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ABSTRACT 

The overall objective of this study is to develop methods for providing a statistical 

summary of material fatigue stress-life (S-N) data for engineering design purposes. 

Specific goals are: 

1. Development of an analytical model for characterizing fatigue strength. This 

model would include: (a) a description of the trend of the data (e.g., the median 

curve through the data), (b) a description of the scatter of the data (e.g., the 

standard deviation of N as a function of S), and (c) the statistical distribution 

of N given S or S given N. 

2. Development of an algorithm for constructing a design curve from the data. 

The curve should be on the safe side of the data and should reflect uncertainties 

in the physical process as well as statistical uncertainty associated with small 

sample sizes. 

3. Development of a statistical model that can be applied in a structural reliability 

analysis in which all design factors are treated as random variables. 

Significant achievements are: 

1. Demonstration, using representative fatigue data sets, that the bilinear model 

seems to provide a consistently adequate description of the trend of fatigue data. 
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2. Demonstration, using representative fatigue data sets, that the pure X error 

source model seems to provide a consistently adequate description of the un

certainties observed in heteroscedastic fatigue data. The pure X error source 

model is based on recognition of the uncertainties in local fatigue stress. 

3. Development of a procedure for constructing a design curve using the tolerance 

limit concept developed by D.B. Owen. A more practical simplified or approxi

mate Owen curve was shown to have a minimum loss of confidence level, relative 

to exact Owen theory, under fairly general conditions. 

4. Recommendations for methods of developing a statistical model for reliability 

analysis. A comprehensive study of this issue was not pursued. 



CHAPTER 1 

INTRODUCTION 

1.1 Goals of This Study 
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The general goal of this study is to develop formal methods for providing a sta

tistical summary or synthesis of metal fatigue data for engineering design purposes. 

Specific goals are to: 

1. Improve existing models or propose new models to better characterize fatigue 

strength. 

2. Compare the performance of various models for characterizing fatigue strength. 

3. Develop a strategy for constructing a design curve in the form of a stress-life 

curve or strain-life curve to characterize fatigue strength for use in a conven

tional factor of safety design approach. 

4. Develop quality measure(s) of the design point or design curve. Assess the 

quality of the proposed design curve using the quality measure. 

5. Compare the effect of different fatigue test strategies (i.e. test plans or experi

mental designs) on the quality of the proposed design curves. 
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6. Construct a statistical model based on fatigue test data to incorporate uncer

tainty of fatigue strength to be used in a comprehensive structural reliability 

analysis. 

1.2 Fatigue Data: Preliminary Considerations 

Fatigue failure in materials is due to cyclic loading. When a structural member ex

periences cyclic loading, a crack typically initiates at the point of stress concentration 

(See Fig. 1.1). The crack grows larger as cyclic loading continues until the component 

fractures. The number of cycles of loading at which a component experiences fatigue 

failure is called the fatigue life and is denoted as N. The fatigue life N, given stress, 

is a random variable and is generally observed to have a relatively large variance. 

In a fatigue testing, the magnitude of load (stress/strain) is the controlled (or 

independent) variable and the life is the response (or dependent) variable. The load 

may be stress controlled (constant amplitude force applied to the component) or 

strain controlled (constant amplitude deformation of the component). The load (S 

for stress, E for strain) applied and corresponding fatigue life N of each specimen in 

a total sample size n is recorded as (Si, Ni) or (Ei' Ni), i = 1, n. The stress S may 

be recorded as the stress amplitude Sa or stress range SR (Fig. 1.1). The recorded 

fatigue data (Si, Ni) or (Ei' Nd are then plotted on paper as illustrated in Fig. 1.2. 

By convention, the response variable N is always plotted on the abscissa. 

For mathematical convenience, fatigue data are often transformed before analysis. 

The log transformation is used most often. For example, the fatigue life N and the 

strain E are almost always plotted on a log scale; the stress S may be plotted in linear 

or log scale. In this study, the raw fatigue data that are recorded are denoted as 



S(t) S(t) 

Oscillatory load S(t) 
applied over a long period 
of time 

1 

Crack initiates at 
point of stress 
concentration 

2 N-l 

t 

N 

failure 
occures at 
N cycles 
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(5i' Ni) or (€oi' Ni), and the transformed data used in analysis are denoted as (Xi, Vi). 

For example, for presentation of fatigue data on semi-log paper, X is equivalent to 5 

and Y is equivalent to log N as shown in Fig. 1.2. 

The fatigue data (Xi,Yi) may be fitted by a curve using a statistical method, e.g. 

the least squares method. But for design purposes, a design curve YD(X) targeting 

at the low percentile (i.e. the safe side) of the life distribution is required. A major 

goal of this study is develop rational procedures for constructing YD(X). 

1.3 The Importance of Fatigue in Engineering Design 

Generally fatigue is considered to be the most important failure mode in mechan

ical design. It has been observed that fatigue accounts for 60 '" 90% of all observed 

service failures in mechanical and structural systems [60]. It's also been estimated 

that the annual cost of fatigue and fracture in the United States is 100 billion dollars 

[16]. Fatigue failures are frequently catastrophic; they often come without warning 

and may cause significant property damage and loss of life. In 1954, two British 

commercial jet airplanes disintegrated in calm air after approximately 1000 flights as 

a result of fatigue in the fuselage caused by cabin pressure cycling. 

One of the reasons for the dominance of fatigue failure mode is that the fatigue 

process is inherently unpredictable as evidenced by the statistical scatter in laboratory 

data [80, 2], See Fig. 1.3. Scatter in cycles to failure frequently exceed one order of 

magnitude. 
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1.4 Methods of Fatigue Analysis 

Three basic methods has been developed to model fatigue strength for engineering 

purposes [5, 24j. They are: (1) a stress based method, (2) a strain based approach, 

and (3) the fracture mechanics model [14]. 

1.4.1 The Stress Based or StTess-Life Approach 

This method, which has been used for standard fatigue design for almost 100 years, 

is appropriate for high cycle fatigue (HCF). The term high cycle fatigue implies that 

the cyclic stress is elastic and that the fatigue life is greater than typically 105 cycles. 

In a stress-life fatigue test of a specimen, structural system or subsystem, typically 

a constant amplitude stress range Si is chosen. The test article is subjected to this 

oscillatory stress until the article fails. The number of cycles to failure Ni is then 

recorded. The test is repeated at different stress levels over a pre-determined range of 

S for a sample size of n identically prepared specimens. The data from this experiment 

are (Si, Ni), i = 1, n. Fatigue data thus obtained are frequently plotted on and log

log or semi-log paper as shown in Fig. 1.3. A single curve that characterizes fatigue 

strength, as shown in Fig 1.2 is called "the S-N curve" or sometimes "the Wohler 

curve". In Fig. 1.4, the horizontal part of the S-N curve is called the infinite-life 

region (i.e. N = 106 to 108 cycles [23, page 16] or [5, page 2]). The stress below 

which the material has an "infinite" life is called the fatigue limit or endurance limit. 

Not all materials have a fatigue limit, but those having a body-centered cubic(BCC) 

crystal structure tend to exhibit this limit. 
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1.4.2 The Strain Based or Strain-life approach 

The strain based method, an extension of the stress based approach to include 

cyclic plasticity and low cycle fatigue, was developed by Coffin [13], Manson [45] and 

Morrow [70]. The specimen undergoes a constant reverse strain range resulting in a 

cyclic stress-strain response as shown in Fig. 1.5. This figure demonstrates a cyclically 

hardening phenomena where the maximum stress in each cycle increases. Other 

materials may show a cyclically softening phenomena. In both cases, a cyclically 

stable condition will be achieved after about 20 '" 40% of the fatigue life. Usually 

the stable cyclic response at half life (See Fig. 1.6) is used in the analysis. The total 

strain is divided into elastic and plastic components as shown in Fig 1.6. Given a 

test specimen, the number of cycles to failure, elastic strain, plastic strain and total 

strain values are recorded and plotted as shown in the example of Fig. 1.7. 

This approach is suitable for high strain, low cycle fatigue(LCF), at points of 

stress concentration where plastic deformation plays a dominate role in the fatigue 

initiation process. With high strain, the cycle life is short (typically less than 104 

cycles). Under low strain conditions, most of the fatigue life is spent in the initiation 

stage, and this method is often used to provide an "initiation" life estimate. 

1.4.3 Fracture Mechanics Approach 

Developed in 1960s, the fracture mechanics model is suitable for describing fatigue 

crack propagation and is often used with non-destructive testing to determine the safe 

life of structures [14]. A component designed under a fracture mechanics approach 

will be such that if a crack does form, it will not grow to a critical size between 

specified inspection intervals. 
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Figure 1.6: The stable stress-strain hysteresis loop. 
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Statistical analysis of crack growth data is not considered herein. This study will 

focus on S-N and f-N data analysis. 

1.5 Features of Fatigue Data 

1. For carbon and low alloy steel, the S-N curve in log-log space is often charac

terized by a linear relationship and an endurance limit in the high cycle range 

as shown in Fig. 1.4. 

2. For non-ferrous metals such as aluminum and titanium, the general character 

of the S-N data trend is similar to steels except that there does not seem to be 

a well defined endurance limit. However, the S-N curve is often nearly linear in 

log-log space except in the high cycle region. 

3. Welded joint fatigue data tend to plot as a straight line in log-log space over a 

wide range of stresses. At low stress levels sometimes a bi- or tri-linear model 

is used as a design curve to describe endurance effects. Much welded joint data 

tend to be homoscedastic (constant scatter band of log life given stresses) except. 

in high cycle range. 

4. Fatigue data are generally heteroscedastic (i.e. the variance of log life given 

stress is not constant over the test range. Fig. 1.3, Fig. 1.8). The variance of 

log life given stress tends to increase at lower stress levels. 

5. The coefficient of variation of fatigue life is relatively large, typically ranging 

from 0.3 to 1.5 . Fig. 1.8 is a probability plot (i.e. empirical cumulative distri

bution function) which illustrates the large scatter in fatigue data. 
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Above is a probability plot on lognormal paper of cycles to failure data of a high 
performance 7075-T6 aluminum alloy. Wider spread of the data along the abscissa 
indicates larger variance. Heteroscedasticity is obvious across the different stress 
levels.[39] 
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6. The distribution of fatigue life given stress (or strain) level is not known. The 

Committee E-9 on Fatigue of the American Society for Testing and Materials 

suggested that the distribution of fatigue life given stress be modeled as lognor

mal [3]. In an unpublished study, Wirsching [76] has studied the distribution of 

several sets of fatigue data on a variety of materials and showed the life distribu

tion is consistently better fit by a lognormal than the Weibull. The 3-parameter 

Weibull has also been suggested. In fact, the location parameter, as a function 

of S, could be used to define a design curve, YD. 

7. In practice, specimens are often tested at many different stress levels with few 

replications at a given stress level. 

8. In life testing, censored data (i.e. runouts) are quite common. Censored items 

are those specimens that have not failed at the time that the test is terminated. 

In the high cycle life region, a test may be terminated by plan at a pre- specified 

life simply because of practical constrains of time and cost. 

The general features of fatigue data are summarized in Fig. 1.9. The figure shows 

fatigue data as heteroscedastic, nonlinear, having a large variance on life and having 

some censored items. Moreover the underlying distribution of fatigue life given stress 

(or strain) is unknown. All of these features complicate the statistical analysis of 

fatigue data. 
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1.6 Contemporary Design and Analysis of Fatigue Experi

ments 

In this section, variolls fatigue experimental designs and analysis methods used in 

engineering communities will be reviewed. Also included is a summary of standards 

for fatigue experiment design and data analysis used in different industrial countries. 

1.6.1 Design and Analysis of Fatigue Experiments in Prac

tice 

A fatigue test can be categorized by the basic type of information one needs: 

1. S-N test: used to construct a S-N (or e-N) curve. The curve represents the 

median fatigue life N at given stress S. 

2. Life test: used to define the P-N curve, representing the estimate of the proba

bility of fatigue failure P before N at a given stress S. 

3. Strength test: used to define the P-S curve which represents the estimate of the 

probability of failure as a function of S for a given life N. 

Note that the S-N curve and P-N (or P-S) curve can be combined to form a P-S-N 

surface on one plot composed of contours of different P values. See Fig. 1.10. 

A fatigue test can also be categorized as a preliminary test or a design improve

ment test. Preliminary tests characterized by small sample sizes usually have no 

replications. Little or no statistical analysis is applied. Such data are used for prob

lem recognition studies or for identification of gross fatigue effects (e.g. the shape of 

the S-N curve) . 
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In planning fatigue tests, it is important to obtain random samples. Specimens 

should be randomly assigned to experiment runs. Experiment runs should be con

ducted in random order, e.g. not all of the replicates at one stress level should be run 

sequentially [40]. 

Different fatigue test plans and analysis procedures used in engineering communi

ties are described in the following [3, 40, 42, 44, 30]: 

1.6.1.1 Conventional S-N Test 

The conventional S-N test is sometimes called a standard test or a classical Wohler 

test. Constant amplitude stress cycles are applied to the specimens. These tests can 

be further categorized as: 

1. Tests with no replicates. A single test specimen is selected at each stress level. 

This is done typically when only a small sample size is available. Four to six 

specimens are recommended if the shape or S-N curve is known. If the shape is 

unknown, six to 12 stress levels are suggested(Little [40, chapter 3]). Little also 

suggested that after gross fatigue effects are identified, the usefulness of a test 

with no replicates diminishes markedly. Nevertheless, fatigue tests in practice 

are often non-replicated. 

2. Tests with replicate data. More than one specimen is tested at each stress 

level. Replicate tests are required in order to estimate the variability or the 

distribution of fatigue life. A sample size of at least four at each single stress 

level is suggested in order to estimate the variability of the data [3]. A sample 

size of 10 or more at each stress level is preferred to obtain some indication as to 

the shape of the life distribution. At least four or five different stress levels are 
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required to determine the P-S-N curves. To obtain an equal degree of precision 

throughout the range of the S-N curve, more specimens are needed in the long 

life range due to the greater variability in life. Two stress levels are used when 

the range of stress levels is small enough that the S-N curve can be considered 

as a straight line. Three or four stress levels are used when the S-N curve is 

smooth with gradual curvature. Five levels or more is not recommended due 

loss of replications when the sample size is limited. 

1.6.1.2 Fatigue Strength Test 

The fatigue strength test is also called the strength test, response test, or fatigue 

limit test. Constant amplitude cyclic stresses are applied. The goal of the test is to 

estimate the statistical distribution of strength given life. 

1. Probit Method [43, 40]: To find the fatigue limit, i.e. the stress at which 50% 

will survive a specified cycle life N s , tests are conducted at four or five different 

stress levels with a minimum sample size of five at each stress level. Larger 

sample sizes are necessary at stress levels having probability levels other than 

50%. See Ref. [3] Table 1 for allocation of relative sample sizes at various 

stress levels. A total sample size of at least 50 is recommended. A test will be 

suspended at Ns if the specimen is not failed. 

2. Staircase (or up-and-down) Method [43, 3, 40]: A variation of the probit method 

which requires fewer specimens but takes more time because the test is con

ducted sequentially. It is useful only if the primary interest is the median 

fatigue strength at a given life N,,. The stress level of the next specimen is 

increased (or decreased) from the stress level of current specimen if the result 
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of the current specimen is not failed (or failed). At the analysis stage, only the 

results of less frequent events (failures or runouts) are used. Thus less than 

half of the samples contribute results. At least 30 specimens are recommended. 

Compared with the probit method, the staircase method estimates the median 

fatigue limit more efficiently, but it is not effective for estimating the response 

curve [40]. Use of the staircase method with a small sample size is possible if the 

type of fatigue strength distribution and its standard deviation is assumed to 

be known. See [42] for tables used for the staircase method with small samples. 

3. Two Point Method [43, 40]: In this test, the staircase method is used to de

termine the most effective, closest to the median of the fatigue limit, of two 

neighboring stress levels. It then concentrates on the sequential test only at the 

two stress levels. 

4. Modified Staircase Method [3]: For a faster result, specimens are divided into 

several groups. Each group undergoes its staircase method simultaneously and 

independently. 

1.6.1.3 Increasing Amplitude Tests 

To reduce test time, some tests sequentially increase the test stress level until the 

specimen fails. 

1. Step Method [3]: A specimen is tested at one stress level to N8 • If it doesn't 

fail in the first run, increase the stress level (about 5%) and repeat the run 

for the same N8 • Continue to increase the stress level until the specimen fails. 

The average stress value of the failed run and the last censored run are used 

as the fatigue strength of that specimen at Ns • The empirical cdf plot of the 
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fatigue strength at N" is then constructed from these average values. The step 

method should not be applied on materials that experience significant coaxing 

or under-stressing effects. 

2. Prot Method [3]: Devised by Marcel Prot in France in 1945, this is a rapid 

method for estimating the fatigue limit. The applied stress level is initially set 

at about 60 to 70 per cent of its estimated fatigue limit, and then raised at a 

constant rate. All specimens are tested to failure. At least three different rates 

are used to establish and check the linear relationship between stress and the 

power of the loading rate, which is required in the Prot analysis. The fatigue 

limit of many alloy steels obtained this way are within a few per cent of those 

found by constant amplitude methods. 

1.6.2 Standards in Different Industrial Countries 

1.6.2.1 British Standard; B.S. 3518 

1. By British standard (B.S. 3518:Part 5: 1966 [11]), the P-S-N curve is con

structed from fatigue data tested at different stress levels with replicates of at 

least five at each stress level. The probability of failure for the i-th ordered life 

at a stress level is given by n~l' where n is the number of samples at that stress 

level. 

2. The fatigue strength at N" cycles is estimated from a total sample size of at least 

50. The minimum sample size at each stress level is 5. Each stress level has 

a percentage of non failed specimens at N". An approximate probit analysis 

is conducted to regress the percentage against stress. The regressed model 

provides the percentage of failure before Ns at any given stress. 
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3. The staircase method is useful only in estimating the mean stress level at a 

specific cycle life Ns • A variation of the probit method is used. This sequential 

test generally requires fewer test pieces than the probit, but the test time may 

be longer. In general at least 30 specimens are required. 

4. To estimate the life at a fixed stress level, the British standard specifies analysis 

methods for: (1) censored data assuming that the underlying distribution is 

exponential, and (2) complete data assuming that the underlying distribution 

is lognormal. The goodness of fit test for normality (of log N) is based on sample 

moments of the distribution and requires at least a sample size of 25. 

1.6.2.2 American Society for Testing and Materials ASTM E 739 (1980) 

1. Assume that the fatigue life is lognormally distributed, and that the variance 

of log life is constant (homoscedastic) over the tested range [4]. 

2. The recommended sample size: n = 6 to 12 for preliminary and research and 

development tests, and n = 12 to 24 for design allowables and reliability tests. 

3. Replication recommendations: percent replication of 17 to 33 for preliminary 

and exploratory, 33 to 50 for research and development testing for components 

and specimens, 50 to 75 for design allowable data and 75 to 88 for reliability 

data. Given a specified sample size n and appropriate percent replication, the 

number of stress (or strain) levels L may be determined by the relation: percent 

replication = 100(1 - Lin). 

4. Method of analysis. A linear S-N model and the least squares method is used 

for statistical analysis of linear or linearized fatigue data; no extrapolation is 
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allowed. Estimation of probabilities below 5% (Le. quan-.iles below 5% of the 

life distribution given stress) should not be considered using this method. 

1.6.2.3 Japan Society of Mechanical Engineers JSME S 002 (1981) 

1. S-N testing: A total of 14 specimens are recommended, eight for "the slope 

part" (finite life region) at four stress levels (equally spaced in S or log S) with 

two replications each, and six for the level part (fatigue limit region) using the 

staircase method. The finite life region data is assumed linear, and data are 

analyzed by the least squares method [29]. The fatigue limit is determined by 

taking the average of the stress levels in a staircase test. 

2. Fatigue life test: A model of the distribution of life can be assumed as a lognor

mal, two-parameter Wei bull or three-parameter Weibull. The mean, standard 

deviation, and percentile of the log life is determined. At least seven specimens 

are recommended for estimating the failure probability in the 10 '" 90% range 

when the distribution type is not assumed. At least 25 specimens are suggested 

to check the distribution type using the X2 test. 

3. Fatigue strength test: The normal distribution is assumed for fatigue strength. 

The probit method, staircase method and two point method are adopted. 

4. Statistic test: The F test is used to test the linearity of the finite life region 

data of the S-N curve. For comparing two S-N curves, the F test is used to test 

the ratio of the variances, while the t test is used to test the intercept or slope. 

The t test is also used to compare fatigue limits of two sources of specimens. 
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1.6.2.4 France; NF A 03-405 (1991) 

1. By the French standard [36], the fatigue limit is obtained using the staircase 

method. A stress step a~out 5% of the estimated fatigue limit or 10 to 20 MPa 

is used. At least eight specimens are needed for estimating the mean. At least 

15 are needed for estimating its error. 

2. A graphical method using normal probability paper for log N is applied using 

at least 10 specimens. 

3. Linear S-N relations are analyzed with complete data. At least eight specimens 

are used to estimate the mean curve covering three decades of life. The test 

plan specifies five levels with a replicate of two at each of the top, median and 

bottom levels. For a reliability model to be used for design purposes, at least 

25 specimens are needed to cover five stress levels with replicates of five at each 

stress level. The F test is used to check the linearity of the data. The minimum 

curve for design at p% with 95% of confidence level is constructed using the 

one-sided t- distribution. 

4. The P /S/N curve is described by a model of Bastenaire [71] 

(1.1) 

A, B, C and E are model parameters, and E is the endurance limit. 

1. 7 Goals of Fatigue Data Analysis for the Design Engineer 

Unlike the "build it and bust it" era of the past, modern design engineers rely on 

computer aided design to consider a variety of design possibilities prior to building of a 
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prototype. Such analytical design procedures depend upon reliable material property 

data and the analysis of these data [65, page 15]. To assist a designer in making 

decisions regarding the fatigue failure mode, it is customary to provide a statistical 

summary or synthesis of the data. The transformed test data of sample size n is 

(Xi, Yi), i = 1, n, where Xi is the transformed stress or strain and Yi is the transformed 

fatigue life. A design point (Xd, Y6) is a point on the design curve such that for a given 

service life Y6 , a proper design stress Xd is derived to ensure a certain pre-specified 

reliability (i.e., without fatigue failure) during service life Ya' 

Most commonly the statistical summary of the data is a design curve, constructed 

on the lower or safe side of the data as shown in Fig. 1.2. A simple method for 

defining the design fatigue strength might be to draw, by eye, a curve that follows 

the data and provides a little "white space" between the dots and the curve. A 

rigorous procedure following sound principals of mathematical statistics however can 

be extremely complicated but necessary for consistent design decisions. The goal of 

statistical fatigue data analysis for an design engineer is to construct a design curve 

which guarantees a pre-specified reliability with a pre-specified confidence level. 

There is another issue. The design curve can provide the design point with pre

specified reliability and confidence only if the applied stress has a deterministic con

stant amplitude. In a probabilistic approach, a reliability model for fatigue strength 

is required when all design factors (e.g. stress, dimensions) are considered as ran

dom variables. After distribution information of these random variables is assessed, 

a probability of failure of a member is estimated using well known reliability analysis 

methods. In a fatigue strength reliability model, some or all of the model parameters 

should be considered to be random variables to quantify the uncertain nature of the 
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fatigue data. Here the general goal of fatigue data analysis is to translate the data 

into random variables of the model parameters. 

Thus the general goals of statistical analysis of fatigue data as addressed herein are 

twofold: (1) define a design curve (or design points), and (2) construct a reliability 

model. 

1.8 Why Statistical Analysis of Fatigue Data is Compli

cated 

The features of typical fatigue data, as described in Sec. 1.5, combined with the 

goals of the fatigue data analysis mentioned above, suggest the following difficulties 

in providing a statistical analysis of fatigue data: 

1. The S-N data will be, in general, nonlinear, even after a transformation, e.g. to 

log-log space. 

2. The relatively large variance of fatigue life given stress suggests large uncertain

ties in estimates of the model parameters. Relatively larger sample sizes are 

desired to reduce uncertainty in the parameter estimates. 

3. Sample sizes are often small (e.g. 10,..., 50) due to the expense of testing. The 

fatigue test of one typical smooth laboratory specimen might cost 500 to 1,000 

U.S. dollars. 

4. To ensure high reliability, design curves targeting the low percentiles Yo of the 

fatigue life are required. The problem with estimating low probability points is 

that uncertainty in the estimates increases as the probability level Q decreases 

[62]. 
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5. Sometimes censored data (i.e. runouts) may exist. A specimen, particularly in 

the high cycle range might not fail within a reasonable time period. 

6. The existence of an endurance limit presents mathematical difficulties. Fatigue 

life at the endurance limit is likely to be very long. Often failures do not occur 

within a practical time period. Thus many specimens may be censored at the 

fatigue limit. Censored data gives little information in statistical sense. Ulti

mately, mathematical modeling at the fatigue limit may be mostly engineering 

judgment without much sound physical evidence. 

7. Data may be heteroscedastic (i.e. the variance of life is not constant across the 

stress range tested). Typically fatigue data as plotted in log-log space exhibit 

broader scatter at lower stress levels. 

8. The underlying statistical distribution of fatigue life N given stress S is un

known. 

9. It is common practice for the analyst to invert the independent and dependent 

variable in data analysis (i.e. doing regression of x on y, assuming that life is 

the independent variable and load is the dependent variable). The quality of 

the estimates (e.g. the fitted curve, the design curve etc.) resulting from this 

inverse analysis is not well known. 

In summary, difficulties in fatigue data analysis are due to the expense of testing 

and the long fatigue life required for components. If fatigue tests were inexpensive, 

large sample sizes could produce accurate estimates of: (a) the distribution of life 

given stress, and (b) a design curve in the low probability region. It is the author's 
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opinion that ultimately economic analysis could provide the most viable basis of 

determining a optimum experimental design and design curve. 

1.9 Fatigue Design Curve 

The stress-life (or strain-life) model with the estimated parameters represents the 

estimate of the median (or mean) life N at given applied stress S/strain f. Thus, using 

this model, a specimen would have roughly a 50% probability of failure before life N at 

an applied stress/strain. However for design purposes, a curve representing a lower 

bound (safe side) of the data is desired to characterize fatigue strength. Methods 

of constructing such a curve are reviewed below. All the methods assume that Yi 

(usually Yi = log Nd is normally distributed, homoscedastic and independent. 

1. Design Curve By Eye. A simple way to construct a design curve is to draw, by 

eye, a curve that follows the data and provides a little "white space" between 

the data points and the curve. The design curve may not be too far removed 

from that derived by a formal statistical method. The drawback of this method 

is that it is subjective, and therefore the method lacks both consistency and a 

,_.quantitative measure of its quality. 

2. Lower 2-sigma or 3-sigma Design Curve. This design curve YD(x) is derived 

by subtracting two or three times the sample standard deviation s from the 

estimate of the mean curve Y. 

(1.2) 

where J( = 2 or 3. This method fails to account for the statistical distribution 

of the estimated parameters. Therefore the error is larger for small sample sizes 
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[78]. Another version of this criterion is to select a lower probability level and 

compute the corresponding K factor. For example, choosing the lower 1 % level 

as the design criteria implies that K = 2.33. 

3. The ASME Boiler and Pressure Vessel Code: The f-N design curve is derived 

by applying simultaneously a safety factor of two on stress/strain and 20 on life 

relative to the mean curve. A lower bound envelope of the two curves is defined 

as the design curve. See [14, page 441] or [78]. 

4. One Dimensional Tolerance Limit. Use the factors Kp,-y,n for the one-sided 

tolerance limit for a normal distribution (See [51] or [3, table 33]). The design 

point accounts for the uncertainty of estimated parameters and is derived as 

(1.3) 

where YD is the design point of transformed life Y, 1-p is the lower probability 

level, 'Y is the confidence level, and Y and q are the sample mean and the sample 

standard deviation of Y respectively. The design point guarantees that 100,,},% 

of the time the probability of failure before life YD is less than 1 - p. The 

method is valid when samples are tested at a single stress level and when Y has 

a normal distribution. The term "one dimensional" is used to imply that Y is 

the only variable. However, this one dimensional tolerance factor is also used 

as an approximation to determine the tolerance limit in the two dimensional 

regression case in which both X and Yare variables. In the regression case, 

this method is incorrect because it accounts only partially for the uncertainty 

in the estimators. 

5. Tolerance Limit in the Regression Case. Using Owen's tolerance factor [61] 

Kp,-y,x,d,x (where 1 - p is the lower probability level, ")' is the confidence level, x 
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is a vector of dimension n which depends upon the stress/strain level setting of 

each specimen in a test of size n, x is the stress/strain level, and d is the degree 

of the polynomial model Y = f(x)j or more generally, d + 1 is the number of 

undetermined parameters of the linear model Y = f(x). The design curve YD 

is defined as: 

YD(X) = Y(x) - I<p,,,(,x,d,:r;U (1.4) 

The Owen K-factor, which will be a function of the stress/strain level x, guaran

tees a confidence limit, at any given stress/strain level x. When all specimens 

are tested at the same stress/strain level x, Owen's tolerance factor reduces to 

the one dimensional tolerance factors. See Appendix A for details of Owen's 

theory. 

6. The Simultaneous Tolerance Limit [50, page 123]: Owen's tolerance limit guar

antees the same confidence level at any specific stress level. The simultaneous 

tolerance limit guarantees that 100,% of the time every point (Xd, Yd) on the 

design curve is such that Yd < YOI where YOI is the 0 = 1 - p quantile of Y given 

load Xd. This statement is valid for any x (stress or stain level). The simplest 

formulation of the simultaneous tolerance factor for the simple linear model is 

derived from the Bonferroni inequality (See [50, page 8]) and Working-Hotelling 

band (See [55, page 163,245]): 

(1.5) 

Where X!,~~2 is the 0/2 quantile of the X~-2 distribution. See [38] for another 

calculation method for simultaneous tolerance factors. 
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1.10 The Scope of the Study 

This research addresses the following: 

1. Development of quality measure(s) of the design point or design curve. The 

basic measure considered herein is the confidence level associated with a de

sign point corresponding to a specified lower probability level. The higher the 

confidence level, the better the quality of the design point. 

2. Development and comparison of design points or design curves. An approximate 

Owen's tolerance limit is developed for ease in calculation and incorporation 

into design equations. The mathematical and statistical justification of the 

approximate Owen's tolerance limit is derived in detail. Comparison of the 

performance of the approximate Owen's curve against that of the Owen's curve 

is provided. 

3. Comparison of different fatigue experimental designs. A test plan is character

ized by the sample size and the stress level settings. Stress levels may be equally 

spaced and uniformly replicated across the test range or they may be weighted 

(i.e. non uniformly replicated) on one end or both ends of the test range. 

4. Construction of a reliability model based on fatigue test data for reliability 

analysis. The S-N curve or design curve can be used to assess reliability only 

in cases where all design factors (e.g. the stress) are deterministic. When the 

fatigue model parameters are presented as random variables, incorporation of 

random design factors (e.g. the stress, dimensions) in a comprehensive relia

bility analysis is possible. Therefore, in a probabilistic approach to design, it 

is necessary to represent the fatigue model parameters as random variables in 
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order to reflect simultaneously the uncertainty in the inherent behavior of the 

material and the estimators. An elementary approach to translate the fatigue 

data into such parameters in a reliability model is presented. 
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CHAPTER 2 

Statistical Models and Analysis to Characterize 
Fatigue Data 

2.1 A General Guide to Notation 

General rules for mathematical notation used in this article are listed below. When 

different rules are used in a specific section or paragraph, further explanation will be 

given. 

1. Random variables are denoted in capital letters, e.g. X, Y. Note that a de

terministic variable can be treated as a random variable with zero variance. 

The controlled variable stress/strain is denoted as a capital letter for general 

discussion because in some models they are considered as random. 

2. Vectors are denoted in bold type lower case letters, e.g. a, b, 1'/, ~. 

3. Matrices are denoted in bold type upper case (capital) letters, e.g. X. 

2.2 Models for Fatigue Data: General Considerations 

The first step towards providing a statistical summary of fatigue data is defining 

the analysis model which describes: 



52 

1. The transformation of stress/strain and life. Transformations are frequently 

made before the raw data (S,N) are analyzed in an attempt to linearize the 

data. Some transformations have free parameters to be determined during 

the analY3is while others are fixed with no free parameters. An example of 

a fixed transformation is the widely used log transformation, X = log S, and 

Y = 10gN. An example of transformation with free parameters is the Box-Cox 

transformation Y = N~-l, where ,\ is the free parameter to be determined in 

the analysis. 

In general the transformation of stress/strain is denoted as: 

X=g(SjT/) (2.1) 

Where S is either stress or strain, and 1] is a vector of free parameters in the 

transformation function g. For a fixed transformation, the number of free pa

rameters is zero. 

The transformation of life is denoted as: 

Y = h(Nj.\) (2.2) 

where N is fatigue life, and .\ is a vector of free parameters in the transformation 

function h. The transformed stress/strain and life are denoted as X and Y 

respectively in this article. 

2. The trend of the dataj e.g. the fitted curve as shown in Fig. 2.1. The general 

analytical form is 

iJ = iJ(x; a) (2.3) 

Where iJ is the transformed life, x is the transformed load (stress/strain)j both 

are deterministic. a is a vector of parameters. However, statisticians often 
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Figure 2.1: Example of modeling stress-life relationship. 
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model the dependent variable as the sum of the trend of data and an error 

term: 

Y = y(x;a) + f (2.4) 

The error term f is a random variable having E(f) = 0 which implies that 

JlY(x) = JlYlx=x = y(x; a). For most distribution types, an appropriate pa

rameter to describe the trend is the mean, Jly(x). Some distributions, e.g. 

Weibull, do not use the mean as the parameter. However their parameters 

can be transformed to a new set of parameters which does include the mean, 

Kececioglu(1991). 

For convenience, the trend of data may also be denoted as JlY(x): 

JlY(X) = JlY(x; a) (2.5) 

For example, the trend of data may be modeled as quadratic with parameters 

a = (aO,at,a2) 

(2.6) 

And, 

(2.7) 

3. The uncertainty or scatter in the life; a general analytical form of the standard 

deviation of transformed life Y given transformed load X = x is 

O"Y(X) = O"Y(x; b) (2.8) 

Where b is a vector of parameters. For example, the standard deviation may 

be modeled as a linear function of stress/strain with parameter b = (bo, bt) 

O"Y(X) = bo + btx (2.9) 
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4. Some distribution types have three parameters (e.g. the three parameter Weibull). 

The third parameter may also modeled as a function of stress/strain 

ay(x) = ay(xj c) (2.10) 

Where c is a vector of parameters. 

5. The type of distribution of the transformed life Y given X = x. Here only 

the type of distribution, e.g. normal or Weibull, is specified. Distribution 

parameters are defined as above. All together they define the distribution as 

the p.dJ. !Ylx=,r{Yj JL(x),u(x), a(x)), or simply !Ylx=x(Yj 8(x» where 8(x) is a 

vector of JL(x), u(x), a(x). It is customary to assume that the same distribution 

type applies for all S > O. Historically the lognormal and the two and three 

parameter Weibull distributions have been most commonly used for N. When 

N is assumed to be lognormal and Y = log N, then Y is normal. When N 

is assumed to be Weibull and Y = log N, then Y has a type 1 extreme value 

distribution (EVD) [53, page 36]. 

In summary, the total parameters describing the model is a vector (3 

f3 = (1],..\, a, b, c) (2.11) 

2.3 A Summary of Models Which Have Been Proposed 

Although most of the models listed in this article were first dc,!p.loped for S-N 

curves, their use are general, and they could be used for f-N curves also. The models 

are strictly empirical. 
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2.3.1 Transformations 

Transformations on Sand N are used to make the data more amenable to analysis 

as well as to improve graphical presentation. In particular, transformed S-N data is 

often required before utilizing the least squares method. Commonly used transforma

tions are listed in Table 2.1. To be general, a non transformed variable is considered 

to be a transformed variable after a null transformation (Item 1 and 6 in Table 2.1). 

The E in Items 3 and 4 denotes the endurance limit. The>. in Items 8 to 12 denotes a 

free parameter. Some of these transformation are used in fatigue models as described 

in the next section. 

Analytical form Remark 
1 X= S null transform 
2 X= logS log transform 
3 X= log(S - E) 
4 X= log(SjE) 

5 X= { S~ 1/=/=0 
InS 1/=0 

6 y= N null transform 
7 y= logN log transform 
8 y= log(N + >.) 
9 y= (log N)A 

10 y= NA 

11 y= { N~-1 >.=/=0 Box-Cox transform type 1 
InN A=O 

{ !N+A2tl
- 1 >'1 =/= 0 12 y= AI Box-Cox transform type 2 

In(N + A2) Al = 0 

Table 2.1: Commonly used transformations 

Some of the important transformations are discussed below: 

1. Variance stabilizing transformation [8, Page 231- 238]. When data are het

eroscedastic, a power transformation (Item 10 for example) on the dependent 
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variable, N, may be applied so that the transformed variable Y is nearly ho

moscedastic across the test range of the independent variable (stress S or X). 

The shape of the mean curve is changed after transformation. 

2. Box-Cox transformation [9]. This is a transformation on the dependent variable 

N, with one or more undetermined parameters. If it can be assumed that the 

transformed dependent variable Y is homoscedastic and normally distributed, 

then the least squares method can be applied to the transformed data. Usu

ally a simple linear model can be fitted to the transformed data. Two types 

of transformations have been proposed by Box and Cox, Items 11 and 12 in 

Table 2.1 having undetermined parameters ).'s. But the concept of a Box-Cox 

transformation is general and not limited to these two forms. To determine 

A, one may use the maximum likelihood method to solve for parameters f3 in 

Eq. 2.11 all at one time. But a more convenient method is to select values of A 

and transform the data to a standardized variable as a function of the selected 

>. [55, page 149-150]. Then use the least squares method to find the error sum 

of squares of the standardized variable. The error is proportional to the nega

tive of the maximum likelihood value of the non-transformed data. The A that 

yields smallest value of the sum of squares of the error is considered to be the 

best estimate. 

3. Transformation on the independent variable[lO]. A transformation (Item 5) on 

the independent variable, S, may be helpful in simplifying the functional form of 

the mean curve, i.e. to linearize the mean curve, while leaving the distribution 

of the dependent variable (N or Y) intact. Note that the variance stabilizing 

transformation on N may change the distribution of the dependent variable N 
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and the shape of the data trend at the same time. To solve for 11, one may use 

the maximum likelihood method to solve for parameters {3 (which includes 11) 

in Eq. 2.11 all at one time. 

2.3.2 Models to Describe The Trend of Data 

The trend, or mean or median of the data is described by an analytical form as 

if life were deterministic. The notation N, Y or log N is used here instead of py or 

PlogN. Several proposed models for the trend of fatigue data are listed in Table 2.2. 

Reference Analytical form 
1 Wohler(1870) logN = a - bS 
2 Basquin(1910) logN = a - blogS 
3 linear with logN = a - blogS for S > E 

endurance logN = 00 for S < E 
4 three segment linear composed of three segment of straight lines 

5 Bilinear x = ao + alpy + a2V(PY - sd2 + 82 
6 Strohmeyer(1914) logN = a - blog(S - E) 
7 Stussi(1955) log N = a - blog[(S - E)/(R - E)] 
8 Palmgren(1924) log(N + d) = a - blog(S - E) 
9 Weibull(1949) log(N + d) = a - blog[(S - E)/(R - E)] 

10 Bastenaire(1963) N - A exp[( .2.."b-=< )C] 
- (S-E\ 

11 Bastenaire(1963) log form logN = a -log(S - E) + [(S - E)/W 
12 ASME Boiler Code S = BN-~ +Se 
13 MIL-HDBK-5 logN = a - blog(Seq - E) 
14 polynomial log N = ao + Ei-l ai(1og S)' 
15 simple non-linear log N = ao + a1log S + a2(log S)b 
16 variance stablized non linear (log NY- = ao + al log S + a2(1og S)b 

17 general strain-life equation ~ = ~(2NJ)b + f',(2NJ)C 

Table 2.2: Models to describe the trend of fatigue data 
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Modeling of S-N curves began in the nineteen century. In 1870, Wohler introduced 

the linear model (Table 2.2, Item 1 ) for an S-N curve in log-linear space. In 1910, 

Basquin introduced the linear model in log-log space (Table 2.2, ltem 2 ). This form is 

widely employed today. Both Wohler's model and Basquin's model describe behavior 

only in the range where S is above the endurance limit. To model the endurance limit, 

one or more straight line segments can be used (Table 2.2, Item 3). For example, 

models for welded joint fatigue data may be composed of three line segments that 

intersect at two points (Table 2.2, Item 4 ). Another model that fits fatigue data well 

is the bilinear model (Table 2.2, Item 5 ) in which Y may be log N or log S and X 

may be log S or log N. 

Strohmeyer (1914) and Palmgren (1924) modified Basquin's model by introducing 

a shift in S or N, as shown in Table 2.2, Item 6 and Item 8 respectively. In these and 

the following S-N models, E represents the endurance limit and the R is the ultimate 

strength. Both models become a horizontal line at the endurance limit. The ASME 

Boiler Code model (Table 2.2, Item 12) has basically the same form as Strohmeyer 

model. 

Weibull, Stussi and Bastenaire proposed an S-shaped model to describe the S-N 

curve as given in Table 2.2, Item 9, Item 7 and Item 10 respectively. Item 11 is 

equivalent to Item 10 if the a in Item 11 is replaced by the log A in Item 10. The S

shaped model could provide a general representation of the fatigue data over a range 

which includes plastic strain. However, in practice the sample size is often too small 

to obtain a good estimate of the parameters of the S-shaped model [71]. 

MIL-HDBK-5 [49, page 9-8811] models the trend of fatigue data using the form of 

Item 13 in Table 2.2, a form which is similar to the Strohmeyer model. This form 

accounts specifically for mean stress. Note that Seq = Smax(1- R)A3 j where Smax is 



60 

the maximum stress in the stress cycle, R = Smin/ Smax, the stress ratio where Smin 

is the minimum stress, and A3 is a parameter. 

Polynomial models are often used in industry, a general form of which is shown in 

Table 2.2, Item 14. A simple nonlinear model, Item 15, is commonly used by engineers. 

To stabilize the variance of life, Item 15 is modified by a second transformation on 

life to form Item 16. 

The strain-life relation (Table 2.2, Item 17) was developed specifically for modeling 

the f-N curve when gross cycle plasticity is present. Geometrically speaking, the 

strain-life relation is bilinear in log-log space with curvature in the region of the 

intersection of the two lines. However the curvature can not be controlled as it is in 

the bilinear model of Item 5. In the general strain life model, ~( is the total strain 

amplitude and is the sum of elastic strain amplitude ~ and plastic strain amplitude 

~. NJ is the cycles to failure, and E is the modulus of elasticity. The four unknown 

parameters to be fitted in the model are ai and b, the fatigue strength coefficient and 

exponent respectively, and fJ and c, the fatigue ductility coefficient and exponent 

respectively. 

All the models listed above in Table 2.2 describe the median of life (or mean of log 

life) versus (log)stress. The variance of life versus stress is considered in the following. 

2.3.3 Models for The Scatter of Life Given Stress 

Typically the fatigue life distribution will be heteroscedastic. To deal with het

eroscedastic data, three concepts have been proposed. 

The first idea, proposed by Hinkle and Emptage[26j, suggested the use of the Box

Cox transformation (See Item 11 in Table 2.1) on aluminum fatigue life N to stabilize 
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the variance of life and linearize the S-N curve at the same time. Sec. 2.3.1 describes 

details of this method. 

The second approach was to model the homoscedasticity of life and fit the param

eters by the maximum likelihood method. Nelson[54] has proposed a simple linear or 

quadratic model for the trend of the S-N curve and a simple linear model (Eq. 2.12) 

for the natural log of the standard deviation of log life. 

O'y = exp(a + bx) (2.12) 

where x = log S and Y = log N. In general the standard deviation could be modeled 

as a polynomial function of the stress as 

d 

O"y = bo + Ebi{x)i (2.13) 
i=l 

where d is the degree of the polynomial. 

The third idea is based on consideration of the constant scatter phenomena of 

data points in the X, i.e. S or log S, direction. Described in the next section is the 

inverse model, a model for heteroscedasticity of fatigue data which belongs to this 

third approach. Other models based on the same concept are proposed in detail in 

Chapter 3. 

2.3.4 The Inverse Model; Life N as the Independent Vari

able and S as the Dependent Variable 

In this article, a model that incorrectly treats fatigue life as the independent 

variable and stress/strain as the dependent variable is called the "inverse model"; A 

model that correctly treats fatigue life as the dependent variable and stress/strain as 

the independent variable in analysis is called a "non-inverse model" . 
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Studies [6, 56, 69] of many fatigue data sets have shown that the variance of fatigue 

strength given life tends to be constant and relatively small (C.O.V.~ 10%) while the 

variance of log fatigue life given stress is a function of stress and relatively large. 

Some theoretical background for this observation can be found in [46,68]. 

For non-inverse models, fatigue life Y is often heteroscedastic. It is often difficult to 

model the standard deviation of Y as a function of X appropriately. Moreover, these 

models are generally difficult to fit numerically. If the life is placed in the ordinate, 

the trend of fatigue data in a non- inverse model tends to be vertical (a singular 

condition in mathematical sense) in the endurance limit region. This also causes 

numerical difficulties in fitting the data. The widely employed strain-life model (Item 

17 in Table 2.2) expresses life as a function of strain and therefore makes the treatment 

of life as the independent variable much easier in the analysis. For these reasons, it 

is found that treating life Y as the independent variable and stress/strain X as the 

homoscedastic dependent variable produces a better fit in many cases. This becomes 

apparent from a visual examination of Fig. 2.2 [71,57]. Some engineers model stress 

as the dependent variable in standard practice. And in the VAMAS (The Versailles 

Project on Advanced Materials and Standards) round-robin test [59, 58] for high cycle 

fatigue data analysis, six out of seven of the analyses (submitted by participants from 

Japan and Germany) used stress as the dependent variable. 

2.3.5 Models for the Distribution of Life 

Various statistical models have been used to model fatigue life given stress. The 

models that are most commonly used now are the lognormal and the two or three 

parameter Wei bull. It has been found that Wei bull and lognormal both perform well 

for a wide range of materials [28]. The three parameter Wei bull has the promise of 
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Figure 2.2: Typical fatigue data scatter in the direction of stress and life. 
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providing an improved fit by virtue of an extra parameter. However the engineering 

profession has for the most part adopted the lognormal as a model for statistical 

analysis of fatigue data. 

It takes a relative large sample size (of about 35 or more of replicate data [41]) 

to distinguish the goodness of fit between Wei bull and lognormal. Although such 

samples are often not available, some research [69] and an overwhelming body of evi

dence supports the lognormal as an acceptable distribution for N, or equivalently, the 

normal as an appropriate distribution for log N. An unpublished study by Wirsching 

[81] has shown for a wide variety of fatigue data, the lognormal generally provides 

a better fit to the cycles to failure data than other two parameter families including 

the Weibull. 

2.4 Statistical Analysis Methods 

Given the type of transformation on stress/strain and life, the basic analytical 

form of jtYIX, uYIX, QYIX and the distribution family for life, the whole set of model 

parameters are defined. The complete vector of parameters are 

f3 = (11,.\, a, b, c,) (2.14) 

Where 11,.\, a, b, c are defined in Sec. 2.2. The fitting of the model involves trans

lating the data (Si, Ni) or (Xi, Yi), i = 1, n into estimates of the parameters, denoted 

as ~. 

Three methods for estimating parameters are (1) least squares method (2) max

imum likelihood method and (3) method of moments. These are reviewed in the 

following subsections. 
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2.4.1 Least Squares Method 

The method of least squares may be the most widely used analysis procedure for 

fatigue data. Least squares analysis requires the following assumptions ( [25, Pages 

359-459J or [8, Pages 239-241]): 

1. Independence for each Yi. The least squares model assumes that the error terms 

are independent and identically distributed (i.i.d.). The correlation between 

nuisance variables and controlled variables should be avoided to guarantee the 

i.i.d. of Y. That is to say that the experiment should be randomized as de

scribed in Sec. 1.6.1. For example, the machines to test the specimens might 

be considered as a nuisance variable; different machines might have different 

biases. If all the specimens tested under 100MPa are tested on machine A, and 

all the specimens tested under 200MPa are tested on machine B, than the life Y 

at the two stress levels will be correlated with the test machines and therefore 

no longer independent. Randomizing the test is essential. 

2. The data or the transformed data, should be homoscedastic. In the case of 

fatigue data, variance of fatigue life, or a transformed life, is assumed to be 

constant over the stress range being tested. i.e.,. O'y(x) is constant. 

3. Fatigue life given stress is normally distributed. This assumption is required 

only when assessment of the confidence interval of estimates is required. How

ever, the bootstrap method [18, 34, 17, 19, 37J can be used to assess the confi

dence interval without the normality assumption. 

When the model for the mean of Y is of the form in Eq. 2.15, it is called a 

linear model([l, Chapter 4J and [15, Chapter 5]). In Eq. 2.15, Zi(X) is any function 
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of X without undetermined parameters. For example, Zi(X) = Xi will produce a 

polynomial model, e.g. Item 14 in Table 2.2. 

k 

Y = I: aiZi(X) (2.15) 
i=O 

The least squares method provides analytical solutions for ai, i = 1, k and (j in a 

linear model having a complete data set. However, Schmee and Hahn[66] proposed a 

iterative least squares method to estimate the parameters of linear model for a data 

set having runouts. 

2.4.2 The Maximum Likelihood Method 

Mutual independence of the Yi is the only assumption required in applying the 

maximum likelihood method. The sampling distribution of the estimator /3 in gen

eral is unknown. However the asymptotic distribution of /3 is a normal multivariate 

[53, Page 313] given that the model is correct and given that the life distribution sat

isfies regular conditions, which are usually met in practical situations [74, 64]. This 

asymptotic distribution is the only convenient way to obtain an approximate confi

dence interval of the estimates. Maximum likelihood estimators (MLE) are generally 

biased, but they are always consistent. i.e. E(/3) approaches {3 as the sample size 

n -+ 00. MLE have the invariance property; that is the MLE for any function of (3 

denoted as f({3) is simply f(/3) provided that the inverse of the function f({3) exists. 

The asymptotic covariance of /3 is estimated by the inverse of Fisher information 

matrix [53, Pages 356- 383] the terms of which are the negative second partial deriva

tives of the log-likelihood function. Large second partial derivative values imply large 

curvature of log-likelihood function (and therefore a sharp peak) at the maximum 

likelihood point. This suggests that the MLE has a narrow confidence interval and 
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small uncertainty [47, Page 73]. In practice, the local Fisher information matrix is 

used instead of the Fisher information matrix. The local Fisher information matrix is 

derived by substituting the f3 in the Fisher information matrix by their estimates /3. 
In practice, the asymptotic distribution can be applied to small samples as a crude 

approximation. 

Shenton and Bowman [67] provide the theory for higher order terms for greater 

accuracy and faster convergence of the asymptotic theory. Theoretically, this would be 

useful for the small sample size problem. However, a fairly large computational effort 

is required to evaluate the higher order terms [67]. And the number of significant 

digits is questionable after such massive computation. As they indicate [67, page 

164], the problem is no longer a matter of correct algebraic manipulation but the 

interface of statistical theory and computer science. McCullagh [48] derived higher

order approximations based on the Edgeworth series. 

The maximum likelihood method is flexible, applicable to any model including 

those having censored data. However an optimization routine is needed to find the 

maximum likelihood estimators. Numerical difficulties, such as convergence to a local 

maximum or divergence may occur, especially for a complex model or a model having 

many parameters. 

2.4.3 The Method of Moments(MOM) 

If the parameters of a distribution can be expressed explicitly in terms of the 

moments of the distribution, replacing the moments by sample moments will yield the 

estimates of the parameters. The MOM often yields estimators that are reasonably 

good. In general, moment estimators are asymptotically normally distributed and 
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consistent. However, their variance may be larger than those of estimators derived 

by other methods, such as the maximum likelihood method [25, Page 240]. 

The probability weighted moment method has a broader applicability than the 

method of moments [21]. Also the calculation is easier than that of the maximum 

likelihood method. Estimators of probability weighted moments have better small

sample properties than those of maximum likelihood and conventional method of 

moments [27, 35]. However, the MOM and the method of probability weighted mo

ments can only be used to estimate the parameters of fatigue life distribution when 

the fatigue data is obtained at only one specific stress level. 

2.5 Numerical Methods for Estimating Parameters 

2.5.1 Introduction of the Program FEDADS 

A FORTRAN program named fedads (Fatigue Experimental Design and Analysis, 

and Decision Simulation) was developed for this dissertation to study fatigue data 

analysis problems using simulation. The word "decision" refers to a design decision 

such as the determination of a design curve. The program is flexible and various 

combination of fatigue test plans, analysis methods, and design curves can be added. 

The code is in standard FORTRAN 77. Utilized are IMSL routines of random number 

generation, matrix operations, least squares parameter estimation for linear models, 

and the non-central t distribution. Eleven subroutines from Numerical Recipes [75] 

are called. Some are modified for the optimization required in maximum likelihood 

parameter estimation. 

The total program, excluding routines from IMSL and the Numerical Recipes, 

consists of 52 subroutines or functions and is more than 6000 lines. Ten input files 
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are used. Three of them serve as a data base, six of them control the program 

behavior as the user requires, and one stores the fatigue data. Inline documentation 

is implemented in both program source files and input files. 

The program allows the user to input real fatigue data (into the file tested. dat) 

or generate fatigue data by simulation. Fatigue data are then analyzed under the 

anaJysis model chosen by the user. The method of parameter estimation is also 

chosen by the user. Statistics such as design points (Xd, Yd) on selected stress levels 

or service life are calculated. In simulation studies, the procedure above is repeated 

for a specified number NOsimu (number of simulation) of times. The statistics of the 

estimators, e.g. mean of NOsimu design point, standard deviation of NOsimu design 

point etc. are also calculated. 

To generate fatigue data by simulation, the user must first assume "nature's 

model" and then specify a test plan. Nature's model is specified through a "na

ture code" in a control input file named case. dat. The nature code is an index to 

items in a data base file named natrds. dat (for nature description) which store the 

definition of a collection of assumed nature's models. If the desired nature's model 

is not in the file natrds . dat, the user can define the desired model in the text file 

natrds . dat. To define a nature's model, the user needs to specify five functions 

and one distribution type using simple coding. This coding corresponds to the input 

arguments of the function routine funevl (for function evaluation) and rvsamp (for 

random variate sampling). Many functions or distributions have been defined in these 

routines. However the user can add more functions and distributions and re-compile. 

An understanding of routine funevl and rvsamp is necessary before defining a 

new nature's model into the file natrds. dat. Specifying a test plan is achieved by 

specifying a "expdsn code" (for experimental design) in the file case. dat. The expdsn 
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code is an index to items in another data base file named expdds. dat (for experiment 

design description), which can also be expanded by the user for additional test plans. 

The definition of a test plan consists of the stress level settings for each specimen in 

the fatigue testing and the pre-specified censored time. 

To specify the analysis model, which may be different from the assumed nature's 

model, the user needs to assign the "analsp code"{for analysis space) in the file 

case. dat. The analsp code is an index to items in the data base file analsp. dat 

which contain definitions of several analysis models. The file analsp. dat can also be 

expanded by adding more analysis models. Similar to natrds. dat, the definition of 

the analysis model consists of five functions and one distribution type. Appendix B 

lists currently available analysis models in fedads. 

The method of parameter estimation (either least squares method or maximum 

likelihood) can be specified in case. dat. If the maximum likelihood method is chosen, 

the user may further specify in the file case. dat if he/she wants a global optimization 

method and some options in using the global optimization method. The analysis can 

also be conducted by the inverse model, i.e. treating life as independent variable in 

the analysis and the stress/strain as dependent variable, through setting the "IFxy 

code" in the file case. dat to be 1. 

Statistics such as the design point and estimated mean and standard deviation of 

life can be examined at a finite number of levels (stress levels or life cycles). These 

levels can be specified in the file intl vl. dat (for interested levels). The type of design 

curve (Owens tolerance limit, simultaneous tolerance limit etc.)can also be specified 

in the file intlvl.dat. 
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2.5.2 Least Squares Method 

A subroutine named fndlse (find least squares estimates) is developed to calculate 

the least squares estimates of the parameters. Currently the IMSL routine RLINE and 

RCURV is called within fndlse to conduct least squares analysis on polynomial linear 

models. The routine RCURV reparameterizes the model using orthogonal polynomials 

to reduce the loss of numerical accuracy. See Ref. [32] for the Forsythe algorithms 

and their modification by Shampine that are used in RCURV. When the Box-Cox 

transformation is applied, the least squares method is also used after the data is 

transformed, assuming that there is no runouts. The least squares method provides a 

direct and accurate calculation of the model parameters and is very fast. For example, 

5000 simulations of least squares analysis of data with sample size 20 takes less than 

a minute CPU time on the CONVEX C240 computer. 

2.5.3 Optimization Routines 

rhe maximum likelihood method requires optimization routines to search for the 

model parameters that correspond to the maximum likelihood value. The parameters 

thus found are the maximum likelihood estimates (MLE) of the model parameters. 

A subroutine named fndmle (find maximum likelihood estimates) calls several 

optimization routines from Numerical Recipes [75]. All optimization routines call a 

function named func which calculates the negative of logarithm of likelihood value for 

the given fatigue data set and the specified analysis model and model parameters. The 

optimization routine will search and find the parameters that maximize the likelihood 

value. Three optimization routines are used: powell, amoeba and amebsa. 
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When the model is simple having few parameters, routine powell works quite well. 

The reason to choose powell instead of other routines like frprmn or dfpmin is that 

powell does not need the first derivatives of the func. These can be quite complex. 

Another reason is that by comparison with the more advanced algorithm in frprmn 

or dfpmin, powell is somewhat slow, but not by much. Ease of use is considered 

to be more important than CPU time. The principal algorithm of powell seeks the 

minimum point in a quadratic approximation of a function to be minimized using 

a set of linearly independent and mutually conjugate directions [63]. The conjugate 

directions are found by series of searching the minimum point along some directions; 

therefore no derivative is needed. 

In case powell does not converge, fndmle will call the routine amoeba to continue 

the search for the maximum likelihood estimates. The algorithm used by amoeba is 

called the downhill simplex method (NeIder-Mead method)[52]. For a function with 

n parameters, a simplex is a volume of dimension n defined by n + 1 points on its 

corners called vertices. The simplex algorithm find new vertices by contracting or 

extending current vertices according to the function values of current vertices until 

it contracts to points that yield the minimum function values. The method is very 

slow but extremely robust relative to the types of objective functions that it may 

encounter. 

When the analysis model is complex, ill behaved or has many parameters, opti

mization routines may end up with a solution of a local maximum point instead of a 

global maximum point. A routine having a global optimization algorithm is necessary 

to deal with this problem [73]. The performance of global optimization algorithms are 

problem dependent and not general. And availability of global optimization routines 

is rather restricted. Numerical Recipes [75] offers a routine named amebsa based on 
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a simulated annealing global optimization algorithm [33]. In this algorithm, random 

jumps to higher function values are allowed occasionally. This provides some oppor

tunities to search outside of local region to avoid being trapped at a local minimum. 

However, this method is extremely slow. The chance of finding the global maximum 

point is greater if more iterations are specified when calling the routine. 

Troublesome numerical errors appear occasionally in using these unconstrained 

optimization routines on fatigue data. When the routine is searching for maximum 

likelihood parameter values, some combinations of parameters may yield a function 

value that causes numerical overflow. In other cases, a negative value for a standard 

deviation results. To overcome these problems, powell and brent from Numerical 

Recipes are modified to avoid overflow. The routine funevl provides special "positive 

guarantee functions" which ensure that the function values are positive in the test 

range of independent variable. This is done by expressing some functions in a different 

way and transforming the parameters passed from the optimization routine. For 

example, when the standard deviation of life given stress is modeled as a simple 

linear function of stress shown in Eq. 2.16, the standard deviation might be negative 

in some range of stress according the analysis model. 

(2.16) 

To avoid the negative value problem, re-express the function as Eq. 2.17. 

(2.17) 

Where Xl and X2 are the minimum and maximum stress applied in the fatigue test. Xl 

and X2 are provided by the information from the test data and are not parameters in 

the model. The parameters in this model are 0"1 and 0"2 which represent the function 

value at Xl and X2 respectively. As long as 0"1 and 0"2 are positive, all function values 
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o'(X) for Xl < X < X2 are positive. The routine funevl provides such a function and 

it is coded as 17. The function coded 17 first transforms the parameters Ci, which 

is passed from the optimization routine from real space (-00 < Ci < 00) to positive 

space (0 < ~ < 00) where ~ is the transformed value of Ci. Then treat ~ as 0'1 and ~ 

as 0'2. The rest of the calculations follow from Eq. 2.17. Some other functions like the 

quadratic and the hi-linear functions also have a positive guaranteed form in funevl. 
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CHAPTER 3 

Modeling Scatter in Fatigue Data Using Constant 
Stress Error Models 

3.1 Background of the Constant Stress Error Models 

In the traditional approach to fatigue data analysis, it is generally assumed that 

the fatigue stress S (or X) is known and is deterministic. The error source, producing 

the observed scatter in fatigue life, is related to N (or V). This viewpoint was one 

of the central themes of Chapter 2. But a more general approach to modeling error 

sources has the promise of better characterizing the scatter of fatigue data. Featured 

is the concept of the constant stress error models. 

Any model that considers stress as a homoscedastic random variable is catego

rized as a constant stress error model. A constant stress error model follows from 

(a) phenomenological considerations based on observations of fatigue data, and (b) 

physical considerations based on errors in the fatigue stress. From a phenomenolog

ical viewpoint, studies [6, 56, 69] have shown that for many fatigue data sets the 

variance of fatigue strength S given life N tends to be constant and relatively small 

(C.O.V.~ 10%) while the variance of the log of fatigue life given stress tends to in

crease as stress decreases. Moreover, modeling S as an independent variable and N 

as a dependent variable often fails to provide a good fit to heteroscedastic fatigue 

data as will be demonstrated in the following chapter. From physical considerations, 
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Shimokawa and Hamaguchi [69] explain that factors such as errors in setting the load 

level, variability in residual stresses, and the distribution of flaws in the test specimens 

may result in a constant variation of equivalent stress amplitude. 

The phenomenological viewpoint will be discussed in some detail using a number 

of case studies in the following chapter. The physics of fatigue mechanism viewpoint 

is presented as follows. Start with the notion that the actual stress that produces 

a fatigue crack is a local or concentrated stress. The concentrated stress is a "local 

stress", not the "nominal stress" as calculated and recorded in fatigue test. 

"Nominal stress" is the average stress, e.g. derived from dividing the applied axial 

force by the cross sectional area of the specimen. Fatigue test equipments today 

are able to control stress/strain loading with high precision. This means that the 

control of nominal stress/strain is very accurate. "Local stress" is the actual stress 

experienced by each point of the test material. The actual stresses are seldom uniform 

across the body of test specimens or engineering parts because of such factors as the 

geometric shape of the specimen, non-uniformly distributed residual stress, impurities 

and imperfections in crystal structure and heterogeneous microstructures, e.g. grain 

size and grain orientation. 

Define local stress as the actual stress in the specimen that causes the fatigue 

crack to initiate and grow. Under a given load and shape geometry, the local stress 

at the critical point of fatigue depends on, by chance, the residual stress, impurities, 

microstructures, grain size and grain orientation at that point. Thus local stress at 

the critical point of different specimens of a random sample for a test, having the 

same type of material and shape geometry and nominal stress, can be considered as 

a random variable. Uncertainty in local stress results from the manufacture or speci

men preparation process which affects the residual stress, impurities, microstructures, 
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grain size and grain orientation. Moreover material properties such as strength and 

hardness or modulus of elasticity may be non-uniformly distributed throughout the 

body of specimen as a result of unavoidable imperfections in the manufacturing pro

cess. These heterogeneous effects influence the fatigue strength of each local point of 

the specimen or mechanical part. 

A few figures from Stulen[72] may give us an idea how serious the variation of local 

stress/strength might be in some materials: Body-centered cubic iron has a modulus 

of elasticity about 132.4 GPa along one set of axes and a modulus of 284.13 GPa 

along another set. Face-centered cubic copper has a modulus that varies from 66.89 

GPa to 190.34 GPa. In these materials, local stress reacted by a single grain will 

depend on the crystalographic orientation of the grain with respect to the principal 

stress direction and on the adjacent grains in the surrounding region. 

In general, the location of crack initiation will be determined by the combination 

of local stress and local strength at each point, i.e. a point having a relatively low 

local strength and relatively high local stress is likely to be the location of crack 

initiation. The crack might not be initiated at the exact point of maximum stress 

concentration as predicted using the theory of solid mechanics. However, in actual 

fatigue tests, most crack initiation sites are found in a region, not an exact point, of 

the stress concentration. 

Different materials and manufacturing processes might cause different degrees of 

variability in local stress. For cases where the variability of local stress is significant, 

a special model might be needed. 
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3.2 Modeling Local Stress/Strength in General 

3.2.1 Error Sources in the Fatigue Model 

As discussed in Sec. 2.2, the regression model is of the general form 

Y = y(x;a) + f. (3.1) 

where a is a vector of the model parameters and the error term f. is a resulting error 

in Y from all error sources. f. is called "the net error term" in this article. Usually the 

net error term f. is assumed to be normally distributed as N(O, 0'2) for ease of analysis, 

regardless of how many or what sources have contributed to f.. The assumption of 

f. '" N(O, 0'2) however is not valid for most fatigue data. 

Consider the separation of the source of error due to the variation of local stress 

from the net error term f.. First, assume that the local stress XL can be controlled. 

The regression model is 

(3.2) 

Where XL is the local stress (the actual fatigue stress) at the point of crack initiation 

and f.lIL is the variation of Y due to sources other than local stress XL. YL(XL; a) is 

the mean curve of Y when XL is controlled, i.e. E(YlxL) = YL(XLi a). This implies 

that E( f. lIL ) = 0. 

Now consider the possibility that the local stress XL can not be controlled. Assume 

that E(XL) = X where X is the nominal stress controlled in the experiment. The 

relationship between nominal and local stress can be expressed as 

(3.3) 



79 

where the error term fXL represents the randomness of local stress XL. It is assumed 

that E(fxL ) = 0. Substituting Eq. 3.3 into Eq. 3.2, 

(3.4) 

Furthermore assume that fXL '" N(O, U;L) and fYL '" N(O, U~L). If X = log S, then 

the local stress SL is lognormally distributed. Eq. 3.4 is called the "mixed error source 

model". When fXL is absent, the model is called the "pure Y error source model" and 

expressed as 

(3.5) 

which is equivalent to Eq. 3.1. When fYL is absent, the model is called the "pure X 

error source model" and expressed as 

Y = YL(XL; a) 

= YL(X + f XL ; a) 

(3.6) 

(3.7) 

Note that all the error sources in Eq. 3.4 to Eq. 3.7 could be lumped into the net 

error term to form Eq. 3.1. The net error term f in Eq. 3.1 might not be normally 

distributed when fXL exists. 

3.2.2 Constant Stress Error Only 

Fig. 3.1 illustrates how the distribution of Y is affected by the variability of XL 

in the pure X error source model where fYL is absent. The X error source fXL has 

an assumed normal distribution. In Fig. 3.1, two specimens are tested at the same 

nominal stress Xl = X2. Another two are tested at nominal stress X3 = X4. The local 

stresses of magnitude XLl ••• XL4 are induced in the four specimens respectively. Local 

stress is determined by nature; it value can not be controlled or measured. The values 



x = log S ~ nominal stress 
~ local stress 
c (local stress, life) 
• (nominal stress, life) 
o (nominal stress, 

censored life) 

-+----+~~-<>-----

Y3 Y4 YI Y2=Yc YL2 
Y - log N 

Figure 3.1: The pure X error source model. 

80 



81 

of YI ... Y4 are then determined by the function YL(XLi a). These points (XLi, Yi) are 

represented by the squares in Fig. 3.1. The engineer doesn't know the value of local 

stress XLi. He records (Xl, YI)··· (X4' Y4) as represented by dots (or circles if censored) 

in Fig. 3.1. 

Regarding censored data, note that YL2 = YL(XL2) has a life longer than the censor

ing time (suspended life) Yc set by experimenter. Therefore the failure life YL2 will not 

be realized. Instead, a censored life of Y2 = Yc is observed and recorded for specimen 

2. Denote Xc as the local stress corresponding to the censoring time Yc through the 

relation Yc = YL(Xc). Thus all specimens which have a local stress less then Xc will 

result in censored data. 

Note that in the region of X3, YL(XLi a) is nearly a straight line and therefore the 

distribution of Y is approximately normal. However, in the region of Xl the slope of 

YL(XLi a) is changing. In this region the distribution of Y is not normal but skewed to 

the right because of the curvature of YL(XLi a). These features are observed in many 

fatigue data sets. 

3.2.3 Model for Errors Due to All Sources 

Consider the distribution of Y when both f..XL and f..YL exist. Denote the error in 

Y that is due to the local stress error source f..xL as f..yx • The net error term will be 

(3.8) 

The variance of f..YL is assumed to be constant. But the variance of f..yX becomes 

larger as X approaches the fatigue limit region as shown in Fig. 3.1. In the fatigue 

limit region where the slope of yL(XLi a) approaches to zero, the enlargement of the 
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variance of fyX is so great that the effect of local stress cannot be ignored even when 

the variance of fXL is small compared to that of f yL • 

The distribution of fyX can be related to the distribution of the error source EXL • 

Denote the probability density function of the distribution of EyX as fvx(Yx) and that 

of fXL as !XL(XL). Then, 

fvx(yx)ldyl = fXL(XL)ldxl 

fvx(Yx) = 1~:/IXL(Xd 
(3.9) 

(3.10) 

where 1 ~ 1 in Eq. 3.10 is the Jacobian relating the transformed distribution fvx (yx) 

to the distribution !XL(XL). In the upper part of the S-N curve where the curve is 

nearly a straight line, the Jacobian 1 :~ 1 is nearly constant and the distribution of fyX 

is the same as that of ! XL (X L) except for the scale of 1 :; I. Assuming that fyX and ElIL 

are independent, the resulting net error term f in the upper part of S-N curve will 

still be normally distributed according to the reproductivity property of the normal 

distribution. 

3.3 Proposed Models for Local Stress/Strength 

Due to the complexity of the mixed error source model, only the pure X error 

source model and the pure Y error source are proposed. The mixed error source 

model with small (jllL can be approximated by a pure X error source model. However 

the mixed error source model with small (jXL may not be approximated by the pure Y 

error source model because of the dominating influence of local stress at the fatigue 

limit region. However, if the fatigue data do not extend into the high cycle region, 

then a pure Y error source model might be adequate. 
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The pure Y error source model is equivalent to the regression model with a ho

moscedastic normally distributed net error term. Its analysis can be accomplished 

using the least squares method. 

In attempt to describe the constant stress error phenomena, four models are dis

cussed as follows: (a) the constant Ux , basic model, (b) the inverse model, (c) the 

back-projection model, and (d) the pure X error source model. Terminology regarding 

the models is summarized below. 

1. Non-inverse model. Model the (transformed) stress/strain as the independent 

variable and the (transformed) life as the dependent variable. 

2. Inverse model. Model the (transformed) stress/strain as the dependent variable 

and the (transformed) life as the independent variable. The scatter of X given 

Y is assumed to be homoscedastic and normal. 

3. Pure X error source model. This is a non-inverse model having a distribution 

of (transformed) life Y given (transformed) stress/strain X that is derived from 

Eq.3.10. 

4. Pure Y error source model. This is a non-inverse model having a homoscedastic 

normally distributed net error term €. 

5. Basic model. This is a non-inverse model having a normally distributed net error 

term f. It may be homoscedastic or heteroscedastic. In the heteroscedastic case, 

the standard deviation of the net error term could be modeled for example as 

a linear or quadratic function of stress/strain. 
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3.3.1 The constant O'z: basic model 

The variance of X, where X = S or X = log S, is assumed to be constant. It 

is also assumed that the net error term f is normally distributed but heteroscedastic. 

The heteroscedasticity is derived from a constant scatter U X • The derivation of this 

model is illustrated in Fig 3.2. In this figure, the trend of the data is denoted as 

y(x) or its inverse function x(y). The J1. - u curve, denoted as x(y) - U x or its 

inverse function y(x + ux ), is constructed by subtracting ux from x(y). Because ux is 

constant, all points on x(y) - ux have the same vertical distance from x(y). Therefore 

the construction of x(y) - U x is achieved by shifting the x(y) down a distance of ux 

to get x(y) - U X • This is equivalent to shifting the y(x) in the decreasing direction of 

x to get y(x + ux ). Thus, uy(x) = y(x) - y(x - ux ) is the model for the scatter of 

transformed life Y. 

This model assumes that the net error term f is heteroscedastic but normally 

distributed. The heteroscedasticity is defined by 

uy(x) = y(x) - y(x - ux ) (3.11) 

where uy(x) is the standard deviation of the net error term f. It is a basic model and 

therefore named the constant ux basic model 

3.3.2 The Inverse Model 

In the current practice of fatigue data analysis, the inverse model is frequently used. 

The inverse model assumes that X is the dependent variable and Y the independent 

variable. The error of the dependent variable X is assumed to be homoscedastic and 

normally distributed. The least squares method can be used for the inverse model if 



x - S 
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Y - log N 

Figure 3.2: The constant (jz basic model. 
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there is no censored data. The model is easy to use, but not correct from a statistical 

point of view as will be discussed in Section 3.4. 

Another issue related to the inverse model is how to treat censored data. Censored 

data are right censored when life is considered as the dependent variable. But when 

stress is treated as the dependent variable, it is not obvious that the censored data 

should be treated as right censored or left censored. Because stress is always placed 

on the ordinate in fatigue data analysis, right censored can be thought of as "top" 

censored and left censored as "bottom" censored. This censored data issue is clarified 

by the back-projection model discussed as follows. 

3.3.3 The Back-Projection Model 

Shimokawa and Hamaguchi [69] employed a concept that they called "equivalent 

stress amplitude". Equivalent stress amplitude is identical to the local stress concept 

as described earlier. In their work, the homoscedasticity of fatigue data is examined 

using a scheme that is called the back-projection method in this article. This method 

uses the fatigue life data to back-project local stress values. 

The principal of the back-projection method is described as follows. In the pure 

X error source model, the relationship between failure life YL and its corresponding 

local stress XL is deterministic and is described by the function YL(XLi a) as in Eq. 3.6. 

Simply by using the inverse function of YL(XLi a) and the failure life YL the correct 

estimate of XL can be obtained provided that YL(XLi a) is correct. This operation is 

illustrated in Fig. 3.1. Given the failure data points at stress levels X3 and X4, start 

from each data point (X3, Y3) , (X4' Y4) and go vertically to the curve YL(XL). Then 

go horizontally to the ordinate. The intersected values on the ordinate, XL3 ar.d XL4, 

are the corresponding local stresses. 
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For censored data, e.g., (X2,Y2), this operation will back-project to the Xc value on 

the ordinate. This means that the true local stress X L2 cannot be estimated because 

the failure life YL2 is not realized. However the true local stress YL2 must be some 

value smaller than xc. Under the censoring time planned at Yc, all local stresses 

above Xc will have their failure life realized; and all local stresses below Xc will result 

in censored data. From this point of view, censored data, after being back-projected 

to local stress space, should be treated as left censored or "bottom" censored as shown 

in Fig. 3.1. Shimokawa and Hamaguchi use this method and a best fit S-N curve (i.e. 

the YL(XL) curve) to "recover" the local stress of fatigue data at each stress level and 

test the hypothesis Ho: the local stress distribution is homoscedastic. Their results 

support the hypothesis. 

3.3.4 Relationship Between the Inverse Model and the Back

Projection Model 

It is shown in this section that the back-projection and the inverse model are 

essentially the same in terms of estimating the model parameters. 

To help understand how to use the back-projection method in estimating the pa

rameters of a model, and the difference between inverse model and back-projection 

model, consider Fig. 3.3. The parameter vector a in YL(XL; a) and UXL are undeter

mined. In the maximum likelihood method, different parameter values are selected 

and the likelihood value corresponding to each set of parameters is calculated. An 

optimization routine is employed to search for the set of parameters that yield the 

maximum likelihood value. 
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Figure 3.3: Comparison of inverse model and back-projection model. 
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Consider the inverse model. Given the independent variable y, the mean value of 

the dependent variable, i.e. E(X) = XL(Y), is determined by the inverse function 

of YL(XLi a) using a graphical method of Fig. 3.3. Project vertically from each data 

point, e.g. (XI, yd until the projection line intersects the YL(XL) curve. The ordinate 

value, e.g. XLl, is the mean value of dependent variable x given Yl. Assuming that x 

is normally distributed as N(XLI,O'~L)' the likelihood value of the failure data point 

(xI,yd is, 

(3.12) 

where ¢J is the standard normal probability density function distribution. This equa

tion is valid when there are no free parameters in Eq. 2.1, e.g. X=S or X = log 

S. 

However when X is not a null transformation of S, the Jacobian 1:1 should be 

considered. The likelihood value should then be 

(3.13) 

where 81 is the untransformed stress corresponding to Xl. If there are no free parame-

ters in Eq. 2.1, '11 is said to be null. For example, in the case X = log S, the Jacobian 

can be ignored in estimating the parameters of the model because the Jacobian is 

the same for all values of the model parameters. When '11 is null, the likelihood value 

with or without the Jacobian differ only by a constant ratio. Therefore the location 

of the maximum of the likelihood function is independent of the Jacobian. 

In the back-projection model, XLl is treated as an realization of local stress and is 

a dependent variable given nominal stress Xl. The mean value of local stress XLI is 

the nominal stress Xl. Here the XL (instead of X in the inverse model) is the normally 

distributed random variable. The likelihood for this realization under the assumed 
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model parameters is 

(3.14) 

Again, when X is not a null transformation of S, the Jacobian I~~I should be consid

ered and Eq. 3.15 should be applied. 

JSL1 (SLl) = I~: I JXLI (XLI) (3.15) 

where XLI = g(SLIj 17) as in Eq. 2.1. Because the probability density function of 

the normal distribution is symmetric, Eq. 3.12 and Eq. 3.14 will result in the same 

likelihood value if the Jacobian is not needed. When the Jacobian is needed, the 

likelihood value will differ only slightly because Eq. 3.13 uses nominal stress X while 

Eq. 3.15 uses local stress XL. However from the experience of the author, the difference 

is small and can be ignored. Part of the reason is that the expected value of local 

stress XL is the nominal stress x. Therefore the overall value of the Jacobian in both 

models should be very close for large sample sizes. 

For censored data (X2, Y2) in the back-projection model, the random variable XL 

has a mean value of X2 but is censored at xc' From the previous discussion it is known 

that XL should be treated as left (or "bottom") censored. The likelihood value is the 

probability of the unrealized portion represented by the shaded area in Fig. 3.3 and 

expressed mathematically as 

(3.16) 

where ~ is the cumulative density function of standard normal distribution. Note 

that the Jacobian is not needed for censored data because the probability represented 

by the shaded area will not be changed under transformation. 

For censored data (X2, Y2) in the inverse model, the random variable X has a mean 

value of Xc but is censored at X2. Consider treating the X2 as right (or "top") censored 
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first. The likelihood value is the probability of the shaded area and expressed as 

= 1 _ cI>(X2 - XC) 
U XL 

= cI>(XC - X2) 
U XL 

(3.17) 

But this is the same as Eq. 3.16. Treating X2 as left ("bottom") _censored in the 

inverse model will result in a likelihood value equal to the unshaded area, which is 

different from that of shaded area. The back-projection method provides a reasonable 

view of how censored data should be treated. The treatment of censored data in the 

inverse model should be consistent with that of the back-projection model. Therefore 

it is suggested that the censored data in the inverse model should be treated as right 

(or top) censored. 

3.3.5 The Pure X Error Source Model 

The pure X error source model correctly views transformed life Y as the dependent 

variable. The data are (Si' ni) or (Xi,Yi) where Si is deterministic nominal stress/strain 

and ni is fatigue life given Si (or Xi if there are no free parameters in the transformation 

of Si). The correct way of estimation using the maximum likelihood method is to 

express the distribution of ni given Sj and then calculate the likelihood value. Because 

the transformations on Si in fatigue data analysis are either X = S or X = log S, 

the discussion below concentrates on cases where there are no free parameters in the 

transformation on Si. The source of randomness of Y is assumed to be local stress 

XL. By examining Fig. 3.1 and referring to Eq. 3.10 and 3.14, the likelihood function 

of the failure data (Xl, yt) for example is 

(3.18) 
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where I ~= I is the absolute value of the inverse of the derivative of Eq. 2.5. When 

the transformation on life has free parameter(s), the Jacobian I~I, where: is the 

derivative of Eq. 2.2, should be included. And the likelihood function becomes, 

(3.19) 

where n1 is the untransformed fatigue life corresponding to yt, i.e. Y1 = h(n1i~) as 

in Eq. 2.2. 

The likelihood value for censored data (X2' Y2) for example, is simply the shaded 

area and is expressed in the same form as Eq. 3.16. 

The likelihood value for a data set is then 

nJ nc 

L(N;, "1) = II fN;{n;) II [1 - FNj{nj)] (3.20) 
;=1 j=1 

where n f and nc are number of failure data and censored data respectively 

(3.21) 

The term [1 - FNj(nj)] is the equivalent to the shaded area in Fig. 3.1 and is 

(3.22) 

3.3.6 Summary of the Constant Stress Error Source Models 

The inverse model treats nominal stress as the dependent variable while the back

projection model treats local stress as dependent variable. We have shown that they 

will give practically the same result in estimating the model parameters provided that 

the censored data is treated as right{ or top) censored in the inverse model. Their 

slight differences relate to the Jacobian as defined in Eq. 3.13 and Eq. 3.15. The 

pure X error source model treats life as the dependent variable but assumes that the 
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variability comes from the homoscedastic local stress. When both the transformation 

on stress and life have no free parameters, e.g. X = log S and Y = log N, the only 

difference in the likelihood value expression between the pure X error source model 

and the inverse(or the back-projection) model is the Jacobian 1:1. How this Jacobian 

makes a difference will be examined. 

3.4 The Inverse Model Applied in Simple Linear Regres

sion: Theoretical Considerations 

In this section the validity of using the inverse model is examined when (1) the 

trend of data is modeled as a simple linear function, and (2) the least squares method 

is used in estimation of the parameters. 

The pure Y error source model for the simple linear case is 

(3.23) 

where fYL '" N(O, U;L). The mixed error source model for the simple linear case is 

(3.24) 

However the value of local stress XL is not known. Using the relationship XL = X+fZL ' 

(3.25) 

where f = alfzL + filL· The error f is normally distributed as N(O,u2
) if both fZL and 

filL are normally distributed and independent. The pure X error source model for a 

simple linear trend can also be expressed in Eq. 3.25 except that f = alfzL • Note that 

Eq. 3.23 and Eq. 3.25 are of the same form. Therefore, for simple linear trend data, 
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Eq. 3.25 is a general form for either a pure X, or a pure Y or a mixed error source 

model. Eq. 3.25 for an experiment of sample size n may be expressed as 

The corresponding matrix form is 

where 

i = 1, . .. n 

Y = Xa+E 

y= 

x= 

a= 

E= 

1 

1 

1 

YI 

Y2 

Yn 

Xl 

X2 

Xn 

[ :: 1 
EI 

E2 

En 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

Using least squares analysis on Eq. 3.25 will result in unbiased estimates of the 

parameters ao, al and 0'2 if y is treated as the dependent variable. The unbiased 

estimator of ao and al in matrix form is 

a = (X' xt1 X'Y (3.32) 
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where X' is the transpose of X. 

In the inverse model, y is treated as independent variable. Eq. 3.25 is reorganized 

into the inverse model as follows 

(3.33) 

Denoting axe = (-~), ax! = (:1) and ex = (- a(l)' Eq. 3.33 becomes 

(3.34) 

In this equation, x is kept lower case and Y is kept upper case to emphasize the fact 

that the x is a deterministic controllable variable and Y is a random variable. To use 

Eq. 3.34 as an analysis model, the matrix form would be 

(3.35) 

where 

Xl 

x= X2 
(3.36) 

Xn 

1 YI 

1 Y2 
y= (3.37) 

1 Yn 

[ a~ 1 a= 
axl 

(3.38) 
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f:z: = (3.39) 

The least squares solution for the model parameter ax = (axo, aXl) is 

(3.40) 

Expanding X in this equation using Eq. 3.35, the expected value of the estimator is 

E[ax ] = E[(Y'Yf1y'X] 

= E[(Y'y)-lY'Yax + (Y'y)-lY'fx] 

= ax + E[(Y'y)-lY'fx ] 

Thus the bias in ax is E[(y'y)-lY'fx ]. 

(3.41) 

If the independent variable matrix Y were deterministic, the estimator would be 

unbiased because the (y'y)-l Y' can be taken out of the expectation operator. And 

E[Ex] = O. Thus, 

E[(Y'Yf1Y'fx] = (Y'Yf1Y'E[fxJ 

= 0 

In the non-inverse model, the independent variable matrix X in Eq. 3.32 is determin

istic, and therefore the estimator is unbiased. But that is not the case for inverse 

model. 

The conclusion on modeling simple linear trend data is that regardless of whether 

nature's model is pure X, pure Y or mixed error source, the unbiased estimator is 

always attainable by treating life as the dependent variable in simple linear regression. 

Treating life as the independent variable will result in a biased estimator of the model 

parameters. 
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3.5 Comparison of the Inverse Model and the Pure X Error 

Source Model in Simple Linear Regression 

3.5.1 A Description of the Example 

The inverse model and the pure X error source model applied in simple linear re

gression are compared using simulation. The non inverse model is used as a reference. 

The inverse and non inverse models use the least squares method to estimate the pa

rameters, while the pure X error source model uses the maximum likelihood method. 

Statistical parameters of the UK Department of Energy E-curve [22] are used in this 

study. However results of this study are general to all simple linear regression cases. 

The reason that the results of this study are general to all simple linear regression 

cases is discussed as follows. In regression, coordinates can be shifted or scaled without 

affecting the resulting regression line. Use of different scales, for example, occurs when 

the data is expressed in English and SI units. Regression lines based on different 

units are physically the same except they are numerically expressed in different units. 

Knowing that shifting and scaling will not affect the results of regression, all simple 

linear models can be shifted and scaled to a model with zero intercept and slope of 

-l. 

The simple linear model with zero intercept and slope of -1 is called a standardized 

simple linear model in this article. The negative slope is chosen because all fatigue 

curves have negative slope. However a positive slope, or any value, could be chosen 

as the slope of the standardized simple linear model. All simple linear models can be 

shifted and scaled as a standardized simple linear model. The only difference between 

these standardized simple linear models is their standard deviation. This means that 
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all simple linear models can be characterized by only one value, their standard devi

ation in the standardized coordinate. This value is called the standardized standard 

deviation and is denoted as (7s. Thus to explore different simple linear models, one 

needs only to consider different (78' 

The UK Department of Energy E-curve has a intercept of 12.5172 and a slope 

of -3 with a standard deviation of (7 = 0.251 where (7 = standard deviation of 

logION. Units of stress for this example are MPa. Its standardized simple linear 

model has a standardized standard deviation of 0.251/1 - 31 = 0.0837, i.e. the E

curve is characterized by (78 = 0.0837. In this study, the standard deviation of the 

UK Department of Energy E-curve will be doubled and halved to examine the bias 

in different simple linear models. Standard deviations of (7 = 0.502 and 0.125 in a 

IOglO cycle life scale are considered. 

Five types of test plans are examined. Stress level settings in all five test plans are 

equally spaced from 1.85 to 3.17 in IOglO stress space. There may be different sample 

sizes at each of the five stress levels. In Table 3.1, the stress level setting [ 1 1 1 1 

1 ] means a sample size of five with one specimen tested at each of the five equally 

spaced stress levels. A stress level setting of [ 3 3 3 3 3 ] means that a sample size of 

fifteen with three specimens tested at each of the five equally spaced stress levels is 

considered. [2 2 3 3 10 ] means two specimens are tested at the lowest stress level, 

another two at the second lowest stress level, three specimens tested at each of the 

third and the fourth stress levels, and ten specimens tested at the highest stress level. 
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case model true 0- stress sample standard standardized relative 
no. level mean error bias bias 

setting 

aO a1 Sao Sal Zao Zal R.B·a R.B·a 

~ 0.125 [1 1 1 1 1 12.519 -3.001 0.308 0.121 0.41 -0.35 0.01 ~ 0.02 

~ 0.125 [22222 12.521 -3.002 0.214 0.084 1.25 -1.27 0.030 0.05 
3 0.125 [44444 12.520 -3.001 0.151 0.059 1.31 -1.32 0.02 ill 0.04 

t--;r- 0.125 223310 12.512 -2.998 0.171 0.060 -2.15 2.23 -0.04 ~ -0.06 
t---s 0.125 [103322 12.516 -2.999 0.137 0.060 -0.62 0.95 -0.01 ill -0.03 0 r-r 0.251 [I 1 1 1 1 12.522 -3.002 0.620 0.243 0.55 -0.44 0.04 0 0.05 0 r--r pure 0.251 [22222 12.526 -3.003 0.431 0.169 1.44 -1.34 0.07~ 0.11 0 
f---s x error 0.251 [44444 12.523 -3.002 0.303 0.119 1.35 -1.37 0.050 0.08 0 
I--g source 0.251 1223310 12.507 -2.996 0.344 0.121 -2.10 2.16 -0.08 0 -0.12 0 
'lo model 0.251 [103322 12.514 -2.999 0.275 0.120 -0.82 0.88 -0.03 0 -0.05~ 
-IT- 0.502 [I 1 1 1 1 12.526 -3.003 1.240 0.487 0.50 -0.39 0.070 0.09 0 
-IT- 0.502 [22222 12.534 -3.006 0.862 0.337 1.38 -1.30 0.13 0.211'0 
t---tr 0.502 [44444 12.528 -3.004 0.607 0.238 1.26 -1.22 0.09 0.14 0 
IJ4 0.502 [223310 12.496 -2.992 0.689 0.242 -2.18 2.28 -0.17 -0.26 ~ 
~ 0.502 103322 12.510 -2.997 0.551 0.241 -0.92 0.97 -0.06 -0.111'0 

16 0.125 [1 1 1 1 1 12.520 -3.001 0.309 0.121 0.64 -0.47 0.02 0.030 
r-rr- 0.125 [22222 12.522 -3.002 0.215 0.084 1.58 -1.43 0.04 0.06 ~ 
~ 0.125 [44444 12.520 -3.001 0.151 0.059 1.31 -1.55 0.02 0.04 ~ 
~ 0.125 [223310 12.512 -2.998 0.172 0.060 -2.14 2.11 -0.04 0 -0.06 ~ r-w- 0.125 [103322 12.516 -2.999 0.137 0.060 -0.62 0.83 -0.01 0 -0.02 0 r--rr- 0.251 [I 1 1 1 1 12.522 -3.002 0.620 0.243 0.55 -0.46 0.04 0.05 0 
"'22 non 0.251 [22222 12.526 -3.003 0.431 0.169 1.44 -1.38 0.07 0.11 0 
~ inverse 0.251 144444 12.524 -3.003 0.304 0.119 1.58 -1.49 0.05 0.08 0 
~ model 0.251 [223310 12.507 -2.996 0.344 0.121 -2.09 2.10 -0.08 -0.121'0 
'""'2s 0.251 [103322 12.514 -2.999 0.275 0.120 -0.82 0.76 -0.03 -0.04 0 
""2'6 0.502 [I 1 1 1 1 12.521 -3.003 1.240 0.481 0.56 -0.48 0.08 0.11 
27 0.502 [22222 12.535 -3.001 0.862 0.331 1.46 -1.40 0.14 0.22 
28 0.502 [44444 12.530 -3.005 0.601 0.238 1.49 -1.49 0.10 0.17 
29 0.502 [223310 12.498 -2.993 0.689 0.242 -1.91 2.01 -0.15 -0.24 
~ 0.502 [103322 12.512 -2.991 0.551 0.241 -0.61 0.16 -0.04 -0.09 

31 0.125 [I 1 1 1 1 12.555 -3.015 0.309 0.121 8.65 -8.68 0.30 0.50 
~ 0.125 [22222 12.510 -3.021 0.215 0.084 11.38 -11.49 0.42 0.690 
~ 0.125 [44444 12.514 -3.023 0.151 0.059 26.55 -21.24 0.45 0.76 {, 
34 0.125 [223310 12.515 -3~O21 0.112 0.060 23:79 -23.9" 0.460 0;68 ~ 
-Ts- 0.125 103322 12.566 -3.022 0.131 0.060 25.11 -25.60 0.39 ~ 0.72 0 
-&r 0.251 [I 1 1 1 1 12.666 -3.059 0.621 0.244 16.94 -11.01 1.19 1.96 0 
f-J7 0.251 [2222 2 12.120 -3.081 0.432 0.169 33.16 -33.68 1.62 2.69 
t--as inverse 0.251 [44444 12.141 -3.089 0.305 0.119 51.96 -52.99 1.790 2.980 r-w- model 0.251 [223310 12.159 -3.081 0.346 0.122 49.43 -50.29 1.931'0 2.89~ 
I-4Q 0.251 [103322 12.716 -3.089 0.216 0.121 51.01 -52.15 1.590 2.96 0 
t-:rr- 0.502 [I 1 1 1 1 13.114 -3.231 1.249 0.491 33.18 -34.11 4~1 7.90 PO r-w- 0.502 122222 13.318 -3.318 0.814 0.342 64.11 -65.77 6.40 10.61 ~ 
~ 0.502 (44444 13.406 -3.354 0.618 0.242 101.1 -103.4 7.10 11.79 0 
I---;i:i- 0.502 1223310 13.512 -3.356 0.702 0.241 100.2 -101.9 1.95 11.81 0 
~ 0.502 (103322 13.321 -3.361 0.558 0.245 101.8 -104.3 6.42 12.02~ 

Table 3.1: Estimated bias for parameters in simple linear regression using inverse, 
non inverse or pure X error source model 
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3.5.2 Simulation Results 

Forty five cases are examined using simulation. 5000 simulations are performed 

for each case. For each case, the sample mean and the sample standard deviation 

(i.e. standard error) of the estimators ao and al for parameters ao and al in Eq. 3.25 

are computed and listed in Table 3.1. The bias of the estimators are measured in two 

values: the standardized bias and the relative bias. The standardized bias of ao for 

example is defined as Zao = (ao - ao)/s1.o where ao is the sample mean of the 5000 

estimates of ao, and ao is the true value of the parameter; s1.o is the estimator of the 

standard deviation of ao. Note that s1.o = sao/h/5000), where.5000 is the number of 

the simulation and Sao is the standard error of the 5000 estimates ao. The relative 

bias of ao for example is defined as R.B.ao = ag-an. ao 

The standardized bias tests if the bias is significant in a statistical sense or just 

a statistical error in sampling. By the central limit theorem, a sample mean of a 

sample size of 5000 is approximated by the normal distribution N(E[ao],O'ao). If the 

true value ao is outside of the confidence interval (E[ao] -1.960'1.o,E[ao] + 1.960'1.0 ), 

then reject the null hypothesis Ho: ao is not biased with confidence level of 95%. 

Replacing the unknown 0'1.0 in the confidence interval expression by the known sao' 

the hypothesis can be rejected with confidence level of 95% if the standardized bias 

is outside of the interval (-1.96,1.96). If the result of this test indicates that there 

is significant bias, then the relative bias gives a estimate of the degree of bias. 

By examining the standardized bias in table 3.1, both the non inverse model and 

pure X error source model have unbiased estimators for ao and al. The inverse 

model shows clear evidence of bias. Consider the relative bias of the inverse model. 

Comparing three different true standard deviations for each stress level setting, it is 

found that the relative bias increases by a factor of four when the standard deviation 
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is doubled. This applies to both ao and al. For the E-curve, the relative bias for ao is 
1 % '" 2% and that for al is 2% '" 3%. When the standard deviation is doubled, the 

relative bias for ao is increased to 5% '" 8%, and that for al is increased to 8% '" 12%. 

Considering the relative bias in cases with stress level settings [ 1 1 1 1 1 ] , [ 2 2 2 2 

2 ] and [ 4 4 4 4 4 ], it is surprising that the relative bias is increased as the sample 

size increases. Comparing the relative bias in cases having a stress level setting of 

size 20, [4 4 4 4 4 ], [ 2 2 3 3 10 ] and [ 10 3 3 2 2 ], it is seen that while bias of 

ao decreases as the weighting is changed from a high stress level weighting to a low 

stress level weighting, the bias of al varies with the more irregular pattern. 

The conclusion is that for the simple linear model, regardless of whether the error 

term is pure X error source or pure Y error source or mixed error 30urce, statistical 

analysis using the non inverse model produces unbiased estimates of the parameters. 

For a nonlinear trend of data and with the assumption of a constant stress error, 

is the inverse model a reasonable approximation? The inverse model is easy to apply 

using the least squares method, while the pure X error source model requires the 

maximum likelihood method and frequently some programming. In simulation on 

simple linear cases, it was found that although the only difference in the calculation 

between the inverse model and pure X error source model is the Jacobian, the differ

ence in resulting parameter estimates can be very significant. Parameter estimates 

of the inverse model are biased and that of pure X error source is not. In the next 

chapter, differences between the inverse model and the pure X error source model will 

be examined by analysis of five fatigue data sets using different nonlinear models. 
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CHAPTER 4 

Comparison of Models for Fatigue Life Data 

4.1 Preliminary Remarks 

In this chapter, the relative performance of models to characterize fatigue data are 

studied. There are two classes of models. They are: (a) models to describe the mean, 

median, or "trend" of the data, and (b) models to describe the scatter of the data. 

There are many possible models for both, and the number of feasible combinations 

can be quite large. In this study, only a limited number of models were studied. The 

models studied were those considered from subjective judgment to be the most viable. 

A fundamental assumption which is made is that the error sources are normally 

distributed in the transformed space. Thus if a log transformation is made on stress 

and/or life, the implication is that the error source has a lognormal distribution in 

the original space. 

In order to distinguish which of several competing models provides the best fit, 

a large sample size is desired. A large sample size increases the power of test, i.e. 

the probability to reject an inappropriate model. Five large fatigue data sets were 

chosen by the author. These data sets have different characteristics and in whole 

were considered to be representative of the range of possibilities. One exception is 

that there is no data set considered that has a simple linear trend and homoscedastic 

scatter. Such data might result from a test in which an initial crack is present and 
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fatigue is principally a matter of crack propagation. This is the case for welded joint 

fatigue data, or more generally in fabricated sections where flaws invariably exist. For 

such data, the simple linear model would be appropriate, as discussed in Chapter 3. 

No matter what the error source, the traditional regression model will fit as long as the 

source of error is homoscedastic and normally distributed. The theme of this chapter 

and a major contribution of this dissertation is a comparison of the performance of 

nonlinear models for fatigue data. 

There are three methods which are used herein to test the goodness-of-fit of a 

model for the mean and for the scatter given a set of data. The test methods are: (a) 

visual examination of the mean curve and the ±3u envelope, (b) visual examination 

of the standardized residual plot, and (c) the likelihood ratio test. In total, these 

tests are a blend of subjective judgment and quantitative measure. 

For a convenient comparison of the results of these tests, all figures and tables that 

described these tests are placed together at the end of this chapter. 

4.2 Data Sets Used for Comparison 

Five large sample size fatigue data sets (Table 4.1) are used to study the goodness

of-fit of the models for the mean and scatter. These data is provided in Appendix D. 

They are plotted in Fig. 4.1 to Fig. 4.6. The Ti64 data consists of pooled fatigue 

data tested at different temperatures: 75°F, 300°F, 500°F, 650°F and 750°F. It is 

assumed that the fatigue strength of this material does not vary within the temper

ature range. Those data tested at 75 OF or 300 OF (lower temperature) are used to 

form a subset denoted as Ti64-300. Ti64-300 results are compared with Ti64. Note 
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sample no. of 
abbreviation material type size censor data source 

data 
2024-T4 2024-T4 Aluminum 252 0 T. Shimokawa and 

Alloy Y. Hamaguchi[69J 
In 718 Inconel718 246 4 G.E.A.E.[12J 
AAW annealed aluminum wire 200 0 Freudenthal [20J 
Ti64 titanium(Ti-6AI-4 V) 96 25 G.E.A.E.[12J 
Ti64-300 titanium(Ti-6AI-4 V) 48 12 G.E.A.E.[12J 
wire steel wire 75 10 private source 

Table 4.1: Data sets used in this study 

that the AAW (annealed aluminum wire) data set appears to be homoscedastic on 

life while the rest of data sets appear to be heteroscedastic. 

Consider the different characteristics of the fatigue data in Figs. 4.1 through 4.6. 

While all have an endurance region, the data sets of Fig. 4.4 and 4.5 have many 

censored data. The data sets of Fig. 4.2 and 4.6 have some censored data. In the low 

cycle range, some data seem to have a linear trend i.e. Fig. 4.1, 4.2 and 4.6; at first 

glance, a model having two straight line segments might be appropriate. In Fig. 4.1, 

4.3 and 4.4, there are many data in the endurance region. 

As a whole, the five data sets chosen are considered to have all of the characteristic 

which might be encountered in most fatigue test data. 

A special thanks is made to Mr. Gerald T. Cashman of General Electric Aircraft 

Engines for providing the titanium Ti64 and Inconel 718 data, and to Mr. Ken Bauer 

in AlliedSignal Aircraft Engines for preparing the aluminum 2024-T4 data from the 

work of T. Shimokawa and Y. Hamaguchi [69J. 
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4.3 Models Under Consideration 

4.3.1 Transformation of the Data 

Transformations considered in this study are: 

1. Transformation of stress/strain S. 

(a) Null transform (X = S) 

(b) Base 10 log transform (X = log S) 

Except when mentioned otherwise, all transfomations on stress/strain are log 

transforms. In Table 4.4 to Table 4.9, "X=S" is marked in the column "model 

for scatter" when the transformation of stress/strain is null. 

2. Transformation of fatigue life N. 

(a) Base 10 log transform (Y = log N). 

(b) Box-Cox transformation of Type 1; Item 11 in Table 2.1. 

4.3.2 Models for the Mean (the Trend of the Data) 

Models for the mean considered in this study were selected from the list in Ta

ble 2.2. They are listed in Table 4.2. The MIL-HDBK-5 (MIL) and general strain-life 

equation (e-N) were selected for their broad application in modeling the S-N curve 

and the strain-life curves respectively. Also selected was the five parameter bilinear 

model (bi) for its flexibilty in modeling the mean curve using two straight line seg

ments. Each segment has an arbitrary slope, and there is arbitrary curvature at the 

intersection. Because the fatigue limit may be reasonably modeled as a horizontal 
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Symbol Name Formula Number of Remarks 
Parameters 

bi bilinear x = al + a2(p.y + asV(p.y - a3)2 + a4) 5 
lobi leveling-off x = at + a2(p.y - V(p.y - a3)2 + a4) 4 

bilinear 
general Y = logN 

eoN strain- € = at NB2 + a3NB4 4 X = loge 
life or 
equation X=€ 

MIL MIL-HDBK-5 Y = al + a2log(X - a3) 3 Y = logN 
X=S 

Box Box-Cox {~ A~O 
InN A = 0 

1 

p.y =ao+at x +2 
O'y = bo +1=4 

Table 4.2: Models for mean considered in this study 

line, the bilinear model can be modified, by letting as = -1, to force the asymptotic 

slope, as N -. 00, to be zero. This leads to the four parameter leveling-off bilinear 

model (l-bi), where "leveling-off" refers to the asymptotic zero slope. In the case of 

the Box-Cox transformation (Box) on life, only the simple linear model is used as a 

model for the mean. 

4.3.3 Models for Scatter 

Models for scatter are listed in Table 4.3. In the case of the Box-Cox transformation 

on life, only the homoscedastic scatter model is used. As described in Chapter 3, 

modeling of the scatter of fatigue data may be categorized as follows: 

1. Basic model. Model the net error term f in Eq. 3.1 as normally distributed and 

homoscedastic or heteroscedastic regardless of the source of error. This is the 

most general model. Errors from all sources are lumped into the net error term. 

The underlying structure of the error source is ignored. Models in this category 
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Symbol Name Formula Number of Remarks 
Parameters 

qua quadratic O"y(z) = bo + bIz + b2Z~ 3 
lin linear O"Y(z) - bo + bIz 2 
homo homoscedastic O"Y(z) = bo 1 
expl type 1 explode O"Y(z) - bo(z -log(bJ)·· 3 
exp2 type 2 explode O"y(z) - boCr-\ + b2) 3 
2Sy constant 0"." O"Y(z) - y(z) - y(z - 0".,) 1 see Chapter 3 

non inverse model and Fig. 3.2 
pure X pure X error O""L(Z) = bo 1 see Chapter 3 

(y,x) 
source model O"y does not have analytic form 
inverse model O"x = bo 1 see Chapter 3 

Table 4.3: Models for scatter considered in this study 

are: ( a) homoscedastic (homo), (b) linearly heteroscedastic (lin), (c) quadraticaly 

heteroscedastic (qua), (d) "explode" heteroscedastic in which scatter increases 

dramatically, i.e. explodes, at the fatigue limit, and (e) the constant Uz; basic 

model (2Sy). The "2Sy" is an abbreviation of "CSx2Sy" which in turn is an 

abbreviation of "constant standard deviation of X to standard deviation of Y" . 

2. Inverse model, denoted as (y,x). Stress/strain is treated as the dependent vari

able. The scatter of stress/strain is assumed to be homoscedastic and normally 

distributed. This model is statistically incorrect, but it is widely used in engi-

neering practice because it seems to give reasonable results. 

3. Pure X error source model (pure X). It is assumed that the major error source 

is homoscedastic and normally distributed local stress. The distribution of the 

net error term € is derived from the distribution of the local stress through the 

Jacobian(8ee Eq. 3.10). Stress/strain is considered as the independent variable. 

The combinations of mean and scatter models used in considering each data set 

are listed in the Table 4.4 to Table 4.9. The default transformation for stress is base 

10 log. If the transformation of stress is null, the model will be marked "X =8" in the 
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column "model for scatter". In the case of "X = S", the pure X error source model 

has normally distributed local stress SL while in case of "X = log S" the model has 

a normally distributed XL and lognormally distributed local stress SL. 

4.4 Comparison Using the Mean Curve and the ±38- Enve

lope 

4.4.1 A description of the Mean Curve and ±38- Envelope 

Visual examination of the mean curve and the ±3u envelope provides a subjective 

method of assessing the goodness-of-fit of a model. The fitted mean curve is 

{Ly(x) = /lY(x; it) (4.1) 

where it is the vector of parameter estimates. A ±3u envelope can be constructed by 

{Ly(x) ± 3uy(x) 

where o"y (x) is the estimate of O"y (x), the model for scatter of fatigue data 

Uy(x) = O"Y(x; b) 

and b is a vector of parameter estimates. 

(4.2) 

(4.3) 

For the inverse model and the pure X error source model where uncertainty is 

defined by O"x, the ±3u envelope is constructed as 

{Lyl(y) ± 3ux 

where jJ.yl(y) is the inverse function of jJ.y(x). 

(4.4) 

The fitted mean curve and the ±3u envelope provides a visual examination of the 

goodness-of-fit. The mean curve should follow the trend of data and the envelope 
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should cover most of the data points. For ease of comparing results, all figures and 

tables are placed at the end of this chapter. 

In a visual examination of the mean curve and ±30- envelope, first look to see if 

the envelope has a reasonable shape. In the basic model (defined in Sec. 4.3.3), if 

scatter is modeled as heteroscedastic, the fitted ±30- envelope sometimes appears to 

be inappropriate, e.g. the concave envelope as in Fig. 4.7. If this concave envelope 

does not reasonably follow the data in the test range, it will be considered as a poor 

fit and will be denoted as "concave" in this article. "Concave" envelopes will be 

marked as "c" in column "±30- env. test" in Tables 4.4 to 4.9 ("±30- env. test" is an 

abbreviation for the "±30- envelope test"). The column "±30- env. test" marks those 

models having a poor fit as established subjectively by visual examination. 

Some envelopes explode at the fatigue limit region to accommodate the scatter 

in that region, e.g. Fig. 4.8. However if the explosion goes too fast such that the 

envelope turn away from the data points in the test range of stress/strain, classify this 

model as "explode" and mark an "e" in the column "±30- env. test". For example, 

in Fig. 4.8 the -30- curve at -2.42 log strain has a log life of 3, far removed from the 

data points at that stress level. This kind of explosion does not reasonably follow the 

data and will be considered as a poor fit. 

Another situation is an explosion of the -30- curve which doubles back, e.g. 

Fig. 4.9. 

An irregular envelope will result when both the model for the mean and the model 

for scatter have significant curvature and each dominate at different stress/strain 

levels. For example, in Fig. 4.10 the mean curve has a kink at stress level 2.57 which 

also causes a kink for the ±30- envelope. Below that level the mean curve becomes a 

straight line while the scatter grows exponentially. The domination of the curvature 
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of the scatter can be seen at stress level 2.52. The two effects cause two kinks for 

the ±3u envelope. This situation is considered as a poor fit and is called "irregular". 

Irregular envelopes will be marked as "i" in the column "±3u env. test". Envelopes 

that do not appear to fit the data well, but do not belong to the categories above are 

simply called "bad fit" and are marked as "b". 

4.4.2 Aluminum 2024-T4 Data Set 

Models that provide a poor fit for the 2024-T4 data set are identified in the column 

"±3u env. test" of Table 4.4. Those models that are not marked as having a poor 

fit are, the inverse model, the pure X error source model and the Box-Cox model. 

Further comparisons for these unmarked models are: 

1. Consider the null transformation X = S and the leveling-off bilinear for the 

mean. The inverse model and the pure X error source model are compared in 

Fig. 4.11. In the test stress range, the -3u curve for both models are similar 

while the pure X error source model has a more conservative mean curve and 

+3u curve than those of the inverse model. Below the test stress range, all curves 

of the pure X error source are more conservative than those of the inverse model. 

At stress level 2.47 the difference in life is one order of magnitude. Above the 

test stress range, the inverse model is slightly more conservative than the pure 

X error source model. For example, at stress 2.75, the -3u curve for the inverse 

model is 0.025 (in log life) less than that of pure X error source model. This 

means that the life been predicted by the -3u of inverse model is 10°.025 = 1.06 

times of that of pure X error source model. Note that the upper part of the 

envelope is slightly curved. This is because the leveling-off bilinear is fitted in 

X = S space and plotted in X = log S space A straight line in X = S space is 
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curved in X = log S space. As can be seen in the Fig. 4.11 the S-shape envelope 

fits the data quite well. 

2. For the bilinear model, the pure X error source model is the same as the inverse 

model in the upper line segment region (Fig. 4.12) and more conservative in 

the lower line segment region. The -3u curve of the pure X error source model 

predicts life 78% less than that of the inverse model at a stress level of 2.45. 

3. For X = log S and the leveling-off bilinear, the pure X error source model is 

approximately the same as the inverse model in the test range but is conservative 

at lower stress levels (Fig. 4.13). Because the slope at the right asymptotically 

approaches zero, the conservatism is severe. For example at log stress = 2.5, 

the pure X error source model has a mean curve of 106.8 = 6.31 X 106 cycles, 

while the inverse model has a mean curve approaching infinity. 

4. Using the MIL-HDBK-5 model for the mean, the pure X error source is more 

conservative at the fatigue limit. The -3u curve is about 10°·25 - 1 = 78% 

lower in life than the inverse model at stress level 270 MPa. The two models 

are essentially identical in the upper part of the test region. 

5. Comparing the Box-Cox model with the leveling-off bilinear with X = Sand 

the pure X error source model, the Box-Cox is more conservative as it has a 

relative large standard deviation (Fig. 4.14). This suggests that the Box-Cox 

model fails to fit the data better than the leveling-off bilinear. The envelope of 

the Box-Cox covers that of the leveling-off bilinear model for most of the range. 
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4.4.3 Inconel 718 Data Set 

Models which provide a poor fit for the Inconel 718 data set are so marked in 

the column "±30- env. test" of Table 4.5. An example of a poor fit is shown in 

Fig. 4.15. Models for scatter which survived the visual test are the inverse model, the 

pure X error source model and the Box-Cox model. The leveling-off bilinear and the 

bilinear model for the mean perform the same in terms of fitting. This is because of 

the observed fatigue limit in the data. Because models having fewer parameters are 

preferred, the leveling-off bilinear model will be discussed for this data set. Further 

comparisons among these survivors are: 

1. For the leveling-off bilinear model (Fig. 4.16), the -30- curve of the pure X 

error source model is more conservative than that of the inverse model in the 

region below the "kink". i.e. there is about 12% less in life at the lowest tested 

strain level. The difference grows exponentially below the lowest test strain 

level because the slope at the right become zero asymptotically. The inverse 

model is more conservative at the upper part of the tested region, about 7% 

less in life. 

2. For the mean modeled by the generalized strain-life equation, the -30- curve of 

pure X error source model is more conservative than that of the inverse model. 

There is about 26% less in life at the lowest tested strain level as shown in 

Fig. 4.17. The inverse model is more conservative in the upper part of test 

region, about 12% less in life at the highest strain level tested. 

3. The -30- curve of the Box-Cox model is more conservative than that of the 

leveling-off bilinear with the pure X error source model in region below the log 

strain level of -1.83 as shown in Fig. 4.18. The curvature of the Box-Cox model 
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does not accommodate the data very well at the top of the test range. The 

leveling-off bilinear model appears to fit the data well. 

4. Generally, the pure X error source model is more conservative in the lower part 

while inverse model is a little bit conservative in the upper part. 

4.4.4 AAW Data Set 

Models which provide a poor fit for the AAW data set are identified in the column 

"±3u env. test" of Table 4.6. As a contrast to the other data sets studied herein, the 

inverse model, the pure X error source model and the Box-Cox model provide a poor 

fit to the homoscedastic AAW data. The use of the bilinear mean in combination 

with the inverse and the pure X error source models is illustrated in Fig. 4.19. Box

Cox model results are shown in Fig. 4.20. Fitting homoscedastic life data is not a 

feature of these models. The homoscedastic, linear, quadratic or even the explode 

scatter model fit the data well. An example of general strain-life equation with 

homoscedastic scatter or quadratic scatter is shown in Fig. 4.21. 

4.4.5 Ti-64 Titanium Data Set 

Models which provide a poor fit for the Ti64 data set are identified in the column 

"±3u env. test" of Table 4.7. Models that generally fit well are the inverse model, 

the pure X error source model and the Box-Cox model. As the leveling-off bilinear 

model and the bilinear model are essentially the same in terms of fitting for this data 

set, only the leveling-off bilinear model will be discussed because the data suggests 

that there is a fatigue limit. Further comparisons are: 
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1. For the leveling-off bilinear model shown in Fig. 4.22, -3u of the pure X error 

model is much more conservative at lower strain levels; the inverse model is 

more conservative in the upper region. 

2. For the leveling-off bilinear and a null transformation X = S (Fig. 4.23), the 

-317 curve of the pure X error model is more conservative below the strain level 

being tested than that of the inverse model. In the region above the test range, 

the inverse model is more conservative. Note that the scatter of log strain of 

the pure X error source model in Fig. 4.23 is not constant. However the scatter 

of strain is constant. 

3. For the general strain-life model, the -3u curve of the pure X error source 

model is also conservative in the lower strain region relative to that of the 

inverse model. 

4.4.6 Ti64-300 Titanium Data Set 

Models which provide a poor fit for the Ti64-300 data set are identified in the 

column "±3u env. test" of Table 4.8. Models that generally fit well are the inverse 

model, the pure X error source model and the Box-Cox model. As the leveling-off 

bilinear model and the bilinear model are essentially the same for this data set, only 

the leveling-off bilinear model will be discussed because the data suggests that there 

is a fatigue limit. Further comparisons are: 

1. For the leveling-off bilinear case shown in Fig. 4.24, the inverse model becomes 

horizontal below -2.2 log strain, while the pure X error source model still has 

a non-zero slope. The difference in life predicted by the inverse model and the 

pure X error source is infinite in this region. The inverse model is slightly more 
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conservative in life than that of the pure X error source model in the higher 

strain region. 

2. For the general strain-life model (Fig. 4.25), the -3u curve of the pure X error 

source model is more conservative than that of the inverse model at the lower 

strain level. The pure X error source model and the inverse model are very close 

at higher stress levels. 

3. For the pure X error source model (Fig. 4.26), the general strain-life and the 

leveling-off bilinear curves are close. The -3u curve of the general strain-life 

model is more conservative in life at higher strain levels. 

4. For most of the strain region, Fig. 4.27 illustrates that the Box-Cox model is 

more conservative than the leveling-off bilinear with pure X error source model. 

4.4.7 Steel Wire Data Set 

Models which provide a poor fit for the wire data set are identified in the column 

"±3u env. test" of Table 4.9. Models that generally fit well are the inverse model, 

the pure X error source model and the Box-Cox model. As the leveling-off bilinear 

model and the bilinear model are essentially the same in terms of fitting for this data 

set, only the leveling-off bilinear model will be discussed as there appears to be a 

fatigue limit. Further comparisons are: 

1. As shown in Fig. 4.28, the pure X error source model is more conservative than 

the inverse model. 

2. For the general strain-life model (Fig. 4.29), the pure X error source model is 

more conservative than that of the inverse model at lower stress levels. The 
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inverse model is slightly conservative in the higher stress region, about 7% less 

in life relative to the pure X error source. 

3. For the MIL-HDBK-5 model, the pure X error source is still more conservative 

relative to the inverse model at lower stress levels. The figure for this case is 

not shown. 

4.4.8 Conclusions 

From the six data sets analyzed, general conclusions based on visual examination 

of fitted mean curve and ±3u envelope are: 

1. For heteroscedastic data, the inverse model, the pure X error source model 

and the Box-Cox model seem to provide a consistently reasonable fit. For 

homoscedastic data, the basic models seem to work well. 

2. The Box-Cox model seemed to provide more conservative results (wider ±3u 

envelope) in most of the test stress/strain region. The plots are always curved in 

log-log space. The model is not suitable for data having a straight line portion 

in this space. 

3. While the inverse model and the pure X error source model are based on the 

assumption that the homoscedastic local stress is the major source of error, the 

Box-Cox model recognizes no fatigue mechanism. The Box-Cox model relies 

purely on it mathematical flexibility to deal with heteroscedastic data. The 

inverse model and the pure X error source model rely on recognition of a fatigue 

mechanism. 
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4. Among all cases stuJied, the pure X error source model is consistently more 

conservative than the inverse model in the lower test stress region, i.e. the high 

cycle region. At the fatigue limit, the difference in life between the two models 

is large because the slope is close to zero. 

5. The inverse model is always slightly more conservative than the pure X error 

source in upper part of the test region. In this region however, the difference in 

life between the two models is small due to the steep slope. General speaking, 

the pure X error source is more conservative than the inverse model. 

6. In the cases studied in which a fatigue limit appears to be present, the four 

parameter leveling-off bilinear model seems to fit as well as the five parameter 

model. 

4.5 Comparison Using the Standardized Residual Plot 

4.5.1 Introduction to the Standardized Residual Plot 

A standardized residual plot is helpful in examining the goodness-of-fit of a model. 

When a valid model is used, the standardized residual plot should be homoscedastic. 

A heteroscedastic standardized residual plot implies that the model fits poorly. In 

this study, the definition of the standardized residual depends upon the scatter model. 

For the basic model, a residual ei for data point (Xi, Yi) is defined as 

(4.5) 

The corresponding standardized residual Zi is defind as 

ej 
Zj = ---

oY(Xj) 
(4.6) 
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The standardized residual plot is constructed by plotting (Xi, Zi) across all Xi. 

For the inverse model, the definitions and the construction of the standardized 

residual plot are the same as the basic model except that Xi and Yi are interchanged. 

For the pure X error source model, the homoscedastic and normally distributed 

error source is assumed for local stress XL. The local stress XLi for a data point (Xi,Yi) 

is derived using the back-projection method: 

~ ~-l(~) 
XLi = J.ly Yija (4.7) 

where fJ,yl is the inverse function of fJ,y. By the invariance property (Sec. 2.4.2), when 

a is the maximum likelihood estimator of a, XLi will also be the maximum likelihood 

estimator of XLi. The local stress XLi is assumed to be normally distributed with the 

mean equal to Xi, nominal stress, and standard deviation of UXL ' The residual of local 

stress is '.lefined as 

(4.8) 

The standardized residual of local stress is 

(4.9) 

where CrXL is the estimator of U XL ' The standardized residual plot for the pure X error 

source model is constructed by plotting (Xi, Zi). 

Results of visual examination of the standard residual plot for each data set are 

listed in column "Zi test" of Tables 4.4 to Table 4.9. "Zi test" is short for "standardized 

residual test". Models which provide a good fit should have a standardized residual 

plot showing homoscedastic scatter and a mean curve which is essentially a horizontal 

straight line. When the standardized residual is heteroscedastic, a "t" (for "hetero") 

is listed in the column "Zi test" of the table. When the mean curve of the standardized 



119 

residual is not a straight line, a "n" (for "nonlinear") is listed. When censored data 

points show an unreasonable pattern, a "c" (for "censor") is listed. 

4.5.2 Aluminum 2024-T4 Data Set 

1. In all cases the inverse model seems to have an unusual residual plot, an example 

of which is shown in Fig. 4.30: Data tested at one stress level results in the 

residuals spread along a curve. This is because the inverse model treats life as 

the independent variable. 

2. The bilinear with a null transformation "X=S" has identical residual plots for 

both quadratic scatter and the pure X error source. As shown in Fig. 4.31, the 

residuals appear to be homoscedastic except for those at the lowest stress levels. 

3. In Table 4.4, all models listed in the rows below bilinear and "X=S" with "exp2" 

scatter have heteroscedastic or nonlinear residuals (Fig. 4.32). All models be

low leveling-off bilinear with quadratic scatter have severe heteroscedasticity 

(Fig. 4.33). 

4.5.3 Inconel 718 Data Set 

1. The inverse model in all cases has severe heteroscedastic residuals as illustrated 

in Fig. 4.34. Standardized residuals Zi at log life greater than 5 are between -1 

and 1. See also Table 4.5. 

2. The Box-Cox and all models with the pure X error source model have ho

mosedastic residuals (e.g. Fig. 4.35). The residuals Zi of these models are all 

within a ±3 band. 
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3. All models with quadratic or "exp" type scatter have reasonably homosedastic 

residuals. In comparison with the pure X error source model, the only obvious 

difference is that some standardized residuals exceed three as shown in Fig. 4.36. 

4. All homosedastic scatter models have heteroscedastic residuals with some ex

ceeding five (Fig. 4.37). 

4.5.4 AAW Data Set 

1. The inverse model in all cases has heteroscedastic residuals (Fig.4.38). See also 

Table 4.6. 

2. All basic models have homoscedastic residuals for all scatter models considered 

(Fig. 4.39). The poorest performing case in this category is the MIL-HDBK-5 

model having a homoscedastic scatter model. But even its residual plot, shown 

in Fig. 4.40, indicates close to homoscedastic conditions. 

3. The Box-Cox model and all pure X error source models have heteroscedastic 

residuals (Fig. 4.41). 

4.5.5 Ti-64 Titanium Data Set 

1. Most of the inverse models have heteroscedastic residuals. All inverse models 

seem to have an unreasonable spread of censored residuals. As illustrated in 

Fig. 4.42, censored residuals at a log life of 6 vary from z = -4.5 to z = 1 with 

only one failure residual at .~ = -3.9. A reasonable censored data spread should 

be such, for example, that for one censored data point at the 90 percentile (or 

z = 1.28) there should be nine failure data points in the region z < 1.28. 
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In other words when censoring is set at 90 percentile, the ratio of number of 

censored and failure data should be 1:9. A model having an unreasonable spread 

of censored data is identified as a "c" in Table 4.7. 

2. The Box-Cox model and all pure X error source models or quadratic scatter 

models have homoscedastic residuals and a reasonable spread of censored resid

uals (Fig. 4.43). 

3. All "explode" type scatter models have homoscedastic residuals. But the cen

sored residual spread is curved (Fig. 4.44). 

4. All homoscedastic scatter or linear scatter models have heteroscedastic residu

als. 

4.5.6 Ti64-300 Titanium Data Set 

The residual plots for the Ti64-300 data set are basically the same as that of the 

Ti64 data. See Table 4.8. 

4.5.7 Steel Wire Data Set 

1. Most inverse models have heteroscedastic and nonlinear residuals. See Fig. 4.45 

and Table 4.9. 

2. The leveling-off bilinear with the pure X error source model has nearly he

moscedastic residuals as shown in Fig. 4.46. 

3. In Table 4.9 all the models listed below the leveling-off bilinear with pure X 

error source have heteroscedastic residuals. 
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4.5.8 Conclusion 

1. Most cases of the inverse model seem to have heteroscedastic standardized resid

uals. Censored residuals seem to have an unreasonable spread for the inverse 

model. 

2. Censored residuals spread reasonably for most of the basic models except the 

"explode" models for scatter. 

3. General speaking, models having larger maximum likelihood values seem to 

have more reasonable residual plots. However, this conclusion does not apply 

to the inverse model because the maximum likelihood value of the inverse model 

cannot be compared with that of non-inverse models. The explanation is given 

in next section. 

4.6 Comparison Using the Likelihood Ratio Test(LRT) 

4.6.1 Likelihood-ratio Test in General Application 

The likelihood ratio test (LRT) for single and for multiple random variables is 

described in [47] and [7] respectively. To apply LRT on regression models, one needs 

to understand the LRT in a general setting. Suppose Y is a random variable having 

a density function f(y,{3) where {3 is the vector of parameters. Assume that {3 is 

unknown; but {3 is known to be in a set O. We wish to test the hypothesis Ho: 

{3 E 0 1 vs. H1: {3 ~ Ot, where 0 1 C O. If 0 is the universal set and O 2 = 0 1, i.e. 

Ol n O 2 = 0 and Ol U O2 = 0, the above hypothesis is equivalent to Ho: {3 E 0 1 

vs. H1: {3 E O 2• 
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The likelihood-ratio is defined as 
max 

A = {j E nl IT?:1 f(y;, (3) 
max (4.10) 

(j E 0 n?=1 f(y;,(3) 

where Yi, i = 1, n is the sample of size n, (3 is vector of the model parameters, and 

IT?=1 f(Yi,(3) is the likelihood value of the data set y under specific model parameters 
max 

(3. {j E 111 IT?=l f(Yi, (3) is the maximum likelihood value of the data set Y under 

model (3 E 0 1• This is the largest likelihood value found by adjusting (3 within the 

space of 111 • 

From maximum likelihood theory, -21n A '" X! (i.e. has a chi-square distribution) 

as n -t 00. v is the degrees offreedom of the X2 ( chi-square) distribution and is defined 

as 

v = dimension of 0 - dimension of 0 1 

= P-Pl 

(4.11) 

(4.12) 

where dimension is defined as the number of independent parameters required to 

define the space 0 or 0 1 and is denoted as P and PI respectively in Table 4.4 to 

Table 4.9. 

Denote the likelihood values as 

max n 

L* = {j E 0 1 II f(Yi, (3) 1 
i=1 

max n 

L* = (j E 0 II f(y;, (3) 
i=1 

Then, 

-21n A = -21n (~!) 
= - 21n L; + 21n L * 

= 2(lnL*-lnLi) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

( 4.17) 
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For simplicity, 2(ln L· ~ In Li) is denoted herein as ~21n L. Then, 

~21nL '" X~ (4.18) 

The likelihood-ratio test(LRT) rejects the hypothesis Ho: (3 E 0 1 at significance 

level of 0' if 

~21nL > X!,,, (4.19) 

where X!,,, is the 100(1- 0') percentile of X~. Because .6.2 In L is used in the LRT, the 

maximum likelihood values listed is the tables are two times the maximum likelihood 

values, denoted as 21n L. 

The LRT is used to compare the goodness-of-fit of any two models. If model A is 

rejected by model B in a LRT, then model B is said to be significantly better than 

model A in fitting the specific data set. If model A is not rejected by model B, then 

there is no significant difference between the two models in fitting the specific data. 

Application of the LRT on the reference fatigue data is described in the following. 

4.6.2 Comparison of Models Using the LRT 

The models presented in Table 4.4 to Table 4.9 are sorted by their maximum likeli

hood value (21n L). The inverse model treats stress/strain as the dependent variable, 

and likelihood values are calculated using the density function of stress/strain. The 

non inverse models, including the pure X error source model, treat life as a dependent 

variable and use the density function of life to calculate the likelihood value. Thus 

maximum likelihood values of the inverse model cannot be compared with those of 

the non inverse models. For this reason, the ijnve.rse model is not considered in this 

LRT analysis. Maximum likelihood values for all models (except the inverse model) 
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in each data set are plotted in Fig. 4.47 to Fig. 4.52. Various models for the mean 

are categorized on the abscissa. 

The maximum likelihood value is denoted as L*. For each data set, the model 

having the largest L* is considered to be the "best fit model". Other models are then 

compared with the best fit model using the LRT and are called the "model to be 

tested". If the model to be tested is significantly worse than the best fit model under 

the LRT, a "!" is marked in the column "LRT" in Tables 4.4 through 4.9. Otherwise 

a "-" is marked to show that the model fits the data equally well. In other words, 

those models which are marked with "!" are rejected by the LRT. Those been marked 

as "-', along with the best fit model, are survivors of the LRT. 

In these tables, PI is the number of free (or undetermined) parameters of the 

model to be tested nil i.e. the total number of parameters in Eq. 2.11. For example, 

Item 6 in Table 4.4 is a model with a log transform on both stress S and life N, a 

five parameter bilinear model for the mean curve, and one parameter for the assumed 

constant scatter of local stress. Because the log transformation has no free parameters, 

the total number of parameters for this model is six and is so listed in column "PI" 

in the table. The number of free parameters for the various models for the mean and 

scatter can be found in Tables 4.2 and 4.3 respectively. 

Consider Item 11 in Table 4.7 as another example. The model applies a one pa

rameter Box-Cox transformation on life and a simple linear function (two parameters) 

as a model for the mean and homoscedastic scatter (one parameter); the total number 

of free parameters PI for this model is four. 

The P in these tables is the number of free parameters of n. And n is the union 

of both the model to be tested and the best fit model. Two type of situations may 
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occur: (1) one model is a subset of the other, and (2) none of the models is a subset 

of the other. 

When one model is a subset of the other, p equals the number of parameters of the 

larger set. For example, the only difference between the model of Item 5 in Table 4.5 

and the best fit model is that one uses the bilinear as model for the mean while the 

other uses the leveling-off bilinear. The leveling-off bilinear is a subset of the bilinear 

and is derived from the bilinear by setting the parameter a5 in Table 4.2 to -1. The 

best fit model is a subset of the model in Item 5. Thus p equals the PI of the larger 

set model, i.e. the model of Item 5, and is equal to 6. Similarly, model of Item 8 in 

Table 4.6 is a subset of the best fit model in that table, and the model of Item 7 in 

Table 4.8 is a subset of the best fit model in that table. 

When none of the models is a subset of the other, an "index" parameter is needed 

to integrate two models into a union. For example, consider Item 7 in Table 4.7 and 

the best fit model (i.e., Item 5). Each is not a subset of the other. For simplicity 

the model of Item 7 is denoted as 0 1((317(32, ... ,(35), where ((317(32, ... ,(35) are the 

five free parameters of the model. The best fit model is denoted as O 2((31, (32, •.• , (38) 

where ((31, (32, •.. , (38) are the eight free parameters of the model. The two models can 

be integrated into the union model 0 by 

(4.20) 

where p is the index parameter having a value of either 0 or 1. When p = 1, the 

model of Item 7 is specified. When p = 0, the best fit model is specified. The two 

models have totally different models for the mean (one uses a bilinear while the other 

uses the general strain-life equation) and for the scatter (quadratic versus pure X 

error source). However they can share the same parameters (317 (32,"" (35 in Eq. 4.20 

without conflict because the index parameter p has already separated (31, (32, ••• , (35 
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of the two models into different parameter spaces. For example P1 = 3.5 when p = 1 

is not the same with P1 = 3.5 when p = o. The former P1 is the first parameter of 

the general strain-life equation while the latter is the first parameter of the bilinear. 

Therefore a total of 8 + 1 = 9 parameters (one for the "index" parameter p and eight 

for Pi) is necessary and sufficient to define the union space of the two models. This 

value is listed in column "p". We conclude that when none of the models are subsets 

of the others, p equals to one plus the larger of the number of parameters of each 

model. 

The degrees of freedom v is equal to p - P1 and is also listed in Tables 4.4 through 

4.9. Chi-square(X!,J values for different v and a level of significance a = 0.05 are 

listed in Table 4.10. In this study, none of the v will exceed seven, which corresponds 

to X!,II value of 14.07. Thus all models to be tested having a .6.2 In L value greater 

than 14.07 will be rejected (see Eq. 4.19). This is the reason why the P1, P and v in 

Tables 4.4 to 4.9 are listed only for cases with .6.21nL less than 14.07. All models to 

be tested having a .6.2 In L greater than 14.07 are directly marked with "!" without 

the need for computing of P1, P and v. 

4.6.3 Comparison of Models for the Mean 

Which of the models for the mean provides the best fit of the fatigue data? This 

is a complex question because the model for mean and the model for scatter have a 

synergistic relationship relative to the goodness-of-fit. However a rough comparison 

using a result of the LRT is made as follows. Various models for the mean that 

appear as survivors of the LRT for each of the six data sets are listed in Table 4.11. 

For example, both survivors of the LRT in the 2024-T4 data set use the bilinear as 

the model for the mean. One of the LRT survivors of the In71S data set uses the 
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bilinear while the other uses the leveling-off bilinear as a model for mean. The total 

number of appearances of each model for the mean in the LRT survivors among six 

data sets are listed at lower part of the table. For example, the bilinear model for the 

mean appears in 11 out of the 27 (a ratio of 41%) LRT survivors. Because Ti64-300 

is a subset of Ti64, it may be ignored in this comparison because the smaller data 

set has more uncertainty in a statistical test. When Ti64-300 results are ignored, 

the total times that the bilinear model appears as a LRT survivor is nine out of 19 

(47%). From this table, clearly the bilinear, the leveling-off bilinear and the general 

strain-life models appear to perform better than the MIL-HDBK-5 and the Box-Cox 

model. Note that the Box-Cox model in this dissertation is not only a model for the 

mean but a complete model that consists of the Box-Cox transformation on life with 

a simple linear model for the mean with homoscedastic scatter. However the Box-Cox 

model is listed in Table 4.11 for comparison purposes. 

4.6.4 Comparison of Models for the Scatter 

A similar comparison to determine which model for the scatter best fits the fatigue 

data is performed as follows. Models for scatter that are among the survivors of 

the LRT for each of the six data sets are listed in Table 4.12. For example, one 

of the survivors in the 2024-T4 data set has a quadratic scatter model while the 

other uses a pure X error source. The total number of appearances of each model 

for scatter in the LRT survivors among the six data sets are listed at lower part of 

Table 4.12. For example, the quadratic model for scatter appears in eight out of the 

26 (31 %) LRT survivors. As mentioned earlier, the AAW data set appears to be 

approximately homoscedastic and the pure X error source model and the Box-Cox 

model was not intended for modeling homoscedastic data. If we focus on comparisons 



129 

of heteroscedastic models and exclude the AAW data set as shown in Table 4.12, the 

number of appearances of the quadratic model drops to six out of 20 (30%). The 

pure X error source model has the same number but an improved ratio, from 11 out 

of 26 (42%) to 11 out of 20 (55%). If the Ti64-300 data set is also excluded, the 

appearance of the quadratic model is reduced to three out of 12 (25%) and that of 

pure X error source is reduced to eight out of 12 (67%). But the ratio for the pure X 

error source is increased, and that for the quadratic is decreased slightly. Note that 

the explode type 2 scatter is excluded at the final stage. Clearly the winner in this 

competition is the pure X error source model. 

Another rough method of comparing models for scatter is to conduct the LRT 

between models for scatter given the same model for mean. In this study only the 

pure X error source model is compared with other models for the mean. Results 

are listed in Table 4.13. For example, the first item in this table lists all models 

using MIL-HDBK-5 as the mean curve. The MIL model which uses the pure X error 

source as model of scatter has a 2ln Ll value of -6102.15. The MIL model which uses 

quadratic scatter is compared with that using the pure X error source model. The 

A2ln L is listed in the column "qua". The A2ln L is defined as 

A2ln L = 2ln L2 - 2ln Ll (4.21) 

where 2ln L2 is the 2ln L value of (12, in this example the 2ln L of quadratic scatter. 

The value of A2ln L is used to test if (11 or (12 provides a better fit. Note that the 

two tests have different degrees of freedom v in the LRT. 

Consider the Ti64 data set using the leveling-off bilinear and "X=S" for example. 

The A2ln L in column "qua" is -4.36 which means that the pure X error source 

model has a larger 2ln L value than that of the quadratic model. To check if the 

quadratic model is significantly worse a LRT against Ho: {3 E fJ2 is performed. Here 
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PI is the number of parameters for O 2 , 4 + 3 = 7, where four is for the leveling-off 

bilinear and three is for the quadratic. Thus P = 7 + 1 = 8, where seven is the larger 

of number of parameters between 0 1 and O 2 and one is the "index" parameter to 

integrate the two models. v is therefore equal to one. From Table 4.10, a difference 

of 3.84 or greater will reject O 2 • In this example of the Ti64 data set, -4.36 is large 

enough to reject the quadratic model in preference to the pure X error source model. 

A "*" is then marked in the column "qua". Those marked as "N.A."{not available) 

means the model is not studied. 

Consider the 2024-T4 data set using the bilinear as another example. ~21n L = 
6.57, which means that the quadratic has a larger 21n L value than that of the pure 

X error source model. To test if the pure X error source is significantly worse, a 

LRT against Ho: {3 E 0 1 is performed. Here the PI is number of parameters for 

Ot, 5 + 1 = 6, where five is for the bilinear and one is for the homoscedastic pure 

X error source model. The model using the quadratic has 5 + 3 = 8 parameters, 

three for the quadratic. Thus P = 8 + 1 = 9 where eight is the larger of number of 

parameters between (JI and (J2 and one is the index parameter. v is therefore equal 

to 9 - 6 = 3. From Table 4.10, a difference of 7.81 or higher is required to reject 

(JI. In this example of the 2024-T4 data set, 6.57 is not large enough to reject the 

pure X error source model in preference of the quadratic model and a "-" is marked 

in column "qua". 

Each model for the scatter in (J2 is compared against the pure X error source 

model in the same way. If no scatter model in (J2 rejects the pure X error source 

in the same row then a "*"is marked in the column "model for mean". Otherwise a 

"I" is marked. Given the same model for the mean, this marks indicates whether the 

pure X error source model is acceptable as a model for scatter in comparison with 
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the others. Upon examining these marks, 14 out of 23 (61%) cases accept the pure 

X error source model as a model for scatter. If the AAW data set is excluded for 

reasons mentioned earlier, 14 out of 20 (70%) cases accept the pure X error source. 

If the Ti64-300 data set is further excluded, 11 out of 16 (69%) cases accept the pure 

X error source model. 

4.7 Combination of All Three Tests 

Models that pass all three tests (±35- envelope test, standard residual test and 

LRT) are marked with a "*,, in the column "pass all test" in Tables 4.4 to Table 4.9. 

4.7.1 Comparison of Models for the Mean 

Table 4.14 lists the (number of) appearance of various models for the mean among 

survivors of all three tests. The bilinear model for the mean appears in all data sets. 

When the Ti64-300 data set is excluded, the leveling-off bilinear, general strain-life, 

MIL-HDBK-5 and Box-Cox model appears three, two, zero and one out of five data 

sets respectively. If the number of appearance is counted and the Ti64-300 data set 

is excluded, the bilinear model appears eight out of 17 (47%) while the leveling-off 

bilinear and the general strain-life appears four out of 17 (24%) cases. 

Note that the bilinear model and the leveling-off bilinear model are identical in 

terms of fitting the wire data set. The bilinear model for the mean is not listed in 

Table 4.9 to reduce the size of the table. It is included in Table 4.14. 
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4.7.2 Comparison of Models for the Scatter 

For homoscedastic data (e.g. the AAW data set), the models that pass all three 

tests are the quadratic, the explode type 2, and the homoscedastic model for the 

scatter. Because models having fewer parameters are preferred, the homosedastic 

model is recommended. 

For the five heteroscedastic data sets (e.g. excluding the AAW data set), models 

for the scatter that appear in the survivors of all three tests are listed in Table 4.15. 

This table is derived from the column "pass all test" from all heteroscedastic data 

sets. The Pure X error source model appeared in all data sets while Box-Cox appeared 

in only two data sets. If Ti64-300 data set is excluded, both the Box-Cox and the 

quadratic appeared only in one data set. If the number of appearances is counted, the 

pure X error source appears in 11 out of 14 (79%) while the Box-Cox appears only in 

two out of 14 (14%) and the quadratic appears in one out of 14 (7%). Based on the 

data sets examined, the pure X error source model outperforms all other models for 

scatter. 

4.8 Conclusion 

The following conclusions are based on a limited but representative group of five 

data sets. 

For modeling the mean curve of fatigue data, the bilinear, or the leveling-off bi

linear, and the general life equation seem to perform far better than MIL-HDBK-5 

model. 

For modeling the scatter of heteroscedastic fatigue data, the pure X error source 

outperforms the other models considered. 
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The inverse model fails to have a sound statistical basis. Its residual plot appears to 

be unreasonable, especially when there are many censored data. But it does recognize 

the homoscedastic feature of stress/strain which appears in many fatigue data sets. 

And experience has shown that design curves derived from the inverse model seem to 

be reasonable. 

Modeling heteroscedasticity by a linear, quadratic or explode type model usu

ally results in an irregular or an exploding ±3o- envelope. These models rely purely 

on their mathematical flexibility (by having more parameters) in dealing with het

eroscedasticity and are not based on the recognition of fatigue mechanism. 

For data which consists of a curved and linear region at the same time, a typical 

characteristic of fatigue data, the Box-Cox model does not fit well. The Box-Cox 

model produces an envelope that is curved in the whole test stress range in the log

log space. The Box-Cox model also relies on its mathematical flexibility (but with 

fewer parameters) to deal with heteroscedasticity. 

The pure X error source model appears to be the most reasonable model for scatter 

of heteroscedastic fatigue data. It appeared most frequently as a survivor of the 

combination test. Its residual plot seems to be more reasonable than that of the 

inverse model. It usually does not have an irregular or exploding envelope such as 

the quadratic or the explode type models do. Most importantly, it is based on the 

a.c:;sumption of homoscedastic local stress/strain ( an assumption regarding the fatigue 

mechanism) and a rigorous statistical development. Results of the tests suggest that 

behind the awkward appearance of heteroscedastic fatigue data, there may lies a 

simple homoscedastic random source. 

x 
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model model ±3u pass 
for for 21nL A21nL PI P II LRT env. Zi all 
mean scatter test test tests 

1 I-bi (y,x) (X=S) -1772.18 c 
2 bi (y,x) -1809.46 c 
3 I-bi (y,x) -1847.39 c 
4 MIL (y,x) (X=S) -1928.24 c 

5 bi qua (X-S) -5972.48 5+3=8 
6 bi pure X (X=S) -5972.48 0.00 5+1=6 9 3 
7 bi exp2 (X=S) -6000.51 -28.03 e,i t 
8 bi exp2 -6002.29 -29.81 e,i t 
9 bi qua -6014.43 -41.95 e,i t 
10 bi pure X -6021.00 -48.52 t 
11 l-bi pure X (X=S) -6024.93 -52.45 t 
12 l-bi exp2 (X-S) -6032.40 -59.92 e t 
13 l-bi qua -6048.28 -75.80 i t 
14 l-bi exp2 -6048.33 -75.85 ! e t 
15 l-bi qua (X=S) -6055.07 -82.59 e. t 
16 MIL exp2 (X-S) -6087.06 -114.58 e t 
17 l-bi pure X -6089.00 -ll6.52 t 
18 MIL expl (X=S) -6090.63 -ll8.15 t 
19 MIL qua (X=S) -6100.30 -127.82 i t 
20 MIL pure X (X-S) -6102.15 -129.67 t 
21 l-bi lin -6143.51 -171.03 b t 
22 l-bi 2Sy=1 -6148.41 -175.93 t 
23 Box -6150.21 -177.73 t 
24 l-bi homo -6435.64 -463.16 b t 
25 MIL homo (X=S) -6438.40 -465.92 b t 

(a). Symbol in column "model for mean" and "model for scatter" follows Table 4.2 and 4.3. 
(b). In column "LRT", 

!: the model is rejected by the best fit model which is the first model under the double 
horizontal line. 

-: the model is statistically as good as the best fit modeJ. 
(c). In column "±3u env. test", 

c: the model fits poorly with a concave envelope. 
e: the model fits poorly with a "explode" type envelope. 
i: the model fits poorly with a irregular envelope. 
b: the model fits poorly with a envelope not belonging to the category above. 

(d). In column "Zi test" (standard residual test), 
c: standardized residuals for censored data have unreasonble spread. 
t: standardized residuals have a heteroscedastic spread. 

(e). In column "pass all tests", 
*: means the model passes all three tests. 

* 
* 

Table 4.4: Multiple tests of the models on the aluminum 2024-T4 data set. 
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model model ±3iT pass 
for for 21nL Ll21nL PI P II LRT env. Zi all 
mean scatter test test tests 

1 bi (y,x) 2812.35 t 
2 e-N (y,x) 2778.51 t 
3 MIL (y,x) (X-S) 2691.28 t 

4 I-bi pure X -4933.70 4+1=5 
5 bi pure X -4933.70 0.00 5+1-6 6 -
6 bi exp2 -4945.96 -12.26 5+3-8 9 1 ! e. 
7 I-bi exp2 -4946.40 -12.70 4+3-7 8 1 ! e 
8 e-N pure X -4953.00 -19.30 ! 
9 e-N exp2 -4958.42 -24.72 ! e 
10 MIL exp2 (X=S) -4958.59 -24.89 ! e 
11 bi qua -4974.10 -40.40 ! i. 
12 I-bi qua -4974.35 -40.65 ! i 
13 e-N qua -4988.53 -54.83 ! i 
14 MIL qua (X=S) -5001.48 -67.78 ! 
15 Box -5002.35 -68.65 ! 
16 MIL pure X (X=S) -5009.00 -75.30 ! 
17 I-bi homo -5094.88 -161.18 ! b t 
18 bi homo -5095.18 -161.48 ! b t 
19 e-N homo -5109.58 -175.88 ! b t 
20 MIL homo (X=S) -5109.79 -176.09 ! b t 

(a). Symbol in column "model for mean" and "model for scatter" follows Table 4.2 and 4.3. 
(b). In column "LRT", 

!: the model is rejected by the best fit model which is the first model under the double 
horizontal line. 

-: the model is statistically as good as the best fit model. 
(c). In column "±3iT env. test", 

c: the model fits poorly with a concave envelope. 
e: the model fits poorly with a "explode" type envelope. 
i: the model fits poorly with a irregular envelope. 
b: the model fits poorly with a envelope not belonging to the category above. 

(d). In column "Zi test" (standard residual test), 
c: standardized residuals for censored data have unreasonble spread. 
t: standardized residuals have a heteroscedastic spread. 

(e). In column "pass all tests", 
*: means the model passes all three tests. 

Table 4.5: Multiple tests of the models on the Inconel 718 data set. 

* 
* 
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model model ±3iT pass 
for for 2lnL .::l21nL PI P /I LRT env. Zj all 
mean scatter test test tests 

1 bi (y,x) -1738.26 b t 
2 I-bi (y,x) -1738.27 b t 
3 MIL (y,x) (X-S) -1963.61 b t 

4 e-N qua -4441.66 4+3-7 
5 bi qua -4442.65 -0.99 5+3=8 9 1 -
6 e-N exp2 -4442.91 -1.25 4+3-7 8 1 -
7 bi exp2 -4444.24 -2.58 5+3-8 9 1 -
8 e-N homo -4447.42 -5.76 4+1-5 7 2 -
9 bi homo -4449.02 -7.36 5+1=6 8 3 
10 I-bi qua -4455.05 -13.39 4+3-7 8 1 
11 I-bi lin -4455.71 -14.05 4+2=6 8 2 
12 I-bi exp2 -4457.43 -15.77 
13 MIL qua (X-S) -4465.80 -24.14 
14 I-bi homo -4465.84 -24.18 
15 MIL lin (X=S) -4465.87 -24.21 
16 MIL expl (X-S) -4466.68 -25.02 
17 MIL exp2 (X=S) -4467.71 -26.05 ! 
18 MIL homo (X-S) -4471.26 -29.60 ! 
19 bi pure X -4598.43 -156.77 ! b t 
20 I-bi pure X -4626.23 -184.57 ! b t 
21 Box -4638.69 -197.03 ! b t 
22 MIL pure X (X-S) -4789.61 -347.95 ! b t 

(a). Symbol in column "model for mean" and "model for scatter" follows Table 4.2 and 4.3. 
(b). In column "LRT" , 

!: the model is rejected by the best fit model which is the first model under the double 
horizontal line. 

-: the model is statistically as good as the best fit model. 
(c). In column "±3iT env. test", 

e: the model fits poorly with a concave envelope. 
e: the model fits poorly with a "explode" type envelope. 
i: the model fits poorly with a irregular envelope. 
b: the model fits poorly with a envelope not belonging to the category above. 

(d). In column "Zj test" (standard residual test), 
e: standardized residuals for censored data have unreasonble spread. 
t: standardized residuals have a heteroseedastie spread. 

(e). In column "pass all tests", 
*: means the model passes all three tests. 

Table 4.6: Multiple tests of the models on the AAW data set. 

* 
* 
• 
* 
• 
* 



model model ±3u 
for for 21nL A21nL PI P v LRT env. Zj 

mean scatter test test 
1 bi (y,x) 756.27 t,c 
2 I-bi (y,x) 756.27 c 
3 I-bi (y,x) (X-S) 754.15 t,c 
4 e-N (y,x) 748.06 t,c 

5 bi qua -1608.93 5+3=8 i 
6 e-N qua -1610.82 -1.89 4+3-7 9 2 - i 
7 e-N pure X -1611.20 -2.27 4+1=5 9 4 -
8 bi pure X -1611.32 -2.39 5+1-6 9 3 -
9 I-bi pure X (X=S) -1611.54 -2.61 4+1=5 9 4 -
10 I-bi pure X -1611.66 -2.73 4+1=5 9 4 -
11 Box -1612.09 -3.16 1+2+1-4 9 5 -
12 I-bi qua -1615.48 -6.55 4+3=7 8 1 ! i 
13 I-bi qua (X-S) -1615.90 -6.97 4+3-7 9 2 ! i. 
14 I-bi 2Sy=1 -1620.28 -11.35 4+1=5 9 4 ! e 
15 bi exp2 -1623.82 -14.89 ! e,i c 
16 I-bi 2Sy-3 -1624.81 -15.88 ! 
17 e-N exp2 -1624.88 -15.95 ! e c 
18 I-bi exp2 -1627.32 -18.39 ! e c 
19 I-bi exp2 (X-S) -1627.39 -18.46 ! e c 
20 I-bi lin -1632.33 -23.40 ! b t 
21 e-N homo -1664.44 -55.51 ! b t 
22 I-bi homo -1672.56 -63.63 ! b t 

(a). Symbol in column "model for mean" and "model for scatter" follows Table 4.2 and 4.3. 
(b). In column "LRT" , 

!: the model is rejected by the best fit model which is the first model under the double 
horizontal line. 

-: the model is statistically as good as the best fit model. 
(c). In column "±3u env. test", 

c: the model fits poorly with a concave envelope. 
e: the model fits poorly with a "explode" type envelope. 
i: the model fits poorly with a irregular envelope. 
b: the model fits poorly with a envelope not belonging to the category above. 

(d). In column "Zj test" (standard residual test), 
c: standardized residuals for censored data have unreasonble spread. 
t: standardized residuals have a heteroscedastic spread. 

(e). In column "pass all tests" , 
*: means the model passes all three tests. 

Table 4.7: Multiple tests of the models on the Ti64 data set. 
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model model ±3ir 
for for 21nL ~21nL PI P V LRT env. zi 

mean scatter test test 
1 bi (y,x) 428.53 t,c 
2 I-bi (y,x) 428.53 t,c 
3 eoN (y,x) 410.45 t,c 
4 bi qua -804.69 5+3-8 i 
5 MIL qua (X-S) -807.16 -2.47 3+3-6 9 3 - i 
6 eoN qua -808.05 -3.36 4+3-7 9 2 - i 
7 I-bi qua -808.79 -4.10 4+3=7 8 1 ! i. 
8 bi pure X -809.56 -4.87 5+1-6 9 3 -
9 I-bi pure X -809.56 -4.87 4+1=5 9 4 -
10 eoN pure X -810.73 -6.05 4+1-5 9 4 -
11 MIL exp2 (X-S) -812.35 -7.66 3+3-6 9 3 - c 
12 eoN exp2 -812.42 -7.73 4+3=7 9 2 ! c 
13 Box -812.66 -7.97 1+2+1-4 9 5 -
14 I-bi exp2 -813.77 -9.08 4+3-7 9 2 ! e c 
15 bi exp2 -814.67 -9.98 5+3=8 9 1 ! e,i c 
16 MIL pure X (X=S) -826.95 -22.26 ! 
17 MIL expl (X-S) -826.96 -22.27 ! b t,c 
18 MIL homo (X=S) -827.58 -22.89 ! b t 

(a). Symbol in column "model for mean" and "model for scatter" follows Table 4.2 and 4.3. 
(b). In column "LRT", 

!: the model is rejected by the best fit model which is the first mode! under the double 
horizontal line. 

-: the model is statistically as good as the best fit model. 
(c). In column "±3u env. test", 

c: the model fits poorly with a concave envelope. 
e: the model fits poorly with a "explode" type envelope. 
i: the model fits poorly with a irregular envelope. 
b: the model fits poorly with a envelope not belonging to the category above. 

(d). In column "Zi test" (standard residual test), 
c: standardized residuals for censored data have unreasonble flpread. 
t: standardized residuals have a heteroscedastic spread. 

(e). In column "pass all tests", 
*: means the model passes all three tests. 

Table 4.8: Multiple tests of the models on the Ti64-300 data set. 
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model model ±3u pass 
for for 21nL ~21nL PI P v LRT env. Zi all 
mean scatter test test tests 

1 bi (y,x) -1318.18 t. 
2 I-bi (y,x) -1319.27 t 
3 e-N (y,x) -1370.26 t,n 
4 MIL (y,x) (X=S) -1372.74 t,n 

5 I-bi pure X -1509.30 4+1-5 
6 I-bi 2Sy-l -1513.60 -4.30 4+1-5 6 1 ! e t. 
7 I-bi 2Sy-2 -1515.68 -6.38 4+1-5 6 1 ! e t. 
8 I-bi exp2 -1519.09 -9.79 4+3-7 8 1 ! e t 
9 I-bi 2Sy-3 -1521.88 -12.58 4+1-5 6 1 ! e t. 
10 I-bi qua -1529.33 -20.03 4+3-7 8 1 ! i t. 
11 e-N qua -1533.16 -23.86 ! c t. 
12 MIL exp2 (X-S) -1538.01 -28.71 ! e t 
13 e-N exp2 -1538.29 -28.99 ! e t 
14 e-N pure X -1543.73 -34.43 ! t 
15 MIL qua (X-S) -1545.43 -36.13 ! c. t 
16 MIL pure X (X-S) -1549.52 -40.22 ! t 
17 MIL expl (X-S) -1563.77 -54.47 ! b t 
18 I-bi lin -1581.32 -72.02 ! b t 
19 I-bi homo -1654.23 -144.93 ! b t 
20 MIL homo (X=S) -1657.31 -148.D1 ! b t 

(a). Symbol in column "model for mean" and "model for scatter" follows Table 4.2 and 4.3. 
(b). In column "LRT" , 

!: the model is rejected by the best fit model which is the first model under the double 
horizontal line. 

-: the model is statistically as good as the best fit model. 
(c). In column "±3u env. test", 

c: the model fits poorly with a concave envelope. 
e: the model fits poorly with a "explode" type envelope. 
i: the model fits poorly with a irregular envelope. 
b: the model fits poorly with a envelope not belonging to the category above. 

(d). In column "Zi test" (standard residual test), 
c: standardized residuals for censored data have unreasonble spread. 
t: standardized residuals have a heteroscedastic spread. 

(e). In column "pass all tests", 
*: means the model passes all three tests. 

Table 4.9: Multiple tests of the models on the wire data set. 

degrees of 
freedom, II 1 2 3 4 5 6 7 

X~05 v 3.84 5.99 7.81 9.49 11.07 12.59 14.07 

Table 4.10: 95 percentile of the chi-square variate X~ 

* 
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model for mean I bi Il-bi I e-N I MIL I (Box) I Total I 
2024 -T4 2 2 

In718 1 1 2 
data AAW 3 3 6 
set Ti64 2 2 2 1 7 

Ti64-300 2 1 2 2 1 8 
wire 1 1 2 

all data set 11 5 7 2 2 27 
Total exclude 

Ti64-300 9 4 5 0 1 19 

The numbers represent the appearances of a model for the mean among the survivors of the LRT 
for a specific data set. 

Table 4.11: Comparison of the models for the mean among survivors of the LRT 

model for scatter I qua I pure X I homo I exp2 I (Box) I Total I 
2024-T4 1 1 2 

In718 2 2 2 
data AAW 2 2 6 
set Ti64 2 4 1 7 

Ti64-300 3 3 1 1 8 
wire 1 1 

all data set 8 11 2 3 2 26 
Total exclude AAW 6 11 0 1 2 20 

exclude Ti64-300 3 8 0 0 1 12 

The numbers represent the appearances of a model for the scatter among the survivors of the LRT 
for a specific data set. 

Table 4.12: Comparion of the models for the scatter among survivors of the LRT 
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model Cor scatter 
data model 
set Cor n 1 n2 

mean pure X qua I homo lin I expl I exp2 I CSx2Sy 
(21nLlJ (test result and ~2InL) 

! MIL -6102.15 - 1.85 .. -336.25 N.A. ! 11.52 ! 15.09 N.A. 
I -6021.00 - 6.57 N.A. N.A. .A. 18.71 N.A. 

2024 .. bi X:.:S -5972.48 - 0.00 N.A . N.A. . A. . -28.03 N.A. 
-T4 obi -6089.00 40.72 -346.64 -54.51 .A. 40.67 . -59.41 

· obi X:.:S -6024.93 -30.14 N.A. N.A. .A. -7.47 N.A. 
"MIL -4958.59 .. -42.89 .. -151.20 N.A. N.A. - 0.00 N.A . 
.. eoN -4953.00 .. -35.53 -156.58 N.A. N.A. -5.42 N.A . 

1n7l8 bi -4933.00 -41.00 .. -162.18 N.~ J'I-"~. -12.96 l'I.j\. 
_lobi -4933.70 .. -40.65 .. -161.18 N.A. N.A. .. -12.70 N.A. 

!MIL -4789.61 ! 323.81 ! 318.35 ! 323.7 ! 322.9 ! 321.9 N.A. 
AAW . ,,1 -4598.43 155.8 149.41 N.A. N.A. 154.2 N.A . 

• l-bi -4626.23 171.2 160.39 170.5 N.A. 168.8 N.A . 
.. eoN -1611.20 - 0.38 .. -53.24 N.A. N.A. .. -13.68 N.A . 

Ti64 .. bi -1611.32 - 2.39 N.A. N.A. N.A. -12.50 N.A. 
·l-bi -1611.66 - -3.82 -60.90 -20.67 N.A. -15.66 -8.62 
·l-bi X=S -1611.54 . -4.36 N.A. N.A. N.A. -15.85 N.A. 
! MIL -826.95 ! 19.80 - -0.63 N.A. - -0.01 ! 14.60 N.A. 

Ti64 • eoN -810.73 - 2.68 N.A. N.A. N.A. - -1.69 N.A. 
-300 • bi -809.56 - 4.87 N.A. N.A. N.A. -5.11 N.A. 

lobi -809.56 - 0.77 N.A. N.A. N.A. -4.21 N.A. 
!MIL -1549.52 - 4.09 .. -107.79 N.A. .. -14.25 ! 11.51 N.A. 

wire · eoN -1543.73 ! 10.57 N.A. N.A. N.A. - 5.44 N.A. 
·l-bi -1509.30 . -20.03 -144.93 -72.02 N.A. -9.79 . -4.30 

(a). nl: hypothesis that the pure X error source model is the underlying model for the scatter. 

(b). fl2: hypothesis that one of the six models in column "n 2" is the underlying model for the 
scatter. 

(c). Column "n1", 

The number in this column is the likelihood value 2ln L for pure X error source model along 
with the cooresponding model for the mean. 

(d). Column "n2", 

The numbers are the 62ln L in the LRT. 
-: this symbol means that there is no significant difference between the pure X error source 

model and a model in column "fl2", as the result of the LRT. 
*: this symbol means that the pure X error source model is significantly better than the other 

model in the LRT. 
!: this symbol means that the other model in the LRT is significantly better than the 

pure X error source model. 
N .A.: this means the LRT is not performed for this pair of models. 

(e). In the column "model for mean", 
*: this symbol means that on the same row, none of the models in the column "n2" tested 

is significantly better than the pure X error source model. 
!: this symbol means that on the same row, at least one of the models in the column "n2" 

tested is significantly better than the pure X error source model. 

Table 4.13: Comparison of the pure X error source model with other models for 
scatter. 
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model for mean bi l-bi e-N I MIL I (Box) I Total I 
2024-T4 Yes(2) (2) 

In718 Yes(l) Yes(l) (2) 
data AAW Yes(3) Yes(3) (6) 
set Ti64 Yes(l) Yes(2) Yes(l) Yes(l) J5 

Ti64-300 Yes(l) Yes(l) Yes(l) Vesel) (4 
wire Yes(l) Yes(l) (2 

all data set 6/6 4/6 3/6 0/6 2/6 
Total exclude 
Yes Ti64-300 5/5 3/5 2/5 0/5 1/5 

all data set 9 5 5 0 2 (21) 
Total exclude 

number Ti64-300 8 4 4 0 1 (17) 

''Yes'' means a model for the mean has appeared at least once among the survivors of the combination 
test for a specific data set. The number in the parentheses is the frequency of such appearance. 

Table 4.14: Comparison of models for the mean among survivors of all three tests 

model for scatter qua I pure X I homo exp2 I (Box) I Total I 
2024-T4 Yes(l) Yes(l) (2) 

In718 Yes(21 (2) 
data AAW Yes(2) Yes(2) Yes(2) (6) 
set Ti64 Yes(4) Yes(l) (5) 

Ti64-300 Yes(3) Yes(l) (4) 
wire Yes(l) (1) 

all data set 2/6 5/6 1/6 1/6 2/6 
Total exclude AAW 1/5 5/5 0/5 0/5 2/5 
Yes exclude Ti64-300 1/4 4/4 0/4 0/4 1/4 

all data set 3 11 2 2 2 20 
Total exclude AAW 1 11 0 0 2 14 

number exclude Ti64-300 1 8 0 0 1 10 

"Yes" means a model for the scatter has appeared at least once among the survivors of the combina

tion test for a specific data set. The number in the parentheses is the frequency of such appearance. 

Table 4.15: Comparison of models for the scatter among survivors of three tests 
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2024-T4 fatigue data plot 
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Figure 4.1: 2024-T4 fatigue data. 
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Figure 4.2: In71S fatigue data. 
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Ti64-300 fatigue data plot 
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Figure 4.5: Ti64-300 {lower temperature) fatigue data. 
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Figure 4.6: Wire fatigue data. 
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mean curve and ±3u evelope plot 
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Figure 4.7: Wire data fitted by eoN as mean and qua as scatter. 
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Figure 4.8: In718 data fitted by eoN as mean and exp2 as scatter. 
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Figure 4.9: Wire data fitted by I-bi as mean and 2Sy as scatter. 
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Figure 4.10: 2024-T4 data fitted by hi as mean and exp2 as scatter. 



2.8 

2.75 

2.7 

2.65 
Stress 

in 2.6 log 
MPa 

2.55 

2.5 

2.45 

2.4 
4 4.5 5 

mean curve and ±3a- evelope plot 

5.5 6 6.5 
log cycle life 

Pure X error source
Inverse' ... 

failure data X 
censored data <> 

••• 0 ••••••••••••••••••••• 

...................... 

7 7.5 

148 

8 

Figure 4.11: 2024-T4 data using leveling-off bilinear as mean in X=S space. However 
this plot is in log space for comparison with others. 
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Figure 4.12: 2024-T4 data using bilinear as mean. 
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mean curve and ±3&- evelope plot 
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Figure 4.13: 2024-T4 data using leveling-off bilinear as mean. 
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Figure 4.14: 2024-T4 data, comparing under leveling-off bilinear and Box-Cox model. 
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mean curve and ±3u evelope plot 
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Figure 4.15: In71S data fitted by general strain-life as mean and homoscedastic scat
ter. 
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Figure 4.16: In71S data using levelling-off bilinear as mean. 
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mean curve and ±3c7 evelope plot 
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Figure 4.17: In718 data using general strain-life equation as mean. 
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Figure 4.18: In718 data, comparing under leveling-off bilinear and Box-Cox model. 
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Figure 4.19: AAW data using bilinear as mean. 
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Figure 4.20: AAW data fitted by Box-Cox model. 
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Figure 4.21: AAW data using general strain-life equation as mean. 
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Figure 4.22: Ti64 data using leveling-off bilinear as mean. 
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mean curve and ±3u evelope plot 
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Figure 4.23: Ti64 data using leveling-off bilinear as mean in X=S space. However 
this plot is in log space for comparison with others. 
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Figure 4.24: Ti64-300 data using leveling-off bilinear as mean. 
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mean curve and ±3& evelope plot 
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Figure 4.25: Ti64-300 data using general strain-life equation as mean. 
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Figure 4.26: Ti64-300 data using pure X error source as model for scatter. 
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Figure 4.27: Ti64-300 data, compared under leveling-off bilinear and Box-Cox model. 
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Figure 4.29: Wire data using general strain-life equation as mean. 
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Figure 4.31: Residual plot of 2024-T4 data modeled by bilinear and pure X in X=S 
space. However this plot is in log space for comparison with others. 
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Figure 4.33: Residual plot of 2024-T4 data fitted by Box-Cox model. 
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Figure 4.34: Residual plot of In718 data fitted by bilinear and inverse model. 
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Figure 4.35: Residual plot of In71S data fitted by leveling-off bilinear and pure X 
error source model. 
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Figure 4.36; Residual plot of In71S data fitted by leveling-off bilinear and exp2 scatter. 
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Figure 4.37: Residual plot of In71S data fitted by leveling-off bilinear and homoscedas
tic scatter. 
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model. 
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Figure 4.40: Residual plot of AAW data fitted by MIL as mean and homoscedastic 
scatter in X=S space. 
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Figure 4.41: Residual plot of AAW data fitted by Box-Cox model. 
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Figure 4.42: Residual plot of Ti64 data fitted by bilinear and inverse model. 
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Figure 4.43: Residual plot of Ti64 data fitted by levelilng-off bilinear and quadratic 
scatter. 
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Figure 4.45: Residual plot of wire data fitted by leveling-off bilinear and inverse 
model. 
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Figure 4.47: 21n L of 2024-T4 data under various models. 
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Figure 4.48: 2ln L of In71S data under various models. 
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Figure 4.49: 21n L of AAW data under various models. 
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Figure 4.50: 2ln L of Ti64 data under various models. 
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CHAPTER 5 

S-N Design Curve Using the Approximate Owen 
Tolerance Factor 

5.1 Introduction 

5.1.1 Preliminary Comments 

The goal of this chapter is to develop a method for constructing a design curve 

to characterize fatigue strength to be used in a conventional factor of safety design 

approach. General considerations of the design curve were discussed in Sec. 1.9. In 

brief, the design curve should fall to the left, or the safe side of the data, i.e., the 

low end of the distribution of life given stress/strain. It should be a lower bound to 

majority of the data. A rational criterion is to define the design curve targeting the 

low 1 - p quantile, denoted as Yl-'P' of the distribution of life at a given stress/strain. 

All Yl-'P in a specific range of stress/strain constitutes a Yl-'P curve in a S-N plot. 

Given no other random design factors, p would be the probability of survival before 

life Yl-'P and 1-p is the probability of failure. However many other factors will affect 

the probability of failure and in general the p value alone doesn't imply "probability 

of survival". In this context the p value is chosen, not by probability of failure consid

erations, but by engineering judgment. The choice of p value is therefore "arbitrary", 

but values of 0.95 or 0.99 are often used. 
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In general, a design point at a specific stress/strain level Xh is constructed using 

(5.1) 

where jJ.(Xh) and u are the estimated mean and standard deviation of (transformed)life 

Y at (transformed)stress/strain level Xh. YD(Xh) is a random variable because jJ.(Xh) 

and u are random variables. I< is a factor. Various choices of I< are discussed in 

Sec. 1.9. One choice is Owen's tolerance factor I«xh)[61] which guarantees that 

100,% of the time, the design point YD(Xh) will lie at left (conservative) side of 

Yl-p(Xh). , is called the confidence level. For example, using Owen's tolerance I«Xh) 

with, = 0.95 in constructing the design point YD(Xh), 95% of the time YD defines 

a design point that has a probability of survival greater than p. Again, note that 

the "probability of survival" applies only if scatter in the data were the only random 

design factor. The design curves constructed using Owen's tolerance factor I«Xh) are 

called "Owen's curve" in this article. 

Owen's tolerance factor accounts for the uncertainty of the estimators jl(xh) and 

u and therefore is recommended particularly for small sample size situations, as is 

the case in many fatigue tests. 

From practical engineering considerations, it is desirable that a design curve would 

have the same shape as, i.e. be parallel with at all Xh, the median curve through the 

data. Note that if the 1< in Eq. 5.1 were constant, not a function of Xh, then YD(Xh) 

would in fact be parallel with jJ.(Xh). A constant 1<, called "approximate Owen's 

tolerance factor", is developed and its effect on the confidence level, of the design 

curve is examined. In this study, the amount of loss in confidence level, when using 

the approximate (Le., "incorrect") Owen curve will be shown. It is the author's hope 

that this assessment of error will help engineers to determine if they wish to take the 

advantage of the simpler approximate Owen curve. 
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Owen's theory is valid for linear regression models. Therefore the design curve dis

cussed in this chapter applies only to the linear regression model where the following 

conditions are satisfied. 

• The model for the mean is linear in terms of the undetermined coefficients a 

defined in Eq 2.5. 

• The scatter of Y is homoscedastic and normally distributed. Note that there 

should be no undetermined parameters in the transformation of life, i.e. there 

should be no >. as in Eq. 2.2. 

• All Yi, i = 1, n are mutually independent. n is the sample size. 

Relative to the error source models considered herein, the above conditions imply the 

following: 

• The design curve in this chapter does not in general apply to the pure X error 

source model. 

• When the model for the mean is simple linear, the pure X error source model 

is the linear regression model. However in this case, the pure X error source is 

equivalent to the pure Y error source. Furthermore, both are also equivalent to 

the mixed error source model. 

• The pure Y error source model with the linear model for the mean is also a 

linear regression model. 

For the pure X error source model, another method to construct a design curve is 

necessary. One such method is proposed in Sec. 5.S.1 of this chapter. 
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5.1.2 Introduction of the Owen Tolerance Factor 

The purpose of the Owen tolerance factor is to provide an estimate of a quantile 

(1 - p) having a given confidence level,. 

Owen's tolerance factor may be applied for samples of normal univariates or for the 

linear regression model. An example of normal variate samples is when all specimens 

are tested at one stress/strain level. The response transformed life Y is an univariate. 

An example of a linear regression model is when specimens are tested at various 

stress/strain levels and the model for the mean is linear. Transformed life Y(Xh) is a 

random variable. 

For samples of normal univariates, the design point is defined as 

YD = P, - J(q (5.2) 

where p, and q are the sample mean and sample standard deviation respectively. The 

derivation of J( can be found in Appendix A. Values of J( can be found in tables of 

one-sided tolerance limits (See [51] or [3, table 33]). YD is an estimate of Yl-p' At 

least 100p% of population of Y will lie above YD with confidence ,. 

For the linear regression cases, the design curve is defined in Eq. 5.1. Values of 

J«(Xh) are not tabulated and must be computed. The derivation of J«(Xh) is presented 

in Appendix A. 

The Owen tolerance factor is based on the non-central t distribution having two 

parameters: the non-centrality 0 and the number of degrees of freedom I. For prac

tical reasons, in this study, the Owen tolerance factor will be treated as a function of 

a, I, p and, where a equals to lin if the sample is from a normal variate; a is defined 

later by Eq. 5.9 for the case when the linear regression model is applied. I is the 

degrees of freedom and is equal to n - 1 if the sample is from a normal variate, and 
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equal to n - m for the linear regression model having m unknown parameters. For a 

polynomial regression model of degree d , m = d + 1. Details of the Owen tolerance 

factor is presented in Appendix A. 

5.2 Concept of the Approximate Owen's Curve 

5.2.1 Review of Various Design Curves 

Using an example, a visual comparison of design curves constructed using different 

methods is made in this subsection. All of these curves are estimates of the a = I-p = 
0.01 quantile of life given stress/strain. The assumed underlying model (nature's 

choice) is based on aluminum 7075-T6 presented in MIL-HDBK-5D Fig.3.7.4.1.8(c). 

This homoscedastic model is described by 

Y = 8.932 - 0.04803x + 0.00010746x2 + f (5.3) 

where Y = 10glO N, x=stress .in MPa and f is normally distributed with zero mean 

and q = 0.2051 in 10glO N space. This implies a COY of N of 50%. The assumed 

analysis model is chosen as the same as nature's model except that the parameters 

are undetermined. 

A sample of size n = 10 is obtained from nature's model. The least squares method 

is used to fit the data. After estimates of the mean curve Y(x) and the standard 

deviation q are determined, various design curves may be constructed. The design 

curves under comparison are: (1) the J( = 2.33 design curve (Eq. 5.4), (2) Owen's 

one dimensional tolerance design curve (Eq. 1.3) which is a S-N curve constructed 

by using K in Eq. 5.2 instead of the correct J( of Eq. 1.4, (3) Owen's tolerance 

design curve for the regression model (Eq. 1.4), and (4) the simultaneous tolerance 
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design curve (Eq. 1.5). Except for the J( = 2.33 design curve, all design curves are 

constructed with confidence level of; = 0.95. The J( = 2.33 design curve is 

YD(X) = Y(x) - 2.330- (5.4) 

where -2.33 is the a = 0.01 quantile corresponding to the standard normal distribu

tion. 

These curves are plotted in Fig. 5.1 and 5.2. In this example, most data points 

are at the right of the true 50% curve. Thus the least squares curve falls to the right 

of the true mean. Because the expected value of J( = 2.33 curve is the true 1% 

curve, approximately 50% of time this curve is unconservative. As seen in Fig. 5.1, 

the J( = 2.33 design curve is unconservative in this case as it results in a higher 

design stress than that of true 1% curve for a given service life. However, Owen's 

curve guarantees that at any specific stress level x, 100;% of time the design point 

at stress level x will be to the left of the true 1 - p quantile YI-p' 

The simultaneous design curve guarantees that at least 100p% of time all points on 

the curve are simultaneously below the true Yl-p curve. In this example, both Owen's 

curve and the simultaneous curve are conservative even though the fitted mean curve 

falls to the right of true mean. Experience has shown that the simultaneous curve is 

usually grossly conservative and not appropriate for most design situations. 

As shown in Fig. 5.2, Owen's one dimensional tolerance design curve (using J( as 

in Eq. 5.2 instead of J((Xh) in Eq. 5.1) is less conservative than Owen's curve. This is 

because the one dimensional tolerance limit did not consider uncertainty in estimating 

the regression parameters. The one dimensional curve is not mathematically correct 

even though its use is fairly common. There is no theoretical means to estimate the 

loss of confidence level ; when the one dimensional design curve is applied in the 
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regression model. The benefit of using this form is the ease of determining the one

dimensional tolerance factors K using existing tables[51]. On the other hand, to find 

Owen's tolerance factor for the regression model, a computer software to calculate 

variates associated with the non-central t distribution is required. 

5.2.2 Approximate Owen's Curve 

Owen's tolerance factor, denoted simply as K in this chapter, is a function of 

stress/strain x in the regression model. Visual examination of curves constructed 

from Owen's K suggest that the variation of K(x) within the test stress range is 

generally relatively small for sample sizes greater than six. Therefore an average 

value of K(x) having an acceptably small error within the stress range is suggested. 

The average value of K(x) is called the "approximate Owen's K" in this chapter and 

is defined as 

- 1 l xb 

K = K(x)dx 
Xb - Xa Xc> 

(5.5) 

If the average value within the test stress range is desired, then use Xa and Xb as 

the lowest and highest stress/strain levels in the test plan. An approximate Owen's 

curve, plotted in Fig. 5.2, is compared with the exact Owen curve. Visually their 

difference is small. The question addressed herein is the significance of the difference 

in a statistic sense. 

Because [( is the average value within a given stress/strain range, [( must be 

larger than K(x) somewhere in that range and smaller than K(x) in the rest of that 

range. Compared with the Owen's curve, the approximate Owen's curve is more 

conservative somewhere in the range and less conservative in the rest of the range. 

If the p value is kept the same (p = 0.99 in this example), the confidence level"Y of 

the approximate Owen's curve, denoted as ,(x), will vary from point to point. At 
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a stress level x where [( is larger than K(x), the approximate Owen's curve has a 

1'(x) > 0.95 and vice versa. 

To determine if an approximate Owen's curve is an acceptable approximation of 

Owen's curve in statistical sense, a measure of the quality of the approximation is 

adopted using t::.1' = 1'min -1', where l' = 0.95 in this study; 1'min is the smallest 1'(x) 

value in the range where K(x) is being approximated. If an approximate Owen's 

curve has a 1t::.1'1 < 0.03, all design points on approximate Owen's curve have at least 

a confidence level of 1'(x) > l' - 0.03 = 0.92. This will be arbitrarily considered 

herein as an acceptable value compared with the original goal of l' = 0.95. On the 

other hand, we hope that the 1'ma:r:, the largest 1'(x) value in the range, is not too 

conservative. Because the maximum possible value of l' is 100%, the value of 1'ma:r: is 

not appropriate in measuring the over conservatism. 

An alternative method for measuring the over conservatism is to compare t::.Kma:r: 

and t::.Kmin, where t::.Kma:r: = [( -Kma:r:, and t::.Kmin = [( -Kmin. Kma:r: and Kmin are 

the maximum and minimum value of I((x) in the range being considered. Kmax will 

yield the 1'min while Kmin will yield the 1'max. t::.Kmax can be thought of as a measure 

of non-conservatism of the least conservative point on the curve, while t::.Kmin can be 

thought of as a measure of over conservatism of the most conservative point on the 

curve. If the absolute value of t::.Kmin is not much larger than the absolute value of 

6.Kma:r:, the amount of over conservatism at the most conservative point is not large 

in comparison to the amount of non-conservatism at the least conservative point on 

the curve. In addition, if the absolute value of t::.1' (which corresponds to Kma:r: at the 

least conservative point on the curve) is not large, the approximate Owen's curve is 

considered to be acceptable. 
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In order to examine the quality of the approximate Owen's curve, further study 

of Owen's J( is necessary. Among the factors a, I, p, 'Y in determining J(, the a value 

is the key to generalizing the results of this study. The a value is examined in detail 

in the following sections. 

5.3 A Study of the a Value 

5.3.1 Definition of a Value 

The quantity denoted as a in Owen's work [61] is described in this section. 

Suppose that a fatigue test has been specified. Denote the stress level settings for 

test of the n specimens as the vector x 

x= (5.6) 

Xi is the stress level setting for the ith specimen. A model is chosen for data analysis. 

As described in Sec. 2.2, a complete analysis model consists of: (1) transformations 

on stress/strain and life, (2) a model for the mean and (3) a model for the scatter and 

(4) a model for the distribution of life given stress/strain. Owen's theory assumes a 

linear model. Conditions for the choice of linear models are: (1) any transformation 

without undetermined parameters, e.g. log transformation, is allowed, (2) the model 

for the mean should be linear in terms of the undetermined parameters, (3) the model 

for scatter should be homoscedastic, and (4) Y should have a normal distribution. 

Given the stress level setting x and the analysis model, the analysis matrix, de

noted as X, can be constructed. For example, assume that the analysis model is 
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quadratic 

(5.7) 

Then the element in the i-th row and the j-th column of the analysis matrix X are 

the "coefficients" of the aj terms. 

(5.8) 

The value of a at stress/strain level Xh is then defined as 

(5.9) 

where X T is the transpose of the analysis matrix. Xkis equal to the analysis matrix 

having only one stress level Xh which may be any stress level of interest. 

(5.10) 

The a value is common in linear regression [55]. For example, the fitted mean curve 

Y(x) in linear regression is a random variable. The fitted mean value at stress level 

Xh, denoted as Y(Xh), has a variance of 

(5.11) 

where a(xh) is defined as above. It is seen that a(xh) represents the uncertaint.y 

involved in estimating the mean curve; a larger a implies larger uncertainty. Note 

that uncertainty is a function of position Xh relative to the test stress range. As shown 

later, a(xh) becomes relatively large as Xh moves away from test stress range. 
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To illustrate the functional form of a(xh), consider a simple case. Assume a simple 

linear model for the mean. The analysis matrix X will be an n X 2 matrix. The 

inverse matrix (XTX)-l in Eq. 5.9 will be a 2 x 2 matrix, 

(5.12) 

where the aij are constants that are computed from the stress level settings in the 

test plan. Then a(xh) will be a polynomial function of degree two 

(5.13) 

Because the inverse matrix (XTX)-l contains only constant values calculated from 

stress level settings, only the matrix Xh affects the degree of the polynomial. Multipli

cation of xT and Xh is involved in the calculation of a(xh), and the resulting degree of 

the polynomial is twice the highest order in Xh. In this example the analysis model is 

simple linear (polynomial of degree one) and a(xh) is a polynomial function of degree 

two. If the analysis model were quadratic, then a(xh) would be a polynomial function 

of degree four and so on. 

5.3.2 Invariance of a Under a Linear Transformation of Stress 

Eq. 5.9 shows that a is function of the stress level setting x in the fatigue test plan 

and that Xh is the stress level of interest. It is a practical impossibility to derive a 

general relationship between x, Xh and a because the number of possible x is infinite. 

One way to simplify the relationship is to consider normalized stress levels, u. The 
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normalized stress level setting u is defined as follows: 

Ut 

u= (5.14) 

The element Ui in u is derived through a linear transformation of Xi defined as 

Ui = 
Xma:z: - Xmin 

Xi - Xmin 
(5.15) 

where Xmin and Xma:z: represent the lowest and highest stress levels in the stress level 

setting of a fatigue test plan. Note that all Ui values will fall in the range of [0,1]. 

The linear transformation in Eq. 5.15 is called a normalizing transformation. The 

normalized stress level of Xh is denoted as Uh. 

It would greatly simplify the study of a if x, Xh and their corresponding normalized 

values u, Uh produced exactly the same value of a. Because no mathematical theory is 

available to prove this, a numerical investigation is performed in which the calculation 

of a both ways is compared. First calculate a (denoted as a:z: here) using x and Xh. 

(5.16) 

Then calculate a (denoted as au) using u and Uh. 

(5.17) 

U is the analysis matrix defined as: 

u= (5.18) 

1 Un U~ 
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The relative error of au (denoted as R.E. a ) is defined as 

(5.19) 

If a is invariant to the normalized transformation of x (Eq. 5.15), then R.E.a should 

be zero ill all cases. R.E.a has been calculated for the following cases using double 

precision in a FORTRAN program. 

• Analysis model: simple linear, quadratic and cubic. 

• Normalized stress level settings u: 23 different settings as shown in Table 5.1. 

• Xmax (Eq. 5.15): values for Xmax considered are 1,000,000, 10,000, 100, and 10. 

• ~min: values considered are .999, .99, .9, .7, .5, .2, .05,0, -.05, -.2, -.5, -.7, 
-maz 

-.9, -.99, -.999. 

• Uh: values of Uh that are considered are 57 equally spaced values in the range 

[-0.2,1.2], i.e. a 20% of extrapolation at both the higher end and the lower end 

of the stress range [Xmin, xmax] is considered. Note that the range [Xmin, xmax] 

of Xh corresponds to the range [0,1] of Uh • 

Double precision is used throughout the calculations of R.E.a. The calculation 

procedure is demonstrated by the following example: 

(1) Choose a normalized stress level setting u from Table 5.1. As an example, 

consider Item 5: Ul = 0 and U2 = 1. 

(2) Xmax = 100 and :min. = 0.7 is chosen for this example. Then the stress level 
Z'maz 

setting x is determined using information from (1) and (2), i.e. two specimens are 

tested at highest level 100 and one tested at lowest level, 0.7 x 100 = 70. 
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case sample normalized stress level u (no. of replicates at each stress level) 
no. size level 1 level 2 level 3 level 4 level 5 level 6 level 7 
1 8 0 (4) 1 (4) 
2 2 0 (1) 1 (1) 
3 3 0 (1) .5 (1) 1 (1) 
4 4 0 (1) .333 (1) .667 (1) 1 (1) 
5 3 0 (1) 1 (2) 
6 9 0 (2) .5 (3) 1 (4) 
7 18 0 (3) .333 (4) .667 (5) 1 (6) 
8 6 0 (1) .5 (2) i (3) 
9 20 0 (2) .25 (3) .5 (4) .75 (5) 1 (6) 
10 5 0 (2) 1 (3) 
11 15 0 (4) .5 (5) 1 (6) 
12 30 0 (6) .333 (7) .667 (8) 1 (9) 
13 5 0 (2) .5 (1) 1 (2) 
14 7 0 (3) .5 (1) 1 13) 
15 8 0 (3) .5 (2) 1 (3) 
16 12 o J5) .5 (2) 1 (5) 
17 6 0 (2) .333 (1) .667 (1) 1 (2) 
18 8 0 (3) .333 (1) .667 (1) 1 (3) 
19 10 0 (3) .333 (2) .667 (2) 1 (3) 
20 14 0 (5) .333 (2) .667 (2) 1 (5) 
21 5 0 (1) .25 (1) .5 (1) .75 (1) 1 (1) 
22 6 0 (1) .2 (1) .4 (1) .6 (1) .8 (1) 1 (1) 
23 7 0 (1) .167 (1) .333 (1) .5 (1) .667 (1) .833 (1) 1 (1) 

Table 5.1: Normalized stress level settings for different cases considered. 

23 cases have been studied. The sample size and normalized stress level settings 
for each case are listed. The number of replicates at each stress level is shown in 
parentheses. All normalized stress levels are in the range of [0, 1]. The stress levels 
in each case are equally spaced but not necessarily uniformly distributed. Stresses in 
cases 1, 2, 3, 4, 21, 22, and 23 are uniformly distributed. Those in cases 5",12 are 
linearly weighted at one side. Those in cases 13",20 are quadratically weighted at 
both ends. 
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(3) As an example, Uh is chosen to be -0.1. From Eq. 5.15, Xh = (-0.1) x (100-

70) + 70 = 67. 

(4) A quadratic model is chosen as an example. At this point, both the anal

ysis matrix X and U are determined; both the value ofax(xh) and au(uh) can be 

calculated. 

(5)R.E.a is computed. 57 different Uh values (from -0.2 to 1.2) are considered. 

Their corresponding R.E.a is calculated using the conditions defined in (1), (2) and 

(4). The maximum value of 57 R.E.a is denoted as max R.E.a. Given the condi

tions defined from (2) and (4), there are 23 max R.E.a values corresponding to 23 

normalized stress levels settings from Table 5.1. To conserve space, only the range of 

these 23 maximum R.E.a values in Table 5.2 are listed for selected cases. Consider 

the first item in Table 5.2 for example. The column "max R.E.a" shows the range of 

23 R.E.a values, for a Xmax = 1,000,000 and ~ = 0.9 and a simple linear model. 
XmG% 

Double precision in FORTRAN has 15 significant digits. A max R.E.a value close to 

IE -15 suggests that the only difference between the value of ax and au is numerical 

truncation rather than a difference in nature. 

Note that cases having larger max R.E.a values also have relatively large .!min. 
:erne.%' 

values. A large ~ implies that all x are "close". i.e., their normalized values are 
Zm4% 

all close to 1. Adding or subtracting close values will likely lose some numerical 

precision. The calculation of a involves a calculation of a polynomial in x. And if the 

analysis model is simple linear, then a polynomial of degree two will be involved in the 

calculation of a. If the analysis model is quadratic, then a polynomial of degree four 

will be involved. Consider ~ = 0.9 for example. The worst case in this regard is 
Xrnaz 

Case 23 of Table 5.2 which has 7 equally spaced stress level from 0.9 to 1:0.900, 0.917, 

0.933, 0.950, 0.967, 0.983 and 1.000. Thus neighboring Xi have a relative difference 
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number of range of 
degree of max. R.E.a 

polynomial .!min. xmax among 
ZmQ%' 

model 23 cases 
1 0.9 1000000 lE-13 to lE-12 
1 0.7 1000000 lE-14 to lE-13 
1 0.3 1000000 lE-15 to lE-14 
1 0 1000000 lE-15 
1 0.9 1000 lE-13 to lE-12 
1 0.7 1000 lE-14 to lE-13 
1 0.3 1000 lE-15 to lE-14 
1 0 1000 lE-15 
1 0.9 10 lE-13 to lE-12 
1 0.7 10 lE-14 to lE-13 
1 0.3 10 lE-15 to lE-14 
1 0 10 lE-15 
2 0.9 1000000 lE-9 
2 0.7 1000000 lE-11 
2 0.3 1000000 lE-13 
2 0 1000000 lE-14 to lE-13 
2 0.9 1000 lE-9 
2 0.7 1000 lE-11 
2 0.3 1000 lE-13 to lE-12 
2 0 1000 lE-14 to lE-13 
2 0.9 10 lE-9 
2 0.7 10 lE-11 
2 0.3 10 lE-13 
2 0 10 lE-14 to lE-13 
3 0.9 1000000 lE-6 to lE-5 
3 0.7 1000000 lE-9 to lE-8 
3 0.3 1000000 lE-11 to lE-lO 
3 0 1000000 lE-12 
3 0.9 1000 lE-6 to lE-5 
3 0.7 1000 lE-9 to lE-8 
3 0.3 1000 lE-11 
3 0 1000 lE-12 
3 0.9 10 lE-6 to lE-5 
3 0.7 10 lE-8 
3 0.3 10 lE-11 
3 0 10 lE-12 

Table 5.2: Comparison of a values calculated by x and by u. 

The R.E.a is the relative error between a values calculated by x and by u. The results 
suggests that all relative errors are due to numerical truncation. The conclusion, 
based on mathematical intuition, is that the a value is invariant under transformation 
(Eq. 5.15) of x. 
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of about Zmq;;Zm;n = 1-~.9 = 0.017. This implies a loss of 1 to 2 significant digits 

in adding or subtracting the neighboring x, e.g. 0.983 - 0.967 = 0.016, a loss of one 

significant digit from three to two. Because a polynomial of degree two is involved in 

calculating the a under a simple linear model, adding or subtracting X2 and x terms 

doubles the truncation error. This results in a loss of two to four significant digits in 

this example. 

Because double precision carries 15 significant digits, all numerical R.E.o. values 

inherently have a minimum value (minimum error) of Ie - 15. From Table 5.2, a 

R.E.o. = Ie - 13 to Ie - 12 implies a loss of 2 to 3 significant digits. When a 

quadratic model is used, the loss of significant digits is doubled due to the X4 terms. 

Table 5.2 shows a lost of 6 significant digits for all £min. = 0.9 cases. By the same 
XmQ% 

reasoning, the table shows a lose of 9 significant digits when the cubic model is used. 

Table 5.2 suggests, on the basis of mathematical intuition, that az and au are the 

same, i.e. a is invariant under the normalizing transformation (Eq. 5.15) of x. This is 

important property regarding the calculation of a, because all test stress ranges can 

now be transformed to the normalized stress range of [0,1]. What is important is the 

relative distribution of th~ Xi, i.e. the u. For example, five specimens tested at five 

equally spaced stress ranging from 20 MPa to 100 MPa will have the same value of a 

at 60 MPa as that at 45 MPa when five specimens are tested at five equally spaced 

stresses that range from 40 MPa to 50 MPa. A general relationship between stress 

level settings u and a can now be studied. 



189 

5.4 a f: The Normalized a 

In the previous section, it was shown that the a value depends only on the relative 

distribution of the stress level setting of an experiment, i.e. the u. In this section 

a normalized a value is introduced. As will be shown , the normalized a depends 

only on the "shape" of relative distribution of stress level settings and not upon the 

sample size n. This is important to generalize the results of this study. 

The normalized a, denoted as a J, is defined as 

(5.20) 

where n is the sample size of the experiment. As shown below, aJ is invariant under 

replication of the experiment. 

5.4.1 Invariance of af Under Replication 

Let the stress level settings and the analysis matrix of an experiment of sample 

size nl be Xl and Xl respectively. Another experiment, with its stress level settings 

denoted as X, composed of r replicates of previous experiment Xl, will have a sample 

size of r x n and an analysis matrix X as 

X= (5.21) 

Xr 

where Xl = X 2 = ... = Xr is r replicates of Xl. Note that each row in an analysis 

matrix that represents one specimen. Xl for example has nl rows, and therefore X 



has r X n rows. Further development provides, 

And, 

XTX = (Xi xr ... X;) 

Xr 

= XiXI + X~X2 + ... + X;Xr 

= r(XiXt} 

(XTX)-l = [r(XiXI)f
l 

= ~(xiXd-1 
r 

The a value corresponding to experiments Xl and X are respectively, 

al(Xh) = xr(XiXd-Ixh 

a(Xh) = xf(xTX)-IXh 

Clearly the two differ by a ratio of r. The normalized a of experiment Xl is 

af1(Xh) = nlal(xh) 

= nlxi(Xixt}-lXh 

Using Eq. 5.26, the normalized a of experiment X is 

aJ(Xh) = nlra(xh) 

= nlrxf(XTXtlxh 

= nlrxi [;(XiXt}-I] Xh 

= nlxf(xixd-Ixh 
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(5.22) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

(5.34) 

(5.35) 
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Thus normalized a of experiment x is equal to normalized a of experiment Xl. The 

normalized value aj(xh), while maintaining the same shape as a(xh), is independent 

of the sample size and number of replications. Thus aj depends only on the "shape" 

of distribution of stress level settings. 

5.4.2 a I( Uh) for Various Stress Level Settings 

As mentioned in Sec. 5.3.1, a(uh) and therefore aj(uh) are polynomial functions 

of degree 2d, where d is the degree of the polynomial model for the mean. In this 

section a j( Uh) for various stress level settings is examined. A total of 94 cases have 

been considered; their stress level distributions are listed in Table 5.3. Because a 

has proved to be invariant under a linear transformation of stress, all 94 cases are 

expressed in normalized stress u. Except when specified otherwise, all stress levels 

in these cases are equally spaced between 0 and 1. The same notation for stress 

level settings as in Table 3.1 is used. Consider case 10 in Table 5.3 for example. 

The notation [4 5 6] means four specimens are tested at the lowest stress level, five 

specimens tested at the middle stress level and six specimens tested at the highest 

stress level. Categories of stress level settings considered are: (1) equally weighted 

at each stress level: e.g. Cases 1, 9, 28, 44, 61, 62, 79, 80, 94; (2) weighted more to 

one side of the stress range: e.g. Case 3 having higher stress weighted as twice the 

lower stress, while Case 4 weights higher stresses as three times that of lower stress; 

(3) Concave: Weighted more at both ends, e.g. Cases 19 to 22 and 32 to 35 etc; (4) 

Convex: Weighted more at middle than the two ends, e.g. Case 23 to 27 and 55 to 

58 etc.; (5) singly peaked: Only one stress level is weighted more while the rest are 

equally weighted, e.g. Cases 63 to 78, 81 to 85 and 87 to 92 etc. Some cases may 

apply to several categories, e.g. Case 2 is weighted at one side and singly peaked at 
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the same time. The severity of weighting can be quantified using the ratio of number 

of specimens at the heavily weighted stress level to that at least welghted stress level, 

e.g. Case 63 is singly peaked in a ratio of 5 + 4 = 1.25 while Case 66 is singly peaked 

in a ratio of 2. 

Typical plots of aJ(uh) are shown in Fig. 5.3 to 5.7. It was observed that all 94 

cases have an aJ( Uh) plot very close to those in these figures. Polynomials of degree 

one, two and three as modflls for the mean are examined in each of the 94 cases. 

For a polynomial model of degree one, aJ(uh) is a quadratic function (Fig. 5.3 

and 5.4), and is symmetric when the stress levels are "symmetrically weighted" and 

asymmetric when weighted to one side of the stress range or the other. When the 

stress levels are asymmetric, the side weighted less has a larger aJ value. This is 

reasonable because a represents the uncertainty in estimating the mean curve. The 

side having fewer specimens should have a larger variance in estimating the mean. 

As shown in Fig. 5.4, Case 1 has the smallest a, and Case 28 has the largest. The 

explanation is that the simple linear model will provide a perfect fit, with no uncer

tainty, if there are only two data points. The distribution of stress level settings in 

Case 1 concentrates at two levels and best describes the two point situation. The 

next good analogy to the two point situation is Case 20 where more weight is placed 

on the two ends, while the worst analogy to the two point situation is Case 28 having 

the most uniformly distributed stress level settings. Note that a equals to ~, and 

therefore a values become smaller than those on the plot as the sample size increases. 

The observed difference of aJ(uh) between the various cases is not very large. For a 

polynomial of degree one, the largest aJ(uh) in the Uh range of [-0.2, 1.2] among the 

94 cases is about 6. 
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case number sample sIze n stress level settmg 
1 4 [22 
2 5 [23 
3 3 [1 2] 
4 4 [1 3] 
5 5 [14] 
6 3 [2 1] 
7 4 [3 1] 
8 5 [4 1] 
9 6 [222] 

10 15 [456] 
11 9 [234] 
12 4 [1 1 2] 
13 6 [123 
14 13 [544] 
15 10 [433] 
16 7 [322] 
17 4 [2 11] 
18 5 [3 1 1 
19 8 [323] 
20 5 1212 
21 12 [525] 
22 7 [3 1 3] 
23 13 [454 
24 10 [343] 
25 7 [232 
26 4 [1 2 1] 
27 5 [1 3 1] 
28 8 [2222] 
29 8 [22022] 
30 30 [6789] 
31 18 [3456] 
32 10 [3223] 
33 6 -[2 1 1 2] 
34 14 [5225 
35 8 [3 1 1 3] 
36 5 [2 1 1 1] 
37 9 -[3222 
38 13 [4333 
39 17 [5444 
40 5 [1 2 1 1 
41 9 [2322 
42 13 [3433] 
43 17 [4544] 
44 5 [1 1 1 1 1 
45 20 [23456] 
46 8 [222 11 
47 21 [54444 

Table 5.3: Stress level settings of the cases studied. (continue on next page) 
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case number sample size n stress level setting 
48 11 [32222 
49 16 [43333 
50 6 [2 1 1 1 1] 
51 21 [45444 
52 16 [34333] 
53 11 [23222] 
54 6 [1 2 1 1 1] 
55 21 [44544] 
56 16 [33433] 
57 11 [22322] 
58 6 [1 1 2 1 1] 
59 18 [44433] 
60 9 [22 1 22] 
61 6 [1 1 1 1 1 1 
62 7 [1 1 1 1 1 1 1] 
63 29 5444444] 
64 22 [4333333] 
65 15 3222222 
66 8 [2 1 1 1 1 1 1] 
67 29 4544444 
68 22 [3433333] 
69 15 [2322222] 
70 8 [1 2 1 1 1 1 1] 
71 29 [4454444] 
72 22 [3343333] 
73 15 [2232222] 
74 8 1121111 
75 29 4445444 
76 22 3334333 
77 15 [2223222] 
78 8 1 1 1 2 1 1 1] 
79 8 [1 1 1 1 1 1 1 1 
80 9 [1 1 1 1 1 1 1 1 1] 
81 10 [2 1 1 1 1 1 1 1 1] 
82 10 11 2 1 1 1 1 1 1 1] 
83 10 [1 1 2 1 1 1 1 1 1] 
84 10 [1 1 1 2 1 1 1 1 1 
85 10 [1 1 1 1 2 1 1 1 1] 
86 10 II 1 1 1 1 1 1 1 1 
87 12 [2 1 1 1 1 1 1 1 1 1 1 
88 12 [1 2 1 1 1 1 1 1 1 1 1] 
89 12 [1 1 2 1 1 1 1 1 1 1 1 
90 12 [1 1 1 2 1 1 1 1 1 1 1] 
91 12 [1 1 1 1 2 1 1 1 1 1 1] 
92 12 [1 1 1 1 1 2 1 1 1 1 1] 
93 11 [1 1 1 1 1 1 1 1 1 1 1] 
94 12 [1 1 1 1 1 1 1 1 1 1 1 1] 

Table 5.3( contmued) Stress level settmgs of cases studied. 
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For a polynomial of degree two, the a! value suddenly becomes very large at 

normalized stresses lower than 0 and higher than 1. This means that the uncertainty 

in estimating the mean curve becomes very large for stresses out of the test range. 

The conclusion is that extrapolation of the approximate Owen curve outside of the 

test stress range is likely to produce a significant loss of confidence when the quadratic 

model is used. However the a! values within the test stress range did not exceed 10 

in any of the 94 cases studied. 

Fig. 5.7 shows a!(uh) for the polynomial model of degree three. The a!(uh) value 

"explodes" beyond Uh range of [0, 1]. Again extrapolation using the cubic model is 

not recommended. As in the quadratic model, the a! value within Uh the range of 

[0, 1] did not exceed 10 in any of the 94 cases. 

For these limited cases studied, it is noted that the range of a!( Uh) is never below 

1 or exceed 10, within the test stress range, Uh E [0, 1]. 

5.5 Approximate Owen's I{ Using an Average a, 

5.5.1 Relationship between a, and I{ 

The functional relationship between Owen's J( and a! given P,"Y, d and n is ex

amined. Cases that are considered are: (1) degree of polynomial model for mean, 

d = 1,2,3. (2) probability level p = 0.85 to 0.99. (3) confidence level "Y = 0.75 to 

0.95. (4) sample sizes n = 5 to 50. (5) a! = 1 to 10, using the experience of study

ing a! values from the previous section. It is thought that these ranges cover most 

situations encountered in practical experiments. 

Figures 5.8 to 5.10 demonstrate the functional relationship between Owen's J( and 

a! for various d and n given p = 0.99 and "Y = 0.95. Clearly the relationship is nearly 
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linear in the range considered. Similar functional relationships are observed for other 

cases that have been studied but not shown in this article. 

What this linear relationship suggests is that instead of calculating the average 

value of [( as in Eq. 5.5, one may obtain a reasonable approximation by just calculat

ing the average value of aJ and using this average aJ to calculate [(. To demonstrate 

this mathematically, first assume that the linear relation between K and a J is 

(5.36) 

where Co and Cl are parameters. The average of [( will then be 

[( = 1 l xb 

Xb - Xa Xa [«(x) dx (5.37) 

1 l xb 

(5.38) = Co + claJ(x) dx 
Xb - Xa Xa 

1 l xb 

(5.39) = Co+CI aJ(x)dx 
Xb - Xa XQ 

= Co + CIa! (5.40) 

Equation 5.40 simplifies the calculations of [(. We need only compute one [( 

value, I? = [«(p, 'Y, af, I). Because the functional relationship between [( and aJ is 

not "exactly" linear, the average [( derived in this way is denoted as Ka/ in order to 

distinguish it from [(. 

5.5.2 Error When lif is Used 

When a, is used in calculating the approximate Owen's K, denoted as [(aI' an 

error is introduced from this approximation. This section will examine the error in the 

aJ value when aJ is used, and the errors in I( and 'Y when Ka/ is used. All different 

stress level settings listed in Table 5.3 are examined for p = 0.99 and 'Y = 0.95. 

Polynomials of degree one, two and three as models for the mean are considered. In 
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each case, four normalized stress ranges are considered: Uk = [-0.2: 1.2], [-0.1 : 1.1], 

[0 : 1] and [0.1 : 0.9]. Average values of a,(uk), i.e. af, for each of the four ranges 

are calculated. Consider the polynomial of degree one and Case 4 in Table 5.3 for 

example. a,(uk) is given in Fig. 5.3. Its average value a, in the Uk range of [0 : 1] 

is 1.7822. When a, is used across the range [0 : 1], the most conservative point is 

at Uk = 0.75 where a,(uk) = 1, but a, = 1.7822 is used. Larger a, values produce 

larger K resulting in a more conservative design points. The least conservative point 

in this range is at Uk = 0 where a,(uk) = 4, but a, = 1.7822 is used. A smaller 

a f implies smaller K and a design point having a confidence level; < 0.95. For an 

Uk = [-0.2: 1.2], af = 2.2107. The most conservative point is still at Uk = 0.75. But 

the least conservative point is Uk = -0.2. 

The error in af when af is used is defined as 

(5.41) 

6.af at the least conservative point (one of the end points of the test stress range) 

for each case and range are plotted in Fig. 5.11 to 5.13 for polynomials of degree one, 

two and three respectively. 6.af values at the most conservative point (somewhere 

in the middle of the stress range) are plotted in Fig. 5.17 to 5.19. For the least 

conservative point within the range [0: 1], l6.afl was found to be less than three for 

polynomials of degree one, less than seven for polynomials of degree two or three. 

l6.afl of the most conservative point is always smaller than that of least conservative 

point. That means the conservatism is not as severe as non-conservatism. Therefore 

the conservative point should not be the main concern. The following discussion will 

focus on examination of error at the least conservative point only. 
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When o'J is used instead of aJ(uk), the tolerance factor will be K eJ instead of 

]( ( Uk). The error in ]( is defined as 

(5.42) 

Values of 1::1]( are plotted in Fig. 5.20 to 5.22 for the various degrees of polynomial. 

For Uk in the range of [0 : 1], all 11::1](1 are smaller than 0.6. 

When Ke/ is used instead of ]«(Uk) at the least conservative point, the design 

point has a smaller 'Y. The error in 'Y is defined in the example as 

1::1'Y = 'Y - 0.95 (5.43) 

where 'Y is the confidence level of the design curve at the least conservative point. 

Values of 1 1::1'Y 1 are plotted in Fig. 5.23 to 5.25. For a polynomial of degree one, 11::1'Y1 

are small even for Uk range of [-0.2 : 1.2]. For polynomials of degree two and three, 

it is clear that extrapolation should be avoided. It seems to be a contradiction that, 

for an Uk range of [0.1 : 0.9], the 1 1::1'Y 1 from a polynomial of degree three has a smaller 

value (not more than 0.01) than that of degree two (not more than 0.02) and degree 

one. For an Uk range of [0: 1] and a polynomial of degree two or three, some cases (i.e. 

Case 45,63,67, 71, 75 and 87 to 92) have a 11::1'Y1 greater than 0.03. Roughly speaking, 

larger sample sizes will result in larger 1.6.'YI. And larger numbers of different stress 

levels will also produce a larger 11::1'Y1 in polynomials of degree two and three. 

5.5.3 Estimate of Error in 'Y for the General Case 

~inety four different stress level settings have been examined in this study. While 

this set does not exhaust the list of possible stress level settings, it does cover a 

large range of possibilities. Given a stress level setting that differs from the list, an 
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interpolation method may be employed. For example, if a stress level setting [3 4] 

is applied, one may consider it as weighted at one side by a ratio of 4 + 3 = 1.33 

which is between Case 1 (ratio=l) and Case 2 (ratio=1.5). Therefore D.:y for the 

new case that is somewhere between that of Case 1 and Case 2 can be estimated by 

interpolation. 

If interpolation of the cases of Table 5.3 is not possible, an easy method( avoiding 

calculating Owen's K) to estimate the error is desired. To achieve this, the functional 

relationship between K, aJ and "'I is examined. Fig. 5.26 shows this relationship for 

a polynomial of degree one and n = 10. Polynomials of degree one, two and three 

along with n = 5 to n = 50 are examined, and they all show a similar relationship 

as that of Fig. 5.26. Because a linear relationship is easier to work with, a function 

of 1::."'1 is used on the abscissa. As there is only concern about the least conservative 

point, we need only the linear relation for "'I < 0.95 side. 11::."'11°·7 is found to be linear 

with K for aJ = 1 to aJ = 10. We conclude that K is nearly a linear function of aJ 

and 11::."'11°·7 in the region where 1::."'1 < O. This means that K can be approximated 

using a Taylor expansion of order one. Denote 11::."'11°·7 as 11::."'Ilc and we have 

(5.44) 

where Ko is a constant, and Ka/ and K-yc are partial derivatives of K with aJ and 

1~"'Ilc respectively. When aJ is used instead of aJ(uh), K is approximated as, 

(5.45) 

where l::.aJ = aJ - aJ(uh). On the other hand if we have used the correct aJ(uh) but 

have specified a different "'I = 0.95 + 1::."'1, the K value we will use is 

(5.46) 
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Equating the last two, an expression for /~:y can be derived 

(5.47) 

/').:y (5.48) 

This form gives an estimate of the error in 'Y when an error in a, is introduced by 

using G., instead of a,(uh). 

Tables 5.4 to 5.6 list ~ values for various n, a, and degree of the polynomial 

for the mean. The use of these tables is demonstrated by the following example. 

Consider Case 91 in Table 5.3 for example. The a, at the least conservative point 

for Uh range of [-0.1 : 1.1] is 5.0037 and G., = 2.3098; therefore AaJ = -2.6939. 

Case 91 has a sample size of 12. In Table 5.4 for a, = 5.0037 and n = 12, we get 

~Qt = 0.026806. The error in 'Y at the least conservative point is calculated as 
"-yC 

I 
J( I O~7 I 

A'Y = - K:~ Aa, = -10.026806 x -2.693910:7 = -0.0234 (5.49) 

This value compares well with the A'Y = -0.022 of Fig. 5.23. The consequence of 

this number is that the confidence level 'Y of the lower 1 - p = 0.01 point is degraded 

by the approximation from 'Y = 0.95 to 'Y = 0.95 - A'Y = 0.95 - 0.0234 = 0.9236. 

5.6 An Improved Algorithm for the Calculation of K 

Calculation of Owen's J( for the regression model requires calculation of the non

central t distribution which is not available in most statistical computer packages. 

Calculation of the non-central t distribution is slow as it involves complex proce-

dures such as repeated integration by parts. Attempts have been made to find the 

approximation of J( using much easier algebra. One method called "approximation 
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n cr./,"" 1 0./,"" 2 a/,- 3 aJ'"" 4 a,'"" 5 a,'"" 6 cr.,"'" 7 cr.J_'"" 8 aL'- 9 aJ_'"" 10 
5 .018069 .016657 .015643 .014771 .013996 .013306 .012689 .012133 .011346 .010651 
6 .024130 .021687 .020061 .018693 .017524 .016511 .015624 .014839 .013708 .012746 
7 .028843 .025440 .023312 .021557 .020082 .018821 .017729 .016772 .015388 .014233 
8 .032521 .028445 .025864 .023781 .022052 .020584 .019324 .018228 .016646 .015340 
9 .035521 .030813 .027885 .025535 .023598 .021971 .020575 .019368 .017631 .016203 
10 .038119 .032812 .029563 .026977 .024863 .Q23095 .021589 .020290 .018419 .016894 
12 .042117 .035885 .032141 .029196 .026806 .024822 .023137 .021692 .019625 .017949 
14 .045147 .038201 .034068 .030842 .028240 .026087 .024275 .022718 .020503 .018716 
17 .048565 .040785 .036204 .032658 .029815 .027476 .025514 .023836 .021457 .019548 
20 .051100 .042696 .037776 .033989 .030966 .028488 .026414 .024647 .022150 .020154 
25 .054168 .045000 .039663 .035581 .032341 .029692 .027483 .025608 .022969 .020864 
30 .056402 .046652 .041007 .036709 .033309 .030539 .028236 .026282 .023543 .021364 
40 .059450 .048843 .042802 .038218 .034606 .031674 .029239 .027181 .024313 .022035 
50 .061379 .050361 .044007 .039223 .035464 .032421 .029!198 .027770 .024810 .022466 

Table 5.4: ~ for a polynomial model of degree one given p = 0.99 and i = 0.95. 
fi'Y0 

n cr.,,- 1 0.,,- 2 0.,,- 3 0.,,- 4 a,'"" 5 a,=- 6 a,"'" 7 0.,,- 8 cr.,._ 9 cr.,'- 10 
5 .008183 ,007940 .007733 .007533 .007340 .007152 .006971 .006792 .006569 .006350 
6 .015271 .014252 ,013494 .012843 ,012251 .011716 .011230 .010787 .010162 .009607 
7 .021021 ,019141 ,017858 .016757 ,015802 .014965 .014223 .013561 .012610 .011790 
8 .025677 .022914 ,021165 .019697 .018446 .017366 .016421 .015586 .014388 .013368 
9 .029381 .026012 .023820 .022027 .020522 .019236 .018118 .017140 .015732 .014558 
10 .032546 .028484 .025950 .023889 .022172 .020716 .019462 .018366 .016796 .015494 
12 .037490 .032324 .029214 .026718 .024669 .022939 .021465 .020189 .018369 .016873 
14 .041137 .035221 .031631 .028791 .026476 .024546 .022910 .021496 .019485 .017848 
17 .045256 ,038370 .034249 .031027 .028422 .026265 .024445 .022886 .020671 .018881 
20 .048292 .040665 ,036147 .032637 .029817 .027494 .025542 .023871 .021511 .019612 
25 .051908 .043397 .038389 .034530 ,u31456 .028928 .026814 .025015 .022485 .020457 
30 .054539 .045336 .039962 .035853 ,032588 .029921 .027695 .025805 .023155 .021039 
40 ,058032 .047871 .042035 .037595 .034084 .031227 .028851 .026840 .024036 .021805 
50 ,060249 .049580 .043400 .038731 ,035054 .032071 .029596 .027504 .024597 .022289 

Table 5.5: !!..:.i.K
G for a polynomial model of degree two given p = 0.99 and i = 0.95. 
'YO 
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n a,,- 1 a,'- 2 a,:... 3 a,'- 4 a/'- 5 a/,- 6 a,,- 7 a,,- 8 a,,- 9 a,:... 10 
5 -.000016 -.000014 .000004 .000047 .000109 .000181 .000256 .000331 .000462 .000603 
6 .006855 .006683 .006536 .006395 .006258 .006124 .005993 .005866 .005700 .005541 
7 .013224 .012454 .011883 .011359 .010894 .010467 .010074 .009714 .009206 .008746 
8 .018622 .017132 .016092 .015187 .014393 .013686 .013058 .012492 .011681 .010973 
9 .023144 .020846 .019381 .018136 .017062 .016125 .015299 .014565 .013513 .012612 
10 .026791 .023968 .022080 .020520 .019197 .018057 .017062 .016181 .014919 .013858 
12 .032651 .028668 .026133 .024067 .022345 .020884 .019625 .018527 .016955 .015652 
14 .037029 .032105 .029051 .026598 .024576 .022875 .021422 .020159 .018361 .016883 
17 .041879 .035857 .032199 .029300 .026939 .024970 .023299 .021861 .019818 .018154 
20 .045429 .038571 .034448 .031219 .028606 .026441 .024612 .023045 .020827 .019032 
25 .049595 .041761 .037072 .033441 .030527 .028130 .026114 .024394 .021974 .020027 
30 .052642 .043985 .038891 .034969 .031841 .029278 .027133 .025308 .022748 .020697 
40 .056598 .046888 .O4125~' .036959 .033549 .030769 .028452 .026488 .023750 .021566 
50 .059108 .048795 .042790 .038233 .034637 .031715 .029287 .027233 .024378 .022108 

Table 5.6: ~KKQ for a polynomial model of degree three given p = 0.99 and 'Y = 0.95. 
"Ie 

D", denoted as J(D here, in Owen's paper [61] has been improved in this study. To 

examine the accuracy of approximation D, the ratio /(D is plotted as in Fig. 5.27 

where p = 0.99 and 'Y = 0.95. As seen in the figure, the error is about 4% for sample 

sizes smaller than 10. Curves having different a in Fig. 5.27 have a scatter of about 

1 % vertically. Fig. 5.28 is basically the same parameter plot as Fig. 5.27 but uses a f 

instead of a. The scatter between curves of different a f is smaller than that of various 

a. This suggests that if a function could be found which fits the curve in Fig. 5.28, 

then this function can be used to correct approximation D and improve its accuracy. 

For 'Y = 0.95 the function is found empirically to be 

!:v ~ 0.9968238 + 0.1~~~6499 - 2.635553exp( - J) (5.50) 

Multiply the J(D value from approximation D by the expression above to get an 

improved approximation of J( value denoted as J(a' The accuracy is improved greatly 

as shown in Fig. 5.29. This correction is implemented in a FORTRAN function code 

appdk and is listed in Appendix C. It can be used with 'Y = 0.95,0.90,0.85,0.80 and 

p = 0.99 down to p = 0.85. The argument Kp and Kr of this FORTRAN function are 



203 

p quantile and 'Y quantile of standard normal distribution. For p = 0.99, Kp=2.32635. 

For 'Y = 0.95, Kr=1.64485. 

5.7 An Example of Constructing the Approximate Owen's 

Curve 

A short example is presented here to demonstrate the construction of the approx

imate Owen's curve with p = 0.99 and 'Y = 0.95. Assume the model as selected by 

nature is the same as defined in Eq. 5.3. An analysis model of quadratic mean and 

homoscedastic scatter was chosen. The plan is to test two specimens each at five 

equally spaced stress levels:70, 100, 130, 160 and 190 MPa for a total sample size, 

n = 10. There will be two replicates at each stress level. A random sample of data 

is given as Table 5.7. The following illustrates the steps in the analysis to determine 

approximate Owen J( in the test range. Note that J( can be determined prior to the 

collection of the data. 

no. y = loglo N x = S (MPa) 
1 6.326469 70.0 
2 6.126969 70.0 
3 5.775955 100.0 
4 5.381691 100.0 
5 4.690717 130.0 
6 4.471355 130.0 
7 4.072128 160.0 
8 4.059373 160.0 
9 3.779799 190.0 

10 3.873905 190.0 

Table 5.7: Data of sample size n = 10 
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1. Use least squares analysis to estimate the parameters of the mean 

(5.51) 

where x = S (null transformation), and jL(x) is the estimate of the mean value 

of log N given S. The least squares estimates are ao = 9.1722, al = -0.04837, 

Cz2 = 1.05651 X 10-4 and 0- = 0.1834. The mean curve is shown in Fig. 5.30. 

2. Determine af. Due to the invariance of af under replication, this test plan is 

identical to Case 44 (five equally spaced, uniformly weighted stress levels) in 

Table 5.3. From Fig. 5.15, af = 2.344 for the normalized stress range [0:1]. At 

this point, one may either use Fig. 5.9 to determine K = 4.5 or, to provide a 

little more accuracy, use the following calculation procedures. 

3. Determine a. Here n = 10 so that 

a = afln = 2.344/10 = 0.2344 (5.52) 

4. Determine the number of degrees of freedom f = n - d - 1 = 10 - 2 - 1 = 7, 

where d is the degree of the polynomial model for the mean. 

5. Determination of K iir This can be done by using the FORTRAN code appdk 

in Appendix C. Or one could follow the same procedure in appdk using a 

calculator: (1) input arguments Kp=2.32635, Kr=1.64485 which are the p = 

0.99, 'Y = 0.95 quantiles of standard normal distribution respectivelYj (2) input 

a = a = 0.2344 and f = 7j (3) because f = 7> 2, follow segment [1.2] in appdk 

to find coefficients ell , e20, and e22j (4) follow the approximate D method 

in segment [1.3] of appdk to find I<Dj (5) because I = 0.95 is desired, follow 

segment [2.1] to correct the KD by a ratio. The final result, Kii/ = 4.49 
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6. Then the approximate Owen curve is shown on Fig. 5.30, and is expressed as 

(5.53) 

5.8 Proposed Design Curve for the Pure X Error Source 

Models 

5.8.1 General Concept 

As demonstrated in Chapter 4, the bilinear model for the mean, and the pure 

X error source model for scatter perform well for heteroscedastic fatigue data. The 

implication is that the fatigue model is nonlinear. But Owen's theory does not apply 

to nonlinear models. Yet it may be possible that the approximate Owen curve can 

be used for the nonlinear model with little loss of accuracy. 

The pure X error source model is based on an assumption that the scatter of local 

stress is homoscedastic. Denote the standard deviation of local stress as O'XL' and the 

1 - p quantile of (transformed) life as Yl-p(X) or its inverse function Yl!p(Y). Then 

(5.54) 

where y-1(y) is the inverse function of the function relationship Y(XL), and -Kp is 

the 1 - p quantile of a standard normal variate. Compare Eq. 5.54 with the 1 - P 

quantile of life for the linear model having homoscedastic normally distributed life 

(5.55) 

The two have a similar form. In estimating Yl-p(X) for the linear model, py(x) is 

replaced by jJ.(x) and O'y replaced by U. Then Kp is replaced by Owen's tolerance 

factor K(x) to accommodate the uncertainty from the estimates jJ.(x) and U. The 
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derivation of Owen's tolerance factor (See Appendix A) is based on the assumption 

that p.(x) is normally distributed, u is relates to the chi-square distribution, and p.(x), 

u are independent. If the estimates of y-l (y) and 0' "'L in the pure X error source model 

possess similar properties, then the estimate of Yl~p(Y) may be constructed as 

(5.56) 

While Owen's theory has not been developed for the nonlinear case, intuition of 

the author suggests that the Owen tolerance factor may be used as a reasonable ap

proximation of the tolerance factor for nonlinear cases. To verify this approximation, 

simulation is required. Unfortunately the numerical process as described in Chapter 

4 is slow. Operator intervention is needed for the initial guess of parameters for the 

optimization routine to ensure that a global maximum is reached. Verification using 

simulation may be impractical at this stage. 

In summary, it is suggested herein that one may adopt the approximate Owen 

factor as described above as a first approximation of a tolerance factor for the case 

of a nonlinear model for the mean and the pure X error source model for scatter. 

5.8.2 Example 

The titanium data Ti64-300 in Chapter 4 is used as an example of constructing 

an approximate tolerance curve when the pure X error source model is used. 

1. Consider the leveling-off bilinear as model for the mean and the pure X error 

source as model for the scatter. The leveling-off bilinear model is 

(5.57) 

2. Sample size is n = 48 including 36 failed specimens and 12 censored data. 
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3. Determine aJ. 

(a) The shape of distribution of stress level settings is near uniform. 

(b) Uniform stress level settings in the 94 cases have a J = 1.8 for the simple 

linear model and aJ = 2.5 for the quadratic model. 

(c) The bilinear model consists of two line segments and a curvature. It is 

assumed that a J = 2.5 for the quadratic model should provide a reasonable 

estimate of a/for the bilinear model. 

4. Determination of a. 

(a) Determine an equivalent sample size n when censored data exist. The 12 

censored data are spread evenly from low quantile to high quantile. It is 

assumed (using intuition only) that the information contained in the 12 

evenly distributed censored data is equivalent to 12/2 = 6 failure data. 

The equivalent sample size n = 36 + 6 = 42 is used to compensate the loss 

of information from censored data. 

(b) 0.= a/In = 2.5/42 = 0.06. 

5. Determination of f. f = n-number of parameters in the model for the mean 

= 42 - 4 = 38. Note that n = 42 is used as same reason above. 

6. Determination of ](0, using FORTRAN function appdk. 

(a) input ](p = 2.326, ]("1 = 1.645, a = 0.06 and f = 38. 

(b) ](0, = 2.993 x 1.0148 = 3.04. 

7. Maximum likelihood estimates of the parameters are at = -1.484, a2 = -0.1671, 

a3 = 4.719, a4 = 1.885, q:r:L = 0.02866. 
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8. The proposed design curve is 

XD = y-l(y) - J(ii./J"XL 

= -1.484 - 0.1671(y - J(y - 4.719)2 + 1.885) - 3.04 x 0.02866 

= -1.57 - 0.1671{y - J(y - 4.719)2 + 1.885) (5.58) 

The curve is shown in Fig. 5.31. 
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Figure 5.3: a,(uh) plot with the simple linear model for cases 1,3 and 4. 
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Figure 5.4: afCun) plot with the simple linear model for cases 1,9,20 and 28. 
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Figure 5.6: af(uh} plot with the quadratic model for cases 28,45 and 46. 
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Figure 5.7: af(uh) plot with the cubic model for cases 28,35,45 and 62. 

Owen's 
J( 

under polynomial model of degree one 
9~--~-----.-----r----~----~,----~-----r-,--~-----, 

8 

7 

6 

... 
n=05· .. 
n=10 -
n=15 ... -
n=20 -
n=30· .. 
n=50 - -

5L-__ ----~~ 
4l~~~~~·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·~ .. ·l·~ ......... ........... . ...... . . ...... . . . . . . . . . . . . . . 
3[:~·~·~·~·~·~~~· .~.~.~.~~----------------~-

2 ~ __ ~ _____ i~ ____ L_ ____ ~ __ ~ ____ ~ ____ ~ ____ ~ __ ~ 

123 4 5 6 7 8 9 10 
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Figure 5.12: D.a, at the least conservative point for various cases with the quadratic 
model. 
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Figure 5.13: t::.aJ at the least conservative point for various cases with the cubic 
model. 
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Figure 5.14: a1 at the least conservative point for various cases with the simple linear 
model. 
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Figure 5.15: a, at the least conservative point for various cases with the quadratic 
model. 
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Figure 5.16: a-I at the least conservative point for various cases with the cubic model. 
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Figure 5.17: b.aJ at the most conservative point for various cases with the simple 
linear model. 
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Figure 5.18: ~aJ at the most conservative point for various cases with the quadratic 
model. 
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Figure 5.19: b.af at the most conservative point for various cases with the cubic 
model. 
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Figure 5.20: AI< at the least conservative point for various cases with the simple 
linear model. 



105 

100 

95 

90 

85 

80 

75 

70 

65 

60 

case 55 
number 

50 

45 

40 

35 

30 

25 

20 

15 

10 

5 

polynomial of degree two 

; 
normalized stress range [0.1:0.9] _ 
normalized stress range [0.0:1.0] _ 

normalized stress range [-0.1:1.1] ... _ 
normalized stress range [-0.2:1.2] _ 

-----.:.:..: .. ~ .......... . 

.. 
~~::~;;~~~~~~ .. ~.~.~.~.; .. : ..... .0 .0 ••••••• . . ' ..... '. ' ....... . 

.. "' .... ::::::: ... .' . 

--========~--~ ...... ~::::: :::::", ':~:':: ~~ 
--==:=:::::===========~~~ .' .... :::::::::: :.:.:.: ... . 

""""::::::======~ .. ~ ........ ~ ....... = .. ,, ....... ':~' ... ==::.... ~ ...... : ; : : : ~ ~ , 

o ~--~--~~--~ __ ~~ __ ~ __ ~ ____ ~ __ ~ ____ ~ __ ~ 
-2 -1.8 -1.6 -1.4 -1.2 -1 -0.8 

~/( 
-0.6· -0.4 -0.2 o 

224 

Figure 5.21: ~/( at the least conservative point for various cases with the quadratic 
model. 
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Figure 5.22: f).J( at the least conservative point for various cases with the cubic 
model. 
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Figure 5.23: !:l,,/ at the least conservative point for various cases with the simple linear 
model. 
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Figure 5.24: Ai at the least conservative point for various cases with the quadratic 
model. 
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Figure 5.25: ~i at the least conservative point for various cases with the cubic model. 
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CHAPTER 6 

Summary and Recommendations 
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A strategy for fatigue data analysis which addressed several research questions 

was pursued. Given a random sample of fatigue data: (1) What is the appropriate 

analysis model for the mean and scatter as well as the distribution of (transformed) 

life Y given (transformed) stress X? (2) What is the appropriate design curve to be 

used when employing a traditional factor of safety approach? (3) How will the test 

plan, i.e. specification of stress level settings, affect the quality of design curve? (4) 

How can the uncertainty of estimated parameters be incorporated into a reliability 

model in order to perform reliability based design? These complex and closely related 

questions are addressed in this dissertation. This chapter provides: (1) a summary 

of the results of this study, (2) some recommendations of strategies for fatigue data 

analysis based the results of study, and (3) gaps in this study and a recommendation 

of future research topics. 
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6.1 Summary of Results 

6.1.1 Models for Scatter of Life Given Stress/Strain of Fa

tigue Data 

The question regarding the appropriate model for the mean, the scatter and, the 

distribution of (transformed) life Y given (transformed) stress X is addressed in 

Chapters 3 and 4. In Chapter 3, the concept of a constant stress error is introduced. 

Various models for constant stress error are discussed theoretically: the inverse model, 

the back-projection model, the pure X error source model and the constant Uz , and the 

non-inverse model. These models are compared using simulation for the simple linear 

cases. The back-projection model provides an insight on how censored data should be 

treated. The pure X error source model corrects shortcomings in the inverse model 

and the back-projection model by adding Jacobian terms in the log likelihood value. 

The pure X error source model offers an explanation on why some fatigue data sets 

tend to be homoscedastic and normally distributed in the upper (or low cycle) region 

of the S-N curve and heteroscedastic, skewed to the right, in the high cycle region. It 

was also concluded that the existence of an X error source is more dominant than the 

existence of a Y error source regarding their influence on the resulting distribution of 

life given stress. 

Simulation results of various simple linear models on complete failure data show 

that the parameters estimated using the pure X error source model are unbiased while 

those using the inverse model are biased. Furthermore theoretical development shows 

that for a simple linear model for the mean, a normally distributed X (stress/strain) 

error source will result in a normally distributed Y error source. A basic model may 
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be used, and unbiased parameter estimates can be obtained using the least squares 

method. 

6.1.2 Comparison of Models for Fatigue Life Data 

In Chapter 4, various combinations of models for the mean and scatter are exam

ined using five representative sets of real data having relatively large sample sizes. 

Three methods are used to compare the goodness fit of various combinations of mod

els: (1) the mean curve and ±3u envelope plot; (2) the standardized residual plot; and 

(3) the likelihood ratio test. Methods (1) and (2) are based on subjective judgment 

using visual examination and method (3) is based on a quantitative measure of the 

log likelihood values. Conclusions from these tests are: 

1. The mean curve and ±3u envelope plots show that for homoscedastic data, all of 

the basic models for scatter seem to work well. Howeverfor heteroscedastic data, 

only the inverse model, the pure X error source model and the Box-Cox model 

seem to provide reasonable fits. The Box-Cox model relies on mathematical 

flexibility in fitting the heteroscedasticity, while the inverse model and the pure 

X error source model rely on recognition of physics of the fatigue process. The 

pure X error source seems to be consistently more conservative than the inverse 

model in the region close to fatigue limit, and always a little bit less conservative 

than inverse model in low cycle region. 

2. Regarding models for the mean, the bilinear model and the leveling-off bilinear 

seem to perform better than the general strain-life equation model. The MIL

HDBK-5 and Box-Cox models did not seem to perform as well. 
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3. The standardized residual plot amplifies the fundamental error of the inverse 

model. Standardized residuals of the inverse model are heteroscedastic, and the 

spread of censored residuals appears to be unreasonable. Moreover the inverse 

model does not seem to be robust relative to the design of the experiment, i.e. 

the stress level settings. The "explode" type of model for the scatter also has 

an unreasonable spread of censored res~duals. 

4. Considering the survivors of the likelihood ratio test on the data sets considered, 

the best candidates for the mean are the bilinear model, the leveling-off bilinear 

model and the general strain-life equation. For modeling heteroscedastic scatter, 

the clear winner is the pure X error source model followed by the quadratic 

model for scatter. 

5. In summary, considering combinations of all three tests on modeling heteroscedas

tic fatigue data, the winners are the bilinear, leveling-off bilinear and general 

strain-life equation as models for the mean and the pure X error source model 

for scatter. 

6.1.3 Approximate Owen's Design Curve 

Construction of a design curve is considered in Chapter 5. Because of widespread 

acceptance in the design community of the tolerance limit concept, the Owen curve, 

based on a tolerance limit, is considered to be the approach of choice. Extensive 

examination of Owen's curve for typical test plans suggests that an average Owen's 

tolerance factor J( may be used without significant loss in the confidence level 'Y. 
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6.2 Recommendations 

The following recommendations for the models are based on limited data sets. 

These data were arbitrarily chosen but they are considered to be representative as 

they have large sample sizes and have the general appearance of most published 

fatigue data. 

6.2.1 Recommendation of Models for Mean 

The bilinear model for the mean seemed generally to provide the best fit relative 

to the other models considered. In some cases however, the leveling-off bilinear model 

fit as well as the bilinear. These two models are purely empirical. Also the empirical 

general strain-life equation model fits some data quite well. For large sample sizes, it 

would be desirable if possible to fit all three models and compare their performance 

using tests as described in Chapter 4. 

6.2.2 Recommendation of a Model for Scatter 

The work presented in Chapter 4 strongly suggests that for scatter the pure X 

error source model seems to fit heteroscedastic data better than the other models 

considered. Although the inverse model and the pure X error source model have 

a similar mean and ±3u envelope for most data sets, they differ significantly when 

there are many censored data. Even in the cases where both models have a similar 

envelope, minor differences in the fatigue limit region produces large differences in 

the design life due to the near zero slope in that region. General speaking, the pure 

X error source model is more conservative than the inverse model because it seems 

to be consistently more conservative in fatigue limit region. 
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For homoscedastic data, clearly the best model for scatter is a constant standard 

deviation of N. As mentioned in Chapter 3, it is the engineer's judgment to decide 

if variance of local stress is large enough to consider using the pure X error source 

as model for scatter. When the variance of local stress is small, scatter can be 

approximated by the pure Y error source model, and the homoscedastic model for 

scatter will fit the data. When it is uncertain whether the variance of local stress is 

large or small, one needs to make a practical judgment. The engineer should choose 

the pure X error source model for heteroscedastic data and the homoscedastic model 

for constant variance life data as a model for scatter. 

When no censored data exist, the least squares method can be applied on the 

homoscedastic model for scatter as well as the inverse model. All other models for 

scatter must use the maximum likelihood method. 

6.2.3 Recommendation of a Design Curve 

The following recommendations for a design curve apply only to the linear model. 

And there should be no censored data. 

Because it accounts for the uncertainty of the estimators, Owen's curve is mathe

matically correct. Owen's curve may be replaced by an approximate Owen's curve, a 

design curve derived using an average value of Owen's tolerance factor I{ in a spec

ified stress region. The loss in confidence level 'Y in this approximation was shown 

to be "small" for typical fatigue test plans. Loss of confidence 'Y for a specific test 

plan can be evaluated using Tables 5.4 to 5.6 before the test is performed because 

the calculation depends only on aj(xh) and the mean aj, which is functions of the 

stress level settings only. Such an exercise is useful in checking how well a test plan 
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supports the use of the approximate Owen's curve. In fact, an engineer may use these 

tables to compare several test plans. 

6.3 Limitations of the Current Research and Recommen

dations for Future Studies 

Some issues that were left unresolved by this study, but which could be addressed 

in a continuation of the theme of this research are: 

1. Comparison of test plans for non-linear models. Chapter 5 examines test plans 

under a linear model using ~i as measure of their quality. But what would 

be optimal test plans for those nonlinear models of Chapter 4? Because a 

theoretical approach may be very difficult for nonlinear models, simulation may 

be necessary. However, experience has shown that current numerical methods 

in dealing with global optimization are slow. Except for a very simple model, 

a trial and error is frequently required to fit just one set of data. This is not 

practical for thousands of simulations. 

2. The tolerance factor for the nonlinear model. Owen's K was developed for the 

linear model only. Can the approximate Owen's K be employed for a nonlinear 

model as well? What is the loss in confidence i when the approximate Owen's 

K is used for a nonlinear model? Again it is likely that simulation must be 

used. And again, the efficiency of the numerical method needs to be improved 

in order to study this issue. 

3. The loss in i when the approximate Owen's K is used and there are censored 

data. The design curve as presented in Chapter 5 considers only complete 
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data. For censored data, there is no theoretical tool to estimate the loss in "I. 

Simulation must be used. Again, numerical methods need to be improved in 

order to study the nonlinear model. 

4. A reliability model where the uncertainty of estimates is incorporated. This 

topic is considered briefly in the next section. 

5. Measures of quality of the design curve other than 6."1' For example, a measure 

based on cost analysis may be useful. The benefit of a measure based on cost 

is that many different and important factors can be lumped into one quantity 

and compared. Therefore the influence from many factors can be assessed. The 

downside is that some factors are controversial and difficult to quantify, e.g. the 

value of a human life. 

Recommended topics for future consideration are: 

1. In Chapter 5, the approximate of Owen's K was defined as the average of K 

in a specified region. Consider a polynomial model of degree one for example. 

Visual examination of a J suggests that, for various stress level settings a J may 

be approximated by one quadratic curve. And a J for a polynomial model of 

degree two may be approximated by a single polynomial curve of degree four, 

etc. In fact we may only need one a J curve as an approximation of a J for all 

various stress level settings. A study of the derivation of such a curve and the 

error in "I when this curve is used as a replacement of a J would be useful. 

2. The mixed error source model. When both the X and the Y error sources coex

ist, what is the impact on the distribution of resulting life given stress/strain? 

To analyze this model, e.g. to calculate the likelihood value for this model, a 
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line integration in the space of the two random variables (X error source variate 

and Y error source variate) is required. This will further degrade efficiency of 

the numerical optimization procedure. 

3. Improvement of the numerical method for optimization. Many issues listed 

above hinge on the availability of an efficient simulation approach in analyzing 

the nonlinear model. The major problem is the inefficiency of the optimization 

routine used for maximum likelihood estimators. A strategy of finding a good 

initial guess of the parameters may be the key to any improvements. 

6.4 Future Studies: Construction of a Reliability Model 

Based on Fatigue Test Data 

Development of a reliability model was not a major goal of this study. However 

some initial considerations on this issue are presented in the following. 

Statistical uncertainty of estimates of model parameters from fatigue data analysis 

may be incorporated into the reliability model by an overall probability consideration 

or through the confidence level. A discussion of these approaches is presented below. 

6.4.1 Reliability Model that Incorporates the Uncertainty 

of Estimates into Overall Probability; Stress is Deter

ministic 

A reliability model is a function in which some parameters are considered as ran

dom variables. The probability of failure is calculated by an analytical or numerical 

method or by simulation. If the underlying model for the mean is linear and the error 
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is normally distributed and homoscedastic (pure Y error source), then the underlying 

reliability model for the fatigue strength is 

Y = Xf3+c 

= Xf3 + uZ 

= p.+uZ (6.1) 

Where Z is a standard normal variate and u is the standard deviation of the error c. 

Note that Xf3 has been replaced by p. for simplicity and clarity. 

The reliability of an item within the service life y" can be evaluated first by con-

structing the limit state function, 

G=Y-y" (6.2) 

G is defined such that G < 0 is the event of failure of item before the intended service 

life y". The probability of failure is, 

PJ = P(G < 0) 

= P(Y - y" ~ 0) (6.3) 

But p. and u are not known so that PJ can not be evaluated immediately. To 

construct a reliability model from estimated p. and u, i.e. jl and u, the relation 

between p., u and p, u can be employed, 

p '" N(p., a(
2

) (6.4) 

(n - m)u2 
2 

u2 '" Xn-m (6.5) 

where a is the same as defined in Chapter 5, and X;-m is the chi-square variate with 

n - m degrees of freedom. m is the number of parameters in the model for the mean. 
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Note that ji. and 0- are independent, when Eq. 6.1 is valid (See appendix A for the 

proof ). Thus, 

• JX~-m (6.6) u=u --
n-m 

f;2 (6.7) u=o- ~ 
n-m 

ji. = p + VaUZI (6.8) 

p = ji. - VaUZl (6.9) 

Where X;_m '" X!-m' and Zl is a standard normal variate. Substituting u of Eq. 6.7 

into Eq. 6.9, 

• ·Z r::Jn - m P =p-u IVa -X2 
n-m 

Substituting Eq. 6.10 and 6.7 into Eq. 6.1, 

Y • • Z . r:: In - m A zJn - m =p-u IVa -2-+ u -2-
Xn-m Xn-m 

(6.10) 

(6.11) 

Note that Z defines the uncertainty of a future observation. Zl and X~_m define 

the randomness of the estimates. Therefore Z is independent of Zl and X~_m' Also 

note that Zl defines the randomness of ji., and X~_m defines the randomness of 0-. 

Therefore Zl and X;_m are independent. 

Given ji., 0- and a specific X;_m value x~_m , the sum of -0-Zl VaJ :c: and 

0-Z J :c: is a normal variate (by the reproductive property of normal distribution), 

with mean = 0 because E( Zl) = E( Z) = O. The variance equals to 

Thus, 

n-m. 2 n-m· 2 ( 1)n-m.2 a-2-u + -2-u = a+ -2-u 
Xn_m Xn- m Xn_m 

y = ji.+o-Z2Va+T.VnX~m 
n-m 

(6.12) 

(6.13) 
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The random variable X~_m and Z2 (a standard normal variate) are independent. 

Therefore Z2V':L: forms a student t variate Tn - m with (n - m) degrees offreedom 

[25, page 217]. Simplifying Eq. 6.13 

Y = fi + uTn - m v'a+l (6.14) 

Comparing Eq. 6.14 and 6.1, the random variable Z in the reliability model be

comes Tn-mv'Ci'TI while 11-, (j are replaced by fi, U. The Tn-mv'Ci'TI contains all the 

randomness from Z, fi and U. Note however that a is function of stress. 

This model has same form as the prediction interval [25, page 373] which is used 

to predict the next observation. From this viewpoint, the model, where uncertainty 

of the estimates lump into the overall probability, is only useful in predicting the 

distribution of the next outcome. In other words, this model relates the distribution 

of the next outcome Y to the estimates fi and U. However the Owen's tolerance factor 

described in the next section, lumps uncertainty of estimates into the confidence level 

,. It is this separation of uncertainty of estimates from the overall probability that 

makes estimation of the 1- p quantile of Y (by Eq. 1.4) to be possible. What Owen's 

tolerance factor addresses is not the next outcome but the unknown distribution. Each 

1 - p quantile of the distribution can be estimated with certain confidence level,. 

The reliability model based on Owen's concept is derived in the next section. 
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6.4.2 A Reliability Model that Incorporates the Uncertainty 

of Estimates into the Confidence Level; Stress is De

terministic 

Owen's estimate of any quantile 1 - p using estimates p, and if with a confidence 

level of 'Y is 

(6.15) 

where K is Owen's tolerance factor. The confidence level 'Y is arbitrary, and 'Y = 95% 

is often used. For a given test plan and analysis model, the a and f are determined 

and K may be thought of as a function of p only, i.e., K(p). Its inverse function will 

be denoted as p(I(). Note that p is defined between 0 and 1. Therefore p(K) can be 

viewed as a CDF of the random variable K. A reliability model may be constructed 

using Eq. 6.15 treating Kp,"Y,a.! as a random variable with CDF defined as p(K): 

YI-P = P, - Kif (6.16) 

The CDF, p(K) can be calculated numerically and be input to a reliability analysis 

program. In the Eq. 6.16, only the K is treated as random variable. This equation 

may be compared with Eq. 6.1 and 6.14. One major difference is that the K has one 

additional independent variable 'Y when compared with Tn - m in Eq. 6.14. 

Both Eq. 6.14 and 6.16 are for cases where stress/strain x is deterministic during 

the service life. However a reliability model must be capable of incorporating ad

ditional random variables such as stress/strain. This makes the formulation of the 

reliability model more difficult, as will be seen in next subsection. 
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6.4.3 Reliability Model with Stress as a Random Variable 

First assume that the stress/strain during the service life is known, i.e. the pa

rameters of random variable X are known. A reliability model at the 'Y confidence 

level may be considered as, 

Yl-P = {t(X) - K(X)u (6.17) 

where both {t and K are functions of the known random variable X(stress/strain). As 

shown in Chapter 5, K(x) may be approximated by an average K in the stress/strain 

range considered. Thus K(X) may be replaced by K iiJ in Eq. 6.17. And (t(X) may 

be treated as follows. Consider the polynomial model of degree one as an example 

(6.18) 

A reliability model may be directly constructed as 

(6.19) 

where ao, al and u are estimates treated as deterministic values, and X, K iiJ are 

random variables. 

There are two questions regarding the correctness of Eq. 6.19. First, Owen's 

tolerance factor considers a tolerance limit at a single stress/strain level at a time. To 

consider a range of stress/strain over which the random variable X spans at one time, 

one should use the simultaneous tolerance factor. However the simultaneous tolerance 

factor is derived using the Bonferroni inequality (See [50, page 8]) which leads to a 

very conservative and seemingly inappropriate result as discussed in Chapter 5. The 

simultaneous tolerance limit may not be appropriate unless the variance of X is very 

large. Is the range of random variable X small enough that K iiJ may be employed 
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with small error? Does the confidence level, and distribution of X interact with 

each other? 

Moreover, note that the randomness of X is unknown and must be estimated. Es

timates of X include the sample mean {1.x and sample deviation o-x. Should Owen's 

tolerance factor also be applied on these estimates thereby introducing another con

fidence level 'x? How is this 'x related to ,? Is there interaction or dependence 

between them? How 'x and, be combined to form a single resulting confidence 'f' 
that relates to the overall probability? Clearly there are several mathematical issues 

that need to be addressed to develop a reliability model having a sound mathematical 

basis. 
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A summary of the theoretical basis of the tolerance limit concept developed by D. 

B. Owen [61] for a normal univariate or a linear model is presented. 

A.I Definition of the Non-Central t Distribution 

The non-central t random variable with degrees of freedom, J and non-centrality 

parameter, 8 is defined as 

T (8) = Xl + 8 
f JX2/J 

(A.l) 

where 

2 Xl is a standard normal variate, i.e. Xl '" N(O, 1). 

• X2 is a chi-square variate with degrees of freedom, J, i.e. X 2 '" X}. 

• Xl and X 2 are independent. 

• 8 is constant. 

Note that Xl + fJ '" N(fJ, 1) is a non-central normal variate. 
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A.2 Application of the Non-Central t to Tolerance Limits 

Consider a random variable Y, normally distributed: Y", N(p., (1'2). Note that Y 

may be a univariate of a response (i.e. a dependent variable) at a specific stress/strain 

in a regression model. Denote the estimators of p. and (1' as {L and fr respectively. Note 

that {L and fr are random variables. The estimator of the 1 - p quantile Yt-p is then 

defined as 

(A.2) 

where /( is so chosen that fJ.- p , also a random variable, will lie on the left of the true 

quantile Yt-p with probability;. ; is called the confidence level. The event that ll-p 
lies on the left of the true quantile Yt- p is called event A. The probability of event A 

should be at least ;. The goal of analysis is, given p and ;, to determine /(. 

Event A can be expressed mathematically as 

Yt-p - p. < -I< 
(1' - p (A.3) 

where -/(p is the 1 - p quantile of standard normal variate. Kp is the p quantile of 

standard normal variate. This inequality can be written as, 

p. - Yt- p > -I< 
(1' - p 

Substituting t-p using Eq. A.2, 

p. - {L J( fr > T/ --+- -.n 
(1' (1' - P 

(A A) 

(A.5) 

{L is normally distributed as {L '" N(p., a(1'2) , where a is defined in Eq. 5.9. For 

the special case when Y is univariate, a = lIn. The quantity 7a; or ~ will be a 

standard normal. It is related to Xl in Eq. A.1. Divide both sides of Eq. A.5 by Va, 

(A.6) 
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Because 10-2 /u2 has a X2 distribution, i.e. 0-2
,..., u2xJi I, we may use o-/u to form 

the quantity Jx}/ I in Eq. A.I. First interchange two terms on both sides of the 

inequality of Eq. A.6 to form 

(A.7) 

Divide both sides by ~ 

(~-~»-~ 
(o-/u) - Va (A.8) 

Denote -~ on the left hand side as 8. The left hand side is a non-central t variate 

if jJ. and 0- are independent. The proof of independence between jJ. and 0- is given in 

Sec. A.5. Denote the right hand side as to = -fa. The probability of even A should 

be at least "Y. This can be described mathematically as 

(A.9) 

where TI( 8) and to are the left hand and right hand side of the last inequality. to is 

the"Y quantile of the variate TI(8). The estimate of the (1- p) quantile of Y is related 

to a non-central T variate with I degrees of freedom and non-centrality parameter 8. 

In the next sections, Owen's tolerance factor J( will be derived to satisfy the goal in 

Eq. A.9 for various cases. 

A.3 Tolerance Factor I{ for the Univariate Case 

When specimens are tested at one stress/strain level only, the (transformed) fatigue 

life Y is a univariate. The sample size is n. The sample mean jJ. and sample variance 

0- are distributed as 

(A.10) 

(A.ll) 



Therefore, a = l/n and f = n - 1 in the case when Y is an univariate. Thus 

o = -..fiiJ(p 

to = -..fiiJ( 
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(A.12) 

(A.13) 

Owen's tolerance factor J( is determined by the following procedure. First calculate 

0, then find the quantile to of non-central t distribution with degrees of freedom n-1 

and non- centralityo. to is then used to calculate J( = -to/..fii. 

In the case where Y is a univariate, J( depends only on p, i and n. Tables for 

J( are available([5I] or [3, table 33]). Two typical combinations of p and i are: (1) 

i = 95%; p = 99%; (2) i = 95%; p = 90%. /( values for Case(I) are called "A-values" 

and J( values for Case(2) are called "B-values" in MIL-HDBK-5[49]. 

A.4 Tolerance Factor I( for the Regression Case 

When specimens are tested under various stress/strain levels, a linear regression 

model which relates the independent variable X and dependent variable Y is applied. 

The estimated mean of Y at given stress/strain level Xh is denoted as Ph; and the 

estimated variance is denoted as f72. They are distributed as 

(A.14) 

(A.I5) 

where Ph is the true mean of Y at Xh, and m is the number of parameters of the 

model for the mean. For example, consider a polynomial of degree one as a model 

of the mean. The number of parameters is two, f = n - 2. To find the Owen's /(, 

first calculate 8 = -/('1)Ja(xh), then find the i quantile to of non-central t with non

centrality i and degrees of freedom f. Then J( = -to/Ja(xh). 
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In the case of the regression model, J( is function of p, " f and a(xh) which is 

difficult to tabulate. A computer program, such as the one listed in Appendix C, is 

needed to determine J(. 

A.5 Proof of Independence Between the Sample Mean and 

Sample Variance 

To show that the left hand side of inequality A.S is a non-central t variate, one has 

to prove that (Tat) and (q / (7) are independent. Because the only random variables 

that appear in these quantities are jl and q, it is sufficient to prove that jl and q 

are independent. This will be proven for cases where Y is the response variable of 

the regression model. Because the case where Y is univariate is a special case of the 

regression model where all tests are conducted at one stress/strain level, a separate 

proof would be unnecessary. 

A theorem in linear model analysis is used: Let Y '" Nn(p., (721), (72 > 0, and A be 

a m x n matrix, C be a n x n symmetric matrix. Nn (p.,0-21) denotes an n-dimensional 

independent normal distribution. If AC = 0, then AY and Y/CY are independent. 

From linear regression, q2 is expressed as 

q2 = SSE = _I_Y/(I _ H)Y 
n-m n-m 

(A.16) 

where m is the number of parameters in the model for the mean, 1 is an unit matrix, 

and H = X(X/X)-l X'. X is the analysis matrix defined in Chapter 5. Y is a n X 1 

matrix that consists of n outcomes Yi, i = 1, n and is distributed as Nn(p., (721). P. is 

a n x 1 matrix that consists of ILi corresponding to true mean value of Yi in Y. 

The estimator of the mean of Y is 

(A.17) 
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(A. IS) 

where it is the estimated parameters as defined in Eq. 3.32, and xf is defined in 

Eq. 5.10. Let A = xnX' X)-l X' and C = (I - H). If it can be proven that 

AC = 0, then fl and 0-2 are independent. Note that the constant n~m in Eq. A.16 

can be ignored in this proof. By direct substitution, 

AC = xI(x'Xt1X'(I-H) 

= xr(X'xt1x' - xr(X'X)-lX'H 

= xr(X'xt1x' - xI(X'X)-lX'X(X'xt1x' 

= xI(X'X)-lX' - xr(X'X)-lX' 

= 0 

Thus fl and 0-2 are independent. 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 
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Appendix B 

Analysis Models Provided in Program FEDADS 

The program FEDADS provides a flexible way of specifying an analysis model. As 

mentioned in Sec. 2.2 , an analysis model consists of (a) the type of transformation 

applied on stress/strain or life(Eq. 2.1 and 2.2), (b) the model for the mean(Eq. 2.5), 

(c) the model for the scatter(Eq. 2.8), and (d) the model for the distrbution type of 

Y given X. The program is organized in such a way that all transformations and 

models for the mean or scatter are defined by specifying a funtion type contained in the 

function FUNevl. By this organization, the user may define the analysis model using 

different combinations of functions applied on the transformation (on stress/strain 

and life), the model for the mean and the model for scatter. However, not all funtions 

in FUNevl are suitable to define a transformation and not all are suitable to define 

scatter. For example, only functions that are coded in such a way that all function 

values in the range of test stress are positve may be used as model for scatter. This 

type of function is called "positive guaranteed" . 

The distribution types allowed in FEDADS are normal, lognormal, Weibull , EVD, 

exponential and uniform. However only the normal distribution was used in this study 

and is therefore well tested. 

The current applicable transformations and models for mean and models for scatter 

in program FEDADS are listed in the tables below. 
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name formula number of remark 
parameter 

log Y = logN or 0 
X = logS 0 

In Y = InN or 0 
X =lnS 0 

Box-Cox type 1 Y = N~-t for A:;6 0 1 
Y = In N for A = 0 

Box-Cox type 2 Y = (N+>.;r1
-

t for At :;6 0 2 
Y = In(N + A2) for At = 0 

Table B.1: Available transformation in program FEDADS 

name formula number of remark 
parameter 

linear J.l.y = ao + at X 2 
quadratic J.l.y = ao + atX + a2x2 3 
exponential J.l.y = expx 0 
log J.l.y = log X 0 
In J.l.y = lnx 0 

bilinear x = at + a2(J.l.Y + asJ(p.y - a3)2 + a4) 5 

leveling-off x = at + a2(J.l.Y - (J.l.y - a3)2 + a4) 4 

bilinear 
general Y = logN 
strain- f = atNQ2 + a3NQ4 4 X = logf 
life or 
equation X=f 
MIL-HDBK-5 Y = al + a2log(X - a3) 3 Y = IogN 

X=S 

Table B.2: A vaiIable models for the mean in program FEDADS 



255 

name formula number of remark 
parameter 

quadratic O'y(z) - bo + biz + b2X~ 3 
linear O'Y(x) - bo + blx 2 
homoscedastic O'Y(x) = bo 1 
type 1 explode O'y(x) = bo(x -log(bt))D' 3 
type 2 explode O'y(x) = bo(;f". + b2) 3 
constant O'z. O'y(x) = y(x) - y(x - 0'.,) 1 see subsection 2.3.3 
non inverse model and Fig. 3.2 
pure X error 0'.,£ (x) = bo 1 see chapter 3 
source model O'y does not have analytic form 
inverse model O'x - bo 1 see chapter 3 

Table B.3: Available models for the scatter in program FED ADS 
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Appendix C 

Improved Approximation of Owen's K 

The following is a FORTRAN function to calculate Owen's tolerance factor with 

improved precision. The numurical algorithm is based on the approximate D method 

in Owen's work[61]. The approximate D method is applied first, then a correc

tion factor ~ is calculated and multiplied with the result of the approximate D 

method. In this FORTRAN function, the improvement is performed in cases 'Y = 

0.95, 0.90, 0.85, 0.80. The p may be continuous from p = 0.99 down to p = 0.85. Kp 

and Kr are the p and i quantile of standard normal variate respectively. 

real function appdk(kp.kr.f.a) 

c R (R. R. R.R) 

c === improved approximation of Owenls K. At first the 

c === approximation D(see below) is applied. then Shenls 

c === improvement is applied for f )= 3. 

c 

c [1] approximate Owen1s K by Approximation D 

c [Owen. Technometrics. 1968 p. 469] 

c === Note: n in the Owen1s paper(p.469) has replaced by lta here. 

real kp, kr, f, a, cll, c20, c22 

c [1.1] 



if( f.le.2.) then 

c === in case of f =< 2. use Johnson and Welch's approximation 

c === to avoid numerical difficulty 

cll=l 

c20=1. 

c22=1./(2.*f) 

c [1.2] 

else 

cl1=1.+3./(4.*(f-l.042» 

c20=f/(f-2.) 

c22=c20-cll**2 

endif 

c [1.3] 

appdk=cll*kp+kr*sqrt(c22*kp**2+c20*a) 

c 

c [2] [ improve ] 

if( f.ge.3) then 

if( abs(Kr- 1.64485). It. 0.0001 ) then 

c [2.1] [r= . 95 ] 

ratio= 0.9968238 +0. 1596499/(f**.6) -2.635553*exp(-f) 

elseif( abs(Kr- 1.28155). It. 0.0001 ) then 

c [2.2] [r= .90 ] 

ratio= 1.003493 -6.016034/(f**3) +1.098676*exp(-f) 

elseif( abs(Kr- 1.03643). It. 0.0001 ) then 
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c [2.3] [r= . 85 ] 

ratio= 1.000637 -0.7211758/(f**1.5) -1.485648*exp(-f) 

elseif( abs(Kr- 0.84162). It. 0.0001 ) then 

c [2.4] [r=.80] 

ratio= 1.000748 -0.6366483/(f**1.25) -1.554196*exp(-f) 

else 

c [2.5] [no improvement for other cases] 

ratio= 1. 

endif 

appdk= appdk *ratio 

endif 

return 

.and 
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Fatigue Data Used in This Research 

The complete fatigue data sets used in this study is listed in this appendix. The 

Titanium and Inconel 718 are strain controlled. The others are stress controlled. 

Except for complete data sets, censored data are indicated as "1" and failure data 

are indicated as "0" in column "c". For Titanium data, testing temperatures are 

indicated in column "t" in Fahrenheit. 

Stress level (MPa) 
294.3 I 220.7 176.6 I 134.9 I 105.4 I 83.4 I 73.6 56.4 I 54 I 51.5 

No. Cycles life to failure given stress 
1 5300 5100 6200 9100 12800 18200 12000 114000 285000 820000 
2 6200 6100 9400 9300 15600 25000 40000 130000 308000 839000 
3 6500 7000 10000 9400 17400 25700 45000 157000 336000 938000 
4 6600 7700 10000 9700 19000 28600 48000 157000 377000 1024000 
5 7000 8600 10200 14500 19000 29000 62000 159000 380000 1040000 
6 7500 9000 10800 15900 19700 33700 65000 170000 396000 1048000 
7 8000 9100 11300 16000 20000 35000 65000 180000 427000 1100000 
8 8400 9300 12600 16200 21000 36400 67000 201000 497000 1103000 
9 8700 9600 12800 17900 21300 39900 70000 205000 510000 1136000 

10 8800 9700 13900 18500 24400 40000 80000 210000 551000 1145000 
11 9000 9700 14000 19800 25100 40700 81000 230000 560000 1147000 
12 9200 10100 14200 20800 25400 44000 83000 244000 595000 1150000 
13 9200 10300 14300 21000 26700 45100 88000 250000 617000 1151000 
14 9400 11200 14700 21800 26800 46000 91000 251000 660000 1163000 
15 9500 11500 15100 22100 26900 46100 92000 257000 668000 1200000 
16 9500 11600 15200 22400 28300 46800 94000 266000 685000 1210000 
17 9800 12300 16600 22400 28500 48700 95000 273000 714000 1319000 
18 10000 12500 16900 25700 29500 50000 104000 287000 733000 1320000 
19 10500 13400 17000 25800 30900 54300 108000 296000 849000 1321000 
20 11800 15900 18200 27800 38200 55600 112000 309000 895000 1630000 

Table D.I: The annealed aluminum wire (AAW) fatigue data. 
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No. Stress (psi) life c No. Stress (psi) life c No. Stress (psi) life c 
1 79920 1645524 0 26 121625 275544 0 51 182017 34848 0 
2 80000 51114600 1 27 122625 219240 0 52 182017 37944 0 
3 80000 51690816 1 28 123125 176384 0 53 182200 39924 0 
4 80000 61994232 1 29 123250 207144 0 54 182382 28656 0 
5 80000 103230036 1 30 124250 164376 0 55 182382 30168 0 
6 80000 108332316 1 31 124250 198252 0 56 197600 16704 0 
7 80000 108711504 1 32 124625 223272 0 57 198000 19944 0 
8 80000 108726192 1 33 124750 182556 0 58 199200 22968 0 
9 80000 119527452 1 34 124875 157824 0 59 199200 27432 0 

10 86712 28056420 0 35 124875 214020 0 60 199600 28296 0 
11 86975 5427072 0 36 148350 75096 0 61 199800 15948 0 
12 87238 2959128 0 37 148350 82980 0 62 199800 16884 0 
13 87412 26632440 0 38 149250 79776 0 63 199800 22464 0 
14 87500 61632360 1 39 149400 94356 0 64 199800 33552 0 
15 87500 61632864 1 40 149700 61524 0 65 200000 15876 0 
16 97900 692172 0 41 149700 86384 0 66 223875 11700 0 
17 97900 835164 0 42 149850 71280 0 67 224325 10836 0 
18 99100 742680 0 43 149850 71532 0 68 224325 12888 0 
19 99600 2021184 0 44 149850 76680 0 69 224550 8820 0 
20 99800 503244 0 45 149850 89424 0 70 224550 12564 0 
21 99900 2090736 0 46 179282 36504 0 71 224775 8208 0 
22 100000 582228 0 47 180376 29196 0 72 224775 9036 0 
23 100000 631008 0 48 181105 35028 0 13 224775 14544 0 
24 100000 654516 0 49 181835 32688 0 74 225000 11340 0 
25 100000 802512 0 50 182017 28836 0 75 225000 12852 0 

Table D.2: Steel wire fatigue data. 
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No. Strain life c t No. Strain life c t 
1 0.0069 138031 0 75 49 0.0117 10079 0 500 
2 0.0052 1037226 1 75 50 0.0052 1110066 0 500 
3 0.0216 1066 0 75 51 0.0057 1088241 1 500 
4 0.0123 11518 0 75 52 0.0075 63848 0 500 
5 0.0070 181545 0 75 53 0.0151 3336 0 500 
6 0.0052 1057643 1 75 54 0.0117 8457 0 500 
7 0,0208 1081 0 75 55 0.0199 1579 0 500 
8 0.0125 9895 0 75 56 0.0202 1337 0 500 
9 0.0142 8156 0 300 57 0.0082 102193 0 500 

10 0.0207 1874 0 300 58 0.0059 627834 0 500 
11 0.0060 1282954 1 300 59 0.0092 20965 0 500 
12 0.0068 578500 0 300 60 0.0081 34191 0 500 
13 0.0099 29032 0 300 61 0.0052 1026445 1 500 
14 0.0077 183760 0 300 62 0.0060 1263659 1 500 
15 0.0068 551047 0 300 63 0.0063 1039737 1 500 
16 0.0098 26892 0 300 64 0.0059 1034776 1 500 
17 0.0134 7948 0 300 65 0.0080 513138 0 500 
18 0.0203 1914 0 300 66 0.0122 11910 0 500 
19 0.0074 222166 0 300 67 0.0147 3257 0 500 
20 0.0060 1029875 1 300 68 0.0195 :0103 0 500 
21 0.0067 708664 0 300 69 0.0!92 1737 0 500 
22 0.0067 738823 0 300 70 0.0081 146440 0 500 
23 0.0144 7755 0 300 71 0.0098 20995 0 500 
24 0.0104 28178 0 300 72 0.0120 7728 0 500 
25 0.0065 950796 0 300 73 0.0081 178888 0 650 
26 0.0221 1722 0 300 74 0.0195 1256 0 650 
27 0.0077 721634 0 300 75 0.0123 6231 0 650 
28 0.0062 1020891 1 300 76 0.0204 1607 0 650 
29 0.0064 1300136 1 300 77 0.0123 6838 0 650 
30 0.0073 894458 0 300 78 0.0081 146011 0 650 
31 0.0068 440775 0 300 79 0.0079 64079 0 650 
32 0.0214 2286 0 300 80 0.0079 1049048 1 650 
33 0.0143 6904 0 300 81 0.0094 50636 0 750 
34 0.0063 1021841 1 300 82 0.0089 669002 0 750 
35 0.0063 1028038 1 300 83 0.0210 1309 0 750 
36 0.0104 33214 0 300 84 0.0128 5157 0 750 
37 0.0073 1020891 1 300 85 0.0077 1028038 1 750 
38 0.0064 1336183 1 300 86 0.0078 1041309 1 750 
39 0.0077 542305 0 300 87 0.0079 1127585 1 750 
40 0.0072 717451 0 300 88 0.0079 274120 0 750 
41 0.0076 106195 0 300 89 0.0126 4890 0 750 
42 0.0050 1020892 1 300 90 0.0214 1018 0 750 
43 0.0199 2006 0 300 91 0.0082 88552 0 750 
44 0.0113 13317 0 300 92 0.0092 43055 0 750 
45 0.0109 14251 0 300 93 0.0079 1402817 1 750 
46 0.0188 1654 0 300 94 0.0076 1115390 1 750 
47 0.0048 1066832 1 300 95 0.0079 1092252 1 750 
48 0.0072 130858 0 300 96 0.0075 1021198 1 750 

Table D.3: Titanium fatigue data. 
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Stress level (MPal 
313.8 I 333.8 I 353.8 I 371.7 I 411.7 I 451.7 I 490.3 I 530.3 550.3 

No. Cycles life to failure given stress 
1 481100 477000 282100 213100 131800 78400 51100 31700 27200 
2 628100 517600 284200 218900 133900 79200 53200 32400 27600 
3 1355700 562600 291400 222500 136700 79800 53500 33200 28900 
4 1428000 587800 311700 234000 137100 82300 54200 33700 29300 
5 2407100 658900 315900 241500 139300 85800 55000 35500 29900 
6 2489300 710700 317600 246800 140100 86000 57000 35700 30100 
7 3963400 763200 331300 248600 140400 86600 57000 35900 30600 
8 3969900 785000 335300 251200 145700 88100 57200 36000 30700 
9 4301900 875200 391600 251300 145900 88500 57700 36500 30800 

10 5896300 984900 405900 252700 146000 88700 58400 36800 30900 
11 6092200 1039500 411500 255600 146900 89300 58500 37000 30900 
12 6684500 116e800 418800 ' 261600 148600 90300 59200 37000 31000 
13 8618400 1283600 445000 261600 148600 90800 59300 37200 31200 
14 8961900 1359800 447700 262400 148800 92200 59800 37500 31200 
15 9695300 1614900 455100 262900 149400 92500 59800 37500 31700 
16 9716800 1699600 457800 265300 152500 93200 60900 37600 31800 
17 10296100 1704300 457900 265700 153600 93400 61400 37600 31900 
18 12000000 1851200 472200 268700 154200 93700 61400 37900 32100 
19 12000000 2087100 501100 274000 155000 94100 61600 38200 32400 
20 12000000 2177800 533600 280500 155800 95300 62500 38600 32400 
21 12000000 2305800 587200 282100 156200 95500 62900 39400 34900 
22 2469600 594800 284800 156700 95600 63000 39600 
23 2628900 647900 287900 157100 96300 63100 40300 
24 2746800 670900 289300 159200 96600 63300 40500 
25 3386300 708900 306200 160900 96700 63400 40700 
26 3399800 739600 310100 161000 99200 63600 40800 
27 3555900 880600 323600 163900 99500 63900 40900 
28 4336400 927800 326200 164300 107500 66700 41000 
29 4915400 933500 340200 168400 107700 67700 41300 
30 5291200 1564700 343200 183200 110600 70000 42700 

Table D.4: 2024-T4 aluminum alloy fatigue data. 
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No. ~train llfe c No. Strain life c .1'10. Strain llfe c 
1 0.0036 3143468 1 42 0.0046 81138 0 83 0.0056 53668 0 
2 0.0037 551160 0 43 0.0046 96799 0 84 0.0057 30702 0 
3 0.0037 1047000 0 44 0.0047 72120 0 85 0.0057 30702 0 
4 0.0037 1055400 0 45 0.0047 79520 0 86 0.0057 36193 0 
5 0.0037 1212300 0 46 0.0047 86420 0 87 0.0057 36193 0 
6 0.0037 2658712 0 47 0.0047 88225 0 88 0.0057 43898 0 
7 0.0037 5000000 1 48 0.0048 91560 0 89 0.0057 43898 0 
8 0.0039 2762705 0 49 0.0048 95610 0 90 0.0058 33313 0 
9 0.0039 3851379 0 50 0.0048 111900 0 91 0.0058 40540 0 

10 0.0039 5175650 1 51 0.0049 59246 0 92 0.0058 40540 0 
11 0.0040 168170 0 52 0.0049 64014 0 93 0.0058 71425 0 
12 0.0040 188990 0 53 0.0049 75169 0 94 0.0059 35198 0 
13 0.0040 5229933 1 54 0.0049 88070 0 95 0.0060 32100 0 
14 0.0041 101623 0 55 0.0050 48748 0 96 0.0060 46898 0 
15 0.0041 134750 0 56 0.0050 48748 0 97 0.0060 63117 0 
16 0.0041 436761 0 57 0.0050 68029 0 98 0.0060 70952 0 
17 0.0042 70092 0 58 0.0050 68029 0 99 0.0060 85138 0 
18 0.0042 108020 0 59 0.0051 59096 0 100 0.0061 43128 0 
19 0.0042 108598 0 60 0.0051 105660 0 101 0.0061 56634 0 
20 0.0042 108598 0 61 0.0052 44216 0 102 0.0062 29290 0 
21 0.0043 62223 0 62 0.0052 45375 0 103 0.0062 36420 0 
22 0.0043 64952 0 63 0.0052 47467 0 104 0.0063 34590 0 
23 0.0043 105390 0 64 0.0053 25893 0 105 0.0063 46645 0 
24 0.0043 113480 0 65 0.0053 25893 0 106 0.0064 30297 0 
25 0.0043 118180 0 66 0.0053 44325 0 107 0.0066 23674 0 
26 0.0043 202300 0 67 0.0053 49806 0 108 0.0066 27455 0 
27 0.0043 213020 0 68 0.0053 85471 0 109 0.0067 12922 0 
28 0.0043 213020 0 69 0.0054 39401 0 110 0.0067 12922 0 
29 0.0043 239854 0 70 0.0054 41944 0 111 0.0067 32570 0 
30 0.0044 74260 0 71 0.0054 54300 0 112 0.0068 18394 0 
31 0.0044 74660 0 72 0.0054 54300 0 113 0.0068 27780 0 
32 0.0044 87373 0 73 0.0054 55503 0 114 0.0068 33510 0 
33 0.0044 124350 0 74 0.0054 65511 0 115 0.0070 27766 0 
34 0.0044 181930 0 75 0.0054 71888 0 116 0.0071 11110 0 
35 0.0044 182410 0 76 0.0054 72895 0 117 0.0071 14536 0 
36 0.0045 68143 0 77 0.0055 27772 0 118 0.0071 14710 0 
37 0.0045 73200 0 78 0.0055 27772 0 119 0.0071 16436 0 
38 0.0045 100030 0 79 0.0055 52800 0 120 0.0071 17162 0 
39 0.0045 118364 0 80 0.0056 49298 0 121 0.0071 21749 0 
40 0.0045 119540 0 81 0.0056 49298 0 122 0.0071 23465 0 
41 0.0046 69766 0 82 0.0056 53668 0 123 0.0071 24221 0 

Table D.5: Inconel 718 fatigue data (continue on next page). 
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No. Strain life c No. Strain life c No. Strain life c 
124 0.0071 27843 0 165 0.0100 9271 0 206 0.0116 6984 0 
125 0.0072 12824 0 166 0.0101 9640 0 207 0.0116 7567 0 
126 0.0072 30292 0 167 0.0102 5300 0 208 0.0118 6988 0 
127 0.0073 13055 0 168 0.0102 5730 0 209 0.0128 3766 0 
128 0.0073 31308 0 169 0.0102 5754 0 210 0.0129 3470 0 
129 0.0074 14236 0 170 0.0102 6290 0 211 0.0129 3856 0 
130 0.0074 15349 0 171 0.010:: 6700 0 212 0.0129 4142 0 
131 0.0076 17062 0 172 0.0102 7060 0 213 0.0130 3838 0 
132 0.0079 32562 0 173 0.0102 7240 0 214 0.0132 4057 0 
133 0.0080 13068 0 174 0.0102 7784 0 215 0.0132 5133 0 
134 0.0083 16617 0 175 0.0102 8580 0 216 0.0132 5133 0 
135 0.0083 16617 0 176 0.0102 8740 0 217 0.0133 5039 0 
136 0.0084 14256 0 177 0.0102 10580 0 218 0.0133 5039 0 
137 0.0084 14256 0 178 0.0103 5620 0 219 0.0146 3788 0 
138 0.0087 7431 0 179 0.0103 6950 0 220 0.0146 4235 0 
139 0.0087 19488 0 180 0.0103 9630 0 221 0.0150 4631 0 
140 0.0088 8605 0 181 0.0103 9910 0 222 0.0151 3165 0 
141 0.0090 9613 0 182 0.0104 6800 0 223 0.0152 1800 0 
142 0.0091 8777 0 183 0.0105 11019 0 224 0.0152 4021 0 
143 0.0091 12411 0 184 0.0110 6268 0 225 0.0153 2290 0 
144 0.0091 12851 0 185 0.0110 6571 0 226 0.0153 4091 0 
145 0.0091 13099 0 186 0.0110 6571 0 227 0.0154 2420 0 
146 0.0091 13821 0 187 0.0110 7061 0 228 0.0154 3028 0 
147 0.0092 12950 0 188 0.0110 7061 0 229 0.0154 3264 0 
148 0.0094 10366 0 189 0.0111 4433 0 230 0.0154 3264 0 
149 0.0096 8705 0 190 0.0111 4433 0 231 0.0155 2500 0 
150 0.0097 9209 0 191 0.0111 4932 0 232 0.0164 2801 0 
151 0.0099 4718 0 192 0.0111 4932 0 233 0.0170 2410 0 
152 0.0100 4470 0 193 0.0111 4968 0 234 0.0171 2230 0 
153 0.0100 5133 0 194 0.0111 4968 0 235 0.0190 2209 0 
154 0.0100 5604 0 195 0.0112 7388 0 236 0.0192 1445 0 
155 0.0100 5708 0 196 0.0112 7388 0 237 0.0192 1899 0 
156 0.0100 5783 0 197 0.0113 5226 0 238 0.0196 1273 0 
157 0.0100 5790 0 198 0.0113 5226 0 239 0.0197 1249 0 
158 0.0100 6009 0 199 0.0113 8140 0 240 0.0200 1625 0 
159 0.0100 6733 0 200 0.0115 6171 0 241 0.0200 1780 0 
160 0.0100 6963 0 201 0.0115 6171 0 242 0.0201 1215 0 
161 0.0100 7533 0 202 0.0115 7103 0 243 0.0203 1201 0 
162 0.0100 7887 0 203 0.0115 8064 0 244 0.0204 1012 0 
163 0.0100 8203 0 204 0.0116 4404 0 245 0.0221 973 0 
164 0.0100 8536 0 205 0.0116 4404 0 246 0.0223 842 0 

Table D.5{contmued) Inconel 718 fatIgue data. 
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