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ABSTRACT 

The application of the jackknife in geostatistica1 resource estimation (in 

conjunction with kriging) is shown to yield two significant contributions. The first 

one is a robust new estimator, called jackknife kriging, which retains ordinary 

kriging's simplicity and global unbiasedness while at the same time reduces its local 

bias and oversmoothing tendency. The second contribution is the ability, through the 

jackknife standard deviation, to set a confidence limit for a reserve estimate of a 

general shape. 

Jackknifing the ordinary kriging estimate maximizes sample utilization, as 

well as information of sample spatial correlation. The jackknife kriging estimator 

handles the high grade smearing problem typical in ordinary kriging by assigning 

more weight to the closest sample(s). The result is a reduction in the local bias 

without sacrificing global unbiasedness. When data distribution is skewed, log 

transformation of the data prior to jackknifing is shown to improve the estimate by 

making the data behave better under jackknifing. 

The technique of block kriging short-cut, combined with jackknifing, are 

shown as an easy-to-use solution to the problem of grade estimation of a general 

three-dimensional digitized shape and the uncertainty associated with the estimate. 

The results are a single jackknife kriging estimate for the shape and its corresponding 

jackknife variance. This approach solves the problem of combining independent block 
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estimation variances, and provides a simple way to set confidence levels for global 

estimates. Unlike the ordinary kriging variance, which is a measure of data configu

ration and is independent of data values, the jackknife kriging variance reflects the 

variability of the values being inferred, both on an individual block level and on the 

global level. 

Case studies involving two exhaustive (symmetric and highly skewed) data sets 

indicates the superiority of the jackknife kriging estimator over the original (ordinary 

kriging) estimator. Some instability of the log-transformed jackknife estimate is noted 

in the highly skewed situation, where the data do not generally behave well under 

standard jackknifing. A promising solution :l~r future investigations seems to lie in 

the use of weighted jackknife formulation, which should better handle a wider 

spectrum of data distribution. 
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CHAPTER 1 

INTRODUCTION 

The ultimate goal of resource modeling is to provide a reliable prediction of 

grade distribution that is close to the actual (albeit unknown) grades of the minerals 

being estimated. The downstream work of mine planning, and ultimately the econom

ics of the project as a whole, is only as accurate as the grade estimate itself. 

To this end, geostatistical resource estimation, also known as Matheronian 

geostatistics after its principal founder, has had a good track record, judging from its 

widespread use in many successful mining projects. Its interpolation tool is embodied 

by a technique known as kriging, which utilizes information on spatial correlation be

tween samples - provided by the variogram, the covariance or the correlogram - to 

make an inference on value (grade) at unsampled locations. (The word 'kriging' as a 

grade estimation technique was popularized by G. Matheron in honor of its early 

pioneer D. G. Krige; however, the original French term 'krigeage' was coined by 

Pierre Carlier, see Cressie, 1990). Not unlike many estimation techniques, the kriging 

estimator is a linear combination, or weighted average, of the available samples. The 

difference is that in kriging, the weights are assigned using the information provided 

by the spatial correlation function derived from sample data. 

Despite polemic and criticism from the skeptics (e.g. Shurtz, 1985; Philip and 

Watson, 1986; Merks, 1992a), Matheronian geostatistics has been providing a useful 
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set of tools for practitioners during the past two decades. As with any technique, 

geostatistics is not without limitations. However, the relative superiority of 

geostatistical resource estimation over the more traditional methods, such as nearest 

neighbor polygon or inverse distance weighting, is well documented (Knudsen et al, 

1978; Baafi and Kim, 1982, Helwick, 1982). So much so that in closing his overview 

on exploration and geology, Brown (1990) regarded Krige's method (Le. kriging) as 

"may be the only way to accurately determine grade." Geostatistical resource esti

mation, and the ordinary kriging technique in particular, is indeed an example of a 

good, simple idea that has been widely accepted and used in the mining industry. 

1.1 The Need To Reduce Local Bias 

Brown's high regard for kriging is not without reservations. He also pointed 

out a well known problem associated with kriging: that of high grade smearing. He 

wrote, "Sometimes, because all adjacent sample points are considered in calculating 

the grade of a block, some blocks are assigned higher values than are indicated by a 

sample point within the block. In extreme circumstances, ore can be extrapolated 

through a block in which there is a blank drill hole. Some engineers have extreme 

difficulty accepting a mathematical or statistical estimate which will draw ore grade 

contours through a blank drill hole." (Brown, 1990). 

This is a common drawback of ordinary kriging and linear kriging techniques 

in general (see also a visual example of this situation in Section 3.2). Although in 

a global sense ordinary kriging is unbiased with a minimum variance, locally this is 
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often not the case. In other words, kriging estimates are always smoother than the 

original data. The result very often is underestimation in high grade areas, coupled 

with overestimation in low grade areas. Practitioners have discovered this short

coming over the years (sometimes painfully) in precious metal deposits with highly 

skewed data. Here, high grade values often are mixed with waste, and the conven

tional approach is either to smear these high grades over a wide interval, to cap them, 

or to discard them altogether as outliers. Other non-linear kriging techniques have 

been developed, but they do not enjoy the popularity of the linear techniques, either 

because they are too difficult to understand, or are too time consuming to apply. Of 

these later developments, only indicator kriging receives a wider acceptance. This is 

because indicator kriging is essentially based on ordinary kriging, and hence still 

retains much of its simplicity. 

Another aspect of traditional grade estimation methods using neighboring 

samples is how these data are utilized. In mineral exploration, sampling is an expen

sive undertaking. Samples are typically obtained from drilling campaigns, trenching, 

or underground drifting that can easily cost hundreds of thousands to millions of dol

lars. A sample contains very valuable information on grades, as well as on the 

geology and structure of the area. However, in traditional estimation methods where 

grades at un sampled locations are estimated using surrounding samples, each sample 

is used only once for every location being estimated. Jackknifing the estimate is a 

simple way to maximize sample utilization. 
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1.2 What Is Jackkpifin&? 

The jackknife represents another example of a good, simple idea. It is a non

parametric bias reduction and standard error estimation technique based on resampling 

scheme. Originally developed to reduce bias (Quenouille, 1949, 1956), further 

developments allow it to quantify the uncertainty associated with the estimation 

(Tukey, 1958). The latter is useful in situations where no other techniques are avail

able, or where such techniques may exist but are difficult to apply. Since the jack

knife is a sample reuse technique, jackknifing the grade estimate allows valuable 

information to be used more than once for each location. By extracting as much infor

mation as possible from these samples, the estimate should be more reliable than the 

original estimate. Hence, jackknifing the ordinary kriging estimate is a very attractive 

proposition. 

As the estimated grade is a function of available samples, we can improve our 

estimate not only hy using information from a particular sample, but also by using 

information developed when the sample is absent. In other words, jackknife provides 

a mechanism for 'what-ir situation: "What if we did not have this sample - what 

would the estimated value be?" This scenario is repeated for all the samples used 

during the estimation process. The kriged estimates obtained by omitting a single 

sample (or a group of sample) at a time are combined with the original kriged esti

mate, suitably weighted such that their biases are minimized. More importantly, jack

knife reduces this bias at the local level. 
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The weight eventually assigned to each sample by the jackknife is a linear 

combination of the original kriging weight when all n samples are used and the 

kriging weight when all except the fit sample are used, i = 1, ... n. The result is a 

redistribution of weights that ultimately gives the closest sample(s) more weight when 

compared to ordinary kriging. This provides the jackknife ordinary kriging estimate 

its less smooth appearance when a high grade (outlier) sample is present, and the 

tendency to follow the data distribution better than does the ordinary kriging estimate. 

Not only does the new estimator retain the global unbiasedness property of ordinary 

kriging (because the weights also add up to one), it is also more robust than ordinary 

kriging because it works in a wider range of data distribution. 

1.3 Measure of Uncertainty; A Recurring Problem 

Another aspect of the jackknife is its ability to provide a measure of uncertain

ty that is of more practical use than the kriging variance. Since its inception some 

thirty years ago, kriging has been touted as the estimation technique that also provides 

a precision for the estimate. The fact is, kriging variance as a measure of uncertainty 

has neither gained practical use nor commands widespread acceptance. 

There are two reasons for this. First, kriging variances for the blocks are not 

independent, and there is no easy or practical way of combining them. Despite 

numerous investigations (e.g. Kim and Baafi, 1984; Froidevaux, 1984; Buxton, 1984 

and 1989; Crozel and David, 1985; Dowd, 1989 among others), no practical mea

sures of uncertainty have been obtained from kriging variance. The second reason is 
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more fundamental, since it has to do more with the fact that kriging variance really is 

independent of the value being estimated. It is a function of sample configuration 

and the variogram, but not directly of sample value. The only link between kriging 

variance and data values is through the variogrcU1l, which is global rather than local in 

its definition (Henley, 1987). Therefore, it does not reflect the uncertainty introduced 

by grade variation between the samples used in estimation, as intuition would tell us. 

It is precisely on this issue of kriging variance as a measure of precision for the 

estimate that the critics of geostatistics have a valid point. Even the proponents of 

geostatistics are in agreement with the critics on this issue (e.g. Srivastava, 1986). 

There is also a growing realization among practitioners that kriging variance is 

not a measure of local accuracy, and cannot be used as such. It is some index of data 

configuration, obtained from least square quadratic minimization of estimation 

variance expression with unbiasedness constraint that, in tum, provides the kriging 

weights. Both Srivastava (1986) and Joumel (1986) pointed out the need for new 

techniques that have the qualities of ordinary kriging, but also provide a measure of 

local accuracy. 

Jackknife's ability to provide a precision quote for the estimate could prove 

very useful in ore reserve estimation. The jackknife variance - or more precisely, its 

standard deviation - is related to the value being estimated. Moreover, since it is 

obtained from jackknifing the kriged estimate, it makes use of the spatial correlation 

inherent in the data as well. Through a block kriging short-cut, detailed in Chapter 3, 



one can calculate the jackknife standard deviation for a volume much larger than a 

block, maybe equivalent to several months' or several years' production, or even 
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for the whole reserves. The large number of samples involved makes it possible to 

apply not just the Student's t approach, but the standard normal theory to construct a 

reliable confidence interval for the estimate. 

1.4 Oreanization or Study 

In this chapter, the concept of the jackknife and its potential application in 

geostatistical resource estimation is introduced. The historical and theoretical back

ground of the jacklmife is presented in Chapter 2. A few terms and concepts are 

glossed over at the beginning of Chapter 3, followed by a brief review of ordinary 

kriging. This chapter then embarks on the application of the jackknife in resource 

estimation. Following a discussion of two aspects of jackknifing, the rest of Chapter 

3 is devoted to the development of jackknife kriging estimator and its measure of 

precision, using simple examples. The next two chapters contain case studies of 

applying the jackknife in two exhaustive, yet very different data sets. An example of 

jackknife's application in the Berea data set, a symmetrically distributed and well 

behaved data ideal for ordinary kriging, is given in Chapter 4. To show the robust

ness of jackknife kriging over a wide spectrum of data distribution, its application in 

the highly skewed Walker Lake data set is given in Chapter 5. Major findings and 

important points developed in this study are summarized in Chapter 6. This chapter 

also contains recommendations for future work and some closing thoughts. 
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CHAPI'ER .2 

THE JACKKNIFE: AN OVERVIEW 

The technique now known as the jackknife was originally introduced by 

Quenouille. In his 1949 paper he proposed a technique aimed at reducing the bias of a 

serial correlation estimator by dividing the sample into two half-samples. He explored 

this idea further in 1956 by generalizing the sample sub-division into g groups, each 

having h samples where gh = if is the number of sample used in the estimation, and 

gave some examples of its applicability. In its early development, bias reduction 

seems to be the only motivation for this, as well as other techniques utilizing linear 

combination of estimates based on all the data with estimates based on part of the data 

(e.g. Jones, 1956). However, in an abstract published in 1958, Tukey proposed an 

extension of Quenouille's technique, namely to set approximate confidence limits for 

the estimate. He subsequently coined the term 'jackknife' in an unpublished work. As 

he explained years later in chapter 8 of his book, co-authored with Mosteller, the 

name 'jackknife' is intended to suggest the broad usefulness of a technique as a 

substitute for specialized tools that may not be available, just as the Boy Scout's trusty 

tool serves so variedly (Mosteller and Tukey, 1977, p. 133). An excellent and 

comprehensive review of the jackknife, including its two aspects of bias reduction and 

interval estimation, is given by Miller (1974a). 

In this study, the technique of jackknifing is applied to the kriged estimates of 



23 

grade. Typically in kriging, the number of neighboring samples n used to estimate 

the grade is small, sometimes as low as three or two. It is partly for this reason that, 

when dividing the sample into groups, we will always use the case of g = n and 

h = 1. In other words, the n samples are divided into n groups, each containing 

one sample. Each group takes tum to be removed from the data, i.e. one sample at a 

time. To quote Miller, " .... Much of the research on the jackknife has been devoted 

to this special case. It is the most appealing because it eliminates any arbitrariness in 

the formation of the groups, and it is probably the best form of the jackknife to use in 

any problem ..... In most if not all instances any result proved for the case h = 1 

can be extended to h > 1." (Miller, 1974a, p. 2). There may be other applications 

where jackknifing using h > 1 is more desirable. For example, when estimating 

bias and variance of non-smooth estimators, such as the sample median, jackknifing 

with h > 1 usually works better (Wu, 1986). Although the technique can be gener

alized to any h > 1, it has been shown, however, that in terms of mean squared 

error, h = 1 is the best choice (Sharot, 1976). 

The basic idea of the jackknife is very simple. First, an estimate is obtained 

using all the data. Then, a sample (or a group of samples) is removed from the data 

and a new estimate is obtained using the remaining samples. This process is repeated 

until every sample has been, in tum, removed. Thus, we are assessing the effect of 

omitting a group of samples upon the body of data. These new estimates are then 

combined with the original estimate, weighted in such a way to produce cancellation 

of their biases. 
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When the kriged estimate of grade is jackknifed, a new jackknife estimate and 

its standard deviation are obtained. For each block or point to be estimated, the usual 

calculations are multiplied (n+ 1) times. An important theme that will become obvious 

in jackknifing is the substitution of computational power for theoretical analysis. 

2.1 A Simple Example 

It is easiest to illustrate the two aspects of jackknifing in a situation where the 

technique is not needed. The following example, adapted from Mosteller and Tukey 

(1977) and Efron (1982), shows the application of the jackknife in the estimation of 

sample average and its standard deviation. Let us say we have five numbers, i.e: 

1, 2, 4, 5 and 7. The arithmetic mean of these five samples is (1 +2+4+5+7)/5 

which equals 3.80. However, each number from this set can also be expressed as a 

weighted difference of two means, i.e. the mean of all five samples and the mean of 

the four samples excluding the one that we select. Thus, from this set of data, we 

can express 2 as: 

5 «1 +2+4+5+7)/5) - 4 «1 +4+5+7)/4) = 2 

and we can represent the rest of the numbers in the same way. Tukey called this 

expression a 'pseudo-value'. The jackknife estimate is the mean of the pseudo-values, 

and here it happens to be the same as the sample mean. Indeed, for means of equally 

weighted numbers, the pseudo-values take exactly the same values as the original 

data, which seems to make the result trivial. However, for statistics more complex 

than simple mean, the pseudo-values do not necessarily take the same value as the 



original samples, and here is where jackknifing can be very useful. 

In the statistics of equally weighted numbers, not only do we get an estimate 

of the mean, but we also get a measure of uncel't2Jnty or reliability for the mean in 

terms of its variance. The sample variance r, divided by II, can be defined as : 

s2/n = {n(n-l)}-l Ei (Xj - X}2 i ... 1 ..... n (2.1) 
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The ability to provide a precision for the estimator is a unique property of the mean, 

and is not true for any other estimators, for instance the sample median or more com

plicated statistics. An advantage of the jackknife expression is that it can be gener

alized to other estimators, while retaining the simplicity of sample mean statistic. 

Using this approach, a precision for the jackknife estimator can be obtained through 

the jackknife standard deviation. All we need to do is to substitute the pseudo-values 

for the data values, and the jackknife estimate for the sample mean in equation (2.l). 

In this example, the jackknife standard deviation can be calculated as 1.07. 

2.2 Standard Jackknife FOnnulatiQP 

The formal definition for the jackknife estimator and its measure of uncertainty 

is as follows. Let ZII~'''''' Zu be independent, identically distributed values of a 

sample of size n at locations XII x2, .... , Xu. We write this for simplicity although, 

strictly speaking, we have to write the samples as Z(Xl), z(xJ, .... , z(Xa). Let us also 

denote Z·(Xo) as an estimator of the parameter Z at location "0, the result of making a 

complex calculation using all n samples. Again, for simplicity we will write Z·(Xo) 

as Z· (in this study, Z· would be the ordinary kriging estimate of the true grade Z). 



Let Z·.I be the corresponding estimate when the sample Zj is omitted. The jackknife 

estimator is given by the following expression : 

where 

Zl = n Z' - (n-l) Z"(.) 

Z·(.) = n·1 Ei Z·., 

(2.2) 

(2.3) 
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This expression of the jackknife is used by some investigators (see for example Efron, 

1982). However, for our purpose of obtaining a precision measure for the jackknife 

estimator, we will follow Tukey (1958). Let us define the ilh pseudo-value as : 

Zp., = n Z' - (n-l) Z·., i = 1, .... , n (2.4) 

The jackknife estimator is the mean of the pseudo-values, i.e. : 

(2.5) 

which, upon inspection, is identical with expression (2.2). However, the pseudo-value 

formulation allows us to infer the precision of the jackknife estimator through its 

standard deviation. 

The jackknife standard deviation is defined as : 

(2.6) 

which, for computational ease, is usually expressed as : 

(2.7) 

2.3 Bias Reduction 

The jackknife estimator Zl has the property of eliminating the lin term from 

the bias of the original estimator Z·. It has been shown (see for example Quenouille, 

1956 and Miller, 1964) that if : 



E (Zj = Z + aln + 8,.z/n2 + a3/n3 + .... 

then, from equation (2.2) 

E (7.:1) = Z - az/n2 - (8,.z+a3)/n3 + .... 

Similarly, one can go to the second order jackknife to eliminate the 11rr term from 

the bias. Quenouille, 1956, defined the second order jackknife as : 

ZP) = {n2_(n_1)2}0' {n2Zs - (n-1)2 no' E ZI-k} (2.8) 

27 

where ZI-k is the jackknife estimate as in (2.2) or (2.5) but applied to sample size n-1 

with the l(h observation removed, k = 1, 2, .... n-1. A modified form of the 

second order jackknife has also been proposed (Gray and Schucany, 1972), when the 

bias has only first- and second-order terms in 1 In. Their modified second order 

jackknife estimator can be expressed in terms of the original estimator Z· as : 

ZP)' = Ih[n2Z' - 2(n-1)2 no' E Z'oj + (n-2)2 2{n(n-1)}0' E Z'oik1 (2.9) 

where Z'oik denotes the original estimator applied to the sample of size n-2 with the i" 

and l(h samples removed, i < k. To eliminate higher order bias terms, even higher 

order jackknives can be formulated, if impractical. The relative gain in accuracy by 

removing higher order bias is usually negligible. The amount of computation involved 

could become prohibitive, and it would detract from the simplicity and rapidity of the 

technique that make it attractive in the first place. 

2.4 Interval Estimation 

In an abstract published in 1958, Tukey proposed that the n pseudo-values 

in equation (2.4) may, to a good approximation, be treated as though they were n 
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independent estimates. It follows, therefore, that the statistic 

nv" (ZI - Z)/{(n-l)·· };j (Zp., - ZI)2}v" i = 1 ...... n (2.10) 

should have an approximate I distribution with n~J degrees of freedom or, if n is 

large, an approximate normal distribution, and constitute a pivotal statistic for robust 

interval estimation (Miller, 1974a). The proof, given in Miller (1964), among other 

references, consists of power series expansion of ZI in terms of the basic random 

variables z., ... , Zo. The linear term in the expansion was shown to give the correct 

behavior and the other terms are asymptotically negligible. Miller (1964) also gave 

some counter examples. However, Arvesen (1969) showed a wide class of situations 

where the ~. approximation for equation (2.10) is valid. 

The following is quoted from Tukey (1958): " ... Not only is each (pseudo

value) nearly unbiased, but their average sum of squares of deviations is nearly n(n-J) 

times the variance of their mean .... In a wide class of situations they behave rather 

like projections from a non-linear situation on to a tangent linear situation. They may 

thus be used in connection with standard confidence procedures to set closely approxi

mate confidence limits on the estimand." The last sentence contains the crucial point, 

namely that in a wide class of problems, the pseudo-values can be used in estimating 

confidence limits, using Student's I, as if they are n independent estimates. 

Mosteller and Tukey (1977) explain it thus, "The words asJf are vital here; Student's 

I still performs well in many circumstances where the pseudo-values deviate substan

tially from independence." 



The idea proposed by Tukey was to use 

ZI ± ta • 0-1 (11 (2.11) 
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as a (1-2a)lOO% confidence interval for Z. Here, ta,,,.1 is the a upper percentile 

point of a t distribution with n-l degrees of freedom. Although some would argue 

that this is not always valid for all cases (e.g. Miller, 1964 and Efron, 1982), all are 

in agreement that for larger samples, the assumption is reasonable and for the 

asymptotic case n -10 00 one can use the standard normal theory to set the confidence 

limits (see for example Miller, 1974a; Hinkley, 1978; Cressie, 1981). This should 

work well with geostatistical ore reserve estimation, where one is more interested in 

the uncertainty associated with estimating a volume much larger than just a single 

block. Whereas grade estimation for a block typically uses up to 15 samples and as 

low as 2 or 3 samples, the number of samples associated with the estimation of the 

minable reserves is two or three orders of magnitude larger. 

2.5 Other Aspects 

2.5.1 Weighted Jackknife 

The standard formulation of Ute jackknife described in Section 2.2 is designed 

for a balanced model. Miller (1974b) and Hinkley (1977) investigated the jackknife 

properties in unbalanced models, i.e. data set with non-symmetric statistics. In his 

paper, dealing with small-sample properties of the standard jackknife in the general 

linear model, Hinkley (1977) concluded that the pseudo-value formulation of equation 

(2.4) was not appropriate when the model is unbalanced. He proposed a new formula-
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tion for the pseudo-value, based on expression (2.4) but with unequal weight for each, 

and called it the weighted pseudo-value 

ZWpol = Z· + n(1 - wJ (Z· - Z·oJ i = 1, .... , n (2.12) 

The weight WI can be seen as 'distances' that reflect the lack of balance, and 

in Hinkley's regression example WI is a measure of distances of single design points 

from the center of the design. The weighted jackknife estimator is the mean of the 

weighted pseudo-values, similar to equation (2.5) 

ZW1 = not Ei ZWpol (2.13) 

Further developments on the application of weighted jackknife in the field of 

regression is given in Wu (1986) and its subsequent discussions. It was shown that a 

more general concept of weighted jackknife can be obtained without resorting to the 

weighted pseudo-value approach. 

2.5.2 Pre-Jackknif"mg Data Transfonnation 

Miller (1964) discussed the transformations of statistics frequently used to 

stabilize variances, to produce linearity or additivity, or to reduce non-normality. 

These are usually of the form f~) where :t is a sample mean. Logarithmic 

transformation is a common example. Although:t is an unbiased estimate of 1-', 

frt) will usually be a biased estimate of f(I-')' This is a well known effect of non

linear transformation, of which logarithmic transformation is but one example. In the 

same paper, Miller showed that jackknifing frt) could reduce this bias. 

The need to use a variance-stabilizing transformation in conjunction with 
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jackknifing for a moderate-size sample was demonstrated by Arvesen and Schmitz 

(1970). The jackknife procedure (with a log transformation of the quantity to be 

jackknifed) was shown to be superior to the F test, which is sensitive to the assump

tion of normality. Since the jackknife behaves robustly against non-normality, 

jackknifing works well regardless of whether the data are normal or non-normal. It 

has been shown (Arvesen, 1969) that the jackknife is still valid asymptotically, even if 

the variance stabilizing transformation is not made. However, for moderate sample 

sizes, Arvesen and Schmitz commented that "one is forcing random variables with 

skewed distributions to behave as if they had a symmetric distribution (Le. the t dis

tribution) when no transformation is made. " 

Miller (l974a) pointed out that the connection between transformations and the 

jackknife is more than just a nicety. Transformations are needed to keep the jackknife 

on scale and thus prevent distortions of the results. He gave an illustration of jack

knifing log s2 as opposed to jackknifing s2. Without the log transformation, it is 

possible to get negative pseudo-values, and this can produce distorted point and 

interval estimates. Since the jackknife is blind to the fact that negative variance (or 

negative grade) is inadmissible, the log transformation will help convert the negative 

pseudo-value into a small variance or a low grade. Therefore, an admissible jack

knife estimate is always guaranteed. 

Cressie (1981) developed the criterion for transformation prior to jackknifing. 

He suggested choosing a transformation that makes the estimator a more pivotal 

quantity. In so doing, he verified previous remarks made by Mosteller and Tukey 
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(1977) on jackknifing: that one should avoid estimates which have sampling distribu

tions with one or more straggling tails, are markedly unsymmetric and have an abrupt 

terminus. 

2 • .5.3 Connectiom With Other Methods 

The place of jackknifing in robust statistics was discussed by Huber (1972). 

In the same paper, a comparison was made between the jackknife and the influence 

function. Gray, Schucany and Watkins (1975) discussed the jackknife versus the delta 

method, also known as the method of statistical differentials. 

In 1977, Efron introduced a new resampling technique (published in 1979) 

which he called the bootstrap and explained it in terms of the jackknife. A definitive 

reference on the various resampling plans was published five years later (Efron, 

1982), concentrating on the jackknife and the bootstrap. In addition, it also discussed 

the influence function, delta method, half-sampling, random subsampling as well as 

cross-validation. The latter has a totally different philosophy and distinct purpose 

vis-a-vis jackknifing. However, cross-validation is often confused with the jackknife 

due to its similar leave-one-out mechanism (see also Efron and Gong, 1983; Davis, 

1987; Dagbert, 1991). Some geostatistical packages erroneously refer to variogram 

cross-validation as 'jackknifing' the variogram. 

Davis (1987) remarked that the jackknife has not been succesfully applied to 

geostatistics in general. A paper by Chung (1984) investigated the use of jackknifing 

to perform weighted least squares in estimating the variogram parameters. However, 
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the discussion was limited only to one-dimensional exponential variogram model. 

The aspect of the jackknife variance was discussed in Efron and Stein (1981) 

and Efron (1982, chapter 4). In general, the jackknife variance was found to be a 

conservative estimator for the true variance of the parameter Z. If anything, it tends 

to be biased upwards compared to the variance estimated using other techniques. 

Kelly (1984) compared the jackknife to the influence function, the bootstrap 

and the normal theory and concluded that the jackknife is conservative. Beran (1984) 

discussed the jackknife versus the bootstrap and showed the two methods to be 

approximately the same for bias, skewness and variance. A very thorough treatise on 

the jackknife and bootstrap in regression analysis was given in Wu (1986). The paper 

was published along with its comprehensive discussions. 
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CHAPTER 3 

THE JACKKNIFE KRIGING FSTIMATOR AND ITS PRECISION 

3.1 Concepts and Tenninolo&y 

3.1.1 Stationarity 

The application of statistical techniques, even as simple as summary statistics 

or any statistical procedure that involves grouping of data, calls for a stationarity as

sumption in some form. In geostatistics, stationarity is a property of the random 

function model, not an intrinsic property of the data or the phenomenon under study 

(Myers, 1989; Journel, 1985, 1986). The random function model, which forms the 

basis for geostatistics, is characterized only by its bivariate distribution or a few mo

ments thereof. It is simply a model which captures and reproduces important statistics 

of the information at hand (in this case a set of spatially distributed data), and allows 

inference or prediction, through appropriate tools, using the available data. As such, 

the random function model does not have any genetic significance, nor does it control 

the underlying physical process (mineralization, pollution etc.) over the area studied. 

To quote Journel (1985): "A statement such as 'the sulfide mineralization is 

stationary' is incorrect and should be reworded as 'given the scale of the study, 

which does not require nor allow differentiation of sulfide types, a stationary random 

function model Z(x} is considered to represent the spatial variability of copper grcKIe 

within the pool of all sulfide mineralizations.'" 
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The following is another quote, also from Journel (1993): "Misconceptions 

about the role of random function models may have distracted geostatistical research 

into unrewarding debates about model properties ..... Typical of such roadblocks are 

concerns about stationarity, ergodicity and model consistency when random function 

models have no intrinsic significance. They are but data analysis tools and, as such, 

can be bent, retooled or simply discarded .... Statements such as 'the data are non

stationary' reflect a misunderstanding of the concept which may lead to time wasted 

in 'testing for stationarity. tt, 

This misunderstanding is reflected in the following statement by Philip and 

Watson (1986): "More mathematically, with stationarity, observations are assumed to 

be realizations of independent, identically distributed (i.i.d.) random variables. The 

covariance function of geostatistics (Le. the semivariogram) is a measure of interde

pendence of adjacent random variables, i.e. the theory of regionalized variables must 

assume first that no spatial dependency exists in adjacent measurements before one 

proceeds to calculate it" (italics added). Not only does the above statement indicate a 

misconception about the role of random function models in geostatistics, it confounds 

the concept of stationarity or i.i.d. with data spatial correlation. Krige (1976) has 

shown in case studies that non-stationarity need not detract significantly from the 

efficiency of the geostatistical technique. 

On the subject of representative samples and sampling plans in describing 

geologic variability and trends, Size (1987) discusses several sample requirements. 

He also acknowledges that since geologic processes control the distribution of natural 
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characteristics, sample data are neither independently nor identically distributed. 

To use the words of Mann (1987), geological data are rA>mp!e;o::, noisy, and commonly 

inadequate to draw clear and accurate conclusions aOOut nature. Consequently, 

statistical theory offers a reasonably objective and reproducible basis for handling 

naturally variable and limited information. And, it may be added, theoretical con

straints should not hamper its usage. An example from linear regression was used to 

show that several theoretically binding assumptions can be safely relaxed. 

3.1.2 Accuracy vs. Precision 

During the exploration stage of a mineral deposit, the true, exhaustive values 

of grade are, by definition, unknown. Therefore, representative samples are obtained 

to estimate the grade throughout the deposit. The concepts of unbiasedness, accuracy 

and precision are inherent in grade estimation using these samples. 

The following definitions from various International Standards Organization 

(ISO) technical committees on sampling methods, as contained in Merks (1992b), 

reflect the descriptive rather than quantitative nature of these terms. 'Accuracy' is a 

generic term that implies closeness of agreement between a measurement and its 

unknown true value. 'Precision,' on the other hand, is a generic term that refers to 

the magnitude of random variations in the measurement process. 

It is clear from the above definitions that accuracy is an abstract concept which 

defies quantification. However, according to Webster's New Collegiate Dictionary, 

'accuracy' is defined as 'free from error'. Using this definition, we may infer that 
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an unbiased measurement (or estimate) is also accurate. Perhaps 'lack of accuracy' 

is simpler to express, for example in terms of a systematic bias. 

The term 'precision' is, fortunately, easier to quantify. The basic quantitative 

measure for precision is variance. Standard deviations, together with confidence in-

tervals and confidence rang~s are more useful measures for precision than variances, 

however. This is because they have the advantage of possessing the same dimension 

as the measured variables or estimates. 

3.2 Overview of the Ordinary Kri&ing Estimator 

" ... The most extensive and successful violation of the stationary model concept 
is the practice of ordinary kriging within moving data neighborhoods. This practice 
amounts to keeping the stationary covariance inferred over a large pool of data, yet 
considering a locally variable (thus non-stationary) model mean ... ordinary kriging is 
already a 'non-stationary' algorithm that can handle inhomogeneity in the data, and 
indeed this is the very source of the success and durability of ordinary kriging when 
applied within moving data neighborhoods." (loumel, 1993). 

The technique of ordinary kriging and kriging in general has been explained in 

detail in several textbooks and other publications (e.g. David, 1977; loumel and 

Huijbregts, 1978; Knudsen and Kim, 1978; Isaaks and Srivastava, 1989). Cressie 

(1990) provides a good discussion of its origin, not only within geostatistics but also 

within other scientific disciplines. This section will briefly review the ordinary 

kriging estimator as an introduction to the development of the jackknife kriging 

estimator detailed in the next section. 

The following are several definitions of linear kriging. These different ways 

of looking at the same concept may shed some light to better understand kriging in 
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general and ordinary kriging in particular. Except those of Knudsen and Kim (1978) 

and Myers (1991), all definitions are quoted from Cressie (1990). 

" ... A method of interpolation for random spatial processes ... and give 
predictors that are linear in the observations." (Ord, 1983). 

" . .. A form of weighted averaging in which the weights are chosen such that 
the error associated with the [predictor] is less than for any other linear sum ... the 
weights depend upon the location of the points used in [prediction] process and upon 
the [covariation] ... reflected in the semivariogram." (Hemyari and Nofziger, 1987). 

" ... It consists [of predicting] the grade of a panel by computing the weighted 
average of available samples ..... the suitable weights WI •••• are determined by ..... 
~ Wi = 1 .... [and the prediction] variance .... should take the smallest possible 
value." The grade of the panel is obtained by averaging over a volume (or support) 
that is, in general, different from that of the samples. (Matheron, 1963). 

" ... Multiple regression procedure for arriving at the best linear unbiased 
[predictor] or best linear weighted moving average [predictor] of the ore grade of an 
ore block (of any size) by assigning an optimum set of weights to all the available 
and relevant data inside and outside the ore block." (Krige, 1978). 

" ... The geostatlstica1 tool to estimate the grade of a block as a linear combina
tion of the available samples in or near the block, such that the estimate is unbiased 
and has minimum variance." (Knudsen and Kim, 1978). 

" ... A regression method used with irregularly spaced data in 1-, 2- or 3-space 
for the estimation of values at un sampled locations or for the estimation of the spatial 
average over a length, area or volume. The estimator is linear in the data and the 
weights are obtained from a system of linear equations in which the coefficients are 
the values of variogrdllls or covariance functions quantifying the correlation between 
data at two sample locations or between a sample location and the location to be 
estimated. The equations are obtained by minimizing the variance of the error of 
estimation, the variance being computed from a theoretical model for the correlation 
function rather than from empirical values as in most regression formulations ... " 
(Myers, 1991). 

The subsequent formulation is mainly after Myers (1991) with a slight change 

in notation. Let Z be the variable of interest, e.g. the (unknown) true grade. Let us 
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denote z(Xt), .... ,z(xJ as data values sampled at locations XII •.•. ' Xu in 1-, 2- or 

3-space. For simplicity, we will write the data as ZIl ..... 'Za. Given an unsampled 

location Xo with a volume V, generally taken to be a block that does not contain all 

the samples, we wish to estimate Z(Xo), the spatial average value over V. The 

ordinary kriging estimator Z·(Xo) or simply Z· is a linear combination of the data: 

i = 1, ..... , n (3.1) 

Again, for simplicity the weights are written as Wi although, strictly speaking, they 

should be written as w/(Xo). The weights are chosen so as to minimize the variance 

of the error of estimation. 

To formulate a solution, some assumptions must be imposed on the random 

function model which, of course, are not (statistically) testable in terms of the 

available data. These assumptions are usually called the Intrinsic Hypothesis. 

(i) E{Z(x+h) - Z(x)} = 0 for all points x and all vectors h. 

(ii) 0.5 Var{Z(x+h) - Z(x)} = ,,(h) exists and depends only on h. 

The function ,,(h) is called the variogram. The stationarity assumption (i) can be 

weakened by assuming that the mean of Z(x) is representable as a linear combination 

of known functions. The function representing the mean is called the drift and hence 

(i) corresponds to constant drift. 

It has been shown (e.g. Knudsen and Kim, 1978, p. 89) that for the estimator 

to be unbiased, the sum of the weights must add up to one, or Ei Wi = 1. Using the 

variogram, the variance of the error of estimation can be written as a quadratic form 

in the unknown weights. This variance is minimized subject to the constraint that the 
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sum of the weights must equal one. This constrained optimization problem can be 

solved by the method of Lagrange multiplier. In this case, a Lagrange multiplier IJ. 

is introduced to compensate for the constraint which results in unbiasedness. Mini

mizing the variance leads to the following systems of n + 1 linear equations called 

the ordinary kriging system: 

Ei WI 'Y(XI-XJ + IJ. = 'Y(xrXo) 

1;1 WI = 1 

The minimized estimation variance is given by 

Ei Wi 'Y(XI-Xo) + IJ. 

j - 1, .... ,n 

(3.2) 

(3.3) 

Equation (3.3) is also known as the kriging variance. This variance, as well as the 

assignment of the weights, depends solely on the data configuration and the variogram 

model, but not on the data values. Kriging variance does not inform us on the local 

uncertainty, i.e. the reliability for the particular estimate at a given location. It is 

simply a ranking index of data configurations. 

Under second order stationarity assumption, the ordinary kriging equations 

given in (3.2) can be written in terms of the covariance function C(h) because the 

latter is related to the variogram 'Y(h) as follows: 

'Y(h) = C(O) - C(h) (3.4) 

where C(O) is the covariance at zero separation, i.e. the variance. 

The ordinary kriging estimator is an exact interpolator, i.e. the estimated value 

at a location where a sample exists - if this sample is used - is equal to the value 

of the sample itself. It also has a desirable property of assigning larger weights to 
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samples located close to the point or block being estimated. Finally, unlike other 

distance-weighting methods, kriging handles data redundancy or clustering nicely. 

Kriging weights are derived not just from the proximity and spatial continuity between 

samples and the location to be estimated, but also from these interrelationship between 

samples. The ordinary kriging system, therefore, incorporates two important aspects 

in estimation: distance and clustering. The information on the distances is recorded in 

terms of a statistical distance which reflects the pattern of spatial continuity. 

However, ordinary kriging and linear kriging in general faces a well known 

problem if the data are not well behaved. In particular, when the data contain high 

grade 'outlier' and the distribution is skewed, ordinary kriging tends to smear the 

high grade farther than is reasonable. In this case, the ordinary kriging estimator is 

no longer conditionally unbiased. 10urnel (1983, p. 445) and Kim (1988, p. iii) 

suggested using the data coefficient of variation as a criterion for applying linear or 

non-linear geostatistics. For classes of problem where the data coefficient of variation 

is not much greater than 1, Journel remarked that linear kriging should provide a 

reliable estimate. When the data present long-tailed distributions with coefficient of 

variation in the range of 2 to 5, problems will arise with linear laiging. Kim advised 

using caution when the data coefficient of variation is between 0.5 and 1.5. If the 

coefficient of variation is less than 0.5, linear kriging should work well. For data 

with coefficient of variation greater than 1.5, linear techniques will not produce 

satisfactory results and non-linear geostatistics must be used. 

The following example illustrates how the presence of an outlier will affect 
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the performance of the ordinary kriging estimator. Figure 3. 1 (a) shows the bench 

composite data of gold containing a high grade 'outlier'. These samples belong to a 

population having a variogram with nugget Co = 0.0005, Ca = 0.0045 and a range of 

100 ft. The ordinary laiging estimate of block grade, Figure 3.1(b), was obtained 

from the data using a uniform search distance of 50 ft, a minimum of 3 composites 

and a maximum of 15. This example clearly shows the damaging effect of high grade 

smearing when ordin~ laiging is used in highly skewed data and an outlier is 

present. The estimate is unreasonably high in the outlying blocks within the periph-

ery of the outlier's search radius. These blocks ('.ontain low grade composite data, yet 

they receive much higher interpolated grades. 

(a) (b) 
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Figure 3.1 Gold bench composite data (after Arile, 1992) showing a high grade outlier (a), 
and the ordinary kriging estimate (b) indicating the high grade smearing to the outlying 
blocks (Adisoma and Kim, 1993). 
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3.3 The Jackknife Kriging FSirnator 

In grade estimation using neighboring samples, the estimated grade is a 

function of available samples. Therefore, the estimate can be improved not just by 

using information obtained when a particular sample is used, but also by using 

information developed when that sample is absent. This is particularly true in 

kriging, where the covariance (or variogram) between samples, as well as the co

variance between samples and block to be estimated playa crucial role in determining 

the weight each sample will ultimately receive. Removing one sample at a time and 

re-kriging the block using the remaining samples not only maximizes sample utiliza

tion, it also maximizes the information gained from their spatial dependence. 

The original development of jackknife is aimed at bias reduction, and this is 

also one of the aims of the jackknife kriging estimator. The ordinary kriging 

estimator is a globally unbiased estimator (that is, on average it will give an estimate 

close to the expected value of the true grade). However, on a block-by-block basis 

the estimated grade maybe higher or lower than the true unknown grade. The 

jackknife contribution is to reduce the bias at the local (block-by-block) level while 

preserving the global unbiased ness property of ordinary kriging. The jackknife 

kriging estimator is proven to be globally unbiased as well - it is shown that the jack

knife kriging weights also add up to one (see Appendix A). 

The basic idea in jackknife kriging is to combine the ordinary kriging estimate 

using all n samples with the ordinary kriging estimates when the f' sample is not 

used (; = 1, ... n). During the estimation process, each block is kriged n + 1 times, 
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first using all n samples and then using all except the one deleted sample, until 

every sample has been, in tum, removed. Thus, jackknife kriging still retains all of 

the simplicity inherent in the ordinary kriging. The mechanics of jackknifing requires 

only minor modifications in the existing kriging algorithm. A simple do-loop is 

added to skip one sample at a time once the n neighboring samples are found and 

the block is kriged. The block is then re-kriged n more times, using the remaining 

n-J samples, followed by the calculations of the pseudo-values (equation 2.4), the 

jackknife estimate (equation 2.5) and its standard deviation (equation 2.7). 

The following example, after Adisoma and Kim (1993), uses the same data 

configuration shown in Figure 3.1(a), as well as the same estimation parameters as in 

the previous section. Figure 3.2(a) shows the jackknife kriging estimate for the same 

blocks. Again, a cut-off grade of 0.030 ozlt is outlined. Jackknifing succeeded in 

limiting the high grade smearing from the one outlier datum. However, while the 

locations of the high grade blocks seem reasonable, the grades themselves appear to 

be overstated. When an outlier of such magnitude is present (in this case roughly 40 

times the mean of other data), it seems that jackknifing goes too far in un smoothing 

the block grades. The excessively high grade in these blocks are compensated for at 

the expense of artificially low and negative grades interpolated in adjacent blocks. 

This is consistent with the observation by previous investigators on unbalanced jack

knife (e.g. Miller, 1974b, b; Hinkley, 1977; Mosteller and Tukey, 1977). When the 

distribution to be jackknifed is unbalanced, i.e. markedly unsymmetric, standard 

jacknife often fails because of its essentially balanced formulation. This is especially 



true when the number of data to be jackknifed is small, as is usually the case with 

block kriging application in mining. 
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Short of a true weighted jacknife formulation (see Section 2.5.1 and Chapter 

6), a simple ad-hoc solution is to perform pre-jackknifing data transformation to 

reduce non-normality, which will result in a more pivotal quantity for the estimator 

(see also Miller, 1964; Arvesen and Schmitz, 1970; Cressie, 1981). Miller (1974a) 

made a very persuasive argument for data transformation, to keep the jackknife on 

scale and to prevent distortions of the results. He used log transformation as an exam

ple. Without log transformation, it is possible to get negative pseudo-values which in 

tum can produce a distorted estimate. This is exactly what happened to the example in 

Figure 3.2(a). A log transformation will convert negative pseudo-values into low 

grades and hence an admissible (Le. non-negative) estimate. In an earlier work, 

Miller (1964) showed that jackknifing reduced the bias introduced by non-linear 

transformation, of which log transformation is an example. The same observation is 

al~o made by Mosteller and Tukey (1977, p. 141). 

Figure 3.2(b) shows the same blocks estimated by the log-transformed 

jackknife kriging estimate. As in Figure 3.2(a), jackkuifing reduces the high grade 

smearing in the outlying blocks. Where a sample exist at or near any given block, the 

grade estimate is reasonably close to the sample value, instead of several times higher 

as in the case of ordinary kriging shown in Figure 3.1(b). The estimate follows the 

data much more closely, and furthermore, the problem of artificially high, low or 

negative grades is eliminated. Beyond the 50 ft search radius from the high grade 
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outlier, the grades interpolated by the ordinary kriging estimate and its jackknife 

cousins are very similar. 

At this point, it is instructive to make a global comparison between the data 

and the three estimates. The average grade of all 13 composites is 0.103 oz/t, with 

a coefficient of variation (CV) of 2.69. The mean block grade and coefficient of 

variation of the 21 center blocks within 50 ft search radius from the high grade outlier 

composite follow. Using the ordinary kriging estimator, the mean grade is 0.180 oz/t 

and the CV is 0.89. The jackknife kriging estimator gives a mean block grade of 
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Figure 3.2 The JK estimate (a) and the log-JK estimate (b) for data configuration shown in 
Figure 3. 1 (a). Jackknifing reduces the high grade smearing, but the extreme magnitude of 
outlier results in over-unsmoothing and unreasonable grades in (a). Log transformation 
followed by jackknifing in (b) gives an estimate that follows data trend better (after Adisoma 
and Kim, 1993). . 
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0.181 ozlt and a CV of 1.60, while the log-tr.ansformed jackknife kriging estimator 

yields a mean grade of 0.103 ozlt and a CV of 1.81. Clearly, ordinary kriging 

predicts much more gold than the data seem to indicate. In addition, it produces a 

much smoother estimate compared to the data. On the other hand, the log-transformed 

jackknife kriging estimate is much closer to the mean of the data, and as indicated by 

its CV, also is closer in terms of the original distribution (see also the comparison of 

probability distributions in Chapters 4 and 5). 

Further analysis by applying a cut-off grade to those blocks located within 50 

ft search radius from the high grade outlier is more illuminating. A cut-off grade of 

0.030 oz/t applied to the ordinary kriging estimate results in all 21 blocks above cut

off. If this were blast holes instead of exploration holes, all 21 blocks would be sent 

for processing. The same cut-off grade applied to the jackknife kriging estimate gives 

only 13 blocks above cut-off, while for the log-transformed jackknife kriging estimate 

it yields 12 ore blocks. This simple example serves to illustrate two important aspects 

of grade estimation. The first one is to obtain a reliable estimate of block grades from 

exploration data so that a sound basis for economic analysis and mine planning can be 

provided. The second aspect is to obtain an equally reliable estimate from blast hole 

data to avoid misclassification of ore and waste, because at this stage the error is non

compensating. 

As with ordinary kriging, the weights in jackknife kriging need not be positive 

although they sum to 1. In the presence of a high grade outlier, this may lead to 

awkward negative estimated values as seen in Figure 3.2(a), something that may 
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happen to ordinary kriging as well. Negative weights in themselves are no evil, in 

fact they can be useful in limiting the high grade smearing of an outlier (see Figures 

3.3 and 3.4). Just as in ordinary kriging, negative weights allow the estimate to fall 

outside the data bound. Sometimes, but not very often, an estimated grade can be 

higher than the largest data value. When the outcome is a negative grade, however, 

the solution is not to constraint the weights to be non-negative. A better approach is 

to put a condition that the resulting (grade) estimate cannot be negative. In the case 

of the jackknife, a log transformation to reduce non-normality will force the estimate 

to be non-negative, as shown in Figure 3.2(b). 

Figures 3.3 and 3.4 are two examples of weight distribution comparison 

between the jackknife kriging and the ordinary kriging estimators. When no outlier is 

present and the data are of the same order of magnitude, Figures 3.3(a) and 3.4(a), 

ordinary kriging and its jackknife cousins yield similar results but with distinctly 

different weighting schemes. Conversely, when a high grade outlier appears within 

the search radius shown in Figures 3.3(b) and 3.4(b), ordinary kriging extends its 

influence farther than is reasonable while its jackknife counterparts down weights it, 

either with a smaller weight or with a small negative weight. In both cases, jack

knifing results in a weight redistribution whereby the closest sample(s) are assigned 

most of the weights (sometimes greater than one) while the influence of farther away 

samples are downweighted. This gives the jackknife estimate its less smooth appear

ance when the data contain outliers, and a tendency to follow local data value dis

tribution better than does the ordinary kriging estimate. 



(a). No outlier 

Weights 
Compo 

lI( .026 Grade O.K. 1.K. LogJK 

)I( .034 0.049 0.658 1.033 1.033 
til! .016 0.016 0.206 0.146 0.146 

0.034 0.085 -0.112 -0.112 
0.026 0.051 -0.067 -0.067 

Sum ofwt. 1.000 1.000 1.000 
Block grade 0.040 0.047 0.045 

Figure 3.3 Comparison of weights and grades for ordinary kriging estimator and its jack
knife counterparts when no outlier is present (a), and when an outlier is present (b). 
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(a). No outlier 

Weights 

)( ,014 
Compo 
Grade O.K. J.K. LogJK 

JI( ,026 

0.049 0.312 0.393 0.393 
0.026 0.295 0.397 0.397 

lit ,034 

0.016 0.163 0.107 '* ,016 0.107 
lI( ,049 0.034 0.181 0.168 0.168 

0.014 0.049 -0.065 -0.065 

Sum of wt. 1.000 1.000 1.000 
Block grade 0.032 0.036 0.034 

(b). Outlier Qresent 
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Grade O.K. J.K. LogJK 

)( ,014 
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0.016 0.009 -0.075 -0.075 

Sum of wt. 1.000 1.000 1.000 
Block grade 0.114 0.050 0.039 

Figure 3.4 Another example of weights and grades for ordinary kriging estimator and its 
jackknife cousins when no outlier is present (a), and when an outlier is present (b). 
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3.4 Precision or the JaCkknife KriKinK Estimator 

The jackknife yields not just an estimate with a reduced bias, it also provides a 

measure of precision for the estimate through the jackknife standard deviation. In a 

grid estimation such as point or block kriging, equation (2.7) in Chapter 2 can be 

used to calculate the jackknife standard deviation for the grade estimate. 

As opposed to the kriging standard deviation, which is independent of data 

values, the jackknife standard deviation is data value dependent. Therefore, it reflects 

the true uncertainty in estimating the grade. To illustrate this fact, the same example 

from previous sections is used, except the high grade outlier of 1.019 ozlt is replaced 

by 0.038 oz/t (this sample configuration is shown in Figure 3.6(a), Section 3.5). 

The purpose is to avoid negative grades from standard jackknife kriging seen in the 

previous example of Figure 3.2(a). As such, a more meaningful comparison of block 

grade and its standard deviation can be gained from this example, although the 

technique still works in a more general case. 

Figure 3.5(a) shows the ordinary kriging estimate of block grade, its kriging 

standard deviation and the number of samples used in estimating block grade. It 

shows a now well understood phenomenon that the ordinary kriging standard devia

tion is purely a function of data configuration, and is not in any way related to the 

values being estimated except through the variogram. Note that replacing the high 

grade sample of 1.019 oz/t with 0.038 ozlt does not affect the ordinary kriging 

standard deviation. This standard deviation is lower as more samples are used in 

estimation and their configurations are spread evenly around the block. The jackknife 
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kriging standard deviation shown in Figure 3.5(b), on the other hand, follows the 

trend of the estimated block grade. When the neighborhood samples comprise low 

grade values with little variability, the estimated grade is also low and the uncertainty 

associated with this estimate should be small, as intuition would tell us. The low 

jackknife standard deviation confirms this intuition. As we move to the areas where 

the samples are a mixture of high and low grades, the estimated grade increases but 

so does the uncertainty associated with this estimate. This is reflected in the value of 

jackknife kriging standard deviation. Its higher standard deviation in these areas 

indicates the higher uncertainty for the estimate. 
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Figure 3.S Top to bottom: the ordinary kriging estimate, standard deviation and number of 
sample used (a), and the corresponding jackknife kriging estimate, standard deviation and 
number of sample used (b) for the configuration given in Figure 3.6(a). 
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A quick observation on applying the jackknife in the presence of an extreme 

outlier (Figure 3.2) and in the case where the outlier is replaced with a lower value 

(Figure 3.5b) provides an insight worth pointing out. When an outlier that skews the 

distribution is present, some sort of data transformation prior to jackknifing is needed 

to stabilize the jackknife. When the data are in the same range, jackknife kriging 

gives a better estimate than the original (ordinary kriging) estimate without the extra 

effort of data transformation (see the Berea case study in Chapter 4). Similar obser

vations have been made by other jackknife investigators (Sections 2.5.1 and 2.5.2). 

1.5 Grade &itimate and Its Precision (Qr a General Shape 

The example of the previous section shows that jackknife kriging standard 

deviation is a useful indicator of the true uncertainty associated with block estimates. 

However, block-by-block standard deviatiolls are not of much practical use. Since 

they are not independent, there is no easy way of combining them. The genuine need 

- and hence the real interest - in ore reserve estimation lies in quantifying the preci

sion for a global estimate, i.e. an estimate for a shape much larger than just a single 

block. It has been pointed out (e.g. Wober and Morgan, 1993; Forsyth, 1987) that 

in estimating ore reserves and classifying it into various degrees of 'confidence,' the 

ability to quantify the errors and to express the estimate in terms of some confidence 

limits is very important for financial institutions. 

The jackknife provides a simple way to fill this need. Two approaches can be 

used with jackknifing. The first is direct grade estimation of the shape, followed by 
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jackknifing to obtain the jackknife estimate of grade and its standard deviation. This 

usually requires extensive rewriting of available estimation programs to subdivide the 

shape into estimation grids, and to define a new search parameter for the sha~. 

Another disadvantage is that it requires solving a very large system of equations (Le. 

inverting a very large matrix) because the number of samples used will be typically 

very large. Although the technology exists to perform these calculations, this ap

proach is unnecessarily time consuming and/or can be quite expensive. 

The second approach is to use the block kriging short-cut, along the line 

proposed by Isaaks and Srivastava (1989, p.51O), followed by jackknifing. The 

estimation is performed locally using the usual block kriging method. For each sample 

used, the various kriging weights that it receives in estimating the nearby blocks are 

accumulated. These accumulated weights can be normalized so they will sum to one. 

This is achieved by dividing each sample's accumulated weights by the total number 

of blocks estimated within the shape. The resulting normalized weight for each sample 

is that sample's contribution to the global mean grade of the shape, which should 

equal the average block grade within the shape. When this global mean grade is 

jackknifed by removing one sample at a time, not only do we get a jackknife estimate 

of the global mean, we also get a jackknife standard deviation which can be used to 

set a confidence interval for the estimate. This approach is simpler and can be easily 

adapted to the existing software and hardware. 

The following example uses the same data from the previous section to illus

trate the method. In this case, nine blocks located at the center of the grid are 
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combined to form a general shape. The mean grade of the shape and its standard 

deviation are estimated by a combination of ordinary block kriging short-cut and jack

knifing. Using the same estimation parameters as in previous sections, 11 of the 13 

available samples fall within the sear\~h radius and thus are used in grade estimation 

of the shape. This is a small ellough number of sample for an effective illustration of 

the technique, but is too small to smooth out the effect of an extreme outlier. As in 

the previous section, the outlier high grade of 1.019 ozlt is replaced by 0.038 ozlt to 

give a more meaningful standard deviation for this example. However, the technique 

is still valid in the presence of outliers. 

Figure 3.6(a) shows the shape to be estimated and its search envelope. In prac

tice, the search for neighboring samples is done on a block-by-block basis, just as in 

block kriging. Figures 3.6(b) and (c) give the ordinary and the jackknife Icriging esti

mates for each individual block within the shape. The average grade of the nine 

blocks estimated by ordinary kriging as shown in Figure 3.6(b) is 0.032 ozlt, while 

that from the jackknife Icriging estimator is 0.033 ozlt, see Figure 3.6(c). 

Using the block kriging short-cut, the ordinary kriging estimate of the shape is 

shown in Table 3.1. It also yields a result of 0.032 ozlt which agrees with the mean 

block grades from Figure 3.6(b). Tables 3.2 through 3.12 show the ordinary laiging 

estimates when the fh sample is not used (i = 1, ... ,11). The of pseudo-value calcu

lations (equation 2.4), jackknife kriging estimate (equation 2.5) and its standard 

deviation (equation 2.7) are given in Table 3.13. Jackknifing the block kriging short

cut estimate for the shape yields a global mean of 0.033 oz/t, which again equals the 
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Figure 3.6 A general shape formed by combining nine blocks and its global search neigh
borhood showing samples inside and outside the search envelope (a), ordinary kriging esti
mate (b), and jackknife kriging estimate (c) of the blocks within the shape. 



average grade of the nine blocks in Figure 3.5(c). The jackknife standard deviation 

for the estimated grade of the shape is calculated as 0.0041 ozlt. 
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One can then proceed with obtaining a confidence interval for the global 

estimate using equation (2.11). From a Student-t table in any statistics book, the 

value of t .. ,/I_1 for a = 0.025 and n-1 = 10 is 2.228. Hence, a 95% confidence 

interval for the jackknife kriging estimate yields a value of (0.033 ± 2.228 '" 0.0041) 

ozlt. In other words, there is a 95 % chance that the mean grade of the shape lies 

between 0.042 ozlt and 0.024 oz/t. 

This example shows that jackknife kriging calculation of grade and its standard 

deviation for any general shape is feasible and simple to perform. In a real world 

situation, the shape to be estimated is necessarily much larger than that of this 

example, perhaps as large as several months' or several years' production. The 

number of samples involved would be much larger as well, and the influence of any 

outliers would be smoothed out. In addition, as the sample number increases, one 

needs not rely on small-sample t distribution anymore but rather make use of the 

standard normal theory to set confidence limits. 

Another practical aspect in making the computation more efficient is to do 

selective re-kriging every time a sample is omitted during jackknifing. Instead of re

kriging each block, one needs to re-krige only the blocks affected by the deletion of 

that particular sample. This can be achieved by identifying the blocks within the 

search radius of the deleted sample, and then re-krige only these blocks using the 

remaining samples. A quick glance at Table 3.1 (all samples used ) and Table 3.2 
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- where sample no.1 (grading 0.034 oz/t) is not used - illustrate this point. 

Table 3.1 shows that sample no.1 is not involved in estimating blocks #6 and #9. 

When this sample is omitted during jackknifing, these two blocks are not affected (the 

weights associated with these two blocks remain unchanged in Tables 3.1 and 3.2), 

hence they need not be re-kriged. For a shape much larger than the search distance 

used in estimation, this approach will cut down the number of calculations consider

ably. 

Finally, the shape to be estimated does not have to comprise full blocks. 

A general shape can be digitized, by bench or cross-section, and any partial blocks 

located in the edges of the shape can be accounted for through a weighting scheme 

based on numerical integration. Various well known techniques to determine the 

location of a point with respect to a polygon (e.g. Salomon, 1978; Anderson, 1976; 

Hall, 1975) can be employed. Thus, when normalizing the weights, the divisor (Le. 

the total number of blocks in the shape) does not have to be an integer but may count 

fractional blocks. Table 3.14, which is derived from Table 3.1, illustrates this point. 

In this example, only one-third of block #7 is located within the shape. Hence, the 

weight contribution of this block towards the grade of the new shape is only one-third 

of its original contribution in Table 3.1. From Figure 3.6(b), the new global mean is 

a weighted average of the nine block grades within the shape, in which block #7 

receives a weight of 1/3 and the rest receive a weight of 1 since they are full blocks. 

This weighted average grade for the shape (0.0325 ozlt) agrees with the global mean 

obtained from the block kriging short-cut shown in Table 3.14. 
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Table 3.1 
O.K. Estimate of a General Shape: Block Kriging Short·cut 

All 11 Samples Used 

sample Sam p l e lIelghts 
Clm.ll. Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 lIelght lIelght Nom.llt 

1 0.034 0.495 0.135 0.271 0.224 0.064 0.051 0.018 1.258 0.1398 0.0048 
2 0.049 0.028 0.046 0.074 0.0082 0.0004 
3 0.038 0.194 0.164 0.261 0.570 0.388 0.070 0.216 0.458 0.321 2.642 0.2936 0.0112 
4 0.026 0.160 0.049 0.209 0.0233 0.0006 
5 0.037 0.220 0.333 0.045 0.082 0.032 0.713 0.0792 0.0029 
6 0.014 0.264 0.078 0.448 0.131 0.921 0.1023 0.0014 
7 0.013 0.030 0.217 0.087 0.218 0.552 0.0613 0.0008 
8 0.042 0.032 0.151 0.058 0.351 0.611 0.051 0.285 1.539 0.1709 0.0072 
9 0.022 0.021 0.026 0.010 0.155 0.290 0.195 0.698 0.On6 0.0017 

10 0.019 -0.024 0.079 0.015 0.071 0.0079 0.0001 
11 0.017 0.017 0.070 0.038 0.198 0.323 0.0359 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0317 

Table 3.2 
O.K. Estimate of a General shope: Block Kriging Short-Cut 

Sample No.1 Grade = 0.034 Not Used 

sample Sam p l e lIeights 
Clm.ll. Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 lIeight Weight Nom.llt 

1 0.034 0.000 0.0000 0.0000 
2 0.049 0.212 0.167 0.379 0.0421 0.0021 
3 0.038 0.362 0.227 0.3n 0.649 0.416 0.070 0.246 0.467 0.321 3.1Y. 0.3482 0.0132 
4 0.026 0.184 0.067 0.250 0.0278 0.0007 
5 0.037 0.373 0.400 0.148 0.113 0.032 1.066 0.1184 0.0044 
6 0.014 0.284 0.125 0.452 0.136 0.996 0.1107 0.0015 
7 0.013 0.027 0.220 0.088 0.218 0.553 0.0614 0.0008 
8 0.042 0.027 0.153 0.059 0.350 0.611 0.054 0.285 1.538 0.1709 0.0072 
9 0.022 0.015 0.020 0.014 0.156 0.289 0.195 0.690 0.0766 0.0(.117 

10 0.019 -0.028 0.080 0.016 0.069 0.0076 0.0001 
11 0.017 0.019 0.070 0.039 0.198 0.325 0.0361 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0324 

Table 3.3 
O.K. Estimate of a General Shape: Block Kriging Short-Cut 

SMPle No.2 Grade = 0.049 Not Used 

SMPle S a III p l e II e I 9 h t s 
Clm.Il. Normal Grade * 

No. Gr&de Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 lIelght lIelght Nom.llt 

1 0.034 0.513 0.135 0.298 0.224 0.064 0.051 0.018 1.303 0.1448 0.0049 
2 0.049 0.000 0.0000 0.0000 
3 0.038 0.196 0.164 0.260 0.570 0.388 0.070 0.216 0.458 0.321 2.643 0.2936 0.0112 
4 0.026 0.176 0.049 0.226 0.0251 0.0007 
5 0.037 0.225 0.333 0.045 0.082 0.032 0.718 0.0798 0.0030 
6 0.014 0.262 0.078 0.448 0.131 0.918 0.1021 0.0014 
7 0.013 0.031 0.217 0.087 0.218 0.553 0.0615 0.0008 
8 0.042 0.034 0.151 0.058 0.351 0.611 0.051 0.285 1.540 0.1712 0.0072 
9 0.022 0.024 0.026 0.010 0.155 0.290 0.195 0.701 0.0779 0.0017 

10 0.019 -0.021 0.079 0.015 0.073 0.0082 0.0002 
11 0.017 0.017 0.070 0.038 0.198 0.323 0.0359 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0316 
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Table 3.4 
O.K. Estimata of a General Shape: Block Kriging Short-Cut 

SBqJle No.3 Grade II 0.038 Not Used 

SBqJle S a III p l e 101 e I g h t s 
CLI1lJl. Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 IoIelght IoIelght Norm.IoIt 

1 0.034 0.580 0.211 0.392 0.394 0.201 0.150 0.167 2.094 0.2327 0.0079 
2 0.049 0.035 0.043 0.078 0.0087 0.0004 
3 1.019 0.000 0.0000 0.0000 
4 0.026 0.165 0.053 0.218 0.0242 0.0006 
5 0.037 0.232 0.34/, 0.072 0.101 0.056 0.806 0.0896 0.0033 
6 0.014 0.311 0.164 0.487 0.209 1.172 0.1302 0.0018 
7 0.013 0.035 0.222 0.090 0.220 0.567 0.0630 o.ooos 
8 0.042 0.117 0.223 0.219 0.459 0.639 0.183 0.443 2.282 0.2536 0.0107 
9 0.022 0.118 0.151 0.124 0.235 0.396 0.341 1.365 0.1517 0.0033 

10 0.019 -0.029 0.075 -0.002 0.045 0.0050 0.0001 
11 0.017 0.024 0.085 0.046 0.216 0.372 0.0413 0.0007 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0297 

Table 3.5 
O.K. Estimate of a General shope: Block Kriging Short-Cut 

SBqJle No.4 Grade .. 0.026 Not Used 

SBqJle Sa", p l e II e I g h t s 
CLI1lJl. Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 lIeight lIelght Norm. lit 

1 0.034 0.495 0.135 0.288 0.224 0.064 0.068 0.018 1.291 0.1435 0.0049 
2 0.049 0.028 0.097 0.124 0.0138 0.0007 
3 0.038 0.194 0.164 0.265 0.570 0.388 0.070 0.217 0.458 0.321 2.646 0.2941 0.0112 
4 0.026 0.000 0.0000 0.0000 
5 0.037 0.220 0.333 0.045 0.082 0.032 0.713 0.0792 0.0029 
6 0.014 0.346 0.078 0.476 0.131 1.030 0.1144 0.0016 
7 0.013 0.030 0.217 0.087 0.218 0.552 0.0613 0.0008 
8 0.042 0.032 0.151 0.058 0.351 0.611 0.051 0.285 1.539 0.1709 0.0072 
9 0.022 0.017 0.026 0.010 0.155 0.290 0.195 0.693 o.ona 0.0017 

10 0.019 -0.011 0.085 0.015 0.088 0.0098 0.0002 
11 0.017 0.017 0.070 0.038 0.198 0.323 0.0359 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0317 

Table 3.6 
O.K. Estlmete of a General Shape: Block Kriging Short-Cut 

Sa.ple No.5 Grade .. 0.037 Not Used 

SlIIIIple Sa,. p l e 101 e I g h t s 
CUllUl. NOl'IIIIIl Grade * 

No. Grede elk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 lIeight lIelght NOMII.Wt 

1 0.034 0.573 0.282 0.271 0.250 0.100 0.051 0.018 1.546 0.1718 0.0058 
2 0.049 0.054 0.046 0.100 0.0111 0.0005 
3 0.038 0.206 0.184 0.261 0.573 0.393 0.080 0.216 0.458 0.321 2.693 0.2992 0.0114 
4 0.026 0.160 0.049 0.209 0.0233 0.0006 
5 0.037 0.000 0.0000 0.0000 
6 0.014 0.264 0.079 0.448 0.131 0.922 0.1024 0.0014 
7 0.013 0.127 0.370 0.125 0.237 0.858 0.0954 0.0012 
8 0.042 0.039 0.164 0.071 0.354 0.612 0.051 0.285 1.575 0.1750 0.0074 
9 0.022 0.021 0.027 0.011 0.155 0.290 0.195 0.700 0.0778 0.0017 

10 0.019 -0.024 0.079 0.015 0.071 0.0079 0.0001 
11 0.017 0.018 0.071 0.038 0.198 0.326 0.0362 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0309 
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Table 3.7 
O.K. Estimate of a General Shape: Block Kriging short·Cut 

Sample No.6 Grade a 0.014 Not Used 

Sample Sam pIe Wei g h t s 
CII!I.II. Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 Weight Weight Norm.Wt 

1 0.034 0.495 0.135 0.288 0.246 0.064 0.070 0.044 1.342 0.1491 0.0051 
2 0.049 0.028 0.037 0.065 0.0072 0.0004 
3 0.038 0.194 0.164 0.299 0.589 0.388 0.070 0.280 0./.84 0.321 2.789 0.3099 0.0118 
4 0.026 0.257 0.209 0.466 0.0517 0.0013 
5 0.037 0.220 0.333 0.046 0.082 0.032 0.715 0.0794 0.0029 
6 0.014 0.000 0.0000 0.0000 
7 0.013 0.030 0.217 0.OS7 0.218 0.552 0.0613 O.OOOS 
8 0.042 0.032 0.151 0.057 0.351 0.611 0.047 0.285 1.534 0.1704 0.0072 
9 0.022 0.048 0.062 0.010 0.199 0.307 0.195 0.820 0.0912 0.0020 

10 0.019 0.072 0.241 0.000 0.394 0.0437 O.OOOS 
11 0.017 0.017 0.070 0.038 0.198 0.324 0.0360 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0329 

Table 3.8 
O.K. Estimate of a General Shape: Block Kriging Short·Cut 

Sample No.7 Grade = 0.013 Not Used 

Sample Sam pIe Wei 9 h t s 
CII!I.II. Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 Weight Weight Norm.Wt 

1 0.034 0.495 0.139 0.271 0.224 0.065 0.051 0.018 1.263 0.1403 0.0048 
2 0.049 0.029 0.046 0.075 0.0083 0.0004 
3 0.038 0.195 0.171 0.261 0.570 0.389 0.076 0.216 0.458 0.321 2.657 0.2952 0.0112 
4 0.026 0.160 0.049 0.209 0.0233 0.0006 
5 0.037 0.236 0.448 0.045 0.127 0.148 1.003 0.1115 0.0041 
6 0.014 0.264 0.078 0.448 0.131 0.921 0.1023 0.0014 
7 0.013 0.000 0.0000 0.0000 
8 0.042 0.045 0.243 0.058 0.385 0.696 0.051 0.285 1.762 0.1958 0.0082 
9 0.022 0.021 0.026 0.012 0.155 0.290 0.195 0.700 0.0778 0.0017 

10 0.019 -0.024 0.079 0.015 0.071 0.0079 0.0001 
11 0.017 0.021 0.081 0.038 0.198 0.338 0.0376 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0333 

Table 3.9 
O.K. Eotf .. te of B General Shape: Block Kriging Short-Cut 

SlIq)le No.8 Grade a 0.042 Not Used 

SDq)le S a III pIe Weights 
CII!I.II. Normal Grade * 

No. Grade Blk 1 Blk 2 BU, :3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 Weight Weight Nona.Wt 

1 0.034 0.495 0.138 0.271 0.224 0.061 0.051 0.024 1.264 0.1405 0.0048 
2 0.049 0.029 0.046 0.076 0.0084 0.0004 
3 0.038 0.210 0.237 0.261 0.596 0.487 0.241 0.216 0.476 0.451 3.175 0.3528 0.0134 
4 0.026 0.160 0.049 0.209 0.0233 0.0006 
5 0.037 0.222 0.341 0.063 0.092 0.047 0.763 0.0848 0.0031 
6 0.014 0.264 0.077 0.448 0.129 0.919 0.1021 0.0014 
7 0.013 0.044 0.285 0.198 0.410 0.936 0.1040 0.0014 
8 0.042 0.000 0.0000 0.0000 
9 0.022 0.021 0.040 0.013 0.155 0.291 0.207 0.728 0.0809 0.0018 

10 0.019 -0.024 0.079 0.017 0.072 O.OOSO 0.0002 
11 0.017 0.150 0.303 0.062 0.342 0.858 0.0953 0.0016 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0287 
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Table 3.10 
O.K. Estimate of a General Shape: Block Kriging Short· Cut 

San.,le No.9 Grade .. 0.022 Not Used 

S~le Sam p l II lIelghts 
Curul. Normal Grade * 

No. Grade Blk 1 Blk 2 Blle 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 lIelght lIelght Nonn.llt 

1 0.034 0.495 0.135 0.271 0.223 0.065 0.053 0.007 1.248 0.1387 0.0047 
2 0.049 0.028 0.047 0.075 0.0083 0.0004 
3 0.038 0.194 0.164 0.269 0.579 0.393 0.070 0.278 0.532 0.425 2.904 0.3226 0.0123 
4 0.026 0.159 0.048 0.207 0.0231 0.0006 
5 0.037 0.220 0.333 0.045 0.082 0.032 0.714 0.0793 0.0029 
6 0.014 0.267 0.089 0.469 0.165 0.990 0.1100 0.0015 
7 0.013 0.030 0.217 0.088 0.218 0.552 0.0614 0.0008 
8 0.042 0.032 0.151 0.064 0.351 0.611 0.056 0.295 1.560 0.1734 0.0073 
9 0.022 0.000 0.0000 0.0000 

10 0.019 ·0.014 0.153 0.128 0.267 0.0296 0.0006 
11 0.017 0.021 0.070 0.112 0.279 0.483 0.0536 0.0009 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0320 

Toble 3.11 
O.K. Estimate of 0 General Shape: Block Kriging Short'Cut 

Sample No.10 Grade .. 0.019 Not Used 

S~le Sam p l e II 0 I g h t s 
Clm.Il. Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blle 8 Blle 9 lIelght lIelght Norm. lit 

1 0.034 0.495 0.135 0.272 0.224 0.064 0.053 0.018 1.260 0.1400 0.0048 
2 0.049 0.028 0.045 0.073 0.0081 0.0004 
3 0.038 0.194 0.164 0.262 0.570 0.388 0.070 0.215 0.457 0.321 2.640 0.2934 0.0111 
4 0.026 0.158 0.057 0.215 0.0239 0.0006 
5 0.037 0.220 0.333 0.045 0.082 0.032 0.713 0.0792 0.0029 
6 0.014 0.253 0.078 0.485 0.139 0.955 0.1061 0.0015 
7 0.013 0.030 0.217 0.087 0.218 0.552 0.0613 0.0008 
8 0.042 0.032 0.151 0.058 0.351 0.611 0.051 0.285 1.539 0.1710 0.0072 
9 0.022 0.011 0.026 0.010 0.191 0.297 0.195 0.730 0.0811 0.0018 

10 0.019 0.000 0.0000 0.0000 
11 0.017 0.017 0.070 0.039 0.198 0.324 0.0360 0.0006 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0317 

Table 3.12 
O.K. Estfaate of a General Shape: Block Kriging Short'Cut 

Saiple No.11 Grade = 0.017 Not Used 

Sample Sa_ p l e lIeights 
Cl.III.Il. Nortll8l Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Olk 8 Blk 9 Uelght lIefght Nom.llt 

1 0.034 0.495 0.135 0.271 0.224 0.065 0.051 0.019 1.260 0.1400 0.0048 
2 0.049 0.028 0.046 0.074 0.0082 0.0004 
3 0.038 0.194 0.164 0.261 0.570 0.389 0.087 0.216 0.459 0.333 2.673 0.2970 0.0113 
4 0.026 0.160 0.049 0.209 0.0233 0.0006 
5 0.037 0.220 0.333 0.045 0.082 0.036 0.717 0.0796 0.0029 
6 0.014 0.264 0.078 0.448 0.131 0.921 0.1023 0.0014 
7 0.013 0.030 0.217 0.088 0.222 0.558 0.0620 0.0008 
8 0.042 0.032 0.151 0.058 0.360 0.654 0.072 0.398 1.725 0.1917 0.0081 
9 0.022 0.021 0.026 0.016 0.155 0.303 0.269 0.791 0.0879 0.0019 

10 0.019 ·0.024 0.079 0.017 0.073 0.0081 0.0002 
11 0.017 0.000 0.0000 0.0000 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 9.000 1.0000 0.0324 
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Table 3.13 
Summary of Jackknife Kriging E8tl~te for a General Shape 

O.K. Est. O.K. Est. Ith Ith 
wI. All w/o. Ith Pseudo- Pa-val. Jackknife Jackknife 

No. Sllfl1)les SlIII1'le values Squared Estimate Std. Dev. 

1 0.0317 0.0324 0.0252 0.0006 
2 0.0317 0.0316 0.0331 0.0011 SQRT 
3 0.0317 0.0297 0.0519 0.0027 1/11 * ((0.0141 • 
4 0.0317 0.0317 0.0316 0.0010 0.1343/11) 
5 0.0317 0.0309 0.0403 0.0016 0.3665 / (11*10» 
6 0.0317 0.0329 0.0201 0.0004 
7 0.0317 0.0333 0.0161 0.0003 
8 0.0317 0.0287 0.0623 0.0039 
9 0.0317 0.0320 0.0288 0.0008 

10 0.0317 0.0317 0.031a 0.0010 0.0333 0.0041 
11 0.0317 0.0324 0.0252 0.0006 

Sun 0.3665 0.0141 
Square of Sun 0.1343 

Table 3.14 
O.K. Estimate of a General Shape: Block Kriging Short-Cut 

Shape Includes a Partial Block (33X of Block 17) - All 11 Samples Used 

SlIII1'le Sam p l e Wei IJ h t 8 
ClIIlJl • Normal Grade * 

No. Grade Blk 1 Blk 2 Blk 3 Blk 4 Blk 5 Blk 6 Blk 7 Blk 8 Blk 9 Weight lIefght Norm.Wt 

1 0.034 0.495 0.135 0.271 0.224 0.064 0.017 0.018 1.224 0.1469 0.0050 
2 0.049 0.028 0.046 0.074 0.0089 0.0004 
3 0.038 0.194 0.164 0.261 0.570 0.388 0.070 0.072 0.458 0.321 2.498 0.2998 0.0114 
4 0.026 0.160 0.016 0.177 0.0212 0.0006 
5 0.037 0.220 0.333 0.045 0.082 0.032 0.713 0.0855 0.0032 
6 0.014 0.264 0.078 0.149 0.131 0.622 0.0746 0.0010 
7 0.013 0.030 0.217 0.087 0.218 0.552 0.0662 0.0009 
8 0.042 0.032 0.151 0.058 0.351 0.611 0.051 0.285 1.539 0.1846 0.0078 
9 0.022 0.021 0.026 0.010 0.052 0.290 0.195 0.595 0.0713 0.0016 

10 0.019 -0.024 0.026 0.015 0.018 0.0021 0.0000 
11 0.017 0.017 0.070 0.038 0.198 0.323 0.0388 0.0007 

1.000 1.000 1.000 1.000 1.000 1.000 0.333 1.000 1.000 8.333 1.0000 0.0325 
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CHAYl'ER 4 

APPLICATION IN AN EXHAUSTIVE, SYMMETRIC DATA SET: 

BEREA CORE 2 

The data set used in this case study is a public domain data provided by 

AReO, a major oil company, and described in detail in Giordano et al (1985). This 

data set consists of 1600 exhaustive permeability measurements, defined in a 40 x 40 

grid, taken on the Berea Sandstone. The actual unit of measurement, as well as the 

distance between measurements are not of importance here. For the purpose of 

discussion, we may consider this data set as an exhaustive measurement of assays, 

coming from a single elevation (bench) of a hypothetical mineral deposit. We will 

further assume 10 m as the separation distance between each successive exhaustive 

(e.g. blast hole) assay in the Bastings and the Northings directions. This is to give it 

more flavor and realism for mining application. 

4.] The ExhsILqiye Data Set 

Figure 4. 1 (a) shows the histogram of the 1600 exhaustive values, and the 

probability plot is given in Figure 4. 1 (b). The summary statistics are shown in Table 

4.1. Several observations can be made. Except for a slightly truncated tail of low 

values, the· histogram shows a more or less symmetrical distribution. The probability 

plot is relatively straight along the upper 95 percentile, indicating that the data could 



be modeled by a normal distribution. The coefficient of variation (CV) of the 

exhaustive data is quite low at 0.28. 
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A contour map of the 1600 exhaustive values in Figure 4.2(a) reveals consid

erable small scale fluctuations. When the values are averaged over 50 m x 50 m 

grid, the resulting smoothed contours in Figure 4.2(b) show a clearer trend of high 

grade at the northeast corner of the area that gradually decreases towards the south

west. A trough of low grades runs NW-SE near the southwest corner. 

Eight horizontal directional variograms are calculated at 22.5 degree incre

ments (four variograms per quadrant), using a uniform 22 degree window. The 

variograms indicate a strong anisotropy (2.5 to 1), with the direction of maximum 

continuity aligned with the trough of low grade, roughly N57W - S57E. The varia

gram range in this direction is 300 m. In the direction of minimum continuity 

(N33E - S33W), the variogram shows a range of 125 m. The nugget to sill ratio is 

approximately 30%. The variograms along the directions of maximum and minimum 

continuity are shown in Figure 4.3. 

As such, the data set is not a very large one. For this reason it was decided 

to do estimation by point kriging, i.e. using samples drawn from the data set to 

estimate the true grade at all exhaustive locations. The objective, therefore, is to 

compare how good our estimated grades are with respect to the true grade at the grid 

points, which we happen to know. (In Chapter 5 we will perform a comparison of 

block kriging estimate and the mean of true, exhaustive values within blocks, using 

the much larger Walker Lake data set). 
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Figure 4.1 Histogram (a) and probability plot (b) of the Berea Core 2 exhaustive values, 
showing that the data are approximately nonnally distributed. 
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(a) 

(b) 

Figure 4.2 Unsmoothed contour map of Berea Core 2 exhaustive values, showing small scale 
variations in the data (a), and smoothed contour map (SOm x sOm grid) of the same data, 
showing a clearer trend of grade (b). 
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Figure 4.3 Variograms of the Berea Core 2 data in the directions of maximum continuity (a) 
and minimum continuity (b), showing ranges of 300m and 125m, respectively. 
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4.2 SampliUI 

Two stages of sampling were performed, simulating two drilling campaigns in 

a mineral exploration. During the first stage of sampling, 65 samples were obtained 

by 'drilling' in a pseudo-regular grid, at roughly 50 m spacing, covering the whole 

area (Figure 4.4). The probability plot, shown in Figure 4.5, exhibits a break at 

around 20 percentile, but is fairly straight up to the 99.5 percentile. Except for both 

ends of the distribution, the plot coincides with the probability plot of the exhaustive 

values. The summary statistics are comparable as well (Table 4.1). 

During the second 'drilling campaign' 80 more samples were collected, 

primarily in the northeast and the southeast comers where drill holes intersected high 

grade mineralization in the first campaign. This brought the total number of samples 

to 145 (Figure 4.4). As the second drilling campaign was aimed at delineating the 

high grade zones, the mean grade of the 145 samples is higher than that of the 

exhaustive values, i.e. the true mean grade. By declustering the preferential drilling 

data (using the cell method), the mean grade is brought down close to the true mean 

(Table 4.1). The probability plots of the 145 samples and its declustered 64 samples 

are shown also in Figure 4.5. As expected, there is a noticeable shift between the 

two probability plots, with that of the 145 samples plot consistently higher than its 

declustered samples. Between 20 and 90 percentile points, the declustered probabil

ity plot matches the distribution of the 65 samples from the first drilling campaign, 

as well as the distribution of the exhaustive data. 
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second drilling campaign. 
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Table 4.1 

Summary Statistics of Berea Core 2 Data 

Exhaustive 1st Drilling 2nd Drilling 2nd Drilling 
Statistics Data campaign campaign (Declustered) 

No. of Samples 1600 65 145 64 
Mean 55.53 56.73 64.95 56.29 
Std. Deviation 15.79 17.56 15.52 15.70 
CV 0.28 0.31 0.24 0.28 
Log Mean 55.64 57.10 65.32 56.70 
Minimum 19.50 21.00 21.00 21.00 
Ql 45.00 45.00 57.00 46.00 
Median 55.00 56.00 66.50 58.00 
Q3 65.00 68.50 75.00 67.00 
Maximum 111.50 101.00 101.00 89.00 

4.3 Grade FMimatjon 

The 145 drill hole data were used in point kriging interpolation of grade. 

Table 4.2 gives the estimation parameters used in grade interpolation. The same 

estimation parameters were used with the ordinary kriging (OK), jackknife kriging 

(JK) and jackknife kriging with logarithmic data transformation (log-JK) estimators. 

Comparisons were made between the true and the estimated grades in several 

ways. The distributions were compared to visually check for global systematic bias 

in the estimates. The scatterplots of true vs. estimated grade were generated to check 

the local, one-to-one correlation between them. Finally the distributions of error 

were generated for the different estimates. 

The comparisons were performed on two levels of data availability. The first 



Table 4.2 

Summary of Estimation Parameters - Berea Core 2 

Max. search distance in N57W-S57E direction 
Min. search distance in N33E-S33W direction 
Maximum/minimum number of samples used 
Variogram parameters: nugget 

sill 
range 

150 m 
60m 
20/3 

76 
249 

300 m 

level of comparison was done at sampled locations. Here, the estimate is compared 
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to the true known value at the 145 locations where we have samples. This is as far as 

we can go in actual mineral exploration data, because we have no way of knowing the 

true grade at every location in the deposit until it is actually mined. However, since 

we are working with an exhaustive data set, we can go further in making the compari-

son because we happen to know the true values at each and every locations. This is 

the second level of comparison, a more thorough and valid way of testing the 

performance of a given estimator. 

4.3.1 Distribution of True vs. Estimated Grades 

In the fIrst comparison, the distribution of the 145 samples used in grade 

estimation is plotted against the distribution of the estimate at sample locations. 

Figure 4.6(a) shows the cumulative frequency plot of the true grades vs. the OK 

estimate at the 145 sample locations. Even though the data set is ideal for ordinary 

kriging, the smoothing effect is still evident from this plot. The two lines cross just 

, . , 



below the median; OK over estimates the true grade below this point, and under 

estimates the true grade above this point. However, no global systematic bias -

indicated by an obvious shift or translation - can be observed, as expected when 

applying ordinary kriging to normally-distributed and well-behaved data. 
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Figure 4.6(b) is a similar plot for the JK estimate. In the low grade range, the 

estimate is plotted above the true grade, just as in the OK case. Similarly, in the high 

grade range it is plotted below the true grade. However, the two distributions are 

plotted much closer to each other than that of the OK case in Figure 4.6(a). In addi

tion, the two distributions in Figure 4.6(b) matched almost perfectly in the middle 

grade range. Clearly, the distribution of the JK estimate is more similar to the true 

grade when compared to the OK case, at least in locations where we have samples. 

The cumulative frequency plot of the log-JK estimate vs. the true grade at the 

145 sample locations is shown in Figure 4.6(c). This plot appears very similar to 

that of the JK estimate shown in Figure 4.6(b). Since the distribution of the 145 

samples is approximately normal, log transformation does not have a significant effect 

on the result. 

In the second level of comparison, the distribution of the estimated grade at all 

exhaustive locations is plotted against the distribution of the true grade. Figure 4.7(a) 

shows how the cumulative frequency plot of the OK estimate compare with that of the 

true grade at all estimated locations throughout the deposit. The same smoothing 

effect of OK seen in Figure 4.6(a) is also observed here. The two distributions meet 

just below the median; below this point the OK over estimate the true grade, and 
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above the crossing point OK under estimates the true grade. Again, no obvious shift 

is noted in the plot. 

The disuibution of the JK estimate vs. the true grade at all estimated points in 

the deposit is given in Figure 4.7(b). The two probability plots cross at the median 

point, i.e. the JK estimate posseses the same median grade (which is a good estimator 

for the mean of a normal distribution) as the true exhaustive distribution. Although 

the smoothing is still evident, jackknifing the OK estimate in this data set yields a 

new estimate with a distribution closer to the true grade compared to that of the 

original OK estimate. At the same time, the absence of an obvious shift in the plot 

indicates that the global unbiasedness of the estimate is preserved. 

Figure 4.7(c) shows the effect of making a logarithmic transformation on the 

data prior to jackknifing. The cumulative frequency plot of the log-transformed JK 

estimate vs. the true grade is very similar to its standard JK counterpart in Figure 

4.7(b), showing little effect of a log transformation on normally distributed data. 

4.3.2 Scatterplot of True vs. Estimated Grades 

The ideal scatterplot between the true value and its estimate is the first bi

sector, i.e. tlle 45 degree line with zero intercept. This means every single estimate 

matches the true value perfectly at all locations. In the real world this is, of course, 

unattainable. A nearest neighbor polygon estimate may match the true value at 

sample location by definition. However, in other locations where sample is not avail

able, i.e. in most parts of the deposit, the estimate may be severely biased. 
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Figure 4.6 Probability plots of Berea sample vs. estimated grades. The distribution of 
the 145 sample grade is plotted against the OK estimate (a), the JK estimate (b), and the log
transformed JK estimate (c). 
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Figure 4.7 Probability plots of true vs. estimated grades at Berea's 1583 exhaustive loca
tions. The distribution of the true grade is plotted against the OK estimate (a), the JK esti
mate (b), and the log-transformed JK estimate (c). 
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Figure 4.8 shows the OK estimate, the JK estimate and the log-transformed 

JK estimate at the 145 sample locations, each plotted against the true (sample) grade. 

Table 4.3 shows the linear regression statistics for each scatterplot. Visual observation 

of Figure 4.8 and comparison of the linear regression statistics in Table 4.3 clearly 

support the conclusion that the JK and the log-transformed JK estimates are superior 

to the original OK estimate, at least at data locations. Both jackknife estimates have 

much lower intercept and standard error of estimate (SEE), as well as slope and 

coefficient of correlation (R) that are much closer to one, when compared to the OK 

estimate. The differences between the two jackknife estimates are insignificant. 

The comparison in Figure 4.8 is usually as far as we can make in the explora

tion stage. However, using an exhaustive data set gives us an advantage of knowing 

the true grade at every location, similar to having an actual grade information from 

blast holes after the deposit is mined. Therefore, the following comparison at all 

estimated points gives a more exhaustive picture of the relative performance of the 

OK, the JK and the log-transformed JK estimators. 

Figure 4.9 shows the scatterplots of the three estimators, each plotted against 

the true grade at exhaustive data locations. The linear regression statistics are shown 

in Table 4.4. Not surprisingly, with more pairs of data involved in this exhaustive 

comparison (1583 pairs in Table 4.4 vs. 145 pairs in Table 4.3), a greater data 

spread is noticed. The statistics in Table 4.4 indicate that all three estimates have 

comparable correlation coefficients, with the OK estimate having the lowest (Le. the 

worst) among the three. The best fit line for the OK estimate has the lowest standard 
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error of estimate (i.e. standard deviation of the residuals), which indicates a smallest 

spread of the data pairs about the line. However, the regression line of the OK 

estimator has a lower slope and a higher intercept compared to the best fit lines of the 

jackknife estimators, which means that the OK is not as good an estimator for this 

data set compared to the JK or the log-JK estimator. 

Visual observation of Figure 4.9 is much more instructive than simply 

comparing the statistics in Table 4.4. The scatterplots in Figures 4.9(b) and 4.9(c) 

indicate that both the jackknife estimates follow the first bisector line better than does 

the OK estimate in Figure 4.9(a). 

Table 4.3 

Linear Regression Statistics 
Scatterplots of True vs. Estimated Grades 

at Berea's 145 Sample Locations 

OK JK Log-JK 

Intercept 15.70 6.24 5.44 

Slope 0.7582 0.9010 0.9081 

SEE 22.58 10.76 11.66 

R 0.8606 0.9482 0.9449 
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Table 4.4 

Linear Regression Statistics 
Scatterplots of True vs. Estimated Grades 

at Berea's 1583 Exhaustive Locations 

OK IK Log-JK 

Intercept 25.80 21.64 19.15 

Slope 0.5578 0.6228 0.6521 

SEE 65.53 77.11 80.98 

R 0.5410 0.5553 0.5658 

4.3.3 Distribution of Errors 

In this section, the error is defined as the true grade minus the estimated grade 

at every location where grade is interpolated. Therefore, positive error means under 

estimation and negative error means over estimation. An ideal estimator should have 

a mean overall error close to zero to assure global unbiasedness. In addition, it 

should have a small, symmetric error spread, i.e. a small variance or standard devia-

tion with low skewness and high kurtosis or peak at the mode. 

To obtain a complete picture, the distributions of error for the three estimates 

at the exhaustive locations are compared. Figure 4.10 shows that histograms of 

errors for all three estimates are symmetrically distributed, with roughly the same 

spread. The histograms of errors for both the jackknife estimates have higher peaks 
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Figure 4.10 Histograms of error at Berea's 1583 exhaustive locations for the OK esti
mate (a), the JK estimate (b), and the log-transformed JK estimate (c). 
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compared to that of the OK estimate. The error statistics (fable 4.5) confirm the 

visual observations. The error standard deviation for the three estimates are very 

similar, with OK having the highest and log-IK the lowest. All three error distribu-

tions have low skewness. The histogram of errors for both jackknife estimates have 

higher kurtosis compared to that of the OK. Both the OK and the JK estimates 

produce slightly negative mean error, i.e. on average they slightly over estimate the 

true grade. The log-transformed JK estimate has a slightly positive mean error 

(slight under estimation). Overall, the log-JK estimator provides a mean error 

closest to zero. 

Table 4.5 

Statistics of Error (frue - Estimated Grades) 
at Berea's 1583 Exhaustive Locations 

Statistics OK JK 

No. of eases 1583 1583 
Mean -1.17 -0.62 
Std. Deviation 10.68 10.60 
Skewness 0.10 0.09 

Kurtosis 3.45 3.58 
Minimum -40.26 -39.92 
Q1 -7.69 -7.12 
Median -1.58 -0.74 
Q3 5.56 5.90 
Maximum 41.77 40.60 

Log-JK 

1583 
0.24 

10.53 
0.14 
3.59 

-36.84 
-6.00 
-0.09 
6.43 

41.05 
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CHAPfER 5 

APPLICATION IN AN EXHAUSTIVE, mGHLY SKEWED DATA SET: 

WALKER LAKE V2 

The Walker Lake data set contains digital terrain elevation data from the 

Walker Lake area, described in detail in Appendix A of Isaaks and Srivastava (1989). 

The original data is publicly available from National Cartographic Information Center 

of the US Geological Survey. 

The variable used in this case study is the second variable of the set (labeled V 

in Isaaks and Srivastava's 1989 book, and is referred to as V2 in this chapter). It con

sists of 78000 exhaustive measurements in a 300 x 260 (Northings x Eastings) grid. 

As in the previous chapter, we are not interested in the actual unit of measurement or 

the distance between measurements. Isaaks and Srivastava used an arbitrary unit of 

parts per million (ppm) for this variable. Similarly, we may consider this variable as 

an exhaustive measurement of assays from a single bench of a hypothetical precious 

metal deposit, with a separation distance of 10 ft between each successive true (ex

haustive) grade in the Eastings and the Northings directions. 

5.1 The Exhaustiye Data Set 

Figure 5. 1 (a) shows the histogram of the 78000 exhaustive values. The cum

ulative frequency (probability) plot is given in Figure 5 .1 (b). Table 5.1 gives the 
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summary statistics of the exhaustive data. The histogram portrays a highly skewed 

distribution, with a large proportion of low grade and a long tail of high grade. Even 

in log-space, the probability plot indicates that a lognormal distribution is not a good 

model for the distribution of the true grade. This is also clear from the summary 

statistics in Table 5.1, where the mean derived from lognormal transformation is very 

different from the true mean. However, the coefficient of variation (CV) of the ex

haustive data is moderate at 0.90. 

A smoothed contour map of the true grade (averaged over 30 ft x 30 ft blocks, 

each block grade is the average of 9 true point grades) in Figure 5.2 still reveals a 

considerable number of small scale fluctuations. It also shows a trend of high grade 

running parallel to a low grade trough at NNW-SSE direction in the northern half of 

the area. The low grade trough bends E-W in the mid section, then continues its 

NNW-SSE trend. The high grade mineralization is mainly confined in the western 

half of the area. Here, the high grades follow the NNW-SSE trend almost exclusively. 

Because the data set is fairly large, the exhaustive data is averaged over 8600 

blocks (100 blocks Northings by 86 blocks Bastings), each block contains 9 exhaus

tive data points. The basic statistics of the 8600 true block grades that represent a 

'smoothed' exhaustive data are given in Table 5.1. As expected, the blocks have a 

very similar mean grade as the exhaustive point data, but with a smaller standard 

deviation. The distribution of the true block grade is plotted against that of the 

exhaustive (point) data in Figure 5.4. 

In this chapter, block kriging is used to estimate the true grade of the 30 ft 
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by 30 ft blocks, i.e. the average of the nine exhaustive (point) grade within the block. 

The objective, therefore, is to compare how good our estimated block grades are with 

respect to the true block grade. 

5.2 Samplig 

A total of 470 samples were collected in three stages, simulating three drilling 

campaigns in a mineral exploration. During the first stage of sampling, 195 samples 

were obtained by 'drilling' at a roughly 200 ft x 200 ft grid, covering the whole area. 

This preliminary result was followoo up by a second drilling campaign to identify 

areas of high grade. Each sample having a grade better than 500 ppm from the first 

drilling campaign was targeted by drilling eight additional holes around it, with an 

approximately 100 ft x 100 ft spacing. During this second stage 150 more samples 

were collected. A high grade trend running parallel to a low grade trough at NNW

SSE direction was identified after the second drilling campaign. Finally, a third stage 

of sampling was conducted to further delineate this anomaly by in-fill drilling along 

existing east-west section lines. An extra sample was collected roughly 50 ft to the 

west and another sample 50 ft to the east of any drill hole with a grade exceeding 500 

ppm from the two previous drilling campaigns. This yielded additional 125 samples, 

which brought the total samples collected to 470 (see Figure 5.3). 

As the second and third drilling campaigns were aimed at delineating the high 

grade zones, the mean grade of the 470 samples was necessarily higher than that of 

the exhaustive values, i.e. the true mean grade. Declustering the drilling data brought 
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the mean grade close to the true mean (Table 5.1). The probability plots of the 470 

samples and its declustered samples are shown also in Figure 5.4. A noticeable shift 

is observed in the two probability plots; that of the 470 samples plot consistently 

higher than its declustered samples. Between 15 and 99 percentiles, the declustered 

sample probability plot matches the distribution of the exhaustive data. 

Figure 5.5 shows the sample variograms along the directions of maximum and 

minimum continuity. Horizontal directional sample variograms were calculated at a 

22.5 degree increment (four variograms in each quadrant). A 22 degree window was 

used throughout. The variograms showed a definite anisotropy (2 to 1), with the 

Table 5.1 

Summary Statistics of Walker Lake V2 Data 

Exhaustive Exhaustive Sample Declustered 
Statistics Point Data Block Data Data Sample Data 

No. of Samples 78000 8600 470 195 
Mean 277.98 278.93 436.46 275.31 
Std. Deviation 249.85 235.41 300.17 250.36 
CV 0.90 0.84 0.69 0.91 
Log Mean 433.41 458.40 578.34 415.01 

Minimum 0.00 0.00 0.00 0.00 
Ql 67.79 87.30 184.35 62.20 

Median 221.25 228.33 425.29 209.06 
Q3 429.35 419.23 645.43 425.93 
Maximum 1631.16 1458.01 1528.14 975.32 
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Figure 5.1 Histogram (a) and probability plot (b) of the Walker Lake V2 exhaustive values. 
The data are highly skewed and cannot be modeled by a lognormal distribution. 
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Figure 5.2 Smoothed contour map (30 ft x 30 ft block) of the Walker Lake V2 exhaustive 
values, showing small scale variations as well as a clear trend of high and low grades. 
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Figure 5.3 Location map and data postings of Walker Lalce 470 V2 samples. Each symbol at 
data location represents the following grade ranges: + less than SO ppm, x between SO and 
100 ppm, * between 100 and 250 ppm, triangle between 250 and 500 ppm, square between 
500 and 1000 ppm, and octagon greater than 1000 ppm. 
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Figure 5.4 Probability plots of Walker Lake's 470 samples, the declustered samples and the 
true 8600 block grades compared to the distribution of the 78000 exhaustive data. 
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Figure 5.5 Variograms of the Walker Lake V2 sample data in the directions of maximum 
continuity (a), and minimum continuity (b), showing ranges of 600 ft and 300 ft, respectively. 
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direction of maximum continuity aligned with the high grade trend (and low grade 

trough), approximately N14W - S14E. The variogram range in this direction is 600 ft, 

while the range in the direction of minimum continuity (N76E - S76W) is 300 ft. The 

variogram nugget stands over 25 % of the sill. A variography study on the exhaustive 

data yielded a similar result, but with a lower nugget to sill ratio (roughly 10%). 

5,3 Grade Estimation 

The 470 drill hole data were used to estimate the true block grade through 

block kriging. Table 5.2 gives the estimation parameters employed in grade interpo

lation. Using these parameters, less than half of the total number of blocks were 

estimated. Most of the blocks in the area where drilling is sparse (mainly waste 

material) were not estimated. The estimation parameters shown in Table 5.2 were 

used with all estimators compared in this chapter, namely the ordinary kriging (OK), 

the jackknife kriging (JK) and the jackknife kriging with logarithmic data transfor

mation (log-JK) estimators. 

Since we are working with an exhaustive data set, we have the lUXUry of 

comparing the interpolated block grade against the true block grade at each estimated 

block. The true and the e~timated block grades are compared in several ways. Both 

distributions are compared (in terms of the probability plot) to visually check for 

global systematic bias in the estimates. Scatterplots of true vs. estimated grade are 

compared for different estimators. Finally the distributions of error were generated 

for all three estimates. 



Table 5.2 

Summary of Estimation Parameters - Walker Lake V2 

Max. search distance in NI4W-SI4E direction 
Min. search distance in N76E-S76W direction 
Maximum/minimum number of samples used 
Variogram parameters: nugget 

sill 
range 

5.3.1 Distribution or True vs. Estimated Block Grades 

200 ft 
100 ft 
20/3 

25000 
90100 
600ft 

Figure 5.6(a) shows the probability plot of the OK block estimate superim-
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posed on the probability plot of the true block grade. The smoothing effect is evident 

from this plot. The two probability plots cross at approxim~tely 65 percentile; OK 

over estimates the true grade below this point, and under estimates the true grade 

above this point. The logarithmic scale used in the plot obviously exaggerates the 

absolute difference in the low grade range. At the same time, it masks the absolute 

difference in the high grade range. 

Figure 5.6{b) is a similar plot for the JK estimate. In the low grade range, the 

JK estimate is plotted above the true grade, just as in the OK case. Similarly, in the 

high grade range it is plotted below the true grade. However, the two distributions 

are closer to each other than that of the OK case in Figure 5.6(a). Although smooth-

ing is still evident, jackknifing the OK estimate in this data set yields a new estimate 



with a distribution closer to the true grade compared to that of the original OK esti

mate. In addition, the two probability plots in Figure 5.6(b) share the same values 

between the 50 and the 60 percentiles. 
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The probability plot of the log-JK estimate vs. the true block grade is shown in 

Figure 5.6(c). Overall, the log-JK consistently under estimate the true block grade. 

The bias appears to be systematic; the log-JK estimate is roughly 40 to 50 ppm lower 

than the true grade throughout all grade ranges. It seems that the poor result of the 

log-JK estimator is due to the fact that the Walker Lake data distribution is far from 

lognormal, while in the Berea data set lognormal distribution is not a bad assumption. 

5.3.2 Scatterplot of True vs. Estimated Block Grades 

Figure 5.7 shows the scatterplots of the three estimates, each plotted against 

the true block grade at all locations where grade is interpolated. The linear regression 

statistics are shown in Table 5.3. The statistics in Table 5.3 indicate that all three 

estimates have comparable correlation coefficients, with JK the best and log-JK the 

worst among the three. The best fit line for the OK estimate has the lowest standard 

error of estimate (Le. standard deviation of the residuals), which indicates a smallest 

spread of the data pairs about the line. The JK estimate vs. the true grade regression 

produces slightly higher standard error of estimate while that of the log-JK estimate 

has the highest, indicating the most spread evident in Figure 5.7(c). However, the 

regression line of the OK estimator has the highest intercept and the flattest slope of 

the three models, which indicate that overall the OK is not as efficient of an estimator 
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for this data set. Both jackknife estimators yield linear regression models with lower 

intercept and slope closer to one compared to the original OK estimate. 

Visual observation of Figure 5.7 confirms the statistics in Table 5.3. The OK 

clearly over estimates the true grade at low grade range, and under estimates the true 

grade at high grade range. Both jackknife estimators address this problem with 

various degrees of success. The JK manages to pull the low range estimates down and 

push the high grade estimates up without producing too much scatter. The scatterplot 

in Figure 5.7(b) indicates that the JK estimate follow the first bisector line better than 

does the OK estimate in Figure 5.7(a). The log-JK yields a sizable cloud of data 

pairs along the x-axis which severely under estimates the true grade. Otherwise, it 

actually performs rather well in tilting the estimate closer to the true grade. 

Table 5.3 

Linear Regression Statistics 
Scatterplots of True vs. Estimated Grades 
at Walker Lake's 3669 Interpolated Blocks 

OK JK Log-JK 

Intercept 159.34 110.10 44.92 

Slope 0.6726 0.7426 0.7661 

SEE 10630 11903 18116 

R 0.7346 0.7508 0.6782 
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Figure 5.6 Probability plots of true vs. estimated grades at Walker Lake's 3669 interpolated 
blocks. The distribution of the true block grade is plotted against the OK estimate (a), the JK 
estimate (b), and the log-transformed JK estimate (c). 
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(C) 

Figure 5.7 Scatterplots of true vs. estimated grades at Walker Lake's 3669 interpolated blocks, 
showing the first bisector (45 degree) line. The true block grade is plotted against the OK esti
mate (a), the JK estimate (b), and the log-transformed JK estimate (c). 
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5.3.3 Distribution of Errors 

As in Chapter 4, the error is defined as the true grade minus the estimated 

grade at every block where grade is interpolated. Hence, positive error means under 

estimation and negative error means over estimation. A mean overall error close to 

zero is desirable to assure global unbiasedness. The distribution of error should be 

symmetric (Le. very low skewness) with a small variance. 

In the following, the distributions of error for the three estimates at the 

interpolated blocks are compared. Figure 5.8 shows that histograms of error for all 

three estimates are symmetrically distributed. They have roughly the same spread; 

the histogram of error for the JK estimate has the tallest peak. 

The statistics in Table 5.4 show that the error standard deviation for the three 

estimates are very similar, with JK having the lowest standard deviation of the errors 

and log-JK the highest. All three error distributions have low skewness, with JK the 

lowest (Le. the most symmetric) and log-JK the highest (the least symmetric). Both 

the OK and the JK estimators yield negative mean error, Le. on average they slightly 

over estimate the true block grade. The log-transformed JK estimate has a positive 

mean error, on average it under estimates the true block grade. Among the three, the 

JK estimate results in a mean error closest to zero. Overall, the JK estimator is 

superior relative to the log-JK estimator or the original OK estimator in this data set. 
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Figure 5.8 Histograms of error at Walker Lake's 3669 interpolated blocks for the OK 
estimate (a), the JK estimate (b), and the (og-transfol'lned JK estimate (c). 
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Table 5.4 

Statistics of Error (frue - Estimated Grades) 
at Walker Lake's 3669 Interpolated Blocks 

Statistics 

No. of Cases 
Mean 
Std. Deviation 
Skewness 
Kurtosis 
Minimum 

Ql 
Median 
Q3 

Maximum 

OK 

3669 
-26.59 
13.27 
0.18 
3.23 

-580.09 
-113.09 
-36.08 
57.83 
440.92 

JK 

3669 
-5.72 
12.73 
0.14 
3.80 

-590.20 
-81.49 
-15.10 

68.49 
507.58 

Log-JK 

3669 
49.90 
14.72 
0.51 
4.31 

-466.95 
-38.74 
33.45 

133.07 
674.59 
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CHAFfER 6 

CONCLUSIONS 

6.1 Snmrruu:y 

In this study, a new estimation method is introduced. This method is based 

011 two simple and well-tested concepts, namely jackknifing and ordinary kriging; 

hence the name jackknife kriging. The new estimator combines the virtues of both 

techniques: simplicity, global unbiasedness, bias reduction at the local level, and the 

ability to quantify the uncertainty associated with the estimate. Its potential appli

cation in resource estimation is intimately tied to the two aspects of the jackknife, 

namely bias reduction and confidence interval estimation. It is also applicable to 

general estimation problems outside the realm of mining. 

103 

The jackknife attempts to improve an estimate by using not only information 

from a given sample, but also by using the information developed when that sample 

is absent. It is essentially a resampling scheme using a 'what if scenario. In the 

process, a sample (or a group of samples) is deleted in succession and a new estimate 

is obtained using the remaining samples in the subset. The estimate from the subsets 

are combined with the original estimate using all data within the search neighborhood 

to form the jackknife estimate of the block or point. When used in conjunction with 

kriging it maximizes not only sample utilization, but also information gained from 

sample spatial correlation. 
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Jackknifing the ordinary kriging estimate gives a new estimate with a less 

smooth appearance relative to the original estimate. Jackknife kriging achieved this by 

assigning more weights to the closest sample(s) and downweighting samples that are 

farther away. In so doing, it reduces the grade smearing typical in ordinary kriging, 

especially if the neighborhood data contain order of magnitude difference. When the 

neighborhood data is of the same range, it produces an estimate similar to ordinary 

kriging. This makes jackknife kriging more robust than ordinary kriging, since it is 

applicable in a wider range of data distributions. Compared to the ordinary kriging 

estimate, jackknife kriging estimate has a distribution closer to that of the true grade, 

as well as to the sample distribution. 

Unlike the ordinary kriging variance, which is purely a measure of data con

figuration and is independent of data values, the jackknife kriging variance can be 

used as an indicator of the estimate's reliability because it is related to the value being 

inferred. Whereas the ordinary kriging variance has never gained practical use for 

quantifying estimation error of resources or reserves, the jackknife kriging variance 

can be easily generalized (using block kriging short-cut and weights accumulation) so 

that an estimate of grade and its variance can be carried out for any shape. Thus, a 

confidence level can now be assigned readily for any resource or reserve estimate, a 

heretofore difficult and non-trivial proposition. 

Case studies in two exhaustive, yet very different data sets reveal interesting 

insights and provide encouraging preliminary results. The first case study utilizes the 

Berea data set, a symmetrically distributed data with a low coefficient of variation 
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where ordinary kriging typically does very well. Jackknifing the result gives an even 

better estimate in terms of lower overall tfl'Of, a slightly higher correlation and a 

closer distribution vis-a-vis the true grade. Both the standard jackknife kriging and 

the the log-transformed jackknife kriging perform equally well in this data set. 

The second case study involves the Walker Lake data set, a highly skewed 

data with a moderately high coefficient of variation. Limiting the search radius and 

the number of samples help in achieving a reasonable ordinary kriging estimate. The 

standard jackknife kriging estimate improves upon the ordinary kriging estimate in 

terms of lower overall error, better correlation and closer distribution with respect to 

the true block grade. The log-transformed jackknife kriging yields considerable scatter 

and overall under estimation bias in this data set. The cause of this instability will be 

explored in the following section. 

Jackknife kriging requires exactly the same amount of front-end work as 

ordinary kriging. Their only difference is in the computation time. Since jackknife 

kriging performs n more krigings compared to the original estimator, its running 

time is a function of the number of neighborhood samples used in the estimation 

process. Table 6.1 shows run time comparison between jackknife kriging and 

ordinary kriging in the Walker Lake data set. Table 6.2 gives a similar comparison 

in an actual gold deposit between jackknife kriging and other commonly used grade 

interpolation methods. These numbers are obtained using a multi-user minicomputer 

(HP-9000 series 835) running under UNIX operating system. 



Table 6.1 

Run Time Comparison 
Using the Walker Lake V2 Data Set 

(3669 Blocks Estimated, Neighborhood Samples: max=20, min=3) 

Estimation Method Run Time (min:sec) 

Ordinary Kriging Om 51.95s 

Jackknife Kriging 1m 43.20s 

Log-Jackknife Kriging 1m 46.99s 

Table 6.2 

Run Time Comparison 
Five Benches in a Gold Deposit 

(4528 Blocks Estimated, Neighborhood Samples: max=8, min=2) 

Estimation Method 

Inverse Distance Squared 

Ordinary Kriging 

Jackknife Kriging 

Multiple Indicator Kriging 
(10 Indicators) 

Run Time (min:sec) 

Om 24.72s 

Om 37.31s 

Om 50.91s 

3m 13.53s 
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6.2 Recommepdations for Fudher Research 

Jackknifing the kriged estimates sometimes creates more scatter that is evident 

when the jackknife estimate is plotted against the true grade. This is particularly true 

in highly skewed data when logarithmic data transformation is carried out with the 

jackknife (see Figure 5.7 of the Walker Lake case study vs. Figure 4.9 of the Berea 

case study). The scatter usually occur when interpolating block or poi.nt grades using 

a very small number of samples that have order of magnitude variation in grade. 

Criteria needs to be developed to sort out these unstable estimates and to select only 

the stable ones. A good start would be to use the jackknife standard deviation at the 

interpolated block (or point) as a criterion. Wainer and Thissen (1975) have suggested 

this approach to identify and set aside outliers. Since the jackknife standard deviation 

informs us of the reliability of the estimate, a high standard deviation relative to the 

estimate indicates that the jackknife estimate in that particular location is unreliable. 

Using the sample's coefficient of variation (CV), i.e. the ratio of standard deviation to 

the mean might be a good starting guideline to determine the selection criterion. 

When an estimation is carried out with log-transformed data, a bias is intro

duced as a result of non-linear data transformation. Although jackknifing also reduces 

this bias, cf. the discussion in Section 3.3 and the Berea case study where log-JK 

estimator yields the lowest mean error, the Walker Lake case study has shown that 

log-JK estimator produces considerable scatter and overall under estimation bias. 

The consistent log-JK under estimation seen in Figure 5.6(c) immediately suggests a 

correction factor proposed by Joumel and Huijbregts (1978), i.e. an adjustment using 
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the difference between the declustered sample mean grade and the mean block grade. 

However, in light of the scatter shown in Figure 5.7(c), an upward adjustment to 

correct the overall under estimation will also push the data pairs above the first 

bisector line further away from the ideal. A back-transform correction has been tried 

with mixed results. In the Berea data set the log-IK estimator performs well to begin 

with, and back-transform correction does not change the picture significantly. In the 

Walker Lake data set, the log-JK estimator fares poorly in some blocks where the 

grade estimates are way too low and clustered along the x-axis, see Figure 5.7(c). 

Back-transform correction pushes this cluster of data pairs up, in some cases even 

produces over estimation. Correction based on 108c is generally more unstable than 

that of 10g10, as it seems to magnify some high grade estimates furtller. Perhaps a 

combination of back-transform correction with the CV criterion to sort out the unsta

ble estimates can be used hand-in-hand to correct this situation. 

A more fundamental approach to address the problem of data with a highly 

skewed distribution is to use the weighted jackknife formulation, cf. Section 2.5.1. 

In Hinkley's 1977 regression example using delete-one jackknife, the weight is intro

duced in the pseudo-value expression (equation 2.12), which he calls the weighted 

pseudo-value. The jackknife expression parallels the standard formulation, i.e. the 

mean of the weighted pseudo-values (equation 2.13). In the context of kriging, the 

problem is to find an analogous expression of this weight for the jackknife kriging 

pseudo-values. In his 1986 paper on the jackknife in regression analysis, Wu has 

shown that a more general expression of weighted jackknife is feasible without using 
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the weighted pseudo-value approach. Two salient features of Wu's weighted jackknife 

are the flexible choice of resample size and the weighting scheme, in which the 

weight is proportional to the detenninant of the Fisher infonnation matrix of the 

resample subset. In the discussion of Wu's paper, yet another alternative to the 

weighted pseudo-value, namely the weighted resampling scheme, is proposed (Shao, 

1986). One of the advantage in this approach is that it lends itself easily to the more 

general non-LLd. situations. These approaches seem to promise a more robust and 

reliable jackknife estimator, and their implementation in the geostatistical resource 

estimation would be the next logical step of this research. 

6.3 Closing Thoughts 

The search for a better tool, in resource estimation as in any field of human 

endeavor, is an ongoing process. Despite advances in geostatistical ore reserve 

estimation, ordinary (linear) kriging is still the method of choice for many practitio

ners due to its simplicity and flexibility. 

Good, simple ideas which - in the context of this study - are exemplified by 

ordinary kriging and jackknifing, are our most precious intellectual commodity, if we 

may borrow the words of Efron (1982). Combining the virtues of both techniques 

not only is attractive; some of its promising avenues and new applications in mineral 

resource estimation have been demonstrated, and they need to be explored further. 

Despite the easy mathematical level - and there is no need to apologize for 

this - the statistical ideas run deep. The easy level of mathematics should help the 
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practitioners, for whom these techniques are intended, to better understand them. 

After all, not too many people are likely to use a technique or a tool that they do not 

fully comprehend. 

In the end, it is the practitioners who will eventually judge whether the 

approach and method developed here add to their set of useful tools for solving real 

world problems in resource estimation. 
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APPENDIX A 

JACKKNIFE KRIGING WEIGHTS 

The OK estimate when all n samples are utilized can be written as: 

j = 1, ..... , n (A.l) 

where 1:; Wj = 1 (unbiasedness condition of OK) 
Wj = OK weight contributed by the jib sample 

The OK estimate when the ilb sample is not used (i = 1, ... ,n) is similarly expressed as: 

Z·· = ~. w .. z· 
01 .wJ III j = 1, ..... , n (A.2) 

where Ej wij = 1 
wij = OK weight of the jib sample when the ilb sample is not used 

i.e. wij = 0 for i = j 

From equations (2.4) and (2.5) of Chapter 2, the JK estimate is: 

ZJ = no1 Ei {n Z· - (n-1) Z·oJ 
= n2/n Z· - (n-l)/n Ei Z·oi 
= n 1:; Wj Zj - (n-l)/n Ei 1:; Wij l.i 
= 1:; {n Wj - (n-l)/n Ei wij} l.i 

ZJ = 1:; t:Yj l.i 

i = 1, .... , n 

j = 1, .... , n 

where t:Yj = {n Wj - (n-l)/n Ei wij} i = 1, .... , n 

= JK weight contributed by the jib sample 

Sum of the JK weights: 

1:; t:Yj = {n 1:; Wj - (n-l)/n Ei 1:; wij} 
= n - {(n-l)/n} n 
= 1 

which shows that the JK estimator is globally unbiased. 

(A.3) 

(A.4) 
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