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ABSTRACT

Within the framework of the quantum transport theory based on the Wigner transform of
the density matrix I study first in non-relativistic and subsequently in relativistic formu-
lation a number of applications. I also develop further the recently proposed relativistic
theory: the classical limit is carefully derived and the integral equations of the relativis-
tic Wigner function derived explicitly. I show how it is possible to obtain the Schwinger
like particle production rate from relativistic quantum transport equations. Noteworthy
numerical results address the shape of the relativistic Wigner function of a given quantum
state. Other numerical studies are primarily oriented towards the time evolution of the
Wigner function — I can presently solve only the nonrelativistic case in which there is no
mixing between particle production and flow phenomena: I consider numerically the fate

of the muon after muon catalyzed fusion.
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CHAPTER 1

Wigner function?

Before I turn to the main topics of this thesis, I first present here the basic ideas regarding
the classical and quantum phase space function (the Wigner distribution). I will survey
here the time evolution equation for the Wigner function, which is a quantum transport

equation. The integral form of a quantum transport equation will be also introduced.

1.1 Classical Phase Space

Let 7 be a position vector of a particle from a given origin [1]. The velocity of the particle

is the time derivative,

" dr
v o= 'a?: (1'1)

and the momentum of the particle is the product of velocity ¥ with the particle mass m,
P = mi. (1.2)

This particle evolves in time under the external potential V' along the trajectory prescribed

by Newton’s equation of motion,

dp ~
E - F, (1'3)
where the force on the particle derived from the potential V is
F = —7F (1.4)

To describe many body system or continuous media, it is convenient to generalize

the Newtonian mechanics. Consider a system which consists of N identical particles of

This chapter comprises introductory material as can be found e.g. in Ref.[8, 13]
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mass m. We introduce generalized coordinates (qi, ...,qan) and write down the Lagrangian

L of the system,
L(q;, ql) = T(Qﬁ ql) - V(tht’)? (1'5)

where T' and V' are total kinetic and potential energy, respectively. ¢ is the time derivative
of coordinate ¢q. In general, the potential V' does not depend on time and velocity explicitly
except for a dissipative system. The time evolution is then described by the set of Lagrange

equations, obtainable from the least action principle,

0 6L oL
o (53) ~5 = © (1)

constrained by the initial and/or boundary conditions.

While the Lagrangian formulation can be applied to any system, there is yet an-
other formulation to describe a physical system, namely, Hamiltonian formulation, which
is especially useful for a system possessing symmetry. In this scheme, the basic variables
are the generalized coordinates ¢ = (g1,...,43n) and their momenta p = (pi,...,pan). The

canonical momenta p are introduced by

oL
pi = —a—&-‘- (1.7)

The Hamiltonian H is the Legendre transform of L,

H(q,p,t) = Z:Pi‘ji_L(q,q.)t)- (1‘8)

The system evolves in time according to the Hamilton equations of motion,
OH
o o= 24 1.9
ql 81)" ? ( )

O0H

—P = 5&":, (1-10)

which are 6 first order differential equations.

Consider now the 6N dimensional (5, ¢;)-space which is made of 3N coordinates
and 3N momenta. A system of V particles is completely described by a point in this space.
The evolution of a system thus traces the trajectory prescribed by the set of Hamilton(or

Lagrange) equations of motion. If there are conservation laws or constraints, the trajectory
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can be further restricted. For example, if the total energy of a system is conserved, the
trajectory is on the 6N hyper-surface. This 6N dimensional (7, §;) space is the so-called

phase space.

I recall the connection to statistical mechanics [2]. Consider a large number of
classical system which have the same macroscopic properties. At any instance in time ¢,
each can be represented as a point in the 6 /N phase space. Each region of the phase space
can be assigned a certain weight according to the occupancy of discrete points found. In
this way the distribution function F(g;,p;,t) is introduced, which represents the (relative)
weight at the phase point (7}, q;) at time ¢. It is8 common to normalize the distribution

function to 1,
/dI‘ Fo=1, (1.11)

where dI’ = dgy...dqzndp;...dpsn 18 a phase space volume element, so that the distribution
F' can be interpreted as a probability density to find the system at the point (5, §) of the

phase space at time ¢ — note that by definition the function F' also satisfies
F > 0. (1.12)
The properties of a system can be obtained from the algebraic average;
B = [drB@&)FG,5.), (1.13)

where B(p;, §;) is the microscopic function for the observable B.

There are several tacit postulates in this approach. First of all, we did not include
here the internal variables to define the phase space. Secondly, we implicitly assumed that
we can define (measure) the coordinate and momentum as precisely as we want. This is
the major difference between the classical and quantum description and will be addressed
just below. We also assumed the distribution function F'(§;,p;,t) comprises all physical
informations the system can have, i.e. the state of a system is completely described given

F at a certain time t.

The time evolution of a distribution function F' can be described by

oF

7 = {H,F}p, (1.14)
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where H is the microscopic Hamiltonian of the system under study. {H, F'}p is the Poisson
bracket,

3N
(8H 0F o6H 8F> . (1.15)

UhFe = 235 om ~ omow
This is the well known Liouville equation and it follows from the Hamilton equation of
motion. All of the classical transport equations can be derived from this equation. As
an example, the transport equation of a one particle distribution function f(7,4,t) can be
obtained by integrating over allowed phase space all coordinates and momenta except the
coordinates and momenta (§,7) of the particle considered. However, the resulting trans-
port equation is not ‘closed’ in general. It is coupled to the higher order distributions, such
as for example, 2 particle and/or 3 particle distribution functions and so on. Much of the
effort in this field is devoted to finding suitable approximations which closes the system of

transport equations.

1.2 Wigner Function

In quantum physics [3], we cannot measure a coordinate and its momentum simultaneously

with an arbitrary precision because of the Heisenberg uncertainty principle,
AcAp > K. (1.16)

This causes a severe problem with the definition of the quantum distribution function.
Nonetheless, it has been possible to define a function which has almost all the features
expected of a phase space distribution function. Note first that the quantum expectation

value of an observable O can be calculated by
<0> = Tr0p, (1.17)

where Tr is the "trace” on any complete basis, O the quantum operator (not just number)
of the observable and g the density matrix of the quantum system. The density matrix

can be expressed in general as follows [4],
o= D wili><il, (1.18)
i

where the weighing factor has following properties:
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1. w; 20,
2. Y w =1,

3. the set {|i >} is a complete ortho-normal basis.

The corollary of the second property of the weighing factor is
Trp = 1, (1.19)

X all w; but one of them are zero, the system is in a pure state. Otherwise, the system is

in a mixed state.

Now I take the coordinate space |&> as the quantum basis so that the Eq.(1.17)

becomes
<0> = /d5;‘< 7|p0|Z >
= / dZd5 W(Z,5,1)0(Z, ), (1.20)
where
W(&,p) = '(2—:_%3 <F+ glﬁlf— g > ¢~ PI/h, (1.21)
o9 = / dij < &+ 22Z|o‘|5— g> e~ PI/R, (1.22)

This is so—called the Weyl transformation [5, 7]. In the derivation, I have used the relation

1= [agg><a, (1.23)
53 = (EEIW / dpe= P, (1.24)

Note that not all quantum observables O can be transformed from an operator to a single
scalar function by the Weyl transformation. Spin is a typical counter-example and its

representation requires several functions. I shall address this issue further below.

Noticing close resemblance of the forms between the quantum expectation value
Eq.(1.20) and the classical one Eq.(1.13), it is customary to call the Wigner function
Eq.(1.21) also the quantum distribution function. I note that the function W was first
introduced by Wigner [6] to study quantum corrections to classical statistical mechanics.
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Ever since then, the Wigner function has found numerous applications in many fields of
modern physics. I note further that the power of this approach to quantum mechanics is
not limited to being only a calculational tool but it also provides fundamental insights into

the relations between classical and quantum physics.

Let us consider some properties of the Wigner function of a pure state, i.e. we
consider the Weyl transform of any quantum eigenstate 1;(7) = (Z|i):

Wine) = (2:;1)3 e PARYH(F — 5/ 2)i( + 5/2). (1.25)

Note that with Eqs.(1.18,1.21) I have in general W = 3°; w;W;. W; has the following
properties [8]:

1. Wi(7,7,1) is a Hermitian, i.e. W}(F,7,t) = W;(F,7,t). Therefore, Wi(7,7,1) is real.

2. The Wigner function satisfies the following relations

[awEe) = WP, (1.26)
[awiEn) = weEP, (1.27)
/ FAFWiIFEF) = 1, (1.28)

where 1,5.-(1')‘ ) is the wavefunction in momentum space.
3. The quantum expectation value of an observable O is
< i|0]i >= / dF dF Wi(F, 5, 0)0(F, %), (1.29)
where O(7, ) is the Weyl transform of the observable, self-adjoint operator 0.
4, For given wave functions ;(7") and 1;(), I have
| [arw Gy = e [ o [ awimsowiE s (130)
For ¢ = j I obtain:
& [@mEEE = s (1.31)

Taking the wave functions 1; and 1); to be orthogonal to each other, I obtain

/ dF / dFWiF 5 OW;(Ft) = o (1.32)
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Hence we see that in general Wi(7,5) cannot be in everywhere positive, i.e. it must
also assume negative values. For this reason one calls W; a pseudo—probability den-
sity. However, there exists a simple way to make W; positive definite by using the

coarse graining (smearing) function [10, 11]:

— = 1 —n-‘ ——
G(F B} Ary Ap) = me T, (1.33)

The coarse grained distribution is
o 1 " —(F=7")2 /N2 =(7—7")? ol =
W i(F, 5,8 Ary Ap) = m/dr'd =TTV IN- TP w7, 5, 1), (1.34)
I will return to discuss W, below.

5. From the Cauchy-Schwartz inequality and the normalization condition of the wave-

function it further follows [9]:

WEAOF < [ s 2,08 [ G- a12.0P
= (%ﬁ) . (1.35)

W@t < (%ﬁ)a (1.36)

This is another form of the uncertainty principle. Namely, since the probability to
find the particle at point (7, 5) is less than (#)?, the phase volu:ne needed to find the
particle should be larger than (£)3.

Therefore, I get

Finally, I note that one can introduce a Wigner function in a gauge invariant way
[12). The idea is that a wave function can be written by using the translation operator as

follows;
W(FE5/2) = V), (1.37)

and one then replaces the derivative V by the covariant derivative D for a gauge transfor-

mation, i.e.
V o D=V —iedA(F,t)/h (1.38)

for the electromagnetic fields. The final result for the Wigner function in electromagnetic

fields is
noo
Wih) = [ oAy exp( e [ 11/22 dx A7 + ,\.a')]) Y (7 5/2)%(7+ 5/2). (1.39)
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It is possible to generalize this definition further to allow for non—abelian gauge theory.

I note that there are many other definitions for a quantum distribution [14, 15] in
addition to the one (Wigner) presented here. I will not consider these further. Also, I will

mostly address pure state Wigner functions.

1.3 Quantum Transport Equation

The evolution equation of a Wigner function W (7, , ) follows directly from the Schrédinger

equation,
ih§-¢(F ) = —-’f-v2+V(r*) (7 1) (1.40)
a"v T 2m e '

Differentiating the Wigner function Eq.(1.25) with respect to time gives
d3s
(2nh)3
h2
(4 32,1) V(7 - 5/2,1)
HV(F+ 8/2) — V(7 = 8/2)](F+ §/2,t) *(F ~ §/2,1)]). (1.41)

o 2
=i %Vz¢(;+ 5/2,1) $*(F - 5/2,1)

13 8 ~ =
zhaW(r,p, ) =

First of all, I replace the derivative with respect to # by the derivative with respect to &

and integrate by parts and then go from & back to #derivative to obtain

1 - o _ 1 d38 —l'i:'-i‘/h —~, = - e
oo+ 259 wrsy = & Gets & PV (4 5/2) = V(7 572)

W(F+ 5/2,8) P*(F = 5/2,1). (1.42)

Assuming the potential V' can be expanded in Taylor series around point 7, I obtain finally,
[a + 1. 6] WERY) = 3 =0 (. Sy (W 5,1)
t m 10 ] = 22"(2/6 + 1)! sV )y

or, moving the classical force term F' = —V'V to the left hand side:

loc+ 259+ )-8 wir ) = Li %;—,?—2%;(6'-53“+IV(F)W(F,@ 1)(1.43)
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where V' is the derivative with respect to coordinate 7 on the potential V' very next to it
and & the derivative with respect to momentum 5. This equation is the quantum transport

equation for a one particle Wigner function.

In the classical limit % — 0, I have
— - 1 - o - =
aW(r,pyt) = - ['n,_"p v + ﬁ(i‘) : 8] W(# pt) = {H,W}, (1.44)

which is just a Liouville equation, as indicated. We will see that the classical limit (% — 0)
of the relativistic quantum transport equation is actually a much more subtle matter, and
I will study it in the context of the relativistic classical limit in more detail. Note further

that in the classical limit the evolution of a Wigner function is determined by the solution

of Hamilton’s equations of motion, i.e,
W(Fp,t) = W(7(7o,Po,tolt), K70, Po, to|t)), (1.45)

where 779, Po, to|t) and p{7o, Po, %o|t) are the solution of Hamilton’s equations Eq.(1.10)
with initial condition (7%, 7o) at time ¢p. This (7{t), t)) is the so-called Wigner trajectory.
I will apply this method to study the muon after muon catalyzed d — ¢ fusion in the next
chapter.

If the potential V() is sufficiently smooth, the classical approximation and first
few quantum corrections on the right hand side of Eq.(1.43) would suffice to effectively

solve a given physical problem.

It is often useful to express the quantum transport equation in a integral equation

[13]. To that end, I define the Green’s function which satisfies the equation,

(% + _717’; .6) G751 = 6(F5(). (1.46)

The integral form of Eq.(1.43) is then

=~ -

WEBL) = WolF5it)+ / dF'dt! G(F~ ', 5t — OV K (7, 5, (YW (7", 5,0'), (1.47)
where Wy(7, 7, t) is the solution of a field free equation. The kernel K is defined by
2 (ih)*

K(Fpt) = — (V. §)2y (), 1.48
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The form of the Green’s function ie most easily obtained considering the integral

equation Eq.(1.47) in the (¢, P,w) space: consider the Fourier transformations with respect

to #and ¢
F@pw) = [drdee Ml 5 5. (1.49)
The Green’s function Eq.(1.46) becomes after this transformation,
Cra@P) = e, (1.50)

wHie—7p-§/m
where ¢ is an infinitesimal positive definite. Note that I explicitly incorporate the causality

principle. I so obtain the integral equation in this representation,

W@, .0) = Wold ) + G w) | PR 1 Fo— W@ 56). (1)

Wo(q, P,w) is the solution of a homogeneous equation and the kernel K (¢, p,w) is the
Fourier transform of K(7,7,t),

g o —i(h)* AN2k+1T7( =

K(gpw) = Z m(q'a) V(q,w)
—V(q,w)( +570 _ e‘%‘?'g). (1.52)

Since the exponential term on the right hand side is a translation operator, one obtains:

Y7l = = T -~ - 1~-0-o dé"dw,--o ~+/ !
W(%p,w) = WO(‘LP:“’) + EG(q,p,w)/ '(_é';r'h_)z V(q — ¢ w-uw )
Yre =l — h - -, T7( ol = h — -,
- [W(q’,p+ F(@- @) -, P- 5(7- q'),w’)] . (1.53)

If the potential V(7,t) does not depend on time, the Fourier transform of the
potential is

V(§w) = V(§)(2rh)b(w), (1.54)
so that the integral equation simplifies to
W(G,50) = W@ i)+ 280 5w) [ L4 77—
(@ 7w) = Wo(§h,w) + 7G(,7w) T (-4
oy B, = B,
@ s a- e - @ s- Ja- ). s

This integral form is often useful in quantum physics.
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CHAPTER 2

Application of the Nonrelativistic Wigner Function - muon

after dt-fusion!

In this chapter, I employ the theory introduced in Chapter 1 to the study of muons after
muon catalyzed d — ¢ fusion. However, I shall begin with a brief review of muon catalyzed
fusion in the first section. Next, I will compute and study the muon phase space distribution
under the adiabatic approximation in Section 2.2 and obtain the energy spectrum of muons
after fusion, as well as the initial sticking probability w? in Section 2.3. I then will consider
how the muon evolves and scatters elastically with background medium. I obtain the muon

recapture and regeneration probability under this approximation in Section 2.4.

2.1 Muon Catalyzed Fusion?

Because of the large mass of a negative muon, m, ~ 207m,, the Coulomb barrier between
the hydrogen isotopes (d or ) of the muonic molecular ion (dtu)t decreases to the muonic
Bohr radius, which is about 256fm. At this distance, hydrogen fusion ((dtyx)* — a+n+p)

can occur even at room temperature. This is so-called muon catalyzed fusion [17, 18, 19].

Ever since the muon catalyzed fusion was experimentally discovered [18], the num-
ber of fusions per muon has been of central importance to possible practical applications
of MuCF(Muon Catalyzed Fusion). Since the Q-value of the fusion is 17.60 MeV and the
optimistic minimal thermal energy cost to produce one muon is about 3 GeV [16], the

process could be commercially beneficial if the number of fusions per muon is above 1000,

Portions of this chapter have been published in [25]
3For further information, see the Ref.[20]
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The achievable number of fusions per muon, Y, is obtained from the ratio of the fusion

cycling rate A; to the muon loss rate A,

Ae
= 5 (2.1)

A muon can be lost by natural decay(the mean life time of the muon is about 1/Ag = 2.2u8)
or by the probability per cycle w, of sticking to the fusion a-particle. Thus:

A = Ao+ Acws (2.2)

and thus in general the number of fusions is limited by

1 1
= — L —, 2.3
Wy + )\0/ /\c W, ( )
The sticking probability per cycle comprises two effects: w, = w?(1 — R). Here, w? is
the initial sticking probability and R incorporates all secondary effects, in particular muon

regeneration and recapture.

Using Born-Oppenheimer three body wave function for the muonic molecular ion
Jackson [19] found w? ~ 1.2%. Full three-body non-adiabatic wave functions lead to a
somewhat smaller value w? = 0.89%. Incorporating the change of the muon fusion ampli-
tude due to perturbative nuclear forces increase this value to w? = 0.92%, which is today
viewed as the best initial molecular value for the total initial sticking probability. The d¢
fusion sticking fraction results at LAMPF [21] were obtained by considering the cycling
rate of muons and measuring the rate of muon loss, which is found to be somewhat greater
than that generated alone by the muon decay. A somewhat different analysis of kinetics
of the neutron emission and cycle dynamics was performed at the PSI [22], where the
X-ray muo-atomic transitions from the MuCF cycle have also been measured [23]. Every
experiment addressing dt fusion near liquid hydrogen density (LHD=4.25 10?2atoms/cc)
has yielded sticking significantly below theoretical expectations, though the natural result
should have been a greater than anticipated value (allowing for some residual and uniden-
tified loss mechanisms). The very low sticking reported by LAMPT is about 0.35%, while
PSI reports close to 0.45%; both results agree to within experimental errors. The conven-
tional theoretical value including muon regeneration (inelastic collision striping) is at about
0.62%, which is about 1.5 times the experimental value. There is still nec widely accepted
explanation why the sticking in the dtu fusion is smaller then theoretically predicted. This
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is at the heart of the interest in obtaining a comprehensive theoretical formulation of this
problem in phase space. I wish in particular to study how the muon evolves under the in-
fluence of the fusion product, the o particle and the influence of the atoms of nearby matter.

I wish to explore the possibilities that free muons can be captured, and bound
muons can be stripped from the fusion a particle due to the elastic or inelastic collision with
nearby atoms. I note that since muons have substantially higher stopping power(cx 1/m)
than the fusion product, especially muons found in front of the fusion « particle can be
captured by the o particle. On the other hand, the initially bounded muon to the fusion
a particle which has an initial velocity vy = 5.837ac corresponding to the energy of 3.48
MeV, can be set free during the time the (au)*t ion slows down in the matter. Evidently,
the study of these processes requires the understanding of the transport processes of u and

ap in matter or/and in proximity of a moving a-particle.

With this in mind, I will put some efforts to understand in detail the evolution of
the Wigner phase space distribution of the muon under the influence of nearby matter as
well as the Coulomb field of the a-particle. I have not yet accounted for inelastic interac-
tions with matter and the possible impact of external electro-magnetic fields. But I will
show that even elastic interactions with surrounding matter impact significantly the fate
of the muon, i.e. its probability to stick to the fusion product and thus establish the need

for use of phase space in further studies of muon regeneration and sticking,.

2.2 Muon Phase Space Distribution
In the adiabatic approximation the muon amplitude at the moment of the (dt) fusion is
the hydrogen-like (1s) state, i.e. (H.u){, state,

U(7, R = 0) = i (7), (2.4)

where R is the radius vector between d and ¢,  the radius vector from the center of mass

of (dt) to the muon. The Wigner phase space distribution of the muon following fusion is
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then obtained according to Eq.(1.21),

T Zyge e~ Syt 2), (25)

1(5,5) = (2n1)™ [ d exp(-

where 7 and § are the muon coordinate and momentum in a laboratory frame and by
definition the fusion a-particle travels along the 2-axis. In this chapter I will employ

muonic atomic units(f = m, = e = 1) so that the atomic unit of velocity is la.u. = ¢/137.

The integral in Eq.(2.5) cannot be evaluated in a closed analytical form. For further
study, a suitable representation of the wave function is needed to carry out the integration.
This representation must be valid for all sampled values of coordinate and momentum (not
just one of these variables). I found this to be the case for a representation of the muon

wave function given in terms of sufficiently long series of Gaussian germinals:

b = ()2 exp(-21)

N 2
~ E aje=b, (2.6)
i=1
where Z = 2. The coefficients a; and b; follow in a straightforward fashion from the integral

representation

-1/z ~1/z¢
e~ = /°° dz (e -3_) e_"""'2 = ZA.’e ge—z;r’. (2.7)
o \Vreh V=%

The table 2.1 shows the coefficients which I use in this study. It seems that it would be

i a; b;

1 0.0269336 0.248628

2  0.1550654 0.552184
3 0.2913678 1.219208
4 0.3327314 2.842864

5  0.2824095 7.179696

6 0.2032226 19.660312
7 0.1363020 60.073376
8 0.0849006 218.792156
9 0.0477140 1016.070848
10 0.0242735 7107.102236

Table 2.1: Gaussian Expansion Coefficients of e~?",

easy to adjust the numerical coefficients arising from equation (2.6) to account for a more



25

refined understanding of the muon fusion amplitude obtained in actual three body calcu-
lations [26]. I have verified that the Fourier transform of both the wave function and its

approximation agree with each other.

Using this expansion, it is straightforward to obtain a simple expression for the

Wigner function since all integrals can be carried out analytically [27]:

> = 1 al (l? 52 2
f(""p) = _‘—(27r)3/2_2'b3—/2‘exp(—2—b;—-2b.'7‘ )

a;a; dz- c?J 2 Cij o
7,-3/22 3/2 exp( di; )exP(""—‘—_ )c 05('——1) T (2.8)
lJ J

1>J

where ¢;; = b; — b; and dj; = b; + b;.

2.3 Muon Energy Spectrum and Sticking

The initial energy spectrum in the a-rest frame is obtained using a projection operator

onto a given energy of the muon in the phase space according to:
dN o ey D e
(S la-reat(E,t = 0) = f f(7, P)P(F, §, E)drdp (2.9)

The quantum projection operator onto a given energy can be denoted by

P(E) = 6(H-E), (2.10)
where the Hamiltonian is:
. 1. Z
H = zvi- L. 2.11
2’ (1)
The Weyl transform Eq.(1.22) of this operator is
P(FBE) = ) fo(F,5)6(En — E), (2.12)
n

where |2 > is the complete set of energy eigenstate and f, is the Wigner function of a state

|n >.
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2.3.1 Approximate Sticking Calculations

In this subsection I shall explore how the muon spectrum Eq.(2.9) and the sticking prob-
ability depends on various physical assumptions I make in Eq.(2.9) regarding the phase
space distributions f and the projector P.

Classical Projection

I consider first the intuitive classical projection with

= =, — _];-02 £-
Pcl(rvp’ E) - 6(2’0 |7-,1 E) (2'13)
In the a-rest frame we have:
dN . 1., . A oy
(G a-rent(Bst=0) = [ FFRO(T - 5)* - < ~ Bdiip (2.14)

where ¥, = 5.842 is the velocity of fusion a-particle and 7, = 0 at t = 0. To integrate
this equation I use the Monte Carlo Method. Details of the numerical method are given in
APPENDIX A. Fig.(2.1) shows this energy spectrum. The initial sticking probability w?,
the fraction of the negative energy the muon has in the fusion a-rest frame, is 2.1%. This
value is much higher than 1.2% which would result if the projection was carried out in an

exact quantum mechanical manner (in the adiabatic approximation).

Microcanonical Improvement

It is possible to improve this sticking result introducing the so-called micro-canonical ap-
proximation: I consider only the 6-dimensional hyper-phase space which satisfies the con-
straint to the classical energy Eiqt(p, ¢) = 392—2 = —2, corresponding to the muon binding
energy of the fusing muon amplitude(in adiabatic approximation). I also re-normalizes this
new distribution to unity. This approach, as it turns out, over-corrects the deficiency of the
classical approximation of the quantum projection operator. Fig.(2.2) shows the energy
spectrum in the a-rest frame for this new distribution. Now about 0.4% of all muons have
negative energy relative to the a-particle. We thus see that the sticking fraction is highly

sensitive to the proper treatment of the Wigner distribution.
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Smeared Wigner Function
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Recall that the Wigner function defined by the Eq.(2.5) is not always positive definite
as mentioned earlier and this is the major obstacle in the classical interpretation of its

properties. As discussed above, the conventional resolution of this problem consist in the

folding of the Wigner function with a Gaussian type smearing function, i.e., I consider:

LR 5N = 25 [ didpe @RI N O (7 )

(2.15)

This smeared Wigner distribution is positive definite [10], as is required for proper classical

interpretation of the initial muon phase-space distribution. However, this new distribution

does depend on the smearing parameter A\. Thus the muon spectra which are calculated
from this distribution will also depend on this parameter. In principle A has some physical
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Figure 2.2: Muon energy spectrum in the a-rest frame in micro-canonical description

importance if the process of smearing is related to the measurement procedure.

It is straightforward to calculate the smeared Wigner function, Eq.(2.15), from the
Wigner function I have employed, Eq.(2.7). We obtain the following expression in terms
of the expansion coefficients a;,b; and the parameter A:
= = — 1 2 A 3 1?2 Azd‘.j —2
fa(r’p,’\) = 7[_3/2 z{:a"(A2 +dt1) exp( ,\2 +d,_,)exP( }‘2 + d:'jr )
2 A2 Midy;
+m§a.a_,[(/\2 +di;)2 —c¢ (A% +d;;)?2 - C?jp ]
Md;; + Az(d?j - c?j) 22%¢;; Y

A2 4 d;;)? - ¢ Nt di; papx 2l (2.16)
M 17 3 i

?.]3/2 exp[—
ij

72] cos[

-exp[—
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where ¢;; = b; — bj,di; = b; + b;.

For the appropriate choice of A, this distribution, which reflects a measurement of
the position and momentum of the muon within the precision A1, will yield the sticking
probability of the muon. Note that wher the muon attaches to the escaping c-particle,
its position can be measured with a precision corresponding to the size of the muon orbit,
which for the 1s stateis 1/2 in natural units. It is thus natural to expect that the parameter
X = 2 represents the reasonable choice to describe the probability of muon sticking.® The
initial sticking values are shown in Fig.(2.3) as function of the parameter A. The square
points show the initial sticking probability for the (ddu — He3 + p + n) fusion and the +
points for (dty — a + p + n) fusion. We see that taking the classical projection operator
and a classical (that is smeared) phase space distribution I obtain reasonable sticking
probabilities: wo = 1.36% for dt and 11.1% for dd fusion (for A = 2) — recall that the full
quantum sticking probability is 1.2% for the dt fusion and 15.5% for the dd fusion [28].

2.3.2 Exact Sticking Calculation

I now attempt a full calculation of sticking and muon spectrum within the complete quan-

tum transport theory. The quantum operator of sticking can be represented by:
§= O(—fI,.cl) (2.17)

where the relative Hamiltonian with respect to the fusion a-particle is

A H— Do )2 A
Hg = @=Pa) 7 2.18
rel 2 + Ii\'rcll 9 ( )
and © is a step function. I can express this projection operator by summing over appro-

priate eigenstates:

§= Y unl><nlly (2.19)
E, <0

where , | nl > is the bound muon eigenstate of the fusion a-particle which has the velocity

v. To simplify the situation, I consider the muon capture to the (H eu)i", state, i.e., I choose

31t should be noted that in order to obtain the continuum spectrum of muons after fusion I must not
choose A = 2 since the muon is not localized to Az < 1/2 but practically speaking fully delocalized. Hence
a small value of A should be chosen for this purpose.
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for the sticking operator § =| 14,18 >< v4,13].
The Weyl transformation of this operator is

bl

/d5<r+-2”€|§|r-i;->exp(_iﬁ.f)

[ 48 exp(=i5 Etu P~ Dbrnsa(F+ 5. (2.20)

U
—~~
Ju
3y
| ——

Il

Assuming that the momentum of the a-particle is well defined, the muon has a well defined

translational velocity. Thus %,(7) = exp(im7¥ - ¥)3(7), and we obtain:

N . 2 2 2 .
— - 47r "'mva d"—'C"_‘ 220!“ - frd o
S(r,p) = Zaiaj(F)SM exp[— (p - ) _ Ud.. U2 - 2 (p - mva) . ’I‘] (2.21)
7 ij ij ij ij
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Using the Gaussian germinal representation for the initial muon amplitude Eq.(2.8), the
sticking probability is given by:

1
3 g
(2m)° ), aiajoucn [(dij + du)? -

3/2
ikl (c-':‘ - Ck!)z]

1 1 cu ckl 2 2
B T du 2.22
o ( [dij e v L du(d g ) It | (2:22)

where

d% —c% 42, — 2 di:d cii en )2
Aes - LY i) ki kl s3 &kl Cij |, Ckl 2.93
o dij T T dij + dur \ dij * (2.23)

and d;; = b; + b; and ¢;j = b; — b;. Using the expansion coefficients in Table (2.1) for
the adiabatic approximation, I compute w? = 1.039% which is the exact result under the

assumption which I have made (adiabatic muon amplitude and only 1s sticking).

2.4 Time Evolution of the Phase Space Distribution

The spectrum of a muon seen in the laboratory frame of reference will undergo a time
evolution which I will study here given the diverse limitations to the usefulness of the

semi-classical treatment of the Wigner function I have explored in the last section.

2.4.1 Initial Energy Spectrum in Lab Frame

In the laboratory frame, at time ¢ = 0 the energy spectrum is
dN e aneyl g 2 -
(E) liap (E,t=0) = ‘/f(r,p)é')'(iv2 -7 E)drdp (2.24)

The result is shown in Fig.(2.4). This distribution shows that 89.2% of the muons have
negative energy and 10.8% have positive energy and its maximum at about £ = —1.4. The
average energy is the same as the one given by the quantum mechanical expectation value,
i.e.,

/ (%2 s BAE = —2 (2.25)
in (muonic) Hartree units of energy 1 = 5.648 KeV. Speaking in terms of quantum me-

chanical representation theory, this distribution is simply the energy representation of the
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Helium 1s state. The correctness of the energy expectation value justifies in part the
use of the classical limit of the Weyl transformation of the Hamilton operator Eq.(2.13).
However, the fact that 11% of the muons have positive energy is an artifact of the energy
representation of the wave function and it also demonstrates the shortcoming of interpret-
ing the Wigner distribution as a classical probability. It shows again that one cannot with
impunity proceed as if the quantum distribution was fully useful in classical calculations.
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Figure 2.4: Muon energy spectrum in the Lab. frame
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2.4.2 Time Evolution of the Spectrum

I numerically evolve the muon phase space distribution along the classical trajectories in
time, under the influence of the Coulomb field of the relatively rapidly moving « particle.

The energy spectrum is:

(B0 = [ICOANGHO - 2 Bfrdn, (229

where 7{(t) and p{¢) are the Wigner trajectories. The initial position and momentum of the
muon in the laboratory frame are determined using the Monte Carlo method of Appendix
A. T then solve Newton’s equation within the Coulomb field of moving a-particle working
in the a-rest frame where the problem becomes exactly the Kepler problem, and is quite

challenging in order to assure numerical precision.
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I find that the negative energy fraction of the muon spectrum considered in the
laboratory frame decreases quickly as is shown in Fig.(2.5) — recall that such negative en-
ergy fraction stays constant in the c-rest frame (sticking fraction). The important message
contained in Fig.(2.5) is that after Helium traveled 0.14, the fraction of muons with nega-
tive energy in the laboratory frame becomes smaller than 1%. This is thus the approximate
distance over which the quantum sticking is established. However, this is in terms of the
scales of the problem at hand nearly a macroscopic distance and I should expect a rather
significant interference of matter in direct neighborhood of the fusion event with the evo-

lution of the muon amplitude,
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Figure 2.6: Muon energy spectrum in Lab. frame after 34
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It can be expected given this result that the final form of the spectrum is estab-
lished after a few Angstrom propagation in matter. In Fig.(2.6) the energy spectrum is
shown in the laboratory frame after the 3A a traveling time evolved along the classical

Wigner trajectory.

2.4.3 Impact of the Medium

In order to understand in full the impact of the background medium I would have to solve
two coupled Boltzmann-like equations of motion of the quantum distributions, one for the
muon and the other for the a—particle, including full scattering with surrounding matter.
By full scattering I mean that the fusion a-particle and muon should scatter from the back-
ground and each other as well — recall that matter atoms are separated by A distances,
while ¢ and a are born initially at a fraction of this distance. The sensible approximation
to make here is to assume that the a-particle does not interact with medium. Because of
its much greater mass, its path will be affected only in unusually close collisions with other
nuclei. The basic ingredients of the simplified picture to understand the muon’s fate are
thus as follows: A muon which initially is at the phase space point (7,7) with weighing
(7, D) or, respectively f,(7,75;A), moves classically under the influence of the fusion a-
particle Coulomb field up to a scattering point and after it scatters it will propagate to the
next scattering event etc., until the prescribed time is up. As a first step in this complex
study I consider the elastic scattering even though the inelastic scattering is of the same
order of magnitude as that of elastic scattering — the natural expectation is that the elastic

scattering increases the sticking fraction, while the inelastic scattering will decrease it.

The elastic scattering cross section of a muon on a hydrogen is given by the Mott

formula [29]:
d 2 (9 4 n2p2gin2 6/2)2
g = f(cosf) = 22+ 0w Bfng /2)
dcosd 2 (1 + n?v?sin“0/2)%
in (wa2) unit where 7 is the ratio of the muon mass m, to the electron mass m. and v is

in atomic unit (ac). The total cross section is given by integrating the angle over [-1,+1]

(2.27)

2 2,2 4,4
7°(48 + 72n*v* + 287%v*)
O'T(’v) = 1901 + 7707)? (2.28)
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dQ / dcos8
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Figure 2.7: Differential cross section:solid line, Mott formula; dashed line, Monte Carlo sampled
data

in (wa?) unit. The scattering length will be chosen by the Monte Carlo method using the
Poisson distribution [30, 31, 32, 33], i.e.

= —Loln(r) (2.29)

where Lo = 1/por(v) i8 a mean free path and r is a random number between 0 and 1.
Once this scattering length is chosen, the muon moves up to this distance classically under
the fusion a-particle Coulomb field. Note that the change of L coming from the change of
the muon velocity due to the interaction with the a-particle during the transport has been

ignored. At the scattering point, I can easily choose the azimuthal angle ¢ by

¢ =2rr; (2.30)
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where 7y € [0,1] is another random number. It is rather difficult to choose the angle 4.
Dividing Eq.(2.27) by the total cross section, I obtain

dr = Mdt, (2.31)
or

where r = o/or is a random number between [0,1] and ¢ = cosf. The integral of this
equation leads to:
1 / v
r=— t)dt 2.32
= [ 1o (232)
Solution of this third order algebraic equation gives a value y for a given random number

r. Now the angle 6 is obtained by

y. (2.33)

Fig.(2.7) shows the Monte Carlo sampling of the angle from Eq.(2.33) for a given v. It

6 = cos™
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agrees well with the Mott formula.

I repeat this transport process until the fusion a-particle reaches the prescribed

place.

This muon recapture calculation has been done for the hydrogen medium with
density p = 1.2 LHD. The results are shown in Fig.(2.8). As shown the sticking probability
is increased significantly by the interaction with the medium. This effect is seen for both
smeared(+) and not smeared(o) phase space distributions, in both instances sticking rises
by about 1%. Recall that by assuming only elastic scattering I effectively precluded the
possibility of sticking becoming smaller. In this regard this work is clearly very preliminary,
showing the need to perform a full phase space evolution calculation including inelastic in-
teractions with the medium in which the muon catalyzed fusion occurs. In such a full
treatment one would want to improve the muon amplitude to account for non-adiabatic

effects, as well as relativistic and spin-structure corrections which so far have not been

explored.
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CHAPTER 3

Spin 1/2 Relativistic Wigner Function and Equation!

The Wigner transport formulation introduced in chapter 1 has been enlarged to allow for
relativistic kinematics and particle production next to the matter flow processes — in this
chapter I shall first survey the recent developments I will employ, with particular attention

given to the methods developed in Refs. [48, 49].

3.1 Introduction

In Chapter 1, I introduced the one-particle Wigner function as the Weyl transform of the
density matrix. While this Wigner function found applications in a variety of fields such
as the chemical reactions [34], nuclear physics [35, 36], quantum optics [38] and solid state
physics [37), this theory cannot describe the particle production process. Since the process
of particle production is unavoidable in relativistic formulation and/or at sufficiently high
energy, one has to develop a transport theory which has room for the process. Nearly
20 years ago Carruthers and Zachariasen [39] introduced a relativistic eight-dimensional

Wigner function for spinless neutral particle fields:
F(p,z) = / dhy ePV < U|g(z — y/2)@(z +¥/2)|¥ >, (3.1)

where |¥ > is the state vector. @(z) is the ‘second-quantized’ Klein-Gordon field obeying

the equation of motion
(Oud* +mAp(x) = (a), (3.2)

where j(z) is the source fixed in its form by the model under consideration. The equation

of motion of this Wigner function can be obtained by applying (8,8* + m?) on Eq.(3.1)

1The subjects of this chapter have been extracted from the Ref.[48, 49]
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and using the field equation. Since in general the source j(z) is a function of the field itself
and/or other fields, the equation of motion cannot be closed unless one makes some kind
of approximation (see also discussion in Chapter 1). This is one of the general properties
of transport theory and is known as the BBGKY hierarchy problem — the dynamics of
a two-point Wigner function is determined by a four— or higher-point Wigner function
and that of a four-point Wigner function by six— or higher-point Wigner function, and
so on. To break this hierarchy a suitable approximation, for example, MFA(mean field
approximation), is made. It is important to remember that this transport theory inherits
the intrinsic infinities from the relativistic field theory. Therefore one needs to renormalize
the theory to produce meaningful quantities. This problem has been addressed by Cooper
et. al. [40] for the scalar field.

This field theoretical approach has been extended to the Dirac field by Hakim [41]
who was interested to study strongly interacting particles forming relativistic dense matter.
While the scalar field Wigner function is in principle 2 X 2 matrix due to the particle and
antiparticle sector, the spinor field Wigner function is 4 X 4 matrix coming from the spinor

structure,
d4y —ipy o o
Fp,2) = [ Grie ™ < Ui +u/2) 0@ -y >, (3)
This 4 X 4 matrix Wigner function has been decomposed into 16 functions on the basis of

16 linear independent matrices [42],
14’7[1’0;111, 75,7;1,),5. (3'4)

The dynamics of this Wigner function can be determined using the Dirac field equation.

While the formulations presented above are in general manifestly Lorentz covariant
and can describe the particle production process, they miss one important ingredient,
namely, a gauge covariance. It is well-known that the observable is gauge invariant and
the physical process must be described by a gauge covariant theory. In particular, the
gauge symmetry resides in the heart of modern physics, as for example in QED, QCD or
standard model. Heinz [45] and Elze et al [46] were able to propose Wigner functions which
had full gauge symmetry. To this end, they consider the Wigner operator [44],

Wen) = [ patre et 3/2)8 Ha /2
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- [

— J (2wh)

where 8! operates on the function to the left of it and the relation f(z + y) = e*¥9= f(z).

® is the tonsorial product in spinor space (4 x 4) as well as the internal quantum number
such as the color. To make this function gauge covariant, it is only necessary to replace

e"'p'”';z(x)e“ﬂta; ® e~ 5% 4(z), (3.5)

the derivative by the covariant derivative, i.e.
0y — D,=8,-1igA,, (3.6)
where g is the coupling constant and A, is the gauge field. Thus, the gauge covariant
Wigner operator is
Wap) = [dyde+u/)VE+1/200U@s -1/ -v/2), @)
with
U(a,b) = exp [ig /b ’ dz,,A#] , (3.8)

where the path of the link operator U [47] must be straight line in order to interpret p as

the physical 4-momentum.

Under the gauge transformation,

P(z) — S(z)P(z), S(z)= el (3.9)
A - AZ—!%O,,O“— 200 Ac s (3.10)

the Wigner operator transforms covariantly, akin to the operator D#:
W(z,p) — S(2)W(z,p)S7!(2). (3.12)

Here t, is the generator of the gauge group and f,s. the structure constant of the gauge
group. Of cause, the Wigner function is the quantum expectation of the Wigner operator
in a given state |[¥ >. The dynamics of this function can be obtained by the field equation
and it requires tedious operator ordering especially in the case of non-abelian gauge theory.
This formulation is manifestly Lorentz covariant, and the dynamics described occur also
off the mass—shell. Thus in order to calculate a physical observable one should project the
results on the mass—shell, which is a (complex) constraint of the 8-dimensional dynamical

motion.
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3.2 BGR Functions and Equations

This projection requirement makes it difficult to extract the physical information from the
transport functions, which are even more difficult to obtain. Consequently little progress
was made regarding practical applications of the eight dimensional formulation. However,
a different approach has been also recently proposed by Bialynicki-Birula, Gérnicki and
Rafelski [48], who introduced the so—called Dirac-Heisenberg-Wigner (DHW) function,
which is the Weyl transform of Dirac-Heisenberg density matrix. In many regards this for-
mulation is similar to the conventional nonrelativistic Wigner theory. The DHW function
for the matter field of the abelian gauge theory (QED), is introduced as follows,

- 1 —ip - FARGY[L (=g = AT
Wop(FBrt)=—5 /dsse P < lgmie S PEATREN ] (71-5/2,), P(F—F/2,8)]| ¥ >,(3.12)

where |¥ > is a state vector and A is the gauge field. a and g are the spinor index. This
DHW function has following properties:

1) since the DHW function is gauge invariant, I can fix the gauge in a most convenient way
which is here the temporal gauge (4o = 0);

2) the DHW function is not manifestly Lorentz covariant because it has only one time ¢
which is a laboratory time (this is a reason why it is called a single time formulation).
However, it has full Poincare symmetry;

3) the field operators in Eq.(3.12) have been combined such that W,z possesses the charge
conjugation symmetry;

4) the transformation variable p'is the physical kinetic momentum, a consequence of choos-
ing the straight line integral in the phase factor which makes the function gauge invariant;

5) Wag is a Hermitian by construction so that there are 16 linearly independent real func-

tions defining the matrix.

One can decompose this 4 X 4 matrix W on the complete set of 4 x 4 Hermitian
matrices,
1 3 3
W(rp,t) = Z(fo+2pif.’+3'§o+2pi5'ﬁ) ) (3.13)
i=1 =1
where the complete set of 4 X 4 Hermitian matrices is given in Appendix B. This decom-

position allows a direct physical interpretation of the coefficient functions which are called

‘BGR’ functions. The physical meanings of the 16 component functions can be inferred
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from their momentum integrals:

(‘:a%%f"(’v’ﬁ’t) = TP )7°%(F 1), (3.14)
/ @%ﬁ(’“’ﬁ’t) = Te[§(, )iy *%(7, 1)), (3.15)
[ o nm = MGG, (3.10)
[ ks R = THEDHGL (3.17)
./ (2“‘17%350(F’5”) = =T3(7, t)ir* Te(7, 1)l (3.18)
/ (_2%51(’7’1-"’0 = Tr[(" )77 1)l (3.19)
/ @%3;%52(’75’” = =Te[f(F, )iy "TH(F, 1)), (3.20)
/ (é%gé‘ A5t = TP ieFy iR ), (3.21)

where 7% = 4%1y243, and 7" = 4%97. Tr stands here for the trace over the spinor space
only. Thus (fo, ) form the current four vector phase space distributions, f3 is the mass
density, go the spin density, §3 the magnetic moment density, etc. These interpretations

can be further justified by the conservation laws I shall discuss below.

The time evolution of this DHW function, thus the relativistic quantum transport
equation, can be obtained by differentiating Eq.(3.12) with respect to time and using Dirac
field equations,

0, = [@-(—iV — ed) + fm] b (7 1), (3.22)
-9, = PYF[E- GV - ed) + fm),. (3.23)

Keeping track of arguments (¥ — §/2) and (7 + #/2) of the field operators carefully, one

obtains the time evolution,
€ = - ic, . =
DW = —--2-D {p1&, W}~ X[pla + P 4 psme, W], (3.24)
where the integro-differential operators are

1/2 D
Dy = d+e / AN+ 0, 1) -, (3.25)
-1/2
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- - e 1/2 - -
B = V4l / / dAB(F + ihAB,,t) x B, (3.26)
-1/2
— - ieh 1/2 -, ., ~ -
Fo= -2 / B+ Gy, 1) X 8, (3.27)
-1/2
Since the formulation is constructed on the temporal gauge, the electric and magnetic fields
are given by
84
E = T (3.28)
B = VxA (3.29)

One further assumption was made to obtain these equations: The expectation value of the
products of Dirac field operators with gauge field strength was replaced by the product of

corresponding expectation values,
<U|F exp (—z’e [are- G+, t)) [B(F+ 5/2,8), (7 — 5/2, D)]|¥ >—
<UET> <Vexp (—z‘e [rs- a4, t)) [6(F+ 3/2,8),9(F— 5/2,)]|¥>, (3.30)
<U|F exp (—ie [rg a3, t)) [0+ 32, 8), (7 — 5/2, ]| ¥ >
<U|B|¥> <Texp (—ie / dA5 A(F + A3, t)) [W(F+ 3/2,1), (7~ 5/2,1)]]¥> . (3.31)

If one does not make this approximation, the equation of motion cannot be closed since
the gauge field strength will introduce the Dirac field as a source. This is similar to the
BBGKY hierarchy as mentioned before. In this approximation one neglects the fluctua-
tion in the number of the photons, while all fluctuations of the matter field are retained.
Consequently, this approach is particularly suitable to the study of the matter field in the

presence of strong gauge fields.

After substituting the expansion of DHW function W, Eq.(3.13), into the evolution

equation, one obtains BGR equations,

Dgfo + Cﬁ 'jl = 0, (3.32)

Difi+eD-do = -, (3.33)
25 2mc?

Difs+ 5P-8 = +=—h, (3.34)

2 = —p
tha—f'P-gz = 0, (3.35)



Do+ cDfy - -27761-5 Xf = 0,
D +eBf- EPxg = -p,
Dify +cD x g3+ i—“ﬁfa = +?ﬁh°fa‘1,
Dz — D x §a - g,.;}-’.fz = 0.

To close the set of equations, Maxwell equations must be added,

8B = -V xE,
V.-B = o,

deol = Vxps'B-7,
VeoE = p,

where charge and current density including a back reaction are

plft) = e [ 4 folfi B + pen(Fy )

e [ 5550+ TeatF1),

)
-
~~
SU
o~
—
1l
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(3.36)
(3.37)

(3.38)

(3.39)

(3.40)
(3.41)
(3.42)
(3.43)

(3.44)

(3.45)

and where pez; and fwt is the external charge and current density. The total charge, energy,

momentum and angular momentum for the closed system are given by, respectively,

i

G/dr fO(F)i’.’tL

[ 4T e a5 8) + me (5, )]
1 . 1S3/

+5 [ loB¥(F ) + g B 1),

P = / dT fo(7, 5, t) + / &r [ B(7,1) x B(F, 1)),

Q
E

(3.46)

(3.47)

(3.48)

i = [drix ppr s+ Rl 5, 0)] + [ 7 x Lo 2) x B 1), (349)

where dT is a phase space volume element, dT' = d®rd3p/(2rh)3. € and g is the electric
permittivity and magnetic permeability, It is straightforward to prove that those quantities

are constants of motion. Note that equations (3.46-3.49) give further motivation for the

interpretation of the distributions fy, f3, o, §3 presented above.
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3.3 Integral Equations

It is useful to represent the transport equation in an integral form. Especially, the pertur-
bative solution can be obtained in this equations systematically. To this end, one rewrites

the BGR equation in the following symbolic form [49],
oW = (L + N)W, (3.50)

where the column vector W is composed of f;’s and §;’s as follows,

Wo
W,
w=| 1, (3.51)
Wa
W3
and each column vector is again
W; = s . (3.52)
g".
The field free 16 X 16 matrix L is given by
0 R 0 0
R 0 2m-14 0
L = —i ‘ : (3.53)
0 -2m. 14 0 R
0 0 —*R 0
where 14 is a 4 X 4 unit matrix and
0 Vi V2 V; 0 2p1 2p; 2p3
v 0 2 -2 2 0 -V v
R = 1 D3 P2 R = P1 3 2 . (3.54)
Vo =2p3 0 2p 2p2 V3 0 -V,
Vs 2p2 -2p1 O 2p3 -V, Vi 0
The field part, denoted by N, is
E B 0 0
B & 0 0
N=—i , (3.55)
0 0 & "B
0 0 -"B &
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where the electric field part is a diagonal matrix,

& 0 o0 o
0 €9 0 o0
&= , (3.56)
0 0 & o
0 0o o &°
and magnetic field parts are
0o BY B) B o B B} B}
B o By -B} Bl o -8By B)
B= 1 3 2 B = 1 3 2 (3.57)
B} -B} B! Bl B 0 -BY
By B} -Bl 0 B} -8By B 0
The integro—differential field operators are
/2, - -
£° e /dAE(F+ihA8,,,t)-8,,, (3.58)
-1/2
B o= : / DB+, ) x 8, (3.59)
-1/2
3 1/2 - - -
Bt -%’-’ / NB(+ it 1) x 8, (3.60)
-1/2

where for later convenience all i have been put in explicitly. One introduces a retarded

Green’s function which satisfies the causality,

(ih0 — DGR 1) = I, (3.61)

Note that the Green’s function is 16 X 16 matrix. Then the BGR equations can be written

in integral form as follows,

WA = WY + [ ddr'GralF = 7,5t = NG Y)W, 5 Y)Y, (3.62)

where W0 is the field free solution. It is easy to see that this is the solution of BGR equation
Eq.(3.50) by multiplying (i#d; — L) from the left. While this integral equation is equivalent
to the set of BGR equations, Eq.(3.32 - 3.37), except for the explicit implementation of
the boundary condition, it has little advantage from the calculational point of view since
the Green’s function has spacial derivatives in it. To make further advance one introduces

a Fourier transform akin to the case of non-relativistic Wigner formulation in integral

equation form.
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For any function A the Fourier transformation is

Alr1) = / 2rh / (2rh)3 e-M“i'?A(‘T’ w). (3.63)

Thus the integral form of BGR equations after Fourier transformation is
W@5w) = WUG5w)+6@5w) [dRE- 7\ hw- o)W, 50 (260
where
dI' = d§'du'[(2nh)%. (3.65)
Since the spacial derivative V is replaced by i§in L, the Green’s function is the solution
of the algebraic equation,
(w-DE@nw) = 1, (3.66)

where the ie prescription was implicitly assumed to incorporate the boundary condition,
the causality, i.e. w = w + i€, with an infinitesimal positive number €. Since the Green’s
function, 16 X 16 matrix, is too big to obtain its inverse matrix directly, one needs to

partition the matrix (w — L) as follows,

. A11(8 X 8) A12(8 X 8)
w—L=A = . (3.67)
1121(8 X 8) A22(8 X 8)
and use the relations for the partitioned matrix,
AB = BA=1, (3.68)
so that
-1
By = (Au - A12A2_21A21) ) (3.69)
By = —BuAnAg, (3.70)
By = —Az AnBn, (8.71)
By, = A;}l — ByApAz}, (3.72)

where A3 and Ap; — A12A§'21A21 are not singular., The matrix B is of course the Green’s
function we seek. I have done this calculation explicitly by using Mathematica and the set

of integral equations is given explicitly in Appendix D.
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These integro—differential equations are equivalent to the original BGR equations.
The advantages of this formulation are that one can obtain the iterative (also perturbative)
solutions for the given field and in particular one can perform the normalization of the
theory. Further this formulation also allows an intuitive physical interpretation., Namely,
one studies the pole structures of the integral equations which have four poles, two of them
are acoustic poles and two are pair production poles. For further information, see the

reference [49).
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CHAPTER 4

Classical Limit of Quantum Transport Theory!

Perhaps the most profound reason to develop the Wigner phase space theory is to scrutinize
the close resemblance between the classical and quantum distributions, which can improve
the understanding of the classical interpretation of quantum physics. Therefore I here first
turn to study the classical limit of the relativistic matter field. I first uncover the difficulties
that occur when the classical limit (% — 0) of relativistic quantum phase space is studied.
I resolve these folding the Wigner function with a Gaussian, non-covariant coarse graining

function. I then expand the smeared Wigner function using # as the expansion parameter.
The classical limit will be achieved by taking the limit of i — 0 [51, 52].

I will in that way obtain a set of differential equations between the BGR functions.
In order to give them appropriate physical meaning suitable manipulations have to be
performed and definitions introduced in order to arrive at the distribution functions we are
familiar in the classical limit. Namely, in relativistic quantum transport theory we have
to deal with probabilities which naturally encompass the particle and antiparticle duality
inherent in the relativistic formulation. It was already noted in reference [48] that in a
particular treatment of the theory the relativistic Vlasov equation, which describes the
classic flow of charged relativistic particles subject to the electro-magnetic field, emerges
naturally from the single time formulation of the relativistic quantum Wigner function.
I will show here that in the classical limit Vlasov equations for both the particle and
antiparticle fluids emerge. I will then turn to study other, in classical limit non-vanishing

distributions, and relate these to the motion of the spin and magnetic moment distributions.

!Portions of this chapter have been published in [50]
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4.1 Nonrelativistic Theory

To begin our study of the problem of the fi~expansion in the limit of % — 0, let us take a

simple example, namely, the Wigner function of a plane wave in 1-dimension,
W) = etrelh, (4.1)

The nonrelativistic Wigner function is:

W(l)(x,p,t) = / .2d_7’r.e—iq(z/h-c/Z)e+-'q(c/n+a/2)e_.-p,

= é(p-9), (4.2)

where I have made all % explicit. This Wigner function corresponds to sharp momentum
and completely delocalized configuration space occupancy. The /i — 0 problem [34] occurs

first when I consider a wavefunction consisting of two plane waves, i.e.,

Wa) = etmelhy ghimslt, (43)

(here I took the weighing factor 1 for each plane wave). The corresponding Wigner function

is:

W®(2,p,8) = 8(p—p1) +8(p~ pa) + 2 cos| 2 ;”2’“’1 o~ P12, ()
The last interference term between two plane waves is singular in the limit of £ — 0 unless
z = 0. To remove this rapid oscillation I coarse grain, folding Eq.(4.4) with a Gaussian,

normalized distribution function,

Gi(z) = _/\__l_ﬁe_za/,\z. (4.5)

After folding I find that the last term vanishes for small # at finite A,,
1L —(@-aPa3, g PL=P2 n _iﬁ(m-,;&)ﬂ h—p2

/a':v ,\rﬁe cos[ 5 z]=e cos| = z] — 0. (4.6)

Here the last relation arises from the fact that the Gaussian term suppress the highly

oscillating cosine term in the limit i — 0. Hence the coarse grained Wigner function for

two plane waves is
WO(z,p,t) = &(p—p1)+6(p- p2). (4.7)
In general, let us consider the wave function of the form;

We) = [daglgenrt, (43)
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where the coeflicient function is

() = Zced(q.')+<p(q)- (4.9)

The function ¢ should be non-singular and could be a function of . The Wigner function

is then

W(zpt) = Ec?a(””q‘ﬂzzcwj&(?—q;;qj)cosqi;qu
i i>j

l , — 4\ o—2ipz/k l Ak _ A \p2i0z/h
+= ;c.tp@p a)e += ;c.so (20— gi)e
+= [ da pla)er(ap ~ )eto-9=1", (4.10)

The rapid oscillations in the limit £ — 0 will disappear for a smooth function ¢(q) after I
fold the Wigner function with the coarse graining function Eq.(4.5) as I have seen in the
case of two plane waves. We thus can conclude that this coarse graining procedure throws
away the quantum interference, which is a prominent signature of quantum physics, What
this teaches us is that a smooth classical limit £ — 0 of quantum distributions requires

coarse graining of the Wigner function.

After performing the coarse graining, I expand the Wigner function around i =0

as follows,
Wa(z,p,t) = WS(z,p,t)+ WD (z,p,t) + K2WA (2, p,t) + .... (4.11)
The transport equation Eq.(1.43) becomes in the limit % — 0,
(a, o5V 4 F(#) .5) WeFL) = 0, (4.12)

which is just the Vlasov equation. In fact, the coarse grained Wigner function is positive

definite so that I can interpret W¢ as a probability to find the particle at (7, p) at time ¢.

4.2 The Classical Limit of Relativistic Wigner Function

Now I apply the idea of coarse graining to the relativistic formulation. This case needs

more care since the theory has particle and antiparticle sector mixed together. To begin
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with, I rewrite the DHW function making % explicit,

e 1/2 -
Wos(F5t) = _% / s exp(—if- 5) < Uexp (—’—:l /_ A ms'))
[Wa(7+ 55/2,t), B}(7 - K3/2,1)]|¥ >, (4.13)

where the indices @ and § go from 0 to 3. The coordinate ¥ and momentum 7' are the (clas-
gical) phase space variables and hence do not contain %. The vector potential A, chosen
in the Heisenberg-Pauli(temporal) gauge, is in principle composed of two contributions.
One is the external sources which do not undergo the dynamic evolution here discussed
and are assumed to be smooth even in (microscopic) world. The other is the so—called
back reaction terms, arising from the induced matter field source current, which include
the highly oscillating part ( Zitterbewegung) of frequency v ~ 2mc?/k with a mean distance
Ae ~ bi/mc (for QED, v = 2 10*! and A, ~ 380 fm). I assume that this quantum fluctu-
ation will be averaged out by coarse graining procedure. In this case (to be verified) the
vector potential is a well-behaved function for & — 0. The rapid oscillation due to the
quantum interference, originating from the field operators acting at two different places,
should also be averaged out after I fold the relativistic Wigner function with the coarse
graining function, as was the case in the nonrelativistic case. Given these considerations, I
can work assuming that the coarse grained Wigner function has a physically well-defined

limit & — 0 and I can try to find a consistent systematic fi—expansion,

To obtain the classical limit of the BGR transport theory, I introduce the Gaus-

sian type coarse graining(folding) function G, which does not affect the gauge invariance

symmetry:

G(F—' F” 5— i"') = (W/\::."\p )36—(if—i;")’/z\f,-—(?—i")”/).ﬁ, (4'14)

with the new phase space cell dimension
Ardp > k. (4.15)

Note that I normalized the folding function G, so it becomes a delta function in the limit

of Ap, Ar = 0, i.e,,

GF—F\F-F) - 8(F—F)(F—7"). (4.16)



54

Clearly, the folding procedure does not alter anything in that limit. However, I note that
the coarse graining is meaningful only when the phase space volume (A, A, )? is considerably

larger than the elementary quantum phase space volume (27#)3.

The coarse grained BGR functions are, by definition:
RERY = [dape-i5-5)FE, 5, (417)

where F' = f; or g;, i = 0,1,2,3 are all 16 BGR. functions. As discussed, I suppose that
the coarse graining procedure allows us to expand the smeared BGR functions around
k = 0. However, I have other problems: the first one is that the coarse grained BGR
functions are in general not Lorentz invariant any more since the folding function itself
is not, and the other is the possibility that even the Gaussian tail of the coarse graining
function could introduce the artificial correlation between two phase space points far away
which can impair some other physical properties. On the other hand, one could argue that
the coarse graining with proper choice of A, Ap could embody the experimental procedure

meagurement [69].

From now on in this chapter, unless otherwise stated all BGR functions are as-
sumed to have been coarse grained. Our objective first is to see what form will take the
differential equations for the BGR functions. I expand using % as an expansion parameter

all the 16 (coarse grained) BGR. functions, which by assumption are analytic around % = 0

and hence:

fi = fEnf®en2f@ g (4.18)
5 = §e+ai + 1269 + ., (4.19)

i

where i = 0,1,2,3. The effect of the differential operators can also be obtained in an

h-expansion, noting what they do to smeared functions — I obtain:

D, = Df- "’" TGp(F) + 2047 x B -5,
+e’\'v (8- V)E(i")——a xatB(F)]——(V BRE-5 4., (420)
P = ﬁc-&’%a,(vw(r)) 2me "“"'(VxJ(F))xa

€A2 = . - eh - 25 -
+ o2V V(BF) % §) = 5 (V' - B x 5+ .., (4.21)
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2
9.9 (8- 9BF) x §,) + %(V' B Xy (4.22)

where V is the spacial derivative and the prime on it indicates that v operates only on

the electromagnetic field very next to it. The semiclassical portions of the operator are:

-

Df = 8,+¢E-§, (4.23)
D¢ = V4=Bx

Bx?& (4.24)

]

ol O

=g ] . .
where 8 is the momentum derivative.

Inserting these expressions into BGR equations Eqs.(3.32-3.39), I obtain the fol-

lowing relations among BGR. functions which arises in =1 order?,

l-a

o= —p g (4.25)

f2c = 0, (4.26)

- 1

G = bl (4.27)
1

§ge = —pxge. 4.28

93 —Fx G5 (4.28)

where I dropped those terms, which are proportional to A, or Ap, since I assume that A, is
some value characteristic of an inter-atomic distance, A, still very small in the macroscopic
world and A, also small enough even if A A, > k. Iimplicitly assume this approximation in
each order of /. Eq.(4.26) tells us that f; (pseudo-scalar density distribution) is a genuine
quantum function, which vanishes exactly for £ — 0. f§, §5 and §5 fix the values of ff,

f§, §f and gg. In addition I note that f§ is in general non-vanishing, independent function

to this order in A.

Eq.(4.27) suggests that (fo, f3) are charge and mass distributions of particles and
holes rather than particles and antiparticles because the current density is proportional to

the mass density but not to the charge density. This will be clear when I discuss Vlasov

equations below.

2This indicates that the expansion before coarse graining is non-analytical in A
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In next order in #, I find that the classical limit equations of motion are driven by

quantum corrections as follows;

DSff+eDe-gs = —2mc2f(1) (4.29)
Difs = 2cp-§ .'(l) (4.30)
DEge+eDoff = 25X g‘( ) (4.31)
DEGE+eDf§ = 2epx § "( ) 2mc2§'§1) ) (4.32)
Dfg§ +eD°x g5 = -2cp‘f§" + 2mc?§h (4.33)
Dfgs ~ eD® x gz = 205f§1) ) (4.34)

while there also arise two constraints between the functions, one for the (c)-order and one

for the (1)-order in % expansion:

0 = DEff+cDe-gp, (4.35)
0 = 2c1')‘-.('1‘:(,1)—2mc2f1(1), (4.36)

I shall next show that the dynamical equations in the classical limit really arise using these
equations in order %. It is therefore incorrect to naively neglect all the quantum corrections

in order to obtain the classical limit.

4.3 Vlasov Equation

Multiplying Eq.(4.32) by 7 and substituting that into Eq.(4.30) to eliminate g"gl), I obtain,
1 1 =
— DCfC 4 . DCRC L 2 PEfe

O—th3+mcp Dt.‘]1+mp D°fy . (4.37)

I use the constraint Eq.(4.27) in Eq.(4.35) and Eq.(4.37) to obtain the symmetric expres-
sions,

0 = Bff+7 -V +ek 8,ff+ -7 ox B-8,f,°, (4.38)

e, -
atfa +v Vfo +e.E 8pf3 ’E X.B'apfoc, (4.39)

o
i

where I put

K= g, (440)
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and the energy and velocity are,

E, = +[p%c?+ m?ct, (4.41)
7 = pct/E,. (4.42)

I now introduce particle and antiparticle phase space distributions such that the number

of particles and antiparticles in vacuum state are equal to each other:
@) = ESUSERD /R = £oU5ER) £ o fSER],  (449)
and I then obtain,
oufs+7-Vifte(BtTix B)- 555 = o, (4.44)

which is the relativistic particle and antiparticle Vlasov equation as can be seen noting the

signs of the EM—charge.

Integrating Eq.(4.44) over 7 results in the continuity equations for particle and

antiparticle,
0=208p5+ V75, (4.45)
where
pg = [ fsdp (4.46)
=2
s C _
£ = %—fd’;'dp- (4.47)
P

I thus find that the number of particle and antiparticle is conserved separately in the clas-
sical limit. This remark clearly cannot be true in general, and thus I can already conclude

that the particle (pair) production is a non-perturbative process in f.

I note that this derivation extends the preliminary result presented in Ref.[48] in
which it is valid also when f° 3 0. In Ref.[48] it was implicitly assumed that only parti-
cles could be present, while the current development shows that in a relativistic transport
theory classical particle and antiparticle flow occurs at equal footing. Proper perception of
this point is a necessary requirement to adequately describe the process of pair production

and its relation to flow.
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4.4 BMT Equations in Phase Space

I can in the same way treat the vector function g;: I combine Eqs.(4.29,4.34) to eliminate
(1)
2

D{gs ~ eD° X g5 + HDEf + D¢ 5] = 0. (4.48)
Using the constraints Eqs.(4.25,4.28) and manipulating the vector relations one obtaing
Digs + roreP D (F35) = D X (Fx §5) + ZopD° - Gg) = 0. (4.49)

On the other hand, I take vector product of Eq.(4.33) with 7 and substitute that into
Eq.(4.31) to obtain
Dygs ~ WP X Di(Fx g5) — —P X (D°x g5) + ;DC(P “§3) = 0. (4.50)
After I manipulate these two equations Egs.(4.49,4.50), they finally become
0 = s — 217(P 8i5s) + e(E - )3
.. - -
——7{(17-95)1‘7—(1)-1‘7) g5 + o1 (£ - §)3s]}
1 me e me* =
+_m_(,, V)i + —f—B X 7 + ii”—“—[p Bxdge, (451

— €ec
0 = O+ BB 00K) + (- D) + S (B

t = (B - 35°)5+ 715 (B - D] + 2(E PG 3205

1 mc? e T m
+———(P V)i + __E—B X go + i—c-[P B x 8)js, (4.52)
where I have set 2
me

These are phase space version of Bargmann-Michel-Telegdi spin equation of motion [53, 54].
The great complexity of these equations arises very probably as consequence of the fact
that the BGR equations are not manifestly Lorentz covariant, even though they contain
the full Poincare symmetry group implicitly in their structure. To see the detailed meaning
of equations Eq.(4.51, 4.52), I study equations Eqgs.(4.51, 4.52) in the particle rest frame

go that the momentum vanishes in the external electromagnetic field,
€ =
8, —Bxg, =0 4.54
e + —B X G4 , (4.54)

e -
i — —Bxig. = 0 4.55
-~ —Bx§ ) (4.55)
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where the particle and antiparticle spin density are
~ 1 c c
e = EI0ER = BED), (4.56)

These are just the clagsical equations of motion of spin with g—factor 2.

In conclusion of this chapter, I recall that the fi—expansioon around # = 0 has been
justified by considering the coarse grained Wigner function. I have obtained explicitly
the classical dynamical equations of the gauge invariant and relativistic transport theory.
These are the Vlasov equations and a candidate for a phase space version of Bargmann-
Michel-Telegdi spin equation for particle and antiparticle fluids respectively. I further have
shown that in order to obtain a closed set of dynamical equations in the classical limit, it is
necessary to consider the first order fi—corrections of the Wigner functions. In many ways
the classical limit presented here constitutes the construction of a consistent relativistic

classical limit of the Dirac field.
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CHAPTER 5

Explicit Forms of BGR. Function

It is interesting in developing understanding of the relativistic quantum transport theory to
see next some explicit forms of single time relativistic Wigner functions or BGR functions
for certain given quantum states. In section 1, I obtain the BGR functions for the J™ = %+
state and show that the BGR functions are indeed the appropriate generalization of a
nonrelativistic Wigner function. I also present the phase space version of the Landau orbit

in a constant magnetic field in section 2.

5.1 Hydrogen-like 1s state and Cavity statel

I obtain the explicit form of the BGR functions for the J™ = %+ Coulomb-like state and
cavity relativistic state of the MIT bag model. Our objectives of this section is to show that
4 X 4 matrix DHW-function is the appropriate generalization of a nonrelativistic density
matrix/Wigner function. As a incidental but interesting issue I also study the sharing of
the total angular momentum of a quantum state between the spin and rotational degrees
of freedom, arising from the spin-orbit coupling. Such a investigation could not rigorously
have been done before. The relativistic spin 1/2 particle in a given quantum wave function
%o can be described by the 16 gauge invariant Wigner functions which are derived from
the definition of DHW function [48],

. e
Woas(F, 1) = / dFe™ P2y, (F+E/2, )Pl(F—F/2, 1) exp{—ie / dAE-AFAE, 1)}, (5.1)

~-1/2

where a and § are the spinor indices. The gauge term is an oscillatory phase in the case
of a Coulomb potential which adds to each wave function a factor exp(£itV (7 £ AZ/2)),

1Portions of this section have been published in [55]
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and which disappears for the cavity state case — I will not discuss it further here.

For a localized stationary spin 1/2 particle in the J™ = 1/2% state the four com-

ponent Dirac wave function is given by [56]
G(r)
' = .
o(i) (_ia_o . fF(T)) Xn (5 2)
where x, is the 2 component spin function and & is the Pauli spin matrices.

Using the relation between the DHW functions and BGR functions in Appendix

C, BGR functions can be written in the form:

fo = A+[(M+5(E,) - 13- (Fx G,)D, (5.3)
Jo = FA+[IFx 8, + 277 ) + £8,(8, ) - (7 + 252D, (5.4)
fi = [15-8,)B-[25-7C, (5.5)
§1 = [hB, - 25 x 7B — [2F + h&x §,)C, (5.6)
fo = —[25-7]B-[h5-F,]C, (5.7)
@ = —[21“-}- 13 x 8,)B — [h8, — 25 x 7IC, (5.8)
fs = A- W BBy — 13- (rx D, (5.9)
Gs = FA=[h7x 8, + 207 3) + 58,5, - s(F2 + B-G2)D,  (5.10)

where I introduced the spin direction vector, &= x}&x,, which becomes & = (0,0, +1) for

Xs = X+. The following auxiliary functions have been used:

A(Ff) = / dF e~ PIRG(F + £/2)G(F - 3/2), (5.11)
— - - gD - - F(’I‘ m/2)

B(F5) = Re / 4z PG+ 32 ) (5.12)

C(Fp) = Im] / di e=PEIRG(F 4 F/2) f (f *7/221)], (5.13)
oo 2 g=iPE/ F(7+ £/2) F(F- £/2)

bwp) = /d Ehl F+z/2| |F-5/2]° (5.14)

The total energy and charge contained in the state are the generators of the sym-

metry transformations and are given by Eqs.(3.46) and (3.47), respectively,
/ dT(cF- §y + mcfs), (5.15)
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Q = / dT fo, (5.16)

where the phase space volume dI' = didj/(2r)3. One easily finds that the charge @ and
energy F have the same values as the spin-unpolarized quantities, namely, E = E* = E-
and @ = Q* = Q~ where + represent the spin up and down, respectively.

Similarly, the total angular momentum is given by Eq.(3.49),

J o= /dl‘(i‘xif)fo+/d1‘g§o
= L+565, (5.17)

where the rotational degree of freedom is
I = [arxphlrs

3%1;- [ dFe)Fe) (5.18)

and the spin is
ﬁ — L~ =
S = /dI‘(-z-)go(r,p, 1)
= s”g / dF{G(r)G(r) - %F(r)F(r)}. (5.19)
In results, the total angular momentum is as expected,

J

5‘% / di{G(r)G(r) + F(r)F(r)}
_ é.gQ (5.20)

where the last factor is unity for a normalized state with @ = 1. To see the ratio between
the rotational degree of freedom and spin, I first consider the Hydrogen-like 1s-atomic state

[43] in which the wave function is given by,

mZa)3/ 1/2
G(r) = (2 j{ﬁ)sz(zr(ll-:-’yz’y)) (2mZar)'~le~mZer, (5.21)
F(r) = —G(r)lz_a’y, (5.22)

where a i8 the fine structure constant, Z the charge number and v = /1 — Z2a2. Substi-
tuting Eqs.(5.21) and (5.22) into Eqs.(5.18) and (5.19), I obtain

=  h2-2y
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and

= 142y
S = 85 3 y (5.24)

In the nonrelativistic limit 7 — 1 — Z2a?/2, I find that practically all angular momentum
is in the spin density of the state for small Z. For Za — 1,y — 0 and I find that 2/3 of the
total angular momentum is in the rotational degrees of freedom. Figure (5.1) shows the

ratio between rotational degree of freedom and spin as function of charge number Z. This

10°

Lrrreae

107}

1072

11 !lllll‘

1078

T 1 lllllll_ T ]_rllllll T Iillllll T llllllll T

Rotational Momentum/Spin

1074

i llllllll i ] |ll!llll

10—5 1 [ 1 Ll L1 I 1 ]

0 50 100
Z: Charge Number

Figure 5.1: The Ratio of Rotational degree of freedom and Spin

figure tells us that all the angular momentum resides more in rotational degree of freedom

than in the spin from Z = 133.
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As another example of J* = %’*‘, I take the bag type cavity states [57],

G(r) = \/—]‘Z—;jo( %’:), (5.25)

F) = -2, (5.26)

where jo and j; are the Bessel functions, w the eigen-energy and the normalization constant

N i
T OV 2R3(w - 1)sinw’ (5-27)

With a cavity of radius R=1 I obtain:
{:1_ lw~— sinwcosw}
3 3 (w-1)sin?w

0.35, (5.28)

%y
YT Oy A

I =

-

3

R

gﬁ{lw—sinwcosw l}
2°3 (w-1)sinw 3

o 5‘% 0.65, (5.29)

Uy
]

where the eigen-energy w is 2.04 in natural units for J™ = 1/2%+, k = —1 state. About
a third of the spin is transferred in this case to the rotational degree of freedom. This
interesting property of the relativistic cavity state was noted in the context of hadronic
structure studies, as it reconciled the ratio of the weak interaction axial vector to vector
coupling constants g4/gy with experiment [58]. Along this line I note the magnitude of

the magnetic moment of a (confined) fermion
1
= / dF (7 x 7) (5.30)

which can be written as,
- 1 ~ -
i= -Z-/dl“ Fx7), (5.31)

and which yields u, = 0.2R for &= (0,0, 1) as in Ref.[58].

With these results I have conclusively demonstrated that the Wigner density ma-
trix formulation presented for the strong field QED is the appropriate generalization of the
Wigner density matrix concept of nonrelativistic quantum mechanics. I also have presented
in this section a consistent discussion of spin-polarized relativistic J* = %+ states with em-

phasis on angular momentum sharing between rotational and spin degree of freedom.
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5.2 BGR functions of Dirac Particle in a Constant Mag-

netic Field - Landau orbit

One other problem which I can also solve exactly is that of a Dirac particle in a constant
magnetic field. Even though I do not have immediate applications of the resulting rich
structures of the phase space distributions, the importance of Landau orbits in many areas

of physics justifies this effort and certainly provides for additional experiences with the

relativistic phase space theory.
I can begin from known wave functions which represent the so—called Landau

orbits. Consider a spin 1/2 particle in a constant magnetic field which is in z-direction.

To solve the Dirac equation in a constant magnetic field, I choose a gauge? such that

A = A'= 43 =0, (5.32)
A’ = Bg, (5.33)

where B is the magnetic field strength. The solutions [59] of Dirac equation in this gauge
are for the spin-up
on(€)

0
Ty a(F) = N e Ent/hti(pyytpsz)/h (5.34)

B reaen(6)
%‘Pnﬂ 3]

where the energy FE,, harmonic oscillator wave function ¢,, and normalization constant N

are given
E! = m?c 4 plc® + eBhc2(n + 1), (5.35)
en(f) = (ﬁn!zn)—ll2e—£’/2ﬂn(£)’ (5.36)
N L
6 - h ((L' + C.B )’ (5’37)

/E + me?
N = _-"T_-E_;l—-’ (5.38)

3This is not the most symmetric gauge choice to define the Landau orbits, but it allows us to calculate
analytically BGR functions for all quantum numbers; I will return to the symmetric gauge choice below.
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and for the spin-down state
0

©n (f )
~ BB pua(6) |
~ gopzen(€)

U n(F) = NeEnt/htilpyyipas)/h (5.39)

where
E?2 = m?c* 4 p2c? + eBhc2n. (5.40)
The wave functions are characterized by five independent quantum numbers; two linear

momenta p, and p,, the integer n which quantizes the orbit radius and radial energy, the

signature € of the total energy, and the spin 7.

For the gauge which I have chosen, the linear path integration of the phase factor
of Eq.(5.1) can be done easily,

1/2 .
/ D5 AFEA5Y = Bos, (5.41)
—1/2

so that the Wigner functions are
Was(F, @) = / d5e=iT- A Fhy (7 1. 52, 1) (7 - 5/2,1). (5.42)
The Wigner function are for the state of energy E,,
Wopn(T,3,1) = / ds, e~ a=cBa=pi)ou/h f dsye=(as=pa)os/h

Nicach [dsse=oegn (61 You(€-) (5.43)
(27rh)2N2cac';,6(qy —eBz — p,)6(q; — p2)

'\,e—g'/ds;e_i\/%q;';/ﬁ<pn(m'+sé/2)(p,,:(a:’— 81./2) (5.44)

= Nzcacchyvpnnn' (i“’ q.)’ (5'45)
where
eB e
o' = —h—(:v+€—”-§), (5.46)
d = E’fl—?-s, (5.47)

E? = m¥c*+plc® +eBhe(2n+1+ 1), (5.48)
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and cq,cg are the coefficients in front of harmonic oscillator wave function ¢ except the
plane wave and normalization constant in the wave function ¥. The phase space form of

the Landau orbit is

Lpypannt = (2"’1)26(% —eBz — p,)6(q: — p)

_4_7_"2 ’ -\l 2 ’
B %’: <IL|nn' > (-i) @i eth,)ch(\/Ex) (5.49)

To derive the last form, I used the Talmi transformation [60, 61]. The multiplication of
two harmonic oscillator wave functions can be represented by two harmonic oscillators of

CM and relative coordinates respectively,

en(q)ew(@2) = Y <ILlna' > oiq)er(@), (5.50)
1L
where
g = (n—q)/V2 (5.51)
Q = (n+aq)/ve (5.52)

The Talmi transformation coefficient is given by

'y = (B mggeay gy (Y (T
<ILlnn'> = (~=3)1%2 Z’:( 1) - , (5.53)

8

which has to satisfy the relation n + n’ = I + L to conserve the energy. I also used the

Fourier transform of the harmonic oscillator wave function [62, 63]

/ ePlpn(q)dg = (2m)/*(=i) pn(p). (5.54)

Let us calculate explicitly the DHW functions and BGR functions of the ground

(n = 0), spin-down state as an example. The H.O. wave function is given by for this state

1 _
po(z) = 1?1778 .1;2/2’ (5.55)
and the Talmi transformation coefficient is
<00j00> = 1. (5.56)

I can see that the third component of the wave function Eq.(5.39) is zero because the

integer n must satisfy n > 0. Therefore, I find the DHW functions as follows,

E'0+mc2
W111,o = Wﬁpy.p,,oo, (5.57)
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=P
W113,0 = 2__E_:'£py,p..00’ (5.58)
Who = Wi (5.59)
Ep + mc?
Wéé,o = g ( p’ )2‘pr.Pn00’ (5'60)

2F, \ Ep + mc?

and all others are zero. The Landau orbit has:

2
Lpypapo = (27rh)5/2V 3_3'6(‘1:/ — eBz — p,)é(q: - Pz)

1 _1 2_2 PyCy2
‘/,Fexp{ ethz h (2+ CB) }‘ (5'61)

Note that 7'is quantum number and §the physical momenta here. This function shows that
the (y,2) plane represents the classical Landau orbit and the (=, ¢;)-plane has Gaussian
distribution at the center (z = —Z4,¢; = 0). Figure (5.2) shows the (z, ¢;)-plane phase
distribution in arbitrary scale with B =1,p, = 1in fi = ¢ = e = 1 unit. Notice that the

energy can be positive or negative,

Ey = efm?ct 4 p2c?, e = £1. (5.62)

Using the relations between DHW and BGR. functions in Appendix C, I obtain the BGR

functions of the ground, spin-down state. They are

foo = Loypmoo(F D), (5.63)
fll.O = —%pr.p..oo(r“,é), (5.64)
fio = 0, (5.65)
f31.0 = %?pr,p..oo(ﬁé), (5.66)
Bo = —fik, (5.67)
Gio = —fik, (5.68)
o = 0, (5.69)
Go = -fik, (5.70)

where the subscript 0 of BGR functions denotes the energy quantum number n. These
BGR functions are one of the stationary solutions of BGR equations under a constant
magnetic field. For this set of solutions, the charge density has a Gaussian distribution as
gseen in Fig.(5.2). The mass density has the Lorentz factor as I expected and the current
density, g1, is just the multiplication of the charge density by the velocity. The spin den-
sity has the correct direction. While these functions properly describe what I expect, it
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is rather surprising to find that & has the Lorentz factor and f;, which is believed to be
related with Zilterbewegung, is the velocity times the charge density. Finally, note that the

particle distribution, f;., is not zero while f., the antiparticle distribution, vanishes.

A more symmetric gauge choice is3,

1
4, = —EB%
1

A, = 0.

(5.71)

(5.72)
(5.73)

I denote by n for the energy quantum number, € the signature of energy eigenvalue, 7 the
spin, p, the z-component of momenta, and ! the angular quantum number of orbit with

respect to the origin. The following are the known relativistic Landau wave functions of

good angular momentum:

where
Ej
Pn,l
G
22
and

—_—

(mc® + Ep)epn

0
vl = g
CPz¥n

V2eficB(n + 1)pn41

c?p? 4+ m?c! + 2eficB(n + 1),

(—i)"(.‘l"""+1 wl !n!)"l/ 221 exp[

oz " oy
\/2E(E + me?),
he/eB,
0
2
v = g (me”+ Enn
v2elicBnpy-1
—CPzPn

+
4)\2

_ ( o ;0 )" (z‘ ':\iy)lexp[—-(zz +97)/239,

.'172

2
Y+ ipaz/h]

’

(5.74)

(5.75)

(5.76)

(5.77)
(5.78)

(5.79)

3This is right choice for each individual Landau orbit of fixed angular momentum, but I can calculate
explicitly BGR functions only for n =l = 0 state.
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where
E? = k4 m?ct + 2elicBn, (5.80)

For l = n = 0, spin-down state, I obtain the Wigner functions:

CaCp

1 _ e s =
Was = 3B + mer) 0P 0D (5.81)
o z2 492 eB eB
Loo(7, ) = 8rh8(gs—ps) exp{— -~ N [(F+ T9)"+ (- o)), (5.82)
so that

Ep + me?
Wl = —_—02E0 Loo, (5.83)
Wiy = 2Eozﬁoo, (5.84)

2,2

oo P
The BGR functions are then

s = Lo, (5.87)
7 = —%Coo, (5.88)
1 = o, (5.89)

2
él = -72—;-500, (5.90)
i = —fik (5.91)
gt = -fik, (5.92)
g =0, (5.93)
7@ = —fik. (5.94)

I have substituted these solutions into the BGR. equations to check if they are consistent.
Keeping in mind that I explicitly used the charge "e” as the absolute value of an electronic
charge, I have verified that these solutions satisfy the BGR equations.



Figure 5.2: (z, ¢;)-plane phase distribution of Phase Space Landau Orbit: Lo
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CHAPTER 6

Solutions of BGR. Equations

In general solutions of the BGR equations are very difficult to obtain, as I have here
16 coupled differential equations of first order in 7 dimensional space, with often highly
oscillatory behavior, in particular when particle production occurs. Therefore I can only
hope to solve the BGR equations for some specific given symmetric cases with appropriate
initial and/or boundary conditions, a task which I will begin to study in this chapter. In
section 1, I consider two infinite conductive parallel plates on which the field lines end and

recover the Schwinger particle production rate.

6.1 The Finite Time and Size Effects on Particle Produc-

tion

Even though there are many investigations [65, 66, 67, 68, 69, 70] of the particle production
from an infinite or a finite system in a constant/slowly varying electric field following on
Schwinger’s work, it is still interesting to see how the effect of finite size and finite time
would impact our study. The finite time here means the time during which the external
field was turned on. Better understanding here can lead to better particle production
models in realistic systems. To that end, consider a system which consists of two infinite
parallel plates with a separation distance 2L between them. The system is in a prescribed
vacuum state until at £ = 0 when I turn on the electric field parallel to z—axis. I turn the
field off at ¢ = T while I keep the magnetic field zero at all times. While the system evolves

under the external field, pairs of particles can be produced.

First notice that the system depends only on the following phase space variables:
(#,p2,p1,t) wWhere py =, /pZ + p2 because of the symmetry here introduced. Vector BGR



functions, §; and gz, thus can be written in the form:
§i = gis?+PLgis,
while the pseudo-vectors, §o and §3, can be written
§i = ZXpLg.
The partial derivative of momentum is in the cylindrical coordinate system,
s . s 1
O = £0p, +PLOp, +¢—0s.
pL
The integral-differential operators for this system are
Dy = B +e / dAE,(z + iA8,,)8,, = Dy,
D = :v,
P = 2p.+p..
Substituting these Eq.(6.1-6.6) into the set of BGR equations, I obtain:
h= fa = 0,
and there remain 8 differential equations
3tf0(2,17z0,t) + Vzglz(z,sz, t) = 0,
8tf3(zs P20, t) - 2172!]2z(zv D20, t) = +2PJ_g2J_(z,on, t)’
3t!]0(zrpz0’ t) - 2ngl.L(zvsz;t) = "2pJ.glz(z;sz,t):

atglz(za D20, t) -+ szo(Z,on, t) = +2PJ.90(2, D20, t) - 2922(371720, t),

8tgl.l.(zyp207 t) + 2p290(z9p20, t) = —292,1_(2, D:0, t)a
8t92z(z,p20; t) + 2pzf3(z1p107 t) = +291z(z,on,t),

atg2l(zspz0:t) - sza(z,on,t) = "'2PJ_f3(3,;Dzo,t) + 291_L(Z,Pz0,t),

ath(z’sz’t) - Vzg2_]_(z,pz0, t) = 07

73

(6.1)

(6.2)

(63)

(6.4)
(6.5)
(6.6)

(6.7)

(6.8)

(6.9)
(6.10)
(6.11)
(6.12)
(6.13)
(6.14)
(6.15)

where I use the natural unit # = ¢ = 1 and in addition choose the fermion mass as the

dimension of energy and inverse length, hence m = 1 so that the equations are dimension-

less.

To obtain this set of equations, I used the method of characteristics to separate

the classical motion out, i.e. I rewrote the BGR functions in the form:

3

W) = (%,%%W(ﬁo,t)&ﬁ—ﬂﬁolt)),

(6.16)
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where 5{fi|t) is the solution of the classical equation of motion in the field,

dﬁ _ -
- = ), (6.17)
go that
Polt) = po + e/dt E(), (6.18)

with the initial condition p{Fp|t = 0) = Fo.

I take the approximate vacuum BGR functions between two infinite plates sepa-

rated by a distance 2L in the form (see Appendix E),

fi = —23—} 2 %Am (6.19)
gL = —22—22":%—?4", (6.20)
g1z = —23—% 2 %An, (6.21)
where
A, = %“inz(”*p:f_"g?"zl)e(zﬁ—z?), (6.22)
ko= 20, (6.23)

E, = \/m2 + p? + k2, (6.24)

with all other functions vanishing. Considering these initial BGR functions, I can make

following observations:

1. The function g5, and g3 vanish always.

2. The function go and g1, are proportional to the function g, and f3, respectively,

ie.,
go = —P192s (6.25)
g1 = +pLfs. (6.26)

With these observations, the number of equations reduces from 8 to 4 so that the

following set of equations need to be solved considering initial/boundary conditions,

Otfo+ V.12 = 0, (6.27)
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091+ Vifo = _2m?Lg2u (6'28)
Oifs — 2p:g2: = 0, (6.29)
Oi92: +2psf3 = +201, (6.30)

where
my = ym?24pl. (6.31)

To see the Schwinger particle production factor, I assume first that the initial
conditions between —L to +L are the same as those of field free vacuum of infinite system,

2

fs = E; (6.32)
W o= 2

I apply the Neumann boundary condition such that the normal.gradients of the functions
are zero at boundaries. I so obtain fy = 0 since there is no spacial dependence. I then

introduce the 3 remaining independent functions as follows,

2 Dz ]
= 2|, _ P 6.3
fa 7 [ao mr® (6.34)
2
g1z = —E—[Pzao+m.Lal], (6.35)
P
= -2, (6.36)
g2: = mL 2. .

Substituting these into the Eq.(6.28)-(6.30), I obtain the set of equations,

Em
3;00 = -E—;'al, (6.37)
4
Em
day = — E2‘La0—2E’pa2, (6.38)
4
3;(12 = 2Epa1, (6.39)

where £ = eE. These three equations are identical to those of Eq.(66)-(68) in reference [48]
and give, as was recently shown [71] exactly the analytical form of the Schwinger particle

production rate arising at large times,

1 _2"" = e ™i/E, (6.40)
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Returning now to the finite system, I first define new functions which are a spacial

average of BGR functions,

- 1 rL d

Bo= g dets (6.41)
and so on. Since I take the Dirichlet boundary condition, such that all BGR functions

vanish at z = £L, I have,

g1 = —2mi g, (6.42)
8tf3 —2p:G2: = 0, (6.43)
82z +2P:fs = +2§1z, (6.44)

Substituting Eqs.(6.34)-(6.36) into these equations, I obtain the same set of equations
Eqs.(6.37)-(6.39) which, when solved, recover the Schwinger particle production rate. This
conclusion is valid only if the back reaction is completely ignored and the boundary con-
ditions I imposed are satisfied and the initial conditions good enough. However, there is
one important difference between a finite system and infinite system, namely, the mass m

for a finite system should be understood as the lowest eigen-energy which depends on the

size of a system,
m = m(D). (6.45)

The eigen-spectrum of a Dirac particle between two plates at distance D is (see Appendix
F),
k

= —— 6.
tan kD ma’ (6.46)

where k = /E2? — m2. I explicitly introduced here the subscript 0 to denote the rest mass
associated with an infinite system. Figure (6.1) shows the lowest eigen-energy as function
of distance D. Thus, the particle production rate is

.
2“0 = pe~mmi+pLIE, (6.47)

where the suppressing factor is
n = e mlatmo)/E (6.48)
The function « is defined by
Epin = mo+a. (6.49)
The figure (6.1) shows strong suppressing at small distance. The Table (6.1) shows the

suppressing factor for e|E7| = 1 as function of the separation distance D.
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Figure 6.1: Lowest Energy Spectrum of Dirac Particle

D Ein 1

0.2 8.5024 5.410°98
0.5 3.8069 3.91071°
1.0 22618 2.410°°
2.0 15198 1.610°2
3.0 1.2923 1.22107!
50 11321 4.23107!
10.0 1.0402 7.73 1071

Table 6.1: Particle Production Suppressing Factor.
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CHAPTER 7

Conclusions and Outlook

I introduced and summarized essential elements of the nonrelativistic Wigner function and

its properties and time evolution in Chapter 1.

In Chapter 2, I considered muon catalyzed fusion problems and in particular stud-
ied the sticking of muons to the fusion a particle. The nonrelativistic Wigner formulation
has been applied to the study of a muon after (dt) fusion. The Wigner phase space distri-
bution of a muon has been obtained explicitly under the adiabatic approximation to the
molecular state. The energy spectrum of the muon for the various approximations were
studied and the initial sticking probability w?, introduced here as the conditional probabil-
ity when the muon has a negative relative energy with respect to the fusion a-particle, was
calculated. A semi-classical treatment of the quantum distribution gives us twice as much
sticking than the expected value. This shows that I cannot treat the Wigner distribution as
a classical phase space distribution. Restricting the muon Wigner function to the binding
energy (micro-canonical distribution) gives about half of the expected result. Only when
I fold the Wigner function with coarse graining function did I obtain about 1.1% for the
smearing parameter A = 2. I also found the probability by a full calculation to be 1.04%
which is in good agreement with the result from other theory, but with the added insight
of having a full Wigner phase space distribution for the muon amplitude. Finally, I evolved
the muon phase space distribution along the Wigner trajectory including elastic collisions
with matter and found an increase of sticking probability as time goes on. However, this
calculation did not include the inelastic collisions which are very important. I hope to

return to study these issues in the near future.

I then turned to study a relativistic Wigner function and introduced the single
time formulation, developed by Biatynicki-Birula, Gérnicki and Rafelski(BGR), which is
equivalent to the nonrelativistic Wigner function in Chapter 3. This relativistic phase
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space formulation is especially good for the study of vacuum and can describe the particle

production as well as the flow of particles.

To deepen the understanding of the relation between quantum and classical trans-
port theory, I studied how to extract classical contents from nonrelativistic and relativistic
phase space formulation in Chapter 4. I found that the classical relativistic flow can be
separated from the perturbative quantum fluctuations and non-perturbative particle pro-
duction phenomena by taking % — 0 after I fold the quantum distribution with the coarse
graining function such as is the Gaussian function. In that way, I consistently derived the
relativistic Vlasov equations for particles and antiparticles. Applying the same method,
the phase space version of Bargmann-Michel-Telegdi spin equation of motion was also

determined.

I then proceeded to obtain the relativistic Wigner functions of Coulombic state
and MIT cavity J™ = %+ state in Chapter 5. The initial sticking probability addressed
in Chapter 2 can be refined using the Coulombic relativistic distribution given here. The
phase space distribution of the MIT bag state is derived and applied to understand the
sharing of the total angular momentum between the degree of freedom and spin which are
35% and 65%, respectively. I also obtained the Wigner function of Landau orbits which

could be of importance e.g. in QCD models of vacuum structure.

In the final chapter, I considered the relativistic transport equations for the case of
finite system with constant electric field and recovered the Schwinger particle production
rate. I am currently investigating different boundary conditions to obtain the surface effects

on the particle production.

With this experience I can now take advantages of the wealth of information pro-
vided by the quantum phase space theory to study such problems as are the vacuum
structure and/or particle production in strong fields. In particular given the groundwork

here laid I hope to investigate

1. muon sticking with relativistic dynamics and inelastic interaction with matter,

2. vacuum structure, viz. non-trivial time independent solutions of the BGR equations,

and

3. particle production in homogeneous fields with finite space-time extent.
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APPENDIX A

Monte Carlo Sampling Method

I briefly describe here the Monte Carlo method I employ in order to evaluate Eq.(2.14) and
choose the initial coordinate and momentum of muon in laboratory frame. The details of
this approach are as follows: The phase space distribution is a function of r,p,cosé only,
where 6 is the angle between # and p. I choose (r,p,cosf) using the proper bin size to
optimize the normalization and computer running time. It is enough for the hydrogen-like
(18) state to choose r from 0 to 7yyap= 4.2 and p from 0 t0 pyaz= 12 and cos @ from -1 to
+1. The 70z and ppey are given by the corresponding wave function and Wigner function,

ie.y, P15(7 > Tmaz) * 0 and @1,(p > Pmaz) X 0 and f(r > Pray OF P > Prag, c086) = 0.

Another 3 angles (¢, cosf*,¢*) are chosen from random number such that ¢,¢* €
[0,27] and cosf* € [~1,+1]. The angle ¢ is the azimuthal angle of 7 with respect to 7 so
that 7 has (r,6,¢) with respect to p. The (—6*,—¢*) are the rotation angles of 5. The
rotation R,(—6*) is followed by the rotation R.(—¢*). So 7 has the coordinate (p, 6*, ¢*)
with respect to this new coordinate system which is the laboratory frame. In result, 7 is

given by in laboratory frame,
Tlab = Ro(—¢")Ry(—6*)7(r, 0, $). (A1)
These 7 and p are used as an initial state to get Wigner trajectory.

To integrate Eq.(2.14) and related integrals, I cut the phase space into bins denoted
by (r,p, cos8), each of which has volume (dVAdVy) at (7, p, cosf, ¢, cosf*, ¢*) or (7, p) with
the weighing factor W(,p) = f(¥,p)dVydVy where I include the bin volume into the
weighing factor for later convenience. In order to find a more efficient way to integrate, I

introduce new variables such that each bin has approximately same weighing factor,

dr dp decosf
SN 22,2
W(#p) = f(r,p,cos8)8x“r‘p dadp dn dadfdn. (A.2)




I found that the following choice works well,

dr a
=g+l a€(06),
dp _
z,-é- =20 +01, pfe€ (0120)’
decosf  7q

& 10t

n € [-3,+3].
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(A.4)

(A.5)
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APPENDIX B

16 Hermitian Matrix

16 linear independent 4 X 4 Hermitian matrices can be obtained by the combination of
(12,6) and (12,7) where 13 is a 2 X 2 unit matrix and & and g are the Pauli matrices. I

present the explicit forms here;

100 0) (0010
0100 0001
1y=1201; = y P=p®la= )
0010 1000
000 1) \0 100
0 0 —i 0 ) (+1 0 o o
0 0 0 —i 0 +1 0 0
pr=p2@®1ly = ’ P3=p3@lz= ’
+ 0 0 0 0 0 ~1 0
0 + 0 0 ) \ 0 0 0 -1
(0 +1 0 o0 ) [0 —i 0 o
+1 0 0 0 +i 0 0 0
o1=12Q01 = y 02=13Q02= )
0 0 0 +1 0 0 0 =—i
L0 0 +1 0 ) \ 0 0 +i o0
(+1 0 0 o ) 00 0 0
0 -1 0 0 00 0 O
o3=12Q03 = ’ ®oL= ’
0 0 +1 0 00 0 —i
L0 0o o -1 00 4 0



P10

p2® oy

p2 ® o3

p3® o2

—i

—i

|
-,
e

(=D = N =]

P1® o3 =

p2®02=

®o=

p3®o3 =

+1
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Relations between Wigner and BGR functions

I obtain explicit relations between 16 Wigner functions and 16 BGR functions by solving

16 functions,

W =

3 3
fo+ Y pifito-go+) pio-gi

i

=1 1=1

(C.1)

)

where the matrix (p, o, po) are given in Appendix B. In results, BGR functions are

Jo
fi
Ja
fa

Jo1
go2

gos

g11
912

913

921
922

g23

Woo + Wi1 + Waz + Was,
Woz + Wao + Wiz + Wiy,
i(Woz — Wao + Wiz — Way),
Woo + W11 — Waa — Was,

Wor + W10 + Was + Wag,
#{(Wor — Wig + Waz — Waa),
Woo + Waz — Wiy — Was,

Wos + Wiz + Way + Wao,
1(Wa1 — Wig + Wo3 — Wag),
Wog — Wiz + Wao — Wa,

‘i(Woa - W30 + W12 - W21)7
Wi + Way ~ Woz — Wag,
i(Woz — Wao + W3, — Whg),

(C.2)
(C.3)
(C4)
(C.5)

(C.6)

(C.7)

(C.8)



931
932

933

Wo1 + Wig — Wiz — Wag,
i(Wol - W10 + W32 - W23)’
Woo — W11 — Wag + Wag,
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(C.9)



86

APPENDIX D

Integral Equation in Momentum and Frequency space

I introduce the following notations to make equations short

AoB = / dr'A(§ - §', 5w — ) B(§", B,w'), (D.1)
AeB = /dl"f'f(q~ 7'\ fw - ') B, ), (D.2)
ieh = / AU A7 - ' 5w — ') x B(@',5,). (D.3)

Using the method of partition and the Mathematica, I have obtained the integral equations

for each function:

~

Jo

78 = 246 D+ Q- E oy + B0 o~ 281 @ i)
wl-4m? - 45% + W€ 0 fo + B°© 7] — 4ml7- qlif o fo - 261 0 7]
—[2¢mwd] - [8 o g2 + B° ® g3 + 281 o f3]
-IZW(p x D] [EoF,+ B0 fi - 281 @ F1l}, (D.4)
- {[ 2iw(@x §] - [€ 0§y +B% fo—2B1 ® ]
—[4mwz3] (€ 0§y~ B2 @, — 2Bt o fo] - [2imu?[E o fy + 251 © ]

H-4(7 DF+ w3 - [E 0o + Bo0 fy - 281 ® 7]

[w( 4 2 W)Eo fi+ B0 0 ull, ) (D.5)
72~ {21[(1) DT—wp| - [Eofs - 30®§*2_2§1 o fa]
+[2zw(p X §)]-[Eo 92 + B850 7, + 28" o fo] + [w(~7? +w?)] [8 o fy + 2810 §y)
+[2zma@ [£ oG+ Boo f, — 2810 ql+ [2mw2][8 ofi+B O Gol}s (D.6)
8- { [4mwp) - [€ 0 G +B°°f0—231®90]
—[4m(p Dl o fy + BY O fi] + [w(~4m® - §* + w*)][€ 0 J5 - 281 © 7]
+R2iw(Ex ] [€ 0§y — B ® §y — 281 0 fi]



where

It
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—2i[(7" é?q wip) o+ LY s+ 281 0 flh (D.7)
Go° - -—{ 2i[(F- 7 - w ﬁ]X[8091+B°°fo—2B‘®yo]

H2iw(Fx DE o Jo+ B © ] - 4m(F- DIE 0 fs — B @ §, — 281 o o)

+ldmwp] X [€ 0§, + B°® Fs + 281 o fo] - [2imwdl[E o fy + 281 0 7

twlw? — 4m? — §? - 455" +a7 JIE 0o+ B9 fy — 261 @ 7]

H[—4(p - fi')p + w2 o fy + B © Fol}, (D.8)

5°- —-—{w[w — % — 4pp- +qF)E 0 7y + B0 fo 26 g ol

+{—4(5- P+ w ﬂ[é" o o+ B9 o 5l ~ [4mwil[E o fo — 281 0 7]

~[2imw?][€ o §, + B g Ga+ 28 o f3)

~2i[(7- 7~ WP X [E 0 Jo + B0 f; — 281 @ ]

—[2"m0fi] x [Eofy~ B ®F, ~ 2810 fy] + [2i (7 é’)][é' o fi + B2 © 7]}, (D.9)
{w[w — 45?4~ [E o Gy + B @ s + 281 o fo]

+[—4(p-<np+w Ax[Eofy—BO®F - 280 fi]

+2i((F- D7 - 0 fy - 28 0 7]

+l2imu?l[E o fy + B o fo — 281 © ol + imudl[é o fo + B° cFAl

L DIE o fy + 281 © o] ~ [4mw] x [£ 0 o + B o fi ~ 261 @ F1]KD-10)
AR {[ 2‘"Wﬂx[5091+300 fo — 31@90]

—[2zw(p x DE o fs — 251 © )

+Hw(w? - 4m® — 492 + 47 -7 706 0 — B @ 5, — 2Bt o fo]

+[4(7 - F - w?q] x [«fogz+3"®ya+231 0 fi]

~2i[(F- D7 - Al o fo + 261 @.‘73]

—4m(F- E 0 Fo + B0 fy — 281 ® Fy] - mwillEo fi + B0 Fol},  (Do11)

AQ = w!—w?(dm? 4457 + 7)) + 47 §)%, (D.12)
fi = F@pw), (D.13)
= §(§#w) (D.14)

e
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and the field operators are given by

~ 1/2 3 = =
E = e / y e~ F(g,w) - 5, (D.15)
-1/2
g = ¢ / 7 e B w) (D.16)
c _1/2 1] P
& 1 1/2 B o= -
gl = ik d\e~ % B(g,w) x 8,. (D.17)

c J-1/2
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APPENDIX E

Initial Conditions: BGR functions between two parallel

plates

I obtain here the vacuum BGR function between two infinite parallel plates at distance 2L.
To get these functions, I need to obtain the Dirac field operator 1/3(:1:) between two plates.
This operator can be infered from the free field operator in an infinite space, namely, it

can be expanded on the complete set of plane waves as follows,

P(z) = -217}: / (2—'17;';%—,5\/% ._;2 [b:(R)uO(k)e=*2 + dl (k)oO(R)et*], (B.2)

where the z-space is between 2 = —L and L. I assume that the field obeys the periodic

condition so that

2rn
k,=ky = 2L (E.2)

and 7 is an integer. I explicitly find that the operator here constructed satisfies the Dirac
equation and obeys the confinement condition, ¥%|,=+r, = 0. As appropriate for the DHW

function, ¢ stands for laboratory time.

The creation and destruction operator obey the anticommutation relation,

2L

{I;i(k), B_I(kl)} = &;j '2?6nn'62(E.L - Eﬁ_), (E3)
ki 4 2L S =,
{di(k), d}(K)} = 65— 8uwd*(FL — FL), (E.4)

where I used 8(k, — kyt) = %6,,,,:. We can see easily that the field becomes the free field

operator in the limit L — oo.

The DHW functions Wag, in this case where A, = 0, (In fact, this is a wrong
assumption. If I include the back reaction, the average A, is zero but not A,, and 4,
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could be related to a noise function) are,

8L2./ P73 / (2?;#/2\/1:0_ E/ (2?)*/2\/H

O(L? ~ (2~ a,,/z)z)e(z2 — (2 + 8:/2)?)
<Ol 3 (BiCkyu(k)em ot @12) 1. gl (k)o@ k)eHbot-iRe2412)),
1=1,2
E (i)}(k')u(j)'(k')e“k‘""‘.F"(H/z)+Jj(k')v(j)f(k’)e"""t')‘+"’?‘(H/2))]|0>,(E_5)

3=1,2

where I explicitly put in the step function ©(z) to include the cut at 2 = +L. Considering

that the creation and destruction operator applies to the vacuum, the only non-vanishing

Wop = 8L2/d3 ---i:‘az:‘/(2‘5:-{;-11‘/2\/k—o-z‘/(2%:‘:;1'/2\/H

O(L? - (2 — 9, /2))O(L% — (2 + 5./2)%)
< OflBa(k), B uD (kyuH (k) HiEHF) H/2-itk—K)
+[zz(k), i’g(k’)]u&z)(k)’ug)f(k')e"'i(k”'k')‘3’/2""(’*7—/#'):0
[} (k), le(k')]v(l)(k)v(l)f(k')e—"("v'#c")-5‘/2+s‘(k—k')x
+dY(k), da(k")Jo® (kYo (' e FHRY 324Kz (E.6)

terms are

Using the anticommutation relation Eq.(E.3,E.4), I obtain

_ 12 / & -woz / dEL M 612 (5 5, J2))O(L = (2 + 52/2))

2 2L (2r)3 ko
{uf,l)(k)u}}”(k)e‘f'k T+ oDk ()t
—uD (kYo (k)e=F7 - o@D (k)i (k)e=F3). (E.7)

I use here the relation
O(L2—(2—8;/2)2)O(L:~(2+3:/2)%) = O(L2—2*)O(L—|2|—3,/2)O(L—|2|+s./2), (E.8)
and integrate over §; and then k . to find
12r
Wp = -SSR [ s miveon( 17 —
221 Z ko J-2L+42)¢| o’ ( #)

{Ug)(lu., n)u(p )f(p.lqkn)e-*-‘k"a' + ug,z)(ﬁ.hkn)u(;)f(ﬁJ.v kn)e-Hk",'
— vc(,,l)(—].’..b kn)vg)f(_ﬁl,kn)e—iknu '—"05,2)("1.717kn)vg')f(—ﬁ_j_,kn)e—ik"“]cE-g)

+2L-2]2| gy
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so that the result reads
127 - - - ”
Was = =531 2 o (B ko ha) e + (B, B (5, k) A
~o (=7, kn)o§ (=L, kn) B = o (=B, kn)o§ (=51, kn) B}, (E.10)

where I introduced

_ lsin2(ps —kn)(L=12) o r2 .2 g
An = T Dr —kn V(L ¢ )’ (D'll)
1sin2(p; + k)L~ |2]) 072 _ .2
By = ps+Fn o =2, (512

&
i

Vm? +p2 + k2. (E.13)
The spinors for the free field are
( 1 0
o E+m| O ) o Etm| !
w(PL kn) = om k y U (P.kan) = om _ ) (E'14)
Bim s

+m

\E&i‘;n- - ',-cf-m

kn —P=
(+ E+4+m E+4+m

- P - Lk
o (=fL k) = %i;-n—"i ‘f‘r“ y VO(=FiL, kn) = L,;zm ’f’“ (E.15)

\ o0 1

Noting that A, = B_, and k, = —k_,, I can explicitly calculate the Wigner functions:

Woo = =351 > E:A"’ (E.16)
127 m

Wi = 221 2 E_,,A"’ (E.17)
12x m

War = +§EZ'1:E—" ny (E.18)
12r m

Wiz = +§§f A T4 (E.19)

Wo = O, (E.20)

Wio = 0 (E.21)

?
12w
Woa = === E—A", (E.22)
n n



so that the BGR functions are

Jo
S
f2
f3

go1
go2
gJo3

g1

912

g13

921

Wao

Wos

Wiz

Wa

Wia

Wa,

Was
Waz

12r k,,

T2 2L E

1 21r r-

T22L<E, ™

1 27r P+

T2 2L E

127 P+
“'Eﬁ - 'E.;' n)

1 21r j

22L& B,

127
+'2'ﬂZE'Am

12r
22LZE'

wop + w11 + waz + waz = 0,

wog + woo + w13 + wa1 = 0,

i(woz — weo + w13 — Wa1) = 0,

Wop + W11 — W22 — W33
2r m

—2— Y —A4
2L ; E,"

w1 + wio + w23 + w32 = 0,

#(wo1 — w0 + w23 — waz) = 0,

wop — W1 + wa2 — w3z =0,

wo3 + wap + w12 + w21
2T Pz

22_13 E, B, A
z'(woa - wao + woy — w12)
Z Aﬂ’
Woz2 — w13 + Wao — W31
2T k,
257 ; E—An,

i(wo3 — wao + w1z — w21) = 0,
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(E.23)
(E.24)
(E.25)
(E.26)
(E.27)
(E.28)

(E.29)
(E.30)
(E.31)

(E.32)
(E.33)
(E.34)

(E.35)
(E.36)
(E.37)

(E.38)

(E.39)

(E.40)

(E.41)
(B.42)



g22
g23
g31
932

933

= Wiz — W3+ Wa1 — W30 =0,
= i(‘woz + w31 — wyo — wla) =0,
= wo1 + wyo — wa3z — w3z =0,
= i(wo1 — wio — W23 + waz) = 0,

= wpp — W11 — Waz + w3z = 0.

Thus, I finally obtain the initial BGR functions as follows,

2r m

fa = _22_L‘ - 'E_nArn
_ 27 pL
gl.L - 22L zn:EnAﬂ’

2n kn
g1 —zﬂ ; E:An-
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(E.43)
(E.44)
(E.45)
(E.46)
(E.47)

(E.48)
(E.49)

(E.50)
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APPENDIX F

Dirac Solutions between Two Plates

I solve here the Dirac equation in order to obtain the energy spectrum of fermions between
two infinite parallel plates at z = £:L/2. The potential depends on the z-coordinate only
so it is enough to set p; = p, = 0 for our purpose, especially for the ground state. In
general, I can assume the plane wave solution for the (z, y)-plane and follow the procedure

I introduce here. The naive Dirac equation is
(0zpz +Bm)T = (E+V)V. (F.1)

However, this equation suffers from an unphysical solution in the case of the confinement
of Dirac particle where the potential goes to infinity at z = &L/2. The reason is that
the total energy of the equation is always positive since the potential goes to infinity. To
eliminate this problem, I put the confinement potential into the mass term as was done in

the Bogoliubov bag model, i.e.,

I construct ¥ in terms of two—component spinors

w(z))
U(z) = . F.3
(2) (x @ (F.3)

I then have the equations of two-component spinors in Dirac representation,

opxr, a1+ (m+ Vo)err = Eer (F.4)

ozbetpr i = (m+Vo)xrirr = Exipr- (F.5)
(From the second equation, I obtain

1 .
XLir = mazpzw.m, (F -6)
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and put this into the first equation to get
Prerir +[(m+ Vo) — E¥orr = 0. (F.7)

Note that I ignored the term (f—(n%l’%ﬁ,tp at boundaries. This §—function potential intro-
duces the discontinuity of the first derivative wave function at the boundaries. The solution

of this equation which does not depend on the spinor structure is

errr = Ae™* + Be™"*, (FS)
where

kK = \/(m+Vo)2—E2.' (F.9)

1
Using the boundary conditions at z = d-00 and choosing the positive helicity state ( >,
0

I have
1
or(z) = A( e, (F.10)
0
1
wr(z) = B (0 e™", (F.11)
o that the wave functions in the region I and III are
1
0
Yi(z) = A= |, (F.12)
miVo+E
0
1
br11(2) * ’ (F.13)
111(z) = Be~ . . F.13
T
0

On the other hand, in region II I have the equations

o:P.x11 + menr = FEeopr, (F.14)
obo1r —mxnr = Exir (F.15)
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It is not difficult to prove that no solution exists if |E| < m. Therefore, I find the general

solution,

wrr = Cet¥* 4 De~ikz, (F.16)

where
k = VE?2—ml, (F.17)

The complete wave function of the positive helicity state is

Ce-{-ikz +De—|'kx

0
Yr(z) = L . F.18
( ) m-}:- (Ce+|kz - De—lkz) ( )

0

To fix the integral constants, I use the matching condition at z = —L/2

i Ae~*bl2 = Ce=kL/2 4 DeikL/2 (F.19)
™ + K —xLf2  _ —ikL/2 _ p,ikL/2
——————m+ Ty kAe = Ce De , (F.20)
And I also have at 2 = L/2,
Be~tl? = QgtikLi? 4 pe=ikL/2 (F.21)
mt+E Kp slfz _ pgtikh/z _ De=ikLI2, (F.22)

‘m +Vo+ Ek
I obtain equations for C and D by eliminating the constants A and B, To have non—trivial
solutions for C and D, the determinant of the coefficient matrix must be zero, which gives

us the energy quantization equation,

k
tankl = —7;, (F.23)

in the limit of Vo — oo. I require the normalization of wave function to be 1
+L/2
/ L2 Ph((z) = (F.24)

In this way, I can get explicit expressions of C and D,

c = L A 1 s k)1
\/ gL+ o cost L) (F.25)
_ okt#
D = coskL = +sign(E) C, (¥.26)

Ci=m
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where
B = —— (F.27)

and the plus sign is for the 1% and 3*» ... eigen—energy of Eq.(F.23) while the minus sign
is for the 2"¢ and 4% ... energy. I can also obtain the negative helicity state in the same

way.
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