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ABSTRACT 

A unified constitutive modeling approach is developed based on the dis

turbed state concept (DSC) with the hierarchical single yield surface plasticity 

(HiSS) based models. With this approach, various factors such as elastic, plastic, 

and creep strain, as well as damage due to microcracking and fracture are consid

ered as disturbances, and incorporated in a basic model in a hierarchical manner. 

As a result, the approach provides flexibility to adopt various versions of the model 

depending on the need of users. 

Two thermomechanicalconstitutive models are developed as the special ver

sions of the reference DSC model. The thermoplastic model, DO, presented here 

describes the hardening response of materials/interfaces during monotonic as well 

as cyclic thermomechanicalloads. In addition to the thermoplastic model, a ther

moviscoplastic model, DvO, presented here is used to simulate creep and stress relax

ation mechanisms at elevated temperatures; here the rate effect on the hysteresis 

response is incorporated in the incremental constitutive equations. This model can 

allow for arbitrary stress-strain histories and can be used for investigation of the 

time dependence of low-cycle fatigue life prediction of solder materials. 

The temperature dependence of material constants are found using available 

laboratory tests, and are expressed by using simple power functions. These models 

have the merit of being relatively simple, and they can be readily adapted in non

linear finite element codes. Verifications and applications of different versions of 

DSC model are obtained for solder materials in semiconductor devices. Novel ap

plications in fatigue life prediction are described, including different fatigue failure 

criteria that may not be'readily captured by most previously proposed constitutive 

models. 
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CHAPTER 1 

INTRODUCTION 

1.1 General 

Realistic characterization and understanding of the mechanical response of 

materials and interfaces such as chip-substrate systems of electronic packaging in 

semiconductor devices are vital for improved and competitive designs in manufac

turing. Knowledge of fatigue behavior of materials/interfaces is important to guide 

the further development of reliable interconnect systems in electronic packaging. 

This would lead to considerably less conservative design methodologies and yield 

improved service life of semiconductor devices. 

Semiconductor devices involve different component materials such as silicon 

(Si) chip, Si-substrate, Metal welds and solders, and expoy and Resins. Combi

nation of the above material components involve interfaces such as solder joints 

between dissimilar materials. Understanding and definition of the interfaces re

sponse is vital for the reliability of the devices. It may be noted that the mechan

ical response at the interfaces can exhibit characteristics (mode of deformation) 

different from those of the neighboring component materials. An overview of the 

mechanical problems encountered in electronic packages has been given by Suhir 

(1989). Lack of information about mechanical properties of microelectronic mate

rials is often an obstacle for implementing theoretical methods on stress analysis of 

reliability of semiconductor devices in the electronic industry (Suhir, 1989). Ikega

mi (1990) has presented a comprehensive review of various problems in production 

process of semiconductor devices and need for mechanical modelling. It has been 

pointed out that simplicity in modeling is a crucial requirement for engineering 

applications, and that theoretical modeling and experimental work is likely to be 

an effective and efficient approach on examination of fatigue and failure mechanism 

in semiconductor devices. 
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Solder joints have been used as the interfaces of materials in electronic pack

aging for many semiconductor devices. As surface mount technology (SMT) is 

advanced, more and more surface mounted components (SMC) are placed into s

maller and tighter printed circuit board (PCB) configurations. The number of 

solder joints per package is increased and solder joints become the electrical as well 

as mechanical interconnection (Frear et aI., 1994). The reliability issues on these 

devices rely on the fatigue resistance of solder joints. The fatigue resistance of a 

solder joint is determined by its ability to resist progressive plastic strain, creep, 

microcracking, and damage. Various fatigue mechanisms of solder joints in a chip

substrate system have been identified by many investigators (Rathore et al., 1978; 

Ohshima et al., 1985; Johnson et al., 1986; Shine and Fox, 1988). First, the fatigue 

cycle of great interest is cyclic plastic shear strain due to the thermal expansion 

mismatch (TEM) between chip and substrate (Hall et al., 1983; Hall, 1984, 1987a, 

1987b; Solomon, 1985a, 1985b, 1989, 1991, 1992). Here, the fatigue failure of solder 

joints is caused by thermomechanicalloadings, which is more complicated than the 

fatigue failure under mechanical loadings. Figure 1.1 (a) through (e) show the pro

cess of fatigue failure of solder joints caused by two joined materials with different 

thermal expansion coefficients (Marshall, 1991). Second, the mechanical properties 

of solder joints show a significant temperature dependence during thermal cycle. 

Moreover, when the peak temperature approaches to the melting point of solders, 

the fatigue behavior of solder joints obviously change because of the creep-fatigue 

interaction. Figure 1.2 (a), (b), (c) and (d) shows the creep-fatigue interaction of 

solder joints with flexible leaded parts (Ross, et al. 1992). Third, microstructural 

damage and degradation of mechanical properties of solder joints are of primary 

importance to the fatigue behavior of solder joints. Microstructural damage could 

result in the severe soft~ning of solder joints, in which solder joints become unsta

ble under loading conditions. When the device is heated, either by the operating 

current or by a change in the ambient temperature, differential thermal expansion 

causes relative displacement of the components across the solder joints (interfaces) 



(a) Pristine solder joint (60%Sn - 40%Pb). 

(b) Fatiguing solder joint (60%Sn - 40%Pb) progressing through the 
initial stage of crazing. 

Figure 1.1 illustration of process of fatigue failure of solder 
joints by TEM. (Marshall, 1991) 
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(c) Fatiguing solder joint (60%Sn - 40%Pb) progressing through the 
stage of pitting. 

(d) Fatiguing solder joint (60%Sn - 40%Pb) beginning to crack. 

Figure 1.1 (continued) 
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(e) Complete failure of fatiguing solder joint (60%Sn - 40%Pb). 

Figure 1.1 (continued) 
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(a) Failure of Solder Joints on Type SS1AL Fix

ture after 214 Theraml Cycles from -25°C to 

+100°C. 

(b) Cross-section of Solder Joint on AL/SS Fixture 

Displaying Compressive Creep Ratching after 

755 Cycles. 

Figure 1.2 Creep-fatigue interaction of solder joints with flexible 
leaded part. (Ross et aI., 1992) 
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(c) Cross-section of Solder Joints on S5 

Displaying Tensile Failure· . 
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(d) Cross-section of Solder Joints on SS 

Displaying Lifted Failure. . 

Figure 1.2 (continued) 

26 



27 

between two materials. Subsequent cooling, when the device is turned off or re

turned to its original ambient temperature, reverses the strain, completing a fatigue 

cycle. The schematic of shear stress/strain development in solder joints between 

chip and substrate is illustrated by Figure 1.3 (Morris et al., 1991). Stress-strain 

hysteresis loops shown in Figures 1.4 ( a) and (b) results from strain controlled test 

with 0.3 and 300 seconds hold times with a 2000p.€ strain range (Tien, Hendrix 

and Attarwala, 1991). 

Various static and quasistatic mechanical loads including internal forces on 

pluggable assemblies, gravitational loads, clamping loads, internal pressures, and 

accidental misuse of equipment such as the use of a computer terminal as a seat or 

other load-bearing functions can cause deformation of solder joints. The repetitive 

mechanical loadings associated with temperature changes will cause multiaxial fa

tigue of solder joints. To investigate the mechanical performance of solder joints 

under thermomechanical service conditions requires an appropriate multiaxial con

stitutive model to characterize the mechanical properties of solder joints before any 

thermal stress analysis of electronic packaging systems is carried out. As a result, 

meaningful safe and acceptable criteria for fatigue life prediction and optimum 

mechanical design of electronic devices can be established. 

1.2 Objective of Present Research 

The objectives of this research are summarized below: 

(1) To develop a simple and unified constitutive model with various degrees of 

sophistication such as thermoplastic, thermoviscoplastic, damage and cycle 

to failure responses of solder joints in chip-substrate systems of semiconduc

tor devices. 

(2) To develop basic versions of thermomechanical constitutive model such as 

the thermoplastic and thermoviscoplastic models to represent mechanical 

responses of metallic materials as well as other engineering materials. 



(1) Flectronic Package at Room Temperature 

Relative shear displacement. and shear Coree 
due to thermal mlsmatcb 

(2) Flectronlc Package at High Temperature 

RelatiYe shear displacement. aod shear Coree 
due to thermal mlsmatcb 

(3) Flectronlc Package at LowTemperature 

ChlpCanier 

Circuit Board 

Chip Carrier 

Circuit Board 

Figure 1.3 Schematic illustraion of the shear that develops in solder 
joints between chip and substrate with high and low excursions. 
(Morris et al., 1991) 
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(3) To determine material constants of solder joints using currently available test 

data, including time-independent, time-dependent plastic constants, and 

constants for damage; and the temperature dependences of these material 

constants. 

(4) To verify and assess constitutive models toward simulation of various stress

strain responses of solder joints, including time- and temperature-dependent 

plastic strain, creep, and microcracking leading to damage. 

(5) To investigate the fatigue behavior of solder joints in any stage, including 

quantitative expressions for the degree of damage and fatigue life calculation 

using the proposed constitutive modeling approach. 

1.3 Contributions of Present Research 

This section briefly summarizes the unique aspects and important contri

butions in this research, which can be catalogued into three main aspects. First, 

the unified constitutive modeling approach based on the disturbed state concept 

(DSC) provides user-oriented hierarchical models for specific needs of user. Novel 

aspects of this approach include: 

(1) Insights into how the observed constitutive behavior of solder joints can 

be most efficiently characterized from simple elastic response to thermovis

coplastic response including microcracking and damage. 

(2) Integration of different constitutive models allowing cyclic stress-strain re

sponses that present different sequence of cyclic hardening, softening, and 

cyclic saturation, depending on the initial state of the material (prior to 

disturbance initiation) and the test conditions. 

(3) Procedures for finding time- and temperature-dependent DSC constants us

ing available fatigue test results. 

(4) Incorporation of various factors such as plastic strain, creep, and damage due 

to micro cracking and fracture are incorporated in terms of the disturbance 

function in a progressive manner. 
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Second, two versions of thermomechanical constitutive models based on the 

hierarchical single surface (HiSS) plasticity have been developed in the context of 

thermoplasticity and thermoviscoplasticity. Aspects of this work include: 

(1) Modifications of yield surface allowing for both metallic materials and geo

logic materials, including the temperature dependence. 

(2) Development of thermoplastic model for time-independent cyclic hardening 

response of materials. 

(3) Development of thermoviscoplastic model for time-dependent cyclic hard

ening response of materials. 

(4) Determination of material constants and derivation of temperature depen

dence of material constants for these two versions of constitutive models. 

(5) Verification and application of these models. 

Finally, the DSC constitutive model approach is used to simulate cyclic 

hysteresis loops of solder joints, in which the thermoviscop~astic model is used as 

the intact response and fully adjusted state (FAS) is assumed to have no shear 

strength but can carry hydrostatic stress. Aspects of this work include: 

(1) Simulation of hysteresis loops of solder joints in shear at different tempera

tures. 

(2) Calculation of hysteresis energy density, disturbance function, load drop 

parameter with respect to fatigue life. 

(3) Recommendation for criteria for fatigue life prediction of chip-substrate sys

tems. 

1.4 Summary of Various Chapters 

In Chapter 2, the general aspects of fatigue behavior of solder joints on 

cyclic stress-strain responses are reviewed. The literature reviewed places emphasis 

on these phenomenological parameters that may be used to describe the fatigue 
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process quantitatively and to identify important microstructural effects. These 

parameters are normally determined from mechanical hysteresis loops, cyclic stress

strain curves, and Coffin-Mansion life plots. Some fundamental fatigue mechanisms 

on fatigue behavior of metallic materials are also given in this chapter. 

It is obvious that any successful fatigue life prediction methodology relies 

on an accurate constitutive model as the input (Frear et al., 1994). Cyclic stress

strain responses of solder joints can be vastly different·in several ways such as cyclic 

hardening, softening, rate and temperature dependences. It is increasingly evident 

that the constitutive model can offer a useful and convenient way for describing 

and characterizing cyclic stress-strain responses in relation to fatigue life of solder 

joints. In Chapter 3, development of a unified constitutive modeling approach for 

cyclic behavior of solder joints based on the disturbed state concept (DSC) are 

presented. This chapter discusses how the observed behavior of solder joints such 

as plastic strain, creep, cyclic hardening, softening due to micro cracking can be 

mathematically described with various degrees of sophistication, depending on the 

loading conditions, temperature and material properties. 

Historically, fatigue studies are concentrated on cyclic plastic strain in fa

tigue damage accumulation. Since the cyclic hardening due to plastic strain is 

not reversible, modifications to the microstructure of materials occur during cyclic 

processes (Starke and Lutjering, 1978). These modifications result in changes in 

the plastic flow properties of materials. In Chapter 4, the thermoplastic version 

of the DSC model is dedicated to describing such aspects in detail. Using the hi

erarchical single yield surface (HiSS) plasticity theory, this model deals with the 

time-independent plastic strain including temperature effect. While in Chapter 

5, the thermoviscoplastic version of the DSC model is dedicated to characterizing 

the material response to various load-temperature-time cycles. This model offers 

the predictive capability of rate- and temperature-dependent cyclic hardening re

sponses of materials, in which cyclic plastic deformation due to creep and stress 

relaxation are also included. 
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In Chapter 6, the determination of material constants using test data is 

presented. The procedures for finding material constants and the associated phys

ical meaning are presented for multi axial conditions in detail. For a complete 

determination of material constants, comprehensive test data on multiaxial load

ing conditions are needed. Since such results are generally not available, several 

compromises and assumptions are presented in details. 

In Chapter 7, validations and applications of constitutive models are pre

sented in details. Constitutive models with various degrees of sophistication are 

verified and used to simulate both uniaxial and shear test results. The methodolo

gy for correlating the fatigue life of solder joints based on the progressive decrease 

in peak stress, hysteresis energy density per cycle, load drop, disturbance function, 

and hysteresis energy density is included. 

Finally, in Chapter 8, the brief summary of this research provides an insight 

into the advances made in the subject of constitutive modeling of solder joints. 

Continued experimental examination of microcracking and temperature effects of 

fatigue behavior of solder joints and correlation of the proposed constitutive mod

eling approach, as reported in the research, are recommended as essential in further 

advancing our understanding of the fatigue failure of solder joints in semiconductor 

devices. 
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CHAPTER 2 

A REVIEW OF FATIGUE DAMAGE IN METALLIC MATERIALS 

2.1 Introduction 

Fatigue is caused when a material experiences cyclic or repetitive loading, 

with resulting disturbance or damage in the material's microstructure. Fatigue fail

ure is defined as when such a damage process reaches a critical value, the material 

structure loses its ability to fulfill the function for which it was designed. For exam

ple, the solder joints attaching large surface mounted chip carriers to printed wiring 

boards (PWB) are prone to failure by fatigue (Solomon, 1985a, 1985b). Here, the 

primary cause of fatigue is the cyclic strain developed by the thermal expansion mis

match (TEM) between the ceramic chip carrier and the PWB. The fatigue damage 

process is caused by cyclic deformations that may involve plastic strains, creep and 

microcracking that have cumulative character throughout the material's existence, 

and is manifested in the final stage of fracture and failure. Thermal fatigue is more 

complex than fatigue at room temperature under cyclic mechanical loads because 

the temperature changes can cause the material properties to change significantly 

(Solomon, 1991). The fatigue damage may be interpreted as the interaction of the 

material's structural defects occurring during cyclic deformation, or those existing 

in the material before loading. The number of load cycles required to produce 

an observable crack depends on the load amplitude, frequency, temperature and 

a variety of material properties. On the basis of the irreversible microstructural 

changes caused by cyclic strain, there are two fatigue damage processes that may 

be identified. (1) Low-cycle fatigue is concerned with fatigue failure occurring at 

high load amplitudes. The higher the load amplitude, the more likely is the de

velopment of fatigue damage. For ductile metallic materials, the plastic and creep 

strains are considered to be responsible for low-cycle fatigue damage, and rapid 

damage accumulation is due to the sufficiently severe strain component during the 

cyclic periods. As a result, the growth of fatigue damage to produce the final 
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catastrophic failure occurs after a low number of working cycles. Such a fatigue 

process is usually developed by crack movements or interaction of lattice defects. 

(Klesnil et al., 1993) (2) High-cycle fatigue is concerned with fatigue process at 

the lower cyclic load amplitudes. In high-cycle fatigue test, the amount of fatigue 

damage associated with the hardening or softening process per cycle is relatively 

small. The elastic strains predominate material deformation and the plastic and 

creep strains are too small to measure accurately. The plastic and creep strain 

amplitude used as a means to estimate long fatigue life present experimental diffi

culties (Manson, 1966). However, the mechanism in high-cycle fatigue is similar to 

the low-cycle fatigue in that it is closely related to the material's microstructural 

changes caused by the cyclic hardening, softening, and material degradation. The 

distinction between high- and low-cycle fatigue has been conventionally defined as 

follows: If the plastic strain is greater than the elastic part of the total strain, the 

fatigue is considered low-cycle fatigue or called high-strain fatigue. If the elastic 

strain is greater than the plastic part of the total strain, the fatigue is considered 

high-cycle fatigue or called low-strain fatigue (Laird, 1979) .. 

It should be realized that both low-cycle fatigue and high-cycle fatigue are 

attributed to damage associated with material's microstructural changes or dis

turbances. A variety of mechanisms causing the cyclic strains are required to be 

identified, and a number of operating parameters, such as stress level, strain range, 

frequency, and temperature, affecting the fatigue damage accumulation should be 

considered in the fundamental analysis of the fatigue damage process. 

2.2 Cyclic Deformation 

2.2.1 Fatigue Hardening and Softening 

Cyclic loading of materials can involve either strain hardening or soften

ing that cause changes in the material's microstructure and consequently changes 

in the material's properties. For most metallic materials, these changes have a 
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saturation character, and such a saturated state manifested in the corresponding 

hysteresis loop is called "the saturated hysteresis loop" (Feltner and Laird, 1967). 

The saturated state can be identified by the relatively invariant hysteresis loop

s undergoing no further changes. For different stress or strain amplitudes, there 

are different saturated hysteresis loops. Figure 2.1 shows such a series of saturated 

hysteresis loops presented in the stress versus plastic strain space. The relationship 

between the stress and strain amplitudes with respect to the saturated hysteresis 

loops is called the "cyclic stress-strain curve" (CSSC) (Feltner and Laird, 1967). 

The cyclic stress-strain curve is generated by plotting, for a given temperature and 

initial condition, the saturated stress U 8 versus plastic strain amplitude 6.€p /2. 
This curve is the locus of the tips of all the steady-state cyclic loops of width 6.€p. 

A schematic plot of the cyclic stress-strain curve for a metallic material is shown 

in Figure 2.2. 

The cyclic stress-strain curve has been used to represent the constitutive 

relationship to model material cyclic response in fatigue .life prediction. By a 

comparison of the CSSC with the monotonic stress-strain curve, it is clear whether 

the material cyclically hardens or softens. In the case of cyclic hardening, the 

cyclic stress-strain curve lies above the monotonic curve, while in the case of cyclic 

softening the cyclic curve lies below the monotonic curve. Examples of cyclic 

hardening and softening responses are presented in Figure 2.3. The cyclic stress

strain curve is obtained from fully reversed fatigue tests under plastic strain control, 

and can be fitted approximately by a power law (Tavernelli and Coffin, 1962): 

(2.1) 

where u 8 is the saturated stress, 6.€p is the plastic strain amplitude, J( is a constant, 

and h the cyclic strain-hardening exponent. Equation (2.1) has been frequently 

used in low-cycle fatigue application because it gives in convenient form the stable 

stress amplitudes to be expected from a given imposed strain amplitude, or vice 

versa. 



monotonic 
Man-Ten Steel 

Strain 

Figure 2.1 illustration of saturated hysteresis loops for determining 
·the cyclic stress-strain curve (eSSe). (Tucker, 1972) 

Figure 2.2 Schematic illustration of the cyclic stress-strain 
curve (eSSe). (Feltner and Laird, 1967) 
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Emphasis has often been put on the multiaxial fatigue behavior of materials 

in multiaxialload conditions. A reliable multiaxial fatigue life prediction depends 

on the accurate multiaxial cyclic stress-strain relationship. For fatigue life as a 

function of multiaxial stress state, many fatigue life prediction models have been 

postulated using constitutive equations based on the theory of plasticity including 

a yield function, a flow rule and a hardening rule. By this approach, the plastic 

strains induced in multiaxial cyclic loading can be described. 

Consider that the hardening process is defined in the context of the theory 

of plasticity, based on the yield surface as a function of hardening parameters. For 

such a hardening process, Drucker's stability postulate is given by (Drucker, 1950) 

(2.2) 

where ~ W is the plastic work, du is the stress increment, d€p is the plastic strain 

increment. The theory of plasticity or viscoplasticity associated with the flow rule 

has been developed by assuming that Drucker's postulate holds. This can be a 

sufficient condition for a plastic continuum to be stable. Strain softening is the 

decline of stress at increasing strain. For strain softening Drucker's postulate is 

violated, i.e. the material stability is not assured and plastic strain softening is not 

allowed by the postulate. However, many experiments show that strain softening 

need consideration. 

As the plastic strains accumulate, the quantitative description of the hard

ening and softening process should be included in the constitutive relationships. 

Figure 2.4 depicts schematically the hysteresis loop representing the relationship 

between stress u and fltrain € for one cycle. Since fatigue tests can be either 

stress-controlled or strain-controlled, such tests under different loading conditions 

yield different shapes and sizes of the stress-strain curve and hysteresis loop. The 

characterization of the fatigue response of materials on the basis of data obtained 

under strain-controlled or stress-controlled conditions depends on the structural 
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Figure 2.4 Schematic representation of a saturated hysteresis loop and 
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constraints in reality. If the test is conducted by fully-reversed stress control with 

a constant amplitude, cyclic hardening or softening of the material is reflected by a 

reduction or an increase in strain amplitude, respectively. Similarly, under const -

ant amplitude strain-controlled fatigue loading, cyclic hardening or softening of the 

material causes an increase or decrease in the stress amplitude, respectively. Figure 

2.5 ( a), (b) and (c) show the stress-strain response of typical metallic materials for 

constant stress amplitude loading, for constant total strain amplitude loading, and 

for constant plastic strain amplitude loading, respectively. It can be seen that both 

the shape and area of the hysteresis loop undergo change during the hardening and 

softening process. The process of fatigue softening of a FCC metal in a stress

controlled test (Figure 2.5a) manifests itself by a increase in the amplitude of 

both total strain and plastic strain (Suresh, 1991). Cyclic hardening in a plastic 

strain-controlled test (Figure 2.5 (b)) is identified by an increase of both the stress 

amplitude and total strain amplitude. Examples of experimentally determined 

monotonic stress-strain curve compare to the cyclic stress-strain curve (CSSC) is 

presented in Figure 2.6, in which are results for a number of metallic materials 

cycled at different total strain amplitudes (Landgarf et al., 1969). 

The material hardening or softening process that determines the shape of 

hysteresis loops and cyclic stress-strain curves, is affected by a number of factors. 

Cyclic hardening or softening depends on temperature, strain rate (i.e. frequency 

of cycling), the cyclic loading amplitude and material properties. In general, it has 

been accepted that the influence of frequency and temperature on fatigue hardening 

or softening has been that the lower the temperature and the higher the frequency, 

the higher is the saturated stress for the given plastic strain amplitude. The stress

strain curve for a geologic material shown in Figure 2.7 (Ofoegbu and Curran, 

1992), with cyclic unloading and reloading, demonstrates material hardening in 

the early stages of loading, followed by strain softening after the peak stress is 

reached. However, for most fatigue tests with fully reversed loading at constant 

strain amplitude, the stress-strain curve for each cycle itself exhibits hardening to 

the cyclic peak stress. Material softening due to fatigue damage is displayed in 
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comparison to the measured peak stress along different hysteresis loops in different 

numbers of cycles. Figure 2.8 shows the typical results of fatigue tests run with 

constant strain amplitude at constant temperature (Solomon, 1985a, 1895b), in 

which the softening process occurs with the increase in the number of cycles. 

2.2.2 Hysteresis Loops 

The hysteresis loop exhibited by an idealized material element can be de

scribed analytically using a constitutive relationship for cyclic behavior. The area 

of the hysteresis loop represents the energy dissipation corresponding to one load 

cycle. With each load cycle, the material absorbs a certain amount of hysteresis 

energy by which the fatigue damage can be characterized. This means that with 

the increasing number of cycles, the fatigue damage, and hence the amount of the 

hysteresis energy dissipated, increases until it reaches a certain critical value at 

which fatigue failure occurs. The total dissipated energy to failure can be used 

as a criterion for fatigue life prediction. The shape of the hysteresis loop can be 

simulated by using several empirical relationship such as power-law (Tavernelli and 

Coffin, 1962) or Ramberg-Osgood relationships (Ramberg and Osgood, 1943). For 

fatigue life prediction, many constitutive models based on parallel arrangement of 

the elasto-plastic elements having different critical internal flow stresses have al

so been proposed to explain the various observed response in the hysteresis loop 

(Asaro, 1975). 

In recent years, the hysteresis loop has been intensively examined in connec

tion with the energy criteria of fatigue damage (Garud, 1981; Lefebvre et al., 1981; 

Ellyin and Golos, 1988). The hysteresis energy is accumulated over the life of the 

material until the critical value is achieved. This critical value is obtained from the 

area under the stress-strain curve in the fatigue test. For fatigue life estimation, 

most energy criteria are postulated based on the hysteresis loop that belongs to 

the stable (saturated) state, i.e. to the state when cyclic hardening or softening 

stabilized. 
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2.3 Creep-Fatigue Interaction 

A significant problem in the fatigue is that cyclic load periods, especially 

with a hold condition, in which a given strain or stress is held constant during 

cyclic loading, introduces a large amount of time-dependent creep strain that is 

likely to influence cyclic fatigue behavior. The combined mechanisms of creep 

and fatigue damage have a more deleterious effect on mechanical performance of 

materials than either mechanism acting independently. Creep-fatigue interaction 

can be affected by many factors such as the strain range, ramp time, hold time, 

and temperature (Vaynman and Fine, 1991). It has been documented that at high 

frequencies of stress cycling, materials exhibit a hardening tendency and reflect 

a creep-resisting characteristic. At lower frequencies, below some critical value, 

materials show lower strength and the development of time-dependent creep strains. 

For these materials with poor creep resistance, the fatigue damage process becomes 

frequency-dependent because of the development of creep strains. 

The effect of hold conditions such as hold at tension, at compression and 

hold at tension as well as compression is that materials undergo various degrees 

of fatigue damage. It was found that there is a significant reduction in fatigue life 

of metallic materials as the duration of tension hold increases (Coffin, 1978; Fuchs 

and Stephens, 1980). Compressive hold is usually not nearly as damaging. It 

demonstrates that the propagation of fatigue damage is dependent on the fracture 

modes at the micro level. The fatigue damage behavior during hold periods can 

be best described by characterizing the amount of creep strain; with creep strains 

accumulated in various hold time tests it is observed that the increase in hold time 

leads to a reduction in fatigue life. 

Creep-fatigue damage is sensitive to strain rate because creep strain builds 

up in the course of fatigue deformation that is dependent on the strain rate. For 

rapid cycling, the creep strain which can develop is very low. If the creep strain 

is considered as the cause of fatigue damage, the degradation of fatigue life would 
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be expected to be very small. As a result, changes in fatigue life with increasing 

ramp or hold times can be attributed to changes in strain rates (Vaynman, 1989). 

The fact is that long hold periods are much more destructive than ramp time on 

fatigue life because during the hold time the strain rate can be considered to be 

much lower strain rate (Vaynman and Fine, 1991). 

2.4 Fatigue Failure Criteria 

Many experimental and theoretical investigations of the fatigue damage pro

cess are conducted in order to construct a reliable fatigue failure criterion that can 

yield an accurate prediction of the fatigue life. Because of the variability of the fa

tigue phenomena, the accuracy of the prediction will depend on the understanding 

of the laws governing fatigue damage, its mechanisms, and growth, and to establish 

the effect of decisive internal and external factors which influence the fatigue life. 

Despite the complexity of the fatigue phenomenon for different materials, 

level and sequence of loading, shape of bodies and external conditions, its basic 

features remain essentially the same. The most important feature is the presence 

of cyclic strain which results in fatigue crack nucleation and growth. Fatigue fail

ure may be caused by either the permanent strain or dissipated energy exceeding 

the critical limit. A number of mechanisms responsible for fatigue failure have 

been identified and have been simulated by constitutive relationships. Applicable 

progress in studying fatigue life prediction has been achieved using a number of 

criteria based on the cyclic stress-strain curve. Toward analysis of fatigue failure 

problems, a review of existing methods for the prediction of fatigue life is presented 

below. 

2.4.1 Strain Criteria 

The term strain criteria for fatigue failure denote those based on the cyclic 

strain amplitude. In the literature, a number of published reports can be found 
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that are devoted to investigations of strain criteria of fatigue failure for metallic 

materials. Criteria used for life prediction are based on the measurable physical 

quantities which could be either plastic or inelastic strain, or creep strain. These 

empirical strain-life models often agree in general quite well with specific experi

mental results of fatigue tests. However, they are based on assumptions that are 

often physically unjustified. 

Most strain criteria of fatigue failure stem from the relationship between the 

strain amplitude, ~E, plastic strain amplitude, AEP, or any inelastic part AEin and 

the number of cycles to failure N I' For low-cycle fatigue range, the most frequently 

used relationship derived for strain-controlled loading, has the form (IGlinski et al., 

1991) 

(2.3) 

where NI is the number of cycles to failure, ~E is the total strain amplitude, Ef 
and O"f are experimentally determined parameters, b and c are suitable fatigue 

exponents, and E is elastic modulus. The Manson-Coffin (C-M) relationship is 

given by (Manson, 1954; Coffin, 1954) 

AEP , (2N )C 
2=EI 1 (2.4) 

Equation (2.3) shows a bilinear approximation of total strain versus fatigue life 

on a log-log plot, and Eqn. (2.4) yields a straight line with the slope equal to c. 

Schematic plots of the total strain versus life and C-M relationship are shown in 

Figure 2.9 (a) and (b), respectively. 

It is apparent that the above criteria correlate test data for one-dimensional 

behavior. Constitutive relationships used in these criteria are often postulated by 

a simple power function, or by the concept of effective stress and strain in which 

the multi axial stress and strain are reduced to effective scalar parameters, e.g. von 

Mises effective stress and strain. 
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2.4.2 Energy Criteria 

Another frequently used method considers the hysteresis energy as the fa

tigue damage parameter and failure is assumed to occur when the material dissi

pates energy equal to the critical value. This method considers that fatigue damage 

is contributed by the energy dissipation of all cycles independently. It is proposed 

that the fatigue failure occurs at the moment when the total dissipated energy Wtot 

reaches a critical value C (Feltner and Morrow, 1961; Halford, 1966): 

(2.5) 

where Wi is the dissipated energy in one cycle. 

Consider that a portion of hysteresis energy consumed during each cycle is 

effective in contributing to fatigue failure, and an endurance hysteresis energy, IVo, 

is assumed to have no effect on fatigue damage, is introduced (Chang et al., 1968). 

As a result, the total hysteresis energy is decomposed into 'dangerous' and 'safe' 

components. Then fatigue failure criterion is proposed in the form 

Nt 

I:(Wi - Wo) = C (2.6) 
i=l 

where vVo is the endurance hysteresis energy in one cycle and remains constant 

over the fatigue life. 

Another energy criterion of fatigue failure has been proposed in the form 

(Troshchenko et al., 1993) 

NJ [ (W,)Q'] ~ Wi-WO W~ =C (2.7) 

where a is the constant. Here, Eqn. (2.7) assumes that the dangerous portion 

of the energy grows with the dissipated energy with increasing each cycle. The 
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parameter a determines the intensity of the growth of the dangerous portion. For 

a = 0, Eqn. (2.7) is reduced to be Eqn. (2.6), and for a = 1 the entire dissipated 

energy is considered to be safe. 

2.4.3 Load Drop Criteria 

The 'load drop' parameter is a widely used criterion to evaluate fatigue 

failure of metallic materials in electronic packaging applications. The term 'load 

drop' is defined as the percentage of the loss of load-bearing capacity in a fatigue 

test. The load drop parameter, if>, is defined as (Solomon, 1985a, 1985b, 1989; Guo 

et aI., 1992) 

if> = l:iPmax -l:iPN 
l:iPmax 

(2.8) 

where l:iPmax is the maximum load range (developed in the first complete cycle), 

l:iPN is the load range for cycle number N. Similar to the strain criteria, the load 

drop parameter if> versus the number of cycles is plotted in log-log coordinates, 

which can be fitted by a simple power function (Solomon, 1989, 1991, 1992) 

(2.9) 

where a and b1 are constants, and N is the number of cycles. Figure 2.10 shows 

a series of plots of load drop versus the number of cycles obtained from fatigue 

test by different plastic strain amplitudes. The number of cycles to failure is often 

defined based on the value of the load drop parameter, if> = 0.5. If it is assumed 

that the decrease in l:iP is due entirely to the decrease in the load bearing area 

(Solomon, 1985a, 1985b), that is 

l:iPmax 

Ao 
(2.10) 

where Ao is the initial area and AN is the uncracked area after the cycle number 

N, then 
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(2.11) 

The parameter ¢ is considered as a measure of the area that has experienced 

micro cracking due to fatigue cycling. Recently, Guo et al. (1990, 1991, 1992), in 

research involving total strain control, low-cycle fatigue tests on Pb - Sn solders, 

have shown that the load drop was directly proportional to the fraction of the 

original cross sectional area which was fatigue-cracked. 

A load drop-life correlation was proposed by Zubelewicz et al. (1990) for 

eutectic solders in the low strain range as 

Au N -- = 1 - fl- (2.12) 
Aumax Nj 

where N j is the number of cycles to failure determined from the accelerated fatigue 

tests and fl is the slope of the normalized stress ranges Au(N)JAumax versus the 

normalized numbers of cycles N J N j. 

2.5 Effect of Service Factors on Fatigue Life 

2.5.1 Effects of Waveform, Frequency and Strain Rate 

Laboratory tests offatigue behavior of materials often use cyclic or repetitive 

load with different shapes of waveform and hold time. Hold can be applied either 

at constant stress or constant strain, where a strain-hold period introduces stress 

relaxation during the hold, whereas a stress-hold period produces a creep strain. 

Figure 2.11 shows a variety of waveforms of mechanical loading and temperature 

used in closed-loop testing for life prediction and the corresponding produced hys

teresis loops (Coffin, 1978). 

The influence of waveform has recently received much attention in studying 

fatigue behavior of solders in electronic applications. When the load, either under 
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stress-controlled or strain-controlled conditions is fully reversed but hold time per 

-iods are introduced, creep may occur and increase the strain during each cycle. 

Here fatigue damage is the result of creep during the hold period and is associated 

with the difference in the time period for tensile versus compressive stress. The 

conclusion is that the fatigue tests at tension-hold commonly give shorter lives than 

do the tests without a hold time. However, fatigue tests with the hold at both 

compression and tension or with hold at compression will result in intermediate 

lives compared to these conditions i.e. tension-hold and without hold conditions. 

(Coffin, 1978; Fuchs and Stephens, 1980). 

It is clear that the creep effect introduced in fatigue test is a time-dependent 

process, the frequency of cycles and the strain rate applied have a marked influence 

on the fatigue behavior of materials. Consider that the higher frequencies and strain 

rates are cycled sufficiently rapidly so that no creep strain can occur. As a result, 

the fatigue damage could be expected to be small. Schematic plots of waveform 

and hysteresis loops for unequal ramp rate testing are shown in Figure 2.12 (Coffin, 

~978). It is apparent that decreasing frequency and strain rate have detrimental 

effects on the fatigue life. 

2.5.2 Effect of Stress Level 

The monotonic and cyclic stress-strain curve containing load histories show 

that a change in the stress level results in a change in deformations. The stress state 

is then expected to have a marked effect on the characteristics of fatigue damage. 

In a fatigue test, the cyclic or repetitive loading applied by various cyclic and 

hold time histories show that the load spectrum is characterized by the following 

quantities (Suresh, 1991): 

(a) Mean stress, am, which is the average value of maximum and minimum 

stresses in the cycle, which gives am = [(amax + amin)/2]. 
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(b) Stress amplitude, D..a, which is defined as the half of the difference between 

the maximum and minimum values of stress in the cycle, which is D..a = 

[(amax - amin)/2]. 

(c) Stress ratio, R, which is the ratio of maximum value to minimum value of 

stress in the cycle, which is R = (amax/amin). 

Plastic strain, creep strain, micro cracking, damage and fracture are affected 

by the imposed stress range, the stress amplitude and the mean stress during cycles. 

In general, fatigue damage increases monotonically with increasing stress level.It 

is quite evident that fatigue cycle of waveform with non-zero tensile mean stresses 

have more detrimental effects on fatigue life than the fully reversed load cycles with 

zero mean stresses. It is also seen that, in general, compressive mean stresses have 

beneficial effects on fatigue life. 

As the creep proceeds, the stress increases continually, giving rise to a pro

nounced change in the creep rate. The creep strain rate can present higher stress

dependence than plastic strain. Moreover, it should be noted that rupture at high 

tension stress levels as terminating the life of a material can be the denominator 

of the fatigue failure. 

2.5.3 Effect of Temperature 

As stated before, from the view point of the basic process of fatigue damage 

in metallic materials, the determining mechanism is the irreversible cyclic (plastic 

and creep) strain in inducing permanent material damage and disturbance. Fatigue 

behavior and life prediction become more complicated at high temperatures than 

at the room temperature because a complex interaction between mechanical and 

thermally activated time-dependent processes (creep and stress relaxation) may 

be involved. It has been noted that a number of factors such as frequency, cyclic 

waveform, creep and relaxation, have more appreciable effect on fatigue damage 

at high temperatures than at room temperature. In general, due to the ductility 
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of materials, higher temperatures generally make development of the irreversible 

strain easier, while lower temperatures make it difficult to grow. Thus the fatigue 

damage at higher temperatures can be expected to be higher than at the room 

temperature, and the fatigue damage at lower temperatures can be expected to 

be lower for identical conditions. In reality, temperature has a profound effect on 

the fatigue damage process, in that it has been found that at lower temperatures 

fatigue failure may be caused by brittle fracture. This indicates that an alternative 

fatigue damage mechanism occurs in the material at the lower temperature. 

A brittle type of fatigue damage is strongly dependent on the microstructure 

of materials. Unless the presence of brittle crack propagation shows a predominant 

effect on fatigue damage, the general trend is that the lower temperature leads to 

a lower fatigue damage and longer fatigue life. For example, at lower temperatures 

low-tin lead-based (Le. 95%Pb - 5%Sn) solders display the characteristic of the 

ductile-brittle transition temperature more than near-eutectic Pb - Sn (60%Sn-

40%Pb) solders. Vaynman and Fine (1991) showed that for low tin solders, a 

gradual decrease in fatigue life with increasing temperature from 25°C to SO°C was 

observed; however, fatigue life decreased when temperature was further reduced to 

5°C. On the other hand, eutectic solders do not display such a ductile-brittle 

transition. 
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CHAPTER 3 

THE DISTURBED STATE CONCEPT 

3.1 Introduction 

Microstructures of solder materials contain more or less lamellar and degen

erate features. Such material systems often involve flaws and discontinuiti~s, are 

usually inhomogeneous and anisotropic. During the cyclic fatigue process, material 

microstructure changes due to the presence of flaws, discontinuities, micro crack

ing, damage and fracture, that can alter the material mechanical properties, cyclic 

deformation behavior and result in the changes in the fatigue life. Usually, such a 

medium consists of a mixture of materials with different features of microstructures, 

and each microstructure is associated with its own mechanical response. When such 

a discontinuous material is subjected to external or internal loads, it usually expe

riences nonuniform stresses and strains due to the effect of above inherent factors, 

induced flaws and discontinuities. The nonuniform stresses and strains give rise to 

different cyclic stress-strain responses which show significantly different responses 

from the materials with "intact" microstructures. In the development of a consti

tutive model, for such a material, it may not be treated as a continuum, and the 

definition of stress (strain) at a point is no longer valid. Constitutive models based 

on the continuum mechanics description may not accurately characterize the wide 

variety of phenomena that are specific to fatigue loading conditions. When the 

localized stresses and strains over zones in the discontinuous media are considered, 

it is necessary to redefine various variables used with the assumption of continuous 

materials. In other words, it is necessary to introduce the discontinuous nature of 

the material by incorporating "finite" or nonlocal zones as influenced by a charac

teristic dimension which is dependent on the properties of particles or clusters of 

particles that constitute the material. 
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It seems obvious that a constitutive model which covers all possible cyclic 

responses of material having a variety of microstructures, would be too complicated 

to be of practical use. However, constitutive models simply based on the stabilized 

stress-strain curve (CSSC), which is the locus of the tips of saturated cyclic stress

strain hysteresis loops (as seen in chapter 2), may not be sufficient to describe the 

cyclic behavior of such a discontinuous medium. In the development of a constitu

tive model, the mechanical response of material with heterogeneous discontinuities 

distribution can be treated as a mixture of different constituents, and the observed 

stress-strain response of such material systems can be characterized in terms of the 

responses of these dominant constituents. 

From above considerations, a unified constitutive modelling approach based 

on disturbed state concept (DSC) (Desai, 1992) is used and includes the following 

features: 

(a) inclusion of these discontinuous characteristics which best describe the ma

terial response to cyclic loading. 

(b) consideration of time, temperature and cyclic loading parameters with re

spect to the fatigue damage growth. 

( c) representative practical applications. 

It is believed that this approach wi11lead to a unified constitutive model 

with the evolution of fatigue damage accumulation, which could predict the stress

strain response of materials in the presence of discontinuities due to microcracking 

and damage, and yield the realistic fatigue life. 

3.2 Description of the Disturbed State Concept 

The disturbed state concept was advanced by Desai (1974). It was used first 

in the context of continuum damage model (Frantziskonis and Desai, 1987) and 

subsequently the concept was generalized to model various mechanical responses 
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of engineering materials (Desai, 1992; Desai and Ma, 1992; Armaleh and Desai, 

1990; Katti and Desai, 1991). The following description of the DSC is adopted 

from Desai (1992). 

In the DSC, it is assumed that applied forces (mechanical, thermal, environ

mental) cause disturbances or changes in the material's microstructure. As a result, 

an initially intact material microstructure modifies continuously, through a process 

of 'natural self adjustment', and a part of it approaches the fully adjusted state 

(FAS) at randomly distributed locations in the material. The adjustment involves 

microstructural changes that cause development of plastic deformations leading to 

microcracking, damage and fatigue. Full adjustment implies a state or microstruc

ture of the material part that cannot carry fully the applied stress change because 

of the presence of micro cracking, damage and fracture. In the sense of tradition

al engineering 'failure' and in the continuum damage concept, the FAS implies a 

'fractured' or 'lost' part (Kachanov, 1986) that has no strength and carries no fur

ther stress. The material in the FAS can be interpreted as the microstructure or 

clusters of particles that have reached a state at which they can carry no further 

stress or can carry the stress reached upto that state. From this consideration, as 

the disturbed material in the FAS is constrained by the surrounding intact parts, 

the assumption that has no strength is not realistic and is not consistent with the 

observed response in which there can exist residual strength of materials at failure, 

Figure 3.1. If the material part in the FAS is essentially isotropic, and can be 

assumed to behave like a constrained liquid, it can continue to carry hydrostatic 

compressive stress but no shear stress. 

Hence, the observed or average response of the 'mixture' of material parts 

in the intact state and FAS can be expressed in terms of its responses under the 

two states, which are called reference states. In the DSC, the emphasis is on the 

modelling of the collective behavior of mechanisms in the intact and FAS, rather 

than on the particle level processes. As the extent of the material zones at the FAS 

increases with loading, there occurs decrease in the extent of the intact material, 
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and a critical combination of the two parts is reached at which the material element 

can be considered to have 'failed'. This is illustrated symbolically in Figure 3.2 in 

which the darkened zone in the circles denotes the intact state, while the clear 

zone denotes the fully adjusted state. The failure condition is the engineering 

definition at which the material is assumed to carry no further load, as it is at, or 

has exceeded the allowable engineering stress or displacement criterion. Hence, the 

state at which the entire material is at the FAS is asymptotic, and it may never be 

attained in practice, in the laboratory or in the field .. 

3.3 Reference States for DSC 

3.3.1 Fully Adjusted State 

The fully adjusted state can be represented by using following assumptions: 

(1) The material has no strength at all, like in some continuum damage model 

(Kachanov, 1986). 

(2) The material has no shear strength, but can resist hydrostatic stresses, like 

a constrained liquid (Frantziskonis and Desai, 1987). 

(3) Critical at which it can carry shear and hydrostatic stresses reached upto 

that state. Here the shear stress is proportional to the hydrostatic stresses. 

( 4) Any other model depending upon the nature of the material, loading and 

other conditions. 

In the DSC, the fully adjusted state may be represented by the critical state 

depicted by the following equation : 

VJ!jD = mJf (3.1) 

where Eqn. (3.1) represents a straight line as the critical response of the material 

at the FAS, and m is the slope of this line (Figure 3.3(a)). For initial hydrostatic 

pressure Jf, as the shear stress J J2D C is increased, the state of stress reaches the 
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state line shown in Figure 3.3(a). At FAS, the relationship between the volumetric 

strain in terms of the void ratio and the hydrostatic stress is given by (Armaleh 

and Desai, 1990; Katti and Desai, 1991) 

eC = eo - A In( 3
Jf ), EV = e

C 

C (3.2) 
Pa 1 + eo 

where eC is the void ratio at FAS, Pa is the atmospheric pressure, eg is the initial void 

ratio at FAS, and A is the slope of the plot of eC versus In( Jf /3Pa) (Figure 3.3(b)). 

Equations (3.1) and (3.2) can be approximately used as the critical response of 

material at FAS. In this research, it is assumed that the solder at FAS has no shear 

strength but can resist hydrostatic stresses, like a constrained liquid (Frantziskonis 

and Desai, 1987) 

3.3.2 Intact State 

The intact state is a relative state in the sense that it excludes the influence 

of factors that are considered to cause disturbance. For instance, (1) if micro crack

ing, damage and subsequent softening occur, the response of the material without 

damage can be treated as the intact response, (2) if the material experiences hard

ening and is affected by dislocation, its response without the influence of dislocation 

can be treated as the intact response, and (3) if an elastic material experiences mi

crocracking and exhibits nonlinear response, its (initial) linear elastic response can 

be treated as the intact response. 

The intact response can be determined experimentally and/or by approx

imation as the response by excluding the factors that are considered as the dis

turbances. Many contin.uum descriptions of cyclic behavior of materials excluding 

the effect of discontinuities are pertinent to the behavior of intact microstructures. 

The most commonly used constitutive model for stress-strain behavior is the in

cremental theory of plasticity. Various HiSS constitutive models (Figure 3.4) for 
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multiaxial loading conditions have been proposed and these constitutive formu

lations are available, that involve both experimental and theoretical attempts to 

characterize the constitutive response of the intact materials. The experimental 

constitutive model approach for the intact response may involve various degrees 

of complexities, in which different numbers of constitutive parameters may be in

volved. Hence, the approximate constitutive model used as a reference state can 

represent the response of the intact state with various degrees of sophistication. 

For example, a set of parameters (m =10) in the damage and softening model DO+r 

(Frantziskonis and Desai, 1987), in which damage parameters n = 3 related to the 

softening response, then the response of the material without the damage parame

ters (n=3), that is, (m-n=7) parameters define the reference intact behavior. Note 

that HiSS approach as it allows systematic addition of factors that influence the 

material behavior is ideally suited for defining the reference state. In the present 

study, to better model thermomechancial response of solder materials, the basic 

thermoplastic De-version and thermoviscoplastic Dev-version of the models can be 

used to represent the intact response of solder materials under thermomechanical 

loading conditions. The detailed descriptions of these reference models will be 

presented in chapters 4 and 5. 

3.4 Disturbance Function 

In order to express the observed response, Ra in terms of the responses at 

the intact state Ri and FAS state RC
, a disturbance function D is defined. In 

general, the disturbance function will be a tensor, Dij; however, at this time, for 

simplicity it is defined as a scalar (D) to represent, in a weighted sense, the effect of 

randomly distributed intact and FAS phases, Figure 3.5. The disturbance function 

can be defined based on observed stress-strain and/or volumetric responses. For 

instance, 

JJWi _ .JJWa 
JhDi - Jhn c (3.3) 
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Figure 3.5 Schematic of a stress-strain curve for disturbance 
function (Armaleh and Desai, 1990; Desai, 1992). 
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(3.4) 

where i, a and c denote intact, observed and FAS states respectively, a denotes 

appropriate stress quantity, and V denotes volume (or void ratio). The form in Eqn. 

(3.3) is similar to that used in many damage models (Kachanov, 1986; Frantziskonis 

and Desai, 1987; Desai et al., 1986); however, it may be noted that the DSC allows 

for the influences of any relevant factors that can include what is commonly called 

damage due to micro cracking and fracturing in which the damaged zones are often 

assumed to represent voids (Kachanov, 1986). In other words, the DSC can allow 

inclusion of factors that may not necessarily cause microcracking and fracturing. 

For instance, a material may not experience damage but still exhibit deviation from 

the intact behavior. Figure 3.6(a) shows linear behavior as the intact behavior, 

and nonlinear behavior as the disturbed behavior which may not involve damage. 

The intact response in Figure 3.6(b) is nonlinear, and the disturbed behavior (1) 

may not involve damage, while behavior (2) involves micro cracking damage and 

consequent softening. Thus, a factor or a combination of factors can be treated as 

disturbances. 

There are similarities and differences between the DSC and other concepts 

such as continuum damage, micromechanics and self-organized criticality (SOC); 

these are discussed later in this chapter. In particular, the form of the expression 

for D in Eqn. (3.3) is similar to the damage parameter in the continuum damage 

concept (Kachanov 1958, 1986). However, such a form is not unique in the damage 

concept as it is often used to describe decay and growth process in many natural 

system:;. Notwithstanding the similarity, the scope and meaning of the disturbance 

function are different. In the continuum damage approach, the observed response 

is expected in terms of the intact response using the damage parameter (Kachanov, 

1986), which describes the decay or softening in the intact response. On the other 

hand, in the DSC the observed response is expressed in terms of the responses 

of the material parts in the intact and FAS states by treating the material as a 
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Figure 3.6 Schematic of intact and observed responses. 
(Desai, 1992) 
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'mixture' of the two parts, and the disturbance function acts as an interpolation 

function. For instance, depending on the initial loading conditions and loading 

paths, during the deformation materials may harden with respect to their response 

under the intact state and then approach the FAS. On the other hand, materials 

may experience micro cracking and damage with respect to their intact response for 

a given initial condition and loading path, and then approach the FAS. Thus, the 

disturbance function allows for both hardening and softening responses, whereas 

the damage parameter allows only for the softening response; as a consequence, 

the continuum damage concept may be considered in a special case of DSC. 

The disturbance function D is often defined as 

VC AC 
D=-~

V A 
(3.5) 

where V and A are the total volume and area of the material, VC and A Care 

the volume and area of the material at FAS. It is usually difficult to identify the 

volume or area of the material that has reached the FAS. However, D can be defined 

indirectly, in terms of internal variables and other factors as 

D = D(eD, 0, t) (3.6) 

where eD is an internal history parameter such as the trajectory of deviatoric plastic 

(viscoplastic) strains or plastic work, 0 is temperature, and t is the time. A simple 

form of D can be expressed as (Frantziskonis and Desai, 1987) 

(3.7) 

where Du represents disturbance at the residual state for a given response, Figure. 

3.7, eD is the trajectory of irreversible deviatoric strains = J J dEfjdEfj and dEfj is 

the deviatoric plastic strains tensor, A and Z are material parameters. Schematics 

of such D are shown in Figure 3.8 for Du = 1 which represents the asymptotic fully 

adjusted state at which A C / A = 1. 
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The temperature-dependent disturbance function D can be expressed by 

D(B) = Du (1 - exp( -A(B)e~(B») (3.8) 

If the disturbance function D is expressed in terms of the time-dependent 

thermoviscoplastic strain trajectory e~r(t), the time- and temperature-dependent 

disturbance function can be obtained as 

(3.9) 

3.5 DSC Constitutive Equations 

The DSC concept is based on the idea that during deformation, randomly 

disturbed zones reach the fully adjusted state, and evolve gradually, through a 

process of continuing chain reactions. Figure 3.9 shows the schematic of the growth 

of fully adjusted state (FAS). These disturbed zones are randomly distributed over 

the material, grow as such, and at higher loads (peak and beyond), they reach a 

specific extent (area or volume) of zones for the given loading and initial conditions. 

Consider the material with the nominal area A subjected to a force, Fa. It 

is assumed that the force is carried by both the intact and critical phases, Figure 

3.10. Hence, 

Fa=Fi+Fc (3.10) 

where subscripts a, i, and c denote observed, intact and fully adjusted states, 

respectively. Dividing e~ch term in Eqn. (3.10) by the nominal area A: 

Fa Fi Ai FC AC 
A = 11 Ai +-::4 Ac (3.11) 

Let the disturbance D be defined as 



o 
c 

() .. 
<> $ 

I nllial 

CIt. A A. 
VV' V 

I) 
c~ €-¥i'<P <I 

4)7c ee 0 
~ 

q 
q q 

Intermediate 

D Intact Zones 

4!Jl Fully Adjusted Zones 

.. 

Failure 
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Figure 3.10 Schematic of a disturbed element subjected to 
loading. (Armaleh and Desai, 1990) 
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(3.12) 

Using this definition, disturbance function D represents the disturbed area, how

ever, as a theoretical definition of disturbance (shown In Eqn. (3.9)) that permits 

the influence of temperature and time effects on the growth of disturbance. As a 

result, the expression of the disturbance function D as a function of temperature 

and time is expressed by D(fJ, t), and equation (3.11) leads to 

aa = ( 1 - D(fJ, t) )ai + D(fJ, t)aC (3.13) 

where (1- D(fJ, t)) represents the portion of the intact phase. Equation (3.13) can 

be expressed in terms of the tensor notation as (Desai, 1992) 

at = (1 - D(fJ, t))a!j + D(fJ, t)aij (3.14) 

Differentiation of Eqn. (3.14) leads to the incremental equation as 

(3.15) 

where arj = alj - aij is the relative stress tensor denoting the difference in stresses 

carried by the intact and FAS phases. It can be seen that Eqn. (3.15) indicates 

that the stress at a point in the material element is modified due to the influence 

of the disturbance D(fJ, t). 

Detailed derivations and associated assumptions for incremental equations 

for stresses dafj and strains d€ij at constant temperature are given in Appendix A; 

only the final expressions for the two are presented below: 
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dD(() ) [ 
mJl Si 1 Je £ i 1 + ,t.j J4D ij + '3 1 Vij - Uij (3.16) 

~8 .. [dlJ(() )eg - Aln(Jfl3Pa) - eo + A(JU3Pa). lJ(8 ) ( -A ) dJI ] 
3 Z} ,t 1 + eo +, t 1 + eo Jf 

(3.17) 

where dEiJ is the incremental observed deviatoric strain tensor; D( (), t) and lJ( (), t) 

are the temperature- and time-dependent disturbance functions; Jf and Jf are first 

invariants of the stress tensors at FAS and intact phases; sijis the deviatoric stress 

tensor of total stress tensor uij , in the intact phase; J~D is the second invariant 

of Sij ; m is the slope of the critical state line; d€~ is the incremental volumetric 

strain; eg and eb are the initial void ratios of FAS and intact phases, and 8ij is the 

Kronecker delta. 

Equations (3.16) and (3.17) represent nonlinear equations and hence, need 

to be solved iteratively. Details of the iterative procedure are given in Appendix 

A. In the iterative procedure (Desai, 1992), the solution converges to the observed 

response with consistent values of D((), t) and lJ((), t). 

3.6 Special Forms of DSC Constitutive Equations 

3.6.1 DSC Models without FAS 

As seen in section 3.5, the constitutive equations (3.16) and (3.17) involve 

the response of materials at intact state, in which many versions of constitutive 

models may be used as continuum descriptions of material deformation in the ab

sence of the disturbance. If the material microstructure is considered as "intact", 
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the disturbance function D = 0 and there is no FAS. The observed stress incre

ments dufi in Eqn. (3.16) and strain increments df.'tj in Eqn. (3.17) are the same 

as the stress increments duii and strain increments df.~i at the intact state. In 

this case, various continuum models can be obtained from the DSC constitutive 

equations. To illustrate the hierarchical features of DSC, here, some simplifying 

material constitutive models are presented below. 

(1) Elastic Model 

When the material undergoes only the elastic deformations, the DSC consti

tutive equation shown in Eqn. (3.16) reduces to the elastic model. The relationship 

between stresses and strains is given by 

duf!-· = du~· = C~·kldf.kl IJ IJ IJ (3.18) 

where Ciik1 is the tensor involving elastic constants. 

(2) Elastic-perfectly Plastic Model 

If the material shows no hardening response, the material's continuum re

sponse can be characterized by an elastic-perfectly plastic model with D = o. If the 

yield function is given by the von Mises criterion, the DSC constitutive equation 

in Eqn. (3.16) becomes the von Mises constitutive model for the elastic-perfectly 

plastic behavior. Equation (3.16) yields a general incremental constitutive equation 

for an elastic-perfectly plastic response, that is given· by 

(3.19) 

where F is the yield function, [( is the elastic bulk modulus, G is the elastic shear 

modulus, and Sij is the deviatoric stress tensor, dEij is the deviatoric strain tensor, 

and the proportionality factor dA is given by 
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3K 8
8F d€mm + 2G88S~' dEii 

d)" = (Tick 2 'J 

9]( ( 8F) + 2G 8F 8F 
8Ukk 8Srq 8Srp 

(3.20) 

(3) Elasto-plastic Hardening Model 

If the continuum material shows hardening response (with D = 0), the 

incremental constitutive equation for hardening responses can be obtained from 

the DSC constitutive equation (3.16), that is given by 

duff. = du~· = C~~kld€kl I) I) I) (3.21) 

where Cjkl is the elastoplastic constitutive tensor. If the material is subjected 

to thermomechanicalloading, the disturbed state concept allows the modifications 

of constitutive models including the temperature effect. A variety of versions of 

thermomechanical constitutive model are presented below: . 

(4) Thermoelastic Model 

The temperature dependence of elastic response of materials can be de

scribed by the thermoelastic model. The DSC constitutive equation shown in Eqn. 

(3.16) allows the modification of constitutive model by including the temperature 

dependence. The incremental constitutive equation for thermoelastic responses is 

given by 

(3.22) 

where Cr!kl is the temperature-dependent tensor of material elastic constants, 0 is 

the temperature, dO is the temperature change measured from temperature 0, and 

aTe 0) is the temperature-dependent thermal expansion coefficient. 
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(5) Thermoplastic Model, 60 

In DSC, the plastic model including the temperature effect is denoted as the 

thermoplastic model (60 ), and can be obtained from the temperature-dependent 

yield function F. Detailed derivations of the incremental constitutive equation 

including temperature effect in the context of hierarchical single surface (HiSS) 

plasticity for continuum material with D = 0 are given in the chapter 4. Here, the 

final expression of the incremental constitutive equation is presented below: 

d ad i CepOd EPOdO (700 = (700 = oOkl €kl - 00 IJ IJ IJ 0 IJ (3.23) 

where C;Jk~ are the temperature-dependent elastoplastic matrix, and Ef/ dO is the 

thermal strains due to the temperature change dO. 

(6) Thermoviscoplastic Model, 6vo 

In the DSC, the constitutive model also allows for the time and temperature 

dependent plastic response. In DSC, the temperature-dependent viscoplastic model 

in the context of HiSS plasticity denotes as the thermoviscoplastic model 6vo. The 

6vo-model can describe various thermoviscoplastic response such as stress relaxation 

and creep including the temperature effect. Details of derivations of 6vo-model are 

given in Chapter 5. 

3.6.2 DSC Models with FAS 

With the general DSC approach involving intact and fully adjusted states, a 

number of constitutive models for microcracking, damage and softening or degra

dation can be obtained from the DSC constitutive equations. The followings give 

various specialized models with different degrees of sophistication. 
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(1) Kachanov Damage Model 

If it is assumed that the FAS has no strength, that is, it is a void like in 

continuum damage models (Kachanov, 1986), Eqn. (3.16) will reduce to 

duf!-· = (1 - D)du~ . - dDa~ . I) I) I) (3.24) 

(2) Modified Damage Model 

If it is assumed that the FAS has no shear strength but can carry hydrostatic 

stress (m = 0, Eqn. (3.16», the hydrostatic stresses in the intact and FAS states are 

equal, that is Jt = J1, equation (3.16) will reduce to the form proposed previously 

(Frantziskonis and Desai, 1987). 

duf!-. = (1 - D)duL + D DI·)·a!' - dDSL 
I) I) 3 I) I) 

(3.25) 

(3) DSC Model with the Critical State 

If it is assumed that the FAS is the critical state, the strains in the observed, 

intact and FAS are equal, and the hydrostatic stress in the three phases are equal, 

the DSC constitutive equations in Eqns. (3.16) and (3.17) will reduce to the form 

used previously (Armaleh and Desai, 1990; Katti and Desai, 1991). 

daij = [(1 - D) + mD1]] duij + [D - Dm1J] d:t Dij+ 

dD[m1] - l]Sij + [mDd1]]S}j 

d l!. = dE~. ~D" [(l-D)d i dD (eo - Aln(J1I3Pa) - e
i
)] 

EI) I) + 3 I) €V + 1 + eo 

(3.26) 

(3.27) 
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where TJ = J1/ J J~D· 

3.6.3 DSC Constitutive Model For Solder Materials 

Various DSC constitutive models discussed above offer possibilities for real

istic descriptions of a wide range of material responses. The disturbed state concept 

is supported by the physical idea that disturbance can be initiated and preceded 

by progressive internal microstructure changes of the materials, which induces a 

modification of constitutive response in terms of the intact and FAS phases. In 

this study, for Pb - Sn solder materials, very little experimental information is 

presently available on their critical state behavior under thermomechanicalloading 

conditions. However, in this research, it is assumed that the solder at FAS has 

no shear strength but can carry hydrostatic stress (m = 0), and the hydrostatic 

stresses in the intact and FAS are equal (J1 = Jf). 

As seen in Eqn. (3.6), the disturbance function D can be a function of 

time, temperature and various internal variables. In this study, the application of 

DSC constitutive models are most concerned with the temperature and time de

pendences of material's response. When the application of DSC constitutive model 

to temperature dependence is considered, two aspects have to be treated. The 

first is the introduction of temperature dependence on the disturbance function. 

The second aspect is the thermo-versions of constitutive models that is relevant to 

material's responses at the intact state. 

(1) DSC Model for Time-independent Thermal Fatigue Damage 

In general, the fatigue process involves and results from microcracking and 

damage. The constitutive equation for thermal fatigue can be obtained from the 

DSC constitutive equation (3.28) (see below), where the fatigue damage is ex

pressed in terms of the temperature-dependent disturbance function D(O). When 

the ao-model is used to represent the intact response, Eqn. (3.28) below is applied 
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to thermoplastic response of solder materials in the presence of damage (discon

tinuities). Here, the disturbance function D is a function of temperature () and 

thermoplastic strain trajectory erJ. Using this definition, D reveals the evolution 

of fatigue damage because of the (cyclic) thermoplastic deformation and allows 

modifications of stress-strain responses of materials subjected to thermomechani

cal loading. Hence, the DSC constitutive equation shown in Eqn. (3.25) including 

the temperature effect can be rewritten by 

d a - (1 D(() CPO)) d i D((),e;J) c .. i dD(() CPO)Si 
aij - - '<"D aij + 3 uZ}aij - ,<"D ij (3.28) 

(2) DSC Model for Time-dependent Thermal Fatigue Damage 

In DSC, the constitutive model for time-dependent thermal fatigue damage 

including stress relaxation and creep can also be obtained from the DSC constitu

tive equation. When the ovo-model is used as the intact response, and the distur

bance function D is expressed in terms of the temperature and the time-dependent 

thermoviscoplastic strain trajectory e~r (t), equation (3.28) gives the time- and 

temperature-dependent constitutive relation, in which the disturbance function D 

is time- and temperature-dependent function D( (), eYJo (t)). It can be expressed as 

3.7 Analysis of Disturbed State Concept 

Analysis of the induced anisotropy, degradation, and other capabilities of 

DSC was presented by Desai (1992). The following discussion is adopted from 

Desai (1992). 
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3.7.1 Induced Anisotropy 

The DSC model predicts induced anisotropy due to the disturbance. For 

instance, in Eqn. (3.16), there exists the term dDS!j' For shear loading dD =/:. 0 and 

o < D < Du, hence dDSij =/:. 0 provides a measure of mechanical, damage induced 

anisotropy to the observed stress-strain response (Frantziskonis and Desai, 1987). 

Also, although D and dD are scalers, a second-order tensor dDSij is involved in 

the stress-strain response. The overall effect of thistensorial internal variable is 

such that strain softening and damage induced anisotropy can be attributed to it. 

3.7.2 Degradation of Elastic Constants 

Assuming that unloading response is elastic and no disturbance occurs dur

ing unloading, that is, dD = 0, the following equation is obtained: 

(3.30) 

where /.l and ~ are elastic Lame's constants. Consider the shear stress increment 

dai2 is given by 

(3.31) 

Assuming that dei2 = deb = dei2, leads to 

(3.32) 

where Ga = (1 - D)Gi .+ DGc is the effective shear modulus. Here with D = 0, 

Ga = Gi , and when D = 1, Ga = GC, Figure 3.11. This indicates that the 

unloading shear modulus decreases or degrades as the disturbance D mcreases, 

and then finally can reach a value equal to GC at the FAS. 
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3.8 Comparison of DSC, Damage and SOC 

The similarities and differences with some of the previously models, namely, 

damage, micromechanics and SOC was presented by Desai (1992). The following 

discussion is adopted from Desai (1992). 

3.8.1 Unified Features of DSC 

In the DSC, the observed response of the material is expressed in terms 

of its responses at the intact and FAS states by using the disturbance function, 

and it can include influence of factors such as friction, hardening, microcracking 

and softening, and induced anisotropy. Parameters associated with these factors 

can be added to those for the basic models, e.g., the associative plasticity model 

for the intact behavior, thus permitting a hierarchical evolution of models. These 

capabilities avoid the need for developing different models for different factors with 

their associated sets of parameters. 

Introduction of the critical state to characterize the behavior of materials 

at the fully adjusted state with its formal constitutive equations is considered to 

be a new development. It allows for the fact that the material can reach the state 

at which it can continue to deform but can carry a certain level of stress. This 

generalization is consistent with the observed behavior of many materials that 

continue to carry stress under the residual condition. 

As discussed in what follows, another unique feature of the DSC is its ca

pability to include relative motions between the material parts in the intact and 

critical states. 

It is believed that the global mechanical response of complex material sys

tems may not be understood and defined based on the analysis of parts separately; 

this statement is similar to that in SOC (Bak and Chen, 1991). In the DSC, 
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responses of collective mechanisms of parts in the intact and critical states are 

determined based on stress-strain responses of finite-sized specimens, and are used 

to define the global response. The latter is influenced by interaction between the 

materials parts in the intact and FAS states. Thus, there exists a functional rela

tion between the material parts (at intact and FAS states) and the response of the 

material as a whole. Hence, the proposed modeling approach can be considered to 

unified or holistic. 

3.8.2 DSC and Damage Concept 

Indeed, there is a similarity in the expression of the disturbance function 

D and the damage variable in the continuum damage concept (Kachanov, 1986). 

In fact, changes (growth and decay or damage) due to external influences in many 

natural systems can be described by using a similar expression. Hence, use of such 

an expression is not necessarily unique in the damage concept. 

Also, the fact that the damage parameter changes the undamaged material 

to the damaged ('lost') material, resulting in continuous loss of strength as the 

loading increase can be considered to be a conceptual similarity with the distur

bance function, which allows interpolation between response of the intact and fully 

adjusted states, resulting in the loss of strength in some materials 

Notwithstanding the above similarities, there are differences between the 

DSC and damage concept: 

The DSC can allow for both hardening or stiffening and softening or degra

dation, while the damage concept allows for only the latter. Hence, the use of 

the term disturbance that represents deviation of the observed response from the 

response under intact and critical states is considered to be more appropriate. 
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In continuum damage concept, the intact response is modified to yield the 

observed response, whereas in the DSC, the material is treated as a mixture of 

interacting parts in the intact and FAS states and the disturbance function permit 

interpolation for the observed response with respect to the two reference respons

es. Thus, the damage concept does not include interaction due to relative motions 

between the intact and damage parts, and does not allow for the nonlocal effect

s. The DSC can include such effects intrinsically without resorting to additional 

schemes as it is done in such other nonlocal models as Cosserat and gradient the

ories (Aifantis, 1989; deBorst and Muhlhaus, 1991; Bazant and Lin, 1988). 

3.8.3 DSC and Micromechanics Concept 

The DSC involves influence of microstructural changes on the global (ob

served) response, without the need to define constitutive equations at the microlevel 

between a finite number of particles, as it is done in the case of the micromechanics 

approach. As it is usually difficult to measure and calibrate the parameters in the 

particle level constitutive equations, they are usually found from macrolevel tests 

on finite-sized specimens, which does not appear to be consistent. In the DSC, 

constitutive equations for collective responses of material in the intact and crit

ical states need to be defined, which can be calibrated from macrolevel tests on 

finite-sized specimens. 

3.8.4 DSC and SOC 

The difference between the DSC and SOC is that the DSC is intended 

to characterize the entire history, pre- and post-peak responses, of the mechanical 

behavior of a material, while the SOC essentially deals with the final (collapse) state 

for the characterization of phenomena such as triggering of avalanches, earthquakes 

and sudden break (Bak and Tang, 1989; Bak and Chen, 1991; Evesque, 1991). 
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CHAPTER 4 

THERMOPLASTIC MODEL 

4.1 Introduction 

In the disturbed state concept (DSC), the proposed thermoplastic model 

is included as a special case to describe the observable cyclic hardening behavior 

of electronic materials in thermal fatigue tests. Consider that materials sub ject

ed to cyclic mechanical loads and temperature changes exhibit cyclic hardening 

responses by excluding the consideration of cyclic softening responses due to fa

tigue damage, the thermoplastic model used in DSC is developed to describe the 

hardening response. A material considered in this research is Pb - Sn eutectic 

(60%Sn - 40%Pb) solder since it is widely used as a jointing material in many 

electronic applications. Most of the eutectic solders at the room temperature and 

above show ductility, and can be stretched at room temperature by more than 60% 

before breaking (Harper, 1968). Laboratory observations show that the monotonic 

stress-strain curve of the eutectic solders displays a hardening response at room 

temperature and higher strain rates in which the softening response may be too 

small to be observed in comparison with the hardening response. For the char

acterization of the hardening response of solders, using the theory of plasticity, 

many constitutive models do not take into account for the rate and temperature 

effects on solder deformation. Hence, many preliminary stress analyses of solder 

joints in surface mount assemblies were performed by using metal plasticity such 

as the von Mises yield criterion (Lau, 1989; Lau et al., 1990). The stress-strain 

curves of Pb - Sn eutectic solders at room temperature have been represented by 

using the Ramberg-Osgood model (Rafanelli, 1992). A constitutive model that 

combines the von Mises criterion with kinematic hardening has been proposed for 

cyclic hardening behavior of solders at room temperature (Ishikawa and Sasaki, 

1992). A creep-plasticity model, by including strain rate and temperature effects 

has been proposed to characterize behavior of Pb - Sn eutectic solders (Skipor 
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et aI, 1992). When time, temperature and rate effects on material deformations 

are not taken into account, the theory of plasticity can be used for the analysis of 

solder deformations beyond the elastic range. However, mechanical properties of 

solders at operating conditions are strongly affected by temperature. 'When mate

rials are subjected to temperature variation and mechanical loading, the influence 

of temperature should be taken into consideration in constitutive models. 

When the case of temperature variation is being considered, the modifica

tions of yield function and plastic flow are required in developing the constitutive 

equation. In the disturbed state concept (DSC) involving a representation of the 

intact response using hierarchical models, the yield surface F can allow inclusion of 

the temperature effect as an additional variable in the mathematical formulation. 

When the temperature effect is taken into account, the derivation of the constitu

tive equation is developed as a basic, 80-model. Models with higher grades, can be 

obtained by superimposing modifications or corrections to the basic 80 model in a 

hierarchical manner. Note that 80 model is a special case of the DSC in which the 

disturbances due to micro cracking, fracture and softening or degradation are not 

included. 

4.2 Temperature-dependent Yield Function 

The strain hardening behavior of solder at higher strain rates shows that 

the yield behavior of the solder is a function of stress, hardening and temperature; 

establishment of such a mathematical expression, known as the yield criterion, has 

to be based on experimental observations. The yield criterion defines the stress 

and temperature level at which thermoplastic strain begins. Such a yield function 

F as a modification of Eqn. (2-1) can be expressed as 

(4.1) 

where (Tij is the tensor of stress components, Q is the hardening function, and () is 

the temperature. 
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In the hierarchical single surface approach the proposed temperature

dependent yield function F is given by 

= J2D - [,,(B)J; - a(B)JfJ [1 - ,B(B)SrrO.5 (4.2) 

where Fb and Fs are the functions describing the shape of the yield function in the 

h -J hD space, and in the octahedral plane respectively; I and ,B are parameters 

that define ultimate (failure) response; hD and J1 are non-dimensionalized (with 

respect to the atmospheric pressure Pa) second and first invariants of the deviatoric 

stress tensor Sij and total stress tensor, respectively; n is the transition parameter 

describing contractive to dilative volume change; Sr is stress ratio V27 hD/2J;{}; 

J3D is the third invariant of Sij; and a is the hardening or growth function. 

Many investigations of the mechanical properties of solders show that solders 

present more or less a lamellar microstructure encountered in the eutectic condition. 

For thin solder joints with relatively large grain size, there are often only a few 

grains through the thickness of the joint. In such cases material anisotropy exists, 

and the constitutive model may include the effect of anisotropy. However, much of 

the published work on solder microstructures uses the average diameter of grains 

assuming that eutectic solders are isotropic. Here, based on the isotropic hardening 

rule, the hardening function a including the temperature effect is given by 

(
CpO B) = al (B) 

a ~, c7Jl 
~pO 

(4.3) 

where al is the temperature-dependent hardening parameter and 771 is a constant, 

epo is the trajectory of thermoplastic strains. 

The proposed yield function is expressed as a function of temperature, stress, 

and the trajectory of thermoplastic strain that is continuously differentiable with 

respect to chosen state variables (Prager, 1958), as a result the yield function F can 
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be considered to be a hypersurface in the stress-temperature configuration. The se

quence of the expansion or contraction of the yield surface affected by temperature 

is correlated by the proposed temperature-dependent yield function. 

4.3 Bonding Stress 

The original yield function F in a hierarchical approach is developed for 

a wide range of materials including pressure-dependent materials (Desai et al., 

1986). In order to allow extension of the yield function to metallic materials, a 

parameter called "bonding stress", R, is introduced to allow for strong bond due 

to metals crystalline structure (Desai and Varadarajan, 1987j Desai and Salami, 

1987a, 1987bj Matsuoka and Sun, 1991). When taking bonding stress R into 

account, the total stress tensor O'ij is transformed as O'[{ 

(4.4) 

where the value of R can be estimated from experimentally determined uniaxial 

strength 0' F. After substitution of the transformed stress in Eqn. (4.2), the yield 

function F is modified to F* as 

(4.5) 

where the superscript * denotes as these variables in the transformed stress space. 

The schematic of the shape of yield function F* in different stress spaces at a given 

temperature for a 60%Sn - 40%Pb solder (discussed later) are shown in Figure 

4.1, and the modified yield surface F* in Figure 4.2 shows that the magnitude of 

the hydrostatic stress has negligible influence on the shear strength in the normal 

range of engineering application. Here, the behavior of materials like solders, for 

f3 ~ 0, is such that, approximately circular yield surface results in the principal 

stress space, Figure 4.1( c). For ceramic and other pressure dependent materials, 
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Figure 4.1 Plots of the transformed yield function F* in different spaces, 
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( c) on the octahedral plane. 

to 
-J 



a 
a 
'¢ 

o 
c:i 

b I') 

a 
ci 
N 

a 
ci 
0-

f 

(b) triaxial plane 

Figure 4.1 (continued) 

v'2U 2 = v'2U 3 

(0 
00 



0"1 

( c) octahedral plane 

Figure 4.1 (continued) 

to 
to 



o 
o 
I") 

o 
Il') 
N 

o 
o 

ON 
N 
-:> 

~ 
.-~ 
0::: 
a 
(f)~ 

o .--

-250.0 0.0 250.0 500.0 750.0 1000.0 1250.0 

J1 
(a) high stress level 

1500.0 1750.0 2000.0 2250.0 

Figure 4.2 Yield function in different ranges of stress, (a) at high stress level, 
(b) at intermediate stress level, (c) in the range of engineering 
application, (d) at low stress level. 

..... 
o 
o 



-400.0 -300.0 -200.0 -100.0 

o 
~ 

LO 
N ..-

o 
o 

0"-
N 
J 

LO 
J-r' 
0::: a 
(/) 

o 
to 

0.0 

J1 
100.0 

(b) intermediate stress level 

Figure 4.2 (continued) 

200.0 300.0 400.0 

...... 
o ...... 



-200.0 -150.0 -100.0 -50.0 

a 
~ 

LO 
N .--

o 
o 

0"-
N 
J 

LO 

I-r' 
~ 
o 
(f) 

o 
III 

LO 

o 

0.0 

J1 
50.0 100.0 

(c) the range of engineering application 

Figure 4.2 (continued) 

150.0 200.0 

I-' 
a 
t>.:l 



-100.0 -75.0 -50.0 -25.0 

o 
ui ...... 

I{) 

N ...... 

o 
os? 
~ 

I{) 

/-,....: 
ct: 
o 
(/) 

o 
ui 

N 

o 

0.0 

J1 

(d) low stress level 

Figure 4.2 (continued) 

25.0 50.0 75.0 100.0 

I--' 
o 
~ 



104 

f3 =f. 0, the shape will be non-circular and convex with rounded corners (Desai et 

al., 1986) 

4.4 Development of Constitutive Equations 

External shapes as well as internal structures of materials are changed when 

they experience thermoplastic deformations (Hill, 1950; Ziegler, 1959). Mechanical 

load is a main cause of these changes. However, temperature changes would con

tribute significantly to such changes. The basic mechanism of such changes at the 

micro level is understood to be due to the motion of a line-shaped crystal defect 

called dislocation. The arrangement of dislocations in the body under load ensures 

the materials will reach an equilibrium state. 

The mathematical description of such changes can be characterized by the 

mobili ty of the yield function in the stress (()' ij) and temperature (8) space. The 

consistency equation dF = 0, needs to be satisfied when materials experience ther

moplastic strains. The essential factors such as yield condition, thermoplastic flow 

rule, and hardening rule are followed in accordance with the theory of plasticity. 

The relationship in Eqn. -(4.2) indicates that material hardening is gov

erned by the loading history and temperature, where the hardening function Q is 

a function of temperature 8 and so also of the trajectory of thermoplastic strains 

ep(}. The family of the proposed yield function F = 0 represents a hypersurface in 

the stress-temperature space, where the mobility of the yield function is activated 

by loading path as well as temperature effects. Hence, the thermoplastic strain 

rate can be determined from the condition that the point in the stress-temperature 

space representing the actual state of stress and excess temperature satisfies the 

yield criterion. The associative flow rule for isotropic hardening with temperature 

dependence by Prager (1958) is given by 

(4.6) 
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In equation (4.6), which includes the temperature dependence, the thermo

plastic strain increment (rate) is given by 

(4.7) 

where A is the proportionality factor. A detailed derivation of constitutive equa

tion based on Eqn. (4.6) is given in Appendix B. Here, the thermoplastic strain 

increment is proposed by 

8F 8F 

d pO \ (1) \ (2) \ 80'ij \ an c 
eij = /II nij + /12 nij = /llll:~ II + /l211~~IIUij (4.8) 

where nD) and nUl are unit tensors on the outward normal yield surface F. Al 

is considered to be a measure of the thermoplastic strain increment due to the 

mechanical loading, and can be obtained in the context of the theory of plasticity. 

>'2 may be interpreted as a phenomenological measure of thermoplastic strain due 

to the temperature change. Parameters Al and A2 may be called the accumulated 

scalar measures of dePo • The component nL 1) in JI-V hv space is illustrated in 

Figure 4.3. 

The total strain increment is assumed to be the sum of the incremental 

thermoelastic and thermoplastic components: 

(4.9) 

In elasticity, the relationship between incremental stress and elastic strain is 

(4.10) 

where C:Jkl is the elastic constitutive tensor at the temperature (), dei! = deij + 
OlTd(), OlT is the coefficient of thermal expansion, and dB is the temperature change. 

Substituting Eqn. (4.8) into Eqn. (4.10) gives 
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Figure 4.3 Geometric representation of thermoplastic flow rule 
in the J1 - J hD space at a constant temperature. 
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( 4.11) 

Again, the consistency condition gives 

8F DF DF 
dF = DO" ij dO" ij + D~ d~ + DB dB = 0 ( 4.12) 

Substituting Eqn. (4.11) into Eqn. (4.12), leads to 

(4.13) 

Rearranging Eqn. (4.13) gives 

( 4.14) 

The expression for the proportionality factor }.1, based on the theory of plasticity, 

is given by (Desai et al., 1986) 

where 

DF (1) 
H = De 'YF , 

8F ceO d 
8Uij ijkl €kl 

}.1 = --.:--..,......,....--
8F ceO (1) H 

8Utu turs nrs -

"\1(1) _ 
IF -

(4.15) 

}.2 is then determined by substituting Eqn. (4.15) into Eqn. (4.14), and leads to 

(4.16) 

where 



H _ DF (2) - De 'Yp , 
d€1!~ d€1!~, 'Yp(2) = 

I} I} 
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Equations (4.15) and (4.16) are then substituted into Eqn. (4.12). This leads to 

the incremental constitutive equation as 

do-,'}' = C~!'k(},d€k' - El!~ dO I} • I} ( 4.17) 

where 

(4.18) 

(4.19) 

The expression of the constitutive equations for strain hardening thermo

plastic model 00 shown in Eqn. (4.17) consists of two components, in which Eqn. 

(4.18) is analogous to that for the theory of plasticity. The detailed evaluation of 

Eqns. (4.18) and (4.19) is given in Appendix C. 

4.5 Inverse Form of Constitutive Equation 

The stress-strain relationship shown in Eqn. (4.17) is frequently implement

ed in finite element procedures. The inverse of Eqn. (4.17) can be obtained by 

taking the inverse of the stress-strain relationship for elastic components, where 

Eqn. (4.10) can be rewritten as 

( 4.20) 

where Di!kl is called the elastic compliance matrix, and is given by the inverse of 

CrIkl' Substituting Eqns. (4.15) and (4.16) into Eqn. (4.20), leads to 



109 

or 

[ 

~ceO . . n(I) ] 
D eO d d I 800m n mnlJ kl + 

ijkl O'ij = €ij ijkl - ( ) 
8F ceO 1 H 

aOOlu turs nrs -

[ 

8F - GrceO aF 8 h ] 
(2) ao efgh 800el 9 8 dB 

n k1 8F 0 (2) - ar kl 
-8-C~xyznyz - H 

OOw .: 

( 4.22) 

or 

where Nljjkl is given by 

[ 

8F ceO (1) ]-1 au;;;;; mnijnkl 
Mijkl = Ijjkl-

8F ceO (1) H 
aUlu tursnrs -

4.6 Loading Criteria 

Implementation of the proposed constitutive model in numerical procedures 

requires the identification of the loading criteria (yield conditions), which speci

fy the onsets of thermoplastic deformations for different combinations of applied 

stresses and temperatures. Since the yield function changes with the progression of 

thermoplastic deformation, the initial yield function is modified to subsequent yield 

functions referred to as loading functions which are dependent on the current stress 
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state and temperature, and on the loading history. For the hardening response, 

the loading function is used as the yield condition to determine the thermoplastic 

deformation (flow rule). As a result, the thermoelastic state of stress is postulated 

by F(Uij,O) < 0, the thermoplastic state is F(Uij, 0) = 0, and no meaning is asso

ciated with F( Uij, 0) > O. Considering the change of the loading function due to 

the stress increments, say consistency condition, i.e. 

8F 8F 8a 8F 
dF = 8Uij dUij + 8a 8ede + 80 dO = ° (4.12) 

where the thermoelastic unloading condition from a thermoplastic state is postulat

ed by F = ° and dF < 0. Since F + dF represents current F that is less than zero, 

stresses under this condition lead to a thermoelastic response. Such a change from 

a thermoplastic to a thermoelastic state is not accompanied by thermoplastic strain 

and constitutes thermoelastic unloading. Thus the criterion for the thermoelastic 

unloading is given by: 

8F 8F 
8Uij dUij + 80 dO < 0, (4.24) 

If a change of Uij or 0 from one thermoplastic state to another is unaccompanied 

by a thermoplastic strain increment, the condition is neutral loading. In this case, 

neutral loading occurs when F = 0, dF = 0, and defJ = 0, i.e. 

8F 8F 
8Uij dUij + 80 dO = 0, F( Uij, 0) = ° (4.25) 

A change from one thermoplastic state to another accompanied by thermo

plastic strain constitutes a thermoplastic loading condition, which requires 

( 4.26) 
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CHAPTER 5 

THERMOVISCOPLASTIC MODEL 

5.1 Introduction 

Fatigue damage of solders at elevated temperatures is commonly observed 

in electronic packaging. This fatigue process is recognized to be a time-dependent 

thermally activated process that depends on the variation of strain rate, waveform, 

temperature, and stress level during the cycles. When the cyclic temperature vari

ation is concerned, fatigue damage is inherently time- and temperature-dependent 

because of the presence of time- and temperature-dependent plastic (thermovis

coplastic) strains. Thermoviscoplastic strains involving creep and stress relaxation 

contribute significantly to fatigue damage which occurs at the homologous tem

peratures (the ratio of the current temperature to the melting temperature on an 

absolute temperature scale) greater than 0.5. The eutectic (60%Sn-40%Pb) solder 

exhibits significant creep (Figure 5.1) and stress relaxation (Figure 5.2) because it 

melts at the temperature of about Tm = 183°C, and the homologous temperature 

(T/Tm) of the eutectic solder at room temperature is about 0.65 (Knecht and Fox, 

1991). The fatigue behavior of the eutectic solder at elevated temperatures is then 

markedly affected by creep and stress relaxation because the accumulated cyclic 

plastic strain is increased owing to creep deformation. Considerable efforts have 

been spent in studying creep behavior of solders at elevated temperatures. Most of 

the creep models are developed as either empirical or semi-empirical descriptions. 

Often from a practical view point, models proposed are based on one-dimensional 

consideration, which is not sufficient to characterize the actual multi-dimensional 

states of stress. 

In the disturbed state concept (DSC), the proposed thermoviscoplastic mod

el is developed towards a time-temperature-dependent constitutive model that is 

used as a reference model to characterize the time-temperature-dependent strain 
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(Vaynman, 1989) 

112 



113 

hardening response from which the observed softening due to micro cracking, dam

age and fracture is excluded. The proposed model represents the thermoelastic (re

versible) and thermoviscoplastic (irreversible) components of strain and accounts 

for a number of factors such as creep, stress relaxation, strain rate, loading fre

quency, waveform, hold time, and temperature. 

5.2 Creep and Stress Relaxation 

Creep and stress relaxation involve two different time-dependent mecha

nisms, which are interrelated. Here creep is defined as (plastic) deformation pro

ceeding at constant load in time, while stress relaxation occurs when a material 

is subjected to a constant strain, stress will relax so that it gradually decreases 

with time. Creep and stress relaxation may occur simultaneously under mechani

cal loading, or under various combinations of mechanical loading and temperature 

variation. Both creep and stress relaxation are shown as temperature-dependent. 

In this research, the time- and temperature-dependent pla.stic deformation is de

noted as the thermoviscoplastic strain; then strain versus time (creep) and stress 

versus time (stress relaxation) relations can be obtained from the proposed consti

tutive model. 

Each material exhibits its own creep curve that is characterized by one or two 

stages of creep, and possibly the third stage. The first stage after an instantaneous 

elastic strain ee, in which the creep (viscoplastic) strain rate eVP decreases with 

time is due to a transient creep mechanism. During this stage the creep strain rate 

decreases with time, finally reaching a finite value. Creep in this stage is called the 

primary or transient creep. In the second stage, the strain rate is essentially time 

invariant and is designated as steady-state or secondary creep which takes place 

only at relatively high homologous temperatures. Finally, in the third stage of 

creep (tertiary creep), the strain rate increases with time and finally is terminated 

due to fracture. Figure 5.3 shows the schematic representation of the complete 

creep curve. 
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Figure 5.3 Schematic representation of the complete creep curve. 
(Findley, Lai and Onaran, 1976) 
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Temperature can cause microstructural changes in materials which may af

fect material's creep behavior, and most of these changes cause the materials to 

lose strength. In general, when temperature is increased, materials exhibit higher 

creep strain rate and softening. The influence of temperature on creep behavior 

can be identified by three distinct temperature ranges (vVeronski and Hejwowski, 

1991): 

(1) At low temperatures, material properties do not significantly change during 

creep deformation and material hardening response gradually increases with 

strain, and the creep strain is proportional to the logarithm of time, which 

is called the 'logarithmic creep'. 

(2) At moderate temperatures, where material softening (recovery) and hard

ening compete with each other, and after some time, a constant creep rate 

is established. This is called 'recovery creep'. 

(3) At high temperatures, the mechanism causing creep strain is known as the d

iffusion. It is observed that the creep rate is strongly temperature-dependent 

and approximately increases linearly with stress. This is called 'diffusional 

creep'. 

From the above discussion, the characteristics of the creep curve are ap

proximately represented by the growth of the yield function (with isotropic strain 

hardening), from which the material viscosity such as flow function and fluidity 

parameters (see below), are determined. The temperature dependence of creep be

havior is then characterized by modifying these variables including the temperature 

effect. 

Stress relaxation frequently observed from laboratory test is that, stress 

is gradually reduced so as to keep the total strain constant with time. Stress 

relaxation is known as stress modification due to creep deformation. A schematic 

representation of the mechanism of stress relaxation is shown in Figure 5.4, in which 

material is represented by a two-element model consisting of a linear elastic spring 
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Figure 5.4 Schematic representation of the mechanism 
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and a viscoplastic dashpot connected in series. Consider the case when the material 

element is subjected to an instantaneous load (assuming that there is no plastic 

strain) that causes spring deformation by an amount .6.x and it is at this position 

(constant strain). The initial stress applied to the material can be calculated 

as the elasticity (.6.0"0 = K.6.x / A, where A denotes the cross-sectional area of 

the material). As the material creeps (due to viscoplastic dashpot deformation) 

under this applied stress, the deformation in the spring element gradually transfers 

to the dashpot element. Eventually as the material creeps to the total distance 

.6. x , the spring load and material stress tend to zero. Since the mechanism of 

stress relaxation is due to the creep deformation, during cyclic loading, the amount 

of stress relaxation similar to creep depends on the stress level, loading history, 

temperature and time. Essentially, stress relaxation (stress versus time) and creep 

(strain versus time) should be treated as special cases in the stress-strain-time

temperature relation. In this research, the constitutive equation based on the 

proposed thermoviscoplastic version of DSC model is developed including these 

two mechanisms. 

5.3 Physical Foundations of Thermoviscoplasticity 

Cyclic load on materials can either cause hardening or softening response in 

which creep and plastic strains occur simultaneously. Plastic strain is considered 

to be the result of time-independent process while creep strain is the result of time

dependent process. So to characterize the time and temperature dependent stress

strain relation, the time and temperature dependent plastic deformation is denoted 

as the thermoviscoplastic strain. The theory of temperature-dependent viscoplas

ticity due to Perzyna (1966) has been applied in the context of viscoplasticity to 

account for plastic, rheological and temperature effects in many ductile materials. 

In this approach, viscoplasticity with appropriate selection of the temperature

dependent coefficients, and a simple temperature modification of the constitutive 

equation can be achieved to model materials exhibiting the time and temperature 
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dependences, plasticity, and rate sensitivity. Creep and stress relaxation as spe

cial cases of thermoviscoplasticity can also be obtained from the same constitutive 

formulation. 

The fundamental assumption in this approach is that the temperature

dependent viscous properties of the material introduce the time and temperature 

dependence of states of stress and strain. The temperature-dependent plastic prop

erties, on the other hand, make these states depend on the loading path (history). 

Thus, a constitutive model with simultaneous introduction of viscous and plastic 

properties, dependence on the load history, temperature, and on the time can be 

obtained. Furthermore, it is assumed that the material displays viscous properties 

in the plastic range only, although it is possible that the material can experi

ence thermoviscoplastic strains almost from the beginning with a very small elastic 

regime. Hence, generalized loading criteria can be established for representing the 

yield condition that activates plastic and rheologic effects. The thermoviscoplastic 

strain rate efj9, in analogy with the associative plastic flow rule, is then postu

lated. Owing to the introduction of the temperature-dependent yield function F 

with the proper choice of flow function (see below) provides a description of the 

influence of the rate of deformation and temperature on the yield limit of the ma

terial. With this approach, the description of time- and temperature-dependent 

cyclic hardening response is obtained. 

5.4 Temperature-dependent Flow Function 

The flow function 'l/J for describing the viscoplastic flow is based on the 

postulation of a family of nested viscoplastic loading surfaces (Perzyna, 1966). 

The influence of temperature on the flow function is included by introducing the 

temperature-dependent yield function F proposed in the previous chapter. The 

expression of the flow function 'l/J has to be determined from laboratory tests. The 

power-law expression has been found to be preferable and the development of more 
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involved complicated functions may be unnecessary. Here, the expression of the 

proposed temperature-dependent flow function ¢ is given by 

F(aij,a,B) < OJ 

(5.1) 

where Fo is a normalizing constant having same units as the yield function F, N 

is a constant. Here Fo = Pa is used. It can be seen that the variation of the flow 

function ¢ is dependent on the duration of the loading and temperature because 

of the changes of the yield function. A family of yield functions is shown in Figure 

5.5. 

5.5 Temperature-dependent Viscoplastic Flow Rule 

According to Perzyna (1966), the onset of thermoviscoplastic strain is as

sumed at the time when the states of stresses and temperature exceed the yield 

condition, and the thermoviscoplastic strain rate is postulated by 

€~p9 = r(tn < ¢(F) > 8F 
J 8aij 

(5.2) 

where F = F( aij, a, B) is the temperature-dependent yield function shown in Eqn. 

(4-5), r(B) is a temperature-dependent fluidity parameter, < > is the MaAuely 

bracket, which is 

< ¢(F) >= 0, forF ~ 0 

< ¢(F) >= ¢(F) forF > 0 (5.3) 

and ::;j denotes the thermoviscoplastic flow direction tensor. 

Many experimental investigations on the viscous behavior of metallic mate

rials show that materials behave differently at elevated temperatures. In general, 

the temperature dependence involved in Eqn. (5.2) can be embedded in r, Nand 
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the function F. However, for most metals, only two quantities that carry tempera

ture dependence has been found to give satisfactory results with respect to exper

imental data over wide temperature ranges (Perzyna, 1966). The assumption that 

the fluidity parameter r rather than the constant N is temperature-dependent, 

and the temperature dependence of the flow function has been included in the 

temperature-dependent yield function F. 

It can be seen that the thermoviscoplastic flow rule, similar to the associa-

tive flow rule used in the context of the theory of plasticity, the thermoviscoplastic 

strain tensor is determined by differentiating the yield function. Geometrical rep

resentation of Erj(} is a vector outward the yield surface (Figure 5.5). 

5.6 Development of Constitutive Equations 

Equation (5.2) indicates that the rate of increase of the thermoviscoplastic 

strain is influenced by the excess stress above the stress at yield, as well as the 

temperature resulting in thermal degradation. Based on the assumption that the 

viscous property of a material manifests after the passage to the transient thermo

viscoplastic state, and that property is not significant in thermoelastic region, the 

total strain rate Eij can be resolved into thermoelastic strain rate EiJ and thermo

viscoplastic strain rate Erj(} as 

• 'e(} .vp(} 
€;}" = € .. + € .. • IJ IJ (5.4) 

where the thermoviscoplastic strain rate is contributed by rheologic and thermal 

effects. The total strain rate is then rewritten as 

Eij " E1J + r( 0) < 7/J( ~ ) > aaF + OtTOOij 
.I'O aij 

(5.5) 

and the constitutive relation for the thermoelastic behavior is given by 



-30.0 -20.0 -10.0 0.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0 80.0 90.0 

J} 

Figure 5.5 Geometric representation of thermoviscoplastic strain rate 
in the J} - V hD space at a constant temperature. 
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(5.6) 

At a given time step n the thermoviscoplastic strain rate is evaluated from Eqn. 

(5.2) and the strain rate at step n + 1 can be obtained by using Taylor series 

expansion and ignoring higher order terms in I::l.tn: 

(5.7) 

where 1::l.00ij is the stress increment, I::l.on is the temperature increment, and Gi, G2 
denote gradients at time step n. Detailed derivations of matrices Gl and G2 are 

given in Appendix D. 

By using an implicit time stepping scheme (Kanchi et al., 1978; Owen and 

Hinton, 1980; Desai and Zhang, 1987), the strain increment 1::l.€~p8 during a time 

intervall::l.tn = t n+l - tn can be written as 

1::l.€~p8 = ~tn[(l - X)€~p8 + X€~:i] (5.8) 

where 0 ~ X ~ 1. Let Eqn. (5.6) be expressed in incremental form as 

(5.9) 

By substituting €~:i from Eqn. (5.7) into Eqn. (5.8), and substituting ~€~p8 into 

Eqn. (5.9), leads to 

A n _ Cevp8( A n .nupo At Gn At Aon Aon c .. ) 
L-lO"ij - ijkl L-l€ij - €ij L-l n - X 2 L-l nL-l - fV.TL-l VZ] (5.10) 

where 
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Equation (5.9) is the incremental constitutive equation, from which for the given 

strain and temperature increments at a given time step n , the corresponding stress 

increments can be obtained under strain-controlled condition. 

Consider inverse of Eqn. (5.9) as 

(5.11) 

where Dijkl is the elastic compliance tensor. Substituting Eqns. (5.7) and (5.8) 

into Eqn. (5.11), leads to 

(5.12) 

Equation (5.12) is the incremental constitutive equation that determines the strain 

increments for the given strain and temperature increments at given time step n 

under stress-controlled condition. 

The stress versus time (stress relaxation) and strain versus time (creep) 

curves can be derived from the time anG. temperature dependences of stress-strain 

relations shown in Eqns (5.10) and (5.12), or its special cases below. When total 

strain is kept constant, there is no strain increment ~€ij at any time step n. Hence, 

Eqn. (5.10) is reduced as the constitutive relation for stress relaxation, which is 

(5.13) 

Creep at constant stress occurs when the incremental stress ~O'kl at any 

time step n is zero. Equation (5.12) then reduces to 

(5.14) 



124 

5.7 Selection of Time Step Size 

The derivation of constitutive equations (5.10) and (5.12) involves a time 

integration scheme, Eqn. (5.8). The success of this time integration scheme de

pends on the proper selection of the time step size. For X ~ 0.5, it has been shown 

that numerical time integration presented in Eqn. (5.8) is unconditionally stable 

(Hughes and Taylor, 1978). However, it may not guarantee the accuracy of the 

solution at any stage, and the limits of time step length must be placed in the com

putational procedure in order to achieve an accurate solution when variable time 

step size is used. The unconditionally stable time integration scheme (for X ~ 0.5) 

applied to the proposed thermoviscoplastic model has certainly been favorable in 

implicit finite element computations (Hughes and Taylor, 1978), Equations (5.10) 

and (5.12) are then evaluated right after each discrete time step based on the values 

of stresses and temperature at the previous time step. It has been recognized that 

small time steps should be applied in the early stages of computation, and may be 

increased in size as stationary or steady state is approached (Penny, 1967, 1969; 

Telles and Brebbia, 1985). 

Many variable time integration algorithms with different spatial discretiza

tion techniques have been proposed for viscoplastic models, in which the size of the 

time step is affected by a number of factors such as strain rate, material properties, 

and yield criterion. An empirical relation between the time step length and strain 

rate is proposed for an explicit integration by (Zienkiewicz and Cormeau, 1974; 

Dinis and Owen, 1978) 

~t < € - T7 ( (J vpo) 
. - T7 i;vpo - i;vpo E + € (5.15) 

and the variable time length is given by 

(5.16) 
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where TJ and TJo are problem-dependent parameters which are chosen as a compro

mise between computer time and accuracy. It was found that 0.01 ~ TJ ~ 0.15 

and 1.2 ~ TJo ;;::: 2. are often used in finite element procedures (Telles and Brebbia, 

1985). A variable time step size based on Eqns (5.15) and (5.16) still does not 

guarantee the stability of the explicit time integration, although the strain rate is 

vanishingly small at the steady state, the time integration on constitutive equations 

may involve large time steps. In order to avoid the instability, it was suggested that 

the time step be kept constant for some time, creating a situation in which after 

a sufficient number of time steps have been applied, the values of !:J.i€vpB became 

vanishingly small. In such case a stationary condition is deemed to have occurred 

and the time step then can be increased (Telles and Brebbia, 1985). As a result, 

the time integration precludes the difficulty encountered by producing the large 

time step values near the steady state. 

The limitations of the time step presented above are basically empirical. 

A vailable theoretical restrictions on the time step length have been provided by 

Zienkiewicz and Cormeau (1974) for viscoplastic model based on specific yield 

functions and explicit time integration schemes. In this study, for convenience, the 

time step length is adopted to be constant, which is sufficiently small (based on 

the trial and error) so as to integrate the constitutive equations accurately. 
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CHAPTER 6 

DETERMIN ATION OF MATERIAL CONSTANTS 

6.1 Implementation of Test Data 

A number of laboratory tests that simulate practical loading conditions are 

usually required to obtain reliable parameters for the calibration of constitutive 

models. It is desirable that tests are conducted under different loading or stress 

paths, temperatures and initial conditions. The effect of cyclic loading on constitu

tive equations and fatigue life prediction under thermomechanicalloadings is one 

of the factors in material constitutive modeling. Cyclic stress-strain data need to 

be used for the determination of material constants for the constitutive equation 

instead of only monotonic stress-strain response. However, such comprehensive 

high quality laboratory tests are expensive and usually not available, and fatigue 

testing is a time-consuming process. It is also highly desirable to develop tech

niques to determine material constants from the more readily available material 

tests such as a simple uniaxial tension test or a shear test. Hence; in the proposed 

models, such a compromise has been made. For example, material constants used 

for describing the reference (intact) state are obtained from the monotonic uniaxial 

tension tests. In preliminary studies, material constants obtained from monotonic 

tests show that model predictions are satisfactory. 

For the HiSS versions of DSC, procedures for finding material constants 

for pressure-dependent geological materials have been presented in more detail 

elsewhere (Desai et al., 1986; Desai and Zhang, 1987; Desai, 1990). It should be 

emphasized that these material constants are not simple curve-fitting constants, 

but are related to strategic states during deformation, are obtained based on a set 

of tests and then are validated for independent tests not used to find the constants. 

In this research, the proposed DSC and special versions are used to characterize 
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the mechanical response of eutectic Pb - Sn solders. Some compromise was made 

based on the following characteristics of solders. 

First, solder materials do not experience significant volume change during 

plastic deformation. Most available tests are performed under uniaxial stress (O"t) 

state and not much attention is paid to the measurements of lateral strains or 

stresses. Appropriate multi axial test data for solders are not available, but the 

proposed models require at least one test (0"2 =0"3 ¥-O) to determine the material 

parameters. Second, the modified yield surface F* (Figure 4.2) shows that the 

magnitude of the mean stress has negligible influence on the shear strength in the 

practical range of engineering applications. In other words, the angle of internal 

friction, </>0' is very small. Therefore, asymptotic test data (by assuming a small 

magnitude of confining pressure) based on the uniaxial stress-strain curve were 

used to obtain the necessary material parameters. Moreover, typical stress-strain 

hysteresis loops of Pb-Sn solder materials (Figure 6.1) show negligible Bauschinger 

effect. Hence, in this research, the tensile and compressive strengths of solders are 

assumed to be equal. 

6.2 Elastic Constants 

Most solder materials used in electronic applications are eutectic or near

eutectic, that is their microstructures show a random mixture of the compositions. 

A simple rule-of-mixtures calculation has been used to estimate the elastic modulus 

of macroscopic composite material (Seraphim et al., 1989; Kilinski et al., 1991). i.e. 

the elastic modulus E of 60%Sn-40%Pb solders at room temperature is calculated 

by using the following relation: 

E = 0.6(Etin) + O.4(E,ead) = 0.6(50) + 0.4(14) = 36 Gpa (6.1) 
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Figure 6.1 Cyclic stress-strain loops of 60%Sn - 40%Pb solders 
showing the negligible Bauschinger effect. (Ishikawa 
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where E tin=50 GPa and E'ead= 14 GPa. The temperature dependence of the 

elastic modulus, E, of 60%Sn - 40%Pb solders has been given by Knecht and Fox 

(1991) and Sarihan (1993), respectively as 

E = -0.088T(OC) + 32 GPa, (6.2) 

and 

E(O) = 0.02345(106
) - 28.276(0 - 300) MPa (6.3) 

where 0 is temperature in Kelvin degrees. Based on the above expressions, a single 

correlation function with a reference temperature 00 (= 3000 1() in terms of a power 

function is proposed here as 

E300 = 23.45.iVI Pa (6.4) 

where Cl is a constant, and E300 is the elastic modulus at reference temperature of 

300 0 K. Figure 6.2(a) shows the plot of elastic moduli of 60%Sn - 40%Pb solders 

at different temperatures. 

The Poisson's ratio v for eutectic Ph - Sn solder varies between 0.3 and 

0.4 at the room temperature. The temperature dependence of the Poisson's ratio 

is adopted from the published reference (Pan, 1991), and is expressed as (Figure 

6.2(b )) 

V300 = 0.4 (6.5) 

where C2 is a constant, V300 is the Poisson's ratio at temperature 3000 1(. The 

deformation caused by temperature change, ~O, is dependent on the coefficient of 

thermal expansion, aT. -Based on the data (Pan, 1991), the temperature-dependent 

thermal expansion coefficient of solders at any temperature is expressed by (Figure 

6.2( c)) 

(0) - 300( 0 )C3 
aT - aT 3000 1( , a¥'O = 3. x 10-6 (6.6) 
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where C3 is a constant and a~O IS the coefficient of thermal expansion aT at 

temperature 3000 J(. 

If Hooke's law is valid at any temperature e, and the temperature changes 

from e to e + b.e, the stress-strain relationship, including the thermal strain due 

to temperature increment b.e is given by 

[
(1 + v(e»] [v(e)] 

€ij = E( e) O'ij - E( e) OijO'kk + aT( e)b.eOij, 

and 

(6.7) 

where "Iij and Tij denote the shear strain and stress tensors, respectively, G( e) 

is the temperature-dependent shear modulus, and can be obtained from pairs of 

temperature-dependent elastic constants, E( e) and v( e). 

The inverse form of Eqn. (6.7) is expressed as 

O'ij = 2G( e)€ij + A( e)€ii - [ 3'\( e) + 2G( e) ] aT( e)b.eOij, 

and 

(6.8) 

where '\(e) is the temperature-dependent of elastic (Lame's) constant. Table 6.1 

shows typical mechanical properties of solders used in a lead frame structure (Pan, 

1991). 

6.3 Plasticity Constants 

6.3.1 Ultimate Parameters 

The strength of metallic solders can usually be characterized, with accept

able accuracy, by using the von Mises failure criterion. In the principal stress space 

the von Mises criterion plots as a cylindrical surface whose axis coincides with the 



I 
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I I Temperature 

! (0 K) 

218 
238 
258 
278 
295 
323 
348 
373 
398 

Table 6·1 Elastic constants of solders (Pan, 1991). 

Young's 
Modulus 
(!v! Pa) 

47,966 
46,892 
45,779 
44,377 
43,251 
41,334 
39,445 
36,854 
34,586 

Poisson's 
Ratio 

0.3516 
0.3540 
0.3565 
0.3600 
0.3628 
0.3650 
0.3700 
0.3774 
0.3839 

Yield 
Strength 
(MPa) 

43.20 
37.51 
32.05 
29.86 
29.10 
22.96 
17.40 
12.31 
9.35 

Coefficient 
of Expansion 
(x10-6 

/ K) 

24.1 
24.6 
25.0 
25.2 
25.4 
26.1 
26.7 
27.3 
27.9 
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hydrostatic axis. In the present models, the ultimate parameter f3 determines the 

shape of the yield function F on the octahedral plane. When f3 approaches zero, the 

yield surface approaches a cylindrical cone that is similar to the extended von Mises 

criterion. Here, the ultimate parameter f3 = 0 is adopted for metallic materials. 

The effect of the ultimate parameter f3 on the shape of the yield function plotted 

on the octahedral plane is shown in Figure 6.3 (Wathugala, 1990). 

The ultimate parameter 'Y is determined from the yield function at the 

ultimate state, in which the hardening function a vanishes. It is given by 

J2D 

'Y = ((h + 3R)2 )ult (6.9) 

where R is the bonding stress, the ultimate states of (J2D)ult and (h)ult are 

evaluated from the monotonic stress-strain curves based on the asymptotic values 

of stresses. The parameter 'Y is related to the slope of the ultimate envelope plotted 

in the J1-VJ2 D space (Figure 6.4). 

In accordance with the above procedures, the ultimate parameter 'Y at dif

ferent temperatures is evaluated. A simple expression of'Y in terms of temperature 

is given by 

() 
'Y( (}) = 'Yo ( (}o y4 (6.10) 

where C4 is a constant and (}o is a reference temperature. 

6.3.2 State Change Parameter 

The state change.parameter n is determined by the state of stress (J1 , hD )sc, 

at which the plastic volume change (d€V) is zero. At this stress point, of/oh is 

zero. Therefore, 

(6.11) 



Figure 6.3 Effect of ultimate parameter f3 on the shape of yield 
function on octahedral plane. (Wathugala, 1990) 
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or 

(6.12) 

Substitution of Eqn. (6.12) into the expression of yield function F = 0, the equation 

for the state change line is obtained as 

(7t -Hl-~)r2 (6.13) 

The state change parameter n is then determined as 

( 
2h ) 

n = J1 - hD Be 
(6.14) 

For incompressible materials such as saturated soils exhibiting incompress

ible response, the value of n is found to be 2 < n < 3 (Desai and Wathugala, 1993). 

The metallic solders appear to be incompressible during plastic deformation, that 

is similar to saturated soils. In the present study, the state change parameter n 

is adopted to be 2.1 to yield a response approximately similar to that by the von 

Mises criterion. Note that for other materials, such as those involving friction as 

for chips and substrates, the yield surface will be different. Figure 6.5 shows the 

effect of state change parameter n on the shape of the yield function plotted on 

normalized stress invariant axes, h versus ..j J2D (Wathugala, 1990). 

6.3.3 Hardening Function 

Hardening is the description of the change increase in the yielding with the 

progression of plastic or. viscoplastic strains. Since the yield response of solders is 

assumed to be the same in tension and compression, an isotropic hardening rule is 

used. A simple expression of hardening function a is given by (Desai et al., 1986) 

(6.15) 
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where e is the trajectory of plastic strains. Note that e can be either the trajectory 

of thermoplastic strain in the Do-model, thermoviscoplastic strain when used in 

the Dvo-model or any plastic strain involved in the HiSS versions of DSC models. 

Here, for the purpose of determining material constants, hardening constants are 

determined based on the basic Do-model. It is assumed that the confining pressure 

is small about 0.1 MPa, and the transverse strain components €1 and €2 are de

termined by assuming that solders are incompressible during plastic deformation. 

The values of a1 and "11 can be determined from In a versus In e plot (Figure 6.6) by 

the least square method. It is difficult to obtain experimentally the variation of the 

hardening function with temperature because of the lack of sufficient laboratory 

tests. However, if the hardening function at different temperatures is identified, an 

approximate correlation of hardening function at any temperature with respect to 

the reference temperature (room temperature) can be obtained. The temperature 

dependence of hardening function can be expressed as 

(6.16) 

where ao is hardening function at a reference temperature, (}o, al and "11 are hard

ening parameters and Cs is a constant. Figure 6.7 shows the plot of the hardening 

function at different temperatures. 

6.3.4 Bonding Stress 

The value of bonding stress R can be estimated experimentally, from uniaxi

al failure strength 0" F. At the present time, due to the lack of available test data, an 

empirical approach is used to estimate the value of bonding stress R. For instance, 

the ultimate stress invariants of (J1 )ult and .J( J2D )ult can be approximately es

timated from stress-strain curves from a given uniaxial test result by assuming a 

small magnitude of confining pressure, e.g. 0.1 MPa. For an uniaxial stress path 

when the confining pressure 0"0 = 0, the stress invariant JhD is l/-J3O"F. It is 

possible to construct an ultimate envelope in Jt-JJ2D space in which the ultimate 
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envelope is a straight line and, therefore, passes through these two stress states. 

The ultimate envelope is then extended to the negative side on the h axis, whose 

absolute value is termed as "cut off" (shown in Figure 6.8). The bonding stress R 

is then evaluated as 

R = ~ O"F(J1)ult 
3 y'3(hD)ult - O"F 

(6.17) 

where (h )ult and (J2D )ult are obtained from the asymptotic ultimate stress state. 

For simplicity and due to the lack of the available data for solder failure strength, 

the value of V hD at zero confining pressure is adopted to be about 95% of the 

value of (V hD )ult. The stress-strain curves at the different temperatures with 

two different strain rates reported by Riemer (1990), Figure 6.9, show that the 

asymptotic ultimate stresses decrease with temperature. If the slope of the ultimate 

envelope is assumed to be temperature independent, the bonding stress decreases 

with temperature. Based on Riemer's data, Figure 6.10 are obtained which show 

the plots of the estimated bonding stress R versus temperature with respect to 

95% of the ultimate shear strength at two strain rates, respectively. It can be seen 

that the bonding stress is mainly effected by temperature. Hence, the correlation 

between bonding stress and temperature is expressed by a simple function as 

(6.18) 

where C6 is a constant, Ro is R at the temperature Bo. 

6.4 Plasticity Constants for 60%Sn - 40%Pb Solders 

In accordance with above procedures, the elastic and plastic constants are 

obtained based on the available test data performed at different temperature and 

strain rates. Since the bonding stresses R for solders are not available, at the 

present time, the uniaxial shear strength of solder used as 95% of ultimate shear 

strength is adopted to obtain the estimated bonding stress of the eutectic Pb - Sn 

solders. 
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In this study, the plasticity constants for 60%Sn - 40%Pb solders are de

termined based on two sets of test data reported by Riemer (1990) and Skipor 

et al. (1992). These test data are given at different temperatures with different 

strain rates. In order to better model the thermomechanical behavior of solder 

materials in the electronic applications, the temperature dependence of elasticity 

and plasticity constants are considered. However, the rate dependence behavior 

of solders as the time-dependent response is included later in the context of the 

thermoviscoplastic version of the DSC models 

The monotonic stress-strain curves of bulk solder by Riemer (1990) are 

given at six different temperatures (from -65°C to 125°C) and two strain rates 

(0.002/ sec and 0.0002/ sec). In this study, the temperature-dependent elastic con

stants (Figure 6.2) were used to determine the plasticity constants. Tables 6.2 and 

6.3 are list these material constants based on the stress-strain curves at the strain 

rate 0.0002/ sec and 0.002/ sec, respectively. The temperature dependence of plas

ticity constants are also given in these tables. It can be seen that the hardening 

parameters a1 (Figure 6.11(a) and (b)) decrease with increasing temperature, while 

the hardening parameters 771 (Figure 6.12 (a) and (b)) do not change significantly 

with temperature. 

The data reported by Skipor et al. (1992) gives the stress-strain curves for 

60%Sn -40%Pb solders at three different temperatures (-40°C, 20°C and 100°C) 

and four strain rates (O.l/sec, O.02/sec, O.OOl/sec, and O.OOOl/sec). These stress

strain curves are also used to obtain the material constants and are verified by the 

proposed model (see Chapter 7). Here, Table 6.4 (a), (b) and (c) are listed the 

elastic and plasticity constants. 



Table 6.2 Material constants for 60%Sn - 40%Pb solders 
at different temperatures (i = 0.0002/sec) 

Temperature 208 oK 273 oK 298 oK 348 oK 
Ultimate Parameter 

; 0.00083 0.00082 0.00082 0.00081 
State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
al (xlO-4 ) 0.298 0.16 0.024 0.0454 

1/1 0.269 0.332 0.568 0.492 
TJI (average) 0.394 0.394 0.394 0.394 

Young's Modulus, E 
(GPa) 26.097 24.105 23.495 22.455 

Possion's Ratio, II 0.38 0.395 0.3996 0.408 
Thermal Expansion 

Coefficient, aT (IrK) 2.75 2.93 2.995 3.11 
(10-6 ) 

Yield Stress, Uy 34.483 27.586 22.414 14.483 
(MPa) 

Bonding Stress, R 433.795 284.583 217.473 116.571 
(MPa) 

ace) = a (~)-2.578 a300 = !:!.. 
300 300' ~1jl 

;~e) = ;300 ( 3~0 )-0.072, ;300 = 0.00082 

R(e) = R300( 3~0 )-2.95, R300 = 217.473 M Pa 
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0.00079 
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Table 6.3 Material constants for 60%Sn - 40%Pb solders 
at different temperatures (i, = 0.002/sec) 

Temperature 208 OJ( 273 OJ( 348 0 J( 373 0 J( 

Ultimate Parameter 
; 0.00083 0.00082 0.00082 0.00081 

State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
al (x10-6 ) 8.3 2.93 1.25 0.195 

771 0.431 0.553 0.626 0.849 
771 (average) 0.615 0.615 0.615 0.615 

Young's Modulus, E 
(GPa) 26.097 24.105 22.455 22.005 

Passion's Ratio, v 0.38 0.395 0.408 0.412 
Thermal Expansion 

Coefficient, aT (IrK) 2.75 2.93 3.11 3.16 
(10-6 ) 

Yield Stress, O'y 37.241 31.724 20.690 15.172 
(MPa) 

Bonding Stress, R 395.456 288.168 175.196 122.105 
(MPa) 

;(0) - ; (0 )-0.034 ;300 = 0.00082 
- 300 300 ' 

R300 = 240.67 M Pa 
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Table 6.4(a) Material constants for 60%Sn - 40%Pb solders 
with different strain rates, (Temperature = -40°C) 

Strain Rate O.l/sec O.Ol/sec O.OOl/sec O.OOOI/sec 
Ultimate Parameter 

I 0.00083 0.00083 0.00082 0.00082 
State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
al (X10-4 ) 1.46 0.8 0.62 0.57 

. 1]1 0.189 0.13 0.24 0.245 
1]1 (average) 0.2 0.2 0.2 0.2 

Bonding Stress, R 599.45 550.98 348.278 311.856 
(MPa) 

Young's Modulus, E = 25.934 GPa 

Possion's Ratio, v = 0.386 
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Table 6.4(b) Material constants for 60%Sn - 40%Pb solders 
with different strain rates, (Temperature = 20°C) 

Strain Rate O.l/sec 0.01/ sec 0.001/ sec 0.0001/ sec 
Ultimate Parameter 

'Y 0.00083 0.00082 0.00082 0.00082 
State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
al (X10- 4 ) 1.1 1.07 0.97 0.31 

771 0.162 0.355 0.166 0.148 
771 (average) 0.21 0.21 0.21 0.21 

Bonding Stress, R 412.22 276.02 236.21 229.97 
(MPa) 

Young's Modulus, E = 19.934 CPa 

Possion's Ratio, v = 0.398 
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Table a.4(c) Material constants for 60%Sn - 40%Pb solders 
with different strain rates, (Temperature = lOO°C) 

Strain Rate O.l/sec O.OI/sec O.OOl/sec O.OOOI/sec 
Ultimate Parameter 

i 0.00082 0.00082 0.00081 0.00080 
State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
at (XlO-4 ) 0.6 0.56 0.32 0.029 

. 771 0.214 0.25 0.34 0.66 
771 (average) 0.37 0.37 0.37 0.37 

Bonding Stress, R 238.46 216.39 134.67 88.865 
(MPa) 

Young' sM odulus, E = 11.934 GPa 

Possion'sRatio, v = 0.415 
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6.5 Viscous Constants 

6.5.1 Theory for Determination of Viscous Constants 

Perzyna's theory (1966) of viscoplasticity is similar to the usual plasticity 

theory. The total strain tensor €ij is additively decomposed into an elastic part €ij 

and a viscoplastic part €~J as follows: 

€I')' = €~. + €~~ I) I) (6.19) 

where 
e Ce-1 

€ij = ijkl Ukl (6.20) 

(6.21) 

C[jkl-
1 is the elasticity tensor, €~J is the viscoplastic strain rate tensor, r is a 

material constant (known as the fluidity parameter) and 'IjJ is a function of F. Here 

F is the yield function used in HiSS versions of DSC models. Squaring both sides 

of Eqn. (6.21) leads to (Samtani, 1991) 

·vp ·vp [ .1.]2 of of 
€ .. € .. = r < If'" > ----
I) I) OU ij OU ij 

(6.22) 

Equation (6.22) can be rewritten as 

1/2 ·vp ·vp _ 1/2[r .1. ]2 of of € .. € .. - <If'"> ----
I) I) OU ij OU ij 

(6.23) 

Recognizing the left hand side of Eqn. (6.23) as the second invariant of the vis-

coplastic strain rate tensor, leads to 

I'vp _ 1/2 ·vp .vp 
2 - €ij €ij 

Thus, Eqn. (6.23) can be rewritten by 

(6.24) 
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(6.25) 

or 

r<¢ >= (6.26) 

where 

8F 8F 8F 8F 2 
8aij = 8J

I 
Dij + 8J

2
D Sij + 8J

3
D (SikSkj - 3hDDij) (6.27) 

Equation (6.26) is a general equation relevant to creep experiments. Depending on 

the condition of the test, equation (6.27) can either be utilized in full or only the 

dominant terms can be considered. For instance, in simple shear deformations, the 

first and third terms on the right side of Eqn. (6.27) can be neglected in comparison 

to the second term. 

Let 

a= (6.28) 

Thus, Eqn. (6.26) can be rewritten as 

r < ¢ >= a (6.29) 

The value of a is known from experiments. In a creep test with constant stress, i;p 
is found by measuring the viscoplastic strain rate (see Eqn. 6.24). The gradient 

8F/8aij can be calculated by using Eqn. (6.27). Although aij is kept constant, 

the value of 8F/8aij will change as F changes with increasing viscoplastic strain. 

The expression of the flow function ¢ used in the proposed model is deter

mined based on the available test data. Since ¢ is a function of F / Fo, a plot of 

F / Fo versus a is required to determine the viscous constants. 
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6.5.2 Choice of Flow Function 

The choice of flow function is directly related to the fit of the function to 

the experimental data. The degree of fit in regression analysis is thus a key factor. 

The flow function which best fits the experimental data should obviously be the 

choice. It must be stated herein that the proposed flow function is not the only 

function available; a variety of other functions may be tried or obtained which may 

often involve more than two constants. In this research, the flow function is chosen 

as a simple power function (Eqn. (5.1)). 

6.5.3 Procedures for Finding Viscous Constants 

The algorithm for finding fluidity parameter r, and constant N is as follows 

(Samtani, 1991): 

[Step 1] Calculate stress invariants, JI, hD, J3D before the application of the creep 

stress, (J'ij. Thus, these JI, hD, J3D which correspond to point A (see 

Figure 6.13) represent a steady-state equilibrium condition under the current 

stress state, the yield surface passing through point A will be represented 

by F = O. It implies that rheological character is initiated. The value of 

G( = GA) corresponding to this state of stress is then obtained. 

[Step 2] Calculate stress invariants, J1 , hD, hD after the application of the creep 

stress, (J'ij at t = 0+. These II, hD, would correspond to point B located 

outside the current yield surface since the hardening function remains un

changed. However, at t = 00 point B will be captured by the motion of the 

yield surface and the value of the yield function will be F = O. It implies 

that the change of hardening function caused by accumulating inelastic s

trains results in the mobility of yield function. Find the value of G = (GB) 

corresponding to this state of stress. 
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Figure 6.13 Mechanics of viscoplastic solution. (Samtani, 1990) 
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[Step 3] Calculate (evpO)A and (evpO)B by using the hardening law, which is deter

mined from thermoviscoplasticity analysis with evpo = J (de::o)( de::8). 

The trajectory of plastic strain is a function of time. It is noted that at 

time t = 0, evpo = (evpO)A and at time t = 00, evpo = (evpO)B. 

[Step 4] To obtain the time-dependent function of those quantities, a table containing 
jup8 

evp8(t), aCt), F(t), and a = 1/2 iF OF • Note that at t = 00, evpo = 
lltTij lltTij 

[Step 5] Plot (to) and a on various different spaces, e.g. In( to) versus In( a), (to) 

versus a which would respectively yield the power law and exponential law 

for flow function. Perform regression analysis on various spaces and select 

the space which gives the best regression; select the law corresponding to 

the selected space and determine the fluidity parameters r, and the constant 

N. 

6.5.4 Viscous Constants from Uniaxial Creep Test Data 

Most of the time-dependent stress-strain curve of solders exclusive of plastic 

strains are usually not available, and most available creep tests are often under 

uniaxial loading condition. Therefore, above procedures of determination of viscous 

constants from multiaxial test data may not be applied, and a modification of the 

above procedures to determine the viscous constants from a given uniaxial tension 

( creep) test data is given below. 

In accordance with creep data given by Pan (1991) for 60%Sn - 40%Pb 

solders (Figure 6.14), if the steady creep strain rates (E?) versus uniaxial stress 

( 0"1) are available, the hardening function a is computed based on the consistency 

condition F = 0, and the values of yield function F with respect to each stress 

state can be approximately computed based on the value of a for the previous 

stress state. Since the viscoplastic strain rate e? is the only component, instead of 
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using the second invariant of the viscoplastic strain rate i;p shown in Eqn. (6.26), 

the viscoplastic strain rate €~p is used. As a result, the fluidity parameter rand 

the constant N can be approximately determined from the plot of In( fa) versus 

In( €vP). To obtain the temperature dependence of viscous constants, the above 

procedure is performed at several different temperatures. Figure 6.15 shows a plot 

of In( fa) versus In(€VP) for finding the fluidity parameter r and constant N at 

different temperatures based on the test data given by Pan (1991). Table 6.5 is 

the summary of the constants, from which it can be seen in Figure 6.16 that the 

fluidity parameter r tends to increase with temperature, and the constant N seems 

to be essentially temperature-independent. The fluidity parameters r as a function 

of temperature is proposed by 

(6.30) 

where C7 is a constant, and ro is the fluidity parameter at the reference temperature 

of Bo. 

6.6 Constants for Disturbed State Models 

6.6.1 The Evolution of Cumulative Disturbance Laws 

It is known that the fatigue of solder joints in electronic packaging is caused 

by solders experiencing plastic strain, creep, microcracking, damage and degrada

tion due to cycles of thermomechanical loading. Solders in such applications are 

subjected to mechanical loads and temperature changes which may vary as func

tion of time. The combination of mechanical loading and temperature change can 

be cycled in different ways. For instance, the load and temperature can be sequen

tially cycled or simultaneously cycled. As a result, the accumulation of fatigue 

damage during the cycle shows time- and temperature dependences. In general, 

it is accepted that cyclic plastic strain is a basic decisive factor in the progress of 

cumulative fatigue damage. However, it has been further documented that fatigue 
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Table 6.5 Viscous constants for 60%Sn - 40%Pb solders 
at different temperatures 

Temperature 293 oJ( 313 oJ( 333°1( 373 oJ( 

Fluidity Parameter 
In(r) 0.5784 2.058 3.475 4.61 

Constant, N 2.655 2.645 2.667 2.448 
average 2.67 2.67 2.67 2.67 

r(o) = r300(3~0)6.185, r 300 = 1.8/sec 

393 0 J( 

6.96 
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Figure 6.16 Plots of viscous constants versus temperature for 
60%Sn - 40%Pb solders, (a) fluidity parameter In(r), 
(b) constant N. 
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damage of solders is markedly influenced by the cyclic waveform, duration of hold, 

metallurgical state and environment (Vaynman and Fine, 1991; Solomon, 1985a, 

1985b, 1989). It is then recognized that both viscoplastic (creep) strain and plas

tic strain can be responsible for the fatigue damage. Over the years considerable 

research on creep-fatigue interaction have been conducted. There is currently an 

abundance of literature putting forward models for calculating time-dependent fa

tigue damage due to the creep effect. In addition to these irreversible strains, the 

progress of micro cracking and damage has been accepted as the interaction between 

structural defects in a finite material volume, that may also be partly responsible 

for the fatigue damage. Based on the fatigue damage process discussed in Chapter 

2, it is clear that fatigue damage is as a result of many localized mechanisms that 

may take place, subsequently or simultaneously, in the material's microstructure. 

In the DSC (Chapter 3), various factors can cause disturbance in the ma

terial's microstructure that may manifest through responses such as hardening, 

induced anisotropy, microcracking and softening. The accumulation of disturbance 

depends on the loading history that the material has undergone. The disturbance 

function D is used to provide an interpolation mechanism between the material 

in the intact and FAS states, leading to the observed response. A quantitative 

description of the fatigue damage process can be represented using the disturbance 

function D that is obtained based on the cyclic stress-strain response of material

s. Since the fatigue damage can be attributed to the growth of cyclic irreversible 

strains caused by thermoplastic or thermoviscoplastic strains, microcracking, and 

damage, the disturbance function can be expressed in terms of plastic strain tra

jectory (e). Here, the deviatoric irreversible strain trajectory eD due to thermal 

and viscous effects is us~d. It is given by 

(6.31) 

where t is time and dEj(JD(t) is the deviatoric thermoviscoplastic strain increment. 
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6.6.2 DSC and Load Drop Approach 

The percentage of drop in load at peak has been used for practical esti

mation of the fatigue life (Solomon, 1985a, 1985b, 1989, 1991, 1994). A fatigue 

damage criterion based on a definite decrease ofload carrying capacity can provide 

a simple criterion to that based on hysteresis energy (Solomon, 1991), because of 

the two obvious advantages: it is directly related to the load carrying capacity of 

the specimen, and it is convenient to apply in the low-cycle fatigue experiments. 

The load drop used as a fatigue damage indicator has been applied to Pb - Sn 

solders (Solomon, 1985a, 1985b, 1989), in which the load drop parameter rP is given 

by 

(6.32) 

where l!:!.P is the load range at any cycle number and l!:!.Pm is the maximum load 

range, which is observed in the first cycle or at most in the first few cycles (Solomon, 

1989), Figure 2.8. 

The disturbance function D in DSC represents the deviation from the re

sponse of material from the intact and fully adjusted states. Disturbance manifests 

the degree of material degradation (or stiffening) that material may have been ex

periencing due to plastic strains, creep, micro cracking and damage, temperature 

and time effects. During the cycles, disturbance initiates and grows through the 

the material. The disturbance function D shown in Eqn. (3.3) can be rewritten by 

i a . ~i . ry-::a Api Apa 
D = u. - u = V cJ2D . - V cJ2D ~ u . - u 

UZ _ UC ~Z. ry--C D..PZ _ D..pc 
V cJ2D - V cJ2D 

(6.33) 

The disturbance function D defined in Eqn. (6.33) shows that at the begin

ning the material is undisturbed. When cyclic loading is applied to the material, 

material experiences disturbance and becomes a mixture of intact and fully adjust

ed parts. The fully adjusted portion of material usually has a lower load-carrying 
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capacity than the intact portion of material, from which the load drop and fatigue 

damage are observed. If the fully adjusted portion of material is considered as the 

"lost" part of the material, stresses Aue, V hD e, and Ape are zero. Hence, if the 

load drop criterion is written as 

(6.34) 

it can represent approximately as a special case the disturbance D, in the material. 

The magnitude of disturbance function D is zero at the beginning. With the 

increase in the number of cycles, the material undergoes disturbance (microcracking 

and damage) which ultimately leads to a stage that material is fully adjusted. The 

disturbance function D then approaches unity. Here, the disturbance function D 

and load drop parameter ¢ can be considered to represent quantitative measures 

of damage. 

For Pb-Sn solder joints, the load drop parameter ¢ has been approximately 

interpreted by the fraction of the original specimen cross-sectional area Ao that has 

been fatigue-cracked (Guo et al., 1990, 1991, 1992), 

(6.35) 

where A e is the fatigue-cracked area. It implies that the load drop parameter ¢ can 

be used as a measure of the fatigue-cracked area A e. From the experimental and 

theoretical investigations by Guo et al., (1991), the damage definition and cumula

tive damage aspects are similar to that the proposed DSC approach. However, the 

damage evolution based on the proposed disturbance function is a more general 

approach and can lead to a more accurate description of fatigue damage involving 

the effects of plasticity, creep, micro cracking, damage, temperature, and time, as 

it involves multidimensional effects. 
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6.6.3 Procedures for Finding DSC Constants 

The expression of the disturbance function D is given by (Desai, 1992; Desai 

and Ma; 1992; Armaleh and Desai, 1990; Katti and Desai, 1991), 

(6.36) 

where A and Z are DSC constants, eD is the deviatoric plastic strain trajectory, 

dE~J9D is the incremental deviatoric plastic strain including creep, and temper

ature, and Du is a residual value of disturbance function D; here Du is used as 

1. 

In this study, the DSC constants A and Z are obtained from the test data 

of 60%Sn - 40%Pb solder joint in shear shown in Figure 6.17 (Solomon, 1989), in 

which the load drop parameter ¢ versus number of cycles N is available. These tests 

employ fully reversed ramp loading and unloading under constant plastic strain

controlled condition, in which the plastic strain amplitude is given. The constant 

plastic strain amplitude ~'Yf2 is maintain using special computer controlled set up. 

For a more detailed test condition can refer to the relevant publications given by 

Solomon (1989). Here, only the test data related to procedures for determining 

DSC constants are presented 

Consider that a solder joint is subjected to cyclic shear stress 712, and the 

shear strain along interface 'Yf2 is assumed to be the o~ly observed cyclic strain that 

causes the load drop of material. As stated before, the load drop parameter ¢ can 

be approximately used ,as the measurement of disturbance function D. Since the 

plastic strain amplitude ~'Yi2 is constant, the trajectory of plastic strain eD can 

evaluated as the accumulative plastic shear strain increments, ~'Yi2 with increasing 

the number of cycles. When the number of full-cycles N is assessed, the deviatoric 

plastic strain trajectory eD is computed as 
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N 

ev(N) = J J d,i2d,i2 = L(~,i2)i 
i=l 

(6.37) 

The values of disturbance function D here are used by assuming D = if> and function 

of the trajectory of plastic strain ev, at any number cycle N. In accordance with 

Eqn. (6.36), the relationship between (ev) and D can be expressed by 

D(N) = [1 - exp( -A(ev(N))z)] (6.38) 

and taking the logarithm on both sides of Eqn. (6.38) leads to 

In[-ln(l - D(N))] = InA + Z In[ev(N)] (6.39) 

Equation. (6.39) leads to a set of simultaneous equations, 

where 

[A] = 

1 In[ ev(l) ] 
1 In[ ev(2) ] 

1 In[ ev(N) ] 

[A]{x} = {b} 

{b} = 

(6.40) 

In[ -InC 1 - D(l) ) ] 
In[ -InC 1 - D(2) ) ] 

In[ - In( 1 - D( N) ) ] 

Constants A and Z now can be determined bysolving Eqn. (6.40). Plots of 

Eqn. (6.39) for determining A and Z at different temperatures are shown in Figure 

6.18. Table 6.6 shows these DSC constants A and Z obtained form the load drop 

test data of the eutectic· 60%Sn - 40%Pb solder joint. It can be seen from Figure 

6.19 that the DSC constant A shows temperature dependence, the constant Z seems 

to be temperature-independent. Hence, the temperature-dependent constant A is 

proposed by 
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Table 6.6 DSC constants for 60%Sn - 40%Pb solders 
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Bo 
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(6.41) 

where Cs is a constant, Ao is A at the temperature Bo. In accordance with the ex

pression of Eqn. (6.41), it leads to the temperature-dependent disturbance function 

D, 

D(B) = Du [l-exp(-A(B)(eD)z)) (6.42) 
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CHAPTER 7 

VERIFICATIONS AND APPLICATIONS 

7.1 Introduction 

The verification of DSC constitutive models is one of the objectives of this 

research. Through the use of existing uniaxial test data under various loading con

ditions, strain rates and temperatures, the material constants discussed in Chapter 

6 can be obtained. The appropriateness of the DSC models is then verified by 

back predictions of the monotonic and cyclic uniaxial stress-strain responses of the 

40%Pb - 60%Sn solders. However, due to the lack of completely comprehensive 

laboratory test data on cyclic stress-strain responses of 40%Pb - 60%Sn solders, 

material constants are obtained from various test data, which material properties 

are approximate. 

The incremental constitutive equation were integrated to obtain predicted 

stress-strain-time behavior. The following equations were employed for different 

versions: 

(1) Elasto-plastic Model (Eqn. (3.21)) 

(2) Thermoplastic Model (Eqn. (4.17)) 

(3) Thermoviscoplastic Model (Eqns. (5.10), (5.12), (5.13), and (5.14)) 

(4) The DSC model (Eqns. (3.24), (5.10)) 

The model simulations presented here are based on the constitutive equa

tions, which are integrated by using a simple incremental procedure. During un

loading, the stress-strain responses of the solder materials are assumed to be elastic. 

To demonstrate the model capabilities, a number of numerical simulations are car

ried out under various cyclic loading conditions, strain rates, and temperatures. 



179 

7.2 Time-independent Response 

7.2.1 Monotonic Stress-strain Response 

The applicability of the thermoplastic version of DSC models (Do-model) 

is verified by back predictions of the uniaxial (tension) stress-strain responses of 

solders at different temperatures with different strain rates. Firstly, Do-model is 

verified by using material constants shown in Tables 6.2 and 6.3, determined based 

on the experimental results with two different strain rates (€ = 0.0002/ sec and 

€ = 0.002/sec) reported by Reimer (1990). Figure 7.1 (a), (b), (c), (d) and (e) show 

the comparisons of experimental results and Do-model simulations at five different 

temperatures with the strain rate, € = 0.0002/sec. Figure 7.2 (a), (b), (c), (d) and 

( e) show the comparisons of experimental results and Do-model simulations at five 

different temperatures with the strain rate, € = 0.002/ sec. 

(i) Independent Validation 

In Figure (7.2), the result in Figure 7.2 (c) shows an independent verification 

for 8 = 2980 K. Hence, the observed response at 8 = 2980 K (Reimer, 1990) 

which was not used to find the material constants was back predicted by using the 

constants determined based on the remaining four tests for () = 208 0 K, 8 = 2730 K , 

8 = 3480 K and () = 3730 K, Table 6.3. It can be seen that the model provides 

satisfactory back prediction for the independent test. 

Various strain rates (€ = O.l/sec, € = O.Ol/sec, € = O.OOl/sec, and € = 
0.0001/ sec) and temperatures (233 0 K, 2930 K and 3730 K) on monotonic uniaxial 

stress-strain responses of 40%Pb - 60%Sn solders (Skipor et al., 1992) are also 

used to obtain the material constants, which are listed in Table 6.4 (a), (b) and 

(c), respectively. Since there are no elastic constant measurements at different 

strain rates and plasticity constants are pertinent to be time-independent, the 

predictions are first restricted to the individual curves by using sets of material 

constants shown in Table 6.4 (a), (b) and (c), respectively. Figure (7.3) through 
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Figure 7.1 Back-prediction of stress-strain curves of 60%Sn - 40%Pb solders 
with strain rate= 0.0002/sec, (a) ()= 208°K, (b) ()= 273°K, (c) 
()= 2980 K, (d) ()= 348 0 K, and (e) ()= 3730 K 
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Figure (7.5) show back prediction for Skipor's test data for different strain rates 

and temperatures. 

(ii) Independent Validation 

In order to obtain validation of the model based on independent test data, 

material constants from Reimer's (1990) test data for € = 0.0002/sec are used 

to back predict typical test results from Skipor et al. (1992) for the strain rate 

€ = 0.0001/ sec. In Figure 7.3 (d) to Figure 7.5 (d) are shown these back predictions 

marked as Simulation-2. Here Simulation-1 refer to the back prediction based 

on Skipor's test data, it can be seen that the model provides satisfactory back 

predictions for independent tests. 

In general, a good agreement of experimental result and model simulations 

can be seen. 

7.2.2 Cyclic Stress-strain Response 

The illustrations of the shear behavior of solder joints under the shear load

ing condition at different temperatures is of most concern in electronic applications. 

As is this case, the bo-model is used to simulate the hysteresis loops for cyclic shear 

loadings. For simplicity, consider simulation of a simple but common configuration 

occurring in a solder joint subjected to the cyclic shear strain along the interface 

in a chip-substrate system. Figure 7.6 (a) shows the schematic of the shear s

train/stress induced by thermal expansion mismatch in a chip-substrate system. 

The solder joint shown in Figure 7.6 (a) is subjected to a shear strain increment of 

0.02% with a maximum strain of ±1%. Figure 7.7 (a), (b), (c) and (d) show the 

computed hysteresis loops of the first three cycles at four different temperatures. 

It can be seen that initially cyclic hardening occurs, the peak stress is gradually 

increased with the number of cycles (Figure 7.7 (a», then a steady (saturated) 

state is reached. When temperature increases, the cyclic hardening response be

comes vanishingly small. The peak stresses are generally decrease with increasing 
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temperature. This is in agreement with the experimental observations (Reimer, 

1990; Skipor et al., 1992). However, the constitutive equation (8e-model) does not 

account for the microstructural damage mechanism that are frequently observed in 

most low cycle fatigue tests. Hence, the decrease in the peak stress with number 

of cycles due to micro cracking damage is not computed here. Constitutive models 

with the disturbed state concept (DSC) that yield more realistic material behaviors 

including micro cracking damage responsible for decrease in peak stresses (load 

drop) with the number of cycles will be presented later in this chapter. 

7.3 Time-dependent Response 

Cyclic time-dependent responses of solder joints under the in-service load

ing conditions used in the laboratory test are often designed with various load 

waveforms of constant frequency (Kilinski et al., 1991). Figure 7.6 (b) shows the 

hypothetical load waveforms used in the following model simulations. The effects 

of frequency and hold time on fatigue life of Pb - Sn eutectic solders have been 

investigated by many researchers (Solomon, 1985a, 1985b, 1991, 1993; Vaynman 

and Fine, 1991; Berriche et al., 1991). Loads applied to a solder joint in the labora

tory can be controlled either by a strain or stress. In this research, creep is defined 

as slow time-dependent deformation over a long period of time at an essentially 

constant load, and stress relaxation is defined as stress decrease over a long period 

of time at constant strain. Towards the analysis of time-dependent cyclic responses 

of 40%Pb - 60%Sn solders including creep and stress relaxation, the following five 

cases are presented to show the applicability of the 8ve-model. Each case is studied 

by using three different shear strain/stress rates. Strain controlled simulations are 

represented as Cases I, II and III below. Stress controlled simulations are repre

sented by Cases IV and V below. Here, 8ve-model simulations are carried out at 

different constant temperatures, and simulations are presented for the first three 

cycles; work toward number cycles to failure will be given later in this chapter. 
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7.3.1 Strain Controlled Simulations 

Case I - Triangle Wave Cycle 

Consider a simple shear configuration of a chip-substrate system shown in 

Figure 7.6(a) with a normal stress O.llv/Pa, where the solder element is subjected 

to a hypothetical load with triangle waveform (Figure 7.6 (b)) with three different 

strain rates at four different temperatures. The shear strain rates are given by 

l' = 4.0%/sec, l' = 4.0%/min and l' = 4.0%/hr, respectively. For the strain 

amplitude of ±1.0%, the periods with respect to three different rates are 1 second, 

1 minute and 1 hour, respectively. The cyclic hysteresis loops simulated by the 

Dvo-model at different temperatures with the different shear strain rates are shown 

in Figure 7.8 (a), (b), (c) and (d) through Figure 7.10 (a), (b), (c) and (d). As 

shown in Figure 7.8 (a), (b), (c) and (d), for l' is 4.0%/sec, the solder exhibits 

higher strength; for l' is 4.0%/hr, Figure 7.10 (a), (b), (c) and (d), the solder 

exhibits some characteristics of flow response (viscoplastic deformation). It is seen 

in Figure 7.8 (a), (b), (c) and (d) through Figure 7.10 (a), (b), (c) and (d) that 

the higher shear strain rate is expected to involve less viscous effects; therefore, 

elastic strains predominate. Also, the degradation in peak stress illustrates that 

the solder's strength decreases with increasing temperature. 

Case II - Trapezoid Wave Cycle 

In this case, the hypothetical load waveform is the trapezoid wave cycle 

(with a hold time) shown in Figure 7.6 (b). As shown in Case I, the three different 

shear strain rates are used in this case. When shear strain reaches the maximum 

amplitude (±1.0%), the·shear strain corresponding to each strain rate is kept con

stant for a hold time (hold at constant strain) of 1/4 second, 1/4 minute and 

1/4 hour, respectively. After this, opposite strain rate is applied to the solder to 

complete the trapezoid wave. The hysteresis loops of the solder with three different 

rates at four different temperatures are plotted in Figure 7.11 (a), (b), (c) and (d) 
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Figure 7.9 Simulated hysteresis loops of 60%Sn - 40%Pb solders with shear 
strain rate = 4%/min at different temperatures, (a) ()= 250 0 J(, 

(b) ()= 3000
[(, (c) ()= 3500 J(, and (d) ()= 4000 

[(. (simulations 
are performed by bvo-model with triangle wave cycle without hold 
time) 
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Figure 7.10 Simulated hysteresis loops of 60%Sn - 40%Pb solders with shear 
strain rate = 4%/hr at different temperatures, (a) (}= 2500 K, 
(b) (}= 3000 K, (c) (}= 3500 K, and (d) ()= 4000 K. (simulations 
are performed by 8vIJ-model with triangle wave cycle without hold 
time) 
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through Figure 7.13 (a), (b), (c) and (d). In this case, reduction in shear stress 

occurs when the shear strain is held constant. These variations of stress changes 

as affected by temperature are more pronounced, and can be seen in the following 

stress relaxation case. 

Case III - Stress Relaxation 

In this case, the solder element is subjected to an incremental increase of 

shear stress up to 20 M Pa, then the resulting total strain is kept constant. The 

shear stress decreases gradually with the elapsed time, which is simulated by the 

Svo-model at four different temperatures. Plots of stress versus time are shown in 

Figure 7.14; it can be seen that the rate of relaxation is affected by the temperature. 

Since shear strain is held constant, the rate of shear stress relaxation increases 

with temperature, which indicates degradation of strength and softening due to 

temperature. 

7.3.2 Stress Controlled Simulations 

The application of the same Svo-model to cyclic stress controlled tests is 

also a preliminary effort toward modelling of solder joints. In the field, solder 

joints experience time-dependent changes in strains and stresses simultaneously. 

The distinction between the two has been useful in interpreting stress-strain data 

where one of the variables is controllable (Hall, 1991). To identify creep strains in 

a cyclic creep test the controllable variable is stress. The Svo-model can be used to 

simulate hysteresis loops for cyclic stress controlled tests. 

Case IV - Triangle Wav.e Cycle 

In this case, the solder element was subjected to cyclic shear stress. The 

shear stress rates + are 93.8 MPa/sec, 93.8 MPa/min and 93.8 JvIPa/hr, re

spectively. The periods corresponding to each shear stress rate are 1.6 seconds, 
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Figure 7.12 Simulated.hysteresis loops of 60%Sn - 40%Pb solders with shear 
strain rate .' 4%/min at different temperatures, (a) B= 250 0 J(, 

(b) B= 3000 J(, ( c) B= 3500 J(, and ( d) B= 4000 J(. (simulations are 
performed by 6vo-model with trapezoid wave cycle with hold time 
= 1/4 minute) 
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Figure 7.13 Simulated hysteresis loops of 60%Sn - 40%Pb solders with shear 
strain rate = 4%/ hr at different temperatures, (a) ()= 250 0 l{, (b) 
()= 3000 K, (c) ()= 3500 K, and (d) ()= 4000 J{. (simulations are 
performed by ovo-model with trapezoid wave cycle with hold time 
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1.6 minutes, and 1.6 hours, respectively, and the stress amplitude is ±37.52 AtJPa, 

Figure 7.6 (b). Figure 7.15 (a), (b), (c) and (d) through Figure 7.17 (a), (b), (c) 

and (d) show the hysteresis loops with three different shear stress rates at different 

temperatures. It is seen in a part of the results that after the peak shear stress 

is reached, the shear stress decreases gradually with increasing shear strain during 

the stress reversal. This can be attributed to the creep behavior. The amount of 

creep is dependent upon the stress level, hold time, and temperature. A higher 

temperature produces higher creep strain. This will be seen more clearly in the 

next case when the load wave includes a hold time. 

Case V - Trapezoid Wave Cycle 

In this case, the solder element was subjected to a cyclic shear stress with a 

hold time where the hypothetical load is a trapezoid wave form. The hold times are 

0.4 seconds, 0.4 minutes and 0.4 hours and shear stress rates are 93.8 AtI Pal sec, 

93.8 MPa/min and 93.8 MPa/hr, respectively, with the stress amplitude of 

±37.52 AtJPa. The numerical results shown in Figure 7.18 (a), (b), (c) and (d) 

through Figure 7.20 (a), (b), (c) and (d) indicate that as the temperature increas

es, the amount of creep strain increases during the hold time. 

7.4 The DSC Model 

The be-model and bve-model have been verified and used to simulate cyclic 

hardening and saturation characteristics of the hysteresis loop, however, for eutectic 

(40%Pb - 60%Sn) solders, the cyclic softening is often observed in fatigue test 

(Solomon, 1985a, 1985b, 1989, 1991, 1993; Guo et al., 1992). The experimental 

results (Solomon, 1985a; 1985b, 1989) show that considerable cyclic softening in 

terms of load drop in eutectic solders is developed during the cyclic process, and 

this can be simulated by the DSC model. In this research, the DSC model is based 

on the bve-model used as the intact response, and it is assumed the FAS has no 

shear strength but can resist hydrostatic stresses (Frantziskonis and Desai, 1987). 
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Figure 7.16 Simulated hYl'lteresis loops of 60%Sn - 40%Pb solders with shear 
stress rate = 93.8 MPa/min at different temperatures, (a) ()= 

2500 l{, (b) ()= 3000 l{, (c) ()= 3500 l{, and (d) ()= 400 0 J{. (simula
tions are performed by Dvo-model with triangle wave cycle without 
hold time) 
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Figure 7.17 Simulated hysteresis loops of 60%Sn - 40%Pb solders with shear 
stress rate = 93.S M Pal hr at different temperatures, (a) ()= 2500 
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(b) ()= 3000
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]{, and (d) ()= 400 0 J{. (simulations 

are performed by ovO-model with triangle wave cycle without hold 
time) 
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Figure 7.19 Simulated hysteresis loops of 60%Sn - 40%Pb solders with shear 
stress rate = 93.8 M Pa/min at different temperatures, (a) ()= 

2500K, (b) ()= 3000K, (c) ()= 350~K, and (d) ()= 4000K. (simu
lations are performed by b'vo-model with trapezoid wave cycle with 
hold time = 0.4 minute) 
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It should be noted that various versions of DSC models based on the different 

choices of HiSS (6-versions) models for the intact response and assumptions of the 

FAS can be used to model materials' responses, that depends on the experimental 

observations. 

7.4.1 Cyclic Stress-strain Response 

Similar to these cases shown in Section 7.3, the solder element is subjected to 

the hypothetical load with triangle waveform with strain rate i' = 5.0%/ sec at the 

temperatures 2500 l{, 3000 J(, 3500 J( and 4000 l{. The hysteresis loops simulated 

by the DSC model with the different number of cycles (up to 10,000 cycles) are 

shown in Figure 7.21 ( a) and (b) through Figure 7.24 ( a) and (b). It can be 

seen that a small amount of cyclic hardening to saturation is found for the intact 

response, however, the cyclic softening and degradation of elastic modulus with 

the number of cycles on the average response is indicated. The cyclic softening 

responses of solders shown in Figures 7.21 through 7.24 indicate that in the shear 

response the effect of the growth of microcracking and damage defined by the 

disturbance function, D, is included. When the cyclic stress-strain responses of 

solders are established, the cyclic softening associated with the peak stress, load 

drop parameter <p, hysteresis energy density W, disturbance function D versus the 

number of cycles can be obtained (see later). 

7.4.2 Fatigue Behaviors of Solders 

In microelectronic applications, one of the goals is the fatigue life predictions 

of solder joints. Before any life prediction can be made, a number of cyclic stress

strain responses of solder joints at different strain amplitudes needs to be identified. 

Many fatigue failure criteria associated with various definitions have been exten

sively investigated on fatigue life of 40%Pb - 60%Sn solder joints. Based on the 

percentages ofload drop (Solomon, 1985a, 1985b, 1989, 1991) as the failure criteria, 

fatigue life predictions such as Coffin-Mansion (C-M) relationship (Eqn. (2.4)) can 
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shear strain rate = 5%/ sec up to 10,000 cycles at temperature 
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Figure 7.23 Simulated hysteresis loops of 60%Sn-40%Pb solder joints with 
shear strain rate = 5%/ sec up to 10,000 cycles at temperature 
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Figure 7.24 Simulated hysteresis loops of 60%Sn-40%Pb solder joints with 
shear strain rate = 5%/ sec up to 10,000 cycles at temperature 
4000 K, ( a) intact response, (b) average response. (simulations 
are performed by DSC-model with triangle wave cycle) 
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be established. When the DSC model is used to simulate the cyclic stress-strain 

responses of solder joints with different strain amplitudes at different temperatures, 

based on the percentages ofload drop (Solomon, 1985a, 1985b, 1989, 1991) as the 

failure criteria, the relationship between the strain amplitudes and number of cycles 

to failure can be established. To this end, the following cases are carried out under 

different strain amplitudes at different temperatures. 

Case 1 - Strain Range = ±1% 

In this case, a cyclic repetition of shear strain rate, 0.4%/ hr with triangle 

wave cycle, is used to simulate the shear strain developed in the solder element 

as shown in Figure 7.6(a). Simulations are carried out at four different constant 

temperatures with the total strain range, ±1%. Figure 7.25 (a), (b), (c), and (d) 

show the results of the peak shear stresses versus number of cycles. It can be 

seen that the peak shear stresses decreases with increasing number of cycles due 

to cyclic softening. The decreases in peak shear stress shows a transition with the 

disturbance function in the range of about 50% to 75%. Similar results by Guo et 

al. (1992), show a transition of the stresses versus the number of cycles by load 

drop of about 15% on isothermal fatigue testing for 37%Pb - 63%Sn solders under 

uniaxial (tension-compression) total strain control over the total strain range of 

0.3 to 3 percent with a one-second ramp time at the temperature 25°C. Here, 

the load drop parameter ¢ = 1 - (!::::.r/!::::.rM) is calculated based on the maximum 

shear stress developed after the 10 cycles. Plots of disturbance function versus the 

number of cycles are shown in Figure 7.26 (a), (b), (c), and (d), from which the 

definitions of fatigue life (number cycles to failure) are based on the 50%, 75% and 

95% of disturbance function, respectively. It can be seen that in the shear fatigue 

test for constant strain" range ±1%, the number of cycles to failure, Nfl at the 

room temperature of 300° J( are 1230, 3250, and 9890 with respect to 50%, 75% 

and 95% of disturbance function, respectively, while in Guo et al. (1992) show 

that the number of cycles to failure is of about 1350 to 1450 under uniaxial loading 

(tension-compression) condition. Figure 7.27 (a), (b), (c), and (d) show the load 
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drop parameters versus the number of cycles. Figure 7.28 (a), (b), (c), and (d) 

show the peak shear stress versus disturbance function at different temperatures. 

Figure 7.29 ( a), (b), (c), and (d) show the drop of hysteresis energy density/cycle 

with respect to the number of cycles. Figure 7.30 (a), (b), (c), and (d) show the 

accumulative hysteresis energy density versus the number of cycles. Tables 7.1 (a), 

(b), (c), and (d) list the summary of the results of simulations. The energy under 

a stress-strain loop is calculated numerically using Simpson's rule. 

Case 2 - Strain Range = ±2% 

In this case, the total strain range is increased as ±2% and the shear strain 

rate O.4%/hr is used as the same condition shown in the Case 1. Model simulations 

are carried out at four different temperatures, from which the fatigue life of a solder 

joint is found. The numbers of cycles to failure, NI, at the temperature 2000
]( 

with respect to the 50%, 75% and 95% of disturbance function are 1930, 4930, 

and over 10000, respectively, Figure 7.31(a). While at the te;mperature 4000
](, the 

numbers of cycles to failure, Nf, are decreased as 280, 710, and 2130, respectively, 

Figure 7.31 (d). At room temperature, the fatigue life of 37%Pb - 63%Sn eutectic 

solders under uniaxial tension-compression fatigue test (Guo et al., 1992), N" is 

about 430 to 450. The results of model simulation at the temperature 300 0
]( found 

that the number of cycles to failure, N I, is about 550, which corresponds to the 

failure criterion of 50% of disturbance function. Figure 7.31 (a), (b), (c), and (d) 

show the results of simulations of peak shear stresses versus the number of cycles 

at four different temperatures. The corresponding disturbance function, D, versus 

the number of cycles are shown in Figure 7.32 (a), (b), (c), and (d). The load drop 

parameters versus the number of cycles are calculated by using the results shown 

in Figure 7.31 (a), (b), (c), and (d), and are shown in Figure 7.33 (a), (b), (c), and 

(d). Figure 7.34 (a), (b), (c), and (d) show the peak shear stress versus disturbance 

function at different temperatures. Plots of the hysteresis energy density/cycle and 

accumulative hysteresis energy density versus the number of cycles are shown in 
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Load Drop 

Table 7.1 Summary of fatigue life of 60%Sn - 40%Pb solder 
joints at different temperatures (strain range= ±1%) 

Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, N, Function, D Stress, T mar Density, Density / cycle, nrc 

cf> (cycle) (MPa) ~WN, (10-2) (MPa mm/mm) 
50% 7320 0.553 27.258 4.07 21.141 
75% over 10,000 - - - -
95% over 10,000 - - - -

(a) 200° I( 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, N, Function, D Stress, Tmar Density, Density /cycle, We 

cf> ( cycle) (MPa) ~WN, (10-2) (MPa mm/mm) 

50% 1230 0.528 8.790 0.277 2.338 
75% 3250 0.764 4.399 0.139 4.319 
95% 9890 0.953 0.879 0.028 6.500 

(b) 300 0 I( 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, N, Function, D Stress, Tmar Density, Density/cycle, We 

cf> (cycle) (MPa) ~WN' (10-2) Uv/ Pa mm/mm) 
50% 790 0.526 5.803 0.199 1.075 
75% 2090 0.764 2.890 0.099 1.989 
95% 6360 0.953 0.581 0.020 2.994 

(c) 3500 J( 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, N, Function, D Stress, Tmar Density, Density /cycle, IV c 

cf> ( cycle) (MPa) ~WN' (10-2) (MPa mm/mm) 
50% 550 0.523 4.187 0.149 0.562 
75% 1470 0.763 2.078 0.075 1.048 
95% 4480 0.953 00415 0.015 1.578 

(d) 4000 I( 
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Figure 7.35 and 7.36. Tables 7.2 (a), (b), (c), and (d) summarize the results of 

simulations. 

Case 3 - Strain Range = ±4% 

In this case, the total strain range is increased as ±4%, and the shear strain 

rate O.4hr is used in the same way as the cases 1 and 2. The fatigue life of solders 

with respect to the model simulations are obtained at four different temperatures. 

Figure 7.37 (a), (b), (c), and (d) show the results of simulations of peak shear 

stresses versus the number of cycles at four different temperatures. The disturbance 

function D versus the number of cycles are shown in Figure 7.38 (a), (b), (c), and 

( d). The load drop parameters versus the number of cycles are shown in Figure 

7.39 (a), (b), (c), and (d). Figure 7.40 (a), (b), (c), and (d) show the peak shear 

stress versus disturbance function at different temperatures. Figure 7.41 (a), (b), 

(c), and (d) show the drop of hysteresis energy density/cycle versus the number of 

cycle. The growth of accumulative hysteresis energy density corresponding to the 

number of cycles are shown in Figure 7.42 (a), (b), (c), and (d). Tables 7.3 (a), 

(b), (c), and (d) summarize the results of simulations. 

Case 4 - Strain Range = ±8% 

In this case, the total strain range is increased as ±8% with the same shear 

strain rate, l' = O.4hr. Figure 7.43 (a), (b), (c), and (d) show the results of 

simulations of peak shear stresses versus the number of cycles at four different 

temperatures. The disturbance function D versus the number of cycles are shown 

in Figure 7.44 (a), (b), (c), and (d). The load drop parameters versus the number 

of cycles are shown in Figure 7.45 (a), (b), (c), and (d). Figure 7.46 (a), (b), 

( c), and (d) show the peak shear stress versus disturbance function at different 

temperatures. Figures 7.47 and 7.48 show the hysteresis energy density/cycle and 

accumulative hysteresis energy density with respect to the number of cycles at 
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Table 7.2 Summary of fatigue life of 60%Sn - 40%Pb solder 
joints at different temperatures (strain range= ±2%) 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, NJ Function, D Stress, T ma% Density/cycle, Density, We 

¢ (cycle) (MPa) ~WN' (10-2) (MPa mm/mm) 
50% 1930 0.547 27.575 1.5 20.414 
75% 4930 0.774 13.793 0.758 36.517 
95% over 10,000 - - - -

(a) 2000K 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accu~ulated Energy 
Parameter, NJ Function, D Stress, Tma% Density/cycle, Density, We 

¢ ( cycle) (MPa) ~WN' (10-2) (MPa mm/mm) 
50% 550 0.532 8.702 0.622 2.352 
75% 1440 0.767 4.348 0.311 4.311 
95% 4350 0.953 0.869 0.061 6.456 

(b) 300° I( 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, NJ Function, D Stress, T ma% Density/cycle, Density, We 

¢ ( cycle) (MPa) ~WN' (10-2) (MPa mm/mm) 
50% 380 0.537 5.667 0.421 1.103 
75% 980 0.769 2.836 0.212 1.996 
95% 2940 0.953 . 0.571 0.043 2.978 

(c) 350° J( 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, NJ Function, D Stress, Tma:t' Densi ty / cycle, Density, We 

¢ ( cycle) (MPa) ~WN' (10-2) (MPa mm/mm) 
50% 280 0.542 4.022 0.306 0.589 
75% 710 0.770 2.023 0.154 1.055 
95% 2130 0.954 0.405 0.029 1.571 

(d) 4000 I( 
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Table 7.3 Summary of fatigue life of 60%Sn - 40%Pb solder 
joints at different temperatures (strain range= ±4% ) 

Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 

NJ Function, D Stress, T max Density / cycle, Density, We 
(cycle) (MPa) AWN, (10-2) (MPa mm/mm) 

780 0.546 27.669 3.7 20.215 
2000 0.774 13.799 1.8 36.332 
5780 0.955 2.765 0.37 53.276 

Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
NJ Function, D Stress, Tmax Density / cycle, Density, We 

( cycle) (MPa) AWN, (10-2) (MPa mm/mm) 
270 0.542 8.523 1.296 2.406 
690 0.774 4.276 0.650 4.327 
2070 0.954 0.850 0.136 6.443 

(b) 3000 J( 

Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
NJ Function, D Stress, T max Density / cycle, Density, We 

( cycle) (MPa) AWN, (10-2) (MPa mm/mm) 
190 0.546 5.559 0.852 1.124 
490 0.777 2.727 0.413 2.025 
1440 0.955 0.548 0.081 2.975 

(c) 350°/( 

Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
NJ Function, D Stress, Tmox Density / cycle, Density, We 

( cycle) (MPa) AWN, (10-2) (MPa mm/mm) 
150 0.565 3.820 0.595 0.626 
360 0.779 1.939 0.298 1.071 
1060 0.956 0.384 0.066 1.571 
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Figure 7.43 Plots of peak shear stress versus number of cycles for 60%Sn-
40%Pb solder joints with shear strain range = ±8. % up to 
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model with triangle wave cycle) 
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Figure 7.46 Plots of peak shear stress versus disturbance function for 60%Sn 
40%Pb solder joints with shear strain range = ±8. % up to 
10,000 cycles at different temperatures (a) 200 0 J(, (b) 300 0 J(, 

(c) 3500 J(, (d) 4000 J(. (simulations are performed by DSC
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Figure 7.46 (continued) 
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by DSC-model with triangle wave cycle) 
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four different temperatures. The fatigue life of solders with respect to the model 

simulations are listed in Tables 7.4 (a), (b), (c), and (d). 

7.4.3 Fatigue Life Prediction 

(1) Strain Criterion 

When model simulations with a variety of constant strain amplitudes are 

determined, the results of simulations can be used as the basis for fatigue life 

calculations. Here, the results of above simulations with four different strain ranges 

(±1 %, ±2%, ±4% and ±8%) are considered, and sets of log-log plots of the strain 

amplitudes versus fatigue life (the number of cycles to failure) illustrate the results 

of fatigue life predictions. In such plots, the relationship of the fatigue life versus 

the strain amplitude is obtained with respect to the criteria based on 50%, 75% 

and 95% of disturbance function, respectively. Figure 7.49 (a), (b), (c) and (d) 

show the predicted fatigue life behavior of 40%Pb - 60%Sn solders by using the 

50% of disturbance function as the failure criterion at four different temperatures. 

Figure 7.50 (a), (b), (c) and (d) show the results of fatigue life predictions of 

40%Pb - 60%Sn solders for 75% of disturbance function, and Figure 7.51 (a), 

(b), (c) and (d) show the predicted fatigue life predictions for 95% of disturbance 

function at different temperatures. 

From Figures 7.49, 7.50 and 7.51, the relationship between strain and fatigue 

life can be expressed as: 

(7.1) 

For 50% of disturbance function, it gives 

(7.2) 

A(O) = 8 72(~)l.094 
. 300 ' 

B(O) = -0.957( 3~0)O.652 



Table 7.4 Summary of fatigue life of 60%Sn - 40%Pb solder 
joints at different temperatures (strain range= ±8%) 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, NJ Function, D Stress, T mar Density / cycle, Density, We 

¢> (cycle) (MFa) ~WN~ (10-2) (MFa mm/mm) 
50% 370 0.554 27.161 8.0 20.649 
75% 920 0.776 13.717 4.02 36.331 
95% 2650 0.955 2.740 0.789 53.168 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, NJ Function, D Stress, Tmar Density / cycle, DEmsity, We 

¢> ( cycle) (MFa) ~WN, (10-2) (MFa mm/mm) 
50% 140 0.558 8.256 2.59 2.493 
75% 360 0.786 3.986 1.26 4.457 
95% 1030 0.957 0.809 0.23 6.441 

(b) 300 0 J( 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, NJ Function, D Stress, T mar Density/cycle, Density, We 

¢> (cycle) (MFa) ~WN, (10-2) (MFa mm/mm) 
50% 100 0.562 5.368 1.706 1.165 
75% 250 0.786 2.627 0.824 2.048 
95% 720 0.960 0.527 0.192 2.974 

Load Drop Fatigue Life Disturbance Peak Shear Hysteresis Energy Accumulated Energy 
Parameter, NJ Function, D Stress, Tmar Density/cycle, Density, We 

¢> ( cycle) (MFa) ~WN, (10-2) (MFa mm/mm) 
50% 80 0.582 3.668 1.14 0.649 
75% 190 0.794 1.812 0.556 1.096 
95% 540 0.960 0.359 0.094 1.566 
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Figure 7.49 Plots of shear strain range versus fatigue life for 60%Sn - 40%Pb 
solder joints based on D=50% criterion at different temperatures 
( a) 2000 K, (b) 3000 K , (c) 3500 K, (d) 4000 K . 
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Figure 7.50 Plots of shear strain range versus fatigue life for 60%Sn - 40%Pb 
solder joints based on D=75% criterion at different temperatures 
( a) 2000 K, (b) 3000 K , (c) 3500 K, (d) 4000 K. 
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Figure 7.51 Plots of shear strain range versus fatigue life for 60%Sn - 40%Pb 
solder joints based on D· 95% criterion at different temperatures 
( a) 2000 K, (b) 3000 K, ( c) 3500 K, ( d) 4000 K. 
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For 75% of disturbance function, it gives 

- B(8) 
~1'(0) = A(O)(Nf )75% 

A(fJ) = 19 69(~)-0.418 
. 300 ' 

For 95% of disturbance function, it gives 

A(O) = 45 81(~)-3.029 
. 300 ' 

13(0) = -0.924( ~ )0.31 
300 

13( 0) = -0.919( 3~0 )-0.089 

(2) Disturbance Function/ Load Drop Parameter 

299 

(7.3) 

(7.4) 

Procedures discussed in the preceding section were used to evaluate the fa

tigue life of solder joints in which the strain amplitude is kept constant during the 

cycling. One of most important features in the design of a· component on service 

conditions is variable strain amplitudes. The extrapolation of strain-life prediction 

is compounded by such service load spectra. Here, the DSC constitutive model al

lows for multidimensional stresses and strains experienced by the material during 

service conditions. The concept of disturbance accumulation provides a simpler 

approach to modeling the fatigue behavior under constant or variable amplitude 

load conditions. It can be seen from Tables 7.1 through 7.4 that the disturbance 

function D is proportional to load drop parameter <p because the cumulative distur

bance function adopted here represents the loss effective area as the sequence effect 

of load drop of the material. In this research, the fatigue life of 60%Sn - 40%Pb 

solder joints is evaluated- based on the 50%, 75%, and 95% of disturbance function. 

(i) Comparison with Test Data (Solomon, 1989) 

In those simulations shown in Section 7.4.2, two of simulated results of 

fatigue lives (Figures 7.33( d) and 7.45 (b)) are used to show typical comparison 
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of prediction and experimental data (Figure 6.17 (d) and (e), (Solomon, 1989)). 

Figure 7.52 (a) shows the comparison of simulated results with the total strain range 

= 8% at the temperature 3000
]( and test data with the plastic strain range = 8.2% 

at the temperature 3080 K, Figure 6.17 (d). Figure 7.52 (b) shows the comparison 

of simulated results with the total strain range = 2% at the temperature 4000 K 

and test data with the plastic strain range = 2.2% at the temperature 3980 K, 

Figure 6.17 (e). Although the loading condition and temperature for simulations 

are not identical to test conditions, simulations are satisfactory and show realistic 

trends. 

(3) Stress Criterion 

It have been reported by Guo et al. (1992) that simple 50% of load drop 

criterion used for solder tests as a failure criterion may be inappropriate because 

the relationship between this failure definition and fatigue damage is not clear. A 

failure definition have been suggested by the acceleration of the decrease in the 

stress range with cycling (Guo et al, 1992). Figures 7.25, 7.31, 7.37, and 7.43 show 

that the decrease in peak shear stress accelerates when the load drop parameter is 

about 60%, indicating the onset of mechanical instability. However, the values of 

peak shear stresses at failure corresponding to three different load drop criteria with 

respect to different strain amplitudes can be useful in design (Tables 7.1 through 

7.4). Plots of peak shear stresses at failure versus temperature with different load 

drop criteria and strain ranges are shown in Figure 7.53 (a), (b), (c), and (d). The 

peak shear stresses at failure represent the residual strength of solder joints, that is 

independent of the strain range, and can be used to develop a unique quantification 

measure of fatigue failure. For example, for temperature 2000 K, the peak shear 

stresses at failure for different strain ranges are 27, 13.7, and 2.7 lvIPa based 

on 50%, 75%, and 95% of disturbance function, respectively. For temperature 

4000 K, the peak shear stresses at failure for different strain ranges are decreased 

as 4.19, 2.08, and 0.42lvIPa based on 50%, 75%, and 95% of disturbance function, 

respectively. 



... 
Ci) -Ci) 

E 
ns ... 
ns 
c. 

c. 
o ... 
'C 

.1 

.01 

'C .001 
ns 
~ 

strain range=8% 
temperature=300 K 

.0001~~~~~~--~~~~~--~~~~ 

... 
Ci) -Ci) 

E .1 
ns ... 
ns 

10 100 1000 10000 

number of cycles, N 

(a) 

• DSC Model Prediction 

-0- Solomon (308 K) 

301 

c. 

g- .01 

• DSC Model Prediction 
-0- Solomon (398 K) 

... 
'C strain range=2% 

temperature=400 K 
'C 
ns 
~ .001 

.0001~~~~~~~~~--"~~--"~~ 

1 0 100 1000 10000 100000 

number of cycles, N 

(b) 

Figure 7.52 Comparison of the predicted and "Solomon's results for fatigue 
life of 60%Sn - 40%Pb solder joints, (a) 3000

]{, (b) 4000 K. 
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Figure 7.53 Plots of peak shear stress at failure versus temperature with 
different load drop criteria, (a) strain range= ±1%, (b) strain 
range= ±2%, (c) strain range= ±4%, (d) strain range= ±8%. 
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Many fatigue life relations such as Coffin-Manson relation obtained from 

high strain ranges can not be used to predict the fatigue life at low strain ranges 

(Solomon, 1989; Kilinski et al., 1991; Guo et al., 1992). A fatigue life relation for 

eutectic solder, that is independent of the strain range, can be obtained from the 

normalized plots of the stress magnitude versus number of cycles (Zubelewicz et 

al.,1990; Guo et al., 1992). 

Based on the previous numerical simulations .(section 7.4.2), plots of the 

normalized shear stress (Tp/Tmax) versus normalized number of cycles (N/Nf ) at 

total strain range from ±1% to ±8% at four different temperatures, using the 50%, 

75%, and 95% of disturbance criteria, are shown in Figure 7.54 (a), (b), and (c), 

respectively. Here, Tp is the peak shear stresses and T mo.x is the maximum peak 

shear stress for the 10th cycle. N f is the cycles at failure for a given test and 

failure criterion. It can be seen that the variation of the normalized shear stress 

versus normalized number of cycles shows almost identical results for all strain 

ranges and temperatures. These results are similar to some experimental results in 

terms of stress ratio (D..a / D..a max) versus normalized number of cycles (N / N f) for 

63%Sn - 37%Pb solder under uniaxial loading condition reported by Zubelewicz 

et al., (1990) and Guo et al., (1992). Such results can provide a basis for design 

and implementation in solution (computer) procedures. 

(4) Energy Criterion 

Occurrence of fatigue damage requires that a constitutive model should pro

vide the generally observed nonlinear cumulative damage effects on the stress-strain 

response. It is, therefore, of interest to explore the relationship between fatigue 

and the critical hysteresis energy. As discussed in Section 7.4.2, the accumulations 

of hysteresis energy density of 60%Sn - 40%Pb solder joints are computed, and a 

definition of fatigue failure based on the hysteresis energy density can be obtained 

with respect to three disturbance or load drop criteria. It considers that the fatigue 

failure occurs when the accumulated hysteresis (dissipated) energy reaches a crit

ical value We. Using this definition, the critical values of accumulated hysteresis 
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energy density We based on 50%, 75% and 95% of disturbance function at four 

different temperatures with respect to different strain amplitudes are computed 

and shown in Tables 7.1 through 7.4. Plots of the accumulated hysteresis energy 

density at failure versus temperature with different disturbances and strain ranges 

are shown in Figure 7.55 (a), (b), (c), and (d). It can be seen that the critical 

hysteresis energy density decreases with increasing temperature, however, as noted 

in previous discussions, the critical values of hysteresis energy density do not appear 

to change significantly with the strain amplitudes. 

One approach used to characterize fatigue behavior of solder joints is to 

explore the relationship between hysteresis energy and fatigue life in terms of the 

disturbance function. Plots of the hysteresis energy density versus disturbance 

function with different strain ranges at different temperatures are shown in Figure 

7.56. It can be seen that the hysteresis energy density is proportional to the 

disturbance function in the log-log plot, which appears to be independent of the 

strain range. It can also be seen that for the fatigue failure based on the disturbance 

function as a measure of fatigue damage, fatigue failure requires less hysteresis 

energy at higher temperatures. It implies that the disturbance function can be 

physically associated with hysteresis energy leading to material disturbance (fatigue 

damage). This implies that both the disturbance function and hysteresis energy 

density can be used as the measure of fatigue damage, however, for multiaxial 

fatigue life prediction, the disturbance function is considered to be a more effective 

approach. 

The fatigue data obtained from the above simulations also show that the 

peak shear stress decreases with temperature during fatigue 'Cycles. This is indi

cated in Figure 7.57 (a), (b), (c), and (d) where the peak shear stress decreases 

with temperature at different number of cycles for different strain ranges. 
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±8%. 
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CHAPTER 8 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

8.1 Summary and Conclusions 

In this dissertation, a unified constitutive modeling approach has been in

troduced to examine various behavioral aspects of solder joints with respect to 

fatigue life. Based on the disturbed state concept (DSC), the observed response 

of solder joints can be expressed in terms of its responses at the intact and fully 

adjusted (critical) phases. As the (initial) intact phase transforms continuously 

to the fully adjusted state (FAS), the material experiences state transformations 

due to microstructural adjustments. The disturbance function correlated to fatigue 

damage has been suggested. This research led to the following conclusions: 

(1) A unified constitutive model with various degrees of hierarchical sophisti

cation has been developed. It can, in principle, be applied to characterize 

various materials used in modern electronic packaging. Also, it can be ap

plied to other engineering materials. 

(2) The intact response of solder joints can be defined as the response of the 

initially intact material that deforms as an intact material in which the cyclic 

softening (fatigue damage) due to microcracking is excluded. It involves no 

microcracking, damage and softening. 

(3) Two hierarchical versions of model for the intact response are develope

d to characterize thermoplastic and thermoviscoplastic responses of solder 

joints. From the simulation results shown, it is concluded that although 

these two models allow for thermal and creep response, they do not allow 

for microstructural change leading to cracking, damage and softening. 

(4) When the above two models are coupled with the DSC, the resulting model 

allows for micro cracking, damage and softening. 
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(5) In the present investigation, the prediction capability of the constitutive 

models is verified based on material constants that are obtained from cur

rently available test data, which is rather limited. To model the time

dependent thermal fatigue behavior, material constants of solder joints are 

related to time-independent plasticity, time-dependent viscoplasticity, and 

micro cracking and damage, expressed as a function of temperature. 

(6) Numerical simulations presented herein can provide a direction for more 

detailed investigations on fatigue behaviors of solder joints. 

(7) Cyclic behavior and fatigue life prediction of solder joints based on the DSC 

modeling approach show the consistent trends that are observed in available 

test data. 

8.2 Recommendations 

As has been discussed in this dissertation, different versions of DSC models 

have been described in details and are verified with respect to available uniaxial 

and shear tests and simulated loadings. Despite the fact that simulations on cyclic 

fatigue behaviors of solder joints show consistent trends with laboratory observa

tions, further research on the verifications of constitutive models is needed with 

generalized loading conditions. Some recommendations regarding future research 

related to the current work can be summarized as follows: 

(1) Since the constitutive models need to be developed for multiaxial loading 

conditions, the impetus to develop test methods and apparatus for multiax

ial fatigue studies are greatly in need. 

(2) To complete determinations of material constants, a series of experimental 

tests for thermoplastic, thermoviscoplastic and damage properties of solder 

joints need to be carried out under mechanical, thermal, and thermome

chanicalloading conditions on same materials. 

(3) To obtain the temperature dependence of material constants, experimental 

tests must be conducted with wide ranges of temperature. 
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(4) The disturbed state concept (DSC) is supported by the physical idea that 

disturbance is preceded by a progressive internal changes (deterioration) in 

the material is microstructure, which induces a fully adjusted state (FAS). 

Further experimental investigations to define the FAS are needed. 

(5) From the cyclic stress-strain response, fatigue life evaluation based on dif

ferent criteria such as disturbance function, load drop parameter, hysteresis 

energy can be used. However, the disturbance criterion is recommended as 

it can allow for multidimensional effects and is intrinsic to the model. 

(6) At this time, analyses are performed at constant temperatures. It is desir

able to modify the model so as to include varying thermal conditions. 

(7) Implementation of the unified constitutive modeling approach in nonlinear 

computer procedures, numerically efficient, user-friendly, is recommended 

so as to lead to its further verification and for solution of practical problems 

and applications in design and manufacturing. 



APPENDIX A 

THE DERIVATION OF INCREMENTAL CONSTITUTIVE 

EQUATIONS FOR DISTURBED STATE CONCEPT 

(1) Incremental Constitutive Equation 
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The following details are adopted from Desai (1992). The derivatives below 

are applicable for constant temperature, as specialization of Eqn. (3.16) and (3.17). 

(a) Incremental Stress Equation 

In Eqn. (3.16), the stress in the intact phase, O'ij , and in the critical phase, 

O'ij' are not known. Hence, an approximation is made to relate the two through 

their deviatoric components as 

Sf?· = k(D)SL I) I) 

where k(D) = scalar function of D. Hence, 

which leads to 

and 

Now 

lSi Si 1 se se 2 ij ij = 2k(D)2 ij ij 

e se 1 e 1: 
0''' = ,,+ -O'''u~)' 

I) I) 3 II • 

(A.l) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 



Substitution of Eqn. (AA) in Eqn. (A.5) gives 

c mJf Si 1 cc 
Uij = . fTZ ij + 3J1 Uij 

yJ2D 
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(A.6) 

where m = YJJD is the slope of the critical state line, Figure 3.3. The increment, 
1 

duij' is derived as 

Substitution of uij and duij in Eqn. (3.15) leads to 

(A.8) 

(b) Incremental Strain Equation 

Assuming that the major component of disturbance takes place in the skele

ton of solid particles, that is, the voids and fluid or air in the voids contribute 

negligible disturbance, the disturbance function D can be expressed as 

(A.9) 

where V:c and VB are the volume of solid in the critical phase and the total volume 

of solids, respectively. It may be noted that D = V C IV and D are related; the sub

sequent iterative procedure leads to convergence to stress-strain states consistent 

with values of D and D. 
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Based on the definition of the void ratio, e, the ratio of volume of voids, Vv , 

to that of solids, Va, the average void ratio is given by 

(A.lO) 

where e i and eC are the void ratios of the intact and critical phases, respectively. 

Now, 

Hence, 

and differentiation gives 

or 

because 
de 

d€v=--
1 + eo 

(A.11) 

(A.12) 

(A.13) 

(A.14) 

(A.15) 

where eo is the initial void ratio. Now the average incremental strain tensor, d€fj, 

IS gIven 

(A.16) 

where Eij is the deviatoric strain tensor. Substitution for d€v from Eqn. (A.14) 

and using Eqn. (A.15) for d€~ and d€v gives 

(A.17) 

Now, use of the following equations 
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(A.18) 

and 

de = -)..(dJD/Jf (A.19) 

leads to 

d€~· = dEl!-· + ~81·}·X 
I} I} 3 

(A.20) 

(2) The Iterative Procedure for DSC Model 

In the incremental iterative procedure, let (daij r be the applied stress in

crement at rth increment, where r=l, 2, 3 .... Nj N being the total number of incre

ments. Let the (know) quantities at the end of the (r -l)th increment be denoted 

as (af)o, (Sij)o, and so on. During each increment r, with (daij r, iterations are 

performed. Let the iterative step be denoted by p (=1, 2, 3 .... M). The iterative 

procedure can be summarized as follows (Desai, 1992): 

(a) Iterative Step p=l 

(A.21) 

Assume Dr = Do, that is, (dD)r = 0 and 

(A.22) 

(A.23) 

Substitute (daij)r, (D)}, (Sij)r, (dJDr= (dJn}' (dS!j)L (dJ~D)I, and 

(dD)} = 0 in Eqn. (3.16) and solve for (daij)r. 



321 

(A.24) 

and find (dEij)r from Eqn. (3.17) by assuming (dEij)r = (dElj)) and by 

substituting (dEv)r, (dD)r = 0, (D)r = Do, eo, (Jnr = (JI)) and (dJnr = (dJnr. 

Now find values of plastic strain increments from 

Now find 

(ds(}.)r = (J~D)1/2 (ds!.)r 
I) 1 J: I} 1 

2D 0 

(Sij)r = (Sij)o + (dSij)r 

(J~D)i" = ~(Sij)l(Sij)r 
(dJDi" = iii(dJ J~D)r 

(JDr = (Jt)o + (dJDi" 

Find revised value of D from either of the following: 

the latter being D in Eqn. (3.9), or 

(Dr = (.jJG)r-(VJr;)r 
1 ( J J~D)r - ( J J2D )r 

alternative : 

and 

(A.25) 

(A.26.1) 

(A.26.2) 

(A.26.3) 

(A.26.4) 

(A.26.5) 

(A.27.1) 

(A.27.2) 

(A.27.3) 
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Revise (Cjjk1)r using (D)r and required stress quantities. 

(b) Iterative Step p 

(A.28) 

(A.29) 

(dD)r [me Jn~-I (si)r 1 (JC)C 6 (i )r] + p-I ( v' J4DY ij + 3" I p-I ij - O'ij 
(A. 3D) 

and Eqn. (3.17) 

- r 1 (-.-\) (dJf)r 
+(D)P-I3"6i j 1 + eo Jf p-I 

(A.31) 

revise (D); and find 

(A.32) 

if II(D); - (D);_III ~ €, where € is a small number, stop. Otherwise, go to 

the next step, p + 1. 



APPENDIX B 

THE DERIVATION OF INCREMENTAL CONSTITUTIVE 

EQUATION FOR THERMOPLASTIC MODEL 

(1) Constitutive Equation 

A generalized flow rule proposed by Prager (1958) is given 
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(4.6) 

where the yield function is chosen as a function of the state variables, Uij, eff, G 

and (), Eqn. (4.1). 

The motivation of the inclusion of a, eff in the state variables is given by 

Prager (1958). Two well-known measures of work-hardening may be taken either 

by the dissipation of mechanical energy or the trajectory of thermoplastic strain, 

for instances 

G = a(j uijdeff) (B.1) 

is often used from the dissipation of mechanical energy. 

According to the expression of yield function, the consistency condition is 

then expressed by 

of of of pB of pB 
dF = ~dUij + !=I() d() + 7:luijdeii + -podeii = 0 (B.2) 

VU
'
] v va oe .. 

I] 

Substituting Eqn. (4.6) into Eqn. (B.2) leads to 

[
oF of 1 [ of of 1 dF = -du" + -d() 1 + A .. (-u .. + -) = 0 !=I ., IJ!=I() I]!l IJ !l pB vU'] v va ve .. 

IJ 

(B.3) 



and 

where 

1 of 
Aij = --

D Oaij 

of of of 
D = -(-9 + -aij)--

O€1! . 00: oa iJ' 
lJ 
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(BA) 

(B.5) 

The normality of plastic strain increment vector at regular regimes of the 

yield surface requires that 

d€1!~ = A of 
lJ oajj 

From Eqn. (BA) and Eqn. (B.5), the expression of A is written by 

thermoelasticity gives 

_ [8F dB + 8F da .. J 
89 8Uij lJ 

A = (8F flE..a )..E.E.. 
8fPO + 80t kl 8 U k' 

Ie, 

Substituting Eqn. (B.6) and Eqn. (B.7) into Eqn. (B.8) gives 

[ 

( -P.E..da .. + 8F dB) 8F ] 
da" = G~~ d€ + 8Uij lJ 89 8Uk' _ O:TOkldB 

lJ lJkl kl (8F 8F) 8F 
80t atu + 8 pO BUt f tu u 

By rearranging above expression, it gives 

[ 

G~~ ~Ge9 8F 1 
d ., - G e9 lJmn 8umn pqkl8upq d 

a 1J - ijkl - Ge9 8F 8F _ H €kl 
. tUTS 8utu 8ur • 

[ 

-P.E.. (8F _ 0: O' ·Ge9 ..2.E....) ] 
G

e9 8Uk' 89 T lJ ijkl8uIe' 0 dB 
- ijkl Ge9 8F 8F _ H + O:T kl 

tUTS 8ulu 8u r • 

(B.6) 

(B.7) 

(B.8) 

(B.9) 

(B.lO) 



where 

H = (aF Ut + aF) aF 
aa u aef! au tu 

Eqn. (B.IO) can be written in a simple way as follows: 

dUi]O = C~!'k(Jldekl - E1!~ dB 
I] I] 

where equation (B.12) is same as Eqn. (4.17) shown in Chapter 4. 

(2) Inverse of Constitutive Equation 

In thermoelasticity, Hooke's law is expressed by 

and its inverse form can be written by 
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(B.ll) 

(B.12) 

(B.13) 

(B.14) 

where Cijkl denotes the elastic constitutive matrix and Dijkl is the elastic compli

ance matrix. 

Substituting Eqn. (B.6) and Eqn. (B.7) into Eqn. (B.14) leads to 

(B.15) 

De(J d - d ° 0 + 0 If,;; -Ik d + [ ¥o -Ik - aTbIO]o] dB 
ijkl Ukl - el

] (8F 8F) 8F Ukl (8F 8F) 8F 
80t Utu + 8Ef~ 8ucu 80t Utu + 8Ef~ 8ucu 

(B.16) 
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8F 8F 1 7iD7JUij d() 
8F 8F 8F (an O"tu + 8€f~) 8Utu 

(B.17) 

A simple expression of Eqn. (B.17) would be written as follows: 

(B.18) 



APPENDIX C 

THE DETAILED EVALUATION OF INCREMENTAL 

CONSTITUTIVE EQUATIONS FOR THERMOPLASTIC MODEL 
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In this section the detailed matrix form of Eqn. (4.17) is briefly illustrated 

here. The incremental constitutive equation shown in Eqn. (4.17), for hierarchical 

single surface thermoplastic base model, Do, is expressed by 

where 
n~~C!!~ 8F ceO CepO _ ceO zJmn 8upq pqkl 

ijkl - ijkl - 8F CO (1) H 
But,,, tursnrs - 1 

The matrix form of C:j~ is expressed as follows: 

[C]:~06 = [C]:~6 - H ~1 [C]~~6 [n]6Xl [DF DS]1X6 [C]:~6 

= [C]:~6 - H ~1 [AB]6x6 

c 11 C12 C13 C14 C15 C16 

C21 C22 C23 C24 C25 C26 
C31 C32 C33 C34 C35 C36 - C41 C42 C43 C44 C45 C46 
C51 C52 C53 C54 C55 C56 
C61 C62 C63 C64 C65 C66 

( 4.17) 

( 4.18) 

( 4.19) 

(C.1) 

where hardening modulus H HI is a scalar value, [AB] is a product matrix of A and 

B, the matrix ceO is expressed by temperature dependence of elastic constant E( 8) 
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and Poisson's ratio v(B). For these eutectic solders, the temperature dependent 

expreSSIOns are 

B 
G (B) = GO (_)0.24 

T T 300 

where EO, V O and GT are constants at a reference temperature 300 0 K. 

where 

The expressions of H HI, A and B are given by 

[
4G (1) 2G( (1) (1) (1) (1) (1»)] 

= DF DSll a nll - a n22 + n33 ) + K(nll + n22 + n33 

[
4G (1) 2G (1) (1) ,. (1) (1) (1»)] 

+DFDS22 a n22 - a(nll +n33 )+R.(nll +n22 +n33 

[
4G (1) 2G( (1) (1») (1) (1) (1»)] +DF DS33 a n33 - a nll + n22 + K(nu + n22 + n33 

+2G(DFDSI2n~;) + DFDS13n~;) + DFDS23n~;») - HI 

B= 

A= 

K1DFDSu + K2(DFDS22 + DFDS33 ) 
K 1DFDS22 + J(2(DFDSll + DFDS33 ) 
J(IDFDS33 + K2(DFDS22 + DFDS22 ) 

2G DFDS12 
2G DFDS13 
2G DFDS23 

(C.2) 

(C.3) 

(CA) 



The matrix expression of [EJpll is : 

[ JPll DFC [(2)] [Jell DFC 
E = H HI n 1 x6 C 6X6 + aT = H HI A + aT = 

where 
8F 8F 

DFC = -0·· - aT--C· ·klOkl 8() IJ 8aij IJ 

Ell + aT 

E22 + aT 

E33 + aT 

E12 
E13 
E23 
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(C.5) 

Furthermore, the following expressions give the detailed derivatives of yield 

function F: 

where 

(C.6.1) 

aF = ~ _ 9vi3 a laD (1 _ a.j27 J3D )m-1 F1 
8], D p2 4 mp J2.5 p 2 J1.5 b 

2 a 2D 2D 
(C.6.2) 

8F = 3V3 mf3 (1 _ f33vi3 laD )m-1 Fb 
aJ3D 2 J1.5 2 J1.5 2D 2D 

(C.6.3) 

The following expressions used in the constitutive equation are: 

aF 8F 8F aF (2 2 2 2 ) (C ) 
DFDSll = aall = aJ1 + aJ2D Sll + 8J3D Sl1 + S12 + S13 - ShD .7.1 
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The expression of ~~ is given by 

BF BF BFb BF BFs BF BOt BF fJ(3 fJF fJ, 
fJ() = fJFb fJ() + BFs B() = BOt B() + fJ(3 {)() + {), {)() (C.8) 
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APPENDIX D 

SOME DERIVATIONS IN THERMOVISCOPLASTIC MODEL 

These expressions of derivatives of yield function used in the thermovis

coplastic model, Eqn. (5.7) are presented as below: 

where 

and 

[G] = [{)i VPB ] = (8ifJ {)F)8F ,/.,8
2
F 

1 n 8u n 8F {)u 8u + 'f' 8u2 

[G] = [{)€vP(J] = (r(B) 81j; 8F) {)F (.1. 8r( B) ) of 
2 n 8B n 8F {)B 8u + 'f' 8B 8u 

¢ = r(B)1j;, 

{)ifJ = 7(B) N (~)N-l 
{)F Fo Fo 

The expression of ~:; is given by 

8F 82hD 8 ( 8F )8J3D 8F 82hD 
+ 8hD 8u2 + GU oJ3D -a;- + OhD 8u2 

Equation (D.5) is computed by the following expressions 

8
2
Jl [NULL 1 

8u2 = MATRIX 6x6 

2 1 1 0 0 0 3
1 

-23 -I 
0 0 0 

82J2D 
-I 3

1 -;3 
0 0 0 -3 -3 3 -

ou2 0 0 0 2 0 0 
0 0 0 0 2 0 
0 0 0 0 0 2 

(D.l) 

(D.2) 

(D.3) 

(DA) 

(D.5) 

(D.6) 

(D.7) 
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~Sl1 ~S33 '1S22 '1S12 '1S13 -.1S23 
~ ~ ~ ~S12 

3
4 2

3 
-S33 -S22 -S11 --SI3 -S23 

82hD ~ ~ ~ 3
4 2

3 ~ -S22 -S11 -S33 -3S12 3S13 3 S23 (D.S) - ~ ~ 3
4 8(]'2 1S12 -S12 --SI2 -2S33 2S23 2S13 3

4 2
3 

2S23 -2S22 2S12 -S13 --SI3 -S13 3
4 2

3 ~ 2S13 2S12 -2S11 -3S23 3S23 3 S23 

The expressions of second order derivatives are given by 

(D.12) 

~( 8F ) = G30ij _ [1.5. G22· hD(1.5· G33· hD - 2.5)] Sij 
8(]' 8hD hD 

(D.13) 

8 8F 
8(]' (8J

3
D) = - G20ij - 1.5· G22(1 - G33 . J3D)Sij 

2 
-G22· G33· J2D(SikS jk - 2hDOij) (D.14) 



where 

G2 = F,* [v'27( mf3 )Fm- 1] 
b 2 J1.5 S , 

2D 
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(D.15.1) 

'(;1** = [_ 2')' n(n -1)a(~)n-2l ( ) 
.L'b p2 + p2 P D.15.2 

a a a 

Fm - 1 = (1 _ f3 0.7 J3D) m-l 
S 2 JI.5 

2D 

G3 = F,* [9V3(mf3J3D)Fm-l] 
b 4 J2.5 S 

2D 

G33 = [v'27 (m - 1)f3] ~ 
2 JiE Fs 

(D.15.3) 

(D.15.4) 

(D.15.5) 
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