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ABSTRACT 

Stochastic linear programs are linear programs in which some of the prob

lem data are random variables. The particular kind of programs that we study 

belong to the recourse model. Under this model, some decisions are postponed 

until better information becomes available (e.g., an outcome of a random variable 

is realized), while other decisions must be made 'here and now.' For example, in 

a telecommunication network planning problem, decisions regarding the addition 

of network capacity have to be made before knowing customer demand (i.e., 'here 

and now'). Once the demand is realized, efficient usage of the network can then 

be determined. This work explores algorithms for the solution of such program

s: stochastic linear programs with recourse. The algorithms investigated can be 

described as decomposition based cutting plane methods in which the cuts are es

timated from random samples. Moreover, the algorithms all use the incremental 

sampling plan inherent to the Stochastic Decomposition (SD) algorithm develope

d by Higle and Sen in 1991. Our study includes both two stage and multistage 

programs. For the solution of two stage programs, we present the Conditional 

Stochastic Decomposition (CSD) algorithm, a multicut version of the SD algo

rithm. CSD is most suitable for situations in which data are difficult to obtain 

and my be computationally intense. Because of this potential intensity, we explore 

algorithms which require less computational effort than CSD. These algorithms 

combine features of both CSD and SD and are referred to as hybrid algorithms. 

Following our exploration of these algorithms for two stage problems, we next ex

plore an extension of the SD algorithm that can be used for multistage problems 

with stagewise independent random variables. For the sake of notational brevi

ty, our technical development is centered around the three stage case, although 

the extension to multistage problems is straightforward. Under mild conditions, 

convergence results similar to those found in the two stage algorithms hold. Multi

stage stochastic decomposition is currently a largely uncharted area. Our research 

represents the first major effort in this direction. 



CHAPTER 1 

STOCHASTIC LINEAR PROGRAMS WITH RECOURSE 

BACKGROUND 

1.1 Introduction 

14 

Our research centers on designing algorithms to solve stochastic linear programs 

with recourse. Conventional mathematical programming models typically assume 

that all data elements are known deterministically, so that no random elements are 

involved. To describe a particular situation sufficiently, the modeler often has to 

incorporate random elements into the model, resulting in a stochastic optimization 

problem. 

For example, in a study of a telecommunications network planning (see, for 

example, Sen, Doverspike and Cosares [1992]), the planner has to implement an 

expansion plan, which determines additional call handling capacity that will be 

added to each link in the network. This decision is made in anticipation of cus

tomer demand over some period of time, which may be known in terms of a 

probability distribution. Once the demand is realized, algorithms are used to 

. promote efficient usage of the network. 

Consider another problem arisen from power generation planning (see, for 

example, Louveaux and Smeers [1988]). Here, the planner wishes to find an op

timal operating policy for power generation over many periods. At the start of 

each period, new equipment can be purchased and obsolete equipment can be dis

mantled. These decisions must be made before any uncertainties (costs, demands 

etc.) are completely resolved. Once resolved, an optimal generation plan for that 

period can be devised using the available facilities. 

Both of these problems can be modeled by multistage linear programs in 

which some data elements are represented as random variables. In particular, 

these examples are prototypes of stochastic linear programs with recourse, which 
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we will define formally in the next section. For now, we will look at a more general, 

abstract framework by considering the following program 

Min f(x) (G) 

sft x E X ~ ~nl 

fi(X)~O i=l,···,ml. 

Many practical problems may be described by (G) with the objective and con

straint functions representing expected values 

f(x) = E[F(x,w)] 

= in F(x,w)'P(dw) (1.1.1) 

and 

fi(x) = E[Fi(X,W)] 

= in Fi(X,W)'P(dw) i = 1,··· ,ml (1.1.2) 

where w is a random variable defined on a probability space (n, A, 'P). Following 

the terminology in Ermoliev and Wets [1988], with f and fi defined as in (1.1.1) 

and (1.1.2), program (G) represents a stochastic program. 

Stochastic programming dates back as early as the 1950's with the works of 

Dantzig [1955] and Beale [1955] on stochastic linear programs. Later Charnes and 

Cooper [1959] in a different, albeit related effort, explored 'chance constrained' 

programming, a variant of stochastic programming. 

Since then stochastic programming has lent its hand to many practical appli

cations. Some of the applications reported in the literature include financial plan

ning (Kallberg, White and Ziemba [1982], Mulvey and Vladimirou [1989]), water 

resource management (Prekopa and Sziintai [1976], Dupacova [1980]), power gen

eration and energy planning (Murphy, Sen and Soyster [1982], Dantzig et al [1989], 

Pereira and Pinto [1991]), vehicle fleet allocation and scheduling (Powell [1986], 

Powell and Frantzeskakis [1989], Crainic, Gendreau and Dejax [1993]), flight 
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scheduling (Mulvey and Ruszczynski [1992]), telecommunications network design 

(Sen, Doverspike and Cosares [1992]), and capacity planning in the automobile 

industry (Eppen, Martin and Schrage [1989]). Other applications can be found in 

Ermoliev and Wets [1988]. 

This chapter is organized as follows. Section 1.2 outlines the formulations of 

stochastic linear programs. Section 1.3 describes the germane properties of the 

programs. Section 1.4 presents epi-convergence, a form of convergence that has 

proved to be important to stochastic programming. Section 1.5, making up a 

major portion of this chapter, discusses a variety of solution techniques. Finally 

Section 1.6 gives some closing remarks. 
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1.2 Stochastic Linear Programs: Formulations 

We will distinguish between two classes of stochastic linear programs with recourse 

depending on whether they are two stage or multistage programs. First we will 

give the two stage formulation as a lead-in to the more complex multistage case. 

As for nomenclature in this chapter, the symbols (8 LP) and (M 8 LP) will be 

used to denote two stage and multistage stochastic linear programs with recourse, 

respectively. 

1.2.1 Two Stage Formulation 

The two stage stochastic linear programs with recourse that we are going to study 

can be formulated as follows: 

where 

Min f(x) = ex + E[h(x,w)] 

sit Ax = b 

h(x,w) = Min 

sit 

x~O 

gy 

Wy = r(w) - T(w)x 

y ~ O. 

(8LP) 

(8) 

In the above formulation, A is of dimension ml x nl, and W is m2 X n2. The 

vector w is a realization of the random variable w with an induced probability 

space (n, A, 'P) in ~m2+m2nl. Unless specified otherwise, n will be understood to 

be the support of the probability distribution 'P. The maps rand T are projections 

defined as follows: if 
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then 

( 

tll 

T:w ~ T(w) = : 
tm21 

We will often use the shorthand r and T for r( w) and T( w ). A more general 

formulation which we shall not specifically address allows the vector 9 and the 

matrix W to be random. 

The program (SLP) is equivalent to the following, referred to as the standard 

form by Wets [1966a]: 

Min f(x) = ex + gE[y(w)] 

sft Ax = b 

T(w)x + Wy(w) = r(w) 

x ~ 0, y(w) ~ 0 

(SLP2) 

'r/wE n. 

Although mathematically equivalent, the two formulations are somewhat dif

ferent conceptually. The first captures the dynamic flavor of the two stage decision 

making process. A decision x is made at the first stage to hedge against some fu

ture random event w. Once the random event is revealed as w, a second decision (a 

recourse action) is made to correct any discrepancy - as quantified by the model 

- due to the combination of (x, w). Naturally, the least costly action y is chosen. 

The object of the problem is to select a first stage x that minimizes the combined 

first stage and expected second stage costs. The two examples - telecommunica

tions expansion and power generation planning - given in the introduction yield 

to this line of interpretation. As befits the model, the function h( x, w) is called 

the recourse function and the second stage problem (S) the recourse subproblem, 

or simply the recourse problem. 

The second formulation (SLP2) carries a static interpretation. It requires 

choosing a combined decision {(x, y( w ))} wEn simultaneously so that the objective 
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is minimized. The solution search can be thought of as selecting an 'optimal' map 

X from the set of maps (often referred to as policies) 

However, not any maps are feasible. Because decisions cannot depend on hind

sight, the first stage decision x cannot depend on the outcome of the random 

variable w. The only feasible maps are those with the non-anticipativity property: 

Vw,w' E 0, if X(w) = (x,y), X(w') = (x',y'), then necessarily x = x'. In another 

words, the map satisfies the property that 

so that X (w) can be written as (x, y( w)) which is the way we have written. 
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1.2.2 Multistage Formulation 

The two stage formulation can easily be generalized to the multistage setting. 

First let's make clear certain notations for the T stage situation. For 1 ~ t ~ T, 

Let Xt E ~nt denote the decision made in stage t. 

Let et E St ~ ~mt denote the stage t random variable (by contrast, the 

symbols w, w will be used mostly in the two stage setting). No random 

element is involved at stage 1. However, for completeness, let el = bl E ~ml 

be a degenerate random variable. Let 

be the smallest set of probability one. 

Let ~t = (el,"" et), and ~t = (6,"" et) be the first t components of the 

random variable e = (el,"" eT) and the realization e = (6,"', eT). By 

this convention, ~T = (el,' . " eT) = e, and ~T = (6," . ,(T) = e· 
Let Ht(Xt-ll~t) denote the (conditional) expected recourse function for stage 

t given ~t = ~t' 
The multistage program represents a decision making situation in which, starting 

with t = 1, decision Xt is made at stage t, followed by an observation et+l at 

stage t + 1, followed by a decision Xt+l and so on until the last stage decision XT 

has been reached. The decision at stage t + 1 is a recourse action resulting from 

decision made in previous stages. The object of the problem is to find an Xl that 

hedges best against future uncertainties. Now, we define the multistage problem 

Min hex) = ClXI + H2(xI) (MSLP) 

sit AIXI = bl 

X 2::0 

where H2(XI) = H2(XII~I) and the latter is defined through the following recursive 

relationship: 



For t = 2, ... , T, 

where 

and 

ht(Xt-l'~t) = Min CtXt + Ht+l(Xtl~t) 
sft AtXt = et - BtXt-l 

Xt 2:: 0 

21 

(St) 

(1.2.1) 

We note that, for simplicity of notation and without loss of theoretical insight, 

we have assumed that on the right side of (1.2.1), only et has random elements 

whereas B t has no random elements. A special case of the multistage formulation 

is when the stage random variables {el, ... , eT} are independent so that one may 

write 

Ht(Xt-ll~t_l) = Ht(Xt-l) and 

ht(Xt-l, ~t) = ht(Xt-l, ed· 

The problem (MSLP), like its two stage counterpart, has an equivalent static 

formulation: 

T 

Min f(x) = c,x, + E [~c'X'(~,)l (MSLP2) 

sft A1Xl = bi 

AtXt(~t) + BtXt-l (~t-l) = et 

Xl 2:: 0, Xt(~t) 2:: 0 t = 2,··· ,T 

Ve E 8. 
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, 

Again, as in the two stage case, in the second formulation, we can picture 

the decision maker selecting a map from the set of maps (policies): 

x = {XIX = (Xl,··· ,XT)j X t : ::: ~ ~nl, t = 1,··· ,T}. 

That is, a decision {(Xl, X2(~2)'··· , XT(~T)}eE8 is actually a map 

in X. But only those policies satisfying the non-anticipativity property are feasible 

maps. That is, any feasible policy X has to satisfy the condition 

(ve, e' E::: Vt E {l, ... ,T} :;) ~t = ~/), 

In fact, by writing Xt as Xt(~t) = Xt(6,···, et) in (MSLP2), we have explicitly 

enforced the requirement. 
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1.3 Properties of Stochastic Linear Programs 

Characterization of stochastic linear programs with recourse has been studied ex

tensively. For example, Wets [1966a], Wets [1966b], Wets [1974] and Wets [1983b] 

discuss mainly the two stage problems. Olsen [1976a] and Olsen [1976b] consider 

a broader class of problems and extend some of the results of Wets to multistage 

problems. 

SLP as a Convex Program 

It is well-established that stochastic linear programs are convex programming 

problems. Consider the program (SLP). The feasible region can be written as 

where 

Xl = {xlAx = b, x 2:: O} 

and 

X 2 = {xlVw En, 3y 2:: 0 sft Wy = r(w) - T(w)x}. 

Xl is simply the feasible region defined by the first stage constraints. X2 is the 

region defined by the induced constraints generated by the second stage problem. 

Clearly, Xl is a closed convex polyhedral set. As for X 2 , let 

X 2(w) = {xl3y 2:: 0 sft Wy = r(w) - T(w)x} 

then clearly 

As X2(W) are closed convex sets, X 2 is a closed convex set. Under certain condi

tions, it is also a polyhedral set. 
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We have established, among other things, that X is a closed convex set. Next 

we consider the convexity of the recourse function. To see that h(.,w) is convex, 

it is helpful to write the recourse problem (S) in the dual form 

h(x,w) = Max 71'(r(w) - T(w)x) (DS) 

sft 71'W :::; g. 

For any (x,w), if h(x,w) < 00, let 71'(x,w) be a solution to (DS), viz. 

h(x,w) = 7l'(x,w)(r(w) - T(w)x). 

Note that the feasible region of (DS) depends on neither x nor Wj 7l'(x,w) remains 

dual feasible if the objective is replaced by 7l'( r( w) - T( w )y. It follows that 

7l'(x,w)(r(w) -T(w)y):::; h(y,w) \fy (1.3.1) 

(with '=' holding if y = x). 

To show x 1--+ h(x,w) is convex, let x E X 2(w), y E X 2(w), >. E [0,1], and 

z = >.x + (1 - >.)y. Since X 2(w) is convex, z E X 2(w), implying that h(z,w) < 00 

so one can write 

h(z,w) = 7l'(z,w)(r(w) - T(w)z) 

= 7l'(z,w)(r(w) - T(w)(>.x + (1- >.)y)) 

= >.7l'(z,w)(r(w) - T(w)x) + (1 - >.)7l'(z,w)(r(w) - T(w)y) 

:::; >'h(x,w) + (1 - >')h(y,w) by (1.3.1). 

This shows that h(x,w) is convex in x and thus E[h(x,w)] is convex. Convexity 

in w can be similarly shown - because 9 and W are fixed - although this has 

no bearing on the convexity of E[h(x,w)]. 

It follows that the two stage stochastic linear program (SLP) is a convex pro

gram. Convexity generalizes readily to multistage problems, that is, the recourse 

functions ht("~) are convex functions (see, for example, Olsen [1976a]). 
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Recourse Function as Lipschitz Function 

We will show that the recourse function h(x,w) is not only convex in x, it is also 

Lipschitz. To begin our discussion, let 

be the feasible region of the program (DS) defined above, and V be the set of 

vertices or extreme points of II. Since II is a polyhedral region, V is a finite set. 

In fact, each v E V corresponds to a basis in W and there are only a finite number 

of bases. Let 

J-l = Max{lIvlllv E V}. 

For x,y E X 2 (w), it is clear that 

Ih(x,w) - h(y,w)1 ~ Max{II7r(x,w)lI, 117r(y,w)lI} IIT(w)lIlIx - yll 
::; J-lIIT(w)llIlx - yll· (1.3.2) 

This shows that h(·,w) is Lipschitz on X 2(w). Furthermore, if T(w) is bounded 

wp1, th~ Lipschitz constant is independent of w. From (1.3.2), one can easily show 

that E[h(·,w)] is Lipschitz on X 2 if E[T(w)] < 00. 

Generalization of the Lipschitz property to multistage programs is not imme

diate. Wets [1972] considers the special case that the stagewise random variables 

e2,'" , eT are independent. By explicitly including the induced feasibility con

straints, one can write the stage t recourse function as 

ht(Xt-l,et) = Min CtXt + HHl(Xt} 

sit Atxt = et - BtXt-l 

Xt ;:::: 0 

Xt E X~ 

where X~ is the induced feasibility region imposed by future stages which has 

the meaning of X 2 in the two stage case. If X~ is a polyhedral set and HHI (.) is 
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Lipschitz, then so is ht(·, et). In fact, more can be said: under the same conditions, 

ht is Lipschitz in et - BtXt-l' That is, 3M > 0 such that V(Xt-b et), (X~_l' eD in 

the effective domain of ht, 

To ensure that X~ is polyhedral, it suffices that {et l I t' > t} are the only 

random elements. For the general case that both et and Bt may be random, there 

are conditions analogous to those in two stage by which the polyhedrality of X~ 

is ensured (Wets [1972]). 

Olsen [1976a] studies problems without the stagewise independence assump

tion. In essence, the induced feasibility regions have to be polyhedral for the 

recourse functions to inherit the Lipschitz condition from the lower stage. 

Subqradient of the Recourse Function 

A subgradient of a convex function f on mn at the point x is a vector T/ such that 

f(x) + T/(Y - x) ~ fey) Vy. 

The set of subgradients of f at x is called the sub differential of f at x and is 

denoted as 8f(x). It is clear that if the affine function a + {3x is a supporting 

hyperplane of f at the point x, then (3 E 8f(x), and vice versa. 

Most solution techniques in solving (SLP) rely on subgradients of the re

course function h(·, w) at some point x E X. This is often in order to con

struct a supporting hyperplane. Clearly from (1.3.1), if 7l'(x,w) solves (DS) then 

-7l'(x,w)T(w) E 8h(x,w) and the left side of (1.3.1) constitutes a supporting hy

perplane to h(·,w) at x. 

If we consider the recourse function h(·,·) as a function of (x, w) and if T is 

non-random then similarly (-7l'(x,w)T,7l'(x,w)) E 8h(x,w). 
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1.4 Epi-Convergence and Beyond 

Typical solution techniques for solving stochastic programs such as (SLP) involve 

the construction of a sequence of objective function approximations, {Ik}. To show 

that the solutions from these approximations converge to the true solution in some 

sense, math programmers typically make use of tools provided by the theory of 

epi-convergence (see, for example, Attouch and Wets [1981] and Kall [1986]). 

To put things in the framework of epi-convergence, in this section, the func

tions f, {Ik}k::l will be any extended real-valued functions, that is, 

f, fk: mn --+ ~U {-oo,oo}. 

And we will consider the unconstrained minimization problem 

Min {f(x)lx E mn} (P) 

and its approximations 

There is no loss of generality in considering unconstrained minimization, for a 

constrained problem such as 

can be transformed into an unconstrained minimization problem by redefining the 

objective function f to take on the value +00 if x ¢ X. 

A sequence of functions {fd~l is said to epi-converge to a function f, 

written as fk~ f, if \Ix E mn , 

\I{Xk}k:l ~ x lim Ik(x k
) 2:: f(x) 

k-+oo 

and 3{yk}k~1 ~ x sit lim fk(yk) ::; f(x). 
k-+oo 

Geometrically, fk epi) f is equivalent to the set convergence of the epi-graphs of 

fk' epi(Ik), to the epi-graph of f, epi(f) = {(x,a)lf(x) ::; a}. The importance of 

epi-convergence of {fdk:l lies in the following result. 
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Proposition 1.4.1. If fk epi) f and xk argmin(pk), then every accumulation point 

of the sequence {xk}k~l is in argmin(P). 

Proof. See Attouch and Wets [1981] .• 

There are conditions ensuring epi-convergence. We give two popular ones here 

based on Birge and Wets [1986] 

1. If fk are monotone increasing or decreasing, fk ~ f pointwise, and f is lower 
.. th f epi f semlcontmuous, en k~ • 

2. Let h(x,w) be the recourse function in (SLP) with wEn, a compact set. 

Suppose fpk}kc~=l is a sequence of probability measures converging in distri

bution to P defined on n. If 

Jk(x) = 1 h(x,w)pk(dw) 
wEn 

f(x) = 1 h(x,w)P(dw) 
wEn 

epi 
then fk~J. 

The above two results provide general guidance in designing algorithms to solve 

problems like (SLP). The first is applicable to algorithms that approximate the 

objective function whereas the second could be useful in algorithms which approx

imate the probability measure P. 

As noted by Higle and Sen [1992], epi-convergence of a sequence of functions 

requires specific knowledge of the asymptotic behavior of the functions everywhere. 

Indeed, the requirement of epi-convergence is stronger than necessary to ensure the 

accumulation of approximate solutions at true solutions. In Higle and Sen [1992], 

the requirement of epi-convergence is relaxed by introducing the concept of epi

graphical nesting which requires epi(f) ~ limk-+oo epi(ik), or equivalently 

f(x) ;::: inf li~ik(yk) \Ix. 
{yA: hEA:-+x kEK. 

They show that when xk E argmin(pk): 

• If epi(f) ~ limkEK. epi(ik)i and limkEK. fk(xk) = f(x) whenever limkEK. xk = 
x, then every accumulation point of {xk}k::l is in argmin(P). 
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1.5 Solution Techniques 

Since stochastic linear programs are convex programs, convex programming tech

niques can, in theory, be used to solve the problem. However, in general any 

techniques that require evaluating the objective f(x) = ex + E[h(x,w)] are not 

practical. Evaluation of E[ h( x, w )] involves multiple integration and h( x, w) in

volves the solution of a linear program (possibly a large scale program). In the 

multistage case, there is no easy way to obtain ht(x,w) for any given (x,w) - this 

certainly contributes to the monstrosity of multistage programs. The same lament 

applies to methods that require gradient or subgradient evaluations. Because of 

this difficulty, special solution techniques are needed. Most of the techniques re

viewed here are developed for the two stage programs, reflecting the current state 

of affairs in the literature. 

1.5.1 Solution As Large Scale Linear Program 

If the random variable w has a finite discrete distribution on n = {WI, ... , w L }, 

with Pr{w = wi} = PI, then, by letting (rl, T') = (r(wl), T(w l)), (SLP) becomes 

L 

Min f(x) = ex + LPI gyl (LPE) 
1=1 

sft Ax =b 

x ~ 0, yl ~ 0, 1 = 1" .. ,L. 

Program (LP E) is a large scale linear program with a staircase, dual block 

angular structure. Special methods based on linear programming have been pro

posed. A customized simplex method, generally referred to as the compact basis 
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technique has been developed (Strazicky [1974], Strazicky [1980], Kall [1979], 

Wets [1983b] and Wets [1988]). The method manages to represent the inverse 

of the basis at each simplex step in a compact form. Also taking advantage of 

the structure of the program, Birge and Qi [1988] propose a non-simplex alter

native to the compact basis technique by applying Karmarkar's method of linear 

programming. 

It must be noted that if L is very large (say, in the order of millions), then 

solving (SLP) by linear programming methods can be computationally impracti

cal. However, there is a particular instance in which (S LP) is amenable to solution 

as a linear program. That is, when the recourse matrix W is of the particular form 

(1, -1) where 1 is an identity matrix, so that the problem has simple recourse. 

Wets [1983a] considers the case when T is non-random, so that only r(w) is ran

dom and can be replaced by w = (WI"'" W m2 ) E ~m2. The recourse function 

h(x,w) is then separable into the sum of the form 2::'21 hi(X,Wi) where 

hi(X,Wi) = Min gtyt + giYi 
sft yt - Yi = Wi - (TX)i 

yt ~ 0, Yi ~ o. 

Exploiting the separability property, Wets [1983a] is able to re-formulate the sim

ple recourse problem as a linear program with a few extra constraints added to 

the first stage problem. A simplex method tailored to the revised formulation is 

then devised. 
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1.5.2 Stochastic Quasi-Gradient Methods 

This class of solution techniques are the stochastic counterpart to subgradient 

methods developed for nonlinear programming. A stochastic quasigradient algo

rithm applied to the convex program 

Min f(x) = E[F(x,w)] 

sft x E X ~ ~nl 

(CP) 

where F(x,w) is convex in x typically generates a sequence {xk}k::l in X through 

a recursive relationship such as (e.g. see Wets [1983b], Ermoliev [1988]) 

The projection ensures that x k+1 E X. The parameter Sk is the step size and ek is 

a stochastic quasigradient (SQG) of f at xk, a statistical estimate of a subgradient 

of f( x) at xk satisfying 

or the more general condition given by Ermoliev [1988], 

To ensure convergence, the sequence of step sizes can be chosen such that 

00 

Sk ;::: 0, L Sk = 00, 

k=l 

00 

LS% < 00, (wp1). 
k=l 

Typically in practice, to obtain ek, a random sample {wt}~l of size Nk is 

taken. For t = 1"", Nk, a subgradient vector 7]: E 8F(xk ,wt) is computed, and 

fi 11 ck 1 ""N" k na Y I" = N" L....t=l 7]t • 

For the problem (SLP), F(x,w) = ex + h(x,w), so 7]: = e - 7r(xk ,wt)T(w) 

can be obtained easily as discussed in Section 1.3. 

The development of SQG methods originates with the works of Robbins and 

Monro [1951] and Kiefer and Wolfowitz [1952]. Development and survey on various 
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SQG methods can be found, for example, in Ermoliev [1983], Ermoliev [1988] and 

Wets [1983b]. 

Although convergence can be proven under lenient conditions, there are sev

eral practical impediments to implementing SQG type algorithms (Gaivorons

ki [1988], Pflug [1988], and Wets [1983bD. The major difficulties are the lack of 

stopping criteria and absence of step size rules. As discussed in Pflug [1988], the 

two problems are related. The particular choice of a sequence of step sizes often 

influences the stochastic behavior of the sequence of iterates which often forms the 

basis of a stopping rule. Ruszczynski [1987] addresses the difficulty of stopping by 

introducing a direction finding subproblem at each iteration based on an average 

of past and present quasigradients. The problem of step length persists. 

1.5.3 Finding Upper and Lower Bounds 

The major difficulty in solving problems like (S LP) lies in evaluating the function 

E[h(x,w)]. One alternative is to seek bounds on the function. This approach can 

be imbedded in the broader framework of bounding the expected value of convex 

function. In this section, we let f be a convex function on ~m and consider 

the problem of finding lower and upper bounds on E[j(w)] where w is a random 

variable defined on some probability space (n, 8, P) in ~m. 

Lower Bounds 

To obtain a lower bound, Jensen's inequality (Jensen [1906]) ensures that 

E[f(w)] ~ f(E[w]). 

Sharper bounds can generally be obtained via partitioning n. For instance, if 

{nI,···, nL} is a partition of n, PI = Pr{w E n/} and wi = E[wlw E n/], then 
L 

E[j(w)] = 2:PIE[j(w)lw E n/] 
1=1 

L 

~ 2:Pd(wi) 
1=1 

L 

~ f(2: PIWI) = f(E[w]) 
1=1 

(1.5.1) 

(1.5.2) 
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by applying Jensen's inequality twice. The right side of (1.5.1) generally gives a 

tighter bound than the right side of (1.5.2). Partitioning schemes are used within 

iterative procedures in the works of Kall and Stoyan [1982], Frauendorfer and 

Kall [1988], Frauendorfer [1988] and Frauendorfer [1990]. 

Upper Bounds: Edmundson-Madansky Types 

The classical upper bound is the Edmundson-Madansky (EM) bound appearing in 

Madansky [1959] who attributes it to Edmundson [1957]. By considering moment 

spaces of multivariate distributions, Madansky derives an upper bound on E[J(w)] 

when n is a compact rectangle. However explicit formula for the bound can only 

be derived when w has independent components. In essence, the EM bound is 

obtained by defining a probability measure on {e1 , ••• , el<}, the vertices of n. A 

mass Pt is assigned to each vertex et so that 

I< 

E[f(w)] :5 LPt f(e t
). 

t=l 

Ben-Tal and Hochman [1972] sharpen the EM bound. Frauendorfer [1988] 

generalizes the bound to the case in which the components of ware dependent (but 

n is still required to be a compact rectangle). A similar bound is obtained Vihen 

the rectangles are replaced by simplices in Frauendorfer [1990] and [1992]. Other 

works that employ the idea of defining a probability measure on extreme points 

of n (and together with partitioning) to get upper bounds include Huang, Ziemba 

and Ben-Tal [1977], Frauendorfer and Kall [1988], and Kall and Stoyan [1982]. 

Birge and Wets [1986] give a theoretical framework - under which the con

struction of the Edmundson-Madansky bound can be subsumed - for finding an 

upper bound when n is compact and convex. For illumination, their idea is briefly 

outlined here for the case that n is convex, polyhedral with a finite number of ex

treme points denoted by extn = {e1 , ... , el<}. Now each wEn can be expressed 
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as a convex combination of e E extn, say, w = E:~l "V(w )et. By the convexity of 

f('), 

I( 

few) :::; L >.t(w)f(et ) 
t=l 

I( 

E[f(w)] :::; LE[>.t(w)]f(et ) 
t=l 

(1.5.3) 

and an upper bound of E[f(w)] is thus obtained - in theory. In practice, since 

the right side of (1.5.3) requires finding the function w ~ (>.1 (w),' .. ,>.1( (w )), the 

detail has not been worked out except for special cases such as when n is simplex, 

an interval, or a rectangle and the random variable has independent components 

(Birge and Wets [1986]). 

Upper Bounds: Generalized Moment Problem Approach 

Another upper bounding approach is derived through the so-called generalized 

moment problem. As noted by Kall [1987] or Birge and Wets [1987], the search for 

an upper bound on the expected convex functional has led to, among other things, 

the generalized moment problem (GMP) which can be posed in this manner: given 

some set P of probability distributions defined on n which contains P (recall that 

P is the probability distribution of w), find a P* that solves 

MaxI f(w)P'(dw) 
wEn 

(GMP) 

sit P' E P. 

If such a P* can be found, then since PEP, it follows that 

E[f(w)] = 1 f(w)P(dw) :::; 1 f(w)P*(dw). 
wEn wEn 

The set P is usually speciiled in terms of moments of P, for instance, P may be 

defined as those probability distributions whose first moments agree with that of 

P: 

1 P'(dw) = 1, 1 wP'(dw) = 1 WP(dW)}' 
wEn wEn wEn 
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In recent developments, using the GMP approach, Dula [1989], Dula and 

Murthy [1990], and Kall [1991] use the first two moments to derive upper bounds 

without the assumption of compactness of n. 

Upper Bounds: Sublinear Upper Bound 

In a different vein, Birge and Wets [1989] bound the value of the second stage 

program by separable programs using the fact that the recourse function h( x, w) 

is a sublinear function in r( w) - T( w)x, that is, if we let ¢( r( w) - T( w)x) = h( x, w) 

then ¢(.) is a sublinear function, viz. convex and positively homogeneous. The 

latter condition means that 

¢(az) = a¢(z) 

assuming that ¢(.) is finite V z E ~m2 (called the complete recourse property). The 

main idea in their paper is sketched as follows. 

They consider the case that T is non-random and so r(w) = w. For simplicity, 

let X = Txand thus the second stage program can be re-framed as 

¢( w - X) = Min gy (SS) 

sit Wy = w - X 

Y ~ O. 

Recall that the right hand side of (S S) has m2 rows. Now, let D = {d1 , • •• , dm2 } 

be a basis for ~m2. Then D U -D spans ~m2 positively. In fact, for any w - x, 
3 unique {)..t,)..i} ~21 such that )..t ~ 0 ,)..i ~ 0, )..t )..i = 0 and 

m2 

W - X = L { )..t di + )..i ( _di
) }. 

i=l 

Thus by sublinearity and (1.5.4), 

<I>(w - X) S ~ { A,<I>(d') + X; <1>( -d')} 

= <PD(W - X) 

(1.5.4) 

(1.5.5) 
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where in right side of (1.5.5) the notation <PD(W - X) with a 'D' is used to stress 

its dependence on the basis D. By taking the expectation of both sides of (1.5.5), 

one gets 

E[c,6(w - X)] :s; E[<pD(W - X)]. (1.5.6) 

If the distributions of the random variables>. + and >. - are known, then the eval

uation of E[<pD(W - X)] involves only line integrals (see (1.5.5)). Furthermore, the 

authors go on to show how the (sublinear) bound on the right side of (1.5.6) can 

be improved by using more than one basis. 

1.5.4 Discretization of the Probability Measure P 

The idea inherent in algorithms involving discretization of the probability measure 

P in problem (SLP) is to define a finite discrete probability space (Ok, 8 k, pk) at 

iteration k so that the objective function f( x) is approximated by 

fk(X) = ex + 1 h(x,w)pk(dw). 
wEn" 

This approach is an application of bounding techniques likes the ones presented in 

the previous section, Section 1.5.3. In general, pk is defined via a partition of 0, 

assumed a convex, compact set. The partition is iteratively refined to sharpen the 

approximation. A typical algorithmic procedure is to define two parallel sequences 

of such approximating probability measures, pk and pk and (with corresponding 

probability spaces (Ok,8k,pk), (nk,Bk,pk)) so that the objective function f(x) 

can be bounded from below and above simultaneously, for example, in a manner 

that admits Jensen's or Edmundson-Madansky type bounds. 

The problems 

Min tk(x) = ex + 1 h(x,w)pk(dw) 
wEg" 

(Lk) 

sit x EX 

and 

Min lk(x) = ex + 1 _ h(x,w)pk(dw) (Uk) 
wEn" 

sit x EX 
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are solved to obtain !f.k and xk as solutions. With x being !f.k or xk, a bound on 

the deviation from optimality, f( x) - f* , is obtained as 

o ~ f(x) - f* ~ lZ - i~· 

If the error is not acceptable, the partition can be further refined at the next 

iteration, for instance, by subdividing an existing partitioning piece. How the 

approximating probability measures may be constructed will be briefly described 

next. 

Let Sk = {n1 , ••• , nN,,} be the partition of n at iteration k, each ni is 

assumed convex. One can let pk be the discrete probability measure that assigns 

the mass Pt = Pr{w E ntl to the point E[wlw E nt}. Thus ik(x) is obtained 

by invoking Jensen's inequality (Kall [1979], Frauendorfer and Kall [1988], and 

Frauendorfer [1988]). 

To find 15k , similar procedure applies. First, for each element nt, denote the 

set of vertices (of the closure of n t) as extnt = {e~, ... , ef} (assume all n t have L 

vertices, for simplicity). Suppose a probability measure {pDf=1 has been defined 

on extnt (using the general technique leading to (1.5.3), for instance) that satisfies 

L 

E[h(x,w) I wEnt] ~ L p~ h(x, eD· 
1=1 

Then 

N" 
E[h(x,w)] = LPr{w E ntl E[h(x,w) I wE ntl 

t=1 
N" L 

~ LLPr{w E ntl p~ h(x,eD· (1.5.7) 
t=1 1=1 

The right side of (1.5.7) suggests defining 15k as the probability measure that 

assigns the mass p~ = Pr{w E nt}p~ to the point e~, for t = 1,···, Nk, I = 
1,··· ,L. Note that we have to treat all e~ as distinct points even though some of 

them may represent a common vertex of adjacent partitioning pieces. 
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If f2 ~ ~m2 is an m2 dimensional rectangle, the resulting probability mass 

function so constructed at the kth iteration will takes on Nk2m2 possible values 

such as in Frauendorfer and Kall [1988] and Frauendorfer [1988]. Computation 

of JeEOk h(x, e)Pk(de) at any x could be burdensome if m2 is large. Frauendor

fer [1990] and Frauendorfer [1992] avoid this difficulty by considering n a simplex 

and each partition a simplicial decomposition of f2. Being a simplex in ~m2, each 

f2 t has only m2 + 1 vertices instead of 2m2 as in the case of rectangle. 

1.5.5 Decomposition Based Cutting Plane Methods 

L-shaped Method 

The L-shaped method of Van Slyke and Wets [1969] belongs to the class of al

gorithms that combine cutting plane approximation and decomposition. The ob

jective function is approximated by cutting planes obtained through a decompo

sition procedure. The method, in fact, is an instance of Benders' decomposition 

(Benders [1962]). Before presenting the method, we need to give some preliminary 

details. 

The method requires the random variable w to have only finitely many real

izations in f2 = {wi, 11 = 1" .. , L}. Under this stricture, E[ h( x, w)] is a piecewise 

linear function, thus expressible as a 'max' function 

E[h(x,w)] = Max {at+.Btx I t= 1,"',l} 

for some finite number I. 

Recall that the feasible region of (SLP) is X = Xl n X2 where Xl = 
{x I Ax = b, x ~ O} and X 2 = {x I Vw E n, 3y ~ 0 sit Wy = r(w) - T(w)x}. 

Because w is discrete, X 2 is a convex polyhedral region (Wets [1974]); we can write 

X2 = {x I fS + osx ::; 0, s = 1"", J} 

for some finite number J. 
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With E[h(x,w)] and X 2 so characterized, program (SLP) can be we can 

rephrased as 

Min f( x) = ex + 'T/ 

sft x E Xl 

'T/ 2:: at + f3t X t = 1, ... ,I 

o > "fs + DsX s = 1"" ,J. 

(P) 

(1.5.8) 

(1.5.9) 

Constraints (1.5.8) and (1.5.9) are called optimality cuts and feasibility cuts 

respectively. The L-shaped algorithm iteratively appends these cuts to a master 

program and thus works with a relaxation of (P). Next we outline how these cuts 

are obtained. 

At iteration k, suppose xk is an iterate from the previous iteration. Using xk 

and wi = (r', T') to set up the right hand side, the following program 

h(xk ,wi) = Min gy 

sft Wy = r' - T'xk 

y2::0 

is solved for 1= 1"" ,L, in fact, by considering its dual 

h(xk ,wi) = Max 7r(rl - T'xk) 

sft 7rW::; g. 

Now, two cases are possible . 

(Sf) 

(DSf) 

• Case 1. VI (Sf) is feasible. Let 7rf be the optimal dual multiplier for (Sf). 

Then the affine function ~f=l PI7rf (rl - T' x) defines a supporting hyperplane 

of ~f=l p,h(x,w') (which is, of course E[h(x,w)]) at x = xk and so 

L 

'T/ 2:: LPI7r f(r ' - T'x) 
1=1 

constitutes an optimality cut. 
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• Case 2. 31 E {I, .. ·, L} such that (Sf) is infeasible, or that (DSf) is un

bounded, then 

30' E ~m2 sit O'W ~ 0 

O'(rl - T'xk) > O. 

(1.5.lOa) 

(1.5.lOb) 

Such a vector a is readily returned from Phase I (the initialization phase) of 

the two-phase simplex method. In this case, from (1.5.lOb) the following is 

a feasibility cut 

o ~ O'(r' - T'x) 

which eliminates a portion of the infeasible region containing xk. 

Having discussed the mechanics of obtaining cuts, we now give the master program 

Min fk(X) = ex + 1] 

sit x E Xl 

1] ~ at + Pt X t = 1, ... , no 

0~'YB+8BX s=l, .. ·,nf 

where no and n f denote the numbers of optimality and feasibility cuts. The next 

iterate X k+l is obtained by solving (Mk ). 

Formally, we summarize the L-shaped method as follows: 
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L-shaped Method 

Step O. k ~ 1, xl E Xl, nf = no = O. 

Step 1. Solve subproblems (Sf), 1= 1,," ,L. If all subproblems are feasible, 

let {7rnf=l be the optimal dual solutions. Set no ~ no + 1 and add 

the following optimality cut to (Mk) 

L 

Tl > ano + f3nox = LPI7rt(r' - T'x). 
1=1 

Else 31 such that (Sf) is infeasible. Set nf (- nf + 1 and add the 

feasibility cut to (Mk) 

where a satisfies (1.5.10a)-(1.5.lOb). 

Step 2. Solve (Mk) to obtain xk+l. 

Step 3. k ~ k + 1, M k+l ~ Mk and repeat from Step 1. 

In the above outline, we have omitted termination testing to simplify the 

presentation. However, it takes only a finite number of steps for the L-shaped 

method to identify an optimal solution to (P) (finite convergence), essentially be

cause I and J are finite. The method, however, could become computationally 

impractical if L, the size of n, is large since each iteration requires the solution 

of L subproblems. However, these problems are linear programs that differ in the 

right side, r' - T'xk. To lessen the computational effort, special techniques have 

been proposed, which include the sifting procedure due to Gartska and Ruthen

berg [1973] and the bunching procedure due to Wets [1988] and its enhancement 

by Haugland and Wallace [1988]. 
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Other Variations of L-shaped Methods 

There are other variations of the L-shaped methods. Closely related is the multi cut 

version by Birge and Louveaux [1988] - by contrast, the original L-shaped method 

will be referred to as the single cut version. Instead of outerlinearizing E[h(x,w)], 

Birge and Louveaux's method outerlinearizes each individual h(x,w'). In this 

version, the master program (Mk) becomes 

L 

Min fk(X) = ex + L Pl'T/l 

'=1 
sft x E Xl 

7]' ~ a~ + {3:x 1 = 1, ... , L t = 1" .. , no 

O~'Ys+osx s=I,···,nj. 

The step by step description of the single cut version still applies except for 

the 'if' part of Step 1; that is, only the construction of optimality cuts needs to 

be modified: instead of one, L optimality cuts are added to (Mk); they are 

7] > a' + (3' x = P 7r
k (r' - T'x) ,- no no , , 1= 1"" ,L. 

Numerical results reported by Birge and Louveaux [1988] suggest that the 

multi cut approach requires fewer iterations than the single cut approach. This 

is not surprising since a lot more information about the recourse function is re

tained; the tradeoff is excessive storage requirements and computational overhead 

resulting from the increased problem size. 

Kiwiel [1985] presents a regularized L-shaped method (single cut). Similarly, 

Ruszczynski [1986] presents a regularized decomposition (RD) method for mini

mizing a sum of polyhedral functions. When applied to (SLP), RD is an L-shaped 

method (multicut) with a quadratic 'regularizing' (stabilizing) term of the form 

!llx_yk Il2 added to the master objective function at iteration k where yk is a reg

ularizing point. The advantage of the method is that the number of cuts that need 

to be stored is limited to an a priori specified number. Computational results (for 
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both single cut and multicut versions) are reported in Ruszczynski [1993]. Re

sults there favor multi cut with regularization over the corresponding single cut 

approach. 

Birge [1985] gives a multistage L-shaped algorithm involving nested decom

position. Notationally more involved, the idea remains applying Benders' de

composition at every stage to outerlinearize every expected recourse function. 

Gassmann [1990] reports an implementation of Birge's algorithm with improved 

computational efficiency by incorporating some ideas from deterministic multi

stage linear programming. 

1.5.6 Importance Sampling within Benders' Decomposition 

Suppose the random variable w is continuous or has a very large number of possible 

outcomes. The L-shaped method can still be applied by replacing the distribution 

of w with the empirical distribution of a random sample {w1}f=1' With an iterate 

xk, one can obtain a hyperplane & + j3x to i 'Et=l h(x,w') and obtain a "sampled 

cut" 

The cut is unbiased in the sense that 

E[& + j3x] ~ E[h(x,w)] 

with '=' holding if x = xk. 

To reduce the variances of & and 13, the sample size L can be increased or other 

estimation schemes may be used. One scheme which uses importance sampling 

(IS) within Benders' decomposition is proposed by Dantzig and Glynn [1990] and 

Dantzig et al [1989] and forwarded by Infanger [1992]. The ideas of the scheme 

follow. 

Suppose the random variable w has a probability density (or mass) function 

p(.) defined on n. Instead of sampling from p(.), IS introduces another random 

variable ( with density q(.) (defined also on n) and samples from q(.). The latter 

is called an importance density. The question is how to specify q(.) ? To answer 
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the question, one can express the variance of interest in terms of q and minimize 

the former. 

First note that for any function </> on n, it is straightforward that 

assuming that q(.) > o. Based on this observation, given a random sample 

{(I}f::l = {(rl,T')}t=1 from q(.) and an iterate xk, an unbiased cut can be con

structed: with 7I"t as the optimal dual solution of (sf) of Section 1.5.5, the cut 

_ l.l 1 ~ p( (I) k( 1 ') 
T/ ~ G:k + fJk X = L L..J (1"1)71"1 r - T x 

1=1 q ':. 

constitutes an unbiased cut. 

Now, there are two variances of interest: Var[(h] and Var[~k]. Dantzig and 

Glynn [1990] however regard ~k as practically fixed so that 

Var[(h] = Var[ak + ~kxk] 

[ 
1 ~ p( (I) k I] 

= Var L ~ q((l)h(x ,() 

= 2. Var [P(~) h(x k ()]. 
L q(() , 

(1.5.11) 

Thus the importance density q(.) should be chosen to minimize the right side of 

(1.5.11). Assuming that h(·,·) ~ 0, the optimal choice of q(.) is 

(1.5.12) 

In fact, using such a q*, the variance in (1.5.11) becomes zero. However, such 

a q*(.) cannot be obtained because the denominator is the unknown quantity, 

E[h(x k ,w)]. Nonetheless, (1.5.12) shows that the importance density should be 

approximately proportional to h( xk , () p( () (note that such a density may depend 

on current iterate xk). 
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Dantzig and Glynn [1990] assume h(·,·) ~ 0 and follows an additive model: 

m 

h(x,w) = L hi(x,Wi) (1.5.13) 
i=1 

where W = (WI,··· ,Wm ) E ~m. Further, it is assumed the marginal cost hi(Xk ,wd 

may be derived from 

(1.5.14) 

where 7 = (71,··· ,7 m) is some baseline value which may depend on the current 

iterate xk. 

Assume also the components of W are independent, so that one may write 

m 

p(w) = IIpi(wi) (1.5.15) 
i=1 

and let E[hi(Xk ,Wi)] be the marginal expectation with respect to Pi(·). Substi

tuting (1.5.13) and (1.5.15) in (1.5.12) and after some simplification yields the 

importance density 

m 

q(O = Lai(Xk) hi(Xk,(i) II pj((j) 
i=1 jE{I, ... ,m}\{i} 

where 

and 
- k hi(X\ (i) 
hi(X ,(i) = E[hi(Xk,Wi)]" 

From the expression, we see that q(.) is a weighted average of m density functions, 

{hi(xk'(i)I1j=FiPj((j)}~ll each one in turn is a product of m marginal density 

functions. The weights, ai( xk), are presumably easy to compute or else easily 

estimated by further sampling. 

To generate one observation ( = ((1,···, (m) according to the important 

density q(.), do the following: 
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Randomly select an index i from {I"" ,m} with the probability Cti(Xk). Sup

pose i' is selected. Then independently generate (il according to the proba

bility function hil (x k , .) and (j, j =J. i', according to the marginal probability 

function pj(')' 

A random sample (1, ... ,(' can be similarly generated. Variance reduction de

pends on the fitness of the assumptions (1.5.13)-(1.5.15). Also, as of this writing, 

termination criteria remain elusive. In Dantzig et al [1989], stratified sampling 

plan is used coupled with importance sampling. 

1.5.7 Stochastic Decomposition 

The Stochastic Decomposition (SD) algorithm proposed by Higle and Sen [1991b] 

also combines sampling and decomposition. There are two distinguishing features 

of SD. First, the random sample {wI ,w2 , ••• } is generated iteratively. More pre

cisely, the observation wt = (rt, Tt) is obtained at iteration t so that at iteration 

k one has a random sample {WtH=I' In this way, no fixed sample size is required. 

Secondly, only one subproblem is solved in the usual manner (and the optimal 

dual multiplier stored) at each iteration, the rest of the subproblems are solved 

by approximation. The latter point will be further elaborated upon. 

Complete recourse is assumed. That is, the second stage problem is always 

feasible or equivalently X2 = ~nl so that Xl = X and all cuts are optimality cuts. 

At the kth iteration, the master program is of the form 

Min fk(X) = ex + 1] 

sit x E X 

1] ~ Ct~ +f3fx t = 1,"·,k. (1.5.15) 

The solution, xk+l, becomes the iterate for the (k + l)th iteration. Note that the 

cuts (1.5.15) have two scripts, the reason for which will be made clear below in 

the description of an iteration of SD. 

To begin the kth iteration, iterate xk and the sample {wtH=l are at hand. 

Do (A) and (B) as follows: 



A. Solve the subproblem 

h(Xk,Wk) = Max 7r(rk - Tkxk) 

sft 7rW ~ 9 
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and let 7rZ be the solution. Let Vk = Vk-l U {7rt} (Vo is initialized to the 

empty set). 

B. For t = 1,"" k, solve 

h(xk ,wt) = Max 7r(rt _ Ttxk) 

sft 7r E Vk 

and let 7i-f be the solution. Note that 7i-Z = 7rZ necessarily by design. 

--(DSf) 

The following cut is then constructed and appended to the master program 

(Mk) 
k 

TJ ~ ai + f3Zx = ~ L 7i-:(rt - Ttx). 
t=l 

It is clear that 

k f.lk 1 ~ t) ak + fJk x ~ k L...J h(x,w \Ix. 
t=l 

(1.5.17) 

Thus, the left side is asymptotically a lower bound of E[ h( x, w ) j. However, the 

previous cuts satisfy 

k-l 

a~-l + f3f- 1x ~ k ~ 1 L h(x,wt) \Ix, t = 1,,,,, k - 1, 
t=l 

the right side of which lacks the observation w k compared to (1.5.17). To com

pensate for this discrepancy, the previously generated cuts need to be updated. 

Letting L be any lower bound of h(x,w), previous cuts can be updated in the 

following manner, 
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Finally, the master program (Mk) is solved to obtain xk+l. This completes 

the kth iteration. 

The use of approximate subproblems in (B) is motivated by the belief that 

solving exact subproblems is computationally more expensive. Moreover, under 

mild assumptions, solving approximate subproblems gives the same convergence 

result as if exact subproblems were solved. 

Other SD type algorithms include the regularized Stochastic Decomposition 

by Higle and Sen [1993a] and the Conditional Stochastic Decomposition (CSD) 

which is our subject matter in the next chapter. Essentially, CSD is a multicut 

cousin of SD, a stochastic counterpart to Birge and Louveaux [1988]. 

Stopping criteria for stochastic algorithms are often elusive. The sequence of 

function approximations Jk and the iterates xk are random variables. This calls 

for a new theory for testing optimality as conventional treatments of termination 

have no provision for randomness. Higle and Sen [1991a] design a statistical test of 

optimality based on the 'bootstrap procedure' of Efron [1979]. Although designed 

to be used with SD, the idea seems useful in designing stopping rules for stochas

tic algorithms in general. In a more recent development, Higle and Sen [1993b], 

applying duality theory in convex programming, design more versatile tests of 

optimality which are not dependent upon SD, or indeed upon any particular algo

rithm. Among other things, the variability of deviation from optimality is assessed 

through the use of multiple samples. 
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1.5.8 Scenarios and Policy Aggregation 

Scenario and Policy Aggregation (SPA) of Rockafellar and Wets [1991] - resulting 

in the formulation of the Progressive Hedging Algorithm (PHA) - is an approach 

to solve general multistage stochastic programs in terms of policy selection. We 

will consider aT-stage problem in which the decision made in stage t is a vector 

in ~nl. To provide a solid example, we will use the multistage stochastic linear 

program, formulation 2, viz. (M8LP2). The crucial requirement of SPA is that 

the random variable e = (el, ... , eT) (which realizes also in T stages) has a finite 

number of realizations (called scenarios) with known probabilities. 

Suppose there are 8 scenarios and let 

T 

8={eS les =(ef, .. ·,er)E X~ml, s=1, ... ,8} 
1=1 

be the set of scenarios with probabilities 

s = 1,,,,,8. 

We say any two scenarios e = (6, ... , eT) and e' = (e~, ... , etr) are indistin

guishable at time t E {I,···, T} (written as e "'t e') if they agree in the first t 

components, that is, 

T 

Recall that a policy is any function from 8 to the decision space, X ~nl. Let 
1=1 

X be the set of all policies, viz. 

x = {X I X = (Xl,'" 'XT)' X t : 8 ~ ~nl t = 1"", T} 
T 

1=1 

To outline the Progressive Hedging Algorithm, we need further preliminaries. 
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X as a Finite Dimensional Inner PrOd1tct Space 

If we let n = n1 + ... + nT then X is a nS-dimensional vector space. To see this, 

observe that any policy X - since its domain has only S elements - is completely 

specified by listing the values of these elements under X, thus 

X H- (X(~l), ... , X(es» E ~n x ... X ~n, 
v 

S times 

defines a I-to-l correspondence between X and ~nS, showing that X is an nS

dimensional vector space. Thus, we can equip it with an inner product (.,.) defined 

as 
S 

(X, Y) = I:psX(eS)Ty(eS) VX,YEX. 
s=l 

Implementable Policies 

A policy X is implement able if it satisfies the non-anticipativity property which, 

to recast in our current terminology, means that for any scenarios e and e', if 

e ""t e' for some t E {l,···, T}, then Xt(e) = Xt(e'). It follows that if X is 

implement able, then 

Let N be the subspace of all implement able policies and N.L its orthogonal 

complement, that is 

N.L = {X I X E X, (X, Y) = 0 VY EN}. 

Orthogonal Decomposition of Policy 

Since N is a closed subspace by virtue of X being finite dimensional, V X EX, 

:3 unique (X,X.L) EN X N.L such that 

A .L 
X=X+X. 
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In fact, if J is the orthogonal projection onto N and I the identity, then 

X=JX 

X.L = (I - J)X. 

Although not germane to our discussion, for practical reason, one would like 

to calculate J X(e). To this end, define 

It(e) = {s Is E {I,,,, ,S}, es "'t e} t = 1,···,T. 

Then J X is the map Y = (Y1 , .•. , YT) where the component yt, t = 1" .. , T is 

defined by 

yt(e) = L psXt(e
S

) / L Ps \Ie E E. 

sElt<e> sElt<e> 

Admissible Policies 

In the framework of SPA, for each es
, s = 1"", S, there is a set of constraints 

that X(eS
) must satisfy. Such constraints describe a (usually closed convex) subset 

T 

C(eS
) S; X ~nt. For example, in MSLP2 

1=1 

T 

C(eS
) = {X IX=(Xl,"',XT)E X~+I; AtXt+BtXt-l =et, t=I, .. ·,T, 

1=1 

The set of admissible policies is defined as 

C = {X I X E X, X(e S
) E C(eS

), s = 1,,,,, S}. 

An admissible policy is not necessarily implement able and vice versa; what we are 

interested in are the policies in Nne. 



Problem Formulation & Progressive Hedging Algorithm 

With the above parlance, SPA seeks to solve the following 

s 
Min F(X) = LPsf(X(eS),eS) = E(f(X(e),e)] 

s=1 

sft X(eS) E C(eS) 

XEN 

s = 1"",5 

52 

(1.5.18) 

(1.5.19) 

(1.5.20) 

where f(·,e) is a real valued function depending on e. For (M5LP2), f(x,e) = 

E'{=1 CtXt - in this case, f(-, e) does not depend on the scenario e and we could 

have written f(·, e) = f(·)· 
Note that the constraint (1.5.19) is equivalent to X E C, (1.5.20) is equivalent 

to (1 - J)X = 0, and that without constraint (1.5.20), the problem is separable 

into 5 individual problems, one for each scenario es
, 

Min f(x,eS) 

sft x E C(e S
). 

Constraint (1.5.20) is what complicates multistage problems. 

Rockafellar and Wets [1991] propose the Progressive Hedging Algorithm to 

solve program represented by (1.5.18)-(1.5.20). PHA is motivated by the aug

mented Lagrangian method (see, for example Luenberger [1984] Section 13.3 for 

an exposition) which at iteration k in this case calls for solving the following 

"augmented problem" 

Min Lr(X, Vk) = F(X) + (Vk,X) + ~rll(I - J)XII2 

sft X E C 

where V k E N J.. is from the previous iteration (VI can be initialized to zero) and 

r > 0 is a user-supplied parameter. One can then solve (Ap k ) to obtain X k+l 

and let Vk+1 = Vk + r(I - J)Xk+l, setting up for the next iteration. 



53 

However (Apk) is not separable by scenarios because of the quadratic term. 

To get around this, PHA, instead of solving (Apk), solves the following 

Min F(X) + (Vk, X) + ~rlIX - Xk 112 

sit X E C 

where Xk EN, V k E N.1. are obtained from the previous iteration (to initialize, 
~ - k 

let Xl be the policy e s ~ Xs E argmin(Ss), Xl = JXI and VI = 0). Now (AP ) 

decomposes into S subproblems similar to (Ss) for s = 1", " S, 

Min j(x,eS) = f(x,e S
) + Vk(eS)x + ~rllx - X k(eS)1I 2 (5:) 

sit x E C(eS
). 

Let X!+l solve (5:). The resulting policy Xk+l:e s ~ X!+l is admissible by 

construction but not necessarily implementable. Xk+1 can be decomposed into 

the sum of J X k+l EN and (1 - J)X k+1 EN.1.. To obtain the next set ofiterates, 

PHA sets 

Xk+l = JX k+1 

Vk+1 = Vk + reI _ J)X k+1 

and k = k + 1 and repeats the iteration. 

Convergence of the solutions {Xk} has been proven for the general convex 

case in Rockafellar and Wets [1991]. Some other extensions/variations of PHA 

have been reported in the literature. Mulvey and Ruszczynski [1992] approximate 

(Apk) by a separable program obtained by linearizing the quadratic term. Com

putational results of large scale test problems are also reported. Robinson [1991] 

considers the case in which the problems are not necessarily separable without the 

nOl1-anticipativity constraint (1.5.20). Applications of PHA include Mulvey and 

Vladimirou [1991a], Mulvey and Vladimirou [1991b], Helgason and Wallace [1991], 

and Wallace and Helgason [1991]. 
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1.6 Final Remarks 

In our review of the literature, we have focused mainly on various solution tech

niques aimed at two stage stochastic linear programs with recourse. This is in 

keeping with the state of affairs as reflected in the literature. Thus far, algorithms 

designed to solve multistage linear programs are relatively few, the most notable 

exceptions are the multistage L-shaped method of Birge [1985] and the Progres

sive Hedging Algorithm of Rockafellar and Wets [1991]. The latter especially is 

beginning to receive attention. The two methods mentioned are deterministic 

algorithms; to handle large problems, some sampling techniques need to be incor

porated - this is still a new and challenging area. The most relevant methods to 

our research are those that use Benders' decomposition, for example, the L-shaped 

method and the various variations. Other research areas, for example, sensitivity 

analysis, although important on their own right, are not directly related to our 

research and have not been discussed. 

Our research takes up the ideas embodied in Stochastic Decomposition of 

Higle and Sen [1991b], the ideas of iterative sampling scheme and the use of stat

istical estimates in the generation of cutting planes. We will apply the ideas 

to formulate algorithms for both two and multistage programs. The rest of the 

chapters are organized as follows. In Chapter 2, we present the Conditional Sto

chastic Decomposition (CSD) algorithm, which can be construed as a close cousin 

of SD but suited to different situations. Chapter 3 discusses possible variations, 

or hybridization, of CSD by incorporating some features of SD. It also contains 

computational results from the implementation of various hybridized algorithms. 

In Chapters 4 and 5, we extend the idea of Stochastic Decomposition to the three 

stage situation, assuming that the random variables from the stages are indepen

dent (stagewise independence). Convergence results are established. Extension 

to multistage will also be discussed. As we shall see in Chapter 5, assuming 

stagewise independence, the extension to multistage of the algorithm developed 

for three stage is quite straightforward, although more cumbersome in notation. 
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Conceptually, hardly anything is gained by the extension, the technical develop

ment in the three stage case having laid the groundwork. Finally, Chapter 6 is 

our concluding chapter which sums up in more details than the sketch above our 

algorithmic exploration and suggests potential research areas for the future. 
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CHAPTER 2 

CONDITIONAL STOCHASTIC DECOMPOSITION 

2.1 Introduction 

We propose in this chapter an algorithm to solve two stage stochastic linear pro

grams with recourse introduced in Chapter 1. The formulation of our problem, 

re-stated here for ease of reference, is 

Min f(x) = ex + E[h(x,w)] (P) 

sit x E X ~ ~nl 

where X = {x I Ax = b, x >O}, 

h(x,w) = Min gy (8) 

sit Wy = r(w) - T(w)x 

y2::0 

and w = (r(w),T(w)) is a random variable with an induced probability space 

(11, B, P) in ~m2+m2nl. The matrices A and Ware dimensioned m1 X nl and 

m2 x n2, respectively; other items are appropriately dimensioned. 

The proposed algorithm, Conditional Stochastic Decomposition (CSD), in

corporates Stochastic Decomposition (SD) of Higle and Sen [1991b] and the multi

cut L-shaped method of Birge and Louveaux [1988]. From SD, it borrows the 

incremental sampling scheme in which observations are generated/sampled iter

atively. SD seeks to outerlinearize t 2::=1 h(x,wt ), a statistical estimate of the 

expected recourse function. CSD on the other hand, uses the strategy of Birge and 

Louveaux [1988] and approximates each h(x,wt) separately. Through increased 

storage, more information about the expected recourse function is retained. Com

putational results in Birge and Louveaux [1988] suggest fewer iterations are re

quired compared to the single-cut deterministic L-shaped method of Van Slyke 

and Wets [1969]. Similar results favoring the multi-cut approach are reported 
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by Ruszczynski [1993] based on computation using regularized decomposition al

gorithms. Because of this potential advantage of multi-cut technique, CSD is 

intended for different situations than those intended by SD. CSD is likely to be 

more suitable for situations where observations are hard to come by, for example, 

when observations of w are obtained from large scale simulation experiments. 

In Section 2.2, we will describe the CSD algorithm. In Section 2.3 we will 

examine the asymptotic behavior of the algorithm and the sequence of iterates it 

generates. Modification of the algorithm to suit the special case that the random 

variable is discrete with finitely many realizations will be investigated in Section 

2.4. In Section 2.5, some implementational issues will be discussed. Finally con

cluding remarks will be found in Section 2.6. 
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2.2 CSD Algorithm 

Each iteration of the algorithm goes through the cycle of sampling an observation, 

solving subproblems to obtain cuts, and solving the master problem to get the next 

iterate. 

At the start of an iteration, an iterate xk and a random sample {W t }f=l where 

wt = (rt, Tt) are at hand. To construct cutting planes, subproblems {(St)}~=l 

are solved where (St) is 

h(xk ,wt) = Min gy 

sft Wy = rt - Ttxk 

y~O 

which has the following dual formulation 

h(xk ,wt) = Max 7f(rt _ Ttxk) 

sft 7fW:::; g. 

(st) 

(DSf) 

If 7ft is the optimal dual multiplier obtained from (st), then the affine function 

is a supporting hyperplane to the conditional expected functional 

(considered as a function in x) at the point xk. This accounts for the character 

'C' in the name CSD. 

At the kth iteration, k - t + 1 supporting hyperplanes, {7f! (rt - Tt x)} J=t (not 

necessarily all distinct) for h( x, wt) would have been identified; an appropriate 

piecewise linear approximation of h(x,wt) is 

(2.2.1) 
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and consequently, the objective function f can be estimated by 

By construction, 

and 

Thus, 

k 
l""~k t fk(X) = ex + k L...J h '(x,w ). 

t=l 

Vx, t = 1"", k 

1 k 

Jk(x) ~ ex + k L h(x,wt) Vx 
t=l 

1 k 

fk(xk) = exk + k L h(x\wt). 
t=l 

(2.2.2) 

(2.2.3a) 

t = 1,,,,, k. (2.2.3b) 

(2.2.4a) 

(2.2.4b) 

From (2.2.4a) and (2.2.4b), we gather that for large k, fk provides a good lower 

bound approximation of f at the point xk. With the objective fk thus defined, 

the master program for iteration k is 

Min Jk(x) 

sft x E X. 

Explicitly, (Mk) can be written as 

Min 

sft 

1 k 

ex+ k LVt 
t=l 

Vt ~ 7l'{(wt - Ttx) 

X E X. 

t = 1, ... , k j = t, ... , k 

The solution to (lvlk) is denoted as xk+l so that Jk(X k+1 ) < Jk(x) Vx E X. 

Formally, the CSD algorithm may be stated as follows: 
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Algorithm: Conditional Stochastic Decomposition (CSD) 

Step o. k ~ 0, xl E X. 

Step 1. k ~ k + 1. Randomly generate an observation of wk. (Note that wt, 

t = 1,···, k are generated independently). 

Step 2. Solve subproblems, {Sf}:=l and let 7r: E argmax{7r(wt_Ttxk) I7rW ~ 
g}. 

Step 3. Update Mk, by generating k new cuts to be added to the master 

program as follows: 

t = 1,··· ,k. 

Step 4. Solve Mk to obtain xk+l. Go to Step 1. 
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2.3 Asymptotic Analysis 

Our analysis of the asymptotic behavior of {X k}k:l' the sequence of solutions 

identified in Step 4 of the algorithm is based on the following 

Assumptions: 

· Al. X is a compact set. 

· A2. (P) has complete recourse, that is, V z E ~m2, 3y E ~n2+ such that 

Wy=z. 

· A3. E I w I 2 < 00. 

Some notations are used fairly often throughout our analysis. For this reason, 

they are gathered here for ease of reference. 

Notations: 

II={7rI7rW~g}. 

V is the set of vertices of II. 

V/ = {7r! Ii = t,···,k} ~ V for k = 1,2,···, t = 1,···,k, the set of dual 

multipliers associated with definition of h,k(x,wt ) in (2.2.1). Let ~s = 0 if 
s < t. 
I S I denotes the number of elements in a set S. 

Note that IVI < 00 as the dual feasible region II is a polyhedral region with a 

finite number of vertices. It is also clear that the convex hull of V, denoted as 

convV, is a subset of II. But in fact convV = II as it turns out that II is bounded, 

an immediate consequence of the complete recourse assumption A2. 

To show that II is a bounded set, assume the contrary. Then 

30- # 0 o-W ~ o. 

N ow consider the system 

Wy = 0-, 

y ~ o. 

(2.3.1) 

(2.3.2a) 

(2.3.2b) 
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(2.3.1)-(2.3.2b) => 0 ~ O'Wy = 110'11 2 > 0 => the system (2.3.2a)-(2.3.2b) has no 

solution, contradicting the complete recourse property. So II must be bounded. 

To facilitate our analysis, we define for each t = 1,·· . ,k, 

6: = {I if 7I"f f/. ~k-1 
o otherwise. 

(2.3.3) 

From the definition of ~k, it is clear that 6: indicates whether the dual vertex 

71": has been identified previously by subproblems corresponding to wt , {( S{)} j:; . 
If 6: = 0, then 3j E {t,···, k - I} such that 7I"f = 7I"{. It follows that by the 

definition of h,k(x,wt) in (2.2.1) 

(2.3.4) 

Moreover, the sum 2::=16: represents the number of "new" vertices identified 

in Step 2 at the kth iteration. Since there are finite number of vertices, it follows 

that 
00 " 6: = lim I~kl :::; IVI < 00 Vt. (2.3.5) L..J k--+oo 

k=t 

The following lemma shows that there is a subsequence on which the average 

number of new vertices goes to zero. 

Lemma 2.3.1. With 6f defined as in (2.3.3), 

Proof. Let "Y = limk--+oo i 2:~=1 6f, and note that "Y ~ O. By definition, there 

exists K < 00 such that 

k 

.! "6k > /2 kL..J t-"Y 
t=1 

k 

=> L 6: ~ k"Y /2 
t=1 

k+m j k+m 

V k ~ K 

V k ~ K 

=> L L 6{ ~ L j"Y/2 ~ mk"Y/2 
j=k t=1 j=k 

V k ~ K, m ~ O. (2.3.6) 
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Next consider the left side of (2.3.6). It is clear that 

j=k t=l j=l t=l 

t=l j=t 

k+m 

<L:IVI Vk ;::: 1(, m ;::: 0 (by (2.3.5)). (2.3.7) 
t=l 

Combining (2.3.6) and (2.3.7), 

(k + m)IVI ;::: mk'Y/2 V k;::: 1(,m;::: O. 

Since IVI < 00, we conclude 'Y = O .• 

Before proceeding further in our analysis, we would like to present the fol

lowing technical lemma, which appears as an exercise problem in Chows and 

Teicher [1988] (Exercise 4.1.7). The lemma is needed to prove that the random 

variables w k / k converge to zero almost surely. 

Lemma 2.3.2. If {ek, k ;::: O} is a sequence of random variables on some proba

bility space such that 
00 

L: Elek - eol a < 00, 

k=l 

- -
some a > 0, then ~k -+ ~o a.s. 

Proof. By the Markov Inequality (Chow and Teicher [1988] Theorem 4.1.l.iii), 

for any random variable X and any € > 0, 

Pr{X > a} ~ ~E[X]. 



Therefore, for any € > 0, 

Pr{ lek - eol > €} = Pr{lek - eol a > €a} 

1 - -::; --;i"Elek - eol a 

€ 

f Pr{ lek - eol > €} ::; €la f Elek - eola 

k=l k=l 
<00 

by the hypothesis of the lemma. Thus we conclude that 

00 

L: Pr{ lek - eo I > €} < 00 

k=l 
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which, by the Borel-Cantelli Lemma (Chow and Teicher [1988] Lemma 2.2.2), 

implies that 

Pr{ lek - eol > €, LO.} = o. (2.3.8) 

Now for any € > 0, (2.3.8) holds iff ek -+ eo a.s. (Chow and Teicher [1988] Lemma 

2.2.1). This completes the proof .• 

With the above lemma, we are now in a position to prove the following. 

Lemma 2.3.3. Let {wk}k:l be the sequence of observations generated by the 

CSD algorithm, then under assumption A3, 

k 

lim w
k 

= 0 (wp1). 
k-+oo 

Proof. By A3, Ellwll2 < 00, so 

00 II k 112 00 1 t;E ~ = t; pEllwll2 < 00. 

Then the result follows by appealing to Lemma 2.3.2 with ek = ~k and eo = 0 .• 

Lemma 2.3.1 ensures that on a subsequence of iterations the average number 

of new dual vertices converges to zero. The next lemma shows that the objective 

values fk_l(X k) evaluated along this subsequence provide an adequate approxi

mation to the function values f(x k ) asymptotically. 



Lemma 2.3.4. Under assumptions Al-A3, if 

k 

fk(X) = ex + ~ I: h,k(x,wt) 
t=l 

Proof. First, define the constants 

J-l = Max{II7l"1I1 7l" E V} 

M = Max{ IIx II I x EX} 

which are both finite by assumptions Al and A2. Next, by definition, 

and 
k-l 

h_l(xk) = exk + k ~ I I: h,k-l(xk ,wt) 
t=l 

and so their difference is 

k k-l 

f ( k) _ f (k) - .! "h~ k( k t) __ 1_" h~ k-l( k t) k X k-IX -kL..J X,w k-I~ x,w 
t=l t=l 

= k ~ I I:{h,k(Xk,wt) - h,k-l(xk,wt )} 
t=l 
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(2.3.9) 

(2.3.10) 

- ~ {k ~ 1 ~i"(x"w')} + ~hk(x"wk). (2.3.11) 

To see that the last two terms on the right hand side of (2.3.11) go to zero 

with probability one, consider the last term. By construction (see (2.2.3b», 
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by Lemma 2.3.3. To show that the second to last term on the right side of (2.3.11) 

converges to zero wp1, it is sufficient to show that limk-+oo k:'l L:':; Ihk(x,wt)1 < 
00 wpl. This is indeed so as by the definition of hk (.,.) in (2.2.1), 

k-l . k-l 

k ~ 1 L Ihk(x,wt)1 :::; k ~ 1 L(llrtll + IITtIlM) 
t=l t=l 
k-l 

k~ k ~ 1 L Ihk(x,wt)1 :::; Jl(Ellrll + Elii'll M) < 00 (wp1). 
t=l 

With the claim settled, we deduce from (2.3.11) that 

Now, by construction, 

which, together with (2.3.4) implies that 

0:::; hk(xk,wt) - hk-l(xk,wt) = 8f(hk(xk,wt) _ hk-l(xk,wt)) 

:::; 8f (Ih\xk ,wt)1 + Ihk-l(xk, wt)l) 

:::; 2Jl8f(ll rt II + IITtIlM) 

k-l k-l 

o ~ k ~ 1 Lhk(xk,wt) - hk-l(xk,wt):::; k ~ 1 L 8f(lI rt ll + IITtIlM) 
t=l t=l 

,-------

S; 21' k ~ 1 ~ 5f { k ~ 1 ~ IIr'lI' + M k ~ 1 ~ "T '"'} (2.3.13) 

by the Cauchy-Schwarz inequality. Next, since Ellwll2 < 00 by A3, we have 

(2.3.14) 
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and 
k-l 

l~.~ k ~ 1 2: IITtl12 = E 111'112 < 00 (wp1). 
t=l 

(2.3.15) 

By Lemma 2.3.1, 

3K: sft 
k-l 

lim k 1 1 ""' 8: = 0 
kE/C - ~ 

t=l 

(wp1). (2.3.16) 

Combining (2.3.13) and (2.3.14)-(2.3.16), 

(wp1). 

Combining this and (2.3.12), we conclude that 

lim fk(xk) - fk_l(X k) = 0 (wp1). 
k--oo 

This completes the proof .• 

With Lemma 2.3.4, we may now establish the major result of this chapter: 

the existence of a subsequence of iterates {xk} ~l which accumulates at optimal 

points of the original program (P). 

Theorem 2.3.5. Let {xk}~l be tbe sequence of master program solutions iden

tified in Step 4 of tbe CSD algoritbm. Under assumptions Al-A3, tbere exists a 

subsequence indexed by a set K:* sucb tbat every accumulation point of {xk} kE/C. 

is an optimal solution to (P), witb probability one. 

Proof. From Lemma 2.3.4, let K:* be an index set such that 

(2.3.17) 

We will show that every accumulation point of {xk} kE/C. is optimal, with proba

bility one. Let x be an accumulation point and let K: ~ K:* be such that 

1· k -1m x = x. 
kE/C 
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We will show that x E axgmin(P). 

In (1.3.2) of Chapter 1, we have obtained the following: 

Ih(x,w) - h(y,w)1 ~ JlIIT(w)lIllx - yll \/x,y 

where Jl is defined in (2.3.9). 

Now, consider 

k k 

Ifk(xk) - {ex + ~ L h(x,wt)}1 ~ le(xk - x)1 + ~ L Ih(xk,wt ) - h(x,wt)1 
t=1 t=1 

k 

$ {liell + ~ ~ liT' II } IIx' - xII· 

Thus, 

(2.3.18) 

Since ex + l 2::=1 h(x,wt) ~ f(x) wpl, it follows from (2.3.18) that 

and hence by (2.3.17) 

(2.3.19) 

If x* is an optimal solution to (P), then by construction and (2.2.4a), 

k-l 
fk_l(X k) ~ fk-l(X*) ~ ex* + k ~ 1 L h(x*,wt) (wpl) 

t=1 

k-l 
limik_l(xk) ~ lim ex* + -k 11 ~ h(x*,wt) 
kEIC k-+oo' - L..J t=1 

= f(x*) (wpl) 

~ f(x) 
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which, combined with (2.3.19), shows that f(x) = f(x*) wpl and hence the con

clusion of the theorem .• 

Our result would have been stronger if we had limk-+oo t 2:::=1 Sf = 0 wpl 

(instead of the conclusion of Lemma 2.3.1). If that were indeed the case, every 

accumulation point of the iterates would be optimal. As the matter stands now, 

it is possible that the algorithm may yield a subsequence {t 2:::=1 Sf} kelC which 

remains bounded away from zero. In that case, the corresponding subsequence 

of iterates may accumulate at points that are less than optimal. Later, we will 

show a way to identify a subsequence of iterations at which t 2:::=1 Sf converges 

to zero. However, before doing that, we would like to show that those iterations 

k at which t 2:::=1 Sf exceeds some prescribed positive number are relatively few. 

Toward this end, we suppose that 

k - -. ILk 
€ = hm -k St > O. 

k-+oo 
t=1 

(2.3.20) 

Fixing an € E (0, e) as a tolerance threshold, we classify an iteration k according 

to whether t 2:::=1 Sf ~ € or < €. Let 

(2.3.21) 

and 

(2.3.22) 

be the set/number of iterations among {I,···, k} on which the quantity:} 2::{=1 sf 
exceeds the tolerance threshold € • We would like to know the relative frequency 

of those iterations in B:. The next lemma shows that such iterations are relatively 

few in the long run. 
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Lemma 2.3.6. Suppose (2.3.20) holds and e E (0, €). Let N: be defined as in 

(2.3.22). Then 

lim N: = 0 (wpl). 
k->oo k 

Proof. By definition, for j = 1,···, k, if j E B:, then ~{=1 of ~ je; otherwise 

~{=1 o{ ~ o. It follows that 

i=l t=l i~B~ t=l 

iEB~ 

(2.3.23) 

Also, by (2.3.5), it is clear that 

k j 

LLo{:s; klVI· (2.3.24) 
j=l t=l 

Combining (2.3.23)-(2.3.24), 

(2.3.25) 

and hence 

O <1· N: < 1· fS!jIVI - 0 1m- 1m ---. 
- k->oo k - k->O ek 

This completes the proof .• 

It is interesting to note that (2.3.25) shows that the number of iterations in 

B~ is at most O( Vk). The next two lemmas pave the way to identify a subsequence 

of iterations on which t ~~=1 of goes to zero. 
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Lemma 2.3.7. Let of be defined as in (2.3.3). Then 

(wp1). 

Proof. Let € = limk--+oo t E~=l 0: and note that € ;::: o. If € = 0, the conclusion 

of the lemma is immediate. Thus, suppose € > O. Let E E (0, €) and B:, N: be 

defined as in (2.3.21 )-(2.3.22). Further let 

It is clear that 0 ~ 6j ~ 1. Moreover, if j r/. B:, then 0 ~ 6j < E. It follows that 

Thus limk--+oo t E;=l 6j ~ E with probability one as a consequence of Lemma 

2.3.6. Since E is arbitrary, this completes the proof .• 

The next technical lemma provides a mechanism by which we can identify 

a subsequence of iterations K,* on which t E~=l 0: has the desired property of 

converging to zero. 

Lemma 2.3.8. Let {at}~l be a sequence of real numbers. If 

(a) ak ;::: 0 Vk, and 
. 1 "V k 

(b) hmk--+oo Ii L.Jj=l aj = 0, 

then:3 subsequence {ak n }~=1 such that 

1 kn 

ak < - '" a)" Vn. n-k L.J 
n j=l 
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Proof. Without loss of generality, assume ak > 0 infinitely often - otherwise, the 

conclusion of the lemma is vacuously true. To prove the lemma, we will assume 

its conclusion does not hold and then arrive at a contradiction. So, assume 

k 
- 1 ~ -

3k < 00 sit ak > k L.J aj Vk;?: k. 
j=l 

Since ak > 0 infinitely often, Ie can be chosen such that 

Then we claim that 

k 
1 
= L aj = "y > O. 
k j=l 

ok 

~ L aj ;?: "y Vk;?: Ie 
j=l 

(2.3.26) 

(2.3.27) 

(2.3.28) 

by induction on k. The claim is true for k = Ie by (2.3.27). Suppose, it is true for 

some particular k ;?: Ie. That is, suppose 

3k ;?: Ie sit (2.3.29) 

We want to show that the claim is then also true for k + 1. So consider (2.3.26) 

with k + 1 replacing k, 

(2.3.30) 
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Then, using (2.3.29) and (2.3.30), 

Hence, by induction, (2.3.28) holds, implying that limk-+oo t Z:;=l aj ~ I > 0, 

contradicting part (b) of the hypothesis of the lemma .• 

We are now in a position to identify a subsequence of iterations K,* such that 

any accumulation point of {xkhEIC- is a solution to problem (P). 

Theorem 2.3.9. Let Sk = t Z::=l 8:. Define tbe set K,* ~ {1,2· .. } as follows: 

k 

k E K,* <==> "6k ~ ~ L sj. 
j=l 

Tben K,* is an infinite set and every accumulation point of {xkhEIC- solves (P). 

Proof. K,* exists by the previous lemma. By Lemma 2.3.7, limk-+oo t Z:;=l"6j = 

0, so 
k ° ~ lim "6k ~ lim -k

1 
'"' sj = 0. 

kEIC. kEIC- L..J 
j=l 

In the proof of Lemma 2.3.3 ((2.3.19) and thereafter), for any set K,* such that 

limkEIC- "6 k = 0, it must be true that 

Now, the result follows from the proof of Theorem 2.3.5 .• 
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2.4 Modified CSD for a Special Case 

For development in this section, we will replace assumption A3 of Section 2.3 by 

. A3'. w is discrete with finitely many realizations in n. 
If indeed we have a discrete random variable w with only finitely many realizations, 

we can modify CSD slightly in the construction of the approximating recourse 

functions h,k(x,wt) so that every accumulation point of the sequence of iterates is 

optimal. So, in theory, at least, we obtain a more satisfying result. 

Assumption A3' ensures that there is a finite iteration N such that all possible 

realizations in n have been sampled by the time N. If the observation wt has 

been sampled already in iteration t' < t, we don't have to construct anew the 

approximating function h,k(x,wt) as in CSDj we simply set it equal to h,k(x,wt'). 

Precisely, the construction of {h,k(x,wt)}~=l is modified by the following routine. 

For t = 1, ... , k, 

if :It' < t such that wt = wt', then let 

else let 

The master program is notationally the same as before, viz. 

k 

Min Jk(x) = ex + ~ L h,k(x,wt) 
t=l 

sit x E X. 

(2.4.1a) 

(2.4.1b) 

However, because of the modified construction of {h,k(x,wt)}f=l' the explicit for

mulation of the master program in Section 2.2 does not apply any more. In order 

to get an explicit LP formulation, we will need to introduce the following notations 

Jt
k = {j I wi = wt, j = 1,···, k} 

Ot = {o if :It' < t :3 wt = wt' 
1 otherwise 

'Vk t = 1,···, k 

'Vt 
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The meanings of these notations are clear: Jf identifies those iterations in 

{1,"', k} with observations identical to wt; Ot denotes whether or not the observa

tion wt has been sampled already in iterations prior to t. Note that at iteration k, 

Ok is known once wk is revealed and that I Jt
k I - the number of times a realization 

w t has been sampled - can be updated iteratively. With these notations, we can 

explicitly give an LP formulation of the master program: 

k 

Min ex + ~ L OtIJ/IVt 
t=l 

sit OtVt ~ Ot7r{(Wt - Ttx) t = 1, ... , k j = t, ... , k 

x E X. 

Formulated as such, one notes that if Ot = 0, the cuts associated with Vt need not 

be stored. 

We will call the algorithm CSDF ('F' indicates that there are only finitely 

many realizations) in this special case. Formally the algorithm is stated as follows: 

Algorithm: Conditional Stochastic Decomposition-F (CSDF) 

Step 0. k ~ 0, xl E X. 

Step 1. k ~ k + 1. Randomly generate an observation of wk. (Note that wt , 

t = 1"," k are generated independently). 

Step 2. Solve subproblems, {SfH=1 and let 7rf E argmax{7r(wt_Ttxk) l7rvV ~ 

g}. 

Step 3. Define {hk(x,wt)}~=l according to (2.4.1a)-(2.4.1b). 

Step 4.:. Solve Uk to obtain xk+l. Go to Step 1. 

Our convergence result in this section depends on the following lemma which 

is a straightforward consequence of our modification to CSD and the finiteness 

assumption on n. 
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Lemma 2.4.1. Under Ai, A2 and A3', and algoritbm CSDF, tbere exists an 

iteration k < 00, witb probability one, such tbat 

Vk> k, t = 1"", k - 1. 

Proof. Since n is a finite set, sooner or later, all realizations will be sampled, 

thus 
k N 

3N < 00 sit U {wt} = U {wt} = n Vk > N (wp1). (2.4.2) 
t=l t=l 

Recall v"k = {7r! I j = t,' .. ,k} ~ V and the latter is a finite set, so 

Vt 3kt sit v"kc = v"kc+l = v"kc+2 '" (wp1). (2.4.3) 

Let 

k = Max{N, k1,"', kN}. 

For k > k, it is easily shown that 'h,k(x,wt) = 'h,k-l(X,wt) by considering two 

cases of t: 

Case 1. If t = 1, ... ,N, 

'h,k(X,wt) = Max{7r(rt - Ttx) 17r E v"k} 

= Max{ 7r(rt - Ttx) I 7r E v"k-l} (by 2.4.3) 

= 'h,k-l(X,wt). (2.4.4) 

Case 2. If N < t :5 k - 1, by (2.4.2), 3t' E {I,··., N} such that wt = w t'. 

So, by construction, 

'h,k(X,wt) = 'h,k(x,wt') 

This completes the proof .• 

= 'h,k-l(x,wt') (by 2.4.4) 

= 'h,k-l(X,wt). 

With the above lemma, now it is easy to show that the sequence of iterates 

{xk}k:l generated by CSDF accumulates at optimal solutions to the original 

program (P). We formally state and prove the result in our next theorem. 
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Theorem 2.4.2. Let {Xk} k::l be the sequence of master program solutions iden

tified in Step 4 of the CSDF algorithm. Under assumptions AI, A2 and A3', every 

accumulation point of {xk}';;1 is an optimal solution to (P), with probability one. 

Proof. By (2.3.11) in the proof of Lemma 2.3.4, 

(2.4.5) 

where the remainder term rk --jo 0 a.s. as shown in the proof there. Applying the 

previous lemma to (2.4.5), for sufficiently large k, 

Then apply Theorem 2.3.5, replacing the K,* there by the entire sequence {k, k ~ 

I} and obtain the result .• 
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2.5 Implementational Concerns 

2.5.1 Termination 

There are several practical concerns when it comes to implementation. A major 

difficulty inherent in most stochastic algorithms is determining when to stop. This 

is typically not the case with deterministic algorithms like the L-shaped method, 

which provides at every iteration an upper and lower bound, uk and [k, of the 

optimal objective value f*. As soon as the difference, uk - [k, is relatively small, 

the algorithm can be terminated. Such a clear cut rule is not available here. In 

both versions of CSD there is a subsequence of iterations indexed by 1\:,* on which 

fk(xk) - fk_l(X k) converges to zero. Termination is suggested if k E 1\:,* and 

h(xk) - fk-l (xk) is small, for instance, 

But such a termination rule is not satisfactory as h(xk) - fk_l(X k) is a point 

estimate which is subject to variation. Thus, even though this difference may be 

small, one cannot conclude that xk is acceptable. What we would like is assurance 

such as Pr{h(xk) - h_l(xk) > efk(xk)} is small. 

Within the framework of the Stochastic Decomposition algorithm, Higle and 

~en [1991a] develop termination testing procedures based on the bootstrap idea 

of Efron [1979]. Termination is based on drawing inference on the deviation of 

f(x k
) from the optimal objective value f*. Their technique can be easily adapted 

to CSD. 

Consider the quantity fk(xk) - fk(x k+1 ). Recall that x k+1 solves Mk. It is 

clear that if x* is an optimal solution to (P), then 

The right side of the above is a point estimate of f(x k) - f*. So h(xk) - h(Xk+1 ) 

is a point estimate of an upper bound of f(x k) - f*. To access the variability of 

the estimate, we apply a bootstrap procedure (see Efron [1979]). 
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First, we write h(x) as jk(Xjwl,··· ,wk), explicitly a function of x and the 

sample {wtH=I and let 

J*( I k) M' k W ,'" ,w = In jk(XjWI, ... ,wk) 

X E X. 

Denote deviation from optimality as 

cp(wI, .. · ,wk) = fk(xk) - fk(Xk+I) 

= fk(XkjwI, ... ,wk) - fZ(wI, ... ,wk). 

M additional observations of the bound f(x k ) - f* are obtained by recom

puting cp using M resamples - random samples of size k from the empirical 

distribution of {WtH=I' Denote the collection of resamples as {Sm}~=I' For each 

m, the quantity 

is easily obtained as 

f ( k S ) 1 ~ h~ k( k t) k X j m = ex + k L...J x ,w 
wlESm 

= ex + ~ L h(xk,wt) 
wlESm 

and fk(Sm) is found by solving a linear program nearly identical to the master 

program. For t = 1, ... ,k, let n!n denote the number of times that wt appears in 

the sample Sm. Then 

k t 

fZ(Sm) - Min ex + L n;; hk(x,wt) 
t=I 

sft x E X. 

It is clear the above resampling scheme amounts to resampling on the col

lection {hk(x,wt)}f=I' If a sufficient fraction of {cp(Sm)}~=I is small, then the 

algorithm can terminate. 
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2.5.2 Speedup of Solving Subproblems 

CSD requires solving k subproblems in the kth iteration. But these are all linear 

programs differing only in the right hand side. An immediate observation is that 

from one problem to the next, one can use the final basis of the previous problem 

as starting basis for the current problem. One can implement some schemes where 

bases from previous iterations are retained. If any basis satisfies primal feasibility 

for the current problem, it is an optimal basis - dual feasibility and complemen

tary slackness are vacuously satisfied. Let Bf be the optimal basis (matrix) of 

subproblem (Sf). The difference between the right hand sides of (S;-I) and (Sf) 

IS 

If the difference xk- 1 - xk is small - likely for large k - it is likely B;-1 will 

remain primal feasible, hence optimal, for (Sf). If it is indeed primal feasible, 

then 71'f = 71':-1 and the cut 

is redundant and need not be stored. Even if the basis B;-1 is not primal feasible, 

it can be used as a starting basis using the dual simplex method. 

By the above discussion, we can store the optimal bases from the previous it

eration, {B:-1 }:::1 (by storing the column positions). This can be carried further 

by storing the bases from, say, the previous n iterations. 
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2.5.3 Proliferation of Cuts 

The worst case is when no cuts are ever redundant. Then, at the kth iteration, 

there are a total of k(k + 1)/2 cuts in the master program which has only k + nl 

variables 

So, at most k + nl + 1 of these cuts are tight cuts. Heuristically, some of the loose 

cuts could be deleted. At this point, however, cut deletion still lacks theoretical 

backing. There are regularized methods which add a quadratic penalty term to 

the master program objective. By doing so, only an a priori fixed number of cuts 

need to be stored (for example, Ruszczynski [1986], Ruszczynski [1993] and Higle 

and Sen [1993a)). Such regularization techniques could possibly be extended to 

CSD. 
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2.6 Final Remarks 

We have presented in this chapter an algorithm that is based on the idea of 

Stochastic Decomposition of Higle and Sen [1991b] but incorporates the multicut 

aspect of the deterministic L-shaped method of Birge and Louveaux [1988]. As we 

have stated in the introduction, the intent of CSD is for situations where samples 

are hard to corne by. We expect, compared to SD, fewer observations are needed 

to solve a problem as more information of the recourse function is retained in 

the form of cuts. Initial computational results of test problems using CSD are 

reported in Higle, Lowe and Odio [1991]; further results will be reported in the 

next chapter. Most of the test problems appearing in Higle, Lowe and Odio [1991] 

are small problems but the results do support our expectation on the performance 

of CSD. Only few observations are needed for the test problems reported there. 

Of course, small sample size can lead to premature termination of the algorithm 

especially if there are costly events with low probabilities; that is one risk one has 

always to bear in mind. 

Theoretically, for the particular case in Section 2.4 where we assume the 

random variable w taking on finitely many possibly values, we have been able 

to get the more satisfying result that every accumulation point of the sequence 

of iterates is optimal. This seems to be one advantage over SD - although the 

assumption is rather restrictive. 
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CHAPTER 3 

HYBRIDIZED CONDITIONAL STOCHASTIC DECOMPOSITION 

3.1 Introduction 

In Chapter 2, we proposed the Conditional Stochastic Decomposition (CSD) al

gorithm to solve the two stage stochastic linear programs with recourse, defined 

as follows: 

Min f(x) = ex + E[h(x,w)] (P) 

sit x E X 

where X = {x I Ax = b, x 2:: O}, and 

h(x,w) = Min gy (S) 

sft Wy = r(w) - T(w)x 

y 2:: o. 

As with the Stochastic Decomposition (SD) algorithm which precedes it, CSD 

uses randomly generated observations of the w within a Benders' decomposition 

of (P) to solve a sequence of statistically motivated approximations of (P). The 

essential difference between SD and CSD is analogous to the difference between 

the L-Shaped method (Van Slyke and Wets [1969]) and the multi cut method 

(Birge and Louveaux [1988]). Like the L-Shaped method, SD constructs a single 

cutting plane to be added to the piecewise linear approximation of the expected 

recourse function in each iteration. Like the multicut method, CSD constructs a 

separate cutting plane for each available observation of w. Thus, after k iterations, 

SD will have derived k cutting planes, while CSD will have derived 2::;=1 j = 

k(k+1)/2 cutting planes. Recognizing that these cutting planes typically appear as 

dense constraints, CSD's potential computational burden due to the proliferation 

of cuts is clear. In addition, we note that in the kth iteration CSD solves k 

subproblems (linear programs), one for each of the k observations available while 
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SD solves one subproblem and k - 1 approximations, whose solutions are easily 

accomplished using efficient data storage schemes (Sen, Mai and Higle [1993]). So 

computationally, and in terms of data storage requirements, CSD is much more 

demanding than SD. 

CSD was designed to accept the computational/storage burden under the 

premise that observations of w are hard to come by. Such may be the case when 

observations are obtained from large scale computer simulation. In such cases, the 

effort required to generate observations can rival the effort required to undertake 

the optimization. Results in Higle, Lowe and Odio [1991] suggest that CSD tends 

to obtain good solutions with only a few observations. When observations are 

relatively easy to obtain, the computational effort required by CSD makes it less 

appropriate as a solution procedure. In this chapter, we explore the advantages of 

incorporating some of the mechanisms used in SD within the CSD framework. In 

particular, we apply the ideas of aggregating cuts and subproblem approximations 

resulting in hybridized conditional stochastic decomposition (HSD) algorithms. 

The rest of the chapter is organized as follows. In Section 3.2, we examine in 

more detail the differences between the CSD and the SD algorithms. In Section 

3.3, we describe how hybridization can be achieved and present a generic hybrid 

algorithm from which other variations may be obtained. Several of the systematic 

variations of the generic hybrid algorithm are implemented. The implementational 

details and computational results are reported in Section 3.4. Finally, in Section 

3.5, some concluding remarks are offered. 
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3.2 The CSD and SD Algorithms Compared 

The CSD algorithm has been covered in Chapter 2; the SD algorithm has been 

discussed briefly in Section 1.5.7 of Chapter 1. In this section, we highlight the 

differences between the two algorithms. Through understanding the differences, a 

hybridization of the two is formulated in the next section. 

At each iteration during the algorithm, both algorithms go through the fol

lowing steps: 1) Randomly generate a new observation, 2) Solve subproblems, 3) 

Construct cut( s) to add to the master program, and 4) Solve the master program 

to obtain a new iterate. The differences between the two algorithms arise in their 

different executions of steps 2 and 3. 

Subproblems and Cut Derivation 

With iterate xk and observations {wtH=l - (Crt, Tt)}f=l at iteration k, CSD 

solves k subproblems 

h(xk ,wt) = Max 7r(rt _ Ttxk) 

sit 7rW ~ 9 

to obtain {7rfH=l as solutions. Subsequently, k separate cutting planes, 

t = 1, ... ,k 

(sf) 

are constructed and appended to the master program. As for SD, only one sub

problem, (st), associated with the most recent observation is solved and the 

resulting optimal solution 7rZ is added to a set Vk so that 

(Vo is initialized to 0). Thus, Vk is simply the subset of the vertices of the sub

problem dual feasible region, {7r I 7r W ~ g}, that have been identified during the 
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solution of {S:lf=l. As for the remaining observations, {wt}~==-l, SD bypasses the 

solution of {Sf}~==-l in favor of solving the following surrogate approximations: 

Max 7r(rt - Ttxk) 

sit 7r E Vk. 

With *: denoting the solution to (Sf) (note that 7rZ = *~ by design), the aggre

gated cut 

is appended to the master program. 

Updating Cuts 

As we have discussed in Section 1.5.7 of Chapter 1, updating cuts is only necessary 

in SD. For ease of reference, we will briefly re-present the procedure here. By 

construction, the new cut at iteration k is a lower bound on the empirical expected 

recourse function i 2:~=1 h(x,wt). Without any adjustment, the cut derived at 

iteration k' < k is a lower bound to ;, 2:~:1 h(x,wt ), but not necessarily to 

i 2:~=1 h(x, wt). In order to ensure that all cuts are based on a comparable number 

of observations, previous cuts have to be updated. This can be done iteratively. 

Assuming that h(x,w) ~ 0 for all (x,w), Higle and Sen [1991b] suggest that cutting 

plane coefficients be updated as follows 

( k f3k) k-1( k-l f3k-l) 
at, t ~ k at ,t t:::; k -1, 

although any update that preserves the lower bounding nature intended by the 

cuts is acceptable. Note that the scripts k, t mean the current iteration and the 

iteration at which the cut was first constructed, respectively. 



Master Programs 

The master program for CSD is 

Min 

sit 

1 k 

ex + k L lit 
t=l 

lit ~ 1C'{ (rt - Ttx) 

x E X 

whereas the master program for SD is 

Min ex + II 

t = 1, ... , k, j = t, ... , k 

sit II > Oi
k + akx - t fJt t = 1, ... , k 

x E X. 
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In (CMk), the group of cuts corresponding to lit constitute an outerlinearization 

of h(·,wt) to which each 1C'{(rt - Ttx) is a supporting hyperplane. In (SMk), 

there is only a single group of cuts corresponding to lI. Each cut is a lower bound 

(but not necessarily a supporting hyperplane) to the empirical expected recourse 

function t 2:~=1 h(·,wt). It is of interest to note that although CSD does not 

require updating cuts, it nonetheless requires updating the master objective as 

it is clear from the master program (CMk) that, from iteration k - 1 to k, the 

b · . h f 1 ",k-l 1 ",k o JectIve c anges rom ex + k-l L.Jt=l lit to ex + k L.Jt=l lit· 

To sum up, the major distinctions between CSD and SD are derived from 

a) the manner in which subproblems are treated, 

b) the way that the cutting planes are defined and the master programs 

formulated, and 

c) the way that the cutting planes/master programs are updated. 

Whereas CSD solves k subproblems, SD solves 1 subproblem and k - 1 surrogate 

approximations. Whereas CSD appends k cutting planes to the master program, 

SD adds only one cut, representing an average of k cuts. Whereas CSD does not 

require its cutting planes to be updated, SD requires each cutting plane to be 
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updated in every iteration (Le., each time a new observation of w is obtained). 

Finally, whereas CSD requires updating the master program objective coefficients 

in every iteration, SD does not. 
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3.3 Hybridized CSD Algorithm 

From the implementation of CSD in Higle, Lowe and Odio [1991], it is noted that 

CSD tends to identify good solutions with a few observations. Computational and 

data storage requirements could be a burden as iterations progress. In this section, 

we explore simple ways to incorporate the merits of SD within a CSD framework 

to obtain a hybridized (conditional) stochastic decomposition algorithm (HSD). 

We stress that we are building a generic hybrid algorithm starting with CSD. The 

resulting algorithm is essentially the CSD algorithm in which the cutting planes 

associated with a collection of observations of w are aggregated into a single cut. 

Recall that in SD, a cut appended to the.master program is averaged (aggre

gated) from k individual cuts corresponding to {wt}f=l whereas in CSD, there is 

no aggregation at all. We can visualize a middle ground whereby the observations 

{wt}f=l are divided into subsets Ai, i E I and U so that {wt}f=l = (UiEIAi) U u. 
Cuts corresponding to observations in each Ai are aggregated to form an SD-like 

cut whereas cuts corresponding to observations in U remain unaggregated. The 

sets Ai will be called aggregation sets. These sets are built iteratively by assign

ing observations to them at certain iterations appropriately called the assignment 

epochs. We will let T = {tn I tn-l < tn, n ~ I} denote the set of assignment 

epochs, where tn could be decided within the algorithm or user-supplied. 

Suppose the current iteration, k, is an aggregation epoch, say k = tn for some 

n. Then the nth aggregation set 

An = {wt It = tn-l + 1" .. ,tn} 

is assigned. The observations {wt}f=l can then be partitioned into {AI,"" An} 

(and U = 0). The aggregation sets will remain fixed throughout the algorithm. On 

the other hand, if the current iteration, k, is between two successive assignment 

epochs, say, tn < k < tn+l' then no assignment takes place; and therefore some 

observations are not assigned. Let the unassigned observations be collected in 

U = {wt It = tn + 1"" ,k} (U depends on k). In this case, observations {W t}f=l 

will be partitioned into {AI,' .. ,An, U}. 
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In any event, cuts are aggregated (averaged) if they are obtained from ob

servations belonging to the same aggregation set. This aggregation is much in 

the manner of aggregation in the SD algorithm. Hence, the aggregated cuts are 

referred to as "SD cuts." Those cuts corresponding to observations in U remain 

unaggregated until the next assignment epoch. The unaggregated cuts will be 

referred to as "CSD cuts." 

For solving subproblems, the strategy of SD will be adopted in a modified 

fashion. Instead of solving subproblems for only the most recent observation as 

in SD, we will solve subproblems for all unassigned observations. We will explain 

further the detail of an iteration of HSD, in particular, regarding how the cuts are 

constructed. Before doing so, we define nk to be the number of assignment epochs 

that have taken place on or before iteration k. That is, 

nk = max {n I tn E T, tn ~ k}. 

Brief Description of an Iteration 

At the beginning of iteration k (before assignment takes place if k happens to be 

an assignment epoch), subproblems {SfH=t
nk

+l are solved and the corresponding 

optimal dual multipliers {7l'fH=t
n
,,+I are added to the set Vk. At this point, the 

observations {w t } !;A have already been assigned to aggregation sets AI, ... , AnI: 

at previous assignment epochs. The aggregation sets are used to define SD cuts. 

For these observations, the surrogate approximate subproblems (Sf) are solved 

instead of (Sf) to obtain *f where 

t = 1"", tnl:' (3.3.1) 

With these solutions, we obtain nk SD type cutting planes (one for each aggrega

tion set) as follows: 

n = 1, .. ·,nk. (3.3.2) 
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Now, we consider two separate cases: 1) k is not an assignment epoch and 

2) k is an assignment epoch. First, Case 1) if k is not an assignment epoch, then 

U = {wt}f=tnk+1 and each wt E U will give rise to a CSD cut 

t=tnk +1,···,k. (3.3.3) 

However, if Case 2) k is an assignment epoch, then nk and tnk must be updated 

by incrementing the former and letting tnk = k. Also, a new aggregation set 

Ank = {wt It = tnk + 1,··· ,k} will be assigned. Corresponding to the latest 

aggregation set, the cutting plane 

(3.3.4) 

will then be appended to the master program. Note that the right hand side 

of (3.3.4) simply represents the average value of the CSD cutting planes derived 

from the observations in the latest aggregation set. Those CSD cuts derived in the 

iterations since the previous assignment epoch, tnk -I, will be similarly aggregated. 

This completes our description of an iteration. 

Note that each J-ln in (3.3.2) or (3.3.4) is used to approximate the expected 

recourse function using a potentially different number of observations, thus the 

quantity 

provides a statistically valid approximation of the expected recourse function. 

Since we have two types of cuts represented by (3.3.2) and (3.3.3), the expected 

recourse function will be approximated by an appropriately weighted average of 

the two piecewise linear approximations. Finally, the master program used in the 

hybrid algorithm is stated as follows: 



sft 

Vt > 7r! (rt - Tt X ) 

x EX. 

t=tnk+l, ... ,k, j=t, ... ,k 

The solution to this program is denoted as xk+l. 

Formally, the hybrid algorithm, HSD, may be stated as follows: 

92 
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Algorithm: HSD 

Step 0. k ~ 0, xl E X, no ~ 0, to ~ 0, Vo ~ 0. 

Step 1. k ~ k + 1. nk ~ nk-1, tnk ~ tnk_l. Randomly generate an observa

tion of w, wk. (Note that w t , t = 1,· .. ,k are generated independently). 

Step 2. Solve {Sflf=t
nk 

+1 and obtain {7I"flf=t
nk 

+1· 

Solve {sf} ::,\ and obtain {rrf} ::,\ . 

Step 3. a) Append the following SD cuts to the master program (H Mk), 

b) If k is an assignment epoch, then 

Update: nk ~ nk + 1, tnk ~ kj 

Form the nk th set of aggregated cuts, and append them to 

the master program: 

(if j < t, use 71"1 = 71"1). 

Eliminate all CSD cuts from the master program. 

Else Append the k - tnk CSD cuts to the master program (HMk) 

t = tnk + 1,···, k. 

Step 4. Solve (H Mk) to obtain xk+1. Go to Step 1. 
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A comment on the algorithm: Step 2 involves solving the exact subproblems 

{SfH=t
nk

+1 and the approximations {Sn::"!. The former are linear programs, 

whereas the latter are solved by seeking a maximum over the finite set Vk. The 

latter is computationally easier than the former. However, realizing this advantage 

requires careful programming considerations. Efficient implementation guidelines 

are discussed in Sen, Mai and Higle [1993] in the context of the SD algorithm. 

Experience shows that inefficient implementation of this 'argmax' procedure can 

have an unfortunate effect: slower, instead of faster run times. 

To further explain the HSD algorithm, we present Table 3.1 which provides 

a visual representation of the manner in which (Sf) or (Sf) are solved and how 

cuts are aggregated. 

Iteration k =1 k =2 k =3 k =4 k =5 k =6 k =7 k =8 k =9 k =10 k =11 
AE AE AE 

t=1 S S S S S S S S S S 
t=2 S S S S S S S S S , 

t=3 S S S S S S S S 
t=4 S S S S S S S 
t=5 S S S S S S 
t=6 S S S S S 
t=7 S S S S 
t=8 S S S 
t=9 S S 

t = 10 S 

t = 11 

Table 3.1. Illustration of Cuts Generation and Aggregation in HSD 

('AE' under Iteration Index Identifies it as an Assignment Epoch) 

S 
S 
S 
S 
S 
S 
S 
S 
S 
S 

S 
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In Table 3.1, the indices t and k correspond to an observation, wt and an 

iterate, xk, respectively. The entries of Table 3.1 indicate whether (S) or (S), with 

the corresponding subscript of t and superscript of k are solved. Combinations of t 

and k that do not arise within the course of the algorithm are left blank. The label 

'AE' underneath an iteration index indicates that it is an assignment epoch. The 

horizontal divisions indicate how observations are assigned to aggregation sets. 

For example, with k = 11, we see that the first three observations are assigned 

to aggregation set AI, the next 3 to A2 , etc.; while the unassigned observations 

are collected in U = {wlO,wIl }. It follows that the number of aggregation epochs 

at k = 11 is nk = nIl = 3, with to = 0, tl = 3, t2 = 6, and t3 = 9. Thus, let 

us consider the entry at (t,k) = (1,2). This occurs prior to the first assignment 

epoch. In this case, a subproblem (S;) is solved, as indicated by the entry S in this 

position on Table 3.1. The entry (t, k) = (1,4) occurs after the first assignment 

epoch. It follows that (Sf) is solved in the fourth iteration, as indicated by the 

entry "S" in this position on Table 3.I. 

Now, consider the third column, which corresponds to the third iteration 

which happens to be the first assignment epoch. At this iteration, since there 

are only three observations extant, namely wI, w2 ,w3, the entries corresponding 

to t 2:: 4 and k 2:: 4 are not yet available. Since this is an assignment epoch, we 

have to aggregate cuts. In this case, aggregating cuts requires the averaging of 

the CSD cuts columnwise in columns 1, 2 and 3 to obtain 

1 
III 2:: "3 {1I"t(rl - Tlx) + 1I"~(r2 - T 2x) + 1I"5(r3 - T3 x )} 

1 
III 2::"3 {1I"i(rl _Tlx)+1I"i(r2 -T2x)+1I"i(r3 _T3 X )} 

1 
III 2::"3 {1I"~(rl - Tlx) + 1I"~(r2 - T 2x) + 1I"g(r3 - T3 x)}. 

From Table 3.1, we note that 11"1, j < t (i.e., 11"~, 1I"J, and 1I"i) are not available 

because they do not arise within the course of the algorithm. Thus, we have 

to substitute for them any values such that the resulting cuts provide a lower 

bound on i 2:::;=1 h(·, wt) (e.g., "0" if h 2:: 0, or 1I"j regardless of the sign of hare 
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acceptable). Note that this "substitution" is identical in spirit to SD's cut update 

procedure, although it is not undertaken in the same iterative fashion. Within 

our implementations, we let 7r{ = 7rJ if j < t. For further illustration, consider 

the column under k = 11. The observations {wtH=l have been assigned to 3 

aggregation sets, while wlO and wU have not yet been assigned. In this case, the 

cutting planes derived from xU are 

1 3 

J.Ll ~ 3 L np(rt - Ttx) 
t=l 

1 6 
J.L2 ~ 3 L *:l(rt - Ttx) 

t=4 
1 9 

J.L3 ~ 3 L *:l(rt - Ttx) 
t=7 

1110 ~ 7rU(rlO 
- TlOx) 

lIu ~ 7rU(rll - Tllx). 

Note that the last two cuts are not aggregated yet, since the last assignment epoch 

was at iteration 9. 

The fact that the hybrid algorithm, HSD, identifies an optimal solution 

asymptotically follows readily from the results found in Higle and Sen [1991b]. 

For the sake of completeness, a formal presentation can be found in Appendix A. 
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3.4 Implementation and Computational Results 

In this section, implementational details and computational results are reported. 

First, we present the test problems used in our implementation. 

3.4.1 Test Problems 

Eight test problems were used in our computational exploration of the hybrid 

algorithms: 

EXAGS1P, STORM, TK1, TK2, TU1, TU2, TU3, TU4. 

EXAGS1P is a power generation planning problem due to Infanger [1993]; STORM 

is a stochastic scheduling and transportation problem based on Mulvey and 

Ruszczynski [1992]. The remaining problems were created using an adaptation 

of the experimental code, GENSLPN, of Kall, Keller and Mayer [1992] which gen

erates stochastic linear programs with recourse. For these problems, our naming 

convention is rather simple. 'T' indicates that its use as a test problem. 'K'means 

that the optimal solution is known, having been solved by the L-shaped method 

while 'U' indicates that the optimal solution is unknown. In Table 3.2, we identify 

important characteristics for each of our eight test problems, including the di

mensions of the first and second stage problems, the number of random variables 

present in the second stage problem, and the total number of possible outcomes 

associated with these random variables. 
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Problem 1st Stage 2nd Stage Number of Number of 

Name # Rows # Cols # Rows # Cols R.V.s Realizations 

EXAGS1P 1 33 301 289 11 995328 

STORM 1289 128 526 1259 118 5118 

TK1 10 60 40 80 10 1024 

TK2 40 90 50 120 12 4096 

TU1 20 50 150 400 20 520 

TU2 20 50 30 200 20 520 

TU3 20 100 100 300 10 510 

TU4 20 150 100 300 20 520 

Table 3.2. Characteristics of Test Problems 
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3.4.2 Implementational Details 

In our implementation, we experimented with two versions of the hybrid algorithm: 

the original version as we have discussed in Section 3.3 and a slight variation of 

the original version. The original version will be called pure hybrid (HSD-P) and 

the variation will be called impure hybrid (HSD-I). 

The difference between HSD-I and HSD-P occurs at the assignment epochs. 

Suppose that k is an assignment epoch, and recall that HSD-P solves only some of 

the subproblems exactly (refer to Step 2 of HSD). The alternate (impure) hybrid 

will solve all of the subproblems exactly. That is, if k is an assignment epoch, 

HSD-I solves subproblems {SfH=l instead of Step 2 of the HSD algorithm. Thus, 

HSD-I is more computationally intensive, and will be more time-consuming at each 

assignment epoch. It will give a better approximation of the objective function, 

and thus may require fewer iterations. 

Our implementation uses a simple means for defining assignment epochs. 

That is, assignment occurs at every n iterations where n is input by the user. We 

will use the symbol HSD-P-n (P-n for short) to identify the pure hybrid algorithm 

with assignment epoch at every n iterations. The symbol HSD-I-n (I-n for short) 

similarly identifies the impure hybrid. Note that HSD-I-l is in fact CSD while 

HSD-P-l is CSD with the SD subproblem solution and approximation strategy. 

Using our hybridization scheme, it is not possible to generate the SD algorithm. 

As for terminating the algorithm, a termination test based on the idea of 

bootstrapping first proposed by Higle and Sen [1991a] was used. The details 

of implementation are essentially the same as those used in CSD as sketched in 

Chapter 2. 

The computation was carried out on a Sun-4/75 workstation All algorithms 

were implemented in C, using the CPLEX callable library subroutines to solve the 

linear programs. 



100 

3.4.3 Termination Summary and Statistics 

For each problem/algorithm combination, we report four statistics that summarize 

the operational characteristics of the algorithms: 

number of iterations required to terminate the algorithm 

CPU time (minutes) required until the algorithm terminates 

total number of subproblems solved throughout the course of the solution 

procedure 

average number of cuts generated per iteration. 

In addition, we report two statistics that indicate the quality of the terminal 

solution: 

error in objective estimate 

deviation from optimality (or deviation from the minimum observed objective 

value). 

The last two statistics require explanation. 

Error in the objective estimate: Let K denote the terminal iteration. The 

quantity fK(xK) estimates the objective value f(x K ) associated with the 

terminal solution. The 'error in the objective estimate,' which refers to the 

relative error in the objective estimate, is given by 

However, f(x K ) is not known and thus must be estimated independent of 

!I«xK). To accomplish this, we obtain a new sample, {Wt}f:l' where N is 

sufficiently large to ensure that 

(3.4.1) 

is within 0.02 of f( xl() with 95% confidence. 
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Deviation from optimality or deviation from the minimum observed objective 

value: If f'" is the optimal value of the test problem, the deviation from 

optimality is given by 
K '" 

.6."'(xK ) = f(x }'" - f (3.4.2) 

where the objective value f(x K ) is estimated as in (3.4.1). When the value 

of the subproblem was deterministically verifiable (i.e. known), f'" was cal

culated using the L-shaped method. When this value of r was unknown, we 

used the minimum of the estimated values f(x K ) that we ever observed for 

the test problem. In this case, we identify the statistic as being the 'deviation 

from the minimum observed objective value.' The numbers reported below 

are averages over the total number of runs. 

When we come to the discussion of numerical results, we will be interested in the 

error at termination. By error, we will always mean deviation from optimality 

(or from the minimum observed objective value as the case may be). The other 

error, error in the objective estimate, is of secondary interest to us. We point 

out here that these errors may not be the most accurate since in evaluating the 

function value f(x K ), we have only specified a tolerance level of "0.02 of f(x K ) 

with 95% confidence." The number 0.02 is rather lenient. Since our evaluation 

is very intensive, we have decided upon this error tolerance level, for practical 

consideration. Experience shows that with more restricted tolerance (i.e. smaller), 

the errors tend to decrease. It is likely that with such a lenient tolerance, the 

estimated value r maybe too low (since we take the lowest evaluated value we 

have encountered, with a low tolerance, there is more chance of getting a low 

value). Therefore, when viewing the results, we should bear in mind this added 

degree of uncertainty, allowing for the possibility that more accurate results maybe 

obtained if more stringent tolerance levels were used (we believe the resulting 

changes would be very minor). Our intention is to obtain a general picture of the 

relative performance of the hybrids. For this purpose, what we have used seems 

adequate as providing a rough guidepost. 
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To compare CSD to any hybrid, we will introduce and formalize the concept 

of a hybrid 'outrunning' CSD. To compare a pure hybrid P-n against its coun

terpart I-n, we will introduce the idea of one 'outperforming' the other. These 

comparison measures are best explained with a real example on hand. So, they will 

be introduced accordingly when we present the numerical results of the individual 

problems. 

3.4.4 Numerical Results 

Our computations reviewed 4 different SIzes of the aggregation sets: n E 

{I, 3, 5, IO}. Thus, for each test problem, eight different algorithmic settings were 

used: 

HSD-P-n and HSD-I-n, n E {I, 3, 5, 1O}. 

The prefix "HSD" has not been used in any of the output summaries. Further

more, since HSD-I-I is the CSD algorithm, it will be identified as such in all 

output summaries. Termination of an algorithm is determined as follows. After 

a minimum iteration m (m will be 20 unless indicated otherwise), the algorithm 

will be terminated at an iteration J( when 

and the estimated variation of the difference is 'small,' by which we mean when 

95% of M re-estimates of f(x/() - 1* (by a bootstrapped scheme) are less than 

E. In our implementation, M = 40, E = .05. Bootstrapping is a large sample 

technique. For small sample size like ours, there is always the danger of prema

ture termination. The maximum iteration count is problem/algorithm dependent, 

and varies between 70 and 110. Finally, all output statistics reported are the 

average values observed during N independent replications of the algorithm. Un

less otherwise indicated, N = 30. To facilitate comparisons, a common stream of 

observations of w was used for all eight algorithmic variants. 

After the completion of the replications, some problems (which were not too 

CPU intensive) were rerun with the minimum number of iterations increased to 
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50 (unless specified otherwise). The reasons are twofold: first, to see the effect on 

the errors; second, to see whether with increased iterations, the non-CSD hybrids 

would compare favorably to CSD (without the increase of iterations) in various 

performance measures. Problems with reruns are TKl, TK2, TUI and TU2. Some 

problems were very time consuming (such as TU3) and some problems produced 

small errors in the first trials (such as EXAGSIP and STORM). For these problems 

no second runs were attempted. 

Numerical results obtained from each problem will be discussed individually. 

Table(s) containing summary statistics upon termination can be found at the end 

of each discussion. Problems with two sets of runs will have separate tables for each 

set. Some performance indices will be introduced along the way. These indices 

are best explained with some problem results on hand for ready illustration. After 

the individual discussions of the problems, we give a summary of the results and 

report the important aspects of our findings. 
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EXAGSIP 

Table 3.3 gives various termination statistics. CSD requires the least number of 

iterations and has also the smallest average error as measured by 'deviation from 

the minimum observed objective value.' We want to compare the performance of 

CSD to other hybrids assuming that the 'number of iterations' does not matter 

(that is the rationale for using hybrids). A hybrid would be favorable if its error 

is close enough to the error of CSD but requiring less CPU time, without regard 

to the number of iterations. To formalize, we say a hybrid a outruns CSD if 

err(a) - err(CSD) < max{.1 err(CSD), .005} 

and CPU(a) < CPU(CSD) (3.4.3) 

where err(a) and CPU(a) are 'deviation from the minimum observed objective 

value' and 'CPU time' of hybrid a. So a outruns CSD if (1) the error of a is 

smaller than the error of CSD, plus some tolerance bound (which is the term 

max{.1 err(CSD), .005} in (3.4.3)) and (2) the CPU time of a is strictly less than 

the CPU time of CSD. Let OR be the set of hybrids that outrun CSD. For this 

problem, 

OR = {I-3, P-3, 1-5, P-5, 1-10, P-IO}. 

Note that P-I does not outrun CSD because the large error of P-I is too large. 

Next, we want to compare any pair of hybrid I-n and P-n. We want to know 

if the latter suffers in solution quality. For the comparison to be meaningful, we 

have to take into account their numbers of iterations used. Toward this end, we 

say a pure hybrid P-n rivals its impure counterpart I-n in solution if 

err(P-n) - err(I-n) < max{.1 err(I-n), .005} 

and itr(P-n) - itr(I-n) < .1 itr(I-n) (3.4.4) 

where itr(a) means the 'number of iterations' required by hybrid a. We could 

have similarly defined: 'I-n rivals P-n in solution.' But this latter condition 
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is of less interest because, by construction, that is what we would expect. Let 

RS ~ {P-1, P-3, P-5, P-10} be the subset of pure hybrids which rival their im

pure counterparts in solution. For this problem, 

RS = {P-3, P-5, P-1O}. 

Finally, we say a pure hybrid P-n outperforms its counterpart I-n if P-n E RS 

and has smaller 'CPU time,' that is, if 

(3.4.4) and CPU(P-n) < CPU(I-n). 

To sum up, P-n outperforms its counterpart I-n if (1) its error is smaller than the 

error of I-n, plus tolerance, (2) it requires fewer iterations than that required by 

I-n, and (3) its CPU time is strictly less than the CPU time of I-n. Let OP be the 

set of pure hybrids that outperform their impure counterparts. For this problem, 

OP =RS. 

So, by our criterion, solving the extra subproblems does not matter in solution 

quality (except in CSD vs. P-1). It is of interest to point out that the relationship 

OP = RS will turn out to be true also in the rest of the problems. That means 

that whenever a pure hybrid rivals its impure counterpart in solution, it does so 

in less CPU time. 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 39.50 2.67 808.73 283.08 
(4.28) (.81) (178.52) (60.93) 

P-1 48.40 2.82 48.40 417.02 
(5.02) (1.19) (5.02) (87.99) 

1-3 49.70 1.33 473.77 156.37 
(5.94) (.35) (108.43) (35.48) 

P-3 50.07 .89 99.40 158.22 
(5.39) (.19) (10.72) (32.15) 

1-5 54.67 1.13 420.17 119.42 
(4.90) (.19) (62.93) (19.19) 

P-5 55.00 .83 163.27 121.74 
(4.72l (.14) (14.231 (19.00) 

1-10 58.67 1.05 437.00 86.74 
(5.83) (.18) (66.55) (12.86) 

P-10 59.37 .93 318.67 88.24 
(5.14) (.13) (28.14) (11.66) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Min. Obs. Obj. 

CSD .0022 .0067 
( .0023) ( .0035) 

P-1 .0121 .0127 
( .0110) (.0077) 

1-3 .0045 .0088 
(.0044) (.0039) 

P-3 .0071 .0102 
f.0106) (.0082) 

1-5 .0044 .0100 
(.0051 ) (.0046) 

P-5 .0048 .0094 
(.0037) (.0041) 

1-10 .0039 .0088 
(.0034) ( .0036) 

P-10 .0030 .0081 
( .0022) ( .0039) 

Table 3.3. EXAGS1P Termination Summary: Mean (sd) of 30 Runs 
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STORM 

Results are summarized in Tables 3.4. This is the biggest problem in terms of size 

and number of random elements - it has 118 (independent) random elements, 

each with 5 possible outcomes. In view of this, we set the minimum number of 

iterations at 40 instead of the usual 20 iterations. Quite unexpectedly, all 30 runs 

terminated exactly after 40 iterations. The errors of the different algorithms are 

almost identical. This similarity suggests that this problem is easy to solve and 

that the hybrids make no difference. It goes to show that the problem size and 

the number of random elements in a problem are not necessarily related to the 

difficulty of the problem. For this problem, 

OR = {P-l, 1-3, P-3, 1-5, P-5, 1-10, P-lO} 

RS = OP = {P-l, P-3, P-5, P-lO} 

where the sets involved are defined in the discussion of EXAGSIP. 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 40.00 7.60 820.00 133.15 
(.00) (.19) (.00) (9.71) 

P-1 40.00 2.38 40.00 123.78 
(.00) (.13) (.00) (10.02) 

1-3 40.00 3.76 313.00 86.25 
(.00) (.09) (.00) (3.75) 

P-3 40.00 2.13 79.00 81.29 
(.00) (.06J (.00) (4.23) 

1-5 40.00 3.26 260.00 65.66 
(.00) (.08) (.00) (.96) 

P-5 40.00 2.28 120.00 63.80 
(.00) (.06) (.00) (1.95) 

1-10 40.00 3.07 280.00 48.48 
(.00) (.07) (.00) (.77) 

P-lO 40.00 2.67 220.00 48.34 
(.00) (.07) (.00) (.68) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Min. Obs. Obj. 

CSD .0024 .0032 
(.0020J (.0014) 

P-1 .0024 .0032 
(.0020) (.0014 ) 

1-3 .0024 .0032 
(.0020) (.0014) 

P-3 .0024 .0032 
(.0020) (.0014) 

1-5 .0024 .0032 
(.0020) (.0014) 

P-5 .0024 .0032 
(.0020) (.0014) 

1-10 .0024 .0032 
(.0020) (.0014) 

P-10 .0024 .0032 
(.0020) (.0014) 

Table 3.4. STORM Termination Summary: Mean (sd) of 30 Runs 
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For this test problem, we completed two sets of runs. All runs (30 for each 

hybrid) in the first set have the minimum number of iterations set at 20. We 

then increased the minimum iterations to 50 and reran everything. Tables 3.5a 

and 3.5b contain the termination statistics for the first and second sets of runs, 

respectively. Comparing the 'deviation from optimality' columns of Table 3.5a 

and Table 3.5b, we note that the errors decrease markedly. 

In the discussion of EXAGSIP, in comparing a hybrid algorithm a to CSD, 

we have formalized the idea of outrunning. Now there are two sets of runs, we 

consider each set separately; the performance measures of CSD in the first set 

will be the basis of our comparison. Further explanation follows. Let err( a, 1) 

and err(a,2) denote the errors (as measured by 'deviation from optimality,' or 

'deviation from the minimum observed objective value' as the case may be) of 

a for the first and second sets of runs, respectively. Let C PU( a, i) and itr( a, i), 

(i = 1,2) carry similar meanings with regard to 'CPU time' and 'number of 

iterations,' respectively. For the first set of runs, similar to (3.4.3), we say a 

hybrid a outruns CSD if 

err(a, 1) - err(CSD, 1) < max{.1 err(CSD, 1), .005} 

and CPU(a,I) < CPU(CSD, 1). (3.4.5) 

Let ORI be the hybrids that outrun CSD in the first set of runs according to the 

definition (3.4.5). For this problem, 

OR! = {I-IO}. 

Outrunning in the second set of runs is defined analogously - still using the 

results of CSD from the first set of runs as our basis of comparison. Recall that 

the second set of runs have an increased minimum number of iterations. We want 

to investigate whether a hybrid algorithm a, from the second set, could do better 
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than CSD, from the first set. So, for the second set of runs, we say a hybrid a 

outruns CSD if 

err( a, 2) - err( CSD, 1) < max{.1 err( CSD, 1), .005} 

and CPU(a, 2) < CPU(CSD, 1). (3.4.6) 

Let OR2 be the set of hybrids that outrun CSD in the second set of runs. For this 

problem, 

OR2 = {P-3, 1-5, P-5, 1-10, P-I0}. 

The other two hybrids P-l and 1-3 are not competitive in CPU time in the second 

set of runs and therefore could not outrun CSD. Note that more hybrids outran 

CSD as a result of increased minimum number of iterations. 

To compare a pair of hybrids I-n and P-n, we introduced two closely related 

definitions when we discussed the results of EXAGSIP. The first defines 'P-n rivals 

I-n in solution,' and the second defines 'P-n outperforms I-n.' Now we have two 

sets of runs, the definitions can simply be applied separately to the two sets. For 

the sake of completeness, we say P-n rivals its counterpart I-n in solution in the 

ith (i = 1,2) set of runs if 

err(P-n,i) - err(l-n,i) < max{.1 err(l-n, 1), .005} (3.4.7) 

and P-n outperforms its counterpart I-n in the ith (i = 1,2) set of runs if 

(3.4.7) and C PU(P-n, i) < C PU(I-n, i). 

Let RBi (i = 1,2) be the set of pure hybrids which rival their impure coun

terparts in solution in the ith set of runs, and let 0 Pi (i = 1, 2) be the set of pure 

hybrids which outperform their impure counterparts in the ith set of runs. For 

this problem, 

OPI = RBI = {P-5, P-I0} 

OP2 = RB2 = {P-3, P-5, P-lO}. 

Again, it appears that solving the extra subproblems by the impure hybrids does 

not matter except in CSD vs. P-l. 



Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 26.90 5.41 378.17 135.16 
(2.45) (3.51) (68.22) (23.27) 

P-1 31.30 2.39 31.30 142.54 
(2.29) (.68) (2.29) (16.36) 

1-3 33.40 1.08 221.43 74.15 
(2.16) (.20) (28.63) (8.69) 

P-3 33.10 .83 65.40 72.94 
(2.78) (.22) (5.72) (11.05) 

1-5 39.60 1.00 238.10 67.05 
(2.84) (.21) (29.99} (8.41) 

P-5 40.73 .92 120.03 70.51 
(3.34) (.19) (10.23) (10.01) 

1-10 47.30 1.24 319.33 63.28 
(5.13) (.28) (49.32) (9.37) 

P-lO 46.70 1.10 248.80 64.12 
(3.81) (.21) (21.23) (7.04) 

Hybrid Error in Deviation from 
Variant Obj. Estimate Optimality 

CSD .0165 .0120 
(.0127) (.0088) 

P-1 .0908 .0515 
(.0241 ) (.0208) 

1-3 .0303 .0233 
(.0134) (.0095) 

P-3 .0587 .0362 
(.0221) (.0176) 

1-5 .0263 .0214 
( .0140) (.0084) 

P-5 .0317 .0216 
(.0122) (.0074) 

1-10 .0164 .0141 
( .0092) (.0047) 

P-10 .0189 .0172 
( .0098) (.0059) 

Table 3.5a. TK1 Termination Summary: Mean (sd) of 30 Runs 

First Set: Minimum Iterations/Run = 20 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 50.20 19.68 1285.20 384.40 
(0.41) (3.39) (20.75) (14.48) 

P-1 50.00 7.35 50.00 241.34 
(0.00) (.86) (.00) (19.05) 

1-3 50.00 6.13 459.00 155.71 
(0.00) (.50) (.00) (.56) 

P-3 50.00 4.54 99.00 151.47 
(0.00) (.43) (.00) (2.51) 

1-5 50.17 2.75 375.17 101.58 
(0.38) (.28) (.38) (1.37) 

P-5 50.03 2.32 150.00 101.10 
(0.19) (.24) (.19) (.67) 

1-10 52.00 1.72 379.53 72.14 
(1.78) (.20) (6.02) (3.40) 

P-lO 50.77 1.47 276.43 69.86 
(1.25) (.14) (2.84) (2.26) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Optimality 

CSD .0089 .0047 
(.0088) (.0043) 

P-1 .0328 .0176 
( .0112) ( .0075) 

1-3 .0115 .0089 
(.0096) (.0081 ) 

P-3 .0212 .0115 
( .0097) ( .0058) 

1-5 .0098 .0099 
(.0080) ( .0056) 

P-5 .0201 .0128 
(.0106) ( .0087) 

1-10 .0137 .0146 
(.0091 ) (.0067) 

P-10 .0152 .0139 
( .0092) (.0076) 

Table 3.5b. TK1 Termination Summary: Mean (sd) of 30 Runs 

Second Set: Minimum Iterations/Run = 50 
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Two sets of runs were performed as in TKl. Because the average number of 

iterations for 1-10 and P-lO have exceeded 50 already in the first set, they naturally 

were not included in the second set. Results are summarized in Tables 3.6a and 

3.6b. 

From Table 3.6a, the error as measured by 'deviation from optimality' is quite 

acceptable for CSD (about 1%). However, it is not so for most hybrids. With 

increased iterations, the corresponding errors are reduced drastically as shown in 

Table 3.6b. 

Using the definitions of ORI and OR2 as defined in the discussion of the 

previous problem, we obtain 

ORI = OR2 = 0. 

Thus, nobody 'outruns' CSD in either sets of runs. It turns out that for the 

non-CSD hybrids, either their errors are too high or their 'CPU times' are not 

competitive compared to CSD. 

As for impure vs. pure hybrids, we obtain 

OPI = RSI = {P-3, P-5, P-I0} 

OP2 = RS2 = {P-5}. 

Note that since 1-10 and P-I0 have not been rerun, naturally P-I0 is not in OP2. 



Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 28.70 6.02 427.57 152.41 
(1.68) (2.27) (49.71) (17.13) 

P-1 32.07 8.48 32.07 174.62 
(2.82) (4.55) (2.82) (27.26) 

1-3 37.73 3.45 278.17 92.78 
(2.41) (.76) (34.88) (10.91) 

P-3 37.60 3.17 74.47 91.97 
(1.92) (.59) (3.86) (8.82) 

1-5 44.10 3.00 284.77 80.90 
(2.48t (.66) (28.70) (8.04) 

P-5 43.97 2.90 129.87 80.56 
(3.06) (.61) (9.32) (9.94) 

1-10 50.70 2.90 353.30 69.66 
(3.01) (.42) (34.42) (5.75) 

P-10 50.60 2.71 269.97 69.38 
(3.16) (.43) (17.28) (6.11) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Optimality 

CSD .0113 .0104 
( .0073) ( .0090) 

P-1 .0750 .0578 
(.0207) ( .0193) 

1-3 .0339 .0402 
( .0120) ( .0120) 

P-3 .0436 .0416 
(.0159) (.0111) 

1-5 .0235 .0307 
(.0124) ( .0100) 

P-5 .0268 .0300 
(.0132) ( .0097) 

1-10 .0147 .0241 
( .0096) ( .0080) 

P-10 .0164 .0239 
(.0110) ( .0058) 

Table 3.6a. TK2 Termination Summary: Mean (sd) of 30 Runs 

First runs: Minimum Iterations/run = 20 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 50.30 22.23 1290.37 373.85 
(.60) (4.56) (30.59) (15.84) 

P-1 50.07 16.68 50.07 295.51 
(.25) (2.39) (.25) (17.84) 

1-3 50.00 9.27 459.00 158.83 
(.00) (.95) (.00) (.36) 

P-3 50.00 7.39 99.00 152.20 
(.00) (.65) (.00) (1.55) 

1-5 50.30 4.12 375.13 102.08 
(.47) (.27) (.47) (1.70) 

P-5 50.07 3.86 150.07 101.22 
(.25) (.26) (.25) (.93) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Optimality 

CSD .0102 .0031 
( .0077) (.0042) 

P-1 .0246 .0176 
( .0112) (.0078) 

1-3 .0099 .0036 
(.0079) (.0046) 

P-3 .0159 .0104 
(.0108) (.0056) 

1-5 .0117 .0166 
(.0096) ( .0126) 

P-5 .0149 .0183 
(.0099) (.0091 ) 

Table 3.6b. TK2 Termination Summary: Mean (sd) of 30 Runs 

Second Set: Minimum Iterations/Run = 50 
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For this problem, two sets of runs were also completed. Runs in the first set as 

usual have 20 iterations minimum whereas those in the second have 50 iterations 

(40 for CSD because of the expected intense CPU usage). Results are summarized 

in Tables 3.7a and 3.7b. 

From Table 3.7a, CSD performs reasonably well as judged from 'deviation 

from minimum observed objective value,' at about 1%. All others are over 2% 

and thus it seems that aggregation has a detrimental effect. By increasing the 

minimum number of iterations, the errors are substantially reduced as shown in 

Table 3.7b. 

Comparing CSD to other hybrids, we obtain 

OR1 =0 

OR2 = {P-3, P-5, P-10}. 

So nobody outruns CSD in the first set, and with increased iterations, the hybrids 

that outrun CSD are all of the pure variants. The impure variants, being more 

time consuming, were consequently excluded from OR2. 

To compare the pairs I-n, P-n, we obtain 

OP1 = RS1 = {P3, P-5, P-10} 

OP2 = RS2 = {P3, P-5, P-10}. 

Again, the findings are quite in line with those from the previous problems. 



Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 22.57 16.34 266.97 96.84 
(1.48) (2.89) (34.04) (11.84) 

P-1 27.50 3.02 27.50 76.83 
.(3.39) (.78) (3.39) (11.81 ) 

I-3 23.83 6.96 119.57 40.50 
(2.46) (1.43) (23.83) (7.41 ) 

P-3 23.83 3.05 46.77 39.83 
(2.05) (.34) (4.12) (5.97) 

I-5 27.97 7.94 137.73 37.31 
(2.76) (1.19) (4.491 (5.96) 

P-5 27.33 4.87 79.73 36.04 
(3.22) (.67) (9.76) (6.88) 

I-10 33.90 11.61 204.57 40.94 
(3.62) (1.62) (28.07) (5.20) 

P-10 32.40 9.65 168.80 38.93 
(3.54) (1.12) (19.69) (4.83) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Min. Obs. Obj. 

CSD .0212 .0105 
(.0142) ( .0062) 

P-1 .0897 .0303 
( .0263) (.0128) 

I-3 .0647 .0386 
(.0248) (.0147) 

P-3 .0931 .0404 
( .0288) (.0157) 

I-5 .0575 .0319 
(.0222) (.0126) 

P-5 .0670 .0266 
(.0261 ) ( .0116) 

I-10 .0393 .0249 
( .0222) ( .0079) 

P-10 .0462 .0256 
(.0234) (.0106) 

Table 3.7a. TU1 Termination Summary: Mean (sd) of 30 Runs 

First Set: Minimum Iterations/Run = 20 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 40.00 53.11 820.00 286.75 
(.00) (1.47) (.00) (.28) 

P-1 50.07 6.35 50.07 138.10 
(.37) (.57) (.37) (11.97) 

1-3 50.00 28.92 459.00 158.28 
(.00) (.75) (.00) (1.42) 

P-3 50.00 8.11 99.00 121.70 
(.00) (.29) (.00) (5.30) 

1-5 50.07 22.13 375.07 100.74 
(.25) (.70) (.25) (1.13) 

P-5 50.00 10.19 150.00 98.38 
(.001 (.20) (.00) (1.36) 

1-10 50.53 21.22 375.53 69.41 
(.51) (.68) (.51) (.88) 

P-lO 50.00 15.94 275.00 68.50 
(.00) (.40) (.00) (.00) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Min. Obs. Obj. 

CSD .0139 .0051 
(.0103) (.0035) 

P-1 .0597 .0186 
( .0144) (.0079) 

1-3 .0128 .0075 
( .0098) (.0044) 

P-3 .0313 .0116 
(.0141 ) (.0059) 

1-5 .0124 .0108 
( .0088) ( .0060) 

P-5 .0281 .0112 
(.0140) (.0058) 

1-10 .0175 .0162 
(.0142) ( .0089) 

P-10 .0220 .0099 
(.0154) ( .0059) 

Table 3.7b. TU1 Termination Summary: Mean (sd) of 30 Runs 

Second Set: Minimum Iterations/Run = 50 (40 for CSD) 
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Two sets of runs were also performed for this test problem. The results are sum

marized in Tables 3.8a and 3.8b respectively. 

From the first set results in Table 3.8a, we observe that all algorithms (except 

P-I) have about the same number of iterations, around 25. But the errors as 

measured by 'deviation from the minimum observed objective value' favor CSD. 

Thus, it appears that the quality of solution is adversely affected by aggregation. 

With increased iterations, all errors are reduced to under 2%. As in other test 

problems before, CSD is still better. The CPU usage of CSD, however, becomes 

rather intense compared to other hybrids. 

For this problem, we obtain 

ORI = 0 

OR2 = {P-I, 1-3, P-3, 1-5, P-5, 1-10, P-lO}. 

Every hybrid thus outruns CSD with an increased number of minimum iterations. 

Comparing the pairs I-n and P-n, we obtain 

OPI = RSI = {P3, P-5, P-IO} 

OP2 = RS2 = {P3, P-5, P-IO}. 



Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 25.93 6.92 358.07 121.04 
(4.27) (4.48) (118.52) (32.94) 

P-1 37.17 2.53 37.17 75.08 
(5.93)_ (1.28) (5.93) (12.14) 

1-3 22.40 .86 107.37 35.94 
(1.63) (.17) (14.63) ( 4.62) 

P-3 21.63 .53 42.47 32.43 
(2.67) (.28) (5.35) (6.18) 

1-5 24.70 .82 113.80 30.51 
(2.45) (.15) (17.01) (4.70) 

P-5 23.40 .59 67.97 28.07 
(2.55) (.12) (7.82) (5.05) 

1-10 27.90 1.11 158.00 32.95 
(3.38) (.25) (26.89) (4.43) 

P-lO 27.60 1.00 142.27 32.67 
(2.97) (.15) (17.49) (3.95) 

Hybrid Error in Deviation from 
Variant Obj. Estimate Min. Obs. Obj. 

CSD .0270 .0125 
(.0256) ( .0066) 

P-1 .0648 .0213 
( .0229) (.0081 ) 

1-3 .0500 .0335 
(.0376) (.0175) 

P-3 .0863 .0350 
( .0375) ( .0209) 

1-5 .0467 .0311 
(.0327) (.0119) 

P-5 .0655 .0288 
(.0367) (.0142) 

1-10 .0330 .0204 
( .0235) ( .0069) 

P-lO .0396 .0233 
( .0265) (.0119) 

Table 3.8a. TU2 Termination Summary: Mean (sd) of 30 Runs 

First Set: Minimum Iterations/Run = 20 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 50.40 17.17 1295.67 315.30 
(0.89) _(4.05) (46.34) (14.50) 

P-1 50.53 2.94 50.53 98.77 
(0.97) (.74) (.97) (7.35) 

1-3 50.00 6.72 459.00 146.54 
(0.00) (.34) (.00) (2.56) 

P-3 50.00 2.42 90.00 95.72 
(0.00) (.22) (.00) (5.77) 

1-5 50.00 3.99 375.00 99.85 
(0.00) (.15) (.00) (.75) 

P-5 50.00 2.50 150.00 89.79 
(0.00) (.20) (.00) (3.08) 

1-10 50.00 3.00 375.00 68.37 
(0.00) (.07) (.00) (.13) 

P-10 50.00 2.51 275.00 66.09 
(0.00) (.07) (.00) (.33) 

Hybrid Error in Deviation from 
Variant Obj. Estimate Min. Obs. Obj. 

CSD .0184 .0082 
(.0168) ( .0039) 

P-1 .0495 .0165 
(.0224) (.0099) 

1-3 .0187 .0088 
(.0164) (.0040) 

P-3 .0376 .0135 
( .0213) (.0054) 

1-5 .0191 .0128 
(.0168) ( .0056) 

P-5 .0333 .0141 
(.0216) (.0071) 

1-10 .0200 .0145 
(.0173) ( .0068) 

P-10 .0251 .0126 
(.0213) (.0055) 

Table 3.8b. TU2 Termination Summary: Mean (sd) of 30 Runs 

Second Set: Minimum Iterations/Run = 50 
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Results are summarized in Tables 3.9. The CPU times are quite high for most of 

the hybrids and so are the number of iterations, exceeding 50 except for CSD and 

P-l. In view of this, no reruns with increased iterations were attempted for this 

problem. 

We note that the 'number of iterations' increases as the assignment epochs 

become less frequent (as we glance down the column 'iterations'). The errors as 

measured by 'deviation from the minimum observed objective value' (excluding 

that of CSD which is the smallest) tend to decrease in the same direction. The 

last two hybrids (I-10 and P-10) require over 80 iterations on the average, that is 

more than double that required by CSD, still the errors by these two hybrids are 

much worse than that of CSD. What is more, 1-10 requires as much CPU time 

as CSD and so does not appear to be a worthwhile venture. Or, consider 1-3 and 

P-3, whose average iterations are around 50, but the errors are quite unacceptable 

compared to CSD. The results indicate that aggregation could affect the quality 

of the solution quite adversely. 

Using the definitions of OR and RS as in the discussion of EXAGS1P, we 

obtain 
OR=0, 

OP = RS = {P-3, P-5, P-lO}. 

The set OP is similar to what we have seen in the previous problems. 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 36.69 45.56 692.07 243.25 
(1.17) (5.82) (43.97) (15.04) 

P-l 41.90 12.78 41.90 270.61 
(3.70) (3.06J (3.70) (38.65) 

1-3 50.28 25.55 475.69 158.45 
(3.01 ) (3.45) (53.62) (17.16) 

P-3 50.45 10.44 99.97 159.37 
( 4.13) (2.08) (8.35) (24.64) 

1-5 65.14 31.02 561.48 164.29 
(4.60) (4.67J (66.99) (20.96) 

P-5 62.48 14.26 185.34 151.83 
(3.16) (1.43) (9.52) (14.27) 

1-10 87.41 43.54 779.10 164.63 
(5.41) (5.56) (71.35) (17.35) 

P-lO 83.70 27.20 448.17 150.94 
(4.28) (2.34) (23.33) (13.04) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Min. Obs. Obj 

CSD .0118 .0081 
(.00891 (.0034) 

P-l .1307 .0531 
(.0175) ( .0139) 

1-3 .0579 .0340 
(.0132) ( .0088) 

P-3 .0867 .0348 
( .0161) (.0142) 

1-5 .0502 .0325 
(.0117) (.0081) 

P-5 .0618 .0255 
( .0128) ( .0088) 

1-10 .0331 .0221 
(.0106) (.0071 ) 

P-I0 .0390 .0192 
(.0081 ) ( .0058) 

Table 3.9. TU3 Termination Summary: Mean (sd) of 30 Runs 
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Only 5 runs were done for each hybrid because of intense CPU utilization. Results 

are summarized in Table 3.10. 

CSD was allowed a maximum of 70 iterations per run. All of the 5 runs 

reached the maximum number of iterations without triggering termination. The 

CPU usage by CSD is very severe. This is a good example of the computational 

burden due to cut proliferation and solving subproblems. The runs of the other 

hybrids terminated normally. But the errors as measured by 'deviation from the 

minimum observed objective value' are quite high. In fact, although none of CSD's 

runs terminated normally, CSD nonetheless produces the lowest error. 

It is of interest to note that both CSD, 1-3, P-3, 1-5, and P-5 are roughly 

'equal' in terms of number iterations - around 70. The smaller error by CSD gives 

further evidence that aggregation (regardless how often the assignment epochs 

under our consideration) tends to severely affect the quality of the solution if we 

keep the number of iterations a constant. 

For this problem, 
OR=0, 

OP = RS = {P-5, P-lO}. 

Again, the outperformance set, OP, indicates that solving the extra subproblems 

by the I-n's are not beneficial if the aggregation epochs are not that frequent. 
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Hybrid Iterations CPU Time Subproblems Cuts per 

Variant (minutes) Solved Iteration 

CSD 70.00 547.51 2485.00 845.53 
(.00) (27.34) (.00) (2.27) 

P-1 110.00 129.57 110.00 503.08 
(.00) (9.56) (.00) (51.34) 

1-3 71.20 93.76 928.00 299.78 
(1.64)_ (24.30) ( 41.08) (12.78) 

P-3 73.00 43.21 145.00 254.24 
(4.24) (14.86) (8.49) (20.29) 

1-5 75.60 54.21 721.20 215.79 
(2.61) (3.91) ( 45.48) (13.77) 

P-5 70.80 30.56 211.40 187.65 
(1.30) (5.44) (2.61) (6.69) 

1-10 95.80 67.06 878.20 192.47 
(5.36) (9.22) (88.54) (18.45) 

P-10 86.20 39.42 463.20 160.85 
(6.50) (6.28) (34.54) (20.65) 

Hybrid Error in Deviation from 

Variant Obj. Estimate Min. Obs. Obj. 

CSD .0380 .0079 
( .0362) (.0091 ) 

P-1 .2001 .0566 
(.0384) ( .0304) 

1-3 .0542 .0338 
(.0125) ( .0132) 

P-3 .1921 .0487 
(.0538) ( .0195) 

1-5 .0958 .0553 
( .0543) (.0130) 

P-5 .1842 .0341 
( .0530) (.0049) 

1-10 .0899 .0441 
( .0542) (.0091 ) 

P-10 .1500 .0407 
( .0535) ( .0115) 

Table 3.10. TU4 Termination Summary: Mean (sd) of 5 Runs 
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Summary of Results 

Gathering all the sets OR (let OR = OR1 U OR2 if a problem has two sets 

of runs) from the preceding discussions, we summarize in Table 3.11 whether a 

hybrid algorithm outruns CSD (in either sets if a problem has two sets of runs) 

for each problem. Thus, a table entry with the mark 'J' means that the hybrid 

identified by the column name is in OR for the problem identified by the row 

name. Likewise, gathering all the sets OP (let OP = OP1 U OP2 if a problem 

has two sets of runs), we summarize in Table 3.12 whether a pure hybrid P-n 

outperforms its counterpart I-n (in either sets if the problem has two sets of runs) 

for each problem. We note that from the presentation of the individual results, 

in all problems, OP = RS (or OPi = RSi, i = 1,2 as the case may be), so there 

is no need to list a separate table to indicate whether P-n rivals I-n in solution; 

such a table would be the same as Table 3.12. 

From Table 3.11, we observe that in three problems (TK2, TU3 and TU4), 

no hybrids outrun CSD - even though one of the problems (TK2) has two sets 

of runs. As for the rest of the problems, most hybrids outrun CSD in either the 

first or the second set of runs. In particular, the hybrids P-3, P-5 and P-10 (all 

of the impure variants) outrun CSD in all problems except the three mentioned 

above. Also note that P-1 outruns CSD the least often, only in two problems, so 

P-1 is not competitive. From what we have seen, outrunning seems to be problem 

dependent. We must also mention a caveat: some problems have not been rerun 

with increased minimum iterations; we don't know if outrunning would occur if 

reruns were performed. All we can say is that there is evidence that hybridization 

could be advantageous (in terms of CPU time) in some situations without suffering 

m errors. 

The other comparison based on outperformance, involving a pure hybrid and 

its impure counterpart, is more conclusive. From Table 3.12, pure hybrids P-5 and 

P-10 'outperform' their impure counterparts in all problems. So, for 'infrequent' 

assignment epochs, it seems solving all subproblems is not that beneficial. 



Prob \Hybrid P-1 1-3 P-3 1-5 P-5 1-10 P-10 

EXAGS1Pt V V V V V V 
STORMt J V V J J V J 

TK1t V V V J J 
TK2t 

TU1t V J V 
TU2t V V V V V J V 
TU3t 

TU4t 

Table 3.11. CSD vs. N on-CSD Hybrid: Comparison by Outrunning 

'\/" indicates hybrid outruns CSD in either the pt or 2nd set of runs 

t= one set of runs, t= two sets of runs completed 

Prob \Hybrid P-1 P-3 P-5 P-10 

EXAGS1Pt J J V 
STORMt J J J J 

TK1t V J 
TK2t J J V 
TU1t J V J 
TU2t J V J 
TU3t J J J 
TU4t J J 
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Table 3.12. Pure Hybrid vs. Impure Hybrid: Comparison by Outperformance 

"J" indicates P-n outperforms I-n in either the 1st or 2nd set of runs 

t= one set of runs, t= two sets of runs completed 
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3.5 Final Remarks 

In this chapter, we have illustrated how the SD and CSD algorithms can be com

bined to give hybrid algorithms that may suit some situations when one needs a 

compromise between scarcity of data and saving of computer time. 

If CPU time is of no importance, we should not recommend using anything 

else but CSD. From our computational results, it is clear that CSD generally 

requires the least number of iterations and is able to obtain the most satisfactory 

solution. 

Now, supposing that sampling is relatively easy so that the number of iter

ations does not matter, we would like to know whether hybridization is advan

tageous. By considering a concept of comparison called 'outrunning,' our results 

indicate that aggregation can save some time in some problems, except that, from 

what we have seen, P-1 is not a good choice. 

Finally, one might suspect that the 'argmax' procedure employed in solving 

the surrogate subproblems would contribute to the degradation of solution. This 

is, however, not particularly apparent except when 'argmax' is extensive: P-1 and 

to a lesser degree, P-3. In most problems, we found that the pure hybrids (except 

P-1) 'outperformed' their impure counterparts. 

We note that in our experimentation, we have not dwelled on the aspect 

of computer memory (space) requirements by the different hybrids. We have not 

used that aspect in defining ou~ performance measures of interest: outrunning and 

outperformance. Instead, We have mainly concentrated on speed (CPU time), 

the number of iterations required, and the errors. However, we did report the 

statistics: cuts per iteration. From the tables, we note that cuts per iteration tends 

to decrease with increasing n. Also, the pure and impure hybrids tend to behave 

similarly in this respect. We want to stress that the number of cuts per iteration 

is not the sole factor determining space requirement. An efficient implementation 

of the subproblem approximation scheme (the 'argmax' calculations) as given by 

Sen, Mai and Higle [1993] could require a fair amount of computer memory to 
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store the accompanying data structures. However, the requirements are problem 

dependent. 

For the purpose of illumination, in what follows, we summarize briefly the 

space requirements in an efficient implementation of the 'argmax' calculation. 

More detailed presentation (in the context of SD) can be found in Sen, Mai and 

Higle [1993]. 

Recall that the 'argmax' calculation involves the maximization problem: 

Max 7r(rt - Ttxk) 

7r E Vk 

(see Step 2 of algorithms HSD), where Vk is updated whenever a new vertex of 

the second stage dual region {7r I 7r W ~ g} is identified in the algorithmic process. 

In calculating Sf, it is convenient to represent the observations rt and Tt as 

where f and 'i' are some fixed base values, for example, they can be E[f] and E[T]. 

The objective of (Sf) can then be written as 

7r(f - 'i'xk) + 7r(Art - ATt xk) 

=7r(f - 'i'xk) + 7r (Art - ATt xk). 

Thus, it is clear that if the values of 7rf, 7r'i', 7rArt, and 7rATt are available, for 

all 7r E Vk, then the maximization can be efficiently carried out. Therefore, in 

addition to the cutting planes, we need data structures to store the following 

{7rf 17r E Vd 

{7rArt 17r E Vk, t = 1,··· ,tnk} 

{7r'i' I 7r E Vd 

{7rATt 17r E Vk, t = 1,··· ,tnk}. 

(3.5.1a) 

(3.5.1b) 

(3.5.1c) 

(3.5.1d) 
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Note that the elements in (3.5.1a, b) are scalars whereas those in (3.5.1c, d) are 

vectors. Also note that the elements in (3.5.1d) Ca.ll be stored as sparse vectors. 

Storage required for (3.5.1a-d) increases with IVkl, the size of l'k. Moreover, 

(3.5.1b) and (3.5.1d) depend also on tnk ~ k. The upper bounds on (3.5.1a - d) 

are thus IVkl, klVkl, IVkl and klVkl repectively. IVkl could be as large as the total 

number of subproblems solved from iteration 1 through iteration k. For fixed 

k, the number of subporblems solved increases with n, where n is size of the 

aggregation sets. We will further elaborate on the latter point as follows. Let 

Nk(a) be the number of subproblems solved in the first k iterations, by hybrid a, 

where a = P-n, or a = I-n. For simplicity, let k be an aggregation epoch, that is, 

let k be divisible by n. Then, a simple calculation yields 

The latter implies that 

(n ~ l)k + ~k(k _ 1) 2:: Nk(I-n) ~ (n ~ l)k. 

Thus, for fixed k, the number of subproblems increases linearly with n. Hence, 

the larger the n, the more likely that more space is required to store (3.5.1a - d). 

Interestingly, the storage requirements for cuts is in the opposite direction as 

to be seen from what follows. Again, for simplicity of analysis, assume that k is 

an aggregation epoch. Then the upper bound on the number of cuts for both P-n 

and I-n generated in the first kth iterations can easily be shown to be 

1 k 
"2(1 + n)k. 

So, the upper bound decreases inversely with n. Thus, we have seen that by our 

brief consideration above that storage is a quite complex issue. 



CHAPTER 4 

THREE STAGE STOCHASTIC DECOMPOSITION 

A SPECIAL CASE 

4.1 A Special Three Stage Program 
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A three-stage stochastic linear program with recourse can be formulated as follows: 

Stage 1 

f: = Min h(xI) = CIXI + H2(xI) 

sIt AIXI = hI 

Xl ~ 0 

where H2(xt) = E[h2(XI, e2)], and 

Stage 2 

h2(X1l6) = Min C2X2 + H3(X216) 

sIt A2X2 = 6 - B2XI 

X2 ~ 0 

where H3(X216) = E[h3(X2' e3)le2 = 6] and 

Stage 3 

h3(X2, 6) = Min C3 X3 

sIt A3 X3 = 6 - B3 X2 

X3 ~ O. 

In the above formulation, Xt E ~nl, t = 1,2,3 and et are random variables tak

ing on values in 3 t ~ ~ml, t = 2,3. The various matrices are appropriately 

dimensioned. 

In this development, the incremental sampling idea found in Stochastic De

composition of Higle and Sen [1991b] is applied only to the last stage whereas stage 
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two, although involving a random variable, is treated in a deterministic fashion, 

viz. solving a subproblem for each realization of e2 in the fashion of Birge [1985]. 

Because of this, we may simplify the notation without loss of generality by as

suming that there is only one realization at stage two, 3 2 = {6}. So, in effect, 

the model in this chapter is a three stage linear program where uncertainty enters 

only in the last stage. Although our model is restrictive, the developments in this 

chapter serve as a stepping stone to the more general situation in which sampling 

is required in both stages. This generalization will constitute the material of the 

next chapter. The insight and techniques gained here will be useful for future 

development. 

The simplified problem under study is stated as follows: 

A simplified three stage problem 

Stage 1 

1: = Min h(xt) = CIXI + H2(Xl) 

sit A1Xl = b1 

where H2(Xl) = h2(Xl,6) and 

Stage 2 

h2 (xl, 6) = Min C2 X 2 + H3 (X2) 

sit A2 X 2 = 6 - B 2 X l 

X2 ~ 0 

(MP) 
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Stage 3 

h3(X2, 6) = Min C3 X 3 (83 ) 

sit A3 X 3 = 6 - B3 X 2 

X3 ~ o. 

The programs (82 ), (83 ) are called second/third stage recourse problems and 

the corresponding value functions are called recourse functions. In the simplified 

problem, note that H 2(xt) and h2(xt, 6) are the same under our assumption. 

Since our ultimate goal involves the study of problems in which 6 also varies and 

is randomly sampled, we will preserve the use of both functions in order to ease 

into our presentation in the forthcoming chapter. That is, H2(Xl) = E[h2(Xl, e2)]. 

At present, we simply have assumed e2 to be a degenerate random variable taking 

on the value 6 with certainty. 

The rest of this chapter is organized by sections. Section 4.2 describes an 

algorithm for the solution of (MP). Section 4.3 deals with preliminary prepara

tions for the analysis of the algorithm. In Section 4.4, we formalize the concept of 

"validity" of a cut derived from the second stage, a concept that is straightforward 

for cuts derived from the last stage. Section 4.5 verifies the convergence of the 

algorithm presented in Section 4.2, and final remarks can be found in Section 4.6. 
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4.2 Algorithm S3SD 

The algorithm S3SD (special 3-stage stochastic decomposition) that we propose 

is along the lines of "fast forward-fast back" well known in multistage linear pro

gramming in deterministic setting (see, e.g., Gassmann[1990]). We adapt the 

algorithm to include statistical estimation of the stagewise objective functions 

through approximations of the two expected recourse functions H 2 (x I) and H 3 (X2 ) 

by piecewise linear functions 

H;(xd = Max {1Jf,2(xd It = 1,'" ,k} 

H:(X2) = Max {1Jt3(X2) It = 1"", k} 

where the "cutting planes" 1Jt2(xd and 1Jt3(X2) are statistical estimates of sup

porting hyperplanes of H2(XI) and H3(X2), respectively, derived from a sequence 

of iid observations of e3, {ej }~=l' which are realized iteratively. As the sample size 

increases, the cuts, and hence the functions H:CX2) and H~(XI)' are updated to 

reflect the current level of information conveyed by the sample. 

Each iteration consists of two phases, the forward and backward phases. 

During the forward phase of the kth iteration, new iterates xt, x~ are identified 

and during the backward phase, cuts 1JZ 3(X2) and 1JZ 2(xd - in that order - are , , 
obtained. Next we provide a detailed description of the kth iteration of S3SD. We 

~ill employ the following notation 

Xl = {Xl I AIXI = bl , Xl ~ O} 

X2 (XI,6) = {X2 I A2X2 = 6 - B2XI, X2 ~ O} 

X2 = U X2(XI,6)· 
xlEX 1 

Description of Algorithm S9SD 

Forward Phase (Step 1 in the algorithm) 

( 4.2.1) 

(4.2.2a) 

( 4.2.2b) 

1a. Obtain stage 1 iterate xt. The objective function h (xI) is approximated by 

j k-l( ) Hk-l( ) I Xl = CIXI + 2 Xl ( 4.2.3) 
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(notice that the superscripts in the various approximating functions are k-l 

during the forward phase) and the master program 

Min ft-l(xt) 

sit Xl E Xl' 

is solved to obtain xt. 
lb. Obtain stage 2 iterate x~. With xt, we are ready to obtain a stage two iterate 

x~. Ideally, to get such an iterate, we would solve (S2) with Xl = xt. But 

that is impossible as H3 (X2) in the objective of (S2) is not known explicitly. 

At this point, H3(X2) is approximated by H;-I(X2)j the following surrogate 

program for (S2) 

h~ k-l ( k C) M' 2 xI,1,,2 = In (S~) 

is solved to obtain x~. 

lc. Generate new observation e:. Independently generate the kth observation 

e:. At this point, we have gathered an iid sample {eDf=I' 

Backward Phase (Step 2 in the algorithm) 

2a. Solve stage 3 subproblems. For t = 1"", k, solve 

h3(X~' en = Min C3 X 3 (Sk ) t,3 

sit A3 X 3 = e~ - B3X~ 

X3 ~ 0 

which has the dual representation 

(Sk ) t,3 
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and obtain 7rf 3 as the optimal dual solutions. , 

2b. Construct H:(X2)' We are ready to replace H;-1(X2) with H:(X2). Con-

struct the new cut 

k 

77z'3(X2) = at3 + f3Z,3 x2 = ~ L 7rt3(~~ - B3X2) 
t=l 

and update previous cuts defining H;-1(X2), for t = 1"", k - 1, 

k k k k - 1 k-l 
77t,3(X2) = at,3 + f3t,3X2 = -k-77t ,3 (X2). 

Replace H;-1(X2) by 

2c. Solve stage 2 subproblem. Solve 

A k k • k 
h2(x 1, 6) = Mill C2 X2 + H3 (X2) 

sit X2 E X2(X~, 6) 

by considering the dual 

k 

sit 7r A2 - L Atf3f,3 :5 C2 

t=l 

k 

LAt = 1 
t=l 

At ~ 0 t = 1, ... , k 

and obtain (7r~, {A~ H=l) as the optimal dual solution. 

( 4.2.4) 

(4.2.5) 

(4.2.6) 

(4.2.7a) 

(4.2.7b) 

(4.2.7c) 

2d. Construct H~(Xl)' We are ready to replace H;-1(X2) with H~(X2)' Con

struct the new cut 

( 4.2.8) 
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and update previous cuts in H;-l(xd, for t = 1,···, k-1 

k k k k - 1 k-l 
1Jt,2(xd = <l!t,2 + (3t,2XI = -k-1Jt ,2 (Xl). (4.2.9) 

(4.2.10) 

This completes one iteration of the algorithm. We formally present algorithm 

S3SD in the following summarization. 



Algorithm S3SD 

Step o. k ~ 1, xt E Xl, x~ E X 2(xL6), H;-l(xt) ~ 0, H;-l(X2) ~ O. 

Go to Step lc. 

Forward Phase. 

Step la. Let ff-l(xt) = ClXl + H;-l(xt). Solve (lv/k) to obtain xt. 

Step lb. Solve (S~) to obtain x~. 

Step lc. Randomly generate e:. ({ eDf=l are independently generated.) 

Backward Phase. 

Step 2a. Solve {8:'3 H=l to obtain {71":'3 }f=l as optimal dual solutions. 
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Step 2b. Form new cut TJz'3(X2) according to (4.2.4) and update TJ:,;l(X2) to 

TJf3(X2), t = 1,···, k - 1 according to (4.2.5). Define , 

Step 2c. Solve (8~) to obtain (71"~, {,\fH=l) as optimal dual solution. 

Step 2d. Form new cut TJZ 2(xt) according to (4.2.8) and update TJf'2l(xt) to , , 
TJt2(Xt), t = 1,···, k - 1 according to (4.2.9). Define 

Step 3. k ~ k + 1 and repeat from Step la. 

Note that all subproblem denotations in the backward phase have a 'bar' 

symbol on top. A few words regarding the updating schemes represented by (4.2.5) 

and (4.2.9) are in order. The update formula (4.2.5) is the same update scheme in 

SD applied to the second (which is trivially the last) stage. By employing such an 

update, we assume that the last stage recourse function h3(X2, 6) ~ 0 V(X2' 6) E 

X 2 x 3 3 analogous to a similar assumption in SD. As for the update formula (4.2.9) 
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to be valid (in the sense that the cut represented by (4.2.9) remains a statistically 

valid lower bound to the expected recourse function H2(·)), we impose a similar 

non-negativity requirement. Before we can describe the requirement, we define 

the truncated second stage recourse function which is the value function of the 

truncated second stage recourse program defined as 

1i2(XI,6) = Min C2X2 

sft X2 E X 2 (XI, 6) 

or equivalently 

1i2(XI,6) = Max 7r(€2 - B2XI) 

sft 7r A2 :5 C2· 

Merely, 11,2 ( ., .) is the recourse function if we discard the third stage altogether. 

For update (4.2.9) to be valid, we require 1i2(XI,6) ~ 0 'v'(xI,6) E Xl X 3 2 • In 

general, if instead of '0', suppose :3 numbers L2, L3 such that 

and the numbers L3 and L2 are known. Then the update formulas of (4.2.5) and 

(4.2.9) can be replaced by 

In case lower bounds such as L2 and L3 are not known, the update schemes become 

drastically unsavory. In fact, then (4.2.5) and (4.2.9) have to be replaced by 

k ( ) k - 1 k-l( ) 1 -k(Ck B ) ryt,3 X2 = ~ryt,3 X2 + "k 7r3 ':.3 - 3X2 

k ( ) k-1 k-l( ) l{-k(C B ) -kck} ryt,2 Xl = -k-ryt,2 Xl + k 7r2 ':.2 - 2 XI + 7r3':.3 

(4.2.11) 

(4.2.12) 
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where ir~ and ir~ are any vectors such that 

ir~ E {7rI7rA3 ~ C3} 

ir~ E {7rI7rA2 ~ C2 - ir~B3}. 

The concept of the validity of a cut will be more formally explored in Section 4.4. 
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4.3 Preliminaries and Assumptions 

In this section, we present the assumptions needed for the analysis of the asymp

totic behavior of our algorithm. Before doing so, we need to make clear certain 

notation and definitions that appear in the statement of the assumptions. Thus, 

we begin with such a list of definitions. 

Definitions 

St s:;;; ~mt, t = 2,3, the support of random variable f,t. 

Xl = {xII AIXI = bl , Xl > O} s:;;; ~nl. 

X2 (XI,6) = {X2 1 A2 X 2 = 6 - B2Xl, X2 ~ O} ~ ~n2. 

X 2 (6) = U X 2 (XI, ez). 
xIEX l 

X2 = U X2 (6)· 
6E=2 

II3 = {11" 111" A3 ::; C3}. 

II2(u) = {7r 11I"A2 < Cz - uB3 }, u E co {II3 U {On, the convex hull of 

{II3 U {O}}. 

II2 = U II2(u). 

uEco {IIaU{O}} 

Note that these definitions are more general than necessary for this chapter so that 

they are applicable for later development. With the possible exception of II2 (u), 

t,he meaning of these definitions should be clear. We shall clarify this definition 

below. 

Motivation for Defining II2(u) 

The set II2 ( u) basically describes the second stage dual feasible region in a some

what abstract manner; it is a generalization of II3. First, note the requirement 

that u E co {II3 U {O} }. The '0' reflects the assumption that h3 (X2' 6) is bounded 

from below by the constant function '0' (an affine function with zero slope). To 

see how the definition arises naturally from the algorithm, we look at the dual 
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problem (DS~), the problem whose solution forms the basis of cut construction. 

The feasible region of the problem is described by those (1!', P.tlf=l) satisfying 

k 

1!' A2 - L )..tf3t3 ~ C2 

t=1 

k 

L)..t=l 
t=1 

)..t ~ 0 t = 1, ... , k. 

( 4.3.1a) 

(4.3.1b) 

(4.3.1c) 

By repeated application of the update formula (4.2.5), and the definition of f3: 3 , 
as in (4.2.4), 

k t t 
f3t,3 = k f3t,3 

t { 1 t } = k -i?: 1!'j,3 B3 
)=1 

1 t 
= -- '"" 1!'~ 3B3 k~ ), 

j=1 

t = 1, .. ·,k. 

Considering k being fixed for now, by defining 

~t_{1!')~3 1!"- , 
) 0 

j = 1,···,t 
j = t + 1"", k 

expression (4.3.2) becomes 

k 
(.lk 1 L ~tB iJt3=-- 1!'. 3 , k ) 

j=1 

Substituting the above in (4.3.1a), we obtain 

k k 

1!'A2 ~ C2 - LL ~t7i'jB3 
t=1 j=1 

(4.3.2) 

(4.3.3) 

Let u = 2:::=1 2::~=1 ~fr{, a convex combinations of elements of {IT3 U {OJ }, so 

u E co {IT3 U {O}}. We can simplify (4.3.3) to 
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So for any (7r, {Ad:=l) feasible for (DS~), we can describe that 7r E Il2(u) where 

u is an element of the convex hull of {Il3 U {O} }. Later, through this description, 

we shall discover that any such 7r is bounded. 

We now list our assumptions needed for the analysis of the algorithm. 

Assumptions: 

· AI. Xl is bounded and non-empty. 

· A2. X 2 is bounded. 

· A3. Il3 is non-empty. 

· A4. The stage 2 and 3 problems have complete recourse, viz. 

Vy E ~m2 3X2 E ~n2+ 3 A2X2 = Y 

Vy E ~m3 3X 3 E ~n3+ 3 A3 X 3 = y. 

· A5. 3 2 = {6} is a singleton; 3 3 is a compact set. 

· A6. Non-negative recourse cost model, by which it is meant that 

n2(XI,e2) 2:: 0 

h3 ( X2 , 6) 2:: 0 

V(xI,6) E Xl X 32 

V(X2' 6) E X 2 X 3 3 

where n2(-,') and h3(·,·) are the value functions for programs (TS2) and (S3) 

respectively. 

The last assumption, A6, is not theoretically necessary. It simply makes updating 

cuts much easier. As pointed out in the previous section, lower bounds instead of 

'0' can be imposed with a slight adjustment to the updating procedures. Other 

assumptions, A1-A5, lead to a number of results relevant to our developments. 

For example, since Xl = {Xl I AIXI = bl , Xl 2:: O}, Xl is closed. Thus, since it is 

bounded by assumption A1, it follows that Xl is a compact set. Similarly, since 

A2 ensures that X 2 is bounded, compactness of X 2 is obtained by showing that it 

is closed via the following proposition in which we will show X 2 (6) is a closed set. 

Of course, in this chapter, X 2 = X 2(6) and so there is no need to distinguish the 

two. But we have a generalization in mind where we can still use the proposition. 
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Proposition 4.3.1. Under Al-A2 that Xl and X 2 are bounded, the set X2(e2), 

6 E 3 2 , is a closed set. 

Proof. Let {xnk::l be a sequence in X 2(6) such that x~ ~ X2. Since 

{Xnk::l ~ X2(6) = U X2 (XI,6) 
xlEX1 

Since Xl is compact, there exists a subsequence {x~} kEIC and Xl E Xl such that 

1· k -1m Xl = Xl 
kEIC 

which implies that 

Also X2 ~ 0, being the limit of a non-negative sequence. It follows that X2 E 

X 2 (XI, 6) ~ X 2(6) and thus X 2(6) is a closed set .• 

Assumption A4 (complete recourse) ensures that all stage two problems (S~) 

or (8~) in both the forward and backward phases are feasible. Moreover, A2 

ensures that the solutions are bounded. We conclude that these problems have 

finite optimal values. 

Likewise, under assumption A4, all stage three problems (8:) have finite 

objective values - since complete recourse implies each problem is feasible. Also 

these values cannot be unbounded since A3 ensures that the dual region is non

empty. 

Another important consequence of the complete recourse property is given 

by the next proposition. 
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Proposition 4.3.2. Under assumption A4 tbat botb stages 2 and 3 bave tbe 

complete recourse property, tbe sets Ih and II2 are bounded sets. 

Proof. Part 1. We will prove that II3 is a bounded set by considering the para

metric program (U y ) 

u(y) = Min C3X3 

sit A3X3 = Y 

X3 ~ 0 

and its dual 

v(y) = Max 7I'y 

sit 71' A3 :::; C3· 

If II3 is unbounded, :lif =1= 0, 7f' such that (7f' + aif)A3 :::; C3, Va ~ O. Consider the 

objective value of (V7i'), 

meaning that (V7i') is unbounded and so the primal program (U7i') is infeasible, 

contradicting the complete recourse property. Therefore, II3 must be bounded. 

Part 2. We will prove II2 is a bounded set. Since II3 is bounded, co {II3 U {O} } 

is bounded. So, :lc2 such that 

Vu E co {II3 U {O}} 

=? II2 ( u) = {71' I 71' A2 :::; C2 - UB3} 

~ {71' 17I'A2 :::; C2} Vu E co {II3 U {O}}. 

Thus, it follows that 

u 
uEco {IIaU{O} } 
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However, {7r I 7r A2 ~ C2} is bounded by the same argument in Part 1 used to show 

that II3 is bounded: simply replace C3 by C2 in (Uy ) and all subscripts '3' by '2' in 

(Uy ) and (Vy ). The argument goes through since we assume stage 2 has complete 

recourse. Then II2 must be bounded .• 

Complete recourse is a stringent requirement - although in real life it can 

be met by adding artificial variables with high penalty cost coefficients to the 

recourse problems. Alternatively we can assume the following two assumptions in 

place of A3 and A4. 

A3'. II3 is non-empty and bounded. 

A4'. II2(u) is non-empty and bounded for all u E II3 • 

By doing so, we maintain the desired effect that all stage 2, 3 subproblems have 

finite value. 
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4.4 Validity of Stage Two Cuts 

As a prelude to this section, let's consider three parametric programs of relevance, 

the parameters being Xl E Xl and k, 

and 

h2(XI, 6) = Min C2 X2 + E[h3(X2' e3)] 

X2 E X 2 (XI,6) 

1 k 

C2 X2 + k L h3(X2' ~n 
t=l 

X2 E X2 (XI, 6) 

h~(XI' 6) = Min C2X2 + H:(X2) 

X2 E X2(XI, 6) 

Complete recourse ensures that each program is feasible and boundedness of 

X 2 (XI,6) ensures that the value is bounded. We note that (PX1 ) is exactly the 

second stage program denoted by (82 ) in Section 4.1; the renaming is for stylistic 

consideration, to suggest a connection with the other two programs. The next 

program (P:J is an approximation to (PX1 ) based on a random sample {~n~=l. 

For this reason, it is called the empirical recourse program and the value function 

h~(XI' 6) the empirical recourse function. The last program (P:J will be called 

the estimated recourse program and the value function h~(XI' 6) the estimated 

recourse function; it is the one that we work with in our algorithm since the 

forward and backward subproblems at the second stage are recovered by varying 

the parameters to give 

(P\-l) = (8~) 
Xl 

(P:,.) == (S~). 
1 
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Comparing the objective functions of the last two programs, since by construction 

k 

H:(X2) ~ ~ L h3(X2' eD (4.4.1) 
t=l 

it follows that 

(4.4.2) 

During the backward phase of iteration k, after the generation of ef, the em

pirical recourse function h~(., e2) is the most appropriate substitute for h2(-,6) 

based on the sample at hand - in fact, as we shall see in Lemma 4.5.2, 

h~(XI,e2) --+ h2(xt,6) with probability one as k --+ 00. Naturally, we require 

all stage 2 cuts to be lower bounds to the empirical recourse function. Formally, 

we say that an affine function A(xt} defines a valid stage two cut if 

(4.4.3) 

We shall show that the algorithm S3SD maintains validity of all stage two cuts, 

so that in the limit they all are valid lower bounds to h2(xt, 6). 

The new cut 7J~ 2(xt} constructed according to (4.2.8) in Step 2d of the al-, 
gorithm, by construction, is a supporting hyperplane to h~(xl, 6) at Xl = xt, so 

necessarily 

( 4.4.4) 

which, with (4.4.2), implies 

( 4.4.5) 

showing that the new cut 7Jz'2(XI) is a valid cut. We shall show by the next two 

lemmas that all cuts remain valid following the update procedure (4.2.9) in Step 

2d of the algorithm. 
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To prove the next lemma, we have to call into service the truncated recourse 

program defined in Section 4.2. For ease of reference, we re-present its dual for

mulation here: 

n2(XI, e2) = Max 71"(6 - B2XI) 

sit 7I"A2 ~ C2· 

The next lemma relates the second stage estimated recourse functions in any two 

successive iterations. It shows that they are successively 'increasing' as k -+ 00. 

Lemma 4.4.1. Let h~(Xl,6) be the value function of (P:l). Assuming A6 that 

the non-negative recourse model holds, then for any k, 

Proof. Consider the dual representation of (P:
1

) 

k 

h~(Xl,6) = Max 71"(6 - B2Xl) + L Ata f,3 
t=l 

k 

sit 7I"A2 - LAt/3f,3 ~ C2 

t=l 

k 

LAt =1 
t=l 

At 2::0 t=l,···,k. 

( 4.4.6) 

( 4.4.7) 



where the lower bound '0' is stipulated by A6. Combining (4.4.6)-(4.4.7), 

k Ak k Ak 1 
k + 1 h2 (xl, 6) :5 k + 1 h;(xl, 6) + k + 11i2 (XI, 6) 

:5 {k ~ 17r(Xl,6) + k: 1*(Xl,6) }(6 - B2 X l) 

k k 
+ L At(Xl, 6) k + 1 a~,3' 

t=l 
However, by the update formula (4.2.5) for stage three cuts, 

k k k a +1 - --a t = 1"" , k. t,3 - k + 1 t,3 

k 

+ L At (Xl, 6)af,!1 
t=l 
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(4.4.8) 

It remains to show that the 'right side of (4.4.8)' :5 h~H(XI, 6) VXl E Xl. Since 

the latter is the optimal value of (DP:;-l), it suffices to show that the right side 

of (4.4.8) represents a feasible value of the same program. Toward this end, we 

define (n-, {~t} :~l) as follows: 

7r = k! 17r(Xl,6) + k: 1*(Xl,6) 

~t = {At(Xl,6) ~ft=l, ... ,k 
o If t = k + 1. 

It is straightforward to show that (n-, (\tl:~l) is indeed feasible for the program 

(DP:;-l) which explicitly is 

k+l 

h~+l(Xl' 6) = Max 7r(6 - B2 xt} + L Ata:,!l 
t=l 

k+l 
sIt 7r A2 - L Ad3:.t l :5 C2 

t=l 
k+l 
LAt = 1 
t=l 

At ~ 0 t = 1, ... , k + 1. 
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Hence, the conclusion of the lemma .• 

With the aid of the previous lemma, we are now in a position to prove that 

the stage two cuts constructed/updated by algorithm S3SD are valid. 

Lemma 4.4.2. Let {7J;,2( xI) H=l be the cuts constructed as in Step 2d of algo

rithm S3SD. Then for any k, 

k A k k 
7Jt,2 (xI) ~ h2 (Xl, 6) ~ h2 (Xl, 6) 

'VXI E Xl t = 1,"" k. 

Proof. We need only to show that 7Jf,2(XI) ~ h~(XI,6), as the second half is 

immediate from (4.4.2). By repeatedly using the updating formula (4.2.9), 

where 7Jb(xI) is by construction a supporting hyperplane of hHxI, 6), thus nec

essarily, 

Thus, it follows that 

by applying the previous lemma k - t times .• 

Since, as defined in (4.2.10) 

• 

an immediate consequence of the above lemma is that 
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and hence that 

ff(xt) = CIXI + H~(xt) 

::; CIXI + h~(Xl' 6) ( 4.4.9) 

That is, the objective function of a master program is a lower bounding function 

on the objective function of the corresponding empirical program. 

We mention in Section 4.2 that if the lower bounds of n2("') and h3(·,·) 

are not known, we shall have to resort to a more complicated updating scheme 

represented by (4.2.11) and (4.2.12). Now, updating the stage three cuts using 

(4.2.11) is nothing new; it is the one used by Higle and Sen [1993b]. The other, 

(4.2.12), is new. The following lemma states that the stage two cuts remain valid 

if we use the alternative updating scheme. The proof of the lemma is given in 

Appendix B. 

Lemma 4.4.3. In the algorithm S3SD, suppose the update formulas (4.2.11) 

and (4.2.12) are used instead of (4.2.5) and (4.2.9). Let {7Jt.2(Xl)}~=1 be cuts 

constructed as in Step 2d of algorithm S3SD. Then for any k, 

k ~k k 
7Jt,2(xI)::; h2(Xl,6)::; h2(Xl,6) 

\lXI E Xl t = 1, ... , k. 

Proof. See Appendix B .• 
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4.5 Asymptotic Analysis 

Our analysis of the convergence behavior of algorithm S3SD depends on the Lip

schitz property of certain functions with the Lipschitz constants independent of 

k. In particular, the functions required to satisfy the aforementioned proper

ty are the affine functions defining the cuts, 7Jf,2(XJ) and 7Jz'3(X2); the empirical 

recourse function h~ ( ·,6) and the expected recourse function of the last stage, 

E[h3(X2, e3)]. 

First, we investigate 7Jf,2(Xl) and 7Jz'3(X2). By construction, 

t 

7Jf,2(XJ) = ~ {7r~(6 - B2 X l) + ~ Ajaj,3} 
)=1 

(4.5.1) 

t 

k() 1~t(j ) 7Jt,3 X2 = k L-t 7rj,3 e3 - B3 X2 
j=l 

(4.5.2) 

From these, the gradients of the functions are easily obtained. From (4.5.1), 

V'7Jf,2(xI) = -t7r~B2' 7r~ E 112, a bounded set. From (4.5.2), V'7Jf,3(X2) = 
-t L:~=1 7r},3B3. So, V'7Jf,3(X2) = -tuB3 for some u E 113, a bounded set. It 

follows that the gradients of the cuts are bounded uniformly in k, that is, 3M < 00 

such that Vk 

17Jf,2(XJ) - 7Jt2(x~)1 ~ Mllx1 - x~ II 'Ix!, x~ t ~ k 

17Jf,3(X2) - 7Jf,3(x~)1 ~ Mllx2 - x~ II VX2, x~ t ~ k. 

(4.5.3) 

( 4.5.4) 

Next, consider E[h3(X2,e3)]. By (1.3.2) of Chapter 1, h3(·,6) is Lipschitz. 

It follows that 3.M < 00 such that 

(4.5.5) 

where we assume without loss of generality that the Lipschitz constants in (4.5.3)

(4.5.5) are the same. 

Finally, we wish to show that h~ ( ., 6) has the same property. Toward this 

end, we need the following lemma which is a rewording of Lemma 2.3 of vVets [1972] 

to give a more explicit description of the various Lipschitz constants involved. 
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Lemma 4.5.1. Suppose the function ¢> is defined by 

¢>(y) = inf {f(x) I Ax = y, x ;:::: 0, XED} 
x 

where f is finite and Lipschitz, with a Lipschitz constant M" on the polyhedral 

region D. Then ¢>( u) is either identically -00 or finite and Lipschitz, with a 

Lipschitz constant Mcp = M MI, on 

{y I 3x ;:::: 0, xED sft y = Ax} 

where the constant M depends only on A and the coefficients of the system rep

resenting D. 

Proof. See Lemma 2.3 of Wets [1972] .• 

Now, we are in a position to show that h~(-, 6) has the desired property in 

our next lemma. We do this by imbedding h~(X1l6) in a family of value functions 

parametrized by some distribution function 15 defined on 3 3 • Toward this end, for 

any distribution function 15, define 

hf(Xl,6) = Min C2 X2 + 1:3 h3(X2,6)15(d6) 

sft A2x2 = 6 - B2Xl 

X2 ;:::: 0. 

If pk is the empirical distribution function associated with the random sample 

{en~=l' then ht(Xl,6) = h~(X1l6), or if P is the original distribution of t3, 
then hf(XI,6) reduces to h2(XI,6). Now, we state the next lemma. 

Lemma 4.5.2. Suppose hf(XI, 6) is finite on the subset Xl X 3 2 ~ ~nl X ~m2 

(32 is not restricted to be the singleton {6}). Then under the assumption A4 of 

complete recourse, 31\1/ < 00 independent of 15 such that 

Ihf(XI,6) - hf(x~,e~)1 ~ 1\I/II(XI,6) - (x~,e~)11 

V(XI, 6), (x~, e~) E Xl X 32 • 
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Proof. Note that the objective function of (Sf) is C2 X2 + J~3 h3 (X2,6)P(d6) 

where by (1.3.2) in Chapter 1, h3(·, 6) is a Lipschitz function - with a Lipschitz 

constant M', say. It follows that the objective function is itself Lipschitz with a 

constant M" = IIC211 + M', which is independent of P. Then we apply Lemma 

4.5.1 where the set D can be the whole Euclidean space (because of complete 

recourse) and obtain 

Ihf(Xl, 6) - hf(x~, e~)1 ::; M"II(6 - B2XI) - (e~ - B2XDII 

::;M"I1(1,-B2)1I11(!:) - (!~)II 
V(xI,6), (x~,e~) E Xl X 3 2• 

Letting M = M"II(l, -B2 )1I completes the proof .• 

By the above lemma, we conclude that 3M < 00 such that 

(4.5.6) 

In the above analysis, without loss of generality, we have let M be the common 

Lipschitz constant as in (4.5.3)-(4.5.5). 

Our next task is to establish a convergence result for algorithm S3SD. But 

before we can state and prove the theorem, we have to establish some prelim

inary results. We begin by establishing a convergence result for the empirical 

recourse function h~(-, 6). This in turn requires the following result from Birge 

and Wets [1986] Corollary 2.5. 

Lemma 4.5.3. Let {g, gk, k 2:: I} be extended real valued functions defined on 

~n. Suppose gk epi) g, and there exists a bounded set D such that 

argmingk n D =I- 0 

for all k sufficiently large. Then 

lim inf l(x) = inf g(x) 
k-+oo xElR" xElR" 
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and the minimum of 9 is attained at some point in the closure of D. 

Proof. See Birge and Wets [1986] Corollary 2.5 .• 

U sing the previous two lemmas, we can show that the function h~ ( ., 6) con

verges continuously to h2 ( ., 6) on X I . 

Lemma 4.5.4. Let {ynf:l ~ Xl be any sequence such that yf ~ fit and 

h~ (Xl, e2), h2 (fit, 6) be the value functions of (P:
1

) and (Pfh ) respectively. Then, 

with probability one, 

lim h~(y~,6) = h2(ih,6). 
k--+oo 

Proof. In view that 3M < 00 such that Ih~(Yf,6) - h~(1h,6)1 ~ Mllyf -ihll by 

Lemma 4.5.3, it is sufficient to show that 

(wp1). ( 4.5.7) 

By definition, 

h~(fh,6) = Min 
1 k 

C2 X2 + k L h3(X2, e~) 
t=l 

sft X2 E X2 (:ih, e2) 

and 

h2(fh,6) = Min C2X2 +E[h3(X2,e3)] 

sft X2 E X 2(1h, 6)· 

Let pk be the empirical distribution of the random sample {en~=l and let 

If(x2) = {C2 X2 + f~3EB3 h3(X2,6)pk(d6) if X2 E .X2(ih,6) 
+00 otherWIse 

12(x2) = {C2 X2 + E[h3(X2,6)] if X2 E .X2(1h,6) 
+00 otherwIse 
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then by construction, 

Since 3 3 is compact, 1; e
p

i,12 (see for example, Birge and Wets [1986] Appli

cation 2.11). Thus (4.5.7) follows immediately from Lemma 4.5.3 by letting 

D = X 2 (ih,6) ~ X2 , a bounded set .• 

By the last lemma, we conclude that the empirical recourse function h~(., 6) 

converges continuously to h2(·,6) with probability one on the compact domain 

Xl. It is not difficult to see that had we assumed 3 2 to be any compact set instead 

of being {6}, the same conclusion can be said for h~(.,.) on Xl x 3 2 • The next 

lemma is straightforward, nonetheless it is needed for the proof of the theorem. 

Lemma 4.5.5. Let {(x~, X~)}k:1 be tbe sequence of iterates generated byalgo

ritbm S3SD. Let h2(xt, 6) be tbe value of (PX1 ). H {(x~, X~)}kEJC ~ (XI, X2), 

tben X2 is feasible for (PX1 ), and witb probability one, 

Proof. Since x~ is a solution to (S~), it follows that it satisfies 

which implies 

thus establishing feasibility. 

(4.5.8a) 

( 4.5.8b) 
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Note that (4.5.8a) and (4.5.8b) define the common feasible region of programs 

(pfJ whose value is h~(XI,6), it follows that 

k 

h~(xI, 6) = Min {C2 X2 + ~ L h3(X2, e~) I X2 E X 2(XI, 6)} 
t=l 

k 

~ C2 X2 + ~ L h3(X2, en· 
t=l 

However, by Lemma 4.5.4, 

(wp1) 

and 
k 

C2 X2 + ~ Lh3(X2,en ~ C2X2 +E[h3(X2,e3)] 
t=l 

(wp1) 

as k ~ 00, thus completing the proof .• 

The next lemma examines the limiting relationship between the values 

h~-I(xL 6) and h~(xt, 6). They are estimates of the recourse cost associated 

with the first stage decision Xl = xt. The first is obtained in the forward phase 

while the second is obtained in the backward phase after a new cut has been added 

and old cuts updated. 

Lemma 4.5.6. Let K, be a subsequence of {1, 2,···} and h~-l(xf, 6) be the value 

of the program (S~) in algorithm S3SD in the forward phase and h~(xt, 6) the 

value of the program (S~) in algorithm S3SD in the backward phase. Then with 

probability one, 
r 

1· hAke k t ) > 1· h
Ak

- l ( k t ) 1m 2 xI,I,,2 _...!ill 2 xI,I,,2 
kE/C kE/C 

-1· hAke k t ) > -1· hAk- l ( k t ) 1m 2 xI,I,,2 _ 1m 2 X I ,<:,2. 
kE/C kE/C 

Proof. By definition 

A k k • k h2(XI,6) = Mm C2X2 + H3·(X2) 

sit x2 E X2(xt, 6). 
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Let 

By definition, 

(by (4.2.5)) 

( 4.5.9) 

The set X2(xf, 6) ~ X 2 and the latter is bounded by assumption A2. So 3Jl < 00 

independent of k such that IC2X21 < Jl VX2 E X 2 (xf,6). Thus from (4.5.9), 

k k-1kl 1 
f2 (X2) ;:: -k-f2 - (X2) - kJl 

Minimizing both side subject to X2 E X 2(xf, 6) gives 

h~ k( k C) k - 1 h~ k-l( k C) 1 
2 X l,1,,2 ;::-k- 2 X 1 ,I,,2 -kJl' 

Taking lim/lim over both sides completes the proof .• 

Our next lemma investigates the relationship between the values ff- 1 (xf) 

and ff(xf) over a subsequence of convergent iterates. Recall that ff- 1 is the 

objective function of master program (Mk) and xf solves (lvlk). So, ff-l(xf) is 

the optimal value of (Mk) whereas ff(xf) is the value of the objective function 

of (Mk+l) evaluated at xf where the latest cut has been placed. 
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Lemma 4.5.7. Let ff- l be tbe objective of (Mk) and iI, J: be tbe objective 

function and tbe optimal value of (MP) of Section 4.1. Suppose {xtheK: is a 

subsequence of iterates generated by S3SD sucb tbat limkeK: xf = Xl for some 

Xl E Xl, tben, witb probability one, 

Proof. First, we prove (4.5.10a, b). By definition, 

where as defined in (4.2.10), 

H~(Xl) = Max {7J:'2(xI) It = 1,··· ,k} 

~ Max {7J:'2(Xl) It = 1,···, k -I} 

( 4.5.10a) 

( 4.5.10b) 

(4.5.11) 

( 4.5.12) 

k - 1 k-l = Max {-k-7Jt ,2 (xI) It = 1,···, k - I} (by (4.2.9)) 

_k-l Hk- l ( ) 
- -k- 2 Xl· 

In particular, with Xl = xf, we obtain 

thus establishing (4.5.10a). Replacing 'lim' by 'lim' in the above argument leading 

to (4.5.13), the argument remains valid, thus proving (4.5.lOb). 
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We now proceed to prove (4.5.11). From (4.4.9), with Xl = a:t, 

and thus 

-1· fk( k) -1· k hk( k c ) 1m I Xl :::; 1m CIXI + 2 Xl ,.,,2 kEIC kEIC 
= CIXI + h2(XI, 6) (wp1) 

by Lemma 4.5.4. But by definition, h2(XI, 6) = H 2 (xt), so, 

(wp1) 

proving (4.5.11). Lastly, we prove (4.5.12). Let xr solve (MP). Since xf solves 

(Mk) with value ff-l(xt), 

ff-l(X~):::; ft-1(xn 

:::; CIXr + h~-1(xr,6) (by (4.4.9)) 

li3ff-l(x~) :::; CIXr + h2(xr,6) = J; (wp1) 

and thus proving (4.5.12) .• 

Now, we are ready to prove our convergence results as contained in the next 

theorem and the corollary following it. Essentially, we show that on a subsequence 

of iterations K" the corresponding master program solutions accumulate at the 

optimal points and that both {ffext)hEIC and {ff-l(Xt)hEIC converge to the 

optimal value, f; , of the original problem (IvI P). The proof is rather involved and 

so it will be broken into three parts. Part 1 is 'initial setup,' part 2 establishes two 

important inequalities, part 3 ties up all the loose ends by invoking the previous 

lemma. 

Theorem 4.5.8. Assume A1-A6 as set out in Section 4.3. Let J; be the opti

mal value of program (MP) of Section 4.1, fk-l(xt) be the objective function 

associated with (Mk) and {(xt, X~)}k:l be the sequence of iterates generated by 
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algorithm S3SD. Then Ve > 0, 3{kn}~=1 ~ {1,2,···} and Xl E Xl such that with 

probability one, 

f; + e ~ h (Xl) ~ f; 
f; + e ~ lim ffn(x~n) ~ lim ffn-I(x~n) ~ f; - e 

n-oo n-oo 
f * + > 1· fk n( kn) > 1· fkn-I( kn) > f* 1 e _ 1m 1 Xl _ 1m 1 x I _ I - e. 

n-oo n-oo 

Proof. Part 1: Initial Setup. For any e > 0, let 

, e 
e = ~-;:---::-:: 

IIC211 + 3M 

( 4.5.14) 

( 4.5.15) 

(4.5.16) 

(4.5.17) 

where M is the common Lipschitz constant for this section. Since Xl x X2 is 

compact, 3NE < 00 and {Zi}~l ~ Xl X X2 such that 

N. , 

Xl X X2 ~ U B(Zi' ~) 
i=I 

where B(Zi' ~) is the open ball centered at Zi with radius t. Let N~ = 2NE + 1, 

then among the two-tuples of iterates 

( k+l k+l) (k+N: k+N:) 
xl 'X2 , ••• , Xl 'X2 

(for any fixed k) at least three must fall in the same ball B(Zi' ~), for some i E 

{I,· .. ,NE }. Hence, by compactness of Xl xX2 , there exist subsequences {kn}~=I' 

{tn}~=l' {sn}~=1 such that 

Sn < tn < kn 

kn - Sn ::; N; 
lI(xfn, x~n) - (x~n, x~n)1I ::; e' 

lI(x~n, x~n) _ (x~n, x~n)1I ::; e' 

lI(x~n, x;n) _ (x~n, x~n)1I ::; e' 

(x~n, x~n) -7 (Xl, X2) 
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Thus, immediately (4.5.14) of the conclusion of the theorem is established. The 

rest of the proof will be further broken up into two parts. 

Part 2: Two inequalities. We will show that 

lim ffn-l(x~n) 2:: ft(xt) - e (wp1) (4.5.18a) 
n .... oo 

and hence that 

(wp1). ( 4.5.18b) 

Proof of Part 2. Since ffn-l(x~n) = CIX~n + H;n-l(x~n), we will consider the 

limiting behavior of the sequence {H;n-l(x~n )}~=l. By definition, 

H;n-I(X~n) = Max {7J:,2-I(x~n )18 = 1,···, kn - I} 

> 7Jkn-l(xkn ) - t n ,2 I 

by (4.2.9) and so we conclude that 

lim H;n-l(x~n) 2:: lim 7J::,2(X~n) - Me'. 
n .... oo n .... oo 

(4.5.19) 

We shall examine the limiting behavior of 7J::,2(X~n). Recall that 7J::,2(Xt) is the 

cut obtained at the tn th iteration from solving (s~n) resulting in the optimal value 
At t At t 
h2n (XI", 6); it supports the function h2n (., 6) at Xl = XI". Thus, 

By Lemma 4.5.6 

(4.5.20) 
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Next, we examine the right side of (4.5.20). Recall that h~n-l(x~n ,6) is the value 

of program (s~n) - during the forward phase of iteration tn - the solution of 

which is x~n. It follows that 

> C xtn + ntn -1 (xtn) 
- 2 2 '/sn,3 2 

= C2X~n + tnS~ 1 TJ::,3(X~n) (by (4.2.5)) 

= C2xtn + Sn {nsn (XSn) + nSn (xtn) _ nSn (xsn)} 2 tn _ 1 '/sn,3 2 '/sn,3 2 '/sn,3 2 

and thus, 

n-oo 

> C2 Xtn + Sn {nsn (XSn) _ Mllxtn _ XSn II} - 2 tn _ 1 '/sn,3 2 2 2 

> C2Xtn + Sn nSn (XSn) _ Sn M €' 
- 2 tn _ l"Sn,3 2 tn - 1 

= C2X~n + t s~ 1 {~ t h3(x~n,e~)} - t Sn 1 Mf' 
n Sn t=l n -

2:: C2 X2 - II C21111 X2 - X211 + E[h3(X2, t3)] 

- Mllx2 - x211- M€' (by (4.5.5)) 

> C2 X2 + E[h3(X2, t3)] - (II C211 + 2M)€' 

2:: h2(Xl, 6) - (II C211 + 2M)€' 

where the last inequality is obtained by applying Lemma 4.5.5. 

Combining (4.5.19 - 21) and using the definition of €', 

n-oo 

( 4.5.21) 
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Therefore, 

n-+oo n-+oo 

n-+oo 

=h(Xt)-E (wp1) 

and thus concluding Part 2. 

Part 3: Tying things together. Combining (4.5.10a,b) - (4.5.11) of Lemma 4.5.7 

and (4.5.18a, b), we obtain 

h(Xl) 2:: lim ffn(x~n) 2:: lim ffn-l(x~n) 2:: h(xd - E 
n-+oo n-+oo 

h(xt) 2:: lim ffn(x~n) 2:: lim ffn-l(x~n) 2:: h(xt) - E. 
n-+oo n--.oo 

Combining (4.5.12) of Lemma 4.5.7 and the second half of (4.5.22) gives 

which, together with the definition of f*, implies 

(4.5.22) 

(4.5.23) 

This completes (4.5.15) of the theorem. Combining (4.5.22)/(4.5.23) with this 

latest result gives 

f * + > -1' fkn( kn) > -1' fkn-1( kn) > f* 1 E _ 1m 1 x 1 _ 1m 1 x 1 _ 1 - E 
n-oo n--.oo 

and f * + E > lim fkn(x kn ) > lim fk n-1(xkn ) > f* - E. 1 --11 --1 1-1 
n-+oo n-+oo 

This completes the proof .• 

The next corollary which concludes our analysis is a direct consequence of 

the theorem. 
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Corollary 4.5.9. Under the hypotheses of Theorem 4.5.8, there exists a subse

quence IC E {1, 2,"'} such that (i) 

1· fk( k) l' f k- I (k) f* 1m I Xl = 1m I Xl = I 
kEIC kE/C 

and (ii) every accumulation point of {xfhE/c is a solution to program (MP). 

Proof. By Theorem 4.5.8, we deduce that for any € > 0, 3k( €) such that 

f: + 2€ ~ h(Xk(E») ~ f: 

f * + 2€ > fk(E)(Xk(E») > f* - 2€ 
I - I I - I 

f: + 2€ ~ f:(E)-I(x~(E») ~ 1: - 2€. 

Let £ = {€j I j ~ 1} be a sequence such that €j > 0 and €j -t 0 as j -t 00. Then 

from the above three relationships, we obtain 

1· f (k(E») f* 1m I Xl = I 
EEE 

1· fk(E)( k(E») - f* 
1m I Xl - I 

EEE 

1· fk(E)-I( k(E») - f* 
1m I Xl - l' 

EEE 

(4.5.24) 

(4.5.25a) 

(4.5.25b) 

Now, (4.5.25a, b) complete the first part of the corollary. Equation (4.5.24) and 

the continuity of h together show that every accumulation point of the sequence 

{X~(E) I € E £} is optimal to (MP), concluding the second part of the corollary .• 
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4.6 Final Remarks 

In this chapter, we have studied a special three stage stochastic linear program 

with recourse by assuming a degenerate second stage random variable. We ap

plied the iterative or incremental sampling idea in Stochastic Decomposition and 

the "fast forward-fast back" technique to develop an SD type algorithm for this 

particular setting. And finally a convergence result was proved under our set of 

assumptions. Some of the assumptions such as complete recourse are harsh but 

seem reasonable in practice. We must stress that the development in this chapter 

is not an end in itself. Rather, as we have indicated in the beginning of the chap

ter, this is to present and crystallize important ideas and techniques that may be 

useful in a more general setting where there is no degeneracy assumption on the 

second stage random variable. 

An important idea given here is the idea of a valid cut. Such an idea is not 

difficult in the two stage situation but is not immediately apparent in the multi

stage setting. We have defined validity through the introduction of the so called 

empirical recourse problem: all cuts have to be lower bounds on the correspond

ing empirical recourse function. The idea of validity naturally carries over to the 

situation when sampling is done at both stages. 

One of the more difficult problems of applying SD to multistage is the mech

anism of updating cuts - except in the last stage. We have explored the means of 

updating cuts in our particular setting. It turns out that by assuming a so called 

non-negative recourse cost model, updating cuts in the second stage is no more 

difficult than in the two stage situation. Without such an assumption, updating 

is still possible by a more complicated formula. In any case, the verification of 

validity is more demanding. Again, the update scheme will prove useful in the 

general situation. 



CHAPTER 5 

THREE STAGE STOCHASTIC DECOMPOSITION 

STAGEWISE INDEPENDENCE 

5.1 Introduction 
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In this chapter, we consider a three-stage stochastic linear program with recourse 

in which the random variables in one stage are independent of those in another 

(stagewise independence). The program is formulated as follows: 

Stage 1 

J: = Min ft(xd = CIXI + H2 (xt) 

sit AIXI = bl 

Xl ~ 0 

where H 2(xt) = E[h2(XI, e2)] and 

Stage 2 

h2(XI,6) = Min C2X2 + H3(X2) 

sit A2X2 = 6 - B2XI 

where H3(X2) = E[h3(X2' e3)], and 

Stage 3 

X2 ~ 0 

h3(X2,6) = Min C3X3 

sit A3 X3 = 6 - B3 X2 

X3 ~ o. 

(MP) 

In the formulation, Xt E ~nl, t = 1,2,3 and et, t = 2,3 are random variables 

taking on values in 3 t ~ ~mt j e2, e3 are independent of each other. The various 

matrices are appropriately dimensioned. 
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We will develop a Stochastic Decomposition (Higle and Sen [1991b]) type 

of algorithm to solve the above program. In Chapter 4, we considered a similar 

but simplified situation where the second stage random variable, e2, is degener

ate so that only sampling in the last stage is necessary. Here, sampling will be 

done at both stages. The ideas developed in the previous chapter will guide us 

in the construction of cuts and the asymptotic analysis of the algorithm. Most of 

the techniques and results there will remain applicable with some modification. 

The notation however, will become somewhat more involved. Although our de

velopment revolves around the three stage problem, similar consideration can be 

applied easily to the multistage situation to obtain a multistage algorithm along 

the same lines. By so doing, however, the presentation is likely to be bogged down 

in notation without any gain in theoretical insight. So, we will limit our technical 

development to the three stage situation. Generalization to multistage will be 

briefly outlined. 

This chapter is organized as follows. In Section 5.2, the algorithm I3SD will 

be explained and outlined. In Section 5.3, assumptions and some preliminary 

details requisite in the analysis of the algorithm will be given. In Section 5.4, the 

validity of cuts (at the second stage) introduced in Chapter 4 will be extended to 

the current problem; we will show that the cut update mechanism in our algorithm 

maintains valid cuts. Asymptotic analysis of the algorithm will be given in Section 

5.5; results analogous to those in Chapter 4 will be established although more 

technical details are involved. Modification and extension of I3SD to multistage 

problems appear in Section 5.6. In Section 5.7, implementational issues will be 

discussed. Final remarks are contained in Section 5.S. 
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5.2 Algorithm I3SD 

Algorithm 13SD (independent 3-stage stochastic decomposition) is similar to S3SD 

(special 3-stage stochastic decomposition) given in Chapter 4 in the construction 

of cuts and the deployment of the "fast forward-fast back" approach. The two 

expected recourse functions, H2(xt) and H3(X2), are approximated by piecewise 

linear approximations 

H;(XI) = Max {7Jf,2(XI) It = 1"", k} 

Hf(X2) = Max {7JfHx2) Is = 1"", k, t = s,"', k}. , 

(5.2.1) 

(5.2.2) 

based on random samples {eHf=1 and {eDf=I' The indexing scheme in (5.2.2) 

is rather complex. This is because of the assumption of stagewise independence. 

The basic idea of the approximation scheme is this: for each sample point, e~, 

generated, an approximation Hf(X2 I ev for H3(X2 lev = E[h3(X2' e3) I e2 = e~] 
is to be constructed. Without the independence assumption, all these approxi

mations have to be stored separately. However, because of such an assumption, 

all these approximations approximate the same function E[h3(X2, e3)], so we can 

simply build one set of cuts as in (5.2.2). 

Since there are so many indices, the notation can be hard to follow. Although 

the notation for the stage two cuts 7Jf 2( Xl) is quite clear, this may not be so , 

for stage three cuts 7Jf,3 (X2). By way of explanation, in 7Jf,3 (X2), k denotes the 

current iteration, '3' indicates a stage 3 cut (a cut resulted from solving stage 3 

subproblems), s corresponds to the second stage observation e~ (generated at the 

sth iteration), and t denotes the iteration during which the cut is first constructed. 

Note that in (5.2.2), t = s,' .. ,k. This reflects the fact that at iteration k, among 

those cuts 7JfHx2) with the same index s, the oldest one appeared at the same , 

time that e~ appeared - at iteration s. This accounts for the range of tin (5.2.2). 

As in Chapter 4, we precede our formal presentation of the algorithm with 

a description of an iteration. The following definitions, similarly defined as in 



Chapter 4, are used in the description. 

Xl = {Xl I AIXI = bl , Xl ~ O} 

X 2(XI,6) = {x21 A2X2 = 6 - B2XI, X2 ~ O} 

X2(6) = U X 2(XI,6) 

X2 = U X2 (6)· 
~2E=:2 

Description of Algorithm 19SD 

Forward Phase (Step 1 in the algorithm) 
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(5.2.3) 

(5.2.4a) 

(5.2.4b) 

1a. Obtain stage 1 iterate xf. The objective function of the kth iteration is 

(notice that the superscripts in the various approximating functions are k-1 

during the forward phase) and the master program 

Min ff-l(xI) 

sit Xl E Xl. 

is solved to obtain xf. 
lb. Generate a stage 2 observation er Independently generate the kth observa

tion er At this point, we have gathered an iid sample {en~=l of e2. 
1c. Obtain stage 2 iterates {X!,2} ~=l. For s = 1, ... , k solve 

h~ k-l( k &8) - M· 
2 XI,1,2 - In 

sit 

and obtain x~ 2 as solutions. , 

C2X2 + H;-I(X2) 

X2 E X2(xt, e~) 

(Sk ) 8,2 

Id. Generate a stage 3 observation e:. Independently generate the kth observa-

tion e:. At this point, we have gathered an iid sample {en ~=l of e3. 
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Backward Phase (Step 2 in the algorithm) 

2a. Solve stage 3 subproblems. (All backward phase programs are symbolized by 

a 'bar' on top of their designations.) For 8 = 1,,", k, t = 1,,'" k solve 

h3(x!,2, ~~) = Min C3X3 

81t A3 X3 = ~~ - B3x!,2 

X3 ~ 0 

with the dual representation 

h3(x!,2, ~~) = Max 1t'(~~ - B3x!,2) 

sit 71' A3 ~ C3 

and obtain 71':3 as the optimal dual solution. , 

2b. Construct HNx2)' Construct k new cuts 

k 

ks ( ) _ ks + (3ks 1 '"'" ks(tt B ) Tfk,3 X2 - Ctk,3 k,3 X2 = k L...J 1t't,3 1,,3 - 3X2 8 = 1,'" ,k (5.2.5) 
t=l 

and update previous cuts defining Hf-1(X2) by letting 

ks () ks (3ks k - 1 k-l S( ) 
Tft,3 X2 = Ct t ,3 + t,3X2 = -k-Tft ,3 ' X2 

8 = 1, ... , k - 1 t = 8, ... , k - 1. (5.2.6) 

For each 8 = 1"", k, define 

(5.2.7) 

and since H:('I~~) all approximates the same function E[h3(·,e2)], let 

Hf(X2) = Max {H:(X2 I ~2) I 8 = 1,,,,, k} 

= Max {Tfg(X2) 18= 1,"',k, t = 8, .. ·,k}. 

(5.2.8a) 

(5.2.8b) 
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2c. Solve stage 2 subproblems. For s = 1"" , k, solve 

h~(x~, e~) = Min C2X2 + H;(X2) 

sit X2 E X2(X~, e~) 

which explicitly can be expressed as 

h
A 

k( k CS) M' 2 X l ,':.2 = In 

ks' a ks', k ' k I-l ~ O!t,3 + fJt,3 X2 S = 1, ... , t = s , ... , 

X2 ~ 0 

the dual of which is 

k k 

hAke k CS) M (CS B k) ~~\S' ks' 2 Xl' ':.2 = ax 7r ':.2 - 2Xl + L...J L...J At O!t,3 
s'=l t=s' 

k k 

sit 7r A2 - L L A{ f3:,f ::; C2 
s'=l t=s' 

s'=l t=s' 

AS' > 0 s' = 1 ... k t = s' ... k 
t - " " 

and obtain (7r:,2,{A!:' Is' = 1, .. ·,k, t = s', .. ·,k}) as the optimal dual 

solution. 

2d. Construct H~(xd. We are ready to replace H;-1(X2) with H~(X2)' First 

use the optimal dual solution obtained from (DS: 2) to define a hyperplane , 

which supports h~(Xl,en (considered as function of Xl) at Xl = xf, 
k k 

.l,.k() k (CS B ) + ~ ~ \ ks' ks' 
'P s Xl = 7r s,2 ':.2 - 2X l L...J L...J Ast O!t,3 

s'=l t=s' 

and let 

s = 1, .. ·,k (5.2.9) 

(5.2.10) 



174 

Update previous cuts in H;-I(XI)' For t = 1"", k - 1, let 

k () k (3k (k_1)2 k-l( ) k TJt,2 Xl = at,2 + t,2XI = -k- TJt,2 Xl t = 1,,," - 1. (5.2.11) 

Replace H;-I(xI) by 

(5.2.12) 

This completes one iteration of the algorithm. Note that the updating procedure 

for stage two cuts represented by (5.2.11) is strikingly simple: merely multiplying 

the old cuts by a discount factor of ,( k ~ 1 ) 2,. Formally, the algorithm 13SD 

may be summarized as follows: 
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Algorithm I3SD 

Step O. Initialize. k +- 1, x~ E Xl, H~-I(XI) +- 0, H;-I(X2) +- O. Go to 

Step lb. 

Forward Phase 

Step 1a. Let If-l(xl) = CIXI + H~-l(xt). Solve (Mk) to obtain x~. 

Step lb. Randomly generate e~. ({ e~ H=l are independently generated.) 

Step lc. Solve {S:,2}:=1 to obtain {X:,2}:=I' 

Step 1d. Randomly generate e:. ({ e~ }f=l are independently generated.) 

Backward Phase 

Step 2a. Solve { {stnr=. r=. to obtain { {"t~H=. } :=. ?5 optimal dual so

lutions. 
,.' ' 

Step 2b. Form new cuts {1]Z~3(X2)}~=1 according to (5.2.5) and update pre

vious cuts 1]:,;1,8(X2) to 1]f,~(X2)' s = 1,"" k - 1, t = s,"', k - 1 

according to (5.2.6). Define 

Step 2c. Solve {S:,2}!=1 to obtain 

(71':,2, {>.~:' Is' = 1"" ,k, t = s',"', k}) s = 1,"',k 

as optimal dual solutions. 

Step 2d. Form new cut 7Jz'2(Xt) according to (5.2.9)-(5.2.10) and update pre

vious cuts 7Jf,21(xt) to 7Jf,2(Xl), t = 1,"" k -1 according to (5.2.11). 

Define 

Step 3. k +- k + 1 and repeat from Step la. 
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The execution of the algorithm can be further illustrated by looking at the 

empirical scenario tree in iteration k (Figure 5.1) which is a pictorial representation 

of all the sample paths available at iteration k, after the new observations e~ and 

e: have been generated. 

Figure 5.1 Empirical Scenario Tree in Iteration k. 

The tree has three levels, representing three stages. The top level has only one 

node (the root, labelled '1 '), indicating that there is no random variable involved 

in stage 1. There are k lines branching out from the root, ending in second level 

nodes (labelled '1', ... , 'k'). Each line identifies a second stag~ sample point. For 

each second level node, there is a group of k lines branching out from it, each 

line ending in a third level node (with a label from '1', ... , 'k'), representing a 

stage three observation. Of course, each of the k group of lines represent the same 

set of stage three observations, because of stagewise independence. Essentially, 

each path from the top node to anyone of the bottom nodes represents a possible 
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empirical scenario (or sample path) based on the current samples at hand. So, for 

example, the path (1, t2, t3) represents the sample path (e~2, e~3). 

Each node at the top 2 levels indicates a subproblem to be solved in the 

forward phase. Each node at the bottom 2 levels indicates a subproblem to be 

solved in the backward phase. More explanation follows. 

(1) Forward phase: step 1a of algorithm I3SD calls for solving the master 

program (Mk), which corresponds to the top node. Step 1c calls for solving 

subprobems (S: 2)' s = 1,," ,k, each subproblem corresponding to a second stage , 

node. 

(2) Backward phase: step 2a requires that for each second stage node labelled 

's', we solve k (dual) subproblems correponding to the k (level 3) descendant nodes 

of node's.' Then finally, step 2c calls for solving k stage two (dual) subproblems 

(8:,2), s = 1",' ,k. Of course, each subproblem corresponding to a second stage 

node again. 

By going forward and backward, we thus see that the nodes at the second 

level are traversed twice in an iteration. 
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5.3 Preliminaries and Assumptions 

The definitions and notation used in this chapter are the same as in the previous 

chapter (see Section 4.4 of Chapter 4). Assumptions necessary for the verification 

of the algorithm are stated as follows: 

Assumptions: 

Al. Xl is bounded and non-empty. 

A2. X 2 is bounded. 

A3. IT3 is non-empty. 

A4. Stages two and three have complete recourse. That is, 

A5a. 3 2 ~ ~m2, 3 3 ~ ~m3, the supports of the random variables, e2 and e3, 
respectively, are compact. 

A5b. Stagewise independent random variables: e2 and e3 are independent 

random variables. 

A6. Non-negative cost recourse model. 

where n2(xl,6) and h3(X2,6) are value functions for programs (TS2 ) (de

fined in Section 4.2, Chapter 4) and (S3). 

Only brief comments are necessary since all assumptions - with the exception of 

A5a and A5b - are identical to those in Chapter 4. First, we note again that, 

A6 is not necessary for the theoretical development, its purpose is to simplify the 

cut updating procedure. Also shown in Chapter 4, by complete recourse, all dual 

regions in the second and third stage problems encountered during the algorithm 

are bounded (Proposition 4.3.2, Chapter 4). 



179 

5.4 Validity of Stage Two Cuts 

The idea of a valid cut at the second stage introduced in the previous chapter 

can be easily generalized here by defining a valid cut as one that provides a lower 

bound to a sample mean of k empirical recourse functions - whereas before, since 

there is only one outcome in 2 2 , there is only a single empirical recourse function. 

To make clear the generalization, again we need the following parametric programs 

with parameters (Xl, 6) E Xl X 3 2 , and k ;::: 1, 

and 

h 2(x}, 6) = Min C2 X2 + E[h3(X2' e~)l 

sit X2 E X 2(XI, 6) 

1 k 

C2 X2 + k L h 3(X2, e~) 
t=l 

sit X2 E X 2(xt, 6) 

h~(XI' 6) = Min C2X2 + H:(X2) 

sit X2 E X 2 (XI, 6)· 

Recall that the second program is called the empirical recourse program while 

the third is the estimated recourse program, the one that we work with in the 

algorithm. Also note that 

(pA k-l ) _ (Sk ) 
k t • . = 82 

xl '''2 ' 
Vk s = 1"", k 

Vk s = 1"", k. 

In Chapter 4, a cut is defined as being valid if it is a lower bounding (affine) 

function to the empirical recourse function h~(-, 6). Now, we have a random 
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sample {en:=l instead of just one observation at stage two. So, naturally, we say 

an affine function A(xI) defines a valid stage two cut if 

k 

A(xI) :5 ~ L h~(xll en (5.4.1) 
8=1 

The right side of (5.4.1) will be referred to as the stage 2 empirical expected 

recourse function. 

To show that all cuts using our updating scheme in algorithm 13SD remain 

valid, we have to show that all new cuts are valid and that validity is maintained 

after each update in subsequent iterations. That all new cuts are valid is clear, as 

by (5.2.9)-(5.2.10), 
k 

77Z(xd = ~ L 4>~(xI) 
8=1 

(5.4.2) 

where 4>!(Xl) is a supporting hyperplane of h~(Xl,e~) (considered as function of 

Xl) at Xl = xt, viz. 

(5.4.3) 

with equality holding if Xl = xt. Also, it is trivially true that 

(5.4.4) 

Thus, combining (5.4.2) - (5.2.4), it follows that 

k 

77Z(Xl):5 ~ L h~(Xl,en 
8=1 

showing that the new cut is valid. To show that this cut remains valid at iteration 

k + 1 after the update, we have to show that the updated cut satisfies 

k+l 
k+l() 1 "'hk+l( ~8) 77k Xl:5 k + 1 ~ 2 Xl, ">2 • 

8=1 

(5.4.5) 
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After updating by (5.2.11), the cut represented by (5.4.2) becomes 

(5.4.6) 

We will examine the two terms 2:!=1 k!l tP!(Xl) and' 0 ' ofthe right side of (5.4.6) 

separately. By an almost identical argument in obtaining Lemma 4.4.1 in Chapter 

4, we can obtain the following: 

(5.4.7) 

s = 1,···,k. 

Thus, by (5.4.3), and (5.4.4) (with k replaced by k + 1), we have 

k ,J,.k( ) h~ k+l( 1:8) 
k + 1 'f8 Xl ~ 2 Xt,<,2 

< hk+l(x 1:8 ) 
- 2 t, <'2 

s = 1",' ,k. (5.4.8) 

By the assumption of a non-negative cost recourse model, 

O < hk+l(x 1:8 ) 
- 2 1, <'2 s=k+1. (5.4.9) 

Combining (5.4.6) and (5.4.8-9), we conclude that (5.4.5) holds. Using the same 

argument over, we can show that the cut remains valid after each subsequent 

update. Thus, inductively, in a very terse fashion, we have proved the following 

proposition. 

Proposition 5.4.1. Let {7Jf,2(xd}f=1 be cuts constructed as in Step 2d of algo

rithm 13SD. Then, for any k, 

k 

7Jt2(xI) ~ ~ L h~(Xl,e2) 
8=1 

\lXl E Xl t = 1", ., k. (5.4.10) 
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Proof. Omitted .• 

An immediate consequence of the above proposition is that 

k 

H;(xJ) ~ ~ L h~(Xl,en 
8=1 

(5.4.11) 

It will be shown later (Lemma 5.5.2) that the right side of (5.4.11) goes to 

E[h2(Xl' e2)] wp1 as k ~ 00. So, the approximate (stage 2) expected recourse 

function constitutes an asymptotically correct lower bound. 
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5.5 Asymptotic Analysis 

First we sum up the Lipschitz properties of several functions of relevance. As 

shown in Section 4.4 of Chapter 4, the gradients of the cuts are bounded uniformly 

over k, thus 3M < 00 such that 

(5.5.1) 

VXI, x~ t = 1, ... , k 

l1Jt~(X2) -1JtHx~)1 ::; Mllx2 - x~ II (5.5.2) 

VX2'X~ s = 1,···,k t = s,···,k. 

By (4.5.5) of Chapter 4, the expected recourse function in stage three is Lipschitz, 

thus 3M < 00 such that 

(5.5.3) 

By Lemma 4.5.2 of Chapter 4, with P being the empirical distribution of the 

random sample {en~=l' 3M < 00 such that 

Ih~(XI' 6) - h~(x~, e~)1 ::; MII(xI, 6) - (x~, e~)11 

V(xI,6),(x~,e~) E Xl X 3 2 • 

(5.5.4) 

Likewise, by the same lemma, with P being the distribution function of e2, 3M < 
00 such that 

Ih2(XI,6) - h2(X~,e~)1 ::; MII(XI,6) - (x~,e~)11 

V(xI,6),(x~,e~) E Xl X 3 2 • 

(5.5.5) 

Now consider the estimated recourse function, h~(XI' 6). By the dual formulation 

of the corresponding program in Step 2c, the subgradient is of the form 7r ( - B2 , 1) 

(where 1 is the vector with '1' for all its components) for some 7r E II2 • But the 
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latter - as defined in Section 4.3 of Chapter 4 - is a bounded set. Thus, 3l\t! < 00 

such that 

Ih~(XI,6) - h~(x~,e~)1 ~ MII(XI,6) - (x~,e~)11 (5.5.6) 

V(XI' e2), (x~, e~) E Xl X 32• 

Again, without loss of generality, we have let M be the common Lipschitz constant 

for all functions involved. 

The rest of the analysis is to establish convergence results similar to Theorem 

4.5.8 and Corollary 4.5.9 in Chapter 4. The route to there is similar but a lot 

thornier because of the additional sampling in the second stage; more technical 

details have to be resolved before we can formally state and verify the intended 

results. We begin with the following lemma which shows that the function h~(·,.) 

converges continuously on Xl X 3 2• The proof follows easily from Lemma 4.5.4 of 

Chapter 4. 

Lemma 5.5.1. Let {(yf, e~)}r:l be any sequence in Xl X 3 2 such that (yf, e~) ~ 

(iiI, e2), then 

(wpl). 

Proof. Since 3M < 00 such that Ih~(Yf, e~) - h~Uh, e2)1 < MII(yf, e~) - (:ill, e2)11 
by (5.5.4), it is sufficient to note that (by Lemma 4.5.4, Chapter 4) 

(wp1) . 

• 
As a consequence of Lemma 5.5.1, we have the following lemma which shows 

that the empirical expected recourse function is a consistent estimator of the 

expected recourse function E[h2(·, f.2 )]. 

Lemma 5.5.2. Let {yf}r:l ~ Xl be any sequence such that yf ~ fiI, then 

(wpl) 



where {~2}~1 is an random sample of e2. 

Proof. In view that 3M < 00 such that 

I 
k k I k ~ ~ h~(yf, ~n - ~ ~ h~(jh, ~~) :5 ~ ~ Ih~(yf, ~~) - h~(jh, ~nl 

:5 Mllyf - filII 

by (5.5.4), it is sufficient to note that 

1 k 

lim -k ~ h~(jh, ~~) = E[h2(ih, e2)] 
k-+= L...J 

8=1 

• 
(wp1). 
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The next lemma is straightforward. Though not very instructive in itself, it 

is nevertheless needed for our proof of convergence of I3SD. The role the lemma 

plays here is analogous to the role that Lemma 4.5.5 plays in Chapter 4. 

Lemma 5.5.3. For any iteration s 2:: 1 (when the observation ~~ first appears), let 

{(x~, X!,2)}~8 denote a sequence of two-tupled iterates generated by algorithm 

13SD. Suppose {(xL x!,2)hex: -t (Xl, Xs ,2). Then X8 ,2 is feasible for program 

(PX l ,e~) and with probability one 

Proof. The proof is virtually identical to that of Lemma 4.5.5 of Chapter 4 and 

therefore will be omitted .• 

The next lemma relates the values of the two estimated recourse functions 

(i.e., before/after the appendage of a new cut) at the point (xf, ~2) where xf is 

the current iterate and ~2 is the observation from iteration s :5 k. 

Lemma 5.5.4. Let {Xn~l' {~2}~1 denote the sequence of first stage iterates 

and observations of e2, and let h~ (Xl, 6) be the value of (Fxk t:). Then there 
1,.,2 

exists 0 < M < 00 such that 

s = 1", . ,k 'Vk. 



Proof. Omitted. Use same argument as in Lemma 4.5.6 of Chapter 4 .• 

As a consequence of Lemma 5.5.4, we observe that 

k 

k ( k) _ 1 "'h~k( k tS) T/k,2 xl - k L..J 2 Xl ,1,,2 

s=l 

k 
> k - 1 '" hk - l ( k t S ) _ M 
- k2 L..J 2 Xl ,1,,2 k 

s=l 
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(5.5.7) 

which indicates that in the long run, the function value i 2::=1 h~(x~, en provides 

an asympotically tighter lower bound estimate to E[h2(X~, e2)] with the addition 

of a new cut - compared to the value without the cut. 

For the next lemma, we need three definitions which follow. We define the 

diameter of a set S as 

Diam S = sup{lIx - yll I x, YES}. 

Let S = {Sl, .. " SL} be a partition of 3, a support of some probability distribu

tion. For € > 0, we call S an €-partition of 3 if 

DiamS' ~ € 1= 1"" ,L. 

Further, a finite subset {e, .. ·, e L} of 3 will be called a representative of the 

partition S if 

e' E S' 1= 1"", L. 

In our proof of convergence, the probability distribution P of the second stage 

random variable e2 will be approximated by a discrete distribution P, obtained 

via partitioning of the support 3 2 • The next lemma shows that if the partition is 

fine enough, E[h2(X1, e2)] = f~E='2 h2(X1, OP(de) can be approximated sufficiently 

by feE='2 h2( Xl, e)p( de)· 

Lemma 5.5.5. Suppose (1) the random variable e2 has a distribution P defined 

on 3 2 , a compact set (2) S = {S'}f=l is an €-partition of 3 2 for some € > 0 

(3) {(I}f=l ~ 3 2 , is a representative of S, and (4) P is the discrete probability 
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measure which assigns the mass pi = Pr{ e2 E S/} to the point (', 1 = 1"", L. 

Then 

where M is the Lipschitz constant in (5.5.5) and h2(·, .) is the second stage recourse 

function. 

Proof. For any Xl E Xl, by (5.5.5), 

Hence, 

Thus, 

Ih2(xt,e) - h2(XI,e')1 ::; Mile - e'li 

Ih2(XI,e) - h2(XI,(/)1 ::; Mile - (III 

ve,e' E 3 2 

ve E S' 1 = 1,,,,, L 

ve E S' 1 = 1, ... , L. 

11 
h2(xt,e)-h2(xI,(/)p(dol::;1 MeP(de) l=l, .. ·,L 

ees' ees' 

11 h2(XI, e)p(de) - plh2(Xt, (/)1 ::; plMe 1 = 1,,," L. 
ees' 

It, {iES' h2(X"~) 'P(de) - p'h2(XI, (I)} I:;; t,pl Me 

'* liE:, h2(X"~) 'P( de) - t, pI h2( x" (1)1 :;; Me 

=> lies2 h2(XI,e) p(de) - ie
S

2 h2(xt,O p(de)1 ::; Me. 

This completes the proof .• 

Similar to Lemma 4.5.7 of Chapter 4, we have the next lemma which investi

gates the relationship between the values ff-I(Xt} and ff(xt} over a subsequence 

of convergent iterates. The lemma comes in four parts. The proof of the first two 
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parts is a rather straightforward generalization of Lemma 4.5.7 whereas the other 

two parts require results particular to this chapter. 

Lemma 5.5.6. Let if- l be the objective of (Mk) and it, J; be the objective 

function and the optimal value of (MP) of Section 5.1. Suppose {x~hex: is a 

subsequence of iterates generated by S3SD such that limkex: x~ = Xl for some 

Xl E Xl, then, with probability one, 

(5.5.8a) 

(5.5.8b) 

(5.5.9) 

(5.5.10) 

Proof. The proof of (5.5.8a,b) is similar to the proof of (4.5.10a,b) in Lemma 

4.5.7 of Chapter 4 except for some minor algebraic detail and so is omitted. 

Next, we proceed to prove (5.5.9). By the definition of if and (5.4.11), with 

Xl = x~, 

and thus, taking limit supremum and applying Lemma 5.5.2, 

k 
-1' fk( k) -1' k 1 L hk( k t s ) 1m 1 Xl ::::; 1m ClXl + -k 2 Xl' «"2 kex: kex: 

s=l 

= C1 Xl + E[h2(Xll e2)] (wpl) 

= it (xJ) 
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thus proving (5.5.9). Lastly, we shall prove (5.5.10). Let xt solve (M P). Since xf 
solves (Mk) with the optimal value ff-l(xf}, 

=> 

ff-l(X~) ::; ff-l(xt) 

= Clxt + H;-l(xr) 
k-l 

* 1 "'" hk - l ( * 1:8) ::; Clxl + k _ 1 ~ 2 xl' 1,,2 
8=1 

li~ff-l(X~)::; Clxt + E[h2(xt,6)] = 1: 

by Lemma 5.5.2 and thus proving (5.5.10) .• 

(by (5.4.11)) 

(wp1) 

Finally, with all the preamble established, we can state and prove our the

orem. The proof uses the idea in Chapter 4 but involves also a new twist. In 

order to use the technique in the proof of the theorem in Chapter 4, the second 

stage random variable has to be suitably discretized via a finite partitioning of 

its support. By doing so, we are in essence sampling from a finite sample space, 

a situation comparable to that in Chapter 4 (where the sample space contains 

a single outcome) with the exception that the probabilities of the outcomes are 

unknown and have to be approximated empirically. But as it turns out, any dif

ficulty is resolved asymptotically. The structure of the proof is fashioned after its 

counterpart in Chapter 4: part 1: initial setup, followed by parts 2 and 3. Part 2 

establishes two crucial inequalities. Part 3 concludes the proof by tying things up 

with the aid of the preceding lemma. Part 2 is more involved than and substan

tially different from its counterpart in Chapter 4, but part 3 is almost identical 

except for the equation numbers being referred to in the proof. So, the proof of 

the latter will be omitted. On the whole, we will try to keep the algebraic details 

to a minimum so not to bog down the ideas that we try to convey. 

Theoren15.5.7. Assume Al-A6 as set out in Section 5.3. Let f; be the optimal 

value of program (M P) of Section 5.1, fk-l(Xl) be the objective function associ

ated with (l'vlk) and {Xn~l be the sequence of iterates generated byaJgorithm 
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I3SD. Then V€ > 0, :3{kn}~=l ~ {l, 2, .. ·} and Xl E Xl such that with probability 

one, 

it + € 2:: ft(xt) 2:: J; 

J; + € 2:: lim f~n (x~n) 2:: lim f~n-l(x~n) 2:: J; - € 
n->oo n->oo 

it + € 2:: lim f~n (x~n) 2:: lim i~n -1 (x~n) 2:: it - €. 
n->oo n->oo 

(5.5.11) 

(5.5.12) 

(5.5.13) 

(5.5.14) 

Proof. Part 1: Initial Setup. Let € > 0 be given arbitrarily. Let P be the proba

bility distribution of e2 defined on the support 3 2 • Since 3 2 is a compact set by 

assumption, :3 €-partition S = {Sl,'" , SL} of 3 2 (L depends on €) with 

1= 1"" ,L. 

Since there is a finite number of cells in S, all with positive masses, :3[( < 00 and 

iterations {VI,'" , V L} ~ {I,· .. , [(} such that {e~l, ... , e~L} is a representative 

of S, viz. 

l=l, .. ·,L. 

Note that without loss of generality, we can let 1 = VI < V2 < ... < VL = [( 
by renumbering the cells {Sl}t:l according to their order of being sampled if 

necessary. Define the indicator functions 

0'(6) = {I if 6 E ~' 
o otherWIse 

1 = 1,···,L 

and let P be the probability measure that assigns the mass pi to the point e~', I = 

1,···,L. 

In the rest of the proof, we will consider the sequence of (L+ 1 )-tupled iterates 

of interest, {(xf ,X~1,2"" ,X~L,2)}k:l\' To simplify notation, we will let 
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Since Xl xX~ is compact (finite product of compact sets), for the same e, 3NE < 00 

and {Zi}~l £; Xl X X~ such that 

where 

I 

(M being the common Lipschitz constant for this section) and B(Zi, ~ ) is the ball 

centered at Zi and radius ~. Let N! = 2NE + 1, then among the following N! 

points 

(for any k), at least three must fall in the same ball B(zj, ~), for some z E 

{I,···, N E }. Hence, by compactness of Xl xxf, there exist subsequences {kn}~=l' 

{tn}~=l' {Sn}~=l such that 

Thus, immediately (5.5.11) of the theorem is established. The rest of the proof 

comes in two parts, part 2 and part 3, as follows. 

Part 2. We will show that 

lim ftn-l(x~n) 2:: h(xt} - e' (wpI) (5.5.15a) 
n--oo 
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and hence that 

(wp1) (5.5.15b) 

Since ffn-1(X~n) = C1X~n +H;n-1(x~n), we will consider the limiting behavior of 

the sequence {H;n-1(x~n )}~=1' By definition and the Lipschitz properties of the 

relevant functions, 

H;n-1(X~n) = Max {TJ:'2-1(x~n)lt = 1,···,kn -1} 

> TJkn -1 (xkn) 
- t n ,2 1 

> TJkn-1(xtn ) - Me' - t n ,2 1 

= (knt~ 1) \::.2(X:n
) - Me' (by (5.2.11» 

~ (k t~ 1)2{ tnt~ 1 t h~n-1(x~n, e~) - ~} - Me' (by (5.5.7)) 
n n 8=1 n 

Since f:; --I- 1, we conclude that 

(5.5.16) 

Next, we shall examine the right side of (5.5.16). By the Lipschitz property of 

h~n-1(.,.) and the definition of 01(.), 

thus 

If we let 

1= 1,···,L (5.5.18) 
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then (5.5.17) can be rewritten as 

(5.5.19) 

Next, we examine the right side of (5.5.19). Recall that h~n-I(X~n, e~') is the value 

of program (S~7,2) - during the forward phase of iteration tn - the solution of 

which is X~~ ,2. It follows that for 1 = 1,· .. , L, 

h
A tn-l( tn t:VI) tn + M {tn-l,s( tn ) I 1 t 1 2 Xl' "-2 = C2 XV, ,2 ax 7Jt,3 Xv, ,2 S = , ... , n - , 

t = S,···,t n - 1} 

(5.5.20) 

Substitute (5.5.20) in (5.5.19), we obtain 

(5.5.21) 

We will examine more closely the right side of (5.5.21). By definition (see (5.5.18)), 

(5.5.22) 

and by construction, 71:: :~' (X2) is the new stage 3 cut corresponding to e~' at 

iteration Sn; it supports 8~ E:':'l h3(X2, e~) at X2 = X~7,2' it follows that for 1 = 

1,···,L, 

(wp1). (5.5.23) 



Using (5.5.22)-(5.5.23), from (5.5.21), 

1 tn 
lim - ~htn-1(xtn 1: 8 ) - t ~ 2 1,1,,2 

n-oo n 8=1 

L 

~ L pl{C2XV/,2 + E[h3(x v /,2, (3)] - Me'} - Me' 
1=1 

L 

<': t: pI { C2Xv,,2 + E[h3(XV ,,2.(3)]} - ([[C2 [[ + 3M),' 

L 
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~ L pi h2(X1,e~/) - (IIC211 + 3M)e' (by Lemma 5.5.3) 
1=1 

~ E[h2(X1' (2)] - (11C211 + 4M)e' (wp1) (5.5.24) 

where the last inequality is obtained by invoking Lemma 5.5.5. Now, combining 

(5.5.16) and (5.5.24), and noting that by definition H2(XJ) = E[h2(X1' (2)], we 

conclude that 

n-oo 

(wp1) 

1· kn + Hkn -1 ( kn) > A + H (A ) 1m C1X1 2 Xl _ C1 X1 2 Xl - e (wp1) 
n-oo 

lim f;n-1(x~n) ~ JI(xJ) - e (wp1). 
n-oo 

This completes the proof of Part 2. The rest of the proof is virtually the same 

as the proof of Part 3 in Theorem 4.5.8 of Chapter 4 except for some obvious 

substitutions of equation numbers to which the proof refers .• 

Based on the theorem just presented, we arrive at the following corollary. 

As in Chapter 4, we conclude that there exists a subsequence of master program 

solutions which accumulates at the optimal points of the original program (MP) 

and that on this subsequence, both ff(xf) and f;-l (xn converge to the optimal 

value of (lvIP). 
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Corollary 5.5.8. Under the hypotheses of Theorem 5.5.7, there exists a subse

quence K ~ {l, 2,"'} such that (i) 

1· fk( k) l' f k- 1 (k) f* 1m 1 Xl = 1m 1 Xl = 1 
kEIC kEIC 

and (ii) every accumulation point of {X~hEIC is a solution to program (MP). 

Proof. Same as the proof of Corollary 4.5.9 of Chapter 4. 
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5.6 Modification and Extension of 13SD 

In this section, we first discuss how the ideas behind I3SD can be extended beyond 

the three stage situation. After that, we present a modified sampling scheme to be 

used in I3SD. The purpose of the modified sampling scheme is to ease the solution 

effort associated with the algorithm. The scheme can be applied equally well to 

multistage situations. 

5.6.1 Extension to Multistage 

The extension of I3SD to multistage is straightforward, in theory at least. The 

formulation of aT-stage problem is given in Section 1.2.2, Chapter 1. We assume 

(stagewise) independence of the random variables t2'···, tT from the different 

stages. We also assume a non-negative recourse cost model analogously defined as 

in assumption A6 for the three stage case. The latter assumption is to facilitate 

an easy scheme to update cuts. By the independence assumption, the problem is 

simplified to the following: 

Min hex) = ClXI + H2 (XI) 

sit A1XI = bl 

X~O 

where H 2 (xI) is defined through the following recursive relationship: 

Fort=2,···,T, 

where 

ht(Xt-l,et) = Min CtXt + Ht+l(xt) 

sit Atxt = et - BtXt-l 

Xt ~ 0 

and 

(5.6.1a) 

(5.6.1b) 

(5.6.1c) 
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An SD type algorithm along the line of I3SD would construct cutting plane 

approximations of the expected recourse functions Ht(Xt-1). Analogous to the 

three stage situation, the algorithm proceeds in two phases. In the forward phase, 

Ht(Xt-d is approximated by H;-l(Xt_d (before addition of new cuts) and new 

decision points at each stage will be identified as iterates. In the backward phase, 

cuts will be placed at the decision points so that H;-l(Xt_d will be replaced by 

Ht{Xt-d (with the addition of new cuts). 

Briefly, the algorithm can be sketched as follows. In iteration k, at stage 1, 

solve problem (5.6.1a - c) with H2(·) replaced by H;-l(.) and obtain the iterate 

xt which is passed to stage 2. At stages t, (t = 2,··· , T - 1), we have from the 

previous stage, stage t - 1, the set of iterates, or decision points, 

Df = {x! t-l I 8 E St-d , 

where St-1 is the index set listing all sample paths (or scenarios) leading to and 

including stage t - 1. At this point, the iterative sampling idea calls for generating 

a new stage t observation, ef, so that we have a random sample {el,···, en. Now, 

for each Xt-1 E Df and et E {eL··· ,en, we solve the following program 

h
Ak

- 1(- C) M· t Xt-l, ':.t = In 

81t 

CtXt + H;;l(xt) 

Atxt = et - BtXt-l 

Xt ~ 0 

(5.6.2a) 

(5.6.2b) 

(5.6.2c) 

to obtain an iterate (or a decision point) Xt (at which a cut will be placed in 

the backward phase of the algorithm). The iterates generated at stage t will be 

indexed in the fashion of xti,s),t where j = 1, ... , k and 8 E St-l, so that the index 

set St will be all those (j, 8) thus encountered. 

During the backward phase, at stage t = T,···, 2, the empirical recourse 

function H;;/(xt} will have been updated to Hf+l(Xt) with addition of new cuts 
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(of course, it is trivially that H!f+1 (.) = 0). So at each decision point Xt-I E Df, 

k problems of the following form are solved: 

hf(Xt-l, et) = Min CtXt + Hf+1 (Xt) 

sft AtXt = et - BtXt-1 

Xt 2:: 0, 

(5.6.3a) 

(5.6.3b) 

(5.6.3c) 

one for each et E {ef,"', en. Note that the problems represented by (5.6.2a

c) and (5.6.3a-c) differ only in the objectives; the former contains Hf+l(Xt) 

whereas the latter contains Hf+I(Xt). Using the k dual optimal solutions from 

(5.6.3a-c), a cut is formed and placed at the point Xt-I. The new cuts thus 

formed would update Hf+l(Xt) to Hf+I(Xt). The old cuts constituting Hf+l(Xt) 

have to be updated to be 'valid.' Updating cuts are easy; simply multiply the 

(l)T-t+1 
old cuts by the discount factor k . In this manner, one obtains in a 

backward recursive movement the updated empirical expected recourse functions 

H!f(XT.-I),··· ,H~(XI)' 

The verification of convergence would follow similar lines as in I3SD; the 

details would be much more tedious although there is nothing new conceptually. 

In practice, as the numbers of iterates at each stage increase exponentially, some 

procedures (heuristic or otherwise) would seem necessary to limit the number of 

iterates generated at each stage. We next discuss a modified sampling scheme 

with this in mind. 
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5.6.2 A Skipped Sampling Scheme for I3SD 

We discuss in this subsection a skipped sampling scheme for I3SD. The idea, 

however, can be applied to more than three stages. As it stands now, I3SD is 

computationally intensive especially in the last stage where k2 subproblems have 

to be solved resulting in k cuts whereas in the second stage only k subproblems 

are solved resulting in one cut. The cutting plane approximation in the third 

stage is being constructed at a faster rate than in the second stage, but at a 

computational cost. We can modulate sampling frequencies in the two stages so 

that the number of subproblems is less explosive. For example we may want to 

draw the nth observation of stage three at iteration n a, <l' > 1. This skipped 

sampling schedule may also be applied to second stage. 

In general, let T2' and T3 (called sample times) be infinite subsets of {1, 2,· .. } 

denoting the iterations when the random variables e2, e3 are sampled. We assume 

1 E T2 , 1 E T3 • Let 

Tl=Tt n{l, .. ·,k} 
if k E Tt Sf = {~ otherwise 

N t
k = ITll 

k 

= L:S{ t = 2,3. 
j=l 

t = 2,3 

t = 2,3 

The sample time indicators {<5~} k::l and {S:} k::l could be user supplied parame

ters. 

In order to accommodate this reduced sampling, the algorithm I3SD has to 

be modified to maintain the validity of the updating scheme. Thus only Step 1b 

to Step 2 have to be modified; the other steps remain unchanged. For ease of 

presentation, the observations are still indexed by the iteration counter - so at 

iteration k, an observation ef (t = 2,3) is actually realized if and only if k E Tl 
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(or equivalently, 8f = 1). To construct stage three cuts, instead of (5.2.5), we now 

use 

ks () ks + f3ks 1 ~ ks (&t B ) 
'Tlk,3 X2 = ak,3 k,3x2 = Nk L...J ?rt ,3 1,,3 - 3 X2 

3 tET; 

and to update previous stage three cuts, instead of (5.2.6), we now use 

ks() ks f3ks N} - 8: k-l s( ) 
TJt,3 X2 = at,3 + t,3 X2 =. Nk TJt,3' X2 

3 

S E T;-l t = s, ... , k - 1. 

For stage two, to construct cuts, as in Step 2d of algorithm I3SD, we first construct 

a supporting hyperplane cP!(xt) to h~(Xl' en at Xl = xt, for each SET; (that 

is, for each available second stage observation). But instead of (5.2.10), we use its 

obvious replacement 

To update stage two cuts, (5.2.11) is likewise replaced by 

k () k 13k TJt,2 Xl = a t ,2 + t,2XI 

= (N; -8~) (N} -8:) k-l( ) 
Nk Nk TJt,2 Xl 

2 3 

t = 1"" ,k-1. (5.6.4) 

The abovementioned skipped sampling idea can be easily generalized to mul

tistage situation. The updating scheme, as indicated by (5.6.4) is simply of mul

tiplicative form - assuming a non-negative recourse cost model analogous to as

sumption A6. For example, in a T-stage framework, with N t
k denoting the number 

of observations in stage t at iteration k, then to update an old cut in stage t, we 

simply multiply to it by the discount factor (N~Nt 5~) ... (NfN~ 5f ) . 

I 
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5.7 Implementational Concerns 

Before the algorithm can be implemented, two major issues need to be resolved. 

The first issue regards computation and storage: the proliferation of subproblems 

and the number of cuts; the second issue concerns termination criteria. 

Even with modified sampling, the numbers of cuts can get out of hand even 

with a moderate number of stages. For a T-stage problem, during the forward 

phase in stage t (t = 1,' .. ,T - 1), one has to solve as many subproblems as the 

number of distinct sample paths at stage t (of course, at t = 1, there is only 1 

'subproblem', which is the master problem). That is, Nt N:.·· Nl~ subproblems 

are solved (Nt = 1) - and as many decision points are obtained. Recall that a 

decision point is simply an iterate, a solution to a subproblem at the forward phase. 

For example, in a three stage program using the skipped sampling scheme, at the 

kth iteration, the decision points at stage two are {xf 2} tET.!" In the backward , c 

phase of the algorithm, at each of the decision points, one solves Nt+l (dual) 

su bpro blems belonging to stage t + 1 in order to place a cut there (note that such a 

cut is called a stage t+ 1 cut since it is obtained by solving subproblems of stage t+ 
1). So, in the kth iteration, at stage t < T alone, the number of cuts placed at the 

stage t decision space equals Nt N: .. · Nt
k and the total number of subproblems 

solved (forward and backward combined) amounts to Nt N: ... Ntk(I+Nt+l)' The 

computational effort and cut storage can thus be severe. 

Since the number of subproblems at stage t depends on the number of decision 

points at the previous stage, one possible scheme to avoid the explosive situation 

is to consider identifying only a few decision points at each stage as proposed by 

Pereira and Pinto [1991] in their implementation of the deterministic multistage L

shaped method. In their scheme, during the forward phase, a fixed number (say n) 

of sample paths are selected randomly. Along each sample path, decision points 

(at each stage) are determined by solving the corresponding forward problems. 

Since there are n sample paths, there will be one decision point at stage 1 and 

only n decision points at stage t = 2"", T - 1. However, in the backward phase, 

at each decision point at stage t = 1··· ,T - 1, Nl'-H subproblems still have to be 
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solved to obtain a cut (in the deterministic setting, N tk+ 1 means the number of 

outcomes of random variable et+1)' 

The scheme just outlined can easily be adopted within our multistage 

stochastic decomposition scheme. For example, in our three stage problem, to 

determine decision points at the kth iteration, we generate n, (n < k) sample 

paths {( e~, e~) } }=1 from the current empirical distribution. Then, for each j, 

solve (Sj,2) to obtain XJ,2 in the usual manner. By doing so, a sample of n (in

stead of k) decision points are selected. The number n could be user-supplied or 

decided within the algorithm. At each of these point, a cut is placed. 

An undesirable aspect of the preceding scheme is that the convergence results 

that we have established may not hold anymore. (Even in the deterministic setting, 

no convergence proof is known to have been attempted as of this writing.) More 

theoretically appealing schemes (to select decision points) would be desirable. This 

remains an uncharted research area. 

Another implementational issue is stopping the algorithm. The bootstrap

ping scheme used in SD does not lend itself easily in a multistage situation. Higle 

and Sen [1993b] develop statistical testing procedures based on conjugate duality 

theory for convex programs. They work in the framework of two stage problems. 

However, their ideas seem to be amenable to the multistage situation since writing 

out the dual program to a multistage problem is straightforward. This represents 

another potentially worthwhile research direction. 
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5.8 Final Remarks 

Building on the foundation of Chapter 4, in this chapter we have developed a sto

chastic decomposition algorithm, 13SD, for a three stage stochastic linear program 

with recourse in which the random variables are stagewise independent. Extension 

to multistage stochastic linear programs with recourse is straightforward. How

ever, we must bear in mind the non-negative cost recourse model posited as part 

of our assumptions. Updating of cuts without such an assumption will be quite 

tedious. But with such an assumption, updating of cuts is very easy. 

As it stands now, the algorithm is not practical because of the number of 

subproblems and the number of cuts generated become explosive as the algorithm 

progresses and the number of stages increases beyond three. To stem the number 

of subproblems that have to be solved, a heuristic has been outlined. Sadly, such 

a heuristic may invalidate the convergence results. A potentially important topic 

for future research is to identify 'important' decision points at every stage. Part 

and parcel of the task would have to formalize the idea of importance. 

The contribution of this chapter consists of the theoretical framework we 

have constructed for multistage stochastic decomposition. The convergence results 

similar to the two stage situation have been established. Thus, we have founded 

a base upon which further extensions to multistage can be built. 
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This research has been an exploration of stochastic decomposition algorithms 

in the solutions of stochastic linear programs with recourse. The unifying thread 

throughout our development has been the iterative sampling idea of the Stochastic 

Decomposition (SD) algorithm of Higle and Sen [1991b]. After an introduction to 

the problem formulation and review of the background materials in the literature, 

the rest of the work can be divided into two parts. The first part, consisting of 

Chapters 2 and 3, can be viewed as a lateral movement alongside SD by virtue of 

exploring the familiar ground of two stage stochastic linear programs with recourse. 

The second part of our work, consisting of Chapters 4 and 5, by contrast with the 

first, may be described as a vertical movement away from our familiar ground. By 

doing so, we reached into the more unfamiliar arena of multistage stochastic linear 

programs with recourse. The two parts are not related in technical development, 

but the ideas employed in the development are the same. 

As part of our lateral movement, in Chapter 2, we proposed a multicut version 

of SD which we called the Conditional Stochastic Decomposition (CSD). Because 

of the multicut nature, CSD has more theoretical ground to stand on and it is not 

surprising that the verification of convergence requires somewhat less strenuous 

assumptions than in SD. Apart from the theoretical appeal, what is most attractive 

about the CSD is that, for the same reason of being multicut, it generally is able to 

identify good solutions with relatively few observations. So, CSD is most suitable 

when observations of the random elements in the problem are difficult to come by. 

Other research in the literature has shown in general that the multicut approach 

has better performance than the single cut approach (Birge and Louveaux [1988], 

Ruszczynski [1993] in different algorithmic settings). Our experience tends to 

point to the same conclusion. At the same time, we must also bear in mind 

that with fewer observations, there is always the danger of prematurely stopping 
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the algorithm. This will be especially so when there are costly events (in terms of 

recourse) with low probabilities of occurring. A possibility of overcoming this could 

be incorporating some sampling scheme along the line of importance sampling as 

in Infanger [1992]. However, the importance sampling scheme requires the exact 

knowledge of the distribution of the underlying random variable of the problem. 

In some situations, such knowledge may not be available. Another possibility is 

to determine a minimum sample size. This is a potential area of research. 

In Chapter 4, we looked into cut aggregation schemes in an attempt to ease 

the computational burden of CSD. We came up with a generic hybridization 

scheme from which various hybrid algorithms were obtained. These algorithms 

are a cross between the single cut approach as represented by SD and the mul

ticut approach as represented by CSD. The hybridization scheme is intended for 

situations in which observations are relatively easy to come by. It should not be 

construed as a replacement for CSD. Our implementation of hybrid algorithms in 

Chapter 3 shows that, when using about the same number of iterations as CSD, 

aggregation severely affects the quality of solution and may not be preferred to 

CSD. With increased iterations, however, we found some hybrid algorithms could 

be advantageous in CPU time comparisons with CSD. 

We must point out that in our implementation of the hybrid algorithms, 

we let the assignment epochs occur n iterations and n was varied across runs. 

Arguably, this is not a very smart approach because of the arbitrariness of it. A 

more desirable approach is to let the assignment epochs be decided within the 

algorithmic process. Possibly, one would only want to aggregate cuts when the 

progress of the algorithm becomes too burdensome or too slow. How to work out 

such a smart mechanism remains an open question. 

Perhaps a more theoretically appealing way to limit the number of cuts is 

along the line of Ruszczynski [1993] or Higle and Sen [1993a] by adding a regular

izing term to the master program objective. This represents another potentially 

interesting research topic. 
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After our exploration of two stage problems, we began the second part of 

our research by looking into the three stage situation. Our development assumes 

stagewise independent random variables. To lay the groundwork for the algo

rithmic development in the general case, in Chapter 4 we began our investigation 

by considering a special case in which the second stage random variable is degen

erate. By this particularization, we were able to gain insight - as well as technical 

know-how - as to how a stochastic decomposition scheme could be constructed 

when the restriction on the random variable requirement is dropped. One impor

tant idea was formalized in the same chapter, the idea of the validity of a cut (in 

the second stage). A valid cut is defined as a lower bound to the empirical re

course function, a concept generalized from the two stage situation. With validity 

properly defined, we were able to work out an updating scheme so that all the 

cuts generated in the previous iterations remain valid. Thus, the updating scheme 

of SD was extended to three stage, the special case. In the same chapter, we also 

showed that a convergence result similar to SD holds. 

Having laid the ground work using a special case, in Chapter 5 we generalized 

the development and were able to formulate a stochastic decomposition algorithm 

for three stage stochastic linear programs with recourse - where the random vari

ables are independent stagewise. The definition of validity in Chapter 4 was easily 

generalized. The verification of convergence involved more detailed construction of 

small lemmas, but otherwise, the central idea is clear: the support of the random 

variable in the second stage being compact, it can be discretized into a finite num

ber of outcomes. Once having done that, we were essentially back in the special 

case situation of Chapter 4. Theoretically, the generalization from three stage to 

multistage is quite straightforward if the random variables are assumed stagewise 

independent (and the recourse functions satisfy certain non-negativity assumption 

- so that cut updating is easy). Implementationally, there is a major impedi

ment, namely, the exponentially increasing number of cuts as the stage increases. 

This is similar to the curse of dimensionality in dynamic programming. 
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The situation of cut proliferation is due to that fact that the verification of 

convergence of our proposed algorithm requires solving all possible subproblems 

corresponding to an enumeration of all the sample paths (leading up to the stage 

under consideration) in the forward phase of the algorithm. Since we are using 

an iterative sampling scheme, the number of sample paths increases exponentially 

and the number of cuts gets out of hand. We recall that the forward phase of 

the algorithm is to identify points in the decision space of every stage so that 

cuts could be placed. So, if we can limit the number of decision points at each 

stage, we can limit the number of cuts. In order for the algorithm to be effectual 

in any practical situation, some ways have to be invented to limit the number 

of cuts by limiting the number of decision points being generated. A possible 

scheme to such an end has been discussed in Chapter 5 in the section dealing 

with implementational concerns. The scheme, based on a heuristic by Pereira and 

Pinto [1991] in the context of deterministic multistage L-shaped method, is to 

identify decision points along a few randomly selected sample paths. Of course, 

we could carry the idea a step further by sampling a scenario sub-tree from the 

empirical scenario tree available at the current iteration. Decision points are then 

likewise determined according to the sampled sub-tree - one decision point to 

each node in the sub-tree. 

If such a heuristic scheme is used, the convergence property of the algorithm 

may no longer be valid. A potential area of future research is the refinement of the 

algorithm in regard to identifying decision points, possibly in a way that maintains 

the convergence property. This no doubt is a major challenge. 

Another open problem in multistage is termination: what kind of tests to de

termine if we can stop the algorithm. Conceivable, tests based on the idea of Higle 

and Sen [1993b] by considering the dual formulation of the problem hold promise. 

For multistage stage problems (with the exception of deterministic methods such 

as the multistage L-shaped algorithm), termination remains a largely uncharted 

area, although in the two stage case, substantial work has been done (Higle and 

Sen [1991a], Higle and Sen [1993b]). But we bear in mind that the development 
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of termination tests come after the development of algorithms. Our major task is 

the refinement of the algorithm so that from an implementational point of view, 

it is practical. We believe our work contributes to the laying of the groundwork 

for that task. 
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APPENDIX A 

VERIFICATION OF THE CONVERGENCE OF 

HYBRIDIZED CONDITIONAL STOCHASTIC DECOMPOSITION 

In this appendix, we will show that the hybridized conditional stochastic decom

position (HSD) developed in Chapter 3 identifies a subsequence of iterates in 

which every accumulation point is optimal. For notation, refer to Chapter 3. The 

analysis given here is in essence are-presentation of ideas in Higle and Sen [1991b]. 

Let n be the support of the random element (r(w), T(w)) = (f, T) and let 

v = {71" 17I"W ~ g}. 

We shall need the following assumptions 

AI. X is a compact, non-empty set. 

A2. V is a compact, non-empty set. 

A2. n is a compact set. 

Next we rephrase the master program of HSD in a form more suitable for our 

proof as follows: 

Min 
1 nlc 1 k 

fk(X) = ex + k L /-In + k L Vt 
n=1 t=tnlc +1 

tn 

sft /-In ~ L *l(rt - Ttx) 
t=tn_l+ 1 

n = 1, ... ,nk 

j = t n-l + 1, ... , k 

t = tnlc + 1, ... ,k j = t, •. . ,k (A.l) 

x E X. 

In (A.l), we use *1 instead of 71"1 for stylistic uniformity. Nothing is changed by 

doing so, because for the range of (t,j) in (A.l), *1 = 71"1 by definition (3.3.1) in 
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Section 3.3 of Chapter 3. Before stating our theorem formally, we would like to 

make some observations. 

First, note that fk(X) is a piecewise linear function whose sub gradient is of 

the form 
1 k 

T} = e - k L 7ftT t 

t=l 
for some 7ft E V. So the subgradient is bounded by a constant M which is 

independent of k (since V and n are assumed compact). Thus fk(·) is Lipschitz 

with a constant independent of k, 

Ih(x) - h(y)1 < Mllx - yll 'r/x, y E X. (A.2) 

Second, since by definition, xk solves (H M k- 1 ), it follows that 

k 

h_l(xk) ~ fk-l(X) ~ ex + ~ L h(x,wt) 'r/x E X. 
t=l 

If x* and f* are optimal solution and optimal value of the original problem (P), 

then by the above, we have 

(wp1). (A.3) 

Next, we come to the third observation. It is a matter of straight algebraic 

manipulation that for any k, N ~ 0, 

k 

f ( k) k 1 ~ ~k( t Tt k) N ;,-:-r 
k+ N x ~ ex + k + N L..J 7r t r - x - k + N .lV.l 

t=l 

where 

M = Max {17r(r - Tx)ll7r E V, (r,T) En, x E X}. 

So, if k, N are such that N/k ~ 0 as k ~ 00, then 
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By Theorem 2 of Higle and Sen [199Ib], the last limit in (AA) is E[h(x,w)] with 

probability one. Thus, provided that N / k -jo 0 as k -jo 00, 

lim xk = x => lim h+N(xk) ~ cx + E[h(x,w)] 
kE~ kE~ 

= f(x) (wpl). (A.5) 

We are now ready to show that HSD generates a sequence of iterates which 

accumulates at optimal points. This is done via the following lemma. 

Lemma Al. Under assumptions A1-A3, let {xk}k::l be the sequence of iterates 

generated by HSD. Then V€ > 0, :3x E X and convergent subsequence {x 8n }~=1 -jo 

X such that 

f* + € ~ f(x) (wp1) 

where f* is the optimal value of program (P) in Section 3.1 of Chapter 3. 

Proof. Let M be the Lipschitz constant in (A. I). By compactness of X, V€ > 0, 

:3NE < 00 and {zi} ~1 such that 

N. 

X ~ W B(zi, 2~) 
1=1 

(A.6) 

where B(z, r) is the ball of radius r and centered at z. Now, consider the sequence 

{xk}k::l' By (A.6), :3{kn}~=I' {Sn}~1 ~ {1,2, .. ·} such that 

By (A.2), 

n-+oo 

n-+oo 

ikn_l(Xkn) ~ ikn_1(x Sn ) - Mllx kn - xSn II 
~ ikn_1(x Sn ) - € (A.7) 
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By (A.5), limn -->ooikn_1(x8n ) ~ f(x) with probability one. Hence from (A.7), 

lim ikn_l(xkn) ~ f(x) - € (wp1). (A.8) 
n-->oo 

Combining (A.3) and (A.8), we obtain 

f*+€~f(x) (wp1) 

and thus complete the proof .• 

The next corollary which is the kind of standard result in SD type algorithm 

is a direct consequence of the lemma. 

Corollary A2. Under the hypotheses of Lemma Al, :I subsequence {x kn }~=1 in 

which every accumulation point is an optimal solution for (P). 

Proof. We shall prove by contradiction. Assume the conclusion of Corollary A2 

does not hold. This means that no convergent subsequence can ever converge to 

an optimal solution. In other words, :I€ > 0 such that 

contradicting Lemma Al. Therefore, Corollary A2 holds .• 
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In this appendix, we prove Lemma 4.4.3 (Chapter 4). For ease of reference, we 

will restate the lemma. Since the update formulas (4.2.11) and (4.2.12) play an 

important role in the statement of the lemma, we will also re-present them and 

renumber them here as follows: 

where ii"~ and ii"~ are any vectors such that 

ii"; E {7rI'n-A3 :5 C3} 

ii"~ E {7rI7rA2 :5 C2 - ii";B3}. 

(B. 1) 

(B.2) 

Lemma 4.4.3. In the algorithm S3SD, suppose the update formulas (B.1) and 

(B.2) are used instead of (4.2.5) and (4.2.9). Let {7J~2(xt)H=1 be cuts constructed 

as in Step 2b of algorithm S3SD. Then for any k, 

\1x1 E Xl t = 1", . , k. 

Proof. By (4.4.2), the last inequality holds; we only need to show the first. We 

will show the following parametric assertion is true for all k ~ 1. 

• Assertion X[k]: 

k 

7J:'2(Xt) = 7i- k(t)(6 - B2xt) + L A~(t)a~t3 t = 1, .. ·,k (B.3) 
8=1 

for some (7i- k (t), {A!(t)}!=l) feasible (but not necessarily optimal) for the 

problem (DS~) whose value is h~(xt, 6). 
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This being the case, the proposition follows immediately. Next, we will verify this 

assertion using an inductive argument. First recall (4.2.8), viz. 

k 

.,.,z'2(XI) = 7r~(6 - B2XI) + L '\~a~,3 (BA) 
8=1 

where (7r~'{'\!}!=I) is an optimal solution for the program (DS~) obtained in 

Step 2c of the algorithm. Consequently (B.3) holds for t = k, any k. Now if 

k = 1, the only possibility of t is t = k = 1 meaning that the Assertion X[l] is 

valid. 

Now, suppose Assertion X[k] holds for some k. That is, 

such that 
k 

"":,2(Xt) = 7J-k(t)(6 - B2XI) + L ;\!(t)a!,3 (B.5a) 
8=1 

and 

k 

7J-k(t)A2 - L ;\!(t)f3:,3 ~ C2 (B.5b) 
8=1 

k 

L ;\~(t) = 1 (B.5c) 
8=1 

;\!(t) ~ 0, 8 = 1,,,, ,k. (B.5d) 

We will proceed to show Assertion X[k + 1] holds as a consequence. In the 

demonstration, we will need the following relationships obtainable based on the 

update formula (B.1) for stage 3 cuts, viz. 

ak+1 = _k_ak + _l_irk+ltk+l 
8,3 k + 1 8,3 k + 1 3 '>3 

(B.6a) 

f3 k+l - ~f3k _1_ irk+1 B 
8,3 - k + 1 8,3 - k + 1 3 3 

(B.6b) 
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Using the updating formula (B.2) in Step 2d and the inductive premise 

(B.5a), for t = 1"" ,k, 

k+l() k k () 1 {-k+1(C B ) -k+1 Ck+l} 
TJt,2 Xl = k + 1 TJt,2 Xl + k + 1 71"2 ~2 - 2 X I + 71"3 ~3 

= k! 1 { fr'(t)(g, - B,x,) + t, XM"!,, } 

+ _1_ {1fk+1 (C _ B X ) + 1fk+1 ck+1} k + 1 2 ~2 2 I 3 ~3 

= {k ~ 11rk(t) + k: 11f~+1 }(6 -B2Xt) 

k 

+ ~ ~k(t){_k_(i + _1_1fk+1Ck+1} 
~ 8 k + 1 8,3 k + 1 3 ~3 
8=1 

{ 
k ~k() 1 -k+1}(C B ) 

= k + 171" t + k + 1 71"2 ~2 - 2 X 1 

k 

+ L ~!(t)a!JI (by (B.6a)) 
8=1 

which, by letting 

1rk+1(t) = _k_1rk(t) + _l_1fk+1 
k+1 k+1 2 

(B.7a) 

~k+1(t) = {~:(t) if s = 1,,,,, k 
8 0 if s = k + 1 

(B.7b) 

simplifies further to 

k+1 
TJttl(Xt) = 1rk+l (t)(6 - B2Xt) + L ~=+I(t)a!J1 (B.8a) 

8=1 

which is of the form (B.5a). 

We next show that for each t = 1,,,,, k, (1rk+l(t), {~~+l(t)}!;;:) is indeed 

feasible for the program (DS~+l) - whose value is hk+l(x~+l ,6) - by showing 
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that they satisfy 

k+l 
7i-k+I(t)A2 - 'L)!+I(t),s:,t1 ~ C2 (B.8b) 

8=1 

(B.8c) 
8=1 

(B.8d) 

Now (B.8c) and (B.8d) are obvious, being (B.5c) and (B.5d) in disguise. To 

verify (B .8b), we expand its left hand side using (B .6b) and (B. 7 a), which becomes 

{ 
k ~k() 1 -k+l}A 

k + 1 71" t + k + 171"2 2 

k 

_ "'" 5.k(t){_k_ (.lk _ _ 1_n-k+l B } 
L..J 8 k + 1 fJ8,3 k + 1 3 3 
8=1 

k 

= k: 1 {if'(t)A, - ~?~(t).8~.3 } + k ~ 1 {if~+' Ad W' B3 }. 

k 1 
< --C2 + --C2 = C2· 
- k+1 k+1 

The last inequality is due to the induction premise (B.5b) and the criterion for 

the choice of n-~+1 as stipulated in Step 2d of the algorithm. 

We have shown that if Assertion X[k] holds, then Assertion X[k + 1] 

holds. Since Assertion X[1] holds, the result follows .• 
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