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ABSTRACT 

The local adaptive Galerkin bases for large dynamical systems, whose long time 

behaviour is confined to a finite dimensional manifold, are bases chosen by a local 

version of a singular value decomposition analysis. We show that these bases are 

picked out by choosing directions of maximun bending of the manifold. We dis

cover a useful way to compute the dimension and local shape of the manifold. The 

application of the results is evaluated by examining numerically several interesting 

examples. 
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INTRODUCTION 

Often when one studies a dynamical system the interest is in the behavior of 

the orbits after long periods of time. Many systems exhibit transient behavior 

followed by an asymptotic motion lying on a subset of the phase space, an attracting 

set to which the orbits converge for large times. More importantly, this subset is 

contained in some finite dimensional manifold. This is one of the reasons why there 

is a lot of emphasis in the study of attracting sets. One can try to understand the 

different levels of complexity of the orbits by analyzing the geometric structure of the 

attracting sets. For example, one can find fixed points, periodic orbits, quasiperiodic 

orbits or strange attractors. Although there are many cases in which one cannot. 

have a complete description of these at tractors due mainly to their ugly structure, 

one can try to provide some information about these sets. Two basic properties of 

the atb'actor that we will consider arc its dimension and its local geometric shape, 

The knowledge of these two properties allow one to better understand the attractor 

and, therefore, the relationship between infinite dynamical systems with those of 

finite dimension. 

In Chapter 1, we reconsider the idea, from [1], of embedding the attractor, which 

we assume to be a smooth manifold, in a set of local patches and finding in each patch 

a coordinate system which is optimal in the s~nse that the error of the projection of 

the orbits on this system is minimal. The coordinate system is given by the basis 

that consists of the eigenvectors of a certain operator. 

In Chapter 2, we explicitly compute the eigenvalues of such an operator for 

the cases of smooth curves and smooth surfaces in 1R3. We show that the leading 

coefficient of these eigenvalues contains geometrical information, such as dimension 
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and extrinsic information. We discover that the coordinate system for curves is 

given by a canonical system, namely the Frenet frame. 

In Chapter 3, we generalize the results from Chapter 2. We consider smooth 

curves and smooth manifolds contained on Euclidean spaces of finite dimension. 

For the curve case, the eigenvalues are given explicitly; their geometrical meaning 

is discussed. For the general case, the eigenvalues can not be found explicitly, but a 

geometrical interpretation is given. The eigenvectors arc given by a generalization 

of the Frenet frame. 

In Chapter 4, we apply the results to a curve contained on an infinite dimensional 

space to show how our results can be applied to cases of manifolds contained 011 

infinite dimensional spaces. Finally, we show some numerical simulations that reveal 

the features of our results. 
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CHAPTER 1 

LOCAL THEORY 

During the last twenty years, there have been estimates of the attractor of some 

pde's. Concretely, for the complex Ginzburg-Landau equation (CGLE) with periodic 

boundary conditions, we know (Doering et al. [2]) that it possesses an attractor 

with finite Hausdorff dimension in some parameter regime; actually it has an inertial 

manifold. One can use the Fourier basis functions to obtain bounds on the dimension 

of the attractor. Using this basis for the CGLE, sharp estimates on the Lyapunov 

dimension can be obtained in some region of the attractor. On the other hand, using 

a. coherent structure basis, Sirovich et al. [3] found better bounds in some parts of 

the attractor, which suggests that local bases are required to span the attractor. 

To find an optimal local basis we consider the method given by Broomhead et 

rd. [1] which gives a local basis. 

Method 

Assume that there is a dynamical system acting on a separable Hilbert spa.ce H 

with an attractor X which has an invariant measure J.l. From now on, we assume 

that X is a manifold with supp J.l = X. 

Consider any orthonormal basis {bd~l' For any h E 11 we define the errol' of 
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projecting the orbit of h, rfJ(h, t), into the first k basis elements as: 

k 

ek(h, t) == rfJ(h, t) - 2: < rfJ(h, t), bi > bi. 
i=l 

The goal is to find a basis such that 

ek(h) == lim T-1 rT 1/ ek(h, t) W dt 
T ..... oo 10 

is minimized over all bases, for all k 2:: 1 and all points h. 

Assume that the long term time average along a single orbit is equal almost 

everywhere to the average over all possible initial conditions, that is, time meall 

equal almost everywhere to the space mean. This property can obtained by assuming 

ergodicity (see [5]). 

Substituting the time integral with the space integral, the solution is given by 

the eigenvectors of the operator 

defined by 

,(b) = [ < h,b.> h df-l. 

, is a bounded and selfadjoint operator. Assuming compactness, we obtain a 

basis of eigenvectors. 

At this point this basis is global. Now to get a local basis we consider a neigh

borhood of a point w in the manifold, a ball of radius t: with center at w. Then 

define the measure f-lw,( as 



Jlw,c(A) == Jl(w + A)/Jl(Bc(w)). 

As before, the basis will be the eigenvectors of an operator rc defined by: 

where Xc is the characteristic function of B,(w). 

Assuming ergodicity, the operator rc was found by minimizing the following local 

error: 

B)W) )~IlJo T- l foT II (rjJ(h, t) - w) - t < (rjJ(h, t) - w), bi > bi 112 elt 

where the integral is over all t E [0, T] such that rjJ(h, t) E B,(w). 

Finally, we want to focus on a particular case since our results are based on this 

casco 

Particular case 

Suppose that H is finite dimensional with a given orthonormal basis el, ... , en and 

let (Xl! .... , xn) be its coordinate system. Without loss of generality, we can assume 

that w is the origin. Now if Jl is of the form p(x)dx, then the operator rc becomes 

the rcal symmetric semipositive matrix r~j with: 
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CHAPTER 2 

LOCAL GEOMETRIC INFORMATION IN 1R3 

Our first goal is to determine whether or not the eigenvalues of f' contain geometric 

properties. These properties must depend only on the points of the manifold, and 

should not depend on the way in which these points are represented. If we hope 

to find geometric properties, they must not change if a different representation of 

the points in the manifold are chosen. These properties must be invariant uncleI' 

orthogonal transformations of the coordinate system in space and should also be 

invariant under allowable parameter transformations of the manifold. Since we are 

only allowing orthogonal transformations in space, and these transformations do not 

change the eigenvalues and eigenvectors of f', we are free to choose any particular 

orthonormal basis to study the manifold X. Therefore we only have to worry about 

the dependence on parametrizations. 

Our second goal is to verify the assertion made in [1], that claims that the number 

of eigenvalues of f' that scales as f2 is equal to the dimension of the manifold. 
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2.1 Preliminary examples 

We start with a very simple example taken from [1], which nevertheless contains 

many of the basic ideas. 

Example 2.1 (Ellipse) Consider the following dynamical system: 

:i; .- y 

2 (1 2 1 2 2 ) iJ = -w x - 2"Y + 2"w x - 7] Y 7] > O. 

This system has an attractor, namely the ellipse ~y2 + ~w2x2 = 7]. 

If we set b = v'27i and a = ~ then the ellipse becomes 

which can be parametrized using 

x = acosO and 

y - -b sinO with 0$ 0 $ 271'. 

Restricting the system to the ellipse, the system becomes 

. b 
0=-, 

a 

and the unique invariant measure is dJ.L = (271' )-ldO. 

Let B,(Po) be the intersection of the ball of radius t: with center at Po with the 

ellipse (see figure 1). Then 



where 

Fig 1. Intersection of the ball of radius € with the ellipse 

Then the matrix of the operator f' is: 

with 

Notice that 

so that f' becomes 

1 
p{x)dx = 27r dO. 

17 
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where 

ss(O,Oo) _ sinO - sin 00 

cc( 0,00 ) _ cos 0 - cos 00 , 

The eigenvalues of this matrix are 

-\~ = ~(b2 COS
2 00 + a2 sin2 00)0~ + O(On and 

N = a
2
b

2 
1 04 + 0(06 ) 

2 20 (b2cos20
0 
+ a2 sin2 (

0
) ( , • 

These eigenvalues can be rewritten as: 

where s represents the arclength and ~; is evaluated at Po. 

Using the curvature /\, of the ellipse at the point Po, we obtain 

"I 1 ( ds )202 0(04 ) d 
1\ = 3' dO (+ ( an 

-\' /\,2(dS)4 4 ( 6) 
2 = 20 dO 0, + 0 0, . 

As we see, a factor of ~; for every B, is obtained. In order to get rid of this facior, 

we change the measure It to the arc length measure ds, and instead of expanding 
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in terms of 0(1 we are going to expand in terms of S(I where S( is the length of the 

segment of the ellipse contained in the ball of radius €. The change of the measure 

to arc length also avoids the dependence on the specific parametrization. 

The relationship between s( and Oe is 

o S( 

(= 2f(00) I 

where 

Thus , if we measure the arc length with S = 0 at POI we get 

Using this new measure we obtain 

Al = 112 s~ + O(s:) and 
2 

A~ = 3~Os:+O(s~) 

with corresponding eigenvectors: 

l',.( = (asinOolbeosOo)+O(s~) and 

V2( = (-beos 001 a sin 00 ) + O(s~). 

Notice that 
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"to = (asin{}o,bcos{}o) (tangent vector} and 

V;O = ( -b cos {}o, a sin {}o} (normal vector). 

Therefore, for this simple example, we can see that there is only one eigenvector 

w hose corresponding eigenvalue scales as f2. This agrees wi th the fact that the 

dimension of the ellipse is one. On the other hand, the leading coefficient of this 

eigenvalue is just a constant independent of the parameters of the ellipse. For the 

second eigenvalue we found that its leading coefficient is basically the curvature, 

which gives total geometrical information about the ellipse at the point Po. Thus 

we conclude that by knowing the eigenvalues we can determine the dimension of the 

manifold and specify the type of curve under consideration. Also the limiting basis, 

that is, the basis at f = 0, is given by the tangent and normal vectors. 

Let us now consider another example which will help us to better understand 

what is going on. 

Example 2.2 (Helix) Consider the case in which the manifold is the helix, given 

by the parametrization 

x = a cos {} 

y = bsin{} 

z = cO. 

Again let us take dJl = ds. Then 
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ds = Va2 sin2 0 + b2 cos2 0 + c2 dO. 

Choose any point Po in the helix 

Again consider the intersection of the ball of radius f with center at Po with the 

helix, namely: 

For this example, the matrix of the operator f' is of the form 

where Xl = X, X2 = y, X3 = Z. 

Now define the following functions (they reappear later): 

f(O) _ Va2 sin2 0 + b2 cos2 0 + c2 

g(O) _ Va2cos20+b2sin20+c2()2. 

After a long calculation we get that the eigenvalues of f' times a factor of 



Since fj(), --. g((}o) and also 

we obt.ain that as ( --. 0 

J(Oo) 
s, = g(Oo) 2(. 

Thus the eigenvalues times a factor of Jl(B,(Po)) become 

IL(Bf(PO))"~ 

IL(Bc(Po))"~ 

= ~S3 + 0(S5) 
12 ' , 

= 1 [a2b2 + c2(a2 cos2 0 + b2 sin2 0 )]S5 + 0(S7) 
320J6(00) 0 0, t 

and 

(abc)2 7 9 

= 100800J6(00)[a2b2 + c2(a2 cos2 00 + b2 sin2 00)] s, + O(s,). 

Since the curvature K and the torsion 7" at the point Po are given by 

abc 
7" -

we get that 

22 
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and 

Finally, since J.l(B,(Po )) = SCI the eigenvalues can be written as 

A' 1 = /2s~ + O(s~) 
2 

N = 3~0 S~ + O( s~) and 2 

A' 3 = (KT)2 6 ( 8) 
100800 Se + 0 se . 

The corresponding eigenvectors are 

Vie = (-asinOo,bcosOo,e) + O(sn 

~e = (-acosOo,bsinOo,O)+O(s~) and 

V3
e = (-besin 00' aecos 00' -ab) + O(s;). 

Notice again that at f = 0, 

v;o = (-asinOo,bcosOo,e) (tangent vector) 

v; = (-acosOo,bsinOo,O) (normal vector) and 

Va° = (-besin 00' accos 00' -ab) (binormal vector). 

Also for this case, there is only one eigenvector whose corresponding eigenvalue 

scales as f2, so we confirm (following [1]) that the dimension of the manifold is 
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1. The other two eigenvalues A~ and A~ give us the square of the curvature and 

the square of the torsion respectively. Since the torsion can be positive or negative, 

these quantities specify completely two curves, one for each sign. The only difference 

between them is the direction of twisting. One twists out of the osculating planc 

in the direction toward the side the binormal points to and the other curve toward 

the opposite side. Up to this indeterminacy, the eigenvalues give us all the local 

geometric information that we need to know to determine the helix at evcry point, 

since in principle curvature and torsion specify a curve up to a rigid motion. Also it 

is important to realize that the limiting basis is the Frenet frame for the helix, that 

is, the tangent, normal and binormal vectors. 

2.2 Regular curves in 1R3 

Let us consider a more general setting. 

Suppose that the manifold is a regular curve X. Recall that a regular curve is 

t.he locus defined by: 

such that the functions Xi(t) (i = 1,2,3) are smooth (here we need only that they 

have continuous third derivatives) and such that the derivative X'(t) is not zero 

X'(t) = (x~,x~,x;) #- o. 

We assume that the arclength s, is the parameter for the curve X (s) and we 

choose coordinate axes in such a way that Po is the origin and that 
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X(O) = (1,0,0) 

X(O) = (0, IC, 0) 

X (0) = (Xl (0), X2 (0), X3 (0)) 

where X3 (0) = ICr. 

We choose f sufficiently small in such a way that the length of the curve in

tersected with the ball of radius f with center in Po E JR2 is equal to 2(. In this 

situation, we obtain the following proposition: 

Proposition 2.1 Let X be a regular curve. Then the eigenvalues of the correspond-

ing operator Pare: 

.xc I = 112.5~ + O(s;) 

,.,2 
.xc = 320s~ + O(s~) and 2 

1C2r2 
A' = 100800 s~ + O(s;) 3 

where IC and r are the curvature and the torsion at Po, respectively, and Se is the 

length of the curve restricted to the ball of radius f with center at Po. Furthermore, 

the corresponding eigenvectors are: 

V2' = (0,1,0) + O(s~) and 

\1;' = (0,0,1) + O(s~) 



with 

V;O = (1,0,0) (tangent vector) 

~o = (0,1,0) (normal vector) and 

V:t = (0,0, 1) (binormal vector). 

Proof: 

X(8) can be written as: 

• s2 .. 8 3 ... 
X(s) = X(O) + sX(O) + "2X (O) + "6 X (0) + ... 

or, in components, 

Xl (8) = s+ ... 

X2(S) 
K 2 = -s + ... 
2 

X3(S) 
KT 3 = -8 + ... 
6 

Then the matrix of rc is computed to be 

.!.KU5 
15 

The eigenvalues of this matrix are 

o 

o 

o 

26 
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Notice that here s, = 2f. Therefore the eigenvalues take the form 

,xc 
I = I12s~ + O(s~) 

2 

,\~ = 3~0 s~ + O( s~) and 

2 2 
,\' = I\, T 6 O( 8) 

3 100800 s, + s, 

with corresponding eigenvectors 

VI' = (1,0,0) + O(s~) 

Y;' = (O,l,O)+O(s~) and 

V;' = (0, 0, 1) + 0 ( s; ) . 

Then at f = ° 

\1;0 = (1,0,0) (tangent vector) 

\1;0 = (0,1,0) (normal vector) 

v; = (0,0,1) (binormalvector). 

When we turn to local bases for higher-dimensional manifolds, the small param

eter will be the radius of a ball in a coordinate patch of our manifold. The formulas 
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we then get are then analogous to the ones encountered in the proof in which Sc was 

replaced by f = ~s,. We restate them here for later use: 

1 
..\' = _f2 + O(f4) I 3 

",2 

'" = _f4 + O(f6) and 2 20 
",2r2 

'" = 1575 f6 + 0 ( f8 ). 3 

2.2.1 Interpretation of eigenvalues 

Consider the projection of the curve x(s) = (Xl(S), X2(S), X3(S)) in the plane Xl - X2 

(2nd osculating space). Then to first order, we have that 

So the first eigenvalue is, in some degree, a measure of the deviation of the curve 

from the tangent space (1st osculating space) in the normal direction, or in another 

words, the amount of bending in the normal direction. 

Consider now the projection of the curve in the plane Xl - X3 (3rd osculating 

space). Then to first order we get 

Therefore, the third eigenvalue is also a measure of the deviation of the curve from 

the tangent space. However this time, it is in the binormal direction, that is, the 

t.hird eigenvalue is a measure of bending in the binormal direction. 
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Notice that if a regular curve in ]R3 has the third eigenvalue A3 equal to zero at 

every point then the curve is a plane curve. If A~ == 0, then also Ag == 0, and the 

curve is a straight line. 

We can ask whether smoothness is neccesary to get the result from the proposi

tion above. The next example shows that indeed we need some smoothness. 

Example 2.3 Consider the curve a given by a : IR ~ 1R2 with 

O'(s) = {(s,-s) s ~ 0 
(s,s) s~O; 

the eigenvalues (at s = 0) in this case are giv~n by: 

At = (3 + J5) 2 + O( 3) 
1 12 (;; t: 

In this case there are two eigenvalues that scale as (;;2, and we were expecting only one 

since the manifold is a curve. Therefore, in order to get the result of Proposition 2.1 

we need more than just continuity. 

2.3 Regular surfaces in 1R3 

We can take the next step; that is, suppose that the manifold is a surface. We 

notice that we still need smoothness of the surface, and thus we focus our attention 

on regular surfaces. 

A regular surface is defined as follows: 
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1. A surface is a locus of points in R? defined by the endpoints of the vector 

function X = X(u, v) 

with Xi( U, v), the components of X, defined over an open connected domain of 

1R2 and be sufficiently smooth (to have continuous second partial derivatives 

at least). 

2. The vectors Xu and Xv are assumed to be linearly independent: 

Since X is a regular surface, it can be developed as follows: 

where 

ax a2x 
Xi = -a and Xii = a a . 

Uj Uj Uj 

The deviation of the surface X from its ta~gent plane in the neighborhood of Po 

is given by 

p(U,v) - (X(u,v) - X(Po)) • X3(Po) 

= ~(LU2 + 2Muv + Nv 2
) + ... 
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where 

and X3 is the unit normal vector. See [4]. 

The surface 

in the p-u-v space is called the osculating paraboloid. 

A planar point is a point where L = M = N = O. In this case the osculating 

paraboloid becomes a plane. We will assume from now on that Po is not a planar 

point. 

In the curve case we used the arc length as parameter. Unfortunately, we do not 

have a natural parameter for surfaces. The lack of natural parameters makes the 

study of surfaces more complicated. To avoid the dependence on parameters, we 

lise the measure that is equivalent to arc length, namely the area element. 

We are now ready to prove the following proposition: 

Proposition 2.2 Let X be a regular surface. Then the eigenvalues of the operator 

rc at the point Po are: 

1 
).' = _(.2 + 0((.4) 1 4 

).' 
1 

= _(.2 + 0((.4) 2 4 

,.\~ = W(.4 + 0((.6); 
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the coefficient \}if4 is the average of the square of the osculating paraboloid: 

The eigenvectors VI and V2 are any pair of orthonormal vectors of the form 

where \1;0 and \1;0 generate the tangent plane of the surface at po/ and l/; is the 

TlaT'mal vector to the surface X at the point Po' 

Proof: 

Without loss of generality, we can assume X(O, 0) = (0,0,0). We can also choose 

the tangent plane as the parameter plane with the origin at the point of tangency. 

Then 

becomes 

Also the XIs, at the origin, are given by Xl = (1,0,0), X 2 = (0,1,0) since -It 
and It vanish at the origin. (From now on we will use u and v instead of Xl and 

X2)' 

The equivalent of arclength in this case is the element of area, that is 

dA == VEG - F 2 dudv, 
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where 

Notice that JEG - F2 = 1 + O(u2, v2, uv) since at the origin E = 1, F = 

0, G = 1. 

The entries, qi' of f' are given by 

r~l = 1 l 2 (2 ( 4) 
J.t(B,(O)) B.(O) u dA = "4 + 0 ( 

q2 = 1 h 2 E2 ( 4) 
J.t(B,(O)) B.(O) v dA = "4 + 0 ( 

q2 = 1 h 
J.t(B,(O)) B.(O) 

uvdA = 0 

r;2 = q3 = 0((4) 

r;3 = III ( 2 2)2 ( 6) 4 J.t(B, (0)) B.(O) Lu + 2Muv + Nv dA + 0 ( 

1 4 4 4 
= 4[L2(~) + 4M2(;4) + N2(~)] + 0((6) 

= 1 [1 (2 2) M2 N L] 4 ( 6) 84 L +N +T+T( +O( . 

Define 

We find that the matrix of the operator f' looks like 
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r£ = ~ [~ ~ ~ 1 (2 + O( (4). 

000 

Therefore the first two eigenvalues are: 

with eigenvectors (at ( = 0) 

where the c~s are arbitrary with the only restriction that 

Therefore the method does not distinguish any particular direction in this case, 

but V;O and V2° generate the tangent plane to the surface at the origin. 

To find the third eigenvalue we need to compute the entries of P to the next 

order, but since 

and \l1 #- 0 (since Po is not a planar point) the third eigenvalue is given by: 

£ 1 1 f ( 2 2)2 ( 6) "3 = 4 j.L(8,(0)) 113.(0) Lu + 2Muv + Nv dA + 0 f • 



Notice that the integrand is the square of the osculating paraboloid. 

Finally, using ;\~, we find that 

V;O = (0,0,1) (normal vector) 

as we expected I 
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Remark 2.1 The leading coefficient, \II, of the third eigenvalue can be written as 

where 

IEN-2FM+GL 
H - 2 EG _ F2 (mean curvature) 

LN - M2 . 
J( == EG _ F2 (gauss zan curvature). 

This exhibits the extrinsic nature of the eigenvalue since we know that H is extrinsic. 

Remark 2.2 

We know this fact since the eigenvalues of f( are nonnegative. In particular, if 

\II == 0, then the surface is a plane. 

Let us find another interpretation of the third eigenvalue. Consider a curve X (s) 

contained on the surface 

X(s) == X(u(s),v(s)), 
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passing through the point X( u, v). Then using the same notation as above, we find 

that 

Also, 

Xa' X = K cosO 

where K is the curvature of X(s) and () is the angle between Xa and the principal 

normal of the curve. We consider only curves whose principal normal lies along 

Xa. This kind of curve always exists (at least locally) and is called a geodesic. For 

geodesics, 

K(ti,V) = Lti2 + 2Mtiv + Nv 2 

so the third eigenvalue is given by 

that is, the average of the square of the curvature of all geodesics contained in 8((0), 

which can be considered as a geodesic coordinate neighborhood. We notice that it 

makes sense to take the integral, since for any value of (u, v), there exists a unique 

geodesic with tangent in that direction. This eigenvalue tells us how the surface is 

bending in the direction of Xa. 

From the above description it is natural to think of lit, the leading coefficient 

of the third eigenvalue, as a curvature of the surface. Recall that for curves, the 

corresponding eigenvalue was proportional to the curvature squared. Therefore we 

choose 1211t as the curvature squared of the surface. Thus we define the average 

Cllrvature as: 
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Definition 2.1 

_ J3H2 - J( 
~all = 2' 

Therefore for this choice, we have that 

For curves, we got ,\~ = ~~~2 + 0((;4), where ~ is the curvature of the curve. 

Example 2.4 Consider the surface q(x,y) = x2 + y2. Then at the origin, h:av = 2. 

Notice that the curvature at (0,0) for the plane curves z = u 2 , Z = v 2 is also two. 

Example 2.5 For the sphere of radius r we obtain that h:all = ~j I notice that in 

this case H = ~ and J( = /2 • 

Remark 2.3 The requirement that Po not be a planar point is not essential. We 

will generalize all the results in the next chapter without this kind of restriction. 

2.3.1 Classification of surfaces with same average curvature 

Let us start by comparing two different surfaces with the same third «;!igenvalue. 

Consider for example: 

These two surfaces are globally different but locally very similar as we can see in 

figure 2. They share the same average curvature ~av = 0.25 at the origin. 
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Fig 2. Graphs of the functions ql and q2 using different scales. 

One can argue that similarity comes from the fact that they share the same 

tangent plane at (0,0). Compare them with a third surface, Q3(X, y) = 80V2y2, which 

has the same tangent plane at (0,0) but has average curvature I\,av = 400. We notice 

that what makes ql and q2 similar is not the tangent plane (linear approximation) 

but the fact that they share the same average curvature (quadratic approximation) 

(See Figure 3). 

Fig 3. ql, q2 and q3 using the same scale as in Fig 2. 

We see here that the leading coefficient of the third eigenvalue tells us what is 
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large and what is small. 

As we saw above, the surfaces that share the same average curvature at a point 

have approximately the same deviation from the tangent plane at that point. Let 

us give a more geometrical description of this statement. 

Locally any surface with horizontal tangent plane can be written as: 

q(x,y) = ax2 + 2bxy + Cy2 + h.o.t.; 

without loss of generality, we choose coordinates in such a way that b = O. 

Given any nonnegative number A, we define the set 

A'",{ q(x,y) 1 3
1
2 (a' + c') + :; = >.}. 

The set A" consists of all surfaces with the same leading coefficient of the third eigen

value. As A varies, the condition on A" generates a paraboloid in the 3-elimensional 

space (a, c, A). The level curves of this paraboloid, a family of ellipses, can be iden

tified with the sets A". Every element of A" is represented by a point of one ellipse. 

Therefore we classify the surfaces according to the ellipse to which they belong. The 

bigger the ellipse the bigger the average curvature. 

2.3.2 How the third eigenvalue ).~ varies for nearby points 

So far we have computed the eigenvalues for a given point. We can finel also what 

hflppens with the eigenvalues for a nearby point. 

Consider the surface given by X = (x,y,q(x,y)) with q(O,O) = 0, fJx(O,O) = 0 

and qy(O, 0) = O. We want to compute the eigenvalues (1J~, 1J~, 1J~) at the point (xo, Yo) 

in the neighborhood of (0,0). 
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We write 

where cI> contains the quadratic terms on (x - xo) and (y - Yo). Notice that q(XOl Yo), 

qx(XOl Yo) and qy(XOl Yo) are, in general non zero. 

In order to compute the eigenvalues using our previous result we change coordi-

nates to get rid of q(XOl Yo), and the linear terms, to gct 

( ) = 1 [ qll (1 2 2) 2 ( (1 2) qrq~qll) 2 
q X, Y 2(1 -I- qr -I- q~) 1 -I- qr -I- ql -I- q2 X -I- q22 -I- ql -I- 1 -I- qr y -I-

whcre ql = qX(XOl Yo), q2 = qy(xo, Yo), q11 = qxx(xo, YO), q12 = qXy(xo, Yo) and 

q22 = qyy(XOl Yo). 

Writing 

1 
q(x,y) = 2(ax2 -I- 2bxy -I- cy2) -1- ••• 

we get 

2 

7]~ = ~ -I- 0((;4) 

(;2 

7]~ = _ -I- 0((;4) 
4 

7]~ = [..\3 -I- R(XOI Yo)] f4 -I- 0(f6) 

where R(xo, Yo) = O(xo, Yo) and ..\g is the leading coefficient of the third eigenvalue 

at (0,0). If q(x, y) is quadratic without cubic terms then R(xo, Yo) = O(X~, XOYOl y;). 



41 

Therefore we conclude that in a small neighborhood of our point of interest, 

the third eigenvalue at that point is an approximation to the eigenvalues at nearby 

points. The size of the neighborhood depends on q(x,y). 

In particular, if q( x, y) is just a quadratic, say 

q(x, y) = au2 + 2bvu + cv2
, (2.1 ) 

then 

with 

The surface given by 

has special properties which can be studied further. For the surface given by equa

tion 2.1, we have another paraboloid of curvature (see previous section) for the 

nearby point. We classify the surfaces again using the level curves. This new 

paraboloid coincides locally with the paraboloid for the point (0,0). 

2.4 Conclusions 

ror a smooth surface we are led to the average curvature, which is an extrinsic 

property since it depends on the embedding of the surface in the Euclidean space. 
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The osculating paraboloid is defined in terms of the normal vector of the surface. 

Recall that our study of curves in Euclidean spaces led to the metrical invariants 

curvature and torsion; and these are invariants of the way the curves are situated 

in space rather than internal to the curve. Therefore we can conjecture that for 

a manifold contained in 1R3
, the eigenvalues contain geometrical information about 

the manifold. So far we conclude that 

1. The number of eigenvalues that scale as (;2 give us the dimension of the man

ifold. This agrees with the assertion made in [1]. 

2. The eigenvalues that scale as (;2m with m > 1, give us extrinsic information of 

the manifold, that is about how the manifold is situated in spacc. 

3. The number of nonzero eigenvalues gives us the dimension of the smallest 

ambient space that contains the manifold. 
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CHAPTER 3 

LOCAL GEOMETRIC INFORMATION IN IRn+k 

The goal of this chapter is to generalize our previous results; instead of considering 

curves in 1R3 we will be considering regular curves in Euclidean spaces of arbitrary 

but finite dimension; instead of regular surfaces we will be considering higher di-

mensional regular manifolds, of higher codimensions embedded in Euclidean spaces. 

It is convenient at this point to clarify some of the terminology that we will be 

using. When we say that a regular manifold of dimension k is contained in IRn+k , we 

Illcan that there is an Coo manifold of dimension k, M, and a map X : M -) lRu+l: 

such that if Xl, • •• Xn+k are rectangular coordinates in IRn+k and HI, •. • Uk arc local 

coordinates on M, then the functions Xj(UI,"" Uk), j = 1, ... , n + k, that locally 

specify the map X satisfy: 

1. Xj is Coo for j = i, ... n + k 

2. rank( a8xj 
) = k. 

Urn 

In the literature this is known as a regular surface. We will keep the name of regular 

manifold. Let us start with the special case in which the manifold is a I-dimensional 

regular manifold, that is; the case in which the manifold is a regular curve in jRn. 

The reason is that in this case, the techniques are quite different than all other cases. 



3.1 Curves in Euclidean space of n dimension. 

A regular curve is a smooth (COO) regular map x : 1-+ IRn where 

1) I is an interval contained in IR; 

2) regular means that x(1)(t) is nonzero. 

Here we use x(i) = did~~t) i = 1, ... , n. 
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Proposition 3.1 Let X be a regular curve in IRn. Then the eigenvalues associated 

with r' are given by: 

N 1 = Blf.2 + 0(f.4) 

AC K~ B2 4 O( 6) = --f. + f. 2 2 Bl 

N 3 = (KIK2) 2B3 6 O( B) 
3 B2 f. + f. 

= 

N 
(Kl ••• Kn_d2 Bn 

f.2n + O( f.2n+2), = n n Bn- 1 

and the eigenvectors are given by the Frenet frame (at the origin). The n:is are 

the higher curvatures of the curve (defined later in the proof) and the Bks are the 

determinants of the k x k matrices Ak defined by 

Proof 

{ 

(i+J+l)' if i + j is even; 
(Ak)ij = 

0, otherwise. 

Let x{s) be the curve parametrized by arclength. Assume that x(O) = O. Then 

since x(s) is smooth, 
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Let us consider a special orthonormal basis e}, e2, ,'" en, for IRn, 

We start by choosing e}(s) = x{}}(s), Because e} has unit norm, then * is 
orthogonal to e}, 

Define 

Choose (if K} =I- 0) 

Similarly, e2 has unit norm and ~ is orthogonal to e2' 

Consider the vector W2(S) given by 

which is orthogonal to e} and e2, 

Define 

If 1\.2 =I- 0, we choose 

To define Kj, j $ n, we assume that we have already chosen e}, e2, .. " ej and have 

dcfinedl\.}, K2, .. " Kj_}, 

Consider the vector 



this vector is orthogonal to et, e2, ... , ej, so we define 

and if Kj f:. 0, we choose 

Kj(S) == IWj(S)I, 

1 
ej+l = -(-)Wj(s), 

Kj S 
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The functions KI, K2, • •• , Kn-l are called the higher curvatures for the curve x(s), 

and the basis is called the Frenet frame for the curve x(s). 

The higher curvatures and the Frenet frame satisfy the system of equations: 

d ej ( ) ( ) • d S = -K.j-l S Cj_l + K.j S CHI Z = 1, ... , n 

where Ko = Kn+l = 0 and Co = en+! = O. This system is know as the H'cnct 

formula. 

Using the Frenet formula we obtain: 

X(2)(0) = K.IC2, 

x(3)(O) = -K~Cl + klC2 + (KIK2)C3 

x(4)(0) = -3K.lklCl + (Kl - K.r - KIK.~)C2 + 

n-l 

x(n)(o) = E ajCj + (K.I K2··· K.n-dc n , 

i=1 

for some coefficients ai. 

The coordinates of x(s) = (Xl(S),X2(S), ... ,xn(s)) are given by 



Kl ••• Kn-l n = S + ... 
n! ' 

and since qj = -Jc J~( xixjds, we have that 

where 

so 

where 

if i = 1 ; 
otherwise, 

{ 

fiJj 'f" , ""(' , 1)' 1 Z + J IS even; 
7]ij = z.). z + ) + 

0, 'otherwise, 

4i 

(3.1 ) 

Since we are interested in the leading coefficient of the eigenvalues we notice that 

the components "1ij with i+i odd do not contribute. Moreover, using equation 3.1 the 

leading coefficient of the first m eigenvalues can be obtain using the m submatrices 

ill the upper left corner of rc. 
The key property is the fact that matrix rc can be factorized as: 



r' = A' AA', 

w here A' is the n x n diagonal matrix given by 

, ffl f2 h fn fn 
A = (-11 '-21 '''',-, ) .. n. 

and A is the n x n matrix 

{ 

(i+J+I)' if i + j is even; 
(A)ij = 

0, otherwise. 
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In order to find the eigenvalues, we will show that the leading part of the eigen

values coincides with the pivots of P. 

First, we know (see [10)) that the pivots are completely determined by the sub

matrices r~, (m = 1, ... , n) in the upper left corner of r e, that is, the product of 

the first m pivots is the determinant of r~ 

then 

with det rb == 1. 

d
m 

= detr~ 
detr~_l 

Using the above decomposition of r', the determinants of r~ are given by 



detr; 

detr~ 

( 1 )2 4 2B 12 
= 1!2!3! 1\.11\.2 3

E 

Bk (k = 1,2, ... , n) is the determinant of the k x k matrix Ak defined by 

ifi+jisevenj 

otherwise. 
Therefore, the pivots are: 

d1 = B1f? 

d2 = I\.i B2 4 
--E 
2 B1 

d3 = 
(1\.11\.2)2 B3 6 

f 
3 B2 

dn 
(1\.1" ·l\.n_d

2 
Bn 

f2n. = 
n B n - 1 
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We notice that the first 2 pivots coincide with the leading coefficient of the 

first two eigenvalues. Therefore if we assume that the leading coefficient of the 

eigenvalues coincide with the pivots for every m, 1 $ m < n, then dm+1 is equal to 

the principal part of '\~+l' since the the leading coefficient of the determinant has 

to be equal to the product of pivots and equal also to the product of the leading 

coefficients of the eigenvalues. 

Therefore the eigenvalues are given by 
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A~ = 

Using a perturbation analysis we can find that the limiting basis is given by 

the Frenet frame (e1' e2, .... , en) at the origin. Let us find the principal part of the 

eigenvector corresponding to the eigenvalue ,,~. We write formally 

00 

r' = E f 2ir2i 
j=1 

00 

A~ = E f2j Jl2j 
j=i 

,,~ is the i-th eigenvalue i = 1, ... , n. Then the eigenvalue problem f'v 

becomes 

r2vo = 0 

r2V2 + f4 Vo = 0 

= 
f 2V2(i-1) + r 4V2i-4 + ... + r 2i Vo = 0 

r 2V2i + r 4V2i-2 + ... + r 2i+2 Vo = Jl2i Vo 

f 2V2i+2 + r 4V2i + ... + f2i+4Vo = Jl2iV2 + Jl2i+2 Vo 

= 
r2V2n-2 + r4V2n-4 + ... f2n Vo = Jl2i V2n-6 + ... + Jl2n Vo· 
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Solving for Vo, we obtain that 

Vo = (0,0,· .. ,0,1,0, .. ·,0) 

with the 1 in the i-th position, which is the i-th element of the Frenet frame at the 

origin I 

3.1.1 Extrinsic information 

If we know the eigenvalues, we can find the values of "I, "2, ... ,"n-I, (up to a sign), 

which constitutes a complete system of independent invariants for 2n curves. Thus 

the geometry of these curves is completely known. 

3.1.1.1 Meaning of eigenvalues. 

The projection of the curve x(s) on ei, i = 2, ... , n is given by 

Then the projection of the curve to first order on the plane Xl - Xi (i-th osculating 

plane), is: 

Xi 

X· = "'1'-2'"'''' 1-.1 I ,,, 1-." 
Z. 

so that "'1 "'2' •• "'i-I is a measure of the deviation of x( s) in the direction of ej from 

the tangent space, that is, a measure of the bending of the curve in the direction of 

ej. Thus the leading coefficient of the eigenvalue Ai can be considered as a curvature 

of the curve in the direction of ej. 
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The scaling of the eigenvalues tells us about the degree of bending of the curve 

in the direction of the eigenvector, that is, if an eigenvalue, say A~ i;::: 2, scales as fi 

for some j, then the projection of the curve in the plane spanned by the eigenvector 

and the tangent vector is 

In particular, there is only one eigenvalue that scales as f2, which agrees with the 

fact that the dimension of the manifold is one. The space generated by the spall 

of the first m eigenvectors coincides with the m-th osculating space. Therefore the 

number of eigenvalues specifies the dimension of such osculating spaces. 

If we have a curve x contained in IRn with nonzero eigenvalues AI" .. ,A~_l and 

A~ everywhere zero then x lies in some i-dimensional plane in IRn. Therefore the 

number of nonzero eigenvalues tells us the imbedding number for the curve, that is, 

t he smallest m such that x is in IRm. See [9]. 

3.1.1.2 Relationship with the least squares problem 

Finding the eigenvalues and eigenvector for curves in IRn leads to the problem of 

fitting a polynomial p(x) = alx + a2x2 + ... + anxn to a given function J(x), in 

the best way, best in the sense of least squares. We will show this by using a 

simple example with n = 3. The general resll:lt is just a consequence from the last 

proposi tion. 

Example 3.1 Let us fit the polynomial p(s) = as + bs2 + cs3 to the function f(s) 

by least squares using the inner product given by 



Define 

then 

( 

< s,s > 
AT A = < s, .92 > 

< S,S3 > 

< S,S2 > 
< S2,S2 > 
< S2,S3 > 
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The fact that this matrix is not diagonal comes from the fact that the functions s 

and S3 are not orthogonal. We seek a basis that will diagonalize AT A. 

The solution (a, b, c) to the least square problem is given by the solution to the 

system: 

( ~ 0 ~) (a) ( < /(s),s > ) o ~ 0 b = </(S),S2> • 

~ 0 ~ c </(s),s3> 
5 7 

which we can write it as AT Ax = d. Let us find the diagonalizing basis. The 

eigenvalues of AT A are given by 

Expanding in power of f, we get 

Jl~ 
f4 

and = 5 

Jl~ = 4f
6 

( 10) 
175 -I- 0 f • 



The eigenvectors are given by: 

It;' = (I,O,O)+O(€) 

V:z' = (0,1,0) and 

Va' = (O,O,I)+O(€). 

Define the 3 x 3 matrix, Sq whose columns are given by It;', -Y;' and 1--;'. This 

matrix is sometimes called the transition matrix. 

Defining x = S;lx and J == S;ld the problem AT Ax = d, becomes A,x = (1. 

From here is easy to find the least squares solution. The important point to realize 

is that the basis {\'s'}7=1 has a dual purpose: 

1. It diagonalizes the matrix AT A. 

2. The matrix A becomes (gl(8),82,g2(8)), where the gi are a linear combination 

of 'the functions 8 and 8 3 . The functions gl(8),82,g2(8) form an orthogonal 

system. 

The solution to the least squares problem is given by the projection of the function 

[(8) on this system. The eigenvalues are the square of the norm of these functions. 

3.2 Manifolds embedded in Euclidean space of finite dimension. 

Let us consider now the general case. Let M be a regular manifold of dimension k 

embedded in IRn+k. Since we are interested in local behaviour, we can assume that 

the manifold is covered by a single chart X : M ~ IRn+k. 

If Xl, X2, ..... , Xk are local coordinates in AI and Y1, Y2, .... Yk+n coordinates in IRn+k, 

X may be given by a set of equations 
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i = 1, ... k + n. 

By regularity the vectors ~~ form a basis of the tangent space T X at a point X(x). 

Let us recall some facts from the theory of smooth manifolds. 

X inherits a metric from the Euclidean metric to the tangent space T X. It is 

called first fundamental form. In the coordinates Xi, it is written as 

This fundamental form specifies the induced metric on the manifold. 

The area element (analogous to arc length) is given by 

The first fundamental form enables one to compute intrinsic invariants of the 

manifold X. Information about the extrinsic geometry is partially contailled in the 

second fundamental form: 

k 

llw(O', (3) = E O'i{3j(Xij )w 
i,j=l 

where O'i and {3j are the cooordinates of the tangent vectors a and (3 in the basis 

v V' V' ax X a:lx d' I 
/\l,···,.Ak· .Ai = ax;' ij = OX;OXj an W IS a norma vector, 

Every projection of the graph of the map a -+ llw( a, a) onto the k+ 1 dimensional 

space spanned by T X and w, is a paraboloid (homogenous second degree surface) 

and it is called the osculating paraboloid in the direction w. In this way we obtain 

a family of paraboloids, each given by one normal vector to the manifold. In the 
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case of a curve the family consists of a single parabola, and for a surface in 1R3 we 

get only one paraboloid. 

It can happen that ITw = 0 for some w. Then we need to consider 

k 

IT~)(o) == L OjOjOs(Xjjs)w. 
j,i,s=l 

The projection of the graph of the map ° ~ IT9)(o) onto the the k + 1 dimen-

sional space spanned by T X and w is a homogenous third degree surface which we 

will call an osculating cubic surface in the direction w. For the case of a curve we 

round a cubic. For a regular surface we did not find a cubic surface because we 

used the assumption that the point under consideration was not a planar point. For 

planar points we get planes or cubic surfaces instead of paraboloids. 

If IT9) = 0 for some w we have to consider IT~4) given by 

k 

IT~4)(O) == L OJ OJ Os Cl:t (Xjjsdw' 
j,i,s,t=l 

Therefore we find families of paraboloids, families of cubic surfaces and so on. This 

is the reason why we said that extrinsic information is contained partially in the 

second fundamental form. 

In order to find the eigenvalues of P we choose coordinates in such a way that 

YI = Xl 

Y2 = X2 

= 

Yk = Xk 

Yk+l = fk+I(XI, .... ,Xk) 

Yk+2 = fk+2(Xl, .... , Xk) 
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wit.h V'/i(O, ... 0) = 0 and li(O, ... 0) = 0, that is, we choose the tangent space as 

parameter space with the tangent space horizontal. 

The region of integration is given by the intersection of the ball in IRnt k 

and the manifold, giving us 

Given that V'/i = 0, the principal part (leading terms in Taylor expansion) of Ii is 

at least quadratic; thus if f is sufficiently small we can use the same approximation 

as before, that is, we approximate the manifold by its tangent space. The region of 

integration then becomes 

8,(0) = {(Xl, .... xk)lx~ -I- ... -I- x% ~ f2} 

For this case, the matrix f' is an (n -I- k) x (n -I- k) matrix whose entries are given 

by 

Lemma 3.1 

where r 2 is a diagonal matrix. 
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Proof 

First, let us compute the diagonal entries of rc, 

1. For 1 :::; m :::; k - 2 we obtain 

r 2 d 
JB.(O) Ym J.l 

I-Jere d¢ means d¢>l d¢>2 ' , , d¢k-2 dO and h is defined as: 

But since 

we get that 

kf2 h1k-dh-(m+1) - h-(m-l)] 

k + 2 Ik-(rn- 1)Ik-mh-(m+1) 

= ~ k - mp_ h-(m-l)] 

k + 2 k h-(m+l) 

= f.
2(k-m)p_k-(m+l)] 
k+2 k-m 

= k+2' 

Therefore, for 1 :::; m :::; k - 2, 



2. For m = k-l 

f 2 d 
1f3.(0) Ym P 

then 

3. For m = k we obtain that 

since 

2 
f' = _f:_ 

k-l,k-l k + 2' 

2 
f' _ f: 

kk - k + 2 

f yLl dp = f y~dp. 
1f3«(0) 1f3.(0) 

Therefore we obtained that 

for m = 1,2, ... , k. 

Analogously, we have that 

2 
f' . f: 

mm = k+2 

{ 

0 if 1 $ i $ k and k + 1 $ j $ k + nj 

fij = ' 
0, if k + 1 $ i, j $ k + n. 

59 
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Also since the functions Ji are at least quadratic then for k + 1 ~ i,j ::; k + n, 

Thus 

where R, is at least of order f4 I 

From this result the first k eigenvalues are evident: 

and the eigenvectors Vi', i = 1, ... k are given by 

Vi' = (eLe~, ... ,eLO, ... 0) + O(f) (3.2) 

We obtain three inmediate conclusions: 

1. There are only k eigenvalues that scale as 1:2, therefore this agrees with the 

assertion made in [1], that the dimension of the manifold must be k. This is 

of course true. 

2. The limiting basis, V;0, V;0, ... Vt, spans the tangent space at the origin. The 

elements of the basis are not uniquely determined. 

3. There is a very interesting property. The eigenvalues that scale as f2 have a 

common leading term depending only on the dimension of the manifold. This 
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is a useful result because to know the dimension of the manifold we do not 

have to count all these eigenvalues, we need to compute only one eigenvalue. 

This agrees with our previous result for curves, since the numerical factor was 

~, that is, the dimension is one. Also notice that for surfaces in ]R3 we got the 

factor ~, meaning that the dimension is two. 

3.2.1 Basis for normal Spaces. 

Since in general the matrix R, is a full matrix, it is not possible to compute the rest 

of the eigenvalues but we can extract their geometrical meaning using the following 

idea: 

Let liS diagonalize f' and interpret its eigenvalues geometrically using curves 

contained on the manifold. Since r' is a symmetric matrix, we can find an orthogonal 

matrix Q, (not unique because of the multiplicity of the first k eigenvalues), and a 

diagonal matrix N such that 

r' = ~A'V/. 

Let 

so that the entries of r' are given by 

(3.3) 

We will adopt the following convention to simplify the notation. We will use a 

bold faced letter to denote a matrix of dimensions 00 x (n + k). Then we can write 
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equation 3.3 as 

r' = yty. 

Let us do the following change of coordinates 

Notice that the columns of ~ are the eigenvectors of rc namely Vi' i = 1, ... , k + n, 

IIlld that n~D} iilk is a basis for IR"+k. If for ViD, (i = 1, ... , n) we choose the standard 

bClsis for IR" (to avoid changing the first k entries of Y) then 

where 
n 

Fi(xI, ... ,Xk) = Laiilk+j(xI,." ,Xk). 
j=1 

with some ajs independent of f. 

Then 

Ww = (y~)t(y~) 

= Vtytyv. , e 

= Vtrev, e e 

= Ae. 

Under this change of coordinates the diagonal matrix N is given by 
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Therefore the eigenvalues are given by: 

A~ = + 
{ 

k
f22 +0(104) ifi= 1, ... ,k 

I 1l(8~(O)) hc(O) Fl(Xl,"" Xk) dp, + h.o.t. if i = k + 1, ... , n + ~~. 
with eigenvectors Vi' i = 1, ... , n + k. 

We get only k eigenvalues that scale as 102. In general it is not possible to 

determine apriori the scaling of the remaining eigenvalues. The first homogenous 

terms in the expansion of the power series of Fi(XI, ... , Xk) will determine the scaling. 

We can find eigenvalues that scales as 10\ 106, 108 and so on. We will give geometrical 

interpretation for all the different possibilities. 

Now let us interpret the eigenvalues A~ for i = k + 1, ... , n + k by considering 

curves contained on the manifold. 

Let 

be a curve on the manifold passing through the point X(Xl' . .. , Xk) for which s is 

the arc length. Since the manifold is smooth, such curves are regular curves (see 

I(\st. chapt.er). Taking derivatives with respect to arc length we get: 

~ - XIXI + X2X2 + ... + XkXk 

~ = XIXI + X2X2 + .,. + XkXk + (XllX~ + 2XI2XIX2 + ... + Xkkxk) 

Taking the inner product between ~ and Vio, i = k + 1, ... , n + k we get: 



= 
~ 82Fj .. 
L.J -:::--=--X, xi' 

i,'=l 8xi8x, 

Since the ith eigenvalue is given by 

and the interest is on the leading coefficient of this eigenvalue, we can write 

1 h k 82F .. "i = (8 (0)) (E 8 .8' xix,? dJl + h.o.t. 
Il ( G,(O) i,'=1 xJ X, 

Notice that 
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(3.4) 

where Oi is the angle between Vio and ~, and 1\,1 is the curvature of the curve <p. 

(Later, the torsion 1\,2 and the higher curvatures will appear.) To emphasize the 

dependence on the curve <p, Vio, and (Xl, ... ,XI:) we will write 1\,1 = 1\.1(<P,X, \~o). 

Thus 

k 82 F. 
1\,1(<P, x, ViO) cos OJ = ~ 8 ;i x,xi' 

j,'=l Xj x, 
For a curve <p whose principal normal (second element of the Frenet frame) is in the 

direction of Vio we have the OJ = 0, and 

(3.5 ) 

Therefore by equation 3.4, we get that 

By equation 3.5 the leading coefficient of this eigenvalue scales as f4. 
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The eigenvalue is the average of the curvature squared of all curves contained on 

the manifold with tangent direction (Xl,.'" xd and principal normal Vio. 

Notice that by equation 3.5 11:1 (¢J, X, Vio) is equal to the deviation of the manifold 

from its tangent plane in the direction Vio at the point X = (Xl, ... , Xk), which we can 

think of as the average curvature of the manifold in the direction Vio at the point x. 

We can have that 88
2 

F,a i = 0 for every set of indices j, 1= 1,2, ... , k which means 
XJ XI 

t.hat OJ = ~ or that II:t(¢J, x, ViO) = 0 (¢J is locally a straight line). In this case we 

have to consider more derivatives of ¢J. 

k k k 

~= L Xj Xj + L Xjm(XjXm + XjXm) + L XjmlXjXmXI, 
j=l j,m=l j,m,l=l 

so that 

(3.6) 

but 

where aj is the angle between Vio and ~ and 11:2 is the torsion of ¢J. 

For a curve ¢J whose binormal vector (third element of the Frenet frame) is in 

the direction of Vio we obtain 
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that is, 

"i = Il(B~(O)) k«(o) ~~( 4>, x, ~O)~~( 4>, x, ~O) dll. + h.D.t. 

By equation 3.6 the leading coefficient of this eigenvalue scales as E6. The leading 

coefficient of this eigenvalue is the average of the square of the product of the 

curvature and torsion of all the curves contained on the manifold with tangent 

dircct.ion (Xl,"" Xk) and binormal vect~r given by ~o. 

In general if a a;-IF8 = 0 for 1 =5 p =5 m and for every set of indices i,j ... l we 
XI XJ '" XI 

obtain analogously for a curve 4> whose m-th clement of the Frenct frame is in the 

direction of ~o that 

Thcrefore 

By 3.7 the leading coefficient of this eigenvalue scales as E2m. The leading coefficient 

of t.his eigenvalue is the average of the square of the product of the first m - 1 

higher curvatures of all the curves contained on the manifold with tangent direction 

(Xl,." ,Xk) and the m-th element of the Fren'et frame given by ~o. 

3.2.2 Procedure to find the eigenvalues using normal directions 

From the previous interpretation of the eigenvalues, we can describe a procedure to 

find the eigenvalues. Before we describe it let us clarify two points. Assume that 

we have a manifold contained in a space of very high codimension. 
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1. Givena normal direction w. Is there a curve contained in the manifold with 

a principal normal in that direction? 

Answer: not necessarily. Let 

and consider the curve (u(s),v(s)) in the tangent space. Then the curve X(s) 

defined by X(s) = X(u(s), v(s)) is contained in the manifold. Notice that 

1 T 

° 
T 

° 
T 

° 
T 

° 
T 

° 1 ° ° ° 
X(O) = ° il+ ° ii+ ° u2 + 1 uv+ ° '2 

° ° ° ° 2 
v. 

° 0 2 ° ° ° ° ° ° ° Then 

w = (0,0,0,0,0,1) 

is a normal vector to the manifold at the origin and it can not be a principal 

normal to x(s). Basically the reason is that 

{)2X -_·w=o. 
auav 

Thus not every element of the orthogonal space of the manifold can be a 

principal normal to a curve contained in the manifold. 

Remark 3.1 The same result is obtained if we substitute the principal normal 

by any element of the Frenet frame but the tangent direction. 

2. Give a normal direction wand assume that there exists a curve with principal 

normal w. How many curves are there with normal wand a fixed tangent 

direction /3? 
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Consider 

Let o'(s) = (Xl(S), ... ,Xk(S)) be a curve in the tangent space, such that 

X(s) = X(Xl(S), ... , Xk(S)) 

is a curve with principal normal w. Then 

If X(O) = cw then the curvature of a at zero is equal to O. Thus we need 

to find o'(s) = (Xl(S),,,,, Xk(S)) such that ~(O) == ICl-(O)1 = 0 and 0,(0) = (3. 

There are infinitely many solutions, the obvious choice being 0'( s) = {3s. A II 

these solution curves coincide locally at the origin in the tangent space. 

Procedure: 

Begin by considering a curve contained on the manifold. Its tangent vector is 

an eigenvector. Consider now another curve on the manifold such that its tangent 

vector is orthogonal to the eigenvector already found. The tangent vector for this 

ncw curve is another eigenvector. Continue this process until we get a basis for the 

tangent space. The dimension of this basis j's equal to the number of the largest 

eigenvalues and determines their value. 

Now choose a normal direction (orthogonal to the plane generated by those 

eigenvectors already found). For every element in the normal space, consider all 

the averages of the curvature squared of the curves whose principal normal is that 

elcment. The maximum of all these averages is the biggest of the eigenvalues that 
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scales as (;4 with corresponding eigenvector given by the normal direction where the 

maximum is achieved. 

Repeat this process but now restrict the normal space to those directions orthog

onal to the eigenvectors already found. Continue until we get the maximum averagc 

curvature is O. 

Start the process again by considering all the averages of the product of the 

square of the curvature torsion of the curves whose binormal direction is orthogonal 

to the previous eigenvectors already found. Repeat all of this for every element of 

t.he Frenet frame. The process will terminate when we get 0 as the maximal avcrage 

of t.he product of squares of all higher curvat.ures. 

3.2.3 Why are we finding a distinguished basis for the normal space? 

From the algebraic point of view we seek for an orthonormal bases in such a way 

that a very simple representation (namely diagonal) can be found for re. 
The max-min method gives a more geometric way to look at this basis. To 

find all the (leading coefficients) eigenvalues that scale as (;4 we choose from all the 

osculating paraboloids the one that has maximun average curvature. This gives 

one eigenvalue and one eigenvector (leading coefficient only). Then we consider all 

osculating paraboloids given by all directions' orthogonal to the eigenvector found. 

The paraboloid with the maximun average curvature gives another eigenvalue and 

eigenvector. By considering now osculating paraboloids given by those directions 

orthogonal to the plane generated by the first two eigenvectors we find another 

cigcn-pair. Keeping the same process we can find all those eigenvalues scaling as (;.1. 

Continue the process to find those eigenvalues scaling as (;G but now using osculating 
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cubic surfaces. In the same way we can find all the eigenvalues scaling as (2m by 

using the osculating m degree surfaces. 

Remark 3.2 Notice that we do not always get a distinguish basis for the nor

mal space to the manifold, because a manifold can have two different osculating 

paraboloids with the same average curvature. 

3.2.4 Scales of eigenvalues 

POI' a manifold of dimension k in IRn +k, we obtained a collection of eigenvalues of 

difrerent scales, say (2, (\ ... etc. At most there are (kt~;l) eigenvalues that scale as 

(2m, m > 1. As we already know, the eigenvalues that scale as f2 gives the dimension 

of the manifold, their eigenvectors span the tangent space (lst osculating space). 

What about those eigenvalues that scale as (2m, with m ~ I? 

Consider an eigenvalue that scales as f4 with eigenvector w. For each eigenvalue 

of t.his order there is an osculating paraboloid, and the value of such eigenvalue is its 

average curvature (in the sense of the previous chapter). Therefore the eigenvalues 

t.hat scale as (4 describe the average curvature of the family of quadratics that 

aproximates the manifold in those directions of their eigenvectors. The collection 

of eigenvectors whose eigenvalue scales as (2 'and f4 span a linear space, called the 

2-nd osculating space. See [9]. In the same way we obtain a family of osculating 

cubic surfaces for the eigenvalues of order (6. The collection of eigenvectors whose 

eigenvalues scale as (2, (4, (6 span a linear space called the third osculating space. 

III general we obtain a family of degree m surfaces for the eigenvalues that scales as 

(2m; their number determines the dimension of the moth osculating space. 
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3.3 Conclusions 

1. The value of one eigenvalue that scales as (2 gives us the dimension of the 

manifold. 

2. The eigenvalues that scale as (2m with m > 1, gives us extrinsic information 

of the manifold, that is, how the manifold bends in the ambient space. 

3. The number of nonzero eigenvalues gives us the dimension of the smallest 

amhient space that contains the manifold. 

4. We obtain a decomposition of the space jRn+k into orthogonal spaces Em, where 

Em is spanned by the eigenvectors whose corresponding eigenvalues scale as 

(2m. This decomposition is analogous to the Frenet frame for curves in the 

following way: The projection of the manifold on El EB E2 is the roundest like 

curvature of a curve (X2 "" ~lXn The projection of the manifold on E1 EB E3 

is next roundest like X3 "" ~1~2Xi, and so forth. 
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CHAPTER 4 

APPLICATION OF PREVIOUS RESULTS 

In this chapter we want to check the applicabilty of our previous results. We want to 

show the different options and difficulties that arise when computing the eigcnvalucs. 

\Ve also want to find out how our results can be used for smooth manifolds contained 

in spaces of infinite dimensions. 

4.1 A curve in infinite dimensions 

Consider a function q(x,O) belonging to L2(n, IR), with n a bounded interval con

tained in IR, such that none of its Fourier coefficients vanish. 

Define 

q(x,O) = q(x - 0). 

This function defines a curve contained in an infinite dimensional space. We would 

like to find out if our previous results apply to this case or at least if we can give 

some approximation. 

The operator f' at the point q(x, 00 ) E L2(n) is given by 
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where 8((00 ) is the intersection of the curve with the ball in L2(0) with radius <: 

and center at 00 , J-l(dq) is the equivalent to arc length, which for sufficiently small <: 

can be written as 

Using this measure we find that 

Clnd 

_II 8q(x - 00
) // 0 

<: - 80 2 (. 

For simplicity assume that 00 = 0 and let (-()" Oc) be the domain of 0 such that 

q(:I: - 0) E 8,(0). 

Now r' has the form: 

We have several choices to compute the eigenvalues for a specific function q(x-O): 

1. Compute the eigenvalues from f'. 

2. Use the Frenet frame for the curve. 

3. Use a different basis than the Frenet frame for the curve. 

4. Numerically. 

Let liS try each one of these approaches. 
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4.1.1 The operator rf 

Prom the previous section the operator r f is given by: 

rf(b(x)) = 2~f In 1°;, [q(x - 0) - q(x)] [q(y - 0) - q(y)] b(y) dOdy. 

which can be expanded in Of 

rf(b(x)) = Of dq(x) f dq(y) b(y)dy + 0(02) 
3 dO in dO f • 

I ts easy to check that 

V,f = dq(x) + 0(02) 
1 - dO f 

is all eigenvector with eigenvalue 

The second eigenvalue is given by 

but the curvature of this curve at 0 = 0 is given by 

so thnt 

The first two eigenvalues are exactly the same as for a curve contained in finite 

dimensions. Unfortunately it is not obvious how to compute the next eigenvalues. 

Let us first find out if the first n eigenvalues of r£ indeed coincide with those of f' 

restricted to IRn. 
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4.1.2 Frenet frame for a curve in a space of infinite dimension 

Consider the sequence given by the derivatives of q(x - s) with respect to s, 

These functions are linearly independent, since the Fourier coefficients of q do not 

vanish. 

Using the Gram-Schmidt procedure on the above sequence, we obtain a sequence 

of orthonormal vectors, the Frenet frame, 

{ en (x _ s)} 00 • 

n=l 

and a sequence of functions, the higher curvatures, {fi:n(x - s)} ~=l' We did this 

procedure step by step for the case of a curve in n dimensions. See section 3.1. 

The Frenet formula now becomes: 

where fi:o = 0 and eo = O. 

Therefore 

r' = A'AA' 

where A' is the infinite diagonal matrix given by 

( (f f'i f3
fi:lfi:2 ) 

A = I' 2! ' 3! ' ... 

and A is also an infinite matrix given by 

{ 
i+J+l' if i + j is odd j 

(A)ij == 
0, otherwise. 
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Using proposition 2.1 (n was arbitrary) we find that the eigenvectors are given 

by the Frenet frame at the origin and the eigenvalues are given by the sequence 

pn~l where 

if i = 1 ; 

otherwise, 

IJi is the ith pivot of the matrix A. 

As before, each eigenvalue is the amount of bending of the curve in the direction 

of its corresponding eigenvector. 

4.1.3 Use of a different basis for q( x - 0) 

In section 4.2 we expanded rc in powers of 0,. Let us follow the same idea here. 

Let us formally write the operator rc as 

00 

f'(b(x)) = E f~m+l(b(x)) 
m=l 

where f~ (k odd) is defined as 

Let us consider only the first k terms in the above expansion and rewrite f as 

k 

f'(b(x)) = E < b, (Xi > Pi 
i=l 

where 



and 

~ (}2i+p-l (2i + P - 1) . - L ( 21-1 
Op = i=1 (2i + p)! P q P odd 

h-p-I 

2 O~i+P (2i + p) 2i 

Op == r; (2i + P + I)! P q 
P even. 

Then the eigenvalue problem becomes 

k 

L < b,oi > Pi = Ab(x), 
i=l 

but since 
k 

b(x) = l: CiPi(X), 
i=1 

wc can write 
k k 

L < b,oi > Pi = ALciPi(X), 
i=1 i=1 

The right hand side can be expressed as: 

Thcrefore 

k k k 

l: < b,oi > Pi = 
i=l 

l: < l:CiPi,oi > pi(X) 
i=l i=l 

k k 

= LLci < Pi,Oi > Pi· 
i=l i=l 

k 

L::Cj < Ph 0i >= ACj i = 1,2, ... k 
j=1 

which is the eigenvalue problem for the k x k matrix A with 
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This matrix has a special structure. The entries aii with i + j odd are zero and 

the entries with i + j even have a similar structure as the matrix of r' on the Frenet 

basis. For the particular case k = 5, we get (to leading order) 
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~e) 3! 1 0 ~e)~ 3! 1 <9 ,9 > 
0 s.:e)~ 3! 1 <q ,q > 

0 [4 (4) <92'92> 
51 2 <q1 ,91 >2 0 ~ (4) <9

2
'9

4
> 5! 2 <91,91 >2 0 

115= [4 (4) 1 
51 3 <9 1,91> 

0 [4 (4) <91,93> 
51 3 <91,91 >2 0 ~ e) <c.z

l
12

5
> 5! 3 <91,91 >2 

0 (tl (6) <~'J192> 
7i 4 <q ,91>3 0 [0 e) <c.z2 194> 

7i 4 <91 ,q1 >3 0 

(6 (6) 1 
7T 5 <ql ,ql >2 0 ~ (6) <~1'93> 7! 5 <q ,91>3 0 [0 (6) <~1'25> 

7T 5 <q ,91>3 

where 

., 1 i diq(x - 0) diq(x - 0) < ql qJ >= dx 
, Jl(B,(O)) 8.(0) dOi dOi . 

0=0 

We will not explore the structure of this matrix, since we already know its eigenvalues 

and eigenvectors. 

4.1.4 Spatial discretization 

Consider the function q(x, t) given by 

q(x, t) = cos(x - t). 

Using the Fourier basis the coordinates of q are (cos t, sin t), which is a unit circle 

contained in an infinite dimensional space. 

The eigenvalues are given by 

f2 
).[ = '3 + 0(f4) 1 

(;4 
).~ = 20 + 0((;6) 

).~ 
I = 0 Vi ~ 2. 
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Let us assume that we want to compute numerically the eigenvalues without 

using the Fourier basis. In order to do this we use a uniform discretization on the 

variable x (see [1]). This discretization is a way to think of q as a curve in a very 

Jorge but finite dimensional space. We need to take a very fine grid of the interval 

[0, 27rJj using 800 points we get: 

2 
,,~ = ~ + O(f4) 

f4 
N = 20 + O(f6) 2 

,,~ = O( f34) i = 3, .. ,800. I 

Notice that the first two eigenvalues are correct and ,,~ is practically zero for 

i = :~, ... sao. 

Although this method computes the second eigenvalue correctly when the mesh 

is fine enough, it has a major drawback: it requires one to compute the eigenvalues 

for a very large matrix. 

In the next section we will investigate numerically our results. 

4.2 Numerical Results 

We shall evaluate the applicability of the results proposed in previous chapters 

hy examining several interesting examples. Of paramount interest is the effed of 

varying the size of f. We shall explore this effect by examining the perfomance of 

the method for a variety of cases. 

To compute the eigenvalues of rc for a system with an invariant k-dimensional 

IllClnifold contained in IRn+k we take m points Xr+k = (xL"" x~+k) i = 1, .. 7n in 
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the intersection of the manifold and the ball of radius E with center at the point of 

interest (which we can assume to be the origin). Then we build the m x (n + k) 

matrix M whose rows are given by Xf /..;m. The eigenvalues Aj are the eigenvalues 

of MT A1 which we compute using a subroutine given by Golub and Reinsh in [11]. 

The value of m is chosen so large that the leading coefficient of the first k eigenvalucs 

is C(Illal to l/(k + 2). Since the entries of rc are given by some integrals, see section 

3.2.1, this method is equivalent to computing the entries by using the Riemann sums 

for these integrals. We used this method because in general we do not know the 

Illflnifold a priori and we have to obtain the data (m points) using the dynamics of 

the system under study. 

1. Unit circle 

We start by considering the unit circle in JR2
• We take an arbitrary point on 

the circle as center of the ball of radius f in JR2 • We tool, 500 points uniformly 

distributed in the intersection of the f-ball with the circle. Varying E we get 

the results given in table 1. 

As we can see the the first eigenvalue is constant. It approximates the value 

of t for all those values of f. This agrees with the fact that the circle is one 

dimensional. On the other hand, the second eigenvalue scales as f4 as expected. 

It remains constant on the circle because the curvature of the circle is constant. 

Notice that the second eigenvalue approximates the value /(4
2 = 0.05. The 

calculation of the eigenvalues is robust for all the different choices of f. We 

make f as small as the machine allows. 
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N 2 1/ 

10-2 0.3344018 . 10-4 0.05032232 . 10-8 

10-3 0.3344018 . 10-6 0.05032232.10-12 

10-4 0.3344018 . 10-8 0.05032232 . 10-16 

10-5 0.3344018.10-10 0.05032232 . 10-20 

10-6 0.3344018 . 10-12 0.05032232 . 10-24 

10-7 0.3344018 . 10-14 0.05032232 . 10-28 

Table 1. The eigenvalues for the unit circle 

2. Dynamical system 

Consider the dynamical system from example 2.1. 

± = y 

2 (1 2 1 2 2 ) iJ = -w x - '2Y + '2W x - TJ Y TJ > O. 

The manifold to study in this case is the ellipse given by 

We chose w = 2 and TJ = 2. 

For this system we will investigate the behaviour of the eigenvalues at several 

points of interest. We obtain the data (points on the (-ball) in two different 

ways: 
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(a) We take sufficiently many points (an average of 620 points is enough) 

uniformly distributed on the intersection of the €-ball with the ellipse. 

(b) We follow an orbit until we get enough points in order to obtain the same 

approximation as above. In this case we need an average of 1000 points 

in the € neighborhood of the point under consideration. To obtain those 

points we have to use an average of 50,000 points on the orbit. 

In both cases we found that the first eigenvalue has a constant value of 

0.334401 . (2 (here € = 10-2 and € = 10-1 ). This means that the dimen-

sioll of the ellipse is one, which of course is true. The second eigcnvaluc, A~, 

at the points (x,y) where x = cos(;~), y = -2sin(;~) is given by 

N 2 II 

0 0.003145173543 . 10-8 

1 0.00332490779 .10-8 

2 0.003930657112 . 10-8 

3 0.005205079802 . 10-8 

4 0.007733883424 . 10-8 

5 0.01288257984.10-8 

Table 2. The second eigenvalue for the ellipse 

The second eigenvalue gives the curvature of the ellipse at those points. 
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Getting the data by using the dynamics is the obvious choice in a general 

situation, but the method has some drawbacks. One needs many points in the 

orbit to get accurate eigenvalues, and this makes the process very slow. 

3. Higher codimension. 

Let us consider a regular curve in a space of higher codimension. 

Xt(S) = S+ ... 

X2(S) = 8 2 + ... 

X3(8) = 83 + ... 

X4(S) = 8 4 + ... 

xs(s) = 8 S + ... 

We pick IRs for two reasons. First, in this case we can check the results using 

our exact formulas and second, we do not have to worry about the precision 

of the machine. 

Here we took 600 points uniformly distributed on the curve. Varying € we get 

the following results. 
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10-2 10-4 10-6 II 

,\~ 0.334408602 . 10-4 0.334408602 . 10-8 0.334408602 . 10-12 

,\~ 0.201291707 . 10-8 0.201291707 . 10-16 0.201291707 . 10-24 

,\~ 0.023078396 . 10-12 0.023078396 . 10-24 0.023078396 . 10-36 

,\~ 0.009187350 . 10-16 0.009187350 . 10-32 0.000001592 . 10-48 

N 5 0.001489509 . 10-20 0.001489509 . 10-40 8.592927855 . 10-60 

Table 3. The eigenvalues for the curve 

The values of the eigenvalues are exact for for the choices of € = 10-2 and 

<: = 10-.1• For co = 10-6 we see that the last two eigenvalues are wrong; this 

is due to the precision of the machine. Therefore we conclude that it is not 

possible (due t.o limitations of precision) to compute all the eigenvalues fol' a 

curve contained in a space of a very high dimension. 

4. Torus 

Let us now consider a two dimensional surface. We choose the torus given by 

X(x,y) = ((2.0+ cos x) cos y,(2.0+cos x)sin y,sin x) 

Fig 4. Torus 
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We are using a different parametrization than we used in our proof for the case 

of regular surfaces to illustrate that the result is independent of parametriza

tions. We choose the point (3,0,0) and values of t: = 10-2 and t: = 10-4• Then 

the eigenvalues of P at this point are given by: 

..\~ = 0.249163214. (.2 

..\~ = 0.249163214. (.2 

..\~ = 0.041458213. (.4 

As we expected, the first two eigenvalues scale as (.2. This confirms that the 

dimension of the torus is two. The third eigenvalue tell us how the torus is 

bending in the normal direction. Since the average curvature equals 0.7, we 

put a sphere of that radius tangent to the torus at the point (3,0,0). In figure 5 

we show how this sphere gives us a good indication on how the surface bends. 

Fig 5. Torus with the sphere of curvature 
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5. Tocla lattice. 

Let us choose a more interesting example, the Toda chain with periodic bound

ary conditions. 

The equations of motion for the N-mass periodic Toda chain are 

4n = Pn 

Using 

these equations can be written as 

an = an{bn - bn+1 ) 

hn = 2{a~ - a!_l) 

where we impose the periodic conditions: 

qn+N = qn and Pn+N = Pn. (See [6, 7]). 

We chose the case N = 3 and we used a fourth order Runge-Kutta integrator 

and we used a 2-soliton initial condition so that the torus should be 2 dimen-

sional. In figure 6 we give the solution for al{t). We follow an orbit until 

we get sufficiently many points (an average of 56,000) in the ball of radius 

( = 10-1 • We use the initial condition given by 



al(O) = 2.0 

b1(0) = 0.5 

a2(0) = 1.0 

b2(0) = -1.3 

a3(0) = 0.0625 

b3(0) = 0.8 

:;J 

'" '" 
E 
II 

~ 

"1 
C) 

C) 
C) 

0 10 20 30 

Fig 6. The solutioll for at (t) 

Then the eigenvalues scale like 

,\~ = O( f2) = 0.2522250 . f2 

,\~ = O(f2) = 0.2522250 . f.2 

87 

40 
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A~ = O(f4) 

A~ = O(f4) 

A~ = O(f4) 

,\' 6 = O(f6) 

For example, for the point 

(2.212, -0.4104,0.832, -0.5544, 0.06789, 0.9649) 

the eigenvalues are given by (we use ( = 10-2 and ( = 10-1 ): 

,\' 1 = 0.2522250 . (2 

A~ = 0.2522250 . (2 

A~ = 0.07067198194. /:4 

,\' 
4 = 0.001715090593 . /:4 

A' 5 = 0.00001874355331/:4 

,\' 6 = 0.00000796 . (6 

Therefore the dimension of the manifold is two. The fact that the eigenvalues 

are different from zero implies that 1R6 is the smallest space that contains the 

manifold. It contains 3 osculating paraboloids, they point in the direction of 

their respective eigenvector. On figure 7 we show how these three osculating 

paraboloid look locally; to compare them, we set them to point in the same 

direction. 
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Fig 7. The three osculating paraboloids 

Finally the last eigenvalue tell us that there is an osculating cubic surface with 

a very small curvature, which means that the manifold does not bend a lot on 

the direction of the eigenvector corresponding to the eigenvalue "\6 

4.3 Conclusions 

1. We studied regular curves contained on a space of infinite dimensions. We 

found that the results agree with those for regular curves contained in spaces 

of finite dimension. Therefore we expect similar results for smooth manifolds 

contained in spaces of infinte dimension. 

2. We checked our results numerically by changing the values of f, by choosing 

different parametrizations, and so on. 

3. We used a lot of points basically because we compute the eigenvalues in a 

not very efficient way, we used Riemann integrals to compute the entries of 

f'. A lot of improvement can be done by using better ways to evaluate those 

entries .. 
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