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ABSTRACT 

In many applications in the physical and earth sciences there are multiple vari

ables of interest which are correlated. In these cases, the spatial random function 

becomes vector-valued, in which spatial correlation and component (inter-variable) 

correlation come out simultaneously. We denote by Z(x) = (Zl(X), •.• , Zm(X))T the 

vector-valued random function. Similarly the covariance and variogram structure 

of Z(x) playa central role in any prediction scheme. But the covariance function 

and variogram of Z(x) are no longer scalar functions. They are matrix-valued 

functions when m > 1 and have a positive (negative) definiteness property in a 

generalized sense. Any prediction technique for vector-valued spatial functions 

relies heavily on this property. Therefore, characterizing and modeling the matrix

valued covariance or variogram structure of Z(x) is extremely important in spatial 

statistics and become more difficult than in scalar cases. For instance, (a) there 

is a lack of standard models for the covariance function and variogram [23] j (b) 

there is no efficient graphic aid for fitting models since the covariance function and 

variogram are matrix-valued functions; (c) there are many parameters need to be 

estimated. Even the basic analytic properties of matrix-valued positive definite 

functions are not clear. 

In this dissertation, we genel'aliz(~ the concept of (scalar) positive definite func

tions to matrix-valued functions which are related to correlations and variograms 

of vector-valued random functions, to analytically study matrix-valued (condition

ally) positive definite functions beyond basic definitions, to create matrix-valued 

variogram models, to provide techniques for systematic variogram modeling. 
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Chapter 1 INTRODUCTION 

In many physical and engineering applications, one attempts to study uncer

tainties of physical phenomena, where the uncertainties may be related to other 

parameters, such as location (space), time. It is necessary to consider the uncer

tainties as a function of location or location and time. This leads to defining a 

function not only of outcomes but also location or time. A function defined in this 

way is called a random function. In other word, a random function is a family of 

random variables over a common sam pie space n = {w}. It is usually denoted as 

Z(x,w), where x E Rn ( 11 = 1,2,3. ) or x E Rn x T. Because of the common 

sample space, one usually denotes a random function as Z(x). When x is time 

only, Z(x) is is a time series. When x E Rn ( 11 = 1,2,3. ), Z(x) is a spatial 

random function. When x E R" x T, Z(.1:) is classified as a spatial-time processes. 

The study of random functions can be traced back to as early as Brownian 

motion (1905). Over almost one hundred years, this field has formed different 

branches. Since the study of random functions has a strong physical and engi

neering background, applications of random functions are plentiful. As one of the 

branches, Geostatistics focuses on statistical properties of random functions and 

their applications to mining, hydrology, soil sciences and environmental studies. 

Because a random function is a family of random variables, it is difficult to 

characterize its distribution without appropriate assumptions. Some form of sta

tionarity is a very common assumption when one considers a series of observations 

of Z(x) which don't undergo any systematic changes, but only fluctuate in a dis

ordered manner about some constant mean level. The widespread usefulness of 

concept of a stationary random function has naturally resulted in a swift increase 

in the last few decades in literature on the applied theory of such functions. Si

multaneously, the mathematical and statistical literature on the subject has been 
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expanding from year to year to meet needs of practice. 

The most important part of the theory of stationary and related random func

tions deal with first and second moments. This part of general theory is usually 

called Correlation Theory (A. M. Yaglom, 1986). The reason why correlation 

theory has become so important is that first, mathematical tools, such as Fourier 

Analysis, Functional Analysis and Operator Theory can be used directly; second, 

from an applied point of view, it highly relies on structure of first and second 

moments for one to fulfill estimation of a random function if a linear predictor is 

assumed. 

One well-known characteristic of a correlation function is that it is a positive 

definite function. Conversely, for each positive definite function, one can construct 

a random function with the positive definite function as its correlation function. 

Therefore, the class of positive definite functions plays a central role in study of 

random functions. 

Positive definite functions and their various analogues and generalizations have 

arisen in diverse parts of mathematics since the beginning of this century. They 

occur naturally in Fourier Analysis, Probability Theory, Complex Function theory, 

Moment Problems and Integral Equations, etc. One of the most famous results 

is Bochner's theorem which asserts that a positive definite function is a Fourier 

transform of a finite positive measure. 

One is interested in the statistical properties of a random function, such as, 

the mean function which reflects the regional tendency and the covariance which 

reflects spatial correlation and local fluctuation. To estimate the value of a random 

function Z(x) at certain point x E Rn ( n = 1,2,3 ) based on observations at other 

points, one usually needs to know covariance structure, or at least some weaker 

forms that reflect variation. The variogram defined as i(x,y) = ~Var(Z(x) -

Z(y)), is one of weaker forms which is frequently used in spatial statistics. An 
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important characteristic of the variogram function ,(x, y) is that -,(x, y) is a 

conditionally positive definite function in the sense to be defined in next section. 

A recurring problem in one of the branches of spatial statistics, geostatistics, is 

to determine whether a particular function can be used as a covariance or variogram 

model. Therefore, analytically studying the family of ( conditionally) positive 

definite functions is extremely important not only in theoretical exploration but 

also in applications of random function theory. 

In many application in the physical and earth sciences there are multiple vari

ables of interest which are correlated. In these case, the spatial random function 

becomes vector-valued, in which spatial correlation and component (inter-variable) 

correlation come out simultaneously. We denote by Z (x) = (Zl (x), ... , Zm (x) f the 

vector-valued random function. Similarly the covariance and variogram structure 

of Z(x) playa central role in any prediction scheme. But the covariance function 

and variogram of Z(x) are no longer scalar functions. They are matrix-valued 

functions when m > 1 and have a positive (negative) definiteness property in a 

generalized sense. Any predictioll technique for vector-valued spatial functions 

relies heavily on this property. Therefore, characterizing and modeling the matrix

valued covariance or variogram structure of Z(x) is extremely important in spatial 

statistics and is more difficult than in scalar cases. For instance, (a) there is a 

lack of standard models for covariance and variogram [23]; (b) there is no efficient 

graphic aid for fitting models since covariance and variogram are matrix-valued 

functions; (c) there are many parameters need to be estimated. Even the basic 

analytic properties of matrix-valued positive definite functions are not clear. 

The goal of this work is to generalize the concept of (scalar) positive defi

nite functions to matrix-valued functions which are related to correlations and 

variograms of vector-valued random functions, to analytically study matrix-valued 

(conditionally) positive definite functions beyond basic definitions, to create matrix-
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valued variogram models, to provide techniques for systematic variogram modeling. 

In Chapter One and Chapter Two, we will review univariate random func

tions, (conditionally) positive definite functions, radial basis functions and previ

ous related work. We will discuss kriging techniques which are frequently used in 

geostatistics and the role of variogram functions. 

In Chapter Three, we extend the concept of random function to multivariate 

cases. Physical and engineering examples which support this extension will be 

discussed. Some data sets will be introduced. We will also review a very important 

regression technique, co-kriging, and discuss the role of matrix-valued variogram 

functions in co-kriging. Majority of this chapter is to characterize matrix-valued 

functions with a positive definiteness property. Compared with the scalar positive 

definite functions, the case of matrix of matrix-valued functions is much more 

complicated. We discuss som~ basic properties of positive definite matrix-valued 

functions and extend Bochner's well known theorem for scalar positive definite 

functions to matrix-valued functions. We discuss conditionally positive definite 

matrix-valued functions and their integral forms. Many analytic properties are 

obtained. In addition, we create several standard matrix-valued variogram models 

which can be used in geostatistics. 

In Chapter Four, we study matrix-valued radial basis functiox:Is and completely 

monotonic matrix-valued functions. The relationship between conditionally pos

itive definite matrix-valued functions and completely monotonic matrix-valued 

functions will be discussed. Some well-known results for scalar radial basis func

tions, especially Bernstein's theorem on the completely monotonic functions and 

Micchelli's theorem on conditionally positive definite functions, have been extended 

to the matrix-valued case. One of the theorems in this chapter is very useful in 

matrix-valued variogram modeling. Its importance will be seen in Chapter Five. 

In spatial statistics, we often have a single observation of a spatial random 
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function Z(x) at each location x. How to fit a matrix-valued variogram model is an 

unresolved problem in geostatistics. The major difficulties are (a) there are many 

parameters to be estimated; (b) the positive definiteness property of estimator 

is not easily guaranteed. In Chapter Five, we propose a method for variogram 

modeling by using scheme of simultaneously diagonalizing the sample variogram 

matrices to nearly diagonal forms and clue of Theorem 5.3.1 to construct matrix

valued variogram model. Compared to traditional method, this method guarantee 

positive definiteness of matrix-valued variogram estimator and fit model vary well. 

Since the scheme for matrix-valued variograms proposed in Chapter Five relies 

on procedure of simultaneously diagonalizing several symmetric matrices to nearly 

diagonal form. We use a modified FG-algorithm and least squares algorithm to 

perform simultaneous diagonalization procedures. The importance of simultane

ous diagonalization of symmetric matrices is not only in matrix-valued variogram 

modeling but also in other statistical problems, such as common principal compo

nents of multiple populations [9] [12], multidimensional scaling [8]. We will discuss 

the two algorithms in detail in Chapter Six. An open problem proposed by Flury 

[12] on convergence of the least squares algorithm has been resolved. Profs of 

some results are somewhat lengthy and are given in an appendix. Examples of the 

simultaneous diagonalization of matrices are also given. 

I 
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Chapter 2 UNIVARIATE SPATIAL RANDOM 
FUNCTIONS AND VARIOGRAM MODELS 

2.1 Introduction 

Due to their importance in many scientific disciplines, spatial random functions 

constitute an active area of research including of theoretical studies of spatial 

random functions, such as spectral analysis, spatial stochastic differential equations 

and spatial statistics which has a broad range of applications in mining, hydrology, 

soil sciences, geophysics and environmental studies, etc.. While much work has 

been done in the theory of spatial random functions, many important topics still 

remain to be studied. 

Much attention is drawn to characterizing an spatial random function by means 

of its spatial as well as its spectral moments. By studying these moments, impor

tant insight is gained regarding the mathematical structure underlying the spatial 

random function concept. 

In this chapter, we will give the definition of spatial random functions and 

briefly discuss some basic properties. We will review a major regression techniques, 

known as kriging and the importance of variogram models. The spatial random 

functions we are discussing in this chapter will be restricted to the univariate case 

( i.e. scalar spatial random function ). 

2.2 Definitions 

Let (n,:F, P) be a probability space, where n is sample space, :F is au-field 

on nand P is a probability measure. If Z(x) : (n,:F, P) --+ R is a measurable 

function on Rk, then Z (x) is called a spatial random function. 

We also define a spatial random function on a subset A E Rk. From the above 

definition, a spatial random function is really a family of random variables on the 
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common probability space (f2, F, P). 

For any n points Xl, X2, • •• , Xn E A ~ Rk, the distribution function of a random 

function is defined as 

This distribution function must satisfy two conditions (A. M. Yaglom, 1962): 

(a) The symmetry condition, 

where jl, h, ... ,jn is any permutation of the indices Xl, X2, ••• ,Xn ; 

(b) The compatibility condition, 

for any Xm+I, ••• ,Xn ifm < n. 

(2.2.2) 

(2.2.3) 

Definition 2.2.1 (Yaglom) A spatialmndom function is stationary if all the finite 

dimensional distribution functions (2.2.1) are translation invariant, that is, if 

(2.2.4) 

The non-central moments of a spatial random function are defined as 

when they exist. 

The moments of a spatial random function are (deterministic) functions of 

the spatial variables. More subtle properties of Z(x) are described by its second 

moment IlI,1 = B(x,y) = E[Z(x)Z(y)]. 
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The covariance function of Z(x) is given by 

C(x,y) = Cov(Z(x),Z(y)) = E[Z(x)Z(y)] - E[Z(x)]E[Z(y)]. 

It characterizes the random deviations of the values Z (x) from the respective mean 

values E[Z(x)]. In particular, C(x,x) = u2[Z(x)] = u2(x) is the variance of Z(x), 

C(x,x)1/2 = u(x) is the corresponding standard deviation, and 

C(x,y) 
R(x,y) = u(x)u(y) 

is the correlation coefficient between Z(x) and Z(y). B(x, y) is often called the 

non-central correlation function of Z(x) (Yaglom 1986). Sometimes, the C(x, y) 

is called the central correlation function and the R(x,y) is called the normalized 

correlation function. 

The variogram of Z(x) is defined as 

,(x,y) = !Var(Z(:r) - Z(y)) 
2 

Definition 2.2.2 (Yaglom) A spatial random function is called second order sta

tionary if its second moment function is finite for each x E Rk and 

(a) EZ(x) = J.Ll(X) = J1. (constant), 

(b) Cov(Z(x),Z(y)) = C(x - y) \lx,y E Rk, 

Definition 2.2.3 (Myers) A spatial random function is called intrinsic stationary 

if 

(a) EZ(x) = J.Ll(X) = J.L (constant), 

(b) ')'(x, y) = ')'(x - y) \Ix, y E R\ (2.2.5) . 

providing that the expectation exists. 

Let 7rp(Rk) denote space of all polynomials in Rk with degree less than or equal 

to p. Note that 7rp(Rk) is spanned by all monomials with total degree less than 
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or equal to p. For any positive integer n, v = (Vb • •• ,Vn )' with Vi E R is called a 

generalized-increment vector of order p if 

i=l 

Definition 2.2.4 A spatial random function Z(x) is called an intrinsic spatial 

random function of order p (IRF-p) if for any n spatial locations XI, • •• , Xn and 

generalized-increment II of order p 
n 

V(x) = L ViZ(X + Xi), 
i=l 

is a second order stationary. 

Note that an intrinsic stationary random function defined in 2.2.3 is an IRF-1 

and a second order stationary random function is an IRF-O. The term intrinsic 

spatial random function is used in the geostatistical literature (Matheron, 1973), 

while the concept of intrinsic random function is the same as generalized random 

function with homogeneous increments of order V used in A. M. Yaglom 1986 and 

Gel'fand 1964. For the intrinsic random functions, one uses alternative tools of 

stochastic inference such as the variogram ( or structure function in A. M. Yaglom's 

book, 1986). 

Both the covariance and variogram are used to quantify spatial correlation and 

variation of a spatial random function, while the assumption for the variogram 

is weaker than for covariance function. Generally, if second moments of Z(x) 

exit at each point X E Rk, covariance function and variogram have the following 

relationship 
1 

,),(x,y) = '2(c(x,x) + c(y,y) - 2c(x,y)). (2.2.6) 

Furthermore, for a second order stationary spatial random function, the covariance 

function and variogram satisfy the following relationship 

')'(x - y) = c(O) - c(x - y), (2.2.7) 

which is very useful for spatial statistics. 
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2.3 Properties of the Covariance and Variogram 

Property 2.3.1 A function C(x, y) is a covariance function of a spatial random 

function if and only if it is positive definite in the sense that 

n n 

I: I: Ai).jC(Xi,Xj) ~ 0 (2.3.1) 
i=l j=l 

for all non-negative integers n, all Xi, Xj E Rk and all real (or complex) number 

AI! A2, ... ,An. 

The property is direct consequence of Komogolov's existence theorem (Yaglom 

1962) and the following inequality 

n 2 n n 

E[I: Ai(Z(xd - EZ(Xi))] = I: I: AiAjE(Z(xd - EZ(xd)(Z(Xj) - EZ(Xj)) ~ O. 
i=l i=l )=1 

Property 2.3.2 Each covariance 01' variogram is a symmetric function in the 

sense that 

C(X,y) = C(y,x); ,(X,y) = ,(y,X) 

Property 2.3.3 A function ,(X, y) is a variog1'Um of a spatiulmndom junction ij 

and only ij it is 151 order conditionally negative definite in the sense that jor all non

negative integers n, all ~'i, Xj E Rk and real (or complex) numbe1' AI! A2'"'' An. 

n n 
(1) I: I: Aj).j/(Xi,Xj) ~ OJ (2.3.2) 

i=l j=1 
n 

(2) I: Ai = 0 (2.3.3) 
i=l 

This property is a direct consequence of equation (2.2.6) and property 2.3.1. 
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2.4 Kriging and Variogram Models 

The purpose of this work is to present methods for covariance and variogram 

modeling in geostatistics. Geostatistics is primarily concerned with statistical 

properties and estimation problems of random functions. It emerged in the early 

1980s as a hybrid discipline of mining engineering, geology, mathematics and statis

tics ( Matheron, 1962,1963a,.b ) Its strength over more classical approaches for 

ore-reserve estimation is that it incorporates spatial variability at both the large 

scale and small scale. It models both spatial trend and spatial correlation. One of 

the most important problems in geostatistics is to predict the ore grade in a min

ing block from observed samples. This process of prediction was called J( riging 

(Matheron 1963b). 

Let {Z(x): x E A ~ Rk} be a spatial random function, as defined in section 

2.1 and Z(Xl), Z(X2), ... , Z(xn ) are observations at locations Xli"" Xn. The data 

are used to predict a linear functional of Z(x), say £(Z(.)). The simplest choice 

for C is 

£(Z(.}) = Z(:1'o}, (2.4.1) 

where Xo is a known spatial location. Another choice for £ is 

£v(Z(.)) = I~I iv Z(x)dx. (2.4.2) 

One usually assumes a spatial random function model 

Z(x) = m(x) + Y(x) VxE A, (2.4.3) 

where m(x) is the mean function of Z(x), and Y(x) is an intrinsic stationary spatial 

random function with zero mean which reflects the local fluctuation of Z(x). 

It is common to assume that m(x) is a linear combination of known linearly 

independent functions /o(x) = 1, II (x), . .. ,/p(x). The above model can rewritten 
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as 
p+1 

Z(x) = LIi-1(X){3j-1 + Y(x), x E A, (2.4.4) 
j=1 

where {3 = ({30, .•. , {3p)' E ]lP+1 is an unknown vector of parameters. 

Let F(x) = (Jo(x), ... ,!p(x))' and B be an n x (p+ 1) matrix whose (i,j)th 

element is !j-1 (Xi). Then 

Z(x) = F(x)'{3 + Y(x), (2.4.5) 

and the data vector 

, 
Z = (Z(xd, ... , Z(xn)) = B{3 + Y, (2.4.6) 

, 
where Y = (Y(X1),"" Y(xn)) . 

The objective is to predict Z(xo) from the data Z. The simplest form of an 

estimator is a linear combination 

n 

Z(xo) = L ~iZ(.l~d, under constraint ~' B = F(xo)', (2.4.7) 
i=1 

, 
where ~ = (~1" .. , ~n) . Note that the constraint is to ensure that the predictor is 

, 
unbiased and that the linear function F(xo) {3 is estimable ( F. A. Graybill, 1976). 

The spatial predictor Z(xo) can be optimized by minimizing the mean squared 

prediction error 
2 - 2 O"e(.l'O) = E(Z(xo) - Z(xo)) , (2.4.8) 

with respect to the ~1!"" ~n' subject to ~' B = F(xo)'. The constrained opti

mization problem is equivalent to the unconstrained minimization of 

n 2 p+1 n 

E(Z(xo) - L ~iZ(Xi)) - 2 I: I'j-l {I: !j-l(Xi) - Ii-1(XO)}, (2.4.9) 
i=l j=1 i=1 

with respect to ~1" •• , ~n' 1'0, ... , I'p where 1'0, ... ,I'p are Lagrange multipliers. 

n 2 

E(Z(xo) - L ~iZ(xd) 
i=1 
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n 2 

= E[F(xo)' P + Y(XO) - A' EP- L AiY(Xi)] 
i=1 

n 2 

= E [(F(xo)' - A' E)P + (Y(xo) - L AiY(Xi)] 
i=1 

n 2 

= E(Y(xo) - L AiY(Xi)) 
i=1 

n 1 n 

= E[~ Ai(Y(XO) - Y(xd? - 2 .~ AiAj(Y(Xi) - Y(Xj))2] 
1=1 I,J=1 

n n 

= 2L Ai"'(XO,Xi) - L "'(Xi,Xj) (2.4.10) 
i=1 i,j=1 

Under the assumption of intrinsic stationarity, equation (2.4.10) becomes 

n 2 n n 

E(Z(xo) - L AiZ(xd) = 2 L An(Xo - xd - L "'(Xi - Xj). (2.4.11 ) 
i=l i=1 i,j=1 

Let 

4>(A}, ... ,An, I'-h' . 'I'-p) 
n n p+1 n 

= - L "'(Xi - Xj) + 2 L >'n(xo - xd - 2 L I'-j-d L Ii-I (Xi) - Ii-I (Xo)} 
i,j=1 i=1 j=1 i=1 

(2.4.12) 

where 

I 

I'- = (l'-o, .. ·,l1p), 
I rO = ("'(XO - xd,.·· , "'((xO - Xn)), 

After taking partial derivatives for A and I'- and setting ~! = 0 and ~: = 0 we 

obtain a system of equations called the Kriging Equations 

r>. + EI'- = ro 
E'>' = F(xo) 

(2.4.13) 

(2.4.14) 
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Equations (2.4.13) and (2.4.14) can written as a matrix equation 

(2.4.15) 

where the 0 is an (p + 1) x n matrix with zero elements. Equation (2.4.15) has a 

unique solution for ,\ and p. if and only if the coefficient matrix is invertible. Thus 

(2.4.16) 

Now a question is: when is the coefficient matrix invertible? To answer this ques

tion, we have to investigate structure of the coefficient matrix. Before doing so, 

we give definition of conditionally positive definite function. 

Definition 2.4.1 Let g(J:,y) = g(y,x) : A ~ Rk X Rk --+ R. g(x,y) is said to a 

conditionally positive definite function with respect to F, where F is a linear space 

spanned by linearly independent functions fo(x) = 1,It(x), ... ,fp(x), if 
n 

L ~i~jg(Xi,Xj) 2: 0, (2.4.17) 
i,j=1 

for all points XI, ••• , Xn in A and all 6, ... , ~n satistifying 
n 

L ~ifJ(xd = 0; j = O, ... ,p. (2.4.18) 
i=1 

A special choice of F is that F = 7rr _dRk), where 7r r _l{Rk) is the space of 

polynomials in k variables, of degree less than or equal to r - 1. A special case of 

9 is that g(J',y) = g{x - y). 

From property 2.3.3, we have already seen that -,(x,y) is conditionally pos

itive definite function in the sense of definition 2.4.1. The following theorem is 

given by D. Myers (1988). 

Theorem 2.4.1 In definition 2.4.1, let 9 = -,. If inequality (2.4.17) is strict 

and functions fo(x) = 1, It (x), .. . , fp(x) in (2.4.4) belong to 7r'r-l (Rk), and sample 

size n ~ r. then 

is invertible. 
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Proof: Suppose that the matrix were not invertible then there is a non-zero 

(V' W')' such that 

Then rv + BW = 0 and B'V = 0, the latter is condition (2.4.18) in the definition 

of conditionally positive definite function. Note that 

(V' W') (~, ~) (~) = v'rv + V'EW + W'B'V = v'rv. 

Thus we see that v'rv = o. This implies that V = 0 and FW = O. Finally we 

note that FW = 0 is 

p 

LWj/i(xd = 0 i = 1, ... ,n. 
j=O 

, 
This implies IV = (wo, . .. , wp ) = O. Therefore the coefficient matrix is invertible. 

From above discussion, it is seen that the class of (conditionally) positive defi

nite functions plays a very important role for spatial random functions. In the next 

chapter, we will review basic properties of (conditionally) positive definite func

tions. Before doing so, we list some frequently used variogram models in geostatis

tics. For simplicity, we focus on isotropic variogram models, i.e. ,(x,y) = ,(h), 

where h = IIx - yll. 

Linear Model 

where Cl ~ O. 

Spherical Model 

where CI, a> O. 

,(h) = {O, 
c}h, 

if h = OJ 
if h > 0, 



Exponential Model 

{ 
0 if h = OJ 

,(r) = c~[l - exp( -~)] if h > 0, 

where Cll a > O. 

Gaussian Model 

where CI, a> O. 

Rational Quadratic Model 

where CI, a> O. 

Nugget Model 

where Co> O. 

if h = OJ 
if h > 0, 

{ 
0 if h = OJ 

,(h) = r: 
'"'\J if h > 0, 

25 
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POSITIVE DEFINITE FUNCTIONS 
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In this chapter, we discuss general properties of (conditionally) positive definite 

functions and review previous results. To be self-consistent, we re-define (condi

tionally) positive definite function. Many of the results given in this chapter are 

found in Gel'fand and Vilenkin(1964)[14] and Widder (1946)[36]. 

Notations: 

1. Let em be m-dimensional complex space and eoo(Rk) be the linear space of 

complex valued infinitely differentiable functions over Rk. 

2. Let L1(Rk) be the space of absolutely integrable complex functions over Rk 

with respect to Lebesgue measure. 

3. Zi is a set of k-dimensional nonnegative integer vectors and if U = (Ul, ... ,Uk) 

E Zi then 

(u) _ 81ul 
D - , 

8xu l 8XUk , ... , 
k 

lui = LUj, u! = Ul! .. . Uk!. 
j=l 

4. Let J.I(>.) be a positive measure on Rk, it is said to be tempered if 

is finite for some p ~ o. 
5. Let A = (All ... , AdT and x = (Xl' ... ' xkf be in Rk, AX = XA =< x, A > 

where < . ,. > is the inner product in Rk. Then X2 =< x, X >. 

6. The integrals in the following discussion are all multiple integrals and dx 

means n~=l dXt. 

3.1 Space I{, Sand Z 

We denote by [( the space of all functions 4>(x) = 4>(x}, ... ,Xk) on Rk, which 

are infinitely differentiable and have bounded support. This definition can be 
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formulated in another way. Let's denote by K (a) the family of functions which are 

infinitely differentiable and with support Ixl < a. Then a ~ b implies K(a) ~ K(b) 

and 

I( = U K(a). 
a~O 

In K(a), a topology can be defined by means of the system of norms 

We call an absolutely convex set U in ]{ a neighborhood of zero if for any a the 

set U n K (a) is a neigh borhood of zero. 

We define space S as a family of functions in which each function 4>(x) is 

infinitely differentiable and rapidly decreasing together with its derivatives of all 

order, as Ixl -+ 00, that is, for all r ~ 0 and q E Z~. 

lim 1(1 + Ixl2r D(q)4>(x)1 = O. 
Irl-oo 

A system of neighborhoods of zero in S is defined for all 4> E S such that 

for all r ~ 0 and q E Z~. 

Every function in the space I{ obviously belongs to the space Sand I( is an 

everywhere dense set in S relative to the topology of S. 

Now we introduce the space Z. It consists of all entire analytic complex valued 

'functions 4>(z) = 4>(ZI,"" zn) defined on Ck which satisfy 

Z = x + iy· 

for any r, where a depends on 4>(z) and C depends on 4>(z) and r. 
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We use K', S' and Z' to denote the spaces of all linear functionals on the spaces 

J(, Sand Z respectively. A sequence {Fn} of linear functionals is said to converge 

to zero if 

lim (Fn' ljJ) = 0, 
n-oo 

for any test function ljJ. 

For a function in anyone of the three spaces, the Fourier transform is defined 

by 

~(>') = J ljJ(x)e-i:r).dx, 

and denoted by ~ = :F ljJ. We denote by 

R = :FA', S = :FS, Z = :FZ, 

the image spaces of ]{, Sand Z under the Fourier transform. 

Theorem 3.1.1 

R = Z, Z =]{, S = S. 

These results are found in Gel'fand and Vilenkin's book (1964) [14]. 

3.2 Basic Properties of Positive Definite Functions 

Definition 3.2.1 A compleJ·.valued function f is said to be positive definite (PD) 

function if 
n 

L f(xi - Xi)~i(i ~ ° 
i,i=l 

holds for every choice of Xl, .•. Xn E Rn and ~l' ••• ,~n E C. 

Property 3.2.1 

1. If f is positive definite, then so is J. 
2. If fll ~ .. ,fn are positive definite and Ci ~ 0, (i = 1, ... , n), then 

n 

f(:r) = L Ci/i(X) 
i=l 
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is positive definite. 

3. If {fn} is a sequence of positive definite functions, then so is f(x) -

lim fn (x), providing that the point-wise limit exists. 
n ..... oo 

4· Any positive definite function f is bounded and If(x)1 :5 f(O). 

5. The product of positive definite functions is also a positive definite function. 

Example 3.2.1 

are all positive definite. 

Theorem 3.2.1 (Gel'Jand) [14} 

1. f(x) = e-1xl , 
_ 2 

2. f(.l·) = f :r , 

1 
3. f(x) = 1 +x2 ' 

A continuous function J(x) is positive definite if and only if 

J J f(x - y)¢(.l')¢(y)dxdy ;::: 0, V</> E 1\. 

This inequality can be rewritten as 

J J f(x)¢* ¢"(x)dx;::: 0, 

where </> * ¢"(x) is the convolution of ¢(x) and ¢C-x). 

Definition 3.2.2 A generalized function F on 1\ or S or Z is positive definite if 

(F, ¢ * </>"( x)) 2: 0 for all test functions ¢ in the space (1\ or S or Z). 

For a continuous function f(x}, we can define a generalized function F on J( 

or S or Z by 

(F, ¢) = J f(x)<f>(x)dx. 

By theorem 3.2.1, one can see that definition 3.2.1 and definition 3.2.2 are equiv

alent for continuous PD function. 
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Theorem 3.2.2 (Bochner's Theorem 1){1} Let f(x) be continuous on Rk. Then 

f is positive definite if and only if there exists a bounded positive measure Jl on Rk 

such that 

where XA =< x, A > . 

Theorem 3.2.3 (Bochner'S Theorem 2){1} If f E Ll(Rk) and continuous, then f 

is positive definite if and only if there exits a positive function j E Ll(Rk) such 

that 

Theorem 3.2.4 (Polya's Crite1'ioll f01' PD function){18} If f(x) is a real-valued 

and continuous function which is defined for all x E R and satisfies the following 

conditions: 

(1) 

(2) 

(3) 

Then f(x) is positive definite. 

/(:1:) = /( -x); 

f(:1:)is convex f01' all x > 0; 

lim f(x) = O. 
x-oo 

3.3 Conditionally Positive Definite Functions 

Definition 3.3.1 Let f(x) be a function f1'Om Rk to C (complex numbers) and n 
be the linear space spanned by go, g}, ... , gPI where go, g}, ... , gp are linearly inde

pendent. f (x) is said to be conditionally positive definite (CP D) with respect to n 
if 

n 

(1) 2: eitif(xi - xi) ? 0; for \f 6, ... , en E C such that (9.9.1) 
i,i=1 

n 

(2) 2:eig/(Xi) = 0, 1= O, ... ,p. (3.9.2) 
i=1 
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We denote by 1r'p-l (Rk) the linear space of all monomials over Rk with total 

degree ~ p-l. f(x) is said to be a conditionally positive definite function of order 

p if f(x) is CPD with respect to 1r'p_l(Rk). 

Denote by P(D), a linear homogeneous constant coefficient differential operator 

of order p. Let J(p = P(D)](. The following result is found in Madych and Nelson 

(1990)[21]. 

Theorem 3.3.1 A continuous function f(x) is CPD of order p if and only if 

1 f(x)t/J * lV(x)d:r ~ 0, 

again where t/J * t/J- = 1 t/J(y )V'(y - :r )dy. 

Unlike positive definite functions, we don't have a simple closed form for condi

tionally positive definite functions. Gel'fand and Vilenkin discussed conditionally 

positive definite generalized functions in detail in their book (1964). Note that for 

a given continuous function f(x), we can construct a generalized function on 1\, S 

and Z by (F,</» = 1 f(x)</>(x)dx. Then by theorem 3.3.1, f(x) is a CPD function 

of order p if and only if (F, t/J * t/J-) ~ 0 for all t/J E I<p. Therefore we can translate 

all the results on positive definite functions in Gel'fand and Vilenkin's book into 

continuous CPD functions. 

Theorem 3.3.2 (Gel'fand and l'ilenkin}[141 

If f(x) is a complex valued function on Rk and it is continuous, then f is CPD 

of order p if and only if it admits the following representation for all functions in 

]( 

(1)- (1)-1 f(x)</>{x)dx = i" [¢(..\) - &(..\) L D If(O) ..\I]dj.t(..\) + L D If{O) aI, 
R .... 0 111<2p' 111$2p' 

(3.3.3) 

where ¢(..\) is the Fourier transform of </>( x), j.t is a positive measure such that 

both of the integrals JO<I,\I<1 1..\12Pdj.t(A) and ~'\I~1 dj.t(A) are finite, a E 1\ such thai 



32 

1 - &().) has a zero of order 2p + 1 at ). = 0, I E Zi, the ai, III = 2p, are numbers 

such that the Hermitian form Llil=lil=p ai+j~lj ~ 0, the ai, for 0 ~ III ~ 2p - 1, 

depend on f(x). 

Note that 

Then using the above fact and writing out all Fourier transforms in the represen

tation, we can find an explicit form of continuous CPD function as given by the 

following theorem . 

. Theorem 3.3.3 f(x) is a continuous CPD function of order p if and only if f(x) 

admits the following rep,'eseniation 

(3.3.4) 

where the J.L().),al and Q().) are the same as in the theorem 3.3.2. 

Remark: If f(x) is a real continuous CPD function, then the above representation 

is the same as the one in Mathel'on (1973) [19] if we make a simple change of 

variables and define 

3.4 Radial Basis Functions 

A function f(x) from Rk to R is said to be a radial function if f(x) = g(lIxIl 2
). 

Thus radial functions can be generated by all real functions g(r) with r ~ O. Given 

a univariate function g(r) : R+ --+ R, a non-negative integer p, and 
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Then finding a function of the form 
n 

s(x) = L Aig(lIx - xill 2
) + Up(X), (3.4.1) 

i=l 
n 

L AiUp(Xi) = 0, (3.4.2) 
i=l 

satisfying 

i = 1, ... , n. 

is called an interpolation problem. If the above interpolation problem is solvable, 

then g(r) is called a radial basis function Dyn (1989)[7]. 

A continuous function g(r), defined on r ~ 0, is said to be conditionally positive 

definite of order p if f(x) = g(lIxIl2) is CPD of order p over Rk. 

Micchelli (1986)[22] showed that the conditional positive definiteness of g(r) is 

sufficient to ensure that the interpolation problem is solvable. Thus any condition

ally positive definite radial function is a radial basis function. 

If a random field is isotropic and intrinsic stationary, then the variogram of the 

random function is a radial basis function. 

Let pp(Rk) denote the set of all conditionally positive definite functions (not 

necessarily radial basis functions) of order p. Then obviously pp( Rk) ~ Pp+l (Rk) 

and Po(Rk) contains all PD functions (or CPD functions of order 0). If f(x) E 

Pl(Rk), it is called an almost positive definite (APD) function. 

Bochner's famous theorem can be used to characterize any PD radial basis 

function f(x) = g(lIxIl2
) with g(r) E Po(Rk) as 

g(r) = 100 

!h(rt)do(t), 

where o(t) is bounded and non decreasing, and flk is defined by Schoenberg 

(1938)[32] in terms of Bessel functions as 

{

cost, ifk=lj 

fl k = r(~)(~)(k;2)J(k;2)(t), ifk~2 
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Definition 3.4.1 Let 9 E COO(a, b), 9 is said to be completely monotonic on (a, b), 

denoted by CM, if 

\lr E (a,b), 1=0,1, ... ,. 

Bernstein's famous theorem characterizes completely monotone functions as 

Laplace transforms of positive measures. 

Theorem 3.4.1 (Bernstein's Theorem){36} 

(a) g( r) is a completely monotonic function on [0, 00) if and only if 

where a( t) is bounded and non decreasing and the integral is uniformly convergent 

for 0 ::; 7' < 00. 

(b) g( r) is a completely monotonic function on (0, 00) if and only if 

whe7'e a(t) is non decreasing and the integral is unif01'11lly convergent for 0 < r < 

00. 

Theorem 3.4.2 (Micchelli 1986)f22} If g(r) is continuous on [0, 00) and (-l)Pg(p}(r) 

is a completely monotonic function on (0, 00), then g( r) is a conditionally positive 

definite function of order p, that is, the radial function f(x) = g(lIxIl 2
) is CPD of 

order p. 

We give some examples of conditionally positive definite radial basis functions. 

Example 3.4.1 

1 
(a) g(r) = -, r > 0; 

r 

(b) g(r) = e-ar
, where a> O;r ~ 0; 



1 
(c) g(r) = (r + at' 0' > 0, a > 0 ,r ~ OJ 

(d) g(r) = r 2 1n r, r > OJ 

(e) g(r) = (r + at, r ~ OJ a> 0 ,0' > 0 and 0' # integer. 

35 

(3·4·5) 

(3.4.6) 

(9·4·7) 

(a), (b) and (c) are CPD of order zero, (d) is CPD of order 3 and (e) is CPD 

of order [0'] + 1. 
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Chapter 4 RANDOM VECTOR FUNCTIONS 
AND POSITIVE DEFINITE 

MATRIX-VALUED FUNCTIONS 

4.1 Introduction 

In many applications in the physical and earth sciences there are multiple vari

ables of interest and which are correlated. Moreover these variables are usually 

spatially located. For example, if one considers ore grades in a copper mine, copper 

may be of principal interest but other metals such as molybdenum, goal, silver, 

zinc may also be of critical interest. Usually, observations at a fixed site consist of 

multivariate outcomes, and these outcomes are correlated each other. Separately 

considering each component is not sufficient since one may lose important infor

mation by ignoring correlated effects. The velocities of particles in a turbulent 

flow can be considered as a random quantity. This random quantity is obviously 

a vector form. In both cases, one faces a vector-valued random function situation, 

in which spatial correlation and component (inter-variable) correlation come out 

simultaneously. Therefore generalizing scalar random functions to vector random 

functions is not only because of complexity of random fields but also because of 

nature of many physical phenomena. 

Let Z(x) = (ZI(X)"", zm(x))T denote the vector-valued random function. Our 

major interest is to predict the Z(x) based on observations Z(xd, ... , Z(xn ) at 

spatial locations Xl, ••• , X n • Several methods to deal with the multidimensional 

spatial data have been developed. One of them is interpolation. The interpola

tion method treats spatial data as values of a deterministic spatial function and 

its objective is to smoothly fit these data by an interpolated surface. Another is 

co-kriging method. Although the co-kriging method is in fact essentially equiva

lent to the interpolation method, but it treats the spatial data as realizations of 
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a random function. Distribution is always a characteristic of a random function 

although it is usually unknown. Similarly, spatial correlation structure of Z(x} 

plays a central role in the prediction scheme. But the spatial correlation func

tion of Z(x} is no longer a scalar function. It is a matrix-valued function when 

m > 1. Both interpolation method and co-kriging method rely heavily on the 

positive definiteness property of correlation function {or spline function in inter

polation method}. Characterizing the correlation structure of Z(x}, and modeling 

the correlation function is more difficult than in the scalar case. For instance, (a) 

there is a lack of standard models for covariance and variogram [23]; (b) there is no 

efficient graphic aid for fitting models since covariance and variogram are matrix

valued functions; (c) there are many parameters need to be est.imated. Even the 

basic analytic properties of matrix-valued positive definite functions are not clear. 

The goal of this chapter is to explore basic properties of such functions and 

present methods for testing the positive definiteness of matrix-valued functions. 

We obtain an integral form of matrix-valued positive definite function and extend 

Bochner's well known theorems (theorem 3.2.2 and 3.2.3) for scalar positive def

inite functions to matrix-valued functions. \\'e discuss generalized matrix-valued 

functions and conditionally positive definite functions. We also provide some ex

amples of positive definite matrix-valued functions and define several standard 

matrix-valued variogram models. 

4.2 Brief Review of Co-kriging 

In this section, we review the co-kriging technique based on Myers [23] [24] [25]. 

Note that all vectors in this chapter are column vectors. 

Let Z{x) be a random vector function over Rk and Z(xt}, ... , Z(xn ) be obser

vations of Z(x) at locations Xl, ••• , xn • The objective is to estimate Z(x) at an 

unsampled location. As in the scalar case, we assume a vector random function 
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model 

Z(x) = M(x) + X(x), E(Z(x)) = M(x) = M F(x) (4.2.1) 

where M is an unknown parameter matrix and F(x) = (fo, ... , !p-lf is a vector 

of linearly independent functions. We assume that the random vector function 

X(x) is intrinsic stationary and its variogram is defined as 

-y(h) = ~E[(X(x + h) - X(x))(X(x + h) - X(x))T) (4.2.2) 

providing that the expectation exists and depends only on h. Note that -y(h) is a 

matrix-valued function of h. We consider a predictor of the form 

n 

Z-(x) = L riZ(xd, (4.2.3) 
i=O 

where r i , i = 1, ... , n are weight matrices which satisfy 

n 

L riFj(xd = Fj(:r), 1= 0, ... ,p - 1. (4.2.4) 
i=l 

Again, the above constraint is to ensure that Z-(x) is unbiased and that M F(x) 

is estimable. Now our objective is to minimize 

(4.2.5) 

subject to the constraint (4.2.4). 

By nearly the same procedure as for the unvariate case discussed in Chapter 

One, we obtain the co-kriging system of matrix equations 

n p-l 
L -Y(Xi - xj)fj + L Fi(Xi)ILI = -Y(Xi - x) i = 1, ... , n; 
j=1 1=0 

n 

'EfiF,(xd = Fi(x), l=O, ... ,p-l; 
i=l 

where ILl, I = 0, ... , p are matrices of Lagrange multipliers. 

(4.2.6) 

(4.2.7) 

(4.2.8) 



39 

Using (4.2.6) and (4.2.7), the estimator in (4.2.3) can be rewritten as an inter

polator in the form 

n p-l 

Z*(x) = :L .:y(Xi - X)Bi + :L F,(x)A,. (4.2.9) 
i=l ~o 

where Bh • •• ,Bn and Ao, ... ,Ap- 1 are m X 1 matrices. Finally, the estimator is 

completely determined by the matrix-valued function .:y(h). Myers [23] [24] has 

shown that conditionally positive definiteness (in a sense to be defined in the 

next section) of -.:y is sufficient to ensure that the coefficient matrices (4.2.9) are 

uniquely determined. In the following sections, we will discuss (1) what properties 

does .:y have? (2) how to define standard models? 

4.3 Notation and Definitions 

Notation: 

Mmxm(R) = {A I A is a m x m real matrix} 

.Mmxm(C) = {A I A is a m x m complex matrix} 

n = Span {fo, !I, ... , fp I fo, fl, ... , fp are linearly 

independent real valued functions on Rk}. 

A matrix-valued function is defined as a map from Rk x Rk to a ring of m x m (for 

example, Mmxm(R) and .Mmxm(C)), We will focus on the subring of all symmetric 

matrices. 

Definition 4.3.1 Let 9 be a map: Rk x Rk--+Mmxm(C), 9 is said to be a posi

tive definite matrix-valued function (PDMF) if for arbitra1'Y positive intege1' nand 

'V r I, ••• r n E cm, XI, ••• Xn E Rk 

n n 

6 = :L:LrTg(Xi,Xj)f'j ~ o. (4.3.1) 
i=l j=l 
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Definition 4.3.2 Let 9 be a map: Rk x Rk--+Mmxm(C), 9 is said to be a con

ditional positive definite matrix-valued function (CPDMF) with respect to n if for 

arbitrary positive integer n and Xl, ••• Xn E Rk 

i j 
n 

2: !;(Xi)ri = 0 ( zero vector), !; E Pi j = 0, ... p. 
i 

Definition 4.3.3 

(4.9.3) 

{l) Let 7I"p_I(Rk) be the linear space spanned by all monomials with total degree 

~ p - 1. We say 9 is a CPDMF of order p if 9 is a CPDMF with respect to 

7I"p_l (Rk
). 

(2) We call 9 an almost positive definite matrix function (APDMF), if it is a 

CPDMF of order 1 

Remarks: 

(1) A PDMF is a CPDMF of order 0 

(2) Let P, A and C denote the sets of PDMF, APDMF and CPDMF respec

tively. Clearly P ~ A ~ C. 

(3) The covariance function of a stationary random vector function is a PDMF. 

The variogram of a random vector function is a almost negative definite matrix

valued function (ANDMF). 

Definition 4.3.4 (Schur Product) Let g, h: Rk x Rk --+ Mmxm(C); 

( 

gl1(~'Y) glm(~'Y)) . _ (hll(~'Y) h1m(.X'Y)) 
g(x,y) =: :' h(x,y) -: : 

gmt (X, y) gmm(x, y) hml (x, y) hmm(x, y) 

then the Schur product of 9 and h is defined as 

( 

gl1(x, y)hu(x, y) glm(X, y)hlm(x, y) ) 

gml(X'Y)~ml(X'Y) ~:: gmm(X,y/hmm(x,y) . 
(4.3.4) 

We denote this product as 9 0 h. 
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4.4 Basic Properties of PDMF , APDMF and CPDMF 

In this section, we will discuss some basic properties of a PDMF, (or CPDMF 

and APDMF). Some properties of scalar PDF can be directly extended to PDMF, 

but some are not true for PDMF case. Without loss of generality, we will focus 

on 9 : Rk x Rk ~ Mmxm(R). Each, property in this section is also valid for the 

complex case. 

Property 4.4.1 If g(x,y) = (gst(x,y)) and h(x,y) = (hst(x,y)) are PDMF, then 

(a) ag(a',y) + bh(x,y) is a PDMF where a, b ~ O. 

(b) g(x,y) ® h(x,y) is also a PDMF. 

(c) For each t, gtt(x,y) is a scalal' PDF. 

Remark: Properties (a), (b), and (c) are also true for CPDMF's. 

The following theorem (especially its corollary) is very useful for constructing 

positive definite matrix functions although it follows directly from the definitions. 

Theorem 4.4.1 Let g(x, y) be an m x m PDMF (or CPDMF). Then for any m X q 

matrix A (constant), AT g(x, y)A is an q x q PDMF (or CPDMF). 

Corollary 4.4.1 Let g(x,y) be an m x m matrix function. 

(a) If g(x,y) is a PDMF (or CPDMF), then gr(x,y) = r T g(x,y)r is a scalar 

PDF (or CPDF) for any vector r E Rm. 

(b) Ifg(x,y) is a diagonal matrix whose nonzero entries are PDF (or CPDF), 

then for any m xq matrix A (constant) AT g(x, y)A is an qxq PDMF (or CPDMF). 

(c) If g(x, y) is a diagonal matrix and A be an m x m invertible matrix (con

stant), then AT g(x, y)A is a PDAIF (or CPDMF) if and only if each gtt(x, y) is a 

PCD (or CPDF). 

Proof: (a) is obvious if we choose A = r in theorem 4.4.1. 
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We prove (b) and the sufficient part of (c) simultaneously. First of all, we need 

to show that if all non-zero entries of a diagonal matrix function g(x, y) are PDF 

(or CPDF), then g(x,y) itself is a PDMF (or CPDF). 

L t r ( (i) (i»)T. 1 t' f e i = at , .•. , am t = , ... , n sa IS y 

n 

'E !;(Xi)ri = 0, !;(X) E n ,j = 0, ... ,po 
i=l 

equivalently 
n 

L !;(Xi)a~i) = 0, j = 0, ... ,p; t = 1, ... , m. 
i=1 

g(X, y) is diagonal and gtt(x, y) are PDF (CPDF) (t = 1, ... ,m) ==> 

n n m n n 

LLrTg(Xi,Xj)fj = LLLa~i)a!j)gtt(Xi,Xj) ~ 0. (4.4.1) 
i=lj=l t=1 i=lj=1 

Secondly, since g(x,y) is a PDMF( or CPDMF ) using Theorem 4.4.1 ==> 

ATg(x,y)A is also a PDMF (or CPDMF). Then (b) and the sufficient part of (c) 

follow. 

Necessary part of (c): Leth(x,y) = ATg(x,y)A. theng(x,y) = A-ITh(x,y)A-I. 

Since h(x,y) is a PDMF (or CPDMF), by Theorem 4.4.1 again ==> so is g(x,y). 

By (c) of property 4.4.1 ==> each gtt(:r,y) is a PDF (or (,PDF). 

Remark: 

Even though Theorem 4.4.1 and its corollary provide a way to construct PDMF 

or CPDMF based on scalar (conditionally) positive definite functions, any con

struction of covariance or variogram models that way implicitly assumes that the 

components of Z(x) are uncorrelated. Frequently, this is not the case. 

The matrix-valued function g(x,y) itself is a matrix for fixed x,y. Therefore 

we could treat a matrix-valued function in two ways. One is to treat it as a map. 

Other is to treat it as a matrix. It is useful to discuss properties of g(x, y) as 

a matrix. Clearly the concepts of positive definite matrix and positive definite 
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matrix-valued function are totally different. Is there any connection between these 

two concepts? 

Property 4.4.2 

(a) If g(x,y) is a PDMF, then g(x,x) is a (semi}positive definite matrix for 

each x E Rk. 

(b). If g(x,y) is a PDMF with g(x,y) = g(y,x), then g(x,x) = 0 if and only if 

g(x,y)=O. 

(c). Let g(x, y) with g(x, y) = g(y, x) be a CPDMF with respect to 0, where 0 

contains at least a nonzero constant function. If g(x, x) = 0, then for "'Ix, y, g(x, y) 

is a negative definite matrix for all x, y E Rk. 

Proof: 

(a) By (a) of corollary 4.4.1, r T g(x, y)r is a scalar PDF for any r E Rm. Then 

rTg(x,x)r ~ 0 and g(x,x) is a (semi) positive definite matrix. 

(b) First, for V x,y E Rk and 'V r E Rm, let Xl = l:, X2 = y, r l = r = 
r 2, Xi = 0, ri = 0, i = 3, ... , n. then 

n n 

o < L L rT g(Xj, XJ )rj = r[ g(Xl, XJ)rl + rJ'g(X2, X:l)r2 
i=l j=l 

+ r[g(Xl,I2)r2 + rfg(X2,Xt}r1 = 2rTg(x,y)r. 

Thus, rTg(x,y)r ~ O. 

Secondly, let r 1 = r, r 2 = -r, we get, 

for all X,y E Rk and r E Rm. It follows g(x,y) is zero matrix. 

(c) Similar to (b). 

(4.4.2) 

If a random vector function is intrinsic (definition 2.2.3), then its variogram 

i is a matrix-valued function of h = :1' - y E Rk. Since -')'( h) is an APDMF 
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and 1(0) = O(matrix), from the part (c) of the above property, we have that the 

variogram matrix function 1( h) is a positive definite matrix for each fixed h > O. 

Definition 4.4.1 Let g( x, y) = (g51 (x, y)) be a matrix-valued function. The expo

nential of g(x, y) is defined as e9(r,lI) = (e9•, (r,II)). 

Property 4.4.3 Ifg(x,y) is a PDMF with g(x,y) = (gjj(x,y)), then k(x,y) = 

e9 (r,lI) is also a PDMF. 

Proof: Let 
k A'5 

(k)' A , 

A = A®A® ... 0A, 

then 
00 ( )k 00 ( )(k) 

k( ) = (~ gij X, Y ) = ~ 9 X, Y 
X,y ~ k' ~ k' . 

k=O . k=O • 
(4.4.3) 

From parts (a) and (b) of property 4.4.1, each g(x, y)(k) is a PDMF. It follows that 

k(x,y) is a PDMF. 

S. Johanson [17] showed that if f(x) is a scalar almost positive definite function 

(APDF) with f(x) = f( -l'), then el(r) is a scalar Positive Definite Function 

(PDF). Unfortunately, this property is not true for matrix valued functions if we 

define the exponential of a matrix-valued function as above. A counterexample is 

given here. 

Counterexample 4.4.1 

g(x,y) = (-lI x
1
-yIl2 1 ) -lIx _ yll2 

is an APDMF. But 

e ) '2 • e- lir- lI11 • 

is not a PDMF. 
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We prove that g(x,y) is an APMDF first:' 

Let fi = (a~i), a~i){, Xi E Rk; i = 1, ... , nand Ef=1 fi = 0, then 

n, n n n 

t:,. = - L L(a1i )a1
j
) + a~i)a~j))lIxi - Xjll2 + 2(L a1i))(L a~i)). 

i=1 j=1 i=1 i=1 

S· ",n f 0 ",n (i) 0 ",n (i) 0 A d Ince .lJi=1 i = ,=> .lJi=1 al = ,.lJi=1 a2 = . n 

Thus 

n n n n 

t:,. = - L L(a~i)a~j) + a~i)a~j))(lIxiIl2 + IIxjll2) + 2(2: 2:{a~i)aP) + a~i)a~j))(xi' Xj)) 
i=1 j=1 i=l j=1 

n 2 n 2 

- 2{II2:a~i)xili + l12:a~j)xjll } ~ O. 
i=1 j=1 

Hence, g(x,y) is an APDMF. But k(x,y) is not a PDMF by (a) of property 4.4.2 

. k( ) ( 1 e). .. d fi . . smce . x, x = e 1 IS not posItIve e mte matrIx. 

Theorem 4.4.2 The matrix-valued function g(x,y) is a CPDA1F with respect to 

n if and only if for any positive integer n and AI!" ., An E Mmxm (R), XI! ... , Xn 

E Rk 

n n 

t:,. = Tr(2:I:ATg(Xi,Xj)Aj) ~ 0, wllere 
i=1 j=1 

n 

L Ii(xdAi = 0 (zero matrix ), Ii E Pi j = 0, ... p. 
i=1 

rP)Tg(;L" :r ·)r(m) ) , " J J 

f~m)Tg(x:' X ,)r(,m) • 
, " J J 

n n m n n T 
Tr(I: I: AT g(Xi' xj)Aj ) = 2: L L r~/) g(Xi, :t'j)r}'). 

i=1 j=1 1=1 i=1 j=1 

(4.4.4) 

(4.4.5) 

. (4.4.6) 
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The necessary part is clear from (4.4.6). The sufficiency part is also clear if we 

choose Ai = (rp>, 0, ... ,0). 

Remark: The necessary part in fact is the original definition of PDMF given 

by Myers [30] which is generalized from the properties of the variogram matrix 

function. 

Property 4.4.4 Let g(x,y) = g(x,y)T = g(x - y) = g(y - x) and IIg(x,y)1I = 

JTr(g2(x,y)). If g(x,y) is a PDMF, then 

IIg(x,y)1I :5 Tr(g(O)). (4.4.7) 

Proof: Let n = 2, Al = I (identity matrix) A2 = -y(.I')/IIY(J·)11 and XI = 0 

X2 = x in Theorem 4.4.2, then 

b. = Tr(g(O) + Afg(O)A2 + g(-x)A2 + Afg(x)) 

= Tr(g(O) + g(x)g(O)g(x) _ 2g(x)g(x)) 
IIg(x)W IIg(x)1I 

= Tr( (0)) Tr(g(x)g(O)g(x)) _ 2Tr(g2(x)) > O. 
9 + IIg(x)1I2 IIg(x)1I -

(4.4.8) 

Notice that Tr(g2(x)) = IIg(x)W and since g(O) is a positive definite matrix 

Tr(g(x)g(O)g(x)) = Tr(g(O)l(x)) :5 Tr(g(0))Tr(g2(x)) = Tr(g(O))lIg(x)1I2. 

Thus from (4.4.8) we obtain 2I1g(x)1I :5 2Tr(g(0)) and the property is proved. 

4.5 Integral Forms of PDMF and CPDMF 

In this section, we focus on matrix-valued functions g(x) : Rk --t Mmxm(C) 

with a property called double symmetry where g(x)T = g(x) = g(-x), Mmxm(C) 

is the ring of matrices with complex entries. We will generalize the definition of 

PDMF given in definition 4.3.1 to an integral form. Using Fourier transforms we 

will extend Bochner's well-known theorem for scalar positive definite functions to 
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matrix-valued positive definite functions. Before doing so, we need some additional 

notation and definitions. 

Notation: 

1. Let em be m-dimensional complex space and eoo(Rk) be the linear space of 

complex valued infinitely differentiable functions over Rk. 

2. Let Ll(Rk) be the space of absolutely integrable complex functions over Rk 

with respect to Lebesgue measure. 

3. J(, Sand Z are spaces defined in chapter two. 

4. If S is the image of S under the Fourier transform F, then S = S [13]. 

5. Let Jl(A} be a positive measure on Rk, it is said to be tempered if 

is finite for some p ~ o. 
6. Let A = (A}, ... ,Ak)T and x = (.Tl, ... ,Xkf be in Rk, AX = XA =< X,A > 

where < . ,. > is the inner product in Rk. Then x2 =< x,X >. 

7. The integrals in the following discussion are all multiple integrals and dx 

means n7=1 dXt. 

(8) We say that a matrix-valued function g(x) belongs to anyone of above 

spaces if each of its entries does. Similarly for vector valued functions. 

4.5.1 Integral FornI of PDMF 

Definition 4.5.1 Let V(A) = (Jlra(A}}mxm be a matrix of tempered measures. If 

V(A) = V(A)T, we say V(A) is a spectral measure matrix if for any 

4>(A) = (!Pl(A), ... ,!Pm(A)f E S, 

J 4>(Af dV(A)4>(A) = f f J !Pr(A)!p,,(A)dJtra(A) ~ o. 
r=l,=l 

(4.5.1 ) 

V(A) is called a finite spectral measure matrix if each of its entries is a finite 

measure. 
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Definition 4.5.2 Let V(>.) be a spectral measure matrix. If there is a matrix

valued function v(>.) such that dV(>.) = v(>.)d>., then we say V(>.) is regular and 

v(>.) is called the spectral density of V(>.). 

Definition 4.5.3 Let v(>.) be an m x m matrix-valued function. It is said to be 

positive if it is a positive definite Hermitian matrix for each >.. 

Property 4.5.1 Let V(>.) be a symmetric matrix whose entries are tempered mea

sures and dV(>.) = v(>.)d>. where each entry of v(>.) is continuous. Then V(>.) is 

spectral measure matrix if and only if v(>.) is positive. 

Proof: The sufficient part is obvious. 
fJl. -n("-"o)Tp-"ol 

For the necessary part, we set on(>') = V ;&e 4 • For any r E em 
and any fixed >'0 E Rk define <I>n(>') = VOn (>.)r. Note that <I>7I E 5 and 

J <I>n(>.f dV (>.)<I>n (>.) = J <I>n(>.)T v(>.)<I>n(>')d>' = J Qn(>.)rT v(>.)rd>. 

-+ J 8(>' - >'o)rT v (>.)fd>. = rT v(>'o)f as n -+ 00, (4.5.2) 

where 8(>') is the Dirac delta function. Thus rT v(>'o)f 2:: 0 for any >'0 E Rk. 

Theorem 4.5.1 Let g(x) be a doubly symmetric continuous mal1'ix-valued func

lion. Then g(x) is a PDMF in the sense of definition 4.3.1 if and only if for any 

<I>(>.) = (IPJ(>'), ... ,lPm(>.))T E 5, 

J J <I>(xl g(x - y)<I>(y)dxdy 2:: O. (4.5.3) 

Proof: Let g(x) is a PDMF in the sense of definition 4.3.1. To show that 

J J 4!(x)T g(x - y)<I>(y)dxdy 2:: 0, 

we note that this integral is the limit as T -+ 00 of the integral 

j
T jT T - m jT jT _ 

-T -T 4!(x) g(x - y)<I>(y)dxdy = r~l -T -T ¢r(x)¢~(y)g(x - y)dxdy 



But for each T, the integral 

is the limit of sums 

jTjT _ 
-T -T <Pr(X)<P6(y)g(X - y)dxdy 

L <Pr(Xi)<P6(Xj)g(Xi - Xj)AXiAxj, 
i,i 

which is non-negative by the assumption. This implies the inequality (4.5.3) 
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Conversely, we note that the inequality (4.5.3) is true for all 4>(x) E I< since 

J( ~ S. 

Let 111, . .. ,11m be finite measures with bounded support, then 

where {On (X)} is a a-sequence in I<. It is easy to see that 

f J J 11~(X)Jl~(y)gr$(x - y)dxdy -+ f J J 9rs(.l' - y)dJLr(J')dl1i1(Y)' 
r,lI=} r,lI=1 

as n -+ 00. Then for any :z,'}, ... ,.1·n and Air (i = 1, ... ,11; l' = 1" .. ,m), typically 

choose JLr with point mass at Xi such that Jlr{Xi) = Air, Thus we have 

m n 

L L AirAjllgrll{Xi - Xj) ;::: 0, 
r,s=1 i,j=1 

This is the form given in Definition 4.3.1. 

We remark that by the proof of the above theorem, a continuous matrix-valued 

function is PDM if and only if 

t J J grs(x - y)dJlr{x)dJls(Y) ;::: 0, 
r,lI=1 

where Jlr are arbitrary finite measures on Rk with bounded support. 

Now we are ready to extend Bochner's theorem (theorem 3.2.2) to the matrix

valued function case. 
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Theorem 4.5.1 (Extension of Bochner's theorem) Letg(x) be a doubly symmetric 

continuous matrix-valued function. Then g(x) is a PDMF if and only if g(x) is 

the Fourier transform of a finite spectral measure V(~), i.e. 

(4.5.4) 

Proof: 

II ~" Let q,(x) E S and 4>(~) = f e-iA:Z:~(x)dx. Then 

J J q,(xfg(x - y)q,(y)dxdy 

= J J J e-iA(r-II)q,(x)T dV(~)~(y)dxdy = J ~pf dV(~)~(~) ~ ~4.5.5) 
Then the sufficiency follows from S = S and lemma 4.5.1. 

II ===}" Since g(x) = (gr,,(x)) is a doubly symmetric continuous PDMF, grr(x) 

(r = 1, ... , m) are scalar PDF by property 4.4.1. By Bochner's theorem there are 

finite positive measures J.lrr(~) such that 

Using Corollary 4.4.1, grr(X) + gs,,(:r) - 2gr,,(x) are scalar PDF (r < s). Thus there 

are finite positive measures IIr"(~) such that 

Define J.lr"(~) := ~(J.lrrP) + J.luP) - IIr"(~)) for r < s and V(~) := (J.lr"(~)) with 

J.lr"(~) = J.l"r(~)' Clearly all the J.lr"(~) are finite and 

It is now only necessary to show that V(~) is a spectral measure matrix. First, 

the J.lr" are finite measures. Second, let 4> E S, then there exists q, E S such that . 
4> =:F~ since S = S. Then since g(x) is a PDMF 

J ci>(~{ dV(~)ci>(~) = J J ~(xfg(x - y)~(y)dxdy ~ O. 



=> V()') is finite spectral measure matrix. 

Comment: 
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(1) An analogous extension for vector-valued time series can be found in E. J. 

Hannan's book "Multiple Time Series" (1970). 

Theorem 4.5.2 (Hannan' Theorem) IfC(s, t) = C(s -t) is the covariance matrix 

of a second-order stationary vector process, then 

C(t) = 1.: eit
.\ F(d)'), 

where F()') is a matrix whose increment, F().I) - F().2), ).1 ~ ).2 are Hermitian 

non negative. The function F()') is uniquely defined if we 7'eqILin in addition that 

(1) lim.x __ oo F()') = 0, (2) F()') is continuous from the right. It is called the 

spectral distribution matrix. 

It should be pointed out that (a) theorem 4.5.1 is valid for both time series (domain 

R) and spatial processes (domain Rk). Hence Hannan's theorem is only a special 

case of theorem 4.5.1. (b) In the proof of Hannan's theorem, he transformed the 

vector time series into a scalar time series and used uniqueness and continuity 

property of characteristic function of a random variable. That method is hard to 

generalize to spatial processes. (c) The approach used here is based on the use 

of the spaces Sand ]{ and of positive generalized functions on Sand ]{. (see 

Gelfand (1964)[14]) 

(2) From the above discussion, a PDMF g(x) corresponds to a spectral measure 

matrix. A natural question is to ask when the spectral measure matrix is regular, 

i.e. dV().) = v()')d)' where v().) is positive. In that case, testing the positive 

definiteness of g(x) is reduced to testing the positivity of the spectral density. 

Using theorem 4.5.2 and following the same procedure as in the proof of 

Bochner's theorem 3.2.3, we have the following theorem which is an extension 

of theorem 3.2.3 and in an easily applied form. 
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Theorem 4.5.2 If a matrix-valued function g(x) satisfies the conditions of The

orem 4.5.1 and if furthermore, g(x) E Ll(Rk), then g(x) is a PDMF if and only if 

there is' a positive matrix function 9(>') E Ll(Rk) such that 

Remark: 

If g(x) E Ll(Rk), then testing for the positive definiteness of a matrix-valued 

function g(x) can be reduced to testing the positivity of its Fourier inverse trans

form 9(>'). We know that g(>.) is a positive definite Hermitian matrix for each >. 

if and only if its eigenvalues, which are functions of >., are all non-negative. It is 

not hard to find the eigenvalues of 9(>'). Usually, testing the positivity of 9(>') is 

much easier than testing the positive definiteness of g(x). 

4.5.2 Generalized Matrix Functions 

Recall that an m x m matrix-valued function 9 is continuous if each entry grlJ 

is continuous. Thus we can define a generalized function G'rs over J{ by using grlJ' 

where 

<P E 1\. 

Hence the G = (GrlJ ) is a matrix of generalized functions. Note that J\ is every

where dense in S. By theorem 4.5.3, 9 is a PDMF if and only if 

m 

L (GrtJ, <Pr * <P:) ~ 0, (4.5.6) 
r,a=} 

for any <Pr E]( (r = 1, ... ,m), where <Pr * <p;(x) is the convolution of <Pr{X) and 

<PIJ( -x). This idea can be generalized to any matrix of generalized functions on J\. 

We call G a generalized matrix function over ]( if each entry of G is a generalized 

function on J( and G is said to be a generalized PDMF if inequality 4.5.6 holds. 
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P arseval 's theorem is vali d for the generalized functions over 1(, that is, 

where F is a generalized function over I( and F, ¢ denote the Fourier transforms 

of F and tP. Thus the left hand side of (4.5.6) becomes 

m _ 

L (211")k(Gr., ¢r¢.)' (4.5.7) 
r • .,=l 

Following the proof of theorem 4.5.1 and using the Bochner-Schwartz theorem for 

generalized PDF, we find that a generalized matrix function over l{ is PDMF if 

and only if it is the Fourier transform of a spectral measure matrix as defined in 

definition 4.5.1. 

Many spatial processes are generalized random processes. Their covariance 

functions are generalized PDF, usually called generalized covariance functions. 

Similarly, we have generalized vector spatial processes and their covariance are 

generalized PDMF as defined above. 

4.5.3 Integral Fornl of CPDMF 

Recall that 11" p-l (Rk) is the linear space spanned by all monomials with total 

degree =:; p - 1, and l\p = P(D)1\ where P(D) is a linear homogeneous constant 

coefficient differential operator of order p. Let 

Vp = {tP E 1\: J x1tP(x)dx = 0 for all III < pl· 

Madych and Nelson [21] showed that 1\p ~ Vp and requiring ¢ E l\p in theorem 

3.3.1 is equivalent to requiring tP E Vp for the theorem. Moreover, they pointed 

out that 
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Theorem 4.5.3 Let 9 be a continuous matrix-valued function satisfying 

f J J cPr{x)cPlI{y)gr.{x - y)dxdy ~ 0, 
r,.=1 

(4.5.8) 

for all cPb" ., cPm E 'Dp. Then 9 is a CPDMF of order p. 

Proof: Let a E J( with f a{x)dx = 1 and a{x) = 0 for IIxll > 1. Define 

For any Xl, ••• ,xn E Rk and Cir E C (i = 1, ... ,n; r = 1, ... , m) satisfy 

n 

L CirX~ = 0, for all 111< p, 7' = 1, ... , III 
i=l 

define 
n 

cP~(x) = L CjrQ~(X - Xj}. 
;=1 

Note that ~~(~) = 7'r(~)a(e~), where 7'r(~) = Ei=l Cjre-ix,e. Note that D'7'r(~) = 
Ej=l Cjr( _iXj)'e-ix,e, and D'7'(0) = 0 for all III < p. This implies that 7'r(~) = 
O(I~IP) at ~ = O. Also note that IQ(e~)1 is uniformly continuous in a neighborhood 

of ~ = 0 and hence it is finite. This implies that ~~(~) = O(l~IP) and cP~ E 'Dp. 

Thus cP!, . .. ,cPr:' E 'Dp and we have 

0:::; f J J grll(x - y)cP~(x)cP;(y)dxdy. 
r.s=l 

Let e -t 0, we obtain 
m n 

L L CirCjllgr.(Xi - Xj) ~ O. 
r.lI=l i.j=l 

The theorem is proved. 

We remark that the converse of this theorem is not obvious. But we conjecture 

that it is still true. 
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4.6 Examples 

In this section, we will give some examples of positive definite matrix-valued 

functions and standard matrix-valued variogram functions. 

Example 1. We know that g(oX) is an m x m positive definite matrix for each oX if 

and only if there exists a m x m matrix function A(oX) such that gP) = A(oXf A(oX). 

Therefore, 100 

e-i~A A(oXf A(oX)doX is a PDMF providing that the integral is conver

gent. Thus one can construct positive definite matrix-valued functions this way. 

A simple example is 

(4.6.1) 

then 

is a PDMF by theorem 4.5.2. 

One can also construct a PDMF based on scalar positive definite functions. 

The following result is obvious. 

Lemma 4.6.1 Let Ap (p = 0,1, ... , P) be m x m positive definite matrices and 

Jp(x) be scalar PDF ( or CPDF). Then g(x) = 22:=0 ApJp(x) is a PDMF (or 

CPDMF). 

We are now ready to discuss some standard models for co-kriging ( multidimen

sional interpolation approach ). In section 4.1, we introduced the matrix-valued 

variogram function .:y(h) which is a negative definite matrix-valued function, where 

h = x - y or IIx - y II. In order to define standard models, we need following lemma 

and consider isotropic case. 



Lemma 4.6.2 Let 

(h) _ {O ( zero matrix) 
'"( - g(h) 

if h = OJ 
if h > 0, ' 
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where g(h) is an APDMF and g(O) is a (semi) negative definite matrix (may not 

be zero matrix). Then '"((h) is also an APDMF. 

Proof: 

If g(O) = 0 (zero matrix), then '"((h) = g(h) is a APDMF. 

If g(O) =J 0 (zero matrix), we first assume that Xi E Rk with Xi =J Xj(i =J j) and 

C E em with 2:i=l r i = 0, i,j = 1, ... , n. Then 

n n n n 

~ = L L rT '"((Xi - Xj)i\ = L rT '"((Xi - Xj)f'j + L rT "Y(Xi - xdf'i 
i=l j=l i:f;j i=l 

Secondly, suppose that some of the Xi'S are equal. Without loss of generality, 

we assume that Xl = Xno +1 = ... = Xnl ; .. ·; Xnp_l +1 = ... = Xnp = Xn where 

Xnl , ... ,xnp are distinct and no = 0 and np = n. Let G' be a 711n x 11m matrix 

constructed by matrix blocks "Y(Xi - Xj), (i,j = 1, ... , n) and r = (rr, ... , r~)T 
be a nm-dimensional vector. Furthermore, let G( nt + 1 :5 i :5 nt+1; nt + 1 :5 j :5 

l1t+d, (0 :5 t :5 p - 1) be blocks constructed by the matrices g(Xi - Xj) with 

11t + 1 :5 i :5 nt+1 and Ht + 1 :5 j :5 nt+h then these blocks are zero matrices 

by our assumption. The matrices "Y(Xi - Xj) that are not inside those blocks are 

defined by g(Xi - Xj). We make up the blocks G(nt + 1 :5 i :5 nt+1;nt + 1 :5 j :5 

ntH), (0:5 t :5 p -1) by substituting g(Xj - Xj) for '"((Xi - x J ). Formulating this, 

we have 

n n 

~ = rTGf' = L rT "Y(Xj - Xj)f'j = L rT g(Xi - Xj)f'j 
i,j i,j 

1'-1 

-L 
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n p-l 

=:Er;g(Xi-Xj)f'j-:E :E r;g(O)f'j 
i,j t=O nc+l$i,j$nC+l 
n n T --=n--

= I:rr g(Xi - Xj)f'j - (I:ri) g(O)(I:rd ~ o. (4.6.3) 
i,j 1=1 i=1 

This implies that '"Y(h) is an APDMF. 

Example 2 

As an application of the proceeding result, we construct two APDMF which 

are useful in kriging and interpolation modeling. 

Vve know that exp( - :~) and exp( -~) are (scalar) PDF, where a > O. Using 

Lemma 4.6.1 if Ct is a positive definite matrix, then CI exp( - ~~) and CI exp( -~) 

are PDMF. Thus CI exp( - :~ )-CI and Ct exp( -~ )-CI are APDMF. Furthermore, 

for any positive definite matrix Co, Ct (exp( - :~ ) -1) - Co and CI (exp( - ~) -1) - Co 

are APDMF. 

Let 

{ 
0 ( zero matrix ) 

It(r) = Co + Cd1 - exp(-:~)] 

{ 
0 ( zero matrix ) 

12(r) = Co + C t [1- exp(-~)] 

if h = 0; 
if h > 0, 

if h = 0; 
ifh>O 

(4.6.5) 

(4.6.6) 

where Co, C t are positive definite matrices and a > O. Using Lemma 4.6.2 we find 

that -,1(..\) and -,2("') are APDMF. 

We remark that ,t(h) and 12(h) can be considered as matrix variogram models. 

We still call them Gaussian and Exponential Variogram respectively. Clearly they 

are generalizations of the scalar Gaussian and Exponential variogram models. 

Example 3 

In the following, we construct an example of generalized PDMF. This example 

is a generalization of the one given by Matheron [19] (1973) and it can be used to 

construct a very useful geostatistical model: Spherical Model. 
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Let 
p 

G(r) = L (_l)P+1 Apr2p+1, 
p=O 

where r = IIxll, x E Rk and Ap are m x m symmetric matrices. Note that each 

entry of G(r) is a continuous function which defines a generalized function over 

K. Therefore, G(r) construct a generalized matrix function on I( The Fourier 

transform of G(r) (13] is 

G(,\) = t r(~{2p + k + 1)) A ,\-2p-k+l. 

p=O 7l"2p+2+ ~ r(1 + ~ (2p + 1)) p 

G( r) to be positive for each ,\ if and only if 

p 

L apuT A pu,\2P ~ O. 
p=O 

(4.6.7) 

I r(~(2p+k+1)) , u E Rm. Let t(1) < < t(m) b d d W lere a p = li '- _. .. _ lop e or ere 
".2p+2+"2 r( 1 +t (2p+1)) P 

eigenvalues of Ap, then ~~l)uT u :5 u T Apu :5 ~~m)uT u. Hence a sufficient condition 

for equation (4.6.7) is 
p 

L ap~~l) ,\2p ~ O. (4.6.8) 
p=O 

Clearly, if Ap (p = 0, ... , P) are all positive definite matrices ===> G(,\) positive 

===> G(r) PDMF. As an application of above discussion, let 

{ 

0 ( zero matrix) if r = 0; 
,(r) = Co + C1(~(~) - ~(;)3) if 0 < r < a; 

Co + C1 if a :5 r. 
(4.6.9) 

where Co, Cl are positive definite matrices and a > O. Let 

then Ao, Al are positive definite matrices since Ct is and hence G(r) is a PDMF. 

Thus 

{ 

0 ( zero matrix) if r = OJ 
')'{r) = Co - G(r) if 0 < r < a; 

CO+CI ifa:5r. 
(4.6.1O) 
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==> -i(r) is an APDMF. 

We remark that i(r) is Spherical variogram matrix-valued function generalized 

from scalar Spherical variogram model. 

We further discuss conditions under which equation(4.6.8) holds. 

Lemma 4.6.3 Let P(>.) = l::=o ape~l) >.2p 1 if e~), e~l) > 01 then the following 

three conditions are equivalent 

(aJ P(>.) 2:: 0 for 'V >.. 

(b) ~ach root of P(>.) has multiplicity of at least two and P"(>') ~ 0 in a small 

neighborhood of the roots. 

(c) There is an even degree polynomial Po(>') such that 

I 

P(>.) = ap~~) II (>. - >.p)2np Po{>') 
p=o 

where Po{>') > 0 and 2 L~=o np + apo = 2P (where apo is degree of polynomial 

Po). 

Proof: "(a) ==> (b)" and U(c) ==> (a)" are obvious. Weonl)' show that "(b)==>(c)": 

From (b), we can write P(>.) as 

I 

P(>.) = ap~~) II (>. - >'p)mp Po(>') 
p=o 

where mp 2:: 2 and Po{>') > O. \Ve show that mp are all even. If mpo is odd, then 

P"{>') = ap~~)(>. - >'po)mpo-2Q(>.), where Q(>.po) ::f O. If Q(>.po) > 0 let>. close to 

>'po from left ==> P"{>') < O. If Q(>.po) < 0 let>. close to >'po from right ==> P"(>') < 

O. This contradicts the hypothesis that P"(>') ~ 0 in a small neighborhood of the 

roots. Therefore mp = 2np, (p = 0, ... ,1) and from 2 L~=o np + apo = 2P ==> 

degree of Po is even. 

As an application of lemma 4.6.3, we consider P = 2 with e~l), e~l) > O. If 

aUP)2 ~ 4aOa2e~1)dl) then P(>.) 2:: O. therefore G(>') is positive and G(r) is a 

generalized PDMF. 
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Chapter 5 MATRIX-VALUED RADIAL BASIS 
FUNCTIONS AND CONDITIONAL POSITIVE 

DEFINITENESS 

5.1 Introduction 

A matrix-valued function is said to be a radial function if each entry is a 

radial function as defined in chapter two. In this chapter we will focus on matrix

valued radial basis functions. \Ve will see that radial basis function can be used 

to characterize correlation structure of isotropic spatial random processes. In the 

isotropic case, covariance function and variogram are functions of h with h = 
IIx-yli. In other word, the covariance and variogram become radial basis functions. 

We know that the kriging equations (2.4.13), (2.4.14) and (2.4.15) or (4.2.6), (4.2.7) 

and (4.2.8) can be rewritten with the interpolator in the form 

n p 

Z-(x) = I: i(Xi - X)Bi + I: Ft(.1·)A" (5.1.1 ) 
i=l t=O 

where B ll ... ,Bn and AD, ... ,Ap are m x 1 matrices aud Ft{J') = ft(~')I, I is 

the m x m identity matrix. Micchelli [22] has discussed the case of m = 1 and 

shown that conditionally negative definiteness of i is sufficient to ensure an unique 

solution for the coefficients in (5.1.1). For the case m > 1, Myers [23] [27] [30] [31] 

has shown that conditionally negative definiteness of the matrix function i is still 

sufficient for obtaining unique solu tions for the coefficients in (5.1.1). When "y is a 

radial basis function (scalar or matrix), equation (5.1.1) becomes 

n p 

Z-(x) = I: i(lIxi - xlDBi + I: Ft(x)A" 
i=l t=O 

Radial basis functions are commonly used functions in applications of the spa

tial statistics, especially those isotropic geostatistical models. Conditionally pos-
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itive definite radial basis functions have a very close connection with completely 

monotonic functions. By Bernstein's theorems (1914, 1928) [36], a completely 

monotonic function is the Laplace transform of a positive measure. Bernstein's 

theorems bear some analogy to Bochner's theorems on the positive definite func

tions. Micchelli [22] has shown that completely monotone functions of a given 

order p are conditionally positive definite functions with respect to P = 7r'p_l(Rk ) 

(i.e. of order p). Details on the scalar completely monotonic functions can be 

found in Schoenberg's paper [32] and Widder's book [36]. In [32], Schoenberg also 

gave a necessary and sufficient condition to link radial basis positive definite func

tions and completely monotonic functions. In this chapter, we will focus on the 

case of m > 1. Several results for scalar radial basis functions have been extended 

to matrix-valued radial basis functions. In particular, we will extend Bernstein's 

Theorem for completely monotonic functions and Micchelli's Theorem for condi

tionally positive definite functions to the matrix-valued function case. We use the 

operator Lk,t(.) in v.,'idder's book [36] and the Laplace transform of the opera

tor. We will also discuss the relationship between radial basis positive definite 

matrix-valued functions and completely monotonic matrix-valued functions. 

5.2 Conlpletely Monotonic Matrix-valued Functions and 
Prelhllillary Results 

In this section, we focus on the case of m > 1. But results we will obtain are 

still valid for the case of m = 1. We denote by coo(l) the class of all infinitely 

many differentiable real functions over interval I. 

In this chapter, differentiation and integration of a matrix-valued function 

F(t) = Urll(t)) are in the sense that differentiation and integration of each en

try of F(t), i.e. F'(t) = U:.(t)) and I F(t)dt = (J frll(t)dt). 

Definition 5.2.1 LetF(t) be a infinitely differentiable matrix-valued/unction over 
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t > 0 (or t 2:: 0 ) in the sense that each element is differentiable, it is said to be 

a completely monotonic matrix-valued function (CMMP) of order p on (0,00) if 

(_1)'p(/)(t) is a positive definite Hermitian matrix for each t > 0 (or t 2:: 0 ) and 

l=p,p+1,p+2, .... 

We denote the class of CMMF of order p by MI" Then it is clear that Mp s; 

M p+1' 

A direct result of Definition 5.2.1 is that P(t) is CMMF of order p if and only 

if Pdt) = r T p(t)r is a scalar completely monotonic function of order p for any .' 

r E Rm. The following result is based on this observation. 

Theorem 5.2.1 Let P(t) = (fr,,(t)) (t > 0) be a matrix-valued function. If 

where 1/J(u) = (1/J,.,,(u)) is a (semi) positive definite mat7'ix for each u (u > 0) such 

that the integral is uniformly convergent, then P(t) is a completely monotonic 

matrix-valued function of order ze7'O. 

Before characterizing completely monotonic matrix-valued functions (CMMF), 

we review some results of completely monotonic (scalar) functions, especially, one 

of the Bernstein's Theorems on completely monotonic (scalar) functions. 

Definition 5.2.2 If a( u) (0 $ u < 00) is of bounded variation, it is said to be 

normalized if 

(a) 

(b) 

a(O) = 0; 

a(u) = a(u+)+a(u-), 
2 

(0 < u < 00). 
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Theorem 5.2.2 Ift/J(u) is continuous and a(u) is of bounded variation on (0 ~ 

u < 00), then there exists a normalized function a· (u) of bounded variation on 

(0 ~ u < 00) such that 

1000 

tjJ(u)da(u) = 1000 

tjJ(u)da*(u). 

Theorem 5.2.3 (Bernstein's Theorem) Scalar function f(t) (t 2:: 0) is a com

pletely monotone function of order zero if and only if 

a( u) is non-decreasing and bounded. 

By the Theorem 5.2.2, a(u) can be replaced by a normalized, non-decreasing and 

bounded function a*( u). 

We extend Bernstein's theorem to matrix-valued functions. 

Theorem 5.2.4 Let F(t) = (fr.s(t)) (t 2:: 0) be a symmetric matrix-valued func

tion, then F(t) is. a CMMF of order zero in the sense of Dtjinition 5.2.1 if and 

only if 

F(t) = 1000 

e-tuda(u) 

where a(u) = (ar.s(u)) is a matrix-valued function such that Qr(u) = fTa(u)f is 

non-decreasing and bounded for u 2:: 0 and 'vT E Rm. 

Proof: "::::::}" If F(t) is a CMMF, then for any f E Rm, Fr(t) = fT F(t)f is a 

scalar completely monotone function of order zero. In particular, frr(t), frr + fu-

2frIJ(t) are all (scalar) completely monotone functions of order zero. By Bernstein's 

theorem, there are non-decreasing and bounded normalized functions /3rIJ(u) such 

that 

frr(t) + fu(t) - 2fr.(t) = 1000 

e-tud/3rIJ(u) (r> s); 

frr(t) = 1000 

e-tudll'rr(u)j (r, s = 1,2, ... , m.). 
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Define arr(u) = f3rr(u) and a r6(u) =: ~(f3rr(U) + f3 ... (u) - f3r"(u)) for (r > s) then 

where a(u) = (au(u)) with ar,,(u) = a6r (u). Note that a r6 (u) (r,s = 1, ... ,m) 

are of bounded variations and normalized since f3u( u) are non-decreasing, bounded 

and normalized. Thus 

On the other hand, since Fr( t) is a scalar completely monotone function of order 

zero, there is a non-decreasing and bounded normalized function f3( u) such that 

By the uniqueness theorem given by Widder [36], we have ar = f3. Therefore ar 

is non-decreasing and bounded for Vf E Rm. 

The converse is obvious. 

As an application of Theorem 5.2.3, we give an example of completely mono

tonic matrix-valued function. 

Example 2.1 Let Ao, AI, . .. , An be (semi) positive definite matrices. Define 

a(u) = 0 (zero matrix), (0 =5 u < uo); 

a(u) = Ao + Al + ... + Ak-l, (Uk-I < u < Uk; k = 1,2, ... ,n); 

a(u) = Ao + Al + ... + An, (Un =5 u < (0); 

( ) 
a(Uk+) + a(uk-) 

a Uk = 2 ' (k = 1,2, ... , n - 1). 

Then ar( u) = rT a( u)r is non-decreasing and bounded for u ~ 0 and Vf E Rm. 

Then 

F(t) = [00 e-tuda(u) = t Ake-tuk 
10 1.=0 

is a completely monotonic matrix~valued function (of order zero). 
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If F(t), defined on t > 0, is a completely monotonic matrix-valued function, an 

analogous extension can be obtained by using Theorem 5.2.4. 

Theorem 5.2.5 Let F(t) = (Ira(t)) (t > 0) be a symmetric matrix-valued func

tion, then F(t) is a CMMF of order zero in the sense defined in the Definition 

5.2.1 if and only if 

F(t) = 100 

e-tuda(u) 

where a(u) = (au(u)) is a matrix-valued function such that arCu) = r T a(u)r is 

non-decreasing for u > ° and vr E Rm. 

The proof of this theorem is straight forward using Theorem 5.2.4 and following 

\Vidder's proof for Bernstein's theorem. We omit the proof. 

We define an linear operator .c1•/ [.] from COO(O,oo) to COO(O,oo) which we will 

use to characterize the completely monotonic property of a function of COO(O, (0) 

and extend one of the Micchelli's theorems. 

Definition 5.2.3 (1) Let f(t) E COO(O,oo} be scalar valued. For non-negative 

integer I and t > 0, WE define 

.cl.df] = (~~)I(~}I+lf(I)(~). 
We denote the Laplace transform of .cl.dfl by h(x), i.t. 

h(x) = 100 

e-rt.cl.t[J]dt. 

(2) Let F(t) = (Ira(t)) E COO(O, (0) in the sense that each entry of F(t) belongs 

COO(O, (0). For non-negative integer I and t > 0, we define .c1.dF] = (.c'.t[Jr,,]) and 

use a/(x) to denote the Laplace transform of .c1,t[F]. 

Under reasonable restrictions on f we have 

(a) (5.2.1) 

(b) (5.2.2) 



66 

The next two results are followed directly from definition 5.2.3. 

Lemma 5.2.1 Let f E COO(O, 00) be a scalar function. Then 

(aJ f(t) is a completely monotonic function of order p on (0,00) if and only if 

.c"df] ~ 0 for aU I ~ p and t > O. 

(b J if f( t) is completely monotonic of order p on (0, 00), then 1,( x) are com

pletely monotonic of order zero on (0, 00) for aU I ~ p. 

Corollary 5.2.1 Let F(t) = (frll(t)) (t > 0) be a m x 111 symmetric matrix-valued 

function which belongs to COO(O, 00) in the sens(' thaI tach elf-men! does. Then 

(aJ F(t) is a CMMF of order p on (0,00) if and only if (.C,.dfr,,]) is a positive 

definite Hermitian matrix for each t > 0 and all iniegt'l' I ~ p. 

(b) F(l') is a CMMF of 07·de1' p on (0,00), thtll G,(X) is a CMA1F of order 

zero f07' all I ~ p. 

\~'e restate one of the theorems in Widder's book [36] as follows. 

Lemma 5.2.2 Let f E COO(O,oo) be u scalaI' jllncliol/. If fOl' each non-negative 

integer I and some real c > 0 

1. f(I)(t) = o(t-I) (t - 00); 

2. f(I)(t)=O(c7) (l - 0+); 

then 

(0 < x < (0). 

Corollary 5.2.2 Let F(t) (t > 0) be a m x m matrix-valued function such that 

each entry satisfies the conditions 1 and 2 in Theorem 5.2.2. Then 

(0 < x < 00). (5.2.3) 

where the convergence is in the sense that each ent7'y of the G,(X) converges to 

corresponding entry of the F( x) point wisely. 
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Lemma 5.2.3 Let f E Coo(O, 00) be a scalar function. If f(t) (t > 0) has deriva· 

tives of all orders and f(p)(t) satisfies conditions 1 and 2 in Lemma 5.2.2, then 

Proof: First of all, we note that 

-,t \=! (-st r' ( -1 )ptP 10' -ts/( )P-1 d e - .t- ,= ,e s - y y. 
u=o u. (p-1). 0 

Thus the left hand side of (5.2.4) becomes 

Let 9'(Y + c:) = Jooo e-(S/+~lt .c",[j<pl]dt, then by Lemma 5.2.2 9'(Y + c:) -t 

f(p)(y + c:) as I -t 00. Since j<pl(y + c:) is continuous on [0, s) ::=} th~re is a 

constant M > 0 such that If(pl(y + e)1 < M OJI [0, ~l ::=} there is an integer L 

such that 19'(y + c:)I ::; M for all i 2:: L. By Lebesgue's Dominated convergence 

Theorem we can take the limit inside the integral. That is 

Integrating by parts on the right hand side we obtain (5.2.4). 

Corollary 5.2.3 Let F(t) (t > 0) be a m x m maiJ'i.x·'vai'Ut:d function. If the 

entries of F(p)( t) satisfy conditions 1 and 2, then 

00 -ct p-1 ( tt p-1 F(u)( ) U 

lim f _e _{e-,t _ L -sf }(-1)p.c,.,[F(pl)dt = F(s + c:) _ L ~ s . 
1-00 Jo tP u=o u. u=o u. 
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5.3 Conditionally Positive Definite Matrix-valued functions 
(CPDMF) 

In this section, we discuss conditionally positive definite matrix-valued radial 

basis functions. We will show that a completely monotonic matrix-valued (radial 

basis) function of order P is a conditionally positive definite matrix-valued radial 

basis function with respect to 7rp_l(Rk). This generalizes a result of Micchelli's in 

[22]. Since every (matrix-valued) function in this section is a radial basis function, 

we usually omit the term "radial basis". 

Definition 5.3.1 (1) Let F(t) be a matrix-valued functiolt f7'01H [0, 00) to Mmxm(R), 

if it is continuous in the sense that each element of F( t) is continuous, F( t) is said 

to be. a conditionally positive definite matrix-valued function (CPDMF) of order p 

on Rk if for any distinct points Xl, ••• , Xn E RI.: 

n n 

LLrTF(lIxi-XjIl2)rj ~ OJ f01''v'r l, ... r n E Rm such that 
i=l j=l 

n 

LP(xdri = 0 ( zero vect01' ), 'v'p(.l') E Top_dHk), 
i=l 

(2) F(t) is said to be a positive definite matn'x-vulut:d function (PDMF) if it is a 

CPDMF of order ze1'O, 

Lemma 5.3.1 Let vectors ri = (A~i), ... ,A~){ E Rill satisfy 

n 

LP(Xi)ri = 0 ( zero vect07' ), 'v'p(x) E 7rp(Rk), 
i=l 

then 

n n 

L L A~i)A~j)lIxi - Xjll2u = 0 for 0 $ u $ p and 1 $ r, s $ m. (5.3.1) 
i=l j=l 

Proof: 

n n 

1. LP(Xi)ri = 0 <===? LA~i)p(xd = 0 for r = 1, ... ,m. 
i=l 
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n n 

2. l: ,\~i),\~j)lIxi - Xjll2u = l: ,\!i),\~j)(llxdI2 + IIxjll2 - 2(Xi,Xj»u 
i,j=1 i,j=1 

where IIxill2 = E!=1 x~i)2 and (Xi, Xj) = E!=1 xti)xtj ) if Xi = (x1i ), ••. , x~i){. Note 

that the total degree of. IIxill2tlIIxjIl2t2(xi,Xj)t =5 2tl + 2t2 + tj the degree of each 

component of Xi $ 2tl + t and the degree of each component of Xj $ 2t2 + t. Since 

(2tl + t) + (2t2 + t) = 2u, at least one of (2tl + t) and (2t2 + t) =5 u. If u < p, then 

the above summation will be zero. If u = p and (2i t + i) < P or (2i2 + t) < p, the 

above summation is also zero. The remaining case is when 2tt + t = p = 2t2 + t. 
Following Micchelli's proof of Lemma 3.1 in [22], the equation (5.3.2) becomes 

where a = (at, ... , akf is vector of non-negative integers with 10'1 = E all = t 
and 

(Xi)'" = IT (x~i)tv, (t) = k t! . 
11=1 a n:=1 all! 

Note that IIxllv-t(xt is a monomial of total degree $ p since 10'1 = t =5 p and 

p - t = 0 (2). Therefore the above summation is zero. The proof is complete. 

Corollary 5.3.1 Let Au = (a~~)) (u = 0,1,2, , ... ,p - 1) be m x m matrices, then 

n p-I 

A = 2: 2: rT Aurjllxi - xill 2U = 0 VXj E R k
' and Vfj E Rm such that 

i,j=1 u=o 
n 

l: riP(Xi) = 0 
i=l 

Proof: Let vectors r i = (,\~i), ... , ,\~)) T, then 

i,j=1 u=O T,S T." u=o l,i=1 
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Theorem 5.3.1 Let 

p-1 

")'(t) = 9(t) + L AutU
, t ~ 0, (5.3.4) 

u=o 

where matrix-valued function 9(t) aTe conditionally positive definite of order p and 

Au = (a~ .. ) are symmetric, then matrix-valued function ")'( t) is conditionally positive 

definite of order p. 

Proof of this theorem is followed directly from part (c) of Corollary 4.4.1 and 

Corollary 5.3.1. 

\Ve remark that this theorem is useful in modeling matrix-valued generalized 

covariances for an intrinsic random vector function of order p. The second part 

of (5.3.4) can be used to characterize off-diagonal cross-covariances. We will dis

CllSS an alternative scheme of modeling variogral11 (matrix form) by applying this 

theorem in next chapter. 

The following Lemma is obvious, we give it without proof. 

Lemma 5.3.2 Let A be a m x m real sY7llmtl,.ic I1Itll,.iJ:. if rTAl' > 0 for all 

r E Rm, then rT AI' ~ 0 for all r E em. 

We are ready to show our main Theorem. 

Theorem 5.3.1 Let F(t) (t > 0) be a m x m mafl'i.t-valued function such that 

each entry has derivatives of all orders. If each entry of F(p)( t) satisfies conditions 

1 and 2 in Theorem 5.2.2 and F(t) is a CMMF of ordeT' p on (0,00), then F(t) is 

a CPDMF of order p on Rk. 

Proof: By Corollary 5.2.3, we have 

p-l F(u)( ) u 00 -,' p-l ( .tt 
F(s+e:)-"'" cs = lim f _t_{e-'"_''''' -8 }(-l)Pc,t[F(p)]dt. 

L- u' 1-00 Jo tll L- u' . u=o . u=o . 
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For Xi E Rk setting s = IIXi - Xj!l2 and fi = (~1i), ... , ~~){ E Rm such that 

Ei=l fiP(xd = 0 for all p(Xi) E 71'p_l(Rk), using Lemma 5.3.1 and Corollary 5.3.1, 

we have 

Note that (-1)P £"t[F(p)] is positive definite matrix for each t > 0 and integer 1 > 0 

since F( t) is a CMMF of order P and 

Let c,.(x,t) = Ei=l eiv'2t(rl,r)~~i) and C(x,t) = (cdx,t), ... ,cm(x,t))T, we have 

Let e -t 0+, then 
n 

L rT F(II·1'1 - XjIl2)fJ ? O. 
i,i=} 

Hence we have shown that F(t) is CPDMF of order p on Rk. 

Corollary 5.3.2 Let F(t) (t > 0) be an m x m maf1'ix-valued function such that 

each entry has derivatives of all orders. If each ent1'Y of F(p) (t) satisfies conditions 

1 and 2 in Theorem 5.2.2 and F(p)(t) is a CMMF of 07,der zero on (0,00), then 

(1) F(t) is a CPDMF of order p on Rk if p is even . • " 

(2) F(t) is a conditionally negative definitE mai1'ix-valued function (CNDMF) 

of orde1' p on Rk if p is odd. 
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Proof: Under the condition that F(p)(t) is a CMMF of order zero, if p is even, 

then F(t) is a CMMF of order p. By Theorem 5.3.1 part (1) is clear. 

if p is odd, let H(t) = -F(t) then H(t) is a CMMF of order p. By the Theorem 

5.3.1, H(t) is a CPDMF of order p. Thus F(t) is a CNDMF of order p. Then part 

(2) follows. 

Theorem 5.3.2 Let F(t) (t > 0) be an m x m matrix-valued function whose 

entries satisfies the conditions 1 and 2 in the Theorem 5.2.2. If F(t) is a CMMF 

of orde7' p for some p ~ 0 then F(t) is a PDMF. 

Proof: Let G/(s) = f:' e-atC/,t[F]dt. Since F(t) is a CMMF ===> C/,dF] is a 

positive definite matrix for all I ~ p and each givell I > 0 by Corollary 5.2.1. Let 

I ~ p, using an analogous proof of Theorem 5.3.1, we have 

.t rTG/(II·l'l - xjll2 + e)rj = !afX.J'L.t e-II~·'-~·JIIJt,\!.i),\~j)e-dCI,dfr .. ]dt ~ O. 
I,}=] r.s I,}=! 

for Xi E Rk and ri = (,\~i), ... , ,\~) { E Rm. Note that lim/_ex. G/(\IXi _ Xjl!2 + £) = 

F/(I!xj - Xjl!2 + e) by Lemma 5.2.2. We have 

n 

L rT F/(I!xj - Xjl!2 + t')rJ ;::: o. 
i,j=l 

Let e ~ 0+, then 
n 

'L. rT F(l!xj - :rjIl2)f) ~ O. 
i,j=l 

The theorem is proved. 

Lemma 5.3.3 Let fi(t) be scalar completely monotonic functions of order Pi (i = 
1, ... ,r) and All ... ,Ar be m x m (semi) positivt dt.Jillitt. matrices, then F(t) = 
Ei=t Adi(t) is a CPDMF of order p = maxl:5i:5 r {pd. 

\Ve remark that the Lemma 5.3.3 gives a way to construct conditionally positive 

definite matrix-valued functions based on scalar completely monotonic functions. 
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We give some examples of scalar completely monotonic functions (of some or

der) in the following 

Example 3.1: 

1 
(a) f(t) = t' t > OJ 

(b) f(t) = e-at
, where a > OJ 

(c) f(t) = (t: at' 0: > 0, a > 0, t ~ OJ 

(d) f(t) = flInt, t > OJ 

(e) f(t) = (t + at, a > 0 ,0: > 0 and Q i= integer. 

(5.3.5) 

(5.3.6) 

(5.3.7) 

(5.3.8) 

(5.3.9) 

(a), (b), and (c) satisfy the conditions 1 and 2 ill Lenlllla 5.2.:2 for some c > 0 and 

alII 2:: O. (d) satisfies the conditions 1 and 2 in Lemma 5.2.2 for some c > 0 and all 

I 2:: 3. (e) satisfies the conditions 1 and 2 in Lemma 5.2.2 fo), I > [0:]. (b) (d) are 

usually called exponential spline and thin plate spline respectively. (a), (b) and 

( c) are clearly completely monotonic functions of order zero, (d) is acorn pletely 

monotonic function of order 3 and (e) is a completely monotonic function of order 

[0] + 1. Using these functions as basis. we are able to construct many completely 

monotonic matrix-valued functions. 

Example 3.2: We know that ,p(u) IS an m x 111 positive definite matrix for 

each u ~ 0 if and only if there exists a m x m matrix function A( u) such that 

,p(u) = A(u)T A(u). Therefore, 100 

f-
tu A(u)T A(u)du is a CMMF providing the 

integral converges. Thus we can construct conditionally positive definite matrix

valued functions using this method and Theorem 5.3.1. A simple example for this 

IS 

A( ) - (v'2 ~) -'11./2 U - 0 u e , 
72 

then 

then I) 00 
(t+

2
1)' = 1 e- tu A(u)T A(u)du. 

(t+1)3 0 
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is CMMF of order zero. Hence 

F(t) = ( (t+l)2In(t+l) t-(t+l)ln(t+l)) 
t-(t+l)ln(t+l) In(t+l) 

is CNDMF of order 3. It can serve as a matrix-valued variogram. 



Chapter 6 A METHOD FOR VARIOGRAM 
MODELING 

6.1 Introduction 
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In spatial statistics, we often have a single observation of a spatial random 

function Z (x) at each location x. If Z (x) is an intrinsic spatial random function 

then 
1 

"Y(h) = 2E[Z(x + h) - Z(x)]2. 

The sample variogram for a given lag II is 

where 

s(h) = {(i,j): dis(:t'j,:t'j) = h} and N(h) = l.s(h )1. 

Of course, the II should be chosen so that s(h) #- 0, i.e. N(h) > O. Note that this 

estimator is unbiased. 

If Z (x) is an intrinsic vector spatial random function then the matrix sample 

variogram would be 

Although there are various methods to obtain variogram estimates, the esti

mates cannot be used directly for spatial prediction such as kriging and interpo

lation. Recall that the variogram is a conditionally negative definite function of 

certain order. The lack of this property can result in a negative mean-squared 

error of prediction (Cressie 1991) [6]. Therefore, we have to fit a variogram by 

using a class of functions with the appropriate negative definiteness property. 
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Usually variogram modeling consist of three stages. The first is to compute 

sample variogram at different lags. The second is to correctly identify parametric 

functions that are conditionally negative definite. For a scalar random function, we 

can plot the sample variograms and obtain graphical information on the parametric 

form of the variogram. Since the family of conditionally negative definite functions 

is large, correct identification is not easy. In geostatistics, several standard mod

els are frequently used, such as Gaussian model, Exponential model and Spherical 

model (see section 2.4 ). The third step is to fit the sample variograms to the para

metric form. Different methods have been developed for variogram modeling of a 

scalar spatial random function. The most often used in geostatistics is the subjec

tive method which with aid of some graphic device, fits the sample variograms by 

adjusting the parameters (such as sill, nugget and range) in the standard models. 

Obviously, this method can be inaccurate and inefficient. Several goodness-of-fit 

methods for fitting a best variogram model have beell proposed. Among them, the 

weighted least squares method is commonly accepted. 

For the vector spatial random function case, the subjective method is no longer 

adequate due to lack of suitable graphic aids for plotting matrix sample variograms. 

Correctly identifying a parametric form of matrix-valued variogram is then harder. 

The major difficulty comes from the lack of sufficient knowledge on matrix-valued 

(conditionally) negative definite functions. Even though we select a parametric 

form of matrix-valued variogram, it would be complicated to fit a model since 

there are many parameters to be estimated. 

In geostatistics, it is common to reduce the matrix-valued variogram modeling 
- - T problem to a scalar variogram modeling problem. Let Z(x) = (Zl(X), ••. , zm(x)) . 

Then matrix-valued variogram is 

i(h) = ~E[(Z(x + h) - Z(x))(Z(x + h) - Z(x)fl = hrs(h)), r, S = 1, ... , m, 
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where 
1 

"tra(h) = 2E[(Zr(X + h) - zr(x))(za(x + h) - za(x))]. 

When r = s, "trr(h) is the variogram of zr(x) and when r =I s, "tr6(h) is the 

cross-variogram of Zr(X) and z.(x). From discussion in Chapter Three, Irr(h) 

(r = 1, ... ,m) are conditionally negative definite functions, and the lra(h) must 

satisfy the Cauchy-Schwartz condition 

(6.1.1) 

Unfort'unately, the Cauchy-Schwartz inequality is only a necessary condition. 

There is no sufficient characteristic for Ira(/l) (7' #- oS) up to now. Modeling the 

cross-variogram becomes more difficult. To avoid this problem, Myers [23] [2i] 

proposed instead to model variograms of the sum and difference of zr(x), za(x). 

DeCllle 

r,s=1,2, ... ,m. 

(6.1.2) 

(6.1.3) 

Note that lta(h) and I~(h) are variograms of zr(.r) + :,,(.1') and Zr(x) - z,,(x) 

respectively. Myers [23] [27] showed that 

Ir,,(h) = ~hrr(h) + "ta,,(h) -/~(h)) = ~h~(h) -/rr(h) -"t",(h)). 

Ira(h) = ih~(h) -/~(h)). 
Thus we can use 11., and I;" to estimate each entry /.'" of I individually. Since 

-/(h) must satisfy the conditional positive definiteness condition and the Cauchy

Schwartz condition is only a necessary condition for positive definiteness, estimat

ing Ir,,(t) by the above method may not consistently guarantee positive definite-

ness. 
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In this chapter, we propose an alternate variogram modeling method by using 

a scheme to simultaneously diagonalize the sample variogram matrices. We will 

see that this method guarantees the negative definiteness of the matrix-valued 

variogram. 

6.2 A Modeling Scheme 

Let Z(x) be an intrinsic random vector function. For now we only consider 

the isotropic case. Then its variogram is a matrix-valued function of Euclidian 

distance: 
1 - - - . 'J' 

i(h) = 2E[(Z(x + h) - Z(:l'))(Z(x + h) - Z(J')) ]. 

From the discussion in Chapter Three, this matrix-valued function is conditionally 

negative definite of order 1 and for each h i(h) is a Hermitian semi-positive 

definite matrix. 

Suppose that Z(xd, ... , Z(xn ) are observations of Z(J·). The sample variogram 

.. y- (h) for a given lag h is 

For a choice of lags hi, h2 , ••• , hk such that N(hd > 0, we obtain a k-tuple of 

(semi) positive definite matrices i-(h l ), ... , i-(hk). We want to find an orthonor

mal matrix B which simultaneously diagonalizes i-(h l ), ... , i-(h k ) or nearly di

agonalizes them in the sense that sum of squares of off-diagonal elements is small 

compared to sum of squares of diagonal elements. If such a B exists, we linearly 

transform Z(x) by Y(x) = BZ(x). Then the resulting vector function Y(x) has 

less correlation among its components than Z(x) does. Some components with 

little contribution to the variogram structure may be dropped. The analysis Can 
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now focus on Y(x). Note that sample variogram matrices "Yy(hd, ... ,"Yy(hk) are 

nearly in diagonal form. Therefore, a simplified analysis and computation can be 

carried out. 

Let C1 be set of matrix-valued functions in which each function is conditionally 

negative definite of order 1. For given sample variogram (matrix form) of Z(x), 

"Yi(hd, ... ,"Yi(hk ) and for an admissible candidate "Y(h) E Cll the goodness-of-fit 

can be measured by 

k 

4>("Y) = LWiTr("Y(hd - "Yi(h,))2 
i=t 

where Wi ~ 0 (i = 1, ... , k) with LWi = 1. Since a matrix-valued variogram is 

symmetric, we use the square of "Y(hd - "Y-(hd instead of ("Y(hd - "Y-(hdH"Y(hd

'::(( hd)T. In order to find a best candidate, we want to minimize 4>( "Y). But the 

minimization may be in two senses, one is to minimi2e cp( i) over the parameter 

space of "Y if"Y is specified, the other is to minimize CP( "Y) over Ct. The later requires 

some topological properties of space Ct , such as compactness, which are not clear. 

From practical point of view, we may assume that tbt' interesting candidates are 

in some compact set of functions in Ct. We also assume that modeling for scalar 

variogram is workable and efficient. Our idea is to rotate "Yi(hd (i = 1, ... , k) 

by B such that main diagonal elements carry as much information as possible, 

in other words, the off-diagonal elements carry as little information as possible. 

Then model the diagonal elements in the way of modeling scalar variograms. The 

off-diagonal elements can be dropped if they are nearly zero or at most be modeled 

by linear functions. We will show how this idea works and how much loss occurs 

if we are going to cokrige data using the resulting model. 

Suppose that there exists an orthonormal m x m matrix B such that 
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are nearly diagonal. Denote B-ri(hdB' = D(hd and let Y(x) = BZ(x). Then 

.oyy (h) = B-rz(h)B' and sample variograms of Y(x) at lags h}, ... , hk are .oyy(hd = 
B.oyi(hdB' = D(hi), (i = 1, ... , k). Since B is orthonormal, 

k k 

~(.oy) = LWiTr(.oyz(hi) -lz(hd)2 = LWiTr(Biz(hdB' - B.oyi(hi)B,)2 
i=J i=J 

k k 

= LWiTr(.oyy(hi) - .oyY(hd)2 = LWiTr(.oyy(hd - D{hi))2, (6.2.1) 
i=J i=J 

Suppose that .oyy(h) = b~(h)) and D(h) = (dr.(h)). Then 

Let 

k m k m 

<1>( i) = L Wi L({;"(h i ) - drr (hd)2 + 2 L Wi 2.: (/;:( hd - dr.(hd)2. 
i=J r=] 

k 

<1>rr = LWi({!~(hd - drr (hd)2, 
i=] 

k 

<1>r. = LWi(/~(hd - dr~(hd)2, 
i=] 

r = 1, ... ,m, 

1 ::; l' < S ::; m, 

In order to minimize <1>(i), it is sufficient to minillli;w the <Pr~. 1 ::; r ::; s ::; m, 

Note that 1;"(h) is the variogram of the rth component Yr(x) of Y{x) and drr{hd 

are the sample variograms. Minimizing <1>rr (r = 1, ... , m) is the same problem 

as modeling the variogram of Yr{x) based on its sample variograms drr(hd, (i = 
1, ... , k). This can be done in the same way as for a scalar random function. 

Similarly, minimizing ~r. (1 ::; r < s ::; m) is the same problem as modeling 

the cross-variogram of Yr(x) and y.(x). We may require some smoothness property 

for I~(h). Hence I;,(h) could be any smooth functions such that <pr• is minimized 

and Ir.(h) along with Irr(h) (r = 1, ... , m), obtained by modeling Yr(x), construct 

a conditionally negative definite matrix-valued function of order 1. 

Before trying to model the cross-variograms I;' (II) (1 ::; r < s ::; m), let's look 

at the data {dr.(h i )} more closely. 
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Because the D( hi) (i = 1, ... , k) are nearly diagonal, 

k 

L L (dra(h i ))2 = d 
i=ll~r<a~m 

is small compared to the sum of the squares of main diagonal elements of D(hd. 

k 

dr" = L Widr,,(hd· (6.2.2) 
i=l 

When Wi = 1/ k, then dr " = du • We call the one with a bar the sample mean 

and the one with a hat the weighted sample mean. Similarly we obtain sample 

variances and weighted sample variances 

k 

a;,,(d) = LWi(dr,,(hd - dr,,)2; 

k 
2 1" -2 

Uh = -k-Ljhi - h) , 
. - 1 i=l 

Note that 

which implies that Idr,,1 < Jd/ k. Similarly 

k k 

i=) 

a;,,(d) = LWi(dr,,(hd)2 - (drs? < L Wi(drs (hd)2, 
~1 ~) 

and we have 
k 

Idral::; LWi(dr,,(hdP. 
i=l 

Therefore, for 1 ::; r < s ::; m, what we are going to fit is set of data in which data 

values are very small and their variations are even smaller. This kind of data often 

has a horizontal linear tendency. This suggests fitting {drs(hd} (1 ::; r < s ::; m) 

by horizontal lines. This observation is confirmed by theorem 5.3.1. 
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Theorem 5.3.1 says that if h = IIx - yll for x, y E Rk and 

,,-1 
"Y(h) = g(h) + L Au h2u , 

u=o 

where g(h) is conditionally positive definite of order p, then "Y(h) is also condition

ally positive definite of order p. Let 

g(h) = diaghu (h), . .. ,"Ymm(h)), 

and Au = (a~s) with a~r = 0 (u = 0, ... p and r = 1, ... , m). Then L~;~ Auh2u 

is off-diagonal part of matrix-valued function i(h) and the model for Y(x) can be 

formulated as 

p-I 

i'5'(h) = diag(fl1(h), .. . ,imm(h)) + L Auh2u . 
u=o 

Note that idh) is conditionally negative definite of order 1. Then the model 

becomes 

i'd h ) = diaghl1(h)' ... "mm(h)) + Ao. 

Since we fit {drs(hd} (1 $ r < s $ m) by horizontallilles, it is easy to see that 

a~s = drs by linear regression theory. If drs are nearly zero, simply let a~s = o. 

Now return to $(i') 

k m k m 

= LWi Lh';'(hd - drr (h i}}2 + 2 LWi L h::(hd - drs (hd}2 
i=l 1"=1 i=1 1$1"<11$111 

k m k m 

= LWi Lh';'(hd - drr (hi})2 + 2LWi L 
i=1 1"=1 

k m k m 

< LWi Lh';'(hd - drr (hd)2 + 2 LWi L (dr.s(hd)2 
i=1 1"=1 i=1 l$r<s$m 

k m 

< LWi Lh';'(hd - drr (hd)2 + 2d. (6.2.3) 
i=1 1"=1 
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The first part of the right hand side of (6.2.3) is error caused by fitting the 

main diagonal elements. The second part of (6.2.3) is upper bound of error caused 

by fitting the off-diagonal elements which is small by our assumption. 

We remark that this scheme can be easily extended to modeling conditionally 

negative definite matrix-valued functions of order p > 1. By Theorem 5.3.1, we 

may fit the off-diagonal elements {dr. (hi)} by even polynomials with degree less 

than 2(p - 1). Since {dr,,(hi)} has very small variation, it is easy to see that the 

coefficients for the higher degree terms can be neglected. 

The process can now be summarized in the followillg steps. 

(1) Compute the matrix sample variogram "'Yz(hJ), .. . , "'Yi(h k ) for suitably cho

sen lags hI, . .. , hk. 

(2) Find an orthonormal m x m matrix B such that 

are nearly diagonal. 

(3) Linear transform Y(x) = BZ(x). 

(4) Model each component Yr(x) separately. This can be done in the same way 

as for modeling scalar variograms. 

(5) Choose "'Yr,,(h) = drs (1 < r < s < m). Then the estimated variogram 

model of Y(x) is 

"'Yy(h) = diag(/n(h), ... ,"'Ymm(h)) + A, 

where A = (a r .) is symmetric, ar.s = dr " 1 $ r < s $ m and a rr = O. 

If sum of squares of off-diagonal elements L7=1 Ll$r<.s$m(dr.s(hi))2 is close to 
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zero, we simply use the diagonal matrix-valued function 

'Yy(h) = diag(-Yn(h), ... ,'Ymm{h)) 

as an estimate of 'YY (h). 

This scheme relies on a procedure for simultaneously diagonalizing several sym

metric matrices. We can use a modified FG-algorithm or least squares algorithm 

to be introduced in next chapter to complete the simultaneous diagonalization 

procedure. 
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Chapter 7 SIMULTANEOUS 
DIAGONALIZATION OF SYMMETRIC 

MATRICES TO NEARLY DIAGONAL FORM 

7.1 Introduction 

Given k pxp symmetric matrices AI, ... , Ak, there exist k orthonormal matrices 

B}, . .. , Bk such that BT AiBi = Ai = diag(Aii), ... , ..x~i)) i = 1, ... , k, where 

..x~i) are eigenvalues of Ai. It is well known that AJ , ••• , Ak can be diagonalized 

simultaneously if and only if At, ... , Ak have a common eigenvector space. In other 

words, At, . .. , Ak are mutually commutative. When the commutativity condition 

is not satisfied, we seek an orthonormal matrix B such that the AI! ... , Ak are 

nearly diagonalized by B, i.e. the squares of off-diagol1al elements of BT AiB are 

relatively small in a sense to be defined. There are many applications for this 

approach, such as Common Principal Component Analysis, Maximum Likelihood, 

Multidimensional Scaling and the Geostatistics. 

Flury and Gautschi [10] [11] have given a (near) simultaneous diagonalization 

algorithm for positive definite matrices AI!' .. ,Ak. Their criterion for measuring 

simultaneous diagonalizability is 

n n 

$(BIAi, nij i = 1, ... , k) = IT (det(diag(BT AiB)))n, lIT (det(Adt'. (7.1.1) 
i=1 i=1 

Then $(BIAj, njj i = 1, ... , k) ;::: 1, with equality if and only if B simultaneously 

diagonalizes the AI,"" Ak. The function (j) is called the maximum likelihood 

criterion since it is related to maximum likelihood of common principal components 

[9]. The goal is to find an orthonormal matrix Bo such that $(BoIAi, nij i = 

1, ... ,k) = minBEO(I') $(B\Ai, nij i = 1, ... , k), where O(p) denotes the group of 

orthonormal p x p-matrices. 
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De Leeuw and Pruzansky [8] gave another (near) simultaneous diagonalization 

algorithm, called SUMSCAL, for studying the weighted Euclidean distance scaling 

model. The criterion for measuring simultaneous diagonalizability in SUMSCAL 

is the sum of squares of all elements of BT AiB (i = 1, ... , k). It is formulated as 

k 'P 
\l1(BIAi,; i = 1, ... , k) = 2: 2: (bj Aibl)2, (7.1.2) 

i=l #1 

where B = (bI , ... ,b'P) E O(p). The \lI is usually called least squares criterion since 

it is related to the least squares estimator of multidimensional scaling [8]. Then 

SUMSCAL is also called a least squares algorithm [3]. An obvious advantage 

of the least squares criterion is that the matrices A, (i = 1, ... , k) need not be 

positive definite which is frequently the case for sample variogram matrices of 

a random vector function in Geostatistics. The idea of SUMSCAL is to apply 

Jacobi rotations, at each stage minimizing the sum of squares of the k off-diagonal 

elements selected by a rotation pair [12]. 

The FG-algorithm (Flury and Gautschi) and the least squares algorithm have 

an important common feature, that is, rotation for each selected pair. Clarkson 

[3] obtained a least squares version of the FG-algorithm by applying De Leeuw 

and Pruzansky's result, for the rotation angle 0, to the G-procedure inside the 

FG-algori thm. 

Convergence of the FG-algorithm using the criterion given by (7.1.1) was shown 

by Flury and Gautschi (1986)[11]. Both Flury [12] and Clarkson [3] pointed out 

that convergence of the least squares algorithm had not been proved. This problem 

is resolved in this chapter. In section 7.3 we give a modified FG-algorithm and 
, 

discuss the known least squares algorithm. We show convergence of the least 

squares algorithm in section 7.4.2. In section 7.5.1 and 7.5.2, the proof is broken 

down into two parts. One part is convergence of the modified F-procedure and the 

other is convergence of the modified G-procedure. The convergence of the modified 
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F-procedure relies on the convergence of the modified G-procedure. The proof of 

the convergence of the modified G-procedure is non-trivial. It consists of many 

lemmas and theorems which lead to a deeper insight of convergence and algebraic 

properties of the diagonalization procedure. Since some of the proofs in section 

7.5.2 are long, we put them into an appendix (section 7.9). A comparison of the 

modified FG-algorithm and the least squares algorithm is found in the remarks. It 

also will be seen from section 7.4.2 and 7.5.2, that the modified G-algorithm and the 

least squares algorithm converge to a global minimum of the least squares criterion 

function for each selected rotation pair and the minimum will be found. Necessary 

conditions for an p x p orthonormal matrix Bo to be a global minimizer of the 

least squares criterion function and a boundary of the minimum for the criterion 

function are given in section 7.6. Examples of applications of the diagonaJizing 

procedure are given in section 7.7. Finally, we address some remaining problems 

related to simultaneous diagonalization and the numerical performances of the two 

algorithms in section 7.8. 

7.2 Preliminary Results 

Notation: 

Vie denote the group of all p x p orthonormal matrices as O(p). The metric of 

A is defined as IIAII = JTr(AT A) where T7·(.) is the trace operator and norm of 

vector v E RP is defined as IIvll = Wv. 

Definition 7.2.1 We say that AI, ... , Ak are simultaneously diagonalizable if there 

exists an orthonormal matrix B such that BT AiB = Ai = diag(.A~i), ... , A~i») 
(i = 1, ... ,k), where A~i), ... ,A~i) are the eigenvalues of A. 

For fixed p x p symmetric matrices AI, ... , Akl we define two functions from 



O(p) to R+, all nonnegative real numbers. 

k p 

\If(BIAi, nij i = 1, ... , k) - L L ni(b; Aibl)2 

i=1 #1 

k p 

t/J(BIAi,niji=I, ... ,k) = LLnj(bfA ibj)2 

"=1 j=1 
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(7.2.1) 

(7.2.2) 

where B = (bI, ... , bp ) E O(p) and nj > 0 (i = 1, ... , k) are weights. The first 

one is called the weighted least squares criterion for simultaneous diagonalization 

of A}, ... , Ak [3]. Note that \If ~ 0 and the identity holds if and only if B si

multaneously diagonalizes AI,' .. , Ak • Then \}I meaSlll'es absolute "deviation from 

diagonality" [11]. It's easy to see that 

k 

\}I(BIAj,ni;i = 1, ... ,k) = Tr(LniAn - 'II'(BIA"nj;i = 1, .. . ,k); (7.2.3) 
j=l 

k 

o :5 \}I(BIA j, n,; i = 1, ... , k), ¢(BIA j, nj; i = 1, ... , k) :5 L niTr(An. (7.2.4) 
i=1 

The following lemma shows the uniform cOlltilluity of \}I alld 1/" 

Lemma 7.2.1 Lei B,G E O(p) and write B = (b ..... ,bp ), G = (c}, ... ,cp )' 

Then the7'e exists a constant M > 0 which is indt:pl: lIc/tnt of Band C such that 

p 

11,b(BIA j,nj;i = 1, ... ,k) -It'(CIAi,ni;i = 1, ... ,k)l:5 ML IIbj - Cjll. 
j=1 

Proof: 

Note that IIbj ll = IIcjll = 1 and Ibf Aibjl :5 p(Ad and Icf AiCjl :5 p(Ai) since Ai is 

symmetric and B,G E O(p) where p(A..) denotes the spectral radius of Ai. Thus 
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Let M = 4l:f=1 niP(Ai)IIAdl. Then 

1t/J(BIAi, njj i = 1, ... , k) - t/J(CIA j , 7l.j; i = 1, ... , k)1 
k p p 

~ (4 L niP(Ai)IIAdD L Ilbj - cjll = M L II bj - Cjll· 
i=1 j=1 j=1 

For a given sequence {Bn} E O(p), we say that {Bn} converges to B if and 

only if IIBn-BIl = VTr(Bn - Bf(Bn - B) -+ 0 as n -+ 00. Since B!Bn = Ip, 

the limit B belongs to O(p). 

Lemma 7.2.2 Let {Bn} be any sequence in O(p). 1'htll then aisis a subsequence 

{Bnk } of {Bn} such thai {Bnk } -+ BE O(p) as J.~ --+ 00. 

Proof: Denote Bn = (b~7)). Then IIBnll2 = l:j,l=l (b~il))2 = p. Since 0 ~ Ib~I)1 ~ 
y'P, there exist {nd and b~~) such that bj7k

) -- b~~) for j, l = 1,2, ... ,po Define 

B = (bj?)). Then as k -- 00, 

IIBnk - BII2 = t (b}7 k
) - b~~))2 -- O. 

j,l=l 

Two direct consequences of Lemma 7.2.1 and Lelllma 7:2:2 are 

(a) there exists aBE O(p) such that 

equivalently 

\}I(BIA j, njj i = 1, ... , k) = min \}I(CIA" 11 1 ; i = 1, ... , k); 
ceo(p) 

t/J(BIAj,njji=I, ... ,k)= max t/J(CIA j ,nj;i=I, ... ,k). 
ceO(p) 

(b) if t/J(BnIAj,niji = 1, ... ,k) converges to .,po, all nonnegative real number, 

then there exists a sequence {Bn,,} and B E O(p) such that Bn" -+ Band 

t/Jo = t/J(BIAj,njji = 1, ... ,k). 

Since t/J has a simpler structure than \}I, we will mainiy use it. Our goal is to 

find B E O(p) such that t/J(BIA j, njj i = 1, ... , k) is maximal. Before proceeding, 

we give following definition 
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Definition 7.2.2 Let B E O(p). If AI, . .. , Ak are not all diagonal and 

1 
\}J(BIAi,niji=l, ... ,k) 

KB = - . 
\}J (I I Ai, ni j l = 1, ... , k) 

where I is the identity, then we say that B simultaneously diagonalizes AI, . .. , Ak 

with KBI00% efficiency. 

We remark that 1 - KB is the relative "deviation from diagonality" of BT AlB, 

... , BT AkB and KB can be also used as a criterion measuring the simultaneous 

diagonalizability of B. From a practical point of view, if "8 ~ 90%, we consider 

BT AlB, . .. , BT AkB to be nearly simultaneously diagonal. 

Let BE O(p) and write B = (bI!"" bp ), then we have 

T {I ifj=l 
bj bl = 0 if j =J I (7.2.5) 

The function 1P(BIA j , njj i = 1, ... , k) is to be maximized under the restriction 

(i.2.5). Thus we need to maximize the functioll 

k p p P 

G(bl , ... , bp ) = L L nj(bJA jbj )2 - L "Yj(bfbJ - 1) - 2 L "Yjl(b;bl ) (7.2.6) 
j=l j=l j=l 1<3 

where "YJ and "Yjl are Lagrange multipliers with 1jl = 1/;. Using a partial differen

tiation procedure analogous to that in section 2 of Flury[1984] we obtain 

k 

L ni( bJ Aibj - bT AjbdbJ Ajbl = 0 (7.2.7) 
i=l 

for all pairs (j,l) where i,l = 1, ... ,pji '# I. 

Equation (7.2.7) provides the necessary condition for B to maximize 

1/J(BIAi, njj i = 1, ... , k) over O(p). 

We note that equation (7.2.7) is not linear. It would be difficult or perhaps im

possible to obtain an analytic solution for this matrix equation. Numeral solutions 
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provide an alternative. In order to do so, we derive a modified FG-algorithm (it is 

different from the least squares version FG given by Clarkson [3] which is essentially 

same as De Leeuw's SUMS CAL) based on the same idea of Flury's FG-algorithm 

except that the least squares criterion is used. Without loss of generality, we 

assume all weights ni = 1. Otherwise, we consider Ai = .J7iiAii (i = 1, ... , k). 

7.3 A modified FG-Algorithm and Least Squares Algo
rithm 

To describe the modified FG-algorithm, we begin with a closer look at equation 

(7.2.7). Let B = (bI!"" bp ) be an initial orthonormal matrix. For given j and 1, 

denote H == (b j , bl) which is a p x 2-matrix. Then the pair (b), b/) satisfies equation 

(7.2.7) if and only if 

is a diagonal 2 x 2 matrix. 

Denoting Ti == HT AiH (i == 1, ... , k), we construct the following equation 

k 

I)q:Tiq) - qfTiq2)q:Tiq2 == o. (7.3.1 ) 
i=l 

for some Q E 0(2), where Q == (Ql,q2). 

'V'..'e note that if Q == (qllq2) satisfies equation (i.3.1), then HQ == (Hq},Hq2) 

= (bj, bj) satisfies equation (7.2.7), because 

k 

I:(b;T Aib; - bjT Aibj )b;T Aibj 
i=l 

k 

- L,(qi(HT AiH)ql - qf(HT AiH)q2)Q:(HT AiH)q2 
i=l 

k 

- I:(q:Tiql - qfTi q2)q:Tiq2 == o. 
i=l 

(7.3.2) 
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Hence, the problem of solving equation (7.2.7) for a given pair (j, I) can be 

reduced to the problem of finding an orthonormal 2 x 2 matrix Q which satisfies 

equation (7.3.1). The above observation leads to a modified FG-algorithm. 

Modified F-procedure: 

step Fo. Define B = (bI, ... , bp ) E O(p) as an ini tial approximation to the or

thonormal matrix which maximizes t/J, e.g. B ~ Jp where Jp is identity 

matrix. f ~ o. 

step Fl' B(f) ~ Band f ~ f + 1. 

step F 2 • For j = 1 to p and 1 = j + 1 to P do step F21 to step F24 

step F21 • Check equation (7.2.7) for the pair (b), bt}, if (b j , bl) satisfies equation 

(7.2.7), then bj ~ bj , bl - bl and b3 - bs (.s '# j, I), else go to step F22 . 

step F22 • 

H - (bj,bt) 

T.. HTA·H = ( b~.AbJ 
,- , b'A·b 

J ,I 

step F23 • Call the modified G-procedure on (TI , T2 , ••• , Tk) to obtain an orthonor

mal 2 x 2-matrix 

Q = ( co~ 0 sin 0 ) . 
-smO cosO 

step F24 • H ~ HQ, B ~ BO. where 0 = (93,) equals identity except for 

9jj = cos 0 = (jll, (jjl = -91j = sin O. 

step F3 • If It/J(B) - t/J(BU)) I < fF, then stop. Else go to step Fll where f.F is a 

given tolerance. 
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Modified G-procedure: 

step Go. 9 .-- 0 and Q .-- 12• 

step GI • Q(o) .-- Q and 9 .-- 9 + 1. 

Q = (qt, q2) = (::~ :::). 

step G3. Finding 

P = ( co~ 0 sin 0 ) . 
-smO cosO 

such that pTU P is diagonal and Q .-- QP. 

step G4 • If IIQ) - Q(o»)11 < (G, then stopj else go to G\. 

The least squ:ares algorithm 

step Lo. Define B = (bI, •.• , bp ) E O(p) as an iuitial approximation to the or

thonormal matrix which maximizes 'IjJ, e.g. H - lp where lp is identity 

matrix. 

step L I • B(l).-- Bj 1.--1 + 1. 

step L2• For j = 1 to p and 1= j + 1 to p Do step L2J to step L24 

step L2I • Define Q(j,I,O) = (q .. t} as identity except for qjj = cosO = qll, qjl = 

-qlj = sin O. The angle 0 is selected such that the sum of the off-diagonal 

elements of Q(j, I, O)T AIQ(j, I, 0), ... , Q(j, I, ol AkQ(j, 1,0) is minimized, i.e. 
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is minimized or equivalently, 

is maximized. 

step L22 • Ai +- Q(j, 1, O)T AiQ(j, 1, 0); B +- BQ(j, 1, 0). 

step L3 • If It/J(B) - t/J(B(/»)I < fL, then stop; esle go to LI where fL is a given 

tolerance. 

The major difference between the two algoritllllls is t.hat the modified FG

algorithm relies on equations (7.2.7) and (7.3.1). Equation (7.2.;) and (7.3.1) are 

only necessary conditions for t/J to be maximized. The least squares algorithm 

achieves an optimal rotation angle 0 for each pail' by maximizing t/J. The rotation 

angles On obtained inside the G-procedure are not optimal in the sense that t/J is 

not maximized. As we will see later, however, the sequence {On} will converge to 

one of the optimal rotation angles. 

The convergence of an algorithm. depends on its stopping criterion. Suppose 

that {Bn} is the sequence of p x p orthonormal matrices produced by the modified 

F-procedure or the least squares algorithm and {(JII} is the sequence of 2 x 2 

orthonormal matrices produced by G-procedul'e. The modified F-procedure and 

the least squares algorithm do not stop unless 1t/J(B,d - t/J(Bn-dl < f, where f 

is a given tolerance. Therefore the convergence of the modified F-procedure and 

the least squares algorithm is in the sense that {'I/.( B II )} is increasing after each 

iteration and convergent. However, the modified F-procedure relies on the modified 

G-procedure. The G-procedure does not stop unless IIQn - Qn-III < fG where fG 

is a given tolerance. Therefore, convergence of the G-procedure is in the sense 

that both {t/J( Qn)} and {Qn} are convergent. Since t/J is continuous, convergence 

of {Qn} will imply convergence of {t/J(Qn)}. 
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Let B = (bh •.• , bp ) be an updated p x p orthonormal matrix. For pair (j, I) 

(1 ~ j < I ~ p), define p x 2 matrices Hj/ = (bj, bl) and 2 x 2 matrices Tj(j, I) = 

Hj? AiHjl, (i = 1, ... , k). We usually use Hand Ti instead of Hj/ and Ti(j, I) if 

the pair (j, I) is specified. For any Q E 0(2), we write 

Q = ( co.s ()Q sin ()Q ) ). 
() cos ()Q 

,( -7r ~ ()Q ~ 7r , 
. -sm Q 

Define 

I~ Q Q 2 1~ Q Q Q ~ Q 2 
fQ = 4 L- (tui - t 22J , hQ = '2 L-(t lli - t 22dt12i' 9Q = L- (t 12i ) (7.4.1) 

i=l i=l i=l 

fo = h2 ho = h/2 90 = 9/2 (7.4.2) 

TJ = JUo - 90)2 + 4ho, ~ = fo + go· (7.4.3) 

As before, Q(j,I,()) = (q}, ... ,qp) = (q",) equals identity except for qjj = cos()Q = 
qU, qj/ = -q/j = sin ()Q. 

Lemma 7.4.1 For a given pair (j,I), let B- = BQ(j,I, ()Q) = (bi, ... ,b;). Then 

{ 

bs if s =j; j and I 
b: = Bq" = bj cos ()Q - b, sin OQ = Hjlq} If:; = j 

bj sin ()Q + b, cos OQ = Hjlq2 if s = I 
(7.4.4) 

where ql = (cos()Q,-sin()Q)T, q2 = (sin ()Q, cos ()Q)T, 

The proof of this lemma follows from a simple algebraic operation. 

Lemma 7.4.2 The notation is the same as above. Then 

k p 

1/J(BQ(j,I,()Q)I Aiji = I, ... ,k) = 1/J(QI1iji = I, ... ,k)+2: L (b;Aib,,)2. (7.4.5) 
i=l #;j,' 
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Proof: By Lemma 7.4.1, 

k p 

'I/J(BQ(j, I, OQ)IAi; i = 1, ... , k) = L L (iiI BT AiB ii:s)2 

k k p 

= L[(q; HJ,AiHj/ql)2 + (qf HJ,A i Hj/q2)2] + L L (b; Aib:s)2 
i=l i=l :s¢j,/ 

k k p 

= L[(q;Tjqt}2 + (qfTiq2)2] + L L (b; Aib:s)2 
i=l i=l :s¢j,/ 

k p 

= 'I/J(QITi;i = 1, ... ,k) + L L (b; Aibs)2. 
i=l #j.1 

Lemma 7.4.3 Let P, Q E 0(2), then 

(a) 'I/J(QPITj;i= 1, ... ,k)='I/J(PIQT1iQ:i= 1, ... ,k) 

(b) 1,b(QPITi; i = 1, ... ,1.-) 

= 1,b(QITji i = 1, ... ,1.-) + 2(9Q - fQ) si1l2 20p - 2hQ sin40p. 

Especially, 

1,fo(PITj; i = 1, ... , k) = 'I/J(I21Tii i = 1, ... , k) + 2(9u - fo) sin 2 20p - 2ho (rn-l-Il# 
k 

= L((d1i)2 + (t~~i)2) + 2(90 - fo) sin2 20p - 21zu sin 4(Jp 
j=l 

k 

= L( (b; Aibj)2 + (bT Aib,)2) + 2(90 - fo) siJ12 'lOp - 2ho sin 40p 
i=l 

Proof: Let pTQTTiQP = (Vlli V12i). It is easy La check that 
V21i V22i 

Vlli - t~li cos2 Op + t~2i sin2 Op - t~2i sin20p 

V22i - tQ . 20 tQ 20 tQ · ')0 lli sm p + 22i cos P + 1:l1 Sill - P 

V12i - V2li = (t~li - t~2i) cos Op sin Op + t~2j cos 20p. 

(7·4·7) 

(7.4.8) 

(7.4.9) 

(7.4.10) 

Th 2 1 ( Q Q ) 2 • 2 20 Q 2 2 20 1 ( Q Q ) Q . Ll Th en V12i = 4' tUi - t22i sm p + t12i cos P + 2 tlli - t22i t12i sm 4up. us 

k 

'l1(QPITi; i = 1, ... , k) = 2 L V12i
2 = 2fQ sin2 20p + 2gQ cos2 20p + 2hQ sin 40p. 

i=l 
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Since Tr(Lf=l Tn is invariant under orthonormal transformations on Tj's, we have 

k 

Tr(ETl) - .,p(QP I Tj; i = 1, ... , k) + \}I (QPITj; i = 1, ... , k) 
i=l 

- .,p(Q I Ti; i = 1, ... , k) + \}I(QITj; i = 1, ... , k). (7.4.11) 

Note that \}I(QITj; i = 1, ... , k) = 2gQ, then the lemma follows from 

.,p(QPITj ; i = 1, ... , k) 

= .,p(Q I Tj ; i = 1, ... , k) + \}I(QITj; i = 1, ... , k) - \}I(QPITj ; i = 1, ... , k) 

= 'l/I(Q I Tj ; i = 1, ... , k) + 2gQ - 2fQ sin2 20p - '!.YQ cos2 20p - 2hQ sin 40p 

= 1j1(Q I Tj ; i = 1, ... , k) + 2(gQ - fQ) sin 2 20p - 'J.hQ sin 40p. 

Corollary 7.4.1 From Lemma 7.4.2 and Lemma 7.4.3. we have 

k p 

1t'·(BQ(j, I. OQ HAjj i = 1, ... , k) = E L (br Aibs)2 + 'J.(Yu - fa) sin 2 20Q - 2ho sin 40Q 
i=1 5=1 

(7.4.12) 

7.4.2 Convergence of the Least Squares Algoritllln 

V\'e now show convergence of the least squares algorithm. Let B = (b), . .. , bp ) 

be an updated p x p orthonormal matrix. If AI,"" Ak have been updated dur

ing last iteration. For a selected pair (j, I) we need to choose a rotation angle 

o with -7r :5 Op :5 7r such that 1/;(BQ(j,I,OQ)IA,;i = l, ... ,k) is maximized. 

For simplicity, we drop the subscript Q for 0 in (~quation (7.4.12) and write 

.,p(0) = 1/;(BQ(j,I,O)IAi ;i = 1, ... ,k). Then 1/;(0) = 1/;(BIAiji = 1, ... ,k) = 
E7=1 E~=l (b; Aib,,)2. 

Thus (7.4.12) becomes 

t/J(O) = .,p(0) + 2(go - fa) sin2 20 - 2ho sin 40. (7.4.13) 

Taking the first derivative of 1/;(0), we have 

dt/J(O) . ---;ro- = 8(go - fa) sm 20 cos 20 - 8ho cos 40. 
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Then 
d~(O) . 
---cJj} = 0 <==> (fo - 90) sm 40 + 2ho cos 40 = O. (7.4.14) 

Taking the second derivative of ~(O), we have 

tP~(O) . 
d02 = 16(90 - fo)cos40 + 32hosm40. 

To obtain the relative maximum of ~(O), we need tPdo~O) < O. Equivalently, 

Define 

e = { 0 

Remarks: 

(fo - 90) cos 40 - 2ho sin 40 > O. 

(fo - 90) sin 40 + 2ho cos 40 = 0 
(fo - 90) cos 40 - 2ho sin40 > 0 

(7.4.15) 

(7.4.16) 

(1) The two constraints for () E e are the same as those given by De Leeuw 

and Pruzansky [8], which they derived by using the sum of the squares of the 

off-diagonal elements. 

(2) e is not empty, if 17 # O. 

(3) If 17 = 0 ( i.e. fo = 90 and ho = 0 ), then 1jJ(0) = 1jJ(0). This implies that 

1jJ(0) = Lf=l L~=l (b; Aib .. )2 is the maximum of 1/.,(0). No rotation can improve it. 

In this case, the procedure goes to another pair. 

Lemma 7.4.4 If 17 # 0 and () Ee, then 

sin2 20 = 17 - (fo - 90) i 
217 

. - 2ho 
sm40 = --. (7.4.17) 

Proof: Define (1 = [ -~~::81' (, = [ ~::: 1 
then 0 E e if and only if (3 J.. (2 and ( (3 , (1) > 

product. 

17 

aDd (3 = [ (f°2h
0

90
) 1, 

0, where ( . , . ) is inner 
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Note that (1 1. (2 and (3 1. (2 imply (3 \I (1' Since ( (3 , (1) > 0, we have 

that the angle between V and (1 equals zero. Thus (3 and (1 have same direction. 

Therefore, 

Thus we obtain 

cos 48 = (fo - 90) , 
.,., 

-2ho 
sin48 = --, .,., 

sin 2 28 = 1 - cos 48 = .,., - (fo - 90) . 
2 2.,., 

The le~ma is proved. 

Theorem 7.4.1 Suppose 7] '# 0 then for any e E e, then 

(aJ 1/J(O) = 1/J(0) + 7] + (go - fo), i.e. 

1/.(BQ(j, I, 0Q)IA j; i = 1, ... , k) = 1/J(BIAj; i = 1, .... k} + 77 + (go - fo) (7.4.18) 

(bJ The least squares algorithm is convergent. 

Proof: Part (a) follows from equation (7.4.13) and til<' Lemma iAA. 

Part (b) follows from the fact that 7] + (go - fo) ~ 0 alld 0 $ 1/.' $ Tr(Lf=l An. 
Corollary 7.4.2 For a selected pai7' (j, I), T1, ••• , 1;' are defined in section 4.1. 

Then 

(7.4.19) 

Proof: The proof can be obtained by directly usillg equatioll (7.4.7) and Lemma 

7.4.4. 

Remark: 

(1). We know 1/J(8) > tP(O) from theorem 7.4.1. Tqe equality holds if and 

only if ho = 0 and fo ~ 90. In that case, 1/)(0) is maximal. No rotation is needed 

for this pair. The procedure goes to another pair. 
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(2). If ho = 0 and fo ~ go do not both hold, then 'I/J(O) is a relative maximum if 

and only if 0 E e. Theorem 7.4.1 implies that all maxima of 'I/J(O) are independent 

of choice of rotation angles. Therefore, for each given pair (bj, b,), if '7 "# 0, 

we choose 0 E e arbitrarily as our rotation angle. The orthonormal matrix 

Q(j~l, 0) related to this rotation angle should be one of the best transformations 

for Th ... , Tk. In this case, 'I/J(BQ(i, 1, OQ)IAii i = 1, ... , k) > 1/J(BIAii i = 1, ... , k). 

(3) If ho = 0 and fo < go, ±~ E e can be chosen as the rotation angle such 

that 'I/J(BQ(j,I,OQ)IAjii = 1, ... ,k) is maximized. 

2ho . 2ho 
From Lemma 7.4.4, tan 40 = - it . Lettmg a = arctan (- it ), then 

0- go 0 - go 
o = ~o + ~k7r. Determination of 0 and strict inequality that 1/J(O) > 1/J(0) depend 

on the signs of ho and fo - go. De Leeuw and Pruzansky [8] gave a table for the 

rotation angle. We extend these results. 

ho fo - ho 0 'I/J(O) ~ 'I/J(o) conclusion 

+ + 10 > /t'( ~a) is maximum 4 

+ - ~(o - 71") > 'I/J(~(a - 71")) is maximum 
- + 10 > 'I/J( ~o) is maximum 4 

- - Ho + 71") > 1/J(~(0 + 71")) is maximum 
0 0 no rotation - 'I/J(O) is maximum 
0 + no rotation - 'I/J(O) is maximum 
0 - ±!71" > 1/JU7I") = 'I/J(-~7I") are maximum 4 

+ 0 -!71" > 1/J( - ~71") is maximum 8 

0 1 > 11'(~7I") is maximum - 871" 

7.5 Convergence of the Modified FG-algorithm 

In this section, we will show the convergence of the modified FG-algorithm. 

We need to show the convergence of modified F-procedure in the sense that 1/J(Bn) 

is convergent where {Bn} is the sequence produced by the F-procedure and the 

convergence of the modified G-procedure in the sense that 1/J( Qn) and sequence 
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of 2 x 2 orthonormal matrices {Qn} produced by the G-procedure are convergent 

( in the Euclidean norm sense). It will be seen that the proof of the modified 

FG-algorithm is more difficult than that of the least squares algorithm. The harder 

part is proof of convergence of the modified G-procedure. Some proofs are given 

in the appendix since they are quite long. 

For a fixed rotation pair (bj , bl), let Ti = (bJ , bdTAi(bJ • bd. Suppose Qn-I = 

(ql,q2) be the n _lth updated 2 x 2 orthonormal matrix. Set 

k 

V = L)q[Tiql - qrTiq2)Q~_1 'j~Qn-l. 
i=l 

If Qn-l doesn't satisfy equation (7.3.1), then V is not diagonal. Assuming that 

Pn is the 2 x 2 orthonormal matrix such that PI U Pn =diagonal in the modified 

G-procedure. Writing 

Pn = ( co~ On sin 0" ) . 
- sm On cos 01/ 

(7.5.1 ) 

for some On with -7r ~ ()n ~ 7r, then ()n =I ±r., ±~ since V is not diagonal. The 

next iteration of the modified G-procedure is Qn = Qn-IPn. Therefore, 

We modify the notation in section 7.4.1 as follows. 

We remark that 

1'0), all integer n ~ 0 

(7.5.2) 

(7.5.3) 

(7.5.4) 



since TJ and D. are difference and sum of eigenvalues of matrix 

( !o ho) 
ho go 

respecti vely. 

Lemma 7.5.1 V, Qn-l and Pn are the same as above. Then 

(a) 

(b) 

!n-l sin 20n + hn_1 cos 20n = O. 

The sequence {~(Qn)} is convergent. 

Proof: Proof of part (a): Note that 

k 

PTVp. "(tQn-l tQn- 1 )pT Q1' '}' Q p. n n=,L." lli - 22i n n-I in-I n, 
i=1 

where 

( 
tQ"-1 tQ"-I) 

l' T,. = lJi 121 . Qn-I IQn-I t Qn- 1 tQ"-1 
12i 22i 

Using equation (7.4.10), then P;[U Pn is diagonal jf and only if 

k k 

sin 0 cos 0 "(tQn.-1 - tQn.-1)2 + cos '>0 "(t""-1 - tQ"-1 )tQ".-1 = 0 n n,L." 111 221 - II ~ 111 22. 121 
i=l i=1 

which is 

2/n - I sin 20n + 2hn _ 1 cos 2011 = o. 

Proof of part (b): 

102 

(7.5.5) 

(7.5.6) 

By part (b) of Lemma 7.4.3 and Lemma 7.5.1 and On =I ±7l", ±%. we have 

k 

Tr(L:Tl) 2:: ~(QnITiji = 1, ... ,k) = tJI(Q,,-IPnlliji = 1, ... ,k) 
i=I 

= ~(Qn-lITij i = 1, ... , k) + 2(gn-l - !n-d sin 2 20n - 2hn_I sin 40n 

= tJI(Q I Ti; i = 1, ... , k) + 2(gn-l - !n-I) Sill~ 20n + 4!n-l sin2 20n 

= ~(Qn-l I Tii i = 1, ... , k) + 2(gn-l + !n-d sin2 20n 

> ~(Qn-l I Tii i = 1,. : . , k) 2:: o. 

This implies that {~( Qn)} is convergent. 
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Up to now, we have not shown whether the {Qn}, produced by the modified 

G-procedure for a fixed rotation pair, is convergent. Without convergence of the 

{ Q n}, there is no way to construct a sequence {Bm} of p x p orthonormal matrices 

in the modified F-procedure. We postpone the proof of the convergence of {Qn} to 

next section. We assume convergence of {Qn} for the moment to show convergence 

of {tP(Bm)} which leads convergence of the modified F-procedure. 

Let Bm = (bh .•. , bp ) be an orthonormal p x p-matrix of the mth iteration in 

the F-procedure. If pair (bj , b,) doesn't satisfy equation (i.2.i) then the modified 

F-procedure calls the modified G-procedure for TI~"" Tk where Tj = H~AjHjl' 
Assume that {Qn} (n = 0,1,2, ... ; Qo = 1) is the sequence of the 2 x 2 or

thonormal matrices produced from the G-procedure. Recall Pn is the one that 

transforms U = E7:1 (t~{rl - t~2i-l )Qn-l TTjQn_l to diagonal form and Qn = 
Qn-IPn = 12PIP2 ... Pn' From proof of Lemma i.5.1, {1fJ(QnITjji = 1, ... ,k)} 

constructs an increasing sequence. Therefore, 

k 

1;&(QnITi;i = 1, ... ,k) > 1;&(l2ITj;i = 1, ... ,k) = 'L)(b; Aib;):l + (bTAib,)2). 
i=l 

Assuming Qn ---+ Q = (qrs) (r, s = 1,2), then 1fJ(Q1I) increases to tP(Q) by the 

continuity of 1;&. F-procedure assigns Bm+l = BmQ where Q equals identity except 

for ijjj = Qll,ijll = Q22, ijjl = Q12, ij/j = q21' Using Lemma 7.4.2, we have 

tP(Bm+1IAi; i = 1, ... , k) = tP(BmQIA.; i = 1, ... , k) 
k p 

= tP(QITi; i = 1, ... , k) + L L (b;'Aib,,):l 
i=l #j,1 

(7.5.7) 

This implies convergence of {tP(Bm)}. Hence the modified F-procedure is conver

gent. 

Vle remark, that in practice, the modified G-procedure outputs an 2 x 2 or

thogonal matrix before {Qn} reaches its limit Q, say Cd h,,' The above discussion is 
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still valid and equation (7.5.7) is still true if Q is replaced by Qno' 

7.5.2 Convergence of the modified G-procedure 

The least squares algorithm achieves an optimal rotation angle for each selected 

pair by maximizing 1/J and the local maximum of 'I/J is independent of choice of 

rotation angle. Thus the maximum of 1/J is in global sense. As we have shown in last 

section, for a fixed pair (i,l) the sequence {1/J(Qn\T11 ••• ,Tk )} is increasing. The 

following questions will be answered in this section; (a) whether {'I/J( Qn IT), . .. , Tk )} 

converges to the same maximum as the least squares algorithm for each selected 

rotation pair? (b) whether {Qn} converges to an 2 x 2 orthonormal matrix Q? (c) 

if (a) and (b) are true, how fast do they converge and how many steps does it take 

in the G-procedure for a given pair (b j , bd? 

The notation is the same as in the last section. Fo)' a fixed rotation pair (bj , bl ) 

which doesn't satisfy (7.2.7), then ho =I O. We will set' that {f,,}, {9n} and {hn} 

play very important roles in the G-procedure. The following lemma tells more 

about fn, 9n and hn. 

Lemma 7.5.2 Let fOI 90 and ho (ho =I 0) be the initial values, then in, gn and 

hn (n ~ 1) satisfy the following recursive formulas: 

in - fn-l cos2 20n + gn-l sin2 20n - hn- 1 sin 40 

gn - in-l sin2 20n + gn-l cos220n + hn - 1 sin 40 

hn - ~(fn-l - gn_dsin40n + hn_) cos 40 

and basic properties: 

(a). In + gn = A 

(b). ingn ~ h! 

(c). (fn - gn)2 + 4h! = 7]2 

(7.5.8) 

(7.5.9) 

(7.5.10) 
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( ) f 2 1( 2 2 d . ngn - hn = 4" ~ - TJ ) 

() ~-TJ<f. <~+TJ 
e . 2 - In, gn - 2 . 

The proofs are obtained by simple calculations analogous to those for (7.4.8), 

(7.4.9) and (7.4.10). 

Lemma 7.5.3 Under the constraint of equation (7.5.5) of Lemma 7.5.1, the re

cursive formulae (7.5.8), (7.5.9) and (7.5.10) become 
n 

fn - fn-l + ~ sin2 20n = fu -i- ~ L sin2 20j 

j=1 

n 

gn - gn-l - ~ sin2 
2()n = gu - ~ L sin2 2()j 

j=1 

hn - -hn_l - ~ sin 40n 

and sin220n - p h;_~2' n = 1,2,3, ... 
n-l + n-1 

Therefore, {fn} is increasing and {gn} is decn:"asiny. 

The proof is found in the appendix. 

{7.5.11} 

{7.5.12} 

{7.5.13} 

{7.5.14} 

Theorem 7.5.1 Under the constraint of equation (7.5.5) and if ho # 0 we have 
. ~+TJ ~-TJ 

that hn goes to 0, In mcreases to 2 and gn decreases to 2 

The proof is found in the appendix. 

Theorem 7.5.2 Let t/J(QnITjii = 1, ... ,k) (n = 1,2,3, ... ) be the sequence 

obtained from G-procedure, then t/J(QnITji i = 1, ... , k} inc7'eases to t/J(JITji i = 
1, ... , k) + TJ + (go - fo) the maximum of t/J(QITji i = 1, ... , k) over 0(2). 

Proof: Note that 2gn is the sum of squares of all off-diagonal elements of Qn TTiQn 

(i = 1, ... , k) and Tr(Ef=l Tl) is invariant under orthonormal transformation, 

then 
k 

t/J(QnITii i = 1, ... , k) + 2gn = TrCL: Tl) = 'Ij'(l 11;; i = 1, ... , k} + 2gu. 
i=l 
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Hence 

1/J(QnITi;i = 1, ... , k) = 1/J(IITi;i = 1, ... , k) + 2go - 2gn. 

Because gn decreases to D.; 77, 1/J(QnITii i = 1, ... , k) increases to 

1/J(II11; i = 1, ... , k) + 2go - D. + 77 = ¢(lI11; i = 1, ... , k) + 77 + (go - 10)' 

Theorem 7.5.2 answered the first question mentioned at the beginning of this 

section. In the sequel, we will discuss other convergence properties of {In}, {gn} 

and {h n } and answer the other two questions. 

Theorem 7.5.3 {fn},{gn} and {hn} with ho "# 0 are the same as above, then 

(a) If fo 2:: go, then fn 2:: gn f01' all n 2:: O. 

(b) If fo < go, then there exists no ~ [(gO ;h{0)90] such that In 2:: gn for all 

n > 110. 
2 

(c) h;_l < h; <~ (j = 1,2, ... ,no) and h; 2:: 11;;-1 (j 2:: 11u+ 1). 

The proof is found in the appendix. 

Corollary 7.5.1 If {fn},{gn} and {h n} with ho "# 0 an the sequences produced 

in the G-procedure, then 

(1) If nl is the first one such that hnJ = 0, then lin = 0 for all n 2:: nl. 

(2) h - 0 ==> - 6-rj f - 6+7) d nJ - gnJ - -2-' nJ - -2- an 

The proof is found in the appendix. 

Remarks: 

(1). If ho =I 0 at beginning of G-procedure, the procedure stops the first time 

hn becomes zero. At the same time, In, gn and 1/J(Q,,17i,; i = 1, ... , k) reach their 

global extrema. 
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(2). When ho = 0, F-procedure goes to another pair without calling G

procedure. That is all right if ho = 0 and fo 2: 90 since tJ1(I2IT}, . .. ,Tk) has already 

been maximum of tP( QITb ... ,Tk)' But if ho = 0 and fo < 90, the maximum is 

1/J(IITii i = 1, ... , k) + 2(90 - fo) instead of tP(IlTii i = 1, ... , k). A rotation angle 

() = ~ is still valid to make 1/J(QI1ii i = 1, ... , k) be maximized. The G-procedure 

omits this step. 

Lemma 7.5.4 

{1}. If fo 2: 90, then 

n2:1. 

{2}. If Ii < 9j for j = 0,1, ... , no - 1, but fno 2: 9no I then 

t:::.2 - TJ2 
Ihn I $ Ihn-11 t:::.2 + TJ2' 

The proof is found in the appendix. 

11 ~ 710 + 1. 

(7.5.15) 

(7.5.16) 

Theorem 7.5.4 If ho :j:. 0, then for a given to/era1lc£; e, the number of iterations 

of the G-procedure for each given pair is at most N + 1 where 

_ { [lnc;l;hp] if 10 ~ 90 
N - [lnc-Inhno ] + 'f r < 

Inp no t JO 90 
(7.5.17) 

t:::.2 - TJ2 
whe7'e p = t:::.2 2 and 710 is the first one such that flio ~ 9"0 given by Theorem 

+TJ 
7.5.3. 

The proof is found in the appendix. 

Corollary 7.5.2 If ho "# 0, then 

t:::. - TJ {h~~ if 10 ~ go 
19n - 2 1 $ h~o en~no if fu < 90 (7.5.18) 

t:::.2 - TJ2 
where p = t:::.2 2 and no is the first one such that fno 2: 9no' 

+TJ 
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We remark that {In} has the same convergence rate as {gn}. Corollary 7.5.2 

. I' h f, ~ + 7] ~ - 7] • II Imp les t at n ~ 2 ' gn ~ 2 exponentIa y. 

The above results answer question (c) stated at the beginning of this section. 

Now we are ready to show convergence of the matrix sequence {Qn}. Recall 

Qn = PI P2 ••• Pn where 

Then 

p, _ ( cos Ot 
t - • 0 -sm t 

sin Ot ) 
cos 0, ' (-7r<Ot<7r, t=1,2, ... n). 

Q = ( cos O=~l Otl sin (L:~l Od ) 
n _ sin (L~=l Od cos (L:~l Od . 

To show the convergence of {Qn}, it is sufficient to show that L~=l 0, is con

vergent as 11 ~ 00. By equation (7.5.5), 

It-I sin 20, + ht _ 1 cos 20, = 0, for I = 1,2.3, .... 

Note that ~ + 7] > 0, otherwise Tll T2, • •• , Tk have already been simultaneously 

diagonal. Because ft increases to ~ ; 7J, there exists all to such that f,o > O. Then 

I sin 20, I :5 1/~t_1 1:5 ; Ih,-II, fur l > to. 
JI-I Jto 

By the Lemma 7.5.4, there exists an no such that 

(t 2:: no). 

Thus 

~2 _ 7]2 

Since ~2 2 < 1, L Ihtl is convergent. This implies that L I sin 20t l is conver-
+7] 

gent. Therefore L sin 20t is also convergent. Since -71' < Ot < 71' and I sin 20tl 
Isiu 20t l 

goes to zero, Ot goes to zero as t ~ 00. Thus ~ 1. Convergence of 
210,1 
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L I sin 2(}tl implies that convergence of E I(}tl and also convergence of E (}t. Then 

{Qn} is convergent. 

The above discussion answered question (b) mentioned at the beginning of 

this section. Up to now we have already shown the convergence of the modified 

G-procedure in the sense that Qn is convergent ( to Q say ) and the Q is the 

maximizer of t/J for the given pair (bj, bl) over 0(2). 

7.6 Some Necessary Conditions for Simultaneous Diago
nalization 

For 2 x 2 matrices, we have already seen that both algorithms converge to a 

global minimum of least squares criterion function. If p ~ 3, there is no reason 

to believe that the least squares criterion has a unique minimum. If B is an 

orthonormal matrix such that the least squares criterioll Il1(BIAj; i = 1, ... , k) is 

minimized, or alternatively t/J( BIA j; i = 1, ... , k) is maximized. It is interesting to 

investigate the B and evaluate \lI(BIAj; i = 1, ... , /...) or v,(BIAj; i = 1, ... , k). 

Theorem 7.6.1 If B is an orthonormal mai1'ix such that 

tIJ(BIAi;i= 1, ... ,k)= max t/J(CIA,:i= 1, ... ,k) 
ceo(p) 

(7.6.1 ) 

where O(p) denotes the group of all pxp orthonormal 11Illtrices llnd B = (bI..'" bp ), 

then the following two equations hold 

(a). 
1 k k - L (b; Aibj - bT Aibl)2 ~ L (b; AibI)2 and 
4 i=! i=l 

(7.6.2) 

k 

(b). 'E(b; Aibj - bT Aibl)b; Aibl = 0 j 1= I j; 1= 1, ... ,p (7.6.3) 
i=l 

Theorem 7.6.2 If B is a maximizer of t/J(C I A j ; i = 1, ... , k) over O(p) with 

p ~ 2, 
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(a). if AI, ... , Ap are all positive definite matrices, then 

k 3 k 
TrCLAn ~ 1/J(B I Aj;i = 1, ... ,k) ~ -2 Tr(2: An· 

j=I p + i=I 
(7.6.4) 

(b). if AI, ... , Ap are symmetric matrices, then 

k 2 k 

Tr(l:An ~ 1/J(B I Ajji = 1, ... ,k) ~ -2 Tr(l: A?). 
j=I p+ j=I 

(7.6.5) 

(c) if A~ = mjAj (i = 1, ... , k), then 

k 2 . k (2 + 7'ank(Ad) 2 
. Tr(2: Ad ~ 1jJ(B I Ai; l = 1, ... , k) ~ 2: . 2 Tr(Ad· (7.6.6) 

i=I i=I P + 
Remark: Comparing equations (7.6.4) and (7.6.5), positive definite matrices are 

more simultaneously diagonalizable than symmetric matrices. The smaller the size 

of matrices is the more simultaneously diagonalizable. 

7.7 Numerical Example 

In the following example, Al is neither positive definite nor invertible. A2 

not positive definite. We use the least squares algorithm and the modified FG-

algorithm to nearly simultaneously diagonalize the Al and A2 • The results from 

two algorithms are almost the same. 

45 10 0 5 0 0 
10 45 5 0 0 0 

AI= 
0 5 45 10 0 0 
5 0 10 45 0 0 

, , 

0 0 0 0 -16.4 0 
0 0 0 0 0 0 

27.5 -12.5 -0.5 -4.5 -2.04 3.72 
-12.5 27.5 -4.5 -0.5 2.04 -3.72 

A2 = 
-0.5 -4.5 24.5 -9.5 -3.72 . -2.04 
-4.5 -0.5 -9.5 24.5 3 -.) 2.04 .1-

-2.04 2.04 -3.72 3.72 -,5.1.76 -4.68 
3.72 -3.72 -2.04 2.04 -4.68 -51.24 



The initial quantities are 

'l1(JIA j, nji i = 1, ... , k) = 1262.805 

tJI(JIA j, nji i = 1, ... , k) = 16706.155 
k 

Tr(2: njAn = 17968.960. 
j=l 

After 4 iterations, 

0.5000 -0.5732 -0.5000 0.4121 0.0158 -0.0376 
0.5000 0.5732 -0.5000 -0.4121 -0.0158 0.0376 

B= 
0.5000 -0.4124 0.5000 -0.5733 0.0322 0.0158 
0.5000 0.4124 0.5000 0.5733 -0.0322 -0.0158 
0.0000 0.0470 0.0000 0.0199 0.9954 -0.0809 
0.0000 -0.0264 0.0000 0.0510 0.0811 0.9950 

60.000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.0000 30.1351 0.0000 -1.5875 -2.0809 1.0498 

BT AlB = 
0.0000 0.0000 50.0000 0.0000 0.0000 0.0000 
0.0000 -1.5875 0.0000 39.6138 -1.2053 -1.9740 
0.0000 -2.0809 0.0000 -1.2053 -16.1699 1.3248 
0.0000 1.0498 0.0000 -1.9740 1.3248 0.0210 

10.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.0000 42.1243 0.0000 -1.5875 0.9834 -0.3398 

BT A2B = 
0.0000 0.0000 20.0000 0.0000 0.0000 0.0000 
0.0000 -1.5875 0.0000 32.645(i 0.7597 0.9354 
0.0000 0.9834 0.0000 0.759; -55.8607 -4.3320 
0.0000 -0.3398 0.0000 0.935-1 -4.:33:W -.50.9092 

\lI(BIAji i = 1, ... , k) = 77.757 

tJI(BIAji i = 1, ... , k) = 17891.203. 

B simultaneously diagonalizes Al and A2 with an efficiency of 93.8%. 

7.8 Comments and Summary 

111 

(7.7.1) 

(7.7.2) 

1. We have already shown that the two algorithms are convergent for the least 

squares criterion. The least squares algorithm is definitely faster than the modified 
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FG-procedure since it avoids using the G-procedure for each pair. But the G

procedure is exponentially convergent. The numerical example of the last section 

and our experience for simultaneously diagonalizing sample variogram matrices 

have shown that the two algorithms work very well for symmetric matrices. Flury 

and Gautschi have pointed out that their FG-algorithm for the criterion given 

by (7.1.1) doesn't necessarily converge to a global minimum of (7.1.1) even for 

2 x 2 matrices, while the modified FG-algorithm converges to a global minimum 

of least squares criterion function. Therefore, the advantage of using the least 

squares criterion is not only in relaxing the requirement of positive definiteness for 

Ai (i = 1, ... , k), but also in guaranteeing to reach a global minimum at each step. 

2. The reader may ask why the identity is chosen as the initial approximation 

in G-procedure. The reason is that the initial rotation is very critical in the G

procedure. If Qo is an initial matrix other than the identity and .1jJ( QoIT1, ••• , Tk ) + 
1/ + (gQo - JQo) < 'I/J(lITll ... ,Tk ), the F-procedure may not converge. Choosing 

the identity as the initial matrix guarantees that F-algorithm is convergent and 

G-procedure goes to a global maximum of 'I/J for each pair. 

3. Flury and Gautschi's FG and the least squares algorithm are now available 

as subroutine KPRIN in IMSL. 

4. If p > 2, size of Ai (i = 1, ... , k), there is 110 reason to believe that the 

least squares criterion function has an unique minimum. Both algorithms only 

converge to a local minimum of the least squares criterion function. To locate a 

global minimizer and evaluate the minimum of least squares criterion function is 

a question still open. For p = 2 case, we can evaluate the exact minimum for 

least squares criterion function without knowing the orthonormal transformation 

matrix. It is interesting to do same thing for case of p 2:: 3. Theorem 7.6.1 gives 

some necessary conditions for B to be a maximizer of 'l/J. Are those conditions also 



113 

sufficient? Condition (b) of Theorem 7.6.3 can be rewritten as 

k k 

1: diag(BT AiB)BT AiB = 1: BT AiBdiag(BT AiB ). 
i=1 i=1 

Theorem 7.6.2 gives a crude bound 1/J(B I Ai; i = 1, ... , k) for both positive definite 

matrices and symmetric matrices. Improving the bound is an interesting problem. 

5. For both algorithms, choosing the initial orthonormal matrix Bo is critical for 

the convergence to a global minimum of least squares criterion or for convergence 

speed. As Flury has suggested, taking an orthonormal matrix B which diagonalizes 

one of the Ai (i = 1, ... , k) or 2:7=1 njAi as the initial matrix might be better. 

6. The criterion for near simultaneous diagonalizability of an orthonormal 

matrix B can be written as 

Let T = 2:7=1 T i • Then a necessary condition for B to minimize 4> is BTT = TT B 

0)' TT = BTB. 

7.9 Appendix 

Proof of Lemma 7.5.3: 

From equation (7.5.5) we have 

or 

2/n-l sin2 28n + hn - 1 Si1l40n = 0 

/n-l sin 48n + 2hn _ 1 cos2 20n = o. 
(7.9.1) 

(7.9.2) 

First, substituting hn - 1 sin 48n = -2/n -l sin2 28n into equations (7.5.8), (7.5.9) 

and using equation (a) of Lemma 7.5.2, we have 

/n - /n-l + (/n-l + gn-l) sin2 28n = /n-l + 6. sin2 28n 

gn - gn-l - (/n-l + gn-l) sin2 28n = 971-1 - 6. sin2 28n • 



Recursively using the above two equations, we obtain 

n 

In = 10 + ~ I:sin2 20j 
;=1 

n 

gn = go - ~ I: sin2 20;. 
;=1 

Secondly, since cos40n = 2cos2 20n - 1 and equation (7.5.10), => 
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Plugging 2hn_1 cos220n = - In-l sin 40n into the above equation, we obtain the 

equation (7.5.13). 

Finally, from equation (7.5.5) => I~-l sin2 2()" - h~_l cos2 20n - h~_l -

h2 • 2 20 Th" I' . 2 20 h~_1 
n_l sm n' IS Imp les sm n = f2 h2 n-l + n-l 

Proof of Theorem 7.5.1: 

First of all 6. i O. If so, then Ti (i = 1, ... , k) ha Vl' already been diagonal. 

Secondly, by (a) (b) of Lemma 7.5.2 and Lemma 7.5.3 we have 

h~ h2 
. 220 J-l > J-l sm j = 

IJ-l + h;_1 IJ-l + f J -19;-1 

h;_1 > 2h;_1 . _ 1 ? 
- ~f;-l ~(6. + 1])' ) - , -, ... 

Since gn 2:: 0, by equation (7.5.12) in Lemma 7.5.3, we obtain 

n 

go 2:: 6. L sin2 2Bj 
j=1 

(7.9.3) 

(7.9.4) 

From equation (7.9.3), go > L\!'1 l:i=l hJ-l' That is l:;=l h;_l < go(~+'1) Let 

n-too=> 
00 

I: h~_l < 00 ==> h~ -t 0 ==> hn -t 0 (7.9.5) 
;=1 

Finally, since In is increasing and bounded and 9n is decreasing and bounded 

==> lim In and lim 9n both exist. Denoting a = lim In and b = lim gn respec-
n-+oo n-+oo n-oo n-oo 

tively, from In + gn = ~ ==> a + b = ~. From (In - 9n)2 + 4h~ = 1]2 and hn -t 0 
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we have (a - b)2 = TJ2 ==? a - b = ±TJ. On the other hand, from equations (7.5.11) 

and (7.5.12) 

Let n ---+ 00, we have 

If a - b = -TJ, then 

This implies 

n 

fn - 9n = (fo - 90) + 2A L sin2 20j. 
j=l 

00 

a - b = (fo - 90) + 2A L sin2 20j . 
j=1 

00 

- TJ = (fo - go) + 2A L sin2 20j. 
j=1 

00 

2A L sin2 20j = (go - fo) - 1] 
j=1 

(7.9.6) 

(7.9.7) 

(7.9.8) 

(7.9.9) 

Note that (go - fo) - TJ < 0 since ho =I O. The above equation leads to a contra

diction. Therefore a - b = 1], hence 

A + 1] 
a=--

2 
A - '1/ 

b= . 
2 

Proof of Theorem 7.5.3: 

(a). By Theorem 7.5.1, fn T ~~!j and gn 1 ~;", if fo ~ go, then fn ~ gn for 

all n ~ O. 

(b). If fo < go, since ~~'l ~ ~;'l there must be an nu ~ 1 such that fn ~ gn 

for n ~ no + 1 but gj > Ii for j = 0,1,2, ... , no. 

We show that h;_1 < h; < ~2 (j = 1,2, ... ,Tlu) and h; ~ h;+1 (j ~ no + 1) 

first. 

Note that ho =I 0 ==? sin2 201 = JJ1hg =I O. Using equations (7.5.11) and 

(7.5.12) we have it > fo and gl < go, equivalently 

90 - fo > 91 - it > 0 ==? (go - fo)2 > (9. - fl)2 > O. (7.9.10) 

Therefore 

1 2 2 1 2 f )2) 1 ( 2 r 2 h2 -:-TJ > hI = -(1] - (gl - 1 > -4 TJ - (go - JO) ) = u' 4 4 
(7.9.11) 



Similarly, since hI #- 0 we will have 

Thus 

90 - fo > 91 - It > 92 - h > 0 ==> 

(90 - 10)2 > (91 - ft)2 > (92 - f2)2 > O. 

Inductively, we have 

fo < fl < " . < fno' 90 > 91 > . . . > 9110' 

O h2 h2 h2 1 2 < 0 < 1 < . .. < no < '471 . 

Now hno #- 0 and fn ;::: 9n for n ;::: no + 1. Since Iii T alld gil !. 

2 2 o $ fn - 9n $ fn+l - 9n+l ==> 0 $ Un - 9n) $ Un+l - 9n+l) . 

Therefore 

\~'e now evaluate no. We know that 

no Ilu 

9no = 90 - 6 L sin2 2(}j, 
j=1 

fno = fo + 6 L ~in2 2(}j. 

Since 9no > fno' we have 

J=1 

no 

26 L sin2 2(}j < 90 - fo 
j=1 

By equation (7.5.14) and 90 > 9j > f; > fo (j = 0,1,2, ... , no), we have 

90 - fo 
·26 > 

1 no 

;::: ~ L h;-I' 
90 j=1 
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(7.9.12) 

(7.9.13) 

(7.9.14) 

(7.9.15) 

(7.9.17) 

(7.9.18) 



Using (7.9.14) we obtain 

90 - 10 > noh5 ---"- < (90 - 10)90 
2L\ - L\90 ~ no - 2ha . 

The Theorem is proved. 

Proof of Corollary 7.5.1: 
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(7.9.19) 

(1). If hnl = 0 for nl > 0, then sin229nl +1 = 0 according to equation (7.5.14), 

then sin49nl +1 = O. From equation (7.5.13) hnl +1 = O. Inductively, hn = 0 for 

(2). Suppose hnl = 0 for nl > O. We want Inl ~ 9111' 

If 10 ~ 90, then Inl ~ 9nl from Theorem 7.5.3. 

If 10 < 90 by Theorem 7.5.3 there exists no such tliat 1110+1 ~ 9no+l and Ii < 9j 

(0 :5 j :5 no) and 0 < h;_1 < h; (1 :5 j :5 71u). Tlwl'efol'e 1Iu + 1 :5 7tl ::::::} 

Inl ~ 9nl' 

From Inl ~ 9nl and hnl = 0 ::::::} Inl - 9nl = 71· Since Inl + 9nl = L\, we have 

I - ~+7) d - ~-!) nl - -2- an 9nl - 2 . 

Conversely, note that In + 9n = L\. If I = ~+11 and 9 = ~-!) then h2 -nl 2 nl 2' nl 

t(7]2 - Unl - 9nl )2) = O. 

It is easy to check that Inl = ~i!) and 9nl = ~;" <==> 

The Corollary is proved. 

Proof of Lemma 7.5.4: 

If hn_1 is still nonzero, then from equation (7.5.14) and (7.9.1) 

. 4n _ 2In-l. 229 _ 2ln-l hn- 1 
SIn (Tn - --h-- sm n - -f4! h2 ' 

n-l 11-1 + n-l 
(7.9.20) 

Since hn = -hn_1 - ~ sin49n from (7.5.13) and using (7.9.20) 

h h L\ln-lhn-l h ( Aln-l 
n = - n-l + 1'2 h2 = n-l f2 J2 - 1) 

In-l + n-l n-l + In-l 
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= h (fn-19n- 1 - h~_l ) 
n-l f2 h2 . 

n-l + n-l 

By equation (d) of Lemma 7.5.11 ==> 

ll,2 - '12 
hn = hn - 14(f2 h2 )' 

n-l + n-l 
(7.9.21) 

Thus 

(7.9.22) 

On the other hand, 9n = ll, - fn and fn9n - h~ = ~(62 - '12) ==> 

(7.9.23) 

(1). If fo ~ 90, since fo + 90 = 6 ==> fo ~ ~. III T ==> In ~ ~ (n ~ O).This 

implies 

7l~1. (7.9.24) 

Vv'e obtain part (1) by using (7.9.22) and (7.9.24). 

(2). If fno ~ 9no but Ii < 9j (j = 0,1,2, ... ,no -1), then fn ~ 9n (n ~ no) 

and similarly we have 

n ~ HO + 1. 

Thus we obtain the part (2) using (7.9.22) and (7.9.25). 

Proof of Theorem 7.5.4: 

Notice that if ho # 0, then '1 # 0 ==> p # 1. 

(7.9.25) 

If fo ~ 90, then Lemma 7.5.4 tells us that Ihnl $ Iholpn. For given 0 < e < 1, 

if Iholpn $ e ==> ninp < Ine -In Ihol. Since 0 < p < 1 ==> 

n> Ine -In Ihol ==> N = [Ine -In Ihol). 
- Inp In p 
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If fo < 90, but fno ;::: 9no, also from Lemma 7.5.4 Ihnl :5 Ihn - 1 lp for n;::: no + 1. 

This implies that Ihnl :5 Ihno lpn-no for n ;::: no + 1. Similarly, we have 

> In e - In I hno I N [In e - In I hno 11 
n _ 1 + no ==> = 1 + no· np np 

Proof of Theorem 7.6.1: If equations (7.6.2) and (7.6.3) don't hold for some 

pair (j, I), then let H = (bj, b,), Ti = HT AiH. fo 90 and ho derived from Hand 

Tj are the same meanings as before. Our hypothesis is equivalent to that ho = 0 

and fo ;::: 90 are not both held. Since B is a maximizer of ~(BIAi; i = 1, ... , k), 

equation (7.6.3) is necessary condition for B to maximizes 1I'(BIA; i = 1, ... , k) by 

equation (7.2.7) in section 7.2. Thus ho = 0 is naturally true. The only possibility 

in our hypothesis is ho = 0 and fo < 90. In this case, 1/ = go - fo and we obtain a 

rotation angle () E e which is just ~. Note that 

k 

~(ll Tj ; i = 1, ... , k) = I: (bJ Aibjl + (bT Aibl( 
i=l 

Let Q denote the 2 x 2 orthonormal matrix, then by Corollary 7.4.1, we have 

1/'(Q T j ; i = 1, ... , k) = ~(ll Ti; i = 1, ... , ".) + 77 + (90 - fo) 
k 

- I:[(bJ AibJ·)2 + (bT Aibl)21 + 2(go - fu). (7.9.26) 
j=l 

Let Q be an p x p orthonormal matrix equal to identity except for the elements 

_ Vi __ Vi _ y'2 (£1 £i) 
qjj = 2 = qu, qjl = 2' qlj = -2; where Q = -¥ -4 . (7.9.27) 

By Lemma 7.4.2, we have 

k p 

~(BQ I Aj; i = 1, ... , k) = tfJ(Q I Tj; i = 1, ... , k) + I: I: (b; Ajb5J2 
(7.9.28) 

;=1 #J,I 

Using equation (7.9.26), we obtain 

tfJ(BQ 
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k k l' 

- 2:[(bj A,bj )2 + (bT A,bl)2] + 2(go - fo) + 2: 2: (b; Ab,,)2 
,=1 ,=1 #j,1 

- t/J(BIA'ii=1, ... ,k)+2(gO-fo) 

> t/J(B I Ajii = 1, ... ,k). (7.9.29) 

This contradicts the assumption that 1/J(B I A,i i = 1, ... , k) is maximum over 

O(p). The theorem then is proved. 

Proof of Theorem 7.6.2: From the equation (7.6.2) we have for all pair (j, I) 

with j =I- I 

k k k 

2:[( by A,bj )2 + (bT AibJ)2] ~ 42: (by A,bJ)2 + 22:( bJ'Aibj)( bT AibJ). (7.9.30) 
i=1 i=1 i=1 

Adding these equations together 

k 

2: 2: [(by Aibj)2 + (bT AibJ)2] 
j=11$i<I$1' 

k k 

"" "" T 2 "" "" 'J' T 2: 4 L." L." (bjAibJ) +2L." L." (bjAibj)(bIAibJ). 
,=11$)<1$1' i=II$J<I$p 

Note that 

k 

2: 2: [(by Aibj)2 + (bT Aibl)2] 
,=11$j<I$1' 

(7.9.31 ) 

k l' 

= (p - 1) 2: 2: (by Aibj )2 = (p - 1 )1/;(B I Ai; i = 1, ... , k). (7.9.32) 
,=1 j=1 

k 

w(BIAi; i = 1, ... , k) = 22: L (bJ AibJ)2. (7.9.33) 
i=11$)<I$p 

and 
k 

W(BIA,i i = 1, ... , k) + 1/J(B I Ai i = 1, ... , k) = Tr(2: An. 
i=1 

Thus equation (7.9.31) becomes 

(p-l)t/J(B I Aj;i = 1, ... ,k) 

(7.9.34) 
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Alternati vely, 

(p+ I).,p(B I Aiji = I, ... ,k) 
k k 

~ 2Tr(2: An + 22: 2: (b; Aibj)(bT Aibl). (7.9.35) 
i=l i=11~j<I~JI 

If Ai (i = 1, ... , k) are all positive definite matrices, then b; Aibj ~ 0 and 

From last equation 

(p+ I).,p(B I Ai;i = 1, ... ,/.') 
k k 

~ 2Tr(2: A~) + 2 I: I: (I;; Aibd
2 

i=1 i=1 l~j<l$p 

k 

= 2Tr(I: A~) + \lI(E I A,; i = L ... , /.'). (7.9.36) 
i=1 

Thus 
k 

(p + 2)1/J(B I Ai; i = 1, ... , /.-) ~ 3:1'7'(I: A~). (7.9.37) 
i=1 

Notice that 
k 

1/J(B I Ajji = I, ... ,k)::; T7·(I:A~). 
i=J 

\Ve obtain part (a) 

k 3 k 

Tr(I: An ~ 1/J(B I Aj; i = 1, ... , k) ~ .)) Tr(I: A~). 
i=1 (p + - i=1 

If Ai (i = 1, ... , k) are symmetric, note that 

k JI 2 

2: {I:(b; Aibj)} 
i=1 j=1 

k 

=.,p(BI Aiji=1, ... ,k)+2L L (bJAibj)(bTAibl). (7.9.38) 
i=1 I~j<l$p 

From equation (7.9.35) we have 

(p+2)1/J(B I Aiji = I, ... ,k) 
k k p 2 

~ 2Tr(L A?) + L {L(bJ Aibj)} . (7.9.39) 
j=1 i=1 j=1 
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That is 
k 

(p + 2)1/J(B I Ai; i = 1, ... ,k) ~ 2Tr(L: An. (7.9.40) 
i=1 

Finally, we obtain part (b) 

k 2 k 

Tr(L: An ~ 1/J(B I Ai; i = 1, ... , k) ~ ( 2) Tr(L: A~). 
i=1 p+ i=1 
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Chapter 8 APPLICATIONS 

In this chapter, we will demonstrate the variogram modeling scheme proposed 

in Chapter 5 by working on a spatial data set which contains 171 spatial loca

tions. In the data set, easting, northing and depth are as spatial coordinate and 

bicarbonate, calcium and magnesium are values of the chemical elements at corre

sponding locations. We treat bicarbonate, calcium and magnesium as components 

of a (spatial) random vector function. The full data set can be found from Table 

8.2, 8.3, 8.4, 8.5, 8.6 and 8.7. 

We compute sample variogram matrices at 50 chosen lags. Because of symme

try, each matrix is written as an array 

(-)11, ')'12, ')'13, /'221 /'231 /'33)' 

We use the modified least squares algorithm to simultaneously diagonalize the 50 

sample variograms. The sum of squares of all entries is 208.138. 

Before diagonalization: 

Sum of squares of diagonal entries = 124.265. 

Sum of squares of off-diagonal entries = 83.8;3. 

After 4 diagonalization iterations: 

Sum of squares of diagonal entries = 206.640. 

Sum of squares of off-diagonal entries = 1.498. 

The data set of sample variogram matrices before diagonalization is given in ta

ble 8.8 and 8.9 and the data set of sample variogl'am matrices after diagonalization 

is given in table 8.10 and 8.11. 

Descriptive statistics for the components of the sample variogram matrices 

(before and after diagonalization) are calculated and given in the table 8.1. 
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o 

Table 8.1, Descriptive Statistics for Off-diagonal Components 
(before and after diagonalization) 

n mean std dev mm 25%-ile med 75%-ile max 
50 0.2679 0.1127 0.055 0.1768 0.2645 0.3465 0.519 
50 0.0049 0.1054 -00401 -0.0475 -0.0060 0.0478 0.208 
50 0.3347 0.1366 0.080 0.2400 0.3225 004073 0.784 
50 0.0031 0.0542 -0.146 -0.0188 0.0140 0.0400 0.076 
50 0.7721 0.1692 0.274 0.6623 0.7900 0.8850 1.234 
50 0.0005 0.0344 -0.133 -0.0110 0.0055 0.0218 0.050 

,b: before diagonalization, ,0: after diagonalization. 
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Fig 1: Scatter Plots of Components of the Sample Variogram 
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easting northing depth bicarbonate calcium magnesium 

13.41 -4.87 9.38 11.32 9.51 10.10 
14.21 -2.88 6.64 11.74 9.71 9.81 
-29.60 1.16 8.55 11.20 11.68 10.90 
-28.07 1.59 8.13 11.61 11.90 11.58 
-23.23 1.92 7.95 11.44 11.57 11.38 
-25.i1 1.99 8.01 11.61 11.54 11.55 
-24.83 2.01 8.01 10.1 i 11.52 11.29 
-17.73 1.93 7.51 12.0i 11.26 11.25 
-23.20 2.72 7.75 10.26 11.53 11.14 
-24.82 2.75 7.95 12.0i 11.35 11.51 
-31.27 3.46 8.67 10.30 12.19 11.04 
-28.00 4.30 8.6i 10.30 12.75 9.53 
-18.28 5.02 8.29 9.12 10.62 10.22 
-17.55 5.04 8.01 10.92 11.66 11.69 
-4.56 5.26 7.98 11.02 11.68 11.34 
-12.12 5.80 8.40 10.1 i 12.14 11.90 
-8.94 5.78 8.46 10.55 11.31 11.57 
1.54 5.68 9.83 Y .. 5Y 9.i4 10.25 
-18.32 5.98 8.68 11.25 11.5i 11.55 
0.85 6.00 9.70 9.40 10.11 10.60 
-17.59 6.49 8.6i 10.63 11.38 11.31 
-4.00 6.21 9.24 8.98 10.25 10.36 
-4.51 6.65 9.20 9.25 10.50 10.22 
-3.37 6.85 9.41 9.35 10.14 9.48 
-5.18 6.87 9.57 9.98 12.33 12.01 
-15.09 7.50 8.68 9.25 11.48 11.34 
-9.54 7.18 8.40 11.29 11.91 11.79 
.. 4.58 7.45 9.89 10.55 10.15 10.53 

Table 8.2, Phoenix.dat 
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easting northing depth bicarbonate calcium magnesIUm 

-4.16 7.69 9.13 10.02 9.17 9.17 
6.47 7.47 9.12 11.63 10.74 11.07 
-4.91 7.64 9.95 9.61 8.01 7.92 
-4.06 7.69 8.67 8.87 9.68 10.07 
-3.20 8.05 10.61 11.31 11.34 10.51 
-2.95 9.68 10.40 11.20 11.77 11.14 
-3.93 9.66 10.20 11.55 10.78 10.46 
-9.15 9.73 10.40 11.09 11.69 11.42 

-11.08 9.79 10.30 Y.61 10.94 10.51 
-3.13 10.05 10.66 8.(j~ 11.05 11.08 
-8.80 10.50 9.46 10..17 11.40 11.02 
-3.95 10.46 10.81 10.99 10.87 10.60 
-6.27 10.52 9.59 9.9-1 11.23 11.14 
-10.27 10.58 10.63 8.56 10.79 10.51 
-5.57 10.58 10.66 9.94 11.23 11.14 
12.76 10.41 9.94 11.08 9.82 10.46 
15.72 10.47 9.32 11.54 10.11 10.03 
-3.14 10.91 9.11 8.62 10.34 10.31 
25.85 10.80 9.95 12.57 10.54 10.48 

-6.26 11.23 8.77 11.4!:.l 11.79 11.42 

-8.69 11.36 10.32 9.07 11.00 10.60 
-3.86 11.32 10.66 9.25 9.92 10.16 
-10.88 11.42 10.79 9.07 10.51 9.53 
-11.06 11.42 10.79 8.98 9.62 8.53 
12.09 11.19 10.15 10.55 10.32 10.41 
3.27 11.30 9.89 10.15 10.65 11.05 
1.64 11.25 9.98 11.49 10.71 10.88 
-5.48 11.68 9.87 12.28 11.09 10.83 
-4.60 11.73 10.61 9.61 10.27 10.68 
-9.53 12.20 10.19 9.12 9.14 8.27 
-10.33 12.27 10.81 9.07 8.90 '8.53 
28.88 11.85 8.67 13.00 9.04 9.63 

Table 8.3, Phoenix.dat(continued) 
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easting northing depth bicarbonate calcium magnesium 

13.60 12.04 10.16 11.47 9.64 10.22 
10.48 12.07 9.58 8.62 10.78 10.41 
27.46 11.86 9.18 13.18 8.65 9.48 
29.83 11.93 8.00 12.66 9.04 10.10 
-1.91 12.35 10.40 10.35 9.44 9.36 
-14.40 12.79 9.57 9.20 10.20 8.65 
10.41 12.66 10.21 8.69 10.65 10.33 

.4.81 12.79 10.16 9.S5 10.02 10.25 
-7.43 12.94 10.40 9.25 10.05 9.48 
-S.28 12.95 10.Sl 10.59 11.63 11.38 
13.71 12.74 10.03 8.9S 10.04 10.19 
-11.01 13.05 10.79 9.01 8.65 7.92 
-2.26 13.00 9.58 11.:.W 9.82 10.28 
2.15 13.34 10.16 10.25 7.n 8.75 
9.74 13.28 9.89 9.50 10.22 10.25 
7.99 13.30 10.16 lOA; 10.80 11.08 
3.16 13.61 9.57 9.25 10.15 10.68 
-8.58 13.79 9.97 9.38 9.62 9.72 
-9.38 13.80 10.73 9.12 9.36 9.30 
-10.23 13.81 10.71 8.39 8.60 7.44 
-11.05 13.82 10.81 9.01 8.01 7.44 
16.04 13.55 9.20 8.28 9.39 9.30 
14.03 13.66 10.17 Y.30 YAY 9.02 
12.87 13.71 10.16 9.68 9.28 10.00 
19.71 13.82 10.03 10.62 10.11 10.76 
9.03 14.21 9.96 9.85 10.83 11.08 
29.00 13.97 9.25 12.23 9.31 9.30 
-9.42 14.60 10.49 9.61 9.31 9.36 
-10.27 14.64 10.65 9.38 7.77 7.09 
-10.99 14.65 10.79 9.38 9.42 8.85 
4.85 14.48 10.79 9 .. 50 8.90 8.85 
21.06 14.48 9.43 10.98 10.49 11.07 
11.25 14.59 9.13 9.59 9.64 10.16 
16.19 14.90 10.17 9.57 9.86 10.51 
-2.18 15.24 10.21 9.94 9.53 8.75 

Table 8.4, Phoenix.dat( continued) 
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easting northing depth bicarbonate calcium magnesium 

16.96 15.23 9.90 9.73 10.08 10.64 
12.92 15.49 9.40 9.40 10.69 11.25 
-1.97 15.73 9.18 9.94 9.49 9.24 
22.44 16.07 9.42 11.09 10.42 10.93 
3.22 16.22 9.89 9.85 9.92 9.53 
23.34 16.06 8.84 11.87 9.56 9.68 
19.35 16.07 7.95 11.26 10.26 10.95 
-2.14 16.38 10.40 9.20 9.56 7.92 
-0.80 16.49 11.02 9.83 8.65 8.85 
-0.85 16.92 10.79 10.:30 8.56 8.75 
20.62 16.74 10.13 9.Y~ 10.25 10.57 
-1.31 16.87 10.72 10.02 8.74 9.10 
14.53 16.89 8.60 9.52 9.91 10.57 
11.47 17.42 10.79 9.04 9.72 9.89 
-4.32 17.61 10.03 9.20 8.22 8.11 
12.20 18.15 10.12 9.15 9.53 9.77 
10.68 18.51 10.10 9.64 7.94 8.27 
-15.45 18.97 9.57 10.35 11. 76 11.27 
-8.48 18.96 9.91 9.40 9.20 8.85 
19.07 18.82 10.03 10.0~ 9.99 10.39 
18.89 2.21 10.03 9.94 10.48 10.41 
16.15 18.91 9.95 9.uo 9.76 10.53 
17.00 18.93 11.36 9.93 9.53 9.85 
4.94 19.31 7.86 10.26 10.70 11.04 
11.34 19.70 10.19 9.25 10.15 10.44 
22.48 20.07 9.64 11.45 9.86 10.36 
16.12 20.42 11.13 8.93 9.66 9.93 
18.59 20.45 10.06 8.81 10.29 10.28 
7.41 20.86 10.42 9.48 10.11 10.39 
5.11 20.98 9.40 8.21 10.34 10.70 
9.86 20.95 10.35 10.17 10.32 10.77 
17.41 21.11 11.48 9.50 10.04 10.55 

Table 8.5, Phoenix.dat(continued) 
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easting northing depth bicarbonate calcium magnesium 

16.56 21.24 11.33 8.98 9.66 10.33 
19.92 21.30 10.16 10.45 9.78 9.81 
17.05 21.18 11.39 9.15 10.05 10.57 
11.36 21.58 10.79 11.30 10.30 10.79 
8.19 21.74 10.17 9.66 10.10 10.16 
18.50 21.84 11.11 9.50 10.22 10.79 
1.83 22.46 9.89 9.85 10.01 9.72 
11.68 22.41 10.96 10.17 9.99 10.46 
18.30 22.40 11.13 9.98 10.36 10.41 
17.02 22.44 11.10 9.38 10.15 10.60 
15.45 23.26 11.65 9.:W 9.i1 10.25 
16.30 23.34 11.65 9.09 9.49 9.96 
1.02 23.52 10.28 9.68 8.78 8.85 
18.55 23.41 10.52 9.09 9.97 10.28 
5.04 23.63 10.36 9.90 10.13 10.00 
18.37 24.06 11.42 9.04 9.58 9.96 
16.16 24.21 11.60 8.98 9.68 9.53 
12.27 24.43 10.16 10.37 10.14 10.46 
2.71 24.55 11.11 9.50 8.69 8.65 
9.77 24.56 9.34 10.0j 8.97 9.58 
1.03 24.38 10.61 9.(j~ 9.07 8.65 
16.86 24.88 11.27 9.04 9.51 9.53 
15.83 24.98 H.41 9.38 9.11 9.63 
11.35 25.49 10.96 9.35 9.01 8.41 
13.88 25.68 10.12 9.77 9.11 9.36 
16.10 25.69 11.53 9.38 9.28 9.58 
-1.29 26.32 10.61 9.85 8.97 8.85 
10.69 26.30 10.79 9.04 9.49 9.42 
14.56 26.35 11.62 9.15 9.17 9.68 
1.39 26.50 10.79 9.30 9.56 9.42 
13.81 26.42 10.46 9.56 9.49 -9.63 
14.28 26.48 11.72 8.93 9.39 9.53 

Table 8.6, Phoenix.dat( continued) 
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easting northing depth bicarbonate calcium magnesIUm 

15.21 26.62 11.61 ~.O4 ~.11 9.58 
16.73 26.69 11.17 9.56 ~.11 9.53 
0.86 27.10 11.11 9.n 8.90 8.75 
16.19 27.38 11.31 9.40 8.78 9.63 
4.32 28.07 10.63 9.40 9.84 8.85 
4.25 28.84 11.29 9.~4 8.93 8.65 
2.71 28.86 11.13 9.68 9.58 9.53 
1.93 28.87 11.13 9.55 9.56 9.10 
18.46 29.51 10.64 ~.90 8.34 8.94 
12.25 29.73 10.41 9.73 8.56 8.27 
2.83 30.46 10.79 9.85 9.68 9.48 
3.94 30.48 10.79 9.81 9.71 8.41 

Table 8.7, Phoenix.dat(continued) 
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1'11 1'12 1'13 1'22 1'23 1'33 

0.569 0.096 0.111 0.257 0.274 0.347 
0.346 0.055 0.080 0.488 0.443 0.530 
0.557 0.158 0.167 0.450 0.417 0.513 
0.540 0.202 0.222 0.528 0.492 0.582 
0.711 0.220 0.279 0.715 0.659 0.749 
0.561 0.162 0.221 0.600 0.538 0.673 
0.545 0.254 0.259 0.660 0.626 0.732 
0.696 0.320 0.359 0.739 0.722 0.830 
0.804 0.345 0.414 0.660 0.675 0.893 
0.743 0.276 0.361 0.760 0.772 0.925 
0.715 0.179 0.244 0.795 0.80T 0.968 
0.647 0.307 0.372 0.867 0.86.5 1.053 
0.685 0.268 0.301 0.829 0.806 0.933 
0.674 0.245 0.325 0.896 0.923 1.124 
0.677 0.215 0.320 0.858 0.882 1.095 
0.646 0.174 0.272 0.772 0.764 0.974 
0.766 0.209 0.285 0.706 0.713 0.916 
0.674 0.131 0.239 0.870 0.807 0.971 
0.702 0.221 0.315 0.697 0.674 0.854 
0.898 0.183 0.291 0.669 0.652 0.824 
0.800 0.151 0.234 0.666 0.638 0.820 
0.870 0.181 0.243 0.666 0.633 0.805 
0.924 0.098 0.126 o.mm 0.658 0.827 
0.944 0.154 0.212 0.656 0.666 0.910 
0.991 0.138 0.190 0.612 0.619 0.850 
0.897 0.098 0.154 0.693 0.661 0.856 
1.080 0.161 0.237 0.759 0.734 0.935 
1.033 0.176 0.220 0.768 0.733 0.902 
1.061 0.266 0.347 0.855 0.870 1.118 
1.044 0.219 0.316 0.905 0.885 1.093 
0.996 0.263 0.304 0.849 0.784 1.006 
1.132 0.336 0.405 1.026 0.925 1.112 
0.994 0.299 0.332 0.884 0.831 1.028 
0.962 0.347 0.390 1.028 0.937 1.111 
0.996 0.366 0.454 0.908 0.841 1.096 

Table 8.8, Components of Sample Variogram 
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111 112 113 /22 123 133 

1.036 0.371 0.470 0.937 0.902 1.119 
0.898 0.403 0.481 0.953 0.864 1.098 
0.959 0.404 0.553 0.9i8 0.936 1.241 
0.972 0.394 0.423 0.975 0.796 0.978 
1.056 0.327 0.372 0.905 0.719 0.913 
0.956 0.455 0.424 1.031 0.860 0.994 
1.051 0.405 0.348 0.972 0.784 0.902 
0.881 0.507 0.484 1.131 0.951 1.021 
0.990 0.390 0.408 1.108 0.885 1.001 
0.773 0.360 0.394 1.206 1.008 1.159 
0.812 0.292 0.360 1.102 0.953 1.162 
1.082 0.342 0.437 1.085 0.908 1.078 
1.030 0.308 0.464 1.152 0.964 1.198 
1.602 0.445 0.732 1.132 0.913 1.163 
1.280 0.519 0.784 1.398 1.234 1.522 

Table 8.9, Components of Sample Val'iogl'am (continued) 
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111 112 113 122 123 133 

0.685 -0.097 0.016 0.461 0.028 0.026 
0.925 0.158 -0.002 0.374 -0.002 0.064 
1.013 -0.030 -0.007 0.442 0.022 0.065 
1.186 -0.016 -0.015 0.402 0.011 0.063 
1.541 0.011 -0.025 0.563 -0.013 0.071 
1.277 0.041 0.006 0.462 -0.011 0.095 
1.464 0.041 -0.019 0.402 0.022 0.070 
1.730 -0.027 -0.013 0.473 0.009 0.061 
1.748 -0.127 0.057 0.513 0.023 0.095 
1.810 0.013 0.032 0.553 -0.004 0.064 
1.757 0.154 0.038 0.652 0.009 0.070 
1.993 0.107 0.033 0.484 0.006 0.089 
1.823 0.096 -0.007 0.550 0.014 0.074 
2.033 0.188 0.058 0.581 0.006 0.080 
1.955 0.175 0.072 0.591 -0.008 0.085 
1.716 0.147 0.063 0.575 -0.011 0.100 
1.665 0.040 0.058 0.631 0.012 0.091 
1.753 0.208 0.020 0.655 -0.037 0.107 
1.614 0.015 0.040 0.545 -0.013 0.094 
1.570 -0.046 0.042 0.735 -0.013 0.087 
1.492 0.027 0.041 0.695 -0.002 0.098 
1.513 -0.021 0.025 0.730 0.0}:3 0.099 
1.460 0.075 0.016 0.886 0.034 0.104 
1.567 0.008 0.076 0.833 0.040 0.110 
1.471 -0.027 0.069 0.876 0.044 0.106 
1.485 0.076 0.040 0.852 0.021 0.109 
1.713 -0.008 0.040 0.954 0.018 0.107 
1.691 0.007 0.012 0.912 0.029 0.100 
2.055 -0.004 0.068 0.870 0.029 0.110 
2.033 0.050 0.040 0.902 0.003 0.107 
1.895 -0.008 0.015 0.815 0.030 0.141 
2.243 -0.038 -0.025 0.886 0.002 0.142 
1.990 -0.011 0.002 0.792 0.033 0.124 
2.222 0.032 -0.030 0.747 0.010 0.132 
2.139 -0.083 0.031 0.707 0.005 0.155 

Table 8.10, Components of Sample Variogram after Diagonalization 
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111 112 113 122 123 133 

2.229 -0.076 0.026 0.743 -0.001 0.119 
2.194 -0.059 0.007 0.599 -0.002 0.157 
2.377 -0.063 0.074 0.639 -0.023 0.162 
2.066 -0.095 -0.068 0.676 0.004 0.183 
1.898 -0.123 -0.055 0.786 0.000 0.190 
2.178 -0.079 -0.108 0.645 0.035 0.159 
1.998 -0.109 -0.124 0.764 0.050 0.163 
2.350 -0.048 -0.146 0.550 0.011 0.133 
2.195 -0.030 -0.124 0.729 -0.011 0.175 
2.350 0.162 -0.091 0.612 -0.021 0.177 
2.219 0.156 -0.027 0.680 -0.019 0.176 
2.247 -0.040 -0.059 0.827 -0.0:37 0.171 
2.363 0.035 -0.018 0.814 -0.070 0.203 
2.603 -0.401 -0.012 1.075 -0.133 0.219 
3.149 -0.111 0.013 0.840 -0.119 0.210 

Table 8.11, Components of Variogram after Diagonalization(continued) 
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Chapter 9 SUMMARY 

9.1 Summary 

We have Been that (conditionally) positive definite functions playa central role 

in spatial statistics and interpolation methods. We are interested in the extension 

to vector valued spatial random functions for which the covariance function or 

variogram becomes matrix-valued. The difficulties encountered in studying vector 

valued random functions merits not only theoretical researches but also applica

tions. Correlation structure functions such as covariance function, variogram are 

the important characteristics of a spatial random function while (conditional) pos

itive definiteness is basic property of such functions. Any prediction technique 

for random functions relies heavily on this property. There is a lack of sufficient 

knowledge on matrix-valued (conditionally) positive definite functions which are 

related to the correlation structures of vector valued spatial random functions. It is 

the purpose of this work to characterize the class of (conditional) positive definite 

matrix-valued functions, to search for permissible candidates for being matrix

valued covariance function or variogram of a vector valued random function, to 

present some effective methods for characterizing and modeling the matrix-valued 

covariance or variogram structure based on observations. Although many problems 

remain, we have reached our general goal. 

We now summarize the main results. 

In Chapter Three, we explore basic properties of matrix-valued (conditionally) 

positive definite functions (Properties 4.4.1, 4.4.2 4.4.3, 4.4.4, Theorem 4.4.1 and 

4.4.2) and extend Bochner's well known theorem for scalar positive definite func

tions to matrix-valued functions (Theorem 4.5.1 and 4.5.2). We give an integral 

form of the positive definiteness condition for matrix-valued functions (Theorem 

4.5.1). We discuss conditionally positive definite matrix-valued functions (Theo-
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rem 4.5.3), generalized matrix-valued functions over J( and S (Section 4.5.2) and 

their integral forms. Based on the theorems obtained we create several standard 

matrix-valued variogram models which can be used in geostatistics (Section 4.6). 

In Chapter Four, we study matrix-valued radial basis functions and completely 

monotonic matrix-valued functions. Bernstein's theorem on (scalar) completely 

monotonic functions (Theorem 5.2.3) and Micchelli's theorem on (scalar) condi

tionally positive definite functions (Theorem 3.4.2) have been extended to matrix

valued cases (Theorems 5.2.4, 5.2.5, 5.3.1, 5.3.2 and Corollary 5.3.2). Theorem 

5.3.1 generalizes Matheron's representation theorem for conditionally positive def

inite functions [19). Note that if g{t) in ,(t) = g(t) + E~;~ Autu (t ~ 0) is a 

diagonal matrix-valued function and all the diagonal elements of Au's are zero, 

then the matrix coefficient polynomial E~:~ Aut" can be used to characterize the 

off-diagonal part of a matrix-valued function with conditional positive definite

Hess property. This theorem provides a clue for modeling the off-diagonal part of 

(matrix) variogram. Its importance was seen in Chapter Five. 

Fitting a matrix-valued variogram model based on sample variogram matrices 

IS an unresolved problem in geostatistics. The major difficulties are (a) there 

are many parameters to be estimated; (b) the posi ti ve defini teness property of 

estimated variogram could not be guaranteed. In Chapter Five, we propose a 

method for variogram modeling by using the simultaneous diagonalization of the 

sample variogram matrices to nearly diagonal forms and Theorem 5.3.1 to construct 

a matrix-valued variogram model. Compared to more traditional methods, this 

method guarantee positive definiteness of estimated matrix-valued variogram. We 

have applied this scheme to several spatial data sets (see Chapter Seven) and found 

that this method works very well. 

The scheme fitting matrix-valued variograms proposed in Chapter Five relies 
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on procedure of simultaneously diagonalizing several symmetric matrices to nearly 

diagonal forms. The modified FG-algorithm and the least squares algorithm are 

used for the simultaneous diagonalization procedures. In Chapter Six, we discuss 

the two algorithms in detail. The importance of simultaneous diagonalization of 

symmetric matrices is not only in matrix-valued variogram modeling but also in 

other statistical problems, such as common principal components of multiple pop

ulations [9] [12], multidimensional scaling [8]. A open problem posed by Flury [12] 

concerning the convergence of the least squares algorithm has been resolved (Theo

rem 7.4.1, 7.5.2 and discussion in Section 7.5). We discuss in detail the convergence 

speed and convergent rate for the modified G-algorithm (Section 7.5.2). The proof 

of the convergence of the modified G-procedure is non-trivial. It consists of many 

lemmas and theorems which lead to a deeper insight of convergence and algebraic 

properties of the diagonalization procedure. We give necessary conditions for an 

p x p orthonormal matrix Bo to be a global minimizer of the least squares crite

rion function and an upper and lower bounds of the criterion function when Bo is 

found (Theorem 7.6.1). \Ve give an example of applications of the diagonalizing 

procedure (Section 7.7). 

As an application, we apply the modeling schenw proposed in Chapter Five to 

two spatial data sets. We compare the sample variogram matrices before (nearly) 

simultaneous diagonalization and the sample variogram matrices after (nearly) 

simultaneous diagonalization. The results provide strong evidence of advantages 

of using our method. 

9.2 Further Research 

This dissertation is a study in characterizing the covariance or variogram struc

tures of a vector spatial random function. It is of non-trivial theoretical work, feasi-
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ble modeling method and application examples. The author believes most theories 

of this work can be applied to both theoretical and applied studies of multivariate 

spatial random functions (such as spectral analysis) and spatial statistics (such as 

variogram modeling). This work, of course, does not perfectly solve every problem 

in this field. There are still many problems to be studied in which some of them 

came out during our researches. We list some remaining problems for follow-up 

studies. 

(1) The integral form for conditionally positive definite matrix-valued function of 

order p 

Theorem 4.5.3 shows that non-negativeness of the integral form (4.5.8) is a 

sufficient condition for a continuous matrix-valued function 9 to be conditionally 

positive definite of order p. We conjecture the converse of this theorem. If that 

is true, we would have an equivalent definition on conditionally positive definite 

matrix-valued function of order p in integral form. In most cases, the basic def

inition (Definition 4.3.2 or def:def5) is not easy to work with while the integral 

form has some advantages, for instance, if we are interested in evaluating the error 

bound in an interpolation scheme (see Madych and Nelson (1990) [21]). 

(2) Representation of conditionally positive definite matrix-valued functions 

In Chapter Two, we reviewed Gelfand's representation theorem on continuous 

conditionally positive definite (scalar) functions (Theorem 3.3.2). By writing out 

the Fourier transforms, we have an explicit representation for continuous condition

ally positive definite (scalar) functions (Theorem 3.3.3). Is there an analogous rep

resentation for continuous conditionally positive definite matrix-valued functions? 

The answer is probablely "yes" but the extension seems n~m-trivial. A solution for 

question (1) would help to solve this problem. We may need additional conditions 

on both the matrix-valued function and the corresponding spectral measure. 
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(3) Modeling variograms for non-stationary random vector functions 

In developing the modeling scheme, we assume Z(x) to be intrinsic (of order 

1) and only consider the isotropic case. Thus the matrix variogram of Z(x) and 

Z(y) is a function of distance between x and y (i.e. a radial function). Some 

generalization is needed to deal with higher order intrinsic random functions. The 

intrinsic random vector function model (of order p) was given by equation (4.2.1) 

where 

Z{x) = M(x) + X{x), E{Z(x)) = M(x) = M F(x) 

and F(x) = (fo = 1, ... ,hf is a vector of the basis functions of 7r'p_l (Rk). Note 

that when p> 1, the variogram of Z(x) is 

i'z(x,y) = ~M(F(X) - F(y))(F(x) - F(y)fMT + i'x(x - y), 

which is no longer a (matrix-valued) function of the distance between locations. 

We are interested in the following questions: 

(1) How to modify the scheme in Chapter Five such that it can be used to fit 

the non-stationary variogram model? 

(2) Theorem 5.3.1 is given for radial case. can it be generalized to the non-radial 

case, for instance, 

,(x) = g(x) + 

where g(x) is conditional positive definite of order p. In order ,(x) to be conditional 

positive definite of order p, what conditions should Au satisfy? 
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