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ABSTRACT 

Pattern models for analyzing, representing, and compressing experimental2D fluid 

flow imagery are developed. The approach is to represent flow fields using the tools of 

dynamical systems theory. Complex flow fields are decomposed into simple compo

nents based on the observed critical point behavior. A critical point detector based on 

the vector field index is developed, and its performance is analyzed. The critical point 

behavior is modeled by the linear phase portrait, which is a compact representation 

specified by a 2x2 A matrix. The eigenvalues of A provide a symbolic descriptor, 

and this allows the qualitative behavior of the critical points to be classified into one 

of six canonical forms. 

The global flow field behavior is represented using the linear phase portrait esti

mates as a basis. First, a linear superposition approach is considered, where the flow 

field is modeled using the tools of potential theory. This technique is appropriate for 

the representation of incompressible flows with negligible friction effects. A second 

approach is considered in which complex flows are modeled by nonlinear dynamical 

systems. A Taylor series model is assumed for the velocity components, and the 

model coefficients are computed by considering both local critical point and global 

flow field behavior. A merge and split procedure for complex flows is presented, in 

which patterns of neighboring critical point regions are combined and modeled. 
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The computed models are then employed to compress scalar flow images that 

exhibit little or gradual variation along the flow streamlines. The model serves as a 

guide for removing this redundancy, and compression ratios on the order of 100:1 are 

achieved. Finally, the compression of vector field data using orthogonal polynomials 

derived from the Taylor series model is considered. A critical point scheme and 

a block transform are presented. They are applied to velocity fields measured in 

particle image velocimetry experiments and generated by computer simulations, and 

compression ratios ranging from 15:1 to 100:1 are achieved. 
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CHAPTER 1 

Introduction 

Fluid dynamics research relies upon the experimental observation and visualiza

tion of fluid flow phenomena. The purpose of such experiments may be to verify 

theoretical predictions, or to examine the behavior relevant to a particular situation. 

Advances in imaging sensor technology and experimental techniques are providing im

proved temporal and spatial resolution of these experiments. In addition, advances 

in supercomputer technology allow for more accurate simulation of flow phenomena, 

such as in climate modeling and aerodynamical simulations. These experiments and 

simulations have the potential to produce massive amounts of data that are diffi

cult to visualize and interpret. For example, Long and co-workers [30] recorded the 

time evolution of a turbulent flow requiring the storage of over 107 data points to 

fully characterize. Climate simulations have also been reported [35] in which 100 

MB of data were required to store the velocity information covering a time span of 

8 hours. These problems motivate research into the areas of automated flow field 

interpretation, visualization, and model-based data compression. 

Flow visualization techniques are divided broadly into the categories of particle 

tracing, optical techniques, and energy addition methods. Particle tracing experi

ments introduce a foreign substance such as dye, smoke, or particles into the flow to 
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determine the trajectories and velocity of incompressible flows. Optical techniques 

exploit optical properties of the fluid, such as the refractive index, to measure density 

changes in the fluid. They are generally applied to compressible flows and examples 

are shadowgraphy, schlieren photography, and interferometry. Gaseous flows are typ

ically the subject of energy addition methods, where particles are added to the flow 

and then induced to discharge energy which indicates the gas concentration, density, 

or temperature. Image processing and analysis techniques are employed in these ex

periments to provide both qualitative and quantitative results. The great advantage 

of this approach is the ability to non-invasively measure the entire flow field, assuming 

that the added substances do not introduce any significant interference. These issues 

and details of experimental visualization techniques are contained in Flow llisual

izatioll by Merzkirch [36L and the paper by Hesselink [19J which addresses the role 

of digital image processing in visualization. Photographic examples of experimental 

imagery are available in The Album of Fluid Motion by Yan Dyke [53J. 

T\\"o classes of data are considered in this work: 1) imagery generated by particle 

tracing experiments, and 2) velocity fields measured in particle image velocimetry 

(PlY) experiments or computed in simulations. Three basic line patterns are used to 

visualize flow phenomenon: streamlines, particle paths, and streaklines. Streamlines 

are curves that are tangent everywhere to the instantaneous direction of the flow field 

velocity, while particle paths are the trajectories of particles recorded as a function 

of time. Streaklines are created by continuously injecting a substance into a flow, to 
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(a) (b) 

Figure 1.1: (a) A karman vortex street visualized by seeding a flow field with smoke. 
(b) Instantaneous snapshot of seed particles in a Karman street. 

generate a locus of all points which passed through a fixed point. These three are 

exactly the same if the flow field is stationary. Two experimental images generated by 

these techniques are contained in Figure 1.1. They illustrate the difference between 

streamlines and streaklines. The first example contains streaklines of a Karman 

vortex street, where continuous lines of smoke were injected into the field. The 

second is also a Karman vortex street, but in this case the image was generated from 

a short time exposure of the seed particles. The resulting streaks are tangent to the 

field streamlines. 
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Particle image velocimetry (PIV) is a well known technique used to quantitatively 

measure the field velocity, and is still an active research area [29, 31, 57J. The proce

dure is conceptually simple, but many difficulties remain in accurate field measure

ment. One approach is to seed a flow with particles and record a short time exposure 

photograph of the flow. The velocity magnitude and direction are determined from 

the lengths and orientation of the resulting particle streaks. A drawback of this 

approach is that relatively low seeding densities are required to properly identify 

streaks, and this produces gaps in the field. To overcome this, a much higher seeding 

density is used and a double exposed or a sequence of photographs are recorded. 

This precludes the identification of individual seed particles. In double exposed pho

tographs the velocities are determined by computing local autocorrelations, and they 

are found by cross-correlation in sequential images. In either case, the assumption 

is that the time between successive frames, or the exposure time, is short enough to 

consider this an instantaneous snapshot of the velocity field. 

1.1 Previous Work 

Papers on image processing issues have appeared in growing numbers in the fluid 

dynamics, aerospace, and combustion diagnostics literature since the early 1980's. 

An important subset of this research concerns the visualization of vector field topol

ogy by dynamical systems. Perry et al. [40, 38J were the first to apply dynamical 

systems and critical point concepts to the description of fluid flow phenomena. They 
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noted the similarity between the trajectories of dynamical systems and flow stream

line patterns. They argue that the critical point topology provides an unambiguous 

language for describing complex flows. For example, two flows are topologically iden

tical if they contain the same number, type, and interconnections of critical points 

in their streamline patterns. Recently, they have extended these concepts to the de

scription of 3D fields [39]. These concepts have been applied by other researchers in 

the field of fluid dynamics to study flow field topology [7, 52]. 

Dynamical systems have also been applied to the visualization of simulated data 

sets in the works of Helman and Hesselink [17, 18, 20] and Globus et al. [15]. Complex 

,"ector field data sets are visualized by displaying streamlines in critical point regions, 

as well as streamlines that connect critical points. This is far easier to interpret 

than a display of velocity vectors in a volume. The flow topology is stored as a 

graph structure in which nodes (critical points) are linked if they have connecting 

streamlines. This achieves a significant reduction in the amount of data required to 

store and visualize a flow field. A similar approach to the visualization of 4D vector 

fields was examined by Dickinson [8]. 

These ideas were applied to images by Rao and Jain [43] for the purpose of clas

sifying flow like patterns and describing texture. Local texture regions were modeled 

by linear dynamical systems, and the pattern classified according to the system's 

estimated eigenvalues. Shu and Jain extended this work by developing the following: 

a method of critical point detection [48], a classification scheme based on vector field 
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properties [46] (such as curl and divergence), and an improved estimator for the linear 

system coefficients [47]. 

1.2 Proposed Approach 

The goal of this research is to develop techniques for the automated analysis and 

modeling of flow field images. Those that are developed are not tied to a single 

experiment, and are applicable to a wide range of data. However, they are restricted 

to a broad class of data derived from particle tracing and PIV experiments. The 

trajectories of particles in dynamical systems are employed to represent the streamline 

patterns. The approach is to decompose complex fields into simpler, easy to describe 

components. From these simple components, models of the complex flow behavior are 

computed. These models represent a significant compression of the original data set 

from which a streamline pattern representing the original flow is visualized. Various 

aspects of this work have been published in the following sources [9, 10, 11, 12]. 

Chapter 2 provides an introduction to the mathematical tools of dynamical sys

tems and phase plane diagrams. Linear systems are introduced and the classification 

of their phase plane behavior based on the system's eigenvalues are described. Then 

nonlinear systems are considered, and a particular nonlinear form that is employed 

to model complex flows is introduced. Finally, the vector field index is defined which 

is a useful concept for critical point detection. 
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The subject of Chapter 3 is flow field analysis, whereby a complex flow is decom

posed into its components. An orientation field is computed from the experimental 

image to provide an estimate of the local flow direction at each point in an image. A 

critical point detector, based on the vector field index, is introduced and its perfor

mance is analyzed. Then the parameters of a linear system are estimated to model 

the critical point behavior. 

The flow components are used in Chapter 4 to compute models of the entire flow 

field. A linear superposition technique, and the representation by nonlinear systems 

are considered. An application of the flow field models is developed in Chapter 5, 

where the models are used to compress experimental gray scale images. Finally, the 

nonlinear models are employed to compress raw velocity field data sets. 



CHAPTER 2 

Dynamical Systems, Differential Equations, and Phase 

Portraits 

22 

This chapter provides an overview of the mathematical tools employed in following 

chapters to represent flow phenomenon. Concepts from the qualitative theory of 

differential equations and dynamical systems analysis are described. A more in depth 

treatment is available in many textbooks including the following references [1, 3,4. 

24, 44]. First, linear systems and the classification of their behavior in the phase 

plane is addressed. Linear systems provide good approximations of flow behavior in 

relatively small regions, but do not adequately describe complex flow fields. More 

accurate models are obtained from nonlinear systems, and a specific nonlinear model 

is introduced. Finally, the concept of the vector field index is introduced, which is 

used in subsequent chapters to locate critical points in flow field images. 

2.1 Linear Systems 

Consider the following system of differential equations 

x = ~~ = P(:r,y) 
(2.1 ) 

Y = * = Q(x,y), 
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where P(x,y) and Q(x,y) are continuously differentiable functions. It is known as 

an autonomous (or dynamical) system if P(x,y) and Q(x,y) are time independent, 

otherwise, it is a non-autonomous system. If x = ¢(t) and y = 'IjJ(t) are solutions to 

the system, they may be plotted in the x - y plane known as the phase plane, phase 

space, or state space. These solutions, called integral curves, represent the trajectories 

of particles in a dynamic system. The phase plane also has interpretation as a vector 

field, where at any point in the plane P(x,y) and Q(x,y) are the x and y components 

of a vector. These vectors are tangent to the system trajectories at each point in the 

field. The field is represented in polar form (direction and magnitude components) 

as 

(2.2) 

m(:r,y) = V±2 + fl. 

In particular, consider the following system of linear differential equations written 

in matrix form as 

[ 
~ ] = [All A12] [ x ] + [ tx ] = AX' + b. 
Y A21 A22 Y ty 

(2.3) 

The form of the A matrix determines the qualitative behavior of the system, and 

a family of curves in the phase plane. The vector b allows for translation of the 

origin. Solutions to these equations are typically exponential, and the part.icular 

form depends on the initial conditions. The family of curves associated with an A 

matrix is known as the phase portrait. If A is non-singular, it is related to its Jordan 
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canonical form by the similarity transform 

(2.4) 

where J is the Jordan form and M is the modal matrix. The qualitative behavior of 

the trajectories are classified into one of six canonical forms according to the Jordan 

form of A as shown in Figure 2.1. 

Time domain solutions of the canonical systems are outlined as follows: 

1. Real, distinct eigenvalues (x = AlX, iJ = A2Y). 

The solutions are 

( .J -) _.oJ 

where the constants Cl and C2 depend on the initial conditions. If the eigen-

values have the same sign the phase portrait is a node, otherwise, it is a saddle. 

2. Equal eigenvalues . 

• J is diagonal (x = )11.1:, iJ = AlY)' 

The solutions are 

(2.6) 

and the phase portrait is a star node . 

• J is not diagonal (x = AlX + y, iJ = AlY ). 

The solutions are 

(2.i) 
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Case Jordan Form 
Type of Phase Appearance of 

Portrait Phase Portrait 
y 

I) Real distinct [x' 0] ~\L eigenvalues o >"2 NODE >"1 and >"2 x 

>"1 and >"2 have same sign ~, l~ 
y 

[x' 0] ~!~. o >"2 SADDLE 

>"1 and >"2 have opposite sign ~ rr 
y 

2) Equal eigenvalues 

~. >"1 =>"2 [x' 0] 
o >"1 

STAR NODE 

y 

[x' ,] ~. IMPROPER NODE 
o >"1 

y 
3) Complex eigenvalues 

~. >"1 =A+jB [: -:] >"2 = A -j B CENTER 

A=O 

Y 

[: -:] SPIRAL *. AiO 

Figure 2.1: Linear phase portrait classification based on Jordan canonical form. 
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and the phase portrait is an improper node. 

3. Complex eigenvalues (x = Ax - By, if = Bx + Ay). 

The solutions are 

x(t) = eAt(C1 cos Bt - C2 sinBt), y(t) = eAt(C1 sin Bt + C2 cos Bt). (2.8) 

The phase portrait is a center if A = 0, otherwise, it is a spiral. 

Linear phase portraits can also be classified based on the trace and determinant of 

A. The characteristic equation of A is expressed in terms of its trace and determinant 

as 

A2 - tr(A)A + det(A) = O. (2.9) 

The eigenvalues are 

(2.10) 

where the discriminant is ~ = tr(A)2 -4det(A). This classification scheme is plotted 

in the tl'(A) - det(A) plane in Figure 2.2. From this diagram it is apparent that if 

the determinant is positive the phase portrait is a spiral or node, otherwise, it is a 

saddle. 

A system is stable if the eigenvalues lie in the left half of the real-imaginary plane. 

In stable systems the phase portrait paths are directed to, and terminate at the 

critical point. A saddle phase portrait is always unstable since its eigenvalues are 

real and of opposite sign, and one must always lie in the right hand plane. Critical 
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det A) 
.6.=0 

stable cen ers unstable 
spirals spirals 

stable unstable 
nodes nodes 

tr(A) 
saddles 

Figure 2.2: Linear phase portrait classification in tr(A) - det(A) plane. 

points of the system occur where x = iJ = 0, and are the equilibrium positions where 

motion stops. 

If A is singular and has a rank of one, then there is a line of critical points that 

pass through the origin. Examples of this type of phase portrait are shown in Figure 

2.3. If the rank is zero then every point in the phase plane is a critical point. 

y y 

x x 

(a) (b) 

Figure 2.3: Phase portraits of systems with rank one. (a) x = x,Y = o. (b) :i~ = 
O,y = y. 
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2.1.1 Vector Field Properties 

In fluid dynamics terminology the velocity field is often represented as V(x, y) = 

u(x,y)£ + v(x,y)]. This is equivalent to the dynamical system representation if the 

substitutions u(x,y) = x(x,y) and v(x,y) = i/(x,y) are made. Consider the linear 

terms of a Taylor series expansion of the velocity field 

u(x,y) = ulo + ~;Iox + ~~loY 

v(x,y) = vlo + ~~Iox + ~~loY, 
(2.11) 

from which vector field properties of curl, divergence, and deformation may be ob-

tained. This representation is equivalent to the linear phase portrait representation. 

Di"ergence is the scalar quantity 

.... .... au av 
div(V) = \7. V = -a + -a = All + A22 • 

;f y 
(2.12) 

A flow is incompressible if dit'CV) = 0, indicating that the pressure variations do not 

cause density variations in the flow. The curl (or vorticity) is 

.... .... av au 
curl(V) = \7 x V = -8 - -8 = A21 - A12 , 

X Y 
(2.1:3) 

which is a vector quantity oriented in the z direction for a 2D field. A flow is 

irrotational if curlev) = 0, indicating that fluid particles do not rotate as they move 

through the field. This property is independent of the particle paths. For instance, 

there are both rotational and irrotational vortices where the particles move in circular 

orbits around the origin. 



29 

The linear vector field model can be expressed in the form [26] 

.... .... 1 .... [0 -1 1 .... [1 0 1 ........ V = Vo + 2{ curl(V) 1 0 + div(V) 0 1 + deJ(V)8(V)}x. (2.14) 

The remaining undefined quantities are the translation vector 

... [ U

o 1 Vo = Vo ' 
(2.15) 

the deformation 

deJ(V) = (au av)2 (av au)2 ax - ay + ax + ay , (2.16) 

and the symmetric matrix 

[ 

(au - au) (au + au) 1 8(V) = 1.... ax ay ax ay . 
def(V) (av + au) _ (au _ au) 

ax ay ax ay 

(2.17) 

From (2.14) it is apparent that the linear description of motion is a synthesis of 

translation, rotation. divergence, and deformation. The properties of curl, divergence, 

and deformation can be used to classify the linear phase portrait behavior into the 

same classes shown in Figure 2.1. The equivalence between between this and the 

Jordan form classification scheme was shown by Shu and Jain in [46]. 

2.2 Nonlinear Systems 

Now consider the case where the functions P(x,y) and Q(x,y) of equation (2.1) 

are nonlinear functions of :r. and y. In contrast to the linear case, nonlinear systems 
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can have multiple critical points which are the set of points {(Xc, Yc) IP( XC, Yc) = 

Q(xe, Yc) = OJ. A nonlinear system may be written in the form 

(2.18) 

. [All A12] where 9x(X, y) and gy(x, y) are nonlinear functions of X and y. Then x= x 
A21 A22 

is the linearization of this system. In the neighborhood of a simple critical point the 

behavior of a nonlinear system is approximated by its linearized system. The behavior 

of the system in critical point regions is referred to as the local behavior, while that 

of the entire system is the global behavior. Trajectories of the linear system are 

geometrically similar to those of the nonlinear system in the critical point region. 

This result is known as the Linearization Theorem [4] and is stated formally as: 

Theorem 1 Let a nonlinear system have a non-singular critical point. Then in the 

neighborhood of the critical point the phase portrait of the system and its linearization 

are qualitatively equivalent, provided the linearized system is not a center. 

The flow field velocity components may be represented by a Taylor series expansion 

about the origin as 

( ) = I + 8u I + au I + 1 {a2u I 2 + 2 8
2u I + 82u I 2} + U x, y u 0 8x oX 8y oy 2! 8x2 oX 8xay oXy 8y2 oy ... 

(2.19) 

v(x, y) = vlo + ~~ lox + ~~ loy + ~ {~:~ lox2 + 2::;y loxy + ~~~ loy2} + .... 
This is a general model which assumes that the velocity components are smoothly 

varying functions with continuous derivatives. This is a good assumption for the 
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flows considered in this work, but not for those that contain discontinuities such as 

fluid interfaces. Dallmann [7] and Perry [38] have employed the Taylor series form to 

model station<>ry incompressible flow fields. This is rewritten as a nonlinear ordinary 

differential equation (ODE) 

x = ao + al x + a2Y + a3x2 + a4XY + asy2 + .. . 
(2.20) 

if = bo + blx + b2y + b3x2 + b4xy + bsy2 + ... , 

where the coefficients are equivalent to the product of partial derivative and constant 

terms. Truncation of terms greater than first order produces the linear phase portrait 

description. This nonlinear description provides a more accurate representtl.tion of 

the flow field than the linear model. The maximum number of critical points such 

a system may contain is governed by the Taylor series order. If the equations are of 

order n, then the maximum number of critical points is n2 • This does not imply that 

an nth order system of equations will necessarily have n2 critical points, only that 

this is the maximum number possible. 

If a nonlinear ODE and its critical point locations are known, then the linear phase 

portrait descriptions are determined by shifting the equations to the critical points 

and truncating nonlinear terms. Unlike the linear phase portrait case, there are no 

canonical nonlinear phase portraits. There are certain flow patterns and combinations 

of critical points that are well modeled by this description, which are often (but not 

necessarily) symmetric. This agrees with the symmetric behavior observed in many 

natural occurring flows. Example phase portraits of the nonlinear Taylor series model 
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(g) (h) (i) 

Figure 2.4: Nonlinear phase portrait models. Second order examples: (a) Two sad
dles. (b) Two nodes. (c) Saddle and a node. (d) Vortex pair. (e) Vortex pair with 
two saddles. (f) Vortex and saddle. Third order examples: (g) Two vortices sepa
rated by a saddle point. (h) Four vortices. (i) Flow pattern observed on a missile 
shaped body. 
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are illustrated in Figure 2.4. It is not intended as an inclusive taxonomy of all possible 

patterns, as most of those selected are representative of typical flow configurations. 

2.3 Streamline Plotting 

In this and subsequent chapters the streamlines of the dynamical system models 

are plotted by selecting seed points in the image and integrating by Euler's method 

[44J. The vector components are approximated as 

x(t) 

iJ( t) 

~ x(t+~)-x(t) 
~ 

~ y(t+~)-y(t) 
~ 

(2.21 ) 

Gh'en the current position of a particle in a system, (x(t),y(t)), the next position, 

(;1'(t + ~). y(t + ~)), is found from the vector field components as 

x(t +~) = ~x(t) + x(t) 

y(t +~) = ~iJ(t) + y(t). 

The seed points are generally selected on a uniform grid. 

2.4 Vector Field Index 

(2.22) 

The vector field index is a useful quantity for locating critical points in the phase 

plane. Consider the simple (i.e. non-intersecting) closed loop r in the field with a 

point l' and field angle ¢( r) in Figure 2.5. If r is traversed in a counterclockwise 

direction until we return to the starting point, ¢( r) must have the same orientation 
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Figure 2.5: Simple closed loop. 

upon completion of the circuit. Therefore, the change (or rotation) in ¢ along the 

path r must be an integer multiple of 211". It is expressed as 

(2.23) 

The quantity I is knmvn as the vector field index or winding number. To determine 

I for a given system (P(x,y),Q(x,y)) r is is parameterized by the position vector 

(:r(8), y(8)), and the derivative quantity ~~ found. The index is found by evaluating 

the line integral 

I = ~ 1 d¢(s) ds = ~ 1 P~ - Q~ ds. 
211"!r ds 211"!r p2 + Q2 

(2.24) 

Three relevant theorems pertaining to the index, which are found in [24], are given 

without proof. 

Theorem 2 If P( :l', y) and Q(:'t, y) are continuous functions inside r and they arc 

1I0t simultaneollsly zero (i.e. r contains no critical points), then I is zero. 
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Theorem 3 If r surrounds n critical points PI, ... , Pn, then its index is I = L:f:l Ii. 

where Ii is the index of critical point Pi. 

Theorem 4 Let w be the number of times Q(x,y)f P(x, y) changes from +00 to -00, 

and z the number of changes from -00 to +00. Then I = Hw - z). 

These results are independent of the form of r that is selected, as long as it is a simple 

closed path. Theorem 4 provides an easy way to compute the index by inspection of 

the phase portrait. w is the number of times </> passes through ±~ with an increasing 

direction of rotation, and z is the number of times it passes through with decreasing 

rotation. Therefore, tv represents an increase in rotation of 7r, and z represents a 

decrease in rotation of 7r. 

The index of a non-singular linear system (¥ = Ax) is easily computed by selecting 

r to be an elliptical path such that (AllX + A12y)2 + (A21X + A22y)2 = 1. This 

corresponds to the parametric form: 

x(s) = (A22 COSS - AI2 sin s)fdet(A) 
(2.25) 

y(s) = (A 22 sins-A2Icoss)fdet(A). 

For this particular r the integrand of equation (2.24) is 1, but it remains to select 

the limits of integration so that r is traversed in a counterclockwise direction. Define 

the vector ift = (x(s),y(s)) and its derivative ih = tift. The cross product of these 

vectors is 

........ 1 k' 
ql X q2 = det(A) '. (2.26) 
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If the sign of the cross product is greater than zero, then from the right hand rule s 

is in the counterclockwise sense, otherwise, it is clockwise. So if det(A) > 0 then the 

limits of integration are from 0 to 211', otherwise, they are from 0 to -211'. It follows 

from this that the index of a non-singular linear system is 

1= sgn(det(A)). (2.27) 

From Figure 2.2 it is verified that the index of a saddle point is -1, while the indices 

of nodes, centers, and spirals are +1. 
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CHAPTER 3 

Flow Field Analysis 

This chapter describes the techniques employed to decompose a flow field into 

its linear phase portrait components. A block diagram overview of this procedure 

is shown in Figure 3.1. The input is a gray scale image with an oriented texture 

that is indicative of the flow direction, and the output is a set of critical points 

and corresponding A matrices. First, an orientation field is computed from the 

textured gray scale image. The orientation field is a vectorized representation of 

the local flow direction that is more amenable to subsequent computer processing 

than the original gray scale image. Critical points are detected in the orientation 

field. and the corresponding linear phase portrait coefficients estimated. The phase 

portrait components may be all that is required of an analysis, if we are interested 

in identifying and classifying critical point behavior. These components also serve 

gray scale 
image 

Compute Orientation 
Field 

velocity vector 
field 

Figure 3.1: Flow field analysis. 

-Critical point 
locations 

-Linear pbase portrait 
estimates 
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as the basis for computing models of the global flow field behavior as discussed in 

Chapter 4. 

3.1 Orientation Field Computation 

A scalar flow image is transformed into a vector representation that is indicative 

of the direction of the flow at each point. A pair of intrinsic images that contain 

this information are collectively known as the orientation field. The orientation field 

consists of: 1) an angle image, which measures the local dominant orientation of 

the flow, and 2) a coherence image, which measures the degree of anisotropy of the 

field. It is important to note that the computed orientation angle has an inherent 

directional ambiguity, and the angle is limited to a range of 7r. For example, the 

orientation angle could be chosen arbitrarily as either 0 or 0 + 7r. Kass and Witkin 

[25J and Rao and Schunck [43J have each developed techniques for computing the 

orientation field of textured images. 

3.1.1 Rao and Schunck's Method 

The method advocated by Rao and Schunck was implemented, which is simpler, 

requires fewer derivative operations, and is less sensitive to noise. The orientation 

field is computed as follows: 

1. Smooth the textured flow image with a Gaussian filter. 

2. Compute the x and y directional derivatives. 



39 

3. Compute the orientation angle at each point. 

4. Average the orientation angle in a window to determine the dominant orienta-

tion. 

5. Compute the coherence within a window. 

3.1.1.1 Steps 1-3 

The combination of the Gaussian filter and its first directional derivative constitute 

a bandpass filter. The x and y bandpass filters are the basis functions of a steerable 

filter [13J, which means that an arbitrary filter orientation is generated as a linear 

combination of these basis filters. The 2D Gaussian function is 

-~ g( x, y) = e 2.,. , 

and the impulse responses of the basis filters are 

r2+y2 

= txg(x, y) = -;e--g-
~~+y2 = .£..g(X y) = -.l!.e-2a2 ay' (1 , 

from which an arbitrary orientation is determined as 

(3.1 ) 

(3.2) 

(3.:3 ) 

The passband of this filter is tuned to the frequency ~, and the output energy of the 

filter is defined as 

(3.4 ) 
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where i( x, y) is the gray scale image. We want to determine the orientation that max-

imizes the output energy by solving ;uEU(x, y) = 0, which produces the orientation 

estimate 

-1 (h900
(x,Y)**i(X,y)) 7r 

O(x, y) = tan hOO( ) .( ) + -2' X,y * *z X,y 
(3.5) 

3.1.1.2 Steps 4-5 

In the fourth step the orientation angle, O(x,y), is averaged within a window to 

determine the dominant orientation at each point. The vectors in the window could 

be summed vectorially, but those pointing in nearly opposite directions (due to the 

directional ambiguity) tend to cancel each other. Consider the projection of a vector 

onto the unknown dominant orientation ¢ represented by M(x, y )cos(O(x, y) - </» 

(M(a',y) is the magnitude of the gradient vector). The dominant orientation in a 

windo\v W is found by maximizing the quantity 

5' = L M2(x, y) cos2(O(x, y) - ¢), (3.6) 
x,yEW 

which produces the estimate 

¢ = ~tan-l (LX,YEW M(X,y)sin20(x,y)). 
2 Lx,yEWM(x,y)cos20(x.y) 

(3.7) 

The coherence is computed by projecting all vectors in a window onto the vector in 

the center of the window. If they have a similar orientation, the computed projection 

is large and the point has a high degree of coherence. Rao and Schunck define the 
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Figure 3.2: Block diagram of orientation field computation from flow streamlines. 

coherence as 

( ) 
_ M(xo, Yo) Lx,YEW IM(x, Y )cos(O(xo, Yo) - O(x, y))1 

p X o , Yo - "M( ) . 
L...x,yEW X,Y 

(3.8) 

This normalized quantity provides a measure of the degree of confidence placed on 

the computed orientation angle. 

3.1.2 Orientation by Streamline Identification 

Rao and Schunck's technique works well in many instances, but has several draw-

backs. First. it. assumes that the original gray scale image contains a strong texture 

produced by the flow streamlines, but this condition is often not met. For example~ 

images containing trajectories created by seeding a flow with smoke have a weak 

texture and relatively few streamlines. In these cases, an overly smooth orientation 

field is created by employing a large degree of angle averaging. It can also be shown 

that this steerable bandpass filter is capable of estimating only a single orientation in 

the window, but not the multiple orientations that often exist. (It should be noted 

that steerable filters are available that are capable of estimating two orientations 

[13].) The existence of multiple orientations is particularly common in critical point 

regions where there is a confluence of many different oriented streamlines. 
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[ill Wd 
streamline profile 

Figure 3.3: LOG filter responses. 

To overcome these problems, the orientation angle is computed only at points in 

the image that lie on identifiable streamlines, producing a sparsely populated vector 

field. The idea behind this approach, outlined in the block diagram of Figure 3.2, is 

to identify streamlines in the gray scale image, and compute the angle tangent to each 

streamline point. A Laplacian-of-Gaussian (LOG) edge detector [21] is employed for 

streamline identification. The impulse response of the LOG filter is 

(3.9) 
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where k is a constant and g(x,y) is the Gaussian function. As illustrated in Figure 

3.3, this detector has a negative to positive response for positive edges, and a positive 

to negative response for negative edges, where edges are located at the zero cross

ings of the filtered output. The positive and negative edges of streamlines are close 

to each other and the edge responses blend together as shown in Figure 3.3. The 

streamlines are detected by thresholding the LOG filtered image, rather than search

ing for zero crossing locations. The variance of the LOG filter is tuned according to 

the streamlines, increasing with their width. (Actually, the Difference-of-Gaussian 

(DOG) approximation to the LOG filter was employed.) The streamlines are then 

thinned to produce skeletons [37]. Finally, each streamline is tracked and the orien

tation computed as the angle tangent to each point on the curve. The result is a 

sparse field, with angle values available only at points on the streamline skeletons. A 

coherence image is not necessary in this implementation. 

This technique works well for both weakly oriented textures, and strongly oriented 

textures where the streamlines are identifiable. Figures 3.4 and 3.5 illustrate the 

application of this approach to images containing weak textures. The first example 

is a Karman vortex street visualized by seeding a flow field with smoke, in which 

the streamlines were easily identified. The second is a forced flow past the tip of a 

triangular block, visualized by injecting dye from the tip of the block. The vortex 

streamlines are easily identified, but so are edges corresponding to the block which are 

clearly not streamlines. This occurs because a threshold is applied to the LOG filtered 
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(a) (b) 

Figure 3.4: (a) A karman vortex street visualized by seeding a flow field with smoke. 
The critical points were detected from the sparse vector field with measurement radii 
of 15, 20, and 25 pixels. Image size:256x256. (b) Streamline skeletons obtained for 
orientation field computation. Variances of O'i = 3 and O'~ = 5 were used for the 
DOG filter. 

image, and can be corrected with a slight modification. This requires detection of 

the zero crossings, and subsequent pairing of nearby positive and negative edges to 

identify those bounding a streamline. This refinement can be employed to remove 

edges corresponding to such obstructions in the flow. 

3.2 Critical Point Detection 

Rao and Jain [42J detected critical points in the orientation field by estimating 

the phase portrait and associated fixed point at each image pixel. (Phase portrait 

estimation is discussed in Section 3.3.) It is far more efficient to locate the critical 

points first, and then estimate the phase portrait at the detected points. This is 
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(a) (b) 

Figure 3.5: (a) Forced flow past a triangular obstruction, visualized by injecting 
dye from the tip. The critical point was detected from a sparse vector field with 
a measurement radius of 20 pixels. Image size:431x259. (b) Streamline skeletons 
obtained for orientation field computation. Variances of err = 1 and er~ = 3 were used 
for the DOG filter. 

sufficient since the phase portrait is meaningful in the regions near the critical points, 

where the field is approximately linear. Several methods have been proposed to locate 

critical points from the orientation field. The technique proposed by Mao [33] is a 

Hough transform like technique designed to detect vortex critical points. It finds 

such critical points by constructing a line orthogonal to the orientation vector at 

each point in the field, and increments a histogram counter at each pixel this line 

intersects. This produces local maxima in the histogram where many lines intersect 

that correspond to critical points. It is intended to locate vortex critical points, but 

can also detect saddle points that have orientation vectors orthogonal to the center. 

It cannot detect the critical points of node phase portraits. 

The method of Shu et al. [48] is more general and utilizes the isotangents of a 

phase portrait. Isotangents (or isoclines) are straight lines in the phase plane along 

which the orientation angle is constant. These lines pass through the phase portrait 
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Figure 3.6: Sampling of the orientation field for critical point detection. 
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critical point. The orientation angle image is quantized to produce homogeneous 

regions corresponding roughly to isotangents. Straight lines are fit to these regions, 

and the critical points located by identifying areas where many lines intersect. This 

technique was applied to limited regions in flow images where it was known a priori 

that critical points existed. 

Critical points may also be detected utilizing the vector field index (1) introduced 

in Chapter 2. This technique of critical point detection is similar to that of Sander 

and Zucker [45] and of Kass and Witkin [25]. The resulting detector is more general 

than the Hough transform method, and simpler to implement than the isotangent 

method. The index is the number of rotations a vector field undergoes when measured 

along a simple closed path r. If r contains a single critical point, then I is ±1, and 

if it does not contain a critical point I is O. For a node or vortex the index is + 1, 

and it is -1 for a saddle. In our implementation the r selected for the computation 
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Figure 3.7: Orientation angle sampled for a node phase portrait (A = [2,0,0,1]) on 
a circular path with a measurement radius of 30 pixels. 

of I is a circle, shown in Figure 3.6. Selection of this particular r has an interesting 

property if it contains a critical point; the field angle (</» on r increases or decreases 

monotonically with the measurement angle (B). To show this consider the field angle 

of the linear model 

"'() -1 (A21X + A22Y) 
'f' X,Y = tan 

Aux + Al2 y 
(3.10) 

and the parameterization of r: x = r cos B, Y = r sin B. The derivative quantity 

d</> det(A) = ~----~--~~~~~~--~~----~~ 
dB (All cos B + A12 sin B)2 + (A21 cos B + A22 sin B)2 

(3.11) 

is obtained from this. From the trace-determinant classification scheme of Chapter 

2 (Figure 2.2) it is apparent that if the phase portrait is a vortex or node (i.e. 

dct(A) > 0) then ~~ > 0 and ¢(B) is a monotonically increasing function. If the phase 

portrait is a saddle, then ~~ < ° and ¢(B) is a monotonically decreasing function. 
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An example of the orientation field angle measured on r for a node is illustrated 

in Figure 3.7, in which the angle exhibits a wraparound at ±~ due to the directional 

ambiguity. It is apparent that ¢( ()) rotates 211' and is a monotonically increasing 

function if the phase wraparound is ignored. Critical points can be detected by 

computing I or checking the existence of the monotonic property. Computation of 

1 is simpler as the detection of monotonic functions requires higher level processing 

in the presence of noise. Higher complexity detectors utilizing both properties could 

be examined as well. In addition, the performance analysis of the index detector 

is straightforward under the assumption of additive noise. An advantage of either 

of these properties is that they rely solely on orientation information and require no 

magnitude information. This is the situation we face. If the velocity field components 

were known (both magnitude and direction), critical points could be easily detected 

at the intersection of zero crossings in the x and y components. 

To implement this detector, the orientation angle is sampled at uniformly spaced 

points on a circle of radius r at each point in the image. The sampled orientation 

angle is corrected to compensate for the wraparound effect, by detecting where the 

field angle crosses over from +~ to -~ (or vice versa) in the sampled sequence. The 

difference between adjacent sampled angles is computed and summed over all points. 

This sum is the total rotation of the orientation field on r, and it is divided by 2" 
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to compute the index as 

(3.12) 

where <Pi are the sampled orientation angle values. The function 1/J( <Pi, <PHI) is included 

to correct transitions from ~ to -~ and vice versa, and is computed as 

0, if I<PH1 - <Pi! < T 

71', if (<PH1 - <Pi) < -T (± transition) , (3.13) 

-71', if (<Pi+! - <Pi) > T (=r= transition) 

where T is a threshold typically selected as ~. If the absolute value of the index is 1, 

the point is tagged as a potential critical point. The detector produces a clustering of 

points neal' the critical points in the flow, and traditional image processing techniques 

are used to locate them. In the ideal noise-free case, all points within a circular region 

of radius l' surrounding a critical point respond to the detector, since each of t.hese 

pixels contains the critical point in its path. To process the clusters, a morphological 

erosion filter is applied to remove spurious, isolated points, followed by several dilation 

operations to merge remaining pixels of nearby clusters. The clusters are identified 

by region merging, and the critical points are computed as the 'center of mass of 

each. Critical points of patterns of different scales are detected by varying the radius 

at which I is measured. Finally, the A matrix is estimated at the potential critical 

points which serves as a verification step and allows elimination of some false alarms. 

The critical point is located where the motion stops, or x = 0 and iJ = O. It is 
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computed from the estimated phase portrait by setting x = iJ = 0 and solving for x 

and y in equation (2.3) as 

(3.14) 

If the detected location differs significantly from the estimated location, it is treated 

as a false alarm and discarded. 

3.2.1 Performance Analysis 

The detector performance is analyzed under noisy conditions, where an additive 

noise model is assumed for the observed field angle. This model is not perfect, but 

provides useful insight into the performance. In the ideal case it is expected that 

all pixels in a circular region of the measurement radius surrounding a critical point 

respond to the detector. First, the probability (Pd) that each pixel in this region 

responds to the detector is determined, and this is then applied to determine the 

overall critical point detection probability (FD)' 

The measured orientation angle is modeled as an additive noise process, where 

the observed angle is 

(3.15) 

¢j is the true value, and nj is an additive noise sample. The noise samples are assumed 

to be identically distributed, and the angle is measured at N positions on r. Under 
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these conditions the computed index is 

(3.16) 

and is rearranged as 

(3.17) 

Fortunately, all noise samples cancel producing 

(3.18) 

The additive noise only affects the detection of transitions, either causing them to 

be missed or spuriously detected. This agrees with Theorem 4 of Chapter 2 which tells 

us that if the field is continuous the index can be computed from these transitions. 

For instance, a ± transition is not detected if (¢i+l-¢>i)+(ni+1-nd > -T. Letting 

Zi = lli+l - Hi and T = ~, and since ¢>i+1 - ¢>i = -'J!' + 6i (where 6i is the positive 

valued true angle difference), then a ± transition is detected if Zi < f - 6i . Likewise. 

a =t= transition is detected if Zi > -f - bi, where 6i is the negative valued angle 

difference. Transitions are incorrectly detected at non-transition points if Oi + Zi > T 

or 6i + Zi < -T, or equivalently if Zi > f - bi or Zi < -~ - bi for T = ~. 

It is assumed that the index is computed correctly if there are no transition errors. 

and the probability that this occurs is 

(3.19) 
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where the first product includes only ± transition points, the second only 1= transi-

tion points, and the third only non-transition points. Actually, this underestimates 

p( correct) since there are certain combinations of errors, such as missing a ± transi-

tion and incorrectly detecting one, which result in the index being correctly computed. 

It is apparent that these probabilities depend on the phase portrait structure in the 

form of the 6s. If the adjacent points are sampled closely on the measurement circle, 

then the 6s are minimized in turn maximizing p( correct). The probability that a 

pixel inside the circular region surrounding a critical point responds to the detector 

is Pd = p( correct). The false alarm probability, Ph is more difficult to determine 

analytically since the transition errors must combine to produce an index of ±1 for 

a false alarm to occur. 

Since a critical point is detected if at least one point in the circular region responds. 

the overall detection probability is 

M 

PD = 1 - II (1 - Pd ( i) ), (3.20) 
i=l 

where there are M pixels contained in the region. Pd, Ph and PD were computed 

by l\lonte Carlo simulation in which an additive Gaussian noise model was assumed. 

Synthetic phase portrait orientation fields (size 50x.50) were computed, to which noise 

was repeatedly added and the critical point detector (radius=15) applied. Average 

values of Pd and Pi were computed for the points inside and outside of the measure-

ment radius respectively. The results are shown in Table 3.1 for two phase portraits at 

various noise levels. As expected the detector performs better with smaller sampling 
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noise variance sample interval:5° sample interval:lO° 
(degrees) Pd PI PD Pd PI PD 

5 0.98 7.3x10 -3 1 0.99 3.5xlO-3 1 
10 0.98 7.3x10-;j 1 0.98 4.7xlO -;j 1 
15 0.97 7.6x10 3 1 0.95 6.2x10-;j 1 
20 0.85 0.01 1 0.84 9.1x10-3 1 
25 0.51 0.06 1 0.58 3.1xlO-2 1 
30 0.30 0.16 1 0.35 9.6xlO-2 1 

(a) 

noise variance sample interval:5° sample interval:l0° 
(degrees) Pd Pf PD Pd Pf PD 

5 0.99 5.9xlO 3 1 0.97 4.3xlO 3 1 
10 0.98 0.01 1 0.94 9.5xlO-3 1 
15 0.95 0.01 1 0.88 1.3xlO-3 1 
20 0.81 0.02 1 0.73 1. 75x10-3 1 
?-
~G 0.49 0.07 1 0.49 0.04 1 
30 0.29 0.17 1 0.30 0.10 1 

(b) 

Table 3.1: Average point detection probability (Pd), average false alarm probability 
(Pi), and critical point detection probability (PD) determined by Monte Carlo sim
ulation. An additive Gaussian noise model is assumed, and critical point detector 
radius of 15 pixels was used. (a) The phase portrait used was a node with A = 
[1.0,0.-1]. (b) The phase portrait used was a vortex with A = [1,2.5,-2,-1.5]. 

intervals, and even when the noise power increases and Pd is low the probability of 

detecting the critical point PD remains high. In practice a k-connected (k = 4 or 8) 

morphological erosion filter is applied to the image of detected points to remove false 

alarms. This alters the point detection probability since a single point responds to 

the detector only if all its k-connectecl neighbors respond. The new point detection 

probability, p~(i), is the product of Pd(i) and its k-connected neighbors, reducing the 

overall detection probability PD. 
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Employing a larger detector radius increases the overall detection probability as 

the second term in (3.20) decreases with increasing M. This effect is practically 

limited by the fact that if the radius is made too large r may contain more than 

one critical point. The morphological erosion filter removes spurious points, but also 

reduces the detection probability as Pd(i) is lower than Pd(i). Since it is possible to 

detect more than one cluster of pixels for a given critical point, a dilation operation is 

applied to merge those that are close. Also distance rules are applied to merge neigh

boring clusters. This analysis overstates the detection probability because the model 

does not account for occlusions or missing regions of the phase portraits. Sometimes 

part of the field surrounding a critical point is completely missing or inconsistent 

with the phase portrait., in which case the additive noise model is incorrect. 

:3.2.2 Sparse Field Implementation 

The critical point detector is modified for operation on sparse orientation fields 

created by the streamline identification technique of orientation field computation. In 

sparse fields it is unlikely that the sample points on the measurement radius coincide 

with computed angle values. To compensate, the same circle operator is used, but for 

each sample point the field is scanned in the radial direction for the nearest computed 

angle value as shown in Figure 3.6. Bounds are placed on the search region, and the 

resulting measurement path is nearly circular, but more importantly is still a simple 
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closed path. Results obtained by this variation of the detector are shown in Figures 

3.4 and 3.5. 

3.3 Linear Phase Portrait Estimation 

The eigenvalues of the phase portrait of a two dimensional linear system indicate 

the qualitative behavior of the system, providing a symbolic descriptor as previously 

described. The goal is to estimate the phase portrait coefficients, or A matrix, from 

the orientation field and identify the flow pattern present. Rao and Jain [42J used 

a nonlinear least-squares method to accomplish this, which is relatively slow and 

impractical when processing many points. It is possible to estimate the A matrix 

with a linear least-squnres technique which is much faster, and invariant to directional 

ambiguities inherent in the orientation field. This is accomplished by forming the 

ratio 

(3.21 ) 

where ()(Xi,Yi) is the computed orientation angle measured at M points in the field. 

This is rearranged as 

and the coefficients are found by minimizing the mean square error (MSE) 

(3.23) 
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To avoid a trivial solution one of the coefficients is constrained to be non-zero. Follow-

ing Rao and Jain either All or A21 is set equal to 1, and the minimum error solution is 

retained. Alternatively, the squared sum of the coefficients can be constrained equal 

to 1 as done in [47]. The orientation field is sampled at each point within a window 

centered on a detected critical point. This produces an overdetermined system of 

equations that is solved by singular value decomposition [41]. 

Once the coefficients are estimated, the eigenvalues of A are computed and the 

flow pattern classified based upon them. In addition, an error measure between the 

actual orientation field and the estimated field is computed. Rao and Jain computed 

the error, t, as the sine of the absolute difference between the orientation field angle 

(0) and the reconstructed field angle (¢). This is computed at all points in the 

window. summed, and normalized as follows 

1 AI 
t = H ?: I sin(Oi - ¢dl· 

1 1=1 

(3.24) 

Estimates which produce a large amount of error, or in which the estimated critical 

point differs significantly from the detected can be discarded. Points of low coherence 

in the field are excluded from the procedure which tends to improve the coefficient 

estimation. 

3.3.1 Robustness in Partially Occluded Data 

In some instances a phase portrait is partially occluded, and only a limited amount 

of data is available to estimate the A matrix coefficients. An example of where this 
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occurs is the vortex on the upper right side of the image in Figure 3.4. We are 

interested in observing the effect such occlusions, along with additive noise, have 

on the estimated phase portrait. To experimentally determine this several 100xlOO 

phase portrait images were created. Gaussian noise was added to the generated angle 

values, and the image gradually occluded. The phase portrait was estimated from 

the remaining noisy data. The results for a node, saddle, and vortex are illustrated 

in Figure 3.8, where Gaussian noise with 0" = 5.0° was added. 

In general, the qualitative behavior of the estimated phase portraits tends to 

closely resemble the original until at least 50 percent of the image is occluded. Beyond 

this point, the data no longer contains the critical point and its estimated location 

starts to drift, and at some point (depending on the noise level) the phase portrait 

becomes completely unreliable. In trials with a low noise level (0" = 2.5°) a reasonable 

estimate of the phase portrait is obtained for up to 80 percent occlusion. As the 

lIoise increases the amount of acceptable occlusion decreases to about 50 percent for 

(7 = 1.j.O°. The distance between the true and estimated critical point (as estimated 

by (3.14)) is displayed in Figure 3.9 for various amounts of noise. These curves 

have an exponentially increasing appearance, and indicate that estimated location is 

reasonable until at least half of the phase portrait is occluded. These results imply 

that good phase portrait estimates are possible when the critical point is present, but 

they degrade quickly as the critical point is removed and the noise level increases. 
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Input. Est.imat.ed Input. Est.imat.ed Input. Est.imat.ed 
Dat.a Port.rait. Dat.a Port.rait. Dat.a Port.rait. 

o % occluded o % occluded o % occluded 

E E ~ ~ • • 20 % ocduded 20 % occluded 20 % occluded 

~ E ~ ~ [M • 40 % occluded 40 % ocdllded 40 % occluded 

II E [EJ -+- [J • 60 % ocduded 60 % occluded 60 % occluded 

[] ~ [] ~ [] • 80 X ocduded 80 % ocduded 80 % ocduded 

0 Ii 0 ~ 0 ~ 
( a) (b) (c) 

Figure 3.8: The estimated phase portraits for partially occluded phase portraits. 
Gaussian noise with (j = 5.00 was added to the original phase portrait angle data. 
The figures on the left indicate the partial data input to the estimation procedure, 
and those on the right are the estimated phase portraits. (a) Node: A = [1,0,0,1]. 
(b) Saddle: A = [1,0,0,-1]. (c) Vortex: A = [1,1,-1,1]. 
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Figure 3.9: Distance from the estimated to true critical point in a star node for 
various amounts of noise. The behavior is similar in other types of phase portraits. 

3.3.2 Linear Region Segmentation 

Data is input to the linear phase portrait estimator from a window encompassing 

each critical point, and the quality of the model depends on the size of the window. 

This section addresses how to automatically determine a window size that represents 

the linear region. This effectively segments the field into linear critical point regions. 

A simple approach is to vary the window size, estimate the linear phase portrait, and 

pick the one that minimizes the mean square error. This tends to select the smallest 

window size used. Another is to select a window where the mean square error of 

the linear estimate exceeds a threshold, but this is inconsistent as the orientation 

field noise level varies. The linear region is the area where the nonlinear effects 
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are negligible, and it is determined by comparing linear and nonlinear estimates. 

The nonlinear estimator (3Td order) is a direct extension of the linear phase portrait 

estimator that minimizes the MSE as in (3.23), but includes higher order nonlinear 

terms. As discussed in Chapter 4 there are drawbacks to this estimator when used 

for nonlinear systems, but it is only used as a comparison measure and is sufficient 

for the problem at hand. 

The window size (w) is varied, and the mean square error difference between the 

estimates computed as 

(3.25) 

It is assumed that the field is well modeled by a nonlinear system, and that the 

mean square error of the corresponding estimate is due to noise in the input data. 

~(2( tv) represents the residual modeling error of the linear estimate, which was em

pirically observed to be an exponentially increasing curve. An estimation window is 

assumed to encompass linear behavior if 8e2
( w) does not exceed a certain threshold 

(T). The measured data points are fit to the model 8~2(W) = ae(3w, and the linear 

region window selected where 8~2(W) = T. T = 15 was selected by trial and er

ror, and increasing or decreasing this value increases or decreases the linear window 

size. A square estimation window was selected, but different shaped windows can be 

used. The estimation windows and corresponding linear estimates obtained by this 

procedure are given in the results section at the end of this chapter. 
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3.3.3 Correction of Flow Directions 

The phase portrait coefficients are estimated from directionally ambiguous data, 

and are not necessarily correct with respect to each other. For example, if we have 

a vortex pair we know that one rotates clockwise and the other counterclockwise. 

The A matrix estimation procedure does not guarantee this condition. This is not 

necessary for critical point classification, but is important when computing models 

of the global field behavior as addressed in Chapter 4. 

We assume that we can correct the flow field directions of two neighboring critical 

points based on their estimated A matrices. This is accomplished by connecting the 

critical points with a straight line and selecting the point P midway between them. 

The vector contribution of each phase portrait is computed at P. The flow directions 

are fixed so that the vectors are compatible in direction (i.e. their dot product is 

maximum). A graph is formed in which all neighboring critical points in the flow 

image are connected. An arbitrary point in the graph is selected and the direction 

of its nearest neighbor is corrected. This is repeated at the neighboring critical point 

until all are processed. 

This procedure is not foolproof as can be shown by example, but it has worked 

well in the flows we considered. A more advanced technique could be implemented 

by examining the orientation field in the region between neighboring critical points. 

Helman and Hesselink [17] employed a graph structure for simulated data in which 
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critical points were linked by determining interconnecting streamlines. This approach 

could also fail if the flow field is poorly resolved outside of the critical point regions. 

3.3.4 Analysis of Vector Field Data 

Raw vector field data from PIV experiments and computer simulations is de

composed analogously, but the process is simpler since the data has no directional 

ambiguity and contains magnitude information. Critical points are detected at the in

tersection of zero crossing locations in the x and y field components. The A matrices 

are found by least-squares minimization of the following error measures 

e; = L:i [X(Xi, y;) - (AllXi + A12Yi + i x )J2 

e~ = L:i [Y(Xj, y;) - (A21Xi + A22Yi + i y )J2. 

(3.26) 

It is not necessary to correct the estimated phase portrait flow field directions. 

:3,4 Experimental Results 

Results of the flow field analysis procedure for six data sets are presented. These 

examples were selected to show the application to a variety of experimental data, 

as well as shortcomings of the procedure. They are arranged in order of increasing 

flow complexity, as defined by the number of critical points. The experimental image 

and a corresponding streamline model of the critical point behavior is provided for 

each example. The detected critical points are marked by the cross hairs, and au

tomatically segmented linear region windows are superimposed on the critical point 
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regions. Additional information pertaining to the processing and selection of input 

parameters for each data set is supplied in table format with each example. 

The first example (Figure 3.10) is a single vortex visualized by the injection of dye 

into a flow field. The individual streak lines are easily distinguished, so the orientation 

field is computed by the streamline identification technique. We could have used Rao 

and Schunck's method, but this would have required a large amount smoothing and 

would also produce estimates of the flow outside of the ring formed by the streamlines 

(although with generally low coherence). The second example (Figure 3.11) shows 

two vortices. The orientation field was computed by streamline identification, as 

there are easily identifiable streamlines and there is not a strongly oriented texture. 

The estimation window picked on the left is smaller than might be expected, and 

the corresponding estimate suffers. In these two examples, all critical points were 

successfully detected using the sparse field detector implementation. In all of the 

examples shown, the detector loop r was sampled at 5° intervals. 

The third example (Figure 3.12) is of a vortex pair visualized by the mixing of 

helium and air [22]. Unlike the other examples this was not generated by seeding the 

flow field with particles to visualize the flow trajectories. There are no streamlines, 

but there is an oriented texture produced by helium in the vortex regions. The 

orientation field, computed Rao and Schunck's method, was a good representation 

of the flow behavior in the critical point regions, but poor outside of them. The 
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coherence measure failed to adequately discriminate between these regions. However, 

the vortices were detected and a good model of the critical point behavior computed. 

The final three examples are similar in that they were visualized by seeding the 

flow field with particles and have strongly oriented textures. The first of these (Figure 

3.13) is of a vortex pair and a saddle, while the second (Figure 3.14) is a Karman 

vortex street with four vortices. In each of these examples all of the flow critical points 

were successfully detected. The final example (Figure 3.15) contains 12 critical points, 

some of which are severely degraded or missing entirely. Seven of the critical points 

,vere reliably detected which were the four large vortices and three small saddles near 

the oscillating cylinder. 
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Flow Field Analysis Result 
image: Van Dyke #80e size: 297x259 pixels 
orientation field method: streamline identification, O'r = 1,O'i = 3 
critical point detector radii: 20 pixels 1/1 detected 

critical point window size A matrix classification 
location (pixels) estimate 

(172,94) 96 l -0.10 
1.00 

-0.83 J 
-0.04 

vortex 

(a) (b) 

Figure 3.10: (a.) A vortex produced by water forced past a triangular obstruction, 
and visualized by dye injection. (b) Linear phase portrait model. 
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Flow Field Analysis Result 
image: Van Dyke #84 size: 504x197 pixels 
orientation field method: streamline identification, O'r = 3, O'~ = 5 
critical point detector radii: 30 pixels 2/2 detected 

critical point window size A matrix classification 
location (pixels) estimate 

(122,136) 58 
-0.51 -0.78 

vortex 
-1.00 0.12 

(392,120) 81 
-0.17 -0.89 

vortex 
1.00 -0.24 

(a) (b) 

Figure 3.11: (a) Cross-section of a vortex street behind a rectangular wing. Visualized 
by hydrogen bubbles emitted from a wire. (b) Linear phase portrait models. 
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Flow Field Analysis Result 
image: Jacobs #106 size: 360x240 pixels 
orientation field method: Rao and Schunck's, u = 5, window size=9 pixels 
critical point detector radii: 30 pixels 2/2 detected 

critical point window size A matrix classification 
location (pixels) estimate 

(195,61) 73 
-0.04 -2.57 

vortex 
1.00 -0.01 

(195,175) 76 
0.15 2.63 

vortex 
-1.00 -0.23 

(a) (b) 

Figure 3.12: (a) A vortex pair visualized by the shock induced mixing of helium and 
air in a cylinder. (b) Linear phase portrait models. 
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Flow Field Analysis Result 
image: Van Dyke #64 size: 404x344 pixels 
orientation field method: Rao and Schunck's, (J = 5, window size=21 pixels 
critical point detector radii: 35 pixels 3/3 detected 

critical point window size A matrix classification 
location (pixels) estimate 

(77,12.5) 59 l-0.06 
1.00 

-2.63 J 
-0.03 

vortex 

(63,217) 59 
0.11 2.07 

vortex 
I -1.00 0.03 

(147,172) 64 l -1.00 
-0.05 

-0.10 J 
0.47 

saddle 

(a) (b) 

Figure 3.13: (a) Impulsive motion past a flat plate visualized by aluminum dust in 
water. (b) Linear phase portrait models. 
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Flow Field Analysis Result 
image: Van Dyke #98 size: 479x263 pixels 
orientation field method: Rao and Schunck's, (j = 5, window size = 25 pixels 
critical point detector radii: 60 pixels 4/4 detected 

critical point window size A matrix classification 
location (pixels) estimate 

(22,198) 61 1-0
.
05 

1.00 
-0.56 1 
-0.08 

vortex 

(157,90) 60 
0.04 0.52 

vortex 
-1.00 0.11 

(310,201 ) 62 1-0
.
21 

1.00 
-0.37 J 
0.04 

vortex 

(438,98) 62 I 0.04 0.42 vortex t -1.00 0.04 

(a) (b) 

Figure 3.14: (a) A Karman vortex street visualized by particles suspended in water. 
(b) Linear phase portrait models. 
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Flow Field Analysis Result 
image: Van Dyke #31 size: 478x509 pixels 
orientation field method: Rao and Schunck's, (1 = 3, window size=l1 pixels 
critical point detector radii: 20 and 40 pixels 7/12 detected 

critical point window size A matrix classification 
location (pixels) estimate 

(85,125) 73 
-0.58 -1.31 

vortex 
1.00 0.48 

(392,128) 70 
-0.60 1.56 

vortex 
-1.00 0.51 

(85,361) 71 
-0.60 1.51 

vortex 
-1.00 0.49 

(388,383) 77 
-0.49 -1.36 

vortex 
1.00 0.46 

(238,187) 55 
-1.00 0.15 

saddle 
-0.09 1.62 

(169,247) 58 
-1.00 -0.04 

saddle 
0.15 0.50 

(306,251) 58 
-1.00 -0.07 

saddle 
-0.31 1.34 

(a) (b) 

Figure 3.15: (a) Secondary streaming induced by an oscillating cylinder. The flow is 
visualized by glass beads suspended in a mixture of water and glycerine. (b) Linear 
phase portrait models. 
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3.5 Discussion 

This analysis provides a qualitative description and linear approximation of the 

flow field critical points. This is similar to the approach of Rao [43, 42], but differs 

in several respects. In our analysis, streamline identification is used to compute the 

orientation field to overcome the problems posed by weakly oriented textures and 

by the existence of multiple orientations. In addition, a critical point detector was 

applied prior to phase portrait estimation, and A matrix estimation was accomplished 

by a linear least-squares technique as opposed to a nonlinear estimator. A technique 

to automatically segment the critical point regions was presented as well. 

A fully automated analysis procedure is desirable, but this is not realized as sev

eral input parameters are required. A technique for computing the orientation field 

must be selected along with the Gaussian filter standard deviation. In addition, the 

processing radii of the critical point detector must be selected based on knowledge of 

the expected critical point sizes and the minimum distance between them. Selection 

of the A matrix estimation window size was automated at the cost of higher com

putational complexity. Automation of the entire procedure is possible for groups of 

data whose characteristics are similar and known a priori to allow proper parameter 

selection. 
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CHAPTER 4 

Flow Field Image Modeling 

Two approaches for modeling global flow field behavior are developed in this chap

ter. Each one uses linear phase portrait estimates as an input, and requires that the 

flow field analysis procedure be completed as a preliminary processing step. In the 

first technique, the flow field is treated as a superposition of flow primitives. Flow 

primitives are similar to the canonical form of linear phase portraits, and each has 

an associated strength which is estimated from the orientation field. The application 

of this technique requires invoking simplifying flow assumptions, and it is limited 

to flows exhibiting nearly ideal behavior. To improve upon the superposition tech

nique, a modification is considered where these assumptions are relaxed. In the 

second approach, the velocity components are modeled by a Taylor series expansion 

as introduced in Chapter 2. 

In each approach, the models are represented by a relatively small number of coeffi

cients from which a vector field is reconstructed and the streamlines are subsequently 

visualized. It is assumed that the flow field under consideration is stationary, and 

that the orientation field is indicative of the flow streamlines. The representations are 

primarily intended as pattern models of the streamlines and generally correspond to 

the direction, but not the magnitude of the flow. Strictly speaking they are models 
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of the orientation field. It may be possible to estimate the magnitude from some 

of the images considered, however, this requires additional processing and falls in 

the domain of particle image velocimetry. The representation of vector field data 

measured by such experiments is considered in the next chapter. 

4.1 Lineal' Superposition Models 

The method of superposing flow primitives is well known in fluid dynamics theory 

[2,34,56]' where it is applied to model the flow around rigid bodies such as cylinders 

and airfoils. It has also been employed in computer graphics applications to animate 

fluid motion [5.5J. The conditions for which the superposition principle holds, and 

elementary flows that f>atisfy these conditions are derived. These results are applied to 

model images by superposing the appropriate flow primitives at the detected critical 

points in a flow field. 

4.1.1 Potential Theory 

A fundamental equation of fluid mechanics, derived from the principle of conser-

vation of mass, is the continuity equation 

ap ... at + V' . (p V) = o. (4.1 ) 

,i is the velocity field and p is the fluid density. This states that the divergence is equal 

to the relative change in density at any point in the fluid. If the fluid is incompressible 
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(p constant) then \7 . "Ii = O. If the flow is also irrotational (\7 x li = 0), then it can 

be shown that if is the gradient of a function [28] 

if = \7¢. (4.2) 

Combining this result with the zero divergence condition produces Laplace's equation 

(4.3) 

The function ¢( x, y) is known as the velocity potential, and lines of constant potential 

are orthogonal to the flow streamlines. The physical interpretation of the irrotational 

condition is that the are no friction forces in the flow. 

If there exist multiple potential functions, ¢b ... , ¢N, that satisfy Laplace's equa-

tion then 

(4.'1) 

This indicates that superpositions of solutions to Laplace's equation also satisfy 

Laplace's equation. Alternatively, if we consider incompressible, irrotational vector 

fields. \1 .... , l/;v, it can be shown that 

(4.5) 

(4.6) 

Therefore, a vector field formed by the sum of incompressible, irrotational vector 

fields is also incompressible and irrotational. This provides the means of generating 

complex flows as the superposition of simple flows that satisfy these conditions. 
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4.1.2 Solutions to Laplace's Equation 

Simple solutions to Laplace's equation, known as flow primitives, are determined, 

and their relation to linear phase portraits examin~d. The velocity field is represented 

as V(x, y) = x(x, y)i + y(x, y)]. 

1. Uniform stream flow. 

The velocity components of a uniform flow field are represented as 

[ 
~ ] = A [ c~s 0 

] , 
y smO 

(4.i) 

where 1\ is the strength of the flow and 0 indicates the direction. It is easily 

verified that the divergence and curl are both zero. 

2. Linear phase portrait solutions. 

The linear phase portrait description is 

[ 
~] = 1\ [AU Al2] [x ]. 
Y A2l A22 Y 

(4.8) 

The divergence and curl of this field are \7 . V = All + A22 = tr(A) and 

V' x V = Al2 - A2l . This satisfies Laplace's equation if All = -A22 and 

Al2 = A2b which implies that tr(A) = 0 and det(A) = -(Ail + Ai2)' From 

the classification diagrams of Chapter 2 (Figures 2.1 and 2.2), it is apparent 

that the only phase portrait solutions that satisfies these conditions are saddles 

with equal eigenvalues and orthogonal eigenvectors. 
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3. Phase portrait like solutions. 

Consider the modified linear phase portrait description 

[ 
~ ] = A [All A12] [ ("'~)O ] , 

Y A21 A22 (x2+y2)Q 

(4.9) 

where Q > O. The magnitude of this flow differs from the linear phase portrait 

description, but the flow orientation is the same. The magnitude is infinite at 

the critical point and decreases with radial distance from it. For the special 

case of a = 1, the divergence and curl are 

\7·V = 

\7 x V = 

(A22 - An)(X2 + y2) + 2(A12 + A2dxy 
(a: 2+y2)2 

(A12 + A21)(X2 - y2) + 2(A22 - All)Xy 
(X2 + y2)2 

(4.10) 

(4.11) 

If All = A22 and Al2 = -A21l this flow satisfies Laplace's equation and there 

are three possible flows to consider: 

(a) All i= 0 and A12 = O. This flow is known as a source or sink, and has the 

same flow orientation as a star node phase portrait. 

(b) All = 0 and Al2 =I O. This flow is known as an irrotational vortex, and 

has the same flow orientation as a canonical center phase portrait with 

equal eigenvalues. 

(c) All i= 0 and Al2 =I O. This flow equivalent to the superposition of an 

irrotational vortex and a source or sink. Its flow orientation is identical to 

a canonical spiral phase portrait. 
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4.1.3 Application to Image Data 

To model a flow field image by the superposition technique, each detected critical 

point is replaced by its nearest flow primitive relative. For instance, nodes are re-

placed by a star node and spirals by the combination of an irrotational vortex and a 

star node. The velocity components of a flow containing N critical points are modeled 

as 

(4.12) 

.i'i(;l',y) and Yi(X,y) are the velocity components of the ith flow primitive at point 

(.l',y). and Ai is its unknown strength. Au and Ou correspond to an unknown uniform 

flo\\" strength and direction. The unknown model parameters are computed from the 

flo\\" primitives and the directionally ambiguous orientation field by forming the ratio 

(4.13) 

The parameters are computed by minimizing the quantity 

(4.14) 

The sin function handles the directional ambiguity by not penalizing angle differences 

of 0 and ±7r, but applies a maximum penalty to differences of ±%- fp(A) is a penalty 

function that is included to enforce a positivity constraint on the primitive strengths. 

It is defined as 

N 

fp(A) = -KLAjU(-Ai ), (4.1.5 ) 
j=l 
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where UO is the step function and K is a constant. No penalty is applied if the 

strengths are positive, and larger values of K enforce stricter adherence to the posi

tivity constraint. This quantity is minimized by the Levenberg-Marquardt nonlinear 

least-squares algorithm [41]. 

4.1.4 Results 

Four examples of the superposition modeling technique are presented. The gray 

scale image and streamline model are supplied for each. Table 4.1 summarizes the 

computed primitive strengths, the model error, and amount of data required to store 

the model for each example. The first example is an image of flow past a circular 

cylinder (Figure 4.1), which exhibits characteristics of a nearly ideal fluid. There are 

no detectable critical points in the pattern, but it is known that laminar flow over 

a cylinder is modeled as a superposition of a source and sink at the center of the 

cylinder (forming a doublet) and uniform flow. Manual placement of critical points 

is required for images containing airfoils. This modeling could be a.utomatic if a 

reliable method to detect airfoils is available, or their presence and location is known 

a priori. The streamlines do not exactly match those in the original image, but are a 

close approximation to visualize the flow. The second example is flow past an airfoil 

(Figure 4.2). Again there are no critical points to detect, and the flow is modeled 

manually as a superposition of laminar flow and a source node. 
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(a) (b) 

Figure 4.1: (a) Laminar flow past a cylinder. A sparse orientation field was computed 
from identified streamlines. Image size:587x459. (b) Model streamlines. 

(a) (b) 

Figure 4.2: (a) Laminar flow past a Rankine half-body. A sparse orientation field was 
computed from identified streamlines. Image size:594x422. (b) Model streamlines. 

(a) (b) 

Figure 4.3: (a) Four Karman vortices. (b) Model streamlines. 
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(a) (b) 

Figure 4.4: (a) Flow induced by an oscillating cylinder. (b) Model streamlines. 

The final two examples differ in that they do not satisfy the assumptions required 

for the superposition technique. The third example is of 4 Karman vortices in absolute 

motion (Figure 4.3). There are differences in the vortex regions which are more round 

than the oval shape apparent in the image. There are also discrepancies in the upper 

left and lower right corners of the image. This occurs because there are vortices not 

shown in the image that influence these regions, but they are not contained in the 

model. 

The final example (Figure 4.4) is modeled by twelve critical points; four large 

vortices in the corners, four saddles around the cylinder, and four small vortices 

around the cylinder. Although there is a resemblance to the original streamlines, 
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Flow Primitive Location / Strength f Data Size 
{}1J. (bytes) 

flow over source node (278,208) 1.00 4.50 x 10-2 78 
cylinder sink node (280,208) 9.99 x 10-1 

uniform flow 2.44° 2.52 x 10-4 

flow over source node (201,219) 1.00 4.43 x 10-2 45 
wing uniform flow 2.02° 3.90 x 1O-~ 

Karman vortex (22,198) 8.60 x 10 1 2.84 X 10-1 144 
vortices vortex (157,90) 9.92 x 10-1 

vortex (310,201) 1.00 
vortex ( 438,98) 8.59 x 10-1 

uniform flow 48.21° 3.70 x 1O-~ 
osciIlating vortex (85,125) 1.00 2.17 x 10-1 408 
cylinder vortex (392,128) 8.42 x 10 ·1 

flow vortex (85,361) 9.51 x 10-1 

vortex (388,383) 7.45 x 10-1 

saddle (238,187) 1.26 x 10 1 

saddle (169,247) 1.69 x 10-1 

saddle (306,251) 1.42 x 10-1 

saddle (235,310) 4.18 x 10 .~ 
vortex (205,219) 1.55 x 1O-;j 
vortex (279,219) 3.63 x 1O-;j 
vortex (205,282) 6.97 x 1O-;J 
vortex (284,282) 1.63 x 1O-~ 

uniform flow 48.15° 3.44 x 10·'1 

Table 4.1: Superposition results. 

there is a fairly large discrepancy from the original. The reason is that this flow is 

far from ideal, and does not satisfy the assumptions required for superposition. 

4.2 Modified Superposition 

The linear superposition model assumes that the flow is irrotational which is not 

truE' of the majority of flows observed. In addition, by superposing primitives shape 
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information provided by the phase portrait estimates is discarded. The superposition 

technique is refined by relaxing these conditions, and superposing a modified form of 

the estimated linear phase portraits. The new flow primitive form is 

. x 
x=A!(x,y)' (4.16) 

where A is the estimated linear phase portrait, f( x, y) = (x2 + y2)'\ and Q is an 

unknown constant that is the same for all primitives. This allows the rate of decay 

of the flow primitive strengths to vary by changing 0'. These new primitives are no 

longer restricted to be incompressible, and we are willing to accept this since the 

models represent only the velocity field direction. 

It is obvious that the noncanonical forms should provide better models since they 

contain more information about the local shape of the flow than the canonical forms. 

Howe\'er, if the estimated A matrices are used without letting the rate of decay (Q) 

be computed arbitrarily, the computed models are often surprisingly poor approxi-

mations to the field. It is possible to develop other variations of this sort, where each 

critical point has its own Q parameter. Another possibility is to use arbitrary func-

tions to combine the individual phase portrait contributions in an optimal manner, 

but this requires increasing the model complexity. For instance, we experimented 

with a strength variation function !(x,y) = 1 + (X2!y2)C\' (analogous to a Butter-

worth filter response characteristic), where each critical point has its own Q and a. 

This produced little improvement over the previous modification for the flows we 
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(a) (b) 

Figure 4.5: Modified superposition models. (a) Four Karman vortices. (b) Flow 
induced by an oscillating cylinder. 

considered. In any case, we are trying to account for the non-ideal behavior of the 

flow by a pseudo-linear approximation. 

4.2.1 Results 

Two examples of the modified superposition modeling technique are presented. 

The model parameters are computed by the same method used for the linear super-

position model. These examples correspond to the images of Figures 4.3 and 4.4, 

and Figure 4.5 contains the computed streamline models. Table 4.2 summarizes the 

computed primitive strengths and model error for each example. These models are a 

significant improvement over the original superposition technique, but in the Karman 

street there is the appearance of an unwanted saddle critical point. 
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Flow Primitive Location / Strength Q' € Data Size 
()u (bytes) 

Karman vortex (22,198) 7.26 x 10-1 1.53 2.13 x 10-1 148 
vortices vortex (157,90) 1.00 

vortex (310,201) 9.18 x 10 ·1 

vortex ( 438,98) 9.58 x 10-1 

uniform flow 27.81 0 3.48 x 10 .:) 

oscillating vortex (85,125) 9.74 x 10-1 1.37 1.52 x 10-1 412 
cylinder vortex (392,128) 1.00 

flow vortex (85,361) 8.54 x 10 '1 

vortex (388,383) 9.79 x 10-1 

saddle (238,187) 3.96 x 1O-~ 
saddle (169,247) 2.41 x 10-1 

saddle (306,251) 1.62 x 10 ·1 

saddle (235,310) 2.48 x 10 -4 

vortex (205,219) 9.48 x 1O-:l 
vortex (279,219) 9.93 x 10-;! 
vortex (205,282) 1.24 x 10-1 

vortex (284,282) 5.91 x 10-;: 
uniform flow 132.580 1.72 x 10-5 

Table 4.2: Modified superposition results. 

4.3 Nonlinear Models 

Superposition modeling tends to work well for flows that exhibit symmetric be-

havior. In addition, it does a poor job of representing flows containing a single critical 

point. A single critical point flow may exhibit nonlinear behavior, but this cannot be 

approximated by the superposition of a single phase portrait. In order to compute 

general models, nonlinear dynamical systems, introduced in Chapter 2, are consid-

ered. The ;r and y velocity components were represented by a Taylor series expansion 
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as 

x = ao + alX + a2Y + a3x2 + a4XY + asy2 + .. . 
( 4.17) 

y = bo + b1x + b2y + b3x2 + b4xy + bsy2 + ... . 
The nonlinear phase portraits can contain multiple critical points. To apply this 

model we must address how to properly select the polynomial order for a given 

number of critical points, as well as how to estimate the coefficients. Two approaches 

for computing the model coefficients are considered. In the first, the models are 

computed from only the critical point behavior, while in the second they are computed 

from the global flow behavior. 

4.:3.1 Models from Local Behavior 

This section explores the possibility of determining the global flow field behavior 

based solely on the critical point descriptions. The first question to address is whether 

or not the local behavior determines the global behavior, and the answer is that it does 

not. It is possible for two different nonlinear systems to have identical critical point 

behavior, but significantly different behavior outside of these regions. This restricts 

our ability to find reliable solutions from the local behavior, but since the information 

is available we attempt it anyway. This problem also applies to the superposition 

models. In many cases a good solution is obtained from the local behavior, while in 

others it is quite poor. Caveat emptor! A common shortcoming is the appearance 

of spurious critical points in the nonlinear models. There are advantages to these 

solutions, as they are easy to compute. In addition, they provide good starting points 
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for computing more accurate solutions by gradient descent techniques described in 

Section 4.3.3.1. Two methods for computing nonlinear models from the linear phase 

portraits are described. 

4.3.1.1 Computation from the Linear Phase Portrait Coefficients 

Nonlinear models are computed directly from the linear phase portrait coeffi

cients, where the nonlinear equations are manipulated to produce the desired critical 

point behavior. Consider a nonlinear ODE with critical point locations {(xc, Yc) Ie = 

1, ... , m }. A linear phase portrait description of each one is obtained by shifting the 

coordinate axes to that particular point (x = x' + xc, y = y' + Yc). This creates a new 

system of equations, and truncating the nonlinear terms provides the linear phase 

portrait description. An nth order system shifted to critical point (xc, Yc) produces 

.r(.1~', y') = t~(xc, Yc; it) + Afl (xc, Yc; it)x' + A12(xc, Ye; it)y' + 9r(X', y'; ct) 
(4.18) 

iJ(.1~', y') = t~(xc, Yc; b) + A~l (Xe, Ye; b)x' + A~2(xc, Yc; b)y' + 9y(X', y'; b). 

The linear coefficients are functions of the critical point location and the system 

coefficients, while 9r and 9y are nonlinear functions of x' and y'. 

We have the reverse situation, as the critical point behavior is known from flow 

field decomposition. The Taylor series order is selected so that it can model the 

desired number of critical points. There is no guarantee that the order chosen is 

sufficient. and a higher order might be required. The linear terms of (4.18) are 
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equated directly with those of the estimated A matrices as 

.. 
t~( Xc, Yc; a) tC 

x t;(xc, Yc; b) tC 
y 

A~l (xc, Yc; a) = ).c A~l A21 (xc, Yc; b) = ).C A21 (4.19) 

Ar2(Xc, Yc; a) A12 A22( XC, Yc; b) A22 

The). terms are included since the linear phase portrait estimate is accurate in 

describing only the flow direction, but contains no magnitude information. The phase 

portrait matrices A and )'A are equally valid descriptions of the flow orientation. 

The significance of (4.19) is that the higher order nonlinear coefficients are ex-

pressed in terms of the estimated linear phase portraits. This linearization is carried 

out at all critical points, producing two (generally overdetermined) systems of equa-

tions to solve for a and b. The). values can be determined by steepest descent 

minimization. Alternatively, they can be set equal to the linear region window sizes, 

where the assumption is that the window sizes are indicative of the flow magnitude 

in the critical point regions. 

4.3.1.2 Computation from the Reconstructed Vector Field 

Given the linear phase portrait estimates, a vector field corresponding to these 

estimates is reconstructed in the linear region windows. This provides a limited 

estimate of the field in which the directional ambiguity is removed, and magnitude 

information (although not necessarily correct) is available as well. The nonlinear 
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coefficients are determined from these vector field patches by extending the least

squares estimator of equation (3.26) used for estimating the A matrices of vector 

field data. 

4.3.2 Results 

The first method is generally much faster since there are far fewer data points, but 

the second is more stable as the Taylor series order is increased. The second method 

is also sensitive to fluctuations in the linear window sizes used for reconstruction. The 

example nonlinear phase portraits presented in Chapter 2 (Figure 2.4) were generated 

from the A matrix coefficients. Image models computed by these techniques are 

illustrated in Figure 4.6. The vortex pair (from the flow of Figure 3.13) was modeled 

by a second order system, whose coefficients were computed from the estimated A 

matrices. The model computed from the reconstructed linear vector field produced 

a similar result. The Karman vortex street was modeled by a fourth order system 

with the coefficients computed from a reconstructed vector field. This illustrates the 

shortcomings of this approach as four spurious critical points appear in the solution. 

4.3.3 Image Models from Global Behavior 

A technique for modeling the global orientation field is presented. The approach 

is to segment the flow field based on critical point locations and model the resulting 

partitions. Each critical point partition may be modeled independently; however, this 
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(a) 

(c) (d) 

Figure 4.6: Nonlinear models computed from the critical point behavior. (a) Linear 
phase portrait estimates of a vortex pair. (b) Nonlinear model computed from the 
estimated A matrices. (c) Linear phase portrait estimates of Karman vortices. (d) 
Nonlinear model computed from reconstructed patches of the linear estimates. 

is taken a step further as partitions are merged and modeled to reduce the amount 

of data required to represent the field. 

4.3.3.1 Nonlinear Least-Squares Estimator 

An estimator for computing the nonlinear coefficients from an orientation field is 

needed. An obvious candidate is to extend the estimator of equation (3.23) used for 

linear phase portrait estimation. This has a serious drawback as it admits unwanted 
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critical points into the solution. It relies solely on orientation information, and this 

allows the field magnitude to go zero (producing critical points) at points in the flow 

that do not correspond to actual critical points. This is particularly common where 

the orientation field is incomplete or noisy. 

Control of the model critical points is exercised by minimizing the error function 

f = ~f f [lsin(O(xi,Yi) - <p(Xi,Yiia,b))1 + jp(Xi,Yiia,b')] , (4.20) 
1=1 

where 

(4.21) 

and the t/s are the Taylor series terms. Both terms inside the summation are positive 

quantities, and the range of the sin function argument (Oi - <Pi) is [-7l', 7l']. Jp(x, Yi a, b) 

is a penalty function that is included to discourage spurious critical points from 

entering the solution. A penalty is applied if the model magnitude falls below a 

certain level (mT) outside of the known critical point regions. The model magnitude 

at a point in the field is 

( 4.22) 

and dcp(x, y) is the distance to the nearest critical point. The penalty function is 

defined as 

.... .... {a (1 _ m(x:;ii,ii)) 
Jp(x, Yi a, b) = 

o 

ifm(x,Yia,b) < mT and dcp(x,y) > dT 

otherwise 

(4.23) 
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There is no penalty if the model magnitude is greater than or equal to mT, and it 

increases linearly from 0 to a as m( x, Yj ii,b) decreases from mT to O. Threshold 

values of mT = 10 and dT = 30 pixels were used. This estimator is equivalent to the 

one proposed by Rao and Jain [42] for linear phase portraits if the penalty function 

is removed. 

The quantity in (4.20) is minimized by the Levenberg-Marquardt nonlinear least

squares algorithm. It is an iterative descent algorithm, and in common with other 

descent techniques is sensitive to the initial selection of coefficients. If the starting 

point is poor the algorithm may get caught in a local minimum and fail to converge to 

a useful solution. To avoid this, the linear phase portrait estimates provide an initial 

guess that is hopefully sufficiently close to the global minimum for rapid convergence. 

The coefficients are set equal to the linear estimate if the partition contains a single 

critical point. Since the starting solution contains no critical points a large a is used 

to prevent any from entering the solution. In multiple critical point partitions the 

initial coefficients are computed from the linear behavior as in Section 4.3.1.2. The 

initial guess may contain spurious critical points so a much lower value of Q is used. 

A large value of a in this situation is effective in removing unwanted critical points, 

but usually destroys the desirable phase portrait structure. 
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Figure 4.7 contains a block diagram overview of the image modeling procedure. 

The flo\\' field is segmented into overlapping partitions based on the nearest critical 

point. The overlap is included to generate smooth transitions between the piece-

wise models. The overlap region between partitions i and j is the set of points 

{(:r,y)lldi(a:,y) - dj(x,y)1 < f2}, where di(x,y) is the distance from (x,y) to critical 

J>ointi. A graph structure representing the flow field is created in which critical 

points are linked if they share a common boundary. Partitions are merged if they 



93 

Critical Point Pattern Graph Minimum Model Order 
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Figure 4.8: Critical point patterns. 

match critical point patterns that are well modeled by the Taylor series modeL These 

configurations (Figure 4.8) correspond to many of the flows in Figure 2.4. The match-

ing procedure assigns priorities based on the number of critical points contained in a 

pat.tern. 

The merged partitions are modeled by computing an approximation from the 

linear behavior. This is further refined by the nonlinear least-squares estimator. 

To verify that a solution is consistent with the flow, the model critical points are 

detected. A solution is rejected if the type and number of detected critical points 
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do not match those expected. If this occurs the pattern is split into its component 

partitions, which may be remerged into lower priority patterns. This procedure is 

repeated until all partitions are modeled. 

4.3.4.1 Field Reconstruction 

A vector field is reconstructed from the partitions after the models are computed. 

In nonoverlap regions the vector field angle (fl>J(X, y)) is set equal to the model angle 

of the particular partition, while in overlap regions the field angle is a weighted sum 

of the overlapping models. The vector field angle in an overlap region is 

(4.24) 

where the weights are 

(4.25) 

Wj(X, y) = (4.26) 

The weights decrease from 1 to 0 as the overlap region is traversed into a neighboring 

partition, and their sum is always 1. 

4.3.4.2 Results 

The model error is computed from the difference between the orientation field and 

model angle by the normalized measure f = if L:~~1 1 sin( O(x;, Yi )-4>,(Xi, Yi)) I. This is 

the quantity minimized in (4.20) with the penalty function removed. It is misleading 
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to compare models of different flows with this measure since it is dependent on the 

orientation field noise level which varies between images. In the following examples 

the critical point partition boundaries are superimposed on the original image as 

indicated by the solid lines. The dotted lines indicate patterns of connected critical 

points whose partitions were merged and successfully modeled. Table 4.3 summarizes 

the amount of data required to store and reconstruct the models, as well as the error 

measure. As a rule of thumb, the model order is selected as a value that is one greater 

than the minimum order required for a given pattern. Although the lower order is 

usually sufficient for the number of critical points, a significant improvement is often 

obtained if the order is increased. Further increases in the model order generally 

produce little improvement. 

The first example (Figure 4.9) of hurricane Hugo contains a single critical point 

modeled by a third order system. There are no well defined streamlines in this 

image, but the cloud formation provides enough orientation information to compute 

a reasonable model. The next example (Figure 4.10) is a vortex pair with a single 

saddle point, where all three critical point partitions were merged and modeled by 

a third order system. This model is more true to the actual flow in the free stream 

region, than the model of Figure 4.6 computed from the critical point behavior. 

In the Karman vortex street (Figure 4.11) the four vortices were merged into two 

vortex pairs, but one of these pairs was poorly modeled and split into its component 

partitions. Each partition was represented by a third order system. The final example 
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Flow Image Size of Nonlinear Model Orientation 
Model Data (bytes) Partitions Error (€) 

hurricane Hugo 136 1 2.47 X 10-1 

vortex pair w / saddle 168 1 1.07 x 10-1 

Karman vortex street 356 3 1.54 X 10 -1 

oscillating cylinder flow 632 5 9.52 X 10-2 

Table 4.3: Nonlinear image model results. 

(a) (b) 

Figure 4.9: (a) Hurricane Hugo. Image size:320x175. (b) Third order nonlinear 
model. 

(a) (b) 

Figure 4.10: (a) Vortex pair and saddle point produced by impulsive motion past a 
flat plate. (b) Third order nonlinear model. 
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(a) (b) 

Figure 4.11: (a) Four Karman vortices. (b) Final model of three partitions each 
modeled by a third order nonlinear system. 

(a) (b) 

Figure 4.12: (a) Flow induced by an oscillating cylinder. (b) Final model of five 
partitions each modeled by a third order nonlinear system. 
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is the flow induced by an oscillating cylinder shown in Figure 4.12. The model was 

computed only from the 7 detected critical points and is a good approximation to the 

flow despite the missing information. In most cases, when critical points are omitted 

the resulting models are poor representations. 

4.4 Discussion 

The modeling techniques were presented in the order they were investigated, and 

this corresponds to increasingly better models as judged by the resulting model error. 

The linear superposition models are generally poor, unless a nearly ideal flow field is 

considered, but a modification of this technique produced a significant improvement. 

The nonlinear representation is more general since no assumptions or restrictions are 

placed on the flo\\,. The drawback is that it requires a complicated merge and split 

procedure to compute the coefficients. Each approach relies on accurate critical point 

detection, and the models are usually poor if any are omitted. The superposition 

models are stored as a set of critical points, phase portrait coefficients, and computed 

strengths. The nonlinear models are represented by critical point locations, partition 

information, and the associated model coefficients and order. The amount of data 

required to store the models did not differ significantly between approaches, but the 

superposition techniques required less storage space for the examples considered. 

A similar estimation method was employed to compute the parameters for each 

model, with the exception of the nonlinear models computed from the critical point 
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behavior. This was accomplished by minimizing the quantity 1 sin(O - <1»1, where 

o is the orientation angle and <I> is the model vector field angle. The minimization 

was carried out by the Levenberg-Marquardt algorithm, which works well in this 

application and provides rapid convergence in comparison to straightforward steepest 

descent techniques. 
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CHAPTER 5 

Image and Vector Field Compression 

5.1 Compression of Scalar Flow Images 

Flow field models are employed to compress and reconstruct a certain class of 

gray scale flow imagery. These images must satisfy the restriction that the gray level 

along the streamlines is nearly constant or changes slowly in a nearly linear fashion. 

This constitutes a redundancy along the streamlines, and the model serves as a guide 

to remove it. The necessary information for gray level reconstruction is contained 

in profiles that are oriented perpendicular to the flow. Typical examples of gray 

level profiles selected along a streamline and perpendicular to the flow are shown 

in Figure 5.1. The synthesized angle field serves as the input to this compression 

scheme, since this allows description of the flow by a variety of methods such as 

a linear phase portrait, a linear superposition, a nonlinear dynamical system, or 

any other appropriate description. If the profiles are selected properly, an acceptable 

reproduction of the original image is reconstructed from the flow model. Since the flow 

description is relatively simple, this, along with the profiles, represents a significant 

compression of the scalar image. This is further enhanced by applying Discrete Cosine 

Transform (DCT) compression to the selected profiles. 
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Figure 5.1: Gray level profiles of a typical flow image. The profile taken along a 
streamline shows little variation, as opposed to the profile selected perpendicular to 
the flow . 

. 5.1.1 Compression 

A block diagram overview of the compression scheme is shown in Figure 5.2. 

Profiles are selected perpendicular to the flow, utilizing the synthesized flow field 

as a guide, to compress an image. This is accomplished by partitioning the image 

into smaller blocks, and selecting the appropriate profiles in each. For each block 

pixel, the path perpendicular to the flow is tracked according to the angle field by 

Euler's method (in a manner similar to visualizing the streamlines). The gray level 

profile corresponding to the longest path in each block is saved to retain a maximum 

amount of information. There is a tradeoff involved in selection of the block size: 

larger blocks allow greater compression, while smaller ones translate into more gray 

level samples and more accurate reconstruction. Images containing fine detail require 
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Figure 5.2: Procedure for compression of gray scale flow imagery. 
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small block sizes and have lower compression ratios. The gray level profiles and the 

flow model form a flow field compression of the scalar image. 

The amount of compression is further increased by employing standard image 

compression techniques to the gray scale profiles. The nCT was selected for its ease 

of implementation and good performance [6, 23]. The nCT of the sequence f(m) is 

computed in an N sample window as 

2 c(u) N-I [(2m + l)U7r] 
F(u)=~];of(m)cos 2N ,u=O,l~ ... ,N-l, (5.1 ) 
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and its inverse as 

N-l [(2m + I)U1r] 
f(m) = E c(u)F(u) cos 2N ' m = O,I, ... ,N -1, (5.2) 

where c(u) = fi if u = 0, and c(u) = 1 otherwise. With a variable bit allocation 

scheme the DCT produces high quality compressed images at an average rate of 2 bits 

per pixel (bpp) and acceptable compression at 1 bpp, but such rates are not attained 

in profile compression as discussed later. The idea behind this compression is to 

quantize the nCT coefficients with fewer bits than needed for the original profiles, 

allotting more bits to those that exhibit a greater amount of fluctuation. The bits 

are allocated according to the following scheme [23] 

(5.3) 

Rk is the number of bits used to quantize the kth coefficient, R is the average bit 

rate, and (J'~ is the variance of the coefficient. Since the profiles are not generally 

stationary, adaptive bit allocation is employed. The coefficient variances are updated 

for each N pixel frame as 

(5.4) 

where w is a weighting factor, and Uk-l is the coefficient value from the previous 

frame. 
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Figure ·5.3: Procedure for reconstruction of compressed gray scale flow imagery. 

5.1.2 Reconstruction 

Given a flow model and the selected profiles, the scalar image is reconstructed as 

out.lined in the block diagram in Figure 5.3. First, the angle field is synthesized from 

the flow description, and the profiles are recovered from the inverse DCT. Knowledge 

of t.he block size, along with the angle field, aliows replacement of the profile gray 

values in their original image positions. To reconstruct the gray value of a non-

profile pixel, the streamline it lies upon is followed in both directions (see Figure 
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'\ 
streamline 

Figure 5.4: Resampling of a pixel according to the flow model. 

5.4) until profile points are encountered, which are its streamline neighbors. The 

streamline neighbors do not necessarily correspond to sampled pixel locations, so 

their gray values are resampled by linear interpolation to reduce aliasing artifacts. 

The gray value of the image pixel is then computed as a linear interpolation of its two 

streamline neighbors. If only one neighbor is available, then their gray values are set 

equal. This process is repeated for each pixel until the entire image is reconstructed . 

. 5.1.3 Results 

This technique was applied to several images that satisfied the restrictions for the 

application of this technique. Table 5.1 outlines the compression rates achieved and 

the processing parameters employed for each example. The first example is a simple, 

buoyancy-driven convection cell (Figure 5.5), which was modeled by a single linear 

phase portrait. The profiles were selected with a large block size (50x50 pixels), 

and are shown superimposed on the scalar image. Flow field compression produced 

acceptable reconstruction at a ratio of 44:1, and DCT compression of the profiles 
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increased this to an overall ratio of 135:1. The flow over a cylinder (Figure 5.6) was 

compressed using a block size of 40x40 pixels. Flow field compression produced an 

acceptable reconstruction at a ratio of 37:1, and further compression of the profiles 

with the DCT increased this to an overall ratio of 91:1. DCT compression is capable 

of producing high quality image reconstruction at ratios of 4:1, and acceptable results 

at 8:1, but these rates were not achieved in profile compression. In traditional image 

compression occasional errors in the reconstruction are not noticeable, but in this 

technique errors in a single profile pixel are propagated over many points, and are 

easily recognized. This accounts for the bright streaks observed inside the cylinder 

that arise from DCT reconstruction errors on the cylinder edge. 

Another example is the flow past a wing shown in Figure 5.7. In this example a 

block size of 40x40 pixels achieved a flow field compression ratio of 38:1. Compression 

of the profiles increased the overall ratio to 91:1. This is an acceptable reconstruction 

of the original, but there are noticeable differences. The circular features in the center 

of the wing are distorted, and "bleed" in accordance with the flow model. This artifact 

manifests itself in any image objects that do not conform to the flow model. 

The final example (Figure 5.8) of a vortex pair illustrates the effects of inaccura

cies in the flow model. The flow field model contains discrepancies in the edge regions 

of the two vortices. This produces geometric distortions in the reconstructed image, 

limiting the profile selection to small blocks to minimize propagation of these errors. 
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lOx10 blocks were used to produce a flow field compression of 8:1, and profile com-

pression increased this to a ratio of 21:1. This is far below the compression achieved 

in the previous examples. Also, an artifact is apparent in the background region of 

the image which assumes a texture consistent with the flow model. 

Flow Model Block Flow Field Overall 
Size Compression Compression 

convection cell linear phase portrait 50 44:1 135:1 
circular cylinder superposition 40 37:1 91:1 

wing superposition 40 38:1 91:1 
vortex pair nonlinear 10 8:1 21:1 

Table 5.1: Image compression results. 

(a) (b) 

Figure 5.5: (a) Circular buoyancy-driven convection cell with the selected gray level 
profiles superimposed. Image size:392x392. (b) Reconstructed image, compression 
ratio = 135:1. 
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(a) (b) 

Figure 5.6: (a) Original image. (b) Reconstructed image, compression ratio = 91:1. 

(a) (b) 

Figure 5.7: (a) Original image. (b) Reconstructed image, compression ratio = 91:1. 

(a) (b) 

Figure .5.8: (a) Original image. (b) Reconstructed image, compression ratio = 21:1. 
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5.2 Vector Field Modeling and Compression 

We now consider the compression of velocity field data sets using the Taylor series 

model. Fields measured in PIV experiments and generated by computer simulations 

are considered. The approach is to derive a set of orthogonal polynomials from the 

Taylor series model and employ it to represent the velocity components. A critical 

point based scheme and a block transform coder are implemented. 

5.2.1 Orthogonal Polynomials 

The Taylor series expansion of the velocity components can be expressed as 

(5.5) 

where the ti's are the linearly independent functions of the Taylor series (1, x, y, .'1:
2

, xy, 

... ). The a and b coefficients of this model can be computed independently by linear 

least-squares minimization, since the components are available without directional 

ambiguity. A better approach is to model the field components by orthonormal 

polynomials as 

(5.6) 

y(X,y) = Lr=l,BiPi(X,y), 

where the Pi are the orthonormal polynomials. They are constructed by Gramm-

Schmidt orthogonalization [27] as 

n-l 

Pn(x, y) = tn(x, y) - E linPi(X, y), (5.7) 
i=O 



where 

The polynomials are further restricted to be orthonormal, such that 

M 

LPi(Xk,Yk)Pj{Xk,Yk) = Cij. 
k=l 
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(5.8) 

(5.9) 

The orthonormal polynomials can be combined to produce a single polynomial equiv-

alent to the Taylor series model. The orthonormal polynomial coefficients are found 

by the inner product operations 

(5.1 0) 

Least-squares minimization by orthonormal polynomials offers several advantages 

over that with non-orthogonal functions. First, it has greater numerical accuracy 

since the coefficients are computed by inner product operations and no matrix arith-

metic is uecessary. Second, terms can be added to the the approximation without 

having to recompute all of the coefficients. This allows the model order to be in-

creased until a certaiu criterion, such as a minimum signal-to-noise ratio (SNR), is 

met. Finally, the orthonormal coefficients are nearly decorrelated which is advanta-

geous for compression . 

. 5.2.2 Critical Point Based Compression 

A critical point based compression scheme based on orthonormal polynomials 

was implemented as outlined in Figure 5.9. This is analogous to the procedure 



critical 
point 
regions 

compute L basis 
functions and 
coefficients 

compute coefficient 
statistics 

add quantued 
coefficient 

111 

Figure 5.9: Procedure for vector field compression by critical point partitioning. 

employed in Chapter 4 for image modeling. The assumption is that the x and y 

velocity component surfaces in each critical point region are well approximated by 

relatively low order polynomials. The field is segmented into critical point regions, 

and L basis functions and corresponding coefficients are computed in each. The bit 

allocation scheme of equation (5.3) was used, which assigns the number of bits to 

each coefficient based on its energy or variance. This requires a variance estimate for 

each basis function coefficient, but this presents a problem since each partition has 

its own set of basis functions. Therefore, the variances are approximated by grouping 

coefficients together that have the same order polynomial terms. The coefficients are 

quantized by a Lloyd-Max quantizer that assumes a Laplacian coefficient density. 

Only the first m of L quantized coefficients required to achieve a minimum SNR in 
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each partition are retained. A similar coding scheme was proposed in [I4J, where a 

generalized orthogonal transform was computed for arbitrary image segments. 

5.2.3 Discrete Orthogonal Polynomial Transform 

A 2D N xN block transform for data compression is obtained from the orthogonal

ization procedure. The basis functions of this transform may be computed directly 

from the 2D Taylor series functions. It is more efficient to compute a set of ID or

thonormal basis functions and obtain the 2D transform from its cartesian product. 

Given a set of ID basis functions {Pn(i) I n, i E {O, ... , N - I}}, a 2D set of basis 

functions is generated as {Pi(X)pj(y) I i,j,x,y E {O, ... ,N-I}}. This new set is 

orthonormal, and includes polynomial terms up to XN-1yN-l. The basis functions, 

plotted for N = 8 in Figure 5.10, are similar to those of the DCT. Since the transform 

is derived from the Taylor series representation, it is expected that it is appropriate 

for compressing smoothly varying analytic surfaces. 

The energy compaction properties of the discrete orthogonal polynomial transform 

(DOPT) and DCT are compared for several data sets. An 8x8 block transform was 

computed and the variance of each transform coefficient. found. The n largest energy 

coefficients were retained and the data reconstructed from them. The normalized 

mean square error (MSE) was computed between the original and reconstructed data 

for different values of n. Results for simulated data sets (x and y velocity components 

and the vorticity field), measured PIV fields, and a natural scene (the popular Lenna 
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Figure .5.10: ID discrete orthogonal polynomial basis functions for N=8. 
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Figure 5.11: Reconstruction error plotted as a function truncated transform coef
ficients for the DaPT and DCT. (a) Navier-Stokes simulation data. (b) Climate 
simulation data. (c) PIV data set. (d) Lenna image. 
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image) are plotted in Figure 5.11. The DOPT is generally superior (lower MSE) 

for the simulated data sets, however, their performances are equalized when noise is 

added to the data. Conversely, if a data set is smoothed, thereby removing disconti

nuities, the DOPT usually gains in performance. There is no clear winner in the PlV 

data sets, and the DCT is superior for the Lenna image. These results indicate that 

the DOPT is appropriate for compressing velocity field data sets, especially those 

from simulations. The DOPT outperformed the Discrete Sine and Walsh-Hadamard 

transform on all data sets considered. This may seem trivial since such data is directly 

generated from known equations. The simulation in question required approximately 

100 hours of processing time on a Cray-YMP to generate 40MB of floating point data 

representing only a fraction of a second. A low-complexity block transform compres

sion scheme for this data using the DOPT would be advantageous. However, this is 

offset by the fact that a fast transform exists for the DCT. 

5.2.4 Block Compression Scheme 

A fixed rate block compression scheme was implemented using the DO PT. The 

purpose was to compare the results of a low complexity compression scheme to the 

critical point based scheme. The velocity component images are partitioned into 8x8 

blocks and the transform of each computed. Bits are assigned to each transform 

coefficient by equation (5.3). The coefficients are then quantized using a quantizer 

optimized for a Laplacian distribution. 
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5.2 .. 5 Compression Effects on Vorticity 

An important flow field property is the vorticity 

8v(x,y) 8u(x,y) 
w(x,y) = 8x - 8y = vx(x,y) - uy(x,y). (5.11) 

u and v are the velocity components and are equivalent to x and y. Regions of high 

vorticity are of interest since they are characteristic of interesting phenomenon such as 

flow separation and turbulence. In PIV experiments the vorticity must be estimated 

from the velocity components, so we are interested in the effect of compression on 

this process. A linear field model 

u(x,y) = u (:r y) + 8u(x,y) x + au(.r,y) y 
0, ox oy 

( 5.12) 

v(x,y) = v (x. y) + 8v(x,y) x + 8v(x,y) Y 
o. or oy 

is assumed, and the partial derivative terms are estimated in a square window (W) 

by orthogonal polynomials obtained from the Gramm-Schmidt procedure. Under 

the assumption of a linear model the partial derivative terms are estimated by the 

filtering operations 

Vr(x,y) = v(x,y)**hr(x,y), 

where the filter coefficients are 

hx(:r,y) = 

hy(x,y) = ~. L-W y~ 

(5.13) 

(5.14 ) 

In this case, the partial derivative estimates are the mean difference between sym-

metric points in HI. 
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The compressed velocity field components are modeled as 

uc(X,y) = u(x,y)+nu(x,y) 
(5.15) 

vc(X,y) = v(x,y)+nv(x,y), 

where the additive noise terms are assumed to be zero mean, identically and inde-

pendently distributed (iid) random variables with standard deviations O'nu and O'nv. 

The partial derivative estimates computed from the compressed field are 

whose noise components have standard deviations 

O'nu = O'nuV'Ew h~(x,y) 

O'nv = O'nv/'Lw hi(x,y). 

The vorticity field computed from the compressed components is 

w(x,y) = w(x,y) + nw(x,y), 

(5.16) 

(5.17) 

(5.18 ) 

where w(x,y) = vx(x,y) - uy(x,y) and nw(x,y) is an additive noise component with 

standard deviation 

O'w = JO'~ + O"~ nu nv ( 5.19) 

(if iiu and nv are independent). This result indicates that the noise variance decreases 

as the size of the estimation window is increased. To achieve this reduction the field 

must be assumed linear over a larger region. Predicted and actual values of O'w for 

a data set at various compression rates are summarized in Table 5.2. The accuracy 
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data rate (bits Compression noise 5x5 window 7x7 window 
per data point) Uii" (Tn" trw. trw. trw. trw. 

5.41 7.36 x 10-0 4.15 x 10-0 1.19 x 10-0 1.46 x 10-0 6.03 x 10-- 6.95 x 10-
4.33 1.41 x 10-' 8.32 x 10-0 2.32 x 10-0 2.86 x 10-0 1.17 x 10-0 1.47 x 10-0 

3.27 2.71 x 10 .< 1.63 x 10-< 4.47 X 10-0 5.60 x 10-0 2.26 x 10-· 2.96 x 10-· 
2.19 5.12 x 10 -. 3.10 x 10-' 8.46 x 10-0 1.06 x 10-' 4.27 x 10-0 5.82 x 10-0 

1.12 8.16 X 10 -. 5.37 x 10 -. 1.38 x 10-< 2.04 X 10-' 6.97 x 10-0 1.12 x 10-' 
0.57 1.08 X 10 -, 8.22 x 10-" 1.92 x 10-< 3.54 x 10-< 9.71 X 10 -0 1.99 x 10 -< 

Table 5.2: Comparison of actual (O'wJ and predicted (O'wp) vorticity noise standard 
deviation at various compression rates. 

of the prediction decreases with the bit rate. This is due to the fact that as the 

compression ratio is increased the additive noise becomes more correlated, violating 

the independence assumption. It is also apparent that the noise variance decreases 

with a larger estimation window. 

5.2.6 Results 

Vector field data was compressed by the block transform and critical point palti-

tioning schemes. Partitioning can achieve much greater compression rates for a given 

S:\,R~ and doesn't exhibit the block artifacts that are common at low bit rates in the 

transform scheme. A drawback is its higher complexity, and that there are sometimes 

few or no critical points in the field (this was more prevalent in the simulated data). 

It also assumes that the underlying surfaces in a partition are well modeled by low 

order polynomials which is not always true. Failure to satisfy this reduces the gains 

of this technique, and suggests that segmentation of the components based on surface 

features may be more appropriate. 
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::::~:'.:~ .... 

(b) (d) 

Figure .5.12: (a)-(b) The streamlines and vorticity contours of a simulated flow field. 
Data size: 320x160x2 data points. (c)-(d) Streamlines and vorticity contours visu
alized from the compressed field components. The compression rate of the velocity 
components is 0.078 bits per data point or 102:1. 

Figure 5.12 illustrates the visualized streamlines and vorticity contours of vector 

field produced by a weather simulation [35J compressed by the partioning method 

using 18 critical point partitions. The maximum polynomial order used was 9, and the 

vorticity field was estimated in a 9x9 window. The signal-to-noise ratio is computed 

as 

(
E{S2}) 

SNR = 10log1o MSE dB, (5.20) 

where E {S2} is the expected value of the squared velocity component in question. 

The SNRs are 20.21 dB and 22.24 dB respectively in the x and y components at a 

data rate of 0.078 bits per data point. This compares to a similar SNR result (19.39 
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(a) (c) 

(b) (d) 

Figure 5.13: (a)-(b) The streamlines and vorticity contours of a flow field measured 
by PIV. Data size: 121x79x2 data points. (c)-( d) Streamlines and vorticity con
tours visualized from the compressed field components. The compression rate of the 
velocity components is 0.12 bits per data point or 64:1. 

dB and 21.38 dB) of the block technique at a rate of 0.22 bits per data point. The 

second example (Figure 5.13) illustrates the visualized properties of a PIV data set 

[16] compressed by the partitioning scheme. The SNRs are 25.07 dB and 17.70 dB 

respectively in the x and y components at a data rate of 0.12 bits per data point. This 

compares to a similar SNR result (22.83 dB and 19.53 dB) of the block technique at 

a rate of 0.35 bits per data point. Figure 5.14 illustrates the visualized streamlines 
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Figure 5.14: (a)-(b) The streamlines and vorticity contours of a turbulent flow field 
measured by PlY. Data size: 109x90x2 data points. (c)-(d) Streamlines and vorticity 
contours visualized from the compressed field components. The compression rate of 
the velocity components is 0.54 bits per data point or 15:1. 

and vorticity contours of a turbulent field [29] compressed by the partioning method 

using 31 critical point partitions. In this example, some of the critical point partitions 

were not well modeled by the 9th order polynomials, so laminar flow critical points 

were added to the data on a 20x20 grid. The vorticity was computed in a 7x7 
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window. The SNRs are 20.49 dB and 18.09 dB respectively in the x and y components 

at a data rate of 0.54 bits per data point. This compares to a similar SNR result 

(20.83 dB and 18.87 dB) of the block technique at a rate of 0.79 bits per data point. 

In each case, a substantial compression of the underlying field data is achieved with 

little loss in the visualized properties. 

5.3 Discussion 

The flow field models developed in the previous chapters were applied to the tasks 

of image and data compression. The image compression technique is limited in scope 

to a special class of imagery, and achieves high compression ratios by exploiting 

redundancies along the flow streamlines. The following comments summarize the 

results and the applicability of this compression technique: 1) The scalar images must 

satisfy the restriction that the gray levels along the streamlines are nearly constant 

or change slowly. For these images a high degree of compression is possible, on the 

order of 100:1. 2) This method requires an accurate model of the flow, otherwise. 

the reconstruction is distorted. Such errors severely limit the amount of compression 

that is achieved. 3) Objects in the image that do not correspond to flow are distorted 

and bleed, assuming a texture consistent with the flow. This is also true of constant 

background regions that do not conform to the flow. 4) In common with other low 

bit rate compression techniques, the method is computationally intensive, especially 
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the synthesis of the angle field and resampling of the image. 5) Greater compression 

is possible by employing more advanced compression techniques to gray level profiles. 

Orthogonal polynomials were derived from the Taylor series polynomial for ve

locity field compression. This representation is advantageous for compression since 

the computed coefficients exhibit low correlation. Velocimetry data was compressed 

by partitioning the field into critical point regions. In addition, a block transform 

was computed that provides modest gains in energy compaction over the DCT for 

smoothly varying data. The critical point based scheme provides a significant com

pression gain if the partitions are well approximated by low order polynomials, albeit 

at a cost of higher computational complexity. The velocimetry data sets considered 

were compressed to low bit rates with little loss to the visualized streamlines and 

vorticity contours. 
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The purpose of this research was to develop techniques for the automated analy-

sis and compact representation of fluid flow images. The approach was to represent 

streamline patterns using dynamical systems. Chapter 1 introduced the experimen-

tal techniques commonly used in flow visualization experiments, and a review of 

dynamical systems concepts pertinent to this work were described in Chapter 2. 

Complex flow fields were represented by employing a divide and conquer strategy, 

where a field was broken into simpler, more manageable pieces. Chapter 3 presented 

a paradigm for decomposing complex flow fields. In this regard the following tools 

were developed: a technique for orientation field computation by streamline identi-

fication, a critical point detector, an estimator for computing linear flow behavior, 

and a procedure for segmenting the linear critical point behavior. The output of the 

analysis procedure is a set of critical points and associated linear model coefficients. 

In Chapter 4 global flow field models were computed from the flow components and 

the computed orientation field. Two approaches were considered. In the first, fields 

were treated as superpositions of the components by employing the tools of potential 

theory. The second, and arguably better (although more complex), was to repre-

sent the field by a nonlinear dynamical system. In the dynamical system model, 
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the velocity components of the field were represented by a Taylor series expansion. 

Nonlinear models were computed considering strictly the critical point behavior, but 

we saw that in order to compute reliable models the behavior of the entire field must 

be taken into account. In either approach, the models allowed a dramatic reduction 

in the amount of data required to represent the original image content. A steepest 

descent minimization procedure was required to compute the model parameters of 

each approach. 

In Chapter 5 the computed flow models were employed to compress gray scale flow 

images. If the original image satisfies certain assumptions and a good flow model is 

available, very high compression rates (100:1) are achieved. The flow models serve as 

a guide for removing gray level redundancy along the streamlines. Finally, the image 

modeling techniques were extended for the purpose of compressing raw velocity field 

data. In this case, the field was segmented into its critical point regions. Each 

critical point region was modeled by a set of orthogonal polynomials computed from 

the Taylor series polynomial. A block transform based on orthogonal polynomials 

was computed as well, and a traditional block coder implemented. The critical point 

based scheme was able to obtain data rates exceeding those of the block coder, at a 

higher computational complexity. 
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6.1 Future Directions 

Truly automated processing of the flow images was not achieved, as manual pa

rameter selection was required for early processing steps. The fact that flow field 

images are often poorly resolved, due to the low seeding densities, produces gaps of 

knowledge about the flow and remains a hindrance. In addition, 3D data sets were 

not considered, but these techniques should be extensible to them. Little work has 

been done on the experimental measurement of 3D velocity fields, but a wealth of 

simulated 3D data is available. There now exist visualization techniques (discussed in 

Chapter 1) that rely on dynamical systems concepts for the visualization of 3D data. 

The understanding of complex 3D data sets will further benefit from the application 

of pattern recognition techniques. For example, two recent works have addressed the 

problem of detecting vorticity tubes in 3D data sets [54, 58]. 

In this work, images of flows exhibiting smoothly varying behavior were consid

ereel. Many of these images exhibited flow separation, but not turbulence where the 

interfaces observed are discontinuous and jagged. A promising approach for turbulent 

data is to employ the tools of fractal theory and iterated function systems [5, 32]. 

Iterated function systems have the ability to compactly represent jagged contours 

that occur in natural phenomena. Already applications of fractal theory to fluid 

images are starting to appear [50,49, 51], but they have been limited mainly to the 

measurement of the fractal dimension of turbulent boundary structures. 
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