models in 

terms of those processes. 
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APPENDIX A 

Helical organizing centers in excitable media 
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Numerical simulations of three distinct models of excilable media (two-variable Oregonator, wilh bOlh variables diffusing 
equally; and piecewise linear A and B kinetics, with only Ihe propagalor variable diffosing) are used here 10 invesligate the 
dynamics of scroll filaments, with emphasis on the role (If twist. In all Ihree models, initially uncurved filaments uniformly 
twisted mote than a threshold amount 'sproing' into radially expanding helices, some of which stabilize at finile radius. 
By monitoring the evolution of these helices wilh a differential geomelry '1001 kit', we allempl 10 discern Ihe presumed 
causal dependence of filament mOlion (resolved inlo velocities along the normal and binormal directions of the local Frenel 
frame) and rolor spin rate, on local filament geomelry (curvalure and lorsion) and twist. Twist can reverse Ihe direClion 
of normal velocity from thai seen in untwisted scroll rings; binormal velocity is eilher reversed (A kinetics), abolished (B 

kinetics), or engendered (Oregonator). In all cases Iwist increased spin rale, "' predicled by theory. Our effons 10 perceive 
a functional dependence of the dynamical variables on filamenl geomelry and Iwist have met with limited success, bUI we 
believe our allempts have uncovered some useful melhodology and exposed some pilfalls relevant 10 any such invesligation. 
The existence and propenies of a novel class of slab Ie organizing centers, as well as the existence of a Ihreshold uf twist for 
their induction, should be of interest to theorisls. In addilion, our findings here based on models suggesl new phenomena 10 
look for in various excitable media, such as the Belousov-Zhabolinsky reagenl or hean muscle. 

A I'aide de simulations numeriques basees sur trois modeles differents de 'SYSlemes excilables' (l'Oregonalor a deux 
variables avec diffusion egale des deux especes. el deux autres systemes lineaires par panic denommes A el B, au seulement 
I'espece propagatrice diffuse), nous etudions Ie componement dynamique des filaments singuliers, en mellant I'emphase sur 
Ie riile du gradient de phase, defini comme elant Ie taux de varialion de la phase Ie long du filament singulier. Dans les 
trois modeles, les filaments initialement non courbes possedant un gradient de phase oniforme et depassant un cenain seuil 
minimal se detendent radialement afin d'adopler la forme d'une helice, alleignant un rayon slable dans cenains cas. En suivant 
revolution de ces helices a raide d'analyses gcometriques. nous lentons de discerner la presumee dependance du mouvement 
du filament (resolu en composantes normale el binormale des coordonees de Frenel Ie long du filament) ct de la vilesse de 
rotalion du rOior sur la geometrie locale du filament. Un gradienl de phase a pour effet d'inverser la direction de la velocile 
normale observee chez les Iilaments circulaires sans gradient de phase; la velocile binormale peut erre inversee (sysleme A). 
abolie (systeme B), uu engendree (Oregonator). Dans lous les cas. un gradient de phase augmente la vilesse de rotalion, lei 
que predit theoriquement. Nos effons dans Ie but de deleCler une dependance fonclionelle enrre Ie componement dynamique 
ella geometrie du filament Oncluant les gradients de phase) ani oblenu un succes milige, mais nos lentallves ant neanmoins 
n!v';lees cenaines methodes utiles et exposees cenains problemes peninent' a relude des filaments singuhers. L'exislence 
et les proprietes de cette nouvelle classe de filaments siri~uliers ,tables ainsi que rexistence d'un seuil de gradient de phase 
necessaire a leur crealion devraient interesser les theorisleS. De plus. nos resultals bases sur lrois modeles suggerent plusieurs 
nouveaux phenomenes it etudier dans des syslemes experimenl'ux excitables tels que la reaction de Belousov-Zhabolinsky 
au Ie muscle cardiaque. 
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Introduction 

The problem underlying this investigation concerns the dy
namics of scroll-wave filaments, sometimes called singular fil
aments because they define a singularity of codimension two in 
the phase field of a periodic dynamical system. Such a system 
might be. for example, a continuum of chemical oscillators. 
or more abstractly, the Ginzburg-Landau equation (1-15). In 
the present case we arc concerned with vortex lines of rotary 
activity in three-dimensional excitable media. which mayor 
may not also exhibit local spontaneity or bulk oscillation. For 
the sake of consistency we will call them 'scroll filaments' 
or just plain 'filament' here, though 'singular fifament' and 
'vortex filament' mean the same in this literature. An 'orga
nizing center' is an object made of scroll filaments. which 
spatio-temporally organizes the surrounding medium by radi
ating periodic wave trains. Topologically allowed organizing 
centers (16) can possess diverse geometries. some of which 
prove unsustainable but others of which tum out to be sta· 
ble. We report the discovery and behavior of a geometrically 
novel stable organizing center here. Even in stable organil-

ing centers. scroll filaments typically move through their sup
porting excitable medium. The laws governing such motion 
are poorly understood. Experimental approaches to this prob
lem have barely begun. and analytic approaches are not yet in 
agreement and need testing, so we have undertaken comple
mentary numerical experiments. The fundamental assumption 
guiding our approach is that the laws governing the filament's 
motion derive from its local geometry (17. 18). Previous ex
perimental testing of analytical approximations focused on the 
effects of curvature (19-24) under the simplifying condition 
that there is no twist. Here. we focus on twist. resulting in the 
discovery of helical organizing centers. 

I i'rcsent address: Malhemalical and Physical loumal for High Schoot SIU' 
dents. P.O. Bo. 68. H·1525 Budapest 114. Hungary. 

Pnnttd In Canada Impnme au Cl.rwU 

Twist is most readily visualized by thinking of an un
curved filament as an arrangement of chemical concentra
tions in space. Ncar the filament. the concentration pallern 
is the same in any plane perpendicular to the filament. except 
for possible rotation about the filament as an axis. Twist is 
the amount of rotation per unit distance along the filament. 
Scroll filaments in hydrodynamic media have nothing analo
gous to twist, though it may be present in electromagnetic and 
quantum-mechanical vortex lines. In excitable media twist is 
a prominent auribute of scroll filaments except in the rather 
special case of uniformly curved filaments lying in a plane, 
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created without initial twist in a perfectly uniform medium. In 
all other cases. twist and torsion (curvature out of the plane) 
develop. But the effects of twist remain to be explorcd exper
imentally. Even analytically and computationally only a few 
contributions have yet been made to the literature. The first 
mention of twist may have been in 1973; see ref. 25 p. 100 
and ref. 26. Topological inference showed that twist has a 
marked impact on wave-front organization in excitable media. 
even requiring the existence of a scroll filament threading any 
closed filament that bears a full cvcle (or more) of twist (26; 27 
p. 254: 28). Quantitative description of similar wavefields in 
reaction-diffusion media was first achieved by Gomatam (29). 
Panfilov and Winfree (30) numerically confirmed the existence 
of the threading scroll filament and found it to be a sink rather 
than a source of waves. but only so long a.~ it remained encir
cled by a vortex ring. which. due to its greater twist. radiated 
waves at shorter period: after this outer ring drifted into a no
flux boundary and disappeared. the remaining central filament 
became a source. The first quantitative mathematical analysis 
of the dynamics of twisted filaments (based on the dispersion 
curve). by Mikhailov el al. (31). analytically treated a uni
formly twisted uncurved filament in a uniform medium. in an 
extreme case of marginal excitability. They found that the ro
tor's spin rate increased. initially in proportion to It wist I. up 
to a critical twist at which propagation somehow fails. Davy
dov et al. (32) analytically found that the spin rate should be 
linearly proportional to It wist I. for relatively small twists. and 
nearly constant for larger twists approaching the maximum 
twist compatible with stable propagation. Panfilov el al. (33) 
explored a similar situation numerically using a different ki
netics in an inhomogeneous medium. Keener (18) elaborated a 
theory of filament dynamics. necessarily including twist. with
out explicitly involving the dispersion curve. with the con
clusion that filament velocity and spin rate must both vary 
linearly with curvature. twist1• and (though it is zero in the 
context of the present paper) the arc length derivative of twist. 
Keener's analysis. however. was derived only in the limit of 
small twist and doubly small curvature (~ twist1). Biktashev 
(34). escaping this limit but confining his analysis to the case 
of uncurved filaments. obtained different expressions for the 
changing twist distribution along the filament. and confirmed 
that spin rate should vary with twist!. No laboratory experi
ments involving twist have yet appeared. 

Why should the effect of twist be investigated? The first rea
son is that from preliminary investigations it is already clear 
that even a little twist profoundly affects filament dynamics. 
for example reversing the direction in which a curved filament 
moves. Any complete theory of filament motion must consider 
the role of twist. Secondly. even in the absence of curvature. 
twist alters the spin rate of the vortex. This has the impor
tant consequence that. unless something else compensates. all 
filaments will eventually be dominated by whatever segment 
spins fastest. The third reason is that twist is ubiquitous: it 
is necessarily present whenever the flIament has nonzero tor
sion. and in an initially untwisted filament it will accumulate 
(until something intervenes). along any spatial gradient. no 
matter how slight. of any parameter affecting spin rate. But 
twist cannot accumulate indefinitely without dramatic conse
quences. For example in healthy cardiac muscle (and more so 
in diseased muscle) gradients of several percent of the refrac
tory period are usual over distances as short as a centimeter 
(1/2 to 1/6 rotor wavelength). Since the predicted existence of 
three-dimensional scroll filaments just before the appearance 

of fibrillation ha.~ recently been confirmed in cardiac muscle 
(35-38). twist may be involved in this lethal transition (39). 

Our initial intent was to use kinetics A (see helow) as a 
generic representative of all uniform excitable media to ex
amine the changing distribution of nonuniform twist along an 
uncurved filament. perhaps deriving it through the effect of 
local twist on spin rate. and deriving that in tum from the 
dispersion curve. This modest project failed catastrophically 
in 1987 with discovery that uncurved filaments. given more 
than a threshold amount of twist. spontaneou~ly evolve into 
growing helices. thus bringing at least curvature into the ana
lysis. and also arc length derivatives of both curvature and 
twist unless the initial twbt was uniform. 

With this observation in mind. how should an investiga
tion of twist be conducted? We outline our current plan tirst. 
because it still seems a good plan even though we have thus 
far been able to fulfill only small parts of it. It provides a 
context in which fragmentary results may acquire more mean
ing than in isolation. Following the Plan we relate Materials 
and Methods. much as in any experimental paper. even though 
our 'experiments' are numerical. The Materials are three dif
ferent excitable media (dynamical systems. partial differential 
equations). The Methods are recently invented procedures for 
extracting geometric information from numerical solutions of 
those equations in three dimensions. Finally. we place some 
perplexing Experimental Results in this prepared context. and 
finish with Conclusions and Questions. 

Plan 
In this work we investigate the behavior of twisted scroll 

filaments by numerically creating uniformly twisted uncurved 
filaments in a uniform excitable medium. then following their 
evolution. That evolution consists of coiling into a radially 
expanding helix. with uniform but time varying curvature. k. 
and decreasing uniform twist. II'. as arc length increases. One 
coil of the helix appears between the periodically identified 
floor and ceiling of our three-dimensional unit cell. As shown 
in Appendix II. a helix with fixed coil height growing in a 
box of height H = 27th must follow a semicircular path in the 
(k. 11') plane. The plane is ruled by iso-/J semicircles spraying 
out from the origin: each helix is confined to one of them. 
Orthogonal to this family is another family of semicircles. each 
representing a helix of constant radius. a: an iso·a contour 
(see Fig. Ill). The radial growth of a fixed·" helix can be 
followed along its iso-b semicircle as it cuts one after another 
of the iso-a semicircles. perhaps coming to rest at some stable 
equilibrium radius. 

On an axis orthogonal to the (k. w) plane we can plot any 
dynamical variable of the filament to show graphically that 
variable's dependence on the uniform curvature and twist. We 
will attempt this below for the three dependent variables we 
consider most important for determining filament behavior: 
spin rate 00: velocity in the local normal direction. V.; and 
velocity in the local Binormal direction. Vb. (see Appendix II 
for descriptions of the local coordinate system. i.e .• the Frenet 
frame). In this preamble we first draw attention to the necessary 
preconditions for success in such a venture. several of which 
we had not contemplated in detail at the outset. 

(i) It is necessary to be sure that filament geometry is in
deed uniform: that the arc length derivatives of curvature. tor
sion. and twist are reasonably close to zero. and that the state 
variable anatomy of the rotor close to the filament remains es
sentially the same everywhere at any given phase of rotation. 
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FIG, 1.(0) On the (curvature k > 0, twist IV) plane, each point of which represents a unique helix, we ponray contour maps of helix radius II 

(semicircles cenlered on the venical k semi'axis) and of coil height b (semicircles centered on the horizontal w axis). Each eon lour is idenlilied 
by ils nonzero axis intercept, since k = I/o al IV = 0, and II' = I/b al k = O. Although helices with Ihe same radius. ll. but equal and 
opposite twislS. ±w. are physically distinguishable, their behaviors wilh respect to V •• V •• and w are ex peeled (and here found) to be the 
same. Iso·arc length contours on this plot (not shown) are circles concentric to the origin; see 191. The shaded region is an a\tempt 10 depict 
Ihe IimilS of Keener's analysis (18). bounded by IV < some small ( and k < (2. which we could not penetrate with our numerical simulations, 
(b) Although eXlending far beyond the domain of the analysis that suggesled it. we here plot contours of V. suggesled by III. The broken line 
contour represents V. = 0; lines above this contour represent V. > 0 (e.g .. shrinking scroll rings); lines below represent V. < 0 (e.g .. radially 
expanding helices). This funclion is known 10 be accurate along the w = 0 posilive semi·axis; however. compare with Fig. 20. (e) Wilh the 
same reservations as above. we plot contours of either V. or w suggesled by III. The broken line contour coinciding with the curvalure axis 
denotes V. or dw = 0; contours on either side represent either positive or negalive values for both Ihese quantities. depending on the signs of 
the a, coefficients. 

(ii) It is necessary to be sure that present filament behavior 
and the state variable anatomy of the rotor are changing slowly 
enough to be regarded as consequences of present lilament 
geometry. uncomplicated by recent history. 

(iii) It is necessary to know the accuracy of the numeri· 
cal assays used (for determining curvature. torsion. twist. and 
filament spin rate and velocity components referred to a 10' 
cal coordinate frame) under diverse conditions (e.g .. near zero 
curvature. or while rapidly changing. or at extremes of twist). 

(iv) It is necessary to be sure that the numerical discretiza· 
tion employed is adequate with respect to the increment of 
time. the number of grid points sampled per unit of distance. 
and the angUlar degree of rotation of a pallem between adja· 
cent grid planes. 

(I') It is necessary to know which regions of the (k. II') 
plane provide windows for reliable inference and which are 
inaccessible to meaningful observation for reasons explained 
below. 

In the appropriate places below. we will allempt to indio 
cate how closely we have realized the ideals just set fonh 
and. where we have fallen shon. how our inferences must be 
cunailed. 

This section closes with an example. If all the foregoing 
conditions are satisfied. then it seems reasonable to expect that 
Vn • Vh. and (j) will be single·valued functions of k and ... within 
a region (though we cannot know beforehand how large are· 
gion) around the origin. Determination of those functions must 
help in discriminating between interpretations of the physics 
of scroll filaments in excitable media. For example. under the 
assumplions of Keener's analysis (18). if all reactants diffuse 
at the same positive rate. D (cm~·s-I) then within some small 
disk around the origin of the (k, II'~) plan~ (not the (k • ... ) 
plane); 

(I) 

(j) = Wu -alll·~. 

V. = Dk -a~II'~' 

(al) = cm~ . (s' rad)-I 

(a~) = cmJ • (s· rad~)-I 

(aJ) = cm)· (s' rad~)-I 

where the a, for each panicular excitable medium depend 
on D and are to be determined empirically. Were diffusion 
coefficients unequal. then Vh and (j) would have nonzero coef· 
ficients of k and so resemble the V. equation here. If. as hence· 
fonh in this paper. we adopt units of time and space such that 
D = I space unit2·(time unit)-I. i.e .. (su)~·(tU)-I. then the 
D·dependence can be ignored. Contour maps of these three 
functions on the (k. II') plane would then resemble Figs. I b 
and Ie: Vn contours are venically offset replicas of a parabola 
through the origin (concave or convex depending on the sign 
of a~) and (j) and Vh contours run parallel to the k axis since 
both depend on the local Iwist but are independent of local 
curvature. Keener (18) gives no reason to believe that (II can 
be extrapolated outside a parabolic wedge 1"'1 < some small 
t. k < t~ (i.e .• beneath a small·a semicircle as shaded in Fig. 
la): we do so here only as a hopeful example. As will be seen 
in Figs. 14. 16. and 18. we could nOI explore this region at 
all. Note that this approximation. with a~ < O. yields positive 
V. when curvature k = O. but it is hard to imagine radially 
inward motion of a twisted straight filament. It also seems a 
little peculiar that the equation would accommodate negative 
k even though no such thing exists. 

Because theory is simplest with all diffusion coeflicienls 
equal. we study that case first. then examine comparable situ· 
ations in two different media with only the propagator species 
diffusing. 

Materials 
We used three reaction-diffusion schemes in this investiga· 

tion: Oregonator. A. and B. All three employ only two local 
state variables. both real·valued. called u. the propagator quan· 
tity of Fife (40. 41). and I'. the controller quantity of Fife. See 
Appendix I for kinetic equations and detailed consequences. 

To make the time and space scales comparable between 
these three excitable media. it is helpful to be aware of their 
dispersion curves. presented in Figs. 2a-c. These show how 
plane·wave (uncurved) propagation speed depends on the spac· 
ing between pulses. equivalent to the time since the local 
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FIG. 2.(a) The dispersion curve of the Oregonator kinetics with equal diffusion. in terms of wave speed against pulse spacing. calculated 
by timing the circulation of a pulse on a one-dimensional ring which was slightly shonened afler each rotation. The corresponding period is 
the inverse slope of a radius: we indicale the period of the Iwo-dimensional rotor (k = O. '" = 0) and the corresponding wavelength. A". (b) 
Similar to (a) but for kinetics A with only the propagator variable diffusing. Kinelics A is peculiar in that the period is almost independenJ 
of wavelength over the range of interest here. (e) Similar to (a) but for kinetics B with only the propagator variable diffusing. Kinetics B is 
peculiar in that the wave speed is almost independent of wavelength over the range of inJerest here. 

medium was last excited. i.e .• its stage of recovery. In the 
case of the Oregonator. sec ref. 42 for comparison with ex
periment. With large enough spacing. the speed approaches an 
asymptote: with spacing too short. propagation fails. A useful 
benchmark is the wave spacing and period associated with the 
(2D : uncurved and untwisted) rotor. indicated On each of the 
dispersion curves. The difference between rotor wave spacing 
and the minimum wave spacing is called the 'excitable gap': 
it is roughly the width of recovered and excitable medium in 
each wavelength interval of the periodic wave train emitted by 
the rotor. 

Perhaps the most conspicuous contrasts between the reac
tion-diffusion schemes outlined above are that kinetics A and 
B (sec Appendix I) do not oscillate spontaneously and only the 
propagator variable is allowed to diffuse, whereas the present 
version of the Oregonator does oscillate (at a period much ex
ceeding the rotor's period) and both reactants diffuse equally. 
The 'single diffusion' kinetics A and B thus resemble neural 
or cardiac membrane models. in which the propagator variable 
is electric potential across the cell membrane (with diffusion 
coefficient inversely proportional to the membrane's specific 
capacitance and the medium's specific resistance) and the other 
variables represent (nondiffusing) ionic conductivities of pro
teins embedded in the membrane. The Oregonator represents 
the other extreme approximated by some chemical systems 
(with reactants of nearly equal mobility). 

Our goal is (0 understand generic properties of excitable 
media. but in checking our results by replication using different 
media we found that their idiosyncrasies often dominate. At 
present we tind it difficult to say much with confidence about 
generic excitable media. 

Methods 
The investigation reported here consists primarily of dis

crete numerical solution of three distinct partial differential 
equation models of excitable media, enacted on a supercom
puter. followed by PC-aided analysis of the outcome. The sim
ulation stage of our investigations proceeds by way of several 
FORTRAN utilities vectorized for the (late) Control Data ETA-
10 at the John von Neumann National Supercomputer Center 
in Princeton. 

In each cell of a three-dimensional array we implement 
one of several dynamical schemes by integrating the appropri
ate (nonlinear parabolic) partial differential equations by the 
explicit Euler method. Diffusion between adjacent cells is de-
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FIG. 3. A steadily rotating spiral wave surrounding an Oregonalor 
rotor, calculated in a 30 su square of 120 x 120 grid points with no
flux boundary conditions (note that contours end perpendicularly on 
the walls). The solid iso-u (propagator) contours are at intervals 0.1, 
and show that u is near equilibrium except within a thin pulse front. 
The dotted iso-v (controller) contours are at intervals 0.025 and show 
I' tapering gradually after an abrupt rise within the u pulse. As Fig. 
2a shows, A" = 15.5 SU, a little more than shown here in the highly 
curved innermost tum of the spiral. The pivot point and overlaid disk 
of perimeter A" indicate the rotor. 

scribed by the three-dimensional Laplacian operator. Further 
details about the numerical methods and supercomputer vec
torization schemes can be found in refs. 43 and 44. 

We create a two-dimensional rotor by initially loading the 
array with appropriately transverse gradients of 1/ and I', span
ning all concentrations of the reactants achieved during spa
tially uniform excitation and recovery. This enSures that some
where in the array there exisb a critical range of II and I' 

values that corresponds to the interior of the pulse trajectory 
(excitation-recovery loop) in the (II, I') phase plane. For phase 
portraits see refs. 26. 45 and 46: kinetics A: refs. 47 and 48: 
kinetics B: and ref. 19: Oregonator. Coupling by diffusion pre-
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FIG 4. Three·dimensional initial conditions constructed from data similar to that used in Fig. 3. showing one full cycle of twist between the 
periodic floor and ceiling. (View by crossing eyes through a pencil tip held above the page. to fuse left and right images.) The pivot points of 
these rotors lie on a venical line centered in the box. This box is anificially stretched. for visualization purposes. and only 5 planes are shown 
out of typically around 3(}..{j{) planes. Most runs used boxes on the order of 112 to I wavelength high. quite a bit shaner than the one shown 
here. Although most of our experiments employed negative twbt. the twist shown here is positive; exactly the same results were obtained in 
both cases. save for a mirror reflection. 

vents interior grid points from collapsing onto the surrounding 
trajectory. and thus a rotor is born (26. 28. 36. 45. 46. 49). We 
allow this rotor to spin for many rotations. until it reaches a 
stable period and wavelength. the values for which are charac
teristic of the panicular excitable medium (sec Fig. 2 disper
sion curves). Figure 3 shows an Oregonator rotor; the contours 
are similar for kinetics A and B. 

To create a three-dimensional array containing an uncurved 
scroll filament it is only necessary to stack a number of these 
two-dimensional arrays into a box (a pencil of parallel planes) 
of the desired height. taking care to line up the pivot points 
of successive planes. Now the pivot points arc drawn into a 
line. connecting the top and bottom of the three-dimensional 
array. around which a sheetlike wave radiates. unfurling rather 
like a jib. A twisted Iilament is created in just the same way 
except that each two-dimensional array is rotated a bit before 
being added to the stack. To accomplish this we use a simple 
rotation matrix. as follows: Let our two-dimensional rotor and 
surrounding spiral wave be represented by U(x.y). V(x.y). 
Then the concentrations of II and ,. at any point in the three
dimensional volume are given by 

12) 
II(X.y.:) = cos(II':)U(x.y) + sin(II':)V(x.y) 

,·(x.y.:) = - sin(II':)U(x.y) + cos(II':)V(x.y) 

where II' = 21t· II-I is the twist rate in radians per space 
unit (su hencefonh) of distance along the filament from top 
to bottom in a box of height II. A simple linear interpola-

tion procedure is employed at this stage to map concentrations 
onto the offset discrete grids. Again. a nearly straight fila
ment is formed. connecting the top and bottom of the box. 
but the rotor in each horizontal plane is either slightly ad
vanced or retarded in phase with respect to adjacent layers 
(Fig. 4). If the angle of rotation between successive planes is 
held constant. then the twist rate is initially uniform along the 
filament. To avoid nonunifomlities arising from the twisted 
filament unwinding from its ends. we 'Iocked in' a full cy
cle of twist with periodic boundary conditions identifying the 
top and bottom of the array. ~o we were in effect studying 
one tum of an infinitely long uniformly twisted filament. It 
follows that the magnitude of the rotation angle between suc
cessive horizontal planes was determined by the height II of 
the unit cell. This discrete angle of rotation between adjacent 
planes of grid points cannot be too great lest the wave front 
of one plane fall behind the refractory wake of the next. re
sulting in numerical ·backfiring·. an artefact of discretization. 
With respect to investigating twist. therefore. the thickness of 
the refractory wake. in degrees around the rotor's pivot (or 
fraction of a rotor period). is an imponant feature of models 
of excitable media. (Its complement is the excitable gap be
tween successive waves emanating from a rotor.) It is almost 
3600 if there is no excitable gap. so any amount of twist in a 
discretized computation is safe with respect to the possibility 
that the excitation front of an adjacent grid layer peeks out be
hind refractory wake. The wider the excitable gap. the smaller 
the tolerable angular displacement between adjacent layers in 
discrctized computation. This limitation proved not to be a 
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problem in our uniform-twist runs. where boxes as short as 
46. 25. and 31. grid points (in kinetics Oregonator. A. and B. 
respectively) resulted in adjacent plane~ differing by less than 
8. 15. and 12°. respectively. These are well within tolerance 
for kinctic~ Oregonator and A. but in kinetics B. with parame
ters chosen for marginal excitabilily and a wide excitable gap. 
angles exceeding 15-20'or Ml can cause trouble; a full tum 
of the gradients should therefore be represented by at least 24 
grid points along the filament. This severe limitalion wa.s not 
rcspected in our earliest numerical experiments with kinetics 
B (not reported) nor in ref. 33; resulls in such cases prove 
hard to interpret in terms of the intended continuous partial 
differential equation models. 

Regardless of the direction which successive planes are ro
tated. each horizontal plane in the three-dimensional array will 
have one neighboring rotor more advanced in phase. and one 
neighboring rotor more retarded. This 'phase shift· along the 
filament resulls in the wave fronts nn longer bcing parallel to 
the filament as in the untwisted casc. or. put another way. the 
concentration gradients outside the rotor's core are no longer 
perpendicular to the filament. Instead. the wave front radiating 
from a twisted filament assumes a spiral conical shape (see 
Figs. 5 and 25). cxtrapolating to the filament at an angle that 
increases with twist: $ = arctan (A.ul H). where H is the span 
of onc full rotation along the filament and so the twist 1\' is 
2rtl H. With positive twist and the filament oriented up (see 
below for details of orientation). the wave front appears like 
a funnel; with negative twist. the wave front more resembles 
a Christmas tree. As $ increases with increasing twist. these 
initial-condition wave fronts are forced closer together (see 
Appendix II) 

13) 
I I I 

5J = 5:l + H2 

The fact that in our initial conditions the three-dimensional 
wave spacing decreases with increasing twist places another 
upper bound on the amount of uniform twist that can be intro
duced into a straight filament. because every excitable medium 
has a shortest sustainable wavelength below which propagation 
fails. (This shortest wavelength Amin is shown on the disper
sion curve. e.g .• for the Oregonator with our choice of pa
rameters it slightly exceeds 7 su (Fig. 2a). about half of the 
rotor's wavelength). However. our explorations toward large 
twist are curbed by an unforeseen event: increasing twist re
sults in filaments 'sproinging' into helices of increasing radii. 
which occupy ever larger (and ever more computationally ex
pensive) boxes. The most twisted Oregonator initial conditions 
we could afford resulled in a decrease in wavelength from the 
untwisted value of 15.5 su to about 9 suo close to but still 
above the limit of 7-8 su indicated by the dispersion curve. 

So much for initial conditions. Once the three-dimensional 
array is constructed. the simulation proceeds. employing the 
same reaction-diffusion scheme as in the two-dimensional ini
tial condition rotor. but using a three-dimensional Laplacian. 
Data are acquired about once per rotation period. in the form of 
those grid point, (their coordinates and associated local states 
// and I'). which have not transgressed a given subthreshold 
level of II in the foregoing period. This is called the 'pivot' 
method of identifying the vortex core (43. 44. 47. 48). These 
grid points lie inside the rotor. where levels of // necessarily 
remain low. and collectively they define the scroll filament. 
These ·snapshots·. collected throughout the run. are returned 
to our laboratory for analysis by way of a differential geometry 
tool kit. written in PASCAL and implemented on a 386 Pc. 
Here. we determine the midline of the cylindrical core of array 
points. which we describe as a (truncated) Fourier series. The 
space curve generated by Fourier synthesis from this series is 
the scroll filament that provides the foundation for the rest of 
the analysis (Figs. 6. 7). 

At 100 equispaced points along the filament we determine 
the filament velocity; the // and I' gradients and their twist; the 
tangent; the normal and binormal unit vectors (i.e .. the local 
Frenet frame (sec Appendix II); the arc length derivatives of 
the tangent and the binormal vectors to yield the curvature 
and torsion. respectively; and several other quantities that may 
influence filament dynamics. such as distance to the nearest 
no-flux boundary or to nearby filaments. 

If we suppose that the rotor has a characteristic anatomy. 
the same all along the filament except for its rotational ori
entation about the filament. then we can define the twist of 
the liIament as the rate (with increasing arc length) of rota
tion (about the filament tangent) of one of the gradient vectors 
characterizing the angular orientation of the rotor. The fila
ment is operationally defined as the center line of the tube of 
grid points. which failed to fully excite during the previous 
rotation period. but we think of it as the intersection of a crit
ical iso-II surface with a critical iso-v surface. How nearly are 
these idealizations realized? The first panel of Fig. 8 shows the 
//(x.y) and v(x.y) contours of a two-dimensional rotor (similar 
to Fig. 3). followed by seven helix slices at the same scale. 
similarly contoured. Each slice is the normal plane to a point 
on the helical filament. Each shows a different phase of rota
tion. marking the observed pivot point. the surrounding disk 
of grid points that failed to excite during the previous rotation 
period. and the local gradients of II and I' (normalized). We 
take it that these are sufficiently similar to justify treating the 
filament a.~ a smoothly twisted continuum of rotors similar to 
the two-dimensional rotor. 

To a>say rotor orientation we use the concentration gra
dients of // and \'. near the pivot inside the rotor. where they 
are nearly perpendicular to the filament (though as pointed out 

F,G. 5. Another pomayal of the wave front in twisted initial conditions. This is the entire iso-u surface which is sectioned in Fig. 4. seen 
from a viewpoint directly to the left. The spiral wave surrounding the rotor is visible at the top. and the line of wave tips can be seen as a 
sinusoidal boundary in the center of the lower half of the surface. The wave front ends where it meets the no-flux boundaries of the 12.75 su 
unit cell. 

FIG. 6. Stereo view of the unit cell in a well-developed helical filament. The small green normal planes mark each of the 100 equispaced 
points at which data are collected. The large white normal plane is overlaid by the Frenet frame. which provides a local coordinate system. 
whose rate of rotation as it slides along the filament measures the torsion (rotation of either normal or binormal vector around the tangent) 
and the curvature (rotation of the normal or tangent vector around the binormal). The tangent vector points in the forward direction of the 
filament: this is also indicated by the large white arrowhead. The box drawn around the radius 8 su helix is much narrower than the array 
boundaries used in the simulation: it serves only to indicate our absolute coordinate system. The top and bottom of the box (11.5 su apart) arc 
computationally identified (periodic boundary conditions): the side walls are no-flux. 
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Flo.7. One coil of a developed Oregonator heli~ is shown in stereo as a beeswann of those grid points which failed to e~cite during the 
previous rotation period (the pivot corel. It is threaded by a Fourier-synthesized centerline. the filament. from which the curvature and torsion 
are derived. ·The state variable concentrations in the grid points surrounding the filament yield gradients. whose rotation about the filament 
constitutes twist. Velocities are detennined by comparing filaments at successive moments. 

above. they must tum to an angle ell outside the rotor to remain 
perpendicular to the wave fronts.) Twist measures the rotation 
of these gradients about the filament's tangent with increas
ing arc length. We assay concentration gradients at each point 
along the filament by obtaining u or \. concentrations for all 
array cells within a certain radius of that point. (Fig. 9 projects 
such a ball and the Vv vector on the plane perpendicular to the 
filament. together with (v I concentrations at grid points near 
the equatorial plane (others omitted to avoid cluner).) Then for 
each pair of grid points within the sphere sharing two indices 
but differing in a third we divide their concentration differ
ences by their space difference. and average these gradients 
over all such pairwise comparisons to obtain the average gra
dient in one spatial direction. The same process is repeated for 
the other two directions and the 3-space gradient vectors (one 
for u. one for v) arc normalized. Figure 10 shows gradient 
vectors Vv from each of the 100 stations of one Oregonator 
helix. from the side and from above. After deriving gradient 
vectors for each point along the filament. we use a smoothing 
algorithm to reduce the short-scale variation inevitably result
ing from simulations on a discrete grid. Essentially. we couple 
adjacent gradient vectors with weak springs. thereby allow
ing them to influence each other on a short spatial scale. while 
preserving the longer scale variation that constitutes twist. The 
smoothed gradient vectors are shown on contour maps of array 
slices locally perpendicular to the filament (Fig. 8). A com
parison of many such representations demonstrates that these 
gradient vectors provide a reliable indicator of rotor phase. in 
that they keep a relatively constant relation to the spiral wave 
tip over the length of the filament. with typical fluctuations of 
only a few degrees. 

We finally measure the twist at each station as follows. 
First we obtain the components of the gradient vectors at one 
station and the next. which arc normal to the tangent vector at 
the first station. !This would presumably not be necessary if we 
could use an infinitely fine mesh. since in principle the gradient 
vectors must be perpendicular to the filament exactly at the 

filament: but we assay the gradients throughout a finite ball 
around the filament. and it contains only discrete grid points. so 
the vectors found often differ from the perpendicular by small 
random angles. necessitating this renormalization.) The triple 
product of these three (normalized) vectors is simply the sine 
of the angle between the gradient vectors projected onto a plane 
normal to the tangent vector (39). Thus. for each point on the 
filament we obtain the apparent rotation of the gradient vectors 
as sighted along the tangent at that point. This angle divided 
by the arc length distance between the two stations is the twist 
w(s) (sometimes referred to as twist rate) for that section s of 
filament. If the rotor keeps exactly the same shape close to the 
filament. except for rigid rotation from one station to the next. 
then using either u or v gradients should yield the same twist. 
but we have found that for a given kinetics. one or the other 
usually gives smoother. more reproducible results. In these 
cases. one state variable typically shows a rather wobbly twist 
centered about the more smoothly varying values provided by 
the other. Our helices are expected to exhibit uniform twist 
with arc length at all stages of their evolution. so we take the 
more smoothly twisted variable as the more reliable (see the 
section below on Uniformity). 

We integrate the twist by summing the apparent gradient 
rotation angles from one station to the next along the entire 
filament and dividing by 21t to express the integral in cycles 
rather than in radians. Since the rotation at each station is taken 
with respect to the local tangent. the integral of twist is not 
constrained to sum to unity. even though we have introduced 
a full cycle of twist into the initial conditions: it differs by an 
amount called the 'writhing' (39. 50). which is zero for fila
ments described on the surface of a sphere or lacking torsion. 
but not zero for helices (see Appendix 11. derivation 2). As our 
helices expand radially. the integral of twist should decrease 
smoothly from I (anaining lower final values with larger final 
radii) as H /L. where L is the arc length (initially L = HI. A 
comparison of the measured twist integral with this theoretical 
expectation provides a cross-check on our algorithms. 
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FIG.8. Panel (a) is like Fig. 3, bUI in a 20 su square box (80 x 80 grid poinlS). Panels (b)-(h) are conloured slices perpendicular 10 the filamenl of a developed helical organizing 
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Flo.9. Concentralions of I v I x 10000 near the nonnal plane through 
one station along the filament: the circle cOlTCsponds to those shown 
in Fig. 8. The local Frenet nonnal and binonnal vectors an: shown. 
along with Vv (projected onto this plane. but its tangent component 
was negligible anyway) calculated from these numbers and many 
others within the complete sphere of which this is an equ3l0rial slice. 

To orient our filaments unambiguously. we define 'forward' 
in such a way that sighting along the filament in this direction 
reveals the rotor spinning clockwise. In a rotor the gradient 
vector of the excitation variable II spins about 90· ahead of 
the gradient vector for the recovery variable I'. so looking 
along the filament in the forward direction one will see the 
II gradient vector spinning approximately 9QO ahead of the I' 

gradient vector in the clockwise direction. It follows that the 
cross product V'v x V'u points along the filament in the for
ward direction: we orient our Frenet frames so that the dot 
product of this resultant vector with the tangent vector is pos
itive (see arrows on filaments in Figs. 10 and II). We have 
additionally adopted the convention (39) that 'positive' twist 
results in more advanced rotors as one samples the filament in 
a forward direction: negative twist is the opposite. (Or stating 
it without involvement of the forward direction convention: if 
the gradient arrowheads locally describe a segment of a right 
helix then the twist is positive.) The order of terms in the 
triple-product derivation of twist is arranged so that the sign 
of the result obtained there conforms to this usage. 

We assay the motion of our tilaments by comparing succes
sive snapshots one or more rotation periods apan. At each of 
the 100 stations along the filament in the earlier of two snap
shots we construct a normal plane, and determine its point of 
intersection with the filament in the later snapshot: a vector is 
constructed between these two points. This purely lateral dis
placement averaged over the intervening time is taken to be the 
velocity associated with the station on the earlier filament. This 
velocity vector is multiplied by the point's Frenet matrix (an
alytically obtained from the filament's Fourier description, to 
resolve it into normal and binormal components in the Frenet 
reference frame. Figure II shows the displacement vectors as
sociated with each of 100 stations along the filament at two dif
ferent times. exhibiting mostly (negative' normal motion (Fig. 
Ila). and (negative) binormal motion (Figure lib). It will be 
noted that our operational definition of motion precludes a tan
gential component: indeed, we think the notion of tangential 
motion is physically spurious. This notion is necessarily un
derlain by the assumption that segments of the filament can 
be unambiguously identified over time. which is impossible 
even in principle. A tangential component would necessarily 
arise as an anefact of employing arc length as a descriptive 
parameter while arc length changes: but we reparameterize the 
filament in each successive snapshot. 

Experimental results 
Sl'Inmt'lrI' 
. In all'our experiments supra threshold negative twist (gradi

ent arrowheads lying along a lef! helix, gave rise to left-handed 
helical filaments. and suprathreshold positive twist produced 
right-handed helical filaments. The two results are entirely 
symmetrical: there is really only one case here. save for mirror 
reflections. Viewed from one end of the filament. successive 
planes are twisted in the same sense as rotor rotation. and from 
the other end. successive planes are twisted in the opposite 
sense: this holds for either positive or negative twist, applied 
to rotors spinning in either direction. We contirmed this nu
merically by obtaining two data sets from initial conditions 
identical except for the sign of the initial twist. Throughout 
the run the arrays of /I and I' concentrations were identical. 
after milTOring one of the array's indices about the periodic 
1100r-ceiling (i.e .. restacking the horizontal planes of the array 
in opposite order). 

Ulli/(Innily 
Our left-twisted nearly straight initial conditions developed 

into radially expanding left helices (unless the initial twist 
II'() < threshold'. Throughout the development of the helices. 
we expect that curvature. torsion, twist. spin rate. and veloc
ity will remain uniform along the length of these filaments 
because every section of filament is in vinually the same sur
roundings as any other section of filament. so the uniformity of 
the initial conditions should be preserved. In fact. developing 
into a helix is the anly way in which the filament can retain 
uniform local geometry while increasing arc length. 

In the cases of curvature and torsion. this expectation was 
fulfilled numerically. We employ a first-difference method to 
determine the arc length derivatives of the local tangent vec
tor (yielding the curvature) and binormal vector (yielding the 
torsion). In the case of helices. the constant (with arc length, 
values of curvature and torsion can be determined analytically 
a second way from the relations: 

k= __ a_ 
(a~ + bZ) 

b 
and t= (az+b~) 

(see Appendix II. [10]) 

where a is the radius of the cylinder around which the he· 
lix winds. and h (rise per radian' is H /211. H is the fixed
integer venical dimension of the lattice. divided by a scaling 
factor (1.5 (grid pointsHsu,-t for kinetics A and B. 4 (grid 
pointsHsu,-1 for Oregonator kinetics). Radius a is evaluated 
from the xis' and ;:(s) Fourier harmonic representations of the 
filament: the first-harmonic amplitudes are the same within 
a few percent (the noise level of the numerical assay) and 
exceed higher harmonics by two orders of magnitude. This 
second method generally gives more reliable results than the 
first·difference method in the case of very slight curvature and 
torsion: otherwise the two methods yield similar values. and 
serve as another internal consistency check for our procedures. 

Our notion of twist. as the measured rotation of the state 
variable gradient with arc length. we expect to be identical 
to the analytically derived torsion in all the helices we ob
served to arise spontaneously from initially twisted uncurved 
filament. This follows from the definition that torsion measures 
the mte of rotation with arc length of the binormal vector. and 
the observation that in our spontaneously arising helices. rotor 
phase with respect to the local Frenet frame is constant with 
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Fla. 10. Here we show VII at all 100 stations along a helix. from 
the side (a) and the top (b). The gradient vectors arc normalized 
to great length but represent conditions only within small spheres 
around filament stations as indicated in Figs. 8 and 9. NOle that the 
gradients complete one full cycle of twisl belween the periodic floor 
and ceiling. This poruait is from carlyon in a run. and the inlegral 
of twisl IS nearly one. 

arc length. (This latter condition is by no means a necesSal)' 
state of affairs: see Appendix II for descriptions of other kinds 
of helices in which the condition does not hold.) Hence. at any 
given time the state vari~ble gradients will be found in a con· 
stant relation to the binonnal vector all along the filament. and 
the indicatrices of each must sweep out at the same rate. Thus. 
for this particular class of helices. which just so happens to 
include all of those we observed to arise spontaneously. we are 
able to make the useful and simplifying identification of twist 
and torsion. This provides a second method for checking our 
!Wist measurement procedures: and. in fact. our measured rates 
of !Wist usually agreed closely with the calculated torsion. wilh 
the exceptions discussed next. 
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Fla. I J. In Ihe formal of Fig. 10. the laleral displacement veClors 

arc shown at all 100 stations along the same helix. from the Side. 
and again from above. A curve connecting each of the gradient tips 
is just the position of the filament in the next snapshot. In (a) the 
helix is rapidly expanding. and mosl of the motion is in the negalive 
normal direction: in (b) the helix has altained its final radius (in this 
case stabilized against the no-flux walls). and most of the mali on i~ 
in Ihe binormal direclion (drift). In both cases all mOlion is purely 
laleral 10 the filament (by slipulation). NOle the arrowhead orienting 
the filamenl forward. 

In addition to curvature and torsion. !Wist and both nor· 
mal and binonnal components of velocity were observed to 
stay fairly unifonnly distributed with arc length along the fil· 
ament throughout the evolution of the helices. In some cases 
the twist showed a fourfold fluctuation along the filament. sug· 
gesting an artefact imposed by the discrete grid. or perhaps. 
in a few instances. an effect of nearby no-flux array bound· 
aries. In these cases. depending on the kinetics. only one state 
variable typic~lly exhibited the fluctuations. which were cen· 
tered about the more continuous values provided by the other: 
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F,o. 12. The spin rate of Oregonator rotors in a twisted filament 
of slight curvature. not long after initial conditions. varies linearly 
with w: (except for failing to extrapolate perfectly to w = O. the 
two-dimensional casc.) A similar plot against Iwl is conspicuously 
p3J'abolic. These data may be suspect. as they were obtained early on 
in the runs. when the rOlor is adjusting to its twisted environs. 

averaging twist values for either variable over the length of 
the filament almost always yielded close agreement with the 
theoretically expected values. Our measure of twist diverged 
significantly from expected values only in some of our most 
highly twisted filaments. where it was observed that the pivot 
core (area of near-equilibrium u concentration) expanded so 
much that any gradients evaded our gradient sampling radius. 
In the majority of snapshots. however. our measured values 
for curvature. torsion. and twist were quite uniform along the 
filament. and agreed closely with theoretical expectation. like
wise. our measured values for normal and lJinormal velocities 
were quite uniform with arc length. These helices should there
fore provide a relatively uncluttered testing ground for putative 
laws of filament motion. 

History dependence? 
It was observed that twist and curvature affect the rOlOr' s 

period and motion. presumably through subtle alteration of 
inner concentration profiles. though this is not conspicuous 
in Fig. 8 by comparison of panels 8b-8h with panel 80. A 
slice perpendicular to the filament in an Oregonator helix. re
moved to a two-dimensional array for continued evolution as 
a radial slice through an untwisted scroll ring of the same 
curvature (procedures described in refs. 24 and 48) required 
3-4 rotations to adapt to w = O. (Evidently twist is neces· 
sary in maintaining altered core structure.) On this account 
we do not place much reliance on data obtained from the first 
few rotations after initial conditions constructed from the two
dimensional rotor with w = O. We do not really know whether 
the rotor in some of the more rapidly changing helices adapts 
quickly enough to changing (k. w) so that V •• Vb. and CIl can 
be considered instantaneous functions of (k. w). independent 
of history. The only way to answer this would be to observe 
V •• Vb. and w while passing through the same (k. w) along a 
different trajectory in the (k. w) plane. A way to do this has 
been discovered (see Appendix II) but not yet implemented. 

Dependence of spin rate on twist. in the absence of curwlture 
If we accept the conservative criterion mentioned above. 

that the first few rotations after initial conditions should be 
discarded. this functional dependency was not reliably mea· 
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FlO. 13. The spin rate of kinetics A rotors in a twisted filament of 
slight curvature. not long after initial conditions. varies linearly with 
Iwl. A similar plot against wl is conspicuously parabolic. These data 
may be suspect. as they were obtained early on in the runs. when the 
rotor is adjusting to its twisted environs. 

surable. because curvature develops rapidly except in the few 
cases of subthreshold twist (in which the effect on spin rate 
is quite small). But taking results at fa~c: value anyway. rotor 
spin rate CIl increased linearly with wZ by about 20% in Oreg. 
onator kinetics as anticipated by Keener (18) (Fig. 12). but in 
kinetics A at small w. spin rate increased distinctly linearly in 
Iwl (by about 10%) as anticipated by Oavydov et 01. (32) (Fig. 
13). In kinetics B the increase (about 100%). while dramatic. 
was not clearly proponional to either Iwl or wZ (see Fig. 24 
below). 

Threshold twist for sproing inlO helical shape 
In the Oregonator. below a cenain threshold of twist noth· 

ing much happens. a slightly twisted uncurved filament re
mains at rest. In fact. small deviations from straightness (re· 
suiting from imperfect interpolation between rotated layers in 
the initial conditions) smooth out. supponing the notion that 
straight filaments are stable. and that this stability is not dis· 
rupted by small amounts of twist or curvature. This thresh· 
old value is about 0.3 rad'(su)-I (about 0.6 full turns per 
wavelength) in our Oregonator computations. Filaments ini
tially more twisted than this were observed to sproing rapidly 
into a helical form. 

In kinetics A. the corresponding threshold is beTWeen 0.1-
0.2 rad'(su)-I (0.5-1.0 full turn per wavelength). 

In kinetics B. expansion was observed in initiallr straight 
filaments with initial twist as low as 0.068 rad·(su)- (0.4 full 
tum per wavelength). We did not examine cases less twisted 
than this: no threshold was determined. 

Mikhailov et 01. (31). Oavydov et 01. (32). and Panfilov 
et 01. (33) found that uncurved twisted filaments somehow 
disintegrate if twist exceeds a threshold: this is a different 
threshold far outside the one considered here. We believe their 
threshold is the right-hand fence shown in Fig. 18. We do not 
know why they did not observe evolution into a helix. 

We believe the existence of a threshold for twist-induced 
sproinging is one of the most striking findings of the present 
investigation. The threshold is unanticipated analytically. and 
in fact is prohibited by [I) if 02 > O. 

Initial sproing mechanism 
To examine the initial development of helices in Oregona-
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tor kinetics we used a~ the first snapshot a core of array points 
surrounding the rotation axis used to generate the initial condi
tions. (This departure from our usual procedure was necessary 
because the first 'pivot core' snapshot wa~ available only at the 
end of the first rotation. when the filament is already helical.) 
The lateral displacement between this 'straight' filament and 
the resulting helical filament one rotation period later points 
along the gradients of v in the initial core. If this lateral dis
placement (averaged over one rotation period) represents the 
initial depanure of the filament. then the direction of the initial 
movement is parallel to the \' gradient vector. We cannot think 
of any mechanism that explains why this should be so. In any 
event. the correlation provides strong evidence that the direc
tion of movement from our initial conditions is not arbitrar
ily directed by slight fluctuations in Frenet-frame orientation 
along an initially uncurved filament. An unexcluded interpre
tation of this initial displacement is that each two-dimensional 
rotor used in building the initial conditions becomes slightly 
deformed by diffusion from the more advanced and more re
tarded adjacent rotors along the twisted filament. and so its 
pivot is slightly displaced. Regardless of the direction of that 
displacement. in the case of w < 0 the locus of displaced 
pivots must be already left helical. Thus. in principle we may 
not be able to examine the limiting case k -+ O. The initial 
built-in curvature then increases or decreases depending on the 
magnitude of twist relative to threshold. 

The production of left·handed helices by negative twist. and 
its converse. resemble the response of mechanically twisted 
elastic objects. The same anatomy is created by twisting an 
initially straight segment of garden hose. Viewed from the 
end. any locus of uniform phase (a cylinder element of the 
original. untwisted core) periodically appears along the inner
most and along the outermost pan of the helical tube. One coil 
of this helix thus differs from an untwisted scroll ring in the 
way that a lock washer differs from the corresponding uncut 
annular washer. Although scroll filamenl~ are not material en
tities susceptible to stress. the corresponding behavior is not 
surprising. as in both cases twist is relieved. in the one case 
lessening concentration gradients. and in the other. strain. It is 
possible for a left-twisted filament to develop as a right helix 
(Appendices II and III) but this seems unlikely to evolve from 
nearly straight initial conditions. We have obtained stable he
lices of this latter son from rather different initial conditions, 
but their twist remains nonuniform and they remain to be stud
ied in a later publication. 

Expansion or eontrae)ion of the helix. da/dt == -Vn 
V.(k. IV) plays the key role in the equations of evolution for 

helical organizing centers (Appendix Ill). This motion turned 
out not at all as we expected. causing 1-2 years delay in the 
presentation. while all manner of control experiments and re
calibrations of the numerical procedures were conducted. The 
results persist and we do not pretend to understand them. They 
are presented here as three separate cases: the equal-diffusion 
Oregonator kinetics. then single-diffusion kinetics A and B. 

Figures 14. 16. and 18 show the (k. w) plane for these 
three media in succession. The axes are calibrated in the 'space 
unit" of each medium (Appendix I). but more meaningful units 
renormalized by the wavelength of Ihe uncurved. untwisted 
(two-dimensional) rotor are indicated. Cenain regions of the 
(k. 1\') plane represent conditions. which we believe are inap
propriate for the investigation at hand. The following areas are 
considered suspect. 
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FlO. 14. On the (Ie. w) plane (showing only the negative.twist side. 
flipped over), a circle of radius proponional to - V. (expanding away 
from the center of curvature) is plolted for each snapshot in the evo
lution of Oregomuor helices. marking semicircular trails at intervals 
of 2.5 lU (about one rotor period) up from initial conditions ncar 
the k = O. high·twist axis. Initial twist is marked by an asterisk. 
The w = 0 axis is also dccorated with circles reHecting the well
established conU'llCtion rule V. = +Dk: these are dOlled as a reminder 
of their sign: opposite to those with twist. Shaded regions are believed 
to be off limits for this investigation. for various reasons discussed in 
the text: in addition. the first several snapshots in each trajcctory may 
not provide reliable data. The helix in (a) was run in a shoner (= 
more twist) but wider (2·fold) box. compared to the helix in (b). In (e) 

we plot all Oregonalor helices. regardless of their final distance from 
the box walls: some of these evidently stabilized against the no-Hux 
boundaries. Initially more twisted filaments sproins up faster. those 
with I<' < 0.30 rad'(su)-I about 0.75 full tum/wavelength never 
sproinS and collapse back onto the k = 0 axis. 

(i) Above k = 2ft/]..;.,. because the scroll filament cannot 
bend more sharply without radically altering the anatomy of 
the rotor circumscribed by a circle of perimeter Ao around the 
filament. 

(ii) below some very small positive k: we cannot get quite to 
the k = 0 axis owing to imperfeCtions of our initial conditions. 
and k < 0 is meaningless. 

(iii) Inside the iso-a contour representing a = (box widthl2) 
- (the range within which filament behavior is affected by an 
impermeable wall). In kinetics A there is no such range: walls 
have no effect. In kinetics B with parameter g here set to 
0.77. it is roughly the rotor radius. Ao/2ft: rotors tend to stand 
off this far from a wall while rolling along it. But our initial 
conditions for kinetics B were helices of large radius. which 
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FlO. 15. Helix radius a is plotted against time for four Oregonator 
helices. iIIuslnlting the restraining effect of a no-nux boundary. In (a) 
the box height ('" inilialtwist) is the same for both (11.5 suI, but the 
box half-widths arc 10 su (circles) and 20 su (squares). Expansion 
of the helix in the smaller box is slowed when the filamem comes 
within 5-6 su (about a rotor diameter) of the wall: this agrees with 
the behavior of two-dimensional rotors compar.lbly near a wall. In 
(b), the curves diverge from the beginning: again the box heights arc 
the same (14 suI, but the box half-widths arc only 10 su (squares) 
and 6.4 su (circles). Hence, the filament in the smaller box is within 
a rotor diameter of the walls almost from the stan. and appears to 
stabilize III about 4 su from the no-flux boundary, 

contracted toward the interior of the box, promptly removing 
themselves sufficiently far from walls. In Oregonator kinetics 
the range is roughly 0.4 Ao (6.5 space units) and we used 
boxes of half-width 6.4, 10, or 20 su: about Ao/3 (too small, 
in retrospect), 2Ao/3 (adequate until helix expands to radius 
3.5 suI, and 4Ao/3 (adequate until helix reaches radius 13.5 
su». These limits are indicated by a shaded region bounded 
by the appropriate iso-a contour, in Figs. 14, 18, and 24. 

(iv) To the outside of Iwl =. about 80, 60. and 200 de
grees per grid plane (in Oregonator. A. and B, respectively) in 
the discretized implementation. As mentioned above. adjacent 
two-dimensional rotors separated by more than that juxtapose 
the wave front of one with excitable regions behind the refrac
tory wake of the other. resulting in unwanted backfiring propa
gation. For Oregonator kinetics we used 4 (grid points)·(su)-t. 
and for kinetics A and B. 1.5 (grid points)o(su)-I. so these lim
its are. respectively. 5.5. 1.6. and 0.5 rad·(su)-I. or 14,8. and 
3 full turns per wavelength: it is conceivable that rotors and 
surrounding spiral waves adapted to rwisted environs change 
shape in a way that evades this difficulty, but we conservatively 
reject data exceeding this rwist anyway. 

1/>'0 -

VI (RAO/SU) 

FIG. 16. Similar to Fig. 14. but representing the expansion of kinet
ics A helices AOI. A02. AOCF and AP31-34. A03 and A04 in order 
of decreasing initial twist. Kinetics A rotors do nOi exhibit any altered 
behavior near no-flux boundaries. so no critical iso-a boundaries arc 
shown. AP31-34 was Slaned nOi from straight initial conditions. but 
from preformed helical initial conditions: it contracted along the same 
semicircle used by AOCF for expansion. both converging toward a 
stable radius. A04. staned with about 0.12 rad'(SU)-1 twist. is below 
threshold. 

(v) To the right of such extreme twist that the wavelength 
is forced below the Am,. observed in the dispersion curve (Fig. 
2). We do not know how to calculate this beforehand, since 
twist also shonens rotor period by amounts that we can observe 
but not anticipate. However. we can estimate this shonening 
simply by the geometry of the initial conditions (see (3). Ap
pendix n, and Fig. 25). This limit seems typically on the order 
of one full rotation per wavelength. 

(vi) The first few rotation periods of the vonex while it 
(initially a two-dimensional rotor) is adjusting to circumstances 
in a rwisted filament. For this reason the first few snapshots 
in each of the presented trajectories in Figs. 14-19. and 21 
should be regarded with suspicion. 

Orl!gonalOr kinetics 
Taking a cue from theory. we wanted a medium with both 

diffusion coefficients equal. Kinetics B ceases to propagate 
waves under those conditions. Kinetics A behaves well with 
equal diffusion (26. 45. 46). but the rotor's wavelength roughly 
doubles, requiring an eightfold increase in computation time 
to retain comparable 3D box dimensions. So we turned to the 
Oregonator model of the Belousov-Zhabotinsky chemically 
excitable medium. anticipating the additional advantage that 
whatever is found computationally might also be tried in the 
laboratory. 

In two-dimensions. Oregonator rotors (k = O. w = 0). like 
FitzHugh-Nagumo rotors (51. 52), back away from walls to 
a distance of about 0.4Ao = 6. 5 suo Rotors in excitable me
dia have never been observed to be affected by objects more 
remote than this from the pivot. presumably because the outgo
ing wave fronts periodically reset the medium, erasing what
ever inHuences might creep inward toward the source. As
suming that twisted and curved filament is no more sensitive 
to boundaries than this, we bound the admissible window of 
(k. w) for experiments in a box of side 40 su by semicircle 
a = 20 - 6.5 = 13.5 suo and in a narrower box of side 10 su 
by semicircle a = 3,5 suo Helices with radii larger than these 
limits may have their motions inHuenced by the no-Hux walls. 
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FIG. 17. Radius a ploued against time for lhe kinetics A helices 
shown in Fig. 16. except for subthreshold A04.ln (a), AOI (asterisks) 
and A02 (triangles) rapidly expand wilh constant v., unaffected by 
walls. and unvarying as a, k, and w change: V. = feb). AOJ (circles) 
and AOCF (squares) wobble toward lheir asymptotic radii. In (b), 
AOCF (squares) and AP3I-34 (circles, started as a large diameter 
helix) approach lhe same asymptOle from opposite sides. It may be 
physically notewonhy lhat lhese wall.independent sL1ble radii do not 
exceed lhe rotor core radius. 

A distinct threshold of twist was observed at w = 0.3 
rad'(su)-I = 4.6 rad·(wavelength)-I = 0.63 full tum·(wave
length)-I, beyond which our initial nearly straight filaments 
sproing promptly into radially expanding helices, and below 
which any initial deviation from straightness damps out. Of 
about 20 experiments, the most informative were the follow
ing. 

Helices OOPI and OOP6 in boxes of the same height, thus 
having the same initial twist, rapidly expanded from initial 
near straightness, then more slowly upon passing radius a = 6 
su (see art) in Fig. 15a). In the narrower box (half-width 10 su) 
this occurs at a distance 4 su from the wall, but in the wider 
box (half-width 20 sUI at a distance 14 SU, so this flexure in art) 
is evidently not a reaction to wall proximity It may be pointed 
out that the Oregonator rotor diameter as defined by 'Ao/7t is 
about 5 su, and the distance at which the rotor is observed 
to 'feel' a no flux boundary is about 6.5 su; so perhaps the 
slowing of the radial expansion at radius 6 su is somehow 
related to the interference of the rotors in the interior of the 
developing helix. 

Helices OOP3 and OOP3Z, also in boxes of the same height 

= o. en 

" 

W (RAD/SU) 

F,G, 18. Similar to Figs. 14 and 16 but for lhe single kinetics B 
helix that satisfied our criteria for acceptance. This was started wilh 
helical initial conditions at radius 14 su (slightly greater lhan a rotor 
diameter), lhen contracted (mostly during lhe first 9 rotations) to 
apparently stable radius a = J su (see Fig. 19). It may be physically 
notewonhy lhal this wall-independent stable radius, like lhose found 
in kinetics A. is less lhan a rotor core radius. As before, positive V. 
is indicated by dashC<l circles. and negative V. by solid circles. In B 
kinetics Ilntwistcd scroll rings expand, but slowly V. = -0.002 Dk: 
lhe radii of lhe w = 0 circles indicating this expansion are scaled 
wilh a factor 100 times greater lhan lhose used to show contraction. 
It is difficult to imagine contour lines smoolhly threading all lhesc 
data: certainly nolhing like Fig. I b will serve. Note lhe shaded region 
right of w = O.S rad.(su)-': B kinetics at lhe parameters used has 
a large excitable gap, so cannot be twisted more than this amount 
wilhout numerical backfiring. 

and with the same initial twist, showed that initial growth rates 
are already different at radius 0 (6.4 su from the wall in the 
narrower box) (see aCt) in Fig. ISb). 

Since uniformly curved but untwisted filaments are known 
to move at speed V. = Dk, but all observed helices are ex
panding (V. < 0) there must be a locus V. = 0 between 
the iso-b arcs of these expanding helices, and the contracting 
rings on the vertical k axis (see Figs. 14 and 20b). In these 
Oregonator experiments the locus would be exposed only by 
running larger boxes than feasible on the memory available 
to the John von Neumann centre's supercomputers. The ori
gin (two-dimensional rotors at k = 0, w = 0) and the twist 
threshold point at k = O. and presumably the line segment 
connecting them, also have V. = O. Similar features will be 
observed below in kinetics A. 

Additional experiments in narrower boxes produced helices 
of stable radius just inside the no-Hux walls; in narrower boxes 
or shoner boxes (more twist), the helical filament presses 
closer against the walls. Curiously, there wa.~ no detectable 
Hattening of any helix against the walls: as viewed from above, 
all arrested in perfectly circular form. 

The stable confinement does not seem to be rJ, idiosyn
crasy of strictly equal diffusion coefficients, or of the partic
ular parameters used in these Oregonator computations: other 
experiments using unequal diffusion coefficients (D2 = 0.6) 
and different parameters if = 1.5, and rate factor 50 in (5) 
replaced by 100) also gave rise to a stably confined helix of 
radius 3 su in a cube of edge length 10 suo 

It wa.~ naively expected that with equal diffusion, evolution 
would be dominated by the contraction of any curved filament 
toward its center of curvature. But that expectation was derived 
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from the reaction-diffusion equation in the absence of twist. 
In the presence of twist. conclusions differ according to the 
appro1timation attempted. The implication of Keener (18) in 
the case of equal diffusion (I J. with curvature and twist given 
by (IOJ. is that only helices of sufficiently large radius need 
contract: in the limit of a ;$> b. V. = D la. but in the opposite 
limit of a « b. V. = -a2IbJ• i.e .• if a2 > 0 then helices of 
small radius expand indeed. at finite speed with indeterminate 
direction. (We hope the reader will not be confused here and 
elsewhere by the unfonunate juxtaposition of Keener's aj no
tation. and our symbol a. which traditionally represents heli1t 
radius.) Equilibrium should be struck at 

(4J ~=aoq(I+(a;)1) =a<qc;r 

Differentiating V.(k(a. b). w(a. b» with respect to a. supposing 
a perfectly helical shape maintained at fi1ted b. we find that this 
is a stable equilibrium. Equation (4J also requires aoq < adD 
(since Loq > H). More e1tactly. noting that D = I (sU)2·(tU)-1 
and that in a box of height H = 27th = II. 5. aoq (if any 
exists) > 8 suo this interpretation places a lower bound of 
about 160 (su)J·(tU)-1 on the magnitude of a2. At the moment 
there is no independent estimate of a2 but when one becomes 
available from observing the contraction of a circular planar 
scroll ring with uniform nonzero twist. the comparison will 
test the reliability of (I J. 

We tum now to experiments using a medium whose rotors 
are nOI affected by the impermeable boundaries. 

Kinetics A 
Si1t of our 20-some numerical e1tperiments with kinetics 

A remain visible within the technically admissable region of 
the (k. w) plane (Fig. 16). The others generally suppon the 
observations reponed here. The six arcs are: 

(j) A04 (not counted as a 'heli1t') remained straight in a box 
of height 50 su (about 1.6 wavelength) and so appears only as 
a point. not as an arc. in Fig. 16. This amount of initial twist 
is apparently below threshold. 

(ii) Helix A03. expanding ever more slowly toward radius 
about 1.7 su (only 1/6 rotor radius: nearly straight.) This helix. 
like all the others. was constrained by its box height to the 
same coil height (periodic boundary conditions); the height 
H = 27th here is 23.3 su = about 3/4 wavelength. with initial 
twist Wo = II b just beyond threshold. 

(jji) Helix AOCF in a slightly shoner box (H = 20.7 su 
= about 213 wavelength). expanded ever more slowly toward 
radius 4.3 su (see aU) in Fig. 17). 

(iv) Helix AP31. in the same box but preformed as a helix 
of radius 8 suo contracted from radius 8 to radius 6 at nearly 
constant speed 0.0058 su·(tU)-1 (see Fig. 16. and all) in Fig. 
17). We interpret this as a demonstration of the stability of 
a helix of radius about 5 su (116 wavelength) in this box of 
half-width 11.5 suo 

(v) Helix A02 in a still shoner box (H.= 16.7 su = about 
1/2 wavelength). e1tpanded at constant speed 0.033 su·(tU)-1 
to radius 10 su (see a(1) in Fig. 17). This speed did not abate 
during collision with the box wall. In a rerun in a box of 
twice the width. exactly the same a(/) was obtained. but the 
unvarying slope persi';led to radius 19 suo 

(~i) Helix AO I in a still shoner box (H = 13 su = about 
215 wavelength). expanded at constant speed 0.12 su·(tU)-1 to 
radius 10 su (see aCt) in Fig. 17). This speed did not abate 

during collision with the bo1t wall. In a rerun in a box of 
twice the width. exactly the same a(1) was obtained. but the 
unvarying slope persisted to the end of the run at radius 19 suo 

In all the above. V. < O. It is also known that in untwisted 
scroll rings V. = 0.9k > 0 with w = O. We also observed that 
filaments less twisted than a threshold amount between 0.1 
and 0.2 rad'(su)-I remained straight: only those more twisted 
developed (and rapidly) into helices. Thus. V. = 0 to the left 
of that threshold on the k = 0 twist 31tis (and probably negative 
just above it). and is positive to the right. 

As in the Oregonator. a zero-velocity contour apparently 
lies somewhere between the curvature (no-twist) axis and the 
descending iso-b arcs from very twisted initial conditions in 
Fig. 16. Zero-velocity contours must pass through the stag
nation points of helices with stable radius. which seem to be 
(examples given at radii 4.3. 1.7. and 0 suI strung out in an 
arc cutting the twist axis at the threshold for helix formation. 
The origin must be a point of zero velocity. Evidently. V. 
must remain zero along the twist (no-curvature) 31tis between 
zero and threshold; and that is what we have measured. It is 
hard to imagine any simple contours that conform to these 
observations. Especially ve1ting is the region where iso-b arcs 
approach the curvature 31tis tangentially: apparently the V. = 0 
contour makes a sharp flexure as it approaches the origin. and 
(or) there e1tist two distinct zero-velocity contours emerging 
from the origin (Fig. 20). The description that we seem forced 
to give seems incompatible with Fig. lb. even in the shaded 
wedge that we cannot approach by numerical experiments. 

Planar scroll rings with N full cycles of twist locked 
in would be found along radial lines of slope liN on the 
(k. w) plane: e.g .• untwisted rings (N = 0) occupy the w = 0 
axis. and once·twisted rings occupy the 45° diagonal. appar
ently crossing the V. = 0 contour. Evolution toward the origin 
along this radius corresponds to expansion. already observed 
in helices on the far right of the (k. w) plane. And on the 
other side of V. = O. contraction must be expected. It will 
be of interest to check whether small rings bearing twist do 
indeed expand to the predicted stable radii. 

It seemed a good idea to ask whether the behavior we ob
served in filaments with uniform twist is generic. or possibly 
an idiosyncrasy of strictly uniform twist. so we repeated sev
eral of the above e1tperiments with initially straight filament~ 
of sinusoidally widely varying twist (letting the twist at height 
~ = (2ltIH)(1 +cos(2ltzIH»). The twist became uniform af· 
ter about 10 rotations. with final results similar to the above. 
Might this peculiar behavior then be unique to Orcgonator ki
netics and kinetics A? We repeated some of the e1tperiments 
using kinetics B. an e1tcitable medium similar to kinetics A in 
mathematical form (see Appendix I). but distinguished from 
A in that vonex rings without twist expand and and bear sub
stantial binormal velocity (see under Drift below) rather than 
contracting with essentially no binormal velocity as in kinetics 
A. Kinetics B differs also in that the rotor's period lies far out 
on the wave speed plateau of the dispersion curve rather than 
in the constant·period region as in kinetics A (see Figs. 2b and 
2c). 

Kinelics B 
Figure 18 shows the (k. w) plane with boundaries corre

sponding to those deployed above. Along the k axis (w = 0) 
V. = -0.002 k: rings slightly expand rather than contracting. 
so curvature decreases rather than increases. Though the e1t
pans ion is weak. it is no mistake: in kinetics like B. untwisted 
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Flo. 19. Radius a plaited againsl lime for the B kinelics heli~ of 
Fig. 18. A stable radius appears 10 be achieved al aboul 3 suo con
siderably smaller Ihan the rolor radius of aboUI 6 SUo 

rings vary smoolhly from slrong contraction through neutral
ity to strong expansion as a parameter (g; sec Appendix I) 
is decreased (20). Behavior in this regime is spot-checked in 
Fig. 18. Along the w axis (k = 0) V. > 0: helices develop. 
and curvature initially increases. just as in the foregoing two 
excitable media. No threshold was found. down to w = 0.068 
rad·(su)-I. Evolution of a single helix is shown: 

Helix BOPI. with binormal velocily indistinguishable from 
O. contracted at speeds V. = -H>_ 04 to O. from an initial radius 
of 14 su toward an apparently stable radius of 3 su (see aCt) in 
Fig. 19). Locus V. = 0 must fence off this arc from the venical 
axis where V. < O. while passing through the right end of the 
arc. The origin may be an isolated zero (Fig. 20a). In contrast. 
the observed behavior of helices in Oregonator kinetics and 
kinetics A suggests V. = 0 loci resembling Fig. 20b. Figure 
20e suggests how the change might be mediated during smooth 
adjustment of the local kinetics (as might indeed be carried out 
using parameter g of kinetics B). Except on the w = 0 axis. the 
region around the origin cannot be explored by our methods. 

Drift. Vb 
In addition to a radial expansion. the kinetics A and Orego

nator helices exhibited an apparent axial 'drift' which persisted 
even when the helix attained its final radius. Our use of the 
term 'drift' here is meant to be an extension of the same term 
used previously in repons on planar scroll rings. where it sig
nified a motion perpendicular to the shrinkage and parallel to . 
the axis of symmetry. The two cases do not exactly coincide. 
for motion along the symmetry axis in a drifting ring is entirely 
in the binormal direction. whereas in the helix, the binormal 
vector diverges from the central axis by an amount related 10 
the pilch (see Appendix II. [14J). Considering helical drift 10 
be purely translation along the central axis implies a tangential 
component of filament motion. which we believe to be spu
rious; so we instead consider helical drift to be just binormal 
motion. and propose that the term 'drift' be synonymous with 
motion in the binormal direction. 

Having attempted to plot contours of normal velocily 
V.(k. w). we can now attempt the same exercise with binor
mal velocily. We measure this drift by monitoring Ihe angular 
velocily 0 of the point where the helix meels the periodic 
Hoor-ceiling; Vb = OI,j(l/a2 + I/b2»)-1 sU·(tu)-1 (see Ap-

pendix II. 114 J). We also use the binormal component of our 
more laboriously oblained displacement vector. Comparing the 
two results provides yet another internal consistency check on 
our procedures. 

The (k. w) planes for kinetics A, B. and Oregonator were 
prepared as in Figs. 14. 16. and 18 above. but along each iso
h evolution arc Vb wa~ plotted instead of V •• e.g .• see Fig. 
21 for Oregonator data (A kinetics similar and not included; 
Vh = 0 for all B kinetics helices we observed). The results are 
quite a bit simpler: Vh is essentiallr constant along each iso-b 
arc: Vb =f(h) =f(lwl[(w2 +k2>r ). Figures 22 (Oregonator) 
and 23 (kinetics A) show thatf is roughly linear in (threshold 
-lIb). Its slope in units of I{(rotation period) is -0.6 per 
period for the Oregonator and -0.3 for kinetics A. In kinet
ics B. with no clear threshold. Vb was indistinguishable from 
o after initial transients. Drift in expanding (negative Frenet 
normal direction) Oregonator and A kinetics helices turns out 
to be in the negative Frenet binormal direction; in B kinetics. 
a~ just mentioned. drift is nonexistent. In contrast. untwisted 
scroll rings with the present version of the Oregonator exhibit 
no drift. and A and B kinetics scroll rings drift in the positive 
binormal direction. Thus even the slightest final twist observed 
in these experiments (about 0.01 rad'(su)-I = 1{40 full tum 
per wavelength) had a profound effect on drift in all three ki
netics. Unless the uncurved. untwisted two-dimensional rotor 
is ungeneric. being a singularily in the dependence of Vb on k 
and IV. this constancy of Vb along each iso-b arc cannot con
tinue along all the arcs as k and w both finally approach zero. 
But it holds very well over the ranges observed. in violation 
of all possibilities we had contemplated; for example it cannot 
be any linear combination of k and w2 a~ in ref. 18. 

In kinetics A and in the Oregonalor. untwisted scroll rings 
show no binormal velocily. and uncurved filaments have no 
assignable binormal direclion. so evidently both the curvature 
and twist axes on the (k. w) plots are conlours of zero binormal 
velocily. However. binormal velocily is grealest in large-radius 
helices produced from very twisted initial conditions (Figs. 
21-23). In these cases. as the helix approaches its greatest ob
served radius we must plot very slightly curved and twisted 
filaments that have substantial binormal velocily very close to 
the curvature axis on which we observe essentially zero binor
mal velocily. If binormal velocily is some continuous function 
of curvature and twist. then it seems it must decrease very 
steeply toward zero at curvatures and twists much closer to 
zero than we can study computalionally. Thus. we are forced 
not jusl by extrapolation but also by our data 10 contend with 
the same disturbing area about the curvature axis. that we en
countered above in connection with Ihe normal component of 
velocity. These observations seem incompatible with the ob
served stabilily of untwisted. uniformly curved vonex rings. 

Spin ralt! as a fune/ion ofk and w 
To complete this exercise the dependence of the spin rate CJ) 

on k and w should be ploned as in Fig. Ie. These data proved 
difficult to acquire reliably using Ihe Oregonator kinetics and 
kinetics A. because the changes are slight. Spin rate CJ) is di
rectly measurable by timing successive wavefront arrivals at 
a fixed station only before the helix develops from the initial 
straight filament. After it has developed. wave arrival times 
from the moving helix arc affected by a Doppler shift. which 
can be comparatively large if the change in CJ) is small. So 
it becomes necessary 10 examine contour maps of u or of v 
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Flo.20. (a) An allempt to infer locus V. = 0 on the (k. w) plane from the sketchy evidence of kinetics B. in which rings expand along the 
w = 0 axis. twisted filaments sproing helical from the neighborhood of the k = 0 axis. and one observed large helix contracts to a stable radius. 
In this and the following figures shading denotes positive V. (contraction). (b) An allempt to make generic sense of Figs. 14-17 by sketching 
the Vn = 0 contours(s) on a common (k. w) plane representing both kinetics A and the Oregonator. The iso-a and -b arcs are omiued near the 
origin for clarity. V. is observed to remain 0 along the k = 0 axis (straight filaments) up to some threshold amount of twist. at which point 
the V. = 0 contour must rise to thread stable helices of initially greater twist. Compared with filaments with initial twist just over threshold. 
filaments staned with lots of initial twist travel further along their iso-b arcs before slowing or reaching a stable radius. thereby bending the 
V. = 0 contour back toward the origin. However. the w = 0 axis (shrinking untwisted scroll rings. observed to be stable) must be surrounded 
by positive V.; therefore. we expect (by continuity) that a V. = 0 contour must divide this area from the expanding helices. The region near 
the origin. in which mathematical analysis has given results like Figs. Ib and Ie. remains unexplored. We cannot imagine any scheme to 
accommodate our observations in terms of smooth and simple contours. (e) An allempt to metamorphose (a) into (b). Filament behavior is 
expected (and observed) to be independent of the sign of twist. so our speculations are symmetric about the w = 0 axis. Panel 3 resembles 
Fig. 20a; panel I resembles Fig. 20b. The intermediate panel 2 might represent a medium in which large rings contract and (not too-) small 
rings expand. e.g .. as given in refs. 5 I and 52. We have no idea what this diagram means. if anything. 

taken perpendicular to the helical filament. timing their rota
tion. This exercise was pursued only far enough to determine 
that the dependence is more complex than anticipated. In ki
netics B. conditions are more favorable for measuring 01. When 
both curvature and twist are present. the change in 01 is rela
tively large: binormal velocity is absent: and in the one case 
presented here the helix was contracting away from our timing 
station. thus any Doppler effect produced by V. would tend 
to lengthen the apparent period. but we observed a shonening 
of period (which we therefore could only be underestimating). 
Ncvenheless. our measured dependence of spin rate on curva
ture and twist (Fig. 24) failed to produce any clear functional 
relation. 

Conclusions and questions 
The hypotheses under test are that each segment of the 

curved and rwisted filament (supposing it is radiating waves 
outward and is far enough from boundaries and other fila
ments) moves in a way determined exclusively by its local ge
ometry. and that this geometry consists exclusively of the local 
k(s). tIs). and ..-(s). (See Appendix II for dk/d/. dw /dt. etc. 
derivations). Despite the apparent simplicity of our uniformly 
twisted helices' behavior. we cannot yet discern any straight
forward functional dependence of filament motion on local 
geometry. We are also impressed by the diversity of behav
ior exhibited by excitable media commonly taken as 'generic' 
representatives. In the face of this surprising subtlety. we feel 
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Flo. 21. Similar to Fig. 14. but plolting V. instead of V. for aU 
Oregonator helices. regardless of final distance to no-flux walls. As 
in the V. plors. all values are negalive: in untwisted scroll rings binor
mal velocity is zero. Binormal velocity remains remarkably constanl 
during the whole evolution along each iw-b semicircle. precluding 
description as a linear function of k and w!. 
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Flo.22. The mean V. on each arc of Fig. 21 (all Oregon.tor helices. 
regardless of final distance to no-flux walls) is plotted against b = 
H 12ft. Beyond a threshold. V. seems to be a linear function of b. 
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F,o. 23. Similar to Fig. 22 but for kinetics A helices. Again. past 
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Flo. 24. Spin mte (00) data for B kinetics arc arranged on the (k. 
w) plane. It appears that curvature alone has no affect on spin mte. 
whereas twist alone produces a marked increase in spin mte. Curva
ture and twist together dramatically increase spin mte. but the effect 
appears relatively constant over a wide range of (k. w) values. It 
would appear that any plausible contours near the origin must be 
sharply concave like hyperbolas. Note the increased scale for this 
plot compared to Figs. 14. 16. and 18. 

that the 'Iocal geomeuy' hypothesis remains plausible bUI has 
yet to face adequate testing. All three of these distinctive ex
citable media exhibil more complex behavior than sketched in 
Fig. I. 

Further investigations of the role of twist are required. These 
might adopt the following improved techniques and address the 
following questions: 

(i) The unit cell should be rectangular rather than square in 
cross section through its no-flux walls in order to reveal (by 
an asymmetry) any unexpected influence of boundaries on the 
expanding coil. 

(ii) The vonex rotation period. however slightly altered. 
should be accurately assayed from the angle of Vu or Vv 
compared to the filament's nonnal vector. averaged along the 
full coil. (This can only be done on helices of the type explored 
in this paper (J = 0: see Appendix III); for the other types 
discussed below. another method must be invented.) 

(iii) The construction of a planar. unifonnly twisted and 
curved ring would enable sampling of V •• Vb. and w along 
a diagonal line through the origin of (k. w). crossing many 
iso-b semicircles. The slope of the diagonal is the recipro
cal number of full twists locked into the ring. According to 
present evidence. a small twisted ring would expand. perhaps 
to a stable radius. rather than contracting to extinction as do 
untwisted rings in Oregonator and kinetics A. This experiment 
would provide a check on the history independence of values 
obtained during evolution along iso-b arcs. II would also check 
the possibility that something other than k and w (e.g .. torsion. 
t) distinguishes circular from helical filaments. which might 
account for the apparent incompatibility between helices and 
rings near the w = 0 axis. in regard to V. and Vb • 

(iv) In our three-dimensional initial conditions. each hor
izontal plane contains a rotor sandwiched between identical 
copies. which must continue as in two dimensions. pivoting 
about some point. As accurately as possible we chose that 
point as the pivot about which successive layers are rumed. so 
that the initial filament of pivots is straight. If we missed by a 
Iinle then the pivots are distributed along a helix of same hand-
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edness and height as the twist. Even if we did not. something 
similar will immediately arise. during the first rotation. As 
mentioned previously. a rotor sandwiched between a slightly 
advanced rotor and a slightly delayed rotor is subject to dif
fusion Huxes and so cannot do exactly as it does when they 
are absent (no twist): superimposed on its rotation is some 
slight displacement. or (same thing) it pivots about a slightly 
different point. This effect is the same in all layers. but sys
tematically rotated. So the first act of the twisted filament is 
to deform into a slim helix of the same hand and height as 
the twist. consisting of wave tips moving on circles about the 
displaced pivots. This may be how helices of the type ob
served spontaneously nucleate. But there are other helh types. 
In these others the (u or v) gradient vector does not keep pace 
with the filament normal vector but moves uniformly along 
one coil of the helix through any integer number of full turns 
(= +1 in the case studied above). Figure 8 was in fact ob
tained using such a helix. Or if the helix is not constrained by 
identification of the box Hoor with box ceiling. the periodicity 
of gradient vector rotation need not be an integer submultiple 
of the periodicity of normal vector rotation: the two may have 
unrelated periods. V •• Vh. and 00 can also be assayed along the 
(k. w) trajectories followed by helices of these other classes. 
which intersect the iso-b semicircles. The complete space in 
which the local geometry of a scroll filament is described is 
not (k. w) but (k. w. "t): for the class of helix studied here 
w == t but this is not generally true. See Appendices II and 
III. 

(v) It will apparently be necessary to distinguish the dis
tinctive dynamics of different kinds of excitable medium. This 
may be as simple as characterizing each by a handful of scalar 
values such as the nine coefficients of Keener's (18) analysis 
(three OJ in the special case of equal diffusion). Until this is 
known it would make sense to focus on just one or two specific 
media without varying their parameters. The equal-diffusion 
Oregonator is a good candidate because of its potential cor
respondence with laboratory experiments in the Belousov
Zhabotinsky reagent. Kinetics A is a good candidate because it 
requires relatively little computation time. Both function well 
in both single diffusion and equal diffusion extremes. 

The behavior of scroll filaments in excitable media cannot 
be predicted without understanding the role of twist. The fil
ament generically develops twist because rotors spin at rates 
that depend. among other things. on filament curvature (52). 
Gradients of spin rate caused by curvature or by spatial gradi
ents of kinetic parameters inevitably affect the changing distri
bution of twist. Since Itwistl itself enhances spin rate. twisted 
filaments serve as higher frequency sources that eventually 
dominate all other sources in the medium. Moreover. if there 
be even the slightest gradient of intrinsic parameters in an 
excitable medium. then spin rate must be expected to vary 
regionally. and twist. therefore. to accumulate until its effects 
become severe. The periodic wave train emitted by the twisted 
filament is forced along the dispersion curve toward or beyond 
the minimum spacing compatible with stable propagation (see 
dispersion curves. Fig. 2). both by the shonening of period 
and by the tilting of wave fronts in three dimensions (see Fig. 
25). This accumulation is mitigated by untwisting where the 
filament ends on a no-Hux interface. and by the coiling of the 
originally straight filament into a lengthening helix Elucidation 
of the role of twist is accordingly essential for understanding 
three-dimensional excitable media. 

The predicted scroll filaments have been demonstrated ex-

FIG. 25. Wave fronlS in our initial condition twisted stack of two
dimensional rotors. here seen in a plane containing the line of piVOlS. 
In an untwisted filament the wave fronlS are parallel to the filament. 
and are spaced by the two-dimensional wavelength Ao. Twist causes 
the wave front to meet tbe filament at an angle cII. and wave fronlS are 
forced together to spacing A. The dependence of A and Ao on twist. 
2rt/H. is described by (3) and in Appendix II. 

perimentally in myocardium (the excitable medium constitut
ing heart muscle) during the onset of fibrillation (35. 53). Their 
twist may playa role in spontaneous suppression or rapid de
velopment of fibrillation. Accumulation of twist may (in suf
ficiently uniform media) eventually extinguish the vonex or 
(in sufficiently inhomogeneous media) precipitate complicat
edly patchy conduction block indistinguishable from turbu
lence (called fibrillation when it occurs in heart muscle). This 
observation may be related to the relative invulnerability of 
healthy heart muscle to onset of fibrillation in the presence 
of physiological stimuli. the relative stability of rotors. once 
initiated. in two-dimensional preparations of heart muscle. and 
the spontaneity with which rotors tum to fibrillation in three
dimensional preparations with any significant degree of het
erogeneity. 
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Appendix I: Idlosyncrusies or three IdcaUzed excitable media 
Or~filonator with equal diffusion 

[n the Oregonator model of the Belousov-Zhabotinsky (BZ) chemical reaction as used here (two-variable 
form. with Tyson's 'Lo' parameters (19. 54)) both substances (u = bromous acid and v = ferroin) diffuse 
equally. This model has been shown to support propagation of a pulsclike excitation in one dimension (54). 
meandering rotors in two dimensions (23). and scroll rings in three dimensions (22. 24). all of which behave 
in many respects like their analogues in the BZ reagent. Still it should be borne in mind that this model is a 
severe simplification of the accepted BZ kinetics. and this has consequences (23. 24). To take a few examples 
pertinent to the prescnt study. at the parameter combinations studied Oregonator IOtOrs arc repelled by no-flux 
boundaries. whereas there arc no reports of such behavior in the BZ reagent. Also the Oregonator shows either 
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rotor meander or sponlancous bulk oscillation in all parameter ranges studied. whereas in a much-used range of 
BZ recipes neither occurs. 

The dynamics of the • propagator' variable (II) and the 'controller' or 'recovery' variable (\.) are described 
(19.54) by 

[51 

dll 50[ 'fi(II-0.002)] DV' 
dl = 11-11- - '(II+O.(02) + I -II 

In Ihis paper we allow bolh reactants to diffuse equally (DI = D2) as adequate approximation to potential 
laboratory experiments. and to facilitate comparison with analytical theory. which is much simpler when diffusion 
coefficiems are all the same. (More realistically. D2 would be 0.6 DI.) We adjust parameter f = 1.6 to avoid 
meander (lhe spomaneous motion of Ihe rotor's pivot along a circle with period different from the period of spin 
about that moving pi VOl (23». This tuning results in sponlaneous oscillation at a period 2-3-fold longer Ihan 
the rotor period. To achieve simple comparison with theory we scale the diffusion coefficients bolh to unil)' (I 
(su)1·(lU)-I). For comparison wilh a much-used preparation of the BZ reagent. I su is about 0.2 mm and I tu is 
about 20 s (23). In addition. we prohibit u from ever becoming less than 0.002. which increases computational 
efficiency by allowing a larger time step with lillie error (23). The time step was 0.001 tu (20 ms). The grid 
spacing was 1/4 su (50 micrometers): substantially shoner spacing and time step are required for larger values 
of the parameter here taken as 50. These increments. here and in the other kinetics. are chosen so thai in plane 
waves at least a few grid points simullaneously occupy the wavefront (lhe abrupt rise of u) and each grid poim 
spends at least a few iterations stepping through Ihe front. and liner discretization causes no dramatic change 
in one-dimensional wave speed or two-dimensional rotor period and wavelenglh. Oregonator concentration u 
ranges from about 0.002-{).8. and concentration \. from about 0.05-{).20 in waves emitted from Ihe rotor. 

Two-dimensional rotors and untwisted scroll rings calculated wilh Ihis version of Ihe Oregonator spin wilh 
a period of approximately 2.5 tu (2500 time steps). Ihrowing off waves wilh a spacing ~ = 15.5 su (60 
grid points): Ihus wave speed is 6.2 su·(tU)-1 (about 1/40 grid poim per iteration). We define Ihe rotor core 
diameter as ;";/rt = 4.8 suo Shoner waves travel more slowly. propagation failing at A.m. = 8 su (see dispersion 
curve. Fig. 2a). Thus. the critical box height for a once· twisted filament constructed from two-dimensional rotors 
(1/ H;". = I /~ •• - I/'J..f,; see Appendix II) is Htri. = 9. 3su = O. 6~. 

Three-dimensional scroll rings shrink at about 0.93 r- l ,su'(IU)-1 (22. 24). close to Ihe rate I/r (= Dk) 
Iheoretically expected in case of equal diffusion (33). The slight discrepancy observed in Ihose calculations 
might be due to Ihe presence of impenneable boundaries somewhat closer Ihan Ihe surprisingly large distance 
discovered in Ihis paper. at which Oregonator rotors are affected. In our computations Ihere is no drift. exactly as 
foreseen analytically (18. 21. 33. 55). Substamial drift even in case of equal diffusion was reponed by Winfree 
and Jahnke (24) but we now think that was an effect of nearby impenneable boundaries. 

Kine/ics A with single diffusion 

(6) 

The dynamics of the propagator variable (u) and Ihe comroller or recovery variable (v) are described by 

: = -u- v (+1 if II > 0.05)+DV2u 

dv II 

dl = 1: 
The faster (propagator) variable necessarily diffuses. but the slower (controller) variable may diffuse equally (as 

in chemical modelling) or not at all (as in electrophysiological modelling) wiih only relatively minor consequences 
for behavior. This wa.~ the first excitable medium used to examine stable rotor behavior numerically «45. 46) 
with v also diffusing: Ihe effect is mainly dilation of the rotor to about 1.7 its present diameter). For kinetics A 
in Ihis paper we allow only Ihe propagator to diffuse. as in refs. 31. 39. 44. 56-59. 

In Ihis kinetics Ihere are analytical solutions available for comparison wilh numerical evalualions of wave 
speed (57). These were used in testing the FORTRAN routines used here (44) and detennining Ihe number of 
(grid points)'(sU)-1 required for reliable solutions. The usual slandard in this laboratory for two-dimensional 
calculations is 2.0 (grid poims)'(su)-I (h = 0.5 sUI and 25 updates·(tu)-I (dt = 0.04 tu). In executing Ihree
dimensional calculations. to economize on memory and time requirements we use somewhat fewer grid pointsi(su) 
(1.5. still eight times more per unit volume Ihan in any olher laboratory). The main effect of coarser discretization 
wilhin this range is a slight diminution of wave speed (60). 

Wilh parameters as here stated there is neither spontaneous oscillation nor meander (which develops only if Ihe 
recovery rate is made much slower than 112). Concentration u ranges from -0.7 to 0.5 roughly. and concentration 
v from -0.1 to 1.0 roughly in waves emitted from Ihe rotor. Two-dimensional rotors and untwisted scroll rings 
spin with a period of 11.2 IU (170 time steps) throwing off waves wilh a spacing.;"; = 31.3 su (46 grid points): 
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thus wave speed is 2J! su·(tU}-1 (0.27 grid point per itemtion). We define the rotor core diameter as i..;,!rr = 10 
suo Shoner waves tmvel more slowly. propagation failing at A..n,n = II su (see dispersion curve. Fig. 2b). 
Thus. the critical box height for a once· twisted filament made from two-dimensional rotors ( 1/ H:n, = ( I ~'n) -
(1/'A,1) see Appendix III is Hen, = 11.7 'u = 0.371.0. 

In kinetics A wilh single diffusion uniformly curved filaments lacking twist shrink at speed V. = O.90Dk 
with no measurable Vh until the final moments of collapse. With twist. Vh is substantial and the period shoncns 
(by 10% at the greatest twist). 

Kinetics B with single diffusion 
Following kinetics A. this excitable medium is represented by a piecewise-linear two-variable panial dif

ferential equation. but its algebraic representation is more complicated; see ref. 61 and scores of subsequent 
publications varying most of its many parameters: see bibliographies in ref. 62. The particular version used here 
(30. 39. 44. 47. 48. 63. 64) is purely excitable without spontaneous oscillation 

[71 

du , 
dt = -feu) - v + D'V-u 

dv (u - v) 

dt = (0.55 if u < 0.01. 0.5 if u > 0.95, else 16.6) 

. 0.18 
flu) = 4u If u < -4-

( +g) 

= 15(u-1) if u > (15+0.lg) 
(15 + g) 

= (0. I - u)g otherwise 

Parameter g in/Cut. the piecewise-linear caricature of an S-shaped cubic. sets the threshold for excitation from 
eqUilibrium and so characterizes the medium's degree of excitability: normal at about 0.9. low at about 0.8. and 
incompetent to sustain propagation below about 0.73: we use it here at g = 0.77 to obtain a wide cxcitable gap 
between turns of the spiral wave. and corresponding near-independence of propagation speed on wavelength: the 
dispersion curve (Fig. 2c) shows A..n,n = 9 suo 1.0 = 37.3 suo mtio about 0.25. The critical box height. Hen' = 9 
su, is 0.24 1.0. We never shonen the box this far because. since we use only 1.5 (grid pOints)·(su)-I. the angle 
between adjacent grid planes is already critical in taller boxes. These rotors are repelled like Oregonator rotors 
from impermeable boundaries. standing off at distance roughly Ao/3. In this version circular scroll filaments 
slightly expand rather than contracting as in more familiar excitable media and in this medium at higher g. At 
the radii checked (only 11-13 su) V. = -0.002 Dk. and Vb is about 20 times greater. 

It should be nOled that the spacing 1.0 of plane waves dctccted far from their source in the rotor cannot be 
reliably measured close to the rotor. unless a correction is made for the diminution of wave speed (and so. 
shonening of wave spacing) that accompanies curvature. An alternative procedure is to observe the period of 
rotation and follow a mdial line of that slope to its intersection with the dispersion curve; this can be more 
reliable unless the curve happens to be nearly parallel to the mdius as in kinetics A (Fig. 2b). In the present 
case 1.0 = 37.3 su and to = 41.4 tu. This period is dramatically shone ned (e.g .• to 21 tu) when. as in our 
helices. modest curvature and twist are both present (Fig. 24). In this three-dimensional situation the wavelength 
is probably half what is familiar in 2 dimensions. so we have only about 28 grid points per wavelength. about 
half as many as we used in Oregonator kinetics and kinetics A. Although this is still twice as many (eight 
times as many. on a volume basis) as in three-dimensional numerical experiments from other laboratories using 
kinetics a or close facsimiles. we have not shown that it is enough to evade artefacts of discretization. 

If a piecewise-linear kinetics is wanted we recommcnd kinetics A over kinetics a because B turns out to 
harbor peculiarly exquisite sensitivity to cenain parameters. e.g .• to the seuings of some among the four distinct 
thresholds. and to the propagator: recovery ratio of diffusion coefficients (here 0). which cannot approach I 
without conjuring numerical artefacts (a standing wave. unless the computation is done with more than six 
(grid pointS)-(SU)-I. This kinetics also suffers from the misfonune that it is usually described with 6 structural 
parametcrs. at least one of which is assigned a slightly different value in almost every one of a dozen publications 
apart from those cited above. frustrating otherwise useful comparisons and contrasts. 

The three kinetics used here have different requirements of grid spacing and time step for adequate simu
lation. and different spatial and temporal scales. The net effect is that to compute one rotor period in a cube 
one wavelength on edge requires about (6. 50. or 30) x 107 cell updates for kinetics (A. Oregonator. or a). 
respectively. The time required to do one update. and even the ratios of those times depends on the hardware 
and software used. but for these three kinetics they are almost identical. 

Appendix II: Helix geometry 

Prior to development of the helix. the filament is vcnical and nearly uncurved. Because it is made of stacked 
two-dimcnsional spiral waves. twisted uniformly through one tum from floor to ceiling of a box of height 
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H (initial conditions). Ihe Ihree-dimensional wave spacing is shoner Ihan Ihe cwo-dimensional wave spacing. 
seriously so if the cwist excced~ about one full tum per wavelength. Twist of more Ihan one cycle per wavelength 
forces successive froms very close IOgether. encroaching upon the minimum sustainable wavelenglh if Ihe rotor 
has no very wide excimble gap. as seems to be Ihe case experimenUIIly in the Belousov-Zhabotinsky reagem 
(22. 65) and in myocardium (66). 

Referring to Fig. 25: )., = three·dimensional wavelen~th in initial conditions: I.Q = cwo-dimensional wavelength: 
).,/ H = sin $; ~/ H = tan $: ).,/~ = cos $ = H /(AfJ + Hl) ().,/,J...o has already declined to 0.7 at H = ~ and 
shonens furlher wilh decreasing H): and I/).,l = 1/,}..,1+ I/Hl. 

If we parameterize a helix (or any space curve) by arc length s. so Ihat:r = :res). Ihen I = d:r Ids is 
a vector pointing in the mngent direction at point :r(s). The arc length derivative of Ihe unit tangem vector 
n = dt/ds = dl:r/ds2 points in Ihe normal direction at point xes); its magnitude is Ihe curvature at poim xes). 
Roughly. at any given poim on Ihe curve. Ihe mngent vector points along the curve. and Ihe normal vector points 
in Ihe direction in which Ihe curve is turning (for a straight line Ihe normal direction is undefined): curvature 
is a measure of how tightly Ihe curve turns wilh arc length. The cross product of Ihe Iangent vector wilh the 
normal vector. b = I x n. defines the binormal vector. The Ihree mutually perpendicular unit vectors pointing 
in Ihe Iangent. normal. and binormal directions togelher form an extremely useful local coordinate basis called 
Ihe Frenet frame. 

A right helix. viewed from eilher end and receding from Ihe eye. turns clockwise. This is positive torsion. 
Torsion is Ihe rate of angular rotation. per unit dislance along the filament in eilher direction. of Ihe normal 
vector. which in Ihe case of a helix always points to its axis. Positive angular velocity is determined by the 
right· hand rule applied to Ihe filament. 

Anolher vector of interest along Ihe filamem is Ihe gradient of u or of v protruding nearly perpendicularly. 
In general it romtes wilh changing position along the filament. That rate is called Ihe cwist. w. The tip of the 
rotating Vu vector traces a segmem of a helix: if a right helix the cwist is positive. This result (right positive or 
left negative) is independem of the direction chosen along Ihe filament. 

A right helix described on a cylinder of radius a surrounding a vertical .v axis can be described in Cartesian 
coordinates using a right-hand coordinate frame (x. y. ~) and a dummy parameter 6 which ranges 0-2/t along 
one coil of the helix: 

[8) x = a sin 6. y=b6. z=acos6 

Thus. Ihe height of one coil (normally one box·height. but potentially an integer submultiple Ihereof) is H = 27th 
and the arc Icnglh along one coil is 

[9) L = 2/tv'(a2 + b2) 

lso-L comours are circles concentric to Ihe origin on Ihe (k, t) plane. 
Curvature and torsion are uniform along Ihe helix: 

[10) 

k= __ a __ 
(a l + b2 ) 

b 
t= (a!+b2) 

k 
a= (k 2 +'t2)' 

..... .!. fora» b. 
a 

b 
..... -; for a » b. 

a' 

a ..... hi for a « b, ..... 0 as a ..... 0 

I 2/t ..... b = H for a « b 

(units: a. b are in su: k is reciprocal su: t rad'(su)-I) 
Torsion is Ihe angular rate of rotation of Ihe normal (or binormal) vector. taking no account of its magnitude 

(lhe local radius of curvature). Torsion is undefined wherever k = O. and a line Ihat differs only infinitesimally 
from perfect straightness may have any torsion. 

Curvature and torsion can also be wrillen in terms of (fixed) coil height H and (changing) arc lenglh L in Ihe 
present comext. 

k = (~) ~ (1- (Tri' 
[11) 

(
2/t) (H). d' .. t = L L 10 ra lans per unn dis lance 

For any helix of fixed b (= H 12/t. if full cycle in box) mutually permissible values of curvature and torsion 
fallon a semicircular arc. anchored at Ihe origin and at I/b(= 2/t1 H) on Ihe torsion axis of the torsion-curY3ture 
plane. (This follows from (III above.) Orlhogonal semicircular arcs passing through Ihe origin and through lIa 
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(a = radius) on the curvature axis define the corresponding allowed loci for helices of constant radius. a. As a 
increases with fixed b. k and t co-vary along iso-b semicircles in the (k. t) plane): 

(12) k
2 

+ (t- 21bY = (2~r 
As b increases with fixed a. k and t co-vary along iso-a semicircles in the (k. t) plane: 

(13) (k- ~)\r = (~r 
Circles of radius R concentric to. the origin arc loci of uniform arc length 

2 I , , (2rt)2 
L = - = (2rtaj" + (21th)- = --

R2 (kl +t2) 

Straight lines of slope kit through the origin arc loci of uniform slope a/b. Every point on this plane corresponds 
to a unique helix of radius a and height 2rtb. and every helix corresponds to a unique point on this plane. 

Notic;: that with b fixed, increase of a from 0 corresponds to decreasing torsion and to curvature initially 
increasing then decreasing. Maximum curvature 1/2b = rt/H is found at a = b. At this point L = HJ'i. 

A right helix rigidly rotating about its venical axis at angular velocity 0 rad·(tu)-I, clockwise as viewed from 
above. is (equivalent description) translating upward at speed bO = HO/2rt su·(tU)-I. (If a left helix. then it is 
translating downward; those shown in this paper are all left helices). Each segment of the helix (whether right 
or left) is displacing laterally in the local binormal direction, at speed 

[14) 

(supposing filament orientation to be taken upward; opposite orientation reverses this speed). 
Up to here. the algebra is good for all cases. Next we distinguish twist situations. 
In the spontaneously arising helices numerically studied in this paper, uniform twist 'keeps pace' with torsion, 

so that at any time the rotor is everywhere at the same phase with respect to the axis of the helix. But it is 
possible for uniform twist and torsion to vary independently, to possess different values. and different signs. For 
a periodically repeating section of any helix. then, we can represent the twist as the sum of two terms 

b J 
I<' = --- + -:==== 

(a2 + b2) V(a2 + b2) 
(IS) 

The first term represents the rate of rotation of the Frenet frame with respect to absolute coordinates, which is 
just the torsion; and the second term represents the rotation of the gradient vector within the Frenet frame. The 
gradient vector is constrained to complete an integral number of rotations by our assumption of periodicity: this 
integer is J in the numerator of the second term; the denominator is the arc length of the heliX/2rt. Thus, the integer 
J provides:! means for classifying helices with varying arrangements of uniform twist and torsion. (Actually 
J/tum is needed for complete specification.) In this study, J = 0; this allowed our simplifying identification of 
twist and torsion. We are at presenr investigating the behavior of helices with J i' O. While evolving within 
the confines of a periodic fioor-<:eiling constant height box, such helices arc constrained to follow curvilinear 
trajectories in the (k, 1<') plane that arc different from the iso-b semicircles described here for the J = 0 case. 
This will allow us to approach the same points on the (k, w) plane from various directions. A comparison of 
displacement velocities V. and Vh• and spin ratc, 00. obtained from such points will help us determine whether 
the observed dynamical quantities are mere transients, or whether our observed correlations with local filament 
geometry are indeed robust. 

It may be pointed out that in the cases where J "I- O. the initial conditions arc a bit tricky to construct. Since 
torsion will always match twist when the filament is left to its own devices. we must control both torsion and 
twist. Using the same basic strategy described above of stacking two-dimensional rotors inro a three-dimensional 
array. we can create any desired torsion by revolving the two-dimensional rotor about some fixed pivot point 
other than the rotor core; in addition the two-dimensional array must be rotated about the rotor core to create 
the twist. However, in this case a uniform rotation about the rotor core results in nonuniform twist along the 
helix. since the rotation axis is no longer tangent to the filament. 

The chemical gradients associated with helices in this paper (but not in the fonhcoming studies with J i' 0) 
also rotate once per coil, keeping the same direction relative to the Frenet normal vector. Thus, the gradients' 
twist. w, given in rad·(su)-I. is equal to the filament's torsion t. In these spontaneously arising helices rotor phase 
in the local Frenet frame is constant with arc length. In other words, it moves with the Frenet frame's normal 
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vector. whose rate of rotation about the tangent vector defines torsion. Since we define twist as the measured 
rotation with arc length of Vu or Vv (the chemical concentration gradient). we ClIpcct it tD be identical to the 
analytically derived torsion in all the helices observed to arise spontaneously from initially twisted uncurved 
filament. The integral of w(s) over one coil should thus be tL = 2ft(H / L). This was confirmed with very 
satisfactory precision in all numerical experiments. 

So in this paper (only) we refer to the (k. t) plane as the (k, w) plane. In the more geneml case twist is 
numerically equal to the torsion, t. plus a second term derived as follows. This second term is identically zero 
only in the cao;c that the chemical gradient vectors point everywhere along the helill in the same direction. as 
referred to the local Frenet frame; then their rotation along the helill is simply the rotation of the Frenet frame, 
which is identically the torsion. Only in this case can the three-dimensional helical organizing center problem 
be reduced to an equivalent two-dimensional problem as in Appendill equation 10 of ref. 39; or as in ref. 31 for 
the degenerate helill. the uniformly twisted straight line. 

As a helill develops (a increasing from zero) its uniform twist. w. decreases in a way that depends on the 
direction and number of twists. and is in any case not a mere redistribution of twist over the increased arc length. 

Derivalion I 
Suppose the chemical gradient vectors rotate (clockwise as seen from above) through angle A turning;nifOrmlY 

with increasing j length (upward) along one coil of the right helill. The total arc length is 2ft (a2 + bZ). 

So w = t + A/2ft (az + b~). If A is an integer multiple J of 2ft (as in the cases we compute: infinite periodic 
helices representcd by a single unit cell with periodic boundary conditions) then 

(16] w = ~ + ~ = t+JVtZ +kz = (2Lft) (!!.L +J) 
(a- + b ) (a~ + b2) 

J is the number of full twists seen in the rotating Frenet frame. one less than the number N seen in the 
laboratory frame. e.g., when imposed on a nearly straight filament. In the case studied in this paper N = I and 
J =N-I =0. 

Derivalion 2 
In units of cycles rather than radians. the total twist. wL/2ft. plus the writhing number of a closed space 

curve (and the periodic helill is closed in the required sense) necessarily sum to an unchanging integer. N. even 
though the curve and its twist distribution be varied (50). N is the number of turns of the state variable gradient 
field imposed on each length of the uniformly twisted uncurved filament that will become one coil of a helill 
(39). The writhing number of each coil of a helix is I - (tL/2ft). t being the torsion of that helill in rad'(SU)-1 
and L its arc length in su (50). ThUs, 

(17) wL + 1- tL = N so w = 2ft(N - I) +t = t+ 2rtJ 
2ft 2ft L L 

equivalent to the above. 
With J i' 0 and so w i' t, the iso-a contours and the iso-b contours necessarily followed on the (k. w) 

plane during the evolution of a helix confined to coil height 2rtb arc no longer semicircles: they still provide 
curvilinear (a. b) coordinates on the (k, w) plane but their shapes depend on choice of J. A helix with different 
J now passes through any given (k. w) from a different direction, thus facilitating test of the hypothesis that 
(far enough from adjacent filaments and boundaries) local displacement speeds V., Vb. and spin rate. !J.l. depend 
only on (k. wI. and not on the history. These tests await the algebraic contrivance of uniformly twisted initial 
conditions for the corresponding numerical ellperiments (with T. Poston. in preparation). 

Appendix III: Helix dynamics 

Any differentiable space curve with nonzero curvature can be described (up to an arbitrary translation and 
rotation) by specifying its curvature and its torsion as functions of position along the curve. Adding the local 
twist rate at each position. we have a complete description of the scroll filament. In the special case addressed 
in this paper. all three arc uniform along the filament, so a helical scroll filament can be identified as a point 
in a Canesian coordinate frame with alIes (k. w, t). The evolution of a helix can be described as a vector field 
in this space: to each point (k. w, t) there corresponds a unique vector (dkldl. dwldl dtldl). Differentiating (10) 
and [l5) by a(l) for k(a.b) and w(a. b) in any helill. on the supposition that a helill evolves only into another 
helill of the same coil height. and remembering that dald1 == -V., that vector field can be described: 

dk dw ~ dt 
[lS) dI = V.(k2 -r), dI = V.(2kw-Jkv(k2+t2)), d1 = V.2kt 

(Note that the first of these relations reminds us that the radius cannot be decreased further when it is already 
zero. i.e .. V. cannot remain positive when the curvature, k. of the helill is zero. for k would then go negative, 
contrary to its definition in (10). But (Ib) admits persistently positive V. even at k = 0, unless a2 > O. Among 
other curious implications, a2 > 0 is incompatible with the observed threshold of twist-induced sproinging.) 
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To finish the description we need only the dependence of V. on k. w and t. This is believed to be an even 
function of w and independent of t. In the special case w = 0 it is known to be - V. = b7, k. and in the funher 
special case of equal diffusion b7, is known to be D, so V. is positive. and zero at the origin. The special case 
k = 0 proved impossible to examine reliably by numerical experiments. but for small k we found that V. = 0 
(or slightly positive) up to a threshold of Iwl, beyond which it is negative. in the excitable media examined. 
(The threshold may be 0 in kinetics B.l We expected that numerical experiments would reveal a simple pattern 
V.(k. wI. evidently including a locus of equilibrium helices. V. = 0, passing through the origin and symmetrically 
enclosing the positive values on the k axis. The pattern observed. however. is far from simple. One possible 
interprellition is that V. depends not only on k and w but also on t. Another is that the vonex is changing too 
rapidly to be considered in a steady state at each (k. wI: its V. may depend also on its history of approach 
to (k. wI. These can be excluded by numerical experimenL~ using helices with J 1: o. so the same (k. w) can 
be approached along different trajectories to determine whether V. is the same. Another possibility its that V. 
is affected by neighboring segments of scroll filament. as in hydrodynamics. This is indeed the case in regard 
to mirror-image segments reHected in the no-Hux boundaries: in kinetics B and the Orcgonator their range of 
inHuence in two dimensions (rotors with k = O. w = 0) seems to be a rotor diameter or less. Our assumption 
that V. is dominated by strictly local geometry (k. w. t) is probably violated close to no-Hux boundaries and 
close to nearby segments of the same or other filaments. 

TIlt! use of J 1: 0 
The 3-space (k, IV, t) is laminated by J into surfaces J = (w - t)/../(k2 +t2) (from [15) or [16». J is 

necessarily an integer when periodic boundary conditions arc used to numerically investigate one coil of an 
inlittite helix, but in general J could be real. A helix of any given J evolves within an iso-l sheet, along an iso-b 
trajectory while a changes. and with it. k(a,b), w(a,b.l), and t(a.b). The rate of change of twist, dw(a.b,J)/dt. 
can now be rewrinen without l: 

[19) dk l' 
dl = V.(k -'t"), 

dw dI = V.k(w+t), 
dt 
di = V.2kt 

Projected onto the (k. w) plane, these trajectories appear to intersect. 
It will be noted that 

[20) 
d(w-t) 
-dt-- = V.k(w-t) 

Thus nonzero (w - t) converges toward zero so long as V.k < 0, i.e .• the helix is expanding. By the same 
token. (w - t) diverges from zero in contracting helices: this would seem to present a potential numerical 
inslllblity in two such cases employed in this paper, but it was not observed (possibly because slightly changing 
(w - t) requires J to depan from its integer value. which is impossible while constrained by periodic boundary 
conditionsl. All our trajectories in this paper remain in the plane (w - t) = O. 

In passing, it is illuminating to note (in connection with the presumed involvement of IV in Vb. V •• and (j) 

only as an even function) that [16) says that two identical right helices of finite size (same H, 1-. b. a. k. tl with 
different J can have equal and opposite w if (and only if) JI +Jz = -ZH / L. Since 0 < H / L < 1 (excluding both 
extremes), this requires H /L = 1/2 (i.e .• a = b,j3), so JI +Jz = -I, e.g., JI = 0 and Jz = -I. In each case 
the helix can only evolve along its distinctive iso-b locus in the (k. wI plane. Since those loci differ according 
to l, it is clear that the sign of w is imponant for helix evolution, despite its uttimponance in determitting Vb. 
V., and w. This is because dkldt, dw/dl, and dtldt depend on V.(k, w), k. t. and w (nol an even function of IV), 

as can be seen above in the special case of filaments with uniform (k, w, t). 

Appendix IV: Discussion 
OrwINOWSKl: You have mentioned that discontinuities develop during Ihe evolution of some reaclion-diffusion 
systems. These singularities exist on sets of measure zero and for that reason arc considered nonessential. In real 
systems, however. the discontinuities should not appear because of Huxes associated with existing gradients. 

WINFREE: The description I gave in terms of phase and one-dimensional filaments of 'phase singUlarity' of 
measure zero in 3-space is a fraud. It provides an excellent understanding of global topology, and permitted 
discovery and classification of organizing centers. but when you look close to the vonex core, just as you suggest. 
there is not really anything strictly discontinuous. The reason is as you suggest: V2 won't permit it. There is a 
second description of these pallems in terms of isoconcentration surfaces. using the topology of Seifen surfaces 
rather than the topology of phase singularities, which provides the missing 'close-up' view of the vonex core 
(see A. T. Winfree and S. H. Strogatz. Physica 0, 9, 65 (1983) for the distinctions betwccn these complemenlllry 
descriptions). And the computations, of course, avoid both abstractions, simply book-keeping concentrations as 
they evolve under synthesis. degradation, and transpon. 
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O1wINOWSKl: Doesn't it suggestlhat a more realistic model describing fonnation of spiral pallems should contain 
convective terms describing fluxes? 

WINFREE: RighI. I left out convective terms, both in the computations and in the experiments (using gelled 
reagents. and using bioelectric tissues bound together by intercellular adhesion). They could be introduced 
directly and lots of additional phenomena would emerge. 

MANSUR: I believe Ihat you have excluded hydrodynamics from your constructions. This is understandable in order 
to make such computations and experiments tractable. However. have you given any thought to the interactions 
that may arise when hydrodynamics is included? Do you expect any special or highly unusual and qualitatively 
different behavior. or would you expect only an added degree of complication and messiness in Ihe solutions? 

WINFREE: Including hydrodynamic flows demonstrably has fascinating results. at least in the laboratory. In fact 
Ihe three dimensional waves in Belousov-Zhabotinsky liquid were discovered by deliberate experiments wilh the 
'scrollmaker device' in 1973. in which laminar shear created phase singularities where there were only ordinary 
plane waves before. However. I have not pursued this fascinating avenue of investigation. Someone should. 

Something similar has been pursued in connection wilh stochastic self-propagating star-formation (T. Nozakura 
and S. lkeuchi. Astrophys. J. 279. 40 (1984». 

SHTlLMAN: Why are you considering Ihe evolution of Ihe structure. rather Ihan their creation? 

WINFREE: The figuring-out of conditions that suffice for creation of these vortices necessarily preceded all these 
experiments in chemical media. in heart muscle. and in computations. Not much of it was published (and certainly 
much more needs investigation along these lines), but three crucial parts appeared in: A. T. Winfree. Soc. Ind. 
Appl. Malh. Proc. 8, 13 (1974); A. T. Winfree. When time breaks down. Princeton University Press. Princeton. 
1987. Appendix: A. T. Winfree. J. Theor. Bioi. 138.353 (1989). 

Anyway. my preoccupation wilh evolution after creation stems mostly from the question. 'Are they stable'?' I 
assumed Ihat laboratory investigations would be feasible first in the case of stable organizing centres, so the first 
objective was to predict Iheir structure and design appropriate experiments. This limited program is still under 
way. 

SHTlLMAN: Your system (wilh dissipation \72 ••• ) does not have any topological invariants. Why does it conserve 
cenain topological structures? 

WINFREE: This was covered in my first response to Otwinowski. Additionally. the topological invariants are not 
always conserved when vonex filaments move into close contact. Transition rules were explored Iheoretically 
in A. T. Winfree and S. A. Strogatz. Physica D 13,221 (1984). Simple topological transitions have since been 
observed chemically (see A. T. Winfree. When time breaks down. Princeton University Press. Princeton. (987) 
and computationally (see A. T. Winfree. Soc. Ind. Appl. Math. Rev. 32, (1990». 

SCHUMAKER: Have you considered Ihe effect of defects in Ihe excitable medium on Ihe vortex filaments? Connected 
with this, are Ihe vortices Ihat are seen in hearts associated wilh defects? 

WINFREE: The literature of cardiology since about 1960 is largely preoccupied with Ihe role of physiological 
defects in fibrillation. The approach taken is qualitative, descriptive, and statistical, Ihe main point being that 
turbulent electrical propagation arises more readily in more heterogeneous media. The point I emphasize is that. 
even in the complete absence of nonuniformities. vortices arise under circumstances Ihat can be quantitatively 
predicted and have been quantitatively verified in the laboratory. They must be modified in the presence of 
defects but this has been little studied yet (see J. Smith, R. Cohen, R. Kaplan. Proc. Nat!. Acad. Sci. 81. 233 
(1988». 

The behaviour of von ices near no-flux boundaries has been observed computationally, but is not adequately 
understood (see for example P. Nandapurkar and A. T. Winfree (1989). Physica D 35.277 (1989». 'Near' means 
'wilhin about one vonex core diameter'. taking the core's perimeter to be one wavelenglh of Ihe spiral. 

NOYES: A stone dropped into an excitable medium will generate a circular (or spherical) wave wilh radial 
(or spherical) symmetry. Generation of spirals requires some son of penurbation or flucruation to break Ihat 
symmetry. 

WINFREE: RighI. To be specific, in rwo-dimensions for simplicity. vortices arise in a continuum far from boundaries 
only as mirror-image pairs. and to induce Ihis. one needs two successive stimuli ('stone throws') separated by 
time and distance (within cenain predictable ranges). This is called the 'melhod of successive adjacent stimuli' 
by A. T. Winfree, in Oscillations and travelling waves in chemical systems. Edited by R. Field and M. Burger. 
J. Wiley & Sons, New York. 1985. pp. 441-472. NY. and A. T. Winfree Prog. Theor. Chern. 4, I (1978). 
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FREEMAN: Your picture of the south polar region of the dog hean contained two vonices for the excitation waves. 
Is there a physical structure in the hean at these vonices? Or are the excitations similar to those in a membrane 
(drum head). which depend on the mode of excitation'! 

WINFREE: There is nothing distinctive about the physical substrate at the vane" centre. Changing stimulus 
magnitude or timing or direction places the vonex centre elsewhere and it behaves just the same at that site. 

FREEMAN: Would you remind us how the excitation waves were initiated in the dog hean? 

WINFREE: Excitation is initiated in hean muscle by a How of electric cunrent through the muscle. induced by 
extracellular electrodes. Wherever this cunrent exceeds about 4 mA'cm-2, the membrane depolarizes beyond the 
excitation threshold. and an action potential propagates outward. 

FREEMAN: What is the minimum size hean that is subject to fibrillation? 

WINFREE: A healthy block of hean muscle less than about I cm x I cm in cross section docs not sustain 
vonexlike activity or fibrillation. Of course. there are special treatments that change the effective spatial scale 
of its activity, e.g .• exposure to solvents or deprivation of oxygen causes adjacent cells to uncouple electrically, 
decreasing the diffusion coefficient in the reactiolHliffusion equation. But in nonnal tissue. there has to be room 
for a wave to circulate around a core of about I cm diameter. 

WALKER: Having introduced self-organization and spiral galaxies, what is the origin of exclusive biological 
chirality: why does the minror image of living systems not exist? 

WINFREE: I don't know. Could it not be that either of two fonns would serve eltactly the same purposes, and there 
is no important distinction between them .•. but in Darwinian competition one or the other, by luck. outgrew the 
population of mirror-image reproducers. leaving it to competitive elttinction? I'm sure others have much deeper 
thoughts to offer on this topic. 

Nare: The discussion followed a lecture of broader scope than this published pan. It involved discussion of organizing 
centers as mathematical phase singularities. and application in CODlext of cardiac arrhythmias. 
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Numerical studies of an apparently stable knotted singularity are used here to seck out regularities of 
vortex dynamics in three-dimensional excitable media. Initial conditions were contrived to produce a 
vortex filament in the form of a trefoil (3:2 torus) knot, using the piecewise linear 'B-kinetics', with 
excitability parameter 'g' set to 0.9. The simulation was pursued for 3000 time units, or about 125 wave 
rotations, during which time the knot was observed to rigidly 'precess' about its symmetry axis, 
completing one tum every 96 wave rotations, and also translate along that same axis, at about 1 percent 
of wavespccd. These motions. described with respect to the local Frenet frame, were shown to be highly 
correlated with local geometry and twist. yielding possible 'laws of filament motion', which might prove 
viable in other contexts. The trefoil knot is the first organizing center to be studied in detail which 
exhibits nonuniform twist. and its dynamical behavior supports the notion that the arclength derivative 
of twist is an important determinant of filament motion, first postulated by Keener in 1988. The knot 
also exhibited changes in twist distribution, and, to a lesser extent, local geometry, within one wave 
rotation period, adding an unforeseen complication to efforts at understanding vortex dynamics. The 
knot is compact. only about a wavelength in radius, so filament interactions may playa prominent role 
in determining the stability and behavior of the object. The locus of wave collisions was determined for 
the knot: in places this surface apparently adjoins the filament itself. In the course· of this study, two 
different criteria for locating the filament were compared. and many analytic and graphical utilities were 
developed, which may prove useful in further studies of three-dimensional excitable media. 
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1. Motivation 

Patterns of periodic actlvtty in three-dimensional 
excitable media may contain singular filaments - one
dimensional loci with no assignable phase - and these 
singular filaments may comprise a stable organizing 
center. The existence of some organizing centers can be 
ruled out by topological arguments alone, but even 
topologically consistent organizing centers are not 
guaranteed to be stable in any given excitable medium, 
for long-term viability depends upon filament behavior 
and, perhaps, interactions. A full understanding 
requires that the geometric principles delimiting realiz
able organizing centers be supplemented by the mech
anistic principles which regulate vonex structure and 
dynamics. The rules which govern filament behavior, 
especially in cases where filaments are near one another, 
or close to a no-flux boundary, are little understood. 

A panial list of topologically allowed organizing 
centers is presented in Winfree & Strogatz (1983a-c, 
1984a), along with their formal "realizability criteria", 
possible transmutations, and rules for constructing 
appropriate initial conditions (see also Winfree, 
Winfree & Seifen [1985]). With the goal of deciphering 
the laws of filament motion, only the simplest organiz
ing centers (e.g., untwisted uniformly curved rings) 
have been amenable to analytic approaches; in many 
cases, the analyses have been complemented by numer
ical and laboratory experiments [Counemanche el al., 
1990; Jahnke el aI., 1988; Keener & Tyson, 1988; 
Keener & Tyson, 1990; Keener & Tyson, 1991; Panfilov 
& Rudenko, 1987; Winfree & Jahnke, 1989]. A few of 
the more diverse geometries have been investigated 
empirically via numerical simulations. Winfree [1990) 
presents a thorough review of the results of such 
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studies. Although few general quantitative results have 
emerged, the numerical studies have provided confir
mation of some topological notions, revealed several 
types of stable organizing centers, and have allowed 
the testing of specific functional forms of proposed 
dynamical laws. Such studies have confirmed the role 
of various factors suspected to determine filament 
behavior, thereby providing a framework within which 
we can attempt to understand filament dynamics. 

The dominant principle which is guiding attempts to 
understand filament dynamics is that local conditions 
determine local behavior. More specifically, it has been 
supposed that local filament geometry and twist cause 
filament motion in the local coordinate frame, and also 
control the local spinrate of the vortex [Winfree & 
Guilford, 1988; Winfree, 1990). This so-called "local 
geometry hypothesis" is plausible if the filament is 
essentially a continuum of rigidly rotating invariant 
two-dimensional rotors. Each such rotor will be vari
ously influenced by its immediate neighbors, depending 
on their manner of confrontation, which is controlled 
by such factors as filament curvature and twist. The 
local geometry hypothesis is presumed to apply only 
to filaments which are relatively removed from other 
filaments, or from no-flux boundaries. Tbe interac
tions between filaments are hardly understood analyti
cally, but it is known from numerical experiments that 
filaments confronting each other, or a nearby boundary, 
behave differently than when isolated. 

If the filament is idealized as a one-dimensional space 
curve, local geometry reduces to curvature and torsion; 
twist is the rate at which the phase of the rotor changes 
with arclength. Because nearly-straight filaments can 
have wildly differing values of torsion, but presumably 
should behave similarly, we have doubted the viability 
of a stand-alone torsion term in any equations of 
lilament motion. I Symmetry arguments led Winfree 
[19'J0) to the conclusion that any dynamical depen
dence on twist must involve only even functions. It has 
further been maintained on theoretical grounds that the 
arclength derivative of twist must be included as a 
determinant of vortex dynamics [Keener, 1988). It is 
unclear at present just how these causal factors combine 
to effect vortex displacements and changes in spinrate. 
The most developed model so far has been presented by 
Keener (1988), in which local filament displacements 
and rotor spinrate are given as linear combinations of 
curvature, twist squared, and the arclength derivative of 
twist, with nine adjustable parameters dependent on 
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the particular excitable medium. That model was 
refined by Keener and Tyson (1990), with the addition 
of some higher order terms (curvature squared and the 
fourth power of twist). These models were developed in 
the limiting case of only slightly curved and twisted 
filaments. 

Analytic, computational, and laboratory studies have 
confirmed the role of curvature as a determinant of 
filament dynamics. Most of these studies have been 
confined to untwisted, uniformly curved. planar rings. 
which are typically observed to shrink or expand 
radially at rate aD/r. where a is a factor of magnitude 
order I that depends on the ratio of the diffusion 
coefficients of the propagator and controller variables. 
Such rings also drift along their symmetry axes at a 
rate PDfr, where. at least in the case of nearly equal 
diffusion coefficients, P is usually much smaller than a 
[Panfilov & Rudenko, 1987]. 

Pertsov et al. (1990) measured the shortened wave
length and rotor period of uncurved nonuniformly 
twisted filaments in the Belousov-Zhabotinsky reagent, 
and also followed the kinetics of untwisting, comparing 
their observations with published analytical predictions 
[Biktashev, 1989; Tyson & Keener. 1987; Winfree & 
Guilford, 1988). In an attempt to isolate the effects 
of twist, Henze et a/. [1990] undertook numerical stud
ies of uncurved, uniformly twisted filaments, but were 
quickly mired in unforeseen difficulties, as such fila
ments developed into expanding helices. thus bringing 
the complicating effects of curvature and torsion into 
the problem. Although no general quantitative results 
were produced. this study established the profound 
effects of even slight amounts of twist not only on rotor 
spinrate and the changing distribution of twist. but also 
on the filament's lateral motion. These effects were also 
shown to vary amongst the diverse kinetics employed. 
Throughout their development. the expanding helices 
exhibited strictly uniform twist, thus excluding from 
view the effects of the arclength derivative of twist. 
However, in the course of the investigation it was 
realized that it was possible to produce various types of 
helices with different combinations of torsion and twist 
than that which spontaneously arises from initially 
uncurved filaments. One such alternative helix (twist. 
torsion) was simulated for 40 vortex rotations, during 
which time it exhibited an apparently stable distribu
tion of nonuniform twist (unpublished observations). 

Nandapurkar and Winfree (1987) followed the evo
lution of a pair of linked rings with nonuniform twist, 

I This argument does nol exclude the role of tOil ion allogether as a possible delerminant of filament motion. For example, the effects of tOl1ion 
(T) might be proponionaJ to curvature (K): the product term, Kf. is well-behaved in the limiting case of nearly·straJght filaments. 



using the same kinetics and parameters as the present 
study. The compound object proved to be unstable. 
The rings were observed to slowly precess about a fixed 
axis while shrinking, eventually fusing into a single 
untwisted ring, which became planar as it continued to 
shrink and finally vanish. Unfonunately, the nonuni
form twist distributions of this interesting object were 
not measured. 

Panfilov & Winfree [1985] and Winfree [1990] inves
tigaterl the topologically similar case of a once-twisted 
ring threaded by a straight axial filament ("ring on a 
stick"), again using the same kinetics and parameters as 
the present study. The configuration was stable. with the 
ring slowly moving along the axial filament. Where it 
was encircled by the ring. the axial filament exhibited 
a theoretically predicted distribution of nonuniform 
twist. This segment of filament was shown to be a sink 
for colliding waves coming off the outer ring. 

Nandapurkar first showed that the trefoil knotted 
singularity could persist [Nandapurkar, 1987], and later 
showed that under appropriate conditions the knot 
is stable (unpublished observations). Unfonunately, 
the twist could not be reliably measured in the relatively 
coarse simulation. with 1.2 space units per grid
point, and in fact it was presumed at the time that the 
twist distribution became uniform (personal communi
cation). (We show here that the knot actually exhibits an 
apparently stable distribution of nonuniform twist.) 

Keener [1989] subsequently used his equations of 
filament evolution to study knotted filaments, directing 
most of his attention to the trefoil knot. He concluded 
that in cenain regions of parameter space, trefoil knots 
could indeed provide invariant solutions, but cau
tioned that his evolution equations were derived in the 
asymptotic limit of minimally curved or twisted fila
ments, and explicitly ignored any effects of filament 
interactions. His analysis did not reveal the stability of 
the knotted solutions, and he commented on the lack 
of explicit model parameters, which underlie his 
bifurcation analysis. 

We have chosen here to further study numerically 
the trefoil knotted singularity, incorporating many 
improvements in our simulation and analysis method
ology which allow us to more accurately follow the 
evolution of the object. The hope is to discern any 
regularities governing the behavior of the knot, and 
contributing to its stability. Unlike the linked twisted 
rings, the trefoil is stable: we imagine that a stable 
organizing center is more likely to exhibit a set of fixed 
dynamical rules, instead of mere nonequilibrium tran
sients. Unlike the "ring on a stick", the trefoil provides 
a wide variety of combinations of the local geometry 
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and twist variables, which serve to make any correla
tions with filament motion or spinrate more robust. 
Along its length, the knotted filament passes by itself at 
varying distances; we thought associated varying be
havior might reveal the nature of filament-filament 
interactions. The three-fold symmetry of the knot 
provides a son of internal control on our simulation 
and analysis and. as an unforeseen bonus, the three
fold symmetry of the knot in the two-fold symmetric 
simulation array provided an informative indicator of 
boundary effects. 

2. Methods 

2.1. Kinetics 

We used here the so-called 'B-kinetics', with only the 
propagator variable ('u') diffusing. as represented by 
the following piecewise-linear, two-variable panial 
differential equations: 

du 2 
-- -f(u)-v+D'V u 
dt 

dv u-v 
dt --s-

[

0.55 if u < 0.01 

s - 0.50 if u> 0.95 

16.6 otherwise 

4u if u< O.lg 
4+g 

f(u)- 15(u-l) .f l5+0.lg 
1 u> 15+g 

(0.1 - u)g otherwise 

Parameter g controls the threshold for excitation 
from equilibrium (Fig. 1); we set g - 0.9, for "normal 
excitability" [Henze et al., 1990, Appendix I]. This 
model represents a medium which is purely excitable, 
without spontaneous oscillation. The same model was 
employed by Ermakova el al. [1988], Ermakova et al. 
[1989], Henze et a/. [1990], Lugosi & Winfree [1988], 
Nandapurkar & Winfree [1987], Nandapurkar & 
Winfree [1989], Panfilov and Winfree [1985]. Winfree 
[1990]; studies using similar versions can be found in 
the bibliography of Zykov (1987). 

Two-dimensional rotors calculated with these kinet
ics and parameter settings possess a wavelength of 
approximately 27.2 space units, and spin with a period 
of 27.3 time units (Fig. 2). They do not meander; in 
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Fig. I. Nullclines for the piecewise·1 inear B-kinetics (g - 0.9), with 
the state·space image ofa 20 rotor superimposed. Parameter 'g' in the 
kinetics controls the slope of the middle branch of u's ·Z·nullcline. 
and hence the excitation threshold of the system. The lu. vI coordi
nates of ceUs in a 20 array near a rotor were plotted at 30 intervals, 
separated by 0.4 tu (20 x At), to illustrate the flow. which is generally 
clockwise. The outer rim of points delineate the ·excitation·recovery· 
loop, undertaken by cells supponing full·blown pulse propagation; the 
attenuated trajectories on the inside of the loop correspond to the cells 
in the relatively quieseent rotor core. Cells which remain below u - 0.8 
for an entire rotation period make up the pivot core. The entire image 
appears to be rotating about u - 0.2. v - 0.2. which is marked. The 
locus of points in the 3D array which possess these values of u and v 
comprises our alternative filament. denoted u·v·. 

fact, meander has never been observed in B-kinetics at 
any parameter settings. This is a desirable feature in 
studies of filament motion, since meander is hard to 
reconcile with the local geometry hypothesis. Inspec
tion of contour plots of two-dimensional B-kinetics 
rotors with our parameters reveals a characteristic 
spreading of the iso-v contours just at the wavetip 
(Fig. 3). This feature persists in two-dimensional slices 
taken normal to the trefoil filament at varied locations 
and at varied phases of the vortex rotation (see 
Fig. 13). It may represent part of an invariant core 
structure which comprises the filament. 

2.2. Initial conditions 

To create an organizing center of a given geometry, 
we need to specify a prototypical spatial arrangement of 
[u, vI values which more or less resembles the final form. 
If the desired configuration is stable, then we have some 
latitude: there presumably exists some sort of 'basin of 
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Wavelength (su) 
Fig. 2. Dispersion curve for B·kinetics. 9 - 0.9. calculated from tim· 
ing a circulating pulse on a lOring. The dispersion curve is re
markably flat. indicating that propagation velocity is nearly indepen· 
dent of wave spacing, until waves arc within about I I space units of 
each other. If waves are forced together much closer than this, propa
gation abruptly fails. On such a plot, any ray from the origin corre
sponds to a given rotor period. and its intersection with the dispersion 
curve allows a rough estimation of the associated wavelength. How
ever, this technique neglects the effects of wavefront curvature on 
propagation velocity, an added complication in 2 and 3D. 

Fig. 3. Contour plot ofa counterclockwise 20 rotor calculated with 
B-kinetics, 9 - 0.9, at smoothness 1.5. The array shown is 6 I 
gridpoints - 40.6 space units on a side. The solid contours represent 
isolevels of the excitation variable u; the dotted lines are the same 
for the recovery variable v. In both cases, contours arc drawn at 
intervals of O. I 5; the labels were omitted for clarity. Note the 
characteristic spreading of the v contours just at the wavetip. a 
feature which persists in the 3D simulation (compare with Fig. 13). 

attraction', so that when the kinetics are turned on, an 
initially rather crude approximation will be refined. For 



example, to create a wave in two dimensions it often 
suffices to set the entire 20 array to equilibrium, then 
offset 1/ to any suprathreshold value ('fire') along some 
curve, lining the backside of the curve with grid points 
in which v is offset from equilibrium to refractoriness 
('ashes'). From such initial conditions a wavefront 
moves forward from the excited, nonrefractory front 
side of the curve. If the curve ends somewhere inside the 
array, abutting medium at equilibrium, then the dan
gling endpoint curls around to become a vortex center 
(for example, see Courtemanche & Winfree (1991)). 
The obvious generalization of this procedure to three 
dimensions was used in Winfree, Winfree & Seifert 
[1985] to initiate organizing centers of diverse topo
logical structures: Instead of a curve they used an 
orientable (Seifert) slIrface, which becomes the wave
front, and whose edge becomes the singular filament of 
an organizing center. 

While the "fire and ashes" model is conceptually 
simple, we have found that it is not always easy to 
choose [II, v] compositions for uniform use as 'fire' or 
'ashes' in simulations involving variable kinetics, 
parameters, or geometries. Nor is it always a straight
forward matter to describe the intended wavefront in 
three dimensions, except for the simplest organizing 
centers. Therefore we have developed a more reliable 
alternative approach, in which we just describe the 
singular filaments of the organizing center, and near 
every point of the filament copy the [II, v] distribution 
of an already-established 20 rotor. 

To implement this we make use of a scheme devel
oped by Timothy Poston [Winfree, 1987, Appendix], 
which employs two-variable multinomials, Z(X, Y), 
where X and Yare complex numbers, so Z lives in the 
40 space C2• We define a stereographic projection of a 
subspace of C2 (a 3-sphere: the locus of points whose 
coordinates, squared, sum to a constant) into real 3D 
Euclidean space: 

so that 

x = Re(X)/(l - Re(Y» 

yR Im(X)/(l- Re(y» 

Z= Im(Y)/(l- Re(Y» 

Re(Y)=(R 2 -1)/(R 2 + I) 

Im(Y) - 2.::j(R 2 
+ I) 
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Re(X) = 2x/(R 2 + I) 

Im(X) D 2y/(R 2 + I) 

By way of this mapping,;:: is effectively transformed 
into .!l! a complex-valued function of position in 3D 
space, p + iq = ~(x, y, z) = Z(X, Y). Thus for each 3D 
array location, the function ~ generates a complex 
number, whose real and imaginary coordinates are 
then used to point to a position in a 20 array 
containing a rotor, thereby specifying a [II, vI concen
tration. In this way ~ serves to map the 20 rotor 
concentration field into 3D space. Matters are scaled in 
such a way that the roots of ~(the locus along which 
~= 0 + 0i)2 map to the pivot point of the 20 rotor, so 
that these x, y, .:: locations are assigned [II, v] values 
from the rotor core, whereas locations around the 
singular locus will be assigned [II, v] values from the 
surrounding region. 

Sometimes in place ofa 20 rotor as a source of [II, v] 
values, we use a simpler distribution II(X, y), v(x,.I') 

that suffices as initial conditions from which a rotor 
will evolve, e.g., a gradient of II linearly increasing 
from south to north (from somewhat less than mini
mum II during a normal excitation-recovery cycle for 
the particular kinetics, to somewhat more than the 
corresponding maximum), and a similar gradient of v 
increasing perpendicularly from west to east. Grid
points around the perimeter of the 20 array are thus 
at [II, vI compositions close to those observed at 
successive phases in a normal excitation-recovery 
cycle, and they evolve to become a rotating pulse. 
Gridpoints near the center of the array are at [II, v] 
compositions close to those observed at the inner tip of 
the spiral wave, intermediate between all extrema; 
some neighborhood near here evolves to become the 
vortex core. ~ = 0 + iO points to this place, where the 
rotor's pivot would evolve in the undeformed 20 
pattern. Deformations necessarily arise in mapping 
this 20 pattern through .0'into 3D, so the pivot point 
does not emerge exactly along the 0 + iO locus, but with 
reasonable care in scaling the map, it does arise 
sufficiently nearby. 

The complex multinomials, coupled with our stereo
graphic projection, provide an extremely powerful 
and concise means of describing a wide variety of 
organizing centers. For example if Z- X (indepen
dent of y), then ~(x, y, .::) - x + iy, and the rotor 

'Because we have chosen to restrict our auention to a 3.sphere.in C',.the roots of .!t'will always project as ID rings in .\J,z·space. If !l1is 
factorable, the rings corresponding to the roots of cach factor Will be hnked. 
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(or a more primitive initial condition for it) is repli
cated identically in every z-plane and an uncurved 
scroll filament evolves along the z-axis, with an 
untwisted scroll wave around it. Alternatively, if Z-
Y, then =-(x-+y-+z--l) (x +.V-+Z-+ I) + 1(2z) nJ ' , , / 2 " • / 

(x 2 + y2 + Z2 + I), so !Z'looks the same in every radial 
plane around the central z-axis and !Z'= 0 + iO along a 
circle in the xy plane. Thus a circle of rotors is produced: 
a scroll ring. There are simple recipes [Winfree, 1987, 
Appendix) for writing Z to make the singular locus a 
pair of linked rings as in Nandapurkar & Winfree 
[1987), a helix as in Henze et al. [1990), or, as here, a 
trefoil-knotted single ring. Specifically, to make an m : II 
(relatively prime) torus knot one uses the irreducible 
multinomial Z = ym ± X". In the present case we used 
Z = y2 - X 3 (a plus sign would produce the mirror
image knot). Some algebraic manipulation then shows 
that: 

Re( !Z'(x, y, zll 

(R 2 + 1 )[(R 2 - I) - 4Z2)_ (8x 3 - 24x/) 

(R 2 + 1)3 

To use the above equations requires some choice of 
scaling. Here we give the scaling factors we used, to 
make it possible for readers to replicate our numerical 
experiment. First, we linearly transform our 30 array 
integer indices i,), k into real position coordinates x, 
y, z, centered symmetrically about the box center, and 
ranging from - 2 to 2: 

where 

x - xscale * [1/2 - (i - I )/Umax - J)) 

y-yscale*[I/2-U-ll/Um .. -I») 

z· zscale * [1/2 - (k - ll/(kmv. - I)] 

xscale g yscale = zscale = 4 

i-I ". imu , ) - 1." )m.", k - I ". kmax 

imax • jmax - kmv. - 91 

x and y (and i,) measure the width and breadth of the 
cubic array between the no-flux sidewalls; and z (and 
k) measures altitude, in the direction of the periodic 
boundary conditions, along the symmetry axis of the 
knot. 
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Our source of [u, v) compositions was a 20 simple 
crossed-gradient array. Since this array contains linear 
gradients of /I and v, appropriate scaling of the output 
of !Z' allows the 1/ and v compositions to be specified 
directly, without intermediate dereferencing (thus in 
the case of crossed gradients, the 20 'array' is actually 
a sham, mentioned only for heuristic purposes). Thus: 

II = I/o + III Re(!Z') 

v-vo+vllm(!Z') 

where 1/0.0.3, vo·0.3, III = 1.0, vl =0.75 

110 and Vo are therefore the values assigned to the 
nascent filament, and are chosen to lie in the interior 
of the excitation-recovery loop. Further analysis (see 
below) indicates that Uo = Vo = 0.2 might be more 
"appropriate", but the values used here certainly 
proved adequate. III and Vs are chosen to reflect the 
relative magnitudes of II and v excursions during 
excitation and recovery, i.e., the approximate 'aspect 
ratio' of the excitation-recovery trajectory. The surface 
Re(!Z') > 0, Im(!Z')-O corresponds to the proposed 
wavefront, and is shown in Fig.4 (compare with 
Fig. 14). 

The knot generated for this study is "left handed" 
(with "positive nodes" [Krasnow et al., 1983) or 
"westward underpasses" [Winfree, 1990)), in accor
dance with molecular biology convention. As predicted 
by topological analysis of linkage relations [Winfree & 
Strogatz, 1983a; Winfree, Winfree & Seifert, 1985), 
the left handed knot has left twist: the gradient vectors 
along the filament trace out a left helix. Left twist is 
defined to be negative twist, as the vortex is retarded 
in phase with arclength increasing in the forward 
direction, where forward is determined by the cross
product of the gradient vectors Vv x Vu. Since the 
gradient vector of II leads that of v by something like 

Fig. 4. Stereo-pair of the initial conditions which gave rise to the 
trefoil knolled singularity studied here. The initial conditions were 
generated by the comple,-valued multinomial Z. Y'- X'. The 
surface shown is the image of Rc( Z) > 0 and Im( Z)· 0; it will 
develop into the wavefront. The heavily drawn curve lies along 
Re( Z). Im( Z). O. It is the stcreographically projected image of 
the roots of Z; and will evolve ioto the filament. 



90', sighting along the filament in the forward direc
tion reveals the rotor spinning clockwise. 

We will rely on the following additional conventions 
to describe various aspects of the left knot. Ifwe look at 
the knot along its symmetry axis so that the filament 
generally points clockwise, then we are above the knot. 
As seen from above, the filament passes over itself in 
three places, the crossovers, and similarly passes under 
itself at the three crossunders. The crossovers and cross
unders separate three rather straight filament segments 
in the interior of the knot, from the very curved lobes. 
The proximal side of each lobe extends from the cross
under forward to the extreme lobetip, and the distal side 
of the lobe extends forward from the lobetip to the next 
crossover. We chose an arbitrary 'beginning' for plotting 
arclength distributions of various quantities. See Fig. 5. 

Fig. 5. Representation of the vorte. core. based on Fig. 7. In this 
figure, 99 arclength segments have been labelled. which fall between 
the 100 "stations" (stations I and 100 are identified in this closed ring 
filament) at which local geometry, twist, displacement, and other 
variables are measured. The numbers ascend in the "forward" direc
tion along the filament. The "start/finish line" is arbitrary, but it is 
used in aU other figures which portray the arclength distribution of 
some quantity. The filament generally points clockwise. so by con
vention this view is from "above" the knot. From this vantage point, 
the knot appears to precess clockwise around its symmetry axis, and 
translate into the page along that axis. The vort .. wave passes down 
through the lobes in the same direction as the translation. Segments 
5-8, 38-41, and 71-74 constitute the crossover regions; segments 
14-17,48-51, and 81-84 lie along the crossunders; and segments 27, 
60, and 93 are found at the extreme lobetips (the perspective projec
tion here may be a bit misleading, particularly in the case of the cross
overs). The normal slices shown in Fig. 13 are taken from stations 10, 
20, and 30. 
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2.3. Simulation 

The initial condition cquations. appropriately scalcd, 
allow us to assign a [II, vI concentration to every cell in 
a three-dimensional array. Each cell is then updated 
according to the reaction-diffusion equations, using the 
explicit Euler method and a six-neighbor discretized 
Laplacian. In computing the Laplacian via a second 
difference approximation we used 2/3 as the distance 
between neighboring cells; thus I "space unit" (su here
after) in our system is represented by 1.5 array cells. The 
"smoothness" required for adequate approximation of 
a continuum depends not only on the kinetics involved, 
but also on the characteristics - particularly the twist -
of the vortex filament under study. Highly twisted fila
ments in a coarse grid can result in adjacent gridlayers 
containing rotors of much different phase, possibly 
leading to artefactual and catastrophic "backfiring", 
all the more likely if the excitable gap is small. With 
the current version of B-kinetics, neighboring rotors 
separated by more than about IS' are hazardous, but 
in thc filament studied here the maximum twist was 
0.037 turnslspace unit:::: 9' between adjacent planes, 
and the average twist was 0.017 turns/space unit, or 
only about 4' between adjacent grid layers. On these 
grounds, and also from the results of 1 and 2D studies, 
we believe a smoothness of 1.5 is sufficient for moder
ately twisted filaments using B-kinetics with g a 0.9. 
(This provides eight times more cellslsu3 than in any 
prior PDE computation of three-dimensional organiz
ing centers using B-kinetics. We believe that many 
earlier computations employing B-kinetics were too 
coarse.) The required timestep is contingent upon both 
the kinetics and the smoothness; in the present case we 
found that At - 0.02 is adequate. 

The arrays used in this investigation were 91 x 91 
x 91 cells - 60.67 x 60.67 x 60.67 space units. Periodic 
boundary conditions unite the "floor" and "ceiling" of 
the array; the four sidewalls are no-flux. 

The simulation was pursued all the way out to 1-

3000, about 125 vortex rotations. The 150,000 updates 
of the 12.5 M arrays were performed on the CYBER 
205 at the (now defunct) John von Neumann Computer 
Center in Princeton, and also on the CRAY-YMP at the 
San Diego SuperComputer Center, under the direction 
of approximately 1500 lines of Fortran source code. 
Our 3D integrator has been used extensively in prior 
reports from this lab; the basic outline of the program 
is presented in Lugosi & Winfree [1988). The explicit 
vector operators for the CYBER were removed in order 
for the code to be compatible with SDSC's CFf77 
autovectorization facilities. 
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2.4. Analysis 

In the present study we used two independent criteria 
for designating an idealized space curve as the "fila
ment" at a given time. The first is the so-called "pivot
core" method, in which the filament is taken to be 
the centerline of the tube of array cells which did not 
exceed some subthreshold value of II in the previous 
rotation period. In practice, the sampling interval is 
usually chosen to be slightly longer than one rotation 
period; in the present case the (3D) rotation period was 
determined to be about 22 time units, and we used a 
sampling interval of 24.5 time units. In [II, v) space, 
array cells with consistently low levels of II also have 
consistently low levels of v and lie inside the excitation
recovery loop, where they are held captive by diffusion 
and execute attenuated trajectories (Fig. 1). During 
the course of one rotation, these cells never support a 
full-blown pulse: they comprise a relatively quiescent 
core around which the wavetip circulates. We used an 
upper bound of 11- 0.8 in calculating the pivot core; 
this typically yielded a cylindrical tube of approxi
mately 5500 gridpoints, with an arclength of about 
300 grid points (200 space units) and a nominal diam
eter of 5 gridpoints (3.3 space units). The center of this 
tube was determined at intervals of 0.3 grid points along 
its length, and the resultant 1000 or so coordinate 
triplets were represented as three truncated Fourier 
series. We found that it was necessary to retain only the 
first five harmonics in order to resynthesize a (slightly 
smoothed) space curve which largely coincided with 
the raw centerline, never deviating by more than a 
gridpoint. 

The state-space image of the vortex core appears 
to be stretched over the excitation-recovery loop and 
rotating3 about some interior point II·, v·. Our second 
method of specifying the filament attempts to find the 
locus of points in the array which possess that particu
lar combination of concentrations. This locus can be 
thought of as the intersection of two critical surfaces 
(iSO-II·, iso-v·), which will generally form one or several 
rings. In B-kinetics, a stationary point in II - V space 
must lie on the nondiffusing variable v nullcline, 
which passes through the origin (ignoring diffusion, the 
ODE equilibrium) along the line II ~ v. An inspection of 

227 

phase portraits of both two-dimensional rotors and the 
trefoil itselfled us to pick II· - 0.2, v· = 0.2 as the pivot 
point (Fig. 1). The 1/. - 0.2, v· - 0.2 locus was traced 
through the array by linearly interpolating the 0.2 iso
concentration line for II and for v along the edge of each 
unit cube, and then calculating the intersection of those 
lines on the face of the unit cube. This technique usually 
produced about 400-450 points, about the maxi
mum number of face-intersections expected for a rela
tively smooth closed curve of length 300 randomly 
oriented in a unit-spaced lattice. The points thus 
acquired were ordered and then submitted to the same 
Fourier smoothing algorithm as above. However, in this 
case, nine harmonics were required in order for the 
resynthesized curve to adhere tolerably closely (within a 
gridpoint) to the raw data points. The higher frequen
cies are demanded partly because the [II·, v·) filament is 
seen to "orbit',4 that is, the [II·, v·) locus traces out a 
curved path (in the same direction as wave rotation) in 
the plane normal to the filament. The phenomenon has 
been noted before, and in fact led us to reject a possible 
third filament criterion, based on the high magnitude of 
the cross-product between the II and v gradient vectors 
at the wavetip. In the previously untried [II·, v·) fila
ment, we are not sure if the orbiting implies that there 
is no stationary pivot point in II - V space, or if we just 
missed such a point slightly. In any case, the details of 
the orbiting vary along the filament, so at any given time 
the [II·, v·) filament complicatedly deviates from the 
more stable pivot core locus, which represents some 
kind of an average over the rotation period. 

Although they are similar, the state-space trajectories 
of the cells comprising the vortex core are not identical 
10 those of the two-dimensional rotor. Thus the state
space images provide one way to investigate the alter
ation of the 2D rotor in its 3D context. We have not yet 
completed a study in which a series of 2D normal slices 
excised from the vortex core are plotted in state-space, 
in order to see if rotors vary with arclength, depending 
on local conditions. 

Regardless of filament definition, the Fourier repre
sentation aIlows us to eval uate analytically the local geo
metry descriptors curvature K(S) and torsion T(S), which 
uniquely determine the shape of the filament in terms 
of the natural parameter arclength, s. To completely 
describe local conditions along the filament, we have 

) II was previously thought that the state·space image must rotate about some fixed "stagnation" point. near the center of the 
excitation·recovery trajectory IWinfree 1974. Winfree 1978J. II has since been discovered that rigidly spinning rotors in various excitable 
media and at various parameter settings exhibit varying "modes" of statc-space rotation. Furthermore. meander or filament motion can be 
expected to complicate matters; for example, producing non-closed trajectories. See Winfree [1991J for detailed analysis. Although at any given 
time a fixed pivot point in 1/ - U space is guaranteed (Theorem). this point is free to change over the rotation interval. 
'We have used this term in our lab for years to describe the motion ofa nonmcandering 20 spiral wavetip. which may pivot about a distant 
point. thus tracing out a closed circular path. 



only to add the local twist as a function of arclength. 
The twist is the rate at which the local concentration 
gradients change direction with arclength. We assay 
twist by monitoring the /I or v gradients in a small 
sphere of array cells surrounding the filament, and 
observing how these gradients rotate with arclength 
with respect to a fixed axis (the local tangent). The 
radius of our sampling sphere is three gridpoints; it 
is centered about the filament at 100 equispaced 
locations, and the average gradient in each spatial 
direction is determined by pairwise comparisons 
between array cells, normalized by distance. The sampl
ing sphere completely encloses a segment of the vortex 
core described above, and the cells in the core are, by 
design, centered symmetrically about the filament, thus 
avoiding spurious fluctuations in twist resulting from 
eccentric sampling. Ideally, we would like to evaluate 
the gradient vectors just at the filament, which in prin
ciple they must meet orthogonally, but the discrete grid 
imposes the necessity of a finite sampling neighbor
hood. Further, we have found that with the current 
kinetics and smoothness, vortex cores need to have a 
radius of about two to three gridpoints in order to yield 
reliably reproducible and fairly smooth twist measure
ments. If the core radius is less than this, the twist value 
is frequently dominated by one high u or v cell. and the 
square lattice effects become obvious; if the core radius 
is greater than this, the surrounding waves influence the 
gradients: the measurement no longer pertains just to 
the filament. This feature guided our choice of the pivot 
core bound; in the case of the [II", v"] filament, matters 
were more simply arranged by harvesting a tube of array 
cells within radius 2.5 of the filament. 

Once the gradients are known at short spatial inter
vals, it is a straightforward matter to calculate the twist 
within the interval, using the triple-product scheme 
detailed elsewhere (see Henze el al. [1990] and Eq. 8 in 
Winfree [1990]). After the twist is ascertained along the 
filament, the derivative of twist with arclength is deter
mined by first differences. This simple measure was 
cross-checked with a spline-slope algorithm that pro
duced practically the same output. In addition, the 
integral of twist is found by simply summing the local 
contributions of twist from each interval. The twist 
integral for the stable trefoil knot was found to be about 
- 3.2, the negative sign reflecting the fact that the twist 
is generally in the direction opposite the rotating wave. 
The theoretically expected value of the twist integral is 
somewhere around - 3, the precise value depending on 
the exact shape of the knot. Since for a closed vortex 
ring the integral of twist and a quantity called the 
writhing must sum to the "push-olf linking integer", 
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which for the trefoil is zero, the writhing of the trefoil is 
simply the additive inverse of the twist integral. 

In addition to local geometry and twist, we measure 
at 100 equispaced "stations" along the filament a 
number of other variables which could possibly influ
ence filament dynamics. Segments of the filament well 
separated by arclength, but passing nearby one another 
may be especially important in the stability of knotted 
filaments; therefore at each station we determine the 
nearest approach of the filament to itself, after exclud
ing a suitably wide window along the filament on either 
side of the station in question. Likewise, we measure the 
distance from each station to the nearest no-flux bound
ary, behind which a "mirror filament" can be imagined 
to exist. 

Finally, we measure the "dynamical variables": fila
ment motion, and rotor spinrate. Tangential filament 
motion is excluded as physically meaningless; purely 
lateral motion is assayed by comparing filaments from 
successive sampling intervals, and noting where the 
later filament punctures a plane normal to the earlier 
filament. This lateral displacement is normalized by the 
appropriate time interval, and the resulting velocity is 
resolved into mutually perpendicular Normal (Vn ) and 
Binormal (Vb) components, with reference to the local 
Frenet frame. 

A measure of the vortex spinrate at one (changing) 
point along the filament is provided by continuously 
monitoring a single array cell far from the knot, and 
noting the intervals at which its concentration of 
variable /I transgresses a given high level. Even if the 
spin rate is the same all along the filament, this simple 
technique falls prey to a number of complications, e.g., 
Doppler shift, but in the present case such effects are 
minor, as will be discussed in more detail below. 

3. Results 
Since our 3D initial conditions were generated by a 
mapping of a simple 2D "crossed gradient" rotor 
precursor, it took a while after the kinetics were first 
turned on for a fully developed vortex core to emerge. 
Our first reliable pivot core sample is from time 92, 
thus we are not able to say much about the very early 
details of singular filament "crystallization" from some
what amorphous initial conditions. We pursued the 
simulation from time 92 to time 1796, about 80 vortex 
rotations, gathering pivot core samples every 24.5 time 
units. The simulation was then allowed to proceed, 
unscrutinized, for another 1000 time units, at which 
time two more pivot core samples were obtained (times 
2835 and 2860). In addition, a saved copy of the entire 
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array at time 1109 was rerun for eight successive three
time-unit increments, then each of these staggered 
arrays run for the usual 24.5 time unit pivot core 
sampling interval, to produce serial snapshots of one 
rotation at 118 rotation intervals. Finally, the [1/*, v*] 
locus was determined for those same eight intervals, 
unfortunately offset by 0.5 time unit from the pivot core 
sequence, thus rendering less precise a comparison 
between the two filament definitions. 

3.1. Overall shape and size 

Figure 6 shows that arclength of the knot decreases 
asymptotically from an initial value of about 225 space 
units towards an apparently stable length of 205 space 
units. The plot of arclength against time also displays 
a slight rhythmic variation in the rate of decline, with 
an apparent period of something like 250 time units. 
These fluctuations may be "beats", resulting from the 
discordance between our pivot core sampling interval 
(24.5 time units) and the rotation period of the vortex 
(about 22 time units). Our sampling period is expected 
to advance across the entire vortex rotation period 
about once every II rotations, perhaps revealing a 
minor oscillation in arclength within each rotation. 
Assuming this interpretation, we have here a sensitive 
measure of rotation period, thereby pegged at 22.5 
time units. In fact, a sinusoidal variation in arclength 
of about 2% is detectable in the eight snapshots 
spanning one rotation, but only in the [1/*, v*] filament 
series; the corresponding pivot core series shows only 
minor, probably noise-level, fluctuations. 
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Fig. 6. Plot of arl:iength against time for the pivot core filament. 
showing the initial decrease in arclength of the knot to an apparently 
stable value of about 205 suo The minor oscillations in the descent 
arc postulated to be ·beats'. resulting from the difference between the 
rotation period and our filament assaying interval, and indicating a 
slight change in arclength within the rotation period. The gap in the 
data corresponds to a 1000 tu period during which the simulation 
proceeded unscrutinized. 
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The decrease in arclength is correlated with a "flat
tening" of the knot along its axis of symmetry, and also 
with a more subtle retraction of the lobes (Fig. 7), 
resulting in a compact and rather shallow-bodied object, 
about two wavelengths across, and less than one wave
length high. The individual lobes of the knot remained 
remarkably planar throughout the entire simulation. 
This can be seen graphically by rotating the knot about 
its symmetry axis until an edge-on view of a lobe is 
obtained (Fig. 7); further rotations of 120' about this 
same axis yield edge-on views of successive lobes, con
firming the essential three-fold symmetry of the knot. 
The visual impression of planarity is confirmed by the 
torsion profile of the knot (Fig. II), which shows very 
low values of torsion in the lobe regions, which alto
gether constitute about 75% of the arclength of the knot. 
The torsion profiles exhibit three spikes, corresponding 
to the interior stretches of the knot, where the curvature 
reaches its minima, and the transition is made from one 
lobe to the next. Roughly, then, the knot can be thOUght 
of as composed of three essentially planar lobes, con-

! 

Fig. 7. 'Tubeplots' illustrating the initial shape changes in the 
singUlarity. The topviews revcal a slight retraction of the lobes. and 
the sideviews show a nallening of the entire object. The plots arc so 
rotated that the sideviews present one lobe edgeo()n. illustrating how 
planar the lobes are. The tubes arc constructed from a series of 
octagons drawn normal to the filament, one of whose vertices is 
oriented by the local binormal vector. Thus segments of the tube 
which appear 'wound up' indicate regions of high torsion. Note that 
the lobes do not exhibit much torsion. and that most of the torsion 
is confined to three short segments in the interior of the knot. 



nected by short regions of high torsion. These three 
planes have exactly one point in common; that is, they 
form a bundle. which divides space into eight three
faceted regions with one common vertex. Early on in 
the run, the three "lobe-planes" meet one another with 
face-angles and edge-angles both approximately equal 
to 95'; that is, the three lobes are very nearly mutually 
perpendicular, and only slightly more "open" than the 
vertex of a cube. Almost all of the "flattening" of the 
knot occurs within the first twenty or so vortex rota
tions, as these planes "open out" even further, finally 
resulting in face-angles of about 115' and edge-angles of 
about !OS'. Thus the "pitch" of the three "propeller 
blades" is reduced as the knot flattens. The flattening of 
the knot is accompanied by a slight retraction and 
"rounding off' of the lobes. The total effect is to move 
the "crossovers" out a bit from the central axis. The 
knot evidently stabilizes at a radius of about 22 space 
units, just slightly more than one wavelength. It is a 
curious, and perhaps troubling, fact that the final con
figuration of the knot is remarkably close to the initial 
conditions. Either our choice of the initial conditions 
was extremely fortuitous, or perhaps we unwittingly 
saddled the knot with some heavy developmental con
straints. (The other obvious scapegoat - the box - is 
shown later to have a persuasive alibL) The answer to 
this riddle must await construction of further, variously 
sized and shaped, knots. 

3.2. Long-term motion - precession and 
drift 

The most conspicuous long-term motion of the knot is 
a precession about the axis of symmetry. S The knot 
precesses at a rate of approximately 0.17°/time unit, or 
one complete tum in 2100 time units (::::: 96 wave 
rotations). The knot turns in the direction of waves 
passing through the interiors of the (inclined) lobes of 
the knot. This suggests that the precession of the knot 
could be a component of curvature-induced binormal 
velocity (Vb: "drift"), which is noted in simple scroll 
rings to be in the direction of waves passing through 
the interior of the ring. However, because the filament 
comprising the lobe is twisted in addition to curved, 
and the combined effects of these presumed determi
nants of filament motion is poorly understood, such 
speculation is questionable. 

In addition to precessing about the symmetry axis, 
the knot is also observed to translate along that same 
axis, at about 0.01 space unit/time unit, or about 1% of 
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wavespeed. This apparently constant rate is acheived 
after an initial slower transient period of some 600 
time units (27 rotations). As with the precession of the 
entire knot. the direction of translation is consistent 
with traditional drift, but the same reservations apply. 

Since our working hypothesis is that local conditions 
dictate local filament behavior, we want to describe the 
motion of the knot in local terms, with respect to the 
local Frenet frame. The globally-described motions 
of precession and translation appear simple when 
considered in light of the rigid motion of the entire 
knot, but the arclength distributions of the local Vn and 
V/o displacements are far from straightforward (Fig. 8). 
On the timescale of one rotation period, binormal 
displacement is almost everywhere positive, with 
maxima at the extreme lobetips, and falling to zero, or 
occasionally dipping slightly negative in the middle of 
the interior segments. The normal displacements are 
positive along the cross under side of each lobe, and 
negative along the crossover side of each lobe, passing 
through zero at the lobetips, and in the middle of the 
interior segments. It is notable that the normal and 
binormal displacements both pass through zero, or 
very nearly so, at the same three points along the 
middle of the interior segments, so that these three 
points are virtually stationary, on the timescale of one 
rotor period, within our limits of resolution. 

We analytically precessed and translated a Fourier 
representation of the knot by amounts appropriate for 
one rotor period: the resulting local displacments were 
virtually identical to those measured in the simulation, 
including zero values at the three "deadspots". This 
exercise confirmed that precession and translation are 
accurate global descriptions of the knot's overall 
motions, and also served to explain the existence of the 
stationary points. The filament at the three deadspots 
is tangential to the local preces~ion in the x - z plane 
(the 'ecliptic'), but it is tilted in y: hence the precession 
induces a lateral displacement in the y-direction -
which just so happens to be practically equal in 
magnitude, but opposite in direction, to the overall 
translation of the knot. We are unsure of the signifi
cance of this feature of the knot. 

The arclength distributions of Vn and Vb required to 
produce the apparent overall rigid precession and axial 
translation of the knot preclude, among other things, 
explaining the global motions in such simple terms as 
twist-independent, curvature-driven drift, hinted at 
above, and also in Winfree [1990, p.3S]. Binormal 

'We usc Ihe lerm "precession" here 10 describe Ihe slow spinning of Ihe enlire organizing cenler, in order 10 dislinguish Ihis from the 
movemenl of Ihe vone. wave. which we will refer 10 as "rolalion". 
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Fig. 8. Arclength distributions of (a) V. and (b) Vh for the pivot 
core, averaged over one rotation period. The peaks in the Vh 

distribution correspond to the lobetips. Note that the two distribu· 
tions both pass through 0 at three almost identical places, the 
s<>-Called 'dcadspots'. These distributions of V. and Vb combine to 
effect a rigid precession and translation of the knot. 

displacement strictly proportional to curvature obvi
ously cannot alone account for the rigid translation of 
the variously curved lobes, nor does the curvature 
profile of the lobes strictly follow the distribution of 
binormal displacements necessary to effect rigid pre
cession of the knot. An account of filament motion 
grounded in local geometry will have to appeal to more 
than just curvature alone. In his analysis, mentioned 
previously, Keener [1989) maintained that both the 
translation along and rotation about the symmetry axis 
of a trefoil knot is consistent with a curvature and 
twist-based (more specifically, Ie - IV' - 1V 2) model of 
filament evolution. 

3.3. Vortex spinrate and wavelength 

Throughout the entire run, the period of rotation as 
assayed by the remote sensor cell remained at a 
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relatively constant 22 time units, considerably shorter 
(by about 20%) than the two-dimensional rotor period 
of 27.7 time units for this medium. The increase in 
spin rate is presumably due to the combined effects of 
twist and curvature, an especially dramatic effect in 
B-kinetics. as has been noted elsewhere [Henze et al., 
1990). The dispersion curve for this kinetics (Fig. 2) 
shows that over most wave spacings, propagation 
speed remains a constant I space unit/time unit. The 
precession of the knot, at 0.17 '/tu, requires that 
arcpoints at the lobe tips, at radius 22 su, move 
laterally at something less than 0.06 su/tu; the precise 
lateral displacement rate will depend on the orienta
tion of the given stretch of filament. The knot trans
lates along the symmetry axis at 0.01 su/tu, but again, 
actual lateral displacement rates will be somewhat less. 
according to filament orientation. Therefore the slight 
Doppler shift due to the knot's precession and trans
lation are expected to affect our period measurements 
by only a few percent at most; this is observed to be 
the case. 

It has been supposed that the integrity of stable 
organizing centers demands a uniform vortex spinrate 
[Winfree 1990). The idea is plausible, since if spinrate 
varied with arclength, the wave collision boundaries 
would move toward and eventually engulf the more 
slowly rotating wavesource.6 Although the vortex spin
rate varies with arclength within one rotation period 
(more on this "wobble"later), the cycle average appears 
to be everywhere the same. If the vortex spinrate is 
determined by some linear combination of local geom
etry and twist, then those descriptors must covary along 
the filament in a highly constrained manner. This was 
tested by way of multiple linear regression; the results 
are reported below. 

The dispersion curve shows that a period of 22 time 
units corresponds to a wavelength of 21.3 space units, 
compared to 27.4 space units for the two-dimensional 
rotor. The dispersion relation strictly holds only in the 
absence of wavefront curvature, e.g., for a pulse on a 
one-dimensional ring or for plane wave propagation, 
and for present purposes should only be taken as a 
rough guide, for lack of anything better. As can be seen 
in Fig. 13, the notion of wavelength close to the trefoil 
becomes a bit obscure anyway, since the knot is so 
compact and the wavefield is dominated by collision 
boundaries. The plots perpendicular to the filament 
reveal wave structures which hardly resemble the invo
lute spiral of the two-dimensional rotor. In any case, 

6This scenario does not strictly apply to uncurved 6laments. However. in the absence of curvature, variable spinrates would result in the 
accumulation of twist. which might create curvature (as in Henze el al. [1990]), or the twisted 61ament might unwind where it ended at a 
boundary (as in Pensov el al. [1990]), until the twist distribution was unifonn. 



using a wavelength of 21.3 space units for the trefoil, 
we can calculate a nominal rotor core diameter of 
21.3/Tr = 6.8 space units. This is approximately twice the 
diameter of the pivot core, defined by a 1/ - 0.8 upper 
bound. The radius of the stabilized knot is about 22 
space units - a nominal wavelength - so the knot is a 
rather compact object. 

3.4. Filament-filament and jilament-
boundary distances 

In such a compact arrangement, no part of the filament 
is very far from another part, and so filament-filament 
interactions might be expected to contribute to the 
stability or motion of the knot. Figure 9 plots the closest 
approach of the filament to itself as a function of 
arclength, after excluding a suitable contiguous interval 
as described above. We refer to this measure as "elbow· 
room". The three major peaks in elbowroom corre· 
spond to the outer lobes of the knot; elbowroom reaches 
its minimum at the crossovers and crossunders; the 
three minor peaks between the pairs of minima corre
spond to the stretches in the interior of the knot. The 
plot is of course sensitive to the width of the excluded 
stretch of filament, but the major features remain over 
a wide range of choices. Perhaps a more informative 
plot of elbowroom is presented in Fig. 10. Here we 
have contoured the 100 x 100 matrix resulting from 
calculating the distance from each part of the filament 
to every other part. The plot is symmetric about the 
primary diagonal; and in each half the three maxima 
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Fig. 9. Arclength distribution of elbowroom. the closes! approach 
of the filament to itself, after a suitably wide stretch of immediately 
contiguous fitament is excluded from consideration (in this case we 
excluded a window of width 30 su-about 117 of the total arclength 
of the filament-centered on the point along the filament being 
assayed). The closest approach of the fitament to itself is 8 suo just 
over a nominat rotor diameter, and the most isolated parts of the 
filament (the three lobetips) are within two rotor diameters ( 14 su) of 
the interior stretches of the knot. 
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Arclength 

Fig. 10. Contour plot which indicates the distance (in space units) 
of each point along the filament from every other point. The three 
'islands' (in each half of the diagonally symmetric plot) correspond 
to inter·lobetip distances; the three depressions reneet the crossover
crossunder separation. 

corresponding to the lobes, and the three minima 
representing the crossovers, are conspicuous. The width 
of the family of contours adjacent and parallel to the 
primary diagonal permits us to discern the region with
in which elbowroom is a simple linear function of 
arclength, and outside of which things start getting 
interesting (i.e., determined by the configuration of the 
knot), and this guides our choice of the "excluded 
middle". In the present analysis we have excluded IO 
of the 100 equispaced "stations", or about 20 space 
units of arclength, on either side of the focal station, 
With this window width, the minimum value of elbow
room decreases from 9 to 8 space units in the first 
several rotations, and remains at this value for the rest 
of the simulation. The maximum value of elbowroom 
likewise decreases from 16 to 15 space units, and there
after remains relatively constant. The unweighted mean 
value for elbowroom is about 11 space units (initially 
12); this value gives some indication of the overall 
compactness of the knot. 

The decrease in arclength and initial change in shape 
of the knot could be partly the result of shrinkage along 
the normal direction, until countered by repUlsive 
interactions between adjacent segments of filament, 
Untwisted scroll rings simulated using B-kinetics with 
g = 0.9 are known to shrink, although the presence of 
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twist makes extrapolation to the current case question
able (see, e.g., [Henze et al., 1990]). Likewise, the flat
tening of the knot may be halted by filament interac
tions. The knot contracts and flattens until opposing 
stretches of filament at the three "crossovers" come to 
within about 8 space units of one another (and most 
of the torsion is squeezed into three short stretches in 
the interior). This distance is close to the nominal 
diameter of the core, defined above to be )Jll- 6.8 su, 
although it has been noted [Henze et al., 1990) that 
twist may increase the "effective" core size, so that the 
cores may in fact be directly interacting. Twist (and 
torsion) reach their maxima in the crossover regions 
(see Figs. 12 and 7). Nandapurkar and Winfree [1987) 
found that initially orthogonal linked twisted singular 
rings, computed with g - 0.9 B-kinetics, fused into a 
single untwisted ring which ultimately became planar 
as it drifted and shrank. In fact, they speculated that 
more "exotic" organizing centers, such as knotted, or 
mUltiply linked rings, would ultimately decompose and 
become planar. Although the trefoil in this study 
possesses a "push-off linking integer" of zero, which 
would topologically allow it to decompose into a single 
untwisted ring (or two such rings - see Winfree [1990), 
Fig. 4», the particular juxtaposition of filaments in the 
interior of the knot may prevent their fusion. Although 
it is poorly understood, we suspect that the angle be
tween approaching filaments may influence the 
nature of their interaction. Studies in our lab of pairs 
of 2D rotors indicate that "counter-rotors" (or anti
parallel filaments) are likely to fuse and annihilate each 
other; whereas "co-rotors" (or parallel filaments) tend 
to stand off from one another at a fairly long range, up 
to three times the nominal core diameter! In the present 
case, at the points of closest approach, the filaments are 
approximately skew tangent, with an angle of inclina
tion only slightly less than 90'. (As elbowroom increases 
towards the tips of the lobes of the knot, the angle the 
filament of the lobe makes with its threading filament 
decreases, i.e., the filaments are more nearly parallel: 
but we have no way of telling whether this relationship 
indicates some balanced standoff, or whether it is a 
mere consequence of a shape determined by other 
factors.) 

The top and bottom of our simulation array are 
periodic, to permit us to follow the drifting knot, but 
the sidewalls are endowed with no-flux conditions. A 
filament confronting a no-flux boundary is essentially 
in the same standing as if it were facing an iden
tical "virtual image"; accordingly, interactions with 
no-flux boundaries must be considered. The filament 
approaches the no-flux boundaries most closely when 
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the outer portions of the precessing knot sweep past the 
sidewalls of the array. The closest encounter is typically 
6.5 to 7.5 space units, about a rotor diameter. Within 
this distance the iso-concentration contours of II and v 
are obliged to tum and meet the boundary orthogonally, 
perhaps in so doing affecting the concentration fields 
within the core itself. Twice the distance to the nearest 
no-flux wall can be taken as the separation between 
"mirror-image filaments". For the tips of the lobes, this 
least "distance" to the nearest "mirror filament" -
about 13 to 15 space units - is comparable to the 
elbowroom. Given the uncertainty in our estimate of 
"effective" core size, it is fortunate that the precession 
of the knot provides an opportunity to gather convinc
ing evidence that wall-induced effects are absent. As the 
knot slowly precesses, the distance from each lobe to the 
nearest no-flux sidewall passes through a range of val
ues, from the aforementioned minimum of 6.5 to 7.5 
space units, to a maximum of about 12 to 13 space 
units, when the lobe is opposite a comer. Surely the 
precession is slow enough - the 45 degrees from side
wall to comer taking 264 time units (12 wave rotations) 
- to allow each segment of the filament to "equilibrate" 
to its changing surroundings. At any time, each of the 
three lobes possesses distinct values of wall distance 
within this range. Nevertheless, at all times sampled, 
the knot exhibits apparently undisturbed three-fold 
symmetry in shape (curvature, torsion), and also in the 
orientation of the II, v gradient vectors and their twist. 
Moreover, the residuals in statistical models of filament 
motion (see below) were never significantly correlated 
with wall distance. We might use this seeming indiffer
ence to walls as close as 6.5 space units to put an upper 
bound on the size of the rotor core. 

Evidently, then. the knot is an unconfined stable 
organizing center, moving rigidly through its support
ing medium. We would like to examine in detail its 
(presumably) steady-state arclength distributions of 
curvature. torsion and twist, in order to obtain per
missible combinations of these variables, and attempt 
to correlate them with filament motion and spinrate. 

3.5. Differential geometry and twist 

Curvature as a function of arclength is plotted in 
Fig. II. For the pivot-core filament this distribution 
remained virtually constant throughout the simulation, 
with only a minor change in amplitude as the lobes 
retracted slightly during the first 20 or so of our 125 
vortex rotations. The [u·v·) filament showed an obvi
ous high-frequency modulation of this basic pattern, 
probably associated with differential orbiting along the 
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Fig. II. Malrix plol showing lhe arclenglh dislribulion of curva
lure (CUR), lorsion (TOR), lwisl (TWI), and lhe arclenglh derivalive 
oflwisl (DER), and also lhe pairwise combinalions oflhese variables 
exhibiled by lhe (period-averaged) pi vol core. The ranges on lhe plOlS 
were omilled for c1arily; lhey are as follows: CUR 0.02-0.12 (su - '), 
TOR - 0.18-0.05 (rad/su) (0 shown), TWI - 0.17-11.03 (rad/su), 
DER - 0.01-0.006 (radlsu') (0 shown). NOle lhal significant posi
live correia lions exisl belween CUR and TOR (Pearson Correlalion 
Coefficienl.0.71) and belween CUR and DER (PCC.O.66). This 
confounds lhe mUlliplc linear regressions including lhese ,'.nables as 
predictors. 

filament. The three prominent peaks in the curvature 
profile represent the lobes, where curvature reaches its 
maximum value of 0.12 su -I, equivalent to a radius of 
8.3 suo This is well below the critical curvature of 
2n/). - 0.29 su - I, which would compromise core struc
ture. The subsidiary peaks occur just at the crossover, 
where typical values are close to 0.07 su - I, or radius 
14 suo The least curved segments of the filament are 
found in the interior of the knot. where values fall 
as low as 0.03 su - I - radius 33.3 suo It is notable that 
the curvature changes approximately linearly with arc
length between local extrema. 

The torsion profile of the pivot core filament (Fig. II) 
is also quite stable throughout the rotation interval, 
while that of the [u·v·) filament fluctuates considerably 
due to its intraperiod wobbling. The torsion profiles 
generally exhibit three prominent spikes. corresponding 
to three short stretches of filament in the interior of the 
knot which join the planar lobes. Torsion reaches its 
maximum magnitUde of approximately - 0.2 radlsu 
within these regions, the negative quantity reflecting the 
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fact that the filament is turning out of the local osculat
ing plane in the negative binormal direction (as in a 
left-handed helix). These regions of maximum torsion 
correspond almost exactly with the curvature minima, 
and the twist maxima. The low torsion elsewhere along 
the filament indicates that the lobes are very flat. 

The distribution of twist along the filament is not 
such a simple matter. An initial complicating factor is 
that the twist measurements using the u gradients and 
v gradients differ. If this discrepancy proves not to be 
entirely an artefact of our simulation or measurement 
techniques, it throws into question the entire notion of 
twist as a quantity reflecting the arclength distribution 
of rotor phase. Divergent u and v twist values imply 
that rotor structure is not constant with arclength, in 
which case the concept of phase becomes hard to 
apply. The vision of the filament as a stack of 
"standard" rotors underlies much of the theoretical 
reasoning about filament dynamics [Keener, 1988; 
Keener & Tyson, 1990; Winfree, 1990; Winfree & 
Guilford 1988), and it is appealed to as a justification 
for the local geometry hypothesis, though perhaps not 
an indispensable one. 

Some of the disagreements between our u-based and 
v-based twist values can be explained away by the fact 
that the gradients of the non-diffusing variable v 
exhibit more jumpy, less regular directional changes 
than the II gradients. Without the moderating effect of 
diffusion. the v concentration field is probably more 
susceptible to discretization artefacts, increasing the 
noise level in the v gradient field, and thereby the 
v-based twist values. However, aside from the noise 
factor. the u and v gradients do appear to be pursuing 
distinct itineraries: there are systel atir deviations 
between the 1/ and v twist profiles. Th.. is clearly 
demonstrated by the orderly variation along the fila
ment of the included angle between the 1/ and v 
gradients. as revealed by the value of the dot product 
between the normalized u and v gradient vectors. The 
u and v gradients are expected to cross orthogonally in 
the core, but the range of dot products encountered 
shows that the angle of intersection is often less than 
90', usually considerably so at the lobes, Now, our 
gradients are averaged over a finite region, and so are 
exempt from the geometric requirement that the u and 
v gradients cross perpendicularly somewhere in the 
core region. The systematic departures of the u - v 
gradient included angle from some fixed value suggest 
that (1) the concentration fields within the core vary 
with local conditions along the filament, i.e., there is 
no invariant core structure, and the deviation between 
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II and v twist rates is real; or (2) both our pivot core 
and [u·v·] locus systematically deviate from some 
more appropriately defined nuclear region, i.e., the 
disagreement between the II and v twist rates is an 
artefact, resulting from our gradient sampling region 
systematically missing the mark. The two possibilities 
are not mutually exclusive. The first possibility threat
ens the key theoretical concept of phase; the second 
possibility raises methodological issues of filament 
criteria which are fundamental to our whole analysis. 
Our pivot core and [II· v·] criteria could lead us astray 
in a regular pattern because certain "peripheral" 
aspects of filament anatomy change with arclength, 
even though an unchanging core persists. The fact that 
we determine the average gradient over a finite region 
somewhat insulates our measurements from small
amplitude wobble around an invariant locus, but at the 
same time reduces the spatial resolution of our assay. 
It was mentioned above that the core of cells which 
provides our gradients is about half the diameter of the 
nominal core ()Jrr). However, it is possible that there 
exists an invariant region smaller than this, which 
could only be exposed in a smoother simulation. With 
respect to the possibility that we are systematically 
straying from some more well-behaved locus, it is 
intriguing that the typical opening and closing of the 
11- v gradient included angle exhibits a six-fold oscil
lation along the filament, which is strikingly similar to 
the six-fold oscillation with arclength seen in the 
residuals of many of our linear models of filament 
motion and spinrate (more on this below). 

A second factor which complicates the assignment of 
a unique value of twist to a given point along the 
filament is the remarkable fact that the arclength 
distribution of twist changes significantly and regularly 
within each rotor period. We believe this is the first 
time this phenomenon has been documented. The 
nature of this change is illustrated in Fig. 12, along 
with the mean value of twist, averaged over one rotor 
period. Along the filament, the values of twist span an 
order of magnitude, from a low value of 0.018 rad/su 
(:::: I' /su), to a higll value of 0.19 rad/su (:::: 11 • /su) 
(still well below critical value for B-kinetics at this 
smoothness). A simplified way of describing the cycli
cal shift in twist is to note that the three peaks of twist 
each bifurcate, then the leading member of each pair 
loses amplitude as it moves forward along the filament, 
finally damping out altogether in the trough before the 
next peak. These diminishing pulses of twist originate 
near the center of the knot, just interior to each 
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Fig. 12. Composite plot showing how the arclength distributions of 
twist changes within one rotation period. The twist values are all 
negative. increasing in magnitude with altitude in each plot. Note 
the three diminishing pulses of twist moving forward along the 
filament before damping out in the trough before the next peak. The 
period·averaged distribution of twist is shown projected against the 
back wall. Eight intervals arc shown, spanning one rotation period. 
to show the recurrence of the twist panern. (compare plots I and 8) 
but only the first 7 of these distributions were used to calculate the 
mean. to avoiu doubly weighting the (arbitrary) first interval. 

crossunder, and travel most of the way around each 
lobe before extinguishing just proximal to each cross
over. The mean value of twist over one rotation period 
is highest just at the crossunder, where values average 
0.16 rad/su (:::: 9' /su), and mean twist is lowest at the 
crossover, wilh a value of 0.038 rad/su (:::: 2'/su). The 
arclength derivative of twist (Fig. II) is consistently 
negative at the crossovers and consistently positive 
along the proximal side of each lobe, passing through 
zero at each crossunder, and along the distal side of 
each lobe. Although qualitatively similar, the intra
period fluctuations in II and v twist are not identical, 
which means the included angle between the u and v 
gradients changes over the rotation period at any given 
location, in addition to varying with arclength. 

The fact that the distribution of twist changes 
recurrently implies that the rotor spinrate is not 



constant within one rotor period, although the cycle 
average appears to be everywhere the same.7 This 
raises theoretical and methodological difficulties simi
lar to those expressed above. If the imraperiod wobble 
is a real feature, then the basic concept of phase, and 
the derived concept of twist (and the derivative of 
twist!) become blurred, and the notion of an invariant 
core becomes even less plausible. Alternatively, the 
time-varying twist distributions might be explained 
away as an artefact resulting from the changing 
"suitability" of the gradient sampling region. In other 
words, a locus of constant (in time) twist distribution 
might be systematically evading our filament gathering 
techniques. This latter explanation seems unlikely, 
since our pivot-core method, at least, is based on 
cycle-average conditions. Moreover, the intraperiod 
fluctuations in twist are large, and are conspicuous in 
the measurements employing both filament criteria. 
Insofar as we can believe our measurements, then, it 
appears that the trefoil is not composed of steadily
spinning rotors, and that the u and v gradients wobble 
out of synchronization. 

3.6. Intra-period motion 

In addition to the long term motions of precession 
and translation mentioned above, we measured the 
fine scale movements of the filament within one rotor 
period at 118 rotation intervals. We did this with 
both the pivot core filament and the [u·v·] filament, 
providing an opportunity to compare the behavior of 
the two. With either filament criterion, the same general 
finding emerged: any given point along the filament 
moves in a varied fashion throughout the rotor period, 
so that overall filament motion is a composite of many 
subordinate movements. The amplitude of these intra
period movements is small, on the order of I space 
unit, or less, for most of the filament. At some filament 
locations the range of amplitudes can span an order 
of magnitude within half a rotor period, so that fila
ment motion is very unequally distributed over the 
rotation period. In the case of the [II· v·] filament, it is 
clear that much of the intra period motion is an "orbit
ing" in the same direction as the wave is turning. The 
pivot core filament exhibits much less regular move
ments, generally of smaller magnitude, compared to the 
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[II· v·] filament. In either case, the tempo and mode of 
the intra period oscillation varied greatly with arclength. 
The overall motion, measured over one rotor period, is 
similar for both filaments. However, it may be interest
ing that the rotation period binormal displacements 
compared for the two filaments diverge most at the 
crossunder (where there is maximum average twist), 
and the rotation period normal displacements diverge 
most at the extreme lobetip and at the crossover (the 
two local maxima of curvature). 

3.7. The wavefront and collision inter/ace 

In an attempt to test the idealization of the filament 
as a continuum of invariant rotors, and in order to 
visualize the wavefield close to the trefoil knot, we con
toured the concentrations of u and v in planes perpen
dicular to the filament at various locations, throughout 
one rotation period (Fig. 13). Superimposed upon each 
contour plot is a circle of nominal core diameter )J7r, 
centered about the point at which the filament punc
tures the normal plane. The waves in many places don't 
very much resemble the classic two-dimensional invo
lute rotor, even clo~e to the pivot point. Is there an 
invariant region in common to all the portraits? There is 
evidently no such region of diameter )Jrr, but the exist
ence ofa smaller region, persisting unchanged through
out the rotation interval, at all points along the filament, 
cannot be ruled out by these relatively low-resolution 
plots. 

The collision locus will be seen in places to approach 
perilously close to segments of the filament whose 
radiating wave is oriented away from the intruder. 
Since we are unable to clearly delimit it, it is impossible 
to say whether or not the vortex core itself has been 
violated. In these instances an unforeseen and extra
ordinary event occurs: the rotor apparently "changes 
affiliation", becoming the pivot point for the resulting 
stump of the intruding wave. This behavior seems to 
be the three-dimensional analogue of the "wave-break 
translocation" noted in two-dimensional wavetrains by 
Krinsky and Agladze [1983]. That study found that the 
wavebreak (rotor) should move ("induced drift") with a 
velocity determined by the ratio of the periods of 
the interacting wavesources: vdr - v( 1 - TtfT2). In the 
present case, as has been noted above, the two wave
sources apparently have identical cycle average periods, 

'In other words. the distribution of twist is exactly repeated at each vonex rotation interval. This strictly periodic behavior tempts us, in the 
present case. to dismiss the existence of waves of twist which persist on a timescale greater than one rotation period. The existence of 
"long·lived" travelling pulses of twist has been anticipated in the case of nonuniformly twisted filaments, but their individuation here seems 
to us needless and anificial. 
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but perhaps slight intraperiod differences. due to varia
tions in the phase of the wobble at the source filaments. 
result in a displacement of the pivot point by way of 
the "induced drift" mechanism. In any event. apart 
from period-based considerations. it is easy enough 
to imagine the pivot point being displaced as it is 
"handed off" from one wave to another. Here would be 
a mechanism of filament motion unrelated to the local 
geometry hypothesis. and also one that allows filaments 
to influence one another at distances exceeding a rotor 
diameter. 

Along these lines. it will be noted that sections of 
filament which are hit by an incoming wave close to 
their pivot point do not radiate waves in all directions: 
when the pivot point becomes associated with the 
incoming wave. the previously unfurling wave cannot 
complete its rotation (see Fig. 13. third column). This 
"ratchet effect" is exhibited by the filament along most 
of the distal side of each lobe. This has the interesting 
consequence that wave propagation across the lobes of 
the knot is essentially one-way. Putting to use the 
proposed mechanism of the last paragraph: Is the 
filament on the distal side of each lobe being "knocked 
back" by repeated wave volleys? Both the normal and 
binormal displacements along the lobes are consistent 
with this metaphor. 

Despite the collision locus approaching so closely 
to the filament. and the resulting turmoil. the local 
gradient vectors appear to be little affected. So far as we 
can tell, the wobble in the u and v gradient rotation. and 
the associated changing peaks in twist. are not obviously 
related to the waves colliding near the filament. This 
might be taken as evidence for a relatively insulated 
core region. which is not directly influenced by the 
surrounding wavefronts. On the other hand. does the 
aforementioned "ratchet mechanism" enable the fila
ment to maintain its stable (over a period) distribution 
of nonuniform twist? Is some such mechanism required 
for long term viability of ringlike non uniformly twisted 
organizing centers. to prevent continuous "winding 
up"? 
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We obtained a "plan view" of the wavefront (Fig. 
14). using a Silicon Graphics IRIS Workstation. Poly
gons tiling an iso-II surface were obtained by linearly 
interpolating the position of a given high value of u 
along the edges of each unit cube in the simulation 
array (Marching Cubes algorithm. Lorensen & Cline 
[1987». Satisfactory results were obtained. and compu
tational efficiency greatly enhanced. when the inter
polations were performed using cubes of edge-length 
two. In either case. cubes were excluded from further 
consideration if the value of v averaged over the vertices 
exceeded some middle value cutoff. thus ensuring 
that the high-u surface represented the wavefront. and 
not the waveback. In order to take advantage of the 
SGI lighting features. invaluable in visualizing such a 
complex surface. normal vectors were calculated for 
each polygon vertex. Vertices shared by more than 
one polygon (most of them) were assigned an average 
normal vector [Gouraud. 1971). This technique pro
duced a smooth. virtually facetless surface even with 
the relatively large polygons yielded by the coarse 
interpolation. 

At any time the colliding wavefronts from opposing 
stretches of filament must meet along some curve: a 
one-dimensional locus of cusps. Over time. this locus 
of cusps moves. and traces out a two-dimensional 
surface. which we call the collision interface. It can be 
seen from the normal slices that this surface approaches 
the fllament quite closely along the distal side of the 
lobes. We thought it would be revealing to determine 
the configuration of the entire collision interface. to see 
how it was wrapped. or perhaps pierced. by the filament. 
as this might provide clues about the coherence and 
stability of the wavefield associated with the trefoil. 

We experimented with several algorithms to identify 
points in the simulation array as belonging to the colli
sion interface. The combined state-variable contribu
tions from two approaching waves should result in 
particularly high values of the first or second time 
derivatives of II at the site of an impending collision. 
and the symmetric contributions from two waves 

Fig. 13. (on facing page) Mosaic of contour plots of 20 slices normal to the flIament. obtained at three locations. at 1/4 rotation intervals. 
The locations of the slices are shown in the key in Fig. S: Ihe lertmost column is laken from stalion 10, the middle column from stalion 20, 
and the rightmost column from station 30. Time increases from top to bottom. The scaling and contouring conventions arc identical to those 
in Fig. 3. The plots arc oriented so that the filament is sticking out of the page, i.e .. the view is backwards along the flIament. The circle on 
each plot is centered about the filament, and is of nominal core diameter. )In. The solid arrowhead indicates the gradient of u. and the open 
arrowhead the gradient of v, in the core. As explained in the text. the gradient is evaluated using lir.;t differences in a small sphere of array 
cells centered on the filament location of interest; hence, the gradient vectors drawn here are inDuenced by array cells in planes in front of 
and behind the one shown. and may not appear exactly consistent with the contour lines in this equatorial plane (particularly in regions of 
high arclength derivative of twist). The edge of the array can be seen in the middle column of portraits, taken from ncar the lobetip. The 
collision near the core, and the ensuing rotor dislocation. arc especially clear in the third column. taken from the distal side of a lobe. An 
invariant region the size of the nominal core evidently is not shared by all the portraits, but the characteristic spreading of the v contour.; 
per.;ists. Note the variation in the included angle between the u and v gradient vector.;. 
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(a) 
(b) 

(c) 

(i) 

Fig. 14. Wavefront (high u, low v isosurface) ofthc trcfoil knottcd singularity scen from three locations at 1/4 rotation intervals (time increasing 
to the right). The singularity is drawn in bluc. as arc the array boundaries. The isosurface was obtained by a Marching Cubcs t)'pe algorithm, 
seeking 11- 0.75 if and only if v < 0.5. Note that the isosurface turns to meet the no-flux sidewalls of the array perpendicularly, then disappears, 
providing convenient viewing windows into the scene. In the sideview (panels (a)-(d)), the domelike wavefront descending from the top of the 
array originated from the bottom of the knot, and is passing through the periodically coupled nooHeiling. In panel (d), this section of wavefront 
has collided with the triple domed wavefront which has lifted off the top of the knot. This box-wide collision interface is the dominant feature 
in Fig. 15(b). Panel (h) shows the topview of the developing hole as the hox-wide wavefronts annihilate one another: compare the outlinc of 
thc hole with the outline of the dark blue region on the collision surface. (In panels (a), (e), and (i). ani), the comers of the colliding boxwide 
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(c) 
(d) 

(g) 
(h) 

(k) 
(I) 

wavcfronts remain from the previous rotation - IigJll magenta on the collision surface.) The topview (panels (eHh)) (viewpoint is inside box, 
about 1/3 down from top) shows the wave unfurling from the proximal side of each lobe, traversing the lobe unidirectionally, and beginning to 
collide almost at the filament on the distal side of each lobe, staning at the lobetip (orange tips of the three paddles in the collision surface). In 
panel (g) the wavcs have completely traverscd each lobe. and arc about to give rise to the cyan and dark blue "neck" region of the collision snrface. 
The bOllomview (panels (iHI)) shows the smooth domelike wavefront which has received equal contributions from three separdte stretches of 
filament in the interior of the knot. but betrays no traces of its hybrid origin. These images arc actually frames from a VHS·format movie. which 
is available upon request. 
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should result in fairly flat spatial gradients of u or v, 
with values of u and v above equilibrium, in the 
subsiding aftermath of a collision. Unfortunately, we 
were unable to adjust the parameters in either of these 
schemes so as to produce acceptable results, though 
perhaps they would prove viable in another geometry 
or kinetics. We finally resorted to the simple ploy of 
identifying those points with low values of u, which 
possessed neighbors with high values of u at some 
distance away in two opposite directions; qualifying 
points were additionally required to have low values of 
v, to prevent regions in the highly concave wavebacks 
from being admitted. Using this "imminent collision" 
algorithm, we searched the entire array at frequent 
intervals during a rotation interval, noting the time at 
which qualifying points are obtained. The resulting 
coordinates, after duplicates are discarded, are used to 
render the collision interface (Fig. 15). 

We believe the "imminent collision" algorithm 
correctly identifies the collision interface. The surface 
so generated passes close by the distal side of each 
lobe, as predicted on the basis of the normal slices, and 
it passes through the obvious collision cusps seen in all 
eight intervals for which the wavefront was rendered, 
with the superimposed "time contours" lining up 

(a) 
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appropriately. In addition, the box-wide collision sur
face which must separate our "periodically duplicated" 
knot from its identical upstairs and downstairs neigh
bors is apparent. However, contrary to expectations, the 
collision interface appears to fray and peter out beneath 
the knot. We had assumed that the collision interface 
must extend indefinitely, and so initially concluded that 
this ragged edge merely indicated that the "imminent 
collision" algorithm was breaking down, probably 
because the cusps became too shallow to be detected. It 
was then realized that the persistence of the cusp, how
ever shallow, requires wave propagation that is always 
and everywhere strictly normal to the wavefront. In 
fact, this requirement is violated, particularly in the 
crucial cusp regions, where propagation direction con
cavity results in faster propagation of the cusp [Foerster 
et al., 1988, 1989, 1990], and thereby its elimination. 
The dependence of propagation speed on wave curva
ture, and perhaps also the interactions between suc
cessive wavefronts, must result ultimately in concentric 
uniformly curved shells far from the source. Thus, at 
some distance away, it becomes impossible even in 
principle to unambiguously identify a given patch of 
wavefront with a place of origin along its source fila
ment, and the notion of a collision interface becomes 
vacuous. 

(b) 

Fig. I S. (a) sideview. and (b) bOllom view of the collision interface. as rendered by visible surface ray-tracing. The colors demarcate those 
regions of the collision surface which are traced out by wave-collision cusps during each of 1/8 vonex rotation intervals. The three paddle-like 
surfaces lie alongside the distal pan ions of the lobes of the singularity. which has been omilled for clarity. The surface extends mostly above 
the knot; only the very lowermost pan ions of the paddles protrude beneath the lobes. Wavcs coming off the proximal side of each lobe travel 
across the the lobe. and collide with waves just barely unfurling from the fJlament comprising the distal panion of the lobe - producing the 
paddles. The large square panion of the surface marks the collision between a domelike wavefront lifting off the top of the knot. and a similar 
domelike wavefront which has emerged from the bOllom of the knot and passed through the periodic flocHeiling. See Fig. 14. The ragged 
edges of the collision surface reflect the elimination of the wave collision cusps by way of concuvity-cnhanced wave propagation. 



In the trefoil, the three sections of wavefront emerg
ing from the lobes beneath the knot are fairly flat and 
nearly parallel: they coalesce rapidly into a single dome
like wavefront, which retains no trace of its hybrid 
origin. On the topside of the knot, waves from the 
proximal side of each lobe travel across the lobe and 
collide at or near the filament on the distal side of the 
lobe, which is half a period behind in rotor phase 
(negative twist). Three paddle-like collision surfaces are 
apparent (Fig. IS); these join to form a "stalk', which 
would taper down to nothing, were it not obscured by 
the box-wide collision surface which is a by-product of 
our f1oor-ceiling periodic boundary conditions. 

3.8. Statistical analysis: Linear dynamical 
models 

By way of statistical analysis we attempted to correlate 
spinrate and local filament displacements with local 
measures of geometry and twist, in an effort to discern 
possible functional dependencies. At present, with little 
in the way of theory to guide us, the statistical analysis 
is largely exploratory; hence we have limited ourselves 
to mUltiple linear regression. In accord with the "local 
geometry hypothesis" we consider the local geometry 
descriptors and twist to be the predictor variables, and 
spinrate and the components of filament motion to be 
the response variables. The varied combinations of 
predictor and response variables exhibited along the 
knot seemed to us to increase the likelihood that any 
manifest dynamical rules would stand out above the 
noise inevitably resulting from our discrete simulation 
and much numerical processing. The fact that the knot 
is stable would seem to increase the likelihood that its 
dynamical behavior exemplifies some set of fixed rules, 
rather than noneQuilibrium transients. The compact
ness of the knot, and close proximity of the confining 
no-flux sidewalls, perhaps violate the assumptions of 
the local geometry hypothesis, but if only parts of the 
knot are thereby exempted from any candidate rules of 
motion, the resultant deviations might be revealed by 
analysis of the model residuals. 

The fact that the twist distribution and displacements 
change significantly within a rotor period introduces a 
complicating factor into any dynamical analysis. What 
values of the different variables should be employed? 
At what timescale should functional dependencies be 
sought? Is filament motion an "instantaneous" function 
of local geometry and twist (explicitly proposed by 
Winfree & Guilford [1988, p. 709) and Winfree [1990, 
p. 38)), or do those causal factors operate only on a 
timescale spanning at least a rotor period, with the 
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fine-scale movements of the filament perhaps reflecting 
details of wave rotation (e.g., orbiting, or meander)? We 
know of no theoretical basis for approaching these 
unforeseen Questions. 

The discrepancies between the u- and v-based twist 
measurements make the present analysis even more 
convoluted. In order to prevent our candidate models 
from multiplying geometrically, we used only the 
smoother u-based measurements for all twist-related 
Quantities. 

Both the pivot core and [1/. v·) filament data from the 
single rotation for which within-period intervals were 
acquired, were examined for linear dependencies. Data 
were taken from 100 equispaced stations along the fila
ment, at each of seven intervals (the eighth interval 
has no kindred successor, hence no displacement data), 
producing a sample size of N. 700 observations. In 
addition, for both filaments, an overall time average 
at each station was calculated, yielding data sets of 
N = 100 describing the mean conditions along the 
filament over one rotation period. In all cases, the 
(presumed) dependent variables spinrate, normal veloc
ity, and binormal velocity were each regressed on all 
possible subsets of the (presumed) independent vari
ables curvature, torsion, twist and its arclength deriva
tive. In addition, the dot product of the 1/ and v gradient 
vectors was included in this list of putative predictors. 
In deference to theoretical considerations, the regres
sions were repeated after the twist values were squared. 
In this exploratory overview, only the R2 statistic was 
obtained as a measure of the linear fit of the models. 
Correlation matrices were generated for the entire set of 
variables. With this global survey thus completed, we 
examined certain models in more detail. In these cases, 
stepwise mUltiple regressions provided partial R 2's, F 
statistics, and parameter estimates; the model residuals 
were plotted against the predicted values of the depen
dent variables, each of the regressors, elbowroom and 
wall distance, and also against arclength. The analyses 
were performed on a PC running SAS version 6 [SAS 
1987). Select results are summarized in Tables 1-3. 

The linear models attempting to explain the variation 
in the intraperiod filament displacements appeared 
generally unsatisfactory, and were not pursued in detail. 
On the basis of the R2 statistic, it will be seen (Table I) 
that a given model is usually less successful for the 
[u·v·) filament data than for the pivot core data. This 
is probably due to the orbiting of the former, and 
supports the idea that much of the variation in intra
period displacements may be a "wobble" associated 
with the rotation of the vortex, not wholly reflecting 
local conditions, nor indicative of long-term motion. 
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Table I. Some examples from the non-averaged data set (N. 700) 
mulliple regression survey. DOT. dot product between normalized 
u and v gradient vectors; CUR. curvalUre; TWI. twist; DER. 
arclenglh derivative of twis!. 

Filament Dep. var. Indep. var Model R' 

pivot core Vn DOT 0.219 
UOv· Vn DOT 0.017 
pivot core Vn CUR TWI DER 0.177 
u·v· Vn CUR TWI DER 0.058 
pivot core Vn CUR TOR TWI DER 0.177 
UOv· Vn CUR TOR TWI DER 0.059 

pivot core V. DOT 0.000 
UOv· V. DOT 0.413 
pivot core V. CUR TWI DER 0.516 
u·v· V. CUR TWI DER 0.142 

pivot core V. CUR TOR TWI DER 0.525 

u·" V. CUR TOR TWI DER 0.190 

In addition, the intraperiod displacements are small, 
so noise could have a significant detrimental effect on 
the linear fit of these models. The regressions were 
consistently more successful for binormal than for 
normal displacements: this might reflect the fact that 
normal displacements are probably considerably "con
strained", since for most of the knot positive normal 
displacements would result in shrinkage, which may be 
forbidden by filament interactions. It is interesting that 
the dot product between the 1/ and v gradient vectors is 
a fair predictor of pivot core normal displacement, and 
an even beller predictor of [I/·v·] filament binormal 
displacement, but the significance of this relationship, if 
any, is unclear. 

Averaging all variables over the rotation period pro
duced dramatic improvements in the linear fits of the 
models, with R2 values for some of the two-variable 
models exceeding 0.9, and R2'S for the three-variable 
models reaching 0.98! Thus, average local conditions 
appear to be very good predictors of the dynamical 
behavior exhibited by the filament over one rotation 
period. Encouraged by this success, we wanted to 
examine in more detail some of the period-averaged 
models. The results of these forays were some
what different for the pivot core and the [1/* v*] data, so 
to begin with, these two categories will be discussed 
separately. 

3.8.1. Linear models using period-averaged 
pivot-core data 

In the period-averaged pivot core data set, stepwise 
regression pegged derivative of twist, twist, and curva
ture (in that order, based on partial R 2,S) as the main 
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determinants of normal velocity. Torsion emerged as a 
possible runner-up: it was admitted to the model at a 
p < 0.05 significance level, but its F-value is almost 
two orders of magnitude lower than those of the first 
three variables (Table 2). Stepwise regression revealed 
that curvature and derivative of twist explain most of 
the variability in binormal velocity (R 2 ~ 0.94); no 
other variable could be admitted to the binormal 
model at the p < 0.15 significance level. The parameter 
estimates are as follows: 

Vn = 0.27 K- 0.231V+ 0.99\\" - 0.03 

Vb - 0.41 K+ 2.1\\" - 0.002 

(In this and all the following models, velocities are in 
su/tu, twist is expressed in rad/su, and derivative of 
twist in rad/su2.) 

It is somewhat disheartening that the models con
tain finite intercepts. Since meander has never been 
observed in B-kinetics, an uncurved, untwisted filament 
(the 30 analogue of a 20 rotor) is not expected to move 
(nor does it possess defined normal or binormal direc
tions). We are reminded that regardless of linear fit, 
our data provide no information outside their range; 
nevertheless. we are seeking a general model of fila
ment motion, and would be happier if our results 
were more than internally consistent. The intercept 
for the binormal velocity model is less than two 
standard errors out from the origin: it could be noise 
(t-test for intercept = 0: p < 0.09, F-test: p < 0.1166). 
However, the intercept for the normal velocity model 
is significantly different than 0, and is unlikely to be 
noise (p < 0.0001 for both t-test and F-test). Forcing 
the models through the origin has the expected result 
of significantly reducing the linear fit of the normal 
velocity model (the model R2 drops from 0.94 to 0.8), 
and the linear fit of the binormal velocity is not much 
affected. 

It has been argued on theoretical grounds that any 
laws of filament motion must involve only even func
tions of twist [Winfree, 1990; especially pp. 17-19]. 
The even functions which have received the most atten
tion so far have been the absolute value of twist 
(IIV I) [Biktashev, 1989; Oavydov et al. 1989], and twist 
squared (1V 2

) [Keener & Tyson 1991], which is the 
simplest term if we restrict ourselves to (nonconstant) 
functions which are smooth, a desirable feature in 
physical contexts. Since the trefoil exhibits twist values 
of only one sign, our analysis so far is consistent with 
a model employing IIVI. In order to further address 
theory, we repeated the stepwise regressions with the 
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Table 2. Summary of stepwise regressions for period-averaged data sets (N. 100). Significance level for entry into model: 0.1500. 
INT. estimated intercept of the models: the names of the other variables arc as in Table I. Units are space units (su) and radians (rad). 

Variable 

INT 
CUR 
TWI 
DER 

Variable 

INT 
CUR 
TWI 

DER 

TOR 

Variable 

INT 
CUR 

TWI' 

DER 

Variable 

INT 

CUR 

TWI' 
DER 

TOR 

Variable 

INT 
CUR 

TWI 
DER 

Variable 
INT 
CUR 

TWI 
DER 

TOR 

I'. on CUR, TWI, DER (R'. 0.946) 
period-averaged pivot core (N • 100) 

Par 

-0.0377 

0.2775 

-0.2319 

0.9913 

Error 

0.0020 

0.0195 

0.0086 

0.1091 

F 

345.81 

200.87 

712.70 

82.55 

v. on CUR. TOR. TWI. DER (R'. 0.948) 
period-averaged pivot core (N. 100) 

Par 

-0.0398 

0.3015 

- 0.2336 
1.0063 

-0.0151 

Error 

0.0022 

0.0229 
0.0086 
0.1078 

0.0078 

F 

308.62 
173.09 
736.26 

87.06 

3.77 

v. on CUR, TWI'. DER (R'. 0.937) 
period-averaged pivot core (N. 100) 

Par 

-0.0286 

0.2823 
1.1405 
0.9321 

Error 

0.0019 

0.0214 

0.0468 
0.1196 

F 

218.95 

174.01 

591.52 
60.67 

v. on CUR, TOR. TWI', DER (R'. 0.948) 
period-averaged pivot core (N. 100) 

Par 

-0.0341 

0.3454 

1.1815 

0.9441 

-0.0369 

Error 

0.0021 

0.0236 

0.0434 

0.1085 

0.0079 

F 

261.23 

213.10 
740.27 

75.63 

21.74 

I', on CUR, TWI. DER (R' • 0.941) 
perio<l-averaged pivot core (N. 100) 

Par 

-0.0028 

0.4112 

Error 

0.0017 
0.0240 

F 

2.51 

292.22 

not admitted to model 
2.1352 0.1393 234.73 

V, on CUR. TOR. TWI. DER (R' • 0.941) 
period-averaged pivot core (N • 100) 

Par 

0.0023 

0.3459 

2.0634 
0.0449 

Error 
0.0020 

0.0265 

F 
1.40 

169.20 

not admitted to model 

0.1288 256.49 

0.0102 19.35 

p>F 

0.0001 

0.0001 

0.0001 
0.0001 

0.0001 

0.0001 

0.0001 

0.0001 

0.0552 

p>F 

0.0001 

0.0001 
0.0001 

0.0001 

p> F 

0.0001 

0.0001 
0.0001 

0.0001 

0.0001 

p> F 

0.1166 

0.0001 

0.0001 

0.2404 

0.0001 

0.0001 
0.0001 

Variable 

INT 
CUR 

TWI' 
DER 

Variable 

INT 
CUR 

TWI' 

DER 
TOR 

Variable 

INT 

CUR 

TWI 
DER 

Variable 

INT 

CUR 
TWI 
DER 

TOR 

Vari~ble 

INT 
CUR 

TWI' 
DER 

Variable 

INT 
CUR 

TWI' 
DER 
TOR 

1'. on CUR. TWI', DER (R' .0.941) 
period-averaged pivot core (N. 100) 

Par 

-0.0028 
0.4112 

2.1352 

Error 

0.0017 
0.0240 

F 

2.51 

292.22 

not admitted to model 
0.1393 234.73 

I', on CUR, TOR, TWI'. DER (R' .0.951) 
period-averaged pivot core (N • (00) 

Par 

0.0023 

0.3459 

2.0634 

0.0449 

Error 

0.0020 

0.0265 

F 

1.40 

169.20 
not admitted to model 

0.1288 256.49 
0.0102 19.35 

I'. on CUR, TWI, DER (R'. 0.846) 
period-averaged u·v· (N. 100) 

Par 

-0.0279 

0.1628 

- 0.2858 
1.7884 

Error 

0.0037 

0.0331 

0.0183 

0.1967 

F 

57.12 

24.20 
243.80 

82.58 

I'. on CUR, TOR, TWI, DER (R'. 0.899) 
period-averaged u·v· (N. 100) 

Par 

-0.0419 

0.3208 

-0.3040 
1.5807 

-0.0657 

Error 

0.0035 

0.0349 

0.0151 
0.1626 

0.0092 

F 

135.98 
84.31 

405.27 
94.46 

50.27 

I'n on CUR, TWI', DER (R'. 0.846) 
period-averaged u·v· (N • 100) 

Par 

- 0.0189 
0.1935 

1.4648 
1.6197 

Error 

0.0033 

0.0345 

0.0956 
0.2037 

F 

32.88 
31.37 

234.75 

63.21 

v. on CUR, TOR. TWI', DER (R'. 0.905) 
period-averaged ,,0"" (N. 100) 

Par 
-0.0341 

0.3721 

1.5858 

1.3643 
-0.0719 

Error 
0.0032 

0.0350 

0.0760 

0.1619 
0.0090 

F 
113.17 

112.50 

434.88 
70.93 

63.08 

p>F 

0.1166 

0.0001 

0.0001 

p>F 

0.2404 

0.0001 

0.0001 

0.0001 

p> F 

0.0001 

0.0001 
0.0001 

0.0001 

p>F 

0.0001 

0.0001 
0.0001 
0.0001 

0.0001 

p> F 

0.0001 

0.0001 
0.0001 

0.0001 

p> F 
0.0001 

0.0001 

0.0001 

0.0001 
0.0001 
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Table 2. (Continued) 

V. on CUR. TWI. DER (R' - 0.928) 
period·averaged uov* IN • 100) 

Variable Par Error F p>F 

INT 0.0171 0.0038 20.20 0.0001 
CUR 0.3847 0.0342 126.56 0.0001 
TWI 0.2348 0.0189 154.28 0.0001 
DER 3.3440 0.2032 270.69 0.0001 

Vb on CUR. TOR. TWI. DER (R2 • 0.933) 
period·averaged U°V* (N • 100) 

Variable Par Error F p>F 

INT 0.0236 0.0044 28.43 0.0001 
CUR 0.3118 0.0430 52.45 0.0001 
TWI 0.2432 0.0186 170.87 0.0001 
DER 3.4399 0.2004 294.63 0.0001 
TOR 0.0303 0.0114 7.06 0.0093 

V. on CUR. TWI'. DER (R'.0.915) 
period-averagcd UOUO (N. 100) 

Variable Par Error F p> F 

INT 0.0081 0.0036 4.90 0.0292 
CUR 0.3713 0.0383 93.88 0.0001 
TWI' - 1.1385 0.1060 115.35 0.0001 
DER 3.4276 0.2258 230.23 0.0001 

Vb on CUR. TOR. TWI'. DER (R' .0.921) 
period·averaged uouo (N. 100) 

Variable Par Error F p>F 

INT 0.0151 0.0044 11.79 0.0009 
CUR 0.2880 0.0483 35.45 0.0001 
TWI' - 1.1950 0.1048 129.88 0.0001 
DER 3.5467 0.2233 252.13 0.0001 
TOR 0.0335 0.0124 7.22 0.0085 

average square of the twist substituted for twist. The 
effects of this subSlitution are minor. The parameter 
estimates in the normal velocity models are changed. 
but since neither twist nor twist squared is admitted 
to the binormal models, they remain unaltered from 
above. The partial and model R2'S for both sets of 
models are essentially the same (see Table 2). In the 
trefoil, twist is consistently negative and generally 
small; squaring the twist reverses its sign, and dimin
ishes its amplitude, but appears to have little effect on 
the shape of the arclength distribution. On the basis of 
the present analysis, we are unable to argue in favor of 
one or the other of these variables. The period-averaged 
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twist-squared model parameters for the pivot core data
set are: 

Vn D 0.28K+ 1.141V2 + 0.93 IV' - 0.02 

Vb - 0.41 K+ 2.11V' - 0.002 

As above. the intercept is marginally significant in the 
case of the binormal model, but highly significant in the 
normal velocity model; forcing the models through the 
origin greatly diminishes the linear fit of the Vn model, 
but has only minor effects on the VI> model. 

The curvature parameters for both the Vn and VI> 
models (twist or twist squared versions) agree remark
ably with previous estimates for B-kinetics at g-
0.9. The curvature coefficient in the Vn model (b2 in 
Keener's [1988] notation) was previously estimated by 
Winfree [1990] at 0.23 (based on unpublished data), 
0.27 (based on data in Panfilov & Pertsov [I 984]), and 
0.20 (based on data in Panfilov & Rudenko [1987] -
compared to our 0.28 here. The VI> curvature coefficient 
(Keener's eJ) was estimated at 0.38, 0.45, and 0.55 
(from the same three sources, respectively), comparing 
favorably with our value of 0.41 here. Winfree's rough 
estimate of the Vn twist squared coefficient (Keener's 
- a2) at - 2.1 is somewhat in line with the magnitude 
our value, but differs in sign. (Along these lines we 
note that Keener's analysis of trefoil knotted filaments 
[Keener, 1989] asserts that the existence of invariant 
knotted solutions to his k - 1V2 - IV' evolution equations 
requires that b2 and a2 be of the same sign: that is 
not the case here.8

) Winfree's three attempted valua
tions of the Vb twist squared coefficient aJ - 0.4 or - 0.6 
or - 1.2 span our value of 0 here, and his warning that 
his estimates might be thwarted by filament-filament 
interactions might be applicable here as well. To our 
knowledge, estimates of the coefficients scaling deriv
ative of twist (e2 and e4) have not been previously 
published. 

We scrutinized the residuals of both the twist and 
twist-squared, intercept and non-intercept models, in 
an attempt to discern any structure which might 
indicate systematic deficiencies. Except in the cases of 
the normal velocity non-intercept models, the standard 
plots of residuals (and Studentized residuals) against 
predicted values of velocity (both normal and binor
mal) show no pattern, supporting the validity of the 
models, and highlighting the requirement for a finite 
intercept in the normal velocity models. Null plots 
were also obtained by plotting the residuals against the 

"Keener writes his equation for normal velocity as b,K+C,W' -a,IV'. The minus sign in front of a, must be accounted for when using our 
parameter estimates in the context of his model. 



full complement of predictor variables. No systematic 
features showed up in plots of the residuals against 
elbowroom and wall distance. These latter cases are 
particularly interesting, as we thought any candidate 
rules of filament motion might break down in the 
presence of another filament or a no-flux boundary, 
but this does not appear to be the case here. The only 
structure in the residuals we could find emerged when 
we plotted the residuals against arclength. It appears 
that the residuals are not randomly distributed along 
the filament, but oscillate from positive to negative in 
a regular fashion. The residuals of the Vn models show 
six more or less regular fluctuations, whereas the 
residuals of the Vb models exhibit a higher frequency 
oscillation. with nine regular peaks along the length of 
the knot. These distributions were shown to be non
random at p « 0.005 by a nonparametric "runs test". 
Since arclength cannot really be considered a variable 
in the present context. the associated structure of the 
residuals does not point to any shortcomings of the 
models, but it may be a clue that our pivot core 
filament is systematically deviating from some more 
well-behaved locus, that is, a locus which is more 
closely obeying the linear models. It was pointed out 
above that the included angle between the u and v 
gradients exhibits a similar six-fold oscillation with 
arclength, perhaps hinting at the same cause. 

3.8.2. Linear models using the period-
averaged [u*v*] data 

In general, the linear models generated using the 
period-averaged [II"V·] data were not as clean as the 
pivot-core models. (See Table 2 for a compilation and 
comparison of the models.) Stepwise regression of 
normal velocity on the geometric and twist variables 
admitted twist, derivative of twist, curvature, and 
torsion into the model at the 0.0001 significance level, 
including an intercept significantly different from O. 
The four-variable model's R2 was 0.89, less than the 
three-variable pivot-core normal velocity model's. The 
binormal model admitted curvature, twist, and deriv
ative of twist all at the 0.0001 significance level, and 
torsion only at the 0.009 level. This four-variable 
model has a R2 of 0.93, comparable to the fit of the 
two-variable pivot-core binormal model; but in con
trast to the analogous pivot core model, the [II"V"] 
binormal model contains a twist term and a highly 
significant positive intercept. 

As in the pivot-core models, replacing the average 
twist variable with average twist squared had little 
effect other than to change the parameter estimates. 
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Again, the curvature coefficients of both Vn and Vb 

models, twist and twist squared versions, hint at 
previous estimates, though perhaps not so strongly as 
in the pivot-core models. The coefficients of the other 
terms vary wildly. 

Unlike the pivot-core models, both normal and binor
mal velocity [u·v"] models had highly significant inter
cepts, though again the support for the Vb model 
intercept was not as strong as that for the Vn model 
intercept. Forcing the [II" v·] models through the origin 
had interesting results. In all cases, torsion was excluded 
from the models (using p < 0.1500 significance entry
level cutoff). In the non intercept Vn model including 
twist, curvature is reduced to a minimal role (small 
coefficient, small partial R2). In the nonintercept Vn 
model with twist squared, curvature is eliminated 
entirely, resulting in a two-variable model, with a still
respectable R 2 of 0.88. 

The residuals of all the [u· v"] models appeared to be 
randomly distributed with respect to the predicted val
ues of the response variables, the predictor variables, 
and the measures of elbowroom and wall distance. 
Again, however, the residuals show a nonrandom dis
tribution along the filament, exhibiting six more or less 
pronounced oscillations. The nine harmonics required 
to adhere to the [11* V"] locus are certainly adequate for 
describing a six-fold oscillation along the basic plan of 
the trefoil. We are unable to account for the systematic 
groupings of the residuals. 

3.8.3. Linear models 0/ spinrate 

Although the intraperiod fluctuation of twist distribu
tion implies that the wave rotation proceeds at variable 
rates along the filament, the twist distribution is exactly 
periodic, implying that the rotation cycle is completed 
everywhere in the same interval. As noted above, the 
vortex period in the trefoil is about 20% shorter than 
that of the two-dimensional rotor or, equivalently, 
the rotation period of an uncurved, untorted, untwisted 
filament. We regressed this uniform period-average 
increase in spinrate, W - Wo - AW, on the period aver
ages of the local geometry and twist descriptors, taken 
from either the pivot core, or the [II"V"] filaments. The 
regressions were repeated with average twist squared 
substituted for average twist. In all stepwise regressions, 
curvature, twist (or twist squared), derivative of twist, 
and torsion were admitted at the 0.000 I significance 
level, producing four-variable models with extremely 
good linear fits. The model R2 values were all around 
0.96, with curvature consistently contributing a partial 
R2 of about 0.90, and torsion typically playing a minor 
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role. Thus, fewer-variable models can account for most 
of the "variancc" in the (constant) spinrate augmenta
tion, and in particlllar, thc "theoretically preferred" 
three-variable model (with twist squared in place of 
twist, and torsion absent) appears viable. That model, 
calculated from the pivot core data set, is as follows: 

AW - 0.62/C+ 1.0111'2 - 2.6211" (R 2 
= 0.97) 

and the [u*v*]-based model is very similar: 

(Llw is given in rad/tu.) The best-fit four-variable 
model, including the torsion term, is given in Table 3. 

Table 3. Results of regressing period·avemge increase in spinmte 
over the two-dimensional rotor value (a constant, 6w. (211122) 
- (211127.7) - 0.0587 md/su) on period·avemged geometric variables, 

taken from the pivot core data set. Variable names and units are the 
same as in Table 2. 

Variable 

6w on CUR, TOR, TWI'. DER (R'. 0.980) 
period-nvemged pivot core (N - 100) 

Par Error F 

(No intercept stipulated) 

CUR 0.6358 0.0177 1287.45 

TWI' 0.8374 0.0891 88.40 
DER - 1.7769 0.2496 50.66 
TOR -0.1223 0.0187 42.66 

p>F 

0.0001 
0.0001 

0.0001 
0.0001 

The positive coefficients on the curvature and twist 
5quared terms agree with previous observations that 
thcse factors tend to incrcase spinratc (see Mikhailov 
'!l al. [1985], Winfrce & Guilford [1988], Pertsov el al. 
: 1990] about twist, and Courtcmanche & Winfree 
: 1991) about curvaturc). Data prescnted in Panfilov 
md Rudenko [1987) allow an estimate for B-kinetics 
It 9 - 0.9 of the twist derivative coefficient of 1.3 to 
2 su2/tu, which is similar in magnitude to our esti
nates here, but differs in sign. 

Like the residuals of the models of motion, the 
-esiduals of thc spinrate models arc distributed non
'andomly with arclength. exhibiting six peaks, which 
tre remarkably regular in thc [u*v*) model (Fig. 16). 
\gain, we have no idca why this should be so. 

In performing the spinratc regressions, we werc 
arced to specify non-intercept models, or else the re
~cssion algorithms find the optimal solution of setting 

.~ 
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&! 
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Fig. 16. The arclength distribution of residuals from a model 
produced by multiple linear regression of spinmte on curvature, 
twist, and arclength derivative of twist, using period-avemged [11"""1 
filament data. The model R' is 0.98. We are unable to explain the 
very regular oscillations of the size and magnitude of the residuals 
along the length of the lilamenl. 

all parameters to 0, and setting the intercept equal to the 
constant response variablc (spin rate). Fortunately, we 
want our models to pass through the origin anyway, 
since wc are modelling the difference in spinrate from 
thc two-dimensional case, which should go to zero when 
the geometry and twist tcrms drop out.9 Thus the trefoil 
spinratc modcls presented here accomodate the two
dimensional case (or the untwisted, uncurved filamcnt), 
but it should be remembered that this was stipulated. 
The fact that the geometric and twist variables can be 
additively combined to yield a constant means that with 
appropriatc scaling any constant whatsoever could bc 
coerced from thc nonintercept models, and it indicates 
that the "independent" variables really aren't so inde
pendent. (This is precisely what should be expected if 
these variables really are the solc determinants of spin
rate, and a stable organizing center requires a uniform 
spinrate.) So the spinrate models will be shown to be 
robust only if they accomodate the bchavior of other 
stablc organizing centers. In the meantime, the linear 
interdepcndencies in the present data set cause more 
problems than they solve, as will be discussed in the 
following section. 

3.8.4. Intepretation of the models 
A potentially important confounding factor in the re
gressions is the correlation structure inherent in the 
data set. Some of the correlations are apparent in 
Fig. 11_ The fact that the regressors are not strictly 
orthogonal greatly reduces the robustness of our mod
els, as it is notoriously difficult to disentangle the effects 

We wish to point out here that the distinction between absolute spinmte (wI and the offset in spinmte from the two-dimensional rotor 
.enchmark (w - wo - 6w) has not always been kept clear in the IitemlUre. Winfree attempted to clarify the situation in Winfree [19901 by 
.dopting the explicit "6w" notation. but evidenlly the "6" was lost in the galleys. We attempt to renew the tmdition herc. 



of collinear regressors. In addition, it will be seen that 
some of the regressors - most notably curvature and 
derivative of twist - are highly correlated with the 
"nonlocal" measures of elbowroom and wall distance. 
This unfortunate stat~ of affairs weakens the case for 
dismissing elbowroom or wall distance as determinants 
of filament motion on the basis of the noncorrespon
dence of those measures with the model residuals. If 
curvature or derivative of twist are merely acting as 
"proxies" for the real causal agents of elbowroom or 
wall distance, then the resultant models are in fact 
designed so that the residuals elude systematic relation
ship to elbowroom and wall distance. Finally, we have 
been tempted to offer the signs and magnitudes of the 
model parameters as at least primajacie support for the 
validity of the models. But in a multiple linear regres
sion with correlated regressors. the parameter estimates 
are highly dependent on which regressors are included 
in the model. and in which order they are admitted. The 
estimates must also be interpreted in light of the errors 
in the regressor measurements. and this is complicated 
even further by the fact that we used period-averaged 
values. The primary motivation for estimating the 
parameters. despite the vagaries of multiple linear 
regression. is to facilitate predictive tests of the models. 

In the period-averaged models. the single value of 
each of the variables comprising one observation 
represents the mean conditions or dynamical behavior 
at a given point along the filamenl over one vortex 
rotation interval. The variance around this mean value 
differs for each of the variables, and for each location 
along the filament. This clearly violates some basic 
assumptions of the least squares estimators. We are 
unsure just how to factor these distributions into the 
interpretation of the regression statistics. 

The high coefficients of determination of the models 
seem to indicate that mean local conditions are very 
good predictors of the mean local displacements 
undertaken by a section of filament. In the pivot core 
filament. the mean displacements sum almost exactly 
to the net displacement over one vortex period; thus 
the pivot core models effectively correlate mean local 
conditions with the net motion of the filament over 
one vortex period. However, in the [u*v*j filament. 
which changes shape significantly within the vortex 
rotation period, the intra period displacements, calcu
lated with respect to the fluctuating local coordinate 
frame, yield a mean which diverges conspicuously 
from the net period displacement. The [1I*v*j models 
must be interpreted accordingly. With neither data set 
did we attempt to directly regress net period displace
ments on average local conditions. 
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Although we have placed some emphasis on the R2 
values as a useful measure of the "goodness of fit" of 
the models, the high coefficients of determination do 
not warrant extrapolation of the models: our data 
provide no information outside the range of the 
predictors. Even within the range of the predictor 
variables we cannot comment on the robustness of the 
observed correlations. though perhaps some jack
knifing technique could address this issue of the 
stability of the linear solutions. The proliferation of 
models discussed above might create the impression 
that almost any measure associated with the filament 
could serve as an informative predictor. To test this, 
we defined several theoretically plausible variables, 

such as compound curvature <"/(2 + r2) and 1V4, but 
most of them could not even be admitted to the 
models at a reasonable significance level, and none of 
them significantly enhanced the models. 

Although the simulation is a precisely defined numer
ical operation, the uncertainty of the outcome, and our 
data gathering techniques, combine to make the overall 
endeavour more akin to an observational study than a 
carefully controlled experiment. The values of the pre
dictor variables are not directly set by us, and varied one 
at a time, but rather they are measured wholesale, with 
unknown error. The least squares estimators depend 
crucially on the assumption that the predictors are 
measured without error. It is not clear in general, and 
certainly not in the present case, just what will be the 
effect of the inevitable noise of the discrete simulation 
and the unavoidable errors of our measurements. It 
has been pointed out above that our assay of twist is 
especially susceptible to discretization-induced noise, 
and our method of evaluating the derivative of twist 
greatly magnifies that (see Fig. 11). Both these factors 
playa key role in the models. Indeed, the linear fits are 
probably as good as can be expected given the level of 
noise inherent in the data. 

Since the values of the regressor variables were dis
covered, not assigned. and no experimental manipUla
tions were performed, there is little we can rigorously 
infer in the way of causality. Nevertheless, it is tempting 
to speculate, based on the predictive success of the 
period-averaged models. It is a iac! that the mean 
conditions used in the models never actually obtain 
anywhere at anytime. Are we steered toward a "statis
tical mechanics" view of filament dynamics, in which 
the entire vortex rotation is presumedly influenced by 
the overall prevailing local conditions? Does this con
strain the types of mechanisms that might be at work? 
Or does period-averaging merely provide a way to 
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cancel out certain types of errors in filament criteria or 
measurement which necessarily sum to zero over a 
rotation cycle? 

4. Conclusions 
The trefoil-knotted singularity is the fourth stable 
organizing center to be discovered. The other stable 
filament configurations are the untwisted planar ring 
[Skaggs el al., 1988, Courtemanche el al., 1990), the 
helix [Henze el al., 1990), and the compound "ring on 
a stick" (a once-twisted ring threaded by a straight 
axial filament [Winfree, 1990)). Both the helix and the 
ring on a stick require periodic coupling of the 
filament's ends (the axial filament in the ring on a 
stick) in order to lock in a full cycle of twist, and to 
prevent "unwinding" of the twisted filament. 

The stable vortex ring is untwisted, and the stable 
helix exhibits strictly uniform twist. 10 The ring of the 
ring on a stick is uniformly twisted; it encircles a non
uniformly twisted region of the axial filament, which 
is partly a sink for colliding waves, and continually 
moves along the stationary axle, keeping pace with the 
drifting ring. The trefoil is the first organizing center to 
be investigated which exhibits a stable distribution of 
nonuniform twist that does not translate along the 
filament, on a timescale longer than one rotor period. 
Its behavior indicates that the arclength derivative of 
twist is an important determinant of filament dynam
ics, as initially suggested by Keener (1988). The 
suggestion [Winfree, 1990) that the motion of the 
trefoil could be explained in terms of simple curvature
dependent binormal drift has been shown to be not 
viable. 

Since the trefoil is stable, and maintains a constant 
shape, local displacements along the filament must sum 
to produce overall rigid motion, in the form of rotation 
or translation. The trefoil exhibits both of these affine 
transformations. The trefoil is the first stable organizing 
center known to exhibit unambiguous rotation about its 
symmetry axis, which we have called precession. The 
precession of the trefoil is reminiscent of the slow 
pivoting of the twisted linked rings studied by Nan
dapurkar (1987), Nandapurkar & Winfree (1987), prior 
to their fusion and collapse. Precession is precluded in 
the other stable organizing centers, by simple virtue of 
their geometry and the requirement that filament mo
tion be purely lateral, although the axial motion of the 
helix [Henze el al., 1990) could be interpreted as pre
cession. In contrast, axial translation is shared by every 
known stable organizing center. In two of the four 
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known cases (the ring and the ring on the stick), axial 
translation is tantamount to binormal displacement; in 
these cases the motion is called 'drift'. In the helix and 
the trefoil, translation along the symmetry axis involves 
both normal and binormal displacements. We propose 
the term 'glide' to describe such movement. 

The fact that the trefoil shows considerable variation 
in filament geometry, twist, and displacements within 
a rotation period adds an unforeseen complication to 
the analysis of its filament dynamics. The distinction 
may need to be made between those processes govern
ing movement of the pivot point during a single rota
tion of the spiral wave (movements called orbiting, 
or meander, and perhaps including wavebreak trans
location), and those processes which produce large
scale lateral translation of the rotor, on a much larger 
temporal and spatial scale. The intraperiod fluctuation 
in the twist distribution, and the discrepancies between 
the u- and v-based values, so far as they can be believed, 
pose a serious threat to the vision of an invariant rotor 
structure, and may necessitate a reevaluation of the 
theoretical foundation of analytic and empirical 
approaches to understanding filament dynamics. From 
a purely practical standpoint, it becomes necessary to 
refine simulation techniques to accomodate the possi
bility of analysis on different timescales. In the present 
case, averaging the intraperiod data produced the most 
interesting results, and most of our simulation was 
excludc:d from the analysis, since the interperiod sam
pling yielded period-averaged displacements, but dis
cordant "instantaneous" geometric and twist measure
ments from the interval endpoints. 

Winfree (1990) supposed that the stability of the 
trefoil knot depended on repulsive interactions between 
adjacent filaments, in particular the inability of skew
tangent filaments to fuse. Although the supposition is 
plausible, and in fact it is hard to imagine that the 
filaments in the compact trefoil are not directly inter
acting, we were unable to determine the nature of this 
interaction here. In fact, we were unable to discern any 
apparent effects clearly due to filament proximity. The 
strongest evidence we can muster concerning possible 
repulsive interactions is circumstantial - namely, the 
overt fact that the knot stabilizes when the crossoverl 
unders are about a rotor diameter apart. In this regard, 
it would be illuminating to repeat the simulation start
ing from much bigger initial conditions; such an experi
ment would also provide more varied observations for 
the multiple regressions, and would probably disrupt 
the correlations amongst the regressors, which have 

'"In our lab. an apparenlly slable helix wilh nonunifonn lwisl was simulaled for 40 vonex rolalions. but has not yet been fully analyzed. 



confounded the interpretation of the models in the 
present study. The cost of such a proposed large-scale 
simulation would be prohibitive with B-kinetics. but we 
are currently planning similar investigations with the 
computationally more efficient FitzHugh-Nagumo-type 
kinetics. 

We believe this study is the first in which the three
dimensional collision interface was explicitly sought 
out. Our technique for identifying the collision inter
face appears reliable. and should prove useful in other 
3D simulations. The finding that in the trefoil the 
collision locus can occur at or near the filament, result
ing in rotor dislocation. is a novel result. and one which 
suggests plausible mechanisms offilament displacement 
unrelated to the local geometry paradigm. We further 
suspect that this ratchet mechanism may play an im
portant role in the maintainance of a stable distribution 
of nonuniform twist, and in the overall stability of 
compact organizing centers. The realization that the 
collision interface can terminate within the medium 
seems not to have been made explicit before. 

The trefoil is the only known stable organizing center 
which provides more than a few varied combinations of 
geometric, twist, and dynamical variables, thus permit
ting the sort of statistical analysis that was implemented 
here. The results of the multiple linear regressions show 
clearly that the period-averaged trefoil filament dis
placements and vortex spinrate are highly correlated 
with local geometry and twist. The models are consis
tent with the idea that the arclength derivative of twist 
is an important determinant of filament dynamics, and 
also with the notion that torsion does not appear as a 
standalone term in the equations of filament motion. 
The functional dependences do not by themselves 
pelmit inferences about underlying causality. and need 
to be tested in a wider context. Although they are 
internally consistent, the proposed dynamical rules do 
not very well accomodate the well-established results of 
2D studies (the spinrate models may prove to be an 
exception), which suggests that the rules described here 
may not be general. In any event, the dramatic effect on 
the statistical analyses of period-averaging the data 
raises interesting methodological and theoretical issues 
which must be addressed in any further studies of three
dimensional filament dynamics. 
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