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ABSTRACT 

In this work, the role of convective flux in the solar nonradial oscillation is inves

tigated. Although the adiabatic treatment is a good first order approximation of 

some physical process in the solar nonradial oscillations, a nonadiabatic analysis 

is needed to explain or compute other important aspects, especially the excitation 

and damping mechanisms. Since the nona.diabatic effects may rise to a significant 

level in the region that ranges from the outer part of the convection zone to the 

photosphere, an accurate description of the convective flux is required. Due to a 

lack of accurate and reliable theory of time dependent convection, previous works 

on nonadiabatic analysis simply neglected the perturbation of convective flux, or 

adopted the mixing length theory (MLT). We find the theory of time dependent 

turbulent convection developed by Xiong has many of the desired properties. We 

tried and tested many alternative ways of mathematical formulation and numeri

cal computation to find a practical and reliable way to incorporate Xiong's work 

with our nonadiabatic analysis. While the treatment in this work may not be 

completely satisfactory, some interesting results are obtained. The curves of inten

sity amplitude vs. frequency display unique patterns from which we may suggest 

that the long period modes can be detected. The positions of minima in plots of 

temperature amplitude vs. frequency for e = 2,3,4 are consistent with the results 

of SCLERA observations. This agreement speaks to the credibility of both the low 

order g-mode observations obtained at SCLERA and the way we treat the nona

diabatic oscillations coupled with the convective flux. The curves of heat input vs. 

radius suggest that the hydrogen ionization zone does play an important role for 

the coupling of convective flux and the low order g-mode oscillations. 
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CHAPTER 1 

INTRODUCTION 

1.1 An overview of this work 

There are various features of g-mode observations reported by SCLERA l that are 

not understood in terms of the usual theoretical analysis [38]. None of these pre

vious nonadiabatic treatments include coupling of perturbations of the convective 

flux and the solar oscillations. The purpose of this dissertation is to study this 

coupling and evaluate the relevance to the detection of solar g-modes. 

The first part of this work consists of reviews of widely accepted views 

related to this topic. The next part is devoted to a review of theories of convection, 

especially Xiong's treatment, and our translation of his results. In the last portion 

of this dissertation, our efforts to develop equations for numerical analysis and the 

calculated results are displayed. Each chapter in this work discusses the procedures 

of our work and supporting ma.terials. Chapter 1 includes a brief introduction 

of basic properties, the solar model used for the subsequent calculations, and the 

motivation of this work. Chapter 2 reviews theories of turbulent convection, mixing 

length theory, and Xiong's time-dependent theory of convection. This chapter also 

summarizes our work which transla.tes Xiong's work into terms of Dziembowski 

variables and two additional dimensionless variables. Chapter 3 summarizes how 

we could incorporate Xiong's theory with a set of differential equations describing 

1 An acronym for Santa Catalina Laboratory for Experimental Relativity by Astrometry, a 
facility operated by The University of Arizona, Tucson, Arizona and Zetetic Institute, Tucson, 
Arizona 
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the nonadiabatic solar nonradial oscillations. Chapter 4 introduces methods of 

numerical analysis for adiabatic and non adiabatic oscillations. Chapter 5 discusses 

the results of numerical calculations. Chapter 6 summarizes distinct features of our 

work. Each chapter and section includes tables and/or figures related to discussed 

topics. The detailed manipulations used to obtain the set of equations are displayed 

in chapters of appendix. 

1.2 General aspects of solar nonradial oscillations, a brief review 

The sun is a huge musical instrument2 in the sense that it is vibrating in its own 

natural or normal modes of oscillation. Though the existence of global solar oscilla

tions, radial or nonradial, has long been argued since Leighton et al. [42] published 

the first observations of the 5-mill oscillations, the solar or stellar oscillations now 

seem to be widely accepted as well established phenomena3 • The solar oscillations 

have been detected as Doppler shifts of spectral lines [42], variations of diameter 

[30], and associated intensity fluctuations. While the radial oscillation classifica

tion stands for the vibration of a spherical 'body without any change of its spherical 

shape, the nonradial classification denotes the oscillation that has its nodal lines 

parallel to the lines of latitude or longitude. Two different types of major restoring 

forces are known for solar nonradial oscillations. One is a gravity ( or buoyancy 

) and the other is a pressure excess. The oscillation mode in which gravity is the 

major restoring force is called gravity mode or g-mode. The other type of mode is 

called pressure mode or p-mode. Since the pressure excess is the restoring force of 

a sound wave, p-mode is often called aco'ustic mode. 

Typical patterns of the relative displacement 87'/r in a 9-mode, and a p

mode are displayed in Fig. 1.1 and Fig. 1.2, respectively. In those figures, the 

values of amplitude are normalized by the value of 81'fr at the surface of the sun, 

2 An expression in the text book(p.2) by Unllo ct al.[59] 
3The publications by Cox [16], Toomre [56], IIiIl [32][33], and Unno [59] and others should be 

cousulted for more detailed, comprehensive introduction to this subject. 
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g-mode eigenfunction show greater amplitudes in the deep central region, than in 

the outer surface region, while p-mode diagrams display otherwise. One can see 

that the characteristic length of g-mode increases with frequency, while p-mode 

shows the opposite. This feature can be understood by considering the nature of 

each type of restoring force; a higher frequency ( thus a stronger restoring force) 

implies a shorter wavelength for acoustic wave, and a longer wavelength for gravity 

wave. 

For an analysis of solar nonradial oscillation, the amplitude of oscillation is 

assumed to be sufficiently small that the oscillation does not affect the equilibrium 

structure of the sun. Under this assumption of small amplitude, the first order 

perturbation is regarded as a good approximation, and the mathematical formu

lation describing the solar oscillation becomes a set of coupled first order linear 

differential equations. In the strictly linear scheme, the coupling between differ

ent modes does not exist. Once the amplitude of oscillation grows to some level, 

the nonlinear effects, which were neglected in the first order approximation, may 

become significant enough to couple the energy of that particular mode to other 

modes, and consequently reduce the amplitude of that particular oscillation mode. 

In other words, the modes are not independent of each other, and the nonlinear 

process of mode coupling4 is responsible for limiting the amplitude of oscillation 

of each individual mode. 

In the linear analysis, the normal modes of oscillation in a spherically 

symmetric star can be represented in terms of spherical harmonics ytm(o, 4». The 

eigenfrequency depends upon f, the total number of nodal lines parallel to the lines 

of latitude and longitude. If there exists a physical mechanism which breaks the 

spherical symmetry, one can see the splitting of the mode into 2f + 1 separated 

frequencies of oscillation. One of the most probable candidates for this kind of 

the symmetry breaking mechanism is the internal rotation of the sun. This type 

of mode splitting produces result.s that are the same as those due to the Zeeman 

4For a detailed discussion, references [18][38] may be consulted. 
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splitting of the atomic physics. 

The normal modes which belong to the same value of f. can be further 

distinguished by the number of nodes n across the radius of the solar sphere. We 

call n = 0 mode fundamental mode, or simply f-mode. The normal modes are 

thus, classified by the numbers P, m and n. By convention, g-mode oscillations are 

denoted by negative numbers for n. 

Local properties of oscillation can be characterized by two critical fre

quencies, the Brunt-Viiisiilii frequency denoted by N, and the Lamb frequency Ll , 

defined by following formulae: 

L~ = P(f + l)c~ , 
r2 

(1.1 ) 

where g, rI, Cs denote the gravity, the density dependence of pressure at constant 

entropy, and the local speed of sound, respectively. The Brunt-ViiisaUi frequency is 

for the vertical oscillation of a parcel of fluid driven by gravity. The Lamb frequency 

is defined as the local speed of sound divided by the horizontal wavelength (see 

Fig. 1.3). Local values of these two frequencies determine the possible frequency 

range for wave propagation in the respective part of the solar interior [59]; for an 

angular frequency of oscillation ()", the wave can propagate in the region where 

()"2 < LZ, N2 ( for gravity waves) or ()"2 > LZ, N2 ( for acoustic waves ), and the 

wave is evanescent where N2 > ()"2 > LZ or LZ > ()"2 > N2. In Fig. 1.3, one can 

see that these conditions require p-mode oscillations to reside in the region near 

the outer surface, and g-mode oscillations in the central region. Fig. 1.1 and Fig. 

1.2 show the discussed properties of each mode. The waves are thus, trapped in 

particular regions, and evanescent in other regions. If the decay in the evanescent 

zone is not strong enough, two wave trapping zones separated by an evanescent 

zone can be coupled, like the tunneling effects in quantum mechanics. 

Workers in this field now believe that the study of nonradial solar os

cillation will eventually give us deeper understandings of the solar interior, and 
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consequent solutions for well known problems, for instance the low neutrino cap

ture rate. 5 

1.3 Review of basic formulation of solar nonradial oscillation 

1.3.1 Basic physics and notations 

The mathematical formulation of the nonradial oscillation problem starts with the 

basic equations of hydrodynamics6: 

5 For a review of this subject, references by Wolfsberg and Kocharov [61], or Rabaey [49] may 
be consulted. 

6For detailed discussion, literatUres by Vnno ct al.[59] and Brown et al.[9] may be consulted. 



1. Equation of mass conservation (Equation of continuity): 

ap at + V' . (pu) = 0, 

2. Equation of momentum conservation (Equation of motion): 

du Pdt = pf - V' P - pV'¢ + \1 . S, 

3. Equation of energy conservation: 

ds 
pT -d = peN + pev - V'. F, 

t 
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(1.2) 

(1.3) 

(1.4) 

where f is the total external force per unit mass, and S is the viscous stress tensor. 

The vector F is the heat flux. eN and ev denote nuclear heat generation rate and 

the rate of viscous heat dissipation, respectively. ¢ is the gravitational potential 

that is defined by 

g=-\l¢. (1.5) 

All other variables are the same as usual thermodynamic, or hydrodynamic vari

ables. 

In an oscillating fluid, each state variable can be separated into its steady 

state value and a deviation from that. steady state value. The deviations are called 

'perturbations' if all the departures from the steady state values are assumed to be 

sufficiently small. A physical perturbation can be described by two different repre

sentations of perturbations, Eulerian and Lagrangian. The Eulerian perturbation 

gives the fluctuation of a fluid val'iable at a given point in space. The Lagrangian 

perturbation gives the fluctuation evaluated at a given element of fluid. Eulerian 

is denoted by 'primes' at the superscript position of each variable, and Lagrangian 

appears with a greek character '8' ahead of variables. From the definitions, the 

relationship between Lagrangian and Eulerian perturbations of a variable X is 

8X = X' + 8r . V' X , 

where 8r is the displacement vector of a moving fluid. Though it is not strictly 

valid, the spherical symmetry is assumed in this work for simplicity. In the interior 
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of a spherically symmetric star, in which the rotation and the magnetic fields 

[20][52] are neglected, the Lagrangian perturbation of a scalar function f(r, t) can 

be described by 

oj(r, t) = eiatyr(O, 4» of(r). (1.6) 

The notation of(r) in the right hand side means of(r, t) with eiatytm factored out. 

The displacement vector or can be written 

Or we may represent or in another form: 

or(r, t) = (eT~T + ~hr\1 J.) ytm(o, 4»eiat , (1.7) 

18 1 8 
where \1 J. = eo-:; 80 + e,p r sin 084>· 

With this definition of \1 J., the total gradient \1 can be decomposed as 

The Lagrangian perturbation of a vector variable A like velocity or flux can be 

described in the same manner: 

or 

(1.8) 

Eulerian perturbations of scalar and vector variables may be expressed in 

the same format. 
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1.3.2 Formulation in terms of Dziembowski variables 

Dziembowski[21] defined four dimensionless variables Yl, Y2, Y3, and Y4 for the 

adiabatic nonradial oscillations as 

or 
Yl =-, 

r 
1 (P' ) Y2 == - - + 1jJ' , 

gr p 

1jJ' 
Y3==-, 

gr 

1 d1jJ' 
Y4 = 9 dr . (1.9) 

From these definitions, the oscillatory perturbation of pressure is expressed by 

(1.10) 

where the definition of V and the condition of Hydrostatic equilibrium are summa

rized by a single relation: 

V 
- dlnP pgr 
= - dlnr =P' (1.11) 

The manipu~ation of thermodynamic relations enables us to describe Lagrangian 

perturbations of density and temperature in the following form: 

op as 
= - Vg(Yl - Y2 + Y3) - VT Cp , p 

aT 
T 

as 
= -1'\lad(YI-Y2+V3)+ C

p
' 

where Va and VT are defined by 

( 
8lnp) 

VT = - OInT p' 

(1.12) 

(1.13) 

(1.14) 

The symbols Cp and \lad denote the heat capacity at constant pressure and the 

pressure dependence of temperature at constant entropy, respectively. 

The perturbed equation of continuity using the Lagrangian perturbations, 

reduces to 

fJp - + \7. fJr = 0 
p 

(1.15) 

(1.16) 
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where C1 and ware dimensionless parameters defined by 

W =(7 __ 0_ 
( 

R~ ) 1/2 

GM0 
(1.17) 

M0 and R0 denote the solar mass and the solar radius, respectively. G is the 

gravitational constant. It should be noted that the parameter [R~/ (G M0 )]1/2 is 

the dynamical time scale Tdyn or the free fall time of the sun. The solar dynamical 

time scale is I'V 26.6 min. Since the interested range of oscillation periods is an order 

of that time scale, it is convenient to express the frequency with a dimensionless 

number w defined by Eq. (1.17). 

On the other hand, the perturbation of the equation of momentum con

servation using the Lagrangian perturbations is 

1 p' 
- (72or + -\7 pI + \71/;' + - \71/; = O. 

p P 
(1.18) 

This vector equation can be separated into its radial and horizontal parts: 

1 dP' d1/;' p' d1/; 
-(72~r + -- + - + -- = 0, 

p dr dr p dr 
(1.19) 

1 (PI ) _(72~h + -; p + 1/;' = 0, respecti vely. (1.20) 

From the relations Eq. (1.9) and Eq. (1.20), one can obtain 

1 (PI ') 9 l' Y2 ~h = -2- - + 1P = 2" Y2 = -c 2' 
(7 l' P (7 lW 

(1.21) 

The relation Eq. (1.19) readily transforms to 

l' :2 = (C1W
2 

- A*)YI + (1 - U + A*)Y2 - A*Y3 + VT ~: ' (1.22) 

where the dimensionless parameters A * and U are defined by 

A*=~N2=~dlnP _dln p , 
9 rId In 7' dIn l' 

(1.23) 

U = din Afr = 411"1'3 p . 
din l' !lfr 

(1.24) 



Directly from the definitions of Y3 and Y4, one can get 

dY3 
r dr = (1 - U)Y3 + Y4· 

The perturbation of Poisson equation \121/J = 47rGp gives 

~ * & 
r dr = UA Yl + UVgY2 + [e(e + 1) - UVg]Y3 - UY4 - UVT Gp· 

23 

(1.25) 

(1.26) 

If the oscillation is assumed adiabatic (i.e., 88 = 0), this set of four differential 

equations is complete, and the coefficients of the differential equations are functions 

of four parameters U, Vg, Gl , A*, displayed in Fig. 1.4. 

1.4 Equilibrium solar model 

As seen in the previous section, the coefficients of differential equations are func

tions of equilibrium values of the solar model variables. The accuracy of the anal

ysis therefore, depends on the precision of the solar model used for the calculation. 

The solar model we adopted is the 'combined' solar modeF developed by Guenther 

et al. [27][28] at Yale university. In this dissertation, that solar model is referred 

to the "YALE" model. The data file was transfered by Dr. Yeming Gu for use at 

SCLERA, upon the approval of authors [29], on 16 Feb. 1993. The contents of the 

data file are slightly different from the published data possibly because of some 

modifications performed after publication. 

In their series of two publications, the authors claimed that their calcula

tions of low-f p-mode frequencies [27] and low-f g-mode frequencies [28], which were 

obtained for a test or demonstration of the accuracy of their model, reproduced 

observational p-mode data of Libbrecht et al. [43], and were consistent with the ob

served values of g-mode frequencies of Hill and Gu [35]. They named their model 

"The best solar model" to emphasize that the best or latest observational and 

theoretical results were used for their construction of solar model. They evolved 

7named by the authors, Model number: SOLO 4 
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a zero age main sequence model to a current age of the sun with the parameters 

shown in Table 1.1. As usually used in the astrophysical literature, X, Z, and 

Table 1.1: The parameters of solar model 

X Z a M0 ~ 
(1033g) (1010cm) 

0.70982 0.01880 1.984620 1.989100 6.959796865 

L0 Tcff Age 
(1033 erg/sec) (OK) (Gyr) 
3.851415985 5779.630 4.5 

a denote the mass fractions of hydrogen, elements heavier than helium, and the 

mixing length parameter, respectively. L0 and Tcff denote the solar luminosity and 

the temperature at the solar surface, respectively. 

As expected, commonly accepted properties of the solar interior are repro

duced in YALE model. The solar interior can be divided into four distinct regions 

characterized by their physical properties of energy generation and transport. The 

innermost region is called core. The high temperature and the high density in the 

core (T '" 1.5 x 107K, p '" 150g/cm3 at the center) enable the nuclear reactions 

to occur, and make the core the main heat source of the sun. The core extends 

its boundary to r '" 0.26R0 . As seen in Fig. 1.5, the heat generation within the 

central sphere of r '" 0.26R0 is 99% of the total. At the radii larger than that, the 

nuclear reaction rate is negligible, and energy is transported mainly by the radi

ation. This second part of the solar interior is called radiation zone (RZ) named 

after the nature of the major heat transport mechanism functioning in that re

gion. Up to this region from the center, the opacity does not vary much due to 

the high temperature, and thus the radiative transport of heat is kept efficient. As 

the radius approaches the surface, the gas becomes cooler and new mechanisms of 

opacity, excitation and de-excitation of gas atoms, begins to work. The high opac

ity against the radiation produces the high temperature gradient, and eventually 

the gas becomes unstable against the convection. The Schwartzschild criterion [45] 
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predicts that a fluid becomes convectively unstable when the temperature gradient 

\l exceeds the adiabatic gradient \lad. With YALE model data, the convective, or 

superadiabatic region begins at r rv O. 72R0 . The range of the solar convection zone 

depends on the particular solar model and still remains uncertain. The position 

of the inner boundary of convection zone (CZ) strongly depends upon the relative 

metal abundance involved in the solar model calculation. Though some higher 

inner boundaries of CZ, and thus shallower CZ were claimed in some literatures 

[4], it now seems to be a common practice for the inner boundary of the convection 

zone to be placed somewhere around r rv 0.7 R0 [56]. The outer boundary of the 

convection zone is very close to the surface of the sun. While the surface of the sun 

could be identified by the sharp drop of density or temperature, the most common 

choice of the surface is the radius at which the optical depth T equals to unity 

or some fraction. This definition is consistent with our usual concept of surface. 

YALE model's surface (r = R0 ) was defined as the radius at which T = 2/3. The 

consequent radius of T = 1 is rv 0.99995R0 , that is just outside the convective or 

superadiabatic region. The outer boundary conditions of our differential equations 

were evaluated at r where T = 1. The low opacity in the thin outermost layer 

enables the photons to escape almost freely into the space, and thus the radiation 

becomes the major mechanism of energy transport again. This outermost layer is 

called the photosphere because only this region is the visible part of the sun. 

The discussed features of YALE solar model are displayed in Fig. 1.5 and 

Fig. 1.6. It should not matter which solar model is used for the work of this 

dissertation, i.e., the properties of the model will effect the fine points but not the 

general properties of the coupling. 

1.5 The adiabaticity of solar nonradial oscillations 

In the nonradial solar oscillation problem, the thermal heat exchange of a given 

fluid element with its surrounding during a period of oscillation has been neglected 
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as a first order approximation. It can be justified by the fact that the local thermal 

time scale is much greater in almost the whole solar interior than the dynamical 

time scale, which is the order of the interested periods of oscillation. However, solar 

nonradial oscillations are not strictly adiabatic. If they are, we cannot observe the 

intensity fluctuation, which is a signature of the solar oscillation, from the sun. 

Despite the added complexity and uncertainty, inevitably caused by the inclusion of 

nonadiabatic effects, the nonadiabatic treatments are necessary for more accurate 

description of the problem, or for the explanation of the phenomena undescribable 

by adiabatic treatment, like exci tation and damping mechanisms of the oscillations. 

To study the heat exchange of an oscillating fluid element with its sur

rounding, the discussion starts with the thermal energy equation: 

d8 
pT dt = pc - '\1 . FT, (1.27) 

where FT denotes the total flux, which is the sum of the Radiative flux Fn and the 

Convective flux Fe. 

We take the Lag7'angian perturbation of each term: 

8 (PT~;) = 8(pc;) - 8('\1 . FT ). (1.28) 

Since d8 / dt = 0 in the equilibrium state, collecting terms of first order perturbation 

only, the left hand side becomes 

8 (PT~;) = pT~~/ = iapT 88. 

The substitution of this expression in Eq. (1.28) yields 

iapT 88 = 8(pc;) - 8('\1. FT ) 

= pc; (~c; + 8;) _ 8('\1. FT). (1.29) 

With the definitions of the dynamical time scale Tdyn and the dimension

less frequency w in Eq. (1.17), the relation Eq. (1.29) can be rewritten as 

iw!!... = TdynC; (& + 8P) _ TdynLT [41l"r
3 8('\1. FT)]. (1.30) 

Cp CpT c; P 41l"r3 pCpT LT 
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Even before any explicit calculation is performed, a rough estimation of 

8sjCp is possible. The coefficient TdynE/{ CpT) is an order of 10-12 in the core 

region. Outside the core, it becomes even smaller or completely negligible. Since 

the term (8E:jE + 8pj p) is obviously less than unity, the first part of R.H.S. is 

indeed a very small number in the core and is negligible outside. While the term 

8(\7 . FT ) cannot be evaluated accurately at this stage, one can expect that the 

relative perturbation (47fT3jLT)8(\1. FT) does not rise to a value far greater than 

unity. The term 47rr3 pCpT j LT is the local thermal time scale Tth of the solar 

interior. Then the coefficient TdynLT/( 4rrr3 pCpT) becomes the ratio of Tdyn to 

Tth. As seen in Fig. 1.7, this ratio is extremely small over almost the whole solar 

interior, an order of 10-11 except in the top surface region of convection zone 

and photosphere. Thus one can safely claim that in the frequency range we are 

interested in, the perturbation of the entropy 8sjCp is negligible over almost the 

whole solar interior except the region near the surface. In this sense, the solar 

nonradial oscillation is essentially an adiabatic process, and the thermal energy Eq. 
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(1.30) can be simplified as 

. os _ Tdyn f:(~ F ) zw - - ---u V' T, 
Cp pCpT 

(1.31) 

for the study of the nonadiabatic phenomena which is important only in the outer 

part of the solar interior. 

1.6 The nonadiabatic effects and the convective flux 

As seen in the previous section, the perturbation of the entropy can be evaluated 

provided that a proper expression of O(V ·FT) is included in the equation describing 

the solar oscillations. Since the total flux can be separated by the natures of 

heat transport into the radiative flux Fn and the convective flux Fe, Eq. (1.31) 

transforms to 

. os Tdyn ( ) Tdyn f:{ ) zw-=---,o V·Fn ---u V·Fe. 
Cp pCp7 pCpT 

(1.32) 

For the investigation of the oscillatory activity near the surface, the adi

abatic treatment is not a good approximation because of non-negligible ratio of 

time scales in the region. 

With the relation Eq. (1.32) and other related differential equations, os/Cp 

can be calculated provided that an adequate model of the solar convective flux is 

incorporated in the formulation of the equations. The stellar or solar convection 

has been one of the most debated topics in astrophysics. Many attempts have been 

made with varying degrees of success. The most widely accepted model of stellar 

convection is the mixing length the01'Y (MLT) pioneered by Bohm and Vi tense 

[6)[60]. Researchers working in the field of the stellar structure have adopted MLT 

with their own modified parameters. Until now, most theoretical or computational 

calculations for the solar nonadiabatic oscillations have been performed without a 

pert.urbation of convective flux at all [2][5][53], or with a perturbed MLT formula 
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[3][25][58]. MLT is however, not regarded as an adequate model for the nonradial 

oscillation problem. The diffusion type convective flux obtained from MLT is 

essentially a steady state expression and therefore, does not have time dependence 

which is crucial for the study of nonradial oscillations. Until now, a completely 

satisfying time dependent theory of stellar convection seems to be unavailable. 

Xiong's treatment of stellar convection [62][63][64] is however, found to 

have the desired properties at least for our purpose. He started the arguments 

from the basic fluid dynamic equations without any adjustable parameters. For 

the simplification of the formulation, he made some debatable assumptions. But 

his formulae still retain the time dependence, and are basically the equations of 

motion of the turbulent terms. His attempt can be justified by the fact that 

his formula of the convective flux reduces to the one obtained by MLT when the 

equilibrium is taken as a special condition. In other words, it can be said that 

his treatment of convection is at least as good as MLT. Similar approaches for the 

treatment of convection can be found in the works of Canuto [12], Kuhfuss [40], and 

Spiegel [54]. They all managed to obtain the MLT formula as a limiting case. We 

choose Xiong's treatment since the oscillatory perturbations of convective terms 

are obtained only in his work. 

1. 7 The perturbation of radiative flux 

Unno's Eddington approximation formula for the radiative flux is 

411' 
Fn = --3 -'\1J , 

"'P 
(1.33) 

where J is the mean intensity of radiation defined as the average over the whole 

solid angle and the wavelength. After a lengthy manipulation shown in the section 

C.2 of appendix, the following formulae for the perturbations of radiative flux are 

obtained. 

411' d8J ( dYt 81\, 8P) 8FRr = ----Fn Yt+r-+-+- , 
31\,p (17- dr I\, P 

(1.34) 
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(1.35) 

As seen in this set of equations, a proper description of J in terms of Yi 

is needed. In Fig. 1.8, one can see that the mean free path of photon in CZ is 

extremely small « 1 cm). Thus, the Planck intensity for the approximation of 

the mean intensity is valid in CZ, except in the region near the outer boundary . 

In the publications of Saio-Cox [53J and Antia et al. [3], J was described by 

1 ds 
J = B + 47rI\,T dt ' (1.36) 

where B is the Planck intensity. This formula is the same as the one developed 

by Unno and Spiegel [57]. In their publication, one can see that this formula is 

applicable only in the case that the energy is transported by the purely radiative 

flux. 

The integration of the radiative transfer equation over the all solid angles 

gives 

\I. Fn = -47rl\,p (J - B). (1.37) 

The formula Eq. (1.36) is valid only when the following condition is met. 

'l,ds t"7 F p -=-Y' R. 
dt 

(1.38) 

When the source, sink of the heats and the other types of energy transport are 

present, the condition Eq. (1.38) is no longer valid. Including all the contributions, 

the formula Eq. (1.36) should be revised as 

T ds 1 1 
J = B+ -- - -(cN+cV) + --\I ·Fe. 

47r1\, dt 47r1\, 47rl\,p 
(1.39) 

Neglecting c terms, the relative perturbation of Eq. (1.39) becomes 

8J = 8B +i( CpT ) ys+_1-8(~\I'Fe) . 
B B 47r1\, TdynB 47r B I\,p 

The coefficient of Ys ranges from 10-13 to 10-2 , and thus does not have a signifi

cant contribution to 8J / B. Although the estimation of the last term in R.H.S. is 
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not trivial, we may roughly estimate the upper bound. If o(V' . Fa) is less than 

Famax/ b..R, where b..R is the thickness of the outer convection-radiation transition 

zone (rv 107 em), the last term can be estimated to be 

_1_ 0 (~\7. Fa) < 1 Famax. 
471" B "'P 471" "'pB b..R 

The value of the right hand side ranges from 10-22 to 10-3 , and the contribution to 

oj / B from this part should be small. Therefore, we may conclude that oj can be 

approximated by oB with a reasonable accuracy. The same approximation is used 

in Unno's textbook [59J. Though much more elaborated treatment of the mean 

intensity perturbation [37J may be necessary for an accurate description, especially 

in the photosphere where a diffusive formula of radiative flux fails, we could not 

incorporate those approaches with our scheme due to unmanageable difficulties 

and complexities. 
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CHAPTER 2 

THE PERTURBATION OF CONVECTIVE FLUX 

2.1 Mixing Length Theory (MLT) of solar convection 

In solar structure calculations, the convection has been usually treated by MLT. 

As a theory which has a long history, MLT was first developed by Prandtl and Von 

Karman as a tool to describe the turbulent flows encoutered in engineering. Later, 

MLT was applied to the stellar structure by Bohm [6], Vi tense [60], and others. 

The basic concept of MLT is that fluid elements, hotter than surrounding, rise 

by buoyancy over the distance A, and eventually lose their identities and release 

the excess heat to the surrounding fluid. As seen in this description, the heat 

is transported by the bulk motions of hotter fluid elements. The length A which 

characterizes the convective motion is called "mixing length," and its magnitude is 

generally assumed to be an order of the pressure scale height Hp. The ratio AI Hp is 

called "mixing length parameter," and is usually symbolized by the greek character 

a. The lifetime of the buoyant fluid element, which is the length A divided by 

the velocity of the element, is called "convective time scale." The assumptions 

involved in the derivations of convective velocity or the convective flux seem to 

be too crude to obtain any reliable results. The lack of rigor, or the uncertainty 

caused by the radical assumptions is assumed to be corrected by properly selecting 

the mixing length parameter a. In this sense, many regard MLT as essentially a 

phenomenological theory. Though improvements over Bohm-Vi tense's MLT has 

been made [10], practical limitations in computation make MLT still the popular 

choice. 
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Mostly, MLT calculations have been attempted with a of some value 

between 0.5 and 3.0 with justifications for their particular cases. Despite the 

shortcomings! of MLT, its simplicity and lack of reliable alternatives have made 

MLT the most widely used model for the treatment of the solar convection zone. 

It is known [22] that the depth of the convection zone strongly depends upon the 

metal abundance Zj an increased Z leads to a higher opacity, and consequently 

lowers the inner boundary of superadiabatic region to a deeper level. Except for 

a which is usually obtained by matching Tcff at the surface with the observed so

lar luminosity Le , all other parameters do not influence the value of the depth 

significantly. 

The MLT formulae for the convective velocity Vc and the convective flux 

Fe shown in a publication of Cox and Giuli [15] are 

9 v¥2 pl/2aIJp(V - Vad)1/2 
Vc = 23/ 2 Pl/2 ' 

(2.1) 

(2.2) 

2.2 Review of Xiong's treatment of convection 

Xiong's treatment of turbulent convection is basically a Reynolds approach: the 

perturbation of basic fluid dynamic equations. Xiong's goal was to develop a theory 

of convection in order to address a difficult problem, the interaction of a turbulent 

convection with the stellar or solar non radial oscillations. Athough we may find 

more elaborate formulae in a recent review by Canuto [12], Xiong's set of equations 

seems to be more adequate, and more easily adaptable to this special subject. 

Because Xiong did not obtain a closed set of differential equations like 

Saio-Cox [53], and discussed only some qualitative features of his set of equations, 

it was necessary to incorporate Xiong's equations of turbulent convection with our 

1 For the review of MLT's limitations, the papers by Canuto et al. [10][11] may be consulted. 
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set of equations for the nonadiabatic nonradial solar oscillation. The rest of this 

section is a summary of Xiong's work. 

In the turbulent fluid, state variables can be separated into their mean 

values and fluctuating parts as 

p = P+P', T = T+T', -+ ' p = p p, (2.3) 

where u i means the ith component of the velocity vector u. The overbars denote 

the mean values, and primes indicate the Eulerian perturbations of the variables. 

The mean values of u'i and T' are defined by the following relations: 

pu i = pu i , pU'i = 0, U'i =1= 0, 

pT = pI', ']" -° p - , T' =1= 0. (2.4) 

The bars over any other variables denote volume averages, and therefore 

P' = 0, (2.5) 

The definition of the average shown in Eq. (2.4) is equivalent to a density 

weighted average. The averages of variables u i or T taken over a fluid element of 

mass tlM, volume tl V, are given by 

( same for T.) (2.6) 

This definition of average for Ui and T is more physically meaningful than 

that of volume average, and is consistent with the equation of state for mean values: 

P =pkT. (2.7) 

A differential operator D / Dt is defined by 

D fJ -
- = - + ukfJk. 
Dt fJt 

(2.8) 



Then the usual total derivative d/ dt becomes 

The equation of continuity, or mass conservation is 

8p (k 
8t + 8k pu ) = 0 . 

Using the definition of D/ Dt, Eq. (2.9) can be replaced by 

~~ + p8k u k + 8k(pu
1k

) = o. 
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(2.9) 

(2.10) 

Taking the average of each term in Eq. (2.10), we may obtain the equation 

of continuity for mean values: 

(2.11) 

Subtracting Eq. (2.11) from Eq. (2.10), the equation of continuity for fluctuating 

part becomes 

(2.12) 

More difficult manipulation is required to obtain the equivalent equations 

for the momentum. The equation of momentum conservation is 

(2.13) 

where (jik is an element of viscous stress tensor. Using the definition of D / Dt, Eq. 

(2.13) can be rewritten as 

(2.14) 

Taking the averages of the terms, the equation of mean values can be expressed by 

(2.15) 
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As done in Eq. (2.12), subtracting Eq. (2.15) from Eq. (2.14), the equation 

of momentum conservation for the turbulent part becomes 

Dw'i _ 1. 8ik 

Dt + W'kaku i + -pak(pUIlulk - pUliUlk ) + P akP' 

'Di I 

= -!!..~ + ~akO.lik - !!..a·· '• p Dt P P 1'1', 
(2.16) 

where W 'i is defined by 
. pUli 

W 'l =-
P 

(2.17) 

The fluctuation of pressure pi is assumed negligible, because the pressure 

excess is balanced much faster than other variables. This is true for the subsonic 

convection that has been assumed (see Fig. 2.3). Thus, the following approximation 

can be used: 

pi :::::: ~ ( a p) T' = -VT T' . 
P p aT p T 

(2.18) 

Putting Eq. (2.18) in Eq. (2.16) and neglecting pi, Eq. (2.16) becomes 

The manipulation of the energy equation is much more complicated. The 

energy equation to start with is: 

T
ds a pk p dt =pcN+PC:V- kin, (2.20) 

Since the L.R.S. of the equation can be expressed by 

ds dT dP 
pT- = pCp - - VT-

dt dt dt ' 

Eq. (2.20) becomes 

(2.21) 
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Using the relations pI = 0, Eq. (2.12), and the definition of D/ Dt, we 

may replace Eq. (2.21) with 

Dividing both sides by pCp, the equation becomes 

(2.23) 

The averaged version of the equation is 

DT _ "fiT DP (aln Cp) [(Tl)2 DT T ~(TI)'l 
Dt pCp Dt + a In T p T Dt + 2 Dt T 
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(2.24) 

The second part of the R.B.S. shows that the heat flux by the tubulent convection 

is CppulkT'. After lengthy manipulations, the collection of first order fluctuation 

terms of the equation becomes 

~ (TI) T' {[(Din C
p) 1 __ ] ~ DT 

Dt T + T 0 In T p + VT T Dt 

_ (DIn VT) ~ DP} _ pU
lk 

Dk _ __ 1_0 F'k 
\lad DinT pP Dt P - pGpT k R, (2.25) 

where 

(2.26) 

To obtain the dynamical equations of second correlation terms, both sides 

of Eq. (2.19) are multiplied by w'i . The result is 

D (wliwli) . _ W'i . 
Dt ~ + wllw'kDkUi + P Ok(pU/'u'k - pU/iUlk ) 

= VTW'i T' (0.1 /. + Du
i
) + W'i 

Dk(J"/ik. 
T I f/ Dl P (2.27) 

New variables X, Y, and Zi are defined as 

1-.-. 
X == 3WI'WI" 

. wliT' 
Z'=--- T (2.28) 

In this notation, the convective flux Fc is expressed as 

(2.29) 

Assuming isotropic turbulence ( i.e., w'iw'j = wliw'i8ij ), the averaged Eq. 

(2.27) becomes 

(2.30) 
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Multiplying both sides of Eq. (2.25) by TilT, taking averages, and neglecting third 

order correlation terms, Eq. (2.25) becomes 

DY {[(alnCp) _] 1 DT (alnVT) 1 DP} 
Dt + 2Y a In T p + 1 - VT T Dt - \lad a In T p P Dt 

2 
_2Zk Dk = T'fJkF'k. (2.31) 

pCpT2 R 

Multiplying the same equation by W 'i , one can obtain 

DZi ZkfJ.ui Zi { [(fJ In Cp ) 1 __ ]1 DT 
Dt + k + fJ In T p + VT T Dt 

_ \1 d (fJln vr) 1 DP} _ XDi _ 'VTY (a.'IjJ + DU;) 
a fJlnT pP Dl • Dt 

= _ 1 _wlifJkFR'k + 1 TlfJO"ik. 
pCpT pT 

(2.32) 

The R.H.S.s of Eqs. (2.30), (2.31), and (2.32) are the rates of dissipation 

of X, Y, and Zi, respectively. New parameters eE, CT, and CF are defined as 

(2.33) 

As seen in the equations, eE, e1', and eF are the negative halves of the 

R.H.S. of Eq. (2.30), Eq. (2.31), and Eq. (2.32). The energy is transferred from 

large energy storing eddies to small energy dissipating eddies[41]. Therefore, the 

energy dissipation is closely related to the amplitude of the fluctuation and linear 

dimensions of the turbulence. One can assume that the eE, cT, and cF are the 

functions of X, Y, and Zi, the turbulent amplitudes; and kE, kT' and kF, the wave 

numbers (or the reciprocals of characteristic lengths fE, iT, and f F) of energy 

storing eddies corresponding respectively to X, Y, and Zi. 
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From the dimensional analysis, the following assumptions are made: 

eE = 11X3/2, 

er = I X 1/ 2y 2 , 

eF = I X 1/ 2 Zi 3 , (2.34) 

where II, 12, and 13 are linear functions of kr, kr, and kF, respectively. 

Eqs. (2.30), (2.31), and (2.32) can be rewritten in vector form: 

3DX 
vrZ . ge - 2,1 X 3

/
2

, (2.35) --+X\l·u 
2 Dt 

DY ?QY 
Dt +- = 2Z . D - 2/2 X 1/ 2 y, (2.36) 

DZ 
XD + vrYge - 2,3X 1

/
2Z, (2.37) Dt + (Z . \l)u + QZ = 

where Q and ge are defined for the simpler expressions as 

Q = (
aln Cp) _]1 DT (aln vr) 1 DP a In T p + 1 - vr T Dt - \lad a In T p P Dt ' (2.38) 

Du 
ge = Dt + \l'ljJ . (2.39) 

When the body of turbulent fluid is oscillating, the variables X, Y, and Z can be 

separated into the steady state parts Xo, Yo, Zo, and the Lagrangian oscillatory 

parts oX, oY, oZ. From the assumed spherical symmetry, the steady state parts 

are functions or the radius r only, and the oscillatory parts can be expressed by 

oZ(r, t) 

oX(r, t) = 8X(1')Yem (O, cP)eiut
, 

oY(r, t) = 8Y(1,)}~m(o, cP)eiut , 

[8Zr (r), 8Z,,(1') :0' 8Z,,(1') sin ~acP] Yem(O, cP)eiut
• (2.40) 

From this stage, overbars for mean values can be omitted without any 

confusion. Thus all state variables that appear in the rest of this dissertation are 

regarded as mean values. 
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As seen in Eq. (2.38), the steady state value of Q is zero. Therefore, Q 

equals to oQ as 

(2.41) 

where 

(
BIn Cp) 

aT = BlnT p + 1- VT, (
BlnVT) 

ap = \lad BlnT p' (2.42) 

Assuming the spherical symmetry, the steady state values of ge, Z, and D 

do not have horizontal parts. Thus the equilibrium, or the steady state values of 

those vector variables are radial vectors: 

(2.43) 

The condition u = 0 in the steady state is used to obtain geo = 90' By the same 

condition, the term \l. u in Eq. (2.35) becomes a first order perturbation. Then 

the equation of continuity becomes 

dor d . op 
\7 . u = \7 . - = - (\7 . or) = -zu-. 

dl dt p 
(2.44) 

Applying the steady state conditions to Eqs. (2.35), (2.36), and (2.37), the 

L.R.8.s of the equations vanish. Then R.H.8.s of those three equations become 

VToZogeo - 2ilX~/2 = 0, 

2ZoDo - 2i2X;/2Yo - 0, 

XoDo + vToYogeo - 2i3X;/2 Zo = o. (2.45) 

One supplementary condition is 

(2.46) 
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which means that the velocity and temperature fluctuations are assumed to be in 

phase. Xiong referred to the the observation of the rise of hotter elements, and the 

sinking of cooler elments for justification of the assumption. 

From this point all oscillatory variables with '8' attatched denote the func

tions of r only (i.e., the ytmeiut part of eigenfunction factored out). 

The application of the steady state conditions in Eq. (2.45) and the ex

pressions of oscillating parts in Eq. (2.40) to the three dynamical equations-Eqs. 

(2.35), (2.36), and (2.37)-lead to the following coupled relations between oscillatory 

perturbations 8X, 8Y, and 8Z: 

(2.47) 

( 
Ci,,! 2 + Ci"!) 8X 2 8Y (. 2 + Ci"!) 8Zr --+ ----+ uJ'+ -
Tc 2Tc Xo Tc Yo Tc Zo 

. der . (8T 8P) Ci,,! 8Dr 2 (8VT 8ger ) = -zu- - zu aT- - ap- + --- + - - + -- , 
dt To Po Tc Do Tc VTo go 

(2.49) 

(2.50) 

where 

(2.51) 

Tc is a convective time scale which differs slightly in the multiplying factor 

from the conventional definition shown in Cox and Giuli [15]. The profile of Tc 

across the convection zone is displayed in Fig. 2.4. 
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Figure 2.4: The convective time scale, computed from Xiong's formula with 0:"( = 1 
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2.3 Determination of Q-y 

In the equations Xiong obtained, the value of Q-y is shown as a function of"'e and 

Pe that are Heisenberg coupling constant and Peclet number, respectively. Those 

numbers are not well known, or hardly calculable from data of the standard solar 

model. We decided to estimate those numbers by matching Xiong's steady state 

formulae to the results of MLT. By solving Eqs. (2.45) and (2.46), Xiong obtained 

the steady state values: 

(gVT)1/2D3/2 (gvT)1/2V3/2(V - Vad)3/2 

v'2,:/2,i/2 - v'2 r 3/2,:/2,i/2 z = 

Vc = X 1/ 2 = (gvrD)1/2 = (gvT)1/2Vl/2(V - Vad)I/2 

v'2,:/2,~/2 v'2 rl/2,:/2,~/2 ' 
(2.52) 

where Vc is the velocity of turbulence. We used the relation D = V(V - Vad)/r. 

From the definitions of V and the pressure scale height Hp , 

1 din P 1 
-; = --;: din r = Hp' (2.53) 

Then we may rewrite the relations in Eq. (2.52) as 

( )
1/2 ( )3/2 Z = 9 VT V - 'Vad , 

2,1 ,2 JJp ( )
1/2 ( ) 1/2 gVT 'V - Vad 

Vc = 2,1 ,2Hp 
(2.54 ) 

The convective flux Fc in Eq. (2.29) is 

(2.55) 

Now, we compare those expressions of Fc and Vc with the equivalents 

obtained by MLT. The MLT formulae of Vc and Fc are as shown in Eqs. (2.1) and 

(2.2) : 
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From Xiong's relations, we find 

Fe = pCpT (\l- \lad) . 
Ve /2llp 

(2.56) 

From MLT formulae, 

(2.57) 

Comparing Eq. (2.56) with Eq. (2.57), we obtain 

2 (P) 2 /2--- - ---
- aIll~ pg - allp· 

(2.58) 

Putting /2 as expressed by Eq. (2.58) into the equation for V e , Eq. (2.54), 

we get 

(2.59) 

Comparing Eq. (2.59) with Eq. (2.1), /1 becomes 

2 (P) 2 
/1 = aIff, pg = aIlp · 

(2.60) 

One can find that /1 will be the same as /2 if the steady state values of Xiong's 

variables are forced to be consistent with the results of MLT. In this case, the value 

of a-r is 
/2 

a-r = - = 1. 
/1 

2.4 Solutions of Xiong's equations 

(2.61) 

Eqs. (2.47), (2.48), and (2.49) are coupled to each other, and Eq. (2.50) is indepen

dent. Solving the first three equations for 8Zn and using the relation Fe = CppTZ, 
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we get the radial perturbation of convective flux in terms of Yi: 

where the coefficients Si are functions of solar model variables and the frequency 

of oscillation. The details are shown in appendix C.l.l. 

The solution of Eq. (2.50) gives the perturbation of horizontal perturbation 

of convective flux: 

It should be noted that Y4 term does not appear in 8Fch. The explicit descriptions 

of Ji are shown in appendix C.1.2. 
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CHAPTER 3 

DEVELOPMENT OF EQUATIONS 

3.1 Differential Equations for the convection zone 

To include a perturbation of nux, a new variable Y6 is defined by 

(3.1) 

This Y6 is similar to the one defined in the publication of Saio and Cox [53]. They 

defined Y6 as the perturbation of luminosity given by 

8LRr 
Ys = Lr' 

We do not use 8LRr since 8LRr = 0 for e -:f:. O. The perturbed thermal energy 

equation is as in Eq. (1.31): 

where Ys is defined by 

. TdYII C(O F ) 
lWYs = - pCpT v V' T, 

88 
Ys = C

p
' (3.2) 

This relation shows that the pertlll'bation of net flux across a given fluid element 

is directly related to the perturbation of relative entropy if there is no source or 

sink of heat exists. If a proper expression of 8(V . FT) entirely in terms of Yi is 

available, the computation of Ys is possible. From the definition of Y6, we may 

express 8(V. FT ) in terms of Yi as in Eq. (D.3): 
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SFTh is the horizontal part of a total flux which can be decomposed by convective 

and radiative parts. For the radiative part of the perturbation, a proper expression 

of SJ is required. As discussed in section 1.7, the approximation SJ :::::: SB is used. 

Along with the relation SFell = JiYi obtained in Eq. (C.30), the combination of all 

these relations yields the following differential equation: 

dys 
r- = 

dr 
f(f + 1) [~1 - ~R + Q1 VV'ad] Y1 

l'T 1'1' 

+f(f + 1) [;~ + (~ - 1) C1
1
w2 - Q1 VV'ad] Y2 

+f(f + 1) [~; + Q1 VV'ad] Y3 

+ [f(f + 1) (;~ - Q1) - iwlR] Ys, 

where Q1 = 1611" .!!...... 
3"'pr FT 

(3.3) 

Eq. (3.3) is actually an expression of perturbed thermal energy equation. Since 

the perturbations of both radiative and convective parts of flux have derivatives of 

Ys, the definition of Ys becomes 

(
1 86 ) dys 

- Q1FT r dr 

= [Q2+VV'ad(U-C1W2_4)+~1 (1+~)+Q~~TlY1 

+ [-Q2 + (v V'ad - Q~;T) f~1:21) + Q~~T 1 Y2 

+ ( Q2 + Q~~T) Y3 + (V V'ad + Q~~T) Y4 

[ 
Fn 8s ] 1 + 4VV'-Q 1;> (KT-KpVT)+Q 1;> YS--Q Ys, 
11'1' 11'1' 1 

(3.4) 

where Q2 is defined for a simpler expression as 

Fn ( 2 (dIn V'ad ) Q2=Q1FT VV'adKT+l~Kp)-4V V'V'ad+VV'ad dlnr +V . (3.5) 
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3.2 Equations for the convection-free outermost layer 

In the surface region where the convective flux vanishes, we can set 

Jj = 0 for all i, k. (3.6) 

With these conditions, we may have 

The Q2 in this convection free region becomes 

(
din \lad ) 

Q2 = V \l (V \lad K.T + l~K.p - 4V\lad) + V \lad dlnr + V . 

This Q2 is the same as V C2 presented I in the publication of Unno et al. [59]. 

Applying all these conditions to Eq. (D.15), we rewrite Eq. (D.15) as 

r 7r6 
= f( e + 1) (\7~d - 1) YI - f( f + 1) (~d) Y2 

+f(f + 1) (\7~d) Y3 - [f(~~l) + iW~] Ys. (3.7) 

Eq. (3.7) is exactly the same as the one in Unno et al. except the pr.esence of TJY6 

and 8c; in their equation. Here, TJ stands for din Ln/dln r. The origin of difference 

can be traced to the relation Eq. (D.2). Because 8c; and din L/dln r are appre

ciable only in the core region where the perturbation of entropy Ys is negligible, 

the terms e and din L / din l' are not needed in our equation. The derivative of 

radiative part of luminosity din Ln/dln l' that appeared in Unno et al. is different 

from din L/dln r, the derivative of tolal luminosity. Outside the core, the term 

din L/dln r is negligible, while din Ln/dln r could rise to an appreciable magni

tude in the convection zone. If only the perturbation of radiative flux should be 

lSee pages 228,229 of the cited reference. 



54 

included in the equations, several different ways of ellimination of convective flux 

are possible. 

The particular form of Unno's equation originates from the way they chose 

to eliminate the convective part of the perturbation. If they drop S(V·Fe) and take 

S(V. F R) for the calculation, the term din Ln/dln r appears in their equation. On 

the other hand, if SFer and SFeh are neglected, there is no place for dIn LR/dln r. 

We do not see any clear advantage of one over another. In the photosphere, where 

the heat flux is completly radiative and din L / din r = din LR/ din r, both terms 

are negligible. 

If we apply the same conclitions to Eq. (D.18), we will get 

dys [ ] r dr = Q2+ 4V(\l-\lad)+V\lad(U-Ct W
2) Yt 

[ 
t(t + 1)] 

+ -Q2 + V(\l - \lad) C
1

W 2 Y2 

+Q2?13 + V \lad ?I'I 

+V \l (4 - /l.1' + /\.pV1')Ys - V \l Y6· (3.8) 

Eq. (3.8) is again identical to the one appeared in the reference by Unno et al. 

3.3 Boundary conditions 

The boundary conditions discussed by Unno et al. [59] is briefly summarized in 

this section. Since an identical set of variables2 is used in this work, the same set 

of boundary conditions can be applied. For detailed derivations, that reference 

may be consulted. 

In adiabatic problems, two initial boundary conditions 

CI W 2 

-(-YI - Y2 = 0, (3.9) 

2Though our Y6 is different, it converges to Vnno's or Saio-Cox's Y6 at those boundaries. 



are applied at r = 0, and two outer final boundary conditions 

( f + 1 )Y3 + Y" = 0, 

](1Y1 - Y2 + ](3Y3 = 0 
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(3.10) 

(3.11) 

(3.12) 

are applied at r = Re. The values of ](1 and ](3 depend on the particular con

straint at the surface. 

The initial boundary conditions are obtained from the requirement that 

the variables Yi should stay regular3 at the center. As discussed in section 1.5, the 

relative perturbation of entropy should be zero at the center. Thus we have one 

additional boundary condition at the center: 

Ys = O. (3.13) 

Since this condition specifies an adiabatic nature at the center, the other boundary 

conditions, Eq. (3.9) and Eq. (3.10), do not need modification for a nonadiabatic 

treatment. 

The first outer boundary condition in Eq. (3.11) comes from the assump

tion that the perturbation of gravity becomes zero as r reaches the surface. The 

second one is more subtle than the first condition. Several alternative choices 

are available. If we choose to have a finite pressure at the surface, the boundary 

condition becomes 

ydl + [f(f + l)lw2 - 4 -w2J1V} - Y2 

+Y3{1 + [f(f + 1)lw2 
- f. -1]IV} = o. (3.14) 

One additional outer boundary condition for nonadiabatic treatment can 

be derived from the requirement [2] [53] that the radiation does not come into the 

3This word stands for finite values of variables and their derivatives. 
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solar interior from outside the surface (i.e., 27rJ = F). The perturbed version of 

this assumption becomes 

(2 - 4 \lad l1)Yl + 4 \lad 11(Y2 - Y3) + 4ys - Y6 = o. (3.15) 

The group of four first order linear homogeneous differential equations and 

four boundary conditions for the adiabatic problem sets up an eigenvalue problem. 

With two additional equations and two boundary conditions for the nonadiabatic 

treatment, the extended set of six equations and six boundary conditions becomes 

another eigenvalue problem. 
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CHAPTER 4 

NUMERICAL METHODS OF CALCULATION 

4.1 The adiabatic calculations 

As a first step, we solved four coupled first order ordinary differential equations. 

Because the entropy perturbation is neglected in this set of equations, we call this 

set adiabatic. Rosenwald[51] and Gu[26] at SCLERA proved that the continuous 

orthonormalization method developed by Davey[19], and Meyer[44] was effective 

for the adiabatic computation of eigenfrequency and eigenfunctions. 

4.1.1 The continuous orthonormalization method (CON) 

We used the continuous orthonormalization (CON) method to solve four coupled 

first order ordinary differential equations of the adiabatic solar nonradial oscillation 

problem. Because of the big differences in magnitude among the coefficients of the 

variables, the growth rates of some variables can be much different from others and 

can ruin the stability of the whole integration process. This is an example of so 

called stiffness [1]. At SCLERA, we have successfully used CON method for this 

kind of problem. CON is basically a modified shooting method. The modification 

is to make the variables remain o1·thonol'mal to each other over the entire range 

of integration. Because of the strictly maintained orthonormality, the integration 

process remains stable. The explicit description of CON is as follows. 

The set of first order ordinary differential equations can be described by a 
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vector equation: 

y'=Ay, (4.1) 

where y is a complex vector of N dimension and A is a N x N complex matrix. 

The elements of the coefficient matrix A are generally functions of eigenvalue. If 

the number of initial boundary conditions is J(, the number of final boundary 

conditions should be N - J(. The first step is to find a nonsingular transformation 

matrix T which can make J( components of the transformed vector z at initial 

boundary zeros. In this new vector space, the original set of equations in Eq. (4.1) 

transforms to 

z' = Bz, (4.2) 

where 

z = Ty, 

B = TAT-I. (4.3) 

Now we define N - J( vectors of N dimension z}, Z2, ... , ZN-](, such that 

ZI = (0,0, ... ,0, 1,0,0, ... ,of, 
Z2 = (0,0, ... ,0, O,l,O, ... ,of, 

Z3 = (0,0, ... ,0, 0,0,1, ... ,of, 

ZN-k = (0,0, ... ,0, ~T at x = O. (4.4) 
'----..--" 

J\ N-T< 

We assume the solution Z of the equation set in Eq. (4.2) is a linear com

bination ofzh z2, ... ,zN-f( with scalar coefficients >'I,>'2, ... ,>'N-]( as 

(4.5) 
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Over the whole range of integration, the vectors Zi are assumed to satisfy the 

following relation: 

i,j = 1,2, ... ,N -1<. (4.6) 

The N - 1< vectors at the initial boundary in Eq. (4.4) are obviously 

mutually orthonormal by definition. We choose 9ij so that the vectors remain 

orthonormal over the whole range of integration as 

i,k=l, ... ,N-1<. (4.7) 

The relation Eq. (4.7) can be expressed in the stronger form: 

i, j, k = 1,2, ... , N - 1<. (4.8) 

We may evaluate the values of 9ij at each integration step by solving Eq. (4.8). 

After we obtain 9ij, we calculate the derivative zi using Eq. (4.6). With 

these zi, we continue the integration until the integration step reaches the final 

boundary. During the integration process, we have to store the values of variables 

as often as we need for the backward integration necessary to compute eigenfunc

tions. At the final boundary, we apply the final boundary conditions to the final 

values of z. 

The final boundary conditions should be expressed in terms of vector z. 

If the final boundary conditions were expressed by 

Fz = 0, where F is a (N - K) x (N) matrix, 

then we would have 

(4.9) 

For the non-trivial solutions for Ai, the determinant of the matrix of elements 

dij = FikZkj should be zero. Zkj means jth component of a vector Zk. Since the 
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determinant Idij 1 is a function of the eigenvalue, the eigenvalue is the root of the 

function Idij I. To find the eigenvalues, we have to use a root finding program 

adequate to the particular problem. 

After the determination of the eigenvalue, we solve Eq. (4.9) to obtain Ai at 

the final boundary. The zero determinant implies that the number of independent 

equations are less than the number of variables Ai. Thus, we are free to determine 

the value of one Ai, and calculate the 1'elative values of the other Ai at the final 

boundary. This set of Ai is the set of starting values of backward integration. 

Since Z = AiZi, the derivative is 

by Eq. (4.6). (4.10) 

On the other hand, 

(4.11) 

Comparing Eq. (4.10) with Eq. (4.11), and using the orthonormality relation, we 

get the differential equation of Ai as 

( 4.12) 

With the set of Ai obtained at the final boundary as initial values, we 

integrate the differential equations in Eq. (4.12) backward all the way to the initial 

boundary to get the values of Ai over the entire range. 

We use the Runge-Kutta integration scheme for the backward integration 

process. During this backward integration, we store the obtained values of Ai at 

each step of integration. Because the calculation of gij requires to retrieve the 

values of Zi at the point of evaluation, as we can see in Eq. (4.8), we have to devise 

a program for the retrieval After we finish this process, we combine the values 

of Ai, Zi to get Z values at the desired mesh points. Since the sets of the storage 
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points for Ai and Zi are different, we have to design a program to evaluate Ai and 

Zi at the desired points. In this way, we can evaluate Z at any point between two 

boundaries. At this final stage, the only thing left is the inverse transformation of 

z to get the values of original vector y. 

4.1.2 Application of CON to adiabatic calculation 

The four adiabatic equations are 

dYI [ £( £ + 1) 1 (4.13) r- = (Vg - 3)Yl + C
1

W 2 - Vg Y2 + VgY3, dr 

dY2 
(CIW

2 - A*)Yl + (1 - U + A·)Y2 - A·Y3, (4.14) r- = 
dr 
dY3 

(1 - U)Y3 + Y'I! (4.15) r- = 
dr 

dY4 
U A·YI + U\~Y2 + [e(e + 1) - UVg]Y3 - UY4, (4.16) r- = 

dr 

with two initial boundary conditions at r = 0, as shown in Eqs. (3.9) and (3.10): 

CI W
2 

-£-YI - Y2 = 0, 

£Y3 - Y ... = O. 

In this set of equations, w is the eigenvalue. Because all the coefficients are real 

numbers, we may have purely real functions as solutions. In the adiabatic calcu

lations, we assumed all the solutions are real. 

We may represent Eqs. (4.13)-(4.16) in the vector form: 

y' = Ay, ( 4.17) 

where y is a 4-dimensional vector which has components YI, Y2, Y3 and Y4 : 

and 4 x 4 coefficient matrix A: 
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Vg - 3 £(£ + 1)/(C}w2
) - Vg Vg 0 

C}w2 - A· 1- U + A* -A· 0 
A= (4.18) 

0 0 1- U 1 

UA· UVg £(£ + 1) - UVg -u 

The following transformation can make the first two components of the 

vector z at r = 0 zeros. 

ClOW2 
Z} = --e-Y} +Y2, 

Z2 -eY3 + y.!, 

Z3 = Y2, 

Z4 = Y4, ( 4.19) 

where C}o is the value of C} at r = O. 

Then the transformation matrix T can be expressed by 

(4.20) 

(4.21 ) 

Since we have two initial boundary conditions for four variables(N = 4, 

]( = 2), we have to choose two vectors Zl and Z2 at the initial boundary as 

Z} = (0, 0, 1, of, 
Z2 = (0, 0, 0, l)T, at r = O. ( 4.22) 



The relation (4.8) for 9ii in this particular problem becomes 

i,k=1,2. 

Then the explicit solutions of 9ii are 

ZIBzi ZlZ2 

Z2Bzi Z2Z2 
9il = - ..:....--------:. 

ZlZ2 zlBzi 

Z2Zl Z2Bzi 
gi2 = - ..:....--------:. 
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(4.23) 

i = 1,2. (4.24) 

The integration of 4-dimensional vectors Zl and Z2 is performed with the 

derivatives: 

Z~ BZl + gllZl + 9l2Z2, 

z~ = BZ2 + g21Zl + 922Z2. 

The 9ii obtained as in (4.24) ensures the orthonormality of Zl and Z2 over the 

whole range of the integration. 

For the integration, we used rkqs. rkck. odeint in Numerical Recipes, 

2nd ed.[47]. These subroutines are designed for the adaptive stepsize controlled 

Runge-Kutta(RK) integration. The routine rkck compares the result of fourth 

order RK with the fifth order RK and passes the difference to rkqs. The routine 

rkqs determines the propel' stepsize depending upon the magnitude of difference. 

The subroutine odeint is for the overall control of the integration process. 

When the integration step reaches the outer boundary, we apply the outer 

boundary conditions. In the adiabatic problem, we have two outer boundary con

ditions in Eq. 3.11 and Eq. 3.121: 

(f + 1)Y3 + Y4 = 0, 

f(1Y1 - Y2 + f(3Y3 = 0, 
-------------------------lOr an explicit form in Eq. (3.14). 
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Using the transformation in (4.20), we express the conditions in terms of Zl, ••• , Z4 

as 

- (1 + ~) Z2 + (2 + ~) Z4 = 0, (4.25) 

/(1£ /(3 ( /(1£ ) /(3 
---ZI+-Z2+ ---1 Z3--Z4=0. 

C1oW 2 £ CIoW 2 £ 
(4.26) 

We may express the conditions as 

Fz =0, (4.27) 

where F is a 2 x 4 matrix and its elements are obtained from the conditions (4.25) 

and (4.26). Since z is a linear combination of ZI and Z2, 

(4.28) 

This relation is actually two separate equations for the two unknowns Al and A2. 

For the nontrivial solution of )1}, A2, we have the zero determinant: 

FlkZlk Flk Z2k 
det = o. (4.29) 

F2k Zlk F 2k Z2k 

The determinant is a function of w. Since the eigenvalue W is a root of the de

terminant, we use a root finding program zero in provided by Burr Brown Co. 

The subroutine zero in is a modified bisection method for finding roots of a given 

function. 

After we obtain the eigenvalue, we may calculate the eigenfunction for the 

obtained eigenvalue. Zero determinant implies that the two algebraic equations in 

(4.29) are no longer independent of each other, and only the relative ratio of Al and 

A2 can be determined. Thus, one of the values is arbitrary, and we can choose the 

value for the normalization of the eigenfunction. We set the Al and A2 so that YI 

at the outer boundary becomes 1. For that calculation, we use following relation: 

£ 
1 = YI=-C 2(-ZI+Z2) 

loW 

£ 
= -C 2 (-AIZU + A2 Z2t) at the final boundary. 

loW 
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With these Al and A2 as initial values, we integrate the following differential 

equations toward the initial boundary: 

A~ = -911Al - 921A2' 

A~ - -912Al - 922A2. (4.30) 

To obtain the values of 9ij at each integration step, the values of Zi are needed 

at the particular point. Since the mesh points at which Zi were stored during 

the forward integration are different from mesh points for the storage of Ai, which 

are determined during the the backward integration process, we need to devise a 

program to evaluate a function whose values are given at discrete mesh points, 

at any point. We used spline and splint for the retrieval of the values at the 

predetermined mesh points. 

The next process is to combine the Al and A2 with ZI and Z2 to get Z 

vector. We need similar program to retrieve these values at the mesh points we 

desire to have. 

As a final step, we calculate y vector by applying the inverse transforma

tion T-l to Z vector obtained by the process discussed. 

4.2 Nonadiabatic calculations 

Along with two additional equations in Eqs. (3.4) and (3.3), we have a nonadiabatic 

version of Eqs. (4.13)-(4.16), as shown in Eqs. (1.16)-(1.26) : 

dYl 
r-

dr = [f( f + 1) 1 (Vg - 3)Yl + C
1
W 2 - Vg Y2 + VgY3 + VTYS, (4.31) 

dY2 
(C1W

2 - A'")Yl + (1 - U + A*)Y2 - A*Y3 + VTYS, ( 4.32) r- = dr 
dY3 

(1 - U)Y3 + Y'I! ( 4.33) r- = dr 
dY4 

U A·Yl + UVgY2 + [£(£ + 1) - UVg]Y3 - UY4 - UVTYS' (4.34) r- = dr 
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In addition to four adiabatic boundary conditions, two more boundary conditions 

displayed in Eq. (3.13) and Eq. (3.15) should be added. 

In the early stage of this work, we tried to develop a set of first order 

ordinary differential equations similar to the ones Saio and Cox [53] devised for 

the analysis of stellar nonradial-nonadiabatic oscillations. Their first four equations 

are exactly the same as shown in Eqs. (4.31)-(4.34). The variables Ys and Y6 were 

defined as the relative perturbations of entropy and radiative flux, respectively. 

In their publication, the perturbation of convective flux was completley neglected. 

According to the authors, that omission was simply due to the lack of an adequate 

available method to treat the perturbation of convective flux. Since Ys could rise 

to the significant level in the outer convection zone, where nearly 100% of heat 

is transported by convection, and the coupling mechanism of the solar oscillation 

with convective flux can be much different from the way the radiative flux and the 

oscillation couple, the absence of the perturbation can produce unexpected results. 

For the test of integration codes, we first tried Saio-Cox equations with 

coefficients calculated from the YALE solar model data, and found the set of 

equations was very hard to integrate. The integration process required too many 

steps for just a single round of integration with reasonble tolarance. Even with 

CON, devised for a stiff problem like this, it was too demanding. It is a typical 

symptom of extremely stiff equations. 

We found that the huge ratio of time scales, shown in Fig. 4.1, which was 

the coefficient of Ys in Eq. 3.3, was the culprit. Replacing the coefficient with the 

aritificially reduced number, no such difficulty was encountered. 

It was probably the major reason why Saio and Cox applied their equations 

only to stars much more massive ( 7/,10 and 20M0 ) than the sun. In the interiors 

of those massive stars, the ratio of time scales is smaller by a factor of 102 or 103 • 

From Xiong's work, we could obtain Eqs. (C.23) and (C.30) which describe 
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8Fcr and 8Fch. Eq. (1.31) tells that once we have a proper expression of 8(\7· FT ) 

in terms of Vi, we would be able to obtain the correct relation of Ys with other 

variables. The 8Fcr and 8Fch are found to be functions of YI, ... , Ys and dYs/dln T. 

We believed this could be a good candidate for the iterative calculation. Because 

of the huge difference between the thermal and dynamical time scales, we could 

expect Ys to be negligible over the wide range solar interior, even without knowing 

details of 8(\7 . FT ). The iteration process we tried can be summarized as follows: 

The adiabatic eigenfunctions were used as initial trial solutions. The iter

ation process was done over the outer part of the solar interior, not over the whole 

range, since in the region deeper than f'V O.99R(!h we could not see any significant 

change induced by the introduction of new variables into the equations. 

As a first step, we started with the adiabatic solutions with Ys = 0 at 

all mesh points. With the adiabatic solutions, we calculated 8Fcr and 8Fch and 

finally 8(\7 . FT). Then we evaluated Ys at each mesh point using Eq. (1.31). As a 

second step, we substituted Ys obtained from the first round of calculation into the 

nonadiabatic equations Eqs. (4.31 )-( 4.34) , and integrated to obtain new sets of 

Yb . .. ,Y4 at each mesh point. With this new set of YI, ... ,Y4, the next evaluation 

of Ys was done. This process was repeated until we could get converged solutions. 

But this iterative method was not successful. The functions in the surface region 

never converged, and the difference between the results of two successive iterations 

was amplified to the disastrous level. Even though the initial goal was not met, 

we could find that the values of the variables remained the same at every round of 

iteration up to some radius around O.99R0 at most frequencies. 

We concluded that the variables YI, ... , Y6 were essentially the same as 

their adiabatic counterparts in the region deeper than T f'V O.99R0. It should be 

noted that the number O.99R0 is not so critical. 

As seen in Eq. (D.15), the actual coefficient of Ys is WTth/Tdyn, not Tth/Tdyn. 

Since the whole value of coefficient affects the stability of the integration, we set the 
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starting point of nonadiabatic calculations at the radius where WTth/Tdyn becomes 

lower than 5 x 109
• This number should not be taken too seriously, since any 

big number> 108 can give the same overall results. As we notice from Fig. 4.1, 

the higher number results the deeper starting point of nonadiabatic integration. 

For instance, for W of order of unity, the numbers 5 x 109 and 109 corresponds to 

r f'V 0.9R0 and r f'V 0.95R0 . The insignificance of difference between the results 

calculated with those different starting points implies that the region deeper than 

r f'V 0.95R0 is unimportant for the nonadiabatic effect on the eigenfunctions, at 

least for the particular range of frequency. 

Another source of uncertainty still remains in this type of treatment. The 

nonadiabatic eigenfrequency might be different from the adiabatic counterpart. 

Since the frequency of the oscillation is a global property of oscillation, any change 

of frequency may cause the deviations of the eigenfunctions from the adiabatically 

obtained results even in the deeper interior. If that is the case, the adiabatic 

functions taken as nonadiabatic eigenfunction at the starting point may not be a 

proper choice. In order to cure this difficulty, we used a multi-dimensional shooting 

like Broyden's method introduced in the appendix, so that we may adjust the 

starting values of eigenfunctions along with the frequency. As done in any shooting 

method, the accuracy of calculation improves by the adjustment process at each 

step of iteration. 

Assuming that we obtain the proper values of eigenfunctions at the starting 

point, we integrate the full set of' six equations in Eqs. (4.31)-{4.34) with Eqs. 

(3.4) and (3.3) toward the surface of the sun. We used the usual adaptive step 

size controlled Runge-Kutta scheme for this calculations. The routines are the 

same rkck, rkqs and odeint used in the adiabatic calculation with changed 

dimension. We used double precision numbers for complex and real variables 

throughout the whole calculation. 
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CHAPTER 5 

THE RESULTS OF NUMERICAL ANALYSIS 

5.1 The eigenfrequencies of modes 

The eigenfrequencies of modes are calculated with adiabatic differential equations 

and boundary conditions. The computed results are summarized in Fig. 5.1 and 

Table 5.1. As expected, the overall results are close to the previous calculations 

performed by Rosenwald [51] and Gu [26], both computed from the Saio solar 

model. The numbers n in the first column are numbers of radial nodes, which 

were obtained by counting the number of zero crossings of Srlr curve. The minus 

sign indicates g-mode oscillations. Our frequencies calculated from the adiabatic 

equations agree with the results of Guenther et al. [27][28] within 0.3% for g-modes 

and 0.1 % for p-modes. This small difference may be originated from a difference 1 

in solar model data, equations, numerical methods, or a combination of all of these. 

These frequencies have been used for initial trial values of w in the nonadiabatic 

calculations. 

1 As discussed in Chapter I, the numbers in our data file transfered from the authors are 
slightly different from their published results. 
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Table 5.1: The eigenfrequencies for £ = 2,3,4,5,20,30,40 

v (JlHz) 
n £=2 3 4 5 20 30 40 

-12 84.79 114.39 140.86 164.38 327.58 364.16 384.10 
-11 91.38 122.84 150.63 175.07 336.79 371.08 389.45 
-10 99.00 132.51 161.76 187.13 346.34 378.08 394.73 

-9 107.97 143.83 174.58 200.77 356.14 385.12 399.98 
-8 118.65 157.07 189.33 216.27 366.23 392.15 405.04 
-7 131.46 172.54 206.24 233.86 376.50 399.19 410.24 
-6 146.94 190.75 225.79 253.93 387.19 406.13 414.24 
-5 165.83 211.90 246.40 270.66 397.43 411.90 418.82 
-4 189.35 234.52 261.63 282.20 407.58 419.27 422.43 
-3 217.66 256.91 284.73 308.66 417.10 421.34 426.17 
-2 251.51 289.78 320.02 342.21 422.74 430.42 434.90 
-1 291.48 332.78 360.44 377.64 439.64 443.02 444.76 
0 347.25 385.53 403.49 412.91 474.04 570.98 653.48 
1 381.58 416.03 442.17 468.26 756.33 891.31 1004.56 
2 514.49 564.51 602.73 637.07 983.39 1144.26 1281.13 
3 663.36 717.31 759.64 796.99 1188.75 1369.32 1520.16 
4 809.76 864.28 910.04 950.76 1380.23 1572.55 1732.10 

5 956.60 1011.28 1057.91 1100.18 1558.04 1760.60 1932.76 

6 1100.80 1156.84 1205.35 1248.96 1724.46 1942.56 2127.00 
7 1245.55 1301.07 1350.01 1394.68 1884.75 2120.02 2312.81 
8 1388.29 1443.99 1492.67 1536.96 2041.61 2290.80 2492.72 
9 1528.20 1583.01 1631.87 1676.54 2194.59 2455.83 2670.49 

10 1665.81 1720.19 1768.97 1814.25 2343.69 2617.63 2846.38 
11 1801.66 1856.84 1906.62 1952.58 2490.82 2777.14 3019.38 
12 1938.29 1993.69 2044.13 2090.89 2637.66 2934.39 3189.35 
13 2075.01 2130.68 2181.05 2227.76 2784.22 3089.73 3356.61 
14 2210.61 2266.11 2316.76 2363.70 2930.29 3243.82 3521.38 
15 2345.33 2400.65 2451.54 2499.17 3075.96 3397.21 3684.00 
16 2479.40 2535.45 2587.05 2635.29 3221.26 3549.91 3844.93 
17 2614.20 2670.76 2723.23 2772.31 3366.57 3701.88 4004.49 
18 2749.86 2806.94 2859.80 2909.39 3512.07 3853.32 4162.93 
19 2885.69 2943.27 2996.71 3046.73 3657.42 4004.34 4320.33 
20 3021.88 3079.67 3133.58 3184.29 3802.72 4154.89 4476.76 
21 3158.17 3216.55 3270.96 3322.17 3948.09 4305.13 4632.39 
22 3294.87 3353.70 3408.83 3460.67 4093.34 4455.07 4787.36 
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5.2 The temperature perturbation at the surface 

We have computed the temperature perturbations at the surface where the optical 

depth T equals to 1, for different f values. The results of computation for f = 2,3,4 

are displayed in Fig. 5.2. The amplitudes are normalized to Yl at the surface. 

Similar behaviour is obtained if normalized to the total energy in mode. As one 

can expect, these surface values depend on the particular outer boundary condition 

selected for the calculation. However, unlike p-modes that show a violent variation 

of amplitude in the region close to the surface, g-mode amplitudes vary slowly in 

the same region. Thus, a result of g-mode calculation does not depend strongly 

upon the choice of the outer boundary condition. 

The first outer boundary condition concerns the perturbation of pressure 

8P. The simplest one is the so called free boundary condition that implies 8P 

equal to zero at the surface. This free boundary condition is a consequence of the 

assumption of zero density and zero pressure ( consequently A*, Vg -t 00 ) at the 

surface. Another boundary condition is obtained by assuming a finite pressure at 

the surface. 

The free boundary condition (8P = 0 at the surface) in terms of Dziem

bowski variables is given by 

Yl - Y2 + Y3 = 0 at r = R0 . 

The boundary condition of a finite pressure is 

Yl {I + [f(f + I)/w2 - 4 - w2]/V} - Y2 

+Y3{I + [f(f + 1)/w2 
- f -I]/V} = O. 

As seen in Fig. 1.4, the magnitude of V at the surface rises to an order of 104, and 

thus those two boundary conditions do not differ significantly from each other for 

low f(f+ I)/w2 • We have adopted second one for the computation of eigenfrequen

cies and eigenfunctions. 
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Figure 5.2: Temperature perturbations at the surface for £ = 2,3,4; All amplitudes 
are normalized by Yl at T = 1. 



The perturbed thermal energy equation is represented by 

VT 
T8s=Cp 8T+-8P. 

p 
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From this relation, we can see that if 8P converges to zero or a very small number, 

Cp 8T equals to the heat gain T8s of a fluid element. On the other hand, when 

the nuclear energy generation is absent, the heat gain T8s is determined by the 

variation of flux over the fluid element as 

2 
T8s = - 8(\7· FT)' 

up 

If the oscillation is strictly adiabatic (Le., 8s = 0), the fluctuation of 

temperature is determined by the contraction or expansion of the fluid element 

only. Thus, the outer boundary condition 8P """ 0 predicts a negligible 8T and 8p 

for the low f and w, like low f g-mode frequency. As discussed in previous chapters, 

in the region near the solar surface the nonadiabatic effects, due to the heat input 

to the oscillating fluid element from the fluctuation of heat flux, become significant. 

Although it has been known that in the outer convection zone almost 100% of the 

heat is transported by convective flux, the way the fluctuation of convective flux 

affects the oscillation of the fluid element has not been clearly understood. 

To test the role of the perturbations of convective flux, the strength of 

the coupling is artificially adjusted, and the effect of adjustment on the surface 

temperature perturbation is investigated. The perturbation of a total flux can be 

decomposed into its radiative part and convective part as seen in Eq. (D.9), Eq. 

(CAO): 

8FTr 8FRr 8Fcr --=--+--, 
FT FT FT 

8FTh 8FRh 8Fch -=--+--. 
FT FT FT 

For the test, the convective part is multiplied by an arbitrary number f as 
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The multiplying factor is varied from 0.5 to 5, and aT IT at the surface 

are calculated for each value of f. The samples of the results are shown in Fig. 

5.3. The figures clearly show that magnitudes of aT IT and the shape of the curve 
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Figure 5.3: R = 2, computed with artificially adjusted coupling 

20 50 

are sensitive to the value of a multiplying factor. This property implies that the 

coupling of the of convective flux with the oscillation is responsible for the values of 

aT IT obtained in these calculation. We could not integrate the equations without 

the perturbation convective flux, because the integration became very unstable 

without the convective contribution. The Saio-Cox equations2 for nonadiabatic 

analysis seem to be inadequate for the solar nonradial oscillations. 

Cox et al. [17] preferred so called frozen convection3 j which means that 

the radial and horizontal part of convective flux perturbation is assumed zero. 

Although this assumption greatly simplifies the formulation of the problem, it is 

hardly justifiable. Our computation shows that the perturbation of convective flux 

2Jt should be noted that our equations become identical to Saio-Cox's when the convective 
parts are discarded, and they applied the equations only for much more massive stars. 

3Same type of calculation was reported by Paterno et al. [46]. 
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itself does play an important role in determining the properties of the eigenfunc

tions at T = 1 for nadiabatic solar oscillations. 

5.2.1 The mode bumping and the modes of divergence-free or 

The graphs displayed in Fig. 5.2 show that for each curve, there is a frequency 

of minimum amplitude of temperature perturbation. This feature of the curve 

suggests that there exists a strong relationship between the convective flux and 

the so called "mode bumping[34][38]." In fact, the mode bumping diagram Fig. 

5.4 is a part of Fig. 5.1; the eigenfrequency curves of constatnt n. In that diagram, 

the upper part of n = 0 (J-mode) curve looks as though it extends down into the 

g-mode frequencies, rather than bumping to the left side. Hill et al. [34] suggested 

the g-modes of nonzero n crossed by the fictitious extended f-mode curve should 

have "f-mode like" properties at the solar surface. Since a f-mode is identified by 

the lack of nodes across the radius, it can be characterized by the weak divergence 

of or. The concepts developed in [34] are briefly reproduced here. By the equation 

of continuity Eq. (1.15), the divergence-free (i.e., V' . or = 0) condition implies the 

vanishing relative perturbation of density 8p/ p. The relative perturbations 8p/ p 

and aT /T are given by 

8p 1 oP 8s 
- = --- -Vr-, 
p fl P Cp 

Since the surface value of 8P is kept small compared with vr88jGp in the 

g-modes of lowe by the outer boundary condition, the divergence-free condition 

predicts the oscillation of the least non adiabatic ( or smallest 88 ) effect. Applying 

the same conditions, 8T /T also becomes the minimum. To verify these qualitative 

statements, we have computed the perturbation of temperature at the solar surface. 

The computed results are displayed in Fig. 5.2. 

If the Cowling approximation [141 ( Y3, Y" = 0) and the adiabatic condition 

(8s = 0 ) are applied, 8p/ p = 0 implies YI = Y2. Applying these conditions, the 
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set of the four adiabatic differential equations in Eqs. (4.13), (4.14), (4.15), and 

(4.16) reduces to two expressions for the derivative of YI : 

dYI _ [f(f + 1) _ 3] 
r d - C 2 Yl, r IW 

dYI (2 ) r dr = C1W + 1 - U Yl· 

From these two equations to be satisfied simultaneously, we find that 

C1W4+(4-U)W2- £(f~l) =0. 

Fig. 1.4 shows that C1 = 1 and U = 0 at the surface. The solution for w2 at the 

surface is thus, 

(5.1) 

The samples of W values computed from the formula Eq. (5.1) are shown in Table 

5.2. In the upper figure in Fig. 5.4, it is shown that the curve of frequencies 

computed from the divergence-free condition are close to the fictitious extension 

of n = 0 line. From the lower figure, one can find that at R. = 1,2"",8, the 

frequencies of 'V. 8r = 0 are positioned on the line of n = -9. 

Table 5.2: The frequencies of 8TjT minima: wpr predicted by Eq. (5.1), Wobs 

observed at SCLERA, and Wcomp obtained from Fig. 5.2. 

f £+111, Wpr Wobs w comp 

2 even 1.08 1.20 1.08 
odd 1.09 

3 even 1.41 1.57 1.44 
odd 1.41 

4 even 1.70 1.80 1.75 
odd 1. 76 

From nonadiabatic calculations, Berthomieu and Provost[5] obtained the 

power distribution that showed minima. However, their positions of minima are 
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shifted down to lower values of frequency relative to SCLERA observation. In their 

nonadiabatic calculation, only the coupling with radiative flux was included. If 

SCLERA observations of g-mode power spectrum are truly originated from solar 

nonradial oscillation, and Berthomieu and Provost's calculations were correctly 

performed, the source of the inconsistency can be traced to the lack of one or 

more important mechanisms. Now we believe the missing part is the convective 

flux. The inclusion of the convective part of flux perturbation in our computation 

could reproduce the minima in SCLERA data. We believe that this consistency 

supports, or at least enhances the credibility of both the calculation in this work 

and the SCLERA observations. 

5.2.2 The coupling of convective flux with the solar non radial oscilla

tion 

The patterns of curves in Fig. 5.2 suggest that the low frequency oscillations may 

show detectable amplitudes of temperature perturbation at the surface. 

Because of a lack of supporting theory, the observed data of long pe

riod (of an order of hundred minutes) g-mode observations 4 have been criticized 

[23][24][25][39][48]. The common point of view is that there is not an efficient driv

ing mechanism enough to compensate for the fast radiative darning at the surface 

making it difficult to detect the modes. While discussing 160 min oscillation, Press 

[48] once mentioned "It seems likely, at first inspection, that the driving force of 

the oscillations is also located in the evanescent-wave region, associated in some 

manner with the convective motion." Treatments of convection in terms of shear 

viscosity performed by Goldreich el al. [23] [24][25] denied the possibility. 

Hill [36] predicted that the coupling of convective flux with oscillations 

could replenish the g-mode oscillation with a thermal energy sufficient to maintain 

4 For detailed discussions of g-mode observations at SCLERA, references [7][8][30][31][35] 
should be consulted. 
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the amplitude of g-mode oscillations at the surface observable. He also argued 

that this coupling mechanism could become important in the outer edge of CZ, 

especially hydrogen ionization zone that ranged from r ;::: 0.99Re , and that the 

critical location could ascend to the surface as the frequency increases, since the 

coupling of convective flux may be important only where the period of oscillation 

becomes comparable to the convective time scale. 

In Figs. 5.5 - 5.10, one can see that a perturbation of thermal energy re

mains insignificant in the region deeper than some location, roughly r '" 0.99Re at 

most of the frequencies. Furthermore, the figures clearly show that the location for 

which Ys or T8s becomes appreciable moves closer to the surface as the frequency 

increases. In other words, the layer of the significant T8s becomes wider as the 

frequency decreases. This feature can be interpreted that a deeper part of surface 

region is involved at the lower frequency in the heating at T = 1. Since a T8s 

signal at each part of heating zone eventually reaches the surface, and the distance 

to the surface from each part is different, a different heating zone implies a longer 

period of time for which the intensity of long period oscillation can be sustained. 

This phenomena is analogous to the line of dump trucks that delivers the heat 

energy to the surface. In this case, a deeper heating zone means a longer line of 

trucks. This "a line dump trucks" [36] analogy can explain the visibility of the 

lower frequency oscillations. 

The discussed features of T8s curves are in agreement with predictions 

made by Hill. The figures show that T8s of g-mode rises to a significant level in 

the broad range of that region, while it becomes appreciable only at the location 

near the surface for p-mode of higher frequency. The comparison with the figure of 

convective time scale (see Fig. 2A) confirms that critical location is close to where 

the UTc becomes an order of unity. 
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Figure 5.5: Thermal energy perturbations per unit mass for f = 2 modes 
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Figure 5.6: Thermal energy perturbations per unit mass for f. = 3 modes 
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Figure 5.7: Thermal energy perturbations per unit mass for f = 4 modes 
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Figure 5.8: The perturbations of heat flux for f. = 2 modes 
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Figure 5.9: The perturbations of heat flux for £ = 3 modes 
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CHAPTER 6 

SUMMARY OF RESULTS, DISCUSSIONS 

Our set of eigenfrequencies calculated from the adiabatic equations and YALE solar 

model data is consistent with the results of Guenther et al., the authors of YALE 

model, within an acceptable difl'crcnce ( 0.3% '" 0.1%). Those findings do not 

differ much from the previous results calculated using different solar models, while 

the accuracy of each solar model shollld be further investigated. This consistency 

justifies our method of calculation and t.he choice of solar model. 

Xiong's formulae for turbulent convection, which are obtained from basic 

fluid dynamic equations, could be incorporated with our set of six differential 

equations based on the first law of thermodynamics and the conservation laws. 

This new set of equations may be regarded as a more generalized version of Unno's 

[59] and Saio-Cox's [53], since our set converges to their expressions when the 

convective terms are neglected. 

Because Saio-Cox's numerical calculations were performed for more mas

sive stars, our results cannot be directly compared with their results. However, 

the nonadiabatic effects are also ollly appreciable in the region near the surface of 

the sun. The frequencies calculat.ed from the nonadiabatic analysis do not differ 

significantly from the adiabatic results. Though the difference increases as the 

frequency increases, it remains slight (within 0.1 %). 

One of the most distinct features in our result is that we could reproduce 

frequency of minimum in the rIot of the intensity eigenfunction vs. n for each 

.e as found in SCLERA observations. This is the first accurate computational 
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evidence of the observed pattern. We believe this agreement supports or enhances 

the credibility of our effort. 

The second, probably the most important feature is that we could obtain 

significant temperature or associated intensity perturbations at T = 1 for low f. 

g-mode oscillations. The validity of g-mode observations has been disputed by 

theorists since the fast radiative damping at the surface has been believed to keep 

the amplitudes of low frequency oscillations undetectable. Unlike their prediction 

that this damping mechanism monotonically decreases the amplitude of intensity 

perturbation as the frequency of oscillation decreases, our results show a quite 

different amplitude vs. frequency curve ( see Fig. 5.2). The patterns of those 

figures suggest that g-modes of longer periods ( of an order of hunded mininutes ) 

may have detectable amplitudes of temperature or intensity perturbations at the 

surface. 

In summary, we find t.hat the coupling of convection with nonradial os

cillations cannot be ignored and a time dependent theory of solar convection like 

Xiong's treatment shows that the intensity eigenfunctions do indeed remain large 

at the surface relative to VI. Om result.s strongly support SCLERA observations 

and Xiong's. 
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APPENDIX A 

LIST OF SYMBOLS 

• a : the radiation density constant 

• Q : a mixing length parameter defined by Q = l~p 

• Q-y : a constant for matching Xiong's formula to MLT 

• A" : a dimensionless quantit.y defined by A" = ~1 ~\~~ - ~~; 

• B : the Planck intensity (= ~~T'I) 

• f3 : a dimensionless variable defined by f3 = l/(uTc) 

• c: the speed of light 

• Cs : the speed of sound in 1110 solar interior 

• C l : a dimensionless quantit.y defilJed by C l = (;0t ~ 

• Cp : the mass specific heat at. the constant pressure 

• D : Xiong's logarithmic temperature gradient vector 

• c: the nuclear energy generation rate 

• FT : the total heat fl ux 

• Fn : the radiative flux 

• Fe : the convective flux 
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• 9 : the gravitational accelerat.ion (= G;:!r) 

• ge : Xiong's effective gravity (= g + ~~) 

• r 1 : a thermodynamic quant.ity defined by r 1 = (gl:~) s 

• \7 : the gradient operator (= er ;r + \7 .d 

• \7 J. : the horizontal gradient (= eo~ ;0 + e"'rs~nO ;",) 

• \l : a logarithmic temperat.ure gradient defined by \l = ~:~~ 

• \lad: the adiabatic temperature gradient defined by \lad = (~::~)s 

• Hp : the pressure scale height defined by Hp = - d~~P = ::; 

• Ji: The coefficients for the horizontal part of the convective flux perturbation 

• II, : the opacity 

• Kp : the density dependence of I\. defined by K.p = (~:::)T 

• KT : the temperature dependence of II, defined by KT = (~::~) p 

• Le : the Lamb frequency defined by Li = e(e~J)c~ 

• LR : the radiative part of the luminosity (= 41lT2 FR ) 

• LT : the totalluminosit.y (= '17l"1·2 PJ') 

• L0 : the solar luminosity 

• A : the mixing length (= ollp) 

• Mr : the mass of a sphere of radius l' inside the sun 

• M0 : the solar mass 

• N : the Briint-ViiisiiHi frequency defined by N2 = gA* Ir 
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• P : pressure 

• p : density 

• r : the radius from the center of the solar interior 

• R0 : the solar radius 

• ~ : the ratio of time scales (= Tlh/Tdyn) 

• s : the entropy per unit mass 

• Sj : The coefficients for t.he radial part of the convective flux perturbation 

• 0' : the angular frequency of oscillation 

• T : temperature 

• T : the optical depth defined by T = Jroo "'pdr 

• Tc : the convective time scale 

( 
R3 )1/2 

• Tdyn : the solar dynamical time scale defined by Tdyn = GJ0 
• Tth : the thermal time scale 

• U : a dimensionless quant.it.y defined by U = d!I;I~;: 

• V: a dimensionless quantity defined by V = _~ll~l~ 

• Vg : a dimensionless qua.nt.it.y defined by Vg = ~ 

• VT : a dimensionless quant.ity defined by Vr = - (~:17i') p 

• w : a dimensionless angular frequency defined by w = O'Tdyn 
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APPENDIX B 

TERMS FOR DEVELOPING EQUATIONS 

B.1 A scalar product or, \7[Je r l 

Whenever we calculate the perturbation of variable which is a gradient or diver

gence of some physical quantity, vector or scalar, we encounter the term or· V'[ferl 

for a function f = f( r) , 

f) IfJ I fJ 
or, \7 = 01',,-:;;- + oro- fJO + ore/>--:--O fJ,I. 

(l1' l' sm 'I' 

where orr = e r ,or, Oro = eo ' or, and ore/> = ee/> ' or , 
Since the partial derivatives of en the unit vector in the radial direction, are 

aer _ 0 Del" d fJe r '0 ar - , DO = eo, an fJ¢ = sm e"" 

then we obtain following two relations: 

1 1 1 
= Oro-eo + 01'<1'-'-0 sinO ee/> = - (oroeo + 01'e/>ee/» 

l' 1'SII1 r 
= (The hOl'iwntal part of or) /1' 

I . 
= -~he,utr\7.l },t 

r 

These two relations may be combined to form 



The following relations have been used 

~r 
- =Yl, 
l' 

to obtain 

~h Y2 -=--, 
l' C1W 2 

2 2 R~ and C M0 1'3 
W = (j G!l1r;. , 1 = M R3 ' 

I:J r 0 

B.2 Lagrangian perturbation of \7 . F 

94 

(B.1) 

From the definition of Lagrangian perturbation, we may decompose 8(\7 . F) as 

8(\7 . F) - (\7. F)' + Or . \7(\7 . F) = \7 . F' + 8r· \7(\7 . F) 

\7 . (oF - Or· \7F) + or· \7(\7 . F) 

= \7. of - \7. (or. \7F) + 8r· \7(\7. F). (B.3) 

Each term in R.H.S. of Eq. (B,3) can be decomposed further to express in terms 

of 8Fr and 8Fh • 

1st term: 

\7 . 8F = \7, (erye1ll oFr + 8Fh 1'\7 1.ytm) 

ym..!.-~(1,20Fr) + 8Fh (1'\7 1.)2ytm , 
e 1'2 d1' l' 

2nd term with the help of Eq. (B.2): 

-\7. (8r, \7F) 

= -\7. [or, \7(e"F')] 

t"7 ( }'m dF' F Y2 t"7 vm) = - v' er 1'!/1 'f. -,- + I -C' 2 r v 1. I I 
(1' tW 

[
vm 1 d (2 dF) F Y2 ( t"7 )2y.m] = - Ie -- 1'I'YI- +--- 1'v1. l , 

1'2 li1' dl' r C1W 2 

3rd term: 

(BA) 

(B.5) 

8r· \7(\7 . F) = Or' \7 [..!.-~ (7,2F)] = 7'Ylytm.:!:.. [~.:!:..(1'2F)]. (B.6) 
1'2 (17, d1' 1,2 d1' 
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Substituting the expressions Eqs. (B.4), (B.5), and (B.6) into Eq. (B.3), 

we get 

(B.7) 

Since the second term in R.H.S. of Eq. (B.7) can be further manipulated to get 

1'Yl ~ [~~(1'2 F)] = 1'Yl ~ (2F + elF) = ~1.21"YI ~ (2F + dF) 
d1" 1'2 d1' dr' 1" d1" 1'2 d1' l' d1' 

1 d (2 2 dF) 1 (2F dF) d 2 = -- 21' y1F+1' 1'Yl- - - - + - -(1' 1"yt) 
1'2 d1' dl" 1"2 l' d1' d1' 

1 d (2 2 d F) 1 [1 d (2 )] d (2 ) -- 21' YI F + T TYl - - - -- l' F - l' TYl , 1'2 d1' dl" 1'2 1'2 dT d1' 

To have all terms of perturbat.ion in relative form, we modify the first term in 

R.H.S. as 
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and get the desired form of 8 (\7 . F) : 

8('V . F) = F- _r +2Yl d (8F. ) 
(17, F 

(
8 Fr dY1 ) 1 d (2 ) + -+2YI-3Yl-r- -- r F, 
F dr r2 dr 

+e(e+ 1) (F ~ _ 8Fh
) • 

7' C1W 2 r 
(B.8) 

The J'lm has been dropped for simpler expressions. 

B.3 Xiong's ge and D vectors 

B.3.1 Lagrangian perturbation of ge 

Xiong introduced "effective gravity" gc with the definition 

Dv D 8 
ge = \7'1jJ + Jill where - = - + V • 'V 

J' Dl 8t 
(B.9) 

Since Vo = 0, the equilibrium valuc and the Lagrangian IJe1'turbation of ge are 

(lipo GMr (B.I0) geo = e r -[- = e r - 2- = goer, 
( l' l' 

8ge 
Dv 

(B.11) = 8(\71p) + Dt . 

The first term in the R.B.S. of Eq. (13.11)' with the help of Eq. (B.2), can be 

expressed as 

8('V1jJ) = ('V1jJ)' + 8r . V('hp) = 'V1jJ' + 81" V (e r ~~) 
= 'V1jJ' + 81" 'V{erg) = \7 [1jJ'(1')J'lm] + 81" 'V(erg) 

8·/,I{7') 
= erJ'lm ~7' + 1//(1')\7 J.yr + 81" 'V(erg) 

= erJ'lmgY4 + gY3 1'\7 J.yr + errYI J'lm dd
g 

+ C
g 

2Y2 r'V J.J'lm 
r lW 

= er (9Y4 + 1'111 dill) }'ent + 9 (Y3 + CY2 2) 7' 'V J. J'lm . 
(.7' lW 
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Since the first derivative dg / d1' ca.n be expressed in terms of already defined pa

rameters as 

dg = d (GMr ) _ G dMr 2GMr _ GMr dlnMr 2GMr 

d1' d1' ---;:2 - 1'2 T -~ - 1'3 dIn l' - ~ 

= !!..(U - 2) , (B.I2) 
l' 

then we have 

8(\11/J) = erg[Y4 + Yl(U - 2)]}T + 9 (Y3 + ;::2) 1'\1.LYlm . 

On the other hand, the second term of Eq. (B.ll) can be described as 

Dy 
Dt 

The expressions of 8(\11/') a.nd Dy / Dt are combined to get 

= 8(\111') + Dy 
Dt 

= erg [Y'I + (U - 2 - Ct W
2 )Yl] Yem 

+Y [Y3 + (C
t

1
w 2 - I) Y2] r\1.L1T· 

Comparing the above relat.ion with the usual definitions of 8geh and 8geh : 

we get the final expressions of Dgcl' and 8yc" : 

= lj'l + (U - 2 - C1W
2 )Yl , 

= !J3 + (CI1W2 - I)!J2 . 

(B.I3) 

(B.I4) 
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B.3.2 Lagrangian perturbation of D 

The definition of the logarithmic superadiabatic gradient D introduced in Xiong's 

work is 

D = - \7 In T + V ad \7 In P. 

The steady state value of D is 

( 
dlI.1T dlnp) 

Do = er --,- + \lad-d-
(1' l' 

dInT dlnP V 
Do = --/-+Varl-l-=-(V-Vad). 

(1' (1' l' 
(B.I5) 

The expression of oD in terms of Yi is needed to include oFc in our set of differential 

equations. Taking the Eulerian pcr(.mbation of D, 

(B.I6) 

Up to this stage, all pertUl'bed t.erms are runctions of 1', 0, ~, and t. If we represent 

the 0, ~, t dependence with l?"(O, ¢)r..iut , Eq. (B.16) becomes 

D ' __ vm jut d [T'(1') P'(1')] [T'(1') p'(r)] jut" ·\:.I'm 
-erIt e dr' r- - Varl----p- - r- - Vad----p- e v J.It 

juty'm (d\lad) P'(l') \I, (B.I7) -ere t -d- -}) - er- Vad ' 
l' l' 

Since the Eulerian pertu r\)at.ions T'IT and P' I Pare 

T' 
T = \I(V - VllrI)YI + \I Vari (Y2 - Y3) + Ys, 

P' 
P - \I(Y2 - Y3), 
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then the part in the square brackets is expressed in terms of Vi: 

(B. IS) 

Putting this into Eq. (13.17), we obtain D' in terms of Yi as 

D' = _ereiutYtm ~ [V(V - Vad)Yl + Ys] - [V(V - Vad)YI + Ys] eiut\l.LYtm 

_ereiutYtm ( d~~d) \/(:1}2 - Y3) - e r ~ V~d' (B.19) 

Lagrangian perturbation of D is 

8D = D' + (8r· \l)D. (B.20) 

From the results in Eq. (13.2), the second term in R.H.S. becomes 

( I: r7)D iut [ )Om ( dD) DY2 ( r7 l/'m)] ur· v = e e" Ie l' (/1' YI + C
I
W 2 rV.LIe • (B.2I ) 

The first derivative of the st.eady state D is 

(B.22) 

Then (8r . \l)D becomes 

(8r. \l)D = ereiutyt {~[V('\l - '\lad)] - V(V - '\lad)} YI 
dr r 

+ D Y2 il1t(,r7 y'm) 
C 2C 1V1.e· 

lW 
(B.23) 

The expressions of D' in Eq. (B.19), and (8r. \l)D in Eq. (B.23) are 

combined as shown in Eq. (B.20), to obtain 

8D = 
, d 

-ere1utYem ell' W('\l - '\lad)YI + Ys] 

-~ W(V - Vad)!}l + !/s] eiut (1'\l1.Ytm) 
l' 
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(B.24) 

Organinzing the terms into radial and horizontal parts, 

l:D __ iut't/m [V(\7 - \7ad) dYI + dys + V(\7 - \lad) 
u -ere I l r- - YI 

l' d1' d1' l' 

(
d\7ad) ( ) V , 1 + -- V Y2 - Y3 - - \7 d dr r a 

iut( 'r7 y'7I1) [\1(\7 - \7ad) + Ys V(\7 - \lad) Y2 ] -e 1'V.L e YI - - . 
l' l' l' CI W 2 

(B.25) 

As usual, the 8Dr and 8Dh arc defined by 

(B.26) 

Comparing this definition wit.h Eq. (8.25), oDr and ODh readily turns out to be 

the square bracketed parts in Eq. (8.25). Dividing both sides by D in Eq. (B.15), 

the relative values of the perturbat.ions are obtained as 

8Dr dYI 1 d1Js 1 ( d\7 ad) - - -1'- - 1'-'- - YI - 1'-- (Y2 - Y3) 
D d1' V(\7 - \7cu!) dT \7 - \7ad d1' , 

+ \7ad 
\7 - \7ad 

(B.27) 

8Dh Y2 1 ( ) 
D = -YI + -C 2 - V( ) Y5 . B.28 

IW \7 - \7ad 

As an approximation, Eqs. (13.27) and (13.28) can be used with \7~d neglected. 

If \7~d is important, and ItT and Jlp defined below can be estimated with 

reasonable accuracy, we may write 'V:,,/ as 

, ( d\7ad) \7 ad = 5 'Vod - 1'--;r;:- YI 
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( oT OP) (d\lad) = \lad IlTr + Ilp p - ~ Yb (B.29) 

where 
_ (8111 \lad) 

/LT - 8 In T p' (
8In \lad) 

IIp = 8In P p' (B.30) 

Then, in terms of Yi, 

Replacing this expression of \l~d in Eq. (B.27), we obtain 

= _r dYt _ 1 r dys _ YI _ ( /LT\lad ) Ys 
dr V(\l - \lard dt \l - \lad 

+ 1 [rd\ll"" +V\lCld(/LT\lad+/Lp)] (Yt-Y2+Y3)' 
\l - \lad C l' 

(B.31) 
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APPENDIX C 

PERTURBATION OF FLUX 

C.I Lagrangian perturbation of convective flux 

To make the terms of Eqs. (2.47), (2.48), (2.49), and (2.50) dimensionless, the 

convective time scale Tc defined by Eq. (2.51) is multiplied to both sides of the 

equations. The set of the dimensionless equations are 

Equation 1: 

. op 2 rOger OVT] = = ZO"Tc - + - + - , 
p g VT 

(C.l) 

Equation 2: 

(C.2) 

Equation 3: 

(C.3) 

Equation 4: 

(C.4) 
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From the definition of rc ami D in Eq. (2.51) and Eq. (B.15), the following 

expressions are obtained. 

r2 = 2Q')' (1'3) 2Q')' 
c gvTD = OM,. vTV(\l - \lad) 

= C ( R3 ) 2Q')' 2Q-yCl 7"Jy n 

1 GM VTV(\l - \lad) = VTV(\l - \lad) , 

(C.5) 

C.l.I The radial part of the perturbation 

To avoid the singularity at the boundaries of convection zone, a new parameter (3 

defined by the following relation is introduced. 

(3 == _1_ = [VTl~(\l - ~ad)] 1/2 

aTc _Q')'C1w 
(C.6) 

For the convenience of manipulation, XjS are defined as 

8p 
:1:1 -

p 

X2 -
8Yer 8VT -+-

Y VT 
8T 8P 

X3 - (iTT -ap p ' 
8D,. 

X'I - D 
, 

d~r dY1 
(C.7) Xs - -,- = YI + 1·-l-· 

U' cr 

Eqs. (C.1), (C.2), and (C.3) can be transformed to 

(
3. 3 ':I) 8X .... (38Z,. "2z + . /J X - L. Z = 

(3 oX (. <) (3) 8V <) (30Zr 
Q')' X + z + _0',), Y - _0',), Z = 

( Q')') 8X OY (. (3 (3) 8Zr 
(3 1 - 2 X - 2(3V + z + 2 + 0',), Z = 

(C.8) 



The solution oZr/Z of the first three coupled equations is 

with 

3i/2 + 3(3 0 -iXI + 2(3X2 

Ci'Y(3 i + 20:"1(3 - 2ix3 + 2Ci'Y(3X4 

oZr (3(1 - Ci'Y/2) -2(3 2(3X2 - iX3 + Ci'Y(3X4 - ixs 
-~----------------------------------~ 

Z 
3i/2 + 3(3 o -2(3 

Ct'Y(3 i + 2Ci'Y(3 -2Ci'Y(3 

(3(1 - Cl' •• J2) -2(3 i + 2(3 + Ci'Y(3 

The solution can be represented by the rational form: 

v = 4(33(Ci; + 20:"1) - (3 (~O:'Y + 6) + i [(32(3Ci; + 80:"1 + 8) -~] 
N - Xl [(3 (~'Y - 1) - iQ-y(32(o:'Y - 4)] 

+X2 [20:"1(33(0:"1 + 2) - 3(3 + i(32{7 Ci'Y + 4)] 

+X3 { 3(3(3 + Ci'Y) + i [~ - 6(32( Ci'Y + 2)] } 

+X4 [60:"1(33(0:"1 + 2) - ~O:'Y(3 + 3iCi'Y(32( Ci'Y + 3)] 
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(c.g) 

+xs [3(3(1 + Ct'Y) - i (6Ci'Y(32 - ~)] . (C.10) 

For convenience, the terms in braces or square brackets are denoted by coefficients 

hi, with i = 1, ... ,5 as 

(C.11) 

where the coefficients hi are complex functions of Ci'Y' (3 such that 



105 

h2 = ~ [2a"(,83(a"( + 2) - 3,8 + i,82(7a-y + 4)] 

h3 - ~ {3,8(3 + a-y) + i [~ - 6,82(a-y + 2)]} 

h4 = ~ [6a-y,83( a"( + 2) - ~a-y,8 + 3ia"(,82( a-y + 3)] 

hs ~ [3,8(1 + cy"() - i (6a-y,82 - ~)] . (C.12) 

To obtain an alternative description of :/:3, the definitions of aT and ap are recalled: 

(
Bin Cp) 

aT = 1 - VT + Bin T p' (
BIn VT) 

ap = \lad BlnT T' 

From the following thermodynamic relations: 

VT = (Blnp) = Cp \lad pT (C.13) 
Bin T p P 

(
BlnvT) = [Bln(Gp\ladPT/P)] 
BlnT p BlnT p 

(
Blnp) 1 (BlnGp) (BIn \lad) 
BIn T p + + BIn T p + 8ln T p 

= -VT + 1 + /11' + ItT, 

(C.14) 

(B III CT') 
where VT == Din T p' (

Bin \lad) 
ItT == (JIn T p' 

(C. 15) 

the new expressions of aT and ap are obtained: 

aT = 1 - VT + /1'[', a P = \lad (1 - VT + VT + flT)' (C.16) 

Replacing aT, ap with new expressions, X3 in terms of Dziembowski vari

ables Yi becomes 

oT OP 
X3 - aT- - ap-T P 

- (1-VT+VT)[-V\lad(YI-Y2+Y3)+YS] 

- \lad (1 - VT + /11' + flT) [-V(YI - Y2 + Y3)] 

= V \larlllT(!/1 -!/2 + Y3) + (1 - VT + VT) Ys. (C.17) 
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From the formula Fe = CppTZ, one finds 

-- = 
Fe 

(C.1S) 
6Fer 

,With the expression of 6Zr /Z in Eq. (C.lI), 8Fe /Fe becomes 

8Fer 8T 
Fe = (hI - 1).'1:1 + h2 X 2 + h3 X 3 + h4 X 4 + hsxs + y' 

Substituting the expressions of .'l:iS in Eq. (C.7), 8Fer /Fe becomes 

8Fer 
Fe 

(C.19) 

The expressions of 8ger /g, 8T/T, bD I./ D in Eqs. (C.17), (B.13), (B.31), and 

= (fJ In '01') 8T (fJ In VT) 8P 
fJ In T p T + fJ In P T P 
81' 8P 

= tvT T +WP p 
= -V(\ladWT+tvP)(YI-Y2+Y3)+WTYs, 

where WT = (fJln VT) = 1 - 'UT + /IT + J.LT, 
fJIn T p 

are used to obtain 

8Fer 
Fe 

= (hI -1) ['~(Yl -!/2 + 113) + VTYS] 

+h2 [Y4 + (u - 2 - G\W2) Yl - V(\ladWT + WP)(YI - Y2 + Y3) 

+WTYS] 

+h3 [V \lad Il1'UI1 -?!2 + 113) + (1 - VT + /IT) YS] 

+h4 { - (r ~.1 +?11) 

1 [ d\l "tI ( )] ( ) + 1'-, -+ V \lad J.LT \lad +llP Yl - Y2 + Y3 
\l - \lad (1' 
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Organizing the R.H.S., 8Fcr / Fc becomes 

8Fcr 
Fc 

- (Yl - Y2 + Y3) {(hI -l)Vg - h2V(VadWT + wp) + h3V Vad IlT 

+h4 ( _1 ) [1' d\1, ~d + V \1 ad (IlT \1 ad +IlP)] - V\1 ad} 
\1 \1 ad (1 

+Yl [h 2(U - 2 - C1W2) - h" + hs] + h2Y-t 

+Ys [( hI - 1 )VT + h2'WT + 11.3(1 - Vl' + Jll') - 11." Vl'\1 ad + 1] 
\1 - \1ad 

dYl 11.,1 dys 
+(hs - h.d1'-d - V( ) r-d . (C.21) 

l' \1 - \1ad l' 

Since the equilibrium value of Fe is a linear function of (V - Vad)3/2 as shown in 

Eq. (2.2), Fc can be expressed in the following form: 

Fc = /(0(\1- \1ad)3/2, where /(c = /(c(r). (C.22) 

8Fcr can be thus expressed as 

8Fcr = 

(C.23) 

where 

HI = /(0(\1 - \1ad)3/2 [h2(U - 2 - C1w2) - 11." + hs] , 

H2 = /(c {(\1- \1ad)3/2 [(11.1 - 1)\~ - h2V(\1adWT + wp) 

+h3 V \1 ad Ill' - V\1 ad] 

+h,,(\1 - \1 ad) 1/2 [1' d~;ld + V \1 ad (Ill' \1 ad +IlP)] } , 

H3 = /(0(\1- \1ad)3/2(hs - h.I ), 

H" = /(0(\1- \1atl)3/2h2, 
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Hs Kc {('V - 'Vad)3/2 [(hI -l)vT + h2wT + h3(1- VT + itT) + 1] 

-h4VT 'Vad ('V - 'Vad)1/2} 1 

Hs = -h4KC('V - 'Vad)I/2/V. (C.24) 

Using Eq. (4.31) for nLyJ/dr, the 8Fcr in Eq. (C.23) becomes 

8FCr = HlYl + H2(YI - Y2 + Y3) 

+H3 {eVg - 3)YI + [e~I:;) -Yo] Y2 + YoY3 + VTYS} + H4Y4 

dys 
+HsY5 + Har-L-

0' 

= [HI + H2 + H3(Vy - 3)] YI + {-H2 + H3 [£~1:;) -Yo]} Y2 

dys 
+(H2 + H3l~)Y3 + H.Iy.) + (H3vT + H5)ys + Hsr dr . (C.25) 

Eq. (C.25) can be further simplified with new coefficients Si as 

(C.26) 

The new coefficients SI, ... , Sa arc defined by 

SI - HI + lh + Jh(\~ - :3), [£(£+1) 1 .)2 = -H2 + H3 C
I

W 2 - Yo 1 

S3 - H2 + H3Vg, S.) = H.)l 

S5 = H3VT + Hs, Sa = Ha. (C.27) 

C.1.2 The horizontal part of the perturbation 

To get the expression of 8Fch/ Fc , Xiong's equation 4 in Eq. (C.4) is recalled: 

( ' 2(.1 (.I)8Zh _ ,d~h (.I8Dh 2(.18geh 
Z + fJ + Ci-yfJ Z - Z d + Ci-yfJ D + fJ • 

c.J l' 9 
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By the expression of ~h 111 Eq. (1.21), the first term in R.H.S. can be 

decomposed as 

(C.2S) 

dlnG l =3- dlnMr =3-U, 
dIn?' dlnl' 

then Eq. (C.2S) becomes 

d~h 1 [dY2 (U ?) ] - = -- 1'-+ - _ Y2 
ell' G1w2 ell' 

Substitution of the second differential equation Eq. (4.32) for l'dyddl': 

l' i: = (C1W
2 

- A*)YI + (1 - U + A*)Y2 - A*Y3 + VTYS, 

leads to the following expression of d~h/ ell': 

The horizontal parts of 6D and 6ge are as shown in Eq. (B.2S) and Eq. 

(B.14): 

6geh (1 ) 9 = Y3 + G
1
W 2 -1 Y2· 
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Substituting those three relations for the horizontal parts into Xiong's 

equation 4 displayed in Eq. (CA), the equation becomes 

Now, 8Zh /Z can be represented by t.he linear combination of Yi with corresponding 

coefficient ai as (Note: there is no a.,.) 

8Z" Z = (l111, + (L2Y2 + (L3Y3 + asYs , 

where 

(C.29) 

The relationship between Fe and Z is Fe = pCpTZ , and the equilibrium 

values of the horizontal components of the Fe and Z are zero. Then one can find 

8Zh/Z = 8Feh /Fe ,and 

8Feh 
-p, = (LiYi + (L2Y2 + (L3Y3 + (LsYs 

'e 

Since 1(e is defined in (C.22) slIch that 

with (LiS in Eq. (C.29). 



the horizontal part of the perturbation 8Fc can be expressed by 

8Fch = J 1Yl + J2Y2 + J3Y3 + JsYs, 

with Ji = f(c(\l- \lad)3/2ai , 

C.2 Lagrangian perturbation of radiative flux 

C.2.1 Lagrangian perturbation of Eddington's formula 

Eddington approximation formula for the radiative flux is 

4rr 
Fn=--\1J. 

31\.p 

We take the perturbation of the radiative flux: 

8Fn = _ 4,rr fJ (_1 \1J) 
:3 h~(I 

= - 4rr [~8(\1 J) + (\1 J)8 (~)] 
3 I\.p I\.p 

= _ tlrr [8(\7 J) _ e r dJ (81\. + op)] 
31\.(1 dr I\. p 

The term 8(\1 J) in the R.H.S. can be decomposed as 

8(\1J) = (\1J)'+8r.\7(\1J)=\1J'+8r.\1(er~~) 
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(C.30) 

(C.31) 

(C.32) 

(C.33) 



"V(oJ - or· "VJ) + or· "V (er ~~) 

= "VoJ - "V(or. "V .1) + 6r· "V (er ~~) 
Each term in the R.H.S. can be further manipulated to obtain, 

"V6J(r, 0, </1) "V[YroJ(r)] = erytm d~: + (6J) "V .Lytm , 

_ "V(6r . "V J) = - "V (~7' y;m dJ) 
f. ell' 

= }/m d (~elJ) ~ dJ t"7 y;m 
-er c dl' I"r dr' - I"r elr v 1. l 

= ... m [d
2
J (d~r) dJ] ~ dJ t"7 y;m -er}e ~r dl'2 + dr dr -I"r dr V.L l 

}.om [ (12 J ( elYI ) dJ] 
= -er 'f 1'YI (17,2 + YI + r dr dr 

elJ t"7 \/711 
-YI1'-1 v 1.I t , 

(7' 

6r· "V (er ~~) = er r'YI IT (;,~ (~~) + (~~) C~:2 r"V .Lytm. 

These three expressions are combined to form 

C(t"7J) = \,/111 [dOJ ( elYI) elJ] u v erIe -,- - YI + r-d -el 
(,7' r r 

+ [OJ + (-P- _ YI) dJ] r"V 1.ytm • 
7' C1w2 dr 

Substituting this expression of 6("V .I) into Eq. (C.33), we obtain 

47l' [dOJ ( dYI 6", 6P) dJ] 6FRr = -- - - YI + 1'- + - + - -
3",p dr dl' '" P dl' 

6FRh = - 47l' [(~ _ YI) elJ + 6J] 
3",p C I W 2 dr l' 

Since FR = -(47l'j3",p)dJjdl' , we get 

OFRr 47l' doJ ( dYI 6", 6P) = ----Fn YI+l'-+-+-
3",p dl' dr' '" P 

47l' oJ ( Y2 ) = ---+Fn ---VI . 
31l(J l' C I W 2 
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(C.34) 

(C.35) 



C.2.2 The radial and horizontal parts of perturbation 

We make use of the following approximation of 8J: 

8T 
8J ~ 8B = 4By = -4BV \lad (VI - V2 + V3) + 4BVs. 

Then a relative perturbation 8FRh / FT in Eq. (C.35) becomes 

8FRh 1611'B FR ( V2 ) 
DT - 3 F [V \lad (Vt - V2 + V3) - Ys] + -;;;- -C 2 - VI 
r' Kpr T rT lW 

Ql [V \lad (Vt - V2 + Y3) - Ys] + ~ (d;:2 - YI) 

The radial part of a relative perturbation is 

8FRr 411' l' d8J Fn ( dYI 8K 8P) 
-- = ------- Yt+ 1'-+-+- , 

FT 31\.P7' Fr li7' FJ' dr K p 
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(C.36) 

(C.37) 

To obtain an expression of the first term in R.H.S. of Eq. (C.37), the same approx

imation is applied to obtain 

411' r d8J 

(C.38) 

Since the derivative of B is 

r
dB

=4B::..
dT 

=1B
dlnT 

=-4BV\l, and 
dr T dr dIn l' 
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then the relation Eq. (C.38), with the definition of Qt, becomes 

471" r doJ 

Since rdyI/dr and rd(Yl - Y2 + Y3)/dr can be obtained from Eqs. (4.31), 

(4.32), and (4.33) as 

(CAO) 

d 
r dr (YI - Y2 + Y3) 

( 
2 [e( e + 1) * ] - Va - 3 - C1w + A*)YI + C

I
W2 - Va - A + U -1 Y2 

+(Va + A'" - U + 1 )Y3 + Y'I, (CAl) 

and 

01\. + op 
I\. P 

oT 8p 
= I\.Ty+(l\.p+l)-p 

= -[I\.TV \lad +(Kp + 1 )l~](Yl - Y2 + Y3) + [KT - (Kp + 1)VT]Y5. (CA2) 

Putting Eqs. (C.39), (CAO), (CA 1), and (C.42) in (C.34), we obtain 

OFRr 
FT 

= QIV\lad{(Va-3-CIW2 +A'")Yl+ [e~l:;) -Va-A*+U-1]Y2 



+(Vg + A* - U + 1)Y3 + y,,} 

[ 
d(V\7ad) 2] ) 

+ Ql dlnr - 4QI V \7 \7ad (YI - Y2 + Y3 

dys 
-Qlr dr + 4Ql V \7 Ys 

FR{ [£(£+1)] - FT Yl + (Vg - 3)Yl + C
1
W 2 - Vg Y2 + VgY3 + VTYS 

-[/\':TV \7ad +(/\':p + 1)'~](Yl - Y2 + Y3) + [/\':T - (/\':p + 1)VT]Ys} 

= {Ql V \7ad (Vg - 3 - C1W
2 + A*) + QI d(~~;d) - 4Ql V 2 \7 \7ad 

- FR [Vg _ 2 - K1'V \7ad -(Kp + l)Vg]} Yl 
FT 

+ {QIV \7ad [£~1:21) -l~ -A* + U -1] + Ql d(~~;d) 

-4Q1V 2\7\7ad- ~~ [e~1:21) - Vg+/\,:TV\7ad+(/\,:p+1)Vg]}Y2 

+ {Ql V \7ad (Vg + A* - U + 1) + Ql d(~~;d) - 4Ql V 2 \7 \7ad 

- ~ [Vg - KT\f \7"d -(Kp + l)Vg]} Y3 + Ql V \7ad Y4 

{ 
FR } dys 

+ 4Ql V \7 - F1' [V1' + 1\.1' - (Kp + 1)VT] Ys - Qlr dr . 

For a simpler manipulation, we define Al such as 
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Al = Ql V \7ad (Vg + A* - U + 1) + Ql d(~~;d) - 4Ql V 2 \7 \7ad 

Fn +-;;;- (K1' \f \7"d +Kp Vy) . (C.43) 
liT 



APPENDIX D 

DIFFERENTIAL EQUATIONS 

D.l Derivative of Y6 

A variable Y6 is defined in Eq. (3.1): 

, _ 8FTr ? 
Y6 = ---;;:;- + -VI' 

l'T 

The perturbation of \1 . FT is as derived in Eq. (B.8): 
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(D.1) 

(D.2) 

Since the equilibrium value of \1 . FT vanishes outside the core, and the 

nonadiabatic phenomena is important only in the region well above the inner 

boundary of the convection zone, the first term in R.B.S. can be neglected. With 

the definition of V6, the relation Eq. (D.2) is simplified as 

8(\1. FT) = F/L!l6 + C(C + 1) (FT ~ _ 8FTh) . (D.3) 
d.,. r C}w2 r 

Then with the help of the relation Eq. (1.31): 

. TdYII "('(7 F ) 
lWY5 = - pCpT u V' T, 

Eq. (D.3) may be replaced by 

_ iw (PCpT) Y5 = Fr dY6 + C(C + 1) (FT ~ _ 8FTh) . (DA) 
Tdyn (17, r CI W 2 r 
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Multiplying both sides by 1,/ FT , we get 

. (pCpT1') dY6 e(e 1) (Y2 bFTh) - zw Ys = 1'- + + -- - -- . 
~~~ ~ ~~ ~ 

(D.5) 

The term pCpTr/ FT is the local thermal time scale: 

pCpT1' 47rpCpT1'3 

Tth = FT = L(1') (D.6) 

For the simpler expression we define ~ such as 

~ == Tth . 

Tdyn 
(D.7) 

With this definition of ~, Eq. (D.5) becomes 

dY6 _ e(f.+ 1) (8FTh Y2) . \0 1'- - -- - -- - ZW~Ys. 
dr FT CI W 2 

(D.S) 

The horizontal component oFTh/ FT is separated into the radiative and the 

convective parts as 
oF-J'h OFRh OFCh 

FT = FT + FT . (D.9) 

The expressions of both parts, convective and radiative, are obtained in Eq. (C.30) 

and Eq. (1.35): 

dY6 

OFCh 
FT 

OFnh 
FT 

= (~i) !Ii, 
1'1' 

i = 1,2,3,5 

47r oj Fn ( Y2 ) -----+- ---YI . 
3/.:pr F-r FT CI W 2 

Putting these expressions in Eq. (D.S), the equation becomes 

(D.10) 

1'- = 
d1' 

e(e + 1) [(!i.) Yi - (I'n) Yi + (Fn - 1) ~ - ~ (OJ)] 
FT F-r FT CI W 2 3Kp1' FT 

-iw~ys. (D.ll) 

oj with the help of that simplifying assumption oj ~ bB discussed in 

section 1.7, can thus be expressed in terms of Yi as shown in Eq. (C.36): 

bT 
oj ~ bB = 4BT = -4BV \lad (Yi - Y2 + Y3) + 4Bys. 
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Replaced oj with this formula, one can obtain 

dYa [( Ji ) (Fn) (FR ) Y2 r- = £(£+1) - Yi- - Yl+ --1 --
dr FT FT FT C1W2 

1671" VVad B 1671" B 1 + -(Yt - Y2 + Y3) - ----Ys 
31\.(11' FT 3/\,pr FT 

(D.12) 

or in the more organized form in which each Yi appears once in R.H.S. with its 

corresponding coefficient: 

dYa 0(0 1) [Jl Fn 1671"VVad B] r- = {. {. + - - - + - Yt 
dr FT FT 3/\,pr FT 

0(0 1) [J2 (Fn 1) 1 16n"VVad B 1 +{. {. + - + - - -- - Y2 
FT FT C1W 2 3/\'pr FT 

+£(£ + 1) [J3 + 1611"VVad B 1 Y3 
Fr 3 I\, pI' FT 

+ [e(£ + 1) (:s - 1611" !!...) - iw~l Ys. (D.13) 
I'T 3npr FT 

For the simplicity of expression, a new parameter Ql is defined by 

Ql == 1671" !!.... (D.14) 
31\,P1' FT 

With this definition of Oil Eg, (D.13) transforms to 

dya [Jt Fn ] 
r-

d 
= £(f + 1) -}' - -}' + Qt VVad Yt 

r '7' '1' 

+f(f + I) [~~ + (;; - 1) Ct1W2 - Qt VVad] Y2 

+£(f + I) [:~, + Q1 V\7ad] Y3 

+ [£(f + 1) (;~, - Qt) - iw~] Ys. (D.15) 

D.2 Derivative of Ys 

With an expression of oFcr in Eq. (C.26): 

aFcr = StYt + S2112 + S3Y3 + S4Y" + SsYs + Sa l' i: ' 
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the combination of 8Fcr and 8Fnr shown in Eq. (C.44) leads to 

8FRr 8Fcr ? 
Y6 - ---;;;- + ---;;;- + ~ V 1 

rT .l'T 

= [AI - QI V \7ad (4 + C1W
2 

- U) + 2;: + ;~ + 2] YI 

_ [AI + (Fn _ Q,V\7ad) e(e+ 1) _ 82
] Y2 + (AI + 83

) Y3 
FT Cl W 2 FT FT 

+ (Ql V \7ad + ~;.) V'I + [tlQI V \7 - ~: (KT - KpVT) + ;;] Y5 

_ (QI - 86) l' dV5 . 
FT (h' 

Now, dividing both sides by Ql and arranging terms, we get 

Now we define a parameter Q2 for a simpler expression such that (see Fig. 

C.43 for a definition of Ad 

Al 
Ql 

V \7ad (Va + A- - U + 1) + d(~~;d) - 4V2 \7 \7ad 

Fn 
+Q D (~7'V \7ad +KpVy) . 

}.l'T 

With this definition of Q2, one can rewrite Eq. (D.16) as 

(
1 86 ) dV5 

- QlF1' l' d,' 

(D.17) 
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(D.18) 

The parameter Q2 may have another form. The third term in R.H.S. of 

Eq. (D.17) can be further decomposed as 

d(V\lad) = V \lad dln(V\lad) = V ad (dIn V + dIn \lad) , 
dlnr dln1· \l dInr dlnr 

dIn V 
with 

dlnr 
= dln(pg1'/P) = dlnp + dIng + 1- dlnP 

dIn l' dIn r dIn r dIn r 

= dIn p + dIn(G1I1r /r
2

) + 1 + V 
din l' dIn r 

= _ A" + 2- d In P + dIn Mr _ 2 + 1 + V 
fl dIn r dIn r 

= -A* - V9 + U - 1 + V. 

Then we may write 

d(V\lad) = V \lad (-A* - V + U _ 1 + V + dIn \lad) . 
dInr 9 dInr 

Replacing this expression in Eq. (D.17)' a new expression of Q2 is obtained 

as 

Fn ( ) 2 (dIn \lad ) Q2 = Q1FT V \lad KT + VgKp - 4V \l \lad + V \lad dIn r + V . 

(D.19) 
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APPENDIX E 

THE METHODS OF SHOOTING 

The shooting method was used to evolve adiabatic eigenfunctions, computed by 

CON, to the desired nonadiaba.tic eigenfunctions. Nonadiabatic treatment added 

two new variables Ys, Y6 and two boundary conditions, one at the center and the 

other at the surface of the sun. Up to some height, nonadiabatic eigenfunctions 

were assumed to be identical to the a.diabatic counterparts, and from that height 

the nonadiabatic integration was performed. As a first step, one-dimensional shoot

ing, the adjustment of w to mat.ch the new outer boundary condition, was used. 

Since all three outer boundary conditions should be matched simultaneously, this 

one-dimensional method is not a desirable method. However, at the frequency 

of g-mode and low order p-mode (11. < 10), the other two boundary conditions 

remained matched within reasonable tolerance. In other words, the inclusion of 

new variables Ys, Y6 does not affect those two boundary conditions significantly 

in that frequency range. Next step was the multidimensional shooting, the si

multaneous adjustment of eigenfunctions and eigenfrequency to match the three 

outer boundary conditions at the same time. We used Droyden's method for this 

purpose. 

E.1 Castor's method for one dimensional shooting 

Castor [13] applied the one-dimensional secant method to get the initial guess 

of the eigenvalues. This method converges to the desired values very well when 

the initial guess is close to the true eigenvalue. When we tried this method to 
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shoot the third outer boundary condition, which had been added for nonadiabatic 

integration, the iteration process converged after less than five or six iterations. 

The outline of Castor's method is as follows: 

At every step of interation, the trial eigenvalue Wi yields Fi, the discrep

ancy function which is the left hand side of the final boundary condition that is 

supposed to be zero at a true eigenvalue. The updated value Wi+! should be 

(E.1) 

As seen in this formula, we need two initial trials to get Fo and Fl cor

responding to two slightly different values of Wo and Wl. We tried the adiabatic 

frequency for Wo, Oth trial value of w. 

Despite the simplicity, this method has proven effective for one-dimensional 

shooting at the frequency of most g-modes and low order p-modes. At these fre

quencies, the results were nearly identical to the ones obtained by three-dimensional 

shooting method. This method is a special case of Broyden's method to be dis

cussed in the next section. 

E.2 Broyden's method for multidimensional shooting 

When we make use of the shooting method for two point boundary value problems, 

we need to obtain Jacobian mat.rix J, whose elements are the partial derivatives of 

a discrepancy vector F with respect to the variables to be adjusted for shooting. In 

the case that the evaluation of Jacobian is impossible or too laborious, Broyden's 

method [47] can be used. In fact, Broyden's method is to obtain B matrix, the 

approximate Jacobian J, through the iteration process. 

Each time we get Fi by applying Xi, the updated or improved Xi+l is the 
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solution of 

(E.2) 

hoping that input of this new Xi+l gives the desired output; Fi+1 close to zero. If 

that is still well over the tolerance level, we will need an updated B i +1' The new 

Bi+1 should satisfy the equation: 

(E.3) 

Except in one-dimensional case, the solution Bi+1 of Eq. (E.3) given Xi, 

Xi+b and Fi, the updated Fi+l is not unique. We need an additional constraint to 

get a unique solution Bi+1' Broyden showed that the following formula gives the 

least change to Bi consistent with Eq. (E.3): 

Then, with this new Bi+l we obtain a new Xi+2 by solving 

or directly from the formula: 

Though these two formulae are algebraically identical, the numerical re

sults might be different especially when B is nearly singular. In this critical sit

uation, solving the matrix equation by matrix decomposition will produce better 

results. 

We need to continue to update the values until we get F within a pre

scribed tolerance level, or within any other problem-specific criterion. To start 

this iteration process, we need to evaluate Fo at the initial choice Xo. And we have 

to provide Bo to obtain the first update Xl' Though the identity matrix for Bo is 
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said to be an acceptable candidate, the choice is critical to the convergence of the 

iteration. 

For the guess of Bo, we chose two slightly different (by the factor of", 10-6 ) 

x vectors to calculate two corresponding F vectors. One x is a vector whose 

components are adiabatic eigenfunctions or eigenfrequency, and the other is a 

vector slightly changed (simply multiplied by a factor slightly bigger than 1) from 

it. The matrix Bo can be easily constructed by putting the ratios tlFd tlxi in the 

diagonal. It is found that this approximation of Bo behaves much better than the 

simple identity matrix does. 
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