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ABSTRACT 

Iterative algorithms for image restoration which include the use of prior knowl

edge of the solution in their design have proven useful in super resolution imaging. 

In this dissertation, a Bayesian estimation method is presented called the Poisson 

Maximum A Posteriori (MAP) image restoration algorithm. The Poisson MAP al

gorithm is shown to be slightly different in its design but similar in super resolution 

ability to the Poisson Maximum Likelihood (ML) algorithm. Numerical simula

tions demonstrate that the Poisson MAP algorithm in almost all cases achieves 

legitimate bandwidth extension and thus achieves super resolution. Practical cri

teria for indicating when the algorithm has numerically converged are reviewed. 

The advantages of these criteria are discussed. 

The theoretical convergence properties of the Poisson MAP algorithm are in

vestigated. The iterative algorithm is viewed as a nonlinear vector mapping in the 

N-dimensional real Euclidean vector space, RN. The necessary and sufficient 

conditions for nonlinear iterative methods of this type to converge are discussed 

and are shown to be satisfied in certain cases. Although convergence in some cases 

can only be demonstrated experimentally, convergence can almost always be guar

anteed with the right choice of starting vector in cases where super resolution is 

most needed. 



8 

Chapter 1 Introduction 

1.1 Prelhllinaries 

This dissertation is primarily written in order to satisfy partial requirements for 

the Doctor of Philosophy degree in the Program in Applied Mathematics. However, 

it is hoped that this dissertation can be of some use to optical scientists, electrical 

engineers and applied mathematicians interested in the convergence of iterative 

image restoration methods. 

This dissertation is therfore structured in a simplified way so that beginning re

searchers or graduate students in engineering or applied mathematics who have an 

understanding of elementary electromagnetic theory, Fourier optics, basic proba

bility theory, algorithm development, linear algebra and numerical analysis should 

easily be able to follow the material contained herin. 

Although the number of applications of image restoration may be large and 

diverse, the problem of restoration itself is well defined. Image restoration is cen

trally a problem of finding an inverse to a mapping. The physics and physical pro

cesses that govern image restoration make it possible to describe the mapping in a 

specific manner. Thus, all image restoration processes, whether applied to images 

from medicine or aerial reconnaissance, can be encompassed with a straightforward 

emphasis on applied mathematics. 

As will be seen later, the mathematics of the image restoration problem can 

be posed in either discrete or continllolls variable form. Increasingly, the natural 

form in which an image is formed and acquired is a discrete or digital form. Thus, 

many image restoration schemes can be implemented by digital computer. 

We therefore begin this dissertation by examining and defining the mathemat

ical and physical bases of the image restoration problem. Restoration techniques 

require some form of knowledge concerning the degradation phenomenon if an at-
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tempt at inversion of that phenomenon is to be made. This knowledge may come 

in the form of the model, or other apriori information, coupled with knowledge 

of the physical system that provided the imaging process. Thus, a considerable 

emphasis on the sources and the model of degradation is needed. 

The preceeding topics are the emphasis of Sections 1.2 and 1.3 of the first 

chapter of this dissertation. In Section 1.2, we discuss the basic physics and math

ematics involved in the image formation process. In Section 1.3, we review the 

basic mathematics of image representation and image degradation. 

1.2 Iluage Forluatioll 

Describing the processes, equations and notation of image formation is moti

vated by the desire to provide image restoration. Awareness of the processes by 

which an image was formed before attempting improvement in the image is fun

damental in developing techniques of image restoration. One cannot process an 

image without a system to sense and record the image. The image formation and 

recording system has properties as a system that must be understood. 

There is assumed to be an object, f(o:,{3) , in the coordinate system (0:,{3) , 

that is refered to as the object plane. The image formation system transforms the 

object in such a manner that in the coordinate system (x,y) , which is referred 

to as the image plane, an image, g( x, y) , is formed. There are general principles 

upon which image formation is based. 

Nonnegativity 

Image formation is the transport of radiant energy from the object plane 

through an image formation system to the image plane. For our purposes here, the 

object may eithflr be self-luminous or irradiated by some incident wave field. In 

either case we shall consider the radiated light to be spatially incoherent [Gaskill 
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(1978)]. We may therefore consider the object to be a collection of independent 

point radiators. The strength of each point radiator varies from point to point 

according to some information characteristic of the object. 

The quantity of importance is the radiance of the object. The radiance of an 

object is the measure of the radiant flux emitted in a particular direction per unit 

of normally projected surface area per unit solid angle. The units of radiance are 

W /cm2 /steradian. When a wave field impinges on a surface normally, the rate 

per unit area at which radiant energy arrives at the surface is refered to as the 

irradiance of the wave field at that surface. The units of irradiance are W /cm2• 

The image formation system maps the radiance distribution of the object into an 

irradiance distribution at the image plane. 

The smallest possible amount of radiant energy present at any point in our 

model is zero. Radiant energy is assumed to propagate from object to image, and 

the smallest possible amount of radiant energy transport is zero. Thus the radiant 

energy distributions for both the object, 1(0:,;3) , and the image, g(x, y) , must be 

real valued and nonnegative. Thus 

Superposition 

I( 0:,;3) ~ 0, 

g(x, y) ~ o. 

Since the image formation system is responsible for the distribution of energy 

in the image plane, we introduce a function that describes the transformation of 

energy from the object plane to the image plane. Denoting this system function 

L{ } , we describe the energy in the image plane in terms of L{ } and the object 

radiant energy distribution, 1 , as 

g(x, y) = L{/(o:,;3)}. 
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The superposition of energy distributions from two points is represented in 

terms of this function. It is the nature of many transport processes that radiant 

energy is additive. Therefore, in both the object and the image plane the radiant 

energy distributions add. It is trivial to show that if 

L{f(a,,8)} = h(x,y,a,,8)f(a,,8) 

then the image formation system is linear. 

A linear image formation system has the following property. If 

and 

then 

L{!t(a,,8) + h(a,,8)} = h(x,y,a,,8)(Jl(a,,8) + h(a,,8)) 

= h(x,y,a,,8)fl(a,,8) + h(x,y,a,,8)h(a,,8) 

We can see that the behavior of a linear image formation system relates additive 

components in the object plane to additive components in the image plane. If an 

image formation system is linear it obeys this principal of superposition under 

addition. 



12 

The additivity of radiant energy distributions at the image plane makes it pos

sible to describe the image formation process by extending from a single point to 

an object made up of a contiuum of points. Summing the infinitesimal contribu

tions in the object plane gives the general image formation equation. In the case 

in which the image formation system is linear, then 

g(x,y) = L: L: h(x,y,a,{J) f(a,{J) dad{J. (1.1) 

The function h is called the point spread function (PSF) of the image formation 

system. The PSF is also called the impulse response function and is the irradi

ance distribution produced at the image plane due to a single object plane point 

radiator. 

The description of the PSF with all four coordinate variables (x, y, a, (J) is 

the most general possible description. In the case where an imaging system acts 

uniformly across image and object planes, the PSF is independent of position 

[Gaskill (1978)]. Such an imaging system is said to have a space invariant point 

spread function (SIPSF). The output in this case is only a function of the difference 

in variables in the coordinate systems. 

Therefore, the imaging equation for a linear space invariant (LSI) imaging 

system is the familiar convolution equation 

g(x, y) = L: 'L: h(x - a, y - (J) f( a, (J) dad{J. (1.2) 

A more rigorous physical derivation of this equation is rooted in the theory 

of electromagnetic wave propagation, diffraction theory and geometrical optics 

[Goodman (1968)J. The preceding equations are the fundamental mathematical 

descriptions of the image formation process. 
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Optical Systems 

The particular image formation process that we consider in this dissertation 

is based on the incoherent optical imaging sytem. This image formation system 

contains ent.rance and exit apertures and a lens or lenses and/or a mirror or mirrors. 

The lens elements are considered to be loss less and are aberration free [Gaskill 

(1978)]. The aperture stops [Goodman (1968)] are located at the lens elements. 

The Fraunhofer conditions are assumed to be satisfied for propagation between the 

object plane and the entrance pupil, and the Fraunhofer conditions are assumed 

to be satisfied for propagation between the exit pupil and the image plane [Gaskill 

(1978)]. A detailed analysis of the behavior of lenses shows many similarities 

between elementary diffraction theory and images formed by lenses. 

It is possible to show [Goodman (1968)] that the resulting image formation 

process for a LSI incoherent optical imaging system is given by 

(1.3) 

Here the incoherent PSF is the squared magnitude of the coherent PSF [Gaskill 

(1978)]. In Equation (1.3) f( 0:, (3) is an intensity distribution in the object plane 

and g(x, y) is the resulting intensity distribution in the image plane. 

Perhaps the simplest example of a SIPSF encountered in the literature today 

occurs in an optical imaging system with circular apertures of diameter, d. In this 

case 

Ih( )12 _ 7rd
2 /2 J1(d7rr)/2 

X,y - 4 (d7r1') (1.4) 

where r = ..; x2 + y2 and J1 (r) is the Bessel function of the first kind. 

In order to simplify notation, from now on we will use h( x, y) to rep res en t the 

SIPSF of the incoherent optical imaging system. We do this keeping in mind that 



14 

this PSF is actually a squared magnitude and thus is a nonnegative function. 

Resolution 

The resolution of an optical imaging system is regarded as a measure of the 

system's ability to distinguish between two closely separated point sources, and it 

is therefore related to the width of the impulse response. The narrower the impulse 

response, the better the resolution. The most common criterion used for specifying 

the resolution of an imaging system is the Rayleigh criterion. 

The Rayleigh criterion defines the resolution of an optical system having a 

cicular aperture stop of diameter d to be equal to the radius of the first zero of the 

impulse response function. That is 

Resolution = 1.22/ ~ /' 

where" is the wavelength of the obseved light. Such a separation causes the 

peak of the PSF from one point source to lie on the first zero of the PSF of the 

other point source. We say if two point sources are separated at a distance just 

greater than the Rayleigh distance then they are said to be just resolved. 

1.3 lInage Representation 

In Section 1.2 we concentrated on the physical process involved in image for

mation. In this section we discuss the image representation aspects necessary for 

restoration. First, in order to take advantage of modern digital processing ma

chines, image representation must necessarily be described by a discrete process. 

This is not unnatural as most image aquiring detector arrays are themselves dis

crete. 
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Sampled Pictures 

Image formation is naturally an analog process. The object, f( a, (3) is de

scribed in two dimensional notation on a domain of continuous support indexed 

with variables (a, (3). The image is described similarly in the (x, y) plane. To 

process an image digitally, we need to first represent the continuous image in a 

discrete array. In order that this image may be represented discretely we must 

recall the two dimensional sampling theorem. It can be shown [Goodman (1968)] 

that for a bandlimited image, g(x, y) , with spatial frequency cut - offs of W:r:c and 

Wyc respectively, we may sample the image uniformly with a two dimensional array 

of Dirac delta functions such that 

00 00 

g(i~x,jD.y) = E E g(x, y) 8(x - iD.x, y - jD.y), 
i i 

where D.x =:; 1/2w:r:c and D.y =:; 1/2wyc • 

One must have at least such a sampling rate, called the Nyquist sampling rate, 

to avoid the effects of aliasing (Fourier frequency overlap). This simply states 

that if we want to sample a function with known spatial frequency limits we must 

sample at a high enough rate in order to represent these frequencies digitally. 

Linear Systems 

Linear systems are developed around an impulse response notation in which 

the output function results in the superposition cf weighted input impulses passing 

through a system. 

We recall from Section 1.2 that in the case of a spatially invariant point spread 

function (SIPSF), the imaging equation becomes 

g(x,y) = 1: 1: h(x - a,y - (3)/(a, (3) dad(3. (1.5) 
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This equation is often refered to as a two dimensional convolution and is related 

to a mathematical equivalent in Fourier transform theory. 

Although the continuous model will provide insight into many restoration tech

niques, the model for use with computer image processing is obviously the discrete 

model. Mathematically speaking, a continuous object J( (x, (3) can never be repre

sented in the computer and only approximations to the object are possible. How

ever, in order to take advantage of linear algebra and numerical analysis techniques 

available today, we now assume the imaging model to be a purely discrete system. 

The image, g(iD.x,jD.y) , and object J(k!:lx, l!:ly) , are each N x N matrices. This 

allows a pure matrix formulation of the problem. Using a discrete scalar notation 

N N 

gij = E E Jkl hijkl • (1.6) 
k=l/=l 

In order to keep the notation reasonable we use lexicographic stacking operators 

[Andrews, Hunt (1977)] to simplify the imaging equation. We represent the image 

and object respectively as vectors g and f as follows 

The PSF is represented as [H] which is an N2 x N2 matrix, where [H] takes 

on certain block properties reflecting the effect of the stacking operator. 

Thus the imaging equation becomes a matrix equation, 

g= [H] f. 
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In the case of a space invariant point spread function (SIPSF), the PSF matrix 

[H] becomes Block Toeplitz form of size N2 x N2 . The details of this as well as 

the discussion of the different forms of [H] associated with more complicated point 

spread functions can be found in [Andrews, Hunt (1977)]. 

Imaging Constraints 

The models developed so far have not used any additional constraints that may 

become valuable in various restoration techniques. We now address some of the 

additional properties inherent to most physical linear space invariant (LSI) optical 

systems. 

The assumption of nonnegativity must be maintained throughout our models 

since optical energies must always be nonnegative quantities. Because of the form 

of the PSF in the incoherent optical imaging system we know that the PSF' must 

also be nonnegative. 

In the notation of our model 

f · > 0 J -
v j = 1,,,, ,N2 

9i ~ 0 V i = 1"" ,N2 

V i, j = 1, ... , N 2
• 

Another assumption that may be of some value occurs in lossless imaging. A 

lossless imaging system has the property that the total energy in the object is 

preserved in the image. That is, the lenses do not absorb or generate optical 

energy. The result of this assumption on our model is the equation 

N2 N2 

2: fJ = 2: 9i 
j=l i=l 



18 

or 

N2 

2: hi,; = 1 
i=l 

In concluding this discussion on imaging constraints we now focus our attention 

on some properties of the particular form of the PSF to be used in the remainder 

of this dissertation. 

In continuous notation we recall the imaging equation for a spatially invariant 

point spread function (SIPS F) represents a two dimensional convolution 

g(x, y) = L: 100
00 

h(x - a, y - (3) I(a, (3) dad(3, (1. 7) 

where 

L:L: h(x,y) dxdy = 1 

for a lossless optical imaging system. 

A direct application of the convolution theorem to the imaging equation gives 

a mathematical equivalent in the Fourier transform domain 

(1.8) 

where G(e,1}) and F(e,1}) are the respective Fourier transforms of g(x,y) and 

I(a, (3). 

The Fourier transform of h(w, z) is defined as the optical transfer function 

(OTF) given by 



19 

A fundamental property of the OTF is that it has its maximum at the origin. 

This conclusion is derived from the fact that its behavior is governed by an auto

correlation function [Gaskill (1978)]. Furthermore as a consequence of the lossless 

imaging system, the OTF has a value of unity at the origin. The OTF also has 

the property that it is bandlimited. This means that the support of the OTF is 

contained in a finite region. The cut - off frequency of an optical system is defined 

as the value of the frequency variable beyond which the OTF is zero. This quantity 

is specified by a single number, We , for circularly symmetric apertures. 

We now define the OTF for an optical system having cicular aperture stops of 

diameter d as 

H(e, q) = ~ I: I: cy{AH")' d+ (H {l)') cyJ ( v' ,,' d+f!') d"d{l, 

(1.10) 

where r = "';a2 + {32 and p = Jf.2 + 7]2 can be used as radial coordinates 

and 

o ::; r ::; d/2, 
r ;::: d/2 

is the cylinder function, which is used to describe the transmittance of a circular 

aperture of diameter d [Gaskill (1978)]. The particular form of the incoherent OTF 

in Equation (1.10) is due to the fact that the OTF is related to the autocorrelation 

of the entrance pupil with the exit pupil transmittance functions [Gaskill (1978)]. 

The result of this type of low pass OTF is that the image is limited in its resolution 
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to spatial frequencies which lie below this diffraction limit cut - off frequency. The 

goal of super resolution imaging is to fully restore object spatial frequencies below 

the diffraction limit identically and try to restore as much as we can above the 

diffraction limit. 

It is worth noting that in the case of a SIPSF, the matrix [H] is of Block 

Toeplitz form. It is shown in detail [Andrews, Hunt (1977)] that Block Toeplitz 

matrices can be approximated by Circulant matricies which are diagonalized by 

the Digital Fourier Transform (DFT) matrix, [F] . We note the relation 

This representation of the convolution operation matrix [H] is directly related 

to the Convolution Theorem in the continuous domain. The matrix convolution 

operation, 

g= [H]f, 

of the discrete imaging equation can be done more efficiently by taking the 

DFT of the vector to be convolved with [H] then multiplying the individual vector 

coordinates in the digital Fourier transform (DFT) domain and then inverting 

the resulting DFT domain vector. This strategy, incorporated with the N log N 

economy of the Fast Fourier Transform (FFT), can considerably save operations 

and requires the storage of only three N2 x 1 vectors. We can therefore see that this 

assumption of a SIPSF is very useful in Fourier signal processing computations. 

1.4 Overview of the Dissertation 

The general emphasis of this dissertation is the investigation of the convergence 

properties of a particular nonlinear iterative image restoration algorithm presented 
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in Chapter 3. It is the intent of the author to provide to the reader a completely 

self contained guide through the entire problem. We will cover everything from the 

motivations for our algorithm to the derivation of the algorithm to the numerical 

experiments with the algorithm and finally to the investigation of the convergence 

properties of the algorithm. Keeping this in mind we begin this dissertation by 

reviewing the need to invoke nonlinear iterative image restoration algorithms. 

In order to appreciat.e the advantage of more sophisticated nonlinea.r iterative 

image restoration methods one must first study a.nd examine the limits of basic 

one step linear algebraic methods. The basic one step linear algebraic methods, 

nonlinear methods and iterative methods which are relevant in the study of conver

gence of the particular algorithm presented in Chapter 3 are reviewed in Chapter 

2. 

We first review two tradit.ional Fourier inverse filter techniques; the Fourier 

Inverse Filter and the Wiener Filter. We also review two basic linear algebraic 

techniques; the Least Squares Pseudo Inverse and the Singular Value Decomposi

tion. These methods are similar in their derivation in that they view the image 

restoration problem as an optimization problem of minimizing a "least squares 

error" objective function. These linear methods are well known to demonstrate 

abilities to overcome the ill-conditioned difficulties involved with the inversion pro

cess. As we will see, however, linear methods are quite limited in super resolution 

imaging as they only process spatial frequency information below the diffraction 

limit. 

This brings us to the motivation for a more ingenious strategy in devising im

age restoration methods. We review two general ways of incorporating apriori 

knowledge of the object into the design of image restoration methods. A nonlinear 

modeling of the object and images as probability densities allows us to view the 

image restoration problem as a statistical estimation problem. This methodology 
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results in two nonlinear methods; the Maximum Entropy method and the Bayesian 

estimation method. In most cases the explicit solutions to these nonlinear equa

tions are so difficult that iterative procedures are often needed to arrive at the 

estimate. 

Also included is a brief discussion on the use and advantage of iterative meth

ods. We review two traditional iterative methods, the Landweber method and the 

Gerchberg - Papoulis algorithm, and demonstrate how generally nonlinear itera

tive methods that make use of apriori knowledge of the solution vector are more 

advantageous than linear iterative methods in super resolution imaging. 

The derivation of the Poisson Maximum A Posteriori (MAP) algorithm is given 

in Chapter 3. A new Poisson statistical model of the problem is presented. We 

discuss the Poisson statistics involved and introduce the MAP formulation of the 

problem. We present the derivation of the Baseline MAP algorithm and discuss 

the similarities of this algorithm to other related super resolution algorithms. 

We give a demonstration of the Baseline MAP algorithm at work and present 

numerical results. We illustrate how the Baseline MAP algorithm actually achieves 

legitimate bandwidth extension'and is thus in the class of super resolution algo

rithms. We study basic practical convergence criteria and discuss the use and 

advantage of considering these criteria. 

In Chapter 4 we concentrate on the convergence properties of the Baseline MAP 

algorithm. We study the convergence problem in the purely mathematical context 

of a multidimensional fixed point problem. This is done by investigating the neces

sary and sufficient conditions for the convergence of the Baseline MAP algorithm 

as a nonlinear vector mapping in an N-dimensional real Euclidean vector space, 

RN. The necessary and sufficient conditions for convergence of fixed point iterative 

algorithms of this form are shown to be satisfied for vectors in the column space 

of the PSF matrix, [HJ. This amounts to showing that the actual error below the 
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cut-off frequency of the OTF is reduced each iteration. We show how we cannot 

conclude in general that exact high frequency error, that is exact error above the 

cut-off fre-iuency, is totally reduced. High frequency exact error is shown to be 

reduced in most areas and we cannot predict exactly what actually happens in oth

ers. It is shown that this trade off in high frequency exact error growth/reduction 

is a small price to pay for the overall reduction of high frequency exact error near 

the bandlimit. Although convergence of the Baseline MAP algorithm in some cases 

can only be demonstrated experimentally, convergence behavior is guaranteed in a 

small region about a fixed point in almost all cases where super resolution is most 

needed. 

We also address the topic of the rate of convergence. The rate of convergence of 

the Baseline MAP algorithm is shown to depend on the cut-off frequency value, We, 

of the OTF. Numerical analysis and experimental results support the conclusion 

that the Baseline MAP algorithm converges fastest when the cut-off frequency of 

the OTF is lowest. Thus, the algorithm is expected to perform best in cases where 

super resolution is needed most. 

We explore the possibility of acceleration of convergence. By examining the 

form of the exact error growth matrix associated with the Baseline MAP algorithm, 

an acceleration parameter a may be inserted into the algorithm which results in a 

slight increase of the rate of convergence if the right value of a is chosen. Numerical 

analysis indicates that 1 < a < 2 are the possible values, and the optimal value 

depends on each iteration and the specific context of the problem. 
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Chapter 2 Image Restoration 

2.1 Preliminary Concepts 

In this chapter we review a variety of different image restoration methods. 

The preliminary function of this chapter is to present the fundamental common 

principals that underlie the many methods of image restoration. The most common 

thread of all methods is due to the nature of the problem itself. Image restoration is 

an ill-conditioned problem. Understanding this common principle is fundamental 

in devising superior imag~ restoration methods. 

We begin this preliminary section by demonstrating the ill - conditioned nature 

of the image restoration problem. We then recall how the solution of the discrete 

image restoration problem is tied to the solution of an ill-conditioned system of 

linear equations. 

The major function of this chapel' however is to point out some of the differences 

and limitations of the basic image restoration methods presented. We first review 

basic one step methods and the limits of processing only below the diffraction Ern.it. 

We next review the formula.tion of some of the more elaborate nonlinear methods 

and examine the ability to process above the diffraction limit. After this review we 

understand the advantage of nonlinear algorithms in super resolution, and hence 

the incentive for the Poisson Bayesian MAP algorithm presented in Chapter 3. 

We discuss the need for iterative procedures for the solution to many nonlinear 

methods and introduce the need for a study of the convergence properties of the 

resulting iterative methods. 

Ill-Conditioned Nature of Image Restoration 

The most fundamental difficulty with image restoration is the fact that the 

problem itself is ill-conditioned. The problem of image restoration is the determi-
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nation of the original object distribution, f , given the recorded image, 9 , and 

knowledge about the point spread function, h . We recall for a shift invariant point 

spread function (SIPSF) , h , we have the imaging equation 

9(X,y) = 1:1: h(x-a,y-f3)f(a,f3)dadf3 (2.1) 

We can view this problem as the solution to an inverse mapping. The problem 

of the transformation that maps f through the lineal' shift invariant optical imaging 

system, L , into 9 can be posed as 

L{f} -t 9. 

The problem of image restoration is the to find the inverse transformation L-1 

such that 

Mathematically, the problem of image restoration corresponds to the existence 

and uniqueness of an inverse transformation. We recognize Equation (2.1) as a 

Fredholm integral equation of the first kind. It is well known that the solution 

to an inverse problem of this sort is ill-conditioned. By this we mean that small 

perturbations in the data 9 can produce non trivial and undesirable perturbations 

in the solution f. That is, there exists an arbitrarily small t: , such that 

where 6» t:. 
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The ill-conditioned aspect of image restoration can be demonstrated via the 

Riemann-Lebesque lemma [Andrews, Hunt (1977)]. The statement that the image 

restoration problem is an ill-conditioned problem is justified. 

Discrete Formulation of Image Restoration 

We recall from Section 1.3 that the discrete optical imaging system model leads 

to the description of the imaging process as a matrix vector equation 

g= [H]f, (2.2) 

where g and f are lexicographically ordered vectors contained in the real finite 

dimensional Euclidean vector space, R N , and [H] is the matrix representing the 

point spread function samples. The problem of digital restoration is determined 

by the properties of the matrix vector equation above. 

We now consider the elements of the matrix [H]. If it is assumed that the point 

spread function, h(x, y, a, fJ) , possesses a Taylor series expansion, then it is possi

ble to show that the rows of the matrix [H] are approximately linear combinations 

of one another [Andrews, Hunt (1977)J. From the theory of Linear algebra it is well 

known that equations with near singular matricies are ill-conditioned. A matrix's 

condition is formally defined as its condition number. 

We recall the condition number, k([H]) , of a matrix [H] is defined as 

where II . II is the usual matrix norm or spectral norm associated with the N 

- dimensional real Euclidean vector space, RN . 

Even if the matrix [H] may not be singular, near singularity is enough to 

guarantee we have an ill-conditioned system of equations. Thus, the solution to 
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the discrete image restoration problem is tied to the solution of an ill-conditioned 

system of linear equations. 

The matrix equation corresponding to the discrete image restoration problem 

can be singular. In this case [H]-l does not exist. This is equivalent to [H] being 

less than full rank and possessing some zero eigenvalues. 

The point spread function (PSF) matrix [H] for a linear shift invariant (LSI) 

optical system is ill-conditioned and frequently is singular. This is a fundamental 

problem in image restoration. 

Overview of Image Restoration Methods 

As was mentioned earlier, the purpose of this chapter is to briefly refresh the 

reader with the different methods of image restoration. This is done primarily 

to show the reader the advantage of nonlinear iterative methods over one step 

methods in super resolution imaging. As was shown previously, the basic image 

restoration problem is ill-conditioned as is in fact singular. In this case there is no 

unique solution to the problem and some external rationale must be employed in 

order to pick the best solution in the restoration process. 

Given the infinite number of solutions that can be generated from the ill

conditioned problem, the selection of a specific solution must be guided by some set 

of criteria. In most cases, analytic and numerical criteria are commonly arrived at 

via optimization theory. Almost all image restoration schemes can be posed as the 

solution of some optimization problem. This can be done from the deterministic 

and the stochastic points of view. The following sections review the basic selection 

criteria associated with different image restoration approaches. 
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2.2 Fourier Methods 

This section begins with a recollection of one step linear image restoration 

methods which can be implemented by the use of Fourier computations. We review 

two basic Fourier methods of image restoration in the context of space invariant 

imaging systems. In this context since the (SIPSF) matrix [H) is diagonalized by 

the Fourier matrix [F) , 

operations involving [H) can be done more efficiently in the Fourier domain by 

the use of Digital Fourier Transform (DFT) techniques [Andrews, Hunt (1977)]. 

Fourier Inverse Filter 

Basic Fourier Inverse filter techniques focus on the linear relation between ob

ject and image in the spatial frequency domain. This relation was given in conti

nous form in Equation (1.8) and can be written in the digital form as: 

In the discrete spatial frequency domain, F(e, 7]) is the two dimensional Digital 

Fourier Transform (DFT) of the object, f(x,y): 
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G(e, "1) is the two dimensional OFT of the image g(x, y) : 

and H(e, '7) is the two dimensional OFT of the PSF hex, y) : 

We know that for a typical OTF, H(e, "1) represents a low pass filter in the 

spatial frequency domain. We seek a solution of the form: 

where Y (e, "1) is the in verse filter of H (e, "1 ). Most often we do not know the 

values of G(e, "1) where H(e,"1) takes on the values of zero and all we can do is 

invert the values of H(e, "1) that are not zero. Thus, the Fourier inverse filter is 

given by: 

for all values of H(e, "1) # o. 

The Fourier inverse filter estimate can be given by computing the inverse two

dimensional OFT: 
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We note that the inverse filter estimate does not deal with the ill-conditioned 

difficulties of the image restoration problem. Fourier inverse filter restoration is 

carried out by computing the inverse two dimensional DFT of G(e, 77)/H(e, T/) for 

those values 0f G( e, 77) that are nonzero. In the case of a SIPSF for a typical 

optical imaging system, the Fourier inverse filter only restores Fourier frequency 

components which lie below the cut - off frequency of the optical system. This 

method amounts to processing the image only below the diffraction limit and is 

not useful in super resolution. 

Wiener Filter 

We now review an inverse filter technique first derived by Wiener. We assume 

again the discrete model of the imaging equation corrupted by signal independent 

noise. 

g = [H]f+ n. (2.4) 

The Wiener filter estimate is obtained by invoking a minimum mean square er

ror criterion. Assume an estimate, f , and an original object intensity distribution, 

f. 

The exact error of the estimate is given by 

e=f-f. 

The minimum mean square error criterion requires the total error of the esti

mate to be a minimum over the entire ensemble of all possible images [Andrews, 

Hunt (1977)]. 
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We consider the minimization problem 

(2.5) 

We seek a linear inverse solution of the form 

f= [L]g, 

where [L] is to be derived such that Equation (2.5) b minimized. 

AssulTling the usual discrete distance metric associated with the real N dimen

sional Euclidean vector space, RN , the minimization problem is consistent with 

minimizing the following quadratic form: 

min 
f 

min 
f 

= min E{ (f - [L]([H]f + n)r (f - [L]([H]f + n))}. 
f 

The minimum mean square error solution is obtained after rearranging terms 

differentiating with respect to [L] , setting the result equal to zero and solving the 

resulting equation for [L]. 

It can be shown [Andrews, Hunt (1977)] that with the assumption of f and n 

as stationary random processes with means f = /-l and Ii = 0 respectively, that the 

minimum mean square estimate is given by 

(2.6) 

where the covariance matricies, [e,] and [en] , are defined as 
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It can also be shown [Andrews, Hunt (1977)] that with the stationarity prop

erties of f and n , the covariance matricies [GJ] and [On] are Toeplitz form. The 

Toeplitz-Circulant approximation form of [H] allows [H] to be diagonalized by the 

two dimensional DFT matrix [F]. 

If we assume [GJl and [Gn] are Circulants with eigenvalue matricies [AJJ and 

[AnJ , then it is also true that 

Substituting these representations of [GJJ and [GnJ into Equation (2.6) gives 

We recognize that [LJ is diagonalized by the DFT matrix [FJ and its diagonal 

can be written via the relation of the diagonal matricies. 

Therefore the linear inverse Wiener filter estimate in the discrete spatial fre

quency domain is given by 

(2.7) 

The digital Fourier transforms PJ(e,.,,) and Pn(e,TJ) are the corresponding 

Power Spectra of signal and noise, and are given by 
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where OJ(i,j) and On(i,j) are the elements of the respective covariance ma

tricies [OJ] and [On] of the original object and the noise intensity distributions. 

The Wiener filter estimate of the restored image is given by the inverse DFT 

We can see that the Wiener filter estimate also avoids the ill-conditioned prob

lem associated with image restoration. Even if H(e, 77) is zero, the denominator is 

nonzero. 

Thus, the PSF matrix [H] can be singular and we can produce a restored image 

even in the presence of noise. 

If the noise term approaches zero, then Pn 4 0 and 

which is the linear inverse filter. 

The Wiener filter is also a linear inverse method which processes optical fre

quency information only below the diffraction limit. This basic Fourier inverse 

filter method is therefore not considered as a super resolution algorithm. 

2.3 Linear Algebraic Methods 

In this section we review two basic linear algebraic techniques which are appli

cable to image restoration. These two techniques are centered around the concepts 

of least squares estimation, the pseudo inverse and singularity. 
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We begin with a brief review of the Least Squares derivation of the Pseudo 

Inverse. We will notice a similarity of this technique to the Fourier inverse filter 

techniques of Section 2.2. We also review the technique of the Singular Value 

Decomposition (SVD). The SVD method utilizes a certain factorization of the 

PSF matrix [H] to produce an optimal solution in the least squares sense. 

The model we consider in this section is again the discrete model with additive 

signal independent noise. We recall the imaging equation as 

g = [H]f+ n, (2.8) 

where g , f and n are lexicographically stacked N2 X 1 vectors and [H] is an 

N2 X N2 SIPSF matrix. 

Least Squares Pseudo Inverse 

The linear algebraic image restoration problem is to find the best solution, J , 
to the discrete imaging equation above. In the absence of any specific knowledge 

of n we want to select a solution which assumes that n is as small as possible. The 

Least Squares estimate is the solution which minimizes the square of the norm of 

the noise vector [Andrews, Hunt (1977)]. 

From Equation (2.8) we have: 

n = g- [H]f, 

and we seek the solution: 

min IlnW = min Ilg - [H]~ 12 
f f 

(2.9) 
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Assuming the usual J2 norm we write the minimization problem as the mini

mization of the following quadratic form: 

(2.10) 

Taking the appropriate partial derivatives with respect to the individual vector 

coordinates of f, rearranging terms, setting the result equal to zero yields the vector 

equation: 

- 2[HJT (g - [HJf) = O. (2.11) 

Solving for f results in the traditional Least Squares Pseudo Inverse solution 

from linear algebra: 

f = (tHf [HJ) -1 [Hf g (2.12) 

The Least Squares Pseudo Inverse (LSPI) matrix, 

(2.13) 

is a familiar result from intermediate linear algebra. 

The action of the LSPI matrix is well known. The vector g is contained in the 

column space of [HJ. The N2 x N2 PSF matrix, [H] , is symmetric. We therefore 

know [HJT = [HJ. The LSPI matrix solution simply finds the vector i'in the row 

space of [HJT ( also the column space of [H] ) that gives rise to g when multiplied 

by [H]. Thus the LSPI matrix has the same effect as the basic Fourier inverse filter 
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in that we are only able to invert [H] where [H] is invertible. This results in only 

processing spatial frequency values of G(e, TJ) which lie below the diffraction limit 

of the optical system. 

Singular Value Decomposition 

Another version of the pseudo inverse is provided through the use of the Sin

gular Value Decomposition (SVD) of the PSF matrix. Given the SVD of [H] as 

[H] = [U][A 1/2][V]T (2.14) 

where 

[H][H]T = [U][A][U]T 

[HjT[H] = [V][A][VjT 

and 

[ujT[U] = [V][vjT = I, 

then [U] and [V] are the respective eigenvector matricies of [H] [H]T and [H]T 

[H] ; and [Al/2] is a diagonal matrix of singular values (eigenvalues) of [H] . 

An alternate form of the Least Squares Pseudo Inverse can now be written from 

Equation (2.13) as 

(2.15) 
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If [H] is singular, then there are some eige~values >':'2 that are zero. Recipro

cation of zero singular values results in an infinite nonexisting inverse. 

The degree of singularity can be refered to as the rank of [H] , that is, the 

number of nonzero eigenvalues. To eliminate the zer(' singular value problem, only 

the nonzero eigenvalues are reciprocated in the SVD pseudo inverse definition. 

In the singular case, [A 1/2]+ is a diagonal matrix whose nonzero entries are X;1/2 

for all >.V2 > 0 and zero entries are provided for reciprocals associated with the 

zero singular values. Thus again optical image processing is only done to frequency 

values of the defocussed image which lie below the diffraction limit. 

The SVD least squares pseudo inverse estimate of the object is given by 

f= [H]+g. 

Here, a unique estimate is not expected as there may exist a large number of 

f's within the null space of [H] that when passed through the optical system equal 

the image g. 

This section has addressed the image restoration problem from a linear algebraic 

point of view. We have reviewed two traditional inverse methods which are derived 

from optimization theory. These methods presented have for the most part totally 

avoided the the singularity problems associated with the PSF matrix, [H] , by 

processing only below the diffraction limit. Thus, we have arrived at the need to 

investigate more advanced nonlinear methods in hope for super resoluton. 

2.4 Nonlinear Methods 

In this section we review two general classes of nonlinear image restoration 

methods. We recall that linear methods are fairly straightforward and computa-
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tionally efficient but are limited in super resolution imaging as most only process 

spacial frequency information below the diffraction limit. 

Even though nonlinear methods usually require more elaborate and costly com

putational procedures, they are worth considering because they usually result from 

a more concise and accurate description of the image restoration problem. 

In this section, we review two traditional nonlinear methods. Most nonlinear 

methods result from the attempt to infuse nonlinear apriori knowledge of the so

lution into the development of the algorithm. This apriori knowledge can often be 

described by a nonlinear process. The nonlinear methods presented below come 

about from a nonlinear modeling of the image formation process and a nonlinear 

modeling of image quality. 

Maximum Entropy 

The first nonlinear method we now review arises from a nonlinear modeling 

of a quantity called image entropy. The restoration method is based on modeling 

the object as a probability density function through Maxwell-Boltzmann statistical 

arguments [Frieden (1972)J. 

If the object is normalized to unit area then each scalar value Ii can be inter

preted as the probability that so many photons are present at the ith sample. The 

entropy of the object probability density is defined as 

N2 

Entropy = - E Ii 10g(Ji). 
i=l 

Maximizing the entropy of an unknown probability distribution f subject to a 

known constraint is a means of producing a good estimate of f [Andrews, Hunt 

(1977)J. The maximization problem can be posed as a mimimization of the negative 

of the entropy subject to an additional constraint. Often the norm of the noise 

vector of the signal may be known from the image. This knowledge can provide 
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an additional constraint into the minimization problem. We now formulate the 

problem as: 

N~ 

min E Ii log(fi) 
f i=l 

subject to II g - [H]f W = II n W· 

(2.16) 

Using Lagrangian techniques, the objective function, WME(f) , becomes: 

W~1E(f) = fTlog(f) - ..\(11 g - [H]f W -llnW). 

Taking the appropriate partial derivatives and setting the result equal to zero 

we have 

Solving for the estimate of the optimal object 

log(f) = -1 - 2..\[Hf (g - [H]f) 

or 

f = exp [-1 - 2'\[Hf (g - [H]f)], for some ,\. 

A common difficulty of nonlinear methods is that we often do not arrive at 

a closed form solution of the estimate. Often, approximations can be made or 
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iterative methods, such as Picard's iteration or Newton's method [Isaacson, Keller 

(1966)], can be invoked in order to obtain the optimal solution. 

Bayesian Methods 

In this subsection we present and review a nonlinear model of the image restora

tion problem which will be the foundation of the remainder of this dissertation. 

The method to be employed is that of Bayesian estimation. The estimation of a 

quantity by a Bayesian process yields an estimate that maximizes an a-posteriori 

probability density function [Andrews, Hunt (1977)]. 

Assuming again the discrete model of the image formation process we have the 

equation 

g = [H]f+ n, 

where f is the sampled initial object distribution, [H] is the point spread func

tion matrix, n is the signal indepedent additive noise and g is the sampled image 

recorded on an image detection sensor. 

We consider the conditional probability (likelihood) density p(g If) to be a 

measure of the variation in g due to the randomness in the noise n , given a 

fixed value of f. Conversely, the conditional probability (posterior) density p(fl g) 

specifies how well we can infer the object f from its given image g . 

The Bayes estimation problem is to find the value of f that maximizes the 

posterior density such that 

From Bayes rule we have 

max p{fl g). 
f 



max 
f 

p(flg) = max 
f 

p(g If) p(f ) 
p(g) 
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The above equation requires that the prior probability densities on the right 

hand side be defined. We save the more detailed derivation of the Bayesian estimate 

for Chapter 3 where we assume the random variables Ii and 9i to be independent 

Poisson point processes. For the purposes of reviewing the Bayesian based image 

restoration method we simply assume for the moment that the probability densities 

p(n) and p(f) are of a specific known form. 

We assume that the likelihood probability law, p(g I f) is also known. Since the 

probability density p(g) amounts to only a scaling and does not change the value 

of f at which the maximum occurs, p(g) , can be left unspecified. 

Since the logarithm is an increasing function, the maximum of the logarithm 

of p(fl g) occurs at the same point as the maximum of p(fl g) . Therefore, the 

objective function, WMAP( f) , to be maximized with respect to f is 

max 
f 

max 
f 

log (p( fig) ) 

To maximize WMAP(f) with respect to f, we compute the gradient of WMAP(f) 

then set the resulting set of equations equal to zero and solve for the optimal 

solution vector. 
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= V log (p(gIf ») + V log (p(f ») = 0 

The solution to the Bayesian estimation method is called the Maximum A

Posteriori (MAP) estimate and is denoted, (MAP' 

Assuming (MAP exists, the solution is given by a nonlinear matrix equation 

which is often transcendental in (MAP . 

As in the previous case of nonlinear methods, the solution is not given in an 

explicit closed form. As we will see in Chapter 3 a common technique used for 

obtaining the MAP estimate is to invoke an iterative procedure that will produce 

a convergent solution. 

Maximizing the a-posteriori density function is equivalent to the maximization 

of the objective function, WMAP( f). As was discussed before in the general 

nonlinear optimization problem, the method of steepest accent can be used to 

maximize WMAP( f) according to 

The conditions for convergence of this method are general. For a concave 

objective function, convergence is always guaranteed if the optimal step size is 

chosen each iteration. Optimal step sizes must be chosen in order to make sure 

the values of the objective funct.ion increase each step. We must choose an each 

step to ensure: 
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Since the method of steepest accent can be applied to compute the MAP so

lution, the question of computational efficiency arises. The computations of the 

gradient function, VWMAP(f) , and the large size of the image restoration problem 

may become troublesome. 

However, since we are given the ability to compute large matrix products via 

DFT operations, the computation of the MAP estimate by the gradient accent 

method produces a legitimate nonlinear super resolut.ion algorithm. 

The super resolution ability of these nonlinear algorithms has not yet been dis

cussed. This is mainly due to the fact that it is so difficult to explicitly describe the 

nonlinearities of the algorithms. We argue that since we are implementing prior 

knowledge of the solution vector into the derivation of these nonlinear algorithms, 

we expect to gain more spatial freqency information. This can be expected from 

elementary properties of the Fourier transform and the Analytic Continouity The

orem of complex analysis. The requirement that the object spectrum be analytic is 

equivalent to the realistic physical constraints that the object be bounded within a 

finite region of support. It is with these and other types of apriori knowledge of the 

object which can be incorporated into the estimation process that we expect an 

even more accurate description of the object spatial frequency information. This 

actually turns out to be the case for the Poisson MAP algorithm, as we will see in 

Chapter 4. In any case, whether by chance or by design, many nonlinear methods 

demonstrate the ability to recover object spatial frequency information beyond the 

diffraction limit and it is an open research problem to study this ability. 
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2.5 Iterative Methods 

In this section we review two basic iterative image restoration methods; the 

Landweber method and the Gerchberg - Papoulis method. These two classic iter

ative methods are worth reviewing because they illustrate the usefulness and the 

advantages of iterative image restoration methods. These two iterative methods we 

discuss in this section are of particular interest to us because their basic structure 

and their convergence analysis arguments are relevant in the study of the Poisson 

MAP algorithm we present in Chapter 3. 

We recall from Section 2.5 that iterative procedures may need to be imple

mented in order to solve nontrivial transcendental equations involving the desired 

solution vector estimate. We begin this section by reviewing one such method. 

The Landweber iteration method is used to solve the large system of equations 

g=[Hjf. 

We show how the Landweber method can be written in the general form of a 

stationary iterative method, 

f n+1 = [Gj f n + c, 

and we review the convergence properties of this algorithm. 

Iterative algorithms have also been shown to have an advantage over one step 

methods in that the partial solution vector estimate may be examined at each 

iteration and any constraints on the solution may be enforced at each step. The 

classical Gerchberg-Papoulis algorithm is one of the first such known constraint 

satisfaction algorithms. If partial segments of the signal in the space domain and 
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the spatial frequency domain are known apriori, the Gerchberg-Papoulis algorithm 

can be used to obtain a convergent super resolved object estimate. 

Landweber Method 

Many iterative image restoration methods rely on variations of the Landweber 

method. The Landweber method is a general method of solving operator equations. 

It can be applied to solve a large system of linear equations 

[H]f= g (2.17) 

where [H] is an N2 x N2 real matrix and f and g are N2 x 1 real vectors. 

There is an arbitrary number of ways to derive iterative procedures to solve 

Equation (2.17). The general Landweber iteration is obtained by subtracting [H] 

f from both sides of Equation (2.17), 

0= g- [H]f, 

premultiplying by D[H]T and adding f on each side. Invoking Picard's itera

tion on the resulting equation yields the general iterative form of the Landweber 

iteration method. 

f n+l = f n + D[Hf(g _ [H]f n) (2.18) 

The convergence properties and the nature of the solution generated by the 

Landweber method have been investigated by [Strand (1974)]. It has been shown 

that the iteration will converge to the Least Squares Pseudo Inverse solution. The 

convergence properties of the Landweber method are worth noting. 
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The matrix D in Equation (2.18) can be used to affect the convergence rate, 

but does not affect the final solution. It is usually chosen to be a diagonal matrix. 

The diagonal elements of D are usually chosen to be equal. In this case D is a 

scalar, d. From Equation (2.18) we have 

(2.19) 

The necessary and sufficient conditions for stationary iterative methods of this 

type to converge are that the spectral radius, p([G]) , of the growth matrix [G] , 

whNe [G] = 1- d[HJT[H], 

be less than or equal to one [Strand (1974)]: 

p([G]) ::; 1. 

In this case the value of d must be less than twice the reciprocal of the maximum 

eigenvalue of [H]T [H] in order to guarantee convergence. 

Gerchberg - Papoulis Method 

We have asserted that the addition of apriori space constraints into the opti

mization problem can introduce nonlinearities into the image restoration process 

which prove to be advantageous in super resolution imaging. The Gerchberg - Pa

poulis algorithm was originally described as an error reduction algorithm [Gerch

berg (1974)] and later characterized as a constraint satisfaction algorithm [Papoulis 

(1975)]. The basic concept is to iterate between the space domain and the spatial 

frequency domain, satisfying constraints in both domains until a convergent solu

tion is reached. We review the one-dimensional continuous form of the algorithm. 
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Although numerical implementation is done digitally, the details of conversion to 

digital form as well as the extension to two-dimensions are ommitted. 

We wish to determine a space limited function f{x) from a portion of the 

Fourier transform which is known below the bandwidth. We assume the existence 

of apriori knowledge of the solution, such as the physical extent of the object in 

the space domain. Denote this region of known support as the interval [-T, T] . 

We also conclude that with the aid of Fourier inverse filters (Section 2.1) we can 

accurately determine the portion of the spectrum of the object which lies below 

the cut - off frequency of the optical system. We recall the region of support of 

the OTF is the interval [-wc,wc] in the spatial frequency domain. 

The Gerchberg-Papoulis algorithm is outlined as follows. 

We begin with the degraded signal g(x) or the inverse filter estimate J{x) as 

the initial starting vector, gO( x) . 

We first form the function 

1"+1(3:) = gn(X)PT(X), 

and compute its Fourier transform 

We next form the function 

{
I Ixl < T 

PT(X) = 0 Ixl > T (2.20) 

(2.21) 

which replaces the segment of Gn+l (e) with the known portion of the segment 

of F(e) below the cut - off frequency. 
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The iteration ends by computing the inverse Fourier transform 

We repeat this process using gn+t(x) in step one for the next iteration. 

We see that step one enforces the space domain constraint and step two enforces 

the known spatial frequency domain constraint. 

The convergence of this algorithm is demonstrated by the error reduction at 

each step [Papoulis (1975)J. From the constraint enforcement equations of step 

one, Equation (2.20), and step two, Equation (2.21), and Parseval's Theoerm it 

follows that 

Thus the use of available information about the object, f(x) , results in a 

reduction of error twice at each step. 

This section has addressed the image restoration problem from an iterative 

method point of view. We have seen that iterative methods are quite useful in 

that solutions to nontrivial equations can be obtained and the partial solution 

vector may be examined and constraints can be enforced each step. 

The Landweber method (without any additional constraints) is a linear iterative 

method and is not a super resolution algorithm. It hasbeen shown [Strand (1974)J 

that the Landweber method converges to the Least Squares Pseudo Inverse solution 

and is thus an image restoration method which only processes spectral information 
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below the diffraction limit. This is due to the fact that the magnitude of the largest 

eigenvalue of [G] is strictly less than one for all eigenvectors contained in the range 

of [H]T[H] . The method of studying the convergence of this algorithm as a purely 

mathematical stationary iterative scheme is worthwhile to review as we will see in 

the investigation of the convergence properties of the Baseline MAP algorithm in 

Chapter 4. 

The Gerchberg-Papoulis algorithm, due to the use of apriori constraints, is 

one of the first known classical super resolution algorithms. It has been shown to 

recover spectral information beyond the diffraction limit and thus achieves legiti

mate bandwidth extension. The imposition of space limiting constraints is shown 

[Papoulis (1975)] to be the true reason for semiaccurate bandwidth extension. The 

Baseline MAP algorithm is shown to demonstrate a slightly similar space limiting 

ability and (as would be expected) slightly similar super resolution ability. 

These two iterative methods were both worth reviewing as we will see because 

their functional forms and their convergence arguments are relevant in the study 

of the convergence behavior of the Baseline MAP algorithm. 
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Chapter 3 Poisson MAP Algorithm 

3.1 Poisson Statistics and MAP Formulation 

In this chapter we present the nonlinear image restoration algorithm that will 

be the focus of the remainder of this dissertation: The Poisson Maximum A Poste

riori (MAP) Algorithm. We first briefly review the motivation for more advanced 

nonlinear algorithms. 

We have seen in Chapter 2 how there are limits on the recovery of object 

information by basic image restoration algorithms. These limits principally depend 

on the typical structure of the OTF. The regions of spatial frequency where the 

OTF takes on the value zero for all frequency values above the cut-off frequency 

value are beyond the capability of linear image restoration algorithms. 

Methods such as the Wiener filter or the SVD have computational structures 

that do not attempt to treat the spatial frequencies associated with these OTF 

values of zero. Recovery of spatial frequency information about the object that 

lies above the critical cut-off frequency value is the goal of super resolution. 

For simplicity, we use a one dimensional notaion. There is no loss of generality 

in this simplification because we understand from Section 1.3 how this notation can 

be readily extended to two dimensions. Following this notation the one dimensional 

imaging equation can be written as an N dimensional matrix vector equation: 

g=[Hjf. 

The image g and the object f are written respectively as N x 1 vectors: 
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The PSF is represented by the N x N matrix, [H]. Writing out each component 

of the image vector g we have: 

N 

gi = ([H]f)i = E hij!;, Vi = 1" .. ,N, 
j=l 

where N is the number of pixels. 

The Importance of Interpolation 

(3.1) 

It is important to recognize that the one dimensional spatial cut-off frequency 

value, We , is a property of the image. Because we hope to develop a super resolu

tion algorithm that recreates object spatial frequencies out to an extended spatial 

frequency value of We , where We > We , we must pay attention to the sampling 

rate, ~x. In order to prevent the reconstruction of the object from possessing any 

errors due to aliasing, the sampling rate , ~x , must be high enough such that: 

This equation is satisfied by either choosing N large enough before hand or by 

reinterpolating an undersampled image at a high enough rate to satisfy the Nyquist 

theorem in the super resolution case. For the remainder of this dissertation, it is 

assumed that N is large enough such that the spacing between samples of f and g 

satisfies the Nyquist theorem for the extended (super resolved) spatial frequency 

value We • In fact, in the numerical simulations to follow, we sample at a high 

enough rate to fully represent object spatial frequencies exactly. 
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The most common technique for developing more sophisticated super resolution 

algorithms, as we discussed briefly in Chapter 2, is to invoke other apriori knowl

edge of the solution vector into the model. It is by incorporating other knowledge, 

which represents the constraints that the real physical world imposes on the rela

tions between object and image, that successful methods for super resolution are 

developed. 

MAP Formulation 

The methodology we employ will be that of Bayesian estimation. This method 

was briefly reviewed in Section 2.4. The model in this chapter will be slightly dif

ferent however. The description of the MAP formulation and the Poisson statistics 

involved in the derivation of the Poisson MAP algorithm are as follows. 

Although the imaging equation is clearly deterministic if the PSF is fixed and 

known, it is not the case that 9 and/or f may be deterministic [Goodman (1989)]. 

The image 9 is formed by the detection of photons in the image plane of the system 

by a detector array. Because of the quantum nature of photons, the image 9 is 

subject to randomness even if the object f is fixed. In addition to the randomness 

in 9 , we assume f is unknown and any image acquisition of the original object is 

a specific realization from some object random process. If we assume that certain 

probabilistic information about the random process for the object is known, the 

problem is to estimate f from the image data 9 , the image formation model of 

Equation (3.1) and the probabilistic knowledge of f . 

To estimate the samples of f by Bayesian estimation, we adopt the conventional 

approach of Bayes' rule in the construction of a likelihood function. If we use the 

standard probability notation [Papoulis (1965)], p(J / g) , for the probability density 

function (pdf) of f conditioned on 9 then: 
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(3.2) 

The posterior density is formed by taking the logarithm of both sides of Equa

tion (3.2): . 

log [p(J j g)] =: log [p(gj I)] + log [p(J)] - log [p(g)]. 

This is the quantity which must be maximized with respect to f. The term 

involving 9 has no effect on the outcome, thus the governing function for Bayesian 

estimation becomes: 

If we have no information about p(J) (usually refered to as the maximum 

ignorance assumption) we set the term involving p(J) to be equal to zero. The 

resulting maximization leads to the Maximum Likelihood (ML) solution. If we 

assume some probabilistic information of f is known, then this apriori information 

is used as p(J). If we construct a solution from maximization of the likelihood 

function with both terms on the right hand side of Equation (3.3), we obtain the 

Maximum A-Posteriori (MAP) estimate. 

Poisson Statistics 

We next construct probabilistic descriptions for f and g. It is well known that 

the detection of photons in individual detectors of an image plane are independent 

Poisson random variables [Goodman (1989)J. The probability density function 

(pdf) for 9 is thus constructed by the product of the individual Poisson probability 

density functions (pdf's). 
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It is also well known that many of the physical processes in the interaction 

of light and matter are quantum stochastic processes. Specifically, direct active 

photon emission is a stochastic process which can accurately be described by a 

Poisson probability model [Goodman (1989)]. 

We now define the two probability density functions to be used in the likelihood 

function. Assuming independent Poisson statistics, the object pdf can be written 

as a product of the individual Poisson densities governing each picture element 

(pixel): 

lI
N (Tk) II< exp ( - Tk) 

p(J) = r,' 
k=1 Jk· 

(3.4) 

In this definition, N is the number of samples of the object I. The quantity 

Ik represents the number of photons emitted from the kth sample of the object. 

The quantity Ik represents the long term average rate parameter of the random 

variable Ik. 
Similarly, the pdf of the image conditioned on the object is written as: 

p(gj f) = IT (9kYl< exp( -9k) 
k=1 gk! 

(3.5) 

where gk represents the mean of the detected Poisson distributed samples. 

We recognize that gk is the ensemble average of the Poisson distributed image 

g. Thus, for a fixed event of the random process which generates the object I, the 

ensemble average of 9 will be the right hand side of the discrete imaging equation, 

i.e., 

N 

gk = E hjk/i. 
j=1 
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3.2 Derivatioll of Algorithm 

Given the probability density functions defined in Section (3.1) we now present 

the derivation of the MAP estimate. Substituting Equations (3.4) and (3.5) into 

Equation (3.3) we have: 

We note that the term log(gk!) has no effect on the maximization with respect 

to I and it can be discounted. 

The necessary conditions for a maximum are constructed by taking the deriva

tive of the right hand side of Equation (3.6) with respect to Ii! setting the deriva

tives equal to zero and solving the resulting set of equations. 

Taking the derivative of Equation (3.6) with respect to Ii is complicated by 

the existence of the factorial function. To simplify the expression we resort to the 

commonly used Stirling approximation for the logarithm of a factorial: 

log P! ~ log [e- P pP ../27r P ] 

1 = - P + P log P + 2 log 27r P. (3.7) 

This approximation is usually considered valid for large values of P, i.e.! P > 

50. The quantity Ii is the number of photons emitted from the ith sample of 

the object. Using this approximation is therefore equivalent to solving for objects 
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which are not low in photon emissions during the time of image formaton. For 

even higher count rates, i.e., P > 100 we can use an even simpler approximation: 

10gP! ~ PlogP - P. (3.8) 

We now substitute Equation (3.8) into Equation (3.6) and take the derivative 

with respect to Ii. 
The result is: 

olog[p(f/g)] N [9khki ] (_) 
a~. = E r:}:' h I - hik + log Ii -log(fd, 

I k=1 )=1 k) J 

(3.9) 

for all i = 1,2" .. , N. 

The necessary condition for a maximum is formed by setting the N equations 

represented in Equation (3.9) to zero, rearranging terms and exponentiating both 

sides of the equation to clear the logarithms. The result is the set of N simultaneous 

equations: 

(3.10) 

for all i = 1, 2, ... , N. 

The solution of this set of equations is the Maximum A-Posteriori (MAP) esti

mate of the specific object realization I, given the image data g, the point spread 

function and the stated assumptions on Poisson statistics. 



57 

Poisson MAP Algorithm 

The direct, analytic, closed-form solution of Equation (3.10) for the quantity 

Ii explicitly is a difficult (if not impossible) problem. However, a simpler approach 

to the solution is to view the set of equations represented by Equation (3.10) as a 

vector mapping by a nonlinear process. That is, we collect the components Ii into 

a vector I and symbolize Equation (3.10) as: 

1= ¢(J) (3.11) 

"v here the function ¢>(.) is composed of all the operations (convolutions, quo

tients, etc.) on the right hand side of Equation (3.10). 

For equations in the form of Equation (3.11) a traditional approach to obtaining 

a solution vector is to invoke Picard's iteration. That is, we construct a sequence 

of vector components by the iteration: 

(3.12) 

The necessary and sufficient conditions for iterations of this type to converge 

are known and in Chapter 4 these conditions are shown to be generally satisfied 

for most real physical optical systems. 

Using the iteration form of Equation (3.12) we can formulate the iterative 

algorithm for the maximum a-posteriori estimate of the original object: 

Ir+1 = Ii exp (f hi k ['E~ 9~ -jf' - 1]), 
k=l J=l kJ J 

(3.13) 

for all i = 1,2, ... , N and for n = 0,1,2, .. · 
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This nonlinear iterative image restoration algorithm is called the Poisson MAP 

algorithm. 

The inclusion of a-priori knowledge of the solution via the quantity Ii is clearly 

visible in Equation (3.13). The important question now to ask is, what is a useful 

quantity to use for Ii? It has recently been argued [Sementilli, Hunt, Nadar (1993)J 

that the algorithm of Equation (3.13) has extreme sensitivity to the choice of Ii . 
Simulations of the Poisson MAP algorithm show that this extreme sensitivity to 

the parameter Ii makes the algorithm very unreliable in convergence. 

This point is addressed in Chapter 4, but this sensitivity of Ii is motivation to 

seek a modification of the algorithm. The quantity Ii is usually unknowable and 

hence we cannot know it well enough to make the algorithm converge. In order to 

avoid this problem, we attempt to find a reasonable substitute for Ii . 
Prior to any processing, there is substantial justification for using the blurred 

image gi as a source of best knowledge about k For conventional optical systems 

and the associated point spread functions, one can argue that the image conforms 

to the object in general shape, intensity distribution, low resolution structure, etc. 

This leads us to choose the blurred image gi as the value for Ii to start the iteration. 

That is, the value of Ii for n = 0 is chosen to as Ii = gi. 

We make the same assumptions for the starting vector fO. The arguments 

above would indicate that since gi can be used as a source of best knowledge of 

Ii, that it seems reasonable to choose gi as the closeflt initial guess If to start the 

algorithm. 

The above rationale for choosing Ii can be changed after each iteration. If we 

have any faith in the algorithm, we can argue that the result of the first itera

tion should generate a quantity that more accurately approximates the a-priori 

information, k 
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Baseline MAP Algorithm 

Substituting the result of each iteration for the quantity 1i gives us the modified 

form for the maximum a-posteriori estimate of the original object: 

Jr+1 = Jr exp(f hik[L:~ g~ .r -1]), 
k=l ;=1 k;; 

(3.14) 

for all i = 1,2,···,N and for n = 0,1,2,··· 

This nonlinear iterative image restoration algoritm will be refered to from now 

on as the Baseline MAP algorithm. The investigation of the convergence properties 

of this algorithm is the main emphasis of this dissertaion. 

We note that the Baseline MAP algorithm given in Equation (3.14) has been 

verified, through numerous experiments with numerical simulations and real optical 

data, to be very stable and trouble free in convergence behavior. It is also relatively 

insensitive to the starting vector fO. These topics will be discussed in more detail 

in Chapter 4. 

3.3 COlnparison to Related Algoritllln 

Some final coments can be made about the Baseline MAP algorithm of Equation 

(3.14). We recognize the general form of the algorithm has similarities to the 

Maximum Likelihood (ML) algorithm studied by [Holmes (1988)] and which is 

also known in other contexts from [Richardson (1972)] and [Lucy (1974)]. 

We know from the first order Taylor series approximation of the exponential 

that: 

exp{x) ~ 1 + x 
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for small values of x. In Equation (3.14) we argue that as the solution ap

proaches convergence the argument of the exponential becomes small. Thus we 

assume that if the argument of the exponential is small then Equation (3.14) be-

comes: 

(3.15) 

We recall from Section 1.3 in the discussion of lossless imaging systems that 

the point spread function has unit area. Therefore the last term in the parentheses 

in Equation (3.15) is equal to one and we have: 

(3.16) 

where i = 1,2, ... ,N and n = 0,1,2, ... 

Equation (3.16) is known [Holmes (1988)] as the form of the Baseline Maximum 

Likelihood (ML) algorithm. Thus the Baseline MAP algorithm is approximately 

equal to the ML algorithm near convergence. 

This should not be surprizing as when we look back to the objective (likelihood) 

functions used to derive each algorithm, we notice an obvious similarity. We recall 

from the discussion of the basic MAP formulation that the Maximum Likelihood 

estimate corresponds to setting to zero the terms of Equation (3.9), i.e., the terms 

involving Ii and Ii' 
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The Maximum Likelihood estimate is thus found by solving the set of simulta

neous equations: 

also written 

(3.17) 

We can see that the solutions to the ML estimate are identically the fixed points 

of the Baseline MAP algorithm. This is obviously true because the vectors I that 

make the quantity in the exponential equal to zero (the true fixed points of the 

Baseline MAP algorithm) are the same f's that solve the ML equation! 

Even further, we notice that the Baseline MAP algorithm and the ML algorithm 

are just different fixed point methods used to find the roots of the same equation. 

Notice how we can easily rearrange terms in Equation (3.17), exponentiate both 

sides of the equation, multiply through by Ii , invoke the appropriate form of 

Picard's iteration and we have the Baseline MAP algorithm of Equation (3.14). 

This is one reason why we do not have to justify the use of lover 7 in the 

modification of the Poisson MAP algorithm. The Baseline MAP algorithm can 

be derived itself from the maximum likelihood objective function and is thus a 

legitimate image restoration algorithm. 

We conclude from these comments that, if it converges, the Baseline MAP 

algorithm converges to a root which is also a root of the ML equation. We also 

conclude that since the MAP and ML estimates are solutions to the same equation, 

they both maximize the same Log Likelihood function, L(I). This function will 

from now on be defined as: 
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(3.18) 

We note that the partial derivative of the Log Likelihood function with respect 

to Ii is identically the left hand side of Equation (3.17), i.e., the quantity set equal 

to zero in order to find the ML estimate. In order to simplify future equations this 

quantity will often be denoted: 

aL ~ [9k ]. af,' (I) = LJ hik ,£/1 h I-I , v~ = 1, ... , N. 
I k=1 3=1 k3 3 

(3.19) 

It is also worth noting that the partial derivative of L(I) with respect to Ii 
in Equation (3.19) is also identically equal to the quantity in the argument of the 

exponential in the Baseline MAP algorithm. We will often refer to the gradient 

of the Log Likelihood function as the correction map vector. The components of 

the correction map vector are denoted 

aL ~ [9k ] ci(l) = af,.(I) = LJ hik E~ h I -1 . 
I k=1 3=1 k3 3 

(3.20) 

The Maximum Likelihood algorithm has been proven to be a convergent image 

restoration algorithm through various geometric and set theoretical arguments 

[Shepp, Vardi, Kaufman (1985)J. This is not the issue here. Our problem is to 

perform analysis of the convergence properties of the Baseline MAP algorithm. The 

Baseline MAP fixed point method of Equation (3.14) is much more complicated 

by the presence of the exponential. We want to show that the Baseline MAP fixed 

point method also converges and, in fact, converges to fixed points which are also 

fixed points of the ML algorithm. In the previous statement we do not claim that 

MAP algorithm converges to exactly the same fixed points as the MAP algorithm, 
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given a starting vector. What we do mean is that every fixed point of the Baseline 

MAP algorithm, due to the specific nature of the fixed points, is also a fixed point 

of the ML algorithm. 

Fixed Points of the Baseline MAP Algorithm 

We conclude this section with a brief examination of the fixed points of the 

Baseline MAP algorithm. We can easily see from Equation (3.14) that an estimate, 

j , is a fixed point of the MAP algorithm if: 

exp (t hik [ N 9k • - 1]) = 1 
k=1 L;=1 hkj!; 

N [9 ] => E hi k N k • - 1 = 0 
k=1 L;=1 hk;!; 

(3.21) 

N 

=:- 9k = L:hkd; 
;=1 

Thus a fixed point is reached when the passband restoration is complete. We 

can therefore see that the solution space contains multiple fixed points. These 

multiple fixed points are vectors which are the sum of a vector that matches the 

object spectrum exactly below the bandlimit plus any vector of frequency higher 

that the critical cut-off frequency value. For now, this definition of fixed points is 

sufficient and is understood. 

The proof of the existence of multiple fixed points relies on the Riemann -

Lebesque lemma. This proof as well as the characterization of the fixed points 

produced by the Baseline MAP algorithm is given in [Sementilli, Hunt, Nadar 

(1993)] . 
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3.4 Examples of Numerical Results 

This is a brief section to display Borne results of the application of the Baseline 

MAP algorithm using computer generated data. The digital image restoration 

problem is to estimate the original object, ! , given the blurred image, 9 , and 

knowledge of the point spread function, h . We have the digital imaging equation: 

9 = [H]!, 

the image 9 is an N x 1 degraded signal vector, [H] is the N x N known PSF 

matrix and! is the N x 1 original signal vector. In the results shown here, we have 

chosen N = 128. The PSF used in the simulations was that of a one - dimensional 

slit, which for incoherent image formation has the form: 

h(x) = ~ sinc2
(":") 

Uh Uh 
(3.22) 

1 sin2(1l"x/uh) 

= Uh (1l"X/Uh)2 

where Uh (units) is the standard deviation of the probability law, h( x) , and is 

equal to the radius of the first zero of the PSF. 

Displayed below are the results of the restoration of a test signal using the 

Baseline MAP algorithm. The specific amount of degradation of the object depends 

on the value of Uh (the radius of the first zero of the PSF) used for h(x) in the 

convolution equation. The value used in this experiment was Uh = 10 units (pixels) 

on a 128 pixel grid. Intensity values are given in terms of photon count levels 

detected in each pixel index in the space domain. The Magnitude of the Fourier 

Transform of the estimate, original image and ideal object are also displayed. 
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We see that the improved spatial resolution is evident. What is even of greater 

interest is the degree to which the frequency domain information has been recon

structed. We can see that the frequency domain reconstruction is not perfect, but 

it is quite accurate near the frequency cut-off. In any case we can conclude that 

for real physical optical environments we achieve legitimate bandwidth extension. 

Therefore, the Baseline MAP algorithm is justified as a working super resolution 

algorithm. 

The t.heoretical limits of bandwidth extension have been extensively investi

gated by [Sementilli, Hunt, Nadar (1993)]. These authors' results indicated that 

the spatial frequencies can be extended in various degrees and bandwidth extension 

factors ranged from approximately 1.2 to 1.5. That is, we usually achieve about a 

20% to 50% fairly accurate extension beyond the bandlimit. 

The way in which the frequency domain values of the blurred image are im

proved, as well as the way in which very high frequency information departs from 

the true values, are characteristics of the Baseline MAP algorithm and are subjects 

of discussion in the analysis of convergence presented in Chapter 4. 

Error Analysis 

Error analysis data is also presented. We can see that it is difficult to tell 

whether the algorithm has actually converged. The different error criterion are 

worth reviewing. The exact error between the object and the estimate at the nth 

step is defined as 

(3.23) 

The residual error of an estimate and the original signal at the nth step is 

defined as 
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(3.24) 

The exact error graphs are plots of LoglI! - rll vs. n. The residual error 

graphs are plots of Logll9 - [H] rll vs. n. 

It is necessary to have a mechanism to terminate the iterations. We know from 

the general theory of iterative methods that the usual stopping criterion is the 

error associated with the difference between successive iterates. We terminate the 

algorithm when: 

(3.25) 

where f is some prescribed tolerance. The graphs of the error between iterates 

are plots of Logl/r - r-111 vs. n. 

Since the observed slow convergence implies a very small step size, this crite

rion may produce poor estimates tha.t could give no indication of the quality of 

the algorithm from an image restoration standpoint. To aid the user in evaluating 

the solution produced by an iterative image restoration method, the residual error 

vector is used to define a practical convergence criterion. The specific practical 

criterion for termination often employed is that the norm of the residual error vec

tor should be less than some prescribed tolerance [Trussell (1983)]. This criterion 

says we terminate the algorithm when: 

IIrnll = 119 - [H] rll < f. 

This criterion was originally developed for restoration below the diffraction limit 

but may be a better choice for a stopping criterion as from our fixed point study 
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we know that the algorithm has theoretically converged when we have completely 

restored object spectrum below the bandlimit. 

We see from the graphs of the error of the difference between iterates and the 

graphs of the residual error that convergent restorations are reached in around 200 

- 300 iterations. This problem of slow convergence and the topic of rate of conver

gence are addressed in Chapter 4. It is there noticed that slightly less iterations 

are needed for convergence of the residual signal in cases where 0' (pixels) is higher. 

We can also see from the graphs of exact error that convergent restorations need 

not minimize the exact error criterion. We will see in Chapter 4 that in some simu

lations exact error is actually being increased at the same time the residual error is 

still being decreased at a significant rate. This odd behavior of the different conver

gence criterion for the Baseline MAP algorithm is still an open research problem. 

In any case, the residual signal proves to be a superior convergence criterion. 
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Chapter 4 Convergence of the Algorithm 

4.1 Basic Convergence Theory 

The derivation of the equations for the necessary condition for the Maximum A 

- Posteriori (MAP) solution to the Bayes probability with Poisson likelihood and 

prior densities leads to the set of equations 

(4.1) 

where 7 is the prior ensemble mean (a - priori information about the object 

statistics) , and J is the object which is to be solved for. We have constructed an 

iteration from this sequence called the Baseline MAP algorithm in the form 

Jr+1 = Jr exp (t hik [2:.y g~ . r - 1]) . 
k=1 ;=1 ~; 

(4.2) 

The problem we are concerned with is understanding the convergence behavior 

of the iteration in Equation (4.2). Convergence analysis is important in any iter

ative algorithm to better understand the reliability of the algorithm and in order 

to develop faster versions of the algorithm. 

Let a transformation ¢(.) be given, and let a sequence of iterations be defined 

as 

r+1 = ¢(J"). (4.3) 

Clearly, Equation (4.2) is of this general form. The behavior of the iteration 

in Equation (4.3) is most clearly understood in the context of a Hilbert space. If 
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we restrict attention to the specific nature of Equation (4.2) , the Hilbert space 

we choose to consider is the real N-dimensional Euclidean vector space, RN , 

wherein the vectors 1 are defined. We recognize a Hilbert space to be a normed 

linear space with an inner product, and the norm of a vector defined in terms of 

this inner product. The Euclidean vector space, RN , with the usual definition of 

a Euclidean vector norm 

N 

11/112 = E 1/i/2 
;=1 

satisfies these requirements and is the Hilbert space in which we wish to demon

strate the convergence properties of the Baseline MAP algorithm of Equation (4.2). 

The motivation for considering the iteration of Equation (4.2) as a nonlinear 

vector mapping in Equation (4.3) is the Contraction Mapping Theorem , which 

states: 

If C is a closed nonempty subset of a Hilbert space H , and if ¢(.) is a mapping 

on C into itself, and if for any X, Y E C , 

II¢(X) - ¢(Y)II :::; M IIX - YII (4.4) 

where II . II is a suitable norm and M < 1 , then there is a unique fixed point 

j E C , i.e., a point j such that 

j = ¢(j). 

Further, the sequence 
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converges to j for any starting vector 10 E C [Isaacson, Keller (1966)]. 

The Contraction Mapping Theorem is quite strong, particularly in assuring 

convergence to the unique fixed point of the mapping 4>(.) in the subset C . We 

must discuss its applicability, however, in the light of the super resolution problem. 

Consider that we are attempting to solve the basic problem of imaging in the 

presence of diffraction : 

N 

gi = L hij/j 
j=l 

which is the discrete statement of the convolution imaging equation. Since 

convolution by the PSF , h , is a bandlimited operation, there are infinitely many 

objects 1 which can map into the image 9 . Although we know experimentally, 

with simulations and real data, that the iteration of Equation (4.2) can recover 

information about 1 beyond the diffraction limit, we cannot expect complete re

covery. Thus, the prospect is quite strong that there cannot be a unique fixed 

point in the entire Hilbert space, RN . 

It is well known from the theory of separable Hilbert spaces and orthonormal 

bases that the usual trigonometric Fourier basis defined on a closed interval is 

also a basis for RN [Stakgold (1979)]. Coincidentally, the N vectors that make 

up the orthonormal trigonometric Fourier basis are also the othonormal set of N 

eigenvectors associated with the self adjoint (SIPSF) matrix, [H] . If we denote 

these vectors, Vi , where i = 1"", N , then the eigenvalue/eigenvector problem 

for the PSF matrix [H] is written 

[H] Vi = Ai Vi • (4.5) 

In the case where [H] is in the circulant form as described in Section 1.3 the 

values of Ai, i = 1"", N are the N real values of the discrete OTF, and the vectors 
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Vi, i = 1,· .. , N are the usual trigonometric Fourier basis vectors consisting of the 

different frequencies of sines and cosines [Andrews, Hunt (1977)]. Since the first 

r values of Ai are nonzero and the last N - r values of Ai are zero, the vectors 

Vi, i = 1"", r are elements of the range of [H], R([H]) , and Vi, i = r + 1"", N 

are elements of the null space of [H], N([H]) , where r is the rank of the N X N 

self adjoint PSF matrix [H] . 

The vectors VI,' •• , Vr are clearly an orthonormal basis for R([H]) and 

Vr+l,···, VN are an orthonormal basis for N([H]) . Since each vector in RN can be 

decomposed in one and only one way as the sum of a vector in R([H]) and a vector 

in N([H]), and R([H]) n N([H]) = {O} we know that RN is a separable Hilbert 

space, and R([H]) and N([H]) are well defined orthogonal subspaces of RN . 

From this decomposition of the Hilbert space RN , and from the discussion of 

fixed points in Section 3.3 we know that there is an infinite number of fixed points, 

J , that can be written as the sum of a vector that matches object spectrum 

identically below the diffraction limit, i.e., a unique vector in R([H]) , plus any 

arbitrary vector with spatial frequency components above the diffraction limit, 

i.e., any arbitrary vector in N([H]) . Facing this fact we may have to abandon our 

hopes that ¢(.) is a contraction mapping on RN , and we must find another way 

of demonstrating the convergence of the iterative image restoration algorithm. 

An iterative method for solving a set of equations is one in which a first ap

proximation is used to calculate a second approximation which in turn is used to 

calculate a third and so on. The iterative procedure is said to be convergent when 

the difference between the exact solution and the successive approximations tend 

to zero as the number of iterations increases. In general, the exact solution is never 

obtained in a finite number of steps, but this does not matter. What is important 

is that the successive iterates converge fairly rapidly to values that are correct to a 

specified accuracy [Smith (1985)]. We therefore now attempt to focus our analysis 
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on the long term behavior of the exact error between the successive iterates of the 

mapping ¢(.) . 

4.2 Local Convergence Analysis 

As a step toward making this analysis, we express ¢(.) in a multidimensional 

Taylor series about 1 . That is, each component ¢i(r) is expressed in a multidi

mensional Taylor series. The general form can be written as 

(4.6) 

where RT is the remainder term, and the elements of the matrix [G",(j)] take 

the form 

(4.7) 

with ¢j(f) defined explicitly as 

(4.8) 

and the elements of [G",(j)] are calculated by the indicated partial derivatives. 

We now make an approximating assumption that jn is close to 1 and the remainder 

term is small. This is equivalent to restricting the region of perturbations about 

the root. Thus, from Equation (4.6) we have 

(4.9) 
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The error, en, in the nth approximation to the exact solution is defined as 

So it follows from Equation (4.9) that 

(4.10) 

Therefore, 

The sequence of iterate vectors j1, j2, ... ,r will converge to ! as n tends to 

infinity if 

lim en = o. 
n-+oo 

Since fO and therefore eO is arbitrary it follows that the iteration will converge 

if and only if 

Approximate Convergence Condition 

The exact error en will tend to the zero vector as n tends to infinity for an 

arbitrary eO if and only if the spectral radius, p([G</>(/)]) , of the error amplification 

matrix, [G</>(/)] , is less than one. Obviously if we can show p([G</>(/)]) < 1 then we 
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have a proof that the mapping ¢>(.) converges to / and the exact error is reduced 

each step. 

Empirically, we think we know that p([G.p(/)]) $ 1 is satisfied. We have exten

sive computational experience to show that in the region of a fixed point conver

gence occurs. The problem turns out to be the existence of multiple fixed points. 

This is why we believe that the spectral radius of [G.p(/)] is less than or equal 

to one. Since the fixed point is defined as a vector that matches object spatial 

frequency identically below the diffraction limit, the problem we will be concerned 

with will be to show that 

for all eigenvalues associated with eigenvectors in R([H]) , the orthogonal sub

space of functions with spatial frequencies below the diffraction limit. We can see 

from Equation (4.9) that this condition will demonstrate that exact error below 

the diffraction limit is reduced each step. So the challenge is clear. We want to 

show that the magnitude of the largest eigenvalue of the matrix [G.p(/)] is less 

than one for all associated eigenvectors that are contained in R([H]) . 

Calculation of Growth Matrix 

We recall from Section 4.1 that the ith component of the vector ¢>(J) is defined 

as 

¢>i(J) = Ii exp (t hik [L> g~ I - 1]). 
k=1 J=1 kJ J 

The matrix we want to construct is defined as 

[
OcP' ] [G.p(J)] = {)/~(J)· 
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Taking the appropriate partial derivatives of tPi(f) with respect to Ij we have 

(4.11) 

We can simplify these expressions slightly with the use of the correction map 

vector notation which was defined in Equation (3.20) as 

From this the [Gcf>(f)] matrix can be written in matrix form as 

(4.12) 

The matrix components of [Gcf>(f)] are defined as 
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It can easily be shown that the matrix A(f) = [H]Dq(f)[H] is a Positive Semi 

Definite matrix because 

From the matrix Law /')f Inertia [Strang (1988)] we know that since the matrix 

DJ(f) is Positive Definite, the eigenvalues of the matrix DJ(f)A(f) are real and 

are nonnegative. Also, the matrix D J(f)A(f) has the same number of positive 

and/or zero eigenvalues as the matrix AU) . That is, the signs of the eigenvalues 

of AU) are unchanged by the premultiplication of AU) by D J(f) . 

Estimation of Spectral Radius 

We now want to evaluate the [G¢(f)] matrix at J and estimate the spectral 

radius. Evaluating [G¢(f)] at the fixed point J we have 

(4.13) 

From the Spectral Mapping Theroem [Smith (1985)] we know that for any ma

trix A , and any polynomial F(x) , the spectral radius of F(A) can be evaluated 

as follows 
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Therefore, the spectral radius of [G",(j)J is given by 

We now want to estimate the eigenvalues of the matrix D,(j)A(j). Since 

D ,(f)A(f) evaluated at any point is positive semi definite, the minimum eigenvalue 

of this matrix is zero. We now want to find an upper bound to the positive 

eigenvalues of D,(f)A(f) . From elementary linear algebra we know that for any 

matrix A, 

ma.x I-\(A)I ~ IIAlil . 

Taking the 1 - norm of the matrix DJ(f)A(f) we have 

Therefore; since Cj(f) = 0 at a fixed point and IID,(j)A(j)lIl = 1 we know 

that Sp(D,(j)A(j)) E [O,IJ. Thus, in general all we can conclude from the 

Spectral Mapping Theorem at this time is p([G",(j)]) = 1. This problem of 

showing p([G",(j)]) < 1 arises due to the singularity of the matrix [HJ , which is 
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involved in a term of the matrix [G",(j)J . This is a common problem in iterative 

image restoration methods such as the Landweber method. Recall, the Landweber 

errol' amplification matrix was 1- [H]T[H] [Strand (1974)]. A common solution to 

this difficulty is to show p([G",(j)]) < 1 when we use the SVD for [H], which is 

equivalent to showing 

max/"([G",(j)])/ < 1 

for all eigenvalues associated with eigenvectors in R([H]) [Lagendijk (1991)]. 

Since we know nonzero eigenvalues of Df(J)A(J) exist ( Df(J)A(J) is a positive 

matrix) , not all eigenvalues of [G",(j)] have modulus equal to one. Thus, the 

matrix [G.p(j)] has eigenvalues with modulus less than 01' equal to one and we 

write 

Since it is the zero eigenvalues of the matrix D f(j)A(j) that make p([G",(j)]) = 
1 and are the problem, we want to determine for what eigenvectors of [G",(j)] are 

/"([G",(j)])/ < 1 ? 

The answer to this question is, the eigenvectors associated with the nonzero 

eigenvalues of Df(])A(j) , as we demonstrate in the following. 

We now make the same assumption for the analysis of the error amplification 

matrix as in [Smith (1985)J, namely that the matrix Df(])A(j) has a set of N 

linearly independent eigenvectors YI! ... ,YN . Then these eigenvectors can be used 

as a basis for the N dimensional vector space and the exact error vector en , can 

be expressed as a unique linear combination of these vectors, i.e., 

N 

en = L bs Ys • 
8=1 
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From the relationship between the fundamental subspaces associated with a 

matrix product DJ(f)A(f) [Strang (1988)], the null space of DJ(f)A(f) contains 

the null space of A(f) and the row space of DJ(f)A(f) is contained in the row 

space of A(f). This is written symbolically as 

N(DJ(f)A(f)) ;2 N(A(f)) (4.14) 

Since D J(f) is positive definite, premultiplication by D J(f) does not decrease 

the null space any and N(DJ(f)A(f)) = N(A(f). If we now recall that A(f) = 

[HJDq(f)[HJ and 

{:} x E N([H]). 

It therefore follows that 

N(DJ(f)A(f)) = N(A(f)) = N([H]). 

Thus, from the Fundamental Theorem of Linear Algebra [Strang (1988)J 
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= RN - N([H]) = R([HJT) = R([H]). (4.15) 

We now recall that RN is a separable Hilbert space and any vector in RN can be 

written as the sum of a unique vector in R([H]) plus a unique vector in N([H]). We 

have shown above that N(DJ(f)A(f» = N([H]) and R((D,(f)A(f»)T) = R([H]) 

and from the Matrix Law of Inertia [Strang (1988)J we know that DJ(f)A(f) has 

r positive eigenvalues and N - r zero eigenvalues. Thus, any vector contained in 

R([H]) can be represented by the r independent eigenvectors yI, ... ,Yr associated 

with the r nonzero eigenvalues of the matrix DJ(f)A(f) and any vector in N([H]) 

can be written in terms of the N - r independent eigenvectors Yr+I, .•. ,YN associ

ated with the N - r zero eigenvalues of D J(f)A(f). Recall, R([H]) is the subspace 

of functions with spatial frequencies below the diffraction limit and N([H]) is the 

subspace of functions with spatial frequencies above the diffraction limit. 

Finally, since G",U) = 1- DJU)AU), it follows from the Spectral Mapping 

Theorem and the expansion of the exact el'l'or vector in terms of the eigenvectors 

of D,U)AU) that 

for all eigenvalues of [G.pU)J associated with eigenvectors with spatial frequency 

components below the diffraction limit cut - off frequency, and 

for all eigenvalues associated with the eigenvectors which have spatial fre

quencies above the diffraction limit. Therefore, we justify our hypothesis that 

p([G,pU)]) $ 1 . 
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From this we conclude that the amplitudes of exact error vectors below the 

diffraction limit are reduced each iteration. Thus, exact error vectors below the 

diffraction limit cut - off frequency converge to zero and the iterates r of the 

mapping ¢(.) converge to a fixed point, j , that matches object spatial frequency 

identically below the diffraction limit. 

4.3 Existence of Convergent Region 

In Section 4.2 an approximate condition for convergence was derived and after 

some work was shown to be satisfied for exact error vectors below the diffraction 

limit. The argument was that near a fixed point a convergent behavior is expected. 

This, of course, resulted from an approximation to the true convergence condition. 

Realistically, this approximation only tells us that p([G¢(})]) ::; 1 and at least 

we know the necessary condition for convergence holds [Dahlquist, Bjork (1974)J. 

We now wish to prove the existence of a region about j where convergence is 

guaranteed. 

The sufficient convergence condition results from the use of the multidimen

sional Mean Value Theorem on the vector mapping operator, ¢(.) [Dahlquist, Bjork 

(1974)]. Applying the Mean Value Theorem to ¢(.) on the interval un, j) we have 

(4.16) 

for some f = T'r + (1 - T') j , 0 ::; T' ::; 1 . 

From the Mean Value Theorem and from the usual definition of exact error we 

have 

(4.17) 
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for some f = "Yr + (1 - "Y)j , 0 ~ "Y ~ 1. 

In order to demonstrate that the sufficient condition for convergence holds, and 

exact error is reduced each step, we must show that the spectral radius of the error 

amplification matrix, [G",(f)] , is less than one for all f = "Yr + (1- "Y)j , and for 

allO~"Y~1. 

From Section 4.2 we recall the general form of the error amplification matrix is 

Also, from the analysis of Section 4.2 we expect a contraction behavior for error 

vectors with spatial frequency components below the diffraction limit and at best a 

nonexpansive behavior for error vectors with spatial frequency components above 

the diffraction limit. Expecting this similar behavior, we want to analyze what 

matrices affect the error amplification of the different error vector components 

which lie above and below the diffraction limit. If we recall that any vector in 

N([H]) is also in N(DJ(f)A(f)) , we observe that the exact error equation at step 

n + 1 becomes 

(4.18) 

where el'l([H]) and eN([HJ) are the respective components of the exact error vector 

that lie in R([H]) and N([H]) and f is some vector on the line segment between 

rand j. 

We can see from Equation (4.18) tha.t amplification of the exact error below 

the diffraction limit is controlled by [G",(f)] = De(f) (I - DJ(f)A(f)) and since 
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D J(f)A(f)eN(H) = 0 the exact error growth above the diffraction limit is controlled 

by De(f) . The difficulty we run into is the presence of the matrix De(f) . From 

our experience p(De(f)) ~ 1 near j and again we cannot immediately conclude 

global convergence on all of R N • 

We recall from the study of fixed points that convergence of the algorithm is 

defined as convergence below the diffraction limit. Thus, the sufficient convergence 

condition that we are interested in now becomes 

max/"([G",(J)])/ < 1 (4.19) 

for all eigenvalues of [G",(J)] associated with eigenvectors that lie in R([H]) , and 

for f in some region S about j . This condition will be sufficient for convergence of 

the algorithm because when exact error below the diffraction limit has converged, 

the matrix De(J) converges to I and exact error amplification above the diffraction 

limit ceases. 

Thus the challenge is clear, we want to show that there exists a region S about 

j such that for all f E S 

max/"([G",(f)])/ < 1 

for all eigenvalues associated with eigenvectors that lie in R([H]) . This will 

guarantee that exact error below the diffraction limit converges to zero and the 

exact error amplification matrix associated with error above the diffraction limit 

converges to I and a well defined fixed point is reached. 
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Convergence Below the Diffraction Limit 

In order to demonstrate convergence below the diffraction limit we first review 

the definition of a continuous mapping. A transformation ¢J(.) is continuous at the 

point 1 if whenever r ..... 1 , then ¢J(r) ..... ¢J(}) [Stakgold (1979)]. We can easily 

see that when In ..... 1 , the correction map vector tends to the zero vector and 

¢J(r) ..... ¢J(}) for ¢J(.) defined as the Baseline MAP vector mapping. Thus, since 

¢J(.) is continuous at the point 1 and the elements of the error amplification matrix 

are defined as 

then there exists a region S = {I: III - 111 < 8} such that [G",(f)] ~ [G",(1)] 

and thus 

A([G",(f)]) = A([G",(})]) ± € 

for all I E S . 

Therefore, since the magnitude of the largest eigenvalue of [G",(})] associated 

with eigenvectors below the diffraction limit is strictly less than one, it follows that 

a region S exists about 1 where 

maxIA([G",(f)])I < 1 

for all eigenvalues associated with eigenvectors of [G",(f)] contained in R([H]) 

and for all I E S . Thus, we have proven the existence of a region S about j where 

convergence below the diffraction limit is guaranteed. 
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Convergence Above the Diffraction Limit 

We now wish to investigate the convergence behavior of exact error above 

the diffraction limit. We know from the form of the exact error amplification 

matrix associated with error above the diffraction limit that as error below the 

diffraction limit converges, De(J) -+ I . From this we know that error above the 

diffraction limit ceases to be altered at some step. What we are interested in now 

is, exactly how does exact error above the diffraction limit behave as r -+ j 

? Understanding this is key to understanding the super resolution ability of the 

Baseline MAP algorithm. We can show that exact error above the diffraction limit 

is actually reduced in some regions of the space domain and may be increased or 

reduced in others, depending on the choice of starting vector. This trade off in the 

high frequency error reduction and/or amplification ends up to be a small price to 

pay for super resolution. 

We now pause for a moment to define some of the properties of iterates of the 

Baseline MAP algorithm and some of the terms that are important with respect 

to Equation (4.2). 

A closed set is one which contains all its limit points, that is, if any sequence 

of elements r E C has a limit point, f" E C , then C is closed. A convex set is 

one such that \lit, h E C , the linear combination afl + (1 - a)h E C, 0 ;:; a ;:; 1 

[Stark (1987)J. 

As stated before we are looking at an iteration defined on the real N - dimen

sional Euclidean vector space, RN . More specifically the object is known to be 

positive semi - definite, i.e., fi ~ 0 for all i = 1", " N . This defines the positive 

octant of RN , denoted R~ . If we follow the usual convention of including the 

point at infinity in this set, then R~ is a closed set. It is also obviously convex. 

Let Cg be the set of all functions in R~ with total photon counts greater than 

or equal to the total photon count of the image 9 . That is 
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(4.20) 

This set defines a closed half octant in Rf and is obviously convex. It can be 

shown that the iterates of the Baseline MAP algorithm are elements of C9 • This 

can be seen as follows 

N N N 
LIr+1 = L Ir exp(ci(r)) ~ L Jr(l + Ci(r)) 
i=l i=l i=l 

Let Co be the set of functions in Rf with Fourier transforms that can be written 

in the form 

where O(e) = exo . That is, the set offunctions in Rf whose Fourier transform 

has the same linear phase term. This is equivalent to the set of functions which 

have the same location (about xo) in the space domain. This set Co is obviously a 

closed convex set. It can easily be shown that all of the iterates of ¢(.) are contained 

in Co assuming that we start the algorithm with a function in Co (which we usually 

do). If we assume r E Co then r can be written as a function translated to Xo. 

Since convolution by the PSF does not change the location in space and since we 

know (a - priori) that 9 E Co we know that the function exp(q(J")) can be written 

as a function translated to Xo. Therefore, since we are multiplying two functions 

in Co, their product will be an element of Co. Now, since we usually start the 
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algorithm with a function f O E Co, we know that P, j2, ... ,jn are all elements of 

the closed convex set Co [Stark (1987)]. 

We now define the domain D( q,) of the mapping q,(.) as follows 

D(q,) = R~ n C9 nCo. (4.21) 

That is, we define the domain of q,(-) to be the set of functions in R~ with 

total photon count greater than or equal to that of the image 9 and with the same 

(approximate) location in the space domain as the original object (which we often 

know a - priori). The set has been shown to be closed and convex. It is also 

nonempty. 

We now want to examine the form of the exact error growth matrix associated 

with error above the diffraction limit. We recall from Section 4.2 

and the individual elements of the correction map vector evaluated at fare 

written 

Now, since all iterates f" are in D(q,) and j is obviously in D(q,) and D(q,) is 

convex, we know 
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f=,f"+(l-,)jeD(¢) ,V 0:5,:51. 

Therefore since f is a function with approximately the same area ( photon 

count) and same location in space as 9 , we argue that the values of Ci(J) are 

negative outside of a slightly larger (approximate) region of support as the object 

and could be positive or negative inside this approximate region of support of the 

object. We use the terms approximate region of support due to the convolution 

of the "normalized" residual error vector by the PSF function h in the correction 

map vector. This argument is made from a physical optics point of view. Since the 

function f is of the same or greater area as 9 , has the same location in space, and 

has the same low resolution structure as 9 , convolution by a point spread function 

with sufficiently high pixel "blur" will spread higher levels of optical energy than 

9 has into regions outside of the region of support of the object. The result of this 

is that 

N 

gi - E hij Ii :5 0 
j=l 

everywhere outside of the approximate region of support of the object. Inside 

the approximate region of support we cannot really guarantee any conclusion about 

the general behavior of Ci(J) . This will depend on the exact shape of the blurred 

image and blurred estimate. A graph of a typical correction map function is 

displayed below for the test object of Section 3.4 and restorations using O'h = 20. 

The exact region of support of the test object of Section 3.4 is indicated by the 

dashed vertical lines. 
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Figure 4.1: Typical Correction Map Function 
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As we can see the values of Ci(J) are negative outside of the approximate region 

of support of the object and are positive and/or negative inside the approximate 

region of support. Thus, we argue that 

outside the approximate region of support of the object. Since De(J) is a 

diagonal matrix, this implies that exact error above the diffraction limit is reduced 

each step outside the approximate region of support of the object. 

As stated earlier, we cannot exactly predict from this theory what will happen 

inside the region of support of the object. We do, however, notice regions of high 

frequency error convergence near the edges of the ideal object in most simulations. 

We conclude empirically and theoretically from this argument that the exact error 
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above the diffraction limit is reduced each iteration outside of the approximate 

region of support of the object. Exact error in many cases is reduced at places 

inside the region of support of the object, but we may not get perfect convergence. 

We do not get perfect high frequency exact error convergence inside of the 

region of support of the object for two reasons. First, the final convolution by [H] 

in the correction map vector can change the exact zero crossing locations in the 

correction map function. In cases where the spatial extent of an object is known 

to be very small in relation to the background, the average of the correction map 

vector is negative, and convolution by the PSF will spread negative values into 

the region of support of the object along the edges. Thus, the fairly accurate edge 

restoration in simulations where the space location is known apriori. 

Second, as the exact error below the diffraction limit converges, De(f) -+ I . 

This means that at some point in time when the error below the diffraction limit 

has converged, the convergence/divergence of the exact error above the diffraction 

limit stops and we must settle for the estimate obtained up to that step. Thus, 

the convergence of the total exact error to zero outside of a slightly larger region 

of support than the true object is guaranteed. This convergence of exact error to 

zero outside of an approximate region of support of the object has been observed in 

all numerical simulations and we believe this to be the key to the super resolution 

ability of the Baseline MAP alr:;orithm. 

Super Resolution Ability 

Now, since exact error below the diffraction limit converges everywhere and 

exact error above the diffraction limit converges outside the approximate region of 

support of the object, we conclude that the Baseline MAP algorithm will locate 

boundaries more and more accurately when functions in the defined domain are 

used as starting vectors. We define this property as "MAP space limiting". By 

"space limiting" we mean fairly accurate space limiting in a region which covers 
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the true region of support of the object. 

From elementary properties of the Fourier transform we know that a function 

that is space limited has a Fourier transform that is analytic. Also, as the spatial 

extent of an estimate dereases, the spectral extent increases. Since the Baseline 

MAP algorithm converges to an estimate which has a more and more accurate 

space limit as the original object, we can expect to have the extent of the spectral 

information increased. That is, each iteration the Baseline MAP algorithm is more 

and more accurately locating boundaries and thus it is at the same time extending 

the bandwidth of the Fourier transform of the estimate. Herin lies the super 

resolution ability of the Baseline MAP algorithm. Thus, if we start the algorithm 

with a vector in our chosen domain D(¢) that is close enough to j that it is also 

in S , we have proven the existence of a region S about j in which the Baseline 

MAP algorithm produces convergent super resolved estimates. 

4.4 Theoretical Performance of Algorithm 

Convergence of the Baseline MAP algorithm is defined as convergence of an 

estimate r to a fixed point j that matches object spatial frequency identically 

below the diffraction limit. Convergence of exact error below the diffraction limit 

to zero for rES is shown in Section 4.3 to be guaranteed when iterates are 

sufficiently close to a fixed point and is governed by the error amplification matrix 

[GtJ>(f)] . The rate of convergence is therefore dependent on how fast the exact 

error below the diffraction limit converges to zero and is thus dependent on the 

eigenvalues of the matrix [G.p(f)] . Since the function, j, we are evaluating the 

matrix [G,,{)] at changes each iteration, the eigenvalues of this matrix will also 

change each iteration. 
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Rate of Convergence 

Generally if p is the spectral radius of an error amplification matrix, then 

gives an indication of the number of decimal digits by which the error is reduced 

each convergent iteration [Smith (1985)]. Since for convergence, 0 < p < 1 , the 

number of decimal digits of accuracy gained per iteration increases as p decreases. 

Clearly the number (-log(p)) provides a measure for the iterative method when n 

is large. For this reason (-logc(p)) is defined as the asymptotic rate of convergence 

[Smith (1985)]. 

Since convergence in our problem is defined as convergence of exact error below 

the diffraction limit, the number 

p ~ 11 - Arl , 

where Ar = min A (DJ(f)A(f)) 
.\¢O 

(4.22) 

can be used for the value of p in the definition of the asymptotic rate of con

vergence each iteration. 

Recall, large eigenvalues of the matrix D J (f)A(f) are approximately equal to 

one and are not a problem. Therefore, from the spectral mapping theorem, the 

size of the smallest nonzero eigenvalues of DJ(f)A(f) governs the size of p near 

fixed points. Since the smallest nonzero eigenvalue, Ar , of DJ(f)A(f) is nearly 

always close to zero in an image restoration application, the value of p we use is 

very close to one and the iterations converge very slowly. 
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We can guarantee faster convergence of the algorithm, i.e., faster reduction of 

exact error below the diffraction limit when the minimum nonzero eigenvalue of 

Df(f)A(f) is as large as possible. From examination of the Rayleigh quotient for 

the matrix Df(f)A(f) , we know that for all vectors in the range of [H] 

= J( '\~(rH]) 

where '\r([H]) is the minimum nonzero eigenvalue of the PSF matrix [H], J( 

is a nonzero constant and r = rank(rH]). This lower bound could just as easily 

have been found by bounding the inverse of the matrix Df(f)A(f) when the SVD 

is used for [H]. Thus, to guarantee faster convergence we want to find when the 

minimum nonzero eigenvalue of [H] is largest. One way to do this for a fixed grid 

size and a discrete OTF, H(w), associated with a sinc2(x) PSF , i.e., 

w 
'We 

w 
'Wc 

<1 

~1 

is to lower the cut - off frequency value, We , such that Ar([H]) is ever so slightly 

larger. This says that the faster convergence rates should be expected when the 

cut - off frequency, We , of the OTF is lower. As we know from basic properties 

of the Fourier transform, a lower We corresponds in the spatial domain to O'h being 
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larger. From this analysis, we expect slightly faster convergence rates in cases 

where 0'11 is larger. 

This speculation of the best convergence condition is consistent with the hy

pothesis and the numerous simulations of [Sementilli (1993)] who argued that more 

rapid convergence was observed with a lower We of the OTF. This should not be 

surprising, because if the cut - off frequency of the OTF is lower, the MAP algo

rithm has less work to do; it has a lower amount of spectral information below the 

diffraction limit it has to restore before it converges. 

This theory is also consistent with my numerical results of Section 3.4 and of 

this section which show that slightly fewer iterations are needed in order to obtain 

a convergent solution as 0'11 increases. We displayed in Section 3.4 results using 

0'11 = 10. We now present on the following pages, the results using 0'11 = 20 and 

0'11 = 30 units (pixels). Profiles of the restored image, original image and the ideal 

object are shown for the different cases involving the different values of 0'11. The 

magnitude of the Fourier transform of the object, image and estimate are included 

again for the different cases. The graphs of the error between iterates, the residual 

error and the exact error are shown following each of the different simulations. 

We have observed from numerous simulations that convergence rates increase 

as 0'11 increases. By this we mean that the number of iterations required to reduce 

the residual error below a certain level is less when 0'11 is larger. We have also 

found that the algorithm often diverges in cases where 0'11 is too small. We also 

seem to be taking higher step sizes in the first few iterations in cases where 0'11 is 

larger. From this theoretical and numerical analysis, we conclude that the best 

convergence rates are expected in situations where super resolution is most needed. 
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4.5 Acceleration of Convergence 

From the local convergence analysis of the Baseline MAP algorithm error am

plification matrix, 

we find that acceleration of convergence is related to increasing the smallest 

nonzero eigenvalue of DJ(})A(}) . Inspection of [G",(J)] suggests the placement 

of an acceleration factor a in the argument of the exponential as follows 

(h(J) = Ji exp( a Ci(J)). ( 4.23) 

If we do this, the exact error amplification matrix becomes 

(4.24) 

where 

Since <PO is a continuous mapping at j , reducing the values of the partial 

derivatives at the fixed point j will also guarantee partial derivatives are reduced 

ever so slightly in a small region about j . Evaluating [G¢(J)] at j we have 

[G~(})] = I - a DJ(})A(}). 
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Since we want to choose the a which makes 

the smallest, the possible values of the acceleration parameter are therefore 

2 
1 < a < ... 

- - IID,(J)A(J)II 
(4.25) 

We want to choose the largest value of a possible, thus at the root p is smallest 

if we choose a = 2 . The problem is that 

at j , but could be slightly greater near j . In order to guarantee the value of 

a is not chosen too large it must be modified each iteration. The value of 

n 2 
a = IID,(J)A(J)II 

( 4.26) 

must be calculated and used each iteration in order to produce the optimal 

value of a , i.e., for the optimal acceleration parmeter. From our experience with 

the matrix D ,(J)A(J) we know that the spectral norm is difficult to estimate, 

but the I-norm (the maximum column sum matrix norm) was easy to calculate 

and gave us a quantity which was well behaved. From this over approximation to 
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the norm of DJ(f)A(f) we can find a slight under approximation to the optimal 

acceleration parameter, an • We have shown before in Section 4.2 that 

Now, since the correction map vector, Cj(f) , is equal to the gradient of the 

Log Likelihood function, L(f) , which is a concave function, and j maximizes the 

Log Likelihood function, we know from the properties of the iterates, r , that 

Thus, 

and 

(4.27) 

can be used as a slight under approximation to the optimal acceleration param

eter. This value must be calculated each iteration in order to produce the optimal 

value of a . 

This experiment was performed on one of the simulations which was run before 

in Section 4.4. The values of 0' = 30 pixels on a 128 pixel grid were used and an 

was calculated and used each iteration. The results of this experiment are shown 

below. 
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As we can see the accelerated restoration is very similar to the corresponding 

case in Section 4.4 and the number of iterations required to achieve convergence 

of the residual signal was significantly reduced. We can also see how much'larger 

the error between iterates, i.e., the step size, is during the first few iterations. 

Thus, our theory of introducing an acceleration parameter in the argument of the 

exponential has proven useful as our experimental evidence varifies. 

These analytical and computational results seem to be consistent with the 

theoretical and experimental results of Dr. West of S.A.I.e. who performed a 

slightly similar analysis of acceleration of convergence when viewing the Baseline 

MAP algorithm as a variation of a steepest accent method. As was mentioned 

briefly in Section 2.4, the optimal step size must be calculated each iteration by 

some sort of optimal search mechanism. Dr. West found the optimal step size to 

range from approximately 1.4 to 2 as the algorithm approached convergence [West 

(1994)]. 
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Chapter 5 Conclusions and Recommendations 

5.1 Conclusions 

In this dissertation we have presented a Bayesian estimation method for image 

restoration called the Poisson MAP algorithm. A slight modification is made to this 

algorithm which results in the Baseline MAP algorithm. The Baseline MAP algo

rithm is shown to be different in its design but similar in super resolution ability to 

the Poisson Maximum Likelihood algorithm. Numerical simulations demonstrate 

the Baseline MAP algorithm achieves legitimate bandwidth extension and is thus 

in the class of super resolution image restoration algorithms. The Baseline MAP 

algorithm was also shown to have a slightly similar super resolution ability as the 

Gerchberg - Papoulis algorithm. The Baseline MAP algorithm tends to a solution 

that matches object spatial frequency identically below the cut - off frequency of 

the OTF and attempts to match the space limit of the original object in the space 

domain. 

Practical criteria for indicating when the algorithm has numerically converged 

are discussed and the advantages of different criteria are demonstrated. The resid

ual signal is used to define a superior convergence criterion because it best indi

cates when the iterative solutions have converged to a fixed point that matches 

the object spectrum identically below the bandlimit. The theoretical convergence 

propeties of the Baseline MAP algorithm are investigated. We have shown that 

due to the existence of multiple fixed points we cannot guarantee convergence to a 

unique fixed point. Accepting this difficulty, we can still show that the algorithm 

will converge. The necessary and sufficient conditions for convergence to a well 

defined fixed point are shown to be satisfied in certain cases. We have proven the 

existence of a non empty region, S , about a fixed point in which convergence is 

guaranteed. We cannot conclude convergence for any starting vector, but if the 
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starting vector is chosen to be contained in S , which we believe the blurred image 

9 is, then a convergent behavior is expected. Note that, experimentally, we have 

always observed convergence when starting with 9 . 

Convergence of the Baseline MAP algorithm is defined as convergence of the 

exact error between the object and the estimate to zero below the diffraction 

limit cut - off frequency. The long term behavior of the exact error above the 

diffraction limit was shown to be governed by the matrix De(f) . Since De(f) is a 

diagonal matrix and the values on the main diagonal are less thi=\,n one for all spatial 

components which govern errol' amplification outside the region of support of the 

object (when the approximate location in space is known apriori), a Baseline MAP 

spacelimiting phenomenon is observed. This corresponds in the spectral domain 

to an extension of the bandwidth of the estimate. This property is observeu to 

be somewhat similar to the space limiting ability of the Gerchberg - Papoulis 

algorithm. It is this featl\l'e of the Baseline MAP algorithm which is believed to 

govern the super resolution ability of this particular image restoration method. 

The notion of rate of convergence was also addressed. The small but nonzero 

eigenvalues of [H] were shown to be the cause of the slow rate of convergence. 

The asymptotic rate of convergence of the Baseline MAP algorithm was shown 

to depend on the cut - off frequency value, We , of the OTF. Many numerical 

experiments, as well as discussions with colleagues in the area of super resolution 

imaging seem to support this theory. The number of iterations required to achieve 

convergence was found to significantly decrease as the cut - off frequency of the 

OTF was decreased, i.e., as the radius of the first zero of the associated PSF 

was increased. Thus, the algorithm is believed to work best in cases where super 

resolution may be most needed, i.e., severely blurred images. By "work best" we 

mean that the algorithm seems to be more reliable in these super resolution cases, 

i.e., the algorithm is more stable and requires less iterations to achieve convergence, 
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but the algorithm as we can see mayor may not produce "better" estimates in 

the sense of some other optical criteria. This is a topic which is currently under 

investigation. 

5.2 Recol1uuendations 

We have explored the problem of acceleration of convergence. By examining the 

form of the exact error amplification matrix, [G",(f)] , associated with the Baseline 

MAP algorithm, an acceleration parameter, Q' , may be placed in the algorithm 

which will result in an ever so slight increase in the asymptotic rate of convergence. 

It is recommended that caution be used when inserting this parameter. One must 

be sure that too large a value of Q' is not used. We have seen that the optimal 

value of Q' is less than 01' equal to 2 and this value may have to be calculated each 

iteration. The precise optimal value of Q' has not been determined, but we can 

find a slight under approximation for the parameter. This can easily be done as 

follows. Since we found 

(5.1 ) 

We recommend that each iteration we do the following. Calculate 

and use this value in the definition of the optimal acceleration parameter an 

in Equation (4.25). This strategy has proven useful as the number of iterations 

required to achieve convergence of the residual signal is considerably reduced when 

when the suggested acceleration parameter is used. 
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The first and most important recommendation for future work on the Baseline 

MAP algorithm is to investigate the approximate size of the region, S , which 

produces convergent super resolved fixed points. This region was shown to exist 

but its size and a more precise definition would be important to us in order to 

better estimate any other (if any) convergent starting vectors. 

Another topic for future work would be to investigate the super resolution 

ability of other nonlinear image restoration algorithms. This will be an important 

and defining characteristic of future super resolution methods. The study of this 

property will be worthwhile for two reasons. First, we want to study how any high 

frequency improvements are made in the restoration process and second, we want 

to study this property in order to develop better future super resolution image 

restoration algorithms. 

Analyzing the spectral radius of the error amplification matrix associated with 

an iterative algorithm is key to demonstrating convergence. The method of inves

tigating the magnitude of the largest eigenvalue of the growth matrix associated 

with eigenvectors that lie in the range of the PSF matrix [H] has proven useful 

in demonstrating the convergence of the iterative Landweber algorithm [Strand 

(1974)] as well as the Baseline MAP algorithm. Analyzing the eigenvalues of the 

exact error growth matrix associated with exact error above the diffraction limit 

is key to studying the super resolution ability of an image restoration algorithm. 

For the iterative Landweber algorithm, this matrix is I. This means that no 

high frequency improvement on the exact error is made. For the Baseline MAP 

algorithm this matrix was found to be De(J) . This was the key to Baseline MAP 

space limiting. In conclusion, defining the exact error amplification matrix associ

ated with exact error above the diffraction limit for an arbitrary image restoration 

method is necessary for studying the super resolution ability of an iterative image 

restoration algorithm. 
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