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ABSTRACT 

This dissertation addresses the problem of scheduling a set of 

jobs under two different measures of performance: total tardiness and 

weighted number of tardy jobs. A new solution approach is presented 

for the single-machine tardiness problem. This views the problem as one 

of determining an optimal partition of the job set into early and tardy 

subsets. The scheme is validated by the development of necessary con

ditions for optimality. It is shown that if an optimal partition of 

the jobs into early and tardy subsets is "given, the conditions are not 

only necessary but also sufficient. These results are used to derive a 

polynomial algorithm to generate a sequence that satisfies these con

ditions for any arbitrary partition. 

The implications of these results with respect to solving the 

tardiness problem, as well as some other related problems, are examined. 

Particular emphasis is placed on the impact of the partition approach as 

a device to enhance the performance of existing branch-and-bound pro

cedures. The use of this approach to generate valid inequalities is 

also discussed. 

The problem of scheduling a single machine to minimize the 

weighted number of tardy jobs is examined in detail. A new branch-and

bound procedure is presented as well as the first extensive computational 

study of the problem. The proposed algorithm relies on lower bounds 

vi 
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obtained by means of two relaxations of the problem for which efficient 

solution procedures exist. The merits of both bounding schemes are 

extensively tested. The computational results indicate that exact solu

tions for large problems can be obtained in just a few seconds of com

puter time. The efficacy of the approach as a heuristic method is also 

verified. Further, the computational experience provides insight into 

how various problem parameters affect the solution difficulty of particu

lar problem instances. 

The multiple-processor version of the weighted number of tardy 

jobs model is also considered. The basic algorithmic framework for the 

single-machine problem is extended to obtain optimal preemptive schedules 

for parallel machines, which may be identical, uniform, or unrelated. 



CHAPTER 1 

INTRODUCTION 

Scheduling is a decision making function concerned with the 

allocation of limited resources over time to perform a set of activi

ties. Scheduling problems arise whenever decisions have to be made in a 

resource constrained environment, whether it be a manufacturing shop, a 

computer installation, a hospital, or a credit institution. Hence,. 

scheduling decisions take many forms and affect a wide variety of every

day activities: from the landing lane used by an airplane, to the time 

an automobile must spend in the shop for repairs, to the tennis court 

assigned to a party of players. 

The impact of scheduling decisions on efficient resource utili

zation has long been recognized. Consequently, as the demands of 

society place a growing emphasis on pro~uctivity, the need for an effi

cient methodology to solve scheduling problems becomes increasingly 

urgent. Stimulated by this requirement, the scheduling literature has 

expanded at an exhilarating pace since the pioneering work by Johnson 

(1954), Jack~on (1955), and Smith (1956). Unfortunately, despite 

theoretical progress in the area and spectacular advances in computer 

technology, many scheduling problems remain for which satisfactory 

solution procedures do not yet exist; too often practical scheduling 

questions must be answered by ineffective rules of thumb or procedures 

requiring excessive computational effort. 



Regardless of the intrinsic difficulties of scheduling problems, 

it remains the responsibility of the operations research professional to 

supply the decision maker with the tools needed to obtain solutions that 

are consistent with the goals of the operational system as a whole. 

Problem Statements 

The scheduling problems that constitute the object of this study 

measure the effectiveness of the operational system by some function of 

its ability to meet job due dates. Even though different situations 

lead naturally to different scheduling models, empirical evidence shows 

that in industrial applications the scheduling criteria most frequently 

employed are due date oriented (Panwalkar, Dudek and Smith, 1973). This 

popularity is hardly reflected by advances in theoretical developments. 

Although some effort has been directed toward the solution of due date 

problems, the bulk of scheduling research has emphasized measures of 

performance that neglect tardiness penalties, such as completion time of 

all jobs, in-process inventory costs, and equipment utilization. Thus, 

the area of scheduling with due dates presents many research challenges 

which could lead to a substantial reduction of the gap between schedul

ing theory and practice. This research concentrates on two objective 

criteria: minimizing total tardiness and minimizing the weighted number 

of tardy jobs. 

The Tardiness Problem 

The classical single-machine tardiness problem can be stated as 

follows: 

2 



Given a set N = {l, 2, ... , n} of single-operation jobs, all 

available at time zero, each with processing time p. and due date d., 
J J 

find an ordering of the jobs on a single processor which minimizes total 

tardiness. Tardiness of a job, T., is defined as max {a, C. - d.}, 
J J J 

where C. is the completion time of job j as determined by a given se
J 

quence of the jobs in N. Hence, the scheduling objective is to mini
n 

mi ze 2: T .• 
j=l J 

This seemingly harmless problem has gained celebrated status 

during the course of the previous two decades. Unfortunately, much of 

this notoriety has resulted from the intransigence surrounding it inso-
I 

far as its efficient solution is concerned. Interestingly, the problem 

has also defied numerous attempts to show that it is formally intrac-

3 

table, so that it remains open with respect to its complexity classifica-

tion (Graham et al. 1979). Nonetheless, this condition leaves little 

room for solace since no formally efficient procedure for solving the 

problem is known to date. The many available algorithms are enumerative 

in nature and suffer from the maladies inherent in these procedures. 

Weighted Number of 
Tardy Jobs Problem 

The weighted number of tardy jobs model assumes that a penalty 

Wj is assessed for each job j that fails to meet its due date. The 

objective is to find a schedule that minimizes the total penalty cost. 

Alternately, w. can be interpreted as the profit earned if and only if 
J 

job j is completed before its due date; under this interpretation the 

objective is to maximize total profit. 



While the tardiness function increases linearly with the amount 

of time a job is tardy, the weighted number of tardy jobs criterion dis-

regards the length of the delays; it depends only on whether the jobs 

are completed before or after their due dates. The 3innle-machine 

version of this problem can be stated formally as follows: 

Consider a set N = {l, 2, ... , n} of single-operation jobs, all 

available at time zero. Each job j has associated with it a processing 

time Pj' a due date dj , and a weight wj . Find a sequence of the n jobs 
n 

on a single processor that minimizes o~ wJoUJo, where UJo is one if job 
J=l 

j is tardy and zero if job j is completed on time. 

The difficulty of this scheduling problem is well established. 

Karp (1972) has shown that the weighted number of tardy jobs problem is 

NP-Hard or equivalently, that its decision analog (i.e., the threshold 

existence verions of the problem) is NP-Complete (Parker and Rardin 

1982a). Informally, this means that the scheduling problem is "at least 

as hard ll as any other problem in the NP-Complete class (Gary and Johnson 

1979). In other words, the inherent complexity of the problem places it 

in the same category with such notoriously difficult problems as travel-

4 

ing salesman, knapsack, set covering, and zero-one programming. Further-

more, this result implies that a polynomial algorithm to minimize the 

weighted number of tardy jobs could exist only if a polynomial algorithm 

could also be derived for all NP-Complete problems, including those men-

tioned above and many others that have frustrated researchers for two 

centuries. 
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The above result provides strong, albeit circumstantial, evidence 

against the existence of a polynomial-time algorithm for this scheduling 

problem. The use of enumerative methods exhibiting worst case exponen

tial behavior seems unavoidable. Nevertheless, the design of optimiza

tion procedures able to solve IItypical ll instances of the problem effi

ciently, despite requiring an exponential number of steps to solve the 

hardest possible instance, remains a valid and attainable goal. 

Research Objectives 

The tardiness problem and the weighted number of tardy jobs 

problem have very different status within the current state of the art 

of scheduling theory. The complexity of the tardiness problem is still 

a subject for speculation while the NP-Hardness of the weighted number 

of tardy jobs problem has long been established. On the other hand, 

extensive computational studies have been conducted for the tardiness 

problem (Srinivasan 1971, Baker and Martin 1974, Fisher 1976, Baker 

1977, Schrage and Baker 1978) while no computational experience has been 

reported for the weighted number of tardy jobs problem. With this in 

mind, research goals have been set that stress different aspects of each 

problem. 

The general research objective concerning the single-machine 

tardiness problem is the examination of its combinatorial properties 

with regard to its potential resolution. In particular, it is desired 

to identify characteristics of the problem that determine its difficulty 

and also to recognize easy and hard instances and variations of the 

overall problem. A closely related objective is the development of 



optimality conditions for the problem, as well as the characterization 

of dominant sets of schedules and elimination criteria which could aid 

any of the existing algorithms. 

While the study of the tardiness problem emphasizes its combi

natorial characteristics, the treatment of the weighted number of tardy 

jobs problem concentrates heavily on its computational aspects. The 

research objective central to this problem is the development of al

gorithmic procedures to find optimal schedules on a single processor. 

Specifically, branch-and-bound algorithms capable of solving typical 

problem instances with a reasonable amount of computational effort will 

be. developed. Extensive computational experiments will be conducted for 

the purpose of determining the relative merits and limitations of the 

algorithms proposed. Concurrently, parameters that have the greatest 

influence over the performance of the algorithms will be characterized. 

Even though the length of the computations required by branch

and-bound methods is often unpredictable, this simple technique has been 

remarkably effective in a number of applications to practical computa

tional problems. Especially noteworthy is the success surrounding 

branch-and-bound approaches to solve the knapsack problem, which is a 

classical example of an NP-Hard problem. Although it is true that 

knapsack instances can be contrived to defy any solution attempt, cur

rent algorithms can solve IItypical ll instances involving up to 60,000 

variables (Lauriere 1978). This is particularly relevant because the 

single-machine weighted number of tardy jobs problem can be shown to be 

a generalization of the knapsack problem (Lawler and Moore 1969). The 

6 



existence of such encouraging algorithms for knapsack problems provides 

strong motivation to follow the direction of research pursued by the 

present study. 

Organization of the Research 

7 

The remainder of this dissertation is organized into five chap

ters. The main theoretical results for the single-machine tardiness 

problem are presented in Chapter 2. The discussion begins with a survey 

of the scheduling literature relevant to this problem. A new solution 

approach is motivated by showing that the tardiness problem can be viewed 

as one of finding an optimal partition of the job set into early and 

tardy subsets. Optimality conditions that must be satisfied by any 

schedule that minimizes tardiness are then presented. Finally, a poly

nomial algorithm to construct a minimum tardiness schedule that satis

fies those necessary conditions as well as a specified partition of the 

jobs into early and tardy sets is developed. 

In Chapter 3 some practical implications of these results are 

examined. In particular, the impact of the partition approach on the 

design of algorithms to solve the overall tardiness problem is con

sidered. Emphasis is placed on the possible use of this approach to 

enhance the performance of existing procedures. Extensions of the 

algorithmic schemes outlined are also considered for two different but 

closely related problems: minimizing tardiness subject to absolute job 

deadlines and minimizing tardiness among schedules with the minimum 

number of tardy jobs. 



The single-machine weighted number of tardy jobs problem is 

studied in detail in Chapter 4. Previous results for this problem are 

first reviewed. An algorithmic framework for its solution is then 

developed based on branch-and-bound techniques. Bounding mechanisms are 

derived by considering two relaxations of the problem for which known 

efficient algorithms exist. Several implementations of the algorithm 

are discussed and their computational characteristics are extensively 

tested. 

8 

Chapter 5 explores conditions under which the solution procedures 

for the single-machine problem may be extended to more general weighted 

number of tardy jobs models. The multiprocessor version of the problem 

is considered under various assumptions. Special attention is given to 

the preemptive case where the processing of a job may be split among 

several parallel machines. 

Finally, a summary of findings and conclusions, as well as a 

discussion of several unanswered questions deserving further research, 

is presented in Chapter 6. 

Notation and Assumptions 

As a notational convention, the three-field problem classifica

tion used in Graham et al. (1979) will be adopted. That is, a particu

lar problem will be denoted by the classification alSly where a relates 

to the processor environment, S pertains to job characteristics, and y 

represents the optimality criterion. For the purpose of this work a 

takes values from the set {l, P, Q, R} to denote processing systems with 

a single machine, identical parallel machines, uniform parallel machines, 



or unrelated parallel machines respectively. The fundamental problems 

of concern in this treatise are characterized as liin. and lIIEw.U ... 
J J J 

Note that the absence of a specification for S is interpreted to mean 

that no restrictions on jobs are present, in which case the following 

basic assumptions hold (Baker 1974): 

- The jobs are independent and simultaneously ready for pro-

cessing at time zero. Setup times can be considered as part of the 

processing times. 

Job descriptors, Pj' dj , wj ' are deterministic and known in 

advance. 

- Unforced idle time is not allowed. All processors are con-

tinuously available and never kept idle while jobs are waiting. 

- Job preemption is not allowed. Once work begins on a job, it 

is processed without interruption until its completion. 

In order to simplify the exposition, it is useful to define some 

frequently used sequencing rules. Let [j] denote the job in the jth 

position of a given sequence. A shortest processing time (SPT) sequence 

is defined by the rule Pel] ~ P[2] ~ ... ~ Pen]' A minimum slack time 

(MST) sequence satisfies del] - Pel] ~ d[2] - P[2] ~ ... ~ den] - Pen]' 

Finally, an earliest due date (EDD) sequence satisfies del] ~ d[2] ~ 

~ den] with Prj] ~ P[j+l] if d[j] = d[j+l]' 

Although'it is trivial to show that the results are not 

affected by this assumption, it is convenient to assume that for a 

given job set the EDD ordering is unique. Note that the processing 

9 



10 

times can be perturbed infinitesimally if necessary to obtain a unique 

EDO sequence without altering the problem significantly, For notational 

convenience it will be assumed throughout this work that the jobs are 

numbered in EDD order, that is j < k => d. < dk, 
J -



CHAPTER 2 

A PARTITION APPROACH TO THE SINGLE-MACHINE 
TARDINESS PROBLEM 

The single-machine tardiness problem, defined in Chapter 1 and 

denoted by 1 liLT., has been the object of intense scruti ny since its 
1 

introduction by McNaughton (1959). Despite the apparent simplicity of 

this problem, the combined efforts of many researchers over the last two 

decades have failed to produce a formally efficient (polynomial) 

algorithm for its solution. This is particularly intriguing because all 

attempts to show that the problem is NP-Hard have proven equally fruit-

less. Complexity results are available for certain special cases and 

generalizations of 111l:Ti' for instance lldi=DILTi accepts an O(n log n) 

algorithm (Root 1965) and 111l:w.T. is NP-Hard (Lenstra, Rinnooy Kan and 
1 1 

Brucker 1977), but the basic problem remains a combinatorial challenge 

and a notorious gap in the complexity classification of scheduling 

problems. 

The complexity issue aside, the combinatorial characteristics of 

1 I Il:Ti' and in particular the lack of transitivity of the tardiness 

function, have led to the generalized belief that the problem is indeed 

hard (Lenstra et al. 1977). This conjecture, supported by numerous 

thwarted attempts to uncover a polynomial algorithm, justifies the use 

of enumerative procedures to find optimal tardiness schedules. As the 

11 



following literature survey reveals, a great number of such algorithms 

have already been proposed. 

Literature Survey 

Thi s revi ew of previ ous work on 1 lin i is organi zed into two 

parts. One presents known results concerning the combinatorial proper-

12 

ties of the problem; the other discusses the different algorithmic 

schemes that have been suggested as exact solution procedures. Although 

the applicability of some of these algorithms extends beyond 1 I I~Ti' 

they will be discussed only in the context of this problem. 

Combinatorial Properties 

The most influential work to date on lll2:T. is the characteriza-
1 

tion of dominant sequences by Emmons (1969). Using simple combinatorial 

techniques, he has derived several dominance properties that induce 

precedence constraints on the job set. These properties take the form 

of conditions under which one job precedes another in an optimal se

quence. Since the resulting graph of induced precedence is satisfied 

by at least one optimal solution, any sequence that does not satisfy it 

may be disregarded without affecting the optimization process. For some 

problem instances this approach results in the elimination of a remark-

able number of candidate solutions. 

In particular, the size of the problem can be reduced if the 

precedence graph implies the existence of some optimal solution in which 

a certain job is processed either in the first or last sequence position. 

In that case the IIfixed ll job may be scheduled at that time, and the 
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problem reduces to one of scheduling the remaining n-l jobs. This pro-

cess can be repeated until further reduction is impossible. Since for 

some problem instances the Emmons graph takes the form of a complete 

chain, this procedure may lead to the construction of a complete schedule. 

Such is the case for all "well-solved" special instances of the pro-

blem. For example, for 1 Ip.<P.=>d.<d. lET. the Emmons graph implies a 
1 J 1- J 1. 

complete job ordering identical to the EDD sequence. 

Unfortunately, for most problem instances, Emmons' conditions do 

not produce a complete sequence. They often imply only a weak partial 

ordering of the jobs and "hard" problems for which the precedence graph 

is in fact empty are easily constructed. Nevertheless, these dominance 

conditions playa fundamental role in the performance of many of the 

exact algorithms discussed later. 

Lawler (1977) also has been successful in identifying dominance 

properties that are satisfied by some optimal solution. His main result 

is a decomposition principle, which states that for some k s N, there 

exists an optimal sequence in which the job with the largest processing 

time, say j, is preceded by jobs 1, ... , j-l, j+l, ... k and followed by 

jobs k+l, ... , n. If the value of k i~ known, the original problem is 

decomposed into two smaller subproblems, one requiring the jobs preced-

ing j to be sequenced in the first k-l positions, and the other requir

ing jobs following j to be sequenced in the last n-k positions. In 

general, however, the value of k that corresponds to an optimal sequence 

is not known, and it is necessary to consider each of its n-j+l possible 

values. Fortunately, Lawler has derived dominance conditions, later 



extended by Potts and Van Wassenhove (1982), which often restrict the 

search for an optimal value of k, eliminating in the process a substan

tial number of sequences from further consideration. 

Algorithms 

14 

The earliest attempts to solve 1 I IITi were based on dynamic pro

gramming formulations of the general sequencing problem, such as those 

of Held and Karp (1962) and Lawler (1964). These procedures model the 

scheduling problem as a multistage decision process. At each stage k 

one must decide on the optimal sequence for all subsets of jobs of size 

k, given that the remaining jobs have been scheduled optimally in the 

first n-k sequence positions. All 2n subsets of N are considered, since 

dynamic programming examines all the sets of jobs that can be scheduled 

in the last position, the last two positions, and so on until the com

plete sequence is determined using the classical dynamic programming 

recursion. The time and storage complexity of these algorithms is 

O(n2n), and although they constitute a considerable improvement over 

complete explicit enumeration, the exponential growth of computer space 

requirements renders them incapable of solving even modest size problems. 

Elmaghraby (1968) has presented a network representation of the 

dynamic programming approach. Here, each set of jobs is interpreted as 

a node in a direct, acyclic graph. By appropriately defining the length 

of the arcs joining the different subsets, 1 I I~Ti can be restated as a 

shortest path problem. Although some refinements are possible, the 

algorithm has little practical significance as it suffers from the same 

"cur~e of dimensiona1ity" as the earlier procedures. 
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The practical value of dynamic programming as a method to solve 

1 I IITi was enhanced considerably by the development of Emmons' dominance 

condi ti ons. The precedence graph -j nduced by these condi ti ons has proven 

to be a powerful tool to curtail the number of job subsets which need to 

be examined. For example, if job i is known to precede job j in an op-

tima1 sequence, then, among all the subsets containing job i, only those 

that also contain job j need to be considered. This approach was first 

proposed by Srinivasan (1971). Since then, Baker and Schrage (1978) and 

Schrage and Baker (1978) have devised clever bookkeeping schemes to 

label the feasible subsets which reduce the computational burden of the 

procedure by taking full advantage of the Emmons precedence graph. 

Thus, when this graph is dense, problem instances with fifty jobs can be 

solved in a few seconds of computer time. However, the time and space 

complexity of these algorithms remains O(n2n), and for problem instances 

with sparse induced precedence, they can easily exceed the core avail-

able in even the largest computer. 

The optimality principle of dynamic programming can also be 

implemented in conjunction with the decomposition condition of Lawler to 

produce a pseudopolynomial algorithm with O(n3IPi) storage requirement 

and time complexity O(n4IPi) (Lawler 1977). The algorithm is said to be 

pseudopolynomia1 because the number of steps required to find a solution 

grows polynomially with the magnitude of the problem coefficients 

(Parker and Rardin 1982b). It is not a polynomial algorithm in the 

accepted sense of the term because its overall running time is not 
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bounded by a polynomial in the number of bits needed to specify an 

insta;lce of the problem in binary encoding. 

Although the existence of a pseudopolynomial procedure for 

1 I IETi is significant from a complexity standpoint, it should be noted 

that these types of algorithms are not necessarily "good" in a practical 

sense; they are often outperformed by other enumerative schemes, es-

pecially if the problem constants are large (Rinnooy Kan 1976). 

A different approach to sol ve 1 II n i is based on branch-and

bound techniques. This method relies on two basic processes: a branch

ing scheme to decompose a difficult problem into one or more easier 

subproblems, and'~ bounding mechanism to calculate a lower bound on the 

solution value of each one. Although many 1 I lET. algorithms have been 
1 

proposed which follow this "divide-and-conquer" strategy, all of them 

rely on exactly the same branching procedure and differ only in the 

bounding device employed. Subproblems are created by fixing jobs to be 

processed in a specific sequence position, usually constructing a sched-

ule from back to front. That is, each node in the search tree corres-

ponds to a subproblem obtained by specifying a sequence for some subset 

of jobs required to be processed last. The number of possible subpro-

blems generated by this pos iti ona 1 branching approach grows at an ex-

orbitant rate. At each level k of n the search tree there are k!(k) 

possible nodes. Specifically, at the n-th tree level, there may be as 

many as n! nodes representing all the possible sequences. 

Although in practice it may be possible to discard many tree 

branches by means of bounding mechanisms or other fathoming devices, the 



computational complexity of these types of procedures is O(n!). In 

principle, this compares very unfavorably with the 0(n2n) time com

plexity of dynamic programming. However, using simple backtracking 

techniques, the storage requirements of branch-and-bound algorithms are 

usually linear or at worst low order polynomial in n, while the space 

required by dynamic programming increases as an exponential function of 

problem size. Thus, when the curse of dimensionality cannot be dis

pelled, or when it is possible to curtail substantially the number of 

nodes that need to be explored, branch-and-bound algorithms are usually 

preferred over other solution procedures. 

The dominance conditions developed by Emmons have proven to be 

a powerful device to reduce the size of the search tree. They can be 

applied to the current candidate subproblem at any point during the 

enumeration. If the elimination criteria generate a complete sequence, 

the node is fathomed; otherwise, the resulting precedence graph can be 

used to reduce the number of possible decendants of the subproblem. 
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That is, if the induced precedence requires job i to be processed before 

job j, only nodes created by fixing job j later in the sequence than 

job i need be considered. Unfortunately, even stronger fathoming mechan

isms are needed to alleviate the explosive growth of the computational 

burden. 

Shwimer (1972) has proposed a branch-and-bound algorithm that 

combines elimination criteria with a simple bounding scheme. Lower 

bounds are calculated by means of a look-ahead procedure. It places 

each free job in the next position and adds to the tardiness of this 



job the maximum tardiness of anyone of the remaining free jobs when 

scheduled in EDD order. The smallest such bound for all free jobs is 

combined with the actual tardiness of the fixed jobs for use in the 

procedure. 

Stronger bounds may be computed by solving certain network 

problems. Lawler (1964) first suggested the use of a transportation 

model to obtain lower bounds for scheduling problems. In this approach 
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it is assumed that the machine capacity has been equally distributed 

among supply intervals of unit length, and each job j is seen as a 

demand point requiring Pj units of capacity. Therefore, the number of 

nodes in the transportation network is proportional to the sum of the 

job processing times. Valid bounds are obtained by underestimating the 

cost of shipping units of capacity from the different supply sources to 

the different demand points. Transportation cost coefficients suitable 

for a class of problems that includes 1 I I~T. as a special case have been 
1 

derived by Gelders and Kleindorfer (1974). 

Rinnooy Kan, Lageweg and Lenstra (1975) have proposed a similar 

bounding scheme. Here, the scheduling problem is interpreted as an 

assignment problem where n jobs must be assigned to n different posi-

tions in the processing sequence. The assignment cost coefficients are 

obtained by underestimating the time at which each job would be com

pleted if processed in each of the n sequence positions. Thus, the cost 

of a complete assignment is a valid lower bound on the actual tardiness 

of the sequence. The dominance conditions of Emmons playa key role in 

strengthening the value of the bound. Information provided by the 



induced precedence is used to tighten the completion time estimates and 

to preclude assignments that would violate the precedence graph. 
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A third network based bound has been proposed by Picard and 

Queyranne (1978). In this approach lower bounds on the tardiness cost 

are obtained by considering the multipartite graph associated with a 

time dependent traveling salesman problem. The length of each tour 

underestimates the tardiness of the schedule it represents. The actual 

lower bounds are obtained by solving a problem relaxation equivalent to 

finding a shortest path on the multipartite graph. The bounds are 

tightened by means of a subgradient procedure. Dominance conditions can 

easily be incorporated into this scheme by simply eliminating network 

arcs representing job precedence prohibited by the elimination criteria. 

An alternative bounding mechanism, based on the concept of 

Lagrangian relaxation, has been proposed by Fisher (1976). Sharp bounds 

are derived by considering a clever primal formulation of the sequencing 

problem. In this model the set of feasible schedules that satisfy 

Emmons I conditions is defined by means·of constraints associated with 

each time period. The requirement that at most one job be in process at 

any given time is relaxed by taking the Lagrangian dual of the problem 

with respect to those constraints. The dual variables in this formu

lation have a natural interpretation as prices charged for using the 

machine during each period. At the heart of this dual approach is a 

pseudopolynomial algorithm that provides lower bounds for 1 1ILTi by 

solving the Lagrangian problem with fixed multipliers. To maximize the 

value of the bounds, the procedure includes a subgradient optimization 
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routine to search for the set of multipliers corresponding to an optimal 

dual solution. 

A more recent algorithm proposed by Potts and Van Wassenhove 

(1982) combines the optimization principle of dynamic programming and 

branch-and-bound techniques. A simple separation scheme based on 

Lawler's decomposition principle is used to partition the original 

problem into subproblems of reduced dimension. If the subproblems are 

sufficiently small, they are solved by the algorithm of Schrage and 

Barker (1978), otherwise, the decomposition phase continues until the 

dimension of the subproblems permit the application of dynamic pro

gramming without exceeding the storage capacity available. The authors 

report satisfactory application of their algorithm to problems with up 

to one hundred jobs. 

In summary, although many algorithms for 1 I IETi have been 

suggested, the amount of computer resources they demand severely re

stricts their applicability. Branch-and-bound procedures are limited by 

computation times while dynamic programming algorithms are limited by 

core storage requirements. Given the erratic behavior characteristic of 

these enumerative schemes, the algorithm best suited to solve a par

ticular problem instance will be determined by its specific data struc-

ture. In this regard, it should be remarked that the performance of the 

most effective 1 I lET. algorithms depends largely on the dominance con-
1 

ditions developed by Emmons. Instances with dense precedence graphs are 

relatively easy to solve whereas even modest sized problems with weak 

induced precedence can defy any of the existing procedures. 
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Preliminaries 

All of the algorithms discussed in the previous section follow a 

"positional" strategy. That is, each searches for an optimal tardiness 

schedule by directly assigning jobs to specific positions in a sequence. 

This general approach suffers from two apparent drawbacks. First, if it 

is not possible to induce precedence constraints in the set of jobs, 

there are n! possible assignments of n jobs to n sequence positions. 

Second, even if the induced precedence graph is dense, it is possible to 

eliminate beforehand only the jobs that are constrained to be processed 

in a specific position at the beginning or at the end of the sequence, 

even though additional information about the jobs may be available. 

In the remainder of this chapter a new approach to 1 I lIT. which 
1 

avoids the drawbacks associated with positional algorithms will be 

developed. It will be shown that the problem of finding a sequence that 

minimizes tardiness is equivalent, up to a polynomial transformation, to 

the problem of finding an optimal "partition" of the set of jobs into a 

subset of early jobs and a subset of tardy jobs. In other words, a 

polynomial algorithm will be derived to find the optimal tardiness 

schedule given that the set of jobs is partitioned into two mutually 

exclusive collectively exhaustive subsets, one containing jobs that are 

early and the other jobs that are tardy in some optimal sequence. 

Although 1 I lIT. may be modeled in a more straightforward manner, 
1 

the following formulation provides insight into the partition approach: 



Min 

s.t. 

n 
- d.)(l - x.) 

i ~l ( Ci 1 1 

( Ci - d.)(l - x.) > 0 
1 1 . 

( Ci - d.)x. < 0 
1 1 

C. - p. > C. - My .. 
1 1 - J lJ 

C. - p. > C. - M( 1 - y .. ) 
J J - 1 lJ 

x., y.. E: {O, l} for i = 1, ... n; j = 1 ... , n, j ~ i. 
1 lJ 

In this formulation M represents a large number and each y .. is a se
lJ 
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quencing variable so that y .. equals one if job i is processed before j; 
lJ 

otherwise y .. equals zero and job j is processed before i. The x. 
lJ 1 

variables take on the value zero if job i is completed after its due 

date (i.e., the job is tardy) and one otherwise (i.e., the job is early). 

Thus, each binary vector X represents a partition of the jobs into a set 

of jobs that will be tardy and a set of jobs that will be early. 

The proposed approach to liin. is to determine the optimal 
1 

value of the vector X, that is, the early/tardy partition associated 

with an optimal schedule. Some advantages of this approach are clear 

from the previous discussion. There are at most 2n possible partitions 

of the job set into early and tardy subsets, a number that compares very 

favorably to the maximum of n! possible sequences. This becomes es-

pecially important for problems in which the number of solutions eli-

minated as a consequence of dominance criteria is small. 

Substantially less information is needed to determine whether a 

job will be early in an optimal schedule than to determine its exact 

sequence position. Consequently, dominance properties, such as-those 



derived by Emmons, become more effective in reducing the size of the 

original problem. For example, Fisher (1976) reports that when Emmons' 

conditions were applied to a set of fifty-job problems used to test his 

algorithm the problem size was reduced, in a positional sense, by an 

average of roughly 40 percent. However, if a partition approach is 

adopted, the size of the same problems can be further reduced by an 
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average of more than 35 percent, since the dominance properties establish 

that many jobs not fixed in position will be either early or tardy in an 

optimal schedule. 

The proposed approach assumes that given the optimal vector X 

the optimal value of each job completion time, C., can be easily found. , 
That is, the validity of the approach depends on the existence of an 

efficient algorithm to recover an optimal tardiness sequence from an 

optimal early/tardy partition. The following section lays the theore

tical basis for the development of such an algorithm. 

Theoretical Background 

Define r as the set of schedules in which all on time jobs are 

in earliest due date order (EDD). It is well known that r constitutes a 

dominant set for liILI. (Lawler 1977); that is, there exists an optimal , 
tardiness schedule in which all early jobs are ordered in EDD. Conse-

quently, the validity of the following results is not affected by the 

assumption that all relevant sequences belong to r, since any other 

sequence can be ignored without loss of generality. 

Necessary conditions for a sequence S to solve 1 I I~T. are re, 
latively easy to characterize: 



Theorem 2.1. If S is a minimum tardiness sequence, then S must 

satisfy the following: 

(i) there do not exist a pair of adjacent jobs i and j in S 

such that C. > d. and C. < d. where C. = C· + p. and , , J- J 1 J 1 

C.+p.<d., 
J 1 - J 

(ii) there do not exist a pair of jobs i and j in S such that 

C. > d. and C. > d. where p. < p., C,. < C. and 
11 J J J, J 

Ci - Pi + Pj > dj . 
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Proof. Establishing condition (i) is simple. For a pair of adjacent 

jobs i and j where is tardy and j is early (and where i follows j), an 

interchange of the two which leaves j early must reduce total tardiness. 

To see that condition (ii) is also necessary, consider a se-

quence S = {B, i, W, j, A} where B, Wand A denote subsequences. Assume 

that C. > d., C. > d. and p. < p .. Construct a new sequence S' which 
1- 1 J- J J 1 

reverses i and j in S. Hence, S' {B, j, W', i, A} where W' is a sub-

set identical to W but whose jobs have completion times uniformly no 

greater than those in W. Assume that S does not satisfy (ii). That is, 

C. - p. + p. > d.. That implies that job j is tardy in S' since the 
, 1 J J 

completion time of job j under S' is C~ = C. - p. + p .. Job i is also 
J 1" J. 

tardy in S' and therefore T(S) - T(S') = L Tk - L Tk + p. - p., 
kEW kEW' 1 J 

where T(So) denotes the total tardiness of a sequence So. However, 

it is clear that Ck ~ Ck for all k E W' and hence, T(W) ~ T(W'). 

This together with the assumption of Pj < Pi yield T(S) > T(S') which is 

the desired result. 0 



The first condition states that a sequence cannot be optimal if 

it contains a tardy job immediately preceded by an early job such that 

if the two are interchanged, the early job remains so. Condition (ii) 

suggests that if a solution contains blo tardy jobs not in shortest 

processing time order (5PT), then unless interchanging the two jobs 

forces one to be early, the solution cannot be optimal. The following 

result is an obvious consequence of Theorem 2.1; it will be useful in 

later developments: 
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Corollary 2.2. For any sequence 5 with a set of early jobs E 

which does not satisfy the necessary conditions of Theorem 2.1, there is 

a sequence 51 with a set of early jobs EI such that T(SI) < T(S) and 

E c EI. 

Proof. Consider a sequence 5 which violates either condition (i) or 

(ii). It has been shown that a sequence 51 which satisfies these condi

tions can be constructed by a simple job interchange. If 5 violates 

condition (i), the job interchange involves only a tardy job and an 

early job that will remain so after the interchange. If 5 does not 

satisfy condition (ii), the only completion time that will increase as a 

consequence of the interchange is that of a tardy job. It follows that 

all the elements of E will be on time in 51, which is the desired re

sult. 0 

Let ~ be the set of sequences that satisfy the necessary condi

tions and belong to r. The obvious ramification of Theorem 2.1 is that 

in searching for a minimum tardiness sequence one needs "only" confine 



26 

the search to those sequences in 6. This is a somewhat technical aside, 

since searching over this reduced set of solutions offers only modest 

computational relief. 

Suppose however, two mutually exclusive, collectively exhaustive 

subsets of N, say E and T, are specified. Here, E is the set of jobs 

which must be early and T the set that must be tardy. Clearly, <E,T> 

creates a partition of the job set. Define r,(p) as the set of sequences 

that satisfy the partition P = <E,T>; that is, r,(P) is the set of se-

quences in which all the elements of E are early and all the elements of 

T are tardy. Now, rather than seek the minimal tardiness solution over 

all solutions satisfying Theorem 2.1, it is desired to find the best 

such solution in r,(P), the set of sequences satisfying some known 

partition P = <E,T>. In what follows an efficient algorithm for dealing 

with this "restricted" problem is developed. In essence, the procedure 

either produces the stated solution or indicates that none exists. 

Before proceeding, an important result relative to this par-

tition-based tardiness problem can be stated. Formally define Partition

Based Scheduling as follows: 

Instance: a finite set of jobs with release times zero, a 

partition <E,T>, a positive integer K, and for each job, a 

processing time p. and due date d .. 
J J 

Question: Does there exist a single machine schedule with no 

idle time such that the jobs in E are early, the jobs in Tare 

tardy and the total tardiness is no greater than K? 

This leads to: 

Theorem 2.3. Partition-Based Scheduling is NP-Complete. 
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Proof. Clearly, the problem is in NP. A specified ordering of jobs can 

be checked in polynomial time to determine whether or not the schedule 

satisfies <E,T> and if J.LT T. < K. To complete the proof it remains to 
E: J-

demonstrate a reduction from the knapsack problem which, stated in its 

equality decision format, is: Given positive integers al , a2, ... , an 

and b does there exist a subset B c {l, 2, ... , n} such that L ak = b? 
ke::B 

Now, consider any instance of the knapsack problem and define a 

corresponding instance of Partition-Based Scheduling as follows: 

Let N = {l, 2, ... , n, n + l}, E = {l, 2, ... , n}, T = {n+ l}' Also, let 
n 

Pi = ai and d. = .L
l a· + 1 for 1 < i < n and Pn+ 1 = 1, dn+l b. A 

1 J= J 
single-machine schedule for this instance mus t be found such that all 

elements in E are early, all in T are tardy and the total tardiness does 

not exceed K=l. 

Clearly, if the knapsack problem has a solution, then so does 

Partition-Based Scheduling since the following solution can be con

structed: 

B n+ 1 
I I 
b b+l 

N-{B u {n + l}} ~ 

I a.+ 1 
j=l J 

Alternately, if the knapsack problem has no solution then neither 

does Partition-Based Scheduling for either there is no schedule satis

fying <E,T> or else for any that does satisfy <E,T>, the job n+l must 

start after time b and hence Tn+l > 1. Thus, the knapsack problem has a 

solution if and only if Partition-Based Scheduling has a solution. 0 
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A hasty reading of Theorem 2.3 in conjunction with the comments 

preceding its statement may appear to be contradictory. To see that this 

is not the case, recall that the conditions given by Theorem 2.1 are only 

necessary. Indeed, for an arbitrary partition P, the best overall tardi

ness sequence in ~(P) may, in fact, violate the necessary conditions. 

Hence, the algorithm presented subsequently may not produce the optimal 

tardiness sequence for the stated partition. This presents no major dif

ficulty since it is clear that any sequence not belonging to 6 can be 

simply ignored. Furthermore, it will be shown that for an optimal par

tition (one satisfied by a minimum tardiness sequence) the conditions of 

Theorem 2.1 are sufficient as well as necessary. 

It may appear that the tardiness problem has been needlessly com

plicated by essentially creating two problems: determination of an 

optimal partition and, for this partition, determining an optimal se

quence satisfying the necessary conditions of Theorem 2.1. The next 

theorem shows that this is not the case and suggests rather that the 

overall problem can really be restated as one of determining only an 

optimal partition. 

Theorem 2.4. For any partition P = <E,T>, all sequences 

S E ~(P) n 6 have the same total tardiness value. 

Proof. Select some sequence S+ E ~(P) n 6 for any partition P and let 

the tardiness of S+ be given by T(S+). Further, assume there exists a 

different sequence S E ~(P) n 6 where, without loss of generality 

T(S) < T(S+). Following, it will be shown by contradiction that S 

cannot exist. 



Under the assumption that T(S) < T(S+) it must be the case that 

Ck < C; for at least one job k. This follows since tardiness is a 

regular measure of performance (Baker 1974). Let i be the first such 

job in sequence S. Then there must exist a nonempty subset of jobs W 

such that for each JEW, job i precedes j in S but follows j in S+. 

Stated more formally, there must exist jobs and j such that Ci < Cj 

and C: > C: for each JEW. 
1 J 

Now, define B.(S) and A.(S) to be, for any job j and arbitrary 
J J 

sequence S, the sets of jobs processed prior to and after job j in S 
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respectively. Let r E W be the job in sequence S+ having the same start 

time as job in sequence S. + Then the sequences Sand S can be depicted 

as follows: 

... ,k, ... ,i, 
'V'-_-.J.I 

W 

S: {B.(s), 
1 

i, ... , j, ... , r, ... } 
'-....... --...... ~ ..... -_-"I 

A. (S) 
1 

By definition, B (S+) = B.(S) and C. C: for all j E B.(S) and 
r 1 J J 1 

A.(S) = A.(S+) u w. 
1 1 

Suppose that for the assumed partition, job i is an element of E. 

This implies that i is preceded by precisely the same early jobs in both 

Sand S+, since both of these belong to ~(P) n 6 and must have all the 

elements of E ordered in EDD. Hence, if i E E it must be that WeT. 
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Let j be the first job in S where j follows i and JET. If 

p. < p then since i and all other elements in E following i in the 
J - r 

stated EDD sequence are preceded by r in S+, it must be possible to con-

duct an adjacent pairwise interchange in S between j and the element E 

preceding it and still complete the job that must be early on time. 

This however, suggests that S fails to satisfy condition (i) of Theorem 

2.1 and S € ~ is contradicted. Alternately, if p. > p , jobs rand j 
J r 

can be interchanged in S where both remain tardy since the completion 

time of r in the resulting sequence will still exceed its completion 

time in S+. This implies that S fails to satisfy (ii) of Theorem 2.1 

and again S i ~. 

Now assume that job i belongs to T and let WeE. Then since S 

and S+ belong to ~(P) n ~, all jobs in Ware processed on time and are in 

EDD order in both sequences. Clearly, an adjacent pairwise interchange 

between i € T and the element of WeE immediately preceding it in S+ 

can be performed without forcing any element in E to be tardy. This 

implies that S+ fails (i) in Theorem 2.1 and hence, contradicts S+ € ~. 

Next, assume that there is at least one job in W belonging to T; 

thus, W ¢ E. Let k be the first job in S+ such that k € W n T. Then it 

is possible to interchange jobs i and k in S+ while keeping both tardy 

since the completion time of i in the new sequence cannot be less than 

the completion time of i in S. As a consequence, if it is assumed that 

Pk > Pi then it must be that S+ i ~ since S+ does not satisfy (ii). 

Alternately, assume that Pk < p.: two cases result. In the 
- 1 

first, let k be the first element of W in S+. Here, k is identical to 
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r. In this case, however, it is possible to interchange jobs i and k in 

S in such a manner that the resulting sequence has i and k in SPT order 

with both and k tardy. But this indicates a failure to satisfy (ii) 

and thus S i~. In the otner case, assume that k f r so that r belongs 

to E as does every other element of W preceding k in S+. Now, since r 

and all the elements of E following r in S+ are preceded by job i in S 

and S E ~(P), it is evident that an adjacent pairwise interchange in S+ 

between job k and the early job preceding it can be conducted without 

forcing any element of E to be delayed beond its due date. In this 

situation, condition (i) cannot hold for S+ which contradicts S+ E ~. 

This completes the proof of the theorem. 0 

The result of Theorem 2.4 establishes that given an arbitrary 

partition P, finding a minimum tardiness sequence in the set ~(P) n ~ is 

equivalent to finding any element of that set. Hence, for an optimal 

partition, any sequence satisfying this partition and the necessary 

conditions solves the tardiness problem. A more formal statement is as 

follows: 

Corollary 2.5. If P* is an optimal partition, then any solution 

S E ~(P*) n ~ is an optimal tardiness solution. 

Proof. Let P* be an optimal partition and let S* be an optimal tardi

ness schedule so that S* E ~(P*). From Theorem 2.1, we must have that 

S* E ~(P*) n~. Assuming that I~(P*) n ~I > 1, then any arbitrary 

schedule in S E ~(P*) n ~ must, from Theorem 2.4, have the same tardi

ness value as S*. Hence, T(S) = T(S*) and S is also optimal. 0 



Clearly if an optimal partition is known, the conditions given 

by Theorem 2.1 are not only necessary but are sufficient as well. 
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If P = <E,T> is an optimal partition then trivially, ~(P) n 6 ~ 0. 

On the other hand, when arbitrary partitions are considered, it is 

possible to have ~(P) n 6 = ~; indeed ~(P) may be empty, as will be the 

case when not all the jobs in E can be processed on time or not all the 

jobs in T can be delayed (without inserting idle time) until after their 

due dates. This later case is dealt with by the next result which pro

vides necessary and sufficient conditions for ~(P) to be nonempty. 

Lemma 2.6. f For a given partition, P = <E,T>, let S be the 

solution generated by sequencing jobs in E in EDD order followed by the 

jobs in T sequenced in minimum slack time (MST) order. Then ~(P) = ~ 

if and only if Sf t ~(P). 

Proof. It is well known that maximum job tardiness is minimized by EDD 

ordering. Similarly, minimum tardiness is maximized by a sequence 

satisfying MST ordering. Let Sf be a sequence where the elements in E 

are arranged in EDD order and are followed by the elements in T in MST 

order. Assume that at least one job in E is tardy in this sequence. In 

this case of course, Sf is not a member of ~(P). A similar outcome 

arises if at least one job in T has zero tardiness. Does a perturbation 

of Sf exist which does satisfy P? This is clearly not possible since 

any other permutation of elements in E (and/or T) must leave at least 

one job with positive tardiness (and/or zero tardiness). Similarly, 

any insertion of a job or jobs from T before jobs in E cannot decrease 



tardiness of elements in E and any insertion of elements from E after 

jobs in T cannot increase tardiness of elements in T. Hence, Sf t ~(P) 

implies that ~(P) = 0. 0 

The result of this lemma establishes a quick check relative to 

the complexion of the set ~(P) for any partition P. Clearly, if ~(P) 
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is empty then trivially, ~(P) n 6 is empty and the stated partition is of 

no interest. However, what if ~(P) t 0? In this instance, it may still 

be possible to have ~(P) n 6 = 0 and any search over the elements in ~(P) 

would also be fruitless. Happily, the ensuing algorithm is designed so 

that if no feasible solution for a given P satisfies the conditions of 

Theorem 2.1 this is detected by premature termination. Alternately, if 

~(P) n 6 t 0, the procedure produces the desired result, a sequence 

S = [lJ, [2J, ... , [nJ which minimizes tardiness in r,(P) n 6. 

A Fixed Partition Algorithm 

Choose a partition of the job set, say P = <E,T>. The following 

computational procedure, called the Partition Algorithm (PA) can now be 

stated: 

Step 0: For a given partition P = <E~T>, create a sequence 

Sf by arranging the elements of E in EDD order, the 

elements of T in MST order, and concatenating the two. 

If any element of E is tardy or if any element of T is 
f early in S , stop; ~(P) = 0 and there exists no sequence 

satisfying the stated partition. Otherwise, set 
u u E + E, T + T, M + 0, m + 1 and let [OJ = +00, d[OJ o. 



Step 1: Let TM = {jlj E TU and M + Pj > dj }. Select jobs k 

and j such that Pk = minM (p.) and d. = min (d.). If 
, i ET 1 J i EEu 1 

T~l = 0 or i f ~1 + Pk + E u PJ' > d. for some i E EU
, 

jEE 1 

d.<d. 
J- 1 

go to Step 2; otherwise go to Step 3. 

Step 2: Let em] = j, M ~ M + p., m ~ m + 1 and EU ~ EU 
- {j}. 

J 

If EU u TU = 0 stop, the sequence is completed; other-

wise return to Step 1. 

~l: If M + Pk > d[m_l] to go step 4; otherwise, stop, 

~(P) n 6 = 0 and the partition P does not satisfy the 

necessary conditions. 

Step 4: Let em] = k, M ~ M + Pk' m ~ m + 1 and TU ~ TU 
- {k}. 

If EU u TU = 0, stop, the sequence is complete; other-

wise return to Step 1. 

Upon termination, PA will have either produced a sequence 

34 

S = [1], [2], ... , en] which belongs to ~(p) n 6 or render the conclusion 

that ~(p) n 6 is empty. Since at each iteration the algorithm either 

terminates or assigns one job to one sequence position, it is evident 

that its computational requirements grow only as a polynomial function 

of the problem size. Although further refinements might be possible, 

the complexity of PA is no worse than O(n2). 

The following two theorems substantiate the validity of the 

algorithm. 



Theorem 2.7. If, for a given partition P, the algorithm gene

rates a complete schedule S, then S E ~(P) n ~. 

Proof. Assume the algorithm has progressed beyond Step 0 since other

wise Sf ¢ ~(P) and from Lemma 2.6, ~(P) n ~ is empty. Thus, let the 

generated sequence be S. In order to show that S E ~(P), note that at 

Step 1, job JET is scheduled at time M only if M + p. + ~ p. ~ dk J . EU 1 1E 
d.<dk 1-
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for all k E EU and j E 11. This assures that no job in T can be early in 

S nor can it be scheduled in such a way so as to prevent an element of E 

from being processed on time. Alternately, the algorithm schedules a job 

k E E at time M only if this job has the smallest due date among unsched

uled elements of E. This implies that the jobs in E are sequenced in 

EDD order in S. Thus, since ~(P) f ~ it follows that all jobs in E are 

early in S and hence, S E ~(P). 

It will be shown by contradiction that S E~. Suppose that 

S i~. If S fails to satisfy condition (i) of Theorem 2.1, then there 

exist two jobs, k and j in S such that 

(a) C. < d., Ck > dk J - J 

(b) Ck = C j + Pk 

(c) C. + Pk < d. 
J - J 

From the algorithm, let M = Cj and [m-1] j. This implies that at time 

M, a job k E T must have been sequenced in the m-th position immediately 

after a job [m-1] E E. However, each time an element of T is selected 

as a candidate to be scheduled at time M, the algorithm requires the 



execution of Step 3, which will direct the procedure to stop unless 

M + Pk > d[m_l]· Since M = Cj and [m-1J = j, this implies that 

C. + Pk > d .. This is a contradiction and we conclude that S satisfies 
J J 

condition (i) of Theorem 2.1. 

By a similar process we can resolve the issue regarding condi

tion (ii). Suppose S does not satisfy condition (ii) of Theorem 2.1. 

Then there exists a pair of jobs i and j such that 

(a) C. > d., C. > d. , , J J 

(b) Pj < p. , 
(c) C. < C. , J 

(d) Ci - p. , + p. > d. 
J J 
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Inequalities (b) and (c) indicate that jobs i and j must start processing 

at times M. = C. - p. and M. C. - p. respectively, with M. < M .. , , , J J J , J 

Further, from (a) we have M. + p. 
M. ' 

, > d. , and from (d), Mi + Pj > d. 
J 

imply-

i ng tha t i, j E: T ' . Now, in Step 1 of the algorithm, no job i E: T can 

be scheduled at time M unless p. = minM (Pk). 
, ksT 

Therefore, since from 
M. 

(b), p. < p. and i, j E: T " it follows that job i could not have been J , 

scheduled at time M. < M. 0hich is a contradiction. Hence S must also , J 

satisfy condition (ii) and S E:~. This completes the proof. 0 

Next, the case when PA terminates prematurely needs to be con-

sidered. It will be shown that if the algorithm dOes not generate a 

complete sequence for a given partition P, then the partition will not 

be satisfied by an optimal tardiness sequence and can be eliminated from 

further consideration. 



Theorem 2.8. If, for a given partition P, the algorithm stops 

without generating a complete schedule, there does not exist a solution 

S E s(P) that satisfies the necessary conditions for optimality and 

s(P) n 6 = 0. 

Proof. If the algorithm stops at Step 0, Lemma 2.6 indicates that 
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s(P) 0 and so trivially, s(P) n 6 = 0. Assume then that the procedure 

does not stop at Step O. 

First, it is necessary to show that if the algorithm selects a 

job j to be scheduled in the m-th sequential position, then any alter

native schedule in s(P) which has j scheduled otherwise does not satisfy 

the necessary conditions of Theorem 2.1. Set M = 0 and let j be the job 

selected at Step 1 as the initial job in the schedule. Now assume that 

there exists a schedule sO with job i f j in the first sequential posi

tion. To show that SO ¢ s(P) n 6 consider two cases: j E E and JET. 

Consider the first of these. If j E E then the following must be 

satisfied: 

and for each u E TO 

M + Pu + I p 
rEE r 

d <d r v 
o where T = {rlr E T and M + P > 

r 

min 
uEE 

(d ) 
u 

> d for some vEE v 

d }. That these two conditions must be 
r 

satisfied is clear since otherwise, Step 1 would not have selected job j 

as the job to be scheduled. Now, if i E E, then sO t s(p) n 6 since the 



first condition above implies d. > d. and hence, the elements of E are 
1 J 

not in EDD order in SO. Alternately, if i E T and M + P. < d., then 
1 - 1 
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SO ¢ ~(P) for an element in T is early in SO. If i E T and M + Pi > di , 

the second condition above implies that M + Pi + E P > d for some job 
rEE r v 

d <d 
r v ° vEE, which suggests that an element of E must be tardy in Sand 

SO i ~(P). 

Consider the case with JET. If, at Step 1, the algorithm has 

selected JET as the job to be scheduled, the following two conditions 

must hold: 

and 

M + p. 
J 

If i E T and M + p. < d., 
1 - 1 

p. 
J 

min (Pi) 
iET 

, r~+p. >d. 
1 1 

+ E P < d for all vEE. 
rEE r - v 

d <d r v 
then SO ¢ ~(P) for then an element of T is 

early in SO. If i E T and M + p. > d. then p. > p. which implies that 
1 1 1 J 

SO violates condition (ii) of Theorem 2.1 and hence, SO ¢ 6. If i E E, 

let rET be the first tardy job in SO scheduled after i. If Pr > Pj' 

then sO violates (ii) in Theorem 2.1 and sO ¢ 6 since again, it is 

possible to interchange, in SO, two tardy jobs, j, rET in such a way 

that after the interchange both are in SPT order and both remain tardy. 

On the other hand, if p < p. then an interchange of job r with the job 
r - 1 

vEE immediately preceding it in Sa will still complete v on time, im-

plying that (i) of Theorem 2.1 is not satisfied by SO and therefore 

Sa ¢ 6. 
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To this point, it has been shown that if, for given P, the 

algorithm assigns job j to the first sequential position, then any 

alternative to this cannot result in a sequence in s(P) n 6. Now it will 

be shown inductively that this is true for any sequential position m ~ 1. 

Suppose the algorithm has chosen m-l jobs i l , i
2

, ... , im_l m-l 
with M = L p. . Assume any schedule that does not have this ordering 

.e.=l l.e. 
of jobs in the first m-l sequential positions does not belong to s(P) n 6. 

Now, at Step 1 suppose the algorithm selects job j to fill the m-th 

position and consider any variant of this, SO which has job i t j in 

the m-th position. From the induction hypothesis, we have that 

SO t s(P) n 6 unless the first m-l positions are filled as dictated by 

the algorithm. However, this implies that if j is not in the m-th posi

tion then it must follow (in SO) job i which is in this m-th position. 

In this case, it is clear that the same argument applies as for the case 

when m=l and hence any SO = (i l , i 2, ... , i m_l , i, ... , j, ... , in) 

cannot be in s(P) n 6. 

All that remains in order to complete the proof, is to show that 

the algorithm does indeed stop without producing a complete schedule 

only if scheduling the selected job j also leads to a sequence violating 

one of the necessary conditions. 

Observe that Step 3 (the only step other than Step ° that may 

halt the procedure without producing a complete sequence) is executed 

only if the job selected next belongs to T. Specifically, Step 3 

terminates the procedure only if M + p. < d[ lJ. This condition im-J - m-

plies that if job JET is scheduled in the m-th position, then it will 
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be immediately preceded by an element of E, since [m-1J must be early. 

The condition also suggests that it would be possible, however, to 

interchange these jobs in the resulting schedule and still complete the 

given element in E on time, a violation of condition (i) in Theorem 2.1. 

Hence the subsequence [lJ, [2J, ... , [mJ cannot lead to a complete 

schedule S E ~(P) n ~ nor can any other subsequence and it follows that 

~(P) n 6 =~. This completes the proof. 0 

Note that in the above proof, it was assumed that the decisions 

made by the algorithm are unique. If not, any ties can be treated 

arbitrarily and the outcome is not affected. 

An Example 

In order to illustrate the application of the partition algo

rithm, consider one of the problems used by Fisher (1976) to test his 

algorithm. The problem originally had thirty jobs, but application of 

Emmons I dominance criteria permits Fisher to eliminate five jobs by 

fixing them in position at the beginning or at the end of the sequence. 

The necessary data for the reduced twenty-five job problem are given in 

Table 1. 

Suppose that PA is applied to a partition P = <E,T>, where 

E = {3, 4, 5, 6, 7, 12, 15, 16, 18, 23, 24} and T = {14, 10, 19, 13, 8, 

9,21, 17, 22, 25, 1, 2, 11, 20}. For convenience, the elements of E 

have been ordered in EDD and the elements of T in SPT. 

As the initial step, the algorithm checks whether <E,T> can be 

satisfied. This is done at Step 0 by constructing a sequence 
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TABLE 1 

DATA FOR EXAMPLE PROBLEM 

Job d. Pj J 

1 -7 10 
2 6 10 
3 15 1 
4 15. 4 
5 17 6 
6 24 8 
7 26 7 
8 26 7 
9 41 8 

10 45 4 
11 47 10 
12 48 1 
13 50 6 
14 84 2 
15 95 6 
16 101 8 
17 105 9 
18 107 2 
19 112 5 
20 114 10 
21 124 5 
22 129 9 
23 131 6 
24 144 2 
25 145 9 

f S = (3, 4,5,6,7,12,15,16,18,23,24,1,2,8,9,11,10,13,14, 

17,20,19,22,21,25). In this case, it is easily verified that Sf 

satisfies P and ~(P) ~ ~. 

Next, at each iteration m, the algorithm obtains a set TM of 

unscheduled jobs that would be tardy if processed in the m-th sequence 

position. Two jobs are selected as candidates to be scheduled next: 

the early job with the smallest due date among the unscheduled elements 



of E, say j, and if TU is not empty, the tardy job k with the shortest 

processing time among those in TU
• In the example, when m = 1, then 

M = 0, TM = {1,2}, j = 3, and k = 1. 

If the tardy candidate k can be processed next without causing 

an element of E to be tardy, the algorithm schedules it at this time. 

If TM is empty or if placing k in this sequence position will force an 

element of E to be tardy, the early candidate j must be scheduled in

stead. In the example, to determine if job 1 can be scheduled first, 

the sequence in which job 1 is followed by the elements of E in EDD 

42 

order has to be considered. Since in this ordering job 5, an element of 

E, is tardy (Cs = Pl + P3 + P4 + Ps > dS)' it becomes clear that having 

job 1 scheduled first cannot result in a sequence that satisfies <E,T>. 

Consequently, PA schedules the early candidate, and thus [lJ = 3. For 

m = 2, 3, 4, S the algorithm proceeds in a similar manner, scheduling 

the early candidate j every time. Thus, after five iterations PA would 

have generated a partial sequence (3, 4, S, 6, 7). When m = 6, then 

M = 26, TM = {s, 1, 2}, j = 12, and k = S. Since it is possible to have 

job S as the next job in the sequence and still complete all elements of 

E on time, PA chooses job S to be scheduled in the sixth position. 

Any time an element of T is chosen to be scheduled, PA checks if 

the resulting sequence will satisfy the necessary conditions. If the 

tardy job k and a job i that immediately precedes it in this sequence 

can be interchanged so that i will be early after the interchange, the 

algorithm terminates with the conclusion that ~(P) cannot possibly con

tain an optimal solution. Otherwise, k is scheduled next and the 
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procedure continues until all jobs have been sequenced. In the example, 

job 8 would be preceded by job 7. If these two jobs were interchanged, 

job 7 would be completed after its due date (C7 = M + P8 > d7). Thus, 

PA schedules job"8 next, letting [6] = 8, and proceeds to schedule the 

remaining jobs until a complete sequence that minimizes tardiness in 

~(P) n ~ is found. 

A complete summary of the application of the algorithm to the 

example problem is presented in Table 2. The sequence generated by the 

* algorithm is $ = (3, 4, 5, 6, 7, 8, 9, 10, 12, 1 3, 1, 2, 11, 14, 15, 

16,18,17,19,20,23,21,24,22,25), which has a total tardiness of 

251. 

For this example, it is relatively simple to determine that the 

given partition <E,T> is in fact optimal, and therefore $* minimizes 

tardiness overall. In the next chapter, some of the mechanisms that 

could be used to obtain an optimal partition will be discussed, as well 

as some further implications of the Partition Algorithm. 



TABLE 2 

APPLICATION OF THE PARTITION ALGORITHM TO EXAMPLE PROBLEM 

TM 
Tardy Early i E: E Forced Scheduled Necessary 

m M Candidate k Candidate j Tardy by k Job Em] Condition 

1 0 {l,2} 1 3 5 3 
2 1 {1 ,2} 1 4 5 4 
3 5 {l,2} 1 5 5 5 
4 11 {l,2} 1 6 6 6 
5 19 {8,1,2} 8 7 7 7 
6 26 {8,1,2} 8 12 None 8 Satisfied 
7 34 {9,1,2} 9 12 None 9 Satisfied 
8 42 {10,1,2,11} 10 12 None 10 Sati sfi ed 
9 46 {l3,1,2,1l} 13 12 12 12 

10 47 {13,1,2,11} 13 15 None 13 Satisfied 
11 53 {1,2,1l} 1 15 None 1 Satisfied 
12 63 {2,ll} 2 15 None 2 Satisfied 
13 73 ill } 11 15 None 11 Satisfied 
14 83 {l4 } 14 15 None 14 Satisfied 
15 85 ~ 15 15 
16 91 ~ 16 16 
17 99 {l7} 17 18 18 18 
18 101 {ll} 17 23 None 17 Satisfied 
19 110 {19,20} 19 23 None 19 Satisfied 
20 115 {20} 20 23 None 20 Satisfied 
21 125 {21,22} 21 23 23 23 
22 131 {21,22} 21 24 None 21 Satisfied 
23 139 {22,25} 22 24 24 24 
24 141 {22,25} 22 None 22 Satisfied 
25 150 {25} 25 None 25 Satisfied 

.j::o 
+:> 



CHAPTER 3 

ALGORITHMIC IMPLICATIONS OF THE PARTITION APPROACH 

The availability of the Partition Algorithm suggests a new 

attack strategy for liin .. The results presented in Chapter 2 imply 
1 

that this scheduling problem is equivalent, up to a polynomial trans-

formation, to the problem of finding an optimal partition P* = <E*,T*>. 

* If an optimal sequence S is known, P* can be obtained trivially; con-

versely, if P* is given, the optimal solution to liin. is constructed 
. 1 

by PA in polynomial time. Then, rather than searching directly for a 

minimum tardiness sequence, the proposed approach is to consider the 

scheduling problem as one of finding an optimal partition. 

The equivalence of liin. and the partition problem implies that 
1 

they both belong to the same complexity class and, therefore, a poly-

nomial algorithm to solve one problem exists only if the other can also 

be solved in polynomial time. Since liin. is generally :.:onsidered to 
1 

be hard, the use of enumerative schemes to find an optimal partition is 

justified. In this chapter several such procedures are outlined. The 

impact of PA on the design of new procedures for liin. is considered as 
1 

well as its possible use as a device to enhance the performance of avail-

able algorithms. Special emphasis is placed on the possible implementa

tion of the partition approach in the context of existing branch-and

bound algorithms. 
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The applicability of the proposed approach is not limited to 

1 I I~T .. In fact, certain related problems may prove to be even more 
1 
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amenable to solution by this approach. Two such problems are discussed 

at the end of this chapter. 

To facilitate the following discussion define IT as the set of 

all partitions P = <E,T> and H as the set of all binary vectors 

X = (xl' x2' ... , xn) such that xi is one if job i is early and zero 

otherwise. Then associated with each partition P E IT there is a vector 

X E H. This is in agreement with the mathematical programming formu

lation of 1 I I~T. pre~ented in Chapter 2. For notational convenience, a 
1 

specific partition will be denoted by either P or X and the set of 

possible partitions by either IT or H. 

Complete Enumeration 

Certainly an optimal partition can be found by totally 

enumerating the elements of IT. This naive approach requires simply that 

PA be applied to each possible partition, saving the best schedule found 

after each step as an incumbent solution. Once the enumeration is 

completed, the best partition and the corresponding minimum tardiness 

sGhedule will be at hand. Although this algorithmic scheme is a com-

plete enumeration approach from the perspective of the partition pro

blem, from the sequencing standpoint the scheme is actually an implicit 

enumeration algorithm. Of a total of n! possible permutation sequences, 

at most 2n are examined in the search for an optimal schedule. 

Alternatively, the enumeration approach can be seen as an imple-

mentation of the divide-and-conquer strategy. The objective is to find 
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a minimum tardiness sequence in the set~. Instead of searching over 

the entire feasible set at once, ~ is divided into several exhaustive 

and mutually exclusive subsets ~(P) n ~, and the best schedule in each 

of those subsets is obtained. At the end, the feasible set will have 

been examined and the optimal schedule found. Of course, the procedure 

is viable only because the search over the subsets ~(P) n ~ can be con-

ducted very efficiently by means of PA. 

The glaring drawback of this approach is that, in the worst 

case, the number of computations required is on the order of n22n, 

since there are 2n different ways to partition the set N into subsets E 

and T. This exponential growth of the comp~tations renders the enumer-

ation scheme impractical as the number of jobs increases, strongly 

suggesting the need to curtail the number of partitions that must be 

examined. 

Nonetheless, it may be enlightening to compare the execution 

cost of the partition enumeration approach to the cost of dynamic pro-

gramming algorithms in terms of the computer time and space required to 

solve hard instances of 1 liLT .. Recall that the execution time of the , 
dynamic programming algorithms reviewed in Chapter 2 also grows exponen-

tially in n, since the number of operations that need to be performed in 

the worst case is related to n2n. However, it is encouraging to note 

that in practical implementations of these procedures the resource that 

restricts their applicability is not time but computer memory. For dif

ficult problems, the amount of storage required by algorithms based on 

dynamic programming also grows at an exhorbitant rate, since as many as 



2n values must be kept in memory at the same time. On the other hand, 

the partition enumeration approach demands a negligeable amount of 

space; its storage requirements grow only linearly in n. Therefore for 
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certain instances of 1 I lET., naive enumeration of all the partitions may 
1 

be the most effective solution procedure, especially if storage rather 

than computation time is the major factor of concern. 

Of course, for problems in which the Emmons precedence graph is 

.strong, dynamic programming algorithms that rely on dominance conditions 

to control the set enumeration (Schrage and Baker 1978, Potts and Van 

Wassenhove 1982) can be expected to easily outperform the naive parti-

tion enumeration approach. However, the point here is that when the 

induced precedence fails to substantially reduce the amount of computer 

space required, the partition enumeration approach has a clear advantage 

over dynamic programming, since it is generally easier to enumerate 2n 

elements than it is to store them simultaneously. Furthermore, it 

should be remarked that the partition enumeration scheme can also be 

modified to take advantage of dominance conditions. It has been noted 

that besides reducing the size of a problem by fixing jobs in sequence 

positions, induced precedence constraints usually reduce the dimension 

of the partition problem even further by fixing jobs to be early or 

tardy. As an illustration consider the example problem given in Chap-

ter 2. Using Emmons' conditions to fix jobs in positions at the begin-

ning or end of the sequence, the number of jobs has been reduced from 

thirty to twenty-five. No further reduction on the size of the problem 

is possible in the traditional sense. However, if a partition appro~ch 
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is followed, the same conditions reduce the number of IIfree ll jobs to 

only eight, all the rest being fixed to be either early or tardy. Thus, 

of the original 230 possible partitions, only 28 need be considered. 

many of which can also be eliminated by the induced precedence. Formal 

mechanisms to exploit dominance properties are presented in the next 

section. 

Another favorable characteristic of the partition enumeration 

scheme, which is not captured by a statement of its complexity, is its 

ease of implementation. Also, if scarce computer resources force the 

procedure to terminate prematurely, it will produce an incumbent solu-

tion. This is not the case for any dynamic programming algorithm. 

Cutting Planes and Valid Inequalities 

The theory of cutting planes may prove to be a valuable source 

of insight for the design of alternative procedures to curtail the 

number of partitions that need to be enumerated. The idea underlying 

this approach is to define logical inequalities in the unit hypercube 

that must be satisfied by the vector representation of at least one 

optimal partition. Then, as vectors that satisfy these inequalities are 

generated, new constraints are added to the feasible region to exclude 

some partitions that are no better than some known solution. The logi-

cal inequalities or cuts that constitute the heart of this approach may 

be cla~sified in three groups, according to the mechanisms used to 

generate them: feasibility inequalities, dominance inequalities, and 

improvement inequalities. 



Feasibility Inequalities 

Although the set IT contains 2n possible partitions, some of its 

elements may not be relevant in the sense that there may not exist a 

feasible solution that satisfies them. Obviously, the search for an 

optimal solution can exclude any partition P E IT for which ~(P) is 

empty. Let HF c H be the set of binary vectors that represent parti

tions that are satisfied by at least one feasible schedule. For any 

nontrivial instance of liin., HF is a proper subset of H. Cutting 
1 

planes based on logical relationships among the jobs may constitute an 
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excellent instrument to characterize elements that do not belong to HF 

and dismiss them from further consideration. A valid feasibility cut is 

defined as a constraint on H that is satisfied by all X E HF. Next, 

some principles for generating valid cuts that exploit the particular 

structure of 1 IlzT. are described. 
1 

Lemma 2.6 provides some definite clues for the construction of 

feasibility constraints. First, since a set of jobs may have all its 

elements scheduled on time only if they are early under the EDD rule, 
F the following n inequalities are satisfied by ail the elements of Hand 

are therefore valid cuts: 

i 
Z p.x. < d. 

j=l J J - 1 
= 1,2, ... , n. 

Likewise, since a necessary condition to have all the elements of a set 

of jobs tardy in a permutation schedule is that they all be tardy under 

the MST rule, the following constraints, where [i] denotes the i-th job 

in the MST sequence, are also valid cuts: 
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n n 
d[iJ (l-x['J) < L p. - L p[J'J (l-x[J'J) i = 1, ... , n-l. 

1 j=l J j=i+l 

The efficiency of a cutting plan algorithm depends not only on 

the strength of the cuts but also on the computational burden that they 

impose; consequently, weaker inequalities that facilitate the book

keeping requirements may be preferred. For example, cuts that may offer 

a better alternative, in the sense that their structure simplifies the 

identification of redundant constraints and partitions that can be 

eliminated, may be provided by the follm'ling inequalities. These cuts 

can be shown to be a relaxation of the first set of inequalities pre-

sented above: 

i 
LX. < t. i = 1, ... , n. 

j=l J - 1 

Here I. is an integer such that if [k,iJ denotes the k-th job in the SPT 
1 

sequence of the jobs in {l, 2, ... , i} c N, then 

Ii Ii+ 1 

L Pc' 'J < d. < L Pc' 'J' j=l J,l - 1 j=l J,l 

A different principle to generate val~d feasibility cuts is con-

sidered next. Let e and e. be the maximum and minimum number of max mln 
jobs that can be completed on time in any permutation schedule. For any 

partition P = <E,T> such that ~(P) t 0, the cardinality of the set E 

must satisfy e. <lEI < e . Consequently, the constraints ml n - - max 



n 
E XJo < e , 

j=l . - max 

F are valid cuts satisfied by all X E H . 

n 
E xJo>e o 

j=l - mln 

The practicality of these cuts rests on the fact that efficient 
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algorithms exist to find e and eo. It is well known that Hodgson's max mln 
algorithm (Moore 1968) maximizes the number of early jobs. To find 

e ° the following algorithm is proposed, which as Hodgson's has commln 
plexity O(n log n). The procedure assumes that a schedule that mini-

mizes the number of jobs completed on time consists of a set A of early 

jobs in any order followed by a set B of tardy jobs in MST order: 

Step 1: Place all jobs in the set B in MST order. 

Let A be empty. 

Step 2: If no job in B is early, stop, the sequence is 

optimal and e ° is equal to the cardinality of mln 
the set A. 

Step 3: Identify the last early job in B. Assume that 

this job is currently scheduled in the k-th se-

quence pas iti on. 

Step 4: Find the longest job among those processed in posi

tions k, k+l, ... , n. Remove this job from Band 

place it in A. Update the completion times of the 

jobs remaining in B and return to Step 2. 

The optimality of this algorithm follows from Lemma 2.6 and the 

fact that only permutation schedules are considered. Details of the 



proof are omitted since it follows closely the proof of Hodgson's algo

rithm provided by Sturm (1970). 

If it is known in advance that certain jobs are fixed early or 
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tardy, stronger inequalities can be easily constructed. For example, 

Sidney (1973) has proposed an efficient extension to Hodgson's algorithm 

to maximize the number of early jobs given that certain jobs must be 

completed on time. Of course, .the particular problem instance and the 

specific implementation of the algorithm will dictate the best selection 

of cuts to be employed. 

Dominance Inequalities' 

It has been established that all optimal solutions to liIH. 
1 

are elements of~. Suppose now that it is possible to identify a subset 
d of ~, say ~ , that is guaranteed to contain at least one optimal se-

quence. Just as the search for a minimum tardiness sequence can con-

centrate on this dominant set, the search for an optimal partition can 

be limited to the set of partitions that are satisfied by at least one 
. d sequence ln ~ . 

Let Hd c HF be the set of binary vectors that represent the par

tition in the set {pip E II, E.;(P) n ~d t- 0}, Then, liin. can be written 
1 

as 

Min G(X) 

s. t. 

where G(X) is the tardiness of the schedule obtained by applying PA to 

the partition X. A valid dominance cut is a constraint on H that is 
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satisfied by all X E Hd. Note that any valid feasibility cut is also a 

valid dominance cut. 

The Emmons precedence graph can be interpreted as an instrument 

to generate dominance cuts. Following an idea of Fisher (1976), let EC. . J 

and LC. be the earliest and latest time respectively at which job j can 
J 

be completed while still meeting the precedence constraints imposed by 

Emmons I conditions. Since these constraints are satisfied by at least 

one optimal solution, it is possible to define ~d as the set of sequences 

in which EC. < C. < LC. for all j E N. Dominance cuts may be generated 
J - J - J 

by letting x. = a for all i such that d. < EC. and x. = 1 for all i such 
1 1 1 1 

that d. > LC .. These cuts are a formal mechanism to fix jobs required 
1 - 1 

to be early or tardy by the induced precedence. 

Additional information imbedded in the Emmons graph may lead to 

other types of cuts which usually eliminate a considerable number of 

partitions even though they do not fix jobs directly. These weaker cuts 

take the form of linear inequalities that express logical relationships 

among the jobs. For example, the inequality 

L: x. < I 
jEA J-

constitutes a valid dominance cut if the induced constraints imply that 

at most I of the jobs in some subset A are completed on time in an op

timal schedule. Likewise, if it can be deduced from the job precedence 

that a sufficient condition for a job i to be early is that some other 

job j be completed on time, then the constraint x. > x. is also a valid 
1 - J 

domi nance cut. 



The possibility for deriving valid cuts from dominance condi-

tions are many; however, it should be stressed once again that the 

selection of adequate cuts involves a tradeoff between the number of 

partitions that they exclude and the computational effort required to 

generate them. 

Improvement Inequalities 
+ Given a vector X E H, a valid improvement cut is defined as a 
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constraint on H that is not satisfied by X+, but is satisfied by all the 
d + elements of the set {XIX E H , G(X) < G(X )}. Let H- c H be the set of 

vectors excluded by an improvement cut. Although H- can be expected to 
d contain elements of H , the validity of the cut is guaranteed by the 

assumption that all the elements of H- n Hd have been considered, either 

explicity or implicity, as candidates for optimality. Assume that a 
+ vector X E H, representing the partition P+ = <E+,T+>, has been singled 

out. Valid improvement cuts may be generated by applying P.A to P+ and 

then using the outcome to determine directjons of improvement. Examples 

of cuts that may be obtained through this method are presented next. 

First, notice that it is always possible to generate a constraint 

to exclude the vector X+ that has just been examined. That is, in the 

worst case, a valid improvement cut is given by 

L: x. + L: (l-x.) 2. n-l, 
isE 1 . T 1 + 1E + 

+ which is satisfied by all X E H except X. To obtain stronger cuts, 
+ assume that when PA is applied to P+, a schedule S E ~(P+) n ~ results. 

TI '1 . f 11' T . th C+ +. +} Let = {J J E T+, Pj > Pi or alE + W1 i < Cj 1n S . A 
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simple pairwise interchange reveals that the partition P+ is better than 

any partition Po = <E+u{j},TO>' where j is an element of T'. As a con

sequence, the inequality 

L x. + 
. E 1 
1 E + 

is a valid improvement cut. 

L (1-x.) 2. n-I T' 1-1 
iET 1 

+ 
itT' 

It should be noted that some of the proposed cuts deviate from 

the classical interpretation of cutting planes (Jeroslow 1979) in that 

they may exclude feasible and even optimal solutions. This is not with

out precedent, since Bellmore and Ratliff (1971) have proposed cuts for 

the set covering problem that eliminate feasible points. Further the 

algorithm of Bazaraa and Goode (1975) for the quadratic set covering 

problem is based on cuts that may also exclude optimal solutions. The 

concept of improvement inequalities has also been used by Balas (1977) 

to design an algorithm for the set partitioning problem. 

The effectiveness of the cutting plan approach will depend 

greatly on the ability to identify solutions which satisfy the existing 

inequalities. If this cannot be done efficiently, better results might 

be obtained by combining cutting planes with one of the branch-and-bound 

schemes discussed next. 

Branch-and-Bound 

Another implicit enumeration technique that can be used to cur

tail the number of partitions that must be examined is branch-and-bound. 
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This general purpose methodology has an illustrious record of applica-

tions to combinatorial programming problems, and in particular, branch-

and-bound methods have had some success as solution procedures for 

scheduling problems. 

The many branch-and-bound algorithms that have been proposed for 

1 liLT. were reviewed in Chapter 2. It was noted that although the 
1 

existing algorithms differ in the bounding procedures used, they all 

rely on the same branching strategy. Subproblems are always created by 

fixing jobs in specific sequence positions. Nevertheless, the partition 

approach leads to the design of branch-and-bound procedures based on a 

totally different separation principle. The main idea underlying this 

approach is to generate subproblems by fixing a separation job to be 

either early or tardy. Although the branching mechanism is substan

tially different, the structure of the resulting subproblems still 

allows the use of bounding schemes employed by positional procedures. A 

more detailed description of the algorithms in this class of partition 

oriented branch-and-bound methods is presented next. Following the 

framework of Geoffrion and Marsten (1972), any branch-and-bound proce-

dure is characterized by the specific combination of separation, relaxa-

tion, and fathoming principles used. 

Separation 

In the proposed branching scheme, each node k represents a 

specific early/tardy partition of some subset of jobs Mk. The corres

ponding subproblem can be represented by having the variables x., i E Mk, 
1 

set to the appropriate zero or one values. Let the partial partition at 



node k be represented by pk = <Ek,Tk> and let TI(pk) be the set of com

plete partitions P = <E,T> that are compatible with pk; that is, 

TI(pk) = {pip E TI, Ek c E, Tk c T}. Any time the procedure fails to 

fathom a particular candidate problem k, it proceeds to separate the 

set TI(pk) into two subsets, TI(pkl) and TI(pk2), by selecting a branching 
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job j i Mk and fixing it to be either early or tardy. The two descendant 

subproblems, kl and k2, are associated with the subset Mkl Mk2 = Mk u {j} 

and the partitions pkl = <Eku{j},Tk> and pk2 = <Ek,Tku{j}>. This can be 

viewed as adding "separation" constraints of the form Xj = 1 for early 

jobs and x. = o for tardy jobs. 
J 

Since at each new node there is one less free job to be assigned 

to an early or tardy set, every time the procedure branches the res ul t 

is a partition problem of reduced dimension. However, if the subproblem 

created through this separation mechanism is seen from a sequencing, 

rather than partitioning, point of view, then branching does not reduce 

the dimension of the problem. At each node the objective is still to 

schedule n jobs to minimize tardiness, except that now certain jobs are 

constrained to be completed before or after their due dates. As a con-

sequence of these separation constraints, there is a difference in the 

structure of the original unconstrained sequencing problem and the 

structure of the resulting subproblems. The original problem and its 

descendants are no longer just different instances of the same problem, 

as is the case in positional algorithms. Fortunately, since the objec-

tive is to find a complete partition from which a minimum tardiness 

schedule can be recovered, this fact is of little practical significance. 
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It does shed light on the nature of the interaction between the free and 

the fixed jobs; interaction that prevents the generation of lower bounds 

by simply applying PA to the partial partitions associated with each 

node. This issue is also easily circumvented; the difference in struc-

ture between the original problem and its descendants does not preclude 

the possibility of applying some of the bounding concepts that have been 

useful in traditional approaches to sequencing problems. 

Fathoming Criteria 

A particular set of partitions rr(pk), and consequently the cor-

responding node k, may be dismissed from further consideration if the 

best partition in that set is found, or if it can be determined that 

rr(pk) does not contain an optimal solution. Partition oriented branch

and-bound algorithms may rely on any of three devices to fathom nodes 

and discard subsets of partitions. 

First, if the optimal solution of some relaxation of subproblem 

k corresponds to a permutation schedule S with total tardiness equal to 

the value of the relaxed problem, then node k is fathomed. This is true 

since the definition of relaxation implies that the partition imbedded 

in S is optimal in rr(pk) (Geoffrion 1977). 

Subproblem k is also fathomed if some lower bound for k is no 

better than the tardiness of some known feasible schedule S+. In this 

case it can be concluded that no partition in rr(pk) is better than the 

partition implied by S+. 

Finally, a third fathoming criterion states that node k may be 

discarded if an analysis of rr(pk) reveals that ~(P) n ~d = 0 for all 



P € rr(pk). In other words, k may be fathomed if it can be determined 

that a specified dominant set does not contain a feasible schedule in 

which all the elements of Ek are early and all the elem~nts of Tk are 

tardy. This criterion may be enforced by generating feasibility and 

dominance cuts at each node and eliminating any partition that does not 

satisfy them. Of course, the criterion may also be applied if the 

feasible region of some relaxation of k is empty. 

Relaxation 

Many relaxation approaches for the single-machine sequencing 

problem have been proposed in the context of positional algorithms. In 
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every instance the basic idea is to obtain an auxiliary problem which is 

computationally attractive and provides valid lower bounds. This problem 

is usually obtained by relaxing the model assumptions, simplifying the 

measure of performance, or modifying the job parameters. Next, it will 

be shown that some of these relaxations can be easily incorporated in a 

partition oriented branch-and-bound procedure. 

Let EC. and LC. be defined as in the previous section. Then, it 
J J 

is possible to define intervals w. = [EC., LC.] such that one optimal 
J J J 

* * schedule S exists with completion times C. € w. for all j € N. 
J J 

Observing that the separation constraints imply restrictions on 

the earliest and latest completion times of some of the jobs, the pro

posed branching scheme can be considered as a device to reduce the "win

dows" w .. Let Wk represent the set of intervals w~ = [EC~, LC~] asso-
J J J J 

ciated with subproblem k. If kl is a direct descendant of k, then 
kl k k kl w. c w. for all j € Nand w. f:. w. for at least one i € N. As an 
J J , , 



illustration assume that subproblems kl and k2 were obtained from k by 

fixing job to be early and tardy respectively. Notice that 

EC~ < d. < LC~ must hc~d, since otherwise job i would not be a free job , -, , 
at node k. 

letting w~l , 
Then, a set of valid windows for node kl can be obtained by 

k kl k . = [EC., d.] and w. = w. for all J E N, j t i. 
" J J 

Likewise, 

the set Wk2 associated with node k2 will contain valid windows if 
k2 _ k k2 _ k . w, - (d., LC.] and w. - w. for all J E N, j f 1. The validity of the 
, " J J 

approach is guaranteed by the fact that the feasible regions of sub

problems kl and k2 constitute a partition of the feasible region of 

problem k. 

It is usually possible to obtain tighter windows w~l, w~2 for 
J J 

the jobs j E N, j f i. Delaying the earliest completion time of job 

may delay the earliest completion time of the jobs that are required by 

the Emmons graph to wait for its completion. Similarly, decreasing the 

latest completion time of job i may have the effect of decreasing the 
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latest completion time of its predecessors. Furthermore, the separation 

constraints may imply that additional dominance conditions are satisfied 

at each node, which in turn may result in stronger induced precedence 

and even tighter windows. 

The previous discussion demonstrates that any relaxation prin-

ciple able to discriminate among candidate problems on the basis of the 

width of the windows w~ is suitable for a partition oriented branch-and

bound algorithm. Many of the relaxation approaches reviewed in Chapter 2 

satisfy this condition, even though they were originally proposed in the 

context of positional algorithms. Some examples are discussed next. 



Transportation Bound. The transportation bounding scheme pro

posed by Lawler (1964) is clearly suitable for a partition oriented 

branch-and-bound algorithm. Bounds at each node k can be obtained by 

requiring that all the units of machine capacity demanded by job j be 

"shipped" from supply intervals contained in its own window w~. Since 
J 

the windows become narrower as branching occurs, the discriminant power 

of the bounds will increase as additional variables become fixed. 

Position Assignment Bound. The bounding procedure of Rinnooy 

Kan et al. (1975) can also be adapted to the partition approach. Lower 

bounds for each node k are obtained by computing, for each job j and 

each sequence position m, the earliest and latest time at which job j 

can possibly be completed if assigned to position m, always assuming 

that the induced precedence is satisfied. If the interval thus defined 

and the window w~ do not intersect, an infinite cost is associated with 
J 

the assignment of job j to position m. Again, since the bounds depend 

on the size of the windows, they will get sharper as separation takes 

place and the windows are tightened. 

Lagrangian Dual Bound. Recall that in the liin. formulation 
1 

proposed by Fisher (1976) constraints associated with each time period 
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are used to define the set of schedules that satisfy Emmons' conditions. 

Bounds are obtained by taking the dual of the problem with respect to 

the constraints requiring that at most one job be in process at any 

given time. However, the requirement that the dominance conditions be 

met must still be satisfied by any solution to the relaxed problem. 
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This restriction is enforced precisely by means of window constraints. 

Consequently, the scheme is tailor-made for a partition oriented branch

and-bound algorithm. Bounds are generated at each node by solving the 

Lagrangian problem subject to the corresponding window constraints. As 

the windows become narrower the strength of the lower bound can only in

crease as a consequence of additional branching. 

This exposition of bounding mechanisms suitable for partition 

oriented branch-and-bound procedures is not an exhaustive survey. Rather, 

the intention is to illustrate how bounds that have been used success

fully in positional algorithms can be adapted to an early/tardy branch

ing approach. Of course,. there is no reason why new bounding procedures 

cannot be designed with the proposed separation principle in mind. For 

example, rules could be developed to modify the job parameters in order 

to obtain valid problem relaxations, which may be trivially solved by 

considering the separation constraints and dominance criteria .. 

This section can be concluded with the following remarks. It has 

been repeatedly stated that the effectiveness of Emmons' dominance con

ditions is greatly enhanced when used in connection with a partition 

based enumeration approach. Jobs not only can be fixed in position as in 

traditional approaches but also can be fixed early or tardy. FU1"thermore 

it should be observed that the application of dominance criteria to a 

particular subproblem in the search tree may also lead to additional 

elimination of jobs. For example, it is trivial to show that a job fixed 

to be early must preceed all jobs with a greater due date; consequently, 
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if the job with the smallest due date is fixed early, it must preceed all 

the other jobs in that particular subproblem. 

The desirability of an early/tardy approach is even more evident 

when the induced precedence is sparse. In this case a positional ap-

proach may require a candidate problem to have as many as n direct 

descendants, while in the partition approach nodes are separated into at 

most two subproblems. Therefore, even if it were possible to obtain 

stronger bounds for a positional algorithm than for a corresponding 

partition oriented procedure, the difference in bound discrimination 

would be more than offset by the considerable savings in branching. In 

addition, the early/tardy branching strategy allows exceptional flexi

bility in the selection of separation variables; any job may be fixed at 

any time regardless of its particular position in the Emmons graph. 

In conclusion, the partition approach provides more than ade

quate insulation from the factorial growth of computations associated 

with positional schemes. Consequently, even though unpredictability of 

computational behavior is inherent in branch-and-bound methods, parti-

tion oriented procedures should result in substantial savings over con-

ventional branch-and-bound algorithms. 

Applications to Other Problems 

This section demonstrates that the applicability of the parti

tion approach is not limited to 1 I I~T .. Two extensions of that problem 
1 

are considered which may provide an even better opportunity to illustrate 

the relative advantages of the proposed methodology over positional al

gorithms. Their special structure can be fully exploited by partition 
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oriented algorithms enabling them to succeed where positional procedures 

are likely to fail. 

Single-Machine Scheduling 
with Due Dates and Deadlines 

The assumption that the job completion times are not constrained 

by upper bounds is implicit in the formulation of 1 liLT.; the processing 
1 

of any job can be delayed beyond its due date for as long as it is con-

venient. In many scheduling systems, however, it is possible to iden

tify a set EC of critical jobs that must be completed on time under any 

circumstance, and consequently the above assumption must be modified to 

allow the due dates of those jobs to be treated as absolute deadlines. 

If tardiness is the measure of performance for the system de

scribed, the resulting problem is to find a single-machine schedule for 

a set of jobs N that minimizes tardiness and satisfies the condition 

that the elements of EC 
c N be completed on time. In the notation of 

the previous sections the constrained tardiness problem can be written as 

Min G(X) 

s.t. 

x. = for E EC , 
X E HF 

In order to use a partition oriented procedure to solve this 

problem, a mechanism is needed to recover an optimal sequence from an 

optimal partition. Fortunately, as for 1 liLT., the Partition Algorithm 
1 

is an adequate sequencing device. This follows from Corollary 2.2, 



which implies that the conditions of Theorem 2.1 are also necessary for 

the constrained problem. 

The new problem can be considered as an unconstrained tardiness 

problem in which the elements of EC have been fixed to be early. The 

constraints x. = 1 for i € EC can be treated as dominance cuts that ex-
1 

clude a subset of solutions from the feasible region. 
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Let rr(pc) be the set of partitions that are compatible with EC
; 

that is, rr(pc) = {pip € n, EC 
c E}. Then, the problem reduces to finding 

the optimal tardiness partition in the set n(pc). Obviously, any of the 

procedures outlined in this chapter are appropriate for this purpose. 

Scheduling One Machine to Minimize 
Tardiness with Minimum Number of 
Tardy Jobs 

This dissertation is mainly concerned with scheduling systems 

that rely on a single criterion, such as tardiness or number of tardy 

jobs, to monitor their ability to meet due dates. However, the impact of 

job delays may not be fully appraised by a single objective function. A 

schedule that minimizes tardiness may have an unacceptabl~ number of 

jobs tardy, or a schedule that minimizes the number of delayed jobs may 

produce an excessive amount of tardiness. Under these circumstances, 

the designation of both a primary and a secondary measure of performance 

will result in a more satisfactory schedule. The primary criterion 

represents the chief concern of the decision maker, but if several 

schedules satisfy it, the one that performs best under the secondary 

measure is selected. 
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Although scheduling decisions in industrial environments are 

often made on the basis of dual criteria (Panwalkar et al. 1973), little 

research effort has been directed toward problems with composite objec

tives. Exceptions are the works of Heck and Roberts (1972), Emmons 

(1975a, 1975b), Shanthikumar and Buzacott (1982~ and Shanthikumar (1983), 

which concentrate on problems that use measures other than total tardi-

ness as a secondary criterion. 

The problem of minimizing tardiness as a secondary objective 

when the number of tardy jobs is the dominant measure of performance is 

considered next. It will be shown that the tools needed to solve the 

problem efficiently are provided by the methodology developed in this 

dissertation. 

A schedule with the minimum number of tardy jobs, T, can easily 

be constructed by means of Hodgson's algorithm. Since this procedure 

disregards the length of job delays, it will seldom produce a sequence 

that minimizes tardiness as a contingent objective. This problem can be 

written as 

s.t. 

Min G(X) 

n 
~ x. = n - T 

i=l 1 

X E HF. 

Since any feasible solution to this problem will have as many early jobs 

as possible, it follows from Corollary 2.2 that any optimal schedule 

must satisfy the conditions of Theorem 2.1. This result provides the 

theoretical support needed to validate the partition approach as a 
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solution procedure for the dual-criterion problem; it implies that the 

Partition Algorithm will produce an optimal schedule if the best feasible 

partition is known. 

Define rr+ as the set of partitions with T tardy jobs; that is, 
+ n = {pip E n, ITI = T}. The problem of finding a sequence that mini-

mizes tardiness among those that have only T tardy jobs is equivalent to 

finding the best tardiness partition in n+. Any of the enumerative al

gorithms described in this chapter will fulfill this objective. 



CHAPTER 4 

SCHEDULING A SINGLE MACHINE TO MINIMIZE 
THE WEIGHTED NUMBER OF TARDY JOBS 

In this chapter a branch-and-bound algorithm to find a single

machine schedule that minimizes the weighted number of tardy jobs is des

cribed. This problem, denoted by 1 I IEW.U., has been formally defined in 
1 1 

Chapter 1. 

The notoriety of 1 IIEW.U. is partially due to its inclusion in 
1 1 

the original list of twenty-one problems proven to be NP-Hard in the 

path-breaking paper by Karp (1972). Since it remains NP-Hard even if 

all job due dates are equal, there is strong empirical evidence to 

support the claim that a polynomial-bounded algorithm to solve even 

relatively simple instances of the problem does not exist. Thus, the 

use of enumerative procedures for its solution is well justified. Some 

previous results of related interest will now be discussed. 

Literature Survey 

Although 1 IIEW.U. is NP-Hard, some special cases of the problem 
1 1 . 

are known to accept polynomial algorithms. If all the job weights are 

equal, an algorithm developed by Moore and simplified by Hodgson (Moore 

1968) generates a solution in O(n log n) time. A straightforward exten

sion of this procedure by Sidney (1973) solves the same problem when a 

specific subset of jobs must be completed on time. Kise, Ibaraki, and 
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Mine (1978) have shown that this particular version of the problem re

mains efficiently solvable even under the assumption that the jobs are 

not simultaneously available, but they become ready for processing in 

the order of their due dates. 
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The case in which the job processing times are equal can also be 

solved in polynomial time, either as an assignment problem (Lawler 1964) 

or as a matroid problem (Lawler 1976a). A more general case, in which 

both the processing times and weights are different but agreeable (i .e., 

Pj < Pk => Wj ~ wk) for all the jobs, can be solved in O(n log n) time 

by an algorithm developed by Lawler (1976b). 

Exponential procedures to solve the general version of the pro-

blem have been proposed by Lawler and Moore (1969) and Sahni (1976). 

These procedures, both of which are dynamic programming schemes, are 

pseudopolynomial algorithms since their running time is bounded by a 

polynomial in the magnitude of the input coefficients, O(n Lp.). 
1 

Neither of these algorithms have been computationally tested. They are 

likely to perform well if the processing times are small, but their 

performance will degenerate drastically as the size of the coefficients 

increases. This, coupled with the superpolynomial growth of the storage 

requirements of dynamic programming would prohibit solving very large 

problems. 

Theoretical Development 

Let P = <E,T> represent a partition of the set of jobs N into a 

subset E of jobs that must be early and a subset T of jobs that must be 

tardy, such that E u T = Nand E n T = 0. It is well known that an 
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optimal solution to lllL:wiUi consists of a set E* of early jobs followed 

by a set T* of tardy jobs (Lawler and Moore 1969). Since a set of jobs 

E can have all its elements completed on time only if they are early in 

the EDD sequence (Jackson 1955), it can be assumed that the jobs in the 

set E* are scheduled in EDD order. Since the processing sequence of the 

elements of T* does not affect the objective function, assume they are 

scheduled in any arbitrary order. Consequently lllL:w.U. is effectively , , 
solved once a partition P* = <E*,T*>, corresponding to a set T* that 

minimizes L:w., is found . 
. T' 
, E * 

Lawler and Moore (1969) give the following integer programming 

formulation of lllL:w.u.: , , 
Min wl (l-xl ) + w2(1-x2) + ... + wn(l-xn) 

s. t. 

n 
XE{D,l} 

+ p x 
n n 

< d . - n 

n In this formulation any vector X E {D,l} represents a partition 

P = <E,T> of the set of jobs in which E = {jlj E N, x. l} and 
J 

T = {jlj E N, Xj = D}. The constraint set simply states that a parti-

tion is feasible only if all the elements of E are early in the EDD 

sequence. 
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The search for an optimal set of tardy jobs, T*, may be aided by 

the dominance condition defined in the following theorem. 

Theorem 4.1. If two jobs, say j and k satisfy 

Pj .:5. Pk 

w. > w
k J -

dj ~ dk - (Pk - Pj) 

then there is at least one optimal schedule in which either both j and k 

are on time or k is tardy. That is, if job k is early, job j must also 

be early, or equivalently, if j is tardy then k must also be tardy. 

Proof. Let p. < Pk' w. > wk' and d. > dk - (Pk - p.). Assume that S J- J- J- J 

is an optimal schedule that does not satisfy Theorem 4.1. That is, job 

j is tardy in S even though job k is early. Let Cj and Ck be the com

pletion times of jobs j and k respectively. By interchanging jobs j and 

k, clearly job j becomes early since the new completion time is 
I 

Cj = Ck - Pk + Pj 

~ dk - Pk + P j 

< d .. 
- J 

If job k remains early the objective is reduced by w. but even if job k 
J 

becomes tardy the objective can be no worse since w. < wk' thus proving 
J -

the theorem. 0 

Theorem 4.1 can be used to de~ine dominant schedules by means of 

logical relationships that constrain certain jobs to be early or tardy. 

By repeated application of the theorem, it is a simple matter to obtain 

for any j E N a set B. of jobs that are early in an optimal schedule if 
J 
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j is early and a set A. of jobs that are tardy in an optimal schedule if 
J 

j is tardy. Tha tis, 

B. {klk E N, Pk < p., dk > d. - (p. - Pk)' wk > w.} and 
J -J -J J -J 

Aj {klk E N, j E Bk}. 

An important characteristic of lll2:w.U. is that a partial solu-
1 1 

tion (partition) can be specified without altering its basic structure. 

To fix a job j it is only necessary to consider its contribution to 

the objective and to drop the corresponding variable and constraint; if 

job j is fixed early, the due dates of the remaining jobs must be re-

placed by 

d. Mi n (d., d. - PJ.) 
1 1 J 

for < j 

d.=d.-p. 
1 1 J 

for ~ j. 

A complete partition of the job set, which mayor may not be 

feasible, can be obtained by solving the following mathematical program: 

Min wl (l.-xl ) + w2(1-x2) :j. ••• + wn(l-xn) 

s. t. 

+ x2 + 
n 

XE{O,l}. 

+ x 
n 

This clearly corresponds to 1 Ip.=l, d.=l.l2:w.U .. 
1 1 1 1 1 

< l - n 



The following theorem provides bounds which can be used in a 

solution procedure for liIEWiUi . Its statement requires that [k,iJ 

denotes the job that occupies the kth position in the SPT sequence of 

the jobs in {l, 2, ... , i} eN. 
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Theorem 4.2. For any i E N let t. , i 
if E 

j=l 
p. < d.; otherwise 

J - , 
() t.+l 
.(..i ' 

let l. be such that E Pc' 'J.s. d. < E Pc' 'J' , j=l J,' , j=l J,' 
Then 

IIp.=l, d·=l.IEW,.U,. is a valid relaxation of lIIEW,.U .. , " , 

Proof. Since the objective functions of both problems are identical, it 

suffi ces to show that the feas i b 1 e regi on of 1 II Ew. U. is contained in 
1 , 

the feasible region of 1 Ip.=l, d.=t·IEW.U., Assume that , ", , 
xj ' j = 1, ... , n is not feasible to lIPi=l, di=lilEWiUi' Let 

Yk = xl + x2 + ... + xk; then there must be some k such that 

k ~ Yk > lk' In view of the definition of lk it follows that 

k Yk 
j~l PjXj ~ j:l P[j,kJ > dk, and therefore the solution must be infeasi-

ble to lilEWiUi as well, which produces the desired result. 0 

The importance of Theorem 4.2 rests on the fact that an effi

cient procedure for 1 IPi=l IEwiUi is known. Lawler's algorithm solves 

IIp.<p. => w.>w·IEW.U. in O(n log n) time (Lawler 1976b). It can be 
1 J 1- J l' 

stated as: 



Step 1: 

Step 2: 

Step 3: 

Start with j = 1 and So = QO = 0. 

Let Q. = S. 1 u {j}, Y = {klk E N, Pk = max p.} and 
J J- . Q ' , E j 

w = min w. 
u i EY , 

Let s. 
J {

Q" if L: p. < d. 
J i EQ.' J = , 

Qj-{u}, ·otherwise. 

Step 4: If j = n, stop, PR = <ER,TR>, where ER = Sj' is an 

optimal partition. Otherwise let j = j+l and go to 

Step 2. 

This algorithm, with obvious simplifications to steps 2 and 3 

can be used to solve IIp.=l, d.=.e..IL:w.U .. If the best partition for , ", , 
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this relaxed problem, PR = <ER, TR>' is feasible to lllL:WiUi , Theorem 4.2 

implies that it is optimal. If PR is not fe~sible, a valid lower bound 

for lllL:w.U. is given by ZL = L: w .. 
, 1 R • T 1 ,E R 

The IIp.=l, d.=.e..IL:w.u. relaxation was obtained by modifying , "" 
the processing times and due dates of all the jobs. An alternative 

bounding mechanism can be developed by perturbing the set of job weights 

instead, leaving the processing times and due dates unchanged. Assuming 

that all jobs have the same weight, Lawler's algorithm becomes a re

statement of Hodgson's algorithm and produces a feasible partition 

PH = <EH,TH> with the minimum number of tardy jobs. Under this assump

tion, every time a job u E Qj must be tardy, it is selected in such a 

manner that p = max p .. A lower bound for 1 I I L:W,.U,. can be obtained 
u . Q ' , E . 

J 



by assuming that w is equal to the smallest element of the set 
u 

{wi' ... , wj } that has not previously contributed to the value of the 

bound. 

A formal description and proof of the validity of the lllL:U. 
1 

bound is given below as Theorem 4.3. Before proceeding, however, note 

that the subsets S. constructed by Lawler's algorithm maximize the 
J 
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weighted number of early jobs in the set {l, ... , j} c N (Lawler 1976b). 
I 

Therefore, letting S. denote the sets generated by the algorithm under 
J 

I 

the assumption of equal weights (Hodgson's algorithm), Sj must have the 

maximum cardinality among all the subsets of {l, ... , j} that can have 

all elements completed on time. 

If T = ITHI denotes the minimum number of tardy jobs, it is 

clear from the algorithm that there are exactly T indexes 
I I 

ji' jl < j2 < ... < jT' such that S. r Q .. Furthermore, each set S. 
J i J i J i 

has cardinality j. - i, which implies that at least i elements of the 
1 

subset of jobs {l, ... , j.} must be tardy. To simplify notation, let 
1 

No = 0 and Ni = {l, ... , j i} for i = 1, ... , T; note tha t 

NO c Nl ... c NT' 

Theorem 4.3. 
T 

L: w ,where w 
i=l r i r l 

= min w. and 
jEN

l 
J 

w = min w. for i = 2, ... , T. If P = <E,T> is any feasible 
r i jEN.-{rl,~ .. ,r. l} 

1 1-

partition for 1 I lL:w.u., then ZL < L: w .. 
1 1 H - JET J 
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Proof: Let <E*,T*> be an optimal partition for l! !LwiUi . Define a set 

of T jobs V ~ {V l ' ... , v } such that V c T* and v. E N. for i = 1, ... ,T. T , , 

Furthermore, assume that the jobs v. are numbered in such a way that if 
1 

{V,., v.} eN., then < j implies w < w ,since in that case 
J , vi - Vj 

{Vi' vj } C Nj' and it can be arbitrarily decided which job should be 

associated with which subset. 

Let R c N be the set of jobs selected to contribute to the value 

of the lower bound; that is, R {r 1 ' . . . , r }, where w = min w . 
T r l jEN

l 
J 

and w = min w. for = 2, . . . , T • It is evident that 
ri jEN.-{r.~ ... ,r. l} 

l' 1-

L w. < L w .. It wi 11 be shown, using an induction argument, that 
jEV J -

jET* J 

L w. .:s. L w. < L wj . Since r l E Nl and w = min w j' then 
jER J jEV J - jET* rl jEN

l 
w < w Now, assume that w < w , ... , w < w It must be r - vl r l - vl r i-l - vi_l 1 

shown that w < w for i = 2, . . . , T • Assume v. i N. l' Then, since 
r· - vi 1 1 -

1 

{r 1 ' ... , r. l} C N. 1 and v. E N. , it foll ows that 
1 - 1- 1 1 

V. E Ni-{r l , ... , r. l}' Next, assume v. E Nk, v. I:. N
k
_
l for some 

1 1- 1 1 

k = 1 , ... , i - l. This implies 

{Vk' vi} c Nk, {vk+l ' vi} C Nk+l , ... , {v i _l ' vi}c Ni _l , and therefore 

w < W ,w < W , ... , w < w The induction hypothesis 
vk - vi vk+l - v. vi-l - vi 

states w < W ,w < W , ... , w < W ,and since only one 
rk - vk r k+l - vk+l ri-l vi-l 

of vk and vi can be equal to r k for any k ~ i, it can be assumed that 

vi E Ni - {rk, ... , r i _l }· If k > 1, then, since vi t. Nk_l and 

{rl , ... , r k_l } c Nk_l , it follows that vi E Ni-{r l , ... , rk' ... , r i _l }· 

Therefore, since w r i 
.min Wj it can be concluded that 
JEN.-{r l , .... , r. l} 
1. 1-



w < w for any = 1, ... , T. Hence w + ... + W < W + ... + W 
r i-v i r1 r T - v1 v r 

and thus L w. < L w. < L w., which concludes the proof. 0 
jER J - jEV J jET* J 

An obvious upper bound for 111LwiUi is given by Zu = .\ wi' 
1 E H 

where PH = <EH,TH> is the partition obtained by Hodgson's algorithm. 

The previous two theorems imply that if Zu = max{ZL
R

' ZL
H

}' then PH 

is in fact optimal for that problem. 

All the elements needed for the design of a branch-and-bound 

algorithm are now available. Fathoming of candidate subproblems may be 

attempted by means of the bounds provided by 1 Ip.=l, d.=!. ILW.U. and 
1 1 1 1 1 

111LUi. If the attempts to fathom a subproblem fail, new subproblems 

can be created by choosing a separation job and fixing it to be either 

early or tardy. 

Since the structure of the subproblems is identical to the 
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structure of the original problem, the bounding mechanisms can be easily 

modified to enforce the separation constraints (Sidney 1973); the value 

of ZL ' ZL ' and Z must of course include the weights of the jobs fixed 
R H u 

to be tardy. A detailed description of the algorithm, in terms of the 

general algorithmic framework of Geoffrion and Marsten (1972), follows. 

A Branch-and-Bound Algorithm 

The proposed algorithm requires that a candidate list of sub

problems be constructed. Each subproblem k is defined by a partial 

partition, pk = <Ek,Tk>, of the job set; that is, each node k in the 

search tree corresponds to a set Ek of jobs fixed early and a set Tk of 

jobs fi xed tardy, such that Ek n Tk = 0 and ~1k = Ek u liS a subset of 
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N. The jobs that do not belong to Mk are said to be free, and their set 

is denoted by Fk. 

The algorithm proceeds by choosing a subproblem k from the 

candidate list and attempting to eliminate it from further consider

ation. If the efforts to fathom the current candidate problem are un

successful, a separation job is selected from Fk and node k is expanded 

into two new subproblems, which replace k in the candidate list. 

If (k+l) and (k+2) are the direct descendants of k, created by 

fixing j E Fk to be early and tardy respectively, then M(k+l) = Mk u {j}, 

E(k+l) Ek u {j}, and T(k+l) = Tk at node (k+l), and M(k+2) = Mk u {j}, 

E(k+2) Ek, and T(k+2) = Tk u {j} at node (k+2). If fixing job j im

plies, through the dominance conditions, that some other elements of Fk 

can be fixed, the sets M(k+l) and M(k+2) are augmented accordingly. 

Formally, the algorithm for lIILw.U. may be stated as follows: 
1 1 

Step 1: Let subproblem 0, defined by FO = N, MO = EO = TO 0, 

be the only element in the candidate list. Let k ° 
and z+ = co. 

Step 2: If the candidate list is empty, stop, the schedule im

plied by the incumbent partition <E+,T+> is optimal. 

Otherwise, select subproblem k, where k corresponds 

to the greatest index in the candidate list, as the 

current candidate problem. 

Step 3: Sequence the elements of Ek in EDD order. If all the 

jobs are early in that sequence go to the next step. 

Otherwise there does not exist an optimal early set 



k E* such that E c E*, and therefore subproblem k is 

fathomed; go to Step 2. 

Step 4a: Solve 111l:U. using Hodgson1s algorithm, obtain the , 
lower bound ZL ' as well as 

H 
responding to the partition 

k k 
E c EH, T c T H' 

the upper bound Z cor
u 

Step 4b: If Zu < Z+, let E+ = EH, T+ = TH, and Z+ = Zu' 

Step 4c: If ZL < Z+, go to Step 5a. Otherwise, subproblem 
H 

k is fathomed; go to Step 2. 
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Step 5a: Obtain the 1 Ipi=l, di=ti Il:WiU i relaxation of subproblem 

k. 

Step 5b: Solve 1 Ip.=l, d.=t.ll:w.U. using Lawler1s algorithm. , ", , 
Let <ER,TR> be the optimal partition for that pro-

blem, which must satisfy Ek c ER, Tk c TR. 

Let ZL = l: w .. 
R idR' 

Step 5c: + If ZL < Z , go to Step 5d. Otherwise, subproblem 
R 

k is fathomed; go to Step 2. 

Step 5d: Sequence the elements of ER in EDD order. If at least 

one job in that sequence is tardy, go to the next 

step. Otherwise <ER,TR> is feasible to 111l:WiUi and 

the schedule implied by that partition is optimal for 

subproblem k, which can therefore be fathomed. 

Let E+ = ER, T+ = TR, and Z+ = ZL represent the new 
R 

incumbent solution. Go to Step 2. 



Step 6: S 1 . b' Fk ., b e ect a JO J E as a separatlon JO . 
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Let (k+1) and 

(k+2) be the descendants of k, where (k+1) corresponds 

to E(k+1) = Ek u {j} u B., T(k+1) = Tk, and (k+2) cor
J 

responds to E(k+2) = Ek, T(k+2) = Tk u {j} u A .. Go to 
J 

Step 2. 

The algorithm relies on a Last-In-First-Out (LIFO) rule to select 

the candidate problem that should be analyzed next. This -strategy, as 

compared with a priority rule, results in some loss of flexibility to 

control the enumerative process, but this drawback is more than com

pensated by a reduction in the computer storage requirements and a sim-

p1ification of the bookkeeping procedures. It is important to implement 

the ~lgorithm in such a way that near optimal solutions are found early 

in the enumeration process. This increases the fathoming power of the 

bounds and guarantees that at least a good solution will be at hand if 

the algorithm terminates prematurely. 

The number of subproblems that must be explored in order to find 

a good incumbent solution is greatly affected by the choice of separa

tion jobs at Step 6 of the algorithm. After some preliminary experimen-

tation, the following heuristic rule was used to select a branching job: 

Let ER be the optimal early set for the IIp.=l, d.=!·IEw.U. 
1 1 1 1 1 

relaxation of a subproblem k that could not be fathomed. Assume that 

is the first tardy job in the EDD sequence of the jobs in ER. Then, a 

separation job j is chosen in such a way that 

w./p. = min {w /p Ir E Fk, r < i}. 
J J r r 
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This implementation of the LIFO strategy requires that the 

descendant of k created by setting job j tardy be examined first. As a 

result, the branching rule increases the likelihood of finding a feasible 

solution as soon as the next subproblem is considered, since an element 

of {rlr E Fk, r 2 i} must be tardy. Furthermore, the lower bounds for 

the other descendant of k are likely to be strong enough to lead to an 

early fathoming of that node, since fixing job j to be on time will hope

fully imply, through dominance criteria, that some of the other jobs 

should also be fixed. 

In addition to the dominance conditions of Theorem 4.1, two other 

elimination criteria- have been incorporated into the above algorithm, 

the validity of which follows immediately from well known results. At 

any node k, a job j E Fk satisfying d. > E p. - E kP. can be fixed 
J - i EN 1 i ET 1 

early, since it will meet its due date as long as it is processed before 

any element of Tk (Elmaghraby 1968). Likewise if a job j E Fk is not on 

time in the EDD sequence of the jobs in Ek u {j}, it will be completed 

after its due date in any optimal solution to subproblem k (Jackson 1955) 

and can therefore be fixed tardy. 

Finally, an aspect of the algorithm that affects its performance 

perhaps more than any considered so far concerns the use of the two dif-

ferent bounding devices. It is clear that the validity Uf the procedure 

is not compromised if only one of steps 4 and 5 is executed, thus ignor-

ing one of the bounds altogether. The rationale for using both relaxa-

tions is that they complement each other, in the sense that one may lead 

to the fathoming of a node where the other fails. For certain instances 
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of the problem, however, this added fathoming capability may not compen

sate for the computational cost of calculating the two bounds simul

taneously. To investigate this point three variations of the algorithm 

have been extensively tested. The first option relies on both bounds, 

ZL and ZL ' while the second uses only ZL and the third only ZL. In 
R H H R 

the second algorithmic variation the 1 Ip.=l, d.=l.IEW.U. relaxation is , ", , 
not solved and a separation job j is chosen simply as the free job with 

the smallest w./p. ratio. 
J J 

Computational Experience 

The lilEWiUi algorithm was coded in FORTRAN IV and extensively 

tested on a battery of randomly generated problems. The purpose of this 

experiment was twofold: to examine the relative performance of the 

various versions of the algorithm, and to investigate the possible in-

fluence of certain data characteristics on the difficulty of the pro

blems. No attempt was made to optimize the code, and all problem~ were 

run in a multi-programming environment; thus solution times should be 

viewed as indicators of problem difficulty and not as absolute measure-

ments. The tests were conducted on the CDC CYBER 175 computer at the 

University of Arizona Computing Center. 

In order to automate the testing procedure as much as possible, 

the capability to use any combination of bounds to solve a particular 

problem was incorporated into the program. Consequently, any of the 

three algorithmic variations described in the previous section can be 

tested on the same set of data by merely changing a program parameter. 
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Thus, the external factors affecting the performance of the bounding 

mechanisms selected are minimized. 

Problem Generation 

A scheduling problem with n jobs is completely described by 

three n-vectors representing the processing times, due dates, and 

weights of the jobs. Test problems were generated following the approach 

of Rinnooy Kan et al. (1975) and the components of these vectors were 

regarded as values of three random variables. A test problem can be 

considered as a sample of size n"drawn from the joint distribution of 

those random variables, where the i-th observation (p., d., w.) cor-
1 1 1 

responds to the processing time, due date, and weight of job i. 

Test data consistent with the objectives of the experiment were 

generated by assuming that due dates are independent of both processing 

times and weights. This appears to be a valid assumption since the 

problem remains NP-Hard even if all due dates are the same. Due dates 

were then drawn from a uniform distribution with mean ~d and range Rd. 

Processing times and weights were assumed to follow a bivariate normal 

distribution confined to the positive quadrant. The mean and standard 

deviation for processing times and weights are (~ ,0 ) and (~ ,0 ) res-
p p w w 

pectively. The correlation coefficient for the joint distribution is 

Under these assumptions seven parameters are needed to specify a 

problem of given size. Of those, we have arbitrarily fixed ~p = 100 and 

~ = 20 as is the case in similar studies (Rinnooy Kan et al. 1975). The w 
other five are varied throughout the experiment, for they determine the 



data characteristics that are suspected to have the greatest influence 

on any systematic variation in the performance of the algorithm. A 

brief description of each will follow. 

Tardiness Factor. Defined as fl = l-~d/(n~p)' the tardiness 

factor is an approximate measure of the proportion of jobs that can be 

expected to be tardy. For fixed ~p and n, a given value of fl deter

mines the mean due date ~d' Since scheduling problems in which all the 

jobs are early or all the jobs are tardy can be solved trivially (Baker 

1974), we would expect problems with fl close to either zero or one to 

be relatively easy to solve. Several computational studies for related 

problems (Srinivasan 1971, Baker and Martin 1974, Rinnooy Kan et al. 

1975, Fisher 1976) have revealed that the tardiness factor has a major 

influence on problem difficulty. For the tardiness and weighted tar

diness problems, the above studies found problems with 0.6 ~ fl ~ 0.8 

to be the most difficult. Values of fl = 0.40 and f, = 0.65 were in

vestigated. 
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Relative Range of Due Dates. This factor is also often cited as 

an important determinant of problem difficulty. It determines the 

variability of the due dates with respect to the expected makespan and 

is defined as f2 = Rd/(n~p)' This factor should affect the number of 

nodes that can be eliminated by the dominance criteria. Two values, 

f2 = 0.20 and f2 = 0.70, were tested in the experiments. 

Relative Varlation of Processing Times. This factor is given by 

the coefficient of variation of the processing times and defined as 

f3 = ap/~p' There is little doubt that problems with f3 small should be 



easier to solve, especially when the ZL bound is used. Again, this 
R 

factor is set to two levels, f3 = 0.20 and f3 = 0.80. 

Relative Variation of Job Weights. This factor is analogous to 

f3' but related to the job weights. It is defined as f4 (J /]1 . 
W w 

Clearly it has an effect on ZL similar to the effect of f3 on ZL In 
H R 

the experiments, it takes on the values f4 = 0.20 and f4 = 0.80. 

Correlation Between Processing Times and Weights. The final 

parameter is fS = p ,the correlation coefficient of the joint density pw 
function of processing times and weights. When there is perfect nega-

tive correlation, i.e. fS = -1, the problem has agreeable job weights 

and processing times and can be solved by Lawler's algorithm. Even if 

the correlation is not perfect, the dominance condition of Theorem 4.1 

should be more effective when applied to problems having negative fS. 

The values of fS = -0.70 and fS = 0.0 were used in the study. 

To investigate the effect of the problem parameters, the number 

of jobs was arbitrarily fixed at fifty. For each of the thirty-two 

combinations of parameter values ten problems were randomly generated 

from the appropriate distributions. All data was rounded off to the 

nearest integer. Each problem set is identified by a label consisting 

of five binary digits. Since each factor takes on only two values, the 
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i-th digit will be one if factor i is set at its high level, and zero if 

it is at its low level. Therefore each problem set is completely speci

fied by its label. The results of this experiment, as well as some 

additional computational runs, are discussed in the following section. 
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Computational Results 

Solution time and number of nodes explored are used throughout 

the experiment to measure the efficiency of the algorithmic variations 

and monitor the influence of data characteristics over their perfor

mance. Since a LIFO strategy was used, storage requirements are linear 

in n, and hence negligible. The solution time, which seems to be the 

limiting factor in any application of the algorithm, is defined as the 

total central processing time needed for its execution. It excludes the 

input-output time requirements, which can be considered to be constant. 

The number of nodes explored is recorded to facilitate any inference 

about the performance of the a 1 gori thm under di fferent computer. con

figurations. It represents the total number of nodes in the enumeration 

tree at which fathoming was attempted, excluding those eliminated be

forehand as a consequence of dominance conditions. The number of nodes 

examined before finding an optimal solution is also recorded, as it 

provides meaningful insight into the usefulness of the algorithm as a 

suboptimal procedure. 

Tables 3, 4, and 5 summarize the computational results. For 

each set of ten problems and each algorithmic variation the mean, median, 

and maximum values of the performance indicators are given. These were 

chosen since the mean reflects the aggregate of the class, while the 

median provides information about "typical" problems. The maximum value 

for each set gives insight into problems which may be difficult to 

solve. No formal statistical analysis (e.g., ANOVA) is performed since 

the factors are not independent. 



88 
TABLE 3 

COMPUTATIONAL RESULTS FOR 50 JOB PROBLEMS: 
EXECUTION TIME IN C.P.U. SECONDS 

Prob1el!l Set Ope i on .Jpt ion Cp tion 3 

~le3.n ~fedian r.laximum i r.lean 'leciian ~taximu.m i ~lean ~1eJian :o.•aximu!:l 

OIJOOO .3 D6 .4 05 1.532 --, -, .21 0 l .1~2 

00 001 :! .096 l. .!35 24. 058 2.4l.! 

00 010 .301 .25 3 .5i 4 .150 .:21 . 304 . 643 

1)0011 1. 272 . 937 3. 240 . 726 .-+31 2. 123 1.169 .929 2 . 875 

00100 2.466 .481 . 24 'J 1 .. ;s: .612 .365 l . S6 ..' 

00 101 2.-!GS 1. LH.! 13. 610 i.344 . 776 tJ. ~!09 1. 954 . 931 10.~21 

00110 l. 519 .918 5. 635 .3:::3 .4 37 :.634 l. 413 .8 55 5. 769 

00111 4.9n 5.730 9.553 4.858 .! . Ll ll 13.198 4.261 4.917 7.694 

01000 . 027 .021 .089 . 012 .011 .036 . 02 9 . 028 .090 

Ol OOi . 032 . 031 . Ll73 .019 . ·i l 9 .034 .036 . •J77 

.008 .008 . 0 16 .OC5 . 005 . 010 . 008 .007 .021 

01011 . 030 .0 37 .·115 . 044 .01:! . 296 .092 . 047 . 457 

Oil OO . 127 .113 . 334 . 080 . 226 .137 . 134 .301 

01lUl . 380 1.120 .174 . i l 7 .601 . 392 . 299 'c.085 

.1 06 .060 .-+51 .059 . !; .)4 .285 . 109 . 065 .435 

Ollll 1. 009 .527 5.44 7 .810 ,..) ,; 4.:.-80 . 962 .l. ~4G 1 

J\)01)0 2. :97 .635 11.238 l. 702 .4:::9 9. 1 :J4 1.9J 7 

10001 9. 667 'L 114 27.439 8.508 6.484 23.11 0 9.390 32.153 1 

1001 0 l. .353 . 669 3.629 ! .829 .462 2.159 1.1.:15 . 3~0 3 . .: 92 

10011 6. 165 3.290 15 . 888 4.6 16 3.2 04 ll . 7:: 3 5.087 .:::. 36 7 13.37 2. 

10100 l . .334 1.33.:! 2.5& 5 .949 .783 2.335 1 .2lD 1.048 :.680 

2. 985 2 . 302 8.6 57 1.843 l. 395 6.067 2.467 l. S32 -;. 17;) 

5 .~ :::6 17 . 161 5.348 2.07: 23.817 4.375 l. s l3 15 .Sd6 

10 111 25 .506 31.126 48. C85 i 23.532 13.146 67 . 875 i -
~ 19 . 8 , 9 ::2. 234 

11000 .375 . 187 .925 .325 .08~ 1.002 • .:134 .292 . 959 

11001 . 827 .595 2.544 .880 .393 3. 748 l. 299 . 9:-:6 4 .ri 26 

110 10 .166 .152 .322 .282 .160 1.Ll70 . 21 3 .427 

1101! 1 . 32 0 . 956 4.3 24 1.21 0 L594 .946 5 . ~9-i 

11 000 . 502 .3~0 2.102 . 368 .1'30 l. 45 2 .90 1 +. 89 5 

l ll Oi 1.005 .554 3 .9 87 . 78 4 . .395 :::.cS4 1 . 206 .728 4 .0 12 

ll110 .609 .. )..) .:. 1.938 l.SSl . 227 13. 79 5 • 7 () 3 .3 76 .: . 7 2 8 

11111 s . ;s5 2 .6 38 42.254 ' 17.713 3 . 56 5 l .) l . ~) s ~ ::.89() .. s. 740 

:.-\LL PR.OBLE:lS .: . 677 . 574 .:1~.08 5 2.598 .3S' 4 131. 088 :::.403 . 564 45 . 7·1 0 
i 
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TABLE 5 

COMPUTATIONAL RESULTS FOR 50 JOB PROBLEMS: 
NUMBER OF NODES TO FIND OPTIMAL SOLUTION 

Probl~m Set Option Ootian Option 

~fe3n ~leui3n ~!axi:num ! ~teJ.n '!~u:Jn 'IcJ.n ~!cclian ~taximum 

80000 14 114 74 13 1-1 114 

,"·0'...101 "I cO 3A':: 

OOOlu I ~ 2S liB 17 

COOII 23 Ii 6u 31:> 19 I~! 23 17 

00100 14 163 liZ 14 759 -15 

00101 15 100 :s 16 54 3J 

llLl!lJ 19 14 03 16 68 19 63 

('0 lil IS6 17 1·l39 181 17 1522 190 19 1·\67 

01001 15 

01110 11 38 <) : 

01011 :8 207 

11 53 21 235 13 12 ':'3 I 

'J1101 82 109 s: 

Gitl0 

13 72 :35 30 13 

30i. 23 2604 25 31 3012 

10001 163 30 1314 171 34 131.! 

10010 156 1353 143 30 1156 1353 

IOO!1 23 e98 31 1033 29 :3 

10 [(10 70 31 436 -13 139 -l3S 

10101 36 31 

3&8 54 35 35 

100111 50 3126 I ~1 (:35 So 

Llt)()O 13 201 48 JS:; 59 

I :0CI -10 1 ~ l:O I :S 2199 1d 

11010 21 11 5S 315 57 1~84 Sd 

32 "13 187 

:11(\() 3.3 33 5i3 130 58 468 li~ 73 

11 101 1:3 I,,;: ," 568 5: 

il! 10 39 

IIIll 534 61l, I III 3030 

.\LL r~.CSlE\IS 17 31'::u 
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It is immediately apparent from these results that optimal solu

tions for fifty job problems can be found and verified by all algorithmic 

variations in a reasonable amount of time. Over seventy percent of the 

test problems were solved in less than one second by at least one ver

sion of the algorithm. On the average, problems took about two and one

half seconds to solve, with the problem requiring the most time taking 

over two minutes. The data parameters had the expected effect on problem 

difficulty. Problem class 10111, generated by setting the five factors 

to the values considered a priori as difficult, appears to contain the 

hardest problems. The relative range of due dates and the correlation 

between processing times and weights seem to have the most impact on 

problem difficulty. The tardiness factor also has a considerable effect 

on the performance of the algorithm. Less important is the influence of 

the relative variations of processing times and job weights. However, 

since interaction between the factors is present, this order is not 

absolute but only indicative of the relative degree of influence on the 

efficiency of the procedure. 

Some additional problems were solved with the factors having 

values different from those previously stated. Results show that the 

stated levels are representative of "easy" and "hard" levels. An excep

tion is fS' the correlation between processing times and job weights. 

As might be anticipated, problems with fS = 0.70 are several times more 

difficult to solve than uncorrelated problems. The additional problems 

also indicated that, in general, as the number of jobs increases from 

twenty to eighty the relative order of the factors remains constant. 



Table 3 reveals that the extra effort needed to combine the two 

bounding mechanisms does not necessarily translate into execution time 

savings. Differences between the three algorithmic versions do exist, 

but over the entire test set these differences are relatively small. 

This can be seen by examining the average execution time over all 
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problems for each version. However, for certain "hard" problem instances 

the differences become marked. This is illustrated by the class 11111, 

where the hardest problem required more than two minutes using option 

two, but only around forty-five seconds using either of the other two 

versions. As one might expect, the algorithmic differences become more 

noticeable as problem size increases. For example, the problems in set 

11101 require about one second for all algorithmic versions when there 

are fifty jobs. When the number of jobs was increased to eighty, the 

solution times averaged twenty-two seconds for option two, thirty-three 

for option one and seventy-eight for option three. Since this set has a 

low variation of job weights, it is not surprising that option two would 

produce the best results. 

To determine the effect of problem size on solution difficulty, 

additional problems were solved. The number of jobs was varied from 
, 

twenty to eighty. Predictably, the solution time grows exponentially 

with the number of jobs. Typical eighty job problems can be solved in 

an average of one-half minute, while hard problem instances may require 

three or' four minutes. Using the current computer codes, hard problems 

with 100 to 120 jobs might be too time consuming to solve exactly. How-

ever, clever coding of the algorithm would result in substantial savings 
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in computer time, and it seems possible that the applicability of the 

algorithm could be expanded even further. 

All three algorithmic variations can be used as heuristics. The 

most effective implementation would be to terminate the procedure after 

a specified amount of time. If option three had been terminated after 

five seconds, the solution found for each of the 320 test problems would 

have been optimal. Option three appears to be superior to the other two 

in this respect. It frequently finds the optima 1 sol ution very quickly 

although it may take much longer to verify that it is optimal. As 

probiems become larger, the time to find the optimal solution (but not 

verify it) also grows, but at a much slower rate than does verifying 

optimality. Hence this heuristic would appear viable even for very 

large problems. 

A final comment on the computational efficacy of the proposed 

approach is in order. There are many other ways in which these results 

could be implemented. For example, since the ZL bound (option three) 
R 

appears tighter but more time consuming than the ZL bound (option two), 
H 

it would seem wise to use ZL when few jobs are fixed and ZL when many 
R H 

jobs are fixed. This could well produce an algorithmic version superior 

to any of those tested. It is conjectured that this version, coded for 

maximum efficiency, might well be able to solve typical problems with 

150 or more jobs. 



CHAPTER 5 

SCHEDULING M PARALLEL MACHINES TO MINIMIZE 
THE WEIGHTED NUMBER OF TARDY JOBS 

The scheduling methodology developed in the previous chapter can 

be applied, with minor modifications, to systems that have parallel pro-

cessing capability. It will be shown that the branch-and-bound algo

rithm for 1 I IEW.U. can be extended in a natural way to solve the multi-
1 1 

processor weighted number of tardy jobs problem. 

Model Description 

The scheduling model of interest involves n single-operation 

jobs and m parallel machines. The jobs are all independent and simul-

taneously available, each job i has a due date d., a weight w., and a 
1 1 

processing time p .. that may vary from one machine j to another. The 
lJ 

machines are all continuously available and capable of processing any of 

the jobs; each machine can process at most one job at a time, and a job 

cannot be simultaneously executed on more than one machine. The system 

allows unlimited preemption without additional cost; that is, the 

processing of a job may be arbitrarily often interrupted and resumed at 

a later time, at the point of interruption, by any of the m machines. 

The measure of schedule performance is again the weighted number of . 
n 

tardy jobs, E w.Ui . 
i =1 1 

94 
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Although the applicability of the proposed algorithmic framework 

can be expanded to the general unrelated machine case, the discussion 

will concentrate on the uniform processor problem, i.e. the rate of 

operation of each processor is constant and does not depend on the job 

being executed. Consequently, the processing time of any job i on a 

given machine j can be expressed as P;j = p;/a j , where aj(j = 1, ... , m) 

is the speed factor associated with machine j. Following the notation of 

Graham et a1. (1979), the problem can be denoted by QlpmtnILw.U .. One 
1 1 

special case of this problem deserving particular attention is the 

parallel identical machine problem, PlpmtnlLwiUi' which results from the 

assumption a. = a for all j. 
J 

Related Research 

Although the literature on multiple-machine scheduling problems 

is extensive, the m-machine weighted number of tardy jobs problem has 

been ignored. The only algorithms capable of solving this problem were 

developed for models with a general objective function and consequently -

fail to exploit its particular structure. 

The only version of the problem that has been solved efficiently 

is the unit processing time case. Assuming that all jobs require the 

same processing time, a simple network model solves the multiple-machine 

problem for any regular measure of performance in O(n3) steps, even if 

the processing rates are known to vary uniformly from one machine to 

another (Graham et al. 1979). More significantly, the algorithm to 

solve 1 Ip.<p. => W.>W. ILW.U. due to Lawler (1976b) and presented in the 
1 J 1- J 1 1 



previous chapter can be extended to solve plp.=lIEW.U. in O(n log n) 
111 

time. 

For the general processing time case the situation remains 

bleak. Results from complexity theory indicate that polynomial algo

rithms for P II Ew. U. and PI pmtn lEW. U. are unl i kely to exi st, si nce both 
1 1 1 1 

problems belong to the NP-Hard class, as can be inferred from the fact 

that their single-machine counterparts are already in that class. The 
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complexity of PlpmtnlEU. remains unknown, but PI lEU. is NP-Hard (Lenstra 
1 1 

et al. 1977). 

Several dynamic programming algorithms have been suggested as 

solution procedures for a variety of multiple-machine problems, in-

cluding PI IEw.U. (Rothkopf 1966, Lawler and Moore 1969, Gupta and 
1 1 

Maykut 1973). Unfortunately, the curse of dimensionality associated 

with this enumerative technique renders the approach unsuitable even for 

problems of moderate size. Appropriate implementation of this method 

results in O(mn(Max.{d.})m) solution time. Dynamic programming algo
J J 

rithms consider the scheduling problem as consisting of n decision 

stages, at each one of which a complete job must be scheduled optimally. 

This strategy is clearly incongruent with the assumption of preemptible 

jobs, and it precludes the application of this technique to scheduling 

problems in which job splitting is permitted. In fact, there appears to 

be no optimization algorithm applicable to PlpmtnIEw.U .. 
1 1 

A parallel machine problem that can be solved efficiently, and 

which has considerable influence on PlpmtnIEw.U., is that of finding a 
1 1 

preemptive schedul~ or determing that none exists, in which all the 
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jobs are completed on time. Even if no relation is assumed among the 

machine speed rates the problem can be polynomially reduced to a linear 

program (Lawler and Labetoulle 1978). More efficient solution methods 

can be used if the processors are assumed to be either identical or uni

form. In the first case, Horn (1974) has developed necessary and suffi-

cient conditions for the existence of a feasible solution to this 

problem which can be tested in 0(n2) time. If these conditions are 

satisfied, they lead to the construction of the desired schedule in 

0(n3) time. A more efficient procedure has been proposed by Sahni (1979), 

which solves the problem in O(n log nm) time while introducing n-2 pre

emptions in the worst case. For uniform processor systems, if all the 

due dates can in fact be satisfied, a schedule with no tardy jobs and at 

most nm preemptions can be obtained in O(mn + n log n) time by means of 

an algorithm developed by Sahni and Cho (1980). 

The nonpreemptive version of the above problem has been shown to 

be NP-Hard even if all the jobs have a common due date (Lenstra et al. 

1977). Therefore, it is unlikely that a nonpreemptive schedule meeting 

all the job due dates can be constructed in polynomial time. Thus, 

enumerative procedures such as those proposed by Bratley, Florian, and 

Robillard (1975) and by Nunnikhoven and Emmons (1977) appear to be the 

only viable approach to solve the problem. 

Preliminaries 

In order to construct an optimal schedule for a set of jobs on a 

parallel processor system, the best assignment of jobs to machines and 

the optimal processing order for each machine must be determined. 
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Several algorithms for parallel processor scheduling suggest that these 

two phases of the problem be solved sequentially (Baker and Merten 1973). 

While this may be a sound strategy for certain measures of performance 

that result in trivial single-machine sequencing problems, the nature of 

the weighted number of tardy jobs objective and the assumption of pre

emptible jobs indicate that a different solution approach is preferred 

for Qlpmtnl~w.U .. , , 
Notice that even if the best assignment of jobs to machines were 

known beforehand, it would still be necessary to use an enumerative 

algorithm m times to solve m different instances of 1 I l~w.U .. Neverthe, , 
less, since each of these single-processor problems is solved by parti-

tioning the jobs involved into early and tardy subsets, it follows that 

an optimal m-machine schedule corresponds to an optimal early/tardy 

partition, P* = <E*,T*>, of the complete set of jobs. This holds true 

for the preemptive as well as for the nonpreemptive case, since it can 

always be assumed that all the tardy jobs are processed without inter

ruption after the last early job is completed. Therefore, rather than 

considering the possible assignments of n jobs to m different subsets, 

it seems reasonable to investigate the assignments of jobs to early and 

tardy subsets until a partition that corresponds to an optimal parallel 

schedule is found. Once P* = <E*,T*> is obtained, all that remains is 

to construct a schedule in which all the elements of E* are completed by 

their due date. 

This aporoach is particularly attractive for the preemptive 

case, since efficient algorithms exist to construct preemptive schedules 
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that satisfy a given partition P = <E,T> or to determine that such a par-

tition cannot be satisfied. If the machines are identical, the 

O(n log nm) algorithm of Sahni (1979) can be used for this purpose; if 

the machines are uniform rather than identical, the O(mn + n log n) 

algorithm of Sahni and Cho (1980) is applicable. 

Under this algorithmic scheme, there seems to be little differ

ence among 1 IILwiUi , PlpmtnlLwiui' and QlpmtnlLwiUi; the ,three problems 

are "solved" once an optimal early/tardy partition is found. From a 

computational point of view, however, the multiprocessor problem should 

be considerably harder to solve; after all, 1 I ILW.U. is a special case , , 
of plpmtnILw.U., which in turn is a special case of QlpmtnILw.U .. This , , , , 
hierarchy is partially indicated by the complexity of the algorithms 

used in each case to find a schedule that satisfies an optimal partition. 

Branch-and-Bound Algorithm 

Motivated by the above discussion, a branch-and-bound algorithm 

for the multiprocessor weighted number of tardy jobs problem is proposed. 

It closely resembles the single-machine procedure presented in the pre-

vious chapter. 

In order to find a partition P* <E*,T*> that corresponds to 

an optimal schedule, the algorithm uses a branching scheme that creates 

subproblems by fixing jobs to be either early or tardy. Each node k in 

the search tree represents a partial partition <Ek,Tk> of the job set, 

exactly as in the single-machine case. Of course, a partial partition 

that cannot be satisfied by any preemptive schedule can be eliminated 
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without further consideration. This feasibility criterion can be ef-

ficiently checked by means of the polynomial algorithms mentioned above. 

An obvious relaxation for the general multiprocessor scheduling 

problem is obtained by assuming that each job can be simultaneously exe

cuted by several machines. Conway, Maxwell and Miller (1967) have noted 

that an m-processor system that functions under this assumption can be 
I 

treated as a single pseudo-processor requiring p. time units to complete 
J 

each job i. In the uniform processor case, the pseudo-processing times 
I 

are given by p. p./a, where a = al + ... + a. Consequently, the 
1 1 0 0 m 

auxiliary problem 1IPi=p;laolL:wiUi is a valid relaxation for OlpmtnlL:wiUr 

The proposed algorithm relies on lower bounds obtained from this relaxa

tion to curtail the number of partitions that need to be investigated. 

Since lllL:WiUi is NP-Hard, a bounding strategy based on the 

optimal solution to the auxiliary problem must be ruled out as compu

tationally infeasible. Nevertheless, the bounds ZL and ZL ' developed 
R H 

in the previous chapter for the single-machine problem, are obviously 

valid for lip. = p./a IL:W.U. and consequently valid for OlpmtnlL:w.U .. 
1 1011 11 

The bounding mechanism suggested, consists of two stages: first, the 

auxiliary problem 1Ip.=p./a lL:w.U. is formulated; second, the 
1 1 0 1 1 

1 Ip.=l, d.=!·IL:w.U. and 1 I IL:U. relaxations of the auxiliary problem 
1 1 1 1 1 1 

are obtained and the corresponding bounds, ZL and ZL ' are calculated. 
R H 

Finally, notice that the elimination criteria of Theorem 4.1 for 

the single-machine case are also valid for OlpmtnlL:w.U .. The theorem is 
1 1 

stated in terms of relationships between pairs of jobs that are not af-

fected by the presence of several uniform machines nor the assumption of 



preemption. Therefore, it is still possible to construct the sets A. 
1 

and B. that summarize the dominance conditions associated with each 
1 

job i. 

Next, a formal statement of the proposed algorithm for 

Qlpmtnl~w.U. is given using notation defined in the previous chapter: 
1 1 
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Step 1: Let subproblem 0, defined by FO = N, MO = EO = TO 0, 

be the only element in the candidate list. Let k ° 
and Z+ = 00 

Step 2: If the candidate list is empty, stop, the schedule 

implied by the incumbent partition <E+,T+> is optimal. 

Otherwise, select subproblem k, where k corresponds 

to the greatest index in the candidate list, as the 

current candidate problem. 

Step 3: Feasibility test. Determine if there exists a pre

emptive schedule in which all the elements of Ek are 

Step 4: 

compl eted on time. If such a schedul e exi s ts go to 

the next step. Otherwise subproblem k is fathomed; 

go to Step 2. 

Obtain the auxiliary problem 1 Ip.=p./a I~w.u .. 
1 1 0 1 1 

Step 5a: Solve the lilw. relaxation of the auxiliary problem 
1 

using Hodgson's algorithm; obtain the lower bound 

ZL as well as the partition <EH,TH> satisfying 
kH k E c EH, T c TW 

Step 5b: If ZL < Z+, go to the next step. Otherwise sub-
H 

probl em k is fathomed; go to Step 2. 



Step 5c: Feasibility test. Determine if there exists a pre

emptive schedule that satisfies <EH,TH>. If such a 

schedule does not exist, go to the next step. Other-

wise, let E+ = EH, T+ = TH and Z+ = .LTwi 
lE H 

Step 6a: Solve the 1 ip.=l, d.=l. iLW.U. relaxation of the 
1 1 1 1 1 

auxiliary problem using Lawler1s algorithm. Let 

<ER,TR> be the optimal partition for that problem, 
k k which must satisfy E c ER, T c TR, and let 

ZL = L w. be -the corresponding lower bound. 
R iETRl 

102 

Step 6b: If ZL < Z+, go to the next step. Otherwise subproblem 
R 

k is fathomed; go to Step 2. 

Step 6c: Feasibility test. Determine if there exists a pre

emptive schedule that satisfies <ER,TR>. If such a 

schedule exists, it is optimal for subproblem k, which 

can therefore be fathomed; let E+ = ER, T+ = TR, and 

Z+ = ZL represent the new incumbent solution and go 
R 

to Step 2. Otherwise go to the next step. 

Step 7: Select a job j E Fk as a separation job. Let (k+l) 

and (k+2) be the descendants of k, where 

ponds to E(k+l) = Ek u {j} u B., T(k+l) 
J 

(k+2) k (k+2) k corresponds to E = E , T = T u 

(k+l) corres

Tk, and (k+2) 

{j} u A .• 
J 

The observations concerning the implementation of the single

machine algorithm clearly apply to the QipmtniLw.U. procedure. In 
1 1 
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particular. the validity of the algorithm is not compromised if only one 

of the bounding mechanisms defined in steps 5 and 6 is executed. 

The form of the feasibility test in steps 3. 5c and 6c depends 

on the assumptions concerning the machine environment. If the proces-

sors are identical. the test is conducted by means of Sahni's algorithm; 

if the processor system is assumed to be uniform. the appropriate pro-

cedure is the more general algorithm of Sahni and Cho. This test is the 

main difference between the QlpmtnlEwiUi procedure and the 1 I IEWiUi 
algorithm. where the EDD rule suffices to determine the feasibility of a 

given partition. 

Further Extensions 

Next. the possibility of expanding the applicability of the 

algorithm to two different. but closely ~e1ated. versions of the mu1-

tiprocessor scheduling problem is considered. Once more. the ability to 

so.lve the feasibility problem efficiently will prove to be the key to 

the success or failure of the suggested approach. 

Unrelated Machine Case 

As previously mentioned. the above algorithmic framework can also 

be used to solve the general Rlpmtnl~w.U. problem. where the machine 
1 1 

speed factors are allowed to vary from job to job and there is no par-

ticu1ar relation among the p .. values. Some obvious adjustments are 
lJ 

needed to expand the dominance cORditions of Theorem 4.1 and the validity 

of the single-machine relaxation. but the basic procedure is not affected 

by the new assumption of unrelated processors. Although an elegant 
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specialized algorithm for its solution is not yet known, the unrelated 

machine feasibility problem is solvable in polynomial time. Lawler and 

Labetoulle (1978) have shown that the problem of minimizing maximum late-

ness under these conditions can be formulated as a linear programming 

problem with mn2+l variables and n(1+m+(n+l)/2) constraints. Consequent

ly, the test to determine whether a set of preemptible jobs can be 

scheduled on time is equivalent to determining the existence of a 

feasible solution to this linear program with the additional constraint 

that the maximum lateness be less than or equal to zero. Further re

search on this feasibility problem may result in more efficient pro-

cedures for its solution. 

Nonpreemptive Case 

Eliminating the possibility of job preemption has a more detri

mental effect on the efficacy of the suggested scheme. This is by no 

means surprising; it has already been pointed out that the nonpreemptive 

version of the feasibility problem is NP-Hard. In essence, it is 

necessary to use two nested exponential procedures: one to explore the 

space of early/tardy partitions, the other to determine if a given par-

tition can be sati&fied by a nonpreemptive schedule. 

Despite this difficulty, the algorithm represents an alternative 

to dynamic programming and branch-and-bound procedures that work by par

titioning the jobs into m sets, each one corresponding to a different 

machine instead of partitioning them into early and tardy subsets. If 

the machines are identical, a branch-and-bound algorithm due to Bratley, 

Florian, and Robillard (1975) to minimize makespan subject to release 
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dates and deadlines can be easily adapted to solve the feasibility pro

blem. More appropriate for this purpose are the enumerative algorithms 

offered by Nunnikhoven and Emmons (1977), which were originally designed 

to minimize the number of processors, either identical or uniform, re

quired to meet the due dates of a set of jobs. 

If it can be determined that a preemptive schedule that satis

fies a given partition does not exist, the partition can be fathomed as 

infeasible, for it is evident that it will not be satisfied by any non

preemptive schedule. Furthermore, Nunnikhoven and Emmons have derived 

necessary conditions for the existence of nonpreemptive schedules in 

which all the jobs are completed by their due dates. These conditions 

may eliminate, at least for some partitions, the need to rely on ex

ponential procedures to conduct the feasibility test. 

A natural approach to the nonpreemptive problem requires that 

the feasibility test of the algorithm be modified while leaving the rest 

of the framework intact. Instead of solving the nonpreemptive feasi

bility problem at each node, fathoming on feasibility is attempted by 

relaxing the nonpreemption assumption and conducting the corresponding 

preemptive feasibility test, strengthened by the necessary conditions 

of Nunnikhoven and Emmons. Hopefully, this fathoming device, in con

junction with the bounding mechanisms, will lead to considerable reduc

tion of the search tree. The nonpreemptive feasibility problem needs to 

be solved only for the unfathomed end nodes, although some advantage 

could be derived from solving this problem at certain strategic points 

during the enumeration. 



CHAPTER 6 

SUMMARY AND OPPORTUNITIES FOR FURTHER RESEARCH 

In the preceding chapters several models of scheduling systems 

that evaluate their performance through criteria designed to measure 

their ability to satisfy job due dates have been examined. The results 

obtained have considerable impact on the computational and theoretical 

aspects of those models. In the long run, however, the questions gener-

ated by this study may prove to be an equally valuable contribution. 

In this final chapter results are summarized and some promising direc-

tions for future research are discussed. 

The Partition Algorithm and 
the Tardiness Problem 

The results obtained for the single-machine tardiness problem 

hinge on establishing necessary conditions for an optimal solution to 

this classical scheduling problem. A polynomial algorithm to generate 

the best schedule that satisfies these conditions for a given partition 

of the jobs into early and tardy subsets was developed. This formally 

efficient procedure, called the Partition Algorithm (PA), provides the 

basis for a new approach to 1 I lET .. This views the problem as one of 
1 

seeking an optimal partition of jobs into early and tardy subsets. The 

resolution of the tardiness issue from this point on is easily accom-

plished. 

106 
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Several general ideas illustrate the practical importance of PA. 

First, it may be that for a given problem a side constraint exists that 

requires various jobs to be early and others to be tardy. Such a con

straint may be imbedded in the specification of the scheduling system or 

be a consequence of dominance conditions. If a complete early/tardy 

partition is implied, the algorithm can immediately generate an optimal 

tardiness sequence subject to the side constraint and the necessary 

conditions or, alternately demonstrate that no such sequence exists. If 

the side condition assumes one of a number of less restrictive forms, PA 

still provides the foundation for specialized procedures that exploit 

the structure of the problem thoroughly. In particular, the suitability 

of this approach to deal with deadline constraints and restrjctions on 

the cardinality of the tardy set has been documented. In the same re

gard, PA supplies the means to take full advantage of the dominance con

ditions developed by Emmons, even in the case where they determine only 

a partial partition of the set of jobs. 

A second issue illustrating the usefulness of PA concerns its 

impact on the design of optimization procedures to address the overall 

tardiness problem. The algorithm provides a basis for the development 

of a class of promising branch-and-bound schemes which, rather than 

search over the space of feasible sequences, concentrate on finding the 

optimal early/tardy partition. Although in the worst case the number of 

subproblems remains superpolynomial, the search tree associated with 

this class of procedures grows at a much slower rate than for existing 

algorithms. If the enumeration needs further curtailment, the 
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partitioning approach has the added advantage of accepting many conven

tional bounding mechanisms developed in the context of traditional pro

cedures. Furthermore, PA also leads to the construction of valid in-

equalities or cuts, which can be used as fathoming devices in branch-and-

bound algorithms or as the foundation for pure cutting plane procedures. 

The design of tardiness algorithms based on the suggested 

approach presents many inviting topics for research. For instance, the 

development of tight bounds specifically for partition oriented branch-

and-bound algorithms warrants careful attention, as does the possible 

algorithmic applications of the above valid inequalities. Likewise, the 

use of the partitioning strategy to reduce the subsets considered in a 

dynamic programming approach should be explored, although it is not 

clear how this could be incorporated into the clever labeling schemes 

that make them efficient (Schrage and Baker 1978). 

Another application of PA that should not be overlooked involves 

the generation of good but not necessarily optimal solutions to 1 liLT .. 
1 

An obvious heuristic is to apply the algorithm to a particular early/ 

tardy partition selected by means of some dispatching rule or through 

some sampling technique. This area is certainly deserving of further 

investigation. 

From a theoretical standpoint, the availability of PA provides a 

new avenue for resolving the complexity of 1 liLT., which remains one of 
1 

the most puzzling mysteries in the field of scheduling. If a polynomial 

algorithm for solving 1 I 1LTi were known, the optimal partition could be 

found in polynomial time. Alsc, if a formally efficient procedure to 



109 

find the optimal partition were available PA would solve liin. in 
1 

polynomial time. Therefore, in a complexity sense the two problems are 

equivalent, and obtaining a polynomial algorithm to solve the partition

finding problem or showing it is NP-Hard would resolve the complexity of 

111l:T .. 
1 

Weighted Number of Tardy Jobs Problems 

The problem of minimizing the weighted number of tardy jobs on a 

single machine has been discussed at length. The theory needed to de

velop a branch-and-bound procedure to find exact solutions was presented 

along with a general algorithmic framework. Several algorithmic varia

tions, obtained by using different combinations of the bounding mechan-

isms, were explored, and extensive computational experiments were con-

ducted. 

The viability of the 111l:WiUi algorithm as an optimization pro

cedure was clearly established. The computational results revealed 

that problems with fifty jobs can be routinely solved by the suggested 

scheme. Furthermore, it was demonstrated that the algorithmic framework 

provides the basis for an efficient suboptimal approach; good heuristic 

solutions can usually be obtained by interrupting the enumerativ.e pro-

cess after a few iterations. 

Several conclusions may be drawn concerning the bounds 1 I Il:U i 
and 1 I p. =1, d. =.e.. I l:W. U. used by the algorithm as fa thomi ng devi ces . 

1 1 1 1 1 

Although using the two bounding schemes simultaneously greatly reduces 

the number of nodes which must be explored, the results indicate that, 

in general, the additional computational effort required to obtain both 



bounds is not justified. The efficiency of the bounds is affected by 

certain data characteristics, such as tardiness factor, relative due 
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date range, and correlation of processing times and job weights. Thus, 

in selecting an optimal bounding strategy to solve a particular problem 

instance, a careful examination of the data prior to computer implemen

tation of the algorithm may prove beneficial. An approach that deserves 

further investigation calls for the use of bounding schemes of different 

complexity at different points of the search tree. In particular, it may 

be possible to enhance the efficiency of the procedure by using both 

bounds at the beginning of the enumeration, and then, after a specified 

number of nodes have been explored, reverting to the use of only one 

bounding mechanism. This approach would benefit from the fact that 

optimal solutions are usually found earlier in the enumeration process 

when both bounds are combined. ·By relying on a single bound in later 

stages of the procedure, computational costs not compensated for by the 

marginal gains in fathoming power would be saved. 

The app 1 i cabi 1 i ty 0 f. the proposed a 1 gori thmi c framework is no t 

limited to single-machine problems. The procedure can be easily modi

fied to minimize the weighted number of tardy jobs in multiprocessor 

scheduling systems. The approach is particularly suitable for problems 

with preemptive jobs and parallel machines, which may be identical, 

uniform or even unrelated. A study that provided empirical support to 

this claim and examined the computational characteristics of the extended 

algorithm would prove to be a valuable contribution. The same procedure 

can be modified, at least in theory, to accommodate the assumption of 



nonpreemptive jobs; further research is needed however, before the al

gorithm can be considered a practical approach to that version of the 

multiprocessor problem. 
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Since PlpmtnlEUi is a special case of PlpmtnlEwiUi' it is clear 

that the proposed multiprocessor algorithm can be used to find an opti

mal solution for that problem. It should be pointed out, however, that 

the use of a branch-and-bound algorithm to solve this problem cannot be 

formally justified at this time. The complexity of PlpmtnlEU. remains 
1 

open, and consequently the existence of a polynomial algorithm for its 

solution cannot be ruled out. From a theoretical as well as practical 

standpoint this issue merits further research. In the meantime, how-

ever, the multiprocessor algorithm constitutes the best option available 

to the practitioner who must confront the problem. 

Several other versions of the weighted number of tardy jobs pro-

blem remain virtually unexplored. For instance, even in the single-

machine case, little attention has been given to the possibility of hav-

ing jobs with different release dates, r.. There appear to be no enu
J 

merative procedures to solve llr.IEw.U. or llr.IEU., which are known to 
J 1 1 J 1 

be NP-Hard (Lenstra et al. 1977). Furthermore, several special cases of 

these problems, besides lld.<d. => r.<r.IEU. for which a polynomial 
1 J J- J 1 

algorithm already exists (Kise et al. 1978), may prove to be solvable in 

polynomial time. Among the open problems, prime candidates for further 

research are 1 Ir., pmtnlEU. and 
J 1 

1 Ip.<p· => W.>W., d.<d. => r.<r·IEw.U .. 
1 J 1- J 1 J 1- J 1 1 
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The flow shop weighted number of tardy jobs model presents as 

many challenges as the problems considered above. The general problem 

is NP-Hard, but that hardly justifies the lack of research effort dedi-

cated to obtain approximate and exact algorithms for its solution. Once 

more, as noted in Villarreal, Bulfin and Parker (1981), it may be 

possible to conSLruct efficient algorithms for some special cases for 

which the complexity issue remains unresolved. 

A topic for future research that transcends the field of sche

duling theory concerns the relationship between 1 j jIwiUi and 1 jdi=DjIwiUi . 

The second problem, an obvious special case of the first, corresponds to 

a popular optimization problem known as knapsack (Lawler and Moore 1969). 

Under that billing, 1 jd.=DjIW.U. has been the object of extensive study, 
1 1 1 

and its applications have had a remarkable impact on a wide variety of 

operations research models. By analyzing the analogies between both 

problems, it may be possible to extrapolate some of the results for 

knapsack and gain valuable insight about the computational aspects of 

the less known 1 j jIW.U .. Furthermore, the possible modeling applications 
1 1 

of the general scheduling problem to areas where knapsack has been tra-

ditionally used present an intriguing research opportunity. 

Concluding Remarks 

The emergence of complexity theory, amid a growing flood of new 

results, has originated a wave of enthusiasm covering the entire field 

of discrete optimization. As illustrated by many of the results of this 

research, the impact of developments in this area has been especially 

strong on scheduling theory. Intensive scrutiny of the computational 
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complexity of scheduling problems has been rewarded by a better under

standing of their difficulty, which in turn has led to more efficient 

algorithms for their solution. Although the success already achieved is 

considerable, the possibilties for further progress are far from ex-

hausted, as indicated by the fact that notorious problems, such as 

1 I I~T., remain open with respect to their complexity. 
1 

Despite exciting prospects for the future, the optimism sur-

rounding the theory of computational complexity hides subtle dangers. 

The main goal of this theory is to classify problems in terms of the 

mathematical order of the amount of computations required for their 

solution. This is accomplished by taking a worst case approach, where 

problems are grouped into classes according to the computational effort 

required to solve their hardest possible instance. Unfortunately, while 

emphasis on worst 'case behavior motivates the development of algorithms 

with lower time complexity functions, it discourages the use of algo-

rithms that may be best suited to solve typical cases of the problem but 

are unable to efficiently solve unusual problem instances. 

An even more disturbing side effect of complexity analysis con-

cerns problems for which there is not yet enough evidence to accept or 

rule out the existence of polynomial algorithms. Once a problem has 

been identified as being hard, concepts from complexity theory have been 

used successfully to formally justify the utilization of enumerative 

techniques for its sol ution. Perhaps because of this success, a trend 

which sees such justification as a prerequisite for the development of 

any exponential algorithm has developed. While this trend stimulates 



the study of problem complexity, it promotes a reluctance to deal with 

open problems altogether, at least until their complexity is resolved. 
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In other words, problems are considered easy until proven difficult, and 

consequently approximation and enumerative approaches are neglected. 

Thus, the development of algorithms for open problems is delayed and 

made contingent on the resolution of the corresponding complexity issue. 

To fully understand why this situation is distressing, it suffices to 

consider that the simplex method, which requires exponential time in the 

worst case, might never have been developed under the influence of this 

trend; after all the complexity of linear programming, which is in fact 

polynomial, was not formalized until fairly recently (Khachiyan 1979). 

Among the problems encountered during this research there are 

several, most notably 1 liLT. and PlpmtnILU., which currently belong to 
1 1 

the group of open problems. Although research oriented to resolve their 

complexity should certainly be encouraged, the search for solution pro

cedures should not artificially exclude algorithms which, like those 

outlined, exhibit worst case exponential behavior. After all, from an 

operations research point of view, preoccupation with the quality of the 

tools used to approach a real problem should never take precedence over 

concern for findings its solution. 



REFERENCES 

Baker, K. R. 1974. Introduction to Sequencing and Scheduling. John 
Wiley & Sons, New York. 

Baker, K. R. 1977. Computational Experience with a Sequencing Algorithm 
Adapted to the Tardiness Problem. AIlE Transactions 9, 32-35. 

Baker, K. R., and J. B. Martin. 1974. An Experimental Comparison of 
Solution Algorithms for the Single-Machine Tardiness Problem. 
Naval Research Logistics Quarterly 21, 187-199. 

Baker, K. R., and A. G. Merten. 1973. 
cessors and Linear Delay Costs. 
Quarterly 20, 793-804. 

Scheduling with Parallel Pro
Naval Research Logistics 

Baker, K. R., and L. E. Schrage. 1978. Finding an Optimal Sequence by 
Dynamic Programming: An Extension to Precedence-Related Tasks. 
Operations Research 26, 111-120. 

Balas, E. 1977. Some Valid Inequalities for the Set Partitioning 
Problem. Annals of Discrete Mathematics 1, 13-47. 

Bazaraa, M. S., and J.J. Goode. 1975. A Cutting-Plane Algorithm for 
the Quadratic Set-Covering Problem. Operations Research 23, 
150-158. 

Bellmore, ~~., and H. D. Ratliff. 1971. Set Covering and Involutory 
Bases. Management Science 18, 194-206. 

Bratley, P., M. Florian and P. Robillard. 1975. Scheduling with 
Earliest Start and Due Date Constraints on Multiple Machines. 
Naval Research Logistics Quarterly 22, 165-173. 

Conway, R. W., W. L. Maxwell and L. W. Miller. 1967. Theory of 
Scheduling. Addison-Wesley, Reading, ~1assachusetts. 

Elmaghraby, S. E. 1968. The One Machine Sequencing Problem with Delay 
Costs. Journal of Industrial Engineering 19, 105-108. 

Emmons, H. 1969. One-Machine Sequencing to Minimize Certain Functions 
of Job Tardiness. Operations Research 17, 701-715. 

115 



Emmons, H. 1975a. One Machine Sequencing to Minimize Mean Flow Time 
with Minimum Number Tardy. Naval Research l.ogistics Quarterly 
22, 585-592. 

Emmons, H. 1975b. A Note on a Scheduling Problem with Dual Criteria. 
Naval Research Logistics Quarterly 22, 615-616. 

Fisher, M. L. 1976. A Dual Algorithm for the One-Machine Scheduling 
Problem. Mathematical Programming 11, 229-251. 

Garey, M. R., and D. S. Johnson. 1979. Computers and Intractability: 
A Guide to the Theory of NP-Completeness. Freeman, San 
Francisco. 

Gelders, L., and P. R. Kleindorfer. 1974. Coordinating Aggregate and 
Detailed Scheduling Decisions in the One-Machine Job Shop: 
Part I. Theory. Operations Research 22, 46-60. 

116 

Geoffrion, A. M. 1977. How Can Specialized Discrete and Convex 
Optimization Methods Be Married? Annals of Discrete Mathematics 
1, 205-220. 

Geoffrion, A. M., and R. E. Marsten. 1972. Integer Programming Al
gorithms: A Framework and State-of-the-Art Survey. Management 
Science 18,465-491. 

Graham, R. L., E. L. Lawler, J. K. Lenstra and A. H. G. Rinnooy Kan. 
1979. Optimization and Approximation in Deterministic Sequencing 
and Scheduling. Annals of Discrete Mathematics 5, 287-326. 

Gupta, J. N. D., and A. R. Maykut. 1973. Scheduling Jobs on Parallel 
Processors with Dynamic Programming. Decision Sciences 4, 
447-457. 

Heck, H., and S. Roberts. 1972. A Note on the Extension of a Result on 
Scheduling with Secondary Criteria. Naval Research Logistics 
Quarterly 19, 403-405. 

Held, M., and R. M. Karp. 1962. A Dynamic Programming Approach to 
Sequencing Problems. Journal of the Society for Industrial and 
Applied Mathematics 10, 196-210. 

Horn, W. A. 1974. Some Simple Scheduling Algorithms. Naval Research 
Logistics Quarterly 21,177-185. 

Jackson, J. R. 1955. Scheduling a Production Line to Minimize Maximum 
Tardiness, Research Report 43, Management Science Research 
Project, University of California, Los Angeles. 



117 

Jeroslow, R. 1979. An Introduction to the Theory of Cutting-Planes. 
Annals of Discrete Mathematics 5, 71-95. 

Johnson, S. M. 1954. Optimal Two- and Three-Stage Production Schedules 
with Setup Times Included. Naval Research Logistics Quarterly 1, 
61-68. 

Karp, R. M. 1972. Reducibility Among Combinatorial Problems. In 
Complexity of Computer Computations, pp. 85-103, R. E. Miller 
and J. W. Thatcher (eds.). Plenum Press, New York. 

Khachiyan, L. G. 1979. Polynomial Algorithms in Linear Programming. 
Doklady Akademiia Nauk SSSR 244, 1093-1096 (translated in 
Soviet Mathematics Doklady 20, 191-194, 1979) .. 

Kise, H., T. Ibaraki and H. Mine. 1978. A Solvable Case of the One
Machine Scheduling Problem with Ready and Due Times. Operations 
Research 26, 121-126. 

Lauriere, M. 1978. An Algorithm for the 0/1 Knapsack Problem. 
Mathematical Programming 14, 1-10. 

Lawler, E. L. 1964. On Scheduling Problems with Deferral Costs. 
Management Science 11, 280-288. 

Lawler, E. L. 1976a. Combinatorial Optimization: Networks and ~latroids. 
Holt, Rinehart and Winston, New York. 

Lawler, E. L. 1976b. Sequencing to Minimize the Weighted Number of 
Tardy Jobs. Revue Fran~aise d'Automatigue, Informatigue et 
Recherche Operationelle 10.5, Suppl. 27-33. 

Lawler, E. L. 1977. A "Pseudopolynomial" Algorithm for Sequencing Jobs 
to Minimize Tardiness. Annals of Discrete Mathematics 1, 331-342. 

Lawler, E. L., and J. Labetoulle. 1978. On Preemptive Scheduling of 
Unrelated Parallel Processors by Linear Programming. Journal of 
the Association for Computing Machinery 25, 612-619. 

Lawler, E. L., and J. M. Moore. 1969. A Functional Equation and Its 
Application to Resource Allocation and Sequencing Problems. 
Management Science 16, 77-84. 

Lenstra, J. K., A. H. G. Rinnooy Kan and P. Brucker. 1977. Complexity 
of Machine Scheduling Problems. Annals of Discrete Mathematics 
1, 343-362. 

McNaughton, R. 1959. Scheduling with Deadlines and Loss Functions. 
Management Science 6, 1-12. 



Moore, J. M. 1968. An n Job, One Machine Sequencing Algorithm for 
Minimizing the Number of Late Jobs. Management Science 15, 
102-109. 

Nunnikhoven, T. S., and H. Emmons. 1977. Scheduling on Parallel 
Machines to Minimize Two Criteria Related to Job Tardiness. 
AIlE Transactions 9, 288-296. 

Sequencing Re
In Symposium on 

and Its A lications, pp. 29-38, 
Springer-Verlag, Berlin. 

Parker, R. G., and R. L. Rardin. 1982a. An Overview of Complexity 
Part I. Concepts. lIE Theory in Discrete Optimization: 

Transactions 14, 3-20. 

Parker, R. G., and R. L. Rardin. 1982b. An Overview of Complexity 
Theory in Discrete Optimization: Part II. Results and Impli
cations. lIE Transactions 14, 83-89. 

118 

Picard, J. C., and" M. Queyranne. 1978. The Time-Dependent Traveling 
Salesman Problem and Its Application to the Tardiness Problem in 
One-Machine Scheduling. Operations Research 26, 86-110. 

Potts, C. N., and L. N. Van Wassenhove. 1982. A Decomposition Algorithm 
for the Single Machine Total Tardiness Problem. Operations 
Research Letters 1, 177-181. 

Rinnooy Kan, A. H. G. 1976. Machine Scheduling Problems: Classifica
tion, Complexity and Computations. Nijhoff, The Hague. 

Rinnooy Kan, A. H. G., B. J. Lageweg and J. K. Lenstra. 1975. Minimiz
ing Total Costs in One-Machine Scheduling. Operations Research 
23, 908-927. 

Root, J. G. 1965. Scheduling with Deadlines and Loss Functions on k 
Parallel Machines. Management Science 11, 460-475. 

Rothkopf, M. H. 1966. Scheduling Independent Tasks on Parallel Pro
cessors. Management Science 12, 437-447. 

Sahni, S. 1976. Algorithms for Scheduling Independent Tasks. Journal 
of the Association for Computing Machinery 23, 116-127. 

Sahni, S. 1979. Preemptive Scheduling with Due Dates. Operations 
Research 27, 925-934. 

Sahni, S., and Y. Cho. 1980. Scheduling Independent Tasks with Due 
Times on a Uniform Processor System. Journal of the Association 
for Computing Machinery 27, 550-563. 



Schrage, L., and K. E. Baker. 1978. Dynamic Programming Solution of 
Sequencing Problems with Precedence Constraints. Operations 
Research 26, 444-449. 

119 

Shanthikumar, J. G. 1983. Scheduling n Jobs on One Machine to Minimize 
the Maximum Tardiness with Minimum Number Tardy. Computers and 
Operations Research (forthcoming). 

Shanthikumar, J. G., and J. A. Buzacott. 1982. On the Use of Decomposi
tion Approaches in a Single Machine Scheduling Problem. Journal 
of the Operations Research Society of Japan 25, 29-47. 

Shwimer, J. 1972. On the N-Job, One-Machine, Sequence-Independent 
Scheduling Problem with Tardiness Penalties: A Branch-Bound 
Solution. Management Science 18, B301-313. 

Sidney, J. B. 1973. 
S m osium on 
pp. 393-398, 

Smith, W. E. 1956. Various Optimizers for Single-Stage Production. 
Naval Research Logistics Quarterly 3, 59-66. 

Srinivasan, V. 1971. A Hybrid Algorithm for the One Machine Sequencing 
Problem to Minimize Total Tardiness. Naval Research Logistics 
Quarterly 18, 317-327. 

Sturm, L. B. J. M. 1970. A Simple Optimality Proof of Moore's Sequenc
ing Algorithm. Management Science 17, 116-118. 

Villarreal, F., R. L. Bulfin and R. G. Parker. 1981. On the Single 
Machine Tardiness Problem and Extensions, ORSA/TIMS Meeting, 
Houston, Texas, October. 




