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ABSTRACT 

The problem of reconstructing dielectric profiles in both one and two dimensions 

from measurements of the scattered electric field is discussed in this dissertation. 

We formulate a governing equation for the electric field outside of the dielectric 

slab using the Green's function method. Embedded inside this equation for the 

electric field is both the unknown slab profile and the unknown total field inside the 

dielectric scatterer. To remove the unknown field quantity, we use different models 

for the total field inside the slab. These models reduce the governing equation to 

situations relating the scattered electric field to the Fourier transform of the slab 

and object profile (defined as the difference between the dielectric constant of the 

scatterer and the dielectric constant of the background medium). However, these 

models are only valid for low frequency. To recover the high frequency information 

and invert for the dielectric profile, we use a technique known as super-resolution. 

In the one-dimensional case, we find that model for the field inside the scatterer 

based upon the form of the field outside the scatterer (which we call the advanced 

approximation) gives the best reconstructions for a wide variety of profiles. Finally, 

we vary the parameters associated with super-resolution and examine the resulting 

reconstructions in the one-dimensional case. We find that using a minimum number 

of frequency samples, smaller _~requency spacings between the samples, and longer 

reconstruction vectors lead to better reconstructions in the advanced scheme. 



CHAPTER 1 

INTRODUCTION 
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One of the more active areas in electromagnetics is the field of inverse scatter

ing, i.e. determining the electrical pl'Operties of a scatterer based upon the reflection 

and/or transmission of radiation incident upon it. Our particular focus in this dis

sertation is on the electrical properties of materials. The basis for many methods of 

reconstructing electrical pl'Operties (dielectric COHstant and conductivity) is the Born 

approximation [1J-[10]' which assumes that the field inside the scatterer has the form 

of the field incident upon the scatterer. In the case of strong scatterers, however, the 

Born approximation is a poor representation for the field inside the slab. Therefore, 

reconstructions of strong scatterers can be difficult, if not impossible, using the Born 

approximation. 

Given the limitation associated with the Born approximation, there has been a 

significant push to develop techniques to handle strong scatterers in both the one

and two-dimensional reconstruction problems. We are primarily concerned with the 

one-dimensional inversion problem. However, we shall include a preliminary investi

gation of the two-dimensional problem near the end of the dissertation. Most of these 

techniques concentrate on using advanced forward models in the inversion procedure. 

One recent method involves minimizing the residual error between a forward model 
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and the measured data using two relaxation parameters [11, 12]. This technique 

uses a modified Born series to solve the forward problem [13], and has been applied 

in both one and two dimensions. The reconstructions obtained by this method are 

superior to other inversion methods based upon the Born approximation. Another 

technique recently developed for one-dimensional inversion is based upon a local re

flection model [14] and is an explicit (non-iterative) scheme. This method transforms 

the field equations for the one-dimensional problem into a Riccati equation through 

the definition of a local reflection coefficient. This method has also been shown to 

produce reconstructions that are superior to those obtainable using the Born approx

imation. 

A technique recently developed for the two-dimensional reconstruction of con

ductivity profiles involves the minimization of a quadratic cost function. The cost 

function contains a term that is the difference between the measured data and data 

from a forward model [15]. The forward model incorporates a nonlinear estimator 

for the field internal to the scatterer [16]. This technique has been shown to produce 

inversions from a large number of measurements with a large number of unknowns 

in a much faster time than traditional Born approximation techniques. In addition, 

this technique can reconstruct profiles with large contrasts in conductivity whereas 

the Born approximation fails. 
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These recent techniques are based upon sophisticated models for the field inside 

the scatterer. In this dissertation, we present new methods of reconstructing dielec

tric profiles for strong scatterers. We concentrate most of our work in this disserta

tion on the one-dimensional inversion, and then give the framework for applying the 

one-dimensional results to the two-dimensional inversion. Instead of matching exper

imental data to an advanced forward model, our method is based upon an extension 

of the Born approximation for the field inside the slab. However, since these models 

break down as the frequency increases, we use a technique known as super-resolution 

to recover the high frequency data and invert for the dielectric profile. 

We start by considering the one-dimensional reconstruction problem. In Chapter 

2, we first formulate the problem of a plane wave scattering off of a dielectric slab. 

This formulation leads to a governing equation for the slab profile in terms of the 

scattered field. However, the unknown total field inside the slab is embedded inside 

an integral along with the unknown slab profile in our governing equation. To reduce 

the complexity of the governing equation, we use three different models for the field 

inside the slab. These models all reduce the governing equation to a situation relat

ing measurements of the scattered field to the Fourier transform of the slab profile 

(defined as the difference between the relative dielectric constant of the slab and the 

relative dielectric constant of the background medium). In addition, we show how a 

low-frequency measurement of the scattered field is related to the average value of 

the slab profile. 
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In Chapter 3, we discuss the method by which the slab profile is determined. 

Although we can make measurements of the Fourier transform of the slab profile, 

these measurements break down and become inaccurate as the frequency is increased. 

Therefore, we use super-resolution [17]-[21] to recover the high frequency information 

and invert for our slab profile. The super-resolution is accomplished using a direct 

(non-iterative) method developed by Walsh and Delaney [20, 21]. We present the 

reconstructions of three different slab profiles using the super-resolution method. 

Finally, we vary the parameters associated with super-resolution and examine the 

effects on the reconstruction to offer an insight on the optimal choice of parameters. 

With the information learned from the one-dimensional case, we consider the prob

lem of reconstructing two-dimensional objects. In Chapter 4, we formulate the prob

lem of a plane wave scattering off of a two-dimensional dielectric scatterer. Again, 

this formulation leads to a governing equation for the electric field outside the scat

terer in terms of the object profile. However, embedded in this equation is an integral 

containing both the unknown total field inside the object and the unknown object 

profile. We therefore use two models for the field inside the object to reduce the 

governing equation to a relation between the scattered field and the two-dimensional 

Fourier transform of the object profile. In addition, we show how a low-frequency 

measurement of the scattered field is related to the average value of the object profile. 

In Chapter 5 we discuss the technique to determine the two-dimensional object 

profile based upon measurements of its Fourier transform. We again use the technique 
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of super-resolution to accomplish the reconstruction. As an example, we present the 

reconstruction of a dielectric cylinder. 

Finally, in Chapter 6 we summarize our results and give directions for future work. 



CHAPTER 2 

ONE-DIMENSIONAL PROBLEM FORMULATION 
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In this chapter, we first formulate the forward problem of plane wave scattering 

by a dielectric slab. We find that the fields decouple into the familiar T E" and 

T M:: modes. We are primarily interested in T EM:: propagation. These modes are 

described by a set of partial differential equations. To solve these equations, we 

use the Green's function method [22]. This method generates a governing equation 

for the electric field everywhere in space. This governing equation is the starting 

point for the inverse problem, where we wish to recover the slab profile based upon 

measurements of the scattered electric field made outside the slab. The slab profile is 

defined as the difference between the diele"ctric constant of the slab and the dielectric 

constant of the background media. 

2.1 Problem Geometry 

The geometry of the problem space consists of a loss less slab embedded in a 

lossless background media. The slab extends from -00 to 00 in both the x- and y

directions, as shown in Figure 2.1. The slab has a thickness of d meters, which is 

assumed to be known. Our source is a sheet of electric current located in the region 

z < O. The dielectric constant of the background media is known to be fb, and both 
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x 

z 

d 

Figure 2.1: One-dimensional problem geometry. 
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the slab and the background media have a permeability of J.Lo. 

If we assume an ejwt time dependence, the differential forms of Maxwell's equations 

are: 

(2.1 ) 

(2.2) 

where E is the vector electric field in volts/meter, Ii is the vector magnetic field in 

amperes/meter, J is the electric current density in amperes per square meter, and 

A-I is the magnetic current density in volts per square meter. 

For our problem, we assume there is no variation in the source or materials in both 

the x and y directions. Therefore, in (2.1) and (2.2) we set a/ax = a/ay = o. This 

simplification allows the fields to decouple into the familiar T Ez and T M:: modes. 

We have another simplification in that we assume our source is an electric current 

sheet that is polarized in the y direction only. We also assume there is no magnetic 

sources in the problem; so wI = O. With these simplifications, the T EM:: mode is 

the only mode excited. Thus, Maxwell's equations reduce to: 

dHx . 
dz = JWfEy + Jy 

dEy . H 
-- = JWJ.Lo x 
dz 

(2.3) 

(2.4) 

We take the derivative with respect to z of (2.4), and then substitute (2.3) into the 

resulting expression. This generates the following differential equation for Ey: 

(2.5 ) 
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where the wave number P takes on the following form: 

in the background media, 
(2.6) 

in the slab. 

We define the slab profile as the difference between the relative dielectric constant of 

the slab and the relative dielectric constant of the background media. Mathemati-

cally, we let the function q( z) be the slab profile: 

q(z) = (Az) - f.br (2.i) 

where the subscript r refers to the dielectric constant relative to that of free space. 

We note that q( z) is zero outside the slab. With this definition of the slab profile, 

we can write the wavenumber k2 as: 

(2.8) 

where k5 = w2 Jlof.o is the free space wavenumber. We substitute this definition into 

(2.5) to obtain: 

(2.9) 

where kC = w2 Jlof.b is the wavenumber in the background medium. To generate the 

associated limiting condition on Ey , we assume there is a small amount of loss in 

the background medium. Therefore, we require the field to vanish as z becomes very 

large away from the source. Mathematically, we have: 

lim Ey = 0 
z-±oo 

(2.10) 
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2.2 Green's Function Determination 

To solve the differential equation in (2.9) with the boundary condition in (2.10), 

we employ the Green's function method [22J. We start first by defining the following 

Green's function problem: 

(Pg(z,z') k2 (.,. ./) __ ,,(.,. __ ') 
dz2 + b9~, ~ - u ~ ~ (2.11) 

Physically, our Greens' function g(z, =') is the electric field in the background medium 

produced by a sheet source of electric current with unit magnitude located at z = ='. 

We define the boundary conditions on g(z, z') to mimic those of the electric field: 

lim g(=, z') = 0 
z-±oo 

(2.12) 

If z =I z', then the Green's function problem in (2.11) becomes: 

d
2
g(=, z') + k2 ( _') = 0 
dz2 b9 z,<- (2.13) 

A general solution to the above equation with the boundary conditions specified in 

(2.12) is: 

, {Ae-ikbz = > =', 
g(z, z ) = 

Beikb
% z < z' 

(2.14) 

Invoking continuity at z = z' leads to the following relation between A and B: 

(2.15) 

Lastly, the jump condition applied at z = z' allows us to complete the solution for A 

and B: 

(2.16) 
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(2.17) 

Therefore, we can write the solution for the Green's function as: 

(2.18) 

2.3 Solution for Ey( z) 

We now turn to the original task of solving (2.9) for the y component of the electric 

field. We first take the inner product of LEy (where the operator L == d2 
/ dz 2 + kn 

with our Green's function and use integration by parts twice to obtain: 

(
dE d )z=oo 

(9, LEy) = (L9, Ey) + 9 dz
Y 

- Ey d~ :=-00 (2.19) 

where the inner product is defined as: 

(X, Y) = 1: dzXY (2.20) 

We substitute the expressions for LEy given by (2.9) and L9 given by (2.11) into 

(2.19), use the boundary conditions in (2.10) and (2.12), and use the symmetry of 

the Green's function to write the solution for Ey: 

(2.21 ) 

In the above equation, the first integral represents the source contribution, and the 

second integral is the scattered field. 
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We now wish to specify the source. We choose our source to be a sheet source 

located at some point z' = -h. We can mathematically express our source as: 

Jy{Z') = Coc5(z' + h) (2.22) 

where Co is a constant to be determined later. We substitute this source term into 

the first integral of (2.21), and perform the integration over the c5-function to obtain: 

(2.23) 

To form an incident wave of unit magnitude, we choose 

(2.24) 

Therefore, under this source specification, the y-component of the electric field can 

be expressed by the following equation, which we refer to as the governing equation 

for Ey{z): 

( ? ?~) _._0 

The total field is the sum of the incident field plus the scattered field due to the 

presence of the slab. We also note that the scattered field term can only be determined 

by knowing the total field inside the slab. This result is well-known and represents 

nothing new [1, 2, 161. 



2.4 Reducing the Governing Equation for Ey(z) 

Our ultimate goal is to use (2.2.5) to relate measurements of the scattered field to 

the slab profile. To accomplish this, we must model the total field inside the slab 

(which is under the integral sign) in some fashion. In the next three sections we 

discuss the various models that we use for this task. 

2.4.1 The Born Approximation 

A popular starting point in reducing the equation in (2.25) is to employ the Born 

approximation for the field inside the slab. Under the Born approximation, we ap-

proximate the field inside the slab by the incident field. Hence, we have: 

(2.26) 

In addition, we assume the receiver is located to the left of the slab, in the region 

z ~ 0 (this assumption is made throughout the chapter). Therefore, we can write 

(2.25) under the Born approximation as: 

(2.27) 

We recognize the integral as the Fourier transform of our slab profile q(z') with 2kb 

as our frequency variable. Therefore, we can solve (2.27) for the Fourier transform 

of q(z') and obtain the well-known result [1, 2]: 

(2.28) 
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where the subscript B denotes the Born approximation for Q(2kb ). Mathematically, 

we define Q(2kb) to be the Fourier transform of q(z'), viz: 

(2.29) 

In (2.28), we note that the right hand side can be measured. Hence, we can deter-

mine QB(2kb) at various frequencies, and then use fast Fourier transform techniques 

to solve for q(z'). This solution is explored in the next chapter. 

2.4.2 The Born-Scattered Approximation 

As noted in [1], the Born approximation is only valid in the weak scattering case, 

defined mathematically in [1] as q(z) :::; 1.2.:;, z E (0, d). For stronger scatterers, the 

Born approximation is a poor representation of the field inside the scatterer; so we 

would expect our profile reconstruction to be poor. However, an advancement on the 

Born approximation can be obtained as follows. Outside the slab, the field will be 

comprised of an incident and scattered field. Let us assume the total field inside the 

slab has the same form, viz: 

(2.30) 

where A and B are constants we can determine by invoking electric and magnetic 

boundary conditions at z = O. From Maxwell's equations (2.3), we can write the 

magnetic field inside the slab as: 

(2.31) 



where 1]b is the wave impedance in the background medium. Our procedure now is 

to substitute (2.30) into (2.25) and solve for the electric field outside the slab in the 

region z < O. Again, since z < z', we have: 

(2.32) 

We recognize the first integral as the definition of the Fourier transform of q( :;'). We 

also note the second integral is related to the average value of the slab profile. Thus, 

the electric field outside the slab can be written as: 

(2.33) 

where the average value of the slab profile, qav, is given by: 

qav = ~ fod q( z') dz' (2.34) 

Again using Maxwell's equations, we can determine the magnetic field outside the 

slab: 

(2.3.j) 

We now wish to solve for the constants A and B by matching boundary conditions 

for the tangential fields at z = z' = O. Continuity of the tangential electric field given 

by (2.30) and (2.33) yields the following equation for A and B: 

(2.36) 
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Continuity of the tangential magnetic field given by (2.31) and (2.3.5) yields a second 

equation for A and B: 

[ 
ko ] [ kodqav] A -1 - -, -Q(2kb ) + B 1 - -, - =-1 

J2~ J2~ 

We solve (2.36) and (2.37) for A and B to obtain: 

A=1 

B = ~ Q(2kb) 
j2 !fbI +J'!ssJ.4!l!!E... v"o 2 .fib 

(2.37) 

(2.38) 

(2.39) 

We substitute the above results into (2.33) to completely determine the electric field 

outside the slab. After some algebra, we obtain: 

(2.40) 

We solve the above equation for Q(2kb ), and obtain the following relation: 

Q (2k) j2~ -ikbZ[E () -ikbZ] (1 + ,kod qav ) BS 'b = --e 'y Z - e J--
ko' 2 ~ 

(2.41 ) 

We refer to the above approximation for Q(2kb) as the Born-scattered approximation, 

signified by the subscript BS. We note that the Born-scattered approximation is 

the Born approximation multiplied by a correction term in parentheses. We also 

note that as kod and kbd become small (the low frequency limit), the Born-scattered 

approximation reduces to the Born approximation. 

2.4.3 The Advanced Approximation 

Although the development of (2.41) is a significant departure from the Born ap-

proximation, we may continue one step further. The electric field outside the slab is 
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given by (2.25). Let us assume, then, the field inside the slab has this same form, 

VIZ: 

(2.42) 

Thus, we assume the field inside the slab is comprised of an incident field plus a 

scattered field that mimics behavior of the field outside the slab. Note that we have 

used the Born approximation for the total field under the integral sign. We now 

substitute this expression into (2.25) and again assume z < z'. After some algebraic 

manipulation we have: 

To reduce the above integrals, we write the first integral over ( as follows: 

(2..14) 

We substitute the above expression into (2.43), and after some algebraic manipulation 

we obtain: 

In the above equation, the integrals cannot be reduced any further without knowing 

the slab profile q(z'), q(O. However, if we assume the slab profiles can be approxi-

mated by their average values, the integrations can be performed with the following 
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result: 

(2.46) 

where X is given by 

(2.4 7) 

We are now in a position to match boundary conditions and determine A and B. 

At z = z' = 0, we match the tangential electric field given by (2.42) and (2.46) to 

obtain: 

(2.48) 

Our model for the electric field both inside and outside the slab is a sum of a forward 

and backward traveling plane wave. These plane waves propagate with wavenumber 

kb• Therefore, the magnetic field is related to the electric field through the wave 

impedance in the background medium, and an appropriate change in sign to ensure 

the energy is propagating in the correct direction. With this in mind, we can write 

the boundary condition on the tangential magnetic field from the equation above: 

(2.49) 

We solve (2.48) and (2.49) for A and B to obtain: 

A=l (2.50) 

(2 .. 51) 



We substitute these results into (2.46) and after some algebraic manipulation, we 

obtain: 

E (z) = e-jkb :: + ~ejkb:: Q2(2kb) 
Y j2.fib Q(2kb) (1 + j¥~) - X 

(2.52) 

Our next task is to solve the above equation for Q(2kb). After some elementary 

algebra, we find 

(2.53) 

where 

(2 . .54) 

(2.55) 

We call QA(2kb) the advanced approximation. The sign of the square root is chosen 

so that the Fourier transform is continuous with frequency. We note that in (2.53), 

as kbd becomes small, c goes to zero, and the advanced approximation reduces to 

the Born-scattered approximation. Thus, in the low frequency limit, the advanced 

approximation also reduces to the Born approximation. 

One benefit the advanced approximation has over the Born and Born-scattered is 

that it can be easily used in an iterative scheme. In (2.45) we assumed q(z') and q(() 

were constant to perform the integration and obtain an approximation for Q(2kb). 

However, once we determine a profile q(z') using this original approximation, we 

substitute this q(z') back into (2.45) and obtain a new value of X in (2.47). With 

this new value of x, we then generate a new data set Qnew(2kb), which subsequently 
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leads to a new profile reconstruction qnew(z'). We repeat this process until the current 

reconstruction is identical to that in the previous iteration within a tolerance factor. 

This iteration procedure is discussed in more detail in the next chapter. The Born 

and Born-scattered approximation have no easy way in their present forms to utilize 

any subsequent reconstructions in an iterative scheme. 

2.4.4 A Measurable Constraint 

In order to use (2.41) or (2.53), it would appear that the average value of the 

profile, qav would have to be known a priori. However, as we shall now show, this 

quantity can be measured. For z < 0, the equation in (2.25) can be written as: 

(2 .. 56) 

For low frequencies (kbd « 1), the Born approximation for Ey(z) given in (2.26) 

is a reasonable model for the field inside the slab. In addition, we assume that the 

exponential behavior in the integrand can be approximated by unity. These two 

approximations reduce (2.56) to the following: 

(2.5i) 

Therefore, the average value of the slab profile can be obtained from a low frequency 

measurement of the scattered field. 
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2.5 Comparison of the Born, Born-scattered, and Advanced 

Approximations 

In this section, we wish to compare the performance of the Born, Born-scattered, 

and advanced approximations in producing the Fourier transform of the slab profile, 

Q(2kb). To form this comparison, we have developed a one-dimensional finite-element 

program to solve the differential equation given by (2.9) with the boundary conditions 

in (2.10). This formulation is not presented here, and the interested reader is referred 

to [23] for an in-depth discussion of the finite-element method. This formulation 

allows us to generate synthetic scattered field data for a wide variety of slab profiles. 

For a representative example, we present a comparison of the Fourier transform for 

a ramp profile as determined by the three approximations (Born, Born-scattered, and 

advanced). Consider a slab that is embedded in free space (fb = fo) with a thickness 

of d = 1 meter and a dielectric constant that increases linearly with distance, from a 

minimum of 1 to a maximum of 5: 

0, :: < 0 

q(z) = fr(Z) - 1 = 4z, 0 < z < 1 (2 .. 58) 

0, z> 1 

Tints, q(z) rises linearly from 0 to 4 over 1 meter. From the definition of Q(2ko) in 

(2.29), the exact Fourier transform of this ramp profile is: 

. . 
Q t('Jko) = _J_ e-i2ko - ~e-jko sin ko 

erae -?k ?k2 
- 0 - 0 

(2.59) 
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In Figures 2.2 and 2.3, we present a comparIson of the magnitude and phase of 

Q(2ko}, respectively, as determined by the three approximations to the exact Fourier 

transform of this slab profile. We note that at low frequencies, all three approxima

tions are close to the exact magnitude, but they begin to deviate as the frequency 

increases. Indeed, the Born approximation deviates the greatest from the exact re

sult, followed by the Born-scattered, and then the advanced. The same phenomenon 

can be seen in the phase comparison. In this figure, we again see that as the frequency 

is increased, the Born, Born-scattered and advanced approximations all deviate from 

the exact phase. These general conclusions about the deviations of the approxima

tions have also been found in many other profiles we have considered (not shown). 

Therefore, we should expect that performing an inverse Fourier transform on any of 

these approximations to determine q(=) would lead to poor results, since they all de

viate significantly from the exact transform as the frequency increases. To allow for 

a reasonable reconstruction, we consider only the low frequency portion of the spec

trum, where the approximations are reasonable, and use super-resolution to recover 

the high frequency information. 

2.6 Comparison to Habashy Approximation 

In this section, we wish to investigate the Habashy approximation [16] in one 

dimension and see how it compares to our approximations (the Born, Born-scattered, 

and advanced). We start by considering the governing equation for Ey given in (2.25), 
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reprinted below: 

(2.60) 

Under the Habashy approximation, we write the total field inside the slab as follows: 

(2.61 ) 

Substituting this into our governing equation, we obtain 

(2.62) 

The above equation holds for all values of z. If we solve the equation for Ey(z), we 

obtain (after some algebraic manipulation): 

(2.63) 

where 

r(z) = 1 - _. _0_ f q(z')e-ikblz-z'l 
[ 

k d ]-1 
J2y14 io (2.6.1 ) 

Consider the case where z E (0, d). We wish to examine the main contribution to the 

integral in (2.63) under this restriction. We first note that in [16], the authors assume 

a lossy background medium. Therefore, we write the background wavenumber as: 

(2.6.5 ) 

where kbr and kbi are the real and imaginary parts of k b, respectively, and the sign 

of kbi is chosen to ensure the fields decay for large values of distance away from the 
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source point. With the wavenumber written in the above form, the equation in (2.63) 

can be written as: 

In the vicinity of the point z = z', the exponential term exp( -kbd= - z'l) is significant, 

having a maximum at z = z'. However, near z = z', the term Ey(z') - Ey(z) will 

be small, and indeed will be zero at z = z'. Thus, the integrand will be small in the 

vicinity of z = z'. Away from the point Z = z', the exponential term exp( -kbdz - z'l) 

will be small. Thus, the integrand is also small away from the point z = z'. Therefore, 

for Z E (0, d), we can ignore the contribution from the integral, as the integrand is 

small throughout this region, and write: 

(2.67) 

We substitute this back into our original equation for Ey(z) (2.25) and obtain: 

(2.68) 

We now consider the situation where z < z'. The above equation can then be written 

as: 

(2.69) 

where we have substituted the expression for r(z) given in (2.64). 



We cannot reduce the above expression any further unless we know the slab profile 

q(:;I). However, if we assume that 

(2.70) 

we can expand the Zl integrand in a geometric series. vVe keep the first two terms in 

the series, and after some algebraic manipulation we obtain: 

(2.71) 

In the remaining double integration, we assume the slab profile can be approximated 

by its average value. With this approximation, the above equation reduces to 

(2.72) 

where 

(2.73) 

(2.74) 

( .J -~) _./.) 

Unfortunately, this is as far as we can take the Habashy approximation in an attempt 

to show how it fits in with our approximations. Notice that the above equation 

relates not only Q(2kb ) to the scattered field, but Q(kb ) and Q(3kb ) as well. Thus, 

we conclude the Habashy approximation does not readily reduce to a form similar to 

the Born, Born-scattered, or advanced approximations. 



CHAPTER 3 

ONE-DIMENSIONAL PROFILE RECONSTRUCTION 
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As mentioned in the previous chapter, all of our approximations for Q(2kb) (Born, 

Born-scattered, and advanced) break down as the frequency increases. In this chap

ter, we discuss a method where only the low frequency data of Q(2kb) is used to 

recover the slab profile. This technique is known as super-resolution [17J-[21 J. The 

concept of super-resolution was first demonstrated by Slepian and Pollack [17J. These 

authors found that the eigenfunctions of the finite Fourier transform, known in the 

literature as the prolate spheroidal wave functions, could be used to extrapolate a 

band-limited function beyond an interval in which it was known. However, this 

method is not easily extended to the discrete case, and this method is very sensitive 

to noise. A discrete version of super-resolution that is less sensitive to noise was 

proposed independently by Gerchberg [18J and Papoulis [19J. Their algorithm, which 

we will refer to as the G-P algorithm, allows for the reconstruction of a time or space 

limited object from a series of measurements made in the frequency domain. How

ever, the G-P algorithm is an iterative scheme involving two fast Fourier transforms 

at each iteration. Thus, the G-P algorithm is inherently slow, and can require many 

iterations to converge. Walsh and Delaney [20, 21J have developed a non-iterative 

implementation of the G-P algorithm based upon singular valued decomposition [24J. 
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We shall refer to this method as the direct method. After a brief description of the 

direct method, we explore its ability to reconstruct our one-dimensional profile q(:;). 

3.1 Super-Resolution by a Direct Method 

In this section, we present a brief summary of the direct method and its use in 

super-resolution. For an in-depth discussion of this method, the reader is directed to 

[20, 21]. The direct method is based upon the one-to-one correspondence between a 

function and its Fourier transform. In the discrete case, this relation can be expressed 

as a matrix equation: 

(3.1 ) 

where Q is the vector of length N containing the frequency samples of Q(2kb ), q is 

the vector of length N containing the space-domain samples of q( z )., and A is the 

N X N matrix of Fourier transform coefficients. The individual elements of A are 

given by: 

Amn = exp[_j(21l"/N)](m-l).(n-l) m, n E (1, N) (3.2) 

Our goal is to solve for q given a limited number of entries in Q, namely the low 

frequency portion. Recall that our continuous function q(z) is space limited, being 

zero outside the slab. Therefore, our vector of space domain samples q will only have 

a number P of non-zero entries, where P < N. If we assume the first entry in the 

vector q corresponds to the location:: = 0, and the subsequent entries correspond to 
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locations;; > 0, equally spaced, then we can write q as: 

(3.3) 

Now let us assume we have at our disposal R discrete frequency samples in Q, 

evenly spaced in frequency starting from DC. In our definition, we assumed that q(;;) 

was a real function. Therefore, from the R positive frequency samples we gain an 

additional R-1 negative frequency samples due to the periodic nature of the discrete 

Fourier transform for real functions. If we place the restriction N > R > P /2 + 1, 

then the equation as posed in (3.1) becomes an overdetermined system for q, viz: 

(3.4) 

If R = P/2 + 1, the system becomes exactly determined, a situation we allow. How

ever, we do not consider the underdetermined case, where R < P/2+ 1. As mentioned 

by Walsh [20,21]' we could solve this overdetermined system using least squares, but 

as the number of unknowns in the space domain P increases, the condition number of 

A increases dramatically. To avoid this problem, we use singular valued decomposi

tion (SVD) techniques [24] to solve our system of equations. For a full description of 

the singular valued decomposition method, the reader is referred to [24J. Continuing 

with the SVD method, we can decompose the matrix A to obtain: 

(3.5) 

In the above decomposition, V is a P x P orthonormal matrix, U is a 2R - 1 x P 

column orthonormal matrix, [diag(wj)] is a P x P diagonal matrix of the singular 
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values of A, Wj is the ph singular value where j = 1, P, and the superscript T 

denotes the transpose of the matrix. Also, in the diagonal matrix of singular values, 

Wt > W2 > ... > wp. With this decomposition, we can write the solution for q as: 

q = V· [diag(l/wj)J· rUT . QJ (3.6) 

An alternative way of writing this solution for q is: 

\Ilt V21 \Ilp 

V2t V22 V2P 
q = (l/wdUtQ + (1/w2)U2Q + ... + (l/wp )UpQ (3.7) 

VPt VP2 Vpp 

where Uj denotes the ph row of UT . 

There are two important features of the above equation worth noting. First, we 

see that in the above equation, q is determined by a matrix multiplication. Unlike 

the G-P algorithm, there is not a single fast Fourier transform in this solution. Thus, 

we expect the direct method to be very fast. 

Secondly, we note that the columns of V form an orthonormal set of basis vectors, 

which are referred to as the right singular vectors of A or simply the singular vectors. 

Thus, each column vector Vi is like a "harmonic" in the Fourier series terminology, 

and our solution for q is written as an expansion of these basis vectors. If we set 

a particular l/wj equal to zero before the matrix multiplication, we will eliminate 

that harmonic from the solution. As mentioned by Walsh [20,21]' the error between 

a profile and its reconstruction is concentrated in the largest l/wj terms, so it is 



desirable to set these large l/wj terms to zero. Indeed, we can vary the number 

of these l/wj terms we set to zero, thereby giving a multitude of reconstructions. 

From this set of reconstructions, we can choose the one which satisfies some desired 

criteria. For example, if we know a priori the slab profile (as we would when testing 

the procedure with known samples), we can choose the reconstruction which is closest 

on average to the actual profile. This makes the direct method very useful, as we can 

obtain a set of reconstructions in a relatively small amount of time compared to the 

G-P algorithm. 

There is an inherent relation among the various parameters associated with the 

direct method: the length of the reconstruction vector N, the number of non-zero 

entries P, the frequency spacing between the data Sf, the thickness of the slab 

d, and the background dielectric constant fb. The relationship can be expressed 

mathematically as: 

..ftb 2 x d X 08 X SIx N = P 
3 x 1 

(3.8) 

Let us start by choosing a value for N. The sampling frequency will then be defined 

as the frequency spacing between samples SI times this length N. Sampling at this 

frequency corresponds in space to taking j4x SI x N/(3 x 108 ) samples per meter in 

the background medium. Thus, multiplying the number of samples per meter by the 

length of the slab determines P, the number of samples inside the slab. The factor 

of 2 is present since we are measuring the reflected field. Therefore, the information 

will have traveled twice the thickness of the slab before reaching the receiver. Finally, 



note that P as determined by (3.8) may not be an integer. However, we associate 

the integer part of P + 1 in (3.8) as P (the +1 being present since the first sample is 

taken as z = 0 meters, which is assumed to be in the slab). Thus, this integer P tells 

the total number of space domain samples inside the slab. Note that equation (3.8) 

can be generated by considering the relation in the discrete Fourier transform [25], 

D.xDo! = 1/ N (3.9) 

where DoX is the distance between samples in meters, Do! is the interval between 

frequency samples in units of cycles per meter, and N is the length of the vector. 

3.2 Profile Reconstruction Results 

In our reconstruction experiments, we have investigated the reconstruction of three 

different types of profiles: a ramp, an exponential, and a step profile with a sharp 

discontinuity in the interior of the slab. In all cases, the background media has been 

assumed to be free space (t:b = fo), and the total thickness of the slab was one meter. 

For each of these profiles, we are interested in how well the various approximations 

(Born, Born-scattered, and advanced) determine the overall shapes of the profiles, 

and how well they resolve sharp discontinuities. We have also considered the use of 

"exact" data in our reconstructions. The "exact" reconstruction has been made using 

samples from the theoretical continuous Fourier transform of the profile. Essentially, 

this is the best we can do; i.e. the Born, Born-scattered, and advanced schemes are 
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all approximations to the exact continuous Fourier transform of the slab. We have 

also examined quantitatively how the different parameters associated with super

resolution (number of frequency samples, frequency spacing of the samples, length of 

reconstruction vector) affect the reconstruction for each approximation. Finally, we 

have examined the maximum contrast in dielectric constant that can be reconstructed 

for each approximation. 

3.2.1 The Ramp Profile 

The first profile we consider is a ramp profile. The dielectric constant of the slab 

increases linearly from 1 to 5 for 0 < :; < 1 meters. Mathematically, this can be 

expressed as: 

f r (z)=1+4z, O<z< 1 (3.10) 

A reconstruction of this profile is shown in Figure 3.1. Here, we present the results 

for the Born, Born-scattered, and advanced approximations, as well as the "exact" 

reconstruction. In this example, the length of the reconstruction vector is N = 24,300 

and the frequency spacing between samples is Sf = 0.25 MHz. We have used R = 21 

frequency samples starting from DC. There were P = 41 non-zero entries in the q

vector. Hence, in this case we are using an exactly determined system. Additionally, 

we have used the first 2 singular vectors out of the 41 in each of the reconstructions 

(corresponding to the two largest singular values, WI and W2). This choiceof2 singular 

vectors is appropriate since the first singular vector acts like a constant basis function, 
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Figure 3.1: Reconstruction of the ramp profile, fr(Z) = 1+4z. N = 24,300, Sf = 0.25 
MHz, R = 21, P = 41. 
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and the second vector acts like a ramp. As mentioned by Walsh [20,21]' using more 

singular vectors will affect the reconstruction slightly, until the error associated with 

a higher-order singular vector swamps the reconstruction and gives back a nonsensical 

result. In these reconstructions we also present the RMS error between the profile 

and each reconstruction. The RMS error is defined mathematically as: 

p 

error = 2]qreconstructed(Zi) - q(zi)PI P 
i=l 

(3.11 ) 

where Zi = (i - 1)1 (P - 1). We note that in this reconstruction, the Born-scattered 

and advanced approximations do very well at reconstructing the ramp profile, and are 

graphically identical to the profile. However, the Born approximation is noticeably 

different from the profile. This result is consistent with Tabbara [1], who found that 

the Born approximation breaks down for profiles greater than qrnax{z) = O.2d, where 

d is the thickness of the slab. Finally we note that the advanced scheme converges 

after 1 iteration. 

We next present some quantitative results on how the different parameters affect 

the reconstruction. Specifically, we have studied the effect of individually varying 

the number of frequency samples R, the frequency spacing between the samples Sf, 

and the length of the reconstruction vector N. A listing of the experiments is given 

in Table 3.1. In this table, we list the values of the fixed parameters, the range of 

values for the varied parameters, and the figures where the error trends are shown. 

In the Figures column, the label R refers to the ramp profile, the label E refers to 

the exponential profile, and the label S refers to the step profile. The error in all 
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Fixed 
E xpertmen t P t arame ers v . d P arte t arame ers F' l.e;ures 

Fix Sf, N, P vary R 1J = 0.25 MHz R=21, 31, 41,51,61,71, R: Fig. 3.2 
= 24300 81 E: Fig. 3.7 

P = 41 S: Fig. 3.12 

Fix R, P vary Sf, N R = 21 SI= 1.0, 0.8, 0.6, 0.4, R: Fig. 3.3 
P = 41 0.25, 0.1 (MHz) E: Fig. 3.8 

N= 6075, 7594, 10125, 
S: Fig. 3.13 

15188, 24300, 60750 

Fix Sf, R vary N, P Sf = 0.25 MHz N= 6300, 12300, 18300, R: Fig. 3.4 
R=41 24300, 30300, 36300, E: Fig. 3.9 

42300, 48300 S: Fig. 3.14 

P=l1, 21,31,41,51,61, 
71, 81 

Table 3.1: The fixed and varied parameters in the reconstruction experiments 
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of the quantitative comparisons is defined by (3.11). In Figure 3.2, we examine the 

error as a function of the number of frequency samples R. Here, we have held the 

following parameters constant: N = 24,300, P = 41, and Sf = 0.25 MHz. In this 

figure the advanced scheme converges after a minimum of 1 iteration (R = 21) and a 

maximum of 2 iterations (R = 81). We note that as the number of frequency samples 

increases, the error also increases. We expect this trend since the approximations get 

worse at determining the Fourier transform of the slab as the frequency gets larger. 

R = 21 corresponds to a maximum frequency measurement of 5 MHz, whereas R = 81 

corresponds to a maximum of 20 MHz. We also note that the error using exact data 

also increases as we increase the number of samples. This increase is due to aliasing 

error. Recall that Q(2kb), the Fourier transform of our profile, is not band limited 

since q(z) is space limited. Therefore, we need an infinite sampling frequency to 

satisfy the Nyquist criterion [25] and obtain a perfect reconstruction of q( z) from the 

exact data. However, computational constraints dictate that we must use discrete 

Fourier transform techniques and hence a finite sampling frequency. The exact data 

Q(2kb) is then corrupted with aliasing error due to the use of a finite sampling 

frequency, and this error increases as we go farther out in frequency. The aliasing 

error will also increase as we decrease the length of the reconstruction vector, since a 

smaller vector corresponds to a lower sampling frequency. Although aliasing is also 

present in the Born, Born-scattered and advanced data, the difference between these 
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Figure 3.2: RMS error between the profile and its reconstruction vs. number of 
frequency samples R for €r(z) = 1 + 4z. N = 24,300, Sf = 0.25 MHz, P = 41. 
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approximations and the exact continuous Fourier transform is the main source of the 

error in their respective reconstructions. 

Secondly, we have investigated the error associated with changing the spacing of 

the frequency samples Sf. We present the results in Figure 3.3. Here, we have held 

the following parameters constant: R = 21 and P = 41. In this figure, the advanced 

scheme converges after a minimum of I iteration (Sf = 0.1 MHz) and a maximum 

of 2 iterations (Sf = 1.0 MHz). We note that the error decreases as we decrease 

the frequency spacing. Again, we expect this since a closer spacing translates into 

a lower frequency band where the approximations become better. Additionally, the 

error associated with exact data decreases since the aliasing is reduced by using a 

lower frequency band. 

Next, in Figure 3.4, we present the error as a function of increasing the length of 

the reconstruction vector. For this comparison, we have held constant Sf = 0.25 MHz 

and R = 41, while we vary N. In this figure, the advanced scheme converges after 2 

iterations for all cases. We note that as we increase N, the exact and advanced errors 

decrease slightly. We expect this decrease in error since increasing N will reduce 

the aliasing error, and lead to better reconstructions. However, the error associated 

with the Born-scattered reconstruction rises with increasing N, contrary to what we 

would expect. This error covers a very small range and thus has no relevance, since 

these reconstructions are indistinguishable from one another. The error associated 

with the Born reconstruction is not shown, since the error is large (> 3) for all values 
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of N. We remark that in this and the previous two figures the error associated with 

the advanced scheme is closest to the exact error. 

Finally for the ramp profile, we present the error III the reconstruction versus 

the slope of the profile in Figure 3 .. 5. Here, we are attempting to determine the 

maximum contrast that can be resolved by each of the schemes. We keep the following 

parameters constant: N = 24,300, R = 21, Sf = 0.25 MHz, and P = 41. We vary 

the slope of the profile from 1 to 59 over 1 meter, and plot the RMS error versus this 

slope for each of the approximations. In this figure, the advanced scheme converges 

after a minimum of 1 ;·"ration (slope=l) and a maximum of 6 iterations (slope=59). 

We note that the Born approximation breaks down quite rapidly as the contrast is 

increased, whereas the Born-scattered and advanced approximations do considerably 

better. Although not shown, the Born-scattered reconstruction begins to noticeahly 

deviate from the actual profile when the slope is around 20, whereas the advanced 

reconstruction remains quite good up to the largest contrast we considered, i.e. a 

contrast of 60:1 over one meter. 

3.2.2 The Exponential Profile 

The second profile we have considered is an exponential profile. Here, the dielectric 

constant is given by: 

fr(Z) = exp({3=), {3 = 1.3862944, 0 < Z < 1 (3.12 ) 
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Thus, /3 has been chosen so Er(':- = 1) = 4. A reconstruction of this profile is 

shown in Figure 3.6. Again, we present the results for the Born, Born-scattered, 

and advanced approximations, and offer a comparison to the reconstruction using 

exact data. In this example, the frequency spacing between samples is Sf = 0.25 

MHz. We have used the first R = 21 samples starting from DC. The length of the 

reconstruction vector is N = 24,300, corresponding to P = 41 non-zero entries in the 

q-vector. The advanced scheme converges after 7 iterations for this example. In this 

figure, we note that the reconstruction using exact data and data from the advanced 

scheme is nearly identical to the actual profile in the limits of graphical accuracy. 

Thus, the advanced scheme yields the reconstruction which is most similar to the 

profile, whereas the Born-scattered reconstruction is unable to follow the shape of 

the profile. When obtaining the advanced reconstruction, we use the first 3 singular 

vectors, whereas we are only able to use the first 2 singular vectors for the Born

scattered reconstruction. Finally we note that the Born approximation is unable to 

generate a reasonable reconstruction. 

Next for the exponential profile, we have investigated quantitatively how the er

ror in the reconstruction behaves as we individually change the number of frequency 

samples R, the frequency spacing Sf, and length of the reconstruction vector N. We 

present these results in Figures 3.7-3.9 respectively. Again, the values of the fixed 

parameters and the ranges on the varied parameters for these figures are described 

in Table3.1. In Figure 3.7, we first examine the error as we increase the number 
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Figure 3.6: Reconstruction of the exponential profile, fr( z) = exp( 1.3862944z). N = 
24,300, Sf = 0.25 MHz, R = 21, P = 41. 
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of frequency samples R, with the following parameters held constant: N = 24,300, 

P = 41, and Sf = 0.25 MHz. In this figure, the advanced scheme converges after 

a minimum of 7 iterations and a maximum of 8 iterations. We note that as R is 

increased, the error associated with the Born-scattered approximation rises, whereas 

the advanced approximation decreases slightly and then increases. However, we re

mark that the advanced scheme follows the general trend we expect; the error at 

R = 21 is less than the error at R = 81. We also note that the exact error, though 

difficult to see in this figure, rises slightly with increasing R. This is a direct result of 

the increased aliasing error associated with using more frequency samples. The Born 

error is not shown since the reconstructions were poor for all values of R. 'We note 

that the trends seen for the exponential profile are similar to the ones seen for the 

ramp profile, yet not so strong. We expect this result since the exponential profile 

does not coincide exactly with any of the basis vectors generated by the singular val

ued decomposition. Thus, the exponential profile is inherently harder to reconstruct; 

it requires more singular vectors to match its shape. 

In Figure 3.8, we present the error as we change the frequency spacing between the 

samples Sf. Again, we have held constant R = 21 and P = 41. We first note that the 

Born-scattered and exact error increase as Sf is increased, similar to the results for 

the ramp profile. We also note the advanced error has a minimum around Sf = 0.6 

MHz, which is contrary to the results for the ramp profile. Again, we conclude the 

advanced scheme follows the same general trend for both the exponential and ramp 



63 

profiles when the frequency spacing is decreased, since the error at Sf = 1.0 MHz 

is greater than the error at Sf = 0.1 MHz. For this example, the advanced scheme 

converges after a minimum of 7 iterations (Sf = 1.0 MHz) and a maximum of 8 

iterations (Sf = 0.1 MHz). The Born error is not shown, as again the reconstructions 

were poor for all values of Sf. 

Next, in Figure 3.9 we present the error as we increase the length of the recon

struction vector N, while holding the following constan't: R = 41, Sf = 0.25 MHz. 

We note that the errol' associated with the Born-scattered, advanced and exact re

constructions decreases with increasing N. We expect this result since using a longer 

reconstruction vector reduces the associated aliasing error, and leads to better recon

structions. For this example, the advanced reconstruction converges after a minimum 

of 3 iterations (N = 6,300) and a maximum of 9 iterations (N = 48,300). We note 

that in this and the previous two comparison figures, the error associated with the 

ad vanced scheme is closest to the exact error. 

Our last result for the exponential profile is presented in Figure 3.10. Here, we 

examine the error as we increase the slope of the exponential f3 in (3.12). We consider 

a minimum slope of f3 = 0.69314 and a maximum slope of f3 = 2.99573. These values 

correspond to fA 1) = 2 and fr(1) = 20, respectively. In lHis figure, we note that 

the advanced reconstruction is very good until we go beyond fr(1) = 15, where the 

error approaches the Born-scattered result. At this point, we have been unable to 

obtain a convergent result for the advanced approximation using the first 3 singular 
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vectors, whereas we could obtain a convergent result using the first 2 singular vectors. 

For all the Born-'scattered results in this figure we were only able to use the first 

2 singular vectors, and hence get a reconstruction that was linear in nature and 

did not indicate the exponential behavior of the slab profile. We conclude that the 

advanced approximation is able to reconstruct the exponential profile for a maximum 

contrast of 15: lover a distance of 1 meter, whereas the Born and Born-scattered 

approximations are unable to reconstruct the exponential profile for any contrast 

considered. Finally we note that the advanced scheme converges after a minimum of 

4 iterations (fr{l) = 2) and a maximum of 215 iterations (tAl) = 15). 

3.2.3 The Step Profile 

The third and final profile we have considered is a step profile. This profile is 

characterized by a sharp discontinuity in the dielectric constant at z = OA meters. 

The dielectric constant for each region is: 

{

I + 0', 
fr{Z) = 

1 + 20', 

a < z < 0.4; 
(3.1:3) 

0.4 < z < 1.0 

where 0' = 0.5 in the initial study. A reconstruction of this profile is shown in 

Figure 3.11. Here, the parameters are: N = 24, 300, Sf = 0.25 MHz, R = 21, and 

P = 41. In this figure, the advanced scheme converges after 24 iterations. We note 

that the advanced reconstruction is very similar to the exact reconstruction, and 

clearly shows the separation of the two slabs. We are able to use the first 6 singular 

vectors in the exact reconstruction and the first 4 singular vectors in the advanced 
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reconstruction. However, the Born-scattered and Born reconstructions are poor since 

they do not indicate the separation in the slab. For these two reconstructions. we 

have only been able to use the first 2 singular vectors. 

Next, we present the error in the reconstruction as we vary the number of samples. 

the spacing between the samples, and the length of the reconstruction vector, in 

Figures 3.12 through 3.14 respectively. Again, the values of the fixed parameters 

and ranges on the varied parameters for these figures are given in Table 3.1. First. 

in Figure 3.12, we vary the number of frequency samples R while holding constant 

N = 24, :300, Sf = 0.25 MHz, and P = 41. In this figure, the advanced scheme 

converges after a minimum of 19 iterations (R = 81) and a maximum of 24 iterations 

(R = 21). We note that the error associated with the advanced scheme increases as 

we increase the number of frequency samples, which is what we expect. Similarly, the 

error in the exact reconstruction generally increases as we increase R, as expected. 

However, the error in the Born-scattered reconstruction decreases with increasing R. 

Since the Born-scattered reconstructions are poor for all values of R, these results 

have no relevance. The Born error is not shown since it is poor for all values of R. 

Secondly, in Figure 3.13, we examine the error as we vary the frequency spacing 

between the samples Sf while keeping constant R = 21 and P = 41. In this figure, 

the advanced scheme converges after a minimum of 19 iterations (Sf = 1.0 MHz), 

and a maximum of 24 iterations (Sf = 0.25 MHz). We note that in general the exact 

error decreases with increased spacing, which is contrary to the previous results. We 
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are trying to reconstruct a profile which has important high frequency information. 

Starting with a larger frequency band will, in theory, allow the algorithm to give 

better reconstructions since we are including some of this important data. However, 

this higher frequency data is corrupted by aliasing error, and we expect that this 

error will affect the reconstruction in a negative sense. As demonstrated in the 

figure, the exact reconstructions become better as we increase the frequency spacing. 

Therefore, we conclude that the corruption by the aliasing error is offset by the 

additional information in the higher frequency data. However, the trend for the 

advanced reconstruction is generally reversed from the exact trend. Thus, the error 

in the higher frequency data for the advanced scheme drives the reconstruction in a 

poor direction. The less initial error we give the reconstruction algorithm using the 

advanced scheme, the better it will perform. The reversal of this trend at Sf = 0.1 

MHz is a direct result of using fewer singu'Iar vectors in the reconstruction. We have 

been unable to obtain a convergent result for Sf = 0.1 MHz using 4 singular vectors. 

whereas we could obtain one using 3 singular vectors. However, the error in this 

reconstruction is large as 3 singular vectors is not enough to indicate the presence of 

2 separate slabs. The error associated with the Born-scattered and Born (not shown) 

reconstructions are not analyzed since the reconstructions are poor for all values of 
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Next, in Figure :3.14, we present the reconstruction error as we increase the length 

of the reconstruction vector N. For this example, we have held the following param-

eters constant:' R = 41 and Sf = 0.25 MHz. In this figure, the advanced scheme 

converges after a minimum of 8 iterations (N = 6,300) and a maximum of 37 itera-

tions (N = 48, :300). We note that as we increase N, the error in the Born-scattered. 

advanced, and exact reconstructions decreases. As we have discussed before, this 

decrease is due to the reduction in aliasing error associated with using a longer rc-

construction vector. However, the Born-scattered reconstructions are poor for all 

values of N; so this result has no relevance. The error associated with the Born 

reconstruction is not shown as all of the Born reconstructions are poor. We remark 

that in this and the previous two figures, the error associated with the advanced 

scheme is closest to the exact error. 

Our last result for the step profile is shown in Figure 3.15. Here, we present the 

error associated in each reconstruction scheme as we vary the contrast in the step 

profile. In this example we have held the following parameters constant: N = 24,300, 

Sf = 0.25 MHz, R = 21, and P = 41. We note that for a :::; 1, the advanced 

reconstruction will converge using 4 singular vectors, which is the minimum required 

to resolve the discontinuity in the step. When a < 1, the advanced scheme converged 

after a minimumof 5 iterations (a = 0.2) and a maximum of 197 iterations (a = 1.0). 

For contrasts of 1 < a :::; 3.5, the iterative scheme will converge using 3 singular 

vectors. Qualitatively, this reconstruction does not indicate the presence of two 
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Figure 3.15: RMS error between the profile and its reconstruction vs. the parameter 
Q' in the step profile. N = 24,300, Sf = 0.25 MHz, R = 21, P = 41. 



separate slabs, and thus fails to identify the sharp discontinuity. For 0: > 3Ji. the 

iterative scheme will converge using only 2 singular vectors, and thus in this region the 

advanced reconstruction is similar to the Born-scattered reconstruction. Therefore. 

we conclude that the advanced scheme is only able to resolve a step profile for a 

maximum contrast of :3: 1. 

3.3 On the Advanced Reconstruction 

As demonstrated in the previous section, the advanced scheme gives the best 

reconstruction as compared to the Born an Born-scattered schemes. This result is 

due to 1) a model for the field inside the slab that is superior to the Born and Born

scattered models, and 2) the use of reconstruction information from the previolls 

iteration. However, there are some subtleties about the advanced reconstruction that 

must be addressed to fully understand its behavior. These issues are explored in the 

next 3 sections. 

3.3.1 Termination Scheme for the Advanced Reconstruction 

At each iteration in the advanced scheme, a different reconstruction is generated. 

As the iteration proceeds, the reconstructions will either converge to a common an

swer or diverge to a nonsensical answer. The diverging problem is discussed later. 

In all the advanced reconstructions presented in this chapter, the iteration scheme 



;.j 

when converging was stopped when the RMS difference between the current an pre

vious iteration was less than 0.001 (which we call the tolerance factor). Note that 

we do not consider the actual profile when computing this RMS difference. I-Ience. 

the iteration scheme is stopped when the results are converging to an answer, not 

the actual profile. This choice of a tolerance factor is somewhat strict, as shown in 

Figures 3.16 and 3.17. In these figures, we present the RMS error in the advanced 

reconstruction during each iteration. In Figure 3.16, we are reconstructing the ex

ponential profile described by (3.12), and in Figure 3.17 we are reconstructing the 

step profile described by (3.13) with a = 0.5. In each of these figures, we analyze the 

reconstruction for two different frequency spacings, Sf = 1.0 and 0.25 MHz, corre

sponding to N = 6,300 and 24,300 respectively. The other parameters are R = 21 

and P = 41. We note that our choice of this tolerance factor ensures the RMS error 

between the actual profile and the advanced reconstruction has converged in both 

cases, before the iteration scheme has converged. 

3.3.2 The Speed of the Iterative Method 

The iteration scheme as presented here is inherently fast, since each iteration is 

a numerical integration to determine the new Q vector followed by a matrix multi

plication. This fact can be seen in equation (3.7). Essentially, the only item on the 

right hand side of this equation which changes in each iteration is the vector Q. This 

vector Q contains 2R - 1 entries, whereas the answer q contains P entries. Hence, 
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the speed of the iterative scheme will be affected by these two parameters, Rand 

P, as well as the technique used for numerical integration. In all cases, we used 10 

point Gaussian-Quadrature integration [26J. Therefore, the speed of our advanced 

reconstructions was affected by changing the parameters Rand P. In Figures 3.18 

and 3.19, we present the c.p.u. time for the initial iteration and time between subse

quent iterations, respectively. In these figures, we are reconstructing the exponential 

profile described in (3.12). However, the times presented here are characteristic for 

all profiles. The time for the initial iteration is slightly longer since in this stage we 

have included the time to read in the portion of equation (3.7) used in each iteration. 

In both of these figures, the abscissa is the number of non-zero entries in the q vector 

P, and the ordinate represents the number of frequency samples (entries in the Q 

vector) R. We note that when R < P/2 + 1 the system of equations is underde

termined, a situation we did not consider. We note that the initial time and the 

time between iterations increase in a linear fashion as both Rand P are increased. 

These calculations were performed on a SPARe 1 terminal. The times for the initial 

iteration ranged from a minimum of 0.2s (R = 6, P = 11) to a maximum of 14.025s 

(R = 81, P = 81). The times between iterations ranged from a minimum of 0.15s 

(R = 6, P = 11) to a maximum of 7.9s (R = 81, P = 81). 
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Figure 3.18: CPU time in seconds for the initial iteration in the advanced scheme. 
The abscissa is the number of non-zero elements of the q-vector P, while the ordinate 
is the number of frequency samples R. 
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Figure :3.19: CPU time in seconds for each subsequent iteration in the advanced 
scheme. The abscissa is the number of non-zero elements of the q-vectol' p, while the 
ordinate is the number of frequency samples R. 
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3.3.3 Divergence in the Advanced Scheme 

When we push the limits on the advanced scheme and attempt to reconstruct 

objects with sharp discontinuities and/or large contrasts in dielectric constant, we 

sometimes run into a problem: the iteration may be proceeding along in a conver

gent manner (i.e. the reconstruction is becoming better), and then suddenly begins 

to diverge. In an effort to combat this divergence and expand the ability of the ad

vanced scheme to reconstruct difficult profiles, we included a correction method in 

the iteration scheme. The basis for this correction is as follows: in the exponential 

and step profiles, each iteration had the opposite concavity as the previous iteration 

during the first few iterations, when the process was converging. Therefore, when 

the scheme begins to diverge, we average the current iteration (labeled Ai for clarity) 

with the result from the third previous iteration, 'Y - 3. We choose this third previous 

result based upon this concavity shifting. The previous iteration h - 1) will most 

likely have a different concavity, yet it led to the result that began diverging. Hence, 

we wish to avoid it. The second previous iteration, 'Y - 2 will most likely have the 

same concavity as the current result, and be nearly identical in magnitude. Thus, 

averaging iterations 'Y and 'Y - 2 will produce a profile that is similar to both these 

iterations, and the divergence will continue. Therefore, we average the current iter

ation 'Y and the third previous one 'Y - 3 to form a new profile that we then insert 

into the iteration process. This third previous iteration 'Y - 3 will most likely have 

a concavity opposite that of the current iteration, and thus when averaged together 
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the result will be different than any previous iteration. We use this averaging scheme 

whenever the RMS difference between "y and "y - 1 is larger than the RMS error 

between "y - 1 and "y - 2. We note that this averaging scheme is not guaranteed 

to converge, but it does expand the ability of the advanced scheme to reconstruct 

higher contrasts in the step profile. In Figure 3.20, we present the results at various 

iterations to demonstrate how the concavity changes between iterations. For this 

figure, we are reconstructing a step profile with a = 0.7, with the same parameters 

used in Figure :l.ll. We note that the concavity changes between two states during 

the first few iterations. Indeed, by iteration 3 the scheme has started to diverge, and 

we can use our averaging process to correct the behavior. In Figure 3.21, we present 

the RMS error between the profile and the reconstruction at each iteration, with and 

without this averaging procedure. We note that without averaging, the scheme begins 

to diverge on the third iteration, whereas using the averaging scheme we obtain a 

convergent result. 

3.4 Summary 

In this chapter, we have explored the use of super-resolution to reconstruct the 

slab profile from a series of low frequency measurements. We have found that an 

iterative scheme (which we called the advanced reconstruction) allowed for recon

structions that are demonstrated to be far superior to the Born and Born-scattered 

techniques. Finally, we have varied the parameters associated with super-resolution 
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Figure :3.20: The reconstruction of the step profile at various iterations. N = 24,300, 
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and investigated the impact of these changes on the reconstructions. In general, 

we have found that using the minimum number of frequency samples allowed for a 

given set of parameters leads to reconstructions where the advanced scheme yields 

the smallest error. Additionally, smaller frequency spacings bet\\leen the samples and 

longer reconstruction vectors also lead to better reconstructions using the advanced 

scheme. In all reconstructions considered we have found that the advanced scheme 

is superior to both the Born and Born-scattered reconstructions. 
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TWO-DIMENSIONAL PROBLEM FORMULATION 
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In this chapter, we formulate the problem of plane wave scattering off of a dielectric 

object whose dielectric constant can vary in two directions. In this formulation, we 

assume independence in only two of the three coordinate variables. This simplification 

allows the fields to again decouple into the T E and T M modes (with respect to 

direction of propagation). Similar to the one-dimensional case, we are interested in 

the T E formulation of the problem. The T E modes can be described by a set of 

differential equations. We solve these equations using the Green's function method 

[22]. This method generates a governing equation for the electric field everywhere 

in space. We again use this governing equation for the starting point of our inverse 

problem, where we wish to determine the dielectric constant of the object based 

upon measurements of the scattered electric field. However, we note that the work 

presented in this chapter and the next is not meant to be an exhaustive look at 

the two-dimensional inversion problem, but rather it is meant to be a preliminary 

study of how the one-dimensional techniques can be applied to the two-dimensional 

problem. 
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4.1 Problem Geometry 

The geometry of our problem consists of a loss less dielectric scatterer (referred to as 

the object) embedded in a lossless background medium, where the dielectric constant 

of the background medium is known. The dielectric object extends infinitely in the 

z-direction, but it only exists in the rectangular region bounded by -a < .7: < a and 

-b < y < b. The dielectric constant of the background is known to be fb, the object 

has a dielectric constant of f{X, y) and both the background medium and the object 

have a permeability of Ilo. The geometry of the problem is shown in Figure 4.1. We 

note that our receivers are located along a line of constant x to measure the scattered 

electric field. We assume that only electric current sources are present, and that these 

sources launch an incident plane wave traveling from left to right in the x-direction. 

Therefore, assuming an ejwt time dependence, we can write Maxwell's equations as: 

\7 x if = -jwJloH (4.1 ) 

(4.:2) 

where it is the vector electric field in volts/meter, H is the vector magnetic field in 

amperes/meter, J is the electric current density in amperes per square meter, and 

N! is the magnetic current density in volts per square meter. 

In this problem, we assume there is no variation in the source or the object in 

the z-direction. Therefore, in (4.1) and (4.2) we set 8/ 8z = O. This simplification 

allows the fields to decouple into the familiar T Ex and T }t'/x modes. We also assume 
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that our source is only polarized in the z-direction. Under this simplification, we 

will only launch T Ex modes, and we will not excite the T Mx modes. Therefore, 

Maxwell's equations in (4.1) and (4.2) reduce to: 

DE. . 
-D . = -JwlloHx 

y 

DE. . H 
Dx· = JWJlo y 

DHy DHx . E J -- - -- = JWf. • + . Dx Dy •• 

(4.:3 ) 

( 4.4) 

(.L5) 

We take D/By of equation (4.3), D/D:r of equation (4.4) and substitute the results 

into equation (4.5). This leads to a partial differential equation for E:: in terms of 

our source, viz: 

(4.6) 

where the Laplacian operator is \7;y = D2/Dx2 + D2/Dy2, and the wavenumber 1.2 is 

given by: 
in the background medium, 

( 4.i) 
inside the object. 

We define the object profile as the difference between the relative dielectric con-

stant of the object and the relative dielectric constant of the background medium. 

Mathematically, we let the function q{x, y) be the object profile: 

q(x,y) = f.r(x,y) - f.br ( 4.8) 

where the subscript r refers to the dielectric constant relative to that of free space. 

We note that q(x, y) is zero outside the object. With our definition of the object 
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profile, we can write the wavenumber k2 in an alternate manner: 

2 2[ 1 k = ko Ebr + q(.7:, y} ( 4.9) 

where k5 is the free space wavenumber. 'We substitute the above expression for J.:2 

into (4.6) and obtain the following differential equation for Ez(x,y): 

(4.10) 

where kl = w2 j.loEb is the wavenumber in the background medium. Limiting condi-

tions on this differential equation can be obtained by requiring 

lim Ez(x,y}=O 
x,y-±oo 

(4.11 ) 

Note that the above limiting condition assumes there is a small amount of loss in the 

background medium. 

In order to solve the partial differential equation in (4.10) with the associated lim-

iting conditions in (4.11), we reduce the equation to an ordinary differential equation 

by taking its Fourier transform in the y direction. We make this reduction with the 

hindsight that the Born and Born-scattered approximations are easier to apply to 

the solution of this reduced differential equation. We first define a Fourier transform 

pair as follows: 

F(ky} = 1.: dy f(y)e-ikyy (4.12) 

f(y} = - dk F( k )e
Jkyy 1 JOO . 

211' -00 y Y 
(4.13) 
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We take the Fourier transform of (4.10) with respect to y to obtain: 

(4.1-l) 

where we have defined 

(4.U:i) 

(4.16) 

Our limiting condition in (4.11) can now be written as: 

( 4.17) 

Therefore, we wish to solve (4.14) with the associated boundary conditions in (4.17) 

for the electric field. This solution is obtained through the Green's functions method, 

described in the next section. 

4.2 Green's Function Determination 

We begin the solution to (4.14) by defining the associated Green's function prob-

lem: 

[ 
d2 2] I k C( I dx 2 + kz g(x, x, 'y) = -0 x - x) (4.1S) 

with the limiting condition 

lim g(;e, x', ky) = 0 
x-±oo 

(4.19 ) 
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We note that this Green's function problem is the same as defined in (2.11), with the 

only difference being that we now have (x, x') instead of (z, Zl). Therefore, we can 

use the result in (2.18) and write our solution for the Green's function as: 

1 e-j~lx-xll 
g(.7;, x', ky) = -:-2 J 

J P - k2 
b y 

4.3 Solution for EAx, y) 

(4.20) 

With our Green's function determined, we are now able to complete our solution 

for Ez(x,y). We first form the inner product of Liz with our Green's function 9 

(where L == [d2 /elx 2 + k~]), and use integration by parts twice to obtain: 

(4.21) 

where 

(X, Y) = 1: XY elx (4.22) 

Note that the limiting conditions on Ez and 9 have reduced the conjunct in (4.21) to 

zero. We substitute the expression for LEz given by (4.14) and the expression for Lg 

given by (4.18) into (4.21), and use the symmetry of our Green's function to obtain: 

- ( k) . 100 

el I ( I k ) 100 

el I (' ') -jkyy' Ez x, y = -JWI-lo -00 x 9 x, x, y -00 y Jz x, y e 

2 I I I I I I I - jkyy' 1
a 1b -ko -a elx g(x, x, ky) -b ely q(x , y )Ez(x , y )e (4.23) 

Let us now concentrate on the first integral above which is the source integral. We 

wish to launch an incident plane wave from left to right in the x-direction. A sheet 



source of electric current located at x' = -h will launch such a wave. Mathematically, 

. we can describe this source as: 

J:(.r.', y') = C8(x' + h) (4.24) 

where C is an arbitrary constant to be determined later. If we substitute this into 

the first integral of (4.23), we obtain: 

WJ.l C 100 e-jJk~-k~lx-x'l 100 ., 

IsouTce = ___ 0_ d;r;' J 8(x' + h) ely' e-JkyY 

2 -00 kl - k~ -00 

(4.25 ) 

We note that the integral over y' is the definition of a 8-f1,.lnction in kyo Furthermore, 

we assume that the object is located to the right of the source, so that Ix - x'I = x - x'. 

Therefore, the above double integral can be written as: 

I - _ WllOC 2rr C(k ) -jl.·b(x+h) 
SOUTce - 2 kb U y e (4.26) 

We wish to choose the magnitude of the source C to generate a plane wave of unit 

strength in the (x, y) space domain. Hence, we let 

( 4.27) 

Therefore, with this choice in magnitude, 

/ ,) C(k) -jkb X 
SOUTce = ~rru y e (4.28) 

We substitute the above expression into (4.23), and we assume that our receivers 

are located to the left of the object so that Ix - x'I = x' - x in the scattered field 
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integral. Thus, we obtain the following equation for E::(x, ky), which we refer to as 

the governing equation: 

To obtain the expression for E:;{x, y), we simply perform an inverse Fourier transform 

on the above equation to obtain a well-known result [2J: 

(4.30) 

In the above expression, we have used the following integral definition of the Hankel 

function [27J: 

(4.31 ) 

4.4 Reducing the Governing Equation for Ez(x, ky) 

Our attention now is to reduce the governing equation in (4.29) to a situation 

where we can relate measurements of the scattered field to the object profile q(x, y). 

Note that this integral equation as defined in (4.29) contains two unknowns under 

the integral sign: the total field inside the object E,,(x', y') and the object profile 

q(x', y'). To reduce this equation, we must model the field inside the object in some 

fashion. In the next two sections, we discuss the models we use for this reduction. 
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4.4.1 The Born Approximation 

The first model we use for the field inside the object is the Born approximation. 

Under the Born approximation, we assume the field inside the object is identical to 

the incident field. From (4.29), the incident field in (x, ky) space is: 

(4.:32 ) 

Notice, however, that under the integral sign in (4.29) we need the field inside the 

object to be in (x, y) space. Therefore, we take the inverse Fourier transform of the 

above equation to obtain the Born approximation for EAx', V'): 

E ( I ') _ -jkb X ' 
:: X ,y - e (4.3:3 ) 

We substitute this into (4.29), and after some algebraic manipulation we obtain: 

( 4.34) 

where Fy (') denotes the Fourier transform operation with respect to y, and the func-

tion Q(kb + Jk~ - k~, ky) is the two-dimensional Fourier transform of the object 

profile, 

( 4.35) 

We can solve (4.34) for the function Q to obtain a well-known result [2]: 

(-1:.36 ) 
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In the above equation, the subscript B refers to the Born approximation for Q( kr' ky). 

We have also defined the spectral variable kx as: 

( 4.3i) 

We note that in (4.35), the definition of the Fourier transform is only valid for Ikyl ~ 

kb. This restriction on ky is due the low pass filtering effect that occurs with wave 

propagation in homogeneous media, as discussed by Devaney [2]. 

We continue our discussion by noting the right hand side of equation (4.36) is 

known. The operation Fy (') is the Fourier transform of the scattered field measured 

along a line of constant x. Therefore, equation (4.36) represents the relation between 

measurements of the scattered field and the Fourier transform of the object profile. 

This is similar to the relation we have in one-dimension. Indeed, if we let ky = 0 in 

(4.36) and (4.37), (which would be the case if 8/8y = 0), the above equation reduces 

to the one-dimensional Born approximation. 

We note that in the Fourier transform defined by (4.36), the spectral variable kr 

as defined in (4.37) depends on the spectral variable ky • This dependence defines it 

Fourier space (which we refer to as the grid) that is non-rectangular. Therefore, we 

measure the Fourier transform of the object profile on a non-rectangular grid. Most 

conventional inverse Fourier transform algorithms, however, require the data to be 

on a rectangular grid. This phenomenon is explored later in Section 4.5. 
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4.4.2 The Born-Scattered Approximation 

The limitations we found on the Born approximation in one dimension are true in 

two dimensions, i.e. the Born approximation is a poor representation for the fields 

inside a strong scatterer. Therefore, to handle the strong scattering case we add 

a scattered field term to the Born approximation. We model the scattered field in 

(x, ky) space as a plane wave that travels in the opposite direction as the incident 

field, viz: 

( 4.38) 

where A and B are coefficients to be determined by matching tangential boundary 

conditions in the (x, ky) domain. We can use Maxwell's equations to determine the 

corresponding magnetic field inside the scatterer, viz: 

(4.39) 

To find the electric field outside the object in (x, ky) space, we need to transform 

our model in (4.38) back into to (x', y') domain. Hence, we perform an inverse Fourier 

transform on (4.38) to obtain a model for the total field inside the scatterer: 

( 4.40) 
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We now substitute the above equation into (4.29) to obtain an expression for Ez(x, ky), 

the field outside the scatterer in the (x, ky) domain. After some algebraic manipula-

tion, we obtain: 

(4.41 ) 

where 

1 ]00 0 fk2i.22 k2 , Ok ' E2(X', y') = - dky B(ky)eJY"b-"YX eJ 'YY 

21l' -00 
( 4.42) 

Let us consider the double integral in (4.41) over E2 more carefully. Inside the double 

integral, we have both an inverse Fourier transform operation and a Fourier transform 

operation. Indeed, we can write the double integral over E2 as follows: 

(4.43) 

where Fy (') denotes the Fourier transform and Fy-
1
(.) denotes the inverse Fourier 

transform. This integral cannot be reduced any further unless we know the object 

profile q(X', y/). However, let us assume that our object profile is separable in x and 

y, and can be written as: 

q( x', y') = ql (x') . Q2(Y') ( 4.44) 

We now let the y' dependence of the slab profile be approximated by its average 

value, which we label as a: 

( 4.45) 
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We substitute this expression into (4.43), and thus we can move the function q(x', y') 

outside of the Fourier transform operations. The result is to have the forward Fourier 

transform operate directly onto the inverse Fourier transform operation. Thus, (4.43) 

reduces to the following: 

( 4.46) 

Notice that in the above integral, the exponential terms will cancel and we can 

substitute our definition of a from (4.45) to write: 

( 4.47) 

where qav is the two-dimensional average of the profile, 

qav = 4
1 
b fa dx' fb dy' q(x', y') 

a -a -b 
(4.48) 

With this reduction of [[E2 l we can now continue our solution for Ez{x, ky). We 

substitute (4.47) into (4.41) and obtain: 

( 4.49) 

From Maxwell's equations, we can find the magnetic field outside the slab, 

Our ~ask is to now invoke boundary condition in the (x, ky) domain and solve for 

the coefficients A and B. At x = x' = -a, we must have continuity in the tangential 
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electric and magnetic fields. We first match the tangential electric fields, given in 

(4.38) and (4.49) to obtain: 

A21l'8(ky)e-ikb(-a) + Beh/k~-k~(-a) = 

k2 iJk~-k~(-a) 
21l'8(ky)e-ikb(-a) + '20 e J [AQ(kx, ky) + B(2aqav)] (4.51) 

J k~ - k~ 

We next match the tangential magnetic fields given in (4.39) and (4.50) to obtain a 

second equation: 

-A21l'o(ky)e-ikb(-a) + BeiJk~-k~(-a) = 

p eiJk~-kt(-a) 
-21l'8(k )e-ikb(-a) + ....Q. [AQ(k k) + B(2aq)] (4.52) 

y j2 Jk~ _ k~ x, y av 

We solve these two equations for A and B, and after some algebraic manipulation we 

obtain: 

A=1 (4.53) 

B = k5 Q(kx, ky) 

j2Jk~ - k2 (1 +J.g,~a n. ) y 2 k2_k2 
b Y 

( 4.54) 

We substitute these solutions for A and B into (4.49) to complete our solution for 

Ez(x, ky) = 21l'o(ky)e-ikbX 

~ e b U Q( k k) '0 aqav x, y k2 iJk2_k2X [ k22 Q(k k) 1 
+ j2 Jk~ - k~ x, y + j2Jk~ - k~ (1 + j * 2:~~·kt) ( 4.55) 

We solve the above equation for Q(kx, ky) to obtain: 

QBs( k k) = j2. /kb2 _ k2e-iJk~-ktx F, [E (x y) _ e-ikbX] (1 -I- J' k5 2aqav ) 
x, y k5 V y y Z I 2 Jk~ _ k~ 

(4.56) 
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where the subscript 88 refers to the above expression as being the Born-scattered 

approximation for Q(kr' ky). If we assume that qatJ can be determined (discussed in 

the next section), then the right hand side of the above equation can be measured. 

We note that the Born-scattered approximation is the Born approximation multiplied 

by a correction term in parentheses. This is the identical situation we had in one 

dimension. We also note that the Born-Scattered approximation for Q(kr' ky) will 

reduce to the Born approximation in the low frequency limit. i.e. as ko, kb ~ O. 

4.4.3 A Measurable Constraint 

In this section, we show that the average value of the profile q(x, y) can be de-

termined by a low frequency measurement. We start with the governing equation in 

(4.29), repeated here for convenience: 

(4.57) 

If kb is smail, then the Born approximation for Ez(x', y') is valid and we have: 

(4.58 ) 

We wish to examine the behavior of the integrand as a function of kyo Of the two 

exponentials involving ky, the behavior of the term exp( -jJk~ - k~x') is only affected 

by changes in ky (the other term, exp(-jkyy), is oscillatory for all values of ky). 
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If Ikyl > kb, this term will become real and decay exponentially as ky gets large. 

Therefore, the integrand will be small for large values of ky, and it will only be 

significant for small values of kyo Consequently, when kb and ky are both small, the 

exponentials in the integrand can be approximated by unity. In the low frequency 

limit, then, the above equation reduces to: 

( 4 .. 59) 

As in the one-dimensional case, it is theoretically possible to measure the average 

value of the two-dimensional object profile. However, in practice this measurement 

is difficult to obtain, as we discuss later. 

4.5 On the Two-Dimensional Fourier Transform 

The Born and Born-scattered approximations relate measurements of the scattered 

field to the Fourier transform of the object profile Q. However, in the Fourier space 

(kx, ky), the spectral variable kx is related to ky through equation (4.37). Due to this 

relation, we do not measure Q on a rectangular grid common in most two-dimensional 

Fourier transforms. Instead, we measure Q on a grid that reflects the relation between 

kx and kyo This grid shape can be deduced by considering the definition of the two-

dimensional Fourier transform given in (4.35) and repeated below for convenience: 

(4.60) 
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Note again that in the above equation, we require ky ::; kb for the definition of the 

Fourier transform to be valid. With this constraint on ky, the relationship between 

kx and ky defines the Fourier transform grid to be a series of semi-circles with radius 

kb• A schematic of this grid is shown in Figure 4.2. This grid presents a problem 

in that it is not square; all the fast Fourier transform algorithms in two-dimensions 

assume that the grid is rectangular. Therefore, we cannot use standard techniques to 

invert our data unless we interpolate our data onto a rectangular grid. As discussed 

in [28], interpolation of the data to a rectangular grid is not an ideal solution since 

small errors in the original data can be magnified by the interpolation scheme. A 

more robust solution would be to operate on the Fourier transform data directly 

without any interpolation scheme. We discuss such a scheme to directly operate on 

the Fourier transform data on this semi-circular grid in the next chapter. 

4.6 Comparison of the Born and Born-Scattered Approxi

mations 

In this section, we wish to compare the ability of the Born and Born-scattered 

approximations to determine the Fourier transform of the object profile based upon 

scattered field measurements. For this comparison, we consider the specific problem 

of reconstructing the dielectric constant of a cylinder embedded in free space. The 

geometry is depicted in Figure 4.3. The cylinder is centered at the origin of our 



ky 
region where 
Fourier transform 
is valid 

lines of constant kb 

104 

Figure 4.2: Two-dimensional Fourier transform grid (only the positive values of kx 
shown). 
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Figure 4.3: Two-dimensional geometry for scattering by a dielectric cylinder. 
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coordinate system, has a dielectric constant of fr( z) = 1.2, and has a radius of 1 

meter. The receivers are located along the line x = -1 meter, and extend from 

-Yma.r to +Yma.r in the Y- direction, spaced every !:l.y meters. A forward model for 

this problem has been developed in Appendix A. From this model, we can obtain the· 

scattered field data at any point outside the scatterer. 

The object profile in this example is thus a circle, which can be described mathe-

matically as: 

q(x,y) = 0.2, x2 + y2::; 1 (4.61) 

The exact two-dimensional Fourier transform of this object profile can thus be written 

as: 

(4.62) 

This integral can be evaluated exactly [29] with the result: 

where Jt(x) is the Bessel function of the first kind, order l. We show the comparison 

between the approximations and the exact Fourier transform iri two parts. First, 

we compare the approximations to the exact Fourier transform for ky = O. The 

magnitude comparison is shown in Figure 4.4. Hence, we are comparing the Fourier 

transform along the kr axis, where kr = 2kb• The phase comparison is shown in 

Figure 4.5. In these two figures, Ymar = 100 meters, !:l.y = 1.0 meter, and there 
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Figure 4.4: Comparison of the magnitude of Q(kx, ky) vs. frequency, ky = 0, Ymax = 
100 m., b..y = 1 m. 
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Figure 4.5: Comparison of the phase of Q(k:r:, ky) vs. frequency, ky = 0, Yma:r: = 100 
m., /).Y = 1 m. 
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is a 1 MHz spacing between each measurement. We note that in these two figures, 

both the Born and Born-scattered approximations oscillate around the exact Fourier 

transform. However, the average of these oscillations appears to be close to the 

exact Fourier transform for frequencies less than 50 MHz. Note that in the phase 

comparison, the sharp spikes near 100 MHz are due to the phase restriction we have 

defined, -7r < 0 < 7r. In addition, we note the average of the oscillations tends to 

deviate from the actual Fourier transform for frequencies above .50 MHz. Hence, the 

approximations tend to break down at high frequencies. 

The oscillations in both the magnitude and phase comparisons are a direct result 

of using a finite number of receivers. The scattered field will be significant at large 

distances away from the scatterer. However, we have a physical constraint in that we 

must use a finite number of receivers. Therefore, we are only measuring a portion of 

the scattered field, which can be thought of as the actual scattered field multiplied 

by a window function: 

Emeasured = E x rect(y) scat scat (4.64 ) 

where the window function rect(y) is defined as: 

{

I, 
rect(y) = 

0, 

if Iyl :5 Ymax, 

(4.65 ) 
if Iyl > Ymax· 

Once we measure the scattered field, we then need its Fourier transform. From the 

properties of the Fourier transform, the multiplication in the space domain becomes 

convolution in the frequency domain. Hence, the Q that we determine is the actual 
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Q convolved with a sinc function, viz: 

(4.66) 

where the operator 0 is the convolution operator in kyo In the limit as Ymax ~ 00, 

the sinc function will behave as a 8-function, and the Q we measure is the actual Q. 

The frequency of the oscillations is therefore directly related to the parameter 

Ymax' Indeed, we have empirically found the period of tliese oscillations for ky = 0 to 

be: 

3 X 108 

foscillatio7ls = [Hz] 
Ymax 

( 4.67) 

We have also found by experiment that the overshoot in these oscillations depends 

on the parameter Ymax' In Figure 4.6, we present a comparison of the magnitude of 

Q using two different values of Ymax : 20 and 100 meters. Again, we have 6..y = 1 

meter, and there is a 1 MHz spacing between each measurement. In this figure, we 

only compare the Born approximation to the exact Fourier transform as the Born-

scattered approximation is graphically identical to the Born approximation in this 

frequency range. We note that as Ymax is increased from 20 meters to 100 meters, 

the oscillations decrease in magnitude. This behavior is also evident in the phase 

comparison (not shown). 

We now wish to compare the approximations as a function of ky, with kb fixed. 

The magnitude comparison is given in Figure 4.7, and the phase comparison is given 

in Figure 4.8. In these figures, the parameters are: Ymax = 100 meters, 6..y = 1 meter, 
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Figure 4.6: Comparison of the magnitude of Q(kx, kll ) vs. frequency for Ymax = 20 
m. and 100 m., ky = 0, ~Y = 1 m., Born approximation only. 
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Figure 4.8: Comparison of the phase of Q(kx , ky) vs. ky, N = 6000, f = 10 MHz 
(kb = 0.209). 
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N = 6000, and the frequency is 10 MHz. This frequency corresponds to kb = 0.209. 

which is the maximum value in ky that we can determine the Fourier transform. Note 

that we only present the comparison for positive values of ky; the negative values of 

ky are the mirror image. In these two figures, we again note that the approximations 

oscillate around the actual Fourier transform and approach a maximum at the value 

ky = J..:b• The scattered electric field acts like a Hankel function in space. As we 

increase y, the Hankel function behaves like a cosine function with a frequency of kb• 

Hence, there will be a large component in the Fourier transform of the scattered field 

data at the value ky = kb• The oscillations away from the point ky = kb are again due 

to the finite number of receivers. The frequency of these oscillations is also related to 

the parameter Ymax' Indeed, the period of these oscillations is also given by equation 

(4.67). However, in the case ky =I 0, it is more appropriate to discuss the period of 

these oscillations in units of (radians/meter). We convert the expression in (4.67) to 

units of radians per meter and obtain: 

211' 
koscil/ations = -

Ymax 
(4.68) 

Thus, we see that the value Ymax can be thought of as the wavelength in meters of 

these oscillations, and increasing Ymax will decrease the period of the oscillations. 

We have also found that the magnitude of these oscillations decreases as we increase 

Ymax, as was the case for ky = O. In Figure 4.9, we present a comparison in the 

magnitude of Q for three different values of Ymax: 50, 100, and 200 meters. In this 

figure, we present only the Born approximation as the Born-scattered approximation 
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Figure 4.9: Comparison of the magnitude of Q(kx , k!l) vs. k!l for Ymax = 50, 100, and 
200 meters, f = 10 MHz. Born approximation only. 
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is graphically identical. We note that as Ymax is increased, the magnitude of the 

oscillations decreases except near the location ky = kb = 0.209. In this location, we 

have a large spike developing. As Ymax is increased, we are including more and more 

of the scattered field data, which is cosinusoidal with a frequency of kb• Thus, when 

we take the Fourier transform, there is a stronger component at the frequency of 

these oscillations which is kb• 

The oscillations in our Fourier transform data may present a problem in the sub

sequent reconstructions. To remove these oscillations, we consider the use of a filter 

in the frequency domain. This filter works as follows: we fix the value of kb and 

operate on the Q data over kyo We average (separately) the real and imaginary data 

over 1 period of the oscillations, where the averaging window is centered on the point 

we are filtering. The total number of data points averaged covers one period of the 

oscillations. This window is then moved from data point to data point, with the 

result of each averaging operation placed in a new vector in the same location as 

the data point in the center of the averaging window. Note that we must have the 

averaging window span an odd number of data points to accomplish this one-to-one 

mapping from the unfiltered to filtered data. A schematic of this· operation is shown 

in Figure 4.10. In this figure, we assume there are 23 data points in ky corresponding 

to a particular value of kb, and one period of the oscillations covers 5 data points. 

When we wish to average the data points which occupy the first and last position in 

the array, as well as the data point immediately next to these end points, we cannot 



117 

unfiltered data 

13151216141110111612131312171518131216151312141 

filtered data 

I l I 

I I I I I I I I I 131 I I I 151 I I I I 1414141 

Figure 4.10: Schematic diagram of the averaging scheme, assuming the averaging 
window covers 5 data points. 
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center the averaging window since there is not an equal amount of data points on 

either side to fill the window. In this situation, then, we use as the average the value 

from the first location where we can successfully. center the averaging window, i.e. 

on the second data point from the end of the array. Hence, the elements near the 

ends of the filtered array will be the same. In Figures 4.11 and 4.12 we present the 

comparison between the filtered and unfiltered data in magnitude and phase format, 

respectively. In these figures, we have: Ymax = 100 meters, tly = 1 meter, N = 6000 

(unfiltered data), N = 5900 (filtered data). We present the data for positive values 

of ky only as the negative values of ky are just the mirror image. We use a different 

value of N for the filtered data so that one period of the oscillations corresponds 

to an odd number of data points. We note that the filtering operation has greatly 

reduced the magnitude of the oscillations. 

One last problem we consider is the measurement of the average value of the 

object profile. Although in theory this measurement can be made, the oscillations 

present in the data render this measurement inaccurate. The averaging scheme used 

to remove the oscillations cannot be used on this low-frequency measurement since 

we only have one data point in ky for kb = O. Therefore, our ability to determine the 

average value of the profile has not been fully demonstrated. It would appear that we 

could simply increase the number of receivers to obtain a reasonable measurement at 

DC. However, as shown in the next two figures we need to increase the extent of the 

receivers a great distance before the measurement of the average value of the profile 
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Figure 4.11: Comparison of the magnitude of Q(kx , k!l) with and without filtering vs. 
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is reasonable. First, in Figure 4.1:3 we present the magnitude of Q(kx = 0, ky = 0) for 

increasing values of Ymax as determined by the Born approximation. 'vVe present the 

phase comparison in Figure 4.14. For computational purposes, we used a frequency 

of f = 0.01 MHz in the forward model to generate the scattered field data. In both of 

these figures, we vary Ymax from 20 to 5000 meters. The spacing between the receivers 

is fixed at 6.y = 1 meter. We note that as we increase Ymax, the Born approximation 

is becoming more accurate in its determination of Q(O,O). However, there is still 

a significant difference between the exact and measured value of Q(O,O) even for 

Ymax = 5000 meters. Therefore, we conclude that at this time we are unable to 

accurately determine the average value of the profile for use with the Born-scattered 

reconstruction. 

4.7 Summary 

In this chapter, we have formulated the problem of plane wave scattering off of a 

dielectric object in two dimensions. We have related measurements of the scattered 

field to the two-dimensional Fourier transform of the object profile. To generate 

this relation, we have used two different models for the total electric field inside the 

object: the Born and Born-scattered approximation. The goal now is to invert the 

data generated from these two approximations for the object profile. This inversion 

is discussed in the next chapter. 
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CHAPTER 5 

TWO-DIMENSIONAL PROFILE RECONSTRUCTION 

The task of reconstructing the two-dimensional object profile is accomplished in 

theory by performing an inverse Fourier transform on the Born and Born-scattered 

data we obtained in the previous chapter. However, this data was obtained on a non

uniform grid in Fourier space, and the traditional two-dimensional inverse Fourier 

transform algorithm requires the data to be on a rectangular grid. In addition, the 

approximations we use to obtain the data break down as the frequency is increased, 

thereby rendering high frequency data to be useless. To solve this problem and lise 

our data on its own grid for the reconstruction, we turn again to super-resolution, 

and use the techniques developed in one dimension to generate a two-dimensional 

reconstruction algorithm. 

5.1 Two-Dimensional Super-Resolution 

In Chapter :3, we showed how the technique of super-resolution could successfully 

be used to reconstruct one-dimensional slab profiles from a relatively small number of 

measurements. However, we cannot immediately extend the one-dimensional super

resolution algorithm to two dimensions since we must account for the curvature of 

our two-dimensional Fourier space. To generate the two-dimensional super-resolution 
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algorithm, we begin with the definition of our Fourier transform defined III (4.35), 

and repeated below for convenience: 

We wish to transform the above continuous expression into a discrete system of 

equations for q(x, V). Once we have this discrete set of equations, we can use singular 

valued decomposition techniques to solve for q(x, y). To transform the above equation 

into the discrete case, we use the trapezoidal approximation to reduce the integrals. 

Consider first the integral over the y spatial variable. Let us assume the v-direction 

is discretized into N evenly spaced points of 6.y meters, where N is an even integer. 

Let us further assume that the point N /2 corresponds to y = O. Corresponding to 

this discretization, we discretize the Fourier space ky into N points, evenly spaced in 

wavenumber Sy. The relation between 6.y and Sy can be written as: 

(5.2) 

With this discretization, we use the trapezoidal rule to approximate the integral over 

y and obtain: 

(5.3) 

where k is an integer and we define its limits shortly. 

We next discretize the x spatial variable into M points, evenly spaced by 6.x 

meters. This will correspond to a discretization of kb into lV1 points, evenly spaced 
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by Sb in wavenumber. We assume that AI is an even integer, and that the point M /2 

cOlTesponds to x = O. The relation between ~x and Sb can be expressed as follows: 

(5.4 ) 

In the above expression, notice we have 2Sb rather than Sb. When ky = 0, the spectral 

variable is 2kb, and this is the continuous variable we must discretize. Continuing, 

we use the above discretization to write (5.3) as 

N/2 

~x~y L 
n=-N/2+l m=-M/2+l 

where the limits on I and k are: 

1=-M/2+1, ... ,M/2 

a={+l, 
-1, 

if I ~ 0, 

if 1< O. 

(5 .. ) ) 

(.5.6) 

(5.7) 

(5.8) 

In equation (5.7), int(·) is the integer operator. Notice that the parameter k depends 

on t. This dependence is due to the restriction that ky ~ kb for the definition of 

the Fourier tl'ansform to be valid. We have also defined the parameter a to ensure 

the proper sign on the square root; the square root is positive when kx ~ 0 and is 

negative when kx < O. 
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The equation in (5.5) is the discrete mapping of a rectangular grid in space to the 

semi-circular grid in Fourier space. In Figures 5.1 and .5.2, we present a graphical 

description of this mapping. These figures are a representative example of how the 

mapping from space to frequency is accomplished. First, in Figure .5.1 we present a 

schematic of the discretization scheme in the (x, y) space domain. We have chosen 

M = N = 10, and the object profile is known to be zero outside of the rectangle on the 

diagram. Hence, there are 35 unknown values of q(m~x, n~y). We have labeled two 

points to further emphasize the ordering of the grid points. In Figure 5.2, we present 

a schematic of the discretization scheme in (kx , ky) Fourier space. For this schematic, 

we have assumed that 8y = 8b• We also assume that we know the frequency samples 

at 49 points on this grid. Therefore, we have an overdetermined system for the object 

profile. In addition, we have labeled two points on this grid to clarify the numbering 

scheme. 

The discretization scheme has thus reduced the inverse Fourier transform prob-

lem to one of solving an overdetermined system of equations for the discrete object 

profile. To solve this system of equations, we again use singular valued decomposi-

tion techniques. We can write the system of equations as described in our graphical 

examples as: 

( .5.9) 



128 

m=-3, n=2 Y (0) /m=1,n=4 
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Space grid: M=10, N= 10 
q(x,y) non-zero in this region 

Figure 5.1: The discretization scheme in space. M = 10, N = 10. 



ky 

1=-4, k=3 

Fourier space grid: M=10, N=10 

1=2, k=l 

region where we know 
the frequency samples 

Figure 5.2: The discretization scheme in frequency. Sb = Sy 
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where Q is the vector of known frequency samples, q is the unknown vector containing 

samples of the object profile, and A is the matrix of Fourier transform coefficients, 

(.5.10) 

The ordering of the vectors Q and q and the matrix A is given in the next 3 equations. 

Note that in these equations we are only identifying the values of I, k, m, and n of 

the entries in the vectors/matrix. 

Q= 

1 = -4, k = 4 

1 = -4, k = 3 

1 = -4, k = 2 

1=-I,k=-l 

1 = 0, k = 0 

1=I,k=-l 

1 = 4, k = -2 

'll = 4, k = -3 

1 = 4, k = -4 

(5.11) 



AU:mn = 

q= 

m = -2,n = -:3 

Tn = -2, n =-2 

Tn = -2,n =-1 

Tn = 2,n = 1 

Tn = 2,n = 2 

Tn = 2,n = 3 

(-4,4, -2, -3) (-4,4, -2, -2) 

(-4,3, -2, -3) (-4,3, -2, -2) 

(4, -3, -2, -3) (4, -:3, -2, -2) 

(4, -4, -2, -3) (4, -4, -2, -2) 

(-4,4,2,2) (-4,4,2,3) 

( -4,3,2,2) (-4,3,2,2) 

(4, -3,2,2) (4, -3,2,3) 

(4,-4,2,2) (4,-4,2,3) 

We use singular valued decomposition [24J to write the matrix A as: 

A49X35 = U49 ><35 • [diag( Wj )h5><35 . V;~><35 

(.5.12) 

(5.13 ) 

(.5.14) 

This is the same decomposition as we presented in Chapter 3; i.e: V is orthonormal, 

U is column orthonormal, Wj is the ph singular value of A, j = 1,35, and the 

superscript T denotes the transpose of the matrix. Also, in the diagonal matrix of 

singular values, WI > W2 > ... > W35. With this decomposition, we can write the 



solution for q in the same manner as equation (3. i) viz: 

Vt.l \12.1 

\12.1 \12.2 

V35.1 V35,2 

where Vj denotes the ph row of VT . 

Vt.35 

V2•35 

V35.35 

(.5.15) 

The solution for q as presented above is the same in form to the solution presented 

in the one-dimensional formulation, and all the conclusions about the one-dimensional 

solution are valid for the two-dimensional case. Hence, we can think of the above 

equation as the expansion of q in terms of the basis vectors V. In addition, we expect 

the error between the object profile and its reconstruction q to be concentrated in 

the largest l/wj terms, so it is desirable to set these terms equal to zero. Notice, 

however, that our solution for q is given as a vector in equation (5.15). The last step 

in the solution is therefore to correctly decompose the vector q into the 5 X 7 matrix 

for q(x,y) described in Figure 5.1. 

5.2 Two-Dimensional Reconstructions 

In this section, we examine the reconstruction of our dielectric cylinder using 

the super-resolution method. Unlike Chapter 3, where we presented an in-depth 

discussion of the different parameters and their effects on the reconstruction, we are 

primarily interested in laying the foundation for further study with our results. Thus, 
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we only present a few examples of two-dimensional reconstruction but do not offer any 

insight yet as to whether or not these are the best reconstructions we can obtain. We 

postpone further study due to the large number of variables in the super-resolution 

scheme. These variables are given in Table 5.1. In this table, when two parameters 

are listed next to one another, only one of them is independent due to the relations 

given in (5.2) and (.5.4). Thus, we have six independent parameters that we can vary 

in a number of different ways. In this section, then, we present the results for one set 

of parameters that generated reasonable results. These parameters are: 

Ymax = 49.8m. 

b..y = 0.249 m. 

is/op = 20 MHz. 

Sf =" 5MHz. 

N = 3000 

b..x = 0.1947 m. 

We note that the measurements of the scattered field start at DC and are incremented 

by Sf up to and including is/op ' Since the object profile is real, the Fourier transform 

data Q( -kx , ky) is simply the conjugate of Q(kx , ky). The first reconstruction we 

present is for a dielectric cylinder whose dielectric constant is (Ax, y) = 1.2, and the 

background medium is free space. In Figure 5.3, we present the object profile as 

defined on this discretization grid. We note that there are 99 points inside the square 



Parameter 

Ymax 

b..y 

jstop 

Sf 

SylN 

b..xlM 

Description 

Maximum extent of the receivers, in meters 

Spacing between the receivers 

Maximum frequency used in the measurements 

Frequency spacing between the measurements 

The grid spacing in kyl The number of discrete point in the v-direction 

The grid spacing in xl The number of discrete point in the x-direction 

Table 5.1: The parameters associated with two-dimensional super-resolution. 
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Figure 5.3: The oh ject profile q( "', y) as represented on the discrete grid. 
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defined by a = b = 1 meter where the object profile is known to be non-zero. How

ever, at some of these points inside a = b = 1 the object profile is identically zero, 

and this information is not given to the reconstruction algorithm. We are interested 

in the ability of the reconstruction algorithm to identify the overall circular shape of 

the profile, the magnitude of the profile, and the behavior in the corners where the 

profile is identically zero. Our first reconstruction is shown in Figure 5.4. In this 

reconstruction, we are using exact data (data from the continuous Fourier transform 

of a circle), and the RMS error is 0.0409. Again, this is the very best we can do; 

our approximations attempt to determine the exact Fourier transform of the object 

profile, which in this case is a circle. We note that the algorithm was able to success

fully determine the overall shape of the profile as well as its height. There is a slight 

ringing which is due to the limited amount of data we originally gave the algorithm. 

To obtain this reconstruction, we have thrown out 66 of the 99 singular vectors. 

We next present the reconstructions using data obtained from our approximations. 

In Figure 5.5 we present the reconstruction using the Born approximation with the 

averaging scheme. In this example, the RMS error = 0.0826, and we have thrown 

out 93 of the 99 singular vectors. In this reconstruction, we note the algorithm 

has identified the overall shape of the profile, yet its magnitude is somewhat larger 

than the actual profile. However, this result is encouraging since we were able to 

successfully reconstruct behavior of the profile at its corners. In Figure 5.6, we 

present the reconstruction using the Born data without the averaging scheme. In this 
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Figure 5.4: Profile reconstruction using exact data. RMS error = 0.0409, throwing 
out 66 of 99 singular vectors. 
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Figure 5.5: Profile reconstruction using Born data with averaging. RMS error = 
0.0826, throwing out 93 of 99 singular vectors. 
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Figure 5.6: Profile reconstruction using Born data without averaging. RMS error = 
0.0767, throwing out 93 of 99 singular vectors. 
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example, the RMS error = 0.0767 and we have thrown away 93 of the 99 singular 

vectors. We note that in general the algorithm was able to reconstruct the overall 

shape of the profile, and its magnitude is closer to the actual profile than the Born 

approximation with averaging. Hence, averaging out the oscillations in the Born data 

led to a poorer reconstruction for this example. However, we cannot draw any further 

conclusions about the averaging scheme without further study. We also note that in 

this reconstruction the algorithm has successfully reconstructed the behavior of the 

object profile in its corners. 

Next we present the reconstructions using the Born-scattered data. In these re

constructions, we have used the exact value of the average value for the object profile 

since this quantity at the present time cannot be determined accurately. First, in 

Figure 5.7 we present the reconstruction using the Born-scattered approximation 

with averaging. We note the RMS error = 0.0820, and we have thrown out 9:3 of 99 

singular vectors. We note that in this figure, the algorithm was able to reconstruct 

both the overall shape of the profile and its magnitude in a reasonable manner. The 

algorithm has also identified the behavior of the object profile at its corners. Lastly, 

in Figure 5.8 we present the reconstruction using the Born-scattered data without 

the averaging scheme. In this reconstruction the RMS error = 0.1090 and we have 

thrown out 94 of the 99 singular vectors. We note that this reconstruction is poor in 

general as it did not identify the overall shape of the profile or the behavior in the 
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Figure 5.7: Profile reconstruction using Born-scattered data with averaging. R~lS 

error = 0.0820, throwing out 93 of 99 singular vectors. 
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Figure 5.8: Profile reconstruction using Born-scattered data without averaging. RMS 
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corners. Therefore, in the Born-scattered case, the averaging scheme led to a better 

reconstruction than the original data with the large oscillations. 

For further comparison of the reconstructions, we present one-dimensional slices 

taken out of the two-dimensional reconstructions in Figures 5.9 to 5.12. In these 

figures, we present the reconstruction as a function of one space variable while holding 

the other space variable constant. First, in Figure 5.9 we present the reconstruction 

as a function of y while holding x = O. Second, in Figure 5.10 we present the 

reconstruction as a function of x while holding y = O. In these two figures, we 

note that all four reconstructions are fairly similar in their shape and differ in their 

magnitude. 

Continuing, in Figure 5.11, we present the reconstruction as a function of y for 

x = 0.59 meters. In this figure, we clearly see the inability of the Born-scattered 

approximation to reconstruct the shape of the profile for this value of x. Secondly, in 

Figure 5.12 we present the reconstruction as a function of x for y = 0.74 meters. In 

this figure, we note that all the approximations do a reasonable job at reconstructing 

the profile. 

5.3 Summary 

In this chapter, we have developed a super-resolution algorithm in two dimen

sions for the inversion of our object profile. This inversion scheme is similar to 
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Figure 5.9: Reconstruction of the cylinder as a function of y for x = 0 meters. The 
solid line is the slice from the reconstruction identified in the title, the dashed line 
is the slice from the exact reconstruction~ and the dash-dot line is the slice from the 
actual profile. 
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Figure 5.10: Reconstruction of the cylinder as a function of x for y = 0 meters. The 
solid line is the slice from the reconstruction identified in the title, the dashed line 
is the slice from the exact reconstruction, and the dash-dot line is the slice from the 
actual profile. 
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Figure 5.11: Reconstruction of the cylinder as a function of y for x = 0.59 meters. 
The solid line is the slice from the reconstruction identified in the title, the dashed 
line is the slice from the exact reconstruction, and the dash-dot line is the slice from 
the actual profile. 
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Figure 5.12: Reconstruction of the cylinder as a function of x for :i; = 0.74 meters. 
The solid line is the slice from the reconstruction identified in the title, the dashed 
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the one used in the one-dimensional slab profile reconstruction. However, the two

dimensional scheme was modified to account for the non-uniform grid in Fourier 

space. With this super-resolution algorithm, we were able to reconstruct the object 

profile of a dielectric cylinder embedded in free space. In the specific example we 

considered, we found the Born reconstruction was better than the Born with aver

aging, while the Born-scattered with averaging was better than the Born-scattered 

reconstruction. However, we did not evaluate the dependency of the reconstruction 

on the parameters associated with super-resolution due to the large number of inde

pendent parameters. Therefore, in this chapter we have laid the foundation for the 

two-dimensional reconstruction problem using super-resolution. 



CHAPTER 6 

CONCLUSIONS 

1.t9 

The problem of reconstructing dielectric profiles from measurements of the scat

tered electric field has been discussed in this dissertation. We first considered the 

one-dimensional problem in Chapter 2. We formulated the problem of a plane wave 

scattering off of a dielectric slab whose dielectric constant was allowed to vary in only 

one dimension. We used the Green's function method to develop an integral equation 

relating the scattered electric field to the slab profile, where the slab profile was de

fined as the difference between the dielectric constant of the slab and the background 

medium. However, embedded in this integral equation was the total electric field 

inside the slab, which was unknown. To reduce the integral equation, we developed 

a few models for the field inside the slab. The first model we used was the Born 

approximation, which assumed the field inside the slab was the same as the incident 

field. This approximation reduced the integral equation to a situation relating the 

scattered electric field to the Fourier transform of the slab profile. 

The Born approximation, however, is known to break down for strong scatterers. 

To improve upon this model, we first added a scattered field term to the Born ap

proximation. This model also generated a relation between the scattered field and 

the Fourier transform of the slab profile. A third model was developed based upon 
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the form of the integral equation, and we called this the advanced approximation. 

This approximation led to a third relation between the scattered field and the Fourier 

transform of the slab profile. 

Unfortunately, all three approximations to the Fourier transform of the slab pro

file broke down as the frequency increased, even for weak scatterers. Therefore, in 

Chapter 3 we used super-resolution to recover the high frequency information from 

the low frequency data. This technique allowed us to write the inversion problem as 

an overdetermined system of equations for the slab profile. The singular valued de

composition method was then used to solve this system of equations. We presented 

three examples of profile inversions using this technique. We ha\e found that the 

advanced approximation led to reconstructions that were far superior to the Born 

and Born-scattered reconstructions. We further investigated how the parameters as

sociated with super-resolution affected the reconstructions to gain an insight on an 

optimal choice of parameters. In general, we found that using the minimum num

ber of frequency samples allowed for a given set of parameters led to reconstructions 

where the advanced scheme yielded the smallest error. Additionally, smaller fre

quency spacings between the samples and longer reconstruction vectors also led to 

better reconstruction using the advanced approximation. 

In Chapter 4 we began our study of the two-dimensional reconstruction prob

lem. We first formulated the problem of plane wave scattering off of a dielectric 

object whose dielectric constant was allowed to vary in two dimensions. We used 
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the Green's function method to generate an integral equation that related the scat

tered electric field to the object profile, where the object profile was defined as the 

difference between the dielectric constant of the object and the background medium. 

However, embedded inside the integral along with the object profile was the total 

field inside the object, which was unknown. To reduce the integral equation, there

fore, we considered two models for the total field inside the object. The first model 

was the Born approximation, where we assumed the field inside the object was the 

incident field. This modelled to a relation between the scattered field and the two

dimensional transform of the object profile. Since the Born approximation is a poor 

representation for the total field inside a strong scatterer, we added a scattered field 

term and developed the Born-scattered model. This model also reduced the integral 

equation to a relation between the scattered field and the Fourier transform of the ob

ject profile. However, the Born-scattered model requires that the average value of the 

object profile to be known. We therefore showed how a low frequency measurement 

of the scattered field was related to the average of the object profile. 

With our two models developed, we next presented a comparison between the exact 

Fourier transform of a disk and the Fourier data obtained by our models. We found 

that our data contained oscillations due to the use of a finite number of receivers. To 

reduce these oscillations, we used an averaging scheme, where we averaged the data 

over one period of these oscillations. However, we also found that our measurement 

of the average value of the profile was very poor due to the use of a finite number of 



152 

receivers. Therefore, we still need to develop a technique to determine this parameter 

effectively. 

Our task then turned to inverting the Fourier transform data for the object profile 

III Chapter .5. Once again we found that our approximations broke down for high 

frequencies. Therefore, we used super-resolution techniques to reconstruct the object 

profile. However, sin~e the data was determined discretely on a non-uniform grid 

(the spectral variable kr was related to ky), we had to redesign the super-resolution 

algorithm. We wrote the definition of the two-dimensional Fourier transform in dis

crete form by using the trapezoidal approximation on the continuous definition. This 

discrete relation was then written as an overdetermined system of equations for the 

object profile. Similar to the one-dimensional case, we use singular valued decom

position techniques to solve this system of equations for the object profile. Finally, 

we presented as an example the reconstruction of a dielectric cylinder for one choice 

of parameters. We found that the Born reconstruction was better than the Born 

with averaging, whereas the Born-scattered with averaging was far superior to the 

Born-scattered reconstruction. 

The study of the one-dimensional reconstruction problem has been thoroughly 

investigated. However, the two-dimensional study of the reconstruction problem is 

not complete. Indeed, one crucial area is developing a technique to get a reasonable 

estimate of the average value of the object profile. In addition, we have yet to 

consider" a large study of how the two-dimensional reconstruction is affected by the 
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six independent variables. Finally, we can develop an advanced model for the total 

field inside the object based upon the governing integral equation. 
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Appendix A 

PLANE WAVE SCATTERING FROM A DIELECTRIC 

CYLINDER 

In this section, we formulate the forward problem of a plane wave scattering off 

of a dielectric cylinder embedded in free space. The geometry of this problem was 

originally presented in Figure 4.3. On the next page, we show this geometry again for 

convenience. We assume the background medium has a dielectric constant of lOb, and 

the cylinder has a dielectric constant of 102, both of which are real. We also assume 

that both the background and the object have a permeability of j.lo. 

Let us define Region 1 as the region outside the object, and Region 2 as the region 

inside the object. We wish to solve for the z-component of the electric field outside 

the object. In Region 1, we can divide the fields into an incident and an a scatter'ed 

field, viz: 

(A.1 ) 

We assume the incident field E!nc is a plane wave traveling in the positive z direction. 

We can express this mathematically as: 

(A.2) 



Y max e
• 
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Y 

Cbr = 1.0 

Figure A.I: Geometry for plane wave scattering off of a dielectric cylinder. 
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We use a wave transformation to represent this incident wave as a sum of cylindrical 

waves emanating from the origin, viz: 

00 

E~nc = L rn In(kbP)einrP (A.3) 
n=-oo 

where P, <b are the usual cylindrical coordinates and In(kbP) is the Bessel function of 

the first kind, order n. We can write the scattered field as a sum of outgoing waves 

centered at the origin, viz: 

00 

E:cat = L rn AnH~2)(kbP)einrP (A.4) 
n=-oo 

where H~2)(kbP) is the Hankel function of the second kind, order n. Therefore, in 

Region 1, the total electric field can be written as a sum of the incident an scattered 

fields, viz: 
00 

E~ = L j-71[Jn(kbp) + AnH~2)(kbP)leinrP (A.5) 
n=-oo 

The corresponding magnetic field can be found from Maxwell's equations, viz: 

1 iJE~ 
= ----

jWJlo iJp 

= -. _1_ f: j-nkb[J~(kbP) + A7IH~2)/(kbP)lejnrP 
JWJlo n=-oo . 

(A.6) 

where the primes indicate the derivative with respect to kbP. 

In Region 2, we write the total electric field in the same form as the total field in 

Region 1. However, Region 2 includes the origin. Therefore, we can only express the 

fields in Region 2 by functions that are finite at the origin since there are no sources 
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present. With this restriction, we write: 

00 

E; = L rn BnJn(k2p)ein¢ (A.7) 
11=-00 

The corresponding magnetic field in this region can be found from Maxwell's equa-

tions, viz: 

(A.S) 

where the prime indicates the derivative with respect to k2p. 

We now wish to solve for the unknown coefficients An and Bn. We solve for 

these by applying the continuity of the tangential electric and magnetic fields at 

the boundary of the dielectric cylinder. We first invoke continuity of the tangential 

electric field at p = a. We set (A.5) and (A.7) equal to one another and obtain: 

00 00 

L j-n[Jn(kba) + AnH~21(kba)lein¢ = L rn BnJn(k2a)ein¢ (A.9) 
n=-oo n=-oo 

We multiply each equation by eimt/> and integrate over the <P variable. Due to the 

orthogonality of the exponential function, we have 

We solve the above equation for Bm to obtain: 

Bm = Jm(kb a) + AmH!;I(kba} 
Jm(kba) 

(A.IO) 

(A.ll) 

For our second equation involving An and Bn, we invoke the continuity of the 

tangential magnetic field at p = a. We set (A.6) and (A.S) equal to each other, and 
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after applying the orthogonality of the exponential function we have: 

(A.12) 

We substitute our expression for Bm given by (A.ll) into the above equation and 

solve for Am to obtain: 

(A.13) 

This expression for Am is well-known, and has been previously derived in Harrington 

[30J for example. 

With this expression for Am, we can find the scattered field anywhere outside the 

scatterer. However, we note that in (A.5), we must sum over both the positive and 

negative values of n. We wish to write this sum over the positive values of n only. To 

accomplish this, we consider two important properties of Bessel functions of integer 

order: 

(A.14) 

(A.I5) 

We take the derivative of these equation with respect to x to obtain two other useful 

relations: 

(A.16) 

(A.I7) 
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where the primes indicate the derivative with respect to x. With the above four 

relations, we can determine the relation between A-n and An, viz: 

k2( _1)n I n( kba)( _l)n J:
1 
(k2a) - kb( _1)n J~ (kba)( _1)n I n( k2a) 

= 
kb( _1)71 H~2)( kba)( -1 )7IJ:1( k2a) - k2( _1)n H~2)1 (kba)( -1 }nJn( k2a) 

= An (A.iS) 

Therefore, we can write the scattered field in (A.4) as: 

00 

E;cat = L r(-nj A7IH~2~(kbP)ej(-n)r/> + AoHJ2)(kbP) 
71=1 

00 

+ L F(7I) AnH~2)(kbP)ej(n)r/> (A.19) 
71=1 

We use the relation between H~2~ and H~2), and after some algebraic manipulation 

we write the above expression as: 

00 

E;cat = AoHJ2)(kbP) + 2 L j(-n) AnH~2)(kbP) cos n</> (A.20) 
71=1 

For our application, we use this forward model to generate the scattered electric field 

data along the line x = -a. Therefore, we have: 

00 

E~( -a, y) - e-}kb(-a) = AoHJ2)(kbP) + 2 L j(-n) AnH~2)(kbP) cos n</> (A.21) 
n=1 

where 

(A.22) 

In Figure A.2 we present the real an imaginary portions of the scattered field as 

determined by this model along the line x = -a. In this figure, the radius of the 

cylinder is a = 1 meter, Ymax = 100 meters, boy = 0.5 meters, the dielectric constant 
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Figure A.2: Real and imaginary parts of the scattered electric field vs. y (meters). 
6..y = 0.5, a = 1, for = 1.2, f = 5 MHz. 
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of the cylinder is fr = 1.2, and the frequency is f = 5 MHz. We note that as y 

increases away from the origin, the scattered field behaves like a damped sinusoidal 

function, which is the large argument behavior of the Hankel function. 
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