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ABSTRACT 

This dissertation presents some contributions to the theory of stochastic con

vexity and stochastic majorization. In the first part of this dissertation, we 

develop an operator-analytic approach to study temporal stochastic convex

ity and concavity of Markov processes. We obtain sufficient and necessary 

conditions for the process {X(t), t E S} which imply that the expectation 

Ef(X(t)) is a monotone convex (concave) function of t whenever f is a mono

tone convex (concave) function. Our operator-analytic approach is quite pow

erful, but not as intuitive as sample path approaches used in other works. 

However, using it, we can obtain results that we could not obtain otherwise. 

In particular, we show that a result of Shaked and Shanthikumar is incorrect 

and we prove two alternative versions of it. 

In the second part of this dissertation, we discuss some applications of sto

chastic convexity. Using the F-monotonicity and F-convexity developed in 

the first part of this dissertation, we obtain relations among the several no

tions of stochastic convexity and stochastic majorization, and characterize 

the relationship between stochastic submodularity and stochastic rearrange

ment. These results generalize and extend several known results in the liter

ature. Applications of our results to stochastic allocation problems are also 

discussed. 
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1. INTRODUCTION 

This dissertation presents some contributions to the theory of stochastic 

convexity. Both some basic notions of stochastic convexity and some existing 

results in the stochastic convexity literature are outlined in this introductory 

chapter. It is not intended to give a comprehensive survey covering this grow

ing area, but rather to demonstrate the usefulness of stochastic convexity in 

reliability theory and queueing theory. In Section 1.1 we first review some 

basic definitions of stochastic monotonicity and stochastic convexity from 

recent literature, and discuss some of their properties. We then introduce 

a powerful (but less intuitive) notation to unify the most of these notions 

of stochastic monotonicity and stochastic convexity. The advantage of this 

unified notation will be further illustrated in the remaining chapters of this 

dissertation. In Section 1.2 we review some of the reliability and queue

ing literature where the results of stochastic convexity have been reported. 

The objective of this dissertation and plans for the remaining chapters are 

outlined in Section 1.3. This chapter concludes with some remarks about 

notations and terminology. 

1.1 Stochastic Monotonicity and Stochastic Convexity 

1.1.1 The Notions of Stochastic Monotonicity and Sto
chastic Convexity 

Stochastic monotonicity and stochastic convexity of a parametric fam

ily of random variables have received extensive study in the recent literature 

(see, e.g., Marshall and Olkin (1979), Stoyan (1983), Shaked and Shanthiku

mar (1994), and references therein). To illustrate the idea of stochastic 

----- ------
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monotonicity, we consider a parametric family of univariate distributions 

{Po,O E 0}, where 0 ~ n. Let X(O) denote a real random variable with 

distribution Po. A parametric family {X(O),O E 9} is said to be stochasti

cally increasing [decreasing] if 

Ef(X(O)) = J fdPo, (1.1.1) 

is nondecreasing [nonincreasing] in 0 for all nondecreasing functions f for 

which the expectation (1.1.1) exists. We denote this as {X(O),O E 0} E SI 

[SD]. The stochastic increasingness of {X(O),O E 0} is best illustrated by 

the following equivalent conditions for the notion of SI. 

Theorem 1.1.1 (Kamae, Krengel and O'Brien (1977)) Let {X(O),O E 0} 

be a parametric family of real random variables defined as above. Then 

{X(O),O E 0} E SI if and only if one can construct a collection of random 

variables {Xo,O E 0} on a common probability space such that Xo =3t X(O) 

for each 0 (here and in the sequel, ' =3t' denotes equality in distribution), 

and 
.. , 

Xo :5 XOI, whenever 0 :5 O. 

This theorem is the technical base for the so called sample path approach that 

has been used extensively in the literature for identifying the occurrences of 

monotonicity properties of families of random variables, and for applying 

stochastic monotonicity property in various situations (see Stoyan (1983), 

Shaked and Shanthikumar (1994) for more details). 

Shaked and Shanthikumar introduced several basic notions of stochastic 

convexity and concavity of a family of random variables in a series of papers 

(Shaked and Shanthikumar 1988a, 1988b, 1990b, and 1990c) to study second 

order monotonicity properties of {X(O),O E 0} in a certain stochastic sense. 
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In the following definitions the abbreviations SCX, SCV, SICX, SICV, SIL 

etc., stand, respectively, for stochastically convex, stochastically concave, 

stochastically increasing and convex, stochastically increasing and concave, 

stochastically increasing and linear, etc. 

Definition 1.1.2 Let {X(O), ° E 0} be a parametric family of real random 

variables. We denote 

(i) {X(O),O E 0} E SCX [SCY] if E4>(X(O)) is convex [concave] in 0 for 

all convex [concave] functions ¢; 

(ii) {X(O),O E 0} E SlCX [SlCy] if {X(O),O E 0} E Sl and E¢(X(O)) 

is convex [concave] in 0 for all increasing convex [concave] functions 4>; 

(iii) {X(O), ° E 0} E SDCX [SDCy] if {X(O), ° E 0} E SD and E¢(X(O)) 

is convex [concave] in 0 for all increasing convex [concave] functions ¢; 

(iv) {X(O),O E 0} E SlL [SDL] if {X(O),O E 0} E SlCxnS1CV [SDCX 

n SDCY]. 

As in the case of stochastic monotonicity, stochastic convexity and con

cavity occur naturally in many applications. We refer to Shaked and Shan

thikumar (1988a, 1988b, 1990b, and 1990c) for a variety of examples and ap

plications. Unlike stochastic monotonicity, however, establishing stochastic 

convexity and concavity properties is quite difficult in some situations. To 

overcome this difficulty Shaked and Shanthikumar (1988a, 1988b, 1990c) 

introduced a notion of stochastic convexity in the sample path sense, and de

vised sample path criteria sufficient to the stochastic convexity and concavity 

properties of {X(O),O E 0}. Their idea is to 'put' some (more explicitly 

four) of the random variables {X(O), ° E 0} on a common probability space 
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and then obtain 'almost sure' results which carry back to the whole process 

{X(O),O E 9}. In general, the technique of constructing new random vari

ables, having a certain relationship with probability 1 but the same marginal 

distributions as the original random variables, is often very powerful. Ex

plicitly, Shaked and Shanthikumar introduced the following 

Definition 1.1.3 Consider a family {X(O), 0 E 9} of real random variables. 

Let Oi E 9, i = 1, 2, 3, 4, be any four values such that 01 ~ O2 ~ 03 ~ 04 

and 01 + 04 = O2 + 03 • 

If there exist four random variables Xi, i = 1, 2, 3, 4, defined on a 

common probability space, such that Xi =6t X(Oi), i = 1, 2, 3, 4, and 

(i) max{X2 , X3} ~ X4 a.s. and X2 + X3 ~ Xl + X4 a.s., then {X(O),O E 

9} is said to be stochastic increasing and convex in the sample path 

sense (denoted as {X(O),O E 9} E SICX(sp))j 

(ii) Xl ~ min{X2' X3} a.s. and X2 + X3 ~ Xl + X4 a.s., then {X(O),O E 

9} is said to be stochastic increasing and concave in the sample path 

sense (denoted as {X(O),O E 9} E SICV(sp))j 

(iii) Xl ~ max{X2 , X3} a.s. and X2 + X3 ~ Xl + X4 a.s., then {X(O),O E 

9} is said to be stochastic decreasing and convex in the sample path 

sense (denoted as {X(O),O E 9} E SDCX(sp))j 

(iv) X4 ~ min{X2 ,X3} a.s. and X2 + X3 ~ Xl + X4 a.s., then {X(O),O E 

9} is said to be stochastic decreasing and concave in the sample path 

sense (denoted as {X(O),O E 9} E SDCV(sp)); 

(v) max{X2 ,X3} ~ X4 a.s. and X2 + X3 = Xl + X4 a.s., then {X(O),O E 

9} is said to be stochastic increasing and linear in the sample path 

sense (denoted as {X(O),O E 9} E SI L(sp)); 
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(vi) Xl ~ max{X2 , X3 } a.s. and X2 + X3 = Xl + X4 a.s., then {X(O),O E 

0} is said to be stochastic decreasing and linear in the sample path 

sense (denoted as {X(O),O E 0} E SDL(sp)). 

Stochastic convexity and concavity properties, in the sample path sense, are 

easy to verify in many applications (see, Shaked and Shanthikumar 1988a, 

1988b, 1990c), and these conditions imply the regular notions of stochastic 

convexity and concavity as the following result shows. 

Theorem 1.1.4 (Shaked and Shanthikumar (1988a)) 

SICX(sp) => SICX, 

SICV(sp) => SICV, 

SDCX(sp) => SDCX, 

SDCV(sp) => SDCV. 

However, unlike Theorem 1.1.1, the converses in Theorem 1.1.4 need not 

to be true. Counterexamples can be found in Shaked and Shanthikumar 

(1990c). 

It is worth mentioning that there are several other notions of stochastic 

convexity that have been introduced and studied in the recent literature. We 

refer to Shaked and Shanthikumar (1994) for more details. 

1.1.2 Closure Properties 

A basic idea of the approach for establishing the stochastic convexity 

and concavity of the output random variables of a stochastic system with 

respect to the parameter, say 0, is to first identify similar properties of the 

input random variables with respect to O. Then one can extend this prop

erty to the output random variables by establishing closure properties of 
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stochastic convexity and concavity under various stochastic operations such 

as convolutions, compositions and mixtures. In this subsection, we list some 

closure properties of stochastic convexity and concavity. The proofs are given 

in Shaked and Shanthikumar (1988a, 1990c). 

Theorem 1.1.5 1. Suppose that {X(O),O E 9} and {Y(O),O E 0} are 

two families of random variables such that, for each 0, X(O) and Y(O) 

are independent. If {X(O), 0 E 0} E SICX [SICV] and {Y(O),O E 

0} E SIC X [SICV] then {X(O) + Y(O), 0 E 0} E SICX [SICV]. 

2. Suppose that {X(O),O E 0} is a family of X-valued random variables 

where X ~ n is a convex subset, and {Y(x),x E X} is another fam

ily of random variables. If {X(O),O E 0} E SICX [SICV] and 

{Y(x),x E X} E SICX [SICV] then {Y(X(O)),O E 0} E SICX 

[SICV]. 

Theorem 1.1.6 1. Suppose that {X(O),O E 0} and {Y(O),O E 0} are 

two families of random variables such that, for each 0, X(O) and Y(O) 

are independent. If {X(O),O E 0} E SICX(sp) [SICV(sp)] and 

{Y(O),O E 0} E SICX(sp) [SICV(sp)] then {X(O) + Y(O), 0 E 0} E 

SICX(sp) [SICV(sp)]. 

2. Suppose that {X( 0),0 E 0} is a family of X -valued random variables 

where X ~ n is a convex subset, and {Y(x),x E X} is another family 

of random variables. If {X(O), 0 E 0} E SICX(sp) [SICV(sp)] and 

{Y(x), x E X} E SICX(sp) [SICV(sp)] then {Y(X(O)),O E 0} E 

SICX(sp) [SICV(sp)]. 

~ .,~" 

13 



1.1.3 Mapping Generated by a Parametric Family of 
Random Vectors 

We now introduce a notation that unifies many of the notions of sto

chastic monotonicity and stochastic convexity. Let Fl and F2 be families of 

real functions on nn and nm respectively. We denote by (Fl' F 2 ) all the map

pings from Fl to F2. For a set of nn-valued random vectors, parametrized 

by vectors in X ~ nm , we can define a mapping from Fl to F2 • 

Definition 1.1.7 Let {X(x),x E X} be a family ofnn-valued random vec

tors. We denote {X(x), x E X} E (F}, F 2 ) if, for any function h E J=i, 

g(x) = Eh(X(x)) E F 2 • 

Using this notation, stochastic monotonicity or stochastic convexity can be 

thought of as a mapping from a certain set of functions to another set of 

functions. This is the point of view we will take in this dissertation. To 

illustrate our idea, let Finc, Fdec, Ficx, and Ficv denote, respectively, the 

classes of increasing, decreasing, increasing and convex, and increasing and 

concave functions. We have 

Example 1.1.8 Let {X(O),O E 0} be a parametric family of real random 

variables. Then 

1. {X(O),O E 0} E Sl is equivalent to {X(O),O E 0} E (Finc, Finc); 

2. {X(O),O E 0} E SICX is equivalent to {X(O),O E 0} E (Finc, Finc) 

n (Ficx, Ficx); 

3. {X(O),O E 0} E SICV is equivalent to {X(O),O E 0} E (Finc, Finc) 

14 



Example 1.1.9 Shaked and Shanthikumar (1990b) introduced the notion 

of stochastic convexity and concavity in the sense of the usual stochastic 

ordering (SICX(st), and SICV(st». Using the notation in Definition 1.1.7, 

their definition can be rephrased as follows. 

1. {X(O),O E 9} E SICX(st) is equivalent to {X(O),O E 9} E (Fine, 

Ficx)j 

2. {X(O),O E 0} E SICV(st) is equivalent to {X(O),O E 0} E (Fine, 

nev). 

As a matter of fact, we can introduce the notions of F-monotonicity 

and F-convexity that generalizes the notions of SI, SICX, SICX(st) etc. The 

usefulness of F-monotonicity and F-convexity will be demonstrated in the 

remaining three chapters. 

Definition 1.1.10 Let {X(x), x E X} be a family of nn-valued random 

vectors, where X ~ n m, and F be a family of functions defined on nn. We 

say that 

(i) {X(x), x E X} is F-increasing [decreasing] if {X(x), x E X} E (F, 

Fine) [(F, Fdee)]; 

(ii) {X(x), x E X} is F-increasing and convex [increasing and concave] if 

{X(x),x E X} E (F, ncx) [(F, Fiev)]. 

We end this section by listing some results which follow immediately 

from Definition 1.1.7. 

Proposition 1.1.11 Let {X(x),x E X} be a family ofnn-valued random 

vectors parametrized by vectors in X ~ nm and let {Y(y), y E Y} be a family 

of n'-valued random vectors parametrized by vectors in Y ~ nn. Then 
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1. If {X(x),x E X} E (.ri,.1'2) and {X(x),x E X} E (.1'3,.1'4) then 

{X(x),x E X} E (.1'1 n.1'3,.1'2 n.1'4)' 

2. If {X(x),x E X} E (.1't,.1'2) and .1'3 ~ .1'11 .1'2 ~ .1'4, then {X(x),x E 

X} E (.1'3,.1'4)' 

3. If {X(x), x E X} E (.1'2, .1'3), and {Y(y), y E Y} E (.1'1, .1'2), then 

{Y(X(x)), x E X} E (.1'1!.1'3), where Y(X(x)) stands for any random 

vector Z, such that the distribution of Z, given that X(x) = y, is equal 

to that ofY(y). 

Notice that Theorem 1.1.5 (2) is a corollary of Proposition 1.1.11 (3). 

1.2 Convexity Results in Reliability Theory and Queue
ing Theory: A Review 

Stochastic convexity ideas originally emerged from queueing theory. For 

example, convexity and concavity properties of the various mean performance 

measures for a variety of queueing systems (MIMic, GI/G/1, G/GI/m, etc.) 

were given in Grassmann (1983), Harel and Zipkin (1987), Lee and Cohen 

(1983), Rolfe (1971), Tu and Kumin (1983), and Weber (1980, 1983). Those 

convexity and concavity properties are very useful in devising efficient algo

rithms for optimal designs of stochastic systems, and they are also useful for 

the numerical approximation of various probabilistic quantities. 

Basic notions of stochastic convexity and concavity were first introduced 

in Shaked and Shanthikumar (1988a, 1988b, 1990b, 1990c). They also ob

tained some closure properties, and developed sample path approaches to 

study these notions. Extensions of these notions to random vectors can be 

found in Chang, Chao, Pinedo, and Shanthikumar (1991), and to arbitrary 
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random variables can be found in Meester (1990) and Meester and Shan

thikumar (1990b). 

Applications of stochastic convexity in queueing theory and reliabil

ity theory are found in Shaked and Shanthikumar (1988a, 1990b, 1990c), 

Makowski and Philips (1992), Meester and Shanthikumar (1990a, 1990b), 

Shanthikumar and Yao (1991a, 1992). 

The relationships between stochastic convexity and stochastic majoriza

tion, and the relationships between stochastic submodularity and stochastic 

rearrangement were studied in Liyanage and Shanthikumar (1992), Chang 

(1992), and Chang and Yao (1993), using sample path approaches. Using a 

different approach, Li (1994) obtained relationships between stochastic sub

modularity and stochastic arrangement inequalities for systems with hazard

rate ordered components. A wide variety of applications to queueing systems, 

stochastic scheduling, and optimal resource allocation can be also found in 

these papers. 

An application of temporal stochastic convexity to a problem in com

putational probability can be found in Shaked and Shanthikumar (1988b). 

It is also worth mentioning that stochastic convex transition kernels 

of processes play an important role in several recent papers. For example, 

using convex transition kernels, Glasserman (1992) has discussed processes 

with associated increments and their application to simulations, and Li and 

Shaked (1994) have established various aging properties for certain first pas

sage times of Markov processes. 
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1.3 Summary 

This dissertation presents some contributions to the theory of stochastic 

convexity and stochastic majorization. In Chapter 2, we develop an operator

analytic approach to study the temporal stochastic convexity and concavity 

of Markov processes. We first obtain some general results concerning sto

chastic convexity and concavity of Markov processes by using the notion 

of .r-monotone operators. We then introduce a method for identifying :F

monotone operators, and we also discuss the relationship between our results 

concerning temporal convexity and other results in the literature. In partic

ular, we center our attention on a notion of stochastic concavity. In this 

respect we show that a result of Shaked and Shanthikumar is incorrect and 

we prove two alternative versions. 

The operator-analytic approach is quite powerful, but not as intuitive 

as sample path approaches used in other works. However, using it, we can 

obtain results that we could not obtain otherwise. 

In Chapter 3, we study the relations among several notions of stochastic 

convexity and stochastic majorization, and obtain sufficient (and sometimes 

necessary) conditions which imply some of these notions of stochastic ma

jorization. Extensions and generalizations of several results in the literature 

are obtained. Some examples and applications regarding stochastic compar

isons of order statistics are also presented in order to illustrate the results in 

this chapter. As we will see, the notions of :F-monotonicity and :F-convexity 

developed in the first chapter play a central role for some results in this 

chapter. 
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Finally, in Chapter 4, we study the relationship between stochastic re

arrangement and F-submodularity (F-supermodularity), and obtain condi

tions sufficient to imply a general class of stochastic arrangement inequalities. 

This class includes many known and useful arrangement inequalities in the 

literature. Some illustrative applications in stochastic optimal allocations are 

also given. 

1.4 Some Notations and Terminology 

Throughout the dissertation we tacitly assume that whenever we talk 

about an expectation, this expectation exists. For an nm-valued random 

variable X and a real-valued Borel measurable function f on nm , whenever 

we write Ef(X) we assume that f is such that Ef(X) is well defined. In this 

dissertation, the terms "increasing", "decreasing", "convex" and "concave" 

are not used in the strict sense. All real functions and subsets mentioned in 

the dissertation are assumed Borel measurable. For any x, y E nn let x :5 y 

denote the usual coordinatewise ordering. 

Let £ be a subset of nn or of Nn where N = { ... , -1,0,1, ... }. The 

following subclasses of functions are frequently used in this dissertation (usu

ally it will be possible to determine the dimensions of spaces in which these 

functions appear): 

Fine - the class of all increasing functions f : £ ~ nm, 

Fdee - the class of all decreasing functions f : £ ~ nm, 
Fex - the class of all convex functions f : £ ~ nm 

Fev - the class of all concave functions f : £ ~ nm 
Fie;r; = the class of all increasing and convex functions f : £ ~ nm 

Fiev = the class of all increasing and concave functions f : £ ~ nm 
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:Fdcz = the class of all decreasing and convex functions f : £ _ 'Rm 

:Fdcv = the class of all decreasing and concave functions f : £ _ 'Rm , 

where, in the last six cases, we assume that £ is a product of n intervals of 

N or of'R. 

We will often use the notions of stochastic orderings. Let P( £) be the 

family of all multivariate probability distribution functions on £ and let Q(£) 

be the collection of all Borel-measurable functions from £ to 'Rm. We can use 

a subclass :F S; Q(£) to generate a partial preorder "5:F on P(£) as follows 

(see Whitt (1986) for a technical discussion): 

Definition 1.4.1 Let X and Y be £-valued random variables with distribu

tion functions F and G respectively. We say that X "5:F Y (or F "5:F G) 

if 

J ¢dF "5: J ¢dG for all ¢ E :F. 

We call the orderings, generated by :Fine, :Fcx , :Fev' :Ficx, :Ficv, :Fdcx and :Fdcv, 

respectively, the stochastic, convex, concave, increasing convex, increasing 

concave, decreasing convex and decreasing concave orderings. We denote 

these orderings, respectively, as "5:"t, "5:CX! "5:ev, "5: icx , "5:icv, "5:dcx and "5:dev. 

Many interesting properties of these orderings, and their various appli

cations can be found in Stoyan (1983), Marshall and Olkin (1979), Shaked 

and Shanthikumar (1994), and many others. Some interesting discussions 

on these orderings and their applications to characterization problems of life 

distributions can be also found in Li and Zhu (1994). 

~~-- ~~- --~--------~---~--~--- -- --~----
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2. STOCHASTIC CONVEXITY OF 
MARKOV PROCESSES 

2.1 Introduction 

In this chapter we consider the temporal stochastic convexity and con

cavity properties of Markov processes {X(t), t E S} in discrete time (where 

S = N+ = {O, 1,2, ... }) or in continuous time (where S = [0,00)). We will 

study conditions on the process {X(t), t E S} which imply that the expec

tation Ef(X(t)) is a monotone convex (concave) function of t whenever f 

is a monotone convex (concave) function. The theory is illustrated through 

examples. 

As discussed in Chapter 1, there are various ways to define stochastic 

convexity (or concavity) for stochastic processes. The purpose of this chap

ter is to study the temporal stochastic convexity and concavity of Markov 

processes by using an operator-analytic approach. This approach has been 

extensively used by a number of authors in the study of stochastic com

parisons and stochastic monotonicity of stochastic processes (see, e. g., van 

Doorn (1980) and Massey (1987) for details). Using this approach we are 

able to establish necessary and sufficient conditions for temporal stochastic 

convexity and concavity of ,r-monotone multivariate Markov processes. The 

operator-analytic approa~h is less probabilistic intuitive than the sample path 

approach developed by Shaked and Shanthikumar. 

In Section 2.2 we define ,r-monotonicity and then obtain general results 

concerning stochastic convexity and concavity of Markov processes by using 

the notion of ,r-monotone operators. In Section 2.3 we introduce a method 

for identifying ,r-monotone operators, and we also discuss the relationship 
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between our results concerning temporal convexity and those in Shaked and 

Shanthikumar (1988b). In Section 2.4 we center our attention on a notion of 

stochastic concavity. We show there that a result of Shaked and Shanthiku

mar (1988b) is incorrect and we then prove two alternative versions. Finally 

some examples are given in Section 2.5. 

Throughout the chapter we consider stochastic processes {X(t), t E S} 

(where S =.N+ or S = [0, (0» with state space £ ~ nm or ~ .Nm (where 

.N= { ... ,-1,0,1, ... }). 

2.2 F-Monotonicity and Stochastic Convexity and Con
cavity of Markov Processes 

In this section we study the notion of (stochastically) F-monotone op

erators (in the framework of Massey (1987) and Whitt (1986)). Using this 

notion we establish general results of stochastic convexity and concavity for 

Markov processes. 

Throughout this section the stochastic processes are Markovian with a 

countable state space & = {Sl,S2,"'} ~ .Nm . Any function r/J in gee) is 

identified with the (possibly infinite) vector cp = (r/J(st), r/J(S2), .. . ). In this 

section F ~ gee) is a family that contains the function e where e(x) = 1 for 

all x E £. 

Let f1(&) denote the Banach space of all absolutely summable real

valued (discrete) functions on &. Any linear operator from f1(£) to f1(£) can 

be represented by a (possibly infinite) matrix A with the index set £. For 

a discrete real function f, by somewhat abusing notations, fA denotes the 

ordinary product of a row vector and a matrix (where f is a row vector) , 

while Af denotes the usual product of a matrix and a column vector (where 
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f is a column vector). For f E £1 (£) define 

Ifli = E If(si)l, 
8iee 

which is called the £I-norm of f. Let A be a linear operator from £1(£) to 

£1(£)' It is customary to denote the image of f under A by fA. Define 

IAh = sup Ifl!h, 
Ifl1>o LII 

which is the ii-norm of A. If the ii-norm of A is finite then A is said to be 

bounded. The identity matrix will be denoted by I. 

Let P(£) be the set of all probability measures on £. Thus P(£) is the 

convex cone of positive functions in il(£) with ii-norm equal to unity. A 

typical member in P(£) is denoted by p = (p(St},P(S2),"') where p(s) is 

the probability mass of p at s. Therefore, for p, q E P(£), we have p '5::F q 

if, and only if, p . cp '5: q. cp for all cp E :F, where "." denotes the usual inner 

product of (possibly infinite) vectors. 

The present notational setting is close to the one in Massey (1987). An 

important departure from Massey (1987) is that the order relation on p(Nm) 

need not be determined by a subclass of increasing subsets of Nm. Therefore 

we can discuss convex and other interesting orderings. As in Massey (1987) 

we extend the ordering $.1' to functions in il(£)' 

Definition 2.2.1 (i) Forfandg in 11(£) wesayf$:Fg iff,cp'5:g.cp 

for all cp E :F. 

(ii) For two bounded operators A and B on il(£) we say A $:F B iff A $:F 

ffi for all f E il (£), i. e., 

(fA). cp $ (ffi) . cp for all f E 11(£) and all cp E :F. 
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Obviously the relations in Definition 2.2.1 are partial preorders. We can 

to introduce the notion of stochastically .r-monotone operators. 

Definition 2.2.2 Let A be a bounded linear operator on £}(£). Then A is 

said to be (stochastically) .r-monotone if for any probability vectors p and q 

in £1(£}, we have that 

P ~:F q ==} pA ~:F qA. 

Roughly speaking, an .r-monotone operator preserves stochastic .r

orderings of probability distributions. Furthermore, an .r-monotone oper

ator preserves stochastic .r-orderings of pairs of functions in £1(£}, and of 

pairs of bounded operators, as the next result shows: 

Proposition 2.2.3 Let A be an .r-monotone operator on £1(£}. Then 

(i) For all f, g E £1(£) such that f· e = g. e, f~:F g implies fA ~:F gAo 

(ii) For all bounded operators B, C such that B . e = C· e, B ~:F C implies 

BA~:F CA. 

Proof. The argument is similar to that of the proof of Lemma 3.3 in Massey 

(1987) .• 

Using the notion of .r-monotone operators we now define .r-monotone 

Markov processes, still following the framework of Massey (1987) and Whitt 

(1986). 

Definition 2.2.4 L~t {X(t}, t E S} be a temporally homogeneous Markov 

process with a state space £ ~ Nm and a semigroup of ( bounded) transition 

operators P(t}, where 

P{t) = (PjAt)), for t E S, and 

Pjj(t) = P{X(s + t) = SjIX(s) = sil, for all Sj,Sj E £. 
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Then {X(t), t E S} is said to be F-monotone if P(t) is an F-monotone 

operator for any t E S. 

Let {X(n),n E N+} be a discrete-time Markov chain with a state space 

c and a transition matrix A = (aij) where 

ajj = P{X(n + 1) = sjIX(n) = sil, for all 8j,8j E c. 

Let Pn be the ft{c)-vector representing the marginal probability distribution 

of X(n). We then have 

Pn = poAn for all n ~ 0, 

where Po is the initial distribution. By Definitions 2.2.2 and 2.2.4 it is easy to 

see that {X(n), n E N+} is F-monotone if, and only if, A is an F-monotone 

operator. 

In the next theorem we present necessary and sufficient conditions for 

the stochastic convexity and concavity of discrete time Markov processes. 

Theorem 2.2.5 Let {X(n), n E N+} be an F-monotone Markov chain with 

transition matrix A and initial distribution p. Then 

(i) {X(n),n EN+} E (F, Fine) [(F, Fdee)] if, and only if, p(A-I) ~FO 

[:5F 0]. 

(ii) {X(n), n E N+} E (F, Fcz) [(F, Fev)] if, and only if, p(A - 1)2 ~F 0 

[:5F 0]. 

Proof. Only the proofs for the (F, Fine) and (F, F=) cases are given. The 

proofs of two other statements are similar. 

First note that for all ¢ E F we have 

E¢(X(n» = L ¢(s)Pn(s) = Pn . ¢. (2.2.1) 
!Jet: 
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Thus the monotonicity of E¢(X(n)) with respect to n is equivalent to Pn·l/J :5 

Pn+! . 4>, which means that 

pAn .l/J :5 pAn+! .l/J. 

Therefore pAn(A - 1)~.1' 0 is equivalent to {X(n),n E N+} E (F, Finc). 

Suppose now that p(A - I) ~.1' o. Since A is F-monotone, by Proposi

tion 2.2.3, we have pA n(A_I) = p(A-I)A n ~.1' 0 and therefore {X(n), n E 

N+} E (F, Finc). Conversely, if {X(n), n E N+} E (F, Finc) then pA n(A_ 

I) ~.1' 0 for all n, and, in particular, p(A - I) ~.1' O. 

Next note that the convexity of E¢(X(n)) with respect to n is equivalent 

to E¢(X(n + 1)) - E¢(X(n)) :5 E¢(X(n + 2)) - E¢(X(n + 1)), n = 0,1, ... , 

which means, using (2.2.1), that 

Pn+l .l/J - Pn .l/J :5 Pn+2 . l/J - Pn+l . l/J, 

that is, pAn (A - I) . l/J :5 pAn+! (A - I) . l/J. It follows that E ¢( X (n)) is 

convex in n if, and only if, 

(2.2.2) 

Therefore, if E¢(X(n)) is convex in n, by taking n = 0 in (2.2.2), we have 

p(A - 1)2 ~.1' O. 

Conversely, suppose that p(A - 1)2 ~.1' o. Since A is F-monotone, 

then, by Proposition 2.2.3, we have pA n(A - 1)2 = p(A - 1)2 A n ~.1' O. It is 

easily seen that the last inequality implies (2.2.2) and therefore E¢(X(n)) is 

convex in n .• 

The above results are not surprising. We know that an F-monotone 

operator will preserve F-ordering relations. Thus, if an F-monotone Markov 
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chain has a certain convexity or concavity property at early time points, then 

the chain will also have that property at any future time. 

For the classes SICX, SICV, SDCX and SDCV (in the sense of Shaked 

and Shanthikumar) we have 

Corollary 2.2.6 Let {X(n), n E N+} be a Markov chain with transition 

matrix A and initial distribution p. 

(i) If A is :Finc- and :Fi=-monotone, then {X(n), n E N+} E SICX if, and 

only if, p(A - I) ~Finc 0 and p(A - 1)2 ~Ficz O. 

(ii) If A is :Finc- and :Ficv-monotone, then {X(n), n E N+} E SICV if, and 

only if, p(A - I) ~Finc 0 and p(A - 1)2 ~Ficv O. 

(iii) If A is :Finc- and :Fic:c-monotone, then {X(n),n E N+} E SDCX if, 

and only if, p(A - I) ~Finc 0 and p(A - 1)2 ~FiCZ O. 

(iv) If A is :Finc- and :Ficv-monotone, then {X(n),n E N+} E SDCV if, 

and only if, p(A - I) ~Finc 0 and p(A - 1)2 ~Ficv O. 

Conditions which imply :Finc-monotonicity can be found, e. g., in Keilson 

and Kester (1977). Conditions which imply :Fi=-, :Ficv-, :Fd=- and :Fdcv

monotonicity are given in Sections 2.3, 2.4 and 2.5. 

We now derive continuous time analogues of the above results. Let 

{X(t), t E [O,oo)} be a continuous time conservative Markov process with 

state space £ and transition function P(t), t ~ O. If {X(t), t E [O,oo)} is also 

a uniformizable pure jump process then 

~ (P(t)) = P(t)A, 
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where A, the infinitesimal generator of the process, is a bounded operator. 

Let). > IAII and P,\(A) = 1+ 1-. Then P(t) is equal to the following 

operator: 
00 -,\t().t)n 

exp(tA) = ~ e , P~(A). 
n=O n. 

The proof of the first part of the next result is similar to the proof of Theorem 

3.7 in Massey (1987) except that the class F used here is not necessarily a 

set of indicator functions of increasing subsets in nm. 

Theorem 2.2.7 Let {X(t),t E [O,oo)} be an F-monotone continuous time 

conservative Markov process with bounded generator A and initial distribu

tion p. Then 

(i) {X(t), t E [O,oo)} E (F, Fine) [(F, Fdee)] if, and only if, pA ~.r 0 

[:5.r 0]. 

(ii) {X(t), t E [O,oo)} E (F, Fez:) [(F, Feu)] if, and only if, pA2 ~.r 0 

[:5.r 0]. 

Proof. Only the proofs of the (F, .r;ne) and (F, Fez) cases are given. The 

proofs of two other statements are similar. 

Let p(t) be the marginal distribution of X(t) and let 4> E F. Since 

p(t). 4> = pexp(tA). 4> it follows that {X(t), t E [O,oo)} E (F, Fine) if, and 

only if, pexp(tA) .4> is increasing in t for all functions 4> E F. From 

d 
dt(pexp(tA). 4» = pexp(tA)A. 4> (2.2.3) 

It follows that {X(t), t E [O,oo)} E (F, .r;ne) if, and only if, pA exp(tA) ~.r 

O. 

Suppose that pA ~.r O. Since exp(tA) is F-monotone for all t ~ 0, 

it follows from Proposition 2.2.3 that pAexp(tA) ~.r O. The preceding 
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observation implies that {X(t),t E [O,oo)} E (F, :Fine). Conversely, if 

{X(t),t E [O,oo)} E (F, :Fine) then pAexp(tA) ~F ° for all t ~ 0. Hence 

we have pA ~F ° by setting t = O. The proof of the (F, Fine) case is now 

complete. 

The proof of the (F, Fcx) case is similar to that of the (F, Fine) case 

except that we replace (2.2.3) by 

J:2 
dt

2
(pexp(tA). cp) = pA2exp(tA). cpo • 

The continuous time analogue of Corollary 2.2.6 is the following. 

Corollary 2.2.8 Let {X(t), t E [O,oo)} be a Markov chain with bounded 

infinitesimal generator A and initial distribution p. 

(i) If {X(t),t E [O,oo)} is Fine- and Ficx-monotone, then {X(t),t E 

[O,oo)} E SICX if, and only if, pA ~Finc ° and pA 2 ~Ficz 0. 

(ii) If{X(t),t E [O,OO)} is:Fine- and:Fiev-monotone, then {X(t),t E [O,oo)} 

E SICV if, and only if, pA ~Fine 0 and pA 2 
$Fiev O. 

(iii) If {X(t),t E [O,oo)} is Fine- and Ficx-monotone, then {X(t),t E 

[O,oo)} E SDCX if, and only if, pA $Fine 0 and pA 2 ~Ficz 0. 

(iv) If{X(t),t E [O,OO)} is:Fine- and:Ficv-monotone, then {X(t),t E [O,oo)} 

E SDCV if, and only if, pA $Finc 0 and pA 2 
$Fiev 0. 

If p,\(A) is an :Fine- and :Ficx-monotone [:Fiev-monotone] operator then 

we can also prove Corollary 2.2.8 by using uniformization. For example, 

suppose in that case that pA ~Fine 0 [or pA $Fine 0] and that pA 2 ~Fic:o 0 

[or pA2 $Fiev 0]. Let {Yen), n E N+} be a Markov chain with the transition 
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matrix P,,(A) and let {N(t), t E [0, eo)} be a Poisson process with rate A. 

Then 

{X(t),t E [O,oo)} ="t {Y(N(t)),t E [0, eo)}. 

Since pA 2::.1'inc 0 [or pA =5.1'inc 0] and pA 2 
2::.1'i= 0 [or pA 2 

=5.1'ictJ 0] it follows 

that p(P,,(A) - I) 2::.1'inc 0 [or p(P,,(A) - 1) =5.1'inc OJ and that p(P,,(A) -

1)2 2::.1'icz 0 [or p(P,,(A) - 1)2 =5.1'icu OJ. Therefore {Y(n), n E N+} E SICX 

[SICV, SDCX, SDCV], by Corollary 2.2.6. Also it is known that the process 

{N(t),t E [O,eo)} E SICX and SICV (Shaked and Shanthikumar 1988a), so, 

by Theorem 1.1.5 (or Proposition 1.1.11), it follows that {X(t), t E [0, oo)} E 

SICX [SICV or SDCX or SDCV]. 

2.3 Stochastically Convex and Concave Operators 

In order to make it easier to use the results of Section 2.2 it is important 

to have simple criteria for identifying :Finc-, :Ficx- and :Fiev-monotone opera

tors. For the identification of :Fine-monotone Markov processes, some useful 

results are found in Keilson and Kester (1977). In this section we intro

duce simple criteria for the identification of :Ficx- and :Fiev-monotone Markov 

processes. All the stochastic processes in the beginning of this section are 

Markovian with the state space £ being N. Later in this section we also 

consider the cases in which £ is {a,a+ 1,a+2, ... } or { ... ,b-2,b-1,b} or 

{a, a + 1, a + 2, ... , b - 2, b - 1, b} for some finite a and b such that a + 2 =5 b 

when applicable. 
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To motivate our ideas, we first recall Keilson and Kester's approach. 

Define the (infinite) matrix 

1 0 0 0 0 
1 1 0 0 0 

Tine = 1 1 [] 0 0 
1 1 1 1 0 
1 1 1 1 1 

where the framed entry in this matrix, and in the matrices below, is the 

(O,O)-th entry of the matrix. Every column vector of Tine is an increasing 

function on £. It is easy to see that 

1 0 0 0 0 
-1 1 0 0 0 

T-1 
inc = 0 -1 [] 0 0 

0 0 -1 1 0 
0 0 0 -1 1 

Let A be a stochastic matrix. If T~~ATine ;::: 0 then Keilson and Kester 

called A a monotone stochastic operator (matrix). They also obtained equiv

alent conditions, for the stochastic monotonicity of an operator, from which 

we know that monotone stochastic operators are the same as Fine-monotone 

operators. 

Similarly we introduce stochastic increasing [decreasing] convex [con

cave] operators. These operators enjoy some nice properties which are similar 

to those of monotone stochastic operators. We begin with some notations. 
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For the increasing convex case let 

1 0 0 0 0 
2 1 0 0 0 

Ticx= 3 2 [] 0 0 
4 3 2 1 0 
5 4 3 2 1 

whose inverse is 

1 0 0 0 0 
-2 1 0 0 0 

T-1 
icx = 1 -2 IT] 0 0 

0 1 -2 1 0 
0 0 1 -2 1 

Similarly, for the increasing concave case let 

-1 -2 -3 -4 -5 
0 -1 -2 -3 -4 

Ticv = 0 0 81 -2 -3 
0 0 0 -1 -2 
0 0 0 0 -1 

Then 

-1 2 -1 0 0 
0 -1 2 -1 0 

T-1 
icv = 0 0 81 2 -1 

0 0 0 -1 2 
0 0 0 0 -1 



For the decreasing convex case let, 

1 2 3 4 5 
0 1 2 3 4 

Tdc:r:= 0 0 [] 2 3 
0 0 0 1 2 
0 0 0 0 1 

Then 

1 -2 1 0 0 
0 1 -2 1 0 

T-1 
de:%: = 0 0 [] -2 1 

0 0 0 1 -2 
0 0 0 0 1 

For the decreasing concave case let, 

-1 0 0 0 0 
-2 -1 0 0 0 

Tdev = -3 -2 8J 0 0 
-4 -3 -2 -1 0 
-5 -4 -3 -2 -1 

Then 

-1 0 0 0 0 
2 -1 0 0 0 

T-1 
dev = -1 2 8J 0 0 

0 -1 2 -1 0 
0 0 -1 2 -1 

Note that every column vector of Tic:r: [Tiev, Tdc:r:, Tdcv] is an increasing 

and convex [increasing and concave, decreasing and convex, decreasing and 

concave] function on E. (A function Jon E is said to be convex [concave] if 

the sequence {f{n) - f{n - 1), n E.N} is increasing [decreasing].) 
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As it is indicated in following lemma, we can use the columns of Ticz 

[Ticv , Tdcx, Tdcv] in order to approximate any increasing and convex [increas

ing and concave, decreasing and convex, decreasing and concave] function. 

We call Ticz [Ticv, Tdcz, T dcv] the increasing convex [increasing concave, 

decreasing convex, decreasing concave] transformation. 

Lemma 2.3.1 Let p, q E P{E). Then 

{2. 3. 1) 

Proof. The proofs of the "only if" parts in (2.3.1) are trivial. 

Suppose that pTicx :::; qTicx. Let cP be increasing and convex on E. 

First we assume that limn __ oo ¢( n) = o. Define g as follows 

g(n) = ¢(n) - 2¢{n - 1) + ¢(n - 2) ;::: 0 (by the convexity of ¢), n E lV. 

It easy to verify that 

where the assumption that limn __ oo ¢( n) = 0 is used in order to ensure con

vergence of the infinite sums of products. Therefore, from the nonnegativity 

of g, it follows that 

(2.3.2) 

If cP is such that limn __ oo ¢(n) = c for some finite constant c then it is 

clear from (2.3.2) that (2.3.2) also holds for such a cPo Finally, if cP is such 

that limn __ oo ¢(n) = -00 then it can be approximated by the functions 

cPk, k E lV, defined as 

¢ (n) = {¢{k) ~f n ~ k, 
k ¢( n) If n ;::: k, 

34 



for which (2.3.2) holds and the proof of (2.3.1) is now complete for the 'icx' 

case. 

The proof of the "if" part of (2.3.1) for the 'icv' case is similar to the 

above except that now we first assume that the increasing and concave func

tion q:, is such that limn _ oo </J( n) = 0 and we define g as follows 

g(n) = -</J(n + 2) + 2</J(n + 1) - </J(n) ~ 0 (by the concavity of </J), n EN. 

The proofs for the 'dcx' and the 'dcv' cases follow from the other two 

cases. For example, in order to prove the 'dcv' case note that p =5dcv q is 

equivalent to p.q:, =5 q.q:, for all decreasing and concave q:" which is equivalent 

to p.q:, ~ q.q:, for all increasing and convex l/J, which is equivalent (by (2.3.1) 

for the 'icx' case) to pTicx ~ qTi=, which is equivalent (by the definition of 

Ti= and of T dcv ) to pTdcv =5 qTdcv .• 

Definition 2.3.2 Let A be a stochastic matrix. Then A is called an in

creasing convex [increasing concave, decreasing convex, decreasing concave] 

operator if T~ATi= ~ 0 [Tk~ATicv ~ 0, Td~ATd= ~ 0, Td!ATdcv ~ 0]. 

It is easy to see that an operator is increasing convex if, and only if, it 

is decreasing concave. Also, an operator is increasing concave if, and only if, 

it is decreasing convex. 

We always assume that the conditions in Appendix 2 in van Doorn 

(1980) are satisfied, so infinite matrix products satisfy association. We now 

derive some properties of the increasing and decreasing, convex and concave 

operators. 

Theorem 2.3.3 The following conditions are equivalent. 
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(a) A is an increasing convex [increasing concave, decreasing convex, de

creasing concave] operator. 

(b) P ~icz [~icv, ~dcr, ~dcv] q implies pA ~i= [~icv, ~dcz, ~dcv] qA for 

all probability vectors p and q ( i. e., A is an :Ficr-monotone [:Ficv

monotone, :Fdcz-monotone, :Fdcv-monotone] operator). 

(c) At/> is convex [concave, convex, concave] for all increasing and convex 

[increasing and concave, decreasing and convex, decreasing and concave] 

functions t/>. 

Proof. (c)==>(a). Let t/>m be the m-th column of Ticz [Ticv, Tdcz, Tdcv]. 

Then t/>m is an increasing and convex [increasing and concave, decreasing and 

convex, decreasing and concave] function. So the columns of ATicz [ATicv , 

ATdcz, ATdcv] are convex [concave, convex, concave]. From the explicit 

expression of T k; [Tk~' Td"!, Td"c;] we obtain T~A T icx ;::: ° [Tk~AT icv ;::: 0, 

Td"!ATdcz ;::: 0, Td"c;ATdcv ;::: 0]. 

(a)==>(b). Let p ~i= q. Then pTicz ~ qTicz. Thus, since T~ATi= ;::: 0, 

we have 

pATicx = pTicz(Ti~ATicz) 

< qTi=(T~ATicz) 

= qATicz. 

But this implies, using Lemma 2.3.1, that 

pAt/> ~ qAt/> 

for all increasing and convex functions ¢. The proofs for the 'icv', 'dcx' and 

'dcv' cases are similar. 
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(b)=>(c). For p :5iez q we have 

(q - p)A<p ~ 0 

for all increasing and convex functions <p. Therefore, considering one row of 

Tic!. at a time, we obtain Tk!:A4> ~ O. That is, A4> is convex. The proofs 

for the 'icv', 'dcx' and 'dcv' cases are similar .• 

The equivalence of (a) and (b) means that increasing convex [increasing 

concave, decreasing convex, decreasing concave] operators and :Fiez-monotone 

[:Fiev-monotone, :Fdez-monotone, :Fdev-monotone] operators are the same. By 

Theorem 2.3.3, if all of the column vectors of the matrix AT iex [AT icv, 

ATdez, ATdev] are convex [concave, convex, concave] then A is an :Fiez

monotone [:Ficv-monotone, :Fdez-monotone, :Fdev-monotone] operator. 

If we denote by Y(i) a random variable that has the i-th row of A as 

its distribution, i E N, then, it is seen from (c), that A is an increasing 

convex [increasing concave, decreasing convex, decreasing concave] operator 

if, and only if, {Y(i), i E N} E (:Fiex, :Fez) [{Y(i), i E N} E (.1icv, :Fcv), 

{Y(i), i EN} E (:Fdez, :Fez), {Y(i), i E N} E (:Fdev' :Fev )]. 

From Definition 2.3.2 the following closure properties are immediate. 

Theorem 2.3.4 If A and B are increasing convex [increasing concave, de

creasing convex, decreasing concave] operators then so are 

(i) wA + (1 - w)B, 0 :5 w :5 1, 

(ii) AB, and 

(iii) A k, k = 0, 1,2, .... 
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It follows that if A is an increasing convex [increasing concave, decreas

ing convex, decreasing concave] operator and Wk ~ 0 for k = 0,1, ... , and 

Ek:o Wk = 1, then 
00 

LWkAk 

k=O 

is also an increasing convex [increasing concave, decreasing convex, decreas-

ing concave] operator. The set of weights Wk = e-o ~~, 0 ~ 0, and Wk = 

(1 - O)Ok, 0:5 0 :5 1 are of special interest. 

For the classes SICX, SICV, SDCX and SDCV (in the sense of Shaked 

and Shanthikumar) we have a result which follows from a combination of 

Corollary 2.2.6, Lemma 2.3.1 and Theorem 2.3.3 

Theorem 2.3.5 Let {X(n),n E N+} be a Markov chain with :F~t-monotone 

transition matrix A and initial distribution p. Then 

(i) If A is increasing convex (or, equivalently, decreasing concave) then 

{X(n), n E N+} E SICX if, and only if, p(A - I)Tinc ~ 0 and p(A-

1)2 Tic.r ~ o. 

(ii) If A is increasing concave (or, equivalently, decreasing convex) then 

{X(n), n E N+} E SICV if, and only if, p(A - I)Tinc ~ 0 and p(A-

1)2 Ticv :5 o. 

(iii) If A is increasing convex (or, equivalently, decreasing concave) then 

{X(n), n E N+} E SDCX if, and only if, p(A - I)Tinc :5 0 and p(A-

1)2 Tic.r ~ o. 

(iv) If A is increasing concave (or, equivalently, decreasing convex) then 

{X(n),n E N+} E SDCV if, and only if, p(A -1)Tinc:5 0 and p(A-

1)2 Ticv :5 o. 
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Sometimes, in order to verify the validity of the inequality p(A -

IFTicx 2:: 0 [p(A - I)2Ticv :5 0, p(A - I)2Tdcx 2:: 0, p(A - I)2Tdcx :5 0] 

it is easier to verify that p(A-I)2tPi 2:: 0 [p(A-I)2tPi :5 0, p(A-I)2tPi 2:: 0, 

p(A - I)2tPi :5 0] for all columns tPi of Ticx [Ticv, Tdcx, Tdcv]. These columns 

are simple increasing convex [increasing concave, decreasing convex, decreas

ing concave] functions. 

For continuous time Markov process we obtain similar results. 

Theorem 2.3.6 Let {X(t),t E [O,oe)} be a conservative Markov process 

with bounded generator A and initial distribution p. Let P,\(A) = 1+ 1-
where A > IAII. Assume that P ,\(A) is :Fine-monotone. 

(i) If P,\(A) is increasing convex (or, equivalently, decreasing concave) 

then {X(t),t E [O,oe)} E SICX if, and only if, pATine> 0 and 

pA 2Ticx 2:: o. 

(ii) If P ,\(A) is increasing concave (or, equivalently, decreasing convex) 

then {X(t), t E [0, oe)} E SICV if, and only if, pATine> 0 and 

pA2T iev :5 o. 

(iii) If P ,\(A) is increasing convex (or, equivalently, decreasing concave) 

then {X(t),t E [O,oe)} E SDCX if, and only if, pATine :5 0 and 

pA 2Ticx 2:: O. 

(iv) If P ,\(A) is increasing concave (or, equivalently, decreasing convex) 

then {X(t),t E [O,oe)} E SDCV if, and only if, pATine :5 0 and 

pA 2Ticv :5 o. 

Proof. Since A is bounded we have 

00 -,\t( At)n 
exp(tA) = E e , P~(A). 

n=O n. 
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By Theorem 2.3.4, if P,,{A) is increasing convex [increasing concave, decreas

ing convex, decreasing concave] then exp{tA) is increasing convex [increasing 

concave, decreasing convex, decreasing concave] for all t ~ o. Thus by Corol

lary 2.2.8 and Lemma 2.3.1 we have that {X(t),t E [O,oe)} E SICX [SrCV, 

SDCX, SDCV] if, and only if, pAT ine ~ 0 [or :5 0] and pA 2T icx ~ 0 [or 

pA2Ticv :5 0 or pA2Tdcx ~ 0 or pA2Tdcv :5 0] .• 

Before concluding this section we present results for the cases in which £ 

is {a, a+ 1, a+2, ... } or { ... , b-2, b-l, b} or {a, a+ 1, a+2, ... , b-2, b-l, b} 

for some finite a and b such that a + 2 :5 b when applicable. 

Theorem 2.3.7 Let A be an Fine-monotone stochastic matrix. The follow

ing conditions are equivalent. 

(a) A is an Ficz-monotone [Ficv-monotone, Fdcx-monotone, Fdcv-monotone] 

operator. 

(b) A¢ is convex [concave, convex, concave] for all increasing and convex 

[increasing and concave, decreasing and convex, decreasing and concave] 

functions ¢. 

Proof. (a)=:::>(b). The proof is similar to the proof of (b)=:::>(c) in Theorem 

2.3.3. 

(b)=:::>(a). Let p and q be two probability vectors such that p :5icx q. 

Since A is F~t-monotone it follows that A¢ is increasing and convex for 

all increasing convex functions ¢. Thus, pA¢ :5 qA¢ for all increasing 

convex functions ¢. This implies that pA :5icx qA, that is, that A is an 

.1icx-monotone operator. The proofs for the 'icv', 'dcx' and 'dcv' cases are 

similar .• 
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The results in this section should be compared with similar results ob

tained in Shaked and Shanthikumar (1988b). Shaked and Shanthikumar 

provide conditions on a Markov process sufficient to imply that the process 

is SICX or SICV or even SICX(sp) (the latter is a stronger notion than 

SICX (Shaked and Shanthikumar 1988a)). The conditions of Shaked and 

Shanthikumar are relatively easy to check in some applications. However, 

the results in Shaked and Shanthikumar (1988b) only apply to Markov pro

cesses which are almost surely increasing. On the other hand, the present 

results provide a method for identifying the SICX or the SICV notions for 

more general processes. Note, however, that verification of ,r-monotonicity 

can sometimes be quite lengthy as can be seen in some of the examples in 

Section 2.5. 

2.4 The Temporal SICV Property 

Let {X (n), n E N+} be a Markov process in discrete time with state 

space N+. Denote the transition matrix of the process by A = (aii)i.j=o' Let 

Y(i) and Z(i) denote generic random variables having the same distributions 

as [X(n + 1)IX(n) = i] and [X(n + 1) - iIX(n) = i], respectively, i E JV+_ 

Consider the following conditions 

(i) {Z(i),i E N+} E SD, 

(ii) P{Z(i) ;::: O} = 1 for each i E N+, and 

(iii) {Y(i),i E N+} E SI. 

Shaked and Shanthikumar (1988b) proved that if X(O) = 0 a. s. and if 

(i) and (ii) are satisfied then {X(n),n E N+} E SICV. They also claimed 

that if X(O) = 0 a. s. and if (i) and (iii) hold then {X(n), n E JV+} E 
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srcy. However, Meester (1990) noticed an error in their proof of the second 

result (in fact the second result is incorrect as Counterexample 2.4.4 shows). 

Meester (1990) notes that Shanthikumar found {Y(i), i E N+} E SrCy to 

be a correct sufficient alternative to (iii). We state and prove two slightly 

stronger variants of this result. 

Theorem 2.4.1 Let {X(n), n E N+} be a Markov process as above. Suppose 

that X(O) = ° a. s .. If 

(i) Z(O) ~icv Z(i) for all i, 

(ii) P{Z(i) ~ O} = 1 for each i E N+, and 

(iii) {Y(i),iEN+} E SIC V, 

then {X(n), n E N+} E SICV. 

Proof. By assumption, p = (1,0, ... ) is the initial distribution of the process 

where the '1' is the O-th entry. Thus, for every increasing function f, we have 

that pAf ~ pf. Since {Y(i), i E N+} E sr then A is an F 3t-monotone 

matrix. Therefore, by Theorem 2.2.5(i), we have that {X(n),n E N+} E S1. 

Let 

'Pm = (-m -1,-m, ... ,-2,-1,0,0, ... ), m = 0,1, .... 

Since {Y(i), i E N+} E SrCy then, by Theorem 2.3.7, A is an Ficv-monotone 

operator. Thus, from Corollary 2.2.6(ii) and since every increasing concave 

function is a limit of a constant plus a positive linear combination of the 

functions 'Pm' we only need to show that p( A - I)2'Pm $ ° for every m E N+o 

In the rest of the proof m is a fixed nonnegative integer. 
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Let ""tm == A'Pm. Thus, for all i, 

;m(i) = E min(Y(i) - m - 1,0). 

Let 

aj = Emin(Y(i) - m -1,0) - Emin(Y(i) - m -1,i - m -1), i:5 m, 

and 

where ao is the O-th entry of am. Note that ao = ;m(O) + m + 1 and that 

am 2:: o. Ifm 2:: i then ;m(i)-aj = Emin(Y(i)-m-l,i-m-l):5 i-m-l, 

and therefore ;m (i) :5 ai + i - m - 1. If i 2:: m + 1 then ;m( i) :5 O. Therefore 

we have that A'Pm :5 'Pm + am with the same O-th entries. 

Now we show that ao 2:: aj for all i :5 m. Since 'Pm is increasing and 

concave, then, from the hypothesis Z(O) 2::icv Z(i) for all i, we have that 

ao - ECPm(Z(O)) + m + 1 

> ECPm(Z(i)) + m + 1 

= ECPm(Y(i) - i) + m + 1 

- E min(Y(i) - i, m + 1). 

It is easy to verify that for 0 :5 i :5 y we have that 

(2.4.1) 

min(y - i, m + 1) 2:: min(y - m -1,0) - min(y - m - 1, i - m - 1). (2.4.2) 

Therefore, since Y(i) - i =~t Z(i) is assumed to be nonnegative, it follows 

that 

ao 2:: E min(Y(i) - m -1,0) - Emin(Y(i) - m -1, i - m -1) = ai. (2.4.3) 
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Since the only nonpositive entry of p(A - I) is the O-th entry, and since 

ACPm and CPm + am have the same O-th entries, and since ao ~ ai for all 

i :$ m, we have 

p(A - I)ACPm < p(A - I)CPm + p(A - I)am 

< p(A - I)CPm + pAam - ao 

:$ p(A - I)CPm + ao - ao 

- p(A - I)CPm, 

and the proof is complete .• 

Theorem 2.4.2 Let {X(n),n E N+} be a Markov process as above. Suppose 

that X(O) = 0 a. s .. If 

(i) Z(O) ~~t Z(i) for all i, and 

(ii) {Y(i), i E N+} E SIC V, 

then {X(n),n E N+} E SICV. 

Proof. Most of the proof is the same as that of Theorem 2.4.1. We only 

point out the differences between the two proofs. 

Denote a+ == max{ a, O} for all a. The sequence of equalities and in

equalities (2.4.1) is replaced now by the following sequence: 

ao = Emin(Y(O),m + 1) (2.4.4) 

- E[min(Y(O), m + 1)]+ 

- E[min(Z(O), m + 1)]+ 

> E[min(Z(i), m + 1)]+ 

= E[min(Y( i) - i, m + 1 )]+. 
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The concavity of 'I'm is not used in (2.4.4); only the condition Z(O) ~"t Z(i) 

is needed for the inequality. 

We now need to verify that for all nonnegative y and i (and not just for 

y and i such that i :5 y since we do not assume now that Z(i) is nonnegative 

a. s.) that 

[min(y - i, m + 1)]+ ~ min(y - m -1, 0) - min(y - m -1, i - m -1) (2.4.5) 

(rather than (2.4.2)). But (2.4.5) can be easily verified. Thus (2.4.3) is 

obtained without the assumption that Z(i) is nonnegative a. s., and the rest 

of the proof is completed as in the proof of Theorem 2.4.1. • 

Remark 2.4.3 The following simple consequence of Theorem 2.4.2 is useful 

in Section 2.5. Let {X(n), n E N+} be a Markov process as above. Suppose 

that {Y(i),i E N+} E SI. Then, by Theorem 2.3.3(c), if A is an increasing 

convex [concave] operator then {Y(i),i E N+} E SICX [SICV]. Thus, from 

Theorem 2.4.2 we see that if 

(i) Z(O) ~"t Z(i) for all i, 

(ii) {Y(i),i E N+} E SI, and 

(iii) A is an increasing concave operator, 

then {X(n),n E N+} E SICV. 

Next we show not only that the proof of Theorem 4.3(iii) of Shaked and 

Shanthikumar (1988b) is in error, but, that in fact, the statement of that 

result is incorrect. 

Counterexample 2.4.4 Let {X(n),n E N+} be a Markov process in dis

crete time with state space N+. Let the transition matrix of the process 
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be 
1 2 0 0 0 
~ 3 

0 2 0 0 3 3 
0 1 0 2 0 A= 3 3 
0 0 1 0 2 

3 3 
0 0 0 1 0 3 

It is easy to see that ([X(n + 1) - iIX(n) = i], i E N+} E SD and that 

([X(n + 1)IX(n) = i], i E N+} E SI, that is, the process satisfies conditions 

(i) and (iii) of Theorem 4.3 of Shaked and Shanthikumar (1988b). 

Now we will show that {X(n), n E N+} rf. SICV. In order to do it 

let p = (1,0,0, ... ) be the initial distribution of the process and let "'I = 

(0,1,2,2,2, ... ). Note that "'I is an increasing and concave function. A 

straightforward computation yields 

that is, 

4 3 16 12 3 2 p(A - A h = - > - = p(A - A )"'1, 
81 81 

E,(X(4)) - E,(X(3)) > E,(X(3)) - E,(X(2)). 

Thus, E,(X(n)) is not concave in n. 

2.5 Examples 

In this section we give some examples of Markov processes, with dis

crete time parameter, whose transition matrices are .r'icx-monotone or Ficv

monotone operators. In some cases we also describe conditions on the initial 

probabilities which imply that the underlying processes are SICX or SICV 

with respect to the time parameter. In all these examples the state space & 

is an interval of N. 
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Example 2.5.1 (The age of a discrete renewal process with a decreasing 

failure rate). Let 0 < ak < 1, k = 0,1,2, ... be an increasing sequence. Let 

the chain {X(n), n = 0,1, ... } have transition probabilities 

P{X(n + 1) = k + lIX(n) = k} = ak, and 

P{X(n + 1) = OIX(n) = k} = 1 - ak, 

for k = 0,1, .... The corresponding transition matrix is 

0 11 - aol ao 0 0 

A= 0 1 -al 0 al 0 (2.5.1) 

° 1 -a2 ° ° a2 

° 1 -a3 ° ° 0 

° 
Denote the i-th row of A by Qi, i = ... -1,0,1, ... , and note that, for 

i < 0, the i-th row of A can be arbitrarily defined (as long as the sum of its 

(nonnegative) elements is 1) without having any effect on the distribution of 

the process (below we indicate a convenient choice for obtaining the desired 

concavity property). It is known that the transition matrix A is a monotone 

stochastic operator (Keilson and Kester 1977). We now derive conditions on 

the ak's which imply that A is an increasing concave operator. 

Fix an m ~ 0. Define 

'Pm = ( ... ,-2,-1,0,0, ... ), 

where the '-1' is the m-th entry of 'Pm' m = ... , -1, 0,1, .... Then 

Suppose that 

_ { -(m + 1) + (k + l)ak 
Otk'Pm - -(m + 1) + (m + l)ak 

if k ::; m, 
if k ~ m. 

(k + l)ak is concave on {O, 1, ... }. 

(2.5.2) 

(2.5.3) 

47 



Using the assumed monotonicity of ak in k, it follows that 

ak is concave on {O, 1, ... }. (2.5.4) 

Now, clearly, for a fixed m ;::: 0, Ok'Pm is concave in k on {m,m + I, ... } 

(from (2.5.3)) and is also concave in k on {O,I, ... ,m} (from (2.5.4)). It is 

not hard to verify, using (2.5.3) and (2.5.4), that in fact Ok'Pm is concave in 

k on {0,1,2, ... }. 

However, in order to use Theorem 2.3.3(c), we need to establish the 

concavity of Qk'Pm in k over the region { ... - 1,0,1, ... }. This concavity 

can be obtained by choosing Ok for k < 0, in a appropriate way as to fit our 

needs, as follows. 

First note that we need 

This can be obtained by choosing 0_1 to have mass 1 on a number b_1 

which is small enough (i. e., which is negative and has large enough absolute 

value). For example, b_1 can be any integer which is smaller than 2ao - 2at, 

independently of m. 

Next, given the choice of 0-17 we need 

This can be obtained by choosing 0_2 to have mass 1 on an even smaller 

number, b_2 , say. Note that 

Given b_ 1 and b_2 the other Oi'S are chosen such that each has mass 1 on a 

number bi, i = -3, -4, ... , where the bi'S are such that bi is increasing and 
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concave in ion { ... , -2, -I}. It can be verified then that ak'Pm is concave 

in k over the whole region { ... , -1,0,1, ... }. 

Roughly speaking, the values bi , i ::; -1, are chosen so that they "ex

tend" the "concavity" (and the monotonicity) in k, of the rows Ok of A, from 

the region {O, I, ... } to the region { ... , -1,0,1, ... }. 

If m < 0 then the concavity of Ok'Pm in k is even easier to verify. Thus 

A'Pm is concave (and increasing) and this implies that Af is concave for any 

concave and increasing function f. Therefore, by Theorem 2.3.3, A is an 

increasing concave operator. 

For example, if ak = constant (the geometric distribution) then (2.5.3) 

and (2.5.4) hold. If the discrete hazard rate function is 

k 
ak= k+l' k=O,I, ... 

then (2.5.3) and (2.5.4) are satisfied. Note that when ak = constant and 

X(O) = 0 a. s. then the conditions of Remark 2.4.3 are satisfied and therefore 

{X(n), n E N+} E SICV. 

One can also find sufficient conditions which imply that A of (2.5.1) is 

an increasing convex operator. We will not give the details here since we 

have not found any simple examples which satisfy them. 

Example 2.5.2 (Totally positive of order 3 (TP3 ) operators). From Propo

sition 3.2 of Chapter 1 in Karlin (1968) we know that if a stochastic matrix A 

is TP3 and if A¢ is a linear (discrete) function (where ¢ = ( ... ,-2, -1,0,1, 

2, .•. )) then Af is convex [concave] for each convex [concave] function f. 

Therefore (since A is also TP2 , a fact which implies that A is a monotone 

stochastic matrix), by Theorem 2.3.3, A is an increasing convex and also an 

increasing concave operator. 
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Every Markov chain in discrete time can be represented as follows: 

X(O) = V, 

X(n + 1) - f(X(n), Un), n = 0,1, ... , (2.5.5) 

where the Un's are independent and identically distributed random vectors 

(or variables), V is another random variable which is independent of the 

Un's, and f is some Borel-measurable real function. A discussion of the sto

chastic model (2.5.5), where {Un' n = 0,1, ... } is some stationary sequence 

of random variables, can be found in Brandt, Franken and Lisek (1990). Rep

resentation (2.5.5) is also useful for the identification of increasing convex and 

concave operators as the following result shows. 

Theorem 2.5.3 If J(x, u) is increasing convex [concave] in x for every u. 

then the transition matrix A of the Markov process {X(n),n E N+} lS an 

:Ficx·monotone [Ficv-monotone] operator. 

Proof. Let 

Y(i) ="t [X(n + 1)IX(n) = i]. (2.5.6) 

Then the distribution of Y(i) is the i-th row of A. Let g be an increasing and 

convex [concave] function, and let Qi denote the the i-th row of A. Then, 

from (2.5.5) and from the independence of X(n) and Un, we have 

Qig - Eg(Y(i)) 

= Eg(J(X(n), UnIX(n) = i) 

= Eg(J(i, Un)). 

Thus Eg(Y(i)) is increasing and convex [concave] in i. This implies, by 

Theorem 2.3.7, that A in an :Ficx-monotone [Ficv-monotone] operator .• 
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We mention in passing that the Y(i)'s in the above proof actually satisfy 

{Y(i), i E £} E SICX(sp) [SICV(sp)] (see Shaked and Shanthikumar (1988a, 

1990c». 

Example 2.5.4 (Spatially homogeneous chains). Let A be the transition 

matrix of the discrete time Markov chain defined by 

X(O) = Xo, 

X(n + 1) - X(n) + Zn+1! n = 1,2, ... , 

(2.5.7) 

(2.5.8) 

where the Zn's are independent and identically distributed random variables 

with P{Zn = i} = Pi, i = ... , -1,0,1, ... , and Xo is another random vari

able which is independent of the Zn's and which has the initial distribution 

Po. It is well known, and also easy to verify, that 

A= 
Po PI P2 

P-I Ipo I PI 

P-2 P-I Po 

(2.5.9) 

is a monotone stochastic operator (Keilson and Kester 1977). By Theorem 

2.5.3 A is also an increasing convex and an increasing concave operator. 

Example 2.5.4 can be extended as follows. Let the transition matrix A 

be 

(-1) 
Po 

(-1) 
PI 

(-I) 
P2 

A= p~l ~ p~O) Po 

P~J 1 Pb1
) P-I 

h th k h f A . d f (k) - ( (k) (k) (k) ) were e -t row 0 IS constructe rom p = ... ,P-l,PO ,PI , ... , 

which is a distribution on { ... ,-1,0,1, ... }. Let Z(k) have the distribution 
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p(k). In this case (2.5.8) is replaced by 

X(n + 1) = X(n) + Z(X(n)). 

This is the case in applications when the distribution of the increment of the 

Markov process is a function of the current state of the process rather than 

being independent of it. 

Suppose that ((Z(k) + k), k = 0,1, ... } E SICX [SICV]. Then ([X(n + 
l)IX(n) = k], k E N+} E SICX [SICV]. Thus, by Theorem 2.3.3, A is an 

increasing convex [concave] operator. 

Example 2.5.5 (Spatially homogeneous chains with barrier at 0). Let A 

be the transition matrix of the discrete time Markov chain, with a reflecting 

barrier at 0, defined by 

X(O) - Xo, 

X(n + 1) - max{X(n) + Zn+h OJ, n = 1,2, ... , 

(2.5.10) 

(2.5.11) 

where the Zi'S and Xo are as in Example 2.5.4 except that now we assume 

that Xo is nonnegative almost surely. It is well known, and also easy to 

verify, that 

0 E~ . '--00 p, P2 P3 

A= 0 IE?=-oo Pi I PI P2 (2.5.12) 
0 E 1 . i=-oo p, Po PI 
0 E-2 i=-oo Pi P-I Po 

is a monotone stochastic operator. From Theorem 2.5.3 it also follows that A 

is also an .ri=-monotone operator. It is of interest to note that A of (2.5.12) 

is not an .ricv-monotone operator. 
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Example 2.5.5 can be extended to the following transition matrix 

° 
(-1) 

P2 
(-1) 

P3 

° 
(0) p~O) 

A= PI 

° p~I) pP) 

° p~l p~2) 

similar to Example 2.5.4. Also here if {(Z(k)+k), k E N+} E SICX then A is 

an ncr-monotone operator. In order to see it first note that {( Z( k) + k), k E 

N+} E SI and therefore {max{(Z(k)+k), OJ, k E N+} E SI. Now, by a trivial 

application of Theorem 1.1.5 (2) (taking Vex) there to be a deterministic 

function), it is seen that {max{(Z(k) + k),O},k E N+} E SICX. That is, 

([X(n + 1)IX(n) = k], k E N+} E SICX, and from Theorem 2.3.7 it follows 

that A is an nc,x-monotone operator. 

Example 2.5.6 (A stochastic model). Consider the following model 

XeD) = 0, 

X(n + 1) = min{X(n) + Un, An}, n = 0,1, ... , 

where (Un' An), n = 0,1, ... , are nonnegative, independent and identically 

distributed random vectors. It is easy to see that the corresponding Y(i)'s, 

as defined in (2.5.6), satisfy {Y( i), i E N+} E SI. From this, and from the 

fact that the corresponding transition matrix is an Ficv-monotone operator 

(Theorem 2.5.3), it follows (by Remark 2.4.3) that {Y(i), i E N+} E SICV. 

Let 

Z(i) =al [X(n + 1) - iIX(n) = i] = min{Un , An - i}. 

It is easy to see that Zen) 2::al Z(i). Thus, by Theorem 2.4.2, we have that 

{X(n),n E N+} E srcv. 
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Example 2.5.7 (Branching processes). Consider a Galton-Watson branch

ing process with immigration {X (n), n E N+}. That is, if D denotes a 

generic random variable which corresponds to the number of offsprings of an 

ancestor, then 

:z: 
Y(x) = [X(n + l)IX(n) = xl =at EDi + U, 

i=l 

where Di, i = 1,2, ... , are independent and identically distributed, Di =at D, 

and U is independent of the Di'S. Shaked and Shanthikumar (1988b) proved 

that if {X(n), n E N+} explodes with probability one and P{X(O) ~ 1} = 1 

(they only considered the case with no immigration) then {X(n), n E N+} E 

srcx. We now show that if P{X(O) = O} = 1 and if P{D :5 1} = 1 then 

{X(n),n E N+} E srcv. First note that, using Example 4.3 of Shaked and 

Shanthikumar (1988a) and Theorem 5.3 of Shaked and Shanthikumar (1990), 

we have {Y(x),x E N+} E srcv (and also SICX). Let 

Z(x) ="t [X(n + 1) - xIX(n) = xl ="t U + Dl + ... + D:z: - x. 

Since P{D :5 1} = 1 it follows that Z(O) ~"t Z(x). Thus, from Theorem 

2.4.2, we obtain {X(n),n E N+} E SICV. 

Example 2.5.8 (An autoregressive time series). Consider the Markov pro

cess defined by 

X(n)=pX(n-1)+fn' n=1,2, ... , 

where p is a constant such that Ipl < 1, X(O) is a random variable correspond

ing to the initial state of the process, and the fi'S are independent and iden

tically distributed random variables and are independent of X(O). We now 

show that if p ~ 0, X(O) :5 0 a. s., and fi ~ 0 a. s., then {X(n),n E N+} E 

54 



SICV. First note, by Theorem 2.5.3, that the transition matrix A of the 

process is an .ricv-monotone (and also .ria-monotone) operator. It is also 

easy to see, e. g., from Theorem 2.2.5, that {X(n), n E N+} E SI. Adapting 

a sample path argument from Proposition 3.2 of Shaked and Shanthikumar 

(I988a), we define the following random variables on a common probability 

space 

X~ = pX(O) + f}, 
X~' = pX(O) + f2, and 

X~ = pX~ + f2. 

Note that X~' =~t X~ = XCI) and that X~ = X(2). Since (1 - p)2 > 0, 

X(O) :5 0 a. s., and fn ~ 0 a. s., it follows that 

X , X" 
2 - 1 < X~ - X(O), and 

X , > X" 
2 1· 

Thus, for any increasing concave function 9 we have that 

g(X~') - g(X(O)) ~ g(X~) - g(X(O) + X~ - Xn ~ g(X~) - g(XD. 

Therefore Eg(X(I))-Eg(X(O)) ~ Eg(X(2))-Eg(X(I)), i. e., p(A-I)2 :5icv 

0, where p is the distribution of X(O). From Theorem 2.3.5 we then obtain 

{X(n),n E N+} E SICV. 
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3. STOCHASTIC MAJORIZATION 

3.1 Introduction 

Stochastic majorization is a tool that has been used in many areas of 

probability and statistics (such as multivariate statistical analysis, queueing 

theory and reliability theory) in order to obtain useful bounds and inequal

ities. See Marshall and Olkin (1979) for earlier results in this area and 

Liyanage and Shanthikumar (1992) and Shaked, Shanthikumar and Tong 

(1991) for some more recent results. In this chapter we study the rela

tionships among several notions of stochastic majorization and stochastic 

convexity and obtain sufficient (and sometimes necessary) conditions which 

imply some of these notions. Extensions and generalizations of several re

sults in Barbour, Lindvall and Rogers (1991), Chang (1992), Liyanage and 

Shanthikumar (1992) and Proschan and Sethuraman (1977) are obtained. 

Some examples and applications of stochastic comparisons of order statistics 

are also presented to illustrate the results of this chapter. 

In the deterministic case majorization is closely related to convexity 

and concavity. In this chapter we obtain stochastic analogs of various de

terministic relationships. To be more explicit consider the following setup. 

Let {Po,O E 0} be a family of univariate distributions where the parame

ter space 0 is a convex subset (that is, an interval) of the real line R or of 

N = { ... , -1,0,1, ... }. For each i = 1,2, ... , m, let Xi{O) denote a random 

variable with distribution Po and let {Xi{ 0),0 E 0} be a collection of such 

random variables. Note that, for a fixed i, when we write {Xi{O), 0 E 0} we 

do not assume (and are not concerned with) any dependence (or indepen

dence) properties among the Xi(O)'s. We are only interested in the 'marginal 
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distributions' {Po,O E e} of {Xi(O),O E e}, even when {Xi(O),O E e} is a 

well defined stochastic process. Note also that the notation X i ( 0) does not 

necessarily mean that Xi is a function of OJ it only indicates that the dis

tribution of Xi(O) is Po. Thus, for example, if ljJ : 'R --. 'R, then EljJ(Xi(O)) 

stands for J ljJdPo. We will assume, however, that, for any 0 and 0' in e, 
Xi(O) and Xj(O') are independent when i -I- j. Thus, for each 0, the Xi(O)'S, 

i = 1,2, ... ,m, are independent and identically distributed random variables. 

The purpose of this chapter is to find conditions on {Po,O E e}, or 

equivalently on {Xi(O),O E e}, under which 

(3.1.1) 

for some real Borel-measurable functions f on 'Rm where "-<" denotes the 

majorization relation (the exact definition of "-<" is given in the next sec

tion). A function f which preserves the majorization ordering is called Schur 

convex. Thus, in other words, in this chapter, we find conditions which imply 

that Ef(X1(Ot}, X 2(02), ... , Xm(Om)) is a Schur convex function. 

In Section 3.2 we give some definitions and preliminaries. In Section 3.3 

we highlight the relationship between stochastic convexity and stochastic 

Schur convexity. In Section 3.4 we derive a relationship between stochastic 

majorization and parametric logconvexity of distribution functions, and in 

Section 3.5 we obtain some relationships between stochastic majorization and 

the super- (sub-) semigroup property. Applications of these results can be 

found throughout the chapter. 
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3.2 Some Definitions and Preliminaries 

The following definitions (e.g. see Marshall and Olkin (1979) for more 

details) will be used in this chapter. For any x E 'Rm let X[l] ~ X[2] ~ ••• ~ 

X[m] denote the decreasing rearrangement of the coordinates of x and for any 

x, y E 'Rm let x ~ y denote the usual coordinatewise ordering. 

Definition 3.2.1 Let x, y E 'Rm. Then x is said to be majorized by y if 

k k m m 

E X[Il :5 E Y[ib k = 1, ... ,m, and E Xli] = E Y[ib (3.2.1) 
i=l i=l i=l i=l 

or, equivalently, if 

m m m m 

EX[i] ~ EY[ib k = 1, ... ,m, and EX[i] = EY[i]' (3.2.2) 
~k ~k ~l ~1 

We denote this by x -< y. When the condistion E~l Xli] = E~l Y['l is dropped 

from (3.2.1) [(3.2.2)] then we say that x is weakly submajorized [superma

jorized] by y and we denote this by x -<w Y [x -<w y], respectively. 

The relations -<, -<w, -<Ware partial orders on 'Rm. The following lemma 

(see, e.g., Marshall and Olkin (1979)) allows one to simplify some of the 

analysis of majorization, often making it sufficient to prove the desired result 

for the two dimensional case. 

Lemma 3.2.2 Let x, y E 'Rm. Then x -< y if, and only if, there exist a finite 

number (say k) of vectors x(i), i = 1, ... , k, such that x = X(l) -< ... -< X(k) = 

Y and such that X(i) and x(i+l) differ in two coordinates only, i = 1, ... , k -1. 

A useful characterization of the orders -<wand -<w is given next. 

Lemma 3.2.3 Let x, y E 'Rm. Then 
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(i) x ~w Y if, and only if, there exists a vector z such that x ~ z and z 

:5 y. 

(ii) x ~w y if, and only if, there exists a vector z such that x ~ z and z 

2:: y. 

Definition 3.2.4 A function 4>: nm -+ n is said to be Schur convex [con

cave] if x ~ y implies that 4>(x) :5 [2::]4>(y). 

From Lemma 3.2.3 it is seen that a function 4>: nm -+ n preserves the 

order ~w HW] if, and only if, it is increasing [decreasing] and Schur convex. 

Next we list some notions of stochastic majorization and stochastic 

Schur convexity. Most of the following notions can be found, e.g., in Mar

shall and Olkin (1979), in Liyanage and Shanthikumar (1992) and in Chang 

(1992). Similar to the notions of stochastic orderings, the notions that are 

defined in Definition 3.2.5 below are all of the following form: Let X and Y 

be nm-valued random vectors. Then X is said to be smaller than Y, in a 

sense which depends on the choice of a class of function C, if 

Ef(X) :5 Ef(Y), for all f E C, (3.2.3) 

where C is a family of real-valued functions on nm. 

Consider the following families of functions 

C1 = {f: f is Schur convex}, 

C2 = {f: f is convex and symmetric}, 

C3 - {f: f(x) = E~l g(Xi) for some convex function 9 on n}, 

C4 - {f: f(x) = E7=1 X[11 or f(x) = - E~k X[11 for some k = 1, ... , m}, 

Cs = {f: f is symmetric, submodular and convex in each variable}. 

---------- ------- ._--------
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(A real-valued function f on nm is said to be submodular [supermodular] if 

for any X,y E n m, f(x) + fey) ~ [$] f(xAy) + f(xvy) where "N' denotes 

the coordinatewise minimum and "V" denotes the coordinatewise maximum. 

See Marshall and Olkin (1979) for more details.) Note that Ci ~ Cs for 

i = 3,4, and that Cs ~ Cl. For each class Ci of these classes it is known, 

in the deterministic case, that x -{ y if, and only if, f(x) $ fey) for all 

functions fECi (see, e.g., Chang (1992) for more details). This observation 

leads us to the following definition. 

Definition 3.2.5 (Stochastic majorization). Let X and Y be nm-valued 

random vectors. Then X is said to be stochastically Ci-majorized by Y, 

denoted by X -<Ci Y, if (3.2.3) holds for Ci , i = 1,2,3,4,5. 

In order to define stochastic Schur convexity and concavity we need to 

consider a family of random variables parametrized by vectors in nm. We also 

need the following notations. Let X ~ nm denote the parameter space. Let 

F sym , Faub, F/Juper, FSchurCX and FSchurCV denote, respectively, the classes 

of symmetric, submodular, supermodular, Schur convex, and Schur concave 

functions. For a class F of univariate functions, define the class {c - F} of 

multivariate functions as follows: {c - F} = {f : f E F in each coordinate 

when the other coordinates are held fixed}. Using this notation, note, for 

example, that Cl = FSchurCX and that Cs = Fsym n Faub n {c - F=}. 

Definition 3.2.6 (Stochastic Schur convexity). A family of real valued ran

dom variables Z(x), parametrized by x E X ~ n m, is said to be stochastically 

Schur convex in the sense of the usual stochastic [increasing convex, increas

ing concave] ordering if, {Z(x), x E X} E (Fine, FSehurCX) [(Fi=,FSehurCX), 

(:Ficv, FSehurCX )]. 
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If, in addition, {Z(x), x E X} is stochastically increasing [decreasing} 

(i.e., Z(x) :5at [~..,t] Z(x') whenever x :5 x'}, then {Z(x), x E X} is said to 

be stochastically increasing [decreasing} and Schur convex. II {-Z(x), x E 

X} is stochastically Schur convex then we say that {Z(x), x E X} is stochas

tically Schur concave. 

3.3 Stochastic Majorization and F-Convexity 

Let {Xi(O),O E e}, i = 1, ... , m, be m probabilistically identical and 

mutually independent collections of random variables as described in Sec

tion 3.1 (that is, for each 0, the Xi(O)'s, i = 1,2, ... , m, are independent and 

identically distributed random variables, and for any 0 and 0' in e, Xi(O) 

and Xj(O') are independent when i :f:. j). Let:F be a family of real functions 

on n which is closed under shifts, that is, 

IE :F ==> I + c E :F for any constant c. (3.3.1) 

In this section we study the properties of stochastic majorization and Schur 

convexity of families of random variables which are (:Fine, :Fine). First we 

present a result on the relationship between stochastic :F-convexity and sto

chastic majorization. 

Theorem 3.3.1 Suppose that {Xi(O),O E e} E (.1ine,.1ine), that is, that 

Xi(O) :5..,t Xi(O') whenever 0 :5 0'. Then 

{a} 

{Xi(O),O E e} E (:F,:Fcz) (3.3.2) 

if, and only if, 

{3.3. 3} 
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for all f E FlJlJm n FlJub n {c - F}. 

(b) 

if, and only if, 

for all f E Fsym n Fsuper n {c - F}. 

(c) 

if, and only if, 

for all f E FSlJm n Fsub n {c - F}. 

(d) 

if, and only if, 

for all f E FlJlJm n FlJuper n {c - F}. 

Proof. We will only give the proof of part (a). The proofs of the other parts 

are similar. 
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Necessity in (a). Suppose that (3.3.3) holds. Let x}, X2, YI and Y2 be such 

that Xl + X2 = YI + Y2, and Yl :5 Xl :5 X2 :5 Y2. Also let X3, ... , Xm be 

fixed real numbers. Then (Xl, X2, X3, ... , Xm) -{ (Yb Y2, X3, ... , xm). Define 

the function f by l(tb t2 , ... , tm ) = E~l g(ti), where 9 E F. Clearly (using 

(3.3.1)) I E F allm n Faub n {c - F}. Therefore, 

m 

Eg(XI(Xl)) + Eg(XI(X2)) + E Eg(X1(Xi)) 
i=3 

= E [~9(Xi(Xi))] 

< E [9(Xl(Yt}) + g(X2(Y2)) + ~9(Xi(Xi))] 
m 

- Eg(Xl(yt}) + Eg(XI(Y2)) + E Eg(XI(xd), 
i=3 

where the inequality follows from (3.3.3). It follows that Eg(XI(xd) + 

Eg(XI (X2)) :5 Eg(XI(yt}) +Eg(XI(Y2))' But this implies that Eg(Xi«(J)) is 

convex in (J for all 9 E F, that is, {Xi«(J),(J E 0} E (F,F=). 

Sufficiency in (a). Suppose that (3.3.2) holds. We will prove the result for 

the case m = 2. The general result then follows from Lemma 3.2.2. Let 

(Xl, X2) -{ (Yh Y2)' Then Xl + X2 = YI + Y2, and we can suppose, without loss 

of generality, that YI :5 Xl :5 X2 :5 Y2. Let I(t l , t2) E Faym n Faub n {c - F}. 

Then, for t2 :5 t~, we have 

EI(Xl(xd,t~) - EI(Xl(YI),t~) 

< EI(XI(Y2),t~) - EI(XI(X2),t~) 

< EI(XI(Y2),t2) - EI(XI(X2),t 2), 

(3.3.4) 

where the first inequality follows from the assumption that {XI«(J), (J E 0} E 

(F, F=) and the second inequality follows from the submodularity of I and 
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from the assumed stochastic monotonicity of {Xt(O),O E 0}. Since, by 

assumption, X 2(yt) :5"t X2(Y2), it follows from (3.3.4) that 

Ef(Xt (xt), X2(Y2)) - Ef(Xt (Yt), X 2(Y2)) 

< Ef(X1(Y2),X2(Y2)) - Ef(Xt (x2),X2(Y2)) 

< Ef(Xt (Y2),X2(yt)) - Ef(X1(X2),X2(Yl)), 

(3.3.5) 

and since, by assumption, X 2(Xl) :5"t X 2(X2), it also follows from (3.3.4) that 

Therefore 

Ef(Xt(xt}, X 2(X2)) - Ef(Xt (yt), X 2(X2)) 

< Ef(Xt (Y2), X2(X2)) - Ef(Xt (X2), X2(X2)) 

< Ef(Xt (Y2),X2(xt}) - Ej(Xt (X2),X2(Xt)). 

(3.3.6) 

2Ef(Xt{xt},X2(x2)) - Ef(Xt(xt},X2(x2)) + Ef(Xt (x2),X2(xt}) 

< Ef(Xt (Y2), X2(xt)) + Ef(Xt (yt), X 2(X2)) 

- Ef(Xt(xt},X2(Y2)) + Ef(Xt (x2),X2(Yt)) 

< Ef(Xt(yt),X2(Y2)) + Ef(Xt (Y2),X2(yt}) 

- 2E f(Xt (yt), X2(Y2)), 

where the equalities above follow from the symmetry assumptions, the first 

inequality follows from (3.3.6) and the second inequality follows from (3.3.5). 

This completes the proof .• 

Theorem 3.3.1 extends and unifies some previous results. For exam

ple, consider the families of random variables {Xi(O), ° E 0} which satisfies 

{Xi(O),O E 0} E (.rinc,.ricx) [(.rinc,J=icv)]' By Theorem 3.3.1(c) [(d)] this is 

equivalent to assuming that x ~w Hwj y ==> Eh(Xt(xd, ... , Xm(Xm)) :5 

64 



[;:::] Eh(Xl(yJ), ... ,Xm(Ym)) for all functions h which are symmetric, sub

modular [supermodular] and increasing. Since the composition of an increas

ing concave [convex] function and an increasing submodular [supermodular] 

function is a submodular [supermodular] function, it follows that our assump

tion is equivalent to assuming that x -<w Hw] y ==} Ef(h(Xl(xl),"" 

Xm(xm))) =5 [;:::] Ef(h(Xl(yt), ... , Xm(Ym))) for all functions h which are 

symmetric, submodular [supermodular] and increasing and all functions f 
that are increasing and concave [convex]. The assumption {Xi(O), ° E 0} E 

(.nne,.ncz) [(Finc,Fiev)] also implies that {Xi(O),O E 0} is stochastically 

increasing. Thus we have the following corollary of Theorem 3.3.1. 

Corollary 3.3.2 The family of random variables {Xi(O), ° E 0} satisfies 

{Xi«(}),(} E 0} E (Fine,Ficx) [(Fine, Fiev)] if, and only if, {h(Xl(Xl)'"'' 

Xm(xm)),X E 0 m
} E (Ficv,FSehurCX) [(Ficx,FsehurCV)] for all symmetric, 

submodular [supermodular] and increasing functions h. 

Liyanage and Shanthikumar (1992, Theorem 2.13) have proved the suffi

ciency part of Corollary 3.3.2 by using a sample path approach. Here we used 

a different (direct) method and obtained additional relationships between 

stochastic convexity and stochastic Schur convexity. 

In order to see another important special case of Theorem 3.3.1 take F 

to be the family of all increasing convex [concave] functions on n. Then from 

Example 1.1.8 and from Theorem 3.3.1 (c) and (d) we obtain the following 

corollary. 

Corollary 3.3.3 Suppose that {Xi«(}), ° E 0} E (Fine, Fine). Let Y(x) = 
(Xl (Xl)' ... , Xm(Xm)). Then {Xi«(}), (} E 0} E SICX [SICYJ if, and only if, 

x -<w [-<W] Y ==} Ef(Y(x)) =5 [;:::] Ef(Y(y)) 
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for all increasing symmetric submodular [supermodular] functions f that are 

convex [concave] in each variable. 

Chang (1992, Example 2.22 and Theorem 2.24) proved the following 

result. If {Xi(O), ° E 0} E SICX(sp) (which is a notion which implies SICX, 

see Theorem 1.1.4), then x -< y implies that Ef(Y(x)) :5 Ef(Y(y)), for all 

increasing f E Cs. In Corollary 3.3.3 we have established the same conclusion 

under a condition that is weaker than SICX(sp). 

In order to present the next corollary we need the following definition. 

A real function f on nm is said to be directionally convex [concave] if f is 

supermodular [submodular] and is convex [concave] in each coordinate when 

the other m -1 coordinates are held fixed. The next corollary follows at once 

from Theorem 3.3.1 (c) and (d). 

Corollary 3.3.4 Suppose that {Xi(O),O E 0} E (Fine, Fine). Let Vex) = 

(X1(xt}, ... ,Xm(xm)). Then {Xi(O),O E 0} E (Fiev,Fia ) [(Fia,.r;ev)] if, 

and only if, 

x -<w HW] y => Ef(Y(x)):5 [~] Ef(Y(y)) (3.3.7) 

for all increasing and symmetric directionally concave [convex] functions f. 

Although (.r;ev, Fia) and (Fia, .r;cv) are not 'elegant' families, Corol

lary 3.3.4 provides characterizations for the stochastic majorizations (3.3.7). 

Note, however, that (Fiev, Fia) ;2 (Fine, .r;a) and (Fia, Fiev) ;2 (Fine, Ficv). 

By considering some specific functions, for example, f(x) = max{xi, 

i = 1, ... , m} or f(x) = L:f:!:l Xi, we obtain some interesting inequalities by 

using the above results. The following easily verified lemma will be needed. 
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Lemma 3.3.5 (a) For any increasing convex [concave] function 'Ij; : n ~ 
n, the function </J : nm ~ n defined by </J(x) = 'Ij;(max{xll"" xm}) [= 

tP(min{xll"" xm})] is symmetric, increasing, submodular [supermodular] 

and convex [concave] in each coordinate when the others are held fixed. 

(b) For any increasing convex [concave] function tP : n ~ n, the function 

</J : nm ~ n defined by </J(x) = tP(L~t Xi) is increasing, symmetric and 

directionally convex [concave]. 

Liyanage and Shanthikumar (1992, Theorem 2.15) proved the follow

ing result. Suppose that {Xi(O),O E e} E (.!=ine,Fic.r) [(Fine,Fiev)] and 

let Y(x) = max{Xt(xI),"" Xm(xm)} [min{Xt(xt}, ... , Xm(xm)}]. Then 

{Y(x), x E em} E (.!=inc, FSehurCX n Fine) [(Fine, FSehurCV n Fine)]. Combin

ing Lemma 3.3.5(a) with Theorem 3.3.1(c) and (d) we obtain the following 

similar, but different, result where under a weaker condition we get a weaker 

conclusion. 

Proposition 3.3.6 Suppose that {Xi(O), ° E e} E SICX [SICltJ and de

fine Y(x) = max{X1(xt}, ... ,Xm(xm)} [min{XI(xI), ... ,Xm(xm)}]. Then 

{Y(x), x E em} E (Fic.r, FSehurCX n Fine) [(Ficv, FSehurCV n Fine)]. 

For Y(x) = L~l Xi(Xi), it is easy to see, from Corollary 3.3.4 and 

Lemma 3.3.5, that if Xi(O) :5at Xi(O') for all ° :5 0' and {Xi(O), ° E e} E 

(.!=icv, Fic.r) [(.!=ic.r, Ficv)] , then Y(x) :5icv [~ic.r] Y(y) whenever x ~ y. How

ever, under the same assumption one can also obtain stochastic inequalities 

which involve partial sums of the Xi(Xi)'S, as the next proposition shows. 

Proposition 3.3.7 Denote V = {x E nm : Xl ~ X2 ~ ... ~ xm}. If 

Xi(O) :5at Xi(O') for all ° :5 ()' and {Xi((}),(} E e} E (Fiev,Fic.r) [(Fic.r,Ficv)], 
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then for all x,y E 'V, such that x ~ y, we have 

i i 

EXj(Xj) :5icv EXj(Yj),i = 1, ... ,m 
j=l j=l 

m m 

[EXj(Xj) ~icz EXj(Yj),i = 1, ... ,m]. 
j=i j=i 

Proof. We only give the proof for the :5icv case, the proof for the ~icz case 

is similar. For i = 1 the result is trivially true. So fix an i E {2, ... , m}. 

Since x ~ y it follows that (xt, .. . , Xi) ~w (Yt, .. . , Vi). Therefore 

i i 

E Xj(Xj) :5icv E Xj(Yj), 
j=l j=l 

where the inequality follows from Corollary 3.3.4 and Lemma 3.3.5(b). This 

completes the proof .• 

We close this section with an example in which we stochastically com

pare sums of reverse order statistics. 

Example 3.3.8 Let (Xl! X2, . .. , Xm)[i] denote the i-th largest value of {Xl! X2, 

... , xm}, i = 1,2, ... , m. Consider the functions: 

k m 

f(x) = E Xli], and g(x) = - E Xli] 
i=l i=k 

for k = 1,2, ... , m. Since f, 9 E Cs we have, by Corollary 3.3.3, that 

{Xi(O),O E 0} E SICX implies the following inequalities: For k = 1,2, ... , m, 

k k 
EE(X1(Xl),,,,,Xm(Xm))[ll:5 EE(Xt(yd, .. ·,Xm(Ym))[i], 
i=l i=l 

whenever x ~w y, and 

m m 

EE(X1(xt}"",Xm(Xm))[i] ~ EE(Xt(yt}, ... ,Xm(Ym)}[ijl 
i=k i=k 

whenever x ~w y. 

68 



A typical application of Example 3.3.8 in reliability theory is the follow

ing. Suppose that Xi(O) is the life of a component when a resource amount 

(e.g., dollars) invested in it is (). Assume that, as long as a fixed number, k, 

of the components are alive, each one of them accumulates some benefit at 

the rate of one unit of benefit per one unit of time. The components stop 

accumulating benefit when there are less than k of them alive. Then the 

expected total benefit accumulated by the system is 

k 

L E(X1(()t}, ... ,Xm(()m))[ij. 
i=1 

If {Xi (()), () E 0} E SICX (see Shaked and Shanthikumar (1988) for many 

examples of families that are SICX), and if the total available resource 

amount is fixed, c, say (i.e., we must allocate ()i'S such that L~1 OJ = c), 

then, from Example 3.3.8, it follows that the best resource allocation is 

to allocate all the available resource amount to a single component (i.e., 

()1 = C, ()2 = ... = Om = 0). If there are some constraints on the allocation 

(e.g., if each ()j must be greater then or equal to some ()?), then the optimal 

allocation is the one which is the largest in the majorization ordering. 

Proposition 3.3.6 can be applied in a similar manner. Let Xj(()j) be the 

life of the i-th component as described above, and assume that the total avail

able resource amount is a fixed value, c, say. Then, from Proposition 3.3.6, 

it is seen that if {Xj(O),() E 0} E SICX, then, in order to maximize the life 

of a parallel [series] system in the sense of the $jcx [$jcv] order, one should 

allot all the available resource amount to a single unit [one should allot the 

amount of ()j = * to each component]. 

Other situations, in which our results can be applied, can be found in 

Liyanage and Shanthikumar (1992). Note that our work complements the 
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work of Liyanage and Shanthikumar because the assumptions in our results 

are different than the assumptions of Liyanage and Shanthikumar. 

3.4 Stochastic Majorization and Parametric Logcon
vexity of Distribution Functions 

In this section we consider the relationship between stochastic majoriza

tion and a logconvexity property (with respect to the parameter) of distri

bution functions of random variables from stochastically monotone families. 

The monotonicity which we assume in this section is in the sense of the haz

ard rate ordering. First we will observe that a basic result of Liyanage and 

Shanthikumar (1992) is still valid under a weaker condition. In fact, this ob

servation leads us to a complete characterization of the (Fine, FSehurCX n.1ine) 

property for families of random variables which have monotone (with respect 

to the parameter) hazard rate functions. We then apply the new charac

terization to throw a new light on a result of Barbour, Lindvall and Rogers 

(1991), which, as a consequence, we also extend. In order to do this we 

need to recall the definitions of the hazard rate ordering and of stochastic 

convexity in the sense of the hazard rate ordering. 

Let X be a nonnegative random variable with density function j, distri

bution function F and survival function F = 1-F. The hazard rate function 

of X is defined as follows: 

j(t) 
I'x(t) = F(t)' t ~ O. 

We say that a random variable X is smaller than a random variable Y in 

the sense of the hazard rate ordering, denoted by X ~hr Y, if I'x(t) ~ 

/y(t) for all t. It is well known, and easy to verify, that X ~hr Y => 

X ~lIt Y. Let {X(O),O E 0} be a family of real-valued random variables. 
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If X (0) has the hazard rate function 1(· j 0), then {X (0), 0 E e} is said to 

be stochastic increasing and convex in the sense of the hazard rate ordering, 

denoted by SICX(hr), if I(tj 0) is decreasing and concave in 0 for all t ~ o. 
Clearly SICX(hr) implies (.rine, Fic.r). Liyanage and Shanthikumar (1992) 

have proved the following result: 

Theorem 3.4.1 If {Xi(O), ° E e} E SICX(hr) then, for any increasing 

symmetric function h, and Y(x) = h(X1(Xl), X 2(X2), ... , Xm(xm)), one has 

{Y(x),x E em} E (.rine,.rSchurGXn.rine). (Thus, in particular, if{Xi(O),O E 

e} E SICX(hr) then x -< y implies that 

for all increasing Schur convex functions rP). 

The assumption {Xi(O),O E e} E SICX(hr) means that the hazard rate 

function I(·j 0) is concave in 0 (in addition to its monotonicity in 0). We 

will show that, in order to obtain the conclusion of Theorem 3.4.1, one only 

needs to assume that the cumulative hazard function, R(tj 0) = JJ I(Uj O)du, 

is concave in 0 for all t ~ O. This assumption is also necessary as it is shown 

in the following result. Below, the survival function of Xi(O) is denoted by 

F(tj 0) = P{Xi(O) > t}. 

Theorem 3.4.2 Suppose that Xi(O) has the hazard rate function I(tj 0) which 

is decreasing [increasing] in 0 for each t ~ o. Then F(tj 0) is logconvex in 

o if, and only if, for any increasing and symmetric function h, and Y(x) = 

h(X1(xt}, ... ,Xm(xm)), one has {Y(x),x E em} E (.rinc,.rSehurGX n Fine) 

[(Fine, .rSehurGX n .rdee)]. 

Proof. First we prove the theorem where I( tj 0) is decreasing. 
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Necessity. Let (Xl' X2) and (Yt, Y2) be such that Xl + X2 = YI + Y2 and 

YI :5 Xl :5 X2 :5 Y2. Also let X3, ... , Xm be some fixed real numbers. 

Then (xt, X2, X3, ... , xm) ~ (Yt, Y2, X3, ... , xm). Let h(xt, X2, X3,"" xm) = 

min{xt, X2, X3, ... ,xm}. Then {Y(x), x E em} E (:Fine, :FSehurCX n :Fine) 

implies that 

or, equivalently, that 

m m 

F(tj xI)F(tj X2) II F(tj Xi) :5 F(tj yt}F(tj Y2) II F(tj xd· 
i=3 i=3 

That is, F(tj 0) is logconvex in 0. 

Sufficiency. We will only establish the sufficiency for the case m = 2 and 

x ~ y. The general result then follows from Lemma 3.2.2 and the stochastic 

monotonicityof Xi(O) in 0. So let (Xt,X2) and (Yt,Y2) be such that (Xt,X2) ~ 

(YI, Y2). Then Xl +X2 = YI +Y2 and, without loss of generality, we can assume 

that YI :5 Xl :5 X2 :5 Y2. Since ,(tj 0) is decreasing in 0, then we have 

Hence 

where R(tj 0) = -log F(tj 0) is the cumulative hazard function of Xi(O). 

Define, for i = 1, 2, 

- R(tj yt} + Xi - Yl (R(tj Y2) - R(tj yt}) 
Y2 - Yl 

_ Y2 - Xi R(tj yt} + Xi - Yl R(tj Y2) 
Y2 - Yl Y2 - Yl 

- lot (O'i/( Uj yt) + O:i/( Uj Y2))du, 
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where 0,' = 1/2-:1:; and 0,' = :I:;-Y1. Clearly 0i + 0,' = 1, 0,' >_ ° and 0,' >_ 0, 
112-1/1 ' Y2 -Yl 

for i = 1,2. It is immediate that 

R(tj Xi) is a cumulative hazard function for i = 1,2, and (3.4.1) 
i'(tj Xi) = ftR(tj Xi) = Oi/(tj YI) + Oi/(tj Y2) is a hazard rate 
function for i = 1, 2j 

R(tj Xl) + R(tj X2) = R(tj yt} + R(tj Y2), and therefore (3.4.2) 
i'(tj xt} + i'(tj X2) = ')'(tj yt} + ')'(tj Y2). Also ')'(tj yt} > 
max{i'(tj XI),i'(tj X2)} ~ min{i'(tjxt},i'(tj X2)} ~ ')'(tjY2)j 

and 

by the concavity of R(tj 0) in 0, we have that R(tj Xi) ~ R(tj Xi) (3.4.3) 
for i = 1,2. 

Let Zi, Zi, i = 1,2, be four mutually independent random variables 

such that Zi =at X(y;) for i = 1,2 ("=at" denotes equality in distribution), 

and Zi has the hazard rate function i'(tj Xi), i = 1,2. Then, by (3.4.3), 

Zi ~6t X(Xi) for i = 1,2. Also by (3.4.2) we have that 

(3.4.4) 

As in the proof of Theorem 2.9 of Liyanage and Shanthikumar (1992) it can 

be shown, by a straightforward computation, that for any s, t, such that 

t ~ s ~ 0, one has 

P{max{ZhZ2} > tlmin{Z1!Z2} =s} 
')'(8j yt} exp{ - J: ')'(Uj Y2)du} + ')'(8j Y2) exp{ - J: ')'( Uj YI)du} 

-
')'(8j YI) + ,(8j Y2) 

and 
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Thus, using (3.4.2), it is easy to see that, for any s, t, such that t ;::: s ;::: 0, 

one has 

P{max{Zl' Z2} > tl min{Z1! Z2} = s} 

< P{max{Z1!Z2} > tlmin{Z1!Z2} = s}. 

(3.4.5) 

We then conclude, using Veinott's Theorem (see, e.g., Marshall and Olkin 

(1979, p. 485)), that 

Therefore 

(min{X1 (Xl), X 2(X2)}, max{XI (Xl), X2(X2)}) 

~lIt (min{XI (yd, X2(Y2)}, max{X1(Yt}, X 2(Y2)}). 

Hence, for any increasing symmetric function h, 

This completes the proof for the case when ,(tj 0) is decreasing. 

Now consider the case in which ,(tj 0) is increasing. The proof of the 

necessity is the same as above. In order to prove the sufficiency let Xi( 0) = 

Xi( -0). Then, clearly, the hazard rate function of Xt(O) is decreasing in 0, 

and the survival function of Xt(O) is stilliogconvex in O. Therefore, from the 

previous part of this proof, one has 

Noting that X -.<W y if, and only if, -x -.<w -y, one obtains 
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that is, {Y(x), x E em} E (.rine, .rSehurCX n .rdee) .• 

As an application of the theorem we present a new proof for a result of 

Barbour, Lindvall and Rogers (1991), thus throwing new light on its mean

ing. The new proof also enables us to extend that result, and the extension 

is stated as Theorem 3.4.4 below. Note that the result of Liyanage and 

Shanthikumar (1992) (Theorem 3.4.1 above) does not apply here because 

the conditions of Corollary 3.4.3 below do not imply the assumption that 

{Xi(O),O E e} E SICX(hr). 

Corollary 3.4.3 (Barbour, Lindvall and Rogers (1991)). Let XI, ... , X n , 

Yi, ... , Yn be independent nonnegative random variables with survival func

tions P(Xj > t) = F().jt) and P(Yj > t) = F(>'t), respectively, where 

)'t, ... ,).n are positive constants with average X, and F is some distribution 

function with hazard rate function r( x). Assume that r( x) is decreasing in x 

and that xr( x) is increasing in x. Then it is possible to define, on the same 

probability space, random variables 

such that l(~j) $ Xli) for j = 1, ... , n, a. s., where }'(j) [XCj)] denotes the j-th 

order statistic of the Yi"s [Xl's]. 

Proof. It is sufficient to consider the case n = 2. Extension to the general 

case can be routinely carried out (see Barbour, Lindvall and Rogers (1991) 

for details). 

The assumptions of the corollary imply that the hazard rate function 

of F().t), which is r().t)., is increasing in )., and that F().t) is logconvex in 

).. Since ().I, ).2) ~ (X, X), then, by Theorem 3.4.2 (actually, by the proof of 

Theorem 3.4.2), we obtain (3.4.4) and (3.4.5) with (Zh Z2) = (XI, X 2) and 
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(2'1,2'2) = (Yi, Y2)' Therefore, by a simple construction (see, e.g., Lemma 1 

in Barbour, Lindvall and Rogers (1991)), it is possible to construct, on the 

same probability space, random variables 

such that 1(1) :5 Xli)' for j = 1,2, a.s ..• 

In fact, using Theorem 3.4.2 and the same argument as above, we obtain 

the following generalization of Corollary 3.4.3. 

Theorem 3.4.4 Suppose that Xi(O) has the hazard rate function ,(tj 0), 

which is monotone in 0, and that F(t,O) is logconvex in O. Then, for any 

X -< y we can construct, on the same probability space, random variables 

such that XCi) :5 1(j), for j = 1, ... , n, a.s .. 

Let (Xl(xt}, ... ,Xm(Xm))(i) (i = 1, ... , m) denote the i-th smallest 

value among {X1(xt), ... ,Xm(Xm)}. The conclusion of Theorem 3.4.4 im

plies that the vector ((Xl (xt), ... , Xm(Xm))(i), i = 1, ... , m) is stochastically 

smaller than the vector ((X1(Yl),"" Xm(Ym))(i), i = 1, ... , m) whenever x 

-< y. Such a stochastic comparison is of use in studies concerning the spread 

of an epidemic, when the course of the epidemic is determined by the or

der statistics (see Barbour, Lindvall and Rogers (1991) for details). Theo

rem 3.4.4 gives stochastic lower bounds (by means of the Xli) 's) on the 1(i) 's. 

These bounds are useful when the joint distribution of the 1(i) 's is complex, 

whereas the joint distribution of the XCi) 's is easy to analyze. 
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In reliability theory the order statistics are the lifelengths of k-out-of-n 

systems. Theorem 3.4.4 gives conditions under which such systems can be 

stochastically compared. For typical applications of such results look at the 

discussion which follows Example 3.3.8, or see Proschan and Sethuraman 

(1976). 

In order to present another extension of the result of Liyanage and 

Shanthikumar (1992) we recall the following notion of the reverse hazard 

rate function. Let X be a random lifetime with distribution function F and 

density function f. The reverse hazard rate function is defined by J.l(t) = 

f(t)f F(t), t ~ 0 (see Shaked and Shanthikumar (1992) for more details). 

Using a proof similar to that of Theorem 3.4.2 we can obtain the fol

lowing result. 

Theorem 3.4.5 Suppose that Xi(O) has reverse hazard rate function J.l(tj 0) 

which is increasing [decreasing] in O. Then F( t, 0) (the distribution function 

of Xi (0)) is logconvex in 0 if, and only if, for any increasing and symmetric 

function hand Y(x) = h(X1(xt}, X 2(X2),"" Xm(xm)), one has {Y(x), x E 

em} E (Fine, FSehurCV n Fine) [(Fine, FSehurCV n Fdee)]. 

3.5 Stochastic Majorization and Semigroup Properties 

We now turn to stochastic majorization ordering -<Cl (see Definition 

3.2.5). In this section we study the relationships between the stochastic 

majorization ordering -<Cl and the super-semigroup and the sub-semigroup 

properties of stochastically monotone families of random variables in which 

the random variables are ordered in the sense of likelihood ratio ordering. 

More explicitly, we will find conditions under which x -< y implies that 
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(X1 (Xt},X2(X2),"" Xm(Xm)) -<CI (Xl (YI), X2(Y2),"" Xm(Ym)), or, equiva

lently, that 

for all Schur convex functions h. More generally, denoting Y(x) = h(XI (xt), 

X 2(X2),"" Xm(xm)), we will find conditions under which x -< y implies that 

{Y(x), x E em} E (:Fi.ne,:FSehurCX) or (:Fine, :FSehurCX n :Fine), whenever h is 

a Schur convex function. 

There are some results in literature concerning sufficient conditions for 

-<Cl' For example, 

(1) Liyanage and Shanthikumar (1992) proved that if {Xi(O), ° E e} E 

SICX(hr) then, for any increasing symmetricfunction hand Y(x) = heX} (xt}, 

... ,Xm(xm)), one has {Y(x),x E em} E (:Fine,:FSchurCX n:Fine). Thus, in 

particular, if {Xi(O),° E e} E SICX(hr) then x -< y implies that 

for every increasing Schur convex function ,p. 

(2) Shanthikumar (1987) proved the following result. Suppose that 

X,(O) is a discrete random variable defined on N+ = {O, I, ... } such that 

P{Xi(O) = X - I} 
° P{Xi(O) = x} = rex), x E N+,x > 0,0 E e (3.5.1) 

(the main point of (3.5.1) is that the right hand side of it does not depend on 

0). If rex) is increasing and concave [convex] then, for any increasing Schur 

convex [concave] function ,p, x -< y implies that 
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(3) Proschan and Sethuraman (1977) proved the following result. Let 

{Xi(O),O E e} be a family of nonnegative random variables with correspond

ing density functions f(tj 0). If f(tj 0) is TP2 (a real bivariate function 9 is 

said to be totally positive of order 2 (TP2 ) if g( x, y )g( x', y') ~ g( x, y')g( x', y) 

whenever x :5 x' and y :5 y') and if {Xi(O),O E e} satisfies the semigroup 

property, then, for any Schur convex function h, and Y(x) = h(X1(Xl),"" 

Xm(xm)), one has {Y(x),x E em} E (:Finc,:FSchurCX)' 

The results (1) and (2) are useful in reliability theory and in queue

ing theory. However, in some circumstances (for example, when X(O) = 

E~=l lj, 0 E N+) it is very difficult (if not impossible) to apply (1) or (2), 

while the result (3) turns out to be useful in these cases. We here present a 

result which strengthens the result (3) (of Proschan and Sethuraman (1977)). 

First we need the following definition. 

Definition 3.5.1 Let :F be a family of real functions on n. The family 

of nonnegative random variables {X(O),O E 0} is said to have the super

semigroup [sub-semigroup] property with respect to :F if, for every a E 0, bE 

0, such that ° :5 a < b, there exist nonnegative independent random variables 

Z(O, a) and Z(a, b), such that X(b) =~t Z(O, a) + Z(a, b), and the Z's satisfy 

that {Z(a,a + c),a E [O,oo)} E (:Finc,)=inc) [(:Finc,:Fdec)] for each c ~ 0. 

Clearly the semigroup property implies both the super-semigroup prop

erty and the sub-semigroup property with respect to :Finc. See Shaked, Shan

thikumar and Tong (1991) for more details on these notions. 

Remark 3.5.2 It is easily verified that the super-semigroup [sub-semigroup] 

property with respect to )=inc implies the second order property of stochastic 

increasing convexity [concavity] in the sense of the sample path (SICX(sp) 
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[SICV(sp )], see Shaked and Shanthikumar (1988) for details). As examples of 

random variables that satisfy the super-semigroup [sub-semigroup] property 

consider the family of random variables {X(k), k E N+} which is defined as 

k 

X(O) = 0, X(k) = L lj, 
j=l 

for some sequence of independent random variables lj,j = 1,2, .... We then 

have the following identifications. 

(i) If {lj,j E N+} E (Fine,Fine) [(nne, Fdee)] then {X(k),k E N+} satis

fies the super-semigroup [sub-semigroup] property with respect to nne. 

(ii) If {lj,j E N+} E (Ficr,Fine) [(nex,Fdee)] then {X(k), k E N+} satis

fies the super-semigroup [sub-semigroup] property with respect to ncr. 

(iii) If {lj,j E N+} E (Ficv,Finc) [(Fiev,Fdec)] then {X(k),k E N+} satis

fies the super-semigroup [sub-semigroup] property with respect to Fiev. 

More examples of families with the super-semigroup [sub-semigroup] prop

erty with respect to nne can be found in Shaked, Shanthikumar and Tong 

(1991). 

For simplicity we assume below that F is one of the families Fine, Fie:r: 

and ncv. Similar results can be obtained for other F's with similar closure 

properties. 

Theorem 3.5.3 Let {Xi(O),O E e} be a family of nonnegative random vari

ables with respective density functions f(tj 0). Suppose that f(tj 0) is TP2 

and that {Xi(O),O E e} satisfies the super-semigroup [sub-semigroup] prop

erty with respect to F~t. Then, for any increasing Schur convex [concave] 

function h, and Y(x) = h(Xl (xt), . .. , Xm(xm)), one has {Y(x), x E em} E 

(Fine, FSehurCX n nne) [(Fine, FSehurCV n .t=ine)]. 
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Proof. We only prove the (:Fine, :FSehurGX n :Fine) case, the proof of the 

(:Fine, :FSehurGV n :Fine) case is similar. 

First note that the TP2 property of J(t; 0) is equivalent to the assump

tion that {Xi( 0),0 E 0} is stochastically increasing in the sense of likelihood 

ratio ordering, that is, f tt;~, is decreasing in t whenever 0 $ Of. Hence the 

TP2 property of J(t;O) implies that {Xi(O),O E 0} is stochastically increas

ing in the sense of usual stochastic ordering. 

We will prove the theorem for the case m = 2 and x -< y. Then the 

general case follows from Lemma 3.2.2 and from the stochastic monotonicity 

of {Xi(O),O E 0}. So let (Xl,X2) and (Yt,Y2) be such that (Xt, X2) -< (Yl,Y2)' 

Then Xl + X2 = Yl + Y2 and, without loss of generality, we can assume that 

Yl ~ Xl ~ X2 ~ Y2. For any fixed z ~ 0 and any Schur convex function h, we 

have 

Eh(Xl(xt} + z, X 2(Y2)) - Eh(Xl(xt}, X2(Y2) + z) 

- J h(tl + z, t2)J(tl ; xdJ(t2; Y2)dt ldt2 

-J h(tt, t2 + z)J(tl ; Xt}f(t2; Y2)dt ldt2 

= f h(tl + z, t2)J(tl ; XdJ(t2; Y2)dt ldt2 
it1 ~t2 

+ f h(tl + z, t2)J(tl ; Xl)f(t2; Y2)dt ldt2 
it1 <t2 

- f h(t l , t2 + z)J(tl ; xdJ(t2; Y2)dt ldt2 
it1~t2 

-1 h(tt, t2 + z)J(tl ; xt}J(t2; Y2)dt ldt2 
t1<t2 

- 1 h(tl + z, t2)[J(tl; xt}J(t2; Y2) - J(t2; XdJ(tl; Y2)] dt ldt2 
t1~t2 

-1 h(tt, t2 + z )[J(tl ; Xt}J(t2; Y2) - J(t2; xdJ(tl ; Y2)]dt ldt2 
t1~t2 

- 1 [h(tl + z, t2) - h(tl, t2 + z)] 
t1~t2 

[J(tl; xdJ( t2; Y2) - J(t2; Xl )J(tl; Y2)]dt ldt2, 
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where for the third equality here we utilize the symmetry of h. Since J(t; fJ) 

is TP2 and h is Schur convex, we have that the integrand in the last integral 

is nonnegative, hence we obtain, for any z ~ 0, that 

(3.5.2) 

Since {Xi(fJ),fJ E 0} satisfies the super-semigroup property, then there exist 

random variables Z(x},yt} and Z(Y2,X2), which are independent of Xl(Xt} 

and of X 2(Y2), such that Z(Xbyt} ~"t Z(Y2,X2) and such that X1(yt} ="t 

X1(Xl) + Z(Xt,Yl) and X 1(X2) ="t X 1(Y2) + Z(Y2,X2). Let Zl, Z2 be two 

random variables such that (Zl' Z2) is independent of (Xl(Xt), X 2(Y2» and 

such that Zl ="t Z(x}, yt} and Z2 ="t Z(Y2, X2). From (2.5.11) we obtain, 

for any increasing Schur convex function h, 

Eh(X1(yt}, X 2(Y2» = Eh(Xl(xt} + Zt, X 2(Y2» 

> Eh(X1(xt},X2(Y2) + Zt} 

~ Eh(X1(xt}, X 2(Y2) + Z2) 

= Eh(X1(xd,X2(x2»' 

The proof is now completed with the observation that a composition of an 

increasing function and a Schur convex function is Schur convex .• 

Using a similar proof we can obtain the following variants of Theo

rem 3.5.3. 

Theorem 3.5.4 Let {Xi(fJ),fJ E 0} be a Jamily oJ nonnegative random vari

ables with corresponding density Junctions J(t; fJ). Suppose that J(t; fJ) is 

TP2. 

(aJ If {Xi(fJ), fJ E 8} satisfies the super-semigroup [sub-semigroup] property 

with respect to Ficx, then, Jor any increasing Schur convex [concave] Junction 
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h which is convex in each variable, and Y(z) = h(XI (Xl),"" Xm(xm», one 

has {Y(z),zE am} E (Ficz,FSehurGX n Fine) [(Ficz,FSehurGV n Fine)]. 

(6) If {Xi (0),0 E a} satisfies the super-semigroup [sub-semigroup] property 

with respect to FictJ, then, Jor any increasing Schur convex [concave] Junction 

h which is concave in each variable, and Y(z) = h(XI(XI)"'" Xm(xm», 

one has {Y(z),ZE em} E (Ficv,FSehurGX nFine) [(Ficv,FSehurGV n Fine)]. 

For example, if h is an increasing symmetric convex [concave] function 

then it satisfies the conditions of Theorem 3.5.4 (since symmetric convex 

functions are Schur convex). 

As in Example 3.3.8 let (Xl! X2, • •• , Xmhij denote the i-th largest value of 

{Xh X2, ... ,Xm }, i = 1,2, ... , m. It is easily verified that for any increasing 

Schur convex [concave} function h, one has that Eh(XI(xt}, ... ,Xm(xm» ~ 

[2:] Eh(X1 (yt}, ... ,Xm(Ym» whenever x ~w Hw] y is equivalent to 

k 

(:L)X1(xd, ... , Xm(xm»[j], k = 1, ... , m) ~~t 
j=l 

k 

(~)XI(yd, ... , Xm(Ym»Uj, k = 1, ... , m) 
j=l 

m 

[(E(X1(xt), ... ,Xm(xm»Uj,k = 1, ... ,m) ~"t 
j=k 

m 

CE(XI(yt), ... ,Xm(Ym»Ub k = 1, ... , m)]. 
j=k 

Thus from Theorem 3.5.3 we obtain the following result. 

Theorem 3.5.5 Let {Xi(O),O E e} be a Jamily oJnonnegative random vari

ables with respective density Junctions J(t; 0). Suppose that J(t; 0) is TP2 
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and that {Xi(O),O E e} satisfies the super-semigroup [sub-semigroup] prop

erty with respect to :Fine. Then, for any increasing function f: nm - n, 

one has 

k 

{f(~::::(Xl(xd",.,Xm(Xm))fjl,k= 1, ... ,m),xE em} E j=l 

m 

[{f(~)Xl(xd"",Xm(Xm))fjl,k = 1, ... ,m),x E em} E 
j=k 

This result should be contrasted with the result of Example 3.3.8. It is 

also of interest to compare it to the following result of Shaked, Shanthikumar 

and Tong (1991): If {Xi(O),O E e} satisfies super-semigroup property with 

respect to :F6h then, for any increasing function f: nm -;+ n, one has 

m 

{f(X1 (xd, Xl (xd + X 2{X2),.'" L Xj(Xj)), x E 1>} E 
j=l 

where 1> = {x E nm : Xl 2:: X2 2:: •.. 2:: xm}. 

For the families of random variables that were mentioned in Remark 3.5.2 

we have the following result. 

Corollary 3.5.6 Suppose that X(O) = O,X(k) = z::J=l Yj for some (:Fine, 

:Fine) [(:Fine, :Fdee)] sequence of nonnegative independent random variables 

Yj,j = 1,2, .... If the density ofYj, fJ(t) say, is logconcave in t, for all j 2:: 1, 

then, for all increasing Schur convex [concave] functions h, and Y(k} = 

h(X1(kt}, ... , Xm(km)), one has {Y(k), k E N+ m} E (:Fine, :FSehurCX n :Fine) 

[(:Fine, :FSehurCV n :Fine)]. 
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Proof. As is mentioned in Remark 3.5.2, the family {Xi(k), k = 0,1, ... } 

satisfies the super-semi group [sub-semigroup] property with respect to :Fat. 

The density function of Xi(k) is I(tj k) = 11 *12* ... * Ik(t) where "*" denotes 

the convolution operation. It is not hard to verify that if Ii is logconcave for 

each j, then I(tj k) is TP2 (see, e.g, Karlin and Proschan (1960)). Thus the 

result follows from Theorem 3.5.3 .• 

The discussion which follows Example 3.3.8 points out some typical sit

uations in which Theorem 3.5.5 can be applied. Also Theorem 3.5.3 has 

applications in many areas. Since Theorem 3.5.3 strengthens the main result 

of Proschan and Sethuraman (1977), it follows that it widens the scope of ap

plicability of their results. We will not give here a detailed description of the 

straightforward extensions of the applications in Proschan and Sethuraman 

(1977) and in Nevius, Proschan and Sethuraman (1977). 
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4. STOCHASTIC ARRANGEMENT 
INEQUALITIES ARISING IN OPTIMAL 

ALLOCATION OF RESOURCES 

4.1 Introduction 

Consider a stochastic allocation problem where a fixed resource of items 

is to be allocated among m competing facilities in a system. An alloca

tion of ri resource items to facility i results in a random response X(rd, 

i = 1, ... , m. The system response is then defined by the random vari

able Y(ro) = h(X(rt}, ... ,X(rm)) where h : nm -+ n is the system per

formance function. Let S ~ nm be the set of all feasible allocations. We 

are interested in the optimal allocation problem min{Eg(Y(r)) : rES} (or 

max{Eg(Y(r)) : rES}) for some utility function g. Stochastic allocation 

problems have been studied in Boland, EI-Neweihi and Proschan «1988), 

(1991) and (1992)), EI-Neweihi, Proschan and Sethuraman (1986), Liyanage 

and Shanthikumar (1992), Shaked and Shanthikumar (1992), among others. 

One of the main ideas of solving a stochastic allocation problem is to establish 

certain stochastic monotonicity of Y(r) with respect to some partial preorder 

on 'R.m • In this chapter we study stochastic monotonicity with respect to ar

rangement order :5a on nm (see a formal definition of:5a below) and obtain a 

sufficient and necessary condition which implies a general class of stochastic 

arrangement inequalities. This rich class includes many known stochastic ar

rangement inequalities discussed in Boland, EI-Neweihi and Proschan (1992), 

Chang and Yao (1993), EI-Neweihi, Proschan and Sethuraman (1986), and 

Liyanage and Shanthikumar (1992). Therefore our results will extend and 

strengthen some results in those papers. 
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In order to be more explicit we need to introduce some definitions 

and the notational setup (similar to those we used in Chapter 3). Let 

{P(B,i), (0, i) E a x X} be a family of univariate distributions where E> is 

a convex subset of the real line 'R or of N = { ... , -1,0,1, ... }. Let Xi(O) 

denote a random variable with distribution P(B,i) and for each i E N let 

{Xi(O),O E a} be a collection of such random variables indexed by 0. Note 

that, for a fixed i, when we write {Xi(O),O E 0} we do not assume (and are 

not concerned with) any dependence (or independence) properties among the 

Xi(O)'s. We are only interested in the "marginal distributions" {P(8,i), ° E 0} 

of {Xi(O),O E a}, even when {Xi(O),O E 0} is a well defined stochastic pro

cess_ Note also that the notation Xi( 0) does not necessarily mean that Xi is 

a function of 0; it only indicates that the distribution of Xi(O) is P(B,i). Thus, 

for example, for any Borel-measurable function ¢> : 'R -+ 'R, the notation 

E¢>(Xi(O» stands for f ¢>dP(8,i). We will assume, however, that for any ° and 

0' in 9, Xi(O) and Xj(O') are independent when i -f:. j. 

The notions of arrangement order and arrangement monotone functions 

(e.g., see Marshall and Olkin (1979) for more details) will be given next. 

Definition 4.1.1 (1) Let x E 'Rm and y be a permutation ofx. Then x is 

said to be more arranged than y (or x is less transposed than y ) if x can 

be obtained from y by a finite number of successive pairwise interchanges of 

two coordinates at a time such that each interchange results in an increasing 

order for the interchanged elements. We denote this as x ~a y. (For example, 

(1,4,3,5) ~a (1,5,4,3), and (-1,2.5,3,4) ~a (2.5,-1,3,4).) 

(2) A function ¢>: 'Rm -+ 'R is arrangement increasing [decreasing] if x 

~a y implies that ¢>(x) ~ [$]¢>(y). 
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Obviously the relation ~a is a partial order on Rm. Note that the above 

definition of the arrangement order allows one to simplify the analysis of 

arrangement monotonicity, often making it sufficient to prove the desired 

result just for the two dimensional case. 

The purpose of this chapter is to study conditions on {P(9,i), () E 0}, or 

equivalently on {Xi((}),(} E 0}, under which the implication 

(4.1.1) 

holds for some real Borel-measurable functions f on nm. In other words, 

in this chapter we study conditions which imply that E[J(XI (f}t), X 2( (}2), 

... ,Xm ( (}m))] is an arrangement increasing function with respect to ((}J, (}2, 

... ,(}m). 

In Section 4.2 we will prove the main theorem of this chapter, from which 

we can obtain many useful arrangement inequalities. Those inequalities form 

a technical basis for solving stochastic allocation problems which will be 

discussed in Section 4.3. 

4.2 A Class of Stochastic Arrangement Inequalities 

In this section we study the relation between stochastic arrangement 

monotonicity and some second-order properties of distribution functions, 

from which we then obtain useful sufficient conditions for certain stochastic 

arrangement inequalities of random vectors. Throughout this section we 

assume that {Xi ((}),(} E 0},i = 1, ... ,m are m mutually independent col

lections of real random variables as described in Section 4.1. We also assume 
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that :F is a family of some real Borel-measurable functions on n, which is 

closed under shifts, i.e., f E :F implies that f + c E :F for any constant c. 

Theorem 4.2.1 Suppose that Xi(O) $,t Xi'(O') whenever (i,O) $ (i',O'). 

Then {Xi(O),O E 0} E (:F,:F,ub) [(:F,:F,uper)] if and only if(XI,""Xm) $a 

(Yh' .. , Ym) implies that 

(4.2.1) 

for all h E :F,ym n :F,uper n {c -:F} [h E :FlJym n :FlJub n {c - :F}]. 

Proof. We only discuss the case of ~ in (4.2.1). The other case can be 

proved similarly. 

(1) (Necessity) Suppose that (4.2.1) holds. Let Xt,X2,YI and Y2 be such 

that Xl = Y2 ~ YI = X2. Also let X3, ... , Xm be some fixed real numbers. 

Then (x}, X2, X3, . .. , xm) $a (Yb Y2, X3," ., xm). Define the function h by 

h(tb t2, ... , tm) = L:~l g(ti) where 9 E :F. Clearly hE :F,ymn:FlJupern{c-:F}. 

Therefore, from (4.2.1), we have 

m 

Eg(Xt (xd) + Eg(X2(X2)) + L Eg(Xi(Xi)) 
i=3 

m 

~ Eg(Xt(yt}) + Eg(X2(Y2)) + L Eg(Xi(Xi)). 
i=3 

It follows that Eg(XI(Xt}) + Eg(X2(X2)) ~ Eg(XI(yt)) + Eg(X2(Y2)), which 

implies that Eg(Xi(O)) is submodular in (i, 0), for all 9 E :F. 

(2) (Sufficiency) We first establish the theorem for the case of m = 

2. The general case of the theorem will then follow from Definition 4.1.1 

and mutual independence of {Xi(O), ° E 0}, i = 1, ... , m. Let (Xl, X2) $a 

(Yt,Y2)' Then we have Xl = Y2 ~ YI = X2. Since Ef(Xi(O)) is submodular in 

(i,O) for all f E :F, one has, for all t2 E n, and all h E :FlJym n:Flluper n {c-:F}, 
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On the other hand, for any supermodular function h(tI, t 2 ), we have, for 

tl ~ t~, t2 ~ t~, 

which tells us that, for t2 ~ t~, 

Combining (4.2.2) and (4.2.3) and noting that X2(xt} 2::~t Xl (xd, one obtain, 

Eh(X2(X2),XI (xd) - Eh(X2(XI),XI (Xt}) 

2:: Eh(XI (X2),Xt (Xt}) - Eh(Xt(xt},XI(xt}) 

2:: Eh(Xt (X2), X2(xt}) - Eh(XI(xd, X2(xd), 

where Xl (xt) is an independent copy of XI(XI)' From the fact that {Xi(O), 0 E 

e}, i = 1,2, are mutually independent and h is a symmetric function, we 

then have 

Eh(X2(X2),XI (Xt}) 2:: Eh(XI (X2),X2(Xt}), 

i.e., Eh(XI (xt},X2(X2)) 2:: Eh(XI (yd,X2(Y2)) .• 

Some useful corollaries can be obtained at once from Theorem 4.2.1. 

Corollary 4.2.2 Suppose the survival function Fj(t; 0) of Xj(O) is increasing 

and submodular [supermodular] in (i, 0) for each fixed t. Then x ~a Y implies 

for all increasing symmetric supermodular [submodular] Borel-measurable func

tions h. 
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Proof. Since Fi{t; ()) is increasing and submodular [supermodular] in (i, ()), 

then we have that EI[t,oo)(Xi (())) is increasing and submodular [supermod

ularJ in (i, ()), where I[t,oo) is the indicator function of [t, (0). Simple ap

proximations and the use of Lebesgue's convergence theorem imply that for 

any increasing Borel-measurable function f, Ef(Xi (()) is increasing and sub

modular [supermodular] in (i, 0). The result now follows from Theorem 4.2.1. 

• 
Liyanage and Shanthikumar (1992) have proved Corollary 4.2.2 by using 

the sample path approach. Here we used a different (direct) method, and 

obtained more relations between submodularity [supermodularity] properties 

of distribution functions and stochastic arrangement monotonicity of random 

variables. As extensions of Corollary 4.2.2, we present the following two 

corollaries, the proofs of which follow easily from Theorem 4.2.1. 

Corollary 4.2.3 Suppose X i(()) :5.!t Xi'(()') whenever (i,O) :5 (i',O'). Then 

{Xi(O),O E 9} E (ncx,F .. ub) [(Ficx,F"uper)] ifand only if x :5a y implies that 

for all hE F .. ym n F .. uper n {c - Ficx} [h E F"ym n F"ub n {c - Ficx}]. 

Corollary 4.2.4 Suppose Xi(fJ) :5"t Xi,(fJ') whenever (i,fJ) :5 (i',fJ'). Thrm 

{Xi(O),fJ E 9} E (ncv,F .. ub) [(Ficv,F .. uper )] if and only if x :5a y implies that 

for all h E F"ym n F .. uper n {c - Ficv} [h E F .. ym n F .. ub n {c - Ficv}]. 

Remark 4.2.5 In some applications the following easily verified equiva

lences are very useful. 
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(1) Eg(Xj(O)) is submodular [supermodular] in (i,O) for all increasing 

convex functions g if and only if for each fixed t, ftoo Fi(sj O)ds is submodular 

[supermodular] in (i, O)j 

(2) Eg(Xi(O)) is submodular [supermodular] in (i,O) for all increasing 

concave functions g if and only if for each fixed t, f~oo Fi(sj O)ds is super

modular [submodular] in (i,O). 

In the rest of this section, we discuss some interesting and useful sto

chastic arrangement inequalities by using Corollary 4.2.3 and Corollary 4.2.4. 

For a real function h on nn+m, we use the notation h(x,y) = h(Xl,""Xn, 

yt, ... , Ym). 

Proposition 4.2.6 Let Xl, X 2 be two independent nnl-valued random vec

tors, X be nn2 -valued random vector which is independent of {Xl, X2 }. Sup

pose that Xl :5.!t X2, and <1>1 and <1>2 are increasing Borel-measurable func

tions, on nnl and nnl+n2 respectively, such that <I>2(S, t) - <I>l(S) is nonnega

tive and decreasing [increasing] in s on nn1 for each fixed t E nn2. Then 

(4.2.4) 

for all increasing, symmetric and supermodular [submodular] Borel-measurable 

functions h that are concave [convex] in each variable. 

Proof. We only prove the "~" case in (4.2.4). The proof of the other case 

is similar. Consider any increasing Borel-measurable functions <1>1 and <1>2 on 

nnl and nnl +n2 respectively, satisfying 

is nonnegative and decreasing in s (4.2.5) 

on nn1 for each t. 
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Let Zj(j) be a random variable, i = 1,2, and j = 1,2, such that {Zl (1), Zl (2)} 

and {Z2(1), Z2(2)} are mutually independent and Zl(l) = .. t <Pl(Xt}, Z2(1) 

= .. t <PI (X2), Zl (2) = .. t <P2(Xt, X), and Z2(2) = .. t <P2(X2, X). Thus the as

sumptions on <p's imply that Zj(j) $ .. t Zj,(j') whenever (i,j) $ (i',j'). Since 

<P2(S, t), <Pl(S) satisfy (4.2.5), and Xl $ .. t X2, then for each t, E<p2(X1 , t) -

E<pl(Xl ) ~ E<p2(X2, t) - E<pl(X2), which implies that 

( 4.2.6) 

For any increasing concave function g, it is easy to verify that the com

positions go <PI and go <P2 are increasing and satisfy (4.2.5) for any increasing 

<PI and <P2 satisfying (4.2.5). Thus from (4.2.6) we have 

i.e., Eg(ZjU» is submodular in (i,j) for all increasing concave functions g. 

By Corollary 4.2.4 one obtains 

for all increasing, symmetric and supermodular Borel-measurable functions 

h that are concave in each variable .• 

Corollary 4.2.7 Let Xl! X 2 be two independent n-valued random variables, 

X be nn-valued random vector which is independent of {Xl!X2}, Suppose 

that Xl $"t X 2, and <p: nn+1 -+ n is an increasing Borel-measurable func

tion such that for any n-dimensional vector t, <p(s, t) ~ s, and <p(s, t) is a 

contraction [expansion] mapping on n, i.e., I<p(s, t) - </>(s', t)1 $ [~] Is - s'l 
for all s, s' E n. Then 
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for all increasing, symmetric and supermodular [sub modular] Borel-measurable 

functions h that are concave [convex] in each variable. 

Proposition 4.2.8 Let Xl! X 2 be two independent n,nl -valued random vec

tors, and Y I, Y 2 two independent n,n2 -valued random vectors, which are 

also independent of {Xl, X2 }. Suppose that X 2 ~lIt Xl, Y 2 ~lIt Y 1 and 4> is 

an increasing and supermodular [submodular] Borel-measurable function on 

n,nl+n2. Then 

(4.2.7) 

for all increasing, symmetric and submodular [supermodular] Borel-measurable 

functions h that are convex [concave] in each variable. 

Proof. We only give the proof of the "~" case in (4.2.7). The proof of the 

other case is similar. Since X 2 ~lIt Xt, Y 2 ~Bt Y}, then we first have that 

4>(Xi , Y j ) is stochastic increasing in (i,j). For any supermodular function tf; 

and n2-dimensional vectors t :5 t', tf;( s, t') - tf;( s, t) is increasing in s on n,nl. 

Thus for any t :5 t', 

i.e., Etf;(X2' t) - E1/J(X t , t) is increasing in t. Therefore we obtain that 

(4.2.8) 

For an increasing and supermodular function 4>, let Zi(j) be a random vari

able, i = 1,2, and j = 1,2, such that {Zl(1),Zt(2)} and {Z2(1),Z2(2)} are 

mutually independent and Zi(j) ="t 4>(Xi , Yj). Hence Zi(j) is stochastic 

increasing in (i,j). From the fact that a composition of an increasing con

vex function and an increasing supermodular function is an supermodular 
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function and (4.2.8), we have that Eg(Zj(j)) is supermodular in (i,j) for all 

increasing convex functions g. From Corollary 4.2.3, we obtain (4.2.7) .• 

We mention in passing that above Propositions 4.2.6 and 4.2.8 can be 

also proved directly by the multivariate version of a result in Shanthiku

mar and Yao (1991), Theorem 4.3). Using that approach Chang and Yao 

(1993) proved Proposition 4.2.8 for nt = n2 = 1. We close this section by 

deriving some known inequalities as corollaries of above results (see Boland, 

EI-Neweihi and Proschan (1992), Chang and Yao (1993)). 

Example 4.2.9 Suppose that X, X}, X 2 , Yi, 1'2 be independent 'R.-valued 

random variables. 

(1) If Xl $"t X 2 then Eh(max{X},X},X2) ~ Eh(X},max{X2' X}) for 

all increasing, symmetric and supermodular Borel-measurable functions h. In 

particular, if Xl $"t X 2 then min{max{X}, X}, X2} ~8t min{XI' max{X2, 

X}}. 

(2) If Xl $"t X 2 and X is nonnegative then Eh(XI + X, X 2) ~ [$ 

]Eh(XI' X 2 + X) for all increasing, symmetric and supermodular [submod

ular] Borel-measurable functions h that are concave [convex] in each vari

able. In particular, one has min{XI + X, X2} ~jcv min{X}, X 2 + X} and 

max{XI + X,X2} $icx max{X},X2 + X}. 

(3) If Xl $"t X 2, and Yi $"t 1'2 then max{XI + Yi, X 2 + 1'2} ~jcx 

max{Xt +1'2,X2+Yi} and min{Xt +Yi,X2+1'2} $icv min{XI +Y2,X2+Yi}. 

Proof. (1) Let Zi(j) be a random variable, i = 1,2, and j = 1,2, such that 

{Zt(1), ZI(2)} and {Z2(1), Z2(2)} are mutually independent and ZI(I) ="t 

XI, Z2(2) ="t max{X2' X}, Z2(1) ="t X 2, and ZI(2) ="t max{XI,X}, Thus 

Zj(j) $"t Zdj') whenever (i,j) $ (i',j'). It is easy to verify that for 

all increasing functions f and all s' ~ s, f(max{s',t}) - f(max{s,t}) $ 
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j(s') - j(8). This implies that Ej(max{X2'X}) - Ej(max{XbX}) :::; 

Ej(X2) - Ej(Xt ), i.e., Ej(Zj(i» is submodular for all increasing Borel

measurable functions j. By Corollary 4.2.2 we have Eh(max{Xb X}, X 2) ~ 

Eh(Xb max{X2, X}) for all increasing, symmetric and supermodular Borel

measurable functions h. 

(2) This result follows from Corollary 4.2.7 or Proposition 4.2.8. 

(3) This result follows from Proposition 4.2.8 .• 

Boland, EI-Neweihi and Proschan (1992) give the necessary and suffi

cientconditionson X b X 2 which imply that min{Xt +X,X2} ~"t min{XbX2 

+X} and max{Xt +X,X2} :::;"t max{Xb X 2+X}, from which one can easily 

find examples to show that X t :::;"t X 2 does not necessarily imply min{Xt + 
X,X2} ~"t min{Xb X 2 + X} or max{Xt + X,X2} :::;"t max{Xb X 2 + X}. 

4.3 Optimal Allocation of Redundancy via Stochastic 
Rearrangement 

We now study some problems of static allocation of resource to nodes of 

a certain system. In each such a node (which we also call a "location") there 

is usually a component or a subsystem. The lifetime of each such component 

can be "improved" in some stochastic sense, for example, by supplying it 

with certain kinds of standby replacements or by allotting to it some amount 

of budget for repairs. A fixed amount of resource is given, and the problem 

we will discuss is how to allocate the resource among the various locations in 

order to stochastically optimize the performance of the system under study. 

Since Theorem 4.2.1 and Corollaries 4.2.3 and 4.2.4 strengthen a result 

in Liyanage and Shanthikumar (1992) (see Corollary 4.2.2), we have widened 

the scope of applicability of their result in stochastic allocation problems 
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where given amount of budget is to be allocated among competing facilities 

in a system. The results such as Theorem 4.2.1 provide partial characteri

zations of the optimal solution for such allocation problems thus reduce the 

computational effort needed to find the optimal solution. See Liyanage and 

Shanthikumar (1992) and references therein for more discussion in this re

spect. In this section, we will only discuss problems of redundancy allocations 

in some reliability systems in order to illustrate the usefulness of stochastic 

arrangement inequalities developed in Section 2. 

We first consider a system with m subsystems, where lifetimes of subsys

tems Xl, X2, ... , Xm are independent and satisfy Xl ~,,! X2 ~"t .•. ~"t X m. 

We assume that one can allot k (a fixed positive integer) sets of n re

placements for each subsystem. The lifetime vector of replacements in a 

redundant set is denoted by nn-valued random variable Vi, where i = 
1, ... , km. Suppose that Y b ... , Ykm are independent and also independent 

of {Xb X2, ... ,Xm}' and Y I ~"t Y2 ~"t .•. ~"t Ykm. IfYipYi2,···,Yi" 

have been allocated to subsystem i then the performance of this subsystem 

is ¢J(Xi, Yip ... , Vi,,). The total performance of the system as a function of 

the component lifetimes is then 

(4.3.1) 

Theorem 4.3.1 Suppose that ¢J is an increasing symmetric supermodular 

[submodular] Borel-measurable function and h is an increasing symmetric 

submodular [supermodular] Borel-measurable function that is convex [concave] 

in each variable. Then p in (4.3.1) is maximized [minimized] by allotting 

Yt, ... ,Yk to the subsystem 1, Yk+b ... ,Y2k to the subsystem 2, ... , and 

finally allotting Y(m-l)k+b ... , Y km to the subsystem m. 
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Proof. We only prove the maximum case. The proof of other case is similar. 

Since Xl, ... ,Xm , Y I, ••• , Y km are independent, it is sufficient to prove the 

result for m = 2. Suppose that the optimal allocation is not what is stated 

in the theorem. Thus, since both hand ¢> are symmetric, without loss of 

generality, we assume that the optimal allocation is given by 

p= (4.3.2) 

where 0 :5 t < k, Yil ~6t ••• ~6t Yi", Yil :5"t ••• :56t Yi,,' Vi. ~"t Y i• for 

s = 1, ... , t and Yi, :5"t Yi, for s = t + 1, ... ,k. By Corollary 4.2.8 and 

(4.3.2) we obtain 

i.e., p can be surpassed by allotting Y I, ... , Y k to the subsystem 1, Y k+1, ••• , 

Y2k to the subsystem 2. This is a contradiction .• 

Example 4.3.2 Consider a system consisting of m nodes. At each such a 

node, there is a component, such that lifetimes of these components Xl! X 2 , 

... ,Xm are independent and satisfy that Xl ~6t X 2 ~"t ••• ~6t X m • Suppose 

that m sets of n hot standby replacements are to be allocated among the 

m nodes, one set for each node, and the lifetime vectors of components in 

those redundant sets, YI , Y2 , ••• , Y m say, are independent and satisfy that 

YI ~,t Y2 ~6t ••• ~"t Y m' Denote ¢>(Xj, Y) = max{Xj,}I, ... , Yn } where 

Y = (}I, ... , Yn). Then ¢>(Xj, Y i ) is the life of the subsystem at the i-th 
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node where the redundancy set Yj has been allocated to it. Let k be a fixed 

positive integer satisfying 1 :5 k < m. Assume that, as long as i (> k) 

subsystems are alive, i - k of those subsystems accumulate some benefit. 

The system stop accumulating benefit when there are only k or less than k 

of subsystems alive. 

Suppose that, for any subsystem, the rate of accumulating benefit is 

'" > O. Thus the total benefit accumulated by the system is 

m 

'" L: (¢>(Xt,Yit),···,¢>(Xm,Yim))(jj! 
j=k+1 

where (tb"" tn)[ij denotes the i-th largest value of the set {tb . .. , tn}, and 

{ix, ... ,im } is a permutation of {I, . .. ,m}. It is known that the func

tion Ei=k+l (Xl, X2, ••• , xn)(jj is an increasing supermodular Borel-measurable 

function that is concave in each variable (see Chang 1992). Thus Theorem 

4.3.1 tells us that the total expected accumulated benefit of the system is 

maximized by allotting Yj to the (m - j + 1)-th node, j = 1, ... , m .• 

We can also obtain the optimal allocation for a parallel system. Similar 

problems have been studied in EI-Neweihi, Proschan and Sethuraman (1986). 

Theorem 4.3.1 and Example 4.3.2 provide some extensions for these related 

results. 

The next example involves the following type of functions 

tx) m 

h(x) = Jo c(L: I{xi>t})dt, 
o i=l 

(4.3.3) 

where c(x) is an increasing concave function and I{xi>t} is the indicator func

tion of {Xi> t}. Observe that 
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Thus d:.h(X) is decreasing in Xj, i =F j, and increasing in Xj, which imply 
J 

that h(x) is submodular and convex in each variable (see Marshall and Olkin 

1979). 

Example 4.3.3 Consider a reliabilityjperformability system (see, Shaked 

and Shanthikumar 1990a) consisting of m components, whose lifetimes XI, X 2 , 

... ,Xm are independent and satisfy that Xl :5l1t X2 :5l1t .•. :5"t Xm. Suppose 

that a set of n replacements (which may be dependent) is to be allocated to 

one of these m components. Let X be the lifetime vector of replacements 

in this redundant set and independent of {Xl, ... , Xm}, and </>(Xj, X) be 

the lifetime of component i if X is allocated for it. Suppose that the per

formability function is c(n) (Le., when n components are alive the rate at 

which performance is accumulated is c(n)). For example, c(n) could be the 

production rate of a manufacturing system when n machines are working 

(see Liyanage and Shanthikumar [7]). We assume that c(n) is increasing 

concave and c(O) = o. The total expected performance as a function of the 

component lifetimes is then 

Eh(X1 , ••• , </>(Xj , X), ... , Xm) (4.3.4) 

where h(x) is given in (4.3.3). If, for each t ~ 0, </>(8, t) ~ 8 and </>(8, t) 

is an expansion mapping on 'R, then by Corollary 4.2.7, the total expected 

performance (4.3.4) is maximized by allotting X to Xm , the best component 

in the system .• 

Similarly we can obtain the optimal allocation for the case that the 

performability function c(n) is increasing convex. These results extend some 

related results in Boland, EI-Neweihi and Proschan (1992). 

100 



REFERENCES 
[1] Barbour, A. D., Lindvall, T. and Rogers, L. C. G. (1991), Stochastic 

ordering of order statistics, J. Appl. Probab. 28, 278-286. 

[2] Boland, P. J., El-neweihi, E. and Proschan, F. (1988), Active redun
dancy allocation in coherent systems, Probability in the Engineering 
and Information Sciences, 2, 343-353. 

[3] Boland, P. J., El-neweihi, E. and Proschan, F. (1991), Redundancy im
portance and allocation of spares in coherent systems, Journal of Sta
tistical Planning and Inference, 29, 55-66. 

[4] Boland, P. J., El-neweihi, E. and Proschan, F. (1992), Stochastic order 
for redundancy allocation in series and parallel systems, Advances in 
Applied Probability, 24, 161-171. 

[5] Boland, P. J., EI-Neweihi, E. and Proschan, F. (1994), Applications 
of the hazard rate ordering in reliability and order statistics. J. Appl. 
Probab., 31, to appear. 

[6] Boland, P. J., Proschan, F. and Tong, Y. L. (1991), A stochastic order
ing of partial sums of independent random variables and of some random 
processes. Technical Report, Department of Statistics, University Col
lege, Dublin, Ireland. 

[7] Brandt, A., Franken, P. and Lisek, B. (1990), Stationary Stochastic 
Models, Wiley, New York. 

[8] Buzacott, J. A. and Shanthikumar, J. G. (1992), Stochastic Models of 
Manufacturing Systems. Prentice Hall, Englewood Cliffs, N.J. 

[9] Chang, C.-S. (1992), A new ordering for stochastic majorization: theory 
and applications, Advances in Applied Probability, 24, 604-634. 

[10] Chang, C.-S., Chao, X.L., Pinedo, M. and Shanthikumar, J.G. (1991), 
Stochastic convexity for multidimensional processes and its applications, 
IEEE Transaction on Automatic Control, 36, 1347-1355. 

[11] Chang, C.-S. and Yao, D. (1993), Rearrangement, majorization and 
stochastic scheduling, Mathematics of Operations Research, 658-684. 

101 



[12] El-neweihi, E., Proschan, F. and Sethuraman, J. (1986), Optimal alloca
tion of components in parallel-series and series-parallel systems, Journal 
of Applied Probability, 23, 770-777. 

[13] Glasserman, P. (1992), Processes with associated increments, Journal of 
Applied Probability, 29, 313-333. 

[14] Grassmann, W. (1983), The convexity of the mean queue size of the 
MIMic queue with respect to the traffic intensity, J. appl. Probab., 20, 
916-919. 

[15] Harel, A. and Zipkin, P. (1987), Strong convexity results for queueing 
systems, Operations Research, 35, 405-418. 

[16] Kamae, T., Krengel, U. and O'Brien, G.L. (1977), Stochasticinequalities 
on partially ordered spaces, Ann. Probab., 5, 819-912. 

[17] Karlin, S. (1968), Total Positivity, Stanford University Press. 

[18] Karlin, S. and Proschan, F. (1960), Polya type distributions and convo
lutions, Ann. Math. Statist. 31, 721-736. 

[19] Keilson, J. and Kester, A. (1977), Monotone matrices and monotone 
Markov processes, Stochastic Processes and Their Applications 5, 231-
241. 

[20] Lee, H. L. and Cohen, M. A. (1983), A note on the convexity of per
formance measures of MIMic queueing systems, J. appJ. Probab., 20, 
920-923. 

[21] Li, H. (1994), Stochastic arrangement inequalities for some systems with 
hazard-rate ordered components. International Journal of Relia~jJjty, 
Quality and Safety Engineering, to appear. 

[22] Li, H. and Shaked, M. (1994), On the first passage times for Markov 
processes with monotone convex transition kernels. Technical Report, 
Department of Mathematics, University of Arizona. 

[23] Li, H. and Zhu, H. (1994), Stochastic equivalence of ordered random 
variables with applications in reliability theory. Statistics & Probability 
Letters, 20, to appear. 

102 



[24] Liyanage, L. and Shanthikumar, J. G. (1993), Allocation through sto
chastic Schur convexity and stochastic transposition increasingness, Sto
chastic Inequalities (Eds: M. Shaked and Y. 1. Tong), IMS Lecture 
Notes, Vol. 22, 253-273. 

[25] Makowski, A. M. and Philips, T. K. (1992), Stochastic convexity of 
sum of i.i.d. nonnegative random variables with applications, Journal of 
Applied Probability 29, 156-167. 

[26] Marshall, M. and Olkin, I. (1979), Inequalities: Theory of Majorization 
and Its Applications, Academic Press, New York, NY. 

[27] Massey, W. (1987), Stochastic orderings for Markov processes on par
tially ordered spaces, Math. of Operations Research 12, 350-367. 

[28] Meester, 1. (1990), Contributions to the theory and applications of sto
chastic convexity, Ph.D. dissertation, Univ. of California, Berkeley. 

[29] Meester, L. and Shanthikumar, J. G. (1990a), Convexity of the through
out of tandem queueing systems with finite buffer storage space, Ad
vances in Applied Probability 22, 764-767. 

[30] Meester,1. and Shanthikumar, J. G. (1990b), Stochastic convexity on 
general space, Technical Report, School of Business Administration, 
University of California, Berkeley. 

[31] Nevius S. E., Proschan, F. and Sethuraman, J. (1977), Schur functions 
in statistics, II. The preservation theorem Ann. Statist. 5, 263-273. 

[32] Proschan, F. and Sethuraman, J. (1976), Stochastic comparisons of order 
statistics from homogeneous populations, with applications in reliability, 
J. Multivariate Anal. 6, 608-616. 

[33] Proschan, F. and Sethuraman, J. (1977), Schur functions in statistics, 
I. The preservation theorem. Ann. Statist. 5, 256-262. 

[34] Rolfe, A. J. (1971), A note on marginal allocation in multiple-server 
service systems, Management Science, 17, 656-658. 

[35] Shaked, M. and Shanthikumar, J. G. (1988a), Stochastic convexity and 
its applications, Advances in Applied Probability 20, 427-446. 

103 



[36] Shaked, M. and Shanthikumar, J. G. (1988b), Temporal stochastic con
vexity and concavity, Stochastic Processes and Their Applications 27, 
1-20. 

[37] Shaked, M. and Shanthikumar, J. G. (1989), Regular, sample path 
and strong stochastic convexity: A review. Stochastic Ordering and 
Decision Under Risk (Eds: K. Msler and M. Scarsini), IMS Lecture 
Notes/Monograph Series. 

[38] Shaked, M. and Shanthikumar, J. G. (1990a), Reliability and Maintain
ability, Chapter 13, in Handbook in OR and MS, Vol. 2 (Eds: D. P. 
Heyman and M. J. Sobel), North-Holland. 

[39] Shaked, M. and Shanthikumar, J. G. (1990b), Convexity of a set of 
stochastically ordered random variables, Adv. Appl. Probab. 22, 160-
177. 

[40] Shaked, M. and Shanthikumar, J. G. (1990c), Parametric stochastic 
convexity and concavity of stochastic processes, Annals of the Institute 
of Statistical Mathematics 42, 509-531. 

[41] Shaked, M. and Shanthikumar, J. G. (1994), Stochastic Orders and 
Their Applications, Academic Press, New York, NY. 

[42] Shaked, M. and Shanthikumar, J. G. and Tong, Y. L. (1991), Paramet
ric Schur convexity and arrangement monotonicity properties of partial 
sums, Technical Report, Department of Mathematics, University of Ari
zona, Tucson. 

[43] Shaked, M. and Shanthikumar, J. G. (1992), Optimal allocation of re
sources to nodes of parallel and series systems, Advances in Applied 
Probability, to appear. 

[44] Shaked, M. and Shanthikumar, J. G. (1994), Stochastic Orders and 
Their Applications, Academic Press, New York, NY. 

[45] Shanthikumar, J. G. (1987), Stochastic majorization of random variables 
with proportional equilibrium rates, Adv. Appl. Probab. 19, 854-872. 

104 



[46] Shanthikumar, J. G. and Yao, D. D. (1988), On server allocation in 
multiple center manufacturing systems. Operations Research, 36, 333-
342. 

[47] Shanthikumar J. G. and Yao, D. D. (1992), Spatiotemporal convexity 
of stochastic processes and applications, Probability in the Engineering 
and Informational Sciences, 6, 1-16. 

[48] Shanthikumar J. G. and Yao, D. D. (1991a), Strong stochastic convexity: 
Closure properties and applications, Journal of Applied Probability 28, 
131-145. 

[49] Shanthikumar, J. G. and Yao, D. (1991b), Bivariate characterization of 
some stochastic order relations, Advances in Applied Probability, 23, 
642-659. 

[50] Stoyan, D. (1983), Comparison Methods for Queues and Other Sto
chastic Models, Wiley, New York, NY. 

[51] Tu, H. Y. and Kumin, H. (1983), A convexity result for a class of GI/G/1 
queueing systems, Operations Research, 31, 948-950. 

[52] Weber, R. R. (1980), On the marginal benefit of adding servers to 
G/GI/m queues, Management Science, 26, 946-951. 

[53] Yao, D. D. and Shanthikumar, J. G. (1987), The optimal input rates to 
a system of manufacturing cells. INFOR, Canadian J. Opnl. Res. Inf. 
Proc., 25, 57-65. 

[54] van Doorn, E. (1980) Stochastic Monotonicity and Queueing Applica
tions of Birth-Death Processes, Springer-Verlag, New York, N.Y. 

[55] Whitt, W. (1986), Stochastic comparisons for non-Markov processes, 
Mathematics of Operations Research 11, 608-618. 

105 


