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ABSTRACf 

This paper discusses several of the important issues related to the analysis and 

design of multiple-output current-mode controlled DC-to-DC converters. First, a technique 

is developed for predicting the regulation of these converters. The method allows 

regulation tradeoffs with respect to different components or feedback configurations to be 

made analytically rather than experimentally. The final model is completely normalized 

such that the results can be applied in general to any converter of a given topology 

regardless of the number of outputs or the specific values of those outputs. Plotting these 

general results offers the designer a simple tool to predict regulation. The results for an 

example topology are plotted and then applied to predict the regulation of a specific 

converter of the example topology. Experimental verification is then provided using a 

prototype of the example converter. 

In addition to this steady state analysis, the general small signal model for a 

multiple-output current-mode controlled converter is developed. Since a converter with 

multiple outputs can have a variety of feedback schemes, several small signal models are 

described. Once these models have been developed, the small signal characteristics of each 

converter configuration are derived. Because of the widespread use of coupled inductors in 

industry, their effect on these models is also investigated. As an example of how to use 

these models, the small signal model of a specific example converter is derived and used to 

characterize the small signal behavior of that converter. 

Finally, the small signal model of the example converter is extended to cover errors 

in the turns ratio of the coupled inductor as well as the effects of its parasitic resistance and 

leakage inductance. The theoretical results from this new model are then plotted and 

compared with the results from the prototype converter. Using these results, it is shown 

that a turns ratio mismatch introduces two new zeros into the frequency response of the 
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control-to-output transfer function. Furth\:1Il1ore, by adjusting this turns ratio it is possible 

to steer the effects of this mismatch to any output of the converter. 
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1. INTRODUCTION 

1.1 Statement of Problem 

The power required by an electronic system is typically provided from the utility 

line or from a rechargeable battery array. The resulting power bus provides a single 

voltage level that may be unsuitable for certain components in the system. Multiple-output 

DC-to-DC converters are widely used when several additional output voltage levels are 

required in that system. Since many such systems have both analog and digital 

components, it is quite common to require one output at 5V or 3.3V to provide power to 

the digital components, and two additional outputs at ± 12V or ± 15V to provide power to 

the analog components. In addition, other output levels may be required for any number of 

specific applications. Although it is possible to build an individual DC-to-DC converter for 

each of these needs, the cost benefit derived by eliminating redundant switching and control 

networks as well as the size and weight reduction dictate that multiple-output power 

supplies be used instead. 

Regardless of the number of outputs or the specific output voltages, it is always 

necessary to ensure that the power supply can withstand any failure conditions that the rest 

of the electronic system might impose. A good design not only protects the power supply 

but also protects the rest of the system by shutting down the power supply when such a 

failure occurs. TypicaIIy, a system failure causes either an overvoltage or an overcurrent 

condition at the power supply. In the case of an overvoltage condition, one or more of the 

output voltages in the power supply rise above their specified voltage levels. The primary 

danger under this condition is the possibility of over stressing critical components in the 

rest of the system as weII as components inside the power supply itself. Well designed 

power supplies regulate the output voltages so as to maintain them at their desired levels 
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regardless of the load conditions applied and provide a system shut down if an ovelVoltage 

condition is detected. The second type of typical failure occurs when the system draws 

more current than the power supply is designed to deliver. As with an ovelVoltage failure, 

continued operation under this condition may damage both the power supply and the rest of 

the system. For example, if one of the output loads is inadvertently short circuited, the 

output current will increase dramatically. Such a high current may over stress system 

components as well as the switching network of the power supply. By designing the 

supply to shut down under some preset overcurrent condition, further damage to the 

system can be averted and the original failure can be addressed. 

With the need to provide an overcurrent shutdown mechanism in addition to output 

voltage regulation as part of the power supply, the industrial standard for the control of 

DC-to-DC converters has changed from voltage-mode to current-mode control. In voltage

mode controlled converters, it is necessary to add extra circuitry to sense the load currents 

and to shut down the supply if the load currents exceeded a preset limit. In current-mode 

controlled converters on the other hand, the control scheme inherently provides overcurrent 

protection. Since the duty cycle depends on the relationship between a sensed current from 

the converter and a control current, the means for sensing an ov~rt;urrent condition is 

already present. By reducing the level of this control current in response to a short circuit, 

the power supply automatically shuts itself down. 

Given the need for many output voltages from a single power supply and the desire 

for a simple means to provide both overvoltage and overcurrent protection, multiple-output 

current-mode controlled DC-to-DC converters have become the industry standard in 

electronic systems. With the advent of these supplies, the techniques developed to model 

the behavior of multiple-output voltage-mode converters must be revised to account for the 

peculiarities of current-mode control. This dissertation develops some of the techniques 
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necessary to characterize the behavior of these multiple-output current-mode controlled 

converters. 

The rest of this chapter explains which particular characteristics are investigated and 

the organization and presentation of these characteristics in the dissertation. This overview 

is meant to guide the reader through the analysis and methodology without detailing any of 

the calculations or examples that are provided in the body of the work. In this way, the 

reader can begin to understand the purpose and goals of each section, can follow the 

organization of material across the chapters, and can find particularly useful information 

without reading through the body of the dissertation. 
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1.2 Steady State Characteristics 

Conventional single-output voltage-mode controlled converters are regulated by 

comparing the output voltage to a reference voltage and adjusting the duty cycle to minimize 

the error between these two voltages. In the case of a multiple-output voltage-mode 

controlled converter, as shown in Fig. 1.1, the duty cycle is determined by the error 

between one of the multiple output voltages and the reference voltage. The other output 

voltages, not being sensed, however, are essentially uncontrolled. 

VRef 

Duty 
VSense 

Cycle Rectifier + 
& Rl VOl 

Filter 

V;" 
Switching Cl 

Network 
Rectifier + 

& RI; VOl; 
Filter 

Fig. 1.1 Block Diagram of a Multiple-Output Voltage-Mode Controlled Converter 

Using the current-mode control scheme, the duty cycle is determined by a 

comparison between the inductor current and a control current derived from the error 

between the output voltage and the reference voltage. Once again, if the converter has 

multiple outputs, the unsensed output voltages can vary widely from their expected values 

without directly effecting the duty cycle. Figure 1.2 shows the block diagram of a 

multiple-output current-mode controlled converter. 
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Current IControl 
Mode 

Controlle 
Duty 
Cycle Rectifier + 

& Rl VOl 
Switchin 

Filter 
Viis • 

Network • • 
Rectifier + 

& 
Filter 

R" VOk 

Fig. 1.2 Block Diagram of a Multiple-Output Current-Mode Controlled Converter 

A measure of the ability of a converter to maintain its output voltages at their desired 

levels is called its regulation. For the single-output converters, the duty cycle, or controlled 

variable, is continually adjusted in order to keep the single output voltage at the proper 

value regardless of any changes in the input voltage or load current. It is not possible, 

however, to adjust the duty cycle to ensure that multiple output voltages stay constant. For 

example, if one output voltage increases in response to a change in its load resistance while 

another output voltage decreases, it is not possible to adjust the duty cycle to counter both 

output voltage shifts simultaneously. Therefore, multiple-output converter specifications 

allow a range of error for each of the unregulated outputs. The regulation, in this case, can 

be defined as the output voltage shift on any individual output when parameters in the 

converter, such as the input voltage or any of the load currents, are changed. 

In an ideal converter, Fig. 1.3, each output acts as an ideal voltage source 

dependent on the duty cycle, D, and the transformer turns ratio, ny • (e.g. 

Vo, = nyV;II' /(D» Therefore, both output voltages stay fixed at their nominal value 

regardless of the load conditions as long as the duty cycle stays constant. Consequently, 

single output feedback is sufficient to keep both outputs at their desired levels. 



Duty 
Cycle 

Current 
Mode 

Controlle 

Switchin 
Network 

IControl 

Rectifier 
& Rk 

n
2

--c:=..;.F..:ili=e.;;.;r..=_=-_ .... 

Fig. 1.3 Ideal Two-Output Current-Mode Controlled Converter 
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In a real converter, the presence of primary and secondary side parasitic elements, for 

example inductor winding resistance, decouples the two ideal voltage sources from one 

another and allows the unregulated output to vary from its nominal value. Figure 1.4 

shows the same converter as in Fig. 1.3 with the addition of a single secondary side 

parasitic resistance on each output. 

Current IControl 
Mode 

Controlle 

Switchin 
Network 

Fig. 1.4 Two-Output Current-Mode Controlled Converter with 

Secondary Side Parasitic Resistance 
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As an example of how these resistances decouple the two outputs, consider what 

happens if one of the load resistances is changed. If ~ is lowered and the voltage across 

the second transformer winding stays constant, the load current I z will increase. 

However, since the voltage drop across the parasitic resistance Rsz goes up as Iz 

increases, the fmal value of Voz will be less than its initial value. Notice, that the regulated 

output and the feedback network are decoupled from this output voltage shift. 

On the other hand, consider what happens if Rl is lowered. Looking ftrst at the 

inner current feedback loop and holding the control current constant, when Rl is lowered, 

the voltage across the ftrst transformer winding stays constant and 11 increases. As before, 

since the voltage drop across the parasitic resistance RSI goes up as 11 increases, the ftnal 

value of VOl will be less than its initial value. In addition, since 11 increases, the sense 

I, V. 
Icontrol t------:-:"~~~--~ 

t--~~""""'---'--'-:....:_~-.... ._ v'OI' "al 
"'1 10111 

7; t 

Icontrol - - - - - - - -~- - - - j" 

- - - - • ....£ • ..:,:.-! :.::.!..,..,.. - .:::. "'" !~ V, ~v. 
•• :::: ;.~ .... :: •••••.•. : .••• ~ • .'.' •• ::::: • ~ Olfinal- Olinitial 

11 .' 1 1 "1 
____ -.-. ..:.,. .... -.:--orr ~..-........._ LV V02final 

.•... I r"'_~' 
I 

.. o. ...... ", •• t ................... .................. ,.. .......... .. 
2 ••••• 1 1 ····.1 V, 

02initial 

7; t 

Fig. 1.5A (Top) Control Waveforms with Fixed Control Current 

before (solid) and after (dotted) Rl changes 

Fig. 1.5B (Bottom) Control Waveforms with Fixed Sense Current 

before (dotted) and after (dashed) Icontrol changes 
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current intersects the control current earlier in the switching period and the duty cycle 

decreases from its original value, Dl , to a new value, Dz. Figure I.SA shows the load and 

sense currents, with the control current fixed, both before (solid line) and after (dotted line) 

Rl is lowered. For the purpose of this example, it is assumed that the change in the output 

voltages is not large enough to change the slopes of the two load currents. Referring now 

to Fig. l.SB, since VOl is regulated, the outer voltage loop must adjust the control current 

just enough to reset VOl at the desired level. Thus the duty cycle increases past its initial 

value, from Dz to D3 , in order to compensate for the increased loss across RSI ' Although 

VOl is unchanged by the shift in Rl , the higher duty cycle causes the final value of Voz to 

rise above its initial value. Figure l.SB shows the current waveforms before (dotted line) 

and after (dashed line) the control current changes. 

Notice that in both of these examples, the regulated output, VOl' is unaffected by 

the load shift while the unregulated output, Voz ' settles to some new final value unchecked. 

The difference between the initial and final value of Voz is its regulation. Although much 

work has been done in minimizing or redistributing this regulation error, the source of error 

is the parasitic elements in the converter and as such can be modeled and predicted before 

the converter is constructed. The steady state analysis section of this paper describes such 

a technique for modeling and predicting the regulation error. 
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1.3 Previous Work on Steady State Characteristics 

Many ways to minimize the regulation error have already been developed. Most 

commonly, post regulators have been used to lower the regulation error of unregulated 

secondaries. Post regulators include Mag-Amps[l] and linear regulators[2] as well as 

entire switching networks and controllers on the unregulated secondaries[3]. All of these 

methods, however, decrease the converter's efficiency and increase the size, weight, cost 

and complexity of the converter. Alternatively, many novel new techniques have been 

developed to minimize the regulation error of multiple-output converters. For example, one 

technique involves adding a third switching element to the switching network to create a 

second degree of freedom in the control of the outputs[4]. Another technique uses the duty 

cycle to control one output and the frequency to control a second output[5]. Finally, a 

completely different strategy involves stacking the outputs incrementally to build up the 

higher output voltages so that regulation error on the lower voltage outputs always appears 

on the higher voltage outputs[6]. Although each of these methods offers some 

improvement to the regulation of mUltiple output converters, there are significant limitations 

to their applicability, e.g. the number of controllable outputs. Lastly, there are ways to 

redistribute the regulation error such that no one output has an unduly large regulation error 

but all outputs have some error[7]. 

Note that none of these techniques directly address the source of the regulation 

error, the parasitic elements in the converter. Thus, what the designer really needs is some 

means to relate these parasitic elements to the regulation characteristics of the completed 

converter. If the designer can not quantify these final regulation characteristics during the 

design phase of the converter's development, then changing the values of the parasitics 

does not guarantee that the regulation will improve. Given a set of input and output 

specifications for a new converter, the designer needs a means to predict the regulation 
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error such that the effect of each parasitic element can be directly related to the regulation 

specifications for the new converter. While several studies have been conducted on the 

parasitic sources of regulation error[8][9][10], a simple tool to predict the regulation of a 

multiple-output current-mode controlled converter has not yet been developed. This tool 

would enable the designer to make intelligent design tradeoffs without the need for 

prototyping and testing. 

It has been shown [11] that the open loop regulation of a given output voltage, 

~VOi' for a multiple-output voltage-mode controlled converter is the sum of the 

contributions from the change in the input voltage, ~ Viis' the change in the duty cycle, W, 

the change in other output voltages, ~VOj' ~Vm;' etc., the load change on that given output, 

M j , and the load change on any other outputs, M j , Mi;' etc., i.e., 

where the aj , bj , and cj are coefficients of appropriate dimensions that depend on the given 

steady state operating point. The closed loop regulation can then be found by calculating 

the change in duty cycle, W, as a function of the change in output voltage, ~VOi' and 

substituting this expression back into Eq. 1.1. Note that the calculation of the change in 

duty cycle is dependent on the control technique used in the converter. Therefore, the 

expression for W developed for a voltage-mode controlled converter will not be the same 

as that for a current-mode controlled converter. 

The focus of the steady state analyses in this dissertation is to extend the technique 

described in [11] to multiple-output current-mode control DC-to-DC converters. Applying 

this technique to current-mode controlled converters is complicated by the complex 

relationship between the duty cycle, the sense current, and the sense current slope, all of 

which are functions of all output voltages. Furthermore, to predict the closed loop 
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regulation, the action of both the current and voltage loops must be well understood as well 

as the effect of the parasitic circuit elements. The end result of this work is intended to 

provide the circuit designer with a simple means to choose between different components 

or circuit configurations in order to meet regulation specifications. 

To meet these goals, the end result of the steady state analysis is a set of four design 

plots which can be used to calculate the closed loop regulation of a given topology 

converter regardless of the number of outputs or the operating point of that system. Thus, 

the power supply designer can make intelligent design choices with respect to their effect 

on the closed loop output regulation of the converter based solely on the specifications for 

input voltage, output voltages and output loads. All of the details of the analysis necessary 

to derive the plots are explained in the body of this dissertation, however, the use of the 

design plots does not require any additional analysis or a detailed understanding of the 

theory. The plots are meant to be applied to the design of new converters without the need 

to reference the derivation in this dissertation at all. 
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1.4 Small Signal Characteristics 

In addition to addressing the problem of regulating multiple-output current-mode 

controlled converters, a second concern that must be addressed in the process of designing 

such a converter is the design of a compensation network that ensures the stability of the 

system as well as providing the desired bandwidth and transient response. The second 

major topic addressed in this dissertation is the small signal analysis of multiple-output 

current-mode controlled power converters. By developing a small signal model for such 

converters, the power supply designer can choose the appropriate compensation network to 

achieve the desired small signal characteristics without the need to prototype and test the 

converter design. 

The foundation of this work is the small-signal analysis of a single-output current

mode controlled converter[12]. However, additional outputs significantly complicate the 

small signal model of the converter. Each additional output filter adds another set of 

complex poles to the frequency response. Furthermore, there is only one possible 

feedback configuration for a single-output converter, namely sense the inductor current and 

the output voltage. Figure 1.6 shows such a single-output current-mode controlled 

converter. 

Current icontrol Gain VRef Mode 
Controlle Block VSense 

d iSense 

Rectifier + 
& Vo 

Filter 

Fig. 1.6 Single-Output Current-Mode Controlled Converter 

with Inductor Current Feedback and Output Voltage Feedback 
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For a multiple-output converter. on the other hand. the sense current may be derived from 

anyone of the individual filter currents or from some combination of the filter currents. 

Similarly. the feedback voltage. used in the derivation of the control current, can be derived 

from anyone of the individual output voltages or from some combination of these voltages. 

Figure 1.7 shows a multiple-output converter where the sense current is taken on the 

primary side of the transformer and the control current is derived from the weighted sum of 

all of the output voltages. Note that by taking the sense current on the primary side of the 

transformer, the sense current is actually composed of the sum of the inductor currents 

weighted by the turns ratio of the transformer. 

Current iconlrol Gain 
VRef Mode .... -----1 

Controlle' Block .... -----..... 
lSense 

d 

Switching i
Network P 

Rectifier 
& 

Filter 

Rectifier 
& 

Filter 
nk-"-----

Fig. 1.7 Multiple-Output Current-Mode Controlled Converter 

with Multiple Inductor Current Feedback and Multiple Output Voltage Feedback 

Thus the single-output small signal model must be revised to account for all of the new 

feedback variations as well as for the additional output filters and loads. This dissertation 

presents a general approach to the small signal modeling of multiple-output converters and 

studies four general feedback arrangements, namely single current/single voltage feedback, 

as shown in Fig. 1.6, multiple current/single voltage feedback, single current/multiple 

voltage feedback, and multiple current/multiple voltage feedback, as shown in Fig. 1.7. 
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Since the use of coupled inductors is increasingly common in order to reduce the 

size and weight of the final converter, the effect of coupled inductors on the small signal 

model is also investigated. In addition to the use of coupled inductors for the reasons just 

mentioned, it will be shown that their use significantly simplifies the frequency response of 

the multiple-output converter. However, as will also be shown, improper winding of the 

coupled inductor core adds additional unwanted poles and zeros to the frequency response. 
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1.5 Previous Work on Small Signal Characteristics 

Small signal modeling of specific single-output current-mode controlled converters 

has been studied extensively, however, a general overview of the techniques involved in 

modeling a generic current-mode controlled converter is given in [12]. These techniques 

are the basis for all the small signal work described in this dissertation. 

In addition to developing a small signal model for a multiple-output current-mode 

controlled converter, this dissertation also addresses some of the issues involved in the 

modeling and design of the coupled inductors that frequently appear in these converters. 

These coupled inductors are increasingly common because they have been shown to 

improve the performance of the converter[13], as well as to provide a means of steering the 

inductor current ripple[14]. This ripple steering property is particularly useful for 

achieving the zero ripple output required for highly sensitive applications (e.g. disk drive 

read/write amplifiers). Although, some of the issues involved in modeling a coupled 

inductor have already been addressed[15][16], the presence of a coupled inductor in the 

prototype converter used throughout the analysis described in this dissertation caused some 

particularly unusual behavior. This same behavior is noted in [17], but is not addressed in 

detail. This dissertation extends the small signal model of a multiple-output current mode 

controlled converter to explain this unexpected behavior when the converter contains 

coupled inductors. 
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1.6 Organization of this Work 

This work is divided into discussions of two main topics. Chapters 2, 3, 4, and 5 

address the issue of predicting the regulation of multiple-output current-mode controlled 

power converters. Chapters 6, 7, and 8 address the small signal analysis of these 

converters. Finally, Chapter 9 provides conclusions on both the steady state and the small 

signal analyses conducted throughout the work. 

Chapter 2 describes the general methodology of a technique to predict the regulation 

of multiple-output current-mode controlled converters. This technique is valid for any 

converter topology with multiple-outputs that employs current-mode control. After a brief 

introduction of the goals of the analysis, a detailed derivation of the open loop regulation 

expression presented in Eq. 1.1 as well as the nonnalization process necessary to 

generalize the result is presented. In addition, this chapter reviews the process by which 

the duty cycle is detennined in a current-mode controlled converter and applies the 

regulation calculation techniques to the duty cycle expression. 

Chapter 3 perfonns the calculations described in Chapter 2 in detail for a specific 

example converter. To simplify the explanation of this analysis, the details explained in 

each subdivision in this chapter correlate with the steps described in the same subdivision 

in Chapter 2. Thus, the first subsection of this chapter introduces some of the specific 

constraints that affect the choice of topology and presents a specific example converter that 

meets those constraints. The second and third subsections of this chapter derive the 

operating point expressions for the example converter as well as its normalized regulation 

expressions. Finally, a fourth section has been included in this chapter to summarize the 

key results derived in the earlier sections. 

Chapter 4 describes a means to find the closed loop operating point accounting for 

both the large system feedback loop around the compensating amplifier and its local 
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feedback loop. This is necessary because it is not possible to find a closed fonn expression 

for this operating point. In addition, this chapter discusses the operation of the simulator 

used to find the operating point and the closed loop regulation of the example converter. 

Finally, the issue of whether to evaluate the regulation equations at the initial or final 

operating point of the system is examined. 

Chapter 5 completes the steady state analysis of the regulation by presenting four 

generalized design plots that can be used to find the closed loop regulation of any converter 

of the same topology as the example converter given in Chapter 3. After introducing these 

four plots, the closed loop regulation for a hypothetical three output converter of the 

example topology is found. Then, the experimental regulation measured from a prototype 

of the example converter is compared to the theoretical results. Finally, some suggestions 

regarding the best use of the design plots are discussed. 

Starting in Chapter 6, the focus of the paper shifts from the steady state to the small 

signal analysis of multiple-output current-mode controlled converters. After a brief 

introduction, the general fonn of the open loop model of a multiple-output converter is 

developed. Using this model, the open loop control-to-output transfer function for the 

converter with or without coupled inductors is calculated. The various types of feedback 

connections that can be applied to a multiple-output converter with current-mode control are 

then described. Finally, the closed loop model and the relevant small signal characteristics 

for each of the four main feedback configurations are developed (e.g. current loop gain, 

closed loop control-to-output transfer function, etc.). 

Chapter 7 perfonns the calculations detailed in Chapter 6 on a specific example 

converter. To simplify the presentation, each subdivision of Chapter 7 corresponds to the 

same subdivision in Chapter 6. That is, after introducing an example converter, the open 

loop small signal model of that converter is derived and the open loop control-to-output 

transfer function calculated. The model is then extended to represent the closed loop 
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converter and its small signal properties are derived. Finally, the small signal experimental 

results obtained from a prototype converter are compared with the theoretical results. 

Chapter 8 investigates an unexpected result that was observed in the process of 

verifying the open loop small signal model. The chapter begins with an overview of this 

unexpected behavior. The open loop small signal model of the example converter is then 

extended to cover the case when the turns ratio of the coupled filter inductor is different 

than the turns ratio of the isolation transformer. The small signal model is then further 

extended to include the effects of the parasitic elements of the filter inductors. Note that 

although the small signal model developed in Chapter 7 is a special case of this new model, 

Chapter 7 covers the preferred operating condition of the converter. 

Finally, Chapter 9 summarizes the key results from the rest of the dissertation. 

Section 9.1 discusses the results of the steady state analysis in Chapters 2 - 5, while 

Section 9.2 examines these results for the small signal analyses in Chapters 6 - 8. 
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2. STEADY STATE ANALYSIS METIIODOLOGY 

2.1 Introduction 

This chapter describes the general method to calculate the closed loop regulation of 

a multiple-output current-mode controlled power converter. This analysis is broken down 

into two parts. The first of these parts describes the general procedure for fmding the open 

loop output voltages of a multiple-output converter and then derives the open loop 

regulation by expanding each output voltage expression into a linearized Taylor series. 

This section also details how to normalize the resulting equations so that they become 

independent of the specific input voltage, output voltages, and load resistances. This 

normalization is what allows the final results to be plotted over a range of load variations 

and applied to all converters of the given topology. Because these calculations are open 

loop, however, the normalized regulation expressions are still dependent on the duty cycle 

of the converter. 

The second part of this chapter describes how to include the effect of closing the 

feedback loops in the regulation calculations. First, the method by which the duty cycle is 

determined in a current-mode controlled converter is reviewed. Then the Taylor series 

expansion technique, developed in the previous section, is applied to the expression for the 

duty cycle. Once the duty cycle expansion is expressed in terms of the change in input 

voltage, output voltages, and load resistances, it is linearized and normalized to make the 

resulting expression independent of the absolute values of these operating point parameters. 

Because there are really two feedback loops in a current-mode controlled converter, this 

process of finding the operating point expression, expanding it into a Taylor series, and 

then normalizing that series must be applied a third time to find the value of the control 

current. 
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Since the change in duty cycle due to a load shift or change in input voltage is a 

function of the same operating point parameters that determine the open loop change in 

output voltage, namely the input voltage, the output voltages, and the load resistances, it is 

not necessary to know the absolute value of the duty cycle or the change in duty cycle in 

order to find the regulation of the closed loop converter. Once the effect of the duty cycle 

and the control current have been expressed in terms of these same operating point 

parameters, the regulation of the closed loop converter can be found knowing only the 

specifications for the converter. 
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2.2 Open Loop Regulation Calculations 

As mentioned previously, this analysis is based on the regulation calculations for 

multiple-output voltage-mode converters described in [11]. In that article, the open loop 

regulation of the ith output, &VOi ' is found by summing the contributions to the total 

regulation error from the change in the input voltage, &Vin , the change in the duty cycle, 

MJ, the change in all other output voltages, & VOl through & VOl:' the load change on that 

given output, Mi' and the load change on all other outputs, MI through M Ic , i.e., 

l: l: 

&VOi = a,.~Vin + azMJ + I,bi~Voy + I,cyMy (2.1) 
y=l y=l 
y .. i 

where the ay, by, and cy are coefficients of appropriate dimensions that depend on the 

given steady state operating point. Note that the change in duty cycle, MJ, in this 

expression is a function of the feedback. Therefore, to calculate the closed loop regulation, 

an expression for MJ in terms of the reference voltage and the output voltages must be 

derived and substituted into Eq. 2.1. 

Following this same procedure for a current-mode controlled converter, the first 

step in the regulation analysis is to find the expressions for the steady state open loop 

output voltages, VOi ' VOj ' etc. These expressions are found using volt-second balance on 

each of the converter's inductor currents and charge balance on each of the converter's 

capacitor voltages and then solving for the steady state output voltages[18]. The resulting 

equations are functions of the input voltage, the duty cycle, the other output voltages, and 

the output loads. 
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(2.2) 

Once these output voltages are known, the open loop regulation can be found by 

calculating the change in output voltage due to a given load shift. This is accomplished by 

expanding each of the open loop output voltage expressions into a Taylor series of the 

following form[19]. 

For example, if the initial open loop operating point is denoted as qJ: 

(2.4) 

then the value of the ith output voltage at some final operating point, q> + E, can be found 

by expanding the corresponding expression in Eq. 2.2 into the following Taylor series: 

(2.5) 
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Note that all of the second order or higher tenns in this expression have been neglected 

because these tenns contain products of two or more changes in operating point and are 

consequently much smaller than the ftrst order tenns as long as e is small. The change in 

the ith output voltage can now lY.! found as the difference between the zeroth order terms in 

Eq.2.5. 

(2.6) 

Note that Eq. 2.6 is the same as Eq. 2.1 with the appropriate expressions for the 

coefficients ay • by. and cy • 

Equation 2.6 can now be simplified by nonnalizing this expression by the absolute 

value of the corresponding output voltage in Eq. 2.2. The resulting expression is as 

follows: 

(2.7) 

Notice that each of the coefficients in this expression is actually the sensitivity of the ith 

output voltage with respect to one of the operating point parameters. Thus Eq. 2.7 can be 

rewritten in the following fonn: 
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(2.8) 

where the index k is an arbitrary number representing the last of the multiple outputs and 

where each of the sensitivity coefficients has the classical defmition: 

SA = iJAjiJB 
B AlB (2.9) 

Note that, as is the case for the voltage-mode controlled converter, the regulation 

expression for the output of the current-mode controlled converter is a function of the 

change in duty cycle, /)J). Therefore to calculate the closed loop regulation, an expression 

for /)J) in terms of the reference voltage and the output voltages must be derived and 

substituted into Eq. 2.8. Note also, that as a result of this normalization, Eq. 2.8 is 

independent of the specific input voltage, output voltages and load resistances of the 

converter. Rather it is expressed in terms of the ratio of the change in these quantities to the 

absolute value of these quantities. In other words, except for the value of /)J), Eq. 2.8 is 

expressed in terms of the allowable percentage change in each of the input and output 

variables of the converter, all of which are given in a converter's specifications. 
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2.3 Closed Loop Regulation Calculations 

The method by which the duty cycle is established in a current-mode controlled 

converter is radically different than the means for controlling the duty cycle in a voltage

mode controlled converter. In a conventional voltage-mode controlled converter, the duty 

cycle is set by comparing a fixed frequency sawtooth waveform with an error signal 

derived by comparing one or more of the output voltages with a reference voltage. The 

duty cycle of a current-mode controlled converter, on the other hand, is established by 

comparing the fllter inductor current (or some analog of this current) with a control current 

similar to the error signal used in the voltage-mode controlled converter. Figure 2.1 shows 

one cycle of these two current waveforms when in the steady state. 

I 

Ie '-==------------r 

Is 

is(t) 
-+-~~---~---~~~ t 

DI: 

Fig.2.1 Steady State Duty Cycle Control Waveforms 

The sense current, is(t), is the waveform derived from one or more of the filter currents, 

while its DC value is denoted as Is. The control current, Ie' is the error signal derived by 

comparing one or more of the output voltages to a reference voltage. The DC slope of the 

sense cnrrent is denoted as M\, and the slope of the compensating ramp is denoted as Me. 

Note that this compensating ramp is introduced to the system to ensure the stability of the 

network at duty cycles above 50%[20]. Given this picture, it can be seen that the switching 
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network changes state at the instant at which the sense current intersects the compensating 

ramp attached to the control current. 

As mentioned previously, the sense current is directly related to the fIlter currents of 

the converter. The steady state values of these filter currents depend on the relationship 

between the output voltages and the load resistances. 

(2.10) 

For example, the average, or dc, current sensed in the ideal single-output buck converter, 

shown in Fig. 2.2, is the current flowing through the filter inductor. 

Fig. 2.2 Sense Current in an Ideal Buck Converter 

V. 
/ 

_/ _ 0 s- L--
R 

(2.11) 

In general, the steady state slope of the sense current, related to the slope of one or 

more of the filter currents, is a function of the input voltage and, in some cases, the output 

voltages and load resistances. 

(2.12) 
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For example, referring again to Fig. 2.2, the steady state slope of the sense current of the 

ideal single-output buck converter is the following: 

1

\';11 - Vo 

M = dis = diL = L 
1 dt dt -VO 

L 

(2.13) 

Note that the exact expressions for Is and Ml are dependent on the circuit topology and 

must be calculated accordingly. 

By writing an expression for the time when the sense current intersects the control 

current, the general fonn of the duty cycle can be shown to be the following[12]: 

(2.14) 

Thus the duty cycle is a function of the control current, the sense current, and the sense 

current slope. Since the sense current and the sense current slope are functions of the 

parameters listed in Eqs. 2.10 and 2.12, the duty cycle can be determined from these same 

parameters with the addition of the control current. 

(2.15) 

Following the same procedure as before, Eq. 2.15 can now be expanded into a 

linearized Taylor series in order to find an expression for the change in duty cycle, AD. 

(2.16) 
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To get the desired quantity. wID. this expression must be normalized by the equation for 

the duty cycle given in Eq. 2.15. Using the standard sensitivity notation developed earlier. 

this expression can be rewritten as follows: 

An AU k 8.\1: k M Ar 
UU s,D L\Y j " LsD Oy LsD Y SD L\le -- --+ --+ --+-
D - v.. V Vo, u R, R Ie I 

j" y=l Y Oy y=l y e 
(2.17) 

This expression can now be directly substituted into Eq. 2.8 to account for the feedback 

loop that provides the sense current. Note however. that Eq. 2.17 is still a function of the 

change in control current. Me. 

The control current is derived from a second feedback loop. This loop is called the 

voltage feedback loop because of its similarity to the feedback loop in a conventional 

voltage-mode controlled converter. As with a voltage-mode controlled converter. the 

feedback signal is a function of one or more of the output voltages and a reference voltage. 

(2.18) 

However. since the dc gain of this outer loop is infinite. finding an explicit value for the 

control current is not a simple matter. (See Appendix B.) To overcome the interaction 

between the multiple feedback loops. the converter must by simulated in discrete intervals 

which isolate these feedback paths. When the input and output behavior of the simulated 

voltage feedback loop matches the steady state conditions of the converter. the simulation is 

complete and the DC value of the control current can be found. Once the control current is 

known. the same procedure used to expand the output voltage and duty cycle into a Taylor 
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series is applied to the control current This expansion is then linearized and nonnalized to 

arrive at the following expression: 

(2.19) 

Finally. this expression can be substituted into Eq. 2.17 to account for the second feedback 

loop that provides the control current. 

Thus Eqs. 2.8. 2.17. and 2.19 provide a means to compute the regulation of any of 

the multiple outputs of a current-mode controlled converter given only the input voltage. the 

output voltages. and the load resistances. It is not necessary to provide the duty cycle or 

the control current because they are also functions of these parameters. Note that Eq. 2.8. 

the calculation of llVOj ' requires entries for the values of W and Me. while Eq. 2.17. the 

calculation of W. requires entries for the value of 6Vo; and Me. and Eq. 2.19. the 

calculation of Me. requires an entry for 6VOj ' Such computations. representative of a 

closed multiple loop system. require iteration to reach a final value for the regulation. 
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3. DETAILED STEADY STATE EXAMPLE 

3.1 Introduction 

To verify the mathematical techniques described in Chapter 2, a multiple-output, 

push-pull, current-mode controlled converter with coupled fllter inductors, as shown in 

Fig. 3.1, is analyzed. As discussed earlier, present demands on the power supply require 

that it have multiple outputs and use current-mode control. This particular multiple-output 

current-mode controlled topology is chosen because the push-pull switching scheme 

optimizes the efficiency of the transformer core. This is accomplished through the current 

sensing scheme by centering the flux variation about the origin so that the transformer 

never needs to be reset[21]. Also, in this topology the filter inductor windings from each 

of the multiple outputs are coupled on a single magnetic core to reduce the size and weight 

of the converter. 

I----I Vsense 
14---1 Compensator 

1--- Vref 
'-------1 

Fig. 3.1 Multiple-Output Push-Pull Current-Mode Controlled DC-ta-DC 

Converter with Coupled Filter Inductors 
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Note that the turns ratios of the transfonner and the coupled inductor in this converter are 

matched in order to minimize output current ripple and circulating currents[13][14]. 

Appendix A gives the derivation of the Ideal Minimum Ripple Condition that adds this 

constraint to the design. 

G 
To accurately model the resistive sources of regulation error in this converter. the 

following parasitics are included in the analysis: 

T bl 3 1 N . d ali' I I ded' th A al . a e . om e tIes nc u m e n lYSIS 

Notation Descri~tion 

rEin input source resistance 

rTRx switching transistor on resistance 

rDyx rectifying diode on resistance 

rNPx primary winding resistance (center tap to end) 

rNTyx secondary winding resistance (center tap to end) 

rNLy filter inductor winding resistance 

where the subscripts x and y stand for the following: 

x = 1. 2 (x represents whichever of two like elements is under consideration e.g. 

y = 1. 2. 3 ..... i ..... k (y represents whichever output is under consideration) 



46 

3.2 Open Loop Regulation Calculations 

The fIrst step in obtaining the steady state output voltages is to find expressions for 

all inductor voltages and capacitor currents during each of the two switching intervals. 

Referring to Fig. 3.1, during the fIrst switching interval, when the transistor Ql or Q2 and 

the diodes D11, D21, ... , Dkl or D12, D22, ... , Dk2 respectively are conducting, the 

equations for the voltage across the ith inductor and the current through the ith capacitor are 

the following: 

(3.1) 

where I p is the current flowing on the primary side of the converter, I Li is the current 

flowing through the ith inductor winding, and Rj is the load resistor on the ith output. In 

addition, the current flowing on the primary side of the transformer during this interval can 

be written as follows: 

(3.2) 

where the term NTJNp represents the turns ratio from the primary to the ith secondary of 

the transformer. 

During the second switching interval, when the transistors Ql and ~ are off and 

diodes Dil and Di2 conduct simultaneously, the equation for the ith inductor voltage and the 

ith capacitor current are as follows: 
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(3.3) 

This last equation assumes that the parasitic resistance of each rectifying diode in each 

output pair is the same, and that the resistance of the transfonner secondary windings from 

center tap to end are the same regardless of which end is chosen. Under these conditions, 

half the current flowing through the ith filter inductor will flow through each diode as 

shown in Fig. 3.2. This current split accounts for the factor of two dividing the diode 

resistance and the secondary winding resistance in Eq. 3.3. 

Fig. 3.2 Equal Splitting of Current on the Secondary 

Note that there is no current flowing on the primary side during this interval. 

Recall that, in the steady state, the average inductor voltage and the average 

capacitor current over one switching period are zero. These principles are also known as 

inductor volt-second balance and capacitor charge balance. 

(vu) =; rvu(-rll-r = 0 
s 

(iei ) = ; r iCi (-rll-r = 0 
s 

(3.4) 
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Therefore, the average inductor current and the average capacitor voltage for the example 

converter shown in Fig. 3.1 are the following: 

(vu) = 0 = [~ (V~ -Iprp)-Iur. ]D-[IU(r., + rNU ) + VOl] (3.SA) 

(.) 0 I VOi 
lei = = u - R. 

I 

(3.SB) 

where for convenience, the primary and secondary side nonideal resistances are grouped as 

follows: 

(3.6) 

The average value of the primary current, while nonzero, is found in the same way as the 

average inductor current and the average capacitor voltage. 

(3.7) 

Substituting Eq. 3.SB into Eq. 3.7 and then substituting the result into Eq. 3.SA eliminates 

the terms I p and I u from the averaged inductor voltage and results in the following 

expression: 

(3.8) 
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Finally, rearranging this expression, the ith open loop steady state output voltage can be 

found to be the following: 

(3.9) 

where the notation for the individual turns ratios has been simplified to the following form: 

NTy n =
Y N 

p 

(3.10) 

Now that the steady state output voltages are known, the open loop regulation is 

found by expanding these expressions into linearized and nonnalized Taylor series, as 

derived in Chapter 2. Recall that the Taylor series expansion of the ith open loop output 

voltage takes the following fonn: 

(3.11) 

where the sensitivity coefficients are defined in general in Eq. 2.9. Applying this defmition 

to the output voltage expression in Eq. 3.9 gives the following expressions for these 

sensitivity coefficients: 

(3.12) 



k 
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where normalized constants have been defined as follows: 
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(3.13) 

(3.14) 

(3.15) 

(3.16) 

Note that the expression for the ith open loop output voltage in Eq. 3.9 can be rewritten, 

making use of these normalized constants, as follows: 

(3.18) 
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3.3 Closed Loop Regulation Calculations 

As discussed in Chapter 2, since the open loop regulation, Eq. 3.11, is a function 

of the normalized change in the duty cycle, WID, an expression for the duty cycle in 

terms of the input voltage, output voltages, and load resistances must be derived in order to 

make the regulation calculations independent of the operating point. Equation 3.19 restates 

the general expression for the steady state duty cycle as derived in Chapter 2. 

(3.19) 

where Ie is the DC value of the control current, Is is the DC value of the sense current, 

Me is the steady state slope of the compensating ramp, and Ml is the steady state slope of 

the sense current during the fIrst switching interval. 

Consider the current feedback loop first. This inner feedback loop provides the 

sense current, Is, and consequently the sense current slope, M1, that are used in Eq. 3.19. 

For this particular system, the sense current is composed of the magnetizing current of the 

transformer plus the inductor current from each of the multiple outputs as reflected through 

the transformer core. 

k 

Is = ILmT + Ln/Ly (3.20) 
y=l 

where I LmT represents the DC value of the magnetizing current of the transformer and n/ Ly 

represents the DC value of the inductor current on the yth output reflected through the 

transformer. The slope of this sense current, M1, is therefore the sum of the slopes of the 
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transformer magnetizing current and each of the fIlter inductor currents as reflected through 

the transformer core. 

(3.21) 

Note that the DC value of the sense current over the whole switching interval, Is, can be 

found by using inductor volt-second balance and capacitor charge balance just as they were 

used to find the open loop output voltage expression. However, since Ml is the slope of 

the sense current during the first switching interval only, the derivatives of the transformer 

magnetizing current and each inductor current must be found during the first switching 

interval. 

To quantify the values of the sense current and the sense current slope, the next few 

paragraphs calculate each of the component parts of Eqs. 3.20 and 3.21, namely the DC 

value and slope of the transformer magnetizing current and the DC value and slope of each 

of the filter inductor currents. Figure 3.3 shows each of these component parts and 

reviews how the sense current waveform determines the duty cycle of the converter. 

~ ~~----------------~~~----------------r-~~ 
k 

is=iLmT + L,n)LY --.. 
y=l 

(is) = Is -f--... -"P......,; 

t 

(n + l)DJ: (n + l)Ts 

Fig. 3.3 Duty Cycle Control Waveforms for the Example Converter 
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The dashed ve:-sion of the transfonner magnetizing current shown in the (n+ l)th switching 

period is the same current but with the proper polarity as seen at the common connection to 

ground through which the sense current flows. The actual magnetizing current changes 

polarity as shown during each successive switching period because of the push-pull 

configuration of the converter. 

Looking first at the transfonner component of the sense current, it has been shown 

that the DC value of this current in a push-pull topology converter must be zero in order to 

keep the transfonner from saturating[21]. Therefore, the transfonner magnetizing current 

does not contribute to the DC value of the sense current. This is clearly evident in Fig. 3.3 

because the transfonner magnetizing current is centered about the origin. 

The slope of the transfonner magnetizing current during the first switching interval 

can be found by dividing the magnetizing inductor voltage during this interval, vlmT' by the 

value of the magnetizing inductor, LmT • Referring to Fig. 3.4, it can be seen that when 

either switch is conducting, the voltage across the transfonner magnetizing inductance is 

the following: 

Fig. 3.4 Transfonner Magnetizing Inductance of the Example Converter 
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t 

VLmT(t)=Vj " (t)-rpip (t)=vin (t)-rp L,niLy(t) nT, ~t~(n+l)DT, (3.22) 
y=1 

where the primary current, ip(t), is eliminated from the expression by replacing it by the 

sum of the secondary currents as reflected through the transformer. Now, dividing the 

resulting expression by the magnetizing inductance of the transformer, the slope of the 

magnetizing current can be found to be the following: 

(3.23) 

Next consider the characteristics of the second component of the sense current, the 

reflected filter inductor currents. It can be seen from Fig. 3.3 that the average value of the 

sense current, (is), which is also equal to its DC value, Is, is exactly equal to the average 

value of the sum of the reflected secondary currents. This makes sense because, as 

mentioned before, the DC or average value of the transformer magnetizing current is zero. 

Furthermore, the average value of the reflected inductor currents is the same regardless of 

which switching interval is under consideration (only true in the steady state). In other 

words, the average value of the sum of the reflected inductor currents during the fIrst 

interval is the same as the average value of the sum of these currents over the entire 

switching period. Thus, the DC value of the sense current during the fIrst switching 

interval is equal to the sum of the DC values of the individual inductor currents. The DC 

values of these individual inductor currents, however, were found in Eq. 3.5B. Thus the 

DC value of the sum of these currents as reflected through the transformer is the following: 
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(3.24) 

In order to find the slope of the reflected inductor currents during the first switching 

interval, it is helpful to investigate the magnetizing current of the coupled inductor. Figure 

3.5 shows the secondary side of the example converter with the magnetizing inductance of 

the coupled filter inductor shown explicitly. This magnetizing inductance has been 

arbitrarily placed across the first coupled inductor winding. 

Fig. 3.5 Coupled Inductor Magnetizing Inductance of the Example Converter 

It has been shown that the magnetizing current of a coupled inductor can be expressed as 

follows[ 16]: 

(3.25) 

As mentioned in the introduction to this chapter, however, the turns ratio of the transformer 

and the coupled inductor in this example converter are matched in order to minimize output 
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current ripple and circulating currents. Therefore, the following simplification can be made 

to Eq. 3.25: 

(3.26) 

Comparing this last expression with the second term in Eq. 3.21, it can be seen that the 

sum of the secondary currents reflected to the primary is the same as the coupled inductor 

magnetizing current reflected to the primary. 

I: 

LnyiLY = fltiLm (3.27) 
y=1 

Thus, flnding the slope of the sum of the secondary currents reflected to the primary can be 

accomplished by calculating the slope of the coupled inductor magnetizing current and 

mUltiplying it by the fIrst output's turns ratio. 

d Lk
• diLm - nl - --

dt y=1 y Ly - 1lt dt 
(3.28) 

The slope of this magnetizing current can be found directly by dividing the voltage 

across the magnetizing inductance, vLm ' by the value of the magnetizing inductor. From 

Fig. 3.5 it can be seen that the voltage across the coupled inductor magnetizing inductance 

during the fIrst switching interval is the following: 

nT, ~ t ~ (n+ l)DT, 

(3.29) 
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Note that the magnetizing current of the transformer is small relative to the total primary 

side current. Thus neglecting this magnetizing current, the primary side current is equal to 

the sum of the secondary side currents reflected through the transformer. Dividing this 

voltage by the magnetizing inductance gives the slope of the coupled inductor magnetizing 

current as follows: 

(3.30) 

Now that the values of the transformer magnetizing current and the reflected 

secondary currents as well as each of their slopes are known, the value of the sense 

current, Eq. 3.20, and the sense current slope, Eq. 3.21, can finally be found. Recalling 

that the DC value of the transformer magnetizing current is zero and substituting Eq. 3.24 

into Eq. 3.20, the DC value of the sense current can be found to be the following: 

(3.31) 

Similarly, summing the slopes given in Eqs. 3.23 and 3.30 (where Eq. 3.30 is 

scaled by I'lt as required by Eq. 3.28) yields the instantaneous value of the sense current 

slope, denoted ~ (t), as follows: 
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(3.32) 

To find the steady state value of this slope, each of the variable components in Eq. 3.32 

must be averaged over the first switching interval. Recall however that in the steady state, 

each inductor current, iLy ' has the same average value during the first switching interval 

that it has over the entire switching period. Therefore, from Eq. 3.5B, the average value of 

each inductor current, which in the steady state is equal to its DC value, is as follows: 

(3.33) 

Similarly, the average values of the input voltage and output voltages in the steady state are 

equal to the DC components of each of these quantities regardless of which switching 

interval is under consideration. 

(3.34) 

Therefore, the steady state value of the sense current slope during the first switching 

interval can be expressed as follows: 

(3.35) 
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Having completed the calculations for the sense current and the sense current slope, 

the expression for the duty cycle can be found by substituting Eqs. 3.31 and 3.35 into Eq. 

3.19 as follows: 

D 

k v: 
I -" n .-!!L c £..J Y R 

y=1 Y 

(3.36) 

Recall that in order to calculate the closed loop regulation, the steady state value of the duty 

cycle must be expanded into a normalized Taylor series. Equation 2.17, repeated below, 

gives the general form of that expansion. 

(3.37) 

Using Eq. 3.36 along with the general definition of the sensitivity, given in Eq. 2.9, Eqs. 

3.38 through 3.43 list the values of the sensitivity coefficients of the normalized change in 

duty cycle for the example converter. 

(3.38) 

(3.39) 
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(3.40) 

(3.41) 

(3.42) 

(3.43) 

where <I> and 'I' are defined as follows: 

(3.44) 

'1'= (3.45) 

and where additional nonnalization constants have been defined as follows: 

(3.46) 
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Note that the expression for the duty cycle in Eq. 3.36 can be rewritten, making use of 

these additional normalized constants as well as the constants defined in Eq. 3.17, as 

follows: 

(3.47) 

At this point, the work on the inner current feedback loop is complete, however, as 

discussed previously, the Taylor series expansion of the duty cycle, Eq. 3.37, is also a 

function of the normalized change in control current, Me /1 c' To complete the closed loop 

regulation analysis, the relationship between the output voltages and the control current 

must be determined. For the example converter in Fig. 3.1, the control current is derived 

be finding the error between the values of VRef and VOl' Although the exact compensation 

network chosen is not important because the DC gain of the comparator is nearly infinite, 

Fig. 3.6 shows a simple compensation network that might be used. 

Fig. 3.6 Example Converter Compensation Network 
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In this figure, Vas represents a constant offset voltage present inside some controller chips, 

Oc and 01 are arbitrary gain stages in the feedback path, and Radj is a trimming resistor 

that is chosen after construction in order to adjust the exact value of the regulated output 

voltage, VOl. Note that although the high DC gain of the compensation network forces the 

inputs of the amplifier to match, the other outputs, that is V02 ••• VOk ' are not directly 

controlled. The effect of this compensation, however, must be taken into account when 

predicting the closed loop regulation for these uncontrolled outputs. 

Using conventional frequency domain analysis techniques, the value of the control 

current can be found to be the following: 

(3.48) 

however, this neglects the effect of the larger feedback loop around the entire system as 

shown in Fig. 3.7. 

Vsense 

Rectifiers 
&Filters II 

Switch D 
Network ... ------....... 

Fig. 3.7 Compensation Network with Two Feedback Loops 
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Computing the DC value of the control current including the effect of the local feedback 

around the operational amplifier and the effect of the large feedback loop around the entire 

system is much more difficult than the calculation shown in Eq. 3.48 (see Appendix B). 

To simplify this analysis, the converter must be simulated in a manner which separates the 

effects of the two feedback loops. If this is done properly, the result in Eq. 3.48 can be 

shown to be independent of the outer feedback loop and can be used directly to find the 

value of Ie. The method used to simulate this converter is discussed in detail in Chapter 4. 

Without goin'g into the details of this simulation, the DC value of Ie can be found 

by applying the final value theorem[22] directly to Eq. 3.48. As part of the separation of 

the two feedback loops, the inputs to the compensation network, vOl(t) and vu/(t), must 

be sampled once for each iteration of the simulator. Thus the frequency domain inputs to 

the compensation network are constants. 

£[VOI (t)] = £[VOlD(t)] = VOl 

£[ vre/ (t)] = £[ v,e/D(t)] = v,t/ 
(3.49) 

Making these substitutions in Eq. 3.48 and applying the final value theorem gives the 

following final value for the control current: 

(3.50) 

Note that this equation is specific to a single output voltage feedback scheme, but could 

easily be refonnulated for other voltage feedback configurations by including tenns 

reflecting contributions from other outputs. Note also, that as long as the DC gain of the 

operational amplifier is high the first two tenns in Eq. 3.50 will cancel out leaving only the 

---,----, 
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offset term as the DC value of the control current. Thus the specific compensation network 

is not critical to the design of the example converter. The closed loop regulation 

calculations, however, depend on the relationship between the change in the output 

voltages and the change in the control current. 

Equation 3.51 reviews the general form of this relationship as derived in Chapter 2. 

This normalized Taylor series expansion of the control current can now be evaluated 

because the DC expression for the control current has been found. 

(3.51) 

The sensitivity coefficients in this expression are derived using the definition of the 

sensitivity as given in Chapter 2 in conjunction with Eq. 3.50. Equation 3.52 gives the 

results of this analysis. 

(3.52) 

where additional normalization constants have been defmed as follows: 

(3.53) 

All other sensitivities in Eq. 3.51 are zero because of the single output voltage feedback 

scheme used for this example. Thus the normalized change in the control current for the 

example converter is only related to the value of .1 VOl/VOl . 
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In an ideal converter, this regulated output voltage would stay constant regardless 

of the input or load conditions. Thus I:!VOl/VOI would be zero and consequently McfIc 

would also be zero. Nevertheless, the nonnalized change in duty cycle, MJ/ D, would still 

be nonzero because of all the other contributing tenns in its Taylor series expansion, Eq. 

3.37. In a real converter, I:! VOJVOl is not quite zero but it is much smaller than the 

regulation error on the other uncontrolled outputs. Thus the nonnalized change in control 

current due to the change in Val is also nonzero. However, as mentioned earlier, the exact 

compensation network in the voltage feedback path does not effect the value of the control 

current as long as the DC gain of the operational amplifier is high. Similarly, the effect of 

the specific feedback network on the change in control current is negligible as long as the 

DC gain of the operational amplifier is high. 
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3.4 Summary of Results 

Once all three Taylor series and their corresponding sensitivity coefficients have 

been derived, the operating point and the closed loop regulation of the example converter 

can be found. To summarize the results derived in this chapter, the operating point is 

found using Eqs. 3.18,3.47 and 3.50 all of which are listed in Table 3.2. 

Table 3.2 Operating Point Equations for the Example Converter 

Note that the open loop output voltage and duty cycle expressions above are normalized so 

that the exact values of the turns ratios, output voltages, load resistors and magnetizing 

inductances are not critical to the calculations. The control current expression, on the other 

hand, can not be normalized in the same manner as the other operating point equations. 

However, as discussed in Section 3.3, as long as the DC gain of the compensating 
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amplifier is high, the control current is essentially independent of the value of the output 

voltage. 

Once the operating point is known, the closed loop regulation is calculated using 

three normalized and linearized Taylor series expansions, Eqs. 3.11, 3.37, and 3.51, as 

shown in Table 3.3. 

Table 3.3 Normalized Regulation Equations 

where the sensitivity coefficients in these three series are derived using the definition of the 

sensitivity given in Eq. 2.9 along with the appropriate equations for the open loop output 

voltage, the duty cycle, and the control current, respectively. The sensitivity coefficients 

for the example converter, defined in Eqs. 3.12 - 3.16, 3.38 - 3.43, and 3.52, are 

summarized on the next page in Table 3.4. 

Chapter 4 details the process of solving the two systems of equations in Tables 3.2 

and 3.3 and describes the techniques necessary to separate the interaction of the two 

feedback loops around the compensating amplifier as alluded to earlier in this chapter. 
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Table 3 4 Sensitivity Coefficients for the Example Converter 
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4. STEADY STATE SIMULATION 

4.1 Simulator Derivation 

Given all of the equations derived in the last chapter, the closed loop regulation of 

the example converter shown in Fig. 3.1 can be computed by fIrst fInding the operating 

point, i.e. VOy' D, and Ic' at the known load and input conditions using the equations in 

Table 3.2. Then the Taylor series expansion coefficients in Table 3.4 must be evaluated at 

that operating point. Finally, the terms of the three Taylor series in Table 3.3 must be 

summed to fInd the change in the output voltages for a given change in the value of the load 

and input. Since these three Taylor series are interdependent, an iterative solution for the 

closed loop output voltage regulation must be used. 

The fIrst step in this process, fInding the steady state operating point, requires that 

the steady state value of the control current be known. This value of Ic is used in the 

calculation for the DC value of the duty cycle which is in turn used to fInd the DC values of 

the output voltages. Since, as discussed in the last chapter, it is necessary to include both 

the outer system feedback loop as well as the local feedback loop around the compensating 

amplifier in the calculation for this control current, the outer loop must be taken into 

account in the process of finding the steady state operating point. Once the control current 

is found, the Taylor series calculations for the steady state regulation can be completed. 

Figure 4.1 shows a block diagram of a current-mode controlled converter with both 

a local feedback loop and a larger system feedback loop around the compensating amplifIer. 

Although fInding a closed form for the operating point is complicated by the relationship 

between the outer loop and the local feedback loop around the compensating ampliller and 

by the complexity of the expression for the duty cycle (See Appendix B), an iterative 

approach to solving for this operating point can be used. 
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In the physical converter, all voltages and currents are continuous functions of time, 

however, by using time dependent equations to simulate the behavior of the converter, each 

intermediate result has become a discrete time calculation. For example, the calculation of 

V jb' the DC value of the output of the compensator, is dependent on the value of the output 

voltage, vo(t), at some particular instant in time. This output voltage is then recalculated 

with VJb fixed at the value found during that last iteration. Thus the simulated output 

voltage takes a discrete jump between the two iterations. Furthermore, when this new 

value of the output voltage is used to compute a new value for the feedback voltage, the 

value of the feedback voltage jumps to a new value. Since the feedback voltage is directly 

related to the voltage across the feedback capacitor and the voltage across a capacitor cannot 

have a finite discontinuity unless its current is an impulse, each feedback capacitor voltage 

jump corresponds to an impulse of capacitor current in the simulated converter. Figure 4.2 

shows the voltage and current waveforms in the compensation amplifier given the discrete 

nature of the operating point calculations. 
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Fig. 4.2 Calculated Compensator Waveforms 
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Note that while the transient behavior of the system using this iterative technique does not 

match the transient behavior of the real converter, the steady state operating point of both 

systems is the same. In both cases, the condition that dictates reaching steady state is that 

the output of the compensating amplifier must provide the exact feedback voltage necessary 

to make the inputs of that amplifier equal to one another. Thus, once the iterative 

calculations converge to a final operating point where this condition is met, the calculated 

feedback voltage matches the real feedback voltage. After the feedback voltage is known, 

the control current can be calculated directly from this value and the regulation calculations 

can continue. 

Given this iterative approach to calculating the operating point of the converter, the 

model must be adjusted to reflect the discrete time nature of the calculations. Recall that the 

capacitor voltage takes a finite jump once each iteration and that the capacitor current must 

be an impulse in order to cause this discontinuity. Thus the feedback capacitor current can 

be expressed as follows: 
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00 

iC<t) = "'f/dt - kT)8{t-kT) (4.1) 
k=O 

Since this impulse of current must flow though both the feedback capacitor, Cjb,and 

through the feedback resistor, Rjb' it can also be written in the following form: 

However, to produce this train of impulses, the inputs to the compensating amplifier, 

namely V,4 and G1VO{t), must also be series of impulses. Thus the compensating 

amplifier must be modeled with some means to sample its inputs once per iteration. Figure 

4.3 shows a model of the converter with a sampled integrator replacing the compensating 

amplifier of Fig. 4.1. This sampled integrator produces the calculated compensator 

waveforms shown in Fig. 4.2. 

Rectifiers 
&Filters 
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v jb(t) 
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II Switch 
Network 

d(t) 

Fig. 4.3 Converter Model with Sampled Integrator 

This model overcomes the problem of discontinuous inputs to the compensating amplifier 

by sampling those inputs once per iteration. While the integrator, containing the 
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compensating amplifier and its local feedback loop, is calculating the next value of the 

feedback voltage, the values in the outer system feedback loop stay constant. Similarly, 

when the outer system feedback loop calculates new output voltages, the feedback voltage 

remains fixed. 

Having modeled the compensating amplifier as a sampled integrator, it is now 

possible to find an expression for the feedback voltage. Rearranging the tenns in Eq. 4.2 

and replacing v,.~f and Gjvo(t) with their sampled counterparts, the value of the feedback 

voltage can be found to be the following: 

kT ~ t ~ (k + l)T 

(4.3) 

Finally, integrating this expression yields the following: 

kT ~ t ~ (k + l)T (4.4) 

When this expression for the feedback voltage has converged to a final value, the 

compensating amplifier has reached the equilibrium condition that represents steady state in 

the real converter. 

Note that when the control current in Fig. 4.3 is derived using the result in Eq. 4.4, 

the resulting expression is the same as that derived in Eq. 3.49 using the final value 

theorem except for the effect of the trimming resistor Radj which is not included in Fig 4.3. 
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kT ~ t ~ (k + l)T 

(4.5) 

This similarity between the result using the final value theorem and the result as found in 

Eq. 4.5 is not unexpected. By modeling the discrete time calculations with a sampled 

integrator, each new value of Vjb is calculated independently of the outer feedback loop. 

Similarly, each new value of the output voltage is calculated independently of the inner 

feedback loop inside the integrator using the new value of Vjb' Thus the sampling 

separates the effects of the two feedback loops. With these two feedback paths isolated, 

the use of the final value theorem to derive the control current in Chapter 3 is acceptable. 
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4.2 Simulator Operation 

Now that a simulator has been developed it is possible to predict the closed loop 

regulation of the converter shown in Fig. 3.1 Recall that the fIrst step in this process is to 

compute the steady state operating point of the converter. Figure 4.4 shows the complete 

model that is used to fInd this operating point. 

Damper 

SIMULATED ~~ 

~MLLE~ 
Open Loop d(kT) 
Equations 1-------... 

Initial 
States 

Fig. 4.4 Block Diagram of the Operating Point Calculations in the Simulator 

To begin, some initial values for the multiple output voltages are provided to the simulator. 

The integrator then samples its inputs and calculates a new value for Vfo' Next, sampling 

the output of the integrator, this new value of Vfo is used to calculate a new value for the 

control current. Finally, using a value of the sense current derived from the initial output 

voltages and the aforementioned control current, a new value of the duty cycle is found and 

new output voltages are calculated. The damper shown in this fIgure is used to limit the 

change in duty cycle after each iteration in order to ensure that the calculations converge. 

The characteristics of this damper can be set arbitrarily so long as the change in duty cycle 

from one iteration to the next gets progressively smaller. 
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Once the operating point has been found, the normalized regulation is computed by 

evaluating the sensitivity expressions at the given operating point and then solving the 

system of normalized Taylor expansions. Once again, an iterative approach is used to 

solve the system of equations. In this case, the normalized change in output voltage, 

/), Vo /Vo ' is a function of the normalized change in duty cycle, MJ/ D, which is in turn a 

function of the normalized change in control current, Mc/Ic. Closing the loop, Mc/Ic is 

a function of /),Vo/Vo ' Using an arbitrary set of normalized output voltage shifts to 

initialize the calculations, an initial value for the normalized change in control current is 

calculated. Then, this value is used to find the nonnalized change in duty cycle. Finally, a 

new set of normalized output voltage shifts are calculated using the previous values of 

Mc/Ic, MJ/D, and /),Vo/Vo ' This cycle is repeated until the normalized changes in 

output voltage settle to some final value. Note that once again a damper is necessary to 

ensure that the calculations converge to a final solution. Figure 4.5 gives a block diagram 

of these closed loop regulation calculations in the simulator. 
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Fig. 4.5 Block Diagram of the Nonnalized Closed Loop 

Regulation Calculation in the Simulator 
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To accomplish the iterative computation shown in Figs. 4.4 and 4.5, the Eqs. in 

Tables 3.2, 3.3 and 3.4 were implemented in the spreadsheet application program 

WingZTM. The software that controls the flow of data within that spreadsheet was written 

in the Hyperscript® programming language that is associated with the application 

WingZTM. Appendix C provides an example of the spreadsheet used to calculate the closed 

loop regulation of a three output converter of the form of Fig. 3.1. Appendix C also 

includes a brief description of the functional blocks within the spreadsheet as well as a copy 

of the Hyperscript® control program used to direct the spreadsheet and an explanation of 

how the program works. 
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4.3 The Operating Midpoint 

One additional issue that must be addressed in this discussion of the simulator 

involves the process of evaluating the sensitivity coefficients. Since the sensitivity 

expressions must be evaluated at some specific operating point, a question arises as to 

which of the two operating points should be used in the evaluation of these coefficients, the 

initial or the final. If the sensitivity is viewed as the slope of the normalized voltage 

regulation versus some parameter X, where X equals Vin , Ry , etc., then the value of the 

slope at either the initial or final value of that parameter may be significantly different than 

the average slope over the whole interval. Figure 4.6 shows an example of the effect of 

using different values of the slope to compute the change in output voltage. 

Vo 

Slope evalutated at 
final operating point---""" 

Slope evaluated at 
initial operating point I 

Xinitial X fmaI 

'------------- -----------~ ~ 
L\X 

Fig. 4.6 Slope of the Output Voltage at the Initial and Final Operating Points 

X 
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Notice that, for the example shown, the change in output voltage using the slope evaluated 

at the initial operating point, Il VO(initial), is significantly larger than the actual change in 

output voltage, while this change evaluated at the final operating point, Il VO(fmal). is 

significantly smaller than the actual change. This deviation would contribute to an unduly 

large or small prediction of the total steady state error. 

To resolve this discrepancy, the simulator evaluates the slope of the normalized 

voltage regulation at the midpoint between the initial and final values of the variable 

parameter. Figure 4:7 shows the same curve as in Fig. 4.6 but with the slope evaluated at 

the midpoint between Xinitial and Xfinal. 

Vo 
Slope evalutated at ~ __ ..., 

middle operating point 

t _ 
Actual 
IlVo 

-I - - - - - - -'I--=,,";-~;::::::::::::;;;""--:::--
Il VO(rniddle) 

1- _ _ _ _ _ _ 

- , - -

x 
Xinitial Xmiddle X fmaJ 

'------------ ----------~--.......".--
Il.X 

Fig. 4.7 Slope of the Output Voltage at the Operating Midpoint 

Notice that the predicted change in output voltage using this new operating midpoint, 

Il VO(middle), is much closer to the actual amount of change than either measurement in Fig. 

4.6. In addition, this technique eliminates any ambiguity that might arise as to which is the 

initial operating point and which is the final operating point. To use this technique, the 
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simulator evaluates the sensitivity coefficients at the operating midpoint. Then the 

regulation is calculated as described before, by multiplying each slope (sensitivity 

coefficient) by the net change in the appropriate operating parameter, L\X, regardless of 

whether this change is from initial value to final value or from final to initial. 
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5. STEADY STATE DESIGN PLOTS 

5.1 Introduction 

The original software simulator was designed to predict the behavior of a specific 

prototype three output current-mode controlled push-pull converter with coupled filter 

inductors and with output voltages of 5V, 7V, and 15V. It was therefore not very useful to 

a designer with different specifications. To resolve this problem, a series of four plots are 

derived that predict the output voltage regulation of any converter of the prototype topology 

regardless of the number of outputs or the specific output voltages. The construction of 

these graphs is made possible by the normalization used throughout the analysis. Since all 

the regulation equations are normalized, it does not matter whether the output voltage is 5V 

or 50V. Similarly, there is no need to develop new equations for converters with more 

than three outputs. 

The design plots presented in this chapter are created by determining the normalized 

output voltage regulation from the software simulator described in Chapter 4 and then 

plotting this result as a function of the normalized load conditions and parasitic resistances. 

The results from these design plots can then be denormalized to predict the output voltage 

regulation for any converter of the prototype topology regardless of the load specifications, 

the number of outputs, or the output voltages. Although it is possible to manipulate the 

spreadsheet simulator described in Appendix C to predict the regulation for more than three 

outputs or for other output voltages, rewriting the spreadsheet for each specific design is 

not the best way of applying the techniques developed in this dissertation. The proper tool 

to predict the regulation of a new converter of the prototype topology is the four design 

plots given in this chapter. To extend the techniques for determining closed loop output 
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voltage regulation developed in this dissertation to a different converter topology a new set 

of design plots would need to be developed. 
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5.2 Design Plots 

The final result of the steady state regulation analysis is a series of four plots that 

characterize the contribution to the steady state error from any of the parasitic resistances on 

any of the outputs of a multiple-output push-pull current-mode controlled converter with 

coupled filter inductors, primary side current sensing, and single output voltage feedback. 

In order to calculate the total regulation error for any of the unregulated outputs, the 

contribution from each of the four plots must be summed and then denormalized. Figures 

5.1 through 5.4 show these four plots. Each plot corresponds to one of the four groupings 

of parasitic resistances that contribute to the regulation error. Table 5.1 reviews the 

nomenclature and description of each of these four lumped parasitic elements. 

T bl 5 1 P .. R . a e . araSlnc eSlstances th C 'b at ontn ute to th T IR I' E e ota eguanon rror 

Notation Description 

rNL1 filter inductor winding resistance of the controlled output 

r NLy filter inductor winding resistance of the yth uncontrolled output 

rSI half the sum of the rectifying diode on resistance and 

the transformer secondary winding resistance 

(center tap to end) of the controlled output 

rSy half the sum of the rectifying diode on resistance and 

the transformer secondary winding resistance 

(center tap to end) of the yth uncontrolled output 

Note that the presence of the division by two in the rSI and rSy terms can be traced back to 

Eq. 3.6. Additionally, all of these lumped parasitic elements are normalized in Figs. 5.1 

through 5.4. The normalization constant is the average load resistance on the controlled 
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output, R1avs ' for the parasitics on the controlled output, and is the average load resistance 

on the yth uncontrolled output, Ryavs ' for the parasitics on the uncontrolled outputs. 

Given these groupings of parasitic resistances, each of the four design plots is 

fonned by iterating through the operating point equations as the load conditions are varied 

and with all but one of the lumped parasitic elements set to zero. Once the operating point 

is found, the normalized closed loop regulation is calculated by iterating through the three 

Taylor series expansion expressions as described in Chapter 4. Finally, the resulting 

nonnalized regulation is plotted as a function of the nonnalized load shift and normalized 

parasitic resistance that caused that regulation error. 
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Fig. 5.1 !J.VoyNoy vs. fNLIlRlavg y=l:l 

(Nonnalized change in the yth output voltage versus the nonnalized 

value of the flrst fllter inductor winding resistance.) 

0.2~------r-----~-----~~-----~-----~-----~-----~-----~-----~-----~ 

0.15 -=I---I--+---I--+--+--+--.J-~~~~~ 

0.1~-~-~-~-~--r~~~:p--=r-~~~ 

-0.1 

-0.15 -f-------+---f----f-___ I---of----t---f----t-.......;;:::IIIIofo~~ 

-0. 2 -h..,....,....-+-T"T"'l~..,....,...,....,..i_r_1r_TT-f-rT""r"",-t-,_rT-r+T"'I""I""T"f_rT_r_r_+r-r-r-r_f_r_r_r_,_f 

Fig. 5.2 !J.VoyNoy vs. rSllRlavg y=l:l 
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As an example of how to use these plots, assume that it is desired to calculate the 

voltage regulation on the second and third outputs of the converter shown in Fig. S.S. 

Isense 

Current Mode 1-----1 V sense 
Controller ~---f Compensator V 

!control ref 

Fig. S.5 Three Output Push-Pull Current-Mode Controlled 

Converter with Coupled Filter Inductors 

Assume that the first output voltage, the controlled output, is SV, and the second and third 

output voltages, both uncontrolled outputs, are 7V and ISV respectively. In addition, 

assume that the worst case regulation on the 7V output occurs when the SV output shifts 

from a 15.20 load to a 8.80 load at the same time as the 7V output load shifts from 410 to 

1220. Let the parasitic resistance of the filter inductor winding on the SV output, INLh be 

92mO, and the parasitic resistance of the transformer winding plus that of the rectifying 

diode on the regulated output, rS}, be 93mO. In addition, let the parasitic resistance of the 

filter inductor winding on the unregulated 7V output, INL2, be 257mO and the parasitic 

resistance of the transformer winding plus the parasitic resistance of the rectifying diodes, 

rS2. be 156mO. Now referring to Fig. 5.6, a magnified copy of Fig. 5.1: 
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-0.6- Ml _ 8.8 -15.2 

~ 0.01-+----+------;"'-~~I---=~--r.004 ~"' - CS02; 808) 

~Q~ ~ 

~ 0 
~ -0.005 -c---~~::::........~::::...'""'"'=:i__---I +0.2 
~ +M 

-0.01-+----+--~--'f'~....;;:a".,,~~_...~ 
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-0.015 -+-----t----+------;po...::---...;:~ +0.8 

-0.02 +1.0 
o 0.005 0.01 0.015 0.02 

rNLllRlavg 
• 

rNL1 0.092 
- = CS.2 +8.8) =0.0077 R1avg 

2 

Fig. 5.6 Example Calculation Using a Magnified Copy of Fig. 5.1 
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-0.53 

The coordinate on the horizontal axis is found by dividing the value of the parasitic 

resistance, rNLl, by the average value of the controlled output load resistor, Rlavg. 

Choosing from the family of normalized load shift curves is accomplished by dividing the 

change in the controlled load resistor, .1Rl (.1Rl equals RHinal minus Rlinitial), by the 

average value of the controlled output load, Rl avg, Finally, the theoretical value of the 

normalized change in the 7V output is determined by finding the coordinate on the vertical 

axis where the normalized parasitic resistance intersects the normalized controlled load shift 

curve. In this case, the value of that normalized change can be found to be the following: 

(5.1) 
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Now, referring to Fig. 5.2, the theoretical value of the normalized change in the 7V 

output due to the parasitic resistance of the transformer secondary winding and the 

rectifying diodes on the controlled output can be found as follows: 

0.53 :. L\Vo2 =0.0065 
V02 

(5.2) 

Note that Appendix D contains another copy of the four design plots with the horizontal 

range magnified to highlight very small normalized parasitic resistances. 

Now, referring to Figs. 5.3 and 5.4, or the appropriate plots in Appendix D: 

MS 122-41 

(
41+

2

122) +1.0 R2avg 

(5.3) 

:. L\ V02 = 0.0035 
V02 

(5.4) 

Finally summing up the contributions terms in Eqs. 5.1 through 5.4 gives the following 

normalized regulation: 

L\ VOl/VOl = 0.0040 + 0.0065 + 0.0035 + 0.0035 = 0.0175 (5.5) 
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In order to denormalize this value, multiply the normalized result by the expected output 

voltage of the uncontrolled output (in this case 7V). 

llVOx = 0.0175* 7V = 122.5mV (5.6) 

Therefore, the output voltage of the 7V output would increase 122.5mV under the load 

conditions descdbed above. Note that if all other conditions remained the same but the 

output voltage was lOV, because all quantities are normalized, the steady state error would 

simply be the product 0.0175*10V, which is 175mV. 

Continuing, assume that it is now desired to calculate the voltage regulation of a 

15V output given the same load conditions for the 5V output but with the 15V output 

changing load from 880 to 2640. Let the parasitic resistances of the 5V output stay the 

same as in the last example while the 15V output has 546mO of filter inductor winding 

resistance and 256mO of transformer and diode resistance. Now referring to Fig. 5.1: 

II V03 == 0.0040 
V03 

(5.7) 

Note that this is the same as Eq. 5.1 because neither the loading or the parasitic resistance 

has changed on the controlled output. The effect of rSI is unchanged from Eq. 5.2 for the 

same reason. Moving on to Figs. 5.3 and 5.4, the normalized change in output voltage due 

to the parasitic resistances on the 15V output are as follows: 
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rNL3 _ 0.546 
0.0031 M3 264-88 

+1.0 L\V03 =0.0033 . 
R3avg - (88+

2
264) R3avg (88~264) 

.. 
V03 

(5.8) 

rS3 0.256 
0.0015 M3 264-88 

+1.0 L\V03 =0.0027 . 
R3avg (88~264 ) R3avg (88~264) 

.. 
V03 

(5.9) 

Finally summing up the regulation terms in Eqs. 5.7, 5.2, 5.8 and 5.9 and denormalizing 

yields the following: 

L\V03 = (0.0040 + 0.0065 + 0.0033 + 0.0027) * 15V = 247.5mV (5.10) 

Now assume that these two results are not good enough to meet the specifications. 

Clearly, any means of lowering the parasitic resistances in the circuit will lower the 

regulation error, however, by using the design plots provided, the change in regulation 

error due to a change in a specific parasitic resistance can be found directly. For example, 

assume that by changing the rectifying diodes on the controlled output, the parasitic 

resistance of those diodes could be reduced by 50mn. This corresponds to a reduction of 

25mQ in the value ofrsl. Now referring again to Fig. 5.2, the normalized improvement in 

output voltage due to a 25mQ decrease in the value ofrsl can be found as follows: 

(5.11) 



92 

Thus the improvement in regulation can be found by denormalizing Eq. 5.11 by the 

appropriate output voltage: 

AV02 = 0.002 *7V = 14mV 

AVo3 = 0.002 * 15V = 30mV 
(5.12) 

With these reductions, the total regulation error for the 7V output is 108.5mV while the 

total regulation error for the 15V output is 217 .5m V. 

To verify the results from the examples above, a prototype of the converter shown 

in Fig. 5.5 was constructed. Section 3 of this chapter describes the details of that prototype 

and presents measured results to compare with these examples. 
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5.3 Experimental Verification 

Figure 5.7 gives the schematic of the experimental prototype. Note that each 

switching transistor driver stage consists of a pair of complementary bipolar transistors so 

that the high gate current necessary to turn the MOSFETs on and off is provided by the 

28V input power supply rather than by the UCl846 control chip. Note also, that the sense 

INS806 

II 

846T2S0-3C8 INS806 

lOOpF 6.8!1F 
28V-=-

+ I I 
":' ":' 3.9Kn 

1 NS806 

Fig. 5.7 Experimental Prototype Converter 
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current is derived from the lQ resistor connecting the common source of the two switching 

transistors to ground and that this signal is then filtered through a two pole low pass filter 

before reaching the inputs of the control chip. The compensating ramp necessary to ensure 

the stability of the system, derived from the timing capacitor of the control chip, is inverted 

and added directly to the sense current. In addition, note that the power for the operational 

amplifiers is derived from a separate voltage regulator, LM117, so as not to act as a load on 

any of the outputs of the converter and influence the regulation measurements. 

Tables 5.2 arid 5.3 list the measured worst case load resistances and the measured 

parasitic resistances for the prototype converter. All load resistance measurements were 

made at the switching frequency using a network analyzer configured to measure 

impedance. The winding resistance measurements, on the other hand, were made at 

10KHz using the same setup. This frequency was chosen so that the value of the parasitic 

resistance would be of the same magnitude as the measured reactance. The parasitic 

resistance of the diode was measured at DC with a DC bias current equal to the average 

load current in the prototype. 

5.2 Measured Worst Case Load Resistances 

Max Current Min Current 

R) 8.8Q 15.2Q 

R2 41Q 122Q 

R3 88Q 264Q 
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T bl 53 E a e . 11 M xpenmenta IY edP .. R . easur arasltlc eSlstances 

TNLI (first output filter inductor winding resistance) 0.0920 

TNL2 (second output fIlter inductor winding resistance) 0.2570 

TNL3 (third output filter inductor winding resistance) 0.546Q 

TNT! (fIrst output transformer winding resistance) 0.0650 

TNT2 (second output transfonner winding resistance) 0.1320 

TNT3 (third output transfonner winding resistance) 0.332Q 

TDi (fIrst output rectifying diode on state resistance) 0.1200 

TD2 (second output rectifying diode on state resistance) 0.1800 

TD3 (third output rectifying diode on state resistance) 0.1800 

TS! (fIrst output lumped secondary resistance) 0.0930 

TS2 (second output lumped secondary resistance) 0.1560 

TS3 (third output lumped secondary resistance) 0.2560 

Note that the parasitic resistance value which corresponds to either of two source elements, 

for example DII and D12, is actually the average of the measurements from each individual 

element. Note also that the last three lines of Table 5.3 give the values of TS!' TS2 ' and TS3 ' 

which are derived by summing the appropriate parasitic elements as described in Table 5.1. 

The experimentally detennined regulation for the second and third outputs is listed 

in Table 5.4. Since it is desired to find the worst case regulation, the measurements were 

made by noting the change in output voltage when the controlled 5V output was changed 

from minimum to maximum current at the same time as the uncontrolled outputs, the 7V 

and 15V outputs, were changed from maximum to minimum current. Table 5.4 also lists 
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the theoretical values of the regulation error as derived in the examples in the previous 

section of this chapter. 

a e . T bl 54 E xpenment alR I esu ts 

Load Conditions Measured Theoretical 

Regulation Regulation 

Rlinitial = 15.2Q Rlfmal = 8.8Q 

tJ.Vm R2initial = 41Q R 2final = 122Q 171mV 123mV 

R3 has no effect 

Rlinitial = 8.8Q Rlfinal = 15.2Q 

tJ.Vm R2 has no effect 295mV 248mV 

R3initial = 88Q R3finaJ = 264Q 

These results indicate that the theoretical predictions of the regulation are slightly 

less than the actual measured regulation. The difference between the two results, however, 

can be attributed to additional sources of regulation error that were not included in the 

modeling procedure. Recall that the present simulator only accounts for the nonideal 

resistances of the windings and diodes in the regulation calculations. The presence of 

leakage inductance and any other parasitic resistance also causes regulation error. 

Neglecting these sources causes the theoretical predictions to be low. The fact that the 

predictions are never higher than the measured error confirms that the model only accounts 

for some of the sources of regulation error. Assuming that these other sources of error are 

approximately a constant percentage over the entire range of load shifts and output 

voltages, the predicted regulation can be compensated by this amount. 
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5.4 Suggested Use of the Design Plots 

From the previous two sections, it is clear that the techniques described in this 

dissertation can be used to predict the regulation of a given multiple-output current-mode 

controlled converter relatively accurately once the magnitude of the parasitic resistances and 

load resistances are known. However, the examples shown do not provide much insight 

into how these design plots could be used by a power supply designer who only knows the 

load requirements and the desired l-egulation specifications. Although, as discussed in 

Chapter I, there are many novel approaches to improving the regulation of multiple output 

converters, a more useful approach is to calculate each output's voltage regulation during 

the converter design so that appropriate modifications can be made before construction is 

undertaken. This approach not only improves the output voltage regulation without 

increasing the complexity of the converter, but also allows design tradeoffs to be made with 

an understanding of the ramifications of such tradeoffs with regard to the regulation. 

This section shows how to apply the techniques developed in this dissertation to the 

design of a typical converter given only a set of external specifications (Le. the same 

situation that a designer encounters). First, some useful information that can be inferred 

directly from the four design plots is presented. Then, a specific example involving the 

choice of the wire gauge for one of the filter inductor windings is presented. 

From the perspective of a power supply designer, there are several useful design 

guidelines that can be inferred directly from the four design plots. First, notice that none of 

the plots are dependent on the primary side resistance. It has been found that the voltage 

regulation is independent of primary side resistance for all outputs because this resistance is 

internal to both feedback loops. Thus, if the primary side current changes due to a load 

shift on the yth output, although both the current feedback loop and the voltage feedback 

loop are affected, the change in the current feedback loop will be exactly matched by the 
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change in the voltage feedback loop and the output voltages will remain constant. 

Therefore, parasitic resistances on the primary side of the converter, i.e. the sense 

resistance, are not critical for meeting regulation specifications. Instead, when designing 

the feedback network, the choice of Rsense is dictated by the tradeoff between achieving a 

clean representation of the switch current waveform and the power lost through this 

resistor. 

Second, notice that the 8Rt/Rlavg coefficients in Figs. 5.1 and 5.2 start at -1 and 

increase to +1 from top to bottom across the family of curves while the 8Ry/Ryavg 

coefficients in Figs. 5.3 and 5.4 start at + 1 and decrease to -1 across the family of curves. 

This indicates that a positive load shift on the controlled output (8Rl/Rlavg>O) causes the 

uncontrolled output voltage to decrease (8 VoyN Oy<O) while the same load shift on the 

uncontrolled output (8Ry/Ryavg>O) causes the output voltage to increase (8 VoyN Oy>O). 

Similarly, a negative load shift on the controlled output causes the unregulated output 

voltage to increase while the same load shift on the uncontrolled output causes that output 

voltage to decrease. Thus the worst case regulation occurs when the load on the regulated 

output changes from maximum to minimum (or minimum to maximum) while the load on 

the unregulated output changes from minimum to maximum (maximum to minimum). The 

plots also show that load conditions on any additional uncontrolled outputs have no effect 

on the regulation of the output under test. 

To give a specific example of how a designer might use the design plots, consider 

the choice of filter inductor wire gauge with regard to the regulation error caused by the 

parasitic resistance of such a winding. For example, assume that it is desired that the 

second output of a multiple-output converter, where V02=15V, has no more than a 5% 

shift in output voltage when the load current, h, changes from lA to 2A. Furthermore, 

assume that this 5% shift in output voltage is caused equally by each of the four lumped 
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parasitic elements. In other words, one quarter of the 5% error is caused by the filter 

inductor winding resistance. 

(V02)_(V02) (15V)_(15V) 
12flIl 1 2init 2A lA 

[;((~::H:':J)] [;(('}:)+C::))] 
0.667 

(5.13) 

Now, referring to Fig. 5.8, the ~VoVVo2=-0.0125 line intersects a line at .1R2fR2avg= 

-0.667 (approximately halfway between the ~R2fR2avg=-0.6 line and the ~R2fR2avg=-0.8 

line) at a normalized parasitic resistance, read from the horizontal axis, of 0.0175. 
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Fig. 5.8 Example Calculation Using a Copy of Fig 5.3 
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The maximum allowable value of the parasitic resistance is found by multiplying this 

nonnalized result by the load resistance when the current is at its maximum. 

(5.14) 

Thus the maximum value for the filter inductor winding resistance, INL2, is 131rnn. This, 

in turn, can be used to find the resistance per unit length of the magnet wire. If the second 

winding of the inductor core is initially designed to have 50 turns at a length of O.1ft/turn, 

then the wire resistance can be found as follows: 

R. =0.131Q* lturn * 1 = 0.0262Q = 26.2Q 
WIT. O.1ft SOturns ft 1oo0ft 

(5.15) 

Finally, referring to a standard wire gauge chart, the maximum allowable wire gauge for a 

wire resistance of 26.2Q/1 OOOft is A WG#24. Thus to meet the regulation specifications 

for the second output, the wire gauge of the second output filter inductor can be no higher 

than A WG#24. 

Using this technique, the wire gauges for all of the windings in the converter can be 

specified. In a similar manner, the maximum on-state resistance of the rectifying diodes 

can be specified. The power supply designer can then tradeoff parasitic resistance in one 

area for better performance or less expensive parts at the expense of increased regulation 

error from another parasitic resistance located elsewhere in the converter. Thus the power 

supply designer has access to a new level of tradeoffs that directly effect the regulation 

specifications of the developing converter during the design of that converter rather than 

after its construction. 
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6. SMALL SIGNAL ANALYSIS ME1HODOLOGY 

6.1 Introduction 

This chapter describes the general procedure for developing a small signal model of 

a multiple-output current-mode controlled converter. This procedure is a direct extension 

of the modeling technique for a single-output current-mode controlled converter developed 

by Middlebrook in [12]. For a multiple-output converter, however, the small signal model 

must be adjusted to reflect the presence of multiple small signal outputs. In addition, 

depending on the feedback configuration of the converter, the connection of the feedback 

loops to the open loop model may be different than for the single-output closed loop model 

derived by Middlebrook. For example, the current feedback can come from any of the 

individual filter currents or from some combination of these filter currents. Similarly, the 

voltage feedback can come from any of the individual outputs of the converter or from 

some weighted combination of these outputs. 

The next section of this chapter describes the procedure for developing a general 

open loop small signal model for a multiple-output converter. This model is then used to 

find a general expression for the open loop control-to-output transfer function for a 

multiple-output converter. Following the development of the open loop model, the 

procedure for adding the feedback loops to that model is presented. First, four general 

feedback configurations are described. Then, a closed loop small signal model for each of 

these schemes is presented and the relevant closed loop small signal characteristics (e.g. 

current loop gain, closed loop control-to-output transfer function, etc.) are derived. 
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6.2 Open Loop Small Signal Model 

Following the same procedure as for a single-output converter, the fIrst step in 

developing a small signal model for the multiple-output converter is to fInd the linearized 

averaged small signal equations for each of the state variables in the converter (e.g. 

inductor voltages and capacitor currents) and for the input current This is accomplished by 

averaging the open loop state variable equations and the input current expression during 

each switching interval over the length of the switching period. The operating point 

parameters in each of the averaged equations are then perturbed about their steady state 

operating points ((x) ~ X + x) and the fIrst order terms in the resulting expressions 

isolated. Note that the equations derived by isolating the zeroth order terms from the 

perturbed expressions described above may be useful in simplifying the fIrst order (small 

signal) equations. Once the small signal equations have been found, the open loop small 

signal model can be formed by synthesizing a circuit than agrees with all of the small signal 

equations simultaneously. The general form of such a circuit is shown in Fig. 6.1. 

e(s)d + 
" VOl 

Fig. 6.1 Multiple-Output Open Loop Canonical Model 
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where e(s) and j(s) are frequency domain polynomials that represent the relationship 

between small signal variations in the duty cycle and the operating point parameters and 

element values in the circuit, My(D) represents the DC conversion ratio between the yth 

output voltage (1 ~ Y ~ k) and the input voltage, and where L.qy represents the equivalent 

series inductance that forms half the low pass filter leading to the load. Note that this 

model is a direct extension of the single-output converter canonical model. 

To simplify this model it is possible to reflect any set of filter elements and output 

loads to the primary side of the DC transformer or to anyone of the other secondary 

windings. Similarly, it is possible to reflect all the elements on the primary side of the 

transformer to anyone of the secondaries. As an example of this process, Fig. 6.2 shows 

the same generalized small signal model as in Fig. 6.1 with all elements reflected through to 

the first secondary of the transformer. 

Fig. 6.2 Multiple-Output Open Loop Canonical Model 

with all Outputs and the Primary Reflected to the First Secondary 
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This configuration is particularly useful because the frrst output voltage remains directly 

accessible for connection to the current and voltage feedback networks. 

Using this model, it is now possible to find the control-to-output transfer function, 

VOy/ a. Setting the small signal variation of the input voltage to zero short-circuits the 

dependent current source and leaves the simplified network shown in Fig. 6.3. Next, 

define the relationship between the remaining dependent voltage source and the yth output 

voltage, i.e. the forward gain of the filter, where 1 ~ Y ~ k, as follows: 

Ry //(ljsCy) 
(6.1) Hy(s) = 

Ry //( 1/ sCy ) + sL~qy 

A 

iLl --.. 

~ + 
HI(s) RI VOl 

MI(D)e(s)d • • • 

+ • 
~ (M,(D) )~ ( M1(D)y ( M1(D)} 

H/s) M\(D) J; MJ;(D) Ai MJ;(D) Ok 

~ 

( M,(D)} 
MI(D) U 

Fig. 6.3 Open Loop Control-to-Output Transfer Function Analysis 

Thus the control-to-output transfer function for any output can be written as follows: 
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(6.2) 

If the filter inductors in the converter are coupled on a common core, however, the 

derivation of the control-to-output transfer function is much more complicated. Figure 6.4 

shows an open loop small signal model of a multiple output converter with coupled filter 

inductors. Note that, as discussed in Appendix A, the tums ratio of the coupled inductor 

must match the turn~ ratio of the transformer in order to minimize inductor current ripple 

and capacitor circulating current. Since the turns ratio of the coupled inductor matches the 

turns ratio of the transformer, the process of reflecting the coupled inductor windings 

through the transformer to the flrst output reduces the turns ratio of that coupled inductor to 

one-to-one. 

Ml(D)e(s)d Lnuq 
A 

iLl .. 
• ~ + 

Ml(D)vill + iLnuq 
A 

VOl 

• ';" 

(M,(D)} ~ 1:1 • 
Ml(D) U: • • 

• + 

(M'(D»)~ (M,(D) r 
Ml(D) A:I Mk(D) Ii 

(M,(Dl} 
Mk(D) Ok 

"::" 

Fig. 6.4 Open Loop Small Signal Model of a Multiple Output Converter 

with Coupled Filter Inductors 
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Now, the expression for the forward gain of the filter, Hy (s), must account for the fact that 

the voltage drop across the series magnetizing inductance is a function of the magnetizing 

current of the coupled inductor rather than the current in one of the individual windings. 

(6.3) 

where the general expression for the value of the magnetizing inductor current is as 

follows: 

(6.4) 

To simplify Eq. 6.3, the expression for the magnetizing current must be 

reformulated entirely in terms of Vay' As a first step in this process, the relationship 

between VOy and the other output voltages can be found by using the node voltage equation 

from the common node of the coupled inductor to ground as follows: 

(6.5) 

Canceling out the magnetizing inductor voltage, VLmeq , and replacing each output voltage by 

the corresponding current multiplied by the appropriate output impedance, the relationship 

between the currents in the individual windings can be found to be the following: 
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(6.6) 

Thus, Eq. 6.4 can be rewritten in terms of the current in the yth coupled inductor winding 

as follows: 

Now, replacing the product of the yth inductor current and the yth output impedance with 

the yth output voltage, Eq. 6.7 can be expressed as follows: 

~ 1 A ~[ ]2( 1 ) 
lLmeq = () () vOy~ M,(D) -+sC, 

MI D My D ,=1 R, 
(6.8) 

Finally, substituting this result into Eq. 6.3 gives the following general expression for the 

value of Hy(s): 

which can be simplified and rewritten as follows: 

(6.10) 
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Once the filter gain expression is written in this fonn, the control-to-output transfer 

function of the open loop converter with coupled inductors takes the same fonn as in Eq. 

6.2. Chapter 7 gives a detailed example of this process for an example converter with 

coupled filter inductors. 
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6.3 Closed Loop Small Signal Model 

Once the open loop model is complete, the feedback network can be added to the 

model. For a current-mode controlled converter, there are really two feedback loops, a 

current feedback loop and a voltage feedback loop. Recall that the duty cycle of a current

mode controlled converter is established by comparing the filter current, or some analog of 

this current, with a control current similar to the error signal derived in the voltage-mode 

controlled converter. Thus the current feedback loop provides the analog of the filter 

current, called the sense current, and the voltage feedback loop provides the control 

current. Since there are mUltiple outputs in the converter, the current and voltage feedback 

loops can be constructed in many ways. The sense current can be taken from anyone of 

the individual filter inductors or from some combination of the filter currents (e.g. the 

magnetizing current of a coupled inductor). Similarly, since the control current is derived 

from the error between one or more of the output voltages and a fixed reference voltage, the 

voltage feedback can come from any individual output or from some weighted combination 

of the outputs. 

Figure 6.S shows the same duty cycle control waveforms as shown in Chapter 2 

but with a small signal variation in the control and sense currents. 

i 

~""""'-------r'(ic(t») 

t 

Fig.6.S Duty Cycle Control Waveforms with Small Signal Variations 
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The sense current, is(t), is the wavefonn derived from one or more of the filter inductor 

currents. The control current, ie(t), is the error signal derived by comparing one or more 

of the output voltages to a reference voltage. The slope of the sense current is denoted as 

fnt(t), and the slope of the compensating ramp is denoted as Me. The notation (x) 

represents the average value of a quantity and is shown in Fig. 6.5 with a dotted line. 

Using this figure, an expression for the average duty cycle can be found to be the 

following: 

(6.11) 

As with the open loop equations, to find the small signal fonn of this equation, all averaged 

quantities must be perturbed by replacing the average value by the sum of the DC value and 

a small signal variation about that DC value «x) ~ X + i). After isolating the first order 

tenns, the small signal expression for the duty cycle can be found as follows: 

a = ie - is - (DI:/2)mJ 
(Me + MJ/2)I: 

(6.12) 

Thus in order to find the small signal value of the duty cycle, the small signal value of the 

sense current, the sense current slope, and the control current must be known. 

There are four different general feedback configurations possible to derive the sense 

and control currents. The sense current can be derived from a single inductor current or 

from some combination of these currents, while the control current can be derived from a 

single output voltage or from some combination of these output voltages. For the purpose 

of this dissertation, the only multiple current feedback scheme considered is when the 
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secondary currents are sensed via the current on the primary side of the converter. Table 

6.1 lists the specific small signal quantities in the converter from which the sense and 

control currents are derived for each of the four possible feedback configurations. The 

coefficients ay and by represent the weighting of signals in the summation of currents and 

voltages in the multiple current or multiple voltage feedback schemes. 

Table 6.1 Feedback Configurations for Multiple-Output 

Current-Mode Controlled Converters 

'" '" Notation is ic 

'" Single Current/Single Voltage iLy VOy 

A: 

Multiple Current/Single Voltage t L,a/Ly '" VOy 
y=1 

A: 
'" L,byvOy Single Current/Multiple Voltage iLy 

y=1 

A: A: 

Multiple Current/Multiple VoJtaget L,a/Ly L,byvOy 
y=1 y=1 

t Assumes that buck-derived topologies use coupled inductors. 

Note that the control current in all cases is derived from some combination of the 

output voltages. This peculiarity in the notation arises from the manner by which the duty 

cycle is detennined in the current mode control scheme. Recall that the duty cycle is 

detennined by comparing one of the converter's current wavefonns with a second signal 

called the control current. This control current is determined by the difference between the 

given combination of output voltages and a reference voltage. Thus, although the feedback 

signal is actually a voltage, it is described as a current. 
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6.3.1 Single Current/Single Voltage Feedback 

First consider the case when a single inductor current is sensed and a single output 

voltage is used in the derivation of the control current. As noted in Table 6.1, for single 

current/single voltage feedback, the sense current is derived from a single inductor current 

(6.13) 

Thus the small signal model must have a single feedback path originating from this inductor 

current. To construct ~, the filter inductor slope, the model must also have a feedforward 

path originating from the input voltage. In addition, depending on the topology of the 

converter, the sense current slope may be a function of the yth output voltage and require a 

feedback connection originating from that output (common in buck-derived topologies). 

Lastly, the control current in this case is derived from a single output voltage. Therefore, 

there must be one additional feedback path from that output. 

Figure 6.6 shows the closed loop small signal model of the multiple output 

converter given that both the current sense and the voltage sense are made on the fIrst 

output of the converter. In addition, the terms ~ (s), P;(s), and F;(s) are frequency 

domain polynomials that relate the sense current and its slope to the small signal variation in 

duty cycle, while Gds) is the frequency domain representation of the compensation 

network that stabilizes the system. Note that F;(s) is zero if the sense current slope is 

independent of VOl. A less common variation on this feedback scheme is when the voltage 

feedback necessary to derive the control current is taken from a completely different output 

than the sense current feedback. 



I-
I M1(D)e(s)d I 

, ... Only Pracnt in 
, ;. ( _) I Buck.Derived Topologies 
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... ,; I 

L.q1 ... .., 

• • • 

Fig 6.6 Closed Loop Small Signal Model of a Multiple-Output 

Current-Mode Controlled Converter with Single Current/Single Voltage Feedback 
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Given this closed loop model, it is now possible to find the current loop gain, 

Te(s), the closed loop control-to-output transfer function, voJle, and the overall closed 

loop gain, T(s), of the system. This process is accomplished using Middlebrook's 

Feedback Theorem[23]. This theorem involves setting all independent sources to zero, 

injecting a voltage or current at an ideal injection point in the circuit, and then calculating the 

gain between the voltages or currents on either side of this injection point. The 

characteristics of the ideal injection point are reviewed in [23], however for the purpose of 

this example, the point immediately following the sum of Ie and ~ can be considered ideal 

for current injection. To find the current loop gain, Tds), the input voltage, Viii' is set to 

zero, the effect of the voltage loop is nulled by setting ~ to zero, and a current, ~, is 
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injected inside the current feedback loop. Figure 6.7 shows the closed loop model with all 

of these modifications. 

," 
, I 

- - - - - -< ' R G-) I- - - - , 
.. 3 I .. I 

L,ql .. -.I 

(
MI(D) ,: 
MI;(D) ]\It; 

• • • 

+ 
A 

VOl 

Fig. 6.7 Current Loop Gain Analysis for Single Current/Single Voltage Feedback 

The gain of the current loop, as shown in this figure, is defined as follows: 

(6.14) 

The small signal variation in the sense current, however, is a function of the small signal 

variation in the output voltage. 

(6.15) 
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Furthennore, referring to Eq. 6.2, the small signal variation in the output voltage, '001' can 

be expressed in tenns of the small signal variation in the duty cycle, a. 

(6.16) 

Finally, the small signal variation in the duty cycle can be found directly from Fig. 6.7 as 

follows: 

(6.17) 

Thus, the gain of the current loop can be found by rearranging the tenns in Eq. 6.17 and 

substituting the resulting expression into Eq. 6.16 as follows: 

(6.18) 

To find the closed loop control-to-output transfer function, 'OOlite' it is useful to 

redraw the circuit with the current loop suppressed between the control variable, ie' and the 

output variable, '001' as shown in Fig. 6.8. 



'" 

J. It/iz t--rlt_-I voJ It 
Eq. 6.17 Eq. 6.2 

§ ,...----, 
ls/lt 

Eq.6.16 

Fig. 6.8 Closed Current Loop Control-to-Output Transfer Function Analysis 

for Single Current/Single Voltage Feedback 
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Simple flow graph analysis techniques can now be applied to find the desired transfer 

function. 

VOl _ (It/iZ)(VOl/J) _ F;(s)M\(D)e(s)H\(s) 1 
ie - 1 + Tds) -1-F;(s)M\(D)e(s)H1(s)1+Te(s) 

(6.19) 

Lastly, to find the total closed loop gain, the closed loop control-ta-output transfer function 

can be suppressed into a single block as shown in Fig. 6.9. 

vOI/ic r--

§ 
Eq.6.19 

Ge(s) i--

Fig. 6.9 Closed Loop Gain Analysis For Single Current/Single Voltage Feedback 

Thus, the total closed loop gain is the following: 
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(6.20) 

which can then be plotted versus frequency so that the compensation network, Gds), can 

be designed to provide the system with the desired stability and transient properties. 
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6.3.2 Multiple Current/Single Voltage Feedback 

Now consider the case when the sense current is taken on the primary side of the 

transformer while the control current is derived from a single output voltage, called multiple 

current/single voltage feedback. In this case, the sense current is the weighted sum of the 

individual filter currents: 

(6.21) 

Thus, the connection of the is feedback path in Fig 6.6 moves to the positive end of the 

dependent voltage source before the current splits to the individual windings as shown in 

Fig. 6.10. The changes to the feedback loops necessary to generate the sense current 

slope, however, may be much more dramatic. For buck-derived topologies, the sense 

current slope will be a function of every output voltage in the converter. This dependence 

translates into an additional feedback path from each of the output connections in Fig. 6.6 

and consequently complicates the loop gain analysis significantly. For all other topologies, 

where the sense current slope is only a function of the input voltage, the closed loop 

analysis follows the same form as derived for the single current/single voltage feedback 

scheme. 



I-
I Ml(D)e(s)d I 
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Fig. 6.10 Closed Loop Small Signal Model 

with Multiple Current/Single Voltage Feedback 
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To overcome the multiple feedback path problem in buck-derived topology 

converters, one solution is to couple the inductor windings on a single core. This action 

not only improves the physical properties of the converter as discussed in Chapter 1, but 

also simplifies the resulting closed loop small signal model. When the filter windings are 

coupled, the voltage drop across each winding is proportional to the turns ratio. This is 

clearly evident in Fig. 6.4, where the turns ratio of the coupled inductor after being 

reflected through the transformer is one-to-one. (This assumes that the turns ratio of the 

coupled inductor matches the turns ratio of the transformer as discussed in Appendix A.) 

As a result of this proportionality, the output voltages are proportional to the DC 

conversion ratio of the converter as derived in Eq. 6.5. Thus, the small signal value of any 

one output voltage provides the necessary information to derive all the other small signal 
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output voltages, which in tum provides the necessary information to derive the sense 

current slope. The dashed feedback path from VOl through F;(s) in Fig. 6.10 applies to 

this multiple current feedback scheme using a converter with a buck derived topology and 

coupled filter inductors. 

Analysis of the closed loop small signal properties of this multiple current/single 

voltage feedback converter is also complicated by the relationship between the individual 

filter currents that make up the sense current. Even though this sense current is modeled 

with a single feedback connection, it is still composed of the sum of the individual filter 

currents as reflected through the transformer. Replacing each of these current by the 

appropriate expression for the output voltage divided by its corresponding impedance, the 

sense cUrrent expression can be rewritten as follows: 

(6.22) 

To find the closed loop gain, however, the sense current must be expressed in terms of a 

single output voltage. 

For the converter with coupled inductors, the output voltages are directly related to 

one another as derived in Eq. 6.5. 

(6.23) 

Thus the sense current can be expressed in terms of the yth output voltage as follows: 

(6.24) 
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If, on the other hand, the converter does not have coupled inductors, then the output 

voltages are related by the expression in Eq. 6.2 which can be rewritten in the following 

fonn: 

,. Ml(D)Hl(S) ,. Ml(D)Hl(S)" Ml(D)Hl(S) ,. 
VOl = Mz(D)Hz(S) Voz = ... = My(D)Hy(S) Va, = ... = MI;(D)HI;(s) VOl; 

(6.25) 

and the resulting sense current expression is as follows: 

(6.26) 

Once this new expression for the sense current has been computed, the closed loop 

gain can be found in the same manner as for the single current/single voltage feedback 

converter described in Section 6.3.1. If, for example, the sense current is expressed in 

tenns of the flrst output voltage, then, using the relationship in Eq. 6.2, this sense current 

can be written as follows: 

(6.27A) 

(6.27B) 

where Eq. 6.27 A corresponds to the converter with coupled inductors and Eq. 6.27B 

corresponds to the converter without coupled inductors and the appropriate forward filter 



122 

gain, Hy(s), is derived in Eq. 6.10 or Eq 6.1 respectively. Finally, the small signal 

variation in the duty cycle can be found directly from Fig. 6.10 to be the following: 

(6.28) 

Thus, the gain of the current loop can be found by rearranging the terms in Eq. 6.28 and 

substituting the resulting expression into Eq. 6.27 A and 6.27B as follows: 

(6.29B) 

where Eq. 6.29A corresponds to the converter with coupled inductors and Eq. 6.29B 

corresponds to the converter without coupled inductors 

Having derived the current loop gain, the calculation of the closed loop control-to

output transfer function, vOl/ie' and the overall loop gain, T(s), are exactly the same as 

for the single current/single voltage feedback scheme. Recall that to perform these 

computations, the current loop was suppressed inside the block diagrams shown in Figs. 

6.8 and 6.9. Consequently, the exact formula for the current loop gain is not critical to the 

derivation of these additional small signal quantities. Thus the closed loop control-to

output transfer function can be expressed as shown in Eq. 6.19, and the overall closed loop 

gain can be expressed as shown in Eq. 6.20. 
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6.3.3 Multiple Voltage Feedback Schemes 

Another possible feedback configuration is when the current is sensed from a single 

inductor winding or from the combined currents on the primary side of the transformer 

(using the coupled inductor with buck-derived topologies), and the voltage feedback is 

derived by summing several of the output voltages. The small signal analysis of the current 

loop in this single current/multiple voltage or multiple current/multiple voltage feedback 

arrangement is unaffected, however, there is no way to eliminate the multiple feedback 

paths necessary to model the new voltage feedback configuration. Thus the current loop 

gain can be found as described in Sections 6.3.1 and 6.3.2 for the single current and 

multiple current feedback schemes respectively. The closed loop control-to-output transfer 

function, however, must be calculated individually for each of the multiple outputs. Figure 

6.11 shows a block diagram of the converter under these circumstances. 

~ 
vOild -
Eq.6.2 

" 
(. d/~ " vo2/d - d 

-f Eq.6.17 -- Eq.6.2 " Eq.6.28 is § • 
is/d • • 

" 
V02 

Eq.6.16 f---
Eq.6.27 

'-- vok/d ---Eq.6.2 

Fig. 6.11 Control-to-Output Transfer Function Analysis 

for Single or Multiple Current/Multiple Voltage Feedback 
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Clearly, the details of the current loop have not changed from the previous two sections. 

The new closed loop control-to-output transfer functions, however, is as follows: 

VOy _ (J/ill)(vOy/J) _ F2 (s)My (D)e(s)Hy (s) 1 

Ie - I+Tds) -1-F;(s)M1(D)e(s)H1(s)I+Te(s) 
(6.30) 

where 1 ~ Y ~ k. 

The last small signal computation for the single current/multiple voltage or multiple 

current/multiple voltage feedback configurations is the total closed loop gain, T(s). Figure 

6.12 shows the block diagram of the closed loop system with its multiple voltage feedback 

paths. 

VOi/ie 
r---r---t Eq. 6.191--------, 

Eq.6.29 

vOI../ie 
'----I Eq. 6.19 

Eq.6.29 

§ 
A 

• • • 

V SeflSe 

••• 

Fig. 6.12 Closed Loop Block Diagram for Multiple Voltage Feedback Schemes 

where the by multipliers represent an arbitrary weighting of the multiple output voltages 

that contribute the feedback voltage vSeflSe ' Since there are k voltages contributing to the 

feedback voltage, it is necessary to express the weighted sum of the output voltages in 

tenns of a single output voltage. Just as for the multiple current feedback analysis, the 
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output voltages can be related to one another using Eq. 6.23 for a converter with coupled 

inductors and Eq. 6.25 for a converter without coupled inductors. The resulting 

expressions for the feedback voltage are as follows: 

(6.31) 

Thus the overall closed loop gain can be found by substituting Eq. 6.30 into the appropriate 

expression in Eq. 6.31 and multiplying the result by the compensator transfer function. 

(6.32) 
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7. SMALL SIGNAL EXAMPLE AND EXPERTh1ENTAL RESULTS 

7.1 Introduction 

This chapter details the small signal analysis of an example multiple-output current

mode controlled converter. This particular example uses multiple current/single voltage 

feedback with the filter inductors all coupled on a common core. The organization of this 

chapter matches the organization of Chapter 6 such that there is a direct correlation between 

the sections in each chapter. Based on the topology of the example converter, the closed 

loop analysis contained in Section 7.3 matches the analysis in Section 6.3.2. In addition, 

this chapter contains a fourth subsection which contains experimental measurements that 

can be compared with the theoretical results derived in earlier sections. 

The example converter chosen for the small signal analysis is the same converter 

used in the steady state analysis presented in Chapter 3. Figure 7.1 reviews the general 

configuration of that converter. 

Current Mode C V Stns, 
Controller 141---4 ompensator 1---- v R,' 

iCofllrol ....... _--_.... ~ 

Fig.7.1 Multiple-Output Push-Pull Current-Mode Controlled DC-to-DC 

Converter with Coupled Filter Inductors 
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Notice that the current feedback, iSerue ' is made on the primary side of the transfonner and 

is consequently composed of the sum of the secondary currents as reflected through the 

transfonner. The voltage feedback through vSerue to iColllrol' on the other hand, is made 

through a single connection to the first output voltage, VOl. Thus the feedback 

configuration has multiple currents and a single voltage. 
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7.2 Open Loop Small Signal Model 

As described in Section 6.2, the fIrst step in developing the small signal model for 

this converter is to fInd the linearized averaged small signal equations for each of the state 

variables in the converter and for the input current. This is accomplished by averaging the 

open loop state variable equations and the input current expression during each switching 

interval over the length of the switching period. Referring to Fig. 7.1, when either 

transistor is conducting, the equations for the voltage across the yth inductor and the 

current through the yth capacitor are the following: 

(7.1) 

where iLy is the current flowing through the yth inductor winding, and Ry is the load 

resistor on the yth output. In addition, the current flowing on the primary side of the 

transformer during this interval can be written as follows: 

(7.2) 

where the term NTy/Np represents the turns ratio from the primary to the yth secondary of 

the transformer. 

During the second switching interval, when the transistors Ql and <22 are off and 

diodes Dyl and Dy2 conduct simultaneously, the equation for the yth inductor voltage and 

the yth capacitor current are as follows: 
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(7.3) 

Note that there is no current flowing on the primary side during this intelVal. 

Next, Eqs. 7.1 and 7.3 are averaged over the length of the switching intelVal as 

follows: 

(7.4) 

Similarly, the average value of the primary current is found to be the following: 

(7.5) 

where the notation for the individual turns ratios has been simplified as in Chapter 3. 

Once the average values of these expressions have been found, the operating point 

parameters in Eq s. 7.4 and 7.5 are perturbed about their steady state operating points. 

Thus every parameter x is replaced by the sum of its DC component, X, and a small 

signal variation about that DC component, x, as follows: 
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(7.6) 

After multiplying out the terms in these expressions, the small signal equations can be 

found by isolating the flrst order terms on both sides of the equality. 

(7.7) 

Similarly, the DC equations can be found by isolating the zeroth order terms on both sides 

of the equality. Recall, from Chapter 3, that the DC value of the inductor voltage and the 

capacitor current must be zero. 

k 
(7.8) 

Ip =D'Ln/LY 
y=1 

These three expressions may be used to simplify the small signal model. 
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The open loop small signal model for this converter is derived by synthesizing a 

circuit that meets all three expressions in Eq. 7.7 simultaneously. Figure 7.2 shows such a 

circuit. 

Fig. 7.2 Open Loop Small Signal Model of the Example Converter 

Comparing this figure with the equivalent figure in Chapter 6, it is clear that the value of 

MiD) is simply nyD. Similarly, the values of e(s) and j(s) are VitJD and IpJD 

respectively. Note also that the turns ratio of the coupled inductor matches the turns ratio 

of the transformer as discussed in Appendix A. 

To simplify this figure, all outputs and the primary can be reflected to the first 

output as shown in Fig. 7.3. Note that the coupled inductor has been modeled by its 

magnetizing inductance and an ideal one-to-one transformer. This turns ratio is a direct 

result of the original winding constraint that the turns ratio of the coupled inductor match 

the turns ratio of the transformer. 
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Fig. 7.3 Open Loop Small Signal Model of the Example Converter 

with all Outputs and the Primary Reflected to the First Secondary 
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Using this model, it is now possible to find the control-to-output transfer function, 

vOy/ d, as discussed in Section 6.2. Note that since the control current is derived from 

VOl' the most convenient form of the control-to-output transfer function is derived in terms 

of the same output. From Eq. 6.2, the form of the control-to-output transfer function is as 

follows: 

(7.9) 

where HI(s), derived in general for a converter with coupled inductors in Eq. 6.10, can be 

rewritten in terms of the first secondary of the example converter as follows: 
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(7.10) 

Substituting this expression into Eq. 7.9, the open loop control-to-output transfer function 

of the example converter can be found to be the following: 

(7.11) 

where R~q and C~q are defined as follows: 

R" = R,It( ~ J R, II ... II( ~ r R. 

C,' = C, + ( ~ J c, + ... + ( ~ J C. 

(7.12) 

Using this result, the open loop DC gain, center frequency, mo ' and quality factor, 

Q, for the example converter can be found to be the following: 

(7.13) 
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7.3 Closed Loop Small Signal Model 

Once the open loop model is complete, the feedback network can be added to the 

model. Recall, Eq. 6.12, that the small signal expression for the duty cycle can be found 

as follows: 

a = ie - is - (DI: /2 )~ 
(Me + MI/2)I: 

(7.14) 

Thus in order to find the small signal value of the duty cycle, the small signal value of the 

sense current, the sense current slope, and the control current must be known. For the 

example converter, the sense current is derived from the current on the primary side of the 

converter which is composed of the sum of the inductor currents reflected through the 

transfonner. The control current, on the other hand, is derived solely from the first output 

of the converter (mUltiple current/single voltage feedback). Furthennore, since the push

pull variety of converters are derived from the buck topology, the sense current slope is not 

only a function of the input voltage but also a function of all of the output voltages. For 

this example, however, the filter inductors are coupled on a common core. Thus, the 

output voltages are directly related as stated in Eq. 6.23. Using this relationship, the output 

voltage dependence of the sense current slope can be satisfied by anyone of the outputs. 

Figure 7.4 shows the closed loop small signal model with the sense current slope derived 

from the first output voltage and the input voltage. 
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As in Chapter 6, Gds) represents the transfer function of the compensation network used 

to stabilize the system, F;(s) and F;(s) represent the input voltage and output voltage 

contributions to the sense current slope, and F2(S) represents the relationship between the 

sum of the sense current and the control current on the small signal variation in the duty 

cycle. 

(7.15) 
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To use this model to detennine any of the closed loop small signal properties of the 

converter, however, the exact expressions for f;(s), F2(S), and F;(s) must be found. 

(Note that the relationship between the sense current, is, and the magnetizing current of the 

coupled inductor, ILm' as shown in Fig. 7.4 will be developed in the process of finding 

f;(s), F2(S), and F;(s).) 

To find the small signal values of the sense current and the sense current slope, the 

calculations in Chapter 3 can be very helpful. If the parasitic resistances in Eq. 3.32 are 

neglected, the instantaneous value of the sense current slope can be found as follows: 

lnt (t) = V2(t) + i [~Vj,,(t) - VOl (t)] 
mT m 

(7.16) 

Note that this approximation is valid because the parasitic resistances in the converter do 

not significantly affect its small signal behavior. 

Similarly, from Eq. 3.20, it has been shown that the sense current is composed of 

the magnetizing current of the transfonner and the sum of the secondary currents as 

reflected through the transformer. Furthennore, the sum of the reflected secondary 

currents has been shown, Eq. 3.27, to be equal to the magnetizing current of the coupled 

inductor magnetizing current reflected to the primary. Thus the sense current can be 

expressed as follows: 

k 

is(t) = iLmT(t) + L,niL)'(t) = iLmT(t) + ~iLm(t) (7.17) 
)'=1 

To find the small signal values of each of these quantities, the same process applied 

to the state equations in Section 7.2 must be applied to Eqs. 7.16 and 7.17. To begin this 
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process, Eq. 7.16 must be averaged over the fIrst switching interval and Eq. 7.17 must be 

averaged over an entire switching period. 

Vill('t') 

(m l )=-I-l LmT 't'=(Vill)+.!2.[n,(Vill)-(VOl)] (7.18A) 
D~ 0 +.5... [n,vill('t')-V01 ('t')] LmT Lm 

Lm 

(is) = ; J~[iLmT( 't') + n1iLm ('t')Jt't' = (iLmT) + 1Zt (iLm) (7.18B) 
s 

Continuing, the variable parameters in these expressions must be perturbed about their DC 

operating point (Le. x --) X + i). 

(7. 19A) 

(7.19B) 

The approximation in Eq. 7.19B is valid because the DC value of the transformer 

magnetizing current is zero, as shown in Chapter 3. In addition, the small signal variation 

in this current can be neglected because it is much smaller than the small signal variation in 

the magnetizing current of the coupled inductor. (Recall that in a well designed converter, 

the magnetizing inductance of the transformer is much larger than the magnetizing 

inductance of the coupled inductor. Thus, the small signal variation in current will be much 

larger in the coupled inductor.) Finally, isolating the fIrst order terms in Eqs. 7.19A and 

7.19B gives the small signal expressions for the sense current and its slope as follows: 

A 

m = ViII +.5...[n V. -v ] 
•• "l L L'"l III 01 

niT m 

(7.20A) 
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(7.20B) 

To find the expressions for ~(s), F;(s), and F;(s), the expressions in Eq. 7.20 are 

substituted into Eq. 7.15 as follows: 

(7.21) 

Thus, Fig 7.5 shows the completed closed loop small signal model of the converter. Note 

that ~ (s) is meant to be connected directly to the input voltage. Therefore, the input source 

must first be scaled by 1/ Ml (D) = l/J;D as shown. Note also that this model takes exactly 

the same form as the basic model of a single output nonisolated current-mode controlled 

buck converter as derived in [12]. In addition, the gain of each feedback path in Fig. 7.5 

can be reduced to an expression identical to that derived by Middlebrook. The only 

difference between the single-output and the multiple-output closed loop models is the extra 

filter and load elements in Fig. 7.5 that are characteristic of a multiple-output converter. 

Based on the similarity between these models, it is to be expected that the closed loop small 

signal characteristics derived from this model will be quite similar to those of the single

output buck converter. 
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Fig. 7.5 Closed Loop Small Signal Model of the Example Converter 

To verify this similarity between models, the current loop gain of the example 

converter, Tds), is derived and compared with Middlebrook's result for the single output 

buck converter. In addition, the closed loop control-to-output transfer function, voJle, 

and the overall closed loop gain of the system, T(s), are found. As described in Chapter 

6, this process is accomplished using Middlebrook's Feedback Theorem. To find the 

current loop gain, Tds), the input voltage, vj", is set to zero, the effect of the voltage loop 

is nulled by setting Ie to zero, and a current, 1" is injected at the point immediately 

following the sum of 'ic and is. Figure 7.6 shows the closed loop model with all of these 

modifications. 
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Fig. 7.6 Current Loop Gain Analysis for the Example Converter 

The gain of the current loop, as shown in this figure, is defined as follows: 

(7.22) 

where the sense current is the sum of the reflected secondary currents, as in Eq. 6.21, 

multiplied by the turns ratio n!. Now referring to Eq. 6.27A and making the appropriate 

substitutions, the expression for the sense current can be written as follows: 
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(7.23) 

Finally, substituting this expression into Eq. 6.29A and simplifying, the gain of the current 

loop can be found to be the following: 

(7.24) 

To further simplify this expression, the following substitutions can be made: 

(7.2SA) 

(7.2SB) 

where the DC value of the sense current slope is derived by equating the zeroth order terms 

in Eq. 7.19B and where the DC value of the output voltage is derived from Eq. 7.8. (The 

approximation in Eq. 7.2SA is valid because the magnetizing inductance of the transformer 

must be much larger than the magnetizing inductance of the coupled inductor or the 

transformer will saturate.) Finally substituting Eq. 7.2SB into Eq. 7.2SA and substituting 

the resulting expression into Eq. 7.24 gives the final result as follows: 
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(7.26) 

where the new tenn kL has been defined as follows: 

(7.27) 

Thus the current loop gain of the example converter is exactly the same as the current loop 

gain of the single output buck converter analyzed by Middlebrook. 

To find the closed loop control-to-output transfer function, vOl/ic, the appropriate 

substitutions must be made to Eq. 6.19. 

(7.28) 

which can be rewritten in standard fonn, using the simplifying equations given above, as 

follows: 
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(7.29) 

where the DC gain, center frequency, and quality factor of this expression are given in Eqs. 

7.30, 7.31, and 7.32 respectively. 

(j) = o 

(7.30) 

(7.31) 
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(7.32) 

Finally, to fmd the total closed loop gain, the appropriate substitutions are made to 

Eq. 6.20 which results in the following expression: 

(7.33) 
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7.4 Experimental Results 

To verify the theoretical results calculated in the last two sections, a three output 

push-pull current-mode controlled converter with coupled filter inductors and with the 

sense current connected to the primary side of the converter and the control current derived 

from the fIrst output voltage was constructed. This is the same prototype as was used in 

28V-=-

-"!-
lOOpF 6.8J1F 

I I 
":" ":" 3.9K.Cl 

Fig. 7.7 Experimental Prototype Converter 

Compensation· . 
: :Ne(wpr{c: : : 
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the steady state experimentation as described in Chapter 5 with the exception that the 

compensation network used to stabilize the system is slightly different. Figure 7.7 shows 

the schematic of the prototype converter with the new compensation network. 

Given all the values in the schematic, it is now possible to calculate the values of the 

coefficients in Eqs. 7.11, 7.29, and 7.33 so that these expressions can be plotted. These 

plots can then be compared with the appropriate measured small signal behavior in order to 

verify the small signal model developed. To begin, consider the open loop control-to

output transfer function given in Eq. 7.11. 

7 =--------:;---S SZ 
1+ +---~ 

7.123 X 104 3.725 X 108 

where the following values have been used: 

Table 7.1 Element Values Used in the Calculation of VOi/ a 

Itt = 11/44 

Tlz = 15/44 

~ = 31/44 

Rl =1O.725Q 

Rz = 58.167Q 

R3 = 125.1Q 

C1 = 4.09JlF 

Cz = 3.45JlF 
C3 = 3.22JlF 

(7.34) 

and where R1q and C1q are defined as in Eq. 7.12. The plot of this expression is given in 

Fig. 7.8 and is immediately followed by the experimentally measured control-to-output 

transfer function. 



--~ 
.g 
a 

40 

20 

o 
.~ -20 

::;E -40 

o --b.O -45 
S -90 
~ 
~ -135 
Il.. 

-180 

: 

; 

10 100 

: 

; 

10 100 

./ 

1000 
Frequency (Hz) 

-, 

1000 
Frequency (Hz) 

, 

~ 
~i' 

i'-... 
r--

10000 40000 

\ 
~ 

10000 40000 

Fig 7.8 Theoretical Open Loop Control-to-Output Transfer Function 

REF LEVEL. iOIV 
~O.OOOda ie.OOOdS 
-·j!.).OOOdflQ 45. OOOdog 

ST~HT 10.000n~ 40 OOO.OOOHz. 

Fig 7.9 Experimental Open Loop Control-ta-Output Transfer Function 

147 



148 

From these two figures, it is clear that the theoretical model predicts the open loop 

behavior of the actual converter quite well. The two figures have approximately the same 

dominant pole corner frequency, the same OdB crossover frequency, and the same DC 

gain. The fact that the peak magnitude on the theoretical plot is somewhat higher than the 

experimental peak magnitude is due to the presence of parasitic resistance which dampens 

the Q of the dominant poles. This parasitic resistance is not included in the small signal 

model. Note that Figs. 7.8 and 7.9 extend to only 40KHz (slightly more than 1/4 of the 

switching frequency) because of the upper frequency limitation imposed by the techniques 

used to model the converter. This limitation is discussed in detail in Appendix E. 

Now consider the calculation of the closed loop control-to-output transfer function, 

voJic, as expressed in Eq. 7.29. Since the UC1846 controller used on the prototype 

converter amplifies the sense current in order to boost its magnitude, the expression for 

voJic must be adjusted from its original value. Without detailing this recalculation, if the 

controller chip multiplies the sense current by the value Ac, the new expression for vOI/ic 
is as follows: 
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7.206 =-----------,;:--
S S2 

1+ +---~ 
5.061 X 103 2.030 X 109 

(7.35) 

where the following additional values have been used in the calculations: 

Table 7.2 Additional Element Values Used to Find voJic 
T.s = 150KHz Ac = 3 
D(nuas.) = 0.84 MC(nuas.) = 7030 

and where kL is defined in Eq. 7.27 and M, and VOl are computed using Eq. 7.25. The 

plot of this expression is given in Fig. 7.10 and is immediately followed by the 

experimentally measured closed loop control-to-output transfer, Fig. 7.11. 
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From these two plots, it is again clear that the theoretical small signal model 

accurately represents the small signal characteristics of the prototype converter. The two 

figures have approximately the same corner frequency, the same 20dB/dec roll off, and the 

DC gains of the two plots match. In addition, both phase plots show the initial effects of 

the second pole in the denominator expression. Although the OdB crossover frequencies 

in the two plots are slightly different, this difference can be attributed to a slight difference 

between the theoretical switching frequency and the actual switching frequency. 

Finally, consider the expression for the closed loop gain, T(s), in Eq. 7.33. This 

expression is simply the closed loop control-to-output transfer function, vOl/ie' multiplied 

by the transfer function of the compensation network, GC<s). Thus the compensation 

network can be designed to achieve any desired phase margin, bandwidth, and low 

frequency gain. Since these three characteristics correspond to the stability, the transient 

response, and the steady state error of the system respectively, the design of the 

compensator is a critical step in the overall design of the converter. 

From Figs. 7.10 and 7.11, it is clear that the phase margin is about 900, the 

bandwidth is about 8KHz and the DC gain is about 18dB. Given these characteristics, it is 

desired to raise the DC gain as much as possible without changing the phase margin. It is 

also commonly desired to lower the OdB crossover frequency to about 3KHz. Given these 

constraints, the compensation network of the prototype converter was chosen as shown in 

Fig. 7.7. Thus, the transfer function of the compensator can be found to be the following: 

G () 2000 (1 s ) 
c S =-s- + 4.545xl03 (7.36) 

Multiplying this expression with the numerical result in Eq. 7.35 and plotting the result 

gives the bode plot shown in Fig. 7.12. Figure 7.13 shows the experimentally determined 
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closed loop gain as measured from the prototype. Note that due to the limitations of the 

measurement equipment and the sensitivity of the measurement, the low frequency 

boundary was raised to 50Hz. 
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Once again, the theoretical plot matches the experimental plot quite well. As 

desired, the low frequency gain has been raised from about 20dB at 50Hz, Fig. 7.11, to 

25dB at 50Hz. This will help to keep the steady state error of the regulated output small. 

In addition, the OdB crossover frequency has been lowered to approximately 3KHz without 

changing the phase margin. This will ensure that the transient response is reasonably fast 

without any worry that the system will become unstable. 
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8. MODELING TIlE COUPLED INDUCTOR 

8.1 Introduction 

In the process of obtaining the experimental measurements for the previous chapter, 

some unexpected results were observed. Figure 8.1 shows a plot of the open loop control

to-output transfer function from the same converter used throughout Chapter 7. 
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Fig. 8.1 Experimental Open Loop Control-to-Output Transfer Function 

Comparing this plot with Fig. 7.8, the theoretical open loop control-to-output transfer 

function, it appears as though the small signal model does not accurately predict the 

behavior as measured with this particular configuration of the prototype converter. Further 

experimentation with the prototype, however, led to the discovery that by adjusting the 
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turns ratio of the coupled inductor, the experimental frequency response could be made to 

conform to the desired result. This desired experimental result is shown in Fig. 7.9. 

The explanation for this deviation from the expected behavior is related to the 

assumption that the turns ratio of the coupled inductor exactly matches the turns ratio of the 

transformer. Recall that this assumption was made throughout the analysis in Chapter 7. 

(This turns ratio condition was imposed in order to minimize the inductor current ripple and 

the circulating current in the filter capacitors as discussed in Appendix A.) Thus, that 

model can only be used when the coupled inductor meets the specified turns ratio 

condition. To adjust the model to predict the behavior of the converter including the effect 

of a turns ratio mismatch, the model developed in Chapter 7 must be reformulated. Note 

that this new model is an extended case of the model derived in Chapter 7 which 

characterizes the behavior of the system for the desired case when the turns ratio of the 

coupled inductor exactly matches that of the transformer. 

This chapter details the reformulation of the open loop small signal model with a 

coupled inductor turns ratio mismatch. Using this new small signal model, the theoretical 

control-to-output transfer function is also derived. To obtain the behavior shown in Fig. 

8.1 however, the effect of the leakage inductance and parasitic resistance of each winding 

of the coupled inductor must also be included in the model. Applying the Two Extra 

Element Theorem[24], the control-to-output transfer function is amended to include the 

effect of these parasitics. Finally, using specific values from the prototype, this transfer 

function is plotted and compared with the experimental results from the prototype. Note 

that all plots presented in this chapter extend to a frequency of 100KHz. While this 

frequency is well above the accepted upper frequency limit of the small signal model (See 

Appendix E), the agreement between the theoretical and experimental plots is still quite 

good. 
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8.2 Turns Ratio Mismatch 

To rederive the open loop small signal model, the same procedure as was followed 

in Section 7.2 is applied to the converter shown in Fig. 8.2. The only difference between 

this new converter and the example converter in Chapter 7 is that there is a different turns 

ratio for the coupled inductor than for the transformer. In addition, to simplify the 

analysis, the converter under consideration is limited to two outputs. 

Fig. 8.2 Two-Output Push-Pull Converter with Coupled Filter Inductors 

and a Turns Ratio Mismatch 

The open loop small signal equations for this converter are exactly the same as the 

equations calculated in Chapter 7 for the converter without the turns ratio mismatch (Eqs. 

7.1-7.8). Consequently, the resulting open loop small signal model for this converter is 

exactly the same as the model shown in Fig. 7.2 but with a different coupled inductor turns 

ratio. Figure 8.3 shows this new open loop small signal model. 
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As in Chapter 7, the small signal model can be simplified by reflecting the second 

output and the primary through the transfonner to the first output. It is at this step that the 

effect of the coupled inductor mismatch becomes apparent. While the reflected value of the 

second inductor winding, 4., is the original value multiplied by the turns ratio squared (Le. 

~ = (~/1Z-z)2 ~), it is not immediately obvious how many turns the reflected inductor will 

have. What is known is that the reluctance of the inductor, 9t, is constant regardless of its 

position in the model. Therefore, the number of turns for the reflected inductor can be 

found as follows: 

. 9t = [P(~ -8)Y N2 N2 
• 

.. ~ = 4. = (flt/~)2 ~ .. 

(8.1) 
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Notice that if 0 was zero, no mismatch, the number of turns of the reflected inductor 

would reduce to p~ and the turns ratio would reduce to 1:1 (Fig. 7.3). With the mismatch 

however, the new open loop small signal model is as follows: 

1 " -i 
~D p 

~ 

+ 

Fig. 8.4 Open Loop Small Signal Model of the Example Converter with all Outputs 

and the Primary Reflected to the First Secondary and with Turns Ratio Mismatch 

Note that the coupled inductor in this figure has been modeled by its magnetizing 

inductance and an ideal transformer. The turns ratio of this transformer is a direct result of 

the mismatch between the turns ratio of the coupled inductor and the transformer. 

Using this new model, it is now possible to find the control-to-output transfer 

function, voJ a, of the converter with mismatched turns ratios. As with the converter in 

Chapter 7, the general form of the control-to-output transfer function is the following: 

(8.2) 
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However, now the calculation of HI(s) is more complicated. As described in Chapter 6, 

the general form of this forward filter gain expression can be written as follows: 

(8.3) 

where the expression for the magnetizing current can be found by reflecting the current in 

the second inductor winding through the ideal transformer model as follows: 

(8.4) 

Since each inductor current can be found by dividing the output voltage by the 

corresponding output impedance, the magnetizing current can be rewritten in the following 

form: 

(8.5) 

As described in Chapter 6, the expression for the magnetizing current must be written 

entirely in terms of VOl' Therefore, an auxiliary relationship between the output voltages 

must be found. Using the node voltage equation from the common node of the coupled 

inductor to ground gives the following expression: 

(8.6) 
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Factoring out the common tenns in this equation results in the following: 

(8.7) 

which can be rearranged to give the relationship between the two output voltages as 

follows: 

(8.8) 

Substituting this expression into Eq. 8.5 gives the magnetizing current entirely in tenns of 

VOl' Then, substituting the resulting expression into Eq. 8.3 yields the forward gain of the 

filter. Finally, the expression for the filter gain is substituted into Eq. 8.2 to give the open 

loop control-to-output transfer function of the example converter with mismatched turns 

ratios as follows: 

(8.9) 
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This expression can be simplified to the following form: 

(8.10) 

where R:q and C:q are defined as follows: 

(8.11) 

From this result, it is clear that the presence of a mismatch in the turns ratio of the 

coupled inductor causes two new zeros to appear in the open loop control-to-output transfer 

function. By investigating the discriminant of the numerator, the properties of these zeros 

can be found to be the following: 

:. 2 real roots 

2 complex roots (8.12) 

Thus, under some circumstances, the turns ratio mismatch will cause a pair of complex 

zeros to appear in the control-to-output transfer function, while in other cases this mismatch 
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will cause a pair of real zeros to appear, one in the left half plane and one in the right half 

plane. Figure 8.5 shows the plot of Eq. 8.10 using the values shown in Table 8.1. 

Table 8.1 Element Values Used in the Calculation of VOl / a 
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Note that 8 represents the mismatch in the turns ratio of the coupled inductor. For 

example, the turns ratio of the coupled inductor is supposed to be 11/44: 31/44 (see Table 

8.1). If the second winding of the coupled inductor is missing one turn, 11/44: 30/44, 

then 8 = + 1/44. Clearly, this change of one turn drastically alters the open loop control-to

output transfer function. This is especially true when the second winding has too many 

turns, 8 = -1/44. In the example shown, the presence of one extra turn on the second 

filter winding flattens out the magnitude response at higher frequencies and adds a +180° 

shift to the phase response. 

Using the same techniques as described above, the control-to-output transfer 

function of the second output can be found to be the following: 

(8.13) 

It is interesting to note, that when the turns ratio mismatch in the example converter is 

negative, the two new zeros of VOi/ a are complex while the two new zeros of vOl / a are 

real. This means that the unexpected behavior appears most visibly on VOl' while the effect 

on voz is almost undetectable. When the mismatch is positive, on the other hand, the two 

new zeros of VOi/ a are real, while the two new zeros of voz/ a are complex. Thus, the 

unexpected behavior appears on voz rather than on VOl' 
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8.3 Parasitic Resistance and Leakage Inductance 

Although the theoretical result in Fig. 8.5 with <5 = -l/44 shows some of the 

characteristics observed in the prototype, an additional pair of complex poles must be added 

to the control-to-output transfer function in order to match the experimental behavior plotted 

in Fig. 8.1. In order to obtain this additional pair of poles, the leakage inductances and 

parasitic resistances of the filter windings must be included in the small signal model. 

Rather than rederive the entire small signal model including these new parasitic elements, 

the Two Extra Element Theorem is employed to find the error terms caused by the presence 

of the new parasitic elements. Figure 8.6 shows the open loop small signal model with the 

two new parasitic elements. 

1 ~ 
-i 
fltD P 
~ 

Fig. 8.6 Open Loop Small Signal Model with Turns Ratio Mismatch 

and Two Extra Elements 

These extra elements are defined as follows: 
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Z1 = 1j + sf1 

Z, =(~J (r, +si,) 
(8.14) 

and the new transfer function takes the following fonn: 

(8.15) 

Note that the value of the second extra element, Z2' in Eq. 8.14, reflects the fact that the 

parasitic resistance and the leakage inductance of the second winding of the coupled 

inductor must be reflected through the transfonner in order to obtain Fig. 8.6. This is 

exactly the same procedure as was used to convert Fig. 8.3 to Fig. 8.4. 

Using the techniques described in [24] and [25], the values of the parameters in Eq. 

8.15 can be found as follows: 
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Table 8.2 Summary of Two Extra Element Impedances 

K =1 
" 

Substituting these values into Eq. 8.15, the resulting expression for the open loop control

to-output transfer function including the effect of a coupled inductor turns ratio mismatch 

and the effect of the parasitic resistance and leakage inductance of the coupled inductor 

windings takes the following form: 

(8.16) 
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Thus the parasitic resistances and leakage inductances have contributed a new pair of poles 

to the open loop control-to-output transfer function without changing the order of the 

numerator. Note also that since the parasitic tenns in the numerator are much smaller than 

the mismatch tenns, the characteristics of the zeros are not significantly altered. To check 

the position of the new poles, Fig. 8.7 shows the frequency response of the new control

to-output transfer function for several values of 0 and with the parasitic element values 

listed in Table 10.3. 
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Fig. 8.7 Theoretical Control-to-Output Transfer Function with Turns Ratio Mismatch 

and Including the Effect of Parasitic Winding Resistance and Leakage Inductance 
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Table 8.3 Parasitic Element Values 

Ii = O.156Q '2 = O.562Q 

il = O.22J.1l1 i2 = O.53J.1l1 

These values are the best estimates available from measurements made on the actual 

coupled inductor used in the prototype. 

As shown in Fig. 8.2, the converter used throughout this analysis is a two output 

push-pull converter with coupled filter inductors. Figure 8.8 shows the new configuration 

of the prototype as it was used to measure the open loop control-to-output transfer 

function. 

Fig. 8.8 Experimental Prototype Converter 
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To verify the results shown in Fig. 8.7, the control-to-output transfer function for 

both the fIrst and second outputs can be measured directly from the prototype. Figure 8.9 

shows the experimental control-to-output transfer function for both outputs of the converter 

with each fIlter inductor on a separate magnetic core. 

Fig. 8.9A Experimental Plot of voJ a 
without Coupled Inductors 

Fig. 8.9B Experimental Plot of voz/ a 
without Coupled Inductors 

Notice that neither plot exhibits the unusual behavior shown in Fig. 8.1. Once the coupling 

between the fIlter windings has been removed, the primary source of the unexplained 

behavior no longer exists. Note also that these results are not sensitive to the number of 

turns on either fIlter winding. 

Figure 8.10 shows the experimental control-to-output transfer function for both 

outputs of the converter with coupled inductors when the turns ratio of this coupled 

inductor is 33:96. Note that the turns ratio mismatch, 0, is calculated as follows: 

96=3(32)=31/44+1f44=~-0 :. 0=-1/44 
33 3(11) 11/ 44 ~ 

(8.17) 
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Fig.8.10A Experimental Plot of voJJ with Coupled Inductors (8 = -1f44) 

Fig. 8.lOB Experimental Plot of vo21 J with Coupled Inductors (8 = -1f44) 
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Figure 8.11 repeats the plots in Fig. 8.10 when the turns ratio of the coupled inductor is 

33:90 (0 = +1/44). 

REF LEVEl. IDIV 
ISO. 000d8 so. 000d8 
O.OdeD .a.GOOdeD 

STOP 100 OOO.OOOHz 

Fig. 8.11A Experimental Plot of vOl/J with Coupled Inductors (0 = +IJ44) 

REF LEVEL /DIV 
1SO.000dD SO.OOOdS 
-SIO.OOOdaD 48.000dID 

Fig. 8.IIB Experimental Plot of vo21 d with Coupled Inductors (0 = + 1/44) 
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Comparing the plots in Figs. 8.10A and 8.11A with the corresponding lines in Fig. 

8.7, it can be seen that the dominant poles fall at approximately 3KHz on both the 

theoretical and experimental plots. Similarly, the DC gain on all plots is approximately 

16dB. These results are not unexpected. They are both characteristics that are independent 

of the new elements introduced into the small signal model. 

Examining the previously unexplained behavior, the new complex zeros in Fig. 

8.1OA appear to fall at 15KHz. It is at this frequency that the magnitude plot reverses its 

40dB/dec descent and the phase plot goes from -150° back up to approximately _40°. The 

corresponding theoretical line shows the same general type of phase response but does not 

show as dramatic a change in the magnitude response. This difference can be explained in 

terms of the quality factor, Q, of the complex zeros. This Q is related to the amount of 

damping in the output filter of the converter. The higher the Q, the greater the height of the 

peak at the corner frequency. For the expression in Eq. 8.16, the complex zeros in the 

numerator are damped by the parasitic resistance of the second filter inductor winding. If 

this resistance is reduced, the theoretical response will have a larger peak at the corner 

frequency of the zeros as seen in Fig. 8. lOA. 

Comparing Fig. 8.11A with the corresponding line in Fig. 8.7, the general shape of 

the magnitude plots agree, however, the experimental phase plot appears more like the 

theoretical response when 8 = o. Again, this can be explained in terms of the values used 

for the parasitic elements in the theoretical plots. In this case, the leakage inductance of the 

first filter winding used to calculate Fig. 8.7 is too large and the resulting pair of complex 

zeros cause the theoretical phase response to slope down below -180°. If this leakage value 

is reduced, the phase response will stay closer to -180· in the frequency range plotted. 

Now consider the qualitative characteristics of the experimental results. As 

predicted, when the new zeros in VOi/ a due to the turns ratio mismatch are complex, as is 

the case in Fig. 8.1OA, the new zeros in voz/J are real, as in Fig. 8.10B. Similarly, it is 
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expected that the new zeros in vOl/d, as seen in Fig. 8.llA, will be real while the new 

zeros in vo2/d, as seen in Fig. 8.11B, will be complex. As mentioned above, the plots in 

Fig. 8.11 appear more like the theoretical results when 0 = 0 than when 0 = + 1/44. 

Nevertheless, the experimental plots do show that as the zeros of voJ d become less 

complex from Fig. 8.l0A to Fig. 8.llA, the zeros of vo21 d become less real, Fig. 8.lOB 

to Fig. 8.11B. If the turns ratio mismatch is increased further, the shape of vOild 
becomes more like that shown in Fig. 8.l0B and the shape of VOl I d becomes more like 

that of Fig. 8.lOA. 

From the theoretical and experimental plots, it is clear that the extended small signal 

model predicts the unusual characteristics of the frequency response presented at the 

beginning of the chapter. Although the corner frequencies and quality factors of the 

theoretical results do not exactly agree with the experimental results, the theoretical model 

does accurately predict the shape of the frequency response below half the switching 

frequency where the small signal model is valid. To improve the correlation between the 

plots, the values of the parasitic elements of the coupled inductor need to be made more 

accurate. In addition, the small signal model still neglects some of the parasitics in the 

converter that might effect the frequency response in the critical range (e.g. filter capacitor 

equivalent series resistance). In spite of these difficulties, the extended model presented 

here offers valuable insight into the small signal peculiarities caused by the coupled 

inductor. 
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9. CONCLUSION 

9.1 Steady State Analysis Conclusions 

Chapters 2 through 5 discuss how to calculate the steady state regulation of a 

multiple-output current-mode controlled converter. In the process of this investigation, 

several new analysis techniques are introduced. First, the Taylor series expansion 

technique of computing regulation for a voltage-mode controlled converter[11] is extended 

to the case of current-mode controlled converters. This extension involves a thorough 

understanding of the calculation of the duty cycle in a multiple-output current-mode 

controlled converter as well as the development of two new Taylor series expansions to 

describe the relationship between the changes in duty cycle and control current due to 

changes in the output voltages. 

Secondly, all of the Taylor series expansions for the operating point parameters 

(Le. output voltages, duty cycle, and control current) are normalized in a manner typically 

applied to the analysis of resonant converters. In the steady state case, by normalizing 

these expressions for the change in the operating point parameters, the resulting system of 

regulation equations is made independent of the steady state values of the output voltages, 

the duty cycle, and the control current. Consequently, the resulting design plots presented 

in Chapter 5 depend only on the percentage change in output voltage and load resistance, 

both of which should be provided in the design specifications for a new converter. 

Lastly, an iterative approach for fmding the steady state output of the compensating 

amplifier is proposed. Because of the interaction between the local feedback loop around 

the compensating amplifier and the larger voltage feedback loop around the entire system, it 

is difficult to find a closed form expression for the steady state output of this amplifier and 

hence to determine the steady state control current and duty cycle of the converter. Using 
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an iterative approach, however, the two feedback loops can be decoupled from one 

another. In this way, the steady state output associated with one of the feedback loops can 

be found using the result from the other loop as its input. Once this iterative procedure 

converges to a final solution, the input and output values of the simulated compensator are 

the same as the steady state inputs and outputs of the compensator in the real converter. 

In addition to these new analysis techniques, several practical results are obtained in 

the steady state regulation portion of this work. The main result is a series of design plots 

that are used to calculate the regulation of a multiple-output current-mode controlled 

converter. The specific plots presented in Chapter 5 can be used for any converter of the 

example topology regardless of the specific output voltages or the number of outputs 

because of the normalized approach used throughout the analysis. Furthermore, additional 

sets of plots can be derived for other topologies using the techniques presented in this 

dissertation. These plots provide a simple intuitive means for checking the regulation of a 

new converter during the design process. 

Another practical use of these design plots is to find the load conditions that cause 

the worst case regulation. This worst case regulation occurs when the regulated output's 

current changes from maximum to minimum at the same time as the current on all 

unregulated outputs changes from minimum to maximum, or vice versa. This is due to the 

sign of the regulation error for the given load shift. That is, for the regulated output, a load 

shift from maximum to minimum current causes a negative regulation error, while for any 

of the unregulated outputs, the same load shift causes a positive regulation error. 

Therefore, for the purpose of determining whether a converter meets its regulation 

specifications, the only condition that must be considered is the worst case set of load shifts 

described above. 

Similarly, it is also possible under certain load conditions to use the regulation error 

caused by the parasitics on the regulated output to cancel the errors in the unregulated 
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output voltages. In the case when the loads on all outputs, regulated and unregulated, are 

shifted in the same direction, the sign of the regulation error due to the parasitic resistance 

on the regulated output is the opposite of the sign of the regulation error due to the parasitic 

resistances on the unregulated outputs. Thus, by properly designing the converter, the sum 

of the regUlation errors under these specific load conditions can be reduced or even nulled 

entirely. 

Another practical use of these plots is to analyze the tradeoff between the regulation 

error caused by a specific component and some other characteristic of that component. For 

example, the price, size, or weight of competing parts can be weighed against the 

regulation error caused by the parasitic resistance of each of these parts. Since the design 

plots are normalized, the contribution to the regulation error from any specific component 

can be calculated without having the design completed. Thus, the normalized regulation 

error of the competing parts can be compared directly without knowing the number of 

outputs or the specific output voltages. 

The plots can also be used as a design tool to calculate the allowable number of 

turns or wire gauge of the filter inductors and the transformer of the converter. As 

discussed in Section 5.4, once the maximum amount of regulation error from an individual 

winding is known, the appropriate design plot can be used to find the minimum wire gauge 

that meets that specification. Similarly, if the wire gauge is known, the maximum length of 

the wire used to wind the magnetic core of that inductor or transformer, i.e. the number of 

turns, can be found. 

In addition, from the results presented, it is clear that the primary side resistance 

does not make a significant contribution to the total regulation error. This can be explained 

by the fact that the primary side resistance is located inside both feedback loops. Thus, 

when the voltage drop across this primary side parasitic resistance changes due to a change 

in the primary side current (regardless of its source or magnitude), the regulated output 
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voltage also changes. In response, the control current is adjusted to bring the regulated 

output voltage back to its original level. In doing this, the duty cycle changes just enough 

to compensate for the incremental change in the voltage drop across this parasitic 

resistance. Thus any resistance located inside both feedback loops will not contribute any 

regulation error. 
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9.2 Small Signal Analysis Conclusions 

In Chapters 6 through 8, the small signal model of a multiple-output current-mode 

controlled converter is developed. Due to the variety of possible feedback schemes, each 

of the four basic feedback configurations is addressed separately. After deriving the open 

loop small signal model, the additions necessary to extend this model to each of the four 

feedback configurations are discussed in detail. Using the resulting closed loop models, 

the control-to-output transfer function, as well as the total closed loop gain of each 

converter configuration is derived. 

In addition to the various feedback configurations, a second factor that is 

considered in the process of modeling these converters is the effect of using coupled 

inductors. From the results in Chapter 7, it is clear that in addition to the beneficial 

physical properties of a coupled inductor, this coupling also significantly simplifies the 

small signal model. Although, at first glance it seems as though the small signal model of a 

multiple-output converter should be much more complicated than that of a single output 

converter (because of additional storage elements and state variables), by using coupled 

inductors, this model can be reduced to the same basic form as that of the single output 

converter. The magnetizing inductance of the coupled inductor acts as the only inductive 

state variable. and the previously independent filter capacitors are reduced to parallel 

elements represented by a second state variable. Consequently, the compensation network 

necessary to achieve the desired stability margin and transient response for this multiple

output system can be designed in exactly the same manner as for a single output converter. 

The presence of coupled inductors does however add new complications to the 

small signal behavior of the converter. It is found that the frequency response of a 

converter with coupled inductors is quite sensitive to the turns ratio of that coupled 

inductor. and that the leakage inductances playa significant role in the converter dynamics. 
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Chapter 8 shows that a mismatch of just one turn between the turns ratio of the coupled 

inductor and the turns ratio of the transformer causes two new zeros to appear in the open 

loop control-to-output transfer function. These zeros may be either real or complex 

depending on whether there are too many or too few turns and on the element values in the 

converter. Furthermore, by using the Two Extra Element Theorem, it is shown that the 

parasitic resistances and leakage inductances of the coupled inductor contribute two 

additional poles to the control-to-output transfer function. Although these poles occur at a 

somewhat higher frequency than the new zeros, they effect the extent to which the new 

zeros change the frequency response. Depending on the characteristics of these new poles 

and zeros, the open loop frequency response of the converter may be significantly different 

than the expected result even at relatively low frequencies. 

In addition, it is possible to use the turns ratio of the coupled inductor to control the 

frequency response. For the example given, when the turns ratio mismatch produces real 

zeros in the control-to-output transfer function for one output, the zeros in the control-to

output transfer function for the other output are complex. Thus, the undesirable behavior 

caused by complex zeros can be steered to an unregulated output by changing the coupled 

inductor turns ratio. In addition, this turns ratio mismatch can be made to compensate for 

the effects of the parasitics of the coupled inductor if these effects interfere with the desired 

small signal response. 
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APPENDIX A: Derivation of the Ideal Minimum Ripple Condition 

A.l Introduction 

When designing a multiple output converter with a coupled filter inductor, the 

question arises as to what the turns ratio of the coupled inductor should be relative to the 

turns ratio of the transformer. The transformer turns ratio is chosen so as to realize the 

voltage step-down or step-up necessary to achieve the desired output voltages, however, 

the number of turns for each filter inductor is normally chosen based on the maximum 

amount of current ripple that is allowed. When the filter inductors are coupled on a single 

core, however, there are new conditions that must be met in order to stop the introduction 

of circulating currents in the converter and to minimize the higher order current ripple 

terms. (Circulating currents occur when there is an imbalance between the voltages applied 

to a transformer and the turns ratio of that transformer.) 

This appendix analyzes a multiple output converter with coupled filter inductors in 

order to find the condition on the turns ratio of the coupled inductor necessary to eliminate 

the previously mentioned problems. Section A.2 attempts to minimize the voltage across 

the leakage inductance of the coupled inductor in order to limit the higher order current 

ripple terms. Section A.3 reaches the same conclusion based on the continuity of the 

multiple output voltages of the converter at the switching transition. 
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A.2 Minimizing the Inductor Current Ripple 

Consider the circuit diagram of the idealized two output converter as shown in Fig. 

AI. For the purpose of this analysis the converter shown represents any transfonner 

isolated buck derived topology converter. Figure Ala shows the converter when the 

switching network is conducting, while Fig. Al b shows the same converter when the 

switching network is not conducting. In Fig. Ala, the input voltage has been reflected 

through the transfonner to each of the two secondaries to simplify the resulting diagram. 

The turns ratio across the transfonner is Np : Nl and Np : N2 respectively. In addition, the 

coupled inductor in both circuit diagrams is replaced by a model that includes the 

magnetizing inductance of the core, Lm , the leakage inductance on the second winding, i, 

and the ideal transfonner (highlighted) with turns ratio Kl : K2 that relates the currents and 

voltages in the windings. 

NzV 
N 1/1 

P 

Fig. Ala Circuit Diagram of an Idealized Fig. Alb Circuit Diagram of an Idealized 

Two Output Converter with Leakage when Two Output Converter with Leakage when 

the Switching Network is Conducting the Switching Network is not Conducting 

o ~ t ~ Dr" DT" ~ t ~ T" 
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From Figs. Ala and Alb, it can be seen that the ideal transformer in the coupled 

inductor model forces VI (t) and v2 (t) to be related by the inductor turns ratio regardless of 

the state of the switching network. 

(A.l) 

Focusing now on the first inductor winding, the voltage VI (t) can be found to be the 

following: 

(A.2) 

Therefore substituting Eq. A.2 into Eq. A.l and solving for v2(t), the voltage reflected 

from winding one to winding two, the following expressions can be found: 

K2 NI V _ K2 V (t) 
K N In K 01 

I P I 

- K2 V (t) K 01 
1 

(A.3) 

Now referring back to Fig. AI, the voltage across the second inductor winding and its 

leakage is as follows: 

(A.4) 

_________________ ------------_0_-_-----
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Therefore, subtracting Eq. A.3 from Eq. AA, the voltage across the leakage inductance can 

be found to be the following: 

(A.5) 

Note that the output voltages during each of these two switching intervals can be expressed 

as the sum of the DC component during that interval and a series of higher order terms 

related to the characteristics of the output voltage ripple. 

O~t~D~ 

D~ ~t~~ 
(A.6) 

where the first telm in the series is found by averaging the output voltage over the length of 

the switching interval as follows: 

(A.7) 
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Note that the solutions in these two expressions are the same because the output voltage is a 

continuous function over the entire switching period. Furthennore, since the zeroth order, 

or DC, tenns in the output voltage series, as found in Eq. A.7, turn out to be very large 

relative to the higher order small signal tenns, these higher order terms can be neglected. 

Recall that the purpose of this analysis is to detennine the conditions on the coupled 

inductor turns ratio necessary to minimize the ripple in the inductor currents. Therefore, it 

is desired to make the voltage across the leakage inductance as small as possible. 

Substituting the appropriate expressions for the DC values of the output voltages in Eq. 

A.S gives the following: 

(A.8) 

Thus in order to null the voltage across the leakage inductor, the quantity inside the 

parenthesis must be set equal to zero. This condition yields the turns ratio of the coupled 

inductor as follows: 

N2 K2 N) -0 -----
Np K) Np 

:. K2 = N2/Np 
K) N)/Np 

(A.9) 

This means that in order to force the voltage across the leakage inductance to zero, the turns 

ratio of the coupled inductor must exactly match the turns ratio of the transfonner. Note 

that the inductor currents still exhibit switching ripple as the current in the magnetizing 
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inductor ramps up and down during the first and second switching intervals respectively, 

however, higher order ripple is now zero. 
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A.3 Minimizing the Circulating Currents 

An alternative method to reach the same result is based on the fact that the output 

voltages of the power converter must be continuous functions of time due to the filter 

capacitance in parallel with each output. However, in this derivation, it is not necessary to 

neglect the higher order terms in the output voltage expressions. Figure A2 shows the 

same circuit diagrams as in Fig. A 1 except that the leakage inductor on the second winding 

has been neglected. Since the figures are essentially the same as in Section A.2, Eqs. A.l 

and A.2 are still valid. 

Nt V; 
N U\ 

p 

N2 V; 
N U\ 

p 

Fig. A2a Circuit Diagram of an Idealized Fig. A2b Circuit Diagram of an Idealized 

Two Output Converter when the Two Output Converter when the 

Switching Network is Conducting Switching Network is not Conducting 

o ~ t ~ DI: DI: ~ t ~ I: 

The voltage across the second winding, however, is now the following: 

o ~t~DI: 
(A.IO) 
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Therefore substituting the expression for vl(t) and v2(t), in Eqs. A.2 and A.I0 into Eq. 

A.l, the relationship between the inductor voltages can be found to be the following: 

(Nl/Np)~1t -vOl(t) = (N2/Np)~1t -v02(t) 
}(l }(2 

-vOl(t) _ -v02 (t) 
(A. 11) 

}(l }(2 

Given that the voltage across a capacitor cannot change instantly, the output voltage must 

be continuous at the transition between switching states. This statement can be expressed 

in the following form: 

VOl (DI:,-e) = VOl (DI:,+e) 
v02(DI:,-e) = vo2(DI:,+e) 

(A.12) 

where e is small. The value of the first output voltage both before and after the switch 

changes state can be found from Eq. A.II to be the following: 

(A. 13) 

Finally, substituting these last two expressions into Eq. A.12 and rearranging the terms 

gives the following result: 

(A.14) 
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Note that the right hand side of this equation, however, is equal to zero, as shown in Eq. 

A.12. The quantity inside the brackets on the left hand side of this equation must also be 

equal to zero. This condition can be rewritten as follows: 

N)/Np = K) 
Nz/Np Kz 

(A.IS) 

Therefore, in order to maintain the continuity of the output voltage at the transition from the 

conducting to the nonconducting interval, the turns ratio of the coupled inductor must 

match the turns ratio of the transformer exactly. In reality, if these turns ratios do not 

exactly match, the voltage mismatch across the coupled inductor results in a transfer of 

charge at the switching transition also known as circulating current. This voltage mismatch 

can not cause a discontinuity in the output voltages, but appears across the leakage 

inductance of the coupled inductor. In addition to causing circulating currents, this 

additional voltage across the leakage inductance of the coupled inductor changes the 

characteristics of the current ripple of the converter. 
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APPENDIX B: Finding the DC Output of the Voltage Feedback Loop 

Regardless of whether a power supply uses voltage-mode or current-mode control, 

the feedback scheme includes some sort of compensation network to ensure the stability of 

the system. The presence of this large feedback loop around the entire system complicates 

the calculation of the DC value of the output of the compensator. Figure B1 shows the 

block diagram of a converter with a simple compensation network that might be used in the 

voltage feedback loop. 

d(t) 

Controller 

Switch 
Network 

Rectifiers 
&FiIters 

- _I 

Fig. B 1 Block Diagram of a Generic Power Supply 

Note that in a current-mode controlled converter, the voltage feedback loop is actually used 

to derive the control current and the dashed line represents a second feedback loop used to 

derive the sense current. This second feedback loop is not present in a voltage-mode 

controlled converter. 

To calculate the DC value of v Jb(t) given only the input voltage, the reference 

voltage, and the output load resistances, both the local feedback path around the 

compensating operational amplifier and the larger feedback path around the entire converter 



190 

must be taken into account. This can be accomplished easily as long as the relationship 

between the feedback voltage and the duty cycle is straightforward (e.g. voltage-mode 

control). If however, the relationship between the feedback voltage and the duty cycle is 

more complicated (e.g. current-mode control), the calculation of the VJb is much more 

difficult 

For example, consider the block diagram of a single output voltage-mode controlled 

buck converter shown in Fig. B2. 

d(t) 

V· m 

Switch 
Network 

Rectifiers vo(t) 
&Filters I--yoooo-

Fig. B2 Voltage-Mode Control Converter 

Note that VM is some constant voltage chosen such that the maximum duty cycle is one. 

The first step in finding the DC value of v Jb(t) is to find the output voltage as a 

function of the feedback voltage. 

(B.1) 
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However, the feedback voltage can be expressed as a function of the reference voltage and 

the output voltage as follows: 

(B.2) 

Converting Eq. B.1 to the frequency domain, substituting it into Eq. B.2, and solving for 

the feedback voltage results in the following: 

v (s) - (1 + sCR) V (s) 
fb - (K + sCR) rlf 

(B.3) 

In the time domain, the reference voltage is a constant. Therefore, the frequency domain 

equivalent of this constant is a step transform with amplitude equal to the time domain 

reference voltage. If this substitution is made, with amplitude denoted V,tf' the DC value 

of l'fb(t) can be found by using the final value theorem as follows: 

v t =hmsV (s)=hms rtl = - V () . . (1 + sCR) V.r ( 1 ) 
fb DO .r-tO fb .r-tO (K + sCR) s K rtf 

(BA) 

Note that this equation accounts for both the local feedback loop around the operational 

amplifier and the larger feedback loop around the entire system. 

Figure B3 shows the same block diagram of a single output buck converter as in 

Fig. B2 but with current-mode control. 
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In this case, the duty cycle is detennined by the intersection of the filter inductor current, 

is(t), and a control current derived from the feedback voltage, idt). In addition, this 

intersection depends on the slope of the stabilizing ramp, Me' and on the slope of the filter 

inductor current, mJ(t). Note that both is(t) and ~ (t) are functions of the output voltage. 

Assume, for simplicity, that the control current is the feedback voltage divided by 

some resistance, Rfb. In addition, for a single output buck converter, the average filter 

inductor current is the average output voltage divided by the load resistance of the 

converter, RL , and the filter inductor current slope, ~ (t), is the difference between the 

input and output voltages divided by the filter inductance. 

(B.S) 
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Once again the output voltage is related to the feedback voltage through the outer 

feedback path, however, in this case the output voltage also depends on the sense current 

and the sense current slope. Equation B.6, the conversion ratio of the converter, can be 

used to find this relationship. 

(B.6) 

which can be rearranged to solve for the feedback voltage as follows: 

(B.7) 

where it has been assumed that the average value of the output voltage is constant and the 

variable K has been defined as follows: 

(B.8) 

The feedback voltage can also be expressed as a function of the reference voltage and the 

output voltage as follows: 

(B.9) 

Notice that this last equation is the same as Eq. B.2 because the compensation network is 

the same regardless of the control scheme used. 
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In order to find a single expression for the feedback voltage from Eqs. B.7 and 

B.9, it is necessary to convert Eq. B.7 to the frequency domain or Eq. B.9 to the time 

domain. Recall from the theory of Laplace transforms that the transform of the product of 

two functions is the convolution of the corresponding transforms of each individual 

function. 

£[.1; (t)h (t)] = I'; (s) * F2(S) = f:1'; (-r)F2(S - -r)d-r 

£-I[Fi(s)F;(s)] = .I;(t) * h(t) = f~.t;(-r)'t;(t - -r)d-r 
(B.10) 

Since the right hand side of Eq. B.7 contains the square of the output voltage, its 

conversion to frequency domain involves a convolution which complicates rather than 

simplifies the analysis. Alternatively, since the right hand side of Eq. B.9 contains the 

product of two frequency dependent parameters, namely Vo(s) and lfsCfbRfb' its 

conversion to time domain also involves the convolution of two functions. 

Given this problem, it is very difficult to find a closed form solution for the value of 

the feedback voltage in terms of the output voltage taking both feedback loops into account 

for a current-mode controlled converter. This problem can be traced back to the fact that 

the duty cycle of a current-mode controlled converter is a function of not only the sense 

current but also the sense current slope. Since the sense current slope is a function of the 

output voltage, the relationship between the output voltage and the feedback voltage will 

always contain second or higher order terms. 
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APPENDIX C: Spreadsheet Simulator 

C.1 Introduction 

Calculating the closed loop regulation using the equations developed in Chapter 3 is 

a highly repetitive operation. This is due to the iterative manner used to compute both the 

operating point and the regulation as well as to the complexity of the sensitivity coefficients 

that are used to find the regulation. To accomplish this iterative computation, the 

equations. in Tables 3.2, 3.3 and 3.4 were implemented in the spreadsheet application 

program Wingzn.t. The software that controls the flow of data within that spreadsheet was 

written in the Hyperscript® programming language that is associated with that application. 

The software simulator described herein was specifically designed to predict the behavior 

of a given prototype converter constructed in conjunction with the work presented in this 

paper in order to test and verify the techniques developed. Using the design plots in 

Chapter 5, however, the data derived from this simulator can be applied to find the closed 

loop regulation of any converter of the form shown in Fig. 3.1. 

As discussed in Chapter 5, the parasitic resistance on the primary side of the 

converter does not contribute to the steady state error because it is located inside both 

feedback loops, the current loop and the voltage loop. Since dropping this resistance 

simplifies the operating point and sensitivity equations derived in Chapter 3 significantly, 

this simulator neglects the primary side parasitic resistance. This adjustment is most 

apparent in the spreadsheet in that several of the sensitivity coefficients do not appear as 

they have been reduced to zero by the change. 

This appendix describes the form and operation of an example spreadsheet used to 

calculate the closed loop regulation of that three output prototype converter mentioned 
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above. Section C.2 describes each of the functional blOCks that appear in the spreadsheet. 

Section C.3 details how the Hyperscript® control program contained in Section C.4 

operates, and Section C.S gives some guidelines and tips regarding use of the simulator in 

general. 
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C.2 Simulator Functional Blocks 

This section describes each block of cells within the spreadsheet. These blocks are 

grouped into functional units that perform different intermediate steps in the calculation of 

the regulation error. The figure on the next page shows the layout of an example 

spreadsheet that is used to calculate the regulation for the prototype converter when the load 

on the SV output changes from 15.20 to 8.80, the load on the 7V output changes from 

410 to 1220, and the load on the ISV output changes from 880 to 2640. 

Cell Block AI-B22, the Design Constants cell block, contains the constants used in 

the calculations throughout the rest of the spreadsheet. The name of each of these constants 

is in column A while its corresponding value is in column B. For example, cell A6 holds 

the constant name rNLl, while cell B6 defines this constant to be 0.092. Thus these two 

cells fix the value of the first output's filter inductor winding resistance to be 92mO. All of 

the parasitic resistances in this block are defined in Table 3.1. The other constants in this 

block are defined elsewhere in Chapter 3. 

Cell Block A29-B36, the Program Entries cell block, contains constants that are 

used by the Hyperscript® program to control the flow of the calculations in the 

spreadsheet. The first of these entries, Dinit, sets an initial value to be used in the 

calculations for the duty cycle. The second of these program entries, Err, is used as a 

boundary to end an iterative cycle of calculations. For example, when the difference 

between the value of some variable, Msense, as calculated for the nth iteration and the value 

of Msense after one more iteration is less than the Err term, the iterative calculation of 

Msense stops. The next program entry is the value of the Damp term. This term is used 

within an iterative loop to limit the change in some key variable so that the results of the 
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iteration converge to the correct solution. If this damping factor is too large, the 

spreadsheet may begin to converge to one solution and then jump to a numerical region 

where it converges to some alternate solution or simply diverge and fail to give any useful 

results at all. The next three terms in this cell block, Volinit, Vo2init, and Vo3init, fix the 

initial values of the output voltages, Vol, V02, and V03. Finally, the last term in the 

program entries cell block, Refine, is used to make the loop boundary condition, as 

described above, smaller. This is accomplished by multiplying the Err term by the Refine 

term within the Hyperscript® program. 

Cell Block DI-H5, the Variables cell block, is the place where the initial and final 

value of the input voltage, Vin, and the initial and final values of the load resistances, Rl, 

R2, and R3, are entered. Column D gives the name of the variable under consideration. 

Columns E and F allow entry of the initial and final value of that named quantity. Note that 

the filled cells within this block, E3-F5, correspond to the initial and final value of the load 

and are highlighted because of their frequent adjustment. The spreadsheet automatically 

calculates the difference between the final and initial input voltage and load resistance in 

column G and computes the average value of the input voltage and load resistance in 

column H. 

Cell block D7-H19, the Normalized Variables cell block, is used to calculate the 

values of a variety of subterms used later in the operating point calculations. The 

definitions of these normalized variables are given in Eqs. 3.17, 3.46, and 3.53. Column 

D gives the name of the variable under consideration. Columns E and F calculate the value 

of each named variable using the design constants along with the initial and final values in 

the Variables cell block respectively. Column G shows the difference between the values 

in columns E and F while column H recomputes the value of each named variable using the 

average values of load resistance and input voltage as found in column H of the Variables 
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cell block. Note that the last five terms in this cell block are independent of the input 

voltage and load resistances and therefore do not need to be recalculated for the initial, 

final, or average values of these variables. 

Cell block J1-N22, the Operating Point cell block, contains the calculations 

necessary to find the normalized output voltages, Ml, M2, and M3. Column J lists the 

name of the quantity calculated in each row. Column K calculates these quantities at the 

initial load and input voltage settings. Column L calculates these quantities at the final load 

and input voltage settings, and column N calculates these quantities at the average load and 

input voltage settings. Column M is the difference between the quantities in columns K 

andL. 

Note that the first and last three terms in this block are the normalized output voltage 

expressions. The first three terms correspond to the values of the normalized output 

voltages after n iterations, while the last three terms correspond to the values of the 

normalized output voltages after n+ J iterations. The Msense term is the normalized value of 

the voltage sensed for the voltage feedback loop. The terms II', 12', and 13' are the 

normalized values of the three load currents, while the term Ie is the calculated value for the 

control current. Once the control current is known, a damped value of this control current 

is used to find the duty cycle (Note that the numerator and denominator of the duty cycle 

are computed separately.) Finally, with the new value of the duty cycle known, the 

numerator and denominator of the three normalized output voltages are found in rows 14 

through 19 so that the (n+ J )th iteration of the normalized output voltages can be found. 

Cell blocks Pl-S6, P8-S 13, PI5-S20, the Steady State Error cell blocks, calculate 

the sensitivity coefficients and the result of the normalized Taylor series expansion 

technique for predicting the normalized output voltage regulation. Block Pl-S6 provides 

these results for the first output, block P8-S 13 corresponds to the second output, and block 
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P15-S20 calculates the results for the third output. Column P gives the names of the 

sensitivity coefficients calculated in columns Q. Column R gives the name of the variable 

quantity that is contributing to the output voltage regulation and column S assigns a value to 

that variable quantity. These values come from the appropriate cells within the Variables 

cell block and from the Current Loop cell block described below. Lastly, at the bottom of 

each of these three cell blocks, is the nonnalized steady state eITor. 

For example, looking more closely at the top Steady State Error cell block, cells 

Q2-Q4, calculate the sensitivity coefficients named in cells P2-P4 and defined in Eqs. 3.12, 

3.13, and 3.15. Cell R2 calls for half the normalized change in input voltage to be 

assigned to cell S2. This value is computed by dividing the change in input voltage found 

in cell G2 by the average value of the input voltage found in cell H2. Similarly, cell R4 

calls for half the normalized change in the first load resistance to be assigned to cell S4. 

This value is computed by dividing the change in the first load resistance found in cell G3 

by the average value of the first load resistance found in cell H3. Cell R3 calls for half the 

normalized change in duty cycle to be assigned to cell S3. This value is computed in the 

Current Loop cell block described below. Finally, cell R6 sums the products of cells Ql 

and S 1, Q2 and S2, and Q3 and S3 to find the normalized steady state error for the first 

output as defined in Eq. 3.11. 

Note that the variable shifts named in column R and entered in column S are all half 

of the total change in that variable quantity. This is necessary because the sensitivity 

coefficients in column Q are evaluated at the operating midpoint halfway between the initial 

and final operating point. Therefore, the number found by summing the products of the 

terms in columns Q and S represents the regulation error from the operating midpoint to 

either of the operating endpoints. The total change in the output voltages, however, is 

measured from the initial operating point to the final operating point. The total regulation 
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calculated in cells R6, R 13, and R20, therefore, is double the value calculated by summing 

the products of the tenns in columns Q and S. 

Cell block P22-S32, the Current Loop cell block, is used to calculate the change in 

duty cycle given the changes in input voltage, load resistances, output voltages and control 

current. Cells P23-P30 give the names of the sensitivity coefficients of the duty cycle that 

are calculated in cells Q23-Q30 and defined in Eqs. 3.38 through 3.43. Cells R23-R30 

name the variable quantities that contribute to the change in duty cycle. The nonnalized 

change in input voltage and load resistances, cells S23-S26, are computed just as described 

above for the Steady State Error cell blocks. The nonnalized changes in the output 

voltages, cells S27-29, are taken directly from cells R6, R13, and R20 respectively. The 

change in control current, cell S30, is computed in the Voltage Loop cell block described 

below. Finally, cell R32 sums the products of the tenns in columns Q and S to find the 

nonnalized change in duty cycle. Note that, once again, a factor of 1/2 appears in all tenns 

in column S because the coefficients in column Q are calculated at the operating midpoint. 

The nonnalized change in duty cycle, however, has been adjusted as described above to 

account for this factor. 

Cell block P34-S39, the Voltage Loop cell block, is used to calculate the change in 

control current that is used in the Current Loop cell block. Cells P35-P37 give the names 

of the sensitivity coefficients of the control current that are calculated in cell Q35-Q37 and 

defined in Eq. 3.52. Cells R35-R37 name the variable quantities that contribute to the 

change in control current and which are listed in cells S35-S37. These values are taken 

directly from cells R6, R13, and R20 respectively. Finally, cell R39 sums the products of 

the tenns in columns Q and S to find the nonnalized change in control current. Note that 

once again, the sensitivity coefficients are calculated at the operating midpoint causing the 

variable quantities in column S to be halved before the change in control current is found. 
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Once the nonnalized regulation has been calculated, the Denonnalization cell block, 

cells J25-N32, calculates the actual regulation for the prototype converter. Rows 26-28 

find the regulation by subtracting the output voltages at the final operating point found in 

column L from the output voltages at the initial operating point found in column K. This is 

accomplished by denonnalizing the expressions for MI, M2, and M3 in rows 20 to 22. 

The output voltage regulation is then computed in cells M26-M28 by subtracting the final 

output voltages in cells L26-L28 from the initial output voltages in cells K26-K28. Rows 

30-32 find the output voltage regulation by denonnalizing the regulation expressions found 

in the Steady State Error cell blocks. To accomplish this, the average values of the output 

voltages must be known. Cells N26-N28 calculate the output voltages at the operating 

midpoint from the expressions for MI, M2, and M3 in cells N20-N22. These values are 

then used in conjunction with the nonnalized regulation expressions in cells R6, RI3, and 

R20 to detennine the output voltage regulation of the prototype. 
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C.3 Operation of the Hyperscript® Program 

The spreadsheet is controlled by a program written in the WingZTM application 

language Hyperscript®. Limited comments are provided in the program to allow basic 

understanding of the flow of control. The complete text of that program is provided in the 

next section of this appendix. Without going into excessive detail, that program works as 

follows: 

Three operating points are found before the regulation calculations are undertaken. 

After defining the variables to be used in the program, the values necessary to find the 

initial operating point are established. The first WHILE loop calculates the operating point 

checking the parameter MSENSE after each iteration until it remains relatively constant. 

The variable MSENSE is a function of the normalized output voltages. The second 

Wlill...E loop then refines the operating point calculation by continuing to iterate through the 

same loop until the parameter ICON remains relatively constant. The variable ICON 

represents the value of the control current. This second loop is necessary because the 

control current requires a smaller error condition in order to settle to its steady state value. 

Note that iteration is necessary to find the operating point because the control current is a 

function of the output voltages, the duty cycle is a function of both the control current and 

the output voltages, and the output voltages are a function of the duty cycle. Once the 

initial operating point is found, the loop is reinitialized and the procedure is repeated at the 

final operating point and at the operating midpoint. In addition, between the calculation of 

the final operating point and the operating midpoint, the difference between the initial and 

final operating points is found. 

Once the operating midpoint is found, the program moves on to computing the 

steady state error. The first step in this procedure is to evaluate all of the sensitivity 
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coefficients. The program then initializes the values of m/2D, IlVOl/2VOl, IlVO'l/2V02, 

IlVQ3/2VQ3 and IlVir/2Vin and computes new values of IlVOlNOl, IlVOzN02, IlVQ3NQ3. 

These new values are then used in the Voltage Loop cell block to find the initial value of 

IlIc/Ic. Finally, a new value for mID is found by the Current Loop cell block. With the 

initial iterative loop complete, the procedure is repeated in another WHll...E loop until the 

value of mID remains relatively constant. Using this final value of mID, the normalized 

change in output voltage, Il V O1N 01, Il V ozN 02, Il V Q3N 03, are recalculated one last time. 

Finally, the denormalized regulation is found by calculating the values of the 

expressions in the Denormalization cell block. 



C.4 Hyperscript® Program Text 

ONRECALC 

{Defme Variables} 

DEFINE M1INIT, M2INIT, M3INIT 

DEFINE DINIT, ERR, DAMP, REFINE 

DEFINE GAIN1 

DEFINE MSENSE, NXTMSENSE 

DEFINE DCYCLE, NXTCYCLE, DMPCYCLE 

DEFINE DEL VOl, DELV02, DEL V03 

DEFINE DELTAD, DMPDELTAD, NXTDELTAD 

DEFINE ICON, NXTICON, DELTACON, NXTDELTACON 

{Set Initial Values} 

RECALC RANGE E2 .. H20 

DINIT = (B30) 

ERR = (B31) 

DAMP = (B32) 

MlINIT = (B33)*(B2)/«B3)*(E2» 

M2INIT = (B34)*(B2)/«B4)*(E2» 

M3INIT = (B35)*(B2)/«B5)*(E2» 

REFINE = (B36) 

GAINI = (B 17) 

{Initialize Operating Point Calculation} 

PUT M 1 I NIT INTO K2 

PUT M2INIT INTO K3 

PUT M3INIT INTO K4 

MSENSE = MlINIT*GAINl 

RECALC RANGE K6 .. K9 

PUT (K9) INTO K 1 0 
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RECALC RANGE Kl1..K12 

NXTCYCLE = (Kll)/(K12) 

DMPCYCLE = DINIT + DAMP * (NXTCYCLE - DINlT) 

PUT DMPCYCLE INTO K13 

RECALC RANGE K14 .. K22 

NXTMSENSE = (K20)*GAINI 

DCYCLE = (K13) 

{Calculate First Operating Point} 

WHILE ABS(NXTMSENSE - MSENSE) > ERR 

PUT (K20) INTO K2 

PUT (K21) INTO K3 

PUT (K22) INTO K4 

PUT NXTMSENSE INTO KS 

MSENSE = (KS) 

RECALC RANGE K6 .. K9 

PUT (K9) INTO K 1 0 

RECALC RANGE Kl1..K12 

NXTCYCLE = (Kll)/(K12) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO K13 

RECALC RANGE K14 .. K22 

NXTMSENSE = (K20)*GAINI 

DCYCLE = (K13) 

END WHILE 

{Initialize Control Current Refining Loop} 

ICON=KlO 

PUT (K20) INTO K2 

PUT (K21) INTO K3 

PUT (K22) INTO K4 

PUT NXTMSENSE INTO KS 

RECALC RANGE K6 .. K9 
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NXTICON=K9 

{Control Current Refining Loop} 

WHILE ABS(NXTICON-ICON) > REFINE*ERR 

PUT NXTICON INTO KI0 

ICON=KI0 

RECALC RANGE Kl1..KI2 

NXTCYCLE = (Kll)/(KI2) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO K13 

RECALC RANGE K 14 .. K22 

MSENSE = (K20)*GAINI 

DCYCLE = (K13) 

PUT (K20) INTO K2 

PUT (K21) INTO K3 

PUT (K22) INTO K4 

PUT MSENSE INTO K5 

RECALC RANGE K6 .. K9 

NXTICON=K9 

END WHILE 

{Ini tialize Operating Point Calculation} 

PUT (K20) INTO L2 

PUT (K21) INTO L3 

PUT (K22) INTO L4 

MSENSE = (L2)*GAINI 

RECALC RANGE L6 .. L9 

PUT (L9) INTO LlO 

RECALC RANGE Ll1..LI2 

NXTCYCLE = (Lll)/(L12) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO L13 

RECALC RANGE L14 .. L22 
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NXTMSENSE = (L20)*GAINI 

DCYCLE = (L13) 

{Calculate Second Operating Point} 

WHll..E ABS(NXTMSENSE - MSENSE) > ERR 

PUT (L20) INTO L2 

PUT (L21) INTO L3 

PUT (L22) INTO L4 

PUT NXTMSENSE INTO L5 

MSENSE = (LS) 

RECALC RANGE L6 .. L9 

PUT (L9) INTO LIO 

RECALC RANGE LI1..LI2 

NXTCYCLE = (LII)/(L12) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO LI3 

RECALC RANGE L14 .. L22 

NXTMSENSE = (L20)*GAINI 

DCYCLE = (L13) 

END WHILE 

{Initialize Control Current Refining Loop} 

ICON=LlO 

PUT (L20) INTO L2 

PUT (L21) INTO L3 

PUT (L22) INTO L4 

PUT NXTMSENSE INTO L5 

RECALC RANGE L6 .. L9 

NXTICON=L9 

(Control Current Refining Loop) 

WHILE ABS(NXTlCON-ICON) > REFINE*ERR 

PUT NXTICON INTO LlO 
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ICON=LIO 

RECALC RANGE Ll1..L12 

NXTCYCLE = (Lll)/(L12) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO L13 

RECALC RANGE L14 .. L22 

MSENSE = (L20)*GAINI 

DCYCLE = (L13) 

PUT (L20) INTO L2 

PUT (L21) INTO L3 

PUT (L22) INTO L4 

PUT MSENSE INTO L5 

RECALC RANGE L6 .. L9 

NXTICON=L9 

ENDWHll...E 

{Calculate Difference between Op. Points} 

RECALC RANGE M2 .. M22 

{Initialize the Middle Operating Point} 

PUT (L20) INTO N2 

PUT (L21) INTO N3 

PUT (L22) INTO N4 

MSENSE = (N2)*GAINI 

RECALC RANGE N6 .. N9 

PUT (N9) INTO N10 

RECALC RANGE Nl1..N12 

NXTCYCLE = (Nll)/(NI2) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO Nl3 

RECALC RANGE N14 .. N22 

NXTMSENSE = (N20)*GAINI 

DCYCLE = (N13) 
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{Calculate Middle Operating Point} 

WHILE ABS(NXTMSENSE - MSENSE) > ERR 

PUT (N20) INTO N2 

PUT (N21) INTO N3 

PUT (N22) INTO N4 

PUT NXTMSENSE INTO N5 

MSENSE = (N5) 

RECALC RANGE N6 .. N9 

PUT (N9) INTO NlO 

RECALC RANGE Nl1..N12 

NXTCYCLE = (Nll)/(N12) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO N13 

RECALC RANGE N14 .. N22 

NXTMSENSE = (N20)*GAINI 

DCYCLE = (N13) 

END WHILE 

{Initialize Control Current Refining Loop} 

ICON=NlO 

PUT (N20) INTO N2 

PUT (N21) INTO N3 

PUT (N22) INTO N4 

PUT NXTMSENSE INTO N5 

RECALC RANGE N6 .. N9 

NXTICON=N9 

{Control Current Refining Loop} 

WHILE ABS(NXTICON-ICON) > REFINE*ERR 

PUT NXTICON INTO NIO 

ICON=NlO 

RECALC RANGE Nl1..N12 
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NXTCYCLE = (Nll)/(N12) 

DMPCYCLE = DCYCLE + DAMP * (NXTCYCLE - DCYCLE) 

PUT DMPCYCLE INTO N13 

RECALC RANGE N14 .. N22 

MSENSE = (N20)*GAINl 

DCYCLE= (N13) 

PUT (N20) INTO N2 

PUT (N21) INTO N3 

PUT (N22) INTO N4 

PUT MSENSE INTO N5 

RECALC RANGE N6 .. N9 

NXTICON=N9 

ENDWHll..E 

{Calculate Partial Derivatives} 

RECALC RANGE Q2 .. Q37 

{Initialize Delta Values} 

RECALC RANGE S2 .. S37 

DELTAD = (M13)/(2*(N13» 

PUT DELTAD INTO S3 

PUTDELTAD INTO SlO 

PUTDELTAD INTO Sl7 

{Calculate Initial Steady State Errors} 

RECALC RANGE R6 .. R20 

DELVOI = (R6)!2 

DELV02 = (R13)!2 

DEL V03 = (R20)!2 

PUTDELVOI INTOS27 

PUTDELVOI INTO S35 

PUT DEL V02 INTO S28 

PUT DEL V02 INTO S36 
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PUT DELV03 INTO S29 

PUT DELV03 INTO S37 

{ Calculate Mcllc and mID } 
RECALC RANGE R39 .. R39 

PUT (R39)/2 INTO S30 

RECALC RANGE R32 .. R32 

NXTDELTAD = (R32)12 

{Calculate Steady State Errors} 

WHILE ABS(DELTAD - NXTDELTAD) > ERR 

DMPDELT AD = DELT AD + DAMP * (NXTDELTAD - DELTAD) 

PUTDMPDELTAD INTO S3 

PUT DMPDELTAD INTO SlO 

PUT DMPDELTAD INTO S17 

RECALC RANGE R6 .. R20 

DELTAD=DMPDELTAD 

DELVOI = (R6)12 

DELV02 = (R13)12 

DEL V03 = (R20)12 

PUTDELVOIINTOS27 

PUTDELVOI INTOS35 

PUT DELV02 INTO S28 

PUT DEL V02 INTO S36 

PUT DEL V03 INTO S29 

PUT DEL V03 INTO S37 

RECALC RANGE R39 .. R39 

PUT (R39)/2 INTO S30 

RECALC RANGE R32 .. R32 

NXTDELTAD = (R32)12 

ENDWHll..E 
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{Recalculate I1Vo with the Final Value of LID} 

DMPDELTAD = DELTAD + DAMP * (NXIDELTAD - DELTAD) 

PUT DMPDELTAD INTO S3 

PUT DMPDELTAD INTO S 10 

PUTDMPDELTAD INTO S17 

RECALC RANGE R6 .. R20 

DELVOI = (R6) 

DELV02 = (R13) 

DEL V03 = (R20) 

{ Calculate Denonnalized Val ues} 

RECALC RANGE J26 .. N32 

ENDRECALC 
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C.5 Using the Spreadsheet 

In order to calculate the closed loop output voltage regulation of the prototype, the 

constants in cell block AI-B22 must be entered as accurately as possible to reflect the 

conditions in the converter that is being simulated. Small changes in the parasitic 

resistances entered in these cells can cause large deviations from the actual closed loop 

regulation. In addition, the values in cells E2-F5, the initial and final values of the input 

voltage and load resistances, must also be entered very accurately as small changes in these 

values can also cause large changes in the predicted regulation. 

In addition to providing the necessary constants, the program must be initialized 

and the damping factor and error limits set using the variable in cell block A29-B36. The 

initial value of the duty cycle should be set to a reasonable value for converter operation. 

The error value should be set small enough to ensure that the loop reaches a steady state 

condition at the end of the iterative process but not so small that the looping becomes 

excessive. (This variable can be set larger for a first calculation and then lowered as needed 

later.) Finally, the damping factor should be kept relatively small to eliminate any root 

jumping, a condition where the spreadsheet begins to converge to one solution but jumps, 

while in the process of iterating, to a numerical region where it can converge to some 

alternate solution. If root jumping occurs, the calculations may diverge and fail to give any 

useful results. 

After all constants and program variables are entered, calculation of the steady state 

errors can be initiated. The Hyperscript® program then solves for initial, final, and average 

operating points by looping through the calculations in the Operating Point cell block, cells 

J1-N22. Next the steady state errors are found using the normalized Taylor series 

expansion technique. This involves an iterative loop between the Steady State Error cell 
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blocks Pl-S6, P8-S13, P15-S20, the Current Loop cell block P22-S32, and the Voltage 

Loop cell block, P34-S39. When all iterations are complete, the denonnalized steady state 

error results can be found in cells M26, M27, and M28 using the technique of taking the 

difference between the output voltages at the initial and final operating points, and in cells 

M30, M31, and M32, using the Taylor series expansion technique. 
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APPENDIX D: Magnified Design Plots 
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APPENDIX E: Upper Frequency Limitation of the Small Signal Model 

Because there are a series of approximations made in the process of deriving the 

small signal model of a switch mode power supply, this model is only valid up to some 

maximum percentage of the switching frequency of that converter. The flrst step in 

deriving the small signal model is to fmd expressions for each of the state variables of the 

converter (inductor currents and capacitor voltages) during each of the switching intervals: 

nI: ~ t ~ (n+D)I: 
(E.l) 

(n+D)I: ~ t ~ (n+l)I: 

In order to find a solution for this equation, the A and B matrices for the two switching 

intervals must be averaged. The uppermost wave in Fig. El shows the actual capacitor 

voltage with a low frequency sinusoidal variation superimposed on the switching ripple. 

The middle wave in Fig. El shows the same waveform after the averaging step discussed 

above. This second waveform is representative of a discrete system where the capacitor 

voltage is sampled once per switching period. The desired small signal model, however, is 

not a sampled data system but a continuous time system. In order to transform the sampled 

waveform, middle of Fig. El, to the continuous time waveform, at the bottom of Fig. El, 

the discrete time solution to Eq. E.1 must be approximated by a continuous time 

expression. 
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Fig. E1 Averaged Capacitor Voltage with Low Frequency Variation 

An approximate solution to Eq. E.1 can be written as follows: 

(B.2) 
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where the matrix exponentials of the exact solution have been replaced with the flrst two 

terms in the series expansion of an exponential. Note that this expression is actually the 

mathematical representation of the middle waveform in Fig. E1. The conversion from this 

discrete time expression to a continuous time expression for the bottom waveform involves 

approximating the change in the value of the state variable between two samples by a 

straight line connecting the endpoints of the two samples. This approximation is expressed 

mathematically in Eq. E.3. 
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(E.3) 

Given this set of approximations, how small can the period of the sinusoid get 

relative to the switching period and still accurately be represented by the piecewise 

continuous waveform at the bottom of Fig. E I? This question is answered in part by the 

Nyquist Theorem[26] where it is shown that each period of a sinusoid must be sampled 

twice in order to reconstruct the original sine wave from the samples. Therefore, if the 

sampling rate in the middle waveform is fixed at 100KHz, one sample each lOlls, the 

maximum period of the reconstructed signal is 2x lOlls which is equivalent to 50KHz. The 

continuous time small signal model, however, does not provide the discrete time waveform 

necessary to reconstruct the original signal. Since the model provides only a piecewise 

continuous approximation of the discrete time waveform, the maximum period of the 

reconstructed signal is actually somewhat less than 50KHz. It is commonly accepted that 

the small signal model is accurate up to 1/4 to 1/3 of the switching frequency. 
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