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Abstract 

Part I: We analyze how a decaying cavity field can lead to significant atomic 

cooling. This cooling can be intuitively understood by invoking the adiabatic the

orem to characterize the dynamics of an atom dressed by a classical field. We find 

numerically that cooling can proceed well into the quantum regime where there are 

only a few photons left in the cavity, and where the adiabatic theorem ceases to be 

applicable. A physical interpretation of this final cooling stage is given. 

Part II: We evaluate a nonlinear atomic homo dyne detection scheme for measur

ing the Wigner characteristic function of a microwave cavity field. We find numeri

cally that the semiclassical approximation, on which this scheme is based, does not 

give results consistent with a full quantum calculation. We analyze the back-action 

of the measurements on steady-state 'macroscopic superpositions' that can be gen

erated in high-Q microwave cavities. We show that the measurements required for 

a full characterization of the state destroys the macroscopic superposition such that 

it cannot be reconstructed by using the scheme that was used to generate it in the 

first place. 
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Introduction 

In recent years there has been much research effort in the area of cavity quantum 

electrodynamics (cavity QED). This is not surprising when one considers the advan

tages of working in a microwave cavity. Among these advantages are the following: 

The suppression of spontaneous emission, which permits the long term coherent 

evolution of the atom-field system; The enhancement of the dipole coupling; The 

existence of very long lived circular Rydberg states at microwave frequencies; And 

the ability to control, in detail, the environment in which the atom-field interaction 

takes place. 

This dissertation is divided into two parts in which two distinct problems in 

cavity QED are discussed. Part I is a study of atomic cooling as it may take place 

in a cavity. The cooling process considered, can be understood in a semiclassical 

approximation by invoking the adiabatic theorem to describe the dynamics of the 

atom-field interaction. Part II is an evaluation of a nonlinear atomic homo dyne 

detection scheme proposed for measuring the coherences between macroscopically 

distinguishable states in a coherent superposition. This scheme is evaluated as to its 

validity and its practicality. Each of these parts is preceded by its own introduction. 



Part I 

ADIABATIC ATOMIC 

COOLING IN CAVITIES 
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1.1 Cold Atoms 

CHAPTER 1 

INTRODUCTION 
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The cooling of atoms or ions to low temperatures, a 'Holy Grail' for spectroscopists, 

has progressed from a series of scattered ideas, presented in the late 60's and early 

70's, to a mature field of scientific study boasting remarkable experiments and nu

merous applications. Recent advances in atomic cooling that rely on an adiabatic 

termination of the cooling process have now made sub JLK temperatures attainable l
. 

To understand the significance of these achievements, one must understand the 

meaning of the word 'temperature' as used in the context of atomic cooling. 

Temperature is generally considered to be a statistical property. For example, 

the temperature of an ideal gas is proportional to the average kinetic energy of the 

gas particles in the center-of-mass frame of reference, 

(1.1) 

where Ek is the center-of-mass kinetic energy, kB is the Boltzmann constant, and n 

is the number of dimensions considered. An essential feature of an ideal gas is that it 

is a system in equilibrium, which is to say that any given particle can be considered 

to be in equilibrium with a reservoir that consists of all the other particles in the gas. 

The given particle interacts with the reservoir via collisions. In such a system, the 

energies of the constituent particles are distributed according to Maxwell-Boltzmann 

statistics. 

In considering the question of temperature for atoms in atomic cooling exper

iments, Lett2 points out that the identity of the reservoir is unclear. The atoms 



15 

are usually not considered to interact with each other but only with the radiation 

field. He justifies the use of temperature by stating that "the solution of the Fokker

Planck equation for a system acted on by a friction force proportional to velocity ... 

with a random noise input independent of velocity ... is a Maxwell-Boltzmann dis

tribution." This situation corresponds to that of Doppler-cooled atoms under the 

conditions of small recoil velocity and small thermal velocity. Wineland3 calls for 

caution in relating the kinetic energy of a collection of ions to a temperature because 

of interactions. Nevertheless, in the case of single ions, or non-interacting atoms, 

the use of temperature as a figure of merit has become ubiquitous. 

When treated quantum mechanically atoms are considered to have a distribution 

in momentum space. Hence, the average kinetic energy in a center-of-mass frame 

of reference for atoms of mass M in free space is proportional to the momentum 

variance 0'; and given by 

(1.2) 

In many cases, only a single component of the momentum is considered when com

puting the temperature, as in one-dimensional cooling. When 1-D cooling takes 

place in the primary direction of the atomic motion it is called axial cooling. Far 

more common is transverse cooling, where the atoms are cooled in one of directions 

transverse to its main motion. 

Perhaps the best way to understand what temperature means when used to 

describe atoms is to look at how it is measured. Experiments at the State University 

of New York, Stony Brook4,s, measure the transverse momentum distribution of an 

atomic beam by scanning a hot-wire detector across the path of the beam at a fixed 

distance from an aperture. The transverse momentum of the atoms which strike 

the wire is proportional to the distance from the beam center to the wire. The hot

wire detector produces a signal proportional to the flux of atoms striking it. The 
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transverse temperature is derived from the momentum distribution via equations 

(1.1) and (1.2). 

Similar measurements are made in experiments at Rice University6,7 where the 

hot-wire has been replaced with a focused diode laser. The focal spot of the probe 

laser is scanned across the beam, and the fluorescence induced by the probe is 

measured. 

At AT&T Bell Laboratories8 and the National Institute of Standards and Tech

nology (NIST)2 the temperature of atoms in an optical molasses has been measured 

using a method that Lett calls release and recapture. In this method, the fluo

rescence from the atoms in the trap is constantly measured. All trap beams are 

turned off for a short time and then turned on again. The fastest moving atoms 

escape. A temperature can be determined, by plotting the ratio of the fluorescence 

before and after the atoms are allowed to escape as a function of the time interval 

in which the beams are off and comparing the results to model calculations. The 

model calculations assume a Maxwell-Boltzmann distribution for the atoms. 

The release and recapture method has fallen into disuse due to the development 

of a much better method now used at NIST2, and many other labs9
, which relies 

on the time-of-flight (TOF) of the atoms from the time they are released from the 

molasses to the time they encounter a probe beam. Naturally the time-of-flight 

for an atom is proportional to its momentum. The probe induced fluorescence is 

measured as a function of time. The time of maximum fluorescence and the width 

of the fluorescence peak can be compared to model calculations that again assume 

a Maxwell-Boltzmann distribution to determine the temperature. 

All of the techniques mentioned so far measure the temperature of the atoms 

when they are no longer subject to the potential created by the cooling beams 

where the free space relation of Eq. (1.2) is valid. A new method for measuring 

the temperature of atoms while trapped-based on the relative strengths of the 



17 

Raman sidebands of the spectrum of the trap vibrational levels 1°-assumes that the 

bound energy levels of the potential are populated according to Maxwell-Boltzmann 

statistics. For trapped atoms, the mean kinetic energy (Ek ) can be substantially 

different from that which would be computed from Eq. (1.2). For example, atoms 

populating a single vibrational state of a well would have zero temperature but a 

finite momentum variance cr;. 

1.2 Applications of Cold Atoms 

The recent interest in cold atoms is due to their many exciting practical applications 

as well as the opportunity they afford to study some of the more curious theoretical 

implications of quantum mechanics. 

The driving force for much of the research in atomic cooling is to achieve more 

accurate spectroscopy2.11-17. In spectroscopy, the resolution of linewidth mea

surements is limited by atomic motion which causes both frequency shifting and 

linewidth broadening. Both the 1st-order Doppler effect, associated with the aver

age velocity (v), and the 2nd-order Doppler effect, which results from the relativistic 

time dilation associated with (v2), can be eliminated or greatly reduced when atoms 

are trapped and cooledI8.3.19. Improvements in spectroscopy are expected to yield 

frequency standards20 with resolutions exceeding one part in 1015. Better frequency 

standards allow the construction of ever-more-accurate atomic clocks3.14 which are 

necessary in navigation and communications and quite a variety of other applica

tions. 

Some important properties of cold atoms are that they can have large de Broglie 

wavelengths and large collisional cross sections.21 In collisions of ultracold atoms 

the collision partners cannot be treated as if they had classical trajectories and the 

collision is dominated by quantum effects19 where the nature of the particles (boson 
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or fermion) leads to very different outcomes. These unusual properties make the 

study of cold collisions an interesting field. 

Many other fundamental studies can be performed with cold atoms. One such 

area of study is atomic Bose-Einstein condensation22. Another is the measure

ment of nuclear magnetic susceptibilities3. A property of the electroweak force in 

the interaction of light with atoms is parity nonconservation. It is believed that 

for cold enough atoms this effect could be measured22,23. In atom interferometry, 

where the traditional roles of light and matter are interchanged, the well defined 

de Broglie wavelengths of ultracold atoms makes it possible to achieve large diffrac

tion angles24 ,25 of the atomic wave packet. 

1.3 History of Atomic Cooling 

Optical methods for cooling both charged and neutral particles rely fundamentally 

on the forces which light can exert on atoms and ions. These forces are traditionally 

divided into two components26. The first is called the spontaneous or scattering force 

and can be thought of as due to the absorption and subsequent spontaneous emission 

of photons as illustrated in Fig. 1.1. The absorption process increases the atomic 

momentum by that of the absorbed photon liq, in the direction of propagation of the 

field. In contrast, spontaneous emission occurs in all directions. Consequently, the 

average change in momentum after a large number of these absorption-spontaneous 

emission sequences is in the direction of the beam. 

In 1975, Hansch and Schawlow proposed that atoms could be cooled via the 

scattering force if a field coming from all directions were tuned below the atomic 

resonance frequency27. In this situation the light field in the direction opposing the 

motion of the atom is Doppler shifted closer to resonance, increasing the scattering 

force in that direction. The net force on the atom is then proportional to its velocity, 
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iMer ~ t ~ 
----------... ~ e atom /t' 

spontaneous . . 
emISSIOn 

Figure 1.1: The spontaneous force results from stimulated absorption of photons 
from the field, and subsequent spontaneous emission to the vacuum. The net force 
resulting from many absorption/spontaneous emission cycles is in the propagation 
direction of the field. 

but in a direction opposing its motion, and is often called the friction or Doppler 

force28. Based on this theory, a lower limit to the temperature of Doppler cooled 

atoms or ions was derived29,26,3o for low laser intensity to be 

T. _ n"l (1 + (28/"1)2) 
dop - 4kB 2181/"1 ' (1.3) 

where 8 is the detuning of the laser from the resonance frequency, and "I is the 

natural linewidth of the transition. 

Doppler cooling in one dimension, realized with a pair of counter-propagating 

laser beams, was first applied to Mg++ ions in a Penning trap by workers at the N a

tional Bureau of Standards17 in 1978. In these initial experiments the temperature 

of these ions was reduced in one dimension to less than 40 K. By 1982, Mg+ in a 

radiofrequency trap had been Doppler cooled to 5 mK31. By 1987 the Doppler limit 

for one dimensional cooling of Hg+, 1. 7 mK, had been reached20. 
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Neutral sodium atoms were first cooled at the Institute of Spectroscopy in 

Moscow in 197932 using a single laser beam propagating opposite the atomic beam 

direction. The frequency of the laser beam was scanned below resonance so that a 

broad range of velocities could be affected. Continued improvements to this exper

iment resulted in the direct measurement of the velocity distribution of the cooled 

atoms33 yielding a temperature in one dimension of 1.5 K. Two-dimensional cooling 

to 3.5 mK was later reported by this same group34. 

The second component of the force that light exerts upon atoms is the gradient 

force, also known as the dipole force, which can be thought of as due to the absorp

tion and stimulated emission of photons26 . It is called the gradient force because it 

is proportional to the gradient of the field intensity. Because the force exerted on a 

particle in a potential is proportional to the gradient of that potential, we conclude 

that the atom must reside in a potential proportional to the field intensity. 

The gradient force was first considered as a means for the manipulation of 

charged particles35•36 where it was shown to be independent of the sign of the charge. 

It was soon recognized that this force could also affect neutral atoms37. The first 

demonstration of gradient-force focusing of atomic beams was performed in exper

iments at Bell Laboratories in 197838. A cooling effect, due to the channeling of 

atoms in either the nodes or antinodes of the periodic potential of a standing wave 

field, was predicted by Letokhov15 in 1968. In subsequent publications, Letokhov 

and coworkers added to their theory the effects of the spontaneous force and intro

duced the fundamental ideas of 'optical molassesH8.39 where three orthogonal pairs 

of counter-propagating laser beams are used to create a three-dimensionai standing 

wave field with Doppler cooling in all directions. Such a 3-D molasses was first 

used to cool Na atoms to near the Doppler-cooling limit of 240 JLK at AT&T Bell 

Laboratories in 19858.14. 

At the time of these experiments, the Doppler-cooling limit (Eq. 1.3) had been 
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generally accepted as the lowest achievable temperature for atomic cooling. So 

researchers at NIST and AT&T were surprised when their experiments40,41,13 pro

duced atomic temperatures for sodium that were much lower than this limit. In 

these experiments, the temperature was measured either by release-and-recapture, 

or time-of-flight methods. For both measurement techniques, the laser beams are 

turned off suddenly. In additional experiments at Stanford, Shevy42 noticed that 

the measured temperature depended on the light turn-off time. He suggested that 

the atoms may cool adiabatically for turn-off times slow compared to the oscillation 

frequency of the atoms in the light induced potential wells, but this interpretation 

was questioned by Lett2 who proposed an alternate explanation, for similar results 

achieved at NIST, based on a new theory that was developed independently by the 

group at Stanford43 and a group at the Ecole Normale Superieure44,45 in Paris. This 

theory includes a new cooling mechanism known as polarization-gradient cooling 

which relies on the degeneracy of the ground state, optical pumping, and the spatial 

gradient of the light polarization. The cooling results from a Sisyphus46 type effect 

where the atoms repeatedly climb to the top of a potential hill, spontaneously decay 

into a state for which the potential is inverted, and then begin their climb again. As 

the atoms climb the hills their kinetic energy is converted to potential energy which 

is then dissipated via spontaneous emission. 

Polarization-gradient cooling provides for cooling almost down to the single

photon recoil limit, which can be significantly lower that the Doppler limit. Clever 

schemes, such as velocity selective coherent population trapping47, proposed in 1988, 

have now circumvented even the recoillimit48
• 

Although the theory of adiabatic cooling may not be required to explain the 

experiments at Stanford and NIST, a group at Rice Quantum Institute has un

ambiguously demonstrated one-dimensional adiabatic cooling by passing an atomic 

beam through the decreasing field of a truncated gaussian beam6 • Ironically per-
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haps, the group at NIST is currently using adiabatic cooling as a termination to 

polarization-gradient cooling in an optical molasses by reducing adiabatically the 

intensity of the molasses beams. They have reported a decrease in the temperature 

of cesium atoms from the 2 JLK achieved with polarization gradient cooling alone, 

to 700 nKI. 

1.4 Overview 

The theories and modeling of adiabatic atomic cooling presented in this work were 

developed independently of the the experimental results now available. It is certainly 

gratifying to see such timely interest in this important cooling mechanism. 

In Chapter 2 we discuss the general theory of adiabatic cooling and consider 

a simple example of cooling in a harmonic potential. In Chapter 3 we develop 

the mathematical basis for our treatment of the atomic cooling phenomena, where 

we present the full quantum mechanical Hamiltonian for the system and proceed 

to make approximations that lead to either more intuitive understandings of the 

process, or computational simplifications. We also consider the importance of using 

initial conditions that adequately correspond to experimental situations where pure 

states may be unrealistic. Chapter 4 continues the mathematical development of 

the system representation and describes the computational algorithms applicable 

to the semiclassical approximation. We discuss ways of dealing with some of the 

numerical challenges inherent in this sort of problem and then present the numerical 

results that are applicable for this regime. In Chapter 5 we return to the full 

quantum problem, modifying the algorithms and representations to account for the 

additional degrees of freedom associated with the quantum nature of the cavity field. 

We present some surprising results that demonstrate that cooling can continue into 

the quantum regime despite the fact that the adiabatic theorem no longer applies. 
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Chapter 6 is a summary and conclusion where we discuss the limitations of this 

treatment and suggest further work that may prove interesting. 



CHAPTER 2 

ADIABATIC COOLING 

2.1 The Adiabatic Theorem 

24 

The idea of adiabatic cooling is not limited to the cooling of atoms, but has gen

eral applicability as a cooling mechanism whenever a system interacts with a slowly 

decaying potential. The essential features of any adiabatic cooling process are suc

cinctly expressed in terms of the well-known adiabatic theorem. In its quantum 

version49 , this theorem states that if a system with a Hamiltonian having a discrete 

spectrum evolves continuously and infinitely slowly in time such that the initial 

Hamiltonian Ho at time to transforms to the Hamiltonian HI at time tt, then a sys

tem initially in an eigenstate 11JIo) of Ho evolves to the eigenstate 11JII) of HI obtained 

from 11JIo) by continuity. If such a system begins in a distribution of the eigenstates 

of Ho, the adiabatic evolution of the system results in the same distribution of the 

corresponding eigenstates of HI. The implications of the adiabatic theorem can be 

summarized by noting that there is no redistribution of population among the states 

of the system as it evolves. 

Adiabatic cooling is particularly attractive in cavity QED experiments where 

the usual cooling mechanism of spontaneous emission is suppressed. Experiments 

in cavity QED would benefit from many of the same properties exhibited by cold 

atoms in free space; namely the narrowing of atomic resonances, and the reduction 

of atomic velocities. 

It should be mentioned that adiabatic cooling does not increase the phase-space 

density of a system. In the case of adiabatic atomic cooling, for example, as the 

momentum distribution is reduced, the spatial distribution is increased to compen

sate. 
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2.2 Example of a Harmonic Oscillator 

To illustrate how adiabatic evolution can result in cooling, we consider the example 

of a one-dimensional harmonic oscillator with a decaying harmonic potential, 

(2.1) 

where w(t), the instantaneous fundamental oscillation frequency for a particle of 

mass M in a quadratic potential, is a decreasing function of time. One of the prop

erties of a quantized harmonic oscillator is that the energy levels are equally spaced. 

The energy interval between adjacent levels is proportional to the fundamental os

cillation frequency of the particle in the potential. As the potential decays, the 

spacing between levels is reduced. This is illustrated in Figs. 2.1a-c for initial, in

termediate, and final potentials. If we assume that the energy states of the system 

with the potential of Fig. 2.1a are initially populated with the distribution shown 

in Fig. 2.2a, then it follows from the adiabatic theorem that the intermediate and 

final distributions corresponding to the potentials of Figs. 2.1b and 2.1c are those 

shown in Figs. 2.2b and 2.2c respectively. It is immediately apparent that these 

latter energy distributions are narrower than the initial distribution, showing-by 

the definition of temperature given in Eq. (l.1)-that cooling has indeed occurred 

in the system. 

From this example we can obtain our first estimates on the adiabatic cooling 

limit. Since the temperature depends on the width of the energy distribution, which 

in turn scales with the fundamental oscillation frequency of the system, we can write 

(2.2) 

where WJ and Wi are the final and initial oscillation frequencies. In deriving this 
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Figure 2.1: Energy levels of a harmonic oscillators of different strengths. (a) w = 
w(O). (b) w = 3w(O). (c) W = 3w(O). 
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Figure 2.2: Populations of the harmonic oscillator energy levels for the three cases 
of Fig. 2.1. Note that the width of the distribution scales with w. 
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expression we have not discussed the manner in which the frequency decays from Wi 

to WI' We have simply assumed that this can be accomplished without violating the 

conditions of validity for the adiabatic theorem. In practice we do not require the 

decay to be infinitely slow. It is sufficient to require that the oscillation frequency 

at any time be much faster than the fractional rate of change of the frequency, 

1 dw(t) 
w(t) ~ w(t) dt (2.3) 

The quantity on the right-hand side of this equation is the instantaneous decay rate 

K(t)/2 of the frequency, where K(t) is the decay rate of the potential. The oscillation 

frequency can be expressed in terms of that decay rate as 

(2.4) 

If the decay rate is constant (exponential decay) then one would expect the adi

abaticity condition (2.3) to fail, at the latest, when w(t) ~ K/2. Failure of the 

adiabatic condition implies that the population of the states of the system may 

redistribute into nearby states. In such circumstances, it is unlikely that cooling 

would continue. Thus the limit for adiabatic cooling with exponential decay is, 

from Eq. (2.2), 

(2.5) 

2.3 Adiabatic Decay Rate 

Although for most of this work, we will consider a constant decay rate, this is not a 

requirement for adiabatic cooling. By allowing the decay rate to change, we can do 

much better than Eq. (2.5) would suggest. We can define the adiabaticity parameter 



A as 
1 dw(t) 

A = - w2(t) dj' 
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(2.6) 

Then from the adiabaticity condition (2.3) we require A ~ 1. We can insure that 

if the adiabaticity condition is initially satisfied, it will always remain satisfied, by 

choosing a decay rate that keeps the adiabatic parameter, A, constant. To find an 

expression for this rate, we solve Eq. (2.6) for a constant A to get 

w(t) ___ l_ 
- At + l/wi' 

and then take the negative derivative and divide by w(t) which gives 

I\':(t) A 1 
-2- = w(t) (At + l/wi)2 

(2.7) 

(2.8) 

By using just such a decay rate, the final temperature of a collection of particles 

in a quadratic potential is only limited by the maximum interaction time between 

the particles and the potential. This can usually be made long enough to cool the 

particles to an arbitrarily low temperature. 



CHAPTER 3 

THE MODEL 

3.1 System Hamiltonian 
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The system we wish to consider is a rather simple one, consisting of a two-level atom 

of mass M with a transition frequency of Wo, excited state Ie), and ground state Ig) 

interacting with a single-mode standing-wave field of frequency w and wave number 

q. In the Sch8dinger picture the Hamiltonian for this system is 

H = :~ + liwole)(el + liwat a -lino (atlg)(el + ale)(gl) cos qx, (3.1) 

where a and at are the annihilation and creation operators for the field with 

[a, at] = 1 and x and p are the center-of-mass position and momentum operators 

with [x, p] = iii. The first term in the Hamiltonian is the kinetic energy of the atom, 

associated with the translational degrees of freedom. The second term describes the 

electronic state of the atom. The third term is the free field Hamiltonian. The last 

term describes the electric dipole interaction between the atom and the field, its 

strength characterized by the vacuum Rabi frequency, 'Ro. The cosine part of the 

last term takes into account the mode structure of the field. The Hamiltonian (3.1) 

can be split into two components as 

H = Ho + Hint, (3.2) 

with 

Ho = liw(ata + le)(el) (3.3) 
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and 

Hint = :~ -1i,«5le)(el-1i,1lo (a tlg)(el + ale)(gl) cos qx, (3.4) 

where «5 = W - Wo is the detuning between the field and the atomic transition fre

quency. It is more convenient to work in an interaction picture where we transform 

away the evolution due to Ho. Since Ho and Hint commute, the interaction picture 

Hamiltonian is identical to Eq. (3.4). The evolution of this system in the interac

tion picture is given in terms of the system density matrix p by the von Neumann 

equationSo as 

(3.5) 

3.2 Implications of Cooling in a Cavity 

The evolution of the model system we have described is not governed entirely by the 

Hamiltonian (3.4). If the atom were in free space we would have to take into account 

the coupling of the atom to the vacuum, which would result in spontaneous emission 

processes. For this work we consider instead cooling in a cavity, where the atom 

is isolated from the vacuum. The cavity itself, however, is not completely isolated 

from the vacuum and consequently suffers losses. These losses can be modeled by 

considering the cavity mode as coupled to a zero temperature reservoir of harmonic 

oscillators. This approach yields the well-known master equationS1 for the system 

densi ty matrix 

(3.6) 

characterized by the decay rate K. The complete system dynamics can be computed 

by considering the total time derivative of the system density matrix P which is 

simply the sum of the Hamiltonian component PH of Eq. (3.5) and the contribution 

PIC due to cavity damping. 
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3.3 The Semiclassical Hamiltonian 

In the case of a strong coherent field la) (a field with a very large mean photon 

number) we are justified in performing a semiclassical approximation where the 

field is treated classically. This is accomplished by replacing the annihilation and 

creation operators, a and at, in Eq. (3.4) by a term proportional to the classical field 

strength E(t), where E(t) = (alala). This term can be factored out and combined 

with the vacuum Rabi frequency no to get the semiclassical Rabi frequency 'R.(t). 

Cavity damping effects are then taken into account by allowing the field intensity 

to decay at the rate /\'. The result of these approximations is the semiclassical 

Hamiltonian 

2 

H6c(t) = :M -li8Ie)(el-li1?,(t) cos(qx)(le)(gl + Ig)(el). (3.7) 

Since the Rabi frequency is proportional to the field strength it decays at the rate 

/\,/2 

'R.(t) = 'R.(O)e(-Kt/2). (3.8) 

Before proceeding to solve the Schodinger equation for the semiclassical approxima

tion, we will make one further simplification in order to connect this treatment with 

the earlier discussion of adiabatic cooling. 

3.4 Local Diagonalization 

If we neglect the kinetic energy term in Eq. (3.7) we obtain the local Hamiltonian 

Hloc = -li8Ie)(el-li'R.(t) cos qx(le)(gl + Ig)(el) (3.9) 
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which has the local eigenvalues 

(3.10) 

and 

(3.11) 

Here, the local, time-dependent generalized Rabi frequency is 

(3.12) 

The corresponding local eigenstates are 

1_ }(x, t) = cos O(~' t) Ig) _ sin O(~' t) Ie), (3.13) 

and 

I+)(x, t) = sin O(~' t) Ig) + cos O(~' t) Ie), (3.14) 

respectively, where the Stiickelberg angle 0 is defined by 6 = S1(x, t) cos O(x, t) and 

2R(t) cos qx = S1(x, t) sin O(x, t). 

We note that the eigenenergies (3.10 and 3.11) vary in both time and space. By 

assuming that the electronic states adiabatically respond to the dressing provided by 

the field, we conclude that an atom localized near some point in space and in either 

the state 1-) or 1+) would effectively behave as a scalar particle in the potential 

V_(x, t) or V+(x, t) respectively·. These potentials decay in time at the same rate 

-Note that the local dia~onalization of the Hamiltonian (3.7) neglects a contribution Hnl = 
-(1i/4M)[PO' + O'p]U2 + (Ii /8M)O'2, which couples the local eigenstates I+}(x, t) and I-}(x, t) 
and leads to nonadiabatic inter-potential transitions. One should be careful in distinguishing these 
inter-potential nonadiabatic transitions from the intra-potential nonadiabatic transitions of interest 
in this treatment. For a discussion of such transitions in a slightly different context, see Wilkens 
et a1. 52• 
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as the field. If we consider, for example, the case of zero detuning and an atom 

prepared in the state 1+) localized near the bottom of one of the wells of V+(x, t), 

we have a situation similar to the example of the harmonic oscillator. However, 

in contrast to the case of a harmonic potential the spectrum of V+(x, t) consists of 

a discrete set of narrow energy bands and a quasi-continuum53• As we shall see, 

this leads to some important differences between the two situations. Assuming, for 

now, that the initial atomic wave function is well localized compared to an optical 

wavelength, and that only states near the bottom of the well are populated, we can, 

under these conditions, restrict the discussion to a single well and approximate it as 

a harmonic oscillator with the potential 

(3.15) 

and oscillation frequency 

w(t) = 2n(t) (:~) = V2n(t)wr' (3.16) 

where Wr = fiq2 /2M is the recoil frequency of the particle, and the potential has been 

renormalized to zero at the bottom of the well. Evidence for the existence of such 

bound vibrational states has recently been reported for one dimensionallattices54,lo 

and for two and three dimensionallattices55,56, where the energy interval between 

adjacent levels is measured by Raman spectroscopy. When a well of the periodic 

potential V+ is approximated as harmonic, the adiabaticity condition (2.3) becomes 

(3.17) 



34 

and, with Eq. (2.5), 

(3.18) 

If these conditions were to remain valid, one could increase 'R.(O) and decrease 

I\, to achieve any final temperature. As cooling proceeds, however, the atomic wave 

function becomes less confined to the bottom of the well. The uppermost energy 

states within the potential broaden, become unbound, and join the quasi-continuum. 

As the field decays to zero, all states eventually become continuum states. As in the 

case of a harmonic oscillator the spacing between the bound levels decreases with 

the decay of the periodic potential. The continuum states, however, do not go to 

zero energy. In the absence of a potential, the eigenenergies are given by the free 

space atomic dispersion relation 

p2 
E(p) = 2M' (3.19) 

where the energies corresponding to the momentum states ±p are doubly degenerate. 

If the potential decays adiabatically all the way to zero, then the bound states 

that make up the nth band (n 2:: 0) map into the free space continuum states on 

continuous intervals 

0 to (liq)2 ; n = 0 2M 
En -+ (n - 1)2 (~~r to (n + 3)2 (;~2 ; n odd (3.20) 

(n - 2)2(~Xr to (n + 2)2 (;Xr ; n even, n > 0 

When the potential decays away the collection of states which had composed, the 

ninth and tenth bands, for example, map into momentum states in the two regions 

(-61iq < p < -41iq) and (41iq < p < 61iq), both of which correspond to energies 

from (41iq)2/2M to (61iq)2/2M. 
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If nmax is the highest occupied energy eigenstate of significance at t = 0, then 

the highest quasi-continuum energy for t ~ 00 with (n ~ 1) is approximately 

(3.21) 

This leads to the upper limit 

(3.22) 

which is the continuum limit for adiabatic cooling. This estimate on cooling limits 

can be improved by assuming a distribution of state populations and evaluating the 

expectation value in Eq. (1.1). In that case, the cooling limit could be substantially 

lower. 

Alternatively one may consider the population of the states which join the con

tinuum to have escaped the trap, as is the situation for evaporative cooling. (Unlike 

evaporative cooling57•58, we do not consider thermalizing collisions. Hence, we do 

not see an increase in the populations of the lower states, characteristic of evapora

tive cooling.) An arbitrarily low temperature can be reached in principle, but T = 0 

can be approached only in the limit where all atoms have escaped the well. For our 

purposes, we will not dismiss the continuum states, since they often have insufficient 

time to escape the cooling region. Substantial cooling can still be achieved when 

the continuum states are retained, if no more than a fraction of the bound states 

of the potential are initially populated. That such an initial condition is feasible 

has been demonstrated in recent experiments at NISTlo where atoms subjected to 

polarization gradient cooling in an optical molasses were cooled so low that 60% of 

the atomic population was in the vibrational ground state. 

Lest too much attention be paid to these limits, it should be pointed out that 
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the quantum regime is reached well before all bound states have disappeared. We 

will consider again the idea of cooling limits in Chapter 5 in the context of the full 

quantum treatment of the problem. 

3.5 Initial Conditions 

It should be clear from the preceding discussion that adiabatic cooling requires 

appropriate initial conditions: specifically, the atoms need to be prepared in one 

of the dressed electronic states 1+) or 1-), with a center-of-mass wave function of 

spatial extent small compared to the period 1r / q of the potential V+ or V_ and a 

center-of-mass energy distribution narrow compared to the depth of these potentials. 

Furthermore, the center-of-mass wave function should be initially centered near a 

minimum of the potential. For instance, atoms initially in the dressed state 1+) 
need to be initially localized in the vicinity of x = l21r / q, where l is an integer. 

It follows from these considerations that some care must be given in the de

scription of the initial center-of-mass component of the atomic density matrix. We 

assume that we initially know the mean position (x) and momentum (p) of the 

atoms as well as the corresponding standard deviations U x and Up. 

The initial center-of-mass density matrix Pcm(O) can be found by maximizing the 

von Neumann entropy S = -kBTrpcm lnpcm subject to the constraints Trpcm = 1, 

(p) = po, (3.23) 

((p - po)2) = u;, (3.24) 

(x) = Xo, (3.25) 

and 

((x - xo)2) = u;. (3.26) 



The variation 88 of 8 due to a small variation 8pcm in the density matrix is 

88 - -kBTr[a:cm (Pcm lnpcm) 8Pcm] 

- -kBTr((l + Inpcm)8pcm). 
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(3.27) 

Applying now the method of Lagrange multipliers and introducing the constraints, 

88 may be expressed as 

(3.28) 

where A, a, b, c, and d are Lagrange multipliers. Setting 88 = 0 and solving for Pcm 

yields 

(3.29) 

The normalization condition Trpcm = 1 readily gives the partition function Z via 

(3.30) 

so that 

(3.31) 

This expression can be further simplified by using the well-known relations 

(3.32) 

and 

x - d = e(-idp/Ii)xe(idp/Ii) (3.33) 

to get 

(3.34) 
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Since p2, Xp + px, and x 2 form a closed Lie algebra, we can write 

(3.35) 

where expressions for the coefficients Ul, U2 and U3 are derived in Appendix A. Once 

the form of the center-of-mass density matrix is known, it is straightforward but 

lengthy to reexpress it in terms of the initial mean position and momentum and 

their variances. For our purposes, it is convenient to express the resulting density 

operator in the momentum representation. The details are given in Appendix A, 

and the result is 

Pcm - k joo dpjoo dp' exp (--Iii (p - p')xo) 
27r0'2 -00 -00 

P 

x exp ( - 2~~ (p ~ Po + II ~ Po)') exp ( - ;;,(p -p')') Ip)(p'l. (3.36) 

In the process of deriving this result we explicitly recover the usual uncertainty 

relation, O'pO'x ;::: n/2, which must be satisfied for any physical initial state. An 

expression for the von Neumann entropy of the center-of-mass density matrix is 

also derived in Appendix A. It is conveniently given in terms of the uncertainty 

parameter U = 20'pO'x/n, with U ;::: 1 as 

kB ((U + l)U+1 ) 
S = "2 In 4(U _1)U-l • 

(3.37) 

The phase-space volume corresponding to the center-of-mass density matrix of 

Eq. (3.36) is proportional to the uncertainty parameter U. If we assume that as the 

system evolves it remains in a state similar to (3.36), having a gaussian distribution 

in both momentum and coordinate spaces, then, in the semi-classical approximation, 

the adiabatic theorem implies that the phase-space volume is conserved. This will 
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not be the case in the quantum regime where the evolution is nonadiabatic. Since 

the von Neumann entropy is related to the phase-space volume through Eq. (3.37), 

it would be interesting to observe how this quantity evolves as the field decays for 

non minimum-entropy initial conditions. 

The atomic temperature corresponding to this initial center-of-mass density ma

trix as derived from Eqs. (1.1) and (1.2), for atoms in free space, is 

(3.38) 

where n is the number of dimensions considered and M is the mass of the atom. To 

determine the initial temperature for the atoms once they become subjected to the 

potential would require transforming the density matrix into the appropriate energy 

eigenstate representation (see Section 4.2) where the populations of the energy levels 

could be determined. Hence, there is no direct relationship between this initial 

temperature and the initial temperature in the examples of Section 2.2, except for 

very weak fields where the influence of the potential is minimal. 

In addition to the electronic state and the center-of-mass state of the atom, the 

initial state of the field must also be specified. For computations in the quantum 

regime we will usually use a coherent state la) with mean photon number lal2 • In 

the semiclassical approximation we must simply specify the initial Rabi frequency 

'R.(O). In order to compare the results of the full-quantum treatment with the results 

of the approximation, we set 'R.(O) = nolal. 



CHAPTER 4 

SEMICLASSICAL APPROXIMATION 

4.1 Electro-translational States 
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In this chapter we proceed to find solutions for the system evolution in the semi

classical approximation. In the preceding chapter we discussed the importance of 

choosing proper initial conditions for the separate components of the system. Now 

those components must be combined and an appropriate set of basis states for the 

system must be selected. In the semiclassical approximation, the field is considered 

an external parameter and is a c-number rather than an operator. It is sufficient 

then, to represent the state of the system using basis states which specify the in

ternal state of the atom, Ie) or Ig), and the center-of-mass momentum Ip). Thus a 

basis state is defined by the two quantum numbers sand p, where s = {e, g} and 

(-00 < p < 00). This basis will be referred to as the component basis. 

Although the component basis is intuitively appealing, it is not the most conve

nient. The periodicity of the potential suggests the application of a band-theoretical 

approach similar to that of solid state physics where momentum space is folded into 

a single Brillouin zone. Such an approach is described by Wilkens et a1.53 who in

troduce a set of basis states which are known as electro-translational states and can 

be expressed in terms of the states of the component basis as 

{ 
I(k + n)/iq,g) j n even 

Ik, n) = 
I(k + n)/iq, e) j n odd 

(4.1) 

where nand k are the new quantum numbers with n = 0, ±1, ±2, ... , and the quasi

momentum is confined to a Brillouin zone (-1 ~ k < 1). 

The electro-translational states are the energy eigenstates of the Hamiltonian in 
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the absence of an interaction. When the interaction is included the Hamiltonian 

becomes block-diagonal in the electro-translational basis, with an infinite number 

of tridiagonal blocks. Each tridiagonal block of the Hamiltonian corresponds to a 

quasi-momentum quantum number k. The diagonalization of one of these blocks 

at the time t, when the dipole interaction strength is 'R.(t), yields the set of energy 

eigenstates Icf>v(k, t)). The advantages of the band-theoretical approach are obvious. 

The time independent electro-translational states share the quantum number k with 

the time dependent energy eigenstates and yet are closely enough related to the 

states Ip, s) that our intuitive understanding of the meaning of the quantum numbers 

does not suffer. 

The initial conditions for each component of the system were discussed in the 

previous chapter. The mapping of the initial state into the density matrix elements 

in the electro-translational basis is simply computed by 

((n + k)1iqlpcml(m + k')1iq) x 

4.2 Energy Eigenstates 

Pee ; n odd, m odd 

Peg ; n odd, m even 

pge ; n even, m odd 

pgg ; n even, m even 

(4.2) 

Although the local diagonalization of the previous chapter is useful in gaining an 

intuitive understanding of the cooling process, in order to numerically solve for the 

system evolution we use an exact diagonalization within the context of the band

theoretical approach previously mentioned. The Hamiltonian is time-dependent 

and strictly speaking does not have energy eigenstates. However, we can find the 
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instantaneous eigenstates Ilfov(k, t)) of Hsc(t), with eigenenergies Ev(k, t) satisfying 

(4.3) 

where the integer l/ labels the energy level, l/ = 0,1,2, .... These eigenstates, which 

form a complete orthonormal basis, are conveniently expressed in terms of the 

electro-translational states as 

Ilfov(k, t)) = L Cmv(k, t)lk, m). (4.4) 
m 

Substituting this expansion into the eigenvalue equation (4.3), and noting that 

cos( qx) is the sum of two shift operators in momentum space, yields readily 

where the bare electro-translational energies E~ are given by 

o {21r«k + n)nq)2 - no 
E = 

n 21r«k + n)nq)2 
; n odd 

(4.6) 
j n even. 

As previously noted, the set of equations (4.5) can be written, for a given k, in matrix 

form, yielding a system that is symmetric and tridiagonal. Both the expansion 

coefficients cnv(k, t) and the eigenvalues EII(k, t) are real. 
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4.3 Change of Representation 

An arbitrary state vector may be expanded in terms of the complete set of electro

translational states {Ik, n)} as 

(4.7) 

and in terms of the energy eigenstates {I ¢v (k, t))} as 

I III ( tll = [. dk [~B,( k, t) IqI,( k, t»]. (4.8) 

With the expansion (4.4), one has readily 

Bv(k, t) = (</>v(k, t)I\lI(t)) = L Cnv(k, t)fn(k, t) (4.9) 
n 

and 

fn{k, t) = L Cnv(k, t)Bv(k, t). (4.10) 
v 

Similarly, an arbitrary density operator may be expanded as 

p(t) = III dk III dk' ~ Ik, n) p~~(t) (k', ml (4.11) 

11 11 ~ kk' 'I - -1 dk -1 dk' ~ I¢v(k, t)) PVJj (t) (¢Jj(k ,t) , (4.12) 

where the Latin indices (n, m) and the Greek indices (v, 1') are used to distinguish 

between electro-translational and energy eigenstate bases respectively. The trans

forms relating these two representations are 

kk' (t) ~ (k) (k' t) kk'(t) Pnm = L..J Cnv ,t CmJj , PVJj (4.13) 
V,Jj 
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and 

(4.14) 
n,m 

4.4 Integration of the Schrodinger Equation 

For a minimum uncertainty initial condition, the system is in a pure state and can 

be represented by a single state vector. As a consequence of the adiabatic theorem 

this remains true as the system evolves in time. Thus the evolution of such a 

system can be computed by numerically integrating the Schrodinger equation with 

the time-dependent Hamiltonian (3.4). This is accomplished by assuming that the 

eigenvalues and eigenenergies change little for sufficiently small integration steps, 

tit « 2/ K, for which the system evolution in the instantaneous energy eigenstate 

representation is given by 

(4.15) 

Because the basis states in the energy eigenstate representation change with each 

small time step, the system must be transformed into the new basis before the evo

lution for the next time step can be computed. The most straightforward way to do 

this is to first transform the system into the electro-translational state representa

tion, which is independent of time, via Eq. (4.10), where we find that the expansion 

coefficients fn(k, t + D.t) of Eq. (4.7)are now given by 

fn(k, t + D.t) ~ L BII(k, t)Cn,II(k, t) exp( -iEII(k, t)tit/h). (4.16) 
II 

Then the instantaneous Hamiltonian can be diagonalized and the system trans

formed into the new energy eigenstate representation via (4.9). 

Continuing in this manner yields an algorithm to compute the evolution of 1\lI) by 
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diagonalizing the Hamiltonian at successive times t, transforming the state from the 

electro-translational basis to the energy eigenstate basis, evolving the state according 

to Eq. (4.15) for the short time /).t, and transforming back to the electro-translational 

basis. 

When the initial state is not a minimum uncertainty state, there are two op

tions for computing the evolution of the system. The system density matrix can be 

written as a weighted sum of pure-state density matrices where the state vectors 

corresponding to each pure state are evolved independently. In general this does 

not save any work over computing the evolution of the density matrix itself. As in 

the case for the state vector the full time evolution of the density matrix can be ap

proximated by diagonalizing the Hamiltonian at successive times t, transforming to 

the time-dependent energy eigenstate basis via (4.14), evolving the matrix elements 

for the short time /).t with 

p~~' (t + /).t) = exp (-i[EIJ(k) - EIJ(k')]/).t/ti) p~~' (t). (4.17) 

and transforming back to the electro-translational basis via (4.13). 

4.5 Numerical Issues 

Clearly one of the key numerical processes required in the solution of the cooling 

problem is the diagonalization of the Hamiltonian. As mentioned in Section 4.2 

the change to the electro-translational basis transforms the Hamiltonian into an 

infinite number of tridiagonal matrices. There is such a matrix for each value of the 

quasi-momentum k. If we rewrite Eqs. (4.7 or 4.8) as 

(4.18) 
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where 

l1fJk(t)) = L fn(k, t)lk, n} = L BI/(k, t)I4>I/(k, t)}, (4.19) 
n 1/ 

then it is apparent from Eq. (4.16) that in the evolution of the system, there is 

no coupling between components "pk of different k. Since we expect no significant 

structure in the momentum distribution on a scale smaller than liq, we can evolve a 

representative set of components in k and interpolate between them for the rest. In 

fact, for data points in momentum space separated by liq and including the origin, 

we only need compute the evolution of the components where k = 0 and k = 1. This 

reduces the number of diagonalizations required to only two. Furthermore, in the 

special case of zero detuning with the atom prepared in a state l"pat) = v'2/2(le)+lg)) 

which corresponds to V+ of H,oc , the contributions to the momentum distribution 

from each component k = {O, I} are identical in the semiclassical approximation, 

suggesting that only one component be evolved and the result doubled. 

For this case we have only to diagonalize the tridiagonal Hamiltonian sub-matrix 

corresponding to a single value of k. But this matrix is itself infinite in size and must 

be truncated at some point in order to numerically perform the diagonalization. For 

a matrix of size N we keep the electro-translational states Ik, n} with (-N/2 < n ::; 

N /2). This truncation results in a distortion of the highest energy eigenvalues and 

their corresponding eigenvectors, which could lead to a significant loss of accuracy in 

the numerical results. In order to minimize the impact of this distortion, a sufficient 

number of electro-translational states must be retained, such that all populated 

energy eigenstates are undistorted. A numerical analysis suggests that the number 

of bound states Nb in a periodic potential of depth 2lin can be approximated by 

Nb ~ 1.26J2n/wr • In Fig. 4.1 the number of undistorted eigenvalues Ngood is 

plotted against the matrix size N, both normalized to the number of bound states 

in the well Nb. It is apparent from this graph that a large matrix is required for even 
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Figure 4.1: The number of undistorted eigenvalues Ngood resulting from the diago
nalization of the truncated Hamiltonian matrix of size N. Both axis are normalized 
by Nb, the number of bound states in the potential well. 

a few undistorted eigenvalues. Under the assumption that the initial condition does 

not populate the continuum, we note that the matrix size need never be larger than 

1.6Nb• It is interesting to note that as cooling proceeds, the number of bound states 

Nb decreases and the ratio Ngood/N increases (due to the positive 2nd derivative 

of the curve). The implication of this result is that the numerical accuracy of the 

solution is not degraded, but rather enhanced by cooling. 

In the semiclassical treatment, the Hamiltonian evolves in time, changing slightly 

for each time step. At each time step we must recompute the eigenvalues and eigen

vectors of the Hamiltonian. The numerical algorithm typically used to diagonalize 

real tridiagonal matrices is called TQLI59. This algorithm is general and has no way 

to take into account the fact that the eigenvalues and eigenvectors change but little 

between steps. In this work we use TQLI to solve the eigensystem the first time, 
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but for subsequent time steps we switch to an inverse iteration algorithm, which 

is normally considered efficient only when few eigenvalues are required. However, 

when good approximations to the eigenvalues exist, inverse iteration can achieve 

significant time savings over TQLI for finding the complete set of eigenvectors and 

eigenvalues. The condition that must be met for this procedure to work correctly 

is that the change in an eigenvalue between time steps be much smaller than the 

spacing between adjacent eigenvalues. If the numerics have been done properly then 

this should not be a problem since this is effectively the same condition on t1t, as 

in Section 4.5. 

For the simulations of interest in this work, we often find the number of popu

lated eigenstates to be rather small. Since it is really the transformations between 

bases that consume most of the computer time, we can improve the speed of com

putation by ignoring the eigenstates that we know are not populated significantly. 

Consider as an example the situation where only the lowest M eigenstates are pop

ulated; that is to say BII(k, t) =/: 0 only for v < M in the transformation (4.9). 

Clearly there is no point in computing these coefficients for v > M. In the reverse 

transformation (4.10) we can also restrict the summation to v ::; M. When M is 

much smaller than the matrix size N considerable savings can be achieved. Al

though this new transformation is no longer unitary, we expect good results so long 

as the adiabaticity condition holds, in which case the states above M would never 

have become populated anyway. Failure of the adiabatic condition may lead to the 

population of states above M, which population is lost in the truncated transforma

tion. This potential problem can be circumvented by monitoring the norm-which 

should remain conserved-and increasing M if it becomes necessary. 
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4.6 Semiclassical Numerical Results 

In this section we present the numerical results for a series of computer simulations 

of the time evolution of the center-of-mass momentum distribution of an atom sub

ject to a periodic potential. We can gain some intuitive insight into what kinds 

of behavior we expect for this evolution, by considering again the example of the 

harmonic oscillator. A classical particle in a harmonic well with non-zero energy 

will oscillate at the natural frequency of the system. If at some particular time 

the particle is at the bottom of the well with non-zero velocity, say to the right, 

it will convert its kinetic energy to potential energy as it ascends the wall of the 

well, coming to a stop at the top of its trajectory. There it reverses its direction 

and accelerates towards the bottom of the well, converting potential energy back 

into kinetic. Since under the condition mentioned in Section 3.4 the periodic po

tential can be approximated by a harmonic one, we expect the mean momentum 

and position of the atom to oscillate in a similar manner. Unlike a classical point 

particle, the atom has a distribution in both momentum and position. The widths of 

these distributions can change as the mean center-of-mass oscillates. As an example, 

consider Fig. 4.2 which shows possible momentum distributions at three different 

points in the trajectory of the atom. The one in the center corresponds to the atom 

at the bottom of its classical trajectory. The narrower distributions on either side, 

correspond to the atom at the turning points of its classical trajectory. As the atom 

oscillates in the well, the width of the distribution oscillates as well, at twice the 

fundamental frequency. Even if the mean center-of-mass position and momentum 

were both zero, such that the classical atom does not oscillate at all, the width of 

the distribution will still exhibit this 'breathing' behavior. 

Figure 4.3 shows a detail of the evolution of the momentum distribution of a 

pure atomic state in the semiclassical approximation for just a few oscillations. 
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b 

Figure 4.2: Possible center-of-mass atomic momentum distributions (about the 
mean) for three different positions along the classical trajectory of an atom. Points 
(a) and (c) are the classical turning points. The mean momentum is a maximum at 
the bottom of the well (b). 

As expected, the center-of-mass momentum oscillates about zero and the width of 

the distribution oscillates as well, narrowing sharply at the turning points of the 

classical trajectories in the instantaneous potential. As the field decays, both types 

of oscillations reduce in magnitude. This is illustrated in Fig. 4.4, which shows the 

evolution of the momentum distribution on a time scale large compared to a cavity 

decay time. The details of the oscillations are not apparent on this time scale, but 

the cooling effect is obvious. Plots of the center-of-mass average momentum and 

momentum variance are shown in Fig. 4.5 and Fig. 4.6 respectively. 

The results of the semiclassical approximation verify that cooling is achieved in 

this model. Fig. 4.7 is a plot of the final momentum variance as a function of the 

initial momentum variance for a fixed initial mean momentum and pure center-of

mass atomic state. For very narrow momentum distributions, we observe heating 



51 

0.15 0.06 

P(p, t) 

p/fiq 

Figure 4.3: Detail of the early evolution of the center-of-mass momentum distri
bution in the semi-classical approximation with n(O) = 4000VWwr , Po = 20liq, 
(J'p = 20liq, Xo = 0, (J'x = 1/40q, and K, = Wr • 
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Figure 4.4: Evolution on a time scale large compared to a decay time for the same 
parameters as Fig. 4.3. 
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Figure 4.5: Evolution of the average center-of-mass momentum for the example of 
Fig. 4.4. 
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Figure 4.6: Evolution of the c~nter-of-mass momentum variance for the example of 
Fig. 4.4. 
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Figure 4.7: Final momentum variance as a function of initial momentum variance. 
In this example, n(O) = 40000wr , Po = 20nq, Xo = 0, (Tx = 1i/2(Tp, and K. = wr • 

instead of cooling. This result is expected, as it corresponds to situations where 

the spatial extent of the atomic center-of-mass probability density is larger than 

the period of the potential. For the gaussian center-of-mass distributions which we 

have considered, this means that some of the probability density is at the top of 

the potential, resulting in the population of continuum states. For larger initial 

momentum variances, we observe a nearly linear relationship between the initial 

and final values. This result matches the predictions of the adiabatic arguments 

presented in Chapter 2; As the initial variance continues to grow, the cooling, 

somewhat surprisingly, becomes more effective. A plausible explanation for this 

discrepancy is the fact that the definition of temperature we use here is different 

from the temperature considered in the harmonic oscillator example. That is, as 

the momentum distribution becomes wider, it must begin to look more like an 

energy eigenstate. Hence the temperature for the atom in the potential must be 
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lower than the free space temperature. Since the final temperature is the same 

for both definitions (the final field is very weak), it would appear that the cooling 

were more effective. Finally, we expect the cooling to become less effective when 

the initial distribution includes momentum states with energies greater than the 

potential height, but numerical limitations preclude our obtaining results in this 

regIOn. 

The parameters used in these examples are not particularly realistic. The tran

sition frequency for the 632p3/2 ---+ 612p3/2 transition of 85Rb is 21.5 GHz which 

corresponds to a wavelength of about 14 mm. The recoil time l/wr for this atom 

would be about 3.66 hours. In these examples we have set the decay time 1/ K. 

equal to the recoil time which is clearly not feasible since the atoms will not re

main in the interaction region (in the cavity) for such long durations. Also, to get 

such long decay times would require external control of the field amplitude since 

even cavities of the highest quality have natural decay times only on the order of 

10-1 s. To do calculations with such a realistic decay rate would require using a 

more realistic Rabi frequency which would be impractical due to its large value 

(no ~ 1.32 X 108wr ). Note that for this decay rate and vacuum Rabi frequency the 

adiabatic condition (2.3) remains satisfied for weak fields (say, 10 photons or more). 

The parameters used in these examples are more realistic for optical fields where 

the recoil time and decay time can be of the same order of magnitude as the cavity 

transit time. 
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CHAPTER 5 

QUANTUM TREATMENT 

5.1 Electro-translational States 

As the cavity field decays, the strong field requirement for the semiclassical approx

imation (lal2 ~ 1), will eventually fail. At this point the quantum nature of the 

field begins to become important and a full-quantum treatment of the problem is 

required. In this quantum regime, the field can no longer be considered an external 

parameter and must be treated as an operator. This requires the expansion of the 

Hilbert space of the system, so as to include the state of the field mode. Assuming a 

single mode cavity, the number states IN) seem to be the most natural set of basis 

states for describing the field component of the system. The basis states in the 

component basis are now Ip, s,N), where p and s are the momentum and electronic 

quantum numbers as given before, and N is the quantum number for the field mode. 

As in the semiclassical case, there is a transformation, corresponding to a band

theoretical treatment, that simplifies the Hamiltonian. In the full quantum treat

ment the electro-translational basis states, which are again the energy eigenstates 

in the absence of an interaction, become 

Ik,n,N) = { l(k+n)1iq,g,N} 
I(k + n)1iq, e, N - 1) 

; n even 
(5.1) 

; n odd 

The' N' quantum number for the electro-translational state on the left-hand side of 

this equation labels the total number of excitations in the state which is equal to the 

photon number N if the atom is in the ground state and N + 1 if the atom is excited. 

This basis has the same advantages as the corresponding semiclassical basis, in that 

the energy eigenstates, which are now labeled by the quantum numbers v, N, and 
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k, and the electro-translational states share both the k and N quantum numbers. 

5.2 Energy Eigenstates 

In the full quantum treatment, the Hamiltonian is time independent. Thus it need 

only be diagonalized once. However, the system has become much larger due to 

the expansion of the Hilbert space to include the field, which led to the intro

duction of the excitation quantum number. Fortunately, the Hamiltonian in the 

electro-translational basis is block diagonal, each block corresponding to an excita

tion number and a quasi-momentum. 

The eigenstates l4>vN(k)), with eigenenergies EvN(k), which satisfy 

(5.2) 

are expanded in terms of the electro-translational basis states as 

l4>vN(k)) = E cnvN(k)lk, n, N). (5.3) 
n 

A procedure similar to that leading to Eq. (4.5) yields the recurrence relation 

where the unperturbed eigenenergies are still given by Eq. (4.6). 

The atom-field density matrix expansions are given in the electro-translational 

and eigenenergy bases by 

p(t) = 11 dk dk' Elk, n, N) P~~NM(t) (k', m, MI (5.5) 
-1 n,m,N,M 
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= 11 dk dk' E l<PvN(k)) P~!~M(t) (<p~M(k')I. (5.6) 
-1 v,/A,N,M 

The expansion coefficients in the two bases are related by 

P~~NM(t) = ECnvN(k)Cm~M(k')p~!~M(t) (5.7) 
v,~ 

and 

(5.8) 
n,m 

5.3 System Evolution 

As was mentioned in Chapter 3, the evolution of the system is governed by both 

the Hamiltonian evolution (3.5) and the decay given by the master equation (3.6). 

Both of these effects can be incorporated into the Liouvillian equation 

p(t) = (£0 + £t}p (5.9) 

where 

(5.10) 

and 

(5.11) 

Because this type of Liouvillian evolution does not generally conserve the purity 

of a state, it is necessary to either consider the evolution of the density matrix, 

or to perform Monte Carlo wave function simulations60• In this work we will only 

consider the former. 

The evolution of p( t) is evaluated by a Lie-Trotter split-operator technique61 

which handles alternatively the Hamiltonian and dissipative parts of the dynamics. 
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Clearly, the dissipative part is best carried out in the electro-translational basis. 

With p(t) = e C1ilt p(t), Appendix B shows that 

00 (1 _ e-~ilt)i 
-kk' (t) ~ ~_~ PnmNM = L..J ., 

j=O J. 

x 
(N + j - mod2(n))!(M + j - mod2(m))! 

(N - mod2(n))!(M - mod2(m))! 

x exp [( -K,D.t/2)(N + M - mod2(n) - mod2(m))] 

kk' ( ) 
X Pnm,N+i,M+i t . (5.12) 

Hence, the dissipative part of the evolution couples only density matrix elements of 

the same k, k', n, m and N - M. In particular, the elements of the density matrix 

of a given N M excitation manifold decay only into those of lower (N - j)(M - j) 

manifolds. We need therefore only evolve the restricted set of manifolds of relevance, 

typically, the diagonal ones (N - M = 0). 

The Hamiltonian part of the density matrix evolution, in contrast, is best carried 

out in the energy eigenstate basis, yielding immediately 

(5.13) 

For a given excitation number N it is clear that Eq. (5.4) becomes identical to 

Eq. (4.5) with n(t) replaced by noVN. From this we see that the diagonalization 

of the system in the full quantum treatment is equivalent to a series of diagonal

izations in the semiclassical approximation, each for a different potential strength. 

(The same numerical considerations as discussed in Section 4.6 apply to each of 

these diagonalizations.) This observation suggests that the full quantum system 

can be intuitively understood in terms of a particle interacting simultaneously with 

a series of potentials with different Rabi frequencies, each corresponding to a differ-
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ent excitation manifold. The contribution of each component system to the overall 

evolution is weighted by the population of the associated manifold. In the realm 

of the semiclassical approximation, the discrete series of potentials approaches a 

continuum through which the atomic population cascades, occupying a very narrow 

range of manifolds compared to the number of manifolds below the occupied ones. 

As the population falls towards the quantum regime, the change in potential from 

manifold to manifold starts to become noticeable and dephasing begins between the 

populations of the different manifolds. 

Unlike the semiclassical approximation, the contributions due to the elements 

with k = 0 and k = 1 are not identical. This is due to the asymmetry of the N = 0 

manifold, which is the ground state for the system. This manifold is made up only 

of the electro-translational states Ik, n, 0) for which n is even, corresponding to the 

atom in its electronic ground state. Evaluating the momentum distribution for the 

ground state of the system requires computing the evolution of the system for both 

k = 0 and k = 1, which contribute separately to even and odd integer multiples of 

nq, respectively. 

In the full quantum treatment, the Hamiltonian remains time independent, and 

the decay of the field manifests itself via a redistribution of the population among the 

various excitation manifolds. All population transfers between excitation manifolds 

are non-adiabatic in nature, meaning that a state from a higher manifold decays 

into more than one state of a lower manifold. Hence, there is always an element of 

heating involved in this process. For manifolds of very large excitation numbers this 

spreading is very small. As the quantum regime is approached, however, this effect 

becomes more serious. Since the concept of adiabaticity is absent in the full quantum 

treatment, the arguments that explain cooling in the semiclassical approximation 

are not readily applicable in the limit of weak fields. 



60 

0.1 0.06 

P(p, t) 

Figure 5.1: Detail of the early evolution of the center-of-mass momentum distribu
tion in the full quantum treatment with no = 4000wr , (n) = 10 photons, and the 
remaining parameters as in Fig 4.3. 

5.4 Numerical Results 

Figure 5.1 shows the evolution of the momentum distribution for the full quantum 

treatment. The vacuum Rabi frequency and mean initial photon number are chosen 

to give results comparable to the semiclassical results of Fig. 4.3, and, in addition, to 

demonstrate the differences that are manifest at low photon numbers. We observe 

that the atomic momentum distribution does not become as narrow at the classical 

turning points as in the semiclassical approximation. In fact, this disparity becomes 

more pronounced with each oscillation. The explanation for this effect is rather 

straightforward. Each excitation manifold has its own characteristic Rabi frequency, 

given by the product of the vacuum Rabi frequency and the square root of its 

excitation number. As time evolves, the contributions from each excitation manifold 

become progressively more dephased. In addition to this dephasing, the population 
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Figure 5.2: Center-of-mass momentum distribution after a time large compared to 
the dephasing time. 

of each manifold decays to lower manifolds. The combination of these two phase

decorrelation effects eventually causes the oscillations in the width of the distribution 

to cease. 

Figure 5.2 shows the momentum distribution at a time large compared to the 

dephasing time, so that all oscillations have ceased. From this profile it is apparent 

that cooling is achieved even for fields of low photon number. However, this cooling 

does not appear to be as dramatic as that seen in the semiclassical regime. In the 

quantum regime, cooling can be intuitively understood by observing that the atoms 

spend most of their time in the vicinity of the classical turning points of the various 

manifolds. Hence, they are most likely to decay from one manifold to another lower 

one when their mean momentum is roughly equal to zero. 

When the population decays to the lowest excitation manifold it becomes frozen 

there. This is the manifold where the atom is in the ground state and the field 
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contains no photons. An atom in this manifold no longer feels a potential nor does 

it interact with any field. Since the decay from the upper manifolds is gradual, this 

lowest manifold gets filled with what amounts to a time average of the distributions. 

The reason that such a time average leads to cooling is simply that the atomic 

population spends a disproportionate amount of time at the classical turning points, 

where the momentum distribution is most narrow and centered about zero. 



6.1 Summary 

CHAPTER 6 

CONCLUSION 
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In this part of the dissertation we have analyzed the process by which a decaying 

cavity field can lead to substantial atomic cooling. We have shown that in a semi

classical approximation, where the field is treated classically, and for sufficiently 

slow decay rates, this cooling can be considered to be adiabatic. The dynamics of 

the system are then intuitively understood in terms of the adiabatic theorem. Nu

merical simulations have been performed which verify that significant cooling can 

be achieved in this regime. We have adapted the band theoretical model to the 

cooling problem, and extended the electro-translational basis to include the state of 

the field as required for the full quantum treatment of the problem. 

Interestingly enough, we have found that cooling can proceed well into the quan

tum regime where there remain but few photons in the cavity, and where the adi

abatic theorem ceases to be applicable. Cooling in this regime is explained by 

observing that the atomic spatial distribution spends a disproportionate amount 

of time centered near the turning points of its corresponding classical trajectory, 

where the momentum distribution is very narrow and centered at zero. Hence, the 

system is most likely to make transitions to the ground state manifold with near 

zero mean momentum. The final momentum distribution resulting from cooling in 

the quantum regime looks like a time average of the momentum distribution in the 

semiclassical evolution. 

We have also derived the maximum entropy center-of-mass density matrix for 

the situation where the variances and means of both the position and momentum 

distributions are known (presumably by measurement). Using this wavefunction as 
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an initial condition is important for comparing numerical predictions with experi

mental results. 

In conclusion, we observe that our findings are particularly relevant to current 

activity in the field of atomic cooling where adiabatic cooling processes are now 

being investigated. 

6.2 Limitations 

A theory can be only as good as its approximations. In this work we have taken 

advantage of many of the traditional assumptions of quantum optics; the two-level 

atom, the rotating wave approximation, and zero temperature reservoirs. In addi

tion, there are a number of limitations due to the scope of the treatment, and some 

due to convenience. In considering cooling in a cavity, we have implicitly assumed 

that the dimensions of the cavity are much larger than a wavelength such that the 

standing wave field inside can be considered as periodic. This condition is of course 

required for the use of the band theory model. Since the cavity is of finite size this 

cannot be strictly true. In fact, if the cavity were only a few wavelengths in dimen

sion one would have to be concerned with interaction between the atom and the 

cavity walls. All of this has been neglected. For the larger cavity, we have assumed 

that only a single mode is accessible to the atom. 

We have not considered how the atom is prepared in one of the eigenstates of the 

potential or, in fact, how it is injected into the cavity. Nor have we discussed how the 

cavity is loaded with the electromagnetic field. For the numerical analysis we have 

assumed the atom to have gaussian distributions in both position and momentum, 

which implies that it has been filtered by some monochromator or other apparatus 

between leaving an oven (its assumed source) and entering the cavity. If this is not 

the case then the density matrix for an appropriate distribution must be substituted. 
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A realistic potential is likely to have millions of bound levels. Even for the 

evolution of a state vector the size of such a system would be difficult to handle. 

We have chosen potentials with only a few hundred bound levels, which hopefully 

give representative results. 

6.3 Outlook 

As in any major project, I feel that a number of interesting avenues of study have 

been left unexplored. Some would require only a few days on the computer to 

investigate, others could take a lifetime. Nevertheless, one must stop somewhere, 

but not without indicating some of the areas where continued research may prove 

interesting. In Appendix A we spend pages deriving the initial condition for the 

center-of-mass density matrix, only to use minimum uncertainty conditions for all 

the results included here. It is not completely clear how the degree of cooling may 

depend on the amount of uncertainty, but this could easily be studied in detail in a 

few weeks with some small improvements to the programs developed for this study. 

This is perhaps the most glaring deficiency of this work. 

In this study we have been primarily concerned with cooling in a microwave 

cavity for use in cavity QED experiments. Much of the treatment, though, carries 

directly over to cooling in standing wave fields in free space if those fields are made 

to decrease in time. A proper treatment of this situation requires the inclusion of 

spontaneous emission processes. In cases of large detuning where the upper state is 

unlikely to be populated, it may be quite reasonable to neglect spontaneous emission. 

But this is not always the case in current experiments. Hence, spontaneous emission 

should be included for these cases. 

Adiabatic cooling is most effective for atoms that have already been cooled by 

some other means such as polarization gradient cooling. These new cooling tech-
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niques often depend on ground-state degeneracies. In these cases it may be necessary 

to do away with the two-level atom model used in this treatment in favor of a more 

accurate multi-level representation of the atom. In such an approach one would also 

need to include polarization dependent effects. 

Adiabatic cooling has been achieved in three-dimensional optical lattices. It is 

important that this model be extended to cover both two- and three-dimensional 

geometries. 

Many of the above mentioned extensions to the theory present serious numerical 

challenges. To compute the evolution of the full density matrix for systems of such 

large sizes is next to impossible. One possible way to handle these situations is to 

use quantum MonteCarlo wavevector simulations. 
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TECHNIQUE FOR ATOMIC 
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COTANGENT STATES 



CHAPTER 1 

INTRODUCTION 
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Fundamental to the theory of quantum mechanics is the idea that the state of 

a system for which we have maximal knowledge can be described by a state vector 

11fJ) which can be expressed as a linear superposition of the eigenstates l1fJn) of an 

operator A corresponding to some observable of interest as 

(1.1) 
n 

where the en are probability amplitudes and AI1fJn) = anl1fJn). According to the 

postulates of quantum mechanics, the probability of measuring the eigenvalue an 

of the observable A when the system is in the state 11fJ) is len 12. The state (1.1) 

is called a pure state. When our knowledge of the state of the system is less than 

maximal, we must resort to a density matrix description of the system 

(1.2) 
m,n 

where the Pmn are the density matrix elements of the density matrix P in the basis 

of the eigenstates of A. Such a state is called a mixed state and p2 =f: p. For a pure 

state p2 = p, and the density matrix is described by 

p = 11fJ)(1fJ1 (1.3) 

where the density matrix elements are given by Pmn = cmc~. The probability of 

finding the system in the state l1fJn) is given by the density matrix element Pnn. 

The off-diagonal density matrix element Pmn (m =f: n) gives the quantum coher

ence between the states l1fJm) and l1fJn)' A pure state is characterized by perfect 
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coherence, IPmnl = VPmmPnn, which implies a definite phase relationship between 

the probability amplitudes em and en. In contrast, for statistical mixtures in which 

all off-diagonal elements of the density matrix are zero in a given basis, the phase 

relationships between the basis states of the system are completely undefined. 

Our understanding of microscopic phenomena would be impossible without the 

idea of superpositions and the quantum coherences that result. However, in the 

macroscopic world we do not, as a rule, observe coherent superpositions but only 

statistical mixtures. (It has been suggested that this distinction could be used as an 

operational definition of what is meant by macroscopic62.) Nevertheless, the possi

bility of generating and observing superpositions of macroscopically distinguishable 

states has received much attention of late, as it is a question of considerable impor

tance in the study of the relationship between quantum and classical physics63• Such 

macroscopic coherent superpositions are known as Schrodinger cats, in reference to 

a Gedanken experiment proposed by Schrodinger64 where the state of a cat in a box 

becomes entangled with that of a radioactive nucleus. A device in the box detects 

when the nucleus decays and releases a cyanide capsule, killing the cat. Since to the 

outside world, the state of the nucleus is a coherent superposition of a decayed and 

undecayed nucleus, the state of the cat becomes a coherent superposition of a live 

cat and a dead one. 

The reason that quantum superpositions of states do not persist in the macro

scopic world is that macroscopic systems are open systems, coupled to the environ

ment. The observation of quantum coherences in such a system is difficult because 

the coupling to the environment causes them to be destroyed on a very fast time 

scale. Model systems showing the influence of dissipation on macroscopic super

positions and the concomitant destruction of quantum-mechanical interference phe

nomena have been discussed by Caldeira and Leggett65 , Walls and Milburn66 and 

Savage and Walls67 , among others68,69,7o. In these studies the decay rate of the co-
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herences has been shown to be equal to the dissipation rate multiplied by the 'size' 

of the system in phase space. From this point of view, microwave experiments offer 

interesting possibilities, since they can be performed in resonators of exceedingly 

high quality factors Q (Q > 101°)11, where the coupling to the environment is very 

weak. 

Several schemes to generate macroscopic quantum superpositions of field states in 

such resonators have been discussed. In the scheme of Slosser and coworkers72,73,74, 

a monoenergetic beam of polarized atoms, resonant with the cavity mode, is injected 

into a microwave cavity. The state reached by the cavity mode is given to an excel

lent approximation by a so-called 'cotangent state' which resembles a macroscopic 

superposition (see Chapter 2). 

A nonresonant method proposed by Brune et al. 75 produces quantum superposi

tions of two coherent states of equal amplitudes and different phases by performing 

a selective measurement on an atom as it exits a cavity sandwiched between two 

Ramsey fields. Both the resonantly and the nonresonantly generated cats are found 

to survive the effects of coupling to the environment, provided that they are 'fed' by 

polarized atoms at a sufficiently high rate. In the nonresonant scheme, the polarized 

atoms feed quantum coherence, but no energy is provided to the field. Hence, the 

'macroscopic' superpositions disappear after the classical field relaxation time. This 

is contrasted to the case of resonant excitation, which leads to true steady-state 

cats, due to the fact that the pump atoms provide both quantum coherence and 

energy to the field mode. 

Another scheme for generating pairs of coherent states with different phases has 

been proposed by Sherman and coworkers76,77. This scheme is based on a two

photon interaction between an excited atom injected into a cavity and a coherent 

field mode. The field is left in a coherent superpositior.. only if the atom is measured 

in the excited state when it exits the cavity. Hence, this method for generating cats 
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is conditional upon a particular measurement. 

It is one thing to generate Schrodinger cats, and quite another to detect them. 

This is especially true in microwave experiments, where the properties of the field are 

inferred by monitoring the state of the atoms as they exit the cavity78,79. In the case 

of the nonresonantly generated cat, Haroche et al. have shown that all subsequent 

atoms will be detected in the same state as the atom which generated the cat, 

provided that dissipation is neglected. The state of the field remains unchanged 

in the second and all subsequent measurement processes. In other words, a beam 

of atoms with appropriate velocity produces a stable Schrodinger cat determined 

by the outcome of the first measurement. The subsequent measurements are back

action evading, or quantum non-demolition (QND)80,81,82. These measurements, 

however, are insufficient to verify the existence of a macroscopic superposition. 

To fully characterize Schrodinger cats, Wilkens and Meystre83 have proposed a 

measurement scheme, known as nonlinear atomic homo dyne detection, that yields 

the full Wigner characteristic function of the field mode. The Wigner function 

contains all information about the state of the field, allowing verification of the 

existence of macroscopic superpositions. A drawback of this method is that it is not 

QND. 

Another measurement technique, known as optical homo dyne tomography84-87, 

can also be used to measure any quasi-probability distribution, yielding full informa

tion about the state of a system. However, this technique requires directly measuring 

the quadrature amplitudes of the field and is not adaptable for use in microwave 

cavities. 

In Chapter 2 of this part of the dissertation we review some of the important 

properties of the cotangent state, including how it is generated in the presence of 

dissipation. Then we outline the technique of nonlinear atomic homo dyne detection 

as described by Wilkens and Meystre. The focus of this part of the dissertation is 
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summarized at the end of Chapter 2, where we introduce two important criteria to 

evaluate the proposed atomic homo dyne detection method. The first is how well 

the predictions of the semiclassical approximation correspond to the results of a 

full quantum analysis. Clearly this criterion is important to study the fundamental 

validity of the detection scheme. We will refer to it as the correspondence criterion. 

The second criterion deals with the effects of the measurement on the signal field. It 

is concerned with the back-action of the measurement on the signal mode and with 

the technical aspects of what is required to return the field to its initial quantum 

superposition in preparation for subsequent measurements. This criterion will be 

referred to as the back-action criterion. 

Essential to the evaluation of nonlinear atomic homodyning with respect to ei

ther criterion is a full quantum treatment of the evolution of the complete system 

consisting of the atom and both of the fields during the time the atom is present 

in the cavity. This mathematical treatment is presented in Chapter 3, along with a 

discussion of some numerical issues. The numerical results of both studies comprise 

Chapter 4, where we consider a specific representative example. We conclude in 

Chapter 5 with a summary and outlook. 
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CHAPTER 2 

GENERATION AND DETECTION 

2.1 Cotangent states 

Consider first a lossless single-mode cavity driven by a stream of polarized two-level 

atoms, i.e. of atoms prepared in the coherent superposition 

(2.1) 

The field evolution IS given by an iterative solution of the Jaynes-Cummings 

Hamiltonian88 

(2.2) 

for a succession of atoms traversing the cavity with transit time T. Here Wo is the 

atomic transition frequency, w the field frequency, a and at are the boson annihila

tion and creation operators of the field mode, with [a, at] = 1, and no is proportional 

to the electric dipole matrix elementS1• 

Slosser et al. 72 found numerically that a cavity mode initially described by the 

density matrix PJ(O) will evolve to a pure (zero-entropy) state, provided that the 

'trapping condition'89 

noVN + IT = q7r, (2.3) 

is fulfilled for some number state IN) and some integer q, where q is odd and 

the initial field density matrix PJ(O) is confined between the vacuum 10) and the 

state IN). (Note for future reference that under the Jaynes-Cummings evolution, 

the trapping state IN) separates the Hilbert space of the atom-field system into 
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dynamically disconnected subspaces.) 

The evolution of the field is computed by forming the direct product density 

matrix 

p(t) = Pf(t) ® I?/J)(?/JI (2.4) 

at the time t when an atom enters the cavity, evolving the combined system accord

ing to 

(2.5) 

for the time r when the atom is in the cavity, and then tracing over the atomic 

states to recover the field at the time t + T via 

Pf(t + r) = Tratp(t + T). (2.6) 

By repeating this process for a series of atoms one can find a steady-state solution for 

the cavity mode. However, it is possible to determine the stationary state reached 

by the field from a self-consistency argument. We assume that the field is in the 

pure state 
N 

If) = 2: 8 n ln) (2.7) 
n=O 

and require that it remain in that same state (within an overall phase factor) after 

interacting for the time T with an atom prepared in state (2.1). This condition 

yields no solution for q even, while for q odd the unique solution is12 

(2.8) 

with corresponding photon statistics 

(2.9) 
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The number state coefficients Sn also satisfy the normalization condition 

(2.10) 
n 

Since the photon statistics of these states is given by a cotangent function, and is 

otherwise fully determined by Ce, q = noJ N + IT / 1r and N, these states are called 

cotangent states and are labeled as 

Icot(ce,q,N)) (2.11) 

The properties of the cotangent states have been studied by Slosser and 

coworkers74 ,90 who found, in particular, that cotangent states bound between the 

vacuum and a trapping state with q = 1 exhibit subpoissonian photon statistics and 

can be squeezed for a broad range of conditions, and that cotangent states bound 

between the vacuum and an upper trapping state with q = 3 can exhibit a strongly 

superpoissonian character for appropriate choices of Ce. This superpoissonian char

acter is associated with bimodal photon statistics and a state that resembles a 

'macroscopic' superposition between the vacuum field 10) and a coherent state la) 

(see Slosser91 ). 

2.2 Dissipation 

The generation of cotangent states relies in an essential way on the existence of 

trapping states of the electromagnetic field. In general, however, the isolating ef

fect of these states does not survive in the presence of dissipation92 • At non-zero 

temperature, dissipation leads to both upward transitions (n -+ n + 1) and down

ward transitions (n -+ n - 1) on the harmonic oscillator ladder. This incoherent 

mechanism allows the micromaser to jump past the trapping state IN), so that 
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thermal fluctuations rapidly wash out its effect. However, at very low tempera

ture dissipation induces only downward transitions on the harmonic ladder. In this 

regime the dynamics of the micromaser is still greatly influenced by the existence of 

trapping states92 . This suggests that some remnants of the macroscopic quantum 

superpositions might survive in this regime. 

Slosser et aI.73 showed that this is indeed the case: The von Neumann entropy 

of the steady-state field 

(2.12) 

decreases for large enough Nez as l/Nez , where Nez is the ratio between the atomic 

pumping rate and the cavity decay rate. For large Nex, the steady state field is very 

well approximated by a cotangent state. That these macroscopic superpositions can 

survive the effects of dissipation is due to the fact that the micromaser is not a 

closed system. Rather, the polarized atoms continuously replenish both the energy 

and the coherence lost to dissipation. 

2.3 Detection 

To detect macroscopic superpositions, one needs a measurement scheme sensitive to 

coherences between vastly different Fock states, that is, an atomic response sensitive 

to products of field creation and annihilation operators of the generic form (at)nam • 

Wilkens and Meystre83 proposed a detection scheme that does just that. Their 

scheme is essentially a nonlinear version of a single-atom homo dyne detector93- 99, 

where a second mode (the 'local oscillator') is excited to measure the macroscopic 

superposition mode (the 'signal'). 

The excitation of the local oscillator brings the cavity field into the state PI = 

pa ® Pb, where we now label the signal mode by the subscript 'a' and the local 

oscillator by the subscript 'b'. A test atom is then injected into the cavity, where it 
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interacts with both modes for a time T. Its state is measured by state-selective field 

ionization after it exits the cavity. 

The interaction between the test atom and the cavity field is described by the 

two-mode dipole interaction Hamiltonian 

(2.13) 

where we assume for simplicity that the atoms are in resonance with both field 

modes, with the same coupling strength 'Ro. Here a, at and b, bt are the annihilation 

and creation operators of the signal and oscillator modes, respectively. This problem 

is exactly solvable1oo by introducing the composite mode boson operators A, At, B 

and Bt with 

(2.14) 

(2.15) 

and defining the photon number operator J( = At A. The interaction Hamiltonian, 

written in the composite basis, is 

(2.16) 

The probability that an atom exits the cavity in the upper state after interacting 

with the field for a time T is 

where the angular brackets denote the expectation value (X) = Tr(p,X), 

Pe(O), Pg(O) are the upper and lower state populations of the incoherently prepared 

incident test atom, and we assume that the local oscillator is prepared in a coherent 



78 

state 1,8) with mean photon number 1,81 2 = I and phase ¢>{J. If the local oscillator is 

sufficiently strong that the field operators band bt can be replaced by their classical 

counterparts ,8 and ,8*, then K + 1 ~ K, VK ~ 0/2 + (a,8* + at ,8)/m, and 

(2.17) can be approximated by 

(2.18) 

where X(p,) is the Wigner characteristic function of the signal mode101 

(2.19) 

with 

(2.20) 

The significance of this result resides in the well-known fact that this character

istic function contains all possible information about the state of the signal mode. 

As seen from Eq. (2.18), X(JL) can be fully determined by measuring the ionization 

probability Pe ( T, ¢>(J) of the exiting atom while varying the cavity transit time T and 

the phase ¢>{J of the local oscillator. Hence, according to the semiclassical theory, 

the state of the signal mode can be unambiguously characterized. 

2.4 Evaluation Criteria 

The results of the preceding section, that atomic homodyning provides access to the 

details of the field density matrix Ph are rather remarkable. The purpose of this 

study is to evaluate the validity of these results and assess the usefulness of this 

method for detecting macroscopic coherent superpositions. In order to analyze this 

detection technique in terms of the correspondence criteria, we compare the approx-
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imate ionization probability of Eq. (2.18) with the exact full-quantum ionization 

probability of Eq. (2.17). We will assume, for both situations, that the cavity mode 

has been prepared in a cotangent state, and that the local oscillator is prepared in 

the coherent state 1,8) = 1v'1 eiI/Jp) where I is the local oscillator intensity. 

The approximate ionization probability (2.18) is readily computed from the char

acteristic function of the signal mode (2.19), which can be written in terms of the 

displacement operator D(p.) as 

(2.21) 

with 

(2.22) 

This result can be expressed in terms of the matrix elements Dmn(p.), which are 

derived in Appendix C.1, giving 

00 00 

X(p.) = 2: 2:(Pa)nm Dmn(p.). (2.23) 
m=On=O 

To compute the full-quantum ionization probability via Eq. (2.17) we need to 

know the diagonal elements in the composite modes basis of the density matrix for 

the total field at time t = 0, where we know that p,(O) = Pa(O) ® Pb(O) in the 

separate modes basis. The transformation from the separate modes basis to the 

composite modes representation is one of subjects discussed in Chapter 3. 

To measure experimentally the ionization probability corresponding to a full 

range of values of the parameters ¢J{3 and T requires that a large number of mea

surements be performed for each set of parameter values. Prior to any single mea

surement, the signal mode must be prepared in the macroscopic superposition state 

of interest. Since the cotangent state is somewhat fragile, requiring the passage 
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of many atoms through the cavity to establish the state, it is desirable to disturb 

the state as little as possible during a measurement. If the state is significantly 

perturbed it will take a long time to reconstruct it in preparation for the next mea

surement. Because of the very large number of measurements that are necessary to 

obtain statistics, delays between subsequent measurements prove to be very costly, 

seriously limiting the amount of data that can be collected in any reasonable amount 

of time. Clearly the back-action of the measurement on the signal mode is of great 

practical interest in evaluating the feasibility of such a detection method. 

The evaluation of the homo dyne detection scheme according to the back-action 

criteria can be performed by numerically simulating the measurement process and 

observing what effect the measurement has on the signal mode. This requires first, 

evolving the complete system (atom + local oscillator + signal mode) for the cavity 

transit time T, second, choosing in which state the atom is measured when it exits 

the cavity, and finally, tracing over the local oscillator mode. Since the von Neumann 

entropy of the system is related to the purity of the state, we can get an idea of 

how badly the back-action has corrupted the cat by computing this quantity for 

the signal mode. In the next chapter we introduce the mathematical constructs 

necessary for carrying out these calculations. The numerical results of this study 

are presented in Chapter 4. 
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CHAPTER 3 

MATHEMATICAL ANALYSIS 

3.1 Representations 

In the problem we are studying, the total field is composed of a signal mode and 

a local oscillator mode. A representation for the field state requires two quantum 

numbers. As we have seen, these numbers can either be the photon numbers for 

the signal and local oscillator fields respectively, or the sum and difference compos

ite fields introduced in the previous chapter. States in the separate basis will be 

represented as 

(3.1) 

whereas states in the composite basis will be represented as 

(3.2) 

so that they are distinguishable by the subscripts on the quantum numbers. To 

derive a relationship between these two representations we expand a state of the 

composite basis in terms of states of the separate basis 

IrnA' nB) = L Qmniklja, kb). (3.3) 
i,k 

The Qmnik coefficients, derived in Appendix C.2, are nonzero only when (n + rn = 

j +k). Therefore the nonzero coefficients can be specified with only three parameters. 

From now on we will write Qmnk in place of Qm,n,m+n-k,k whenever appropriate. 
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An arbitrary field state vector can be expressed in either basis as 

If) = ECnmlnA,mB) = ECjklja,kb), (3.4) 
nm jk 

where the composite basis coefficients Cmn can be found from the separate basis 

coefficients Cjk by 

m+n 

C mn = E CjkQmnjk = E Cm+n-k,kQmnk. (3.5) 
jk k=O 

A similar transformation gives the separate basis coefficients in terms of the com

posite basis coefficients as 

i+k 

Cjk = E Ci+k-n,nQjkn. (3.6) 
n=O 

When the field system is represented as a density matrix, the transform relating the 

density matrices in the two representations is 

n+mj+k 

Pnmjk = E E Pn+m-p,p,i+k-q,qQnmpQjkq 
p=O q=O 

(3.7) 

which applies in both directions because of the symmetry between the two repre

sentations where 
1 

a = y'2(A + B), (3.8) 

and 

(3.9) 
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3.2 Evolution 

As was shown by Wilkens and Meystre83 the evolution operator U(t) = exp (-*H1t) 

for the Hamiltonian (2.16) can be written in the composite basis as 

The evolution of the density matrix for the cavity transit time r yields 

p(r) = U(r)p(O)Ut(r), (3.11) 

where the initial system density matrix is written as the direct product of the field 

and atomic density matrices as 

p(O) - p,(O) ® Pat(O) 

- I: Pmnjk(O)lmA, nB)(jA, kBI 
mnjk 

X (pee(O)le)(el + pe9(O)le)(gl + pYe(O)lg)(el + pY9(O)lg)(gl) . (3.12) 

Since we desire to know what happens to the signal field when the exiting atom 

is measured, we don't need to compute all of the matrix elements of p( r). If the 

atom is measured in the excited state, then the density matrix for the field becomes 

(3.13) 

where Trat denotes a trace over the atomic states and Pe(r) = Tr(p(r)le)(el) is the 

ionization probability. If, on the other hand, the atom is measured in the ground 
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state, the field density matrix becomes 

From the evolution equation (3.11) we find 

l/(T) - cos(V2~T\IK + l)PJ(O)cos(V2~Tv'K + l)pee(o) 

+ sin(v'2'Rorv'K + 1) v' A P1(0) v' At sin(v'2'Rorv'K + l)pl,"(O) 
K+1 K+1 

and 

+ iCOS(v'2~Tv'K + l)pJ(O) At sin(v'2~Tv'K + 1)pe9(O) 
JK+1 

- i sin( v'2~Tv' K + 1) J: + 1 PJ(O) cos( v'2~TVK)pYe(o) (3.15) 

p}9(T) _ cos(v'2~TVK)PJ(O)COS(v'2~TVK)pY9(O) 

+ sin( v'2~TVK) ~PJ(O) . ~ sin( v'2~TVK)pee(o) 
vK vI( 

+ icos(V2~TVK)PJ(O). ~sin(V2~TVK)pYe(o) 
vK 

- i sin( v'2~TVK) ~PJ(O) cos( v'2~TVK)pe9(O), (3.16) 
vK 

the matrix elements of which become 

P~nik(T) - COs(v'2~TJm+ l)cos(v'2~TJj + l)pee (O)Pm,n,i,k(O) 

+ sin( V2~TJm + 1) sin( V2~TJj + 1)pY9(O)Pm+1,n,i+1,k(O) 

+ iCOs(v'2~TJm + l)sin(v'2~TJj + 1)pe9 (O)Pm,n,i+1,k(O) 

- i sin( v'2~Tv'm + 1) cos( v'2~TJj + 1)pYe(O)Pm+1,n,i,k(O)(3.17) 



and 

P':/:njk(r) - COS( V2'RorVm) cos( V2'Ror fj)pY9(O)Pm,n,j,k(O) 

+ sin( V2'RorVm) sin( V2'Rorfj)pee(O)Pm_l,n,j_l,k(O) 

+ i cos( V2'RorVm) sin( V2'Rorfj)pYe(O)Pm,n,j_l,k(O) 
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i sin( V2'RorVm) cos( V2'Rorfj)l9(O)Pm-l,n,j,k(O) (3.18) 

respectively. 

The homo dyne detection scheme, as described by Wilkens and Meystre83, as

sumes the measurement atoms to be incoherently prepared, i.e., pe9(r) = pYe(r) = O. 

For this situation, the reduced density matrices p?( r)/ Pe( r) and p~9 (r)/ P9( r) neces

sarily correspond to mixed states except for the special cases where the measurement 

atom is injected in its excited (pee(o) = 1) or ground (pY9(O) = 1) state. For one 

of these special cases and the field in a pure state, we find that according to the 

Dirac-von Neumann state vector reduction hypothesis, the state of the field just 

after the measurement becomes 

If(r)) = (rIU(t)lf(O)) ® Is). 

VPr(r) 
(3.19) 

Here U(t) is the unitary evolution operator of Eq. (3.10), If} is given in the composite 

basis, Is) is the state of the injected atom, and Ir) is the state in which it is measured. 

The electronic states sand r can be either e or g. In terms of the state vector 

coefficients we get 

If(r)) - ECmn (cos(V2'RorVm)lmA,nB)Dr9D39 
mn 

+ cos(V2'Rorv'm + 1)lmA, nB}DreD3e 

i sin( V2'Rorv'ffi)lmA - 1, nB)DreD39 
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(3.20) 

The state of the signal just after the measurement is computed by transforming If) 
back into the separate basis and using 

PaCt) = Trblf(t))(f(t)l, (3.21) 

where Trb stands for a partial trace over the states of the local oscillator. In general 

PaCt) describes a mixture rather than a pure state, even when the state of the total 

field in the composite basis remains pure. 

In terms of matrix elements in the composite basis the ionization probability 

(2.17) can be written in the alternative form 

mn 

L: [cos2
( V2'Rorv'm + l)pee (O)Pm,n,m,n(O) 

mn 

+ sin2(V2'Rorv'm + 1)p99(0)Pm+I,n,m+I,n(0)] . (3.22) 

As mentioned in Chapter 2, only the diagonal elements of the composite field density 

matrix at time t = 0 are required for this computation, a direct consequence of the 

fact that the measurement atoms are incoherently prepared (pe9 (0) = pge(o) = 0). 

3.3 Numerical Considerations 

Many of the formulas derived in Appendix C make extensive use of factorials or 

combinations which introduce numerical challenges in terms of how they are to be 

computed. Such calculations require very high numerical precision and in many 

cases exceed machine limits on absolute number size. The size limitation which 

comes into play in the computation of large factorials can be avoided by using 
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logarithms where the factorial product is converted to the sum 

k 

Ink! = Linn, (3.23) 
n=l 

and all products or quotients of factorials become additions and subtractions of their 

corresponding logarithms. The calculation of the Qmnk coefficients must be per

formed at ultra-high precision (e.g. 132 bits) because of the summation in Eq. (C.4) 

which includes terms of vastly different magnitudes. The Qmnk coefficients them

selves can be stored at normal precision once they have been calculated. 

One of the difficulties with solving problems in quantum mechanics on a com

puter, or any other way for that matter, is that the systems tend to become large 

very quickly. A single field in a Fock state basis is not too difficult to represent. A 

density matrix for a system with maximum occupation number N has N2 elements. 

But as soon as another field with up to M photons is added, the size of the density 

matrix grows to (M N)2 elements. Even if Nand M are only on the order of 100, 

the density matrix has already 108 complex elements and becomes very difficult to 

deal with. The storage requirements can be cut in half by recognizing that the 

density matrix is hermitian, but this is not much consolation. Typically we try to 

get away with using a state vector, for which only M N elements are required, or 

hope that not all of the elements need be computed, as is the case for the ionization 

probability we have already considered. 

Sometimes we can estimate what regions of the density matrix or state vector 

will be zero and save a few computations by ignoring them. Consider the example 

of two known fields where the population of each is bound between a pair of number 

states (al ::; m < a2) and (bl ::; n ::; b2). In computing the coefficients for the state 



vector in the composite basis (3.5) 

m+n 

Cmn = E Cm+n-k,kQmnk' 
k=O 
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(3.24) 

the limits on the summation can be further restricted by observing that Cm+n-k,k is 

non-zero only when (al :5 m + n - k :5 a2) and (bl :5 k :5 b2). Thus the transform 

can be written with new limits 

kmoz 

Cmn = E Cm+n-k,kQmnk, 
k=kmin 

(3.25) 

where kmin = max(m + n - a2, bl ) and k max = min(m + n - at, b2). This obser

vation can result in significant time savings for narrow field distributions at high 

photon numbers. This analysis also suggests that the Cmn coefficients need only be 

computed for (m + n :5 a2 + b2). 



CHAPTER 4 

NUMERICAL RESULTS 

4.1 Ionization Probabilities 
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Consider the signal mode given by the cotangent state I cot(O.28,3, 13)), shown in 

Fig. 4.1, and the local oscillator mode given by the coherent state 1,8) with mean 

photon number 1,81 2 = 64 and variable phase <P{3' Figure 4.2 shows the Wigner 

distribution function for this cotangent state. As intuitively expected, the Wigner 

function exhibits two maxima corresponding to the maxima of the photon statistics 

at n, = 0 and nh ~ 8. The additional interferences peaks are an unambiguous 

signature of the interferences resulting from the fact that the state is a coherent 

superposition, rather than a mixture, of the two states centered about In,) and 

about Inh). 

The approximate semiclassical ionization probability for this signal mode and 

local oscillator strength can be computed from Eq. (2.18) using the characteristic 

function of Eq. (2.23). We observe that for this case the characteristic function, 

whose modulus is shown in Fig. 4.3, becomes essentially zero for transit times larger 

than 'RoT ~ 5, setting an upper limit on the measurement interaction times that 

need to be considered. 

We plot the ionization probability vs. the complex parameter p. of Eq. (2.20) by 

varying the dimensionless interaction time 'RoT and the phase of the local oscillator 

<P{3 in Fig. 4.4. 

To compute the ionization probability in the full quantum treatment, we begin 

with the total field in the separate basis as given by 

1/(0)) = 1,8) ® I cot(0.28, 3,13)). (4.1) 
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0.3 

IPmnl 

Figure 4.1: Absolute values IPmnl of the density matrix elements of the cotangent 
state I cot(0.28, 3, 13)} in a Fock state basis. 

0.4 

W(a) 

Re{a} 

o 
Im{a} 

Figure 4.2: Wigner function W( a) of the cotangent state I cot(O.28, 3, 13)}. 
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Figure 4.3: Modulus Ix(p)1 of the Wigner characteristic function for the state 
I cot(O.38, 3,13)). 
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o 
Re{~} 

o 
Im{~} 

Figure 4.4: Approximate ionization probability in the semiclassical treatment of the 
local oscillator vs. the complex parameter p. 
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Figure 4.5: Exact ionization probability as found in the full-quantum treatment vs. 
the complex parameter J.L. 

The Cjk(O) coefficients for the representation of the field state in the separate basis 

(see Eq. (3.4)) are easily computed with 

(4.2) 

To calculate the ionization probability we transform the field state vector into the 

composite basis (Cmn ) via Eq. (3.25) and then make use of Eq. (3.22) where the 

diagonal elements of the density matrix are given by 

(4.3) 

We plot the exact ionization probability over the same range as the approximate 

one in Fig. 4.5. 

It is quite apparent from these two figures that the semiclassical approximation 
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does not come very close to the results of the exact calculation (except on the very 

short time scale). Increasing the strength of the local oscillator field does not improve 

the situation. We can find an explanation for this disparity by noting that because 

the mean photon number in the local oscillator is significantly higher than that in 

the signal, the composite mode A is to a good approximation a coherent state, and 

Pe(lt) exhibits a collapse characteristic of the Jaynes-Cummings model. For longer 

interaction times, it would also exhibit a series of revivals, but they are not important 

in the present context, since we are only interested in relatively short dimensionless 

interaction times Iltl = 'Rot. We attribute, at least in part, the differences between 

the approximate and exact probabilities to the fact that the collapse due to the 

quantized nature of the local oscillator is neglected in the approximate form of 

Eq. (2.18). We note that the time scale for this collapse is largely independent 

of the strength of the local oscillator102, which explains why increasing the field 

strength does not improve the results. This problem has also been studied by Dutra 

et a1.103 who demonstrate that the semiclassical approximation is accurate only for 

times so short that the information available is insufficient to distinguish between 

coherent superpositions and mixed states. 

4.2 Back-Action Effect 

To determine how the signal mode is affected by its coupling to the local oscillator 

via the measurement atom and the subsequent measuring of the state of the atom, 

we consider the special case where the test atom is injected inside the cavity in 

its ground state Ig}. We assume the same cotangent state I cot(O.28, 3, 13)} for the 

signal mode and the same coherent state 1,81 2 = 64 as before, but we restrict the 

phase of the local oscillator to ~{3 = O. The probability Pe ( T) that the test atom 

exits the cavity in its upper state Ie} is illustrated again, with better time resolution, 
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Figure 4.6: Ionization probability for a fixed ¢>{3 at the dimensionless time nor. 

in Fig. 4.6. Suppose now that after exiting the resonator, the atom is detected in 

the state Ir), where Ir) can be either Ie) or Ig). Because the atom was injected in 

the ground state and its state is measured when it exits the cavity, the evolution for 

the system can be computed using state vectors instead of the full density matrix, 

see Eq. (3.20) with Is) = Ig). 

The effects of the back-action of the measurement on the signal mode are implic

itly contained in this equation. To see this somewhat more explicitly, let us assume 

again the local oscillator is strong enough to be treated classically and the atom is 

injected in the lower state. In this case, it is readily seen from Eq. (3.19) that the 

signal mode remains in a pure state if it is initially in a pure state Ifa(O)), 

(4.4) 

In the semiclassical approximation, this becomes, for an atom measured in the lower 
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state IT) = Ig), 

1 
Ifa(r))"'" J x [cos(nov7r)[D(JL/2) + D(-JL/2)] 

2 Pg(r,<pp) 

+ i sin(nov7r) [D(JL/2) - D( -JL/2)]]lfa(0)), (4.5) 

where D(JL) is the displacement operator D(JL) = exp(JLat - JL*a). A similar expres

sion holds if the atom is measured in its upper state. Although approximate, this 

relation is useful in gaining insight into the effects of the measurement. 

Instead of a cotangent state, let us consider for a moment the simpler, but 

morphologically similar superposition Ifa(O)) = N(lO) + la)), where la) is a coherent 

state and N a normalization constant. After the measurement this state becomes 

N J x (cos(noVIrHIJL/2) + 1- JL/2) + la + JL/2) + la - JL/2)] 
2 Pg(r,O) 

+ isin(nov7r)[2IJL/2) + la + JL/2) -Ia - JL/2)]) (4.6) 

One can verify that I cos(nov'Ir) I and Pg(r, 0) both have values near unity at the 

dimensionless time nor = 7r / v'I. At this time the state If a (r)) can be approximated 

by 
-N 

Ifa(r)) ~ -2- x CIJL/2) + 1- JL/2) + la + JL/2) + la - JL/2)) (4.7) 

where JL = 7rexp[i(<pp + 7r/2)]fv'I. This shows that the two components of the 

original macroscopic superposition are each split into two coherent states displaced 

by ±JL/2 from their original positions. Since JL scales at [-1/2, this displacement 

becomes smaller as the strength of the local oscillator is increased. For I ~ 00, 

the back-action produced by a measurement of the atom in its lower state becomes 

negligible. The situation is completely different if near this time the atom is mea

sured in its upper state, in which case the back-action of the measurement of the 
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0.3 

Figure 4.7: Absolute values IPmnl of the signal density matrix after a measurement 
at time noT = .372 finds the atom in the ground state, a highly likely outcome for 
this time. 

field is considerable. This result is quite reasonable: if the result of a measurement 

is consistent with the most likely outcome predicted from the a priori knowledge 

of a system, this knowledge need not be upgraded significantly. In contrast, if it is 

consistent with the least likely outcome, a considerable correction to the 'best guess' 

of the state of the system is required. 

We now discuss the results of an exact analysis where the local oscillator is 

treated quantum mechanically. Figures 4.7 and 4.8 show the signal density matrix 

after measurement of a test atom at a time such that it has a very high probability of 

being measured in its lower state. In contrast to the case of a classical local oscillator, 

the signal field does not remain in a pure state if the local oscillator is described 

quantum mechanically. Also, the simple analysis valid for a superposition of coherent 

states can not be carried through quite as simply with cotangent states. Yet, the 
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IPmnl 

Figure 4.8: Absolute values IPmnl of the signal density matrix after a measurement 
at time nor = .372 finds the atom in the excited state, an unlikely outcome for this 
time. 

main results of the analysis remain valid: If the atom is measured in the lower state, 

and for small fl., the state of the field is hardly changed after measurement as we see 

in Fig. 4.7. In particular, its entropy remains roughly zero, indicating that the signal 

is still to an excellent degree of approximation in a pure state. In contrast, Fig. 4.8 

shows that a measurement of the atom in its upper state leaves the field in what is 

clearly a ~ixed state quite different from the original cotangent state. The splitting 

of the components of the original macroscopic superposition is quite apparent in 

Fig. 4.9, which shows the field density matrix elements for a larger interaction time 

(larger fl.) when the atom is measured in its lower state. 

Figure 4.10 shows the entropy acquired by the signal mode as a function of the 

dimensionless interaction time nor, for a test atom injected in its lower state and 

measured to be either in its lower state (dashed line) or upper state (solid line). 
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Figure 4.9: Absolute values IPmnl of the signal density matrix after a measurement 
at time 'Ror = 1.2. At this time the atom is equally likely to be measured in either 
state. The splitting and displacement of the peaks are clearly visible here. 
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Figure 4.10: Von Neumann entropy-in units of the Boltzmann constant-of the 
signal field after a measurement of the test atom in its upper state (solid line) and 
its ground state (dotted line). The test atom is injected in its ground state. 
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This curve illustrates again how the increase in entropy is significantly lower for a 

measurement outcome that is very likely from the a priori knowledge of the system 

than it is for the unlikely measurement. Note that in the 'collapse' region of Fig. 4.6, 

the probabilities for the atom to be measured in its upper or lower states are equal, 

and the increase in entropy is independent of the outcome of the measurement. 

The final, and possibly most drastic consequence of the measurement is also 

readily apparent from the approximate expression (4.6). For large enough interac

tion times r, the measurement results in a displacement of part of the macroscopic 

superposition past the trapping state IN) that was used to generate it. Since in 

the absence of the local oscillator this state divides the Fock space of the signal 

mode into dynamically disconnected regions, it becomes impossible to reconstruct 

the macroscopic superposition via the mechanism outlined in Chapter 2 whenever 

the measurement results in a significant population of levels In) with n > N, unless 

sufficient time is allowed for the field to decay below this trapping state. Figure 4.11 

shows the probability Pn>N that the signal mode is in a state In) > IN) subsequent 

to a dimensionless interaction time 'Ror. Our earlier discussion showed that to fully 

determine the Wigner characteristic function of the cotangent state requires inter

action times up to 'Ror ~ 5. Clearly, this can't be achieved without destroying the 

cat. 
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Figure 4.11: Probability Pn>N that the signal is in states In) > IN) where IN) is the 
trapping state confining the initial cotangent state, as a function of the interaction 
time 'Ror. The solid line is for a test atom measured in its upper state, and the 
dotted line for a test atom measured in its ground state. In both cases, the test 
atom is injected in its ground state. 
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In this part of the dissertation we have evaluated numerically the validity and 

usefulness of the nonlinear atomic homodyne detection method proposed for detect

ing coherent superposition of macroscopically distinguishable cavity field states. We 

have determined that the semiclassical approximation used to relate the ionization 

probability of the measurement atoms as they exit the cavity to the characteristic 

function of the field does not give results consistent with an exact analysis, even 

when the local oscillator is very strong compared to the signal mode. We have 

attributed this disparity to a dephasing effect, similar to the Jaynes-Cummings col

lapse, which is decidedly nonclassical and not accounted for in the semiclassical 

approximation. Hence, even in the absence of technical problems, it seems that 

this detection scheme would be incapable of distinguishing between mixtures and 

coherent superpositions. 

We have also considered the technical problem of how to collect sufficient data 

in such a detection experiment so as to be able to construct the ionization prob

ability function which in turn yields the characteristic function of interest. Since 

establishing a cotangent state in a cavity takes considerable time, it is desirable not 

to have to start from 'scratch' in preparation for each measurement. Hence, we have 

studied the back-action effect of the measurement on the signal mode to determine 

how seriously it is disturbed. We have found that for some measurements, the back

action effect is 'catastrophic', populating states well above the trapping state. In 

order to account for such occurrences, the cavity mode would have to be allowed to 

decay for several decay times before the cotangent state could be reestablished from 

a near vacuum state. 

Although the atomic homodyne detection scheme does not provide the full 
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Wigner characteristic function, it is still a very attractive idea. Future work could 

concentrate on ways to use the data that is available to gain knowledge about the 

state of the field. Dutra et a1.103 show that for a special superposition of coherent 

states the only difference between the approximation and the full quantum result is 

that the quantity (Pe(r) -1/2) is multiplied by the additional decay term e(-n~T2/2) 

in the full quantum case. Perhaps the characteristic function could be extracted 

by dividing the actual data by a term proportional to this additional decay. For 

long times, however, where e(-n~T2/2) is very small, the measured data is probably 

dominated by noise. Thus noise amplification limits the valid range of data to times 

less than about 3/no. An approach for increasing the range of valid data may be 

to reduce the coupling strength between the atom and the local oscillator relative 

to that of the signal, as suggested by Dutra. 

Throughout this discussion we have assumed that the local oscillator mode is 

another cavity mode. The Jaynes-Cummings collapse results from the quantized 

nature of such a field. However, if the local oscillator is an external mode, that 

only passes through the cavity, it can be treated completely classicallylo4. For 

such a situation the measured ionization probability would match the semiclassical 

predictions and the Wigner characteristic function could indeed be extracted from 

the results. 

As far as technical problems associated with back-action go, there are coherent 

superpositions that are easier to create than the cotangent states. Given that the 

state is destroyed by the measurement, it is of no advantage to have a steady-state 

cat. Perhaps the time between measurements could be reduced by considering, for 

example, the cats of Sherman 76 which are generated by the passage of a single atom 

through the cavity. Alternatively one could try spoiling the Q of the cavity to speed 

up the decay time following each measurement. 
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APPENDIX A 

THE CENTER-OF-MASS DENSITY OPERATOR 

In this appendix, we express the initial center-of-mass density operator of the 

atoms in terms of the mean initial momentum and position Po and Xo, and of the 

corresponding standard deviations (lp and (Ix. We also give the form of this density 

operator both in the coordinate and in the momentum representations, and evaluate 

the von Neumann entropy corresponding to this state. 

The initial center-of-mass density matrix is given by Eq. (3.34) as 

(A.I) 

or with the definition n = e-(ap2+bx2) , ~ , 

(A.2) 

In order to disentangle fl we make use of the commutation relations 

[p2, X2] -2ifi(xp + px), (A.3) 

[p2,Xp + px] - -4ifip2, (AA) 

[x2,xp + px] - 4ifix2. (A.5) 

Clearly p2, X2, and xp + px form a closed Lie algebra. Thus we can write 

(A.6) 
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Differentiating Eq. (A.6) and dividing by e(t) we get 

_ -Ul(t)p2 + e-uICt)p2u2(t)(Xp + px)eU1 (t)p2 

_e-U1 (t)p2 eU2 (t)(xP+Px)U3(t)x2e-U2(t)(XP+PX) eU1 (t)p2 . (A.7) 

Consider first the operator 

with 

A(ut) - _e-U1p2 [p2, (xp + px)] eU1p2 

_ 4ilip2. 

Integrating with respect to Ul and setting A(O) = (xp + px) we get 

A(ut) = 4iliulp2 + (xp + px). 

Consider now 

Differentiating this operator with respect to U2 we get 

_ e-U1p2 eU2 (xp+px) [(xp + px), X2] e-U2(XP+PX)eUlp2 

- -4iliB( Ul, U2). 

(A.S) 

(A.9) 

(A.lO) 

(A.ll) 

(A.12) 



Differentiating this expression with respect to Ul we get 

- 2ihe - 4iliu2 A( Ul) 

_ 2ihe-4iliu2 (4ifiuIP2 + (xp + px)) . 

Integrating now with respect to Ul and setting 8(0, U2) = e-4iliu2x2 gives 

Inserting the expressions (A.10) and (A.16) back into (A.7) gives 
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(A.13) 

(A.14) 

(A.15) 

(A.16) 

(ap2 + bx2) _ u3(t)e-4iliu2(t) (-4h2u~(t)p2 + 2ifi(xp + PX)Ul(t) + X2) 

+ Ul(t)p2_U2(t)(4ifiul(t)p2+(Xp+px)) (A.17) 

Equating the coefficients of the operators left and right of this expression gives 

(A.18) 

(A.19) 

and 

(A.20) 
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From Eq. (A.19), we have 

(A.21) 

Inserting this into Eq. (A.20) we get 

(A.22) 

Inserting both of these relations into Eq. (A. IS) we find 

(A.23) 

Solving this equation with the condition UI(O) = 0 gives 

(t) = ~tanh 2fit.J(ib 
UI Vb 2fi . (A.24) 

Substituting this result into Eq. (A.22) and solving with the condition that U2(O) = 0 

gIves 

U2(t) = 2'tfi In (cosh2fitVab). (A.25) 

Finally, substituting this result into Eq. (A.21) and solving with U3(0) = 0 gives 

( ) _ fE tanh 2fit.J(ib 
U3 t - V ~ 2fi . (A.26) 

The disentanglement is completed by setting t = 1 in (A.6). We can solve for U2 in 

terms of UI and U3 to get 

. . 
1, V 2 1, 

U2 = - 2/i In 1 - 4/i UIU3 = - 2fi InK" (A.27) 
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with 

(A.28) 

Now we proceed to express Pcm in both coordinate and momentum representa

tions. We begin with the momentum representation where we write 

e-U1p2 = J dplp)(ple-U1p2
, (A.29) 

and 

-U3 X2 J dxlx)e-U3X2 (xl e -

- J dp J dp' J dxlp) (plx)e-U3X2 (x Ip')(p' I 

- J dp J dp'Ip)(p' I J dxe-U3X2 2!1i e-k(p-p')x 

- J dp J dp'Ip)(p' I 1 e -(f;;-3P~~2 • (A.3D) 
2liJrru3 

To determine the action of eU2 (xp+px) on an arbitrary state W(p)lp) we write 

e U2 (2PX+ili)W(p) Ip) 

_ eiliu2e2U2PXW(p)lp) 

_ e iliu2 e2iliu2Plp W(p) Ip) 

_ eiliu2etPIpW(p)lp), 

where t = 2iliu2. We define the state U(p, t)lp) as 

tp a 
U(p, t)lp) = e aPW(p)lp). 

(A.31) 

(A.32) 
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Differentiating with respect to t gives 

(A.33) 

This equation is satisfied for U(p, t) = J(pet ) and must satisfy U(p,O) = W(p). 

Hence, 

U(p, t) = W(pe t
) = W(pK:). (A.34) 

Inserting Eqs. (A.29) and (A.30) into Eq. (A.6) gives 

Applying the relations (A.3l), (A.32) and (A.34) where einu2 = VIC gives 

We can evaluate the partition function Z in Eq. (A.2) by taking the trace of Eq. 

(A.36). This gives 

Z=J2(l~K:r (A.37) 

Inserting the value of Z into Eq. (A.2) and using Eq. (A.36), we find the expression 
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for Pcm in the momentum representation 

or 

A similar derivation gives Pcm in the position representation as 

pcm ~-Ie Jd Jd ' (_ ( _ d)2 _ ((x - d) -le(x' - d))2) 
- 1i2 x x exp U3 x 1i2 2 Ut7r 4Ut 

X exp (*(x - x')c) Ix)(x'i. (AAO) 

From Eq. (A.39), we have 

(p) = po 

and from Eq. (AAO) we find 

(x) = Xo = d, 

Ut 1i2 

((x - xo)) = 0'; = 1 -Ie' 

Multiplying the variances U x and Up gives 

(AA1) 

(AA2) 

(AA3) 

(AA4) 

(AA5) 
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which can be solved for K, to give 

(AA6) 

Thus the expressions for Ul and U3 are 

u2 

Ul 
:z: -

2(u~u~ +;,,2/4)' 
(AA7) 

u2 

U3 
p -

2(u;u~ +;,,2/4)· 
(AA8) 

Inserting these expressions back into Eqs. (A.39) and (AAO) gives Pcm in terms of 

the experimental parameters Po, Xo, u; and u; in both the momentum and position 

representations as 

Pcm 1 J J I ( 1 (p - Po pi - po) 2) 
- V 21ru; dp dp exp - 2u; 2 + 2 

x exp ( -*(p - pl)XO) exp ( - ;;2 (p _ pl)2) Ip) {p/l, (AA9) 

and 

Pcm 1 J J I ( 1 (x-xo x
l
-xo)2) 

- V21ru~ dx dx exp - 2u~ 2 + 2 

x exp (*(x - xI)po) exp ( - ;;2 (x - Xl)2) Ix)(x/l. (A.50) 

It is apparent from the definition of K, (A.28) that 0 < K, < 1. Since K, = 0 

corresponds to a state of minimum uncertainty, we therefore recover the uncertainty 

relation 

(A.51) 
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The von Neumann entropy of the center-of-mass density matrix is given by 

and is best evaluated from the expression (3.31) 

We find readily 

S - -kB( -a(p - Po? - b(x - XO)2 - In Z) 

- kB(aO'; + bO'; + In Z). 

Using Eqs. (A.24,A.26,A.42 and A.44) to solve for a and b gives 

and 

a = ~tanh -1 VI - JC2 
2nO' 'I' 

b = 2;:x tanh-I VI - JC2. 

With these expressions and Eq. (A.37) we have 

- [O''PO'X -1 I 2 11 ( JC )] S - kB -n-tanh \ 1 - JC + 2 n 2(1 _ JC) , 

or, expressing the inverse hyperbolic tangent in terms of natural logarithms, 

S = kB [O''PO'x In (1 + VI - JC2) In ( JC )]. 
2 n 1 - VI - JC2 + 2{ 1 - JC) 

(A.52) 

(A.53) 

(A.54) 

(A.55) 

(A.56) 

(A.57) 

(A.58) 

Defining the "uncertainty parameter" U = 20''PO'x/n (U ~ 1) and expressing Eq. 
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(A.46) as 1C = (U 2 
- 1)/(U2 + 1) we have 

s = kB (U In U + 1 + In U2 
- 1) 

2 U -1 4 
(A.59) 

which can be reexpressed in the somewhat simpler form 

kB ( (U + 1)U+1 ) 
S = 2" In 4(U _l)U-l . (A.60) 
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APPENDIX B 

THE EFFECTS OF DAMPING 

The goal of this appendix is to evaluate the effects of field damping on the matrix 

elements of the atom-field density operator. 

The dissipative part of the Liouvillian (5.11) is 

(B.l) 

To find p(t) = eC1Tp(t) we write 

(B.2) 

where 

(B.3) 

and 

(BA) 

Since [01, O2] = ",02 the operators 0 1 and O2 form a closed Lie algebra and we can 

write 

(B.5) 

To find the coefficients 91(r) and 92(r) we differentiate p(t) with respect to rand 

divide by p(t) giving 

If we define 

(B.7) 
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then 

(B.8) 

so that 

(B.9) 

Inserting (B.9) into (B.6) gives 

(B.IO) 

Equating the coefficients of the operators Oland O2 we get 

(B.ll) 

and 

(B.12) 

Integrating these expressions with respect to T and requiring that 91(0) = 92(0) = 0 

we obtain 

(B.13) 

and 

(B.14) 

Finally we have 

(B.15) 

Inserting (5.6) into (B.15) we get 

(B.16) 
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1
1 00 

- e01T 
-1 dkdk' ~ ~ Ik, n, N - j)P~~NM(t)(k', m, M - jl 

n,m,N,MJ=O 

(1 - e-~T)i (N - mod2(n))!(M - mod2(m))! 
x j! (N _ mod

2
(n) _ j)!(M _ mod

2
(m) _ j)! (B.17) 

- 111 dkdk' ~ t Ik,n,N - j)P~~NM(t)(k',m,M - jl 
n,m,N,MJ=O 

(1 - e-~T)i (N - mod2(n))!(M - mod2(m))! 
x 

j! (N - mod2(n) - j)!(M - mod2(m) - j)! 

x exp [-(I\':T/2)(N - mod2(n) - j + M - mod2(m) - j)], (B.IS) 

and the density matrix elements are then given by 

-kk' (t) ~ (1 - e-~T)i 
PnmN M = L.J ....:....--.-:-, ~ 

j=O J. 

(N + j - mod2(n))!(M + j - mod2(m))! 
x 

(N - mod2(n))!(M - mod2 (m))! 

x exp [( -I\':T /2)(N + M - mod2 (n) - mod2(m))] 

kk' 
X Pnm,N+i,M+i(t). (B.19) 
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APPENDIX C 

OTHER MATHEMATICAL DERIVATIONS 

C.l Evaluation of the Matrix Elements of the Displace

ment Operator 

The displacement operator is defined as 

(C.l) 

It is rather straightforward to find the matrix elements of D(p.) as follows: 

where the last step assumes (m ;::: n). For (m < n) we can use this formula to 

compute Dnm (p.) and take the complex conjugate of the result. 

C.2 Evaluation of the Qmnjk Coefficients 

To find the coefficients Qmnjk we observe that the vacuum state must have no 

excitations in either representation. Thus 10a,Ob) and IDA, DB) can differ by only a 

phase which we choose to be zero. The state ImA' nB) can be constructed from the 



117 

vacuum by 

(C.3) 

Using Eqs. (2.14) and (2.15) to replace the composite field operators we get 

Then with 

(C.5) 

we find that 

_ 2-(m+n)/2 v'JTlCT ~ ~(-1)q (m) (n) 8 .8 J:::""i"=I L.J L.J P q m+n-p-q,) p+q,k 
ym:n: p=Oq=O 

_ 2-(m+n)/2VJrP. mi~,k) (-1)q( m )(n)8 . 
. Cf:1 L.J k m+n,}+k 
y m:n: q=max(O,k-m) - q q 

(C.6) 

where Qmnik is non zero only when (n + m = j + k) which is expected since the 

total photon number must be conserved. It is also apparent that Qmnik is real and 

Qmnik = Qikmn = (-1)kQnmik = (-l)nQmnkh which limits the total number of 

coefficients that must be computed. To avoid summing over the coefficients that are 

zero, we eliminate the j summation in (3.3) to get 

m+n 
ImA' nB) = L Qm,n,m+n-k,kl(m + n - k)a, kb). (C.7) 

k=O 
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It is apparent that the nonzero Q coefficients can actually be specified with only 3 

parameters. From now on we will write Qmnk in place of Qm,n,m+n-k,k whenever it 

seems appropriate. 
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