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As soon as this information became widely known, progress on the dimer prob-
lem was made very quickly. Chang (1939) was able to solve the dimer problem in
closed form. However, it was Miller (1942) who first proposed a closed form solution
which was applicable to any sized polymer dissolved in a monomer. He applied
Chang’s method to trimers and extrapolated the results obtained for dimers and trimers
to find a general solution for any sized polymer dissolved in a solution of monomers.
Huggins (1942) was the first to actually derive this same general result. He also pre-
sented a simplified dilute solution theory which he obtained by expanding his more
general result as a Taylor series in concentration.

Simultaneously with both Miller and Huggins, Flory (1941, 1942) used a very
simple counting procedure to derive the dilute solution expansion which Huggins had
proposed as a simplification of the more general theory. The problem with Flory’s
approach was that it contained so many simplifying assumptions that it was impossible
for him to obtain the correct solution to the problem. As Flory quite candidly stated
(Flory, 1942, page 57):

".... Oversimplifications inherent in the model which has
been postulated, and in particular assumption 4, probably
are responsible for a considerable part of the discrepancy.
The latter assumption allows too many configurations to
be included, thus giving a configurational entropy which
is too large."

Huggins (1942) and Flory (1942) both applied their simplified models to the
analysis of concentrated polymer solutions, thereby giving birth to the "Flory-Huggins"
model (or "Huggins-Flory" model, depending on the source).

Slightly later in Britain, Guggenheim (1944) simplified the statistical approach

of Chang, Miller, and Huggins, and rederived their most general results. Hisapproach
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had such a different character that it must be considered as a separate derivation.
Several yearslater, in his book "Mixtures", Guggenheim (1952) presented enough pub-
lished experimental data to show quantitatively that the moreexact theory proposed by
Miller and Huggins was a better model for mixtures containing large solutes than the
Flory-Huggins model. The data which he presented could also have been used to show
that the simple Flory-Huggins model was too simplistic. Guggenheim chose not to do
either of these comparisons. Instead headopted the Flory-Huggins model asan accept-
able alternative because of its mathematical simplicity, and thus easier to do calcula-
tions with.

The Huggins-Miller theory was given its name by Guggenheim (1953) in honor
of the two people who developed it. Rushbrooke (1953) used the solution theory of
McMillan and Mayer (1945) to show that the Flory-Huggins equation was inadequate
for describing athermal polymer solutions while the Huggins-Miller theory wasa closer
approximation to reality. They did this by carefully evaluating the first five orsix terms
of the virial expansion given by the McMillan-Mayer theory in terms of a solution
lattice model and compared the predicted differential solvent vapor pressures of both
theories using the McMillan-Mayer theory as the experimental data.

In general Rushbrooke demonstrated that a small correction term, also in the
form of a power series, should be applied to make the Huggins-Miller theory exact over
the entire concentration range. They concluded that, when applied to athermal solu-
tions placed on alattice with a coordination number of six, the Flory-Huggins equation
overestimated the calculated solvent vapor pressure depression by about 50%, while the
Huggins-Miller theory overestimated it by only about 5%.

However, the fact must be kept in mind that these are all lattice theories, theo-
ries where the crystal lattice of a solid is used as an acceptable model for a liquid, and

assuch are physically unrealistic. The qualitative success of these solution lattice theo-
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ries lies in the ease of accounting for the number of configurations available to the
solute and solvent molecules. For molecules of equal size this leads to the ideal solution
entropy of mixing developed by Gibbs. For mixtures in which the molecules are un-
equal in size the true configurational entropy of mixing should probably be considered
as being somewhere between the ideal solution limit and the so called Flory limit (Hil-
debrand, 1947). Indeed, most mixture models, whether they are based upon lattice
theories or not, are unable to use, nor can they be used to reproduce, experimentally
measured enthalpies of mixing. This is so because the entropy of mixing term which is
utilized by any particular model is probably incorrect. The entropy term most widely
incorporated into a mixture model is the ideal entropy of mixing, but some models use
the Flory-Huggins entropy of mixing while others use the Huggins-Miller-Guggenheim
entropy of mixing. These incompatibilities often result in a solution model which is
able to reproduce the Gibbs free energy of mixing fairly well for simple mixtures, but
can not reproduce the enthalpy nor the entropy of mixing. These effects are especially
apparent for systems in which the solvent is water, but they appear in many non-aque-
ous systems as well.

If a more quantitative accounting of the entropy of mixing is made for real
solutions then the mathematical modeling of real mixtures will be simplified by the
ability to use calorimetrically measured enthalpies of mixing to augment the study of
experimentally determined activities and activity coefficients. Accordingly, it is the
purpose of this dissertation to present a new solution model, with an emphasis on
polymer mixtures, which more accurately describes the configurational entropy of
mixing and develops the enthalpy of mixing in terms which are theoretically compatible
with the formulation for the entropy of mixing. Thisis accomplished by modifying the
statistical mechanical derivation developed and used by Guggenheim (1952) to derive

the results of the major liquid mixture lattice theories. However, the concept of a liquid
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as being similar to a crystal is discarded, being replaced by the idea of a molecular
coordination. Thiscan be considered as being related to a lattice theory in that a lattice
like order is imposed upon a mixture by the presence of the polymer molecules and
their interactions with the solvent. Thus, the coordination number which is used to
characterize a mixture is not imposed by the external presence of a coordinating lattice,
but is the natural result of the interactions of the individual solvent molecules with a
solute molecule (or portions of a solute molecule).

The format of this dissertation is as follows: Chapter 2 introduces the notation
and briefly reviews the pertinent thermodynamic properties for mixtures. Chapter 3
introduces and briefly reviews the statistical mechanics of solution lattice theories.
Chapter 4 develops the thermodynamic portion of the derivation and introduces some
of the principal assumptions which are required. Chapter 5 develops the concept of the
coordination number in liquids and liquid mixtures and discards the requirement for
invoking a lattice. Chapter 6 presents the statistical mechanical derivation of the mod-
el. Chapter 7 presents the thermodynamic mixture functions which are derived from
the theory. Chapter 8 applies the results of the previous chapters to the analysis of the
experimental data for various mixtures and discusses the analysis of the solvent activity
and the enthalpy of mixing data. Chapter 9 summarizes the dissertation and presents
the conclusions. Appendix A develops the thermodynamic portion of the derivation
for multicomponent systems (systems with more than two components). Appendix B
develops the coordination number for multicomponent systems. Appendix Cdevelops
the statistical mechanical derivation of the model for multicomponent systems. Appen-
dix D proposes a novel theoretical approach for understanding the temperature depen-
dence of the thermodynamic properties of liquid mixtures and pure liquids. The refer-
ences are found in the section entitled References. They are organized alphabetically

by the last name of the first author and by date of publication, earliest date first.
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CHAPTER 2
SOLUTION THERMODYNAMICS

2.1 Introduction

Thischapter provides the necessary background for the unambiguous discussion
of solutions and the mathematical models which are used to describe their thermody-
namic behavior, and to present a uniform nomenclature to be used throughout this
work. This is accomplished in five sections. The first section discusses the basic ther-
modynamic functions that are used to the study mixtures. The second section reviews
ideal solutions and the derived functions such as excess properties. The third section
develops the Gibbs-Duhem equation and the cross derivatives. The fourth section
presents the fugacity, activity coefficients, and the activity. And, finally, the fifth sec-

tion reviews the criteria and conditions required to study liquid-liquid phase spliiiing.

2.2 Fundamental Thermodynamic Relationships

There are several basic extensive thermodynamic properties (variables depen-
dent upon the mass of the system) which are encountered whenever mixtures are dis-
cussed. These are: the total number of moles in the system, N; the system volume, V;
theentropy, S; the internal energy, U(S, V,N); the enthalpy, H(S,P,N); the Gibbs free
energy, G(T,P.N), and the Helmholtz freeenergy, A(7, V,N). The principal intensive
thermodynamic properties (variables independent of the mass of the system) are the
temperature, 7, and pressure, 2 The variables within the parentheses are the canonical
variables of that function, and are, therefore, the minimum number of variables re-
quired to define that function.

A general extensive thermodynamic property, denoted by the symbol 8, can be

referred to in several ways: The total amount of the property is denoted by the function
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symbol; The amount of the property can be referenced to the total number of moles in
the system and is denoted by the underlined function symbol, 8 ; The amount of the
property referenced to the number of moles of some component 7 in the system would
be denoted by 8. Other special symbols and symbol modifiers will be defined as they
are introduced.

For an open system, the principal thermodynamic functions can be defined in
terms of the internal energy and combinations of the pressure, temperature, and entro-
py. Theinternal energy is defined in terms of the heat absorbed by the system and the
work done by the system on the surroundings. Therefore, the principal thermodynamic

functions can be written in terms of a set of fundamental equations.

dU = 8q + 8w = TdS - PdV + ?pile. (2.1a)
dH = TdS + VdP + Zp,dN, (2.1b)
dA = -SdT - PdV + Zy,dN, 2.1c)
dG = -8dT + VdP + Zilp.,.dNi (2.1d)

Where u, is the chemical potential of the i component in the system.

The chemical potential of the 7/ component can be defined for each of the
equations in (2.1) by taking the partial derivative of each of the potential functions with
respect to the mole number of the 7 component holding all other mole numbers and

the appropriate canonical variables constant.

Sl - W - - T
i S,V,N]“ i S'P'val i T'V!N/ﬂl i T,PJV/‘,

It is easier to perform experiments on liquid systems if they held at constant
temperature and pressure than at constant temperature and volume. Therefore, the
Gibbs free energy is the most frequently studied thermodynamic potential function.

However, if the volume changes are small and the pressure is near atmospheric, then
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the Gibbs free energy and the Helmholtz free energy can be considered equal, and by
extension, the enthalpy can be considered equal to the internal energy.

Consider a closed system which is made up of two or more phases. Each of
these phases can be viewed as an open sub-system inside the closed system. The condi-
tions wherein each phase is in a state of equilibrium with all of the other phases with
respect to heat transfer, mass transfer, and mechanical work, can be summarized by the

following criteria.

TD - T7® = . = TW (2.3a)
PV - p? - . - p@ (2.3b)
A "

: : (2.3¢)

In general, equations (2.3a) through (2.3c) signify that in order for a system containing
multiple phases to be in equilibrium, the temperature, pressure, and chemical potential
of each component must be equal in phases (1) through (¢). The criteria expressed by
equations (2.3a) through (2.3c) provides the basic information required for insuring
phase equilibrium.

Itismoreconvenient to display and to compare thermodynamic data for several
systems if all of the data begins and ends on the same value. This is most easily accom-
plished by subtracting the mole number weighted pure component property from the
property of the mixture. These differences are known as the properties of mixing.
Using the symbol 8 to represent a generalized thermodynamic property, the properties
of mixing are defined by the following difference equation.

Cc
A®_,.(T,P,N) = 8(T,P,N) - ¥ N,8:(T,P) (2.4)

i=1
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Where the summation is over all components, and the superscript o indicates the pure
component property, which is often measured at the same temperature and pressure as
the mixture, but can also be the pure component property measured at some arbitrary

standard state temperature and/or pressure. The former definition is used in this work.

2.3 Ideal Mixtures and the Excess Thermodynamic Properties

It is an understatement to represent the problem of estimating the thermody-
namic properties of real liquid mixtures ascomplicated. It involves the use of statistical
mechanics, detailed spectroscopic data, structural data, and interaction potential data,
some of which must also be approximated by use of various simplified models. A
somewhat easier approach is to estimate the properties of a mixture after those proper-
ties have been referenced to some arbitrary standard state. However, as the difference
between the reference state and the system state becomes large, the amount of informa-
tion that must be included in a property estimation must also increase. Therefore, the
reference state that is most commonly chosen is an ideal mixture at the same tempera-
ture, pressure, and composition as the real mixture.

An ideal mixture is any mixture with the following properties of mixing.

AV(T,P,N) = AUM(T,P,N) = AH®(T,P,N) = 0 (2.5a)

C
AAM(T,P,N) = AGo(T,P,N) = -TASM(T,P,N) = RTY_N,Inx, (2.5b)
i=1

Where the superscript ZM indicates that the property is an ideal mixture property, and
x. is the mole fraction of the 7 component in the mixture.

Using the properties of an ideal mixture as the reference state for real mixtures
involves nothing more than subtracting the ideal mixture state from the appropriate

real solution mixture property. Since these properties are in excess of the ideal mixture
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property, they are known as the excess properties of mixing or just excess properties.

For a general property @ the excess properties are defined by:

8~ = A9, - AB (2-6a)
0% = A8, - A8, (2.6b)

Equation (2.6a) defines the excess property, and equation (2.6b) defines the molar
excess property, which is the excess property divided by the total number of moles in
the mixture. The ideal mixture properties are given by equation (2.5)

The excess thermodynamic properties represent the change in ® that occurs
during mixing at constant temperature, pressure, and composition minus the changein
8 that would have occurred if an ideal mixture had been formed at the same tempera-
ture, pressure, and composition. It is also possible to determine the deviation away
from ideal behavior of any given component in the mixture. This is accomplished by
taking the partial derivative of the excess property with respect to the mole number of
the component in question while holding the temperature, pressure, and mole numbers
of all other components constant.

(N ©%)
aN,

éex - (69”‘ (2_7)

‘ aN ) )
i /1PN,

Where 5;" is the partial molar excess thermodynamic property of the 7 component

T-Pth-l

in the mixture. The subscripts trailing the partial derivatives indicate that the tempera-
ture, 7, the pressure, P, and all of the mole numbers except for the i (iV,,;) are held
constant. The differential operator in equation (2.7) is properly called the partial molar
operator, and it can only be used on total thermodynamic functions (i.e. molar func-
tions which have been multiplied by the total number of moles in the system). Note
that the partial molar operator can be used on any thermodynamic potential to obtain

the corresponding partial molar property. Also note that the chemical potential of
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component 7 in a mixture, as defined by equation (2.2), can now be properly identified
as the partial molar Gibbs free energy.

The partial molar properties are, in general, additive in the sense that the total
property of a mixture can be obtained from the mole number weighted sum of the
partial molar properties.

c _ c _
®=N8=YN8, ; ©8=Yx6; 6<=)1x6" (2.8)
i=1 i=1 i=1
Where C is the number of components in the mixture. Most extensive thermodynamic

functions can be written in the form of equation (2.8).

2.4 The Gibbs-Duhem Equation

Based on the results of equation (2.8) and the fact that any thermodynamic
function can be written as a function of 7, P, and the mole numbers (or, as a function
of any other set of variables), the total derivative of @, a general thermodynamic prop-

erty, can be expressed as two different, but equivalent functions.

C _ c _
d(N®) = ) N,de, + 3 6,aN, (2.9a)
i=1 i=1
c —
d(Ne) = (99-) dT + (-3—9) dP + Y\ 8,dN, (2.9b)
9T e, OPJry, i

Subtracting equation (2.9b) from (2.9a), dividing the result by the total number of

moles in the system, and rearranging, yields the generalized Gibbs-Duhem equation.

S o= (o
Y x,de, = (—QJ dT + (193) dP (2.10)
pavt T Jpn P )y,

For changes which take place at constant temperature and pressure, the Gibbs-Duhem

equation reduces to the equivalent expressions given by equation (2.11).
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C Cc
Y Nd6,;, =Y xd8 ], =0 (2.11)

i=1 i=1
Usingequation (2.11), thechange in the partial molar thermodynamic property,
8,, with respect to any other property, ¥, (except for the mole fraction) can be obtained
by dividing equation (2.11) by the differential of the property v .

c (08 c (98
N __,) = (_') -0 (2.12)
E i(aw P Exi o ) p

i=1 i=1

The Gibbs-Duhem equation is the mathematical criteria for insuring thermody-
namic consistency between the partial molar properties of different components in a
mixture. It can be used to devise various consistency tests to check the viability of
experimental data. These criteria mean that among the set of C+2 state variables (e.g.
T, P, and the C partial molar properties) in a C component system, there are only
C+1 independent variables.

The cross derivatives are another set of important relationships which can be
obtained from the partial molar properties. The cross derivatives are derived by using
the fact that the order in which two successive differentiations are performed on a state
function does not change the final result.

96;
oN,

_ 9 (o8

- (2.13)
aN,| aN,

( 38,
oN,

_ o (o8
aNj oN.

]T,P.N.., ')T.P,Nm

For any system composed of C components, the cross derivatives allow the
determination of the remaining -1 partial molar properties through the C-1 indepen-
dent equations which have the form of equation (2.13). The cross derivatives and the
various forms of the Gibbs-Duhem equation can both be integrated to find the partial

molar property for one component once the functional concentration dependence of

the partial molar property of another component is known.



54

For binary mixtures, these mathematical relationships allow the calculation of
the partial molar property of one component by experimentally determining the partial
molar property of the second component as a function of concentration. For multi-
component mixtures, they can also be used to minimize the amount of experimental
work required to fully characterize the system.

Finally, it should be noted that similar relationships can be developed for other
sets of independent variables (e.g. 7", V, and the partial derivatives with respect to
mole numbers holding 7', ¥, and the set of mole numbers, N, constant). For these
other possible variable choices the resulting partial derivatives of the thermodynamic

potential function with respect to mole numbers will not be equal to the partial molar

property.

2.5 The Fugacity, Activity, and Activity Coefficients

G. N. Lewis simplified the abstract concept of the chemical potential by first
considering the chemical potential of a pure ideal gas, and then generalizing those
results for all systems. From the definition of the chemical potential as the partial
molar Gibbs free energy, equation (2.2) can be differentiated with respect to pressure,

holding the temperature constant. For a pure ideal gas:

CRC R R
o), \oP), \oP),

Substituting the ideal gas equation for the molar volume of component 7 and integrat-

ing at constant temperature from some reference pressure to the actual pressure of the

ideal gas, yields:

B, - B = RTln(:o) (2.15)

The change in the chemical potential of an ideal gasis related to the process of isother-
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mally changing the pressure from P° to P, and is equal to the product of RT and the
logarithm of the pressure ratio. This equation is valid only for pure ideal gases. The
big leap in conceptual clarity occurred when Lewis defined the fugacity function, £, for

any component in any system, ideal or not, involved in an isothermal change.

B, - B =RTin LN RTinag, ; lim (f" ) =1 (2.16)
f;O P°-°0 PO

Where £, ° is the fugacity of component 7 which corresponds to the pressure P°; and
the fugacity ratio, £,/f,°, corresponds to the pressure ratio in equation (2.15).
For mixtures, equation (2.16) can be rewritten as:

=RTIna,=RTinxy, ; lim —é— =1 (217
i ivi P=0 le

. 7
TIERTS =RTln[E
Where f,\ is the fugacity of component 7 in the mixture, £, ° its standard state fugacity,
a; its activity, , its activity coefficient, and x; its mole fraction. The standard state
fugacity of 7 is usually taken to be the pure component fugacity measured at the same
temperature and pressure as the mixture. The only constraint on the choice of standard
state is that the temperature must be the same as the temperature of the mixture. This
constraint comes from the isothermal integration which led to equation (2.15).
From the preceding, it is obvious the fugacity is not a corrected pressure, nor is
the activity a corrected concentration. Both are well defined functions which are pro-
portional to the exponential of the partial molar Gibbs free energy of a component in
a mixture,
Rearranging equation (2.17) to solve for the activity coefficient, and incorporat-

ing the definition of the excess properties, shows that the mole fraction activity coeffi-

cient is related to the partial molar excess Gibbs free energy.

G” = Gy = Giigeary = RT[lnf,.(m,)— Inf,.adw,)] (2.18)
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Where the fugacity of component 7 in an ideal mixture is defined as the mole fraction
weighted pure component fugacity of component 1 at the same temperature and pres-
sure as the real mixture. Therefore, the activity coefficient of component 7 can be

written as;

RTIny, = G~ (2.19)

Similar definitions can be made for different concentration scales, choice of
standard state, or ideal mixture definition. Each leads to an acceptable set of defini-
tions for the activity and the activity coefficient in terms of the Gibbs free energy of the
mixture.

It should be noted that these definitions for the fugacity, activity, and activity
coefficient allow the phase equilibrium constraints given by equation (2.3c) to be re-

written as the equality of the fugacities or activities of each component in each phase.

TP D) = . = F(TPE®) (2.20a)
aT,P,EV) = .. = &(T,P,z®) (2.20b)
YR, EW) = o = xPyO(T,P, £®) (2.20¢)
C
Y =1, k=12-,9 (2.20d)
i=1

Equation (2.20) rewrites the equilibrium criteria given by equation (2.3c) by
replacing the equality of the chemical potential of each component in each phase with
itsequivalent expression in terms of fugacity or activity. Also included are the material
balance constraints given by equation (2.20d). Equations (2.20a) through (2.20d) are,

effectively, the solubility relationships for one phase dissolved in another.
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2.6 Phase Separation and Thermodynamic Stability

Animportant application of solution thermodynamics is the prediction of phase
separation. The criteria that are required to establish or predict the stability of a given
system with respect to phase separation arederived from the principle of the maximiza-
tion of entropy or the minimization of the free energy. Wisniak (1983) recently mini-
mized the Gibbs free energy function for a multicomponent system and produced the
complete set of criteria for determining phase stability. They are reproduced here
(correcting the many typographical errors found in the original paper) with slight
changes in the nomenclature for consistency with this work.

For a phase to be stable, the second derivative of the Gibbs function must be
greater than zero, and for a phase to be unstable the second derivative must be less than
zero. However, the condition wherein the second derivative of the Gibbs function
equals zero represents the region between stability and instability. Therefore, at the
critical point the second derivative must equal zero.

32G

dx, =0 ; k=1,2,.,C-1 (2.21)
axkaxj

J

J=1

This set of C-1 linear equations will be zero if the determinant of its coefficients is
equal to zero. Therefore, the first critical condition isestablished by the determinant of
the coefficients of the set of linear equations obtained fromequation (2.21), and is given
by equation (2.22) on the next page. Equation (2.22) describes the boundary between
metastability and instability, which can be interpreted as the absolute limit of supersat-
uration. Therefore, this condition generates the spinodal curve. The binodal curve, or
the boundary between the single phase region and the two phase region, is given by the
application of equation (2.20). The binodal curve and the spinodal curve meet at the

critical point.
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3’G 9’G
a—le 0x,0x¢_4
D = =0 2.22)
3G %G
9xc 0%, oxZ_,

A path in G, which passes through an unstable region and connects two coexist-
ing phases, will have zero length only at the critical point. If the stability boundary,
where the first C-2 coefficients of equation (2.21) are held constant, is differentially

perturbed, then;

(oD
dD = Z(——) dx, =0 (2.23a)
i1 { 9%;
aG\ <& 9%G
dl—1| = E —|dx, =0 ; k=1,2,-,C=2 (2.23b)
ox, io1 | 0x,0x,

The path described by equations (2.23b) crosses from a metastable phase on one
side of D=0 to an unstable phase on the other side. The critical point is the only
location where it is possible to pass continuously from one stable phase to another
stable phase, so equation (2.23a) is set equal to zero. The set of equations, (2.23a) and

(2.23b), will equal zero if the determinant of their coefficients equals zero.

oD oD
ox, O0xc_4
*G 3G
D' =| ax? ox,0%c, | - o (2.24)
az_q 82_(_?
0x¢_,0x, 0xc_,0%Xc_,
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Finally, at the critical point, all of the inflection points will merge into one,

therefore, the last constraint is given by equation (2.25).

2*G

>0 (2.25)
4
ox;

For a binary system these conditions reduce to:

D=

2
ox;
TP

Writing the molar Gibbs free energy of a mixture, &, in terms of the excess
Gibbs free energy function allows the evaluation of the restrictions given by equation
(2.26) to be separated into the constraints that arise from the ideal portion of the Gibbs
free energy and those that arise from the excess or non-ideal portions of the Gibbs free

energy.

G =xG, +xG, + RT(x;Inx, + x,Inx,) + G
(2.27)
G% =RT(x;Iny, + x,Inv,)
Where G, and G, are the pure component molar Gibbs free energies, and G is the
molar excess Gibbs free energy of the mixture. Therefore, applying the conditions
given by equation (2.26) for the critical solubility of two liquid phases in a binary mix-
ture to the Gibbs free energy given by equation (2.27), yields the solubility constraints

for binary mixtures.

de RT dZG ex
— = —f+——=0 (2.28)
dx; %%z dx;

d*G x-x, d’G*
= =RTL 2+ = =0 (2.29)

3 ¢ 22 3
dx; X%, dx;
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4 1- 4 yex
dg=2RT 3x1x2+dg

>0 (2.30)
dxi1 ¢ x13x23 dx;'

Where T, is the critical temperature (i.e. an upper or lower consolute temperature) for
liquid-liquid solubility or liquid phase splitting. Wisniak (1983) discusses the use of
these criteria and applies them to several commonly used thermodynamic models. He
also (Wisniak, 1984) discusses the use of these criteria for phase stability in ternary
systems, and applies them to a simple generalized model with temperature independent

coefficients.

2.7 Summary

This chapter was used to establish the nomenclature and background for the
discussions of solution thermodynamics that will follow. The principal thermodynamic
potentials were discussed, and their application to mixtures were developed in a general
format. The criteria for phase equilibria were developed and used to define the neces-
sary conditions for predicting the solubility of one phase in another. The criteria for
phaseseparation and the necessary conditions to define critical mixing and liquid-liquid
phase splitting was presented in a generalized format and developed for binary mix-

tures.
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CHAPTER 3
SOLUTTON STATISTICAL MECHANICS

3.1 Introduction

This chapter sketches the application of statistical mechanics to the study of the
thermodynamic properties of liquid mixtures. After a brief outline introducing the
principle results of classical statistical thermodynamics, the thermodynamic properties
of solids are discussed so that some of the common features of solids and liquids can be
utilized in future theoretical developments. Liquid mixtures are then discussed in terms
of liquid solution lattice models and lattice statistics. A cursory outline of the most suc-

cessful lattice theories is presented, as well as a discussion of their weaknesses.

3.2 Classical Statistical Thermodynamics

The observed equilibrium properties of any systemin which the temperature, 7,
total volume, ¥, and mass (or number of particles, N ) are defined is determined by
averaging over all energy states accessible to the system. This leads to a formalism
where N, T, and V, are the independent variables of the system.

The probability P; that a system will be found in energy state E; is obtained

through statistical mechanics by,

e-EI(N.V)IkT
P(NV,T) = & —— G-
Q(NV,T)
where
QINV,T)=Y o VKT (.2)
i

Q is referred to as the canonical ensemble partition function and it is defined by equa-
tion (3.2), where the summation covers all energy states available to the system.

It is often convenient to group together those energy states which have the same
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energy and then to sum over these energy levels. Let Q (N, ¥, E;) beequal to the num-
ber of equivalent energy states within a given energy level E;(N, ¥). The partition
function can then be written as the sum over energy levels instead of the sum over

energy states.

QINVT) = ¥ WV - T NV, E)e TV (33)

J States i levels
Q (N, V,E,), then, is the degeneracy of the i energy level.
In general, for some property of the system 8, the observed macroscopic or
average property, (8), is given by the statistical mechanical average.

Z ej e -E/(N,V)/kT

(0)= 1 G4

Q(N,V,T)
Where 8; is the value of property ® in the J* energy state.

Theindependence of the degrees of freedom is an important simplifying assump-
tion made in statistical mechanics. It utilizes the fact that the number of quantum
states available to a system composed of a very large number of molecules is usually far
greater than the number of molecules in the system. This allows each independent or
mostly-independent energy manifestation (i.e. inter- or intra-molecular vibrations,
molecular rotations, etc.) to be described by its own partition function, granting that

the separation of the independent degrees of freedom is valid for that system.

QNVT) = Quuppe(NV3T) Qi (NV,T)
QNV,T) = Qupp(N.T) @ (N, T) Zy(N,V, T) (.5)

'U(‘ ys T )dE )"'ldE )/kT
ZN = ffe LA N drl...drN dEIdEN

Where the subscripts quant, class, and kin refer to the quantum mechanical, classical,

and kinetic energy partition functions, respectively; and Z,; is the classical configura-
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tional integral. U(x,,,Ty,E > Ey) is the potential energy of the system of N mole-
cules with center of mass positions described by the radial distances, r,,,Ty, and angu-
lar orientations, &,,+,E,. Depending upon the type of molecular system being de-
scribed, the kinetic energy partition function can be treated either classically or quan-
tum mechanically. For a gas which is at a low enough pressure, the kinetic energy
partition function can be treated classically and becomes, upon integration, the tradi-

tionally encountered kinetic energy partition function.
3N

0, = —|2ZmkT )2 (3.6)
R TR

Where 4 is Plank’s constant and m is the mass of the particle or molecule.

For solids, the kinetic energy partition function must be treated quantum me-
chanically. The simplest approach yields the Einstein formulation for the constant
volume heat capacity of solids, while a more sophisticated approach yields the Debye
formulation for the heat capacity of solids. No such universally accepted theoretical
approach has been hypothesized which yields a satisfactory temperature dependence
for the internal energy and heat capacity of liquids and liquid mixtures (cf. Appendix
D of this work for a possible exception to this statement).

The quantum mechanical partition function isassumed to be independent of the
system volume. It is considered to consist of separate partition functions which de-
scribe theinternal molecular vibrations, nuclear, and electronic phenomena. For gases,
the rotational partition function can be considered asa separable phenomena. Howeyv-
er, since the intermolecular forces of many complex molecules are dependent on the
angle of their orientation, the rotation of these molecules will depend upon the posi-
tions of their centers of mass. Therefore, the rotational energy partition function will
also depend upon the potential energy of the system and can not, in general, be cleanly

factored from the system’s Hamiltonian. Forcomplex molecules, many of the rotation-
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al degrees of freedom which would be available to a single molecule isolated in a vacu-
um will degenerate to purely vibrational modes in the solid and liquid states (and pre-
sumably in very dense gases). This formal separation of the kinetic energy (i.e. trans-
lational energy) from the potential energy allows an alternative formulation of the
canonical partition function. This alternative formalism isequivalent to equation (3.2)
under the validity of the separation of the degrees of freedom, and depends upon the
independence of the kinetic and potential energies. Therefore, in the spirit of Hill

(1986, Chapters 14 and 20), the canonical partition function can be written as,

QINV,T)=qN Y g(NV, e5) e F/ (3.7
N

Where e is the potential energy of interaction of a cluster of N molecules, g is the
configurational degeneracy of the N molecules in a given cluster and q is the partition
function for an individual molecule and includes the rotational, intra-molecular vibra-
tional, nuclear, electronic, and translational partition functions of a single molecule. It
does not contain any intermolecular potential energy effects, since an isolated molecule
does not have any other molecules to interact with. The summation is over each inde-
pendent molecular cluster which are assumed to have the same energy. This approxi-
mate formulation is especially useful for developing the partition functions for solids
and liquids.

In general, the entropy of any system is given by:

S(N,V,T)=-kY P, InP, (3.8)
J

Where P, is calculated according to equation (3.1) and is the probability that the
system is in energy state j, and the summation is over all energy states. Substitution of
equation (3.1) into equation (3.8) and simplifying the result using the definition for the

statistical mechanical average given by equation (3.3), yields the connection between
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the canonical partition function and the Helmholtz free energy.

(E) U A
S ="2+klnQ = —- = 3.9
. nQ T (3.9)
From which,
ANV, T) = -kTIRQ(N,V,T) . (3-10)

Standard thermodynamic manipulations of the Helmholtz free energy of the
system given by equation (3.10) allows the following relationships to be derived for the

principal thermodynamic functions in terms of the canonical partition function.

aan) +kinQ ; P = kT(a—l"—Q-)
V,N T.N

ov

N kT( (3.11)

u=kr2(2Q) . o gr|dQ
T ),y © M aN,
IV,

These connections between thermodynamics and statistical mechanics enables
the powerful tools of statistical mechanics to be used to build mathematical models
which can then be used to describe the thermodynamic behavior of matter. These
models can be utilized to enhance our confidence in the engineering arts and their

applications.

3.3 General Background for Solids

For crystalline solids the translational kinetic energy of each molecule has de-
generated into a purely vibrational mode and must be handled using quantum mechan-
ics. This is not to say that the kinetic energy of the solid as a whole is ignored, just that
the bulk properties of the solid as it flies through space are not pertinent to the study of
itsthermodynamic properties. Theconfigurational integral, by virtue of the periodicity

of the crystal lattice and the complexity of the atoms or molecules which make up the
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crystal, will yield a positional degeneracy which can often be handled by a simple com-
binatorial analysis to yield a combinatorial entropy.

The combinatorial entropy of a system can arise by two different mechanisms.
For crystalline systems, which consist of a single pure component, the possibility exists
for disorder to be stored within the crystal lattice by virtue of the asymmetry of each
molecule. In general, when the temperature of single component crystal is lowered
toward the absolute zero of temperature, the entropy and internal energy both
approach zero. However, in many crystalline materials the various orientations avail-
able to each molecule are frozen in one of many possible configurations. When this
occurs the crystal can possess a residual entropy that is not equal to zero. Asanexam-
ple, the residual entropy of water ice is about 3.43 J-mole™ K™ which is created by
the number of configurations available to the asymmetric water molecule. This residu-
al entropy was correctly calculated by Linus Pauling in 1935 (Pauling, 1960, pages 467-

8) using the following analysis:

"In a mole of ice there are 2V moles of hydrogen nuclei.
If each had the choice of two positions along its O-O axis,
one closer to one and the other closer to the second oxy-
gen atom, there would be 2°" configurations. However,
many of these are ruled out by the condition that each
oxygen atom have two attached hydrogen atoms. Let us
consider a particular oxygen atom and the four surround-
ing hydrogen nuclei. There are 16 arrangements of this
OH, group; one with all four hydrogen nuclei close to the
oxygen atom, corresponding to (H,0)"", four correspond-
ing to (H,0)", six to H,0, four to (OH)", and one to O™".
The acceptable arrangements assigning two strongly
bonded hydrogen nuclei to this oxygen atom accordingly
comprise six-sixteenths or three-eighths of the total. Of
these, only three-eights are suitable with respect to the
second oxygen atom, and so on; the number of configura-
tions W is hence 2°(3/8)" or (3/2)".
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This leads to the theoretical value kln(3/2)"=
RIn(3/2)=0.806 calmol™ K™ [3.37 Jmol 'K} for
the residual entropy of ice."

The value calculated by Pauling accounts for over 98% of the observed residual
entropy of water ice. This type of calculation was made possible by placing each water
molecule upon a lattice site within a crystal, thus simplifying the counting of the num-
ber of possible and actual orientations that the water molecules might achieve when
they are confined to a crystal lattice. Itis also important to realize that these orienta-
tions areconsidered completely random. Any non-randomness or regularity of orienta-
tion would decrease the calculated residual entropy by an amount proportional to the
extent of the non-randomness present within the orientations of the molecules. Thisis
exemplified by the residual entropy of carbon monoxide crystals, wherein the calculated
value (assuming complete randomness of orientations) was found to be 1.38 cal‘mol™
X compared to the measured value of 1.1 cal mol™ K™ (Clayton et al., 1932).
Some of the calculational essence of lattice statistics is exemplified by the approach
Pauling used to calculate the residual entropy of water ice.

Another source for the residual entropy arises from the nature of the mixing
process. For mixtures of molecules of the same size, the process of mixing dissimilar
molecules produces a residual entropy. Thisisinherently caused by the configurational
degeneracy of the mixture if a random distribution is assumed. The familiar relation-
ship, AS=- RY. x,In x;, for the molar entropy of mixing for a multicomponent mixture
of equally sized but distinguishable molecules results from this random mixing. That
this is applicable to crystalline solids (in particular, ideal mixed crystals) is well argued
by Tolman (1979, chapter 14).

Both of these effects will contribute to the combinatorial entropy of a mixed

crystal if either one or both of the molecules in the mixture are asymmetric.
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3.4 Extension to Liquids and Liquid Mixtures

In contrast to a crystal the number of nearest neighbors for a given molecule or
portion of a molecule in a pure liquid or a liquid mixture are much less well defined.
However, for temperatures which are much less than the critical temperature the num-
ber of nearest neighbors in a liquid has a well defined average value. For a liquid,
therefore, the geometrical relationship between any given molecule and its average
number of nearest neighbors is very similar to that of a crystal. However, for a liquid,
the presence of thermally induced fluctuations completely destroys any long range
configurations, interactions, and order that can develop between distant molecules.

The analogy between crystals and liquid mixtures is enhanced if the solute in a
mixture is large when compared to the solvent molecule. The combinatorial term must
then describe the number of different ways in which a given solute molecule can be
positioned in space as well as the number of ways in which solvent molecules and por-
tions of other solute molecules can be positioned around that solute molecule.

Fowler (1937), Chang (1939), Miller (1942), Flory (1942), and Huggins (1942)
all used approximate counting procedures, within the constraints of an idealized crystal
lattice, to derive the configurational degeneracy in their models for the entropy of
liquid mixtures in which one component was much larger than the other. Guggenheim
(1944, 1952) modified the procedure in such a manner that it was no longer necessary
to place the components of a mixture on a crystal lattice in order to develop closed
analytical approximations to the configurational degeneracy of a liquid mixture. How-
ever, he imposed a crystal lattice upon his final equations by choosing a definition for
the coordination number that was dependent upon a crystal lattice. He did this in
order to remain within the constraints of his quasi-crystalline model of liquid mixtures.
In order to utilize these approaches it is necessary to assume that the internal quantum

mechanical degrees of freedom for a molecule of each component in the mixture have
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effectively the same value as they have in the pure component at a given temperature,
pressure, and density. In most cases this is probably not a bad approximation for
either gases or liquids.

When a lattice theory for a crystalline solid is used to approximate the proper-
ties of a liquid it is necessary to include the "communal entropy" in the calculation for
the liquid (Hill, 1986, chapter 16). The communal entropy arises from the ability of a
molecule in a gas or liquid to migrate to any point within its confining volume, an
ability not usually associated with most solids. The communal entropy term is ob-
tained by including (N!)™" in the denominator of the single molecule partition func-

tion.

3.5 Introduction to Polymer Lattice Theories

Solution lattice theories are derived, in general, by developing mathematical
expressions to approximate the number of ways in which a regular lattice can be filled
with both solvent and polymer molecules. Thiscounting procedure involves the lattice
coordination number, which can be defined as the number of lattice sites which are
immediately adjacent to any chosen central site. One of the primary assumptions which
is required to calculate this degeneracy is that an individual solvent molecule is the
same size as the condensed monomers which make up a polymer molecule. Also, this
discussion deals only with athermal solutions, those mixtures in which the internal
energy of mixing is assumed to be exactly equal to zero.

Because of the dissimilarity between the sizes of the solvent and the polymer the

use of volume or site fractions is more convenient than mole fractions.

N, n,N,
s — ; S —— ; + = 1 (3. 12)
S ey AL s AL

Where g, is the degree of polymerization of the polymer molecule, &, is the number of
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moles of either solvent or polymer, and the subscripts s and p refer to the solvent and
polymer, respectively. The total number of lattice sites within the mixture is given by
M,=N,+gN_.

The entropy of mixing for a binary mixture of solvent and polymer molecules is
obtained by considering the number of possible configurations, Q(N,,N,), of N, and
N, molecules on M, sites. The number of possible configurations available to the N,
polymer molecules on 7N, sites is given by Q(0,N) (i.e. the pure polymer before
mixing). Because Q=1 for the pure solvent positioned on N sites, the entropy of

mixing is given by,

(3.13)

Q(N,, N,
AS = kln[L_EZ}

QO,N,)

The configurational term, Q(N,,N ), is just equal to the number of ways in
which N, polymer molecules can be arranged on the total number of sites, M, within
the mixture. The solvent molecules are then used to fill the remaining empty sites.
Therefore, in order to derive expressions for the thermodynamic properties of a mix-
ture, all that needs to be done is to develop a reasonable mathematical model for Q(N,,N ).
Each derivation of a lattice theory which has appeared in the literature differ, in es-
sence, only in the method which was used to approximate this degeneracy.

The most primitive of the polymer solution theories is the Flory-Huggins theory
which was first proposed in the early 1940°s (Flory, 1942; Huggins, 1942). This simpli-
fied approach yields the following expression for the entropy of mixing for a mixture

containing unequally sized molecules.
AS,. = -R(x,In¢,+ x,In¢,) (3-19)

Forequally sized molecules, equation (3.14) decomposes to the standard ideal solution

entropy of mixing as given on page 67.
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The various derivations which lead to the Flory-Huggins model ignore the
details of how the molecules are placed upon the lattice. In principle, they ignore the
fact that certain positions can only be filled with members of the same polymer mole-
cule. This results in a gross over estimation of the number of degrees of freedom which
are available to both the polymer and the solvent and thus they badly over estimate the
calculated entropy of mixing (Flory, 1942). The counting method used by Chang
(1939) for his work on dimers dissolved in monomers and adopted by Miller (1942) for
trimers dissolved in monomers, lead to mathematical expressions which explicitly in-
volved the lattice coordination number. Huggins (1942) developed a technique which
generalized the counting procedure used by Chang and Miller. His detailed derivation
yielded the most general expressions for polymers dissolved in monomers, and it includ-
ed the effects of the lattice coordination number as well as an estimation of a factor to
account for a polymer molecule folding over and becoming its own nearest neighbor.
A lack of good experimental data prevented his evaluation of this complete expression,
so he simplified his results and proposed a form which wasidentical to the simple equa-
tions which had been obtained by Flory. Huggins’ more complete theory will be dis-
cussed in terms of the Huggins-Miller-Guggenheim theory introduced below.

Guggenheim (1944) modified the above approach slightly. He established a
theoretical framework wherein the configurational degeneracy for a binary mixture is
obtained through the grand canonical ensemble instead of the micro-canonical ensem-
ble. The results turn out to be similar to the complete model of Huggins and exactly
the same as the model proposed by Miller in the sense that the same lattice like equa-
tions can be derived. Guggenheim’s approach removes the definition of the lattice from
the actual derivation of the model. Infact, many different definitions for the coordina-
tion number can be invoked in this model without breaking the integrity of the deriva-

tion. Since Guggenheim had been working on his quasi-chemical model for mixtures
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for some time (see Guggenheim, 1952, for a complete review of his work on the quasi-
chemical model), it was natural for him to confine his definition of the coordination
number in terms of a unifying lattice. Once this was done, his theoretical approach
became identical to the Huggins-Miller theory without the extra correction factors
developed by Huggins. By the time Guggenheim wrote his book on mixtures (Guggen-
heim, 1952) he had willingly adopted the simple Flory-Huggins model as an acceptable
alternative to any of the polymer solution models which explicitly utilized the lattice
coordination number as a parameter. The entropy of mixing for a binary mixture of

unequally sized molecules, asdeveloped from the Huggins-Miller-Guggenheim model,

is given by:
AS,, = ———L—{—?’—’lncbp+¢ Ind +b Eﬁln(L)
1 r s Par \g
Lo,
r (3.15)

(22220

Where z is the lattice coordination number, g is a factor which depends upon the
nature of the lattice and the polymer, and r is the number of monomers which have
been condensed to make up the polymer molecule, and assumes that the solvent isequal
in size to one of these condensed monomers. When risequal to one, g is equal to one,
and equation (3.15) reduces to the standard entropy of a mixture given on page 67. It
should also be noted that the Flory-Huggins approximation for the entropy of mixing
given by equation (3.14) can be obtained from the Huggins-Miller-Guggenheim expres-
sion in equation (3.15) in the limit of an infinite coordination number.

For mixtures where the number of polymers dissolved in the solution are greater

than one, each polymer must be assigned the same coordination number because of the
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constraint placed upon the theory by the presence of the coordinating pseudo crystal
lattice.

Theexperimental characterization of the thermodynamic properties of polymer
mixtures is most commonly accomplished by determining the activity of the solvent
over a range of concentrations at one or more temperatures. Solution lattice theories
are attractive because they qualitatively reproduce the major features exhibited by the
experimentally obtained solvent activity-concentration curves. Both Flory and Hug-
gins found it necessary to attach a correction factor to their expressions for the partial
molar free energy of a component in a mixture in order to obtain a decent fit of their
theory to the existing experimental data. The use of this factor was rationalized by
calling it an "interaction parameter" and it was given the symbol § by Flory. The
partial molarenthalpies of mixing which had been derived from this interaction param-
eter were found to be completely different from the experimentally determined partial
molar enthalpies of mixing. It was also found that the more flexible Huggins-Miller-
Guggenheim theory gave results which were at odds with the experimentally de-
termined partial molar enthalpies when crystalline solid-like coordination numbers
were imposed. Of special interest are the remarks of Bawn, regarding his experimental
study of the vapor pressures of toluene and methyl ethyl ketone with polystyrene as the
solute (Bawn, et al., 1950), in which he expresses his disappointment over the fact that
his experimental data would not confirm his preconceived ideas of how a lattice theory

should behave.

"The value of Pl/Pl° calculated from [his equation] (12)
for various values of the coordination number are com-
pared with the experimental data in [his figure] Fig. 3. It
is seen that the agreement is poor unless coordination
numbers not greater than three are assumed although the
theory gives the correct order of magnitude and shape of
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the vapor pressure curve. In terms of the lattice model it
is difficult to imagine Z values of this magnitude, ..."

Bawn wasexpecting to find coordination numbers as would be found for crystal
lattices of simple solids; numbers like 6, 8, or 12. Similar remarks were made by Krig-
baum (Krigbaum et al. 1959) when he summarized his work on the system polystyrene-
cyclohexane. He found that coordination numbers of between two and three (which
were physically unrealistic for crystalline solids) were required in order to use the Hug-
gins-Miller-Guggenheim theory to fit the data.

While solution lattice theories, and the methods which have been developed to
derive them, have proven to be valuable in helping to elucidate some of the hidden

nature of liquid mixtures, they do not model reality very well.

3.6 Summary

This chapter developed the connection between thermodynamics and statistical
mechanics and showed how this information can be used to develop thermodynamic
models for liquid mixtures. This background was used to show, in a general manner,
the techniques for deriving solution lattice theories. Two of the more successful lattice
theories were then discussed in terms of their strengths and weaknesses. It was also
pointed out that an experimentalist’s expectations can have an effect upon the success

or failure of the application of a lattice theory to the modeling of experimental data.



75

CHAPTER 4
THE MIXTURE MODEL: THERMODYNAMICS

4.1 Introduction

This chapter establishes the thermodynamic basis for the solution model. The
first section develops the volumetric relationships for a binary mixture, and the second
section develops the free energy relationships. The objective of this portion of the
derivation is to develop an equation which connects either the Gibbs free energy or the
Helmholtz free energy to a function of the species chemical potential and some measure
of the concentration. Since the focus of this work is on polymer solutions the concen-

trations will be expressed in terms of the volume fraction of the solute.

4.2 Volumetric Relations
This model is based, in part, on the assumption that the volume of most mix-
tures can be considered ideal to a first approximation. This means that the partial
molar volumes of each component can be equated to their molar volumes with little
ErTor.
V=VN,+VN =VN +VN, 4.1)
Where V is the total volume of the mixture, V, and f’; are the partial molar volumes
of the solvent and solute, respectively; ¥, and ¥, are the molar volumes of the solvent
and solute, respectively; &V, and NV, are the number of moles of the solvent and solute,
respectively. The subscripts s and p refer to the solvent and polymer (solute), respec-
tively.
The volume fraction of any component can be defined as the ratio of the volume

of that component to the total volume of the mixture. For a system in which the vol-

ume can be considered ideal then the volume fraction of the solute, ¢, and the solvent,
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1-¢, are given by:

R, N N V
b= —LL— ; 1-¢p=—-S_—; R,==L “4.2)
N, + R,N, N, + R,N, Y.

Where R, has been defined as the ratio of the molar volumes of the pure solute to pure
solvent, as each are measured at a reference temperature of 25°C.

Strictly speaking, R, has a weak functional dependence on the temperature.
However, it can be considered temperature independent since the temperature depen-
dencies of the molar volumes effectively cancel when the ratio is calculated. The partial
molar volume ratio was not used because of the paucity of data available for its deter-
mination.

It is necessary to exactly define two terms which will be used frequently through-
out this document. A sub-volume is a volumetric element located within the mixture
which is the same size as a solvent molecule, using the molar volume of the solvent
measured at 25°C as the criteria for this metric. A sub-unit is a contiguous portion of
a polymer (solute) molecule which is the same size as a solvent molecule.

From the definition of ¢ given by equation (4.2) and the assumption of ideal
volumes of mixing, the relationship between the number of moles of the solute, N,

and the total volume, V, can be expressed as:

%
N, = %; 4.3)

While the relationship between the number of moles of the solvent, N, and the total

volume is given by:

Ny = d-»V 4.9)

s
—_

Equations (4.3) and (4.4) can be differentiated at constant temperature and

pressure to yield the total derivatives of N, and N,:
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N, - Ydb + ¢dV . 4y _ Vb + (1-9)dV *.5)
Holding the total volume of the solution, V, constant yields:
4 |4
dN, = —-db; dN, = -—-db (4.6)

—-p —s
The equations given in (4.6) are the derivatives of the mole numbers of the solute and
solvent with respect to the solute volume fraction for a system at constant temperature,

pressure, and total volume.

4.3 Free Energy Relations

Changes in the Gibbs and the Helmholtz free energies are equivalent under the
conditions of constant temperature, pressure, and volume, and they are both equal to
the species chemical potential weighted change in the number of moles of each species.
This is expressed in differential form as:

dG = dA = pdN, + p,dN, @.7

Where G is the Gibbs free energy and A is the Helmholtz free energy of the mixture,
i, and p , are the chemical potentials of the solvent and polymer. The chemical poten-
tial of any component 7 can be related to the absolute activity, 4, of that component
by the simple relationship:

i, = RTinA, 4.3)

Where A, is the absolute activity of component 7, R is the gas constant, and 7 is the
absolute temperature.

Equation (4.8) allows the natural logarithm of the absolute activity of the sol-
vent and polymer to be substituted for the chemical potentials of the solvent and poly-

mer in equation (4.7). Equation (4.6) allows the derivative of the mole numbers of each
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species in equation (4.7) to be replaced by the derivative of the volume fraction of the
polymer. Therefore, the derivative of the Helmholtz free energy of the mixture with
respect to the solute volume fraction is given by:

VRT ,
n

dA = 1
-Ys RV

P

S

% ]d¢ @.9)

Equation (4.9) satisfies the objective which was set forth at the beginning of this
chapter. This equation can be integrated once the functional relationship is found
between the logarithm of the absolute activity ratio and the volume fraction. Integra-
tion of equation (4.9) between the limits of $ =0 to ¢ =1 yields the Helmholtz free

energy of the mixture.

¢
VRT A
A= l P_id
VR, f "[Akv] ¢ (4.10)
0

S

It is possible to specify the limits of integration in such a manner that, when the
integration is completed, the final result will be the Helmholtz free energy of mixing.
These limits of integration can be obtained from the definition of the free energy of
mixing.

A4, (T,4) = A(T,9) -(1-D)A(T, $=0) - A(T, $=1)

(4.11)
A4, (T,0) =A(T, $) - A(T,$=0) - §[A(T, ¢ =1) - A(T,$=0) |
The molar Helmholtz free energy of mixing will then be given by:
¢ 1
A A
A4, - —VRT in| =2 ld - ¢ |22 |dd
YV Ry(N; +N,) Ay Ay (4.12)
0 s 0 s

This is as far as a pure thermodynamic analysis can be taken. Thermodynamics

can not give any information about the functional nature of the logarithmic term in
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equation (4.9). This type of information can only be obtained by the application of

statistical mechanics.

4.4 Summary

This chapter has established the primary assumption required by the model
(that the volume of a mixture can be approximated as if it were ideal), developed a
differential equation for the Helmholtz free energy as a function of the solute volume
fraction, and presented two integrals which can be used to determine the Helmholtz
free energy and the molar Helmholtz free energy of mixing. The analogous equations

for multicomponent mixtures are derived in Appendix A.
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CHAPTER 5
THE MIXTURE MODEL: COORDINATION NUMBERS

5.1 Introduction

This chapter develops the concept of the coordination number as required by
this liquid mixture model. The philosophical concept of coordination numbers in
liquid mixtures must be developed in a manner which is radically different from the
approaches taken for traditional lattice and lattice-like theories. The first section dis-
cusses the similarities and differences between crystalline solids and liquids. The sec-
ond section develops the solute internal coordination number. The third section devel-
ops the solute external coordination number and establishes the criteria to estimate

values of the external coordination number.

5.2 General Discussion

The net attractive forces between the molecules in a solid are so much greater
than the order disrupting influence of thermal agitation that most solids possess a
static, long range, periodic structure. The term static is used in the sense that the mole-
cules which make up a solid are fixed in space, trapped on a particular lattice position,
so that any kinetic energy a molecule possesses is observed as vibrational energy. The
macroscopic morphology of a solid is as much the result of a combination of the size
and shape of its constituent molecules as is the presence (or absence) of specific short
range attractive and/or repulsive forces. These short range intermolecular forces are
the product of the interactions of the various functional groups making up each mole-
cule found in a solid.

A perfect example of this is the crystal structure of solid water. The ability of a

water molecule to form hydrogen bonds with its neighboring water molecules is the
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underlying reason for the structure of water ice (Horne, 1972, Chapters 1 and 10;
Wyckoff, 1966, Volume 1). Alternatively, the generally similar crystal structures ob-
served for the higher molecular weight alkanes (Wyckoff, 1966, Volume 5) are indica-
tive of a weaker and more diffuse attractive force field which is symmetric along the
length of the hydrocarbon chain. The long narrow molecular shape and the diffuse
London forces work together to create a crystal structure wherein the molecules line up
in a parallel arrangement along the long axis so that each long chain is approximately
surrounded by four other chains. This result seems to be caused by the propensity of
the carbon atoms in a chain to form flat ribbons and are therefore not cylindrically
symmetric. This creates an orientation in which the short axis of the ribbons of adja-
cent molecules are almost perpendicular to each other, the long edge of one molecule
faces the ribbon surface of another.

Itisalso instructive to look at the crystal structure of the hydrated straight chain
dicarboxylic acids. A model for this type of purely linear compound is the molecule
diacetylene dicarboxylic acid dihydrate (Wyckoff, 1966, volume S5). The waters are
hydrogen bonded to the carboxylic groups of two different molecules, which are
stacked almost end-to-end, and to other carboxylic groups which are in different
planes. This plane-to-plane interaction is accomplished by twisting the molecule 90
degrees about the carbon-carbon single bond between the two acetylene groups. There
is no apparent association between the waters of hydration and the acetylene groups,
nor is there any association between the acid groups and the acetylene groups. This
same type of end-to-end association of the carboxylic groups is also found in the mono-
and di-fatty acids except that there is no twist in the alkane chain. Here the hydro-
carbon chains form the same flat ribbon type of structure found in the straight chain
alkanes. The only exception to this appears to be acetic acid which forms only a single

hydrogen bond with the adjacent carboxylic group, the other hydrogen bond is formed
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with a carboxylic group on a molecule in a different plane. Long chain alcohols crys-
talize with a very similar structure. The hydroxides on two different molecules associ-
ate through hydrogen bonds which link them together to form a molecular complex
which is twice aslong as a single molecule. In all of these compounds, the hydrocarbon
portion fills space in a straight line configuration.

The crystal structures of the long chain compounds containing functional
groups which hydrogen bond (e.g. mono- and di-alcohols, mono- and di-carboxylic
acids, mono- and di-amines and amides, and their hydrated counterparts), show no
tendency forany kind of interaction between the highly polar functional groupsand the
hydrocarbon chain. As would be expected, these functional groups also have a great
influence on the crystal structure which is adopted by these compounds. These short
range, highly specific interactions which are characteristic of the various functional
groups making up each molecule, create a local level of coordination around the con-
stituent atoms of a functional group that is both definite and predictable. In a crystal,
this atomic level of coordination is fixed and unchanging.

This is not the situation with liquids, especially liquid mixtures. In liquids, the
net attractive forces are not strong enough to completely counter the effects of thermal
agitation. The resulting arrangement of the molecules is such that there is an apparent
short range order but no long range periodic stability. The functional groups on the
various molecules still interact, but the thermal effects cause this clustering to be labile
(i.e. subject to rapid interchange with the other solution constituents). This means that
portions of a solute molecule will be coordinated much like a solid, except that the
coordinating molecules will exchange with other molecules within the bulk of the mix-
ture. On the other hand, if there are no specific interactions between the different
molecules, then the coordination will be the result of dispersion forces, and thermal

agitation again causes a local order which is ephemeral. In both cases the assignment
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of a coordination number can only be done in terms of some sort of number averaging
over time and space.

In light of this discussion, the coordination of polymer molecules by solvent
molecules can be considered to be somewhat similar to the covalent coordination found
in the complex ion formation equilibria between metal ions and ligands. In the vast
majority of these interactions, even though the complex ions are held together by cova-
lent interactions between the central ion and the ligand, the complex ion can be consid-
ered as a labile association. A dynamic equilibria is established between the ligands
which are a part of the complex ion and the reservoir of uncomplexed molecules orions
which act as ligands in the bulk of the solution. The dynamics of this equilibrium can
be measured in terms of the time required to exchange a complexed ligand with the free
ligands in the bulk of the solution. These exchange rates have been measured and can
range from ~10° sec™ to ~10~° sec™ for various metal ions exchanging water with
the bulk of the solution (Taube, 1970). The slowest rates are characteristic of trivalent
cobalt and chromium ions while the fastest rates seem to be characteristic of almost all
of the other metal ions in solution. It is in this respect that it is possible to regard all
liquid mixtures as being randomly distributed.

It is important to remember that liquid and crystalline samples of the same
material are very much alike in the nature of the interactions of their molecular constit-
uents. This conclusion is arrived at using the following argument: Most crystalline
solids are obtained from liquids and the interactions which are observed between the
molecules in the solid state will have been present in the liquid from which the solid was
obtained. This is true whether the solid was precipitated from a complex mixture or
was crystallized from a pure melt. This does not mean that a liquid can be treated as
a special type of solid, only that the interactions found in a solid must also be found in

a liquid of the same materials. This important observation, the premise of the similari-
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ty of liquids and solids, can be stated in terms of an axiom: If a molecular interaction
is found in a crystal, then it will be found in a liquid. The negative can also be stated
in fairly strong terms: If a molecular interaction is not found in a solid, it will not be
found in a liquid. A second premise which can be deduced from these observations is
the hierarchy of interactions: The energy of an interaction is a direct measure of the
importance and stability of an interaction. An interaction with low energy, being more
susceptible to the disruptive effects of thermal agitation than a strong interaction, is of
lesser importance. Ingeneral, hydrogen bonded interactions are much more important
than van der Waals’ interactions, and covalent interactions are more important than
hydrogen bonded interactions. Both of these premises are required to make the deci-
sion about the type of interaction which must be included in the description of the
coordination number.

These observations recognize that each solvent molecule can interact with differ-
ent types of solute molecules in a unique way. A given solvent-solute pair, therefore,
may have a coordination number which is different from every other possible pair.
These differences will arise from the presence or absence of unique functional groups
on one or more of the molecules being considered as components of a mixture. There-
fore, the criteria for assigning a coordination number must include the possibility of
very strong interactions, yet be flexible enough to arrive at a reasonable coordination
number for molecules which interact through weakly attractive forces only.

For molecules which are not spherically symmetric, there is no simple three
dimensional grid which can be placed over the centers of each sub-unit of nearest neigh-
bors as required for the description of both liquids and solids by the various lattice
models. Solids and liquids would both be better described, perhaps, as a collection of
unit cells, with molecules interacting with each other inside one unit cell and with other

molecules which are inside of other unit cells. The basic conclusion which can be from
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this discussion is that the standard interpretation of the coordination number as used
in the various lattice models (that the coordination number which is found in liquid
mixtures is exactly the same type of coordination found in simple crystals) is unfound-
ed.

This section set forth the premise of similarity for comparing liquids and solids,
and the premise of the hierarchy of interactions, both to be used to decide the impor-
tance of different interactions between molecules. These hypotheses are based on a vast
amount of experimental work which has been done on the crystal structures of solids.
The ramifications of these hypotheses are explored in the next two sections. This sec-
tion was also used to qualitatively show that the primary basis for the derivation of
most of the liquid solution lattice models is a poor description of the solid state and a

worse description of the liquid state.

5.3 Solute Internal Coordination Numbers

One of the consequences of studying the crystal structures of various solids is the
realization that the apparently infinite number of degrees of freedom which would seem
to be available to the long chain polymeric molecules are not manifested in the solid
state. This discrepancy can be accounted for by the energy required to rotate around
a single carbon-carbon bond, in alkanes this has been estimated to be about 12 kJ-
-mol™ (Rigby, 1986). This implies that the number of configurations actually ob-
tained by a polymer in either a mixture or as a pure polymer melt would be much less
than the number of configurations estimated by the existing theories, specifically the
freely jointed chain model of polymer molecules (Hill, 1986). The possibility of exter-
nally applied steric forces can also increase the rotational energy barrier. If a section
of a polymer is surrounded by solvent molecules or by segments from other polymer

molecules, the tendency for this section of the polymer molecule to be able to achieve
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a new configuration will be diminished. In other words, there is the possibility of a
cooperative effect between the solvent and the polymer which works to further decrease
the number of configurations available to a polymer molecule. A polymer molecule
can then be viewed as if it were made up of a set of "virtual monomers" which are the
same size as a solvent molecule. This effectively redefines the degree of polymerization,
n,, as being equal to R, instead of being equal to the number of true monomers which
have been combined to make the polymer.

Now consider a linear polymer molecule which is made up of R,, monomers.
The average number of connections between any given monomer and the adjacent
monomers will be equal to two for all but the monomers on the end of a chain, which
will have only one connection. Therefore, the internal coordination number foralinear
polymer molecule or a simple branched molecular chain is defined as the average num-
ber of connections between monomers of size R,,.

2, = 2[1-i) (5.1)
R,

Where z, is the internal coordination number of a linear or branched polymer mole-
cule. Note that the total number of internal connections in a polymer molecule will be
given by the product &;R,. This same result can be obtained for simple branched
chains.

This will be the most common expression for the internal coordination number.
Other expressions can be written as each special case is defined. In general, however,
g will almost always be equal to two in the limiting case of an infinite polymer dis-
solved in a monomer. This means that equation (5.1) can be used to estimate the poly-
mer internal coordination number for most large polymer-solvent combinations with

little error. The only possible exceptions to this would be those polymer systems which
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are very heavily cross-linked. The solution thermodynamics of these systems were
studied in the past by vapor sorption techniques. These polymers are difficult to char-
acterize because little is known about the average number of cross-linked connections

between polymer chains.

5.4 Solute External Coordination Numbers

Taking a hint from the type of coordination which has been observed in solids,
the following definition of the external coordination number of a solute molecule can
bemade. Theexternal coordination number is equal to the number of active groups on
a solute molecule with which solvent molecules and/or portions of other solute mole-
cules can interact significantly. The first problem with this definition is that the term
"interact significantly" is open to a very wide interpretation. Therefore, it is necessary
to place constraints on the meaning of a significant interaction. This is done by apply-
ing the premise of the hierarchy of interactions. Ifthe energy of one type of interaction
is very much larger than the energy of all other interactions then the only interaction
considered is the one with the largest energy. This premise was used in the previous
section to define 2, and to effectively separate it from the influence of other interac-
tions. The application of this premise to the definition of the external coordination
number is most easily illustrated by considering two examples.

The interactions of the polyethylene glycol molecule (PEG) with water will be
considered first. The generalized PEG molecule is a polyether with two terminal alco-
hol groups. The polymer is made up of , monomers resulting in 2,1 ether oxygens,
n, ethyl groups, and two hydroxides on each end of the chain. Each ether oxygen is
allowed to interact with one water molecule by the formation of a hydrogen bond. The
two terminal hydroxides are allowed to interact with three water molecules and are also

assumed to be able to interact with an ether group on other polymers or with the hy-
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droxides on other polymers by forming hydrogen bonds. These results are substantiat-
ed by the neutron scattering study of Maconnachie et al. (1978) on the water/PEG
system. Their work showed that the water to monomer ratio of the solvent/polymer
complex to be equal to 1 for large polymers, and slightly larger than one for smaller
polymers. There are, therefore, #-1 + 2x3 = g,+ 5 active groups with which a water
molecule can interact. Any interactions with the ethyl groups are ignored since these
interactions will be much weaker, by at least an order of magnitude, than those interac-
tions created with the formation of an hydrogen bond. The proximity of a solvent
molecule to a solute molecule is meaningless if the energies involved with those interac-
tions are very much smaller than those energies of interaction found elsewhere. Just
because one molecule is close to another molecule does not mean that they are interact-
ing. The total number of active groups on a polymer molecule are then referenced to
the molar volume ratio to make the resulting coordination number compatible with the
internal coordination number defined by equation (5.1). Thisresult can be summarized

by the following general equation.
z,. = (Total number of active groups on a polymer)/R,, (5.2)

Where z__ is theexternal coordination number of a polymer molecule segment, and the
total number of active groups is determined as described in the text. The total number
of active groups on a polymer molecule will be given by the product R,z ..

A different situation arises when only dispersion forces are involved. In this
case the solvent is a small alkane, such as n-hexane, and the polymer is a fairly long
alkane, like n-tetracosane. The premises stated above indicate that the number of
monomers making up the polymer are given by the molar volume ratio, R, = 3.25 .
Since dispersion forces are the only attractive forces, the number of solvent molecules

surrounding a sub-unit of the polymer will be equal to four. This number is inferred by
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the crystal structures observed for the alkanes. Therefore, the polymer internal coordi-
nation number will be equal to 1.31, as calculated using equation (5.1), and the poly-
mer external coordination number will be 4xR,, /R, =4 .

The overall polymer coordination number will be given by the sum of the inter-

nal and the external coordination numbers.

Z, =2 + 2, (5.3)

Where 2, is the polymer coordination number referenced to the size of a solvent mole-
cule. The application of the hierarchy of interactions premise has allowed 2, to be

partitioned into an internal and an external portion.
Equations (5.1) and (5.3) can be combined to yield a relationship between the

molar volume ratio and the polymer coordination number.

z, =2(1—L] *z, (5.4)
v

Rearranging this to solve for the term R,-1 yields:

RV-1=ﬁ(RV— ex ")=%(Rv-g) (5.5)

Where g is used as a symbol to represent the ratio of the external to the overall coordi-
nation number, multiplied by the molar volume ratio. Also note that 2, can be ex-

pressed in terms of a ratio of two functions of R,,.

z = z(RV“) (5.6)

P RV—g

Equations (5.5) and (5.6) will be used extensively in Chapter 6.
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5.5 Summary

This chapter presented a new concept of the coordination number, which is
based on two premises: The premise of similarity for liquids and solids; and the prem-
ise of the hierarchy of molecular interactions. They were used to obtain mathematical
expressions for the internal, external, and overall coordination numbers of a solute
molecule. The coordination numbers are independent of the concentration because
they each represent the number of potential configurations available to the system. The
internal coordination number reflects the number of configurations available to a
polymer molecule. Theexternal coordination number reflects the number of configura-
tions available to the solvent molecules as well as portions of a solute molecule, if they
are capable of interacting with parts of another solute molecule with energies that are
about the same as the solvent-solute interactions. The concept of the coordination
number required for this model is similar, in certain respects, to the definition of the
coordination number that is used in the study of complex ions (Butler, 1964). This
means that it is impossible for the solute in a liquid mixture to have a closest packing
arrangement (i.e. external coordination number equal to twelve) even for spherical
molecules which are of equal size. For complex molecules which interact through
dispersion forces the most likely external coordination number is equal to four. The

application of these ideas to multicomponent mixtures are presented in Appendix B.
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CHAPTER 6
THE MIXTURE MODEL: STATISTICAL MECHANICS

6.1 Introduction

This chapter develops the statistical mechanical basis of the solution model. In
particular, the first goal of this chapter is to establish the concentration dependence of
the absolute activity ratio in equation (4.9) so that equation (4.12) can be integrated,
while the second goal is to obtain a reasonable temperature dependence for the model.
These two goals will be accomplished in five sections. In section two the grand canoni-
cal partition function is used to derive a statistical mechanical analogue of the absolute
activity ratio given in equation (4.9). Section three is used to derive the concentration
dependence of the combinatorial term. The fourth section is used to derive the concen-
tration dependence of the energy of interaction difference. The fifth section is used to
derive the molar and total Helmholtz free energies of mixing. The sixth section is used
to propose a novel empirical model for the temperature dependence of the internal
energy of mixing and uses that to derive the temperature dependence of the interaction

energy of mixing. The chapter is summarized in section seven.

6.2 The Statistical Mechanical Absolute Activity Ratio
The grand canonical partition function for a binary mixture can be written as:

EV,Tuap,)= Y Y TANKE)PEN 20 (6
N,20 N,20

Where e is the natural number, p=1/kT (k is Boltzmann’s constant and 7 the abso-
lute temperature in degrees Kelvin), Q(N, ¥, E;) is the microcononical partition func-
tion for a binary mixture and represents the degeneracy of the 7 energy level, and E(N,V)

is the total energy (kinetic and potential) of the 7 energy level. The summation is over
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the total number of energy levels.

Now consider an arbitrary volume element which is congruent with a single
polymer molecule. Thisconstruct will be called the congruent volume element in future
references. In the spirit of Guggenheim (1952), the function « is defined as being
proportional to the ratio of the probability that the congruent volume element will be
occupied by a single polymer molecule to the probability that it will be occupied entire-
ly by R,, solvent molecules. The quantity e is important since it can be related to the
thermodynamic absolute activities and to the polymer volume fraction, each by entirely
different methods.

Equation (6.1) can be rewritten in terms of the canonical partition function.

E=Y ¥ Q(N,N,,V,T)A%% (6.2a)

N,20 N,20

From the properties of the grand partition function, as given by equation (6.1), and the
nature of the canonical partition function, as outlined in equations (3.2), (3.3), and

(3.7), the grand partition function can be written as the following sum.

& = E E q?‘q:”l:"l:’ E g-(ﬁ)e—ﬂW(N,V) (6.2b)

N,20 N,20 N

Where W(N, V) represents the potential energy of the molecular interactions of a
group of molecules which make up a particular cluster identified by N. The congruent
volume element, as described above, is assumed to be part of the central molecular
unit within any given cluster. Itisimportant to point out that no molecular cluster can
be isolated from the remaining solution constituents without changing the properties
of that cluster. Therefore, the potential energy of interaction of one molecule with
another will be influenced by each and every other component in the solution not just

those molecules which are temporarily confined to a particular cluster.
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The purely mechanical potential and kinetic energy levels, which are available
to each molecule within the mixture, are momentarily confined to a cavity which is
made up of a variable number of solvent molecules and polymer molecule sub-units.
The size and shape of these cavities will be strongly influenced by the momentum of the
particular species which is found both within the cavity and comprising the cavity
boundaries, as well as by the strength of the intermolecular forces which are exchanged
between the molecules which make up the cavity. Because of the indeterminate and
variable nature of the cavity to which each molecule is temporarily confined, the kinetic
energy and the potential energy of interaction of each of the mixture components must
be averaged over a given cluster. Averaging these force terms in the Hamiltonian over
acluster resultsin a temperature dependent mean potential energy of interaction, which
allows the grand partition function to be rewritten.

E=Y ¥ @ a7 A & F(N,,N,) e P F@D 6.3)
N,20 N,20
Where W(T) is the temperature dependent mean potential energy of interaction of a
chosen central molecule with the molecules within its surrounding molecular cluster.
The species which comprise the cluster are given by N.

Since the mean potential energy of interaction is intimately dependent upon the
identity of the molecular species which make up and fill the cavity or cluster, a further
simplification can be made by collapsing the concentration dependence of the cluster

into the potential energy of interaction, e(¢, T’), therefore,

B S 64
N,20 szo

When the congruent volume element is occupied by a single polymer molecule
the partition function for the congruent volume element is obtained fromequation (6.4)

by letting N,=1 and N,=0. This condition is denoted by the subscript (I).
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- -Beqy@T) )
Em=A,q,e @ (6.5)

Where g has been given the value of one since there is only one way to fill the congru-
ent volume element with a single polymer molecule.

When the congruent volume element is occupied by R,, solvent molecules the
partition function for the congruent volume element is obtained from equation (6.4) by
letting N,=0 and N_=R,,. This condition is denoted by the subscript (II).

Emy ® (ls ‘Is)Rve"ﬂ"“)w’T) (6.6)

Where g has been given the value of one since there is only one way to fill the congru-
ent volume element with R,, solvent molecules.

The probability of finding the congruent volume element occupied by a single
polymer molecule is given by the ratio of equation (6.5) to equation (6.4). The proba-
bility of finding the congruent volume element occupied by R, solvent molecules is
given by the ratio of equation (6.6) to equation (6.4). Therefore, the probability of
finding the congruent volume element occupied by a polymer molecule to the proba-
bility of finding it occupied by R, solvent molecules is given by the ratio of equation
(6.5) to equation (6.6). This is just the definition of « as given above. It is assumed
that any constants of proportionality which are required to complete the equality can
be absorbed into the definitions of ¢, and g,. It is conceptually satisfying to regard this
ratio of probabilities, and therefore the quantity «, as arising completely from com-
binatorial constraints and, assuch, it can be assumed to be independent of temperature,
at least over the temperature range that the system remains liquid, but less than the
critical temperature of the mixture. Therefore, denoting this probability ratio by the
symbol a(¢), the division of equation (6.5) by equation (6.6) yields for a(é),

A
a(d) = ﬁexp{—ﬂ[e(,)(tb,ﬂ o@D} - ©.7)
qu Y
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This equation can be rearranged to yield the ratio of the absolute activity of the

solute to the absolute activity of the solvent raised to the R, power.

Ry R,
qs q)
A:V = () . exp{ B[eqy (®.T) - ey (4, T)]} = a(d) - exp[BAe(cb,T)] (6.8)

Where Ae(d, T) istheenergy of interaction difference of the congruent volume element
when it is occupied by a single polymer molecule minus the interaction energy of the
congruent volume element when it is filled with R, solvent molecules. Equation (6.8)
is the same ratio of the absolute activities which was derived from purely thermody-
namic arguments in Chapter 4.

This section presented the statistical mechanical derivation of the ratio of the
absolute activity of the solute to the absolute activity of the solvent raised to the R,
power. This ratio was shown to be proportional to a combinatorial term, e(¢), which
was assumed to be independent of temperature.

The problem has been resolved into finding the concentration dependence of the
combinatorial term, a(¢), and the temperature and concentration dependence of the

energy of interaction difference, Ae(¢,7T).

6.3 The Concentration Dependence of the Combinatorial Term

The combinatorial term, a(¢), was defined as the ratio of the probability that
the congruent volume element was occupied by a polymer molecule to the probability
that it was occupied by R, solvent molecules. It was further assumed to be indepen-
dent of the temperature, thereby relegating the temperature dependence to the energy
of interaction difference. These assumptions allow the concentration dependence of
a(d) to be closely approximated by exploring the frequencies of occupation of the

congruent volume element by each of the different solution constituents without the
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complication of accounting for minor temperature dependencies in an arbitrary man-
ner.

The frequency of occupation of any sub-volume within the mixture by a solvent
molecuie is equal to 1-¢, and its frequency of occupation by any sub-unit of a polymer
is¢. Ifthe individual sub-units in a polymer are considered to be distinguishable, then
the frequency of occupation of any sub-volume within the congruent volume element
by a particular polymer sub-unit is given by ¢/R,,. If the congruent volume element
exhibits any symmetry, then its frequency of occupation by a polymer molecule will be
increased by an amount proportional to that symmetry. Therefore, it is necessary to
assign a symmetry number, o, to the congruent volume element. On the other hand,
the frequency of occupation of the congruent volume element will be diminished by an
amount proportional to the total number of configurations which a polymer molecule
can be positioned after one of its sub-units has been placed. This will be referred to as
the polymer configurational number and is given by p,. Therefore, the frequency of
occupation of the congruent volume element by a single polymer molecule is given by:

G, N,
P, N +RyN,

Fg, (6.9)

Where o, is the symmetry number of the congruent volume element and p, is the
polymer configurational number. The subscript (I) refers to the condition in which a
polymer molecule has occupied the congruent volume element.

The frequency of occupation of the congruent volume element by R, solvent
molecules is obtained by filling R -1 sub-volumes with solvent molecules after having
filled the first sub-volume with a solvent molecule. The frequency of occupation of the
first sub-volume within the congruent volume element by a solvent molecule is identi-
callyequal to 1-¢. From Chapter 5, it follows that each sub-volume within the congru-

ent volume element will have z, neighboring sub-volumes, of which some will be mem-
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bers of the congruent volume element. If a sub-volume within the congruent volume
element is occupied by a solvent molecule, then the frequency of occupation of a pair
of adjacent sub-volumes with solvent molecules will be given by the product of the
frequency of occupation of the first sub-volume and the frequency of occupation of the
second sub-volume. Therefore, the frequency of occupation of the entire congruent
volume element by R, solvent molecules will be given by:

Ry-D Ns Ns
- N_+ RVNP Ns+ng

(Ry-1)

(6.10)

F‘“)=lN is N Hz N fpzNSR N
s Vviip p''s “ex"V'p
Where g is defined by equation (5.5), and the subscript (II) refers to the condition in
which the congruent volume element has been filled with R,, solvent molecules. The
first term in equation (6.10) is the frequency of occupation of any sub-volume within
the congruent volume element by a solvent molecule. The second termis the frequency
of occupation of the second and succeeding sub-volumes in an adjacent pair of sub-vol-
umes by a solvent molecule, taking into account the reduced number of positions avail-
able to the second and succeeding solvent molecules. This equation contains a minor
approximation because it assigns the coordination number of a polymer sub-unit to the
solvent molecules.
The ratio of equation (6.9) to equation (6.10), within the constraints of the as-
sumptions made above, is equal to a(d).

a(@) = 22 (N} Mo 8Ny 70 __ov =y
\w N o, B, \1-¢

S s

R~ o(Ry-g)| """

R,(1-¢)

(6.11)

Equation (6.11) is the concentration dependence of «(¢). The development of
equation (6.11) completes the first objective set forth at the end of the last section. The
next objective isto determine the concentration dependence of the energy of interaction

difference.
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6.4 The Concentration Dependence of the Energy of Interaction Difference

The composition dependence of Ae(¢, T") can be developed by considering the
frequencies of occupation of the sub-volumes which surround the congruent volume
element by either solvent molecules or polymer sub-units. The first condition occurs
when the congruent volume element is occupied by a single polymer molecule. For this
condition, the congruent volume element has a total of z, R, active groups exposed to
the surrounding mixture. The energy of interaction of the solution constituents with
this polymer filled congruent volume element can be developed by filling each available
sub-volume around the congruent volume element with each species in the solution
assuming a random distribution of molecules. This means that a solution component
will be able to fill a sub-volume around the congruent volume element based only upon
its frequency of occupation (i.e. its volume fraction concentration) of any sub-volume
within the mixture. Therefore, the energy of interaction for this configuration is;

e(l)((b,T ) N, T KNP
= e _+|——F—|¢
z, R, N_+ RVNP ps NS+R,,NP pp

+ Ns N; e __+ ——lﬁ’—— e (6.12)
N,+R,N,}|\ N+ R,N, pss N.+Ry,N, psp

Tk N, N TkN
+ P S [ + -_—P £ o
N + R,,Np N_+ RVNP pps N + R,,Np prp

Where each of the various energies of interaction are identified by their subscripts. The

subscript (I) refers to the energy of interaction of the polymer filled congruent volume
element with its surrounding matrix of solution components. The other subscripts refer
to specific type of interaction between a polymer molecule and the particular solution
component or set of solution components. The two body interactions are given by the

two lettered subscripts, where ps indicates a polymer-solvent interaction and pp a
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polymer-polymer interaction. Three body interactions are given by the three lettered
subscripts, with pss indicating a polymer-solvent-solvent interaction, psp a polymer-
solvent-polymer interaction, etcetera. These interactions are hierarchical in the sense
that adjacent sub-volumes which surround a congruent volume element are filled from
the central coordinating molecule out to some molecule located in a distant layer in the
order indicated by the subscripts left-to-right order. The left most subscript contains
the identity of the central coordinating molecule.

Equation (6.12) is an infinite series, with each successive term depending upon
the previous set of terms. This requires a knowledge of the significant solute-solute
interactions so that they can be included. This is accomplished by the two factors, x
and tx. x is equal to the total number of active groups on a polymer molecule and is,
therefore, the product of the external coordination number and the relative size of the
polymer, z_R,. The factor t was defined in Chapter S as being equal to the fraction
of the total number of active groups on a polymer molecule which are able to coordi-
nate with an active group on another, or even the same, polymer molecule. It can have
values which range from 0 to 1. Using these definitions, equation (6.12) can be rewrit-

ten in terms of the polymer volume fraction, ¢, and the solvent volume fraction, 1-¢.

e @ T)

= (1-§)e, + 2, Tbe,, + (1- O)[(1- D) ep+ 2,008,
Zat RV

(6.13)
+2, Th[(1- 98+ 2, T 2, |+

Equation (6.13) can be rearranged by expanding and regrouping terms with like

powers of ¢ to yield an infinite series in ¢ which describes the energy of interaction of

the congruent volume element with the surrounding mixture constituents when the

congruent volume element is filled with a polymer molecule.

&m = Rv[Aa)(T)*B(D(T)dH Coy(T) $2+ Dy (T) $*+ ] (6.14)
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Where the term R, has been factored out in anticipation of future simplifications, and
the constants A(,), B, C,,etcetera, are temperature dependent constants which will
be defined below.

The term infinite series is used in a purely mathematical sense. There are some
very pragmatic reasons for limiting the number of constants which are used to repre-
sent the concentration dependency of the energy of interaction function. First and
foremost is the limited accuracy of the experimental data. This implies that the last
term which is obtained from a numerical fitting procedure can not have a value which
is less than the overall experimental error. Second is the fact that there can not be more
constants fit to a data base than there are data points in that data base. The third
reason is purely esoteric in that it is pleasing to fit a set of data with the least number of
constants. Therefore, the constants A,,, B, , Cy,, etcetera, are defined by the follow-
ing relationships.

Smax
An(T)=z,8,+2,¢,), T)mv:i—(-)_)—' Egmp0 (

w=0

) 0
~ 8y es"p’) (6.15a)

[+
oy wi! 1
B(I)(T)=zexep‘§ meswpo (l—ayp 8s-lpl) (6.15b)
Smax

w!
C(I)(T) = Z“EP E meswpo (

w=2

2
l—ayp es-lpl) (6.15¢)

Where ¢, is the number of the largest term which allows an adequate data regression,
and the constant a_, is defined in terms of the polymer external coordination number
and the factor t, so that when y=p or when y=s,

app = zex‘t , asp = zex . (6.]6)

For ease of notation, the energy of interaction parameters (those parameters in

equation (6.15) which are of the form ¢, , etc.) have been separated into single spe-
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cies energy of interaction parameters like €, and ¢,. Since the final order of the sub-
scripts on the energy of interaction parameters are important when the constants given
by equation (6.15) are expanded, it is necessary to explain the expansion process in
some detail. Each of the summations in equation (6.15) contain a term of the form e,
When wis any integer this notation means that the energy of interaction, e, is followed
by w lower case esses. When w equals zero then e o =1. In a like manner, the identity
of the parameter y in 4, is determined by the order in which the subscripts of the
energy of interaction parameters are filled. These strings of subscripts are filled by
considering all possible combinations which can arise when the subscripts are ordered,
the parameter y will have the value of s for every pair of subscripts which have the left
to right sequence sp, and the value p for every pair of subscripts which have the left to
right sequence of pp. Asan example, the constant C,;, is expanded for the condition

where ¢, =4.

c..(T) A4
—mr 7 2
-2 ayp 8sw-1pl + ayp € w2 z)

Z, €, E 5 21 (w- 2)!( P

St
Z. e

ex " p

[ —2a.¢_+a’e ]+3 e +a’e ]
yp“sp ™ “yp*pp €sss ™~ QypCssp T Cyp Espp

+6ie.__-2a_ ¢ +a’e
ssss yp “sssp yp“sspp

(6.17)
CaT) _
Z

—2(a e

2 +[3
a e +a € o0 Eppss

( pss ~ %ppCpps ™ CspCpsp T Gpp ppp psss

ex

- - + +
aSP SPSPS aSP aPSSP ) aPP EPPPS aSPaPP SPPSP asPaPP SPSPP ]

+ [6 SPSSSS -3 (asl’ SPSSSP aSP EPSSPS * aSP ePSPSS * aPP 8I’P-"'SS ) aI’P ePPPSS

2
* aSPaPP ( psspp * e1’51’1”5 * ePPSSP * ePPSPS) * aSP epspsp ]

Note that the integer constants which result from the expansion of the polyno-
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mials and factorial terms contain a numeric constant as well as information about the
number of constants which will be found upon expansion. If the term in questionis 6¢
then, since there are only three ways to arrange the subscript (e,,,, €,,,, €,,,), the nu-
meric constant for each of these terms is 2.

In a similar manner, the energy of interaction of the solution constituents with
the solvent filled congruent volume element can be developed. Initially this energy of
interaction is built up in terms of the frequencies of occupation of a sub-volume by
solvent molecules and polymer sub-units. These frequencies are then reduced to poly-
mer volume fractions and solvent volume fractions and rearranged to form the basic
infinite series expansion for this condition. The constants for each term of the infinite
series are then written down in their most general form.

Therefore, using {_, for the symbol of the external coordination number of the
R, solvent molecules when they occupy the congruent volume element, the energy of
interaction for condition (II) is given by,

e(n)((b,T) N, KNP
= e +|—2—]1e
(R, NS+RVNP 58 Ns+Rva P

N N N
+ S 5 e+ T e (6.18)
N,+R,N,||\N,+R,N, ] ** {N+R,N,) **

kN N TtkN
+ p s e -+ —p.__ 8 -+ ere .
N,+R,N JI\N+R,N,| *** | N +R,N, |

Where each of the various energies of interaction areidentified by their subscripts. The

subscript (II) refers to the energy of interaction of the congruent volume element with
the solution constituents when it is filled with R, solvent molecules. The other sub-
scripts refer to a specific type of interaction between these solvent molecules and the

particular solution component or set of solution components. The two body inter-
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actions are given by the two lettered subscripts, and the three body interactions are
given by the three lettered subscripts. As before, the left most subscript contains the
identity of the central coordinating molecule.

—e—(‘ll)‘(“"b‘,T_) =(1- ¢)ess+ zex(besp +(1-¢) (1 - q))em + Zex‘b €ssp
Cex Ry (6.19)

+2,0 [(1 — ) egps+2,,T 4’83”] 4o

Equation (6.19) can be rearranged by multiplication and regrouping terms with
like powers of ¢ to yield an infinite series in ¢ which describes the energy of interac-
tion of the congruent volume element with the surrounding mixture constituents when

the congruent volume element is filled with a R,, solvent molecules.

ey = Ry [ Ay (T) + By (T) ¢+ Cpy(T) 2+ D (T d3+ | (6:20)

Where the term R,, has been factored out in anticipation of future simplifications, and

the constants Ay, By, Cy,, elcetera, are defined by the following relationships.

Smax
w! 0
A(II)(T)= _Cex e .+ Cex € Z m Gswpo (l—ayp 8s-lpl) (6.218)
w=l 7° ¢
B .(T)=¢ ¢ %—Le o(l—a e 11)1
(I ex sw:l I (w-1) <P P ZsTp (6.21b)
Cy(T)=0, € Cf——w’—e o(1-a,, e,1,1)° (6.21c)
e T TC) TR A N A e

These constants are expanded in the same manner as the constants in equation
(6.15) using the same rules developed in the sample step-by-step expansion given in
equation (6.17).

The recurrence relationships which are required to obtain higher order terms
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can be deduced from the structure and form of the constants given by equations (6.15)
and (6.21).

The energy of interaction difference is obtained by subtracting equation (6.21)
from equation (6.15) and simplifying. Theindividual constants in the infinite series are
now represented as differences.

Ae(d,T)=R,[AA(T)+AB(T)d+ AC(T )2 + AD(T)d?+ -] (6.22)
Where these "delta" constants are obtained by subtracting the appropriate terms in
equation (6.21) from those in equation (6.15). Each of these constants are independent
of concentration, however, they are temperature dependent. It is assumed that the
temperature dependency isconfined to the species-species energy of interaction parame-
ters.

Equation (6.22) is the concentration dependence for the energy of interaction
difference which was first described in equation (6.8). The concentration dependencies

for the combinatorial term and the energy of interaction term have been derived.

6.5 The Molar Helmholtz Free Energy of Mixing
Substituting equations (6.11) and (6.22) into equation (6.8) and taking the natu-

ral logarithm of the resulting function allows the integration of equation (4.12).

In % =lIn % )+ln( ¢ )+(Rv-l)ln(RV—¢(RV_g)
g P, Ry 1-¢ R, (1-¢)

RV 2 3
T [AA(T)+ AB(T) b+ AC(T) 2+ AD(T) 3+ -]

] (6.23)

The actual integrations are tedious but straight forward, so no analysis is re-
quired. However, it is necessary to point out that when equation (4.12) isintegrated all

of terms in equation (6.23) which are independent of ¢ subtract out and therefore do
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not appear in the final equation for the Helmholtz free energy of mixing. The molar

Helmholtz free energy of mixing is given by the following expression.

_VRT | & ) . 8RO (g
Mo =N {Rv -+ (1) In(1-4)+ 20— in| F

L R

Vo (l- ~
- —%%[BI(TM Bo(T) b+ Ba(T) 62+ By(T) &+ -]

Where g is defined by equation (5.5), and the "tilde" constants, B,(7’), in the infinite
series are presumed to be functions of temperature. These constants are also complex
functions of the "delta" constants given in equation (6.22). The relationships between

the two are summarized by the expressions given below.

5 (T)=-L + L 1 1 .
Bi(T)=ZAB(T)+ —AC(T)+ —-AD(T) + ~AE(T)

B,(T)= —AC(T) R ——AD(T) R —AE(T) - —AF(T) b
(6.25)
B,(T)= %AD(T) . %AE(T) + —é—AF(T) . —;—AG(T) b

B, (T)= —AE(T)+ —AF(T)+ —AG(T)+ —8-AH(T)+...

The temperature dependent infinite series in equation (6.24) can be consolidated
into a single function which will be referred to as the molar interaction energy of mix-

ing, Ag_,, which is defined by,
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At Ta)= LD 5 (7). 5,(T) o+ By(TI 62+ B(TI0%+-] . (6.26)
VN

Therefore, the molar Helmholtz free energy of mixing can be rewritten as:

g(R,~1)d ln( g )

Ry,

__VRT ¢ _ _
A=y {vanm(l ®)In(1-4)+ 2

()| e I

Equation (6.27) can be written in terms of the coordination numbers by substi-

(6.27)
1—¢[1—§-]]} - Ae_ (T,9) .

| 4

tuting the results from equations (5.5) and (5.6).

_VRT | ¢ } Ly, Z® (%
M=y {van¢+(1 ®)in(1-¢)+ 7= ln( ,,)

_ﬁ[l_lﬂz(l__l_”m[l_ﬂ( _L)
2 z, RV z, Rv

Multiplying equation (6.28) by the total number of moles in the system yields

(6.28)

} - Ag,,.(T,4)

the total Helmholtz free energy of mixing.

_VRT | ¢ ) vy Za® o (Ze
My == {vandw(l ®)In(1-4)+ 2 ’”[zp)

JEB|o28 (1 J2¢ (o1t
2[1 Z (1 R;,”l"[ 2 ( RV”} Aens(T:)

P P

(6.29)

Where Ae_,, is the total interaction energy of mixing and is obtained by multiplying
equation (6.26) by the total number of moles in the mixture.
This section was used to derive expressions for the molar Helmholtz free energy

of mixing, the molar interaction energy of mixing, the total Helmholtz free energy of
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mixing, and the total interaction energy of mixing, all as functions of ¢.

6.6 The Temperature Dependence of the Molar Interaction Energy of Mixing
Standard thermodynamic analysis allows the internal energy of a system to be
evaluated by taking the partial derivative with respect to temperature of the Helmholtz
free energy divided by the temperature. Therefore, the internal energy is equal to:
Kl (M) . AULTe) (6.30)
or T oV T?
Where A U__ is the internal energy of mixing, and the subscript trailing the partial
derivative is used to indicate that this variable is held constant during the differentia-
tion.
Performing the appropriate differentiation on equation (6.29) with equation
(6.26) substituted for the energy term, and equation (6.30) substituted for the partial
derivative of the Helmholtz free energy, yields the following partial differential equa-
tion for the interaction energy of mixing.

AT, , - 2Aeu(T®) = TAV(T0) (63D
Equations similar to equation (6.31) have been written many times before (e.g. Guggen-
heim, 1952, Chapter 4), since they appear whenever the temperature dependence of an
energy termis discussed. However, to this author’s knowledge the analysis that follows
has never been attempted, or at least published, before. The partial differential equa-
tion given by equation (6.31) can be reduced to an ordinary differential equation as

long as any constants generated by the procedure used to obtain the solution are con-

sidered as either functions of ¢ or true constants. Therefore;

d 1
d—f[“ma”?‘b)hy-—fmm(ﬂd»)= AU, (T,¢)  (6.32)

1
T
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Where the subscript ¢ is retained as a reminder of the other variable involved with the
functionality of the energy terms.

In one sense the solution to equation (6.32) is easy to obtain using standard
elementary techniques. However, since Ae_,, is an infinite series in ¢ with temperature
dependent constants, the solution being sought isnot for Ae , but for those constants.
In order to solve equation (6.32) properly, it is necessary to understand that Ae , is
actually a free energy of mixing which may be referred to as the non-combinatorial
Helmbholtz free energy of mixing. Consequently, the internal energy of mixing and any
entropic terms which arise from it are also non-combinatorial terms. Therefore, each
of these functions must have the same concentration dependence and each must be
written as an infinite series in ¢. In fact, these functions must also have the same tem-
perature independent termsasmultipliers of the infinite series. Therefore, the following

generalized equation can be proposed for AU, .

AU, = V“’(; $) Eb(T)d)“ (6.33)

—S
Where the constants represented by b,(7°) are unknown functions of temperature.
Substituting equations (6.26) and (6.33) into equation (6.32), and dividing

through by the common terms yields:

'dFZ: BATIO - —;:Z BATIO = 31;2 (D)o (634)

In order to solve equation (6.34), it is necessary to know the functional depen-
denceof A U_, (i.e. of each b,(7")) on temperature. Thereare, apparently, no theoreti-
cal guidelines for choosing one functional form over another (however, in this respect
see Appendix D). Empirically, both the internal energy of mixing and enthalpy of

mixing can be independent of temperature, dependent on 7", dependent on T2, or

dependent on variouslinear combinations of these temperature functions. Itseemsthat
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there is very little published support for the idea that these energies can be dependent
upon T or 7%, During the course of this research the only literature source in which
a parabola in 7 was used to model the temperature dependence of the enthalpy of
mixing was the work of McGlashan and Morcom on the system n-hexane/n-hexade-
cane (McGlashan et al. 1961a). Their correlation was re-evaluated by fitting the en-
thalpy of mixing data to a function which was a linear combination of 7' and 7>
The overall regression required one less constant and yielded results which were as
good or slightly better than the correlation given in the original paper. For these rea-
sons, the following general empirical relationship is proposed for the temperature
dependence of the internal energy of mixing.

B B
AU (T,d) < B, + — + —% (6.35)
Equation (6.35) is, in effect, a statement about the temperature dependence of
each of the "tilde" constants in equation (6.26). Therefore, equation (6.34) can be

rewritten as:

= 4
I3 B (T)e = Ly o (EB,.J.TZ'J'J (6.36)
T T3 i

d « 5 i1
£ (T)!! -
72 B

The general solution of each member of this infinite series of linear differential
equations can be obtained using elementary techniques. After evaluating the integrat-

ing factors, the solution is given by:

.-

I3 BTHo = ¥ ¢
T i=1

i=1

(6.37)

4
B, +f(2 Bisz-j]g

j=2 T?

Where the constants given by B, are not necessarily equal to zero.
Performing theintegrations indicated by equation (6.37) yields the final form for

the constants which make up the interaction energy of mixing. The 7 “ mjlde" constant

of the infinite series in equation (6.26) will, therefore, be given by:
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(6.38)

= B, B,
B(T) = B, T - B, - -
2T 372

Using this generalized constant, the final temperature dependent expression for

the interaction energy of mixing can be written.

- - B. B, )
Ao (L9 = LD S 8,7 B, - 28 - e (639)
i=1

—5

The constants generated by the solutions of the differential equations in equa-
tion (6.36), represented by B, , will be part of the non-combinatorial entropy term but
not part of the internal energy of mixing. Itisimportant to realize that these constants
are not necessarily equal to zero, even if the internal energy of mixing is zero over a
fairly wide temperature range. Thus, this approach to determining the temperature
dependence of the non-configurational or non-combinatorial free energy, predicts the
existence of a non-configurational or non-combinatorial entropy of mixing, even for

solutions which can be considered athermal mixtures.

6.7 Summary

The statistical mechanical derivation of the solution model was presented in this
chapter. The concentration dependencies of both the temperature independent combin-
atorial term and the temperature dependent non-combinatorial term were obtained by
the application of simple statistical arguments. The temperature dependence of the
non-combinatorial term was obtained by using a novel procedure, wherein a temper-
ature dependent function was proposed for the internal energy of mixing, and the
differential equation that connects these two functions was solved for the temperature
dependence of the non-configurational or non-combinatorial term. Theexistence of a

non-combinatorial entropy term for athermal mixtures is predicted from the tempera-
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ture dependence of the interaction energy of mixing. This is a general model indepen-
dent result. The equivalent expressions for application to multicomponent mixtures

are derived and presented in Appendix C.
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CHAPTER 7
THERMODYNAMIC PROPERTIES OF MIXTURES

7.1 Introduction

This chapter utilizes the Helmholtz free energy model developed in Chapter 6 to
derive the remaining thermodynamic properties of a binary mixture. The second sec-
tion derives the molar properties of mixing. The third section uses these results to
derive the molar excess properties. The fourth section derives the partial molar excess
properties, and from these, the fifth section presents the relationships for the solution

component activity coefficients, activities, and osmotic pressure.

7.2 The Molar Properties of Mixing

The starting point for deriving the molar properties of mixing is the molar
Helmbholtz free energy of mixing which was derived in Chapter 6 (equation (6.28)). It

is reproduced here for convenience.

AG,. A4

RT RT VN |R, z,

a2l

z, | R, z, | R, RT

me .V {—‘b—ln¢+(l—d>)ln(1~d>)+z‘;d)ln(z—“]
(7.1)
%

2

Where the molar interaction energy of mixing is obtained by dividing equation (6.39)

by the total number of moles.

- bl B. B.
Aﬁmu(T’d’):'Y"d_)é:T@E(BuT’Biz“z—;‘;‘%]‘b‘—l (71.2)

i=1

The molar enthalpy of mixing is related to the molar internal energy of mixing

by the following relationship.
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AH =AU +PAYV, (7.3)

Since the pressure-volume product in equation (7.3) has an order of magnitude value
no greater than +0.5 J-mole™ for pressures near atmospheric, the assumption that the
molar enthalpy of mixing equals the molar internal energy of mixing is valid, and it is
not necessary to invoke the assumption made in Chapter 4 that the molar volume of
mixing is zero. Therefore, differentiation of equation (7.1) with respect to temperature
and multiplying the result by -RT? yields both the molar internal energy of mix-
ing and the molar enthalpy of mixing.
A_I_Im=A_l_Im=—V%%17;ﬂg[Bi2+%‘}+_;2_‘2‘1)¢i-1 1.9)
Partitioning the Helmholtz free energy into a temperature independent configu-
rational term and a temperature dependent non-configurational term (see Chapter 6)
also results in a partitioning of the entropy into combinatorial and non-combinatorial
terms.
AS,u(T,9) = A8,z (6) + A8, (T, 9) (7.3)
Multiplying equation (7.1) by the temperature, differentiating the result with

respect to temperature, and multiplying that result by -R gives the molar entropy of

mixing. Therefore, the molar combinatorial entropy of mixing is defined by:

asgm-- VR {i no+(1-6) in (1-¢) + =2 zn(is)
R, 2

V.N zZ,
_20( Ll - 20 L
z, R, z, R,

} (7.6)

While the molar non-combinatorial entropy of mixing is given by equation (7.7) on the

next page.
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BiS 281’4

¢! 7.7
2 T2 3713

p55 - L00-0) (5

i=1

For an athermal mixture B,,, B;,, and B;, must be equal to zero in order for

AH,_ = AU_. =0, ascan be seen from equation (7.4). However, this condition says

nothing about B,, which appears in equation (7.7) for AS,. . Itis, therefore, possible

for B,, to bea non-zero constant and for AS,; to be non-zero evenif AH_. =0. This

is a general, model independent result which arises from the constraints of the deriva-
tions developed here.

While these thermodynamic properties are useful for understanding the under-

lying behavior of mixtures, the enthalpy of mixing as given by equation (7.4), is the

most utilitarian because it can be measured directly using standard calorimetric tech-

niques.

7.3 The Molar Excess Properties

The molar excess properties are obtained by subtracting the ideal property of
mixing from the solution’s molar property of mixing, each evaluated at the same tem-
perature and pressure. The original idea for doing this was the expectation that the
resulting thermodynamic property functions would yield simpler correlations with
respect to concentration and temperature. However, the excess functions have proven
to be fundamental in the discussions of solutions precisely because they are equal to

the deviations from ideal mixture behavior. The ideal properties of mixing are:

M M ™M
AVypy =AUy =AH,, =0 (7.8a)
C
M M ™M
AAp. =AG, = -TAS,. = RTY xInx, (7.8b)

i=1

Therefore, by subtracting the ideal mixture Gibbs and Helmholtz free energies
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of mixing from the molar Gibbs and molar Helmholtz free energies of mixing given in

equation (7.1) yields the molar excess Gibbs and Helmholtz free energies.

AGT _A4" V1 Gy 20(; 1)[ph-20( L
RT RT VN| 2| z R, z R,

P i4
(1.9)
+ilnRV+zex¢ n i‘i +In l"d) l—i - Aﬁmix(Tsd))
RV 2 | ZP RV RT

Differentiating equation (7.9) with respect to temperature and multiplying the

result by -RT? yields the molar excess enthalpy and the molar excess internal energy.

ex ex V(- . i -
AH= =AU = YO 4’)‘21:( 2 T;]cb” (7.10)

Multiplication of equation (7.9) by the temperature, differentiating the result

with respect to temperature, and multiplying that result by -R gives the molar excess

entropy.
Aﬁa___z@_{_fg[l_zg( __1_) ,,,[1_2_@ 1_L”+_9;,,,R
V.N 2 z, v z, | v v
(7.11)
Z,. Z,, Vé(1-¢) B, Bis )it
l -_— Ly P —— e ———e
i "(zp)} [1 d’( Rv]]+ V.N ,z; SNy 3T3)¢

The molar excess entropy can also be partitioned into combinatorial and non-

combinatorial terms. The molar excess combinatorial entropy is given by:

A§c?m=_ VR | % 1_2_‘b 1_i In 1_2_‘2 1_l
N 2 b4 R, z, R,

P

(7.12)
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And the molar excess non-combinatorial entropy is defined by:
ex _ V¢(1 Vo(1-¢) Bis  2Bis) i
AS ¢ (7.13)
" ,Zl: Y ZREY &
These results are useful for categorizing the behavior of mixtures. However,
except for the molar excessenthalpy, which isidentical to the molar enthalpy of mixing,
there are no experimental techniques available which allow these properties to be mea-

sured directly.

7.4 The Partial Molar Excess Properties

The partial molar excess properties are a measure of the deviations from ideal
behavior of each component in the mixture. The properties of each component in a
mixture are obtained from the molar excess properties by multiplying them by the total
number of moles and taking the partial derivative with respect to the mole number of
the component in question while holding the temperature, pressure, and all other mole
numbers constant. The partial molar excess Gibbs and Helmholtz free energies of the
solvent are:

G _ A =1,,[1_¢(1_RL)]_%1,,[1_H(1_L)]_w (7.14)

zZ, R, RT

And the partial molar excess Gibbs and Helmholtz free energies of the polymer are:

G, A =In[R,-(Ry-1)0] ——zizlflln[hM(RV—l)]——g—";%gﬁ (7.15)

Zex Ity

Where the functions, €, and & o which were introduced in equations (7.14) and (7.15),
are the partial molar excess interaction energies of the solvent and the polymer, respec-
tively. These are obtained from the molar interaction energy of mixing in the same

manner as the other partial molar excess properties, and are defined by the following
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equations:
& = 02 Y i[BT)-B . (D], (7.16)
i=1
and;
g, = RV(1—¢)2§jiB,-(T)¢"1 . (7.17)

i=1

Where the "tilde" constants are given by equation (6.38), which has been reproduced

here for convenience.

B, B,
8(T)=B.T-B., - i3 _ __i4 (7.18)
Bi( ) il i2 2T 3T2

Therefore, the partial molar excess entropies of the solvent and polymer in a

mixture are given by:

2 afet) 2452

> . , (7.19)
+ 923 i[BAT)-B, (D],
i=1

and;

—ox zexR Zp : l
S = _R<ln[R,,-¢(Ry-1)]' 2 Vln{z_a[l_z_:)(l-z)]w
(7.20)

+R,(1-0)2 Y i B (T) .

i=1

Where the "breve" constants in equations (7.19) and (7.20) are related to the constants

in equations (7.18) and (6.38) by the general expression:
5 B,y N 28,

=B, + . (7.21)
a2 373

i

The partial molar excess enthalpies and internal energies of the solvent and
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polymer in a mixture are:

o

HY = UF = 62 Y i[BAT)- B, (T)] o', (7.22)

and;
H* =U” = RV(1—¢)2§iB,.(T)¢"-1 . (7.23)

Where the "hat" constants in equations (7.22) and (7.23) are related to the constants in
equation (7.18) by the following general expression.
R B, B,
BAT) =B, + i3, 4 (7.29)
1 T T2
Note that the "tilde" constants are equal to the "breve" constants multiplied by

the temperature minus the "hat" constants, which is, effectively, the negative of a free

energy.

7.5 Activity Coefficients, Activities, and Osmotic Pressure

The natural logarithm of the activity coefficient of a solution component is
equal to the partial molar excess Gibbs free energy of the component divided by the
product RT. Therefore, the mole fraction based activity coefficients of the solvent and

polymer are given by:

el L= 29 (- L 2| B
Y, = [1 ¢(1 Rv)”l :, (1 Rv” exp R s (7.25)
and;
Tr—a(r -1, 200, 1 = &y (7.26)
Yp ) [RV d)(RV 1)][1 Zox Ny (1 RV]] o RT

Where vy, and vy, are the solvent and polymer mole fraction based activity coefficients,
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respectively.
The activity of acomponent is equal to the product of its activity coefficient and

its mole fraction. Therefore, the activities of the solvent and polymer are given by:

26(,_ 1 -3 e
a, = (1-¢) 1-— exp[— ] R 7.27
{ Zp ( RV” RT ( )
and;
ZaRy -~ ex
a, =¢[1+M(R,,-1)}— 2 exp[-e_] . (7.28)
z,. Ry RT

Where a, and a, are the solvent and polymer activities, respectively.

It is possible to define an activity coefficient in terms of the volume fraction
concentration scale. This can be done by requiring that the activity be redefined as the
product of a volume fraction activity coefficient and the volume fraction of the com-

ponent. Therefore;

[ 2e(, 1 3 &
o2t e 29
and;
Jiafy —ex
- 2(1-9) T2 €
oY _{u_z_a_v_(zey-l)} exp(——kp?] . (7.30)

Where .y, and ,y, are the solvent and polymer volume fraction activity coefficients,
respectively.

The experimental study of very dilute polymer solutions is facilitated by the use
of osmotic pressure, which is related to the solvent activity by:

__RT,, . _RT

= -Xllna

1% Y.

s

Ina, . (7.31)

Where = is the osmotic pressure of a solution with the units J-m™ or N-m? when
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the partial molar volume or the molar volume of the solvent has the units of
m’-mol™.

Expanding the natural logarithm of equation (7.27) as a Taylor series about ¢ =0
and substituting that into equation (7.31) results in a power series for the osmotic pres-
sure as a function of the polymer volume fraction. Converting the concentration scale

from volume fraction to units of kg-m™> (i.e. grams per liter) yields;

L —2— i-1 1__L i+ ﬁi-l(T)
z R,] RTR,

P

32-i{ V. ¢
T = RTE 10 . Xp
vV M

—5 i=1 t =n,p

iy, (1.32)

p

Where c, is the polymer concentration with units of kg-m™’, the molar volumes of the
solvent and the polymer with the units of cm’-mol™, M, , is the number average
molecular weight of the polymer with units of kg-mol™, and the numeric constants
arise from the conversion of the concentration scale from volume fractions to density.
The terms inside the summation are proportional to the first, second, third, ..., virial
coefficients, where the first virial coefficient (when the summation index is equal to
one) is just the van’t Hoff ideal solution osmotic pressure relation. The temperature
dependent "tilde" constants inside the summation are given by equation (6.38) and the
"tilde" constant with the subscript equal to zero (i.e. when 7 equals one) is identically
equal to zero.
Rewriting equation (7.32) in the form

—

RT
M, ,

T 2
-c—p-= (1+I‘ch+I‘3cp+---) , (7.33)

yields the following expressions for I', and I';;

R,V 2 B(T
r,-—Y=r |1-2[1- 1|, B,(T)
2M 2 R, RR,T

n,p 14

(7.34)

and
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(7.35)

3 M2 2 R, RR,T

—nmp ZP

L L3 PTT  t

The osmotic pressure relationship derived from this mixture theory reveals that
each of the solution virial coefficients for a binary mixture will be inversely proportion-
al to the polymer molecular weight raised to an integer power which is equal to the
virial coefficient’s subscript minus one. Also, the ratio of the third coefficient to the
square of the second will not, in general, be equal to a constant. However, if it is as-
sumed that the mixture is absolutely athermal (such that all B;;=0 for all 7 and ;)
then, for large polymers, the ratio of the third virial coefficient to the square of the

second can be approximated by the following expression.

2 Ry (T
Rf,-(_2_) (R,,-1)3+___"22; )
Iy =[4'10‘3) Zp _ 4107 (z,+2) (7.36)
2 ~ 2
o\, (2 , REM] 2R (g-2)
RE-|Z|@R,-1?+ L2
z, RT

Where I';, and I, are terms that are proportional to the second and third virial coeffi-
cients respectively, and the numerical constants are a result of the conversion of the
concentration scales.

At first glance, it might be assumed that the ratio I';/ I‘z2 given by equation
(7.36) isequal to a constant for a given polymer. However it is important to remember
that the factor R,, is proportional to the ratio of the molar volumes of the polymer to
the solvent and the ratio I',/T; is, therefore, proportional to the molecular weight of
the solvent and inversely proportional to the molecular weight of the polymer. This
may help explain some of the problems associated with past comparisons of the experi-
mentally determined I',/T; ratio to theoretically predicted values (Wall et al. 1954,

and Flory et al. 1951). Obviously, equation (7.36) is not equal to the very old value of
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5/8 first proposed by Flory et al. (1950), nor is it equal to the alternate value of 1/4 as
proposed by Stockmayer et al. (1952).

Practically speaking, the experimental determination of the solvent and/or the
solute activities are the most useful experimental thermodynamic data that can be
obtained about a mixture, because they can be related directly to the partial molar
excess Gibbs free energy of each component. This includes the osmotic pressure which
is just another measure of the solvent activity at very low solute concentrations. How-
ever, the point must be emphasized that activity measurements must be made over a
wide range of temperatures and concentrations so that they can be used to obtain the
other thermodynamic functions. Additionally, the molar enthalpy of mixing is a very
important part of the overall experimental data set which must be determined, because

it can be used as a check on the soundness and consistency of the solvent activity data.

7.6 Summary

The principal thermodynamic properties of binary mixtures, including several
forms of the interaction energy, were derived from the concentration and temperature
dependent Helmholtz free energy of mixing which was derived in Chapter 6. The most
utilitarian of these thermodynamic properties are those for which direct experimental
measurements can be obtained. These are the molar excess enthalpy or the molar
enthalpy of mixing, the solvent activity, and the osmotic pressure. These measurements
are most valuable if they can be obtained over a fairly wide range of temperatures and
concentrations, so that each independent set of data can be used as a check on the
consistency of the other data set. Some of the derived thermodynamic functions for
multicomponent systems (the enthalpy of mixing and the solvent and solute activities)

are presented in Appendix C, Section C.7, at the end of this dissertation.
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CHAPTER 8
RESULTS AND DISCUSSION

8.1 Introduction

This chapter presents the results of the application of the thermodynamic model
to the representation of experimental data. The second section briefly reviews the
changes in the technology available to study the thermodynamics of mixtures and the
impact these changes have had on the type of data which is published. The third sec-
tion develops the data reduction and regression methods. The fourth section analyzes
the solvent activity function, as given in equation (7.27), in order to study effects of the
combinatorial term on the behavior of the solvent in polymer solutions. These general
trends are presented graphically for ease of comparison with experimental solvent
activity data. The fifth section presents the results from the regression of the solute
activity data and makes comparisons with the available molar enthalpy of mixing data.
These results are presented in both tabular and graphical form. The data for each
system has been presented graphically with smooth curves representing the results of
the regression analysis. The enthalpy of mixing data are graphed with smooth curves
which were obtained from the regression analysis of the solvent activity data. The sixth
section summarizes the chapter. All of the graphs have been placed at the end of this
chapter after Section 6. All of the systems which have been analyzed in this chapter are

binary systems.

8.2 The Experimental State of Affairs
Most of the experimental procedures and equipment which have been used to
study the thermodynamic properties of mixtures have undergone vast improvements in

the last 60 years. The ability to study the volumetric properties of liquid mixtures was



124

simplified and enhanced because of the vibrating tube densimeter. The flow and micro-
flow calorimeters were important technological innovations developed during the
early and middle nineteen sixties. They revolutionized the field of calorimetry by great-
ly improving the overall quality and quantity of the enthalpy of mixing data that could
be obtained in a given period of time.

The areas of experimental technique where few improvements have been made
are in the ability to measure the vapor pressure of pure components and mixtures (i.e.
solvent activity). The same tried and true techniques are used today as were used sixty
or more years ago. Osmotic pressure measurements are used, where applicable, for
dilute solutions. Direct vapor pressure measurements and the isopiestic method are
used for more concentrated solutions. There is nothing wrong with these methods in
terms of their accuracy, if enough time and patience is invested to assure that equilibri-
um has been approached closely enough. The major problem arises because of the time
involved in obtaining good data. This is most apparent if one looks at the literature.
Before about 1960 the field is littered (relatively speaking) with fairly good studies
involving the measurement of vapor pressures. Because of the time involved (compara-
tively speaking) in determining the heats of mixing, very few systems were exhaustively
studied using the existing phase change calorimeters. Since the advent of the flow
calorimeter, it has been very difficult to find good solution activity data over a wide
range of temperature and composition. The opposite was true during the 1940’s and
1950’s when it was easier to measure vapor pressures than it was to measure heats of
mixing.

All of these problems are exaggerated when the mixtures being studied involve
polymers, especially concentrated polymer solutions. Theextraordinarily high viscosi-
ties and low solvent vapor pressures which are associated with concentrated polymer

solutions requires that special attention be paid to the experimental techniques, espe-
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cially when measuring the solvent vapor pressure. It is therefore not surprising to find
that much of the published experimental measurements of the solvent activity of poly-
mer mixtures have been made only at low to moderate polymer compositions. Those
few published reports which span the entire concentration range all relate difficulties in
measuring solvent activities at high polymer concentrations, especially for very high

molecular weight polymers.

8.3 Experimental Data Reduction
The following equations, which have been rewritten from Chapter 7, describe
the molar enthalpy of mixing, solvent activity, the solvent partial molar energy of

interaction, and the constants which tie them all together.

- Vd)(l _¢) E ﬁi(T)d)i—l = d)(l "¢) E Bi(T)d)i—l

- Y.N 3 l_d)[l__i_)i:l 8.1)
| 4
ool 28( AN R 8.2)
a,=(1 ¢)[1 3 (1 RV)} exp[ RT]
e =2 3 i[BAT) - By (T)]0 38.3)
i=1
5Ty -B T-B. - 23 _ Bia 8.4
B,‘(T)"B“T B,'z 2T 3T2 ( )

Equation (8.1) and the logarithm of equation (8.2) are in the form of polynomi-
als in both the volume fraction, ¢ , and the reciprocal temperature, T~'. Rewriting
equations (8.1) and (8.2) as arbitrary polynomial functions in concentration and tem-
perature and using the experimentaily measured enthalpies of mixing and solvent act-

ivities, allows the coefficients of these polynomials to be determined by standard nu-
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merical methods. Equation (8.1) becomes;

1
1-¢ 1—?‘,] ®.5)

F(T,0) =) B(T)"' = HZ(T,0)

i=1 ¢ (1-9)

and the logarithm of equation (8.2) becomes;

- ex T', o
F,(T,¢) i(—Tf’l Z—;,—[B (T)-By (T)] 6!
i=1

SR e 2¢(,_ 1)]"%
L1 [< W22 L) ]

Equations (8.5) and (8.6) were used to analyze the available and pertinent en-

(8.6)

thalpy of mixing and solvent activity data. The data were first regressed as a function
of polymer volume fraction at constant temperature. The coefficients of those polyno-
mials were then further regressed as functions of relative polymer molecular size (i.e.
in terms of R‘,'l ) if data were available for different molecular weight polymers, and
finally as polynomials in the reciprocal temperature. It was found early on that this
procedure gave the simplest structure to the final equations, and is thus the reason for
keeping the temperature as a divisor of the solvent partial molar energy of interaction
in equation (8.6).

In somecases, especially for the older solvent activity and solvent vapor pressure
data, it was necessary to reevaluate (and sometimes, to evaluate for the first time) the
vapor phase fugacity of the solvent given in the original paper using newer gas phase
second virial coefficients. This was done by using the following low pressure expres-
sion for the solvent activity in terms of the gas phase second virial coefficient, B, (T")
with units of m’mol ™, the solvent vapor pressure over the mixture, P, and the pure

solvent vapor pressure, P, , both with units of Pa.
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_(P{-P) B,(T)
RT

3.7

exp

The second virial coefficients were correlated over the temperature range of
interest using the following highly empirical equation. Equation (8.8) and the values
found in Table 1 should not be used outside of their valid temperature ranges, typically
10 to 100°C.

b, ds
B,(T) = a,',exp(%] + C:,exp[-%) (8.8)

The constants for use in this equation were established by regression using the
data for the second virial coefficients found in the fairly extensive compilations of

Dymond (1969, 1980), and are listed in Table 1.

TABLE 1: Solvent Second Virial Coefficients, Constants in Equation (8.8)
Solvent a; b, c, d,
Water -6.0 1690.0 0.0 0.0
Benzene -47.5 1100.0 0.119 2425.0

Toluene -42.5 1335.0 0.0037 3950.0
Chloroform -53.8 940.0 0.0 0.0
Cyclohexane -68.7 963.0 0.0 0.0

n-Hexane -77.3 963.0 0.0 0.0

Methylethylketone B,=1115.0 - 3.07SE+8/T”

The data for the second virial coefficient of methylethylketone was fit to an equation
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form which is listed as the last entry of Table 1.

The pure solvent vapor pressures were calculated using the Antoine equation

(Boublik et al. 1984).

o by
Ps=a,,exp[ PJ (3.9

=
t+cP

Where ¢ is the temperature in degrees centigrade, and the pressure has the units of

kPa, and the constants for use in the equation (8.9) listed in Table 2.

TABLE 2: Vapor Pressure of Pure Solvent (kPa), Equation (8.9)

Solvent a, b, c,
Water 1.15485378E+7 -3799.8871 226.346
Toluene 1.214395E+6 -3103.010 219.787
Benzene 1.043422E+6 -2772.674 219.987
Chloroform 1.2007428E+6 -2696.1015 226.224
Methylethyl- 1.535323E+6 -2901.533 221.845

ketone

Cyclohexane 9.599572E+6 -2789.002 223.869
n-Hexane 1.00615E+6 -2697.5475 224.366

The molar volume ratios for each solvent/polymer pair, R,,, were calculated
from the pure component molar volumes as measured at 25°C. The values for the
solvents and some of the non-polymeric solutes were obtained from the International

Critical Tables (Washburn 1929). The molar volumes of the polymers were obtained
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by using a modified group additivity method as outlined by Zana (1980) and Lepori
(1978) for the partial molar volumes of polymers. The molar volumes of the solvents

are listed in Table 3, and the molar volumes of the solutes are listed in Table 4.

TABLE 3: Solvent Molar Volumes (cm’mol™) at 25°C
Benzene 89.436
Water 18.069
Toluene 107.015

Chloroform 80.65

Methylethylketone 90.157
Cyclohexane 108.693
n-Hexane 131.60

The polymer coordination numbers and the rules which can be used to develop
them were discussed in Chapter 5. For the polymer, the internal, external, and overall

coordination numbers are calculated by the following equations.

z = _1_ 1 —_ i
2 R,
_ (Total number of active groups on a polymer) (8.10)
ex RV
Z, =g+ 2,

Specific values of the polymer external coordination number are given in Table 5.
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TABLE 4: Solute Molar Volumes (cm’:mol™) at 25°C

Cyclopentane 94.71

Cyclohexane 108.693
Glucose 115.338
Bicyclohexyl 188.54
Biphenyl 151.801
Diphenylmethane 167.902
Diphenylethane 188.54
n-Hexadecane 294.20
Polystyrene 116.5-n,

Polypropylene glycol

57.125-a, + 17.753

Polyethylene glycol

38.797-3, + 17.753

Values of the external coordination numbers as used in this work are listed in

Table 5. In Table 5, the term g, is used to represent the degree of polymerization, or

the number of monomers which were condensed to form the polymer. These coordina-

tion numbers were not arbitrarily chosen and it is recommended that Chapter 5 be

reviewed if they do not seem correct. The value of the external coordination number

for the system water/glucose was obtained by assuming that three water molecules

complex each hydroxide group and one water molecule forms a complex with each

ether oxygen. These same values were used for the water/polyethylene glycol system.



131

Coordination for the benzene/polyglycol systems wasestimated by assuming a one-to-

one complex between a benzene molecule and each of the polyglycol oxygen atoms.

TABLE 5: Solute External Coordination Numbers

System z_
Water/Polyethylene Glycol (n,+ SYR,
Benzene/Polyethylene Glycol (a,+1)/R,
Benzene/Polypropylene Glycol (n,+ 1)/R,
Water/Glucose 16/R,,
Toluene/Polystyrene 4n /R,
Chloroform/Polystyrene 4n/R,
Methylethylketone/Polystyrene 2n/R,
Benzene/Biphenyl 4n,/R,
Benzene/Diphenylmethane 4n,/R,
Benzene/Diphenylethane 4n,/R,
Cyclohexane/Bicyclohexyl 4n,/R,
n-Hexane/n-Hexadecane 4
Benzene/Cyclopentane 6
Benzene/Cyclohexane 6

Cyclohexane/Polystyrene

4n,/R,
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8.4 Combinatorial Solvent Activity Effects

Before any of the experimental systems are discussed it is of value to observe the
effects of the relative polymer size and polymer coordination number on the solvent
activity. From equation (8.2) it is possible to write an equation for the solvent activity
of a hypothetical system which is assumed to be absolutely athermal (i. e. a system

which has the constraint that B; =0, for all 7 and j).

N

as=(1—¢)[ -ﬂ(p_l_]]_?p (8.11)
., | R,
1
2=z, +2[1-— (8.12)
g

To establish a better perception for the type of non-ideal behavior the combin-
atorial free energy term induces, the effects of the relative polymer size and polymer
coordination number on the solvent activity were studied without the bias of any tem-
perature effects. The following two graphs resulted from this inquiry.

In Figure 1 the external coordination number was fixed at a value of 4.0 and
the relative polymer size, R,,, was allowed to vary from 1.0 to 10000.0. These values
of R, required that the total polymer coordination number change from about 4.0 to
6.0 asindicated on the graph. For Figure 2, R, was fixed at a value of 10.0 and the
values of the external coordination number were allowed to vary from 0.0 to 4.7, this
is reflected on the graph in the values of z, which change from 1.8 t0 6.5. Also print-
ed Figure 2 is the Flory-Huggins limit, which can be reached from the present model by
allowing the external coordination number to approach a value of infinity. It can be
seen from the last two curves of Figure 2 why earlier researchers decided to use the
Flory limit if they felt that they were constrained to use even valued coordination num-

bers which could not be less than 6.
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8.5 Results

Tables 6 through 23 list the constants for the various systems analyzed in this
work. The constants in all of these tables, except for Table 7, were obtained from the
solvent activity data using equation (8.7). The constants in Table 7 were obtained from
enthalpy of mixing data for the system water/polyethylene glycol. Over all, the relative
average error of fit for the solvent activity was +0.025 . This includes all of the data
available. Ifactivity data for polymer volume fractions above about 0.85 areexcluded
from this calculation the relative average error of fit becomes less than +0.003 . The
average relative error of fit for the predicted enthalpy of mixing (excluding the water-
/PEG system) is less than +0.005 .

The constants for the water/polyethylene glycol system arelisted in Table 6, and
the constants for the water/polyethylene glycol system as obtained from enthalpy of

mixing data are presented in Table 7.

TABLE 6: Constants for the Water/Polyethylene Glycol System

i B, B, B, B,

1 -7.0 901.9+892.15/R,, -2.839E6 4.7052E8

2 -5.0 2.133E3-189/R,, -4.561E6 1.03887E9
3 0.0 -1.794E3 3.295E6 -9.486E8

-2.216E3/R,,

4 0.0 -233.9/R,, 4.369E5 -9.0924E7
5 0.0 -5.3134E3/R,, 0.0 2.6176E8

The solvent activity data and the regression lines for the water/PEG system are
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shown in Figures 3 through 10. Two different approaches were used on this system
because of the absolute failure of the two different sets of data to yield a consistent set
of constants. The preponderance of activity data which was used to get the constants
in Table 6 came from one source, Herskowitz and Gottleib (1984a, 1984b, 1985). The
remaining activity data were obtained from Malcom (1957). Other activity data sets

were available but they were of very low quality and unusable.

TABLE 7: Constants for the Water/PEG System From Enthalpy of Mixing Data

i B, B, B, B,

1 0.0 -2.209E4 1.372E7 -2.408E9
+2.35¢3/R,,

2 0.0 -5.614E3 7.78E6 -2.083E9
-1.398ES/R,, +7.674E7/R,, -9.5E9/R,,

The enthalpy of mixing data were obtained from Malcom (1957) and the compi-
lation of Christensen (1982) from which only one paper, Konnecke (1958), was chosen
as having good quality data. The problem which arose during the analysis of the activi-
ty and enthalpy data has to do with the values of the enthalpy of mixing as predicted
from the constants obtained from activity data. The experimental enthalpies decrease
in magnitude as the temperature is raised from 25°C to 80°C. This trend is also ex-
pected from the observation that phase splitting occurs in the water/PEG system as the
temperature of a mixture is increased (Saeki, 1976). On the other hand, the predicted
enthalpies of mixing based on the constants obtained from the solvent activity data
continue to increase in magnitude as the temperature is increased. These effects can be

seen in Figures 11 through 21. It should be noted that the Herskowitz data set appears
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to be, for the most part, internally self consistent, and that the enthalpies predicted for
PEG-300 at 26.9°C are very close to the experimental values of Malcom (1957).

Herskowitz and Gottleib used the isopiestic method to obtain the values for the
polymer solution osmotic coefficients. They used aqueous lithium chloride solutions
for their isopiestic standards, and the correlation of Gibbard and Scatchard (1973) to
relate the isopiestic ratios to the osmotic coefficients and thus to the solvent activity.
The only problem is that Gibbard’s work is erroneous, except near 25°C. This can be
seen by comparing values of the osmotic coefficients obtained by Davis et al. (1985) at
45°C with Gibbard’s values. The only conclusion which can be drawn is that the data
presented by Herskowitz is internally self consistent, but erroneous. Ifa more accurate
relationship can be found for the osmotic coefficients of lithium chloride solutions it
may then be possible to salvage this large body of valuable data. Until then, the work
on the water/PEG system must be considered, at best, as preliminary.

The constants for the water/glucose system are listed in Table 8. The solvent
activity data were taken from Taylor (1955). The solvent activity data and regression

lines are shown in Figure 20. There are no enthalpy of mixing data for comparison.

TABLE 8: Constants for the Water/Glucose System

i B, B, B, B,
1 -344.2/R,, -2.9145/R,, 1.717E8/R,, -2.571E10/R,,
2 2.6617/R, 0.0 0.0 0.0
3| -21255/R, 0.0 0.0 0.0

The constants for the benzene/polypropylene glycol system are listed in Table 9.




136

The solvent activity data were taken from Booth (1971b). The solvent activity data and
regression lines are shown in Figure 21. No enthalpy of mixing data are available for
comparison.

In contrast, the constants for the benzene/polyethylene glycol system are listed
in Table 10. The solvent activity data and regression lines are shown in Figure 22. The
solvent activity data were taken from Booth (1971a). Again, no enthalpy of mixing

data are available for comparison.

TABLE 9: Constants for the Benzene/Polypropylene Glycol System

i B;, B, B, B,
-6.618E4/R,, -4.72E7/R,, 1.4228E10/R,, 0.0
1.086E4/R,, 0.0 0.0 0.0
-1.21E3/R,, 0.0 0.0 0.0

TABLE 10: Constants for the Benzene/Polyethylene Glycol System

B, B;, B, B;,
-2.773-21.8/R,, -1120.0 0.0 0.0
1.1178+23.48/R,, 0.0 0.0 0.0
-0.069-25.47/R,, 0.0 0.0 0.0

The constants for the three systems, chloroform/polystyrene, toluene/polysty-
rene, and methylethylketone/polystyrene arelisted in Tables 11, 12,and 13 respectively.

The activity data for the chloroform system were taken from Bawn (1956), and the
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activity data for the toluene and methylethylketone systems were taken from Bawn
(1950). The solvent activity data and regression lines for these three systems are shown
in Figures 23, 24, and 25, respectively. All three of these systems can be classified as

athermal mixtures even though no enthalpy of mixing data are available.

TABLE 11: Constants for the Chloroform/Polystyrene System

Bi,l Bi,2 Bi,S ‘Bi,4
-1.54+90.0/R,, 0.0 0.0 0.0
1.68 0.0 0.0 0.0

TABLE 12: Constants for the Toluene/Polystyrene System

B, B, B, B,
-7.411E3/R,, 0.0 0.0 0.0
500.0 6.0 0.0 0.0

TABLE 13: Constants for the Methylethylketone/Polystyrene System

B, B, B Bia
-9.89E3/R,, 0.0 0.0 0.0
-1.5E3/R,, 0.0 0.0 0.0

The constants for the system benzene/biphenyl are presented in Tables 14 and

15. The activity data for these two data sets were taken from Baxendale (1951) and
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Everett (1952), respectively. The temperature dependence of these two sets of data are
the same even though the solvent activities are slightly different. The solvent activity
data and regression lines are shown in Figures 26 and 27, respectively, and the enthalpy

of mixing data and the predicted line are shown in Figure 28.

TABLE 14: Constants for the Benzene/Biphenyl System

i B, B, B, B,
1 7.386/R,, 7.302E3/R,, -3.707E6/R,, 4.74E8/R,,
2 0.927/R,, 400.0/R,, 0.0 0.0

TABLE 15: Constants for the Benzene/Biphenyl System

i B, B, B, B,
2 7.314/R,, 7.302E3/R,, -3.707E6/R,, 4.74E8/R,,
3 0.825 400.0/R,, 0.0 0.0

The constants for the benzene/diphenylmethane system are listed in Tables 16
and 17. The activity data was obtained from Everett (1952) and Everett (1963), respec-
tively. The solvent activity in these two data sets differ by a substantial amount, ascan
be seen by comparing the constants given in column 2 of Tables 16 and 17. Also, the
enthalpies of mixing as predicted by these two sets of constants are not quite the same,
as can be seen by comparing the constants in columns 3 and 4 of these two tables. The
available enthalpy of mixing data can be fit only by the constants given in Table 16 and

graphed in Figure 31. The solvent activity data and their regression lines are shown in
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TABLE 16: Constants for the Benzene/Diphenylmethane System

i B, B, B, B,
1 -3.171/R, -3.418E3/R,, 1.747E6/R,, -2.123E8/R,,
2 -1.115/R,, 1.07E3/R, -7.836E5/R,, 1.401E8/R,,
3 1.235/R,, 0.0 0.0 0.0

TABLE 17: Constants for the Benzene/Diphenylmethane System

i B, B, B, B,
1 -8.723/R,, -7.109E3/R,, 3.215E6/R,, -2.123E8/R,,
2 -1.876/R,, 1.07E3/R,, -7.836ES/R,, 1.401E8/R,,
3 2.485/R,, 0.0 0.0 0.0

The constants for the benzene/diphenylethane system are listed in Table 18. The

solvent activity data were taken from Everett (1952). The solvent activity data and

regression line are shown in Figure 32. There is no enthalpy of mixing data available

for comparison.

The constants for the cyclohexane/polystyrene system are listed in Table 19.

The solvent activity data were taken from Krigbaum (1959). This system was studied

over a fairly wide temperature range using polystyrene samples with vartous molecular

weights. The solvent activity data and the regression lines are shown in Figures 33, 34,
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TABLE 18: Constants for the Benzene/Diphenylethane System

B, B, B, B,
-1.455/R,, 0.0 0.0 0.0
-0.691/R,, 0.0 0.0 0.0

0.88/R,, 0.0 0.0 0.0

TABLE 19: Constants for the Cyclohexane/Polystyrene System

B, B, B, B,
-2.454+609.4/R,, | 642.9+2.13E5/R,, 0.0 0.0
-1.877-35.95/R,, 0.0 0.0 0.0

-0.46+92.8/R,, 0.0 0.0 0.0
-1.02-1.212E3/R,, 0.0 0.0 0.0
0.218+2.57E3/R,, 0.0 0.0 0.0
-1.09-2.01E3/R,, 0.0 0.0 0.0

The constants for the cyclohexane/bicyclohexyl system are listed in Table 20.
The solvent activity data were taken from Everett (1963). The constants can be used to
represent the enthalpy of mixing with little or no error, as seen in Figure 37. The sol-

vent activity data and regression lines are shown in Figure 36.
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TABLE 20: Constants for the Cyclohexane/Bicyclohexyl System
i B, B, B, B,
1 -3.1583/R,, -1.298E3/R,, 5.597E5/R,, 0.0
2 1.6688/R,, 541.0/R,, 0.0 0.0
3 -0.7184 0.0 0.0 0.0

The constants for the n-hexane/n-hexadecane system are listed in Table 21. The
data were taken from McGlashan (1961b), and they can be used to fit the enthalpy of
mixing data very nicely as seen in Figures 39 and 40. The solvent activity data and

regression lines are shown in Figure 38.

TABLE 21: Constants for the n-Hexane/n-Hexadecane System

i B, B, B, B,
1 -2.595 -751.0 -2.759ES 1.6665E8
2 0.575 180.0 0.0 0.0

The constants for the benzene/cyclopentane system are listed in Table 22. The
activity data were taken from Hermsen (1963). The constants can be used to roughly
calculate the enthalpy of mixing as seen in Figure 42. The experimental enthalpies at
35°C may possibly be in error, at least over the low concentration range. This conclu-
sion is reached because the enthalpy data at 35°C shows a very complex behavior

which is not seen at 25°C. This type of pattern should not be found for such a simple
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system. Thesolvent activity data and regression lines are shown in Figure 41. This sys-

tem was included to show the flexibility of the model.

TABLE 22: Constants for the Benzene/Cyclopentane System

1 ‘Bi,l Bi,z Bi,3 Bi.4
1 -4.394 -2830.0 1.516E6 0.0
2 0.7115 385.0 0.0 0.0

The constants for the benzene/cyclohexane system are listed in Table 22. The

activity data were taken from Scatchard (1939). The constants can be used to fit the

extensive enthalpy of mixing data which are available for this system as seen in Figures

44 and 45. The solvent activity data and regression lines are shown in Figure 43. This

system was incorporated into this work to demonstrate the flexibility of the thermody-

namic functions which were developed.

TABLE 23: Constants for the Benzene/Cyclohexane System

i B, B, B, B,
1 0.777 -1050.9 1.3704E6 5.853E7
2 -3.426 -124.2 0.0 0.0
3 1.153 192.0 0.0 0.0
4 1.414 183.6 0.0 0.0
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8.6 Summary

This chapter presented the results of the application of the thermodynamic
model which was developed in the preceding chapters. The results were presented in
tabular and graphical form. In all cases (except for the water/polyethylene glycol sys-
tem, wherein the discrepancies of the models failure to fit were explained) the correla-
tion between the predicted and experimental molar enthalpies of mixing was excellent.
The average relative error of fit for all of the solvent activity data was found to be
+0.025 . If the solvent activity data above polymer volume fractions equal to about
0.85 are excluded from this calculation, the average relative error of fit is equal to
+0.0035 . The average error of fit for the enthalpy of mixing as predicted by the sol-
vent activity regression constants (excluding the water/PEG system)islessthan +0.005 .

This model was shown to be capable of fitting systems which are almost ideal
(benzene/cyclopentane and benzene/cyclohexane) to systemswhich deviate wildly from
Raoult’s law (toluene/polystyrene). The nature of the various molecular interactions
presented no problems to the modeling procedure. That this is true was demonstrated
by being able to it data for simple alkane mixtures, aqueous polymer mixtures, and
mixtures which are as diverse as the benzene/polyethylene glycol system, which argu-

ably, consists of two completely different types of strong molecular interactions.
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FIGURE 1. Solvent activity versus polymer volume fraction for a fictitious absolutely
athermal mixture with z,=4.0 and R, = 1.01, 2.0, 5.0, 10.0, 20.0, 50.0, 100.0,
500.0, 1000.0, 10000.0. The values of z, on the graph are calculated from these
parameters. This graph shows the effect of the polymer size on the solvent activity in

the absence of temperature effects.
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FIGURE2. Solvent activity versus polymer volume fraction for a fictitious absolutely
athermal mixture with R,=10 and z,= 1.8, 2.0, 2.2, 2.5, 3.5, 4.5, 5.5, 6.5. This
graph shows the effect of the external coordination number on the solvent activity for

a given relative polymer size.
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FIGURE 3. Solvent activity versus polymer volume fraction for the system water-
/polyethylene glycol 150 at 24.4 and 59.4°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data in Fig-
ures 3 through 10. The data set was obtained from Herskowitz and Gottleib (1984a,

1984b, 1985).
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FIGURE 4. Solvent activity versus polymer volume fraction for the system water-
/polyethylene glycol 200 at 19.9, 24.9, 39.9, and 59.9°C. The smooth curves were
drawn using parameters which were obtained from a regression analysis of the activity
data in Figures 3 through 10. The data set was obtained from Herskowitz and Gottleib
(1984a, 1984b, 1985).
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FIGURE 5. Solvent activity versus polymer volume fraction for the system water-
/polyethylene glycol 600 at 19.9, 39.9, and 59.9°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the activity data in
Figures 3 through 10. The data set was obtained from Herskowitz and Gottleib (1984a,
1984b, 1985).
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FIGURE 6. Solvent activity versus polymer volume fraction for the system water-
/polyethylene glycol 1500 at 19.9, 39.9, and 59.9°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the activity data in
Figures 3 through 10. The data set was obtained from Herskowitz and Gottleib (1984a,
1984b, 1985).
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FIGURE 7. Solvent activity versus polymer volume fraction for the system water-
/polyethylene glycol 6000 at 39.9 and 59.9°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data in Fig-
ures 3 through 10. The data set was obtained from Herskowitz and Gottleib (1984a,

1984b, 1985).
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FIGURE 8. Solvent activity versus polymer volume fraction for the system water-
/polyethylene glycol 300 at 30, 50, and 65°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data in Fig-

ures 3 through 10. The data set was obtained from Malcom and Rowlinson (1957).
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FIGURE 9. Solvent activity versus polymer volume fraction for the system water-
/polyethylene glycol 3000 at 55 and 65°C. The smooth curves were drawn using pa-
rameters which were obtained from a regression analysis of the activity data in Figures

3 through 10. The data set was obtained from Malcom and Rowlinson (1957).
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FIGURE 10. Solvent activity versus polymer volume fraction for the system water-

/polyethylene glycol 5000 at 60 and 65°C. The smooth curves were drawn using pa-

rameters which were obtained from a regression analysis of the activity data in Figures

3 through 10. The data set was obtained from Malcom and Rowlinson (1957).
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FIGURE 11. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 62 at 25, 35, and 45°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the solvent activity data

in Figures 3 through 10. The data set was obtained from Christensen et al. (1982).
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FIGURE 12. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 106 at 25, 35, and 45°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the solvent activity

data in Figures 3 through 10. The data set was obtained from Christensen et al. (1982).
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FIGURE 13. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 150 at 25, 35, and 45°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the solvent activity

data in Figures 3 through 10. The data set was obtained from Christensen et al. (1982).
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FIGURE 14. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 300 at 26.9 and 80.3°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the solvent activity

data in Figures 3 through 10. The data set was obtained from Malcom and Rowlinson

(1957).
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FIGURE 15. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 62 at 25, 35, and 45°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the enthalpy of mixing
data in Figures 11 through 14. The data set was obtained from Christensen et al.

(1982).
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FIGURE 16. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 106 at 25, 35, and 45°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the enthalpy of
mixing data in Figures 11 through 14. The data set was obtained from Christensen et

al. (1982).
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FIGURE 17. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 150 at 25, 35, and 45°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the enthalpy of
mixing data in Figures 11 through 14. The data set was obtained from Christensen et

al. (1982).
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FIGURE 18. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 300 at 26.9 and 80.3°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the enthalpy of
mixing data in Figures 11 through 14. The data set was obtained from Malcom and

Rowlinson (1957).
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FIGURE 19. Molar enthalpy of mixing versus polymer volume fraction for the system
water/polyethylene glycol 3000 and 5000 at 80.3°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the enthalpy of
mixing data in Figures 11 through 14. The data set was obtained from Malcom and

Rowlinson (1957).
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FIGURE 20. Solvent activity versus polymer volume fraction for the system water/glu-
cose at 25, 35, 45, 55, and 65°C. The smooth curves were drawn using parameters
which were obtained from a regression analysis of the activity data. The data set was

obtained from Taylor and Rowlinson (1955).
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FIGURE 21. Solvent activity versus polymer volume fraction for the system ben-

zene/polypropylene glycol 500000 at 47.2, 60.2, 69.9, and 74.7°C. The smooth curves

were drawn using parameters which were obtained from a regression analysis of the

activity data. The data set was obtained from Booth and Devoy (1971b).
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FIGURE 22. Solvent activity versus polymer volume fraction for the system ben-

zene/polyethylene glycol 6000 at 45.8 and 70.0°C, and the system benzene/polyethylene

glycol 600000 at 50.3 and 70.0°C. The smooth curves were drawn using parameters

which were obtained from a regression analysis of the activity data. The data set was

obtained from Booth and Devoy (1971a).
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FIGURE 23. Solvent activity versus polymer volume fraction for the system chloro-
form/polystyrene 90000, and 900000 at 25°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data. The

data set was obtained from Bawn and Wajid (1956).
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FIGURE 24. Solvent activity versus polymer volume fraction for the system tol-
uene/polystyrene 290000 at 25, 60, and 80°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data. The

data set was obtained from Bawn et al. (1950).
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FIGURE 25. Solvent activity versus polymer volume fraction for the system methyl-
ethylketone/polystyrene 290000 at 25 and 70°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data. The

data set was obtained from Bawn et al. (1950).
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FIGURE 26. Solvent activity versus polymer volume fraction for the system benzene
(solvent)/bipheny! (polymer) at 40, 50, 60, 70, and 80°C. The smooth curves were
drawn using parameters which were obtained from a regression analysis of the activity

data. The data set was obtained from Baxendale et al. (1951).
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FIGURE 27. Solvent activity versus polymer volume fraction for the system benzene

(solvent)/biphenyl (polymer) at 15, 25, 45, 65, and 75°C. The smooth curves were

drawn using parameters which were obtained from a regression analysis of the activity

data. The data set was obtained from Everett and Penney (1952).
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FIGURE 28. Molar enthalpy of mixing versus polymer volume fraction for the system
benzene (solvent)/biphenyl (polymer) at 71.6°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the solvent activity data

in Figures 26, and 27. The data set was obtained from Christensen et al. (1982).
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FIGURE 29. Solvent activity versus polymer volume fraction for the system benzene

(solvent)/diphenylmethane (polymer) at 25, 35, 55, 65, and 75°C. The smooth curves

were drawn using parameters which were obtained from a regression analysis of the

activity data. The data set was obtained from Everett and Penny (1952).
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FIGURE 30. Solvent activity versus polymer volume fraction for the system benzene
(solvent)/diphenylmethane (polymer) at 25, 35, 55, 65, and 75°C. The smooth curves
were drawn using parameters which were obtained from a regression analysis of the

activity data. The data set was obtained from Everett and Swinton (1963).
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FIGURE 31. Molar enthalpy of mixing versus polymer volume fraction for the system

benzene (solvent)/diphenylmethane (polymer) at 30, 35, 50, and 70°C. The smooth

curves were drawn using parameters obtained from a regression analysis of the solvent

activity data in Figures 29 and 30. The data at 30, 50 and 70°C is from Lal and Swin-

ton (1967), and the data at 35°C was obtained from Christensen et al. (1982).
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FIGURE 32. Solvent activity versus polymer volume fraction for the system benzene
(solvent)/diphenylethane (polymer) at 35, 45, 55, 65, and 75°C. The smooth curves
were drawn using parameters which were obtained from a regression analysis of the

activity data. The data set was obtained from Everett and Penney (1952).
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FIGURE 33. Solvent activity versus polymer volume fraction for the system cyclo-
hexane/polystyrene 25100 at 24, 34, and 44°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data. The

data set was obtained from Krigbaum and Geymer (1959).
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FIGURE 34. Solvent activity versus polymer volume fraction for the system cyclo-
hexane/polystyrene 72000 at 24, 34, and 44°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data. The

data set was obtained from Krigbaum and Geymer (1959).
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FIGURE 35. Solvent activity versus polymer volume fraction for the system cyclo-
hexane/polystyrene 440000 at 34, and 44°C. The smooth curves were drawn using
parameters which were obtained from a regression analysis of the activity data. The

data set was obtained from Krigbaum and Geymer (1959).
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FIGURE 36. Solvent activity versus polymer volume fraction for the system cyclo-
hexane (solvent)/bicyclohexy! (polymer) at 25, 35, 55, 65, and 75°C. The smooth
curves were drawn using parameters which were obtained from a regression analysis of

the activity data. The data set was obtained from Everett and Swinton (1963).
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FIGURE 37. Molar enthalpy of mixing versus polymer volume fraction for the system
cyclohexane (solvent)/bicyclohexyl (polymer) at 30 and 50°C. The smooth curves were
drawn using parameters which were obtained from a regression analysis of the solvent

activity data in Figure 36. The data set was obtained from Lal and Swinton (1967).



181

1.0
0.85
o .
= §
> -]
— 0.6 -
O -
<7
= 1 n-HEXANE/
d 0.4 | n—HEXADECANE
= : T=20C °
N = T=30C *
’ T=40C °
0.2 = T=50C °
- T=60C °
0.0 —TIIIIIII]IIIIII|liliillllliIIIIIIIIII]IIIIIIIx

0.0 0.2 0.4 0.6 0.8 1.0
POLYMER VOLUME FRACTION

FIGURE 38. Solvent activity versus polymer volume fraction for the system n-hexane
(solvent)/n-hexadecane (polymer) at 20, 30, 40, 50, and 60°C. The smooth curves were
drawn using parameters which were obtained from a regression analysis of the activity

data. The data set was obtained from McGlashan and Williamson (1961b).
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FIGURE 39. Molar enthalpy of mixing versus polymer volume fraction for the system
n-hexane (solvent)/n-hexadecane (polymer) at 20, 30, 40, and 50°C. Thesmooth curves
were drawn using parameters which were obtained from a regression analysis of the sol-
vent activity data in Figure 38. The data set was obtained from McGlashan and Mor-

com (1961a), and at 40°C from Hijmans an Holleman (1969).
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FIGURE 40. Molar enthalpy of mixing versus polymer volume fraction for the system
n-hexane (solvent)/n-hexadecane (polymer) at 51, 60, and 76°C. The smooth curves
were drawn using parameters which were obtained from a regression analysis of the sol-
vent activity data in Figure 38. The data set was obtained from Hijmans and Holleman

(1969).
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FIGURE 41. Solvent activity versus polymer volume fraction for the system benzene
(solvent)/cyclopentane (polymer) at 25, 35, and 45°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the activity data.

The data set was obtained from Hermsen and Prausnitz (1963).
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FIGURE42. Molar enthalpy of mixing versus polymer volume fraction for the system
benzene (solvent)/cyclopentane (polymer) at 25 and 35°C. The smooth curves were
drawn using parameters which were obtained from a regression analysis of the solvent

activity data in Figure 41. The data set was obtained from Christensen et al. (1982).
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FIGURE 43. Solvent activity versus polymer volume fraction for the system benzene
(solvent)/cyclohexane (polymer) at 30, 40, and 50°C. The smooth curves were drawn
using parameters which were obtained from a regression analysis of the activity data.

The data set was obtained from Scatchard et al. (1939).
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FIGURE 44. Molar enthalpy of mixing versus polymer volume fraction for the system
benzene (solvent)/cyclohexane (polymer) at 7, 25, 30, and S0°C. The smooth curves
were drawn using parameters which were obtained from a regression analysis of the sol-
vent activity data in Figure 43. The data set was obtained from Christensen et al.

(1982). See also Figure 45.
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FIGURE45. Molar enthalpy of mixing versus polymer volume fraction for the system
benzene (solvent)/cyclohexane (polymer) at 75, 100, and 120°C. The smooth curves
were drawn using parameters which were obtained from a regression analysis of the sol-
vent activity data in Figure 43. The data set was obtained from Christensen et al.

(1982).
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CHAPTER 9
SUMMARY AND CONCLUSIONS

9.1 Introduction
This chapter summarizes the dissertation, presents the conclusions which can

be drawn from this work, and discusses future research directions related to this work.

9.2 Summary

The primary accomplishments of this work have been the derivation and testing
of a thermodynamic model for use in highly concentrated polymer solutions. Of sec-
ondary importance is the theory’s ability to model the thermodynamics of solutions
which have traditionally been considered as nearly ideal (i.e. regular solutions using
Hildebrand’s 1929 definition). The model is similar to the standard solution lattice
theories which were developed in the early 1940’s. However, instead of invoking a
crystal lattice to account for the combinatorial degeneracy of the mixture, the deriva-
tion imposes both a solvent/polymer interaction, which ischaracterized by a formalized
coordination of the solute by the solvent, and an energy of interaction. This novel ap-
proach yields a combinatorial term, which is functionally similar to the athermal lattice
models of Huggins (1942) and Guggenheim (1944), and a temperature dependent ener-
gy of interaction term, which is expressed an infinite series in the polymer volume frac-
tion. The entropy of mixing predicted by this model is greater than the ideal entropy
of mixing but less than the entropy of mixing calculated from the lattice theory of Flory
(1942).

The model parameters are the coefficients of the infinite series in the solute
volume fraction, which constitute the energy of interaction term, and the polymer coor-

dination number. The coordination number is chosen by the application of a set of
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physically based rules. Theenergy of interaction parameters are obtained by regression
analysis of the experimental solvent activity data. These parameters can then be used
to model the enthalpy of mixing. It is not necessary to differentiate the experimental
solvent activity data with respect to temperature. Experimental enthalpy of mixing
data can be used to obtain all but one of the parameters. This last parameter must be
determined by using solvent activity data. The regression analysis yielded an average
error of fit equal to +0.025 for all of the activity data studied in this work. If the
polymer volume fraction is limited to values less than about 0.85 then the average
error of fit is equal to +0.0035 or less. It is important to realize that experimental
activity data typically has its largest errors at concentrations above a volume fraction
of 0.8. These errors often occur because the experimentalist had failed to allow the
system to reach equilibrium in these extraordinarily viscous samples. Theaverageerror
of fit for the "predicted" enthalpy of mixing using the parameters obtained from the
solvent activity regression analysis is typically +0.005. This error excludes the wa-
ter/PEG system since the bulk of this data was found to be in error when it was discov-
ered, by this author, that the principal investigator of those papers (Herskowitz 1984a,
1984b, 1985) had inadvertently chosen an erroneous temperature correlation for the os-
motic coefficients of his lithium chloride isopiestic standard. However, the predicted
values of the enthalpy of mixing for water/PEG-300 at 26.9°C is within 5% of experi-

ment, and for the water/PEG-150 at 25°C is within about 10% of experiment.

9.3 Conclusions

The primary importance of this work is the development of a statistical mechan-
ical theory which can be used to model the major thermodynamic properties of concen-
trated polymer mixtures. The derivation of this model, which was inspired by the work

of Guggenheim (1932, 1935, 1944, and 1952), depends on the ability to define the poly-
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mer coordination number in terms of the number of positions on a polymer molecule
which are able to interact with both solvent molecules and other polymer molecules.
This removes the problems inherent in invoking a crystal lattice to describe liquid mix-
tures as had been done by Flory (1942), Huggins (1942), and Guggenheim (1944).
Additionally, this definition of the coordination number allows the energy of interac-
tion to be well approximated by stacking up layers of interacting molecules around a
central molecule or sub-unit of a polymer molecule, thus yielding a polynomial expan-
sion in terms of the solute volume fraction for the non-combinatorial excess Helmholtz
freeenergy of mixing. The highly empirical Wohl (1946) expansion, which has periodi-
cally been used to correlate the excess Gibbs free energy, superficially resembles this
result. The Wohl expansion, of course, does not include any of the combinatorial
effects which have been incorporated into the present model since it implicitly incorpo-
rates theideal entropy of mixing into the calculation of the Gibbs free energy of mixing,.

More importantly, the labile coordination approach allows for a more realistic
modeling of the combinatorial states which are available to the constituents of a mix-
ture, allowing a better estimation of the combinatorial entropic effects. Thisenables a
more realistic prediction of the enthalpies of mixing from the parameters which were
estimated from the solvent activities. The converse is also true in that experimental
enthalpies of mixing can be used directly within the model to help establish the parame-
ters required to accurately estimate the solvent and solute activities. The lack of the
ability for exchanging information between the experimental and the theoretical has
been a major drawback of previously proposed solution models (Benge, 1986). The
model developed and tested in this work allows the unrestricted interchange of experi-
mentally obtained information between the various thermodynamic functions.

One of the surprising consequences of this model is the prediction of an entropy

term associated with the interaction energy of mixing for mixtures which have previous-
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ly been considered athermal. This term arises from the interaction of different mole-
cules even if there are no thermal effects associated with that interaction. This result is
exemplified by the three following systems; chloroform/polystyrene, toluene/poly-
styrene, and methylethylketone/polystyrene. While thisentropy termmight beexpected
for systems which exhibit either positive or negative enthalpies of mixing, it is totally
unexpected for systems which have traditionally been considered to be athermal (cf.
Appendix D).

A minor restriction of the proposed model is the necessary requirement for its
use with pressures which are within a few hundred bar of atmospheric pressure. This
restriction is required because of the constant volume assumption made in Chapter 4.
This minor handicap might be removed by incorporating the characteristics of a liquid
phaseequation of'state (e.g. Sandler, 1990a, 1990b). For most purposes, this restriction
isinnocuous because many of the model‘s potential applications would bein the model-
ing and development of separation processes which operate at or near atmospheric
pressure.

This thermodynamic coordination theory can be utilized in its present form in
the design and modeling of various separation processes. The use of this model is not
restricted to any particular type of solute/solvent pair. It can be used for modeling the
thermodynamics of aqueous solutions as well as non-aqueous hydrocarbon mixtures.

As more systems are analyzed it is possible that many of the parameters, which
must now be obtained through extensive experimental studies, might be estimated by
the application of a group additivity principle (e.g. Kehiaian 1988). A large data base
now exists for enthalpies of mixing which have been published up to about 1981 (Chris-
tensen, 1982). It would be a natural step to process this data in order to assay the

validity of the additivity hypothesis within the constraints of this model.
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APPENDIX A: MULTICOMPONENT THERMODYNAMICS

A.1 Introduction

In this appendix the volumetric and free energy relationships which were devel-
oped in Chapter 4 for binary mixtures are generalized for multicomponent mixtures.
In what follows, the solvent is always considered to be the first component in the mix-

ture and it will be referred to by using the subscript s or 1.

A.2 Volumetric Relationships

The total ideal volume of a multicomponent mixture can be written as the mole

number weighted pure component molar volume.

C c
V=—Vst+E—I-/iNi=—Ys(NS+Z:RViNl] 3 Ry= (A.1)
i=2

i=2

INJINS

The volume fraction of each component is obtained by dividing equation (A.1)
by the total volume.

o+ =1 5 ,=1-Y ¢ (A2)

C C
i=2 i=2

The derivative of the mole number with respect to volume fraction can be ob-

tained from the volumetric relationship for each component.

|4

7 (Vdd+ ¢, av) (A.3)

N=—¢, ; dN,=

1
7z
Holding the total volume constant yields the derivative of the number of moles

of a component with respect to the volume fraction of that component.

dN,= —:;mb,. (A.4)

From the definition of the volume fraction given in equation (A.2) the differen-
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tial change in the solvent volume fraction can be written in terms of the summation of

the volume fractions of the remaining components.
c
dd,=-Y do, (A.5)
i=2

Substituting this result for the differential change in solvent volume fraction in
equation (A.4) yields the differential change in the number of moles of solvent with

respect to the volume fractions of the remaining components.

7 C
dN. = - 2 Y do, (A.6)

A.3 Free Energy Relationships
The chemical potential of the 7 component can be defined in terms of its abso-
lute activity.

p,=RTIn}, (A.7)

For a multi-component system in which the temperature, pressure, and total
volume are held constant, the total derivatives of the Helmholtz and Gibbs free energies
are both equal to the summation of the chemical potential weighted differential change

in the mole numbers.

C
dA(TV,N )1, p=dG(T,P,N)py,= 1 ,dN,+Y pdN, (A.8)

i=2

Where the subscripts, 7, ¥, P, indicate the variables held constant during the differenti-
ation.

Substituting equation (A.7) for the chemical potentials of eachcomponent in the

mixture, equation (A.6) for the differential change in the moles of solvent in terms of

the volume fractions of the solutes, and equation (A.4) for the differential change in the

moles of the solutes in terms of their volume fractions, yields an expression for the total
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derivative of the Helmholtz free energy as a function of the differential change in the

volume fraction of each solute.

R
s  i=2 Rw s"‘

- o c A, ¢ -
dA($,T)-dG($,T)= Vsz: z zn[ ']d¢,=2dA,.(¢,T) (A.9)
A i=2

Equation (A.9) can be integrated to yield the free energy of a mixture. However,
it can also be integrated to yield the free energy of mixing directly if the proper choice
of the limits of integration can be established. This is accomplished by considering the

following definition for the Helmholtz free energy of mixing.

C
A4, .T)=A@.T)- d,A(d=1,T)-Y $,4(=1,T)
i=2
(A.10)
C
A4, @.T)=A@.T)-A©®,1.T)- Y ¢,[A($=1,T)- A(¢,~1,T) ]
i=2

Therefore, the Helmholtz free energy of mixing can be written in terms of the

following integrals.

‘-5 ¢1=1
C
AA,,@&.T)=| dAG,T)-Y ¢,| dA@.T) (A.11)
i=2
&,=1 &,=1

Dividing equation (A.11) by the total number of moles in the mixture and sub-
stituting equation (A.9) for the ratios of the absolute activities yields the molar Helm-

holtz free energy of mixing for a multicomponent system.

4’1 ¢1=1
- VRT & 1 A, A,
AA . ($,T)= In|l—Y |do, - In|l—“\d A.12
4@ )= 3 2 "[Aﬂw] &~ &, n[ —lde|  (A12)
S S

$,=1 $,=1
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A.4 Summary
This appendix presented some of the thermodynamic relationships for multi-
component systems. They reduce to the binary case given in Chapter 4 as would be

expecled.
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APPENDIX B: MULTICOMPONENT COORDINATION NUMBERS

B.1 Introduction

In this appendix the coordination numbers which were developed in Chapter 5

for binary systems are generalized for multicomponent mixtures.

B.2 Multicomponent Solute Coordination Numbers

The solute internal coordination number for polymer 7 can be described by;

z,'i=2(1-i) (B.1)

Vi
While the solute external coordination number for polymer 7 can be described

by;
z,,; = (Total number of active groups on polymer i)/R,, (B.2)

The over all overall polymer coordination number for polymer 7 is the sum of

the internal and external coordination number.

zp.izzi,i"zex,i:z(l‘El“')*zex,i (B.3)
vi

The quantity g; can be defined in terms of the internal and external coordina-

tion numbers of the i polymer.

Ry, -

1
1==1z
2

z...R 1
p.i(RVi_ = w]_ zp,i(RVi—gl) (B.4)

Zp.i 2

Additionally, it is necessary to define an average or mean coordination number

for multicomponent systems.

N [N

c c
1 R, -1
2332 i=2 '
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Where ¢, is the polymer specific volume fraction which is defined as the ratio of the
volume occupied by polymer 7 to the total volume occupied by the remaining polymer

species, ignoring the solvent.

(B.6)

B.3 Summary

This appendix generalized concept of the coordination number as developed in
Chapter S so that it can be used to describe multicomponent mixtures. Additionally a
mean polymer coordination number and a polymer specific volume fraction were
defined for use in multicomponent systems. All of these results simplify to the results

obtained for binary solutions as discussed in Chapter 5.
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APPENDIX C: MULTICOMPONENT STATISTICAL MECHANICS

C.1 Introduction

This appendix extends the statistical mechanical binary solution model devel-
oped in Chapter 6 to multicomponent mixtures. The solvent will be denoted by the
subscript s or 1, depending upon the usage. Solutes, areidentified by subscripts equal

to or greater than 2.

C.2 The Combinatorial Partition Functions

The approach used in Chapters 4 and 6 do not work for more that two compo-
nents because the integrations developed in Chapter 4 for binary systems over counts
the contribution from the solvent. This problem is caused by the nature of the integral
in equation (4.12). It treats all multicomponent systems as sums of separate solvent-
solute binary systems, thus over summing the contributions of the solvent. However,
from the results of Chapter 6 it is obvious that the combinatorial and energetic terms
which make up the free energy are separable so that each of these independent expres-
sions can be manipulated individually. Once a set of multicomponent combinatorial
and energetic functions have been developed they can then be combined to form a final
expression for the Helmholtz free energy of a multicomponent mixture. Therefore, the
combinatorial free energy term for a binary mixture, as obtained from Chapter 6, will
be used to create a combinatorial partition function of mixing for a binary mixture.
This can then be generalized to create a combinatorial partition function of mixing for
multicomponent mixtures which will then be used to obtain the combinatorial free
energy of mixing.

Multiplying equation (6.24) by the total number of moles in the system and

separating the combinatorial and energetic terms, yields the following expression for
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the total combinatorial free energy of mixing for a binary mixture.

com _ VRT ib_ N _ g(RV_l)(b i
M- { 7 100+ (-9 In(-4)+ b in| o

e R IR

Rewriting volume fractions and volumes in terms of the numbers of moles of

(o8}

each component enables of the binary combinatorial partition function of mixing to be
created. This is accomplished by working in reverse. Each logarithmic term is rewrit-
ten in the form of Stirling’s approximation for the logarithm of a factorial by adding
and subtracting terms as needed to attain the proper form. The completed factorial
terms are then regrouped to form the combinatorial partition function of mixing for a

binary mixture.

MRS [(RNNN N 7T (o

QCDM( Np) =

N (R, N, )t | (gN,)I(N,+R,N, )1

This equation can be generalized for any number of components only if an
average or species weighted coordination ratio can be defined to replace the power on
the square bracketed term in equation (C.2).

) ) C Ry;-1
C C .‘?5 q,‘( Ry;-8; )

I (R )!(Zg,.Np,,.]!

1

i

(C.3)
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Where ¢, is defined by,
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This function is used to weight the coordination ratio of the 7 solute in order to pro-
duce an "average" coordination ratio. This approach introduces the complication of

having a concentration dependent coordination number.

m|{‘l

(i Ry, p.] ﬁ( Ry N,,i)! (Egi pt]
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Where the average coordination number is given by,

v 2o
I
N|»—

C (o -1
> 0,2,- 3 q:,( ) . (C6)

j=2 2\ Ry;mg
Equation (C.6) reduces to equation (5.6) for binary mixtures.

Taking the natural logarithm of equation (C.5), multiplying that result by both
- kT and Avogadro’s number, and dividing by the total number of moles in the mix-
ture yields the molar combinatorial Helmholtz free energy of mixing for a multicom-

ponent solution.

. _
A4Z"($,T)= LRI E{¢ln¢ --z—[ —R—)an»

__SN Vi
(C.7)
z—p 8; 'y [Rwi ] ]
¥ _—° n| — ,__¢
2 Ry, : 8 ;o Ry g

Where both of the summations are over all of the components in the mixture, including

the solvent.
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For binary mixtures, equation (C.7) reduces to the combinatorial portion of
equation (6.24).

It is desirable to have the combinatorial partition functions for binary and
multicomponent mixtures. To obtain the total combinatorial Helmholtz free energy of
a binary mixture it is possible to integrate equation (4.10) using the natural logarithm
of equation (6.11) as the integrand. Starting with the total combinatorial Helmholtz
free energy of a binary mixture and working in reverse to obtain the logarithms of the

appropriate factorials, yields the combinatorial partition function for a binary mixture.

)»» (N RN (N, g )t ] (2255)

NAN! | N+ R N,

(C.3)

Qem™(N,,N,)= (%E
v
It is important to understand that when the complete partition function for the
mixture is created it will be necessary to include within the definition of the internal
partition function for each polymer molecule the ratio of the symmetry numbers o /0,
where o, is the symmetry number of a polymer molecule when it occupies a congruent
volume element. This is necessary in order to cancel the symmetry number of the con-
gruent volume element, o ., from the overall description of the mixture since this num-
ber belongs only within the combinatorial description of the mixture, not within the
total partition function of the mixture.
Generalizing equation (C.8) for a multicomponent system also requires the

definition of an average or weighted coordination ratio.

C C
N | Y RN )! (ZgiN )!
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Where the definition of the average coordination number is given by equation (C.6).

The discussion concerning the ratio of symmetry numbers as applied to equa-
tion (C.8) also applies to equation (C.9), noting that a properly identified ratio must
be included within the definition of the internal partition function for each component
in the mixture.

Equation (C.8) can be used to derive the binary solution combinatorial parti-
tion function of mixing, as given in equation (C.2), and equation (C.9) can be used to
derive the multicomponent combinatorial partition function of mixing as given by
equation (C.3). Since equation (C.9) is the ultimate precursor for all of the combin-
atorial partition functions it can be used to derive any combinatorial partition func-
tion required for studying any type of mixture. By allowing each R, to approach 1,

equation (C.9) simplifies to the combinatorial partition of mixing for an ideal mixture.

C.4 The Concentration Dependence of the Energy of Interaction Difference

The arguments in Chapter 6, Section (6.2), which were used to support the exis-
tence of energy of interaction terms which are temperature dependent, are as valid for
multicomponent systems as they were for the binary systems. Therefore, the energies
of interaction for each solute species in the mixture will be represented as a function of
both temperature and composition. Within the same framework, as developed in
Chapter 6, the assumption is made that the temperature and composition dependencies
will be separable.

Consider the 7 congruent volume element occupied by the 7 polymer mole-
cule, the condition referenced by the subscript (I) 7. The energy of interaction of this
polymer molecule with the surrounding solution constituents can be obtained by con-
sidering the interaction of solvent molecules and polymer sub-units in the bulk of the

solution with the available sub-volumes which are adjacent to the congruent volume
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element. There are a total of 2_ ; R,; active groups within this congruent volume ele-
ment which are exposed to, and can interact with, the surrounding mixture constitu-
ents. Therefore, expressing the frequencies of occupation of each of the sub-volumes
adjacent to the congruent volume element in terms of the number of moles of each
solution constituent allows the energy of interaction to be expressed as an infinite series

in the frequencies of occupation.

emi(®:T) 1
5] (B
N
+(_Y_i2'][ s pss [Exk k psp )] (C.IO)

C
1
o) (O LR

Where t; is the fraction of the total active groups on the J* polymer which are able to

interact with an active group on the 7 polymer, and where Y and k; are defined by;
c

Y=(Ns+ERwN1) s K=, Ry, (C.11)
i=2

Now consider the case in which the 7 congruent volume element is occupied by
R, ; solvent molecules, the condition referenced by the subscript (II) 7. The energy of
interaction of these solvent molecules with the surrounding solution constituents can be
obtained by considering the interaction of solvent molecules and polymer sub-units in
the bulk of the solution with the available sub-volumes which are adjacent to the con-
gruent volume element. Therearea total of {_, ; Ry, active groups within this congru-
ent volume element which are exposed to, and can interact with, the surrounding mix-
ture constituents. Therefore, expressing the frequencies of occupation of each of the

sub-volumes adjacent to the congruent volume element in terms of the number of moles
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of each solution constituent, allows the energy of interaction to be expressed as an

infinite series in the frequencies of occupation.

emi(®-T) 1 C
(o) _=_[Nsess+[z Kijesp,
j=2

Cex,i RVx' Y
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+( Ine,.. (Elck L€ p” (C.12)
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Where the functions Y, ;, and t,; are defined in equation (C.11), and ¢, is the average
external coordination number of the R,,; solvent molecules when they occupy the 7
congruent volume element.

Reducing equations (C.10) and (C.12) to polymer volume fractions, using equa-
tion (A.2) to replace the volume fraction of the solvent, and simplifying the resulting
infinite series by grouping like powers of volume fraction, yields the generalized expres-
sions for the energies of interaction of the surrounding solution constituents with the
7™ congruent volume element when it is filled with either the 7 polymer molecule,

condition (I);, or R,,;solvent molecules, condition (II),.

C cC C
e(l)i(&;’T) = RVi [A(I)i(T) +E B(I),'j(T)(bj"'E E C(I),'jk(T) ¢j¢k+ l (C.13a)

j=2 j=2 k=2

a(n),-(<T>,T)=RV,[ (n),(T)+ZB(mU(T)¢+EZC(H),]k(T)¢ O+ - ] (C.13b)

j=2 k=2
Where terms have been grouped together according to their concentration dependence,
thus forming a set of constants which have been generalized for both conditions. For

condition (I) these constants are given by:
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Where the summation with index L is over the solute species only.
The constants for condition (II) are obtained from equation (C.14) by substi-

tuting {_, ; for 2_ ;, and replacing the €p, _in front of the summations with ¢,.

ex, i’

c Smax
C.15a)
A T)= i € w 1-a, e 0 (
(u)i( ) ng,x sl§2 ZP:O !(W 0)! s Pg( ybL slpl)
13(nm-(T)=Cc,:,iesLZ_;2 Zl 1,(W 7 v (1-ayp,8,4,1)  (C.15b)
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The recurrence relations required to define the higher order constants in the
infinite series can be easily deduced from the structure of B, .(7T') and G, (T),
and B, (T') and Cy,,,.,(T). Foreaseof notation, the energy of interaction param-
eters (the €, . parameters in equations (C.12) and (C.14)) have been separated into
a single species energy of interaction parameter, ¢,. These single species parameters
have meaning only when they are combined together as pairs, triplets, etc. Note also,
in anticipation of future simplifications, R,,; was factored out of the expressions given

in equation (C.13) so that it does not appear within the definitions of the individual



207

constants given by equations (C.14) and (C.15).

When the constants given in equations (C.14) and (C.15) are expanded, follow-
ing the procedure given in Chapter 6, the energy of interaction parameters are recov-
ered as follows.

§,€; €, = gijkmnm(T) s ik, n, =21to C (C.16)

The identity of each of the interaction parameters is maintained by keeping the
subscripts in alphabetical order. When one of the subscripts is equal to 1 (i.e. the
solvent) its location within the string of subscripts can be found by substituting the
appropriate letter of the alphabet for it with the notation that it isequal to 1 .

€8 &€ =€y (T) 5 iL,j,1,~,n,~ =2t C; k=1 (C.17)

The species specific constants, given by the general parameter @, , contain all
L
of the information which is required to describe the ability of each species in the solu-

tion to interact with every other species in the solution.

a =T .2

Xy xy “ex,y s Gy =% s Gy =4y = 1 (C'lsa)

y %y

_ (number of groups on species y that interact with species x)
Y (total number of groups on species y)

(C.18b)

Subtracting equation (C.13b) from (C.13a) yields the generalized energy of inter-
action difference for component 7 in a multicomponent system. The resulting con-
stants in this energy term, preceded by the symbol A, are thus equal to the constants

found in equations (C.14) minus the constants found in equations (C.15).

C c C
Ae,($,T)=Ry, | AA(T)+Y AB (T)d+Y ¥ AC, (T)d, ¢+~ | (C.19)
j=2

j=2 k=2

Where the "delta" constants in the summations are the differences of the species specific

constants given in equations (C.14) and (C.15). Each constant is independent of the
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concentration, however, they are assumed to be functions of temperature. It is further
assumed that this temperature dependence resides within the species-species energies of
interaction as described by equations (C.16) and (C.17). Equation (C.19) is the energy
of interaction difference and can be equated to the natural logarithm of the temperature

dependent non-combinatorial portion of the absolute activity ratio.

C.5 The Helmholtz Free Energy of Mixing

Substituting equation (C.19), the natural logarithm of the temperature depen-
dent non-combinatorial portion of the absolute activity ratio, into equation (A.12) and
integrating, yields the temperature dependence of the absolute activity ratio of the 7
polymer in a mixture containing C-1 solutes and a solvent. In order to prepare the
energy of interaction difference for polymer 7 for integration, it is necessary to expand
thesummations inequation (C.19) to isolate the individual terms which were multiplied

by the various powers of ¢,. This results in a recombination of the "delta" constants as

given in equation (C.19), to;

In [ :;"w] = Ry, [ BA(T)+BB,(T) ¢,+AC,,(T) ¢!+ AD,,,(T) ¢+~ | (C20)
s

Where the "overbar delta” constants are defined by equations (C.21a) through (C.21d)
on the next page. The recurrence relations which allows additional higher order con-
stants to be identified is obvious from the symmetry inherent in equations (C.21a-d).
Also note that the infinite series given in equation (C.19) and the infinite series given in
equation (C.20) are identical, the differences in form arise from the manner in which the
summations were expaiided.

After substitution of equation (C.20) for the absolute activity ratio in equation

(A.12), the integration can be carried out to yield the non-combinatorial molar Helm-



209

C C
AA(T)=AAL(T)+Y, AB,(T)d, ?‘“ AC,; (T,
j=2 =2
Jj#i kei (C.21a)

AE; 1 n(T) 00,9, + ]

C C
+IZ=2: AD,'_,-“(T ) ¢j¢’k¢l +mE=2

I+ m#i

c c
AB,(T)=AB,(T)+Y, AC,; (T); +Y  AC, (T,
2 k=2

Jei kei

cC C cC C C C
+3 3 AD, (T)b Y Y AD, (T, +Y, 3 AD, (T b, C2ib)
j=2 k=2 j=2 1=2 k=2 1=2 .

Jri ki i Lei kel i
cC C C
*ZEE AE;;i(T) ;b b, +
j=2 k=2 1=2
Jri ki isi

c c c
AC;(T) = AC,(T) +3_ AD,;; (T); +Y AD;; (T)d, +Y_ AD;; (T,
i k2 12

iii iii

Jei ki l#i
c c (C.21¢)
D3> AE;;; (T)b;b, +
j2 k=2
jei ke
. c c
AD,;;;(T)=AD,;,(T) +_22: AEijiii(T)(bj +’§ AE; i (T)dy + - (C.21d)
JII -
J#i kei

holtz free energy of mixing for a multicomponent mixture. When equation (A.12) is
integrated all terms which are independent of ¢, cancel. Also, when the infinite series
in powers of ¢, is integrated, each term in the infinite series will be multiplied by a

numeric constant which is proportional to the original power of ¢,. These new con-
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stants, which are formed by rearranging the results of the integration of equation
(A.12) and which will also appear in the description of the molar Helmholtz free energy
of mixing for a multicomponent system, will be designated by the symbol § +T).
Therefore the molar Helmholtz free energy of mixing for multicomponent mix-
tures is obtained by combining equations (C.7) and the resuits of integrating equation

(C.20) according to equation (A.12).

—s i=1

c -
A4, ($,T)= VRT Z{(b,-ln (bi-&(l—-g—‘] o, In o,
2 RVi

(C.22)
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Where the coordination constants for the polymers, g;, and Z, are defined in Appendix
B and the last section, and the "tilde" constants in the energy of interaction difference
(the last term of equation (C.22)) are defined by modifying the set of constants given in
equations (C.21). Note that A_A,. has subtracted out during the integration because it
is not multiplied by ¢, . The "tilde" constants and the "overbar delta" constants are

related to each other by:

B, (T) = _;‘ AB, (T)+—;—ACW(T)+ iﬁima‘)*"'

= 1 T
. T = g o— +—AL..... T
ﬂz;( ) 3 lll(T) AD””( ) “"‘( ) (C.23)

~ 1 ..__
Be:(T) = E’i‘A (oon(T)"'

Where the Hebrew character aleph, X, is used to represent the appropriate continua-
tion of the alphabet (e.g. when & isequalto 5 then ;X will be equal to AF,'.,.,.,.,.)

From equations (C.22) and (C.23), the molar interaction energy of mixing for
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a multicomponent mixture can be defined.

c

Smax
Ae, . ($,T) = VVN2{¢..(1—¢,-)E ﬁ“(T)ch’"”} (C:29)
—s i=2 3=1

Therefore, the Helmholtz free energy of mixing can be rewritten as the sum of
the temperature independent combinatorial terms and the temperature and concen-
tration dependent non-combinatorial terms. Note that the termscontaining g;and R, ;
have been converted to functions of the coordination numbers using the resuits given

in Appendix B.

Aém(;ﬁ,T)_ | 74 c B Z_p _ 8
RT -!NZ{«b.-lmb,- 7( T)‘b"l"‘b"

Vi

(C.25)

The configurational Helmholtz free energy is the term confined to the summation, and
the non-configurational Helmholtz free energy is equivalent to the negative of the

molar interaction energy of mixing.

C.6 The Temperature Dependence of the Energy of Interaction Difference

The temperature dependence of the energy of interaction difference for a multi-
component system is handled in exactly the same manner as for a binary system (Chap-
ter 6, Section 6.5). The "tilde" constants for a multicomponent mixture are identified
by using the greek letter & as an index in the infinite sum over powers of ¢.

Byis Byia . B=1,., (C.26)

ébi(T)=Bbi,lT—Bbi,2_'—é—T— 372 >

Combining equation (C.26) with equation (C.24) yields the generalized molar
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interaction energy of mixing for a multicomponent system.

- B B
Ae . (T,0)= VNE{¢,(1 ¢i)E[BmT By, ,- ;‘T’ 3“;]4)“ 1’} (C.27)

—3 i=2
Combining equation (C.27) with equation (C.25) will yield the complete temper-

ature and concentration dependent molar Helmholtz free energy of mixing.

C.7 The Molar Enthalpy of Mixing and Component Activities
Themolarenthalpy of mixing can be obtained from equation (C.25) by differen-
tiating it with respect to temperature and the multiplying that result by -R7T".

v C
g2

—S

(C.28)

$max B,.. B,.
(1-d. B.. .+ 8i,3 3i,4
(b,( ¢1)6§( 8i,2 T + T2

The partial molar excess Helmholtz free energy of each species in a muliti-
component mixture is obtained by differentiating the excess Helmholtz free energy with

respect to the solvent or solute mole number holding the other mole numbers constant.

14_;“ C ¢ Z c g 1 < 2 5-1
—in| Y L |- 22|y 2L |- Efb, E 5(Bsi~Boss) b~ (C29)
AT z S o g R &
Py 2 J P Vi J
——=(Ry;-1}[1--L{Ind, + In|R — |- =g n|l—), —¢
R ( ’ )[ ZP:] l wg Ry; 2™ 8i j1 RVJ' !
R, |z, -z ) ¢ R .
_ V‘( I P) Z 8 n|=Y ol &, [+ 1__§f_ ¢.lnod, (C.30)
< 1 | Ry 8 k1 Ry * Ry) 7
zzq)j J J J 7




213

Where the subscripts s and p; are used to identify the partial molar excess Helmholtz
free energies of the solvent and the various solutes, respectively. Inequation (C.30), the
middle line of the equation results from differentiating the average coordination num-
ber with respect to the mole number of solute 7.

Equation (C.29) and equation (C.30) both reduce to their equivalent equations
for a binary mixture given in Chapter 6. These equations are used to develop expres-

sions for the solvent and solute activities in multicomponent mixtures.
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If the coordination number of the individual polymer species is almost equal to
the average coordination number for the system taken as a whole, then equation (C.32)
can be simplified to the following expression for the activity of a solute molecule in a
multicomponent mixture.

ng,

R, & g e E;f (C.33)
a = Q|—p, —0; exp|-——
Py ¢,( g‘ g RVj ¢J p RT

The partial molar excess interaction energies of the solvent and each polymer
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species, introduced in equations (C.31), (C.32), and (C.33), are given by the following

two equations.

C ©
Ef:Ed)izE 6(66,.— ﬁ5+1,~)¢?—l (C.39)
i=2 8 =1
C Cmax :
X Ry (1-6,)" 3 8By, 0, (C:35)
=2 3=1

Equation (C.32) is the general equation from which the activities of all species
can be derived if it remembered that R, and g; are both equal to 1 for a solvent mole-

cule.

C.8 Summary

This appendix was used to derive the free energy relationships for multicom-
ponent mixtures. This was accomplished by developing a multicomponent com-
binatorial partition function from the combinatorial partition function for binary
mixtures. The concentration dependence of the multicomponent interaction energies
was developed in a manner similar to the techniques used in Chapter 6 for binary mix-
tures. The temperature dependence for the interaction energies of mixing were simply
generalized from the binary case. The equations for the free energy of mixing was
developed from these functions. These equations could not be tested since there were
no multicomponent polymer systems with solvent activities and enthalpies of mixing

data available over a wide enough of concentrations and temperatures.
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APPENDIX D: THE TEMPERATURE DEPENDENCE OF MIXTURES

D.1 Introduction

This appendix presents an alternative explanation for the temperature depen-
dence of the thermodynamic properties of pure liquids and liquid mixtures. In Chapter
6, Section 6.2, the existence of a complex temperature dependence for the thermody-
namic properties of a mixture was explained by an argument involving the average of
the Hamiltonian of the potential energy of interaction over a complicated inter-
dependent molecular environment. A truncated power series in the reciprocal tempera-
ture was then proposed, ad hoc, to account in a general way for the temperature depen-
dencies which had been empirically observed for many of the thermodynamic proper-

ties of liquid mixtures,

D.2 The Separation of Degrees of Freedom

Chapter 3 discussed the importance of being able to separate different energetic
phenomena if they can be considered independent of each other. This allowed the com-
plete partition function, which is used to describe a pure substance or a mixture, to be
factored into separate partition functions, each of which describes a phenomena gov-
erned by different énergetic forces. There are, for example, energetic forces which do
not change, or which change so very little when two or more pure substances are mixed,
that they can be considered as invariant to the mixing process. These phenomena will
beclassified asinternal degrees of freedom and can include; nuclear energies, electronic
energies, some or all rotational energies, and the internal molecular vibrations. Those
phenomena which can not be placed in this class are the translational energies and the
potential energies of interaction of one molecule with another. Thisseparation leadsto

the formal separation of the complete partition function into the product of indepen-
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dent specialized partition functions.

Q= Qine Qe Qper (B.1)
Where the subscripts int, trans, and pot refer to the internal, translational, and poten-
tial energy partition functions, respectively. Theinternal energy partition function was
described above. The translational energy partition function relates to all the motions
of the centers of mass of the molecules, and the potential energy partition function
relates to the potential energy of attraction and repulsion between like and unlike mole-
cules in the absence of any externally applied potential forces. Further, it is possible to
separate the translational partition function into a configurational (or combinatorial)
partition function and an acoustic energy partition function. The configurational
partition function represents the energy that a substance would have if the center of
mass of every molecule were at rest. The acoustic partition function represents the
vibrations of those centers of mass about their resting points. The acoustic partition
function arises from the classical translaticnal energy which has degenerated to a purely
vibrational mode. This approach has been used to describe simple crystals and as a
starting point for most liquid phase lattice theories. The translational partition func-

tion can be written as the product of two partition functions.
Quans = Qu A (D-2)

Where @, is the acoustic partition function. The combinatorial partition function,

Q°, can be borrowed from Appendix C.

C [ ([ cC
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Oy;

The acoustic partition function has been traditionally regarded as being totally
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unaffected by the process of mixing different species to form a solution. This assump-
tion has allowed the acoustic partition function to be separated out and placed within
the internal partition function, thusignoringit. In this regard tradition has lost its way.
The acoustic partition function arises from the classical translational energies which
have degenerated to pure vibrational modes because of the decrease in a given mole-
cules mean free path to an order of magnitude length approximately equal to one tenth
to one quarter of the diameter of the molecule itself. The kinetic energy is now con-
tained in the vibrations of each molecule within a cage of vibrating molecules. For a
pure monatomic crystalline substance, a close accounting of these vibrational modes
yields the Debye formalism for the constant volume heat capacity a function of tem-
perature, while a less accurate approximation leads to the Einstein formalism.
Forliquid and solid mixtures, it is entirely reasonable to assume that the modes
of vibration of each species will be a function of composition. This is so because the
molecular cages will change in both size and molecular character in response to a com-
positional perturbation in the mixture. This leads to a formalism for mixtures, either
liquid or solid in which the acoustic partition functions for each molecular species will
not cancel when the partition function of mixing is developed. Therefore, the complete
partition function for a mixture can be written as the product of separable partition

functions.
QUN,¥,T)=Q,(N,V,T)Q,(N,V,T)Q,(N,T)a"(N,v) (D4)

The internal partition function can be written as the product of the individual

molecular partition functions.

C NP

— OVI i

Qint( N’ V"' T) = II ( 4 o qi,int) > qi,int = qi,nuc qi,vib qi,elec qi.rut (DS)
i=1 Py

Where the subscripts nuc, vib, elec, and roft refer to the nuclear, internal molecular
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vibrational, electronic, and rotational energies, respectively; g, ;,, refers to the single
molecule internal partition function of solution constituent s; and the ratio o v,/o o is
used to remove the complete partition function’s dependence upon the symmetry num-
ber of the congruent volume element (cf. Chapter 6 and Appendix C). It should be

noted that thisratio, o v, /o P isequal to one for small, spherically symmetric molecules.

D.3 The Acoustic Partition Function
The acoustic partition function for a molecular species in a mixture or as a pure
species can be written in general form by the application of the results in Chapter 3.

Q. (R,V,T)=q,(V,T)N (D.6)

Where the single molecular partition function is written as the sum over energy states,
and the term N is the molecular environment surrounding a central molecule.
g, (V,T)= Y e waNVIET (D.7)
n=0
Where ¢ (N, V) is the energy of the ™ acoustic energy state.
The one-dimensional harmonic oscillator waschosen to model the vibrations of
the molecules about their quasi-equilibrium positions. The energy states are non-de-

generate and are given by,

eac.n(N,V)=(n+—2!-)hv ; n=0,1,2,. (D.3)

where v is the classical frequency of the vibrating molecule, and /4 is Planck’s constant.
With this, the acoustic partition function for a single molecule becomes,

e—hv/2kT -6/2T

- = “LanlkT _ -hv[2kT - -hv kT \n _ - _€ D.9
T X ¢ Y (e ) {—e-hvIkT — {_p-8IT (D-9)
n=0 n=0 L

where ©=hv/k. The parameter 6 has the dimensions of temperature and can be
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referred to as a "characteristic temperature". It is presumed that this characteristic
temperature will be approximately the same order of magnitude as an equivalent Ein-
stein crystal but with values less than those observed for Einstein crystals with the same

molecular complexity as the liquid constituents.

D.4 The Potential Energy Partition Function
Since no external forces are assumed to be present, the only sources of potential

energy in the liquid are the attractive and repulsive forces between the molecules.
Qo (N, V,T) = e WHT (D-10)
Where W is the average potential energy of interaction of a central molecule within a

molecular environment of neighbors described by N.

D.5 The Complete Partition Function

The complete partition function can now be written in terms of each of the

individual partition functions described above.

(SHGT

c [/ C
) (E 2w} | (Eem)
Qi,int —

— ¢ V ppl

QN,V,T) = y o P o
- \ ‘

I _(E RV‘N”’]!J (D.11)

Py

N
Pist

g

i

I1

-0,/T -6,/T
1-¢ % =1 | i=2 _e ¥

o~ (Wil3k+0)/2T 3N, = | € (  -nl3ke0)[2T
1

Where N, , is the mean molecular environment for molecule 7, w; is the energy of
’I
interaction of molecule 7 with its molecular environment, and 8, is the characteristic

temperature of molecule 7 in its molecular environment. The index ¢ is over all values.
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The mean molecular environment can be quantified in terms of the number of
molecules of each species present in the mixture. This is accomplished by examining
the mixture from the reference point of one of the congruent volume elements when it
is filled with molecular species 7. This central molecule will be surrounded by layers of
other molecules. For simplicity, it is assumed that the mean molecular environment is

similar to that derived in Appendix C.

C
)
3(RV[' Npl) ZRVijj
i : f(z,:sRy) 5 U=1,0

(D.12)

Where f(z_ ;, Ry,) is a complex function which will remain unspecified.
Equation (D.11) can be rewritten by combining the first term of the second line
with the product of the internal partition functions. This supplies the appropriate

energy terms so that they will be pure component single molecule partition functions.

————
e
A

.'S’Z
~———
(TG

c( p ]Np,} (ngNp,]!

— Py
Q(N’ V:T) = { V;_ qi C C
TN, (E RV"NPf]! _ (D.13)

w | C e-(w,/3k+ 0,)/2T ﬁp,-ﬂ
=1 | =2 1-¢ %7

The logarithm of equation (D.13) will yield the total Helmholtz {ree energy of
either a mixture or a pure component depending upon the value chosen for C.

Additionally, it is possible to define a partition function of mixing such that,

when it is operated on by the natural logarithm, the total Helmholtz free energy of
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mixing is recovered. While this is not a standard partition function, it is extremely
useful for working with the thermodynamic properties of mixing, especially non-ideal

mixtures.

. Q(N,V,T)
QpiN,V,T) = — (D.14)

H Q(Np‘a Np]“=0 ) VsT)
i-1

Performing the indicated operations in equation (D.14) using the complete
partition function for a mixture as defined in equation (D.13) yields the partition func-

tion of mixing.

f[(RV,.Np')! (zclj RV,.NP[)!

ST

e

(RviN,, )t

o

]
—

&N s

iy
1-¢7%7

D.6 The Approximate Temperature Dependence
Taking the natural logarithm of equation (D.15), multiplying it by -k T" and

Avogadro’s number, yields the total Helmholtz free energy of mixing.

AAmix(d)T) = 2 {[1—%(1—%)}Np‘ln(bi—%—ig%lvpiln —Riﬂzid)l)}

RT Vi Vi & ja Ry

(D.16)

XY 3, dn(1-eT)

4=1 i=2

(w,./2RT+3e,./2)}
) T
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The last logarithmic term in the second line of equation (D.16) can be reduced
to a polynomial in 7 using standard techniques. Truncating this series after the
cubic term and rearranging yields the temperature and composition dependence Helm-

holtz free energy of mixing.

24,,8T) &([ %(, &
RT ,‘Zf{ll 7( 7) N, I
(D.17)
- . R.. [o] [o] Cmaz -
—ﬁilen[lzid)j] _Z Np,(l—d)i)z Bai(T)‘bgb—l)}
2 Ry, 8 j-1 RVj i=2 3-1

Multiplication of this equation by one (i.e. the volume divided by the volume)
to convert the remaining mole numbers to volume fractions, and dividing by the total

number of moles in the mixture yields the molar Helmholtz free energy of mixing.

57y VRT N[ %(_ &
Af_imix(‘b T) _YSN g{[l 2 ( Ry,-)jl ¢i In cbi
(D.18)
E;» 8i R, & 8; Vo< g (6-1)}
-— ¢, In o1t - b, (1-9,) )y, B, (T);
2 Ry, [gi ,X=; Ry, ’ } Y.N 3 i g o

Which has the same form and structure as equation (A.22). Note that the product R T
was incorporated within the constants of the last term. With minor changes the fi'b ;
constants can be defined as in Appendix C.

By, 5 _ By; 4 (D.19)

- w.
(T)=B,, T-|2i.B, |-8u3 _ Zsis
Bbx( ) 8i,1 ( ) 61,2) 2T 3 T2

Note that the second constant contains the energy of interaction parameter, w;, as

compared toequation (C.26) where the energy of interaction parameters are distributed
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through all of the constants.

D.7 Summary

This appendix showed how to derive a generalized expression for the tempera-
ture dependence of the thermodynamic functions without resorting to a complex aver-
aging procedure to handle the Hamiltonian. The results are the same as those derived
in Appendix C. It demonstrates that the non-combinatorial entropy term which arose
in the internal energy term in Chapter 6 and Appendix C is actually an artifact of the
Taylor series expansion of the logarithmic term which consists of a constant plus an

exponential temperature term.
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