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ABSTRACT 

The most promising switching technique for B - ISDN (broadband integrated 

service digital network) is the AT M (asynchronous transfer mode). In an AT M 

network, all information, data, voice and video, is packetized and divided into 

fixed length data blocks called cells. The cells from different connections are car

ried through a multiplexer, and asynchronously transmitted through the network. 

Statistical multiplexing of cells allows the possible reduction of the bandwidth 

assigned to each single source. That increased flexibility with respect to the band

width requirement provides a chance for better, more economical utilization of the 

network reSUllrces. On the other hand, severe network congestion can occur when 

a large number of traffic sources become active simultaneously. Since most traffic 

sources in AT M networks are bursty, some congestion control must be applied to 

each source in order to maintain the required GOS (grade of service) and provide 

fairness among the users. 

We introduce the discrete batch Markovian arrival process, which is a versatile 

and tractable class of Mal~kov renewal processes. This class of processes provides a 

very powerful modeling tool. The Palm measure, variance time curve, asymptotic 

normality of the counts are derived. The interarrival time distribution for the single 
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arrivals case are discussed. We also address some issues related to the simulation 

of this class of processes. 

Two traffic shaping, or smoothing schemes are investigated in this dissertation: 

jumping windows with regular placement and an input rate control model, intro

duced by Ohta et al. [21]. The discrete Markovian arrival process with single 

arrivals serves as the the model for the arrival process. In the first model, ana

lytical expressions for the loss probability, packet delay and the interarrival times 

for the shaped process in steady state are derived. The second model leads to 

a highly degenerate partitioned Markov chain of QBD (Quasi-Birth-and-Death) 

type. Special algorithms involving matrices of lower order are obtained by exploit

ing the special structure of the Markov chain. Some performance measurements 

are derived. The algorithmic implementation of these results is also discussed. Fi

nally, we examine some specific examples, applying both the analytical results and 

simulation, to demonstrate the effectiveness of the two traffic shaping schemes. 
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Chapter 1 

INTRODUCTION 

1.1 Introduction and Motivation 

High-speed, high-capacity optical fiber transmission technology is advancing 

the development of Broadband Integrated Service Digital Network (B - ISDN). 

Future B - ISDN will be capable of supporting a wide variety of services, rang

ing from low bit rate communications between terminals and host computers, to 

the broadcasting of high resolution video signals. The most promising switching 

technique for B - ISDN is Asynchronous Transfer Mode (ATM). ATM can be 

characterized by its very high speed transmission links and simple, hardwired pro

tocols within a network. In an AT M network, all information (data, voice and 

video) is packetized and divided into fixed length data blocks, called cells. Cells 

from different connections are carried through a multiplexer and asynchronously 

transmitted through the network. 

Most traffic sources in AT M networks are bursty. A source may generate cells 

at near-peak rate for a short time, and immediately afterwards become inactive, 

i.e. generate no cells at all. Statistical multiplexing of cells allows the possible re-
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duction of the bandwidth assigned to each single source. That increased flexibilit.y 

with respect to the bandwidth requirement provides a chance for better, more eco

nomical utilization of the network resources. On the other hand, severe network 

congestion can occur when a large number of traffic sources become active simul

taneously. Therefore, some congestion control at the cell level must be applied in 

order to maintain the required grade of service (GOS) of each source and provide 

fairness among users. 

There are two classes of congestion control schemes, reactive control and preven

tive control. In reactive control, the cell input rate from the source to the network 

is throttled when there is a congestion in the network. Preventive control in used 

to prevent congestion by admission control and policing (also called bandwidth 

enforcement, or usage parameter controQ before any congestion actually occurs. 

Preventive control is usually favored over reactive control. Detailed discussions on 

this issue can be found in Miyahara [14], Bae and Suda [2]. 

A policing scheme is an input rate control mechanism which intends to assure 

that the sources abide by their initial specifications (Rathgeb [23]). Ideally, a 

policing scheme must be implemented at every connection, and the dynamic re

action time to detect violations must be short to avoid flooding of the buffers in 

the network. Also, most importantly, the policing function is expected to delete or 

mark as lower priority all and only violating cells. In other words, it should take 
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no action on sources that respect the traffic contract, act on all cells which violate 

the contract, and limit the source behavior in some intended way. Next, we shall 

present a brief survey of some policing schemes proposed in the literature. 

1.2 An Overview of Policing Schemes 

1) Leaky Bucket 

The leaky bucket scheme is based on a counter with a maximum threshold M. 

When the counter value is less than M, it is increased by one when a cell arrives. 

In this case, the arriving cell is allowed into the network right away. Meanwhile, 

the counter is decreased by one in every b time units as long as the counter value 

is positive. Therefore, when the momentary cell arrival rate exceeds the, rate of 

decrease, the value of the counter starts to increase. Once the counter reaches NI, 

subsequent cells are deleted or tagged until the value of the counter falls again 

below the threshold. 

2) Jumping Window 

The jumping window scheme limits the maximum number of cells that may be 

transmitted within successive time intervals (or windows) of length a. This policy 

is realized by a counter with a maximum M. Arriving cells that find the value 

of the counter less than M are transmitted through the network, whereupon the 
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value of the counter is increased by one. If more than M arrivals occur in a given 

window, then only the first M are allowed into the network, the additional cells 

are lost or tagged. At the end of each window of length a, the counter is reset to 

zero and a new window starts. 

One simple variation of this scheme is called the triggered jumping window (or 

stepping window). There, the new window is always triggered by the first arriving 

cell after finishing the previous window. In that way, the beginning of a window 

is synchronized with a cell arrival. 

3) Moving Window 

The moving window scheme also has a parameter M, which is the maximum 

number of cells allowed in a window of size a. The counter increases the same way 

as in the jumping window scheme. Exactly a time units after each arrival, the 

counter value decreases by one. In this scheme, one can imagine that the window 

slides along the time axis rather than jumping by a fixed amount. It assures that 

no more than M cells occur in an arbitrary interval of length a. 

4) Exponentially Weighted Moving Average Mechanism 

Here, we use fixed consecutive time windows as in the jumping window scheme, 

but the maximum number of accepted cells in the i-th window Mi is not fixed. 
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Instead, it is determined by M, the allowed mean number of cells per interval, and 

an exponentially weighted sum of aj, j = 1, ... , i, the numbers of accepted cells 

in the preceding intervals. We have 

M. - M - ,Si-l for O:S; , < 1, , - 1-, 

where Si-l = (1 - ,)ai-l + ,Si-2' That is equivalent to say 

M. _ M - (1 - ,)((ai-l + ,2ai_2 + ... ,i-Iad - ,i+ISO 
,- 1-, , 

with So = O. 

Most of these schemes work reasonably well in controlling the peak rate of the 

sources. However, to police the mean rate, one would theoretically need to monitor 

the activity of the source over an infinite interval. Schemes such as the leaky bucket 

or jumping Window cannot detect a mean rate violation on small time scales. An 

important issue is the choice of threshold. If it is too low, too many normal cells 

will be marked or deleted and if it is too high, too many violating cells will be 

allowed into the network. 

The most promising scheme among those cited above is the leaky bucket scheme. 

For jumping and stepping window schemes, all information about earlier windows 

is lost when we move to the next window. The moving window and exponentially 

weighted moving average are improved versions, but they are relatively expensive 

to implement. 
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Unfortunately, almost all policing mechanisms so far proposed have shown some 

intrinsic limitations in assuring that the agreed parameters are respected (Lague et 

al. [9], Rigolio and Fratta [24]). To overcome these limitations, instead of enforcing 

traffic parameters by policing, an alternative approach is to apply a shaping. device 

to each source. It smoothens the traffic according to certain parameters. Traffic 

shaping aims to reduce the network congestion by suppressing inputs through a 

buffer and releasing cells into the network at a slower speed. The crucial differ

ence between traffic shaping and policing is that each packet is processed by the 

shaping device while packets are either transmitted without any delay or dropped 

by the policing device. Therefore, shaping has the potential for better usage of 

the network resources at the expense of some extra buffering. Shaping is par

ticularly well-suited for traffic such as data files, that are loss-sensitive but not 

delay-sensitive. Each policing scheme can be converted to a shaping scheme by 

providing an input buffer for violating cells. 

1.3 Outline of the Dissertation 

This dissertation consists of four chapters. Following this introduction, in 

Chapter 2 we discuss the definition and some important properties of the dis

crete Markovian arrival process. Markovian arrival processes form a class of ver

satile and tractable point processes. Because of their appealing matrix-analytic 
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properties, this class of processes has already been extensively used in queueing 

applications and telecommunication systems modeling (see Blondia and Casals [3], 

Briem, Theimer and Kroner [4], Garcia and Casals [6]-[7], Liu and Neuts [11], 

Lucantoni [13], Neuts, Liu and Narayana [20]). 

Two traffic shaping schemes are investigated in this dissertation. The discrete 

Markovian arrival process with single arrivals serves as the the model for the arrival 

process. In Chapter 3, we examine a shaping scheme which we call jumping win

dow with regular placement. The performance measures of loss probability, packet 

delay and the interarrival times for the shaped process in steady-state are studied. 

In Chapter 4, another input rate control model, introduced by Ohta et al. [21], 

leads to partitioned Markov chains of Quasi-Birth-and-Death (QBD) type. For 

that model, a detailed mathematical analysis yields special algorithms involving 

matrices of lower order. Some performance measurements are derived. The al

gorithmic implementation of these results is also discussed. Finally, we examine 

some specific examples, applying both the analytical results and simulation, to 

demonstrate the effectiveness of the flow control schemes. 

The main contributions of this dissertation are the following. In Chapter 2, a 

systematic study of the various first and second order properties of the counting 

function of the discrete MAP is carried out for the first time. In Chapter 3, we 

examine a novel traffic shaping scheme, jumping window with regular placement. 
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The input rate control scheme in Chapter 4 was first proposed by Ohta et al. [21]. 

Our model generalizes their assumption on the input process. By exploiting the 

special degenerate structure of the Markov chain, our approach of obtaining the 

performance measures in Chapter 4 results in a more efficient algorithm. 
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Chapter 2 

THE DISCRETE MARKOVIAN ARRIVAL PROCESS 

2.1 Introduction 

The versatile Markovian point process was introduced in Neuts [19] as a gen

eralization of the Poisson process. More natural and transparent notation was 

proposed in Lucantoni [13], and the process was then renamed the Markovian A1'

rival Process (MAP). This class of Markov renewal processes is very rich and 

tractable. It contains many commonly used processes as special cases. We shall 

discuss some of them later in this section. The development of this process offers 

a unified approach to a large class of modeling and queueing problems. Compre

hensive discussions may be found in Lucantoni, Meier-Hellstern and Neuts [12], 

Narayana and Neuts [15] and Neuts [19]. 

There is a discrete version of the Markovian arrival process, that is entirely 

analogous to the continuous MAP. Because of the slotted nature of ATM traffic, 

we shall deal with the discrete case only. 

To define the MAP constructively, we consider a discrete time Markov chain 
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with m states and the irreducible transition probability matrix D. Suppose that 

at time t, t ;::: 0, the Markov chain is in state j, 1 ::; j ::; m. Then at time epoch 

t + 1, with conditional probability Dk(j,j'), k ;::: 0, there is a transition to state j' 

with an arrival of batch size k. Obviously, we have 

00 

L Dke = De = e, 
k=O 

where e denotes a column vector with all components equal to 1. The matrix 

Do corresponds to transitions without an arrival, and Die, k ;::: 1, corresponds to 

transitions with a batch of size k. 

The sequence of m x m matrices Dk, k;::: 0, has the following properties: 

a) All the Dk's are nonnegative, 

b) The matrix I - Do is nonsingular, 

c) The matrix D = Lk=O Dk is irreducible, aperiodic and stochastic. 

Alternatively, consider an m-state Markov renewal process {( Jj , Xd, i ;::: o} on 

the state space {I, ... , m} x {I, 2, ... }, in which each transition epoch corresponds 

to a positive number of arrivals Li . Here Jj denotes the phase variable immediately 

after the ith arrival, and Xi denotes the time between the (i -1)-th and i-th batch 

arrival, with Xo = o. For i ;::: 1, the transition matrix Q(v; k) whose (j,j')-element 

is defined by 
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is given by 

Q(v; k) = D~-l Dk , for k ~ 1, v ~ 1. 

The MAP is defined as the Markov renewal process with transition probabilities 

given by the sequence of matrices {Q(v; k)}. 

The following are examples of familiar arrival processes that are MAPs: 

a) The Batch Bernoulli Process: Consider Bernoulli trials with probability P 

of success. Suppose the distribution of the batch size at successive arrivals is 

independent and identically distributed with probability density {ai, i ~ I}. 

This process can then be parameterized with Do = 1- p, Di = pai for i ~ 1. 

In the case when al = 1, which implies we only allow single arrivals, the 

process reduces to the classical Bernoulli process. 

b) The Markov-Modulated Bernoulli Process: We have an m x m irre

ducible, stochastic matrix D which governs the transition of the underlying 

Markov chain. We specify a non-zero matrix .6. = diag(Pl,P2,'" ,Pm) with 

o < Pi < 1 for i = 1" .. ,m. The Markov-Modulated Bernoulli Process with 

single arrivals has the parameter matrices Do = D (I - .6.) and Dl = D .6.. 

c) The Discrete PH-Renewal Process: The phase type (PH) renewal process, 

see Neuts [18], with representation (/3, S) is an MAP with Do = Sand 

Dl = SOf3 where SO = e - Se. 
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d) A Batch MAP with Correlated Batch Arrivals: Consider an MAP with 

single arrivals with parameter matrices Co and C1 of size m x m. Suppose 

that the batch size distribution of successive batch arrivals depends on the 

state of the Markov chain C = Co + C1 with probability density {bj(i), 1 ~ 

j =:; m, i ~ I}. Then we obtain a new MAP with Do = Co and [Dili.jl = 

2.2 The Counting Process 

Let N(t) be the number of arrivals in the time interval (0, t], where t is a non-

negative integer. Let J(t) be the state of the underlying Markov chain immediately 

after time t. The bivariate sequence ((N(t), J(t)), t ~ O} is a Markov chain on the 

state space {n ~ O} x {I, ... , m} with the transition probability matrix 

(

Do Dl D2 D3 "'J o Do Dl D2 .. . 
T = 0 0 Do Dl ... . 

: : '. '. : . . . . . 

(2.1 ) 

Now denote by [P(nj t)]j,jl = P{N(t) = n, J(t) = j'/N(O) = 0, J(O) = j} the 

conditional probability that there are n arrivals in (0, t] and the phase at time t is 

j', given that N(O) = 0 and the phase at time 0 is j. It is known that the matrices 

P(nj t) satisfy the recurrence relation 

n 

P(nj t) = L P(n - kj t - I)Dk' for n ~ 0, t ~ 1, (2.2) 
k=O 
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with the initial condition P(Oj 0) = I. The matrix generating function defined by 

00 

P*(Zj t) = L P(nj t)zn, for Izl:::; 1, 
n=O 

is obtained by multiplying the nth equation in (2.2) by zn, and summing over all 

nonnegative values of n. We obtain that 

P*(Zj t) = [D*(z)]t, for t ;::: 0, (2.3) 

Initial Conditions 

The initial probability vector a may be chosen to reflect various starting con-

ditions for the process. We shall mention two special selections 0 and Oarr here. 

o is the steady-state probability vector for D, by which we obtain the station-

ary version of the MAP. Oarr is the steady-state probability vector at arrivals, 

which starts the process at an arbitrary arrival. The resulting process is called the 

interval-stationary version of the MAP. 

The vector 0 is obtained by solving the linear equations 0 D = 0 and Oe = e. 

Note that the probability that a batch arrival occurs at time t + 1, and the phase 

immediately after that arrival is j, is given by the j th component of the vector 

00 

ODt L Dk = O(D - Do) = 0 - ODo. 
k=l 
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Therefore, the steady-state probability vector immediately after an arbitrary ar-

rival is given by 

0(1 - Do) 
Oa.rr = 1 - ODoe . 

The Moment Matrices 

We define the (j,j')-element of the moment matrices Ml(t) and M2 (t) by 

[M1(t)]j,jl = E{N(t)I[J(t) = j']IJ(O) = j}, 

and 

[M2(t)]j,jl = E{N(t)(N(t) - l)I[J(t) = j']IJ(O) = j}, 

where 1[·] is the indicat<?r function. 

These factorial moments are routinely obtained by successive differentiation in 

equation (2.3). We have 

t-l 

- I: Di Di D t -
i- 1 

, 

i=O 

and 
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t-l t-2 i 

- L Di[D; - D;]Dt- i- 1 + 2 L L Dj D;Di-j D;Dt- i- 2, 
i=O i=O j=O 

where Di and D'2 are defined by 

D* [82 
D*(Z)] D* - ~ k2 D 

2 - 8z2 + 1 - L.J k· 
z=l k=l 

By differentiating function [D*(Z)]t-l D*(z), we obtain the following recurrence 

relations for the moment matrices Ml(t) and M2(t): 

with initial condition Ml (0) = 0, and 

for t 2:: 1 with initial condition M2(0) = o. These recurrence relations are useful 

in the computation of M1(t) and M2(t). 
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The Fundamental Rate 

The fundamental rate A* of the stationary MAP is given by 

A* is the expected number of arrivals per unit of time in the stationary version of 

the MAP. 

The Palm Measure 

The Palm measure H(t) is the conditional expected number of arrivals in (0, tj 

given that there is an arrival at time o. The following theorem gives an expression 

for H(t). 

Theorem 2.2.1: The Palm measure of the discrete MAP is given by 

(2.4) 

Proof: By definition, we have 

H(t) - E[N(t)larrival at t = 0] = OarrMl(t)e 

(2.5) 
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It is known that the matrix I - D + eO is nonsingular, so that 

t-l 
L Di = (I - D + eOt1(I - Dt + eOt). (2.6) 
i=O 

The expression for the Palm measure follows upon substituting (2.6) into (2.5), 

and some straightforward simplifications .• 

Since the matrix D is irreducible and aperiodic, 

lim Dt = eO. 
t-oo 

Hence, the Palm measure H(t) has a linear asymptote h(t), which is given by 

h(t) = A*(t - 1) + Oarr(I - D + eOtl D~e. 

The Variance Time Curve 

The function Var[N(t)] is the variance of the count N(t) for the stationary 

version of the process. Graphs of the variance time curve are used as a measure 

of the variability of the number of arrivals over an arbitrary interval of time of 

the process. The dispersion curve E[N(t)]-lVar[N(t)] is often used for the same 

purpose. 

Theorem 2.2.2: The variance of the count N(t) for the stationary version of 

the discrete MAP is given by 

Var[N(t)] = (A2 - 3A*2 + 2cDi'e)t - 2c(I - Dt)d, (2.7) 
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where 

00 

).2 - 6 L k2 Dke, 
k=l 

c - 6D;(I - D + e6tt, 

d - (/ - D + e6)-1 Die. 

Proof: The variance of the count N(t) is obtained by evaluating 6M2{t)e + )."'t-

().*t)2. The assertion in (2.7) follows after routine calculations. See Neuts, Liu 

and Narayana [20] for similar derivations for the continuous time case. 0 

Similar to the Palm measure, Var[N(t)] also has a linear asymptote v[N(t)] 

given by 

v[N{t)] = ().2 - 3).*2 + 2cDie)t + 2).*2 - 2cd. 

The Covariance Structure 

Next we consider the covariance Cov(h,t 2 ,s) of the random variables N(td 

and N{tl + S + t2 ) - N{tl + s), where tl > 0, s 2:: 0, and tl > 0, for the stationary 

version of the MAP. It is easy to see that the joint generating function 

is given by the (j, j')-element of the matrix 
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By differentiating with respect to Zl and Z2, and setting Zl = Z2 = 1, we obtain 

the covariance of N(td and N(tl + S + t2 ) - N(tl + s) for the stationary version 

of the discrete MAP as: 

which after some simplification, yields that 

Asymptotic Normality 

Next we show the asymptotic normality of the counts N(t) as t -l- 00. Note first 

that for 0 < Z :::; 1, the matrix D"'(z) is nonnegative, and element-wise increasing 

in z. By the Perron-Frobenius Theorem, D"'(z) has a Perron-Frobenius eigenvalue 

1](z). Note that 1](z) is positive and increasing in z, and that 1](1) = 1. The left 

and right eigenvectors u(z) and v(z) corresponding to 1](z) can be chosen to satisfy 

the normalizing equations 

u(z)v(z) = 1, u(z)e = 1. (2.8) 

Such u(z), v(z) are unique and positive, also u(l) = () and v(l) = e. We refer to 

the appendix of Neuts[18] for a detailed discussion. 

By differentiating in the equation 

u(z)D"(z) = 1](z)u(z) (2.9) 
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and substituting z = 1, we obtain 

u'(I)D + u(I)D; = q'(I)u(l) + q(l)u'(I). (2.10) 

Postmultiplying by e yields 

q'(I) = A*. (2.11) 

Upon substituting this relation into equation (2.10) and simplifying, it follows that 

u'(I) = c - A*(J. (2.12) 

An expression for v'(I) can be similarly obtained. It is given by 

v'(I) = d - A*e. (2.13) 

Differentiating again in (2.9) and postmultiplying the resulting equation at z = 

1 by e leads to 

where a*2 is the coefficient of the linear term for the variance of N(t) in (2.7). 

Theorem 2.2.3: As t ~ 00, the random variable 

N(O, 1) distribution. 

Proof: As t ~ 00, the moment generating function matrix has the form 
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By Taylor series expansion around 8 = 0, we have that 

u(eS
) = 0 + 0(8), v(eS

) = e + o(s), (2.15) 

and 

As t ~ 00 and for sufficiently small s, 

Upon substitution of (2.15) and (2.16) into (2.14), we see that the dominant 

term in the moment generating function matrix is 

[ 

( ",2 + ).",2)t 1 
eO exp )."'ts + (j 2 8

2
• 

Therefore, the random variable N(t}_>'°t has an asymptotic N(O, 1) distribu
V(O'o2+>.o2 }t 

tion as t ~ 00 •• 

2.3 The Interarrival Time Distribution for Single Arrivals 

In this section, we study the distribution of an arbitrary interarrival time for 

discrete Markovian arrival process with single arrivals. The transition probability 

matrix between arrivals is Dg-1 D t . The (j,j')-element of the matrix gives the 

conditional probability that the interarrival time is v time units and the phase 
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immediately after the next arrival is j', given that the phase immediatf'ly after the 

previous arrival is j. The transform of the matrix D~-1 Dl is given by 

f(z) = z(I - zDot1 D1. (2.17) 

The probability density of an arbitrary interarrival time Ta is given by 

P(T. = II) = { oarrDg-IDle if 112::. 1, 
a a otherwIse. 

From equation (2.17), the mean and variance of the arbitrary interarrival time 

is readily derived: 

E[Tal - Oarr f '(l-)e 

( )
-1 1 

- (J arr I - Do e = >. .. ' and 

Var[Tal - Oarr f "( -l)e + ; .. - >,~2 
_ :!:...(J(I _ Dot1e _ ~ __ 1 . 

>... >... >. .. 2 

The coefficient of variation, which is often used as a measurement for the variability, 

is defined as 

JVar[Tal 
CVarr = E[Tal ' 

which in this case simplifies to 
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2.4 Simulating the Markovian Arrival Process 

Because of its versatility and Markovian structure, the MAP is a very appealing 

point process for simulation studies. We shall now describe how a realization of 

an MAP may be generated. Consider an MAP with maximum batch size J( with 

parameter matrices of the MAP are Do, D1,"', D K. Let J (t) be the state of 

the Markov chain immediately after time t. Y(t) is the number of arrivals at the 

t-th transition. We are interested in simulating the sequence of random variables 

((J(t), Y(t))} for t up to some value Tmax. We use the following procedure: 

a) Initialization for time 0 

Select an initial probability vector a, generate 

the initial state J(O) according to a multinomial 

variate with density a. 

Set t = 0, Y(O) = O. 

b) While t < Tmax 

{ 

Choose the state J(t + 1) as a multinomial 
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variate with density 

( DJ(t),ll D J (t),2,"" DJ(t),m ). 

The number of arrivals at (t + 1)-th transition Y(t + 1) 

is determined by a multinomial variate with density 

( 
[Do]J(t),J(t+1) [D1]J(t),J(t+1) ••• [D K ]J(t),J(t+1) ) 

D J(t),J(t+1) , D J(t),J(t+1) ' 'D J(t),J(t+l) . 

Set t = t + 1. 

} 

The multinomial variates can be generated efficiently by using the alias method. 

This method was proposed in Walker [26], and refined in Kronmal and Peterson 

[8] for generating random variates from a discrete probability density with finite 

support. The alias method is particularly well-suited for long simulation runs, even 

though overhead computations are needed in setting up of the initial alias tables. 

Next we show some examples of simulations. We shall limit our attention to 

single arrivals and the stationary version of the MAPs only. Other variations, 

such as batch arrivals or starting with alternative initial conditions, may be im-

plemented in the same manner. We shall see interesting results in later chapters 

as we investigate the impact of the shaping procedures on these examples. 
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We shall present simulation results for five different MAPs with the same rate 

"' ... = 0.25. Each figure shows one run of simulation with Tmax = 255744. Starting 

from the top, each line corresponds to 1152 consecutive time units. A total of 222 

lines are displayed. Each small solid rectangle corresponds to an arrival. The small 

circle in the upper left corner is magnified by a factor of 4 and its contents are 

depicted in the larger circle. We have found this is a useful way of visualizing the 

behavior of various simulated point processes. 

Example 1: We start with the Bernoulli process with Do = 0.75 and D1 = 0.25. 

The coefficient of variation of a typical interarrival time for the MAP is 0.86602. 

We present this example for comparison purposes, since it exhibits the simple case 

where the interarrival times are independent, and identically distributed. From 

Figure 2.1, we see that the arrivals tend not occur in clusters. 

Example 2: The parameter matrices for this example are: 

6 1 O. O. o. o. o. o. o. o. o. O. "7 "7 
O. O. O. O. O. O. O. O. 1. O. O. O. 

Do= 
O. O. o. o. o. o. 

, and D1 = 
O. o. O. 1. O. O. 

o. O. O. O. O. O. o. O. o. O. 1. O. 
O. o. o. o. O. 1. O. O. o. o. o. O. 
1. O. O. o. o. o. o. o. o. o. o. o. 

The steady-state probability vector 8 for this MAP is 112 (7,1,1,1,1,1). The co-

efficient of variation of a typical interarrival time is 1.41407. By examining the 
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matrices Do and D1 , we see that the process always generates three arrivals in 

succession, separated by a gap which is at least three time units in length. In Fig-

ure 2.2, we see that the arrivals are still very much scattered. The arrivals always 

occur in strings of length 3, then followed by a gap, the distribution of which is a 

shifted geometric. 

Example 3: The next example deals with an MAP with parameter matrices 

O. 0.9 0.1 O. O. O. O. O. O. O. O. O. 
O. O. O. O. O. O. 0.9 0.1 O. O. O. O. 

Do= 
O. O. O. 1. O. O. 

, and Dl = 
O. O. O. O. O. O. 

o. o. o. O. 1. O. O. o. o. o. o. o. 
o. O. o. o. O. 1. O. O. o. o. o. O. 

0.2 O. 0.8 O. O. O. o. o. o. o. o. o. 

For this example, 9 = H2, 2, 1, 1, 1, 1) and the coefficient of variation of a typical 

interarrival time is 2.22639. From the matrices Do and D1 , it is easy to see that 

starting from state 1, the next transition is either to state 2 or state 3 with prob-

abilities 0.9 and 0.1 respectively, and no arrivals occur. From state 2, the Markov 

chain either returns to state 1 with probability 0.9 or it stays in state 2 with prob-

ability 0.1. In either cases, an arrival is generated. Therefore the Markov chain 

tends to stay in states 1 and 2 for a while, generates a burst of arrivals, then hits 

state 3 eventually. Once state 3 is reached, a gap whose length is a multiple of 3 

is generated before the Markov chain returns to state 1. We can think of having 

two sets of states El = {I, 2}, and E2 = {3, 4, 5}. Arrivals are generated while the 
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Markov chain is in set E1 • Set E2 is the group of states which generates gaps in 

the process. Figure 2.3 presents a realization of the process. 

Example 4: For this example, we consider an MAP with twenty phases, each 

with mean sojourn time 2. The matrix D is chosen to represent a Markov chain 

which visits the twenty states cyclically. The matrices Do and DI are given by 

[Do], , = 0.5, for 1 $ j $ 20, ,,1 

[Do]· '+1 - 0.5, for 11 $ j $ 19, 1,1 

[DO]20 ,1 - 0.5, 

[DI ] , '+1 = 0.5, for 1 $ j $ 10. 1,1 

All other elements of the two matrices are zero. The steady-state probability 

vector of this MAP is () j = 2
1
0 for 1 $ j ::; 20. The coefficient of variation of 

a typical interarrival time is 1.58116. The mean cycle length, which is also the 

mean recurrence time for each state, is 40. Since each state has to be visited 

at least once during a cycle, the minimum cycle length thus equals 20. Another 

feature of this example is that the arrivals only occur during transitions to the 

next states. Therefore, it is evident that there are always 10 arrivals in each cycle. 

The simulation of the process is shown in Figure 2.4. 

Example 5: We consider an MAP with the parameter matrices 
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0.989 0.01 O. O. O. O. O. O. 
O. 0.989 0.01 O. O. O. O. O. 
O. O. 0.565 0.01 O. O. O. O. 

Do = 
0.0095 O. O. 0.565 0.0005 O. O. O. 

, and O. O. O. o. O. 0.01 O. O. 
O. O. O. O. O. O. 0.01 O. 
O. O. O. O. O. O. O. 0.01 

0.01 O. O. O. O. O. O. O. 

0.001 O. O. O. O. O. O. O. 
O. 0.001 O. O. O. O. O. O. 
O. O. 0.425 O. O. o. o. O. 

D1 = O. O. O. 0.425 O. O. O. o. 
O. O. O. O. 0.99 O. O. O. 
o. o. o. o. O. 0.99 O. O. 
o. o. o. o. o. O. 0.99 O. 
O. o. o. o. o. o. O. 0.99 

That MAP has the steady-state probability vector () = i4 (20,20,20,20,1,1,1,1). 

The coefficient of variation of a typical interarrival time for this MAP is 5.63853, 

which is relatively high. The sojourn times of each state in this example are 

significantly higher than those in previous examples. We can group the states into 

the 3 sets {1, 2}, {3, 4} and {5, 6, 7, 8}. We shall denote the three sets as E1 , E2 

and E3 , respectively. When the Markov chain is in set Ell arrivals rarely occur. 

The conditional arrival rates given that the Markov chain is in set E2 , and set E3 

are 0.425 and 0.99 respectively. The matrix D = Do + Dl reveals that the mean 

sojourn times in each state are the same. Most of the time, the Markov chain 

wanders around in the union of sets El and E2• From the steady-state probability 
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(J, we !1.ee that a total fraction of ~~ is spent in these two sets. Once the chain hits 

state 5, it tends to stay in set E3 for some time, generating a burst of arrivals. 

This pattern is evident from Figure 2.5. 
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Chapter 3 

JUMPING WINDOW WITH REGULAR PLACEMENT 

3.1 Introduction 

We consider a jumping window of size a, where packets arriving during the 

window [ka, ka + a), k;::: 0, are transmitted in the next window [ka + a, ka + 2a) 

at a distance of b time units apart. The parameter b, 1 ::; b ::; a, is chosen so 

that a maximum of f{ ::; a packets can be carried through in each window. Excess 

packets are lost. Suppose there are v arrivals in the kth window. If v ::; f{, those 

packets are transmitted at times (k + l)a, (k + l)a + b, (k + l)a + 2b, . .. ,(k + l)a + 

(v-l)b. When f{ < v ::; a, only the first f{ packets are transmitted at time epochs 

(k + l)a, (k + l)a + b, (k + l)a + 2b, ... , (k + l)a + (f{ - l)b, and the remaining 

v - f{ packets are lost. We shall refer to this traffic transformation or shaping 

procedure as jumping window with regular placement. 

Equivalently, we can formulate the model as a queueing system. Suppose there 

is a gate between the arrival stream and the server which opens at time epochs 

a, 2a, 3a, .... When the gate opens, a maximum of f{ customers can be admitted 

and the rest leave the system. The arrivals admitted get served with a deterministic 
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service time of b. We have ]( = l ab'IJ + 1, so that the customers admitted for 

service will be served before the gate reopens. 

We model the input stream of packets to the shaping device as a discrete Marko

vian arrival process (MAP) with single arrivals. Let us denote by PI the original 

process, parameterized by the m x m matrices Do and D1• Assume that the matrix 

D = Do + D! is irreducible, with () as its invariant probability vector. The point 

process obtained after the transformation of the input stream will be referred to 

as P2• 

3.2 General Discussions 

Loss of packets, or customers can happen only at the end of each window. In 

other words, all losses, if any, occur only at time epochs a-I, 2a-I, 3a-I, .... If we 

look only at these times, we have a Markov renewal process {(J.~,X~),I' 2:: O} on 

the state space {I, 2, ... , m} x {a, 2a, ... }, in which each transition epoch corresponds 

to a positive number of losses L~. Here J~ denotes the phase variable immediately 

after the I'th transition, and X~ denotes the time between the (-y - 1)-th and 

I' + I-th transitions, with Xf; = O. For I' 2:: 1, the transition probability matrix 

with (j, j')-element 

P(J~ =j', L~ = K, X~ = v I J~_l =j) 
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is given by 

where 

K 

D~ = L P(i; a), Df = P(K + 1; a), ... , D~_K = P(a; a). 
i=O 

Therefore this process, which we shall denote by P3 , is a discrete batch Markovian 

arrival process( MAP) with the parameter matrices D~, 0 :::; '" :::; a - K. 

Here we define [P(ij a)]j,jl = P{N(a-l) = i, J(a-1) = j'l N(O-) = 0, J(O-) = 

j} for 0 :::; i :::; a and 1 :::; j,j' :::; m, where N(a - 1) is the counting process which 

counts the number of arrivals up to time a-I and J(a - 1) is the phase of the 

Markov chain at time a-I for Pl. Note that the only difference between this 

definition and the one in Chapter 2 is that here we count the arrival at time O. 

Technically, the values of P(i; a) are the same as in Chapter 2 for all 0 :::; i :::; a 

and a ;:::: 1 since we just shift the time axis by 1. The transition probability matrix 

of the underlying Markov chain is 

a-K 
DL = ~ D!- = Da 

L...J I , 

i=O 

so consequently the invariant probability vector ()L = (). The stationary version of 

P3 is obtained by choosing the initial state according to the invariant probability 

vector (). 
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The fundamental rate of the process P3 is 

a-K a-K 
)..Lo = a-IO L iDfe = a-IO L iP(I< + ij a)e. (3.1) 

i=I i=I 

The fraction of lost packets in steady state is given by 

)..LO 

q(b,a) = T-' (3.2) 

where).. * = 0 DI e is the rate of the arrival stream. 

Now we look at the counts of lost packets in successive intervals of length 

a. Let us denote by Nf«kj a) and Jf«kj a), k ;::: 1 the number of lost packets 

III [ka - a, ka) and the state of the underlying Markov chain at time ka - 1, 

respectively. The sequence {(Nf«kj a), Jf«kj a))} is a Markov chain ori the state 

space {O, 1, ... , a-I<} x {I, 2, ... , m} with transition probability matrix 

L 2:~oP(ija) P(I<+lja) P(I<+2ja) ... P(aja) 

( 

2:~o P(ij a) P(I< + 1j a) P(I< + 2j a) ... P(aj a) 1 
P (a)= 2:~o~(i;a) p(I(71;a) p(I<7 2;a) ";" p(~;a) " 

The structure of this matrix shows the conditional independence of the number 

of arrivals in successive intervals of length a, given the phases at the time epochs 

O-,a - 1,2a - 1,3a - 1,· ... The invariant probability vector 7r L(a) of pL(a), 

partitioned into m-vectors as 7rL(Oj a), 7rL(lj a), . .. , 7rL(a - I<; a), is given by 

for i = 0, 1,2, ... , a-I<. 
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The element 7l'L(ii a)e is the fraction of time that there are i losses in the interval 

of length a in steady state. 

The probability P(L I = II, L2 = h, ... , Ln = In, Jna- I = j' I J(O-) = j) of 

losing It arrivals at a - 1, 12 arrivals at 2a - 1, ... , in arrivals at na - 1 and the 

phase immediately after na - 1 being in state j' at time na - 1, given that the 

process starts from state j at time 0-, is given by the (j, j')-element of the matrix 

Consider the process P~, obtained from P2 by accumulating all packets trans-

mit ted between [ka - a, ka) at ka - 1. By looking at times ka - 1, k 2: 1 only, we 

see that P2 is also an MAP with the parameter matrices 

a 

D~ = P{Oj a), Di = P{lj a), ... , D'k = L P{ija). 
i=K 

Here we have 

K 

DT = ~ DT = Da = DL. 
i=O 

This relation shows that the matrix which governs the state transitions of the 

underlying Markov chain is the same for P~ and P3 • 

The fundamental rate of the process P~ is 

K {K-I a} >,.T0 = a-IO ~ iDT e = a-IO ~ iP(ij a) + J( i~ P(ij a) e. (3.3) 
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Obviously, ,\* = ,\L" + ,\T". The fraction of transmitted packets in steady state 

is given by 

,\T" 
p(b, a) = T-' 

If b = 1, then K = a, and therefore all packets will be transmitted. Equation 

(3.3) indeed shows that ,\T" = ,\*. When b> a, then ,\T" = 0, which corresponds 

to the case when all packets are lost. 

3.3 Loss Probability 

From equations (3.1) and (3.2), the loss probability q(bj a) is given by 

a 

q(bj a) = ('\*at18 L (i - K)P(ij a)e. 
i=K+l 

Next we examine the limit of q(bj a) as the window size a tends to infinity. We 

obtain the following result: 

Theorem 3.3.1: If ,\* < hI:::; b:::; a and a = Kb - b + 1 with 1 :::; 1 :::; b, then 

lim q(bj a) = 0, and the rate of convergence is exponential. 
a ..... 00 

Proof: Let T(Kj a) = Ei=K P(ij a), then 

q(bj a) = ('\*a)-18[T(I( + Ij a) + T(K + 2j a) + ... + T(aj a)]e 
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Obviously, 

(a - K)OT(aj a)e < (b' a) < (a - K)OT(I( + Ij a)e. 
A*a - q, - A*a 

Note that the (j,j') element of the matrix T(ij a) has the probabilistic interpreta-

tion 

[T(ij a)]j,jl = P{N(a - 1) ~ i, J(a - 1) = j'l J( -0) = j}. 

From the asymptotic normality of N(t) proved in Theorem 2.2.3, we have 

lim T(a; a) = lim eO <P (J A'a - a ) 
a ..... 00 a ..... 00 (a*2 + A .. 2 ) a 

= eO lim <p(Cl\/(i), 
a ..... 00 

Similarly, we have 

lim T(K + 1; a) 
a ..... oo 

= eO lim <p(C2..JK), 
K ..... oo 

where C2 = (J(a*2 + A*2)b) -1 (A*b - 1), therefore, we have 

b-l b-l IJ7 
~b lim<p(ClVa)$q(bja)$~b lim <p(c2yK). 
/I" a ..... oo /1* K ..... oo 



It is well known that ( e.g. see Durrett [5]) 

1
00 y2 x 2 

exp( --)dy '" x-1 exp( --) 
x 2 2 

where f(x) '" g(x) means 

lim f(x) = 1. 
x-+co g(x) 
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as x ---+ 00, 

Since the exponential factor is dominant as x ---+ 00, it is clear that both bounds 

of q(bj a) converge to zero exponentially .• 

It is worthwhile to point out that the loss probability q(bj a) is a nondecreasing 

function of a within successive intervals of length b. That is to say, q(bj a + 1) ~ 

q(bj a) for a = Kb - b + 1, a = Kb - b + 2, ... , a = Kb - 1. This is because as the 

window size a increases in that range, more arrivals could occur, but at most ]( 

arrivals can be transmitted during each window. 

Suppose we look at the function q(bj a) only at those points where a is a multiple 

of b, i.e. we examine the function q(bj Kb) as a function of 1(. We will consider 

only the important cases when "\. < t. It is interesting to note that q(b,I(b) 

is not necessarily a nonincreasing function of K. Arrivals are lost because they 

occur in bursts. Intuitively, one might expect that function to be nonincreasing 

because as the window size increases, arrivals which are lost at the end of a burst 

are now more likely to be transmitted due to the possible presence of gaps in the 

same window. It is easy to show that if the interarrival times are independent 
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and identically distributed, q(b, I(b) is indeed a nonincreasing function of 1(. With 

Markovian dependent interarrival times, actually this is not necessarily true. The 

second example in Section 3.6 illustrates this counterintuitive observation. 

3.4 The Delay Distribution 

To construct the stationary version of the process P2 , we first form the stationary 

version of the MAP. Apply the jumping window with regular placement scheme 

on the process, the stationary version of the process P2 is obtained by choosing 

the time origin at random within one of the windows of size a. 

Now we examine the distribution of the delay which is the distance between the 

transmission time and the arrival time of an arbitrary packet in the process P2. 

We shall denote this random variable as L. 

Theorem 3.4.1: For 1 ~ b ~ a, the probability density function of L is given 

by 

P(L = l) = (AT' at10 I: P(i - 1; a + (i - l)b -1)Dle for Lmin ~ I ~ Lmax , 
ieE, 

where 

E/ = {i: i-I ~ a + (i - 1) b - I ~ a-I, 1 ~ i ~ I(}, 

Lmin = 1, 
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Lma:c - a - K + (K -1)b+ 1. 

Proof: Select an arbitrary arrival in the stationary version of P2 • Suppose it 

is the ith arrival, 1 ::s; i ::s; K, in some interval [ka, ka + a) in Pl' Without loss of 

generality, we can assume that the arrival we choose is transmitted in the interval 

[a, 2a), then the transmission time for the ith packet is a + (i - l)b. This packet 

has to arrive sometime in [0, a) in the process Pl' The probability that the ith 

arrival occurs at time t, and the underlying Markov chain with generator D is in 

the phase j' at time a-I, given that the phase at time 0- is j, is given by the 

(j,j')-th element of the matrix 

'lj;(i; t) = (AT· a)-l P(i - 1; t)DIDa
- t- 1 for 1 $ i $ K and i-I $ t ::s; a - 1. 

The delay L for the ith arrival occurring at time t is a + (i -1)b - t. Equivalently, 

we can say that the probability that the ith arrival we selected is of delay I, with 

the Markov chain in phase j' at time a-I, given that the phase at time 0- is j, 

is given by the (j,j')th element of the matrix 

(AT· at l P(i - 1; a + (i - l)b _1)DID1-(i-l)b-l. (3.4) 

Note that for the ith arrival, 1 $ i $ K, theminimumdelayisL~?n = l+(i-l)b, 

and the maximum delay is L~l:c = a - i + 1 + (i - l)b. Thus considering all the 

arrivals, Lmin = 1 and Lma:c = a - K + 1 + (K - l)b. 
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By premultiplying by the invariant probability vector 8, postmultiplying by the 

vector e, and summing over all the legitimate values of i for the expression in (3.4), 

the resulting expression for the probability density function of L is obtained .• 

3.5 The Interarrival Time Distribution 

In this section, we study the probability distribution of the length T of an 

arbitrary interarrival interval in stationary version of the shaped process P2 • 

Theorem 3.5.1: For 1 :5 b ::; a, M od(a, b) f. 0, the probability density 

function of the interarrival time T is given by 

P{T = b} = 1 - p? a)-16(Da - Dg)e, 

for 1 ::; n < K, m ~ 0, 

a 

P{T = a - (K - l)b + ma} - p? a)-16 L P(lj a)D;fa(Da - Dg)e, for m ~ 0. 
/=K 

For 1 ::; b ::; a, M od( a, b) = 0, the probability density function of the interarrival 
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time T is given by 

K-l 
P{T = b} - 1- (AT·at lO I: P(lja)(Da - D~)e, 

/=0 

for 1 ~ n < 1(, m;::: 0, 

a 

P{T = a - (1( - l)b + mal = (AT· a)-IO I: P(lj a)D~a(Da - D~)e, for m > O. 
/=K 

Proof: First we consider the case when M od( a, b) '# O. Let I be an integer 

random variable, 1 ~ I ~ 1(, which indicates the order of the arrivals in intervals 

[ka, ka + a), k ;::: O. We claim that the probability that an arbitrary arrival is the 

i-th in the window during which it occurs is given by 

a 

P(I = i) = (AT· attO I: P(lj a)e, for 1 ~ i ~ 1(. 
/=i 

This statement follows immediately from the following argument. If we look at 

intervals of length a in steady state, the i-th arrivals only exist in those intervals 

which contain at least i arrivals. In particular, since the number of first arrivals 

and last arrivals in an interval are the same in all intervals, the probability that 

an arbitrary packet is the first in the window during which it arrives is the same 
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as the probability of being the last. Therefore we have 

a 

P(I = last) = (AT- at1n L P(li a)e. 
1=1 

Now note the fact that as long as the arrival we select is not the last one in some 

interval [ka, ka+a), the interarrival time T is equal to b, so the formula of P(T = b) 

follows. 

Suppose we start from an arrival which is indeed the last in some interval in 

[ka, ka + a). In this case, the probability that the last arrival among the n arrivals 

is chosen in that interval, and the phase of the Markov chain at ka + a - 1 is j in 

PI, is given by the jth component of the vector 

for 1 ::; n ::; J( - 1, 

for n = J(. 

Now let m, m ~ 0, be the number of intervals of length a during which no 

arrivals occur in process PI, following the last arrival we have chosen. Hence 

for 1 ::; n < J(, m ~ 0. 

The expression for n = J( case can be proved similarly. 

If M od( a, b) = 0, then a - (I( - l)b = b. In this case, the same proof follows, 

but we have to combine the terms slightly differently. _ 
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As a partial check in the numerical computation, we note that the expected 

delay E(T) is 

00 K 1 
bP{T = b} + l: l:(a - (n - 1)b + ma)P{T = a - (n - 1)b + mal = ).T-' 

m=On=l 

3.6 Numerical Examples 

Extensive computer code has been written to compute various descriptors and 

to simulate the shaped process P2 • Tables 3.1 through 3.5 list the results of some 

descriptors for Examples 1 through 5 discussed in Section 2.4. 

If b < ().*)-1, the loss probability q(bj a) oscillates and tends to 0 as the window 

size gets larger. For every fixed value of a, the loss probability is an increasing 

function in b. The mean delay E(W) increases close to linearly as the window size 

a increases. Also we note that the coefficient of variation increases as the window 

size a increases for large values of a. This is due to the following: Typically for 

b = 2 or b = 3 and for large values of a, only the beginning part of the window gets 

filled up with packets in the shaped process, leaving a relatively large gap until the 

start of the next window, since the rate of the original MAP is 0.25. In principle, 

for shorter delay and smaller buffer in implementation, we should keep a small, as 

long as the requirement for loss probability is satisfied. 

The familiar process of Example 1 will serve as a reference for comparison. 
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Table 3.1: Some Characteristics for Example 1 

1.3281 10-2 3.95 0.7865 9.6094 10-2 3.56 0.6920 
9.4719 10-3 7.71 0.8343 4.0723 10 -~ 8.29 0.7020 
1.3644 10 -3 11.49 0.9606 6.6064 10 2 12.56 0.7035 
1.0190 10 3 15.24 1.0959 3.2339 10 2 17.14 0.7720 
1.8912 10 4 19.00 1.2264 1.8606 10 2 21.65 0.8333 
1.4628 10-4 22.75 1.3466 2.5334 10-2 25.97 0.8734 
3.0341 10 5 26.50 1.4578 1.5658 10-2 30.45 0.9263 
2.3934 10-5 30.25 1.5613 9.9415 10-3 34.90 0.9742 
5.2892 10 -I) 34.00 1.6583 1.3138 10 -:l 39.23 1.0113 
4.2245 10 6 37.75 1.7500 8.6570 10-3 43.67 1.0538 
9.7283 10 ·7 41.50 1.8371 5.7804 10 3 48.10 1.0936 
7.8366 10 ·7 45.25 1.9203 7.5122 10-3 52.44 1.1276 
1.8578 10 ·7 49.00 2.0000 5.1362 10 3 56.86 1.1641 
1.5059 10-7 52.75 2.0766 3.5382 10-3 61.27 1.1991 
3.6480 10 -tl 56.50 2.1506 4.54741O-;;! 65.62 1.2306 
2.9711 10 8 60.25 2.2220 3.1858 10 3 70.03 1.2634 
7.3186 10-9 64.00 2.2913 2.2422 10-3 74.43 1.2950 
5.9830 10 9 67.75 2.3585 2.8586 10 3 78.82 1.3244 
1.4935 10-9 72.50 2.4238 2.0379 10-3 83.21 1.3545 
1.2246 10 9 75.25 2.4875 1.4571 10 3 87.59 1.3837 

E(W): Expected delay experienced by an arbitrary arrival 
q(bja): The steady state loss probability 
eVa: The coefficient of variation of a typical 

interarrival time of the shaped process 
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Example 2 is constructed to illustrate that the loss probability may not be a 

decreasing function for a = b, 2b,···. The function q(2; a) actually hits 0 for the 

first time at a = 5. If one is concerned only about the loss probability and the 

mean delay, a = 5 and b = 2 would be the best choice. Increasing a beyond that 

value is not useful. The loss probability could not decrease further while the delay 

increases. For this example, the value of the coefficient of variation fluctuates as 

a increases, and remains significantly smaller in the range of a listed than the 

coefficient of variation of the interarrival times for the original MAP. 

I a 11r-~q(~bj~a)--b~IE~~~W~)~I~C~V.~s~IIr-~q(~bj~a)--b~I~~f~W~)~I~C=V.~s~ 
3 1.1111 10-1 2.88 1.1495 44433 10-1 2.40 0.8540 
4 1.6667 10 1 3.50 1.0814 1.6667 10 1 3.90 1.0182 
5 0 4.49 1.1287 2.0000 10 ·1 4.54 0.9740 
6 0 5.13 1.1222 2.3810 10-2 5.18 0.9320 
7 0 5.81 1.1195 2.0414 10 2 6.65 0.9841 
8 1.1908 10-2 6.50 1.1092 5.1035 10-2 7.35 0.9492 
9 5.2926 10-3 7.24 1.1127 8.6515 10-2 8.06 0.9168 

10 1.3609 10 .:t 7.96 1.1078 5.1909 1O-:t 8.98 0.9266 
11 0 8.75 1.1167 7.5708 10 2 9.73 0.9025 
12 0 9.49 1.1202 1.0080 10 ·1 10.49 0.8824 
13 0 10.23 1.1256 4.9438 10-2 11.56 0.9080 
14 9.7240 10 4 10.96 1.1321 6.5060 10 2 12.35 0.8926 
15 4.5379 10-4 11.71 1.1415 8.2143 10-2 13.13 0.8798 
16 1.5801 10 3 12.45 1.1511 2.0508 10-2 14.30 0.9147 
17 0 13.21 1.1642 3.1476 10-2 15.10 0.9015 
18 0 13.95 1.1772 4.4373 10-2 15.90 0.8899 
19 0 14.70 1.1913 2.8668 10-2 16.83 0.9013 
20 9.7269 10 5 15.44 1.2062 3.8606 10 2 17.63 0.8934 

Table 3.2: Some Characteristics for Example 2 
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Example 3 is a model for discrete time, modulated on and off source traffic. 

For this example, in order to have a loss probability of the order 10-10 , which is 

the grade of service expected for video traffic in AT M networks Miyahara [14], a 

window size of around 500 is needed. Because of the underlying cyclic structure 

of the matrices Do and Dl in Example 4, the loss probability converges to zero 

much faster than that in Example 1 or 3. The cyclic behavior of the loss probability 

function is also exhibited in Table 3.4. The jumping window with regular placement 

scheme works very well for this type of traffic where the variabilities in the lengths 

of the gaps and bursts are small. 

Example 5 is a case when occasionally, very long bursts of arrivals occur in the 

process. We list the loss probabilities in Table 3.5. It is apparent that it converges 

to zero extremely slowly in this case. Even for a = 1000, about 2.5 percent of the 

arrivals would be lost. 

Now we present the simulation of the shaped process P2 for each of the five 

examples. b is chosen to be 2 in all the figures. For better visualization, we have 

chosen a to be a factor of 1152, the number of time units per line, and the first 

point of the plot corresponds to the beginning of a window, so that the windows 

line up vertically. Upon careful examination of Figures 3.1 and 3.2, it is evident 

that the global features of the two process are very similar, except that the bursts 

and gaps in Figure 3.2 tend to be longer. Figure 3.3 is the simulation for example 



I a" q(bj~ = 2, e~ II 
10 3.4287 10 2 2.0625 
20 2.1397 10-2 2.0083 
30 1.3358 10 -:.l 2.0255 
40 8.3551 10 -3 2.0829 
50 5.2482 10 3 2.1651 
60 3.3190 10-3 2.2617 
70 2.1172 10-3 2.3671 
80 1.3633 10 .;j 2.4765 
90 8.8615 10-4 2.5873 

100 5.8101 10 4 2.6977 
110 3.8390 10 4 2.8064 
120 2.5539 10 4 2.9129 
130 1.7091 10-4 3.0167 
140 1.1498 10-4 3.1178 
150 7.7719 10 5 3.2162 
160 5.2757 10 5 3.3119 
170 3.5951 10 ·5 3.4051 
180 2.4585 10 5 3.4960 
190 1.6866 10-5 3.5845 
200 1.1605 10-5 3.6710 
210 8.0067 10 6 3.7554 
220 5.5378 10-6 3.8380 
230 3.8390 10 -I) 3.9188 
240 2.6670 10-6 3.9980 
250 1.8565 10 -I) 4.0756 
260 1.2946 10-6 4.1518 
270 9.0437 10 7 4.2266 
280 6.3277 10-7 4.3000 
290 4.4340 10-7 4.3723 
300 3.1115 10 ·7 4.4434 

b=3 
q(bja) ,ev, 

1.6729 10 1 1.8319 
1.8025 10-1 1.6833 
1.6181 10 -I 1.6449 
1.1182 10 1 1.6751 
1.0313 10 1 1.6885 
9.4956 10-2 1.7172 
7.2591 10 2 1.7716 
6.8205 10 ·2 1.8123 
6.4152 10-2 1.8567 
5.1369 10 2 1.9134 
4.8894 10-2 1.9584 
4.6569 10 2 2.0035 
3.8325 10-2 2.0556 
3.6780 10-2 2.0986 
3.5309 10 2 2.1408 
2.9589 10-2 2.1876 
2.8557 10 .:.l 2.2275 
2.7565 10 2 2.2665 
2.3402 10-2 2.3090 
2.2678 10-2 2.3460 
2.1978 10 2 2.3823 
1.8843 10-2 2.4213 
1.8317 10 .:.l 2.4560 
1.7806 10-2 2.4901 
1.5385 10 2 2.5264 
1.4992 10-2 2.5592 
1.4608 10 2 2.5915 
1.2702 10-2 2.6256 
1.2401 10-2 2.6569 
1.2107 10 2 2.6876 

Table 3.3: Some Characteristics for Example 3 
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ral~1 ~q(~b;~a)--b~IE~(~W~)~I~C=V.~8~1~1 ~q(~b;~a)--b~I~~(~W~)~I-C=V.~8~ 
4 1.5000 10-1 3.48 1.3300 1.5000 10-1 3.86 1.3002 
6 1.0938 10-1 5.27 1.3070 3.0000 10-1 6.04 1.0886 
8 8.2031 10 2 7.01 1.2783 2.0713 10-1 7.61 1.0910 

10 6.1523 10-2 8.70 1.2512 1.4859 10-1 9.71 1.0643 
12 4.5117 10-2 10.32 1.2332 2.0957 10-2 11.18 0.9841 
14 3.1421 10-2 11.89 1.2245 1.5185 10-2 13.17 0.9746 
16 1.9638 10-2 13.39 1.2256 1.0782 10-2 15.08 0.9721 
18 9.2735 10-3 14.85 1.2347 1.3636 10-1 16.45 0.9604 
20 0 16.25 1.2497 9.2589 10-2 17.80 0.9694 
22 1.9506 10-8 17.57 1.2696 5.6477 10-2 19.64 0.9800 
24 1.0331 10-7 18.88 1.2903 6.7741 10-2 21.44 0.9613 
26 3.0490 10-7 20.18 1.3115 3.1651 1O-=-2 22.84 0.9627 
28 6.5778 10-7 21.49 1.3344 6.2082 10-4 24.66 0.9603 
30 1.1472 10-6 22.82 1.3601 2.1982 10-3 26.46 0.9279 
32 1.6900 10-6 24.17 1.3893 2.2482 1O-=-3 27.97 0.9012 
34 2.1237 10-6 25.56 1.4218 2.2343 10-3 29.57 0.8825 
36 2.2070 10-6 26.98 1.4573 5.4092 10-3 31.20 0.8712 
38 1.6248 10-6 28.44 1.4952 4.9928 10:;3 32.88 0.8736 
40 0 29.92 1.5349 4.4876 10 3 34.57 0.8859 

Table 3.4: Some Characteristics for Example 4 
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a I q(2;a) 

50 9.7847 10 2 

100 8.7707 10 2 

150 8.2506 10 2 

200 7.8156 10 -:l 

250 7.3985 10-2 

300 6.9864 10 2 

350 6.5788 10-2 

400 6.1780 10 2 

450 5.7868 10-2 

500 5.4075 1O-:l 

550 5.0424 10-:l 

600 4.6926 10-2 

650 4.3593 10 2 

700 4.0430 10 2 

750 3.7440 10-2 

800 3.4625 10 ~ 
850 3.1982 10 2 

900 2.9508 10 -:l 

950 2.7199 10 2 

1000 2.5049 10 2 

Table 3.5: The Loss Probabilities for Example 5 
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3 with the same a = 6. The difference between Figure 3.3 and Figures 3.1 and 3.2 

is quite noticeable. Firstly, since about 11 percent of arrivals are lost, less arrivals 

are shown in the plot. Secondly, a = 6 is too small to catch the underlying cyclic 

behavior of the original process, so that the gaps shown are much longer than those 

in Figure 3.1 and 3.2. 

Figures 3.4 through 3.7 show the simulations for examples 1, 3, 4 and 5 with 

a = 36. The main difference between these Figures is the variability of the number 

of arrivals in each window. The most regular pattern is observed in example 4 due 

to the periodic nature of process. More variability is exhibited in Figure 3.5 than 

in the Bernoulli case. From Figure 3.7, we see that for example 5, a = 36 still 

results in many losses at the ends of windows as well as many windows containing 

no arrivals. As we increase a to 288, the variability in the number of arrivals in 

example 3 gets settled down. For example 5, in the one run of the simulation shown 

in Figure 3.9, the loss only occurs at the end of a few windows. However, when loss 

does occur, typically a long string of arrivals are lost. The loss probability decreases 

only from 0.104526 to 0.07985 when a changes from 36 to 288. Apparently, the 

variability in the number of arrivals in each window is still quite large. This kind 

of loss is not so desirable for most traffic in telecommunication network. 
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Chapter 4 

AN INPUT RATE CONTROL SCHEME 

4.1 Introduction and Model Description 

In this Chapter, we study an input rate control model, proposed by Ohta et 

al. [21], [22]. We assume that the arrival process can be characterized by the 

Markovian Arrival Process ( MAP) with single arrivals. 

The rate control scheme operates like a leaky bucket with an unlimited buffer. 

Each cell experiences at least one unit of processing time. The controller has 

a counter or throttle characterized by integer parameters N, T and U satisfying 

1 ::; N < T < U, U;::: T + N - 1. It operates as follows: 

The value V of the counter is an integer i between 0 and U. If a cell is present 

at time n and V + T ::; U, the cell is submitted into the network and V is set 

to V + T. 

Just before any clock tick, the value V of the counter is set to max(O, V - N), 

regardless of whether a cell has been processed or not. The value of the counter 

just before any clock tick is therefore an integer between 0 and U - N. 
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We notice that, if the index of the throttle (or counter) just prior to time n is V 

and a cell is submitted, the counter value just prior to time n + 1 will be V + T - N. 

From now on, we shall use the words counter and throttle interchangeably. 

Ignoring for the time being the queue of cells waiting for admission to the 

network, but assuming that the queue is not empty, we consider a very special 

stochastic matrix P of order U - N + 1, the state of which is the value of the 

counter just prior to time n. This matrix plays an important role in what follows. 

To help guide our discussion, we display the matrix P for N = 3, T = 5 and 

--------lJ--=--l:¥.------ ------------ -----

.0 0 1 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 0 

P= 0 0 0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 0 

We shall refer to the states i for which 0 ::; i ::; U - T, as the release states and 

the states for which U - T + 1 ::; i ::; U - N, as the blocked states. If we think 

of P as the transition probability matrix of a Markov chain, it is important to the 

sequel to discuss the class structure of that chain. 

We see that the lowest release state from which we can return from a blocked 
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state is U - T - N + 1. Any state with a label smaller than U - T - N + 1 is 

therefore transient. As in the example, the columns corresponding to some of these 

states may consist of all zero elements. Such states are called ephemeral and could 

be deleted. However, it is notationally simpler to retain them and we shall show 

that they play no role in subsequent calculations. 

Whether the states U - T - N + 1 to U - N form a single recurrent class or not 

depends on the divisibility properties of Nand T. It is easily verified that if and 

only if Nand T are relatively prime, they form a single recurrent class. As that is 

a plausible assumption in practice, we shall limit our attention to that case. ~\4.ze-------·------ ---...... 

now partition the matrix P into the transient and the irreducible part as 

to display its class structure. For the example, this corresponds to the partition 

0 0 1 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 0 

P= 0 0 0 0 0 0 0 1 0 0 0 

0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 0 
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The stochastic matrix Pf is of order T. Since the first 1 in the first and last rows 

occur respectively at the indices U - 2N + 1 and U - 2N, the matrix is doubly

stochastic and its invariant probability vector is therefore T-l(1, 1, ... ,1). Of the 

T states in the recurrent class, the first N are release states. 

4.2 The Queueing Model 

We assume that cells arrive according to a discrete-time MAP with single ar

rivals and coefficient matrices Do and Dl of order m. The matrix D = Do + Dl 

is irreducible and stochastic. In order to define the queueing model rigorously, we 

assume that the transactions at a clock tick occur in the following order: 

At time n- (just prior to time n,) the index of the throttle is in one of the 

states j, 0 :::; j :::; U - N. At time n, if and only if there are i ~ 1 cells waiting 

and 0 :::; j :::; U - T, a cell is released into the network. If so, the counter is 

increased by T. The index of the throttle is now j', which is equal to j + Tor 

j, depending on whether a cell was released or not. At time n+ (immediately 

after time n,) if an arrival occurs, it joins the queue. In any case, the counter 

is set to max(O,j' - N). 

By X n , we denote the number of cells in the queue at time n+ and by I n , the 

index of the throttle at time n-. The sequence of pairs {Xn' In}, n ~ 0, forms a 

Markov chain with states (i,j), where i 2:: 0 and 0 :::; j :::; U - N. Its transition 
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probability matrix P* is of the block-tridiagonal form 

B COO 0 
A2 Al Ao 0 0 

P* = 0 A2 Al Ao 0 
o 0 A2 Al Ao 

where the matrices Ao, Al and A2 of order (U - N + l)m are defined as follows: 

where Ag is the square matrix of order Tm, obtained from the matrix Pt by 

replacing the 1 by DI only in the rows corresponding to the T - N blocked states. 

All other elements are zero. Al is given by 

A - ( Poo ® DI POI ® DI ) 
1- 0 AO , 

I 

where A~ is the square matrix of order Tm, obtained from the matrix Plo by 

replacing the 1 in the rows corresponding to the release states by DI and in the 

rows corresponding to the blocked states by Do. All other elements are zero. 

The matrix A2 is similarly of the form 

A - ( Poo ® Do POI ® Do ) 
2 - 0 AO , 

2 

where A2 is the square matrix of order Tm, obtained from the matrix Pt by 

replacing the 1 by Do only in the rows corresponding to the N release states. 



80 

The matrices Band C correspond to the transitions from states where the queue 

is empty, but where possibly an arrival may occur. To define Band C concisely, we 

define the matrix Po of order U - N +1 as follows: For 0 :5 j :5 U -N, (PO)jk = 1, 

if and only if k = max(O,j - N). All other elements are zero. The matrices Band 

C are then obtained by replacing all the elements 1 in Po respectively by Do and 

D I . This may be concisely written as 

B = Po ® Do, and C = Po ® DI • 

It is worth noticing that the elements 1 in the rows of Po corresponding to the 

blocked states, occur in the same locations as in the matrix P. The lower T - N 

rows of m x m blocks in Band C are therefore the same as in the matrices A2 and 

Al respectively. 

4.3 The Steady-State Probabilities 

We next discuss the equilibrium condition and the steady-state equations for the 

Markov chain {Xn' I n}. We shall also show how the somewhat involved analysis of 

the reducible structure of the matrix A = Ao+AI +A2leads to major simplifications 

in the algorithmic solution of this discrete QBD process. 

By i, we shall denote the set of U - N + 1 states (i,j, h) with 0 :5 j :5 U - N 

and 1 :5 h :5 m. The set i is called level i. The index i corresponds to the number 
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of cells in the queue; j is the index of the throttle and h the state of the MAP 

input process. 

The reducibility of A reflects important physical behavior of the throttle. For 

each level i, the first U - T - N + 1 states for I n are the transient part. The last 

T states are irreducible. They usually correspond to the high traffic conditions. 

The counter moves upwards only when it is in a blocked state and the queue is 

nonempty. Once the irreducible part is reached, states for which j is smaller than 

U - T - N + 1, can only be reached via the boundary states in the level 0, which 

involves emptying out the queue. Thus the transient part for i > 1 can never 

be reached. Figure 4.1 shows the state transition diagram for the example with 

U = 13, T = 5 and N = 3. 

As the matrix P* is of block-tridiagonal type, the Markov chain is amenable to 

analysis by both the matrix-geometric method (Neuts [17]), and by the approach 

to stochastic matrices of MIG/l type (Neuts [18]). However, because of the highly 

"degenerate" structure of the blocks in the transition probability matrix, a number 

of special details need to be discussed. These result in a major reduction of the 

dimensions of the matrices to be used in numerical computations. 

The Matrix-Geometric Solution: For the matrix P*, let Xi be the row vector of 

dimension (U - N + l)m of the steady-state probabilities corresponding to the states 
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in level i. The matrix-geometric solution has the form Xo, XI, xlR, x 1R2 , 

The (i,j)-th block element of R is the expected number of visits to (2,j), starting 

from (1, i), before the first return to the levell. It is a block element rather than a 

scalar because we must also keep track of the phase of the MAP. Since zero rows 

in Ag induce zero rows in R, and starting from the irreducible part in levell, the 

transient part can never be reached before hitting the level 0, the matrix R is of 

the form 

By Theorem 1.5.1 and Theorem 3.1.1 in Neuts [17], we have 

Theorem 4.3.1: The Markov chain with transition probability P* is positive 

recurrent if and only if 

(4.1 ) 

where ).* is the rate of the arrival process. 

If condition (4.1) holds, then: 

a. For i > 1, the steady-state probability vector X of P* satisfies 

R i-l 
Xi = Xl , (4.2) 

where RO is the minimal nonnegative solution to the equation 

( 4.3) 



and all eigenvalues of RO lie inside the unit disk. 

b . The matrix B [R] defined by 

B [R] = ( AB2 A eRA ), 
1 + 2 
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( 4.4) 

is stochastic and the vector (Xo, xt) is proportional to its invariant probability 

vector. 

c. The normalizing constant is obtained from the equation 

( 4.5) 

Condition (4.1) is derived from the equilibrium condition N()Doe > (T-

N)()D1e, where () is the invariant probability vector of the matrix D. Theorem 1 

exploits only the most apparent structure of the matrix P*. The matrix RO can 

be further partitioned into blocks corresponding to the release and blocked states. 

It is of the form 

since the Markov chain can move up one level only from the blocked states. We 

partition the vector Xi into (Xi,t, Xi,r, Xi,b)' These vectors are respectively of 

dimension (U - T - N + l)m, Nm, (T - N)m, and correspond to the transient 

states, the release states in the irreducible part, and the blocked states. The special 
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structure of the matrix R leads to the following expanded form of equation (4.2): 

Xi,t - 0, 

Xi,r = m,-2R XI,b I, for i 2:: 2, 

Xi,b - ~-I XI,b • 

Partitioning the matrix Plo into the form 

P o _ (SI S2) 
I - S3 0 ' 

equation (4.3) may be written as 

( 4.6) 

The normalizing equation (4.5) becomes 

(4.7) 

Remark a. We note that the matrix R depends only on the coefficient matrices 

which describe the evolution of the irreducible part of the Markov chain. Also, 

R does not depend on U. The expanded versions of the equations in Theorem 1 

involve matrices of lower dimensions. For instance, the equations for the matrix 
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R, in (4.6), involve matrices of size (T - N)m and Nm instead of matrices of size 

(U - N + 1)m. This saves considerably in computation. 

Remark h. The vector (XO,XI) is the solution to the set of linear equations (4.4) 

and (4.7). It is crucial to compute that vector very accurately to obtain the steady

state probability for all higher levels. In order to take advantage of the many zero 

blocks in the matrices B, C, R, Al and A2 , block Gauss-Seidel iteration is used to 

compute the solution. One further advantage of that approach is that it is very 

easy and fast to update in solving for a different U value. The preceding solution 

can then be chosen as the initial solution for the next round of iterations. 

4.4 The Distribution of the Delay 

The delay an arbitrary cell experiences in the counter is equal to the waiting time 

of the cell at arrivals. From the general theory for the waiting time distribution for 

the QBD process or for Markov chains of MIG/1 type, we could write standard 

formulas for the waiting time distribution. Because of the large size of the matrices 

involved here, these formulas are difficult to implement numerically. We shall 

propose a more direct approach by exploiting the special degenerate structure of 

the Markov chain. It is based on the observation that the transitions among the 

phases of the counter are cyclic in the irreducible part of the Markov chain P. 
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Let Wi;' i ;::: 0, 0 ::; j ::; U - N, be the waiting time of the cell which upon 

arrival, finds i cells waiting in the queue, and the index of the throttle being j, 

Due to the cyclic structure of the Markov chain, Wij is actually deterministic for 

any given i and j, Clearly, Wij is the time it takes to release i cells, given that the 

index of the throttle starts from j, Let us write i in the form 

i = X',i X N + ii, for X',i;::: 0, [= 1,2, ' , , ,N, 

and let step(jj I) be a matrix of size T by N, which keeps track of the amount 

of time it takes for the Markov chain to move down I level, given that the initial 

index of the throttle is j, Then 

Wij = { 1 for i = 1, 0 ::; j ::; U - T - N, 

X',i * T + step(jj Ii) for i;::: 1, U - T - N + 1 ::; j ::; U - N, 

where the matrix step(jj Ii) is obtained by the following algorithm: 

Algorithm for computing step(ji Id 

begin 

For j = U - N - T + 1, U - N - T + 2, .. " U - N do 

{ 

jnow := j, nstep:= 0, [down := 0 

do while Idown:S; N 
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{ 

nstep := nstep + 1 

if (jnow:5 U - T) then 

{ 

ldown := ldown + 1 

step(j j [down) := nstep 

} 

if jnow :5 U - T then 

jnow := jnow + T - N 

else jnow := jnow - N 

} 

} 

end 

Now let Ya(ijj), i 2:: 1, 0 :5 j :5 U - N, be the steady-state density vector of 

the number of cells in the queue and the index of the throttle immediately after 

the arrival epoch. The kth element of Ya(ijj), 1 :5 k :5 m is 

[Ya(ijj)]k = lim P{Xn+I = i,Jn+I = j,J(n+l = k I there is an arrival at time n} 
n ..... oo 

1
. [P{Xn = i,Jn = j - T + N,a cell is released at time n}D1]k 

- 1m ~~~~~~~~~~~~~~~~~~~--~~ 
n-+oo ,.\* 
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I
' [P{Xn = i-I, I n = j + N, no cell is released at time n }D1]k 

+ 1m ..\ ' n-+oo * 

So for each term xii, we obtained its contribution to Ya as follows: 

Ya(lj 0) 
1 N 

- ..\* LXoiDb 
i=O 

Ya(ljj - N) for N + 1 ~ j ~ U - N, 

Ya(ijj + T - N) for i 2:: 1, 0 ~ j ~ U - T, 

Ya(i + Ijj - N) for i 2:: 1, U - T + 1 ~ j ~ U - N, 

The generating function of the waiting time density is written as 

U-T-N U-N 

w(z) = L Ya(1jj)ez + L L Ya( ij j)e zKi*T+step(iili) , 

j=o i~l i=U-T-N+l 

The probability density of the waiting time at an arbitrary arrival is obtained 

numerically by using the steady-state probability vector Ya. and collecting the prob-

ability masses with the same waiting times, 
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4.5 The Matrix G and the Mean Busy Period 

The matrix G, whose (i,j)th block element is the probability that starting from 

the state (1, i), the chain eventually visits the level 0 and does so by visiting the 

state (0, j), satisfies the equation 

(4.8) 

Theorem 4.5.1: The matrix G is stochastic if 

Proof: By Theorem 3.3.2 of Neuts[17]. 

The matrix G can be partitioned into 

since the matrix A = Ao + Al + A2 is reducible and has the same block form. 

That special structure reflects the fact that starting from levell in the irreducible 

states, the transient part of level 0 can only be reached via the irreducible states 

in level O. Equation (4.8) implies 

(4.9) 

(4.1O) 
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G3 - A~ + A~G3 + A~G~. (4.11) 

Equation (4.11) is the same equation as (4.8), but for the irreducible part only. 

G3 depends only on the matrices which describe the transitions in the block cor-

responding to the irreducible part. When hitting level 0 at time n, the counter 

value V at time n - 1 is set to V + T - N, thus the first T - N blocks in G3 are 

zero blocks. G3 can be further partitioned into T - Nand N states as 

G - (0 G31) 
3 - 0 G

32 
• (4.12) 

We rewrite Ag, Al and A~ in the same block form as G3 with the notation 

Equation (4.11) then yields that 

The iterative scheme for the matrix G is summerized as follows: 



Algorithm for the Matrix G 

begin 

end 

G32 := Q3 ® Do 

Repeat Until II ( g:~ ) e - e 1100< € 

{ 

} 

Write G3 := (~ g:~) 
G1 := Poo ®Do 

{ 

} 

92 
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Remark: The computationally time-consuming part of the algorithm is the itera

tion for G31 and G32 , but the matrices involved are much smaller than in the direct 

iteration for G. Once G31 and G32 are obtained, we have a very good starting point 

for the iteration for G1 and G2 • 

It is to be anticipated that the duration of the busy period and the number of 

packets transmitted during an arbitrary busy period are sensitive to the burstiness 

of the arrival process. A burst of arrivals during a busy period will considerably 

extend the length of the busy period. We recall that the successive busy periods 

of the QBD process are dependent. Next, we will derive formulas for the mean 

number of cells transmitted during an arbitrary busy period by exploiting the 

special structure of the reducible matrices in this problem. The mean and second 

moment for the duration of an arbitrary busy period can be derived in similar 

fashion. The detailed analysis of the busy period can be found in Chapter 3 

of Neuts [17] and Chapter 3 of Neuts [18] for continuous time processes. The 

derivations for the discrete QBD process are analogous. 

Let G~j!(k,x) be the conditional probability that the QBD process starting 

from (i + l/, j) at time t = 0, reaches set i for the first time at time x, after 

exactly k transitions to the left, and does so by entering the state (i,j'). Define 



the transform 

00 00 

G(v)(ZjS)=I:Zk I: sXG(v)(kjx), 
k=l x=l 

then from Neuts [18], we know that 

and that the matrix G(Zj s) = G(1)(Zj s) satisfies the equation 

As noted before, the matrix 

A = ( Poo 00 D POI 0 D ) 
P10D ' 

is reducible, so G(Zj s) also has the form 

Write equation (4.13) into partitioned form as 
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(4.13) 

ZP~o 0 Do - (I - P~o 0 D1s)G1(Zj s) = 0, (4.14) 

zA~-(I-A~s)G3(Zjs)+A~G5(Zjs) = O. (4.16) 
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Defining the first moment matrix 

oG(ZjS) 
M1 = [ OZ ]z=l,s=l, 

M1 also has the form 

The column vector /11 = M1 e, the jth component of which gives the mean number 

of cells transmitted during an arbitrary busy period starting from state j, is par-

titioned into the following two parts: /111 = M1(1)e + M1(2)e and /112 = Ml(3)e. 

Differentiating equation (4.14) and (4.15) with respect to z, post multiplying by 

the vector e, and setting Z = s = 1, it follows that 

Because G3 is reducible, equation (4.16) is partitioned further as in (4.12). If G32 

is irreducible, let g be its invariant probability vector. Standard calculations then 

lead to: 

/112 

where 

z = ( 1 Q1 ® D + (1 - Q1 ® Dt}eNg ) 

-Q2 ® D 1 - Q3 ® D - Q2 ® DG31 + (I - Q3 ® Dl - Q2 ® Dl G3t}eNg , 

ell is a column vector of l's of size v. 
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4.6 The Interdeparture Time Distribution 

In this section, we study the probability density of the number of time units 

between an arbitrary departing packet and the next. That density is the basis for 

some comparisons between an arbitrary interarrival time and an arbitrary interde-

parture time of a cell. Firstly, let Y d( ij j), i ;;:: 1, 0 5: j 5: U - N, be the steady-state 

probability vector after a releasing epoch. i is the number of cells left in the queue 

and j is the index of the throttle. The kth element of Yd(ijj), 1 5: k 5: m is 

[Yd(ijj)]k = lim P{XnH = i, I n+1 = j, J(n+1 = k I there is a departure at time n} 
n-+oo 

1
. P{Xn = i, I n = j - (T - N), J(n+l = k, arrival occurred at n, i ~ I} 

= 1m ~~--~----~--~--~~~~--~------------------~ 
n-+oo A'" 

1
. P{Xn = i + 1, I n = j - (T - N), J(n+1 = k, no arrival occurred at n} 

+ 1m A ' n-+oo '" 

since 

P { there is a departure at time n} = rate of the departure process = A*, 

when the queue is stable. The arrival process after time n is independent of Xn 

and I n , the number of cells in the queue at time n+ and the index of the throttle 

at time n-. So we have 
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1.XI,j_(T-N)Do, for i = 0, T - N $ j $ U - N, 

Yd(ijj) = >.1. [Xi,j_(T_N)D1 + Xi+l,j-(T-N)Do], for i 2:: 1, T - N $ j $ U - N, 

° elsew here. 

Remark: The equation 

U-T 
E E Xi,je = X· 
i~l j=O 

can be used as an accuracy check in numerical computation. The left hand side is 

the stationary probability that the counter is in release state. When the queue is 

stable, it is equal to the arrival rate of the MAP. 

Theorem 4.6.1: Let V be an arbitrary interdeparture time. The generating 

function of the density of V is given by 

U-T 
g(z) = Z3 E Yd(O,j)(I - zDotl DIe 

j=T-N 

U-N 
+ L Yd(O,j) [(1 - Dot1(J - D~j) + (1 - DoztlD~j] D 1ezTJ +2 

j=U-T+I 

+ zE 
i~l 

U-T 
E Yd(i,j)e + E 

j=T-N i~l 

U-N 
E Yd(i,j)ez2+ TJ , 

j=U-T+l 

where T'j = Li-(UjVT+l) J, Lp J is the largest integer less than p. 

Proof: Let L be a matrix of random variables, the (kl' k2)th element of which 
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is the interarrival time of the MAP, with the phase immediately after the latter 

arrival in k2' given that the phase right after the former arrival is k1 • The time 

between two successive departure cells is closely related to the phase of the Markov 

chain right after the former departure. In fact, the relationship between the steady-

state distribution of the sequence {Xn' I n} at departure and the value of V is 

expressed as follows: 

If i = 0, T - N $; j $; U - T, then V = 2 + Yd(O,j)Le 

If i = 0, U - T + 1 $; j $; U - N, then V = 2 + Yd(O,j) max{L, Lj-(UNT+l)J}e 

If i > 0, T - N $; j $; U - T, then V = 1 

If i > 0, U - T + 1 $; j :5 U - N, then V = 2 + Lj-(Uj\iT+l) J 

Let 1'j = lj-(UoiVT+1) J, then we can' write the generating function of density of 

Vas: 

U-T 00 

g(z) - z2 L Yd(O,j) L P{L = l}zle 
j=T-N 1=0 

U-N 00 

+ z2 L Yd(O,j) L P{max{L, 1'j} = l}zle 
j=U-T+l I=rj 

U-T U-N 
-I- zL L Yd(i,j)e+L L Yd(i,j)ez2+ T

). ( 4.17) 
i~l j=T-N i~l j=U-T+l 
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Rewrite the second term in (4.17) as 

00 ~ = 
L P{max{L,Tj} = l}z' = LP{L ~ Tj}Zr j + L P{L = l}z' 
I=rj 1=1 I=rj+l 

Substituting for the generating function for L from equation (2.17), the stated 

result follows after some simplifications .• 

The algorithm for computing the density of V is summerized as follows: 

Algorithm for the Density of V 

begin 

For i = 0; j = T - N, ... , U - N do 

{ 

} 

Y sum := 'L-f;f-N ld(O; j) 

Repeat until I/WI/oo < € 

{ 

P(V = 2 + k) := Ysum * W 

k:= k + 1; W:= DoW 
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} 

For j = U -T+l, ... ,U -N do 

{ 

r ' .- lj-(U-T+!)J 
3'- N 

W "rj-I DiD sum:= L....i=O 0 Ie 

} 

k .- r " W'- D k- 1 D e .- 3' .- 0 1 

P(V = 2 + rj):= P(V = 2 + rj) + l'd(Ojj) * Wsum 

Repeat until IIWI/oo < € 

{ 

k := k + Ij W:= Do W 

} 

For i > OJ do 

{ 

For j = T - N, ... U - N do 

{ 

} 
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P(V = 1) := Ysum e 

For j = U - T + 1, ... , U - N do 

{ 

r · .- li-(U-T+1)J 
J'- N 

} 

} 

end 

4.7 Numerical Examples 

To illustrate the effectiveness of the input rate control scheme, we shall discuss 

some numerical examples here. First of all, we examine in detail a variation of 

the example 2 discussed in Section 2.4 for pedagogical purposes. We consider an 

MAP with parameter matrices 

0.5 0.5 O. O. O. O. O. O. O. O. 
O. O. O. O. O. O. O. 1. O. O. 

Do= O. O. O. O. O. , and Dl = O. o. O. 1. O. 
O. O. o. o. o. o. o. o. O. 1. 
1. O. O. o. o. o. o. o. o. o. 

Let us set N = 2 and T = 3. We begin by choosing U = 4. In that case, the 
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matrix P is given by 

( 
a 1 0) 

P= a a 1 . 
100 

Note that this matrix P contains only the irreducible part. By choosing U = 4, 

we are imposing the tightest control possible for N = 2, and T = 3, since 4 is the 

smallest value U can take. From the matrix P, it is clear that the last one in a 

string of three always gets blocked for one unit of time. Since the gap is of at least 

two units, there is always enough time for the value of the counter to return to 

zero before the next string of arrivals. 

After 4 iterations, the matrix R is obtained as: 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
1.0 0.0 1.0 0.0 0.0 0.0 0.0 0.0 1.0 0.0 

Rl = 0.0 0.0 0.0 1.0 0.0 0.0 0.0 0.0 0.0 1.0 
0.0 0.0 0.0 0.0 1.0 0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

and 

0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 1.0 

R2 - 0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 0.0 

For this simple example, the sample path for the sequence {Xn, In, J(n} for Xn > 

o is deterministic once the phase of the MAP before the arrival which changes Xn 

from 0 to 1 is fixed. For instance, suppose we start from level 0, and phase 2 in 
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MAP. It is easily seen that the path is: (1, 0, 3) --t (1, 1, 4) --t (1, 2, 5) --t (1, 0, 1), 

then (0,1,2) or (0,1,1). The nonzero elements in the second row of Rb and R2 

show up in 4 places which correspond to the path we indicated. Similar argument 

explains the third and fourth row. The first and last row have all zero elements 

since no arrivals are generated when the Markov chain is in state 1 and 5. 

II P(Release) I P(Blocked) I Total I 
Level 0 0.33333 0.00000 0.33333 
Levell 0.50000 0.16667 1.00000 

Table 4.1: Steady State Probabilities for Example 2a 

The fraction of time spent in the blocked states is ~, which is exactly the same 

as the fraction of time the Markov chain P is in state 4. As discussed before, 

that is the very state where the third arrival is generated. From the computation 

following the algorithm, we obtain that the mean time of the delay is 1.33333. 

Theoretically, as ~ of the cells are released after one time unit, and the remaining 

one third of the arrivals always get blocked for one more time unit, ~ should be 

the expected answer. 

By choosing U = 4, we are allowing a burst duration of 2 at peak rate 1. 

As the value U increases, the number of release st.ate increases. Essentially, we 

are allowing longer duration of the bursts. This can be illustrated by the simple 

example we have. If we increase the value U to 5, the matrix R remains the same. 



The matrix P now becomes 

1 00) 010 
o 0 1 ' 
100 
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and we have 3 release states instead of 2, as in U = 4 case. For U = 5, the following 

table is obtained: 

II P(Release) I P(Blocked) I Total 
Level 0 0.33333 0.16667 0.50000 
Levell 0.50000 0.00000 1.00000 

Table 4.2: Steady State Probabilities for Example 2b 

The fractions of time in the release and blocked states are ~ and ~ respectively, 

as when U = 4. The difference lies in the fact that the blocked state is reached 

in level 0 instead of level 1. The counter gets blocked after all three packets are 

released. Therefore the the mean time of the delay is 1 as expected. For values of 

U greater than 5, the throttle will never reach blocked states. The table becomes 

the following: 

II P(Release) I P(Blocked) I Total 

Level 0 0.50000 0.00000 0.50000 
Levell 0.50000 0.00000 1.00000 

Table 4.3: Steady State Probabilities for Example 2c 

The fraction of time that the Markov chain is in levell reflects the arrival rate 

of the MAP. Another interesting fact about this example is that the queue length 
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is never greater than 1, and the spectral radius of the matrix R in fact is equal to O. 

This example is intended to show how the rate control scheme works for a simple 

arrival process. Next we consider a variation of example 3, in which we combine 

the first two states into one and adjust the transition probabilities from the last 

state to have an arrival rate of 0.5. The coefficient matrices of this MAP becomes 

0.1 0.1 O. O. O. 0.8 O. O. O. O. 
O. O. 1. O. O. O. O. O. O. O. 

Do = O. O. O. 1. O. , and Dl = O. o. o. o. o. 
o. o. o. O. 1. O. O. o. o. o. 
O. 0.5 O. O. O. 0.5 O. O. O. O. 

This MAP has the steady state probability vector () = ~(5, 1, 1, 1, 1) and the 

arrival rate).'" = 0.5. Suppose we start the Markov chain in state 1. With proba-

bility 0.9, the Markov chain will stay in state 1 and with probability 0.1, state 2 

will be visited next. In the event that the chain stays in state 1, an arrival will 

occur with probability~. On the other hand, if state 2 is the next state visited, 

no arrival will occur. Therefore, sojourns in state 1 are geometrically distributed 

with mean 10, and while in state 1, arrivals are likely to occur in strings with very 

short interarrival times. Once state 2 is reached, the next three transitions are 

deterministic, with state 2 being followed by states 3, 4 and 5. From state 5, the 

Markov chain will go either to state 1 with probability!, generating an arrival, or 

to state 2 with probability!, generating no arrival. Hence, a gap of 4, 8, 12, .,. 
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will be generated before the Markov chain goes back to state 1 again. 

We set N = 3, T = 5, and display the main numerical results for U = 7, 10, 20 

and 30. From Table 4.5, we see that, as expected, the fraction of time the Markov 

chain spent in blocked states decreases as the value U increases. The mean waiting 

time is similarly decreasing. Since A* < ~, the Markov chain is positive recurrent. 

Therefore the mean interarrival and interdeparture times for each of the different 

values of U's are equal. Figure 4.2 shows the steady state density functions for the 

interarrival and interdeparture times. These graphs are very different even though 

their means are all equal. The starred line indicates that the density has peaks 

at 1,5,9,13,17, ... , which follows from the nature of the arrival process. Smaller 

values of U induce tighter control, thus from the plot, one sees that the arrivals 

with interarrival time of 1 are forced to be spread out more when U is small. 

More and more interarrival times of 1 are allowed as U increases and the graph 

approaches that of the probability density function for the interarrival time. 

I U " P(Release) I E(Delay) I 
7 0.67855 10.1778 

10 0.70827 9.2914 
15 0.75495 7.9832 
20 0.79296 6.8881 
25 0.82567 5.9610 
30 0.85292 5.1814 

Table 4.4: Some Characteristics for Example 3 
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Figure 4.2: The Effect of U on the p.d.f.s of the Interdeparture Time 



108 

0.9 

0.8 The Threshold U= 7 
~ 
0 
'p 

0.7 CJ 

§ ............................ The Threshold U=10 
~ 

a 0.6 
'1"1 
rJl The Threshold U=20 ~ : ----------------
Q) : 
Q 0.5 : 

a I: '1"1 The Threshold U=30 ~ I: ................................ 
'1"1 I: 

~ 0.4 I: 
r . 

.0 I: 

8 I: 
I: 

~ OJ 
I: 
I: 

Q) I: 

p I: 
I: 
I: 

0.2 

0.1 

OL-~~~-L~~~~~~~~~ 

o 5 10 15 20 25 30 

The Delay 

Figure 4.3: The Effect of U on the p.d.f.s of the Delay 
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The density functions for the delay in Figure 4.3 demonstrate similar effects. 

Smaller delays are imposed for larger values of U. In Figure 4.4, we plot the 

coefficients of variation for the interarrival and interdeparture times. Since the 

means are the same, the smoothing effect of different values of U is quite evident. 

Indeed, by using a smaller value of U, variability in the interdeparture time tends 

to be washed out more, but the delay experienced by the cells tends to be longer. 

A judgement depending on the practical situation is called for. 

2r-----~--------~~--------~----------~--------~ 

1.8 ; 

1.6~ ________________________________________________ ~ 

1.4 
.................. " ... ..... ........ .... ............. " ...... , ... , .. " .............. ............... ........... 1.2 

1 ................... . 

0.8 

0.6 The Interarrival Time 

0.4 .. ..... ............... .......... The Interdeparture Time 

0.2 

o~----~--------~----------~--------~----------~ 
10 15 20 25 30 

The Threshold U 

Figure 4.4: The Effect of U on the c.v.s of the Interdeparture Time 

The next table lists the result for example 1, 4, and 5 with N = 2 and T = 3. 

The arrival rate for these processes is 0.25. For the Bernoulli case, when U = 12, 

essentially no control is imposed. While for example 5, the expected delay decreases 
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very slowly as U increases. This is due to the structure of the MAP constructed. 

When the Markov chain wanders into set of states {5, 6, 7, 8}, the conditional 

arrival rate is 1, and the maximum release rate is ~, therefore long queue is going 

to built up. From the parameter matrices, we also see that the mean time the 

Markov chain spends in that set of states is 400. Unless we increase U to the same 

magnitude, a long queue is inevitable. 

Table 4.5: Some Characteristics for Example 1, 4 and 5 

U Example 1 Example 4 Example 5 
P(Release) E(Delay) P(Release) E(Delay) P(Release) E(Delay) 

4 0.947738 1.060882 0.914791 1.250708 0.908734 26.4067 
5 0.986215 1.016058 0.957745 1.f15014 0.941903 26.1953 
6 0.996364 1.004236 0.979412 1.048975 0.95830~t 26.0413 
7 0.998958 1.000851 0.990710 1.020361 0.966436 25.9141 
8 0.999928 1.000059 0.995862 1.007129 0.970482 25.7968 
9 0.999981 1.000016 0.998461 1.002637 0.972513 25.6897 

10 0.999995 1.000004 0.999341 1.000586 0.973551 25.5859 
11 0.999999 1.000000 0.999854 1.000195 0.974095 25.4807 
12 1.000000 1.000000 0.999951 1.000006 0.974399 25.3799 

Now we use example 5 to illustrate the effect of the choices of Nand T. We 

shall show some simulations of the departure process from the counter, which will 

be referred to as the shaped process. The sequence of the arrivals shown in Figure 

2.5 is used as the input. Figure 4.5 shows the shaped process for T = 3, N = 2 

and U = 10. It is interesting to note that these two figures are very similar. The 

main difference is that when the queue length is greater than 1, the maximum 

releasing rate from the buffer is ~. From the irreducible part of the Markov chain 
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P, 2 release states and one block state are visited cyclically. The long streams of 

arrivals occasionally occurring in Figure 2.5 become spread out to about one and 

half of its original burst lengths. Figure 4.6 shows the shaped process for the same 

arrival sequence with N = 1. In that case, when the queue length is greater than 

one, the maximum releasing rate from the counter is ~ with one release state and 

two block states. Therefore, much tighter control is imposed. The impact is well 

illustrated in Figure 4.6. The interdeparture times between the packets appear to 

be more regular. Similar patterns are shown in Figure 4.7 through 4.9, where we 

set T = 5. The shaped process tends to be less bursty as the value of N increases. 

A final comment on the selection of value N, and T is in order. In principle, N 

and T should be relatively prime, and ~ < the arrival rate )'.. From the results 

of our numerical experimentation, there is no point in choosing a large value for 

T, since a larger value of T implies a larger matrix size for the irreducible part of 

the Markov chain. The possible values of N are very limited once T is fixed. 
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