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Definitions are as follows except as specifically defined in the text in accordance with

use by other authors referenced.

Symbol

a

i

It

1!

It

il

Definition

total air-water interface area in the plunge pool

acceleration in the x-direction

surface area of ellipsoidal air bubble

Total surface area of the bubbles in the plunge pool

auto venting turbine

major and mimor axis of a prolate ellipse

acceleration due to gravity in the x and y direction, respectively

nappe thickness

water concentration

drag coefficient

downstream dissolved oxygen concentration

shear stress

virtual mass coefficient (0.5 for a sphere)

upstream dissolved oxygen concentration

saturation concentration



VX, VY
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NOMENCLATURE - Continued

= constant of proportionality

= constant in the parabolic coordinates system

1

air bubble average diameter
= bubble diameter (spherical shape)

= nozzle jet diameter

disolved oxygen

variation of the air boundary in parabolic system

mass transfer efficiency

I

efficiency at a given temperature T

efficiency at 20° Celcius

il

temperature dependence for the index equation
= drag force in x and y-direction
= gravity force

= |ift force in x and y-direction

= pressure gradient force in x and y-direction

Froude number

correction factor for temperature

= virtual mass force in x and y-direction



wq

ZF,, 2F,
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NOMENCLATURE - Continued

correction factor for water quality

summation of forces in x and y-dirction

acceleration due to gravity

drop height
= head on the weir (upstream from the crest)
= headwater elevation

scale factors

= impulse in the x and y direction, respectively
= faction of air getting in the plunge pool derived from Ervine's data
= mass transfer coefficient

= gverall mass transfer coefficient

= turbulence model used to solve the plunge pool flow field
= Lake Improvement Plant

= length of the total bubble zone

= length from the weir to centerline of the impinging nappe
= length of the recirculation zone

= length from the weir to the stagnation point

coefficient used in equation 5.33 (nappe thicknesses less than 60 mm)

1]

mass of bubble
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NOMENCLATURE - Continued

N; = jet power

ny = number of the total bubble in the plunge pool

P, Py, and P_= pressure, hydrostatic and motion pressure

Q.. Q. = air and water total discharge, respectively

qq > Gy = air and water unit discharge, respectively

Qi analy. = computed air entrained (boundary layer analysis)

air exper. = measured air in the plunge pool

Quat = water unit discharge

T = deficit ratio

Re = Reynolds number

Re, = Reynolds number related to bubble diameter

I, = deficit ratio at t temperature

Iy = oxygen deficit ratio at 20° Celsius

S = coordinate in the &-direction (parabolic coordinates)

Ss = air boundary layer thickness for the parabolic nappe
(curvilinear coordinates)

t; = thickness of nappe at the impingement point

t = time

T = vertical thickness of the nappe
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NOMENCLATURE - Continued

TVA = Tennessee Valley Authority

Tw = tailwater elevation

u, v = velocity component in the plunge pool flow field

u, X,y, P, = non-dimensional parameter (order of magnitude analysis)
u,, and v, = horizontal and vertical initial velocity of the nappe,

respectively

u, v, = plunge pool water velocity in the x and y direction, respectively
u = air bubble velocity
u, = nappe velocity (cartesian coordinates)
u, = nappe velocity (parabolic coordinates)
u, , vy = plunge pool bubble velocity in the x and y direction, respectively
Vimp. = impinging nappe velocity
Vol ; = volume of air in the plunge pool
air
2 = element of the total air in the plunge pool
w = nappe width
Xp s Yp = coordinates of the bottom side of the nappe
X = coordinate of the upper nappe surface

€ = eccentricity of an ellipse



NOMENCLATURE - Continued

p = water density

E,n = parabolic coordinates

0 = index coefficient

n = dynamic viscosity

v = kinematic viscosity

T, = shear stress at the air/water interface

mn = parabolic coordinate at the upper surface of the nappe
Ns = parabolic coordinate at the air boundary layer limit
Pm = air-water densiture mixture

v = volume of the plunge pool recirculation zone

B, Be By = coefficient derived from curve fitting ( = B,.3,)
u,and v = iterative value for u and v velocity components

) = air boundary layer thickness for the vertical nappe

P Per Pw» Ps = North, East, West, and South density, respectively

7, and Mg = parabolic coordinate at the surface of the nappe and at the air
boundary layer thickness respectively

I, T, I, I, =diffusion coefficient in the North, West, East, and South

direction, respectively
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NOMENCLATURE - Continued

T = diffusion coefficient
o = void fraction of air-water mixture
Olpnax = void fraction in the plunge pool

Q
I

element of the void fraction in the plunge pool

P, , P;, and p,= water, air, and mixture density, respectively

Py = air bubble density
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ABSTRACT

This research analyzes air entrainment and flow conditions of overfalling nappes and
the behavior of bubbles in the plunge pools leading to oxygenation of the water. A
literature search indicated that these phenomena have never been analyzed as a whole. An
experimental/analytical/numerical approach is used to estimate the rate of oxygenation by
nappes over weirs.

The experimental investigation was done at the Tennessee Valley Authority (TVA)
Engineering Laboratory, Norris, Tennessee. An air-water concentration probe (developed
by Lamb and Killen, 1950) was calibrated and used to determine contours of air
concentration in the plunge pool. Representative bubble sizes were determined using high-
speed photography.

The air set in motion by the nappe was computed analytically by integrating the
momentum and continuity equations over the air boundary layer. Comparison with the air
in the plunge pool established the fraction of the boundary entering the plunge pool.

A three-dimensional, fluid flow solver was used to compute a representative water
flow field in the plunge pool. Using that water flow field, the trajectory and residence
time of bubbles in the plunge pool were then computed by solving the two-dimensional
Lagrangian equations of motion. Included in this calculation is the mass transfer of air
from the bubble over its trajectory using an empirical mass transfer coefficient. From this

calculation, the rate of oxygenation was determined for the overall plunge pool.
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The analytical results show good agreement with the experimental data collected

by the author and with other findings documented in the literature.
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CHAPTER 1

INTRODUCTION

Water quality downstream of a hydroelectric dam is generally dependent on the
elevation of the power penstock intake and the quality of water at that depth in the
reservoir. However, turbine intakes pull water of varying quality from different levels of
the reservoir, depending on the intake velocity and degree of stratification of the reservoir.
By knowing or predicting water quality characteristics at the turbine intake, one can
estimate downstream water temperature and levels of dissolved oxygen, toxics, nutrients,
and turbidity.

Deep reservoirs in temperate climates follow an annual cycle of thermal and
chemical stratification. When the water depth exceeds about 3 to 5 meters in temperate
regions, seasonal changes in solar insolation cause two distinct reservoir conditions.
During winter, the water bodies are generally well mixed with respect to temperature. In
spring, insolation warms the surface waters, and with time, three distinct temperature
strata develop in the water body (Figure 1): an upper layer (epilimnion) in which the
water is relatively warm; a middle layer (metalimnion) in which the water temperature
changes rapidly from warm to cold; and the lower layer (hypolimnion) in which the water
temperature is relatively cold. The temperature and density gradients in the metalimnion

effectively prevent mixing of epilimnetic and hypolimnetic waters, and the deeper water
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is thus isolated from oxygen replenishment from the surface. This state continues until fall
when the stratification breaks down and whole-lake circulation causes the water body to
become essentially isothermal, with a cooler top layer.

A review of the literature indicates several possible oxygen-depletion mechanisms
can occur in the isolated, deep water of thermally stratified lakes and reservoirs, including
biological, chemical, and physical processes. Each of these mechanisms may play some
part in the oxygen depletion process for any given reservoir, but individual mechanisms
may predominate and overshadow others in some cases.

Mitigation of low dissolved oxygen (DO) concentrations downstream of
hydroelectric plants has long been a major concern and can be achieved in various way.
Methods used to increase DO concentrations include:

1. Artificial aeration techniques, such as oxygen diffusers and surface
pumps in reservoirs.

2. Turbine draft tube aspiration.

3. Aerating part of the total project outflow by discharging some flow over
the spillway.

4. Aerating by flow over a low weir in the tailrace.

5. Changing intake conditions to withdraw water from layers having higher
DO concentrations.

6. Auto-venting turbines (AVT), (the most recent technique proposed but

not in use yet).



25

The mitigation technique of choice depends on site-specific characteristics,
economic considerations, and ease of implementing the proposed technique.

Artificial aeration techniques solve only the problem of improving the DO
downstream of dams, but do not provide a constant minimum flow downstream of
peaking plants. If such techniques are used, a small turbine may be used to generate
continuous base-load power and satisfy criteria to maintain a minimum flow downstream
of dams in the summer season.

The potential of using hydraulic structures to improve oxygen concentrations in
rivers through air entrainment has been recognized for some time. Construction of low
weirs below power dams, as shown in Figure 1, is one way to achieve such improvement.

The Tennessee Valley Authority (TVA) adopted a Lake Improvement Plan (LIP)
in 1991 for several dams and reservoirs in the Tennessee Valley system. As part of the
LIP, reregulating weirs are being constructed downstream of some peaking plants as one
alternative for improved releases. The primary objectives of the reregulating structures are
to provide a sustained minimum flow in the river when the turbines are not operating and
to aerate flow to supplement low DO concentrations in releases.

The sustained minimum flow is achieved by a series of low-level pipes through
the reregulating weirs. Some pipes are fitted with regulating float-actuated valves which
maintain a relatively constant release over a full range of weir pool elevations, Hadjerioua
et al. (1994a).

Weirs, low-head dams, and similar overflow structures operating in the subcritical
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flow regime serve several purposes, including impounding water and reregulating flow.
As a consequence, there are numerous structures of this type all over the world, with the
type of construction ranging from primitive boulder and tree-trunk embankments, to
sophisticated reinforced concrete and steel units. In all cases, however, a properly
functioning overflow structure produces a change from subcritical to supercritical flow,
and the kinetic energy of the resulting high-velocity stream must then be dissipated,
usually by either a hydraulic jump or a submerged, expanding jet.

As water flows over a weir, pressure below the nappe is atmospheric initially. The
upper and lower nappe surfaces, with their rough texture, act as a "friction pump",
Sakthivadivel (1971), pulling air into the tailwater, Figure 1. Whereas air entrained by the
upper nappe surface is readily available from the atmosphere, entrainment by the lower
nappe surface continuously diminishes the limited quantity of air available below the
nappe, thus creating a sub-atmospheric pressure condition unless special measures are
taken to aerate the underside of the nappe. As the liquid nappe moves in a gaseous
atmosphere, an air boundary layer will develop along the nappe.

The process of local self-aeration in hydraulic structures can be described
essentially as a nappe of faster moving water impinging on a slower moving water body,
with formation of a submerged jet and entrainment of air bubbles at the point of impact.
The total process can be subdivided into two parts for clarity.

1. Air traveling in the boundary layer is carried by momentum of the nappe into

the plunge pool. This type of entrainment occurs whether the nappe is laminar or
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turbulent; for most cases the nappe will be turbulent but the relative turbulence will be
low because the drop height is limited. However, it is difficult to determine the exact
conditions so that the entrainment is maximized or the total structure design is optimized.
Air captured and dragged by the plunging liquid nappe is distributed in the form of
bubbles throughout a region of the plunge pool by the flow pattern, by the rise of bubbles
in the water mass surrounding them, and by the turbulent mixing together with the air
concentration gradient.

2. As a result of air entrainment by the nappe, bubbles are dispersed below the
liquid surface in a pool to some maximum depth related to the flow pattern of the
submerged jet. Near the maximum depth of penetration, buoyancy forces are sufficient
to counteract the vertical component of the jet velocity. As the bubbles move deeper, they
get smaller due to shear and pressure forces, but they can coalesce and become larger
and rise faster. Bubbles tend to segregate by size, with larger bubbles escaping more
quickly than the smaller bubbles. From this description it is evident that the structure of
the "bubbly region" is complex. The high turbulence intensity and the shear stress created
by the bubbles themselves tend to promote bubble break-up.

Understanding the mixing processes in a plunging liquid nappe is essential for
determining rate of oxygenation. The flow pattern in the pool is similar to that caused by
a submerged jet, and the mixing is probably enhanced as a result of bubble dynamics in
the pool. With increasing nappe impinging velocity, the depth of bubble penetration

increases to the point where buoyancy forces acting on the bubbles are sufficient to
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overcome the momentum of the jet. In practice, since the pool is of finite size, a
circulation pattern is created. One of the most important aspects of the oxygen transfer
process is the size and composition of the submerged aerated region. When the nappe
impinges on the pool surface, the air entrained is carried with the flow and is distributed
throughout a finite area (or volume) within the pool. The physical composition of the
resulting aerated, or two-phase, region depends on the following variables.
1. Fall height.
2. Water discharge.
3. Physical characteristics such as water quality, water and air temperature.
4. Plunge pool depth.
The momentum of the diffusing submerged jet has an effect on the depth of penetration.
The nappe velocity and geometry also affect the air entrainment rate.

The motion of an air bubble in turbulent water depends on a number of factors,
including the following:

1. Fluid properties of air and water.

2. Bubble size and shape, which are altered by the breakup of large bubbles due
to shear action and coalescence of small bubbles in the core of vortices, because
the air follows pressure gradients much more rapidly than water due to its much
smaller inertia.

3. Intensity and scale of turbulence, which are altered by advection, diffusion,

production, and dissipation mechanisms, (e.g., air concentration).
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4. Velocity gradients and mean pressure gradients (e.g., streamline curvature).

5. Compressibility and thermodynamic effects.

Due to the complexity of these and other factors, a satisfactory procedure for
predicting the behavior of an air bubble most likely will not include all processes
involved. Under these conditions the objectives of this investigation relating to bubbles
in a plunge pool are:

1. To describe basic properties of air bubbles in turbulent flow.

2. To suggest how bubble transport might be physically represented by equations.
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CHAPTER 2

LITERATURE REVIEW
2.1 Air Entrainment

Many researchers have worked on air entrainment by jets plunging into pools and
have produced a series of empirical relationships containing the major parameters, usually
in the form of dimensionless parameters. For instance, Oyama et al. (1953) found the ratio
of entrained air to water to be two complex functions of the Froude number, Weber
number, Reynolds number, and the ratio of jet height of fall to jet diameter. Henderson
et al. (1970) found that, for high velocity liquid jets plunging through a gaseous
atmosphere into a pool below, the ratio of gas flow to liquid flow would be given by the

expression:

2
_Qg=(_d_e) -1 (2.1)

where Q, and Q,, are air flow and water discharge, respectively, and d, and d, are the jet

diameter at impinging point and nozzle, respectively.
The earliest work on local self-aeration was carried out by Kalinske and Robertson
(1943), who measured the total air entrained in the shaft and the recirculated air. They

found that the net rate of air transport downstream of a hydraulic jump in a horizontal
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circular pipeline, which is the quantity of air which is transported along the dropshaft after
entrainment and is the total entrainment less the amount of air which is recirculated back

up the shaft, is given by:

B, =0.0066 (F, - 1)*4 (2.2)

where f,, is the ratio of the net air flow to water flow, and F, is the Froude number of

the jet upstream of the jump. From prototype measurements, Wisner (1965) modified this

to:

B, = 0.014 (F, - 1)1+ (2.3)

Later work by Renner (1975) with rectangular jets impinging either horizontally or

slightly inclined onto a solid wall, gave the relationship:

pan=KFz? (2'4)

where K is a coefficient.

An important point to note about equations (2.2), (2.3), and (2.4) is that they apply
to vertical or slightly inclined aerating nappes.

With regard to aeration in steeply inclined siphons, Ervine (1976) found the net
air/water ratio (f8,,) in three scale models (1:20, 1:10 and 1:7) increased as the model
scale increased, indicating that Froude scaling alone is not adequate.

Ervine and Ahmed (1982) tested the aeration characteristics of a two-dimensional
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vertical dropshaft. An equation to estimate the total air entainment measured in the plunge
pool for one side of the impinging vertical nappe was developed; the best fit to the data

was given by:

Qae = 0.00045( V, - V)3 (2.5)

where q,, is the total air entrained in the pool by the upper nappe surface per unit width,
V, is the impinging velocity, and V., is the minimum velocity to entrain air (0.8 m/s).
Research on vertical dropshafts has produced a varied set of relationships.

Viparelli (1961) found, on testing radial flow circular dropshafts at various scales, that the

rate of air transport could be described by:

ﬁan =K (H/D)0'6 (2.6)

where H is the height of fall of the plunging jet or nappe and D is the shaft diameter. The
implication from this relationship is that model and prototype would produce the same
degree of aeration.

Markovsky and Kobus (1978) analyzed data available for two-dimensional free
overfall weirs and presented them in a nomograph form in an attempt to quantify model
scale effects. Their two primary parameters were jet Froude number and jet Reynolds
number. These two parameters determine the degree of oxygenation in the range of flows
normally encountered in the laboratory and in small streams (discharge per unit width

between 0.2m*/s/m to 0.5m*/s/m), whereas only the jet Froude number is of importance
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in large-scale situations. Their conclusion was restricted to conditions where the plunge
pool is "deep" and water temperature and water quality parameters remain constant. As
concluded by Gameson et al. (1958), temperature is one of the factors that affect the rate
of aeration. Based on laboratory tests in Japan, Nakasone (1987) included fall-height,

discharge, and tailwater depth in the following set of equations:

235 m?

for (D + 1.5H,) s 1.2m with qs ==

ln r,, = 0.0785(D + 1.5H,) 131 gO-428 po.310
3
for (D + 1.5H,) > 1.2m with q=x 23}25:

1n I, = 0.0861(D + 1'5Hc) 0.816 q0.428 HO0-310

235 m?
h.m

1n r,, = 5.39 (D + 1.5H,) 131 g=0.363 po.310

for (D+ 1.5H,) s 1.2m with qg>

235 m?3
h.m

1n r,, = 5.92(D + 1.5H,)0-816 =0.363 0.310

for (D +1.5H) > 1.2m with g>

in which D = the drop-height in m; H_ = the critical water depth on the weir in m; q =
discharge per m of weir crest in m*h/m; H = the tailwater depth in m, for downstream
channels having horizontal beds; h = time in hours, and r,, = the oxygen deficit ratio at
20° C. Nakasone's equations have been investigated by using measured data from various
weirs in the field - Nakasone (1987), Avery and Novak (1978), notably those on the river

Meuse in the Netherlands and on the cascades of the drinking water plant of the city of
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The Hague. The results were satisfactory.
Ervine and Elsawy (1975) found that the total rate of air entrainment for

rectangular jets plunging freely through the atmosphere could be described by:

b, , H _ Y
—5)(-3) (1 -7) (2.7)

Q,/Qy is the ratio of the quantity of air entrained to the quantity of water, H is the
height of fall, v is the impinging nappe velocity, v, is the minimum nappe velocity to
entrain air, and b and d are the width and the thickness of the nappe, respectively. They
concluded that the air/water ratio varied with the Froude number until it reached
approximately 10, after which the air/water ratio remained constant for higher Froude
numbers.

Many researchers have worked on the effect of nappe turbulence on the rate of air
entrainment by plunging jets and determined the break-up length. Ervine et al. (1980), and
McKeogh and Ervine (1981) estimated the surface roughness of a jet from the fall height.
They found by high-speed photography that the break-up length was a function of the
turbulence level within the jet, the jet diameter at the nozzle, and the nozzle velocity.
They developed empirical relationships indicating that break-up length is a function of the
water discharge to a certain power, where the constant and the power are functions of the
turbulence intensity of the jet.

High-velocity jets carry into the plunge pool both air captured within the mean

containing envelope and also air entrained in the boundary layer that develops outside that
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envelope. Thus, the total amount of the entrained air is made up of two parts:

Oa = Qas + Qaz (2.9)

in which Q,,; is the air captured by the jet roughness and Q,, is air dragged in the
boundary layer developing along the jet. The air captured by the jet roughness, Q,,, may
be estimated from the relationship of the form suggested by Van de Sande and Smith

(1975)

VvV

Oar = 1

(d? - d?) (2.10)

in which v, is the jet velocity, d; and d, are jet and nozzle diameters, respectively;
Ervine et al. (1980) and McKeogh and Ervine (1981) presented the results of their
own experimental investigations on the jet surface roughness. They studied jets of
different turbulence levels produced from nozzles of 6 to 25 mm and with an initial
velocity (at the nozzle outlet) ranging from 2 to 5 m/s. They correlated the ratio of the

jet surface roughness to the jet radius with the ratio L/L,

€/ry = Cy (L;/Lg)" (2.11)

where € is the jet surface roughness, r, is jet radius, L, is the jet length and Lj the jet
break-up length. For smooth jets of a turbulence level less than 1%, the power exponent

n was close to 1; for medium rough jets of a turbulence level between 1 and 5%, n=0.73;
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and for very rough jets of a turbulence level greater than 5%, n = 0.52. The surface
roughness increases with the jet length and the jet velocity. At the break-up point (L; =
L) the surface roughness ratio, €,/r;, lies in the region of unity for smooth jets and less
for rough turbulent jets. Unfortunately, it is not clear if Equation (2.11) is universal for
all nozzle diameters.

From the foregoing discussion, one can deduce that problems concerning jet
stability are of relevance for air entrainment by plunging jets. The stability of liquid jets
has long been a classical problem of hydrodynamics. An extensive review paper on this
subject was presented by McCarthy and Molly (1974).

The total amount of air pulled into a plunge pool by flow over weirs will be part
of the air boundary layers and all of the air within the nappe. Even if the nappe is fully
aerated on the underside, however, the amount of air entrained by the lower surface of
the nappe will be less than that entrained by the upper face, because the drop height of

the lower nappe surface is less than that of the upper nappe surface.

2.2 Plunge Pool Flow Field

One of the fundamental requirements in describing the plunge poo! flow field, is
to formulate a mathematical analysis for a two-phase flow system with a wide range of
density ratios. Drew and Lahey (1979) and Biesheuvel and Van Wijingaarden (1984) gave

good descriptions of the two-fluid analysis as essentially a suitable volume average of the
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conservation equations for each of the two phases, with interaction forces sometimes
grafted to it. Lewis and Davidson (1972) and, more recently, Kuo and Wallis (1988)
considered the one-dimensional equations of motion for a bubble flowing through a
nozzle. However, these analyses did not allow for the effects of the presence of flowing
bubbles or droplets on the liquid flow rate and, in particular, by the relative velocity (or
slip) between the bubbles and the liquid. These effects were considered in an analysis by
Kowe et al. (1988) who compared their analysis with the measurements of Lewis and
Davidson (1972). The analysis by Couet et al. (1991) was based on the so-called
interstitial velocity. The assumptions in their analysis were that the flow was statistically
stationary, i,e. there is no time variation in the temporal average of fluctuating quantities
over a time period; bubbles were rigid spheres, all with the same density and volume; no
explicit account was taken of the effects of liquid and bubble density variations, unsteady
drag, liquid turbulence, and liquid wall friction forces; and all bubbles at a given section
moved with the same velocity. The same mathematical formulation was done earlier by
Cook and Harlow (1984). Auton (1987) suggested a general expression for the fluid force
on a body of simple shape moving with a velocity v through inviscid fluid in which there

is an unsteady non-uniform rotational velocity field.

2.3 Bubble Size Distribution

For an air-water system, there is general agreement that bubbles formed by vertical
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or inclined jets during entrainment have diameters of about 3 to 4 mm in the rising
region, and that bubble size is practically independent of both jet velocity and nozzle
diameter. Some authors, Hara and Kumagai (1977) and Yagasaki and Kuzuoka (1979),
have attempted to develop empirical correlations for average bubble diameter. Since the
range of physical parameters tested by each author is limited and it is not sufficiently
clear which definition of representative bubble diameter was used by them, their
relationships cannot be readily compared or used with confidence. Simonin (1959)
proposed the following quasi-theoretical relationship between bubble diameter and the

entrainment ratio for an air-water system:

oy, = 4.3 . 1072 (0,/0Q,) /3 (2.12)

where dm,g is the bubble average diameter, Q, and Q, are the air and water flow rates
respectively.
Hinze (1955), stated that the mean bubble diameter for self-entraining shear flow

is a function of the maximum bubble size that the shear forces in the flow will allow.

d =Kb(-%) e* (2.13)

where d, = the maximum bubble diameter such that 95% of the total air volume is
encompassed by bubbles of diameter d,, or less; K, = a constant of proportionality that
depends upon the type of experiment (0.725 for Hinze's experiment); p = the water

density; o = surface tension; and € = rate of turbulent kinetic energy dissipation per unit
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mass. Gulliver et al. (1990) used the documentation of the research on air entrainment

reported by Straub and Anderson (1958) and determined d,, = 2.7 mm.

2.4 Mass Transfer

In typical plunging jets, three different regions of mass oxygen transfer can be
distinguished:

1. Mass transfer into the turbulent free liquid jet passing through the air.

2. Mass transfer through the free liquid pool surface.

3. Mass transfer between air bubbles in the pool and the pool liquid.

Bin (1974) estimated that the contribution of the first region under typical
hydrodynamic conditions is less than 1% of the total; the contribution of the second
region depends on the turbulence created by the jet and the geometry of the pool; and the
contribution of the two first regions is usually within the experimental error of transfer
factor determinations.

Understanding of the mixing processes in a plunging liquid jet is essential for
proper interpretation of experimental data on mass transfer. At low jet velocities, the flow
pattern in the pool is similar to that caused by a submerged jet, though the mixing
performance might be expected to be better as a result of bubble dispersion in the pool.
As jet velocity increases, the depth of bubble penetration also increases until buoyancy

forces on the bubbles are sufficient to overcome the velocity of the jet. The primary
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factors in bubble behavior are the flow pattern of the water and the rise of the bubble
(always upward) in the water surrounding it. The first unknowns to be considered after
the plunge pool flow field are bubble size, change in bubble size, and the rise velocity

of bubbles.

2.5 Oxygen-Water System

A simple relationship has been recommended by Bin and Smith (1982), derived

from empirical equations:

K33, = 9 x 1075 N, (2.14)

where K, is the mass transfer coefficient for bubble dispersion, A, is the interface area
in that region, and N; is the jet power.This equation is valid for range of N; from 0.02 to
750 watts, with a general accuracy of about plus or minus 30%.

Using experimental data collected for jets issuing from long cylindrical nozzles

of diameters from 3.9 to 12 mm, Bin and Smith (1982) derived the approximate equation:

K;; Ay = (1.5 107%) N33 (2.15)

2.6 Interfacial Area

Van de Donk (1981) derived the following relationships based on estimates and
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his own measurements of entrainment rate and depth of bubble penetration:

1. For rising bubbles:

1.5 1.7 0.5
a, =2V % " Lj (2.16)

I 0.75
dyvg. 9

2. For the biphasic cone:

1.3 1.7 0.65
a = 3% d" L (2.17)

c 0.65
dpvg. 9

where A, and A, (m®) are the interface areas in the biphasic cone and rising bubble
region, respectively, V, is the jet velocity at the nozzle outlet (m/s), L; is the jet length

(m), and d_, is the bubble diameter (m). He concluded that the interfacial areas in the

avg.

rising bubble region and in the biphasic cone are of the same order of magnitude and

should equally contribute to mass transfer in the system.
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CHAPTER 3

PROBLEM ANALYSIS
3.1 Problem Statement

The total phenomenon of rate of oxygenation by plunging jets under examination
in this study consists of six relatively independent aspects, which are related principally
in that each component of the phenomenon has an output which is an input that imposes
conditions on another component . The six aspects are:

1. The weir nappe.

2. The air set in motion by the weir nappe.

3. The air that is able to penetrate the pool surface and the bubbles that form.

4. The expanding submerged jet after the weir nappe has penetrated the pool and
flow pattern in the pool.

5. The behavior of bubbles in the pool, especially the trajectory and average
residence time.

6. The air (oxygen) transfer across the air-water interface.

The primary major assumptions made are as follows:

1. Bubbles are of a spherical shape.

2. There is no bubble interaction in the plunge pool.
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3. The flow pattern in the plunge pool is computed for water only (no air mixture).

3.2 Plan of Study

The research work in this investigation was in three parts:
1. Experimental analysis.

A. Determine the amount of air dragged by the nappe into the plunge pool using
an air-water concentration probe originally proposed by Lamb and Killen (1950) and
constructed and calibrated at the Tennessee Valley Authority Engineering Laboratory.

B. Determine the maximum length and depth of the bubble zone and all other
pertinent hydraulic parameters.

C. Estimate average bubble size from high-speed photography of the plunge pool.

D. Estimate the residence time of an average bubble.

II. Analytical analysis.

A. Determine the amount of air dragged by the nappe into the plunge pool.

B. Using the analytical results and experimental data, determine an expression for
the total air entrained as a function of the impinging velocity and nappe thickness.

III. Numerical analysis

A. Determine the plunge pool flow field using a finite difference solver for the

Navier-Stokes equations.

B. Determine the trajectory and residence time of bubbles in the flow field using



a Lagrangian particle tracking technique.

C. Estimate the oxygen defficit ratio or oxygen transfer efficiency.

44
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CHAPTER 4

EXPERIMENTAL INVESTIGATION

4.1 Calibration of an Air-Water Mixture Probe

4.1.1 Introduction

The earliest reported investigations of measuring air concentrations in self-aerated
flow used mechanical samplers. Principal disadvantages of mechanical samplers are: (1)
physical dimensions of such devices limit the range in which accurate readings can be
obtained (the air chamber fills in a very short time at high air concentrations and does not
fill uniformly at low air concentrations); (2) the time required to obtain the correct
aspiration setting and to balance the system is about 30 minutes for every point; and (3)
it is not possible to study short-time variations in air concentration.

Lamb and Killen (1950) introduced the first electrical probe for measuring air
concentration in air-water mixtures on a very steep chute. It was based on the premise that
the electrical conductivity of a suspension of particles in a fluid varies with the relative
amount of suspended material. The method basically consists of measuring the difference
in conductivity between a mixture of air and water and that of water alone. A pair of

electrodes mounted on a mechanical strut is combined with electrical circuitry in a
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manner so that air-concentration measurements can be made in a small volume

surrounding the electrodes.

4.1.2 Experimental Investigation

The probe used in this investigation was fabricated in the TVA Laboratory several
years ago, based on the concept suggested and used by Lamb and Killen (1950), but had
not been calibrated. Size and spacing of the electrodes were selected to provide a large
enough gap for representative bubbles to pass between so that conductivity across the gap
would not shift over the full scale (measuring only air) during passage of a single bubble.
The electrodes are small enough to measure a very limited region of flow and cause
minimum disturbance, but have sufficient rigidity to prevent excessive vibration.

A setup was designed and constructed, as shown in Figures 2 and 3, to calibrate
the probe before it was used to measure air concentration in the plunge pool of an

impinging nappe.

4.1.3 Probe Calibration

The calibration apparatus is shown schematically in Figure 4. The setup included

a Plexiglas pipe 0.125-m in diameter with perforated plates (screens) just downstream of

the air injection to assist in distributing the bubbles uniformly. Two small pumps used to



Fi

ure 3. Typical Air-Water Mixture at the Probe
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supply water to the system were regulated by a manual valve to provide the desired flow
rates. Air was supplied by a compressor, regulated by a manual valve to control the air-
flow rates.

A constant water discharge of 50 gallons per minute (gpm) was used throughout
the calibration procedure. Air was injected into water flowing in the Plexiglas pipe
through two perforated tubes, each time at a different volume fraction of the water flow
rate. Holes in the tubes were of various diameters, 2, 4, and 6 mm. For each run, 20
readings were taken at different locations across the pipe and averaged to minimize

measurement errors in the air concentrations.

4.1.4 Results of the Probe Calibration

As shown in Figure 5, the effects of injecting air through different-sized holes in
the injection tubes were not significant. As the bubbles travelled through the perforated
plates and through the water column, they broke up and/or coalesced. As expected,
calibration of the probe gave consistent readings for the entire set of runs. A least squares
cubic regression equation gave the best fit for the experimental results, and was used to

compute plunge pool air concentration contours.
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4.2 Plunge-Pool Experimental Study

The plunge-pool testing apparatus consisted of a 1-m wide flume 12-m long,
sharp-crested weir, adjustable tailgate, and the probe, Figure 6.

The flume was equipped with windows 2.74-m long downstream of the weir. A
grid was marked on the windows for visually determining the locations of the hydraulic
characteristics shown in Figure 7. The tailgate was adjusted manually to control the
tailwater elevation required for each experiment.

A sharp-crested weir, 2.13-m high, was used. To avoid depletion of air beneath
the lower surface of the nappe, two 1.3-cm diameter holes were drilled on one side of the
flume wall for a continuous air supply below the nappe. Water discharge was measured

with an electromagnetic flow meter.

4.2.1 Testing Procedure

Objectives of testing in the plunge pool were to observe the behavior of entrained
air bubbles and dynamics of the plunge pool, and to measure the distribution of air
concentration.

The range of discharges and drop heights tested were based on the fact that the
optimum rate of aeration by a straight weir is achieved with a unit discharge of about

0.065 m*/s with a drop height of about 1.20 m (Nakasone, 1987).



244

Computer Winch to adjust
All dimensions in meters. ! Qair/Qwater slotted gate
!
Headwater i Pulleys Slotted
— ' .
N : tailgate -
Flow : | Cable
H Stationary
Sharp-crested | slotted gate |
weir . ' l Tailwater \
Y A 4
o
: T
Probe __/ Plunge pool W \;
\ l
AR S SANNN AN R N N NN NN N NNN NN NNNSNNNY N
g 12m i —

Figure 6. Plunge Pool Experimental Setup

1.5

(43



Lw

Headwater L{ r
h 4

Hweiﬂr_

Flow —

P

Sharp-Crested
W /

Weir

Y

SR

b >
A
#Hc
H
Is
< ]j —> i Ir Tai‘l;vater
o‘ ° - =0 i —
O = ° o c o o
. o 0 ° O°\7/ o oy
° 09 3\ © S /
. S °°°o°,°o/°/'/
Sl )
oo ", % 4 Plunge Pool

0
\;j\i-— Air Bubbles

LTI 777777

L1177 7777777 77777777 777777777777

Figure 7. Schematic of the Plunge Pool Hydraulic Characteristics

€S



54
4.2.2 Bubble Characteristics

High-speed photography was used to determine average bubble size in the plunge
pool. The pictures were enlarged to give good definition of bubble swarms in the plunge
pool so that individual bubbles could be measured. Each bubble was measured, and the
volume was computed according to the approximate, general bubble shape (ellipsoid).
Bubble diameters were computed for equivalent spherical volumes, and from these
diameters an average bubble diameter was computed, Figures 8 and 9. Numerous visual
observations and measurements of bubble sizes in the plunge pool were made (Hadjerioua
et al.,, 1994c). Large bubbles, occurring at the location of the impinging nappe, escape
through the water surface very quickly, Figure 10. The smallest bubbles are near the
bottom of the submerged jet where shear forces are maximum. Away from that zone the
bubbles either coalesce or break-up, and reach a state of equilibrium when they reach a
size sufficiently small so that surface tension forces equal the shear forces, restricting any
further breakdown in bubble size. The turbulence intensity and shear stress created by the
bubbles themselves tend to promote bubble break-up.

At the maximum depth of penetration, buoyancy forces overcome the momentum
imparted to the bubbles by the jet. The bubbles decrease in size as they move deeper due
to shear forces (pressure forces are not significant for small depths). Bubbles tend to
segregate by size, with larger bubbles rising and escaping more quickly than smaller

bubbles, Figure 11 and 12.
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The total bubble surface area in the plunge pool was computed from high-speed
photographs taken during the experimental investigation, assuming that the bubbles are
of oblate spheroid shape (rotation of an ellipse about its minor axis). The results are

shown in Figure 13:

A =21ta§+1t%‘3 logel+_€ (4.1)

with

c = Y3 ~ bo (4.2)

where A, is the bubble surface area, a, and b, are the major and minor axes of the oblate
ellipse, and € is the eccentricity.

The structure of the "bubbly region" is very complex, and understanding the
mixing processes is essential for determining rate of oxygenation. The flow pattern in the
pool is similar to that caused by a submerged jet in an infinite fluid, and mixing is
probably enhanced as a result of bubble dynamics in the pool. With increasing velocity
of the impinging nappe, the depth of bubble penetration increases. Since the pool is of
finite size, a circulation pattern is created. One of the most important aspects of the

oxygen transfer process is the size and composition of the submerged aerated region.
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4.2.3 Plunge Pool Air Concentration Contours

Air concentration contours throughout the plunge pool were determined for each
test based on probe measurements. Each data point is the average of 20 concentration
measurements (one reading per second) at each location. Results are shown in Figure 14
for a drop height of 1.067 m and unit discharge of 0.05 m?%s.

The total volume of the air in the plunge pool was determined by integrating the

air-water mixture contours. The void fraction o at any location is:

volume of air (4.3)
total volume )

The amount of air dragged into the pool per unit length of the crest was computed

from

qwal:etamax
Quip = ——m = (4.4)
air 1 - @ N

where q,, and q,,,., are the air and water unit discharge, respectively, and o, is

maximum void fraction in the plunge pool which occurs near the point of nappe

impingement. Thus the total volume of air in the plunge pool will be,

Vol =) «; Av, (4.5)

The probe is very sensitive, and the readings are inaccurate if measurements are
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taken too close to the surface. Therefore, the o, measured is conservative, and the

amount of air entrained by the nappe is underestimated to some extent.

4.2.4 Advantages and Disadvantages of the Probe

The principal advantages of the probe are ease and simplicity of use and accuracy
of results.

The main disadvantage is the initial time required to reach equilibrium. Once the
probe is placed in the water, it takes many hours to reach stability. Therefore, the probe
must remain in the water until all measurements are completed. Also, because the probe
is very sensitive, readings are inaccurate when it is too close to the metal bottom of the

flume or to the water surface.

4.2.5 Objectives

The objectives of physical testing were to observe the behavior of nappes and the
dynamics of the plunge pool as shown in Figures 15 and 16. More specifically, the
following six parameters were observed as a function of changes in nappe impinging
velocity and discharge:

1. Nappe shape.

2. Location of the nappe impingement.






65

3. Nappe thickness at impingement.
4. Submerged hydraulic jet (recirculation zone).
5. Bubble behavior (size, depth of penetration, and length of bubble zone).

6. Volume ratio of the air to water in the plunge pool.

4.2.6 Hydraulic Characteristics in the Plunge Pool

Observations of the hydraulic characteristics are summarized in Table 1.
The variables are defined as follows and are shown in Figure 7.

t; = thickness of nappe at the impingement point

] = length from the weir to centerline of the impinging nappe

| = length from the weir to the stagnation point

1, = length of the total bubble zone

1 = length of the recirculation zone, Ir = Is - ]j

r

Hweir = head on the weir (upstream from the crest)

Hw = headwater elevation

Tw = tailwater elevation

H = drop height, H = Hw - Tw

\/ = nappe velocity at impingement point
Quwa = unit discharge

and "v; and ’l; are computed values.
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Data in Table 1 give a general understanding of hydraulics in the plunge pool. The
location and size of the total bubble zone is recorded for comparison with the analytical-
numerical analysis. The nappe thickness and impingement location were hard to measure
due to visual obstruction by the flume structural members and to water splash at the
impingement point. Because of turbulence in the plunge pool, the data presented in Table
1 are not exact; therefore, some uncertainty of about plus or minus 10% will be

considered acceptable for comparison with other analyses.



Table 1. Hydraulic Characteristics - Results of the Experimental Investigation

Hweir | quq Qyar Hw Tw H t; I; 1 1, 1, v, l
m gpm m*/s m m m m m m m m m/s m
0.183 2080 0.144 2.316 1.250 1.067 -- 0.636 1.829 1.244 4.038 4.620 0.654
0.152 1610 0.111 2.286 1.219 1.067 - 0.599 1.524 0.975 3.353 4.562 0.603
0.122 1120 0.077 2.255 1.190 1.067 - 0.533 1.219 0.737 2.743 4614 0.541
0.091 720 0.050 2.225 1.158 1.067 — 0.432 0.914 0.533 2.438 4.573 0.473

L e

0.183 2080 0.144 2.316 1.402 0.914 -— 0.584 1.676 1.143 3.316 4.290 0.601

0.152 1610 0.111 2.286 1.372 0.914 -—- 0.533 1.372 0.890 3.124 4.353 0.555
0.122 1120 0.077 2.255 1.341 0.914 - 0.484 1.143 0.710 2.820 4.333 0.499
0.091 720 0.050 2.225 1.311 0.914 0.432 0.762 | 0.381 2173 | 4.468 | 0437
0.183 2080 0.144 2.316 1.707 0.610 0.037 0.453 2.057 1.655 4.230 3.484 0477
0.152 1610 0.111 2.286 1.676 0.610 0.031 0.426 1.829 1.454 3.200 3.509 0.443
0.122 1120 0.077 2.255 1.646 0.610 0.028 0.402 1.219 0.868 2514 3.535 0.401

0.050

0.183 2080 | 0.144 2.316 2.012 0305 | 0063 | 0281 — — 4570 | 2.432 | 0303
0.152 1610} 0.111 2.286 1.981 0.305 | 0.052 | 0.268 - - 3.960 | 2.488 | 0.288
0.122 1120 | 0.077 2.255 1.951 0.305 | 0.030 | 0.253 - -—- 3.353 | 2.443 | 0.266
0.091 720 | 0.050 2.225 1.920 | 0.305 | 0.018 | 0.229 - --- 2.591 | 2.477 | 0.239

L9
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CHAPTER 5

ANALYTICAL ANALYSIS

5.1 Introduction

Many methods have been derived by various investigators to estimate the amount
of air carried into a plunge pool by nappes or jets. The relationships which have been
proposed to estimate air entrainment were based on specific experimental data and,
usually, a regression analysis with arbitrarily chosen variables. Therefore, they are
applicable only to those specific test conditions; they are also subject to accuracy of the
measurements made. This present investigation is an analytical and general approach to
determine the amount of air entering a plunge pool. The only empirical parameters used
for this analysis are (1) the coefficient used in determining the shear stress coefficient for
boundary layer roughness, and (2) the coefficient for the ratio of air entering the pool to
the air boundary layer. The second coefficient was calibrated by experimental data.

The thickness of the air layer dragged down by the nappe into the plunge pool was
determined by applying an integral method to the momentum equation for the air
boundary layer. The maximum velocity of air dragged by the nappe is at the interface of
the air and water, similar to a moving flat plate in a quiescent medium. At the outer limit

of the air boundary layer, the air velocity is zero. Integral methods typically assume a
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velocity distribution which satisfies prescribed boundary conditions. The velocity
distribution used in this analysis is a modified form of the Karman-Prandtl equation for
the velocity distribution in a turbulent boundary layer. Boundary conditions for a fluid
nappe are different from those for a smooth flat plate moving with constant velocity in
a stationary medium, because the nappe has some undefined and variable roughness and
the nappe velocity increases as the drop distance from the weir crest increases.

It is difficult to estimate the air dragged by the nappe, because it is not easy to
determine the surface roughness of the nappe. At field scale, most nappes falling into a
plunge pool become wavy or rough before impingement (indeed, the nappe itself may
wave), and the shear coefficient applied should be different from that for a smooth plate
analysis.

A free nappe falling through the atmosphere experiences an acceleration due to
gravity which increases the vertical velocity which, in turn, results in an increases of the
total velocity and a change of momentum within the nappe. Because of mass
conservation, the effective nappe thickness must, therefore, decrease as it falls through the
atmosphere.

Details of the derivation of the air boundary layer equations are presented in

Appendix B.
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5.2 Basic Equations

If the form of the velocity distribution in the boundary layer is known, it is
possible to derive equations using the shear stress for thickness of the boundary layer by
utilizing the momentum equation. For the case of an overfall nappe, the amount of air
coming into the control volume at section 1-1 leaves the control volume at section 2-2 as
shown in Figure 17. The only force driving the air system is the boundary shear stress
exerted by the water-air interface of the nappe. The nappe itself is affected very slightly,
except for a roughening of the water surface, because of the great difference between the
density of the air and water. However, the boundary layer thickness at impingement is not
very different from what would be expected for a flat plate; i.e. the effect of the variation

is overshadowed by the uncertainty in the shear coefficient.
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Figure 17. Shematic of Air Boundary Layer (Vertical Nappe)
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The governing equations for the two-dimensional Cartesian case are the

incompressible continuity equation and Navier-Stokes equations.

5.3 Primary Assumptions

1. The nappe surface is taken as the x axis, with the boundary layer beginning at
the origin, Figure 17.

2. The flow is two-dimensional in the x and y directions. This means that V, (the
z component of the velocity) is zero, as are all derivatives with respect to z; the z
momentum balance is zero, and it can be dropped from the list of equations to be solved.

3. Classical scaling analysis was performed on the governing Equations (5.1),

(5.2), and (5.3). The details of this analysis are shown in Appendix A.

du ov _
=y 0 (5.1)
ou Juy\ _ opP Jtu J*u 5.2
P(ugz * vy ) = e a”‘(?a? _ayz) =2

p(u_a_"_1+v_‘?l’)=- 6P+u(azv+&) (5.3)
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The simplified equations applied to the air boundary layer are as follows:

Jdu ov _
M (5.4)
ou Juy _ J%u
(u-é}—{+V—a}—,)-v5}7 (5.5)

5.4 Air Boundary Layer in Cartesian Coordinates

5.4.1. Laminar Case

If the velocity distribution in the boundary layer is assumed, it is possible to derive
equations for the shear stress and the thickness of the boundary layer by utilizing the
momentum equation.

Assuming that the velocity profile for the laminar boundary layer is of a quadratic

form,

u

ey = 8o t &Y * a,y? (5.6)

where the boundary conditions are:
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Louyey = u, = 5 = U,
2.u,5 =0 = U, +ta,8+2a,8=0
3.0uwoyly=6 =0 = a =-22,5
Therefore Equation (5.6) becomes:
u _ =~ -5 Y y\?
= = =11 -2{= = .
T2 (%) (3] (57

where u,, is the nappe velocity

From Equations (5.4) and (5.5), the integral momentum equation is derived as:

GLvoeg, e

Multiplying both sides by p and expressing the shear stress as

To 7 ‘P%}L—j

where 7, is the interface shear stress, Equation (5.8) becomes
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[
ch{fo pufdy =1, (5.9)

where p is the water density. Equation (5.9) is the general equation for the boundary layer
used for this study.
After algebraic manipulation, the thickness of the boundary layer for an overfall

nappe in the laminar regime can be expressed as:

6=————2‘{§x

R}

(5.10)

The volume of air dragged by the upper nappe surface can be determined by
integrating Equation (5.7) from 0 to §, and the flow rate of the air per unit length of

nappe is:

u, 6
Qairanaly. = 3 (5.11)

5.4.2 Turbulent Case

Analyses have shown that for a wide range of Reynolds number the velocity
profile in the turbulent boundary layer on a stationary flat plate is reasonably

approximated by the power law formula:
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" (%)

For this analysis, this profile does not satisfy the proper boundary conditions, and the

relation was modified to:
Tu =1 - (%’)”"e’ (5.12)

The exponent is taken as 1/7 for a smooth flat plate; but for this study, an exponent of
1/4 gives reasonable results for the overfall nappe. The 1/4 power is typical for the rough
surface; probably the power should be variable with the roughness of the nappe which is
smooth at the beginning and becomes rougher and rougher as the streamline distance from
the weir increases. It should be noted, however, that the boundary layer thickness also
increases. Measurements of boundary shear stress for the unusual roughness of nappes
have never been made, probably they cannot be made directly. Therefore, the best one can
do is make assumptions that appear to be reasonable and that result in an acceptable
approximate solution.

The boundary conditions are:

Combining Equations (5.11) into (5.9) and integrating yields:
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15 % dx = d{u2s) (5.12)

The number 15 is a constant function of the exponent used for the air boundary layer

velocity distribution, and

Ty = Cp p _‘.’2: (5.13)
where C, is the shear stress coefficient.

Using the standard definition of the shear stress coefficient and the previous
relation for 71, combining with Equation (5.12), and after integration and algebric

manipulation, the expression for the air thickness boundary layer on a smooth nappe for

the turbulent regime is

S X (5.14)
(Re) °

A "rough" nappe is almost smooth because the "wavy" roughness is parallel
to the flow, not perpendicular. Therefore, the roughness effect might be mostly an
increase in the interface surface area. But not a simple linear increase in total shear force
with area because the geometry becomes complex in the directional space.

In order to estimate the volume of the air dragged into the plunge pool, the
velocity distribution is integrated from 0 to & with respect to y, where u,, is a function

of x, and the unit discharge is
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e b

Qair analy. = 5 (5 ° 15)

The computed values of qyi; 4paly. Include all the air boundary layer developed by the
impinging nappe; however, the total air boundary layer thickness is not dragged into the
plunge pool. To determine the net air entrained into the plunge pool by a vertical nappe,
a coefficient K was determined as a function of the impinging velocity, using a least

squares cubic regression between the previously computed Q and the experimental

air analy.

data collected by Ervine:

K.-___Q_EXP-_. (5.16)

Qair analy.
where K is the fraction of the total air boundary layer determined analytically, Qg,, is the

measured air in the plunge pool, Q is the amount of air corresponding to the total

air analy.
air boundary layer thickness developed by the nappe. Results of the derivation are plotted
against Ervine's experimental data for a vertical overfall nappe in Figure 18. The

coefficient determining the fraction of the air boundary layer that is dragged into the

plunge pool was found to vary between zero and one.
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Qai: =K Qairanaly. (5~17)

It should be noted that the results on Figure 18 do not include the effect of nappe
thickness on air entrainment. The curve shown represents a general air entrainment
function of the impinging velocity, grouping data for all nappe thicknesses from 3mm to
43 mm. Therefore, the general curve representing the air entrained, Figure 18, will
overestimate air entrainment for thin nappes and underestimate air entrained for thick
nappes. It is well known that air entrainment is a function of the impinging velocity and
nappe thickness (discharge) up to a certain point (60 mm, Ervine 1975). For thicker
nappes, the air entrained is not a function of nappe thickness. In general, the values of the
air entrained shown in Figure 18 are doubled for a two-dimensional nappe, Ervine
(1982).

Since air entrainment increases with the impinging velocity and nappe thickness
up to 60 mm, it is clear that the air entrained into the plunge pool for the same
impinging velocity is not the same for a nappe thickness of 3 mm and 60 mm.

Surface tension is another parameter to be considered for nappes of small
thickness. For the same impinging velocity, there is a reduced rate of entrainment for thin
nappes because the momentum flux of the nappe is not strong enough compared to the

surface tension of the water surface.
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5.5 Air Boundary Layer in Curvilinear Coordinates.

5.5.1. Introduction

Because the overfall nappe has a parabolic shape, the momentum equation for the
air boundary layer thickness must be expressed in the orthogonal curvilinear coordinate
system. The air dragged by the nappe can then be determined by integrating the

momentum equation of the air boundary layer in a curvilinear coordinate system.

5.5.2 Trajectory of the Nappe

The shape of the nappe over a sharp-crested weir, Figure 19, can be found from
the Lagrangian equations of motion for a particle of water, This assumes that the
horizontal velocity component of the flow is constant, and that the only force acting on
the nappe is gravity. In time t, a particle of water in the nappe will travel a horizontal
distance y from the face of the weir, where u,, and v, are the velocities at the point
where x = 0, and y = 0, respectively, (origin point is at the lower surface of the nappe).
In the same time t, the particle will travel a vertical distance x, expressing the resulting

general equation,
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Figure 19. Trajectory of Nappe
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y=vt
(5.18)
x=-%'gt2+uot

where u,, v,, are the values of the velocity of the particle at the instant it passes the crest.
Eliminating t from the two parametric equations yields
x:(_ﬁ_z)y2+(.9£)y (5.19)
2 v§ Vo
At this stage the equations are perfectly general for any trajectory (neglecting air
resistance). For a specific application to the overflow nappe, however, the initial
conditions must be known (i.e., u,, v,). These terms are related in a complex manner to
the whole field of approaching flow. The velocity-pressure-direction relationships in such
a converging field have not yet been satisfactorily analyzed mathematically, so that
empirical methods must be used.
Blaisdell (1954) developed the following empirical equations for the most common
case, that of a rectangular approach channel with negligible approach velocity. (See

Appendix B for more detail.)

H (5.20)
T _
Z = 0.56

where (y,, X,,) are the coordinates of the bottom side of the nappe, and T is the vertical

thickness of the nappe, so that
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Xr =X, T T.
where x; is the x coordinate of the upper surface of the nappe. These equations are valid

for y,/H greater than or equal to 0.5.

5.5.3 Parabolic Coordinate Transformations

Transformation from Cartesian to orthogonal parabolic coordinates is accomplished

using the following equations:

y=Eq +¢q (5.21)
and
= & - U S (5.22)

Choosing this particular transformation satisfies the parabolic nappe shape.

Combining (5.18) and (5.20) gives the general form, expressed as:

2 2
21M3 U 213

and combining Equations (5.19), (5.20), and (5.21) gives:

2 n3 Cr
1']1= -O—TE 1 C1=0.055n1 ' C2=7_ zni _0-15H
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The momentum equation must be integrated over the control volume for the upper and
lower surfaces of the nappe, Figure 20.

In order to obtain the integral momentum equation using orthogonal coordinates,
the linear-momentum theorem was applied along a Cartesian coordinate direction. The
momentum equation was written for the x-direction, since it is the primary flow direction.

Derivation of the following x-momentum equation is presented in Appendix B.

s 2 _ [ 2 = (5 .24 )
fm pcosa ug hndn]eoizi fm p cose ug hndn]g-%i T, cosq hydy

The velocity distribution ug for laminar and turbulent cases were derived earlier

for the Cartesian approach. The only difference for the curvilinear derivation is that,

instead of y and 0 (Cartesian derivation), we have S and S;.

5.5.3.1 Laminar Case

The curvilinear air boundary layer velocity distribution for the laminar case is:

bl ]

We can determine the air flow rate of the boundary layer by integrating the velocity

(5.25)

distribution from zero to the nappe thickness S;:
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ds  (5.26)

2
_ 5 [ _ S S
Qair fo ug dS fo u, [1 2 [—35] + [_55]

The amount of air dragged by the nappe is, then:

Qair = Qair W
Where, W is the width of the nappe.
5.5.3.2.Turbulent Case
The air boundary layer velocity profile for the turbulent curvilinear case is similar

to Equation (5.12), The same derivation was used as for the laminar case in determining

the air boundary layer thickness Sg, and Equation (5.24) can be written as follows:

[ (E5) 2 (%)Ue (u)d - Zo

The objective is to compute S; (air boundary layer thickness) for which the left-hand side

will be equal to the right-hand side. This integral could not be evaluated by any of the
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elementary functions known; therefore, a numerical computation, Simpson's rule, was
used.

The shear stress is expressed as:

The constant 0.09 was determined from the best fit of the experimental data.

ds (5.28)

1
qaiz=f°°“6 d5=f0°“~[1 ”(—5‘6']4

which must be evaluated numerically using Simpson's rule.

The amount of air dragged by the nappe is,
Qair = q,;, W
5.6 Effect of the Nappe Thickness on Air Entrainment
The air entrainment estimated by the analytical analysis derived previously was

a function of the velocity of impingement and did not take into account nappe thickness.

The literature indicates (Ervine and Elsawy, 1975) that the rate of air entrainment is
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independent of nappe thickness if the thickness is greater than 60 mm. Thus, the
analytical approach is considered to be adequate for nappes with thickness greater than
60 mm. In order to include the effect of the nappe thickness for thin nappes, a semi-
analytical analysis has been used in this investigation. The analytical derivation (using the
effect of impingement velocity on air entrainment) and the experimental data (reflecting
the effect of the nappe thickness on air entrainment) were combined.

The general equation for a nappe thickness less than 60 mm is as follows:

Qoir = B Vizt'np. b (5.29)

Where q; is the air entrained by the nappe per unit crest length (m%s), Vimp. is the
impinging velocity of the nappe (m/s), b is the nappe thickness (mm), and L, M, and
are exponents and coefficients determined from Equations (5.30) and (5.32).

The analytical derivation gives,

(5.30)

— L
gairanaly. - ﬂo Vimp

B, and L were determined from Equation (5.30) using a least squares curve fitting.

qairexper. = pl Vizt‘np b# (5.31)



90

Linking the analytical derivation to the experimental data in order to determine the effect

of thickness alone on air entrainment results in the following relationship:

(o o0 1M
Qairratio = SE NP = ﬂ v_b = p1 bH (5.32)

Qair analy. Bo v

The analytical and experimental values of q,;, were used in the above relationship to find
the optimum value of B, and M using least squares curve fitting. The constant 3 was
found to be the product of 3, and B,.

At this stage B, L, and M have been obtained for the general relationship by using
the analytical expression for the effects of impinging velocity and experimental data for

the effects of nappe thickness, and

Qoir = 3 . 107% v2:1 po.6 (5.33)

Estimates of q,;, using this equation are compared with Ervine and Elsawy (1975) data

in Figure 21.
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5.7 Plunge Pool Flow Field

5.7.1 Introduction

Once the total amount of air dragged into the pool is known, the plunge pool
velocity field must be estimated in order to determine its effect on bubble trajectories.
Since the water after entering the plunge pool is mixed with air, buoyancy forces may be
significant in determining the plunge pool flow field. If there is no air in the plunge pool,
there will be no density gradient and, therefore, no buoyancy forces.

For studies of bubble trajectories and residence time, a water density of 1000
kg/m? (no air in the impinging nappe) was used in determining the plunge pool flow field.
Before making the assumption to neglect buoyancy forces, an order of magnitude analysis

was done to verify its validity.

5.7.2 Buoyancy Force Order of Magnitude Analysis

From the momentum Navier-Stokes equation, in the vertical direction, for the plunge

pool

du dul. _ Op Fu , Fu| _ 5.34
pM[u'aT{+V‘é;, = ¢ [6x2+3y2] png | )

inertia term = pressure term + viscous term - buoyancy term
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where p,, is the density of the mixture (water and air). For buoyancy-driven flows, the

pressure can be decomposed into two components:

P =P, +P,

where Py is the hydrostatic pressure, and P, is the motion pressure. The change in motion

pressure results from the fluid motion, Figure 22,
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Figure 22 . Plunge Pool for Order of Magnitude Analysis

where V;

is the impinging velocity, Tw tailwater depth, and I is length of the bubble
zone.
Combining Equations (5.33) and (5.34) and dividing by the density of the air-water

mixture, p,,, the hydrostatic component of pressure is given by:

P, =p, g(H - X)

where x = H and P;; =0 at the top of the plunge pool.
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At the bottom of the plunge pool where x =0 and Py =p, g H (for water density p,)

_ 9 _ _ 9y _ P,

ox 0x  ox

Combining Equations (5.34) and (5.35) and dividingpby the density of the water and air
m

-— ___-E = — ——— -
ox P9 0x (5.33)

mixture p,, , results in:

du, duy_ _ %Pn 1 pldu, Ful [P~ Pa
[“'a;‘“ '337] ox P, pm[axz ¥ ayzH oo ] 9 (5.36)

Now, if we scale the momentum equation and perform an order of magnitude analysis to

determine which terms are significant,

=% ;v=
Vimp Vimp

v y.ﬁ_pm

A m >
lb pmVImp

X=X . 7=
i X lb'y

where V. is the resultant impinging velocity. Since l;, and Tw are of the same order of
magnitude, x and y were both scaled by 1,

Non-dimensionlizing the momentum equation yields:

2 — — =y — —
Vimp|—0U , —0U BP,,,] - B V| %u, 3U|,.[P1"Pn 7
7 - - 12 Frr g (5:37)

m
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The coefficient of the viscous term in Equation (5.36) is very small compared to the other
leading coefficients. Since the motion pressure results from fluid motion, we may deduce
that the two dominant terms are the inertia and buoyancy terms. In order to compare the

relative magnitude of each, one may compare the leading coefficients.

(v}"mp) Ve (pl - pm) g (5.38)
lb Pm

The equation of the mixture density of air and water is as follows.

Pm = P20 + p; (1 - @)

where o is the void fraction of the mixture, p, is the water density, and p, is the air
density.
As a case study, we can consider the order of magnitude analysis presented in

Table 2, which analyzes one of the experimental studies, where

Vip = 4.572 m/s, Tw = 1.11 m, and |, = 2.438 m.

imp
with p, = 1000 kg/m?, p, = 1.25 kg/m’, g = 9.81 m/s®

Air entrained in the plunge pool for the range of conditions we are studying is from 0 to

30% of the water discharge.



Table 2. Buoyancy Forces, Order of Magnitude Computation

o | Vigp My Pr Wp, - P.)P.) & Equation
% (5.38)
%
5 8.574 950.1 0.51 6
10 . 900.1 1.08 12.5
15 v 850.2 1.77 20.6
20 e 800.3 2.45 28.6
25 e 750.3 3.24 37.8
30 " 700.4 422 49
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5.7.3 Conclusion

Experimental data indicates that the void fraction is less than 30%, and for that
void fraction the inertia and buoyancy terms differ by about 50%; for a void fraction of
20% the two terms differ by less than 30%, Table 2. Therefore, solving the plunge pool
flow field using pure water is a good assumption when the void fraction is less than 20
%. Buoyancy should be included in the plunge pool flow field computation when the void

fraction exceeds 20%.
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CHAPTER 6

NUMERICAL COMPUTATION

6.1 Computation of the Plunge Pool Flow Field

The computer code PHOENICS was used to compute the plunge pool velocity
field. PHOENICS is a generalized code for solving the governing equations of fluid flow
and species transport. The governing equations are discretized via the control volume
finite difference method. This numerical method possesses the conservative property (i.e.
the flux leaving a control volume is exactly the same flux entering the adjacent control
volume).The nappe thickness and the impingement velocity components of the nappe
entering the pool were determined from experimental investigations, and the data were
input in the code to compute the plunge pool flow field. Turbulence is accounted for by
using the K- model. By solving the momentum, continuity, and turbulence equations (see
details in Appendix C) for the whole domain (plunge pool), the flow regime for the

plunge pool is obtained, Figure 23.

6.2 K-g Turbulence Model!

Most flows occurring in nature and in engineering structures are turbulent. While
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turbulent flows have been investigated for more than a century, there is no general
approach to the solution of turbulence problems. The equations of motion have been
analyzed in great detail, but it is still almost impossible to make accurate quantitative
predictions without relying heavily on empirical data. Statistical studies of the equations
of motion always lead to a situation in which there are more unknowns than equations,
and assumptions must be made to make the number of equations equal to the number of
unknowns. The success of attempts to solve turbulence problems depends strongly on
insight in making the crucial assumptions. For this study, in order to account for plunge
pool turbulence, the PHOENICS code with the K-¢ turbulence model was used.

The K-e model solves primarily for turbulence kinetic energy, K, and its
dissipation rate, €, calculated from the turbulence transport equations solved

simultaneously with those governing the mean flow behavior.

6.3 Transport of Plunge Pool Bubbles

The motion of air bubbles in the plunge pool is of particular interest. Bubbles rise
individually or in swarms. They move in extended spaces or in confined columns, and
they appear in diverse shapes ranging from tiny spheres to large ellipsoidal caps. Some
bubbles rise vertically and some in wobbly paths. Individual bubble shapes may oscillate
about a mean shape or their geometry may remain fixed. Some bubbles break up, and

some coalesce. In spite of these difficulties, efforts to understand bubble motion persist
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because of their importance in natural phenomena. Bubble motion in a plunge pool is

described here in the context of the plunge pool flow pattern.

6.3.1 Bubble Tracking

Using the velocity field computed by the PHOENICS code, the pathlines,
residence time, and terminal velocity of the bubbles were determined using a Lagrangian
scheme in which Newton's second law was solved in two-dimensional Cartesian
coordinates. Gravity acts in the negative direction. The bubbles were assumed to be
spherical, and bubble interaction was neglected. The forces considered to act on a bubble
are:

1. Buoyancy force.

2. Drag force on the bubble due to viscous stress changing the pressure distribution
around the bubble as it rises in the surrounding fluid.

3. Pressure gradient force in the liquid surrounding the bubble.

4. Bubble weight.

5. Virtual mass force, or inertia force, due to local acceleration of the added mass
of liquid traveling with the bubble.

6. Lift force acting on the bubble (very small, negligible).

The equation of motion for the radial direction is as follows:
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Y Fy=ma, (6.3)

where a is acceleration in the x-direction, and m is the mass of the bubble.

2F is the summation of all forces acting on a bubble in the x-direction:

Fo + Fp, + Fp, + Fp . = ma,

where

Fyx = Virtual mass force, or inertia force, due to local acceleration of the added mass
of liquid traveling with the bubble.

F,,  =Drag force on the bubble due to viscous stress changing the pressure distribution
around the bubble.

F,x = Force due to the pressure gradient in the liquid surrounding the bubble.

F,, = Lift force on the sphere (negligible, because bubble density is very small)

and in the axial direction:

EFy:may

F,, + Fp, + Fp, + Fo + F; = ma,

where F, = force due to gravity, and the buoyancy force is combined in the pressure
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gradient force.

The results of this analysis will not agree 100% with the experimental data, but
if all the parameters were included, the problem would be very difficult to solve. Since
we are neglecting some physical phenomena which are known to exist, the analytical
analysis should be corrected by factors derived from the experimental data. The final
equations to be solved simultaneously to determine bubble trajectory and residence time
are:

x-Direction Equation of Motion:

d3x _ P ou, Ju, 3 Cyp )
de? [pb+cmp1][(l+CM)(u1_a;f— "Vigy +'4-B;|V1 vl (uy = up)

y-Direction Equation of Motion:

d?y P13 Cy (P1 - Pb)
= |22 dly - v,|(v, - v,) + g(—=2—2
de? b4 bl ! ol (v b r g Py

Pi1 v v, 1
N [(1 RUCT R ay)]

b Bl

where C,, is the added mass coefficient equal to 0.5 for a sphere, and C; is the empirical
drag coefficient for a sphere. White (1974) gives the following relationship for C4 valid

for 0 <Re <2 10°
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24 6

== + 0.4
Re 1+/Re

Cq =

The Reynolds number, Re, can be expressed as

Re = Ju —u)? + (vy - v,)% D,
Vb

where D, is bubble diameter, and v, is the kinematic viscosity of air bubble.

The equations of motion were expressed as a coupled system of four first order
equations, and the system was solved with a fourth order Runge-Kutta method, (for more
detail see Appendix D).

The results of typical computations of bubble trajectories in plunge pools are
illustrated in Figures 24 and 25 for average bubble diameters of 1.5 and 2.71 mm,
respectively.

The average bubble residence time was computed for bubbles of different sizes.
The computation was done for one plunge pool condition, tracking bubbles of different
sizes from the same initial starting position at the impinging point of the nappe. Results

are shown in Figure 26.
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CHAPTER 7

BUBBLE RESIDENCE TIME AND OXYGEN TRANSFER

7.1 Introduction

Hydraulic structures have an impact on the amount of dissolved oxygen in the
river immediately downstream. As water flows over a weir, air is entrained into the
plunge pool and is rapidly reduced to a large number of bubbles, thus creating
significantly more air-water surface area for oxygen transfer into the water. The bubbles
are pulled to various depths in the plunge pool by the flow pattern of the water. To
determine the oxygen transfer in a plunge pool, bubble average residence time, bubble
interface area, the mass transfer coefficient K, and the number of bubbles must be
known. In this investigation the recirculation zone was determined from laboratory
experiments; the amount of air entrained into the plunge pool was estimated from the
analytical analysis and laboratory experiments; and the plunge pool flow field was

computed by numerical analysis.

7.2 Theory of Oxygen Transfer at Hydraulic Structures

The rate at which oxygen enters water depends on the deficiency of oxygen in the
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water. In fact, it is well known the rate of oxygen solution is proportional to the oxygen
deficiency (Adeney and Becker, 1919). Thus, if the concentration of dissolved oxygen at
any moment is C and the saturation concentration is C,, the net rate of oxygen entry per
unit area of air-water interface is proportional to (C, - C). The total oxygen transfer is thus
proportional to the oxygen deficit times the area of the air-water interface. If C is equal
to C, there is no change in oxygen concentration, while if C is greater than C, (such
super-saturation can occur as the result of photosynthesis) oxygen will escape from the
water.

Gas transfer is typically described as a first-order process in which the rate of
change of the gas concentration in water is linearly dependent on the ambient
concentration. Oxygen transfer across an air-water interface can generally be described

by the equation:

v%f=KLa (c-c,) (7.1)

where C = bulk concentration of oxygen in water, K, = the liquid film coefficient for
oxygen, C, = a saturation concentration for oxygen, a = the air-water surface area, V = the
control volume over which C is determined, and t = time. For oxygen transfer by a weir

nappe if we assume that K; and "a" are constant, integrating Equation 7.1 leads to:

C, - Cy = efat (7.2)
Cs — Cq4

where r is the oxygen deficit ratio, C4 and C, are the concentrations downstream of the
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plunge pool and upstream of the weir, and t is the residence time.

The dissolved oxygen saturation concentration, C,, is commonly expressed in mg/l
and is a basic parameter used in many water quality analyses. Since dissolved oxygen
prediction is often one of the primary objecti'ves of water quality analysis, accurate values
for C, are needed. The most frequently used equation for C, is the polynomial developed

by Elmore and Hayes (1960) for distilled water:

C, = 14.652-0.41022T+0.007991072-0.00007777473 (7.3)

In this equation, neither pressure nor salinity effects are considered (pressure is
assumed to be 1 atm and salinity is 0 ppt).

The oxygen deficit ratio, r, depends on the same parameters as the air entrainment
rate, as well as on additional parameters governing the mass transfer rate, such as water
temperature, water quality, and pressure conditions. Therefore, when comparing results
on mass transfer from various investigations, one has to reduce the data to standard
conditions.

For this study, standard conditions were considered to be:

- atmospheric pressure

- water temperature of 15° C

- good water quality
Data reduction to this base was made by using the following correction factors:

- Temperature T in °Celsius
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Foo _{r-L)7 _1+0.046T
T (r-1),50¢ 1.69

(7.4)
- Water quality:

£ = (r-1) given water quality
va (r-1) base water quality

(7.5)

with the following factors for laboratory data and from Gameson (1957) for field data.

Water quality f.q (laboratory) f,q (field)
Clean 1.00 .
Slightly polluted 0.89 1.00
Moderately polluted 0.56 0.81
Grossly polluted 0.36 0.69

A more convenient form of Equation (7.2) is the oxygen transfer efficiency, E,

suggested by Gameson (1957):

E=1-1=_2d" ~u (7.6)
Ir
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The oxygen transfer efficiency is the ratio of the total oxygen transfer to the
potential maximum oxygen transfer, and is expressed as the change in oxygen
concentration toward saturation as a fraction of the initial upstream deficit. If little or no
oxygen transfer occurs, E approaches zero; for large oxygen transfer, E approaches one.

Oxygen transfer efficiency changes with temperature have been reported, with
index equations that relate efficiency at the point of interest to that of a reference
temperature. Nakasone (1987) recommended the following temperature correction equation

derived from experiments by Gameson et al. (1958)

In r,
ln r,,

=[ 1+ 0.0168(T - 20)] (7.7)

The work on temperature effects by Gulliver and Halverson (1989) was summurized as:

Inr,

=0.612 + 0,0177 T + 0.000083 T2 (7.8)
In r,,

As an analogy to stream reaeration rate processes, various studies have used:

In r,
ln r,,

= @T - 20 (7.9)

where 0 = 1.024
Gulliver and Randels (1993) theoretically derived an index equation that was
validated against Gameson's experimental data. From a statistical fit of their equation, they

derived the following expression for temperature dependence:
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Epn=1- (1 - E,f (7.10)
where
£f=1+0.02103(T - 20) +8.261.105 (7 -20)2 (7.11)

This equation can be transformed into the previous equation by noting that:

£ In(1 -EJ) | _ 1Inr, (7.12)
In(1 - E,,) In r,,

The index Equation (7.9) is recommended for use in weir design because of its accuracy
of fit to a validated theoretical formulation. It lies between the Nakasone (1987) and the
0 = 1.024 index equations.

In this investigation, cases listed in Table 1 which are similar to the range of the
experimental work done in this study were used. Hauser (1990), tested a full-scale weir
to determine when weirs become unsafe for recreationists as a function of the unit
discharge. He concluded that a unit discharge of more than 0.14 m*sec/m will be
dangerous for adults when the weir tailwater is too deep for the swimmer to stand.
Consequently, for aeration purposes, unit discharges above that critical value are not of
interest unless public access to the area below the weir can be prevented so no safety
hazard exists at higher flows. Further, Nakasone (1987) concluded that the optimum weir
unit discharge for aeration is about 0.065 m*/sec/m, for a drop height of 1.25 m and a
sufficiently deep plunge pool.

No theoretical approximation of total mass transfer can be made since K, (the
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mass transfer coefficient) is unknown. Some notion of K| can be obtained from
experimental measurements much as we obtain Manning "n" values. Ahmed and Glover
(1972) found that, within the range of the variables they studied, the aeration rate in an
air-water system was linearly proportional to the power of the jet. Van De Sande and
Smith (1975) concluded that mass transfer is a function of bubble penetration depth only.
However, this seems to be logically true only if all bubbles are of the same size and all
other parameters are the same everywhere - which is never the case. Even the relatively
simple configuration of a bubbly plunge pool causes difficulties. This is clear from the
fact that all authors who studied mass transfer rates in bubble swarms have their own
specific equations. most of which do not agree, because the approaches were different.
Confidence in our present-day knowledge about the behavior of gas bubbles in liquids is

fairly restricted to the behavior of a single gas bubble in an infinite liquid.

7.3 Determination of the Oxygen Transfer Efficiency

In this study, oxygen transfer efficiency for various given nappe drop heights and
discharges was determined as follows:

1. Determine the amount of air entrained in the plunge pool. (Measurements using
the probe are discussed Chapter 3, and the derived boundary layer analysis is discussed
in Chapter 4.

2. Determine an average residence time for bubbles in the plunge pool using data
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from this experimental work (Chapter 3) and published measured data at prototype weirs.
Knowing the oxygen deficit ratio and using published equations for the overall mass
transfer coefficient, the residence time can be determined from Equation (7.1).

3. Determine the oxygen deficit ratio and the oxygen efficiency, Equations (7.1)
and (7.3).

4. The results of this analysis were then compared with corresponding results in

the literature, and the analysis was adjusted.

7.4 Average Residence Time of Bubbles.

As discussed in Chapter 6, a numerical analysis of the plunge pool for each
experimental case (Chapter 3, Table 1) was made and the flow field computed. Next a
Langrangian particle tracking analysis was derived for each case, and the results of that
analysis show the paths of bubbles, Figures 24, and 25. The residence time of each bubble
in the plunge pool was then computed. In order to compute an average bubble residence
time in the plunge pool from the Lagrangian approach, a bubble distribution is needed,
(i.e., how many bubbles or what fraction of the total air follows a certain path). The
experimental work gave a good visual picture of conditions in the plunge pool, bubble
movement, and bubble concentration in the plunge pool.

The average residence time used in this study was determined using Equation (7.2)

and data at prototype weirs (shown in Table 3), the test data in Chapter 3, and the
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analytical study in Chapter 4. Unfortunately, many of the findings in the literature are not
directly comparable to the experimental work done for this study; only a few could be

used to determine the average residence time.

7.5 Oxygen Transfer

The literature includes many empirical relationships for mass transfer coefficients
for plunging jets derived from experimental work. Ahmed and Glover (1972), found that,
within the range of variables they studied, the aeration rate in an air-water system was

linearly related to the power of the jet. Expressed in K, a terms, their relationship is:

K,a =3.1%107% + 4.85%1072DF v} (7.13)
where D; and v, are the jet diameter and velocity, respectively. No influence due to the
angle of jet impact (60°- 80°) was observed.

Many authors present their data in the form of empirical equations or correlations,

and Bin (1988) derived the following simple relationship:

Kpa = 9*107°N; (7.14)

where N; is the jet power (watts). Equation (7.14) is presumably valid for a range of N;
values from 0.02 to 750 watts.
Van De Sande and Smith (1975) found for jets of length and diameter of 0.2 m

and 3.9 mm, respectively, that mass transfer can be evaluated by
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V;-9 D22
H1.2

Ka = 0.022 (7.15)

where v;and D are the impinging velocity and diameter of the jet, respectively, and H is
the bubble penetration depth.

Van De Sande and Smith stated that the equation derived for vertical jets might
be applied to inclined jets because the influence of angle is implicit in the amount of air
entrained, and most of the oxygen transfer for vertical jets takes place inside the cone
where there are very small bubbles and intense turbulence. The angle of inclination affects
the transfer to some extent. The highest transfer factors were obtained for vertical jets.
However, this influence is weak, and by changing the inclination from vertical to 60° and
30° the transfer factor is reduced by 10 and 20%, respectively. The findings of Tojo et al.
(1982) did not agree with the above findings; they concluded that the maximum transfer
factor value is obtained for an inclination of 60° and that the difference in mass transfer
values between inclined 60° jets and vertical jets can be as high as a factor of 2.3 for
low-power jets and about 1.7 for higher-power jets.

In this study the bubble sizes and the air concentration in the plunge pool were
obtained from the experimental tests, and the amount of air available to get into the
plunge pool was computed analytically. Therefore, instead of using an overall mass
transfer coefficient, K;a was determined from empirical equations, It is preferable to use
the mass transfer coefficient (or liquid film coefficient) K; (m/sec), for air bubbles in the

size range of the experimental work of this study, Gulliver, et al. (1990).
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Motarjemi and Jameson (1978) found that the air bubble diameter changes
although the process of oxygenation is relatively very small. Therefore, for the analytical
analysis in this study (Chapter 3) using Ervine's measured data (which is the total air
entrained in the plunge pool minus the amount of air released through the oxygenation
process in the pool) should not affect the results, Motarjemi and Jameson concluded that
the size of an air bubble is very important in oxygen transfer. They found that with a
water depth of 3 m, a 5S-mm air bubble will lose only about 15% of its available oxygen,
while a 2-mm bubble will lose about 50%.For this study, with the average bubble size
considered to be 2.71 mm and the deepest plunge pool used for the experiments 1.06 m,
the proportion of oxygen transfer will be about 17%, according to Motarjemi and Jameson

The most important factor to determine is the interface area "a" (m%m’ ). The
plunge pool volume where the interface area was computed is the recirculation zone
determined from the experimental investigation, since the bulk of the bubbles through
which most of the oxygenation occurs is the recirculation zone. The total area of the

bubbles was determined by the analysis discussed in Chapter 5.
A
r=evF’ ; Inr =K, (qu-_) t (7.16)

with

a=A/V
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where A is the total air bubbles surface area (m®), V is the volume of the recirculation

zone in the plunge pool (m?), and t is the average residence time (sec).

n, = Qair . ¢
b~ Th o (7.17)
<45

where n, is the number of bubbles, q;, is the unit air discharge in the plunge pool, and

d, is the average bubble diameter.

A=n,.mn.d: (7.18)
where A is the bubbles surface area (m®), and q;, is the unit air flow in the plunge pool.

Combining Equations (7.16) and (7.17) leads to:

t = (7.19)

J Lnr . L. TW . d,
6 KL Qair

where TW is the plunge pool depth , L .. is the length of the recirculation zone, and t is

rec,
the average residence time (sec).

To estimate the average residence time from Equation (7.19), the value for K; must
be known, and it is very difficult to estimate K| from the literature for a specific set of
experiments,

Using Equation (7.19), the average residence time in the plunge pool was derived

from published, measured deficit ratios at weirs, but it should be recognized that the

literature shows a wide range of measured deficit ratio. Some published data were not
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used because some information was missing (discharge, drop height, or temperature). The
few deficit ratios found for conditions similar to the experimental work for this study are
listed in Table 3. More data of measured deficit ratio (or upstream and downstream DO)
and temperature are needed to have an accurate estimate of the residence time in the
range of the experimental work done in this study. The results of Equation (7.19) are
shown in Figure 27,

Many runs were made using the numerical analysis discussed in Chapter 5 to
estimate the average bubble residence time. The results of this analysis are shown in
Table 3. After the residence time was determined, the mass transfer coefficient was
computed using Equations (7.6) and (7.16)

The oxygen transfer efficiency corresponding to the computed residence times was
estimated using an average empirical mass transfer coefficient K; = 0.00008 m/s, Gulliver

(1989), Figure 28.









Table 3. Computed Bubble Residence Time and Oxygen Transfer Efficiency
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r Inr q“&“" Hw B t v qgir {}/V , E
m’/s m mm sec m/s m'/s m*/m mp

1.69 | 0.525 0.077 1.00 17 6.50 4.43 0.037 1064 0.43
1.34 | 0.293 0.12 0.66 33 7.38 3.60 0.036 664.2 0.33
1.66 | 0.51 0.09 0.66 24 6.15 3.60 0.030 738 0.32
1.34 | 0.293 0.12 0.61 35 6.67 3.46 0.034 627 0.28
298 | 1.09 0.05 1.00 11 6.14 4.290 0.029 1284 047

To estimate the effect of bubble size on residence time, the residence time was

computed for many different bubble sizes. As expected, smaller bubbles persisted longer

than large bubbles in the plunge pool because buoyancy effects are less than for bigger

bubbles, Figure 26. Buoyancy changes the bubble trajectory; bubble velocity is different

from that of the water; and the residence time of the bubbles is less of that of the water.
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CHAPTER 8

Results and Discussion

8.1 Experimental Investigation

In order to investigate aeration and oxygenation processes by an overfalling nappe,
it was necessary to observe and understand behavior of the nappe and the receiving
plunge pool. The main objective of the physical testing was to measure the relevant
hydraulic characteristics, as shown in Table 1, to be used in conjunction with the
analytical and numerical analyses done in this study and to compare the results with
previous work recorded in the literature review.
The experimental test schedule was based on a literature search and limitations of
the TVA Engineering Laboratory flumes. From the literature and previous experimental
studies, the following was concluded:
1. The optimum water unit discharge for oxygenation by straight weirs is about
0.065 m*/s/m, for a drop height of 1.25 m, Nakasone (1987) and Markovsky
and Kobus (1978).

2. The maximum rate of air entrainment is obtained with a nappe thickness of
about 60 mm.

3. The plunge pool should be deep enough so the bubbles will not reach the
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bottom of the pool.

Although limited by the flume and weir available, the author attempted to perform
an experimental program around these optimum values, to investigate how changing the
drop height and discharge affects aeration.

In this laboratory investigation, the first observation was for a very low drop
height (0.305 in). There is no recirculation zone in the plunge pool (i.e., no submerged
jet in the plunge pool), and there are very few bubbles with a small depth of penetration,
as shown in Figure 15.

The second observation was that with large drop heights (1.067 m) the submerged
jet becomes stronger and larger, the bubble zone extends farther downstream, and the
bubble depth of penetration becomes deeper, as shown in Figure 16. A safety problem
exists for such low-head weirs, because the submerged hydraulic jet and the strong eddies
before and after the jet are not visible; therefore, people can be caught in the strong
currents and drown. If the unit discharge over the weir-crest is above 0.2 m*/s/m, an
average adult swimmer cannot swim his way out, (Hauser 1990).

The third observation was that the concentration of air bubbles diminishes with
increasing distance downstream of the nappe impingement point.

Air concentration contours in the plunge pool were measured with an air
concentration probe constructed at the TVA Engineering Laboratory, based on the probe
developed at the St. Anthony Fall Hydraulic Laboratory, Lamb and Killen (1950), Figure

4. This probe was calibrated as part of this study (Hadjerioua et. al., 1994b) and used to
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measure the plunge pool air concentrations for the 16 cases shown in Table 1. In the
interest of the brevity, only one case is presented here, Figure 14 . As expected, the air
concentration is maximum near the impinging point and eventually decreases to zero near
the end of the recirculation eddy downstream of the nappe. Part of the air entrained is
transferred through the air bubble surface area to the plunge pool water, and the remaining
air escapes from the plunge pool water surface. Previous studies have shown that only a
small portion of the total air entrained into plunge pools by falling nappes is used for
oxygenation, Motarjemi and Jameson (1978).

To describe the bubble behavior in these experimental studies, many hours of
video taping was done, and many still pictures were taken. High-speed photography at
close range was used to determine the shape and size of the plunge pool bubbles, as
shown in Figures 11 and 12. The high-speed pictures were enlarged, and the bubbles were
counted and measured individually. An average bubble size of 2.7 mm was determined,
as shown in Figure 8. The range of bubble sizes was used in the numerical analysis to
track the bubble trajectory in the plunge pool using a Lagrangian technique. The larger
bubbles escape very quickly close to the impinging point, as shown in Figure 10, The
smaller bubbles are carried some distance downstream by the momentum of the water in

the plunge pool before escaping from the water surface.
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8.2 Analytical Analysis

To estimate the amount of air dragged into the plunge pool by the impinging
nappe, an integral method was applied to the momentum equation for the air boundary
layer. Boundary layer theory was used to estimate the air thickness being entrained by the
impinging nappe, with an adjustment to determine how much of that air boundary layer
is actually being carried by the nappe into the plunge pool. By using the analytical results
and the measured data from Ervine and Ahmed (1982) and Ervine and Elsawy (1975),
it was possible to determine a coefficient K (which is a function of the impinging
velocity) to correct the analytical values. K varies between zero and nearly unity. The
computed values from air boundary layer theory should be always greater than those
measured, because some portion of the boundary layer developed by the nappe will not
be carried into the plunge pool, especially for a thin nappe.

It should be noted that by saying the air entrainment is a function of impinging
velocity only is, in essence, saying that the air entrainment will be the same for the same
impinging velocity, regardless of the unit discharge. This statement seems to be true for
nappe thicknesses greater than 60 mm, but not for thinner nappes. Therefore, Figure 18
will underestimate the air entrainment for thick nappes and overestimate air entrainment
for thin nappes.

Ervine and Elsawy (1975) found that the air entrained by a nappe increases with

the nappe thickness up to 60-mm, beyond which increase in nappe thickness does not
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increase aeration. This observation relates to the absolute value of the rate of air
entraiment per unit length of weir. The air entrainment relative to the water discharge
decreases as the nappe thickness increases. Therefore, if the nappe thickness increases
above 60 mm, the air/water ratio in the plunge pool decreases.

The air boundary layer equation was derived for both vertical and parabolic
nappes. To derive the equation for parabolic nappes, required changing to a curvilinear
coordinate system. The results of that derivation are plotted against the experimental data
of Ervine and Ahmed (1975), Figure 21. Although those data are not for a parabolic
nappe, they are for a two-dimensional nappe, which is very close geometrically to the
nappe over weirs.

Since the analytical derivation is a function of impinging velocity only, the
analytical results are valid only for an impinging nappe thickness greater than 60-mm. A
relationship was developed for nappe thicknesses less than 60 mm using the analytical and
experimental data, Equation (5.33), which includes both the nappe thickness and the
impinging velocity in determining the air entrainment, Figure 21.

Unlike application of the classical boundary layer theory and experiments applied
to a flat plate, the boundary shear coefficient for this study was unknown. There is an air-
water interface which changes from smooth to a wavy roughness. Measurement of
boundary shear stress, or the roughness of nappes, has never been accomplished. Whether
the boundary shear can be measured is a question without answer, Nappe photographs

might give a clue to roughness, but both the air and water are moving, and the roughness



128

varies with time as well as space. The best one can do is to estimate a coefficient and
calibrate it with experimental data. A flat plate calibrated shear coefficient was used in
this study.

The air boundary iayer velocity distribution was taken to be a power law velocity
distribution for the turbulent case with appropriate boundary conditions. The exponent
probably should vary with roughness of the nappe, which is smooth initially at the weir
and becomes rougher and rougher with increasing distance downstream. However, the
boundary layer also becomes thicker; how the relative roughness behaves is another
unknown. The comparison between the air boundary layer and the air entrainment
presented herein is useable, A better correlation would involve very difficult experimental

and analytic investigation.

8.3 Numerical Analysis

The experimental investigation provided the basis for qualitative understanding of
the phenomena of air entrainment and bubble behavior in plunge pools. To quantify the
experimental work, the plunge pool flow pattern and, in particular, the plunge pool
velocities must be known in order to predict the bubble trajectories and bubble residence
time in the plunge pool. A fluid dynamics computer code (PHOENICS) was used to solve
for the plunge pool flow field for water without air. Once the velocities were computed,

a Lagrangian scheme (based on Newton's second law in two-dimensional Cartesian
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coordinates) was used to estimate bubble trajectories, residence times, and terminal
velocities. The bubbles were assumed to be spherical, and bubble interaction was
neglected.

The plunge pool flow field was computed for all the experimental work, and an
average bubble residence time was determined for those tests for which it was possible
to find similar cases in the literature, Table 3. By knowing the oxygen deficit ratio, some
residence times were computed using Equations (7.13) and (7.14) for comparison with the
numerically-simulated residence times determined in this study, Figure 27. Equations
(7.13) and (7.14) were derived for an impinging circular jet, which has a different
geometry than an impinging nappe, and it is doubtful, therefore, that the residence times
would be the same, because nappe geometry is a factor in air entrainment and
oxygenation in the plunge pool. Nevertheless, some comparison is better than no
comparison, and the comparison shown in Figure 27 is reasonably good. As noted earlier,
an average bubble diameter of 2,7 mm was used in computing the average residence time
using the Lagrangian technique. This average diameter was determined from the
experimental investigation, using high-speed photography and measurements of individual
bubbles. The residence time was computed for air bubbles of different diameters, and as
expected the smaller bubbles persisted longer in the plunge pool than those of larger

diameter, Figure 26.
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CHAPTER 9

CONCLUSIONS AND RECOMMENDATIONS

Results of this investigation of air entrainment and oxygenation by overfalling
nappes indicate that, for the range of weir height and unit discharge of interest,

1. The average residence time of the bubbles in the plunge pool is between 6 and
7 seconds.

2. Bubbles range in size from 1.5-mm to 4.5-mm, with an average size of 2.7 mm,
(excluding the large bubbles near the nappe impingement point which do not participate
in the oxygenation process because their residence time is short due to high buoyancy).

3. The air concentration in the plunge pool ranges from a maximum value at the
impingement point of the nappe, to zero at the downstream end of the bubble zone, and
the maximum air concentration is a function of the nappe impinging velocity and the
nappe thickness.

4. Knowing the air volume in the plunge pool and average bubble size, the total
area of air-water interface can be calculated.

5. Knowing the interface area and bubble residence time, the oxygenation can be
calculated, and this is what one must know to evaluate different site-specific weir
alternatives on the basis of effectiveness and cost.

The one thing in this complex phenomenon (or set of phenomena) that is the least
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known and the most important is probably K; (liquid film transfer coefficient) and its
variation with water quality, river site, and, most likely, season. Development of an
instrument and procedure to determine K; values in the field would be very helpful.

The approximate experimental and analytic solutions presented herein appear to
describe reality close enough for practical purposes. While improvements on these
solutions are certainly possible, improvement depends on understanding and quantifying
variables that are difficult to measure or analyze, such as:

1. The relative roughness of the nappe and the air boundary layer shear stress
coefficient.

2. The exponent of the air boundary layer power velocity distribution. Measuring
air velocities in the boundary layer with a nonintrusive instrument such as a laser Dopler
anemometer to determine the exponent of the power velocity distribution would improve
results of the analysis. However, the problem in using a laser is that "seeding" of the air
would be difficult.

3. The fraction of the air-boundary layer entering the plunge pool as a function of
the drop height and water unit discharge.

4. Measuring the flow pattern in the plunge pool of an air-water mixture.

5. The rise velocity of bubbles in the complex conditions in the plunge pool and
the drag coefficient of a bubble in this environment, with the bubble itself changing shape
and size as it moves.

6. The error involved in using average values in approximate solutions instead of
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examining individual bubbles and taking a weighted average to solve for the average
residence time. This would be very difficult in light of the plunge pool complex "swarm"
bubble patterns.

7. The liquid film mass transfer coefficient K; is the big unknown. Many
researchers have studied mass transfer coefficients, but their findings could not be used
except for their specific conditions.

Of all questions, the most important in the opinion of the author is the possible
value of K;. If K, could be measured, or if everything except K; in the describing,
predicting equation could be measured (like finding the Manning "n" value), specific
weirs in the field and in the laboratory could be investigated to try to predict changes in
DO.

A simple device to measure K| as a function of water quality, seasonal changes,
location, and dissolved oxygen concentrations would be very useful to compare the
predicted results of dissolved oxygen at weirs with measurements. The device might be
as simple as a bucket of water, an air supply with controlled bubble sizes, a dissolved
oxygen meter, a stop watch, and measurement of any water quality parameter that affects

the oxygenation process.
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APPENDIX A

Boundary Layer Momentum Equations (Scaling Analysis)
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The purpose of this Appendix is to demonstrate, through an order of magnitude
analysis, that the governing momentum equations for the air boundary layer can be greatly
simplified. The equations of interest neglect any body force terms since density gradients
are negligible. For a two-dimensional boundary layer, the momentum equations expressed

in Cartesian coordinates, are as follows.

du du, _ _dp d%u d%u

"(”ax * Vay ox * IJ'(axz * 9y 2 (A.1)
ov ovy _ _op d’v | 0%v

Plugy * Yoy oy T RiGE T ay?-) (A.2)

In order to facilitate an order of magnitude analysis, the momentum equations are
scaled by carefully selected parameters. The objective is that the scaled variables vary
over the range of zero to one. For a weir the primary flow direction is in the x direction
so that x varies from 0 to H, where H is the weir height. It would be inappropriate to
scale y by H because y varies between 0 and , where § is the boundary layer thickness.
Therefore y should be scaled by 6. The velocity component in the x (primary flow)
direction should appropriately be scaled by the water nappe velocity U,. The velocity
component normal to the nappe surface, v, never approaches U, and should hence be

scaled with a much smaller velocity. A reasonable velocity for scaling v is:

o U,
H

Finally, the pressure may be scaled by the dynamic pressure using the velocity of the
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water nappe, and the scaled variables may be written as follows:

=7 Y =%

G- 4 o VH

= V=3O
-2
pUZ

If the scaled variables are used in the y momentum equation (A.2), the following

scaled equation is obtained:

2aV aV

o Y

290
+ v oL
T

The scaled y momentum equation may be rewritten as shown.
dqinertia term| = HYpressure term| + %[Viscous term

H

Re,, is the air Reynolds number based on the weir height. The leading coefficients for the
inertia and viscous terms are both quite small in comparison to the leading coefficient for
the pressure term. Therefore the inertia and viscous terms may be considered negligible

in the y momentum equation. This implies:

op _
_é_}_; 0 (A.3)

The conclusion regarding scaling the y momentum equation is that the equation may be
neglected in the boundary layer analysis.

The x momentum equation will now be similarly scaled:
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- B, V1Y T, &
%

UblH? 52 g

Since & is much smaller than H, the viscous term in the streamwise direction may be

considered negligible. The resulting scaled x momentum equation is:

u

du - _0p vH J%u
ox

+—_§_ﬁ_ 4+ =
0y  ox UDZ 5

In general, the pressure is considered a function of x and y. From scaling the y
momentum equation, it was found that the pressure is not a function of y, as seen in
equation (A.3). Therefore, the partial derivative of pressure in the x momentum equation
may be replaced with a total derivative.

In order to further quantify the pressure term, it is necessary to evaluate the x
momentum equation just outside of the boundary layer. All velocity components and their
derivatives vanish outside the boundary layer, which implies that pressure is a constant
outside the boundary layer. This of course neglects hydrostatic pressure changes in the
air, which are very small. Since pressure is not a function of y, one then deduces that
pressure must essentially be constant everywhere in the boundary layer also. This allows
the final simplification to the x momentum equation.

Accordingly, one may write the continuity and simplified x momentum equations

for the air boundary layer as follows.



du, v

ox dy

du du
UE{ + Va—}, =V ——
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(A.4)

(A.5)
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APPENDIX B

Derivation of the Air Boundary Layer Equations
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Air Boundary Layer in Cartesian Coordinates.

If the form of the velocity distribution in the boundary layer is known, it is
possible to derive equations for the shear stress and thickness of the boundary layer by

utilizing the momentum equation.

The governing equations for the two-dimensional Cartesian case are the

incompressible continuity and Navier-Stokes equations, as follows:

% ¥ g_;,’ =0 (B.1)
ou, Louy . . 0p, [(&u, Pu B.2
"(“ax ¥ Vay) P9~ ox * (axz * ayz) ( )
ou, yovy__op, (Fv, Pv B.3)
p(uax+vay) ax”‘(axz + ayz) (
For steady state conditions,
ou/ot =0
Hydrostatic pressure gives
dp _
% Pg

with



fimmboundary conditions at y = 0, for u = u,, , equation (B2) becomes

ou , ,0u _, ©&u

“ox T Voy TV oy

From equation (B.3)

v=- = Y
and equation (B.4) becomes

ou _ durv du, _, Fu

UEE dyJo axdy v Jy2

Integrating the momentum equation for the air boundary layer,

6r du _ Jdu [ydu - 6 d°u
Llva -l sy v Vo5 Y

where

0P o [0u]  _[du
o e

with
ou
v | ZU =0
[ ay]y-b
We integrate the left nand side by parts:

5rou rv ou
fo[?a; o ady]dy
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(B.4)

(B.5)

(B.7)
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f:[% 06 -g—,%dY]dy = [(f:—g—;dy) (u)]:—f: (u) (%) dy

"[u]af g”dy []oog}‘iy fugﬂdy- fu dy

du % du _ _ % odu
f[ay axdy]dy_ fo U

and Equation (B.7) becomes

Jdu
2 u d = —_—
f 7z [ ayL-O
8 0 ru2ldy = - v [9Y
[ ey == v (5]
Then the general form for the boundary layer is

-C%{f:[uz] dy = —v[%}'ﬂ . (B.8)
=

Multiplying both sides by p and with

Tg =~ B dylyuo

equation (B.8) becomes
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]
%fo putdy =rt, (B.9)

Equation (B.9) is the general equation for the boundary layer used for this study.
Laminar Boundary Layer

If we assume that the velocity profile for the laminar boundary layer is of a

quadratic form

Uy = 3 2y + a2y’ (B 10)
the boundary conditions are:
1. U0y = U, = 8 = U,
2. Uy = 0 = u,+a 8+a,8 =
3. ouldyly=8 = 0 =  a =-23,5
Ho70-= -2 (X YV
gom-lia@e ] e
with
u=u,u

using Equations (B.9) and (B.11)
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with

(y/8) =n = &dn = dy

After algebraic manipulation, the thickness of the boundary layer for an overfall nappe

in the laminar regime is:

o
[
3

b

(B.12)

s
® il

Integrating Equation (B.11) from 0 to 6, the unit discharge flow rate of the air will be:

Qait = Cz u, & w (B.13)

where the constant C, = 1/3 was determined from the integration of the velocity

distribution integral, and w = nappe length

Turbulent Boundary Layer

If we assume a velocity distribution in the boundary layer, then it is possible to derive

equations for the shear stress and the thickness of the boundary layer by utilizing the

momentum equation.
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145

Analyses have shown that for a wide range of Reynolds number the velocity profile

in the turbulent boundary layer is reasonably approximated by the power law formula:

._.Li = _ _Xpowet
u (6)

(B.14)

For a smooth flat plate, the exponent is 1/7; for this study, the power is 1/4, based on

considering roughness of the nappe.

Boundary conditions:

combining (B.9) and (B.14), and after algebra:
15 20 gx = d(u2s)
P
with
To = Ce P —

The shear stress coefficient (C,) is evaluated as:

(B.15)

(B.16)
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(B.17)

A constant for the shear stress coefficient of 0.12 was determined from experimental data

with
Re = u, X (B.18)
v
where
Re = Reynolds number
X = the drop height of the nappe
g = the acceleration due to gravity
\Y = kinematic viscosity
and
u, = J2gx (B.19)
where

u,, is the impinging velocity for a vertical nappe.
Combining these equations, the thickness of the boundary layer for the air dragged

by the upper surface of the nappe for the turbulent regime is:
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(B.20)

¢, = 0.39, constant of derivation.
In order to compute the volume of the air dragged into the plunge pool, we

integrate the velocity distribution from 0 to delta with respect to y, where u,, is a function

of x.
(B.21)

(B.22)

After algebra, this yields:
Qa.ir = CS U, d w

C,=1/5
length of the nappe

w-—

Air Boundary Layer in Curvilinear Coordinates

Introduction
The analysis of air dragged by an overfall nappe over a weir is determined by

integrating the momentum equation for the air boundary layer in the curvilinear

coordinates system. The overfall nappe is a parabolic shape; therefore, the momentum
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equation for the air boundary layer thickness must be derived in the orthogonal

curvilinear coordinates system.
Trajectory of the Nappe

The shape of the nappe over a sharp-crested weir can be interpreted by the principle of
the trajectory of a particle of water in the nappe flowing over the weir, as shown in
Figure 19. This principle assumes that the horizontal velocity component of flow is
constant and that the only force acting on the nappe is gravity. In time t, a particle of
water in the nappe will travel a horizonal distance y from the face of the weir, where
u,, and v, are the velocities at the point where x = 0, and y = 0. In the same time t, the

particle will travel a vertical distance x. The resulting general equations are:
y=v t
x=2ge?+ u, t
2
where v,, u,, are values of the velocity of the particle at the instant it passes the crest.

Eliminating t from the two parametric equations yields

x = 9y2+_lfc_>

B.23
s Y (B.23)

In order to express the equation in dimensionless form, divide through by the total weir

head H (composed of the static head, h, and the approach velocity head, h, = v,*/2g):



X,
0 4
H

i
+
vty

(7

i

where, for simplicity, S replaces gH/(v,cos8). The slope of the trajectory is:

and the rate of change of slope is

(3
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The equations thus far are perfectly general equations for any trajectory (neglecting

air resistance). For specific application to the overflow nappe, however, the initial

conditions must be known (i.e., x,, ;). These terms are related in a complex manner to

the whole field of approaching flow. The velocity-pressure-direction relationships in such

a converging field have not yet been satisfactorily analyzed mathematically, so that

empirical methods must be used.

Model studies conducted by Blaisdell for the most common case have yielded the

following empirical equations:
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Xp = - hv
- [0.150 0.45 (—E)]

2
- hv - hv hv)
+[0.411 1.0603 (—;{-) Jl-SGB(—EJ 0.892(? +0.,127

o023

For an approach channel with negligible approach velocity, the following empirical

(%)

equations apply:

X, .425 0.0
T Y T Vet 0010
(B.24)
T _
I 0.56

where (y,, X,) are the coordinates of the under side of the nappe, and T is the vertical
thickness of the nappe, so that:
xr=x, + T
These equation are valid for y,/H greater than or equal to 0.5.
Transformation from Cartesian to curvilinear coordinates, using the orthogonal
curvilinear coordinate transform equations, satisfies Equation (B.24)

The parabolic coordinates of the orthogonal coordinate system are:
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y=8n +¢c (B.25)
and
X = 2_;113 e (B.26)

Choosing this particular transformation satisfies the parabolic nappe shape. To determine

¢, and ¢, for n =1, , from (B.25)

y - c
E =
LY
and from equation (B.26)
2 2
x=(L)y2 -S|y - T (B.27)

2n} 13 2ni 2

Combining Equations (B.24) and (B.27)

2 2
- = 2 - Mm_ G
1, 0. 85 P cy 0.055 717 , C, > 21’]§ 0.15 H

verifying that Equations (B.25) and (B.26) define orthogonal transformations. The

condition is that the slope of a constant £ line must be the reciprocal of the slope of a
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constant 1 line.
y=&mn+c
x=1/2 (€ -n’) + ¢

For the case, n = m, = constant,

Rl&
i

%]

=

differentiate (B.26) with respect to x

9% _ 1 dyy =
Ox E ! dx n=n 3
and
g _ M
at (Ellnl) dX El (B°28)

For the case, £ = £, = constant, differentiate Equation (B.26) with respect to x

o __ 1 - h
ox | 4 dx n=1; N
and
at (&,,n,) dy o b (B.29)

.
Equations (B.28) and (B.29) are negative reciprocals of each other; therefore, the

coordinates are orthogonals.
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Scale Factors for the Curvilinear Orthogonal Coordinates

In a two-dimensional Cartesian coordinate system, the position of a point P(x,y)
is determined by the intersection of two mutually perpendicular planes, x = constant and

y = constant, and where x and y are related to two new quantities by the equations:

x = x () (B.30)
y=yEn (B.31)
with the inverses,
& =& (xy)
n=n(xy)

The surfaces € = constant and m = constant are called the coordinate surfaces; the space
curves formed by their intersection in pairs are called the coordinate lines. The coordinate
axes are determined by the tangents to the coordinate lines at the intersection of two

surfaces. The quantities £ and | are the curvilinear coordinates of a point P(x,y).
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The distance between two adjacent points,

ds? = dx* + dy?

(3 - (%
and
h? = (3_1’1‘)2 + (_gﬁX)z (B.33)

from Equations (B.32) and (B.33) where h, and h, are the stretch (or scale) factors,
If the transform coordinates are mutually orthogonal, then h,, is equal to zero,
which is true for this analysis. The scale factors, h, and h,, translate changes in the

transformed coordinates into actual distances with reference to the Cartesian coordinates.

h, = 9x 9x , Oy Oy
7 3F 3n | 9E om

Therefore,

ds? = hidf + hid} (B.34)
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Air Boundary Layer for the Upper Surface of the Nappe, Curvilinear Coordinates

From the difference control volume for the upper surface of the nappe as shown in

Figure 20:

Summation of forces in the x-direction

s 2 _ [N 2 =
. peose i h'ld'l]5+ L fm p Ccose Uf h'ld'l]e-—d} = T, cosq hed,

% n’“ p cosa uf h, d, = T, cosa b (B.35)
1

with

_ d
cosa = hEa—i
9 _ 1
0x E
cosq = % (B.36)

combining Equations (B.25),(B.26),(B.32),and (B.33) the stretch coefficients will be
hE = E + n (B . 37)

h = T (B.38)
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Equation (B.35) becomes
AER e ) e
where
fomcep (B.40)
Ce = Cl_; (B.41)

where C, is determined from experimental data for a nappe over a weir, and the Reynolds

number is based on the impinging velocity of the nappe.
Re = Vimp H (B.42)
v

In order to solve the left-hand side of Equation (B.39), using the Leibnitz rule for

ab

differentiation of integrals:
dp

d [» _ b d
-a-B-fa<I>(x,ﬁ)dx—fa-af¢(x,[3)dx+¢(b,ﬂ)

where a = 1, = constant, and Equation (B.39) becomes,
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L) 0 [ e ()

with the term

(e 3 -

evauated at the limit of the air boundary layer thickness. Equation (B.39) becomes,

AR () e

with

B () () o

The curvilinear air boundary layer thickness is expressed as:

Sy = [“hydy . S = fn'“ (VEZ + Va?) 4, (B.45)

LB

After integration Equation (B.45) becomes

Sy = %[fm/!i’ 03 -nE e nl +E2Ln (ny /03 +£2) €2 1n (n, +/n] +E2) ] (B.46)




and

158

= Z[/ETF T - 0B+ nl + Eln(a+/ATF E) -8 In(n, + i +E)] (B.47)

It should be noted that the upper surface of the air boundary layer does not coincide with

a constant 1 line.

Laminar case

The velocity distribution u, for laminar and turbulent cases have been derived earlier

for the Cartesian approach. The only difference for curvilinear coordinates is that, instead

of y and & (for Cartesian derivation), we have S and S (for the curvilinear derivation),

and the equation is expressed as follows

In order to solve Equation (B.45) we need to find du,/d,,

dUE dum S S d S S
ka4 1-2[ 2]+ EZ) v 20, G 2|(Z
(56) (552) dE Sﬁ 56

ag dg

If we determine Du,/D, from the chain rule,

(B.48)

- 1)] (B.49)



- with e = YR
D.

since it has been stated earlier that the nappe is of a parabolic shape.

<
8
1}
o
+
<
|
Q| @
S B
ey

with

and
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(B.50)

.51)

.52)

.53)

.54)

.55)
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with
_ B _&
as=__f_]§__'|_15,,251 n+yn +E +[ VAl +5 ]_ 111*'52 (B-56)
£l VEEm?  \fezeq? ny+/n+E? n+/n7+E2 n+nivE?
and

_& _&
655 - naE - 7]15 +2El 115*\)"15*52) +[ an*'&z ] _ [ V’h"'gz ] (B. 57)
k3 vE3+ng &g N, +yni+é? Ny +yns+E2 1, +yni+§?

combining Equations (B.51),(B.53),(B.54),(B.55), and (B.57) yields
= () [1 -2 [|=

9s 05,
s \5E 'S(a—) s
+ (2 u, ( E)Séz 3 (E;— 1)

(B.58)

The method to solve for the air boundary layer thickness is to satisfy Equation
(B.43). In order to do that, we assume a value for Sg; solve Equation (B.46) to get 1;;
then integrate the right-hand side of Equation (B.43) to see if it is equal to the left-hand

side. If not, repeat until the correct air boundary layer thickness S; is obtained.
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Air entrained by the nappe

To determine the amount of air entrained per unit width of the nappe, integration

of the velocity distribution from zero to the nappe thickness Sy gives

ds (B.59)

2
s s
Qair = foﬁuE ds =fo° um[l "2 [i] +[:9S;]

After algebraic manipulation, the amount of air dragged by the nappe, for the laminar

case, is:

Qair = He Sb w (B.60)

where w = the width of the nappe
Turbulent case

The air boundary layer velocity profile for the turbulent case is

U = u,,[ 1 - (.ﬁ)pom] (B.61)

with power = 1/4 for a rough nappe surface.

The same derivation is followed as for the laminar case in order to get the
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turbulent air boundary layer thickness, S,

dUE ) u g [ _(i)power]
d& (‘/u2+sz(\/2gX+u02] (E) 1 Sb

(B.62)
39S 05,
Sy (-a—g) -5 (—5&—) g \Jpover - 1
- u, 57 [power (Fb)r
Therefore Equation (B.43) becomes
ne [ E2 + 12 dug 2 52_32) _ To [E2 + 92
[ (5= )Z“E(de)”“‘( 7o )h s 7 ()

We then determine S (air boundary layer thickness) for which the left-hand side will be

equal to the right-hand side.

ds (B.63)

e e S power
s o)

After algebra, the amount of air dragged by the nappe for the turbulent case is:

e power
Ouiz = Ua Sy (SE022r) W (B.64)

where w = the width of the nappe
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APPENDIX C

Plunge Pool Flow Field (PHOENICS Algorithm)
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PHOENICS uses the Control Volume Finite Difference (CVFD) method to discretize

the continuum equation. The continuum equation is usually expressed as follows for

steady state:

C = dependent variable; p = fluid density; u = x velocity; v =y velocity; S = source term
(which can be zero); I' = diffusion coefficient (which may be function of x and y).
Equation (C.1) is a typical conservation equation. The continuity equation for the flow

field is given by,

Equation (C.1) is in non-conservative form. We want to express it in conservative form.
If we multiply Equation (C.2) by the dependent variable, C, and add it to the left-hand

side of Equation (C.1), we obtain the following.

ac a(gu) d(pv) _ 9 /pOC\, 9 [pOC
pu6x+c +pV8y+C oy ax( 6x)+ay( )+S(C 3)

or

d(puc) , 9(pvC) _ 9 mac d (p.9cC
ax oy ax(Fax) i ( ay) o (c.4)

Equation (C.4) is in conservative form used by the PHOENICS code.
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In order to discretize equation (C.4) consider the following staggered grid.

Grid Representation

®~0@ @ »9¢
) '_4__. T -~ u velocity node
oL - i
f'..:.Té. : ! v velocity node
e ~0+~90~p e primary node
L R R

1y ®~0~0 o
X

The dotted rectangle is a control volume for the dependent variable C. Note that the
center of the control volume is a primary node. In order to discretize equation (C.4),
equation (C.4) should be conserved over the control volume. But, first we express
equation (C.4) in vector form.

Ve(pcw) - ¥(I'V0) =8 (C.5)

Recall that v is the gradient operator,

3, 32
v =1+ ay] (C.6)

and we are taking the dot product of the gradient operator with another vector.

Now, we integrate Equation (C.5) over the control volume
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va- (pC?) dv - fvv- (rvoav = fVSdV (C.7)

The Gauss Divergence theorem is used to convert the two integrals on the left
hand side of Equation (C.7) from volume integrals to surface integrals. Recall that the
Gauss divergence theorem states that for a given vector function f (vector) the following

is true.

V-FdvV=[F -idda (C.8)
fV fs

where n (vector) is the unit normal vector to the area, and A is the surface area. Therefore

Equation (C.7) becomes,
fSpCV-ndA—fSI‘VC-ndA=fdeV (C.9)

convective term - diffusive term = source term

Now the integration of Equation (C.9) is carried out over the control volume.

(—I“i—c;l)n (P Cv),
(-T %\%)w :—- - (-7 f\_i)e n : north face
<—T Control ! s : south face
(°Cu )w<_-i. vohume !—>( P Cu), e : east face
S T w : west face
( pg(_;)s (PC V)
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Also the control volume surface areas are defined,

. area of the east face = Ay

. area of the west side = Ay

€

: area of the north side = Ax

: area of the south side = Ax

< » p > >

: volume of the control volume = (Ay)(Ax)
For simplicity Ay and Ax are constants.

Thus, the discrete form of the equation (C.9) becomes

(pCul,d,+ (pCV),A,-(pCu, A, - (pCvVv)4,

R, () (B, () s aeer T

In order to further evaluate the equation, first, for the convective terms, we have
terms evaluated on the north, south, east, and west faces. Assume that the flow field is
known (at least for the purpose of solving this conservation equation). Also assume that
the density field at the primary nodes is known. Typically, in order to evaluate density
on the control volume faces, an average value of two adjacent nodes is evaluated. The
values of the dependent variable on the control volume faces is not known., Remember
that we are solving for the dependent variable, C, at the primary nodes. A common
practice used for estimating what value of C exists on the control volume faces is the

Upwind Scheme. It can be illustrated as follows.
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If the flow is from left to right (positive) across the east face then, C, = C;;. If the flow
is from right to left (negative) across the east side then, C, = C;,, ;. Note that the upwind
scheme is considered only first order accurate, but it has some advantages. First, it is
consistent with the upwind nature convection and, therefore, produces physically realistic
solutions for all values of Peclet (or Reynolds ) numbers. The other advantage is that it
is simple and computationally efficient. The second thing that must be known in order to
evaluate equation (C.10) is to express the diffusive fluxes at the control volume faces. For
example the therm (-I'0C/0x), may be expressed as follows.

-I'(C;.1j - C;j)/Ax. Is a term called a central difference expression, and it is second order
accurate. Finally, one must choose how to evaluate the values of the diffusion coefficient
at the control volume face. Usually values of I are stored at the primary nodes, and two

methods of evaluating I” are available in the "PHOENICS" code.

Arithmetic average

r = , D = , etc (C.11)

Harmonic mean

poo 2y () p | 2(F50) (T))

e n -
I‘i"’l,j + Pij P +I‘- s

1,j+1 7% ij

, etc., (C.12)
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Note that it is assumed that values of I" are known at all primary nodes. Therefore,
considering the following staggered grid and that all velocities are positive and in the

directions as shown in Figure (C.1), Equation (C.10) can be evaluated as follows.

(pu) AyCyy + (pV) ,AXCy; = (pU) AYC;y,; = (pV) AXCy 4y

(Cin,3=Ciy)BY _p (Ciyu-Cy)Ax o (Ciy=Ciy 4) Ay
e Ax n Ay v Ax

(Cij_ci,j'l) AX
8 Ay.

-T

+T =S Ax Ay

or

A Ax A Ax
Cug [l o Ay + (pv), A =Ty 3% + T 35 + D 3%+ Tu 5]

A A
* Cin,j [‘I‘e 7\%] * Cia,g [-(pU)w Ay - T, _A_i_’(]

* Cin ["Pn %i;{] + Cija ['(PV)S Ax - T, %;7{] =S Ax Ay

accordingly, we have derived the discretized equation above for a typical conservation
equation (C.4). This is just for one equation, and this equation is linear. For the equations
governing fluid motion we have two momentum and one continuity equations in addition
to this species conservation equation.

It should be noted that the momentum equations, (constant viscosity)

Su Quy _ _0p Qu , u c.13
"[”ax”’ay 6x+p'[ax2+6y2]+s" (c-13)

v, ,ov] . .9 v, Fv c.14
p[u 5> * Vay] 5 + R = + 57 + 8, ( )
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can both be expressed in the same form as Equation (C.4). Therefore, the method of
discretizing Equations (C.13) and (C.14) is almost identical to the method of discretization
for Equation (C.4).

The entire set of equations consists of the following:

1. Continuity equation for the flow field

2. Momentum equation in the x-direction

3. Momentum equation in the y-direction

4. Species transport equation

Note that the momentum equations are nonlinear and that each of the four
equations is coupled to each other equation; therefore an iterative method of solution is
necessary. The equation for pressure (or pressure correction) is derived from the
continuity equation by expressing the velocity components as an old value plus a
correction term expressed as a coefficient times the Ap between adjacent nodes.

The pressure equation is derived as follows:

u=u"+C"Ap ; v=v +C" Ap

u” and v" are values at the previous iteration

C" and C' are known coefficient

u, = Uc. + Ceu (pij -pi+lJ) Vo = vn. + Cnv (pij - piJ”)
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u, = uw. +C,* (Pi-l,j "Pi.j) Vs = Vs‘ +C,’ (piJ-l - pij)

Continuity requires that,

Po Us Ay - p, U, Ay + p, v, AXx - pg, v, AXx =0 (C.15)

PAY [Us + C Dy = Py, j)] = PAY [us + OGPy, - Byy)]

o L (C.16)
+ Pabx [vh + C(Dyy = Pi,gu)| = PBAX[Vs+C) (Py 51 -Dyy) | =0

Simplifying,

Py [PAYCs + pAYCY + pAXCy + pAXCy | = Dyy, 4 (P AYCY)

) ) ) (C.17)
“Pie1,7{PAYCs) =Dy, 31 (PAXCS) =Dy, 401 (P,AXC,) =0

Equation (C.17) is a discretized pressure equation based upon the continuity equation.
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APPENDIX D

Derivation of Lagrangian Equations of Motion
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Determination of the Bubble Trajectory and Residence Time in the Plunge Pool

Newton's second law in the x-direction is

Y Fy=ma, (D.1)

where,
a, is acceleration in the x-direction.
m is the mass of the bubble,

Y'F, is the summation of all forces acting on the bubble in the x-direction.
F, + Fp, + Fp, + F, = ma, (D.2)

where

Fyx = Virtual mass force, or inertia force due to the local acceleration of the added
mass of liquid traveling with the bubble.

F,, = Drag force on the bubble due to the viscous stress changing the pressure
distribution around the bubble.

F,x = Force due to the pressure gradient in the liquid far from the bubble.

F,, = Lift force on the sphere (negligible, bubble density is very small)

The virtual mass force is defined as;

- - Dbe aUl aUl (D.3)
Fux ( e Flvax T Iy
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where 1 is the x-direction impulse of the motion of the bubble, i.e., the momentum of the
added mass of the liquid which travels with the bubble due to the pressure field associated
with the motion of the bubble. I is proportional to the relative velocity, and the constant

of proportionality is C,.

T, =p, Vy C, (Up - 1) (D.4)

Iy = pl Vb Cm (Vb"Vl) (D.S)

p, = water density

C, = added mass coefficient (C, = 0.5 for a sphere)

V, = volume of the bubble
u, = velocity of the bubble in the x direction

u, = velocity of the water in the x direction

D (p,V,Cpluy, - u,)) ou
F,e= - 221 b"btb — + P VpCpluy - 14y ‘3‘5‘;1‘
D, (u, - u,) du ou
Fye = = P1 Vp G _L_%T_l_qub - Ul)—g}-} vy -m —5;1
with
D, 0 ;) d
De 3t T Wax T gy
o(u,-u,) d(u,~u,) u ou
Foe = =P, VpG{Up gx : +Vp gy L +{u,-u, _§£+(Vb_V1)T},l



u du du ou
F = v.C 1 + 1_ b _ b
v P1Vpln | Uy ox Vi ay ub ox Vb ay

The pressure gradient force is defined as:

op,
For = 7V 5%

D,u
Fpe = P21V (—5?1]
_ Ju, ou,
Fox = P Vo gy * iy

The drag force in the plunge pool is defined as:

_ 1
Fa= 5 M Ca Ap |vy = vpl(vi-v)

ViV, = (Ul"ub)-i + (V1 - Vb)j

Ul “Ub

cosh =
]Vl - Vb'

Vi = V=T =0, (U, U, ) F (V- V) (V3 V)

1
Fax = 5P1 Ca Ay |V1-V3|* coOsSO

C, = drag coefficient

(D.7)
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Fae = '%' P Ca Ay [V = V| (uy - up) (D.8)

A, = bubble area (spherical shape)

_ 24 6
Ca=m * T e+o.4 (D.9)
- 2 — 2
Re, = V(U —uy) +v,fV1 v,) 2 Dy (D.10)

where Re, is the bubble Reynolds number based on the bubble diameter, Dy is bubble
diameter, and vy is the air bubble kinematic viscosity.
The summation of forces in the x-direction is obtained by combining Equations

(C.3), (C.6), (C.7), and (C.8) yields

_ du, du,  Dyu, du, du,
Y Fe = P1VCo UWax *Vigy T pE| T WM Y gy (D.11)

1
+ —?:chdAblvl = vpl (U - up)

The acceleration in the x-direction is the second derivative of x with respect to time

a, = Lx (D.12)
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The bubble mass is defined as:

m=p,V, (D.13)

Combining (C.11), (C.12), and (C.13) yields to Newton's second law in the y-direction

d?x _ Pa Cn{ ou, aul_DbUb]+ P1[u ou, - au1]

“ox "y T TDE |t Ok Ok

(D.14)
3 Py Cq
+= 22 Ay, -v, | (u,~u,)
385 2w,y (uy-u,
EFy =m a, (D.15)
F,, + Fp, + Fp, + Fo + F, = ma, (D.16)
where F, is the force due to gravity.
o Dny aV:l aVl (D.17)
Foy ot " ox T oy

I, =p;VpCplvy = V)
F,, = lift force due to the interaction between the vorticity and the relative velocity of the

bubble with respect to the undisturbed flow.
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Fp, = —;' P1 Cp Ay (Vi = V) [vy - v (D.18)

op
Fy, = - vb_@l
D,v.
Fo=-py, Vg (D.20)

where g is gravitational acceleration.

The same derivation as for forces in the x-direction gives

Fi, = p Cv-U) w (D.21)

where w is vorticity, C, is the rotational lift coefficient, and with F, very small,

d’y _|P13 Cay,, - (___91 " Pb)
dt? Py 4 Db|V1 ICRCRRCI Py
(D.22)
Pl[ aVl]
+ =2 (1 +C,)
Py W (3 5 %) plc

Equations (D.14) and (D.22) were decomposed into four first-order equations and solved

using the fourth-order Runge-Kutta method.
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