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ABSTRACT 

The inhomogeneities situated in materials render the diversification of composite 

families. and can provide synergistic effects for tailoring materials to a specified and 

often hostile environment. The work presented here focuses on the frature and stress 

analysis of systems with various inhomogeneities. In Chapter I. interactions among 

cracks and rigid-line inclusions are investigated. Rigid-line inclusions are represented 

by a distribution of forces while cracks are modeled by the standard dislocation 

approach. Chapter 2 presents an analysis of composite systems with interacting cracks 

and a dilute distribution of inclusions. A damage analysis procedure is developed to 

evaluate the effective properties of such composites. Chapter 3 examines multiple void

crack interactions. The formulation is based on a mixture of dislocations and tractions. 

Chapter 4 presents an approach to modeling bridged crack systems. A fully regular 

integral equation formulation is developed and the approach is ideally suited for the 

analysis of systems with large number of closely spaced inhomogeneities. The integral 

equations of different forms. developed throughout the dissertation can also be untilized 

to evaluate and verify various micromechanical models. The possible future extensions 

and the major limitations of the present work are briefly discussed in Chapter 5. 



CHAPTER 1. INTERACTIONS AMONG CRACKS AND 

RIGID LINE INCLUSIONS 

17 

Cracks and rigid line inclusions. or anticracks. are commonly observed in many 

engineering materials. such as ceramics. intermetallics. etc. Interactions among these 

cracks and antic racks can significantly affect the load-carrying capacities and other 

mechanical properties of these materials. Accordingly. modeling of the interactions 

among general systems of cracks and anticracks subject to general loading conditions is 

the main thrust of this chapter. An integral equation approach based on the 

fundamental solutions due to point loads and point dislocations in an elastic body is 

utilized for this purpose. A Gauss-Chebychev quadrature is used to reduce the integral 

equations to a system of linear equations consisting of the distributions of Burger's 

dislocation vectors and forces on the cracks and the anticracks. respectively. The 

proposed solution procedure also allows direct determination of the rigid body rotations 

for the anticracks. For a collinear crack-anticrack system. the results obtained from the 

present analysis are verified against those obtained from a Green's function approach. 

Numerical results are also presented for sample systems of cracks and anticracks. and 

salient features of amplification and shielding of stress singularities are investigated. 

The effects of free surface on crack interactions are analysed and the relevance to the 

applications of ceramic grinding processes is explored. Numerical simulations are also 

conducted to examine the effects of crack-crack. crack-anticrack and crack-interface 

interactions. 

1.1 BACKGROUND 

The chapter I deals with interactions among two kinds of inhomogeneities that are 

typically observed in a material. The first one is a crack. A crack is essentially a cut 
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that transmits no traction across it. but allows a displacement discontinuity. The other 

type of inhomogeneity is a rigid inclusion. A rigid lamella may be modeled as the 

opposite of a crack. i.e .• it transmits tractions but prevents displacement discontinuity. 

Moreover. rigid lamella can undergo only rigid body motions and no deformations. 

Following Dundurs and Markenscoff (1989). these rigid inclusions are called anticracks 

in the present work. The anticracks only admit rigid body displacements and no 

deformations. There is an extensive body of literature on elastic and elastic-plastic 

fracture mechanics (e.g .• Liebowitz 1968. Sih 1973. Parton and Morozov 1989). 

The problems involving anticracks have also been widely investigated in the context 

of elasticity. An extensive review of elastic problems involving inclusions is given by 

Mura (1987. 1988). Initial work on rigid line inclusions can be traced back to 

Muskheleshvili (1953) and Eshelby (1957. 1959). Since then. problems involving rigid 

line inclusions have been investigated by several researchers (e.g.. Atkinson 1973. 

Brussat and Westmann 1975. Hasebe et al. 1984) for isotropic elastic bodies. Chou and 

Wang (1983) and Wang et al. (1985. 1986) considered a rigid line inclusion in an 

isotropic planar elastic body and derived analytical expressions for the stress field due 

to uniform remote loading. The same problem has also been considered by Ballarini 

(1987) using an integral transform method. Sendecky j (1970) and Selvadurai (1980) 

investigated elastic line inclusions. Atkinson (1973) also considered elastic line 

inclusions using the method of Muskheleshvili (1953). He obtained an asymptotic 

solution for the stress fields under the assumption that the inclusion is much harder 

than the matrix. Erdogan and Gupta (1972) studied the more general problem of 

bonded materials containing a flat inclusion that may be rigid or elastic with negligible 

bending rigidity. They formulated the problem as a system of singular integral 

equations that is solved by expanding the solutions in Chebychev polynomials. 

Dundurs and Markenscoff (1989) provide a direct Green's function formulation for 
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anticracks. Such a formulation is very suitable for solution by current numerical 

methods. They also provide pertinent fields for concentrated forces. dislocations. and 

couples applied on the line of the anticrack. Li and Ting (1989) investigated anticracks 

embedded in an anisotropic infinite elastic medium subject to uniform remote loading. 

Stroh's (1958. 1962) formalism is used to obtain the displacement and stress fields. 

They consider both rigid and elastic inclusions. A pair of singular Fredholm integral 

equations of the second kind is derived for the difference in the stress on both surfaces 

of an elastic and anisotropic inclusion. If the relative rigidity of the matrix is small 

compared to that of the inclusion. Li and Ting (1989) showed that the governing 

equations can be decoupled. For such rigid line cases. they also obtained asymptotic 

solutions for the traction and the rotation of the anticrack. 

Most of the existing analyses of anticracks. however. consider a single rigid line 

inclusion. The p;'oblems involving interactions among antic racks and among cracks and 

anticracks are of crucial significance for understanding various physical phenomena 

ranging from failure of alloys containing second-phase particles to chip formation 

mechanics in ceramic grinding processes. In spite of these practical implications. 

problems involving interactions of cracks and antic racks have received relatively little 

attention so far. 

Utilizing the superposition technique and the ideas of self-consistency applied to the 

average tractions on individual cracks. Kachanov (1985. 1987) obtained approximate 

analytical solutions for the stress intensity factor due to interacting elastic cracks. 

Broberg (1987) discussed the development of crack paths under mode I. mode II. and 

mode III conditions. and under a mixture of these modes. Melin (1983) and Broberg 

(1987) investigated the directional stability of cracks using linear elastic fracture 

mechanics and observed that the interactions among cracks significantly influence the 

directional stability and crack branching characteristics. Hori and Nemat-Nasser (1987) 
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also used the method of Muskheleshvili to obtain a two-dimensional elasticity solution 

for interacting microcracks near the tip of a macrocrack. Using the dislocation 

approach. various researchers have also reduced the problem of a linear elastic solid 

with interacting cracks to a system of integral equations (e.g.. Erodogan and Gupta 

1975. Chudnovsky et al. 1987. MOiler 1989). Also. Comninou (1977) obtained a pair of 

coupled singular integral equations for interface cracks. and Keer et al. (1983) solved 

for a crack near two perpendicular free surfaces. 

To date. interactions among anticracks have been considered for very special cases 

only. Brussat and Westmann (1975) investigated the interactions among collinear rigid 

line inclusions subject to an uniform remote loading. For this special case. they 

establish a direct correspondence between the Westergaard stress function for elastic 

crack problems and a stress function for rigid line inclusion problems. A 

correspondence is also shown to exist between crack opening displacements and axial 

forces on the rigid inclusions. 

Accordingly. development of numerical tools for interactions among general systems 

of cracks and anticracks subject to general loading situations is the focus of the present 

research. An integral equation approach based on the fundamental fields due to point 

loads and point dislocations is utilized for this purpose. A Gauss-Chebychev 

quadrature is used to reduce the integral equations to a linear system of equations 

consisting of the distribution of forces and Burger's dislocation vectors on the cracks 

and anticracks. The proposed solution procedure also allows direct determination of the 

rigid body rotations for the anticracks. 

This chapter starts with a presentation of the fundamental solutions due to point 

loads and point dislocations. An integral equation formulation for general systems of 

cracks and anticracks is developed next. along with a numerical technique for the 

solution of the integral equations. Numerical simulations are conducted to examine the 
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effect of crack-crack. crack-anticrack. crack-interface interactions on crack propagation. 

The integral equations presented in this chapter are of Cauchy-type singularity. A 

non-singular integral equation formulation for systems involving large number of 

defects will be discussed in Chapter 4. 

1.2. FUNDAMENTAL FIELDS DUE TO POINT LOADS 

AND POINT DISLOCATIONS 

Cracks and anticracks can be modeled as continuous spatial distributions of 

dislocations and tractions. Accordingly. the corresponding fundamental solutions due to 

a point load and a point dislocation are discussed in this section. Two-dimensional 

problems are considered here. For an infinite two-dimensional elastic body subjected to 

a concentrated force with components Px and Py at the location (~. 0). the Kelvin 

solution provides the fundamental field (Timoshenko and Goodier 1970) at a point (x. y). 

For the corresponding jointed half plane problem. the solution is given by Dundurs and 

Hetenyi (1961) and Hetenyi and Dundurs (1962). Of concern here are the following 

quantities that are directly derivable from the forementioned solutions. 

2G ux.x .. 11(1' ~ I)[PX H( (x. y; ~) + pyH2 (x. y; m 

2G ux.y .. 1T(K. ~ I)[Px H3(X. y; ~) + pyH4 (x. y; m 

2G uy.x .. 11(K. ~ l)[Px Hs(x. y; ~) + pyH6(x. y; ~)] 

2G uy.y - 1T(K. 1+ 1)[PXH7(X. y; ~) + pyHg(x. y; ~)] 

(I.2.la) 

(1.2.1 b) 

(l.2.1c) 

(1.2.ld) 

(1.2.le) 
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(1.2.1f) 

(1.2.1g) 

where G is the shear modulus. The constant I( a: (3 - 4v) for plane strain and " = (3 -

v)/(l + v) for plane stress, where v is the Poisson's ratio. The details of the kernels HI 

through HI4 are given in the Appendix A. 

The fundamental solutions at (x. y) for a two-dimensional infinite body subjected to 

an edge dislocation with Burger's vector components bx and by acting at a point (~, 0) 

was due to Read (1953) and the counterpart for two jointed half plane was due to 

Dundurs and Mura (1964). The quantities. derived from their solution. are given as 

follows 

uy,x -

Uy,y" 

1 
21T(" + 1)[bxI3 (x. y; ~) + byI4 (x. y; m 

21T(,,1+ l)[bxls (x. y; €) + byI6 (x. y; m 

21T(1(1+ l)[bxI7(x. y; €) + bylg(x, y; m 

1r(1(2~ l)[bxI9(x. y; ~) + byllO(x, y; m 

1T(;~ l)[bxlll(x. y; €) + byI12 (x. y; m 

Uyy '" 1r(,,2~ 1)[bx I13 (X. y;~) + byI14 (x. y; m 

The details of the kernels II through 114 are also given in the Appendix A. 

(I.2.2a) 

(1.2.2b) 

(1.2.2c) 

(I.2.2d) 

(1.2.2e) 

(I.2.2f) 

(I.2.2g) 

It is important to notice here that the displacement gradient fields and the stress 

fields in equations (1.2.1)-(1.2.2) contain a singularity of the order of r as the field point 

(x. y) approaches the source point (~. 0). The singular behavior for the point load case 
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has been discussed widely. particularly in the boundary integral equation literature 

(e.g .• Banerjee and Butterfield 1981. Mukherjee 1982. Cruse 1988). Recently. Dundurs 

and Markenscoff (1989) also examined the singular behavior for the point dislocation 

case. A similar procedure is followed in the present work in order to represent the 

singular integrals in a Cauchy principal value sense. 

1.3. AN INTEGRAL EQUATION FORMULATION FOR 

GENERAL CRACK-ANTICRACK SYSTEMS 

It is assumed here that the crack. like any other void. cannot transmit any traction. 

Accordingly. the crack surface is required to be traction free. For the purpose of this 

work. any crack closure is neglected. and it is assumed that the crack remains open 

throughout the application of the external load. The anticrack. like any other rigid 

inclusion. can only admit rigid body motions. A perfect bonding between the rigid line 

and the matrix is assumed here. 

A general system containing M cracks and N anticracks embedded in arbitrary 

orientations in an elastic body is considered here. We concentrate on the ith defect 

(crack or anticrack) and consider a local tangential-normal coordinate system with origin 

at the center of the defect. the normal direction denoted by s(i). and the tangential 

direction along the ith crack. or anticrack. denoted by t(i). This is schematically shown 

in Figure 1.3.1 for the infinite plane situation. The occupancy of the ith defect is 

denoted as _a(i) < t(i) < a(i). 

Under the above assumptions. the boundary conditions for cracks require that 

(i) (i) 0 
ass - a ts .. i .. 1.2 ..... M (1.3.1) 

The boundary conditions for the anticracks may also be expressed as 
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y 

x 

Figure 1.3.1. Schematic diagram of a general crack-anticrack system. 
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U) (j) (j) (j) 
Ut .. 0/ - W S j - 1. 2 ..... N (l.3.2a) 

and 

(j) (j) (j) (j) 
Us - (3 + w t j ... 1. 2 ..... N (l.3.2b) 

where O/(j) and (3(j) are the rigid body translations in the t(j) and s(j) directions. 

respectively. and wU> is the rigid body rotation in the t(j) _sU> plane. 

Following Dundurs and Markenscoff (1989). the rigid body displacements may be 

differentiated with respect to t(j). yielding the boundary conditions 

j .. I. 2 ..... N (1.3.3a) 

and 

j - I. 2 ..... N (l.3.3b) 

for the anticracks. 

Let us now consider the effects of all the cracks and anticracks on the mth crack. 

For consistency. the stress fields associated with different cracks and anticracks are 

transformed to the local tangential-normal (t(m). s(m» coordinate system for the mth 

crack. For example. the stress fields associated with the ith crack may be transformed 

as 

(m) (i). 2 e(mi) 2 (i) . e(mi) e(mi) (i) 2 e(mi) 
ass .. au sm - ats SIn cos + ass cos (I.3.4a) 

and 

(m) [(i) (i)]. e(mi) e(mi) (i)L 2 e(mi) . 2 e(mi)l 
a ts .. ass - att sm cos + atsros - sm J (I.3.4b) 

where e(mi) is the angle between axes t(i) and t(m). 

The N anticracks are now represented by their corresponding distributed tractions 

and the M cracks are represented by their corresponding distributed dislocations. 



26 

Summing the effects of all cracks and anticracks on the mth crack we get 

and 

(mO) 0 + uss = 

(mO) 0 + ust = 

m = 1. .... M (1.3.5a) 

m = 1. .... M (I.3.Sb) 

where the kernels KII through KI4 are given in detail in the Appendix A for the 

. f" I H (mO) d (mO) h hI' f m mIte pane. ere. uss an Uts represent t e stress components at t e ocatlOn 0 

the mth crack. but in the absence of all cracks and anticracks. 

The boundary conditions for the anticracks are considered next. Utilizing the fact 

that the components of the displacement gradients transform as 

U (m) _ U U) cos2 e(mj ) + u U) sin e(mj ) cos e(mj ) 
t. t t. t t. S 

+ u U) sin e(mj) cos e(mj) + u (j) sin 2 e(mj ) 
s. t s.s (I.3.6a) 

and 
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U) (') (j) (') (') + U COS2 e mJ + u sin e mJ cos e mJ s, t s,s (I,3,6b) 

The effects of all the cracks and the anticracks on the mth anticrack may be expressed 

as 

(mO) 
+ Ut,t .. 0 m .. 1. ... , N (1.3.7a) 

and 

(m) (mO) 0 
- W + us.t .. m .. I .... , N (1.3,7b) 

h (mO) d (mO) h d' I d' hI' f h h were Ut,t an Us,t are t e ISP acement gra lents at t e ocatlOn 0 t e mt 

anticrack. but with no crack or anticrack present in the system. 

It can be observed that equations (1,3.5) and (1.3,7) give rise to 2(M + N) integral 

equations. 
(') (') (j) (j) 

In order to solve these equations completely for b:. b:. Pt • and Ps • 

however. we need to evaluate (2M + 2N) additional constants of integration. It is also 
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important to notice that we need to evaluate the rotations w(j) for the N anticracks. 

This requires N additional equations. bringing the total number of additional equations 

required to (2M + 3N). The (2M + 3N) additional equations may be obtained by 

considering the continuity of the opening shapes of the cracks and the equilibrium 

conditions for the anticracks. 

The continuity requirements for crack opening shapes may be expressed as 

a(i) 

J b(i)(t(i»dt(i) a 0 
(i) t 

-a 

a(i) 

I b(i)(t(i»dt(i) - 0 
(i) S 

-a 

for i-I ..... M (1.3.8a) 

for i-I, .... M (1.3.8b) 

Assuming that no external force or couple is applied directly on the anticrack. the 

equilibrium conditions for the anticracks may also be written as 

forj=1. .... N 0.3.9a) 

for j = 1, .... N 0.3.9b) 

and 

for j .. 1, .... N (1.3.9c) 

Equations (1.3.5)-0.3.9) now provide an integral equation representation of the 

interactions in a general system involving M cracks and N anticracks at arbitrary 
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orientations. The above representation is based on the fundamental solutions due to a 

point load and a point dislocation in an elastic body. 

Bilby and Eshelby (1969) modeled an elastic crack as a distributed dislocation and 

investigated its interactions with a point dislocation. Using a similar approach. 

Atkinson (1972a. 1972b) and Erdogan and Gupta (1975) considered interactions between 

a circular inclusion and a crack. Chudnovsky et al. (1987) also used a double layer 

potential to investigate elastic crack interactions. The solutions of Chudnovsky et aI. 

(1987) can be obtained as a special case of equations (1.3.5)-(1.3.9) with no anticracks 

present in the system. Equations (1.3.5)-(1.3.9) can also be specialized for the case 

involving no cracks in the system. Such a representation can be used to investigate the 

collinear anticrack interactions modeled by Brussat and Westmann (1975). 

1.4. NUMERICAL SOLUTION SCHEME 

A numerical scheme for solving the integral equations (3.2.5)-(3.2.9) is presented in 

this section. A detailed discussion of the treatment of singular integral equations is 

given by Erdogan et at. (1973) and. for the sake of brevity. such discussions are avoided 

here. In our approach. we adopt the solution scheme of Nowell and Hills (1987). This 

presentation becomes necessary in order to see how the rigid body rotations enter the 

equation naturally as the extra variables compared to the crack problem. 

The set of integral equations (1.3.5) and (1.3.7) is first reduced to a standard form 

by the substitutions 

for i. m = 1. (M + N) (1.4.1) 

Absorbing the new coefficients into the modified kernels. the integral equations (1.3.5) 

and (1.3.7) may now be written as 
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(rnO) 0 
+ O'ss .. for -1 < y(rn) < 1. m .. 1. .... M (l.4.2a) 

(rnO) 0 
+ 0' st .. for -1 < y(rn) < l. m .. 1. .... M (l.4.2b) 

(rnO) 
+ U t •t .. 0 for -1 < y(rn) < 1. m .. 1. .... N (l.4.2c) 
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(rn) (rnO) 0 
- W + Us,t - for -1 < vern) < 1, m ... 1, ... , N 0.4.2d) 

The variables b~i), b~i), p~i), and p~i) contain singularities of the order of [u(i)]I/2 at 

the end points (u(i) ... ±l) of the integration. In the present work, this type of singularity 

is abstracted by expressing the solutions in terms of regular functions B~i) (u(i», B~) (u(i», 

p~i)(u(i», and p~i)(u(i» along with a weighting function containing the square root 

singularity. This may be defined as 

b~i)(u(i» '" 
Bii)(u(i» 

i '" 1, ... , M (1.4.3a) 

[ . 2 f/2 1 - U(l) 

b~i)(u(i» _ 
B~i) (u(i) 

i .. I. ... , M 0.4.3b) 

[ . 2 f/2 I - U(l) 

Ol( Ol) 
p~)(uUl) 

Pl U = j = 1, ... , N (1.4.3c) 

[ . 2 f/2 
I - uU) 

Ol( Ol) 
p~)(uU» 

Ps u '" j '" I, ... , N (1.4.3d) 

[ . 2 f/2 
1 - uOl 

The presentation shown in equations 0.4.3) also allows us to use the Gauss-Chebychev 

quadrature. The discretized versions of equations 0.4.2) may then be expressed as 

M L L L L [1<11 (v(rn. q), u(i,R»B~i)(u(i.t» + Kdv(rn. q), U(i.t»B~i)(u(i'R»J 
i=1 1=1 
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N L 
+ L L L[KI3 (V(m,q), uU"»p~)(uu,'» + KI4 (V(m,q), uU"»p~)(UU"»J 

j-I 1.1 

(mO) 
- - ass m = I. ... , M (1.4.4a) 

M L L L L [K21 (v(m,q), u(i,I»B~i)(u(i.I» + K22 (V(m,q), u(i.t»B~)(u(i'I»)J 
i .. 1 1-1 

N L 
+ L L L [K23 (v(m,q) , uU'I»p~)(uU,'» + K24 (V(rn. q), uU"»p~)(UU'I»J 

j",1 1= 1 

(rnO) 
.. - ast m ... I ..... M (1.4.4b) 

M L L L L [K31 (v(m,q). u(i'I»B~i)(u(i,'» + K32 (V(m,q). u(i'I»B~i)(u(i"»)J 
i ... l 1=) 

N L 
+ L L L [K33 (v(rn,q) • uU,I»p~)(UU,'» + K34 (V(m,q). uU'I»p~)(UU"»)J 

j",1 1 .. 1 

(rnO) 
- - Ut,t m .. 1. .... N (1.4.4c) 

M L LL L[K41 (V(rn,q). u(i,I»B~i)(u(i,'» + K42 (V(rn,q). u(i'I»B~i)(u(i"»J 
i=) 1 .. ) 

N L 
+ L L L [K43 (v(rn,q). uU,I»)p~)(uU,'» + K44 (V(m,q). uU'I»p~)(UU'I»J 

j .. ) 1 ... ) 

(m) (mO) 
- w .. - Us,t m ... 1. .. '. N (I.4.4d) 
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U(j·I) - U(i.l) _ cos [2~L 1 11] 1 - 1 ..... L (I.4.4e) 

and 

q .. 1. .... L-I (1.4.4f) 

It should be noted here that the system of equations (1.4.4) contains 2(L - 1)(M + N) 

equations. but {2L(M + N) + N} unknowns. The additonal (2M + 3N) equations can be 

obtained from the discretized versions of equations (1.3.8) and (1.3.9). ensuring 

continuity of crack opening shapes and equilibrium of anticracks. respectively. These 

additional equations may be written as 

L L L B~i)(u(i.I») .. 0 i-I. .... M (I.4.Sa) 

I-I 

i ... 1. .... M (1.4.Sb) 

L L L p~)(u(j·I») - 0 j - 1. .... N (I.4.Sc) 

1 .. 1 

L L L p~)(u(j·I») ... 0 j ... I ..... N (I.4.Sd) 

1 ... 1 

and 

L L L a(j)u(j·I)p~)(u(j·I») .. 0 j ... 1. .... N (I.4.Se) 

1 ... 1 

(i) (i) (j) (j) 
Utilizing equations (1.4.4) and (1.4.5). the values of Bt • Bs • Pt • and Ps can be 

obtained at L collocation points. The crack tip stress intensity factor may then be 

determined as (Krenk 1975) 
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(l.4.6a) 

and 

K(i)(±1) ... ±2J1Ta(i) ~ B(i)(±1) 
II (K. + 1) s 

(I.4.6b) 

(i) (') (i) (i) 
Here. Bs (±I) and Btl (±1) are obtained by interpolating the values of Bs and Bt • 

respectively. at the collocation points. In the present work. the interpolation functions 

proposed by Krenk (1975) are adopted. These may be expressed as 

L 
B~)(+1) - L L B~i)(u(i.I») 

1 .. 1 

and 

L 
B~i)(-l) - L L B~i)(u(i.L+I-l» 

1=1 

sinH ~ }21 - I)'} 
sinH2~L 1 H 

Sin{ [ ~ }21 -I),} 
sinH2~L 1 H 

Similar interpolation schemes may also be used for determining B~i)(±I). 

(I.4.7a) 

(1.4.7b) 

The stress singularity coefficients for an anticrack (Wang et al. 1985) are also 

analogous to the stress intensity factors for a crack and can be evaluated from the 

1 · pU) d pU) . "1' l' h so utlOns t an s usmg sImI ar mterpo atlOn sc emes. 

1.5 NUMERICAL RESULTS FOR DEFECTS IN THE INFINITE PLANE 

Applications of the proposed integral equation formulation based on the 

fundamental solutions due to point force and point dislocation to several example 

problems involving interactions of cracks and anticracks are presented in this section. 
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The proposed integral equation formulation can handle arbitrary orientations and 

distributions of cracks and anticracks along with arbitrary loading conditions in the 

context of elasticity. Thus. the proposed formulation is suitable for investigating the 

effects of microdefects in ceramics and intermetallics under general loading conditions. 

Various researchers in the past (e.g .• Comninou 1977. Atkinson I 972a. b. Erdogan 

and Gupta 1975. He and Hutchinson 1989. Keer et al. 1983. MOller 1989) have pursued 

a Green's function approach to investigating crack problems utilizing the Green's 

function due to Dundurs and Mura (1964) and Dundurs and Sendeckyj (1965). Very 

recently. Dundurs and Markenscoff (1989) established a new Green's function for an 

infinite body containing an anticrack. This new Green's function can be utilized to 

investigate the interactions of collinear crack-anticrack systems. 

In this section. the results from the proposed scheme for a collinear crack-anticrack 

problem are first verified against those obtained from the Green's function approach of 

Dundurs and Markenscoff (1989). For this and all other examples. a tensile stress of 

G/100 and v = 0.3 are used. The stress intensity factor (SIF) is also normalized with 

respect to O"ovm;:. where 0"0 is the remote stress and a is half of the crack length. 

As shown in the inset of Figure 1.5.1. a crack of length 2a(2) situated collinearly at 

a distance b from an anticrack of length 2a(1) is considered first. Using a Green's 

function approach. modeling of the antic rack boundary conditions is obviated and the 

traction-free conditions on the crack surface in Figure 1.5.1 then lead to 

[ ~] x I + d~2 + O"ylyO = 0 
x2 - ~2 

(a(l) + b) < x2 < (a(l) + b + 2a(2)) (1.5.1 a) 
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[ ~ll x 1 + A(~2)X2 + :2-_ ~2 d~2 + O'!~ - 0 

(a(l) + b) < X2 < (a(l) + b + 2a(2) (1.5.1 b) 

with 

(I.S.lc) 

where O'!~ and O'~~ are the stress fields in the elastic body containing the anticrack and 

subjected to the prescribed loading. 

It should be noted here that the proposed integral equation formulation utilizes 

initial displacement gradient and stress fields with no crack or anticrack present in the 

system. Such initial fields are readily obtainable for complicated problems. Figure 

1.5.1 shows the comparisons of the normalized mode-I SIF obtained by the present 

analysis with those obtained by the Green's function approach due to Dundurs and 

Markenscoff (1989). Different ratios of the separation distance (b) with respect to the 

anticrack length (a(l) are considered. Over a range of b/a(l) varying from 0.05 to 1.2. 

the numerical results obtained from the two approaches compare very well. The 

Green's function approach is. of course. more efficient for the collinear problem. but 

the integral equation approach is more general and the unknown quantities bx. by. Px' 

Py. and ware obtained directly. The Green's function approach gives bx and by 

directly. but requires secondary calculations for obtaining Px' Py. and w. 
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Figure 1.5.1. Comparisons of the stress intensity factors for collinear 
crack-anticrack systems. 
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Figure 1.5.2 shows the variation of the normalized mode-I SIF for the near tip of 

the crack of the collinear crack-anticrack system with the ratio of the lengths between 

the crack and the anticrack. As a(1) /a(2) varies from 0.05 to 10. the normalized SIFs for 

all b/a(2) ratios increase significantly. For b/a(2) - 0.05. the normalized SIF increases 

from 1.0 to 1.17 as a(1) /a(2) goes from 0.05 to 10. The normalized SIF also increases as 

b/a(2) decreases. As the separation decreases (b/a(2) goes form 0.30 to 0.05). at a(l) /a(2) 

- 10 the normalized SIF changes from 1.09 to 1.17. Figure 1.5.3 shows the distribution 

of the normalized shear traction (for b/a(2) = 0.25 and a(l) /a(2) = 1) over the length of 

the anticrack. As expected. Px/G is self-equilibrating. (Note that Px becomes singular 

at the tip. but P x does not.) In the vicinity of t(l) .. I. it is also found to be perturbed 

by the presence of the crack. 

A general crack-anticrack system with arbitrary orientations is considered next. 

The geometry of the problem is shown as an inset in Figure 1.5.4. The crack and 

anticrack are of equal length. The normalized distance (w.r.t. the half length of the 

crack) between the crack tip and the center of the anticrack is 0.2. As the angle of 

orientation (J changes from 50 to 900• the near-tip mode-I SIF varies from 0.95 to a 

minima of 0.44. The variation is symmetric about (J = 900 • The near-tip mode-II SIF 

varies from -0.3 to zero as e goes from 50 to 900. As expected. the sign of the mode-II 

SIF changes as e increases beyond 900 • Variations of both far-tip mode-I and mode-II 

SIFs. as expected. are much smaller than their corresponding near-tip SIF variations. 

The angular rotation of the anticrack (shown in Figure 1.5.5) reaches a maximum of 

0.004 radians at e .. 28.80 and drops to zero at e .. 900 • The direction of rigid body 

rotation changes as e is increased beyond 900 • 

A configuration involving two col1inear cracks separated by an anticrack (shown as 

inset in Figure 1.5.6) is considered next. The variations of the normalized SIFs for the 
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near and far tips for a special case when a(l) - a(3) and b/a(3) - 0.05 are presented in 

Figure 1.5.6. The ratio a(2) /a(3) representing the relative length of the anticrack 

compared to that of the crack is varied from 0.05 to 10. At a(2) /a(3) .. 0.05, when the 

anticrack is very small. the near-tip SIF is found to be 1.44 and the far-tip SIF is 

observed to be 1.13. With a small increase in the relative size of the anticrack. the 

SIFs are observed to decrease rapidly. The near-tip SIF drops to 1.08 at a(2) /a(3) ... 1.4 

before rising again to 1.19 at a(2) /a(3) - 10. The far-tip SIF also shows a similar 

profile. reaching a minimum of 1.03 at a(2) /a(3) - 2 before rising to 1.07 at a(2) /a(3) = 10. 

This suggests that there is an optimum ratio of a(2) /a(3) for crack shielding in this 

problem. At small a(2) /P). the interactions between the two cracks are dominant, while 

the interactions between the crack and the anticrack become more significant at large 

values of a(2) /a(3). Accordingly. there exists an optimal shielding region in between 

these extremes. 

1.6. APPLICATIONS FOR GRINDING PROCESSES 

Applications of the proposed integral equation formulations to investigations of 

surface and subsurface damage evolutions during grinding of ceramic materials are 

presented in this section. The integral equation formulations are based on the 

fundamental solutions due to point dislocations in an elastic half plane and can handle 

arbitrary orientations and distributions of cracks, along with arbitrary loading 

conditions. In our approach. the grinding process is modeled as a moving indenter 

problem and. as a first attempt. only steady-state characteristics are considered. 

It has been observed by several researchers (Lawn et aI. 1980. Marshall et aI. 1982, 

Conway and Kirchner 1980) that a sharp indenter produces a combination of radial and 

lateral cracks in a ceramic body. For sharp indenters. it has also been observed that 

there exists a small plastic zone directly under the indenter. This plastic zone exerts a 

residual opening force on the accompanying cracks. Following the approach of Lawn et 
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a!. (1980) and Marshall et al. (1982), an equivalent elastic model for this elastic-plastic 

indentation problem is also developed by incorporating the residual stresses due to the 

plastic zone. Analyses are then carried out using uniform indenter loading. as well as 

non-uniform residual stresses due to the plastic zone. In a real grinding process. the 

resultant force distributions (due to indenter loading and residual stresses) on the crack 

faces are expected to be non-uniform. As a first attempt. the resultant driving force 

distributions are approximated as uniform in some of the examples. These cases are 

referred to as "uniform loading cases." Such approximations also allow us to gain 

detailed insights into the nature of the interactions. The "non-uniform loading cases" 

are also considered [see Figure 1.6.3(b) below)] to better represent the actual situation 

during grinding. 

In the present work, the lateral and radial cracks near a free surface are first 

investigated individually. The results obtained by the proposed technique for a simple 

radial crack near a free surface compare well with those reported by Erdogan et a!. 

(1973). The combination of radial and lateral cracks are investigated next. and the 

interactions of these cracks with pre-existing microcracks are studied in detail. In 

addition to investigating single-grit scratch tests, the effects of multiple indentations and 

their associated crack systems in the vicinity of each other are investigated to obtain a 

realistic description of damage evolution during multi-point grinding operations. For all 

of the cases, the specific problem geometries are shown as insets in the figures. 

A lateral crack near a free surface subject to indentation loading is considered 

first. It has been observed that the residual stresses due to the plastic zone also provide 

crack driving forces upon unloading of the indenter. Accordingly. both uniform 

loading and non-uniform driving forces due to residual stresses are considered. The 

normalized stress intensity factors (SIF) in both mode I and mode II are shown in Figure 

1.6.I(a) for uniform loading. It is interesting to observe the existence of the direct shear 
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mode (mode II) for this problem. The SIF in mode II is a direct consequence of the 

vicinity of the free surface and. as expected. the SIF in mode II drops to zero as the 

buried depth increases. The SIFs in both mode I and II tend to increase as the 

normalized buried depth decreases. This increase is significant when the normalized 

buried depth drops below 0.4. For uniform loading. as the normalized buried depth 

drops from 0.4 to 0.2. the SIF in mode I changes from 2.8 to 7.5 and the SIF in mode II 

changes from 1.2 to 3.2. As the buried depth is increased. the full-plane solution is 

recovered and the mode II SIF tends to vanish. The crack propagation direction is also 

of great interest. since the effective material removal rate may be controlled by varying 

the crack propagation direction. Figure 1.6.I(b) shows the variations in crack 

propagation directions with the buried depth. As the buried depth is reduced. the 

effect of the free surface becomes more pronounced. and the direction of propagation 

for a lateral crack rotates towards the normal to the free surface. 

Interactions between two collinear lateral cracks near a free surface (the near tips 

are separated by 0.2) and subject to uniform loading are considered next. The 

variations of the normalized SIFs with changes in the buried depth are presented in 

Figure 1.6.2. The full-plane solution (Tada et aI. 1973) is recovered as the buried 

depth is increased. Comparisons with the SIFs in Figure 1.6.I(a) reveal a shielding 

effect as the normalized buried depth drops below 0.5. As the normalized buried depth 

is increased. however. a stress amplification effect is observed. It is also interesting to 

note here. that at small buried depths. the normalized mode I SIF at the far tip becomes 

greater than that at the near tip. At a nomalized buried depth of 0.8. the far-tip SIF is 

1.5 and the near-tip SIF is 2.2. At a normalized buried depth of 0.2. however. the far

tip mode I SIF becomes 6.7 while the near-tip mode I SIF becomes 4.2. Accordingly. 

interactions among pre-existing lateral cracks and the lateral cracks due to grinding will 

tend to enhance lateral propagation of the pre-existing cracks. This will tend to 
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increase the effective chip thickness. 

The radial cracks near a free surface subject to grinding loads are considered next. 

Figure 1.6.3 shows the normalized mode I SIFs for a single radial crack. Both uniform 

loading and non-uniform residual stresses due to the plastic zone are considered. Based 

on the observations by Lawn et al. (1980) and Marshall et al. (1983), the resultant 

loading due to non-uniform residual stresses is approximated by a distribution whose 

intensity doubles as the base of the plastic zone is approached from the lower tip of the 

radial crack. The mode II SIFs for both cases are zero. The mode I SIFs shown in 

Figure 1.6.3 at different buried depths are almost idential to those reported by Erdogan 

et al. (1973) for a single radial crack near a free surface. Figure 1.6.4 shows the 

normalized SIFs for two radial cracks (separating distance of 0.2) near a free surface 

and subject to uniform loading. It is interesting to observe from Figure 1.6.4 that there 

exist mode II SIFs for both the upper tip and the lower tip. The existence of these 

direct shear effects is a consequence of the crack interactions. Both mode I and mode 

II SIFs increase with decreasing buried depth. Comparing the mode I SIF for a single 

radial crack (Figure 1.6.3) with those presented in Figure 1.6.4, a significant shielding 

effect is observed for both upper and lower tips. 

Interactions among two cracks with arbitrary relative orientations and subjected to 

uniform loading are considered in Figure 1.6.5. The normalized buried depth is held 

constant at 0.4. The normalized distance between the crack centers is 2.2. One of the 

cracks is held lateral and the orientation of the other one is varied from -22 degrees to 

+22 degrees. The variations of the normalized SIFs in mode I and II for the lateral 

crack are shown in Figure 1.6.S(a). It may be observed that the changes in mode I SIFs 

with variations in e are relatively small for both crack tips. Compared to the mode I 

SIF shown in Figure 1.6.1 (a) for a single lateral crack at a buried depth of 0.4, there is 

a slight amplification when e lies between -22 and -4 degrees and a small shielding 
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effect may. be observed as e increases from -4 to 22 degrees. The mode II SIF at the 

near tip also changes from -0.9 at 9 - -22 degrees to -0.45 at 9 - -6 degrees and again 

to -2 at 9 .. 22 degrees. These variations are due to crack interactions. Figure 1.6.5(b) 

shows the SIFs for the crack with varying orientation. At 9 .. -22 degrees, the near tip 

is close to the free surface and shows a relatively high mode I SIF of 7.2. The far tip 

moves near the free surface at e - 22 degrees and shows a mode I SIF of 7.0. The 

mode II SIFs at the near tip are also relatively large for all values of e between -22 and 

22 degrees. Figure 1.6.5(c) shows the variations in the direction of propagation of the 

lateral crack with changes in e. As e is varied from -22 to -7 degrees, the crack 

propagation direction changes from 27 to 16.5 degrees. However, as e varies from -7 to 

5 degrees, the crack propagation direction changes rapidly to 37 degrees and continues 

to 48.5 degrees at e .. 22 degrees. It is evident here that the direction of propagation 

for the lateral crack can be controlled very effectively through small variations in 

orientation of the accompanying crack in the range of e between -7 and 5 degrees. 

This provides an effective means for controlling effective material removal rates in 

ceramic grinding processes. 

The interactions among a lateral crack and an array of four lateral microcracks are 

considered in Figure 1.6.6. The buried depth of the lateral crack is 0.3. The buried 

depth of microcracks from top to bottom are. 0.1. 0.2, 0.4, and 0.5. The separation of 

the near tips of the lateral crack and the microcracks is fixed at 0.1. An amplification 

effect may be observed for the near-tip mode I SIF, and this effect becomes more 

pronounced with the increase in size of the microcracks. The mode II SIF at the near 

tip, however, shows a shielding effect as the microcrack sizes are increased. Figure 

1.6.7 considers a later sitution for such an array of lateral cracks, when the primary 

crack has been extended to the centerline of the microcracks. The crack geometry is 

the same as in Figure 1.6.6, except that the center of the microcracks is aligned with 
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the tip of the lateral crack. It is interesting to observe the shielding effects for the 

mode I SIF at the near' tip for this case. For this case. the centerlines of the 

microcracks were held fixed. Accordingly. the distance between the far tip of the 

primary crack and the near tips of the microcracks changed with the size of the 

microcrack. This produces the rapid rise in far-tip SIFs observed in Figure 1.6.7. 

The interactions among a radial crack and an array of four radial cracks are 

considered in Figure 1.6.8. The center of the radial crack is located at a distance of 

1.1 from the free surface. The separation of the tips of the radial crack from those of 

the microcracks is kept fixed at 0.1. The same crack system at a later stage. when the 

primary radial crack has been extended to the centerline of the microcracks. is 

considered in Figure 1.6.9. The crack geometry is the same. except that the center of 

the microcracks is aligned with the tip of the radial crack. As the microcrack size is 

increased. an amplification effect is observed for the lower tip in Figure 1.6.8; 

however. a rapid shielding effect is observed for the lower tip in Figure 1.6.9. As the 

microcrack size varies from 0.025 to 0.2. the mode I SIF drops by half from 1.2 to 0.6. 

This implies that a radial array of microcracks has the capability of arresting the 

growth of a radial crack as it attempts to propagate through the array. 

A combination of radial and lateral cracks representative of a ceramic grinding 

situation is considered in Figure 1.6.10. If brittle fracture is the predominant 

mechanism of chip formation. the buried depth will be relatively small. As more 

energy is expended in plastic deformation and the size of the plastic zone increases. the 

buried depth wiII also increase. It can be observed from Figure 1.6.10(a) that the mode 

I SIF for the upper tip of the radial crack increases very rapidly as the buried depth 

decreases. As the buried depth decreases from 1.8 to 1.1. the mode I SIF varies from 

2.4 to 5.7 for the upper tip. The lower tip mode I SIF. however. only varies from 

about 1.0 at a buried depth of 1.8 to 1.6 at a buried depth of 1.1. As seen in Figure 
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1.6.10(b). the mode I and mode II SIFs for both the near tip and the far tip of the 

lateral crack also increase rapidly in magnitude with decreasing buried depth. 

A multi-point grinding situation is considered in Figure 1.6.11. Two systems of 

radial and lateral cracks emanating from the ploughing action of two abrasive grits in 

the vicinity of each other are considered. The spacing between the crack systems is d. 

The buried depth of the lateral cracks is 0.5 and that of the center of the radial cracks 

is 104. The separation distance between the radial and lateral cracks is 0.2. Compared 

to single-point grinding. a slight shielding effect is observed for mUlti-point grinding. 

As the spacing between the two crack systems is reduced from 6.5 to 4.92. the mode I 

SIF at the near tip of the laterial crack "A" drops from 2.34 to 2.1 before rising again 

to 2.48 at a spacing of 4.6. The mode I SIF at the far tip remains almost constant. 

The mode II SIF at the near tip also remains constant when the spacing is greater than 

5.7. As the spacing is reduced further. mode II SIF at the near tip drops to 0.52 at a 

spacing of 4.6. Similar shielding effects were also observed by Kirchner (1984) for 

multi-point grinding. 

The effects of the microcrack distributions on the effective elastic properties are 

discussed next. For the purposes of grinding. only the properties of a thin layer (depth 

of the order of the depth of cut) of the workpiece is considered. Figure 1.6.12 shows 

the effects of an array of radial microcracks on the effective bulk modulus at a loading 

of G/IOO. It is observed. that the effective normalized bulk modulus of the control 

layer of the workpiece decreases as the normalized spacing between the cracks (buried 

depth is taken to be 1.5) is reduced. It drops from 0.76 to 0.694 as the spacing is 

reduced from 4.0 to 2.0. The reduction in effective bulk modulus is more drastic as 

the spacing is further reduced. and at a spacing of 1.0. the effective normalized bulk 

modulus reduces to 0.61. Figure 1.6.13 shows the effects of an array of lateral cracks 

on the effective bulk modulus of the control layer of the workpiece at a loading of 
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0/100. As the normalized spacing between lateral cracks (buried depth is assumed to 

be 1.0) is reduced from 6.5 to 3.25. the normalized effective bulk modulus reduces from 

0.638 to 0.485. Upon further reduction of the crack spacing to 2.4. the bulk modulus 

reduces to 0.39. Thus. the effective elastic bulk modulus may be reduced to only about 

40% of that of the virgin material by introducing arrays of microcracks in the control 

layer near the free surface. 

Based on the above observations. many pre-existing microcrack distributions may 

be constructed to retard the growth of radial cracks while enhancing the growth of 

lateral cracks. The microcrack distribution may also be used to facilitate curving of the 

lateral cracks toward the free surface. thus enhancing the material removal rate. An 

example of such a microcrack distribution is shown in Figure 1.6.14. It consists of an 

array of radial cracks at about the same buried depth as the length of the radial crack 

and another set of cracks with varying orientation. Crack 1 is the main radial crack 

and cracks 2 and 3 are the principal lateral cracks due to grinding. Cracks 4 through 7 

consist of the radial array of microcracks and cracks 8 through 10 and II through 13 

are arranged at varying orientations. Details about the cracks are given in Table 1.6.1. 

Significant shielding is observed at the lower tip of the principal radial crack. The 

mode I SIF at the lower tip of crack 1 is observed to be only 0.534. This is due to the 

presence of the radial array--the radial crack is arrested as it attempts to propagate 

through the array of radial microcracks. The mode I SIFs at the lower tips of the 

radial microcracks are observed to be around 1.3. Cracks 8. 9. and 10. on the other 

hand. significantly amplify the mode I SIF for the lateral crack to 2.89. The mode I 

SIFs for cracks 8. 9. and 10 are also very high (7.0. 5.6. and 2.8. respectively). 

Accordingly. these microcracks will tend to propagate and coalesce with the lateral 

crack. thus enhancing effective material removal. As observed in Figures 1.6.12 and 

1.6.13. it is also important to note that the microcrack distribution shown in Figure 



Table 1.6.1 - Numerical data for a constructed crack distribution 

Mode I SIFs 
Coordinates 

(Center of Crack) Angle With Length Lower Upper 
Crack Free Surface of Right Left 

Number X V (degrees) Crack Hand Hand 

1.4 0.0 90.0 2.0 0.534 4.320 

3 (2) 0.5 1.2 0.0 2.0 2.823 2.892 

6 (5) 2.4 0.1 90.0 0.4 1.267 0.582 

7 (4) 2.4 0.2 90.0 0.4 1.312 0.281 

8 (11) 0.6 2.2 5.0 0.4 4.349 7.001 

9 (12) 0.5 2.5 10.0 0.4 5.876 5.614 

10 (13) 0.3 2.8 15.0 0.4 4.461 2.792 

Mode II SIFs 

Lower Upper 
Right Left 
Hand Hand 

0.000 0.000 

-0.123 0.236 

-0.001 -0.535 

-0.506 -0.180 

1.948 -3.786 

-5.505 -1.953 

-1.428 0.350 

Vo 
\0 
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1.6.14 significantly reduces the elastic modulii of the top layer of the workpiece. This 

will also facilitate grinding with softer abrasives. 

1.7. CRACK. RIGID-LINE FIBER AND INTERFACE INTERACTIONS 

Interactions among cracks. rigid-line fibers. and the interface between dissimilar 

materials is the focus of this section. The interface may also include point defects. 

The integral equation formulation can be extended to handle general crack-fiber

interface interactions. It is observed that an interface can significantly alter the nature 

of interactions among cracks and rigid-line fibers. As an example. the inner-tip stress 

intensity factors (SIFs) for a collinear crack system may be reduced. in the presence of 

an interface. to less than the outer-tip SIFs. Mixing of Mode-I and Mode-II behaviors 

due to interactions and their effects on stress amplification and retardation are also 

investigated. The effects of fiber reinforcements on crack propagation are investigated 

on two different scales. using a detailed local analysis as well as a micromechanical 

approach. The results suggest that detailed local analyses are necessary for an accurate 

understanding of crack-tip behaviors. A bi-material interface is assumed in the present 

analysis. Thus. it is suitable for composite materials with relatively large-scale 

inhomogeneity. where cracks and fibers can coexist. or with sub-level microcracking 

near reinforcements. 

1.7.J The Interplay Of Crack-Crack And Crack-Interface Interactions 

The effects of a bi-material interface on the stress field of interacting cracks are 

investigated in this section. The proposed integral equation approach can handle 

arbitrary orientations and distributions of cracks and rigid-line fibers. The bi-material 

interface. surrounded by cracks. can be considered as an idealized situation where 

either a larger scale inhomogeneity and macrocracks coexist or where microcracking 

occurs in reinforced composites. Although the behavior of a crack right on the 
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Figure 1.7.2. Variation of Mode-I SIFs with crack spacing: 
cracks are opened by an internal pressure (To; O2/0 1 .. 0.0 I. 
VI .. V2 .. 0.25, and h/a .. 0.2. 
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interface. as well as a crack near an interface. has received a great deal of attention 

[see, e.g .• Ting (1986). Hutchinson et aI. (1987). Delale and Erdogan (1988). Rice (1988). 

Erdogan et al. (1991). Herrmann (199 I). and Lou and Chen (1989) for recen t 

developments]. little study has been devoted to the effects of crack-crack and crack

interface interactions. These will be the subjects of this investigation. 

The inset of Figure 1.7.1 shows two collinear cracks. opened by an internal 

pressure of magnitude uo. positioned parallel to the interface. The material properties 

are chosen such that G( IG2 .. 100. v( '" v2 ... 0.25. and the distance between crack 

centers is fixed as dla '" 2.2. The variation of stress intensity factors for inner and 

outer crack tips with the crack-interface distance is shown in Figure 1.7.1. It is well 

known that the interaction of collinear cracks in a homogeneous solid always produces 

amplification in the inner-tip stress intensity factor. (The magnitude of amplification. 

of course. depends on crack spacing). The inner-tip SIF in Figure 2. however. is 

shielded down to less than that of the outer tip when the normalized distance between 

the crack and interface becomes less than 0.4. As the collinear cracks move far away 

from the interface. the stabilized SIFs of a homogeneous solid are recovered with inner

and outer-tip values of 1.49 and 1.12. respectively. (These values have not been 

reached in the plot range of Figure 1.7. I.) This implies that the existence of an 

interface can significantly alter the nature of crack interactions. It is also observed that 

the effect of the interface on crack interaction depends strongly on the crack and 

interface positions. Figure 1.7.2 considers the variation of SIFs of the same collinear 

crack system with normalized crack spacing. The distance between the crack and 

interface is fixed as hla .. 0.2. It is observed once again that. when the crack spacing 

is less than 3.0. the inner-tip SIF is reduced to less than that for the outer tip. One 

may conclude from Figures 1.7.1 and 1.7.2 that. for small crack spacing and crack

interface distance. the inner-tip SIF is always reduced to less than that of the outer tip. 
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The interaction of the interface and a layer of pressurized cracks parallel to the 

interface is considered next (see the inset of Figure 1. 7 .3). The material properties are 

taken as 0 2/01 .. 23.46, vI - 0.35, and v2 ... 0.22. This simulates matrix cracking of a 

glasslepoxy composite. A system consisting of 21 cracks is used to ensure that the SIFs 

of the central crack converge to the case of an infinite periodical array of cracks. 

Figure 1.7.3 shows the variation of Mode-I SIFs of the central crack with crack spacing 

for crack-interface distances of h/a .. 0.2, 0.5, and 2.0. It is noted that the crack-crack 

interaction is dominant when spacing is small and crack-interface distance is relatively 

large. That effect makes the SIFs converge for hla - 0.5 and 2.0 when dla is less than 

2.5. As crack spacing increases, however, the crack-interface interaction prevails. In 

this case, an interface-crack interaction reduces the crack-tip stresses while a crack

crack interaction enhances the crack-tip stresses. One may expect competition between 

interface-crack and crack-crack interactions for amplification and reduction in SIFs. 

This observation can be justified from the fact that. at hla .. 0.2 and dla = 3.7. the 

normalized SIF value is equal to 1, i.e., that of the non-interacting case (due to 

interface-crack and crack-crack interactions offsetting each other). 

It is worthwhile noting that a Mode-II stress field of considerable level exists at 

crack tips in the configurations shown in Figures 1. 7.1. 1.7.2, and 1.7.3. This is, of 

course, solely attributed to the interface-crack interactions, since the Mode-II stress field 

is not sustained for collinear pressurized cracks in a homogeneous solid. 

Figure 1.7.4 considers the interaction between an interface (suffered from a point 

defect of dislocation in the y-direction) and a surface traction-free crack perpendicular 

to the interface (crack-interface distance hla .. 1.1 and VI .. v2 - 0.25). The dislocation

activated Mode-I SIFs are plotted against the crack-dislocation distance for modulus 

ratios of 0 2 /0 1 = 0.5, 1.0, and 2.0. Contrary to what one might expect, the maximum 

SIF does not occur at d = O. For example, the maximum SIF is reached at dla = 0.06 
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for O2/01 - 0.5. 

1.7.2. The Effect Of Rigid-Line Fiber Reinforcements On Crack Propagation 

The interactions among cracks and rigid-line fibers and their implications for crack 

propagation is considered in this section. To begin. we note that a micromechanics 

approach has been developed by Huang (1993) to investigate the interactions among 

cracks and rigid-line fibers. The overall elastic moduli (usually anisotropic) of a 

material containing distributed cracks and rigid-line fibers is determined. The effect of 

rigid-line fibers on the overall moduli can be represented by a parameter called fiber 

density and defined as 

where V is a representative volume (area). N is the number of rigid-line fibers in V. 

and (ar> is the statistical average of half the fiber length. 

We first consider a bi-material of ° 2/°1 .. 0.5 and VI .. v2 ... 0.3. It is assumed 

that the hard material (or material I) is subject to microcracking and the soft material is 

reinforced by randomly distributed rigid-line fibers (see the inserts of Figures I. 7.5 and 

1. 7 .6). Obviously. the rigid-line fibers will enhance the moduli of the soft material and 

possibly prevent microcracking in the hard material from crossing the interface. Using 

the effective properties obtained by Huang (1993). one may obtain (in terms of fiber 

density). the lumped effects of distributed rigid-line fibers on the propagation of cracks 

in the hard material. The variation of SIFs with the fiber density are shown in Figures 

1. 7.5 and 1.7.6 for a crack perpendicular (crack-interface distance h/a .. 1.1) and 

parallel (h/a - 0.4) to the interface. respectively. It is noted that the effect of rigid-line 

fibers tends to retard the SIFs for both perpendicular and parallel cracks. Nevertheless. 

such reinforcements cannot be considered effective in terms of preventing the crack 

from propagating across the interface. For example. as the fiber density increases from 
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o to 4.0. the SIF is only reduced from 1.17 to 0.96 for the perpendicular crack and 

from Ll8 to 0.98 for the parallel crack. 

It may be argued that the lumped effect of rigid-line fibers only represents the 

overall behavior of the reinforced material and the effect of local crack and rigid-line 

fiber interaction cannot be sensed by a lumped model [see Kachanov (1992) for a 

detailed discussion]. To justify this observation, we consider the case, as shown in 

Figure 1.7.7. of a crack in material 1 perpendicular to the interface and a rigid-line 

fiber in material 2 parallel to the interface (material properties are the same as in 

Figures 1.704 and 1.7.5). The crack and the fiber are of equal length a. and the crack

interface distance is fixed as hila .. 1.1. In Figure 1.7.7. it is noted that when the 

normalized fiber-interface distance. h2 /a. is small. the single rigid-line fiber can 

produce considerable retardation in SIFs. thus blocking cracks from propagating across 

the interface. For example. the SIF value is 0.94 at h2/a - 0.05 compared to the stable 

value of lAO. 
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CHAPTER 2. CRACK AND INCLUSION INTERACTIONS 

Dilute distributions of inclusions such as second-phase particles. foreign grains. or 

other inhomogeneities exist in a variety of materials. In the neighborhood of an 

inclusion. there is always a possibility of crack initiation due to stress concentration. 

The problem of a solid containing an inclusion surrounded by mUltiple cracks is 

investigated in this chapter. The present analysis provides fundamental solutions for 

crack tip behavior and damage evaluation for a solid containing cracks and dilute 

distributions of inclusions. A distribution of dislocations approach is pursued to model 

crack-crack and crack-inclusion interactions accurately and efficiently. Both 

transformation loading from the inclusion and remote loading on the matrix are 

considered. and the effects of crack-crack and crack-inclusion interactions are 

investigated in detail. The numerical results for radial crack systems reveal that crack

inclusion interactions produce stress retardation for the harder inclusions only if the 

matrix is subject to remote loading. Unlike the remote loading on the matrix. 

transformation loading on the inclusion produces stress amplification for hard 

inclusions. The opposite holds for softer or weaker inclusions. It is also observed that 

crack-crack interactions can produce either retardation or amplification of stress 

intensity factors. but retardation prevails as the number of radial cracks increases. The 

competition between crack-crack and crack-inclusion interactions for amplification or 

retardation is also examined. The calculations show that a quasi-static crack-growing 

process can lead to an actively growing crack being arrested or to an inactive crack 

growing. This suggests that self-similar crack growth may not be enough to describe 

the behavior of microcracked composites. 

In an attempt to model the micromechanical aspects of a material containing dilute 

inclusions surrounded by cracks. it is shown that additional strain due to 
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microcracking in a solid containing inclusions can be represented by an integral of 

crack opening displacements weighted by a nonuniform stress field induced by 

inclusions alone (in the absence of microcracking). The integral equation approach is 

then untilized to evaluate the effective moduli and additional macroscopic strain due to 

microcracking in composites. It is found that an increase in the number of hard 

inclusions may not always lead to strengthing of' the materials. as expected. if the matrix 

material is vulnerable to microcracking around inclusions. 

2.1. INTRODUCTION 

Cracks and inhomogeneities exist in various types of materials. such as rocks. 

ceramic compounds. and intermetallics. For example. various ceramic components and 

intermetallics contain second-phase particles introduced by alloying processes. In rocks. 

geological evolution introduces a variety of foreign grains. For materials containing 

foreign inclusions or inhomogeneities. microcracks form when residual stress of 

sufficient magnitude develops. even in the absence of external loads. The residual 

stress can be due to several sources. such as stress-induced transformation and thermal 

mismatch between the matrix and the inclusion. Accordingly. a fracture mechanics 

approach is pursued in the present work to investigate interactions among multiple 

cracks and an inclusion. As a first attempt. inclusion-inclusion interactions are 

neglected and the second-phase particles are modeled as dilute inclusions. The crack

crack and crack-inclusion interactions. however. can be very strong. and these are 

investigated in detail in the present work. A distribution of dislocations approach 

(Bilby and Eshelby 1968. Atkinson 1972. and Erdogan et al. 1974) is adapted to 

formulate the problem as a system of singular integral equations. with kernels being 

properly augmented through Dundurs and Mura's (1964) solution of a point dislocation 

acting in a solid containing an embedded inclusion. Both transformation loading from 

the inclusion and remote loading on the matrix are considered. Effects of crack-crack 
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and crack-inclusion interactions on stress amplifications and retardations are 

investigated in detail. The numerical results reveal that the nature of stress retardation 

and amplification depends on the type of loading and the ratio of inclusion to matrix 

moduli. When a matrix is subject to remote loading. crack-inclusion interactions 

produce local stress retardations for harder inclusions and stress amplification for 

weaker inclusions. It is also observed for a radial crack system that crack-crack 

interactions can produce either retardation or amplification of stress intensity factors. 

depending strongly on the number and distribution of cracks. Stress amplification or 

retardation effects due to various crack-crack and crack-inclusion interactions are also 

investigated. 

In the past. Erdogan et al. (1974) investigated the interactions between a circular 

inclusion and an arbitrarily oriented crack using an integral equation approach. Horii 

and Nemat-Nasser (1985) developed a pseudo-traction approach for investigating crack 

interactions. and Kachanov (1987) proposed a useful simplification of the pseudo-traction 

approach for the approximate analysis of crack interactions. The analysis of Erdogan et 

al. (1974) is limited to a single crack. while the approach of Kachanov (1987) does not 

work well for closely packed cracks and is not directly extendable to inclusions. The 

present analysis attempts to develop an integral equation approach capable of handling 

very close packing of microcracks in the presence of inclusions. In various ceramic 

materials and composites. damage is initiated as microcracks around an inclusion. and 

the results from the present work provide the foundation for evaluating the state of 

damage for such cases (e.g .• Huang et al. 1993a) as well as to predict growth of such 

microcracks and their eventual coalescence to cause macro-scale damage in a body. 

2.2. MULTIPLE CRACKS NEAR AN INCLUSION 

2.2.1. Problem Description 
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In this section. a fracture mechanics approach is pursued to investigate the 

interactions among an inclusion and cracks. In addition to standard local stress 

analysis. this approach provides the fundamental solution for determination of the 

macroscopic strain increase and modulus reduction due to microcracks in a solid. To 

be specific. it is assumed that an inclusion of a circular shape with radius R. shear 

modulus °2, and Poisson's ratio v2 is perfectly bonded to an infinitely extended. 

microcracked matrix material with shear modulus 01 and Poisson's ratio vI' Without 

loss of generality. the center of the inclusion is assumed to be at the origin of a 

rectangular Cartesian coordinate system (see Figure 2.2.1). In the matrix. there are N 

cracks surrounding the inclusion. The associated polar coordinate system is denoted by 

rand e. and a local normal-tangential coordinate system associated with the ith crack is 

represented by s(i) and t(i). The occupancy of the ith crack is taken as -a(i) < t(i) < a(i). 

The geometry of the ith crack is specified by the center coordinates (x~). y~)), orientation 

angle e~). and the half length of the crack a(i). The external loading applied to the 

system can be an arbitrary remote loading, a thermal mismatching, or a transformation 

strain from the inclusion. 

The solution of such a system must meet the following requirements: (I) The 

equilibrium equation must be satisfied. (2) The displacements and tractions on the 

inclusion-matrix interface must be continuous. (3) The crack surface must be traction 

free (neglecting any effects of crack closure). The boundary conditions for cracks 

require that 

u(i) .. 0 . ss • i co I. 2 .... , N for -a(i) < t(i) < a(i) (2.2.1 ) 

The continuity conditions on the interface lead to 

(2.2.2a) 



Figure 2.2.1. Schematic diagram of an inclusion surrounded by cracks. 

+[ 
crack f 

dislocations on thl 
Ith crack 

//// 

Figure 2.2.2. Schematic diagram of superposition. 

//// 

73 



74 

o s: 6 s: 2" (2.2.2b) 

where O"rrl' O"rr2' O"rOI' and O"r02 stand for normal and tangential stresses on the interface 

of the matrix and inclusion. respectively; and uri' ur2' uOI' and u02 stand for the radial 

and loop displacements of the matrix and inclusions. We shall refer to the problem 

described above as the original problem. 

2.2.2. Superposition Technique 

The difficulty in solving the original problem lies in the fact that we must account 

for the effects of crack-crack and crack-inclusion interactions. Various techniques 

have been developed to model this type of interactions [see. for example. Chen 

(I 984a. b). Horii and Nemat-Nasser (1983. 1985). and Hori and Nemat-Nasser (1987) for 

mUltiple holes or cracks. Kachanov (1987) for multiple cracks. Hu and Chandra (I993b) 

for mUltiple cracks and rigid lines. and Hu et aI. (I993b) for multiple voids and cracks]. 

The superposition technique is used in all these various approaches. As in many crack 

problems. the original problem can be superimposed as a homogeneous problem and a 

perturbed problem. The homogeneous problem deals with the infinitely extended 

matrix embedded with the inclusion. subject to the same external loading as the original 

problem. but in the absence of any cracks. The perturbed problem is concerned with N 

cracks in the neighborhood of the inclusion but subject to no external loading. As a 

result. the perturbed problem represents only the localized stress contribution in the 

matrix. Following Bilby and Eshelby (I %8). Atkinson (1972). and Erdogan et aI. (1974). 

a crack can be modeled as a continuous distribution of dislocations. We further 

subdivide the perturbed problem into N subproblems. each having only a single crack in 

the matrix and near the inclusions but with an unknown distribution of dislocations (see 

Figure 2.2.2). The unknown distribution of dislocations in each crack will need to be 
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determined in such a way that all conditions for the original problem are satisfied. 

Based on the superposition approach discussed above, an elasticity solution for the 

problem of an infinitely extended solid embedded with an inclusion and subject to a 

point dislocation will be required in the current analysis. This solution is given by 

Dundurs and Mura (1964) and Erdogan et al. (1974) for a dislocation of components bx 

and by acting at a point (c, 0) (c > R). The stresses outside the inclusion can be written 

as 

b CTxx .. 7T(KI + 1) 
° I [Ixxx (x, y; c)bx + Ixxy (x, y; c) by J (2.2.3a) 

b 7T(KI + 
1) [Ixyx (x, y; c)bx + Ixyy (x, y; c) by J (2.2.3b) CTxy .. 

°1 

b 7T(KI + 1) 
+ Iyyy(x, y; c)byJ (2.2.3c) O'yy .. O( 

[Iyyx(x, y; c)bx 

where KI .. 3 - 4vI for plane strain and KI .. (3 - VI )/(1 + VI) for plane stress; functions 

Ixxx through Iyyy are given in the Appendix B. It should be noted that the elasticity 

solution shown in Eq. (2.2.3) satisfies the eqUilibrium equation and the continuity 

condition on the interfac<l (the stresses and the derivable displacements inside the 

inclusion are not presented here because they are not relevant to the formulation). The 

fundamental elastic solution bears a singularity of the order of r as the distance r 

between the field point (x. y) and the source point (c. 0) approaches zero. 

2.2.3. Integral Equations 

Let us now consider the effects of all cracks on the mth crack. For consistency. 

the stress fields associated with different cracks are transformed to the local tangential-

normal coordinate system (t(m) , sCm)) for the mth crack. For example, the stress field 

associated with the jth crack may be transformed as 
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O'(m) _ O'(i) sin2 e<mi) - 20'(i) sin e<mi) cos e<mi) + O'(i) COS2 e<mi) 
55 tt ts 55 (2.2.4a) 

O'(m) _ [O'(i) - O'(i)] sin e<mi) cos e<mi) + O'(i) [cos2 e<mi) - sin2 e<mi)] 
ts 55 tt ts (2.2.4b) 

where e<mi) is the angle between axes t(i) and t(m). 

The N cracks are now represented by their corresponding distribution of 

dislocations. The contribution of the ith crack to the stresses at the presumed location 

of the mth crack can be obtained by integrating the effects of the distributed 

dislocations over the ith crack. Summing the effects of all cracks on the mth crack and 

imposing traction-free conditions on the mth crack. we get 

m .. 1.2 ..... N (2.2.Sa) 

m ... 1.2 ..... N (2.2.Sb) 

where O'~~O) and O'~O) represent the stress components at the presumed location of the 

mth crack. for the infinitely extended matrix embedded with the inclusion but in the 

absence of all cracks. i.e .• stresses from the homogeneous problem. Here b(i) and b(i) 
't s 

are the components of the ith crack dislocation density vector. The tangential and 

normal surface movements of the ith crack are denoted by A~i)(t(i» and A~i)(t(i). 

respectively. Then. 

(2.2.6) 

Here, the kernels K(( through K22 are obtained by casting the fundamental solution. Eq. 
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(2.2.3). into the proper stress coordinate transformation. Eq. (2.2.4). The results can be 

expressed in terms of crack geometry and fundamental solution functions: 

- 2(1Xyx cos 1/1 - Iyyy sin I/J)sin r/J cos r/J (2.2.7a) 

- 2(1xyx sin 1/1 + Ixyy cos l/1)sin r/J cos r/J (2.2.7b) 

+ (lxyx cos 1/1 - Ixyy sin 1/1Xcos2 r/J - sin2 r/J) (2.2.7c) 

K22 (t(m). t(i») - [(Iyyx sin 1/1 + Iyyy cos 1/1) - (Ixxx sin 1/1 + Ix"y sin 1/1)] sin r/J cos r/J 

+ (IxyX sin 1/1 + Ixyy cos 1/1)(sin2 r/J - cos2 ¢) (2.2.7d) 

where angles 1/1 and ¢ depend on the geometries of the ith and mth cracks. integral point 

coordinate t(i). and collocation point t(m) in the following fashion: 

(2.2.8a) 

(2.2.8b) 

with (3 being defined as 

(2.2.9) 

and 

(2.2. lOa) 

Y .. y(i) + t(i) sin e(i) pee (2.2.IOb) 

(2.2.IOc) 
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Finally. Ixxx. etc .• in Eq. (2.2.6) are obtained. For example. 

(2.2.11) 

with x. y. and c substituted as 

x - r<m) cos('Y - (3) + t(m) cos(Obm) - (3) (2.2.12a) 

y - r(m) sin('Y - (3) + t(m) sin(Obm) - (3) (2.2.12b) 

(2.2.12c) 

where r<m) is the distance between the origin and the center of the mth crack and 'Y is 

the angle between the x-axis and the line connecting the origin and the center of the 

mth crack. 

The single valuedness of the displacements requires that the following additional 

conditions be satisfied: 

i = I. 2, .... N (2.2.13) 

Equations (2.2.Sa) and (2.2.Sb), along with the additional conditions in Eq. (2.2.13), 

now provide an integral equation representation of the original problem. It is noted 

that the field equations and the interface continuity conditions are exactly satisfied by 

virtue of the fundamental solution equation as given in Eqs. (2.2.3). The traction-free 

conditions on the crack surfaces, as presented in Eqs. (2.2.Sa) and (2.2.Sb), will have to 

be satisfied through numerical solution of the integral equations. A detailed discussion 

of the treatment of singular integral equations is given by Erdogan et al. (1973). The 

Gauss-Chebychev quadrature proposed by Erdogan et al. is adapted for the current 
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analysis. Once dislocation distributions for all cracks are obtained from the numerical 

scheme. stresses and displacements can be obtained through definite integrations of 

appropriate kernels. Since the purpose of our analysis is to investigate local behaviors 

such as stress intensity factors. strain increase. and modulus reduction due to cracks. it 

is sufficient to know just the dislocation distribution. Other local quantities such as 

SIFs (Krenk 1975). as well as global parameters such as modulus reduction (Shum and 

Huang 1990). can be easily obtained from the dislocation distribution. 

2.3. TRANSFORMA TION LOADING OF INCLUSIONS 

We consider the case where the inclusion initiates a dilatational strain € T. i.e .• €rr = 

€OO .. f T and €rO - O. The stresses induced in the matrix. which determine the forcing 

terms O'~~O)(t(m) and O'~O)(t(m) in the integral equations [Eqs. (2.2.5a) and (2.2.5b)], can 

be written as 

where 

R2 
0'0 - 0'0 -2 r 

(r> R) 

(r > R) 

(r > R) 

An array of radial cracks is considered in Figure 2.3.1. The cracks are assumed to be 

of equal length. a. and to be spaced apart from each other in an equal angle. For fixed 

material properties. the transformation-induced stress intensity factor (SIF) of the inner 

crack tip. normalized with respect to EJ € T Jmi. can be expressed as 
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where >.0 1 - d/a. 61 - a/(d - R). and N is the number of cracks. 

In the following calculations. the Poisson's ratios of the matrix and inclusions are 

taken as vI ... v2 ... 0.3. Three cases. ~/EI .. 0.25. 1.0. and 4.0. are considered. and the 

number of cracks is N ... 8. Shown in Figures 2.3.2. 2.3.3, and 2.3.4 are the variations 

of the normalized SIF at the inner tip with parameters 61 for various >.0 1 ... 1.5. 3.0. and 

6.0. respectively. The hardest inclusion. ~/EI = 4.0. enhances the SIFs in all three 

cases. As >.oJ becomes bigger (or the crack moves away from the inclusion). the SIFs 

decrease. This was expected since transformation-induced stresses are localized in 

nature. It is noted that ~/EI .. 1.0 in each figure represents the case of the inclusion 

material being identical to the matrix. therefore the deviation of the SIF corresponding 

to ~/EI .. 4.0 or ~/EI .. 0.25 from that for ~/EI - 1.0 is indicative of the interaction 

between the inclusion and cracks. It is seen that the weakest inclusion (E2 lEI .. 0.25) 

produces a stronger inclusion-crack interaction than the hardest inclusion (E2 lEI = 4.0). 

It is also observed that the deviation of the SIF for ~/EI .. 0.25 from that for E2/EI = 

1.0 changes slightly with 61 for all three values of >.0 1 , This probably implies 

decoupling of material and geometric properties. as observed by Shum and Huang (1990) 

for an annular crack surrounding a spherical inclusion. still holds here for the weakest 

inclusion. However. this is not true for the hardest inclusion. Finally. contrary to what 

will be seen for remote loading on the matrix. the transformation loading from the 

particle produces stress amplification for the hardest inclusion and stress retardation for 

the weakest inclusion. 

2.4. REMOTE LOADING OF MATRIX 

Remote loading is considered in this section. For a solid embedded with an 

inclusion subject to a uniaxial tension. uo. in the x-direction. the stresses in the matrix. 
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which determine the forcing terms u~~O)(t(m)) and u~O)(t(m)). in the integral equations 

[Eqs. (2.2.5a) and (2.2.5b)). can be written as (Muskhelishvili 1953) 

urr • ~2 [1 - c2 R2 [I _ 2cI R2 _ 3C3R4] 20] r2 + r2 r4 cos 

u [ c R2 3c R4] u 0 .. - ~ I + ~ + ~ sin 20 
r 2 r4 r4 

where ci • c2' and c3 are the constants related to material properties: 

2(02 - OJ) 
ci - - 0 1 + "1 0 2 

Od"2 - I) - 02("J - I) 
c2 - 202 + OJ ("2 - 1) 

O2 - OJ 
c3 • 0 1 + "1 0 2 

(r > R) 

(r > R) 

(r> R) 

It is noted that the solution for other remote loading situations. i.e .• biaxial and shear. 

can be easily obtained by rotating the coordinates. 

An array of radial cracks with the same geometry as shown in Figure 2.3.1 is 

considered first. Assuming that the system is subject to biaxial remote loading 

(uxx .. uyy - uo). the stress intensity factor at the inner crack tip (normalized with 

respect to uo.Jrrn) can be expressed as 

where XI - d/a. X2 - RIa. and N is the number of cracks. 
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AI: biaxial remote loading. A2 - 1.0, vI .. v2 .. 0.3. and ~/EI .. 0.25. 
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Figure 2.4.1 shows the variation of the inner tip SIF with the nondimensional 

geometrical parameter XI (- d/a) for a case where X2 • 1.0. VI - v2 • 0.3. and ~/EI .. 

0.25. The SIF is enhanced as XI decreases (the cracks get closer to the inclusion). 

However. the extent of the enhancement strongly depends on the number of cracks. 

The crack-crack interaction becomes stronger as the number of cracks increases. The 

crack-crack interaction for a larger number of radial cracks tends to shield the stress 

intensity factors. The combined effect of the crack-inclusion interaction (which leads to 

amplification in SIF for weaker inclusions) and the crack-crack interaction (which leads 

to retardation in SIF for a large number of cracks) can be clearly seen in Figure 2.4.1. 

For N .. 6 and 8. one can find a small value of XI (or a position where the cracks are 

close to the inclusion) that makes the normalized SIF value equal to 1.0. The 

competition between the amplification and the retardation effects is respbrisible for this 

result. Of course. the values of SIF tend to be 1.0 as XI becomes larger (neither crack

crack nor crack-inclusion interactions exist when the cracks are spaced far apart from 

the inclusion). 

Figure 2.4.2 shows the variation of the inner tip SIF with the nondimensional 

geometrical parameter XI (= d/a) for a case where X2 ... 1.0. VI .. v2 .. 0.3. and E2/EI c 

1.0. The inclusion has the same material properties as the matrix in this case. As one 

may expect. the inner tip SIF becomes shielded for N - 4. 6. and 8. but amplification 

exists only for collinear cracks (N .. 2). The shielding becomes stronger as the cracks 

move closer. 

Figure 2.4.3 shows the variation of the inner tip SIF with the nondimensional 

geometrical parameter XI (m d/a) for a case where X2 .. 1.0. VI - v2 - 0.3. and E2/EI = 

4.0. Retardation occurs in this case. It is observed that retardation becomes stronger 

as the cracks get closer to the inclusion. One can conclude that. for harder inclusions. 

the crack-inclusion interaction produces stress retardation (particle shielding). It is also 
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observed that retardation increases if the number of cracks increases. As before. 

increasing crack-crack interactions are responsible for this result. The combined effects 

of both crack-crack and crack-inclusion interactions produce significant retardation in 

the stress intensity factors. Comparisons between Figures 2.3.5 and 2.4.1 and between 

Figures 2.4.1 and 2.4.2 reveal that crack-inclusion interactions greatly affect the nature 

of local stress distributions. 

2.5. DAMAGE EVALUATION 

The geometry shown in Figure 2.5.1 represents a variety of practical situations. 

such as foreign grains in metamorphic rocks. second-phase particles in metals. or 

intermetallics and zirconia-containing ceramics. In the continuum modeling of the 

constitutive behavior of materials undergoing microcracking. the primary quantities of 

interest are the effective moduli of these microcracked materials and additional strains 

that show up at the macroscopic level due to microcracking. The total macroscopic 

strain contribution, Eij. due to a Y'llume fraction. p, of particles is simply (Hutchinson 

1987) 

(2.5.1) 

where AEjj represent the additional strain. or strain increase, per unit volume of 

particle and are to be obtained by solving the fundamental problem shown in Figure 

2.5.2: i.e .• for an infinite body containing a single inclusion. of unit volume. surrounded 

by cracks. 

(2.5.2) 

where AR and nj denote the outer boundary and normal of the matrix. respectively; Uj 
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denotes the displacement along AR in the presence of particles and cracks; and up 
denotes the displacement along AR in the absence of cracks but in the presence of 

particles. In general. the microcracked composites behave anisotropically due to the 

distribution pattern of the microcrack. 

It should be noted that. due to the interaction between the inclusion and the cracks. 

no direct expression. such as that presented by Hill (1965) and Kachanov (1987). exists 

for AEij. In the following presentation. we derive a formula for the evaluation of 

additional macroscopic strain due to cracks for a solid containing inclusions and cracks. 

While the formula for evaluation of additional strain due to cracks is valid for the 

three-dimensional case. numerical results are presented only for a two-dimensional solid 

containing a dilute distribution of inclusions surrounded by cracks. 

2.5.1 Numerical Evaluation of Macroscopic Strains. AEij 

While the formal definition of AEij in Eq. (2.5.2) involves a surface integral over 

the outer surface. AR • in Figure 2.5.2. it is more feasible for numerical purposes to 

evaluate AEij over the microcrack surfaces. This reformulation requires that we 

consider two separate elasticity problems of a particle inside an infinite matrix. where 

both particle and matrix are assumed to possess elastic isotropy. 

Test Problem 

The geometry of this problem is that given in Figure 2.5.2. except that the cracks 

are absent. Loading is applied via uniform remote stresses. J'ij. The resultant field 

quantities of stresses. strains. and displacements everywhere are denoted as J'ij' 6'ij' 

and Z't j • They are readily available in closed form as given by Muskhelishvili (1953). 

While this problem has no direct bearing on the definition of AEij • the solution to this 

problem will allow backing-out values of AEij and facilitate evaluation of the effective 
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moduli in a manner that will be apparent later. 

Main Problem 

Let the resultant field quantities of stresses. strains. and displacements everywhere 

in the solid with the inclusion and cracks (Figure 2.5.2) due to remote loading (generally 

different from ..I'm be denoted as Ujj. fij. and Uj; determination of these quantities will 

be addressed later. The corresponding quantities in the absence of cracks are denoted 

as uB, fB, and u? and may be evaluated in a fashion similar to that used for the test 

problem. 

Reformulation of .D.Eij begins with pre-multiplication of Eq. (5.5.2) with stresses 

J'ij of the test problem such that 

(5.2.3) 

Keeping in mind that the stresses J'ij are symmetric and in equilibrium. and making use 

of the following notation. 

or - ur+ - ur- - opening of the kth crack (5.2.4) 

A~+ • A~- - top and bottom surfaces of the kth crack • 

it follows directly from successive applications of both the reciprocity and divergence 

theorems that 

(2.5.5) 

where the unit normal vector. nj. in the crack face integral points into the matrix. 
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A straightforward application of the reciprocity theorem for the volume integral 

similarly gives 

(2.6.6) 

The volume integral in Eq. (2.5.5) can thus be transformed. using the divergence 

theorem. into two surface integrals of the form 

By keeping in mind the fact that 

(2.5.8) 

(2.5.9) 

the integral over the volume V in Eq. (2.5.7) is identically zero. Finally. Eq. (2.5.3) 

takes the form 

J'':'?ilE·· .. ~ J J' .. c5~n·dA IJ IJ L k IJ 1 J • 
k Ac+ 

(2.5.10) 

It should be emphasized that Eq. (2.5.10) also holds for a solid containing non-dilute 

inclusions. since the derivation of Eq. (2.5.10) does not impose any restrictions on the 

distribution of inclusions. The reason for solving the test problem is now clear: by 

evaluating Eq. (2.5.10) using the solutions to the test problem corresponding to 

..I'll - ..1'2'2 ... I . (2.5.11 ) 

the integral expression in Eq. (2.5.10) reduces to the two-dimensional additional 
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macroscopic dilatational strain. ~EII + ~~2' By evaluating Eq. (2.5.10) using the 

solutions to the test problem where the only nonzero component of the uniform remote 

stresses is J'2'2 .. 1. the integral expression in Eq. (2.5.10) reduces to the additional 

macroscopic uniaxial strain. ~~2' 

It is important to note that Eq. (2.5.10) is equivalent to that of Hill (1965) and 

Kachanov (1987) when the inclusion and matrix share the same material properties. For 

inhomogeneous inclusions. J'ij is not the same as J'ij. In general. there is no simple 

8.nalytical expression of J'ij for non-dilute inclusions in a solid. However. in the case 

of dilute distributions of inclusions. the solution of J'ij for various remote loadings can 

be found in Muskhelishvili (1953) for a single inclusion embedded in a solid. In what 

follows. we will focus on the case of a dilute distribution of inclusions. 

Evaluation of the Crack Opening Displacements 

For a solid containing an inclusion surrounded by cracks. solutions due to various 

loading conditions have been obtained based on a method described in section 2.2. As 

applied in the present context. this method involves formulating the singular integral 

equations governing the traction-free conditions on the microcrack faces. The unknown 

functions that arise naturally in this formulation are dislocation densities of each crack 

defined as 

dS i 
b

s
i ... _s 

dt(i) • 

(2.5.12a) 

(2.5.12b) 

where (t(i). s(i») is a local Cartesian coordinate defined such that t(i) is aligned along the 

ith crack. and occupancy of the ith crack is -a(i) < t(i) < a(i) [a(i) is the half length of the 
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ith crack]; s(i) is normal to the ith crack; 6~ and 6~ are the openings of the ith crack in 

the t(i) and s(i) directions; and b~ and b~ are the corresponding dislocation densities of 

the ith crack and are obtained by solving the singular integral equations governing the 

traction-free conditions on the crack surface. Then. the stresses and strains in the 

fractured solid can be evaluated through the integration of dislocation densities with the 

Green's function. Stress intensity factors at all crack tips can be evaluated according to 

an extrapolation scheme derived by Krenk (1975). The required quantities of primary 

interest are the crack opening displacements. 6~ and 6~. which are obtainable through 

the direct integration. over each crack. of the dislocation densities in Eqs. (2.5.12a) and 

(2.5.l2b). The macroscopic strain increase can then be evaluated according to Eq. 

(2.5.10). 

Effective Moduli of a Solid Containing a Dilute Distribution 

of Inclusions Surrounded by Cracks 

For a solid containing dilute inclusions surrounded by cracks. the strain Eij is 

related to the stress kij imposed on the solid by 

Eij "" Sjjklkkl • (2.5.13) 

where Sjjkl is the effective compliance of the solid to be determined. On the other 

hand. as in Eq. (2.5.11). the strain can be evaluated in terms of the strain in the 

un cracked solid containing dilute inclusions subject to kij and the additional strain. 

AEjj , due to microcracks surrounding the inclusions. 

Comparing Eqs. (2.5.1) and (2.5.13), we have 

S"k.kk" EO E~. + pAE" IJ.. IJ IJ (2.5.14) 

Equation (2.5.14) provides a way of evaluating effective properties of the solid 



94 

containing dilute inclusions surrounded by cracks. For example. let the solid be subject 

to plane-strain tension. I 22 • and note that the left-hand side of Eq. (2.5. 14) becomes 

I22/~' where ~ is the plane-strain Young's modulus in the x2 direction. Equation 

(2.5.14) gives 

(2.5.15) 

where ~~2 is the additional strain due to microcracking and Eo is the plane-strain 

Young's modulus of the solid containing randomly distributed dilute inclusions with no 

cracks. The evaluation of Eo can be found by slightly modifying the results of Huang 

et al (1 993d). 

2.5.2. Numerical Results and Discussion 

The additional strain and effective elastic moduli of microcracked composites are 

presented in this section through two examples. Figure 2.5.3(a) shows an array of 

radial cracks surrounding an inclusion. The cracks are of equal length and are spaced 

apart from each other at an angle of 45 degrees. A remote biaxial loading (O'x = O' y = 

0'0) is applied to the system. The Poisson's ratios of the inclusions and matrix are taken 

as 0.3. We consider a particular case where the crack length equals the inclusion 

diameter. R - a. The ratios of inclusion-to-matrix modulus are taken as EJEm C 0.25, 

1.0. and 4.0. Shown in Figure 2.5.3(b) is the variation of two-dimensional dilatational 

strain increase (~Ell + .:l~2)' with spacing d between the centers of the inclusion and 

crack. where the normalization factor. O'O/Em. is on the order of the remote strain. 

Recall that ~Ell + .:l~2 is the strain increase per unit volume (area for the two-

dimensional case) of the particle. 
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For a fixed ratio of the inclusion diameter over crack length CR/a - I) and the 

present inclusion-crack distribution pattern. the spacing d characterizes how the 

inclusion and cracks are clustered together. For large spacing. i.e .• inclusion and cracks 

are far apart. the interactions among the inclusion and cracks are weak and all three 

curves are asymptot.es to the same limit. This asymptotic additional dilatational strain is 

approximately five to six times the remote strain. uO/Ern' It must be pointed out that 

this limiting value. though not depending on the inclusion/matrix modulus ratio. Ej /Ern • 

when the inclusion and cracks are far apart. does depend approximately linearly on the 

number of cracks surrounding the inclusion (8 in this pattern). The contribution to 

~EII + ~~2 from each crack in general is 2(1 - v~)(uoa2/ErnR2). 

As the inclusion and cracks are clustered together. the inclusion-crack and crack

crack interactions become strong. In general. the additional strain. ~EII + ~~2' 

decreases. except for the case of a soft inclusion (EJErn - 0.25) and a small spacing 

(d/R < 3). The decrease in ~EII + A~2 for homogeneous inclusions. i.e .. Ej fErn - 1. 

indicates that the crack-crack interaction tends to resist the average crack opening and 

reduces ~EII + ~~2' 

The large deviations in ~EII + ~~2 among three curves at small spacings (small 

ratios of d/R) reflect the inclusion-crack interaction. For hard inclusions (e.g .• EJErn = 

4). the additional strain decreases even more than for homogeneous inclusions. implying 

that the inclusion-crack interaction enhances the resistance to average crack openings 

for hard inclusions. For the case of soft inclusions (Ej /Ern = 0.25). the inclusion-crack 

interaction tends to weaken this resistance by producing more additional strain. This is 

consistent with an extreme limit void (EJErn ... 0) interacting with cracks (Hu et al. 

I 993b). For a soft inclusion. the competition between the crack-crack interaction 

attempting to enhance the resistance to average crack openings and the inclusion-crack 

interaction attempting to weaken the resistance yields a minimum normalized additional 
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strain value of 4.S at d/R - 2.9. 

Figure 2.S.4(a) shows an inclusion surrounded by eight equal-length parallel cracks. 

The crack spacings are chosen such that the horizontal and vertical crack spacings are 

the same and are fixed at d 1 /R • d2 /R - 2.1. The Poisson's ratios of the inclusion and 

matrix are chosen as vi .. Vm - 0.3. 

The modulus reduction for a solid containing dilute inclusions with the same 

inclusion-crack pattern [Figure 2.S.4(a)] is considered next. The elastic modulus in the 

direction normal to the cracks. ~ (Eq. 2.S.IS). is related to the additional strain AE22 • 

which in turn is determined by Eq. (2.S.10). The variation of modulus ~ versus the 

normalized crack length. aiR. is shown in Figures 2.S.4(b) and 4(c) for soft (Ej/Ern = 

0.2S) and hard (EdErn = 4) inclusions. respectively. For soft inclusions. the effective 

moduli normalized against the plane-strain modulus of the matrix. Em [ .. Em /(I - v~)]. 

~/Ern' are 0.99. 0.93. and 0.87 at aiR .. 0 for p "" 0.01. 0.05. and 0.1. respectively. 

These are the moduli of the solid with dilute inclusions (no microcracks). As crack 

length increases. the moduli decrease quickly to approximately half the matrix modulus 

at aiR"" I for p .. 0.05. The modulus ratios are larger than I at small crack length in 

Figure 2.S.4(c) due to the strengthening effect of hard inclusions. However. as crack 

length increases. the weakening by the cracks overwhelms the strengthening effect such 

that ~ /Ern can be smaller than I. Thus. an increase in the number of hard inclusions 

may not always lead to strengthening of the materials. as expected. if the matrix 

material is vulnerable to microcracking around inclusions. It is noted that the case with 

the highest inclusion volume fraction (p - 0.10) produces the largest decrease in 

effective moduli. 

In order to look into the local crack-tip behavior under quasi-static crack growth. 

consider a solid with the same geometry as shown in Figure 2.S.4(a) subject to a 
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Figure 2.5.4a. An inclusion surrounded by eight parallel cracks: Schematic diagram . 
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Figure 2.5.4c. An inclusion surrounded by eight parallel cracks: Variation of in-plane 
modulus in the direction perpendicular to the cracks with crack 
length--hard inclusion: EJEm - 4.0. 
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uniaxial remote loading, uo. The stress intensity factors normalized against uo..,;rra ("a" 

is half the crack length) at three crack tips, A, B, and C, are shown in Figures 2.S.4(d) 

and 2.S.4(e) for the soft (EJEm .. 0.2S) and hard (EJEm - 4.0) inclusions, respectively. 

For the soft inclusion, the stress intensity factor at tip A is greatly shielded due to the 

crack-inclusion interaction when the crack length is very small and the crack-crack 

interaction is limited. Also note that the stress intensity factor at tip A does not change 

much as the crack length increases due to competition between inclusion-crack and 

crack-crack interactions when aIR is less than 0.9. The normalized stress intensity 

factors in increasing order of their magnitudes are tips C, B, and A. When cracks are 

quasi-statically growing to a value of aIR greater than 0.9, the order of magnitude of 

the stress intensity factors changes to C, B, and A. This observation suggests that a 

quasi-static crack-growing process may change the interactions among the inclusion and 

cracks. As a result, a growing crack tip may become inactive or may be relayed to 

some previously inactive crack tips. An accurate description of the sequence of crack

tip action requires a complete local analysis. Self-similar crack growth can be 

maintained only to where such interactions are very weak. Figure 2.S.4(e) does not 

show a switch in magnitude of the stress intensity factors for the hardest inclusion. 

Note that stress amplification at tips A and B exists for both the softest and hardest 

inclusions due to crack-crack interaction as cracks are growing. Stress intensity factor 

at crack tip A for the hardest inclusion, Figure 2.S.4(e), decreases as the crack grows 

closer to the inclusion. This indicates that the interaction between the hardest inclusion 

and the matrix crack perpendicular to the inclusion-matrix interface produces stress 

shielding (particulate toughening). Nonetheless, the interactions between the hardest 

inclusion and the crack do not always provide crack-tip stress shielding. For example, 

the stress intensity factor at tip A, Figure 2.S.4(e), is mainly due to an interaction 

between the hardest inclusion and the crack because the crack length is very small. 
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Figure 2.5.4e. An inclusion surrounded by eight parallel cracks: Variation of the stress 
intensity factors with crack length--hard inclusion: Ej/Em - 4.00. 
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The normalized value of the stress intensity factor at tip A is greater than 1.0, 

suggesting a crack-tip stress amplification. Finally, it is noted from figures 4(c) and 4(e) 

that effective moduli decrease steadily as the crack length increases, although local 

stress intensity factors vary in a much more complicated way. This is somewhat 

similar to the calculations done by Montagut and Kachanov (1988). 
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CHAPTER 3. MULTIPLE VOID-CRACK INTERACTION: 

A HYBRID FORMULATION 

This chapter presents a method for fracture analysis of a general two-dimensional 

system containing multiple holes. or voids. and cracks. The superposition technique is 

used to break the problem into a number of single-hole and single-crack problems. 

Each hole problem is modeled using the method of pseudo-tractions. and each crack 

problem is modeled by a distribution of dislocations. An integral equation approach is 

developed. based on two types of fundamental solutions. one due to point loads in a 

solid with a hole and the other due to point dislocations in an infinite elastic body. 

The resulting integral equations present Cauchy-type singularities only on the crack 

part of the multiple hole-crack problem. The results in terms of stress intensity factors 

(SIFs) are presented for a variety of hole-and-crack arrangements. relative sizes of 

cracks and holes. spacings. and crack orientations. The amplification and retardation 

effects on SIFs are investigated. It is found that the hole-crack arrangements have 

significant effects on the nature of the amplification or retardation. In the fractured 

porous elastic medium (modeled as a crack surrounded by holes). amplification or 

retardation can occur. depending on the relative size of the holes and cracks and the 

spacing between them. Very strong retardation exists as the spacing becomes small. 

Some optimal retardations (void toughening) are achieved by adjusting the geometry 

parameters. An array of periodical crack-hole structures is examined as a numerical 

example. 

3.1. INTRODUCTION 

Many observed nonlinear phenomena in brittle materials are the result of initiation. 

growth. interaction. and coalescence of voids and cracks. For example. the initial stable 
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growth of microcracks is found to be associated with strain-hardening stress-strain 

behavior, and the interaction and coalescence of cracks are relevant to unstable strain

softening stress-strain behavior (Hall bauer et al. 1973). Both strain-hardening and 

strain-softening behavior exhibit dilatation as a result of extensible void and crack 

growth (McMeeking and Evans 1982, Budiansky et al. 1983). Also, experiments have 

shown that the average length of the cracks is reduced at higher confining pressures. 

promoting the transition from brittle to semi-brittle behavior (Fredrich et al. 1989). 

Based on microstructure-derived moduli for fractured solids (Budiansky and 

O'Connell 1976. Horii and Nemat-Nasser 1983). various researchers have developed 

continuum damage micromechanical models for brittle materials (Kachanov 1982. 

Sumarac and Krajcinovic 1987. Ju 1991). These models are attractive because they 

express the loss of moduli in terms of evolution of the microstructures and. 

consequently, they do not involve to-be-determined material parameters. One important 

aspect of these models is that even though they are based on linear fracture mechanics. 

nonlinear stress-strain relations can be predicted due to the growth. interaction. and 

coalescence of the voids and cracks in an otherwise linear-elastic solid (Kemeny and 

Cook 1986). Although the quantitative experimental verification of these 

micromechanical models is extremely complicated. the incorporation of a damage 

evolution law into the detailed fracture mechanics analysis seems very promising. This 

will not only provide detailed local behavior. such as stress intensity factors. but also 

has the potential for obtaining the global stress-strain behavior. Using a unit cell 

approach (Hu et al. 1992. Huang et al. 1993a). this may be obtained by modeling only a 

finite number of defects. Such global stress-strain responses of damaged bodies can be 

utilized for quantitative verification of various micromechanical models. 

This chapter focuses on a general approach to such detailed local behavior analysis 

for systems containing mUltiple voids and cracks. To simplify the analysis. the voids 
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are assumed to be circular holes and cracks are assumed to be one-dimensional line 

slits. The problem of cracks extending from the edges of a circular hole was solved by 

Bowie (1956) using a mapping function method. The hole-crack-hole problem was 

examined by Newman (1969) using a collocation method. The problem containing holes 

and/or cracks was studied by Is ida and his co-workers [see. for example. Isida (1970a. 

1970b. 1973). Isida et al. (1985). Isida and Nemat-Nasser (1987). and Isida and 19awa 

(1991)]. The problems involving cracks and a single circular void were also considered 

by Atkinson (1972). Erdogan et al. (1974). and Chen (l984a. 1984b. 1985). The problem 

involving several cracks has been considered by several researchers and the results can 

be found in the stress intensity factor handbooks (Sih 1973. Tada et al. 1985). In 

recent years. multiple-crack-related micromechanical analysis has become an area of 

research interest (Horii and Nemat-Nasser 1985; Kachanov and Montagut 1986; 

Rubinstein 1986. 1990; Chudnovsky et al. 1987a. 1987b; Hori and Nemat-Nasser 1987; 

Kachanov 1987; Hu and Chandra I 993a). Analysis of hole-hole interactions using the 

pseudo-traction concept was also included in the work by Horii and Nemat-Nasser 

(1985). Their formulation for the void-void interaction problem is quite general and is 

applicable to a nonsymmetric structure containing voids of different sizes and subject to 

various boundary conditions. Also. a three-dimensional void-void interaction was 

studied by Rodin and Hwang (1991). 

This chapter presents an approach to modeling a general system containing multiple 

interacting holes and cracks. The superposition technique is used to divide the system 

into a homogeneous problem (the one without holes and cracks) and two sets of 

subproblems. each subproblem containing either a single hole or a single crack. 

Modeling the holes as unknown pseudo-tractions on the hole surfaces (Horii and Nemat

Nasser 1985) and the cracks as an unknown distribution of dislocations renders the 

problem a set of integral equations. For this purpose. two types of fundamental 

solutions are utilized. i.e .. point loads acting on the surface of a hole in an infinite body 
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and point dislocations applied to an infinite body. The resulting integral equations 

present Cauchy-type singularities only in the kernels associated with cracks and present 

no singularities in the kernels associated with holes. This feature is attributed to the 

delta-function nature of the fundamental solution. 

The results in terms of stress intensity factors (SIFs) obtained from the present 

analysis are first verified against existing solutions involving holes and cracks. The 

amplification and retardation effects on SIFs due to interactions among various 

distributions of holes and cracks are then investigated. The geometries are grouped as 

the pattern of hole-and-crack arrangement. relative sizes of the cracks and holes. 

spacings. and crack orientations. The pattern of hole-and-crack arrangement has 

significant effects on the nature of the amplification or retardation. It is found that in 

the fractured porous elastic medium (modeled as a crack surrounded by holes). 

amplification or retardation can occur. depending on the relative size of the holes and 

cracks and the spacing between them. Very strong retardation exists as the spacing 

becomes small. Some optimal retardations are achieved by adjusting the geometry 

parameters. An array of periodical crack-hole structures is examined as a numerical 

example. 

3.2. MODELING OF MULTIPLE INTERACTING VOIDS AND CRACKS 

3.2.1. Problem Statement 

This section concerns the formulation of integral equations for a two-dimensional 

system containing a finite number of non-intersecting circular voids and cracks. 

Specifically. consider an infinite solid containing M arbitrarily oriented cracks and N 

circular voids. as shown in Figure 3.2.1. Let (x. y) be the global Cartesian coordinates. 
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Let RU> be the radius of the jth void, (x~), y~) be the coordinates of its center, a(i) and 

rp(l) be the half-length of the ith crack and its orientation angle with respect to the x

axis, and (x~), y~) be the coordinates of the ith crack center. Denote the local polar 

coordinate system associated with the jth void by rU> and eU>, and the local coordinates 

normal and tangential to the ith crack by s(i) and t(i). The infinitely extended body may 

be subject to an arbitrary set of external loads (including quasi-static thermal loads). 

The boundary conditions for the surfaces of the holes and cracks are traction free 

(crack closure is neglected), giving 

(i) 
uss '" 0 , 

(i) 0 
Uts - for all cracks i .. I, 2, ... , M (3.2.1) 

for all voids j - I. 2, ... , N (3.2.2) 

We shall refer to above-described boundary value problem as the original problem. 

3.2.2. Superposition 

The solution of this original problem is obtained by superposition of a homogeneous 

problem and a number of pertUl'bed subproblems. In the homogeneous problem, an 

infinitely extended body without any voids and cracks is subjected to the same remote 

applied stresses as used in the original problem. The perturbed subproblems are 

divided into two groups. The first group consists of N subproblems associated with N 

holes. Each subproblem in this group concerns a single hole in an infinite body, 

subject to an unknown distribution of tractions on the hole surface but zero stresses at 

infinity. The unknown distributed tractions are called pseudo-tractions in the work by 

Horii and Nemat-Nasser (1985). The second group consists of M subproblems associated 

with M cracks. Each subproblem in this group concerns a single crack in an infinite 

body, subject to zero remote stresses. As in many crack problems, each single crack is 
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Figure 3.2.1. Geometric description of the original problem. 
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modeled as an unknown distribution of dislocations along the crack line. Denote the 

unknown normal and tangential distributions of tractions on the jth hole by p~) and p~) 

and the unknown normal and tangential distributions of dislocations on the ith crack by 

b
(i) d b(i) 
s an t· This decomposition of the original problem into a homogeneous problem 

and two groups of subproblems is illustrated in Figure 3.2.2. The aforementioned 

unknown distributed tractions on each hole and dislocation densities on each crack will 

be determined in such a way that the traction-free conditions at all presumed locations 

of hole and crack surfaces are satisfied. 

3.2.3. Fundamental Solutions 

Based on the superposition observations. two types of fundamental solutions are 

required for the current analysis. The first fundamental solution is for the problem of 

a hole in an infinite body. subject to a point force of components Px and Py acting at a 

point on the hole surface. say. (c. 0). with c being the radius of the hole. The stresses 

at any point (x. y) are (Dundurs and Hetenyi 1961. Hetenyi and Dundurs 1962) 

i. j. k .. x. y (3.2.3) 

where G is the shear modulus " .. (3 - 4v) for plane strain. " .. (I - v)/(I - 2v) for 

generalized plane stress. and v is the Poisson's ratio. A summation to x and y over the 

repeated indexes is implied. 

The second fundamental solution deals with the problem of an infinitely extended 

body subject to a point dislocation of components (bx• by) acting at a point. say. (~. 0). 

The stresses at any location (x. y) can be expressed as (see. for example. Read 1953) 

i. j. k .. x. y (3.2.4) 
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The first fundamental solution shown in Eq. (3.2.3) can also be obtained from the 

analysis of Muskhelishvili (1953) by reducing an ellipse to a circle and distributed 

tractions to a concentrated force. Alternatively, one can also derive it from the analysis 

of Chen (1985). The second fundamental solution for a point dislocation in an infinite 

body may also be derived from the complex variable approach of Cheung and Chen 

(1987). For completeness, details of both the fundamental solutions, Hijk ( ... Hjik) and lijk 

(co I jik)' are given by Hu et al (I 993b). 

It is important to note that the stress fields in Eqs. (3.2.3) and (3.2.4) contain a 

singularity of the order of r as the field point approaches the source point (r being the 

distance between the field point and source point). Of particular interest are the limits 

of the following quantities, which have the nature of a Dirac-delta function (Dundurs 

and Markenscoff 1989) 

2"(11 + ,,) Hxxx (x, y: c) .... ~(y) as (x - c)2 + y2 .... 0 (3.2.5a) 

as (x - c)2 + y2 .... 0 (3.2.Sb) 

This feature of the fundamental solution will be used later to formulate the integral 

equations, avoiding any evaluation of singular integrals along the hole surfaces. 

3.2.4. Integral Equations 

Let us now consider the effects of all cracks and holes on the mth crack. For 

consistency, the stress fields associated with different cracks and voids are transformed 

to the local tangential-normal (t(m) , s(m)) coordinate system for the mth crack. For 

example, the stress fields associated with the ith crack may be transformed as 

(m) (i). 2 e(mi) 2 (i) . e(mi) e(mi) 2 e(mi) 
Uss .. uttsm - utssm cos + Usscos (3.2.6a) 
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(m) r (i) (i)]. e(mi) e(mi) (i) r 2 e(mi) . 2 e(mi)] 
Uts .. LUss - Uu S10 COS + Uts LCOS - S10 (3.2.6b) 

(i) (i) (i) • . 
where uu ' uts • and uss are a tYPical stress field expressed in the ith crack tangential-

normal coordinate system and e(mi) is the angle between axes t(i) and t(m). 

The contributions of all M cracks to the stress field at the presumed location of the 

mth crack are now represented by their corresponding distributed dislocations. 

Similarly. the contributions from all N holes are represented by their corresponding 

distributed tractions. Summing the effects of all cracks and holes on the mth crack and 

imposing traction-free conditions. we get 

(mO) [(m)] 0 
'" uss t .. m - 1. 2 ...... M (3.2.7a) 

and 

(mO) [(m)] 0 + Uts t ... m = 1. 2 ...... M (3.2.7b) 

(i) (i) (i) (i) . 
where bt (t ) and bs (t ) are the unknown tangentIal and normal distributions of the 

dislocations over the ith crack. p~)(e(j») and p~)(e(j») are the unknown tangential and 
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I . 'b' f h' h . h hid (mO) d (mO) h norma dlstn uhons 0 t e tractions over t e Jt 0 e. an uss an Uts represent t. e 

stress components at the location of the mth crack. but in the absence of all cracks and 

holes. i.e .• the stress components resulting from the homogeneous solution. The kernels 

KII through K24 • depending on Hijk or lijk' can be expressed in terms of two bracketed 

arguments as follows: 

K ft(m) t(i)] 1 sin2e(mi) + 1 cos2 e(mi) - 21 sine(mi)cose(mi) 
II l' .. xxx yyx xyx (3.2.8a) 

K [t(m) t(i)] 1 sin2 e(mi) + 1 cos2e(mi) - 21 sine(mi)cose(mi) 
12 • - xxy yyy xyy (3.2.8b) 

K [t (m) eU>] H sin 2 e(mj) + H cos2 e(mj ) - 2H sine(mj) cose(mj) 13 • .. xxy yyy xyy (3.2.8c) 

(3.2.8d) 

K [t(m) t(i)] '" 1 (cos2e(mi) - sin2e(mi») + (I - 1 )sine(mi)cose(mi) 
21' xyx yyx xxx (3.2.8e) 

K [t(m) t(i)] .. 1 (cos2 e(mi) _ sin2 e(mi») + (I _ 1 )sine(mi) cose(mi) 
~. ~ yyy ~ (3.2.8f) 

K23 (t(m). tU>] ... HXyy(cos2 e(m j ) - sin2 e(mj») + (Hyyy - Hxxy)sine(mj)cose(mj)(3.2.8g) 

K24 (t(m). tU>] .. Hxyx(cos2 e(mj) - sin2e(mj») + (Hyyx - Hxxx)sine(mj)cose(mj)(3.2.8h) 

where 

e(mi) '" cp(m) _ cp(i) (3.2.9a) 

e(mj) _ cp(m) _ eU> (3.2.9b) 

lijk - lijk (x. y; ~) (3.2.10) 

with x. y. and ~ being substituted as 



x - r~mi) cos [e~mi) - ¢J(i) ] + t(m) cose(mi) 

(mi). rll(mi) ",(i) ] t(m). ll(mi) 
y '" rc smL[1c - If' + sm[1 

113 

(3.2.lla) 

(3.2.llb) 

(3.2.llc) 

Here. r~mi) is the distance between the centers of the mth and ith cracks and e~mi) is the 

angle between the x-axis and the line connecting the centers of the mth and ith cracks. 

Finally. 

(3.2.12) 

with x. y. and c being substituted as 

(mj) rll(mj) eU) ] t(m) [)m) eU) ] 
x • r c cos LVc - + cos If' - (3.2.13a) 

(mj). r ll(mj) llU) ] t(m). [)m) llU) ] 
Y -= rc sm LVc - v + sm If' - v (3.2.13b) 

(3.2.13c) 

H (mj). h d' b h • f h h k d' h 'd d ll(mj) . ere. r c IS t e Istance etween t e centers 0 t e mt erae an Jt VOl an Vc IS 

the angle between the x-axis and the line connecting the centers of the mth crack and 

jth void. 

Although Eq. (3.2.8) for Kij is lengthy. Kij carries distinct physical meaning. For 

example. K)) (t(m). t(i») represents the normal stress uss (in the local coordinate system of 

the mth crack) at a particular point t(m) on the mth crack due to the tangential 

component (in the local coordinate system of the ith crack) of the dislocation at a 

particular point t(i) on the ith crack. Similarly. other Kij's may also be interpreted. 

It should be noted that the integrals along the holes (the second term) in Eqs. 

(3.2.7a) and (3.2.7b) are regular. however. the integrals along the crack (the first term) 

are of Cauchy-type singularity. 
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The boundary conditions for the voids are considered next. We focus on the mth 

void. By the same reasoning as for the cracks. the effects of all cracks and voids on 

the mth void can be added in the integral sense. After transformation to the local polar 

coordinates of the mth void is performed and traction-free conditions are imposed. we 

get 

and 

+ t (" [K" [e(m), eW )p~) [e">]+ K,. [e(m), eW )p~) [e(;) )] R UI deUi 
j .. 1 
j"m 

m - 1. 2.3 ..... N (3.2.14a) 

+ t f}43 [e(m), em W [eUl ) + K44 [e(m), eW )p~) [eUl)] RUI deW 
j=1 
j,&m 

(mO) r(){m)] 0 
+ urB l' .. m .. 1. 2. 3 ..... N (3.2.14b) 

where the kernels K3J and K44 can be given as follows: 

K3J r(){m) t{i)] _ 1 cos2 (){mi) + 1 sin2 (){mi) + 21 sin(){mi)cos(){mi) l" xxx yyx xyx (3.2.ISa) 

K32 r(){m) t{O] .. 1 cos2(){mi) + 1 sin2(){mi) + 21 sin2(){mi)cos(){mi) 
~. xxy yyy xyy (3.2.ISb) 
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and 
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K re(m) eWJ H COS2 e(mj) + H sin2 e(mj) + 21 sine(mj) cose(mj) 
33 l" - xXY yyy xyy (3.2.15c) 

K re(m) eWJ H cos2 e(mj) + H sin2 e(mj) + 21 sine(mj) cose(mj) 
34 l' - xxx yyx xyx (3.2.ISd) 

K41 (e(m) , t(i) ] _ Ixyx(cos2e(mi) - sin2 e(mi») + (lyyx - Ixxx)sine(mi)cose(mi) (3.2.ISe) 

K42 [e(m), t(i) ] _ Ixyy(cos2e(mi) - sin2 e(mi») + (lyyy - Ixxy )sine(mi) cose(mi) (3.2.1 Sf) 

K43 [e(m), tWJ = Hxyy(cos2 e(mj) - sin2 e(mi») + (Hyyy - Hxxy)sine(mj ) cose(m~S.2.1 Sg) 

K44 [e(m), tWJ ... Hxyx(cos2e(mj) - sin2e(mj») + (Hyyx - Hxxx)sine(mj)cose(m~S.2.ISh) 

e(mi) .. e(m) _ ¢P) (3.2.16a) 

(3.2.16b) 

lijk - Iijk (x. y; ~) (3.2.17) 

with x. y. and ~ being substituted as 

(mi) re(mi) ,/,(i) ) R(m) reW ,/,(i) ) 
x - r c cos l C - 'I' + cos l - 'I' (3.2.18a) 

(mi). re(mi) ,/,(i) ) R(m). [eUl ,/,(i) ) 
y - r c sm l' c - 'I' + sm - 'I' (3.2.18b) 

(3.2.18c) 

H (mi). h d' b h f h h 'd d' h k d e(mi) . ere. rc IS t e Istance etween t e centers 0 t e mt VOl an It crac an c IS 

the angle between the x-axis and the line connecting the centers of the mth void and ith 

crack. Finally. 

Hijk = Hijk (x. y; c) (3.2.19) 

with x. y. and c being substituted as 



J J 6 

(mj) r l1(mj) 11(j) ] R(m) r l1(m) 11(j) ] 
X - r c cos r'c - 11 + cos r' - 11 (3.2.20a) 

(mj). r l1(mj) 11(j) ] R(m). r l1(m) 11(j) ] 
Y - rc sm Ll1c - 11 + sm LI1 - 11 (3.2.20b) 

(3.2.20c) 

Here, r~mj) is the distance between the centers of the mth and jth voids and e~mj) is the 

angle between the x-axis and the line connecting the centers of the mth and jth voids. 

In deriving integral Eqs. (3.2.14a) and (3.2.14b), the Dirac-delta function nature of 

the fundamental solution, Eqs. (3.2.5a) and (3.2.5b), is used. It is noted that the 

integrals in Eqs. (3.2.14a) and (3.2.14b) do not involve any singular part due to the use 

of this nature of the fundamental solution. 

3.2.5. Side Conditions 

The side conditions rendering the problem determinate are required. The single-

valuedness condition of the displacement vector requires that the dislocation density 

functions along each crack satisfy the following relations: 

a(i) 

I b(i) [t(i)]dt(i) = 0 
(i) t 

-a 

a(i) 

I b(i) [t(i)]dt(i) - 0 
(i) S 

-a 

i .. J. 2, ... , M (3.2.2Ia) 

i .. 1. 2, .... M (3.2.21 b) 

Horii and Nemat-Nasser (1985) also present a constrained condition that warrants the 

equilibrium state for the pseudo-tractions on each hole. Such a condition in the current 

analysis is automatically satisfied implicitly in Eqs. (3.2.14a) and (3.2.14b). To illustrate 
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this. multiply Eq. (3.2.ISa) by R(m) cosO(m) and Eq. (3.2.ISb) by R(m)sinO(m). integrate 

over the mth hole. and subtract the two resulting equations. We immediately have the 

resultant force in the x-direction: 

(3.2.22) 

since the integral of the other three terms over the closed contour is identically zero. via 

the divergence theorem (assuming no body forces). 

Equations (3.2.7). (3.2.14). and (3.2.21) now provide an integral equation 

representation of interactions in a general system of M cracks and N voids. It is noted 

that the equilibrium equations of the stress state at any internal point are exactly 

satisfied through the nature of the two fundamental solutions. The ·traction-free 

conditions presented in Eq. (3.2.7) and (3.2.14) will have to be satisfied through a 

numerical discretization. 

3.2.6. Numerical Solution and Stress Intensity Factor 

The integral equations (3.2.7) and (3.2.14) are of Cauchy-type singularity only in 

the kernels associated with dislocations. It is important to note that the kernels 

associated with hole tractions present no singularity in the integral equations. even 

though a singular fundamental solution is used. This advantage is attributed to the 

Dirac-delta function nature of the fundamental solution. The system of singular 

integral equations may then be solved foIlowing an effective numerical technique 

proposed by Erdogan et al. (1973). After solving these equations. all the desired field 

quantities. such as stresses and strains. may be evaluated by means of definite integrals 

with appropriate kernels. Since the main interest of this chapter is in the fracture 

analysis. the numerical results will be presented only for the stress intensity factors. 
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The stress intensity factors are evaluated from the solved dislocation densities following 

an interpolation formula given by Krenk (1975). 

3.3. NUMERICAL RESULTS 

Application of the proposed integral equation formulations to several example 

problems involving interactions of voids and cracks is presented in this section. The 

integral equation formulation can handle arbitrary distributions of cracks and holes of 

different sizes. along with general loading conditions. in the context of elasticity. In 

this section. the numerical results from the proposed integral equation formulation are 

first verified against existing solutions in the literature. Problems involving general 

systems of holes and cracks are addressed next. In particular. various geometries are 

investigated to show the effects of the distributions of orientation. position. and size of 

voids and cracks on the stress intensity factors. The implications of void-crack 

interactions for the amplification and retardation of the stress intensity factor are 

examined. The numerical results show that in the fractured porous elastic medium 

(modeled as a crack surrounded by holes). amplification or retardation can occur. 

depending on the geometry. Stress retardations at the crack tips prevail when a crack 

is in close proximity to voids (this retardation is. of course. at the price of high-stress 

concentrations in the neighborhood of voids). A good retardation can also be achieved 

by varying the relative positions of cracks and holes. These observations have 

important applications to underground excavations. where the proper layout of 

underground workings can be used to control the propagation of pre-existing cracks in 

rock masses. 

In the following presentation. the reported stress intensity factors (SIFs) are always 

normalized with respect to those of a single crack in an infinite plane subject to 

physical loading. 
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Figure 3.3.3b. A hole and an inclined crack subject to a far field tension: Variation 
of SIFs with the crack orientation. 
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An infinite plane with a crack aligned along the center of a hole. subject to a 

remote tensile stress perpendicular to the crack is considered in Figure 3.3.1. Assuming 

the radius of the hole is equal to the half-length of the crack (R - a). the SIF 

dependence on tla (t is the separation between the hole and crack) agrees very well 

with those obtained by Isida (1973). It should be noted that perturbation of SIFs due to 

the hole becomes very small when the separation becomes greater than the crack length 

(t/a > 2). 

Figure 3.3.2 shows two circular voids of radius R (RIa - I) spaced apart by a 

crack of length 2a perpendicular to the centerline of the holes. subject to uniaxial 

tension. The retarded SIF variation with the separation tla is verified against those 

obtained by Newman (1969). Contrary to what is observed in Figure 3.3.1. significant 

retardation in normalized SIFs to 0.66 is seen when the separation is equal to 2a. 

Therefore. one should be cautious about drawing a borderline beyond which the 

interaction can be neglected according to the calculation of a certain geometry. 

Figure 3.3.3(a) shows an infinite plane with a hole and a crack subject to a far

field tension perpendicular to the line connecting the centers of the hole and crack. We 

take the case where R .. a and d .. 2.2a. Figure 3.3.3(b) shows that the variation of 

SIFs with the crack orientation is significantly modified due to hole-crack interaction 

when compared to the case of an infinite plane with only a single crack. The near-tip 

and far-tip Mode-II SIFs are relatively stable for crack orientation angle ex between 200 

and 600 • The Mode-I SIFs change from maxima of 2.19 and 1.22 to 0.2 and 0.2. 

respectively. as the crack changes from the horizontal (ex .. 00 ) to the vertical (O! = 900 ) 

position. It is noted that the nonzero value of SIF at ex .. 900 is entirely due to the 

void-crack interaction. 

The inset in Figure 3.3.4 shows an infinite plane with a crack parallel between two 

holes. subject to a far-field tension perpendicular to the crack. We take the case where 
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R - a and d - 1.4a. The variation of SIFs with the distance between the center of the 

crack and the line connecting the centers of the holes is shown in Figure 3.3.4. The 

near-tip Mode-I SIF decreases from 0.45 to a minimum value of 0.14 as tla moves up 

from 0 to 0.5a. After that. it increases to a maximum value of 1.32 at t - 2.5a. then 

starts to decay to 1.0. where there is no hole-crack interaction. The far-tip Mode-I SIF 

varies differently. It increases from 0.45 to a maximum value of 1.32 as tla goes from 

o to 1.50. and then starts to decay to the stable value in a fashion similar to the near

tip SIF. 

The inset in Figure 3.3.5 shows an infinite plane with two unequal holes and a 

crack aligned along the centers of the holes. subject to a far-field tension. We take the 

case where RI - a and t - 0.2a. The variation of Mode-I SIFs for two tips with the 

size of the hole (R2/a) is shown in Figure 3.3.5. The right-hand-tip Mode-I SIF 

increases nonlinearly as the hole size becomes bigger (the stress intensity factor changes 

from 1.23 to 3.45 as R2/a increases from 0.1 a to 6a). The left-hand-tip Mode-I SIF. 

however. increases almost linearly as the hole size increases (the stress intensity factor 

changes from 1.79 to 3.3 as Rda i.ncreases from O.la to 6a). 

The inset in Figure 3.3.6 shows four symmetrically distributed holes surrounding a 

crack subject to a field tension. We take the case where Ria .. I and dla = 3. The 

variation of Mode-I and -II SIFs with the crack orientation angle ~ is shown in Figure 

3.3.6. At ~ .. O. the horizontally aligned holes tend to amplify the Mode-I SIF. while 

the vertically aligned holes tend to retard the SIF. For the chosen geometrical 

parameters. retardation prevails. giving a Mode-I SIF value of 0.84 at ~ .. 00 • The 

Mode-I SIF decays from 0.84 to 0.36 as the crack rotates from the horizontal position (~ 

... 00 ) to the angle ~ '" 670 • The Mode-I SIF assumes a stable value of about 0.36 as the 

orientation angle ~ changes from ~ = 670 to the vertical position (~ ... 900 ). The Mode-
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II SIF increases from 0 at the horizontal position (at - 00 ) to a maximum value of 0.19 

at at - 370 and then reverses to 0 at at - 900 • 

A further example of a crack surrounded by a square array of holes is shown in 

Figure 3.3.7. This configuration can be regarded as an approximate model of a 

fractured porous medium. The normalized Mode-I SIF can be expressed in terms of 

two nondimensional parameters ~ and lit i.e .• 

where 

~ .. * and li .. d ~ R . 

The numerical values of the function F(~. li) for various combinations of ~ and li are 

given in Table 3.3.1. The results show that the smaller values of ~ and li facilitate the 

retardation while greater vlaues of ~ and li favor amplification. Both of them are the 

results of stronger interactions. It should be noted that either retardation or 

amplification can occur. depending on the relative size of the holes and cracks and the 

spacing between them. For a fixed value of ~ (~ > 0.4). a certain li yields the maximum 

Mode-I SIF. For example. li - 4 gives the maximum SIF value of 1.138 for ~ '" 0.7 

The retardation is very strong as the spacing becomes small. The near-zero value of 

the SIF is observed for li .. 2 and ~ < 0.5. We have not been able to obtain convergent 

results for li ... 2 and ~ ~ 0.3 at 150 integral points on the crack. 

Finally. an infinite body containing a row of periodic collinear crack-hole 

structures is considered in Figure 3.3.8(a). The cracks are of equal size 2a. holes are of 

equal radius R. and crack-hole spacing is d. The plane is subject to a uniform far

field tension. The normalized stress intensity factor can be expressed as 

KI = F(~. o. M) 
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Table 3.3.1 - Numerical data for a crack surrounded by holes 

6 

A 2 3 4 6 10 

0.1 0.668 0.849 0.943 0.981 

0.2 0.702 0.872 0.955 0.986 

0.3 0.755 0.908 0.974 0.994 

0.4 0.027 0.825 0.953 0.996 1.002 

0.5 0.069 0.910 1.004 1.020 1.011 

0.6 0.126 1.010 1.063 1.047 1.021 

0.7 0.203 1.135 1.138 1.082 1.035 

0.8 0.315 1.320 1.256 1.146 1.064 

0.9 0.528 1.697 1.526 1.322 1.161 



Figure 3.3.8a. A row of periodic collinear crack-hole structures: schematic diagram. 
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where M is the number (odd) of the cracks and 

The variations of Mode-I SIFs of the central crack with the parameter l) are shown 

in Figures 3.3.8(b). (c). and (d). for different spacing values. }., .. 2. 1. and 1/2. 

respectively. As expected. the stress intensity factors increase when the spacing 

becomes small and the hole becomes bigger. The sensitivity of the Mode-I SIFs of the 

central crack to the number of cracks. M. is pronounced only for the smaller values of 

M. As M becomes larger. discrepancies in the SIPs of the central crack become very 

small for increasing values of M. and the case for an infinite series of a periodical 

collinear hole-crack structure can be recovered. The numerical results show that M = 

11 is sufficient to obtain the stable SIP values for the infinite series of the periodical 

collinear hole-crack structure with an error of less than 3%. 
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CHAPTER 4. INTERACTING BRIDGED-CRACK SYSTEMS: 

A NON-SINGULAR FORMULATION 

This chapter focuses on the analysis of a material containing multiple interacting 

bridged cracks. Crack opening displacements are prefered to being evaluated in a 

direct manner since a brdiging law of most cracked composite materials are expressed 

in term of crack opening displacements. The integral equations presented here are fully 

regular without any kernel singularities. The traction-consistency equations in terms of 

bridging tractions and pseudo-tractions are developed to enable the decomposition of a 

problem involving multiple bridged cracks into a number of sub-problems. each 

involving only a single crack. Bridging law equations are formulated so that the 

bridging tractions and pseudo-tractions appear as primary unknowns. The current 

approach is capable of handling multiple interacting crack systems with a general form 

of bridging laws. linear or nonlinear. isotropic or anisotropic. Both isotropic and 

anisotropic bridging laws are investigated. It has been observed that the bridging law 

for a crack can significantly modify the tip behavior of the crack itself. while its 

influence on neighboring cracks is relatively weak. The influence of bridging 

anisotropy on crack-tip stress fields is found to be significantly modulated by the 

loading condition. Bridging effects and interaction effects on stress amplification and 

retardation are also examined. For nonlinear bridging. a case of fiber pUll-out in 

metal/ceramic laminates is studied to establish the critical ratio of fiber-to-matrix 

thickness that would avoid single-crack extensions and transfer the deformation. instead. 

to multiple cracking. For multiple cracking situations. the crack nucleation sites are 

also predicted. The current approach is well suited for systems with large number of 

closely spaced inhomogeneities. Examples of using the current analysis for the 

numerical evaluation of micromechancal models can be found in Huang et al (1 993b. c). 
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4.1. BACKGROUND 

In recent years, intermetallics and ceramic matrix composites have been used ever 

increasingly for high-temperature applications. However, the presence of microdefects 

can cause significant strength and modulus degradations of these materials. The growth 

and coalescence of microdefects manifest themselves as macrodefects and cause eventual 

failure of the component. In order to increase the fracture toughness of these relatively 

brittle compounds, methods studied by a number of researchers rely on bridge 

toughening, transformation toughening, fiber reinforcements. and microcrack toughening. 

For example. the fiber pull-out in unidirectional fiber-reinforced composites or fiber 

cross-over in randomly fiber-reinforced composites can provide bridging tractions to a 

level sufficient to retard a crack growth. For intermetallic alum in ides. especially those 

of titanium, which have been identified as potential candidates for near-term success in 

high-temperature applications, the fracture toughness depends to a large extent on 

bridging mechanisms in the form of ductile phase accommodation and blunting. shear 

ligament toughening. and twin toughening. A bridge toughening mechanism for ductile 

particles dispersed in a brittle matrix was discussed by Sigl et aI. (1988). The bridging 

was observed to be associated with particles intercepted by the crack. Such particles. 

well bonded to the matrix. exhibit significant plastic stretching in a zone of crack 

bridging. until they fail by a ductile mechanism. Important for the effectiveness of 

bridge toughening is the fact that a growing crack is attracted to the phase with the 

lower elastic modulus. As observed by Bao and Suo (1992). the bridging mechanism 

provides a unified treatment for the cohesive forces that hold material together. ranging 

from atomic bonding to fiber cross-over. 

Many pUblications have been devoted to the modeling of bridged cracks. These 

may be broadly classified as traction and dislocation formulations. In the traction 

formulation. the crack opening displacements are obtained in terms of bridging tractions. 
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which in turn can be solved with a proper bridging law [see. e.g.. Marshall et a!. 

(1985). Marshall and Cox (1987). Rose (1987). Budiansky et al. (1988). McCartney (1987). 

Bao and Hui (1990). and Cox and Lo (1992)]. The distribution-of -dislocation approach 

takes advantage of the widely used crack modeling technique and solves the system in 

terms of crack opening gradients (Bao and Suo 1992. Hu et a!. 1993a). For bridged 

cracks. the traction approach is appealing. since a bridging law usually implies a 

relationship between bridging tractions and crack opening displacements. However. this 

approach has been applied. so far. only to the analysis of a single bridged crack. As 

was observed by a number of researchers [e.g .. Shaw and Evans (1993) and Beyerde et 

a!. (1992)]. multiple cracking occurs in composite materials. such as metal/ceramic 

laminates. and can be used as a mechanism for damage redistribution. consequently 

enhancing the toughness of the brittle ceramics. Moreover. various bridging 

mechanisms and their interactions with renucleated and distributed cracks will 

significantly influence further damage development and determine the final macro

failure mode of the structure. Accordingly. the analysis of a material containing 

multiple interacting bridged cracks is the principal objective of this chapter. In Section 

4.2. a formulation capable of modeling general multiple interacting bridged-crack 

systems is developed based on bridging tractions and pseudo-tractions. Anisotropic 

bridging. inherent to multiple crack systems. is also discussed in detail. Although 

superposition is used to form the basis of the analysis. the analysis can incorporate the 

nonlinearity of the bridging law since the nonlinearity is treated through the bridging 

law only. Section 4.3 focuses on the effects of bridging anisotropy and crack 

interactions on the propagation of interacting cracks in the case of linear bridging. 

Section 4.4 examines a case of nonlinear bridging. i.e.. the fiber pull-out in a 

metal/ceramic composite. The critical ratio of fiber-to-matrix thickness is established 

that would avoid single-crack extensions and transfer the deformation. instead. to 
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multiple matrix cracking. The crack nucleation sites are also predicted for the case of 

multiple matrix cracking. A summary of results and a brief discussion of systems 

involving large-scale bridging and real-life components with microstructures are 

presented in Section 4.5. 

4.2. MODELING OF INTEIV\CTING BRIDGED-CRACK SYSTEMS 

4.2.1. Problem Statement 

This section presents an approach to the analysis of a system containing mUltiple 

interacting bridged cracks. As shown schematically in Figure 4.2.1. it is assumed that 

M bridged cracks of arbitrary orientations are embedded in a matrix material with 

shear modulus G and Poisson's ratio v. With respect to global Cartesian coordinates x 

and y. we consider a local tangential-normal coordinate system with the origin at the 

center of the ith crack. The normal direction and the tangential direction along the ith 

crack are denoted by n(i) and t(i). The occupancy of the ith crack is denoted as -a(i) < t 

< a(i). Under certain applied loading conditions. crack bridging occurs and (however 

sophisticated the mechanisms involved) can be represented as a distribution of closing 

tractions on each individual crack surface. Bridging tractions can be related to the 

corresponding crack opening displacements through a bridging law. 

(4.2.1 a) 

(4.2.1 b) 

where Pt and Pn are bridging tractions and ut and un are crack opening displacements 

in the tangential and normal directions. respectively. It should be noted that a specific 

form of the bridging law can be obtained in light of the micromechanical mechanisms 

for a particular bridging situation [see. e.g .• Marshall et al. (1985). McCartney (1987). 
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Figure 4.2.1. Schematic diagram of an interacting bridged-crack system. 
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Hutchinson and Jensen (1990). Needleman (1987. 1990). and Tvergaard (1990. 1992) for 

more details]. As pointed out by Bao and Suo (1992). it is the variation of a scalable 

quantity associated with the bridging law. not the bridging law itself. that accounts for 

the richness in material behavior. ranging from the scale of a few nanometers for 

atomic bonding to about a meter for cross-over fibers. 

Various bridging laws can be broadly classified into categories such as linear and 

nonlinear bridging and isotropic and anisotropic bridging. among others. Isotropic 

bridging is. by definition. independent of crack orientations and can be found in 

particulate-reinforced composites. fiber-reinforced composites with random fiber cross

over. and intermetallics with second-phase agents. Anisotropic bridging becomes an 

important issue in the analysis of systems involving mUltiple interacting cracks since the 

orientation dependence of a bridging law is naturally brought to light due to the 

variation in crack orientations. Anisotropic bridging can occur. for example. in a 

unidirectional fiber-reinforced composite with pull-out fibers. Furthermore. the 

bridging law can assume different forms in each individual crack. i.e .• bridging can be 

crack-wise inhomogeneous. 

4.2.2. Integral Equations 

Following a superposition technique proposed by Horii and Nemat-Nasser (1985). 

the system is divided into as many sub-problems as there are cracks. each sub-problem 

containing a single crack in the infinitely extended matrix. A distribution of unknown 

tractions. St and sn' is placed on the corresponding crack surface in each sub-problem. 

The unknown tractions. also called pseudo-tractions. will be determined in such a way 

that all the requirements of the original interacting bridged-crack problem are satisfied. 

Based on this superposition observation. fundamental solutions for an infinite body 

containing a single crack. subject to a pair of concentrated tangential loads and a pair 
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of concentrated normal loads of opposite direction on the crack surface. are required for 

the current analysis. The fundamental solutions for these cases were obtained by Tada 

et al. (1985) in terms of Westgaard complex potentials. The stress and displacement 

fields can be easily constructed thereafter. 

Let us now consider the effects of all cracks on the mth crack. For consistency. 

stress fields associated with different cracks should be transformed to the local 

tangential-normal coordinate system for the mth crack. (t(m). n(m). Contributions of all 

M cracks to the stress field at the presumed location of the mth crack are now 

represented by their corresponding unknown distribution of pseudo-tractions. Summing 

the effects of all cracks on the mth crack and imposing the traction conditions that are 

consistent with the original interacting bridged-crack problem. we get 

m .. 1. .... M (4.2.2a) 

and 

m ... 1 ..... M (4.2.2b) 

where u~~O) and u~o are the stress components at the location of the mth crack under 

the applied loading condition. but in the absence of all cracks. and p~i) and p~) are the 

distributions of unknown bridging tractions and sii) and s~) are the distributions of 
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unknown pseudo-tractions in the tangential and normal directions. respectively. 

corresponding to the ith crack. Kernels KJJ through K22 are deduced. from the 

fundamental solution. and details on the construction of these kernels. following a 

similar approach. can be fbund in Hu et al. (l993a). Although these kernels are 

lengthy. they carry distinct physical meaning. For example. KJ2 (t(m). t(i» represents the 

normal stress unn (in the local coordinate system of the mth crack) at a particular point 

t(m) on the presumed mth crack location due to the normal component (in the local 

coordinate system of the ith crack) of the force at a particular point t(i) on the ith crack. 

Other kernels may be interpreted similarly. 

The bridging law equations are considered next. To this end. the crack opening 

displacements in equation (I) must be obtained for the original interacting bridged-crack 

problem. We note. however. that the crack opening displacements of the. mth crack can 

only be induced by the pseudo-tractions. s~m) and shm). on the mth crack (the tractions on 

all other cracks do not contribute to any separations along the presumed location of mth 

crack). The crack opening displacements on the mth crack can then be easily obtained 

in terms of the unknown pseudo-tractions s~m) and shm): 

a(m) 

u~m)(t(m» - I K33 (t(m). t(i»s~m)(t(i»dt(i) 
-a(m) 

a(m) 

u~m) (t(m» ... I K44 (t(m). t(i) )s~rn) (t(i) )dt(i) 
-a(m) 

m .. I ..... M (4.2.3a) 

m = 1. .... M (4.2.3b) 

where the kernels K33 and K44 also bear a distinct physical meaning. For example. K33 

represents the crack opening at a particular point t(m) on the mth crack by the 

application of a unit point normal load at a point t(i) on the mth crack. Details on the 

kernels K33 and K44 are given explicitly by Tada et al. (1985). 
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Equations (4.2.1) through (4.2;3) now provide an integral equation representation of 

interactions in a general system containing M bridged cracks. It is noted that the 

equilibrium equations of the stress state at any internal point are exactly satisfied 

through the nature of the built-in fundamental solutions. The traction-consistency 

conditions, as represented in Equations (4.2.2a, b), and the bridging law equations, as 

represented in Equations (4.2.la, b) and (4.2.3a, b), will have to be satisfied 

approximately through a numerical solution of integral equations. 

When the boundary conditions for cracks are assumed traction-free, the bridging 

effects vanish and the bridged-crack system degenerates to a system of interacting 

traction-free cracks. The traction-consistency equations alone provide the solution to 

such problems [see Hori and Nemat-Nasser (1987) and Hu et al. (1993b) for more 

elaborations on the traction-consistency equations]. On the othE:r hand, when the 

interacting bridged cracks become isolated or only a single crack exists, the effects of 

interactions disappear and the system reduces to the case of a single bridged crack. 

4.2.3. Numerical Solution Scheme 

It can be observed that the traction-consistency equations (4.2.2a, b) are well-

behaved and that singularity occurs only in the kernels K33 and K44 for crack opening 

equations (4.2.3a, b). Moreover, the singularity in K33 and K44 is a weak one and only 

in a logarithmic form, which can easily be handled by numerical integration. We adapt 

a Gauss quadrature approach. After normalizing the integration interval to (-I, I) and 

collocating the quadrature points, the discretized traction-consistency equations become 

M 

s~m) [ttl ] - L 
iel 
i;&m 

N 
(i) ~ [K (t{m) t{j)] (i) (t{i)] K (t{m) t{j)] (j) [t(j)J] 

a L II l' j , k St l' k + 12 r j , k sn k wk 

k=1 
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(rnO) rt~rn) ] _ rt~rn) ) _ 0 
+ U nn L' J Pn L' J i-I, .... M; j - 1 ..... N (4.2.4a) 

(rn) [tern)] 
St j - f:.w t [K" [t jm). t~) )s~) [t~) J + K" [t jm). t~»)s~ [t~) J] W k 

i-I k - I 
i,&m 

(rnO) rt(rn) ) [tern) ) 0 + U tn L' j - Pt j 0= 
i .. I. ... , M; j .. I. .... N (4.2.4b) 

The crack opening equations can be regularized in the following fashion: 

N 
(rn) [t(rn)] (rn) I: [ (rn) ] l (rn) (rn) [ (rn) ] ] 

un j - a K33 tj • tk sn (tk) - sn tj wk 

k-I 
k,&j 

+ 2(1 - v} j .. 1 ..... N (4.2.5a) 
G 

N 
(rn) [t (rn) ] (rn) I: [ (rn) ] l (m) (rn) [ (rn) ] ] u t j - a K44 tj • tk St (tk) - St tj wk 

k ... 1 
k,&j 

+ 2{1 - v) a(rn)2 _ t~rn)2 s~rn) [t~m) ) j .. I. .... N (4.2.5b) 
G 

h N · h b f d . (m) d (i) 11' d . . were IS t e num er 0 qua rature POlOts, tj an tk are co ocatIon an lOtegration 

points. and wk is the Gauss weight in the normalized interval (-I. 1). As was observed 

by Delves and Mohamed (1985), the Gauss quadrature is the most efficient and accurate 

approach to the numerical solution of integration equations if logarithmic singularity is 

not present. The regularization of logarithmic kernels used here ensures a level of 

accuracy similar to that for regular kernels. 

Several important features of the integral equation formulation may be noted here. 

First. after substituting the crack opening equations into the bridging law. the governing 
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equations can be expressed in terms of unknown bridging tractions and pseudo-tractions 

only. Second, when the cracks degenerate into conventional traction-free ones, the 

traction-consistency equations alone give the solution. 

distribution-of-dislocation approach or other types 

Unlike the commonly used 

of force or displacement 

formulations, the present approach does not present any singularity, thus ensuring a 

high level of accuracy in numerical solutions. Third, the problem is reduced to a 

number of single-crack problems. This will facilitate the evaluation of physical 

quantities, such as crack-tip stress intensity factors. Moreover, the level of sparseness 

in the final coefficient matrix is enhanced, allowing efficient solution of the system. 

Finally, the dimension of the final coefficient matrix is primarily dictated by the 

traction-consistency equations. It is observed that t.he influence of one crack on another 

is a strong function of the distance between them. Accordingly, by deciding on zones 

of influence for individual cracks (depending upon desired accuracies), a banded 

structure with reduced size may be obtained for the final coefficient matrix. 

4.3. LINEAR BRIDGING 

The effects of linear bridging on the stress field of interacting cracks are 

investigated in this section. The proposed integral equation approach can handle 

arbitrary orientations and distribu'.i-')r..s of a large number of cracks. Following a 

treatment by Kachanov (1985), the current approach may be formally applied to 

intersecting cracks. Particular focus is placed on several aspects, such as crack 

interactions, crack bridging, and bridging anisotropy. 

Two collinear cracks of equal length, a, are considered first. It is assumed that the 

surface of the crack is traction-free (or non-bridging) and is subject to a remote tension. 

uo. perpendicular to the crack-line. The stress intensity factor (SIFs) of the near tip are 

listed in Table 4.3. I for different numbers of integrations points. It is seen that the 
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Table 4.3.1 - Comparison with the disloation approach 

(t - tip separation/crack length). 

Current/Dislocation 

Exact N - 10 N .. 15 

2.782 2.755/2.512 2.775/2.705 

2.215 2.207/2.138 2.213/2.201 

1.795 1.793/1.780 1.795/1.794 

1.491 1.491/1.490 1.491/1.491 

1.229 1.229/1.229 1.229/1.229 
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current approach can yield very accurate results using fewer quadrature points than the 

commonly employed distribution-of -dislocation approach. For example. 10 integration 

points can provide the normalized SIFs with an error of less than I % for a crack-tip 

separation of t/2a .. 0.0125. 

The interactions among bridged cracks are considered next. As mentioned before. 

anisotropic bridging deserves particular attention for interacting cracks with mutual 

orientations. In this context. we consider two specific types of bridging laws. First. we 

consider a special type of isotropic linear bridging and assume that the bridging can 

only sustain loading normal to the crack direction. The bridging law can then be 

expressed as 

(4.3.1a.b) 

where An is the proportionality constant. Second. we consider the case of an anisotropic 

linear bridging law and assume that the bridging can only sustain the loading in the y

direction of the fixed x-y coordinate system. The bridging law for a crack inclined to 

the x-axis with an angle ct can be readily derived as 

Pn ... An cos ct(un cos ct + u t sin ct) 

Pt - An sin ct(un cos ct + ut sin ct) 

(4.3.2a) 

(4.3.2b) 

It is noted that the bridging law depends explicitly on the crack orientation and is thus 

anisotropic. 

The inset of Figure 4.3.la shows two cracks with a mutual orientation of an angle 

ct. subject to a biaxial remote loading. uxx '" uyy '" uo. The distance between crack 

centers is fixed at dla '" 2.1. The variations of mode-I stress intensity factors (SIFs) of 

the inner tips for both left (fixed orientation in the x-direction) and right (inclined) 

cracks with the angle ct are shown in Figure 4.3.1a for the case of non-bridged cracks 
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(Xn - 0). The same configuration of bridged cracks with isotropic bridging (equations 

4.3.la, b) and anisotropic bridging (equations 4.3.2a, b) are also considered. The 

bridging strength is characterized by a dimensionless bridging constant, c = 2(1 -

v)Xa/G. Figures 4.3.lb and 4.3.lc show the variation of mode-I SIFs with the angle a 

for c .. 1.6 and c ... 3.2, respectively. Figure 4.3.1 a (non-bridged cracks) provides a 

benchmark for an evaluation of the effectiveness of crack bridging. Comparisons of 

Figures 4.3.1 band 4.3.1 c with Figure 4.3.1 a reveal that bridging can reduce the SIFs 

significantly. A large value of c is desirable to increase retardation of crack-tip 

stresses. This is certainly the case for long cracks (large values of a) and bridging 

agents with large values of X. It is observed from Figures 4.3.lb and 4.3.lc that the 

SIFs at tip A do not indicate much difference between isotropic bridging and 

anisotropic bridging, suggesting that crack-tip behavior can be altered only to a limited 

extent by changing the bridging law of a neighboring crack. The difference in SIFs 

between isotropic and anisotropic bridging, however, is pronounced for crack tip B. 

For example, the normalized SIFs at a - 450 and c ... 1.6 are 0.57 and 0.80 for isotropic 

and anisotropic bridging, respectively. It is also noted that anisotropy complicates the 

variation of SIF for crack tip B. The tip-B SIF reaches a local maximum first at a 

small value of angle a, then it drops to a minimum value before it goes up again. 

Obviously, the existence of the local maximum SIF at small a is due to crack 

interactions, and the existence of the minimum value is largely due to the effect of 

anisotropy. 

The effects of anisotropy, as shown in Figures 4.3.1 band 4.3.1 c, are significant for 

crack tip B for the case of biaxial remote loading (uxx .. uyy - uo). However, this is not 

the case for uniaxial remote loading (uyy ... uo). Figure 4.3.2 considers the same 

configuration as in Figure 4.3.lb (c = 1.6), but a uniaxial remote loading (uyy = uo) is 

applied. It is seen that isotropic and anisotropic bridging produce almost identical SIFs 
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for both crack tips A and B. We can conclude that the effect of bridging anisotropy on 

crack-tip stress can be large or small, depending on, the loading conditions. 

Figures 4.3.3a and 4.3.3b consider three parallel, offsetting cracks, one being 

stepped up from the other. The system is subJect to a remote tension, 0'0' in the 

direction perpendicular to the crack. As observed by Beyerde et al. (1992). the stepped 

cracks occur in unidirectional fiber-reinforced composites due to a damage 

redistribution process of multiple cracking. In such cases. the effect of bridging forces 

must be considered. As a first approximation to the analysis of multiple cracking of a 

unidirectional fiber-reinforced composite. we employ the bridging law in equation 

(4.2.1). Due to interactions between the cracks. the mode-I (Figure 4.3.3a) and mode-II 

(Figure 4.3.3b) SIFs of the central crack vary in a complex fashion with the step height. 

It is also noted that there is a considerable level of mode-II deformation. which is solely 

induced by the interactions in this case. Bridging consistently retards the strength of 

the crack-tip stress field for both mode-I and mode-II deformations. 

4.4. NONLINEAR BRIDGING FOR FIBER PULL-OUTS 

Shaw and Evans (1993) studied the nucleation of a microcrack in ceramics across a 

metal layer in metal/ceramic laminates. Ceramics are brittle and vulnerable to 

microcracking. while the plastic flow in metals dissipates the stress concentration in 

metal layers to avoid microstructural damage and to provide the toughness for a 

composite. As shown ill Figure 4.4.1, a pre-existing crack in a metal/ceramic laminate 

may result in stress concentration ahead of the crack tip. thereby nucleating a 

microcrack along the crack plane in the next ceramic layer. As observed by Dalgleish 

et al. (1989) and Cao and Evans (1991). the renucleated crack may penetrate' the ceramic 

layer and be arrested by two neighboring metal layers. In such laminates. the metal 

layers, particularly the ones near the dominant crack tip. provide the bridging forces to 



148 

retard crack extension. As an approximation to this. problem. we consider a discrete 

bridging model' over a single metal layer right behind the crack tip (see Figure 4.4.1 a). 

Following the approach of Marshall et aJ. (1985) and its modification by Hutchinson and 

Jensen (1990). a bridging law can be stated as 

Pn - Av'u,;' • Pl - 0 over a - tm - tf < t < a - tm (4.4.1) 

where A is a material constant depending on the sizes. the moduli. and the interfacial 

frictional properties of the metal and ceramics layers. It should be noted that the 

bridging law given in equation (4.4.1) was derived for fibers fractionally bonded to the 

matrix. As noted by the work cited above. it can be equally applied to a metal/ceramic 

layer system. When broken layers dominate the process. however. softening will have 

to be accounted for and the bridging law should be modified accordingly. 

After crack renuc1eation. two modes of damage evolution are possible: (i) multiple 

cracking in the same ceramic layer. or (ii) extension of the dominant crack through the 

metal interface into the next ceramic layer. Shaw and Evans (1993) observed that. 

subsequent to crack renuc1eation. relatively thick ceramic layers lead to damage in the 

form of continuous microcracking in the adjacent ceramic layers (Le.. single-crack 

extension) while thin ceramic layers cause the formation of multiple parallel stacked 

cracks with a zone near the dominant crack (Le .• multiple cracking). The formation of 

a multiple-cracking zone distributes damage and significantly enhances the composite 

toughness as compared to the extension of a dominant crack (Deve and Maloney 1991. 

Deve et al. 1993. Hu and Chandra I 993a). 

The problem here is to determine quantitatively the critical thickness of ceramic 

layers (or the ratio of ceramic-to-metal thickness). below which multiple cracking 

prevails over single-crack extension in metal/ceramic laminates. For the configuration 

shown in Figure 4.4.1 a. the maximum stress in the ceramic layer occurs somewhere 



Figure 4.4.1 a. A metal/laminate with a bridged crack: Schematic diagram 
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(point B) above the crack plane, say, the step height he' This maximum stress. a max' is 

compared to the stress, ao, at point A on the crack plane in the next unbroken layer. 

If a mllx is larger than a 0 and reaches the level of the ceramic breakage stress, a c' the 

next microcrack will be renucleated at the site of amax ' i.e., somewhere above the 

dominant crack in the same ceramic layer. Therefore. multiple cracking dictates the 

process. If a max is less than ao, the next microcrack will be nucleated in the next 

unbroken ceramic layer along the crack plane such that single-crack extension is 

prevalent. Based on this reasoning and the bridging law given in equation (4.4.1). the 

critical ratio of ceramic-to-metal thickness can be obtained, and we can also predict the 

site where the next microcrack will nucleate for the case of multiple cracking. Figure 

4.4.1b shows the critical ratio with a dimensionless constant ~ = [tmX2(1 - v))/Gac ' 

Figure 4.4.lc gives the prediction of the site of the next microcrack nucleation in the 

case of multiple cracking. It is noted that the critical ratio and the nucleation position 

can be characterized through only a single configuration constant if a/tm is fixed. In 

the current analysis. the calculation of am ax is made along the centerline of the ceramic 

layer. Other types of approximations might be performed; for example. one may 

average the stress over the ceramic layer at different attitudes to obtain a mnx ' 

4.5. CONCLUDING REMARKS 

The problem of interacting bridged cracks was considered in this chapter The 

analysis is based on a superposition technique that allows the decomposition of a 

multiple bridged-crack system into a number of sub-problems, each involving only a 

single crack. The superposition spawns the traction-consistency equations in terms of 

bridging tractions and pseudo-tractions. which are solved as primary unknowns. The 

secondary unknowns. such as stress and strain fields. can be constructed through direct 

integration. The current approach is capable of handling multiple interacting crack 
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Figure 4.4.lc. A metal/laminate with a bridged crack: Variation of the predicted step 
height. he' at which a microcrack will be nucleated. with the 
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systems with a general form of the bridging law. linear or' nonlinear. isotropic or 

anisotropic~ Anisotropy in the bridging law. which becomes an important issue for 

multiple bridged-crack systems. is investigated to show that the change in a crack 

bridging law from isotropic to anisotropic can modify the tip behavior of the crack 

itself to an extent. depending on the loading conditions. Nevertheless. a crack-tip stress 

field can be altered. only to a limited extent. by changing a bridging law in a 

neighboring crack. Bridging effects and interaction effects on stress amplification and 

retardation were also examined and revealed several interesting aspects. For nonlinear 

bridging. a case of fiber pull-out in metal/ceramic laminates was studied to establish the 

critical ratio of fiber-to-matrix thickness that leads to the arrestation of a single-crack 

extension and transfers it to multiple cracking. The prediction was also made for the 

position of the crack nucleation site in the case of multiple cracking. These predictions 

were characterized through a single configuration parameter. 
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CHAPTER 5. FUTURE WORK AND LIMIT A TSTIONS 

In composite materials. the defects always coexist with reinforcements. Modeling 

of interactions of cracks with various forms of bridging can provide bounding estimates. 

such as maximum available retardation. for microstructure design. In applications to 

real-life structures. one must incorporate general loading situations. finite and often 

complex geometries of particular components. as well as a detailed representation of 

interacting microstructures and the associated damage evolution. And therein lies the 

fundamental difficulty in the analysis of these problems. Typically. the microstructures 

and their spacings are of the order of a few micrometers. while the overall dimensions 

of a component may range from a few centimeters to even a meter. Thus. a 

computational scheme is required. simultaneously. to provide a detailed representation of 

the underlying mechanics at two widely different scales: a local micro-scale with 

interacting microstructures. and a global macro-scale representing the real structure's 

configuration. The current analysis is capable of yielding a fundamental solution that 

accounts for the microstructural interactions. This fundamental solution can be 

augmented through the boundary integral equation approach to provide a solution to the 

problem of real-life structures. 

The integral equation techniques developed in Chapters I through 4 can also be 

used to handle a wide class of problems that involve the two widely differed scales. 

For example. the classical fracture mechanics problem can be interpreted as that of a 

microcrack in a real (finite) component. Alternatively. one can treat the problem as a 

finite crack embeded in an infinite plane. Similarly. the interaction of a macro-crack 

and a micro-crack can be idealized as that of a semi-infinite crack and a finite crack. 

and that of an macro-inclusion and a microcrack as that of a crack situated in the 

neigborhood of a bi-material interface. This type of treatments have received rekindled 
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attention in recent years (e.g., Hori and Nemat-Nasser, 1987, Montagut and Kachanov 

1988 and Rubinstein 1986,1990). Another potential of the integral equation approach is 

its application to systems with periodical distributions of various inclusions, inclusding 

voids, crack, ecL 

The current analysis can be extended to three dimensional systems involving 

spherical inclusions and penny-shaped cracks. The analysis can also be applied to 

study various phenomenon of composite materials. 

It should be noted, however, that the present work uses the principle of 

superposition and is valid within the framework of linear elasticity. Applications to 

nonlinear problems involving material as well as geometric nonlinearities will, of course, 

require non-trivial extensions. Also, the assumption that crack surface is traction-free 

needs to be modified before the method can be applied to compressive loading situations 

(which are of real importance for composite failure analysis). The proposed methods 

can be inserted into a damage evolution law to deduce the constitutive relation of brittle 

materials. However, One should proceed with caution since the damage evolution law, 

due to the lack of experimental verifications, is still at the developmental phase. 
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APPENDIX A 

The fundamental functions in equations 0.2.1) and (1.2.2) are given as 

x - ~ (x - ~)[(x _ ~)2 _ y2] 
H1(x, y;~). -(It - 1)-2- - 4 

r r 

y 2(x _ ~)2y 
H3 (x, y; ~) .. -It - - 4 

r r 

x - ~ 2(x _ ~)y2 
H4 (x, y; ~) - ---;:2 - r4 

Hs(x, y; ~) • 
y 2(x - ~)2y 
r2 - r 4 

x - ~ 2(x _ ~)y2 
H6 (x, y; ~) .. -It -2- - 4 

r r 

(x - ~)[(X _ ~)2 _ y2] 
H7(x, y; ~) - --r-:4---

y[(x _ ~)2 _ y2] 
Hs(x,y; ~) .. -(It - 1) -1- + 4 

r r 

x - ~ 4(x _ ~)3 
H9(x, y; ~) - -(It - 1) -2- - 4 

r r 

. ::t... 4y(x - ~)2 
H 10 (x, y, ~) - (IG - 1) 2 - 4 

r r 

4(x - ~)2y 
HII(X'Y;~)--(It-1)::t...2- 4 

r r 

x - ~ 4y2(X - ~) 
HI2 (X, y; ~) • -(IG - 1) f2 - r4 

x - ~ 4(x _ ~)y2 
HI3 (X, y; ~) = (It - 1) ---;:2 - r4 



Is (X. y; ~) .. -(IG _ 1) X - ~ _ 4(x - ~)y2 
r2 r 4 

18 (X. Y; E)" (IG _ 1) X - ~ + 4(x - ~)y2 
r2 r4 

1
9

(x. Y; E) __ [3(x - ~)2 + y2]y 
r4 

llO(x. y; ~) '" (X - E)[(x - ~)2 - y2] 
r 4 

III(x. y; E)" [(x - E)2 - y2](x - E) 
r4 

II2(x. y; ~).. y[(x - ~)2 - y2] 
r4 

II3(X. y; ~).. [(x - ~)2 - y2Jy 
r4 
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where 

(x - m(x - ~)2 + 3y2] 
I 14 (X. y: ~) -

r2 _ (x _ ~)2 + y2 • 

The expressions of the kernels in equations (1.3.5)-(1.3.7) are given as 

K (t(m) t(i)) _ 2G IG (t(m) t(i))sin2 e(mi) _ 2G (t(m) t(i))sin e(mi) cos e(mi) 
II • 71(IG + I) 1: 9 • II • 

K (t(m) t(i)) .. 2G IG (t(m) t(i))sin e(mi) _ 2G (t(m) t(i))sin e(mi) cos e(mi) 
12 • 1T(IG + 1) 1: 10 • 12 • 

K (t(m) tU)) _ I IF (t(m) tU))sin2e(mj) _ 2F (t(m) tU))sin e(mj)cos e(mj) 
13' 271(1<. + I) 1: 9 • J I • 

K (t(m) tU)) .. I IF (t(m) tU))sin2 e(mj ) _ 2F (t(m) tU))sin e(mj) cos e(mj) 
14' 271(1( + 1) 1: 10 • 12 • 

K (t(m) t(i)) .. 2G fr[G (t(m) t(i)) + G (t(m) t(i))]sin e(mi)cos e(mi) 
2 J • 71(IG + I) 1 9' J 3 • 
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K (t(rn) t(i)) _ 20 !r[O (t(rn) t(i)) + 0 (t(rn) t(i))]sin e(rni) cos e(rni) 
22 ' fT(" + 1) ~ 10' 14' 

K (t(rn) to)) _ 1 !r[F (t(rn) to)) + F (t(rn) tU))]s'ln e(rnj)cos e(rnj) 
23' 2fT (I( + 1) ~ 9' 13' 

K24 (t(rn) tU)) _ 1 !r[F (t(rn) tU)) + F (t(rn) tU))]sin e(rnj)cos e(rnj ) 
, 2 fT(K + 1) ~ 10' 14' 

K (t(rn) t(i)) _ 1 fo (t(rn) t(i))cos2 e(rni) 
31 ' 277(" + 1) L 1 ' 

K (t(rn) t(i)) .. 1 fG (t(rn) t(i))COS2 e(rni) 
32' 2fT(1< + 1) L 2 ' 
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K (t(rn) t(i» 1 fr[G (t(rn) t(i» _ G (t(rn) t(i»]sin e(rni) cos e(rni) 
41 • • 211'(" + I) 1 7' l' 

K (t(rn) t(i» _ I fr[G (t(rn) t(i» _ G (t(rn) t(i»]sin e(rni) cos e(rni) 
42 • 211'(" + 1) 1 8' 2' 

K (t(rn) t(j» • I fr[F (t(rn) t(j» - F (t(rn) t(j»]sin e(rnj ) cos e(rnj) 
44' 211'0(" + I) 1 8' 2' 

where the functions G(t(rn). t(i» and F(t(rn) • t(i» are derived from the functions of the 

fundamental fields. 

by substitutions of x. y. and ~. 

x .. t~rni) + tern) cos e(rni) 



160 

(rni) tern) . n(rnl) 
y - So + sm \1 

. (rni) (rni) . ( ) ( ) 
with to and So translations of the origins of two coordinate systems (t rn ,s rn) and 

(t(i) , s(i»), Le.,coordinates of the mth defect center measured in (t(1) , s(l)) 
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APPENDIX B 

The fundamental functions in Equations (2.2.3) are derivable from results given by 

Dundurs and Mura (1964). These expressions are given here following Erdogan et al. 

(1974). 

_2 B - A XYR_ 2A [I_ 4x
2

]R2
y -A~[[I- 4X~]~ 

(3 r4 r2 r4 (33 r~ r~ 
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I-' 2 22 222 
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