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ABSTRACT 

Various model observers have been applied to the objective assessment of 

medical image quality. However, the relevance of this application to clinical efficacy 

depends largely on how well model observers predict human performance. 

Attempting to answer this question, this dissertation focuses on the investigation of 

a linear observer known as the Hotelling observer and a modified version of the 

Hotelling observer, known as the channelized Hotelling observer. Performances of 

these observers for a signal-known-exactly detection task are calculated and compared 

to the performance of the human observer. 

Several psychophysical studies suggest that the Hotelling observer, formulated 

on the first- and second-order statistical properties of the images, could predict the 

human performance very well. To investigate the effect of certain higher-order 

statistical information on human performance, an experiment was designed in which 

the mean, variance, and covariance of three groups of images were kept the same, 

while the shapes of the image grey-level histogram were varied. The results showed 

little practical difference in the human performance among the three groups; thus the 

higher-order statistical information represented by the shape of the grey-level 

histogram did not influence the human observer's signal-detection performance for the 

task considered in this experiment. 

Another linear model observer, the nonprewhitening observer has been found 

in previous work to predict human performance better than the Hotelling observer for 

images with uniform backgrounds and correlated noise. When the images contain 



13 

nonuniform background and uncorrelated noise, however, the Hotelling observer is 

found to be better in predicting human performance. To unify these results, a 

channelized Hotelling observer was proposed whose performance resembles that of a 

nonprewhitening observer for images with correlated noise, and that of a Hotelling 

observer for images with nonuniform background. Moreover, the channelized 

Hotelling observer is able to predict human performance when images have both the 

nonuniform background and correlated noise. A nonlinear version of the channelized 

Hotelling observer has also been found to predict human performance well. 



CHAPTER 1 

INTRODUCTION 

1.1 A Brief Survey of Medical Imaging Techniques 

14 

Medical imaging, since its birth, has provided a valuable and yet non-surgical 

possibility to see what was unseen before: the internal world of the human body. The 

information obtained from a medical image can be either structural or functional 

depending on the particular technique applied to get the image. The most commonly 

used medical imaging technologies include conventional x-rays, computed 

tomography, nuclear medicine imaging, ultrasonic imaging and nuclear magnetic 

resonance imaging. 

1.1.1 X-ray Imaging 

Conventional x-ray imaging is the earliest developed medical imaging 

technique; to this day, it is still the most widely employed test in various diagnostic 

investigations. The discovery of x rays in the late 19th century promised an 

unprecedented change in the perception of the world: objects that were opaque under 

illumination by visible light became transparent under x rays. This invention has since 

been applied to medicine, which resulted in the maturing of medical x-ray technology 

in this century. Nowadays, it prevails in almost every health-care facility as an 

inexpensive and yet effective diagnostic test. Routinely, it is used to screen for 

abnormalities in chest, breast, and upper gastrointestinal tract, or to detect dental 

cavities and fractures in bones. 
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The technique of x-ray imaging exploits the fact that different compositions of 

the human body absorb different amounts of x rays. This ability of absorbing or 

attenuating radiation is described by a quantity called the attenuation coefficient. Due 

to the different values of attenuation coefficient exhibited by different body 

compositions, a uniform x-ray beam passing through the human body becomes 

spatially nonuniform across the beam. This nonuniformity in the transmitted x-ray 

beam relays information on the spatial locations of different body compositions (such 

as bone, soft tissue, body fluids or sometimes air in lungs), thereby revealing the 

internal structure of the human body. 

An x-ray image records the transmitted x-rays which have been attenuated 

along the path. For a three-dimensional object like the human body, each pixel in the 

x-ray image represents a summation of many attenuation events in the projection 

direction, as illustrated in Figure 1.1. These individual events are indistinguishable; 

only their total effect accumulated at the end of the path is recorded. Therefore, the 

spatial information along the projection direction is packed and unresolvable. This 

geometry of x-ray imaging is frequently referred to as "2D projection of a 3D object." 

1.1.2 Computed Tomography 

The theoretical possibility of imaging a single slice of the body, a method 

called tomography, was established by many mathematical investigations before 1970 

(Radon, 1917; Bracewell and Riddle, 1967; Cormack, 1963); but the fast-growing 

computer technology in the 1970s made it a clinical reality. In computed tomography 

(CT), a thin cross section of an object is examined by pencil-like x-ray beams, 
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Fig. 1.1 Conventional x-ray images: a 2D projection of a 3D object. 
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scanning along a cross section of a 3D object to create one set of projection data 

(Figure 1.2). Many sets of such projection data are collected within that cross-section, 

each representing a unique projection angle. The raw data are then fed into a 

computer, which uses certain algorithm to reconstruct a CT image. 

"Back-projection" is the simplest and oldest algorithm for image reconstruction. 

For each projection angle, this algorithm smears back the data along its many 

projection lines, assigning the same value to all the pixels that lie on the line. This 

value is, of course, proportional to the measured data value for that projection line. 

The above steps are repeated until the data collected from all projection angles have 

been smeared or projected back; and the final pixel value is the summation of all 

these back-projections. Curry et al. gives a simplified explanation of how this 

algorithm works. 

By properly filtering the summation image from back-projection, a better 

reconstruction can be achieved (Barrett and Swindell, 1981). In theory, the quality of 

the reconstruction can be improved to an arbitrary degree for a set of noise-free and 

continuous data, as long as the filter function is appropriately selected. Most 

commercial CT systems use this "filtered back-projection" procedure to reconstruct 

images from projection data. 

Today, the emergence of CT technology is recognized as the most significant 

single event since the discovery of x rays. It revolutionized the field by introducing, 

for the first time, digital methods into diagnostic imaging. It resolved the third 

dimension in medical imaging by focusing one slice at a time and thus generating a 

multiple-sliced 3D image. 
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Fig. 1.2 Collecting projection data in Computed Tomography. 
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1.1.3 Nuclear Medicine 

Nuclear medicine, or radionuclide imaging, refers to a technology where certain 

gamma-ray-emitting radioactive sources are used to make an image. Chemically 

incorporated into a specific type of pharmaceutical compound, the radioactive source 

is injected into the human body before imaging. The choice of pharmaceutical is made 

so that after injection a significant portion of it will go to the particular organ or tissue 

of interest. 

This radiotracer technique allows the observation of physiological function or 

blood flow of various organs without altering or disturbing that flow or function. This 

capacity for functional studies is the primary advantage of nuclear medLne imaging 

over other more structure-oriented modalities such as conventional x-rays, CT, or 

MR!. 

Nuclear medicine images are produced by scintillation gamma cameras, which 

measure the radioactivity emitted by a tracer compound. The image is a 2D map of 

a 3D radioactive distribution in the body, similar to the geometry in conventional x

ray imaging. 

Emission computed tomography (ECT) is the radionuc1ide analogue of x-ray 

transmission tomography. It allows for the imaging of a slice by measuring the profile 

or projection of emission activities at discrete projection angles around the body and 

reconstructing the image through filtered back-projection. Single-photon emission 

computed tomography (SPECT) uses certain radionuclides (such as Tc-99m), which 

emit a single gamma-ray photon per transition. 

The technique ofECT has parallels with x-ray CT, but also has some important 



20 

differences. X-ray CT is based on determination of photon attenuation in body 

compositions, while ECT is based on the measurement of the radioactivity distribution 

within the body. Photon attenuation in ECT is not the main quantity of interest, 

though it tends to degrade the image quality if not corrected. In addition, limited 

count rates in radioisotope studies show up as degradation of image quality in 

comparison with x-ray CT. However, as ECT is not an anatomic imaging technique 

by nature, it is not sensible to compare image quality directly with those obtained 

from anatomic modalities. 

Recently, positron emission tomography (PET) has been introduced to clinical 

settings as another powerful technique for functional imaging. It uses certain positron

emitting radionuclides to label a radioactive tracer. As the positrons emitted by the 

radionuclides slow down, they are captured by an electron. The process leads to the 

mutual annihilation of the positron and electron, and subsequently the emission of two 

51 i Ke V photons traveling in opposite directions. 

This mechanism of photon emission allows a unique detection scheme: 

coincidence detection. Consider two detectors linked in coincidence and placed on 

opposite sides of an object (Figure 1.3). The coincidence system gives a signal only 

when both detectors record the arrival of a photon within some finite resolving time. 

The origin of the photons can be localized along the line connecting the two detectors. 

A ring of detectors is used in an actual system to capture and identify the coincidence 

photons in every possible direction within the plane. 

PET has some advantages over other emission tomography systems. Since the 

coincidence photons have known directions, there is no need for a collimator in front 
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Fig. 1.3 Coincidence detection in Positron Emission Tomography (PET) 
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of the ring detector. Therefore, this imaging technique is of high sensitivity and good 

resolution. Furthermore, many positron-emitting radioisotopes are nuclides of 

biologically significant elements such as oxygen, carbon, and nitrogen; they can be 

incorporated directly into tracer compounds. However, these isotopes are often short

lived, requiring an expensive on-site cyclotron for timely supply. 

1.1.4 Ultrasonic Imaging 

Instead of using high-energy radiations such as x rays or gamma rays, the 

ultrasonic imaging techniques use a radiation whose wavelength is comparable to the 

dimensions of the internal structure of a human body. It is, of course, an ultrasound 

wave. 

When an ultrasonic wave propagates through the body, reflection occurs at 

many discontinuities in the body. When the size of a discontinuity is much larger 

than the ultrasonic wavelength, as in an organ interface, the reflected beam retains its 

integrity as it changes direction. This is called specular reflection. It generates a 

strong echo or a returning beam, which is used in visualizing organ boundaries. 

Another type of reflection, nonspecular reflection, occurs when the size of the 

discontinuity is much smaller than the wavelength. In this reflection, the beam energy 

is scattered in all directions, resulting in weaker echoes. Echoes from non specular 

reflection characterizes the interaction of the beam and tissue parenchyma. In short, 

when an ultrasonic pulse propagates through the body, the returning beam (echo) 

carries 3D information on the many reflectors and scatterers in the body. Thus, the 

data generated from the detected echo depict both the structural boundaries between 
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organs and the tissues within the human body. 

Ultrasonic imaging is different from CT in the sense that it is intrinsically 

three-dimensional. The received echo directly indicates the reflectivity of the object 

in 3D; the propagation beam pattern defines the lateral x and y coordinates; and the 

time delay to receive the echo defines the longitudinal z coordinate. 

1.1.5 Magnetic Resonance Imaging 

MRI uses yet another kind of radiation: the radio-frequency electromagnetic 

field. 

The signals measured in MRI are nuclear magnetic resonance (NMR) signals. 

In a static magnetic field Ba, the magnetic moment mp of a hydrogen nucleus (a single 

proton) precesses about the direction of Ba, defined as the z-axis, in a unique 

frequency, the Larmor frequency (j)L (Figure 1.4a). In a proton-rich sample material, 

many such precessions exist and the sum of all the mp's of processing nuclei results 

in a magnetization vector of M of the material, aligned along Ba since the nuclei 

precess in random phase at equilibrium, cancelling out the transverse component Mxy. 

When a second field B1, rotating at frequency (j)L' is applied in the x-y plane for a 

specific amount of time (a 90° radio-frequency pulse transmitted from an RF coil), M 

will experience a torque in the rotating reference frame x'y'z that brings it down to 

the x'y' plane (Figure l.4b). Once the RF field B1 vanishes, M will relax back to its 

original alignment with Ba, moving along a beehive path in the xyz frame with the 

gradual decreasing of its transverse component Mxy to zero, as shown in Figure l.4c. 

This changes in Mxy (Figure lAd), detected as a surge of current in the RF coil, is the 
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NMR signal and can be received only when the RF pulse has approximately the same 

frequency as the Larmor frequency. 

The bridge between the detecting of NMR signals and the obtaining of an MRI 

image is the signal localization: the association of signals with various spatial 

locations. Since a proton responds only to the pulse frequency that equals to its 

Larmor frequency, and the Larmor frequency is proportional to the magnitude of the 

static field Bo, a z-gradient field is applied to vary the magnitude of Bo along z-axis; 

thus, allowing the selection of a location in z-axis, or a slice perpendicular to z, by the 

pulse frequency. Within each selected slice, different rows are identified by the use 

of a y-gradient field that changes the phase of M in that row. Finally, each row in the 

slice is divided into voxels by an x-gradient field that generates a field gradient along 

x-direction. The combination of all these gradient fields and RF pulses, known as the 

pulse sequence, results in the detection and the localization of NMR signals. 

The contrast of an MRI image is determined by three parameters: the proton 

density, the spin-lattice relaxation time T( (the recovery time for MJ, and the spin

spin relaxation time T 2 (the relaxation time for Mxy). By appropriate manipulation of 

the pulse sequence, the relative influence or weights of these parameters can be 

changed to adjust the contrast between various soft-tissues and anatomic structures and 

to suit a specific imaging purpose. As a general rule, abnormal tissues tend to have 

longer T2 times than normal tissues (Curry et aI., 1990). Thus, images with T2 

weighting are often used for detecting tumor, while T( and proton-density-weighted 

images are more frequently used for displaying anatomy. 

MRI manifests many advantages compared to other modalities. The first and 
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probably the most important advantage is the superb soft tissue contrast resolution. 

This characteristic is intrinsic to MRI since the difference in proton density, Tl and 

T 2 is much greater than that in attenuation coefficient between soft tissues. Second, 

it is generally considered a non-hazardous technique in the sense of being free from 

ionizing radiations or the injection of contrast materials, even though it is scientifically 

undetermined what are the long term effects of exposure to static magnetic field and 

radio-frequency electromagnetic field. Third, MRI has a higher resolution than PET; 

and with its potential for functional study being closely investigated at the present 

time, the future of MRI is yet to be seen. 

So far, five different modalities in medical imaging have been discussed: 

conventional x-ray imaging, CT, nuclear medicine imaging, ultrasonic imaging and 

magnetic resonance imaging. All these imaging techniques play vital roles in the 

screening and diagnosis of many different disease processes, while each has its own 

advantages and disadvantages. In general, they are complementary to each other. 

Table 1.1 gives a brief comparison of several medical imaging techniques 

discussed in the above text. The comparison is made on the four aspects: the source 

of imaging, the property being imaged, the type of information obtained from the 

image, and the clinical applications. 

There are numerous textbooks for medical physics and medical imaging 

courses in which extensive discussion on anyone of these modalities can be found. 

For greater details, especially in the physical aspects of the imaging methods, several 

text books on medical physics and radiological imaging are good places to start 
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Source of Mechanism Clinical Clinical 
radiation information applications 

Conventional x rays Measuring the Anatomical Chest; bone; 
x-ray imaging attenuated dental; 

radiation breast cancer 

CT x rays Same as above Anatomical Neurological; 
except imaging a head; 
slice of an object abdominal 

Radionuclide y rays Measuring the Physiological Abdominal; 
imaging distribution of dynamic 
(ECT; PET; radionuclide cardiac study 
SPECT) 

Ultrasound Ultrasoni Measuring the Anatomical Soft-tissue; 
c waves time interval and obstetrics; 
1-15MHz between the physiological cardiology 

transmission of a 
pulse and the 
reception of its 
echo 

NMR Magnetic Measuring proton Anatomical, Brain; 
imaging and distribution and physiological abdominal; 

electro- relaxation time (likely in the bone 
magnetic future) 
field 

Table 1.1 A brief comparison of several medical imaging techniques 
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(Barrett and Swindell, 1981; Webb, 1988; Curry et al., 1990; Hendee and Ritenour, 

1992). 

1.2 Image Quality in Medical Imaging: a Mystery or an Impossible Task? 

The evaluation of a medical imaging system requires, ideally, an unambiguous 

definition of image quality. Unfortunately, image quality in general is not yet well 

defined. When deciding which image has the better quality, different criteria have 

been applied, ranging from a multidimensional model (Ahumada, 1992; Hearty, 1992; 

Kotani, 1992) to a simple aesthetic appeal to an arbitrary observer, as evidenced so 

frequently in the image-processing literature. 

Certain physical properties of an image are commonly used as figures of merit 

to measure the image quality. For example, resolution, contrast, noise properties, 

Modulation Transfer Function (MTF) and sometimes the amount of aberrations in the 

image. Each of the terms determines precisely one aspect of a complex problem of 

image quality . Yet there is seldom any consideration of how this aspect relates to the 

overall issue of image quality within the context of the specific purpose that image 

serves. 

1.2.1 Defining Image Quality 

In medical imaging, obtaining an image is only one step of a process whose 

overall purpose is to reach a correct diagnosis regarding the state of health of a 

patient. A generic description of such a diagnostic imaging system is shown in Figure 

1.5. The process starts with obtaining images from the imaging system, follows by 
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feeding the images into a decision-making step, along with other available information 

such as patient history and test results from different procedures and ends with the 

final outcome, a diagnosis. 

Clearly, the quality of this diagnosis depends on a wide variety of things 

besides the image quality. To associate a one-to-one correspondence between the 

image quality and the diagnostic quality, we have to assume that all the other factors 

influencing diagnosis are kept the same. Given this paradigm, a clear linkage between 

image quality and diagnosis can be seen. 

Under this notion, many researchers (Myers 1985; Fiete et al., 1987b; Rolland, 

1990) have proposed that the quality of a medical image, or the performance of an 

imaging system, can best be represented by the quality or the truthfulness of the 

image-based diagnosis. 

To determine the quality of an image or image-based diagnosis, three elements 

must be carefully identified. The first one is the type of object being imaged. 

Images of different objects tend to place different requirements on the imaging system 

to achieve a good diagnosis. For detecting abnormalities, an image of the thyroid 

requires high spatial resolution, due to the small size of that particular organ, while 

an image of the liver requires high radioactive contrast rather then high resolution, 

since the lesions in a liver are relatively big. 

The second element is the task to be performed on the image. For example, 

a physician may be asked to determine whether a tumor is present or not in a given 

image. For such a detection task, the signal-to-noise-ratio of the image may very well 

be the deciding factor in determining image quality. Sometimes, other information is 
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desired and must be estimated from various medical images, such as how much blood 

is pumped out of the heart on each beat, or how much of a particular radioactive 

tracer is taken up in a certain region of the brain. For such an the estimation task, it 

may be the image resolution that defines image quality. Theoretically, Barrett (1990) 

has shown in great detail that the assessment of image quality is rather task-specific. 

Barrett points out that the signal-to-noise ratio (SNR) for a classification task equals 

to the SNR for a related estimation task times four factors. These factors represent 

the effects on SNR values by the signal size and contrast, conspicuity of the signal, 

bias in the estimation task, and noise correlation. 

The third element is the observer who performs the task. Given a class of 

objects and a task to perform on the images, different observers may arrive at different 

diagnoses. For human observers, experience and training result in various skill levels. 

Two observers at different skill levels give distinctive performances. Furthermore, 

even for those with a similar skill level, different individuals tend to hold different 

criteria, thus arriving at different diagnoses. All these intra-observer differences 

disappear when a mathematical observer, or a model observer, emerges. A model 

observer is an algorithm that inputs a series of images, runs a numerical calculation 

on them and outputs a decision for each image. A statistical analysis for a given 

image produces a figure of merit, or a performance index, by the model observer. The 

value of the index is often associated with how the model observer views those image 

or how good those images are in the "eye" of this model observer. Defined by its 

mathematical form, each model observer has a unique way of extracting information 

from images. Its performance mayor may not agree with that of a human observer, 



32 

given a specific type of object and a particular task. 

Therefore, an evaluation of image quality must take into account not only the 

physical characteristics of the imaging system, but also the kind of object being 

imaged, the nature of the information to be extracted from the image, and the way in 

which the information will be extracted. 

1.2.2 Evaluating Image Quality 

The complexity of the relation between a diagnostic system and its final output, 

the diagnosis, makes the evaluation of such system a very difficult task. Nevertheless, 

such evaluation is essential to the development of medical imaging techniques. A 

widely accepted way of assessing image quality or evaluating imaging system is to 

perform a complete clinical study (Swets, 1988). 

Clinical study 

A clinical study is a process that imitates, to the greatest extent possible, the 

actual performance of the diagnostic system in a clinical environment. It often 

includes the selection of test cases and observers, a practical test procedure and an 

accuracy analysis of the result (Swets and Pickett, 1982). 

One of the distinguishing feature of such a study is the case-collecting process. 

For each disease category, the appropriate cases must be carefully selected. The truth 

about these cases should be based on diagnoses confirmed by biopsy or sometimes 

autopsy. Furthermore, the total number of selected cases has to be large enough so 

that the variations within a disease category and between cases can be averaged out. 
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Moreover, the result of a clinical study is good only for the specific disease 

category on which the study is performed. If one wishes to evaluate the system's 

diagnostic performance for another disease category, the entire process would have to 

be repeated, starting from case selection. Therefore, a complete clinical study 

regarding the performance of a diagnostic system can be extremely time-consuming 

and expensive. 

Phantom study 

One way to avoid the difficulties of case-selection is to focus on a class of 

artificial objects called phantoms. A study that uses a phantom to perform system 

evaluation is called a phantom study. Since the properties of such a phantom are 

exactly known and easily manipulated or adjusted, a phantom study is much less 

demanding than a clinical study. One sacrifice made for the simplicity of a phantom 

is, of course, the relevancy of the study result toward its clinical purpose. 

Clinical studies and phantom studies are complementary rather than exclusive 

procedures. Being an ultimate test on the system performance, a clinical study is 

always a requirement before any system is put into clinical use. On the other hand, 

a phantom study is quite handy at the laboratory stage for repeated tests of a 

prototype. 

Observer study and model observers 

Both clinical and phantom studies may include an elaborate observer study to 

minimize the impact of statistical variations among different observers. Different 
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observers, however, tend to extract different amounts of information from a medical 

image, depending on the individual's experience and training. It is therefore critical 

to select those observers who are at a similar skill level. To overcome the random 

variations among the same level observers, a large number of observers is required so 

that their responses can be averaged to reduce the inter-observer error to an acceptable 

range. An observer may have to be asked to read an image repeatedly to reduce the 

intra-observer error. Each observer reads through a large number of images, reports 

the diagnosis of each image, and gives hislher confidence in that diagnoses. These 

confidence responses are then collected as primary data and analyzed to produce a 

Receiver Operating Characteristic (ROC) curve (Metz, 1978, 1986, 1989). The area 

under the ROC curve (AUC) provides a clear index of observer performance: the 

larger the area, the better the performance. More detailed discussion on the theory and 

method of ROC analysis can be found in Chapter 3 and Chapter 6. 

Just as phantoms are introduced to eliminate case variations in a clinical study, 

model observers come into the picture to eliminate the variations among observers. 

A model observer is theoretically determined and does not "fluctuate". It follows the 

same rule as human observers to judge each image presented to it, making decisions 

that are 1 00% repeatable. Replacing human observers with model observers simplifies 

tremendously the procedure for evaluating observer performance. It transforms the 

long and monotonous session of image-reading into brief computer codes, executable 

at any time. 

The success of a model observer depends largely on how well it predicts the 

performance of a human observer. A model observer becomes a reliable tool for 



35 

image quality analysis if and only if it tracks human performance closely under given 

circumstances. 

1.3 The Scope of This Dissertation 

This dissertation is focused on the questions: how well does a model observer 

predict human performance? What kind of model observer has the best prediction of 

human performance? 

1.3.1 Image, Task, and Observers 

Images 

The images used for quality assessment in this dissertation were ail computer 

simulated. The image size was 128x128 pixel2
• The object had a randomly varying, 

nonuniform background whose statistical properties were well defined. A signal may 

or may not present in the object. But if there was a signal, it was always located in 

the center of the object, with controlled size, profile and intensity. Images were 

obtained by convolving the object with a point-spread function of an imaging system 

(it was assumed that the imaging system was shift-invariant and rotationally 

symmetric). Then, Poisson noise was introduced into the image. If noise correlation 

was desired in the image, a post-processing filter followed. 

Task 

The task for the observer to perform on these images was signal-detection. 

When presented with an image, the observer determined if there was a signal present 
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or not. The size, shape, and location of the signal were exactly known to the 

observer. The contrast of the signal, defined by a signal-to-background-ratio, was 

adjusted to the appropriate level of difficulty for the task. 

Observers 

Several model observers are applied to assess image quality (Wagner and 

Brown, 1985; Myers and Barrett, 1987; Barrett and Rolland, 1989; Barrett et al. 1991 

and 1993; Yao and Barrett, 1992; Burgess, 1994). Among them are the ideal 

observer, the quasi-ideal nonprewhitening observer, the Hotelling observer, and the 

channelized ideal observer. All of them operate linearly on the image data. The next 

section offers a detailed discussion to these model observers. 

Since the purpose of this research is to investigate how various model 

observers relate to their human counterpart, it is frequently required to compare the 

performance of model observer with that of a human observer. The performance of 

human observers is measured through psychophysical studies, while the performance 

of model observers is computed based on test statistics derived from the signal

detection theory or other discrimination theories. 

1.3.2 Background on Model Observers 

Many researchers have investigated various model observers. The ideal 

observer, sometimes called the Bayesian observer, seems to have received the most 

attention in the past decade (Wagner and Brown, 1985; Myers, 1985; Wagner and 

Barrett, 1987; Wagner et al., 1990). An ideal observer has full statistical knowledge 
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of the images and uses this knowledge optimaliy when performing a task. Thus, the 

ideal observer sets an upper limit to the performance of any other observer, including 

the human observer. In general, the ideal observer performs nonlinear operations on 

the data. However, for a signal-known-exactly detection task and under the 

assumptions that the images are stationary and have Gaussian distribution, the ideal 

observer reduces to a linear observer. In this special case, this simple observer that 

performs a prewhitening and then matched-filtering operation on the image data, is 

known as the prewhitening observer (PW). When the images are not only stationary 

and Gaussian, but also have uncorrelated or white noise, the ideal observer becomes 

even simpler: another linear observer that performs only the matched-filtering 

operation without prewhitening. This observer is known as the nonprewhitening 

observer (NPW). When applying it to situations where the image noise is stationary 

and Gaussian but not white, the PW observer is ideal while the NPW observer is 

sometimes referred to as the quasi-ideal observer (Wagner and Brown, 1985). 

One appeal of the NPW model is that there is some evidence that human 

observers cannot prewhiten either (Burgess et al., 1982; Burgess, 1984). Myers 

(1985) performed a psychophysical study where the task was detection of an exactly 

known signal on a uniform background with strongly correlated noise produced by 

band-pass filtering. The results showed that the human performance was better 

predicted by the NPW model than by an ideal observer. However, a PW observer 

modified by an inclusion of a channel model, known as the channelized ideal 

observer, was found to have a similar capacity (Myers, 1985). 

Since the performance of an ideal observer is not, in general, calculable when 
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signal or background is random, another linear observer, derived from a population 

discrimination theory first proposed by the statistician Hotelling (1931), has been of 

increasing interest in recent investigations (Gu and Lee, 1984; Smith and Barrett 1985; 

Fiete and Barrett, 1987a; Fiete et al., 1987b; Barrett et at., 1988). 

Recent work has shown that the performance of a Hotelling observer tracks 

well the performance of a human observer in various detection tasks. Fiete et at. 

(1987c) studied simulated liver images with noise, blur, object variability, and with 

or without tumor. They found that the Hotelling observer's ability to distinguish 

images with tumor from those ones without had a 0.988 correlation with the human 

observers' ability to perform the same task. Subsequently, they suggested that the 

detectability of the Hotelling observer could be used as a figure of merit in system 

optimization, thereby avoiding time-consuming psychophysical studies. White et al. 

(1989) did exactly that: they ranked 24 parallel hole collimators, each defined by a set 

of parameters, according to signal-detection performance of the Hotelling observer. 

Once again, this ranking of the collimators matched the ranking obtained according 

to the human performance for the same task. Later on, Rolland et at. (1992) 

compared the performance of the Hotelling observer and the nonprewhitening observer 

with that of the human observer. The Hotelling observer in this case performs a 

prewhitening operation before matched-filtering image data. Their conclusion was that 

in the presence of background nonuniformity, the Hotelling observer predicted human 

performance well while the NPW observer failed to do so. 

A modified version of the NPW observer has been recently found to fit 

Rolland's psychophysical data well (Burgess, 1994). This new observer includes an 
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eye-filter, a spatial frequency filter that has a shape similar to the human contrast-

sensitivity function. Unlike the NPW observer which uses the absolute image 

amplitude values in a signal-detection task, the modified NPW is believed to be able 

to estimate the difference in the signal and its surrounding background, thus 

resembling the human observer' ability to detect local brightness variations. Even 

though Burgess's results are able to discriminate between the NPW observers with and 

without the eye model in terms of predicting humane performance, the difference in 

the same regard between the Hotelling observer and the NPW observer with the eye 

model is yet to be investigated. 

1.3.3 Overview 

In Chapter 2, the basic elements of the human visual system will be briefly 

introduced. The concept of visual pathways in the visual system will be discussed, 

and the physiological and psychophysical evidence supporting such concepts will be 

selectively reviewed. In the last part of the chapter, several detection models of the 

human visual process will be examined, including the spatial-frequency-channel 

model. 

Chapter 3 will be a brief review of signal detection and statistical decision 

theory, from which the ideal observer and its two special cases, the PW observer and 

the NPW observer, will be derived. Also, the other linear discriminant, the Hotelling 

observer, will be introduced. 

Chapter 4 discusses the image simulation procedures. The images are 

generated by convolving the object, consisting of a known signal and a random 
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background, with a Gaussian point spread function simulating a pinhole camera 

imaging system. Uncorrelated Poisson noise is then added to the image and a post

processing filtering is performed to introduce noise correlation,. The random process 

that generates the images is assumed to be stationary. 

In Chapter 5, the performance indices of the Hotelling observer and the 

nonprewhitening observer are derived, using the statistical properties of the simulated 

images as defined in Chapter 4. To predict human performance on images with both 

nonuniform background and correlated noise, a novel model, the channelized 

Hotelling observer, is proposed. The new observer incorporates a preprocessing 

mechanism that resembles information processing in the human visual system. The 

performance indices for this channelized Hotelling observer, and for its variant, the 

nonlinear channelized Hotelling observer, are also calculated. 

Chapter 6 reports two psychophysical studies that measure the performance of 

the human observer on signal-known-exactly detection tasks using images with various 

statistics. The first study investigates the effect of grey-level histograms on human 

performance. In this study, the mean, variance and covariance of three controlled 

groups of images are exactly the same, while the shapes of their grey-level histogram 

vary from exactly Gaussian to approximately Gaussian to distinctly non-Gaussian. 

The result shows that the shapes of the grey-level histogram have no practical 

influence over the human's signal-detection ability. The second study measures 

human performance on images with both nonuniform background and correlated noise. 

A comparison is also made between human performance and the various model 

observers' performance. The conclusion is that the channelized Hotelling observer, 
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both the linear and nonlinear model, can account for a wide range of psychophysical 

data collected so far. 

Chapter 7 will present the conclusions of this dissertation and some suggestions 

for further research directions. 
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CHAPTER 2 

SPATIALLY TUNED PATHWAYS IN THE HUMAN VISUAL SYSTEM 

Human vision, the ability of a human to perceive the surrounding world in 

vivid colors, shapes, and motions, has always been a fascinating subject for scientists 

striving to understand how the human eye and brain work together to achieve such a 

wonder. Their research in understanding vision impacts on many scientific disciplines, 

ranging from physiology and neurobiology to psychophysics. 

There are three major steps in human visual processing (Figure 2.1). The first 

step is the formation of a retinal image in the eye, accomplished by the eye lens, 

muscles, and other non-retinal parts of the eye. The second step involves information 

transfer and processing from the retina to the visual cortex - the areas in the brain 

responsible for visual functions. The third step is the higher-level processing and 

interpretation of visual information in the visual cortex. 

This chapter focuses on the second step in the human visual process: the ways 

the visual information is transferred from the retina in the eye to the visual cortex in 

the brain. Many physiological and psychophysical studies have suggested the 

existence of individual pathways for the transfer and processing of visual information 

(Sachs et al., 1971; Stromeyer and Julesz, 1972; Halter, 1976; Schiller et al., 1976; 

Mostafavi and Sakrison, 1976). These pathways are parallel in anatomic structure, 

independent as information carriers, and highly selective towards certain spatial 

properties of a given visual stimulus, such as the location, orientation, and spatial

frequency content of the stimulus. 
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In the first section of this chapter, the concept of a visual pathway is 

introduced. A visual pathway is made up of a chain of neuronal structures 

synaptically linked together, extending from the retina in the eye to the visual cortex 

and other areas in the brain. The physical existence of such pathways is made clear 

by many physiological and neurobiological studies. Many such studies are described 

in a book written by D.H. Hubel (1988) who pioneered the investigation of brain 

function at the cellular level during the 50s and early 60s and won a Nobel Prize 

subsequently. The discussion in the first section is based on the material provided by 

this book. 

The second section discusses one interesting characteristic of visual pathways: 

the selectivity towards certain spatial properties (Olzak and Thomas, 1986). This type 

of selectivity is referred to as spatial tuning of the pathways. The evidence supporting 

the concept of spatial tuning is derived both from physiological experiments, which 

investigate tuning characteristics of individual neurons, and from psychophysical 

experiments, which study the properties of an entire pathway (involving millions of 

neurons). In particular, the evidence supporting spatial-frequency tuning is reviewed. 

Evidence supporting other tuning characteristics can be found in the review article 

written by Olzak and Thomas (1986). 

In the last section, two general detection models that incorporate the concept 

of individual pathways are introduced. The discussion concentrates on two points: 1) 

the way the response from each pathway is collected; and 2) how these responses are 

pooled together to generate a single decision for a given detection task. 
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2.1. Visual Pathways 

The human visual system is a part of the central nervous system. 

Understanding the working of any part of nervous system requires knowledge of 

cellular properties of its elementary units, the neurons. 

2 .1.1. Neurons 

Nerve cells, or neurons, are the basic elements that form the brain. They are 

specialized in transmitting and receiving nerve signals to and from other nerve cells. 

The cell body of a neuron has the usual globular shape that resembles most other 

types of cells. Like those other cells, a neuron has those organelles commonly found 

in cell bodies, such as the nucleus, mitochondria, and other subcellular structure; these 

parts of a neuron are responsible for the normal cell functions. 

What makes a neuron different is the existence ofaxons and dendrites, the 

nerve fibers that stretch out from the main cell body (Figure 2.2). Dendrites are short, 

branching fibers responsible for receiving nerve signals from other neurons. Axons, 

on the other hand, are long, cylinder-shaped fibers responsible for transmitting signals 

to other cells. The physical length of the axons ranges from less than 1 nun to well 

over 1 meter depending on the particular type of neurons. Near the end of an axon, 

the single nerve fiber tends to split into numerous branches from which the nerve 

signal is transmitted to other neurons. 

Nerve signals are passed from neuron to neuron in a unique fashion. During 

signal transmission, the terminal parts of an axon come very close to but do not have 

actual physical contact with the dendrites of other nerve cells. The small gaps 
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Fig.2.2 (a) Structure of a neuron. A neuron consists of many biologically 
essential components such as nucleus and cell membrane to maintain its 
normal cell function. The special functions of the neuron--transmitting 
and receiving nerve signals--are achieved by the nerve fibers branching 
out from the main cell body. One type of those fibers is called the 
dendrites; they are responsible for receiving signals. The other type is 
called the axons who are responsible for transmitting signals. (b) 
Transmission of nerve signals. The small gaps betwen the terminal parts 
of an axon and the dendrites or cell bodies of other neurons are called 
synapses. Nerve signals are transmitted synaptically--across the small 
gap by a process called "chemical transmission". The transmitting 
neuron is called the presynaptic nerve cell and the receiving neuron the 
postsynaptical nerve cell. 
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between the axon terminals and the dendrites are called synapses. Nerve signals are 

transmitted synaptically -- across the small gap by a process called "chemical 

transmission" -- from an axon terminal of one neuron to the dendrites or cell bodies 

of other neurons. The neuron transmitting nerve signals is called the presynaptic 

nerve cell; the neuron receiving signals is called the postsynaptic nerve cell. These 

two neurons are considered synaptically interconnected. 

Richly interconnected neurons tend to cluster together to form a functionally 

distinguishable structure in the nerve system. Hundreds of such structures exist in the 

brain. The intra-structural connections, the connections between two neurons within 

a structure, are established by the short axons, while the inter-structural connections 

are made possible by long axons, bundled together as nerve fibers and extending from 

one structure to another. Many such connections, long or short, are linked in serial 

order as pathways. A good example of such a serially connected system is the visual 

pathway. 

2.1.2. Visual Pathways 

Visual pathways are synaptically linked neuronal structures that run from the 

eye to the brain (Figure 2.3). They start at the retina area in the eye where an optical 

image of the outside world is formed. The light signal contained in the image is then 

converted into an electric signal and transmitted through the optical nerve fibers to a 

structure deep within the brain: the lateral geniculate bodies. This structure consists 

of two small cell clusters, responsible for sorting and relaying visual information from 

the retina. The nerve fibers coming out of the lateral geniculate bodies fan out into 
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a broader band that extends through the interior of the brain and ends in the visual 

part ofthe cerebral cortex. More specifically, they go to the striate cortex, or primary 

visual cortex, where the early processing of visual information occurs. From there, 

the information is sent to several neighboring higher visual areas; each of these sends 

it output to several others. These higher cortical areas in the brain are believed to be 

responsible for further processing and interpretation of visual information. 

At each stage in the visual pathway, there are layers of nerve cells synaptically 

connected together; each contains a larger number of similar nerve cells. For example, 

the retina has three layers of neurons (Figure 2.4). At the back of the retina, there are 

the rods and the cones, the photoreceptors of the eye. The rods, known for dim light 

vision, are far more numerous than the cones, known for bright light and color vision. 

The middle layer of the retina contains bipolar cells, which receive input signals from 

the photoreceptor and send outputs to the cells lying in the front layer of the retina: 

ganglion cells. The axons of ganglion cells extend across the surface of the retina to 

form the optical nerve fiber, through which the outputs of the ganglion cells are 

carried to the next structure in visual pathways, the lateral geniculate bodies in the 

brain. 

2.1.3. Methods to Study Visual Pathways 

Physiological Methods 

There are two distinguishable approaches to study the characteristics of visual 

pathways: the physiological approach and the psychophysical approach. A 

physiological study obtains direct estimates of tuning characteristics of individual 
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neurons. In a typical physiological experiment, a particular neuron in a certain 

structure in the visual pathway is chosen. By stimulating a certain area in the retina 

with light, the response (or the firing ) of that neuron is recorded through an electrode 

physically inserted into the eye or brain of a lab animal. The light signal originating 

in that area in the retina feeds to the neuron of interest through synaptically linked 

layers of neurons along the path. Therefore, the characteristics of that neuron are 

associated with the stimulation of that particular area in the retina. This area is called 

the receptive field of the neuron. 

Physiological studies are frequently carried out on animals like cats, whose 

visual system is less sophisticated then that of a human; and on monkeys, whose 

visual system is more similar to that of a human. 

The results of a physiological study not only disclose the behavior of individual 

neurons, but also provide primary evidence supporting the existence of pathways 

within the visual system. 

Psychophysical Method 

Rather than revealing the detailed information about the behavior of each 

neuron, the result of a psychophysical experiment is generally interpreted as a 

description of certain characteristics of individual pathways, each containing millions 

of neurons. This approach does not measure physical properties of the pathways 

directly. Instead, it draws its conclusions based on the assumptions that: 1) there exist 

synaptically linked neuronal structures called pathways; and 2) the visual information 

is passed from eye to brain through those pathways. Fortunately, scientific knowledge 
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about the existence of visual pathways and their roles in visual process is adequately 

established to support these two assumptions. 

A psychophysical study measures the perception performance of an observer 

on a given stimulus or stimuli regarding various tasks such as detection, 

discrimination, and identification. A detection task is one where an observer is asked 

to detect a given stimulus or signal superimposed on background illuminance; a 

discrimination task is one where the observer is asked to tell the difference between 

two given patterns; an identification task is one where the observer is asked to match 

a given pattern with one of several previously shown templates. 

There are two general approaches for measuring perception performance in a 

psychophysical study. When the target stimulus has very low contrast, the 

measurement is done by manipulating the stimulus contrast so that it is "barely 

detectable". This minimum contrast required for detecting the stimulus is called the 

threshold contrast. The reciprocal of the threshold contrast is the contrast sensitivity, 

which is a widely used measure of low-contrast perception performance. 

The second approach estimates the probability that an observer correctly 

performs the required task (the probability of correct detections in a detection task). 

This estimate is often linked to a term called detectability, or d', derived from the 

signal detection theory (see Chapter 3). Just like the contrast sensitivity in the first 

approach, d' is used as a figure of merit in evaluating perception performance in the 

second approach. 
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2.2.1 Spatial Tuning 

53 

The phrase spatially tuned refers to the fact that response of a pathway to a 

given stimulus is often determined by the spatial characteristics of that stimulus. Such 

characteristics include the location of the stimulus imaged on the retina, the orientation 

of the stimulus, and the spatial-frequency content of the stimulus. 

A pathway is activated by a group of cells connected together in one area of 

the retina; that area is known as the receptive field of the pathway. The pathway 

responds directly only to those stimuli imaged in its receptive field. Different areas 

in the retina correspond to the receptive fields of different pathways, and subsequently, 

these areas activate different pathways. This kind of selectivity by various pathways, 

with respect to the stimulus spatial location, is called location tuning. 

Orientation tuning andfrequency tuning, selectivities with respect to orientation 

and spatial-frequency content of a stimulus, are superimposed on top of location 

tuning. This means that two stimuli with different orientations or spatial-frequency 

content may activate different pathways, even if they share the same location in the 

visual field. There is considerable evidence, both physiological and psychophysical, 

supporting the existence of spatially tuned pathways in the human visual system. The 

particular part of it regarding frequency tuning is discussed in the next subsection. 

2.2.2 Evidence Supporting the Concept of Spatial-frequency Tuning 

The main physiological evidence for spatial-frequency tuning arises from the 

study of primate visual cortex cells. De Valois et al. (1982) reported that visual cortex 



54 

cells in the macaque monkey are tuned to different spatial-frequency ranges, showing 

a distinct band-pass characteristic with median bandwidth at about 1.4 octave. An 

octave is defined as a ratio of 2:1 between the higher frequency and the lower 

frequency of a bandwidth. The anatomic arrangement of the cortex cells is suggested 

to be in a columnar organization with cells tuned to a particular spatial frequency 

grouping together in one column, perpendicular to the cortical surface (Tootell et al., 

1981). 

The earliest psychophysical experiments which suggested the existence of 

frequency-selective pathways were reported by Campbell and Robson (1968). They 

used complex repetitive patterns of squares, triangles and sawtooth waveforms, all 

having the same fundamental frequency fo (the lowest frequency in the periodic 

patterns). The findings were that the threshold contrasts of these patterns are the same 

as that of a sine-wave pattern with frequency fo. These complex patterns became 

distinguishable from the sine-wave pattern when their contrasts were raised to a level 

that the higher-frequency components in these patterns reached their individual 

threshold. Their work demonstrated that the visual system has a separate way of 

processing different spatial frequency components in the complex patterns. 

Another type of psychophysical evidence arises from the studies of interaction 

phenomena in the perception of stimuli or stimulus components. An interaction occurs 

when the perception of one stimulus (or stimulus component) is affected by the 

presence of a second one. The first stimulus is referred to as the test stimulus, while 

the second stimulus is referred to as the interfering stimulus. Since the spatial

frequency content of the stimuli is the focus in those studies, the stimuli used are often 
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gratings with various spatial frequencies. 

There is a very important underlying assumption that links interaction 

phenomena to the concept of pathways. The occurrence of an interaction indicates that 

both test and interfering stimulus activate common pathways. Conversely, the lack 

of interaction implies that different, independent, and non-overlapping pathways are 

involved in the perception of two stimuli or stimulus components. 

The evidence supporting the spatial frequency tuning is summarized by three 

very important types of interactions widely studied to understand the tuning 

characteristics of the pathways: masking, pattern-selective adaptation, and summation 

at threshold. 

Masking 

In an interaction phenomenon, the existence of an interfering stimulus often 

affects the perception of the test stimulus. If the effect occurs immediately after the 

appearing of the interfering stimulus, it is called masking; if the effect is gradually 

accumulated over many seconds, it is called adaptation. 

Using a filtered noise pattern as an interfering stimulus or mask, Stromeyer and 

Julesz (1972) demonstrated that the masking of a test grating occurred only when the 

noise spatial frequencies were close to the grating frequency. The masking effect 

decreased by half when the noise cutoff frequency was 0.5-0.75 octave away from the 

grating frequency. 
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Adaptation 

Adaptation is an interaction similar to masking. The only difference lies in the 

time course with respect to the presence of a second stimulus. The effect is often 

labelled as "pattern-selective" because it occurs only when the two stimuli share 

similar spatial characteristics. 

In a study conducted by Blakemore and Campbell (1969), the adaptation effect 

was found to be limited to a spectrum of adapting frequencies with a bandwidth of 

just over an octave, centered on the test frequency. The effect dropped by half when 

the adapting frequency moved out of this bandwidth. 

Summation 

Summation refers to the phenomenon that the visibility of two simultaneously 

appearing stimuli may be different from that if each stimulus appears alone. 

The experimental evidence derived from summation studies is more complex 

than that from the masking and adaptation studies. When the frequency difference 

between the two stimuli exceeds 1 octave, only probability summation is observed 

(Graham and Nachmias, 1971; Sachs et ai., 1971). Probability summation is based 

on the fact that the probability of detecting either stimulus when they appear 

simultaneously is the sum of the probabilities of detecting one when it appears alone. 

This type of summation always exists as long as two stimuli are involved. Yet, on 

top of this "background" summation effect, another type of summation, assumed to 

be caused by the interaction or the activation of a common pathway, can also be 

observed when the frequency difference is less than 1 octave. Watson (1982) found 



57 

that, when using combined truncated gratings, each with a half-octave band of 

frequencies, the summation declined rapidly as the difference between the center 

frequencies of the bands increased. When this frequency difference reached 1 octave, 

the remaining summation was consistent with the amount observed from the 

probability summation alone. 

From these experiments, it is evident that the interactions occur only when the 

spatial frequencies of the two stimuli differ by less than 1 octave. Since the 

occurrence of any interaction indicates common pathways shared by the stimuli, a 

good estimate of the bandwidth of such a pathway is approximately 1 octave. When 

the frequencies are separated by more than 1 octave, little interaction is observed, 

indicating that the stimuli may activate different pathways. 

2.3 Detection Models 

To simulate the process of spatial vision, several detection models have been 

proposed which incorporate the concept of parallel, independently tuned pathways. 

These models generate the output from each pathway in a similar fashion. A step 

called linear filtering is implemented in these models (Blackwell, 1963; Graham, 

1977; Legge and Foley, 1980; Sachss et al. 1971). The output from a particular 

pathway is filtered by the sensitivity function of that pathway. Specifically, 

F j J J I L(x,y,t) Sj(x,y,t)dxdydt 
-00-00-00 

(2.1) 

where L(x,y,t) is the luminance of the stimulus which is nonzero for a finite period 
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of time, Slx,y,t) the sensitivity function of the ith pathway, and Fj the filtered 

stimulus in ith pathway. The sensitivity function Sj can have different profiles over 

coordinates x and y, such as a sharp-edged rectangular function rect(xIL)rect(ylL) or 

a smooth Gaussian function. 

Threshold Models 

What distinguishes these detection models is the way the responses of the 

channels are combined or pooled to produce a decision. There are two approaches to 

combine the pathway responses Fj. In a threshold model (Figure 2.5), the response 

of each pathway is thresholded first to produce a "rj = 1" (detect) or a "rj = 0" (no 

detect) result. The results from individual channels are then combined by the rule of 

probability summation: the probability of detection for the model P( detect) is the sum 

of the probabilities of detection for each channel Pldetect). Mathematically, we have 

L 

P(detect) = 1 - n (1 - Pldetect») , 
i=1 

(2.2) 

where L is the total number of the channels. An approximation to the above 

summation gives a direct relation between the combined output of the pathways F and 

the probability of detection is as follows (Quick, 1974): 

P(detect) = 1 - 2-F" (2.3) 

where 
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n 

F U: FjapiC: (2.4) 
;=1 

The constant a is estimated experimentally. 

One particular version of this threshold model was proposed by Sachs et al. 

(1971). Each of their pathways or channels is selectively sensitive to only a narrow 

range of spatial frequencies, but is responding to the entire spatial extent and all 

possible orientations of the target stimulus. 

Evaluating the performance of this threshold model is difficult. Before being 

combined by probability summation to reach a decision, the outputs from each 

individual channel are thresholded by a unique criterion. This criterion alone, when 

varied to take all of its possible values, results in an ROC curve, with the area under 

as a direct measure of performance of that channel (Chapter 3). Since different 

channels have different criteria, the entire model depends on the combining effect of 

all individual channel's ROC curves; and, yet, the statistical treatment of such a 

combination is not well defined. 

Continuous Models 

In a continuous model (Figure 2.6), the output of each linear filter encounters 

a nonlinear transformation rather than being thresholded to produce a "1" or "0" 

response, as formulated in the following expression: 

(2.5) 

where Gj is a nonlinear function of Fj • After noise is added, the transformed filter 

outputs are then combined in ways different than the probability summation 
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incorporated in a threshold model. A general rule for combining the responses from 

each pathway (rj) is described by 

n 

r = [E (alY'] lip (2.6) 
i=] 

where aj weights the contribution of each pathways towards the final output r and the 

exponent p weights the response r according to the magnitude of each pathway's 

response rj. When p grows larger, more weight is given to a pathway with larger 

response. 
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CHAPTER 3 

MODEL OBSERVERS FOR SIGNAL DETECTION 

A model observer for a signal-detection task is a mathematical algorithm that 

"looks" at a given image and "tells" if there is a signal present in that image. The 

"looking" is achieved by processing the input image data in a way often unique to the 

model observer. This processing results in a variable, known as a decision variable 

or test statistic f.... To make a judgment on whether the signal is present in that image, 

a comparison or thresholding operation is done. When the decision variable f... is 

larger than the threshold value f...c (predetermined by the prior probabilities and 

independent of the image data), one decision (D2) is made. Otherwise, another 

decision (D t ) is reached. Figure 3.1 illustrates the steps of signal detection by a model 

observer. 

The theoretical treatment throughout this chapter is tailored for signal-detection 

tasks. The signals are considered exactly known with deterministic parameters in the 

treatment, while the other elements of an image, such as background and noise, are 

viewed as random variables. The signals are also considered to have very low 

contrast with respect to average background levels. 

A signal-detection problem is intrinsically binary involving two hypotheses: 

The image either contains a signal or does not. The discussion in this chapter is 

formulated as a binary hypothesis problem. Nevertheless, the same line of argument 

is still valid for situations where more than two hypotheses are involved. For an M

hypothesis problem, the decision variable f... is no longer a scalar number as in a binary 
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problem, Instead, a decision variable is a vector ofM-l elements (Van Trees, 1968). 

Section 1 of this chapter introduces the statistical decision theory which 

provides a method for decision analysis and sensitivity test. Section 2 discusses, in 

some detail, the Bayesian approach to signal detection theory. Two formulas for an 

ideal observer are derived under the assumption that images have additive Gaussian 

noise. Section 3 offers another model observer called the Hotelling observer, which 

is based on the early works of Hotelling (1931), Fisher (1936) and Mahalanobis on 

population discrimination. 

3.1 Statistical Decision Theory 

3.1.1 Binary Hypothesis Test 

For a signal-detection task where the signal to be detected is completely known 

to an observer, there can only be two hypotheses about the truth of a given image. 

They are the hypothesis of signal-absent Ho and the hypothesis of signal-present HI. 

Consequently, when asked to perform the test, an observer's decision is also limited 

to the signal-present decision (DI) or signal-absent decision (Do). The four possible 

decision outcomes arise from the combination of the two hypotheses and the two 

decisions: 

(1) Do, when Ho is true; 

(2) DI , when Ho is true; 

(3) Do, when HI is true; 

(4) DI , when HI is true. 

Clearly, (1) and (4) in the above outcomes are true statements regarding the 
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signal existence and therefore, correct decisions, while (2) and (3) are false statements 

and incorrect decisions since they disagree with the true hypothesis, representing the 

possible errors in making a decision. 

There is a certain terminology associated with the four decision outcomes. In 

medical applications, where the goal is to detect or identify certain abnormities (such 

as a lesion) in an image, a decision stating the presence of a signal is a positive 

diagnosis. Thus, a successful detection of an abnormal case or signal-present image 

is called a true positive (TP) or a hit, in radar terminology. A successful detection of 

a normal case or signal-absent image is called a true negative (TN). When a decision 

disagrees with the true hypothesis, it is a false decision. A false negative (FN) is a 

false decision saying no signal when, in fact, there is a signal present. This is also 

known as a miss, since the observer fails to catch the signal. Another type of false 

decision involves just the opposite, saying signal present when it is not. This is a 

false positive (FP) or afalse alarm. Figure 3.2 summarizes the terminology. 

There are four fractions connected with these decision outcomes. The true 

positive fraction (TPF) is defined as the number of true positive decisions divided by 

the total number of the positive cases or signal-present-images: 

TPF = Sensitivity. 
TP+FN 

TP 
(3.1) 

This fraction is also known as the sensitivity of the decision test since it estimates the 

probability of the correct detection of the signal. The true negative fraction (TNF) is 

defined as the total number of true negative decisions divided by the total number of 

the negative cases or signal-absent-images, 
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TNF 
TN 

= Specificity. 
TN+FP 

(3.2) 

This fraction is called the specificity of the test, for it describes the capacity of a 

decision test to correctly identify negative cases. The other two fractions are similarly 

defined and have simple relations to the TNF and TPF: 

FPF = 
FP 

1-TNF, (3.3) 
FP+TN 

and 

FNF 
FN 

1-TPF. (3.4) = 
FN+TP 

The accuracy of a test is defined as the total number of correct decision, both positive 

and negative, divided by the total number of the cases or images M: 

where M = TP+TN+FP+FN. 

3.1.2 Discriminant Function 

A curacy 
TP+TN 

M 
(3.5) 

A decision-making process is a discrimination process. Each observer, human 

or mathematical, has its own discriminant function. 

What is a discriminant function? Consider the following simple example: 

image gj has only two pixels and is drawn from an ensemble of M images {gj' 

j=l, ... M}. (The convention is that all vectors and matrices are printed in boldface, and 

the jth element in vector g is written as g(j) while gj is the jth image from the 
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ensemble g.) Half of the ensemble is signal-free images and the other half contains 

images each with a known signal. When these images are plotted in the multivariate 

data space consisting of the two pixel values, they form two clusters (Figure 3.3). 

Obviously, neither measurement gj(l) nor gi2) can be used as a discriminant to 

effectively separate the two clusters. If the image data are projected along a chosen 

direction as shown in Figure 3.3, the reSUlting variable "- can separate the two clusters 

better than g(1) or g(2). The "- shown here happens to be a linear combination of 

original data g(l) and g(2): 

"-(g.) =ag.(1) +f3g.(2) =a 'g. 
J ] J J 

(3.6) 

where at ::; {a, f3}. This "-(g) is the linear discriminant function that classifies the 

A discriminant function "-(g) is sometimes referred to by other names. It is 

described as a decision variable since a decision is made by thresholding "- at a certain 

criterion "-c. It is also called a test statistic or test function for the same reason. In 

the statistical pattern recognition literatures, "-(g) is called the reduced or extracted 

feature, and the vector a is called feature operator which extracts the feature "- from 

the original data g. 

F or perfect classification with 100% accuracy, a nonlinear discriminant is 

required in the problem illustrated in figure 3.3. Since a nonlinear discriminant can 

be very difficult to implement, most of the model observers discussed in this chapter 

use linear discriminants as their classifiers. 

For any linear discriminant function "-(g), its probability density function is 

most likely to be a Gaussian. The central limit theorem demands that the sum of a 
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large number of random variables has a normal distribution. As long as the number 

of pixels in an image is sufficiently large, which is often true, A(g) is can be 

approximated by Gaussian distribution. 

3.1.3 Test Performance 

To analyze a decision, it is necessary to understand the discriminant function 

and its evaluation methods. 

Detectability Indices 

First, assume that the probability density function of a test statistic A(g) under 

hypothesis Hj is denoted by p(A I Hj ). A good discriminant function should be the one 

that can effectively separate the two distributions peA I Ho) and p(A I H) (Figure 3.4). 

This separability can be quantitatively measured by a parameter called the detectability 

index da defined as: 

d 2 = (AI H) - (A I Ho> )2 
a 

(3.7) 

where cr?=«A-(A I Hi »2 I H). When the two distributions have equal variances and 

prior probabilities (cro=cr), and p(Ho)=p(H)), index da reduces to a simpler form d', 

where 

d'2 = (AIH» - (AI Ho»2 (3.8) 
cr2 

Since the above expression looks very much like a mean-over-standard-
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deviation construction frequently seen in signal-to-noise ratio definitions, d' is 

sometimes called the SNR of the discriminant function A. 

ROC Curve 

Figure 3.4 plots the probability density functions of the test statistic A under 

two hypotheses peA I H j ). To make a decision is to choose a criterion Ac that divides 

the A axis into two parts. The part A > Ac represents the region where the positive 

decision, or the signal-present decision D), is made. And the other part A < Ac 

represents the region associated with the negative decision Do. The probabilities of 

making these decisions under two different hypotheses have been described previously 

in section 3.1.1 as four fractions. The True Positive Fraction is the probability of 

making a positive decision under the positive H) and, therefore, can be related to an 

integral of peA I H)) over the range where A> Ac as shown in the following expression: 

00 

lim TPF = P(D)IH)) [P(AIH))dA 
M~oo • 

(3.9) 

The other three fractions have similar expressions relating to the probability density 

function of the test statistics A as described here by equation (3.10), (3.11), and (3.12): 
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<Xl 

lim FPF = P(D] I Ho) I p(A.1 Ho) dA. , 
M~ca 

(3.10) 

lim TNF = P (Do I Ho) Jp (A.I Ho) dA. , 
M~ca 

-<Xl 

and (3.11) 

"-, 

lim FNF = P(DoIH]) J p(A.IH]) dA. . 
M~ca 

(3.12) 
-<Xl 

The Receiver Operating Characteristic (ROC) curve is a plot of true positive 

fraction (TPF) vs. false positive fraction (FPF), generated by varying the threshold A.c 

from -00 to +00 when making decisions according to the rule: 

(3.13) 

Each point on an ROC curve represents a threshold chosen to produce the 

corresponding TPF and FPF values. The Area Under the ROe Curve (AUC) is a 

figure of merit that is associated with the separation of the two distributions and, 

therefore, an indicator of the discriminant performance. A value of 1 for AUC 

demonstrates perfect separation, while a value of 0.5 defines a "chance" line which 

means that the discriminant is no better than a random guess. Figure 3.5 shows a few 

examples of ROC curves. 

When the test statistic A. is normally distributed under both hypotheses, there 

exists a direct relationship between AUe and the detectability index d': 
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where erf(x) is the error function defined as 

x 

erf(x) = ~ [ exp( -t 2
) dt . 

Vn 

3.2 Signal Detection Theory 

3.2.1 Observation Space 
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(3.14) 

(3.15) 

An observation space is a data space upon which decisions about the truth of 

the hypotheses are made. Given hypothesis Hj , where j=O and 1, various observations 

can be made, each resulting in a sample of the image data g. Many such observation 

events form the observation space~. Depending on the type of the decision that is 

made based on the observations that fall into a certain region of ~, the observation 

space can be divided into two regions, 1::, and 1::0: over the subspace 1::, , D, is made 

regardless the truth of the hypothesis, while over the subspace 1::0 , Do is made. A 

graphic illustration of the concept of observation space is shown in Figure 3.6. 

The probability of making decision Dj given hypothesis Hj , denoted as 

P(D j I Hj ), can be expressed by the following integral over the subspace 1::j : 

P(DjIH) = I p(gIH)dg 
I 

(3.16) 

where i or j = 0, 1, and p(g I Hj ) is the probability density function of image data g 

given hypothesis Hj • 
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Obviously, under the hypothesis Hj , it is a certain event that a decision made 

is either a signal-present (Ho) or signal absent (Ho), or equivalently, 

P(Do IH) + P(DIIH) = J p(gIH) dg = 1 . 
r.+r, 

(3.17) 

3.2.2 Bayes Risk 

Bayes Risk R is the accumulation of the costs of each decision outcome 

weighted by the probability for each outcome to appear (Van Trees, 1968): 

R = coo P(Do I Ho) P(Ho) + COl P(Do I HI) P(H I ) 

+ cIa P(D I I Ho) P(Ho) + CII P(D I I HI) P(H 1) 
(3.18) 

where coo, Cal' clO, and CII are costs assigned to the four outcomes. Since the cost of 

making an incorrect decision is typically defined to be higher than the cost of making 

a correct one, it is assumed that 

Substituting (3.16) into (3.18), 

CIO > coo' and 
cal > c II • 

R = coo P(Ho) I. p(g I Ho) dg + COl P(H I ) I. p(g I HI) dg . . 
+ CIOP(Ho)Ip(gIHo)dg + CIIP(HI)Ip(gIHI)dg. 

, , 

(3.19) 

(3.20) 

U sing equation (3.1 7), we can express the Bayesian risk R in terms of the 

subspace ~o only (Van Trees, 1968), 
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R = cIOP(HO) + cIlP(H) + (cO)-c)))P(H)) [P(gIH)dg 
o 

- (c\O-coo)P(Ho) Ip(g'Ho)dg . 
o 

(3.21) 

3.2.3 Decision Rules 

Bayesian Decision Rule 

To minimize the risk of making decision Do, an optimum division of 

observation space :E must be found by varying :Eo until the risk function R reaches a 

minimum (Van Trees, 1968). The first two terms in (3.21) are independent of :Eo; they 

contribute a positive amount to the total risk. The risk function can be at its minimum 

only when the two integral parts in the same equation are negative, thus cancelling 

partially the positive contribution made by the first two terms. In other words, it is 

necessary to have: 

(CO)-C)))p(H))Ip(g,H))dg < (c\O-coo)P(Ho) Ip(g,Ho)dg . 
o 0 

(3.22) 

Since (3.19) guarantees the positivity of the terms CO)-C II and clO-COO ' (3.22) can be 

written equivalently as 

peg I H) Do (c\O - coo) P(Ho) 

peg I Ho) < (CO) - c))) P(H) 
(3.23) 

This is the condition for minimum risk R when making decision Do. The 

condition that minimize risk R when making decision D) is just the opposite of (3.23), 

the left-hand side is larger than the right-hand side. The ratio on the left side of (3.23) 

is a function of data g. It is called the likelihood ratio and denoted as A(g), where 
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A(g) (3.24) 

The right-hand side of equation (3.23) is determined by costs and prior probabilities 

that are independent of image data. It provides a criterion or threshold value for 

making a decision. If we denote the right-hand side of (3.23) as~, the equation 

becomes: 

(3.25) 

This is called the likelihood ratio test. 

MAP Decision Rule 

Assuming that coo=c))=O, and CO)=cJO=c, to minimize the Bayesian Risk is to 

minimize the total probability of making an error, so (3.18) becomes: 

and the decision rule (3.23) becomes: 

D) 
> P(Ho) 

A(g) < P(H). 
D ) 

o 

(3.27) 

Notice that peg, Hj) = peg I Hj)P(Hj) = P(Hj I g)p(g), and the above decision rule is 

equivalent to: 



DI 
> 

P(H I Ig) < P(Ho Ig) , 

Do 

81 

(3.28) 

where p(Hj I g) is the probability of the hypothesis Hj being true given a set of image 

data g. This probability is called the a posteriori probability. A decision that 

maximizes the a posteriori probability is called a MAP decision. 

ML Decision Rule 

If the prior probabilities are the same for both hypotheses, that is p(Ho) = 

p(H I), the MAP decision rule becomes: 

or in terms of the probability density function of the data g: 

DI 
> 

peg I HI) < peg I Ho) 

Do 

(3.29) 

(3.30) 

This is the Maximum Likelihood (ML) decision which bases its judgment on 

comparing the likelihood or the probabilities of having data g when one underlying 

hypothesis Hj is true. 

Note that these three decision rules, Bayes, MAP, and ML, employ the same 

test statistic, the likelihood ratio A(g), and perform the same test, the likelihood ratio 
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test. What distinguishes them from each other is the threshold being used to make a 

decision. These thresholds are different as summarized in the following: 

Bayes: A 
(c)O -coo)P(Ho) 

c 
(cO)-c)))P(H)) 

MAP: A 
P(Ho) (3.31) 

c P(H)) 

ML: A = 1 c 

Various amounts of statistical knowledge are required to make a decision. For 

a Bayes decision, not only the prior probabilities must be known, but also the cost 

assignments which, in realistic situations, are most often arbitrary. A MAP decision 

requires only the knowledge of the priors and is, therefore, less demanding than a 

Bayesian one. Compared to these two decisions, an ML decision takes into account 

virtually no prior information. In general, an ML decision is the best educated guess 

since it requires minimum amount of knowledge regarding the discriminant task, while 

a Bayesian decision, if reachable, is the most sophisticated one since full statistical 

knowledge is incorporated into the decision-making process. 

3.2.4 Ideal Observers 

An ideal observer is a model observer that performs a likelihood ratio test 

when performing a detection or discriminant task. It is the optimum observer in the 

sense that no other observer, model or human, can perform the task better. Most 

commonly, an ideal observer is nonlinear and very difficult to formulate, although a 

few exceptions do exist. One of those is for signal detection tasks on images with 
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additive Gaussian noise. Under these restrictions, an ideal observer employs a linear 

discriminant function. Two such examples are discussed in this section: one leads to 

a nonprewhitening discriminant when the image noise is white, and the other to a 

prewhitening discriminant when the image noise is correlated. 

Example 1. An ideal observer for images with additive, white, and Gaussian noise. 

Assume image data g consisting of a nonrandom signal Si and an additive, 

white, and Gaussian noise part n. Using the convention we defined earlier in section 

3.1.2, the bold typeface is reserved for vectors and matrices and the regular typeface 

for elements of a vector or matrix. For g represents an image, g(j) is a pixel value. 

The image data under two hypotheses are given by 

Ho: g(j) = soU)+nU), and 
HI: g(j) = s I U) +nU), 

(3.32) 

where j=1,2, ... N, and N is the total number of pixels in an image, and thus the 

dimension of the vectors g, s, and n. Obviously, g(j) has the same statistical 

distribution, the Gaussian distribution, as the noise n(j) does, since the signal is 

nonrandom. By replacing n(j) with g(j)-s(j), the probability density function of p(g(j» 

under hypothesis Hi can be written as: 

(3.33) 

Since there is no correlation between pixels for white noise, the probability density of 

image g under the same hypothesis is simply the multiplication of the density 
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functions for each pixel, as shown here: 

N 1 [[(gU)-Sli)]2] 
peg IH) =: U r;;;;; exp 202 

}=I 27t0'2 

(3.34) 

The likelihood ratio becomes 

rrN [[gu)-souw] 
exp -----

j=1 20'2 

(3.35) A(g) 

N [gU) -SI U)f 
IIexp ---~-
j=1 20'2 

Since the logarithmic function is monotonic, performing a logarithmic operation 

on both sides of the likelihood ratio test will not change the decision rule. The 

following test is equivalent to the LRT defined by (3.25): 

DI 
> 

lnA(g) < lnAc =: Ac 

Do 

The logarithm of the likelihood ratio can be written as 

(3.36) 

(3.37) 

where the first summation term on the right-hand side of the above equation depends 

on data g, and the second summation term is deterministic and independent of the 

data. In the decision process, the second term contributes to the overall threshold. 

The likelihood ratio test becomes 
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N 

!:g(j)f1sU) 
j=1 

Dl 
N 

> 2'\ ~ 1 [ 2U') _ 2(j)] _ '\ I < cr I\,c + L...., - SI So - I\,c 

j=1 2 
Do 

(3.38) 

where ~sG) = SIG)-SOG). For signal-detection tasks, the difference between the means 

of the two data vector gl and go is, of course, the signal to be detected, so long as the 

noise n has a zero mean. 

The left-hand side of the expression (3.38) shows the processing of data g 

before any thresholding or comparison is made. For each pixel (or a data 

measurement) j, the ideal observer correlates the data g(j) with the signal ~sG) by 

multiplying the two. Such multiplication is done for all pixels and the results are 

summed together. This is called a matched-filter operation. 

An ideal observer performs a matched-filter operation for signal detection tasks 

when the signal is exactly known and nonrandom and the image contains additive 

white Gaussian noise. 

Equating the left-hand side of (3.38) to 'A, we can easily have the expression 

for the test statistic of this ideal observer: 

'A
NPW 

= ~Sl g , (3.39) 

where the superscript t denotes a transpose of the vector or matrix that precedes it. 

Figure 3.7 shows a block diagram of the nonprewhitening observer. 

The performance of the likelihood ratio test (3.38) can be evaluated by the 

signal-to-noise-ratio SNR('A) or detectability index d', as expressed in (3.8) in the 

previous section: 
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Figure 3.7 A block diagram of the quasi-ideallnonprewhitening observer. 
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Substitute (3.39) into the above expression, d' becomes 

d/2 (~Sl ~S)2 

~sIK~s 

where K is the covariance matrix of data g. 
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(3.40) 

(3.41) 

Example 2. An ideal observer for images with additive and correlated Gaussian noise 

In the case where the image noise is additive and Gaussian but not 

independent, the probability density function of g is no longer a simple multiplication 

of the density functions for each pixel, as shown in (3.34). Instead, image g has a 

multivariate Gaussian distribution: 

peg IH) (3.42) 

where K j is the covariance matrix of g under hypothesis Hj : 

(3.43) 

The covariance matrix under hypothesis 0 is the same as that under hypothesis 1, since 

the signal is nonrandom and can be subtracted from the image data, leaving only the 

signal-independent noise in the expression of the covariance matrix (3.43). Thus, Ko 

The logarithm of the likelihood ratio is 
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(3.44) 

This first term in the above parentheses is independent of data g and therefore only 

affects the threshold value in the likelihood ratio test. The second and third terms are 

functions of data; they form test statistics A. It is easy to prove that the last two terms 

are equal to each other (8stKIg = gtK-18S), bearing in mind that 1) K is a covariance 

matrix, and therefore symmetric; and 2) term gtK I8S is a scalar number. 

Thus, the likelihood ratio test becomes: 

D2 
t 1 > "11 8s K - g < I\,c (3.45) 

DI 

Compared to the decision rule derived for images with white noise, the 

computation of the test statistic A here involves another step before matched-filtering 

the data g. This extra step offers a filtering operation by K- 1/2 which results in a 

vector K1I2g whose elements represent independent and identically distributed random 

variables, or white noise. This operation is commonly referred to as the 

"prewhitening" operation. Thus, the ideal observer for images with an additive and 

correlated Gaussian noise reduces to a linear model that prewhitens and then matched-

filters the data. This linear observer is known as the prewhitening (PW) observer, 

where 
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(3.46) 

in contrast to the nonprewhitening (NPW) observer in the case of white noise. Figure 

3.8 shows a block diagram of the prewhitening observer. 

The detectability index d' for this prewhitening observer can be derived 

similarly as in the case of white noise, and the result is: 

(3.47) 

In general, the ideal observer defined by the likelihood ratio function is 

nonlinear; its test statistic A does not have a linear dependence on image data g as 

seen in a nonprewhitening observer or prewhitening observer. Instead, it takes a more 

complex form that is often mathematically intractable. Only under the special 

occasions when a signal-known-exactly detection task is performed on images with 

Gaussian statistics, does the ideal observer reduce to a prewhitening observer. 

Furthermore, when the image noise is uncorrelated, the ideal observer is equivalent 

to a nonprewhitening observer. 

3.3 The Hotelling Observer 

3.2.1 Historic Notes 

The strategy of a Rotelling observer is based on the discrimination theory 

proposed in the early 30's by three eminent statisticians Rotelling, Fisher and 

Mahalanobis. Starting with different practical problems, their theories more or less 

converge to answer a common question: How to quantify the discrimination of two 

population distributions? Hotelling and Mahalanobis each suggested a figure of merit, 
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later known as the Hotelling Trace and Mahalanobis Distance, respectively, to measure 

statistical distance between the two distributions. Equivalently, Fisher (1936) derived 

an optimum linear discriminant that maximized the statistical distance. 

Hotelling Trace 

The problem Hotelling was addressing is: given two groups of samples, how 

can one tell whether they belong to the same distribution or not. He proposed a 

quantity called T2, generalized from the Student's t-ratio, as a way of comparing the 

deviation of means from the two groups. 

Fisher Discriminant 

Fisher (1936) looked into a slightly different problem. Given two sets of 

samples drawn from two populations, each sample characterized by several 

measurements gel), g(2), ... g(N), how can one find a linear combination of those 

measurements that best discriminates one set from another? He designed such a linear 

discriminant that performs a prewhitening and then match-filtering operation on 

original data g, and proved that this discriminant maximized the difference between 

the means of the two sample sets with respect to their variances. 

Mahalanobis Distance 

Suppose there two populations of random vectors of dimension N. The 

statistical distance between these populations in a multivariate data space is defined 

by Mahalanobis as the Euclidean distance between the means of two populations 
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weighted by the inverse of the average covariance matrix, or 

(3.49) 

where xl and x2 are the ensemble means and 1:] and 1:2 the ensemble covariance 

matrices of the two distributions. 

3.2.2 The Hotelling Observer 

Rather than requiring full statistical knowledge about the population 

distributions, as in the case of the Bayesian observer, the Hotelling observer bases its 

discrimination rule on the first- and second-order statistics, namely, the mean, variance 

and covariance of the population data. A Hotelling observer can be defined by either 

sample statistics estimated from sample data, or ensemble statistics derived from the 

ensemble properties of the data. The problem treated by this dissertation, the 

ensemble images statistics are well specified, the Hotelling Trace is defined here by 

the ensemble properties. 

Hotelling Trace 

The Hotelling Trace is a scalar number that measures the separability of two 

or more classes of ensemble images in their multivariate space (Fukunaga, 1972; 

Mardia et ai., 1979; Fiete et ai., 1987c). The difference between the Hotelling trace 

J and the generalized Student t-ratio T2 is that the former is defined as an ensemble 

property while the latter is estimated from sample data. Given K classes of images, 

the Hotelling Trace is defined as 
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(3.50) 

where 8 1 and 82 are ensemble matrices that describe the scatter characteristics of these 

classes of images. The inter-class scatter matrix 8 1 can be written as 

K 

8 1 = LPk(g)k -go)(g\ -goY, (3.51) 
k=1 

while the intra-class scatter matrix 82 has the form 

K 

82 = L P k «(g - (g)k)(g - (g)kY) , (3.52) 
k=1 

where Pk represents the prior probability of occurrence of the kth class. 

There are two types of ensemble mean in the expressions of 8 1 and 82• One 

represents the mean averaged over the images within the kth class and, thus, is called 

the class mean, as denoted by (g)k. Another mean represents the average over the 

images in all classes and is called the grand mean ~,where 

K 

go = L Pk(g)k . 
k=1 

There are distinctive physical meanings behind all these mathematical 

definitions of the scatter matrices. Assume there are only two classes of images, as 

in the case of signal detection, and each image has only two pixels. Such an image 

is represented by a single point in 2D data space. An entire ensemble of images in 

the kth class forms a cluster of points in the data space, spread around the class mean 

(g\ as shown in Figure 3.9. SI is the sum of the weighted distances between each 

class mean (g)k and the grand mean~. It indicates how far the class clusters are 



gi2) ------ --

S2 intraclass scatter matrix 
S1 interclass scatter matrix 

"grand mean" 
(gu(1), gu(2» 

class 2 

-- ------r 

'-----g...L..1(l-) ---g2 ..... Cl-) --+ g(1) 

Fig.3.9 The Hotelling trace as a measure of class separability. The two 
ellipsoids in the data space represent the population distribution of 
two classes of images. The SI matrix measures the relative distance 
between the two classe means A and B, while the So matrix 
measures the average spread of two distributions. These two 
matrices determine the value of the Hotelling trace J. 
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scattered with respect to each other in the data space, or the inter-class distance. On 

the other hand, 82 measures the average spread of each individual class cluster, or the 

within-class distance, by taking a weighted average of the covariance matrices from 

each class. 

Formed by the two scatter matrices, the Hotelling Trace J represents a measure 

of the separability between the classes. The larger the distance between class clusters 

(81), the larger the J value, and the more separable the classes are. Conversely, a 

large average spread of the class clusters (82) would bring down the J value, indicating 

the fact that the clusters are less separable. 

In a signal detection problem which involves only a binary task, the matrices 

can take simpler forms. Assume that the two classes of images have equal prior 

probability (P 1 = P 2 = 0.5), the scatter matrix 8 1 becomes 

1 - -/ 81 = -i1gi1g , 
4 

(3.53) 

where i1g = (g) 1 - (g)2' This difference between the mean images of each class is the 

signal to be detected. It is assumed to be very small for low-contrast signal, so that 

the covariance matrices for each class are considered the same (KI = K2 = K) even 

in the case of signal-dependent noise such as the Poisson noise. The scatter matrix 

82 then becomes 

(3.54) 

and the Hotelling Trace J can be written as 
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(3.55) 

Since ag t S2-1 ag is a scalar and the trace of a scalar is itself, the above equation is 

equivalent to 

1 -I -1-
J = -~g S2 ~g . 

4 
(3.56) 

Comparing this expression for the Hotelling trace J to (3.49), the expression 

for Mahalanobis Distance, we can see with a direct correspondence of ~g to 

i - i and S2 to (!:1+!:2)/2, the Mahalanobis Distance Dm2 is, in fact, equivalent to 
1 2 

the Hotelling Trace 1. 

This Hotelling Trace J also satisfies the eigenvalue equation of the matrix 

product S2- 1 SI (Fiete et at., 1987c; Barrett et at., 1988). The equation can be written 

as 

where the corresponding eigenvector u has the form 

-I -u= S2 ~g . 

(3.57) 

(3.58) 

To prove this point, we can substitute the expressions for J and u into the eigenvalue 

equation (3.57), and it is straightforward to show that the left-hand side of the 

equation equals the right-hand side. 

The Optimum Linear Discriminant 

A Hotelling observer uses a linear discriminant 'A to maximize the detectability 
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index d' or the signal-to-noise ratio SNR .. , and equivalently, the Hotelling Trace J as 

shall be seen in the end of this chapter. Assume that this Hotelling discriminant A is 

formed by extracting data g with a feature operator w: 

Ahol = w t g . (3.59) 

As shown in (3.40), the signal-to-noise ratio of this discriminant is written as 

[SNR .. F ;; (Ll~)2 (3.60) 
0" .. 

A standard method of finding a particular w which maximizes the value of this 

SNR/ is to calculate the derivatives of SNR/ with respect to w, and set it to zero 

(Fisher, 1936; Fiete, 1987). Since the signal-to-noise ratio here is a functional value 

of the vector w, the derivative d(SNR/)/dw can be defined as a vector whose ith 

element is determined by differentiating SNR/ with respect to Wi. Under this 

definition, it can be shown that (Mardia et al.): 

(3.61) 

as long as 82 is symmetric. The derivative of the SNR .. 2 can then be written as 

d(SNR;) 

dw 
2 (wt'Llg)Llg t 

(w t 82 w) 

After some simple algebra, the above expression is equivalent to 

(3.62) 



82 W(Wt.L\g) 

w t 8 W 2 

The above equation can now be solved for w. Consider a solution 

-1 -
W = 82 L\g . 
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(3.63) 

(3.64) 

Substituting this solution back into (3.63), it can be proved that the left-hand side 

equals to the right-hand side; therefore, the expression for w in (3.64) is indeed the 

solution to the equation (3.63). 

Combining (3.64) into (3.59), the Hotelling discriminant appears in the 

following form: 

'I _ A- ts-1 
fl.lz(J/ - Llg 2 g . (3.65) 

This is similar to the prewhitening matched-filtering discriminant function Fisher had 

first proposed in the early 1930's, except that Fisher used sample data to estimate it 

while the Hotelling discriminant here is defined in ensemble properties. Figure 3.10 

shows a block diagram of the Hotelling observer. 

This Hotelling observer differs from the ideal observer in many respects. First, 

the Hotelling observer is a linear observer while the ideal observer is not necessarily 

linear. Only under the assumptions of Gaussian image statistics and signal-known-

exactly detection tasks do the ideal observer reduce to a linear, prewhitening observer. 

For a more general problem where those assumptions are no longer valid, the ideal 

observer is nonlinear and often mathematically intractable, while the Hotelling 

observer is still a simple, linear observer which does prewhitening and then a 



,- - -S'l~ - - - - - - - - (L1g)t - --: 

Matched- I 
I 

-'-
I Prewhitening • filtering + I 
I 

g 

I --------------------

Aholg) = (~gy S2-1 g 

Figure 3.10 A block diagram of the Hotelling observer. 

Ahot 

\0 
\0 



100 

matched-filtering operation on data g. Second, even under the special case when the 

ideal observer is a prewhitening observer, its prewhitening filter is still very different 

from that of the Hotelling observer. The ideallprewhitening observer can prewhiten 

the random noise in an image with uniform background (Myers, 1985), while the 

Hotelling observer can prewhiten the randomness from both the background and the 

noise in an image with nonuniform background (Rolland, 1990). In the latter case, 

the image statistics may not be Gaussian, and the prewhitening observer defined by 

(3.46) is no longer ideal. 

The detectability or signal-to-noise ratio of a Hotelling observer can be written 

as 

(3.66) 

which also equals to 4 times the value of the Hotelling trace J according to (3.55). 
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CHAPTER 4 

SIMULATING IMAGES WITH 

NONUNIFORM BACKGROUNDS AND CORRELATED NOISE 

Any picture-taking in real life involves at least three things: the object to be 

imaged, the imaging system, and the resulting image. To simulate an image, one has 

to know something about, or to be able to make some assumptions about, the object 

and the imaging system. In this chapter, the procedure of simulating such images, the 

assumptions made in the simulation, and most importantly, the ensemble properties 

of these images will be discussed. 

The notation used in this chapter deserves some special clarification. In 

Chapter 3, a vector g was used to represent a 20 digital image: the pixels of the 

image are stored in lexicographical order in the vector. This was discrete 

representation of a digital image. In this chapter, when discussing the random 

processes that create the image in the simulation procedure, a continuous 

representation g(r) is preferred, where r indicates the location in the 20 image plane. 

If this random process g(r) were to be detected by an array of digital detectors, an 

integral over the small area of the ith detector element would correspond to the ith 

element in the discrete representation g. Mathematically, it can be written that 

gj = r g(r) d 2r ~ 82 g(rj) , 

J" detector 

(4.1) 

where 8 and rj are, respectively, the size and the location of the ith detector element. 

The physical meaning behind (4.1) is that gj is the total number of incident photons 
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on the detector element, while g(r) is the flux, or the number of incident photons per 

unit area. By this definition, gj is dimensionless and g(r) has a dimension of inverse 

area. 

The other continuous functions such as f(r), b(r), s(r), and n(r), which will 

appear later in this chapter, are similarly defined in relation to their discrete vectors 

f, b, s, and n respectively. 

4.1 Image Simulation 

All images used in this dissertation were computer simulated images of size 

128x128 pixels. Various degrees of blur, object variability, and noise correlation were 

incorporated into the image during the simulation process, resulting in various image 

statistics. The model for simulating the random background was first proposed by 

Rolland (1990) and the model for the correlated noise by Myers (1985). 

The imaging process shown in Figure 4.1 is a simplified version of real-life 

processes. An object consisting of a background b(r) and, sometimes, a signal s(r) 

is imaged through an imaging system characterized by its point-spread-function pt(r). 

Then, white Poisson noise n(r) is added to the noise-free image, producing a sum 

which can be fed to a post-processing filter P2(r) if correlated noise structure is 

desired. An equivalent mathematical description of the above steps is 

(4.2) 

where ** denotes a 2D convolution. The resulting image g is to be used for the 

evaluation of signal-detection performance of both human and model observers. 
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4.1.1 Object 

Conventional x-ray images and nuclear medicine images capture a 3D object 

in a lower dimension by projecting it onto an image plane. Any post-processing and 

manipulation of the resulting image is confined to the 2D domain. 

For simplicity, the object simulated here is also confined in 2D, as a planar 

projection of the real 3D object. A 2D function fer) mathematically describes the 

object. 

A simulated object contains a random part contributed by a background b(r), 

and sometimes, a nonrandom part contributed by a signal s(r): 

{ 
b(r), if Ho ; 

fir) = b(r) + s(r), if HI . (4.3) 

Here Ho is the signal-absent hypothesis, HI signal-present, as defined in Chapter 3. 

Signal 

The signal, if it exists, is always deterministic. It is located at the center of a 

128x128 pixel area with the profile of a Gaussian shape. The signal strength is as and 

the signal size is rs (defined as the half width at which the signal is lie of its peak 

value): 

(4.4) 

Here, the term m/ is included in the denominator of the signal amplitude so that the 

integral of s(r) over the entire image area, or the signal strength, is a constant number 
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as, independent of the variation of signal width rs. The Fourier transform of the signal 

function s(r), denoted as S(p), is shown in Figure 4.2. 

Background 

Many conventional nuclear medicine images frequently reveal a characteristic 

of "lumpiness" or inhomogeneity in their backgrounds. First, a given image is always 

targeted at a particular region in a body and that region itself is almost never uniform. 

Second, the existence of anatomic structures other than the targeted organ may also 

contribute to the nonuniformity in the background. 

To resemble the clinical nuclear medicine images, the simulated backgrounds 

are purposely constructed with a similar lumpy look. A key assumption is made in 

the simulation by assuming that the mathematically ideal background models are 

stationary. Under this assumption, we can then define the power spectrum of the 

background Wb as the 2D Fourier transform of the autocorrelation function Rt, since 

- -
Rb(r) == < (h(ro) - hero)) (h(ro +r) - hero +r))) . (4.5) 

There are two ways to construct such stationary background; each results in a 

well-formulated background model that can be described (Rolland, 1990) by a 

autocorrelation function Rt,(r) with the following Gaussian form: 

Wh(O) r2 
Rh(r) = -- exp (--) , 

? 2 
21tr; 2rb 

(4.6) 

or equivalently, a Gaussian power spectrum: 
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Fig. 4.2 The normalized Fourier transforms of the signal s(r) and 
the background b(r), where the signal width r, = 5.66 pixel 
and the background correlation length r b = 3r,. 
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(4.7) 

where W b(O) and rb are parameters that actually determines the various degree of 

"lumpy" looks, or nonuniformity level, in the background. Details on how to 

construct the backgrounds were discussed in Rolland's dissertation (1990) and will be 

reviewed in a later section. 

4.1.2 Imaging System 

The imaging system is simulated as a pinhole camera (Figure 4.3). A 2D 

object is imaged through the pinhole and projected onto a 2D detector plane. Since 

the sources in nuclear medicine are short-wavelength radiations such as gamma rays, 

diffraction effects from the pinhole are very insignificant and therefore neglected in 

the consideration. 

Assume the pinhole camera system is linear shift-invariant and rotationally 

symmetric; its 2D point-spread-function (PSF) PI(r) is then independent of the angular 

parameter e. We shall model this PSF as a Gaussian function the width of which is 

proportional to the radius of the pinhole rp: 

(4.8) 

where T is the exposure time and K is a constant indicating the efficiency of the 

imaging system. Barrett and Swindell (1981) have shown that, for pinhole imaging 

systems that resemble the one discussed here, K is an imaging-system related 

coefficient given by 1/( 41tD2) where D is the distance between the pinhole and the 
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image plane. A typical numerical value for K is 0.001, which is chosen for the 

calculation throughout this dissertation. Figure 4.4 shows the Fourier transform of the 

point spread function. 

4.2 Simulating Nonuniform Backgrounds 

This section is a brief review of Rolland's treatment of simulating stationary 

nonuniform backgrounds (Rolland, 1990). 

4.2.1 Method #1 

First consider a finite object area A, on which the background is to be 

constructed. To satisfy the stationarity requirement the area A will be allowed to 

approach to infinity in a later stage. 

The first way of constructing a lumpy background is by randomly placing a 

few Gaussian blobs on the uniform 2D object area A. Mathematically, the background 

function b(r) can be written as 

K(A) 

b(r) = Eo(r-r)* * blob(r)+Bo' 
j=J 

(4.9) 

where ** denotes a 2D convolution, K(A) is the random number of blobs being placed 

on area A, rj the random location on which the jth blob is placed, Bo the constant 

level of the uniform background, and, finally, blob(r) the Gaussian profile of the blob. 

whose functional form is characterized by the blob strength bo and width rb: 
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Fig.4.4 The Modulation Transfer Function (MTF) of the imaging 
system. The system resolution rp is set to be 7.2 pixel. 
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bo r2 
blob(r) = _ exp (-_) . 

2 2 
(4.10) 

nrh r h 

The first- and second-order statistical properties, namely, the mean and 

variance and covariances of the background can all be derived from (4.9), knowing 

that rj is uniformly distributed. The average background is an expectation over both 

random variable K(A) and rj ., or 

(4.11) 

-
where K = lim K(A) . 

A~oo A 
When the total number of the blobs K(A) is a Poisson random number, Rb(r) 

becomes: 

Wh(O) r2 
Rh(r) = -- exp (--) , 

2 2 
2nrb 2rh 

(4.13) 

where 

(4.14) 

The power spectrum of the background is defined as the Fourier Transform of 

the autocorrelation function R(r), which results in: 

(4.15) 

4.2.2 Method # 2 

The second way to construct a nonuniform background by filtering white 

Gaussian noise through a Gaussian filter. If W whitc(P) represent the power spectrum 

of the white Gaussian noise, then Wwhite(P) = Wo, where Wo is a constant independent 
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of spatial frequency p. The power spectrum of the filtered noise can be written as: 

(4.16) 

where H(p) is the Gaussian filter, which has the following form: 

(4.17) 

Substituting (4.17) into (4.16), we have the power spectrum expression of the 

background similar to that shown in (4.15): 

Wb(p) = Wb(0)exp(-21t2rb2p2) , 

where Wb(O) = Wo I H(O) p. 
(4.18) 

The autocorrelation function of the background ~(r) can be derived by 

performing an inverse 20 Fourier Transform on Wb(p) (Rolland, 1990), and the result 

is exactly the same as shown in (4.13). 

The mathematical form of this background can be expressed as a 2D 

convolution between a white, Gaussian noise term and the filter function in spatial 

domain: 

H(O) r2 
her) = noise(r) * * --2 exp( -2") , (4.19) 

1trb rb 

where noise(r) is a continuous function representing the Gaussian noise term and 

extending over an infinitely large area A. If Il is the mean of the white Gaussian 

noise, then 

(noise(r» = Il . (4.20) 

The average level of the background is the expectation value of b(r) over the 

randomness of the noise: 



(b(r» = ~H(O) . 
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(4.21) 

So far, we have discussed two methods of background construction. Each one 

of them is able to generate a stationary, nonuniform background describable by the 

same autocorrelation function (4.13) and power spectrum expression (4.14). The 

backgrounds' first- and second-order statistical properties are determined by (b(r», 

the average background level, and Wb(O) , the power spectrum evaluated at the zero 

spatial frequency. Table 4.1 summarizes the two backgrounds in terms of their 

construction method, functional form, and statistical properties. 

Twelve simulated images with nonuniform background are shown in Figure 

4.5. In the first two rows of the figure, the images were simulated using method #1 

with an the average number of blobs over a 128x128 image being 11 for the first row, 

and 50 for the second row. The images in the third row were simulated using method 

#2. All the images had an average grey-level of 5000 counts. The background's 

nonuniformity level is set at a level of Wb(O) = 108
, and its correlation length rb = 

16.98 pixel. The signal width was 5.66 pixel and the signal strength as = 60000 

counts which results in a 12% signal-to-background ratio. The system PSF had a 

width (rp) of 7.2 pixel. The exposure time T was set to be 3 sec. 

The appearance of the image is determined not only by the background 

simulation methods but also by other parameters used in the simulation, such as the 

background nonuniformity level Wb(O), exposure time T, and imaging system aperture 

rp' Figure 4.6 shows the images with four different levels of background 

nonuniformity. Reading left to right and top to bottom, Wb(O) was set to 0, 106
, 108

, 
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(h(r» 

Wb(O) 

Table 4.1 
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Method #1 I Method #2 I 
K(A) . N(O) 21r2 L 8(r-rj ) * * hloh(r) +Bo nOlse(r) * * --e r b 

2 
j=! 1trb 

-
W!(O) hoK +Bo 

ho
2j( Wo2H2(0) 

Descriptions and statistical properties of the random backgrounds 
generated by two different methods. 
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Fig. 4.5 Simulating nonuniform backgrounds using different methods. The images 
in the first two rows were simulated using method #1 with the average K 
being 11 for the first and 50 for the second row. The images in the third 
row were simulated using method #2. All the images had an average 
grey-level of 5000 counts. The background nonuniformity level was set 
at a level of Wb(O) = 10\ and its correlation length rb = 16.98 pixel. The 
signal width rs was 5.66 pixel and the signal strength as was 60000 counts 
which results in a 12% signal-to-background ratio. The system PSF had a 
width (rp) of 7.2 pixel. The exposure time T was set to be 3 sec while K = 
0.001. 
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Fig. 4.6 Images with various levels of background nonuniformity, as indicated by 
Wb(O), the power spectrum of the background at zero frequency. Wb(O) = 
o (top-left), 10(, (top-right), lOx (lower-left), and 1010 (lower-right). The 
background was simulated by method #1 with an average K = 50 over a 
128x128 pixel image area. Other parameters were the same as described 
in Figure 4.5. 
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and 10 10. The backgrounds were simulated by method # 1 with the average total 

number of blobs set to 50. Figure 4.7 shows the images with different exposure time 

T. In the similar arrangement as in the previous figure, T was set to be 1, 10, 100, 

and 1000 sec. Figure 4.8 shows the images with different imaging system aperture 

or resolution rp where the ratio r/rs increased from 0.2, 0.8, 1.6, to 3.4 in the 

clockwise direction. 

4.3 Introducing Noise Ccorrelation by Post-processing Filtering 

The post-processing filter P2 considered here has some characteristics of a 

band-pass filter. It is defined in the Fourier domain and takes the mathematical form: 

II 

Pip) = 1 p 12 e _IIP~p2 , (4.22) 

where at small p, P 2(P) increases with 1 p 1 nl2, and at large p, falls off exponentially 

as e -IIPop'. By this definition, Po is a constant that determines at what frequency p the 

peak of the filter function is located; n is the parameter that controls the rise of P2(p) 

at small p, thus, the height of the peak functional value, and, ultimately, the degree 

of the correlation introduced by the filtering step. Therefore, we called n a noise 

correlation coefficient. Figure 4.9 shows the filter functions for various n values. The 

constant Po is set to be 0.09547 so that the peak of the function locates approximately 

at p = 8.5 cycle/pixel. 

Figure 4.10 shows the images with different combination of background 

nonuniformity and noise correlation. The four images in the top row had uniform 

background and correlated noise. The degree of noise correlation was determined by 

the value of the noise parameter n, which varied from 1, to 2, 3, and 4 in an order 
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ig.4.7 Images with varying exposure time T. From the top-left to the 
lower-right, the exposure time was 1 sec, 10 sec, 100 sec, and 1000 sec 
respectively. The background was simulated using method #1 with the 
average K equal to 50. Other parameters were the same as described in 
Figure 4.5 
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ig. 4.8 Images with four different imaging system resolution rp' From the top-left 
to the lower-right, the ratio r/r, increased from 0.2, 0.8, 1.6, to 3.4. The 
background was simulated using method #1 with the average K = 50. 
Other parameters were the same as described in Figure 4.5 



,.--. 

10.0 0.0 
500~~~~~~~~~~~LL~~~~~~500 

20.0 30.0 

375 375 

,3 250 
0; 

250 

Fig. 4.9 

125 125 

10.0 20.0 30.0 

Spatial frequency p (cyc1e/128 pixels) 

The post-processing filter functions for various values of 
noise parameter n, where 130 was set to be 0.09547. 

120 



121 

ig. 4.10 Images with different combinations of background nonuniformity and 
noise correlation. The four images in the top row had uniform 
background and correlated noise. The degree of noise correlation was 
indicated by a parameter n, which was set at 1, 2, 3, or 4 in order from left 
to right. The images in the middle row had non-uniform background 
(W,,(O) = lOx) and white Poisson noise. From left to right, imaging system 
resolution rp was 0.2, 0.8, 1.6, and 3.4r, respectively. The lower row 
images contained both background non-uniformity and noise correlation, 
with the same level of non-uniformity as in the middle row and similar 
variation of parameter n from left to right as in the first row. The 
background is simulated using method #1 with the average K = 50. Other 
parameters were the same as described in Figure 4.5 
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from left to right. The images in the middle row had nonuniform background with 

Wb(O) = 108 and white Poisson noise. From left to right in the middle row, the ratio 

r/rs varied from 0.2 to 0.8, 1.6, and 3.4. The images in the lower row had both the 

nonuniform background and correlated noise, with the same level of nonuniformity 

as in the middle row and similar variations of the r/rs ratio from left to right as in the 

. first row. 



CHAPTER 5 

MODEL OBSERVERS FOR IMAGES WITH 

NONUNIFORM BACKGROUND AND CORRELATED NOISE 
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This chapter is based on the work laid out in the previous two chapters. In 

Chapter 3, we derived the detectability index d' of several linear model observers, 

including the nonprewhitening observer and the Hotelling observer. These 

performance indices are determined by the mean difference (Ag) and/or the covariance 

matrix (Kg) of the image data g. In Chapter 4, there was detailed discussion of the 

ensemble statistical properties of the images with nonuniform background and 

correlated noise; these ensemble properties can be used to compute A g and Kg. It is 

the goal of this chapter to incorporate those properties into the general formula for 

d' as described in Chapter 3 and to derive analytic expressions for the images. 

In this chapter, along with the computational discussion of the Hotelling 

observer and the nonprewhitening observer, a novel model, the channelized Hotelling 

observer will also be introduced. This new observer is synthesized from the Hotelling 

observer by adding a preprocessing procedure called a channel mechanism before 

prewhitening. The motivation behind such an addition is to produce a model that 

predicts human performance better, since it is generally believed that there exists a 

similar channel mechanism in the human visual system (Chapter 2). 

5.1 Signal-to-Noise Ratio of the Hotelling Observer 

From Chapter 3, it is known that the signal-to-noise ratio SNR or, equivalently, 
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the detectability index d' of the Rotelling observer can be written in a discrete 

representation as: 

(5.1) 

where <~g> is the mean difference image under the two hypothesis, or the signal to be 

detected, and K is the covariance matrix of the image represented by vector g. 

For further derivation of d', the discrete Fourier transform of the image vector 

g and the covariance matrix K will be used. The reason for doing so is that, as it will 

be shown below, there are certain assumptions about K that allow it to be 

diagonalized by means of a discrete Fourier Transform. 

5.1.1 Discrete Fourier Transform Operator F 

Consider a discrete Fourier Operator F that transforms the image vector g and 

the covariance matrix K into their Fourier counterparts, denoted as G and K, where 

G = Fg, (5.2) 

and 

K = FKF-1 • (5.3) 

For a ID image of N pixels, this operator F is a square matrix, with elements satisfy 

(5.4) 

where m, n = 0, 1, ... N-l and N is the total number of pixels in the image. Here the 

factor 1/ IN is needed in front of the exponential term so that the elements of FI can 
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be written as 

(5.5) 

thus, making F a unitary operator, 

FF = FF = I . (5.6) 

For an NxN 2D image, the discrete Fourier operator F is an N2xN2 matrix; the 

expression for Flm is more complicated (Andrews and Hunt, 1977), for F is a block 

diagonal with each block being a NxN submatrix. 

With the help of this Fourier operator, (5.1) can be written as 

[d,:o/F = ~gl (FFt) K -I (FFt) ~g = L ~Gi * [K-\ ~Gj , (5.7) 
ij 

where ~Gi and [K-'lu are elements of vector ~G = (G I HI> -(G I Ho> and matrix K- I 

respecti vel y . 

5.1.2 Fourier Transforming the Covariance Matrix K 

Two assumptions are made when working with the covariance matrix. First, 

the image data g is stationary. In the case of g representing a 1 D image, the 

stationarity requirement results in a covariance matrix whose elements satisfy 

(5.8) 

The above expression defines a Toeplitz matrix. For 2D images, K becomes a block 

Toeplitz matrix (Appendix A). The second assumption about the covariance matrix 
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deals with the magnitude of the correlations between the two pixels. I t is assumed 

that the correlation decreases rapidly with the increase of the relative separations 

between the two pixels. In the 1 Dease, K;j gets smaller and smaller, and eventually 

goes to zero when pixel i is farther away from pixel j. In other words, the covariance 

matrix is quasi-diagonal: off-diagonal elements are zero unless they are near the 

diagonal element. A Toeplitz matrix with a quasi-diagonal structure is approximately 

circulant. Appendix A shows that the ID discrete Fourier transform (DFT) of a 

circulant matrix results in a diagonal matrix: 

(5.9) 

A similar conclusion holds for the 2D case where the diagonal matrix is a result of 

a 2D DFT performed on the block circulant covariance matrix (Andrews and Hunt, 

1977). With the elements of K being a diagonal matrix, the detectability index of the 

Hotelling observer becomes: 

(5.10) 

where K has the form 

- -
Kij = «G -G)j (G -G)t ) . (5.11) 

5.1.3 From Discrete to Continuous Representation 

The transition from discrete to continuous representation was defined in (4.1). 

For an ID image; (4.1) is equivalent to 
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(5.12) 

where gn can be interpreted as the number of photons detected in the nth detector 

element with size E, and g(xn) the number of photons per unit area. The elements of 

G, the discrete Fourier transform of image vector g, can be written as 

11='::+1 
1 2 

G
m 

= - E e 211imnlN Eg(X
n

) 

{N n=-; 
(5.13) 

Since Xn = En, it can be similarly defined that ;m = m/(NE) and, thus, ~;I = l/(NE). 

When E goes to zero and N goes to infinity, 

+0: 

E e 211imniN Eg(X
n

) ~ J g(x
n

) e -211iX;Smdx
n 

= G(;m) , 

n=-!:: -oc 
2 

(5.14) 

where G(; I) is the 1 D continuous Fourier transform of g( xn). Substituting (5.14) into 

(5.13), results in a relation between the continuous and the discrete quantities in the 

Fourier domain 

G = 1 G(J:) 
m {N ~m' (5.15) 

similar to the one in the spatial domain described by (5.12). 

Appendix A also shows that the diagonal elements of the discrete Fourier 

transform of the covariance matrix K can be written as 

(5.16) 

where Wg(;) is the power spectrum of the random process g(x). 

Using arguments similar to those used in deriving (5.14), the detectability index 



128 

(5.10) becomes 

(5.17) 

The above derivation is not limited to the ID case only; the arguments 

presented in this subsection are equally valid for a 2D image. The appropriate form 

for d' in the 2D case is 

(5.18) 

From the image simulation procedure determined by (4.2), 

-
I.lG(p) = S(p)Pt(p)P2(p) (5.19) 

can be derived, where S(p) is the two-dimensional Fourier transform of the signal 

function s(r), or the signal frequency spectrum as it is called. Pt(p) is the transfer 

function of the imaging system, and Pip) is the post-processing filter function. 

The power spectrum W g(p) can be written as the summation of two terms: the 

contributions of the noise and the background, as long as the noise process and the 

background process are independent of each other: 

(5.20) 

where W b(P), the power spectrum of the background, is defined in (4.15) and WnCp) , 

the power spectrum of the additive Poisson noise, is defined as 
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(5.21) 

5.2 Signal-to-Noise Ratio of the Nonprewhitening Observer 

Starting from the expression for the detectability index derived in Chapter 3, 

[8g t 8g]2 (5.22) 
8g tK8g 

the same path can be followed as described in the previous section to derive the d' of 

the nonprewhitening observer (Myers, 1985; Rolland, 1990). The result is 

[( I S(P)PI(P)P2(P) I 2 d2Pf (5.23) 

J I S(p)P1(p)Pip) I 2 Wip) d 2p 

where Wg(p) is defined by (5.20). 

5.3 Adding a Channel Mechanism to the Hotelling Observer 

The channelized Hotelling observer is synthesized by including a channel 

mechanism in the Hotelling observer model as a preprocessing step. This channel 

model was first proposed by Myers and Barrett (1987) as an addition to the ideal 

observer. Under the restriction of the Gaussian image statistics they were considering, 

this ideal observer reduced to a linear prewhitening observer. However, their 

prewhitening matrix K was able to account for only the effect of noise correlation, not 

the background nonuniformity, since introducing background nonuniformity would, 
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in general, result in non-Gaussian image statistics. For the channelized Hotelling 

observer considered here, the prewhitening matrix 82 can include the effects of both 

noise correlation and background nonuniformity, since Gaussian image statistics are 

not required to compute d' of the Hotelling observer. 

Figure 5.1 shows a block diagram of such a channel model. The input to the 

channel model is the image data represented in the Fourier domain G(p); the output 

from the model is a vector of Q elements, where Q is the total number of channels in 

the model. The relation between the input and the output is defined by 

v = UG(p) +M , (5.24) 

where M is a vector of Q elements, each representing the internal noise associated 

with one individual channel, and t) is a column of Q operators, each mapping the 

continuous image data G(p) onto a discrete output number Vi from ith channel. In this 

multi-channel model, each channel is characterized by its own operator O. (the ith 
I 

element of (; ) and an internal noise term Mi' The input data are filtered through Q 

spatial-frequency channels in a parallel way, collected as one number per channel, and 

the outputs are combined into a vector V. One of the obvious features of this channel 

model is its data-reduction capacity: from an image with 128x128 pixels to Q 

numbers, where Q is the total number of channels, often set to be less than 10. 

Figure 5.2 shows a block diagram of a channelized Hotelling observer. The 

overall effect of the channel mechanism is to have the Hotelling observer look at the 

channel output data V instead of the image data g (as in the case of the unmodified 

Hotelling observer). Thus, similar to the expression for a Hotelling observer as shown 

in (5.1), the detectability index for the channelized Hotelling observer can be written 
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as 

(5.25) 

a summation over Q channels, the mean difference L\ V of the channel outputs under 

the signal-present (HI) and signal-absent (Ho) hypotheses 

(5.26) 

and Kv is the covariance matrix of the channel output defined as 

Kv = «V -V) (V -V?> . (5.27) 

where t denotes the operation of complex conjugation and matrix transpose. 

5.3.1 Channels 

The channel model is based on one of the well-known characteristics in human 

visual system - the existence of separate, independent, and parallel visual pathways, 

as discussed in greater detail in Chapter 2. 

There are different selectivities among the pathways: some of them are 

sensitive to the location of a stimulus in the visual field, while others are sensitive to 

the orientation or spatial-frequency content of the stimulus. Since signal-known-

exactly detection problems are being studies here, the location information of a signal 

is provided to, rather than expected from, an observer, and the visual task is free from 

location detection. Therefore, location channels are excluded from the channel model. 

The orientation channels are neglected too, since the necessary ensemble properties 

of the simulated images are completely isotropic; there is no demand to distinguish 
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a certain radial direction, which means that the values of (G(p» are functions of radius 

p = I p I only, not of the orientation e. 

The channel models are implemented with radial spatial-frequency channels 

alone. The information in an image is processed according to the radial spatial 

frequency content of the image: the image is filtered in the Fourier domain by various 

filters, each corresponding to a range of values of I pI. The outputs from these filters 

are then collected as a vector V and presented to the HoteIling observer. 

Mathematically, this operation can be described by a channel operator (j that functions 

as a mapping from the continuous image G(p) to the discrete data vector V as shown 

in (5.24). The internal noise term M is neglected for simplicity in this dissertation. 

5.3.2 Linear Channel Model 

The linear channel model can be defined as: 

Vi illl Jallllel G(p ) pdp de , (5.28) 

where Vi is the ith element of vector V, the output from the ith channel, or the image 

data looking through the ith channel. Figure 5.3 shows the frequency channels in the 

2D Fourier domain. Since the orientation is not of a concern here, it is implied in 

future discussions that the mentioning of a spatial frequency always means the radius. 

There are three assumptions about the channel models similar to those by 

Myers and Barrett (1987): 1) the channels are contiguous; 2) the channels are non

overlapping; 3) the channel width is geometrically increasing and proportional to the 

center frequency in that channel. The first assumption guarantees that the desired 
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frequency ranges are covered continuously. The second assumption results in a 

diagonal covariance matrix Kv as will be discussed later in this section and in 

Appendix C. The third assumption agrees with what has been discovered in the 

human visual system. 

A channel model satisfying the above assumptions will have the following 

configuration. Suppose a is the geometric channel width. The first channel starts from 

frequency PI and ends at apI; the second one from P2 to ap2' where P2 = apI; and so 

forth. Obviously, the minimum frequency Pm in is the starting frequency of the first 

channel PI' The maximum frequency Pmax is the ending frequency of the last channel 

and depends on the number of the channels Q, the channel width a, and the minimum 

frequency Pmin: 

(5.29) 

The calculation of the detectability index of the channelized Hotelling observer 

involves the signal term, or the mean difference in the data, which can be written as 

ap, 
-

I1V i = (Vi I HI> - (Vi I H2> = 21t f[S(P)PI(P)P2(P)] pdp (5.30) 

P, 

using the channel definition (5.28) and an earlier expression for e.G(p) (5.19). The 

calculation of d' chan also involves the elements of covariance matrix which have the 

form: 

ap, ttPJ 

[Kvlij J J «G(p)-G(p»)(G(pl)-G(pl»)" > d 2pd 2p' (5.31) 

P, PJ 
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aPi aPi 1t 

where I d2p = I pdp Ida, p belongs to channel i, and p' belongs to channel j. 
PI PI 0 

Appendix B shows that for a stationary random process g(r), the integrand in 

the above equation is zero except when p = p'. Since p and p' belong to different 

channels, and the channels are not overlapping, the condition p = p' is equivalent to 

i=j: or, the equality of p and p' is possible only when they belong to the same 

channel. This argument produces a diagonal covariance matrix K, where 

Up, 

[Kvljj f Wip)d 2p , (5.32) 

P, 

as shown in Appendix B. 

Substituting (5.30) and (5.32) into the expression for the d' of the channelized 

Hotelling observer, (5.25) yields: 

Up, 

Q 1 f[S(P)P1(P)P2(P)]d 2p 12 
[d~/QnF = .E _P_, _______ _ 

;=1 uP, 
(5.33) 

where the summation is over the number of the channels. 

5.3.3 Nonlinear Channel Model 

The implementation of the linear channel model has produced a nice and 

analytically tractable form of d' for a channelized Hotelling observer model. 

However, there are still enough reasons that lead to a look into a non-linear channel 
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model. First, in the definition of the linear channel model (5.28), G(p) is the Fourier 

transform of image data and can have complex values even though the image data g 

are real. This leads to a possibly complex value for the ith channel output Vi' Since 

the simple characteristics of the human visual system are being studied, it is difficult 

to explain the meaning of a complex channel output. Second, using a different 

channel mechanism is a good test of the robustness of this synthesized Hotelling 

observer model. Third, it is widely believed that the visual pathways in the human 

visual system are in general nonlinear processors (Hubel and Wiesel, 1962; Movshon 

et at., 1978; Robson, 1988; Bonds, 1989; Tadmor and Tolhurst, 1989; Heeger, 1991). 

This considerations make it important to investigate the behavior of the channelized 

Hotelling observer when the channel mechanism is nonlinear. 

A nonlinear channel model can be defined as: 

ap, 

Vi J I G(p) 1
2 d 2p . (5.34) 

p, 

The detectability index d' for the nonlinear channelized Hotelling observer 

takes the same form as shown in (5.25). The expression for £1 V i can be derived by 

substituting (5.34) into (5.26), the definition for £1Vi' and expanding 1 G(p) 12 

according to the expression for G(p): 

ap, 

£1V i = J IS(P)PI(P)P2(P)1 2d 2p (5.35) 

p, 

The fact that < N(p» and ( B(p» equal zero when p is not zero (see Appendix B for 

more details) makes the algebra much simpler to handle. 
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Another factor in the calculation of d' is the covariance matrix Kv, which, by 

definition, is written as: 

ap,ap, 

(Kv)jj = f f (I G(p) 12 -( 1 G(p) 12>)( 1 G(p') 12 -( 1 G(p') 12>)* d 2pd 2p'. (5.36) 
p, p, 

Appendix C shows that, due to the nonoveriapping restriction on the channels, 

this Kv is also a diagonal matrix, with diagonal element (Kv);; satisfying 

ap, 

(Kv);; = 2L 2 f W:(p) d 2p , (5.37) 
p, 

where L is the physical size of the image along one dimension. 

Substituting (5.37) and (5.35) into (5.25), the detectability index of the 

nonlinear channelized Hotelling observer becomes: 

ap, 

Q f 1 S(P)PI(P)P2(P) 1
2
d 2

p 

[d:rcllanP = L -,--P-' ---------'--
;=1 ap, 

2L 2 f W:'(p)d 2p 
p, 

(5.38) 

Compared to the d' for the Hotelling, NPW, and the linear channelized models, it is 

obvious that d' nlchan is proportional to the square of the signal strength ~ shown in the 

signal spectrum S(p), while the previous three are proportional to as, as linearity 

demands. 



CHAPTER 6 

PERFORMANCE COMPARISON: 

THE HUMAN OBSERVER vs. THE MODEL OBSERVERS 
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In the previous chapter, we have discussed the computational issues of the 

signal-detection performance index d' for various model observers. This chapter we 

focus on the performance measurements of the human observer for the same task, and 

the comparison between the performances of model observers and the human observer. 

The first section of this chapter describes the method of human performance 

measurement: the psychophysical experiment. The physical conditions, the protocol 

and the data analysis methods of the experiment are also discussed. The second and 

third parts of this chapter report two psychophysical studies conducted during the 

course of this dissertation. 

6.1 Measuring Human Performance by Psychophysical Experiments 

There are two methods commonly employed in the measurement of human 

performance via a psychophysical study. The two-alternative forced choice (2AFC) 

method involves drawing two images at a time from two randomly mixed pool of 

images (one pool contains images with a signal present and the other contains images 

with the signal absent), presenting them to human observer simultaneously, and 

forcing the observer to decide which image is more likely to contain the signal. Green 

and Swets (1966) showed that the probability of correctly identifying the signal

present image in this procedure corresponded to the area under the ROC curve. 
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Another way of measuring human response is through a rating experiment. In 

this experiment, an observer is presented with one image at a time, asked to decide 

whether it is a signal-present or signal-absent image, and then asked to report their 

confidence in that decision according to a rating system. Very often, this rating 

system is a 5 or 6 point discrete scale, though continuous scaling is emerging in the 

field. Hanley and McNeil (1982) showed that the area under the ROC obtained under 

this procedure can be considered, on a conceptual level, to have the same meaning as 

the one obtained from a 2AFC experiment. 

In the psychophysical experiments conducted for this dissertation, the rating 

scale procedure was used in which human observers were required to view a relatively 

smaller amount of images since each image was to be viewed once. 

6.1.1 Image-Display System 

The image-display system used in the psychophysical experiment consisted of 

an IBM personal computer system, a CRT monitor made by Sierra Scientific 

Corporation, and an extra graphics control board called PC vision that drives the 

monitor. A set of images for the experiment was stored in the PC hard disk and later 

displayed one by one on the monitor for an observer to view. A software routine was 

written for this specific display purpose. 

To ensure the linearity of the display process, the characteristic curve of the 

monitor was measured using a grey-level pattern that covered 10 different scales 

incrementing from black (0%) to white (100%). Figure 6.1 shows the test pattern 

used for the measurement of the characteristic curve. Figure 6.2 shows the measured 
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Fig. 6.1 Test patten for the measurement of charateristic curve of the monitor. 
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curve for the designated settings of the brightness and contrast controls on the 

monitor. During the measurement, ambient light in the room was controlled at 5 laos, 

as measured by a light meter (Extech Instrument), to match the screen luminance. The 

luminance data on the characteristic curve was measured by a Minolta luminance 

meter (LS-II0). Each point on the curve is an average of four repeated 

measurements, and the error bars shown on the curve are the standard deviations 

calculated from measurements. 

6.1.2 Experimental Protocol 

Viewing conditions in the experiment were carefully controlled. The 

background illumination in the room, and the contrast and brightness of the monitor 

were kept at the same levels as those during the measurement of the characteristic 

curve, as described in the previous subsection. Observers were also reminded to 

choose a viewing distance comfortable for their eyes and maintain the distance as 

much as they could throughout the entire experiment. 

Prior to the start of the viewing session, observers were instructed on the task 

they were about to perform: view one image at a time and decide if there is a signal 

in that image. They were shown a sample image with the signal and were informed 

of the size and location of the signal they would be looking for. They were also told 

that, due to the different processing parameters used in generating the images, the size 

and shape of the signal might appear differently, but if present the signal was always 

located in the exact center of the image. Observer's decisions regarding the existence 

of a signal were reported using a 6-point certainty scale ranging from 0 to 5. A 0 
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Fig. 6.2 A characteristic curve of the monitor. The luminance data 
at a certain grey-level on the test pattern was measured by a 
luminance meter (Minolta LS-llO). Ambient light in the 
room is 5 lux, as measured by a light meter (Ex tech 
Instrument). 
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response meant that they were very certain that the signal was absent; a response of 

5 meant that they were very certain that the signal was present. Table 6.1 shows the 

6-point certainty scale that was used in the experiments. 

A training session was required for each observer before he/she started the 

main study. It was found that such a training session (consisting of 48 images, a 

small subset drawn from hundreds of images) stabilized the observers' responses, and 

therefore reducing the intra-observer errors in the experiment. One explanation for 

this error reduction has to do with the observer's mental adaption to using the 

certainty scale properly. 

6.1.3 ROC Analysis 

The observers' responses were fed into an analysis program developed at the 

University of Arizona (Ker et al., 1988) which calculated the nonparametric area 

under ROC curve, denoted as S, along with its standard error, SEeS). The 

computation was done according to the method proposed by Hanley and McNeil 

(1982). They suggested that the area under ROC curve S can be perceived as the 

probability of correctly identifying the abnormal (signal-present) images in a random 

pairwide comparison scheme. Moreover, this probability can be estimated by a 

quantity called the Wilcoxon statistic, denoted as W, where 

(6.1) 

Here nA and nN are the total numbers of abnormal and normal images, respectively; 

xA and XN are ratings of a pair of abnormal and normal images; and S(XAo xN) is the 



0: Absolutely certain that the signal is not present; 

1 : Relatively certain that the signal is not present; 

2: Very uncertain and guessing that the signal is not present; 

3 : Very uncertain and guessing that the signal is present; 

4: Relatively certain that the signal is present; 

5: Absolutely certain that the signal is present. 

Table 6.1 The six-point certainty scale in the rating-scale experiment. 
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rule according to which each pair of comparison is scored 

(6.2) 

Hanley and McNeil also gave a formula for computing the standard error 

SE(8): 

SE(8) (6.3) 

In the expression, QI is the probability that two randomly chosen abnormal images 

will both have a larger rating than a randomly chosen normal image; Q2 is the 

probability that one randomly chosen abnormal image will have a larger rating than 

two randomly chosen normal images. These two probabilities can be estimated from 

the observer's response data as described by Hanley and McNeil (1982). 

6.2 Study 1: Effects of Higher-order Image Statistics on Human Observers 

As explained in Chapter 3 and Chapter 5, the Hotelling observer bases its 

decision on only first- and second-order statistical information such as the mean, 

variance, and covariance of the image data. Since a significant amount of 

psychophysical experiments have shown that the Hotelling observer predicts human 

performance well for various signal-known-exactly detection tasks, is the human 

observer also indifferent to the higher-order statistical information presented in the 

image? 
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To answer this question, the content of the statistical information of an image 

was investigated. If the full probability peg) is known, all kinds of information can 

be derived from it, including the moments, joint moments, grey-level histograms, etc. 

For a 128x128 digital image, this full probability is a joint probability of over sixteen 

thousand variables: 

where N=128xI28. This, of course, is unmanageable. Fortunately, there is no need 

to look into the full probability function. To calculate the performance of the 

Hotelling observer we need only a limited amount of statistical information such as 

the mean (first-order moment), variance (second-order moment), and covariance Goint 

moment). Such information can completely determined by two marginal probabilities 

P(gm) and P(gm' gn)· 

The grey-level histogram of an image can be viewed as a sample estimate of 

the marginal probability P(gm)' By varying the shape of the image grey-level 

histogram, while fixing the mean, varian<?e, and covariance of the image data, the 

amount of higher-order statistical information, determined by P(gm), can be varied. 

This is the design concept of this experiment. 

6.2.1 Varying the Shape of the Image Grey-level Histogram 

Three image histogram shapes were considered for this study: distinctly non

Gaussian, approximately Gaussian, and exactly Gaussian. Different image histogram 

shapes were obtained by constructing nonuniform backgrounds using different 

methods and varying the value of several parameters. The distinctly non-Gaussian 
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shape was the result of simulating the background by method #1 while using a very 

small value for the average number of the blobs CK = 11). By increasing the average 

number of the blobs to 50, the shape of the image histogram was controlled to be 

approximately Gaussian. The third shape was obtained by constructing the 

background using method #2, namely, filtering Gaussian noise. Neglecting the 

numerical errors in the simulation, this image histogram should have an exact 

Gaussian shape. 

Another requirement of this study was to keep the mean, variance, and 

covariance at the same levels for all image types of the images when varying the 

image histogram. The mean and variance of the image data were determined by (h(r) 

and Wb(O). The formulas under two background construction methods are summarized 

in table 4.1. The covariance of the image data was determined by the autocorrelation 

function of the background which took a fixed form for both methods and for allK 

values as shown in (4.5). Therefore, (b(r) and Wb(O) stayed constant while varyingK 

from 11 to 50 and varying method from #1 to #2. Figure 6.3 shows the plots of such 

histograms. The mean of the image (g(r) was kept at 3800 count/mm2
, and the 

variance, or the background nonuniformity level, Wb(O) was 4.88x108
• Each histogram 

was calculated by averaging the histograms from 50 images. 

6.2.2 Experimental Setup 

A psychophysical study was conducted to investigate how human observers 

respond to the shapes of histogram presented in the image when detecting a known 

signal against a nonuniform, random background in the presence of Poisson noise. 
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The simulated images had 128x128 pixels. Images with three different type of 

statistics (non-Gaussian, approximately Gaussian and exactly Gaussian) were generated 

according to the procedures described in Chapter 4. For each type of image statistics, 

there were four different imaging systems with resolutions determined by the sizes of 

the pinhole aperture rp' their relative values with respect to the signal half width rs 

were 0.2, 0.8, 1.6 and 3.4. For each combination of image statistics and system 

resolution, there were 64 images generated (32 with signal, 32 without), yielding 768 

images for the entire experiment. The signal strength as was determined by a signal

to-background ratio of 0.05. The signal size fs was 5.66 pixels. The half width of the 

Gaussian blob used in constructing lumpy background rb was three times of rs, or 

16.98 pixels. Figure 6.4 shows the various images used fOf the psychophysical study. 

Nine observers viewed the entire set of images individually. The images were 

shown one by one in a random order. Each observer was asked to indicate if he/she 

thought there was a signal present in an image or not and report hislher confidence 

using the 6-point certainty scale. In an effort to help an observer adapt to the scale, 

a training session was designed, with 48 images sampled from the 768-image set. 

The raw confidence data reported by the observers were analyzed and the 

average areas under the ROC curve (AVC) were calculated. Figure 6.5 shows the 

plotted average AVC against four different system resolutions for each type of image 

statistics. 

6.2.3 Results and Analysis 

The means of AVC were analyzed for statistically significant differences. One 
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Fig. 6.4 Images for psychophysical study I. The nonuniform backgrounds in the 
first two rows of the images were generated using the first method with 
the average K set to be 11 (first row) and 50 (second row), respectively. 
The backgrounds in the third row of the images were generated using the 
second method -- filtering Gaussian noise. From left to right, the imaging 
system resolution rp was 0.2, 0.8, 1.6, and 3.4 r,. For all the images 
shown above, the level of nonuniformity was at WlO) = 4.88xlOx

, the 
background correlation length r b was 16.98 pixel, the signal width (r,) and i 

strength (as) were 5.66 pixel and 60000, and the exposure time Twas 1 
sec with K set to 0.001. 
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type of analysis for ROC data was first proposed by Swets and Pickett (1982) as a 

part of their standard procedure of evaluating diagnostic system performance. 

The null hypothesis in this analysis was that the mean AUC values for two 

experimental conditions were statistically equivalent, or: 

(6.8) 

and the test statistic formed to test the null hypothesis is 

~-AUc; Z = _---:=-__ 
SEd!ff 

(6.9) 

where SEdiff is the standard error of the mean difference, a combination of the standard 

errors generated in computing each mean. There are three random sources that 

contribute to SEdiff: 1) case or image variation; 2) within-reader or intra-observer 

variation; and 3) between-reader or inter-observer variation. The joint effect of these 

error sources is reflected in the formula of SEdiff 

S2(br+wr) (6.10) 
SEd!ff = f2 S2(c+wr)[I-R(c-wr)] + M [1-R(br-wr)]-S2(wr). 

In the above definition, M is the total number of observers, S2(C+wr) the combined 

variance due to the image variations and intra-observer variations, S2(br+wr) the 

variance due to the inter- and intra-observer variations, S2(wr) the variance due to the 

intra-observer variation only, and, finally, R(br-wr) and R(c-wr) are the combined 

correlations that account for matched observers and matched cases respectively. Since 

there was no repeated readings of the same image for the same observer in this 
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experiment, the intra-observer variance S2(wr) cannot be estimated from the 

experiment data; so, for simplicity, was set to zero. The sample variance due to the 

image variation is used as an estimate for S2(C+wr), which takes the form 

M SE? 
S2(c+wr) = :E -' , 

;=1 M 
(6.11) 

where M is the total number of observers, SE j is the standard error in generating an 

area under the ROC for the ith observer. The other variance S2(br+wr) is estimated 

by the following formula 

M (AUC._AUC)2 
S2(br+wr) = :E 1 , 

;=1 M 
(6.12) 

where AUC j is the area under the ROC curve generated by the ith observer. Since 

there is no matched case in our procedure, R(c-wr) = O. And the correlation due to 

matched observers takes the form 

M 

:E oAUC I(i)'oAUC2(i) 
R(br-wr) ;=1 

(6.13) 
M M 

:E oAUC I (i) :E oAUC2(i) 
;=1 ;=1 

where 

oAUC.(i) = AUC.(i) -:;;me-: 
J J J 

and j=I,2. 

Using a two-tailed test, the null hypothesis was to be rejected at the 5% 

confidence level if Z > 1.96 or Z < -1.96. 

The differences in 8 corresponding pairs of mean AUCs between the three 
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groups of images with various shapes of the histogram were tested. The Z values for 

these pairs are shown in Table 6.2. All of the values are much smaller than the 

rejection value 1.96. In other words, the statistical test showed that the null 

hypothesis could not be rejected and the differences between the pairs of the means 

tested were statistically insignificant. 

An analysis of variance (ANOV A) was also performed on the entire data set 

(Montgomery, 1984) which included the Ave data obtained from each observer for 

a given experimental condition (a combination of pinhole size and histogram shape). 

A two-way ANOVA was done by considering all 12 conditions (3 histogram shapes 

x 4 pinhole sizes) as independent conditions (Kuehl, 1994; Krupinski, 1994). The test 

reveals an overall significant effect (F=12.99, p<.05). Post-hoc two-tailed t-tests were 

then conducted to determine exactly which means differed. The t-tests revealed no 

statistically significant differences between the means of different histogram shapes 

given a pinhole size. There were, however, significant differences between the means 

from different pinhole sizes. A three-way ANOVA considering separately the effects 

of pinhole size and histogram shape along with that of the observer variation found 

small but statistically significant differences among means within a given pinhole size 

(Abbey, 1994). Nonetheless, compared to the effects of pinhole size reflected by this 

study and the effect of background nonuniformity and exposure time as investigated 

in previous work (Rolland, 1990), the effect of histogram shape is minimal and bears 

no practical influence on the human observers' signal-detection performance. 

The result of the psychophysical experiment suggested that the human observer 

is insensitive to the shape of the image grey-level histogram, and, subsequently, 
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histogram shape r/rs = 0.2 r/rs = 0.8 f/rs = 1.6 r/rs = 3.4 

(1). Non-Gaussian 0.684±o.12 0.796±o.1O 0.628±O.O72 0.570±O.06S 
(K) = 11 

(2). Approx. Gaussian 0.647 ±O.O77 0.742±O.I21 0.752±O.O62 0.525±O.O39 
(K) = 50 

Z between (1) and (2) Z = 0.389 Z = 0.677 Z = 0.552 Z = 0.437 

(3). Filtered Gaussian 0.675±o.134 0.765±o.140 0.566±O.O74 0.555±O.OS3 
Noise 

Z between (1) and (3) Z = 0.089 Z = 0.390 Z = 0.607 Z =0.142 

Table 6.2 Mean AUC values obtained in the study I and the Z values between the 
corresponding mean AUCs. 
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insensitive to the higher-order statistical information that the histogram shapes may 

represent, in detecting a known signal against an nonuniform background in the 

presence of Poisson noise. 

6.3 Study 2: Performance Comparison between the Human and the Model 

Observers 

The purpose of this section is to measure the signal detection performance of 

the human observer and compare the results with the performance of various model 

observers, especially, the channelized Hotelling observer. The images of interest are 

those that contain both background nonuniformity and noise correlation. But first the 

images with correlated noise only will be looked at. 

6.3.1 Signal Detection on Images with Uniform Background and Correlated Noise 

The SNRs of four model observers were calculated for different values of the 

noise parameter n (n = 0, 1,2,3, and 4), according to equations (5.18), (5.23), (5.33), 

and (5.38). The value of n indicates the degree of noise correlation introduced in the 

images by the post-processing filter P2(p): the larger the n value, the higher the noise 

correlation. The computational results of the performance index d' for various model 

observers are plotted in Figure 6.6 against the parameter n, along with the 

psychophysical data for the same detection task previous published by Myers et al. 

(1987). Myers et al have shown that 1) the performance of the human observer 

deteriorated when the noise correlation was high; and 2) the ideal observer (equivalent 

to the Hotelling observer when images have uniform background) was not able to 
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track this characteristic of human performance, while the NPW observer and the 

channelized ideal observer succeeded in doing so. The tracking of human 

performance is featured by a vertical shift between the human data and the model 

observer predictions. This shift is a result of human "inefficiency" in performing the 

detection task. It has been found (Burgess et al., 1981, 1982; Myers, 1985; Fiete, 

1987; Rolland, 1990) that, compared to model observers, the human observer, in 

general, produces a smaller value of performance index d'. Figure 6.6 also 

demonstrates that, like a NPW observer, the channelized Hotelling observers, both 

linear and nonlinear, were able to predict the human performance; although, the 

nonlinear channel observer is noticeably less efficient than the linear channel model, 

compared to the ideal observer. 

6.3.2 Signal Detection on Images with Nonuniform Background and Correlated Noise 

Experimental Setup 

Images with 5 different values of the noise correlation parameter (n = 0, 1, 2, 

3, and 4) were generated. Figure 6.7 shows the images used for this study. For each 

value of n, there were 32 images with a signal present in the center and 32 images 

without signal. This gave a total of 320 images for the study. The size of each image 

was 128x128 pixels. The signal width was 9 pixels, and the background correlation 

length rb was 27 pixels. The average gray level of an object was 3244 counts per 

pixel. The non-uniformity in the background was measured by a term called 

lumpiness, which was the power spectrum of the lumpy background at zero spatial 

frequency. This term was set to be 108 counts/secs/mm2 in this study. The signal-to-
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ig.6.7 Images used for psychophysical study II. Among the five images shown 
above, the noise parameter n wa 0 (top-left), I (top-right), 2 (middle-left), 
3 (middle-right) , and 4 (lower-left). For all images, the average grey-level 
was set to be 3244, the level of nonuniformity was at WrCO) = lOX, the 
background correlation length rb was 27 pixel, the signal width (r,) and 
strength (as) were 9.0 pixel and 2x105 respectively, the system resolution rp 
was 7.2 pixel, and the exposure time T was I sec. 
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background contrast was 37.5%, 19.9%, 11.1%,4.7%, and 2.4%, for noise correlation 

parameter n = 0, 1, 2, 3, and 4, respectively. 

The setup and protocol used for this experiment were the same as described for 

study I. There were 9 human observers; each viewed all 320 images one-by-one in 

a random order. There were no repeated readings of the same image by a give 

observer. Before the viewing section, observers were informed of the size and 

location of the signal they would be looking for. A training session preceded the main 

study session for each observer. 

The results were analyzed by the method described in section 6.1.3. An 

average area under ROC curve (AUC) was calculated for each value of the parameter 

n and converted to the detectability index d' using the relation defined in (3.15). 

6.3.3. Results and Conclusions 

The measured human detectability d' from the psychophysical study is plotted 

against the d' from the linear channelized Hotelling observer in Figure 6.8. The linear 

channel observer correlated very well with the human observer when varying the 

degree of noise correlation in the images, as long as the non-uniformity of the 

background was kept at the same level. 

Figure 6.8 demonstrates that the linear channelized observer is successful in 

dealing with two kinds of correlation simultaneously. The first kind of correlation is 

introduced by the post-detection processing of the images, while the second kind arises 

from the ensemble of random backgrounds. It can also be shown that the model is 

successful in dealing with either type of correlation separately. In Figure 6.9, along 
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Fig. 6.8 Results from psychophysical study II. The channelized 
Rotelling observer vs. the human observer: 
performance comparison on images with nonuniform 
background and correlated noise. 
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Fig. 6.9 The model observers vs. the human observer under various 
image statistics. The three different symbols represent three 
different types of images used for the task of signal-detection 
by both human and model observers. Images with 
non-uniform background and noise correlations were 
indicated by circles; Images with non-uniform backgrounds 
but no noise correlation were indicated by triangles; Images 
with uniform background but noise correlations were 
indicated by squares. 
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with the data points shown in Figure 6.8 (solid dots), the linear channelized Hotelling 

observer predictions are plotted against the previously published psychophysical data 

obtained by Myers (1985) for non-random backgrounds where the correlations were 

due to post-processing filtering only (solid squares), and to data from Rolland (1990) 

where the backgrounds were random but no filtering was done (solid triangles). The 

unfilled dots, squares and triangles are, respectively, the predictions of a Hotelling 

observer against the three sets of psychophysical data. Once again, as shown in 

Figure 6.8, the linear channelized observer was found to have very good correlation 

with human performance under three different background and noise situations, while 

the simple Hotelling observer fails to do so. 

We now return to the question: "Can the human observer prewhiten?". It has 

been seen that the human observers cannot prewhiten if the prewhitening operation is 

simply to undo correlations introduced by post-processing filtering. The channel 

mechanism originally introduced into the ideal observer by Myers and Barrett (1987) 

and extended to the Hotelling observer in this dissertation provides a natural, 

physiologically-based explanation for this inability. On the other hand, if the 

background is random, the generalized Hotelling prewhitening filter 82-
1 has another 

function as well. It allows the observer to estimate the local background and to test 

whether the region potentially containing a signal is significantly above background. 

It appears from the results obtained in this study, as well as the earlier results by 

Rolland (1990), that the human observer can indeed perform this kind of prewhitening 

very well. By incorporating channels in the Hotelling model, the model's ability to 

perform the first kind of prewhitening inhibited while its ability to perform the second 
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kind is intact. 

The linear channelized Hotelling model is thus capable of predicting a wide 

range of psychophysical data. It can account for the results of several experiments on 

detection of signals against a non-random background, with or without correlations 

introduced by post-processing filtering, so long as the detection is limited by noise in 

the data rather than such factors as display luminance or contrast. This new model 

is also successful with, at least, the types of background nonuniformity considered by 

Rolland (1990) and in Chapter 4. 

Yet the success of the channelized Hotelling observer in predicting human 

performance under various circumstances does not, in any way, exclude the possibility 

that other model observers may work as well for the same purpose. In fact, Burgess 

(1994) has shown that an NPW observer modified with an eye model was also 

successful in explaining Rolland's (1990) psychophysical data collected for images 

with nonuniform background and uncorrelated noise. 



CHAPTER 7 

CONCLUSIONS 
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This chapter we summarize the research performed for this dissertation as 

described in detail in the previous chapters. The conclusions are drawn based on the 

findings from the studies and some suggestions for future work is provided. 

7.1 Summary 

Objective assessment of image quality has always been a necessary and yet 

often difficult process in medical imaging: it often involves time-consuming 

psychophysical studies which measure human performance. As an alternative, many 

model observers have been applied to the objective assessment of image quality for 

various tasks. Nonetheless, the relevancy of such applications to clinical efficacy is 

largely dependent on the answer to the following question: can the model observer 

predict human performance? This dissertation focused on answering this question for 

simple binary detection tasks. 

Several model observers have been investigated in the past and during the 

course for this dissertation. One of them is the ideal observer, derived from signal

detection theory. An ideal observer is in general nonlinear and mathematically 

intractable. It becomes linear and calculable under two circumstances: 1) the image 

noise is additive, Gaussian, and uncorrelated, and the signal is known exactly, the 

ideal observer reduces to a linear nonprewhitening observer; and 2) the noise is 

additive, Gaussian, but correlated, the ideal observer reduces to a prewhitening 
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observer which is also linear. 

Similar to an ideallprewhitening observer, a Hotelling observer is a linear 

observer that performs prewhitening and matched-filtering operations on image data. 

Yet, unlike the ideallprewhitening observer, the Hotelling observer is not limited to 

Gaussian image noise only; it can be calculated for non-Gaussian noise as well, it is 

no longer the optimal linear discriminant without the Gaussian assumption. Thus, the 

Hotelling observer applies to a wider range of image statistics. 

Previous researchers (Myers, 1985; Rolland, 1990) found that, in different 

situations, both the ideal and the Hotelling observers are able to predict human 

performance. For images with Gaussian statistics, uniform background, and correlated 

noise, the ideallnonprewhitening observer predicted human performance better than 

the ideallprewhitening observer (Myers, 1985); for images with Gaussian statistics, 

nonuniform background, and uncorrelated noise, the Hotelling observer, or 

equivalently, the ideallnonprewhitening observer predicted human performance better 

(Rolland, 1990). 

To unify these seemingly contradictory results, and based on a previously 

established channelized ideal observer, a new synthesized model observer, the 

channelized Hotelling observer, has been proposed by incorporating a channel model 

that imitates a well-known characteristic of the human visual system. The 

performance of a channelized Hotelling observer resembles that of the 

ideal/nonprewhitening observer for images with uniform background and correlated 

noise. For signal-detection tasks on images with nonuniform background and 

uncorrelated noise, its performance resembles that of a Hotelling observer. 
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Mathematically, in the limit that the number of channels in the channelized observer 

goes to infinity and the width of each channel goes to zero, the channelized Hotelling 

observer approaches a Hotelling observer. A variation from the channelized Hotelling 

observer, the nonlinear channelized Hotelling observer, was also proposed. The 

nonlinear observer incorporates the channel model in a nonlinear way. 

To measure human performance and to compare it with the model observers' 

performance, two psychophysical experiments were conducted for this dissertation. 

In one experiment, a particular type of image statistics was considered: the images had 

non-Gaussian statistics, nonuniform background, and correlated noise, and the 

ideal/nonprewhitening observer did not apply. The results of the psychophysical study 

suggested that human performance and the channelized observer's performance were 

fairly well correlated. 

Another psychophysical study tested the effect of image grey-level histogram 

on human observers' signal-detection performance. Three groups of images were 

generated for this experiment, each group having the same mean, variance, and 

covariance as the other groups, but a unique shape of the image grey-level histogram: 

distinctly non-Gaussian, approximately Gaussian, and exactly Gaussian. The 

psychophysical results suggested that effect of histogram shape was minimal on 

human performance compared to the other effects such as the pinhole size, exposure 

time, or even the inter-observer variation exhibited in the psychophysical study. The 

conclusion can be drawn that the shape of image grey-level histogram had no practical 

influence on the human observer's signal-detection performance for the task given in 

this experiment. 
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7.2 Future directions 

Throughout this dissertation, a very special kind of signal-detection task has 

been focused on: signal-known-exactly. With complete knowledge of the signal itself, 

the detection task is, of course, much easier to handle, both for theoretical treatment 

and in psychophysical experiments, compared to a task with a random signal. 

However, the majority of real clinical images have random signals to be 

detected. Very often, physicians have basic ideas about what type of abnormality they 

are looking for, or most suspicious of, and how it would look like if it appeared on 

an image. In other words, the signal may be partially known: the profile, size, or 

shape known, but the location unknown. 

One way to approach this signal-location-unknown problem is to build a 

mechanism for location channels in the channel model. Like a spatial-frequency 

channel extracting information in a particular frequency range, a location channel will 

be able to recognize an otherwise specified signal if it is presented in a particular 

location that the channel represents. 

There are other ways to improve the flexibility of the channel model. For 

example, internal noise has been neglected in the present study. Including internal 

noise in a future study can be potentially very helpful, especially when explaining the 

psychophysical result obtained near the detection threshold of the human eye. In 

addition, the channels used here have a rect-function-like square profile. A more 

realistic channel profile would be a smoother one, for example, with a Gaussian 

profile. 
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APPENDIX A 

FOURIER TRANSFORMING THE COVARIANCE MATRIX K 

ID 

Assume vector g represents an ID image with N pixels. Each element gm in 

that image is an integration of a random, stationary process g(x) over a small area E, 

so that 

gm = J g(x)dx = eg(xm) . (A.I) 

x -.:. 
m 2 

where Xm = mE. 

The autocorrelation function of the stationary process g(x) is defined as the 

following: 

As an illustration, suppose ~(r) has the following form: 

{ 

-.:. + 1 , when x<2e 
Rix) = 2 

0, when x~2e 

(A.3) 

The covariance matrix K can be written as 

(A.4) 

where Xi = iE and Xj = jE. For a ID image with 3 pixels (measured from the infinitely 

large stationary field g(x) by three discrete detector element with size E), this 
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covariance matrix can be easily calculated as a 3x3 square matrix that takes the form 

K 
[

1 0.5 0 1 
0.5 0.5 

o 0.5 1 

(A.5) 

Notice the symmetry around the diagonal elements in the above matrix. It is 

due to the fact that the autocorrelation function depends only on the distance between 

the two pixels. A square matrix with such a diagonal symmetry is called a Toep/itz 

matrix. Under the stationary assumption, the covariance matrix of an ID image is a 

Toeplitz matrix. 

Another related property of a square matrix is a right-shift symmetry. A matrix 

is called a circulant when each row is a circular right-shift of one element with respect 

to its previous row. An example of a 3x3 circulant is given as the following: 

[

a b c] 
cab 

b c a 

(A.6) 

When the autocorrelation function ~(x) falls off rapidly compared to the size 

of the image, the covariance matrix K, being a Toeplitz, becomes approximately 

circulant. For example, if the image has 6 pixels instead of 3 and ~(x) remains the 

same as defined in (A.3), its covariance matrix becomes 
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0.5 0 0 0 0 

0.5 0.5 0 0 0 

0 0.5 1 0.5 0 0 (A.7) K 
0 0 0.5 0.5 0 

0 0 0 0.5 0.5 

0 0 0 0 0.5 1 

This K matrix is a Toeplitz and is approximately circulant. It would also be exactly 

circulant if the two comer elements, the top-right and the bottom-left, had the value 

of 0.5 instead of O. 

An important characteristic of a circulant matrix K is that its discrete Fourier 

transform, defined as FKFl, is a diagonal matrix. The element of the discrete Fourier 

operator takes the form: 

1 2 · 1m 
1t'7iT 

-e 
IN 

(A.8) 

where the factor 1 over square root of N is needed so that F is a unitary operator. 'It 

Fourier transform of the circulant matrix K can be written as FK-1F, where 

_ 1 N 2lti!!:. -2lti qm 
K = [FKF -I] = _ ~ e N KeN 

1m 1m N L..J pq 
p,q=l 

(A.9) 

Since K is the covariance matrix of a stationary image, it is true that ~ = ~ 

q = ~, where n=p-q. Moreover, as a circulant matrix, the elements of K represents 

a periodic function of N; or ~ = K[nl' where the subscript [n] stands for lin modulo 

Nil. With these considerations, (A.9) becomes 
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1 ~ [~ 2lti!!'.. ] -2lti q(/-ml 
Kim = - ~ ~ e N K[n] e N 

N q=! n=!-q 

(A. 10) 

where the exponential term inside the brackets is a periodic function of N, as is K[n]' 

Therefore, the summation of n over the range from l-q to N-q is equivalent to that 

over the range from 1 to N. The element of the discrete Fourier transform ofK takes 

the form, 

[ 

N 2lti In ] [1 N -hi q(l-ml ] 
K/III = E e 7V E2Rg(en) - E e ---,.,- . 

n=! N q=! 

(A.H) 

The second square bracket is the Kronecker delta function Olm' while the first square 

bracket can be written as 

n=;+! 

KI = L e 21liX"~/R/xn)e , 
,,=-!:.. 

2 

(A.12) 

where Xn = En and ~I = II(EN). In the limit when E goes to zero and N goes to infinity, 

+ex> 

K - J R (x )e 21liX,,~/dx 
I g n n 

(A.13) 
-ex> 

where W g(~/) is the power spectrum of the random process g(x). 

Incorporating A(lI) and A(13), it can be written that 

(A.14) 
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2D 

In the case of 2D images, the treatment and the conclusions are similar. It will 

be shown in this section that: 1) the covariance matrix of a stationary 2D image is a 

block Toeplitz; and 2) the block Toeplitz becomes approximately block circulant when 

the autocrrelation function decreases rapidly with the increase of the distance between 

two points rj and rj. 

Suppose vector g represent a 3x3 image whose pixels are stored in the vector 

in lexicographic order. Each element of the vector corresponds to a pixel j whose 

location in the image is indicated by a coordinate (xj'Yj), where Xj and Yj are integers. 

Assuming that the autocorrelation function Rg(r) is radial symmetric and has the same 

functional form as the Rg in ID case, the elements of the covariance matrix K can be 

computed according to the definition 

(A.IS) 

where 

The exact form of this 9x9 covariance matrix is shown in the following: 
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K= 

where 

[

0.5 0.3 ° 1 
b 0.3 0.5 0.3 

° 0.3 0.5 

Clearly, K is block Toeplitz, with each block being a 3x3 sub-matrix. 

When the autocorrelation function ~(r) is a narrow function and falls off 

rapidly with the increase of r, the block Toeplitz K becomes approximately block 

circulant. Figure A.I shows the covariance matrix of a 6x6 image that has the same 

autocorrelation function as used previously. The slight deviation of K from an exact 

block circulant matrix occurs in the edges of the matrix. 

It is possible to prove that the 2D Fourier transform of a block circulant matrix 

is a diagonal matrix. For further details, see the book written by Andrews and Hunt 

(1977). 



Fig. A.l The covariance matrix of a vector g that stores 
lexicographically all elements of a 2D 6x6 image. The 
autocorrelation function of the image is shown in (A.2). 
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APPENDIX B 

THE COVARIANCE MATRIX IN THE LINEAR CHANNEL MODEL 

In the linear channel model, the output from the ith channel is defined as 

Vi = f G(p)d 2p, 
,J1z 

(B.1) 
clzallnel 

where G(p) is the 2D Fourier transform of the image data g(r). The simulation 

procedure of the image data g(r) is determined by (4.2), from which the expression 

for G(p) can be obtained: 

G(p) = [F(p)Pt(p) + N(P)]P2(P) , (B.2) 

where F(p) and N(p) are the Fourier transform of the object fer) and noise nCr) 

respectively, PI(p) is the transfer function of the imaging system, and Plp) is the post-

processing filter function. 

In Chapter 5, Ll V was used to represent (V I HI) - (V I Ho), the difference in 

the mean channel outputs under the two hypotheses. In contrast to this definition, BVj 

will be used here to represent the difference between V and (V I Hj ), where j=O or 1. 

In this appendix, however, we shall consider only a single hypothesis and drop the 

index j. Note that BV is a random vector with zero mean. 

The covariance matrix of channel output vector V can then be written as 
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a.P,a.Pj 

[Kv]ij = (8V j 8Vj *) = J J (8G(p)8G *(pl»d 2pd2pl , (B.4) 
P, Pj 

where 

-
8G(p) = G(p) - G(p) = 8B(p)Pt(p)Pip) + 8N(p)Pip). (B.5) 

The differences 8B(p) and 8N(p) are similarly defined as 8G(p). 

One assumption used in the image simulation is that the noise is statistically 

independent of the background. Thus, an ensemble average over a cross product of 

a noise term and a background term can be split into two averages: one over the noise 

term and the other over the background term. In general, 

(8N(p)8B(p» = (8N(p»(8B(p» = 0 . (B.6) 

The cross-spectral density of the image between two locations p and p', 

denoted as (8G(p)8G*(p'», takes the form 

(8G(p)G * (pI» = (8B(p)8B * (p'»Pt(p)Pip)P t* (pl)P/(pl) 

+ (8N(p)8N * (p'»Pip)P2 * (pi) , 

where 8B(p) and 8N(p) are similarly defined as 8G(p). 

(B.7) 

Next, the cross-spectral density of the background, (8B(p)8B*(p'», will be 

calculated. First, assume that the background function her) covers an infinitely large 

area. For the purpose of treating a finite object in the simulation, b(r) is truncated 

with rect(X/L) and rect(ylL), where L is the size of the image along one dimension. 

Later, to meet the stationarity requirement, L will become very large, so that it can be 

considered as infinity for practical purpose. The cross-spectral density of the truncated 
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background can be written as 

(8B(p )8B * (pI) I I (B.8) 

= J J (M(r) 8b(r I)e 21ti(rP-r
1pl

)rect( ~)rect( y) rect( ~)rect( L)d 2rd 2r I , 
<Xl <Xl L L L L 

where r = (x, y) and 

J d 2
r = J dx J dy 

00 -00-00 

Note that (8b(r)8b ·(r') is the definition of the autocorrelation function of the 

background Rt,(r-r'). Assume that this autocorrelation function falls off rapidly with 

the increase of its variable, which means Rt,(r-r') is zero for most r values except 

when r is very close to r'. Therefore, it is possible to have rect(xIL) == rect(x' IL) 

and rect(ylL) == rect(y' IL). Obviously, out of the four rect functions, two become 

redundant and can be ignored in the following equation: 

(8B(p )8B * (pI) 
+<Xl +<Xl I I 

= J J Rh(r-r I)e 21ti(r-r/)Pe 21tir
l
(p-pl)rect( ~ )rect( ~ )d 2rd 2r I 

-(() -00 

(B.lO) 

The integral over r can then be separated from the integral over r', and the 

cross-spectrum becomes: 

(8B(p)8B *(pl) 

= [1: R,(u)e '''·'du ] . [Ie h;""-"lrect( ~ )rect( i' )dx' 4Y'] . (B.11) 

where u = r-r'. The first bracket is the definition of the background power spectrum 
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Wb(p) , while the second bracket is the Fourier transform of the two rect functions, 

separable in xy coordinates. Thus 

(B.12) 

where (Px, Py) = p, (p'x' P'y) = p', sinc(LpJ and sinc(Lpy) are the Fourier transforms 

of rect(x' /L) and rect(y' /L), respectively (Gaskill, 1978). 

In the limit of L approaching infinity, the sinc functions becomes 8 functions. 

F or example, 

Lim Lsinc[L(px -p~)] = 8(px -p~) . (B. 13) 
L~ro 

The cross-spectral density of the background can be expressed as 

(8B(p )8B "(p'» = W/p) 8(p - pI) , (B.14) 

Following the same arguments, the noise cross-spectral density can also be 

derived as: 

(8N(p)8N "(pI» = W
n
(p)8(p - pI) . (B.15) 

Substituting (B.13) and (B.14) into (B.6), it can be written that 

(8G(p)8N"(p'» = W/p)8(p_pf) , (B.16) 

where 

(B.17) 

The covariance matrix of the channel output V, as defined in (B.3), can then 
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be written as 

Up,UP, 

[Kvly J J Wip)e:,(p - p')d 2pd 2p' , (B.18) 

P, P, 

where p belongs to the ith channel and p' belongs to the jth channel. The e:, function 

determines that only when p = p' does the above integral have nonzero value. Due 

to the nonoverlapping assumption of the channel model, the condition p = p' demands 

that i = j. Therefore, the integral [Kvlij is nonzero only when i = j, or 

(B.19) 

where 

UP, 

[Kvl;; J Wip)d 2p . (B.20) 

P, 

If the channels are allowed to overlap, the covariance matrix of channel output 

Kv will no longer be diagonal. The number of the nonzero off-diagonal elements will 

depend on the amount of overlapping between the channels. 
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APPENDIX C 

THE COVARIANCE MATRIX IN THE NONLINEAR CHANNEL MODEL 

The output of the nonlinear channel model is determined by 

Vj = f 1 G(p) 1
2d 2p , 

}h 
(C.I) 

channel 

where G(p) is the Fourier transform of the image data g(r). The simulation procedure 

for image data g(r) was discussed in chapter 4 and summarized in (4.2); it can also 

be described in the Fourier domain as 

G(p) = [B(P)Pl(P) +N(P)]P2(P) . (C.2) 

The covariance matrix Kv is written as 

- -
[Kv]jj = «(Vj-V)(Vj-V)*» 

~~ ~~ 
J J «( 1 G(p) 12 - 1 G(p) 12)( 1 G(p') 12 - 1 G(p') 12»d2pd2p' , 
P, PJ 

where the spatial frequency p belongs to the ith channel, p' belongs to the jth channel, 
((P, ((P, 211 

1 G(p) F = (I G(p) 12
), and J d 2p = J PdP! de . 

A large portion of this ~ppendi;' is devoted to the calculation of the integrand 

in the above expression, denoted as func(p, p '). When this calculation is complete, 

it will be shown that the covariance matrix Kv is indeed diagonal (due to the 

nonoverlapping restriction of the channel model), and an analytical expression for the 

diagonal elements of the covariance matrix will be derived. 
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First, consider the terms of / G(p) /2. According to the definition of G(p) as 

given in (C.2), it can be written that: 

where B, N, PI' and P2 are all functions of p. The difference between the term 

/ G(p) /2 and its mean (/ G(p) /2), denoted as () / G(p) /2, is 

/ G(p) /2 - / G(p) /2 = / P2 /
2 (term 1 + term 2 + term 3 + term 4) , (C.S) 

where the four terms are defined as 

term 1 = (/ B(p) /2 - / B(p) /2) / PI (p) /2 

term 2 = (/ N(p) /2 - / N(p) /2) 

term 3 = (N * (p)B(p) -N * (p)B(p»)PI(p) 

term 4 = (N(p) B • (p) - N(p)B * (p) ) P I * (p) . 

In a parallel way, () / G(p') /2 can also be written as 

(C.6) 

(C.7) 
G(p') /2 - / G(p') /2 = / P2 /

2 (term I' + term 2' + term 3' + term 4') , 

where terms l' through 4' are similarly defined as terms 1 through 4 except that the 

former terms are functions of p' and the latter terms p. 

With these notations, the integrand in (C.3) becomes 

func(p,p') = / P2(P)P2(p) /2 «term 1 + term 2 + term 3 + term 4) (C.S) 

(term I' + term 2' + term 3' + term 4'» . 

Expanding the two parentheses in the above expression results in 16 terms of cross-
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products between term i and term j', denoted as term (i, j'), where i and j can have 

the values of 1, 2, 3, and 4. It is to be shown that after applying the ensemble 

average over those terms, 10 of them are actually zero due to the statistical 

independence of the noise process from the background process. The remaining 6 

terms are nonzero and will be calculated subsequently. 

By the definitions of (C.6), the ensemble average of term (1,2') has the form: 

(term (1,2') = / P1(p) /2 «( / B(p) /2 - / B(p) /2) ( / N(p') /2 _ / N(p') /2) (~.9) 

Since the noise process is independent from the background process, the ensemble 

average in the above equation can apply separately to the parenthesis containing the 

background terms and the one containing the noise terms; resulting in (term (1, 2') 

= O. For the same reason, the ensemble average of a similar term, term (1 ',2), is also 

zero. 

There are four terms that involve the third moment of B(p) and the first 

moment of N(p). They all amount to zero when the ensemble average is performed 

separately on the noise terms and the background terms. These four terms are: 

where 

(term (1,3') ex: (N *(pl) = 0 
(term (1,4') ex: (N(p') = 0 
(term (1/,3) ex: (N * (p) = 0 

and (term (1',4) ex: (N(p) = 0 , 

(C.IO) 



Ll2 Ll2 Ll2 

L 
'i 

(N(p) = lim J (n(r)e 21tirpd2r = ° . 
L~aJ _L 

'i 

Here, -fa d 2r = -fa dx -L dy, and L is the physical size of the image. 
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(C.ll) 

The next four terms concern the first moment of B(p) and the third moment of 

N(p); they are zero for the similar reason as long as origins of p and p' are avoided: 

where 

(term (2,3') oc (B *(p') = 0, 
(term (2, 4') oc (B(p') = 0, 
(term (2',3) oc (B *(p) = 0, 

and (term (2',4) oc (B(p) = 0, 

L , 
(B(p» = },~ {(b(r) e 21tirpd2r = b8(p) . 

-, 

(C.12) 

(C.13) 

So far, all of the ten terms that go to zero under the ensemble average have 

been identified. The calculation of the remaining terms follows. By the definition of 

terms in (C.6), term (3, 4 ') is the complex conjugate of term (4, 3 '), and both can be 

written as 

(term (3,4') = (term (4,3')*) 
= (N(p)N*(p')* (B(p)B *(p')Pt(p)Pt*(p') . 

(C.14) 

Using (B.11), the conclusions about the cross-spectral density of the 

background, and keeping in mind that (B(p) = ° when p :;t: ° (C.13), 

(C.1S) 

where (Px, Py) = p, (p'x' P'y) = p', and Wb(p) is the background power spectrum. 
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Similar expressions can also be written for the noise cross-spectral density: 

(C.16) 

where W n(P) is the noise power spectrum. 

Substituting cross-spectral densities of the background (C.15) and noise (C.16) 

into (C.14), the two nonzero terms become 

(term (3,4'» = (term (4,3')*) 
= W/p) Wn(p)P1(p)PI * (p')L 4 sine 2[L(px -p~)]sine 2 [L(py -p;)] . 

(C.17) 

When the image size L is very large, it can be considered at infinity for practical 

purposes; under this circumstance, the sinc2 functions in (C.17) become & functions 

in the following manner: 

(C.18) 

and 

(C.19) 

Thus, (C.17) becomes 

(C.20) 
(term (3,4'» = (term (4,3') *) = WN(p) Wip) 1 P1(p) 12 L 2&(p_p') . 

where &(p-p') = &(Px-Px')&(Py-Py'). Since the power spectra of noise and background 

are real functions, (term (4, 3 ')") = (term (4, 3 '» in (C.20). 

Two more non-zero terms can be derived similarly which results in 

(C.21) 
(term (3,3'» = (term (4,4'» = WII(p)Wb(p) Ip1(p)1 2L 2&(p+p'), 
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bearing in mind that N*(p) = N(-p), B*(p) = B(-p), and PI*(P) = PI(-p), since nCr), 

b(r), and PI(r) are real functions. 

The last two non-zero terms are the «(1, 1 '» and term «(2, 2'»; they involve 

fourth moments of B(p) and N(p), respectively. According to (C.6), the expression 

of (term (1, 1 '» can be expanded and written as 

(term (1, 11» 

== Ipl(p)PI(pl) 12( IB(p)1 2 IB(pl)12)-IB(p)1 2 IB(pl)p). 
(C.22) 

To calculate the first term in the parenthesis, it must be considered that BCp) 

is the Fourier transform of the random variable b(r), defined as: 

I. 

"2 

B(p) == lim f b(r)e 211irp d 2r . 
L~", _L 

"2 

(C.23) 

B(p) can be viewed as the weighted sum of many random variables b(rj ), where j=l, 

2, ... N, and N is a very large number. According to the central limit theorem, BCp) 

is Gaussian distributed. The same is true for BCp'), B*(p), and B*Cp'). One property 

of Gaussian random variables is that any joint moment of order higher than 2 can be 

expressed in terms of first- and second-order moments CGoodman, 1985). If ul , u2' 

u3 and U4 are jointly Gaussian random variables, their joint moment satisfies: 

(C.24) 

If U I = BCp), U2 = B*Cp), u3 = BCp'), and U4 = B*Cp'), the above expression becomes 

(IBCp)12IBCpl)12) == IBCp)12IB(pl)P (C.2S) 
+ (B(p)B(pl»(B * (p)B *(pl» + (B(p)B * (p'»(B *(p)B(p'» . 
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The first term in the above equation will be cancelled out when substituting (C.25) 

into (C.22). The second and third terms can be derived using the cross-spectral 

density defined in (C.15) and taking the limit of L at infinity. After some careful 

algebra, the mean of term (1, 1 ') becomes 

(C.26) 

Subject to a similar treatment as the one used in deriving term «1, 1 '», the 4th 

moment of N(p) can also be computed, and the result is 

(term (2,2'» = W;(p)L 2(O(p_p') + 8(p+p'») . (C.27) 

All 16 terms in the expansion offunc(p, p') have been considered. The results 

of the 6 nonzero terms are shown in (C.20), (C.21), (C.26), and (C.27). The 

summation of these nonzero terms determines the form of func(p, p'): 

(C.28) 

where 

(C.29) 

The elements of the covariance matrix Ky as defined in (C.3) takes the fo!'!!l 

UP,UP, 

[Kylij = J J func(p,p') dp dp' . (C.30) 
P, P, 

From (C.28), the expression ofjunc(p,p'), and from (C.30), it is known that p 

= p' or p = -p' are the two conditions for having nonzero elements of the covariance 

matrix. In polar coordinates, these two conditions are equivalent to p = p' and, e = 
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9' or e = e' + n. Since p belongs to the ith channel and p' belongs to the jth channel, 

and these two channels are not overlapping, the condition p = p' is equivalent to i = 

j. Therefore, the covariance matrix Kv is a diagonal matrix 

(C.31) 

where the diagonal elements is determined as 

ap, 

[KvL = J L 2[W:Cp)+W:C-p)]d 2p . (C32) 
p, 

Since the power spectra of the background, noise, and subsequently image are real and 

even functions, it can be written that WgC-p) = W'ip) = Wip) , which results in a 

simpler form for the diagonal elements 

ap, 

[KVJ ii = 2L 2 J W:Cp)d 2p . (C.33) 
p, 
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