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ABSTRACT 

The advective-dispersive equation is used extensively In studying and 

analyzing the transport of contaminants through groundwater systems. In this 

dissertation, the development and evaluation of a new numerical scheme for an 

efficient solution of groundwater solute transport problems is presented. The 

scheme, which is named the Finite Analytical/Fourier Transform Method (FAFM ) 

is based on taking the Fourier transform of the transient equation in the physical 

domain. The transformed equation resembles a steady-state advective-dispersive 

equation with a first-order decay term. The FAFM approach for solving the 

advective-dispersive problem consists of decomposing the spatial domain into a 

number of fine homogeneous finite elements within each of which a local analytical 

solution to the solute transport equation can be obtained. The Finite Analytical 

method uses the local analytical solution to form a set of algebraic equations for the 

concentration in the frequency domain. Initial conditions in the time and frequency 

domains must match one another. If they do not, adjustments in the boundary 

conditions in the time domain for t<D have to be made. Time-domain solutions are 

then recovered from the frequency domain by using an efficient inverse Fourier 

transform algorithm. The results obtained indicate that the FAFM performs well 

over a very wide range of Peclet numbers. A comparison with the exact solutions for 

a number of simple cases reveals the accuracy of the FAFM technique. It is expected 

that the method will provide good solutions for the problems in which such exact 

analytical solutions do not exist. 
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CHAPTER 1 

INTRODUCTION 

1.1 Problem Description 

Ground water is an economic resource and more than 85% of the public water 

supplies are obtained from wells in most countries (Raghunath, 1982). Ground 

water supplies for rural areas have certain advantages over surface water. The 

supply is invariably close at hand, the water is of more uniform character and 

relatively free from harmful bacteria, and can be developed at a small capital cost in a 

relatively short time. Ground water may become contaminated due to improper 

disposal of liquid wastes, defective well construction, and failure to seal the 

abandoned wells. These provide possible openings for the downward movement of 

water into subsurface formations without the process of natural filtration. 

The depth of the water table below ground level is a governing factor in 

determining pollution since the closer the water table is to ground surface, the 

greater is the risk of contamination. 

The public concern over ground water contamination has created renewed 

interest in solute movement studies. Ground water has become a major source for 

drinking, industrial, and agricultural use and will become an even more important 

natural resource as the world continues to meet the ever-growing demands for 

water. Efficient use of aquifers as reservoirs would need proper understanding of the 

water quality problems created by different sources of contamination. Some of the 

major means by which ground water may get contaminated are: 

a) Urban pollution, 

b) Industrial pollution, 
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c) Agricultural pollution, and 

d) Pollution from salt water and surface water. 

There is a need for understanding pollution movement as the first step for 

its evaluation and control. The hydrologic environment that influences pollution 

movement includes the interdependence of factors such as permeability, sorption, 

hydraulic gradient, position of the water table, and distance from contamination 

source. Waste disposal and salinity are two major sources of pollution. 

Solute movement studies may involve field experiments, laboratory work, 

or mathematical solutions of the classical advection-dispersion equation. The 

advection-dispersion equation is the basis for simulating contaminant transport 

problems in both surface and subsurface hydrology. The ability to solve the 

advection-dispersion equation efficiently and accurately is the cornerstone for a 

successful simulation of solute movement. The numerical methods available to 

deal with solute transport can be classified into three major categories, namely the 

Eulerian, Lagrangian, and mixed Lagrangian-Eulerian approaches (Neuman, 1984). 

Studies have shown that the Eulerian approach, using Galerkin Finite Element 

Methods (FEMs) or Finite Difference Methods (FDMs), has performed well for 

dispersion/ diffusion-dominated problems. In advection-dominated cases, however, 

oscillating solutions may result when the Eulerian approach is used in conjunction 

with the Galerkin FEMs or FDMs. The simplest way to eliminate numerical 

oscillation is to restrict the spatial grid size such that the mesh Peclet number is less 

than a certain critical value which depends on the numerical scheme used (Jensen 

and Finlayson, 1980). However, it is not always practical to reduce the grid size, and 

it is most likely impossible to completely eliminate oscillations by reducing grid size 

especially for cases of pure advection. 

------------.-...... ----------.,---_.-.. 
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There are many numerical methods which have been employed to solve the 

advection-dispersion equation. The numerical solutions obtained with traditional 

finite difference and finite element techniques typically exhibit spurious damping or 

oscillation when advection dominates. Recently-developed variants of these 

techniques, such as the finite analytic method (Chen and Chen, 1984) and the 

optimal test function method (Celia et al., 1989a,b) perform well for steady state 

problems. However, extensions of these methods to the transient case have not been 

successful, primarily because of the poor approximations of the temporal derivative. 

Recently, one-dimensional solutions to eliminate the problems of 

oscillation and dispersion by taking the Laplace Transform of the transient equation 

have been examined. Here, the transformed expression behaves like a steady state 

advection-diffusion equation with a first order decay term. This approach produced 

an accurate and robust transient solution by applying the finite analytic method to a 

Laplace Transformed one-dimensional model problem over a wide range of Peclet 

numbers, which works very well for one-dimensional problems (Li et al., 1992). 

One common problem associated with the inversion in the Laplace Transform 

method lies in the extremely slow convergence of the series expression, with adverse 

implications for both accuracy and computational time and effort. 

1.2 Purpose and Objective of the Present Study 

Currently, solute movement study from a point source is one of the most 

burning issues for the pollUtion control agencies, generally all over the world, and 

specifically in the United States. The solution should be implicitly free of numerical 

dispersion and oscillation, simple to use, applicable to a variety of field conditions, 

and efficient with respect to computer memory and execution time so that it can be 

-------------------------
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more practical. The approach presented by Li et al (1992) for the one-dimensional 

case can also be applied using the finite analytical method of the Fourier 

Transformation of the one-dimensional advection-dispersion equation. Inversion 

of the Fourier Transform is easily accomplished and has been applied in all fields of 

engineering and it will reduce or eliminate problems such as slow convergence and 

excessive computational time. 

In this dissertation, modeling of solute movement from an upstream source 

will be accomplished by solving the one-dimensional advection-dispersion equation 

using the Fourier Transform and the finite analytical method. Thus, the goal in this 

study will be to provide a space-time accurate method for solving one-dimensional 

solute transport problems. The following research objectives will be pursued to 

meet the study goal stated above. 

1. Devise a mathematical algorithm for the 1 - D advection-dispersion 

equation using Fourier Transforms and Finite An. 'vtical Method; 

2. Develop a computer program using the devised algorithm in order to 

obtain the numerical solution for the problem presented above; and 

3. Compare the results obtained using the above method with those 

obtained from exact analytical solutions. 

1.3 Method of Investigation 

The solute movement processes can be represented by a linear partial 

differential equation Oavandel et al., 1984). The main variable in such a process is 

concentration. The Fourier Transform method has been used before in numerical 

algorithms for solving time-dependent partial differential equations. The solutions 

are obtained in the frequency domain, first and the resulting steady state expression 

------------------ ----------
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is solved with an analytical-based spatial technique, such as the finite analytic 

method. These solutions are then used with the inverse Fourier Transform to 

compute the solution in the time domain. 

As the solute movement process gets more complex, obtaining the exact 

analytical solution becomes a formidable task. Such complexities arise in practice 

due to a number of different factors. Some of these factors are, for example, the non

homogeneity of the solute media resulting in a complex dispersion coefficient; non

uniform flow; sink or source; and complex initial and boundary conditions. 

The validity of approximate numerical solutions can be verified by 

numerically solving some simple problems for which exact analytical solutions exist. 

A detailed discussion of the proposed numerical technique will be presented in 

chapter four of this dissertation. 

1.4 Organization of the Dissertation 

Chapter 1 of this dissertation starts with a general overview, followed by a 

brief description of the problems and issues related to the ground water and solute 

movement, and the different methods available in the literature that address these 

issues. 

Chapter 2 is a literature review of the problem under study. A thorough 

description of the different mathematical methods to approach the solution of 

advection-dispersion equation is presented here. This description gives more 

specific information about the advantages and disadvantages of the methods 

available to date in the literature. 

The general equation of the mathematical model of the advection-dispersion 

problem is explained in Chapter 3. In particular, the different terms included in this 

----------------
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equation and their significance and implication are discussed. Also, a brief and 

general account of the Finite Analytic Method and the Fourier Transform is given in 

this chapter. 

An in-depth mathematical development of the Finite Analytic Method 

proposed and applied to the problem of interest of this dissertation is the main goal 

of Chapter 4. The Fourier Transformation technique used in conjunction with the 

Finite Analytic Method is also discussed in this chapter. 

Chapter 5 presents the application of the method to the movement of an 

upstream source through a homogeneous aquifer, with and without decay. The 

results based on the Finite Analytic Method are compared and contrasted to those 

obtained from exact solutions. Discussion and a summary of these results are then 

followed by conclusions and suggestions for future work in Chapter 5. 

1.5 Contributions of the Dissertation 

The main contributions of this research study are summarized as follows. 

• A novel numerical approach to obtain solutions of the advection

dispersion equation was developed, that will be free of spurious 

oscillations and numerical dispersion for all practical values of the 

Peclet number and a wide range of grid spacing. This more accurate 

and computationally efficient method is based on the Fast Fourier 

Transform and is used for obtaining numerical solutions for the 

advection- dispersion equation. 

• This method has an unusual characteristic. The problem in the time 

domain is specified for t ~ O. However, the solution in the frequency 

domain has to be sought in the range -00 S; 0) S; 00. Thus, the initial 
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condition (t = 0) in the time domain which is a boundary condition is 

transformed into ro = 0, which is not a boundary condition in the 

frequency domain. This implies that concentrations at negative 

values of t (Le., at negative time nodal points that are mirror 

images of their positive time nodal points) will have to be assigned 

in such a way as to produce the desired concentrations at the spatial 

nodes corresponding to t = O. A method to perform this task has 

been suggested, Sadati, S.H., 1993. 



21 

CHAPTER 2 

LITERA TURE REVIEW 

The study of ground water requires knowledge of many of the basic principles 

of geology, physics, chemistry and mathematics. For example, the flow of ground 

water in a natural environment is strongly dependent on the three-dimensional 

configuration of geologic deposits through which flow takes place. 

Geology provides us with a qualitative knowledge of the medium of flow, but 

it is the physics and chemistry that provide the tools for quantitative analysis. 

Ground water flow exists as a field, just as heat and electricity, and previous exposure 

to these more classic fields provides good experience for the study of ground water 

flow. 

The analysis of the natural and chemical evolution of ground water, and of 

the behavior of contaminants in ground water, requires the use of some of the 

principles of inorganic and physical chemistry. 

The mathematical method upon which the classical studies of ground water 

flow are based was borrowed by early researchers in the field from the area of applied 

mathematics, originally developed for the treatment of the problem of heat flow, 

electricity, and magnetism. With the advent of the digital computer and its 

widespread availability, many of the important recent advances in the analysis of 

ground water systems have been based on much different mathematical approaches 

generally known as numerical methods. Although in this dissertation, neither the 

classical analytical nor the numerical method is pursued in detail, my intention will 
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be to include sufficient materials to illustrate some of the more relevant issues in 

numerical methods as applied to the problem of this research study. 

2.1 Theoretical Investigation 

It is becoming increasingly common in the investigation of ground water 

flow systems to view the flow regime in terms of its ability to transport dissolved 

substances i.e. solutes. These solutes may be natural constituents, artificial tracers, or 

contaminants. The process by which solutes are transported by the bulk motion of 

the flowing ground water is known as advection. Solutes that are non-reactive are 

carried at an average rate equal to the average linear velocity of the water. There is a 

tendency, however, for the solute to disperse from the path that it would be expected 

to follow according to the advective hydraulics of the flow system. This spreading 

phenomenon is called hydrodynamic dispersion. One of the characteristic features of 

the dispersive process is that it causes spreading of the solute, if the opportunity is 

available, in the directions transverse to the flow path as well as in the longitudinal 

flow direction. 

The simplest model for studying the dispersion process is based on a bundle 

of capillary tubes. The displacement of a fluid in a straight capillary tube of radius r 

by another fluid was investigated first by Taylor (1954). Taylor's results indicated that 

the tracer was dispersed relative to a plane moving with velocity V exactly as in a 

Fickian diffusion process, but with a diffusion coefficient D given by 

(2.1) 

where Dd is the molecular diffusion coefficient. 
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Taylor's results were generalized by Aris (1956). Aris considered a bundle of 

capillary tubes and obtained an effective diffusion coefficient D as 

(2.2) 

where 1: is a coefficient depending on the shape of the capillary tube's cross section. 

A statistical model was developed by Scheidegger (1954) that dealt with the 

microscopic motion of marked fluid particles. By finding the average of these 

motions, he obtained a macroscopic description of the dispersion. Scheidegger 

neglected molecular diffusion and used the random walk theory extended to three 

dimensions. However, he also assumed that the probability for a particle to move a 

given distance had the same value in all directions. This leads to a dispersion 

coefficient that has the same value in all directions, and has subsequently been 

proven wrong for the general case. 

The first statistical approach which defines the dispersion coefficient as an 

anisotropic quantity was suggested by de Josselin de Jong (1958). His model was 

constructed of interconnected straight channels oriented at random, but uniformly 

distributed in all directions. 

Scheidegger (1961) has suggested that the dispersion of a tracer in fluid flow 

through saturated homogeneous porous media can be described by the differential 

equation 

ae =~[D"~- v.e] at ax. 1J ax. 1 
1 1 (2.3) 

where e is the tracer concentration, t is the time, xi (i = 1,2,3) are the Cartesian space 

coordinates and Vi is the component of the velocity vector along the three 
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directions in a Cartesian coordinate system. (Scheidegger 1961) suggested that Dij is a 

second rank tensor with linear velocity components as described by 

(2.4) 

where Eijxy is the coefficient of dispersivity related to the porous medium property 
VV 

and ~ is a tensor which represents the linear influence of the velocity. Later 
V 

work by Poreh (1965) showed the tensor form of the dispersion coefficient is 

D.. d 
( )

2 

_Ij = Flo-- +F2 - V-
Dd Ij Dd Ij 

(2.5) 

where Oij is the Kronecker delta, Vij is equivalent to the V x V y in Scheidegger's 

work (Eq. 2.4), d is the pore size and F[ and F2 are even functions of the Peclet 
vd vd 

number - and Reynolds number -. 
Dd V 

Later work by Bear and Bachmat (1967) showed that Dij is a function of the 

Peclet number. 

2.2 Longitudinal Dispersion 

The spreading of the solute in the direction of the bulk flow is known as 

longitudinal dispersion and is normally much stronger than lateral dispersion. The 

one-dimensional form of the advection-dispersion equation for dissolved 

constituents in saturated, homogeneous, isotropic, materials under steady-state 

uniform flow is 

-------------------- -
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(2.6) 

where x is a curvilinear coordinate direction taken along the flow line, Vx is the x 

component of the average linear ground water velocity, Ox is the component of the 

coefficient of hydrodynamic dispersion in the longitudinal direction (i.e. along the 

flow path), and c is the solute concentration. This transport equation does not 

account for any possible chemical reaction, biological transformation or radioactive 

decay. 

Different factors contribute in varying degrees to the coefficient of 

hydrodynamic dispersion. In fact, important observations are made when this 

coefficient is expressed in terms of two other components as 

(2.7) 

where ax is a characteristic property of the porous medium known as dispersivity 

(of dimension L) and 0* is the coefficient of molecular diffusion for the solute in the 

porous medium (of dimension L "LIT). 

It is noted from Eq. (2.7) that at a low velocity V, the molecular diffusion 0* is 

an important contributor to the dispersion and therefore the coefficient of 

hydrodynamic dispersion approximately equals the molecular diffusion coefficient, 

that is Ox::::: 0*. At a high velocity v, mechanical mixing is the dominant 

dispersive process, in which case 0* becomes insignificant and therefore Ox ::::: ax vx' 

Larger dispersivity of medium produces greater mixing of the solute front as it 

advances. 

The initial and boundary conditions represented by the step-function input 

are described mathematically as 
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c(x,O) = 0 (2.8) 

c(O, t) = Co t ;:: 0 (2.9) 

c(oo,t)=O t;:: 0 (2.10) 

When these boundary and initial conditions are imposed, the dimensionaless 

solution to Eq. (2.6) for a saturated homogeneous porous medium obtained by Ogata 

(1970) is 

c _ I [ I" (x-vxtJ (Vxx) c (x+vxtJ] --- erIC +exp - erIC 
Co 2 2~Dx t Dx 2~Dx t (2.11) 

where erfc denotes the complementary error function. It is worth noting from this 

solution that in the event that x or t grows large, the second term on the right hand 

side becomes insignificant, and hence, negligible. In this case, then, the solution in 

(2.11) reduces to 

(2.12) 

2.3 Analytical Solutions 

Many researchers have attempted to obtain analytical expressions for the 

solution of Eq. (2.6) with different boundary and initial conditions. Although the list 

given here in the following is by no means exhaustive, it expresses the importance 

of the problem. Among the researchers who looked into this problem are Ebach and 

White (1958), Ogata and Bank (1961), Harleman and Rumer (1963), Coats and Smith 

(1964), Rifai et al. (1965), Ogata (1970), Cleary and Adrian (1973), Fried (1975), van 

Genuchten and Wierenga (1976), Cleary and Ungs (1978), Bear (1979), and others. 

Specialized solutions for adsorptive porous media are presented in Cameron and 
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Klute (1977). Several of these solutions have been programmed for computer 

applications by Yeh (1981), van Genuchten and Alves (1982), and Javendel (1984). 

2.4 Numerical Methods (NM) 

Although analytical solutions of the advection-dispersion equation are 

available for certain special cases, many problems of practical interest (e.g., transport 

through a heterogeneous velocity field) must be solved numerically since they are 

too complex to enjoy closed-form analytical solutions. Most numerical methods can 

be classified into three major categories: Eulerian, Lagrangian, and mixed Eulerian

Lagrangian approaches (Neuman, 1984). A summary of each of these three methods 

and some of their variants will now follow. 

2.4.1 Eulerian Method (EM) 

Eulerian Method applies to the Eulerian form of the transport equation at the 

nodes of a fixed grid. The techniques in this category are based on the solution of a 

single system of algebraiC equations in which both the advection and dispersion 

terms are known and concentration values are unknown at a finite number of fixed 

locations (nodes). Conversion of the actual differential equation into such a system 

is obtained by using either Finite Difference Method (FDM) or Finite Element 

Method (FEM). These two variations of the EM method are explored further below. 

2.4.1.1 Finite Difference Method (FDM) 

In the FDM, the total spatial domain of the problem is broken up into finite 

sub-regions by a finite number of discrete spatial points. The finite difference is 

obtained from a truncated Taylor series expansion to provide, approximately, the 
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relation between the dependent variable and its derivative at a chosen point and its 

neighboring points. The differential equation at each point is approximated by a 

difference equation. At each point in time, therefore, for n discrete points in space, n 

algebraic equations are obtained, relating the unknown dependent variables (i.e., the 

concentrations) with those of its neighboring points. This system is readily solved if 

the algebraic system is linear. If it is nonlinear, the equation is linearized and the 

solution is obtained with a suitable iterative method. 

2.4.1.2 Finite element methods (FEM) 

The first step in the FEM is to subdivide the problem domain into smaller 

sub-regions. An approximate functional variation of the dependent variables in the 

sub-region is then chosen. These approximate functions (shape functions) normally 

are polynomials because of their simplicity. The approximate function is then used 

to derive an integral equation in each sub-region. The most commonly used forms 

of the integrals are the weighted residuals integral and the variational form of the 

governing equation. The weighted residuals integral is based on the minimization 

of the residual in the sub-region when the approximate solution is substituted into 

the integral of the differential equation governing the problem. Other schemes are 

possible to achieve the aim of minimization of residuals such as collocation, sub

domain, least squares, and Galerkin method. Minimizing the residual leads to an 

algebraic equation describing the behavior of an element. Application to all the 

elements results in a global set of linear (nonlinear) simultaneous algebraic 

equations obtained by relating the value at each nodal point with its neighboring 

points. The, global set of algebraic equations is solved as in the case of the FDM, after 

applying the appropriate boundary conditions. 
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Gray and Pinder (1976) stated that various finite difference and finite element 

methods for soldng the one-dimensional convection-dispersion equation have 

been investigated. A Fourier series analysis is performed to determine the 

dissipative and dispersive characteristics of these numerical methods. The analysis 

indicates that the commonly observed phenomenon of overshoot of a concentration 

pulse is due to the inability of the numerical schemes to propagate the small 

wavelengths which are important to the dispersion of the front. Furthermore, the 

numerical smearing of a sharp front is due to dissipation of these small 

wavelengths. The finite element method was found to be superior to the finite 

difference methods for solving the convection-dispersion equation. 

Experiments have shown that the Eulerian approach using Galerkin finite 

element methods (FEMs) or finite difference methods (FDMs) works well for 

dispersion/ diffusion dominated problems, though oscillating solutions may result 

in these cases. The simplest way to eliminate numerical oscillations is to restrict the 

spatial grid size such that the mesh Peclet number is less than a certain critical 

number which depends on the numerical scheme used (Jensen and Finlayson, 1980). 

However, it is not always practical to reduce the grid size, and it is certainly 

impossible to eliminate oscillations by reducing grid size for the case of pure 

advection. 

Alternatively, one may use upwind FDMs (Holly and Preiss man, 1977) or 

upstream FEMs (Lapidus and Pinder, 1982) to eliminate oscillations for mesh Peclet 

numbers ranging from 0 to 00, that is with mesh Courant numbers smaller than 1 

(Jensen and Finlayson, 1980). A drawback of the upstream methods, however, is that 

they introduce a large numerical dispersion. The numerical dispersion can be 

reduced by using a finite grid system and, correspondingly, a smaller time step size to 
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keep the mesh Courant number less than 1. Using both fine grid size and small 

time step is not practical for most realistic two- and three-dimensional problems. 

Numerical dispersion can also be greatly reduced by using higher-order 

approximations in space, time, or both (Holly and Preissman, 1977). The use of 

higher-order approximations may reintroduce oscillations (Neuman, 1983). Hence 

higher-order approximations have not proven capable of entirely and efficiently 

eliminating both numerical oscillation and dispersion. 

2.4.2 Lagrangian Method (LM) 

The Lagrangian Method (LM) is another method for describing motion in a 

fluid system. It is basically the history of the movement of individual particles. In 

the Lagrangian Method, the coordinates of the center of a mass particle are 

represented as a function of time. To distinguish among the various particles, we 

label each of them by the coordinates ( called fluid, material or Lagrangian 

coordinates) of the particle's position at some initial time. These coordinates, are 

sometimes also referred to as convected coordinates. The analysis is carried out with 

respect to a specified mass of particle fluid. This mass, changing in shape, position or 

properties as it moves, always remains unchanged. This method avoids the 

treatment of hyperbolic operators by solving the transport equation. 

2.4.3 Eulerian - Lagrangian Method (ELM) 

The Eulerian-Lagrangian Method (ELM) uses the Lagrangian concept in an 

Eulerian computational grid system. The structure of the advection-dispersion 

equation suggests the use of operator splitting techniques which treat the advection 

(hyperbolic) and dispersion (parabolic) terms differently. This approach leads to 
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numerical algorithms which combine the convenience of an Eulerian grid and the 

accuracy of a Lagrangian treatment of advection (Gary and Pinder, 1979; Holly and 

Preissmann, 1977; Neuman, 1981; Neuman and Sorek, 1982; Baptisa, et al., 1984; 

Chiang, et al., 1989; Yeh, 1990; Celia, et al., 1990; Yong and Hsu, 1990; Li and 

Venkataraman, 1991). The Eulerian-Lagrangian Methods (ELM) decouple the 

transport equation into two components (pure-advection and pure-dispersion), each 

being solved by an appropriate technique. Depending on the use of different 

Lagrangian techniques to approximate the advection term, the ELM may be classified 

as (a) the method of characteristics (Konikow and Bredehoeft, 1978), (b) the modified 

method of characteristics (Cheng, et al.; 1984), and (c) a combination of the two 

methods in (a) and (b) (Neuman, 1984). When the advection portion of the equation 

is solved with a Lagrangian or Characteristic-based method, Courant and grid Peclet 

number stability requirements can be significantly relaxed. The performance of such 

a method is, however, critically dependent on the accuracy of the backward 

trajectory-tracking and concentration interpolation ( Holly and Preissmann, 1977; Li 

and Venkataraman, 1991). Linear interpolation can lead to excessive numerical 

dispersion (Roache, 1972; Huffenus and Khaletzky, 1981; Neuman, 1981; Neuman 

and Sorek, 1982; Douglas and Russell, 1982; Wheeler and Dawson, 1988; Chiang, et 

al., 1989). Quadratic interpolation reduces numerical damping to some extent but 

can introduce spurious oscillations ( Roache, 1972; Huffenus and Khaletzky, 1981; 

Douglas and Russell, 1982; Baptisa, et al., 1984). Higher-order interpolation 

techniques based on more interpolating nodes can reduce numerical dispersion 

further, but they may introduce even more severe oscillations (Martin, 1975; Holly 

and Preissmann, 1977). Holly and Preissmann (1977) proposed a Hermite 

interpolation technique which achieves good accuracy at the expense of increased 

-------------- --~--
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computational effort, particularly for multidimensional problems ( Huffenus and 

Khaletzky, 1981). 

The values of the dependent variable inside the grid are calculated by 

interpolation. When linear interpolation is used, the method results in a slight 

improvement over upwind difference method. At this level of approximation, both 

the ELM and upwind difference methods suffer from large numerical dispersion. 

However, if second-order Lagrangian polynomials are used in the interpolation, the 

ELM is proven to be free of artificial numerical dispersion for the convection

dispersion equation. The concept of the ELM has been extended to the treatment of 

anisotropic dispersion in natural coordinates. Furthermore, in this approach, the 

anisotropic properties of dispersion can be conveniently related to the properties of 

the flow field (Cheng, et al., 1984). 

The method adopted by Neuman (1984) consists of tracking steep 

concentration fronts with the aid of forward-moving particles while using the more 

economical single-step reverse particle tracking method away from such fronts. 

When the front flattens, the moving particles are eliminated. The use of moving 

particles around steep fronts is necessary to avoid numerical dispersion and clipping 

of concentration peaks. The unconventional Lagrangian formulation of the finite 

element equations eliminates advective terms so that these equations take on a 

purely parabolic nature. This has two advantages; first, all finite element matrices 

are symmetric, and secondly, one is justified in using mass-lumping which further 

reduces matrices in front of time derivatives to a diagonal form resulting in an 

increase in accuracy . 

Chiang, et al. (1989), developed a numerical model based on the theories of 

Modified Method of Characteristics (MMOC) and the mixed finite element method. 
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The important feature of the MMOC procedure is tracing the solution backward in 

time along the characteristics, in contrast to the forward front tracking or moving 

point methods. Thus, the solution grid at the advanced time is controlled by the 

method, not the flow, and therefore a fixed grid system can be used for the 

simulation. Among other advantages of the MMOC procedure is that the algebraic 

system is symmetric and positive definite making it simple to solve such a linear 

system of equations. 

However, the method is formulated in non-divergence form and, therefore, 

it does not conserve mass exactly. A very accurate velocity field is required to 

maintain a good numerical mass balance. The mixed finite element method that 

solves for the hydraulic head and the specific discharge simultaneously as a system 

of first-order partial differential equations is used. One order of convergence is 

gained by the method, as compared with solving the conventional elliptic equation 

for the hydraulic head and then differentiating the head values to find the specific 

discharge. The experiment demonstrates that large time steps can be taken without 

sacrificing much of the solution's accuracy of the MMOC model. However, the 

model requires fine enough grid intervals to resolve sharp concentration gradients. 

No apparent numerical dispersion or oscillation is observed when the model is 

simulated with the global Peclet number equal to 1000. 

Celia, et al. (1989), introduced a new numerical method for the solution of 

the one-dimensional, transient advection-dispersion transport equation. The 

procedure is based on a weak form of the governing equation. The definition of the 

test function is provided as part of the numerical algorithm. These test functions 

vary continuously as the parameters of the governing equation change, thereby 

automatically accommodating varying degrees of advection domination. The test 

-------- .. --.-. ---- ... -
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functions possess optimality properties, and we, thus, call the method an Optimal 

Test Function (OTF) method. Initial numerical results show excellent behavior of 

the method over a wide range of grid Peclet numbers. However, the solution for 

high values of Courant number is not satisfactory. 

Celia, et al. (1990), have presented a space-time Localized Adjoint Method 

(LAM) approximation for the advection-dispersion transport equation. The 

formulation is based on a space-time discretization in which specialized test 

functions are defined. The functions locally satisfy the homogeneous adjoint 

equation within each element. The formulation leads to a general approximation 

that yields to many specific methods of solution based on combined Lagrangian and 

Eulerian approaches, the so-called Characteristic Methods (CM's). We will refer to 

this approach as an Eulerian-Lagrangian Localized Adjoint Method (ELLAM). The 

ELLAM approach not only provides a unification of CM methods but also a 

systematic framework for the incorporation of boundary conditions in CM 

approximations. Any type of boundary condition can be accommodated, and the 

resulting ELLAM equations can be shown to be mass conservative. This appears to 

be the first complete treatment of boundary conditions in Eulerian-Lagrangian 

Methods that leads to a conservative scheme for the general transport equation. 

Eulerian-Lagrangian methods have proven to show certain disadvantages in 

providing solutions to the problems. Some of the major drawbacks of these 

methods are their difficulty in treating general boundary conditions and their failure 

to maintain mass conservation (U, et aI, 1992). 

The Cell Analytical-Numerical (CAN) method has been developed and 

implemented for the solution of the two-dimensional advection-dispersion 

equation. The method uses a standard first-order backward difference 
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approximation for the time derivative, but accomplishes the spatial approximation 

by using a transverse-averaging proced ure to transform the local two-dimensional 

partial differential equation into a set of coupled one-dimensional ordinary 

differential equations. This set of equations is solved analytically within each sub

domain (cell). Applying continuity of the mass flux across the cell boundaries yields 

a set of coupled tridiagonal equations. Results from simple test problems on coarse 

spatial meshes indicate that the CAN method is more accurate than the Alternating 

Direction Galerkin technique (ADG), (Elnawawy and Valocchi, 1990). 

The CAN method also has it own shortcomings. The principal drawback of 

this method is its restriction to rectangular cells, and thus it lacks the geometrical 

flexibility of the finite element method ( Elnawawy, et al., 1990). Another 

disadvantage is that constant parameter values within each cell are required in order 

to obtain easily the local analytical solution (Ougouag, et al., 1990). This could restrict 

the cell size for highly non-uniform flow fields. 

Numerical solution of the advection-dispersive transport equation is 

difficult when advection dominates. Difficulties arise because of the first-order 

spatial derivatives, which can be eliminated by a local coordinate transformation to 

the characteristic lines of the first order hyperbolic portion of the equation. The 

resulting differential equation is discretized using finite difference in time and finite 

elements in space employing cubic Hermitian basis functions. The residuals at 

individual collocation points are then computed. The sum of the squares of the 

residuals is minimized to form the necessary set of algebraic equations. The method 

has performed well in one-dimensional tests, but has not been tested for two

dimensional problems (Bentley, et al., 1989). 
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The Lagrangian-Eulerian method coupled with zooming sharp-front element 

approach (LEZOOM) was developed to solve the advection-dispersion equation 

under a variety of conditions. Four benchmark problems were used to illustrate the 

robustness of the LEZOOM approach. These problems covered transport under 

constant, transient, or non-uniform flow conditions with various initial conditions 

and constant, or time-dependent, boundary conditions. Both uniform and non

uniform grid discretization have been used. The LEZOOM virtually eliminates 

numerical dispersion and oscillation for all cases investigated with mesh Peclet 

numbers ranging from zero to infinity and mesh Courant numbers well above one. 

It also sufficiently overcomes the problem of peak clipping and makes the effect of 

grid orientation insignificant. Further research is warranted to explore various 

means of reducing the number of elements needed to be zoomed and decreasing the 

number of hidden-fine elements per zoom element (Yeh, 1990). A time continuous 

numerical technique referred to as the Laplace Transform Galerkin (LTG) method, 

was developed by Sudicky (1989) to handle the problem of solute transport in porous 

media. After application of Galerkin's procedure and subdivision of the domain 

into finite elements, the method involves a simple application of the Laplace 

Transform to eliminate the temporal derivatives appearing in the space discretized 

set of ordinary equations. Then, by solving the resulting transformed system of 

algebraic equations in Laplace frequency space, numerical inversion of the Laplace 

Transformed nodal concentration is performed using the robust and accurate Crump 

algorithm. The Crump algorithm permits the concentration to be evaluated for a 

range of time values from a set of Laplace frequency space solutions. Because each of 

the needed frequency-space solutions is independent, the algorithm is well suited for 
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execution ~n multiprocessor parallel computers. This approach is limited due to 

instability in the solution at higher Peclet and Courant numbers. 

Eulerian solution methods present an attractive alternative to Eulerian

Lagrangian Methods since they are conceptually simple and easy to implement. 

Recently, a number of researchers have suggested a group of innovative Eulerian 

numerical algorithms which are based on local analytical solution of the advection

dispersion equation. Some of the related works are due to Spalding (1972), Hughes 

(1978), Chen, et al.,(1981), and Celia, et al. (1989 b). Two analytically-based algorithms 

are of particular interest here: 1) the finite analytic method of Chen ( Chen and Li 

1979 a; Chen, et al., 1981; Chen and Chen, 1984), and 2) the optimal test function 

method (Celia, et al., 1989 a,b). These techniques were initially developed for the 

steady state problem, and give exact solutions to the steady state version of 

advection-dispersion equation. Extension of the finite analytic techniques to 

transient problems have typically approximated the time derivative with a finite 

difference approximation (Chen and Chen, 1984; Hwang, et al., 1985; Celia, et al., 1989 

b,c; Kindred and Celia, 1989; and Elnawawy et al., 1990). This has the effect of 

reducing the original transient problem to a series of steady state problems defined at 

successive time steps. Unfortunately, the resulting numerical solutions do not 

behave optimally. The close interaction between space and time dependence in the 

advection-dispersion equation requires that both the temporal and spatial 

derivatives be accurately approximated in order to obtain a satisfactory solution 

(Gresho and Lee, 1981; Li, 1988; Celia, et al., 1989 b,c; Celia, et al., 1990). 

A new method was employed by Li, et al., (1992), for one-dimensional 

problems to eliminate the difficulty of oscillation, dispersion and instability. In this 

new method, the Laplace Transform of the transient equation was taken. Here, the 
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transformed expression behaves like a steady state advection-dispersion equation 

with a first order decay term. The steady equation was then solved by the finite 

analytical method and reversed by taking the inverse Laplace Transform to get the 

solution. 

The solution in the physical space-time domain is ultimately recovered in 

this method by using an efficient numerical Laplace inversion algorithm. It should 

also be noted that numerical inversion of the Laplace Transform generally becomes 

increasingly difficult or expensive as the temporal concentration gradient increases 

(U, et al., 1992). 



39 

CHAPTER 3 

OVERVIEW OF THE TRANSPORT EQUATION, 

FINITE ANALYTICAL METHOD, AND FOURIER TRANSFORM 

3.1 Governing Transport Equation 

The partial differential equation describing one-dimensional mass transport 

in a porous media under transient conditions is derived by VanGenuchten and W.J. 

Alves, (1982), and is presented below. 

where 

c = the solution concentration (ML -3) 
s = the adsorbed concentration (MM-I) 
e = the volumetric moisture content of the media (L3L -3) 
D(x) = the dispersion coefficient in the x direction (L2T-I) 
q = the volumetric flux (L T-1 

) 

P = the porous medium bulk density (ML-3
) 

x = the distance (L) 

t = the time (T) 

(3.1) 

J.1.w.J.1.s = first-order rate coefficient for decay in the liquid and solid phase of 

the soil (T-1
), respectively. 

Y W' Y 5 = zero-order rate coefficient for production in the liquid and soil phases 

(ML -3T-1• T-1), respectively. 

For a saturated flow e = n and for an unsaturated flow, e < n, where n is the 

porosity of the medium. Dividing equation (3.1) by e gives 
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(3.2) 

where v = q is the pore-water or seepage velocity in x direction (LT-1), as e ~ 

represents the rate at which the constituent is adsorbed (MM-1T-1), and £. as 
e at 

represents the change in concentration in the fluid caused by adsorption or 

desorption. 

The solution of equation (3.2) requires an expression relating the adsorbed 

concentration s with solution concentration e. Several types of models for 

adsorption or ion exchange are available for this purpose, such as equilibr;' md 

non-equilibrium models. Adsorption reactions for contaminants in gro' ·.d 

are normally viewed as being very rapid relative to the flow velocity." . mount 

of the contaminant that is adsorbed by the solid (i.e., the de nee (1f ad~ ;Ai' 

commonly a function of the concentration in the solution, i.. It foL 

that 

and 

as as ae 
at = ae at 

pas pas ae --=---
eat e ae at 

(3.3) 

(3.4) 

. h' h h as h'" f h . b h In W IC t e term ae represents t e partltiomng 0 t e contaIDlnant etween t e 

liquid and the solid phases. 

The partitioning of solutes between liquid and solid phase in a porous 

medium as determined by laboratory experiments is commonly expressed in two

coordinate graphical form where mass adsorbed per unit mass of dry solids is plotted 

-----.--- ._-_._--_. 
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against the concentration of the constituent in the solution. These graphical 

relations of s versus e and their equivalent mathematical expressions are known as 

isotherms. This term derives to the fact that adsorption experiments are normally 

conducted at constant temperatures. 

Results of adsorption experiments are commonly plotted on double

logarithmic graph paper. For solute species at low or moderate concentrations, 

straight line graphical relations are commonly obtained over large ranges of 

concentration. This condition can be expressed as 

log s = b log e + log kd 

or 

(3.5) 

where s is the mass of the solute species absorbed or precipitated on the solids per 

unit bulk dry mass of the porous medium, e is the solute concentration, and kd and 

b are coefficients that depend on the solute species, nature of the porous medium, 

and temperature of the system. Equation (3.5) is known as the Freu1Idlich isotherm. 

The slope of the log-log adsorption relation is represented by the term b in equation 

(3.5). If b=l (i.e., if the straight-line relationship between sand e on a log-log plot 

has a slope of 45 degrees), then the s versus e data will also plot as a straight line on 

an arithmetic plot. Such an isotherm is termed linear and equation (3.5) with b=l 

becomes 

ds 
-=kd de (3.6) 

where kd is an empirical constant that is known as the distribution coefficient. This 

parameter is widely used in studies of ground water contamination. The kd factor is 
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a valid representation of the partitioning between liquid and solid phases only if the 

reactions that cause the partitioning are fast and reversible, and only if the isotherm 

is linear. A comprehensive treatment of adsorption isotherms is presented by 

Helfferich (1962), who provides detailed information on many important types of 

isotherms in addition to the Freundlich isotherm. 

For cases where the partitioning of the contaminant can be adequately 

described by the distribution coefficient (i.e., fast, reversible adsorption with linear 

isotherm), the retardation of the concentration front relative to the bulk mass of 

water is described by the relation 

(3.7) 

where v is the average linear velocity of the ground water and v c is the velocity of 

the ~= 0.5 point on the concentration profile of the retarded constituent. Equation 
Co 

(3.7) is commonly known as the Retardation Equation. The term (l+.e..kd ) is e 
referred to as the Retardation Factor (R). Equation (3.7) was originally developed on 

an empirical basis for use in chemical engineering by Vermeulen and Hiester (1952). 

It was first applied to ground water problems by Higgins (1959). Beatsle (1962) 

indicated that it can be used to determine the retardation of the center of mass of a 

contaminant moving from a point source while undergoing adsorption. 

When the volumetric moisture content and the volumetric flux remain 

constant in time and space (steady-state flow), and equations (3.5) and (3.7) are 

applied to the transport equation (3.2), it reduces to 

de _ de d2e 
Ra;+v dX =D dX2 -K(x)c+S(x,t) 

(3.8) 



where K(x) and S(x, t) are defined as 

K=/lw +/ls~kd 
p 

S(x,t) = "(W + e"(s 
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(3.9) 

(3.10) 

Here, the K(x) is a general first-order rate decay coefficient in the x direction and 

S(X, t) is refered to as the general zero-order rate coefficient for production, or simply 

the sink or source term. 

Equation (3.8), or its appropriate simplifications, has found widespread 

application in soil science, chemical and environmental engineering, and water 

resources. Some of the known applications include the movement of ammonium 

or nitrate in soils (Gardner 1965; Reddy, et al., 1976; Misra and Mishra 1977), pesticide 

movement (Kay and Elrick, 1967; van Genuchten and Wierenga, 1974), the transport 

of radioactive waste materials (Arnett, et al., 1976; Duguid and Reeves, 1977), the 

fixation of certain iron and zinc chelates (Lahav and Hochberg, 1975), and the 

precipitation and dissolution of gypsum (Kemper, et al., 1975; 1977). Transport 

equations similar to (3.8) have also been applied to saltwater intrusion problems in 

coastal aquifers (Shamir and Harleman, 1966), to thermal and contaminant pollution 

of rivers and lakes (Cleary, 1971; Thomann, 1973; Baron and Wajc, 1976; DiToro, 

1974), and to convective heat transfer problems in general (Lykov and Miklailov, 

1961; Carslaw and Jaeger, 1959). 

3.1.1 Sink and Sources 

The last term in the right-hand side of the governing equation (3.8) is the sink 

or source term. This term represents solute mass leaving or entering the simulated 

domain through removal or injection, respectively. This term can be classified as a , 
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point sink or source, or areally distributed, which can be described as recharge or 

evapotranspiration. Point sinks or sources include wells, drains, and rivers. 

3.1.2 Advection 

The term v ~: on the left-hand side of equation (3.8) represents the advection 

term. This term represents the transport of miscible contaminants moving at the 

same velocity as the ground water. For many practical problems, when this term is 

related to contaminant transport in ground water, the advection term dominates. 

To scale the degree of advection dominance, a dimensionless number, called the 

Peclet number, is usually used. The Peclet number is defined as 

where 

Pe= IVIL 
o 

IVI= the magnitude of the seepage velocity vector, (LT-l) 

(3.11) 

L= characteristic length, usually taken as the element length (L) 
0= dispersion coefficient (L2T-l) 

As the Peclet number increases the problems become advection dominated 

and can be referred to as sharp-front problems. 

3.2 Theory of the Finite Analytical Method 

3.2.1 Definition 

The basic idea of the Finite Analytical Method (FAM) is related to the 

incorporation of an analytical solution in the numerical solutions of differential 

equations. The FAM utilizes local analytical solutions of the differential equation 

obtained for small regions that form part of the total region considered in the 
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problem. The FAM numerical solution of the problem is then built up of all the 

local analytical solutions. If the differential equation is nonlinear, or linear with 

complex variable coefficients, the FAM divides the problem into many subintervals. 

In each subregion, the nonlinear terms are locally linearized, and the complex 

variable coefficients are replaced by a local constant value. By solving the differential 

equation in each subregion, a relation between the unknown dependent variable at 

nodal points in the subregion is obtained. By repeating this procedure for each 

subregion, a system of algebraic equations is obtained relating the unknown 

dependent variable at each point to the values of the surrounding points. If the 

system of equations is linear, it is readily solved. If this system is nonlinear, 

however, it is first linearized and the solution is then obtained with a suitable 

iterative method. 

3.2.2 Principles of the Finite Analytical Method (FAM) 

To illustrate the basic principles of the FAM for solving boundary value 

problems of ordinary differential equations, consider a second order ordinary 

differential equation 

L(y(x)) = G a<x<b (3.12) 

subject to the boundary conditions 

Ba(Ya'y~)=O (3.13) 

over an interval [a.b] as shown in Figure (3.1-a). In equation (3.12), L may be a 

linear or nonlinear second-order differential operator, G is the non-homogeneous 

term of the ordinary differential equation. The boundary conditions are specified at 

..... - ._ ... _---_ .. -_ .. _----
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Figure (3.1) (a) Total region of the problem, (b) A typical element 



47 

x = a and x = b. The prime used in equation (3.13) denotes differentiation with 

respect to x. 

The objective of the PAM is to obtain a numerical solution for a problem 

when the analytical solution of the problem for the total spatial domain is difficult to 

obtain, due to the nonlinearity of the differential equation or the complexity of the 

coefficients. What makes the FAM attractive is that the numerical solution it offers 

is based on a near-exact analytical solution of the advection-dispersion nonlinear 

equation after it is linearized and written with constant coefficients within each 

fillite spatial domain. 

The first step in applying the FAM is to subdivide the total region (line x) of 

the problem into an n finite segments with finite line elements of length h. Let Yi 

be the nodal value of the dependent variables at the i 1h node where 

i = 1,2,3, ......... n + 1. 

Consider a line element of length 2h Figure (3.1-b). In this small line 

element, if the differential equation is linear with complicated coefficients, the 

coefficients are made constant locally, and if the differential equation is nonlinear, 

the nonlinear terms are linearized and variable coefficients made constant locally. 

The local constant used in linearization varies from interval to interval. The 

analytical solution for the locally linearized problem can be obtained easily. If the 

line elements are small, the local linearization is a good approximation, since the 

effect of the variable coefficients or the nonlinearity of the problem is still 

approximately preserved in the total region. The problem now has been reduced 

into one with many finite regions, where analytical solutions can be obtained, if the 

boundary conditions in each simple finite line element are properly specified. 

---------_ ... _-----
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Let the governing equation in a line element be L(y(x») = G where L is now 

a linear second-order differential operator, and let YN'y~,yS'y~ be the nodal values 

and their derivatives at the northern and southern boundaries of the line element. 

The analytical solution can be obtained anywhere along the line as a function of the 

boundary conditions. Then 

(3.14) 

where h is the distance between the midpoint P and the boundary points Sand N. 

When equation (3.14) is evaluated at the point P, it provides an analytical 

relationship between the functional value at the interior point P of the local 

subregion YP' and its surrounding points Sand N or 

(3.15) 

Furthermore, since equation (3.14) is analytic, it is differentiable. Thus 

differentiating equation (3.14), and evaluating the result at the point P, we have 

(3.16) 

Equations (3.15) and (3.16) are the fundamental formulae for the present FAM. For 

the linear or locally linearized problem, the 3-point Finite Analytical formula has 

the form 

yp =CYs +C~ YN +Dy; +DN y~ 

y~ = C; Y S + C~ Y N + D; y; + D~ y~ (3.17) 

where the coefficients C,D,C',D' are obtained from the local analytical solution. It 

should be noted that the finite analytical solution obtained by equations (3.17) in the 

interior of the subregion is exact in the sense that it is obtained from an analytical 
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solution to the ordinary differential equation (ODE) in the finite subregion. The 

only approximation involved, if any, is from the local approximation made on the 

coefficient or, nonlinear term of the governing equation. 

In an internal finite subregion of the total region D, the neighboring nodal 

value of YN'YS'Y~'Y; are, in general, unknown. However, they can be expressed in 

turn as an analytical function of their neighboring points. This procedure may be 

repeated for all the unknown nodes in the total region D. Thus, in general, 

(3.17) 

where Yi'Y: are the nodal value and the derivative at the midpoint of a given 

subregion, and other y's in the equation (3.18) are the boundary values given in 

equation (3.17). The assembly of all the expressions for all nodes can then be 

expressed in a matrix form. The system of algebraic equations can now be solved 

numerically to give the numerical solution of the total problem. 

There is an essential difference between the FAM just described, and other 

numerical schemes, such as the Finite Difference Method (FDM) and the Finite 

Element Method (FEM). In these, the relation between Y p and its neighboring points 

Y Nand Y s is not obtained from the analytical solution of the differential equation, 

but from the difference formula or from the truncated Taylor series expansion of the 

dependent variable about its neighboring points. On the other hand, the FEM 

assumes an approximated functional form, normally some polynomial of a lower 

degree, say up to the 2th or 3th degree to represent the solution and uses the 

variational or Galerkin type of integration on the differential equation to find the 

relation between yp and its neighboring points YN' and Ys' 

-------- -".---~' ~----.. -----.... - ..... 
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In the following subsection, some typical second-order differential equations 

will be treated. Examples are solved to illustrate the solution procedure of the FAM. 

3.2.3 Derivation of Finite Analytical Formula 

Let us consider the nonlinear ordinary differential equation of the form 

y" + A(y', y,x)y' + B(y',y,x)y = C(y', y,x) 

a<x<b 

subject to the boundary conditions 

y(a) = jl and y(b) = j2. 

(3.19) 

(3.20) 

If equation (3.19) is nonlinear, or linear but with variable coefficients, then a single 

analytical solution of equations (3.19) and (3.20) for the total region of the problem is 

difficult to obtain. A numerical solution is then sought. The first step in applying 

the FAM is to subdivide the total region into small subregions as shown in Figure 

(3.1-a). If the finite subregions are small enough, the nonlinear term or the variable 

coefficients can be made locally constant. Thus, equation (3.19) can be written as 

y" + Ay' + By = C (3.21) 

where A, Band C are constants for each finite subregion of length 2h. The solution 

of the equation (3.21) can be readily obtained. The boundary conditions for a typical 

element can be written as 

y(O) = Ys and y(2h) = YN' (3.22) 

Depending on the magnitude of A 2 
- 4B, three different cases of solution can be 

realized as follows 



Case I: 

In this case, the characteristic equation 

n2 +An+B =0 

has two imaginary and distinct roots, P ± iq, and the solution is 

where 

Case II: 

A 
p=--

2 
and 
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(3.23) 

(3.24) 

(3.25) 

In this case, the characteristic equation (3.21) has two real and equal roots, 

PI = P2 = P, and the solution is 

(3.26) 

where p has the same value as above. 

CasellI: 

In the third case, the characteristic equation (3.21) has two real and distinct 

roots PI and P2' and the solution is 

(3.26) 

where 
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and 
(3.28) 

C1 andC1 are constants to be determined using boundary conditions (3.22) for each 

finite element of length 2h. Now, the PAM for a typical element for the above cases 

will be found as follows. 

Case I: 

The solution in this case is 

y = eP'[C I cos(qx) + C2 sin(qx)] + C 
B 

with the boundary conditions 

y(O) = Ys and y(2h) = YN' 

(3.24) 

(3.22) 

Substituting the boundary conditions into equation (3.24) and solving for the 

constants yields 

C 
YN - Yse

2ph cos(2qh) + _(e2Ph cos(2qh) -1) 
C - B 

2-
e2ph sin(2qh) (3.29) 

Substituting equation (3.29) into equation (3.24), one can find the analytical solution 

in the finite subregion in terms of the nodal values of y at the boundaries of the 

finite line element. In particular, applying equation (3.24) to the midpoint 

P(x = h) between points Nand S gives 



which can be written as 

where 

eph 

CS =---
2cos(qh) 
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(3.31) 

(3.32) 

Repeating the above procedure for the other two cases, we obtain the finite analytical 

solution with a form similar to equation (3.31). Following are the results for cases II 

and III. 

Case II: 

(3.33) 

and therefore 

(3.34) 

Case III: 

(3.35) 

and thus 
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As can be observed from the above equations, the general form of the solution in all 

three cases above is 

(3.37) 

or more generally 

(3.37) 

This equation is the finite analytical representation of the original problem (3.19), 

(3.20); it can be solved numerically by elimination or iterative methods. 

3.3 Theory of the Fourier Transform 

Transforms are common in mathematics since they are useful in converting 

many problems into other that are simpler to solve. For example, just as logarithms 

can be used for converting multiplication into addition, the Laplace and Fourier 

transforms may be used for converting ordinary differential equations into algebraic 

equations or partial differential equations into ordinary differential equations. In 

each case an inverse process is necessary. Linear transforms, especially those named 

for Fourier and Laplace, are well known as providing techniques for solving 

problems in linear systems (R. Bracewell, 1965). A very large class of important 

computational problems falls under the general rubric of "Fourier Transform 

Method (FTM)" or "Spectral Method (SM)". The Fourier transform is obtained from 

the Fourier integral in complex form. The complex form of the Fourier integral is 
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~ 

f(x) = f [A(ro)cos(rox) + B(ro)sin(rox)}iro 

o ~~ 

where 

~ 

A(ro) = ~ f f(v)cos(rov)dv 

~ 

B(ro) = ~ f f(v)sin(rov)dv . 

(3.40) 

Substituting A(ro) and B(ro) into the equation (3.39) and using the Euler formula 

e i9 = cos(t) + isin(t) (3.41) 

as well as setting t = rox - roy results in the relation 

f(x) = 2~ f f f(v)eiW(x-V)dvdro , 

(3.42) 

which is referred to as the complex Fourier integral. 

It is now a short step from this to the Fourier transform. Writing the 

exponential function in equation (3.42) as a product of exponential functions, we 

have 

1 ~ [ 1 ~ , }' f(x) = - f - f f(v)e-1WVdv 1wxdro 
.f2ii _~ .f2ii_~ 

(3.43) 
A 

Since the expression in brackets is a function of ro, denoted by f(ro), it is called the 

Fourier transform of f. Writing v = x we have 

- .. _-----".-... ----------
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(3.44) 

and 

~ 

1 fA . f(x) =.fiit f(ro)e1Wxdro 

(3.45) 

Equation (3.44) defines the Fourier transform of f(x) and equation (3.45) gives the 
A 

inverse Fourier transform of f(ro). The process of obtaining the Fourier transform 

of a given function is also called the Fourier transform. 

The following two conditions are sufficient for the existence of the Fourier 

transform of a function f(x) defined on the x-axis. 

1) f(x) is piecewise continuous on every finite interval 

2) f(x) is absolutely integrable on the x-axis 

Kreyszig (1988) discusses these conditions in detail. 

3.3.1 Fourier Transform of the Derivative of f(x) 

Let f(x) be continuous on the x-axis and f(x) -7 a as IXI-7 00, Furthermore, 

let f'(x) be absolutely integrable on the x-axis. Then the Fourier transform of the 

f'(x) becomes 

F{f'(x)} = iroF{f(x)} (3.46) 

Two successive applications of equation (3.46) gives 

F(f"(X» = iroF(f'(x» = (iro)2F(f(x» (3.47) 

Since (iro)2 = _ro2, we have for thetransform of the second derivative of f(x) 



S7 

F{f"(x)} = -ro2F{f(x)} (3.48) 

This method is applicable for higher derivatives of f(x) as well. 

-------------_._.-----------
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CHAPTER 4 

DEVELOPMENT OF THE NUMERICAL MODEL 

This chapter is devoted to the analysis of the numerical model followed by 

the development of the numerical algorithm based on the theory of the Fourier 

Transform and Finite Analytical method. 

4.1 Mathematical Development of the Numerical Model using the Finite 

Analytical/Fourier Transform Method (FAFM) 

Most studies of solute movement through the natural environment rely on 

the classical advection-dispersion equation. The one-dimensional form of this 

equation, which is identical to Eq. (3.8) of chapter III with R=l, is given as 

dC dC d2c - + u-= D-, - K(x)c + S(x, t) 
dt dX ax~ (4.1) 

with the initial condition (I.e.) and boundary conditions (Re.) described as 

where 

I.e. 

B.c. 

c(x,G) = f(x) 

{
C(O, t) = go(t) 

c(L,t)=gL(t) 

c= the dependent variable (i.e., solute concentration) 

X= the spatial coordinate (0:5 x:5 L) 

t = the time t;::: 0 

u = the seepage velocity in the x direction 

D = the dispersion coefficient in the x direction 

(4.2) 

(4.3) 



K(x)= the general first-order rate decay coefficient in the x direction 

S(x, t) = the sink or source term 

L= the length of the spatial domain of the solution 

f(x),go(t),andgdt)= known functions of their arguments 
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Numerical solution of the advection-dispersion equation can be surprisingly 

difficult, even though it is a linear partial differential equation with a simple 

mathematical form. Although an analytical solution of this equation is available for 

certain special and simple cases, many problems of practical interest (e.g., transport 

through a heterogeneous velocity field) must be solved numerically. Assuming 

C = c(x, t), let us choose the normalizing factor as 

Cnorm = c(O,O) = Co . 

Note that Co here is constant and known. Then 

c(x, t) = c(x, t) = c(x, t) = c(x, t) 
cnorm c(O,O) Co (4.4) 

where the overbar denotes normalized concentration. Introducing this 

normalization into equations (4.1), (4.2), and (4.3) results in the normalized one

dimensional equation describing the advection-dispersion problem as 

ac ac a 2c _ 
co-+cou-

a 
=coD-

a 
2 -coK(x)c+S(x,t) 

at x x 

c(x,O) = c(x,O) = f(x) for x ~ ° 
Co Co 

c(O, t) = c(O, t) = go(t) for x = ° 
Co Co 

c(L,t)=c(L,t)= gL(t) for x=L 
Co Co 

(4.5) 

(4.6) 

(4.7) 
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4.2 Fourier Transformation 

The Fourier transform provides a convenient tool to solve linear time-

dependent differential equations. This transformation is especially useful for 

solving the transient advection-dominated transport equation since it helps avoid 

direct approximations of the time derivative. The Fourier transform of f(x) is 

defined by equation (3.44) as 

00 

A 1 f . f(oo) ="J2rr. f(x)e-1CJlXdx (4.8) 

where f(x) is assumed to be at least piecewise continuous and is absolutely 

integrable on the x-axis. Taking the Fourier transform with respect to the t variable 

of both sides of equation (4.5) as well as the boundary conditions (4.7) and assuming 

Co = 1, we obtain 

A d~ d2~ A A 

iooc + u dX = D dX 2 - K(x)c + S(x,oo) 
(4.9) 

~(O,oo) = go (00) 

~(L,oo) = gL (00) (4.10) 
A 

where the c is the complex-valued Fourier transform of c. Note that the time 

derivative has been analytically removed and the transient transport equation 

becomes a complex-valued "steady state" advection-dispersion equation. An 

analytical solution of equation (4.9) subject to the initial and boundary conditions of 

equation (4.10) is now sought within the spatial domain x. The next section will 

elaborate on these solutions. 



61 

4.3 Finite Analytical Method (FAM) 

In order to illustrate the numerical method, the advection-dispersion 

equation given in (4.9) was solved in this study with the Finite Analytical Method 

described by Chen, et al. [ Chen and Li, 1979; Chen, et al., 1981; Chen and Chen, 1984]. 

The Finite Analytical Method divides the solution spatial domain into a number of 

small elements in which local analytical solution can be obtained due to simple 

geometry and the assumption that the coefficients are nearly constant. When the 

local analytical solution is evaluated at an interior node, it gives an algebraic 

equation or equivalently, a finite difference scheme relating the Fourier transformed 

concentration value of the interior spatial nodal point to that of the two neighboring 

nodes. As the first step in using the Finite Analytical algorithm, the spatial domain 

O$;x$;L was discretized into N subdivisions as 

0= Xo < xl' .••• ,xj_1 < Xj < xj+!f •••• 'XN _1 < x N = L. The local element associated with 

Xi was defined on the interval x j_1 < Xj < x j+1 which spans the three successive 

computational nodes located at Xj_lfX j ,and Xj+l (see Figure 4.1). If the discretized 

grid is sufficiently fine the various coefficients and source terms in equation (4.9) can 

be approximated as locally constant so that within each subinterval we will have 

(4.11) 

where uj,Dj,Kj'Sj' andf j are evaluated at node X = Xj' When the original 

coefficients vary with x, the discrete values at Xj are assigned to the entire local 

element. In this case, the following analytical solution, easily obtained over the 

local element xi' is described as follows. Equation (4.9) with constant coefficients 

reduces to 
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X
j
_

1 

Figure 4.1 Local computational element associated with node j. 
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or 

(4.12) 

Note that the j-th local element is confined between Xj and Xj+l' Defining ~Xj as 
A 

~Xj = Xj - xj-l' the homogeneous form of Eq. (4.12) (i.e., with Sj = 0) has a solution of 

the general form 

( x-x) A_I 

~(x,ro) = Ae Axl (4.13a) 

where'" is an eigenvalue and A is a constant of integration. Taking the first and 

second derivatives of ~(x,ro) with respect to x gives 

A(~I 
~ _ '" A Axl J c -- e 
x ~Xj 

(4.13b) 

and 

(4.13c) 

Substituting equations (4.13a-c) into the homogenous form of equation (4.12) results 

in 

(X-X') (x-X) (x-x) ",2 A - A. A _I A _I 

O.--Ae Ax, -u-Ae lix i -(K +iro)Ae Ax, =0 
J~x~ J~. J 

J J ~~ 

or 

A(~)( A.
2 

A. ) Ae Ax, D.--u.--(K +iro) =0. 
J~f J~j J 

(4.15) 

(

X-X, ) A-

Since Ae Ax, :;:. 0, the bracketed terms in Eq. (4.15) must be zero, that is 
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(4.16) 

This is the characteristic equation. The solution to this quadratic equation yields the 

two eigenvalues as 

Defining the Peclet number PEj as 

u.Llx. 
PE.=-'-' , D. , (4.18) 

the two eigenvalues in Eq. (4.17) are rearranged in terms of the Peclet number as 

PE. [ 4D. ] A,I=-' 1+ l+-z'(K j +iro) 
2 u j 

(4.19) 

and 

(4.20) 

Note that PEj is the local Peclet number in element j defined by Eq. (4.18), and A in 

Eq. (4.13a) is a two-component vector (since two eigenvalues exist) with components 

Al andAz. The two integration constants AI and A z can be determined from the 

boundary conditions at x j_1 andx j+1 given as 

~(X,ro)1 = ~j-I 
X=XH (4.21) 

and 
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(4.22) 

The general solution of the non-homogeneous equation (4.12) becomes 

(X-Xi) (X-X, ) A 1- 1 - 1- 2 - S 
~(X ro) = A e ~I + A e .1x1 + j 
'12K . 

j + 1ro (4.23) 

Substituting equations (4.21) and (4.22) into equation (4.23) results in a system of two 

algebraic equations in the two unknowns Al and A 2 • This system of equations is 

then solved for the two constants Al and A2 resulting in 

and 

where 
ille j+1 p.=--

1 ille. 
1 

(4.24a) 

(4.24b) 

(4.25) 

equations (4.19) through (4.25) clearly reveal that the concentration ~(x,ro) at any 

interior point x within the local element (X E [Xj_1I Xj+1]) is linearly related to the 

Fourier transformed concentrations ~(Xj_I'ro) and ~(xj+llro)at the two end nodes. In 

particular, the Fourier transformed concentration at the interior node Xj can be 

written in the form of a finite difference algorithm with coefficients that depend on 

the Fourier frequency ro. Hence, in the Fourier frequency domain, the concentration 

~j at node Xj is related to the corresponding concentrations ~j_1 and ~j+l of the end 

nodes x j_1 and Xj+l by 
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(4.26) 

where j = 1,2, ......... , N -I, and the coefficients ai' ~i' and Yi are given by 

(4.27) 

(4.28) 

(4.29) 

Equation (4.26), known as the three point formula, represents the desired 

Finite Analytical algorithm for solving the Fourier transformed equation (4.9). 

When the coefficients in equation (4.1) are constant and the function f(x), given as 

the initial condition in Eq. (4.2), is a simple elementary function, the Finite 

Analytical solution to the transformed equation will be exact. 

Applying the three-point formula, Eq. (4.26), to the nodal points 

xi,j = l,2, .... ,N -1 gives a set of N-l linear equations in the N-1 unknowns ~i«(J), 

j = l,2, ..... ,N -1. These equations are 

~l =a1 ~o+ ~l ~2+Yl 

~2 =a2~1+~2~3+Y2 
~3 =a3 ~2 + ~3 ~4 +Y3 

~N-2 = aN-2~N-3 + ~N-2~N-l + Y N-2 

~N-l = aN-l~N-2 + ~N-l~N + YN-l (4.30) 
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Rearranging Eq. (4.30) and writing it in a matrix form yields 

1 -PI 0 0 0 0 0 ~I(ro) alco + YI 
-az 1 -P2 0 0 0 0 ~2(ro) Y2 

0 -a 3 1 -P3 0 0 0 ~3 (ro) Y3 

= 

0 0 0 0 -aN-2 1 -PN-2 ~N_I(ro) YN-2 
0 0 0 0 0 -aN-I 1 ~N_I(ro) PN-I~N +YN+I 

(4.31) 

Note that Eq. (4.31) is written for a fixed ro such that -7t ~ ro ~ 7t (and, in turn 

for a fixed time) at all the spatial nodal points xj,j = 1,2, ..... ,N, where N is the 

number of spatial subintervals and N+1 is the total number of spatial nodes. 

Equation (4.31) is then solved for the unknown concentrations ~j' j = 1,2, ..... , N - 1 

in the frequency domain. The frequency 00 is then incremented by a desired 

increment .100 where 

A 27t uoo-----
- (N -l)*M ' (4.32) 

and the above procedure is repeated until all the ~(x,oo) are found at all the spatial 

nodes for all the frequencies of interest. The next task will then be the inversion of 

the "frequency concentrations" ~(x,oo) to the time-domain concentrations c(x, t) as 

shown below. 

4.4 Numerical Inversion of Fourier Transformed Concentrations 

To obtain the concentration as a function of the location and time (that is the 

location and Fourier frequency), the solution of equation (4.31) must be inverted to 
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the time domain. The Inverse Fourier transform ('(x, t) is given by the well-known 

inversion formula (3.45) repeated here as 

00 

-( ) 1 f ~( ) iwx d C x, t =.J2it C x,w e w 

(4.33) 

or, alternatively, in discrete form as 

N 

- ( t) = ~ ~ ~ ( _ )e-i(n-l)(j-l)oW cn x, N £.J c, xn ' W, 
,=1 (4.34) 

where n is the spatial node number and 1::;; n ::;; N. For any spatial node xn (Le., for 

any location), therefore, the vector whose elements are the solution ~(xn,Wj),is 

substituted into the right hand side of Eq. (4.34) to obtain the concentrations in the 

time domain at node xn at the different time nodes. Repeating this procedure for all 

the spatial nodes xn' n = 1,2,." '" N -I, provides the concentrations for all the spatial 

and time nodes. 

4.5 Initial Condition and Fourier Transform 

Equations (4.9) and (4.10) are the Fourier transforms of equations (4.1) and 

(4.3), respectively. Equation (4.9) shows that the time derivative has been analytically 

removed and the transport equation becomes a steady-state transport equation, 

which means this equation involves only derivatives with respect to x but none 

with respect to t. This is a second-order ordinary differential equation with x as the 

independent variable and (j) as a parameter. Equation (4.9) must be solved based on 

the initial and boundary condition (4.2) and (4.10). Figure 4.2 shows the solution 

domain of interest. 

------------------------ -
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Figure 4.2 Solution domain of the problem 
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The Fourier transform ~(x,O)) of the ~(x, t) is 21t-periodic with 0) = 0 

corresponding to t=O. Note that the ~(xn,-1t) and ~(xn,1t) correspond to the 

c(xn,-tN ) and c(xn,tN ), respectively, with c(xn,-tN ) being discarded since 

concentration in a negative time is meaningless. This indicates that the solution 

domain corresponds to t>O and t<O with two parts being mirror images of each other 

with respect to t=O. Figures 4.3 shows the solution domain of interest once the 

boundary conditions are Fourier transformed. 

The Finite Analytical method (FAM) divides the spatial domain x into a 

number of small elements in which local analytical solutions can be obtained by to 

simple geometry with the assumption that the coefficients are nearly constant. The 

local boundary condition are applied for each local element to determine the two 

integration constants Ai and A2 of Eq. (4.23). 

In order to obtain solutions in the time domain, concentrations in the 

frequency domain are needed. Since 0) changes from -1t to 1t, it is necessary that 

we modify the two left and right boundary conditions (Eq. (4.3» to include 

concentrations corresponding to negative values of time as well. This modification 

is done in such a way as to insure that the initial condition of Eq. (4.2) is satisfied. Let 

the original boundary conditions of Eq. (4.3) be modified as 

e(O, t) = {g~( t) t~O 

go(t) t<O 

e(L t) = {gC<t) t~ 0 

, g~(t) t<O (4.35) 

Applying the Fourier transform to the above new boundary will result in a set of 

solutions corresponding to both negative and positive values of the frequency 

domain, as shown in Figure (4.3). 
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It must be noted that the solution of Eq. (4.31) obtained in the frequency 

domain is found at a given CO and all spatial nodal points. However, once this 

process has been completed for all the frequencies of interest in the [-It,It] interval, 

the inversion of these solution to the time domain is done at a given spatial nodal 

point and all the temporal nodal points of interest using the discrete Fourier 

transform Eq. (4.34). The inversion procedure is shown in Figure (4.4) and the 

solution in time domain for all positive and negative time is presented in Figure 

(4.5). It is emphasized that this solution must satisfy the initial condition of the 

problem at all locations at time zero i.e., Eq. (4.2). In general, the exact values of the 

functions g~(t) and g~(t) in Eq. (4.35) to satisfy the initial condition of Eq. (4.2) are 

not known. In theory, the process of solving Eq. (4.31) as described here must be 

repeated with different values of g~(t) and g~(t) until Eq. (4.2) is satisfied. Since 

this may not be practical, the values of the g~(t) and g~(t) to satisfy Eq. (4.2) are 

found following the method of Artificial Neural Network (ANN) as described by 

Sadati, S. H., 1993. In the method of ANN, a set of runs is made with different 

values of the g~(t) and g~(t) to obtain a training set which is then used in the 

training of the neural network (NN). Once the NN is trained, it will be capable of 

providing the correct values of the g~(t) and g~(t) which will satisfy the desired 

initial condition in Eq. (4.2). 

Once the required boundary conditions are found to satisfy the original initial 

condition in Eq. (4.2), the solution for the problem will stay valid until there is a 

change in the simulation time and/or change in the time increment,.1.t. In 

addition, this solution is also valid for all ranges of Peclet numbers. 
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4.6 Description of the computer program 

In this chapter, the steps involved in solving the Advection-Dispersion 

equation by the Finite Analytical/Fourier transforIn have been introduced. Solution 

of these steps requires use of a computer, and a computer program was developed in 

FORTRAN 77 on the VAX computer at the University of Arizona. A flow chart of 

the program is shown in Appendix A. 

The main program accepts the input data shown in Appendix A and governs 

the sequence of operations to be performed. 

Subroutine" FFTCF " Computes the forward transformation of c=f(t) using 

the IMSL software package. 

Subroutine" BAND" Solves the AX=b matrix equation for each increment of 

ilro in frequency domain. 

Subroutine " FFTCB " Computes the backward transformation of c=f( ro) 

using the IMSL software package. 

Subroutine" EXACT_CON" Solves the analytical solution of the Advection

Dispersion equation for comparing the results. 

Subroutine " SHEKL " receives the plotting arrays and gives plots of the 

Concentration vs. Distance or Concentration vs. Time using the DISSPLA software 

package. 
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A computer program for the model presented in Chapter IV (Finite 

Analytical/Fourier transform) for the numerical solution of the advective

dispersive mass transport problem has been developed. The accuracy of the model, 

when running with different Pec1et numbers, is tested by using it to solve several 

relatively simple problems for which analytical solutions are available. These 

applications will be described below along with the results obtained for each cases. 

5.1 One-Dimensional Mass Transport in a Uniform Flow Field 

A relatively complete set of one-dimensional analytical solutions for solute 

transport involving advection-dispersion and some simple chemical reactions in a 

steady-state uniform flow field is available in van Genuchten and Alves (1982), and 

Jacob Bear (1972). The analytical solution developed by Jacob Bear (1972) is used as a 

basis of comparison. 

5.1.1 One-Dimensional Transport model without Sink/Source and Decay Terms 

In this section, a standard one-dimensional model problem is used to verify 

the performance of the Finite Analytical/Fourier transform method (FAFM). The 

main objective in this problem is to simulate the propagation of a sharp solute 

concentration front in the X direction. This problem assumes a uniform flow field 

and a conservative solute free of external or internal sources. The initial 

concentration distribution is a step function with a spatial discontinutiy at x=O 

described by 
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t::;O x~O c=O (S.la) 

t>O x=O c = Co (S.1b) 

t>O x=oo c=O (5.lc) 

The steep concentration front emanating from this initial condition travels with an 

asymptotically uniform velocity U x and becomes gradually smoother due to 

dispersion as it moves downstream. The exact analytical solution for this problem, 

due to Jacob Bear (1972), is 

c [ (x - ut ) xu (x + ut )] c(x, t) =.....Q. erfc 1/2 + exp(-)erfc 1/2 
2 2(Oxt) Ox 2(Oxt) (5.2) 

where erfc{.) is the complementary error function. This simple model problem 

provides a stringent performance test for numerical methods for solving the 

advection-dispersion equation, especially in testing their ability to properly track a 

sharp front. 

It is instructive to compare this (FAFM) method with the analytical (exact) 

solution of advection-dispersion equation. Input parameters for the various cases 

examined are summarized in Tables 5.1 and 5.2 and the simulation results are 

displayed in Figures 5.1 through 5.44. 

Using these solutions, Figures 5.1 and 5.2 show the boundary and initial 

conditions obtained for the problem. As indicated, these Figures do indeed 

reproduce the desired boundary and initial conditions. 

Figures 5.3 through 5.22 show the calculated spatial concentration 

distribution at time t=40, 80, ISO, and 250 days for five different Peclet numbers 

ranging from 5 to 250. The Finite Analytical/Fourier method (FAFM) 

clearly stands out in performance. Spurious oscillation and artificial damping in 
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Output as f(x) Output as f(t) Output as f(x) 

Parameters A B C 0 E A B C A B C 0 

Velocity (mid) 1 1 1 1 1 1 1 1 1 1 1 1 

Disper. Coeff. 
1 .25 .1 .05 .02 1 .25 .05 .25 .75 1.5 2.5 D(m·m/d) 

Grid Spacing 5 5 5 5 5 
6.x(m) 

5 5 5 5 15 30 50 

Peclet Number 5 20 50 100 250 5 20 100 20 20 20 20 

Time Step 

Llt(day) 1 1 1 1 1 1 1 1 1 1 1 1 

Fig. 5.3-5.22 Fig. 5.23-5.28 Fig. 5.29-5.36 

TABLE 5.1. Input Parameters for the Model Numerical Example 

Ou f( ) tput as x 

Parameters A B C 0 

Velocity (mid) 1 1 1 1 

Disper. Coeff. 
.25 .25 .25 .25 D(m'm/d) 

Grid Spacing 5 5 5 5 
6.x(m) 

Peclet Number 20 20 20 20 

Decay Coett. 0 .01 .02 .05 

Time Step' 
Llt(day) 

1 1 1 1 

Fig. 5.37-5.44 

TABLE 5.2. Input Parameters for the Model Numerical Example 
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the numerical solution are entirely eliminated. 

Comparing with other methods, the simple time marching scheme with the 

fully implicit finite difference technique is used in conjunction with the accurate 

Finite Analytical approximation in space. The Finite Analytical/implicit method 

proposed by Chen (1982) as well as Chen and Chen (1984) was employed by Li, et al., 

1992, to solve the problem they previously presented and solved by another method 

in their work. The performance of the Finite Analytical/implicit method degrades 

significantly at large Peclet numbers. In addition, the transient solution suffers from 

serious numerical dispersion much like that exhibited by a simple upwinding 

solution, even though a complex Finite Analytical/implicit solution becomes 

graphically indistinguishable from the upwinding solution as the Peclet number 

becomes increasingly large. This shows the importance of an accurate temporal 

derivative approximation when advection is strong. 

On the other hand, if we achieve temporal accuracy by using the Fourier or 

Laplace transformation in time but adopt a conventional central difference 

approximation in space, we get the finite difference counterpart to the finite 

element/Laplace transform method of Sud icky (1989). For a small Peclet number of 

5, a fairly good match is observed between the exact solution and the two central 

difference-based solutions. However, these central difference-based methods will 

soon lead to breakdown resulting in oscillatory solutions for the case of Peclet 

numbers of 25, 50, 100, and 250, with the spatial extent and amplitude of oscillations 

increasing as the Peclet number increases. This reflects the dissipative nature of the 

fully implicit temporal discretization scheme. The performance comparisons are 

based only on the snapshots of the spatial concentration distributions at a fixed time. 
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Figures 5.23 through 5.28 illustrate temporal behavior by plotting the 

concentration obtained between t = 0 to t = 300 days for three different Peclet 

numbers (PE = 5, 50, and 100) at two fixed locations of x = 50 and 100 meters. The 

Finite Analytical/Fourier method (FAFM) is very robust and consistently accurate 

for all times and ranges of Peclet numbers. In particular, the sharp temporal front is 

accurately captured. The performance comparisons are based only on snapshots of 

the temporal concentration distribution at a fixed distance. 

Figures 5.29 through 5.36 illustrate that the Peclet number is not the only 

factor affecting the performance of advection-dispersion numerical solution 

techniques. In reference to Eq. (4.18), the grid spacing ill< , the dispersion coefficient 

D", and velocity U o are changed in such a way as to keep the Peclet number 

constant. These Figures also show the effect of grid spacing on the computed spatial 

concentration distributions. Four different ill< values :,f 5, 15, 30, and 50 meters, 

representing a fine through coarse grid, are used while keeping PE = 20. The 

solution obtained from Finite Analytical! Fourier method (FAFM) are again in 

excellent agreement with the exact solution for the fine-to-coarse grids studied. 

However, the central difference/Laplace transform solution is comparable to the 

exact solution only in the case of a fine grid, in which case it is almost 

indistinguishable from the exact solution except for a slight oscillatory bump at the 

beginning of the sharp front. The performance of the central difference/Laplace 

method deteriorates as the grid spacing increases, leading to both numerical 

oscillation and dispersion in the case of a very coarse grid even though the Peclet 

number is still fairly small and kept unchanged. The Finite Analytical/implicit 

method seems less sensitive to grid spacing because of its accurate spatial 

approximation, but its numerical solutions are consistently highly damped due to 
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the crude temporal approximation. They are only marginally better than simple 

upwinding solutions, especially for the case of a coarse grid. The performance 

comparisons are based only on snapshots of the spatial concentration distributions at 

a fixed time. 

5.2 One-Dimensional Transport Model with Decay Term 

In this section, the progress of a concentration front in a semi-infinite column 

of porous medium with a constant continuous injection of a decaying trace at x = 0 is 

discussed. For the case of constant flow velocity, the tracer's concentration 

distribution is governed by the equation 

(5.3) 

where all terms are as defined earlier. Consider the column adjacent to a reservoir 

containing a tracer solution of constant concentration co. The flow in the column is 

maintained at a constant velocity in the x direction. In addition, the tracer in the 

column continuously undergoes radioactive decay. At x = 0, the concentration 

reaches its ultimate value Co 

equivalent to assuming that 

immediately upon commencement of flow. This is 

1im~cl = 0 as well as using the same initial and 
1-+0 aX x=o 

boundary condition as Eq. (5.1). The analytical solution presented by Jacob Bear 

(1972) is 

(5.4) 



where 

):2 _ u~ Kx 
~ ---+-

40~ Ox 

Note that Eq. (5.4) will reduce to Eq. (5.2) when Kx = O. 
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(5.5) 

Figures 5.37 through 5.44 illustrate the decay behavior by plotting the 

concentration obtained between x = a to x = 300 meters for a fixed Pedet number (PE 

= 20) at two specific times of t = 60 and 150 days for a range of decay coefficients of a, 

0.01, 0.02, and 0.05. As observed, the solution from the Finite Analytical/Fourier 

transform method (FAFM) is in perfect agreement with the exact solution for the 

full range of decay coefficients examined. 

5.3 Analysis of Time Derivative Approximation as Advection Dominates 

The difficulties encountered when approximating the time derivative of an 

advective-dominated transport equation can be clearly seen from the following 

heuristic analysis ( Li and Venkataraman, 1991). Consider the transport by pure 

advection of a Gaussian hill with an initial standard deviation of O'x in a uniform 

flow of constant velocity uo' The standard deviation O'x characterizes the spatial 

variation of the concentration distribution which is independent of the constant 

velocity U x and remains invariant over time. The temporal concentration profile at 

a particular location is also Gaussian. The standard deviation of this temporal 

profile O't is, however, inversely proportional to the advective velocity u O' i.e., 

0' 
0' =_x 

t U 
o (5.6) 

If the computational domain is discretized in space and time, this expression can be 

rewritten in terms of the Courant number as 
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O't 1 O'x -=--
Llt Cr Llx (5.7) 

where the space and time discretization intervals are Llx and Llt, respectively, and 

Cr = uoLlt is the Courant number. 
Llx 

Equation (5.7) implies that the relative concentration variability in time, as 

characterized by ~, is affected by the magnitude of the advective term, as 
Llt 

represented in the Courant number. At low values of the Courant number 

(Cr « I), O'tis large relative to the time interval so the concentration does not vary 

much over the single time step. In this case temporal interpolation and time 

differencing provide good approximations. When the Courant number increases, 

these approximations break down, since ~ decreases and the concentration varies 
Llt 

more over each single time step. When Cr» I, the temporal distribution of 

concentration becomes practically discontinuous since O't approaches zero and the 

temporal concentration profile approaches a Dirac delta function. In this case, 

temporal interpolation and time differencing do not provide adequate 

approximations. This simple analysis clearly shows the difficulties in approximating 

the time derivative as advection becomes increasingly strong. 

Spatial discretization with traditional temporal discretization suffer from the 

same problems as most other numerical methods when advection dominates. The 

close interaction between space and time dependences in the advective-dispersive 

equation requires that both temporal and spatial derivatives be accurately 

approximated in order to obtain a satisfactory solution (Celia et al., 1990). 
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a 60 120 180 240 300 
Time (days) 

Figure 5.1 Comparison of concentration from analytical and numerical 

solution. X = 0 meters; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.2 Comparison of concentration from analytical and numerical 

solution. T = 0 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.3 Comparison of concentration from analytical and numerical 

solution. T = 40 days; PE = 5; K = 0.0; Dx=5 meters. 
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Figure 5.4 Comparison of concentration from analytical and numerical 

solution. T = 80 days; PE = 5; K = 0.0; Dx=5 meters. 
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Figure 5.5 Comparison of concentration from analytical and numerical 

solution. T = 150 days; PE = 5; K = 0.0; Dx=5 meters. 



0 

~ 
U 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 

CONCENTRATION AS A FUNCTION OF DISTANCE 
TIME = 250. days, PE = 5 , & K = 0.0 

• = Finite Analytical/Fourier 
• = Exact 

60 120 180 240 
X (meters) 

89 

300 

Figure 5.6 Comparison of concentration from analytical and numerical 

solution. T = 250 days; PE = 5; K = 0.0; Dx=5 meters. 
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Figure 5.7 Comparison of concentration from analytical and numerical 

solution. T = 40 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.8 Comparison of concentration from analytical and numerical 

solution. T = 80 days; PE = 20; K = 0.0; Dx=5 meters. 
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. Figure 5.9 Comparison of concentration from analytical and numerical 

solution. T = 150 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.10 Comparison of concentration from analytical and numerical 

solution. T = 250 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.11 Comparison of concentration from analytical and numerical 

solution. T = 40 days; PE = 50; K = 0.0; Dx=5 meters. 
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Figure 5.12 Comparison of concentration from analytical and numerical 

solution. T = 80 days; PE = 50; K = 0.0; Dx=5 meters. 
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Figure 5.13 Comparison of concentration from analytical and numerical 

solution. T = 150 days; PE = 50; K = 0.0; Dx=5 meters. 
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Figure 5.14 Comparison of concentration from analytical and numerical 

solution. T = 250 days; PE = 50; K = 0.0; Dx=5 meters. 
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Figure 5.15 Comparison of concentration from analytical and numerical 

solution. T = 40 days; PE = 100; K = 0.0; Dx=S meters. 



0 

~ 
U 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 

CONCENTRATION AS A FUNCTION OF DISTANCE 
TIME = 80 days, PE = 100., & K = 0.0 

• = Finite Analytical/Fourier 
• = Exact 

60 120 180 240 
X (meters) 

99 

300 

Figure 5.16 Comparison of concentration from analytical and numerical 

solution. T = 80 days; PE = 100; K = 0.0; Dx=5 meters. 
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Figure 5.17 Comparison of concentration from analytical and numerical 

solution. T = 150 days; PE = 100; K = 0.0; Dx=5 meters. 
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Figure 5.18 Comparison of concentration from analytical and numerical 

solution. T = 250 days; PE = 100; K = 0.0; Dx=5 meters. 
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CONCENTRATION AS A FUNCTION OF DISTANCE 
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Figure 5.19 Comparison of concentration from analytical and numerical 

solution. T = 40 days; PE = 250; K = 0.0; Dx=5 meters. 
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Figure 5.20 Comparison of concentration from analytical and numerical 

solution. T = 80 days; PE = 250; K = 0.0; Dx=5 meters. 
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CONCENTRATION AS A FUNCTION OF DISTANCE 
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Figure 5.21 Comparison of concentration from analytical and numerical 

solution. T = 150 days; PE = 250; K = 0.0; Dx=5 meters. 



0 

~ 
U 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 

CONCENTRATION AS A FUNCTION OF DISTANCE 
TIM = 250 days, PE = 250 , & K = 0.0 

• = Finite Analytical/Fourier 
• = Exact 

60 120 180 240 
X (meters) 

105 

300 

Figure 5.22 Comparison of concentration from analytical and numerical 

solution. T = 250 days; PE = 250; K = 0.0; Dx=5 meters. 
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Figure 5.23 Comparison of concentration from analytical and numerical 

solution. X = 50 meters; PE = 5; K = 0.0; Dx=5 meters. 
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Figure 5.24 Comparison of concentration from analytical and numerical 

solution. X =100 meters; PE = 5; K = 0.0; Dx=5 meters. 
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Figure 5.25 Comparison of concentration from analytical and numerical 

solution. X =50 meters; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.26 Comparison of concentration from analytical and numerical 

solution. X =100 meters; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.27 Comparison of concentration from analytical and numerical 

solution. X =50 meters; PE = 100; K = 0.0; Dx=5 meters. 
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Figure 5.28 Comparison of concentration from analytical and numerical 

solution. X =100 meters; PE = 100; K = 0.0; Dx=5 meters. 
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Figure 5.29 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.30 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.0; Dx=15 meters. 
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Figure 5.31 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.0; Dx=30 meters. 
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Figure 5.32 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.0; Dx=50 meters. 
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Figure 5.33 Comparison of concentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.34 Comparison of concentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.0; Dx=15 meters. 
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Figure 5.35 Comparison of concentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.0; Dx=30 meters. 
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Figure 5.36 Comparison of concentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.0; Dx=50 meters. 
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Figure 5.37 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.38 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.01; Dx=S meters~. 
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Figure 5.39 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.02; Dx=5 meters. 

---_._- ._---_. __ ._._- -----------



0 

~ 
U 

1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 

CONCENTRATION AS A FUNCTION OF DISTANCE 
TIME = 60 days, PE = 20", & K = 0.05 

• = Finite Analytical/Fourier 
• = Exact 

60 120 180 240 
X (meters) 

123 

300 

Figure 5.40 Comparison of concentration from analytical and numerical 

solution. T =60 days; PE = 20; K = 0.05; Dx=5 meters. 
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Figure 5.41 Comparison of c<lncentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.0; Dx=5 meters. 
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Figure 5.42 Comparison of concentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.01; Dx=5 meters. 
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Figure 5.43 Comparison of concentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.02; Dx=5 meters. 
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Figure 5.44 Comparison of concentration from analytical and numerical 

solution. T =150 days; PE = 20; K = 0.05; Dx=5 meters. 



CHAPTER 6 

SUMMARY AND CONCLUSION 
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Numerical solutions of the advective-dispersive transport equation are of great 

importance in many fields of engineering and science. When the dispersive process 

dominates, the transport equation is relatively easy to solve by virtually any standard 

numerical scheme. However, when the problem is dominated by advection, standard 

numerical approximations become problematic. Either non-physical oscillations appear 

in the vicinity of the sharp fronts or excessive numerical dispersion is introduced, and 

the ability to capture a sharp front becomes uncertain. 

Considerable effort has been expended in developing discretization formulae for 

the advective-dispersive transport equation. Most formulations involve an upstream 

weighting scheme of some nature to accommodate the advective behavior of the 

transport. These include classical upstream weighted finite differences, high-order finite 

differences and a variety of finite element or Petrov-Galerkin methods. A fundamental 

criticism of many of these methods is the presence of an arbitrary parameter, the choice 

of which must be made by the analyst. 

It is well known that numerical solutions of the transient advective-dispersive 

transport equation are complicated by the first-order spatial derivatives that describe the 

advective flux. When these derivatives are large it is difficult to obtain an accurate non

oscillatory solution. The emphasis placed on the advective terms in the discussions of 

numerical performance tends to leave one with the wrong impression that the time 

derivative is straightforward and can be handled with simple methods, such as a 

traditional finite difference approximation. This, unfortunately, is not the case. In fact, 

the time derivative interacts very closely with the spatial terms and it becomes 
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increasingly important and difficult to approximate as the first-order spatial derivatives 

become significant. 

This dissertation proposes an Eulerian numerical technique for solving the 

transient advective-dispersive transport equation which is accurate in both spatial and 

temporal domains. The method does not explicitly discretize either the spatial and 

temporal derivatives which appear in the governing equation. Instead, the time 

derivative is eliminated by taking the Fourier transform of the original partial 

differential equation and the resulting steady-state expression is solved with an 

analytical-based spatial technique such as the Finite Analytical method. It is necessary 

to confirm that the initial conditions in the frequency domain are equivalent to the 

specified conditions in the time domain. If they are not equivalent, adjustments in 

boundary conditions for t<O must be made so that the initial conditions in the frequency 

domain are what they should be. The solution in the physical space-time domain is 

ultimately recovered by using an efficient numerical Fourier Inversion algorithm such as 

the one described by J. W. Cooley and J. W. Tukey, (1965). 

The Finite Analytical/Fourier transform method has been developed and 

implemented for the solution of the one-dimensional advective-dispersive equation. 

The results obtained by this method for several cases clearly stands out in performance 

for a wide range of Pec1et numbers (PE = 5 to 250). When the Peclet number increases, 

there is no sign of oscillation in the concentration profile. Furthermore, illustrations of 

the temporal behavior by plotting concentrations obtained between t=O to t= 300 days 

for the different Pec1et numbers at fixed locations show the method is very robust and 

consistently accurate for all times for both small and large Peclet numbers. In particular, 

the sharp temporal front is accurately reproduced. 
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This numerical example clearly demonstrates the close interaction between the 

spatial and temporal derivatives in the advective-dispersive equation. Inappropriate 

derivative approximations either in space or time can degrade the accuracy of the 

overall solution regardless of how accurately the other approximation are obtained. It is 

the combination of the Fourier transformation with an analytical-based spatial (Finite 

Analytical Method) technique that makes this method unique. 

6.1 Summary and Contributions 

The following points highlight the major findings and contribution of this 

disserta tion: 

1. The close relationship between space and time in the advective-dispersive 

equation needs special attention to obtain an accurate numerical solution. 

A poor approximation of either of these derivatives can destroy the overall 

solution accuracy. 

2. The Finite Analytical/Fourier transform method presented in this dissertation 

is based on a consistently accurate space-time approximation which can 

provide numerical solutions of the transient advection - dispersion equation 

free of spurious oscillations and numerical dispersion for all practical values 

of Peclet numbers, for a wide range of grid spacing and with less 

computational effort. 

6.2 Suggestion for future work 

A key question which can be raised appropriately is whether or not the Finite 

Analytical method devised and used to solve the Fourier-transformed equation in one 

dimension can be extended to multiple dimensions. It is stated in response that the 
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extension to multidimensional problems is conceptually straightforward since the 

general principle of consistently accurate space-time approximations always applies 

regardless of the problem dimensionality. Nevertheless, this method represents a 

significant improvement over existing alternatives, primarily because of its balanced 

treatment of temporal and spatial approximations. 
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Flow Chart of the Computer Program 

START 

{ 
Initialization of the arrays 

~ 
Read Data File for the parameters used 
in the Advection/Dispersion equation 

~ 
Assign the r.C.'s and B.C.'s and 

normalize 

~ 
Call" FFTCF" to transform the B.C.'s 

to the frequency domain 

~ 
To rearrange the left and right B.C.'s 

in frequency domain 

~ 
Read the Source/Sink matrix 

in the time domain 

J 
Call" FFTCF " to transform the 

Source/Sink arrays in frequency 
domain 

t 

----------- ._--------



Calculate: 
A.I, A.2, Ct, p, and y 
from equations 

(4.19), (4.20), (4.27), (4.28), and (4.29) 
for 

ro =-1t 

To form the matrix A and 
vector b in Ax = b 

Call" BAND " to solve Ax = b in the 
frequency domain for fixed ro and 

save the solutions 

NO 

ro = ro+Aro 

Reorder the frequency-domain 
CONCENTRA nON vector for the 

Inverse Fourier Transform 
to be performed 

Call" FFTCB " to invert the CONe. vector 
to time domain for each location node 
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Call" EXACT_CONC" 
to obtain an exact 
solution for the 

Advection-Dispersion 
equation for each time 
and location and save 

this as matrix CBE 

To assign and rearrange the inverted 
CONe. vector into the CB matrix 

Print CB (and CBE if applicable) 
for the current time step andall the 

nodal locations in the output file 
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NO 

x = X+LlX 

NO 



Preparation of results for 
diferent plots 

PLOT SELECTION 

1 = CONe. vs. DISTANCE 
2 = CONe. vs. TIME 

Read in the required information 
for the desired plot 

Call II SHEKL II to obtain the 
desired plots 
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YES 
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