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ABSTRACT 

In almost all investigations on stability of frames having flexible connections, it 

has been assumed that frames are loaded in such a manner that no bending moments are 

present when instability is initiated. Apparently, this condition is not fulfilled for many 

frame work systems that are designed in principle to undertake bending moment. The 

question arises as to how the combined influence of connection stiffness and primary 

bending moments affect the buckling strength of a structure and how to account for these 

factors. 

To answer this question a Fortran program is developed for the analysis of 

flexibly jointed symmetric one-story frames and two-story frames. The well known 

slope-deflection equations are utilized in the analysis. The exact moment-rotation 

attributes of several connections are used in the analysis. Iterative procedures are imple

mented to permit reducing the stiffnesses of the compression members according to the 

values of their axial forces and to find the connection rotations that correspond to the 

pertinent bending moments. The elastic critical load of the structure is found by tracing 

its load-deflection behavior throughout the entire range of loading up to the critical load. 

Further studies include the effect of lateral bracing on the critical behavior of 

framed structures. Both modes of buckling, symmetrical and anti-symmetrical, are 

considered. The critical load for the anti-symmetrical mode of buckling is found to be 
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considerably lower than that corresponding to the symmetrical mode. When sufficient 

lateral bracing is provided, the frame buckles only in a symmetrical mode. Values for 

the minimum ratios of brace-to-frame stiffness required to prevent lateral instability are 

given for several cases. 

Diverse numerical applications are presented to show the impact of the presence 

of flexible connections and lateral bracing on the critical behavior of frames. The 

proposed analysis, utilizing the slope-deflection equations in a unique way and 

implementing the Newton-Raphson procedure to solve the related non-linear equations 

for multi-story frames, is found to be both simple and efficient. 



1.1. General 

CHAPTER 1 

INTRODUCTION 

15 

In practical frame design, connections are assumed to be pinned or rigid. A 

rigid connection is defined as a connection that provides moment resistance and has no 

flexibility. A pinned connection is known as a connection that features zero moment 

resistance. In reality, a rigid connection exhibits some flexibility, and a connection 

regarded as pinned possesses some rotational stiffness. 

Numerous studies conducted on the design of frames call attention to the sub

stantial economy resulting when the actual behavior of the connections is considered. 

One advantage of utilizing a semi-rigid connection in design is the cutback of beam 

moment, leading to lighter beams. This improved economy would only have meaning 

if the stability of the structure is still preserved. Studies on elastic stability of frames 

regarding the realistic behavior of the connection are reviewed in the next chapter. The 

conclusion drawn from these studies is that stiffer connections enhance the stability of 

the structure. In other words, the critical load increases with the connection stiffness. 

In almost all investigations on stability of frames having flexible connections, it 

has been assumed that frames are loaded in such a manner that no bending moments are 

present when instability is initiated. Apparently, this condition is not fulfilled for many 

framework systems that are designed in principle to undertake bending moment. In 

fact, when primary bending moments are ignored in the analysis, the conclusion that 
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stiffer connections yield higher buckling load is obvious. It is merely rational that the 

increase in the connection stiffness, which in turn increases the structural stiffness, can 

only enhance the stability of the structure. However, when primary bending moments 

are taken into consideration, increasing connection stiffness permits a higher moment at 

the top of the column, which may impair the stability of the structure. The question 

arises as to how the combined influence of connection stiffness and primary bending 

moments affect the buckling strength of a structure and how to account for these fac

tors. The concern that an increase in connection stiffness may impair the stability of 

the structure is legitimate. An increase in connection stiffness over the design value 

may be the result of a customary shop practice or a practical frame design. It is com

mon shop practice to use a connection stronger (and probably stiffer) than that specified 

in the design because of lack of availability. It is also common in practical frame 

design to consider that a semi-rigid connection behaves like a pin. This concern may 

be negated if one could establish that stiffer connections enhance the stability of the 

structure, even in the presence of primary bending moments. Therefore, one objective 

of this investigation is to determine whether stiffer and stronger connections are better. 

This study is concerned with elastic instability. The well-known slope-deflection 

equations are utilized to determine the elastic critical behavior of frames having flexible 

beam-to-column connections. The exact moment-rotation attributes of connections are 

used in the analysis. Iterative procedures are implemented to take into account the stif

fness-reducing effect of axial force. The load-deflection approach is used in this analy

sis. The buckling load of the structure is found by tracing its load-deflection behavior 



17 

throughout the entire range of loading up to the critical load. 

1.2. Scope and Objective: 

The objectives of this research work are: 

1. To study the influence of non-linear flexible end restraint on the critical behavior of 

frames in the presence of primary bending moments. The frame critical behavior is 

considered for both symmetrical and anti-symmetrical modes of buckling. For a col-

umn buckled in the elastic range, the magnitude of the buckling load has a unique 

value, but in the inelastic range this magnitude depends on the particular loading path. 

The critical load associated with the tangent-modulus is such that it is the largest load at 

which a column can buckle without strain reversal in the cross sections. In Technical 

Memorandum No.1 entitled U The Basic Column Formula. U(issue May 19, 1952), the 

Column Research Council recommended use of the tangent modulus in stability analy-

sis. The following key sentence in the memorandum sums this up: 

It is the considered opinion of the Column Research Council that the tangent modulus 
formula for the buckling strength affords a proper basis for the establishment of work
ing load formula. 

Against this background Joseph A. Yura (1971) suggested an iteration procedure to find 

the effective length of an inelastic column where the flexural rigidity of a compression 

member is taken as the product of the tangent-modulus 1; and the moment of inertia I. 

The tangent-modulus at any stress level may be obtained from the AISC stress-strain 

curve or any other assumed curve. 
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It is not in the scope of this study to launch into a full investigation concerning 

the effect of inelastic behavior. 

2. To study the effect of lateral bracing on the critical load value for a multi-story 

frame. 

Frames that are not braced will buckle in an anti-symmetrical mode. The criti

cal load in this case is considerably lower than for the critical load corresponding to the 

symmetrical mode of buckling. It is of interest to verify this fact and to find the mini

mum ratio of frame-to-brace stiffness that will prevent lateral instability. 

The analysis for a simple portal frame and a two-story frame is performed in the 

cases of symmetrical and anti-symmetrical buckling modes. The method of the slope

deflection equations is used in a unique way as the basis for the analysis to account for 

both primary bending moments and the non-linear behavior of the flexible connections. 

The outcome of this research work should provide a thorough understanding of 

the effect of the realistic behavior of flexible connections and the effect of lateral brac

ing on the critical behavior of frames. 

The work done covers the cases of both single-bay portal frames and two-story 

frames. The analysis for multi-story frames of more than two stories can be accom

plished by proceeding along the same lines for two-story frames after adding the appro

priate equations, but with no new elements involved in the analysis. Hence, the analy

sis and numerical application given for two-story frames are taken as representative of 

the case of multi-story frames. 



CHAPTER 2 

LITERATURE REVIEW 
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The influence of flexible connections on frame stability has been studied by many 

scholars. Chen in 1993 presented a book which includes an extensive review of the work 

done in the area of flexible connections. The papers presented in the book dealt with 

three subjects on flexible connections. First, the analysis and design of flexible frames. 

Second, buckling load analysis of flexible frames. Third, behavior and modeling of 

semi-rigid connections. In this chapter, a few selected papers on the buckling load 

analysis of flexible frames and on the behavior and modeling of flexible connections are 

referenced. 

2.1. Buckling Load Analysis of Flexible Frames 

Simitses and Vlahinos (1982) presented a method to assess the critical behavior 

of a two-bar frame with a flexible joint, as shown in Figure 2.1. The frame was 

subjected to an eccentric concentrated load near the joint. The flexible joint was 

modelled by a linear elastic torsion spring connecting the two members. The study 

included an assessment of the effect of increasing the stiffness of the flexible joint on the 

critical behavior of the frame. Figure 2.2 was presented by Simitses and Vlahinos to 

illustrate the effect of the joint stiffness K on the critical load value. 

A buckling load analysis based on the slope-deflection equations was presented 

by Ackroyed and Gerstle in 1983. The analysis was for the flexible frame shown in 

Figure 2.3. The flexible connections were modelled as linear elastic torsion springs. 



20 

L,EI 

L,E! 

Figure 2.1, Frame Studied by Simitses and Vlahinos 
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Figure 2.3, Pinned Base Portal Frame (Ackroyed and Gerstle, 1983) 
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The stiffness coefficients and rotations of the beam were modified for the presence of the 

flexible connections. The results obtained for the frame shown in Figure 2.3 indicate 

that the buckling capacity of the frame increases with the stiffness of beam-to-column 

connection. 

Grundy (1985) proposed a method of the analysis and design of frames with flexible 

connections. The stiffness of the connection was approximated by the secant stiffness 

that accommodates each connection type and beam size at working load. The method 

was extended to check the stability of the structure. The contributions of flexible connec

tions and flexure to the stiffness of the structure were appropriately considered. A 

classical bifurcation analysis was executed to find the elastic critical load. The study 

found that stiffer connections yield a higher critical load. The study does not consider 

the primary bending moment effect on the critical load. Moreover, the use of the secant 

stiffness of the connection instead of the tangent stiffness is inconsistent with basic 

concepts appropriate to a stability analysis. 

Yu and Shanmugam (1986) presented an analysis to find the critical buckling load 

of a rectangular frame with semi-rigid connections. The stiffness of a member with 

flexible end connections and under axial force was employed to construct a modified 

stiffness matrix for the structure. The stiffness matrix is a function of axial force. When 

the matrix becomes singular due to the increase of axial force, the structure becomes 

unstable. Figures 2.4 and 2.5 show some of the results obtained in this study. In 

Figures 2.4 and 2.5, Pi and Pj are called the fixity factors (Wang, 1983). For a pin 

connection, p is zero and for a rigid connection p is 100 percent. The study has two 
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major deficiencies. First, the loads are applied as concentrated loads on columns, so no 

primary bending moment is present. However, considering primary bending moment is 

essential to assess the actual critical behavior of the structure, as explained in Chapter 

one. Second, the connection behavior is regarded as linear, which results in overestimat

ing the stiffness of the connection, particularly around the critical load value. This study 

justifies the linear modeling of the connection behavior by the use of test results that 

show the connection behavior to be linear. To demonstrate why these test results are de

ceptive, the method of applying the loads on the structure is relevant. When the loads 

are applied as concentrated loads on columns, the connections are not loaded as long as 

the structure is stable. Therefore, the stiffnesses of the connections coincide with the 

initial stiffnesses taken from their moment-rotation curves. Thus, the test results indicate 

the linear behavior for the connections. 

Yu and Shanmugam (1988) extended their study to space frames with semi-rigid 

connections. The conclusion of their studies is that critical load increases with 

connection stiffness. 

Rashed, Machaly and Niazy (1989) developed a Fortran program to analyze steel 

space frames having semi-rigid connections. They implemented the modified stiffness 

matrix approach. Connections were modeled as linear elastic torsion springs at the ends 

of each beam. Loads were applied as concentrated loads on columns. The conclusions 

of the study agree with the conclusions of the study done by Yu and Shanmugam in 

1986. 
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2.2. Behavior of Semi-Rigid Connections 

The AISC specifications consider three types of connections: 

A. Type 1 Rigid Connection 

B. Type 2 Pinned Connection 

C. Type 3 Semi-Rigid Connection 

In practical frame design, connections are assumed to be pinned or rigid. A rigid 

connection is defined as a connection that provides moment resistance and has no 

flexibility. In other words, a rigid connection enforces the condition that the rotations 

of the tangents of the reference axes of the members at the connection have a common 

value. A pinned connection is understood to be a connection that displays zero moment 

resistance. In reality, a rigid connection exhibits some flexibility and a connection 

regarded as pinned possesses some rotational stiffness. Common types of actual beam-to

column connections regarded as pins are the double web angle, the single web angle and 

the header plate connection, as shown in Figure 2.6. These flexible connections may 

transmit between 5 % and 20% of the moment that a rigid connection can transmit. 

Therefore, the assumption that connections behave like either pins or as being rigid is 

not true. It is intuitively clear that semi-rigid connections could have a beneficial effect 

on frame design. 

2.2.1. Moment-Rotation Curve 

Beam-to-column connections transmit a set of forces that includes shearing force, 

axial force, torsion and bending moment. For in-plane study, the torsion effect is 

neglected. Moreover, the effects of axial and shear forces in determining the rotational 
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Figure 2.6, Some Types of Connections Regarded as Pins 
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deformation for most connections are insignificant. Consequently, a moment-rotational 

deformation curve can best illustrate the behavior of a flexible connection. The moment

rotation behavior of some commonly used connections are shown in Figure 2.7. The 

slope of the moment-rotation curve at the origin, which represents the initial stiffness of 

the connection, is defined as the connection rotational stiffness. Figure 2.7 shows that 

the maximum moment that a connection can transmit decreases with increasing 

connection flexibility. The connections also display a non-linear moment-rotation behav

ior almost from the beginning and over the entire range of loading. 

Figure 2.8 shows the moment-rotation relationships as defined by Richard in 

1975. This equation is used in this analysis to define the moment-rotation curve for the 

connections used in the numerical applications. 

2.2.2. Load Deflection Curve 

Figure 2.9 shows typical non-dimensional load-deflection curves for columns with 

different end restraints. A pin connection, a double web angle and a top and seat angle 

were used to fix both ends of each column. The data was generated using British wide

flange shapes. Data was obtained for an initial out of straightness equal to ~ = LllOOO, 

in which L is the column length and slenderness ratio of 120. The deflections ~ were 

measured at the column mid point. These load-deflection curves demonstrate that 

deflection is decreased by using a stiffer connection and the load carrying capacity is 

increased. In 1980 Jones, Kirby and Nethercot found that the increase in maximum load 

that can be carried when a stiffer connection is used compared to the perfect pin 

connection decreases as the slenderness ratios goes towards values of 50 and less. 
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Figure 2.7, Moment-Rotation Curves for Some Commonly Used Connections 
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Figure 2.9, Typical Load-Deflection Curves for Columns 
(Jones, Kirby and Nethercot, 1981) 
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2.3. Some Data on the Behavior of Connections 

The rotational stiffness C represents the initial stiffness of the connection. It is 

defined as the slope of the moment-rotation curve at the origin. Studies by Johnston in 

1976, Chapuis and Galambos in 1982 have provided data and methods for finding the 

rotational stiffness C. The rotational stiffness is zero for a perfect pin. Table 2.1 pro

vides the actual C-values for some simple connections (Jones, Kirby and Nethercot, 

1981). 

Table 2.1 

Connection Data Value of C (kips-in/rad) 

Double angle, 3 bolts 3.23 x 104 

Double angle, 5 bolts 28.6 x 104 

Double angle, 7 bolts 90.9 x 104 

6 x4 x 3/4 top and seat angle with: 

12" beam depth 357 x 104 

16" beam depth 556 x 104 

21" beam depth 833 x 104 

The slope of the moment-rotation curve decreases with increasing rotation. This 

means that the rigidity of a connection reduces with increasing load since the slope repre

sents the stiffness of the connection at any particular value of rotation. 
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2.4. End Restraint Modeling 

For the purpose of accounting for connection rigidity in design, different 

simplified approaches have been employed. 

2.4.1. Linear Approach 

To simplify the problem of the semi-rigid connection, a linear response is 

assumed. As the moment increases the linear assumption overestimates the connection 

rigidity. In limit design the linear approach becomes undesirable, because it does not 

adequately represent the behavior of the connection near the limit load. 

Lionberger (1967, 1969), and Romstad and Subramanian in 1970, improved the 

linear model by using a bi-linear model. At a certain point of loading they reduce the 

slope of the moment-rotation curve to follow the curve obtained from experimental data. 

This is illustrated in Figure 2.10. 

2.4.2. Polynomial Curve Fitting Models 

Connection stiffness is determined by variety of factors. Hence, the moment

rotation curve of a connection does not follow any simple mathematical function. 

Sommer in 1969 used a fit curve for available experimental data and arrived at the 

standard polynomial non-dimensional function of the form: () = f(CM) where C is factor 

to account for size of connection. 

Another contribution to Sommer's work was added by Frye (1971), and Frye and 

Morris (1975). Using available data from experiments, they standardized the moment 

function for the following connections: 
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Figure 2.10, Bi-Linear Moment-Rotation Model 
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Double web angle 

Single web angle 

Header plate 

Top and seat angle 

End plates - no column stiffener 

End plates - with column stiffener 

T-stubs 

The form of the function for these simple connections is given by: 

() = ERj=1 Cj(KM)j 

where: () = Connection rotation in radian 

C = Constant 
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K = non-dimensional factor whose value depends on the size parameters 

for the particular connection under consideration 

An error of less than 12 % was reported for this approach. The curve fitting technique 

was successfully applied by Frye to calculate the increase in sway due to connection 

flexibility of a multi-story frame under lateral loads. Compared to a rigid frame, the in

crease was found to be around 21 %. 

Romstad and Subramanian (1970) used the work of Frye and Morris to generate 

the moment-rotation curve and then fitted it with a bi-linear curve. The bi-linear fit does 

not accurately represent the behavior of the connection. However, Bergquist (1977) 

demonstrated the acceptability of Romstad' s work by checking it against the experimental 

data. 
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2.4.3. B-Spline Curve Fitting Technique 

The polynomial curve fitting technique has the disadvantage of producing a 

moment-rotation curve that has peaks and troughs. Therefore, the slope of the moment

rotation curve in some ranges is negative. Since the slope of the moment-rotation curve 

represents the stiffness of the connection, the stiffness is negative at some ranges which 

is not realistic. In 1980, Jones et al. overcame this problem by using B-spline curve

fitting techniques (Chen, 1986). 

This approach requires the division of the connection's rotation range into a 

finite number of small ranges. Each small range has to be fitted to a cubic equation. 

Continuity of the first and second derivative is maintained. This approximation produces 

a smooth moment-rotation curve that is very close to the experimental data. 

2.4.4. Exponential Connection 

Although the B-spline curve-fitting technique gives a very accurate representation 

for the behavior of the connection, it has the disadvantage of requiring a large number 

of data points along the deformation range. 

Lui (1984) developed an exponential model that needs fewer data points without 

compromising accuracy. The exponential function has a positive derivative along the 

deformation range. The model also accounts for unloading of the joint. This model is 

expected to be one of the best developments in connections modeling, since it has the 

merit of practicality and accuracy. 

Flexible joint modeling has been given considerable attention recently. However, 

more data and studies are still needed to insure that practical design can be performed. 
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CHAPI'ER 3 

PARAMETERS INVOLVING STABILITY ANALYSIS OF FRAMES 

3.1. Stiffness Matrix for Element with no Axial Force 

The relations between end moments and rotations of a prismatic bar in flexure, 

without considering the influence of the secondary moment, Pi Y in Figure 3.1a, are well 

documented. These relations can be expressed either by the flexibility matrix or by the 

stiffness matrix; thus: 

Flexibility Matrix: [F] = 

Stiffness Matrix: [S] = [ 

1 1 --
3 6 

4 

2 

1 
6 

2 

4 

1 
3 

3.2. Effect of Axial Force on Member Flexure 

L x-
EI 

(3.1) 

(3.2) 

When the secondary moment, Pi Y, is included in the differential equation of the 

elastic curve, the flexibility is increased (stiffness is decreased). Equations (3.1) and 

(3.2), when considering the axial compressive force, become Equations (3.3) and (3.4), 

respectively. 



Iii hi 
[F] = L x-

~i In 
EI 

Sii Sij 

[8] = L x-

Sji Sjj 
EI 

In Equations (3.3) and (3.4), 

sinJ,.L-J,.LCOSJ,.L l.I.-sinl.l. 
J,.L2sinl.l. J,.L2sinl.l. 

L x -
J,.L-sinJ,.L sinJ,.L-J,.LCOSJ,.L 

EI 

J,.L2sinJ,.L 

J,.LsinJ,.L -J,.L2COSj.l 
2-2cosj.l-j.lsinJ,.L 

j.l2_j.lsinJ,.L 
2-2cosj.l-J,.LsinJ,.L 

"=L~P EI 

j.l2sinj.l 

J,.L2_j.lsinJ,.L 
2-2cosJ,.L-J,.LsinJ,.L 

J,.Lsinj.l_j.l2COS J,.L 
2-2cosj.l-J,.LsinJ,.L 

3.3. Effect of Semi-Rigid Connection on Member Flexure 

39 

(3.3) 

EI x - (3.4) 
L 

Figure 3.1a shows the deformation of a beam with rigid joints. (cJ>j + p) and 

(cJ>j+p) represent the beam end rotations. p is the chord rotation. Figure 3.1b shows the 

deformation of a beam with flexible joints. (cJ>j+p) and (cJ>j+p) are the member end 

rotations. OJ and OJ are the rotations at the ends of the beam from the chord connecting 

ends i and j. t/;j and t/;j are the rotational slips of the beam at ends i and j, respectively. 

The flexibility matrix of a member with rigid joints expresses the end rotations 

cJ>j and cJ>j' as they are defined in Figure 3.1a, in terms of the member-end moments ~ 
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Figure 3.1b, Deformation of a Member with Flexible Connections 
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The elements in the flexibility matrix, [F], can be derived by virtual work, the M-A 

theorems, or conjugate-beam method. The results are of the form: 

x~xlMi } 
EI M. 

J 

(3.5) 

The elements of the above flexibility matrix, fii' fij , ~i and ~j' which are derived for a 

beam with rigid joints, Figure 3.1a, represent the coefficients of Equation (3.1) or 

Equation (3.3). 

The modified member flexibility matrix, [P], for a member with semi-rigid 

connections expresses the end rotations CPi and CPj' as they are defined in Figure 3.1b, in 

terms of the member-end moments Mi and Mj in the form 

x ~ x { 
EI 

(3.6) 

From Figure 3.1b, the following relation is obtained, 

(3.7) 
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Substituting for {O} and expressing {"'} in terms of the end moment gives 

(3.8) 

Therefore, the modified member flexibility matrix for the beam with the connections (or 

for the beam-connection element) is 

~+t 
K. JJ 

SJ 

L x-
EI 

(3.9) 

in which Ksi and Ksj are the normalized secant stiffnesses of the connections at ends i and 

j corresponding to end moments equal to Mi and Mj , respectively. The stiffness matrix 

for the beam-connection element is the inverse of the flexibility matrix given in Equation 

(3.9). It takes the form 

SSIl SSij 

[SS] = 
EI x-
L 

SSji SSjJ 



Thus, in terms of the elements in [ F ] 

1 
-+11/ 
Ksi S8 .. - ___ .....:.:.. ___ _ 

»11 2 (- +~i·)(- ++:.) -(hij~ K. 1 K. JjJ I 
SI SJ 
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Employing the relation between the stiffness and the flexibility matrices for the beam 

alone, the foregoing can be expressed in the form 
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Introducing D = SjjSij - (Sij)2 and further simplifying, the following relations which were 

derived by the author in 1987 are obtained: 

(3.10) 

(3.11) 

(3.12) 

Equations (3.10), (3.11), and (3.12) express the stiffness coefficients for a member with 

semi-rigid connections in terms of its stiffness coefficients when it has rigid joints. 
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3.4. The Modified Fixed-End Moment 

The stiffness coefficients for a member with semi-rigid connections are given by 

Equations (3.10), (3.11), and (3.12); only these equations are to be used to calculate the 

stiffness of members having flexible connections. In the case of symmetric frames, the 

stiffness coefficients of the beam are CS = SSjj = SSjj in Equations (3.10) and (3.11), and 

SS = SSij in Equation (3.12). CS and SS are used, as defined here, in the following slope

deflection equation analysis. The fixed end moment at end a of member ab, Figure 4.1, 

can be expressed in the form: 

(3.13) 

in which Aa and Ab represent the end rotations of the member when it is simply 

supported. Expressions for the A'S for a number of loading cases have been derived 

explicitly by S.P. Timoshenko and I.M. Gere (1961). For the case of a uniformly 

distributed lateral load throughout the entire length of the member, the values of A are: 

(3.14) 

where W is the intensity of the distributed load. 
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CHAPTER 4 

SYMMETRICAL MODE OF BUCKLING 

Herein, a theoretical solution based on the slope-deflection approach is developed 

to find the elastic critical load for frames with flexible connections. This approach 

follow the method produced by Chang (1958); Masur, Chang and Donnell (1961); and 

later explored by Le-Wu Lu (1963); to find the elastic critical load for rigid frames with 

primary bending moments. 

4.1. One-Story Frame with Flexible Beam-to-Column Connections 

The moment at the "a" end of a prismatic member ab composed of a beam with 

flexible connections at its ends and loaded as shown in Figure 4.1, is provided by the 

following equation: 

(4.1) 

in which"" = ,Ir + 6 is the rotation of the member ( i.e, beam with connections) at 
'l'a 'l'a a 

end II a" . <flb = 1J1 b + 6
b 

is the rotation of the member at end lib II , and p is the rotation 

of the member with respect to the undeformed position. The stiffness coefficients CS and 

ss, as defined in Section 3.4, are functions of axial force. Clockwise moments acting at 

the member ends are considered to be positive. Clockwise joint rotations are considered 

to be positive. The frame shown in Figure 4.2 is now analyzed for its symmetrical mode 

of buckling. 
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Figure 4.2, One-Story Symmetrical Buckling 
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For symmetric deformation p = 0 for the columns and because the column bases are 

fixed, for column 0-1 

and for column 0' -1 ' 

Ell 
MO-1 = -Sl$l 

L I 
(4.2a) 

(4.2b) 

(4.3a) 

(4.3b) 

Because of the symmetry of the deformation, the rotation at joint 1 must be equal and 

of an opposite sign to that at joint 1 '; that is; ¢l = - ¢l" The moment at the left end 

of beam 1-1' is therefore equal to: 

(4.4) 

Joint equilibrium at 1 requires that: 
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(4.5) 

Substitution for M t _o from Equation (4.3b), and M t - t , from Equation (4.4), in Equation 

(4.5) leads to: 

EI in which K = - • 
L 

The equilibrium of column 0-1, Figure 4.3, requires that: 

from which 

HLI =MO-1 +M1-O 

HLI =K1C1<1>1 +K1S1 <I> 1 

HLI =K1(C1 +SI)<I>1 

(4.6) 

(4.7) 

Substituting for cPt in Equation (4.6) produces the following characteristic equation: 

(4.8) 

Equation (4.8) is the characteristic equation for the symmetrical buckling of one-story 

frames having flexible beam-to-column connections and primary bending moment. 

Equation (4.8) is solved numerically by Newton's method to establish the equilibrium 

path from which the buckling load is obtained. 
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Figure 4.3, Equilibrium of Column 0-1 
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4.2. TWO-STORY FRAMES 

4.2.1. Rigid Connections 

Consider the two-story frame that is loaded as shown in Figure 4.4. It is assumed 

that sidesway is prevented. Because of the symmetry, only half of the frame needs to 

be considered in the analysis. Letting K = EI, LI = L3 and numbering the different 
L 

members as indicated in Figure 4.4, , the moments according to Equation (4.1) are: 

(4.9a) 

(4.9b) 

(4.9c) 

in which CPo=O and PI =P2=O 

(4.9d) 

(4.ge) 

(4. lOa) 

(4. lOb) 
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Figure 4.4, Two-Story Symmetrical Buckling 
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(4.lOc) 

(4.lOd) 

(4.lOe) 

The equations of moment equilibrium at joints 1 and 2 are: 

(4. 11 a) 

(4. 11 b) 

Substitution of Equations (4.10a) through (4.lOe) into (4. 11 a) and (4. 11 b) yields: 

(4. 12a) 

(4. 12b) 

The following relation is obtained from the equilibrium of columns 0-1, Figure 4.5, 

HILI =KICI$1 +KISI$1 

HILI $ = ---'--"---
I K

I
(C

1
+S

I
) 

(4.13) 
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The following relation is obtained from the equilibrium of columns 1-2, Figure 4.5, 

H2Ll =K3[(C3<1>1 +S3<1>2) +(S3<1>1 +C3<1>2)] 

H2Ll 
<1>2 = - <1>1 

~(C3+S3) 

(4.14) 

Equations (4.13) and (4.14) may be used to eliminate 4>1 and 4>2 from the system of non-

linear equations, Equations (4.12a) and (4.12b). The system of equations is solved 

numerically by Newton's method. Hence, the equilibrium path is established from the 

onset of loading up to the critical load. 

4.2.2. Flexible Connections 

Considering the two-story frame studied in Section 4.2.1, Equations (4.lOa) through 

(4.lOe) become, after substituting flexible connections for the rigid connections: 

(4. 15a) 

(4. 15b) 

(4.15c) 

(4. 15d) 

(4. 15e) 
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Substitution of Equations (4. 15a) through (4.1Se) into the equilibrium Equations (4.11a) 

and (4. 11 b) produces: 

(4. 16a) 

(4. 16b) 

The following relation is obtained from the equilibrium of columns 0-1 and 1-2, 

(4.17) 

(4.18) 

After substitution of Equations (4.17) and (4.18) into (4. 16a) and (4. 16b), the system of 

non-linear equations is solved numerically by Newton's method. Hence, the equilibrium 

path is established from the onset of loading up to the critical load. 
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Figure 4.5, Equilibrium of Column 0-1 and 1-2 
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CHAPTER 5 

ANTI-SYMMETRICAL MODE OF BUCKLING 

5.1. One-Story Frames 

5.1.1 General 
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A symmetric frame under symmetric loads may exhibit an anti-symmetrical mode 

of buckling. The load at which such buckling becomes possible defines a bifurcation 

point on the load path for the structure. Generally, the load at which sidesway or anti

symmetric buckling occurs is less than the critical load for symmetric buckling. The 

equilibrium of a slightly buckled frame is considered to establish the conditions under 

which the structure initiates lateral instability. This state of equilibrium, as shown in 

Figure 5.1, is achieved by superimposing on the symmetrical deflection shape an 

infinitely small anti-symmetrical deformation associated with a lateral displacement .1R 

of joints 1 and 1'. The anti-symmetrical configuration corresponds to a set of small 

variations in end rotation, .1fjJ, and the bar rotation, .1p, as shown in Figure 5.1. 

Connected with these variations in deflection shape is a change in axial force equal to 

AP, which in turn causes changes in the stiffness coefficients equal to AS and AC. Due 

to these modifications, the variation in moment at end "a" of member ab shown in Figure 

4.1 may be expressed in the following form 
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Mab = K{(C<J>a +S<J>~-(C+S)p]+Mfa 
(S.l) 

AMab = K{CA<J>a +AC<J>a +SA<J>b + AS<J>b -(AC+AS)p -(C+S)A p] +AMfa 

in which 

K = EI AS = SlAP AC = ClAP AMs = M' AP (S.2a) L' , 'fab fa 

S' = dS 
dP , 

c' = dC 
dP 

, _ dMfa M --fa dP 
(S.2b) 

The influence of pre-buckling deformation, induced by the principal bending moment, 

is accounted for in the terms involving CPa , CPb , p and AMfab • The terms dS and dC 
dP dP 

represent the rate of change of the coefficients S and C, respectively, with respect to the 

axial force P. Similarly, dMfa is the rate of change of the fixed end moment with 
dP 

respect to P. If the member shown in Figure 4.1 is not submitted to any lateral loads, 

the expression for the change of moment takes the form 

Mab=K{(C<J>a +S<J>J-(C+S)p] 
(S.3) 

AMab=K[AC<I>a +CA<I>a +AS<I>b +SA<I>b -(AC+AS)p -(C?+S)Ap] 

This expression may be used to evaluate the change in moment at the top of the column 

due to the imposed lateral displacement AR. 
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5.1.2. Derivation of the Characteristic Equation (Rigid Frames) 

The condition for lateral instability is established by superimposing on the 

symmetrical deflection form an infinitely small anti-symmetrical deformation. For the 

symmetrical deflection in Figure S.I, the vertical reactions at the supports 0 and 0' are 

equal to the axial forces in columns 0-1 and 0'-1 " that is 

(S.4a) 

Equilibrium using summation of moments about point 0' of Figure S.I, the distributed 

load is lumped at joints 1 and 1', gives 

(VI +A VI )L2 - P(Lz -AR) + PAR + MO_I + MO'_I' + AMo_l + AMo'_I' =0 (S.4b) 

In Equation (S.4b), symmetry requires that 

MO-I = - MO'-I' 

In Equation (S.4b) AMo.l and AMo'_l' are the moment reactions induced at the supports 

o and 0', respectively, due to lateral displacement AR. AMQ.l and AMo'_l' can be written 

in terms of AR and a multiplier 11. , that is 



61 

The following procedure which utilizes the moment distribution method is applied in this 

analysis to calculate the multiplier 11 : 

1. A joint translation .6R is applied at joints 1 and 1 ' of the frame in Figure 5.1. 

2. At this instant the frame is departing from its current symmetric deformation 

into a new non-symmetric configuration. 

3. The fixed-end moments for columns 0-1 and 0'-1 " due to the applied lateral 

displacement, at each equilibrium state examined take the following form 

FEMO-I = FEMI_o = FEMo'_I' = FEMI '-0' = - (6 EI1/L
2

1) .6R 

4. The fixed end moments for the beam FEM1_1, = FEMI '-I = O. 

5. Stiffness coefficients C1 and SI for the columns and C2 and S2 for the beam at 

the current equilibrium state are used to calculate the distribution factors and the carry 

over factors for each member. 

6. In the case of flexible connections the stiffnesses for the beam-connection 

element are to be evaluated as follows 

a. The stiffness coefficients for the beam C2 and S2 that correspond to the 

current value of the axial force in the beam are used with the tangent stiffnesses 

of the connections that correspond to the current loading condition in order to 

obtain Ct
2 and st2. Ct

2 and St2 are the stiffness coefficients of the beam-connection 

elements that are to be used in the moment distribution procedure. 

b. The connections are assumed to have an elastic response over the 

entire range of loading, which includes possible loading of joint I and unloading 

of joint 1 ' use the same tangent stiffness for the connection at either end of the 
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beam-connection element. 

7. Solving the structure by performing the moment distribution for the applied 

displacement, the moments at the supports, AMI_O and AMo'_t" are found in terms of AR 

from which 'YJ is obtained. 

Consequently, Equation (5 Ab) reduces to the following 

(5.5a) 

Similarly, summation of moments about point 0 gives 

(5.5b) 

Combining Equations (5Aa), (5.5a) and (5.5b), the following is obtained 

(5.6) 

in the above equations, API and API' are the changes in axial force in the left and right 

columns respectively, due to the imposed anti-symmetrical deformation. The variation 

in end moment of the left column can be expressed by implementing Equation (5.3) 
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in which S' and C' are the derivatives with respect to the axial force in column 0-1, P, 

and can be expressed in the form 

s' = dS l 

1 dP 
, dCI C =-
1 dP 

Consequently, LlM1_O takes the following form 

Similarly 

in the above equation AR 
Llp p = 0 . - L' 

1 
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Expressions for the changes in moments at the ends of member 1-1 ' may be obtained by 

using Equation (5.1) after considering the following relations 

p = ap = 0 

4>1 = - 4>1' 

aS2 = S'2 aH 

a4>1 = a4>1' 

, aC2 = C'2 aH , AM, = M', aH 

in which S '2' C' 2 and M' f are the derivatives with respect to the axial force in member 

1-1 " H, and can be expressed in the form 

s' = dSz 
z dH 

, dC2 C =-
2 dH 

Summation of horizontal forces requires 

dM 
M' =-' , dH 

Moreover, the assumed anti-symmetric configuration requires 

(5.8a) 

(5.8b) 

Therefore because there is no net external horizontal force, the change in horizontal 

reaction at the support 1, AH1, must be zero and the change in horizontal reaction at the 

support 1 ' , AH1" must also be zero in order to satisfy both the equilibrium of summation 

of horizontal forces, Equation (5.Sa), and the condition for anti-symmetric configuration, 
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Equation (5.8b). Consequently, dS8
2, dcs2 and dMs

r are all zero. The expressions for 

dM1_1, and dM1 '-I are thus simplified to the following form 

(5.9a) 

(5.9b) 

The deformation configuration requires that c/>I = -c/>I' before buckling, since the loading 

and dimensions are symmetrical. Moreover, dc/>I should be equal to dc/>I' for the anti-

symmetrical configuration. Consequently, expressions for dM()'1I dMI-O and dM1_1" from 

the left, become essentially the same as dMo'_I" dM1 '-0' and dM1 '-11 from the right, 

respectively. Hence, there are only three independent equations involved in this problem. 

The equilibrium equations are 

(5.10) 

Substitution of Equations (5. 7a), (5. 7b) and (5. 8a) in the equilibrium Equations (5.10) 

yields the following set of equations 
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In the case of frames with flexible connections the above equations apply after 

modifying the stiffness coefficients and the fixed-end moments as defined in Chapter 3. 

The vanishing of the determinant of the coefficients of Equations (5.11) and 

(5.12) produces the equation for the stability condition. The appropriate expression for 

¢l is taken from Equation (4.7), which is repeated below 

The equation for the stability condition asserts the value of H, as a function of P, 

at the instant sidesway movement becomes possible. To compute the anti-symmetrical 

buckling load of the frame, this equation is solved simultaneously with the governing 

equation for the symmetrical deformation case. This means anti-symmetrical deformation 

becomes feasible when the applied load attains a value at which all equations, Equation 

(4.8) and Equations (5.11) and (5.12), are simultaneously satisfied. 

Therefore, at each equilibrium state of the symmetrical configuration, found by 

solving Equation (4.8), the determinant of Equations (5.11) and (5.12) is calculated to 

check if that equilibrium state is stable with regard to the anti-symmetrical configuration. 

In the following flow-chart, Flow-chart 1, the procedure for the calculation to 

establish the equilibrium path and to find the anti-symmetric buckling load for a one-story 

frame is presented. A second flow-chart is given to illustrate the procedure to find the 

stiffnesses of the connections at each possible equilibrium state. 



assume P 

calculate C1 and SI from equation (3.4) 

trial H 

calculate C2 and S2 from equation (3.4) 
in case of frame with flexible connections calculate 

CS
2 and SS2 from equations (3.11) and (3.12) 

details in Flow-chart 2 

check if equation (4.8) is satisfied 
use C2 and S2 in case of rigid connections NO 

~--' 

use CS2 and SS2 in case of flexible connections 

YES 

calculate the determinant of equations (5.U) and (5.12) 
use C2 and S2 for frames with rigid connections 

use CS 
2 and SS 2 for flexible connections 

Flow-chart 1 

67 



for each trial H calculate C2 and S2 from equation (3.4) 

calculate the moment at the top of the 
column from KICI<PI in which <PI is 

calculated from equation (4.7) 

knowing the moment transferred by the connection, the rotation of the 
connection is found from its moment-rotation curve and its secant 

stiffness is found at the given equilibrium state 

from equation (3.10) and (3.12) the stiffness coefficients CS
2 and SS2 

are calculated. MS
f can be obtained from equation (3.13) 

Flow-chart 2 
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5.2. Two-Story Frames 

5.2.1. Rigid Connections 

As in the case of one-story frames, the equilibrium of a slightly buckled frame 

is considered to establish the conditions under which the frame initiates lateral instability. 

This is achieved by superimposing on the symmetrical deflection shape an infinitely small 

anti-symmetrical deformation associated with a lateral displacement LlRl at joints 1 and 

1 " and LlRz at joints 2 and 2', as shown in Figure 5.2. For the symmetrical deflection, 

the vertical reactions at supports 0 and 0' are equal to the axial forces in columns 0-1 

and 0' -1 " Figure 5.3, that is 

WLz P = 2P = 2x--
1 2 

(5.13) 

Equilibrium using summation of moments about point 0' for the frame in Figure 5.3 

gives 

(2P1 + AP1)Lz +LlMo-P(L2 -ARl)-P(L2-ilRl-A~)+P(ARl +Ll~)+PARl +AMoI =0 

(5.13) 

LlMo and LlMo', as shown in Figure 5.3, are the moments induced at the supports 0 and 

0' due to a lateral displacement LlRl at joints 1 and 1', and LlR2 at joints 2 and 2'. 

From Figure 5.4, LlMo and LlMo' can be written in the form 
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Figure 5.2, Two-Story Anti-Symmetric Mode 
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Figure 5.4, Incremental Moments Induced by Displacement ARt or AR2 
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omto is the moment induced at point 0 by sidesway deformation of ARI only. om20 is the 

moment induced at point 0 by sidesway deformation of AR2 only. 5mto can be calculated 

in terms of ARI by solving the frame in Figure 5.4(a) by the moment distribution method 

for the applied displacement ARI at joint 1, as explained in Section 5.1.2. om20 can be 

calculated in terms of AR2 by solving the frame in Figure 5.4(b) by the moment 

distribution method for the applied displacement AR2 at joint 2. Therefore, omto and 

5m20 can be written in the form 

1:. = _ 1110 AR um10 1 ' L 1 

1120 om = -- A'R 
20 L "'2 

1 

Substituting for AMo and AMo' in Equation (5.13) and further simplifying, the following 

is obtained 

(5.14) 

In the above equation, Equation (5.14), API represents the change in axial force in 

column 0-1 due to a small anti-symmetrical deformation associated with a lateral 

displacement ARI at joints 1 and 1', and AR2 at joints 2 and 2'. Equilibrium using 

summation of moments about point 1 ' of the free body 1-2-2"-1 ' shown in Figure 5 .3(b) 

gives the following in which P3 is the axial force in column 1-2 

(5.15) 
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In which AMI and AMI', as shown in Figure S.3(b), are the moments induced at end 1 

of column 1-2 and end I ' of column 1 '-2', respectively, due to a lateral displacement 

ARI at joints 1 and 1 " and AR2 at joints 2 and 2'. From Figure S.4 AM! and AMI' can 

be written in the form 

omll is the moment induced at point 1 by sidesway deformation of ARI only. om2! is the 

moment induced at point 1 by sidesway deformation of AR2 only. Therefore, omll and 

om21 can be written in the form 

1121 om = -- A.11 21 L.&'2 
1 

Substituting for AMI and AMI' in Equation (S.lS) and further simplifying, the following 

is obtained 

1 Il~ 2 IlRI 
IlP3 = (21121 -2PL1)- -- + -1111-

L2 Ll L2 Ll 
(S.16) 

In the above equation, Equation (S.16), AP3 expresses the change in axial force in 

column 1-2 due to a small anti-symmetrical deformation associated with a lateral 

displacement ARJ at joints 1 and 1 " and AR2 at joints 2 and 2'. 

Because there is no net external horizontal force, the changes in horizontal forces, 

ARJ at the support and AR2 at end 1 of the free body 1-2-2'-1', must all be zero to 
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satisfy both the equilibrium of the summation of horizontal forces and the condition for 

anti-symmetric deformation. Therefore, the terms including AS and AC and the term 

AMr in Equation (5.1) are all zero. Moreover, the deformation configuration requires 

that 4>1 = - 4>1' and 4>2 = - 4>2' and PI = P2 = 0 before buckling, since the loading and 

dimensions are symmetric. In addition, A4>1 and A4>2 should be equal to A4>I' and A4>2', 

respectively, because of the anti-symmetric configuration. Considering all of the above 

conditions, the terms for the change of moments expressed in Equation (5.1) for the 

beams and Equation (5.3) for the columns take the following forms 

(5.17) 

(5.18) 

(5.19) 

(5.20) 
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(5.21) 

(5.22) 

Equilibrium of column 0-1 gives 

AM1_O + AMo_1 = -2PAR
1 

(5.23a) 

Equilibrium of column 1-2 gives 

AM2_1 + AMl _2 = -PARz (5.23b) 

Summation of moments of joint 2 produces 

AM2_I + AM2_2, = 0 (5.23c) 

Summation of moments of joint 1 produces 

AMI-D + AMI_I' + AMI _2 = 0 (5.23d) 

Substitution of Equations (5.17) through (5.22) into Equations (5.23a), (5.23b), (5.23c) 

and (5.23d) leads to the following four homogeneous equations with four unknowns 

(5.24) 

(5.25) 



77 

(5.27) 

In the case of frames with flexible connections the above equations apply after 

The vanishing of the determinant of the coefficients of Equations (5.24) through 

(5.27) produces the equation for the stability condition. The equation for the stability 

condition asserts the values of HI and H2 as functions of P at the instant sidesway move-

ment becomes possible. To compute the anti-symmetrical buckling load of the frame, 

the equation for the stability condition is solved simultaneously with the governing 

equation for the pre-buckling case, Equations (4. 16a) and (4. 16b). The following flow-

chart, Flow-chart 3, presents the procedure for the calculation to establish the equilibrium 

path and to find the anti-symmetric buckling load for a two-story frame. Flow-chart 4 

illustrates the method to find the connections' stiffnesses at each possible equilibrium 

state. 



assume P 

calculate C1 and SI from equation (3.4) 

calculate C2, S2 for beam 1-1 ' and C4, S4 for beam 2-2' 
from equation (3.4) 

in the case of frame with flexible connections calculate 
cs2, SS2' cs4, SS4 from equations (3.11) and (3.12) 

details in Flow-chart 4 

check if equations (4. 16a) and (4. 16b) are satisfied 
use C2, S2, C4 and S4 in case of rigid connections NO 

use CS2, S82, CS4 and SS4 in case of flexible connections 

YES 

calculate the determinant of equations (5.22) through (5.27) 
use ~, S2, C4 and S4 for frames with rigid connections 

use CS
2, S82, C84 and S84 for flexible connections 

Flow-chart 3 
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for each trial Hi) H2 calculate C2, S2,C4 and S4 
from equation (3.4) 

calculate the moments transmitted by the connections as follows 
joint 2, moment transmitted = K3(C3<P2+S3<Pt) 

joint 1, moment transmitted = KtCt<pt + K3(C3<Pt +S3<P2) 
in which <Pt and <P2 are calculated from equations (4.17) and (4.18) 

knowing the moments transmitted by the connections, the rotation of 
the connections are found from their moment-rotation curves and their 

stiffnesses are found at the given equilibrium state 

from equation (3.10) and (3.12) the stiffness 
coefficients cs

2, SS2, CS
4 and SS4 are calculated. 

MS
n and MS

fl can be obtained from equation (3.13) 

Flow-chart 4 

79 



80 

CHAPTER 6 

EFFECT OF LATERAL BRACING 

Since the columns in the present study are considered to be inextensional, the 

presence of lateral bracing could have an effect on the buckling behavior of the structure 

only in the case of lateral instability. Therefore, only the case of anti-symmetrical 

buckling mode is considered in order to evaluate the influence of the bracing member on 

the stability of the structure. 

6.1. One-Story Frames (Rigid Connections) 

The analysis in this case follows that of Section 5.1. 2. However, the terms 

involving the changes of axial forces, AP in Equation (5.6) and AH=O, have to be 

modified for the effect of lateral bracing. 

In general, the cross bracing is assumed to act only in tension. The diagonal 

brace under compression buckles slightly and becomes inactive. An infinitely small anti

symmetric deformation associated with a lateral displacement AR of joints 1 and 1', 

shown in Figure 6.1, is superimposed on the symmetrical deflection shape to establish 

the conditions under which the frame with the bracing member initiates lateral instability. 

Since the displacement AR is a small quantity relative to the brace length 4, the change 

in angle <l!, Figure 6.1, caused by the displacement AR is insignificant. Therefore, the 

angle between the new axis of the deformed brace and the horizontal is <l!. The 

elongation of the brace associated with a displacement AR is 
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Under this elongation the brace force F is 

EbAb L2 
F=---AR 

Lb Lb 
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(6.1) 

(6.2) 

In which Ab is the cross sectional area of the brace. Equilibrium using summation of 

moments about point 0' of Figure 6.1 gives the change in axial force in column 0-1 due 

to a lateral displacement AR 

(6.3) 

In which 'Y1 is as defined in Section 5.1.2. Kt, is defined by 

Since AR is a small quantity, the term involving AR2 in Equation (6.3) is very small 

relative to the terms that involve only AR. Therefore, the term involving AR2 is 

neglected. Equation (6.3) becomes 

(6.4) 

Summation of horizontal forces requires 

(6.5) 
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Moreover, the assumed anti-symmetric configuration requires 

(6.6) 

Therefore, because there is no net external horizontal force, the change in horizontal 

reaction at the support 0, AH., must be zero and the change in horizontal reaction at the 

support 0', AHt" must also be zero. The terms for the changes of moments in 

Equations (5.7a), (5.7b) and (5.8), after substitution for AH=O and for APt from 

Equation (6.4), take the form 

Substitution of Equations (6.7), (6.8) and (6.9) into the equilibrium Equations (5.9) 

produces the following two homogeneous equations 

(6.10) 

(6.11) 
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In the case of frames with flexible connections CS
2, 8s

2 and MS r are substituted for 

C2, 82 and Mr, respectively, in the above equations. 

The vanishing of the determinant of the coefficients of Equations (6.10) and 

(6.11) produces the characteristic equation for the stability condition for the case of anti

symmetrical buckling, including the effect of the bracing member. 
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6.2. Two-Story Frames (Rigid Connections) 

The analysis in this case follows that of Section S.2. However, the terms 

involving the changes of axial forces due to lateral displacements .1Rl and .1R2; .1P1 in 

Equation (S.14), .1P3 in Equation (S.16), .1Hl =0 and .1H2=0; have to be modified for 

the effect of lateral bracing. These changes can be obtained from the equilibrium of 

Figure 6.2 which gives, after dropping all terms involving .1R12 and .1Rl 

(6.12) 

(6.13) 

(6.14) 

(6. IS) 

In the above equations, ~1412 is the stiffness of the lateral brace of the first-story. 

Kb24l is the stiffness of the lateral brace of the second-story. ~l and Kb2 were defined 

in Equation (6.4). '1710, '1711, '1720 and '1721 are as defined in Section S.2. With the 

introduction of Equations (6.12) through (6.1S) to Equations (S.l) and (S.3), the 

expressions for the changes of moments in Equations (S .17) through (S. 22) take the 

following form 
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(6.16) 

(6.17) 

(6.18) 

(6.19) 
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(6.20) 

(6.21) 

Substitution of Equations (6.16) through (6.21) into the equilibrium Equations (5.23a), 

(5.23b), (5.23c) and (5.23d) produces the following four homogeneous equations, 

Equations (6.22), (6.23), (6.24) and (6.25) 

(6.22) 

(6.23) 

(6.24) 
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[K1C1 +Kz(Cz +Sz) +K3C3] a <1>1 +K3S3A<I>z + {Kl [C '1<1> 1 (2TJ 10-4PLI +KbIL/L/).l. 
L2 

-(C1 +SI)] +K3(C'3<1>l +S/3<1>2)~TJ u} ARI +{KIC'I<1>I(21120-2PLI +KbzLIZL/).l. 
~ ~ ~ 

+K3[(C'3<1>1 +S'3<1>z)(21121-2PLl +Kb2L1
2L/).l. -(C3 +S3)]} aR" = 0 

L2 Ll 

(6.25) 

In the case of frames with flexible connections CS
2, S82, MS

n , CS
4, SS4 and M8

f2 are 

The vanishing of the determinant of the coefficients of Equations (6.22), (6.23), 

(6.24) and (6.25) produces the characteristic equation for the stability condition for the 

case of anti-symmetrical buckling, including the effect of the bracing member. 



CHAPTER 7 

NUMERICAL APPLICATIONS 
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The critical value of P is found by a numerical procedure that amounts to 

calculation of load deflection behavior up to the critical loading. In order to study how 

the introduction of primary bending moments, lateral bracing and the realistic behavior 

of the flexible connections affect the value of the critical load; several portal frames, with 

different beam-to-column rigidity and length ratios, were analyzed. The stiffness of the 

connections was increased gradually from connection A to connection C, as shown in 

Figures 7.2. Figure 7.1 presents a beam-connection model by Geschwindner (1991). 

Table 7.1 displays the ratio of beam lerigth, La, to connection equivalent length, Le, 

which may be calculated as shown in Figure 7.1. The smaller the ratio LeILa the stiffer 

the connection with respect to the beam. The results of the analyses are given in Tables 

7.2 to 7.13 showing the effective length factor k, where kL is the equivalent pinned-end 

length referred to as the effective length (Salmon and Johnson, 1986). 

One factor that affects the critical behavior of framed structures is the introduction 

of primary moments to the buckling load analysis. To illustrate the impact of this factor, 

the values of k for one-story and two-story frames considering the influence of primary 

bending moments are compared to the corresponding values obtained by Bleich (1952) 

and the AISC for frames loaded only on the columns. This comparison is illustrated in 

Table 7.12 for single-bay portal frames and in Table 7.13 for two-story frames for both 

symmetric and antisymmetric modes of buckling. The results show the deteriorating 
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effect on frames stability by the primary bending moments. To further illustrate this 

point, the buckling load analysis was performed on frames with various beam-to-column 

length ratios. Three ratios were adopted, Lz/L, = 1.0, L/L, =2.0 and L2/LI =3.0, in 

which Lz is the beam span and L, is the column length. Increasing the beam-to-column 

length ratio results in increasing the primary moments. The results, shown in tables 7.2 

through 7.7 for one-story frames, support the cited conclusion on the influence of 

primary moments on the value of the critical load. 

An important factor in this study is to assess the influence of the realistic non

linear behavior of the connections on the stability of framed structures. To make this 

assessment several flexible connections were adopted. These connections are identified 

by their moment-rotation curves, presented in Figure 7.2. The stiffness is increased 

gradually from connection A up to connection C. A comparison of the k values that are 

given in Tables 7.2 through 7.7 for one-story frames and in Tables 7.10 and 7.11 for 

two-story frames assert the superiority of rigid connections over flexible connections for 

both modes of buckling, symmetric and anti-symmetric. The results in the above tables 

point to the fact that a slight increase in the connection stiffness causes a slight increase 

in the critical load value. only when the beam is extremely flexible with respect to the 

column the slight increase of the connection stiffness will not result in an increase of the 

critical load value. 

In general, frames with no lateral brace buckle in an anti-symmetric mode. This 

is evident from comparing the results of tables 7.2 through 7.7. Therefore, it is of 

interest to this investigation to assess the influence of the bracing members on the critical 
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behavior of frames. It is also of interest to find the values of frame stiffness to brace 

stiffness at which the frame buckles symmetrically. Hence, increasing the brace stiffness 

over this ratio would have no effect on the critical load value. The buckling load 

analysis for one-story frames and two-story frames with lateral bracing were given in 

Chapter 6. Results for some numerical applications of this analysis are displayed in 

Table 7.8 for one-story frames with rigid connections and Table 7.9 for one-story frames 

with flexible connection C. A Fortran program was developed which involves a 

numerical procedure to solve Equations (4.8) for one-story frames, (4. 16a) and (4. 16b) 

for two-story frames. In the case of two-story frames there are two homogeneous equa

tions to be solved simultaneously for each case. In the case of multi-story frames with 

n-stories there are n non-linear equations (non-linear in the coefficients) that have to be 

solved simultaneously. The Newton procedure is utilized to find the solutions. When 

the number of non-linear equations are increased, meaning higher multi-story frames, the 

domain of the solution is decreased. Consequently, one numerical difficulty is encoun

tered since the starting values for the Newton procedure should be chosen in this domain 

to guarantee convergence. Solving the mentioned equations for the entire range of 

loading, the load-deflection curve is obtained from which the critical load is determined. 

Each point on the load deflection curve represents an equilibrium state of the symmetrical 

configuration. Therefore, at each equilibrium state the determinant of Equations (5.11) 

and (5.12) is evaluated to check if the equilibrium state is stable with regard to the anti

symmetrical configuration. Also, the determinant of Equations (6.10) and (6.11) is 

calculated to inspect the lateral stability of braced one-story frames. 
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The variations of the stiffness coefficients of column 0-1 ,C1 and S I, with the load 

are given in Figure 7.3. Variation of stiffness coefficients for the beam-connection 

element are given in Figures 7.4 through 7.10. Some curves of load versus horizontal 

reaction for one-story frames, with beam-to-column length ratio L2/LI = 1.0 and beam

to-column rigidity ratio G = 0.2, are given in Figures 7.11 for connection A, 7.12 for 

connection B, 7.12 for connection C, and 7.14 for rigid connection. Figure 7.34 gives 

the load versus base horizontal reaction for a two-story frame with flexible connection 

C. Figure 7.35 give the load versus base horizontal reaction for a two-story frame with 

rigid connection. The top-end rotation the column 0-1 versus the vertical load for some 

cases are given in Figures 7.15 for connection A, 7.16 for connection B and 7.17 for 

connection C. The connections rotation versus the vertical load for some cases are given 

in Figures 7.18 for connection A, 7.19 for connection B and 7.20 for connection C. 

Some curves for the load versus the moment on the beam-to-column connections are 

given in Figures 7.21 for connection A, 7.22 for connection Band 7.23 for connection 

C. The curves for the determinant of Equations (5.11) and (5.12) for one-story frames 

with flexible connections B and C are provided in Figures 7.24 and 7.25, respectively. 

Figure 7.26 provides the curve for the determinant of Equations (6.10) and (6.11) for a 

one-story frame with flexible connection C. The curves for the determinant versus 

loading for one-story frames with connection C and varying bracing members are given 

in Figures 7.26 through 7.29. Figure 7.30 provides the curve for the determinant of 

Equations (6.10) and (6.11) for a one-story frame with rigid connections. The curves 

for the determinant versus loading for one-story frames with rigid connections and 
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varying bracing members are given in Figures 7.31 through 7.33. Figures 7.36 and 7.37 

provide the curves for the determinant of Equations (6.22) through (6.25) for a two-story 

frame with connection C and rigid connection, respectively. The curve for the 

determinant for a two-story frame with a bracing member is given in Figure 7.38. 

Finally, it should be mentioned that a section with EI = 210,000 kip-in2 is adopted for 

the column in all the cited examples, a column length of 180 inches. Some of the values 

given in Tables 7.2 through 7.11 for the length factor are verified for column sections 

W 36x135 and W 24x104. 
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Kc 

EI EI EI 

Fiqure 7.1, Beam-Connection Model (Geschwindner, 1991), Kc= 4EIILc 

TABLE 7.1 
Ratio of Beam Length to Connection Equivalent Length, LeiLa 

Connection 

G 
A B C 

0.1 1.80 0.36 0.18 

0.2 0.90 0.18 0.09 

0.5 0.36 0.07 0.04 

1.0 0.18 0.04 0.02 
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TABLE 7.2 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Symmetric Buckling, ~ =LI G=II~/I2Llion Equivalent Length, Lc/Ln 

Connection 

G 
A B C Rigid 

0.1 0.663 0.609 0.586 0.527 

0.2 0.669 0.629 0.611 0.558 

0.5 0.688 0.674 0.664 0.658 

1.0 0.729 0.759 0.774 0.784 

TABLE 7.3 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Anti-symmetric Buckling, ~=LI 

Connection 

G 
A B C Rigid 

0.1 1.940 1.806 1.713 1.054 

0.2 1.934 1.745 1.713 1.102 

0.5 1.923 1.788 1.717 1.225 

1.0 1.923 1.811 1.745 1.368 
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TABLE 7.4 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Symmetric Buckling, ~=2Ll 

Connection 

G 
A B C Rigid 

0.1 0.665 0.615 0.593 0.530 

0.2 0.678 0.648 0.633 0.585 

0.5 0.743 0.798 0.832 0.873 

1.0 0.916 1.079 1.144 1.204 

TABLE 7.5 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Anti-symmetric Buckling, ~=2Ll 

Connection 

G 
A B C Rigid 

0.1 1.951 1.834 1.784 1.054 

0.2 1.951 1.820 1.745 1.104 

0.5 1.934 1.811 1.745 1.239 

1.0 1.934 1.835 1.784 1.415 
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TABLE 7.6 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Symmetric Buckling, Lz=3L1 

Connection 

G 
A B C Rigid 

0.1 0.669 0.623 0.602 0.535 

0.2 0.707 0.681 0.674 0.669 

0.5 0.855 1.021 1.107 1.210 

1.0 1.238 1.536 1.646 1.709 

TABLE 7.7 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Anti-symmetric Buckling, Lz=3L1 

Connection 

G 
A B C Rigid 

0.1 1.957 1.845 1.801 1.054 

0.2 1.940 1.839 1.775 1.108 

0.5 1.934 1.849 1.811 1.281 

1.0 1.885 1.934 1.957 1.709 



TABLE 7.8 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Anti-symmetric Buckling with Lateral Brace and Rigid Connections, ~=Ll 

Kb/Kr Symm. o. 1.0 

~Ab O. 440 

G = 0.1 0.527 1.054 0.963 

G = 0.2 0.558 1.102 0.949 

G = 0.5 0.658 1.225 0.942 

G = 1.0 0.784 1.368 0.956 

3.0 

1320 

0.894 

0.873 

0.843 

0.825 

K = 24 Ell 
I 

4.0 5.0 

1720 2200 

0.883 0.867 

0.853 0.843 

0.829 0.816 

0.808 0.796 

99 
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TABLE 7.9 
Length Factor k for Single-bay Portal Frame, Fixed at Base. 

Anti-symmetric Buckling with Lateral Brace and Flexible Connection C, Lz=LI 

Kb/Kr Symm. O. 1.0 3.0 4.0 5.0 

~Ab o. 440 1320 1720 2200 

G = 0.1 0.586 1.713 1.352 1.120 1.069 1.032 

G = 0.2 0.611 1.713 1.249 1.032 0.992 0.956 

G = 0.5 0.664 1.717 1.167 0.956 0.917 0.889 

G = 1.0 0.774 1.745 1.120 0.905 0.867 0.833 
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TABLE 7.10 
Length Factor k for Two-story Rectangular Frame, Fixed at Base. 

Symmetric Buckling, ~=Ll 

Connection 

G 
B C Rigid 

0.1 0.838 0.804 0.746 

0.2 0.867 0.829 0.780 

0.5 0.923 0.878 0.853 

1.0 0.969 0.923 0.900 

TABLE 7.11 
Length Factor k for Two-story Rectangular Frame, Fixed at Base. 

Anti-symmetric Buckling, ~=Ll 

Connection 

G 
B C Rigid 

0.1 1.525 1.498 1.473 

0.2 1.616 1.584 1.553 

0.5 1.811 1.766 1.766 

1.0 2.031 2.031 1.969 



TABLE 7.12 
Length Factor K for Single-bay Portal Frame, Fixed at Base. 

G 

Symmetric 

Buckling 

Anti-symm8tric 

Buckling 

Results Comparison of Different Studies 
~ =L, G=I,~/I2L, 

0.1 0.2 

This Study 0.527 0.558 

Bleich 0.524 0.545 

AISC 0.525 0.545 

This Study 1.054 1.102 

Bleich 1.016 1.030 

AISC 1.025 1.042 

0.5 

0.658 

0.590 

0.588 

1.225 

1.082 

1.083 

Bleich, AISC Alignment Charts, Loads are Applied on Columns 
This Study, Loads are Applied on Columns and Beams 
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1.0 

0.784 

0.626 

0.625 

1.368 

1.156 

1.150 



TABLE 7.13 
Length Factor k for Two-story Portal Frame, Fixed at Base. 

G 

Symmetric 

Buckling 

Lateral 

Buckling 

Results Comparison of Different Studies 
~ =LI G=II~/I2LI 

0.1 0.2 0.5 

This 

Study 0.746 0.780 0.853 

Bleich 0.507 0.668 0.689 

AISC 0.567 0.625 0.730 

This 

Study 1.473 1.553 1.766 

Bleich 1.033 1.065 1.160 

AISC 1.050 1.100 1.230 

1.0 

0.900 

0.753 

0.825 

1.969 

1.310 

1.450 

Bleich, AISC Alignment Charts, Loads are Applied on Columns 
This Study, Loads are Applied on Columns and Beams 
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2.0 

0.956 

0.803 

0.890 

2.262 

1.515 

1.800 
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The Richard equation for defining moment-rotation relationships is 

M(1Jr) = __ (K_-....... Kp ...... )_lJI __ + K 1JI 
(K K' 1 P 

(1 + I - pI 1JI IN ) N 
MO 

1800~---------------------------, 

1600 

1400 

_ 1200 ............................................................... - .................... _ ......................................................................................... . 
c: 

" 

a. 
32 -..-
c: 
(J) 

E o 
:2 

1000 
B 

800 

600 Normalized stiffness foroonnection·s .. · ...... 
for BIlL = 11667. kip-in 

400 ............................. - .......................................... Connection A, Ka = 2.2 .................................. .. 

Connection B, Ks = 11. 
200 ....................................................... _ .............. Connection C, Ka = 22._ ...... _ ....... _ ..... : .......... .. 

A 
Of=-------.--------.--------.--------.-------~ 

o 0.005 0.01 0.015 0.02 
t/I Rotation (radian) 

connection C, K = ~57060., ~ = 11077.0, Mo = 1541.10, N =1.5 
connection B, K = 128530:, ~ = 5538.5, Mo = 770.55, N =1.5 
connection A, K = 25706., ~ = 1107.7, Mo = 154.11, N =1.5 

K initial stiffness, Kv plastic stiffness, Mo reference moment, N curve shape factor 

Figure 7.2, Moment-Rotation for Connections A, Band C 
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Anti-symmetric Buckling, Connection C 
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Connection C, Anti-symmetric Buckling with Lateral Bracing, Kb/Kr = 1.0 
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Connection C, Anti-symmetric Buckling with Lateral Bracing, Kb/Kr = 3.0 
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Connection C, Anti-symmetric Buckling with Lateral Bracing, Kb/Kr = 5.0 
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Anti-symmetric Buckling, Rigid Connection 
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..... 
c:: 
m 
c:: 'E 
~ 

Q) ..... 
Q) 

0 

-m w 
0 ,.. 
en 
Q) 

E 
i= -

134 

3~----------------------------------------~ 

2.5 ._ ......................................................................................................................................................... . 

2 --_ ................................................................................................................................................ .. 

1.5 

1 

0.5 

o .. _ ................................................................ _ .............. - ..................................................... . 

-0.5+---~--~--~----~--~---.--~----r-~ 
o 10 20 30 40 50 60 70 80 

P (kips) 
90 

Figure 7.32, Load versus Determinant, One-story, G=0.5, ~=LI 

Rigid Connection, Anti-symmetric Buckling with Lateral Bracing, KJKr = 3.0 
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Rigid Connection, Anti-symmetric Buckling with Lateral Bracing, KJKr = 5.0 
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Rigid Connection, Anti-symmetric Buckling with Lateral Bracing, Ab= 1.0 in2 
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The concern among some engineers that an increase in connection stiffness may 

impair the stability of framed structures is investigated in this study. It is pointed out 

that when primary bending moments are not considered in the analysis, the increase of 

connection stiffness enhances the stability of frames. This conclusion is supported by 

several studies. Some of these studies are cited in Chapter 2. The above concern 

becomes valid only when primary moment is contemplated in the buckling load analysis 

of frames. However, the conclusion of this study is that the critical buckling load 

increases with the stiffness of the connection. The critical buckling load does not 

increase with connection stiffness when the ratio of beam-to-column stiffness equals 1 or 

less. The connection behavior is considered to be non-linear. Chapter 2 gives a 

summary on modeling flexible connections. The Richard model is selected in this study 

to represent the connection behavior in the buckling load analysis of frames. The non

linear behavior was accounted for by using the Richard equation to find the slip angle of 

the flexible connection for a given state of load, known bending moment on the joint. 

The analysis was performed for one-story frames and for two-story frames. The method 

of the slope-deflection equations constitutes the basis for the analysis. The resulting non

linear set of equations is solved by implementing the Newton iterative procedure. 

The topics in this study are divided into five major parts: (1) parameters involving 

the analysis for frame stability, (2) symmetrical mode of buckling, (3) anti-symmetrical 
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mode of buckling, (4) effect of lateral bracing, (S) numerical application for the critical 

analysis of frames using the developed Fortran program. 

The first topic is accomplished in Chapter 3 in which all parameters entering the 

slope deflection equations are defined and modified to account for the introduction of 

flexible connections in the analysis. The second topic is achieved in Chapter 4, the third 

in Chapter S, and the fourth in Chapter 6. The analyses in all of these chapters are 

furnished for one-story frames and two-story frames having either rigid beam-to-column 

connections or flexible ones. The last topic is completed in Chapter 7, in which a 

numerical analysis of frames with different connections' stiffness, diverse beam-to

column stiffness, and various frame-to-brace stiffness are provided. The connection and 

column behaviors are assumed to be elastic over the entire range of loading. 

Some of the conclusions that can be made are: 

1. For the loading and structures considered in the analysis, stronger and stiffer beam-to

column connections enhance the stability of frames. 

2. Critical buckling load increases with the stiffness of the connection except when the 

beams are very flexible with regard to the columns. 

3. The reduction in the stiffness of a member because of considering the effect of axial 

force in the buckling load analysis is significant. In other words, the buckling load is 

reduced when the effect of axial compressive force is accounted for in the buckling load 

analysis. 

4. Frames that have no lateral bracing, in general, buckle in anti-symmetrical mode. 

S. For certain values of the brace-to-frame stiffness, the frame buckles only in 
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symmetrical mode; increasing the stiffness of the lateral brace over this value has no 

effect on frame stability. 

6. The above observations apply to one-story and two-story frames. 

Some suggestions for future rese2rch include: 

1. The effect of inelastic behavior of the connections with unloading and reloading the 

joints on the buckling load. 

2. The effect of dynamic loading on stability of frames having flexible beam-to-column 

connections. 

3. Considering the effect of inelastic behavior of the column on the buckling load 

analysis. 
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NOMENCLATURE 

A Cross-Sectional Area 

C Stiffness Coefficient for Member's Near-End 

E Young's Modulus 

~ Inelastic Modulus of Elasticity 

[F] Flexibility Matrix 

f Flexibility Coefficient 

F Force 

G Ratio of Column-to-Beam Rigidity 

H Horizontal Force 

I Moment of Inertia 

K Flexural Stiffness K = EIIL 

k Effective Length Ratio 

L Member Length 

.( 

M Bending Moment 

p Axial Force 

ARI Sidesway of First Story 

AR2 Sidesway of Second Story 

[S] Stiffness Matrix 

S Stiffness Coefficient for Member's Far-End 

V Vertical Reaction 

W Load per Linear ft. 
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a: Lateral Brace Angle with the Horizontal 

,., Moment Factor 

() Total Joint Rotation 

A End-Rotation of Simply Supported Member 

p. Stability Angle , p. = L(P/EI)1/2 

p Chord Rotation 

cp Joint Rotation 

If; Slip Angle of Flexible Connection 

Superscripts 

s Semi-Rigid 

Subscripts 

1, 3 Column 1, 3 

2, 4 Beam 2, 4 

b Brace 

i-j Member i-j 

i, j End i, j 

f Frame 

f1 Fixed at End 1 

f2 Fixed at End 2 
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