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ABSTRACT 

In cancer prevention research, intermediate markers are often used. In colon 

cancer one such biomarker is the colon crypt labelling index which attempts to 

measure the proliferation rate for colon tissue. Another suggested biomarker is an 

upward shift in the location of cell proliferation occurring in the crypt columns. 

For each person on study, there a varying number of crypt columns available to 

study the biomarkers, where each crypt column contains on average sixty epithelial 

cells. The information available for each crypt column is an ordered sequence of 

zeroes and ones where a one indicates the cell is dividing and a zero indicates it is 

not. 

We consider modeling the probability of a cell dividing as some nonlinear func

tion of its position in the crypt column and crypt-specific parameters. Several 

functions are fit to a large data set. The parameters are estimated using the 

conditional likelihood function assumed for each crypt column, called a two-stage 

estimation approach. From the functions considered, a particular model is chosen 

to be explored in more detail. To study the biomarkers, we reparameterize to the 

area under the curve and the mode. 

Through Monte Carlo simulations, the power of these proposed summary mea

sures is compared to the power of the methods currently being used to study the 

biomarkers. We find that some of the methods currently being used are inappro

priate. We also find that our proposed analysis outperforms the commonly used 

compartmental approaches in detecting an upward shift of cell proliferation, even 

in the case when the true function is different from the chosen model. A general 

conclusion from the simulation studies is that a difference in the cell proliferation 

rate between the groups may affect the analyses used to detect an upward shift. 

An alternative estimation approach, used instead to estimate person-specific 

parameters, is also briefly examined. This one-stage estimation approach is found 
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to be much more computationally involved than the two-stage estimation approach. 

The proposed analysis is also used to analyze two different data sets. 
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Chapter 1 BACKGROUND INFORMATION 

1.1 Introduction 

In this chapter, we discuss the background information on two intermediate 

markers which have been proposed to aid in colorectal cancer prevention. In sec

tion 2, we discuss the role of intermediate markers in colon cancer, the proposed 

biological mechanisms and causes of the disease, and the reason why researchers 

have tended to restrict their focus to certain high risk groups of the disease. In sec

tion 3, the role tritiated thymidine has played in the hypothesis generating phase 

of proposing biomarkers is explored, and two biomarkers that have come out of 

this phase are presented. In section 4, we explore the inconsistencies found in the 

case-control studies and the intervention studies which have been conducted using 

the two proposed biomarkers as the endpoints of interest, and we propose that 

some of these inconsistencies may be due to the various statistical methods used 

in these studies. In section 5, the protocol of a study that was conducted at the 

Arizona Cancer Center is given. The topic of this dissertation originated from this 

study. In section 6, some of the statistical issues that are involved in this problem 

will be discussed. 

1.2 Colorectal Cancer 

Colorectal cancer is one of the most common cancers in the United States 

with 149,000 new cases and 56,000 deaths projected for 1994 [2]. For early stages 

of the disease, treatment tends to be partial removal of the large bowel. However, 

these resected colon cancer patients tend to be at increased risk for recurrence of 

the disease [54]. In addition, once colorectal cancer advances to certain stages, 

there appears to be no real effective treatment. Thus studying ways of prevention 

for the disease is of major interest to researchers. Two factors which seemed to be 
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linked to colon cancer are genetic factors and environmental factors, such as diet 

[51]. With this in mind, diet may offer some hope for prevention of the disease. 

Because malignancy is often a slow process and relatively rare to occur, re

searchers are often trying to identify intermediate markers (also called intermediate 

endpoints or biomarkers) to speed up the research process for cancer prevention 

[67]. According to Susan Ellenberg, "intermediate markers are events occurring in 

the course of the disease that are believed to be precursors of the ultimate out

come of primary interest" [25]. Once hypothesized, intermediate markers are used 

to identify high risk patients, to study progression of disease, and to determine the 

effectiveness of prevention and/or intervention agents. In the latter case, the inter

mediate marker is often referred to as a surrogate endpoint. However, to propose 

possible intermediate markers for colon cancer that could aid in discovering pre

ventive agents, researchers need to determine the possible biological mechanisms 

by which the disease develops. Thus researchers must go through a hypothesis 

generating period where possible biomarkers are discovered and suggested. 

Two biological processes have been proposed to explain the development of 

colorectal cancer. The first one is called the polyp to cancer sequence [21] which 

is also known as the adenoma to carcinoma sequence [61]. A polyp is a general 

descriptive term for benign tumors that grow on the inner lining of the colon and 

rectum. Polyps tend to be of various sizes and shapes and are often macroscopically 

visible. While it is estimated that only 5% of all adenomatous polyps become 

malignant [44], polyps are still considered to be potentially precancerous. Thus 

individuals with polyps are believed to be at greater risk for colon cancer than the 

general population. However, the degree of the risk is believed to vary based upon 

differences noted in such things as the size, the number and the histology of the 

polyps [54]. For example, the presence of only a few small adenomas is believed 

to pose less of a threat for malignancy. Although not universally accepted, it is 
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widely believed that most colorectal cancers arise from adenomatous polyps. One 

approach to lower the risk of colorectal cancer for these patients with polyps is to 

remove them. However, as in the case of cancerous legions, it is not uncommon 

for polyps to recur [3]. Thus according to this hypothesis, malignancy is preceded 

by a visible benign growth. 

The alternative process to the development of colon cancer is called the de novo 

formation process [21]. Unlike the polyp to cancer sequence, the de novo formation 

process tends to occur endogenously and tends to offer no visible warning signs, 

thereby making detection of early stages difficult. However, even if cancers arise 

this way, it is known that patients with polyps have higher risk of the disease than 

the general population. 

Thus researchers have tended to restrict their focus to studying patients who 

possess visible warning signs such as polyps, because such patients offer some op

portunity for studying the progression to malignancy. Besides focusing on patients 

with isolated polyps, a great deal of attention has focused on patients with the 

disease called familial polyposis. This hereditary disease is characterized by the 

inner lining of colon being covered with polyps usually numbering in the thousands 

[54]. Patients with other diseases which are also characterized by having lesions 

on the inner lining of the colon are also considered at greater risk than the general 

population and have also been studied. One such disease is chronic ulcerative col

itis, which is characterized by inflammation of the inner lining of the colon and by 

the presence of ulcers. Another group considered at increased risk for colon cancer 

are relatives of those with familial polyposis and colorectal cancer since these con

ditions tend to be hereditary. Therefore, these groups considered at greater risk 

than the general population (especially those with polyps) have been the focus of 

studies used to search for intermediate markers which precede malignancy. 

Before we introduce the proposed colon cancer intermediate markers, which our 
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statistical research will focus upon, it should be emphasized that several interme

diate markers have been and are currently being proposed for colorectal cancer. 

An example is one that has already been mentioned but has not been emphasized 

in this context: the presence of adenomatous polyps. The presence of polyps has 

been or is being used as a surrogate endpoint in some controlled trials where the 

patients are followed over time [26]. At the start of these studies, the patients 

undergo a complete colonoscopy to remove all polyps seen. Then the primary end

point of the studies is the recurrence of one or more polyps (a binary outcome). 

The hope is that intervention agents that reduce the recurrence of polyps may in 

turn be prevention agents that lower the incidence of colon cancer. 

However, once again, polyp formation is also a relatively slow process, and this 

has led researchers to also search for intermediate markers that precede polyp for

mation to speed up the research process of introducing effective prevention agents. 

Since polyps form on the inner lining of the colon, known as the luminal surface, 

it seems natural to examine tissue samples coming from this area to try to identify 

additional biomarkers and to try to understand the possible biological mechanisms 

by which polyps form. The search for possible intermediate markers that relate 

to the cell renewal process in the colon (and the biomarkers we will be focussing 

upon) will be the focus of the next section. 

1.3 The Search for Possible Biomarkers 

The inner lining of the colon is lined with a mucous membrane. It is believed 

that in a healthy person the inner lining of the colon is replaced by new epithelial 

cells every four to eight days [42]. The place where these new cells originate is 

the mucosa layer "which protects the epithelial cells by organizing them in test

tube like crypt columns" [11]. We often think of the crypt as having a right 

column and a left column even though no real dividing line exists. We usually use 
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the information in the columns rather than the whole crypt for reasons that will 

become apparent. 

Lipkin [42] suggests that each colonic crypt column can be broken down into 

three functioning zones, with the boundaries of these zones only being approximate. 

For a healthy person, it is believed that in each one of these zones, a specific process 

is occurring. Approximately the lower third of the colonic crypt is referred to as the 

proliferative zone, since it is the area where most of the cell proliferation occurs. 

This means that the lower third of the crypt is the dominant zone where cells 

synthesize deoxyribonucleic acid (DNA) and begin to undergo cell division. The 

middle third, called the transitional zone, is where cells undergo differentiation 

to become mature cells. However as the cells are going through this transitional 

phase, some cells continue to proliferate in this area. The upper third of the crypt 

column, called the mature cell zone, is where the mature cells are located to be 

extruded to replace the old cells on the lining of the colon. Once a cell becomes 

mature, it is unlikely that it will replicate again. Thus it is uncommon for cell 

proliferation to take place in this area. It is further believed that a crypt in the 

normal cell renewal process is in a state of equilibrium in the sense that the rate 

of new cells being produced is equal to the rate of mature cells being extruded to 

the luminal surface [13]. 

1.3.1 Role of Tritiated Thymidine 

This idea of the epithelial cells migrating to the luminal surface of the crypt 

columns to replace the old cells was first proposed in the late 1880's by Bizzozero 

[46]. From that time on, many attempts to visibly study and verify the proposed 

cell renewal process were undertaken. 

Prior to the 1960's, researchers used an in vivo technique using tritiated thymi

dine, a radioactive substance which is incorporated into the nucleus of epithelial 

cells which are synthesizing DNA as they begin cell division. Thus the role of the 
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tritiated thymidine is to identify those cells that are proliferating. This technique 

was usually done in patients that were considered seriously ill and in some instances 

in patients that were about to undergo surgery for resection of the large bowel. 

The in vivo technique involved intravenously administering tritiated thymidine into 

the patients under study. Some time after this, tissue samples were either biopsied 

from the rectum or obtained from the part of the organ removed so that the cell 

kinetics could be studied. However, the use of this in vivo technique was limited 

to preterminal patients because of the possible harmful effects of the radioactive 

substance to the patients [19J. 

This led researchers to investigate the in vitro technique of tritiated thymidine. 

For this technique, tissue samples are obtained first and then placed in tritiated 

thymidine. Thus patients are not exposed to the radioactive substance. 

To biopsy tissue samples of the colon, physicians advance a sigmoidoscope into 

the colon through the anus. Miniforceps can be guided through the sigmoidoscope 

by the endoscopist. The miniforceps are advanced to the colon wall, closed on the 

tissue, and upon retrieval of the forceps, the tissue sample is biopsied. Normally 

the tissue samples are biopsied only a short distance, say 10 centimeters, above 

the anal verge in the rectum. This is done because it is believed that a majority 

of all lesions of the colon and rectum lie within reach of a sigmoidoscope. More 

importantly, only going a short distance is less invasive to the patients. Sometimes 

researchers want to study unaffected (normal) mucosa versus affected mucosa in 

symptomatic high risk patients such as polyp patients. In this case, biopsies are 

taken from other desired locations throughout the large bowel usually a prespecified 

number of centimeters away from a growth. 

Once the biopsies are collected, they are placed in tritiated thymidine. During 

incubation, the tritiated thymidine is incorporated into cells that are beginning 

to undergo cell division (in S-phase). After incubation, the samples are placed 
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on paraffin where they are sliced cross sectionally in an attempt to get only one 

layer of cells. They are then mounted onto slides. The slides are then dipped into 

photographic emulsion and then stored in the dark for about 30 days. This process 

is similar to the development of photographic film. 

After the slides have been processed, they are placed under a microscope where 

the information of interest for each acceptable crypt is read and recorded by a 

lab reader. There are certain criteria for identifying acceptable crypts for mea

surement. Two of these are that the crypts need to be adequately stained to 

distinguish the labelled cells from the non-labelled cells and that the base and 

surface of the crypts must both be visible. 

Recall that the epithelial cells are stored in crypts which are comprised of right 

and left crypt columns. We are interested in identifying the cells that are prolif

erating. The tritiated thymidine is incorporated into cells that are proliferating 

giving them granular nuclei. Data is recorded for the left and right crypt columns 

separately. 

The lab reader determines whether each cell in the crypt column is proliferating. 

Starting from the base of the crypt column and continuing up to the luminal 

surface, a 1 is entered into the data base if the cell has met the granular nucleus 

criterion (interpreted as a proliferating cell) and a 0 is recorded if the cell has not 

met the criterion (interpreted as a non-proliferating cell). The granular nucleus 

criterion is that the number of visible grains in the nucleus exceeds some threshold, 

usually at least 4. Since we are using a labelling technique, we often interchange 

the terminology that the cell is proliferating versus not proliferating with the cell 

is labelled versus not labelled. 

Thus the data entered for each crypt column is an ordered sequence of D's and 

l's where the first number of the sequence indicates whether the cell in position 

one at the base of the crypt column is proliferating, the second number in the 
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sequence indicates whether the cell in position two is proliferating, and so on, until 

the last number of the sequence, which indicates whether the last cell of the crypt 

column seen near the luminal surface is proliferating. From this information, for 

each crypt column, we know the number of labelled cells, the total number of cells, 

and the positions of the labelled cells. For each person under study, we have an 

ordered sequence of O's and 1 's recorded for several different crypt columns, where 

the lengths of these ordered sequences (that is, the number of cells in the crypt 

column) are not fixed but also vary from column to column. 

This type of data has not only aided in the study of the cell renewal process 

for the epithelial cells located in the mucosa of the colon but has also aided in 

discovering a hypothesis of how polyps are formed and has suggested some possible 

biomarkers to be used in cancer prevention. 

1.3.2 Two Proposed Biomarkers 

In some studies using the tritiated thymidine labelling techniques to study 

the cell kinetics of the epithelial cells, it was reported that the migration process 

from the base of the crypt to the luminal surface tended to be different in healthy 

patients than in high risk patients. This in turn has led to a hypothesis about 

polyp formation and/or colon cancer. 

In the early small studies done in the 1960's [13, 19] using tritiated thymidine, it 

was noticed that in familial polyposis patients cell division was taking place in the 

upper third of the crypt columns. However, the lower third of the crypt columns 

was still considered the dominant zone for cell proliferation. It seemed as though an 

extension of the proliferative zone had occurred. Following this initial finding, this 

characteristic was also observed in patients with "isolated polyps, asymptomatic 

relatives of familial polyposis patients, ulcerative colitis patients, patients with a 

history of cancer, and even in some members of the general population [18]. This 

characteristic began to be referred to as either the Phase 1 abnormality [42] or as 
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the Stage I abnormality [18]. Lipkin further explained that during the onset of 

this stage that the cell renewal process is still in its equilibrium state, that is, that 

the birth rate is still equal to the extrusion rate for the epithelial cells. However, 

since this abnormality was seen in the general population it was suggested that 

this defect may be just a slight deviation from the normal pattern and that this 

may just be due to the aging process since it is not uncommon for older patients 

to develop polyps [18]. 

After the discovery of this abnormal characteristic, researchers tried to identify 

other abnormal proliferative characteristics that would help them better under

stand the process by which polyps are formed. One such hypothesis suggests that 

there are three stages which may lead to the formation of polyps on the inner 

lining of the colon [18]. The first stage is just the Stage I abnormality previously 

mentioned which is an extension of the proliferative zone. This just means we 

expect to see more cells dividing in the upper third and less in the lower portions 

of the crypt columns. In 1977, Maskens and Deschner claimed to have discovered a 

second shifting abnormality when comparing controls to colorectal patients, which 

led to what they call the Stage II abnormality [52]. The second stage is character

ized by a shift (as opposed to an extension) of the proliferative zone from the lower 

third to the middle third and in even more extreme instances to the upper third 

of the crypt columns. This means that most of the cell proliferation takes place 

in the middle and upper thirds of the crypt columns which is quite different from 

the normal cell renewal process where most of the cell proliferation takes place in 

the lower third of the crypt columns. 

Following this description of the Stage II defect, Deschner noticed an increase in 

the percent of cells proliferating in some of the crypt columns possessing the Stage 

II defect which she called the Stage III defect [18]. This stage is similar to the 

Phase II abnormality Lipkin proposed in 1974 [42]. He suggested that in the Phase 
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II abnormality there is an accumulation of the cells in the crypts possibly caused 

by the birth rate of the cells being greater than the extrusion rate. This means 

that at some point following the Phase I abnormality, the epithelial cells begin 

to proliferate excessively and thus accumulate in the mucosa, thereby giving the 

crypts involved a higher chance of producing neoplasms, a general term for growths 

of cells or tissues [43]. Lipkin [50] further suggests that having more immature, 

proliferating cells located near the luminal surface allows them to be exposed to 

possible carcinogens traveling through the colon which in turn increases the risk of 

colon cancer. Thus these three stages suggest a possible process by which polyps 

are formed. 

Researchers have proposed two biomarkers for colorectal cancer based on these 

hypothesized stages. One of the biomarkers is an excess in cell proliferation. The 

other biomarker is an alteration in the distribution of proliferating cells. This can 

either mean an extension of cell proliferation to the upper portion of the crypt 

columns or a shift in where most of the cell proliferation is occurring in the crypt 

columns. In this dissertation, this biomarker will usually be referred to as an 

upward shift in cell proliferation. 

Researchers have attempted to validate these intermediate markers in unmatch-:-d 

case-control studies where those considered at greater risk than the general pop

ulation for colorectal cancer (e.g. patients with polyps) are the cases being used. 

These intermediate markers are also being used as surrogate endpoints in inter

vention studies. At the same time, researchers are also introducing other non

radioactive labelling agents such as 5'bromo-2'-deoxyuridine (BrdU) and the more 

recent proliferating cell nuclear antigen (PCNA). These other labelling agents tend 

to be less time-consuming methods of studying the intermediate markers than the 

use of tritiated thymidine. 

In the next section, several case-control studies will be discussed which have 
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been conducted to confirm these biomarkers. We do not make a distinction about 

what labelling technique was used in each study, since we take the view that all of 

these labelling techniques are attempting to measure the same quantities. 

1.4 Inconsistencies in Initial Validating Steps 

Beginning in the 1970's and continuing until present, several case-control 

studies have been done which focus on confirming these proposed biomarkers. 

These studies compare the two proposed biomarkers in controls and in patients 

from each of the previously mentioned groups considered to be at increased risk 

for colon cancer. A vast majority of these studies actually involve comparing 

controls to patients with adenomatous polyps and/or colon cancer. This idea of 

confirming these proposed biomarkers is one of the initial steps needed to validate 

the intermediate markers. In addition, several intervention studies which have 

focussed upon the effects of dietary interventions began to be conducted in the 

late 1980's. In these studies the proposed intermediate markers were used as the 

surrogate endpoints. For these intermediate markers to be valid, there must be 

some consistency among these studies and there must be evidence that altering 

the intermediate markers also alters the risk. However, there are inconsistencies 

among the results in some case-control studies as well as among the results of some 

intervention studies. 

1.4.1 Case-Control Studies 

Some case-control studies claim to have shown statistically significant differ

ences (using a = 0.10) for both biomarkers between controls and those with colon 

cancer [51, 62, 63, 72] and between controls and those with adenomatous polyps 

[51, 62, 63, 64, 72, 74]. On the other hand, there are other studies which have 

claimed that they were only able to show a statistically significant upward shift 

for those with colon cancer [55, 58] and/or for those with adenomatous polyps 
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[3, 5, 55, 58] when compared to the controls. Other studies claimed to have only 

shown an excess in cell proliferation for the case group when compared to the con

trol group [48, 69, 73]. There have been inconsistencies in studies which focussed 

on studying differences between subgroups of patients with polyps. 

There have been at least three studies which have investigated the idea of sub

dividing the patients with polyps into groups based upon the size of the polyps 

present to determine if patients with larger polyps were at greater risk of colon 

cancer than patients with smaller polyps. Each one of these studies reached dif

ferent conclusions. All three studies subdivided the patients with polyps into the 

following two groups: (i) a group of patients with polyps less than 10 millime

ters in diameter, and (ii) a group of patients with at least one polyp greater than 

10 millimeters in diameter. While one study claimed to have achieved statistical 

significance for both biomarkers when comparing these two groups [72], another 

study only claimed a statistically significant upward shift for the large polyp group 

as compared to the small polyp group [55]. The last study was unable to detect 

a statistically significant difference in either biomarker between these two groups 

[64]. 

Two other studies investigated the difference between patients who had polyps 

recur following polypectomy versus patients who did not have polyps recur. Again 

the two studies reached different conclusions. In both of these studies, all polyps 

were removed at the first examination, and then the patients were followed for 

about a 2 year period. At the end of the study, these patients were either placed 

in the recurrent group or in the nonrecurrent group based upon whether or not 

any new polyps formed over the course of the study. One study [3] concluded that 

there was a significant upward shift for each of the case groups when compared to 

the control group. Though both groups had a higher mean labelling index than 

the control group, only the recurrent group reached statistical significance for this 
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biomarker. In addition, a statistically significant upward shift was observed when 

the recurrent group was compared to the nonrecurrent group. 

On the other hand, the other study [64] obtained very different results. This 

study concluded that each of the case groups were statistically different from the 

control group with respect to both biomarkers. However, when comparing the 

recurrent group to the nonrecurrent group, neither biomarker reached statistical 

significance. In fact the mean labelling index for the recurrent group was slightly 

less than the mean labelling index for the nonrecurrent group. 

Thus it appears that these studies are finding different results about the biomark

ers when comparing cases to controls. It is natural to question why there are these 

differences. As one reads through the literature, one notices that these studies 

differ in the number of subjects on study, in the average number of crypt columns 

counted per subject, in the place where the biopsies are obtained, in the way the 

biopsies are prepared, in the average number of cells per crypt columns, and, most 

notably, in the statistical methods used to determine if there are differences in 

the biomarkers between the groups. While the same measure seems to be used to 

determine whether the case group has an excess in cell proliferation as compared 

to the control group, many different parameters have been suggested to study the 

upward shift of cell proliferation. The inconsistencies in the case-control studies 

are most likely due to lack of adequate power. However, the use of different mea

sures in studying the upward shift of cell proliferation may also be accounting for 

some of these inconsistencies. These differences in the statistical methods currently 

being used in the literature will be discussed in the next chapter. 

In addition to these biomarkers, another possible biomarker was suggested from 

the results of a case-control study done in 1985 [51]. The researchers found a 

significant reduction in the number of epithelial cells per crypt column in the high 

risk group as compared to the low risk group. Thus, the researchers suggested that 
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this might also be a possible biomarker for colon cancer. They claimed that risk 

of colon cancer may be associated with a rapid extrusion rate of epithelial cells 

near the luminal surface and an increased proliferation rate in the rest of the cells 

located in the crypt columns. However, this tends to be contrary to the Phase 

II abnormality [42] which suggested that there is an accumulation of cells in the 

crypts for those at increased risk of colon cancer. 

There are also discrepancies among the reported case-control studies regarding 

the question of an increased risk of colon cancer associated with changes in the 

number of epithelial cells per crypt column. Most studies did not test for this 

biomarker. Only simple statistics were presented for this variable such as the mean 

for the group and its standard error. For some of these studies [3, 4, 5, 55, 58, 72] 

which did not test for a difference in this biomarker, we used the information given 

to test to see if there was a difference between the two groups to compare the 

results across the studies. 

Some studies suggest there is a significant increase in the number of cells per 

crypt column for the patients with polyps and/or colon cancer [55, 58, 72], while 

other studies claimed to have found a decrease for this same variable in these same 

groups [48, 51]. There are other studies which were unable to detect a difference 

between the control group and those at increased risk for colon cancer for this 

hypothesized biomarker [3, 4, 5, 63, 64,69, 74]. 

However, it should be pointed out that most researchers do not focus on the 

number of cells per crypt column as a biomarker. Rather they simply check to 

see that the groups are roughly comparable for this variable. It should be clear 

that if there is a difference between the groups for this measure, we would need to 

determine how this difference might have an impact on the other two biomarkers. 
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1.4.2 Dietary Intervention Studies 

Carefully planned studies, called clinical trials, are used to study the effects 

of dietary interventions. In cancer prevention, these studies are often carried out in 

three phases called Phase I, Phase II, and Phase III trials [32]. Phase I trials focus 

mainly on identifying possible toxicities caused by the intervention agent. Phase 

II trials tend to be fairly small studies which begin to study the effectiveness of the 

intervention agent, while still monitoring the safety of the agent. Phase III trials 

are larger studies which are conducted to evaluate the effectiveness of the agent. 

In Phase II trials it is not unusual to use the proposed intermediate markers to 

evaluate the effectiveness of the agent, whereas in Phase III trials the endpoint 

needs to be the medical condition being studied such as cancer incidence or polyp 

recurrence [32]. 

In these trials, patients are often accrued over time. However, barring complica

tions, the patients are usually followed for the same specified length of time. While 

the patients are on study, the outcome of interest, as well as some other secondary 

variables, are measured at various time points. This type of data where we have 

obtained multiple measurements for each person sampling over time is often called 

longitudinal data. 

Since the late 1980's, several Phase II trials have been conducted to investigate 

whether dietary supplements lower the risk of polyp recurrence in resected polyp 

patients and/or lower the risk of colon cancer incidence in the high risk groups. 

Most of these studies have used an excess in cell proliferation as the endpoint to 

answer this question. Some of the dietary interventions that have been studied are 

calcium, wheat bran fiber, and various vitamins. 

Calcium is the dietary supplement which seems to .'~ave been studied most often 

in this setting. There have been several uncontrolled Phase II trials conducted to 

study the efficacy of calcium as well as a few randomized, controlled Phase II. trials. 
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For these dietary intervention studies, a randomized, controlled trial is one in which 

the patients on study are randomly assigned to either the placebo group, which 

serves as the reference group, or to the treatment group, which receives the agent 

under study. On the other hand, an uncontrolled trial is one in which all patients 

on study receive the agent under study. According to Pocock, "uncontrolled studies 

are much more likely to lead to enthusiastic recommendation of the treatment as 

compared with properly controlled trials" [57]. 

This appears to be the case in studying calcium as an intervention agent. Four 

small uncontrolled studies claim that calcium is an effective agent in lowering the 

cell proliferation rate [11,49, 50, 65]. On the other hand, three small randomized 

controlled trials were unable to reach this conclusion [9, 35, 70]. In one of these 

studies [70], the investigators noticed an overall reduction in cell proliferation in 

both the control group and in the calcium group. Thus the researchers wondered 

if the positive results from the uncontrolled trials were actually due to a calcium 

effect or were just due to natural variations over time in cell proliferation. 

There have also been a few small studies conducted to investigate the effects 

of wheat bran fiber and vitamins [1, 55, 56]. These studies possibly suggest that 

these dietary interventions may help, but are inconclusive because of the small 

sample sizes. Thus this has led to larger randomized, controlled clinical trials being 

launched in the hopes of addressing the effectiveness of these dietary interventions. 

One such trial has been done at the Arizona Cancer Center. The data arising from 

this study initiated the work of this dissertation. 

1.5 An Example of a Dietary Intervention Study 

A double-blind, randomized Phase II dietary intervention trial was conducted 

at the Arizona Cancer Center to study the possible effects of fiber and/or calcium in 

decreasing cell proliferation in the colon. The subjects were resected polyp patients 
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who had had their polyps removed within 24 months of their study entry. The 

study used a factorial design where the two factors, fiber and calcium, were each 

administered at high and low doses. The study also has a longitudinal aspect, 

since multiple biopsies (usually one to four) were taken at three different time 

points over the course of the 12 months on study. The goal of the study was to 

see if an increase in fiber and/or calcium intake decreases the rislc of recurrence of 

adenomatous polyps (and hence decreases the rislc of colon cancer). The surrogate 

endpoints used to answer these were a reduction in cell proliferation and a shift in 

where most of the cell proliferation was occurring in the crypt columns. 

1.5.1 Protocol of Study 

This double-blind, randomized phase II dietary intervention study included both 

males and females with a total sample size of 99 subjects on study. The ages of 

the subjects ranged from 50 to 75 years. Each patient was followed for 12 months. 

The first three months on study were considered a compliance evaluation period 

(sometimes referred to as a run-in period) where the subjects were given 2 grams 

of wheat bran fiber and 250 milligrams of calcium to be taken daily. This regimen 

would be the same as that to be given to the low fiber and low calcium group. In 

this sense, this regimen would serve as the placebo. Neither the patient nor the 

patient's gastroenterologist were aware that this was a run-in period. 

At the end of the run-in period, compliant patients were randomly assigned 

to one of the following four treatment groups: the low fiber and high calcium 

group (treatment = 1), the high fiber and high calcium group (treatment= 2), 

the low fiber and the low calcium group (treatment = 3), or the high fiber and 

low calcium group (treatment = 4). The low dose of fiber was 2 grams versus 

13.5 grams for the high dose group. 250 milligrams of calcium was given to the 

low dose group, whereas 1500 milligrams was given to the high dose group. The 

fiber was administered through boxes of cereal which were specially designed to 
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contain the two different levels of fiber needed. Calcium was administered through 

six calcium supplement tablets, where each tablet contained 250 milligrams of 

calcium. The low calcium group also took six tablets daily where one tablet was a 

calcium supplement but the other five tablets were placebo. 

A sigmoidoscopy for the purpose of obtaining multiple rectal mucosa biopsies 

was performed on each subject at each time point. The time points were at month 

3 (just prior to randomization following the compliance evaluation period), at 

month 6 (after being on treatment for 3 months) and at month 12 (at the end of 

the study after being on treatment for 9 months). Thus repeated measurements 

over time for each subject were obtained, thereby giving the longitudinal aspect to 

the factorial design. The biopsies obtained at the first time point are the baseline 

measurements which will be referred to as the measurements taken at sequence 

equal to 1. Similarly, the biopsies obtained at the second and third time points of 

interest will be referred to as the measurements taken at sequence equal to 2 and 

3, respectively. 

The labelling agent used in this study was tritiated thymidine administered in 

vitro. The slides were prepared and processed as described earlier. The slides 

were searched for acceptable crypts for measurement and the ordered sequences 

of D's and l's recorded for each crypt column. However, since this was the first 

major study of this type done at the Arizona Cancer Center, it was believed that 

a learning curve took place over the course of counting the slides. Thus, it was 

decided that the entire set of prepared slides would be searched again for acceptable 

crypts for measurement with more stringent criteria used the second time. Thus, 

a second set of data, the recounted data, was obtained. The recounted data set 

will be used in this dissertation and will be discussed in detail next. 
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1.5.2 Layout of Data 

We will be using the recounted data from the fiber-calcium study to explore 

an approach of modeling this type of data. The data was recounted by one lab 

reader, who entered into a data base an ordered sequence of O's and l's for each of 

the 3147 acceptable crypt columns found. There were 24, 23, 25, and 27 subjects 

in treatment group 1,2,3, and 4, respectively. For each person at each time point 

in this data set, the information of interest is available for 1 to 58 crypt columns, 

with a mean number of 12 crypt columns counted per person and sequence. Recall 

that for each crypt column, the lab reader enters into a data base a sequence of 

zeros and ones indicating the outcome of each cell (0 not labelled; 1 labelled) in the 

order that the cells appear in the crypt column. The counting starts at the base of 

the crypt column and continues up to the luminal surface. For this particular data 

set, the number of cells per crypt column ranges from 40 to 86, with the mean for 

the entire data set being approximately 60 cells per crypt column. The number 

of labelled cells per crypt column ranges from 0 to 26 with a mean for the entire 

data set of 4.28. The proportion of labelled cells (often refered to as the labelling 

index) per crypt column ranges from 0 to 0.41 with a mean of 0.07 for the entire 

data set. 

This entire data set can be written notation ally using 

letting 

if the mth cell of the lth crypt column of the kth sequence 
for the jth person in the ith treatment group is labelled 

otherwise; 

I = the number of groups in the study; 

Ji = the number of people in the ith treatment group; 
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Lijk = the number of crypt columns for the kth sequence of the jth person in 

the ith treatment groupj 

nijkl = the number of labelled cells in the lth crypt column of the kth sequence 

for the jth person in the ith treatment groupj 

tijkl = the total number of cells in the lth crypt column of the kth sequence for 

the jth person in the ith treatment groupj 

withi=1,2,3,4j j=1,2, ... ,Jij k=1,2,3j 1=1,2, ... ,Lijkj m=1,2, ... ,tijkl' 

This is the standard notation that will be used throughout this dissertation. 

Vector notation, Y;jkl = (l'ijkl1, l'ijk/2, ... , l'ijklm), will be used for the ordered se

quence of O's and l's for the Uh crypt column of the kth sequence for the jth 

person in the ith treatment group. The following convention for any subscripted 

variable Z will be used: 
J 

Zi. = EZij 
j=1 

The variable Xijklm will stand for the relative cell position of the mth cell in 

the Uh crypt column of the kth sequence for the jth person in the ith group. The 

relative cell position is the ratio of the cell position in the crypt column to the 

total number of cells in the crypt column, that is, 

m 
Xijklm = -t -. 

ijkl 

While the data set comes from a dietary intervention study where repeated 

measurements have been obtained over time for each person (subscripted by k), 

most of our research focuses on being in the setting of comparing two groups where 

observations over time have not been obtained. When we are in this alternative set-

ting where measurements have not been obtained over time, the previous notation 

will still be used with the subscript k omitted. 

The subscripted notation makes it possible to identify the sources of variability 

that are present in the data set. It should be clear how this notation can also 
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be extended to include other sources of variability which have been adequately 

collected, for instance, which biopsy the crypt column has been obtained. However, 

this information was not adequately recorded for this particular data set, and it is 

therefore not considered here. 

1.6 Discussion of Statistical Issues Involved 

In this section, some of the statistical issues involved in this problem are 

discussed. We will first briefly introduce the parametric approach used in this dis

sertation where a model is fit to the ordered sequence of binary data. In addition, 

we point out some of the interesting features of the data and discuss some appro

priate ways to deal with the repeated measurements on each person. The setting 

of comparing two groups where measurements have not been obtained over time 

will be considered first. Following this, some ways of dealing with the additional 

measurements obtained over time for each person will be discussed. 

1.6.1 Modeling Idea 

For each crypt column there is an ordered sequence of D's and l's from which 

we can determine whether the cell is labelled (coded as one) or not labelled (coded 

as zero) at any cell position. Since we are interested in the labelled cells, one may 

say we have a success if the cell is labelled and we have a failure if the cell is not 

labelled. Let 

if the mth cell of the lth crypt column of the kth sequence 
for the jth person in the ith treatment group is labelled 

otherwise. 

Then Yijklm is a Bernoulli random variable with Pijklm as the probability for success 

(cell being labelled), that is, 

Yijklm ,..., Bin(l,Pijklm)' 
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Based on the physiology of the problem, it makes sense that these l'i;klm's might 

be correlat.ed within the same crypt column. 

The goal is to use the binary data to obtain information about the most precise 

risk factor or the effect of intervention, where the most precise risk factor is defined 

as the factor which "best" discriminates who is at risk. Another term that could 

be used is the most prognostic factor. 

We first note that we are not interested in the case for which the Pi;klm'S are 

constant within a crypt column, because that would suggest that the biological 

explanation of the cell renewal process (see beginning of section 1.3) in the colon 

is not true. For the cell renewal process to be true, the probability of a cell being 

labelled (Pijklm) should be dependent upon its position in the crypt column, that 

is, it would make sense that Pijklm is some function 11" of the cell position m and a 

possible vector of parameters, ~jkl' 

In this dissertation, we will attempt to find a reasonable function 11" which may 

possibly be used to model 

where ~jkl is a vector of parameters which gives information about the most precise 

risk factor or effect of intervention for the lth crypt column of the kth sequence 

for the jth person in the ith treatment group. We further assume that 

where F is some multivariate distribution function with person specific parameters 

~;k. We note that a vector-valued transformation of the parameters ~jkl can be 

used if needed to produce more accurate prognostic factors. 

We have written the ~jkl as though it is a crypt-specific vector, meaning each 

crypt column has its own parameters. However, it is quite possible that the crypt 

columns are just replicate measurements of a common random variable so that the 
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parameter vector is only person-specific. This means that the parameter values 

for each crypt column within the same person and sequence would be the same. 

Non-parametric modeling approaches at the person level have been done at the 

University of Minnesota. However, since polyps and/or colon cancer tend to be a 

localized disease starting with a single cell within a crypt column, we have decided 

to model the binary data available at the crypt column level. 

Notice also that we have stated the useful information in terms of the most 

precise risk factor or effect of intervention rather than the proposed biomarkers. 

This is because (i) this would be the ultimate goal, and (ii) the proposed biomarkers 

have not been adequately validated as the most precise risk factors. However, 

identifying the most precise risk factor would be next to impossible at this stage, 

since it would require the availability of large case-control studies. Thus, we will 

mainly be focussing on considering vector-valued functions 9 of ~.ikl which give 

information about the proposed biomarkers. With this in mind, the main focus of 

this dissertation is not to validate the proposed biomarkers. It is to address the 

main question that if a function 7r is found which reasonably fits the binary data 

at the crypt column level, do we gain any improvement over the non-parametric 

approaches currently being used in the literature to study the biomarkers. 

Before discussing some appropriate ways to deal with repeated measurements on 

a person, we point out some useful mathematical interpretations for the biomark

ers. Suppose Pijklm is some function 7r of the cell position in the crypt column. If 

all probabilities of cells being labelled within a particular crypt column are greater 

than or equal to their "normal" values with at least one of the probabilities strictly 

greater than its normal value, then there is an excess in cell proliferation for the 

crypt column. If the Pijklm 's have increased only for those cells located in the upper 

portion of the lth crypt column with the probabilities in the lower two-thirds of 

the lth crypt column decreasing or remaining the same, then there has been an 



37 

extension of cell proliferation into the upper portion of the crypt column. When 

there is a shift in the location of the maximum of the function, this suggests a shift 

in where most of the cell proliferation is occurring within the crypt column. We 

attempt to find parameters which have interpretations as the proposed biomarkers. 

Next we discuss appropriate ways of dealing with repeated measurements. 

1.6.2 Repeated Measurements at a Given Time 
Point 

Consider the setting of comparing two groups where measurements have not 

been obtained over time for each person. This corresponds to the setting where a 

control group (i = 0) is being compared to say a group of patients with sporadic 

polyps (i = 1). This could also correspond to the setting of comparing a control 

group (i = 0) to a treatment group (i = 1) where measurements have only been 

obtained after treatment. Although measurements have not been obtained over 

time for each subject, we still have repeated measurements for each subject in that 

a varying number of ordered sequences of O's and 1 's for each subject has been 

counted. 

Suppose a generic measure Z has been calculated for each crypt column based 

on the ordered sequence of O's and 1 's, where the measure Z provides useful in

formation about one of the proposed biomarkers. An example of a statistic that 

is frequently calculated for each crypt column is the proportion of labelled cells 

which is calculated as 
"ti'l v LJn:=t I ij/m 

tijl 

and is called the labelling index. This statistic is calculated to give us some 

information about the cell proliferation rate. Another example of a summary 

measure is just an element of the vector ~jl where we have modeled Pr(l'ij/m = 

11m, tij/, ~j/) = 1r(m, tij/; ~j/). In the next chapter, the various summary measures 

that are currently being used in the literature to study the proposed biomarkers 



38 

will be discussed. But for now, we consider that a generic meaSure Zjjl has been 

calculated for each crypt column in the data so that we no longer have the ordered 

sequence of O's and 1 'so 

However, once the ordered sequence of O's and 1 's has been summarized into 

a single measurement, there are still repeated measurements for each person (one 

observation for each crypt column available). Since measurements come from the 

same person, the Zjj/'S are likely to be correlated. Thus, these summary measures 

calculated for each crypt column should not be used in a statistical analysis which 

calls for independent observations. 

1.6.2.1 Obtain One Observation Per Person 

One approach to deal with the repeated measurements on a person is to 

calculate one observation per person. Once this has been done, these observations 

can be used to compare the two groups by any standard hypothesis test which 

requires independent observations. 

We will consider two ways of obtaining one observation per person from our 

modeling idea. One way considered is to first estimate the crypt-specific param

eters ~jl based only on the crypt column's information. The crypt-specific pa

rameters will be estimated using the conditional likelihood of the }ijklm'S. Then 

focussing on one element of the vector-valued function 9 of ~j" these observations 

will be collapsed across the crypt columns to obtain one observation per person. 

Collapsing across crypt columns will usually be done by calculating the average 

value. This approach will be discussed in great detail in Chapters 3 and 4. 

An alternative approach to estimation is to bypass estimating each of the indi

vidual crypt column parameters and only estimate the person-specific parameters 

(~j). This can be done by sharing information across the crypt columns within 

the same individual and by incorporating the prior distribution function (F) of 
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the ~j/'S into the likelihood function. This approach will be briefly discussed in 

chapters 3 and 6. 

While this may be one of the most common ways to deal with repeated mea

surements of this type, it is not the only way to deal with them. In fact, much 

research has been and is currently being done in this area. Next an alternative 

approach, called the mixed effects model, is presented. This alternative approach 

is a way of using the crypt-specific summary measures to test for a group effect, 

while accounting for the correlation that might exist between measurements on the 

same individual. Because we will use a mixed effects model to generate repeated 

measurements for subjects in our simulation studies, the assumptions used in this 

analysis will be discussed. 

1.6.2.2 Mixed Effects Model 

A mixed effects analysis of variance is used to model the data when some of 

the factors in the study are fixed effects and the others are random effects. Milliken 

and Johnson [53] define a factor as random "if its levels consist of a random sample 

of levels from a population of possible levels", and a factor as fixed "if its levels are 

selected by a nonrandom process or if its levels consist of the entire population of 

possible levels." 

In our situation a fixed effect is the group effect since these are the populations 

that have been selected to be studied. An example of a random effect in our sit

uation is a person effect, because we are interested in making conclusions about 

the populations being studied. A convenient consequence of including a random 

person effect is that it naturally induces correlation among the measurements ob

tained on the same person as will be seen once the notation for the mixed model 

is presented. 

Before presenting the notation for the mixed effects model, we also need to 
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point out another feature of the data collected. The data collected is hierarchical 

which in the analysis of variance framework is known as a nested design. Milliken 

and Johnson [53] define a factor A as nested under factor B "if each level of factor 

A occurs with only one level of factor Bn. For our case, the person effect is nested 

under the group effect, since a person is only in one group. 

Let Zijl = the summary measure for the lth crypt column of the jth person 

in the ith group. 

The mixed effects model can be written as: 

(1.1) 

where i = 0,1, j = 1,2, ... , Ji, and I = 1,2, ... , Lij. J.l is the overall population mean, 

Qi is the fixed ith group effect, f3ij is the random person effect for the jth person 

in the ith group, and fijI is the random error term. It is further assumed that 

f3ij ~ N(O, a$), fijI ~ N(O, a~), and that the random factors are all distributed 

independently of each other. Note that we have not included a random crypt 

column effect fijI because we have only measured each crypt column once and 

thus cannot separate a crypt column effect from the other sources of error found 

in the random error term. 

Under these assumptions, we have that 

E(Zij/) = J.l + Qi and 

where 

8 .. , = {I if j = j' 
JJ 0 otherwise. 

Thus the Lij x Lij covariance matrix Eij has entries given by 
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for every i and for every j. Notice that the main diagonal elements are all the 

same constant O'~ + 0': and the off-diagonal elements are ali the same constant O'~. 

A matrix having this property is called a compound symmetric matrix. 

From this, it is easy to see that the correlation between Zij/ and Zij/' for 1 '# l' 
is 

O'~ + 0'; 
V i and V j. This implies that the correlation between any two measurements for 

the crypt columns within the same person is not dependent upon which two crypt 

columns we are considering. This type of correlation is often called exchangeable 

correlation. Although we might expect that the summarizing measurements com

ing from crypts that are closer together to be more highly correlated than those 

further apart, the way we have sampled the crypts and recorded the information 

makes it next to impossible of knowing which crypts were neighbors. Thus, this 

assumption seems appropriate for our situation. 

This quantity 

0'2 + 0'2 {J ( 

is also known as the intraclass correlation coefficient of reliability. It is the ratio 

of the between subject variation to the total variation (the between plus within 

subject variation). As the ratio of the within subject variation to the between 

subject variation increases, then the intraclass correlation coefficient approaches 

its lower bound of 0, whereas as the ratio of the within subject variation to the 

between subject variation decreases, then the intraclass correlation approaches its 

upper bound of 1. Fleiss [29] states that an intraclass correlation coefficient of 

0.75 or higher represents excellent reliability, whereas values below 0.40 represent 

poor reliability. An obvious consequence of unreliable measurements is that it will 

require a much greater sample size to detect any group differences in our data sets. 

As is the case for any analysis of variance model, for the mixed model given 
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in equation 1.1, one may be interested in estimating, testing hypotheses, and con

structing confidence intervals for estimable functions of a, u~, and u: where the 

ith component of the vector a is ai. The methods for testing group effects using 

the mixed model analysis of variance are presented in Appendix A. For further 

information on the other topics consult Crowder & Hand [15] . 

While there are other ways to deal with repeated measurements of this kind 

(such as using the vector Zij = (Zijt, ... , ZijLii) in a multivariate analysis ap

proach), we only present the two we have just discussed. Next, we will focus on 

ways to deal with the additional repeated measurements obtained over time for 

each person. 

1.6.3 Additional Measurements Over Time 

Now suppose that we are in the dietary intervention setting where repeated

measurements have also been obtained over time for each subject. Rather than 

using the factorial design from our real data set, we again assume we are comparing 

a control group (i = 0) to a treatment group (i = 1). We further assume that we 

have obtained baseline measurements at one time point prior to randomization 

and that we have obtained after treatment measurements at only one time point. 

Such assumptions make a simplification of the setting for the clinical trial, but this 

setting retains the major elements of the problem. 

Suppose again a generic summary measure Z has been calculated for each crypt 

column in the data set which gives useful information about one of the proposed 

biomarkers. 

Let Zijkl = the summary measure for the lth crypt column of the kth sequence 

in the jth person for the ith group. 

There are several analysis approaches that could be used to test for a group effect 

on the summary measure, Z. However, we present only a few simple approaches 

we will use. The first approach is not one we will use to analyze the data, but is 
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the one used to simulate longitudinal data. By examining this analysis approach, 

we are able to identify the additional possible sources of variability that may be 

present in this setting. 

1.6.3.1 Mixed Effects Model in Longitudinal Setting 

As in the case-control setting, the mixed effects analysis of variance can be 

used to model the Zjjkl'S as follows: 

(1.2) 

where i = 0,1; j = 1,2, ... , J i ; k = 1,2; and 1 = 1,2, ... , Lijk. J.L is again the 

overall population mean; ai is the fixed treatment effect for the ith group; '7k is 

the occasion effect for the kth sequence; (:Jij is the random person effect for the jth 

subject in the ith group; (aTJ )ik is the interaction effect for the ith treatment and 

the kth occasion; «(:JTJ )ijk is the random interaction effect of the jth subject and the 

kth occasion within the ith treatment group; and fijkl is the random error term. 

It is further assumed that (:Jij ~ N(O, uffi), «(:JTJ )ijk ~ N(O, ul.o!}») , fijkl ~ N(O, u;), 

and that the random factors are distributed independently of each other. 

The TJk and (aTJ )ik can either be considered as both fixed effects or as both 

random effects depending upon whether we want to (i) make statements only 

about the specified time points or (ii) make more general statements about time. 

If '7k is considered a random effect, then (aTJ )ik will also be a random effect since 

an interaction term which involves at least one random effect is also random. 

If they are considered as random effects, then it will further be assumed that 

TJk ~ N(O, u~); (aTJ )ik ~ N(O, ulo !}»); and that they are distributed independently 

of the rest of the random factors in the model. 

Based on these assumptions, 
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1 if 1 = l' 

C orr( Zjjle/, Zjjlel') = if"'le is a fixed effect &1 ::J. l' 

This implies that the correlation of the generic measure Z between any two crypt 

columns in the same person at the same time point is the same. 

In addition, from the mixed model assumptions made, 

1 if 1 = l' & k = k' 

if 7]1e is a fixed effect &k ::J. k' 

~ 

~+ :1+ :I t1(! +:1 + 2 if 7]k is a random effect &k ::J. k' . 
t1., t1 P t1(Q.,) t1(p.,) t1. 

This implies that the correlation of the summary measure between any two crypt 

columns in the same subject at different time points is the same. In data sets where 

observations have been obtained over time for each person, this assumption may 

be inappropriate. Measurements taken on the same individual within a short time 

period might be more highly correlated than measurements taken at time points 

further apart. For an illustration of this point from our data set, we might want 

to assume that the first after treatment measurement is more highly correlated 

with the baseline measurement than the second after treatment measurement is. 

In such a case, we might not want to use the mixed model analysis of variance 

(see [10] for more details). However, we note that in our data, the labelling indices 

over time within a person are nearly uncorrelated, so there is no problem with this 

assumption. 

Since this mixed effects model will only be used to simulate longitudinal data, 

the details of how to test for group differences when using this mixed model anal

ysis of variance will not be presented. To determine what test statistic would be 
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appropriate, the sums of squares would need to be decomposed and the expecta

tions of the mean squares calculated (see [15] for details). Instead the details of 

three simple approaches that have been suggested by Frison and Pocock [33] to 

deal with repeated measurements over time will be presented. 

1.6.3.2 Three Simple Approaches to Deal with Longitudinal Data 

Frison and Pocock [33] consider the case where a single measurement for 

each person was obtained at each time point with several baseline measurements 

and after treatment measurements being obtained at different time points prior 

to randomization and following randomization, respectively. Thus, it is a little 

different from our data since we have obtained repeated measurements at each 

time point. They suggest averaging the baseline measurements that were taken 

at different time points to obtain a single pre-treatment summary measure. Simi

larly, they suggest averaging the after treatment measurements that were taken at 

different time points to obtain a single post-treatment summary measure for each 

person. Then using these averaged pre- and post- treatment summary measures, 

they examine three simple analysis approaches which make interpreting the results 

easier. 

Since our layout is a little different than the one they considered, we will first 

calculate one observation per person at each time point based on the Zijk/'S. One 

way this can be done is to compute the average of the measurements Zijk/'S across 

the appropriate crypt columns as follows 

L"k 

Z
- . . _ E/~~ Zijlcl 

'Jk. - L 
ijk 

While we have summarized the repeated measurements at each time point for 

a person, we still have repeated measurements over time for each person, which 

puts us in the setting they considered in their paper. If, in our situation, we have 

obtained measurements at more than one time point before or after treatment, we 
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could use their same idea of calculating pre- and post-treatment summary mea

sures by possibly taking a weighted average of the averages of the measurements 

computed at each time point (Zijk.). The weights used could be the number of 

crypt columns available at that time point for each person. For example, we could 

use Zf;°at as our post-treatment summary measure for the jth person in the ith 

h Zpo.t • group were ij IS 

EkE{P031} LijkZijk. 
EkE{podt} Ljjk 

These calculated pre- and post-treatment summary measures could then be used in 

anyone of the three analysis approaches to be discussed next. In these approaches, 

k is assumed to be 2 (one before and one after treatment time points). 

The first analysis approach is a simple analysis where only the calculated post

treatment summary measures (Zij2.) are used to compare the groups. The idea is 

that due to randomization there should be no differences between the groups in 

the baseline measurements. 

The second analysis approach is a simple analysis where the difference between 

the calculated post-treatment summary measure and the calculated pre-treatment 

summary measure (Zij2. - Zijt,) is computed for each subject. These observations 

are then used to compare the groups for a treatment effect. Again any hypothesis 

test which compares the groups based on having independent observations can be 

used. 

The third analysis approach is analysis of covariance where the post-treatment 

summary measures are regressed on the calculated pre-treatment summary mea

sures and the treatment group indicator. That is, we model 

Z-"2 - a + (3Z"1 + ,,{U!., + f." I]. - I]., n I] 'I] 

where Wij = i and is the treatment group indicator. To test for a treatment effect, 

we test the null hypothesis that 'Y = 0 by the standard approach used in linear 

regression to test that a parameter is equal to O. 
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The basic conclusion of Frison and Pocock [33] was that the analysis based on 

the analysis of covariance was not used as often as it should be. In their article, 

they mainly focused on the case where there was equal correlation among the 

measurements. For all values of p, the correlation between measurements on a 

person, they found the analysis of covariance to be the analysis of choice among 

the three simple analyses for detecting differences between the groups. For low 

values of p, the analysis based on the post treatment measurements has much 

greater power in detecting a difference between the groups than the analysis based 

on the calculated differences between the prc- and post-treatment measurements. 

On the other hand, for high values of p, the reverse was observed. Emerson [27] 

drew the same basic conclusions about thcse three simple analysis approaches. 

Thus, when we perform simulation studies where additional repeated measure

ments are obtained over time for each person, we also compare the power of these 

three simple approaches on a variety of summary measures which are used to study 

the biomarkers. However, the main focus of our research is not which repeated

measurements approach is the most powerful for detecting differences between the 

groups. We just briefly study this as 11:n aside. Rather our main focus is what 

summary measures should be used to study the proposed biomarkers. 

In chaptcr 2, the statistical methods currently being used in the literature to 

determine whether there are differences between the groups in the two proposed 

biomarkers will be presented. In chapter 3, we will outline the various functions 

7r that were fit to our particular data set in the hopes of obtaining parameters 

which give useful information about the biomarkers. Crypt-specific parameters 

will be estimated. In chapter 4, we propose an alternative analysis approach to 

those currently being used in the literature. This alternative analysis approach is 

based upon a particular function 7r(x; 0) which seems to adequately fit the data 

and upon a vector-valued function 9(0) which transforms the vector of parameters 
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9 to useful summarizing measurements of the proposed biomarkers. In chapter 

5, the robustness of our analysis when our chosen function 71'(x) is not the true 

function will be studied. In chapter 6, we attempt to estimate person-specific 

parameters by a one-stage estimation approach. This is examined for a particular 

function 71'(Xj 9). In chapter 7, the data set discussed in this chapter is analyzed. 

In addition, our proposed analysis is applied to a rat study that was conducted at 

the Arizona Cancer Center. In chapter 8, a summary of this dissertation is given. 



Chapter 2 CURRENT STATISTICAL 
METHODS 

2.1 Introduction 
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From the early studies done in the 1960/ sand 1970/ s which used tritiated 

thymidine to study the cell renewal process in the colon, two biomarkers were 

proposed to help identify those who were considered to be at greater risk for 

developing colon cancer than the general population. Beginning in the 1980/ s, 

several case-control studies were conduded to confirm these proposed biomarkers. 

Most of the case-control studies included more than one high risk group, such as 

a group of patients with sporadic adenomas and a group of patients with colon 

cancer. When more than one high risk group was included in the study design, it 

was usually the case that the researchers used separate analyses to compare each 

of the high risk groups to the control group for each of the biomarkers. Thus, 

this puts us in the setting of comparing 2 groups, the control group and high risk 

group, and this will be the setting assumed in this chapter. 

In this chapter, we discuss the statistical methods which are currently being 

used in the literature to examine the proposed biomarkers. We have chosen to 

introduce all of the summary measures we have seen used to study the suggested 

biomarkers in the case-control setting, even if they were actually first used in a 

dietary intervention study. Recall that the two proposed biomarkers are 

1. an excess in cell proliferation and 

2. an upward shift in where most of the cell proliferation is occurring in the 

crypt columns and/or an extension of cell proliferation to the upper portion 

of the crypt columns. 

We will use i=O to correspond to the control group and i=l to correspond to the 
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high-risk group. In this chapter repeated measurements have not been obtained 

over time for the subjects. 

In the literature, the same basic hypothesis tests are generally used. However, 

the summary measures to which these tests are applied tend to differ from study 

to study. These statistics which are used to investigate the two biomarkers will 

be discussed in detail in subsequent sections. The basic two-sample hypothesis 

tests that are generally used are reviewed in Appendix B. The tests reviewed 

will be referred to as the x2-test, the two-sample t-test (or simply the t-test), the 

Kolmogorov-Smirnov test, and the Wilcoxon Rank Sum test. The main reason for 

including these simple tests is so the reader can review the basic assumptions of 

the tests. 

2.2 Statistics in the Early Hypothesis Generat
ing Studies 

In the early hypothesis generating studies done in the 1960's and 1970's, 

very few statistics were ever presented. This seemed to be the period when the 

abnormalities were being identified and the names presented in Chapter 1 (such 

as Stage I abnormality) were given. 

A great deal of attention in these studies was placed upon the distribution of 

labelled cells. In most of these studies, no hypothesis testing was done. In some of 

these articles the investigators just explained in words where most of the labelled 

cells were located [6, 7, 13, 19]. In a few other studies, the researchers tried to 

convey the distribution of labelled cells through histograms or tables which summa

rized either (i) the number of people possessing the extension of cell proliferation to 

the upper portion of the crypt columns or (ii) the percentage of crypts in a person 

that had labelled cells located in the upper portion of the crypts [20, 22, 45]. An 

example of a histogram that is similar to those found in the literature will be given 

later. 
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Beginning in the 1980's, case-control studies were launched to confirm these 

proposed biomarkers. In these studies, hypothesis testing was the focus. Most of 

these studies used the same standard approach to compare the groups for an excess 

in cell proliferation. However, a few studies did include additional analyses to test 

for this. While only a few approaches have been suggested to study the excess 

in cell proliferation, several different summary measures have been suggested to 

study the upward shift and/or extension of cell proliferation to the upper portion 

of the crypt columns. Some researchers also compare the number of cells per crypt 

column since this has also been suggested as a possible biomarker. Introducing 

the statistics and the hypothesis tests that have been used in the literature for the 

proposed biomarkers will be the focus of the next sections. 

2.3 Testing for an Excess in Cell Proliferation 

Recall that one of the biomarkers proposed for the risk of colon cancer and/or 

polyp formation is an increase in cell proliferation. Generally, in the literature, 

there is a standard approach to determine whether there is a difference between the 

groups for this biomarker which is based upon the proportion of cells proliferating. 

However, some researchers have examined an excess in cell proliferation by focusing 

on the number of labelled cells. 

First, we will present the two approaches which have been used to compare 

the proportion of cells proliferating between the two groups. The first approach 

is a rather naive approach which we have found to be inappropriate. The second 

approach is the most commonly used way to study an excess in cell proliferation. 

2.3.1 Number of Labelled Cells per Group: ni .. 

Let Pi = the proportion of cells proliferating in the ith group. 

To test Ho : Po = PI versus HI : po =I- Ph one might naively use the Z-test 

for comparing binomial proportions. This test is equivalent to using the x2-test 
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based on the following 2 x 2 contingency table: 

" " Group 0 I Group 1 " 

Labeled no .. nt .. 
Not 

Labeled to .. - no .. tt .. - nt .. 

Total to .. tt .. 

[23]. By collapsing everything together for a group the cell is being used as the 

sampling unit rather than the person. 

This was done in one of the case-control studies [48]. The authors did not say 

that they were comparing the proportions rather they said they were testing to see 

if there was a difference between the groups in the total number of labelled cells. 

This was also done in an uncontrolled calcium intervention study [50] where the 

groups compared were before treatment versus after treatment. 

The underlying assumption in using this hypothesis test is that the number of 

labelled cells for each group is a binomial random variable with probability Pi of 

being labelled, that is, 

The justification for this model would seem to require that 

as well as the assumption that the cells within the same crypt are independent. 

Under these assumptions, 

tijl 

:E Y;j/m = nijl '" bin{ tij" Pi). 
m=t 
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If we further ignore that we have repeated measurements on a person, then we can 

obtain 

ni .. '" bin(ti .. , Pi). 

Besides grossly ignoring the correlation that arises from the layout of the data, 

the absurd assumption is being made that every cell in a group has the same prob

ability of being labelled. This assumption contradicts the biological assumptions 

made that most of the cell proliferation occurs in the lower third of crypt columns 

with some occurring in the middle third and very little occurring in the upper 

third of the crypt columns. 

In another uncontrolled calcium intervention study [49], this same type of anal

ysis was also performed. However, it was performed at the person level rather 

than at the group level. The analysis was used to separate the responders from 

the nonresponders by comparing the before treatment measurement (nijt.) to the 

after treatment measurement (nij2.) for each person in the data set. Although it 

is unclear how the exact test statistics were calculated in this study, the same idea 

of calculating nijk. and tijk. across crypts to use the X2 - test for each person in 

the data set was used. 

It will be shown in Chapter 4 through simulation studies how severely inflated 

the type I error rate for the X2 - test is when its assumptions of independence and 

homogeneous P are violated. 

2.3.2 Proportion of Labelled Cells: Aij 

While the X2 analysis just discussed has only been used in a few studies, 

the standard approach to testing for a difference between the two groups in the 

proportion of cells proliferating is to calculate a labelling index per person, ).ij. 

Some of the studies which performed the X2 analysis also used this approach as 
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n" 

Ajj = -!l:., 
tjj. 
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which is the ratio of the number of labelled cells in all of the crypt columns assayed 

for the jth person in the ith group to the number of cells in all of the crypt columns 

assayed for the jth person in the ith group. Thus, a mean labelling index has been 

computed for each person by summarizing across the crypt columns. By calculating 

one observation per person we have eliminated the problem of having to deal with 

the correlation that results from having repeated measurements on a person. These 

observations can then be used to test for a difference in the proportion of cells 

proliferating between the two groups. The hypothesis test generally used is either 

the two-sample t-test or the Wilcoxon Rank Sum test. In some cases, a logarithmic 

transformation of the Ajj'S is used to increase homogeneity of variance between the 

groups [8]. 

2.3.3 Average Number of Labelled Cells: fiij. 

In addition to examining the proportion of labelled cells, some researchers 

have also looked for an excess in cell proliferation by examining the number of 

labelled cells per crypt column [48, 50, 51, 65]. The average number of labelled 

cells per person, fijj., is calculated as 

fijj. = 
L .. 

" 'J n"/ L.J/=1 '3 

Ljj 

These observations are then used in the two-sample t-test or the Wilcoxon Rank 

Sum Test to compare the groups. 

As stated earlier, this type of analysis and the X2 analysis described earlier were 

only done in a few studies to examine an excess in cell proliferation. The standard 

approach to examine this biomarker is to calculate a labelling index per person 

and compare the groups using these observations. Thus, to study an excess in cell 

proliferation, most researchers use the relative measure based on the prop'ortion 
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of labelled cells rather than using the absolute measure based on the number of 

labelled cells. Next the various methods that have been used in the literature to 

study the upward shift and/or extension of cell proliferation to the upper portion 

of the crypt columns will be introduced. 

2.4 Testing for an Upward Shift in Cell Prolif
eration 

To test for a difference between the two groups in the distribution of labelled 

cells, several approaches have been suggested in the literature. We will subdi

vide the approaches into (1) approaches based on compartmentalizing the crypt 

columns and (2) approaches not based on compartmentalizing the crypt columns. 

First, we will explain what we mean by compartmentalizing the crypt columns. 

Then the many summary measures that have been suggested based on the compart

mentalization to study the upward shift will be presented. Lastly, some summary 

measures that have been suggested to study the upward shift that are not based 

on the compartmentalization of the crypt columns will be discussed. 

2.4.1 Compartmentalizing the Crypt Columns 

Recall that in the discussion of the normal cell renewal process (see sec

tion 1.3) it was suggested that the crypt columns could be subdivided into three 

ill-defined zones. Thus researchers often subdivide each crypt column into C com

partments. The approach most often used to do this is to first calculate the relative 

cell position, Xijlm = t:" for each cell, where m = 1,2, ... , tijl. Then based upon 

this number the compartment to which the cell belongs will be determined. Notice 

Xijlm E (0,1]. Each compartment c is composed of cells with relative cell positions 

that are included in the interval [Cel , ~) except for compartment C which includes 

cells with relative cell positions in the interval [Cel, 1]. So for example suppose 

C = 5, then the mth cell will be assigned to one of the five compartments in the 
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following way: (i) if 0 ~ Xijlm < 0.2 then cell m belongs to compartment 1, (ii) if 

0.2 ~ Xijlm < 0.4 then cell m belongs to compartment 2, (iii) if 0.4 ~ Xijlm < 0.6 

then cell m belongs to compartment 3, (iv) if 0.6 ~ Xijlm < 0.8 then cell m belongs 

to compartment 4, and (v) if 0.8 ~ Xijlm ~ 1.0 then cell m belongs to compartment 

5. 

In this compartmentalization, cells are not split. However, we have also looked 

at compartmentalizing the crypt columns based on splitting cells. By splitting 

cells, compartments of equal size are obtained where each compartment contains 

~ cells. We introduce this alternative compartmentalization only as a matter 

of convenience so as to avoid having compartments with 0 total cells in the case 

where C is large, say 50 or 100. 

In either case, the compartmentalization is based upon the number of cells 

in the crypt column and not on the actual structure of the crypt column the 

data was received from. Some researchers at the Harvard School of Public Health 

are collecting data differently. They are using image processing to recreate the 

crypts on computers where they can do the compartmentalization based on the 

structure of the crypts. However, this technique is still being developed. Given the 

information we have available, basing the compartmentalization on the number of 

cells in the crypt column seems to be the most natural approach. 

Based on this compartmental analysis, the following notation will be used: 

n!j) = the number of crypt columns that contain at least one labelled cell in 

the cth compartment for the ith person in the ith treatment group; 

nW = the number of labelled cells in the cth compartment of the Ith crypt 

column in the ith person of the ith treatment group; 

t~jl = the total number of cells in the cth compartment of the Ith crypt column 

in the ith person of the ith treatment group; 



57 

where i = 0,1 ; j = 1,2, ... , Ji ; I = 1,2, ... , Lij and c = 1,2, ... , C. 

Now subdivision of the crypt columns has been used in several ways. The first 

way to be discussed is where statistics are calculated for each compartment (where 

C is usually 3 or 5) and then C separate analyses are done (one for each com

partment). The second way is where the compartmental summary measures are 

combined into a single test statistic to study the distribution of labelled cells. The 

third way, which will be discussed later in this chapter, is where the compartmental 

summary measures are plotted to visually study the distribution of labelled cells. 

In the latter two ways mentioned, C is usually taken to be fairly large, say C = 50 

or 100. 

2.4.2 Compartmental Summary Measures 

Several single statistics have been proposed to be calculated for each com

partment. Then to test for a difference between the two groups with respect to 

the distribution of labelled cells, the values in each of these compartments are 

compared. The hope is that if there is an upward shift in where most of the cell 

proliferation is occurring and/or an extension of cell proliferation to the upper 

portion of the crypt columns, then these compartmental summary measures will 

tell us where the differences are occurring between the two groups. 

2.4.2.1 Compartmental Labelling Indices: '\~j) 

The summary measures most often considered for each compartment are the 

compartmental labelling indices, '\~i), where we will use G = 5 as is most often the 

case in the literature. The cth compartmental labelling index, '\~j), is calculated as 

the ratio of the total number of labelled cells found in the cth compartment across 

all crypt columns assayed for the jth person in the ith group to the total number 



of cells found in the cth compartment across the same crypt columns, that is, 

(c) 
,\ (~) = njj. 

IJ t(~) , 
IJ. 

where c = 1,2,3,4,5. 
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Then five separate analyses {one for each compartment} are done using the 

observations, '\~i), to compare the two groups for differences in the distribution of 

labelled cells. As in the case for the overall labelling index, the hypothesis test 

generally used is either the t-test or the Wilcoxon Rank Sum Test. Usually there 

are very few labelled cells located in the 5th compartment near the luminal surface, 

and this has led some researchers to combine compartments 4 and 5. In this case, 

four separate analyses are done rather than five. 

In most of the cases in the literature where this compartmental analysis was 

used, it appears that if statistical significance was achieved, it was achieved in 

more than one compartment. There are a few cases where only one compartment 

reached statistical significance and based on this fact it was claimed that there was 

a difference between the groups in the distribution of labelled cells [3, 64]. 

However, it should be pointed out that there is a multiple comparison problem 

when five separate analyses are done on the compartmental labelling indices and 

at the same time a difference is claimed between the two groups when at least one 

compartment reaches statistical significance. A possible adjustment for this multi

ple comparison problem is the Bonferroni adjustment. The Bonferroni adjustment 

is applied by performing each test at a i significance level, so that the overall 

significance level is $ a. This conservative adjustment is based on the Bonferroni 

inequality which states that 

5 5 

Pre n Ac} < E Pr(Ac} 
=1 =1 

where Ac is used to represent a set of events. 
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Another possibility to avoid the multiple comparisons is to calculate a labelling 

index for compartments 4 and 5 combined and let this be the location in the 

crypt columns which determines whether an upward shift and/or extension of cell 

proliferation has occurred. This makes sense since this seems to be the area where 

we might expect to see the most difference in the distribution of labelled cells. 

However, there also appears to be a problem with these adjustments. Suppose 

there is a true difference between the two groups in the overall proportion of 

cells proliferating. Then it makes sense that there might also be differences in the 

compartmental labelling indices between the groups. Thus we might conclude that 

there is a difference between the two groups in where most of the cell proliferation 

is occurring, when really there is not. 

There have been a few studies which have demonstrated this idea of an increase 

in the overall labelling index for the high risk group, as well as, an increase in all of 

its compartmental labelling indices [63, 64]. For example, Risio et a1.[63], obtained 

the following results when they compared a control group to a group of patients 

with polyps and to a group of patients with colon cancer . 

. Labeling Control Polyp Cancer 
overall 9.9 ± 0.1 13.1 ± 0.2 13.9 ± 0.3 

Compartment 1 22.7 ± 0.5 27.2 ± 0.5 29.6 ± 0.7 
Compartment 2 18.9 ± 0.4 23.7 ± 0.5 24.2 ± 0.7 
Compartment 3 6.6 ± 0.3 11.9 ± 0.6 12.0 ± 0.7 
Compartment 4 0.6 ± 0.08 2.3 ± 0.2 2.7 ± 0.5 
Compartment 5 0.01 ± 0.004 0.4 ± 0.07 0.6± 0.1 

The table contains the mean labelling index times 100 ± the standard error times 

100. In this situation, using this analysis, there is no way of telling whether a shift 

or an expansion of the proliferative zone has occurred which is independent of the 

increase in the percent of cells proliferating. 
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2.4.2.2 Compartmental Occupancy Fractions: ,p~j) 

Lipkin et al. [47] proposed an additional statistic to be calculated for each 

compartment besides the labelling index. The additional parameter to be calcu

lated for each compartment c is 

which is the ratio of the number of labelled cells in the cth compartment to the 

total number of labelled cells, where each part of the ratio is totaled across all crypt 

columns assayed for the jth person in the ith group. They referred to these as the 

compartmental occupancy fractions whereas Risio et al. [63] referred to these as 

the mean compartmental distribution of labelled cells. Risio et al. [63] used t-tests 

to do five separate analyses on these compartmental occupancy fractions (one for 

each compartment). 

2.4.2.3 Proportion of Crypt Columns with at Least One Labelled Cell 

in Compartment c: pSc
) 

Risio et al. [63] also used another parameter to summarize each compartment. 

This extra parameter to be calculated for each compartment is 

D(C) 
p.(~) - ~ 

') - L .. 
') 

which they called the compartmental labelling r>ercentages. This ratio is the pro

portion of c.rypt columns for the jth person in the ith group that contains at least 

1 labelled cell in the cth compartment. In this article, the authors again used 

t-tests to do five separate analyses for these compartmental summary measures. 

Thus, once again, using either of these new compartmental summary measures in 

separate analyses is a multiple comparison problem. 
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2.4.2.4 Number of Crypt Columns per Group that Contain at Least 

One Labelled Cell in Compartment c: D~~) 

In another article [58] the D~j) values were used in a different type of anal

ysis to compare the two groups on the distribution of labelled cells. For each 

compartment c, consider the following 2 X 2 contingency table: 

" 
" Group 0 Group 1 /I 

Present D(c) 
o. 

D(c) 
1. 

Absent Lo. - Db~) L1. - D~~) 

Total Lo. Ll. 

and use the x2-test to test 

Ho: the proportion of crypt columns having at least one labelled cell in the cth 
compartment is the same for both groups 

versus 

HI: the proportion of crypt columns having at least one labelled cell in the cth 
compartment is different between the groups. 

Thus once again doing five separate analyses (one for each compartment) is 

a multiple comparison problem. In addition to this problem, we expect to have 

problems with using the x2-test on the L~.i) values since the fact that there are 

repeated measurements on each person is being ignored. 
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2.4.3 Summarization of Compartmental Infor
mation into One Test Statistic 

There have been other types of analyses proposed to study the upward shift 

of cell proliferation based upon the compartments. However, these methods try to 

summarize the compartmental information into a single test statistic rather than 

doing the separate compartmental analyses. 

2.4.3.1 Upper Crypt Occupancy Fractions: rPij 

The idea of remedying the multiple comparison situation by restricting the 

focus to compartments 4 and 5 for one of the previously defined parameters has 

been widely used in the literature. Define rPij as the proportion of labelled cells 

located in the upper 40% of the crypt columns for the jth person in the ith group. 

Then 
(4) (5) 

A... _ nij. + nij. 
'f'1) - n" 

I). 

This is referred to as rPh in the literature and is called the upper crypt occupancy 

fraction [47]. Once again the two-sample t-test or the Wilcoxon Rank Sum Test is 

used to compare the two groups for this summary measure. 

2.4.3.2 Normalized Frequency Differences: Ie 

In the same article that rPh was proposed [47], an additional analysis was 

suggested to help study the upward shift of cell proliferation. Recall that i = 1 

corresponds to the high risk group and i = 0 corresponds to the control group. 

The researchers suggest calculating 

etc) = no.. "n(c) 
(

(c) ) 0 

,,0 (c) L.t 1 .. 
L.Jc=1 no.. =1 

which can be thought of as the expected number of labelled cells to be located in 

compartment c for the high risk group, where the control group is being used as a 
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reference. Define 
n(e) _ e(e) 

f, ....;1:..:.:"-==--
e= ~ , 

which the authors called the normalized frequency differences. We believe the 

authors made the assumption that 
C 

~f~ 
appro:J: 2 

"" XC-l 

to do the hypothesis testing to compare the two groups. These calculated differ

ences were then plotted as a histogram of fe versus c to visually study where the 

differences between the groups were occurring. An example of this will be given 

later in this chapter. Once again we expect there to be problems with using the 

x2-test in this way since the assumptions of the tests are grossly violated and the 

random nature of the control group is being ignored. 

2.4.3.3 Cumulative Labelling Distribution Function: Si(X) 

Another gmup of researchers [74] suggested estimating a cumulative labelling 

distribution function to study the upward shift of cell proliferation. Since the tij/'S 

vary and are not constant, they suggest first normalizing each crypt column to a 

length of 100 cell positions. Then once this is done, they suggest combining across 

all crypt columns in a group to generate a cumulative labelling distribution function 

for each group. To test for significant differences between the two groups for the 

cumulative labelling distribution function, a two-sample two-sided Kolmogorov

Smirnov analysis was used. This is the extent of the details given in the article. 

However, in chapters 4 and 5, we will want to compare the power of this anal

ysis to other approaches which have been suggested to study the upward shift of 

cell proliferation. Thus the details of how we calculated the empirical labelling 

distribution function to perform this analysis will be given here. 

First, the relative cell percentiles (which are given by l~i~~) are calculated for 

each labelled cell in the data set. There are no .. data points available for the control 
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group and nl .. data points available for the case group since only the labelled cells 

in the data set are being used. However, notice that these data points might be 

correlated, since there are repeated measurements on each person and for each 

crypt column. 

Next the continuous observations will be categorized into 100 compartments. 

In most studies, including our data set, t,j/ < 100 Vi,j, I so that 1.0 ~ l~i~~ ~ 

100.0. Thus, the mth cell from the base of the Ith crypt column in the jth person 

of the ith group will be assigned to the l~i~~th compartment. If this is a noninteger 

value, it will be truncated to the nearest integer. 

Let B, (x) be the proportion of labelled cells in all compartments below and 

including the xth compartment for the ith group, that is, let 

l:x (c) 
Bi(X) = c=l ni ... 

ni .. 

Assuming this is the empirical distribution function of labelled cells for the ith 

group, the Kolmogorov-Smirnov test might be used to test Ho : Fo(x) = Fl(X) 

against HI : Fo(x) =f. FI{X) where Fi(X) is the cumulative distribution function of 

labelled cells for the itk group. This is how the cumulative distribution function 

of labelled cells will be estimated in the simulation studies to be presented later. 

We might suspect that this test will detect any differences between the groups 

since we are testing to see if there is a difference between the distribution func

tions of labelled cells. In the article in which this analysis was suggested [74], a 

difference in the proportion of labelled cells was detected as well as a difference in 

the distribution functions of labelled cells between a control group and a high risk 

group. It is possible that the Kolmogorov-Smirnov test also picks out differences 

in the proportion of labelled cells. 
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2.4.4 Non-Compartmental Summary Measures 

Other single summary measures have been suggested to study the distribution 

of labelled cells which are not calculated for each compartment. Rather, these other 

statistics try to describe in a single value the location of the labelled cells in the 

crypt columns. Once again the authors did not elaborate in the articles on how 

exactly these new summary measures were calculated. 

Calculating a single summary measure which describes the location of the la

belled cells in the crypt columns avoids the multiple comparison problem. However, 

how well these summary measures detect an upward shift is unclear. Thus, in chap

ters 4 and 5, we will want to examine how well these non-compartmental summary 

measures do in detecting an upward shift and/or extension of cell proliferation. 

Thus we now introduce how the authors might have calculated these statistics. 

2.4.4.1 Average Position of Labelled Cells: (ij versus (ij 

One of these new statistics is the average position of the labelled cells [69]. 

For each crypt column in the data set, the average position of its labelled cells is 

calculated as 
tj'/ 

t E';=l m}'ijlm 
'-ijl = 

nijl 

For crypt columns with no labelled cells, eijl will be considered missing since this 

crypt column will contribute no information to this summary measure. One ob

servation per person can be calculated as 

L .. 
~ IJ tool 

Eoo _ L...JI-l '-'3 
'-'3 -

Lij 

which is used to represent the average position of the labelled cells for the jth 

person in the ith group. 

Note this measurement is on the absolute scale. We could also consider the 

average relative position of labelled cells. For each crypt column in the data set, 
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calculate the average relative cell position of labelled cells as 

~tijl ..m.. 1':, 
e- L."m=l tijl IJ/m 
i'l = 
J nijl 

For crypt columns with no labelled cells, e;jl will be considered missing. To deal 

with the repeated measurements on a person, one observation per person can be 

obtained as 
~Lij e

(~, = L.,,1=1 .. ijl 
IJ Lij 

Then the two-sample t-test can be used to compare the two groups on either one 

of these summary measures. 

2.4.4.2 Height of Highest Labelled Cell: hij versus hij 

Another new summary measure is the height of the highest labelled cell [9]. 

The investigators used this parameter on both the absolute scale and the relative 

scale. We could conceive of two ways of obtaining one observation per person for 

this measurement. Let 

Then hjjl = the position of the furthest labelled cell from the base in the lth crypt 

column of the jth person in the ith group. 

On the absolute scale, one observation could be calculated for each person as 

max 
hij = IE{1,2, .. "Lij} hijl . 

Then hij is just the height of the highest labelled cell for the jth person in the ith 

group. 

This statistic could also be based on the relative scale by calculating 

h
* max hijl 
iJ' = IE{1,2, .. "Lii} 

tijl 

To compare the two groups on either of these two summary measures, the two-

sample t-test could be used. 
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2.4.4.3 Average Highest Labelled Cell: hi;. versus hi;. 

We could also consider calculating the average highest labelled cell for each 

person in the data set by calculating 

This value can also be calculated on the relative scale by simply replacing hi;1 

with ~ in the previous formula for hi; .. We will denote this neW summary measure 

on the relative scale by hi; .. Then, as usual, the two-sample t-test can be used to 

compare the two groups for either one of these summary measures. 

Even though several measurements have been presented to study the upward 

shift of cell proliferation, it is generally the case in the literature we have surveyed 

that researchers use the compartmental summary measures. In particular, the 

most common approach, is to do the C separate analyses on the compartmental 

labelling indices. 

2.5 Number of Cells per Crypt Column: [ij. 

Recall that the number of cells per crypt column has also been suggested as 

a possible biomarker but that the case-control studies have conflicting conclusions. 

Nonetheless, most investigators (not all) also test to see if there is a difference 

between the two groups in the number of cells per crypt column. To compare the 

two groups on this quantity, the average number of epithelial cells per person, [ij., 

is calculated as 
L· 

" .J tOOl [.. = LJI=l IJ 
IJ. Li; 

Then using these calculated observations the two groups are compared by using 

the two-sample t-test or the Wilcoxon Rank Sum test. 

If there is a true difference between the two groups in the number of cells 

per crypt column, then our analyses to study the other two biomarkers may be 
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greatly affected by this difference depending upon which scale is used for them. 

To study the excess in cell proliferation, we might use (i) the number of labelled 

cells, which is an absolute measure or (ii) the proportion of labelled cells, which is 

a relative measure. Similarly, to study the upward shift and/or extension of cell 

proliferation, there are summary measures which are calculated using either the 

absolute cell position or the relative cell position. 

Suppose the appropriate measures for the two main biomarkers are on the rela

tive scale. Then if there is a true difference in the number of cells per crypt column, 

we would expect the analyses based upon the absolute scales to be affected by this 

difference in one of two ways. The first is that the type I error rate of the analyses 

may be greatly inflated and the second is that the analyses may have no power for 

detecting true relative scale differences for the biomarkers. Thus, if there is a true 

difference in the number of cells per crypt column, then the scale used to study the 

other two biomarkers is important. However, if there is no difference in the num

ber of cells per crypt column, then the analyses based on the inappropriate scales 

should have only slight losses in efficiency as compared to the analyses performed 

on the appropriate scale. These claims will be discussed further in chapter 4. 

2.6 Visual Presentations 

Some visual presentations have been suggested to compare the two groups 

on the location of the labelled cells in the crypt columns. These visual techniques 

help identify some of the properties we might want the function 7r to have when 

modeling Pr(Y;jlm = 11m, tjj/, ~jl) = 7r(m, tjjl; ~jl) for our data set. 

In the early hypothesis generating studies it was not unusual to see a histogram 

for each group of the fraction of labelled cells versus the relative cell position. The 

information in these histograms was being combined across crypt columns and 

individuals. 



q 
o 

2 345 678 
Relotlve Cell Position 

9 10 

Figure 2.1, Histogram for Control Group at Baseline 

69 

This type of histogram for the control group at baseline from our data set is 

shown in Figure 2.1. Each bar in the histogram has been labelled as its com

partment number where compartment c contains the labelled cells located in the 

relative cell positions in the interval [ci""ol, 1CO) except for compartment 10 (the last 

compartment) which includes the interval [190,1]. To compare the groups, both 

histograms (one for each group) were included in the same plot. 

Another type of histogram that was used visually to study the location of dif

ferences in the distribution of labelled cells is based on the X2 - analysis previously 

discussed, which used the fe values calculated for each compartment c (see section 

2.4.3.2). Recall that 

nee) _ e(e) 

fe = l~ Vc= 1,2, ... ,0. 
e(e) 

These calculated differences were plotted as a bar plot of fe versus c. An example 

of this from our data set is shown in Figure 2.2 where one of the treatment groups 

is being compared to the placebo group at baseline. 

From our review of the literature, we did not find other studies which used 
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Figure 2.2, Histogram for Treatment Group with Reference to Control Group at 
Baseline 

the fe's to do hypothesis testing. However, there were other papers which dis

played these histograms [6, 7]. Because the analysis based on the fe's is highly 

inappropriate, this type of histogram could be very misleading. 

Empirical distribution functions have also been suggested. One empirical distri

bution function that has been plotted in the literature is the empirical distribution 

function of labelled cells that was suggested by Wilson and Bird [74]. This estima

tor was discussed previously when the Kolmogorov-Smirnov analysis was discussed 

(see section 2.4.3.3). 

Another empirical distribution function that has been presented in the liter

ature [47] is based on the upper crypt occupancy fractions denoted by rPij (see 

section 2.4.3.1). Assume that the rPi/S are independent with cumulative distribu

tion function Fi(x). Let Si(X) be the empirical distribution function of the upper 

crypt occupancy fractions. Then 

Si(X) = #the number of subjects in the ith group with rPij ~ x 
Ji 
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Figure 2.3, An Empirical Distribution Function for the Upper Crypt Occupancy 
Fractions in the Control Group at Baseline 

This empirical distribution function is not being collapsed across people to make 

a grand total for each group as in the case of the suggested empirical distribution 

function of labelled cells. Rather, in this case, the person is being used as the 

sampling unit. 

The authors actually plotted (1 - So(rPOj)) versus rPOj. However, for an exam

ple, we will plot So( rPOj) versus rPOj for our control group at baseline (shown in 

Figure 2.3). To compare the groups, the empirical distribution functions (one for 

each group) were included in the same plot. 

The most recent visual technique used visually to study the location of the la

belled cells in the crypt columns is a method of fitting non parametric smoothed 

curves to the compartmentalized data [9, 59]. The idea used was to compartmen

talize the crypt columns into a large number of compartments (say 50 or 100) and 

then calculate a group labelling index for each compartment as 

(c) 
,\(c) = ni .. 

1 t(c) • 
I .. 
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Figure 2.4, Scatterplot Smoothing for Control Group at Baseline 
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Then a smooth curve is fit nonparametrically to the scatterplot of >.~c) versus c by 

any smoothing technique. Compartmentalizing, in this case, is a way of normalising 

the length of all of the crypt columns since the number of cells per crypt column, 

tij/, varies. 

We present the smoothed nonparametric curve obtained by using the scatterplot 

smoothing technique called LOWESS for the control group at baseline where we 

have divided each crypt column into 50 compartments (see Figure 2.4). This 

scatterplot smoothing technique is discussed in detail in Appendix C. The fraction 

of data points to be given nonzero weights for this example was 0.3. 

This same approach will be used in the next chapter to examine the distribution 

of labelled cells for each person in the data set. This approach is used to help us 

identify some reasonable parametric models that could be considered to model the 

Pr(l'ijklm = 11m, tijkl, B:jkl) = 7r(m, tijkl; B:jkl) for our data set. 
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2.7 Conclusions 

As one can see, several summary measures and hypothesis tests have been 

suggested to study the proposed biomarkers. The fact that researchers from differ

ent studies used different parameters to study the biomarkers could be accounting 

for some of the inconsistencies mentioned in Chapter 1 in the case-control studies 

being used to verify these biomarkers. 

In chapters 3 and 4, we consider a new method to study the biomarkers. The 

method focuses on modeling the probabilit.y of a cell being labelled as some func

tion 1r of its cell position and some other additional parameters which hopefully 

summarize the information available for each crypt column. In chapters 4 and 

5, we use simulation studies to compare the power of the various analyses cur

rently being used to our analysis. In these chapters, we will confirm that some of 

the analyses used are inappropriate especially those based on using the x2-test, 

since the assumptions of the test are violated by the layout of our data. We will 

also confirm, through simulations, that the separate compartmental analyses are 

a multiple comparison problem. In addition, we will show that most of the com

partmental summary measures used to study the upward shift are greatly affected 

by an excess in cell proliferation. 

In this chapter, we have presented all of the measurements currently being used 

in the literature in the two-group setting where we have not obtained measurements 

over time for each person. However, most of the summary measures can also be 

used in dietary intervention studies where repeated measurements have also been 

obtained over time for each person. 
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Chapter 3 MODELING ATTEMPTS 

3.1 Introduction 

Recall that the data available for each crypt column is an ordered sequence of 

zeros and ones, where from this one can determine at a given position (as measured 

by cells) whether the cell is labelled (coded as one) or not labelled (coded as zero). 

Since we are interested in the labelled cells, one may say we have a success if the 

cell is labelled and we have a failure if the cell is not labelled. Let 

if the mtk cell of the ltk crypt column of the ktk sequence 
for the jtk person in the itk treatment group is labelled 

otherwise; 

Then }'ijklm is a Bernoulli random variable with Pijklm as the probability for 

success (cell being labelled), that is, 

}'ijklm '" Bin(l,Pijklm)' 

In this chapter, we will focus on finding a function 11' such that 

where ~jkl is a vector of parameters which will hopefully summarize the information 

for the ltk crypt column of the ktk sequence for the jtk person in the itk group. 

This approach of modeling the probability of a cell being labelled as some 

function 11' of its position in the crypt column seems reasonable from the biological 

standpoint in that we expect to see most of the cells dividing in the lower third of 

the crypt columns with some dividing in the middle third and very few dividing 

in the upper third of the crypt columns. It also seems reasonable that each crypt 
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column may have its own summarizing parameters since polyp formation or colon 

cancer tends to be a localized process. 

One goal for the parameters is that they would be interpretable and that they 

would give us information about the most prognostic risk factor. However, since we 

do not have the data available (data from a large unmatched case-control study 

comparing patients with polyps to control patients) to study what may be the 

most precise risk factors, we have tended to look for parameters that are somehow 

related to the previously proposed biomarkers. 

In section 2, we discuss the restrictions that were used to narrow the class 

of functions 7I"(x) that we would consider. The decision was also made to use 

the relative cell position as the covariate rather than the absolute cell position. 

In section 3, the form of the likelihood function to be used to obtain maximum 

likelihood estimates for the parameters is given. The Newton-Raphson technique 

is also reviewed since it will be needed to find the estimates of the parameters. In 

addition, some of the universal convergence problems that will be encountered for 

any function we choose when we attempt to find estimates for each crypt column 

will be discussed. In section 4, the linear logistic function and the quadratic 

logistic function are presented and the problems encountered with using these 

models will be discussed. In section 5, some alternative two-parameter models are 

considered. From these models, a particular model is chosen and is then focussed 

on in subsequent chapters. 

3.2 Restrictions Imposed Early 

In this section, the decisions that were made early on when looking for possible 

functions 71"( x) will be discussed. We have restricted the class of functions 71"( x) to 

be considered by only focusing on continuous functions that have a range of [0,1] 

and on functions that are unimodal (meaning the function has a unique mode). In 
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addition, the relative cell position has been chosen as the covariate to be modeled 

rather than the absolute cell position. 

3.2.1 Narrowing Class of Functions 7r(x) 

The way we narrowed the class of the functions 1I'(x) to be considered will 

now be discussed. 

3.2.1.1 Continuous Functions with Range of [0,1] 

Since the function 1I'(x) is modeling probabilities, the possible values of the 

function must lie between [0,1]. We made the decision to focus on functions 1I'(x) 

which have a range of [0, IJ, to avoid the problem of having to truncate the function 

at places where undesirable probability values may occur. For example, the linear 

logistic regression model 

exp{a + bx) 
1I'(x) = 1 + exp(a + bx) , 

is one of the most common ways to deal with Bernoulli random variables when 

trying to model the probability of success as a function of covariates. It is often 

used instead of the linear probability model 

1I'{x) = a + bx , 

because for the logistic regression model, we are guaranteed that the range of 

the function is [0,1] (the range of values for probabilities), whereas for the linear 

probability model we are not. Thus, after we have estimated the parameter values 

for any function 11' we consider, we will dismiss functions as inappropriate if we 

obtain parameter estimates that allow 11'( x) to lie outside of [0, 1]. 

Next, we decide what type of relationship we expect between the probability 

of a cell being labelled and the cell position. For instance, if the linear logistic 
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regression model is used, then a monotonic relationship will be modeled between 

the probability of success and the covariate of interest. 

It is difficult to determine the type of relationship by just looking at the plots 

of Yijklm versus m (the cell position), since Yijklm only takes the value 0 or 1. Thus, 

we resort to other visual techniques, similar to those presented in Chapter 2, to 

help us identify a reasonable relationship. 

3.2.1.2 Unimodal Models 

One way to possibly get a visual representation of what sort of model may be 

reasonable at the crypt column level is to summarize the data for each person at 

each of the time points in the data set. The approach taken was to compartmental

ize the crypt columns into a large number of compartments and then calculate the 

compartmental labelling indices for each person at each of the time points in the 

data set. This is similar to what was done in Chapter 2 the scatterplot smoothing 

technique was used to describe the overall trend of the compartmental labelling 

index as a function of its compartment. However, in Chapter 2 this was done at 

the group level, whereas here we are summarizing the information at the individual 

level for each time point. By doing this for each person at each time point in the 

data set, we obtain many plots of .x~jl versus c where .x~jl is calculated as 

" (c) 
L.JI nijkl 

" t(c) 
L.JI ijkl 

and is the labelling index for the cth compartment in the lth crypt column of the 

kth sequence of the jth person in the ith group. These plots of .x~jl versus c will 

be referred to as the compartmental summarized plots. 

These plots can help us identify some possible attributes we want the function 

7r to possess where we are attempting to model 
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These can also be one of several things to look at when assessing the fit of a 

particular model to the data set, since assessing the fit of a model to binary data 

is extremely difficult. 

By using the compartmental summarized plots in these ways, we are making the 

assumption that the attributes we notice for the summarized data will also be true 

at the crypt column level. However, the individual curves do not have to look like 

the average curve for an individual (e.g. the curve which fits the compartmental 

summarized plots). But since polyps and colon cancer are rare, the crypt specific 

parameters might be relatively homogeneous. Thus this approach was used to 

visually quantify some of the attributes we would want the function 1r to possess 

at the crypt column level. 

A few examples of these plots are shown in Figure 3.1 . In these plots C has been 

arbitrarily chosen to be 50 and the compartmentalization has been done based upon 

splitting the cells so that each compartment for a particular crypt column contains 

~ = 4ill cells. For our data, t~jll E [0.8,1.72] since tijkl E [40,86]. Recall 

that this compartmentalization, discussed in section 2.4.1, is a way of normalising 

the length of the crypt columns since the number of cells per crypt column varies. 

In addition, compartmentalizing the crypt columns is being done based on the 

relative cell positions rather than on the absolute cell positions. 

Plots for those observations with many crypt columns as well as those with only 

a few crypt columns have been included. The plots with only a few crypt columns 

tended to have higher labelling index values in each compartment which made it 

nearly as difficult as looking at the scatterplot of Yijklm versus m to determine what 

might be a reasonable function 1r. 

Most of the compartmental summarized plots suggested a function 1r which was 

unimodal, and this trend was consistent as the number of compartments, C, was 

varied as well as when the compartmentalization was based on the absolute cell 
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positions. This unimodal trend also seems to have been suggested at the group level 

in the histograms of the fraction of labelled cells versus the relative cell position 

and in the scatterplot smoothing plots of the compartmental labelling index versus 

the compartment, which have been presented in the literature. Recall examples of 

these were given in chapter 2 (see Figures 2.1 and 2.4, respectively, for examples). 

Thus the decision was made to focus upon unimodal functions whose range of 

values remained between 0 and 1. 

3.2.2 Use Relative Cell Position 

In the process of searching for possible functions 7l" that are unimodal and 

whose range is [0,1]' we found that using a domain of [0,1] rather than [1, tijk,] 

helped keep the values of the functions under consideration between zero and one 

more easily. Thus, at this point, the decision was made to use the relative cell 

position, Xijklm, which is 
m 

Xijklm = -t - , 
ijkl 

as the covariate rather than the absolute cell position since Xijklm E [0,1]. How-

ever, this has the assumption that cells are being matched up across crypt columns 

based on their relative cell position rather than on their absolute cell position. 

This approach could possibly be altered to use the absolute cell position simply 

by using the covariate V where V is some number greater than the largest tijkl. 

In addition, the value 0 would need to be assigned to positions past tijkl. Then 

the covariate would remain between 0 and 1 and cells would be matched up across 

crypt columns based on their absolute cell position. However, we restrict focus to 

using the relative cell position as the covariate. 

This assumption of using the relative cell position also eliminates some possibly 

useful information, such as the number of cells per crypt column, tijkl. If the 

number of cells in the crypt column is the actual biomarker which is identifying 

who is at increased risk, we will gain no information about it by the way we are 
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modeling the data. Thus, among the proposed biomarkers, we are restricting our 

research to studying ways of analyzing the other two biomarkers (an excess in cell 

proliferation and an upward shift in where most of the cell proliferation is occurring 

within the crypt columns). We will later examine through simulations how a true 

difference between the groups in the number of cells per crypt column may affect 

our proposed analysis for the other two biomarkers (presented in section 4.6.3). 

3.3 Estimating Parameters 

As stated in Chapter 1, to do the modeling we assume that 

}ijklm /Xijklm, Oijkl '" Bin(1, Pijklm) 

where Pijklm = 7r(Xijklm, ~jkl) and that 

~jkl '" F 

where F is some multivariate distribution function. A possible distribution func

tion F is the multivariate normal distribution function (MVN) with mean ~jk and 

covariance matrix D. 

Using these assumptions, in this section we give the formulas for the likelihood 

functions we use to find maximum likelihood estimates for the parameters, and we 

state the assumptions we have made in using these. In addition, since no closed 

form solution exists for the maximum likelihood estimates, the Newton-Raphson 

technique (a root-finding technique) is briefly reviewed. Finally, since parameters 

will be estimated for each crypt column, we discuss some particular cases in the 

data set where convergence will not be achieved for any function 7r(x) we consider. 

The solutions used to remedy these situations will be given. 

3.3.1 Likelihood Function to be Used 

To do the estimation and simultaneously deal with the fact that there are 

correlated binary random variables within each crypt column, we assume that 
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where Pijklm = 1I'(Xijklm,O;jkl) and that 

O;jkl '" F 

where F is some multivariate distribution function with person-specific parameters 

O;jk. We further assume that conditional on O;jkh the likelihood function for the 

Uh crypt column of the ktk sequence in the jtk person of the itk group is given by 

ti 'kl 

II
J 

[( 0"')] lIijklm [ ( 0"')] l-lIijklm 
11' Xijklm; ijkl 1 - 11' Xijklm; ijkl 

m=l 

This means that we are assuming that the l'ijklm'S are conditionally indepen

dent. By assuming that the parameters vary from crypt to crypt according to a 

distribution function F, correlation between the binary observations within the 

same crypt column is naturally induced. However, assuming that the l'ijklm'S are 

conditionally independent means that we are assuming that once we condition on 

the relative position of the cell, Xijklm, and O;jk/, whether the cell is labelled or not 

is completely independent of the state of the rest of the cells in the same crypt 

column. This assumption ignores the possible dependency that may arise from 

the fact that the cells are continually dividing into two daughter cells. In Chapter 

4, we will see how the analysis based on the assumption of conditional indepen

dence is affected by having additional correlation among the cells other than that 

induced by modeling the probability of a cell being labelled as some function 11' of 

its position and a crypt-specific parameter vector O;jkl. 

While there are several approaches to estimation we could consider, most of our 

research will involve estimating O;jkl for each crypt column in the data set based 

only on its information, that is, maximum likelihood estimates will be found for 
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each ~jkl based on the likelihood function given by 

Ii 'leI 

II
J 

[ ...] lIijlrlm [ ... )] l-lIijlrlm 
1I'(Xijklm; Oijkl) 1 - 1I'(Xijklm; Oijkl 

m=l 

This means that the information is not being shared across the crypt columns 

from the same person at a given time point. This approach is often referred to as 

a two-stage estimation approach since once we have estimated each ~jk/' we can 

then use these observations to estimate the parameters of the distribution function 

F. In chapter 6, an alternative estimation approach will be briefly discussed for 

a particular function 1I'(x). The alternative approach we consider is called a one

stage estimation approach; we do not estimate the parameter values for each crypt 

column, rather the parameters of F are estimated using the likelihood function 

given by 

Since it has been stated that to find estimates of ~jkl the only data being used 

is the data available for the lth crypt column of the kth sequence in the jth person 

of the ith group, we have chosen to emphasize this by dropping the i, j, k, and 1 

subscripting whenever possible. Thus we are just focusing upon a particular crypt 

column in the data set. 

3.3.2 Newton-Raphson Method 

Now using the likelihood function for a particular crypt column 

maximum likelihood estimates for {j can be found. Maximizing the likelihood 

function is the same as maximizing the log-likelihood function, C = log L, since 

the log function is a one-to-one monotonic transformation. Thus, the log-likelihood 
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function becomes 

t 

E Ym log (ll'(xmi 0)) + (1 - Ym) log (1 -ll'(Xmi 0)). 
m=1 

To find the maximum likelihood estimator for 0, one needs to find ~ and set 

it equal to 0 to solve for O. The partial derivative vector of the log-likelihood is 

or... = t (Ym .. - ll'(Xmi 0)).. 0:. 
00 m=1 ll'(Xmi 0)(1 -ll'(xmi 0)) 00 

After setting the partial derivative vector equal to the zero vector, it is generally 

the case that no closed form solution can be found for 0, so an iterative method is 

needed. 

The iterative method commonly used to solve for 0 is the Newton-Raphson 

method which is given by: 

~l) = 0(1-1) + (- o~ log L(~I-I»)) -1 0 .. log L(~I-I») 
002 00 

where ~l) is the estimate of the vector of parameters after the lth iteration and 

0(0) is the ini tial guess. Let 

.. 0 .. 
S( 0(1-1») = oOlog L( 0(1-1») 

which is the score vector evaluated at ~'-l) and let 

.. (0 2 
..) i(0(l_I») = - a0210g L(0(l_I») 

which is the sample information matrix evaluated at ~1-1)' 

To use the Newton-Raphson method a convergence criterion and some initial 

estimates will be needed. The convergence criteria to be used for any function is 
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where II lit is the Lt-norm. In addition, the Newton-Raphson method usually 

needs good initial estimates to obtain convergence. Thus, each function will have 

its own initial estimates. 

3.3.3 Universal Convergence Problems 

Since parameters are being estimated for each crypt column based only on its 

information, there are some problem cases in the data set for which convergence 

will be impossible for any continuous function 71' we will consider. The cases which 

will cause problems for any continuous function 71' are: 

• crypt columns with no labelled cells (i.e. Ym = 0 \:1m = 1,2, ... , t) or crypt 

columns with all labelled cells (i.e. Ym = 1 \:1m = 1,2, ... , t) j and 

• crypt columns with only one labelled cell where the labelled cell is either 

located at position 1 or at position t. 

Among the 3142 crypt columns counted for the fiber-calcium study, there are 

crypt columns with no labelled cells (35 cases) and crypt columns with only one 

labelled cell where the labelled cell is located at position 1 (2 cases). Convergence 

will not be achieved in either case, since either there is more than one solution to 

the problem (as in the first problem) or the iterative approach will attempt to fit 

parameter estimates which allow the model to fit the data exactly. 

To deal with the crypt columns with no labelled cells, we will need to determine 

the parameter estimates such that 

7l'(XjO) = 0 \:Ix E [0,1]. 

For some of the functions to be considered, no real solution may exist. Thus 

instead the limit may need to be considered. This convergence problem will not be 

focussed on until chapter 4, where a particular function is more carefully examined. 
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Thus, when estimating the maximum likelihood estimates for each crypt column 

in the data set, the crypt columns with no labelled cells will be ignored. We do 

not foresee the problem of having crypt columns with every cell labelled because 

we do not expect the labelling index to be that high. However, if the case ever 

arises, the parameter estimates would need to be determined such that 

7r(X; 9) = 1 Vx E [0,1]. 

Although our data set only contains the boundary-value problem where the 

single labelled cell is located at position 1, the other boundary-value problem 

where the single labelled cell is located at position t is conceivable to us. Thus, 

both boundary-value problems will be dealt with. An approach to handle these 

boundary value problems is to put in artificial cells at positions zero and t + 1 and 

constrain them not to be labelled. Thus, the number of cells for the crypt column 

has increased from t to t + 2 and Yo and Yt+l have been assigned O. This will be 

done for each crypt column rather than just for the problem cases to be consistent. 

By doing this for each crypt column, the parameters are being constrained such 

that the predicted counts at cell positions zero and t + 1 are zero. 

However, for some of the functions 7r(x; 9) we will consider, 7r(0) = 0 VO E 0. 

Thus, including Yo = 0 will not remedy the boundary value problem when we have 

a crypt column with only one labelled cell located at position 1, since the log

likelihood remains unchanged. This means that the model is being fit in exactly 

the same way as when nothing was added to avoid the boundary-value problem. 

Thus, an alternative approach was taken to remedy this situation for these 

models. The approach used was to move each of the cells over one unit, to increase 

the number of cells in the crypt column by 2, to put in artificial cells at positions 

1 and t + 2, and to constrain these artificial cells to not be labelled (that is, Yl = 0 

and Yt+2 = O. Again, to be consistent, for such functions 7r(x), this will be done 

for each crypt column. 
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3.4 Logistic Regression Models Considered 

Since logistic regression is the most common approach to deal with binary 

data, both the linear and quadratic logistic regression models will be considered. 

In this section, the reasons why each model was not considered in greater detail 

will be given. 

3.4.1 Linear Logistic Regression Model 

Before the decision was made to focus on unimodal models, we had considered 

the linear logistic regression model given by 

exp(a + bx) 
1I"(x) -

- 1 + exp( a + bx) 

This function is used when to model a monotonic relationship between the proba

bility of success and the covariate of interest. 

A fortran program was written for this function using initial estimates as a = 

log~ and b = 0 where p is just the ratio of the number of labelled cells in the 

crypt column to the total number of cells in the crypt column. Although there 

were no additional convergence problems for this model, it did not seem to fit 

the compartmental summary data very well since it is a monotonic function (see 

Figure 3.2). 

To find the parameter estimates for the compartmental summarized plots (as 

opposed to finding parameters for each crypt column), we used nonlinear regression 

since we would be attempting to model the compartmental labelling index ('\~j») 

as some nonlinear function of its compartment c. To find the parameter estimates 

we use the least squares approach of estimation where we minimize the sums of 

squares of the errors in predicting '\~j) by 11"( 5<:0 ; a, b) given by 

50 

~)'\~J) - 11"( 5~ ; a, b))2 . 
<:=1 
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Fitting this model to some of the other compartmental summarized data continued 

to suggest that if this model was chosen, some useful information may be lost. 

3.4.2 Quadratic Logistic Regression Model 

Thus, the next natural choice was the same function with a quadratic term 

included, that is, 
exp(a + bx + cx2

) 
1r(x) = 

1 + exp(a + bx + cx2) 

This function is unimodal provided c < O. 

When this function was being considered, it was reparameterized in the follow

ing way 

so that the parameters would be more easily interpretable than the parameters 

a, b, and c. Using the reparameterization, the model is symmetrical about the 

line x = h and achieves the maximum value at x = h. The maximum value is 
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Figure 3.3, (j2 Being Estimated to 0 For the Quadratic Logistic Function 

(l~:~~~))' so in this sense k gives information about the height of the function 

peak. The other parameter, (j2, gives information about how much spread there is 

in the model about the point x = h. 

A fortran program was written for this model. The initial estimates used were 

those discussed by Lee [40J. Additional convergence problems for this model were 

encountered. Any crypt column with only one labelled cell (236 cases) as well as 

any crypt column in which the labelled cells were clustered in consecutive order 

such as a crypt column with labelled cells located at positions 7 and 8 (47 cases) 

presented convergence problems. The convergence problem for these cases was 

that a spike was being fit to the data as (j2 was being estimated to approach O. 

An example is shown in Figure 3.3. 

Besides the previously mentioned convergence problems for this particular model, 

there were several cases in the data set (64 cases) where (j2 was estimated to be 

negative. In these cases, the model fit to the data was not unimodal. This tended 

to occur when the labelled cells were located at extreme ends of the crypt columns. 
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Some examples are shown in Figure 3.4 . 
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Thus it was concluded that something would need to be done to remedy this 

situation of 0'2 being estimated to approach O. There were several options to con

sider. One option was to constrain the parameter 0'2 to belong to some parameter 

space; 0 which would not allow undesirable values. Then once the estimated value 

fell outside the boundary space, we would just let 0'2 be the boundary value. 

The second option was to focus on estimating parameter values for each person 

at each time point by using the likelihood function given by 

where ~jk is a vector of parameters for the prior distribution function of the ~jkl 's. 

Another option was to look for some alternative unimodal two-parameter mod

els, since these additional convergence problems would probably also be encoun-
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tered for any other three or higher parameter model we might consider. 

The first and second option discussed above would probably adjust these pa

rameter estimates to keep 0'2 > O. The first option involves including constraints 

for the parameters when solving for the maximum likelihood estimates. For the 

second option, no closed form expression exists for the suggested likelihood. This 

means finding maximum likelihood estimates using the second option would re

quire using numerical integration. The two-stage estimation approach where no 

constraints were included for the parameters would be much more computationally 

feasible than these two options. Besides, it is quite possible that the additional 

convergence problems were a consequence of overparameterizing the model. 

Thus, the decision was made to examine some unimodal two-parameter models. 

3.5 Alternative Two-Parameter Models 

Two parameter density functions were considered as possible unimodal, two

parameter models. There is nothing special about considering density functions; 

they just seemed to offer some ideas for possible functions. The problem with 

density functions though is that the range of most of them is not [0,1]. However, 

slight variations of some densities seemed promising. 

3.5.1 Functions Considered 

Some of the unimodal two-parameter models that were considered were 

1. 1r(x) = xBexp("/,"') 

2. 1r(x) = xBexp(-t) 

3. 1r(x) = xB(1- x)b 

These functions were looked at simultaneously. Notice in all cases, that if a ~ 0 

and b ~ 0 then 1r(x) E [0,1] for all x E [0,1]. 
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3.5.1.1 Gamma-Based Function: xaexp(-b3:) 

The first function 7r(x} = xaexp("in resembles the gamma density function 

without the scaling parameter 

1 
ba+1r(a + 1) 

Because of this, we a.dopt the convention of referring to this function as the 

gamma-based function. 

A fortran program was written for this function. The initial estimates used were 

a = 0.10 and b = 0.10. Using these rather arbitrary initial estimates, convergence 

was achieved in 2092 out of the 3112 cases. For those cases that convergence was 

not achieved, trial and error was used for better starting estimates. Once "better" 

initial estimates were used, convergence was achieved in all cases. However, there 

were two cases where a was estimated to be negative in the data set. For the 

discrete x-values used to do the modeling, the function 'Il'(x) remained between 

[0,1]. On the other hand, for smaller values of x (close to 0), 'Il'(x) will be larger 

than one. Alternative initial estimates were tried in these cases, but the parameters 

continued to be estimated to these values. Thus, from the decision made early on, 

this function should probably be dismissed. However, we later compare how this 

model fits the data to the other two-parameter models being considered. 

3.5.1.2 Gam-Squared Function: xaexp( -t) 
The second function 'Il'(x} = xaexp(-t} is just a slight variation of the 

gamma- based function. The slight variation consists of squaring the x in the 

exponential part of the function. For this reason, we will refer to this function as 

the gam-squared function. 

A fortran program was written for this function. The initial estimates used 

were a = 0.01 and b = 0.01. There were 30 crypt columns (out of 3112) for which 



93 

the convergence criteria was not met within 100 iterations using the above initial 

estimates. The majority of these were crypt columns that had only one labelled 

cell which was located in the base of the crypt column at position 12 or lower. 

Different initial estimates were used and convergence was achieved in all cases. In 

addition, without including constraints on the a's and b's, a and b were always 

estimated to be greater than O. 

3.5.1.3 Beta-Based Function: x°(1- x)b 

The third function lI'(x) = xO(l-x)b looks similar to the beta density function 

without the scaling parameter 

where 

r(a + l)r(b + 1) 
r(a+b+l) 

r(a + 1) = 10
00 

xOexp( -x) dx . 

Because of this, we will refer to this function as the beta-based function. 

A fortran program was written for this function. The initial estimates used 

were a = 0.10 and b = 0.10. Convergence was achieved in all 3112 cases using 

these rather arbitrary initial estimates. In addition, without including constraints 

on the a's and b's, a and b were always estimated to be greater than O. 

3.5.2 Comparing these Models 

After estimates were obtained for each of these functions, we compared how 

the functions were fitting the data. Even though the gamma-based function has 

not met all the criteria discussed in section 3.2, we still compare it to the other 

two-parameter models. First, each of these functions was fit to the compartmental 

summarized plots. By inspection, they all seemed to fit the compartmental sum

marized plots fairly well. Thus, we decided to compare the functions at the crypt 

column level. 
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3.5.2.1 xIJexp(-:2) versus xIJexp(i,"') 

We compare the function 1I'{x) = xIJexp(i,"') to the function 1I'(x) = xIJexp(-:2) 

in Figure 3.5, where several plots are shown. In the plots, the solid lines are used 

for the gam-squared function and the dotted lines are used for the gamma-based 

function. In addition, the small vertical bars in the plots indicate where the la

belled cells are located within the crypt columns. 

We see that the gamma-based function tends to be more heavily skewed than 

the gam-squared function. In fact, the gamma-based function tended to have much 

heavier tails than the other two functions. Heavy tails is probably not desirable for 

the function 1I'(x) since there is little cell proliferation in the upper portion of the 

crypt columns. There also tends to be a big difference between these two functions 

in where the maximum of the function occurs. 

3.5.2.2 x"exp( -t) versus xIJ(1 - x)b 

We compare the function 1I'(x) = xIJ(1 - x)b to the gam-squared function in 

Figure 3.6 where again several plots are shown. In the plots, the solid lines are 

used for the gam-squared function and the dotted lines are used for the beta-based 

function. Again the small vertical bars in the plots give the location of the labelled 

cells within the crypt columns. 

Sometimes the beta-based function tends to have heavier tails than the gam

squared function and at other times the gam-squared function has heavier tails 

than the beta-based function. The nice feature of the beta-based function is that 

11'(0) = 11'(1) = 0, whereas the other two functions can be heavily influenced by 

labelled cells located in the upper portion of the crypt columns (with this being 

more evident for the gamma-based function than for the gam-squared function). 

While other two-parameter models could have been considered, we decided to 

choose one of these functions to study its properties in more detail. We noticed 
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that the mode of the gam-squared function tended to occur where one might expect 

it to occur just by examining the location of the labelled cells. We also tended to 

prefer the shape of this function over the shape of the beta-based function since the 

gam-squared function tended to be more normally shaped. We therefore decided 

to focus on the gam-squared function, 71'(x} = xOexp(-t}, in our further work. 

In the next chapter, we will attempt to assess how the model is fitting the 

data. After this, we will discuss the interpretation of the parameters, a and b, and 

introduce two new parameters to be used to study the biomarkers. Then through 

simulations we will compare our proposed analysis to those currently being used 

in the literature. 

In chapter 5, we will study the robustness of our analysis based upon the gam

squared function when the true model is given by some function other than our 

chosen model. Some of the functions considered will be the other functions dis

cussed in this chapter. 



Chapter 4 PARTICULAR MODEL 

4.1 Introduction 
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In this chapter, the focus will be on the particular model1r(x) = XCI exp( -t). 
In section 2, the self-consistency approach that was taken to assess how the model is 

fitting the data will be discussed. In section 3, we present our attempts to interpret 

the parameters a and b. In Section 4, two new parameters are introduced and an 

approach to use these new parameters to study an excess in cell proliferation and 

an upward shift in where most of the cell proliferation occurs in the crypt columns 

will be proposed. In section 5, through Monte Carlo simulations, the power of 

the current methods being used (which were presented in chapter 2) to study the 

biomarkers will be compared to our proposed method of analysis. Data is simulated 

in the setting where the probability of a cell being labelled given its position in 

the crypt column is given by our chosen model1r(x) = xCl exp(-:2). We also use 

some additional assumptions when generating the data. In section 6, we study the 

robustness of our analysis when some of the additional assumptions are not true. 

In section 7, we simulate data as that arising from controlled dietary intervention 

studies to compare the power of the various analyses for detecting differences in 

the biomarkers. 

Since simulations constitute a large portion of this chapter as well as the next 

chapter, we give now the basic information and references of the random number 

generators used. An International Mathematical and Statistical Libraries (IMSL) 

routine called GGUBS was used to generate uniformly distributed random num

bers. The subroutine uses a linear congruential generator with multiplier 16807 

and modulus 231 - 1. Binary random numbers were generated as suggested in 

Kennedy and Gentle [37] and normal random numbers were generated by algo

rithm P, a polar method for normal deviates, given by Knuth [38]. All simulations 
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were performed on Sun Sparc IPC computers. 

4.2 Attempts to Assess How the Model Fits the 
Data 

Recall from Chapter 3, that we chose to focus on the model 

11"( x) = xllexp( -t) in more detail. However, just because this model seemed to 

adequately fit the summarized compartmental plots fairly well (by inspection), does 

not mean that this model is adequately summarizing the crypt column information. 

Thus, in this section, we attempt to assess how the model is fitting the data. 

Often what is done to assess the fit of a regression model is to first calculate 

the fitted values (fi) and the residuals (ei = l'i - 'Pi) Then plots of the fitted 

values versus the residuals or plots of explanatory variables versus the residuals 

are examined to see if any systematic departures are evident that would suggest 

the model is inappropriate. 

While there are some diagnostic techniques for binomial data, they tend to 

become noninformative for binary data [14]. For example, there have been several 

residual quantities proposed for binomial data such as the Pearson residuals 

or the deviance residuals 

where Pi is the estimated value of Pi from the assumed model and 'Oi = niPi. 

For binary data these quantities become 

h. _ Yi - Pi 
I - VPi(1 - Pi) 

and 

di = sgn(Yi - Pi)V-2[Yi 109(Pi) + (1 - Yi)log(1 - Pi)] 
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where each quantity can only take on one of two values depending upon whether 

Yi is 0 or 1. Thus, looking at the residual plots for binary data is usually nonin

formative. 

However, there have been some alternative suggestions on how to examine these 

plots via smoothing techniques [31, 39]. These techniques were usually for the 

logistic regression model where there was only one overall model. In our case, we 

have 3112 models. Rather than attempt to come up with a single test statistic to 

give us this information, we chose to take a "self-consistency" approach where we 

look for any systematic departures to study how the model is fitting the data. 

The first thing was to see whether, on average the labelling index predicted 

from the model was about the same as the observed labelling index. The labelling 

index for the lth crypt column of the kth sequence for the jth person in the ith 

group is given by 
tj 'k' \ E":=l l'ijklm 

I\ijkl = 
tijkl 

Then the expectation of Aijkl given the parameter values aijkl and bijkl is 

tj 'k' (I ) 
E( \ I b) E":=l E l'ijklm ajjkll bjjk1 

I\ijkl aijkl, ijkl = t 
ijk.l 

2 
"tjik' "tjjk' X?!jk' exp( -Xjjk.m) 

_ L.Jm=l Pijklm _ L.Jm=l IJklm bjjk. 

- tijkl - tijkl 

This quantity is also the Riemann Sum which is used to estimate 

11 Qj 'k' -xljklm 
XiJ'~lmexp( b ) dXijklm , 

o ijkl 

that is, it is an estimate of the area under the curve. 

Thus, a plot of the estimated area under the curve versus the observed labelling 

index was examined (shown in Figure 4.1). Most of the points in the figure are fairly 

close to the identity line. There appear to be no huge outliers where the estimated 

area under the curve is vastly different from the observed labelling index. However, 
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Figure 4.1, Estimated AUO versus Observed Labelling Index 
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2914 of the 3147 crypt columns had an observed labelling index that was higher 

than the estimated area under the curve. 

To check to see if this was an unusual characteristic for this function, 1000 data 

sets were simulated where the probability of a cell being labelled given its position 

in the crypt column was given by the function xaexp(-t). The data sets simulated 

consisted of 2 groups of subjects where each group had 41 subjects and each subject 

had 15 crypt columns. The exact details of how the data were simulated will be 

given in section 4.5.1, where we use simulation studies to compare the power of the 

various methods used in the literature to the method we will propose in section 

4.4. Data were simulated in this way to resemble the real data set. 

After each data set was simulated, the proportion of times the observed labelling 

index was greater than the expected proportion of labelled cells for each crypt 

column was calculated. We found that the proportions ranged from 0.86016 to 

0.91951 with a mean of 0.88887 across the 1000 data sets (histogram for these 

values are shown in Figure 4.2). 
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Figure 4.2, Proportion Observed Labelling Index Greater Than Estimated AUG 
From Simulated Data 

Thus, although the proportions are slightly less than that observed from the 

real data set (92.6%), the proportions are still relatively high. This suggests this 

characteristic may not be unusual for this particular function. 

A possible explanation for the estimated auc usually being less than the observed 

labelling index is as follows. It is generally the case that if the distance between 

the first labelled cell position and the last labelled cell position is large, then the 

estimated auc is greater than the observed labelling index. The number of labelled 

cells present in the crypt column seems to be the major factor determining whether 

the observed difference between first labelled cell position and the last labelled cell 

position is large. Otherwise, the estimated auc is less than the observed labelling 

index. This can be seen in Figure 4.3 where each x-axis is the distance between the 

first labelled cell position and the last labelled cell position and each y-axis is the 

labelling index minus the estimated auc, called the residuals. The points included 

in a specific plot are those values for crypt columns in the real data set having the 

specified number of labelled cells. 
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Figure 4.4, Distance Examples 

Now consider one crypt column of length 57 cells and with two labelled cells 

located at positions 16 and 42, and another crypt column of length 57 with two 

labelled cells located at positions 12 and 15 (see Figure 4.4 (a) and (b), respectively, 

for the way the model fits these cases). We were interested in seeing if this model, 

using the estimated parameters (a and b) and the given number of cells (t = 57) 

for these crypt columns, would generate labelled cells at a distance that was about 

the same as that observed. 

For each of these crypt columns, data for 1000 crypt columns were generated 

using the estimated parameters (a and b). Since there are only two labelled cells 

in the observed crypt columns, there were several crypt columns generated with 

zero labelled cells as well as several with only one labelled cell. In these generated 

cases, the distance between the extreme positions cannot be calculated. 

For the crypt column with the labelled cells located further apart, the model 

tended to generate labelled cells that were closer together (for 452 cases the gen-
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erated distance was less than the observed distance versus 168 cases for which the 

generated distance was greater than or equal to the observed distance). For the 

crypt column with the labelled cells located closer together, the model tended to 

generate labelled cells that were further apart (for 459 cases the generated distance 

was greater than the observed distance versus 85 cases for which the generated 

distance was less than or equal to the observed distance). These results tend to 

suggest a form of regression to the mean. 

Similar results were obtained when this procedure was repeated for the entire 

data set. For each crypt column in the data set, data for 1000 crypt columns were 

generated using the estimated parameters (a and b). The general conclusion was 

that the simulated data tended to be more clustered than much of the actual data. 

This preponderance of widely separated labelled cells in the actual data would then 

cause the estimated AUC to tend to be lower than the observed labelling index. 

The above discussion, while not conclusive, suggests that the fit of our model 

to our data is not perfect. To see whether this slight lack of fit causes substantial 

errors in our analysis, in Chapter 5 we will study the robustness of our analysis 

when the true function 11" is not our chosen model. If this model is robust to other 

alternative functions 1I"(x), then any misspecification of the true model will be of 

little practical consequence. 

4.3 Attempts to Interpret the Parameters a and 
b 

Supposing we have found the true model, it is possible that a and b are the 

parameters that are most indicative of who is at increased risk for colon cancer. If 

this is true, we would like to have interpretations for a and b. However, no obvious 

interpretations were found for the parameters. To study if a and b are the true 

intermediate endpoints, large case-control studies containing patients with polyps 

and/or colon cancer and patients to serve as controls would be needed. Using a 
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large data set, clusterings of a and b could be explored. However, an additional 

case-control data set would be needed to validate the findings. At present, we do 

not have such data sets available to us. Thus, we now study how these parameters 

are related to the proposed biomarkers which are (i) an excess in cell proliferation 

and (ii) an upward shift and/or extension of cell proliferation. 

To study this, we chose to look at the following two quantities: (i) area under 

the curve (AUC) and (ii) the mode of the function (MODE). We will use capital 

letters for A UC and MODE to stand for these values computed from our chosen 

model. Otherwise, we will use the auc and the mode when talking about these 

values for any general model. Recall that the (AUC) was just discussed in the 

previous section where it was estimated using the Riemann Sum 

t xa exp( -x~ ) E m b 

m=l t 

which is a function of a and b, say 91(a, b). 

The AUC, as we have estimated it, is the expected proportion of labelled cells 

predicted from the function 11'( x) = xaexp( -t ). Thus this suggests that this 

function could also be used to study the excess in cell proliferation. 

The mode is defined as the place where the maximum of the function occurs. 

For our particular model, the mode occurs at x = J¥, which is another function 

of a and b, say 92(a, b). The mode seemed to be the most natural parameter to 

study the upward shift of the cell proliferation zone in the crypt columns. 

The following relationships among the AUC, the MODE, a, and b were noticed 

where a, b > 0: 

1. For a fixed, as b increases, then the MODE increases and the AUC increases. 

Proof: 

Suppose al = a2' Suppose b is increasing, that is, bl < b2. Then clearly the 

MODE is increasing since MODE = J¥. In addition, bl < b2 implies exp( -b~') < 

exp(b~') \Ix E (0,1). 
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Since al = a2 then X01 = XO~ \:Ix E (0,1), which implies 

thus the AUC is increasing I 

2. For b fixed, as a increases, then the MODE increases and the AUC decreases. 

Proof: 

Suppose bl = b2• Suppose a is increasing, that is, al < a2' Again the MODE is 

clearly increasing. In addition, al < a2 implies X 01 > XO~ \:Ix E (0,1). 

Since bl = b2 then exp( 1.:2 ) = exp( _~2). 

Thus, 
t _x2 t _x2 

2: x~: exp(~) > 2: x~ exp(~) 
m=l bl m=l b2 

and the AUC is decreasing I 

3. For MODE fixed, as a increases, then b decreases and the AUC decreases. 

Proof: 

Suppose the MODE is fixed, that is, albl = a2b2. Further, suppose a is increas

ing, that is, al < a2' Then b l must be greater than b2 for albl = a2b2' Since 

at < a2 we have that X01 > X02 \:Ix E (0,1). 

Since bl < b2 we have that exp( -b:2
) > exp( 1.:2

) \:Ix E (0,1). Thus, 

t _x2 t _x2 
E x~exp(T) > 2: x~exp(~) 
m=l I m=l b2 

and the AUC is decreasing I 

4. For fixed AUC, as a increases, then b increases and the MODE increases. 

Proof: 

Assume the AUC is fixed. Let al < a2. Claim: bl < b2, that is, b is increasing. 

Suppose this is not the case, then bl ~ b2• This implies 

_x2 _x2 

eXP(T) ~ exp(t;;) \:Ix E (0, I). 
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Since al < a2 then xal > xa2 "'Ix E (0,1), which implies 

t _x2 t _x2 
E x~: exp( --...m.) > E x: exp( --...m. ) 
m=l b1 m=l b2 

or in other words (AUG). > (AUGh, a contradiction. 

Thus b is increasing. Now since a and b are increasing, then clearly the (MODE) 

is increasing, since 

lab 
MODE=V"2 1 

Based on these relationships, better initial estimates to be used in the Newton

Raphson method to estimate the parameters were found. These new initial esti

mates are presented in Appendix D. 

In addition, it is clear from these relationships, that a does not contain only in

formation about one of the proposed biomarkers while b contains only information 

about the other proposed biomarkers. In fact, each parameter contributes infor

mation on both biomarkers, as can be easily seen from the fact that the (AUC) 

and the (MODE) are both nonlinear functions of a and b. This then suggests 

correlation between a and b in the population. 

Let Pijk = the correlation between aijkl and bijkl for the jth person at the kth 

sequence in the ith group. 

The Pijk'S were estimated using the Pearson Correlation Coefficients for our data 

set. Descriptive statistics for these estimated values categorized by treatment and 

sequence are given in Table 4.1. Observations with less than five crypt columns 

were not included. 

4.4 Proposed Analysis using AUC and MODE 

Since the idea of a and b being the true intermediate endpoints would be 

difficult to study at this point, we restrict our focus to using the AUG and the 

MODE to study the proposed biomarkers. Thus, the vector-valued transformation 

of our parameters will be used. 



109 

Since the (AUO) and the (MODE) are functions of a and b, 91(a, b) and 92(a, b), 

respectively, then AUa = 91(&' b) and MOlJE = 92(&, b) are the mle's of the AUO 

and MODE, where & and b are the mle's of a and b. 

Suppose we are analyzing a real data set. In the case-control setting, the two 

main questions we would be interested in addressing are: 

1. Does the case group have more cell proliferation activity than the control 

group? and 

2. Does there appear to be an extension and/or shift in cell proliferation to the 

upper portion of the crypt columns for the case group as compared to the 

control group? 

On the other hand, in the dietary intervention setting we would be interested 

in addressing the following two main questions: 

1. Has the treatment lowered the cell proliferation activity as compared to the 

control group? and 

2. Has the treatment shifted where more most of the cell proliferation is occurring 

within the crypt columns as compared to the control group? 

We propose using the AUe to address the first question and the MODE to 

address the second question in both settings. In most cases we are interested in 

addressing each of these questions separately, so that analyzing the information 

available for each biomarker separately would be desired. However, a multivariate 

analysis approach could be used to answer these questions simultaneously. If a dif

ference is detected between the groups using the multivariate approach, then each 

of the biomarkers would be analyzed separately to identify where the difference 

between the groups is occurring. We restrict our focus to analyzing each biomarker 

separately. 
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4.4.1 Case-Control Setting 

In the case-control setting, to deal with the repeated measurements on the 

individuals, we will use either one of the approaches discussed in chapter 1 (see 

sections 1.6.2.1 and 1.6.2.2) to test for a group effect for each of the biomarkers 

separately. For each crypt column except for those crypt columns with no labelled 

cells, we have o'i;" hi;" AVCi;l, and MOlJEi;l. One approach is to calculate one 

observation per person per biomarker. 

However, since the a and b were estimated using a two-stage approach (which 

means the a's and b's were estimated for each crypt column based only on its 

information), the crypt columns with no labelled cells will have to be dealt with. 

Recall from chapter 3 that this is one of the cases where convergence will not be 

achieved. These crypt columns could be omitted from the data set. However, we 

believe they are giving us some information. Thus, for these cases, we assumed 

that ?rex) = 0 'Ix E (0,1]. Based on this assumption, the AUC is set to zero and 

the value for the MODE is assumed to be missing. Such a convention is reasonable 

because for this case there is no unique mode for the function ?rex) = 0 'Ix E (0,1], 

and the mode for this case is therefore noninformative. 

In terms of the a's and b's, notice that 

lim _x2 
b --., 0+ xQexp(-b-) = 0 'Ix E (0,1] 

where a can be any value greater than O. Thus, one possibility for the crypt 

columns with no labelled cells is to assign b = 0 and consider a as missing. 

One way to deal with the repeated measurements on a person is to calcu

late one observation per person per biomarker. One observation per person per 

biomarker can be calculated by averaging the AUci;1 or the MOlJEi;1 across the 

crypt columns to obtain 

L" -Ailc;j = L:,~~ AUCijl 
Lij 
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An alternative approach to calculating one observation per person per biomarker 

is to first average the aij/'s and the bij/'s to get 

A Ef~~ lzjj/ d bA Et~ bij/ 
ajj = L.. an ij = L .. 

I) I) 

and then use these values to calculate (AUC)ij or (MODE)ij. To use this ap

proach, since the AUC is usually estimated as 

where tij/ is the number of cells in the crypt column, then the overall t must be 

decided. The integer part of the average number of cells, t;j, might be used. 

However, we chose not to examine this alternative approach in detail since we 

expect the averaged AUC and MODE values to be more appropriate from the 

way the data will be generated. Then once we have obtained one observation per 

person the two-sample t-test can be used to compare the groups. 

In addition, separate analyses could be done on the biomarkers by using either 

one of the mixed models: 

and 

(MODE)ijl = Jl' + 0'; + {3;j + f;jl 

where p. and p.' represent the overall mean levels, G'i and a~ represent the fixed group 

effects, {3i and {3; are the random person effects and the fiji and f~jl are the random 

errors. To test for the group effects, it is usually assumed that (3ij i,!j N(O, O'~), 

(3;j i,!j N(O, O'~,), fiji i,!j N(O, O'~), f~jl i,!j N(O, 0';,), and that the random factors 

are all distributed independently of each other. 
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4.4.2 Longitudinal Setting 

In the dietary intervention setting, where a sigmoidoscopy has been performed 

both before and after treatment for each individual, we not only have repeated mea

surements on individuals because of multiple crypt column measurements obtained 

at a given time, but we also have repeated measurements over time. 

In this situation, to test for a treatment effect, the average values for each person 

at each time point will be calculated as follows: 

These observations can then be used in anyone of the three simplified approaches 

discussed in chapter 1. Recall that these approaches were: 

1. perform a t-test on the average final measurements since by randomization 

baseline measurements should be balanced, 

2. perform a t-test on the differences between the average after treatment mea

surements and the averag~ before treatment measurements, and 

3. regress the average final measurements on the average baseline measurements 

and t,he treatment indicator. 

These simple ways of dealing with repeated measurements for a person can also 

be applied to most of the measurements discussed in chapter 2. 

While there may be more efficient approaches to deal with the repeated mea

surements we have on a person, that is not our main focus. We are interested in 

determining whether by modeling the binary data at the crypt column level we 

have gained any improvement in power in detecting differences in the biomarkers as 

compared to the analyses currently being used. Thus the focus is on the summary 

measures being used and not on the actual test statistics. However, we will point 
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out when a test that has been used in the literature is clearly inappropriate for this 

type of data. In the next three sections, through simulation studies we compare 

our proposed method of analysis to those currently being used in the literature. 

4.5 Comparing Power of Various Analyses in a 
Particular Setting 

In the previous section, we suggested our proposed analysis which uses the 

(AUC) and the (MODE) obtained from the function 7r(x) = xOexp(-t) to study 

the biomarkers of interest. Thus, at this point, we are ready to compare our pro

posed analysis to those described in chapter 2 . Results from simulation studies 

are presented in the next three sections. Most of the simulation studies presented 

will be in the setting where two groups are being compared at a given time point, 

However, in the final section of this chapter, a dietary intervention study where 

repeated measurements for the subjects are also generated over time will be con

sidered. 

In this section, the type I error rate and power of the summary measures 

currently being used in the literature are compared to our proposed analysis in 

a hypothesized situation where we not only assume the true model 7r(x) to be 

xOexp( -t), but we also make certain other assumptions and restrictions, which 

will be discussed. The additional assumptions are the same as those we made (i) to 

model the probability a cell is labelled, (ii) to obtain estimates for our parameters, 

and (iii) to perform the mixed model analysis of variance using the AUC and the 

MODE. 

Since we are using precisely the assumptions we need, we expect our proposed 

analysis to do well. In a later section, we still assume our model7r(x) = xOexp( _:2) 

to be the correct model, but we study the robustness of the model in situations 

where some of the other assumptions we have made are incorrect. 
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Data Generation and Assumptions Made 
for Simulation Studies 

Suppose we are in the case-control setting where we are comparing the control 

group to say a group of patients with sporadic polyps. Further suppose that the 

true model that describes the probability that a cell is labelled is the proposed 

model, 1l'(x) = xOexp(-t), where x E (0,1] is the relative cell position. Assume 

also that the two measures which tell us whether or not there is a difference between 

the two groups are the AUO and the MODE. Thus, the assumptions being made 

at this point are that the probability of each cell dividing (Pij/m) is some function 

of its position in the crypt column and that this function is known to be the exact 

function we have chosen to use in our proposed analysis. We are also assuming 

that the biomarkers can be parameterized to the (AUO) and the (MODE) for this 

function. 

We generate data under the assumption that the (AUC)ijl and the (MODE)ijl 

each come from a mixed model, that is, we generate our parameterization of the 

biomarkers under the models: 

(AUC)ijl = Jl + ai + f3ij + ,ijl ( 4.1) 

and 

(4.2) 

where Jl and Jl' represent the overall mean levels, ai and a~ represent the fixed 

group effects, f3ij and f3;j are the random person effects and the ,ijl and ';jl are 

the random crypt column effects. It is further assumed that f3ij i,fj N(O, O'~), 
(.I' iid N(O 2) iid N(O 2) , iid N(O 2) d h h d r fJij '" , 0' p' "ijl '" , 0' 'Y "ijl '" , 0' 'Y' ,an t at t e ran om lactors 

are all distributed independently of each other. Thus, under these assumptions, 
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Now the assumption that the AUC comes from the mixed model presented 

above is the same as assuming that 

where the (AUG)ij represents the mean AUC for the jth person in the ith group 

and is assumed to be a normal random variable with mean P + Qi and variance 0'$. 
This same alternative approach of generating a person effect can also be used for 

the MODE. 

Under this hypothetical situation, the data is generated in the following way: 

1. combine fixed effects such that 

I I I 

P + Qi = Pi and P + Qi = Pi 

and set Pi and P; equal to constants Vi; 

2. generate mean values for each person as 

3. generate the crypt column information as 

and tijl is the integer part of a normal random variable with mean PT and 

variance uti 

4. use the bisection method [34] to solve for aijl from the equation 

and then 

"tjj' Ojj' ( -Ojj,x~jlm ) 
L..m=l Xijlm exp 2(MODE)~., 

(AUG)ijl = 'J 

tijl 

bijl = 2( MOD E)~jl j and 
aijl 
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5. given Gijl and bij" then the Bernoulli random variables l'ij/m can be gener-
2 

ated with pr{lbability Pij/m = x~jf:n exp( -~:::m) of being equal to 1 (cell being 

labelled) and with probability (1 - Pij/m) of being equal to 0 (cell not being 

labelled). 

Thus, the assumptions made in generating the true values of (AUG)ijl and the 

(MODE)ijl according to the previously defined mixed models are that 

1. the true values are each normally distributed; 

2. there is a constant within subject variability for each biomarker (O'~ and O'~,) 

among the subjects, as well as, a constant between subject variability for each 

biomarker (O'~ and O'~,) among the groups; and 

3. correlation among the crypt columns is constant for both biomarkers since 

0'2 

Gorr«AUG)ij/, (AUG);jl') = 2 {3 2 "'11:/= l' 
0'{3 + 0',,/ 

which equals a constant p and 

which equals a constant p'. 

Data is also generated under the assumptions that the true (AUG);jl and 

(MODE);jl are independent of one another and that the l'ijlm'S are condition

ally independent. The latter assumption means that conditional on the random 

effects Gijl and bij" the l'ijlm'S are independent. This does not include any addi

tional correlation among the l'ijlm'S which may arise from the fact that cells are 

continually dividing into daughter cells. 

It will be further assumed that when an excess in cell proliferation or a shift in 

the location of cell proliferation occurs, they each occur on the relative scale. We 
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will also assume that the number of cells per crypt column (tjjl) varies but that 

there is no difference between the two groups in their distribution, that is to say, 

we are restricting our attention to only the other two proposed biomarkers, namely, 

an excess in cell proliferation and an upward shift in where cell proliferation occurs 

in the crypt columns. However, in section 4.6.3, we will be interested in studying 

what happens to the methods being used to study the two proposed biomarkers, 

if the number of cells per crypt column is also a biomarker. 

In addition to the previously mentioned assumptions, we have restricted our

selves to the case where there are 21 people in each group and every person has 12 

crypt columns (the mean number of crypt columns per observation from our data 

set), that is, we have restricted ourselves to a balanced design. This setup may 

not be very practical since in our particular data set the number of crypt columns 

per person varies considerably. However, in the next section, we examine briefly 

how a highly unbalanced design may affect the analyses, as well as how some of 

the other assumptions may also affect the analyses. 

Note that rather than first simulating the AUO and the MODE values and then 

solving for the appropriate a and b, we could have first simulated a and b. In 

that case, a and b could not have been generated independently, because the data 

simulated in this way did not look like some of the real data sets we have seen. In 

addition, when a or b changes it makes it hard to study a difference in the AUO 

and a difference in the MODE separately. From t.he way we have simulated the 

data, we can easily study these differences separately. 

Thus for now we place ourselves in the situation where most of the assumptions 

made are the exact same ones that we have either assumed while attempting to 

find an appropriate model for the Prey = 11x) or will assume when the final 

analysis to study the biomarkers is done. Some of the other restrictions were for 

convenience. Nonetheless, we compare the power of the methods currently being 
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Figure 4.5, Increase In AUC For Chosen Model 

used in the literature to our proposed analysis for detecting various differences 

between the groups in this hypothetical setting. 

4.5.2 Difference Between Groups to be Studied 

Under this hypothetical situation, there are three ways that differences can 

occur between t"he groups. One way is that there is a difference between the two 

groups in the AUC, but that there is no difference between the two groups in 

the MODE. That is, /1-0 =1= /1-1 and /1-: = /1-~ (where the notation presented in the 

previous section is being used). This corresponds to the case where one group has 

a greater cell proliferation rate than the other group. Given a fixed MODE, the 

way our particular function, x a exp( -t), changes as the AUC increases can be 

seen Figure 4.5, where the MODE for both curves is 0.25 and the AUC increases 

from 0.10 to 0.13. 

Another way that there can be a difference between the two groups is that 

there is no difference between the two groups in the AUC, but that there is a 

difference between the two groups in the MODE, that is, /1-0 = /1-1, and "': =f:. ",~. 
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This difference could correspond to the case that the polyp group has experienced 

an upward shift in where most of the cell proliferation is occurring. The way the 

shape changes as the mode shifts and AUC is held constant for this particular 

function, xaexp(-t), can be seen in Figure 4.6, where the AUC for both curves 

is .10 and the MODE shifts from 0.25 to 0.31. 

We could also consider the case where both the AUC and the MODE are dif

ferent between the groups, that is, the case where Ilo =/: Ill, and Il: =/: Il~. However, 

because most of the analyses used to study an upward shift are affected by an 

increase in the AUC, we only present power studies in the situations where there 

is a difference between the groups in only one of the parameters. 

4.5.3 Extension For This Function 

In chapter 1, we suggested that the biomarkers could be (i) an excess in 

cell proliferation; (ii) an extension of cell proliferation to the upper portion of the 

crypt columns; and (iii) a shift in where most of the cell proliferation is occurring 

in the crypt columns. We have tended to consider (ii) and (iii) as one biomarker 
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since they are both mainly concerned with the distribution of the labelled cells. 

However, it is quite conceivable that they are two separate things. Recall that 

an extension of cell proliferation to the upper portion of the crypt columns was 

defined to occur when the probabilities of cells being labelled in the upper third of 

the crypt columns have increased, while those in the lower two-thirds of the crypt 

columns have remained the same or decreased. 

For our particular function, an extension of cell proliferation to the upper por

tion of the crypt columns (as defined) can only occur as a result of an increase in 

the MODE (see Figure 4.6 ). Notice, however, that as the AUG increases, the prob

abilities also increase in the upper portion of the crypt columns (see Figure 4.5). 

Most of the compartmental analyses, especially those just based on compartments 

4 and 5, seem to be analyses designed to detect an increase in the probabilities 

of cells being labelled in the upper portion of the crypt columns. Thus it seems 

reasonable to question the ability of these compartmental analyses to discern the 

difference between an increase in the probabilities of cells in the upper portion of 

the crypts being labelled caused by an increase in the AUG versus an increase in 

these probabilities caused by an upward shift in the MODE. It is desirable that 

the analysis based on the MODE not be affected by a true difference in the AUG. 

4.5.4 Results from Study 

The power of the various analyses under different null values for the param

eters J.l, J.l', u~, u~" u~, u~, in this hypothetical situation has been studied and the 

conclusions are basically the same as those we are about to present for a particular 

case. 

The particular example presented is where the parameter values from the mixed 

model notation presented in equations 4.1 and 4.2 are J.lo = 0.10" J.l: = 0.25, 

Up = u"'( = u"'(' = 0.01, up' = 0.03, J.lT = 59.77, and UT = 5.6. The power of the 

various analyses is studied as J.ll or J.l~ changes. 
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Basically, we tried to generate realistic values from our particular data set. The 

means and standard deviations for the variables by treatment group and sequence 

are given in chapter 7, where the data set is analyzed. However, the 1'0 value is 

slightly larger in the simulations than it appears to be in the real data set. The 

problem is that the smaller 1'0 is, the smaller the variability has to be so that we 

avoid generating negative AUC values. 

The results from the simulation studies are presented in two tables (one for each 

difference). Table 4.1 presents the power of the tests for detecting a difference in 

1'0 and 1'1 when JL: = I'~ = 0.25, while Table 4.2 presents the power of the tests 

for detecting a difference in 1': and 1'; when JLo = 1'1 = 0.10. 

The layout of the tables is the same. Each table is subdivided into two parts. 

The upper portion of the table labelled "Excess in Cell Proliferation" contains the 

statistics and their tests that have been used to study an excess in cell proliferation, 

while the lower portion of the table labelled "Upward Shift" contains the statistics 

and their tests that have been used to study an upward shift and/or extension of 

cell proliferation. 

The summary measures are given in the first column according to the way they 

were written notationally in chapter 2 and the second column gives the tests that 

were used on these observations to determine whether or not there was a difference 

between the two groups. Of course, the parameter values we are proposing are also 

included where either the two-sample t-test or the F-test from the mixed model 

analysis of variance is used to test for a difference between the groups. At the 

end of this subsection, the notation from chapter 2 will be briefly reviewed. This 

notation has also been given in the table of contents for chapter 2. 

The first column under the alternative (the third column from the left) in each 

table is under the null hypothesis that there is no difference between the two 

groups. This allows us to study the type I error rate ~f the various measurements 
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and their tests. All of the tests were performed at significance levels 0.05 and 0.10. 

But only the results where 0.05 was used as the significance level are presented. 

Thus, the third column will be the same in both tables and we would expect this 

column to be around 0.05. Furthermore, each column is based on 1000 simulated 

studies. 

As a rough guide, we will use the Z-test to determine what tests are above or 

below the nominal level of 0.05 where the Z-test tests 

Ho : P = 0.05 versus HA : P =f. 0.05. 

The test statistic, Z, is given by 

z _ Pob/J - 0.05 
- Jo,OSp-o.OS) 

1000 

where Pob/J is the proportion of times out of 1000 that the summary measure and 

its test rejected the null hypothesis that po = PI or p~ = p~ depending on which 

biomarker the measurement is used for. We reject the null hypothesis if IZI ~ 1.96, 

where we have again used the 0.05 significance level. Thus, if 0.037 ~ Pob/J ~ 0.063, 

then we say the test is consistent with nominal level. 

4.5.4.1 Review of Analyses from Chapter 2 

Before the results reported in the tables are discussed, the notation that is used 

in the tables (which was also used in Chapter 2) is briefly reviewed. 

).jj is the proportion of labelled cells for the jth person in the ith group (see 

section 2.3.2 for more details). It is often called the labelling index. 

fijj. is the average number of labelled cells per crypt column for the jth person 

in the ith group (see section 2.3.3). 

ni .. is the number of labelled cells in group i. The analysis used for this pa

rameter was the x2-test which treats the cell as the sampling unit (see section 

2.3.1). 
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(AUC)ij is the average AUo for the jth person in the ith group calculated by 

averaging the crypt column AUo values (see section 4.4.1). 

(AUC)ij/ is the AUo for the /th crypt column of the jth person in the ith group 

(see section 4.4.1). 

Si(X) is the cumulative labelling distribution function proposed by Wilson and 

Bird [74] (see section 2.4.3.3). 

>'~i) is the labelling index for the compartment c in the jth person from the ith 

group (see section 2.4.2.1), where c = 1,2,3,4,5. 

These compartmental labelling indices are used in three ways. Recall the most 

common approach used in the literature to study an extension and/or shift of 

cell proliferation is to do five separate analyses (one for each compartment) on 

the compartmental labelling indices. Thus, the results when at least one of the 

compartments is significant after using separate t-tests on each compartment is 

presented. However, such a strategy entails a multiple comparison problem. 

Thus, as was discussed in chapter 2, the following adjustments to the multiple 

comparison problem are considered: (i) adjust the separate compartmental analy

ses by the Bonferroni adjustment (denoted in table by "Bonf adj t-tests") and (ii) 

just focus on compartments 4 and 5. Thus 

>.~J&5) is the labelling index for compartments 4 and 5 combined in the jth 

person in the ith group. 

tPij is the ratio of the labelled cells located in compartments 4 and 5 to the total 

number of labelled cells for the jth person in the ith group. This was referred to 

as the upper crypt occupancy fractions (see section 2.4.3.1). 

Recall some noncompartmental summary measures have also been suggested to 

study the distribution of labelled cells; these were calculated on both the absolute 

and relative scale. We describe in words the absolute measures and just give the 

notation for the relative scale measures. 
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(i; is the average absolute cell position of labelled cells for the jth person in the 

ith group versus its relative scale counterpart (tj (see section 2.4.4.1). 

hij is the height of the highest labelled absolute cell position for the jth person 

in the ith group versus its relative scale counterpart denoted by hi; (see section 

2.4.4.2). 

hi;, is the average height of the highest labelled absolute cell position for the 

jth person in the ith group versus its relative scale counterpart denoted by hi;, 

(see section 2.4.4.3). 

In addition, there were a few other summary measures suggested for each com

partment (c = 1,2,3,4,5). For these additional compartmental summary mea

sures, only the adjustment where a summary measure is calculated for compart

ments 4 and 5 combined is considered. Thus 

D!~&5) is the number of cr'ypt columns in the ith group that contain at least 

one labelled cell in compartments 4 and 5 (see section 2.4.2.4). 

Pi~4&5) is the proportion of crypt columns for the jth person in the ith group 

that contain at least one labelled cell in compartments 4 and 5 (see section 2.4.2.3). 

Ie is the normalized frequency difference where the control group is used as 

a reference to determine the expected number of labelled cells to be found in 

compartment c for the case group, c = 1,2,3,4,5 (see section 2.4.3.2 for more 

details), 

(MODE)ij is the average MODE value for the jth person in the ith group 

calculated by averaging the crypt column MODE values (see 4.4.1). 

(MODE)i;/ is the MODE value for the lth crypt column of the jth person in 

the ith group (see 4.4.1). 

This same setup will be used for most of the tables that will be presented in 

this chapter as well as the next. 



125 

4.5.5 Discussion of Results 

By examining the first column under the alternative in Table 4.2, all the 

analyses based on the x2-test are seen to be above nominal level. This should 

come as no surprise since the assumptions of the x2-test are violated. The type 

I error rate of the analysis based on the Kolmogorov-Smirnov test is also inflated 

above the nominal level. In addition the analysis based on the maximum absolute 

cell position (h jj ) appears to be slightly above nominal level. However, for other 

simulation studies where different parameter values were used in the mixed models 

to generate the data, an inflated type I error rate for the analysis based on the 

hi/s was not found, while they were for the analyses based upon the x2-test and 

the Kolmogorov-Smirnov test. In addition, the multiple comparison problem due 

to performing five separate analyses on the compartmental labelling indices and 

claiming an upward shift in cell proliferation when at least one of the analyses is 

significant is shown by the severely inflated type I error rate of 0.206. 

4.5.5.1 Excess in Cell Proliferation 

For Table 4.2, since we are interested in detecting an excess in cell proliferation 

between the two groups, we want those tests used to study the upward shift to all 

be at nominal level as III changes across the table. If they are above nominal level, 

then the tests are not exclusively detecting differences in the upward shift. 

From the upper portion of Table 4.2 the power of the analyses based upon 

the labelling index (Ajj) and the AU C are shown to be essentially the same (by 

McNemar's Test) for detecting an excess in cell proliferation. Although in most 

cases it will be obvious, McNemar's test will be used to determine whether there 

is a significance difference between the power for these two analyses. The details 

of McNemar's test and how it is applied here are given in Appendix B. 

We see also from this table that the analysis based upon the number of labelled 
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cells per crypt column (fijj) is just slightly less powerful than the analyses which 

are measured on the relative scale. This is because the number of labelled cells 

per crypt column is measured on the absolute scale and the true excess in cell 

proliferation occurs on the relative scale. 

From the lower portion of this same table, the analysis based on the MODE is 

seen to be the only analysis which is not affected by an excess in cell proliferation. 

However the analyses based on the average absolute cell position of labelled cells 

(~j) and on the average relative cell position of labelled cells ((;OJ) do not seem to be 

affected by an excess in cell proliferation until we are at a high power of detecting 

this excess. The analyses based on the five compartments (such as those based on 

"~j), "~J&.5), and pS&'5») are all greatly affected by an excess in cell proliferation. 

Thus, this fact makes it difficult to use these parameters to study an upward shift 

of cell proliferation. 

4.5.5.2 Upward Shift 

Next, for Table 4.3, since we are interested in detecting an upward shift in 

where most of the cell proliferation is occurring in the crypt columns, we want 

those tests that study an excess in cell proliferation to be at nominal level as J1.~ 

changes across the table. From the upper portion of the table this can be seen to 

be the case. 

Our analysis based on the MODE and the analysis based on the average relative 

cell position of labelled cells ((;OJ) have the greatest power in detecting the upward 

shift of cell proliferation among those analyses that have a nominal type I error rate, 

where these two tests have essentially the same power for detecting the upward 

shift (by McNemar's test). 

The power for the analysis based upon the average absolute cell position of 

labelled cells ((ij) is only slightly less than the power for the analyses based on the 
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MODE and the average relative cell position of labelled cells ((;j). Furthermore 

these latter two analyses also have much greater power at detecting smaller shifts 

than the adjusted compartmental analyses. 

4.5.6 Summary of Other Simulation Studies 

In other simulation studies where different parameter values were used for 

po, P:, (1'$, (1'~" (1'~, and (1'~" but the same assumptions discussed at the beginning 

of this section were made, the same basic conclusions hold: 

(i) the analyses based on the LI and the AUC have essentially the same power 

in detecting an excess in cell proliferation; 

(ii) the analysis based on the MODE is the only upward shift analysis which is 

not affected by an excess in cell proliferation; and 

(iii) the analysis based on the MODE and the analysis based on the average relative 

cell position of labelled cells have the greatest power in detecting the upward 

shift in where most of the cell proliferation is occurring in the crypt columns 

among the analyses consistently found to be at nominal level. 

In the next section, the robustness of our proposed analysis to some of the 

secondary assumptions is studied. However, we still consider 1l"(x) = xB exp( -t) 
to be the true underlying function. 

4.6 Robustness to Secondary Assumptions 

In this section, we study the robustness of our proposed analysis when some 

of the secondary assumptions are violated. In addition, we also study how well the 

methods currently being used to analyze the biomarkers do in these alternative 

situations. 
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4.6.1 Conditional-Independence Assumption 

We first examine the assumption of assuming conditional independence among 

the Ym's when this assumption is not true. Recall that when we assumed condi

tional independence this meant we were assuming that conditional on its param

eters , a and b, the t responses for the cells (Ym , m = 1, ... , t) in a particular 

crypt column were independent. The conditional independence assumption was 

used when the likelihood function for each crypt column was written as 

t 

Prey = fflx,a,b) = IT [7I"(xm )J!Jm[1-7I"(xm )F-lIm. 
m=l 

The conditional independence assumption ignores the possible dependency that 

may arise from the fact that the cells are continuously dividing into two daughter 

cells within a crypt column. 

We were concerned that any additional correlation among the Ym's besides that 

induced by modeling the probability of a cell being labelled as some function 71" of 

its position may inflate the type I error rate of our proposed analysis, that is, we 

were concerned that assuming conditional independence when the assumption is 

violated may affect our proposed analysis. Thus, the violation of this assumption 

is examined through simulations. 

The approach taken to include additional correlation among the Ym's was an 

approach suggested by Emrich and Piedmonte [28J. 

Let W be a (t X 1) vector such that W", N(O, E), where 

Ei' = { 1 
J Pij 

if i = j 
if i i= j 

Then for m = 1, ... , t set Ym = 1 if W m ~ WPm and set Ym = 0 otherwise, where 

wPm is the value such that 



which means we find WPm such that 

1 jWpm _w2 

. /iC exp(-2-)dw = Pm-
v211' -00 

Then notice 

and 

Oov(Ym' Ym,lxm,xm"a, b) = E(YmYm,lxm,xm',a, b) 

where 

Let 

- E(Ym IXm' a, b )E(Ym, Ixm" a, b) 

= E(YmYmllxm,xm',a,b) - PmPm' 

= Pr(Ym = 1, Ym' = 1Ixm,xm"a, b) - PmPm' 

= CI>(wPm' wp " Pmm') - PmPm' m 

" -0 (Y. v I b)- CI>(Wpm , wpm"Pmm') 
Vmm' - orr m, Im' a, -

VPm(1 - Pm)Pm' (1 - Pm' ) 
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However, as pointed out by Prentice [60], Smm' will not necessarily take on all 

values between [-1,1]' since Smm' needs to be bounded above by 

and bounded below by 
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to ensure that the joint density function of the Ym's is a nonnegative function. 

In the simulation studies we conducted, the correlation structure of W was 

assumed to be autoregressive of order 1 (AR(l))) which means that 

where Um is the mth the element in the vector 0 such that 0 ,..., N(O, I). Thus, 

under this assumption, we have that the element in the mth row and the m'th 

column of the covariance matrix for the W;n's is given by p1m-m'l, that is, Emm' = 
p1m-m'l. 

We chose this particular correlation structure for two reasons. The first is that 

it is easy to generate data under the autoregressive structure in the sense that there 

is only one additional parameter p instead of *;1) additional parameters, which 

would be needed in the case of an arbitrary correlation structure. The second is 

that the AR(l) correlation structure says that cells that are closer together have a 

higher correlation that those that are further apart. While the correlation structure 

of the Ym's is not necessarily AR(l), the qualitative relationship is reasonable. To 

show what is meant by this statement two examples of the correlation structures 

among the Ym's are presented. 

The correlation matrix among the Ym 's in the case where p = 0.75, t = 8, AUG = 
0.10 and MODE = 0.25 is 

1 0.502 0.340 
1 0.507 

1 

0.224 
0.321 
0.476 

1 

0.136 
0.192 
0.275 
0.429 

1 

0.075 
0.105 
0.148 
0.222 
0.371 

1 

0.037 
0.052 
0.072 
0.105 
0.167 
0.307 

1 

0.016 
0.023 
0.031 
0.045 
0.069 
0.117 
0.244 

1 

The correlation matrix among the Ym's in the case where p = 0.30, t = 8, AUG = 
0.10 and MODE = 0.25 is 
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1 0.16555 0.04503 0.01886 0.00289 0.00064 0.00012 0.00002 
1 0.16770 0.04265 0.01027 0.00226 0.00045 0.00008 

1 0.15152 0.03443 0.00741 0.00145 0.00026 
1 0.12305 0.02381 0.00448 0.00078 

1 0.08831 0.01383 0.00223 
1 0.05528 0.00663 

1 0.03004 
1 

For illustrative purposes, the number of cells t is much smaller than that which 

would be seen in real data sets. However, the same sort of pattern is seen in 

examples with realistic t values. From the presented examples, two features of the 

correlation structure among the conditional Ym's can be noticed. The first is that 

cells that are closer together tend to be more highly correlated than those that 

are further apart, that is, 0mm' > 0mm" where m < m' < mil. In addition, cells 

that are further up in the crypt columns are not as highly correlated with their 

neighbors as cells that are located in the lower portion of the crypt columns, that 

is,om(m+J) > 0m'(m'+J) where m < m'. These features were also observed in the 

real data set. 

Let Pij = the measure of association between the outcome of the ith cell and 

the outcome of the jth cell. 

The Pi/S were estimated using the Kappa statistic [30] given by 

~1 A ~1 A A 

LJI/=O p"" - LJI/=O P".P." 
1 ~1 A A 

- LJI/=O PII.P.I/ 

where 

P." = POll + PII/ 
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and 

AII•II, = the number of crypt columns in the data set such that the outcome of 

cell i is y and the outcome of cell j is y', y,y' E {O, I}. Thus, P
IIII

' estimates the 

proportion of crypt columns in the data set such that the outcome of cell i is y 

and the outcome of cellj is y', where y,y' E {O, I}. 

We present an estimate of the upper 6 x 6 sub-matrix of the overall association 

matrix for the data set, given by 

1 0.10968 0.02735 
1 0.05757 

1 

where this is an estimate of 

1 Pl2 

1 

0.02688 
0.06277 
0.06083 

1 

Pl3 Pl4 

P23 P24 

1 P34 

1 

0.05011 
0.04645 
0.06639 
0.06404 

1 

PlS Pl6 

P2S P26 

P3S P36 

P4S P46 

1 PS6 

1 

-0.00996 
0.05021 
0.01719 
0.02202 
0.01626 

1 

We notice that the Pij are estimated low, indicating there is not much association 

between the outcome of adjacent cells. 

Nevertheless, we are interested in studying the robustness of the conditional

independence assumption. We generated data under various values of P in the 

situation where the AUa and the MODE were generated by assuming they each 

came from a mixed model with the same notation given in equations 4.1 and 4.2. 

The parameter values were the same as those presented in the previous section, 

that is, the parameter values were po = 0.10, q$ = 0.01, q~ = 0.01, p~ = 0.25, 

O"~, = 0.03, O"~, = 0.01, PT = 59.77, and O"T = 5.60. We noticed that for larger 

values of p, say ~ 0.60, the generated data did not look like data from any data 
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sets we have seen. Too many crypt columns with no labelled cells as well as 

crypt columns with greater than 10 labelled cells tended to be generated, and as p 

approached 1 this phenomena became more evident. Nonetheless the type I error 

rates using p = 0.75 and p = 0.30 were studied. 

The power of the various analyses as 1'1 or I'~ changed in this situation were 

not studied, because the CPU time required to run the simulation studies in this 

setting was enormous. The main reason the CPU time was greatly increased over 

the other simulation studies was that every calculated cmm' was checked to ensure 

that it lied between its boundary conditions. This way we were assured that the 

joint density function of the Ym's was nonnegative. In the cases considered, no 

problems with this requirement were encountered. 

The results from studying the type I error rates of the various analyses using 

p = 0.75 and p = 0.30 are presented in Table 4.4. As p increases, the type I 

error rates for the analyses which use the x2-test and the analysis based upon the 

Kolmogorov-Smirnov test also increase. This makes sense because these tests are 

based on the assumption that the cells are independent. We also notice that the 

type I error rate for the analyses which are used to study the upward shift of cell 

proliferation tend to be on the low side of the nominal level. 

However, these examples show that the type I error rates of our proposed anal

ysis and of some of the other analyses based on using the two-sample t-test are 

not greatly inflated by this additional correlation. 

4.6.2 Correlation among AUC and MODE 

In the previous section, data were generated as 

( :ggi~il ) I( :ggiji ) -N (( :ggiji ), (~~ q~,)) 
and 
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so that 

( :gg~:j/ ) -N (( ~: ) , ( q$ 6 q~ q2, ~ q2, )) 
that is, we generated the (AUC)ij/ and (MODE)ij/ as independent normals. How

ever, we are interested in studying whether the type I error rate of our proposed 

analysis is inflated and whether the analysis based upon one of the parameters 

(such as the MODE) is affected by a large increase in the other parameter (such as 

the AUO) when (AUC)ij/ and (MODE)ij/ are correlated. To examine this, data 

was generated as 

with 

so that 

( :gg~:j/ ) -N ( ( ~: ) , ( P2q~::'! ;;q~U~' P2U~:~:! :t~q~, )) 

then 
P2qpUp' + PIq~U~' 

P = Corr(AUCij/, MODEij/) = _ I( 2 2 2' 
V Up + q~)(qp' + u~,) 

Notice, from the notation, we are considering the case where PI and P2 are 

neither group nor subject specific. We attempted to estimate the values of PI and 

P2 from our real data set. These estimates categorized by treatment and sequence 

are presented in Table 4.5. PI was estimated by first calculating the Pearson 

correlation coefficient between AUcijk/ and MOD Eijk/ for each person at each 

time point, call it P;jk' Then PI was estimated for each group at each time point 

by averaging the P;jk as 
"J; , 
L..Jj=l Pijk 

Ji 

which are the values given in column 3 of the Table 4.5. 
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P2 was estimated by first calculating AUGijfc andMOnEijfc for each person 

at each time point. Then P2 was estimated for each group at each time point 

by calculating the Pearson correlation coefficient between AUGijfc andMOnEijk, 

which are the values given in column 4 of the table. Column 5 gives the range of 

the P~jfc values by treatment and sequence. 

This table suggests that the correlation parameters should be group and person 

specific. However, for simplicity, we consider the case where PI and P2 are neither 

group nor subject specific. In addition, we consider the case where PI and P2 are 

the same and are extreme. By considering this case, the robustness of the proposed 

analysis when the AUG and the MODE are correlated should be determined. 

To actually generate the correlated observations, we first generated 

and set 

( :gg~ij ) = [~:~~~ ~:~~~] [ :;; ] + [ ~! ] 
and then generated 

and set 

( :gg~:jl ) = [~:~~~ ~:~~~] [ :!;: ] + [ :gg~ij ] . 

In this situation, PI = P2 ~ 0.8536, u'Y = up ~ 0.0139 and u'Y' = up' ~ 0.0164, 

which can be obtained from 

[ 
0.005 0.013] [0.005 0.013] = [0.000194 0.000195] 
0.013 O.OlD x 0.013 0.010 0.000195 0.000269 . 

Thus, P ~ 0.85. 

Once again we generated data using flo = 0.10, fl~ = 0.25, flT = 59.77, and 

UT = 5.60. The results are given in Table 4.6. This table is a little different than 
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the other tables, since we have included changes for both 1'1 and I'~ in the same 

table. The third column in the table gives us the type I error rates for the various 

analyses, the fourth column in the table gives us the power of the analyses for 

detecting an excess in cell proliferation, and the fifth column in the table gives us 

the power of the analyses for detecting a shift in where most of the cell proliferation 

is occurring in the crypt columns. 

Most of the conclusions from this table are the same as those from Tables 4.2 

and 4.3 where the AUG and the MODE were generated independently. However, 

the type I error rate of the analysis which uses the Kolmogorov-Smirnov test does 

not appear to be as severely inflated in this case. In addition, the power for the 

analysis based upon the MODE is found to be greater than the power of the analysis 

based upon the average relative cell position of labelled cells (by McNemar's test, 

p < 0.05). While these results may be due to the fact the AUa and the MODE 

are correlated, we believe the fact that (J'fJ' used here (~ 0.0164) is less than (J'fJ' 

used in Tables 4.2 and 4.3 (= 0.03) also plays a role in these conclusions. 

4.6.3 Number of Cells per Crypt Column is a 
Biomarker 

Suppose that the number of cells per crypt column is a true biomarker. 

Recall, as was suggested in chapter 3, that our proposed analysis just focuses on 

the other two biomarkers, namely, an excess in cell proliferation and an upward 

shift in where most of the cell proliferation is occurring in the crypt columns. We 

are interested in studying which analyses are affected by a group difference in the 

number of cells per crypt column. 

To study this, the AUG and the MODE values were generated according to 

the mixed models presented in equations 4.1 and 4.2. The same parameter values 

which are 1'0 = 0.10 = 1'1, fl~ = fl~ = 0.25, (J'fJ = (J',., = (J',.,' = 0.01, (J'fJ' = 0.03, 

I'T = 59.77, and (J'T = 5.60 were used. We stress that the AUa and MODE values 
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have been generated as relative measures rather than absolute measures. We did 

not generate the number of cells per crypt column according to a mixed effects 

model; rather the number of cells per crypt column were generated as the integer 

part of a normal random variable with mean ItTi and variance uf. Thus correlation 

has not been induced among these measurements within the same person. But, 

since we are only interested in determining how a difference in this variable affects 

the other analyses, this simulation approach is appropriate. 

In Table 4.7, the type I error rates of the various analyses as ItT~ decreases 

are presented. The analyses based on the summary measures calculated on the 

absolute scale (such as the average number of labelled cells per crypt column (fiji.) 

and the average absolute cell position of labelled cells ((ji)) are the analyses which 

seem to be affected by this difference, whereas the analyses based on the summary 

measures calculated on the relative scale are not. This is due to the assumption 

that the excess in cell proliferation and the upward shift in cell proliferation are 

truly measured on relative scales rather than absolute scales. Thus, if the true 

biomarkers occur on the absolute scales, then we expect the analyses based on the 

relative scales to be affected by a difference between the groups in the number of 

cells per crypt column. In other words, a difference between the two groups in 

the number of cells per crypt column inflates the type I error rates of the analyses 

based on the incorrect scale. 

However, this is not the only way the number of cells per crypt column can affect 

the other analyses. If the inappropriate scale is being used and there is a difference 

between the two groups in one of the biomarkers and in the number of cells per 

crypt column, then for certain cases the analyses based upon the inappropriate 

scale may have no power in detecting the difference in the biomarker. 

This is what was found when data were generated in the same way as discussed 

above but different parameter values were used. The parameter values used in this 
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case were po = 0.10 = Pl, p~ = 0.25, p~ = 0.265, PTI = 59.77, PT2 = 56.38679245, 

up = U"'I = u"'I' = 0.01 , up' = 0.03 and UT = 5.60, where PT2 was chosen such 

that P~PTI = P~PT2' This is used so that there is not an upward shift of cell 

proliferation on the absolute scale. We found that the power for detecting an 

upward shift for the analyses based upon the MODE and the average relative cell 

position of labelled cells were 0.228 and 0.232, respectively, whereas the power for 

the analysis based on the average absolute cell position of labelled cells was 0.055. 

Thus, we confirmed that a true difference between the groups in the number of 

cells per crypt column affects the analyses based upon the measurements which 

are measured on the incorrect scale. 

4.6.4 Number of Crypt Columns Varies 

In the previous simulation studies, we have simulated data such that each 

person has the same number of crypt columns. Recall that this assumption is not 

very realistic. Now we simulate the situation where the number of crypt columns 

per person vanes. 

The Ave and the MODE are generated according to the mixed models given 

in equations 4.1 and 4.2 . The parameter values are again po = 0.10, p~ = 0.25, 

PT = 59.77, Up = U..., = u-r' = 0.01 , up' = 0.03 and UT = 5.60. We also generate 

the Lii'S as the integer part of a uniform random variable defined on the interval 

[2,25]. The results are presented in Table 4.8. The third column in the table gives 

the type I error rate for the analyses. The analyses based on using the x2-tests 

and the Kolmogorov-Smirnov test are above the nominal level. However, this was 

also true in the balanced case. 

While the fourth column in the table gives us the power of the analyses for 

detecting an excess in cell proliferation, the fifth column gives us the power of the 

various analyses for detecting an upward shift in cell proliferation. Most of the 

conclusions from this table are the same as those from Tables 4.2 and 4.3 where 
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we were in the balanced setting. However, if we compare the powers of the various 

analyses for detecting the differences in the biomarkers in this setting to those 

presented in the balanced setting (Tables 4.2 and 4.3), it appears that the powers 

in the unbalanced setting are somewhat less than those in the balanced setting. 

We also generated data under the assumption that there were no differences 

between the two groups for either of the biomarkers (Jlo = Jll = 0.10 and Jl~ = 
Jl~ = 0.25), but that there was a difference between the two groups in the number 

of crypt columns per person. The Lij's for the first group were generated as 

the integer part of a uniform distribution defined on the interval [2,15], whereas 

the Li/S for the second group were generated as the integer part of a uniform 

distribution defined on the interval [7,30]. We wanted to see which analyses were 

affected by this difference. The only analyses greatly affected were those analyses 

based upon the maximum absolute cell position (hij ) and on the maximum relative 

cell position (hij); their type I error rates were greatly inflated to 0.522 and 0.511, 

respecti vely. 

We did not examine what happens to the analyses when some of the other 

secondary assumptions are violated (such as homogeneity of variance), since most 

of these assumptions are commonly made in practice. 

In the next section, we study the power of the various analyses in the setting 

of a dietary intervention study where measurements have also been obtained over 

time for each person in the study. In the simulation studies we retain most of the 

assumptions of section 4.5. 

4.7 Longitudinal Setting 

In the last two sections, we considered simulation studies in the setting where 

two groups were being compared and measurements had only been obtained at 

one time point. In this section, we simulate data coming from a controlled dietary 
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intervention study where a treatment group is being compared to a control group 

and a sigmoidoscopy has been performed both before and after treatment. This 

situation is briefly examined to see whether the same conclusions are reached about 

the various analyses as those found in section 4.4 (when measurements were taken 

at only one time point). However we have simplified the design, since in the real 

data there are 4 treatment groups from a factorial design and a sigmoidoscopy was 

performed at three time points (once before treatment and twice after treatment). 

Recall that in chapter 1, it was suggested that a mixed model analysis of variance 

(from equation 1.2) could also be used in the longitudinal setting (see section 1.6.3.1 

for the issues involved). While we do not use the mixed model analysis of variance 

to analyze the data, we do use it to simulate the data. 

We simulate data under the assumption that the AUa and the MODE are 

independent of each other and that both the AUa and the MODE each come from 

the following mixed models: 

(AU C)ijkl = J.L + (iij + (a11 )ik + «(i11 )ijk + 'Yijkl 

and 

where' J.L and J.L' are the overall population means j (iij and (i;j are the random 

effects associated with the jth subject in the ith group j «(i11)ijk and «(i11)~jk are 

the random interaction effects of the jth subject and the kth occasion within the 

ith treatment group, and 'Yijkl and 'Y;jkl are the random effects associated with the 

lth crypt column in the jth person of the kth occasion in the ith treatment group, 

where i = 1,2, j = 1,2, ... , Ji, k = 1,2 and 1= 1,2, ... , Lijk. 

It is further assumed that (iij ~ N(O, uZ), (i;j ~ N(O, u~,), «(i11 )ijk ~ N(O, U[PI1))' 

«(.I)' iid N( 2) iid N(O 2) , iid N(O 2) d h h d fJ'TJ ijk IV 0, U(PI1)' , 'Yijkl IV 'U"I ' 'Yijkl IV , U "I' ,an t at t e ran om 

factors are all distributed independently of each other. 
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Neither main treatment effects nor main occasion effects are simulated, since it 

is of general interest to test for the interaction effect between these two factors. In 

addition, we chose to generate the occasion effect as a fixed effect rather than a 

random one. The same assumptions from section 4.4 are retained, which are: 

1. the Ym's are conditionally independentj 

2. a balanced design is used with 21 people in each group (Ji = 21 Vi) and 12 

crypt columns per person for each time point (Lijk = 12 Yi,j, k)j 

3. there is no difference between the groups in the number of cells per crypt 

column; and 

4. the true differences between the groups occur on the relative scale rather than 

on the absolute scale. 

We simulate in the following setting where J.t = 0.15, J.t' = 0.25, Up = up' = 0.01, 

U(p'l) = u(P'l)' = 0.01, and U-y = u-y' = 0.01, (a71)l1 = (a71)12 = (a71hl = 0, 

(Q'71)~1 = (a71)~2 = (a71);l = 0, J.tT = 59.77 and UT = 5.60 and study the power of 

the various analyses as ei ther (a71 h2 or (a71 );2 changes. 

4.7.1 Presentation of Results 

All three of the approaches discussed in chapter 1 to deal with the longi

tudinal data (see section 1.6.3.2 for details) are considered. We perform these 

analyses for most of the statistics suggested in chapter 2. Also, because the CPU 

time was greatly increased by the analysis where the average final measurements 

are regressed on the average baseline measurements and the treatment indicator 

(analysis of covariance), this analysis was only done for the labelling index, the 

AUC , the average relative cell position of the labelled cells, and the MODE. 

The results are presented in six tables (two tables for each of the three simple 

analyses). The same notation (as that from section 4.4) for the various summary 
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measures has been used. However, in the tables, the notation is specific to the 

particular approach. In all cases, the same data sets were used. 

4.7.2 Discussion of Results 

Tables 4.9 and 4.10 present the results of the analyses suggested to study the 

biomarkers using the average final measurements. From Table 4.9, the analyses 

based upon the labelling index values and the AUC values are noticed to be essen

tially the same in detecting the reduction in the cell proliferation rate, whereas the 

analysis based upon the number of labelled cells differs slightly. From the lower 

portion of the table, it is seen tha.t the analysis based upon the MODE is the only 

analysis which is not affected by the decrease in the cell proliferation rate. 

From Table 4.10 it is observed that the analyses used to study an excess in cell 

proliferation are all at nominal level and are not affected by the shift in where 

most of the cell proliferation is occurring in the crypt columns. From the lower 

portion of this table, we see that the analyses which have the greatest power to 

detect the upward shift of cell proliferation are the analyses based on the MODE 

and the average relative cell position of labelled cells. The power of the analysis 

based upon the average absolute cell position of labelled cells is just slightly less 

than these two analyses. 

Tables 4.11 and 4.12 present the results of these same analyses where the dif

ferences between the average pre-treatment summary measures and the average 

post-treatment summary measures are used. In addition, Tables 4.13 and 4.14 

present the results of some of these analyses when analysis of covariance is used 

on the average pre- and average post-treatment measurements. The results ob

tained in these tables are basically the same as those observed when the final 

measurements were used. Also, these conclusions are the same as those found 

when comparing two groups at only one time point (sections 4.5 and 4.6). 

However, among these three simple approaches, the analyses based on using 
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the average final measurements and using analysis of covariance had much greater 

power in detecting the same differences than the analysis based upon using the 

difference between the average pre- and average post-measurements. Analysis of 

covariance appears to be slightly more powerful than the analysis based upon using 

the average final measurements. However, this was not tested for. Since we expect 

the simulated correlation between any two measurements over time to be low, these 

conclusions are consistent with those found by other researchers [33, 27]. 

4.8 Summary 

In this chapter, the results of several simulation studies were presented. The 

common conclusions reached from these studies, which assumed rr(x) = xDexp( -t), 
were: 

1. our analysis based on the AUC and the analysis based on the labelling index 

have essentially the same power for detecting an excess in cell proliferation; 

2. our analysis based on the MODE was the only analysis which was not affected 

by an increase in the AUC; 

3. the compartmental analyses most often used in the literature were greatly 

affected by an increase in the AUC; 

4. our analysis based on the MODE and the analysis based on the average rela

tive cell position have about the same power for detecting an upward shift in 

cell proliferation for this function, and 

5. any analysis discussed in chapter 2 which uses the x2-test was found to have 

a severely inflated type I error rate. 

In addition, our analysis was found to be robust to violations of several of 

the secondary assumptions. In the next chapter, we study the robustness of our 
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proposed analysis to different alternatives of 1I"(x). 
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Table 4.1, Estimated Correlation Coefficients Between a and b from Real Data Set 

Group 

1 
1 
1 
2 
2 
2 
3 
3 
3 
4 
4 
4 

Sequence Pijk 

1 0.327 
2 0.540 
3 0.489 
1 0.288 
2 0.302 
3 0.343 
1 0.469 
2 0.411 
3 0.378 
1 0.387 
2 0.386 
3 0.315 

range for Pijk 

[-0.4 72,0.806] 
[0.050,0.798] 

[-0.078,0.945] 
[-0.349,0.897] 
[-0.367,0.624] 
[-0.083,0.823] 
[0.123,0.954] 
[0.087,0.635] 

[-0.165,0.908] 
[-0.498,0.881 ] 
[-0.250,0.908] 
[-0.197,0.839] 
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Table 4.2, Studying Excess in Cell Proliferation 

True Function: :cO e:cp( - ~' ) 
Mode Unchanged (Jl~ = Jl~ = 0.25) 

Under Jlo = 0.100 Alternative JlI = 
Biomarker: 0.100 0.110 0.115 0.130 0.150 

Excess in Cell Proliferation: 

Statistic: Test Used: 

)..ij t·test 0.046 0.543 0.897 1.000 1.000 
fi .. IJ. t·test 0.046 0.527 0.888 1.000 1.000 
n' I .. x2.test 0.132 0.742 0.968 1.000 1.000 
(AUC)ij t·test 0.045 0.538 0.893 1.000 1.000 
(AUC)ij/ mixed model 0.045 0.538 0.893 1.000 1.000 

Upward Shift: 

Statistic: Test Used: 

Si(:C) Kol·Smir 0.133 0.155 0.185 0.298 0.572 
).. (~) separate t·tests 0.205 0.566 0.869 1.000 1.000 
)..~) Bonf adj t·tests 0.041 0.245 0.551 0.992 1.000 IJ 
)..(~&5) t·test 0.046 0.163 0.298 0.810 0.996 IJ 

<Pij t·test 0.042 0.077 0.094 0.266 0.568 
(ij t·test 0.047 0.058 0.076 0.138 0.314 
(ij t·test 0.048 0.051 0.068 0.143 0.333 
hij t·test 0.065 0.094 0.142 0.357 0.676 

~tj t·test 0.058 0.093 0.149 0.398 0.773 
h .. IJ. t·test 0.056 0.167 . 0.321 0.806 0.989 
h~. t·test 0.056 0.180 0.338 0.883 0.995 
D~4&5) x2.test 0.122 0.293 0.461 0.872 1.000 I. 
p.(~&5) t·test 0.046 0.159 0.250 0.735 0.938 IJ 

fe x2.test 0.468 0.514 0.594 0.769 0.987 
(MODE)ij t·test 0.052 0.044 0.040 0.055 0.061 
(MODE)ij/ mixed model 0.052 0.043 0.041 0.054 0.061 
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Table 4.3, Studying an Upward Shift in Cell Proliferation 

True Function: xBexp( _ :z:;) 
Auc Unchanged (Ilo = III = 0.10) 

Under Il~ = 0.250 Alternative Il~ = 
Biomarker: 0.250 0.265 0.280 0.310 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.046 0.051 0.054 0.043 
fiij, t-test 0.046 0.052 0.060 0.041 
ni .. x2-test 0.132 0.145 0.154 0.112 
(AUC)ij t-test 0.045 0.054 0.054 0.040 
(AUC)ij/ mixed model 0.045 0.054 0.054 0.040 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.133 0.387 0.859 1.000 
A (c;) separate t-tests 0.205 0.388 0.801 1.000 
A~) Bonf adj t-tests 0.041 0.135 0.499 0.980 

'J 
A (~&5) t-test 0.046 0.155 0.544 0.975 'J 
rPij t-test 0.042 0.180 0.594 0.984 
(ij t-test 0.047 0.212 0.685 0.996 
e;j t-test 0.048 0.222 0.708 0.998 
hij t-test 0.065 0.091 0.252 0.660 

~;j t-test 0.058 0.102 0.307 0.749 
h .. 

'J. t-test 0.056 0.145 0.513 0.962 
k!, t-test 0.056 0.151 0.549 0.971 '.1, D(4&5) x2-test 0.122 0.264 0.671 1.000 

" p.c~&5) t-test 0.046 0.134 0.470 0.967 
'J 

Ie x2-test 0.468 0.700 0.956 1.000 
(MODE)ij t-test 0.052 0.230 0.702 0.998 
(MODE)ij/ mixed model 0.052 0.230 0.702 0.998 
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Table 4.4, Effect of Additional Correlation among Ym's 

True Function: XO exp( _ ~2 ) 
Mode Unchanged (Il~ = Il~ = 0.25) 

and AUC Unchanged (Ilo = III = 0.10) 
Value of p: 

Biomarker: 0.300 0.750 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Ai; t-test 0.048 0.054 
fii;. t-test 0.054 0.054 
n' I .. x2-test 0.203 0.373 
(AUG)i; t-test 0.051 0.050 
(AUG)i;1 mixed model 0.051 0.050 

Upward Shift: 

Statistic: Test Used: 

8i(X) Kol-Smir 0.153 0.344 
A (t;> separate t-tests 0.183 0.230 I) 

A It;) Bonf adj t-tests 0.037 0.055 I) 

A 1~&5) t-test 0.035 0.052 I) 

<Pi; t-test 0.031 0.054 
ei; t-test 0.039 0.047 
ei; t-test 0.039 0.056 
hi; t-test 0.040 0.041 
h<:· 
_I) 

t-test 0.049 0.052 
hi;. t-test 0.047 0.041 
h<:. t-test 0.046 0.046 I). 

fe x2-test 0.530 0.788 
(MODE)i; t-test 0.038 0.053 
(MODE)i;1 mixed model 0.036 0.050 
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Table 4.5, Estimated Correlation Coefficients from Real Data Set 

Group Sequence PI P2 range for PI 

1 1 0.0710 -0.2283 [-0.856D,0.6419] 
1 2 0.0527 0.2544 [-0.4688,0.3747] 
1 3 0.0308 0.1527 [-0.8203,0.7990] 
2 1 -0.0004 -0.1474 [-0.5998,0.6804] 
2 2 0.0516 -0.6122 [-0.6081,0.5179] 
2 3 0.1205 0.0194 [-0.5532,0.4392] 
3 1 -0.0210 -0.4343 [-0.5990,0.4922] 
3 2 -0.0204 0.4062 [-0.4547,0.4740] 
3 3 0.0403 0.2575 [-0.6749,0.8396] 
4 1 -0.0496 0.5291 [-0.6738,0.8294] 
4 2 0.1825 0.0664 [-0.5505,0.6891] 
4 3 0.0093 0.7364 [-0.4473,0.5401] 
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Table 4.6, Effect of AUC & MODE Correlated 

True Function: xClexp( _ ~2) 
AUC & MODE CORRELATED (p ~ 0.85) 

Under J.lo = 0.100&J.l~ = 0.250 Alternative 
Biomarker: J.ll = 0.100 J.ll = 0.115 J.ll = 0.100 

J.l~ = 0.250 J.l~ = 0.250 J.l~ = 0.280 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).,ij t-test 0.054 0.999 0.049 
fl" IJ. t-test 0.047 0.999 0.049 
ni .. x2-test 0.238 1.000 0.211 
(AUC)ij t-test 0.051 0.999 0.043 
(AUC)ijl mixed model 0.051 0.999 0.043 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.065 0.202 0.866 
)., {~) separate t- tests 0.220 1.000 0.887 IJ 
).,(~) Bonf adj t-tests 0.038 0.991 0.586 IJ 
).,(~&5) t-test 0.049 0.761 0.444 IJ 

CPij t-test 0.052 0.279 0.648 
(ij t-test 0.049 0.164 0.812 

(Ij t-test 0.053 0.179 0.855 
hij t-test 0.056 0.305 0.220 

hij t-test 0.060 0.350 0.250 
h" IJ. t-test 0.056 0.781 0.418 
h~. t-test 0.059 0.801 0.446 IJ. 

fe x2-test 0.376 0.736 0.966 
(MODE)ij t-test 0.047 0.043 0.898 
(MODE)ijl mixed model 0.046 0.044 0.897 
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Table 4.7, Number of Cells per Crypt Column as a Biomarker 

True Function: XO exp( _ ~2 ) 
(Po = PI = 0.10), (p~ = p~ = 0.25) 

Under PT1 = 59.77 Alternative PT2 = 
Biomarker: 59.77 58.57 54.77 

Number Cells per Crypt Column: 
t .. IJ. t-test 0.052 0.644 1.000 
Excess in Cell Proliferation: 
Statistic: Test Used: 
Aij t-test 0.046 0.042 0.047 
nij. t-test 0.046 0.068 0.852 
ni.. x2-test 0.132 0.143 0.080 
(AUC)ij t-test 0.045 0.047 0.045 
(AUC)ij/ mixed model 0.045 0.047 0.045 
Upward Shift: 
Statistic: Test Used: 
Bi(X) Kol-Smir 0.133 0.220 0.198 
A (~) separate t-tests 0.205 0.206 0.199 IJ 
A(~) Bonf adj t-tests 0.041 0.052 0.043 IJ 
A(~&5) t-test 0.046 0.044 0.041 IJ 

fjJij t-test 0.042 0.048 0.043 

~j t-test 0.047 0.089 0.846 

eij t-test 0.048 0.064 0.047 
hij t-test 0.065 0.085 0.841 
ho:. 
_IJ t-test 0.058 0.064 0.053 
hij. t-test 0.056 0.121 0.969 
h:~. t-test 0.056 0.053 0.085 I). 
D(4&5) x2-test 0.122 0.145 0.181 

I. 

p,<~&5) t-test 0.046 0.058 0.080 IJ 

fe x2-test 0.468 0.441 0.404 
(MODE)ij t-test 0.052 0.058 0.049 
(MODE)ij/ mixed model 0.052 0.061 0.049 
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Table 4.8, Effect of an Unbalanced Design 

True Function: xOexp( -i;!) 
Number of Crypt Columns Varies (Lij '" int(Unif[2, 25])) 

Under 1'0 = 0.100&1'~ = 0.250 Alternative 
Biomarker: 1'1 = 0.100 1'1 = 0.115 1'1 = 0.100 

I'~ = 0.250 I'~ = 0.250 I'~ = 0.280 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.050 0.786 0.058 
nij. t-test 0.050 0.766 0.062 
ni .. x2-test 0.163 0.958 0.187 
(AUC)ij t-test 0.049 0.788 0.066 
(AUC)ijl mixed model 0.052 0.846 0.066 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.184 0.239 0.829 
A (c;) separate t-tests 0.208 0.792 0.747 I] 

A!':) Bonf adj t-tests 0.041 0.431 0.421 I] 

A!~&5) t-test 0.056 0.272 0.455 I] 

<Pij t-test 0.050 0.103 0.508 
eij t-test 0.048 0.080 0.627 
e;j t-test 0.048 0.088 0.661 
hij t-test 0.046 0.118 0.211 

~ij t-test 0.052 0.125 0.220 
h .. 

I]. t-test 0.044 0.297 0.429 
k,,:. t-test 0.045 0.301 0.468 

I). 

D!4&5) x2-test 0.176 0.463 0.655 I. 

p,<~&5) t-test 0.055 0.231 0.403 
IJ 

Ie x2-test 0.519 0.626 0.945 
(MODE)ij t-test 0.048 0.049 0.656 
(MODE)ijl mixed model 0.060 0.052 0.647 
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Table 4.9, Using Average Final Measurements I 

True Function: XO exp( _ x: ) 
Mode Unchanged (a~t = a~2 = a;t = a;t = 0.00) 

Under au = a12 = a21 = 0.000 Alternative a22 = 
Biomarker: 0.000 -0.010 -0.030 

Excess in Cell Proliferation: 

Statistic: 'lest Used: 

>'ij2 t-test 0.047 0.380 0.999 
nij2. t-test 0.048 0.356 0.998 
(AUC)ij2 t-test 0.045 0.375 0.999 

Upward Shift: 

Statistic: Test Used: 

>. {~~ separate t-tests 0.231 0.537 1.000 

>.~~ Bonf adj t-tests 0.054 0.243 0.989 I) 

>.{~:5) t-test 0.045 0.188 0.905 I) 

<Pij2 t-test 0.053 0.094 0.383 
ei;2 t-test 0.062 0.067 0.235 

(;j2 t-test 0.061 0.079 0.255 
hij2 t-test 0.055 0.075 0.298 

~tj2 t-test 0.064 0.080 0.356 
hij2. t-test 0.057 0.170 0.855 
h~'2 I) • t-test 0.058 0.193 0.895 
(MODE)ij2 t-test 0.059 0.050 0.063 
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Table 4.10, Using Average Final Measurements II 

True Function: xQexp( _~2) 
Auc Unchanged (011 = 012 = 021 = 022 = 0.000) 

Under 0~1 = 0~2 = 0;1 = 0.000 Alternative 0;2 = 
Biomarker: 0.000 -0.010 -0.030 

Excess in Cell Proliferation: 

Statistic: Test Used: 

>'ij2 t-test 0.047 0.041 0.058 
nij2. t-test 0.048 0.048 0.061 
(AUC)ij2 t-test 0.045 0.044 0.054 

Upward Shift: 

Statistic: Test Used: 

>.{:~ separate t-tests 0.231 0.387 0.965 IJ 

>.l:~ Bonf adj t-tests 0.054 0.132 0.787 
,\~&5) t-test 0.045 0.128 0.770 IJ2 

rPij2 t-test 0.053 0.157 0.882 
eii2 t-test 0.062 0.216 0.947 
e;j2 t-test 0.061 0.239 0.970 
hii2 t-test 0.055 0.074 0.280 

hii2 t-test 0.064 0.080 0.350 
hij2. t-test 0.057 0.128 0.673 
h!'2 IJ . t-test 0.058 0.133 0.733 
(MODE)ii2 t-test 0.059 0.244 0.972 



Table 4.11, Using Differences between Pre- and Post-Measurements I 

True Function: x4 exp( -z;,::") 
M d U h d( I I I I ) 

o e nc ange 0'11 = 0'12 = 0'21 = 0'21 = 0.00 
Under 0'11 = 0'12 = 0'21 = 0.000 

Biomarker: 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij2 - Aijl t-test 
nij2, - nij1. t-test 
(AUG)ij2 - (AUG)ijl t-test 

Upward Shift: 

Statistic: Test Used: 

A~j~ - A~j~ separate t-tests 

A~j~ - A~j~ Bonf adj t-tests 
A!~~5) _ A!~f5) t-test I) I) 

¢>ij2 - ¢>ijl t-test 
(ij2 - (ijl t-test 
(;j2 - t j1 t-test 
hij2 - hijl t-test 
htj2 - htj} t-test 
- -
h!'2 - h~'1 t-test I) , I) • 

(MODE)ij2 - (MODE)ijl t-test 

Alternative 0'22 = 
0.000 -0.010 -0.030 

0.051 0.266 0.988 
0.053 0.255 0.993 
0.050 0.277 0.987 

0.253 0.414 0.981 
0.057 0.150 0.879 
0.059 0.121 0.666 
0.050 0.067 0.216 
0.057 0.074 0.162 
0.060 0.072 0.165 
0.059 0.067 0.216 
0.058 0.068 0.248 
0.065 0.136 0.723 
0.043 0.054 0.055 
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Table 4.12, Using Differences Between Pre- and Post-Measurements II 

True Function: x"exp( _ ~2) 
Auc Unchanged (an = a12 = a21 = a22 = 0.000) 

Under a~l = a~2 = a;1 = 0.000 Alternative a;2 = 
Biomarker: 0.000 -0.010 -0.030 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij2 - Aijl t-test 0.051 0.041 0.055 
nij2. - fiijl. t-test 0.053 0.044 0.065 
(AUC)ij2 - (AUC)ijl t-test 0.050 0.043 0.061 

Upward Shift: 

Statistic: Test Used: 

A~i~ - Am separate t-tests 0.253 0.329 0.845 

A~~ - A~il Bonf adj t-tests 0.057 0.079 0.509 
A .~~5) _ ),(~~5) t-test 0.059 0.077 0.535 .) .) 

tPij2 - tPijl t-test 0.050 0.107 0.643 
(ij2 - (iiI t-test 0.057 0.160 0.803 
(;j2 - (;il t-test 0.060 0.170 0.865 
hii2 - hij1 t-test 0.059 0.058 0.151 

~ii2 - ~ijl t-test 0.058 0.064 0.242 
hij2. - hijl. t-test 0.068 0.067 0.449 
/,:':'2 - /"":'1 ') . ') . t-test 0.065 0.069 0.512 
(MODE)ij2 - (MODE)ijl t-test 0.043 0.173 0.857 
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Table 4.13, Using Analysis of Covariance I 

True Function: xOexp( _~2) 
d ( ' , , , ) 

Mode Unchange 0:'11 = 0:'12 = 0:'21 = 0:'21 = 0.00 
Under 0:'11 = 0:'12 = 0:'21 = 0.000 Alternative 0:'22 = 

Biomarker: 0.000 -0.010 -0.030 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).ijk t-test 0.049 0.394 1.000 
(AUC)ijk t-test 0.049 0.396 0.999 

Upward Shift: 

Statistic: Test Used: 

e;jk t-test 0.061 0.079 0.255 
(MODE)ijk t-test 0.060 0.056 0.065 



Table 4.14, Using Analysis of Covariance II 
True Function: xaexp( - ~~) 

Auc Unchanged (all = a12 = a21 = a22 = 0.000) 

Under a~l = a~2 = a~l = 0.000 
Biomarker: 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).ijk t-test 
(AUC)ijk t-test 

Upward Shift: 

Statistic: Test Used: 

erjk t-test 
(MODE)ijk t-test 

Alternative a~2 = 
0.000 -0.010 -0.030 

0.049 
0.049 

0.061 
0.060 

0.050 
0.046 

0.247 
0.247 

0.052 
0.056 

0.969 
0.974 
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Chapter 5 ROBUSTNESS OF MODEL 

5.1 Introduction 

In the previous chapter, we studied the power of the various analyses using 

the main assumption that 11" { x) = XO exp{ -t). Since there are no adequate ways 

of guaranteeing the fit of a modeI1l"{x) to our real data set of binary observations, 

we now study the robustness of our proposed model when the true function 1I"{x) 

is different from our chosen model. 

We first fit our proposed model to data sets that were generated from a variety 

of alternative functions 11" { x). Most of these alternative functions will be discussed 

in detail in this chapter. When fitting the chosen model to these generated data 

sets, no additional convergence problems were encountered, provided good initial 

estimates were used. We used the same initial estimates as those we presented in 

chapter 4. 

In section 2, some alternative two-parameter models are considered, whereas in 

section 3, three-parameter models are considered. For each alternative function 

11" { x), we discuss the function and present some simulation results that study the 

power of the various analyses when either (i) the auc is increased and the mode 

is unchanged or (ii) the auc is unchanged and the mode is increased. Because in 

section 3 there are three parameters instead of two, we will also be able to study 

an extension of cell proliferation to the upper portion of the crypt columns which 

is not caused by an upward shift in the mode. When we say that an extension 

of cell proliferation to the upper portion of the crypt columns has occurred, we 

mean that the success probabilities for cells located in the upper portion of the 

crypt columns have increased while those in the lower portion of the crypt column 

have decreased or remained the same. This is in contrast to section 2 where an 

extension of cell proliferation to the upper portion of the crypt columns can only 
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occur as a resul t of a shift in the mode, as was true for the chosen model. 

The results from each simulation study will be presented in tables with the same 

format as those given in section 4 of the previous chapter. We use the AUC and 

the MODE (using capital letters) to stand for our proposed analysis, where we first 

fit our chosen model to the simulated data for each crypt column and then use the 

a and b obtained to calculate the AUC and the MODE. Thus, in the tables, the 

analyses which are labelled AUC and MODE refer to our proposed analysis and 

do not refer to the values being calculated from the true model. 

In addition, in each simulation study in this chapter, we place ourselves in the 

setting similar to that assumed in section 4 of the previous chapter, where we 

assumed 

(1) a case-control setting; 

(2) the auc and the mode of the alternative function 1I"(x), as well as, any 

additional unrestricted parameters of 1I"(x) will be generated from mixed models 

and are independent of one another; 

(3) the Ym's are conditionally independent; 

(4) a balanced design with 21 people in each group and 12 crypt columns per 

person; 

(5) . the true differences between the groups occur on the relative scale rather 

than on the absolute scale, and 

(6) no difference between the two groups in the number of cells per crypt column. 

We will use JlT = 59.77 and O"T = 5.60 where tij' will be generated as the integer 

part of a normal random variable with mean JlT and variance qt. 
While in section 5 of the previous chapter, we briefly studied the robustness of 

our analysis under different alternatives to the above assumptions always under 

the main assumption that 1I"(x) = xOexp(-t), the focus now is to study the 

robustness of our chosen model under different alternatives of 11" (x ). 
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Before the results are presented for each alternative function separately, we 

state some common conclusions that were found among the functions. Each of 

these observations were also stated in the previous chapter when the true model 

was 'Il"(x) = xOexp(-t). 

Everyone of the analyses involving the x2-test had a severely inflated type 

I error rate. The results for these analyses are not recorded in the tables since 

they are clearly inappropriate methods. In addition, we only present the results of 

our proposed analysis (based on AUG and MODE) using t-tests since the results 

obtained using the mixed model analysis of variance were basically the same. This 

is largely due to the fact that we are in a balanced design. 

Since we have simulated data under the assumptions that an excess in cell 

proliferation and an upward shift of cell proliferation both occur on the relative 

scale rather than on the absolute scale, we have consistently found that the analyses 

based on the relative measures are slightly more efficient than those based on the 

absolute measure. For example, the analysis based on the number of labelled cells 

per crypt column was consistently found to be slightly less powerful in detecting 

an excess in cell proliferation than the analysis based on the labelling index. 

In chapter 2, we claimed that using five separate t-tests (one for each compart

ment) on the compartmental labelling indices (,\~j») and claiming an upward shift 

of cell proliferation in the crypt columns when at least one of the t-tests is sig

nificant is a multiple comparison problem. Although obvious, this is confirmed in 

this chapter since the type I error rate was extremely elevated for all the alterna

tive functions considered. Because of this multiple comparison problem, we looked 

at using the Bonferroni adjustment as well as the adjustment of only using com

partments 4 and 5 combined ("~rl.5») to make the decision about whether a shift 

has occurred. However, as expected, we consistently found that these "adjusted" 

analyses were greatly affected by an excess in cell proliferation. Moreover, for each 
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of these alternative functions considered, our. analysis based on the MODE had 

greater power than these compartmental analyses for detecting a shift in where 

most of the cell proliferation was occurring in the crypt columns. However, in this 

chapter we will see that our analysis based upon the MODE is not as powerful as 

some of the other analyses used to detect a shift in cell proliferation under alterna

tive functions 1I"{x). In addition, we will see that in some cases the analysis bases 

on the MODE is not affected by an increase in the AUC, whereas in others it is. 

5.2 Some Alternative Two-Parameter Models 

In this section, we study the robustness of our model under alternative two

parameter models. The first alternative models considered are the other two

parameter models we tried to fit to our real data set: xa exp{ t;"') and xa{1 - x )b. 

We also consider the model 

{ 
.!!.x if 0 ~ x < aj 

1I"{xja,b) = ~a~l){x-a)+b ifa~x~lj 

which is in the shape of a triangle. 

For each of these functions, data were generated under the assumption that 

the auc and the mode came from mixed models. We will use the same notation 

presented in equations 4.1 and 4.2 to specify the parameter values that were used 

in the simulation studies. For each of these alternative two-parameter models, 

we present results in the situation where the parameter values are Ilo = 0.10, 

Il~ = 0.25, O'p = 0',,( = 0',,(' = 0.01, O'p' = 0.03, IlT = 59.77, O'T = 5.60 and we study 

the power of the various analyses to detect (i) an excess in cell proliferation when 

there is no upward shift (Il~ = J.l~) and (ii) an upward shift when there is no excess 

in cell proliferation (Ilo = Ill)' These parameter values were chosen to obtain data 

that looked similar to our real data. 
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5.2.1 Gamma-Based Function 

First, we consider the true function to be 1r(x; a, b) = XO exp( 1,.1:) where 

a > 0 and b > O. Recall that this is one of the models we considered initially, but 

it tended to be more skewed with heavier tails than our proposed model. 

The mode for this function occurs at x = abo The auc can be calculated from 

However, no closed form exists for this integral. Thus, we once again use the 

Riemann Sum 
t xB exp ( -Xm ) E m b 

m=l t 
to estimate the auc. Once the individual auc and mode values for a crypt column 

have been generated, we use the estimated auc formula and the mode formula to 

solve for a and b. 

Given a fixed mode, the way this particular function increases the auc can be 

seen in Figure 5.1, where the mode for both curves is 0.25 and the auc increases 

from 0.10 to 0.13. 

Table 5.1 presents the results of a simulation study using this gamma-based 

function where we study the power under various alternatives of JlI From the 

upper portion of the table, it is seen that the analyses based on the labelling index 

values (Aij) and on the AUe values ((AUC)ij) have essentially the same power in 

detecting an excess in cell proliferation. (Recall that the analyses for the AUe and 

the MODE are based values calculated from our chosen model and not from the 

true model). The analysis based on the MODE is the only analysis of the upward 

shift which is not affected by the increase in the auc, though it appears that the 

analyses based on the average absolute cell position of labelled cells ((ij) and the 

average relative cell position of labelled cells ((i) are not affected by the increase 

in the auc until we are at a high power of detecting that difference. 
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Figure 5.1, Increase in Auc for Gamma-Based Function 
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Figure 5.2 displays the change in shape for this function as the mode increases 

from 0.25 to 0.31 and the auc is held constant at 0.10. 

Table 5.2 presents the results of the simulation study using this gamma-based 

function, where we study the power under various alternatives of p~ while keeping 

po = PI = 0.10. The upper portion of the table shows that all the analyses 

considered are at nominal level. The lower portion of the table shows that the 

analysis based on the average relative cell position of labelled cells has greater 

power in detecting the shift than our proposed analysis using the MODE (by 

McNemar's test, p < 0.05). While it appears in this particular situation that 

the analysis which uses the Kolmogorov-Smirnov test has the correct type I error 

and possibly has slightly greater power than the analyses based on the average 

relative cell position of labelled cells and the MODE, this was not observed in other 

simulations where the parameter values were different from those presented here. 

In fact, in some simulations, the analysis based on the Kolmogorov-Smirnov test 

had a slightly inflated type I error rate such as in the case where po = PI = 0.08, 
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Figure 5.2, Upward Shift for Gamma-Based Function 
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, , 
J.lo = J.ll = 0.35, O'p = 0.01, 0',., = 0.001, O'p' = 0.05, 0',.,' = 0.01, J.lT = 5.60, and 

O'T = 5.60. In this situation, the analysis based on the Kolmogorov-Smirnov test 

had a slightly inflated type I error of 0.067. 

Thus for this alternative function, our analysis based on the MODE does not 

appear to be quite as powerful as the analysis based on the average relative cell 

position. However, it also is not affected by an increase in the auc. 

5.2.2 Beta-Based Function 

Next, we consider the function ll'(x) = xB (1-x)b to be the true function with 

a ;::: 0 and b ;::: O. This is also one of the models we tried to fit to our real data 

set. Recall that we chose the gam-squared function over this function, because we 

preferred the shape of the gam-squared function. 

The mode for this function is (B~b)' The auc which is 
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can be calculated directly as 

where 

rCa + l)r(b + 1) 
rCa + b + 2) 

rea + 1) = 10
00 

xQ exp( -x) dx . 

However, since the true auc involves the gamma function, the Riemann Sum 

t xQ (1 - x )b E m m 

m=l t 
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is used to estimate the auc. The estimation of the auc is only used to help solve 

for the appropriate a and b which give the desired auc and mode values for this 

function. 

Given the mode is fixed, the way this particular function increases the auc is 

shown in Figure 5.3, where the mode for both curves is 0.25 and the auc increases 

from 0.10 to 0.13. 

Table 5.3 presents the results of a simulation study using this beta-based func

tion where we study the power under various alternatives of III with Il~ = Il~ ~ 0.25 
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(meaning there is no difference in the mode between the two groups). The con

clusions from this table are basically the same as those already presented in the 

previous cases which were (i) the power of the analysis based on the AUC and the 

LI are basically the same (by McNemar's); (ii) the analysis based on the MODE 

is the only analysis which does not appear to be affected by the increase in cell 

proliferation; and (iii) the analyses based on the average cell position of labelled 

cells «(ij) and the average relative cell position of labelled cells «(ij) do not appear 

to be affected by the increase in the auc until we are at a high power of detect

ing that difference. These conclusions are the same as those found when the true 

model was either lI'(x) = xOexp(-t) or lI'(x) == xOexpCn. 

Figure 5.4 displays the change in the shape for this function as the mode in

creases from 0.25 to 0.31 and the auc is held constant at 0.10. 

The results of a simulation study where we study the power under various 

alternatives of p~ while keeping po = PI = 0.10 (meaning there is no difference 

in the auc between the two groups) are presented in Table 5.4. It is seen from 
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the lower portion of the table that there is no difference in power for detecting an 

upward shift between our analysis based on the MODE and the analysis based on 

the average relative cell position ((ij) for this particular function. In addition, it 

again appears that the analysis based on the Kolmogorov-Smirnov test may have 

about the same power for detecting an upward shift as the analyses which used the 

(MODE)ij and the (ij' However, it also appears that the type I error rate for the 

analysis based on the Kolmogorov-Smirnov test may also be slightly inflated. In 

other simulation studies based upon this model where the parameter values were 

different, the type I error rate for the analysis based on the Kolmogorov-Smirnov 

test was more severely inflated than the presented example. In the case where 

Ilo = III = 0.08, Il: = Il~ = 0.35, up = 0.01, u-y = 0.001, up' = 0.05, u-y' = 0.01, 

IlT = 59.77 and UT = 5.60, we found the analysis based on the Kolmogorov

Smirnov test had an inflated type I error rate of 0.121. 

In addition, in these other simulation studies using this beta-based function, the 

following continued to be seen: (i) the analyses based on the 11 and the AUe have 

basically the same power for detecting an excess in cell proliferation and neither 

are affected by an upward shiftj (ii) our analysis based on the MODE was the 

only analysis which was not affected by an excess in cell proliferationj and (iii) the 

analysis based on the MODE and the average relative cell position of labelled cells 

have basically the same power in detecting an upward shift. 

5.2.3 Skewed Triangular Function 

Finally, in this section, the function 

b { 
!x if 0 ~ x < aj 

rr(x' a ) - a b " - -(x - a) + b if a < x < l' (a-I) - - , 

is considered as the true function, where a, bE [0,1]. This function is in the shape 

of a skewed triangle, unless a = 0.5 in which case it is a symmetric triangle. The 

mode for this function is a, while the height of the function at x = a is b. The 
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auc for this function is t. Since we are interested in testing for differences in the 

biomarkers, we will generate the auc and a (the mode of the function) according 

to mixed models and then set b = 2{auc) for each crypt column to be generated. 

Given a is fixed, the way this particular function increases the auc is shown in 

Figure 5.5, where the a for both curves is 0.25 and the auc increases from 0.10 to 

0.13. 

Table 5.5 presents the results of a simulation study using this triangular function 

as the true function, which studied the power under various alternatives of III 

with Il~ = Il~ = 0.25 (meaning there is no difference in the mode between the 

two groups). In some cases, the analysis based on the LI was found to have 

slightly greater power than our analysis based on the AUC. Generally, the analyses 

based on the AU C and the LI have the same power for detecting an excess in cell 

proliferation. However, the results in the lower portion of the table are quite 

different from what has been observed thus far. In this situation, we see that our 

analysis based upon the MODE is affected by an increase in the auc, whereas some 
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of the other analyses are not, such as the analyses based on the average cell position 

of labelled cells ((ij), the average relative cell position of labelled cells ((rj), and 

the proportion of labelled cells located in compartments 4 and 5 (cPij). However, 

it also appears that the analysis based on the MODE is not affected until we are 

at fairly high powers for detecting the difference in the auc. The analysis based on 

the Kolmogorov-Smirnov test, in this situation, is below nominal level and does 

not appear to be affected by an increase in the auc. 

Figure 5.6 displays the change in shape for this function as the mode increases 

from 0.25 to 0.31 and the auc is held constant at 0.10. 

Table 5.6 presents the results of the simulation study using this particular func

tion, where we study the power of detecting an upward shift when there is no excess 

in cell proliferation (Po = Pl = 0.10). The lower portion of the table shows once 

again that the average relative cell position of labelled cells has greater power than 

the MODE of detecting an upward shift (by McNemar's test, p < 0.05). However, 

in this situation, the analysis based on the Kolmogorov-Smirnov test appears to 
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have greatest power for detecting larger differences in the shift. In several other 

simulation studies we performed for this function using different parameter values, 

we consistently found that the analysis based on the Kolmogorov-Smirnov test had 

a type I error rate below nominal level, did not appear to be affected by an increase 

in the auc, and had greater power for detecting larger differences in the mode than 

the rest of the analyses used to study the upward shift. For smaller differences in 

the mode we found either (i) the powers for the analyses based on the Kolmogorov

Smirnov test and the average relative cell position of labelled cells were about the 

same, or (ii) the power for the analysis based upon the average relative cell position 

of labelled cells was substantially larger than the power for the analysis which uses 

the Kolmogorov-Smirnov test. Our analysis based on the MODE was consistently 

outperformed by at least one of these two competing analyses. 

5.3 Some Alternative Three-Parameter Models 

In this section, the robustness of the chosen model is studied under alternative 

three-parameter models. The first alternative three-parameter model considered 

is the quadratic logistic regression model given by 

exp( - (x_h)2 + k) 
7r(xjh,s,k) = ~ 

1 + exp( - x: + k) 

The other two alternative models are ad hoc models. Of these two additional 

models, we first consider 

{ 

!!.x if 0 $ x < aj 
7r(xja,b,c) = b b ifa$x«a+c)j 

(a+c-l)(x -1) if (a + c) $ x $lj 

which is in the shape of a trapezoid, while the other function we consider is 

{ 

!!.x if 0$ x < aj 
7r(Xj a, b, c) = c~a~l) (x - a) + b if a $ x < 0.67j 

if 0.67 $ x $ 1 j 
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which we will refer to as the extension function, since it will allow us to study an 

extension of cell proliferation to the upper compartments which is separate from a 

shift in the location of maximal cell proliferation. 

Since the focus is on three-parameter models and there are two biomarkers, 

there will be an additional unrestricted parameter for each function. As usual, the 

auc and the mode are generated from the mixed models given in equations 4.1 and 

4.2. In addition, the additional unrestricted parameter will also be generated from 

a mixed model. For example, suppose Cijl is the additional unrestricted parameter. 

Then we will assume 

h " " "f3" iid N(O 2) d" iid N(O 2) 0 . '11 were Ili = Il + (Xi' ij '" , (J' (l' ,an lijl '" , (J' -y'" nce agam, we WI 

be mainly concerned with studying the power of the various analyses in detecting 

(i) an excess in cell proliferation when there is no upward shift (Il~ = Il~) and no 

difference in the two populations in the additional unrestricted parameter (Il~ = 
Il~); and (ii) an upward shift in cell proliferation when there is no excess in cell 

proliferation (Ilo = Ild and no difference in the two populations in the additional 

unrestricted parameter (Il~ = Il~). However, we will also study what happens 

when there is a difference between the populations in the additional unrestricted 

parameter but there is no difference between the two groups in the auc (Ilo = 
Ill) and the mode (Il~ = Il~)' This is done because the additional unrestricted 

parameter allows us to study the idea of an extension of cell proliferation which is 

not caused by a shift. Recall (from chapter 1) that this makes sense biologically. 

Thus we might be interested in studying how well our analysis based on the MODE 

detects an extension of this type, which is not caused by a shift in the mode. 
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5.3.1 Quadratic Logistic Function 

First, we consider the true function to be 

exp( - (z_h)2 + k) 
7r(x' h s k) = 3 

, , , 1 + exp( - (z--"h)2 + k) 

This is one of the first functions to fit to our real data set. However, too many 

convergence problems were encountered when the two-stage estimation approach 

was used, especially with crypt columns with only one labelled cell. 

This function has been parameterized in such a way that the mode occurs at 

x = h. The parameter k gives information about the height of the function, while 

the parameter s describes the spread of the function. The auc is given by 

1
1 exp( - (z-h)2 + k) 

.. dx 
o 1 + exp( - (z--"h)2 + k) 

has no closed form solution. Thus, once again the Riemann Sum 

t 7r(Xm ; h, s, k) 
m=1 t 

is used to estimate the auc. 

Given the auc and h (the mode for this function) then either s or k will be an 

additional unrestricted parameter. We chose the auc, h, and s to be our variables 

of interest. Given these values, we can then solve for the appropriate k value from 

the estimated auc formula. 

Since there is an additional unrestricted parameter, given a fixed auc and a 

fixed h, this function 7r(x) can have various shapes depending upon the parameter 

s. We present in Figure 5.7 these shapes as s varies with auc = 0.10 and h = 0.25. 

As s gets smaller the function becomes more peaked, whereas as s gets larger the 

function approaches a constant function. In this situation, where h and the auc 

are fixed, as s increases, an extension of cell proliferation to the upper portion of 

the crypt columns has occurred which was not caused by a shift in the mode. 
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Although several simulation studies using various values of s were done, we 

only present the results for oS ~ 0.05 since this function appeared to have the same 

curvature as our chosen model. The rest of the parameter values are the following: 

Ilo = 0.10,1l~ = 0.25 , Il~ = 0.05, O'p = 0''''1 = 0.01,0'~ = 0.03, 0''''1 = 0.01, 0'; = 0.005, 

O'~ = 0.001, IlT = 59.77, and O'T = 5.60. How this function differs from our chosen 

model can be seen in Figure 5.8, where for both curves the auc= 0.10 and the 

mode = 0.25. 

Given h and oS are fixed, the way this function increases its auc can be seen in 

Figure 5.9 where h = 0.25 and s = 0.05 for both curves, and the auc increases 

from 0.10 to 0.13. 

Table 5.7 presents the results of a simulation study where we study the power 

of detecting an excess in cell proliferation when Il~ = Il~ and Il~ = J.'~. The lower 

portion of the table shows. that the analysis based on the Kolmogorov-Smirnov 

test has a type I error rate which is above nominal level. From other simulation 

studies, we found as s decreases, the type I error rate for this analysis rises rapidly, 
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Figure 5.8, Comparing Quadratic Logistic Function to Gam-Squared Function 
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whereas as s increases, the type I error rate approaches the nominal level of 0.05. 

This finding suggests that the type I error rate for this analysis approach is highly 

dependent upon the true function. 

In addition, the analysis based upon the MODE is affected by an increase in the 

auc, even at low powers of detecting that difference. The analyses based upon the 

average absolute cell position of labelled cells ((ii), the average relative cell position 

of labelled cells ({iJ, and the proportion of labelled cells located in compartments 

4 and 5 (<Pii) do not appear to be affected by an increase in the auc. These same 

results were found to be true for other values of s. 

Figure 5.10 displays the change in shape for this function as h increases from 

0.25 to 0.31 with s = 0.05 and auc = 0.10 for both curves. 

The results of a simulation study where we study the power of detecting a 

difference in h when po = PI = 0.10 and p~ = p~ = 0.05 are presented in Table 5.8. 

Among the analyses with the correct size, our analysis based on the MODE and 

the analysis based on the average relative cell position have the greatest power for 
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detecting the shift. The power for these two analyses for detecting 11~ = 0.28 at the 

0.10 significance level are 0.804 and 0.817, respectively. Using these numbers, we 

can roughly compare the power of these analyses to the power of the analysis based 

on the Kolmogorov-Smirnov test. The powers appear to be roughly comparable 

among the three analyses. 

Table 5.9 presents the results of a simulation study where we study the power 

of detecting an extension of cell proliferation to the upper portion of the crypt 

columns, when there is no excess in cell proliferation (110 = I1d and there is no 

upward shift in where most of the cell proliferation is occurring in the crypt columns 

(Il~ = Il~). From t.he upper portion of this table, it is shown that our analysis based 

upon the AUe is affected by an increase in the spread of the data about the mode, 

that is, by an increase in s, whereas the analysis based on the LI is not. However, 

it does not appear to be affected until we are at a high power of detecting the 

extension of cell proliferation. From the lower portion of the table, it is shown 

that the two analyses based on compartments 4 and 5 seem to have the greatest 

power among the various analyses presented in detecting this extension of cell 

proliferation to the upper portion of the crypt columns. 

Thus, it appears that the compartmental analyses may be better than any 

analyses suggested so far in detecting an extension of this sort, especially the 

analysis based on the proportion of labelled cells located in compartments 4 and 5, 

since it is not as affected by an increase in the auc. However, if a shift rather than 

an extension has occurred, these methods do not have adequate power to detect 

it. 



5.3.2 Trapezoid Function 

Next, we consider the true function to be 

{ 

!x 

ll'(xja,b,c) = b b 

(a+c-l) (X -1) 

if 0 S x < aj 

if a S x < (a + c)j 
if (a + c) S x S Ij 
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which is in the shape of a trapezoid. The mode for this function is not a single 

value, but is the interval [a, a + c). Thus, c is the length of this interval. The 

parameter b is the maximum value of the function. The auc for this function is 

tb(l + c). When c = 0, the triangular function presented in the previous section 

is obtained. 

We chose the auc, a, and c as the variables of interest and set 

b = 2 x auc 
(1 + c) 

to generate the data. Since this function is not unimodal, a and c both contribute 

information to the mode. When we keep c fixed, as a increases, an upward shift of 

cell proliferation has occurred to the upper portion of the crypt columns. On the 

other hand, when a is fixed, as c increases, an extension of cell proliferation to the 

upper portion of the crypts has occurred, rather than an upward shift. We state 

it this way because the mode of the function has not really been shifted but has 

been extended. 

Given a and c are fixed, the way this particular function increases the auc can 

be seen in Figure 5.11, where a and c are each fixed at 0.20 for both curves and 

the auc increases from 0.10 to 0.13. 

Table 5.10 presents the results of a simulation study where we study the power 

of detecting an excess in cell proliferation with Jl~ = Jl~ and Jl~ = Jl~ using the 

parameter values: Jlo = 0.10, Jl: = Jl~ = 0.20, Jl~ = Jl~ = 0.20, up = up" = 

u-y = u-y' = u-y" = 0.01, up' = 0.03, JlT = 59.77 and UT = 5.60. Our analysis 

based on the MODE is once again affected by an increase in the auc, even at low 
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power. The analyses based on the average cell position of labelled cells ((ij), the 

. average relative cell position of labelled cells Wj'), and the proportion of labelled 

cells located in compartments 4 and 5 (4)ij) do not appear to be affected by the 

increase in the auc. Similar to the conclusions based on the triangular function, 

the analysis based on the Kolmogorov-Smirnov test is below nominal level and also 

does not appear to be affected by an increase in the auc. 

Figure 5.12 displays the change in shape for this function as a increases from 

0.20 to 0.26 with the auc = 0.10 and c = 0.20 for both curves. 

The results of a simulation study where we study the power of detecting a 

difference in a when J1.0 = J1.l = 0.10 and J1.~ = J1.~ = 0.20 are presented in Table 

5.11: The lower portion of the table shows us once again that the analysis based 

on the average relative cell position of labelled cells has greater power than our 

analysis based on the MODE (by McNemar's test, p < 0.05). However, it also 

appears that the analysis based on the Kolmogorov-Smirnov test seems to have 

greater power than the analysis based on the relative cell position of labelled cells 
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for detecting larger differences in a between groups. These results are similar to 

those found for the triangular function. 

Figure 5.13 displays the change in shape for this function as c increases from 

0.20 to 0.32 with the auc = 0.10 and a = 0.20 for both curves. 

Table 5.12 presents the results of a simulation study where we study the power 

of detecting a difference in c between the two groups when there is no difference 

between the two groups in the auc and a (Ilo = III = 0.10, Il: = Il~ = 0.20). In 

this particular situation, there is low power among the analyses for detecting small 

differences between Il: and Il~. However, it appears that for somewhat larger 

differences between Il: and Il~, the Kolmogorov-Smirnov test has greater power 

in detecting this difference than the analysis based on the average relative cell 

position of labelled cells, which has greater power in detecting this difference than 

our analysis based on the MODE (by McNemar's test, p < 0.05). Using different 

parameter values, in several other simulation studies, we continued to see this 

pattern. 
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Extension Function 

In conclusion, we consider the true function to be 

{ 

~x if 0 ~ x < aj 

ll'(xja,b,c) = (a:l)(X - a) + b if a ~ x < 0.67j 
c if 0.67 ~ x ~ 1j 
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where b, c E [0,1], and we only consider the case b > c. We will call this function the 

extension function since there is a distinct difference between a shift in the mode 

and an extension of cell proliferation to the upper portion of the crypt columns. 

The mode for this function is a. The maximum value of this function is b. The 

parameter c is the probability that a cell located in the upper third of the crypt 

column is labelled. The auc for this function is 

which is 

lIb 
'2b - '2{ (a _ 1) (0.67 - a) + b}(0.33) + 0.33c 

(a-0.8911)b 033 
2(a -1) +. c. 



We chose the auc, a, and c as the variables of interest and set 

to generate data. 

b = 2(auc - 0.33c)(a -1) 
(-0.8911 + a) 
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When c is fixed, as a increases, an upward shift of the cell proliferation has 

occurred. But, since c is fixed, no extension of cell proliferation to the upper portion 

of the crypt columns has occurred. For all of the other functions considered, a shift 

in the mode of the function caused an extension of cell proliferation to the upper 

portion of the crypt columns, that is, a shift in the mode caused the probability 

of a cell being labelled in the upper portion of the crypt columns to be increased. 

This is not the case for this particular function when c is fixed. This may not be 

very realistic since it seems most approptiate that a shift in where most of the cell 

proliferation is occurring in the crypt columns would also cause an extension of 

cell proliferation to the upper portion of the crypt columns. Nonetheless, we study 

this as an alternative to what has already been presented. On the other hand, 

when a is fixed, as c increases, an extension of cell proliferation to the upper third 

of the crypt columns has occurred. In this case, there is no shift in where most of 

the cell proliferation is occurring. 

Given a and c are fixed, the way this particular function increases the auc can 

be seen in Figure 5.14, where a = 0.25 and c = 0.02 for both curves, as the auc 

increases from 0.10 to 0.13. Since c is fixed, the auc will only change in the lower 

two-thirds of the crypt columns. 

Simulation studies, performed to study the power of the analyses for detecting 

the differences that may occur between the two groups for this function, are in the 

setting where the various parameters are up = U'Y = 0.01, up' = 0.03, u'Y' = 0.01, 

up" = 0.0009, up" = 0.0005, UT = 5.60, J1.o = 0.10, J1.~ = 0.25, J1.~ = 0.02, and 

J1.T = 59.77. 
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Table 5.13 presents the results of a simulation study where we study the power 

of detecting a difference in the auc between the two groups with J.L: = J.L~ = 0.25 

and J.L: = J.L~ = 0.02. From the upper portion of this table, we observe that in some 

cases the analysis based on the LI has greater power than our analysis based on 

the AUC. From the lower portion of the table, we see that the only analyses which 

do not appear to be affected by an increase in the auc are the analyses based on 

the maximum labelled cell position (hij ) and the maximum labelled relative cell 

position (hij). Thus, this appears to be a case where the analyses which have 

tended to have the greatest power for detecting differences in the upward shift 

and/or extension between the groups are all affected by an increase in the auc, 

with our analysis based upon the MODE appearing to be one of the most severely 

affected. 

Figure 5.15 displays the change in shape for this function as a increases from 

0.25 to 0.31 with the auc = 0.10 and c = 0.02 for both curves. 

The results of a simulation study where we study the power of detecting a shift 



"'t. 
0 

c, 
0 

:E 

~~ 
a.. 

~ 
0 

c. 
0 

0.0 0.2 

aueaO.10,a .. 0.25,eaO.02 
auc.0.10,a .. 0.31,eaO.02 

., ... " ... " .. " .... """"." .. ",,.,," 

0.4 0.6 
Relative Cell Position 

0.8 1.0 

Figure 5.15, Upward Shift for Extension Function 

184 

in a when Po = Pl = 0.10 and P: = p~ = 0.02 are presented in Table 5.14. The 

upper portion of the table shows that the analyses based on the AUC and the LI 

are not affected by an increase in a, while the lower portion of the table shows 

that the analysis based upon the Kolmogorov-Smirnov test has the greatest power 

among the analyses presented to detect a difference in a. The two analyses based 

on the maximum labelled cell position (hij) and the maximum labelled relative cell 

position (hij),which were not affected by an increase in the auc, have relatively no 

power in detecting a difference in a between the two groups. 

Figure 5.16 displays the change in shape for this function as c increases from 

0.02 to 0.04 with a = 0.25 and the auc = 0.10. 

The results of a simulation study where we study the power of detecting a dif

ference in c when po = Pl = 0.10 and P: = p~ = 0.25 are presented in Table 5.15. 

The upper portion of the table shows that our analyses based on the AUC and 

possibly the analysis based on the LI may be affected by a group difference in c, 

causing their type I error rates to be slightly above the nominal level. Among the 
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analyses at or below nominal level, the analyses based upon the five compartments 

(especially the analysis based upon the proportion of labelled cells located in com

partments 4 or 5 ((Pij)) tend to have the greatest power in detecting an extension 

of cell proliferation to the upper third of the crypt columns for this particular func

tion. Our analysis based upon the MODE tends to have less power for detecting 

this difference between the groups than most of the other analyses. 

5.4 Conclusions 

We have considered several functions 7r(x) which are different from our chosen 

model, xOexp( -t). Some of these appear to be more realistic than others, espe

cially those with smaller right tails. The models considered to be the most realistic 

in modeling the physiology are (i) xOexp( _;2), our chosen model; (ii) x°(1 - x )b; 

and (iii) 
exp(-¥+k) 

1 + exp( _(:z;~h)2 + k) 
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where 0.08 ~ 8 ~ 0.12; since, for these functions, there is a distinct mode and the 

upper tails are not too extreme. While there are probably other realistic unimodal 

functions from [0,1] to [0,1] that we have not considered, we have gained a good 

idea of the performance of our analysis under alternative models. 

The first conclusion is that our analysis based upon the AUC and the analysis 

based on the LI have essentially the same power of detecting an excess in cell 

proliferation for most functions. In some cases, the analysis based on the LI had 

slightly greater power in detecting the excess. 

The second conclusion is that for some alternative functions our analysis based 

on the MODE was affected by an increase in the AUC, whereas for others it was 

not. This was also true for the other analyses used to study the upward shift and/or 

extension of cell proliferation. Thus, if we detect an excess in cell proliferation, the 

analysis for detecting an upward shift may be affected by this. 

The third conclusion is that although the analysis based on the Kolmogorov

Smirnov test seemed to have greater power in detecting an upward shift for some 

functions, it also had an inflated type I error rate for other functions. The inflation 

of the type I error rate mainly occurred for functions we consider to be the most 

realistic. 

The fourth conclusion is that when an extension of cell proliferation to the 

upper portion of the crypt columns had occurred which was not caused by a shift 

in the mode of the function, the analyses based on compartments 4 and 5 seemed 

to detect this extension better than the rest of the analyses. 

The last conclusion is that our analysis based on the MODE did not have greater 

power than the analysis based on the average relative cell position of labelled cells, 

even when the true function lI'(x) was our chosen model. In most of the cases for 

the alternative functions, the analysis based on the average relative cell position 

of labelled cells had greater power than our analysis in detecting a shift in where 
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most of the cell proliferation was occurring. 

We hypothesize that most of these conclusions would also be true if we were 

to study the robustness of some of these alternative functions where we developed 

an analysis based on their parameters. Thus, if an excess in cell proliferation and 

an upward shift and/or extension of cell proliferation to the upper portion of the 

crypt columns are the most precise risk factors, then it appears that by modeling 

the data at the crypt column level and by reparameterizing to the auc and the 

mode of the function we have not really gained much efficiency over some of the 

analyses based on the "non-parametric" measurements. 

It is possible that this is due to the estimation method used. Thus, in the next 

chapter, we briefly look at the one-stage estimation approach for our chosen model. 
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Table 5.1, Excess in Cell Proliferation Using Gamma-Based Function 

True Function: xOexp( -f) 
Mode Unchanged (Jl~ = Jl~ = 0.25) 

Under Jlo = 0.100 Alternative JlI = 
Biomarker: 0.100 0.110 0.115 0.130 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.044 0.523 0.871 1.000 
fiij. t-test 0.046 0.515 0.864 1.000 
(AUC)ij t-test 0.047 0.527 0.870 1.000 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.062 0.057 0.071 0.130 
A (~) separate t-tests 0.200 0.629 0.877 1.000 I) 

A (~) Bonf adj t-tests 0.048 0.285 0.588 0.994 
A ~&5) t-test 0.038 0.284 0.557 0.978 I) 

,pij t-test 0.045 0.071 0.070 0.154 
eij t-test 0.049 0.051 0.070 0.101 
eij t-test 0.052 0.062 0.070 0.107 
hij t-test 0.049 0.064 0.085 0.151 
hij t-test 0.059 0.061 0.104 0.190 
hij. t-test 0.044 0.195 0.334 0.823 
h<:. 

I). t-test 0.046 0.200 0.402 0.880 
(MODE)ij t-test 0.056 0.056 0.046 0.047 
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Table 5.2, Upward Shift Using Gamma-Based Function 

True Function: xOexp(-f) 
Auc Unchanged (Ilo = III = 0.10) 

Under Il~ = 0.250 Alternative Il; = 
Biomarker: 0.250 0.280 0.310 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).jj t-test 0.044 0.054 0.054 
fiij. t-test 0.046 0.048 0.049 
(AUG)ij t-test 0.047 0.057 0.055 

Upward Shift: 

Statistic: Test Used: 

Sj(x) Kol-Smir 0.062 0.397 0.876 
). (~) separate t-tests 0.200 0.506 0.882 I) 

'). (~) Bonf adj t-tests 0.048 0.185 0.583 I) 

). (~&5) t-test 0.038 0.188 0.536 I) 

tPij t-test 0.045 0.292 0.756 
eij t-test 0.049 0.356 0.832 
e;j t-test 0.052 0.389 0.868 
hjj t-test 0.049 0.067 0.089 

~ij t-test 0.059 0.071 0.122 
hjj. t-test 0.044 0.158 0.367 
},,o:. 

I). 
t-test 0.046 0.176 0.427 

(MODE)jj t-test 0.056 0.337 0.802 
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Table 5.3, Excess in Cell Proliferation Using Beta-Based Function 
True Function: XIl(1- x)b 

Mode Unchanged (Il~ = Il~ = 0.25) 

Under /1-0 = 0.100 Alternative III = 
Biomarker: 0.100 0.110 0.115 0.130 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).ij t-test 0.042 0.552 0.874 1.000 
fiij. t-test 0.044 0.539 0.862 0.999 
(AUC)ij t-test 0.043 0.542 0.876 0.999 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.065 0.069 0.083 0.166 
).(~) separate t-tests 0.218 0.622 0.878 0.999 I) 

).(~) Bonf adj t-tests 0.057 0.293 0.583 0.996 
).~&5) t-test 0.033 0.206 0.414 0.929 I) 

rPij t-test 0.048 0.069 0.100 0.259 
eij t-test 0.047 0.059 0.060 0.136 
e;j t-test 0.049 0.062 0.067 0.134 
hij t-test 0.043 0.094 0.139 0.303 

~ij t-test 0.051 0.088 0.159 0.396 
h .. 

I). t-test 0.044 0.193 0.380 0.881 
k!. 

I). t-test 0.042 0.227 0.401 0.919 
(MODE)ij t-test 0.044 0.054 0.039 0.045 
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Table 5.4, Upward Shift Using Beta-Based Function 
True Function: x°(1- x)b 

Auc Unchanged (Ilo = III = 0.10) 

Under Jl~ = 0.250 Alternative Il~ = 
Biomarker: 0.250 0.280 0.310 

Excess in Cell Proliferation: 

Statistic: Test Used: 

>'ij t-test 0.042 0.055 0.039 
nij. t-test 0.044 0.056 0.038 
(AUC)ij t-test 0.043 0.059 0.047 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.065 0.515 0.976 
>. (c:) separate t-tests 0.218 0.586 0.970 

'J >. (c:) Bonf adj t-tests 0.057 0.250 0.816 
'J >. (~&5) t-test 0.033 0.275 0.777 
'J 

<Pij t-test 0.048 0.338 0.881 
eij t-test 0.047 0.449 0.959 
eij t-test 0.049 0.482 0.971 
hij t-test 0.043 0.118 0.277 

~tj t-test 0.051 0.145 0.370 
hij. t-test 0.044 0.237 0.679 
h"!. 

'J. 
t-test 0.042 0.261 0.738 

(MODE)ij t-test 0.044 0.478 0.968 
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Table 5.5, Excess in Cell Proliferation Using Skewed Triangular Function 

{!x if OSxS. 
True Function: 

a~l(x-a)+b if a<x:51 
Mode Unchanged (Jl~ = Jl~ = 0.25) 

Under Jlo = 0.100 Alternative Jll = 
Biomarker: 0.100 0.110 0.115 0.130 

Excess in Cell Proliferation: 

Statistic: Test Used: 

)..ij t-test 0.047 0.544 0.837 1.000 
fiij. t-test 0.054 0.535 0.822 1.000 
(AUC)ij t-test 0.050 0.541 0.825 1.000 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.029 0.021 0.026 0.028 
).. (r:) separate t-tests 0.206 0.633 0.862 1.000 I) 

).. (r:) Bonf adj t-tests 0.042 0.301 0.575 0.996 I) 

)..(~&5) t-test 0.045 0.205 0.410 0.908 I) 

<Pij t-test 0.064 0.040 0.050 0.045 
eij t-test 0.048 0.040 0.052 0.057 
e;j t-test 0.048 0.050 0.057 0.058 
hij t-test 0.044 0.058 0.065 0.116 
h":· 
_I) 

t-test 0.058 0.064 0.162 0.270 
hjj. t-test 0.058 0.122 0.250 0.648 
h,,:. 

I). t-test 0.061 0.149 0.299 0.751 
(MODE)ij t-test 0.049 0.053 0.077 0.138 
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Table 5.6, Upward Shift Using Skewed Triangular Function 

rx if O:5x:5a 
True Function: a 

_b (x-a}+b if a<x:51 a-I 
Auc Unchanged (Ilo = III = 0.10) 

Under Il~ = 0.250 Alternative Il; = 
Biomarker: 0.250 0.280 0.310 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).ij t-test 0.047 0.052 0.049 
ji" IJ. t-test 0.054 0.052 0.047 
(AUC}ij t-test 0.050 0.055 0.050 

Upward Shift: 

Statistic: Test Used: 

8i(X) Kol-Smir 0.029 0.206 0.728 
). (c:) separate t-tests 0.206 0.384 0.706 IJ 
). (c:) Bonf adj t-tests 0.042 0.119 0.365 13 
). (~&5) t-test 0.045 0.066 0.157 13 

¢ij t-test 0.064 0.084 0.227 
(ij t-test 0.048 0.184 0.537 
(ij t-test 0.048 0.195 0.593 
hij t-test 0.044 0.053 0.052 

~rj t-test 0.058 0.090 0.090 
hjj. t-test 0.058 0.062 0.107 
h"!· 13· 

t-test 0.061 0.061 0.119 
(MODE)ij t-test 0.049 0.172 0.537 
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Table 5.7, Excess in Cell Proliferation Using Quadratic Logistic Function 

~ 
True Function: exp(- ~ +k) 

((z-h)2 ) l+exp - 8 +k 
Mode Unchanged & s Unchanged 

Under p'o = 0.100 Alternative 1'1 = 
Biomarker: 0.100 0.110 0.130 0.150 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).ij t-test 0.055 0.564 1.000 1.000 
fiij. t-test 0.055 0.550 1.000 1.000 
(AUC)ij t-test 0.053 0.558 1.000 1.000 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.116 0.109 0.146 0.147 
). (C;) separate t-tests 0.181 0.595 0.999 1.000 I, 
). (C;) Bonf adj t-tests 0.045 0.264 0.993 1.000 I, 
). (~&5) t-test 0.039 0.059 0.230 0.447 I, 
¢1ij t-test 0.040 0.048 0.059 0.074 
lij t-test 0.046 0.047 0.058 0.062 
(;j t-test 0.046 0.050 0.058 0.054 
hij t-test 0.051 0.049 0.146 0.237 
h":. _I, t-test 0.048 0.056 0.155 0.259 
hij. t-test 0.043 0.124 0.526 0.895 
It":· I,. t-test 0.046 0.128 0.574 0.936 
(MODE)ij t-test 0.045 0.068 0.178 0.345 
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Table 5.8, Upward Shift Using Quadratic Logistic Function 

True Function: 
exp( _(z~h)2 +k) 

( (z-h)2 k) l+exp - 8 + 
Auc Unchanged &.9 Unchanged 

Under Jl~ = 0.250 Alternative Jl~ = 
Biomarker: 0.250 0.265 0.280 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.055 0.052 0.043 
fiij. t-test 0.055 0.048 0.048 
(AUC)ij t-test 0.053 0.049 0.044 

Upward Shift: 

Statistic: Test Used: 

Sj(x) Kol-Smir 0.116 0.374 0.851 
A(~) separate t-tests 0.181 0.380 0.760 I) 

A(~) Bonf adj t-tests 0.045 0.126 0.455 I) 

A(~&5) t-test 0.039 0.105 0.283 I) 

(hj t-test 0.040 0.105 0.283 
lij t-test 0.046 0.245 0.683 

eij t-test 0.046 0.250 0.708 
hij t-test 0.051 0.086 0.195 
h~. 
_I) 

t-test 0.048 0.087 0.220 
hij. t-test 0.043 0.161 0.440 
h~. 

I). 
t-test 0.046 0.168 0.468 

(MODE)ij t-test 0.045 0.240 0.702 
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Table 5.9, Extension of Cell Proliferation Using Quadratic Logistic Function 

'llue FUnction: 
(~_h)2 ) exp - s. +k~ 

1 +exp( - (~~h)2 +k) 
Mode Unchanged & Auc Unchanged 

Under 1'0 = 0.050 Alternative 1'1 = 
Biomarker: 0.050 0.070 0.100 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).ij t-test 0.055 0.051 0.045 
nij. t-test 0.055 0.054 0.047 
(AUC)ij t-test 0.053 0.059 0.095 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.116 0.663 1.000 
). (~) separate t-tests 0.181 0.912 1.000 IJ 
). (~) Bonf adj t-tests 0.045 0.664 1.000 IJ 
). (~&5) t-test 0.039 0.851 1.000 IJ 

tPij t-test 0.040 0.852 1.000 
eij t-test 0.046 0.377 0.976 

elj t-test 0.046 0.393 0.987 
hij t-test 0.051 0.695 0.999 
h!· _IJ t-test 0.048 0.793 1.000 
hij. t-test 0.043 0.763 1.000 
h!· t-test 0.046 0.816 1.000 IJ. 

(MODE)ij t-test 0.045 0.405 0.990 
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Table 5.10, Excess in Cell Proliferation Using Trapezoid Function 

{ 1. 
if 0 ~ x < a 

True Function: b °b if a ~ x < (a + c) 
(o+c-l) (x - 1) if (a + c) ~ x ~ 1; 

a Unchanged & c Unchanged 

Under Ilo = 0.100 Alternative III = 
Biomarker: 0.100 0.110 0~130 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.045 0.551 1.000 
fiij. t-test 0.048 0.533 1.000 
(AUG)ij t-test 0.046 0.550 1.000 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.029 0.031 0.033 
A (~) separate t-tests 0.224 0.627 1.000 
A~) Bonf adj t-tests 0.054 0.293 0.995 I, 
A{~&5) t-test 0.052 0.221 0.929 I, 
tPij t-test 0.052 0.052 0.057 
eij t-test 0.047 0.046 0.046 
e;j t-test 0.049 0.051 0.053 
hij t-test 0.053 0.066 0.106 

~;j t-test 0.058 0.053 0.123 
h .. I,. t-test 0.050 0.143 0.673 
h~· I,. t-test 0.053 0.162 0.767 
(MODE)ij t-test 0.048 0.071 0.136 
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Table 5.11, Upward Shift Using Trapezoid Function 

{ Ax if 0:$ x < a 
True Function: b °b if a :$x < (a+c) 

(O+C_l)(X -1) if(a+c):$ x :$1; 
Auc Unchanged & c Unchanged 

Under Jl~ = 0.200 Alternative Jl~ = 
Biomarker: 0.200 0.230 0.260 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.045 0.048 0.052 
iiij. t-test 0.048 0.045 0.044 
(AUC)ij t-test 0.046 0.047 0.047 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.029 0.245 0.780 
A (~) separate t-tests 0.224 0.448 0.840 
A~) Bonf adj t-tests 0.054 0.156 0.550 

'3 
A (~&5) t-test 0.052 0.092 0.249 

'3 
rPij t-test 0.052 0.124 0.355 
~j t-test 0.047 0.231 0.642 
(1j t-test 0.049 0.270 0.709 
hij t-test 0.053 0.059 0.060 
h"!· 
_'3 

t-test 0.058 0.066 0.061 
hij. t-test 0.050 0.084 0.168 
h"!. 

'3· 
t-test 0.053 0.092 0.181 

(MODE)ij t-test 0.048 0.246 0.649 
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Table 5.12, Extension of Cell Proliferation Using Trapezoid Function 
{ 1% irD < % <. 

True Function: °b if a S x < (a + c) 
(O+~_l)(X -1) if (a + c) ~ x ~ 1; 

a Unchanged & Auc Unchanged 

Under Il~ = 0.200 Alternative Il~ = 
Biomarker: 0.200 0.230 0.280 0.320 

Excess in Cell Proliferation: 

Statistic: Test Used: 

).ij t-test 0.045 0.054 0.048 0.046 
nij. t-test 0.048 0.053 0.053 0.043 
(AUC)ij t-test 0.046 0.052 0.049 0.045 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.029 0.061 0.299 0.649 
). (c:) separate t-tests 0.224 0.257 0.437 0.643 IJ 
). (c:) Bonf adj t-tests 0.054 0.063 0.133 0.298 IJ 
). !~&5) t-test 0.052 0.064 0.151 0.360 IJ 

<Pij t-test 0.052 0.062 0.212 0.484 
eij t-test 0.047 0.085 0.239 0.515 
e;j t-test 0.049 0.073 0.261 0.547 
hij t-test 0.053 0.051 0.051 0.048 
hij t-test 0.058 0.049 0.047 0.068 
h .. IJ. t-test 0.050 0.069 0.087 0.190 
h~· IJ. t-test 0.053 0.069 0.101 0.215 
(MODE)ij t-test 0.048 0.080 0.253 0.523 
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Table 5.13, Excess in Cell Proliferation Using Extension Function 

{ Ax if 0:5 x < aj 

True Function: (a~1)(XQ; a) + b if a :5 x < 0.67; 
if 0.67 :5 x :5 1; 

a Unchanged & c Unchanged 

Under 1'0 = 0.100 Alternative 1'1 = 
Biomarker: 0.100 0.115 0.130 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.046 0.889 1.000 
fiij. t-test 0.047 0.880 1.000 
(AUC)ij t-test 0.045 0.877 1.000 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.034 0.036 0.064 
A (c:) separate t-tests 0.227 0.918 1.000 IJ 
A (c:) Bonf adj t-tests 0.051 0.667 0.999 IJ 
A (~&5) t-test 0.057 0.137 0.391 IJ 

<Pij t-test 0.055 0.114 0.258 
eij t-test 0.059 0.084 0.153 

elj t-test 0.050 0.085 0.181 
hij t-test 0.048 0.041 0.044 

~ij t-test 0.050 0.050 0.051 
hij. t-test 0.076 0.082 0.188 
h"!· IJ. t-test 0.067 0.088 0.218 
(MODE)ij t-test 0.049 0.183 0.548 
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Table 5.14, Upward Shift in Cell Proliferation Using Extension Function 

{ ~x if 0 S x < aj 
b a 

True Function: (a_l)(X; a) + b if a S x < 0.67; 
if 0.67 S x S 1; 

Auc Unchanged & c Unchanged 

Under Jl~ = 0.250 Alternative Jl~ = 
Biomarker: 0.250 0.280 0~310 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.046 0.051 0.043 
fijj. t-test 0.047 0.047 0.051 
(AUC)ij t-test 0.045 0.057 0.052 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.034 0.225 0.742 
A(~) separate t- tests 0.227 0.382 0.707 tJ 
A(~) Bonf adj t-tests 0.051 0.117 0.363 tJ 
A (~&5) t-test 0.057 0.055 0.075 tJ 

cPij t-test 0.055 0.061 0.080 
eij t-test 0.059 0.154 0.407 

elj t-test 0.050 0.166 0.474 
hij t-test 0.048 0.061 0.047 

~ij t.-test 0.050 0.059 0.038 
hij. t-test 0.076 0.071 0.065 
ho:. 

tJ. t-test 0.067 0.076 0.067 
(MODE)ij t-test 0.049 0.136 0.393 
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Table 5.15, Extension of Cell Proliferation Using Extension Function 

{ l. if 0:5 x < a; 
b a 

True Function: (0-1) (x : a) + b if a :5 x < 0.67; 
if 0.67 :5 x :5 1; 

a Unchanged & Auc Unchanged 

Under J.l~ = 0.020 Alternative J.l~ = 
Biomarker: 0.020 0.030 0.035 0.040 

Excess in Cell Proliferation: 

Statistic: Test Used: 

Aij t-test 0.046 0.070 0.040 0.043 
71." I). t-test 0.047 0.070 0.045 0.047 
(AUC)ij t-test 0.045 0.067 0.062 0.066 

Upward Shift: 

Statistic: Test Used: 

Si(X) Kol-Smir 0.034 0.256 0.724 0.975 
A(~) separate t-tests 0.227 0.795 0.949 0.999 I) 

A(~) Bonf adj t-tests 0.051 0.460 0.827 0.982 I) 

A(~&5) t-test 0.057 0.549 0.855 0.982 I) 

<Pij t-test 0.055 0.669 0.943 0.997 
(ij t-test 0.059 0.396 0.740 0.936 
(;j t-test 0.050 0.427 0.779 0.952 
hij t-test 0.048 0.199 0.376 0.483 
h~· 
_I) 

t-test 0.050 0.212 0.416 0.555 
hij. t-test 0.076 0.573 0.865 0.979 
h"!· I). 

t-test 0.067 0.630 0.912 0.990 
(MODE)ij t-test 0.049 0.417 0.732 0.919 



Chapter 6 A BRIEF LOOK AT THE 
ONE-STAGE ESTIMATION APPROACH 

6.1 Introduction 
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Our research in the previous chapters (3, 4, and 5) has involved estimating 

crypt-specific parameters using the assumptions that 

where }'ijklm and Pijklm are the outcome and the probability of success (cell being 

labelled), respectively, for the mth cell in the /th crypt column of the kth sequence 

in the jth person of the ith group. It is further assumed that 

where F is some multivariate distribution function with person-specific parameters 

Osjk for each time point. 

To do the estimation at the crypt column level, conditional independence among 

the }'ijklm'S was assumed when the likelihood function 

ti'lel 

n' [ ..] Yijklm [ .. ] l-Yijlelm 
1I'(Xijklmi Oijkl) 1 - 1I'(Xijklmi Bijkl) 

m=l 

was used. This means that when estimating the crypt-specific parameters, infor

mation is not being shared across the crypt columns within the same person. Since 

only the information available for the crypt column was being used to estimate its 

parameters, there were crypt columns in the data set which presented problems 

using this two-stage estimation approach. The universal convergence problems 

were for (see section 3.3.3): 

• crypt columns with no labelled cells (i.e. Ym = 0 "'1m = 1,2, ... , t) i and 
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• crypt columns with only one labelled cell where the labelled cell is either 

located at position 1 or at position t. 

There were also additional crypt columns which presented convergence problems 

for the quadratic logistic regression model when the following reparameterization 

was used: 

(see section 3.4.2). 

One of the options available to address these problems was to bypass esti

mating crypt-specific parameters and to concentrate on estimating person-specific 

parameters given by the distribution function F. This could be done by using the 

likelihood function given by 

where 

is given by 

By using this likelihood function, conditional independence among the }ijl./m'S is 

being assumed. However, this time, information is being shared across the crypt 

columns through the assumed joint distribution function. In addition, conditional 

independence is assumed among the crypt-specific parameters by further assuming 

that 

~jk '" G 



205 

where G is some multivariate normal distribution function with group and sequence 

specific parameters ~k. This is referred to as a one-stage estimation approach. 

Once the person-specific parameters are estimated, these could be used as the 

observations in an appropriate analysis to compare the groups (see section 1.6.3). 

However, it was stated that this one-stage approach would probably be much 

more computationally involved than the two-stage estimation approach. Based on 

this claim, we chose to continue using the two-stage estimation approach when 

focusing on two-parameter models. The only convergence problems for the two 

parameter models considered were the universal convergence problems, and "ade

quate" approaches were suggested to deal with these cases for our chosen model 

(see sections 3.3.3 and 4.4.1). 

In this chapter, we briefly examine the claim that the one-stage estimation 

approach is much more computationally intensive than the two-stage estimation 

approach. We consider the particular case where 

2 

( ) 
ai 'kl ( -Xijklm ) 

1C' Xijklm = Xij~/m exp b 
ijkl 

is used as the function for the probabilities, and the multivariate distribution func

tion for the crypt-specific parameters is the bivariate normal distribution function. 

Basically, this particular case should give general information about the compu

tational feasibility of this one-stage estimation approach for other functions 1C'( x) 

and F. 

6.2 Likelihood for the Particular Case 

In this section, we examine the one-stage estimation approach where we assume 

}lijklm '" Bin(I,Pijklm), 

X 2 , 

( ) 
ai 'kl (- ijklm) 

1C' Xijklm = Xij~/m exp b ' 
ijkl 
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and that 

The multivariate normal distribution function was chosen because it is one of the 

easiest multivariate distribution functions to work with and to interpret. However, 

the bivariate normal distribution may not be suitable for our particular case, since 

if aijkl or bijkl is less than zero then we are no longer guaranteed that Pijklm E [0,1]. 

In practice, however, it is not unusual to assume the normal distribution function 

for positive random variables. 

Thus to do the one-stage estimation approach, the likelihood function given by 

is used where 

is given by 

tijkl 

II [11"(Xjjklm; aijkl, bijkl)]Yijklm [1 - 11"(Xijklm; aijkl, bijklW-lIij klm 

m=l 

and f is the bivariate normal density function with mean vector (aijk, bijk) and 

covariance matrix 

( 
O'~ijk PijkO'aijkO'bijk). 

PijkO' aijkO'bijk O'lijk 

Notice that the limits of the integrals should be from -00 to 00. However, 

because negative aijkl and bijkl are not allowed we restrict the limits to be from 0 

to 00. Thus, in this sense, we are using a truncated bivariate normal distribution 

function. 
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6.3 Newton-Raphson 

We are interested in estimating the five person-specific parameters, which 

are aij/q bijk, O'~ijk' O'lijk' and Pijk. To find the maximum likelihood estimates for 

these parameters, the partial derivatives of the log-likelihood function are set equal 

to the zero vector. 

Let 
aijk Ojjk(l) 

bijk Oijk(2) 

~jk = O'~ijk = Ojjk(3) 

O'lijk Oijk(4) 

Pijk Ojjk(5) 

Then the rth component of the score vector is given by 

Lijk 1 [rOO roo .. ] r; A Jo Jo P1{Yijkl = Yijkdxijkl, aijk/, bijkl)f(aijkl, bijkl)SI(r) daijkldbijkl 

where 

and 

SI(r) 

such that 

(aijkl - aijk)2 2 (aijkl - aijk)(bijkl - bijk) + (bijkl - bijk )2 = 2 - Pijk 2 
0' aijk 0' aijkO'bijk 0' bijk 

No closed form solution exists for the integrals nor for the solution to the score 

equations. Thus, an iterative approach again will be needed to do the estimation. 

In addition, the integrals will have to be evaluated numerically. 

To use the Newton-Raphson method, the sample information matrix will need 

to be calculated. The element in the rth row of the 8th column of the sample 

information matrix is given by 
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-~ 12 [10
00 

10
00 Pr(~jkl = YijkdXijkh aijk/, bijkl)!(aijk/, bijkl) Br • daijkldbijkl] 

where 

Br• = {SI(r)SI(6) + ao~ SI(r)}' 
IJk(6) 

Thus, to estimate the five parameters by the Newton-Raphson method for each 

iteration, there are twenty-one double integrals to numerically integrate for each 

crypt column within a person. 

6.4 Monte Carlo Integration 

Since we did not study in detail the functions to be integrated, we chose to 

use Monte Carlo integration [16]. We could have also used the Riemann Sum to 

approximate the integrals. However, Monte Carlo integration would allow us to 

determine the area ignored by assuming that the prior distribution is bivariate 

normal but only integrating from 0 to 00 rather than from -00 to 00 for both 

integrals. 

For each integral, the person-specific parameters ~jk are given since at each 

iteration we have an estimate of the parameters. Consider 

To approximate this integral by Monte Carlo integration, 

( 
aijkl ) 
bjjk1 

is generated from a bivariate normal distribution function with parameter vector 

Om, where Om is the estimated person-specific parameter at the rth iteration. 

Negative values were discarded. Then the function 
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is evaluated at the nth generated vector 

( 
(n») aijkl 

ben) • 
ijkl 

This procedure is repeated N times (N = 3000 in our case). Then an estimate 

of A is 
r;~=1 Pr(~jkl = Yijkdxijkh a~il" b~il,) 

N 

This needs to be done for each function to be integrated. 

Thus, one can see, how much more computationally involved the one-stage 

estimation approach is compared to the two-stage approach. 

6.5 Convergence Problems 

To examine this further, a fortran program was coded to perform the Newton

Raphson procedure to estimate Oijk, where the integrals were approximated using 

Monte Carlo integration. Data from the real data set discussed in section 1.5 and 

simulated data were used. For every case considered convergence problems were 

encountered. We explored cases where the number of crypt columns per person 

was small and large. In addition, the time involved to iterate just once for a 

person was greatly increased over the time involved in the two-stage approach. 

We approximate that estimation by the two-stage approach could be done for the 

entire data set of 3112 crypt columns in the time 1 to 2 iterations were done using 

the one-stage approach for a single person with a average number of crypt columns. 

The convergence problems encountered were 

• the variance parameters (O'~ijk and O'~ijk) steadily increased; and/or 

• the correlation parameter Pijk wildly oscillated between positive and negative 

values. In some cases, the correlation parameter was being estimated larger 

than one. 
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For each case considered, several initial estimates were used. In particular, 

initial estimates based on the O,jjkl and bjjk1 from the two-stage estimation approach 

were considered. However, this did not help. Thus, to continue with this particular 

example which uses the one-stage estimation approach, some other technique would 

need to be used to estimate the parameters, particularly those from the covariance 

matrix. 

An alternative approach is the EM-algorithm [17]. It is a two-step procedure 

which could be used to estimate the mean parameters separate from the variance 

components. However, it also involves estimating the crypt-specific parameters as 

well, which are then used to estimate the variance components. However, Dempster 

et al. [17] point out the EM-algorithm is very slow to converge and is sensitive 

to starting values. In fact, the EM-algorithm was used to compare the one-stage 

approach to the two-stage approach in a paper by Stiratelli, Laird, and Ware [71]. 

6.6 An Example Presented in the Literature 

Stiratelli, et al. [71] compare the one-stage estimation approach (which 

they call the Empirical Bayes approach) to the two-stage estimation approach in 

a particular data set which involves binary outcomes being observed over time for 

each person. In addition, other covariates were also observed over time for each 

person. 

For each person, they assume the logistic regression model of the form 

p (9.- "'.,"'.)_ exp(Zjvj) 
r I - y. v. - 1 + (Z "') exp iVj 

where Y; is the vector of the nj binary outcomes recorded over time for the ith 

person, Zj is a nj X k matrix of occasion varying covariates plus an intercept, and 

Vj is an unknown parameter for the ith individual of length k + 1. They further 

assume that 

Vj '" MV N(H-'ia, D) 
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where Wi is a (k + 1) x p matrix of between-subject covariates, which are the 

covariates that vary over subjects but remain constant over time for each subject. 

They were interested in estimating a and D. To do this, they considered both 

the one-stage and the two-stage estimation approaches. Again the one-stage ap

proach incorporates the MVN distribution function into the likelihood function, so 

that integrals need to be estimated numerically. 

To estimate D, they used the EM-algorithm, which they stated took several 

hundred iterations to reach convergence. In addition, they compared the two 

approaches in a particular data set and found them to be roughly comparable. The 

main advantage of the one-stage approach was that all the subjects and covariates 

could be used if desired, whereas this was not true for the two-stage approach. 

When the two-stage approach was used to estimate the parameters for each person 

based only on that person's information, then subjects with missing data and/or 

a small number of repeated observations needed to be excluded from the analysis. 

6.7 Conclusions 

Thus, although we did not attempt to use the EM-algorithm for the particular 

case we considered, we expect that if we were to use the EM-algorithm it would 

also take several hundred iterations to converge. Thus, we are able to see how much 

more computationally intensive the one-stage approach is compared to the two

stage approach. In our case, the two-stage approach converged in approximately 

five to seven iterations for each case and we did not have to numerical integrate 

any functions. In addition, the universal convergence problems encountered in the 

two-stage approach have been adequately dealt with so that no cases need to be 

omitted from the analysis. 

Thus, due to the greater computational complexity of the one-stage approach, 

the two-stage estimation approach seems to be an appealing method to implement 
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in practice. 

In the next chapter, we present the analysis of two data sets using most of the 

current methods being used in the literature (which seem to be appropriate), as 

well as our proposed analysis. 
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Chapter 7 APPLICATIONS TO REAL DATA 
SETS 

7.1 Introduction 

In this chapter, we apply our proposed method of studying the biomarkers 

to two data sets. The first data set is that discussed in section 1.5, which is the 

data set we used to propose a model. The second data set is from a small study 

that was conducted at the Arizona Cancer Center to study the risk of colon cancer 

in rats. In each data set, the biomarkers are also studied by examining some of 

the statistics currently being used in the literature. 

7.2 Fiber-Calcium Study 

In this section, the results from the fiber-calcium study are presented. For 

the study protocol, see section 1.5. We present only some of the statistics that are 

currently being used in the literature, as well as, the AUC and the MODE. 

Although the actual data set is a factorial design and measurements were taken 

at two time points after treatment, for illustration purposes, we only present the 

results of comparing the control group to each treatment group. The analysis 

performed was one of the simple approaches for longitudinal data (discussed in 

section 1.6.3.2) where only the average post-treatment summary measures are used 

to compare the groups. The conclusions reached are the same as those reached 

from the other simple approaches for longitudinal data. 

In Tables 7.1-7.4 descriptive statistics for some summary measures categorized 

by treatment and sequence are presented. In addition, p-values for comparing 

each treatment group to the control group at sequence=3 are shown. For each 

statistic, a two-sample t-test (as described in Appendix B) was used to compare 

each treatment group to the control group. Again the notation from chapter 2 is 
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used for the summary measures. 

Table 7.1 gives descriptive statistics for (i) the number of crypt columns per 

person and time point and (ii) the average number of cells per crypt column. The 

sample size is also given in this table. Table 7.2 contains descriptive statistics for 

(i) the labelling index and (ii) the AUC, which are both used to study a reduction 

in cell proliferation on a relative scale. 

Descriptive statistics for (i) the average relative cell position of labelled cells 

and (ii) the MODE are given in Table 7.3. These two statistics are used to study a 

shift in where most of the cell proliferation is occurring in the crypt columns. Table 

7.4 contains descriptive statistics for (i) the average number of labelled cells per 

crypt column and (ii) the average absolute cell position of labelled cells. These are 

the two absolute scale counterparts to the labelling index and the average relative 

cell position of labelled cells, respectively. 

The conclusions are that there are no differences found between the control 

group and anyone of the treatment groups for any of the measurements considered. 

These conclusions were also reached when an overall comparison of the groups 

(using the factorial design) was performed for each statistic. 

7.3 Rat Study 

In this section, we apply our method to a different study that was conducted 

at the Arizona Cancer Center. This second study is a small study which involved 

rats as the subjects. 

Each rat was administered a carcinogen, which would increase their risk of 

developing colon cancer. In addition, some of the rats were given one of three 

different agents in their diets. The three agents under study where cholacid, urso, 

and piroxicam. In other studies, urso and piroxicam were found to be beneficial 

agents, whereas cholacid was found to be a carcinogen promoter. The rats that 
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Table 7.1, Descriptive Statistics for Other Possible Biomarkers 

Statistic Group Seq Mean Std.Dev. Min Max P-value 

Lijk LoFib RiCal 1 12.762 9.617 2.000 41.000 
2 10.348 8.947 2.000 34.000 
3 8.500 6.745 1.000 22.000 

HiFib HiCal 1 9.682 7.428 2.000 30.000 
2 11.800 9.174 2.000 42.000 
3 9.950 8.611 1.000 37.000 

LoFib LoCal 1 13.826 10.053 1.000 35.000 
2 18.550 15.753 2.000 58.000 
3 12.190 8.964 2.000 37.000 

HiFib LoCal 1 10.115 8.454 2.000 38.000 
2 11.846 8.360 2.000 34.000 
3 12.455 12.161 1.000 50.000 

~jk. LoFib HiCal 1 58.237 6.831 50.500 77.273 
2 58.886 7.628 48.667 77.000 
3 58.921 6.808 49.000 80.600 0.4884 

HiFib RiCal 1 59.534 6.148 48.250 72.900 
2 62.088 5.209 54.385 73.100 
3 63.079 5.461 53.643 74.200 0.1071 

LoFib LoCal 1 58.925 4.395 50.143 70.000 
2 61.006 5.018 52.314 70.917 
3 60.247 5.529 47.500 69.500 

HiFib LoCal 1 59.991 6.096 50.667 77.500 
2 60.746 7.025 47.571 78.500 
3 60.745 7.759 50.000 77.333 0.8104 

All based on two-sample t-test with equal variances 
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Table 7.2, Descriptive Statistics for Reduction in Cell Proliferation 

on Relative Scale 
Statistic Group Seq Mean Std.Dev. Min Max P-value 

Aijk LoFib RiCal 1 0.073 0.020 0.052 0.124 
2 0.066 0.011 0.045 0.090 
3 0.066 0.013 0.036 0.091 0.2443 

HiFib RiCal 1 0.078 0.027 0.036 0.171 
2 0.076 0.021 0.037 0.120 
3 0.077 0.022 0.033 0.114 0.5426 

LoFib LoCal 1 0.071 0.020 0.031 0.129 
2 0.070 0.026 0.034 0.140 
3 0.072 0.023 0.029 0.133 

HiFib LoCal 1 0.066 0.022 0.031 0.120 
2 0.074 0.047 0.030 0.278 
3 0.068 0.021 0.028 0.128 0.4765 

AUCijk LoFib HiCal 1 0.068 0.019 0.047 0.124 
2 0.060 0.010 0.041 0.080 
3 0.061 0.013 0.031 0.085 0.2356 

RiFib RiCal 1 0.073 0.024 0.033 0.151 
2 0.072 0.021 0.034 0.118 
3 0.071 0.020 0.032 0.102 0.5615 

LoFib LoCal 1 0.067 0.020 0.027 0.120 
2 0.066 0.024 0.031 0.132 
3 0.067 0.022 0.027 0.123 

HiFib LoCal 1 0.061 0.020 0.028 0.109 
2 0.068 0.045 0.027 0.263 
3 0.062 0.019 0.025 0.121 0.4533 

All based on two-sample t-test with equal variances 
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Table 7.3, Descriptive Statistics for a Shift in Cell Proliferation 

Statistic Group Seq Mean Std.Dev. Min Max P-value 

efjk LoFib RiCal 1 0.342 0.072 0.269 0.536 
2 0.343 0.069 0.218 0.477 
3 0.330 0.084 0.181 0.486 0.9089 

HiFib HiCal 1 0.373 0.088 0.257 0.621 
2 0.371 0.097 0.239 0.687 
3 0.334 0.071 0.234 0.487 0.9493 

LoFib LoCal 1 0.374 0.064 0.259 0.546 
2 0.342 0.070 0.248 0.526 
3 0.333 0.077 0.227 0.564 

HiFib LoCal 1 0.339 0.072 0.149 0.515 
2 0.332 0.075 0.210 0.506 
3 0.324 0.094 0.175 0.581 0.7533 

MODEjj/c LoFib RiCal 1 0.289 0.081 0.195 0.506 
2 0.289 0.070 0.170 0.419 
3 0.278 0.086 0.144 0.466 0.9760 

HiFib HiCal 1 0.318 0.100 0.201 0.613 
2 0.320 0.127 0.172 0.775 
3 0.276 0.075 0.182 0.442 0.9043 

LoFib LoCal 1 0.321 0.082 0.200 0.560 
2 0.287 0.074 0.193 0.494 
3 0.279 0.084 0.175 0.564 

HiFib LoCal 1 0.284 0.071 0.110 0.468 
2 0.277 0.074 0.153 0.467 
3 0.270 0.101 0.116 0.563 0.7567 

All based on two-sample t-test with equal variances 
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Table 7.4, Descriptive Statistics for Biomarkers 

On Absolute Scale 
Statistic Group Seq Mean Std.Dev. Min Max P-value 

nijk. LoFib HiCal 1 4.304 1.381 2.714 7.750 
2 3.841 0.699 2.833 5.500 
3 3.886 0.919 2.000 5.800 0.2057 

HiFib HiCal 1 4.631 1.554 2.000 10.000 
2 4.724 1.367 2.500 7.583 
3 4.870 1.566 2.333 8.000 0.2585 

LoFib LoCal 1 4.166 1.106 2.000 7.333 
2 4.294 1.416 2.250 7.343 
3 4.343 1.376 2.000 7.889 

HiFib LoCal 1 4.003 1.398 1.600 7.667 
2 4.517 2.808 1.500 16.182 
3 4.085 1.183 1.667 7.125 0.5123 

~jk LoFib HiCal 1 19.773 4.333 14.667 30.279 
2 19.944 4.081 11.206 29.209 
3 19.399 5.405 10.167 31.857 0.7758 

HiFib HiCal 1 22.097 5.524 14.736 37.824 
2 23.041 6.858 13.221 47.200 
3 21.058 4.852 13.333 32.377 0.3746 

LoFib LoCal 1 22.052 4.059 15.118 32.750 
2 20.718 4.416 14.553 31.187 
3 19.817 3.818 13.366 28.376 

HiFib LoCal 1 20.222 4.737 10.111 31.913 
2 19.941 4.082 13.000 29.722 
3 19.385 4.818 10.667 29.500 0.7503 

All based on two-sample t-test with equal variances 
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were not given an additional agent served as the controls. There were 11, 11, 

6, and 14 rats in the control, cholacid, piroxicam, and urso groups, respectively. 

After some time on study, the rats were sacrificed and colon tissue samples were 

obtained. 

The goal of this study was to see if anyone of these three agents decreased 

the risk of colon cancer as compared to the controls. This was to be assessed by 

examining the proposed biomarkers: (i) an excess in cell proliferation and (ii) an 

extension and/or shift in where most of the cell proliferation is occurring in the 

crypt columns. 

In Tables 7.5-7.6 descriptive stat.istics for some of the statistics used to study the 

biomarkers categorized by group are presented. In addition, p-values for comparing 

the control group to each of the treatment groups are shown. For each statistic, a 

two-sided t-test was used to compare each treatment group to the control group. 

In some cases, Welch's suggestion for the two-sided t-test for unequal variances as 

described in Dudewicz & Mishra [24] was used. Otherwise, the two-sample t-test 

discussed in Appendix B was used. 

In the upper portion of Table 7.5, descriptive statistics are given for the number 

of crypt columns per rat and the average number of cells per crypt column. There 

appears to be a significant difference between the control group and the cholacid 

group (p = 0.0005) for the average number of cells per crypt column. There also 

may be a slight difference (p = 0.0627) for this statistic between the control group 

and the piroxicam group. 

In the lower portion of Table 7.5, descriptive statistics are given for the labelling 

index, the average number of labelled cells per crypt column, and the AUC. There 

appears to be a marginally significant reduction in the average number of labelled 

cells per crypt column for the piroxicam group (p = 0.0551). However, is this a 

true difference or is this difference due to the fact that there is a difference between 
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the two groups (piroxicam versus control) in the average number of cells per crypt 

column (see section 4.6.3)? 

In Table 7.6, descriptive statistics are given for the upper crypt occupancy 

fractions, the average absolute cell position of labelled cells, the average relative 

cell position of labelled cells, and the MODE. The cholacid group appears to be 

significantly different from the control group for both the average relative cell 

position of labelled cells (p = 0.0069) and the MODE (p = 0.0053). Notice that 

the direction of the difference is in the opposite direction of a beneficial effect. In 

addition, are these true differences or are these differences again due to the fact 

that there is a difference between the two groups (cholacid versus control) in the 

average number of cells per crypt column? 

7.4 Summary 

In this chapter, two data sets were analyzed. In each data set, the AUe and 

the labelling index reached the same conclusions when comparing the groups. This 

was also true of the MODE and the average relative cell position of labelled cells. 

In the second data set, there were differences between the control group and 

some of the treatment groups in the average number of cells per crypt column. 

This makes it difficult to interpret whether or not differences detected in the other 

biomarkers are true differences. 

In the next chapter, we summarize this dissertation. 
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Table 7.5, Descriptive Statistics for Cell Proliferation for the Rat Data 

Statistic Group Mean Std.Dev. Min Max P-value 

Lij control 40.818 8.122 30.000 56.000 
cholacid 44.455 8.478 30.000 59.000 

piroxicam 57.667 23.509 27.000 86.000 
urso 43.643 18.011 13.000 87.000 

f .. 
I). control 41.968 1.704 38.184 44.512 

cholacid 38.353 2.325 35.878 43.837 0.0005B 

piroxicam 39.501 2.472 37.544 44.259 0.0627b 

urso 41.462 2.373 37.539 45.400 0.5961B 

Cell Proliferation: 

Aij control 0.072 0.013 0.050 0.089 
cholacid 0.077 0.028 0.044 0.144 0.6325B 

piroxicam 0.054 0.023 0.020 0.081 0.1263b 

urso 0.068 0.031 0.031 0.154 0.6971b 

ji .. 
I). control 3.020 0.536 2.111 3.733 

cholacid 2.934 1.070 1.625 5.333 0.8161b 

pi roxi cam 2.126 0.870 0.889 3.140 0.0551b 
urso 2.862 1.376 1.154 6.500 0.6993b 

(AUG)ij control 0.065 0.011 0.044 0.080 
cholacid 0.068 0.026 0.038 0.132 0.6703B 

piroxicam 0.049 0.021 0.018 0.074 0.1265b 

urso 0.062 0.028 0.028 0.140 0.7297b 

B based on two-sample t-test with equal variances 
b based on two-sample t-test for unequal variances 
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Table 7.6, Descriptive Statistics for a Shift for the Rat Data 

Statistic Group Mean Std.Dev. Min Max P-value 

rPij control 0.005 0.009 0.000 0.026 
cholacid 0.007 0.008 0.000 0.028 0.5479 
piroxicam 0.016 0.023 0.000 0.048 0.1647 
urso 0.013 0.018 0.000 0.067 0.2170 

eij control 8.233 0.975 6.522 10.365 
cholacid 8.698 1.203 7.194 11.751 0.3311 
piroxicam 8.233 1.265 6.955 10.377 0.9997 
urso 8.686 0.727 7.105 9.873 0.1956 

eij control 0.196 0.025 0.153 0.248 
cholacid 0.225 0.019 0.197 0.265 0.0069 
piroxicam 0.205 0.021 0.179 0.233 0.4512 
urso 0.209 0.023 0.173 0.253 0.1984 

(MODE)ij control 0.147 0.022 0.115 0.195 
cholacid 0.173 0.017 0.156 0.213 0.0053 
piroxicam 0.162 0.022 0.142 0.191 0.2005 
urso 0.160 0.024 0.125 0.209 0.1754 

All based on two-sample t-test with equal variances 
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Chapter 8 SUMMARY 

In this dissertation, we have given some background information on colon 

cancer and some of the biomarkers currently being used to identify individuals 

that are at increased risk of developing the disease. The particular biomarkers 

focused on were (i) an excess in cell proliferation and (ii) an extension and/or 

shift in where most of the cell proliferation is occurring in the crypt columns. 

However, these biomarkers have not been adequately validated, as can be seen 

from the inconsistencies found among the case-control studies and the calcium 

dietary intervention studies. In addition, these studies differ in the methods being 

used to examine the biomarkers. 

We have proposed an alternative way of studying the biomarkers. We looked 

at modeling the probability of a cell being labelled as some function of its position 

in the crypt column. From the various functions considered, we chose a particular 

model 1l'(x) = xDexp( _:2). To study the proposed biomarkers, we reparameter

ized to the area under the curve (AUC) and the mode of the function (MODE). 

The AUC was used to study an excess in cell proliferation, while the MODE was 

used to study the extension and/or shift of cell proliferation to the upper portion 

of the crypt columns. 

Through Monte Carlo simulations, we studied the power of detecting differences 

in the biomarkers using our analysis compared to the analyses currently being 

used in the literature. From these simulations, we were able to see how clearly 

inappropriate the x2-test is. In addition, we were able to see how greatly affected 

the compartmental parameters (the methods most commonly used in the literature 

to study the upward shift) were by an increase in cell proliferation and what 

little power they had in detecting an upward shift as compared to the MODE. In 

addition, we observed that the average relative cell position of labelled cells and 
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the MODE seemed to have the greatest power for detecting an upward shift in cell 

proliferation. 

These same conclusions were observed when we studied the robustness of our 

proposed analysis under different alternatives of the function ll'(x). One of the 

basic conclusions to draw from all of the simulation studies, is that when there is a 

big difference in cell proliferation between the two groups, then the analyses used 

to detect the upward shift may be affected by this. In some cases, we found that 

the analysis based on the MODE was the only analysis not affected by an increase 

in cell proliferation (such as in the case when the true model is our chosen model). 

In other cases, we found that the analyses based on some of the other statistics, 

such as the average relative cell position of labelled cells, were not affected by an 

increase in cell proliferation, whereas the analysis based on the MODE was. 

We used a two-stage approach to estimate the parameters from our chosen 

model. In the two-stage approach, the parameters are estimated using only the 

information for the particular crypt column being focused on, whereas the one

stage approach shares information across the crypt columns within the same person 

through the assumed prior joint distribution function. We briefly looked at the 

one-stage estimation approach and found it to be much more computationally 

involved than the two-stage approach. The rea'3on is that integrals need to be 

numerically integrated and that convergence will probably take several hundred 

iterations. This helps verify that the decision made to continue with the two-stage 

approach of estimation to find a function was reasonable and most practical. 

We also analyzed two data sets using the proposed analysis and some of the 

methods currently being used in the literature. In both studies, the conclusion 

reached from the AUe was the same as that reached using the labelling index. 

In addition, the analyses based on the MODE and the average relative position 

of labelled cells reached the same conclusions in both studies. In one study, a 
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group difference in the number of cells per crypt column was suggested, making it 

difficult to know whether the differences in the other biomarkers were real or were 

just consequences of this difference. 

To analyze data sets of the type discussed in this dissertation, the AUe (esti

mated from the function ll'(x) = xaexp(-:2)), the labelling index, and the average 

number of labelled cells per crypt column can be used to study an excess in cell 

proliferation, whereas the MODE (estimated from the chosen model), the average 

position of labelled cells (calculated on both the absolute and the relative scale), 

and the upper crypt occupancy fractions can be used to study an upward shift. 

By using the various summary measures, a better description of the data will be 

presented. 
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APPENDIX A MIXED MODEL ANALYSIS 
OF VARIANCE 

The mixed effects model can be written as 

where i = 1,2, ... 1, j = I,2, ... ,Ji, and 1= I,2, ... ,Lij. J1. is the overall population 

mean, ai is the fixed ith group effect, Pij is the random person effect for the jth 

person in the ith group, and fiji is the random error term. It is further assumed that 

Pij ~ N(O, u~), fiji i,!j N(O, u;), and that the random factors are all distributed 

independently of each other. 

In this section, the test statistic to be used to test for a group effect using this 

analysis approach will be discussed (see Scheffe [68] for more details). To explore 

this, it helps to examine the decomposition of the total sums of squares 

where 
,,1 "J, "L'j Z Z - L....i=l L....j:..::l L....I=l ijl 

.. , - L .. 

The total sums of squares can be decomposed into the following sources of variation 

presented below: 

Anova Table 

Source df Sums of Squares E(MS) 

SSgrp I-I 1 J, L,j - - 2 Au2 + u2 + C E i=l Ej=l E/=l(Zi .. - Z .. ,) {J ( 

SSper60n Ei(Ji - 1) 1 J, L,j - - 2 Bu2 + U 2 
Ei=l Ej=l E/=l (Zij, - Zi.,) {J ( 

SSerror Ei Ej(Lij - 1) 1 J, L,j - 2 
U 2 

Ei=l Ej=l E/=l (Zijl - Zij,) ( 



227 

where 
'" '" (L~. L~.) L..J' L..J' ;:JJ. - ;:JJ. A = I J Lj. L" 

(/ - 1) , 

C - '" L, 2 _ (Ei Li,Oi)2 
- L.J I,Oi L . 

j .. 

Column 4 in the Anova Table is the expectation of the mean squares (E(MS)) 

where the mean square of a factor A is the ratio of the sums of squares due to 

factor A (SSA) to the degrees offreedom associated with factor A (dfA), that is, 

SSA 
MSA = dfA . 

Suppose we wish to test: 

Ho : 0i = 0 Vi against HI : ::Ii s.t. OJ :/: 0, 

that is, we wish to test the hypothesis that there are no differences in the group 

means. 

In the case, where Lij = L (a constant), when Ho is true, the test statistic 

§§!1I2.. 
di MSgrp T - grp = 

- SSper.on MS 
per"on dip.roan 

is distributed according to a F-distribution with / - 1 and Ei(Ji - 1) degrees of 

freedom. Thus, the rejection region for a level 0 test for testing Ho against HI is 

where Fi-I,EPi- l ) is the upper 0 quantile of the F-distribution with / - 1 and 

Ei( Ji - 1) degrees of freedom. 

However, in the realistic setting where the Li/S are not all equal but vary, we 

need to resort to Satterthwaite's approximation [66] to test the hypothesis that 



228 

there are no differences in the group means. When Ho is true in this setting, the 

test statistic 

T = MStrt 
Q 

is approximately distributed according to a F-distribution with I-I and r degrees 

of freedom, where 

and 

r = (1jMSpe.,on)2 + ({l-i)MSerror)2 • 
cifpe.,on ciferror 

The test is only approximate since the degrees of freedom associated with Q are 

only approximate and since M Strt and Q are not necessarily independent [53]. 
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APPENDIX B BASIC HYPOTHESIS TESTS 

B.l x2 Analysis 

One of the hypothesis tests that has been used in the literature is a X:l anal

ysis that we are about to present. We will refer to this approach as the X:l-test. 

The assumptions of this test are that Xu, 1'02, .•. , 1'Ono are independent Bernoulli 

random variables with probability Po of success. In addition, Yill Yt2, ... , Ytnl are 

assumed to be independent Bernoulli random variables with probability PI of suc

cess. Then X OI = E~l 1'Oi and Xu = Ei;'1 Yti are binomial random variables 

with probability of success, Po and PI, respectively, that is, 

X OI '" bin(no,po} and Xu '" bin(nt,PI}. 

Further assume that XOI and Xu are independent random variables. The data 

can be summarized in the following 2 x 2 contingency table: 

/I II Control I High Risk I II 
Group Group Total 

Success X OI Xu XOI +Xu 
Failure X 02 X l2 X 02 +X12 
Total no nl no +nl 

where X 02 = no - X OI and X l2 = nl - Xu. 

Suppose we wish to test Ho : po = PI against HI : po :j:. Pl. Under the null 

hypothesis that Po = Pl = p, P can be estimated by 

XOI + XII 
P = 

no +nl 

and the expected cell counts eij by 

where i = 0, 1 and j = 1,2. 
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When Ho is true and the sample sizes are such that eij ~ 5 Vi,j, then the test 

statistic 

is approximately distributed according to a X2 - distribution with 1 degree of 

freedom. Thus, the rejection region for an approximate level a test for testing Ho 

against HI is 

T> 2(0) - Xl 

where X~(o) is the upper Q' quantile of the X2 -distribution with 1 degree of freedom. 

B.2 Kolmogorov-Smirnov test 

Another one of the hypothesis tests that has been used in the literature is the 

Kolmogorov-Smirnov test which is used to compare the population distribution 

functions. Assume that XOI, X02 , ... , XOno are independent random variables with 

cumulative distribution function Fo{x) and that Xu, X 12 , ... , X lnl are independent 

random variables with cumulative distribution function FI{x). Suppose we wish 

to test 

Ho: Fo{x) = FI{X), for every x 

against 

HI : Fo{x) # FI{X), for some x. 

Define Si{X) as the empirical distribution function for the ith group. Calculate 

So{X) = # of XOi ~ x 
no 

Consider the test statistic 
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For large no and nl, the large sample approximation to the null distribution of the 

test statistic D was first obtained by Kolmogorov [41] which states 

Pr ( nOnl D ~ z) ~ [(z) 
no + nl 

where 

[(z) = nOIU~oo Pr ( nOnl D ~ z) . 
no +nl 

The approximate large sample quantile points are 

1.36 nl .. + no .. 
nl .. nO .. 

and 1.22 nl .. + no .. 
nl .. nO .. 

for significance levels a = 0.05 and for a = 0.10, respectively. Thus, for example, 

if the test statistic 

D > 1.36 nl .. + no .. 
- nl .. nO .. 

then we say that we have observed a significant difference between the two groups 

at the 0.05 significance level. 

B.3 McNemar's Test 

To compare the power of two analyses (say analysis A and analysis B), 

McNemar's test for correlated proportions can be used. A test for correlated 

proportions is used since the analyses are performed on the same data sets. To 

perform the test, the number of discordant pairs (denoted by nD) is recorded, that 

is, the number of times when only one of the tests reaches statistical significance 

is recorded. 

Let nA be the number of times that analysis A reached statistical significance 

but analysis B did not. Similarly, let nB be the number of times that analysis B 

reached statistical significance but analysis A did not. Then nA + nB = nD. 

Let p be the probability that the analysis based on A reaches statistical signif

icance, but that the analysis based on B does not. 
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We wish to test Ho : p = 0.05 versus Hl : P :/:- 0.05. Under the null hypothesis 

the test statistic, S, 
(InA - !!.D.I _ !)2 

S = 2 2 !!.D. .. 
is asymptotically distributed according to a X2 distribution with 1 degree of free-

dom. Thus the rejection region for an approximate level a test for testing Ho 

against Hl is 

where X~(a) is the upper a quantile of the X2-distribution with 1 degree of freedom. 

B.4 Two-sample t-test 

Another one of the hypothesis tests that has been used in the literature is 

the two-sample t-test. The assumptions for this test are that X 01 , X02 , ... , XOno 

are independent normal random variables with mean J.lo and unknown variance (12. 

Also assume that Xu, X 12 , ... , Xln1 are independent normal random variables with 

mean J.ll and unknown variance (12, that is, assume 

and 

" iid N( 2) .Il.oi '" J.lo, (1 , 

X iid N( 2) 
1; '" J.ll, (1 , 

i = 1,2, ... ,no 

j = 1,2, ... ,nl' 

Further assume that each of the XOi's is also independent of each of the Xl/So 

The null hypothesis to be tested is Ho : J.lo = J.ll against the alternative hypoth

esis HI : J.lo :/:- J.ll. Define 

where 

S~ = 

0-2 = 
(no - 1)S5 + (ni - 1)Sl 

Ei~l (XOi - XO)2 
(no - 1) 

(no + ni - 2) 

and Sl 
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Then fl2 is a pooled estimator of the common variance, 0'2. When Ho is true, the 

test statistic 
T = XO-XI 

flJ n~ + ;1 
is distributed according to a t - distribution with no + nl - 2 degrees of freedom. 

Thus, the rejection region for a level a test for testing Ho against HI is 

II 
where t~o+n1-2 is the upper i quantile of the t - distribution with no + nl - 2 

degrees of freedom. 

B.5 Wilcoxon Rank Sum Test 

The last of the hypothesis tests to be presented is the Wilcoxon Rank Sum 

test. This test is often used in place of the two-sample t-test in small sample 

situations when the data appear to be nonnormal. In the literature, some of the 

researchers say that they used the Mann-Whitney U-test, but this test is equivalent 

to the Wilcoxon Rank Sum Test [36]. 

Let X01 ,X02 , ... ,XOno be independent random variables with distribution func

tion Fo{x) and let Xu, X12 , ... , Xln1 be independent random variables with distri

bution function Ft{x). Further suppose the samples are independent from each 

other and that 

Suppose we are interested in testing 

Ho : () = 0 versus HI: () i- O. 

To perform the Wilcoxon Rank Sum Test, the ranks Rij are calculated where 

Rij is the rank of the jth observation in the ith group. When Ho is true, the test 



statistic 
~~ D_ . _ no(no+nt +1) 

W = L...J=1 AL()J 2 

Jnonlfno+nt +1) 
12 

234 

has approximately a standard normal distribution. Thus the rejection region for 

an approximate level a test for testing Ho against HI is 

where zf is the upper t quantile of the standard normal distribution. 
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APPENDIX C LOWESS 

Some visual techniques have been suggested in the literature to study the 

distribution of labelled cells. One of the most recent visual techniques suggested 

involves scatterplot smoothing. 

Suppose we have a set of data points (Xi, Vi) where i = 1,2, ... , n. We wish to 

find the the overall trend of Y/X. One approach to do this is to use scatterplot 

smoothing techniques. The one to be presented is called LOWESS which stands for 

locally weighted regression scatterplot smoothing. This technique was first pub

lished by Cleveland in 1979 [12] and is currently available in the S-plus statistical 

package. 

Before presenting the details of the algorithm, an overview of the algorithm 

is given. Using nearby points to a particular x value from the data set, a line 

is fit through the points by weighted least squares regression. From this fitted 

regression line, only one fitted value is kept, the one corresponding to the specified 

x value, which is called the smoothed y value. This procedure is done for every x 

value in the scatterplot to obtain corresponding smoothed y values. These values 

then become the initial estimates of the smoothed values to be used in an iterative 

robust procedure which tries to guard against deviant points distorting the picture. 

Let f = the fraction of data points to be considered as nearby points. Then 

rounding r = f n to the nearest int.eger gives the number of points to be considered 

nearby points. Suppose we are focusing on the X value Xk. Define hk = the rth 

smallest number among IXk - Xjl for j = 1,2, ... , n. Cleveland suggests using the 

following weight function: 

W(k) = { (1 - IXi~rkI3)3 for /Xj - xkl < hk 

J 0 otherwise. 

However, other weight functions can be used. Then use weighted least squares 
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regression by minimizing 

n 

Ewy)(Yj - p~k) - plk)xj)2 
j=1 

to obtain estimates for p~k) and p~k). One can also choose to fit higher order 

polynomials, but fitting a line seems to be adequate. 

Thus the initial estimate of the smoothed value Yk is p~k) + p1k)Xk. Repeat this 

procedure to obtain an initial estimate of the smoothed value y for every x in the 

data set. 

Once the initial estimates are calculated, the procedure of weighted least squares 

regression is repeated for each x. However, robustness weights based on the resid

uals are added in to guard against influential points contributing too much. Thus, 

for each Xj, the residuals rj are calculated as rj = Yj - p~j) - plj)xj. Define m to 

be the median of the absolute values of the rj '5. The robustness weight for the 

point (Xj, Yj) is 

{ 

(1 - (i;;-)2)2 for Irjl < 6m 
OJ = 

o otherwise. 

Once again for each Xk value, minimize 

to obtain estimates for p~k) and plk). Thus, a new smoothed value for each Xk is 

obtained. 

This robust procedure can be repeated iteratively. However, Cleveland believes 

that two iterations should be adequate for any situation. 
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APPENDIX D INITIAL ESTIMATES FOR 
CHOSEN MODEL 

and 

Given the AUe and the MODE, a and b can be solved for such that 

"c CI (-Ir;) AUG = "-'m=l Xmexp b 

MODE = 

t 

~ V2- . 
We can solve for a from the equation 

"t XCI exp( -ClIr; ) 
(AUG) = "-'m=l m 2(MODEF 

t 

by using any root-finding technique (we chose the bisection method). Then 

b = 2(MODE)2 
a 

Thus, our proposed initial estimates are to set the AUe equal to the ratio of 

the number of labelled celIs in the crypt column to the total number of cells in the 

crypt column, that is, AUG = 7 and to set MODE = min{mYmlYm = I,m = 
1,2, ... , t}. Then using these values, solve for a and b. These were the initial 

estimates eventually used for our real data set as well as for all the simulation 

studies done. 

For our real data set, convergence was achieved in all cases using these initial 

estimates. Among the simulation studies done, we only encountered problems in 

only one case, where the number of cells for the crypt column was 83 with one 

labelled cell located at position 3. In this situation, different initial estimates were 

used; we arbitrarily chose a = 0.001 and b = 0.00025. Then convergence was 

achieved. 

Thus, the initial estimates may not be the best when the number of cells per 

crypt column is large and the labelled cells are located near the base of the crypt 
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column. In these cases, a and b can be taken to be fairly small. Otherwise, these 

initial estimates seemed to work fairly well. 
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