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ABSTRACT 

This dissertation develops an analytical-numerical approach to de

terministically predict the space-time evolution of concentrations in heterogeneous 

geologic media conditioned on ~easurements of hydraulic conductivities (transmis

sivities) and/or hydraulic heads. Based on the new conditional Eulerian-Lagrangian 

transport theory by Neuman, we solve the conditional transport problem analyti

cally at early time, and express it in pseudo-Fickian form at late time. The st?chas

tically derived deterministic pseudo-Fickian mean concentration equation involves 

a conditional, space-time dependent dispersion tensor. The latter not only depends 

on properties of the medium and the velocity but also on the available information, 

and can be evaluated numerically along mean "particle" trajectories. The transport 

equation lends itself to accurate solution by standard Galerkin finite elements on a 

relatively coarse grid. This approach allows computing without using Monte Carlo 

simulation and explicitly the following: Concentration variance/covariance (uncer

tainty), origin of detected contaminant and associated uncertainty, mass flow rate 

across a "compliance surface", cumulative mass release and travel time probability 

distribution across this surface, uncertainty associated with the latter, second spa

tial moment of conditional mean plume about its center of mass, conditional mean 

second spatial moment of actual plume about its center of mass, conditional co

variance of plume center of mass,. and effect of non-Gaussian velocity distribution. 

This approach can also account for uncertainty in initial mass and/or concentra

tion when predicting the future evolution of a plume, whereas almost all existing 

stochastic models of SOlute transport" assume the initial state to be known with 
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certainty. We illustrate this approach by considering deterministic and uncertain 

instantaneous point and nonpoint sources in a two-dimensional domain with a 

mildly fluctuating, statistically homogeneous, lognormal transmissivity field. We 

take the unconditional mean velocity to be uniform, but allow conditio~ing on log 

transmissivity and hydraulic head data. Conditioning renders the velocity field 

statistically nonhomogeneou's with reduced variances and correlation scales, ren

ders the predicted plume irregular and non-Gaussian, and generally reduces both 

predictive dispersion and uncertainty. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Solute transport in complex geologic media is strongly influenced by hetero

geneities which cause the velocity to fluctuate. Since these fluctuations generally 

cannot be described deterministically, it has become quite common to approach 

the transport problem stochastically. Traditional stochastic approaches are either 

Eulerian or Lagrangian. In the Eulerian approach, one postulates a local equa

tion of solute mass conservation in fixed (Eulerian) coordinates and treats some 

of its parameters, most notably the velocity, as random functions. The velocity is 

taken to be divergence-free, implying local fluid conservation under steady state 

flow with a constant porosity and no sinks or sources. One then seeks a solution 

to the stochastic Eulerian transport equation in the form of leading ensemble mo

ments of the associated random concentration and mass flux (e.g., Van Kampen, 

1976, 1981; Gelhar and Axness, 1983; Winter et al., 1984; Neuman et al., 1987; 

Sposito and Barry, 1987; Koch and Brady, 1988; Graham and McLaughlin, 1989a,b; 

NafJ, 1992). The Lagrangian method focuses on the history of movements of solute 

particles through a random velocity field having known statistical properties which 

are not formally constrained by fluid conservation requirements. This approach 

was pioneered by Taylor (1921) in the context of turbulent diffusion, and applied 

to solute transport in geologic media by Dagan (1982, 1984, 1987, 1988), Neuman 
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and Zhang (1990), Zhang and Neuman (1990), Rubin (1990, 1991a,b,c) and others. 

It leads to expressions for ensemble spatial moments of particle positions which, 

under conditions of ergodicity, can be intetpreted as the spatial moments of actual 

solute plumes. 

Unconditional Eulerian and Lagrangian ,stochastic theories of transport con

sider the steady' state velocity field to be statistically homogeneous. Ensemble 

concentration moments obtained from unconditional Eulerian theories may differ 

markedly from actual concentrations, and spatial moments obtained from up.con

ditional Lagrangian theories may differ significantly from actual plume moments 

unless the concentration field is additionally ergodic. The latter requirement im

poses certain restrictions on initial plume size, shape, and orientation (Dagan, 

1990, 1991). To render stochastic transport models applicable to a wider range of 

field conditions, it is important to eliminate the requirement of stationarity, and 

to mitigate the consequences of non-ergodicity, by conditioning the models on site 

measurements. Several researchers have considered the effect of such condi tioning 

on transport. Smith and Schwartz (1980, 1981a,b) used conditional Monte Carlo 

simulations to reduce the uncertainty in predicted concentrations by conditioning 

on uniformly spaced hydraulic conductivity data. Dagan (1984) investigated re

ductions in the coefficient of variation of concentration due to an instantaneous 

point source by conditioning velocity and particle displacement moments on log 

transmissivity and hydratilic head measurements. He found that log transmissivity 

measurements on a grid can reduce the concentration variance if they are spaced 

less than two integral scales apart, and concluded that conditioning on head data 

is less effective. Graham and McLaughlin (1989b) used a distributed parameter 
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Kalman filter coupled with discrete, low-order, deterministic Eulerian equations to 

condition the first and second ensemble moments of concentration on field mea

surements of log transmissivity, hydraulic head, and solute concentration. Their 

method was applied by Graham and McLaughlin (1991) to a chloride tracer plume 

at the Borden site by conditioning on some of the available concentration data, and 

by McLaughlin et al. (1993) to a plume ofnaphthaline at a coal tar disposal site in 

upstate New York. Their approach constitutes an important step toward rendering 

stochastic methods applicable to real field conditions. However, it is computa

tionally demanding and potentially prone to inaccuracies due to its reliance on an 

approximation which is nonasymptotic and inconsistent, in that terms neglected 

are of the same order as terms reta.ined (Dagan and Neuman, 1991). 

A Lagrangian approach to the conditioning of two-dimensional transport 

calculations on hydraulic and concentration data has been described in a series of 

papers by Rubin (1991a,c) and Rubin and Dagan (1992a). Their approach com

bines low-order semi-analytic conditioning of velocity moments on measurements 

via cokriging, conditional Monte Carlo simulations of corresponding Gaussian ve

locity fields, and the tracking of one or two particles through each simulated field. 

Conditional one- and/or two- particle spatial moments are converted into condi

tional ensemble concentration moments by assuming that the corresponding mean 

concentration is Gaussian. Rubin (1991a) predicted particle spatial moments and 

concentrations due to an instantaneous source of small area by conditioning on 

locally measured log transmissivity and hydraulic head data. He later (Rubin, 

1991c) computed unconditional concentration spatial and temporal moments by 

one- and two-particle tracking schemes (using two Monte Carlo simulation methods 
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described by Rubin; 1990, 1991b), then showed how to condition concentration mo

ments on solute samples at discrete points. Rubin and Dagan (1992a) conditioned 

predictions of single particle travel times (corresponding to an instantaneous point 

source) on log transmissivity data and found that prediction uncertainty could be 

reduced by increasing the density of measurements in a control plane sufficiently 

far downstream from the source. 

Recently, Neuman (1993) proposed a unified Eulerian-Lagrangian theory 

of transport conditioned on hydraulic data in space-time nonstationary velocity 

fields. In Neuman's theory, nonstationarity of the velocity field may arise from 

nonhomogeneity (inCluding possible fractal behavior) of the permeability and/or 

the porosity fields, the presence of forcing (including boundary) terms, and condi

tioning. The theory yields an exact, closed form transport equation in terms of the 

first two conditional Lagrangian velocity moments and the conditional Lagrangian 

cross-covariance between velocity and its forcing terms. In the hypothetical case 

where these three Lagrangian moments are known, the equation can in principle 

be solved exactly for the conditional ensemble mean solute concentration and flux. 
'J 

This is a formal advantage over Eulerian theories which cannot be expressed in 

closed form without approximation. The Eulerian-Lagrangian theory has two for

mal advantages over the pure Lagrangian approach: It conserves fluid mass, and 

does not require an assumption of Gaussianity to predict solute concentration or 

flux. Unfortunately, Lagrangian velocities in the subsurface are difficult, if not im-

possible, to measure. On the other hand, to compute Lagrangian velocities and/or 

their statistical moments from measurable quantities (permeabilities, porosities, 

hydraulic heads) requires computationally intensive Monte Carlo simulations and 
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particle tracking. The alternative is to use approximations. 

To avoid the need for Monte Carlo simulations, Neuman (1993) proposed 

three approximate methods to solve the Eulerian-Lagrangian transport equation. 

For the prediction of early time concentration due to an instantaneous point source, 

Neuman recommended using an analytical solution modified slightly after Batchelor 

(1952). This solution is rigorously valid in the limit as time goes to zero and is very 

easy to compute. It requires knowledge of the univariate conditional probability 

d~nsity function (pdf) of the Eulerian velocity at each point of interest in space

time, but does not require knowledge of joint input moments between two or more 

points. For intermediate time, Neuman proposed a weak approximation which im

proves with conditioning, requires only Eulerian input moments, and yields explicit 

expressions for the second conditional moments of the concentration. However, the 

approximation leads to a nonlinear integro-differential transport equation which is 

not simple to solve. For late time, Neuman advocated a combined weak and pseudo

Fickian approximation akin to Corrsin's conjecture as used by Neuman and Zhang 

(1990), Zhang and Neuman (1990), and Zhang (1992b). In the absence of fluid 

sources, this approximation yields an advective-dispersive transport equation with 

a space-time dependent dispersion tensor. 
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1.2 Objectives, Approaches, and Scope 

In this dissertation, based on the new Eulerian-Lagrangian theory of Neu-. . 
man (1993), we develop a combined analytical-numerical approach to the transport 

problem which avoids both Monte Carlo simulations and integro-differential equa

tions. This is accomplished by extending the application of Batchelor's early time 

analytical solution, and that of the pseudo-Fickian solution, into the intermedi-

ate time domain where the two solutions are made to match. Three-dimensional 

Monte Carlo experiments by Zhang (1992a) have shown that, when the Eulerian 

velocity is Gaussian, the Batchelor and pseud?-F'ickian solutions match closely at 

intermediate dimensionless time (mean travel distance relative to log transmissiv

ity correlation scale) of order 0.5. Three-dimensional Monte Carlo exper~ments 

by Levin (1993) have shown that, in statistically homogeneous and isotropic log

normal permeability fields subject to uniform mean flow, the transverse velocities 

are always Gaussian, but the longitudinal velocity is Gaussian only as long as the 

variance of the log permeability does not exceed 0.25. Beyond this v~lue, the dis-

tribution of the longitudinal velocity tends gradually toward lognormal. Bellin 

et aI. (1992) have observed a similar behavior in two-dimensional Monte Carlo 

simulations. We therefore feel comfortable relying entirely on the Batchelor and 

pseudo-Fickian solutions at dimensionless times below and above 0.5, respectively, 

when the log permeability is Gaussian and sufficiently conditioned to fluctuate 

about its conditional mean with a variance smaller than one. 

To further simplify our analysis, we restrict it to mildly heterogeneous log 

permeability fields having an unconditional variance not much larger than one. This 

allows us to linearize the pseudo-Fickian dispersion coefficient about conditional 
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mean trajectories, to use available analytical expressions for the unconditional Eu

lerian velocity covariance obtained by linearizing the stochastic flow equation, and 

to condition this covariance on permeability and/or head data via cokriging (akin 

to Gaussian conditioning). We solve the linearized pseudo-Fickian transport equa

tion by a Galerkin finite element scheme. As the conditional dispersion coefficient 

is initially zero, the corresponding Peclet number is initially infinite. We avoid 

numerical difficulties commonly encountered with large Peclet numbers by using 

the analytical Batchelor rather than the numerical Galerkin method at early time. 

After solving the transport equation for the conditional mean concentration, 

the Eulerian-Lagrangian theory allows us to explicitly compute the conditional 

variance (and coefficient of variation) of the concentration prediction error, its 

conditional covariance, conditional plume spatial moments, conditional travel time 

distributions, conditional cumulative mass release to the environment, and the 

associated prediction variance. The theory also allows us to explicitly quantify the 

uncertainty in the original source location of any solute "particle" found anywhere 

in the field, at any time. We thus completely avoid the need to solve a transport 

equation for each higher moment as required by the Eulerian approach of Graham 

and McLaughlin (1989a,b). Travel time and cumulative release calculations follow 

directly from the Eulerian-Lagrangian theory without a need for special theoretical 

developments of the kind required by other Eulerian and Lagrangian approaches 

(e.g., Shapiro and Cvetkovic, 1988; NajJ, 1992; and Rubin and Dagan, 1992a). 

In chapter 2, we describe the analytical-numerical approaches, give some 

unconditional examples of steady state, two-dimensional transport due to instan

taneous point and nonpoint sources, compare these with published unconditional 
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results, and examine the effect of initial source size. 

In chapter 3, we condition the velocity on log transmissivity and hydraulic 

head data via cokriging, combine the Batchelor early time solution with a Galerkin 

finite element solution of a conditional pseudo-Fickian transport equation to obtain 

conditional predictions of concentration, its variance, coefficient of variation, spatial 

moments describing uncertainty about the origin of any solute sample in the :flow 

field, and examine the effect of conditioning. 

In chapter 4, we extend the approach to compute mass :flow rate across 

a . "compliance surface" as well as cumulative mass release and the probability 

distribution of travel times across this surface, the associated estimation errors, 

and spatial plume moments conditioned on hydraulic data. 

In chapter 5, we further extend the approach to include uncertain instan

taneous solute sources and, correspondingly, uncertain plume states at arbitrary 

"initial" time to, to handle longitudinal velocities that are lognormal, and to ex

amine the effects of uncertain initial plume state and non-Gaussian velocities. 

Chapter 6 summarizes this study. 

The whole approach is implemented by the computer program "PADE

CISM" listed in Appendix D. 
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CHAPTER 2 

ANALYTICAL-NUMERICAL APPROACH 

In this chapter we describe the details of our analytical and numerical ap-

proaches, report some unconditional examples of steady state, two-dimensional 

transport due to instantaneous point and nonpoint sources, compare these with 

published unconditional results, and examine the effect of initial source size .. 

2.1 Theory 

The starting point of this dissertation is the conditional theory of Neuman 

(1993). For simplicity, we restrict our analysis to divergence-free velo~ity fields 
. . 

such that 'V·v(x, t) = o. Then the conditional mean concentration (c(x, t))v is given 

exactly by (Neuman, (17)-(21c), 1993) 

8(~(~ t))v + 'V. [v(x, t)(c(x, t))v + Qv(x, t)] = 0(x, t)) (2.1) 

subject to the initial condition (c(x, 0)) = O. Here x is the vector of spatial location, 

t is time, v(x, t) = (v(x, t))v is the co~ditional ensemble mean (estimate) of v(x, t), 

the subscript v indicates conditioning on hydraulic data, 0(x, t)) is the ensemble 

mean of the solute source, Qv(x, t) is the conditional dispersive flux given by 

Qv(x, t) = J fot ov(x, t, X, r)'VX . Qv(X, r)drdx 

~ J fot {3v(x, t, x, r)'V X (c(X, r ))vdrdX (2.2) 



and 

a,,(x, t, X, r) = (c(x, tlx, r )v'(x, t))" 

f3,,(x, t, x, r) = (c(x, tlx, r)v'(x, t)vtT(x, r))" 
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(2.3) 

(2.4) 

where c(x, tlx, r) is the random concentration at (x, t) due to an instantaneous 

point source of unit solute mass (normalized by porosity) at (X, r), 0 :5 r :5 t, 

v'(x, t) = v(x, t) - v(x, t) is the velocity estimation error, v'(x, t) is the same but 

is immune to operations with respect to x and t, and T indicates transpose. From 

(2.2) we see that the transport is nonlocal because Q,,(x, t) depends on conditions 

not only at (x, t) but also at other points (X, r). Since local dispersion is disre

garded, c(x, tlx, r) = 8[X - X( r)] where x( r) is the random upstream position at 

time r, to < r :5 t, of an indivisible particle which, at a later time t, is found 

at the downstream location x (Neuman, 1993). Hence the kernel a,,(x, t, X, r) 

is the conditional Lagrangian ensemble mean velocity fluctuation, and the kernel 

f3Jx, t, x, r) is the conditional Lagrangian velocity covariance. Though (1)-(2) are 

rigorous and have a closed form in terms of these Lagrangian velocity moments, 

Q" cannot be evaluated without either high-resolution Monte Carlo simulation on 

a large grid, or approximation. This is so beca~se the statistical properties of 

c(x, tlx, r) are unknown. 

2.1.1 Instantaneous Sources 

At early time (t - to) relative to the conditional Lagrangian velocity corre

lation time r,,(xo, to), the conditional mean concentration due to an instantaneous 

point source of mass M introduced at (xo,to) (i.e., g(x, t) = (M/</J)8(x-xo)8(t-to)) 



30 

is given by (Neuman, Appendix A, 1993) 

(2.5) 

where <p is porosity, k is the number of space dimensions, and p( v)v is the con

ditional pdf of v. The solution, derived for the unconditional case by Batchelor 

(1952), is rigorously valid in the limit t ~ to. It implies that solute particles, at 

early time, are simply swept from their point of origin with the velocity that the 

fluid happens to have at the moment of their release. As mentioned earlier, Zhang 

(1992a) and Levin (1993) found by means of numerical experiments that the Batch

elor solution gives results consistent with those from Monte Carlo simulations up 

to dimensionless time of order 0.5. 

For an instantaneous nonpoint (line, area, volume) source introduced into 

a domain no at time to, the early time solution is simply a space integral of (2.5) 

(2.6) 

where so(x) is the specific strength (mass per unit length, area or volume) of the 

source. 

For an instantaneous point source under a pseudo~Fickian regime, where 

(c(x, tlxo, to)}v has spread sufficiently so that its gradient V(c(x, tlxo , to)}v varies 

slowly across the mean distance covered by the plume, (2.2) can he appz:oximated 

by (Neuman, (28), 19~3) 

(2.7) 

where Dv(x, tj to) is a conditional dispersion tensor defined as 

(2.8) 
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In general, Dv varies with space, absolute time, and residence time t - to. In space

time stationary velocity fields, D(t - to) is an unconditional function of residence 

time. If in addition the Lagrangian correlation time rv is finite, D(t - to) tends 

asymptotically to a Fickian constant, Doo, as t - to increases. 

. The conditional mean concentration due to an instantaneous source satisfies 

the pseudo-Fickian advection-dispersion equation 

where g(x) = (M/¢»o(x-xo) for a point source, and g(x) = so(x)/¢> for a nonpoint 

source. 

We analyze transport due to an instantaneous source by means of (2.5) or 

(2.6) at early time, and by means of (2.8)-(2.9) at later time. 

2.1.2 Evaluation of Dv(x, tj to) by Linearization 

To evaluate the dispersion tensor Dv(x, tj to) according to (2.8) and (2.4), we 

recall that c(x,tlx,r) = o[x - x(r)] where x(r) is the random upstream position 

at time r, to ::; r ::; t, of an indivisible particle which, at a later time t, is found at 

the downstream location x. Hence (2.8) can be rewritten as 

(2.10) 

where 

x(r) = x - X(t - rlx), (2.11) 

X( t - r Ix) being the random displacement of the particle from x( r) at time r to 

x at time t. As pointed out earlier, it is not possible to evaluate the Lagrangian 
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velocity covariance in (2.10) without using Monte Carlo simulation. We therefore 

approximate it to first order by disregarding deviations of the particle from its 

conditional mean trajectory. In other words, we replace x(r) in (2.10) by its 

conditional mean, so that 

(2.12) 

where 

(X( r )}v = x - {X( t - rlx)}v = x - it v( (X( r')}v, r')dr' '(2.13) 

This is similar in principle to the linearization employed in the context of an uncon-

ditional Lagrangian theory by Dagan (1987). In our conditional case, the approx-

imation should generally improve with conditioning of the velocity field on mea-

surements. This linearization further converts the conditional mean Lagrangian 

velocity fluctuation a v in (2.3) into a zero conditional mean Eulerian velocity fluc

tuation, which causes the first integral in (2.2) to vanish. 

By analogy with the particle displacement covarIance in the purely La

grangian approach (c.f., Dagan, 1987), we define 

nv(x,tjto) _ {t {t~'(X((J),(J)Vrr(X(T),T)}vd(Jdr 
Jto Jto 

~ {t {t~'((X((J)}v,(J)v'T((X(T)}v,T)}vd(Jdr 
Jto Jto 

For a stationary velocity field, 

(2.14) 

(2.15) 

In (2.14)-(2.15), the Lagrangian velocity covariance is evaluated upstream of x. In 

the unconditional case, one may also evaluate it downstream of x o , as is done in 
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purely Lagrangian theories. In this latter case, [let; to) is a measure of uncertainty 

about the location at time t of a particle emanating from (xo, to). In our case, [lu 

is a measure of uncertainty about the location at time to (the origin) of a particle 

known to have reached the downstream location x at time t. In the unconditional 

case where the velocity field is stationary, the two measures coincide. We shall 

refer to [lu as particle origin covariance and show how one can use it to quantify 

(lack of) information about the sources of groundwater contamination in an aquifer. 

Since the conditional velocity covariance generally decreases with conditioning, so 

do the conditional dispersion coefficient and covariance of particle origin. Hence 

our ability to locate the source of an existing or potential plume increases as our 

definition of the velocity field improves due to an enhancement of data quantity 

and quality. The maximum resolution of source location is, however, limited by 

the data support, w. 

2.1.3 Covariance of Concentration Prediction Errors 

The conditional covariance of the concentration prediction errors is given 

exactly by (C4) of Neuman (1993), it, however, cannot be evaluated without Monte 

Carlo simulations or approximations. If the flow field is divergence-free such that 

'\7·v(x, t) = 0 and the solute source (or the initial concentration condition) is known 

with-certainty such that g(x, t) = (g(x, t)), the weak approximation of (C4) is given 

by (Neuman, (C9), 1993) 

(c'(y, slto)c'(x, tlto))u = J 1: J 1~ (c(y, sl7], fJ))u '\7~(C(7], fJlto))u 

( v'( 7], fJ)v,T (x, T) )u '\7 x(c(x, Tlto))u(C(X, tlx, T ))udfJd7]dTdX (2.16) 
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where c' is the concentration prediction error, (y, s) and (x, t) are two different 

space-time locations. For a stationary velocity field, (2.16) reduces to (40) of 

Neuman (1993). 

On the other hand, linearizing (C4) of Neuman (1993) we obtain, under the 

aforementioned conditions, the following expression for the conditional covariance 

of the concentration prediction errors, 

r It V'T (c( (ij( B)) tJ, B Ito ))tJ ( v' ( (ij( B)) tJ, B)v,T ( (X( r)) tJ, r) ) tJ ito ito 
V' (c( (X( r ))tJ, rlto))tJdBdr (2.17) 

where (ij(B))tJ = y - (Y(s - BIY))tJ is the conditional mean position at time B, 

to :::; B :::; s, of a particle which reaches Y at time s. 

Expression (2.17), under a pseudo-Fickian regime, may be further simplified 

to 

- V'T (c(y, s Ito)) U 111 It ( v'( (ij( B)) u, B)v,T ( (X( r ))u, r) )udBdr 
to ito 

V'(c(x, tlto))u' (2.18) 

At' Y = x and s = t, the above expressions reduce to the variance of the 

concentration prediction error at (x, t). Once the conditional velocity covariance 

and t?e mean concentration field are available, the concentration (co )variance can 

be calculated explicitly by using trapezoidal integration or numerical quadrature 

,(we use the former). It is worthwhile to note that the conditional concentration 

prediction variance, due to an instantaneous areal source (area source in 2-D or 

volume source in 3-D) of uniform initial concentration Co and in the absence of 

local dispersion, can be given as (Appendix A) 

(2.19) 
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which is analogous to the unconditional concentration prediction variance given by 

Dagan (1989, 1990). This variance formula is simple and easy to be c?mputed, 

however, it can only work for areal sources with uniform initial concentrations and 

cannot easily be extended to compute covariance. It is also of interest to point out 

that the goodness of all the formulae proposed above relies on that of the estimate 

of the ensemble mean concentration field and hence fonnula (2.19) is "exact" only 

when the estimate of the mean concentration is exact. Later in this chapter we 

will compare the results of concentration prediction variances calculated from the 

aforementioned fonnulae. 

Since the mean concentration field is not unifonn, it is often useful to express 

prediction uncertainty in relative tenns by means of its conditional coefficient of 

variation, 

C ( ) 
[{c'(x, tlto)c'(x, tlto)}v]1/2 

Vv x, tj to = I ( I)~ ,c x, t to ~v . 
(2.20) 

According to (2.19), in the uncoQ.ditional case of Gaussian {c}, at the mean 

plume center the variance is minimum if the peak mean concentration { c} is larger 

than co/2 and maximum otherwise (Rubin, 1991b). In other words, the variance (or 

standard deviation) profiles are bimodal when the peak {c} > co/2 and unimodal 

otherwise. However, the concentration coefficient of variation is always minimum 

at the plume center and increases with distance from the center. The coefficient of 

variation is generally finite except for some extreme cases where the residence time 

or the distance from the plume center becomes infinite. 
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2.1.4 Conditioning of Velocity on Hydraulic Data by Cokriging 

To condition the velocity on log hydraulic conductivity and/or hydraulic 

head data, we follow an approach outlined earlier by Rubin (1991a). In this ap

proach, the log hydraulic conductivity field Y(x) and the velocity field vex) are con

sidered to be statistically homogeneous, v being additionally independent of time. 

Spatial fluctuations in these fields are taken to be mild enough to allow linearizing 

the groundwater flow equation. The conditional velocity mean and covariance are 

then expressed by the following two linear systems of equations, respectively, 

Ny Nh 

(Vk(X))v = (Vk(X)) + E Akp(X)Y'(xp) + E Vkq(x)h'(Xq) k = 1,2,3 (2.21) 
1'=1 q=1 

Ny 

Vik(X, y) - CV,Vk(X, y) - E Akp(X)CvkY(y, XI') 
1'=1 

Nh 

- E Vkq(X)CVkh(y, Xq) I, k = 1,2,3 (2.22) 
q=1 

where (v~v and Vik are components of the conditional velocity mean and covariance, 

respectively; (v~', CV'Vk' CvkY and Cvkh are components of the unconditional ve

locity mean, velocity covariance, velocity-log conductivity and velocity-head cross 

covariances, respectively; Y' and h' are measured residuals (deviations from the 

unconditional mean) of Y and h, respectively; Ny and Nh are the numbers of cor

responding measurement points; and the coefficients Akp and Vkq are solutions of 

the following two respective systems of "simple cokriging" equations, 

Ny Nh 

CvkY(X, Xi) = E Akp(X)CY(Xi' XI') + E Vkq(X)CYh(Xi, Xq) i = 1"" ,Ny (2.23) 
1'=1 q=1 

Ny Nh 

CVkh(X, Xj) = E Akp(X)Cyh(Xj, XI') + E Vkq(X)Ch(Xj, Xq) j = 1, ... ,Nh. (2.24) 
1'=1 q=1 
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Here Cy is the unconditional covariance of log conductivity, and Ch is the uncon

ditional covariance of head. 

Expressions for the required unconditional (cross) covariances are given by 

Rubin (1991a) for uniform mean flow in an unbounded domain with an exponential 

log hydraulic conductivity covariance in 2-D, and by R'ub'in and Dagan (1992b) and 

Zhang and Neuman (1992) in 3-D. These expressions are formally limited to O'~ ~ 1, 

where O'~ is the variance of Y. In the 2-D steady state case, Ch is unbounded and 

Dagan (1985) recommended replacing it formally by 

(2.25) 

where O'~ and r h are the variance and residual semi-variogram of head, respectively. 

Upon substituting (2.25) into (2.24) and taking the limit O'~ ~ 00, (2.24) may be 

rewritten as 

Ny Nh 

Cvkh(X,Xj) = E Akp(X)CYh(Xj,Xp) - E IIkq(X)rh(Xj,Xq) + 0(x) j = 1,···, Nh 
p=l q=l 

(2.26) 

subject to 
Nh 

E Vkq(X) = 0 (2.27) 
q=l 

so that 0(x) = limCT~-+oo [O'~ E:~l Vkq(X)] is finite by virtue of (2.27). For finite 

computational domains, 0 = O. 

It is clear from the above that whereas the conditional mean velocity depends 

on both the magnitudes and the locations of the measurements, the conditional 

velocity covariance depends only on their locations. As the conditional dispersion 

tensor Dv in (2.12) and the particle origin covariance flv in (2.14) are functions of 
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both conditional velocity moments, they depend on both the magriitudes and the 

locations of the measurements. 

2.2 Numerical Implementation 

As mentioned earlier, we restrict ourselves in this dissertation to mildly 

fluctuating, steady state, statistically homogeneous velocity fields. Such fields are 

Gaussian or nearly so when the hydraulic conductivity is lognormal. Under such 

conditions, the pseudo-Fickian equations (2.9)-(2.10) are valid at all times. We 

solve these equations by a Galerkin finite element scheme which however does not 

work well at early time. We overcome this numerical difficulty by adopting the 

explicit analytical solution (2.5) or (2.6) for dimensionless time values up to 0.5. 

2.2.1 Explicit Early Time Solutions 

Monte Carlo simulations by Levin (1993) have shown that, under uniform 

mean flow, the velocity components lack any measurable cross-correlation. There

fore, for a Gaussian velocity field, the early time conditional mean concentration 

due to an instantaneous point source of mass M, introduced at (xo, to), can be 

computed explicitly by means of 

Here k is the number of space dimensions, while (vqv and Vii are the conditional 

mean and variance of the ith velocity component at (xo, to), respectively. For a 

nonpoint source of uniform strength So in a box-shaped domain no with sides 
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2a:1! ... , 2a:k centered about X o , in which the conditional mean velocity is locally 

uniform, one has (Zhang, 1992a) 

(2.29) 

where 

A nonuniform source in a nonuniform conditional velocity domain can be subdi-

vided into smaller sources that satisfy the uniformity requirements in an approxi-

mate manner. 

2.2.2 Finite Element Pseudo-Fickian Solution 

For a s~eady state divergence-free velocity "field, (2.9) can be rewritten for 

t > to as 

(2.31) 

As (q is relatively smooth, it c~ be approximated by the finite-dimensional sum 

N 

(c(x, t))tI ~ L: (em (t)} 1/-Im (x) (2.32) 
m=l 

where cm(t) = c(xm' t) and 1/-Im(x) are appropriate Lagrange interpolation (basis, 

coordinate) functions. We choose the latter to be bilinear functions on a grid of 

rectangular 2-D elements with N corner nodes such that 

(2.33) 
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where omn is the Kronecker delta. Galerkin orthogonalization of (2.31) yields N 

integrals 

In { 8(c(~ t))v + vex). V'(c(x, t))v - V'. [Dv(x, tj to)V'(c(x, t))v]} tPn(x)dx = 0 

n = 1,2,,,,, N(2.34) 

over the grid domain n. Applying Green's identity, and placing the boundaries far 

enough from the source so that Dv(x, tj to)V'(c(x, t))v has zero components normal 

to them, results in 

10 8(c(~ t))v tPn(x)dx + 10 vex)· V'(c(x, t))vtPn(x)dx 

+ In Dv(x, tj to)V'(c(x, t))v' V'tPn(x)dx = 0 (2.35) 

Substituting (2.32) into (2.35) yields the following system of first-order differential 

equations, 

where 

N d(cm(t)) N . 2: Dnm d + 2: [Anm + Bnm](cm(t)) = 0, n = 1,2"", N, 
m=l t m=l 

Dnm = In tPm(x)tPn(x)dx 

Anm = In Dv(x, tj to)V'tPm(x), V'tPn(x)dx 

Bnm = In vex)· V'tPm(x)tPn(x)dx 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

The matrices A and D are symmetric. A diagonal alternative to the "consistent" 

D matrix in (2.37) is the "lumped" matrix 

(2.40) 

which we adopt below for the sake of simplicity. 
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Let t/ = t/-l + D..t, 1= 1,2"", and (c!n) = (cm(t/)). Upon discretizing (2.36) 

with respect to t, the finite element equations become 
N N 
L [Dnm + wD..t(Anm + Bnm)](c!n} = L [Dnm - (1 - w)D..t(Anm + Bnm)](C!;l) 
m=l m=l 

n = 1,2, ... ,.l\{2,41) 

where 0 ::; w ::; 1. The choice w = 1 corresponds to a backward scheme, w = 0.5 to 

a time-centered scheme, w = 0 to a forward scheme. 

The matrices D and B are time independent and need to be evaluated only 

once. The matrix A depends on t - to and must be reevaluated at each time step. 

We solve (2.41) by preconditioned conjugate gradients (ESSL, 1990). 

As the time-dependent dispersion tensor is initially zero, the grid Peclet 

number Pe is infinite. For the Galerkin finite element scheme to yield nonoscillatory 

results without excessive numerical dispersion, it is necess~ that (c.f., de Marsily, 

1986) 

(2.42) 

(2.43) 

where Pe and Co are the Peclet and Courant numbers, respectively; (vJ is the 

mean velocity (taken parallel to Xl), Dn is the longitudinal dispersion coefficient, 

D..Xl is the longitudinal discretization interval, and D..t is the time discretization 

interval. In the unconditional 2-D case, at early time t = D..t, 2Dnt ~ 0";1 t 2 and 

0";1 = ~(Vl)20"~ (c.f., Dagan, 1989) so that Dn ~ 1~(VJ20"~~t. Thus, 

16 1 
Pe = -3 2 -C (2.44) 

O"y 0 

which does not satisfy both (2.42) and (2.43) unless O"~ > ·8. The difficulty is 

eliminated by using an analytical solution at early time. When the velocity is 
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non-Gaussian, the analytical solution becomes not only a numerical, but also a 

theoretical, necessity. 

2.2.3 Computation of Dv 

To evaluate Anm in (2.38) one must compute pv(x, tk; to) at each time step. 

Under steady state, (2.12) can be computed according to 

k 

Dv(x, tk; to) ::::: ~]v'(x)ylT(Xi))v6.t 
i=l 

(2.45) 

where xi is the conditional mean particle upstream position defined, similar to the 

single-step- reverse particle tracking (modified method of characteristics) scheme 

(Neuman, 1981, 1984; Cady and Neuman, 1988), as 

(2.46) 

where ti = t i- 1 - 6.t with t1 = to = t.k, and XO = x. Equation (2.45) provides a 

simple recurrence formula for the updating of Dv at each time step. 

The particle origin covariance in (2.14) may likewise be computed as 

k k 
!Jv(x, tk; to) ::::: E E(v'(xi )vlT(xi ))v(6.t? 

i=li=l 

k-1 
- !Jv(x, tk-1; to) + E(v'(xi )ylT(xk))v(6.t)2 

i=l 
k-1 

+ E(v'(xk)ylT(xi ))v(6.t? + (v'(xk)ylT(xk))v(6.t)2 (2.47) 
i=l 
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2.3 Unconditional Examples 

In this chapter we illustrate the proposed numerical approach on some two

dimensional, unconditional examples. The unconditional stochastic approach typ

ically assumes that one has at his/her disposal some statistical infonnation about 

measurable model parameters and/or inputs, but no actual measurements. Our 

unconditional examples concern transport from point, line and area sources of unit 

total mass under unifonn mean steady state flow. We assume that the log trans

missivity Y = In T is a statistically homogeneous field with zero mean (y), and 

with unit variance u? and integral scale..\. The effective porosity ifJ is arbitrarily 

taken to be one. 'fransport takes place in a domain of size 20..\ by 10..\ at a uniform 

mean velocity (v~ = 0.1 parallel to Xl under a mean hydraulic gradient of 0.1. The 

dimensionless time discretization interval 6.tu is chosen to be 0.1. The velocity is 

taken to be nonnally distributed and pore-scale dispersion is neglected. 

Before proceeding with two-dimensional examples we compare the abilities 

of our approximate formulae fonnulae (2.16)-(2.18) to reproduce the "exact" con

centration variance according to Dagan's formula (2.19) in one-dimension. For 

this purpose, we consider the unconditional case of an instantaneous line source of 

unit mass distributed unifonnly along the interval [-1,1] on the dimensionless axis 

X = xd..\ where ..\ is the integral scale of natural log transmissivities. Figures 2.1, 

2.2, and 2.3 show profiles of the corresponding mean concentration (c), standard 

deviation Sd, and coefficient of variation Cv, respectively, for dimensionless times 

tu = (Vl)t/..\ ranging from 0.5 to 9.0, where (v~ is the (constant) mean velocity. 

From Figure 2.2 it is obvious that the weak approximation (2.16) and the exact 

formula (2.19) yield identical peak standard deviations up to at least tu = 1.0., 
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Figure 2.1: Unconditional mean concentration (( c)) profiles at various dimension
less times due to "a line source in one-dimensional domain. 
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The linearized formula (2.17) consistently overestimates the peaks, whereas the 

linearized pseudo-Ficlcian formula (2.18) underestimates them. While none of the 

approximate formulae reproduce the true profiles of standard deviation exactly , 

the weak approximation (2.16) is by far the best in this regard. Among the three 

approximations, (2.16) is the only one that yields a nonzero standard deviation at 

the center of the plume (our lir..earized results are similar in this sense to those 

of Li and McLaughlin, 1991, Figure 5) and a profile of Sd which changes gradu

ally with time from bimodal to unimodal, in accord with the exact formula (2.19). 

This confirms Neuman's (1993) contention that although his weak approximation 

is not perfect, it is far superior to linearization in terms of accuracy. Unfortunately, 

it is computationally much more demanding, requiring 2k spatial and 2 temporal 

integrations for k space dimensions. 

Figure 2.3 places these comparisons in a somewhat different perspective. It 

shows that the linearized pseudo-Fickian formula (2.18) is the only one that predicts 

coefficient of variation profiles that are everywhere, and at all times, consistent 

with the exact overall behavior of this coefficient as predicted by (2.19). We refer 

in particular to the consistent increase in coefficient of variation from the center 

of the plume outward. Although Cv is predicted more accurately by the weak 

approximation (2.16) than by the linearized pseudo-Fickian formula near the center 

of the plume (these two approximations do equally well there up to at least a 

dimensionless time of O.q), the linearized pseudo-Fickian formula does consistently 

better along the plume margins. This, and the much smaller computational effort 

required for the evaluation of (2.18) than for that of (2.16), explain why we have 

chosen to use the former in all two-dimensio"nal calculations in this dissertation. 
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dimensionless times due to a square source in two-dimensional domain. 
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Figures 2.4 and 2.5 show spatial profiles of unconditional concentration stan

dard deviation and coefficient of variation at three dimensionless times (0.5, 3.0, 

and 5.0) due to a square source in a two-dimensional domain (see Figure 2.13 for 

source location and the corresponding mean concentration contours). Due to the 

two reasons just mentioned; nb results are presented based on the weak approxima

tion (2.16). The comparative behaviors of the other three sets of curves are similar 

to those observed in the one-dimensional case. 

Figure 2.6 depicts the evolution of a plume emanating from an instantaneous 

point source introduced at time t = 0 at the origin of the space coordinates (see 

the upper left plot of Figure 2.7). The latter are dimensionless; normalized with 

respect to.A according to X = xt/.A and Y = X2/.A. The upper left plot shows arrows 

representing the unconditional uniform mean velocity at points controlled by our 

finite element grid (see the upper left plot of Figure 2.8). The remaining plots are 

contours of mean concentration at dimensionless times tv = (Vt}tj.A = 1,3,5,7 and 

9. For ease of reading, contours are labeled by integer "level" which relates to mean 

concentration as shown in the legend. The contours delineate smooth and regular 

ellipses corresponding to a Gaussian mean concentration plume, traveling with the 

mean velocity. Figure 2.7 shows the location of the point source and contours of 

mean concentration obtained analytically by assuming that the mean concentration 

is Gaussian and adopting the spatial particle displacement covariance of Dagan (c.f., 

1987). The analytical and numerical results are similar, attesting to the accuracy 

of our combined analytical-finite element approach. Mean concentration profiles 

along lines Y = 0 and X = 0.5 at the early dimensionless time tv = 0.5 are shown 

in the upper two plots of Figure 2.10. 
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The upper left plot in Figure 2.8 depicts our finite element mesh. The 

remaining plots are contours of standard deviation (Sd) of concentration at various 

values of tv. The Sd contours are generally smooth and regular though some slight 

irregularities can be seen at dimensionless times up to tv = 5. These irregularities 

are caused by numerical discretization errors and can be minimized by using finer 

and more uniform meshes. This implies that the computation of Sd requires a 

finer discretization than that of (c) does. The deviation at each tv is smallest at 

the plume center, increases to a maximum, then decreases with distance from the 

center. This can be seen clearly in the middle two plots of Figure 2.10, and is also 

reflected at the relatively coarse plotting scale of Figure 2.8. 

The upper left plot in Figure 2.9 shows how the longitudinal (Qu ) and 

transverse ([222) particle origin covariances vary with tv (in this unconditional case 

with uniform mean velocity, there is no difference between particle origin covariance. 

and particle displacement covariance). Our numerical values are indistinguishable 

from those predicted analytically by Dagan (c,{., 1987). The remaining plots are 

contours of concentration coefficient of variation. The coefficient of variation at 

each tv is zero at the plume center and increases with distance from the center 

(shown for tv = 0.5 in the lower two plots of Figure 2.10). This implies that 

one's ability to predict low concentrations away from the plume center is subject to 

large uncertaihties. The outer contours of coefficient of variation are discontinuous 

because they are artificially truncated at the edges where the mean concentration 

( c) is smaller than 0.01. The area inside high coefficient of variation grows with 

tv, implying that one's ability to predict concentrations diminishes with time. 

Figures 2.11 and 2.12 show results corresponding to a line source of unit 
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mass distributed uniformly between (0., -1.) and (0.,1.). Figure 2.11 is the line 

source analogue of Figure 2.6, and Figure 2.12 is the corresponding analogue of 

Figure 2.9. The geometry of the source is clearly reflected in the shape of the 

mean concentration contours at tv = 1, but becomes less and less discernible as the 

plume continues to spread. The plwne center is flatter in the line source (Figure 

2.11) than in the point source (Figure 2.6) case. The area inside high coefficient of 

variation is smaller in the line source (Figure 2.12) than in the point source (Figure 

2.9) case and increases with time. The effect of source geometry on the coefficient 

of variation (and, by implication, on the standard deviation of concentration) is 

clearly visible at dimensionless times up to tv = 3.0. 

Figures 2.13 and 2.14 complete the picture by showing what happens when 

the unit source is a 2 by 2 square centered about the origin. The mean plwne and 

coefficient of variation appear to have lost memory of the the source geometry by 

the dimensionless time tv = 5.0. The peak concentration and the area inside high 

coefficient of variation are both lower in the square source than in the line source 

case. This measure of the concentration prediction error increases with time. 

2.4 Conclusions 

This chapter leads to the following major conclusions: 

1. Nonreactive solute transport due to steady state advection under a uniform 

mean gradient in a mildly fluctuating, statistically homogeneous, lognormally 

distributed random hydraulic conductivity field is amenable to conditional 

analysis via cokriging and a deterministic computational method based on 

the Eulerian-Lagrangian theory of Neuman (1993). According to the latter 
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methods, early time solutions are computed analytically to avoid large grid 

Peclet numbers which would otherwise cause numerical difficulties. At later 

time, the problem is expressed in pseudo-Fickian fonn and solved numerically 

by Galerkin finite elements on a relatively coarse grid. The pseudo-Fickian 

equations involve a space-time dependent dispersion tensor conditioned on 

log hydraulic conductivity and/or head data. In this chapter we presented 

unconditional results for instantaneous point, line and area sources in a two

dimensional flow field. We also computed explicitly the variance and coef

ficient of variation of the concentration prediction errors, and the particle 

origin covariance. 

2. Our Eulerian-Lagrangian approach is similar in spirit to the Eulerian method 

of Graham and McLaughlin (1989a,b) and to the Lagrangian method of Ru

bin (1990; 1991a,b,c). However, our approach differs from these methods in 

virtually all computational details except for the common use of cokriging by 

Rubin and ourselves. C<?mputationally, our approach has a major advantage 

over the above Eulerian method in that it allows calculating second moments 

of the concentration explicitly rather than implicitly. Our approach has an 

important computational advantage over the above Lagrangian method in 

that it avoids the need for Monte Carlo simulations of velocity fields and 

particle motions. 

3. A comparison was made between three different formulae for the concen

tration prediction covariance based on our Eulerian-Lagrangian theory, and 

an exact formula for the variance due to Dagan (1989, 1990). Our three 

covariance formulae utilize a weak approximation, a linear approximation, 



63 

and a linear pseudo-Fickian approximation, respectively. Dagan's formula is 

restricted to uniform instantaneous sources of nonzero length in each dimen

sion. The weak approximation yields a much better definition of concentra

tion standard deviation than do the linear approximations. It also defines 

better the coefficient of variation near the center of the plume, but not along 

the plume margins where the linear pseudo-Fickian approximation is much 

better. Given that the latter approximation represents the overall behavior 

of the coefficient of variation quite well, and is much easier to compute than 

the weak approximation, it has been adopted for all subsequent calculations. 

4. The unconditional mean concentration and the peak standard deviation cor

responding to instantaneous point, line, and area sources decrease with time. 

The area inside high coefficient of variation increases with time, implying that 

our ability to predict. concentrations deteriorates as a plume evolves. 

5. Contrary to some assertions in the literature, the concentration variance and 

coefficient of variation in a purely advective field (in which local dispersion 

is inactive) are generally finite. We find that the variance (or standard de

viation) increases rapidly from its minimum at the center of the plume to a 

maximum value at some distance from the center and then decreases more 

gradually with this distance, and that the coefficient of variation is minimum 

at the plume center and increases with distance from the center. 

6. The shape and size of an instantaneous source are reflected in the contours 

of the unconditional mean concentration, standard deviation and coefficient 

of variation. The effect of source geometry decreases with time. 
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CHAPTER 3 

EFFECTS OF HYDRAULIC MEASUREMENTS 

3.1 Introduction 

In this chapter we condition velocity on log transmissivity and head data 

via cokriging. We then combine a conditional version of Batchelor's (1952) ana

lytic early time solution with a Galerkin finite element solution of a conditional 

pseudo-Fickian transport equation due to Neuman (1993) to obtain conditional 

predictions of concentration, its variance, coefficient of variation, and spatial mo

ments describing uncertainty about the origin of any solute sample in the flow . 

field. Due to conditioning, the mean velocity becomes nonuniform,. the velocity 

covariance becomes location-dependent, and the pseudo-Fickian dispersion tensor 

becomes dependent on space and time. Hence the predicted plumes are irregular 

and non-Gaussian. 

As in the examples of chapter 2, we take the log transmissivity to be sta

tistically homogeneous and isotropic with a zero mean, a unit variance, and an 

exponential covariance with unit integral scale. We arbitrarily set the porosity 

equal to one, orient the unconditional uniform mean velocity vector parallel to the 

Xl coordinate, and set its magnitude equal to 0.1. Since the geometric mean trans

missivity is one, the unconditional uniform mean hydraulic gradient is 0.1. Under 

these conditions the velocity is not far from normal and we assume it be strictly 
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so. We neglect pore-scale dispersion and perform the computations on a domain 

of length 20A and width lOA where A is the integral scale of log transmissivity. 

3.2 Conditioning on Log Transmissivity Data 

To examine the effects of conditioning on log transmissivity data, we start 

with a 2 x 2 grid of local measurements as shown in the upper left part of Fig

ure 3.1. The space coordinates are normalized with respect to the integral scale, 

X = Xl/A, Y = X2/ A. The data are specified as deviations from the mean, or 

residuals, Y' = InT - ~n7}. Their most inunediate effect is to alter the (origi

nally uniform) mean velocity field as shown in the upper left part of Figure 3.2. 

The mean flow is deflected sligh~ly upward and away from the low transmissivity 

zone centered at (7, -3) toward the high transmissivity zone centered at (7,3), 

then curves slightly toward the elevated transmissivity zone centered at (16, -3). 

In other words, the conditional mean streamlines are attracted toward confirmed 

high permeability zones and away from confirmed low perm~ability zones. Hence 

the plume no longer travels along the prior uniform mean trajectory but along a 

slightly curved conditional mean trajectory. The conditional dispersion coefficient 

differs from its unconditional counterpart in that it depends' on location, not only 

on time. For this reason, the plume is no longer a standard, symmetric ellipse 

but a slightly skewed, asynunetric one. Comparison with Figure 2.6 reveals that 

the area of high mean concentration inside contour level 6 is now somewhat larger 

than it was in the unconditional case. This illustrates that conditioning reduces the 

predicted spread, or dispersion, of the plume as anticipated on theoretical grounds 

by Neuman (1993). 
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The contours in Figure 3.2 show how the conditional standard deviation of 

the predicted concentration, as predicted using the linearized pseudo-Fickian ap

proximation (2.18), varies with dimensionless location. Unlike the unconditional 

case, the standard deviation (Sd) contours are no longer smooth, regular and sym

metric. Nevertheless, the standard deviation is still minimum at the plume center 

of mass (we recall that this is an artifact of linearization), increases rapidly with 

distance from this center toward a maximum, then decreases more gradually with 

further distance. The maximum standard deviation decreases with time. Contours 

of the coefficient of variation (Cv) in Figure 3.3 are likewise distorted. As in the 

unconditional case, Cv is minimum at the plume center and increases gradually 

with distance from the plume center. Contrary to Sd, the area inside high Cv 

increases with dimensionless time (tv = (v~t/ A, (Vt) being the unconditional mean 

velocity), indicating that one's ability to predict concentrations diminishes with 

time. A comparison of Figures 3.2 and 3.3 with corresponding Figures 2.8 and 

2.9 suggests that the present level of conditioning is insufficient to bring about a 

discernible reduction in uncertainty, as measured by Sd and Cv. 

Figures 3.4 shows how the longitudinal conditional particle origin covariance 

0 11 varies at (6.5,0) near the center of the domain with. dimensionless time (upper 

left) and with spatial location at selected values of tv. There is no discernible 

reduction in 0 11 at the point (6.5,0) which lies midway between, and upstream 

of, the four conditioning points .. There is however some measurable reduction in 

0 11 at and near the points of measurement which diminishes in magnitude with 

distance from thes~ points. This reduction is more pronounced in the upstream 

high transmissivity than in the corresponding low transmissivity zone, reflecting 
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preferential flow through the former. As 1"211 increases with time, its local minima 

are advected downstream of the conditioning points and disperse, forming distinct 

"plumes" of reduced 1"2n. This is understandable if we recall that 1"211 is a measure 

of the uncertainty in locating the point of origin (at time ze~o) of a solute "particle" 

located at a given point in the field at a given time. What 'determines 1"211 is not 

so much the current position of the particle as the proximity of its trajectory to 

upstream points of conditioning. 

Figure 3.5 shows how the transverse conditional particle origin covariance 

1"222 varies at (6.5,0) near the center of the domain with dimensionless time (upper 

left) and with spatial location at 0 selected values of tv. The relative reduction 

in 1"222 is larger and more wide spread than in 1"211 (Figure 3.4). This suggests 

that conditioning reduces the uncertainty in the transverse position of streamlines 

(relative to the unconditional case) to a greater extent than it does the uncertainty 

in the longitudinal origin of any point on a streamline. We see again that this 

reduction in uncertainty is largest in the high transmissivity zones through which 

the streamlines converge and smallest in the low transmissivity zone around (7,0_3) 

which the streamlines try to avoid. The areas of largest and smallest 1"222 are 

advected downstream and disperse with time. 

Wh~n the number of log transmissivity conditioning points increases from 

2 x 2 to 5 x 5 as shown in the upper left part of Figure 3.6, the mean velocity field 

becomes much more distorted (upper left of Figure 3.7) than before (upper left of 

-Figure 3.2). As a result, the plumes of conditional mean concentration in Figure 3.6 

travel along similarly distorted mean trajectories. Due to enhanced conditioning, 

the plumes show a greater degree of irregularity and skewness than in the 2 x 2 
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case (Figure 3.1). The high concentration areas enclosed by contour level 6 are 

visibly larger than in the latter case, implying lesser dispersion and uncertainty. 

This is reHected in a reduction in the area inside high coefficient of variation in 

Figure 3.7, in comparison to Figure 3.3. The distorting effect of conditioning on 

the coefficient of variation contours is seen to be more pronounced than on the 

mean concentration contours. 

Figures 3.8 and 3.9 show how the addition of conditioning points affects 

nu and n22 , respectively. The reduction in both nu and n22 is clearly larger 

and more wide spread than in the 2 x 2 case .of Figures 3.4 and 3.5. Both nll 

and n22 are reduced in the vicinity of conditioning points at early time. As time 

progresses, the contours of nll and 1"222 travel downstream and disperse. The con

tinuous dark region in Figure 3.9 reHects reduced uncertainty in the transverse 

position of streamlines passing through a high transmissivity zone of similar shape. 

The light-colored regions reHect a higher level of such uncertainty associated with 

the least transmissivity areas. Figure 3.9 thus provides a vivid image of preferential 

flow through highly transmissive regions and the exclusion of flow from zones of 

low transmissivity. Comparison with Figure 3.8 shows that uncertainty about the 

longitudinal origin of any particle in the field exceeds the uncertainty about its 

. transverse origin. In practical terms, the available data are more useful in identi

fying the transverse location of potential sources of pollution than the distance of 

such sources upstream from any point of detection. 



5.0 

U 
0 

'1.0 

'1.0 

·5.0 
·u 

5.0 

2.5 

0.0 

Y 

.2.5 

·5.0 
.2.5 

5.0 

2.5 

0.0 
Y 

.2.5 

·5.0 
.2.5 

74 

5.0 
••••. 0 L.oYoI <0 

• 0.9QA 

0 0 0 g 5 0.73 
1.0 1.0 .1.0 2.5 4 o.se: 

~ 

~ 
9.0 ~ 

3 o.:w: 

~ 
z 0.22: 

.s-.. 
9.5 9. ~ 

0.0 O.OSI 

0 0 y 
'1.0 '1.0 0.5 1.0 

0 0 0 0 
.2.5 

·1.0 ·1.0 0.5 1.0 

0.0 U 5.0 7.5 X 10.0 12.5 IU 17.5 
.s.o .z.s 0.0 2.5 5.0 7.5 X 10.0 12.5 15.0 17.5 

5.0 
.. _3.IJ .. _5.0 -• 0.073 

5 0.051 
4 2.5 4 0.048 

~ 
3 

~ 
3 0.037 

Z 2 0.024 

0.0 0.012 
Y 

.z.s 

0.0 2.5 5.0 7.5 X 10.0 12.5 15.0 17.5 
-5.0 

.2.5 0.0 2.5 5.0 75 X 10.0 12.5 15.0 17.5 

.. _7.0 ~-
:a.u .... .._8.0 

o.oso • O.IDI 

G.04Z 5 0.031 
4 111m 2.5 4 o..ozs 

~ 
3 o..ozs 3 o.otl 

~ 2 CI.017 2 o.ot3 
0.001 0.0 I O.DOI 

Y 

.2.5 

0.0 2.5 5.0 7.5 X 10.0 12.5 15.0 17.5 
-5.0 

.2.5 0.0 2.5 5.0 7.5 X 10.0 12.5 15.0 17.5 
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3.3 Conditioning on Hydraulic Head Data 

We examine next the effects of conditioning on hydraulic heads measured 

at the 2 x 2 locations shown in the upper left part of Figure: 3.10. The data are 

given as deviations from the mean, or residuals, h'(x) = hex) - (h(x)). Their most 

immediate effect is to alter the (originally uniform) mean velocity field as illustrated 

in the upper left part of Figure 3.11. As the mean flow is now nonuniform and 

the velocity covariance is location-dependent, the velocity field is nonstationary. 

The conditional mean concentration plume in Figure 3.10 travels along a slightly 

curved conditional ~ean trajectory and disperses in a skewed, irregular fashion. 

Comparison with Figure 2.6 reveals that the area of high mean concentration inside 

conto~ level 6 is now somewhat larger than it was in the unconditional case. This 

illustrates that conditioning on four head data reduces the predicted spread, or 

dispersion, of the plume as anticipated on theoretical grounds by Neuman (1993). 

Figure 3.11 shows the coefficient of variation contours at selected 'values of tv' 

These contours are skewed and distorted by conditioning, but a comparison with 

Figure 2.9 reveals that the area enclosed by each contour here is not very different 

from that in the unconditional case. Hence the 2 x 2 grid of conditioning points 

is insufficient to bring about a significant reduction in prediction uncertainty, as 

measured by Cv. 

Figures 3.12 and 3.13 shows how conditioning on 2 x 2 head data affects 

the particle' origin variances f2n and f222' respectively. As with the transmissivity 

data, the greatest relative reduction in uncertainty occurs in the transverse posi

tion of streamlines and particle origins. This reduction is most pronounced at a 

transverse location midway between the measurement points, and along a curved 
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region through which flow occurs preferentially under the observed hydraulic head 

configuration. The white regions in Figure 3.13 represent maximum uncertainty as

sociated with areas about which the conditional streamlines take a detour. Though 

the preferential flow region is identifiable in Figure 3.12, the relative reduction in 

0 11 and in the uncertainty about the longitudinal positions of particle origins re

mains smaller than it was when we conditioned on log transmissivities (compare 

with Figure 3.4). 

Increasing th~ number of head measurements from 2 x 2 to 5 x 5 brings 

about a further reduction in uncertainty. The mean concentration plumes in Figure 

3.14 are narrower and have larger areas of high mean concentrations than those 

in Figure 3.10, implying lesser dispersion which in our model represents lesser 

uncertainty. This is reflected in the narrowing of the coefficient of variation contours 

in Figure 3.15, and in a reduction in the area enclosed by many of them. 

Figures 3.16 and 3.17 show how the addition of head conditioning points 

affects 0 11 and 0 22 , respectively. The reduction in both 0 11 and 0 22 is generally 

larger and more wide spread than in the 2 x 2 case of Figures 3.12 and 3.13. 

Most of the early reduction in 0 22 occurs along transverse zones spanning the 

measurement points. As these zones are advected downstream and disperse, the 

dark area of maximum 0 22 reduction expands .considerably. It represents least 

uncertainty. about the transverse position of streamlines in a broad, irregular zone 

of preferred flow. Least reduction in both 0 11 and 0 22 occurs within zones of least 

flow. Similar behaviors of n11 and 0 22 (and associated gray shades) can be seen 

within low transmissivity zones in Figures 3.4-3.5 and 3.8-3.9. 

Our results confirm an earlier conclusion by Graham and McLaughlin 
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(1989b) that conditioning on head data may be effective in reducing uncertainty. 

In our view, the inability of Rubin (1991a) to clearly discern this effect stems from 

his arrangement of uniform head residuals along a single longitudinal direction. 

3.4 Conditioning on Log Transmissivity and Hydraulic Head Data 

We explore briefly the effects of conditioning jointly on log transmissivity 

and hydraulic head data. For this, we adopt the upper two log transmissivity data 

(1.0 and 0.5) in Figure 3.1 and the lower two hydraulic head data (0.6 ru;td 0.05) in 

Figure 3.10 to form a grid of two Y' and two h' conditioning points. For brevity, we 

show only the corresponding particle origin covariances nn and n22 , respectively, 

in Figures 3.18 and 3.19. These should be compared with Figures 3.4-3.5 corre

sponding to 2 x 2 log transmissivity data, and Figures 3.12-3.13 corresponding to 

2 x 2 head data. nn in Figure 3.18 seems to be affected mainly by the log trans

missivity data in a manner very similar to that in Figure 3.4. The upper portion of 

the n22 plots at each selected time in Figure 3.19 is very similar to that in Figure 

3.5, implying that n22 is affected mainly by the log transmissivity data. The lower 

portion of the n22 plots in Figure 3.19 is almost identical with the corr~sponding 

plot in Figure 3.13, implying that n22 is affected mainly by the hydraulic head data. 

As in the previous cases where conditioning was done using log transmissivity or 

hydraulic head data, the relative reduction in n22 is larger and more wide spread 

than that in nn. 
Next, we examine the effects of increasing the number of log transmissivity 

and hydraulic head conditioning points from 2 x 2 to 5 x 5. In the upper left part 
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of Figure 3.20, the upper three layers represent log transmissivity residuals taken 

from Figure 3.6, the lower two layers represent head residuals taken from Figure 

3.14. The mean velocity field has been altered considerably as shown in upper 

left part of Figure 3.21. The conditional streamlines are attracted toward both 

confirmed high transmissivity and low head zones and away from both confirmed 

low transmissivity and high head zones. As a result, the mean plume travels along 

a curved conditional mean trajectory and disperses in a skewed, irregular fashion 

(see Figure 3.20). Figure 3.21 shows contours of the concentration coefficient of 

variation, which are slightly more distorted than those of the mean concentration. 

Figures 3.22 and 3.23 show how the addition of mixed conditioning points affects 

f211 and f222' respectively. The reduction in both f211 and f222 is much larger and 

more wide spread than in the mixed 2 x 2 case of Figures 3.18 and 3.19. As 

in the mixed 2 x 2 case, the upper portions of both f211 and f222 plots at each 

selected time are similar to those in Figures 3.8 and 3.9, respectively. The lower 

portions of the f211 and f222 in Figures 3.22 and 3.23 are almost identical to those 

in Figures 3.16 and 3.17, respectively. This shows that. f211 and f222 are affected 

most strongly by data lying along the corresponding conditional trajectories, log 

transmissivity in the upper part of the field, hydraulic head in the lower part. The 

greatest reduction in f211 and f222 0 occurs within zones of preferred flow, while the 

least reduction occurs within zones of slowest flow. The relative reduction in f222 

is again more pronounced than that in f211 . 
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3.5 Line and Area Sources 

In chapter 2 we studied the effect of initial source shape and size on un

conditional transport; We would now like to see the effect conditioning exerts on 

transport from non-point sources. Figures 3.24 and 3.25 show results correspond

ing to a line source of unit mass distributed uniformly between (0, -1) and (0,1), 

conditioned on the 5 x 5 log transmissivity data shown in Figure 3.6. Figure 3.24 

is the line source analogue of Figure 3.6, and Figure 3.25 is the corresponding ana

logue of Figure 3.7. The geometry of the source is clearly reflected in the shape of 

the mean concentration contours at tv = 1, but becomes less and less' discernible 

as time goes on. The area of high mean concentration is smaller in the line source 

(Figure 3.24) than in the point source (Figure 3.6) case. The geometry of the 

source is clearly reflected in the shape of the coefficient of variation contours at 

tv = 1, but is gradually distorted by conditioning as the plume advects and dis

perses. A comparison of Figure 3.24 with Figure 2.11 reveals that the area of high 

mean concentration is now much larger than it was in the unconditional case of 

a line source. This illustrates that conditioning reduces the predicted spread, or 

dispersion, of the plume due to a line source. A comparison among Figure 3.6, 

Figure 3.24 and Figure 2.11, and among Figure 3.7, Figure 3.25 and Figure 2.12, 

shows that at late time conditioning exerts a greater influence on the predicted 

concentrations than does the initial source geometry in this case. 

Finally, we examine in Figures 3.26 and 3.27 the results corresponding to a 2 

by 2 square source of unit mass conditioned on the previous 5 x 5 log transmissivity 

data. The geometry of the source is clearly reflected in the mean concentration and 

coefficient of variation contours at tv = 1, but becomes less and less discernible as 
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the plume continues to disperse. This is in contrast to the unconditional case 

of a square source in Figures 2.13-2.14 where the effect of source geometry on the 

coefficient of variation is still visible at dimensionless time tv = 5. We thus see again 

that the distorting effect of conditioning is larger at late time than is the effect of 

source geometry in this case. The peak mean concentration and the area inside high 

coefficient of variation are both smaller in the conditional square source case than 

in the conditional line source case of Figures 3.24-3.25. On the other hand, the peak 

mean concentration is larger in the conditional than in the unconditional square 

source case (Figure 2.13). The area of high coefficient of variation is smaller in 

the conditional than that in the unconditional square source case (Figure 2.14). In 

other words, the larger the initial spread of a given mass, the greater its subsequent 

spread; the larger the number of conditioning points, the lesser the spread. Our 

ability to predict concentrations due to a given mass generally increases with the 

number of conditioning points (the density of conditioning measurements) and the 

size of the source. 

3.6 Conclusions 

This chapter leads to the following major conclusiops: 

1. The effect of conditioning on transport under uncertainty can be analyzed 

deterministically by an analytical-numerical method based on the Eulerian

Lagrangian theory of Neuman (1993). 

2. Conditioning on log transmissivity data, on hydraulic head data, or on a com

bination of such data generally reduces the uncertainty in predicting advective 
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transport. 

3. Conditioning renders the velocity field nonstationary. It generally re

duces predictive dispersion and renders predicted plumes irregular and non

Gaussian. The distorting effect of conditioning is slightly more pronounced 

in contours of the coefficient of variation than in those of the mean concen

tration. 

4. As in the unconditional case, the conditional mean concentration and stan

dard deviation corresponding to instantaneous point, line, and area sources 

decrease with time. 'The area of high coefficient of variation increases with 

time, implying that our ability to predict concentrations diminishes as a 

plume evolves. 

5. As in the unconditional case, the concentration standard deviation and coeffi

cient of variation in a purely advective field where local dispersion is inactive 

are finite. The linearized pseudo-Fickian approximation always yields a min

imum standard deviation at the center of the plume, a rapid increase to a 

maximum at some distance from the center, then a more gradual decrease 

with this distance. It also yields a minimum coefficient of variation at the 

center of the plume, which is, however, followed by a forever increase with 

distance from the center. 

6. In all examples, conditioning reduced the uncertainty in the transverse posi

tion of streamlines to a greater extent than it did in the longitudinal origin of 

any point on a streamline. In practice, this implies a greater ease of identify

ing the transverse location of potential sources of groundwater contamination 
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than the distance of such sources upstream from any point of detection. 

7. Conditioning is most effective in reducing uncertainty within confirmed zones 

of high transmissivity through which streamlines converge to form preferential 

flow paths, and least effective in confirmed exclusion zones of low transmis

sivity around where many streamlines detour. 

8. Spatial and temporal plots of longitudinal and transverse particle origin co

variance terms provide useful information about the effect of conditioning on 

uncertainty in the past and future motion of a detected or potential plume. In 

particular, they provide vivid images of preferential flow paths and exclusion 

zones identified by the available data. 

9. Uncertainty in predicting concentrations due to an instantaneous source of a 

given solute mass generally decreases as the spatial dimensions of the source 

increase. The shape of the source is reflected in that of the. predicted plume at 

early time. As time progresses, memory of the initial plume shape is gradually 

lost. 
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CHAPTER 4 

SPATIAL MOMENTS, TRAVEL TIME DISTRIBUTION, MASS 
FLOW RATE AND CUMULATIVE RELEASE ACROSS A 

COMPLIANCE SURFACE 

4.1 Introduction 

In this chapter we extend the approach to compute mass flow rate across 

a "compliance surface" as well as cumulative mass release and the probability 

distribution of travel times across this surface, the associated estimation errors, 

and spatial plume moments conditioned on hydraulic data. 

Unconditional stochastic analyses of travel time have been presented by Jury 

(1982), Simmons (1982), Jury et al. (1986), Rinaldo and Marani (1987), Shapiro 

and Cvetkovic (1988), Dagan and Nguyen (1989), Dagan (1989), Cvetkovic et al. 

(1991), Naff(1992), Dagan et al. (1992), and Cvetkovic et al. (1992); a conditional 

stochastic analysis of travel time has been reported by Rubin and Dagan (1992a). In 

many of these studies, all pathlines emanating from a source are assumed to cross a 

compliance surface, S. The travel time TS is defined as the time required for a solute 

"particle" to migrate from the source to the compliance surface. In previous studies 

based on the Lagrangian approach, the authors found it necessary to postulate 

a priori a functional form for the probability distribution of TS. Thus, whereas 

Simmons (1982), Shapiro and Cvetkovic (1988) and Cvetkovic et al. (1992) took 

TS to be inverse-Gaussian or lognormal, Dagan and Nguyen (1989), Dagan (1989) 
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and Rubin and Dagan (1992a) took it to be Gaussian. Our Eulerian-Lagrangian 

approach eliminates the need for such prior assumptions about the distribution 

of travel times. Instead, we obtain a conditional distribution of TS simply as a 

by-product of Neuman's (1993) Eulerian-Lagrangian theory without the need for 

special theoretical developments of the kind required by the above authors. The 

same theory also yields conditional estimates of solute mass flux and cumulative 

mass release across the compliance surface S, together with the variance of the 

latter quantity. 

One way to characterize the movement and spread of a plume is by its spa

tial moments. The zeroth moment corresponds to the total solute mass, the first 

moment to the plume center of mass, and the second moment is a measure of spread 

about the plume center of mass. As the velocity field is uncertain, so are all but 

zeroth spatial moments of the plume. In the wake of Freyberg's (1986) work at 

the Borden site in Ontario, Canada, it has become common practice to compare 

(where possible) experimental second plume spatial moments with theoretically 

derived unconditional ensemble moments of "solute particle" displacements. Such 
'. 

comparisons are meaningful only where plume dimensions are large enough to jus-

tify the assumption of ergodicity (Dagan, 1990). Though ergodicity is of lesser 

concern when theoretical predictions of spatial moments are conditioned on data, 

it is nevertheless important to develop theoretical and working relationships' be

tween spatial and ensemble moments describing various aspects of plume behavior. 

In this chapter we show how the Eulerian-Lagrangian theory of Neuman (1993), 

coupled with our numerical approach, allows one to compute explicitly the second 

spatial moment of the conditional mean plume about its center of mass, the condi-
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tional mean second spatial moment of the actual plume about its center of mass, 

and the conditional covariance of the plume center of mass. 

We illustrate numerically the above quantities and the effect of conditioning 

on some of them by considering instantaneous point, line and area sources in a two

dimensional,~tatistically homogeneous, isotropic, mildly varying log transmissivity 

field under uniform prior mean flow. 

4.2 Conditional Spatial Moments 

The plume center of mass at time t is given by its first spatial moment 

x(t) = ~o J xc(x, t)dx ( 4.1) 

where 1> is porosity (assumed constant) and Mo is the total solute mass (assumed 

known). Since c(x, t) is random, so is X(t). We estimate the latter by means of the 

conditional mean plume center of mass, 

(x(t))v = ~o J x(c(x, t))vdx, (4.2) 

and write the covariance matrix of the associated estimation errors (plume center 

estimation covariance) as 

Rv(t) = ([X(t) - (x(t))v][X(t) - (x(t))vf )v' (4.3) 

Here ( )v denotes ensemble mean conditioned on the same hydraulic data used to 

obtain the conditional mean velocity estimate vex). The methods for conditioning 

and computation of the conditional ensemble mean concentration were discussed 

in chapter 2. 
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The second spatial moment of the plume about its center of mass, 

CP" 
A(t) = Mo j[x - X(t)][x - X(t)V c(x, t)dx, (4.4) 

is a random. matrix. Its conditional mean is related to Rv(t), and to the second 

spatial moment of the conditional mean plume about its center of mass, 

via (see Appendix B) 

(4.6) 

An unconditional version of this relationship was derived in an Eulerian framework 

by Kitanidis (1988) and in a Lagrangian framework by Dagan (1990). 

For ease of evaluation, we rewrite (4.4) with the aid of (B.2) and (4.1) as 

A(t) - ~o j xxT c(x, t)dx - X(t)XT(t) 

cp2 j - M2 j xxTc(x,t)c(y,t)dxdy 
0 

¢2 
- M2 j j xyT c(x, t)c(y, t)dxdy 

0 

cp2 j 
- 2M2 j (x - y)(x - yf c(x, t)c(y, t)dxdy. (4.7) 

0 

Hence 

¢2 
(A( t )}v - 2M2 j j(x - y)(x - yf (c(x, t)c(y, t)}vdxdy 

0 

¢2 
- 2M2 j j(x - y)(x - yf (c(x, t))v{c(y, t»)vdxdy 

0 

+ 2~2 j j(x - y)(x - yf (c'(x, t)c'(y, t))vdxdy. (4.8) 
0 

It follow6 that (x(t)}v, Mv(t) and (A(t)}v can be evaluated if one knows the condi-

tional mean concentration (qv and the conditional covariance (c'c'v. This in turn 
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allows computing Rv(t) by means of (4.6). In this chapter, we evaluate (qv and 

(c'c~v by the method described in chapter 2. 

In the absence of local dispersion, the concentration due to an instantaneous 

point source of mass Mo introduced at (xo, to) is c(x, tlxo, to) = ~8[x - x(tlxo, to)] 

where X is the random position at time t of a particle originating at (xo, to) (c.f., 

Dagan, 1984; Neuman, 1993). It then follows from (4.4) that 

A(t) = 0, (A(t)}v = O. (4.9) 

Since the plume consists of a single particle, its center of mass coincides with the 

particle. Hence (4.3) implies that 

(4.10) 

where Xv(tlxo , to) is the conditional displacement covariance at time t > to of the 

particle about its mean location, 

Substituting (4.9) and (4.10) into (4.6) yields 

(4.12) 

In the unconditional case, 

(A(t)} = 0, M(t - to) = R(t - to) = X(t - to) (4.13) 

where X(t - to) no longer depends on (xo, to), only on (t - to). The latter also 

corresponds to the unconditional particle origin covariance net - to) as defined in 

chapter 2. 
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For an instantaneous nonpointsource introduced at time to, the second 

spatial moment of the mean plume about its center of mass is generally not the 

same as the particle displacement covariance. In the unconditional case M(t) may 

be written as the sum of two independent terms (Dagan, 1990), 

(4.14) 

where A(to) is the initial value of A at time to (and vanishes for a point source). 

This identity will be verified numerically later. One may use (4.14) to predict 

M(t) provided the initial plume configuration is known with certainty so A(to) 

can be computed. According to Dagan (ibid), when the transverse extent of the 

initial plume exceeds the heterogeneity scale (the integral scale of log hydraulic 

conductivities) to a sufficient extent, the plume center estimation covariance R( t) 

is sufficiently small to allow writing 

( 4.15) 

When R( t) is small, (A( t)) does not differ much from A( t). Hence (4.15) explains 

why comparisons of theoretical X(t - to) with A(t - to) obtained from tracer test 

field data at Borden by Freyberg (1986) and others have required adding a constant 

to XC t - to) in order to obtain a fit. Equation (4.14) does not appear to have a 

direct conditional analogue. 

4.3 Conditional Flow Rate, Cumulative Mass Release, and Travel Time 

Distribution Across a Compliance Surface 

The cumulative mass release across a "compliance surface" S during the 

period to < t ::; TS; due to an instantaneous (point or nonpoint) source of total 
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mass Mo located upstream of S at time to, is 

( 4.16) 

where R is the (semi-infinite) domain ofthe plume upstream of S, and c(x, 'Tslto ) is 

the random concentration at time 'Ts due to the instantaneous source at to' Since 

c(x, 'Tslto) is random, so is Ms( 'Tslto ). An unbiased conditional estimate of Ms can 

be computed by means of (Dagan, 1989; Neuman, 1993) 

( 4.17) 

The conditional variance of the associated estimation error 

( 4.18) 

is given by ( Neuman, 1993) 

( 4.19) 

The integrand in (4.19) is the conditional covariance of the concentration prediction 

errors. As mentioned earlier, in this chapter we compute both (qtJ and (c'c'tJ by the 

method described in chapter 2. 

One may also define a total mass flux across the compliance surface as 

(Dagan et ai., 1992; Cvetkovic et al., 1992) 

Q ( I ) - [dMs(t1to)] 
s 'Ts to - dt 

t=-rs 

( 4.20) 

and compute its conditional mean according to 

( 4.21) 
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The conditional travel time distribution, or the conditional cumulative prob

ability G( Tsj S, to)t1 that a particle released instantaneously at time to crosses the 

compliance surface S during the period to < t < TS, is related to the cumulative 

mass release via (Dagan, 1989; Neuman, 1993) 

G( . S t) _ (Ms( Tslto))t1 
TS, ,0 1.1 - Mo . ( 4.22) 

4.4 Illustrative Examples 

We illustrate below the behavior of some of the aforementioned quantities for 

unconditional and conditional examples in two dimensions. Our examples concern 

transport from point, line and area sources of unit mass under uniform steady 

state prior (unconditional) mean flow. The posterior flow is made non-uniform 

by conditioning on hydraulic data. As in chapters 2 and 3 we take the prior log 

transmIssivity Y = In T to be a statistically homogeneous field with zero mean 

(y), unit variance O'~ and unit integral scale >.. For simplicity we set the effective 

porosity ¢> equal to one. Deterministic solute sources are introduced at time t = 0 

into a domain of size 20>' by 10>' at a prior uniform mean velocity (v~ = 0.1 parallel 

to Xl under a prior me"an hydraulic gradient of 0.1. The velocity is taken to be 

Gaussian and pore-scale dispersion is neglected. 

The conditional mean plume center of mass (x(t))tJ in (4.2), the second spa

tial moment of the conditional mean plume about its center of mass M tJ( t) in (4.5), 

the conditional mean cumulative mass release (Ms( Tslto))tJ in (4.17), the conditional 

mean total mass flux (Q(Tslto))tJ in (4.21), and the conditional travel time distribu

tion G( TSj S, to)tJ in (4.22), can all be easily computed by numerical integration once 
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the conditional mean concentration field has been obtained. However, the condi

tional mean second spatial moment of the plwne about its center of mass (A(t))tJ 

in (4.8), and the conditional variance of the estimation error associated with the 

cumulative mass release (Ms( Tslto)~tJ in (4.19), are computationally more demand

ing. This is so because they require double integration of functions involving the 

conditional covariance of the concentration prediction errors at each time t or TS. 

According to (2.18), setting s = t = TS gives 

(c'(y, Tslto)c'(x, TS Ito))tJ - 'VT (c(y, Tslto))tJ iTS iTS ( v'( (i7( B))tJ )v,T( (X( T ))tJ) )tJdBdT 
to to 

'V(c(x,Tslto))tJ (4.23) 

where (r,( B))tJ and (X( T ))tJ are conditional mean positions at the respective times B 

and T, to :5 B, T :5 TS, of two particles which reach y and x, respectively, at time 

TS, and {v'v'1)tJ is the conditional Lagrangian velocity covariance between these 

two particles at times Band T. Therefore, both (4.19) and the last term in (4.8) 

require 2k spatial and 2 temporal integrations for k space dimensions. We find this 

computationally too demanding on a RISe/6000 workstation and do not present 

results for (A(t))tJ, and hence for Rv(t), in this dissertation. 

Figure 4.1 depicts the movement of an unconditional mean concentration 

plume emanating from an instantaneous point source introduced at time t = 0 

at the origin of the normalized coordinates X = xd A and Y = X2/ A (Figure 

4.1a). The corresponding contours of mean concentration, prediction variance and 

concentration coefficient of variation can be found in Figures 2.6-2.10. Figures 

4.1b and 4.1c show the longitudinal and transverse components of the mean plume 

center of mass, respectively, as functions of the dimensionless time ttJ = (vJt/ A. 

The longitudinal component {XJ increases linearly with time and the transverse 
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component (x~ is zero as one expects under uniform mean flow. Figures 4.1d -

f show the components (solid curves) of the second spatial moment M of the 

unconditional mean plume about its center of mass and the components (dashed 

curves) of the unconditional particle displacement covariance X (c.f., Dagan, 1989), 

which we note again is equivalent to the unconditional particle origin covariance (}, 

as functions of tv. Mij and Xij should theoretically be identical as stated in (4.13). 

We attribute the difference between them to numerical errors in our computation 

ofM. 

Figure 4.2 shows what happens when the point source is replaced by a 

transverse line source (Figure 4.2a). Details concerning the plume are depicted in 

Figures 2.11-2.12. The movement ofthe plume center (Figures 4.2b and 4.2c) is the 

same as for the point source (Figure 4.1b and 4.1c). The remaining parts of Figure 

4.2 depict the components of the second spatial mOII.1ent M of the unconditional 

mean plume about its center of mass. From Figure 4.2d we see that the longitudinal 

component Mu due to the line source (solid curve) and that due to the point source 

(short-dashed curve) are virtually equal. Likewise Mll = Mll - All (0) where A(O) 

is the initial value of the second spatial moment about the plume center of mass 

because All(O) = 0 for the vertical line source. Figure 4.2e verifies numerically 

equation (4.14). It demonstrates that M22 exceeds its point source equivalent by 

the . constant amount A 22 (0) as predicted by this equation. Figure 4.2f confirms 

that both M and X are diagonal matrices. 

Figure 4.3 shows the analogous example of a square source (Figure 4.3a) 

studied earlier in chapter 2 (Figures 2.13-2.14). The only difference between this 

and the line source example in Figure 4.2 is that now Au =1= 0 as is seen in Figure 
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Figure 4.1: Unconditional spatial moments due to point source: (a) location of 
so:urce, (b) mean longitudinal plume center, (c) mean transverse plume center, (d) 
longitudinal component of second spatial moment of mean plume about its center 
of mass, (e) its transverse component, and (f) its mixed component. 
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4.3d. We thus have further verification of (4.14). 

To see what conditioning does to the spatial moments, we summarize in Fig

ure 4.4 the movement of a plume due to an instantaneous point source conditioned 

on 2 x 2 grid of log transmissivity measurements (Figure -4.4a). The data repre

sent deviations from the mean, or residuals, Y' = In T - ~n 1) .. The corresponding 

resident concentrations and uncertainties are depicted in Figures 3.1-3.5. The lon

gitudinal component (xJ of the conditional mean plume center of mass (Figure 

4.4b) deviates only slightly from the corresponding unconditional component in 

Figure 4.1b. The conditional transverse moment (x~ (Figure 4.4c) is however no 

longer identically equal to zero. The conditional longitudinal moment Mn (Figure 

4.4d) is barely affected by the data, suggesting a poor degree of conditioning in 

the longitudinal direction. The conditional transverse moment M22 (Figure 4.4e) 

is slightly smaller than its unconditional counterpart. Figure 4.4f demonstrates 

that conditioning renders the matrix M nondiagonal. This is a reflection of our 

earlier finding in chapter 3 that the conditional mean plume is slightly skewed and 

asymmetric with a slightly reduced spread (or dispe~sion). 

When the number of log transmissivity conditioning points increases from 

2 x 2 to 5 x 5 as in Figure 4.5a, the trajectory of the mean plume center of mass 

deviates noticeably from that of the unconditional plume center (Figure 4.5b - c). 

Both Mn and M22 are now significantly smaller than their unconditional counter

parts and the off-diagonal component M12 deviates significantly from zero (Figures 

4.5d - f). For more details concerning this example the reader is referred chapter 

3. 

Figure 4.6 shows the same situation as Figure 4.5 but now for a square 
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Figure 4.3: Unconditional spatial moments due to square source: (a) location of 
source, (b) mean longitudinal plume center, (c) mean transverse plume center, (d) 
longitudinal component of second spatial moment of mean plume about its center 
of mass, (e) its transverse component, and (f) its mixed component. 
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Figure 4.5: Conditional spatial moments due to point source: (a) location of source 
and grid of measured Y', (b) mean longitudinal plume center, (c) mean transverse 
plume center, (d) longitudinal component of second spatial moment of mean plume, 
(e) its transverse component, and (f) its mixed component. 
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source and grid of measured Y', (b) mean longitudinal plume center, (c) mean 
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source. The conditional mean center of mass (Figures 4.6b - c) are the same as 

before. However, from Figures 4.6d - e we find that the conditional longitudinal 

moment Mn and transverse moment M22 are now larger, and the conditional quan

tities M jj - Ajj(O) (i=1,2) are no longer identical to Mii due to a point source as 

was true in the unconditional square source case of Figure 4.3. This suggests that 

(4.14) may not have a direct conditional analogue. Figure 4.6f show how the shape 

of the source affects the nondiagonal component of M. 

The effects of conditioning on 5 x 5 hydraulic head measurements is il

lustrated for a point source in Figure 4.7. The plotted data are residuals, 

h'(x) '= hex) - (h(x)}. The corresponding resident concentrations and uncertainties 

have been described in Figures 3.14-3.17. The mean plume center of mass (Figures 

4.7b - c) is seen to deviate noticeably from its unconditional trajectory. According 

to Figure 4.7 d, the conditional longitudinal second moment Mn is smaller than its 

unconditional counterpart at ttl < 7.3 and larger at ttl > 7:3. The lowermost dashed 

curve in Figure 4.7b represents the mean longitudinal velocity of the plume center 

and indicates a slowdown as it enters a zone of low transmissivity. This supports 

an earlier observation by Rubin (1991a) that predicting the location of the plume 

center is subject to increased uncertainty as its motion slows down. The cO!lditional 

transverse M22 is consistently smaller than its unconditional counterpart (Figure 

4.7e), and M12 is generally far from zero (Figure 4.71). 

We turn next to examples involving a compliance surface placed normal to 

the mean direction of flow at two downstream locations from the source, Xs = 3 

and Xs = 5. Figure 4.8 shows the uncon<1:itional mean flux (Qs) according to 

(4.21), normalized cumulative mass release 01s} / Mo or equivalently the travel time 
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distribution G according to (4.22), and the associated error variance CTX-t according 

to (4.19), for each compliance surface due to an instantaneous point, line and square 

area source, respectively. The integrand in (4.19) is computed by means of the linear 

pseudo-Fickian approximation (4.23). As shown in chapter 2, this approximation 

underestimates the concentration variance. There are no discernible differences 

between the unconditional mean fluxes, normalized cumulative mass releases, and 

travel time distributions due to the three source types. The latter two quantities 

(!vIs) / Mo = G are equal to 0.5 when the dimensionless travel time tv is equal to X s, 

as one should expect. The peak of the mean solute flux coincides with the steepest 

rise in the cumulative-release/travel-time-distribution curve as found by Cvetkovic 

et al. (1992). We mentioned earlier that the evaluation of CTX-r is computationally 

demanding. We therefore limited this evaluation to only once in every ten time 

steps (of size tltv = 0.1) which explains the somewhat rugged appearance of the 

corresponding results in Figure 4.8. These results are nevertheless sufficient to 

demonstrate that the maximum variance (uncertainty) in predlcting cumulative 

release occurs at tv = X s, the time required for the source center of mass to reach 

the compliance surface at the mean velocity. We further see that the variance 

decreases consistently with source dimension. This agrees with ·the observati<?n 

by Cveikovic et at. (1992) that the variance decreases as the scale of the source 

mcreases. 

Figure 4.9 shows what may happen to the abov:e quantities at Xs = 3 

when they are conditioned on hydraulic data. A comparison of Figures 4.9a - d 

with Figure 4.8a shows no discernible change due to conditioning on 2 x 2 Y' 

data, 2 x 2 h' data, or 5 x 5 Y' data. Conditioning on 5 x 5 h' data brings 
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about an increase in peak mean flux, an earlier arrival time (steepening of the 

cumulative-release/travel-time-distribution curve), and reduction in variance. A 

similar effect can be noted in connection with the square source by comparing 

Figures 4.ge- f with Figure 4.8e. The reason for this weak influence of conditioning 

on the results is evident from Figure 4.4a, 4.5a, 4.6a and 4.7a which show that, in 

our example, very few if any measurement points are located between the source and 

the compliance surface at Xs = 3. The influence of conditioning generally increases 

with the number of measurement points between the source and the compliance 

surface. This is demonstrated in Figure 4.10 which shows how the mean normalized 

cumulative mass release (travel time distribution) due to a point source across two 

compliance surfaces at Xs = 5 and Xs = 10 varies with the number and type of 

measurement points. At Xs = 5 the predicted plume moves most rapidly when 

conditioning on 5 x 5 Y' data and only slightly slower when conditioning on 5 x 5 

h' data. Conditioning on 2 x 2 data points has little if any effect at Xs = 5. At 

Xs = 10, conditioning on 5 x 5 Y'or h' data causes the plume to move considerably 

faster than it did in the unconditional case. Conditioning on 2 x 2 hi data makes the 

plume move somewhat slower than in the conditional case, whereas conditioning 

on 2 x 2 Y' data makes the plume move slightly faster. 

The above effects of conditioning are data specific and should not be in

terpreted as a general pattern. They illustrate that conditioning may be more 

conservative (in a regulatory sense) or less conservative than unconditional calcu

lations by predicting a more or less rapid breakthrough, depending on how much 

is known or unknown about the actual velocity field. It is however generally true 

that travel time distribution is a relatively robust indicator of plume migration be-
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Figure 4.10: Unconditional and conditional normalized mean cumulative mass re
leases (Ms) /Mo (travel time distributions G) due to point sources 'across Xs = 5 
and 10. 
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cause it integrates all the relevant information and uncertainty between the source 

and the compliance surface into a single curve (Cvetkovic et al., 1992; Bellin et 

al., 1992). For the same reason, the corresponding curve provides very little detail 

about the distribution of concentrations across the plume as a function of time. 

4.5 Conclusions 

The following major conclusions can be drawn from the results in this chap-

ter: 

1. The Eulerian-Lagrangian theory of Neuman (1993), coupled with our analytical

numerical method of computation, allows evaluating explicitly and determin

istically the following characteristics of a solute plume: The probability distri

bution of travel times from a source to a "compliance surface," the mass flow 

rate and cumulative mass release across this surface, the variance of travel 

time and mass release, the second spatial moment of the conditional mean 

plume about its center of mass, the conditional mean second spatial moment 

of the actual plume about its center of mass, and ·the conditional covariance 

of the plume center of mass. The computation of travel time distribution 

and cumulative mass release is particularly straight forward, requiring nei

ther the development of a special theory nor any prior assumptions about 

the probability distribution of travel times as some authors have previously 

found necessary. 

2. We have illustrated the above plume ch~acteristics, and the effect of condi

tioning on some of them, by considering instantaneous point, line and area 
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sources In a two-dimensional, statistically homogeneous, isotropic, mildly 

varying log transmissivity field under uniform mean flow. Conditioning on 

hydraulic data renders the corresponding fields nonhomogeneous, with re

duced variances and spatial correlation scales. It renders the second spatial 

moments of the plume nondiagonal and tends to reduce the traces of these 

matrices. The longitudinal or transverse eigenvalues of the same matrices 

may be either smaller or larger than their unconditional counterparts. 

3. Our computations. confirm a theoretical relationship proposed by Dagan 

(1990) between the unconditional mean second spatial moment of the actual 

plume about its center of mass, its known initial value, and the unconditional 

displacement covariance of a solute "particle" (our equation 4.15). This rela

tionship does not hold under conditioning. 

4. The maximum variance (uncertainty) in predicting cumulative mass release 

and travel time distribution across a compliance surface occurs at the same 

time as that required for the source center of mass to reach this surface at the 

mean velocity. The variance decreases consistently .with source dimension in 

accord with an earlier finding by Cvetkovic et al. (1992). 

5. Conditioning the mean flux, cumulative release and travel time distribution 

across a compliance surface on hydraulic measurements has a greater effect 

when the measurement points are located between the source and the compli

ance surface than elsewhere. In our examples, hydraulic head measurements 

had almost the same effect on the results as log transmissivity measurements. 

Whereas conditioning on a grid of 2 x 2 h' data has caused the predicted 
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plume to slow down, conditioning on 5 x 5 Y' or h' data point has caused 

it to travel considerably faster than in the unconditional case. This demon

strates that conditioning may be more conservative (in a regulatory sense) or 

less conservative than lack of conditioning by predicting a more or less rapid 

breakthrough, depending on the actual velocity field and how much is known 

or unknown about it. 

6. Our examples confirm an earlier conclusion by Cvetkovic et al. (1992) and 

Bellin et al. (1992) that travel time cUstribution is a relatively robust indi

cator of plume migration. This is so because it integrates all th~. relevant 

information and uncertainty between the source and the compliance surface 

into a single curve. However, for the same reason, the corresponding curve 

provides very little detail about the distribution of concentrations across the 

plume as a function of time. 
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CHAPTER 5 

UNCERTAIN INITIAL PLUME STATE AND NON-GAUSSIAN 
VELOCITIES 

5.1 Introduction 

In all of our calculations to date, we considered the intial state of the plume 

(shape and mass or concentrations) to be specified with certainty (deterministically) 

and the velocity field to be Gaussian. 

Virtually all existing stochastic models of solute transport consider the ini-

tial state of the system to be known with certainty (c.f., Gelhar and Axness, 1983; 

Dagan, 1984, 1987, 1989, 1990; Neuman et al., 1987; Sposito and Barry, 1988; Ki

tanidis, 1988; Graham and McLaughlin, 1989a,b; Neuman and Zhang, 1990; Zhang 

and Neuman, 1990; Rubin, 1990, 1991a,b,c; Naff, 1992; Dagan et al., 1992; and 

Cvetkovic et al., 1992). Furthermore, the initial state is usually identified with 

that occurring when the solute is first introduced (injected) into the subsurface. 

In reality, one seldom has precise and complete knowledge of the spatial extent 

and concentrations of a plume immediately after injection. This is especially true 

if injection takes place at a nonuniform rate in space/time during a finite time 

interval, as is usually the case. Often, the state of the plume can only be inferred 

on the basis of water quality samples taken after the plume has had a chance to 

migrate some distance away from its source. As plumes inferred in this manner 

are generally associated with a sizeable sampling and space-time interpolation error 
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(because samples are seldom collected simultaneously at all points of interest), their 

inferred state cannot be taken to represent initial conditions for stochastic mod

els which require these conditions to be detenninistic. The Eulerian-Lagrangian 

theory of Neuman (1993, equation 11) formally accounts for an t,IDcertain solute 

term g(x, t) provided the latter is uncorrelated with the velocity field. According to 

Sposito and Barry (1987, p.1871) water quality samples may be considered to yield 

resident concentrations, independent of groundwater flux (or velocity), whenever 

the rate of groundwater withdrawal for sampling is fast relative to the ambient 

flux. The same is of course true when solute concentrations are determined in-situ 

without extracting fluid. One can then associate an instantaneous source term 

g(x, to)S(t - to) with the inferred state of the plume at the nominal time of sam

pling, to, regardless of when the solute was actually introduced into the subsurface 

(here Set-to) is the Dirac delta). The function g(x, to) is simply the distribution of 

plume concentrations at time to. Hence if the statistical properties of the resident 

concentration c(x, to) are inferred from water quality samples corresponding to to, 

the same properties· also pertain to g(x, to). It follows that Neuman's theory pro

vides a simple way to account for uncertainty in plume initial conditions regardless 

of whether these conclitions are taken to represent the time of injection or some 

later (in fact arbitrary) time of sampling resident concentrations. In this chapter we 

extend our analytical-numerical analysis, based on the same theory, to include un

certain instantaneous solute sources and, correspondingly, uncertain plume states 

at arbitrary "initial" time to. Our purpose is to explain how this is done and to 

examine the effect that uncertainties in source and/or initial conditions may have 

on predicted concentrations. 
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Most Lagrangian stochastic transport models assume (as we have done so 

far) that velocities, and hence concentrations, are Gaussian. As we have men

tIoned in chapter 1, three-dimensional'Monte Carlo simulations by Levin (1993) 

under steady state uniform mean flow in a statistically homog~neous and isotropic 

lognormal conductivity field with an exponential covariance have shown that this 

assumption does not strictly hold when the log conductivity variance ol is equal t'o 

or exceeds 0.25. Whereas the assumption remains valid for transverse velocities, it 

is not strictly valid for longitudinal velocities (in the direction of mean flow) which 

tend toward the lognormal as O'~ increases. Levin's simulations have further shown 

that the three (longitudinal and transverse) velocity components are, for all practi

cal purposes, mutually uncorrelated. By tracking the motion of solute "particles" 

through the same field, Levin found that whereas their 'transverse displacements are 

Gaussian, their longitudinal displacements become lognormal at large O'~, Bellin 

et al. (1992) have reported similar findings based on two-dimensional Monte Carlo 

simulations, We conclude that the Gaussian assumption adopted in our previous 

computational examples described in chapters 2, 3 and 4 is not strictly adequate for 

lognormal conductivities with O'~ ;::: 0.25, We therefore show in this chapter how 

to handle longitudinal velocities that are lognormal and examine the effect of such 

a velocity distribution on prediction of plume concentrations due to instantaneous 

point and nonpoint sources. 

5.2 Uncertain Solute Source 

We pointed out in the introduction that if at any stage of plume evolu

tion one samples its resident concentrations in situ without extracting fluid, or 
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externally by withdrawing fluid samples at rates much greater than the ambient 

groundwater flux, the sampled concentrations are statistically independent of the 

ambient velocity. We add here that the same holds true for a source induced and/or 

measured externally as, say, in an injection well. Suppose that one uses a method 

such as, say, kriging to estimate the spatial distribution of plume concentrations 

based on such samples at some arbitrary time, to, after the solute has been intro

duced into the subsurface. Then it is safe to assume that, like the sampling errors, 

the spatial estimation errors are also statistically independent of the groundwater 

velocity field. In the absence of such dependence (in fact, all we must require the

oretically is that these errors be uncorrelated with the velocity, not that they be 

statistically independent), uncertainties in the inferred "initial" conditions at time 

to have no effect on the (conditional) mean behavior of the plume as predicted in 

chapters 2, 3 and 4 for t > to. This is evident from (17)-(21) of Neuman (1993) 

which do not include any term representing Wlcertainty in the source term, g(x, t), 

only its ensemble mean (whose value at to, g(x, to), we now allow to be condi

tioned on sampled resident concentrations). However, uncertainties in the initial 

conditions do affect the covariance of the concentration prediction errors. When 

"V .v(x, t) = 0, the covariance of predicted concentrations due to an uncertain in

stantaneous (point or nonpoint) source g(x,t) = g(x,to)6(t-to) introduced at time 

to is given by (Appendix C) 

(5.1) 

where ( ) represents ensemble mean and the subscript v implies conditioning on 

hydraulic data. In (5.1), c'(x, tlto) is the concentration prediction error at (x, t) 

due to an instantaneous source (or initial condition) at to < t. The function F does 
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not depend on Source uncertainty and is given in linearized pseudo-Fickian form 

by (2.18) 

F(y,s;x,tlto) - VT{c(y,slto))tJ 1: 1~{v'({ij(f)))tJ)vf1'(fX.('T'))tJ))tJdf)d'T'· 
V{c(x, tlto))tJ (5.2) 

The function G is given exactly by 

G(y, Sj x, tlto) = J J {c(y, Sll1, to))tJ{c(x, tlx, to))tJlg'(l1, to)g'(X, to))dl1dX 

+ J J {C'(y, sll1, to)c'(x, tlx, to))tJlg'(l1, to)g'(X, to))dl1dX (5.3) 

and is seen to be entirely due to source uncertainty. In (5.1)-(5.3), (y, s) and (x, t) 

are two positions in space-time; (r,( f)))tJ and fX.( 'T' ))tJ are the conditional mean posi

tions at the respective times f) and 'T', to :::; f) :::; s, to :::; 'T' :::; t, of two particles which 

reach y and x, respectively, at times s and tj (v'vt1)tJ is the conditional Lagrangian 

velocity covariance between these two particles at times f) and 'T'; c(x, tlto ) is the 

concentration at (x,t) due to an instantaneous (point or nonpoint) source (or ini

tial condition) at time to; c(x, tlx, to) is the random concentration at (x, t) due to 

a fictitious point source of unit mass (normalized with respect to porosity) intro

duced instantaneously at (X, to); g'(x, to) is the estimation error associated with 

the source or initial condition at any point x at time to; and 19'(11, to)g'(X, to)) is the 

covariance of this error (possibly conditioned on sampled resident concentrations) 

at points 11 and X. Upon setting y = x ~d s = t, (5.1) reduces to the variance 

of the concentration prediction error at (x, t). It is evident that uncertainty in 

the source or initial condition causes an increase in the concentration prediction 

varianc~. It is likewise evident that, in the absence of additional uncertain sources 
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at t > to, each component of the prediction covariance (F and G) eventually decays 

to zero. 

For simplicity, we consider below only uncorrelated measurement and/or 

estimation errors such that 

(5.4) 

where 8 is again the Dirac delta and O';(X, to) is the .initial source or concentration 

error variance. With this, (5.3) reduces to 

G(y, Sj x, tlto) - J (c(y, six, to))v{c(x, tlx, to))vO';(X, to)dX 

+ J (c'(y, six, to)c'(x, tlx, to))vO';(X, to)dX· (5.5) 

In a stationary (unconditional) velocity field this reduces further to 

G(y, Sj x, tlto) - J (c(y - x, sIO, to)){c(x - x, tlO, to)}O';(X, to)dX 

+ J (c'(y - x, slO, to)c'(x - x, tlO, to))O';(X, to)dX· (5.6) 

For an instantaneous point source of uncertain mass M at X o , given by 

g(x, to) = (M/¢»8(x - xo ) where ¢> is asswned to be a known constant, (5.3) 

simplifies to 

G(y, Sj x, tlxo, to) - :2 {c(y, slxo , to))v{c(x, tlxo, to))vO'F.t 

+ :2 (C'(y, slxo, to)c'(x, tlxo, to))vO'lt 

O'Xt 
- f/v!)2 (c(y, slxo , to))v{c(x, tlxo , tn))v 

0'2 

+ M2F(y,S;x,tlxo,to)' (5.7) 
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Here O'~ = ((M - (M))~, the variance of M, and (c(y,slxo,to))tI is the conditional 

mean concentration due to an instantaneous point source of mean mass (M) at 

(xo, to), not normalized with respect to porosity. 

5.3 Non-Gaussian Velocity 

Linearization of the flow equation (c.f., Dagan, 1989j Rubin, 1990j Rubin 

and Dagan, 1992bj Zhang and Neuman, 1992) implies that when the log hydraulic 

conductivity is Gaussian, so' is the velocity. We mentioned earlier that, according 

to three- and two-dimensional Monte Carlo studies under uniform mean flow, the 

velocity parallel to this mean flow tends to be lognormal as O'~ increases, while 

velocities perpendicular to the mean flow remain Gaussian. The longitudinal and 

transverse velocity components are, for all practical purposes, mutually uncorre

lated. 

For a lognormal variable f one has the following identities, 

~n(J)) - 2In((f)) - ~In[((f})2 +0']]" 

O'~(J) - In[O'J + ({ f ) )2] - 21n( ( f ) ), (5.8) 

This makes it possible to compute the first two moments of In(!) knowing those 

of f. The first two moments completely define bo~h a Gaussian and a lognormal 

distribution. The first two conditional moments of t1?-e longitudinal velocity VI can 

be computed following the procedure described in section 2.1.4. 

In our analytical-numerical approach, a distributional assumption for ve

locities is required only for the explicit early time solution (section 2.2.1). For 

lognormal longitudinal and normal transverse velocities we write the early time 
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conditional mean concentration due to an instantaneous point source of mean mass 

(5.9) 

Here k is the number of space dimensions; VI is the longitudinal velocity component; 

(u~1J and Un are the conditional mean and variance of UI = In(Vl) at (xo, to), 

respectively; and (v~1J and Vii are the conditional mean and variance of the ith 

transverse velocity component at (xo, to), respectively. For a nonpoint source of 

uniform strength So in a box-shaped domain no with sides 2Ul,··· ,2Uk centered 

about Xo in which the conditional mean velocity is locally uniform, one has 

(5.10) 

where 

(5.11) 

A nonuniform source in a nonuniform conditional velocity domain can be subdi

vided into smaller sources satisfying the uniformity requirements in a!1 approximate 

manner. 
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Equations (5.9) and (5.10) allow the explicit computation of (c)v for early 

time. To match this with the later time pseudo-Fickian Galerkin finite element 

solution, we adopt the former as the initial condition for the latter. Otherwise, 

our pseudo-Fickian computational procedure remains unchanged, the same being 

true about our plume spatial moments, total flow rate across a compliance surface, 

cumulative mass release and travel time distribution across this surface, and the 

associated error variance. The numerical results may of course be different than in 

the Gaussian case, as we de~onstrate below. 

5.4 Illustrative Examples 

As in our previous examples in chapters 2, 3 and 4, we take the log transmis

sivity to be statistically homogeneous and isotropic with zero mean, exponential 

covariance, unit variance and unit integral scale. We arbitrarily set the porosity 

equal to one, orient the unconditional uniform mean velocity vector parallel to the 

Xl coordinate, and neglect pore-scale dispersion. Our computational domain has 

a length 20>' and a width 10>' where>. is the integral scale of log transmissivities. 

We consider.an instantaneous point source of uncertain mass M with f!v!) = 1 and 

O'~ = 0.5. We also consider a square source having dimensions 2>' by 2>' with an 

uncertain initial concentration having a uniform mean (c(x, to)) = '-sex, to)) = 0.25 

and variance O';(x, to) = 0.125. We consider the longitudinal velocity to be either 

normally or lognormally distributed, and utilize the analytical early time solution 

up to dimensionless time tv = (v~t/ >. = 0.5 where the unconditional mean velocity 

is (VI) = 0.1. 
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5.4.1 Unconditional Examples 

We start with an unconditional example of transport due to a deterministic 

instantaneous point source of unit mass at the origin of the dimensionless longitu

dinal and transverse coordinates X = xd A and Y = X2/ A, respectively. Figure 5.1 

compares the corresponding spatial profiles of mean concentration ( c ), its standard 

deviation Sd, and coefficient of variation Cv at dimensionless time tv = 0.5 when 

the longitudinal velocity VI is normal (dashed curve) and lognormal (solid). We 

show one longitudinal profile at Y = 0 and two transverse profiles at X = 0.3 and 

0.5. When VI is lognormal, (c) is seen to become skewed in the downstream lon

gitudinal direction but remains symmetric (Gaussian) in the transverse direction. 

The peak concentration no longer occurs at (X, Y) = (0.5,0) but approximately 

at (0.3,0). Sd and Cv likewise lose their symmetry in the X direction but not so 

in the Y direction. The peak uncertainty is seen to be much larger than in the 

Gaussian case, implying that the Gaussian velocity assumption is nonconservative 

(in a regulatory sense) at early time (underestimating the peak concentration and 

uncertainty, overestimating the time of early arrival at a downstream compliance 

surface). The same however is not necessarily true at later time, as illustrated for 

tv = 1.0 in Figure 5.2. We find that by now the effect of non-Gaussianity has 

largely dissipated, the corresponding profiles being close to those obtained with a 

Gaussian VI. A comparison between Figures 5.1c - d and Figures 5.2c - d shows 

that Sd decreases with time. 

Figure 5.3 compares profiles of ( c), Sd and Cv due to an uncertain instan

taneous point source (solid) with those due to a deterministic source (dashed) at 

tv = 0.5 when VI is Gaussian. Figure 5.4 is a similar comparison at tv = 1.0. 
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Figure 5.1: Spatial profiles of unconditional (c), Sd, and Cv at tv = 0.5 due to a 
deterministic instantaneous point source for lognormal and Gaussian longitudinal 
VI' 
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Figure 5.2: Same as Figure 5.1 for tv -:- 1.0. 
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We see that the mean concentration is not affected by the presence of the initial 

uncertainty. The latter however causes an increase in the standard deviation of the 

concentration prediction errors and their coefficient of variation. This increase is 

greatest where uncertainty is otherwise greatest. A comparison between Figures 

5.3c - d and Figures 5.4c - d shows that the standard deviation decreases with tv 

regardless of whether or not there is uncertainty in the initial conditions. Similar 

behavior is observed for the case of lognormal longitudinal velocity in Figures 5.5 

and 5.6. 

We move next to a similar unconditional example involving a square source 

of size 2A by 2A centered about the origin. Figure 5.7 compares longitudinal and 

transverse plume profiles of (c), Sd, and Cv at tv = 0.5 considering Gaussian 

(dashed) and lognormal (solid) velocities; Figure 5.8 shows similar comparisons at 

tv = 1.0. Lognormal velocities cause a slight asymmetry in the longitudinal profile 

ofthe predicted plume at tv = 0.5 (Figure 5.7a) which largely dissipates by tv = 1.0 

(Figure 5.8a). The standard deviation is minimum at the center of the plume and 

maximum along the margins where the mean concentration gradients are largest. 
'-

The profiles of Cv are artificially truncated at the edges where (c) is extremely 

small. There is a slight longitudinal asymmetry in the profiles of Sd and Cv due 

to lognormal velocities at tv = 0.5 which diminishes with time (Figures 5.7 c,e, and 

5.8c,e). Comparing Figures 5.7-5.8 with Figures 5.1-5.2 reveal that, as the longi

tudinal dimension of a plume in a lognormal longitudinal velocity field increases 

(in term of initial length or eventual longitudinal spread), its characteristics are 

descdbed with improved accuracy by a Gaussian velocity model. 

Assume that the initial plume concentration inside the 2A by 2A square 
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source is uncertain with a variance 0': = 0.125, the variance being zero outside the 

. square. This corresponds to the same variance of solute mass, O'ir = 0.5, as in our 

point source example. Figure 5.9 shows longitudinal and transverse profiles of (c), 

Sd, and Cv in a Gaussian velocity field at tv = 0.5, and Figure 5.10 shows similar 

profiles at tv = 1.0. Analogous profiles in a lognormal longitudinal velocity field 

are depicted in Figures 5.11 and 5.12, respectively. Whereas the predicted plumes 

remain unaffected by source uncertainty in both cases, their uncertainty (in terms 

of Sd and Cv) is now much greater. Since initial uncertainty is nonzero across 

the entire source, prediction uncertainty is now likewise nonzero across the entire 

plume. The longitudinal coefficient of variation profiles in Figures 5.11e and 5.12e 

are visibly skewed at both tv = 0.5 and tv = 1.0 due to the combined effects of 

lognormal velocity and initial uncertainty. As before, however, the skew diminishes 

with time. 

5.4.2 Conditional Examples 

We close our analysis by examining the effects of non-Gaussian velocities and 

initial source uncertainty on the prediction of transport conditioned on hydraulic 

data. Due to conditioning, the mean velocity becomes nonuniform, the velocity 

covariance becomes location-dependent, and the pseudo-Fickian dispersion tensor 

becomes dependent on space and time. Thus the predicted plumes are asymmetric 

and irregular. Hence rather than looking at profiles, we present our results as 

contour plots corresponding to (c) = 0.01 and Sd = 0.01 which represents the 

outer edges of the plume. Figure 5.13 depicts contours of (c)v = 0.01 at tv = 0.5, 

5.0, and 9.0 due toa deterministic point source of unit mass corresponding to 



Figure 5.9: Spatial profiles of unconditional (c), Sd, and Cv at tv = 0.5 due to 
uncertain and deterministic instantaneous square sources for Gaussian longitudinal 
VI' 
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Figure 5.10: Same as Figure 5.9 for tv = 1.0. 
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Figure 5.13: Contours of conditional (C)II = 0.01 at til = 0.5, 5 and 9 due to a 
deterministic point source for Gaussian and lognormal V1: (a) conditioned on 2 by 
2 Y', (b) on 5 by 5 Y', and (c) on 5 by 5 h'. 



5.0 a 
w uncertainty Sd 

2.5 
_ _ _ _ _ _ w/o uncertainty 0.01 

0.0 
Y 

-2.5 1.0 5.0 9.0 

-5·Q2.5 0.0 2.5 5.0 7.5 X 10.0 12.5 15.0 17.5 

5.0 

2.5 

0.0 
Y 

-2.5 

-5·Q2.5 0.0 2.5 5.0 7.5 X 10.0 12.5 15.0 17.5 

5.0 !=----------------------. 

2.5 

0.0 
y 

-2.5 

-5·Q2~.5~-::l0.~0 ........ -:::l2.~5-~5.":'0 --7='.'='5 -X~1~O.~O-~12.~5=--~15!-:.0~~17.5 

156 

Figure 5.14: Contours of conditional Sd = 0.01 at tv = 1, 5 and 9 due to point 
sources with and without initial uncertainty in a Gaussian velocity field: (a) con
ditioned on 2 by 2 Y', (b) on 5 by 5 Y', and (c) on 5 by 5 h'. 
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Gaussian (dashed) and lognormal (solid) longitudinal velocities. In Figure 5.13a 

the predictions are conditioned on 2 x 2 log transmissivity data as in Figure 3.1; 

in Figure 5.13b on 5 x 5 log transmissivity data as in Figure 3.6; and in Figure 

5.13c on 5 x 5 hydraulic head data as in Figure 3.14. At the early time tv = 0.5, 

the plume corresponding to lognormal longitudinal velocities is strongly skewed 

downstream in all three cases. With time, this effect dissipates and plume distortion 

is controlled entirely by conditioning. In our example, the distortion is greatest 

upon conditioning on 5 x 5 head data. 

Figure 5.14 depicts corresponding outer edge contours of Sd = 0.01 at tv = 

1.0, 5.0, and 9.0 in· a Gaussian velocity field with (solid) and without (dashed) 

uncertainty (uk = 0.5) in the initial mass of the point source. In all cases, the 

effect of initial uncertainty is to enlarge the areas enclosed by these contours. This 

means that initial uncertainty brings about an increase in prediction uncertainty, 

though the total uncertainty is generally smaller than in the unconditional case. 

5.5 Conclusions 

Our analysis in this chapter leads to the following major con,clusions: 

1. Virtually all existing stochastic models of solute transport consider the initial 

state of the system to be known with certainty. Our analytical-numerical 

method of computation, based on the Eulerian-Lagrangian theory of Neuman 

(1993), can easily account for uncertain instantaneous solute sources and 

uncertain plume states at arbitrary "initial" times to after the solute has 

been introduced into the subsurface. All we require is that this uncertaiI)ty 
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be uncorrelated with the ambient velocity field. One simple way to satisfy 

this requirement at to > 0 is to infer the corresponding plume geometry, 

resident concentrations, and uncertainty either from in-situ determinations of 

concentration without disturbing the flow field, or from water quality samples 

withdrawn at rates considerably greater than the ambient groundwater flux. 

2. Most Lagrangian stochastic transport models assume (as we have done so 

far) that velocities, and hence mean concentrations, are Gaussian. Published 

Monte Carlo simulations suggest that when groundwater flows through a 

statistically homogeneous, isotropic, Gaussian field of log hydraulic conduc

tivities or log transmissivities with variance O'~ and a constant porosity, under 

a uniform mean hydraulic gradient, the longitudinal velocity is Gaussian for 

very small O'~ but tends rapidly to the lognormal as O'~ increases (merely be

yond 0.25 in three dimensions). The transverse velocity components remain 

Gaussian at all O'~ and lack correlation with each other and with their lon

gitudinal counterpart. Our Eulerian-Lagrangian approach can easily account 

for such (or other) non-Gaussian velocity distributions. 

3. When transverse velocities are Gaussian but the longitudinal velocity is log

normal, the predicted plume is skewed in the downstream direction at early 

time. The same is true for plume measures of uncertainty such as the standard 

deviation and coefficient of variation of the concentration prediction errors. 

With time, this longitudinal asy'mmetry dissipates and the corresponding 

plume profile attains a Gaussian shape. 
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4. As the longitudinal dimension of a plume increases (in terms of its initial 

length or its eventual elongation due to dispersion) when the corresponding 

velocity is lognormal, its characteristics are described with improved accuracy 

by a Gaussian model. 

5. Our finding that short predicted plumes are skewed downstream under con

ditions similar to those often found in nature suggests that transport models 

based on the Gaussian assumption are nonconservative (in a regulatory sense) 

at early time. This is because they underestimate the peak concentration 

and uncertainty of the plume and overestimate the time of first arrival at 

a downstream "compliance surface." As time progresses, and/or the plume 

elongates, the difference between Gaussian and non-Gaussian predictions dis

sipates. 

6. Uncertainty in the description of initial plume state has no effect on pre

dicted plume concentrations but causes an increase in prediction uncertainty. 

Whereas the standard deviation of the prediction error decreases with time, 

the area inside high coefficient of variation increases with time regardless of 

whether or not there is uncertainty in the initial conditions. In other words, 

the absolute error of prediction decreases with time while the relative error 

increases. 

7. The larger is the uncertainty in initial plume state, and/or the smaller is 

the initial plume parallel to mean flow, the more skewed are the longitudinal 

profiles of plume uncertainty measures when the corresponding velocity is 

lognormal, and the slower does this skew dissipate. 
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8. H the initial uncertainty is nonzero across the entire source, prediction un

certainty is likewise nonzero across the entire plume. 

9. Whereas the distorting effect of a lognormal longitudinal velocity on predic

tions of plume concentration and uncertainty are most pronounced at early 

time, conditioning may become the dominant distorting factor at later time. 

Regardless of whether or not the initial state of the plume is uncertain, con

ditioning generally helps to reduce the total prediction uncertainty. 
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CHAPTER 6 

CONCLUSIONS 

The results given in this dissertation lead to the following major conclusions: 
. , 

1. The method, based on the Eulerian-Lagrangian theory of Neuman (1993), 

predicts deterministically the space-time evolution of concentrations in mildly 

heterogeneous medIa conditioned on measurements of hydraulic conductivi

ties (transmissivities) and/or hydraulic heads. By combining analytical and 

finite element methods, we avoid numerical problems typically associated with 

high Peclet numbers. Monte Carlo simulation is completely avoided. 

2. The method allows computing without using Monte Carlo simulation and ex

plicitly the following: Concentration ~ariance/ covariance (uncertainty), ori

gin of detected contamination and associated uncertainty, effect of uncertainty 

in source and/or initial conditions (at arbitrary sampling time) on transport 

predictions, mass flow rate across a "compliance surface", cumulative mass 

release and travel time probability distribution across this surface, uncer

tainty associated with the latter, second spatial moment of conditional mean 

plume about its center of mass, conditional mean second spatial moment of 

actual plume about its center of mass, conditional covariance of plume center 

of mass, and effect of non-Gaussian velocity distribution. 

3. The computations involve a space-time dependent dispersion tensor. The 

latter is not just a property of the medium and the velocity, but is conditional 
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on the available information (scale, quantity, quality, and spatial-temporal 

arrangement) . 

4. A comparison was made between three different formulae for the concen

tration prediction covariance based on our Eulerian-Lagrangian theory, and 

an exact formula for the variance due to Dagan (1989, 1990). Our three 

covariance formulae utilize a weak approximation, a linear approximation, 

and a linear pseudo-Fickian approximation, respectively. Dagan's formula is 

restricted to uniform instantaneous sources of nonzero length in each dimen

sion. The weak approximation yields a much better definition of concentra

tion standard deviation than do the linear approximations. It also defines 

better the coefficient of variation near the center of the plume, but not along 

the plume margins where the linear pseudo-Fickian approximation is much 

better. Given that the latter approximation represents the overall behavior 

of the coefficient of variation quite well, and is much easier to compute than 

the weak approximation, it has been adopted for all variance and covariance 

calculations in this dissertation. 

5. Conditioning renders the velocity field statistically nonhomogeneous with re

duced variances and correlation scales, renders the predicted plume irregular 

and non-Gaussian, and generally reduces both predictive dispersion and un

certainty. 

6. Conditioning is most effective in reducing uncertainty with confirmed zones 

of high permeability through which streamlines converge to .form preferential 

flow paths, and least effective in confirmed exclusion zones of low permeability 
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aroWld which many streamlines detour. 

7. Spatial and temporal plots of longitudinal and transverse particle origin co

variance provide vivid images of preferential flow paths and exclusion zones 

identified by the available data. 

8. Uncertainty in predicting concentrations due to an instantaneous source of a 

given solute mass generally decreases as the spatial dimensions of the source 

increase. 

9. The maximum uncertainty (variance) in predicting cumulative mass release 

and travel time distribution o~curs when the plume center of mass reaches 

the compliance surface at the (conditional) mean velocity. 

10. Conditioning the mean mass flux, cumulative release and travel time distri

bution across. a compliance surface is most effective when the measurement 

points are located between the source and the compliance surface. Condition

ing may be more conservative (in a regulatory sense) or less conservative than 

no conditioning by predicting more or less rapid breakthrough, depending on 

the actual velocity field and how much is known or Wlknown about it. 

11. Transport models based on the Gaussian assumption Wlderestimate peak 

concentration and uncertainty and overestimate time of first arrival at early 

time. As time progresses and/or the predicted plume elongates, the difference 

between Gaussian and non-Gaussian predictions diminishes. 

12. Uncertainty in the description of initial plume state has no effect on predicted 

concentrations but causes an increase in prediction Wlcertainty. 
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13. The larger is the uncertainty in initial plume state, and/or the smaller is 

the initial plume parallel to mean flow, the more skewed are the longitudinal 

profiles of plume uncertainty measures when the corresponding velocity is 

lognormal, and the slower does this skew diminishes. 
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APPENDIX A 

CONCENTRATION VARIANCE 

In the absence of local dispersion, a plume of constant initial concentration 

Co deforms without volume change, therefore, the concentration at a given (x, t) 

may be equal to Co or to 0 (Dagan, 1989). When the sampling volume is very small 

the conditional pdf of c is essentially bimodal, 

p(c)v = Ao(c) + Bo(c - co) (A.l) 

with 

J p(c)vdc = A + B = L (A.2) 

The conditional ensemble mean concentration 

(A.3) 

therefore, 

(AA) 

The variance 

(A.5) 

The variance formula (:\.5) is applicable only when Co is well defined and 

constant. For example, it cannot be used in the cases of point or line sources in 
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2-D, or point, line or area sources in 3-D. In the unconditional1-D case of Gaussian 

( c ), at the mean plume center the variance is the minimum if ( c) is larger than 

co/2 and'the maximum otherwise (Ru.bin, 1991b). However the goodness of this 

prediction depends on that of th~ ensemble mean concentration. 
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APPENDIX B 

DERIVATION OF EQUATION (4.6) 

Equation (404) can be rewritten as . 

A(t) = ~o j[XXT - XXT(t) - X(t)xT + X(t)XT(t)]c(x, t)dx. (B.1) 

Substitution of (4.1) into (B.1) gives 

A(t) = 1;0 J xxT c(x, t)dx - X(t)XT(t). (B.2) 

The conditional mean of (B.2) is 

(B.3) 

Likewise (4.3) and (4.5) can be rewritten as 

(Bo4) 

and 

Mv(t) = ~o j XXT(c(X,t»)v dx - (x(t»)v(xT(t»)v, (B.5) 

respectively. It is immediately evident that the sum of (B.3) and (Bo4) is equal to 

(B.5) as stated in (4.6). 
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APPENDIX C 

CONCENTRATION PREDICTION COVARIANCE 

Under V·v(x, t) = 0, the conditional covariance of the concentration predic

tion errors given by (C4) of Neuman (1993) simplifies to 

(c'(y, s)c'(x, t))v = F(y, Sj x, t) + G(y, Sj x, t), (C.1) 

where 

F(y, Sj x, t) = J lot (~(x, tlx, r )c'(y, S ))v V X· Qv(X, r )drdX 

-J lot
(c(x,tlx, r)c'(y, s)v'(X, r))v·VX(c(X, r))vdrdX (C.2) 

and 

G(y,SjX,t) = J lot
(c(x,tlx,r)c'(y,s)g'(x,r))vdrdx. (C.3) 

Most quantities entering into (C.1)-(C.3) are defined in the text that accompanies 

(5.1)-(5.3). Vx is the gradient with respect to X, and Qv represents conditional 

dispersive solute mass flux. In a manner similar to that employed by Neuman 

(1993) in deriving his (Cl), we find that 

c'(y,S)g'(x,r) = J loS [c(y, sl1],O)g'(X, r)V1]·Qv(1],O) 

-c(y, S 11], O)g'(X, r )v'( 1],0)· V 1] (c( 1], O))v 

+c(y, sl1], O)g'(1], O)g'(X, r)]dOd1]. (CA) 



Substituting of (C.4) into (C.3) yields 

G(y,SjX,t) = J J fo6 fo
t
[{c(x,tl x ,r)c(y,sl'I],O)g'(x,r»)v\1'1].Qv('I],O) 

-{c(x, tlx, r )c(y, sl'I], O)g'(X, r )v'( '1], O»)v· \1'1] {c( '1], O»)v 
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+(c(x, tlx, r )c(y, sl'I], O)g'( '1], O)g'(X, r »)v]dOdrdxd'l]. (C.5) 

Now 9 is uncorrelated with c and we further take it to be uncorrelated with v. 

Hence (C.5) reduces to 

G(y,SjX,t) = J J folJ fot{c(x,tlx, r)c(y, sl'I],O»)vts'('I],O)g'(X, r)}dOdrdxd'l]. (C.6) 

This can be rewritten as 

G(y, Sj x, t) = J J la6lat 
[(c(x, tlx, r »)v{c(y, S 1'1], O»)vts'( '1], O)g'(X, r») 

+ (c'(x, tlx, r )c'(y, sl'I], 0») v ts'( '1], O)g'(X, r») ]dOdrdxd'l]. (C. 7) 

For an instantaneous source g(x, t) = g(x, to)8(t - to) at time to, (C.7) reduces to 

(5.3). 
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APPENDIX D 

COMPUTER PROGRAM PADECISM 

################################### 
# PROGRAM PADECISM # 
# VERSION 1.0· # 
# DONGXIAO ZHANG, 01-16-93, UA # 
# LAST UPDATED 10-25-93 # 
################################### 

This program is written to solve the (P)seudofickian 
(A)dection-(D)ispersion (E)quation (C)onditioned on 
(I)nformation of (S)ite (M)easurements 
(Details see this dissertation). 

C--------------------------------------------------------------
C FILE "PARAM.TER" 
C--------------~-----------------------------------------------
C PARAMETER DEFINITION 
C MAXROW---MAXIMUM NUMBER OF ROWS 
C MAXCOL---MAXIMUM NUMBER OF COLUMNS 
C MAXNOD---MAXIMUM NUMBER OF NODES 
C MAXELM---MAXIMUM NUMBER OF ELEMENTS 
C MAXBDW---MAXIMUM NUMBER OF MATRIX BANDWIDTH 
C MAXSTP---MAXIMUM NUMBER OF TIME STEPS 
C NPC---MAXIMUM NUMBER OF CONDITIONING POINTS 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

NSTEP---NUMBER OF TIME STEPS 
NNODE---NUMBER OF NODES 
NFREE---NUMBER OF NODES WITH UNKOWN VALUE 

NELM---NUMBER OF ELEMENTS 
NROW---NUMBER OF ROWS 
NCOL---NUMBER OF COLUMNS 

NIT---NUMBER OF NODES WITH NON-ZERO INITIAL VALUE 
NB---NUMBER OF NODES WITH SPECIFIED VALUE 

NBW---NUMBER OF BANDWIDTH 
NSBW---NUMBER OF SEMI-BANDWIDTH 

Vx---X-COMPONENT OF ENSEMBLE MEAN VELOCITY 
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C Vy---Y-COMPONENT OF ENSEMBLE MEAN VELOCITY 
C COVF---COVARIANCE OF LN(K) 
C SCL---INTEGRATE SCALE 
C Po---POROSITY 
C Ym---MEAN OF LN(K) 
C Nch---CENTER OF INITIAL SOURCE 
C Qm---INITIAL MASS PER LENGTH, AREA (=mass for point source) 
C DLX---LENGTH OF SOURCE IN Xi (X) DIRECTION 
C DLY---LENGTH OF SOURCE IN X2 (y) DIRECTION 
C Iearly---THE LAST TIME STEP WHERE BATCHELOR SOLUTION IS USED 
C NNMV---COMPUTE CUMULATIVE MASS RELEASE VARIANCE AND SPATIAL 
C MOMENTS OF CONCENTRATION FOR NNMV STEPS 
C IPD---IPD=l LINEARIZED, PSEDO-FICKIAN SCHEME TO COMPUTE COC 
C (Covariance of concentration) [Using Eqn. (2.1a)] 
C 2 LINEARIZED APPROXIMATION [Using Eqn. (2.17)] 
C 3 WEAK APPROXIMATION [Using Eqn. (2.16)] 
C Lcp(i)---LOCATION OF ith CONTROL PLANE 
C ILUMP--~ILUMP=l, LUMPED FE SCHEME; OTHERWISE, CONSISTENT SCHEME 
C OW---OW=l, BACKWARD FE; OW=O, FORWARD; OW=O.5, CENTERED 
C Ncc---PRINT SPATIAL ORIGIN COVARIANCES AS FUNCTIONS OF TIME 
C FOR NODE Ncc 
C IGAU---IGAU=l, Longitudinal Velocity is Gaussian 
C OTHERWISE, LOGNORMAL 
C INU---INU=l, INCORPORATE INITIAL P~UME UNCERTAINTY 
C INU=999, WRITE TWO BINARY FILES FOR POINT SOURCE W Varg=O 
C OTHERWISE, VARg=O and NON-WRITING 
C VARg---SOURCE ERROR VARIANCE AT EVERYPOINT INSIDE THE SOURCE 
C LG---LG=l, Lagrangian Computational Domain; Otherwise, Eulerian. 
C 
C KB---KEYBOARD INPUT UNIT.NUMBER 

" C KC---TERMINAL SRCEEN OUTPUT UNIT NUMBER 
C KI---INPUT FILE UNIT NUMBER 
C KO---OUTPUT FILE UNIT NUMBER 
C 

C 

C 

PARAMETER(MAXROW=41,MAXCOL=71,MAXNOD=MAXROW*MAXCOL) 
PARAMETER(MAXELM=(MAXROW-l)*(MAXCOL-1» 
PARAMETER(KI=1,KO=2,KB=5,KC~6,NPC=100,MAXSTP=111) 

IMPLICIT REAL*a (A-H, O-Z) 

COMMON/Cl/ X(MAXCOL),Y(MAXROW) ,Xl (MAXNOD) ,X2(MAXNOD) ,Dmll 
COMMON/C2/ IB(MAXNOD),NIT,NB,NELM,IDT,MCP,MCH,IBT(MAXSTP) 
COMMON/C3/ NROW,NCOL,NNODE,NSTEP,VX,VY,COVF,COVX,COVY,SCL 
COMMON/C5/ Xll(MAXNOD),X12(MAXNOD),X2l(MAXNOD),X22(MAXNOD) 
COMMON/C6/ DT(MAXSTP),DX(MAXELM),DY(MAXELM),RH(MAXNOD) 
COMMON/C7/ D12(MAXNOD) ,D21(MAXNOD),Cv(MAXNOD) ,IPD,INU,VARg 
COMMON/Cal AM(MAXNOD.MAXNOD) ,D (MAXNOD ,MAXNOD) ,DIK(MAXNOD) 
COMMON/C9/ NE(MAXELM,4) ,A(MAXNOD,MAXNOD) ,AVY(4,4) ,Dm22 



C 
C 

COMMON/Cl0/ DE(4,4),AXX(4,4),AYY(4,4),AXY(4,4),AVX(4,4) 
COMMON/Cll/ XP1(MAXNOD),XP2(MAXNOD),YR(NPC),UC2(MAXNOD) 
COMMON/C12/ Dll(MAXNOD),D22(MAXNOD),Dm21,UC1(MAXNOD),Dm12 
COMMON/C13/0W,Po,Ym,COLD(MAXNOD),AMM(NPC,NPC),T,Ncc,NMV 
COMMON/C14/ Qm,Nch.Lcp(3),DLX,DLY,ucll(MAXNOD),MST,NER 
COMMON/C15/ uc12(MAXNOD),uc21(MAXNOD),uc22(MAXNOD),IGAU 
COMMON/C16/ XPpl(MAXNOD,MAXSTP),XPp2(MAXNOD,MAXSTP) 
COMMON/C17/ Urawl(MAXNOD),Uraw2(MAXNOD),DCX(MAXNOD,MAXSTP) 
COMMON/C18/ DCY(MAXNOD,MAXSTP),COC(MAXNOD,MAXNOD),LG 

C--------------------------------------------------------------
C 

PROGRAM PADECISM 
·C 
·C--------------------------------------------------------------
C 
C 
C 
C 
C 
C 

C 

This program is written to solve the (P)seudofickian 
(A)dection-(D)ispersion (E)quation (C)onditioned on 
(I)nformation of (S)ite (M)easurements 

DONGXIAO ZHANG, 01-16-93, UA 

INCLUDE 'PARAM.TER' 
CHARACTER INPF*20, OUTPF*20, AA*8, AB*10, FILENAME*45 
CHARACTER TITLE*80,FILENAME2*45, FNAME1*45,FNAME2*45 
CHARACTER CB*10 
DIMENSION ACC(MAXNOD,2*MAXCOL+3),KA(MAXNOD,2*MAXCOL+3) 

J=O 
WRITE(KC,*) 

C WRITE(KC,55) 
C 10 WRITE(KC,20) 
C 20 FORMAT(/' ENTER THE NAME OF THE INPUT DATA FILE: ' ,$) 
C READ(KB,30,ERR=10) INPF 
C 
C IF (J .GT. 5) STOP 

OPEN(UNIT=KI,FILE='padecism.dat' ,STATUS='OLD') 
C 30 FORMAT(A20) 
C 
C WRITE(KC,50) 
C 50 FORMAT(/' ENTER THE NAME OF THE OUTPUT FILE: ' ,$) 
C READ(KB,30) OUTPF 

OPEN(UNIT=KO,FILE='padecism.out' ,STATUS='UNKNOWN') 
C 

WRITE(KO,55) 
55 FORMAT(20X,'###################################',/ 

& 20X~'# PROGRAM PADECISM #',/ 
& 20X,'# VERSION 1.0 #',/ 

172 



& 20X,'# DONGXIAO ZHANG, 01-16-93, UA #',1 
& 20X,'# LAST UPDATED 10-25-93 #',1 
& 20X,'###################################',/) 

READ(KI,60) TITLE 
WRITE(KO,60) TITLE 

60 FORMAT (A80) 
READ(KI,*) ILUMP,OW,Ncc,IGAU,LG 
IF(ILUMP .EQ. 1) THEN . 

WRITE(KO,61) 
WRITE(KC,61) 

61 FORMAT(/,' ****** LUMPED FINITE ELEMENT SCHEME ******',/) 
ELSE 

WRITE(KO,62) 
WRITE(KC,62) 
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62 FORMAT(/,' ****** CONSISTENT FINITE ELEMENT SCHEME ******' ,I) 

C 

C 

END IF 

READ(KI,*) Iearly,NNMV,IPD 
READ(KI,*) Qm,Nch,DLX,DLY,INU,VARg 
READ(KI,*) Lcp(1),Lcp(2),Lcp(3) 

C INPUT ROW AND COLUMN NUMBERS AND COORDINATES 
C 
C READ ROW NUMBERS AND COORDINATES FROM INPUT DATA FILE 
C 

CALL ROWCOL(NROW,Y) 
WRITE(KC,70)NROW 

70 FORMAT(10X,'NROW=',I5) 
C 
C READ COLUMN NUMBERS AND COORDINATES FROM INPUT DATA FILE 
C 

CALL ROWCOL(NCOL,X) 
WRITE(KC,80)NCOL 

80 FORMAT(10X,'NCOL=',I5) 
C 
C OBTAIN NODE NUMBERS AND THEIR COORDINATES FROM ROW & COLUMN INFORMATION 
C 

CALL NODES 
C 
C OBTAIN ELEMENT NUMBERS AND THEIR NODE NUMBERS FROM ROW & COLUMN INFORMATION 
C 

CALL ELEMENTS 
C . 
C READ INITIAL CONDITIONS AND VELOCITY FIELD'S PARAMETERS 
C 

CALL INITIALS 
C 
C READ BOUNDARY CONDITIONS 



C 
CALL BNDRY 

C 
C READ TIME STEP INFORMATION 
C 

C 
CALL TIMSTEP 

WRITE(KO,90) 
WRITE(KC,90) 

90 FORMAT(/10X,'****END OF ECHO OF INPUT OATA****') 
C 
C CALCULATE THE MATRICES [A] 
C 

CALL AMATRIC 
C 
C CALCULATE THE MATRICES [D] 
'C 

CALL SORPT(ILUMP) 
C 
C CALCULATE THE CONDITIONAL VELOCITY MOMENTS FOR EACH NODE 
C 

CALL CONDITION 
C 
C ASSEMBLE PART OF THE GLOBAL MATRICES [A] 
C 

CALL MODGLOB1 
C 
C START TO COMPUTE FOR EACH TIME STEP 
C 
C 

C 

N2=0 
00 170 IOT=1,NSTEP 

T=T+OT(IDT) 
N2=N2+1 
IF(N2 .EQ. NNMV) THEN 

N2=0 
NMV=1 

ELSE 
NMV=O 

END IF 

IF(IDT .LE. Iearly) THEN 
WRITE(KC,110)IDT 
CALL PDISPER 
CALL BATCHELOR 
WRITE(CB,'(I10)') 1000000000+IDT 
FNAME1='cme'//cb(1:10)//'.out' 
FNAME2='cva'//cb(1:10)//'.out' 
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OPEN(48,FILE=FNAME1,RECL=8,ACCESS=IDIRECTI ,FORM=IUNFORMATTEDI) 
OPEN(49,FILE=FNAME2,RECL=8,ACCESS=IDIRECTI ,FORM=IUNFORMATTEDI) 
CALL SECONDM 

C 

IF(IDT .LT. Iearly) GO TO 170 
DO 105 K=l,NNODE 

WRITE(KO,150)K,IB(K),Xl(K),X2(K),UC1(K),UC2(K), 
& COLD(K),DSQRT(COC(K,K)),Cv(K),DIK(K) 

105 CONTINUE 
CLOSE(KO) 

C write <c> and <CIC I> due to an instantaneous point source with 
C certainty into two binary files, to be read later for 
C computations of <CIC I> due to instantaneous nonpoint sources 
C with uncertainty. 
C 

C 

C 

C 

IF(DABS(DLX+DLY) .LT. 1.D-8 .AND. INU .EQ. 999) THEN 
DO KK=l,NNODE . 

WRITE(48,REC=KK) COLD(KK)*Po/Qm 
WRITE(49,REC=KK) COC(KK,KK)*Po*Po/(Qm*Qm) 

END DO 
CLOSE(48) 
CLOSE(49) 

END IF 

GO TO 170 
END IF 

WRITE(KC,l10)IDT 
110 FORMAT(//3X,22(1*1),1 TIME STEP # I,I5,3X,22(1*1)) 

C ASSEMBLE AND MODIFY THE GLOBAL MATRICES [AM] AND [RH] 
C 

CALL MODGLOB2 
C 
C SOLVE THE SYSTEM OF EQUATIONS 
C 

CALL SOLVE2(ACC,KA) 
C 
c NON=NNODE 
c CALL SOLVE(NON) 
C 
C COMPUTE THE SECOND MOMENT OF CONCENTRATION PREDICTION ERROR 
C AND MASS CUMULATIVE RELEASE 
C 

WRITE(CB,I(Il0)1) 1000000000+IDT 
FNAME1=lcme l //cb(1:10)//I. out l 
FNAME2=lcval//cb(1:10)//I.outl 
OPEN(48,FILE=FNAME1,RECL=8,ACCESS=IDIRECTI ,FORM=IUNFORMATTEDI) 



C 

C 
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OPEN(49,FILE=FNAME2,RECL=8,ACCESS='DIRECT' ,FORM='UNFORMATTED') 

CALL SECONDM 

C STORE AND OUTPUT COMPUTED NODAL VALUES 
C 

c 
c 
c 130 
c 
c 140 
c & 
c & 
C 

C 

& 
150 

& 
151 
160 

IF(IBT(IDT) .EQ. 1) THEN 
WRITE(KO, 110)IDT 
WRITE(KO, 130)T,DT(IDT) 
FORMAT(/5X,'ELAPSED TIME = , ,Fl0.4,/5X,'TIME STEP = I,Fl0.4) 
WRITE(KO, 140) 
FORMAT(//13X,'COMPUTED VALUES OF ENSEMBLE CONCENTRATION', 

_ /5X,60('-'),/,5X,INODE',4X,ITYPE' ,7X, I X-COORD I ,6X, 
'Y-COORD' ,6X,'CONDI Vx ' ,6X,'CONDI Vy' ,10X,'<C>') 

WRITE(AA,'(F8.2)') 10000.+COVF 
WRITE(AB,'(Fl0.4)') 10000.+T 
FILENAME=lconl//aa(1:8)//I_I//ab(1:10)//I.out' 
FILENAME2=lvar'//aa(1:8)//I_I//ab(1:10)//I.out' 
OPEN(KO,FILE=FILENAME) 
OPEN(99,FILE=FILENAME2) 
WRITE(KO,*) I variables=node,type,X,Y,Vx,Vy,<c>,Sd,Cv,IND' 
WRITE(KO,*) , zone i=',NCOL, I j=' ,NROW 
WRITE(99,*) , variables=node,X,Y,Vx,Vy,x,y,X12,X21 ' 
WRITE(99,*) , zone i=',NCOL, ' j=' ,NROW 
DO 160 K=l,NNODE 
WRITE(KO,150)K,IB(K),Xl(K),X2(K),UC1(K),UC2(K),COLD(K), 

DSQRT(COC(K,K)),Cv(K),DIK(K) 
FORMAT(2X,2(I5,lX),4(lX,Fl0.6),3(F15.6),2X,F5.3) 
WRITE(99,151)K,Xl(K),X2(K) ,UC1(K),UC2(K) ,X11(K),X22(K) , 

X12(K),X21(K) 
FORMAT(2X,I5,lX,4(lX,F10.6),4(F15.6)) 

CONTINUE 
CLOSE(KO) 
CLOSE(99) 

C write <c> and <c'c'> due to an instantaneous point source with 
C certainty into two binary files, to be read later fQr . 
C computations of <c'c ' > due to instantaneous nonpoint sources 
C with uncertai~ty. 
C 

IF (DABS (DLX+DLY) .LT. 1.D-8 .AND. INU .EQ. 999) THEN 
DO KK=l,NNODE 

WRITE(48,REC=KK) COLD(KK)*Po/Qm 
WRITE(49,REC=KK) COC(KK,KK)*Po*Po/(Qm*Qm) 

END DO . 
CLOSE(48) 
CLOSE(49) 



END IF 
C 

END IF 
170 CONTINUE 

C 
WRITE(KC,180) 

180 FORMAT(//,' ------- NORMAL END OF JOB!!! -------,) 
END 

C------------------------------------~-------------------------
SUBROUTINE AMATRIC 

C--------------------------------------------------------------
C 

C 

c 

INCLUDE 'PARAM.TER' 

AXX(1,1)=2.DO 
AXX(1,2)=-2.DO 
AXX(1,3)=-1.DO 
AXX(1,4)=1.DO 
AXX(2,1)=-2.DO 
AXX(2,2)=2.DO 
AXX (2,3) =1. DO 
AXX(2,4)=-1.DO 
AXX(3,1)=-1.DO 
AXX(3,2)=1.DO 
AXX(3,3)=2.DO 
AXX(3,4)=-2.DO 
AXX (4 , 1) = 1. DO 
AXX(4,2)=-1.DO 
AXX(4,3)=-2.DO 
AXX(4,4)=2.DO 

AYY(1,1)=2.DO 
AYY(l ,2)=1. DO 
AYY(1,3)=-1.DO 
AYY(1,4)=-2.DO 
AYY(2,1)=1.DO 
AYY(2,2)=2.DO 
AYY(2,3)=-2.DO 
AYY(2,4)=-1.DO 
AYY(3,1)=-1.DO 
AYY(3,2)=-2.DO 
AYY(3,3)=2.DO 
AYY(3,4)=1.DO . 
AYY(4,1)=-2.DO 
AYY(4,2)=-1.DO 
AYY(4,3)=1.DO 
AYY(4,4)=2.DO 

AXY(l,l)=l.DO 
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c 

c 

AXY(1,2)=1.00 
AXY(1,3)=-1.00 
AXY(1,4)=-1.00 
AXY(2,1)=-1.00 
AXY(2,2)=-1.00 
AXY(2,3)=1.00 
AXY(2,4)=1.00 
AXY(3,1)=-1.00 
AXY(3,2)=-1.00 
AXY (3,3) =1. DO 
AXY (3,4) =1. DO 
AXY(4,1)=1.00 
AXY(4,2)=1.00 
AXY(4,3)=-1.00 
AXY(4,4)=-1.00 

AVX(1.1)=-2.00 
AVX(1.2)=2.00 
AVX(1,3)=1.00 
AVX(1,4)=-1.00 
AVX(2,l)=-2.00 
AVX(2.2)=2.00 
AVX(2.3)=1.00 
AVX(2.4)=-1.00 
AVX(3,1)=-1.00 
AVX(3,2)=1.00 
AVX(3,3)=2.00 
AVX(3.4)=-2.00 
AVX(4.1)=-1.00 
AVX(4.2)=1.00 
AVX(4.3)=2.00 
AVX(4,4)=-2.00 

AVY(1.1)=-2.00 
AVY(1,2)=-1.00 
AVY(1.3)=1.00 
AVY(1.4)=2.00 
AVY(2,1)=-1.00 
AVY(2.2)=-2.00 
AVY(2.3)=2.00 
AVY(2.4)=1.00 
AVY(3.1)=-1.00 
AVY(3,2)=-2.00 
AVY(3.3)=2.00 
AVY(3.4)=1.00 
AVY(4.1)=-2.00 
AVY(4.2)=-1.00 
AVY(4.3)=1.00 
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C 

C 

AVY(4,4)=2.DO 

END 

C-----------------------·-------------------------------------
SUBROUTINE BATCHELOR 

C------------------------------------------------------------
C 
C 
C 
C 
C 
C 

C 

C 

THIS PROGRAM IS WRITTEN TO CALCULATE THE PROBABILITY 
DISTRIBUTION OF THE PARTICLES USING BATCHELOR'S 
EQUATION MODIFIED BY D. ZHANG (1992, M. Sc. Thesis) 

DONGXIAO ZHANG, 10-03-1992. UA 

INCLUDE 'PARAM.TER' 

PI=3.1415926DO 
Varx=uc11 (Nch) 
Vary=uc22 (Nch) 
IF(LG .NE. 1) THEN 

Ux=Uc1(Nch) 
Uy=Uc2(Nch) 

ELSE 
Ux=O. 
Uy=O. 

END IF 
XO=X1(Nch) 
YO=X2(Nch) 
Xary=Vary*T*T+2.DO*Dm22*T 
IF(IGAU .EQ. 1) THEN 

Xarx=Varx*T*T+2.DO*Dm11*T 
ALx=DSQRT(2.DO*PI*Xarx) 

ELSE 
Eln=2.*DLOG(Ux)-O.5*DLOG(Ux*Ux+Varx) 
Vln=DLOG(Varx+Ux*Ux)-2.*DLOG(Ux) 
FFF=1./DSQRT(2.*PI*Vln) 

END IF 

ALy=DSQRT(2.DO*PI*Xary) 
DO I=1,NNODE 

IF(IGAU .EQ. 1) THEN 
BX1=(X1(I)-Ux*T-XO+DLX/2.)/DSQRT(2.DO*Xarx) 
BX2=(X1(I)-Ux*T-XO-DLX/2.)/DSQRT(2.DO*Xarx) 
IF(DLX .EQ. 0.) THEN 

F1=1.DO/ALx*DEXP(-BX1**2) 
ELSE 

F1=1.DO/2.DO*(DERF(BX1)-DERF(BX2» 
END IF 

ELSE 
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C 

C 

C 

IF(DLX .EQ. 0.) THEN 
DIS=X1(I)-XO 
IF(DIS .GT. 0.) THEN 
BX=«DLOG(DIS/T)-Eln)**2)/(2.*Vln) 
F1=FFF/DIS*DEXP(-BX) 

ELSE 
F1=0. 

END IF 
ELSE 

SUM=O. 
KK=101 
DO II=l,KK 

XX=XO-DLX/2.+(2*II-1)*DLX/(2*KK) 
DIS=X1(I)-XX 
IF(DIS .GT. 0.) THEN 

BX=«DLOG(DIS/T)-Eln)**2)/(2.*Vln) 
Ff=l.DO/DIS*DEXP(-BX) 

ELSE 
Ff=O. 

END IF 
SUM=SUM+Ff 

END DO 
F1=FFF*SUM*DLX/KK 

END IF 
END IF 

BY1=(X2(I)-Uy*T-YO+DLY/2.)/DSQRT(2.DO*Xary) 
BY2=(X2(I)-Uy*T-YO-DLY/2.)/DSQRT(2.DO*Xary) 
IF(DLY .EQ. 0.) THEN 

F2=1.DO/ALy*DEXP(-BY1**2) 
ELSE' 

F2=1.DO/2.DO*(DERF(BY1)-DERF(BY2)) 
END IF 

COLD(I)=Qm*F1*F2/Po 
ENDDO 

END 
C---------------------------------------------------------------

SUBROUTINE BNDRY 
C---------------------------------------------------------------
C. 
C This subroutine reads and assigns the boundary information 
C D. Zhang, 01-10-93 
C 

INCLUDE 'PARAM.TER' 
C 

NB=O 
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C 

C 

DO 10 I=1,NlmDE 
IB(I)=O 

10 CONTINUE 
WRITE(KO,15) 

15 FORMAT(//5X,'NO. OF NODE',15X,' VALUE OF SPECIFIED [CJ') 
KL=O 
READ(KI,*)IBNDRY 
IF(IBNDRY .NE. 1) THEN 

17 READ(KI,*)LL,BC 

IF(LL .LE. 0) THEN 
IF(IBNDRY .EQ. 2) THEN 

DO 30 K=1,NROW 
DO 30 L=1,NCOL 

KL=KL+1 
IF(K .EQ. 1 .OR. K .EQ. NROW .OR. L .EQ. 1 

& .OR. L .EQ. NCOL) THEN 
IB(KL)=1 
NB=NB+1 
COLD(KL)=O.DO 
WRITE(KO,20)KL,COLD(KL) 

20 FORMAT(6X,I5,22X,F10.4) 
END IF 

30 CONTINUE 
END IF 
GO TO 40 

END IF 

COLD(LL)=BC 
IB(LL)=1 
NB=NB+1 
WRITE(KO,20)LL,COLD(LL) 
GO TO 17 

ELSE 
33 READ(KI,*)LL,WASTE 

IF(LL .GT. 0) GO TO 33 
DO 35 K=1,NROW 
DO 35 L=1,NCOL 

KL=KL+1 
IF(K .EQ. 1 .OR. K .EQ. NROW .OR. L .EQ. 1 

& .OR. L .EQ. NCOL) THEN 
IB(KL)=1 
NB=NB+1 
COLD(KL)=O.DO 
WRITE(KO,20)KL,COLD(KL) 

END IF 
35 CONTINUE 

END IF 
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C 

C 

40 IF(NB .LE. 0) THEN 
WRITE(KO,50) 

50 FORMAT(/lOX,' NO BOUNDARY CONDITION SPECIFIED!! I') 
END IF 

END 
C---------------------------------------------------------------

SUBROUTINE COEFF(dl,d2,KK,NCO) 
C---------------------------------------------------------------
C 
C 
C 
C 

This subroutine computes the cokriging coefficients 

INCLUDE 'PARAM.TER' 
DIMENSION INDX(NPC) 

D. Zhang, 01-10-93 

c DIMENSION ACC(NPC,NPC),KA(NPC,NPC),INDX(NPC) 
C 
C Compute the right-hand-side vector for the node ND 
C 

C 

C 

MM=MCP+MCH 
IF(MST .EQ. 1) RH(MM+1)=0. 
DO 80 I=l,MCP 

Rl=(dl-XP1(I»/SCL 
R2=(d2-XP2(I»/SCL 
CALL COVMVY(R1,R2,u1y,u2y) 
IF(KK .EQ. 1) THEN 

RH(I)=u1y 
ELSE 

RH(I)=u2y 
END IF 

80 CONTINUE 

DO 90 I=MCP+1,MM 
R1=(d1-XP1(I»/SCL 
R2=(d2-XP2(I»/SCL 
CALL COVMVH(R1,R2,u1h,u2h) 
IF(KK .EQ. 1) THEN 

RH(I)=u1h 
ELSE 

RH(I)=u2h 
END IF 

90 CONTINUE 

C Solve the cokriging system, perform LU decomposition only 
C at the first time (node), and carry out back substitutions 
C for each node 
C 

182 



C 

MSTM=MST+MM 
IF(NCO .EQ. 1 .AND. KK .EQ. 1) THEN 

CALL LUDCMP(AMM,MSTM,NPC,INDX,DD) 
END IF 
CALL LUBKSB(AMM,MSTM,NPC,INDX,RH) 

END 
C---------------------------------------------------------------

SUBROUTINE CONDITION 
. C---------------------------------------------------------------

C 
C 
C 
C 
C 

C 

C 

C 

This subroutine compute conditional mean and covariance 
matrix for each node in the grid 

INCLUDE IPARAM.TERI 

MCP=O 
MCH=O 

D. Zhang, 01-01-93 

IF(COVF .LE. 0.) RETURN 
OPEN(UNIT=30,FILE=l con .dat l ,STATUS=IOLDI) 
READ(30,*) MCP,MCH 
MM=MCP+MCH 
DO 10 I=l,MM 

READ(30,*) XP1(I),XP2(I),YR(I) 
10 CONTINUE 

CLOSE(30) 

IF(MCP .GT. 0 .OR. MCH .GT. 1) THEN 

C Compute the left-hand-side matrix for the cokriging system 
C once since the it does not change for different locations 
C 

C 

IF (MCH .GT. 0) THEN 
MST=l 
DO J=l,MCP 

AMM(MM+l,J)=O. 
ENDDO 
DO J=l+MCP,MM 

AMM(MM+l, J)=l. 
ENDDO 

AMM(MM+l,MM+l)=O. 
ELSE 

MST=O 
END IF 

DO 17 I=l,MCP 
DO 15 J=l,MCP 
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184 

R1=(XP1(I)-XP1(J»/SCL 
R2=(XP2(I)-XP2(J»/SCL 
CALL COVMY(R1,R2,Cy) 
AMM(I,J)=Cy 

15 CONTINUE 
DO 16 J=MCP+1,MM 

R1=(XP1(I)-XP1(J»/SCL 
R2=(XP2(I)-XP2(J»/SCL 
CALL COVMYH(R1,R2,Cyh) 
AMM (I, J) =Cyh 

16 CONTINUE 
AMM(I ,MM+1)=0. 

17 CONTINUE 
C 

DO 27 I=MCP+1,MM 
DO 25 J=1,MCP 

R1=(XP1(I)-XP1(J»/SCL 
R2=(XP2(I)-XP2(J»/SCL 
CALL COVMYH(R1,R2,Cyh) 
AMM(I,J)=Cyh 

25 CONTINUE 
C 

DO 26 J=(MCP+1),MM 
R1=(XP1(I)-XP1(J»/SCL 
R2=(XP2(I)-XP2(J»/SCL 
CALL COVMH(R1,R2,CGh) 
AMM(I,J)=CGh 

26 CONTINUE 
AMM(I,MM+l)=l. 

27 CONTINUE 
C 

ELSE 
DO 28 I=1,NNODE 

UC1(I)=Vx 
UC2(I)=Vy 
ucl1 (I)=COVX 
uc22(I)=COVY 
uc12(I)=0. 
uc21(I)=0. 

28 CONTINUE 
REruRN 

END IF 
C 
C Compute the conditional mean and covariance matrix for 
C each node in the grid 
C 

DO 30 J=1,NNODE 
d1=X1(J) 



c 

d2=X2(J) 
CALL CONVELO(d1,d2,d1,d2,U1,U2,U11,U12,U21,U22,J) 
UC1(J)=U1 
UC2(J)=U2 
uc11 (J)=U11 
uc12(J)=U12 
uc21(J)=U21 
uc22(J)=U22 

30 CONTINUE 
IF(uc11(Nch) .LE. 0.) uc11(Nch)=COVX 
IF(UC1(Nch) .LE. 0.) UC1(Nch)=Vx 
IF(uc22(Nch) .LE. 0.) uc22(Nch)=COVY 

END 
C---------------------------------------------------------------

SUBROUTINE CONVELO(d1,d2,d3,d4,U1,U2,u11,u12,u21,u22,NCO) 
C---------------------------------------------------------------
C 
C This subroutine computes the conditional mean and 
C covariance matrix for node NO 
C O. Zhang, 01-01-93 

C 

C 

C 

C 

INCLUDE 'PARAM.TER' 

U1=Vx 
U2=Vy 
MM=MCP+MCH 

R1=(d1-d3)/SCL 
R2=(d2-d4)/SCL 
CALL COVMV(R1,R2,u11,u22,u12) 
u21=u12 

CALL COEFF(d1,d2,1,NCO) 
DO 20 I=l,MM 

U1=U1+RH(I)*YR(I) 
20 CONTINUE 

00 30 K=l,MCP 
R1=(d3-XP1(K»/SCL 
R2=(d4-XP2(K»/SCL 
CALL COVMVY(R1,R2,u1y,u2y) 
u11=u11-RH(K)*u1y 
u12=u12-RH(K)*u2y 

30 CONTINUE 
DO 40 K=l+MCP,MM 

R1=(d3-XP1(K»/SCL 
R2=(d4-XP2(K»/SCL 
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CALL COVMVH(R1,R2,u1h,u2h) 
u11=u11-RH(K)*u1h 
u12=u12-RH(K)*u2h 

40 CONTINUE 
C 

C 

CALL COEFF(d1,d2,2,NCO) 
DO 120 I=1,MM 
U2=U2+~(I)*YR(I) 

120 CONTINUE 

DO 130 K=1,MCP 
R1=(d3-XP1(K»/SCL 
R2=(d4-XP2(K»/SCL 
CALL COVMVY(R1,R2,u1y,u2y) 
u21=u21-RH(K)*u1y 
u22=u22-RH(K)*u2y 

130 CONTINUE 
DO 140 K=1+MCP,MM 

R1=(d3-XP1(K»/SCL 
R2=(d4-XP2(K»/SCL 
CALL COVMVH(R1,R2,u1h,u2h) 
u21=u21-RH(K)*u1h 
u22=u22-RH(K)*u2h 

140 CONTINUE 
C 

END 
C-----------------------------------·----------------------------

SUBROUTINE COVMH(R1,R2,CGh) 
C---------------------------------------------------------------
C 

186 

C 
C 
C 

This subroutine.computes -Gh [ -(the head residual variogram)]. 

C 

C 

INCLUDE 'PARAM.TER' 

V=DSQRT(Vx*Vx+Vy*Vy) 
R=DSQRT(R1*R1+R2*R2) 
Gr=V*Po/DEXP(Ym) 
IF(R .EQ. 0.) THEN 

Gh=O. 
ELSE 

RE=DEXP(-R) 
RR=R*R 
R3=RR*R 
FC=COVF*SCL*SCL*Gr*Gr 

F1=2.*R1*R1/RR-1. 

D. Zhang, Ol-10-93 



C 

C 

C 

C 

C 

F2=O.5+(RE*(RR+3.*R+3.)-3.)/RR 
F3=-WELL(R)+DLOG(R)+RE-O.4228 

Gh=(F1*F2+F3)*FC/2. 
END IF 

CGH=-GH 

END 

C---------------------------------------------------------------
FUNCTION WELL(U) 

C---------------------------------------------------------------
IMPLICIT REAL*8 (A-H,O-Z) 
C=O.577215664901532860606512DO 
T=U 
IF(T.LT.2.0DO)THEN 

CALL EXING(Ei,C,T) 
ELSE 

CALL EXIN(Ei,T) 
ENDIF 
WELL=Ei 
END 

187 

C---------------------------------------------------------------------
SUBROUTINE EXIN(E,X) 

C---------------------------------------------------------------
IMPLICIT REAL*8 (A-H,O-Z) 
A1=8.5733287401DO 
A2=18.0590169730DO 
A3=8.6347608925DO 
A4=0.2677737343DO 
B1=9.5733223454DO 
B2=25.6329561486DO 
B3=21.0996530827DO 
B4=3.9584969228DO 
E=-(X**4+A1*X**3+A2*X*X+A3*X+A4)/(X**4+B1*X**3+B2*X*X+B3*X+B4)/ 

1 X/DEXP(X) 
RETURN 
END 

C---------------------------------------------------------------
SUBROUTINE EXING(Ei,C,X) 

C---------------------------------------------------------------
IMPLICIT REAL*8 (A-H,O-Z) 
IFK=l 
Ei=C+DLOG(X) 
DO 10 I=1,1000 

IFK=IFK*I 



TERM=(-X)**I/I/IFK 
Ei=Ei+TERM 
IF(DABS(TERM).LT.1.0D-6) GOTO 20 

10 CONTINUE 
20 CONTINUE 

RETURN 
rnD 

C---------------------------------------------------------------
SUBROUTINE COVMV(R1,R2,u11,u22,u12) 

C---------------------------------------------------------------
C 

188 

C This subroutine computes the unconditional velocity covariances 
C D. Zhang, 01-10-93 
C 

C 

C 

C 

C 

INCLUDE IPARAM.TERI 

R=DSQRT(R1*R1+R2*R2) 
IF(R .LE. 0.01DO) THEN 

u11=COVX 
u22=COVY 
u12=0.DO 

ELSE 
VV=VX*VX+VY*VY 
FB=(R1*R1-R2*R2)/(R*R) 
RE=DEXP(-R) 
RR=R*R 
R3=RR*R 
R4=R3*R 

T1=-RE*R1*R1/(RR)+«1.DO/RR+1.DO/R)*RE-1.DO/RR) 
& *(1.DO-2.DO*R1*R1/RR) 
T2=FB*(-RE*(1.DO/R+3.DO/RR+6.DO/R3+6.DO/R4)+6.DO/R4) 

& -RE*(1.DO/R+1.DO/RR)+1.DO/RR 
F2=FB*(RE*(1.DO+3.DO/R+9.DO/RR+18.DO/R3+18.DO/R4)-18.DO/R4 

& )+RE*(1.DO/R+1.DO/RR+1.DO) 
T3=F2-1./RR 
F=(.SDO+(RE*(RR+3.DO*R+3.DO)-3.DO)/RR)*4.DO/RR 

& *(1.DO-S.DO*R1*R1/RR+4.DO*(R1**4)/R4) 
T4=F+8.DO*R1*R1/RR*(1.DO-R1*R1/RR)/R 

& *(-RE*(1.DO+3.DO/R+6.DO/RR+6.DO/R3)+6.DO/R3) 

u11=VV*COVF*(2.DO*RE+4.DO*T1+R2*R2/RR*T2+R1*R1/RR*T3+T4) 
u11=u11/2.DO 

TS=FB*(-RE*(1.DO/R+3.DO/RR+6.DO/R3+6.DO/R4)+6.DO/R4) 
& -RE*(1.DO/R+1.DO/RR)+1.DO/RR 

F2=RE*(1.DO+3.DO/R+9.DO/RR+18.DO/R3+18.DO/R4)-18.DO/R4 
T6=F2*FB+RE*(1.DO/R+1.DO/RR+1.DO)-1.DO/RR 



C 

C 

C 

C 

C 

T7=(.5DO+(RE*(3.DO+3.*R+RR)-3.DO)/RR)*4.DO/RR 
& *(1.DO-5.DO*R2*R2/RR+4.DO*(R2**4)/R4) 
T8=8.DO*R2*R2/RR*(R2*R2/RR-1)/R 

& *(-RE*(1.DO+3.DO/R+6.DO/RR+6.DO/R3)+6.DO/R3) 

u22=. 5DO*VV*COVF* (R1*R1/RR*T5+R2*R2/RR*T6-T7+T8) 

T10=-R1*R2/R*(RE*(1.DO/R+2.DO/RR+2.DO/R3)-2.DO/R3) 
T9=4.DO/R4-72.DO!(R4*RR) 

& +RE*(1.DO/RR+8.DO/R3+32.DO/R4+72.DO/(R4*R) 
& +72.DO/(R4*RR» 
T11=.5DO*R1*R2/RR*(RE*(1.DO+2.DO/R+2.DO/RR)-2.DO/RR) 

u12=VV*COVF*(T10+.5DO*FB*R1*R2*T9+T11) 

END IF 

END 
C---------------------------------------------------------------

SUBROUTINE COVMVH(R1,R2,u1h,u2h) 
C---------------------------------------------------------------
C 
C This subroutine computes the unconditional velocity-head 
C cross covariances 
C D. Zhang, 01-10-93 
C 

C 

C 

C 

INCLUDE IPARAM.TERI 

R=DSQRT(R1*R1+R2*R2) 
V=DSQRT(VX*VX+VY*VY) 
IF(R .LE. O.OOOOOOOlDO) THEN 

u1h=0. 
u2h=0. 

ELSE 
Gr=V*Po/DEXP(Ym) 
RE=DEXP(-R) 
RR=R*R 
R3=RR*R 
FB=(R2*R2-R1*R1)/RR 
FC=COVF*V*SCL*GR 

F1=(1. +R) *RE-1. 
F2=F1*R1/RR 

F3=(RE*(1.+3./R+6./RR+6./R3)-6./R3)*FB 
F4=-RE*(1./R+1.)+1./R 
F6=(RE*(RR+3.*R+3.)-3.)/RR 
F5=(4.*R2*R2/R3)*(0.5+F6) . 
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C 

C 

C 

C 

F7= (F3+F4+F5) *R1/R 

u1h=(F2+F7/2.)*FC 

F5=(-4. *R1*R1/R3) *(0.5+F6) 
F7=0.5*(F3+F4+F5)*R2/R 

u2h=FC*F7 
END IF . 

END 
C---------------------------------------------------------------

SUBROUTINE COVMVY(R1,R2,u1y,u2y) 
C---------------------------------------------------------------
C 
C 
C 
C 
C 

C 

C 

C 

C 

C 

This subroutine computes the unconditional velocity-log 
permeability cross covariances 

INCLUDE 'PARAM.TER' 

R=DSQRT(R1*R1+R2*R2) 
V=DSQRT(VX*VX+VY*VY) 
IF(R .LE. 0.000100) THEN 

u1y=COVF*V/2.DO 
u2y=0. 

ELSE 
RE=DEXP(-R) 
RR=R*R 
R3=RR*R 

F1=-R1*R1*RE/RR 
F2=(1.DO/RR+1.DO/R)*RE-1.DO/RR 
F3=1.DO-2.DO*R1*R1/RR 
u1y=RE+F1+F2*F3 
u1y=COVF*V*u1y 

F4=2.DO/R3 
F5=1.DO/R+2.DO/RR+2.DO/R3 
u2y=F4-RE*F5 
u2y=COVF*V*R1*R2*u2y/R 

END IF 

END 

D. Zhang, 01-10-93 

C---------------------------------------------------------------
SUBROUTINE COVMY(R1,R2,Cy) . 

C..:----------------------.----------------------------------------
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C 
C This subroutine computes the log permeability covariance 
C D.Zhang, 01-10-93 
C 

C 

C 

C 

INCLUDE 'PARAM.TER' 

R=DSQRT(R1*R1+R2*R2) 
RE=DEXP(-R) 

Cy=COVF*RE 

END 
C--------------------------------------------------------------

SUBROUTINE COVMYH(R1,R2,Cyh) . 
C--------------------------------------------------------------
C 
C This subroutine computes the unconditonal log permeability-
C head cross covariances 
C D. Zhang, 01-10-93 
C 

C 

C 

C 

INCLUDE 'PARAM.TER' 

RR=R1*R1+R2*R2 
R=DSQRT(RR) 
RE=DEXP(-R) 

IF(R .EQ.O.DO) THEN 
Cyh=O.DO 

ELSE 
Gr=Vx*Po/DEXP(Ym) 
F=Gr*R1*COVF*SCL/RR 
FF=(1. +R) *RE-1. 
Cyh=F*FF 

END IF 

END 
C--------------------------------------------------------------

SUBROUTINE ELEMENTS 
C--------------------------------------------------------------
C 
C 
C 
C 

C 

This subroutine assigns nodal numbers for each element 
D. Zhang, 01-01-93 

INCLUDE 'PARAM.TER' 

WRITE(KC,S) 
5 FORMAT(/' **** OBTAINING ELEMENT INFORMATION ****,) 

WRITE(KO,*) 
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C 

IELM=O 
NELM=(NROW-1)*(NCOL-1) 
K2=NCOL 
K1=NROW 
DO 10 I=1,K1-1 

DO 10 J=1,K2-1 
IELM=IELM+1 
NE(IELM,1)=K2*(I-1)+J 
NE(IELM,2)=NE(IELM,1)+1 
NE(IELM ,4)=K"2*I+J 
NE(IELM,3)=NE(IELM,4)+1 

10 CONTINUE 
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IF (NELM .GT. 0) THEN 
WRITE(KO,20) 

20 FORMAT(/5X,'ELEMENT' ,15X,' NODE NUMBERS' ,18X,IELEMENT SIZE' 
& /4X,9(1-1),9X,24(1-1),7X,22('-I» 

DO 40 I=l,NELM 
C CALCULATE THE SIZE OF THE ELMENT 

C 

C 

DX(I)=ABS(Xl(NE(I,1»-Xl(NE(I,3») 
DY(I)=ABS(X2(NE(I,1»-X2(NE(I,3») 

WRITE(KO,30)I,(NE(I,J),J=1,4),DX(I),DY(I) 
30 FORMAT(2X,I7,9X,4I7,5X,F10.4,' *' ,F10.4) 
40 CONTINUE 

ELSE 
"WRITE (KC , 50) 
WRITE(KO,50) 

50 FORMAT(/10X,' NO ELEMENT INFORMATION!! !,) 
STOP 

END IF 

END 
C---------------------------------------------------------------

SUBROUTINE ERRCOV1(IJ1,IJ2) 
C---------------------------------------------------------------
C 
C 
C 
C 
C 

C 

C 

This subroutine computes covariance of concentration 
prediction error (Pseudo-Fickian) 

INCLUDE 'PARAM.TER' 

Tless=T*Vx/SCL 
Gl=(1.D-5)/Tless 
G2=(1.D-4)/Tless 

Sll=DCX(IJ1,IDT)*DCX(IJ2,IDT) 

D. Zhang, 04-20-93 



C 

S12=DCX(IJ1,IDT)*DCY(IJ2,IDT) 
S21=DCY(IJ1,IDT)*DCX(IJ2,IDT) 
S22=DCY(IJ1,IDT)*DCY(IJ2,IDT) 
IF(DABS(Sll) .GT. Gl .OR. DABS(S22) .GT. G2) THEN 

IF(IJl .EQ. IJ2) THEN 
COC(IJ1,IJ2)=Sll*Xll(IJ1)+S12*X12(IJ1)+S21*X21(IJ1) 

& +S22*X22(IJ1) 
ELSE 

XXl1=O. 
XX22=0. 
XX12=0. 
XX21=0. 
DO K=l,IDT 

ddl=XPpl(IJ1,K) 
dd2=XPp2(IJ1,K) 
DO L=l, IDT 

dd3=XPpl(IJ2,L) 
dd4=XPp2(IJ2,L) 
CALL FCOV(ddl,dd2,dd3,dd4,Ul,U2,ull,u12,u21,u22) 
XXll=XXll+ul1*DT(K)*DT(L) 
XX12=XX12+u12*DT(K)*DT(L) 
XX21=XX21+u21*DT(K)*DT(L) 
XX22=XX22+u22*DT(K)*DT(L) 

ENDDO 
ENDDO . 
COC(IJ1,IJ2)=Sll*XXll+S12*XX12+S21*XX21+S22*XX22 

END IF 
ELSE 

COC(IJ1,IJ2)=0. 
END IF 

END 
C---------------------------------------------------------------

SUBROUTINE ERRCOV2(IJ1,IJ2) 
C---------------------------------------------------------------
C 
C 
C 
C 
C 

This subroutine computes covariance of concentration 
pred~ctio~ error 

D. Zhang, 07-06-93 

INCLUDE 'PARAM.TER' 
C 

C 

Tless=T*Vx/SCL 
Gl=(1.D-5)/Tless 
G2=(1.D-4)/Tless 

XXl1=O. 
XX22=0. 
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XX12=0. 
XX21=0. 
DO I=l,IDT 

IF(LG .NE. 1) THEN 
d1=XPp1(IJ1,I) 
d2=XPp2(IJ1,I) 

ELSE 
d1=X1(IJ1) 
d2=X2(IJ1) 

END IF 
CALL DDLLC(d1,d2,III1) 
DC1X=0. 
DC1Y=0. 
KK=IDT+1-I 
IF(III1 .NE. 0) THEN 

K1=NE(III1,1) 
K2=NE(III1,2) 
K3=NE(II I1 ,3) 
K4=NE(II I1 ,4) 
Sx=d1-X1(K1) 
Sy=d2-X2(K1) 
AA=DX(III1) 
BB=DY(III1) 
W1=(AA-Sx)*(BB-Sy)/(AA*BB) 
W2=Sx*(BB-Sy)/(AA*BB) 
W3=Sx*Sy/(AA*BB) 
W4=.(AA-Sx) *Sy / (AA*BB) 
DC1X=DCX(K1,KK) *W1+DCX(K2,KK) *W2+DCX(K3,KK) *W3 

& +DCX(K4,KK)*W4 
DC1Y=DCY(K1,KK) *W1+DCY(K2,KK) *W2+DCY(K3,KK) *W3 

& +DCY(K4,KK)*W4 
END IF 
DO J=l,IDT 

IK=IDT+1-J 
IF(LG .NE. 1) THEN 

d3=XPp1(IJ2,J) 
d4=XPp2(IJ2,J) 

ELSE . 
d3=X1(IJ2) 
d4=X2(IJ2) 

END IF 
CALL DDLLC(d3,d4,III2) 
DC2X=0. 
DC2Y=0. 
IF(III2 .NE. 0) THEN 

K1=NE(III2,l) 
K2=NE(III2,2) 
K3=NE(III2,3) 
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C 

C 

C 

K4=NE(III2,4) 
Sx=d3-Xl (Kl) 
Sy=d4-X2(Kl) 
AA=DX(III2) 
BB=DY(III2) 
Wl=(AA-Sx)*(BB-Sy)/(AA*BB) 
W2=Sx*(BB-Sy)/(AA*BB) 
W3=Sx*Sy/(AA*BB) 
W4=(AA-Sx)*Sy/(AA*BB) 
DC2X=DCX(Kl,IK)*Wl+DCX(K2,IK)*W2+DCX(K3,IK)*W3 

& +DCX(K4,IK)*W4 
DC2Y=DCY(Kl,IK)*Wl+DCY(K2,IK)*W2+DCY(K3,IK)*W3 

& +DCY(K4,IK)*W4 
END IF 

SXX=DC1X*DC2X 
SXY=DC1X*DC2Y 
SYX=DC1Y*DC2X 
SYY=DC1Y*DC2Y 
IF (DABS (SXX) .GT. Gl .OR. DABS(SYY) .GT. G2) THEN 

CALL FCOV(dl,d2,d3,d4,U1,U2,ull,u12,u21,u22) 
XX11=XXll+ull*DT(I)*DT(J)*SXX 
XX12=XX12+u12*DT(I)*DT(J)*SXY 
XX21=XX21+u21*DT(I)*DT(J)*SYX 
XX22=XX22+u22*DT(I) *DT(J) *SvY 

END IF 
ENDDO 

ENDDO 

COC(IJ1,IJ2)=XXll+XX22+XX12+XX21 

END 
C---------------------------------------------------------------

SUBROUTINE DDLLC(dl,'d2,III) . 
C----------------------------------~----------------------------
C 
C 
c 
C 
C 

C 

This subroutine locates t'he positions of a fictious 
particle 

D. Zhang, 01-16-93 

INCLUDE 'PARAM.TER' 

111=0 
IF(dl .GE. X(l) .AND. dl .LE. X(NCOL) .AND. 

& d2 .GE. Y(l) .AND. d2 .LE. Y(NROW)) THEN 
DO 20 IE=l,NCOL-l 

IF(dl .GE. X(IE) .AND. dl .LE. X(IE+l)) THEN 
IIY=IE 
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C 

C 

GO TO 22 
END IF 

20 CONTINUE 
22 DO 25 IE=1,NROW-1 

IF(d2 .GE. Y(IE) .AND. d2 .LE. Y(IE+1» THEN 
IIX=IE 
GO TO 30 

END IF 
25 CONTINUE 

30 III=(IIX-1)*(NCOL-1)+IIY 
ELSE 

III=O 
END IF 

END 
C------------------------------------------------------------~--

SUBROUTINE ERRCOV3(IJ1,IJ2) 
C-----~---------------------------------------------------------
C 
C 
C 
C 
C 

C 

C 

This subroutine computes covariance of concentration 
prediction error (no simplication) 

INCLUDE IPARAM.TERI 

Tless=T*Vx/SCL 
G1=1.D-5 
G2=1.D-5 

p1x=X1 (1J1) 
p1y=X2(IJ1) 
p2x=X1(IJ2) 
p2y=X2(IJ2) 
Krc=O 
XX11=O. 
XX22=0. 
XX12=0. 
XX21=0. 
DO 80 Kr=1,NROW 
S1=0. 
S2=0. 
S3=0. 
S4=0. 
DO 70 Kcc=l,NCOL 

Krc=Krc+1 
Ti=T . 
F1MX=0. 

D. Zhang, 09-30-93 
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C 

C 

C 

FiMY=O. 
DO 30 I=l,IDT-i 

Ti=Ti-DT(I) 
DCMiX=DCX(Krc,I) 
DCMiY=DCY(Krc,I) 
Fi=DABS(DCMiX) 
F2=DABS(DCMiY) 

hx=pix-Xl(Krc) 
hy=piy-X2(Krc) 
CALL FCON(Ti,CiN,hx,hy) 
Fi=CiN*DCMiX 
F2=CiN*DCMiY 

IF(I .EQ. 1 .OR. I .EQ. (lOT-i» THEN 
FiMX=FiMX+Fi*DT(I)*1.5 
FiMY=FiMY+F2*DT(I)*1.5 

ELSE 
FiMX=FiMX+Fi*DT(I) 
FiMY=FiMY+F2*DT(I) 

END IF 
30 CONTINUE 

IF(DABS(FiMX) .LE. Gi .AND. DABS(FiMY) .LE. G2) GOTO 70 

SXX=o. 
SXY=O. 
SYX=O. 
SYY=O. 
Lrc=O 
DO 60 Lr=l,NROW 
SSXX=O. 
SSXY=O. 
SSYX=O. 
SSYY=O. 
DO 50 Lc=l,NCOL 

Lrc=Lrc+i 
F2MX=0. 
F2MY=0. 
Tj=T 
DO 40 J=l,IDT-l 

Tj=Tj-DT(J) 
DCM2X=DCX(Lrc,J) 
DCM2Y=DCY(Lrc,J) 
Fi=DABS(DCM2X) 
F2=DABS(DCM2Y) 

hx=p2x-Xi(Lrc) 
hy=p2y-X2(Lrc) 
CALL FCON(Tj,C2N,hx,hy) 

197 



C 

C 

F1=C2N*DCM2X 
F2=C2N*DCM2Y 
IF(J .EQ. 1 .OR. J .EQ. (IDT-l)) THEN 

F2MX=F2MX+F1*DT(J)*1.5 
F2MY=F2MY+F2*DT(J)*1.5 

ELSE 
F2MX=F2MX+Fl*DT(J) 
F2MY=F2MY+F2*DT(J) 

END IF 
40 CONTINUE 

IF(DABS(F2MX) .LE. G1 .AND. DABS(F2MY) .LE. G2) GOTO 50 

IF(Lc .EQ. 1) THEN 
D1X=Xl (Lrc+l)-Xl (Lrc) 

ELSE IF(Lc. EQ. NCOL) THEN 
D1X=Xl(Lrc)-Xl(Lrc-l) 

ELSE 
D1X=(Xl(Lrc+l)-Xl(Lrc-l))/2. 

END IF 
CALL FCOV(Xl(Krc),X2(Krc),X1(Lrc),X2(Lrc), 

& Ul,U2,u11,u12,u21,u22) 
SSXX=SSXX+u11*F2MX*D1X 
SSXY=SSXY+u12*F2MY*D1X 
SSYX=SSYX+u21*F2MX*D1X 
SSYY=SSYY+u22*F2MY*D1X 

50 CONTINUE 
IF(Lr .EQ. 1) THEN 

D2X=X2(Lrc+NCOL)-X2(Lrc) 
ELSE IF(Lr. EQ. NROW) THEN 

D2X=X2(Lrc)-X2(Lrc-NCOL) 
ELSE 

D2X=(X2(Lrc+NCOL)-X2(Lrc-NCOL))/2. 
END IF 
SXX=SXX+SSXX*D2X 
SXY=SXY+SSXY*D2X 
SYX=SYX+SSYX*D2X 
SYY=SYY+SSYY*D2X 

60 CONTINUE 

IF(Kcc .EQ. 1) THEN 
D1X=Xl(Krc+l)-Xl(Krc) 

ELSE IF(Kcc. EQ. NCOL) THEN 
D1X=Xl(Krc)-X1(Krc-l) 

ELSE 
D1X=(X1(Krc+l)-Xl(Krc-l))/2. 

END IF 
Sl=Sl+SXX*F1MX*D1X 
S2=S2+SXY*F1MX*D1X 
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C 

C 

S3=S3+SYX*F1MY*D1X 
S4=S4+SYY*F1MY*D1X 

70 CONTINUE 
IF(Kr .EQ. 1) THEN 

D2X=X2(Krc+NCOL)-X2(Krc) 
ELSE IF(Kr. EQ. NROW) THEN 

D2X=X2(Krc)-X2(Krc-NCOL) 
ELSE 

D2X=(X2(Krc+NCOL)-X2(Krc-NCOL))/2. 
END IF 

XX11=XX11+S1*D2X 
XX12=XX12+S2*D2X 
XX21=XX21+S3*D2X 
XX22=XX22+S4*D2X 

80 CONTINUE 

COC(IJ1.IJ2)=XX11+XX22+XX12+XX21 

END 
C---------------------------------------------------------~--
C 

SUBROUTINE FCON(Tn.CON.hx.hy) 
C 

C------------------------------------------------------------
C THIS PROGRAM IS WRITTEN TO CALCULATE COCENTRATION DUE 
C A POINT SOURCE OF UNIT NORMALIZED MASS WITH RESPECT TO 

·C POROSITY. 
C DONGXIAO ZHANG. 10-01-1993. UA 
C------------------------------------------------------------
C 

C 
INCLUDE 'PARAM.TER' 

PI=3.1415926DO 
IF(LG .NE. 1) THEN 

Ux=Vx 
Uy=Vy 

ELSE 
Ux=O. 
Uy=O. 

END IF 
T1=Tn*Vx/SCL 
CALL DAGAN(T1.Xarx.Xary) 
Xarx=Xarx*COVF*SCL*SCL 
Xary=Xary*COVF*SCL*SCL 
AL=2.DO*PI*DSQRT(Xarx*Xary) 
XO=O. 
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C 

C 

C 

YO=O. 

B1=«hx-Ux*Tn-XO)**2)/(2.DO*Xarx) 
B2=«hy-Uy*Tn-YO)**2)/(2.DO*Xary) 
CON=1.DO/AL*DEXP(-B1-B2) 

END 
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C------------------------------------------------------------------
SUBROUTINE DAGAN(T,XL,XT) 

C------------------------------------------------------------------
C THIS SUBROUTINE EVALUATES DAGANIS EQ 25 ArlO 39 (24(9), 
C WRR, 1988) FOR THE SECOND SPATIAL MOMENTS OF A 
C PARTICLE IN STATISTICALLY ISOTROPIC MEDIA IN 20. 
C THE RESULTS ARE GIVEN IN DIMENSIONLESS FORM. 
C 

DOUBLE PRECISION Ei,C,T,XL,XT,TINI,TTIME,TSTEP 
C=0.5772156649015~2860606512DO 
IF(T.LT.2.0DO)THEN 

CALL EXING(Ei,C,T) 
ELSE 

CALL EXIN(Ei,T) 
ENDIF 
XL=1.5DO-3.0DO*C+2.0DO*T+3.0DO*(Ei-DLOG(T)-

1 '1.0DO/T/T+DEXP(-T)*(1.0DO+1.0DO/T)/T) 
XT=3.0DO*(1.0DO/T/T-DEXP(-T)* 

2 (1.0DO+1.0DO/T)/T)-Ei+DLOG(T)-1.5DO+C 
END . 

C---------------------------------------------------------------------
SUBROUTINE EXIN(E,X) 

C---------------------------------------------------------------------
DOUBLE PRECISION X,E,A1,A2,A3,A4,B1,B2,B3,B4 
A1=8.5733287401DO 
A2=18.0590169730DO 
A3=8.6347608925DO 
A4=0.2677737343DO 
B1=9.5733223454DO 
B2=25.6329561486DO 
B3=21.0996530827DO 
B4=3.9584969228DO 
E=-(X**4+A1*X**3+A2*X*X+A3*X+A4)/(X**4+B1*X**3+B2*X*X+B3*X+B4)/ 

1 X/DEXP(X) , 
RETURN 
END 

C--------~---------------------------------------~--------------------
SUBROUTINE EXING(Ei,C,X) . 

C---------------------------------------------------------------------
DOUBLE PRECISION Ei,C,X,TERM 



IFK=l 
Ei=C+DLOG(X) 
DO 10 I=1,1000 

IF (I.EQ.l000) WRITE(*,*) 'I=1000' 
IFK=IFK*I 
TERM=(-X)**I/I/IFK 
Ei=Ei+TERM 
IF(DABS(TERM).LT.l.0D-6) GOTO 20 

10 CONTINUE 
20 CONTINUE 

RETURN 
END 

C--------------------------------------------------------------
SUBROUTINE INITIALS 

C-----------------------------------------------------------~--
C 
C 
C 
C 

C 

This subroutine reads information from the input file 
D. Zhang, 01-01-93 

INCLUDE 'PARAM.TER' 

C VX---mean velocity in x direction 
C VY---mean velocity in y direction 
C COVF---variance of Y=ln(K) 
C SCL---integral scale 
C 

READ(KI,*)VX,VY,COVF,SCL,Ym,Po 
READ(KI,*)Dmll,Dm22,Dm12,Dm21 
COVX=3.DO*Vx*Vx*COVF/S.DO 
COVY~l.DO*Vx*Vx*COVF/S.DO 
WRITE(KO,15)VX,VY,COVF,SCL,Dmll,Dm22,Dm12,Dm21 

15 FORMAT(//5X,'Vx =' ,Fl0.4,5X,'Vy =' ,Fl0.4,5X,'COV(Y) =' 
&: Fl0.4,5X, 'SCL=' ,Fl0.4,/ ,5X, 'Dmll =' ,Fl0.S, 
&: 5X, 'Dm22 =' ,Fl0.S, 5X, 'Dm12 =' ,Fl0.S, 
&: 5X,'Dm21 =',Fl0.S) 

NIT=O 
DO 20 J=l,NNODE 

COLD(J)=O.DO 
20 CONTINUE 

WRITE(KO,30) 
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30 FORMAT(//5X,'NO. OF NODE',7X,'X',9X,'Y',12X,'INITIAL [C] VALUE') 
40 READ(KI,*)II,CI 

IF (II .GT. 0) THEN 
COLD(II)=CI 

ELSE 
GO TO 65 

END IF 
NIT=NIT+l 



C 

WRITE(KO,60)II,X1(II),X2(II),COLD(II) 
60 FORMAT(6X,I5,7X,2(F10.4),7X,F15.7) 

GO TO 40 
65 IF (NIT .LE. 0) THEN 

WRITE(KC,70) 
WRITE(KO,70) 

70 FORMAT(/10X,' NO INITIAL CONDITION INPUT!! I') 
END IF 

END 
C---------------------------------------------------------------

SUBROUTINE LUBKSB(A,N,NP,INDX,B) 
C---------------------------------------------------------------
C 

This subroutine solves linear equations output from LUDCMP. 
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C 
C 
C 
C 

Both of them are taken from Numerical Recipes (Press etal. 1987). 

C 

IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION A(NP,NP),INDX(N),B(N) 

II=O 
DO 12 I=1,N 

LL=INDX(I) 
SUM=B(LL) 
B(LL)=B(I) 
IF (II.NE.O)THEN 

DO 11 J=II,I-1 
. SUM=SUM-A(I,J)*B(J) 

11 CONTINUE 
ELSE IF (SUM.NE.O.) THEN 

II=I 
ENDIF 
B(I)=SUM 

12 CONTINUE 
DO 14 I=N,1,-1 

SUM=B(I) 
IF(I.LT.N)THEN 

DO 13 J=I+1,N 
SUM=SUM-A(I,J)*B(J) 

13 CONTINUE 
ENDIF 
B(I)=SUM/A(I,I) 

14 CONTINUE 
RETURN 
END 

D. Zhang, 01-16-93 

C---------------------------------------------------------------
SUBROUTINE LUDCMP(A,N,NP,INDX,D) 



C-------------------------·--------------------------------------
C 
C 
C 
C 
C 
C 

This subroutine is taken from Numerical Recipes (Press 
etal. 1987). It does the LU decompositioni and is used 
in combination with LUBKSB to solve linaer equations. 

C 

IMPLICIT REAL*8 (A-H,O-Z) 
PARAMETER (NMAX=1000,TINY=1.0D-20) 
DIMENSION A(NP,NP),INDX(N),VV(NMAX) 

0=1. 
DO 12 I=l,N 

AAMAX=O. 
DO 11 J=l,N 

D. Zhang, 01-16-93 

IF (ABS(A(I,J».GT.AAMAX) AAMAX=ABS(A(I,J» 
11 CONTINUE 

IF (AAMAX. EQ .0.) PAUSE ' Singular matrix.' 
VV(I)=l'/AAMAX 

12 CONTINUE 
DO 19 J=l,N 

IF' (J. GT .1) THEN 
DO 14 I=l,J-1 

SUM=A(I,J) 
IF (I.GT . 1) THEN 

DO 13 K=l,I-1 
SUM=SUM-A(I,K)*A(K,J) 

13 CONTINUE 
A(I,J)=SUM 

ENDIF 
14 CONTINUE 

ENDIF 
AAMAX=O. 
DO 16 I=J,N 

SUM=A(i,J) 
IF (J.GT.1)THEN 

DO 15 K=l,J-l 
SUM=SUM-A(I,K)*A(K,J) 

15 CONTINUE 
A(I,J)=SUM 

ENDIF 
DUM=VV(I)*ABS(SUM) 
IF (DUM.GE.AAMAX) THEN 

IMAX=I 
AAMAX=DUM 

ENDIF 
16 CONTINUE 

IF (J.NE.IMAX)THEN 
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17 

18 

19 

DO 17 K=l,N 
DUM=A(IMAX,K) 
A(IMAX,K)=A(J,K) 
A(J,K)=DUM 

CONTINUE 
0=-0 
VV(IMAX)=VV(J) 

ENDIF 
INDX(J)=IMAX 
IF(J.NE.N)THEN 

IF(A(J,J).EQ.O.)A(J,J)=TINY 
DUM=l./A(J,J) 
DO 18 I=J+1,N 

A(I,J)=A(I,J)*DUM 
CONTINUE 

ENDIF 
CONTINUE 
IF(A(N,N).EQ.O.)A(N,N)=TINY 
RETURN 
END 

C---------------------------------------------------------------
SUBROUTINE MODGLOB1 

C---------------------------------------------------------------
C 
C 
C 
C 
C 

C 

This subroutine assemble the steady state part of the 
left-hand-side coefficient matrix 

INCLUDE IPARAM.TERI 

WRITE(KC,*) 

D. Zhang, 01-16-93 
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WRITE(KC,*)I ****** ASSEMBLE PART OF THE COEFF. MATRIX ****** I 

C 
DO 25 N=l,NNODE 
DO 25 M=l,NNODE 

D(N,M)=O.DO 
A(N,M)=O.DO 

25 CONTINUE 
DO 30 J=l,NELM 

DO 28 Kl=1,4 
DO 28 K2=1,4 

N=NE(J,Kl) 
M=NE(J,K2) 
D(N,M)=D(N,M)+DE(K1,K2)*DX(J)*DY(J) 

28 
30 

C 

CONTINUE 
CONTINUE 



C 

DO 50 J=l,NELM 
Ue1=O'.DO 
Ue2=0.DO 
IF(LG .NE. 1) THEN 

DO 46 I1=1,4 
N=NE(J,I1) 
Ue1=Ue1+UC1(N)/4.DO 
Ue2=Ue2+UC2(N)/4.DO 

46 CONTINUE 
END IF 
DO 48 K1=1,4 
N=NE(J ,K1) 
DO 48 K2=1,4 

M=NE(J,K2) 
A(N,M)=A(N,M)+(AXX(K1,K2)*Dm11*DY(J)/DX(J) 

& +AYY(K1,K2)*Dm22*DX(J)/DY(J»/6.DO 
& +(AXY(K1,K2)*Dm12+AXY(K2,K1)*Dm21)/6.DO 
& +(AVX(K1,K2)*Ue1*DY(J)+AVY(K1,K2)*Ue2*DX(J»/12.DO 

48 CONTINUE 
50 CONTINUE 

END 
C---------------------------------------------------------------

SUBROUTINE MODGLOB2 
C---------------------------------------------------------------
C 
C This subroutine assemble the left-hand-side matrix at each 
C time step , 
C D. Zhang, 01-16-93 
C 

INCLUDE'IPARAM.TERI 
C 

WRITE(KC,*) 
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WRITE(KC,*)I ****** ASSEMBLE THE GLOB MATRIX EQUATION ****** I 

C 

C 
CALL PDISPER 

DO 45 N=1,NNODE 
DO 45 M=1,NNODE 

AM(N,M)=O.DO 
45 CONTINUE 

DO 50 J=1,NELM 
De11=O.DO 
De12=0.DO 
De21=0.DO 
De22=0.DO 
DO 46 I1=1,4 



C 

C 

C 

46 

&: 
&: 

48 
50 

N=NE(J,I1) 
De11=De11+D11(N)/4.DO 
De12=De12+D12(N)/4.DO 
De21=De21+D21 (N)/4.DO 
De22=De22+D22(N)/4.DO 

CONTINUE 
DO 48 K1=l,4 
N=NE(J ,K1) 
DO 48 K2=l,4 

M=NE(J,K2) 
AM(N,M)=AM(N,M)+(AXX(K1,K2)*De11*DY(J)/DX(J) 

+AYY(K1,K2)*De22*DX(J)/DY(J»/6.DO 
+(AXY(K1,K2)*De12+AXY(K2,K1)*De21)/6.DO 

CONTINUE 
CONTINUE 

CALL RIGHTSD1 

DO 60 I=l,NNODE 
IF(IB(I) .NE. 1) THEN 

DO 55 J=l,NNODE 
AM(I,J)=OW*(A(I,J)+AM(I,J»+D(I,J)/DT(IDT) 

55 CONTINUE 
ELSE 

DO 58 J=l,NNODE 
AM(I,J)=O.DO 

58 . CONTINUE 
AM(I,I)=l.DO 

ENDIF 
60 CONTINUE 

END 
C---------------------------------------------------------------

SUBROUTINE NODES 
C---------------------------------------------------------------
C 
C 
C 
C 
C 

C 

This subroutine assigns nodal numbers and coordinates 
according to the row and column information 

D. Zhang, 01-01-93 

INCLUDE 'PARAM.TER' 

WRITE(KC,5) 
5 FORMAT(/' **** OBTAINING NODAL INFORMATION ****,) 

WRITE(KO,*) 
NNODE=NROW*NCOL 
IF (NNODE .GT. 0) THEN 

WRITE(KO,10) 
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C 

C 

10 

20 

&; 
&; 

FORMAT(/10X,'NOOE',14X,'NOOAL COOROINATES'/ 
9X, , NUMBER' , llX, , X' , 20X, J Y' / 
9X,'------J,lX,20('-'),lX,20('-'» 

ELSE 
WRITE(KC,20) 
WRITE(KO,20) 
FORMAT(/10X, , 
STOP 

END IF 

NOOE=O 
DO 50 I=l,NROW 

DO 50 J=l,NCOL 
NOOE=NOOE+l 
Xl(NOOE)=X(J) 

NO NODAL INFORMATION!! !') 

X2(NOOE)=Y(I) 
WRITE(KO,40)NOOE,Xl(NOOE),X2(NOOE) 

40 FORMAT(7X,I5,10X,Fl0.4,llX,Fl0.4) 
50 CONTINUE 

END 
C---------------------------------------------------------------

SUBROUTINE POISPER 
C---------------------------------------------------------------
C 
C 
C 
C 
C 
C 

C 

This subroutine computes the conditional dispersion 
coefficient and particle origin covariance for each node 
at a certain time 

INCLUDE 'PARAM.TER' 

IF(IOT .LE. 1) THEN 
DO 10 I=l,NNOOE 

XPpl (I ,l)=X1(I) 
XPp2(I,1)=X2(I) 
Urawl (I) =Uc1(I) 
UUraw2(I)=Uc2(I) 
011(1)=0.00 
012(1)=0.00 
021(1)=0.00 
022(1)=0.00 
Xl1 (1)=0 .00 
X12(I)=0.00 
X22(I)=0.00 

10 CONTINUE 
END IF 
OOT=OT(IOT) 

O. Zhang, 01-16-93 
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C 
CALL OLOCAT(T,OOT) 

END 
C . 
C---------------------------------------------------------------

SUBROUTINE OLOCAT(T1,00T) 
C---------------------------------------------------------------

INCLUDE JPARAM.TERJ 
C 

DO 80 I=l,NNOOE 
IF(I .GT. 1 .ANO. MCP .LE. 0 .ANO. MCH .LE. 1) THEN 

c get all the results from those for node 1, in the 
c unconditional case. 

C 

C 

C 

C 

011 (I) =011 (1) 
012(1)=012(1) 
021(1)=021(1) 
022(1)=022(1) 
X11 (I)=X11 (1) 
X12(I)=X12(1) 
X21(I)=X21(1) 
X22(I)=X22(1) 
XPp1(I,IOT+1)=X1(I)-X1(1)+XPp1(1,IOT+1) 
XPp2(I,IOT+1)=X2(I)-X2(1)+XPp2(1,IOT+1) 
GO TO 65 

END IF 

dd1=XPp1(I,1) 
dd2=XPp2(I,1) 
dd3=XPp1(I,IOT) 
dd4=XPp2(I,IOT) 

CALL FCOV(dd1,dd2,dd3,dd4,U1,U2,U11,U12,U21,U22) 
0011=U11*00T 
0012=U12*00T 
0021=U21*00T 
0022=U22*00T 

011(1)=011(1)+0011 
012(1)=012(1)+0012 
021(1)=021(1)+0021 
D22(I)=022(I)+0022 

IF(IOT .EQ. 1) THEN 
XX11=0011*OOT 
XX12=0012*00T 
XX22=0022*00T 
Uraw1(I)=U1 
Uraw2(I)=U2 
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C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

XPp1(I,IDT+1)=XPp1(I,IDT)-Uraw1(I)*DDT 
XPp2(I,IDT+1)=XPp2(I,IDT)-Uraw2(I)*DDT 
GO TO 61 

END IF 

CALL FCOV(dd3,dd4,dd3,dd4,U1,U2,U11,U12,U21,U22) 

Uraw1(I)=U1 
Uraw2(I)=U2 

XPp1(I,IDT+1)=XPp1(I,IDT)-Uraw1(I)*DDT 
XPp2(I,IDT+1)=XPp2(I,IDT)-Uraw2(I)*DDT 

XX11=U11*DDT*DDT+DD11*DDT 
XX12=U12*DDT*DDT+DD12*DDT 
XX22=U22*DDT*DDT+DD22*DDT 

CALL FCOV(dd3,dd4,dd1,dd2,U1,U2,U11,U12,U21,U22) 
XX11=U11*DDT*DDT+XX11 
XX12=U12*DDT*DDT+XX12 
XX22=U22*DDT*DDT+XX22 

DO 60 K=2,IDT-1 
dd1=XPp1(I,K) 
dd2=XPp2(I,K) 

CALL FCOV(dd1,dd2,dd3,dd4,U1,U2,U11,U12,U21,U22) 
XX11=U11*DDT*DDT+XX11 
XX12=U12*DDT*DDT+XX12 
XX22=U22*DDT*DDT+XX22 

CALL FCOV(dd3,dd4,dd1,dd2,U1,U2,U11,U12,U21,U22) 
XX11=U11*DDT*DDT+XX11 
XX12=U12*DDT*DDT+XX12 
XX22=U22*DDT*DDT+XX22 

60 CONTINUE 

61 X11(I)=X11(I)+XX11 
X12(I)=X12(I)+XX12 
X22(I)=X22(I)+XX22 
X21(I)=X12(I) 

65 T2=T1*Vx/SCL 
F=l./(COVF*SCL*SCL) 
IF(I . EQ. Nee) THEN 

209 



70 
C 

WRITE(20,70)T2,F*X11(I),F*X22(I),D11(I),D22(I), 
D12(I),D21(I) 

END IF 
FORMAT(3X,7F10.6) 

80 CONTINUE 
C 

END 
C---------------------------------------------------------------

SUBROUTINE FCOV(dd1,dd2,dd3,dd4,U1,U2,V11,U12,U21,U22) 
C---------------------------------------------------------------
C 

C 

INCLUDE' 'PARAM.TER' 

IF(MCP .LE. 0 .AND. MCH .LE. 1) THEN 
R1=(dd1-dd3)/SCL 
R2=(dd2-dd4)/SCL 
CALL COVMV(R1,R2,ue11,ue22,ue12) 
U1=Vx 
U2=Vy 
ull=uell 
u12=ue12 
u21=ue12 
u22=ue22 

ELSE 
CALL CONVELO(dd1,dd2,dd3,dd4,U1,U2,u11,u12,u21,u22,5) 

END IF 

END 
C---------------------------------------------------------------

SUBROUTINE RIGHTSD1 
C---------------------------------------------------------------
C 
C This subroutine computes the right-hand-side vector at 
C each time step 
C D. Zhang, 01-16-93 
C 

C 
INCLUDE 'PARAM.TER' 

DO 9 K=l,NNODE 
RH(K)=O.DO 

9 CONTINUE 
DO 20 I=l,NNODE 

IF(IB(I) .EQ. 1) THEN 
RH(I)=COLD(I) 

ELSE 
DO 10 J=l,NNODE 

RH(I)=RH(I)+(D(I,J)/DT(IDT)-(l.DO-OW)* 
& (A(I,J)+AM(I,J»)*COLD(J) 
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10 CONTINUE 
END IF 

20 CONTINUE 
C 
C 

END 
C--------------------------------------------------------------

SUBROUTINE ROWCOL(NR,XY) 
C--------------------------------------------------------------
C 
C 
C 
C 

C 

C 

This subroutine reads the row or column information 
D. Zhang, 01-01-93 

IMPLICIT REAL*8 (A-H,P-Z) 
DIMENSION XY(1000) 
PARAMETER(KI=1,KO=2) 
INTEGER OROW 

OROW=O 
10 READ(KI,*) I,RC 

IF (I .LE. 0) THEN 
GO TO 30 

ELSE 
XY(I)=RC 

END IF 
NR=I 
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C GENERATE ROW(COLUMN) NUMBERS AND Y(X)-COORDINATES FOR MISSING 
C ROW (COLUMN) 
C 

20 

INCRE=I-OROW 
IF (INCRE .GT. 1) THEN 

YINC=(XY(I)-XY(OROW))/FLOAT(INCRE) 
DO 20 J=1,(INCRE-1) 

IJ=I-J 
XY(IJ)=XY(I)-YINC*J 

CONTINUE 
ELSE 
END IF 
OROW=I 
GO TO 10 

30 END 
C---------------------------------------------------------------

SUBROUTINE SECONDM 
C---------------------------------------------------------------
C 
C 
C 

This subroutine computes the second moment of concentration 
prediction error, the cumulative mass mean and variance, 



C and spatial moments of concentration 
C D. Zhang, 04-20-93 
C 

C 

C 

INCLUDE 'PARAM.TER' 
COMMON/COM1/ Gcpm(3),Gcpv(3),EAll,EA22,EA12 

IJ=O 
DO K=l,3 

Gcpm(K)=O. 
Gcpv(K)=O. 

ENDDO 
Tless=T*Vx/SCL 

C compute total mass introduced initially 
C 

C 

IF(DLX .EQ. O .. AND. DLY .EQ. 0.) THEN 
Tmass=Qm 

ELSE IF(DLX .EQ. 0.) THEN 
Tmass=DLY*Qm 

ELSE IF(DLY .EQ. 0.) THEN 
Tmass=DLX*Qm 

ELSE IF(DLX*DLY .NE. 0.) THEN 
Tmass=DLX*DLY*Qm 

END IF 

C compute XCi (the (ensemble) mean plume center of gravity), 
C VMii (the 2nd spatial moment of <C> about XCi), 
C and Gcpm(i) (the mean cumulative mass release crossed the 
C ith control plane, i=l,2, or 3 here) 
C 

C 

XC1=0. 
XC2=0. 
VM11=O. 
VM12=0. 
VM22=0. 
DO I=l,NELM 

Kl=Ne(I,l) 
K2=Ne(I,2) 
K3=Ne(I,3) 
K4=Ne(I,4) 
XC1=XC1+(Xl(Kl)*COLD(Kl)+Xl(K2)*COLD(K2)+Xl(K3)*COLD(K3) 

& +Xl(K4)*COLD(K4»*DX(I)*DY(I)/4. 
XC2=XC2+(X2(Kl)*COLD(Kl)+X2(K2) *COLD(K2)+X2(K3) *COLD(K 3) 

& +X2(K4)*COLD(K4»*DX(I)*DY(I)/4. 

TMP1=«Xl(Kl»**2)*COLD(Kl) 
TMP2=«Xl(K2»**2)*COLD(K2) 
TMP3=«Xl(K3»**2)*COLD(K3) 
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C 

C 

TMP4=«X1(K4»**2)*COLD(K4) 
VM11=VM11+(TMP1+TMP2+TMP3+TMP4)*DX(I)*DY(I)/4. 
TMP1=«X2(K1»**2)*COLD(K1) 
TMP2=«X2(K2)**2)*COLD(K2) 
TMP3=«X2(K3»**2)*COLD(K3) 
TMP4=«X2(K4»**2)*COLD(K4) 
VM22=VM22+(TMP1+TMP2+TMP3+TMP4)*DX(I)*DY(I)/4. 
TMP1=(X1(K1)*X2(K1»*COLD(K1) 
TMP2=(X1(K2)*X2(K2»*COLD(K2) 
TMP3=(X1(K3)*X2(K3»*COLD(K3) 
TMP4=(X1(K4)*X2(K4»*COLD(K4) 
VM12=VM12+(TMP1+TMP2+TMP3+TMP4)*DX(I)*DY(I)/4. 

DO J=1,3 . 
IF(X1(K1) .GE. X1(Lcp(J») THEN 

Sem=(COLD(K1)+COLD(K2)+COLD(K3)+COLD(K4»)/4. 
Gcpm(J)=Gcpm(J)+Sem*DX(I)*DY(I) 

END IF 
ENDDO 

ENDDO 
XC1=XC1*Po/Tmass 
XC2=XC2*Po/Tmass 
VM11=VM11*Po/Tmass-XC1*XC1 
VM22=VM22*Po/Tmass-XC2*XC2 
VM12=VM12*Po/Tmass-XC1*XC2 

C compute the gradients of (ensemble) mean concentration 
C 

DO 50 I=l,NROW 
DO 50 J=l,NCOL 

IJ=IJ+1 
IF(J .EQ. 1) THEN 

DCX(IJ,IDT)=(COLD(IJ)-COLD(IJ+1»/(X1(IJ)-X1(IJ+1)) 
ELSE IF(J .EQ. NCOL) THEN 

DCX(IJ,IDT)=(COLD(IJ)-COLD(IJ-1»/(X1(IJ)-X1(IJ-1» 
ELSE . 

Fl=(COLD(IJ)-COLD(IJ+1»/(X1(IJ)-X1(IJ+1) 
F2=(COLD(IJ)-COLD(IJ-1»/(X1(IJ)-X1(IJ-1» 
W1=(X1(IJ)-X1(IJ-1»/(X1(IJ-1)-X1(IJ+l» 
W2=(X1(IJ)-X1(IJ+1»/(X1(IJ-1)-Xl(IJ+1» 
DCX(IJ,IDT)=F1*DABS(W1)+F2*DABS(W2) 

END IF 
IF(I .EQ. 1) THEN 

DCY(IJ,IDT)=(COLD(IJ)-COLD(IJ+NCOL»/(X2(IJ)-X2(IJ+NCOL») 
ELSE IF(I .EQ. NROW) THEN 

DCY(IJ,IDT)=(COLD(IJ)-COLD(IJ-NCOL»/(X2(IJ)-X2(IJ-NCOL» 
ELSE 

F1=(COLD(IJ)-COLD(IJ+NCOL»/(X2(IJ)-X2(IJ+NCOL» 

213 



C 

C 

F2=(COLD(IJ)-COLD(IJ~NCOL»/(X2(IJ)-X2(IJ-NCOL» 
W1=(X2(IJ)-X2(IJ-NCOL»/(X2(IJ-NCOL)-X2(IJ+NCOL» 
W2=(X2(IJ)-X2(IJ+NCOL»/(X2(IJ-NCOL)-X2(IJ+NCOL» 
DCY(IJ,IDT)=F1*DABS(W1)+F2*DABS(W2) 

END IF 

IF(NMV .NE. 1 .AND. IBT(IDT) .NE. 1) GO TO 50 

214 

C compute the variance and coefficient of variation, of concentration 
C prediction error for each node 
C 

C 

IF(IPD .EQ. 1) THEN 
CALL ERRCOV1(IJ,IJ) 

ELSE IF(IPD .EQ. 2) THEN 
CALL ERRCOV2(IJ,IJ) 

ELSE 
CALL ERRCOV3(IJ.IJ) 

END IF 

C incorporate the uncertainty of the initial solute source 
C 

C 

C 

IF(INU .EQ. 1) CALL UNCERTN(IJ,IJ) 

DIK(IJ)=O. 
IF(COC(IJ.IJ) .LE. 1.D-8 .OR. COLD(IJ) .LE. 1.0D-8) THEN 

Cv(IJ)=O. 
ELSE 

Cv(IJ)=DSQRT(COC(IJ,IJ»/COLD(IJ) 
IF(COLD(IJ) .GT. 1.D-3) DIK(IJ)=2. 

END IF 

50 CONTINUE 
C 

IF(NMV .NE. 1) GO TO 55 . 
C 
C compute the cov~iance of concentration prediction error, 
Cbetween one node and any other node 
C 

DO I=1,NNODE 
DO J=1,I-1 

IF(IPD .EQ. 1) THEN 
CALL ERRCOV1(I,J) 

ELSE IF(IPD. EQ. 2) THEN 
CALL ERRCOV2(I,J) 

ELSE 
CALL ERRCOV3(I,J) 

END IF 



C incorporate the uncertainty of the initial solute source 
C 

C 

IF(INU .EQ. 1) CALL UNCERTN(I,J) 
COC(J,I)=COC(I,J) 

ENDDO 
ENDDO 

C compute EAii (the ensemble mean of 2nd spatial moment 
C of c about the plume center), and Gcpv(i) (the variance of 
C cumulative mass release about the ith control plane, i=1,2, 
C or 3 here) 
C 

C 

C 

C 

C 

CALL SPATLM 

EA11=EA11*0.5*(Po/Tmass)**2 
EA22=EA22*0.5*(Po/Tmass)**2 
EA12=EA12*0 .5* (Po/Tmass).**2 
DO K=1,3 

Gcpv(K)=(Tmass**2)*Gcpv(K) 
ENDDO 

55 WRITE(35,59)Tless,EA11,EA22,EA12, 
& X1(Lcp(1»,Gcpv(1),X1(Lcp(2», 
& Gcpv(2),X1(Lcp(3»,Gcpv(3) 

WRITE(30,60)Tless,XC1,XC2,VM11,VM22,VM12,X1(Lcp(1», 
& Gcpm(1),X1(Lcp(2», 
& Gcpm(2),X1(Lcp(3»,Gcpm(3) 

59 FORMAT(lX,F6.3,3X,9(F10.6» 
60 FORMAT(lX,F6.3,3X,11(F10.6» 

END 
C--------------------------------------------------------------

SUBROUTINE SOLVE2(ACC,KA) 
C---------~----------------------------------------------------
C 
C 
C 
C 

C 

This subroutine solves the FE system at each time step 
D. Zhang, 01-16-93 

INCLUDE IPARAM.TERI 
DIMENSION ACC(NNODE,NCOL*2+3),KA(NNODE,NCOL*2+3), 

& IPARM(4),RPARM(3),AUX1(7*MAXNOD),AUX2(1) 

WRITE(KC,4) 
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4 FORMAT(/,6X,I***SOLVING.THE SYSTEM EQUATIONS FOR ENSEMBLE [C]***I) 
C 

MBAND=2*NCOL+3 
DO I=l,NNODE 



C 

C 

C 

C 

DO J=l,MBAND 
ACC(I,J)=O.DO 
KA(I,J)=9 

ENDDO 
ENDDO 

DR=1.D-16 
MAXBD=O 
DO I=l,NNODE 

MACj=O 
IF«I-NCOL-1) .LE. 1) THEN 

NBD1=1 
ELSE 

NBD1=I-NCOL-1 
END IF 
IF«I+NCOL+1) .GT. NNODE) THEN 

NBD2=NNODE 
ELSE 

NBD2=I+NCOL+1 
END IF· 
DO J=NBD1,NBD2 

IF(DABS(AM(I,J» .GT. DR) THEN 
MACj=MACj+1 
ACC(I,MACj)=AM(I,J) 
KA(I,MACj)=J· 

END IF 
END 0.0 

. IF (MAXBD . LT. MAC j) MAXBD=MAC j 
END DO 

IPARM(1)=3000 
IPARM(2)=0 
IPARM(3)=0 
RPARM(1)=1.D-7 

CALL DSMGCG(NNODE,MAXBD,ACC,KA,NNODE,RH,COLD,IPARM, 
& RPARM,AUX1,7*NNODE,AUX2,O) 

write(*,*) MAXBD, IPARM(4), RPARM(3) 
END 

C---------------------------------------------------------------
SUBROUTINE SORPT(ILUMP) 

C---------------------------------------------------------------
C 

INCLUDE 'PARAM.TER' 

IF(ILUMP .EQ. 1) THEN 
DO 20 I=1,4 

DO 10 J=l,4 
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C 

DE(I,J)=O.DO 
10 CONTINUE 

DE(I,I)=1.DO/4.DO 
20 CONTINUE 

ELSE 
DE(l,l)=4.DO/36.DO 
DE(l,2)=2.DO/36.DO 
DE(l,3)=1.DO/36.DO 
DE(l,4)=2.DO/36.DO 
DE(2,l)=2.DO/36.DO 
DE(2,2)=4.DO/36.DO 
DE(2,3)=2.DO/36.DO 
DE(2,4)=1.DO/36.DO 
DE(3,l)=1.DO/36.DO 
DE(3,2)=2.DO/36.DO 
DE(3,3)=4.DO/36.DO 
DE(3,4)=2.DO/36.DO 
DE(4,l)=2.DO/36.DO 
DE(4,2)=1.DO/36.DO 
DE(4,3)=2.DO/36.DO 
DE(4,4)=4.DO/36.DO 

END IF 

END 
C---------------------------------------------------------------

SUBROUTINE SPATLM 
C---------------------------------------------------------------
C 

C 

C 

C 

INCLUDE 'PARAM.TER' 
COMMON/COM1/ Gcpm(3),Gcpv(3),EAll,EA22,EA12 

EAl1=O. 
EA12=0. 
EA22=0. 
DO K=l,NELM 

Kl=Ne(K,l) 
K2=Ne(K,2) 
K3=Ne(K,3) 

·K4=Ne(K,4) 

DO I=l,NELM 
If=Ne(I,l) 
12=Ne(I,2) 
13=Ne(I,3) 
14=Ne(I,4) 

TM1=(Xl(Kl)-Xl(Il»**2 
TM2=(Xl(K2)-Xl(I2»**2 
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218 

TM3=(Xl(K3)-Xl(13»**2 
TM4=(Xl(K4)-Xl(14»**2 
SlSl=TM1*COLD(Kl)*COLD(1l)+TM2*COLD(K2)*COLD(12)+ 

&; TM3*COLD(K3) *COLO(13)+TM4*COLD(K4) *COLD(14) 
S2S1=TM1*COC(Kl,Il)+TM2*COC(K2,I2)+ 

&; TM3*COC(K3,I3)+TM4*COC(K4,14) 
TM5=(Xl(Kl)-Xl(I2»**2+(Xl(K2)-Xl(1l»**2 
TM6=(Xl(Kl)-Xl(I3»**2+(Xl(K3)-Xl(1l»**2 
TM7=(Xl (Kl)-Xl (14) )**2+(Xl (K4)-Xl (ll) )**2 

,TM8=(Xl(K2)-Xl(13»**2+(Xl(K3)-Xl(12»**2 
TM9=(Xl(K2)-Xl(14»**2+(Xl(K4)-Xl(12»**2 
TMl0=(Xl(K3)-Xl(14»**2+(Xl(K4)-Xl(13»**2 
SlS2=TM5*COLD(Kl)*COLD(12)+TM6*COLD(Kl)*COLD(13)+ 

&; TM7*COLD(Kl)*COLD(I4)+TM8*COLD(K2)*COLD(I3)+ 
&; TM9*COLD(K2)*COLD(14)+TM10*COLD(K3)*COLD(14) 

S2S2=TM5*COC(Kl,12)+TM6*COC(Kl,13)+TM7*COC(Kl,14)+ 
&; TM8*COC(K2,13)+TM9*COC(K2, 14) +TM10*COC (K3, 14) 

EAll=EAll+(SlSl+SlS2+S2S1+S2S2)*DX(1)*DY(1) 
&; *DX(K)*DY(K)/16. 

C 
TM1=(X2(Kl)-X2(1l»**2 
TM2=(X2(K2)-X2(12»**2 
TM3=(X2(K3)-X2(13»**2 
TM4=(X2(K4)-X2(14»**2 
SlSl=TM1*COLD(Kl) *COLD(1l)+TM2*COLD(K2) *COLD(12)+ 

&; TM3*COLD(K3)*COLD(13)+TM4*COLD(K4)*COLD(14) 
S2S1=TM1*COC(Kl,1l)+TM2*COC(K2,I2)+ 

&; TM3*COC(K3,13)+TM4*COC(K4,14) 
TM5=(X2(Kl)-X2(12»**2+(X2(K2)-X2(1l»**2 
TM6=(X2(Kl)-X2(13»**2+(X2(K3)-X2(1l»**2 
TM7=(X2(Kl)-X2(l4»**2+(X2(K4)-X2(1l»**2 
TM8=(X2(K2)-X2(13»**2+(X2(K3)-X2(12»**2 
TM9=(X2(K2)-X2(14»**2+(X2(K4)-X2(12»**2 
TM10=(X2(K3)-X2(14»**2+(X2(K4)-X2(13»**2 
SlS2=TM5*COLD(Kl)*COLD(12)+TM6*COLD(K1)*COLD(13)+ 

&; TM7*COLD(Kl) *COLD(14)+TM8*COLD(K2) *COLD(13)+ 
&; TM9*COLD(K2)*COLD(14)+TM10*COLD(K3)*COLD(14) 

S2S2=TM5*COC(Kl,12)+TM6*COC(Kl,13)+TM7*COC(Kl,14)+ 
&; TM8*COC(K2,13)+TM9*COC(K2, 14)+TM10*COC(K3, 14) 

EA22=EA22+(SlSl+SlS2+S2S1+S2S2)*DX(1)*DY(1) 
&; *DX(K)*DY(K)/16. 

C 
TM1=(Xl(Kl)-Xl(1l»*(X2(Kl)-X2(1l» 
TM2=(Xl(K2)-Xl(12»*(X2(K2)-X2(12» 
TM3=(Xl(K3)-Xl(13»*(X2(K3)-X2(13» 
TM4=(Xl(K4)-Xl(14»*(X2(K4)-X2(I4» 
SlSl=TM1*COLD(Kl)*COLD(1l)+TM2*COLD(K2)*COLD(12)+ 

TM3*COLD(K3) *COLD(13)+TM4*COLD(K4) *COLD(14) 



C 

C 

S2S1=TM1*COC(K1,I1)+TM2*COC(K2,I2)+ 
& TM3*COC(K3,I3)+TM4*COC(K4,I4) 

TM5=(X1(K1)-X1(I2))*(X2(K1)-X2(I2)) 
TM5=TM5+(X1(K2)-X1(I1))*(X2(K2)-X2(I1)) 
TM6=(X1(K1)-X1(I3))*(X2(K1)-X2(I3)) 
TM6=TM6+(X1(K3)-X1(I1))*(X2(K3)-X2(I1)) 
TM7=(X1(K1)-X1(I4))*(X2(K1)-X2(I4)) 
TM7=TM7+(X1(K4)-X1(I1))*(X2(K4)-X2(I1)) 
TM8=(X1(K2)-X1(I3))*(X2(K2)-X2(I3)) 
TM8=TM8+(X1(K3)-X1(I2))*(X2(K3)-X2(I2)) 
TM9=(X1(K2)-X1(I4))*(X2(K2)-X2(I4)) 
TM9=TM9+(X1(K4)-X1(I2))*(X2(K4)-X2(I2)) 
TM10=(X1(K3)-X1(I4))*(X2(K3)-X2(I4)) 
TM10=TM10+(X1(K4)-X1(I3))*(X2(K4)-X2(I3)) 
SlS2=TM5*COLD(K1)*COLD(I2)+TM6*COLD(K1)*COLD(I3)+ 

& TM7*COLD(K1)*COLD(I4)+TM8*COLD(K2)*COLD(I3)+ 
& TM9*COLD(K2)*COLD(I4)+TM10*COLD(K3)*COLD(I4) 

'S2S2=TM5*COC(K1,I2)+TM6*COC(K1,I3)+TM7*COC(K1,I4)+ 
&TM8*COC(K2,I3)+TM9*COC(K2,I4)+TM10*COC(K3,I4) 

EA12=EA12+(SlSl+SlS2+S2S1+S2S2)*DX(I)*DY(I) 
& *DX(K)*DY(K)/16. 

DO J=1,3 
XPL=X1(Lcp(J)) . 
IF(X1(K3) .LE. XPL .AND. X1(I3) .LE. XPL) THEN 

Sem1=COC(K1,I1)+COC(K2,I2)+COC(K3,I3)+COC(K4,I4) 
Sem2=COC(K1,I2)+COC(K1,I3)+COC(K1,I4)+COC(K2,I3) 
Sem3=COC(K3,I4)+COC(K2,I4) 
Sem=(Sem1+2.*Sem2+2.*Sem3)/16. 
Gcpv(J)=Gcpv(J}+Sem*DX(I)*DY(I)*DX(K)*DY(K) 

END IF 
ENDDO 

ENDDO 
ENDDO 

END 
C--------------------------~------------------------------------

SUBROUTINE TIMSTEP 
C---------------------------------------------------------------
C 
C This subroutine reads timestep information 
C D. Zhang, 01-01-93 
C 

C 
INCLUDE 'PARAM.TER' 

READ(KI,*)NSTEP,DDT 
DO 7 I=l,NSTEP 

IBT(I)=O 
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C 

C 

DT(I)=DDT 
7 CONTINUE 

10 READ(KI,*)NT 
IF (NT· . GT .0) THEN 

IBT(NT)=l 
GO TO 10 

END IF 

WRITE(KO,15) 
15 FORMAT(//5X,'NO. OF TIME STEP I ,7X,'TYPE 1,5X, 

&: DELTA-T ',1) 
IF(NSTEP .GT. 0) THEN 

DO 30 I=l,NSTEP 
WRITE(KO,20)I,IBT(I),DT(I) 

20 FORMAT(8X,I5,13X,I5,7X,Fl0.4) 
30 CONTINUE 
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WRITE(KO,*)I NOTE: TYPE 1 --- TO BE PRINTED OUT' 

C 

C 

ELSE 
WRITE(KC,40) 
WRITE(KO,40) 

40 FORMAT(/10X,'NO DELTA-T INFORMATION INPUT!! !') 
STOP 

END IF 

END 

C------------------------------------------------------------
SUBROUTINE UNCERTN(II,JJ) 

C------------------------------------------------------------
C 
C 
C 
C 
C 
C 
C 

C 

This subroutine is written to incorporate the uncertainty 
of intial plume state. At this stage, only concentration 
variance for point source and unconditional nonpoint 
source is able to be computed (i.e, II=JJ). 

DONGXIAO ZHANG, 08-25-1993, UA 

INCLUDE 'PARAM.TER' 

IF (DABS (DLX+DLY) .LT. 1.D-8) THEN 
C point source (unconditional or conditional) 

Cl=COLD(II) 
C2=COLD(JJ) 
CCC=COC(II,JJ) 
Fl=Cl*C2*VARg*Po*Po/(Qm*Qm) 
F2=CCC*VARg*Po*Po/(Qm*Qm) 
COC(II,JJ)=COC(II,JJ)+Fl+F2 

ELSE 



KK=21 
IF ((MCP+MCH) .GT. 0) THEN 

C conditional nonpoint source 
IF(IOO .NE. 999) WRITE(*,10) 
100=999 
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10 FORMAT (/ , "WARNING: UNABLE TO INCORPORATE SOURCE UNCERTAINTY", /) 
RETURN 
ELSE IF(DABS(DLX) .LT." 1.0-8 .AND. DLY .GT. 0.) THEN 

C unconditional vertical line source 
DO I=1,KK 

YY=YO-DLY/2.+(2*I-l)*DLY/(2*KK) 
DSY=X2(II)-YY 
DSX=Xl (II) 
CALL DDLLC(DSX,DSY,III) 
IF(III .NE. 0) THEN 

CALL POINTC(Cl,CCC,III,DSX,DSY) 
ELSE 

C1=0. 
CCC=O. 

END IF 
Fl=Cl*Cl*VARg*DLY/KK 
F2=CCC*VARg*DLY/KK 
COC(II,JJ)=COC(II,JJ)+F1+F2 

END DO 
ELSE IF(DABS(DLY) .LT. 1.0-8 .AND. DLX .GT. 0.) THEN 

C unconditional horizontal line source 
DO J=1,KK 

XX=XO-DLX/2.+(2*J-1)*DLX/(2*KK) 
DSX=X1(II)-XX 
DSY=X2(II) 
CALL DDLLC(DSX,DSY,III) 
IF(III .NE. 0) THEN 

CALL POINTC(C1,CCC,III,DSX,DSY) 
ELSE 

C1=0. 
CCC=O. 

END IF 
Fl=C1*C1*VARg*DLX/KK 
F2=CCC*VARg*DLY/KK 
COC(II,JJ)=COC(II,JJ)+F1+F2 

END DO 
ELSE 

C unconditional square source 
DO I=1,KK " 
YY=YO-DLY/2.+(2*I-l)*DLY/(2*KK) 
DSY=X2(II)-YY 
DO J=l.KK 
XX=XO-DLX/2.+(2*J-l)*DLX/(2*KK) 



C 

C 

DSX=X1(II)-XX 
CALL DDLLC(DSX,DSY,III) 
IF(III .NE. 0) THEN 

'CALL POINTC(C1,CCC,III,DSX,DSY) 
ELSE 

C1=0. 
CCC=O: 

END IF 
F1=C1*C1*VARg*DLX*DLY/(KK*KK) 
F2=CCC*VARg*DLX*DLY/(KK*KK) 
COC(II,JJ)=COC(II,JJ)+F1+F2 

END DO 
END DO 

END. IF 
END IF 

END 

C---------------------------~--------------------------------
SUBROUTINE POINTC(C1,CCC,IIIO,DSX,DSY) 

C------------------------------------------------------------
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

This subroutine is written to calculate the concentration 
variance resultant from the uncertain nonpoint source. 
The mean and variance of concentration at a point (X1,X2) 
in the domain, due to a point source at a certain point 
inside the nonpoint source introduced in a stationary 
velocity field, is computed based on the results due to a 
point source at (0,0). 

DONGXIAO ZHANG, 8-25-1993, UA 

INCLUDE IPARAM.TERI 

K1=NE(IIIO,1) 
K2=NE(IIIO,2) 
K3=NE(IIIO,3) 
K4=NE(IIIO,4) 
Sx=DSX - X1(K1) 
Sy=DSY-X2(K1) 
AA=DX(IIIO) 
BB=DY(IIIO) 
W1=(AA-Sx)*(BB-Sy)/(AA*BB) 
W2=Sx*(BB-Sy)/(AA*BB) 
W3=Sx*Sy/(AA*BB) 
W4=(AA-Sx)*Sy/(AA*BB) 
READ(48,REC=K1) CMe 
READ(49,REC=K1) CVa 
C1=CMe*W1 
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C 

C 
C 

CCC=CVa*Wl 
READ(48,REC=K2) CMe 
READ(49,REC=K2) CVa 
Cl=Cl+CMe*W2 
CCC=CCC+CVa*W2 
READ(48,REC=K3) CMe 
READ(49,REC=K3) CVa 
Cl=Cl+CMe*W3 
CCC=CCC+CVa*W3 
READ(48,REC=K4) CMe 
READ(49,REC=K4) CVa 
Cl=C1+CMe*W4 
CCC=CCC+CVa*W4 

END 

C #################### INPUT EXAMPLE FILE ###################### 
C 

c----------------------------------------------------------------
C file: padecism.dat 
c-----------------------~----------------------------------------
C 

test #TITLE 
1, 1.0, 720, 1, 1 #ILUMP, OW, NCC, IGU, LG 

#IEARLY, NNMV, IPD 
2.0, 12, .0 

5 30000 2 
.25, 946, 2.0, 

23 
1 

16 
31 
-1 

1 
31 
61 
-1 
.1 

0.0, 

701, 
-1 

6 
-1 
50 
10 
30 

28 
-4.00 
0.00 
4.00 

O. 
-8.0 
0.00 
8.0 

O • 

36 
#Qm, Nch, DLX, DLY, INU, VARg 
#Lcp(l), Lcp(2), Lcp(3) 
#I (# of ROWS)', RC 

~I(# of COLUMNS), RC 

• 0 1. 1. O. 1. 
#VX, VY, COVF, SCL, Ym, Po (READ FROM "INITIALS") 

0.0, 0.0, 0.0 

O. 

O. 
1. 

#Dmll, Dm22, Dm12, Dm21 (being zero for this version) 
18.75 #This line is not used (put anything) 

#IBNDRY (READ FROM "BNDRY") 

#NSTEP, DDT (READ FROM "TIMSTEP") 
#NT 
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C 

50 
70 
90 
-1 O. 

c----------------------------------------------------------------C file: con.dat 
c----------------------------------------------------------------
C 

4, 0 #MCP (# of yl), MCH (# of hI) 
7. , 3. , 1.0 #X, y, yl (or hI) 
7. , -3. , -1.0 

16. , 3. J 0.5 
16. , -3-. , -1.0 
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