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ABSTRACT 

This dissertation develops and presents an existing but little known method to 

provide an exact solution to the Wavefront Difference Equation routinely encountered 

in the reduction of Lateral Shear Interferograms (LSI). The method first suggested by 

Dr. Roland Shack treats LSI as a convolution of the wavefront with an odd impulse 

pair. This representation casts the Lateral Shear problem in terms of Fourier optics 

operators and filters with a simplified treatment of the reduction of the LSI possible. 

This work extends the original proposal applied to line scans of wavefronts to 

full two-dimensional recovery of the wavefront along with developing the associated 

mathematical theory and computer code to efficiently execute the wavefront reduction. 

Further, a number of applications of the wavefront reduction technique presented here 

are developed. 

The applications of the filtering technique developed here include optical 

imaging systems exhibiting the primary aberrations, a model of residual tool marks 

after fabrication and propagation of an optical probe through atmospheric turbulence. 

The computer program developed in this work resides on a PC and produces 

accurate results to a 11500 wave when compared to ray traced input wavefronts. The 

combination of the relatively simple concept providing the basis of the reduction 

-_ ....... __ ...... __ ._----_ .. 



technique with the highly accurate results over a wide range of input wavefronts 

makes this a timely effort. 

Finally, the reduction technique can be applied to the accurate testing of 

aspheric optical components. 

11 



CHAPTER ONE 

INTRODUCTION 

12 

A number of interferometric measurement techniques are available to 

characterize optical systems depending on the specific test requirement. Two-beam 

interference based on Twyman-Green, Mach Zehnder, point diffraction and lateral 

shearing have been widely applied and reported on. l -6 The automation of fringe 

measurement and reduction through phase-shifting interferometry has extended both 

applications of interferometric testing and the precision of the measurement. 7 The 

technique described in this paper develops lateral shear interferometry (LSI), which 

has been treated extensively in the literature.8-11 LSI has been applied to a wide 

variety of problems including testing of optical components and sensing of wavefronts 

propagating through turbulent media. 12-14 

LSI offers an important advantage1S-30 over two-beam interferometers, 

including Twyman-Green and Mach Zehnder, since a reference beam is not required 

to produce interference fringes. This is particularly important in cases where the 

optical path extends through a turbulent medium such as the atmosphere, since it is 

difficult to observe interference fringes with a two-beam interferometer due to the 

very large phase difference that exists between the optical probe and the reference 

beam. In certain laser-based imaging applications31 , a rapid assessment of the effect 
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of propagation through the medium is important in order to correct wavefront 

deformations induced during propagation. For this particular application, the fact that 

LSI does not require a reference beam is particularly advantageous and the basis for 

the frequent use of shear devices as wavefront sensors. These advantages are 

augmented by the fact that LSI is relatively easy to perform, requiring minimal optical 

components and alignments. The creation of a lateral shear interferogram can be as 

simple as using a parallel plate32 to laterally displace a beam with respect to itself. 

When sufficient spatial coherence exists in the wavefront under test, an 

interference pattern can form with fringes of adequate contrast such that a unique 

determination of the underlying wavefront can be performed. This constraint applies 

to all types of interferometry, including LSI. For the optical probe to yield data 

interferometrically, the fringes present in the exit pupil of the system must be imaged 

with a subsequent reduction of the fringe data. Fortunately, the technique of phase 

shifting33 has been thoroughly developed. This technique extends interferometry to 

low visibility, spatially inhomogeneous fringe patterns of the type encountered when 

transmitting an optical probe through turbulent medium. 

The principal limitation in applying LSI is the relative difficulty reducing the 

interference pattern to derive the underlying wavefront. The traditional method to 

reduce lateral shear interferograms resorts to numerical integration34 (for small shear 

parameters) with correction terms35 required to produce accurate results for large 

(> .1) shear parameters. (The shear parameter is defined as the shear distance 



divided by the pupil diameter). The effect of changing the shear parameter can be 

complicated with accompanying loss of accuracy in the numerically derived result. 

The methods presented here treat a change in shear as a simple change of one 

parameter. 

14 

This dissertation develops and expands an existing but little known method for the 

rapid, accurate reduction of lateral shear interferograms. The usual method of 

treating the lateral shear as a wavefront slope or wavefront difference has been 

replaced by a reduction method that deconvolves the shear data to produce an exact 

solution. This reduction technique uses Fourier methods based on identification of the 

wavefront difference as a finite difference equation. The methods developed here are 

compact, numerically precise, insensitive to the value of shear parameter and 

adaptable to real-time wavefront reduction. 

Chapter 2 of this dissertation describes the basic relationships that underlie the 

use of Fourier methods applied to wavefront reduction. The theoretical use of the 

point spread function is developed as part of a consistent picture relating meas

urements of the wavefront in the exit pupil to a measure of performance of the optical 

system under test. 

In the chapters that follow, the finite difference method of wavefront reduction is 

applied to a variety of different applications, including separation of the effects 

induced by atmospheric turbulence on a wavefront propagated from a point source 

through the atmosphere to a ground receiver. The deconvolution of lateral shear 
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interferograms described in this dissertation was achieved through the use of an 

inverse filter developed in the MA TLAB programming environment. MA TLAB is a 

powerful PC-based code developed to process large external matrix based data files. 

The programs created as part of this dissertation were coded in the MATLAB 

language, which closely resembles C, with matrix operators used throughout for 

execution speed and compactness. Relatively large (1(Jl elements) data matrices were 

manipulated using complex number operations to deconvolve the shear data. Matrix 

operations were required since the deconvolution technique first suggested by Dr. 

Roland Shack was extended from line scans to a full two-dimensional treatment of an 

aberrated wavefront. Particular attention was paid to the treatment of filter stability. 

The limitation of the frequency content of the wavefront under test as a function of 

the shear parameter was explored in conjunction with the filter stability. 

Finally, a technique was developed, first suggested to the author by Dr. James 

Wyant, to extend the deconvolved wavefront data from area of sheared beam overlap 

to the full spatial extent of the wavefront. The degree to which this reconstruction 

depends on the pupil geometry is discussed. All numerical operations were 

performed using double precision operations on a 50 Mhz 486 class personal 

computer (PC). 

The ability to accurately and quickly reduce lateral shear interferograms, 

especially on small, readily accessible PCs, will expand the use of LSI. Due to the 

commercial interest in routine reduction of LSI associated with the testing of optical 



components, the developed code, which is included in the appendix of this 

dissertation, should find reasonably wide application. 

16 

In summary, the novel techniques developed here to reduce lateral shear 

interferograms are mathematically compact, accurate, execute quickly and are easily 

applied to a reduction of lateral shear data. Further, the methods developed here have 

an application to real-time wavefront sensing, as well as to the testing of optical 

components, including aspheric optical elements. 
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CHAPTER TWO 

TRANSVERSE ABERRATION AND POINT SPREAD FUNCTIONS 

In this chapter a consistent formulation describing the performance of an 

imaging system is developed. The effects of aberrations and diffraction are described 

for both space-invariant and space-variant imaging systems. The theoretical impor

tance of the point spread function is emphasized for optical systems whose 

performance is limited by field height-dependent aberrations. " 

The interpretation of a lateral shear as a finite difference is introduced with the 

associated application of spatial frequency domain analysis methods. 

In assessing the performance of an optical system, particularly one that forms or 

relays an image, an analysis of the wavefront present in the exit pupil36 allows a 

formulation characterizing the image produced compared to the ideal image predicted 

by geometrical optics. A complete assessment describes the performance of the 

optical system in terms of the image produced by a point source. Describing the 

image of the point source as 

h(x,y; e,n) 

where e,n are the coordinates of the point source and x,y are the coordinates of the 

image. For an object distribution given by 

O(e,n) 
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the image produced is expressed as 

I(x,y) = J J O(e,n)h(x,y:e,n)dedn 

This integral represents a superposition process where the effects of diffraction and 

aberrations induced by the imaging system are contained in the spatial variations of 

the point source image as the point source object is varied over different field 

positions. For the special, limited case where the spatial variation of the point source 

image is independent of the object position the form of the point spread function is 

constrained given by 

h(x,y: e,n) = h(x - e, y - n). 

As a result of this constraint, the superposition process becomes a convolution37 of 

object distribution with point source image represented as 

+00+00 

l(x,y) = J J O(e,n)h(x-e,y-n)dedn . 
-00-00 

Applying a two dimensional spatial Fourier transform to t~is expression produces 

- -
I (jx,fy) = H(jxfy) O(jx,fy) 

with 
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+00+00 

H(fx,fy) = J J h(e,n)exp( -i27r(fx e + fy n»dedy 
-00-00 

Thus as is well known, the space invariance of the imaging system gives rise to the 

concept of the transfer function given by H(fxJY). The expression 

- -
I(fx,fy) = H(fx,fy) O(fx,fy) 

where i(fxJY) is the spatial Fourier transform of the image and O(fx,fy) is the spatial 

transform of the object distribution describes the spatial frequency domain 

performance of the imaging system under test. 

Space-invariant imaging with a space-invariant point spread function works well 

when isolating and describing the effects of diffraction on image quality. Specifically, 

the diffraction-limited performance as a function of stop setting can be assessed,38 

providing a measure of ultimate system performance. 

Using primary coma as an example, the field height dependence of primary coma 

is linear in h and is a slowly varying function across the field. Primary coma 

produces an optical path difference given by 

The relation between wavefront and transverse aberration is given by 
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L = _1_ 8W 
x n'U' 8px A 

where 

w = wavefront aberration; 

U'A = marginal ray angle, image space; 

n' = index of refraction; 

Px = p sin(c!»; 

Py = P cos(c!». 

Thus, transverse coma is given as 

2 2 
L y = Ah(3py + Px)' Lx = 2AhpyPx . 

When analyzing an optical system, particularly imaging systems, a 

measurement of the wavefront in the exit pupil (with respect to the ideal wavefront 

whose center of curvature lies on a point in the paraxial image plane) is the preferred 

way to characterize the system under test. The set of equations given by 

L = _1_ 8W 
y 'U' 8p 

nAY 

transform pupil variables, namely wavefront aberrations into image plane variables 

which are the transverse aberrations. A measurement of the optical system 

performance through reduction of an interferogram, characterizes the optical system at 

one image point since the source represents a single object point. For cases where 
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field height dependent aberrations are present, if the dependence on field height is not 

too strong, regions can be established around a grid of object-image points creating 

regions or patches where space invariance is approximately maintained. Equivalently 

if the point spread function is determined for these same regions a superposition with 

the object distribution is possible producing the associated image. Thus the concept 

of the transfer function is still approximately valid. 

The creation of lateral shear can be thought of as a lateral displacement of two 

images of the exit pupil with each of these images formed from one object point. 

In what follows a Fourier technique is developed to reduce the lateral shear 

interferogram itself. After testing at various field points, a secon'd Fourier technique 

is needed where the transfer function, as determined from each interferogram i.e. 

each object point tested is applied to the object spectrum, object point by object point 

to produce the relayed image. 

Some forms of the shearing interferometer such as the tilted plane parallel 

plate 39 and crossed grating are remarkably simple. In all the types oflateral shear, 

the basic LSI method consists of forming two images of the wavefront under test, 

displacing each laterally and observing the interference between them. The 

combination of sheared wavefronts produces an interference pattern with the optical 

path difference between wavefronts given by 

O.P.D. = W(x + ~,y) - W(x - ~'Y)' , 
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where s is the shear distance for a shear along the x direction. Media induced jitter 

will not strongly affect fringe contrast since the sheared beams are nearly common 

path. As a result, LSI has been applied to characterization of flow diffusion,4o tran

sition to turbulence in viscous media41 and other application where large optical path 

differences accumulate between probe and reference beam. 

In cases where a source of limited spatial coherence is used,42 an aperture and 

collimating lens assembly can be used to demonstrate the performance of partially 

coherent sources. With a pinhole aperture located at the primary focus of a colli

mating lens of focal length f, a spatially coherent wavefront is produced to a good 

approximation when the aperture (effective source size) equals the width of the Airy 

disk produced by the collimating lens. Thus, the pinhole diameter is given by 

A • Fleffective 

where F/effective is given by focal length divided by beam diameter. 

An LSI will work with less than full spatial coherence. In order to observe 

fringes of sufficient contrast, for a sodium source at 589 nanomet~rs, an F/3 system 

and a shear ratio of 0.1 the pinhole size is 18 micrometers. As a result, since the 

radiometric throughput is modest, fringe contrast will be much less than for a high 

brightness laser source. 

In order to characterize atmospheric turbulence using LSI, the effect of 

propagation should be recognized before attempting a wavefront reduction, including 
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break-up of the beam amplitude into disjoint patches.43 Interference effects occur in 

areas where the sheared beams spatially overlap. As long as some level of intensity 

is present across the interferometer pupil, even an inhomogeneous beam will result in 

a successful measurement of phase especially if phase-shifting methods are 

employed.44 

The process of creating a lateral shear causes two displaced spatially 

overlapping images of the exit pupil to form. In the region of overlap the wavefront 

difference data produced through the lateral shear process can be reduced by the 

methods developed in this dissertation. Since the area of overlap is less than the 

geometrical area of the exit pupil regions exist where interference fringes do not 

form. This point is illustrated in figure 2.1. 

It is still possible to retrieve the underlying wavefront from these regions of 

space. Consider a linear data record consisting of values representing the wavefront. 

WI W2 W3 W4 

The wavefront difference is given by 

I::..Wi = Wi+1 - Wi 

with 

W2 = I::..WI + WI 

W3 = I::..W2 + I::..WI + WI 

W4 = I::..W3 + I::..W2 + I::..WI + WI • 
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FIGURE 2.1 
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By assuming an initial value for WI' the wavefront can be completely reconstructed. 

For pupils that are not rectangular, gaps will exist in the reconstruction. If the shear 

parameter exceeds the radius of the pupil, gaps will also exist in the reconstruction as 

discussed later. 

With these advantages and complications in mind, the task of deducing the 

underlying wavefront from the wavefront difference will now be considered. The 

wavefront difference is given by 

s s 
.dw(x,y) = w(x + 2'Y) - w(x - 2'Y) , 

for small shear ratios sip < < 1, p = pupil diameter . 

.dw(x,y) = .dw,t,y) ·X = ~; (x,y)· s 

where ow/ax is the directional derivative of the wavefront in the direction of the 

shear. This expression is not exact but becomes more accurate in the limit of small 

shears. Most significantly, while the wavefront is not directly available with this 

interpretation, the wavefront slope is directly produced. In addition, the directional 

derivative is provided only along the direction of shear, requiring a significant 

computational effort to reconstruct the wavefront or a second shear ideally orthogonal 

to the first. This is awkward and numerically intense. 

For the case of large shear ratios, the wavefront difference can be expressed as 
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s s aw aW2 (At)2 
W(X + -,y) - W(X - -,y) = -' At + - --

2 2 ax ax2 2! 

+ higher order terms. Thus, additional terms could be added in an attempt to patch 

together some sort of numerically complicated solution. In order to successfully use a 

Taylor Series Expansion, the function to be expanded must be analytic at least in the 

vicinity of the point about which the expansion occurs.46 When random processes are 

present leading to fluctuations in phase, even with additive phase fluctuations, a 

reconstruction using deterministic signal processing without filtering will invalidate 

the assumption of the analytic function leading to numerical errors. 47 

In the absence of randomizing phase fluctuations, it should be noted that when 

two orthogonal shear patterns are produced, the analytic nature of the wavefront 

allows for an expansion represented by orthogonal polynomials that are functions of 

two variables.48 A further simplification results if the shear distance is such that the 

spacing between wavefront samples equals the shear distance. 49 

A number of different representations are possible involving Zernike, Laguerre 

and other polynomials, 50 the constraint being orthogonality over the particular pupil, 

be it circular or rectangular. Convergence in a least squares sense is the criterion for 

determining a unique solution. 51 Rather than applying the considerable methods 

available to improve rapidity of convergence and accuracy for what essentially is a 

perturbation theory treatment to retrieve the underlying wavefront, this paper develops 
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an approach to create an exact solution to determine the underlying wavefront. The 

wavefront difference given by 

s s 
Aw(x,y) = w(x + 2'y) - w(x - 2'y) 

is a finite difference equation. Therefore, an exact representation is afforded through 

the use of convolution. 52 In particular, the use of the convolution theorem reduces 

the solution of the wavefront difference to a linear system problem, allowing full use 

of frequency domain signal processing in the presence of random phase fluctuations. 

Thus, an exact solution for the wavefront under test is provided by first transforming 

and then spatially filtering the wavefront difference.53 The spatially filtered data is 

then inversely transformed to produce the wavefront under test. However, particular 

care must be exercised in applying the filter since an essential singularity occurs. 

Treatment of the singularity, along with additional filtering methods, will be discussed 

in some detail in later chapters. 

In order to reduce numerical errors in processing the wavefront difference data, 

the sampling of the spatially transformed data is critically important. In addition, an 

adequate number of points in the fast Fourier transform (FFT) and inverse FFT must 

be provided with a sensitivity to data record lengths shown in this deconvolution. 

The basic LSI method can be applied to both rotationally symmetric and non 

symmetric optical systems. In the case of a rotationally symmetric imaging system, a 

single shear along a direction of 45° WRT the X-V axis of the exit pupil, followed 



28 

with a single deconvolution simplifies the application of LSI but can produce 

unacceptable numerical errors. A second method also with the shear at 45°, consists 

of a shear in the X direction followed by a shear in Y, the order not affecting the 

result. Thus we have a shear of a shear which for small shear parameters equates to 

In terms of a finite difference expression the shear of a shear is expressed as 

W(y + s cos(45 0), x + s sin (45 0» 

- W(y - s cos(45°), x + s sin (45 0» 

- W(y + s cos(45°), x - s sin (45 0» 

+ W(y - s cos(45 0), x - s sin (45 0» 

This expression can be written as a convolution as follows 

W(x,y) * [5(x + s sin(45°»[5(y + s cos(45°» - 5(y - s cos(45 0»] 

- 5(x - s sin(45°»[5(y + s cos(45°»-5(y - s cos(45 0»] 

The main difference computationally between a double shear and a pair of orthogonal 

shears is the complexity of the impulse function or equivalently the kemal. Extending 

this method to non symmetric imaging systems requires testing at a few more field 

points, as will be shown in later chapters. 

The techniques presented in this paper can be synthesized into an overall 

method to provide rapid reduction of wavefront difference data in the presence of 
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random phase fluctuations. In particular, when the spatial frequency of the phase 

fluctuations occurs outside the region containing the spectrum of the undistorted 

wavefront, it is simple to extract either the wavefront, turbulence-induced distortion, 

or some combination, by a spatial frequency domain filtering operation. When 

spectral components of the random phase fluctuation lie within the spectral content of 

the underlying wavefront, a more complicated, optimal filtering scheme is required. 

Filters based on a priori knowledge of the probability density function of noise source 

are applied to this method of wavefront reduction. 

In summary, a novel method to reduce lateral shear interferograms utilizing a 

deconvolution technique has been developed. The technique was first suggested by 

Dr. Roland Shack. This dissertation takes the basic finite difference representations 

of the wavefront difference as suggested by Dr. Shack and extends the application to 

functions of two variables. Further a consistent formulation is developed to treat the 

deconvolution of the shear data in the frequency domain in terms of an inverse filter 

complete with the development of window functions. In the following chapters, the 

deconvolution method is applied to a collection of different shear patterns, including a 

comparison with a ray traced optical system. Chapter 3 describes lateral shear as 

finite difference equations. Chapter 4 deconvolves both one and two-dimensional 

shear patterns. Chapter 5 describes an important application to optimal filtering of 

random phase fluctuations of the type introduced to optical probes transmitted through 

the atmosphere. In the sixth and final chapter, a representative optical system is ray 



traced and the wavefront in the exit pupil determined. This wavefront is sheared, 

reduced and compared to the original as a measure of the accuracy of the reduction 

method presented in this paper. 

-----.----
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CHAPTER TImEE 

LATERAL SHEAR AS A FINITE DIFFERENCE 

In this chapter the explicit relationships necessary to treat a lateral shear as a 

finite difference are developed. The convolution theorem is directly applied to reduce 

the shear pattern solving for the underlying wavefront. In the process of 

deconvolving the shear data, an inverse filter is created and the filter singularities 

affecting the stability of the solutions created are discussed. Also, a criterion is 

established to satisfy the sampling theorem. 

A constrained form of the aberration polynomial is developed assuming rotational 

symmetry. For rotationally symmetric optical systems, i.e. systems which possess a 

rotation axis, usually referred to as the optical axis, a skew shear is developed to 

characterize the system performance, with the trade off in computation speed versus 

accuracy discussed. 

The principal advantage of representing the lateral shear as a finite difference 

equation is the straightforward solution afforded through deconvolution. Specifically, 

writing the wavefront difference as 

s s 
.1w(x,y) = w(x + 2'y) - w(x - 2'Y) x shear 

we have 



S S 
~w(x,y) = w(x,y) * [o(x + 2'y) - o(x - 2'y)] , 

by applying the Fourier transform operator where 

F(~w(x,y» = F(w(x,y»· 2i sin( 7rsf) 

with 

o(x + ~,y) + o(x - ~,y) and 2isin(7rsfx) 

being transform pairs. Solving for w(x,y) the underlying wavefront produces 

F(w(x,y» = F~~w(x,y» . 
21 sm (7rSfx) 

This relationship serves as the basis for manipulation of wavefront difference data 

from which the underlying wavefront will be derived. To implement the Fourier 

transform, an FFT and inverse algorithm will be used. 

FFT(w(x,y» = F~~~w(x,y» 
21sm( 7rSfx) 

Solving for the wavefront yields 

w(x,y) = FFT-1 [FF'!'~~W(X'Y»] 
21 sm( 7rsfx) 

For the inverse Fourier transform to exist the expression in brackets given by 
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FFT(Aw(x,y» 
2isin(7rs/x) 

must satisfy certain criterion. In particular, as the sine function passes through a 
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zero, a singularity in the expression above occurs. To understand the effect of these 

singularities, the location and type of singularity present must be investigated. For 

values given by 

A countable infinity of singularities occurs. This type of singularity is an essential 

singularity in that no residue is present and no order of pole will characterize the 

behavior of the singularity. In terms of inverse filters, this behavior represents an 

instability. If frequency components are present in the vicinity of the instability the 

filter response will be unbounded. 

In the general sense this behavior makes this class of filter unsuitable for many 

applications. Before expending great effort in creating an artificial "fix" through 

multiplicative damping terms or other mathematical alterations to the form of the filter 

an inspection of the data present is in order. Consider a wavefront undergoing a 

shear with shear parameter given by S. For spatial frequencies up to a value of liS 

the wavefront difference is adequately representing the wavefront assuming adequate 

sampling of the wavefront difference. For spatial frequencies at the inverse of the 
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shear parameter the shear will produce a null fringe. This is shown in the following 

drawing 

For shears greater than lIf the wavefront difference produces the same result 

at this particular spatial frequency as that produced for a shear given by 

n 

7' 
n = integer. 

So as the shear parameter is increased the wavefront difference oscillates in value 

with a period lIf. Thus an ambiguity exists in determining the contribution to the 

overall wavefront under test from components at a spatial frequency of fo and integer 

multiples of fo. 

The data set resulting from a shear with shear parameter S consists of a spatial 

frequency spectrum with zeros at 

1 2 n 
S'S' , S . 

Now the picture becomes clearer. At precisely the values where the essential 

singularities occur, the data set has no contribution, i.e. a numerical value of zero. 

Thus the response of the filter is bounded, with a filter output of zero. 
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So rather than attempting to deal with an unbounded response, what is left is a 

limitation of spatial frequencies that can be input into the data reduction process. For 

a shear parameter S the filter is rated or restricted to inputs in spatial frequency less 

than or equal to liS. 

In practice this is really not much of limitation. In the event that spatial 

frequencies greater than liS are suspected simply decrease the shear parameter such 

that liS > fo where fo is the highest frequency expected. It is important to recognize 

that for values where sine ('7I"fxs) goes through zero an attempt to divide by zero will 

occur. Depending on the type of code employed this process can be a source of run 

time problems. Since data entries at these same points are zero, the practical way to 

solve this difficulty is simply to mask these points in the spatial frequency domain. 

Thus the spectrum of the sheared wavefront consist of tI~tripestl of zero value 

~ W(x,y) = W(x,y) * II(x,y:s) 

s s 
II(x,y:s) = o(x + 2'y) - o(x - 2'y) 

where 



~Ws(x,y) = COmb(~) Comb(~)~W(X,y) 

= Comb(~) Comb( ~[W(X,y) * II(x,y:s)] 

where X is the space between sample points in the x direction and Y is the spacing 

between points along y. Now 

00 00 

~Ws<x,y) = XyI: L ~W(nX,mY) <>(x-nX,y-my) 
-00 -00 

For the case where ~ W(x,y) is band limited 

using the band limited value 

X~ _1_ , 
2Bx 

y<_I_ 
- 2By , 
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~W(x,y) = XYE f ~W[~'..!!!:...] sinc [2Bx [x -~]]. sinc [2By [Y -..!!!:...]] 
-00 -00 2Bx 2By 2Bx 2By 

if either X > 1 f2Bx or Y > 1 f2By the sinc functions will excessively broaden causing 

aliasing. By over sampling one can create excessively large matrices causing long 

computation times but providing good signal recovery in the presence of noise. 

There is also another important consideration related to the total number of 

sample points. Consider a truncated file given by 
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x y AWST = rect(-} rect(-} • AWs 
A B 

where 

A = NX and B = MY. 

Transforming yields 

ti.Wirlfxly} = AB[sinc(Afx} sinc(Bfy}] • AW"s lfx,fy} . 

Thus, the file lengths must be sufficient to avoid smearing the sampled spectrum 

creating a significant distortion during filtering. File lengths of 256 points are 

required for wavefronts containing the primary aberrations in even modest amounts. 

When describing the type of aberrations present in the system under test, a good 

place to start is a formulation based on the assumption of rotational symmetry. If an 

axis can be established in the direction of propagation about which the optical system 

is said to be rotationally symmetric, the axis is labeled the optical axis. This class of 

system, while not always realized in practice, is useful as a starting point for the more 

general case where elements become decentered or suffer errors in fabrication. A 

symmetric system can suffer only a limited class of aberration, constrained by the 

rotational symmetry. The wavefront of such a system can be written as 
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identifying the terms with the primary aberrations yields 

Defocus a1 (x2 + y2) 

Spherical Aberration b1(X2 +y2)2 

Coma b'lYh(x2 + y2) 

Astigmatism b3Y2h2 

Field Curvature b4h
2(x2 + l) 

Distortion bsYh3 

Piston b h4 6 

It is especially convenient for purposes here t~ use polar coordinates given as 

x = p cos(tb), y = p sincp 

where the variables in the polynomial take the form 

Thus, the aberration polynomial can be represented as 
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+ b4h
2p2 + bsh

3sin(<b) + b6h4 . 

This form is suggestive in that for a shear at <b = 7r/4 it is evident that both the X and 

Y dependencies can be recovered. Thus, for a single shear at <b = 'Tr/4 reconstruction 

with equal sensitivities to both X and Y functional dependencies can be accomplished. 

A close examination of the primary aberrations, as well as higher order terms 

for a given field point indicates, for a shear at 45° one cannot distinguish defocus 

from astigmatism or discern the difference from field curvature. However, if one 

first tests for the field point on axis then follow with an off-axis field point producing 

a tangential ray fan this ambiguity is removed. Thus two interferograms are still 

needed but with a single shear. By letting 

p -+ p + Il.p 
2 

shear along P of an amount Il.p of produces 

which can be deconvolved in precisely the manner discussed earlier, i.e. one 

dimension. The physical process is illustrated in figure 3.1. 
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If p=y, which corresponds to a shear along the y axis, additive terms in x are 

lost. With the irregular contour drawn, this is demonstrated by lack of information 

on the path of the isocontour between points A and B, shown in bold. If p=x then 

the additive terms in y are . lost. On the same contour above for this case, a lack of 

information exists on the path of the isocontour between point B and C, shown with 

X's. 

Now the shape of the phase contour for a rotationally symmetric optical 

system is significantly constrained. In particular as long as tP ;c 0 or tP ;c 7r/2, the 

wavefront recovery becomes desensitized to changes in Y or X respectively. 

Therefore, in attempting to extend this method to a non rotationally symmetric system 

where a larger class of wavefronts are permitted, maximum sensitivity is achieved 

simultaneously for X and Y for tP = 7r/4. As will be discussed in more detail later, 

a two-dimensional shear even for rotationally symmetric optional systems produces 

better numerical results due to preserving additive terms in the pupil coordinates. As 

an example of this consider a shear in X followed by a shear in Y of a defocused 

wavefront represented as 

W(X,y) = Xl + y2 

shearing in X produces 

........ -.-._------ '--' ,,_ ...... 
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Shearing again in Y leaves no residual trace of the original defocus term. For a shear 

at cb = 7r/4 radians, the previous expression for the wavefront difference becomes 

and 

s' = s cos(cb), s = shear length. 

Applying the deconvolution theorem yields 

Ilw(fx,fy) = w(fx,fy) • 2isin(7rs' (fx + fy» 

Solving for the wavefront under test provides 

w(x,y) = FFI'-l [ FFT(llw(x,y» ] 
2i sin( 7r S' (fx + fy» 

Thus, a single filtering operation is sufficient with the same consideration afforded the 

essential singularities and what is now a two-dimensional sampling problem. 

-_ ...... _----...... --- ... _------ -
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However, to ensure adequate sampling, two-dimensional matrices of substantial size 

must now be manipulated instead of linear data records. 

Optical systems with rotational symmetry about the optical axis will create a 

limited class of optical aberrations. This is due to the rotation symmetry of the 

optical system reducing the mathematical degrees of freedom possessed by the 

aberrations characterizing the optical system. Figure 3.2 shows the wavefront used as 

the basis for the sequence of two orthogonal shears. The shear parameter is a 

variable entered into the reduction code. Figures 3.3 and 3.4 show the wavefront 

sheared on the computer. The shear parameter used is 0.1. The filtered, 

deconvolved result is shown in figure 3.5. A range of different shear parameters 

were used, the only modification required being a parameter change to the inverse 

filter. Specifically the kemal for orthogonal shears is given by 

1 
2i sin ( 7r Six) 

where S is the shear parameter. Thus when the shear is changed the only effect on 

the form of the calculation is simply a change in the value of the shear parameter 

appearing in the argument of the inverse filter. Figures 3.6 and 3.7 show the results 

for shear parameters of 0.2 and 0.3, with no sensitivity to shear parameter shown. 

In order to extend the wavefront difference data to include the cross hatched 

areas a series of values on the boundaries must be established. Two data sets are 

needed to establish the boundary values. First the deconvolved wavefront data from 
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The y axis shear of primary coma. 
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The x axis shear of primary coma. 
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The deconvolved output of the x and y shear of primary coma. 
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The deconvolved sheared wavefront for a shear parameter of 0.2. 
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The deconvolved sheared wavefront for a shear parameter of 0.3. 
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the edge of the wavefront is needed. This corresponds to the wavefront values at the 

edge of the area of beam overlap resulting from the initial shear. Second, the 

wavefront difference data in both X and Y shears are also required for these same 

points, i.e. at the boundary. The scheme to fix the boundary values assumes a value 

for one point, thus fixing the overall phase. For convenience the wavefront matrix 

element w(2,1) is chosen to be zero. 

Since at the adjacent point w(2,2), the wavefront itself, the wavefront 

difference WFDX<2,2) given by w(2,2)-w(2,1) and the wavefront difference 

WFDy(2,2) given by w(2,2)-w(I,2) are all known by the process outlined earlier, the 

wavefront values at w(I,2), w(2,5) and w(5,2) are determined relative to the value of 

w(2,1). There now exists seed values of the wavefront on each of the boundaries. 

All remaining values with the exception of the values at the comers denoted by 

squares can be determined. The four points in the comers are for square pupils set 

by using the wavefront difference data at the adjacent points to the comers. 

To illustrate the process to determine the remaining boundary values consider 

the point w(3,1). The value for w(3,1) is given by 

with 

w(3,1) = WFDy<3,2) - WFDx(3,2) + WFDX<2,2) + w(2, 1) , 

WFDx(iJ) = w(iJ) - w(i,j -1) 

WFDy(iJ) = w(iJ) - wei -IJ) 
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Thus if the boundary values of the wavefront are required for a square pupil 

they can be determined. Circular pupils are handled the same way, the only 

distinction being a larger area corresponding to the comers for the rectangular pupil 

left indeterminate. This is due to a lack of wavefront and wavefront difference data 

from the X and Y shear. The indeterminate area can be further reduced by perform-

ing two additional orthogonal shears oriented at 45° with respect to the original shear 

axis. 

In addition to the polynomial functions deconvolved other classes of functions 

served as models to assess the performance of the filter presented. Figures 3.8 and 

3.9 refer to a complicated wavefront subjected to shear parameters of 0.2 and 0.3. 

Again, no sensitivity to shear parameter was shown over a range of shears. In a 

rotationally symmetric optical system, the rotational symmetry constrains the 

aberrations present. Specifically, the wavefront can be expressed as 

where x,y are pupil coordinates with h being an object coordinate. Thus, the forms 

are the only combinations permitted. With the constraint of rotational symmetry 

imposed, the aberration polynomial can be written as 

Upon closer examination, it becomes apparent that additive terms in X or Y such as 

defocus will be left indeterminate if a single shear in the Y or X direction respectively 
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W(x,h:h) = a1(X2 + y2) +~h + a3h2 + b1(X2 + y2)2 + b'})'h(x2 + y2) 

+ b3Y 2h2 + b4h
2(X2 + y2) + bsYh3 + b6h4 + higher terms. 

is performed. 

For this restricted case of rotationally symmetric optical systems a shear at 45 0 

with respect to the object plane coordinates can be performed. In effect, a skew axis 

has been chosen with both the X and Y pupil plane coordinates dependencies 

preserved. However, an ambiguity still exists in attempting to distinguish between 

terms like defocus and field curvature. Specifically, defocus appears as 

r+r 
while for the same shear, field curvature appears identical with the exception of a 

quadratic field height dependence. Thus for symmetric optical systems an 

interferogram on axis, followed by additional interferograms at nonzero field points 

are needed. 

For aberrations symmetric in pupil coordinate, the skew shear provided very 

accurate results for all variations attempted. Figure 3.10 shows an input waveform, 

while figure 3.11 depicts the skew shears and figure 3.12 the deconvolved output. 

The results produced for aberrations with a non symmetric pupil coordinate 

dependence, although not wildly inaccurate, were not as good as the symmetrical 

case. For primary coma represented as 

blyh)rr + y2) 
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no exchange symmetry exists between the X and Y pupil coordinates. A skew shear 

produces the term 

b2«(y + s sin('/l'/4» h[{x + S cos('/l'/4»2 + (y + s sin('/l'/4»2] 

- (y - S sin('/l'/4»h • [(x - S cos('/l'/4»2 + (y - S sin('/l'/4»2] . 

Figure 3.13 shows primary coma which serves as the input to the shear operator 

resident on the PC. The matrices resulting from the skew shear operator are spatially 

Fourier transformed. The skew shear spatial frequency domain data is shown in 

figure 3.14. Figure 3.15 shows the deconvolved result after inverse Fourier 

transforming. The reduced wavefront closely resembles the wavefront input into the 

shear operator. 

Some sources of error appear at the edge of the pupil with an exaggerated 

quadratic curvature in the X pupil coordinate having occurred. The source of this 

numerical error originates in the fact that a skew shear at 45° is basically a linear 

shear first in X followed by a Y -oriented shear, the order of the shear not being 

important. As a result, all additive terms in the aberration polynomial having only 

pure X or Y dependencies are zeroed. For many applications this can be a serious 

source of error. Since only a single shear deconvolution operation is required for 

skew shears, computation time for these shears is reduced by as much as sixty 

percent, which is an advantage for real-time applications. 
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CHAPTER FOUR 

REDUCTION OF ONE AND TWO-DIMENSIONAL SHEAR PATTERNS 

This chapter applies the inverse filter developed to deconvolve shear data to 

produce two-dimensional data records of the underlying wavefront without numerical 

integration. Different combinations of polynomial functions were first sheared, 

spatially Fourier transformed, filtered and then inverse Fourier transformed to yield a 

solution. Further, a model of tool marks left from early fabrication steps are modeled 

and used as an example of the filter performance for non polynomial wavefront 

aberrations. Finally, using digital filtering techniques an optimum filter is created 

using windowing technique. A comparison of different window functions is 

performed to assess the results of the optimization. 

The inverse filter scheme employed here to deconvolve the shear patterns takes 

each complex spectral component and scales it to a new value. Figure 4.1 shows the 

spectrum of sheared primary coma, while figure 4.2 shows the filtered spectrum. 

The spectra are bandlimited of modest spatial frequency content and numerically well 

behaved. For small shear parameters, the deconvolution increases the order of pupil 

coordinate dependence by one. Second order pupil coordinate in shear data 

deconvolves to a cubic dependence as shown in the plot of coma. 



7 
x10 

10··1 

5·· 

I 

o 1 
80 

63 

o 0 

The spatial frequency spectrum of sheared primary coma. 
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The filtered spectrum of sheared primary coma. 
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For the case of tilt or distortion, the shear data is spatially uniform. As a 

result, the spatial transform is uniformly zero except at zero spatial frequency. Thus, 

the inverse filter cannot create the spectrum associated with tilt or distortion. This is 

analogous to, when treating the shear data as wavefront slope, an integration that 

would set tilt based on overall uniform light levels, rendering tilt information 

ambiguous. When testing with a field point on axis introduction of defocus will 

create an evenly spaced linear fringe pattern. The presence of various amounts of tilt 

will cause the orientation of the fringe field to rotate. The combination of defocus 

and tilt are successfully reduced using this inverse filter. 

A further consideration is warranted in applying the inverse filter. With the 

inability to reduce tilt (or distortion), this term is left indeterminate. Accordingly, 

when aberrations that are odd functions in pupil coordinate are sheared and filtered, a 

residual tilt term appears in the result. The results of the deconvolution remain 

accurate with the understanding that the tilt (and distortion) terms are indeterminate 

and should be discarded. Figure 4.3 shows a coma plot with residual tilt present, 

while figure 4.4 shows the same term corrected for tilt. 

Figures 4.5 through 4.11 show primary aberrations and the associated spatial 

power spectral density. The most obvious feature is the modest spectral content 

composing the primary aberration. While higher order aberrations will contain higher 

frequency terms, the spectral content is still band limited and well behaved. Figure 

4.12 shows the spectral content of a 9th order term related to coma. A higher order 



66 

0-, 

60 
40 

20 

Spatially filtered coma with residual tilt. 

FIGURE 4.3 



67 

-1 ' 

I 

8~1~_ fo 
',>,,-

~, 

'" 
-....-,~. 60 

40 60 

Filtered coma with tilt subtraction. 

FIGURE 4.4 



3"1 

21 
I 

1 ~ 

0<, 
80 

60 

40 

68 

40 
20 

o 0 

Primary spherical after filtering. 

FIGURE 4.5 



4· 

3 

2· 

6 
x10 

11 

I 0) 
80 

69 

o 0 
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Spectrum of primary coma prior to inverse transforming. 
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Primary astigmatism after filtering. 
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Spectrum of primary astigmatism prior to inverse transforming 
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term like 9th order coma contains higher spatial frequencies than the primary aberra-

tions. The inverse filter performance was not affected by frequency content or the 

magnitude of the aberration present. 

Polynomial expressions are very useful in describing the spatial behavior of 

wavefronts through optical systems undergoing test. In practice, functions which can 

not be represented as polynomials, will be encountered: A specific example of such 

spatial dependency is the modeling of the random amplitude, spatially periodic tool 

marks left in an optic that has been turned. Figure 4.13 shows such a series of 

random disruptions to an otherwise smooth spherical surface. Figure 4.14 is the 

associated spectrum and figure 4.15 shows the deconvolved filter output. 

A number of different classes of function were numerically sheared with a 

subroutine developed to simulate forming the wavefront difference interfometrically. 

A 2 dimensional FFT was applied to the simulated shear data with a frequency 

domain inverse filter applied. The results of the filtering process varied greatly, 

depending of the particular choice of digital filter implemented. Two classes of 

digital filter are readily available:S4 a recursive or infinite extent impulse response or 

finite extent impulse response (FIR). A significant advantage of an FIR filter is an 

implementation of zero phase response resulting in real frequency outputs. The 

transfer function is Hermitian 
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H(fx,fy) = H· (fx,fy) , 

and the resulting impulse response is given by 

h(x,y) = h • ( -x, -y) . 

In a coherent optical system the zero phase filter will, in general, preserve edges 

without creation of phase ringing. 55 

In addition to judicious choice of a discontinuity filter function, the transfer 

function will give rise to the Gibbs phenomena, requiring a window function be 

established. A Kaiser type window is be employed here as shown in figure 4.16, 

with figure 4.17 showing the equivalent frequency domain mask. The development of 

the FIR filter used here begins with a windowed point spread function h(x,y) = 

PSF(x,y)W(x,y) with PSF representing geometrical point spread function where W is 

the window function. The window will confine the extent of h to some finite region 

of space. The windowed transfer function results from a frequency domain 

convolution, producing a smoothed version of the ideal filter. 

DO DO 

H(fx,fy) = I I H(fx,f) W(F~ -,t, Fy - f)dF~dFy 
-00-00 

Space domain aliasing will be minimized by ensuring the data record of the PSF is at 

least four times the window width. 

For h to be zero phase, the window chosen here must satisfy 
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Kaiser window. 

FIGURE 4.16 
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Spatial Fourier transform of Kaiser window. 

FIGURE 4.17 



W(X,y) = W· ( -x, -y) 

Three basic window6 types were applied here: 

Rectangular Window 

W(X,y) = 1 

=0 

Ixl < 1 ,Iyl < 1 

otherwise 

Hanning Window 

=0 otherwise 

Kaiser Window 

W(X,y) = I. [a [1 - (x~t)]·n] I I.(a) 

=0 otherwise . 

10 is a modified Bessel function of the first kind of zero order. The terms in 

parenthesis are the argument of the Bessel function with a being an adjustable filter 

parameter. The specific Kaiser filter used here is given by 
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[ [ 
X2+Y2jll2] Wk(x,y) = 10 ex 1 - 2 /Io(ex) • 

- (128) 

Varying ex trades sharp cutoff versus flat response in the pass or stop band. 

Figure 4.18 shows the wavefront to be reduced. First, a rectangular stop band 

was employed. The results of this simple filter is shown in figure 4.19. 

The spectral content of the waveform shown in figure 4.20 indicates potential 

remaining benefits in the use of a more optimal filtering scheme. The specific 

optimal filter does require some knowledge of the spectrum in the event of a random 

phase component. 

After inverse filtering and optimal digital filtering, these spectra are inverse 

transformed with the results indicated in figure 4.21. To fully assess the affect of 

applying a Kaiser filter based on a windowed ideal impulse response, the underlying 

random process must be treated in the event stochastic phase fluctuation are present. 

In summary, the performance of the inverse filter developed is demonstrated in 

this chapter. A variety of different inputs were processed by the filter with the 

deconvolved data presented. Finally a digital filter was applied in anticipation of 

stochastic fluctuations making up a signal composed of an underlying wavefront with 

additive phase fluctuations. 
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Complex wavefront composed of a combination of primary aberations. 

FIGURE 4.18 
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Filtered spectrum of multi aberation wavefront. 

FIGURE 4.20 
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CHAPTER FIVE 

OPTIMAL FILTERING OF RANDOM PHASE FLUCTUATIONS 

In this chapter the effects of random phase fluctuations on filter performance 

are assessed. First additive "noise" is modeled with attention paid to the effect of an 

inverse filter on the power spectral density of the combined deterministic and random 

input signal. A linearly filtered random process is generated with the generalized Van 

Cittert Zemike theorem used to propagate the mutual intensity. The Kolmogorov 

model of turbulence,s7 as modified by Von Karman, is used to describe the source of 

random phase fluctuations created by the atmosphere. The well-established Froelich 

propagation code was used to take an undisturbed, well-behaved wavefront and 

propagate it through weak fluctuation, inertial subrange turbulence. The resultant 

wavefront mapping was sheared on the computer, spatially Fourier transformed, 

filtered and inverse Fourier transformed. The performance of the inverse filter was 

assessed by comparing the deconvolved results with the input into both the Froelich 

propagation code and the input into the inverse filter. 

For cases where a deterministic signal is distorted by the presence of additive, 

random fluctuations in amplitude and/or phase, substantial improvements in signal to 

noise ratio are possible through a filtering scheme. When an LSI is reduced as a 

finite difference with subsequent deconvolution implemented through an FFT, the 
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spectral content of both signal and unwanted stochastic fluctuations can be optimally 

filtered. 

Due to the discrete two-dimensional spatial sampling combined with time 

domain sampling performed by the detector array, the filtering problem is a 

three-dimensional digital signal process. 

S(X,y:t) = W(x,y:t) + R(x,y:t) 

S represents the detected signal, W is the underlying wavefront and R represents the 

additive random fluctuation. Initially, it will be assumed a snapshot of the distorted 

wavefront is processed with the consequences of time domain sampling to be dealt 

with separately. 

It is overly restrictive to assume no overlap in spectral content of wavefront 

and additive distortion. In some applications it is reasonable to assume a band limit 

to the spatial frequency content of the wavefront. (For example, a probe propagated 

~hrough the atmosphere. The assumption of a band limit is inappropriate for other 

applications such as aspheric mirrors.) For W(x,y) to be Fourier transformable, the 

integral 

00 00 

W(fxIY) = f J W(x,y) exp(i2'11'"(f ~ + !yy»dxdy 
-00-00 

exists. Applying Parseval's theorem, the following equality holds 
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00 00 00 00 

J J 1 W(X,y) 12dxdy + J J 1 W(fxJY) 12
dfxfy 

-00-00 -00-00 

with 1 VI 12 representing a spatial power spectral density. In the event a time domain 

signal R(t) is present that is not Fourier transformable but does have a finite average 

power, a window can be applied such that 

-T12 ::;; t ::;;T12 

= 0 otherwise 

The windowed function Rw will in general have a Fourier transform and more 

importantly a power spectral density given by 

PSD = IR(v)R * (v) 1 

T 

Writing the windowed transform as 

the power spectrum is given as 

For the more general case of a random process composed of an ensemble of different 

random functions, this relation can be extended through 
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PSD = lim (R(v)R * (v») 
T--oo T 

where the brackets denote ensemble average. Now, if a random process is present 

with the associated family of sample files, a linearly filtered random process can be 

generated. With the linear filter assumed to be time invariant, the filter response is 

given by h(t) such that 

In the frequency domain we are left with 

- -
Rout(v) = H(v)Rin(v) . 

In terms of the power spectral density, if R represents a random process, then in the 

frequency domain: 

PSD out = (H(v)R(v»(H * (v)Ri: (v» . 

With the understanding that for cases where the transform does not exist, a limiting 

process will be used for a windowed input, and the following relationship applies 

PSD out = lim (RT (v)R; (V») = 1 H(v) 12 PSD in . 
T--oo OUI OUI 

Thus, the effect of the linear system, as is well known, is fully characterized by the 

modulus squared of the transfer function.58 The simple argument used to illustrate 

the basic relation involving input and output power spectrum aSsumed time and 

-----._-_ ... -
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frequency domain signals. For the case of a partially coherent source, since the 

spatial dependence of the wavefront is to be extracted, a more powerful method must 

be applied. The purpose here is not to model or predict the effect of an extended 

inhomogeneous media on an optical beam. Instead, a basis upon which to describe 

the affect of an inverse filter followed by a digital filter is presented. 

To propagate from a partially coherent source through an extended randomly 

inhomogeneous media, the mutual coherence function is needed. 

r~Pl,p2:T) = (W,(P1,t + T)W,· (P2,t») 

The generalized Van-Cittert Zemike58 theorem provides the means to propagate the 

mutual intensity of the object to some viewing plane expressed as 

00 00 

phase factor· J J IPc(X1'Yl) 12 exp{E!(AEXl + ATJYl)dx1dY1} 
-00-00 XZ 

with the phase factor given by 

Thus, the three-dimensional Fourier transforms discussed earlier have become 

four-dimensional transforms with an associated complication in describing the effects 

of random processes on the waveform. 

For these purposes, a snapshot in time of the two-dimensional waveform is 

assumed available, and, through a phase-shifting method the distorted X and Y 
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wavefront shears are available. The goal is to use an established model of the 

random atmospheric-induced phase fluctuations to pollute the wavefront data. Based 

on this a priori knowledge of the "noise" sources, a filter is constructed and its 

performance assessed. The creation of a simple model describing the statistics 

associated with atmospheric-induced phase fluctuations starts with a model for 

refractive index at optical frequencies given by 

fJ = 1 + 77.6(1 + 7.52 x 1O-3A -2) P x 10-6 

T 

where A = wavelength, P = atmospheric pressure in millbans, and T = temperature 

in degrees Kelvin. Random fluctuations observed in the refractive index are caused 

mainly by local random fluctuations in spatial distribution of temperature. 59 Larger, 

global-scale temperature changes driven by differential solar heating rates are spatially 

randomized by turbulent convective flow resulting in a reduction of the turbulence 

coherence to smaller and smaller values over time.60 The Kolmogorov model of 

turbulence identifies three spectral regions where the principal contribution to the 

turbulent power spectral density are contained. 

Region 1: Small Wavenumbers, K < < Ko. 

The portion of the spectral region comprises the largest scale turbulence where 

most of the solar coupling initially occurs. 

Region 2: Wavenumber ~ Ko. 
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A transition of scale begins to occur in this region where the initially formed 

large-scale turbulence breaks up into an intermediate, smaller scale 

disturbance. The range of turbulent coherence is roughly characterized by the 

outer scale parameter given by 

Region 3 

211" Lo =
Ko 

This region is described by Kolmogorov as the inertial 

subrange. The Kolmogorov power spectral density is given as 

with Cn 
2 described as the structure constant. 

There is a subclassification of the inertial subrange where viscous damping rapidly 

dissipates very small scale turbules61 that is not addressed here since rapid decay of 

turbulence in this size range results in a modest contribution to the power spectrum. 

The inertial subrange turbulence power spectral density given by Kolmogorov does 

show an essential singUlarity as k ~ 0 which is unphysical. A modification of the 

original power spectrum was suggested by Von Karman62 given by 
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This modification is used for the purposes of exercising the deconvolution routine 

developed here. The cumulative effect of turbulence on an optically transmitted beam 

can be further subdivided into a long time scale versus short time scale observation.63 

A long exposure that does depend on the local wind velocity can be categorized as 

T ~ 0.01 seconds. 

Conversely, a short exposure can be defined as 

T ~ 0.01 seconds. 

For the purposes here, the effects of short-exposure turbulence will be examined. 

The assumption of frozen turbulence will be adopted consisting of limiting image 

degradations to fixed patterns of refractive index changes moving across the 

propagation path driven by prevailing wind conditions. Fried64 has treated this 

problem thoroughly with the principal result that the wave structure functions can be 

explicitly calculated given by 

orr mWI ~." = exp { -3.44 [ t r [1 - (a~~tn)]} 
~ = average wavelength 

v = spatial frequency 

--""-""-



Do = (spatial) aperture diameter 

(){ = adjustable paramter 

f = focal length. 
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ro is the transverse correlation length of the turbulence known as the Fried parameter. 

This expression characteristically depends on the diameter of the imaging system 

aperture, through an aperture size-dependent tilt term. This is true only for short 

exposures. However, it is important to note that overall image resolution, exclusive 

of tilt terms for short exposures, is maximized for Do = «(){}:.fo)lf2.65 

The creation of a robust simulation of the effect of even weak turbulence is 

complicated. However, such models already exist and are accessible. For the 

purpose here, a plane wave was propagated through the atmosphere using the Froelich 

routine. 66 A 256 by 256 matrix was input into the code through an external data file 

and processed using the same deconvolution routine. 

Figure 5.1 shows the effect of inertial subrange weak fluctuation turbulence on 

an initially plane wavefront. Figure 5.2 shows the effect of the same class of 

turbulence on a point source propagating a spherical wavefront, while figure 5.3 

shows the associated spectrum. For both cases, the wavefronts were propagated over 

a horizontal path for a distance of ten kilometers. An external ASCII file is read into 

the reduction routine with a computer-generated shear performed in both x and y as 

shown in Figures 5.4 and 5.5. The first operation performed was an inverse filter to 

deconvolve the shear patterns, verifying the ability of the routine to handle the 

.. _ ...... __ ._ .. __ ... --- ---_ ...•. ' 
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random atmospheric-induced phase fluctuations in the same manner as the previous 

wavefront reductions with comparable accuracies. A file consisting of the difference 

of the input composed to the deconvolved output was created and displayed in Figure 

5.6. The deconvolution of the frequency domain shear data produced very good 

facsimiles of the input wavefront even with large, random phase fluctuations present. 

After the inverse spatial filtering process is completed, the spatial power spectrum 

of the distorted plane wavefront is computed. The effect of the turbulent atmosphere 

introduces a distortion of the wavefront extending down to low spatial frequencies. 

For the case of the plane wave input, the power spectrum shown is that of the 

turbulence. In the event that a point source is present, knowing the range to the point 

source allows a computation of the radius of curvature of the spherical wavefront at 

the detector with a resultant separation of the turbulence-induced spatial frequency 

spectrum from the spectrum of the underlying spherical wavefront. 

In summary, the optimized, windowed inverse filter developed earlier was used to 

process shear data from an optical probe propagated through the turbulent 

atmosphere. A model of atmospheric turbulence was developed which formed the 

basis of an established propagation code. This code, referred to as the Froelich 

routine, serves to create the input to the inverse filter. The deconvolution filter was 

able to successfully reduce the lateral shear data in the presence of stochastic, additive 

phase fluctuation with the capability to separate spectral content due to random phase 

from that of the underlying wavefront. 
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CHAPTER SIX 

ASSESSMENT OF DERIVED WAVEFRONT ACCURACY 
AND UNIQUENESS OF SOLUTION 

This chapter assesses the fidelity of the reduction method developed by 

performing a ray trace on a representative optical system creating an input to the 

inverse filter. The ray-traced wavefront was created using GENII Plus with an 
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external data file transferred into the filter routine. A computer-generated shear of 

the GENII plus output is sent through the inverse filter with the reduced output 

compared to the wavefront generated by the ray trace. 

As a final application of the deconvolution method of lateral shear 

interferograms, an optical system is designed, ray traced and the wavefront in the exit 

pupil generated. This wavefront is put into an ASCII file. The resultant wavefront is 

subjected to a pair of orthogonal shears with each shear matrix undergoing an FFT 

operation, inverse filter with window and an inverse transform. A difference file is 

created containing the difference in sag between the ray trace-generated wavefront and 

the wavefront resulting from the deconvolution filter. 

The PC-based version of GENII Plus was used to build the lens system, ray trace 

and create the wavefront in the exit pupil. The lens system chosen is a basic Cooke 

triplet. The system prescription is shown in figure 6.1 with the system layout given 
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in figure 6.2. The system starts with focus of 100 mm, f/3 with a half-field angle of 

10. The lens optimization will use the default merit function with the following 

responses: 

min spot size 0.01 

opd target 1 

cpd target 1 

percent distortion 1 

color weights 1 0.5 0.5 

The chromatic path difference (CPD) is defined as the area between the optical path 

difference at blue and red when plotted verses pupil height. The variables employed 

in the optimization process included: 

radius 

thickness 

refractive index 

glass dispersion 

2,3,5,6 

3,4,6 

all surfaces after 5 

all surfaces after 5 

A macro was created to display the pertinent results of the optimization. The 

composite plot in figure 6.3 contains respectively 

Yfan 

Transverse Aberration verses field height 

Lens Support with Chief and Marginal Ray 

Point Spread Function at Blue, Green and Red 

-----------------
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The wavefront in the exit pupil is shown in figure 6.4. This wavefront was 

sheared and filtered to deconvolve the wavefront data. An inverse FFT was 

performed and a difference file generated as shown in figure 6.5. The rms wavefront , 

difference as computed from the difference matrix is shown in figure 6.6. The 

fidelity of the reduced wavefront is excellent with less than 11500 wave rms 

deviations in the reduced wavefront compared to the source wavefront. A similar 

calculation was performed on an air-spaced achromatic doublet, as characterized in 

figure 6.7. 

Finally, a more complicated, seven-element, short focal length wide-field 

imaging system was assessed using the inverse filter. This imaging system is 

currently in use in support of a variety of test and evaluation applications and is 

described in figure 6.8. In all cases, better than 11500 wave accuracy was achieved 

for the imaging systems tested. 

In summary, a novel method for accurate, fast reduction of lateral shear 

interferograms has been developed and demonstrated for a wide variety of inputs. 

The method shows considerable potential for application to commercial LSI reductions 

as well as use in certain astronomical applications where real-time wavefront sensing 

is important as part of an adaptive optics system. 

The algorithms developed here were fully implemented on a personal computer. A 

Gateway 2000 model 486 class 50 mhz machine was used for all calculations. The 

manipulation of large (> 256 by 256) matrices were time consuming and did require 
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0.9969 a;eess 0.89S1 O.99IfS 9.98112 9.9838 9.09311 

FIGURE 6.6 
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extra random access memory, on the order of 70 megabytes. The PC environment 

fully supports MA TLAB, a commercial code used as the host on which the algorithms 

were coded. The fast Fourier transform routines, graphics calls and intrinsic 

functions were all resident in MATLAB. The MATLAB language is very similar to 

C plus with external calls to C language based subroutines possible through MA TLAB 

using the M-file designation. 

The most time consuming part of the filter operation is the element by element 

manipulation of the spectrum. This operation can be greatly accelerated by realizing 

that most of the matrix entries are zero and thus restrict operations to nonzero entries 

only. For real time applications a dedicated chip to perform the FFT operation is 

needed along with assembly language execution of the filter operating on nonzero 

matrix entries only. This is not overly difficult and well within the state of the art. 

Latencies on the order of 500 to 800 microseconds should be possible, excluding the 

time to phase shift to produce the shearing interferograms. 

In summary, the approach suggested by Dr. Roland Shack in which he 

described the wavefront difference generated in lateral shear as a finite difference 

equation was implemented. The implementation consisted of the creation of the 

computer code in the form of matrix operators to deconvolve the wavefront difference 

data. A modern formalism was developed using an inverse filter to perform the 

deconvolution in the spatial frequency domain, the operation being reduced to one of 

operator multiplication by the inverse filter. A full two dimensional reduction of the 



117 

wavefront difference data was performed with spatial Fourier transforms performed 

on the raw shear data. In order to improve the quality of the transformed data an 

optimal Kaiser type window was constructed. The windowed inverse filter was 

successfully applied to the reduction of three different and important classes of lateral 

shear problems. 

First, lateral shear data containing various combinations and amounts of the 

primary aberrations was reduced. Second, residual surface marks of the type left in a 

diamond turning operator were modeled and subsequently reduced. Finally a robust 

model of atmospheric turbulence was used to distort an initially spatially uniform 

wavefront. The strength of the turbulence was such that many waves of spatially 

random distortion were impressed on the beam. Again the wavefront data accurately 

deconvolved with a separation of the turbulence induced distortion from the underly

ing probe wavefront possible. 

In conclusion, a practical, efficient and accurate means to quickly reduce lateral 

shear interferograms has been presented, tested and found to be accurate over a wide 

range of input wavefronts. The computer code developed was fully implemented on a 

486 class personal computer offering the possibility for widespread application of this 

method of lateral shear data reduction in optical testing. 

-----._--_ ... --_._ .... _._ ... _ .. 



APPENDIX 

%ZZWAV=datai 
x=-1.015625:.0078125:1.015625i 
y=x' ; 
X=ones(size(Y»*(X)i 
Y=(y)*ones(size(x»; 
xX=ones(size(y»*randn(size(x»i 
YY=randn(size(y»*ones(size(x»; 
x=-1:.0078125:.9921875j 
y=X'i 
AX=ones(size(y»*(x)j 
AY=(y)*ones(size(x»i 
a=.Oj 
b=10 i 
c=10 i 
d=li 
h=.75i 
m=.4*sqrt(-1)i 
R=.25*sqrt«X. A2+y. A2» i 
%AR=sqrt(AX. A2+AY. A2) i 
%for ii=1:256 
%for j= 1:256 
%if «ii-128)A2+(j-128)A2)<16384 
%MR(ii,j)=m*sqrt(1-«ii-128)A2+(j-128)A2)/(128*128»i 
%else 
%MR (ii, j) =0 i 
%end 
%end 
%end 
%W=bessela(O,MR) i 
%IMP=.2*bessel(l,89*pi*(AR+.00000001)j./(AR+.00000001)i 
%QUE=IMP.*Wi 
%RR=(XX. A2+YY. A2)i 
%SURF=.Ol*(cos(2*pi*sqrt(RR)/.1»i 
SPH=a.*(R. A4) j 
%mesh(SURF) 
%end 
COMA=b.*(X. A2+Y. A2) .*Xj 
%pause(10)i 
ASTIG=c.*X. A2j 
%mesh(ASTIG) 
%DISTOR=d.*hA3.*Xi 
%mesh(DISTOR) 
%pause(10)i 
for i=1:256 
for j=1:256 
WAV(i,j)=COMA(i,j)+SPH(i,j)i 
%A(i,j)=QUE(i,j)i 
end 
end 
%clear dataj 
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APPENDIX - cont 

for tt=1:64 
ZWAV(t,tt) =WAV(4*t, 4*tt) ; 
end 
end 
mesh (ZWAV) 
print -dwinc 
print -dwinc 
%for i=3:254 
%for j=3:254 
%SXWAV(i,j)=WAV(i,j+2)-WAV(i,j-2); 
%SYWAV(i,j)=WAV(i+2,j)-WAV(i-2,j); 
%end 
%end 
%for i=1:252 
%for j=1:252 
%TXWAV(i,j)=SXWAV(i+2,j+2) ; 
%TYWAV(i,j)=SYWAV(i+2,j+2) ; 
%end 
%end 
%for j=253:256 
%for k=253:256 
%TXWAV(j,k)=O; 
%TYWAV(j,k)=O; 
%end 
%end 
%for i=1:64 
%for j=1:64 
%Q(i,j)=TXWAV(4*i,4*j); 
%W(i,j)=TYWAV(4*i,4*j); 
%end 
%end 
%mesh(Q) 
%print -dwinc 
%print -dwinc 
%mesh(W) 
%print -dwinc 
%print -dwinc 
Z=fft2(ASTIG); 
Pyy=Z.*conj(Z); 
for p=1:64 
for pp=1:64 
APyy(p,pp)=Pyy(4*p-3,4*pp-3); 
end 
end 
mesh (APyy) 
print -dwinc 
mesh (Pyy) 
print -dwinc 
exit 
Y=fft2(TXWAV) ; 
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clear WAV; 
clear QUE; 
clear TXWAV; 
clear TYWAV; 
clear IMP; 
clear W; 
clear MR; 
clear AR; 
clear R; 
clear XX; 
clear X; 
clear SXWAV; 
clear SYWAV; 
clear Pyy; 
pack 
for aa=1:256 
for bb=1:256 

APPENDIX - cont 

if abs(sin«bb-l)*pi*2/128»<.OOOOOl 
K(aa,bb)=O; 
else 
K(aa,bb)=Y(aa,bb)/(2*sqrt(-1)*sin«bb-l)*pi*2/128» ; 
end . 
end 
end 
for aa=1:256 
for bb=1:256 
if abs(sin«aa-l)*pi*2/128»<.OOOOOl 
KK(aa,bb)=O; 
else 
KK(aa,bb)=YY(aa,bb)/(2*sqrt(-1)*sin«aa-l)*pi*2/128»; 
end 
end 
end 
clear Y; 
clear YY; 
SAY=A.*K; 
SAYY=A,"*KK; 
SAK=K; 
SAKK=KK; 
Pkk=SAY.*conj(SAY)+SAYY.*conj(SAYY); 
mesh (Pkk) 
print -dwinc 
print -dwinc 
PPk=SAK.*conj(SAK)+SAKK.*conj(SAKK); 
APPK=K.*conj (K)+KK.*conj (KK) ; 
mesh (PPk) 
print -dwinc 
print -dwinc 
mesh (APPK) 
print -dwinc 

120 



APPENDIX - cont 

print -dwinc 
FWAV=ifft2 (SAY)+ifft2 (SAYY) ; 
FTWAV=real(FWAV) i 
clear Ki 
clear KKi 
clear Pkki 
clear SAYYi 
clear SAYi 
clear SAKK; 
clear SAK; 
%WACK=fft2(DIFF) ; 
%mesh(WACK) 
%pause(28) 
for t=1:256 
CORR(t)=«FTWAV(128,129)-FTWAV(128,127»/2)*(t-128)i 
ACORR(t)=«FTWAV(130,128)-FTWAV(128,128»/2)*(t-129); 
end 
for r=1:256 
for rr=1:256 
CWAV(r,rr)=FTWAV(r,rr)-CORR(rr)-ACORR(r) ; 
end . 
end 
for t=1:64 
for tt=1:64 
AACWAV(t,tt)=FTWAV(4*t,4*tt) ; 
PWAV(t,tt)=CWAV(4*t,4*tt)i 
end 
end 
mesh (AACWAV) 
print -dwinc 
mesh (PWAV) 
print -dwinc 
FIN=.l*real(AACWAV-ZWAV)i 
mesh (FIN) 
print -dwinc 
AXX=max(AACWAV) ; 
AYY=min(AACWAV) ; 
RMS=sqrt(max(AXX)*conj(max(AXX»+min(AYY)*conj(min(AYY») ; 
RMS 
M=max(AXX); 
S=[M M 1]; 
mesh(AACWAV,S) 
print -dwinc 
mesh(PWAV,S) 
print -dwinc 
m 
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