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ABSTRACT 

In this dissertation, I introduce a vortex method that is generally applicable 

to any two-dimensional, incompressible flow with or without boundaries. This 

method is deterministic, accurate, convergent, naturally adaptive, geometry inde

pendent and fully localized. For viscous flows, the vorticity distribution of each 

vortex element must evolve in addition to following a Lagrangian trajectory. My 

method relies upon an idea called core spreading. Core spreading is inconsistent by 

itself, but I have corrected it with a deterministic process known as "vortex fission" 

where one "fat" vortex is replaced by several "thinner" ones. Also, I examine rig

orously a method for merging many blobs into one. This process maintains smaller 

problem sizes thus boosting the efficiency of the vortex method. 

To prove that this corrected core spreading method will converge uniformly, I 

adapted a continuous formalism to this grid-free scheme. This convergence theory 

does not rely on any form of grid. I only examine the linear problem where the 

flow field is specified, and treat the full nonlinear problem as a perturbation of the 

linear problem. The estimated rate of convergence is demonstrated to be sharp in 

several examples. Boundary conditions are approximated indirectly. The bound

ary is decomposed into a collection of small linear segments. I solve the no-slip 

and no-normal flow conditions simultaneously by superimposing a potential flow 

and injecting vorticity from the boundary consistent with the unsteady Rayleigh 

problem. 

Finally, the ultimate test for this new method is to simulate the wall jet. The 

simulations produce a dipole instability along the wall as observed in water tank 

and wind tunnel experiments and predicted by linear stability analysis. Moreover, 

the wavelength and height of these simulations agree quantitatively with experi

mental observations. 
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The chapters of this thesis are laid out as so many components of a larger 

machine. Separately, they can and do function alone. While each can be read by 

themselves, together they tell a story which began in the Spring of 1991 when I 

met my advisor, Bruce Bayly. This thesis is an attempt to write down my solutions 

to some of the problems and questions we encountered while working together for 

these last three years. 

Bruce and I both shared an interest in an exotic family of numerical methods 

for computing fluid flows called vortex methods. I credit Prof. James Sethian for 

peaking this interest when I attended his course on numerical solutions to partia.l 

differential equations. While we never actually discussed a precise implementation 

of viscosity or boundaries, the inviscid computations were enough to impress me 

with their inherent efficiency and adaptivity. Rather than approximating fluid 

velocities on a grid, these methods approximate a fluid's vorticity field as a linear 

combination of basis functions called vortex elements or blobs that move with 

the flow. Methods using moving basis functions in this manner travel under a 

variety of aliases including "Lagrangian methods" or "particle methods." While 

having only a very limited understanding of these methods, especially in issues 

such as boundaries and viscosity, I forged ahead, naively confident that these were 

relatively small obstacles. 

Bruce wanted to use them to compute laminar wall jet flows. A wall jet is a jet 

of fluid propelled tangentially along a wall. The flow induced by a leaf-blower used 

by many gardeners is a good example of a wall jet. These jets begin as nice smooth 

laminar boundary layers that later separate from the wall and become unstable. 

This is why leaf blowers irritate neighbors by making the air so dusty. The wall jet 
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is a difficult flow to simulate because it involves many complex interactions on a 

variety of length scales. A vortex method would be ideal since it "tracks" vorticity 

as it evolves. Finite difference codes are ill-suited to wall jet simulations because 

they would require pressure and velocity boundary conditions to be prescribed. In 

essence, one is providing the finite difference scheme with extra information that 

should not be available. Ordinarily, the initial flow conditions, the shape of the 

boundary, the jet velocity profile and the flow properties at infinity are sufficient 

conditions for a solution to the Navier-Stokes equations. To employ any numerical 

scheme, one must confine the domain somehow. 

For wall jet flows, approaching infinity from two different directions will high

light the difference between finite difference codes and vortex methods. The first 

case is to follow the wall away from the jet. In this case, regardless of the method, 

one could make a very long domain and assume that the flow far downstream will 

not affect the flow near the nozzle. Another way to travel to infinity is to depart 

from the wall. In this case, vortex methods offer an advantage. In free space, 

vortex methods automatically satisfy zero vorticity at infinity because the vortex 

elements are strongly localized. Therefore, they can be expected to accurately 

convect and diffuse vorticity into unbounded space with no a priori considerations. 

However, a finite difference method must specify a zero velocity condition at some 

finite distance above the wall. This is a distinct disadvantage unless one knows 

wall jet behavior beforehand. Therefore, a finite difference code with these pre

scribed conditions cannot predict true wall jet development, but rather it can only 

complement the experiments or assumptions that prescribe the boundary data. In 

fact, in Chapter 6 I shall discuss the nature of a transient dipole which evolves 

slowly as the wall jet develops. The initial development of the wall jet is difficult 

to measure physically, and so its existence and dimensions were not known prior 

to the numerical simulations. 
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However, despite a wealth of literature on the subject of vortex methods there 

were and still are many basic theoretical issues to be resolved. Vortex methods are 

without a doubt mutations in the field of computational fluid dynamics because the 

positions of the computational elements evolve freely in time. With a handful of 

exceptions, vortex methods are not widely used by investigators. The convergence 

properties are not well understood and have yet to be demonstrated. Wall-bounded 

calculations are even more suspect. The most popular method is stochastic and 

published results are often ensemble averages and not suited to large scale compu

tations. Furthermore, vorticity boundary conditions are not locally defined, like 

velocity boundary conditions, making wall bounded computations difficult. 

From 1991 to 1993, I developed a new vortex method as well as a scheme 

for handling boundaries. While pursuing wall jets, I wanted the method to be 

sufficiently general for any two-dimensional, incompressible, bounded flow. I must 

confess that the method for handling boundaries is based only on sound intuition 

and is not as well understood as is the new vortex method in unbounded domains. 

To assure myself that the new method would work, I developed a convergence 

theory which would adequately describe it and other methods. Though there are 

many convergence proofs for vortex methods, I found them rather technical and 

tried to make a contribution by reworking these proofs in a format which I found 

more logical. What results is a novel, efficient, accurate and uniformly convergent 

vortex method for bounded flows capable to capturing the essential features of a 

wall jet. 

1.2 A Brief Overview of Vortex Method Approximations 
to the N avier-Stokes Equations 

"Vortex method" is a general term referring to a numerical scheme for com

puting vorticity dynamics from a Lagrangian reference frame rather than flow 
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velocities in an Eulerian frame. The vorticity is expressed as a combination of 

vortex elements or "blobs," and their motion is derived from the Navier-Stokes' 

equations resulting in a system of ordinary differential equations. 

The vortex method arose from sound physical intuition rather than a formal 

convergence proof. In fact, nearly seven years elapsed between Chorin's first paper 

on vortex methods and the first convergence proof by O. Hald [15]. Since then, 

many convergence proofs for many varieties of vortex methods have been published. 

The vortex method arises from the curl of the two-dimensional Navier-Stokes 

equations. 

(1.1 ) 

where Et = at + (il. \7). Here, il = [:] is the velocity, w = \7 x il is the vorticity 

and v is the viscosity of the fluid. A vortex method relies upon the relationship 

between vorticity and velocity. By defining the stream function, \II, for a flow in 

the usual way (il = [!~.J \II), one finds that 

In free space, this equation is readily solved using the Green's function 

and 

G(x, x') = -~ In(lx - x'l) 
271" 

(1.2) 

(1.3) 

(1.4) 

where f * g(x) = f f(xi)g(x - x')dx'. Thus, the velocity can be computed from the 

vorticity as 

il - [!aJ \II 
- [!aJG*W. (1.5) 



16 

Since wand u are so easily interchanged, a numerical scheme which computes 

the evolution of the vorticity is still as useful as a numerical scheme which computes 

the velocity field. A general strategy is to construct a field of vortices. Thus, 

N 

w(x) = 1: 'Yd(x - Xi) (1.6) 
i=O 

where Xi is the position of the ith vortex and 'Yi is its circulation. A strongly 

localized function f having unit volume expresses a distribution of vorticity near 

the origin. Previous investigators have used Dirac delta functions, Gaussians and 

other decaying functions for f. The motion of each blob is governed by the velocity 

at the blob's position, u(xi). This velocity is determined by equation (1.5). 

If f is chosen to be a radially symmetric function whose integral can be eval

uated analytically at any radial distance, then the velocity at some position x 
induced by the ith vortex blob (placed at the origin for the sake of simplicity) is 

';;(x) = ;; J f(S)Sds[7] 
o 

(1.7) 

where r = Jx2 + y2 and x = [~]. This follows directly from Stokes' Theorem and 

the radial symmetry of the blob. 

Therefore, knowing an initial configuration of vortex elements, one can easily 

determine the velocity field they induce. What results is a system of ordinary 

differential equations describing the motions of the blobs. 

dXi ~ ... (... ... ) 
dt 

= L..J Uj Xi - Xj 

#i 
(1.8) 

This is a simple vortex method in free space. More complicated methods include 

adjustments for viscosity and boundaries. These modifications are related because 

satisfaction of vorticity boundary conditions involves the diffusion of vorticity from 

the boundary. Previous investigators have separated convection and diffusion using 

a split step algorithm in order to capture the full Navier-Stokes equations. The 
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nature of this split step strategy will be discussed in more detail later in this 

section, but every vortex method uses equations (1.6), (1.7) and (1.8) to convect 

vorticity. 

To my knowledge, the first attempt to use this method was made by Rosen

head to approximate the motion of an inviscid vortex sheet using point vortices 

(f(x) = Sex)) [24]. However, the velocity field induced by a point vortex is singular 

and induces stiffness into any velocity integration. Chorin introduced the idea of 

regularizing the delta function with finite cut-off cores with widths greater than the 

characteristic distance between vortices [5]. Another approach to desingularization 

is that of Hou, Lowengrub and Shelley with their "exact desingularization" [16]. 

However, the presence of viscosity will naturally diffuse any point singularity on a 

timescale much faster than any straining for any realistic velocity field. In Chapter 

2, I will introduce a method with a natural desingularization, the Guassian. 

As mentioned earlier, the inviscid vortex method goes back at least as far as 

1932 when L. Rosenhead used a series of point vortices to approximate evolution of 

the vortex sheet generated by a shear layer [24]. The contribution of Chorin was to 

capture the viscous term of equation (1.1) by dividing the Navier-Stokes equations 

into convective (inviscid) and diffusive parts [5]. To compute the diffusive part, 

vortices would undergo a random walk. Furthermore, Chorin's paper was the first 

published large scale computation using a vortex method. 

To accurately model the Navier-Stokes equations, one must alter the basic 

vortex method described in the previous section. Existing methods rely on a 

process called operator splitting wherein the equation (1.1) is broken in two: 

Dw 
- 0 (1.9) 

Dt 

(1.10) 

The first equation, the Euler equation, is approximated by a simple vortex method. 

Chorin handled the second equation by having a large number of vortices undergo 
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a random walk. There are many other ways of approximating diffusive processes 

without grids, but all involve operator splitting. Some involve redistributing cir

culation between nearby elements to approximate the diffusion kernel [21] [9] [8] 

[29]. Another method is to locally apply a grid about each vortex element and 

introduce new vortex elements at each node to approximate the diffusion kernel 

[20]. In addition to relying upon operator splitting, all of these methods are either 

geometry-dependent or stochastic. 

1.3 Scope of Thesis 

Since this manuscript describes issues as abstract as convergence and as prac

tical as algorithms for constraining the velocity at the boundary, this thesis was 

written as individual units to be considered separately or together. 

Chapter 1 contains the motivation for this research together with background 

material and a description of the manuscript. 

Chapter 2 describes the new vortex method and provides a routine analysis of 

many of its features. 

Chapter 3 describes a view of convergence that is generally applicable to most 

grid-free methods. 

Chapter 4 applies the general ideas of the previous chapter to the new vortex 

method. 

Chapter 5 addresses problems associated with application of vorticity boundary 

conditions as well as proposing a new method for general geometries. 

Chapter 6 presents simulations of wall jets and compares the results to experi

mental observations of these flows. 

Chapter 7 summarizes the contents of this thesis. 
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Chapter 2 Corrected Core Spreading Methods 

2.1 Introduction 

Core spreading algorithms have not been studied since 1985 when C. Greengard 

proved that the basic core spreading method would not converge [14]. There are 

many convergent methods for incorporating viscosity into vortex simulations, but 

none of them are as simple as a core spreading method. A core spreading algo

rithm is fully deterministic, allowing precise error control and faster convergence 

than stochastic methods. Also, these algorithms do not rely on operator splitting, 

the division of the Navier-Stokes equations into separate convective and diffusive 

processes. Furthermore, a core spreading method is fully localized and grid-free, 

permitting fast parallel execution, free from flow geometry considerations. Neither 

the circulation redistribution schemes of Mas-Gallic nor the random walk methods 

of Chorin have both of these advantages [21] [5]. In this dissertation, I introduce a 

convergent core spreading vortex method that is both deterministic and localized. 

The basic core spreading method is corrected by introducing a process called 

"vortex fission." Since the width of each basis function, or blob, is the critical con

vergence parameter for a vortex method, it is necessary that blobs not grow too 

wide. Fission approximates a single vortex element or blob with several thinner 

blobs. While Lu and Ross investigated the possibility of using vortex splitting to 

approximate diffusive processes [20], the instantaneous reconfiguration of vortex 

elements has not been considered as a method for reducing the core width. Surpris

ingly, it is possible to approximate any vortex element to any specified tolerance 

with a formation of arbitrarily thinner blobs. This technique has many similarities 

to the local regridding concepts introduced by Hou, Lowengrub and Shelley, but 

core spreading with fission does not require the use of an underlying Eulerian co

ordinate system [16]. This chapter introduces and examines the efficacy of a core 
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spreading method coupled with a fission process. 

While I shall return to the issue of convergence in Chapter 4 where I focus on the 

LOO (uniform) convergence of the new method in the linear case, the work of Beale 

and Majda already establishes the full nonlinear convergence of the new method in 

the weaker L1' norms [4]. The theory of Beale and Majda expresses convergence in 

terms of the velocity field using 1, the maximum core width of the basis functions, 

as a convergence parameter. As 1 ~ 0, the method will converge with a rate 

governed by the shape of the basis function and p in the L1' norm. This parameter 

was originally discovered by HaId in his first inviscid convergence proof [15] and has 

continually appeared in subsequent vortex method analyses. In a core spreading 

method, the core widths grow with time. However, with my corrected method, if a 

vortex element or blob grows larger than 1, fission will replace it with several thinner 

elements. This introduces a small disturbance to the pre-fission vorticity field. In 

order to apply the theory of Beale and Majda to my method, I must show that 

the accumulated disturbances grow smaller as the numerical parameter governing 

fission approaches its limiting value. This numerical parameter, Q, controls the 

accuracy and frequency of the fission process and is unique to this new method, 

though some associations can be drawn to parameters in other diffusive methods. 

More accurate and frequent fission increases the total number of vortex elements 

in the simulation as would be expected. In Section 2.2.2, I establish that the 

accumulated disturbances induced by more accurate and frequent fission converge 

to zero as Q approaches its limiting value. 

To help control the problem size, many elements can be permitted to merge 

into a single one in a process called "vortex fusion." It is clear that two blobs 

sharing the same location and core width could be replaced by a single blob with 

no change at all to the induced vorticity field. An efficient code would merge 

these two blobs without any loss of accuracy. Similarly, it can be shown that 
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nearby elements with similar widths can be fused with small errors in the vorticity 

field. Thus, it is possible to reduce the problem size with precise error control. 

The ultimate implications are that this method is a fast, accurate and naturally 

adaptive method for viscous flo~ computations. 

2.2 Formulation and Algorithm 

This method is designed to simulate 2-D, unbounded, incompressible flows. 

Vortex methods attempt to approximate the vorticity dynamics equation (1.1). 

Unlike most vortex methods, the new method does not split the vorticity dynam

ics equation [see equation (1.9) and equation (1.10)]. There are many ways of 

approximating diffusive processes with and without grids, but all involve operator 

splitting. Even though vortex methods converge to exact solutions of the Navier

Stokes equations when the operator is split, the numerical error will also include a 

splitting error not present in the new method. Furthermore, it is difficult to define 

concepts such as consistency and stability without keeping the operator intact. 

RaId notes in his original convergence proof that any distinction between the two 

properties is artificial [15]. 

To facilitate a future convergence theory, it is desirable to invent a method that 

is consistent with equation (1.1) without relying on 'operator splitting arguments. 

For solving the heat equation, Gaussian basis functions are advantageous: 

... N "Ii (Ix - xd 2
) W(X) = ?:-4 ;2exp - 4;2 , 

,=1 1T'a, a, 
(2.1) 

where "Ii is the circulation of blob i and ai is the blob width. To capture equation 

(1.1), one must allow each vortex blob to move and diffuse with the flow, giving 

rise to the following dynamical system. 

:.. 
Xi -

a'l-, - v. (2.3) 
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The first system, equation (2.2), arises from Stokes theorem applied to equation 

(2.1). The whole blob will move with the velocity of the blob center. Later, it will 

be clear that this is the source of all consistency error. The second equation arises 

from solving the heat equation in a frame moving with the flow. 

This system of ODEs is not new in the world of vortex methods. In 1985, 

Greengard demonstrated that it was inconsistent with the N avier-Stokes equations 

[14]. The reasons are more or less evident from the following simple heuristic 

argument. The convergence parameter for a vortex method is the core size of the 

vortex elements. According to equation (2.3), the core spreading variances would 

have sizes of at least "fi7t at the end of the simulation. Hence, it is impossible to 

force the method to converge under any circumstances. 

2.2.1 Reducing Consistency Error with Vortex Fission 

In order to maintain small blob sizes throughout the simulation, the basic core 

spreading scheme is coupled to vortex fission. Fission splits any blob wider that I 

into a configuration of thinner blobs of width strictly less than I. Assuming that 

a practical and effective fission process can be designed, the general convergence 

theory of Hald, Beale, Majda and others asserts that the new method will have L2 

convergence of order 12 when using Gaussian basis functions [15] [4]. 

However, the uniform norm is desired for many physical applications. Since 

both the calculated and the exact vorticity field decays exponentially, a uniform 

bound can be converted to an V bound while the opposite is not true. Finally, 

a uniform stability result is necessary for the forthcoming uniform convergence 

theory. It will be shown that fission induces uniformly bounded disturbances to 

the vorticity field as numerical parameters grow small. 

The numerical parameter 0'(;[0, 1] controls the accuracy and stability of vortex 

fission. The vortex fission process will approximate a single vortex element having 

width I with several blobs of width 0'/. Therefore, a fission algorithm takes all 
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vortex elements with core sizes greater than or equal to I and splits them into 

many, each of which is scaled by a factor of a. 

The particular fission process is somewhat arbitrary. Here, only 1-4 fission, 

where one vortex blob splits into four, will be analyzed but this program of analysis 

can be carried out for any post-fission configuration. The general strategy is to 

conserve as many moments as needed to constrain the free variables. To begin, a 

single vortex element with circulation 'Y and variance u 2 will split into four identical 

vortices each with a variance of a 2u 2• Without loss of generality, one can assume 

the original vortex is located at the origin. Conservation of the zeroth moment 

indicates the obvious: The new vortices must have the same circulation as the 

original. Conservation of the first moment along with the rotational symmetry of 

the system requires that each vortex have circulation ~ and be centered uniformly 

along a circle of radius r. Conservation of the second moment constrains the last 

variable 

r = 2uv'1 - a 2 • (2.4) 

Now, all of the free parameters of 1-4 fission have been determined, and it is 

possible to write down a new core spreading algorithm. 

1. Approximate the exact initial vorticity distribution with vortex elements. 

2. Numerically solve equation (2.2) and equation (2.3) to convect and spread 

each vortex element. 

3. Split any element with u > I according to the 1-4 fission process listed 

above with the fission radius described in equation (2.4). 

4. Repeat (2) and (3) until reaching time T. 

As noted earlier, under the assumption that the field error induced by the fission 

process is stable for 0 ~ t ~ T, the previous work of other investigators such as 

Beale and Majda guarantees weak convergence of this algorithm. 
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2.2.2 Fission Stability 

In any kind of fission process, there will be a difference between the original 

vortex elements and the new post-fission configuration. This error will be a func

tion of a and will converge to zero as a approaches unity. It is possible to make 

strict uniform estimates of this fission induced field error. This estimate begins 

with a function expressing the pointwise difference between the two fields. 

e{x) - ~exp (_lxI2) _ ~ , exp ( Ix - xd 2
) 

- 471"(72 4(72 f:r 1671"a2(72 4a2(72 
(2.5) 

where Xl = [~], X2 = [-;], X3 = [~] and X4 = [~r] and r comes from equation (2.4). 

Since the goal is to find a uniform norm, a scale transformation can be applied to 

all the spatial variables in this function as follows: 

X A 

-~x'" 2(7 . (2.6) 

Thus, 

e(li) = 4' 2 [exP(-lliI2) - 412 texp ( Ili-2liiI
2
)]. (2.7) 

71"(7 a i=l a 

The term of equation (2.7) in [ ]'S achieves its global maximum value at the origin 

for values of a sufficiently large. Evaluating equation (2.7) at the origin, the 

uniform fission error is determined to be 

A hi [ 1 (a2 
- 1)] lIe(x)lIoo = 471"(72 1 - a 2 exp a 2 • (2.8) 

It is appropriate that this estimate only depends on the convergence parameter a 

and not I because I is strictly a measurement of blob width and does not control 

fission. It is only when the total evolution of a system of vortex elements is analyzed 

that a relationship between I and a will emerge. 

Example 1 (a = 0.7) A vortex element with, = 1 and (7 = 1 undergoes fission. 

Here, lIe(li)lIoo = 0.0222. It is possible to see the difference between the two vorticity 

fields in Figure 2.1. 
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Figure 2.1, Fission with a = 0.7. A single Gaussian blob (lower left) is replaced 
by a configuration of four thinner blobs (upper left). The larger plot (right) shows 
the absolute difference between the pre- and post-fission. 

Example 2 (a == 0.8) A vortex element with ,= 1 and a = 1 undergoes fission. 

Here, lIe(i)lIoo = 0.0087 which is better than 40% improvement over a = 0.7. It is 

possible to see the difference between the two vorticity fields in Figure 2.2. 

This uniform bound applies to a single fission event, but a vortex element may 

undergo many fission events in its lifetime. The number of fission events it will 

undergo is a function of 1, a, the viscosity v, and the total simulation time T. The 

time required for a vortex element to grow from a size a = al to size a = I shall 

be called "the viscous time step" and is denoted by /)"t. After an element reaches 

a width of 1, fission occurs, and it is again reduced to size al. Presumably, vortex 

elements shall go through J.t of these cycles during a simulation. The viscous time 

step is determined from equation (2.3) to be 

12(1 - ( 2 ) 
/),.t= . 

v 
(2.9) 
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Figure 2.2, Fission with a = 0.8. A single Gaussian blob (lower left) is replaced 
by a configuration of four thinner blobs (upper left). The larger plot (right) shows 
the absolute difference between the pre- and post-fission. 

The worst case to consider is that the fission errors somehow pile up at the same 

point. Assuming this happens, an upper bound on the total uniform field error dur

ing the simulation is the uniform field error due to a single fission event multiplied 

by rt' 
(2.10) 

< 47rll~iv~ (2) [1 - ~2 exp ( a2a~ 1) ]. (2.11) 

This inequality establishes the following theorem: 

Theorem 1 (Fission Stability) A single vortex element initially having vari

ance a 2[2 and circulation, will induce a uniform field error no greater than 

C IT I [ 1 (a2 
- 1)] 

[4(1 _ (2) 1 - a 2 exp a 2 
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Figure 2.3, Log of maximum fission error expressed by equation (2.11) 

where C depends on T only. 

Here, one can see that allowing I to go to zero independent of a could be a 

grave mistake because the stability estimate will blow up. Intuitively, one can see 

that reducing I independent of a will decrease N because fewer fission events will 

occur. Generally, smaller problem sizes should correspond to larger errors. Rather, 

the error is controlled by allowing a ~ 1 as I ~ o. The behavior of this error 

bound can be seen in Figure 2.3. Though it may be possible to improve equation 

(2.11), this equation can be used to select I and a in order to control the fission 

error while converging to the exact solution. Since the cumulative fission error can 

be made arbitrarily small, the previous work of other investigators such as Hald 

or Majda can be applied to this core spreading method. In short, a core spreading 

vortex method coupled with a fission process is convergent. 
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Figure 2.4, Lower bound on fission error expressed by equation (2.13) 

Because the flow is incompressible, it is impossible that the upper bound in 

equation (2.11) is strict. Rather, it is more likely that the positions of maximum 

field error during a flow simulation will never overlap. In this case, one might guess 

the induced fission error to be more like the lower bound 

(2.12) 

(2.13) 

as in Figure 2.4. 

One final note is that a core spreading method with fission is still fully adaptive 

and convergent without the use of grids. In the absence of convection, the core 

spreading algorithm with fission will generate its own grid with width r and solve 

the heat equation with a spatial accuracy of O(r2 ). In fact, it is exact without 

fission. It is only in the presence of convection that fission is necessary to maintain 
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small I and achieve convergence. 

2.3 Efficiency and Fusion 

Since the computational complexity of a vortex method is O(N2), the feasibility 

of computing a flow to a prescribed accuracy hinges directly on the problem size, 

N. Clearly, two blobs sharing the same centroid and width can be merged into 

a single blob with no induced error in the vorticity field. "Vortex fusion" shall 

refer to the general process of merging many overlapping basis functions. The 

necessity of vortex fission, discussed earlier, does not imply the existence of a 

fusion process. Rather, they are two separate mechanisms for solving two separate 

problems: One corrects consistency error while the other reduces the problem size. 

In this section, a uniform estimate for the induced fusion error will be determined. 

Most surprising, this error is independent of the number elements fused. 

There are two error control parameters for vortex fusion based on a direct 

comparison between each individual vortex in the original group and the fused 

vortex. To begin, the vortices to be fused are labeled from 1 to n, where n :::; N, 

and have distinct circulations, widths and positions. The post-fusion element shall 

be labeled O. Also, it is necessary to assume that all 'Yi'S have the same sign for 

reasons to be discussed later in this section. The circulation, position and width 

of the fused vortex is 

n 

'Yo - L:'Yi (2.14) 
i=l 

n ... 
L: 'YiXi (2.15) Xo -
i=l 

n 

4'You5 - L: 'Yi(4u[ + Ixd2
) (2.16) 

i=l 

where, for convenience, all positions will be translated to the center of mass of the 

original cluster of elements so that Xo = O. Equation (2.16) constrains the fused 
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blob width but does not playa key role in the uniform error bound, as do the 

others. Therefore, it may be possible to use other constraints in place of this one. 

The pointwise field error is 

e(x"') __ 10 (lxI2) 2:n 
Ii (IX - xil2) --exp -- - --exp-471"0'2 4/72 . 471"0'~ 40'~ o 0 ,=1' , 

_ ~ [exp (_IXI2) _ t Ii 0'5 exp (_IX - xiI2)] 
471"0'6 40'6 i=1 10 0'1 40'1' 

(2.17) 

Following the same program as for fission, all the spatial vectors are nondimen

sionalized using equation (2.6) with 0' = 0'0. 

e(&') = 10 2 {exp (_1&'12) - t Ii O'~ exp [-I&' - &'d2 (O'~)]} 471"0'0 i=1 100'i O'i 

_ 10 2 t Ii {exp (-1&'12) - O'~ exp [-I&' - &'d2 (O'~)] } (2.18) 471"0'0 i=1 10 0', 0', 

Now, it is clear why all the I's must have the same sign: Equation (2.18) is the 

arithmetic mean of the function 

(2.19) 

evaluated at different points. For fixed values of !!i. and 5, the exponential decay 
0'0 0'0 

of equation (2.19) assures the existence of a global maximum value, although its 

precise location may be hard to determine analytically. If the parameters ~ and 

!:; are restricted to a compact set, the continuity of equation (2.19) guarantees the 

existence of a maximum value, M, on this set. Furthermore, the existence of this 

maximum yields a uniform estimate for equation (2.18). This is stated formally in 

the following theorem. 

Theorem 2 (Fusion Error Bound) Suppose n vortex elements are fused into 

a single element with circulation, position and width defined by equation (2.14), 

equation (2.15) and equation (2.16). Furthermore, assume that all circulations 

have the same sign and that 



31 

and 

bl $ (;:) 2 $ b2 

for each vortex. Then, the uniform induced field error, lIe(i)lIoo, is no greater than 

where M is maximum value of equation (2.19) restricted to the compact set of 

parameter space described by R, bl and b2 • 

To find the value of M, it is not necessary to search the entire space [0, R] X 

[bb b2]. Routine analysis of the equation (2.19) demonstrates that these maximal 

values can only be attained on two corners of this rectangle in parameter space. 

Without loss of generality, the centroid of the pre-fusion blob and the centroid of 

the post-fusion blob both lie on the x axis. Then, equation (2.19) can be simplified 

as 

(2.20) 

where (a, ,8)€[0, R] X [bb b2]. No generality is lost if a > o. 
First, one observes that any maximal value of this equation will occur on the 

x axis. If this were not the case, a maximum would be achieved at some point r 
away from the axis. A global maximum would necessarily be positive so the first 

term of equation (2.20) would have to be positive. But, one could rotate r onto the 

negative x axis (as shown in Figure 2.5) reducing the latter negative term while the 

first term remains constant. Thus, r would not be a global maximum. A similar 

argument shows that f will achieve it's minimal value on the x axis also. Thus, 

the maximal value of If(x, a, ,8)1 occurs on the x axis. Therefore, when considering 

extreme values, f will be considered a function of x rather than x. A corollary to 

this result is that maximum values occur when x < 0 and minimum values occur 

when x > o. 
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Figure 2.5, Increasing a "maximum" and decreasing a "minimum" 
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a 

If there were a local extreme value for parameter values not on the boundary 

However, 

8f 

8a 
8f 

8f3 

8f = 8f = 0 
8a 8f3 . 

= -2f32(x - a)exp[-(x - a)2f3] 

= [f3(x - a)2 - 1] exp[-(x - a)2f3]. 

(2.21 ) 

(2.22) 

Since f3 is close to unity, it is impossible to set equation (2.21) and equation (2.22) 

"equal to zero simultaneously. Therefore, f can only be maximized on the boundary 

of parameter space though not necessarily on the corners. 

To study the parameter dependencies, one must analyze the extreme values of 

f directly. A necessary condition for is that ~ = 0 where 

(2.23) 
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By substituting equation (2.22) into equation (2.23) at a maximal value with re

spect to x, one finds that 

(2.24) 

If x represents a maximum value of J, M is a monotonically increasing function 

because, as observed earlier, x must be negative. However, if x represents a min

imum, x must be positive, and ¥a is monotonically decreasing. Then, it is clear 

that all extreme values are largest when a = R, proving the following theorem: 

Theorem 3 (Ezplicit Determination of Fusion Error Bound) If 

and 

(a')2 b1 :::; a: :::; b2, 

then the absolute maximal value of the uniform fusion error function 

exp (-liI2) - ;~ exp [-Ii - iil 2 (;~) 1 
is achieved with parameter values of either (R, bt} or (R, b2 ). Furthermore, this 

absolute maximum is attained when x is collinear with the origin and Xi. 

2.4 Examples 

The first example concerns the evolution of a single Gaussian blob. While 

seeming simple on the surface, this example could be said to be of fundamental 

important.:e because the analytical solution is known. Also, this simple example 

will demonstrate that fission is a stable and locally adaptive process similar to the 

local regridding scheme of Hou, Lowengrub and Shelley [16]. 

The initial field is expressed by a single vortex element (, = 5.0, a = 0.2) cen

tered at the origin. The numerical parameter 1 is fixed at a reasonably small value 
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of 0.25 and Q' is allowed to vary. The vortex positions and widths were updated 

using forward Cauchy-Euler with a small enough time step so that no variations 

in element positions were observed at the resolution of our printer. The flow was 

simulated with T = 1 and a large viscosity, v = 0.1, so that both convective and 

diffusive effects would be important. (Indeed, during the course of this simulation, 

the blob width of the exact solution nearly doubles.) In Figure 2.6, one can see 

how the vortex elements split and adapt across streamlines to accurately express 

the solution with a length scale at or below I. 

Earlier investigators noted that vortex methods for Euler equations lose accu

racy after a finite period of time because flow deviations separate vortex elements 

until they cease to overlap. Hou, Lowengrub and Shelley corrected this problem 

by introducing local regridding wherein vortex elements split under the action of 

flow deviations. Spreading and splitting provide a similar mechanism though they 

are dependent upon viscosity. 

For this experiment, elements split more often and with greater accuracy as Q' 

grows larger. While somewhat counterintuitive, velocity measurements in Figure 

2.7 illustrate this increased accuracy. The fission events can be seen as jumps in 

the velocity field. Fission events begin after t = 0.225 because I is significantly 

larger than the initial core width. As Q' ~ 1, these jumps become more frequent 

but considerably smaller demonstrating the stability of fission. 

Finally, fusion was incorporated into the above flow simulation to boost the 

efficiency of the O(N2) algorithm. At Q' = 0.9, the problem size grows to N = 

47 = 16384 by the end of the simulation requiring over six hours of CPU on a 

Sparc 2. By incorporating a very conservative fusion method into the code, this 

performance improved substantially. The program checked for possible clusters of 

vortex elements to merge at regular time intervals of t = 0.1, 0.2, etc. allowing 

a maximum pointwise field error of 0.01 at any isolated fusion event. With this 
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method, the final problem size was N = 4050, and the simulation ran in under 

20 minutes. In Figure 2.8, one can see how fusion effectively reduces the problem 

size in areas where the vorticity field is either weak or dense. The· fused and 

unfused simulation produce almost identical results in that the uniform difference 

between vorticity fields is less than 0.002 (see Figure 2.9) and the velocity fields 

are indistinguishable. In fact, this simulation is more accurate than the Q' = 0.85 

simulation even though it uses fewer elements. More aggressive fusion tolerances 

would produce greater performance with less accuracy. One must conclude that 

fusion, when properly controlled, boosts efficiency considerably. 

The next example is that of two blobs of the same sign placed in close prox

imity to one another. In the inviscid case, this experiment has been very popular 

because elements from opposite blobs would intertwine. In the viscous case, the 

blobs diffuse together at the center of the interaction, but the dynamics are still 

interesting. Other features of interest are the "tails" which form on the outer rim 

of the structure after long periods of time. I will illustrate the same concepts as in 

the first example, for a more challenging problem without an analytical solution. 

Once again, the initial conditions are simple and the algorithm will allow to the 

problem size to expand to meet consistency requirements. Initially, there are two 

blobs, each with 'Y = 5 and a = 0.2. The elements are placed along the x-axis with 

a separation of 1.6, the viscosity is 0.02. For T = 2.5, each blob will undergo about 

one and one quarter of a rotation about the origin (see Figure 2.4) As in the first 

example, the parameters Q' and I control the relative accuracy of the method. This 

problem is more challenging because of the lower viscosity, greater flow deviations 

and larger T. In Figure 2.11, it is clear that this new method naturally dedicates 

more elements where the vorticity is greatest. 

While no analytic solution for this configuration is known, the dynamics of the 
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second moment of this configuration, 

~ J J lil 2wdi = 4v J J wdi, (2.25) 

can be determined exactly [2]. Since vorticity is conserved, equation (2.25) has the 

exact solution 

J J lil 2wdi = 8 + 0.8t (2.26) 

for this particular two vortex problem. We obtain very good agreement with theory. 

Even for the coarser value of 0:' = 0.7, the second moment of computed vorticity 

is difficult to distinguish from the exact value in Figure 2.12 without adjusting 

the y-axis of the plot. Even so, the difference between the exact moment and 

the computed moment is due to size of the time step used to advance the vortex 

positions rather than our method for reducing the Navier-Stokes equations to a 

finite system of ODEs. There is little difference between the various values of 0:'. 

However, if the time step is reduced by a factor of 4, the second moments agree 

better even for the coarse value of 0:' = 0.7 (see Figure 2.13). 

Incorporating the same fusion scheme as in the first experiment for 0:' = 0.85, 

the product was similarly encouraging. In Figure 2.14 and Figure 2.15, one sees 

that the final problem size was reduced from N = 2048 down to N = 698 with a 

very small loss of accuracy. Again, fusion controls the exponential growth caused 

by fission to yield a very efficient and accurate method. 

2.5 Conclusion 

This chapter introduces and analyzes a new vortex method with many attrac

tive properties. Since both spreading and fission are local processes, this method 

is well suited for vector and parallel computation. These theoretical findings are 

sufficient to assure application-oriented investigators that certain uniform conver

gence properties will be achieved. The introduction of the numerical parameter 
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Q' overshadows the importance of 1 for viscous computations once 1 is chosen to 

resolve given flow features. Finally, the exponential growth in the problem size can 

be controlled by the fusion process analyzed in this chapter. I demonstrated the 

accuracy and effectiveness of this method with nontrivial examples and find the 

results to be reassuring. 

While this thesis attempts to analyze some important questions about spread

ing blob methods, there are still many unexplored areas to study. I used one stable 

fission process, but many others are possible. 

While many investigators have methods for removing extraneous vortex ele

ments from a simulation, fusion is a general, well-defined method for controlling 

the problem size. Maintaining efficient problem sizes during a vortex simulation is 

crucial because the natural action of viscosity is to increase the problem regard

less of the method used. Furthermore, if one extends this work to bounded flows, 

vorticity will be shed from boundaries into the flow to satisfy the no-slip condi

tion, increasing the problem size even more. Fusion is a natural way to recombine 

redundant elements while conserving several moments. Even without viscosity, 

Hou, Lowengrub and Shelley have demonstrated the importance of splitting vor

tex elements to prevent the method from losing accuracy in finite time. It will 

be observed later in Chapter 4 that it may be possible to adapt fission to inviscid 

flows by computing flow deviations. 
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Figure 2.6, Vorticity field with element positions at t - 1.0 for a = 0.7 and a = 0.8 
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Figure 2.7, Velocity field at (0,0.8) at t = 1.0 for a = 0.7 (dotted), a - 0.8 
(dashed), a = 0.9 (dot-dashed) compared with the exact solution (solid) 
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Figure 2.8, Vorticity field with element positions at t = 1.0 for a = 0.9 with fusion 
(right) and without fusion (left) 
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Figure 2.9, Fusion error at a = 0.9 
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Figure 2.10, Vorticity field with element positions at t = 1.0,1.5,2.0,2.5 for a = 0.8 
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Figure 2.11, Vorticity field with element positions at t - 2.5 for a - 0.7 and 
a = 0.8 
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Figure 2.12, 2nd moment of merging pair at ex = 0.7 (dotted), 0.8 (dashed) and 
0.9 (dot-dashed) with the exact value (solid) 
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Figure 2.13, 2nd moment of merging pair at a = 0.7 and D-.i = 0.005 (dotted) and 
0.00125 (dashed) with the exact value (solid) 
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Figure 2.15, Fusion error at a = 0.85 
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Conventional notions of consistency and stability depend upon a projection op

erator that maps the exact solution onto a set of discrete points, the grid. While 

these concepts are often simplified for a specific method, this formalism is a natu

ral point from which to analyze new gridded numerical methods. However, these 

concepts are almost intractable for grid-free methods, such as vortex methods. 

Where conventional theory studies numerical solutions on grids, vortex methods 

approximate a continuous field as a linear combination of freely convecting basis 

functions. Terms such as "grid-free", "particle" or "Lagrangian" all refer to this 

class of numerical methods. Since the basis functions are following Lagrangian 

trajectories, there is no advantage to projecting an exact solution onto a regular 

grid. The difficulties in studying these methods are illustrated by the fact that 

seven years passed between the Chorin's reintroduction of vortex methods and the 

first convergence proof [5] [15]. These difficulties are twofold. The first problem 

arises from the nonlinear behavior of the vorticity equations. That is, the com

puted approximate vorticity field induces an approximate velocity field which, in 

turn, convects the vorticity. In the linear problem, the approximate vorticity field 

is convected by the velocity field corresponding to the exact solution, and this is 

easier to analyze. The second problem arises from defining consistency and sta

bility for a vortex method. While the words "consistency" and "stability" were 

used in HaId's convergence proof, he never invoked their standard definitions. An 

improved theory of convergence free from conventional definitions might describe 

the convergence properties of Lagrangian methods more simply. In this chapter, I 

discuss an alternative convergence formalism based on concepts distinct from con-
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sistency and stability. More importantly, this theory can describe the convergence 

of grid-free schemes like vortex methods as well as gridded methods. 

This alternative general theory has many advantages over conventional conver

gence theory best described by Isaacson and Keller [17]. First, it describes the 

convergence of both gridded and grid-free methods because this alternative theory 

does not project the exact solution onto a discrete space defined by the numerical 

method. Rather, this formalism extends the numerical method into the continuous 

space where the exact solution exists. For particle methods where a field is approx

imated by moving basis functions, the conventional theory is extremely unwieldy. 

For instance, investigators studying the convergence of vortex methods usually 

resort to projecting the velocity field onto the particle positions even though the 

basis functions represent a continuous vorticity field [4] [15]. The difference can 

be likened to what Linz refers to as restriction and prolongation operators [19]. In 

his treatment of convergence theory, the restriction operator transforms functions 

of continuous variables onto a space of functions of discrete variables while the 

prolongation operator extends discrete functions up into a space of functions on a 

continuous domain. In the alternative convergence theory, the exact and computed 

solutions are compared in continuous space in a like manner for both gridded and 

nongridded methods. 

Also, this alternative theory does not rely on the traditional definitions of con

sistency and stability that are not easily or directly applicable to vortex methods. 

While this alternative formalism separates convergence into two properties just 

like existing general convergence theories, it is has the interesting feature that the 

second property only depends on the governing equations and not the method. 

Therefore, the second property is established for a given problem only once. Af

terward, only the first property need be verified for each new numerical method. 

After providing the alternative definitions and conditions for convergence, some 
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comparisons can be made between conventional theory and the continuous formal

ism. For instance, consistency and stability will reintegrate themselves into the 

new convergence conditions. Often with this theory, it will be necessary that the 

numerical solution be bounded as parameters grow small in order to satisfy the first 

condition for convergence. Therefore, when applying the theory to finite difference 

methods, it will be necessary to find the roots of the characteristic polynomial just 

like conventional theory. In fact, there are many connections between the conven

tional theory and these alternative ideas on convergence. For instance, I will show 

that there is an analogue to the characteristic polynomial for grid-free methods. 

These ideas and others are discussed more thoroughly using examples in the last 

section. 

3.2 A Brief Overview of Conventional Theory 

A broad convergence theory is crucial for the understanding of novel numerical 

schemes. The success of traditional concepts is most evident when investigators 

study new methods. Properties known as "consistency" and "stability" are im

mediately defined and employed in a general framework to establish convergence. 

This general convergence theory for numerical methods relies heavily upon a grid

ded structure because most numerical methods are finite difference codes. That 

is, the numerical domain is a grid and the convergence parameters are the grid 

spacings. 

The existing general convergence theory compares the continuous and discrete 

governing equations using continuous and discrete operators, respectively. The 

operators Rand B, and the functions F and G, together define a problem to 

be solved with discretized operators and functions, Rli, Bli, Fli and Gli. The 

operator R is a linear (usually differential) operator on a function space over the 

entire continuous domain, and B a operator on a function space of the boundary 
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of 'D. The exact solution to the problem, u, is a function on some domain 'D which 

satisfies 

R[u] - F(s) 

B[u] - G(s) where S f'D. (3.1) 

While the functions F and G can be incorporated into the operators Rand B, the 

problem is captured more simply in this form when the operators Rand Bare 

linear. For example, if one were describing the ODE, 

dx 
f(t) dt -

x(O) - xo, (3.2) 

one would define R, Band F as 

Rx(t) 
dx (3.3) - dt 

Bx = x(O) (3.4) 

F(t) - f(t) (3.5) 

G(t) = xo· (3.6) 

In this case, x could be a scalar or vector quantity. The problem is solved on a 

one-dimensional space, t f 'D where'D = [0, T], and the problem has a one sided 

boundary condition, x(O) = Xo which is often referred to as the initial condition. 

The solution u is approximated with a function, iL, on a discrete domain 'Dt::... 

Isaacson and Keller refer to functions on 'Dt::.. as "net functions." The attempted 

approximation takes the form 

Rt::..[iL] - Ft::..(s) 

Bt::..[iL] - Gt::..(s) where S f'Dt::... (3.7) 
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In the ODE sample, one might use a forward Cauchy-Euler approximation. For 

brevity, I assume that the grid is uniform with spacing /::;.t. 

x(ti+t) - X(ti) 
/::;.t 

(3.8) 

From this description, a numerical scheme for solving equation (3.2) is evident: 

In practice, one designs a numerical scheme and then formulates RA in order to 

analyze the convergence properties of the method. In either case, it is clear that 

the numerical solution is a function on a discrete space VA = {O, til t 2, ••• , t T } 
At 

whereas the exact solution is a function over a continuous domain. 

Consistency is defined to be the extent to which RA agrees with R on the 

discrete space, VA' Since the continuous and discrete functions and operators do 

not act on the same spaces, a restriction operator, rA is used. Ordinarily, the 

restriction operator maps transforms a function of continuous variables into a net 

function in the most natural way. For example, using the ODE example, 

Definition 1 (Consistency) The discrete operators RA and BA are consistent with 

Rand B if 

and 

as the numerical paramete7's 1/::;.1 grow small for any function u on V. 
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Here, IIIIA is a discrete norm such as a finite normalized [l, [2 or lOO and 1.6.1 is 

a measurement of the grid width. For the ODE example, 1.6.1 might be .6.t. For 

PDEs such as the heat equation, 1.6.1 might be .6.t + .6.x, .6.t.6.x or some other 

combination of .6.t and .6.x. 

Traditionally, stability relates the size of two net functions to action of RA on 

these functions. 

Definition 2 (Stability) The operators RA and BD are stable if there is a J( > 0 

that is independent of 11.6.11 such that 

lIu - vilA:::; J((IIRA[u] - RA[v]IIA + IIBA[u] - BA[v]IIA). 

These definitions apply to both linear and nonlinear schemes. If the scheme does 

happen to be linear, the stability condition can be simplified to 

For the remainder of this dissertation, all examples will be linear because they are 

simpler to analyze, but the theory shall remain sufficiently general for applications 

to nonlinear problems. 

While the applications of consistency and stability are well known, it is useful 

to briefly review the convergence proof because connections shall be made to the 

alternative formalism in later sections. 

Theorem 4 (Consistency and stability imply convergence) If RA and BA are 

consistent with Rand B, 

FA - 7'A[F] 

GA - 7'A[G] 

and RA and BD are stable operators, then 

IIrA[u*] - uliA ~ 0 as 1.6.1 ~ 0 
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where u* is the exact solution to equation (3.1) and u is the numerical solution to 

equation (3.7). 

Verifying this theorem is merely a matter of applying the definitions of consistency 

and stability. If a method described by equation (3.7) is stable 

IIrA[u*] - illiA < K(IIRA[rA[U*n - RA[il]IIA + IIBA[rA[u*]] - BA[il]IIA) 

< K(II RA [rA[U*n - rA[R[u*]] + rA[R[u*]] - RA[il]IIA + 

IIBA[rA[u*]] - rA[B[u*]] + rA[B[u*]] - BA[il]IIA). 

Since R[u*] = F, RA[il] = FA and FA = rA[F], 

Similar relations apply to Band BA. Therefore, 

Since the method is consistent, 

IIrA[u*] - illiA -+ 0 as I~I -+ O. 

The continuous convergence theory is based on these general principles applied to 

the continuous space V and continuous operators Rand B. 

The weakness of this discrete theory is that both consistency and stability rely 

heavily upon the restriction operator to compare Rand RA on a common domain. 

Particle methods lack a rigid grid where rA can be defined. Similar problems arise 

in the application of this theory to spectral methods or other Galerkin methods 

because it is difficult to find rA. 

The more natural approach is to use V as the common ground for analysis. 

This requires that the numerical method must be extended upward from VA to V. 

In addition to the restriction operator, there may be many prolongation operators, 
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Pa, which transform net functions into functions on continuous variables. The 

prolongation is defined so that 

ra(pa{u)] - it, 

pa[ra{u)] ~ u as I~I ~ 0 (3.9) 

if x is a net function and x is a function on V. The prolongation may be a linear 

interpolation, a cubic spline or some other representation of the discrete data. Tra

ditional convergence theory makes no use of prolongations because consistency and 

stability are defined on Va. However, prolongations either explicitly or implicitly 

will playa more central role in grid-free methods in an alternative convergence 

theory. 

3.3 A Continuous Formalism 

In previous convergence proofs for vortex methods for Euler's equation, investi

gators designed restriction operators to project the exact solution onto the particle 

positions [15] [4]. These proofs are very technical in nature because, even while 

ignoring the nonlinear nature of the problem, one must justify the restriction op

erator on a moving grid. The difference between exact and computed velocities 

at the particle positions is termed consistency error. Then, stability is defined 

to be the sensitivity of the velocity field to slight perturbations of the particle 

positions. While these are nonstandard definitions, it can be shown that the two 

conditions together are enough to prove that the computed and exact velocity field 

converge weakly. The purpose of developing this theory is to restore the notion of 

convergence to the vorticity fields themselves for arbitrary norms. 

The key observation in designing this method is to assume that the prolon

gation can be more general than the description in equation (3.9). In particular, 

particle methods are defined along with prolongation operators. For instance, vor

tex methods express the vorticity field with N elements that have a circulation, 
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width and position. In this case, Vt:. is the 4N discrete variables (assuming it is a 

2D computation) whereas the exact solution is a function on R2. 

Like traditional convergence theory, this theory has two conditions. To avoid 

confusion over the suggestive titles "consistency" and "stability," they shall be 

designated Condition A and Condition B. Perhaps future investigators can bestow 

more lavish titles upon them. Interestingly, Condition A is a property of the 

numerical method, and Condition B is only a property of the problem to be solved. 

The latter is not so surprising because one is analyzing the problem the domain of 

the exact solution rather than the numerical domain. 

3.3.1 Condition A 

Consistency can be loosely phrased as the local truncation error induced by 

inserted an exact solution into the numerical method. Condition A reverses the 

process in that the numerical solution is treated as a function on Vt:.. The ability 

of this function to satisfy the original equation is an equivalent measurement of 

the method's accuracy. More formally, 

Definition 3 (Condition A) The operators R, B, Rt:. and Bt:. satisfy this condi

tion if 

and 

as the numerical parameters I~I grow small where it is a solution to equation (3.7) 

on Vt:.. 

In this case, 1111 is a suitable norm on V. 
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3.3.2 Condition B 

Condition B reflects the boundedness of R-1 and B-1 on a restricted space of 

functions. Ideally, this space of functions should include the exact solution and 

the numerical solution under the action of the prolongation operator. 

Definition 4 (Condition B) For a given problem defining the operators Rand B, 

Condition B is satisfied if for some space of functions u, v f :F there is a I< > 0 

lIu - vII ~ I«IIRu - Rvll + IIBu - Bvll)· 

While this condition is a restriction on the problem to be solved, there is a connec

tion to the numerical method itself. Ultimately, u will represent the exact solution 

while v will represent a prolongation of a numerical solution. Therefore, in order 

to satisfy Condition B, the investigator must prove that prolongations of numerical 

solutions will lie in :F. 

3.3.3 A + B :::} Convergence 

Given R, B and a numerical method for a problem, the method is convergent 

if it satisfies Conditions A and B. It is not the same as "consistency plus stability 

implies convergence" mostly because Condition B requires some analysis or, at 

least, some assumptions about the nature of the exact solution. 

The method for determining the convergence properties of a numerical scheme 

is rather straightforward. By establishing Condition A, one will derive an estimate 

for the rate of convergence of the numerical scheme. 

Theorem 5 (Conditions A and B together imply Convergence) If a method sat

isfies Condition A and Condition B, and 

p~[F~] ~ F 

p~[G~] ~ G, 



then if u· is the exact solution, 

as \~\ ~ o. 

Again convergence follows directly from the definitions. 

\lu· - PA [u] \I < I«\lRu· - RpA[ulIl + \lBu· - BpA[U] \I) 

< I«\lRu· - PARAU + PARAU - RPA[u] \I + 
\lBu· - PABAU + PABAU - BpA[U]\D 

< I«\lF - PAFA\I + \lPARAu - RPA[u] \I + 

\lG - PAGA\I + I\PABAu - BpA[ulID 

~ 0 
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Unlike the traditional convergence theory, the convergence of a method depends 

on the accuracy of the projection operator as well as the accuracy of RA and BA. 

Also, like the traditional convergence theory, the component definitions definition 

3 and definition 4 are more general than is necessary for the convergence proof. 

That is, one only applied RA to a numerical solution and not to an arbitrary 

function on the grid. 

3.4 Gridded Examples 

Properties such as consistency and stability proved to be usedful because they 

could be applied to a wide range of problems and numerical methods. Likewise, 

Conditions A and B are valuable only if they are useful in the analysis of compu

tational problems. As usual, the interesting properties of the numerical methods 

arise from the subtleties of verifying Conditions A and B. 
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3.4.1 Forward Cauchy-Euler 

The first and simplest method for solving the sample ODE in equation (3.2) is 

forward Cauchy-Euler described by equation (3.8) when A = O. On a uniform net 

(At = ti+! - ti), this scheme will generate a sequence of data points on Va: 

x(ti+d - X(ti) + Atj(ti) 

x(to) - Xo (3.10) 

where !(ti) = f(ti). To analyze this problem on V, it is necessary to define a 

prolongation. In this case, the simplest choice is a piecewise linear interpolation. 

(3.11) 

Likewise, ! can be extended up into V by linear interpolation. The prolongation 

of the boundary conditions is trivial since to in Va and t = 0 in V can be mapped 

onto each other with the identity projection. 

To verify Condition A, one computes 

Rpa[x] - paRax _ X(ti+!~~ X(ti) - pa[!] 

- !(ti) - pa[!], t f [ti, ti+d (3.12) 

and trivially 

Bpa[x] - paBax = Xo - Xo = 0 (3.13) 

where R is defined in equation (3.3) and B is defined in equation (3.4). Incorpo

rating information about the original problem, f, into equation (3.12) is crucial 

in establishing the accuracy of method. Of course, equation (3.13) can be altered 

to accommodate errors in the initial conditions, but for simplicity it is assumed 

that they are exact. Furthermore, analysis for a variable time-step method (non

uniform grid) follows exactly as above with At replaced by ti+! - ti. 
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This quantity bears a very strong resemblance to consistency error. Rather 

than measuring the extent to which the exact solutions satisfies the numerical 

method, this convergence property measures the extent to which the numerical 

solution satisfies the exact governing equations. To see that this remainder is 

small, one can estimate its magnitude with the sup norm, II ·11 = sup 1·1. Also, 
t , [0,'1'] 

x might represent the solution to a system of ODEs in which case one could adapt 

II to represent some norm on Rn where n is the number of equations to be solved. 

Since 11111 ~ 11111, a simple application of Taylor's theorem and the mean value 

inequality yields 

(3.14) 

for all t in 1). 

To show that this example problem satisfies the Condition B, it is necessary to 

analyze the actual evolution of an arbitrary function x with respect to the operator 

R. 

Thus, 

x(t) 
t d - J dtx(s)ds+x(O) 

o 
t 

- J R[x(s)]ds + B[x] 
o 

IIx(t)1I ~ TIIRxll + IIBxll· 

(3.15) 

(3.16) 

Since the problem is linear, this is sufficient for satisfying Condition B. In this 

case, there are no restrictions made upon the function x except that it must be 

continuous and differentiable. The linear interpolation described by equation (3.11) 

is different able everywhere and so satisfies this minimal requirement. 

Convergence follows directly. If x* is the exact solution to equation (3.2) and 



X the numerical solution computed using equation (3.8) then 

IIx*(t) - PAx(t)1I < TIIR[x* - PAX] II - IIB[x* - PAX] II 

< TIIRx* - PARAxll + IIpArAX - RPAXIl 

< Tllf(t) - i(t)1I + dt Dot 

< 2TDot 1; 
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assuming T > 1. Thus, this method is first order accurate, and the same result 

would be obtained from the traditional theory. Furthermore, one can use this 

same analysis when i corresponds to a Taylor expansion of f in order to boost the 

accuracy of the method. 

3.4.2 Multistep Methods and The Root Condition 

It is easy to design very accurate methods which are unstable in the traditional 

theory. The continuous theory has no formal allowance for the traditional notion 

of stability except that it often enters into Condition A. In fact, the Lax Equiv

alence Theorem guarantees that stability will enter into the convergence analysis 

at one point or another. For multistep methods, this manifests itself in the root 

condition. That is, a multistep method will be stable if and only if it satisfies the 

root condition. In this section, I will demonstrate that the root condition does ap

pear in establishing Condition A via the prolongation operator. Condition B also 

affects the prolongation operator because Condition B requires the prolongation 

to lie in a space of continuous functions. 

Again, the problem to be solved is equation (3.2). In many ways, the analysis 

of gridded methods with the continuous convergence theory is tedious and has no 

advantages save that it is a new way to view an old problem. However, it can also 

illuminate why analysis of grid-free methods is so difficult using gridded theory. 

A gridded method has a prescribed restriction lending itself easily to traditional 
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theory, but it has no inherent prolongation. Finding a useful prolongation is most 

of the work. For a grid-free method, the opposite is true. There is no natural 

restriction for a gridded method, and therefore it is difficult to apply standard 

definitions of consistency and stability. However, a grid-free method is defined 

in terms of basis functions which are a natural prolongation. Analysis using the 

continuous theory can be applied to the two-step method 

(3.17) 

which approximates R by 

R [~](t.) = 2x(ti+d - X(ti) - x(ti-d 
~ x , 3At . (3.18) 

The definitions of 1 and B~ will not change. The characteristic polynomial of the 

homogeneous difference equation corresponding to this multistep method is 

2r2 - r - 1. 

The first root at r = 1 corresponds to the initial conditions and the second root 

at r = -~ lies within the unit circle guaranteeing stable behavior for the inhomo

geneous difference equation. In short, the difference equation will have a solution 

of the form 

(3.19) 

where xp{t,) is a particular solution to the inhomogeneous difference equation 

(3.17). These aspects of this method are intimate related to Condition A. 

The selection of an appropriate prolongation operator for the Forward Cauchy

Euler method seemed natural, but this is more of an exception than a rule. This 

same linear interpolation will not work for the multistep method in equation (3.17) 

because R~[x] does not appear in Rp~[x] making a substitution impossible. For

tunately, there is some methodology behind the creation of prolongations. To 
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construct a suitable prolongation extending from X(ti) to x(ti+d on the interval 

[ti, ti+l]' The natural choice is a polynomial of high enough order to capture the 

accuracy of the method. From the local truncation error of equation (3.17), one 

would only expect it to have first order accuracy. The natural choice for PA is a 

linear interpolation. 

To be able to ca.ncel the zero order term in the polynomial representation of 

R[PA[X]] - PA[RA[x]], one must require that b = RA[X]. However, this is not 

an interpolation because PA[x](ti+d =I x(ti+d. Thus, it is necessary to find a 

prolongation of the form 

where a is chosen to force PA to be an interpolation. The corrected prolongation 

operator is 

PA[X](t) = ~ (x(ti+d - 2~~t;) + X(t i- d ) (t _ tj)2 + 

2x(ti+d - :f;) -x(ti-d (t - tj) + x(tj). (3.20) 

This prolongation is a continuous interpolation of the data and is easily studied un

der the new framework. In fact, for R = tt' one can create an suitable prolongation 

with the form 

PA[X](t) = "interpolation correction" + t ~R~[x](tj)(t - tj)k + 
k=3 

~RA[RA[X]](t - ti)2 + RA[X](ti)(t - ti) + X(ti) t € [tj, ti+1]' (3.21) 

Some methods such as forward Cauchy-Euler do not require a correction at higher 

orders. For different R operators, a different prescription for finding suitable pro

longations is required. Finally, the coefficient of the highest order is where the root 
, 

condition will playa critical role. 
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In establishing Condition A, the exact cancellations witnessed in the analysis 

of forward Cauchy-Euler will not be achieved. 

R[P~[x]] - p~[R~[x]] = ~ (x(ti+d - 2!~t;) + X(ti- 1
)) (t - ti) _ 

2X(ti+d - X(ti) - X(ti-t} 
36.t 

~ (R~[x](ti+d - 2R~[x](ti) + R~[X](ti-t}) (t _ t o)2 _ 
6 6.t2 I 

2R~[x](ti+d - R~~!(ti) - R~[X](ti-d (t _ ti) _ (3.22) 

R~[X](ti) 

~ (x(ti+d - 2x(ti) + X(t i- d ) (t _ to) _ 
- 3 6.t2 I 

~ (!(ti+d - 2!(ti) + !(ti- d ) (t _ t o )2 _ 
6 6.t2 I 

2!(ti+I) - /(ti) - !(ti-d (t _ to) 
36.t I 

~ (x(ti+d - 2X(ti) + X(t i- d) (t _ to) _ 
- 3 ~t2 t 

~[fl/(ti) + O(6.t)](t - ti? -

[!'(ti) + O(6.t)](t - ti) 

_ ~ (X(ti+d - 2!~t;) + X(t i- d) (t _ ti) + O(6.t) (3.23) 

It is not possible to analyze the first term which corresponds to the correction 

making the prolongation an interpolation by substituting in the numerical method. 

However, the root condition promises that this term is small. The parasitic solution 

corresponding to (-n i is exponentially small as 6.t ~ o. The portion of the 

solution corresponding to the root at r = 1 cancels exactly in the correction term. 

Thus, to leading order, 

(3.24) 

By making the prolongation continuous and differentiable, Condition B is estab-
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Ii shed as before and the method is convergent and first order accurate as established 

by traditional theory. 

Now, I will impress The Reader further by doing something completely stupid. 

I will analyze another two-step method which fails to satisfy the root condition. 

(3.25) 

or 

R [ ~](t.) _ 2X(ti+1) + x(tj) - 3X(ti-t} 
a x , - 5~t . (3.26) 

The characteristic polynomial is 

2r2 + r - 3 

which has roots at r = 1 and r = -~. This method is expected to be first order, 

so the corrected prolongation will be quadratic in t. 

pa[x](t) = (3x(t i+1) - ~~!~ + 3X(ti- d) (t _ ti)2 + 

2X(ti+1) + X(ti) - 3X(ti-d (t _.) ~(t.) 
A t, + x ,. 

5ut 
(3.27) 

To establish Condition A, one can follow the same steps as for the stable method. 

R[Pa[x]] - Pa [Ra [x]] = (6X(t i+d - l~~~t;) + 6x(ti- d ) (t - ti) + O(~t). 
(3.28) 

In this case, the first term is sensitive to the parasitic solution (-~/ though the 

solution Ii is annihilated as expected. And so, for small ~t, the first term in the 

estimate is not small. In fact, it grows exponentially. Thus, the fact that one root 

lies outside the unit disk foils any attempt to establish Condition A. 

This last multistep example will illustrate how marginal instability can rear its 

ugly head. By choosing the coefficients of a two-step method properly, one can 

raise the potential accuracy to second order: 

(3.29) 



66 

or 

(3.30) 

From the prescription mentioned above, a prolongation resulting in a continuous 

and differentiable function is 

(3.31 ) 

I shall formally establish that potential for second order accuracy as well as the· 

marginal instability. After exact cancellations, 

R[PA[X]] - PA[RA[X]] = 
~ (X(ti+2) - 4X(tHd + 6X(ti) - 4X(ti-t} + X(t i- 2)) (t _ t.)2 _ 
8 t1t3 I 

(
RA[X](tH2) - 4RA[X](tHd + 6RA[X](ti) - 4RA[x](ti-l) + RA[X](ti- 2)) (t-t.)3 

8t1t3 I + 
~ (RA[X](ti+2) - 2RA[x](ti) + RA[X](ti- 2)) (t _ t·)2 (332) 
2 4t1t2 I • 

The last term is O(At2) and the middle term is of higher order. The first term can 

not be substituted into the original numerical method, and so it must be analyzed 

in terms of the parasitic solutions. In this case, the solution 1 i corresponding to 

the root at r = 1 cancels exactly. However, the oscillatory solution (_1)i does not 

and results in a It growth in this error estimate. 

3.5 Conclusion 

In this chapter, I discuss the possibility of describing convergence without a 

grid. The gridded examples demonstrate that the continuous theory can be ap

plied to the same problems as the traditional gridded theory. However, unlike the 

traditional notion of convergence, there is no restriction on the discrete domain. In 
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Chapter 4, I shall show that there is a clear advantage to this flexibility in studying 

grid-free methods. 

The principle advantage of this theory is that it characterizes the convergence 

of gridded and grid-free methods in the same general framework. In doing so, it 

generalizes many essential ideas from conventional theory such as the boundedness 

of the numerical solution, the role of initial and boundary conditions, the behavior 

of the system to be approximated and the suitability of certain norms. Also, this 

theory has the advantage that one of the conditions is completely independent 

of the numerical method. The theory divides convergence into one property that 

depends on the method and another which depends on the problem to be solved. 

Finally, this formalism permits investigators to seek stronger norms and such as 

Loo when analyzing Lagrangian methods. 
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Chapter 4 The Convergence of Corrected Core 
Spreading Methods 

4.1 Introduction 

In this chapter, I shall prove that the new core spreading vortex method in

troduced in Chapter 2 converges uniformly to the exact solution of the linearized 

Navier-Stokes equations. As mentioned earlier, Hald was the first to prove that 

vortex methods convergence to the Euler equations in weak norms [15]. The proof 

relied on the incompressibility of the flow to project of vortex positions back onto 

an initial grid. Later, these results were improved by a number of investigators, 

most notably Beale and Majda, using different core shapes to achieve higher accu

racy [4]. They also extended these results to the full Navier-Stokes equations using 

random walk methods to incorporate viscosity, but needless to say, the convergence 

of these methods is stochastic. (For the corrected core spreading vortex method, 

the shape is chosen to permit deterministic diffusion while maintaining self-similar 

blob shapes; the more accurate blob shapes of Beale and Majda lack this feature.) 

Most significantly, Goodman, Hou and Lowengrub proved that the point vortex 

would converge to the Euler equations emphasizing that the regularization induced 

by using vortex blobs is not necessary [13]. More recently, Goodman and Hou 

proved that vortex blob methods converge uniformly to the Euler equations with 

a timely application of the Calderon-Zygmund inequality, but do not extend these 

results to fully viscous flows [12]. While my linearized convergence result is slightly 

weaker than a nonlinear result, it does establish the full uniform convergence to 

the Navier-Stokes equations. Later, I shall demonstrate that the nonlinear prob

lem is a perturbation of the linear problem and therefore the linear result should 

accurately describe the limiting behavior of the corrected blob spreading method. 

Most importantly, my approach to convergence does not rely on projection to 
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grids as do previous convergence results. To prove uniform convergence, I shall 

capitalize on the continuous convergence theory described in the Chapter 3. I 

want to prove convergence without any reference to a grid of any sort be it La

grangian or Eulerian because, for a genuinely general vortex scheme, maintaining 

a representation of any form of a grid can prove to be a considerable task and in 

all likelihood would cast away the advantages of having a geometry independent 

method. Thus, I take the approach that one is given some vorticity field induced 

by an arbitrary collection of vortex elements. The history of the distribution of 

elements is not known, but their future evolution is described by my new vortex 

method. It happens that one can analyze the convergence of this grid-free scheme 

from this point of view without any reference to a grid. 

4.2 The Convection and Diffusion of a Passive Scalar 

The most natural application of a grid-free method is the convection diffusion 

equation 

(4.1) 

where Et = at + (il· '\7). The velocity field il is given. Also, I assume the velocity 

field is incompressible, V . il = O. If w = V x il, then this equation is transformed 

into the Navier-Stokes vorticity dynamics equation. However, I will only discuss 

linear systems in this dissertation, and w will be treated as passive scalar which 

moves and diffuses with a prescribed velocity field. The flow velocity il and all its 

derivatives are known and bounded everywhere. 

While initial conditions cannot be totally ignored, this study will not include a 

thorough investigation of the initial approximation. It is assumed that the exact 

initial conditions, w(x, 0), are known and are at least piecewise continuous. The 

operator Iw(x, t) = w(x, 0) merely projects the vorticity field onto its initial values. 

Also, it is assumed there is some consistent algorithm for assigning circulations to 
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the initial configuration of vortex elements. For instance, if the vortices are initially 

laid out in a grid, each vortex might have circulation equal to the w(x, 0) at that 

point multiplied by the area of each grid cell. This or any other consistent method 

for assigning initial circulations has the property that the circulations are bounded 

as N -+ 00 for the startup configuration. Since circulations do not grow with this 

method, they remain bounded for the duration of the simulation, 0 :::; t :::; T. 

At any time, each vortex element can be thought to occupy a given area, Ai, 

not necessarily related to the core width. At t = 0, this area might be used to 

assign initial circulations. As the flow evolves and elements spread and split, this 

area will move with the flow. Since the flow is incompressible, the Ai'S will never 

grow in area though they may decrease or redistribute themselves due to fission. 

Furthermore, since the flow derivatives are bounded, these regions will retain their 

shapes locally as N grows large and the areas grow proportionally smaller. Later, 

this will be used to justify converting sums to Riemann integrals. 

In studying the convergence of this method, a residual operator emerges, 

(4.2) 

If w* refers to the exact solution and w refers to a computed solution, uniform 

convergence in w means IIw* - wlloo -+ 0 as 1 -+ 0 and a -+ 1. Following Isaacwn 

and Keller [17], convergence is divided into two separate conditions. First, 

(4.3) 

as I -+ 0 and a -+ 1. (Obviously, Rw* = 0 always.) This is called "Condition A." 

It is not quite the same as consistency though it does measure the local truncation 

error because local truncation error is a concept restricted to a discrete set of points 

usually on a regular grid. The other condition is that 

T 

IIw(t = T)II :::; J( J IIRwlldt (4.4) 
o 
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for any w is some class of functions where K is independent of I and cx. This 

condition (Condition B) looks suspiciously like another convergence property called 

stability, but it is not at all the same. In fact, Condition B is solely a property 

of the governing equations and not the numerical method used to solve them. 

By combining these two results and letting w = w* - w, linear convergence is 

established. While one is free to choose any norm for this formalism, this thesis 

shall focus on the LOO norm. 

4.2.1 Condition A 

Conventional treatments of local truncation error are not applicable for a vortex 

method because it is impossible to substitute the exact solution into a difference 

equation representing the numerical scheme. Thus, traditional concepts such as 

consistency do not apply. This problem can be resolved by substituting a numerical 

solution into the residual operator R. 

Combining these terms, one obtains an expression for the residual. 

(4.5) 
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Bounding RW requires detailed analysis in many steps. First, equation (4.5) 

must be approximated by an integral. This integral is an anisotropic regularization 

of terms involving wand the velocity field. This anisotropy is controlled by a 

while the smoothness of the regularization will depend on I. Finally, I found it 

necessary to include an artificial length scale, d ~ IP, to truncate the regularization, 

effectively introducing p into the convergence rate. Fortunately, p will only appear 

in higher order terms and not affect the end result. Following this program without 

this artificial scale may be a valuable result in future investigations. 

The first step in converting equation (4.5) into an integral is to extend the O'i 

into a function O'(x) such that al :::; O'(x) :::; 1 and O'(Xi) = O'i. There are many 

ways to construct this function. One might be to consider that each vortex blob 

position is contained a small region, Ai, as discussed earlier and 0'( x) is piecewise 

constant on these regions. Similarly, ~(x) = ~ on Ai. 

In the limit 1 -+ 0, the function ~(x) -+ w(x) almost everywhere. Unless 

otherwise noted, all integrals are evaluated over the entire real line. There are 

several relationships in addition to equation (2.1) which relate w to convolutions. 

The latter term can be interpreted as a discrete approximation to a continuous 
•• J_ 

integral. While is integral is indefinite, the vorticity field decays exponentially 

fast. Therefore, the sum is taken over a finite area UiAi. There error in this 

approximation is of the order the typical dimension of Ai which is 0 (-dN). Thus, 

ffw(8) (IX-812
) ~(8) (lx-812

) ~ JJ 411'[2 exp - 412 - 411'0'2(8) exp - 40'2(8) ds
100

-

o (~ ) + O(II\7wll, I) (4.6) 
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Now, 

However, the latter term in the exponential is close to unity when Ix - SI is close 

to zero. 

Thus, 

Allowing d = /p where p < 1, the exponential terms decay faster than any polyno

mial in / or a. So, 
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Therefore, 

JJ w(~;lf(S) exp (_Ix ~,S1') d~ 00 -

o (Jw) + O(IIVQII, I) + 0(1 - a 2
). (4.11) 

This can be extended to the residual because the function 

[11(x) - 11(8)] . (.9 - x) 

is locally integrable. Hence, 

D:': = ff Q(8) [lx- 812 ][ ... ( ... ) "'(;;<1] ( ... "')d'" O( 1 ) 
J.tW 11 811"0'4(8) exp - 40'2(8) U X - U s, . s - x s + -IN 

- 11 8:;~8) exp [_1:0'~(~2] [11(x) - 11(8)] . (.9 - x)d.9 + 

o (Jw) + O(IIVQII, I) + 0(1 - a 2
) (4.12) 

While IIQII and IIVQII are bounded initially, nothing in this analysis asserts that 

their evolution is well behaved in the limit as a ~ 1 and I ~ o. However, similar 

analysis verifies that these two quantities are bounded as the numerical method 

converges. These issues are addressed in the appendices. Thus, for the rest of this 

section, it is assumed that the vorticity field and its gradients are bounded as the 

numerical parameters approach their limiting values. 

Now, it is possible to analyze the residual operator. 

IIRWlloo = 

I W~<d + Jl~>d) 8:;~S) exp [_I:I7:(~'] [il(X) - il(S))· (s - X)d~ + 

o (Jw ) + O(IIVQII, I) + 0(1 - a2
) 

The contributions to the residual are localized about x and the effects from .9 > d 

decay exponentially. Furthermore, the integrand for x < d can be decomposed 
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into isotropic (0" = I) and anisotropic (0" varies in space) parts outside of the 

exponential. The expression Dil is the matrix of partial derivatives of il and IIDilll 

is induced operator norm on Loo. 

The localization of the. integral justifies a Taylor expansion of the vorticity field 

within the first term of equation (4.14). The second term can be bounded in terms 

of the vorticity field and the flow deviations. 

IIRWlloo ~ /tB1<d ~~~1 exp [_1:0"~(~2] [il(x) - il(8)] . (s - x)ds + 

rr V'Q(e}.(s-x) [_IX-.9I 2
] [-«-<)_ -(0'1].(-<_ -<)dJ + 

JJIB1<d 871"14 exp 40"2(8) U x U 8, 8 x 81 

IIw1l1lDil1l8:14 1 :4
a4 

/tB1<d Ix - SJ 2
exp ( _Is ~1:12) ds + 

IIw~~i111 [(1)' + 4] exp H (1) '] + 

o (~) + O(IIV'QII, I) + 0(1 - ( 2
) (4.15) 

Within the first term of equation (4.14), the exponential can also be decomposed 

into isotropic and anisotropic parts. The anisotropic exponential is close to unity 
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when a is close to unity as expected. 

IIRWlloo ~ /tB1<d ~~~1 exp [_Ix ~2S12] exp [_Ix ~2S12 ([2 ~2(~(Sj)]. 
[u(x) - u(Sj] . (8 - x)dS11 + 
f f Vw(() . (8 - x) [_Ix - S1 2

] [--( --) _ --( 9)] . (-- _ --)dJ + 
JJIB1<d 87r14 exp 4u2(8) U x U s S x 81 

IIwllllDiilll ;;4 {4 - [ W 2 +4] exp [-H~),]} + 

IIw~~iill [(~)2 +4] exp H (~)2] + 
o (Jv ) + O(IIVwll, I) + 0(1 - ( 2

) (4.16) 

The anisotropic exponential in the first term of equation (4.16) can be approxi

mated by 1 plus a small error which is bounded by the second term of its Taylor 

expanSIOn. 

Finally, the velocity field is linearized about x in the first term. The remainder is 
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bounded in terms of Hit, the Hessian. 

Since the fluid is incompressible, Dit has zero trace. Therefore, the first term of 



equation (4.18) is zero. 

IIRWlloo ~ 3l1wll~Hull {2v'ii'1- [~l exp [-H~)'] -
2dexp H W'] -2v'ii'lexp [-H ~)']} + 

IIwllliDull(l ;","') W' {4 - [W' +4] exp [-H ~r]} + 

311 Vw~ II Dull {2v'ii'1 - [~ 1 exp [-H~)'] -
2dexp H (~r] -2v'ii'1 exp H ( ~r]) + 

IIw~~ull {4 [1 + ,,' + (~) '] (1- ",) + 
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[". -W' (1 - ",)] [W' + 4] exp H (~)']) + 

(4.19) 

If d = /p where p < 1 then all but a few of these terms decay faster than any 

polynomial in 1 as 1 ~ O. The remaining terms are the true rate of uniform 

convergence for the corrected core spreading vortex method. 

IIRWlloo ~ 0 (IN ) + O(lIwll, /) + O(IIVwll, 1) + O[lIwll, (1 - ( 2
)] + 

O[lIwll, (1 - ( 2 ), 12(p-l)] (4.20) 

The artificial length scale d only enters into the fourth term which is of higher order 

than the previous three. While IIwll and IIVwll are bounded initially, nothing in 

this analysis asserts that their evolution is well behaved in the limit as a ~ 1 and 

I ~ O. However, similar analysis in Appendices A and B verifies that these two 

quantities are bounded as the numerical method convergesj. Thus, one concludes 
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Theorem 6 (Condition A) Ifw is a solution to equations (2.1},(2.2) and (2.3) 

with a suitably stable fission scheme to maintain a core sizes between al and I then 

the residual operator is at most 0(1) + 0(1 - ( 2 ) for large values of N. 

4.2.2 Condition B 

In this section, it will be shown that any function can be uniformly bounded 

in terms of its response to the operator R. To facilitate this result, a new operator 

is defined: 

t 

L(t)f(x(t), t) = -v J \12 f(x(s), s)ds (4.21 ) 
o 

where x is the position of a Lagrangian particle moving with a velocity u(x(t), t). If 

L(t) is restricted to a class of functions such that the function and all its derivatives 

are smaller than M, then L(t) is bounded by vMT in the operator norm induced 

by Loo. By establishing a relationship between wand Rw along Lagrangian tra

jectories, it is possible to obtain a uniform estimate. 

w(x(T), T) - e-L(T)eL(T)w(x(T), T) 

- e-L(T) [1 ~ eL(t)w(x(t), t)dt + w(x(O), 0)] 

- e-L(T) [1 ~eL(t)w(x(t), t)dt + BW(X)] 

- e-L(T) {I eL(t) [~~ (;(t), t) - v'V"w(;(t), t) 1 dt + Bw(x) } 

- e-L(T) [1 eL(t) Rw(x(t), t)dt + BW(X)] 

T - J eL(t)-L(T) Rw(x(t), t)dt + e-L(T) Bw(x) (4.22) 
o 
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Thus, for any initial position, 

Iw(x(T), T)I :0; e"MT [[IRw(X(I), 1)ldl + IBW(XlI]. (4.23) 

This pointwise estimate can be extended to yield the desired result. 

Theorem 7 (Condition B) For any function w with two continuous derivatives, 

IIw(x(T), T)II~ < e"MT [[IIRw(X(I), 1)II~dt + IIBW(XlII~]. 

4.2.3 A + B =} Convergence 

Combining Theorems 6 and 7, one obtains a uniform convergence estimate. 

From Theorem 7 and the linearity of Rand B, 

IIw(x(T), T) - w*(x(T), T)lIoo ~ 

e"MT [[IIRW(X(I), I) - Rw·(x(t),t)lI~dt + 1I/';;(x) - BW.(X)II~]. (4.24) 

But, Theorem 6 asserts 

IIw(x(T), T) - w*(x(T), T)lIoo ~ 

e"MT [[[0(1) + 0(1 - a')dt + 1I/';;(x) - BW.(X)II~]. (4.25) 

Assuming that one is using a convergent scheme for approximating the initial 

conditions which is at least 0(1), 

Theorem 8 (Convergence of Improved Core Spreading Method) Assum

ing there existed an exact solution to equation (1.1) which is twice differentiable, 

the solution to equations {2.1}, {2.2} and (2.3) with a suitable fission algorithm will 

converge to this exact solution and 

IIw(i(T), T) - w*(i(T), T)lIoo ~ 0(1) + 0(1 - ( 2
) 

for t ~ T. 
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While this convergence rate appears modest, it is stronger than previous results 

in many ways. Previous findings are limited to velocity fields at particle positions. 

Convergence of the vorticity field itself is substantially weaker, and again, is only 

measured at particle positions. The above analysis determines a rate of convergence 

which is applicable to the vorticity field itself in the far stronger uniform norm. Of 

course, this result can be extended to the velocity field without loss of accuracy. 

4.3 Examples 

First, I return example concerns the evolution of a single Gaussian blob from 

Section 2.4. Using this analytical solution, one can measure the uniform field error 

in numerical simulations to demonstrat.e the linear uniform convergence estimate 

from the previous section. 

In the uniform error estimates of Section 4.2, they order of accuracy is actually 

determined to be O(IIDitlll) + ... rather than just 0(1) + .... Viscosity does not 

enter into the error estimate because the corrected core spreading method solves 

the diffusion equation in the moving frame exactly. While it is not a numerical 

parameter it can be determined analytically and used in flow computation. This 

raises two issues. First, one could augment the fission process by allowing 1 to 

vary spatially with Dit like IIDitlll = f where f is the new convergence parameter. 

Second, one could use fission in an Euler code by allowing particles to split based 

on some measurement of strain during its evolution. 

For this particular problem, a precise measurement of the uniform field error 

can be determined relative to the exact solution 

w(x, t) = 471"(0.225+ O.lt) exp ( - 4(0.2~x~ O.lt)) . (4.26) 

Since I is fixed, one expects a linear profile in 1-a2 • In Figure 4.1, my results agree 

with this expectation. Variations at larger values of 1 - a 2 might be attributed to 

fission error. 
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Figure 4.1, Uniform field error as a function of 1 - a 2 for a = 0.7, 0.725, 0.75, 
0.775, 0.8, 0.825, 0.85, 0.875, 0.9 (solid) and a least-squared linear fit (dot-dashed) 
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To approach a problem with no analytic solution, such as the two monopole 

interaction from Section 2.4, one must use the most accurate computation as a ref

erence, but one can still confirm the convergence rate. As in the first example, the 

parameter 0' controls the relative accuracy of the method in the merging monopole 

problem. Since there is no analytic solution available, the uniform error is com

puted relative to the highest accuracy run at 0' = 0.9. Still, the theory predicts 

a linear convergence in (0.9)2 - 0'2 to this reference field and this is observed in 

Figure 4.2. 

4.4 Conclusion 

In the first vortex method convergence proof, Hald points out that any different 

between consistency from stability for a vortex method is "artificial" [15]. Indeed, 

one might argue that Hald was hampered by an. inadequate general theory. I 

have attempted to remedy this problem by rephrasing convergence in terms of 

concepts accessible to grid-free methods. Most importantly, the estimates obtained 

through analysis of Condition A have been verified in nontrivial examples with 

measurements of the uniform error. 

In proving linear convergence for this new method in Loo, a full nonlinear 

uniform convergence proof introduces itself as the next challenge to investigators. 

Nonetheless, linear convergence is still a useful result. Since uniform convergence of 

the vorticity field implies uniform convergence of the velocity field, one could view 

the full nonlinear residual operator as the linear theory R with a small perturbation 

as numerical parameters approach their limiting values. 

Finally, even for inviscid computations, lIou, Lowengrub and Shelley have 

demonstrated the importance of splitting vortex elements to prevent the method 

from losing accuracy in finite time. As mentioned earlier in Section 4.3, it may be 

possible to adapt fission to inviscid flows by computing flow deviations. 
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Figure 4.2, Uniform field error as a function of (0.9)2 - a 2 for a = 0.7, 0.725, 0.75, 
0.775, 0.8, 0.825, 0.85, 0.875, 0.9 (solid) and a least-squared linear fit (dashed) 
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Chapter 5 Wall Bounded Calculations 

5.1 Introduction 

While vortex methods are efficient, accurate and even elegant in many cal

culations, the lack of analytical vorticity boundary conditions is a major snag in 

computing wall bounded flows. The standard approach is to rely upon the velocity 

boundary conditions, no-slip and no normal flow, to compute the flow correctly. To 

my knowledge, most researchers satisfy the no-slip and no normal flow boundary 

conditions separately [5] [18] [25] [1]. 

Chorin observed in his original paper on slightly viscous flows that any slip 

along a boundary can be corrected by vorticity injection [5]. Of course, it is 

difficult to determine where to inject vorticity save that it should correspond to a 

thin layer near the boundary. The conventional strategy is to add an irrotational 

flow to satisfy no normal flow conditions on the boundary. Then, the slip along 

the boundary is used to determine how much vorticity to inject into the flow. The 

injection procedure is usually coupled to the diffusion scheme so that vorticity 

diffuses out of the boundary. There are many weakness to this scheme. 

One flaw in this method is that the no-slip condition will be satisfied only as the 

boundary layer thickness goes to zero. Also, this method is very local and ignores 

global constraints. The injection of vorticity over one part of the boundary based 

solely on the local slip could alter the normal or tangential flow over another part 

of the boundary. I have not found in literature any reference to an investigator 

measuring slip and normal flow velocities at the boundary when using this method, 

and it is never clear that the procedure will converge to the correct zero flow 

boundary condition in some limit. Measurements of these velocities might be useful 

in establishing how well these methods work for wall bounded flows. Anderson, 

Quartapelle and Valz-Griz elucidated these criticisms formally by determining an 
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integral constraint on vorticity diffusion for flow in the upper half-plane [1] [22] 

[23]. Later, I shall describe how my numerical method for directly satisfying both 

no-slip and no-normal flow simultaneously imposes nonlocal interactions along the 

entire boundary also. 

Rather than follow this conventional strategy, I chose to inject the amount of 

vorticity which would correspond to no-slip on the surface. For a finite boundary 

layer thickness, this will not correspond to the same amount of vorticity as the 

slip based method of Chorin and many others. However, since a core spreading 

method approximates equation (1.1) without operator splitting arguments and the 

vorticity boundary conditions are completely unknown, it is important to satisfy 

velocity boundary conditions simultaneously. The procedure by which vorticity is 

injected is still important, but the weighting scheme is different. 

Finally, I will not consider geometry-specific methods, such as the method of 

images or conformal maps, because I want to develop a general method for any 

configuration of walls. Any boundary which can be approximated by a number of 

flat plates arranged in space is worthy of consideration, and I will refer to plates 

alternatively as "wall elements" or "finite element" in order to combat literary 

fatigue. Since it is impossible to impose a continuum of constraints with a computer 

program, the strategy will have zero average velocity along each finite wall element. 

Thus, no normal flow becomes a "no flux" condition and no-slip becomes a "no 

circulation" condition. With this weaker constraint, the local velocities on the wall 

will be pointwise small and they will converge to zero as the wall length goes to 

zero. The smoothness of the velocity fluctuations will be functions of the average 

core size of elements in the flow. 
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5.2 Line Sources and the No Normal Flow Condition 

In this section, I introduce a new computational element called line sources. 

Line sources are mass point sources spread along a continuous line segment. The~e 

elements have many advantages including the fact that the singularity in the in

duced velocity field is considerably weakened. 

For certain flow geometries, it is convenient to solve Poisson's equation where 

the boundary conditions are normal flow velocities at distinct points on the bound

ary. This is analogous to adding point sources at discrete points on or near these 

distinct boundary points. For arbitrary boundaries, it can be hard to apply these 

methods with packaged routines. However, one can easily enough place mass 

sources on points around the boundary and solve a linear system constraining 

their strengths to achieve the same result. 

The greatest weakness of such a system is that the flow velocity is singular, 

rather than zero, near the boundary. One can justify this by noting that these 

singularities occur at only a finite number of points along the boundary. Neverthe

less, one can expect infinitely bad velocity variations in a vicinity of the boundary. 

Moving mass sources away from the boundary can make the linear system very 

stiff. As a general scheme, methods involving singular mass sources can be very 

difficult to manage. 

To analyze line sources, one must consider arbitrary geometries because each 

line source will lay on top of each boundary element. In fact, each boundary 

element can be identified with a line source. Since wall elements can be rotated 

with respect to the coordinate system in which the flow is to be computed, at 

times it is helpful to analyze wall elements in a coordinate system local to the 

wall element. To begin, I assume that each finite element has length Ii, inward 

normal ni = [:f] and position xi = [::]. Consequently, the tangent vector shall be 

defined as ii = [~!f]' Now, I shall define a local coordinate system in which the 
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origin is the position of the wall element. Indices will not be used when interaction 

between finite elements is not important. The vertical direction fj shall be the 

direction normal to the wall Tt, and the horizontal direction, it shall be along the 

wall in the direction of i. Consequently, velocities in the local reference frame shall 

be denoted fi = [~]. 

The local velocities induced by a uniform distribution of sources places along 

a boundary element can be computed as 
r 
2 N 

m J x-s 
it - 271" (it _ x)2 + fj2ds 

_1 

(5.1) 

2 

and 

(5.2) 

The resulting velocity field is finite in the vertical direction and singular though 

integrable in the direction tangent to the wall. 

The velocity field induced line source elements is irrotational just like fields 

produced by conventional methods, but they lack the disadvantages of having 

infinite velocity deviations near the boundary and being boundary specific. Thus, 

using continuous line sources, I can satisfy zero flux conditions near each boundary 

element. As the length of each boundary element goes to zero, the exact velocity 

boundary conditions will be satisfied. 

5.3 The Dreaded No Slip Condition 

Satisfying the no-slip condition is a more difficult matter. The fact that vor

ticity is produced at boundaries and either sheds or diffuses into the flow has long 
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been observed. Indeed, the no slip condition and viscosity interact closely at the 

boundary to produce a vorticity flux. In two dimensions, the action of viscosity 

both produces vorticity (near walls) and diffuses vorticity (away from walls). Sim

ply injecting the an appropriate amount of vorticity into the flow to satisfy the no 

slip condition will not suffice as a unique solution since the point of injection is 

not uniquely determined without further physical insight. 

In [6], Chorin observes that while it might not be clear where to inject vorticity, 

it is possible to compute how much vorticity to inject. Suppose one uses a vortex 

method on a bounded flow and, after adding an irrotational flow, finds that there 

is a slip velocity, Uo along a wall. If one could guess the thickness of the boundary 

layer near the wall, 0, the injected vorticity field must satisfy the simple relation 
6 J w{x, y)dydx = uo· (5.3) 

o 

So, given some vorticity field near a wall, it can be scaled to cancel the slip induced 

by the vortices and the irrotational flow. Chorin advocated the use of sheet vortices 

rather than vortex blobs to satisfy this boundary condition. The strength of these 

sheets is completely determined by equation (5.3) and the injection distance. These 

sheets would diffuse and convect in this narrow boundary layer. If they drift a 

certain distance from the boundary, they become vortex blobs again and participate 

normally in the free flow away from the wall. 

The general strategy for finding the vortex strengths near the boundary is a 

good one. Others have used equation (5.3) with different injection techniques such 

as elliptical blobs or ordinary vortex blobs placed close to the boundary [27] [10] 

[18] [26]. Since the vortex sheet method requires many assumptions about the 

behavior of the sheets within possibly complicated boundaries, I chose to use a 

number of vortices with the same circulation rather than a sheet to satisfy the no 

slip condition. 

The placement of a number of vortices near the boundary requires further 
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consideration. Vortex injection can be likened to a flow which alternates between 

inviscid and viscous modes. Since no slip is satisfied only at discrete moments in 

time, each finite element is responding to small slip velocities every time vorticity 

is injected. At each injection step, a new boundary layer is created independent 

of the existing flow. Large time steps would create crude thick boundary layers 

over each finite element. As this time step grows small, the created boundary 

layer would be thinner. However, boundary layers created earlier would already 

be responding to the actions of diffusion and convection. Intuitively, one would 

expect this approximate boundary layer to approach the exact form as the time 

step grows small. 

To hazard a guess at the form of this boundary layer, I consider the problem 

of an infinitely long plate which is subjected to a flow which accelerates from 

zero velocity to velocity Uo in a very, very short period of time. The resulting 

unidirectional flow provides insight into the thin distribution of vorticity over a 

finite element during the period between vorticity injections. If the velocity over 

the finite element is uniform and the boundary layer is thin compared to the length 

of the finite element, this is a good approximation. 

Since the flow is confined to the upper half plane and is unidirectional, equation 

(1.1) reduces to 

8tw(y, t) = v8yyw(y, t) (5.4) 

with the initial condition w(y, 0) = -8(y) and the constraint from equation (5.3). 

The solution to this problem is 

w(y) = - ~exp (-::t)' (5.5) 

along with the condition that u = Uo as y ~ 00. While this boundary layer has 

infinite thickness, the exponential decay of equation (5.5) and the concentration 

of vorticity near the boundary for small t has all properties I desire for the finite 

element problem. 



91 

One final problem is that, while equation (5.5) is a desirable form for a vorticity 

injection distribution, it must be constructed out of vortex elements of some form 

whether they be they point vortices, Gaussian blobs or vortex sheets. I choose to 

use a series of Gaussian blobs near the boundary for the remain consistent with 

the unbounded vortex method. The fact that equation (5.5) is zero for y < 0 is a 

major obstacle. Placing a Gaussian blob on the boundary would inject vorticity 

inside and outside the boundary. I conclude that the best way to solve this problem 

was to place Gaussian blobs far enough from the boundary so that they will have 

sufficiently decayed at the boundary. As mentioned earlier, the goal is to satisfy the 

no-slip condition rather than inject the right amount of vorticity. As the time step 

goes to zero, both of these methods amount to the same thing, but realistically, 

one cannot expect the latter to satisfy the no-slip condition. Likewise, one cannot 

expect this new method to inject the proper amount of vorticity. 

At regular time intervals corresponding to t, an array of vortex elements is 

placed along each to boundary element to approximate equation (5.5). For a flat 

plate, in the limit as this time interval grows small and large number of vortex 

elements are injected, this solution will approach the exact solution to equation 

(1.1) along the plate. Likewise, if many of these plates were used for a smooth 

surface, this approximation would satisfy the appropriate boundary conditions 

along its length. 

Example 3 One-dimensional array oj injected vortez elements: One 

could attempt to approximate equation (5.5) with a single vortex sheet. Here, 

vt = 1. If a large number of vortex elements were in;'ected close to a fiat plate, this 

procedure would resemble the vortex sheet methods of Chorin and Sethian. How

ever, since our method is local and geometry independent, there are no allowances 

made for elements "above" or t1Jelow" the sheet (see [5}). The sheet circulation is 

scaled to cancel any boundary slip due to an external flow. The result is that the 
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Figure 5.1, Vortex sheet with (T = 1.0 is injected near a wall inducing the velocity 
field on the right. The exact (upper) and approximate (lower) vorticity fields are 
displayed on the left as a function of distance from the wall. 

velocity boundary conditions are satisfied on the plate, but the velocity field over

shoots the correct outer flow. This is physically unrealistic and not an accurate 

approximation of equation (5.5) as seen in Figure 5.3 or Figure 5.3 regardless of 

the width of the sheet. 

Example 4 Two-dimensional array of injected vortez elements: To more 

accurately approximate equation (5.5) a two-dimensional array of vortex elements 

can be injected. If a large number of elements are used in the direction parallel 

to the plate, this approximation corresponds to a one-dimensional array of vortex 
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Figure 5.2, Vortex sheet with O" = 0.5 is injected near a wall inducing the velocity 
field on the right. The exact (upper) and approximate (lower) vorticity fields are 
displayed on the left as a function of distance from the wall. 

sheets. However, unlike the single sheet example, the overshoot problem can be 

resolved without explicit reference to "above" and "below" the sheet. This is be

cause the distribution more accurately approximates equation (5.5) and therefore 

its induced velocity field which does not overshoot the external flow velocity. In 

this example, an array of 10 sheets are injected uniformly from y = 0 to y = 5 

obtaining less overshoot as illustrated in Figure 5. 3 

This method has several attractive features. First, it provides a consistent 

means for injecting vorticity as the time step grows small. Second, the distribution 

derived in equation (5.5) can be adapted to other forms of vortex elements such 
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Figure 5.3, Approximate solution of unsteady Rayleigh problem created by vortex 
elements placed in a regular array from y = 0 through y = 5 with er = 0.2. 

as vortex sheets or other functional varieties of blobs. Finally, the boundary layer 

is created based on properties of the fluid rather than the flow, and there are no a 

priori assumptions made about the nature of the flow around the boundaries as a 

whole; I only assume that each finite element is flat. I expect that the accuracy of 

this method of placement increases as the time step grows small and the accuracy 

of the injected configuration grows. 
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5.4 Simultaneous Boundary Conditions 

To correctly constrain a bounded flow, it is necessary to satisfy no slip and no 

normal flow at the saThe time. Early investigations employ an operator-splitting 

argument to justify this incongruity. Also, it may be possible to decouple the two 

boundary conditions for simple geometries such as a flat plate, so that it is possible 

to constrain the velocity field in two separate steps without one affecting the other. 

However, in most geometries, this is not the case. 

In addition to balancing flux and circulation locally, each vortex blob and line 

source will induce some flux and some circulation on every other boundary element. 

If there are B wall elements, there are 2B equations constraining the flow field. 

To solve this system, there are 2B parameters, B injected vortex formations and 

B line sources. As discussed previously, many vortices can be injected near a 

single wall element. For instance, earlier I introduced the idea of injecting a row 

of vortex elements along a wall element with certain desirable properties based on 

the Rayleigh problem. The total circulation of these vortices is a single parameter 

to be constrained by the boundary conditions while the relative distribution of the 

circulation between these elements is determined by physical considerations. Since 

each line source is superimposed on a finite wall element, I shall denote the source 

strength, mi, of each line element with the same subscript as the line element. 

That is, each wall element has a normal, ni, a tangent, ti and a line source with 

strength mi. For the remainder of this thesis, flux shall be the flux of material into 

the domain J 11· ni and circulation will be oriented in the tangent direction J 11· ti. 
To constrain the velocity field, one must compute the coefficients of the linear 
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B 

L mjaij + 'Yinjjbij - -Ii 
j=O 

B 

L mjCij + 'Yinjjdij - -ri 
j=O 
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(5.6) 

(5.7) 

where aij is the flux induced by line source j across wall element i, dij is the 

circulation induced by vortex blob j on wall element i, and so forth. The net 

flux, Ii, is generated by vortex blobs in the system (which are not to be confused 

with the newly injected vortices whose strengths have yet to be determined) across 

element i. Likewise, ri is the net induced circulation from vortex blobs. One can 

easily implement blowing and suction through boundary elements by adding an 

offset value to Ii. One can also have a net circulation across a boundary element. 

Applications of this feature might be found in simulating a rotating cylinder. 

5.5 Evaluating Vortex Induced Fluxes and Circulations 

Computing the flux and circulation induced by each vortex blob across each 

wall requires numerical integration because the integral of it· it from equation (2.2) 

has no known analytic solution over a finite domain. While the unit normal and 

tangent vectors orient the finite element in space, it is still necessary to differentiate 

between the two endpoints on the boundary element to properly evaluate the line 

integrals corresponding to net flux and circulation. If the unit normal points 

upward, I shall designate these endpoints as Left and Right. With this orientation, 

all line integrals will be evaluated from Left to Right (apologies to those who read 

Hebrew). 

One can exploit the geometry of symmetric blobs and apply the Divergence and 

Stokes theorems to simplify computations of flux and circulation. For instance, if 

O t -l(YLeft-Yi) 
Left = an 

xLeft - Xi 
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and 

(} t -l( YRight - Yi) 
Right = an 

XRight - Xi 

then 

dij - J 11· ii 
ORight r(O) (2) 
J J 47r

1
0'1 exp ~:l sdsdO 

OLe!t 0 

ORight [ (-r(O)2)] J 1 - exp 2 dO 
40'i 

OLe!t 

ORight ( (0)2) 
= (ORight - OLe/t) - J exp -:O't dO 

OLe!t 

(5.8) 

which can be evaluated numerically. Since it is common to inject a formation of 

vortices, rather than a single vortex element, several integrals of this form may 

need to be evaluated and weighted appropriately to determine a single dij. 

Similar simplifications can be made for the flux computation. Since the flow 

is incompressible, the inward flux through the wall element can be equated to the 

outward flux along the edge of the wedge-shaped area. One is further aided by 

the fact that the unit normal along this edge is aligned with the induced velocity 

vector of the vortex element. Allowing 

and 

r~ight = (XRight - Xi)2 + (YRight - Yi)2 

permits one to use incompressibility along with the Divergence Theorem to deter

mine bij. 

TRight 1 (2) J 47rO't exp 4:t ds 
TLe!t 

(5.9) 
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This, too, can be evaluated numerically without further regard for the orientation 

of the element. 

5.6 Computing Wall Element Interactions 

Analytic solutions exist for flux and circulation quantities induced by a line 

source. The calculations are complicated and the orientation of each wall/line 

source pair is important. 

In equation (5.6), the diagonal terms aii are equal to ! simply because half of 

the line source output passes into and half passes out of the domain. For equation 

(5.7), Cii = 0 because the field induced by a line source is irrotational everywhere. 

The strategy for evaluating these integrals is to parametrize a curve along wall 

element j and compute the induced flux and circulation induced by element i. The 

lengths of these walls shall be referred to as Ij and h, respectively. Therefore, a 

parametric equation for the position of wall element j is 

--() -- .. x s = Xj + stj. 

The linear transformation which will carry vectors in the standard basis to vectors 

in the local frame of wall element i is 

z = [nf -nil nq: n!! • , , 

Shifting the parametric equation into the local coordinates of wall i, yields 

(5.10) 

Consequently, 

x - A+Bs 

fj - C + Ds (5.11) 
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where 

A - (Xj - Xi)n~ - (Yj - Yi)n~ 

B - ni n j + ni nj 
y y x x 

C - (Xj - Xi)n~ + (Yj - Yi)n~ 

D i j i j (5.12) - nxny - nynx' 

In this local frame, allowing fi to be the velocity field induced by line source i 

described by equations (5.2) and (5.3), 

~ 
2 

aij - J fi· Znjds 
,-

_:1.. 
2 

~ 
2 

- J (-Du + Bv)ds (5.13) 
,-

_:1.. 
2 

~ 
2 

Cij - J fi· Zijds 

=!i 
2 

~ 
2 

- J (Bu + Dv)ds. (5.14) 
,-

_:1.. 
2 

The problem is now reduced to integrated logarithms, J u, and arctangents, J v, 
along quadratic paths. 
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Applying equation (5.2), the former becomes 

!i 
2 

J ilds -
I' -1-

[. 
In[(A + Bs - ~? + (C + DS)2]ds 

!i 

- 4~ j In[(B2+D2)s2+2(GD+B(A+~)s+(A+~?+C2]-
I' -1-

Therefore, finding J il reduces to evaluating 

!i 
2 J In[(B2 + D2)s2 + 2(CD + BA)s + A2 + C2]ds (5.16) 
I· -1-

where A is either A + ~ or A -~. In the most general cases, one would locate 

all roots of the quadratic polynomials and integrate with care. However, these 

quadratic polynomials merely represent the Euclidean distance from a point on 

wall element j to either the left or right endpoints of wall i, respectively. A root 

corresponds to a meeting of the two wall elements. In any realistic configuration, 

a point of contact will only occur when the left edge of one wall element touches 

the right edge of another wall element. Therefore, if there is a singularity, one can 

only expect to find it at the endpoints of the interval of integration. Furthermore, 

it is certain that such a root is a double root, as no line can pass through the same 

point twice. 

Assuming that neither endpoint is a singularity, the integration of equation 

(5.15) is routine but tedious. First, it is simpler to specify temporary variables to 



ease the notation. 

b - 2(CD+BA) 

Then, equation (5.16) can be rewritten as 

~ 
2 J In(as2 + bs + c)ds. 

/. _:1. 
2 

101 

(5.17) 

Integrating logarithms of quadratic polynomials requires knowledge of the sign of 

the discriminant. In this case, q = 4ac - b2 will evaluate to 4(AD - BC)2 which 

is always positive. 

~ 
2 J In(as2 + bs + c)ds -

/. 
-f 

b 
(s + -)In(as2 + bs + c)-

2a 

~ 
v'4ac - b2 tan- l ( 2as + b ) 2 

a J4ac - b2 _~ 
2 

(5.18) 

While the cost of this computation may appear high, it is only computed once if 

the boundary is stationary, and the number of boundary elements is usually much 

smaller than the number of vortex elements. 

Surprisingly, a singularity on the interval is simpler to compute than the pre

ceding calculation. Without loss of generality, let us suppose that the right edge 

of element i (s = ~) touches the left edge of element j (s = -¥). In this case, the 

latter term of equation (5.15) would be evaluated using equation (5.18). But, the 

first term can be simplified. 

In this case, the parameter value s = -~ is a double root of as2 + bls + C2. So, 



equation (5.6) can be rewritten as 

~ 
2 

/ In(as2 + bs + c)ds -
_!.i 

2 

The same result is obtained if the root is located at s = ~. 
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(5.19) 

What remains is to integrate equation (5.3). In terms of the parametrized 

equations for i, this equation evolves into 

!.i !i 

/

2 -d = m /2 [ -1 (A+BS+~) _ -1 (A+Bs-~)ld 
V s 271' tan C + Ds tan C + Ds s 

/. /. _:.I. _:.I. 

(5.20) 

2 2 

for which, despite the fact that arctangent is a nice integrable function, there are 

many special cases which are enumerated below: 

1. If C = D = 0 (or in other words y = 0), then J v = 0 under the assumption 

that no wall elements overlap with the exception of individual endpoints. 

2. If D = 0 and C -=I 0, then equation (5.20) can be evaluated using 

~ ! tan-I (A~BS) ds = 
_:.t 

2 

A -1 A + Bs C Bs + A !f ( -) ( -) [( -)2] s + B tan C - 2B In 1 + C I_!f (5.21) 

where A is either A + ~ or A - ~. 

3. If the numerator and denominator have roots for the same value of s, it must 

necessarily occur at either endpoint of the region of integration because the 
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numerator and denominator correspond to displacements from either the 

left or right endpoint in the local coordinates of wall element i. Without 

loss of generality, one can assume that the left endpoint of wall element j 

(s = -~) makes contact with the right edge of wall element i corresponding 

to the second term of equation (5.20). In this case, this second term is 

constant because wall element j radiates away from this edge. So, the 

endpoint singularity can be disregarded and the value of the integrand can 

be evaluated at any other value of s. Hence, the second term of equation 

(5.20), in this special case, is 

~ 

m j2 tan-1 (A + Bs - ~) ds = mlj tan-1 (A + (B - 1)~) .(5.22) 
271' I_ C + Ds 271' C + D~ 

-f 

Here I choose to evaluate s at the right endpoint of wall j. 

4. If the denominator has a root for a value of s which is not a root of the 

numerator, the integration can be carried out normally. Integration of 

equation (5.20) can be accomplished using integration by parts. Since the 

singularity occurs at s = -£-' the integrating factor should be chosen to be 

(s+£-). 

( 
f -%) (..1+BS) _{ + J tan-I C+Ds ds= 

( C) -1 (..1+ BS) If 1-% 
s + D tan C + Ds -~ -f -

;J. -15 [ 2]-1 
/

2 / ( C) (A+BS) (BC-AD) 
( 

I- C) 
_~ + -'f s + D 1 + C + Ds (C + Ds)' ds. 

(5.23) 



Thus, the singularity is integrable. 

J~ _l(A+BS) ( G) _l(A+BS)!J-
/. tan G+Ds ds= s+ D tan G+Ds I-!J--

_:L 
2 

[
BG - AD] 
(G + Ds)2 ds 

= (s + ~) tan-
1 (~: ~:) I~f -

i 
BG-AD /2 (G+Ds) d 

D /. (G+Ds)2+(A+Bs)2 S 
_:L 

2 
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Once again, the individual terms in the denominator correspond to dis

placements in orthogonal directions (see equation (5.11)). Since we are 

examining the case where these two are not zero for the same value of s, 

this function has no singularities. Again, it is helpful to define temporary 

variables 

b - 2(AB+GD) 

(5.24) 

Once again, the discriminant q = 4ac - b2 has the good taste to be q = 
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4(AD - BC)2 and thus always positive. 

Jf (A+BS) (C) (A+BS) !i ,. tan-I C + Ds ds = s + D tan-
1 

C + Ds I~f-
_:.t 

2 

!i 
BC - AD J2 C + Ds ds 

D as2 + bs + c ,. 
-f 

= (. + ~) tan-I (~! ~:) I~~-
BC - AD(C _ Db)2. -I (2as + b) l!f . 

D 2 
r;; tan r;; , + 

a yq yq-f 

BC-AD !i 
. 2 In(as2 +bs+c)12,. 

a -f 

Now, I can remove the temporary variables and present the final result. 

!i 
2 (.-4+ BS) f. tan-

1 
C + Ds ds = 

_:1.. 
2 

( C) -1 (.-4+BS) s + D tan C + Ds -

BC - ~D (C _ AB + CD) tan-I [(B2 + n,.2)S + AB + CD] 
IBC-ADI D B2+D2 IAD-BCI + 

BC - AD - 2 2 !i 
2(B2 + D2) In[(A + Bs) + (C + Ds) ]I~f 

(5.25) 

Now, all the vortex-boundary and boundary-boundary interactions are deter

mined so that equation (5.6) and equation (5.7) can be solved. If the boundary 

does not move with time then vorticity is always injected in the same place near 

the boundary. Since only the right hand side of the linear system changes, this 

satisfaction of boundary conditions is computationally efficient because one would 

only have to decompose (QR, L U, etc.) the matrix once. 
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Finally, the method should not be considered only for viscous flows. If v = 0, 

there is one fewer boundary conditions, but one does not inject vorticity either. In 

other words, one solves equation (5.6) only with Ii = 0; This amounts to solving 

the Poisson equation around a general boundary by arranging integrably weak 

mass sources on the boundary. 

Example 5 Irrotational flow around a 16-sided regular polygon: Per

haps one of the most popular flows to study is the flow around a cylinder. The 

cylinder has a diameter of one and the flow at infinity moves from left to right at a 

rate of one. To approximate the solution to this problem, I constructed a 16-sided 

regular polygon and solved equation (5.6) using a uniform flow from right to left 

to determine the right hand side. The flow pattern induced by the line sources in 

plotted in Figure 5.4 alongside the exact solution. The error in the velocity field is 

shown in Figure 5.5. 

5.7 Example 

The temptation to attempt to simulate viscous flow around a cylinder is too 

great. It is a terrific example of how a perfectly symmetric problem and generate 

a non-symmetric flow, particularly the von Karman vortex street. In this case, I 

chose to simulate an Reynolds number of 200 flow about a cylinder. The cylinder 

diameter is 1 cm. The viscosity is 0.01 ~~:. The mean flow past the cylinder is 2.0 

~. The cylinder is approximated by 16 boundary elements as in Example 5 but 

with no-slip boundary conditions and vorticity injection. Vorticity is injected in a 

5 (wide) by 4 (deep) array of vortex elements as described in Section 5.3. Passive 

elements are placed in the flow by "dye injectors" at a radial distance very close 

to the polygon at azimuthal increments of 10 degrees from -50 degrees through 50 

degrees from horizontal. The numerical simulation exhibits (see Figure 5.6) the 
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Figure 5.4, Potential flow around a cylinder (left) approximated by a 16-sided 
regular polygon (right). 

appropriate Von Karman instability in qualitative agreement with experimental 

studies [28]. 

5.8 Conclusion 

This method for satisfying the fluid dynamic boundary conditions is both suf

ficiently general and practical for large scale computations. First, there are no 

geometric constraints on this method. Any reasonable boundary geometry can be 

decomposed into a series of small plates over which flow characteristics near the 

boundary do not change very much. Naturally, care must be taken to use small 

enough segments when resolving corners and sharp edges where singularities in the 

potential field arise. An example of a flow with a corner is given in Chapter 6 in 

which the wall jet nozzle has a 270° external angle . 

By introducing continuous line sources to approximate solutions to the Poisson 
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equation for arbitrary boundaries, the severity of the source singularity is consid

erably less troublesome than that of an array of point sources. Computationally, 

this has the advantage of reducing the stiffness of velocity integrations. Finally, all 

segment-segment interactions can be evaluated exactly so that numerical errors in 

the solving the linear system can be confined to machine precision. 

When injecting vorticity, there is no vortex sheet approximation or boundary 

layer approximation being applied. By approximating the true solution with a 

solution of the unsteady Rayleigh problem, the full Navier-Stokes solution is being 

applied at the boundary. Most importantly, the full no-slip and no-normal flow 

boundary conditions are applied simultaneously for this new vortex method which 

does not use operator splitting. 
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Figure 5.5, Velocity error between exact potential flow and the 16·sided approxi
mation. The arrows are scaled by a factor of 100 over those in Figure 5.4. 
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Figure 5.6, An experimental flow past a cylinder at R = 250 (above) displays 
the characteristic Von Karman vortex street. Streaklines (center) and vorticity 
contours together with vortex element positions (below) for simulated flow past 
impulsively started 16-sided regular polygon ( cylinder) in water after 8. 7 seconds 
exhibits similar behavior. 
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Chapter 6 Wall Jet Simulations 

6.1 Introduction 

A wall jet is a stream of fluid directed tangentially along a wall. Wall jets are 

generally studied as axisymmetric flows or two-dimensional flows. I shall consider 

only the two-dimensional wall jet. This flow is interesting for a variety of practi

cal and theoretic reasons. A wall jet has a wide range of applications in science 

and industry such as boundary layer control Theoretically, a wall jet ~ombines a 

shear layer with a boundary layer. Both of these flows have similarity solutions 

derived from the boundary layer equations, and both are known to be unstable at 

high Reynolds numbers. It so happens that the wall jet instability is character

ized by dipole structures that propagate in the boundary layer region. At some 

characteristic downstream position, these dipoles separate from the wall and the 

interpretation of the wall jet as some form of boundary layer flow is no longer valid. 

The time dependent wall jet is also very interesting. When the jet starts up, a 

large dipole is leaves the nozzle, leaves the wall and evolves upward. This dipole 

transient rotates one half turn and slowly diffuses above the nozzle as the boundary 

layer below develops. 

The wall jet is a challenging numerical problem for many reasons. First, the 

wall jet is an unbounded flow. This represents a challenge for any gridded method 

because the investigator must anticipate the domain over which the flow is non

trivial. Moreover, the flow is never trivial near the boundary and this investigator 

must find a way to impose sensible downstream boundary conditions. Finally, the 

wall jet consists of a variety of interactions on a wide range of length scales. The 

jet nozzle itself is relatively narrow as is the resulting boundary layer. However, 

the code must also be able to track a large dipole which slowly evolves above the 

wall. 
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In this chapter, I present and analyze wall jet flows. My numerical simulations 

of wall jets are strongly influenced by boundary layer analysis, to be discussed in 

the next section, and experimental observation. Theoretical analysis and physical 

experiments focus on the time-independent boundary layer evolution of the wall 

jet. That is, one assumes that the jet was turned on a long time ago and time 

independent events are caused by instabilities rather than "start up" transients. 

Numerically, a second of simulated flow activity may require an hour of time on 

the fastest of computers. Later in this chapter, I shall describe how certain regions 

of the time dependent wall jet simulations can be compared with the long time 

behavior measured in physical experiments. These comparisons rely heavily upon 

observation and analysis of vortex dipoles produced by the wall jet. The most 

significant evidence supporting the validity of my simulations is in the quantities 

governing the formation and evolution of dipole instabilities that are also observed 

in experiments. 

6.2 Analysis of Similarity Solutions for Steady Boundary 
Layers 

Wall jets, like many flows such as shear layers, jets and boundary layers, can be 

analyzed as a thin horizontal stream where viscous effects normal to the boundary 

are comparable to inertial effects. Balancing these terms results leads to the steady 

boundary layer equations, discussed in detail in [3]. 

(6.1) 

In the case of the wall jet, this ~ow description is valid only in a narrow region close 

to the wall. While it is possible to impose the no-slip and no-normal flow boundary 

conditions at the wall, there is no specific information about the jet nozzle or 

boundary conditions far above the wall save that they must match conditions 

external to the boundary layer. 
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To my knowledge, Glauert was the first to analyze the laminar wall jet. In 

1956, Glauert published a similarity solution for the planar and axisymmetric 

laminar wall jet [11]. Seeking a self-similar solutions has been a successful tool 

for studying the boundary layer equations and other nonlinear partial differen

tial equations. The subtlety in this problem was a lack of conserved quantities. 

Ordinarily, there exist some constraints to apply to the resulting family of simi

larity solutions. For instance, in studying a free jet, the similarity solution can be 

constrained by conservation of momentum. For a boundary layer, the similarity 

solution is constrained by the external flow velocity. Since momentum is not con

served in this flow, Glauert assumed that the horizontal velocity is always positive 

(no back flow) and performed a series of intricate integrations to constrain the 

similarity function. The resulting flow is 

(6.2) 

where W is the streamfunction of the solution, Uo is some reference velocity, and 

/ satisfies the ordinary differential equation 

f'" + / /" + 2/,2 - 0 (6.3) 

/(0) /0 

/'(0) = /'(00) - o. 

While this is a solution to the wall jet flow, it is not stable at high Reynolds numbers 

where the Reynolds number is based on the jet flux divided by the viscosity. This 

is confirmed by linear stability analysis. 

This work was extended by J. Cohen, M. Amitay and my advisor, B. Bayly in 

1991 when they considered the effects of vertical blowing and suction along the wall 

[7]. Instead of considering a solid wall, they considered a permeable wall where 

suction or blowing induces a vertical velocity at the boundary obeying the power 
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law v( x) a x-b. In this case, the flow is described by 

fill + f f" + 'Y f'2 - 0 (6.4) 

'Y 
(2b - 1) 

- 1-b 

f(O) 
1 

a 
1-b 

f'(0) = f'( 00) - O. 

If 'Y > 2, the solution corresponds to suction boundary conditions. Linear stability 

reveals that an appropriate amount of suction can stabilize the flow. If 'Y < 2, the 

solution corresponds to blowing boundary conditions, and has the effect of making 

the flow unstable to a wider range of disturbances. 

6.3 The Origin of Wall Jets 

The problem best suited for numerical investigation is not the steady boundary 

layer behavior of the wall jet, but rather the start up and formation of the wall jet. 

There is very little theoretical work in this area because of the difficulties involved. 

The embrionic wall jet is not self similar, interacts on a wide range of length scales 

and depends heavily upon the nozzle shape and jet exit velocity profile. However, 

initial behavior and long term boundary layer behavior share over lap in certain 

regions making comparative studies possible. 

Experimentally, it is difficult to control and measure wall jet origins. First, 

wall jet formation occurs very quickly. In the wind tunnel, the jet forms in a 

fraction of a second. In the water tank, the jet forms in seconds. Interestingly, 

the unstable boundary layer behavior is observed only up to a finite distance from 

the nozzle as one might expect. Beyond this point, dipoles separate from the 

wall and move upward. In water tanks or wind tunnels, the apparatus is not 

designed to produce consistent transient effects (fans must power up, valves must 

be opened, dye injected very carefully, etc). In most cases, experimentalists make 
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measurements after all the transient effects have died down. 

However, numerical studies are especially suited to studying transient develop

ment. The exact initial conditions are known and computations work uniformly 

well regardless of when the program was started. In fact, one can argue that wall 

jet formation must be studied first to permit later simulations of the long time be

havior because the state of the flow downstream and above the wall is not known 

analytically or experimentally. In this spirit, wall jets are computed beginning 

with a state of quiescent flow. 

The long time behavior of a wall jet can be observed in the boundary layer 

region immediately downstream of the nozzle. Transient effects are first experi

enced here and decay as more transient dipole ejections propagate downstream. 

Slowly, the boundary layer region moves further and further downstream as sepa

ration point moves downstream. Looking further downstream is like looking back 

in time. Therefore, the behavior close to the nozzle can be expected to agree with 

the unstable boundary layer analysis discussed in Section 6.2. 

6.4 The Apparatus 

I sought to reproduce wall jet experiments performed in Israel using a water 

tank apparatus. The viscosity of the water is v = 0.01 and the nozzle height is 

It = 0.5 cm. The initial conditions are zero velocity everywhere. The jet is created 

by a narrow duct as shown in Figure 6.1. At the back of the duct, an array of 

boundary plates are assigned outward fluxes to approximate a parabolic profile 

consistent with Poiseuille flow. Early numerical experiments included a vertical 

wall several centimeters in length extending from the top of the nozzle. I found this 

wall had no appreciable on the flow and opted not to include it in later simulations. 

The boundary elements along the horizontal wall are chosen to be shorter than 

the average dipole instability. This is essential to an accurate simulation because 
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x Dye injector 

x (em) c Velocity probe 

Figure 6.1, Physical configuration of wall jet numerical simulation 
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dipole structures in the boundary layer will induce fluxes and circulations on the 

boundary elements beneath them. If the boundary elements were larger than the 

typical dipole, the element would tend to not feel the presense of the dipole in 

the form of induced flux because this induced flux over the length of the element 

would cancel out in the normal flow integration. 

I customized the simulation slightly to decrease the problem size away from the 

wall. This is accomplished by increasing the fission length scale, I, away from the 

wall and downstream as seen in Figure 6.1. Not only does this lower the growth 

of the problem size due to fission in accordance with equation (2.9), but wider 

blobs are also easier to fuse: (refer to Section 2.3). However, it is important that 

there be a gentle and continuous change in length scales in the flow. While I 

arranged the experiment so that generally vortex elements would move from areas 

with small values of I to areas with larger values of I, rotation within a dipole 

will bring some elements from areas of large I to regions of small I. An example 

is illustrated in Figure 6.2. If a very fat element were to suddenly find itself in 

an area of small I, it would undergo several fission events increasing the problem 

size dramatically. Since this likely to be caused by rotational motion, the resulting 

mob of thinner vortices would be swept back into the region of higher 1 (lower 

resolution) where they would probably be fused into a single fat blob again. This 

entire process requires a large amount of computational and accomplishes little or 

nothing. In the specific case of the wall jet simulation, I decided to have the length 

scale increase by a factor of five using the following transition function: 

f(x) - x - 1 if 1 ~ x ~ 3 
{ 

0 if x < 1 

[(x,y) -

~ 

2 if x > 3 

10 (1 + f(x)f(y)) (6.5) 

where 10 is the highest resolution length scale. In the case of the wall jet simu-

lations, I gave this parameter a value of 0.1 cm which is one fifth of the nozzle 
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Figure 6.2, Why a sudden transition in resolution is a bad idea. 
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For all wall jet simulations, ex was fixed at 0.7. Following equation (2.9), the 

time interval between fission events would vary from 0.51 seconds (high resolution 

region) to 12.75 seconds (low resolution region). 

To produce streamlines for comparison with experiments, passive markers are 

placed into the numerical domain at regular time intervals. These passive markers 

follow Lagrangian trajectories just like vortex elements but they do not interact 

with the flow. Two arrays of three marker injectors are placed near the noz

zle exit. Specifically, their locations (all units in centimeters) are (0.55,0.498), 

(0.55,0.5), (0.55,0.502) and (0.55,0.098), (0.55,0.1), (0.55,0.102). The velocity 

field is measured and recorded at every computational instant by a probe located 

at (0.5,0.25). 

The simulations are run with and without small periodic disturbances. This 

small forcing can isolate a single unstable mode. While one might expect only the 

most unstable mode to appear, this is not the case experimentally or numerically. 

The linear stability analysis of Cohen, Amitay and Bayly is only valid for infinites-
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imal perturbations of the similarity solution to the boundary layer equations. The 

wall jet flows produced in the laboratories in Israel and simulated on our comput

ers are not close enough to this profile to make such an assumption. Furthermore, 

the boundary layer equations are not valid for small values of x where nozzle ef

fects are important. And so, while unstable modes appear that are close to the 

prediction from linear stability analysis, there is some variation in the frequency 

of these instabilities. 

In Israel, a thin oscillating ribbon above the nozzle exit produces the peri

odic disturbance, but computationally, it is difficult to model a moving ribbon. 

However, the growth an evolution of any small periodic disturbance should be 

somewhat generic so I felt justified in taking the computationally shortest route 

to arrive at a solution. Toward this end, I forced the wall jet by introducing a 

small forcing to the entering Poiseuille profile. If the average flux from a given 

boundary plate at the back of the jet duct is given by fo, a sinusoidal disturbance 

is produced by allowing the time dependent flux to be 

f(t) = fo[1 + € cos(wt)] (6.6) 

where € is smaller than 1. In particular, I chose € so that the maximum change in 

the total jet flux was 10% of the mean flux. 

6.5 An Unforced Wall Jet at R = 250 

The Reynolds number for a wall jet is defined to be the jet flux divided by 

viscosity (~h) in sharp contrast to boundary layer flow where it is defined to be the 

downstream distance times to the external velocity divided by the viscosity (~X). 

In the former, the Reynolds number does not vary as one moves downstream of 

the nozzle. In the latter, the Reynolds number continues to grow when one moves 

downstream. The difference between these numbers is crucial to understanding 

the evolution of wall jets. A boundary layer flow is driven all along the wall by an 
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external flow whereas the wall jet is driven from the the nozzle, and this momentum 

is transported either along the wall or upward. The only external flow driving the 

jet is produced from vorticity, initially shed near the nozzle, that has wandered 

downstream and upward away from the wall. 

In this section, I describe a simulation of an unforced wall jet at R = 250. 

Since, I am trying to match Israeli water tank experiments, I chose v = 10-2 c:: ' 
the viscosity of water. Thus, the jet flux is 2.5~:. The temporal integration was 

performed at intervals of 10-3 second. The boundary conditions were enforced at 

intervals of 10-2 second. Since the boundary conditions must be constrained at 

some regular interval, a disturbance is impossible avoid. In this case, the bound

ary constraints cause a small high frequency 100 hz disturbance to the numerical 

simulation. This is well above the instability region for a wall jet at these low 

Reynolds numbers and should not affect the simulations. To test this hypothe

sis, I simulated with wall jet with higher resolution at the boundary using either 

more vortices injected along each boundary segment or satisfying the boundary 

conditions more often. In either case, no significant change in velocity profile was 

observed. 

This high frequency disturbance can make velocity probe data near the nozzle 

exit difficult to interpret. Therefore, I smoothed this data by averaging the velocity 

data over a boundary constraining time interval (10-2 sec). From this velocity data, 

one can observe low amplitude periodic behavior in both vertical and horizontal 

velocities. The vertical and horizontal waves appear to be out of phase and the 

period is slightly irregular as is observed in experiments. 

The initial dipole formation is captured in the first moments of the simulation 

seen in Figure 6.4. This vortex sheets originating at the nozzle are themselves 

unstable. The initial dipole separates from the wall and propagates into the region 

above and downstream of the nozzle where it will persist and drive the future 
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Velocit Probe Data at (0.5,0.25) 
10 

8 

6 Horizontal Velocity 

4 

Vertical Velocity 

2 
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1.4 1.6 1.8 
Time (5) 

2.0 2.2 

Figure 6.3, Velocity probe data for wall jet at R=250 - Average (solid) and raw 
( dotted) 

evolution of the wall jet. As this structure diffuses, a new dipole will be ejected 

from the boundary layer and enter the transient region. 

Even at the furthest extents of our simulations, it is difficult to observe the true 

steady boundary layer behavior because the boundary layer has not completely 

attached to the wall far downstream. Dipole instabilities are sucked up into the 

upper region of the flow after propagating only a few nozzle heights downstream. 

However, it is possible to use the velocity probe in the nozzle to see if a temporal 

pattern can be discerned. Indeed, this is the case in Figure 6.3. A series of 

oscillations can be seen at frequencies somewhere between 8 hz and 10 hz. On the 
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Time: 0.20 Time: 0.40 

Time: 0.60 Time: 0.80 

Figure 6.4, Wall jet transient development at R = 250 
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surface, this does not agree with the theoretically predicted instability frequencies 

between 1.65 hz and 4.0 hz. Experimentally, the instabilities are observed in this 

range. Further examination reveals that the oscillations are not independent of 

each other. Rather they appears that each pair larger amplitude disturbances are 

separated by a single smaller amplitude disturbance. In other words, there is a 

steady train alternating between big and small. However, it is entirely possible 

that several waves will be seen as a single dipole forms. 

In fact, this is what occurs. Observing the vorticity field at three times corre

sponds to four consecutive peaks (small- big - small- big), one can see in Figure 

6.5 that this this only corresponds to part of the dipole formation process. A full 

cycle is best seen in streakline images, each taken during a peak, for seven suc

cessive peaks in Figure 6.5. The time period is 0.290 seconds which agrees with 

experimental observations of the unforced jet. Moreover, the wavelength of the 

disturbance corresponds to experimentally unforced wavelength of between 2 and 

3 nozzle heights (see Figure 6.7). Most interestingly, the numerical simulation has 

isolated a higher frequency harmonic, not related to the numerical parameters, 

that plays a role in dipole formation. 

6.6 A Forced Wall Jet at R = 181 

In this experiment, the Reynolds number is slightly lower in this simulation. 

The viscosity remains fixed at v = 10-2 and the jet flux is lowered. The peculiar 

Reynolds number is chosen to compare with the flow visualizations of M. Amitay 

in Israel. In Figure 6.8, the initial transient development is seen to be much slower 

than in the previous case. In addition to lowering the wall jet velocity, a small 2 

hz sinusoidal forcing is added in the manner described earlier. 

Again, it possible to measure the temporal instability using the velocity probe 

in the nozzle to see if forcing has regularized the disturbances. In contrast to the 
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Time: 2.000 

Time : 2.044 Time: 2.090 

Figure 6.5, Vorticity field during velocity peaks in jet nozzle at R = 250 

earlier unforced case in Figure 6.3, there is a distinctive periodic velocity fluctua

tion in the velocity field (see Figure 6.9). This fluctuation corresponds to dipole 

formation at the nozzle exit. To examine this process, I can examined the vortic

ity fields generated during two separate waves. In Figure 6.10, the top vorticity 

fields correspond to two separate instances of dipole formation in the same wave 

at t = 0.85 and t = 1.12 seconds. In the lower graphs depict the vorticity fields 

exactly one cycle or 0.5 seconds later. While the wall jet is still evolving down

stream, the upstream configurations are effectively identical as seen in Figure 6.11. 

Most importantly, the higher frequency periodic velocity :fluctuations observed in 



125 

the R = 250 unforced'jet are also present in the R = 181 velocity profile. 

6.7 Conclusion 

With the help of University of Arizona's computer network and the San Diego 

Supercomputer Center's Cray Y-MP, I have succeeded in simulating wall jet flows. 

The nature of the code and the method of satisfying boundary conditions indicate 

that this simulation is approximating the laboratory conditions in Israel. These 

simulations exhibit the same gross behavior as true wall jets in thc,t vortex dipoles 

are created near the nozzle and evolve downstream in a distinctive staggered for

mation. While these simulations do not run for extended periods of time, the 

characteristic separation point where the boundary layer assumption is not valid 

is observed as in experiments. Unlike long time experiments, the separation point 

in simulations never reaches its limiting value. 

To the extend to which these numerical and experimental measurements of 

wall jets can be compared, I have found quantitative agreement. Qualitatively, 

the streakline patterns produced numerically and experimentally are the same. 

Furthermore, the frequency at which dipoles are ejected from the nozzle as well as 

their size and separation agree with experimental data and theoretical predictions. 

In the regions of wall close to the nozzle, I have found that the simulations and 

experimental flow visualization agree quantitatively in both the size and length of 

dipole structures emitted. Finally, the velocity probe data strongly indicates some 

higher frequency periodic phenomena which plays a role in dipole formation. 
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Figure 6.6, Numerical streaklines of wall jet flow at R=250 
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Figure 6.7, Wall jet dipole train in boundary layer simulated at R = 250 (above, 
flowing from left to right) and experimental flow visualization at R = 25 7 (below, 
flowing from right to left) 
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Figure 6.8, Wall jet transient development at R = 181 
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Figure 6.9, Velocity probe data for wall jet at R=181 - Average (solid) and raw 
( dotted) 
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Figure 6.10, Regular dipole formation in wall jet at R = 181 
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Figure 6.11, Wall jet dipole train in boundary layer simulated at R = 181 with 
a 2.0 hz disturbance ( above, flowing from left to right) and experimental flow 
visualization at R = 181 with a 1.65 hz disturbance (below, flowing from right to 
left). 
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Chapter 7 Conclusion and Discussion 

There is no questioning the utility of fast and accurate simulations of time 

dependent fluid flows with boundaries. In this thesis, I have addressed questions 

of a general nature and applied the solutions to a specific problem, the wall jet flow. 

While the wall jet simulations are important, the new vortex method and the use 

of finite boundary elements with continuous line sources are generally applicable 

to almost any two-dimensional, incompressible flow. 

The new vortex method is an attempt to make vortex methods as naturally 

adaptive as possible. Previous investigators have evolved vortex positions (random 

walk) or circulations (redistribution) to incorporate viscous effects. I chose to allow 

the third parameter, core width, to evolve with time. By itself, core spreading will 

not work, but I corrected the simplest procedure with a fission process. The fission 

process introduces a new convergence parameter, 0', which later overshadows the 

importance of I. One fission process is introduced and analyzed in this thesis, 

but many more are possible. No doubt, there are methods for optimizing fission 

configurations for a fixed problem size growth rate, but I leave this for future 

investigators. Finally, I demonstrated the effectiveness of this method on nontrivial 

unbounded problems. 

Finally, vortex fusion provides a careful and efficient method of reducing the 

problem size while controlling the induced errors. This procedure is not only appli

cable to the corrected core spreading method, but also to all vortex blob schemes. 

Curiously, fusion serves to connect corrected core spreading to redistribution tech

niques in that, with no convection, the two schemes are almost indistinguishable. 

In order to determine the accuracy, let alone the convergence properties of 

the corrected core spreading method, I chose to apply an alternative convergence 

formalism. Previous investigators had established the weaker convergence of vortex 
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methods, but I wanted to see if I could obtain a uniform estimate. While vortex 

methods come with their own inherent prolongation, it is not this prolongation that 

is analyzed but rather a field that is uniformly close to it. Furthermore, the new 

method introduces two convergence parameters, Q' and 1 which add complications 

to a convergence study. While the continuous approach is nothing new in finite 

element methods, its application to vortex methods is new and required a variety 

of new tools. Before applying it to the vortex method, I applied it to gridded 

examples to build intuition for the interaction between prolongation operators and 

Condition A. In the gridded examples, it is important to choose an appropriate 

prolongation. Finally, the alternative formalism separates convergence into two 

properties distinct from "consistency" and "stability." This is attractive when 

analyzing grid-free methods because consistency and stability is not easy to define 

in the standard way. 

The convergence of the corrected core spreading method was established only 

in the linear case. The error estimates were actually achieved in two separate 

examples, and so, I am inclined to believe they are strict. While a full nonlinear 

convergence proof is a worthy project, the linear theory is just as useful as a full 

nonlinear theory as the computed solution converges to the exact one. 

In the convergence theory, one can separate the analysis into two distinct parts. 

The first part focused on constructing a field which is uniformly close to the com

puted vorticity field but also yields to my analytic abilities. Next, I bounded the 

difference between this reference field and the exact solution. (This bears some 

similarity to the approaches of Hald, Beale and Majda when they regularize the 

vorticity field.) In this case, the order of the difference between the reference 

field and the approximate vorticity field is the same as the order of the difference 

between the reference field and the exact solution. To prove that a higher order 

vortex scheme converges, one would have to construct a higher order reference field 
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to establish the greater accuracy. 

The introduction of continuous line sources together with a consistent method 

of injecting vorticity into the flow is sufficient to satisfy boundary conditions for 

the wall jet and many other varieties of flows. In fact, the continuous line source 

by itself can be used to find potential flow solutions at the relatively low cost of 

solving a linear system. In the case of flow around a cylinder, the approximation 

using a regular polygon produced a flow very similar to the exact solution. 

The wall jet simulation was the ultimate test of the new method because it 

involved a large number of particles flows around a complicated boundary. These 

simulations not only reproduced the correct wall jet behavior but are quantitative 

agreement with experimental data. Ultimately, the simulations were successful for 

two reasons. First, the vortex method naturally dedicates computational elements 

where there is vorticity and nowhere else using neither artificial constraints on the 

domain nor downstream boundary conditions. Second, vortex fusion and the lower 

resolution region high above the wall helped maintain a reasonable problem size 

while still resolving the details of flow near the wall. Furthermore, the numerical 

studies provide information on dipole formation that is not accessible to experi

mentalists because the computer is capable of recording snapshots of the entire 

vorticity field at regular intervals. In examining the numerical data, the role of 

the transient dipole has been observed in detail, and a higher harmonic has been 

discovered in dipole formation. The numerical results verify that the corrected 

core spreading vortex method with fission is a viable and effective method for 

computing fluid flows. 
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APPENDIX A The Boundedness of w 

While it is clear that almost any consistent startup scheme will force IIQII to 

be bounded at t = 0 as I --jo 0, it is not clear that the vorticity field expressed by 

the vortex method will remain uniformly bounded in this limit. In this section, it 

is shown that the numerical solution is bounded as the parameters grow small. 

To begin, the evolution of the computed vorticity field along a Lagrangian path 

is determined exactly. 

The first term in the integrand corresponds to &; and is of order IIVwll1 already. 



136 

In this analysis, (h are real numbers between -1 and 1 which may vary over space. 
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] (Ix - 81 2 1) d'" =V -exp - - s+ 

il<d 811"[4 40"2(8) 40"2(8) 

IIQIlI - a
4 
{( 1) [( 1) 1 (d) 2] [1 (d) 2] } 

V(}2 412 a4 2 1 + a2 - 2 1 + a2 + 2 7 exp - 4 7 + 

IIQII [ 8 1 (d) 2] [1 (d) 2] 
v(}I-8- a4[2 - [2a4 7 exp -4 7 + 

o ( IN) + O(IIVQII, 1) + 0(1 - a 2
) 
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Then, I continue by separating anisotropic terms in the first integral. 

So far, each of the latter expressions is of order 0 [lIwll, (11~2)] or higher. 
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By collecting higher order terms, the isotropic part of the expression is isolated. 

Finally, one can apply Green's Identity to this isotropic integral. The boundary 

term vanishes because wand all its derivatives vanish at 00. 

Dw 
Dt 

Thus, if a local maximum occurs in w, the growth of this maximal value along a 

Lagrangian trajectory is bounded by the higher order quantities. Therefore, w is 
bounded if '\lw remains bounded. Given that this is case, one can assert that 

for large N. 
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APPENDIX B The Boundedness of Vw 

In this section, it is shown that \1(;; remains bounded for t < T as numerical 

parameters approach their limiting values. Again, one begins with the discrete 

expression for the derivative of the quantity in question along a Lagrangian tra

jectory. 

The anisotropic parts are removed from the second term and integrated by parts 

as in the previous section. The first term will reduce to higher order terms and 

add nothing to the growth of \1(;;. 



D(Vw) { ( w(8) [Ix - 81 2
] 

Dt = JJ1B1<d87rU4(8) exp - 4u2(S) . 

{(x - S) ;~~~~ - u(x)](x _ S) + [u(x) - U(8)]} ds+ 

0, IIw!!~i111 {[ ~, W 3 + (2 + :,) (~)] exp H W '] + 

~(2+ :,)exp H W']}+ 
rr w(8) [Ix - 81 2

] [Ix - 81 2 2] d'" 
v JJIB1<d 87ru4(S) exp - 4u2(S) 4u4(S) - u2(S) S + 

IIwll [( 4) 1 (d)2] [1 (d)2] 
02 V 4a6[4 2 + a 2 + 2a2 1 exp -4 1 + 

o (~ ) + O(IIVwll, [) + 0(1 - a 2
) 

Both of the 0 terms decay faster than any power of I. 

D(Vw) { ( w(8) [Ix - 81 2
] 

Dt = JJIB1<d87r[4 exp - 4u2(S) . 

{ (x - S) ;~~~~ - u(x)] (x _ S) + [u(x) - U(S)]} ds+ 
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o3I1wll~~i1111 :.", {_ [(2 + :,) (~) + ~ (~) 3] exp [_~ (~) '] + 

~(2+ :,) l-expHW']}+ 
v { ( w(8) exp [_IX - 81 2

] [Ix - 81 2 
- _2_] ds + 

JJIB1<d 87r14 4u2(S) 4u4(S) u2(S) 

() IIwll 1 - a 4 

v 4 4a6 [4 a 4 • 

{(4+ :,) + [(4+ :,) + ~, W}xp H W']}+ 
o (~ ) + O(IIVwll, I) + 0(1 - a2

) 
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Here, there is one term of order 0 (lIwll, 1/4a
2
). Removing other anisotropic factors 

will produce similar results or higher order terms. 

D(Vw) = II w(i) ex [_IX - S'1
2
]. 

Dt JJI31<d 87r[4 p 4[2 

{ (X - i) . [:~i) - u(x)] (X _ i) + [u(x) - U(i)]} dS'+ 

lrl w(i) [Ix - 812] [Ix - 812 2] ... 
v JIB1<d 87r/4 exp - 4[2 4/4 - 12 ds + 

o (~ ) + O(IIVwll, I) + 0(1 - ( 2
) + 0 (lIwll' 1 ~4 (

2

) 

Expanding terms in the first integral in Taylor series and using the incompressibil

ity of the flow reveals that it will contribute terms of order 0(1) or higher. 

D(Vw) 
Dt 

- v II~;~ exp [_IX~2812] [IX~4812 - ~] ds+ 

o (~) + O(IIVwll, 1) + 0(1 - ( 2
) + 0 (lIwll' 1 ~4 (

2

) 

V lr I w(i)V2V ~{exp [_IX - 81
2
]} ds + - J 47r12 B 4/2 

o (~) + O(IIVwll, 1) + 0(1 - ( 2
) + 0 (lIwll, 1 ~4 (

2

) 

_ v II V2[:;~(i)] exp [_IX ~2812] dS' + 

o (~) + O(IIVwll,l) + 0(1- ( 2) + 0 (lIwll' 1 ~4(2) 
- VV2[V.;W(i)] + 

o (~) + O(IIVwll, I) + 0(1 - ( 2) + 0 (lIwll' 1 ~4(2) 
Thus, the growth rate of Vw approaches zero conditionally as a --+ 1, 1 --+ 0, 

1/4a
2 

--+ 0, and the problem size grows large. Therefore, one may conclude that 

for large problem sizes. 
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APPENDIX C Table of Fusion Parameters 

To control the error in an implementation of vortex fusion, it is important 

to determine maximum values of f(x, 0', (3) from equation (2.20). As observed 

earlier, this function achieves its extreme values on the x-axis. In this table, I have 

included both the maximum (fma:c) and minimum (fmin) values of f as well as the 

value of x (Xmin and xma:c) at which they occur. This is by no means intended to 

be exhaustive list rather simply enough information to implement a simple fusion 

routine. Extending this to other parameters values is left to future users. 
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I a I fJ I Xmin I - fmin I Xmax I fmax 

10 3 1.0 -1.41371 4.289 x 10-4 1.41471 4.289 x 10-4 

10-3 1.0 + 1.0 x 10 3 -2.2781 3.927 x 10 4 0.4600 1.112 x 10 3 

10-3 1.0 - 1.0 X 10-3 -2.4587 1.116 x 10-3 2.2808 3.923 x 10-4 

10-3 1.0 + 1.0 x 10 2 -2.7478 1.155 x 10-3 0.0507 1.001 x 10 2 

10-3 1.0 - 1.0 X 10-2 2.7637 1.001 x 10-2 -0.0492 1.551 x 10-3 

10-2 1.0 + 1.0 X 10-3 -1.5547 4.035 x 10-3 1.2679 4.645 x 10-3 

10 2 1.0 - 1.0 x 10 .;j -1.1583 4.638 x 10 -J 1.5657 4.029 x 10-3 

10-2 1.0 + 1.0 X 10-2 -2.2659 3.948 x 10-3 0.4661 1.112 x 10 2 

10-2 1.0 - 1.0 X 10-2 -0.4526 1.111 x 10-2 2.2931 3.902 x 10-3 

10-1 1.0 + 1.0 x 10 2 -1.5054 4.062 x 10 2 1.3116 4.672 x 10 2 

10-1 1.0 - 1.0 X 10-2 -1.2156 4.608 x 10-2 1.6153 3.998 x 10-2 

10-1 1.0 + 1.0 x 10 1 -2.1474 4.148 x 10 2 0.5281 1.133 x 10 1 

10-1 1.0 - 1.0 X 10-1 -0.3928 1.100 x 10-1 2.4193 3.681 x 10 2 

Table C.1, Extreme values of fusion error function 
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