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ABSTRACT 

The approach to the classical limit of wave mechanics is investigated where, 

in the classical limit, the dynamical system is nonintegrable and the motion in 

phase space is chaotic. The problem is cast in the setting of wave propagation 

in random media, and the fundamental starting point is an idealized stochastic 

parabolic wave equation (SPE) in two space dimensions with plane wave initial 

data. The potential is taken to have mean zero, strength € ~ 1 fluctuations which 

are homogeneous, isotropic, and have a single scale. 

The formal classical limit of the SPE, the parabolic ray equations are inher

ently non-integrable for any given realization of the potential. For the relative 

motion of two particles, an advection-diffusion Fokker-Planck equation is derived 

and shown for small initial separations to exhibit chaotic behavior, characterized 

by the existence of a positive Lyapunov exponent. It is shown that this physically 

relates to the exponential proliferation of caustics, or tendrils in phase space. 

A generalized wave kinetic equation (GWKE) is derived for the evolution in a 

relative phase space of a mean, two-particle Wigner function which corresponds 

classically to the advection-diffusion Fokker-Planck equation. The GWKE is ana

lytically examined semi-classically by a novel boundary layer method (called the 

"extended quantum notch method") which enable the derivation of several impor

tant results: First, the "log time" (range) is obtained where semi-classical theory 

breaks down due to the saturation of caustics, then it is shown that this range is 

where the normalized intensity fluctuations (scintillation index) approaches unity. 

Finally, a wave (quantum) manifestation of classical chaos is seen to be the ex

ponential decay of the scintillation index beyond its peak while on approach to 

saturation. 
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Chapter 1 Introduction 

This dissertation is concerned with the approach to the classical limit of a 

nonseparable wave equation in the context of waves in random media. The non

separability is introduced through a weak stochastic potential. This leads the 

corresponding dynamical system equations to be non-integrable and their trajec

tories in phase space are then expected to exhibit chaotic motion. Thus, in a very 

basic sense, this dissertation is a problem of quantum chaology (Berry [3]). 

The motivation for this work came from considering long range ocean acoustic 

propagation in the presence of mesoscale structure. One starts with the three

dimensional parabolic wave equation [12, 32] in Cartesian coordinates and assumes 

adiabatic invariance is valid [14, 19]. Then a two-dimensional horizontal parabolic 

wave equation for each acoustic mode in depth can be derived [41]. The fundamen

tal equation governing the propagation of the wavefield 'l/; in two space dimensions 

is then 

- rtop(-i8 :y,y,x)'l/;. (1.1) 

The stochastic potential, w(x, y), representing the mesoscale structure is idealized 

to be spatially stationary, isotropic, and have a single scale length L. The param

eter E denotes the r.m.s. fluctuations in the index of refraction, and the function 

u(x, y) is taken to be a mean-zero, unit variance random field, characterized by its 

power spectrum, which is denoted by S(k,.e). For numerical work and analytical 

estimates the power spectrum will be assumed to be a bivariate Gaussian: 

(1.2) 

The independent spatial coordinates, x and y, denote the range and crossrange, and 
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are taken to be nondimensional via the length scale L (i.e. x ~ x/L, y ~ y/L), 

and 8 = (koL)-l represents the dimensionless inverse reference wavenumber. The 

domain is the infinite half-space, x ;::: 0, and closure is given by specifying the 

Cauchy initial data for a plane wave: 

1fJ(y,O) = 1 . (1.3) 

The formal classical limit of Eq. (1.1) corresponds to the parabolic ray equa

tions, which in canonical form are 

dy 

dx 

dp 
dx 

81-£ 
-=p, 
8p 

81-£ 8u(x,y) 
--=-€ , 

8y 8y 

y(O) = Yo , p(O) = 0 . 

(1.4) 

(1.5) 

This is a nonautonomous Hamiltonian system with one degree of freedom. The 

range x is the time-like variable. The classical Hamiltonian is 

1i(p,y,x) = ~p2 + w(x,y). (1.6) 

The quantum mechanical interpretation of this problem is to consider the ap

proach to the classical limit of the time evolution of the wave function for a particle 

of unit mass whose initial state has definite momentum and indefinite position. The 

particle is influenced by a weakly time-dependent potential, whose background is 

homogeneous. For the rest of this dissertation, the context of the work will be 

embedded in the field of waves in random media. 

Concerning deterministic chaos in the field of waves in random media, very little 

has been published on connecting the methods used for the study of finite frequency 

"wave" chaos for waves propagating in random media (see Pidwerbetski [25] for 
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one of the few exceptions). For completeness, in this introductory chapter a brief 

review of some relevant background material will be described. This is followed 

by a qualitative discussion of the body of this dissertation, which will summarize 

the most significant contributions. First, however, some heuristic arguments will 

be mentioned to give insight as to the appropriate scaling for this problem. 

1.1 Scaling 

The fundamental physics for this problem is multiple scatter. The scattering 

medium can be considered as a linear superposition of discrete scattering blobs 

[16] of typical size L and scattering strength E. If one considers emitting rays into 

the scattering medium, the change in momentum b.p after the interaction with 

a single blob will be order E. Upon the interaction with many blobs, the process 

becomes one of diffusion, so that the mean square momentum grows according to 

(1.7) 

where N '" x represents the number of single scattering events that a single ray 

has undergone. Thus it is expected that 

(1.8) 

and 

( r: )2 r>L 
((y - Yo?) = ( 10 pdx' ) '" x 10 (p2(x'))dx' . (1.9) 

This finally yields the "3/2" law of Chernov for the crossrange variation of a single 

ray [8]: 

(1.10) 

In the second to last step above, the assumption is made that the momentum varies 

slowly in range on a scale much greater than the correlation length L. Continuing 

in this intuitive manner, the statistics for the intensity can also be determined. 
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The intensity is related to the inverse of the variation in crossrange, I = h~~1LI-t, 
vyo 

so that the normalized fluctuations in intensity can be expressed for short range 

as 

(1.11) 

(1.12) 

The mean range where the rays focus, x f, is given by determining when the inten

sity fluctuations become order one: 

(1.13) 

At this range, the variation in momentum is still small, (PJ)1/2 f'V €2/3 ~ 1, but 

the variation in crossrange becomes order one. The number of blobs encountered 

by a single ray at this range is large, NJ f'V X J = C 2
/
3 ~ 1. 

It turns out that this mean focal range is the appropriate scale to look for deter

ministic chaos in the relative dynamics of two rays. For the work presented here, 

this C 2/ 3 scaling naturally occurs in the derivation of the second order moments 

for the ray dynamical system, Eq's. (1.5), and also in the derivation of the statis

tics of the wave field, starting with Eq. (1.1), through the introduction of Ii = XJD. 

This rescaling by the mean focal distance has been named "diffusion scaling" since 

in the limit € ~ 0 both the ray and wave process converge to a diffusion Markov 

process. This was shown rigorously by applying the limit theorem of Papanicolaou 

and Kohler [18, 23, 24]. In order to appeal to the limit theorem of Papanicolaou 

and Kohler, Nair and White [23] scaled the stochastic parabolic wave equation, 

Eq. (1.1), so that the stochastic potential, w(x, y), was appropriately transformed 

to ;u(x/ f.l2, y), where f.l is the small parameter that depends on €. Actually, the 

limit theorem was proved for stochastic ordinary differential equations of the form 

(1.14) 
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where F is random vector field with zero mean and G is a deterministic vector 

field. Kulkarny and White [18] used this theorem directly to rescale by x J the 

ray dynamical system, Eq's. (1.5), in order to transform the system to that of a 

white noise process. For the more general case when F and G are operators in 

an infinite-dimensional space White used a finite-dimensional approximation and 

then after appealing to the theorem, formally extended to the infinite dimensional 

limit to obtain the Dawson-Papanicolaou process [11], which then directly allowed 

the derivation of the moment equations by appealing to an infinite-dimensional 

extension of Ito's lemma. However, the first step was to determine J.L so that the 

limit theorem could be applied. The choice J.L = €1/3, with the range rescaled 

by x -+ C 2
/
3x is appropriate to cast Eq. (1.1) in the general form of Eq. (1.14). 

Defining fj, = C2/3~, Eq. (1.1) is now expressed as 

8?jJ fj,2 82?jJ 
ifj,- = --- + E-I / 3u(y E-2/ 3x)'" ax 2 oy2 ' 'f' • 

(1.15) 

Now, as € -+ 0, the potential becomes delta correlated in range (x). 

1.2 Chaos 

For this work the notion of deterministic chaos is meant to imply extreme sen

sitivity to initial data in a dynamical system. The ray equations 1.5 are inherently 

nonintegrable for any particular realization of the potential, and as the Hamil

tonian is not periodic in the time-like variable (range), each ray will be chaotic 

(Le. no ray trajectory in phase space is regular [31]). Also, because of this lack of 

periodicity, traditional approaches such as KAM theory cannot be applied and an 

alternative approach is demanded. 

For dynamical systems undergoing Hamiltonian flow, it is quite common to 

look for exponential divergence of neighboring trajectories in phase space in order 

to demonstrate deterministic chaos. This is the view appealed to in this work, 

but the exponential divergence will be in the second moments of the probability 
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density functions for the relative separation of a pair of ray trajectories in phase 

space. It is important to consider the problem as deterministic. Only through 

the assumption of stationarity in the position variable, allowing one to appeal to 

the ergodic hypothesis, does the probabilistic interpretation make sense. This is a 

crucial point and is what justifies much of the analytical attacks used in the work 

to follow. 

1.3 Relavent Historical Overview of Waves in Random Me
dia 

The field of wave propagation through random media has been applied to many 

branches of science, including ionospheric physics, radio astronomy, atmospheric 

optics and ocean acoustics. Perhaps the most well known example in the field is 

the twinkling star, where the apparent magnitude and position of the star relative 

to an observer on earth fluctuates due to the multiple scattering of the light waves 

as they propagate through index of refraction irregularities [33]. 

The irregularities in the medium, although in principle are well defined, are 

described statistically through its corresponding power spectrum, or through char

acteristic functions such as the mean and correlation function [33]. Thus if the 

evolution of a wave, considered as a moving spatial distribution of energy, prop

agating through a random medium is described by a differential equation, then 

the differential equation will contain a stochastic coefficient. Just as a single re

alization of a random medium relates to a "snap shot" of a physical medium, the 

solution of the differential equation for the propagation of the wave for a single 

realization relates to the actual measured solution. It is then natural to investigate 

solutions in terms of their statistical properties. This is what has historically been 

done (e.g. [33, 38, 16]). 

When the irregularities in the index of refraction are weak, and the distance is 
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short on the scale of the inhomogeneities, then traditional perturbation methods 

(e.g. Born and Rytov [33]) can be applied. However, when the distance becomes 

large the effects of multiple scatter accumulate so that the fluctuations in the 

intensity grow to order one, these traditional methods become invalid. When 

strong fluctuations in intensity are allowed, one must resort to techniques such as 

the diagram method or method of smoothing [13, 34, 44]. The original derivation 

of the fourth moment equation used the digram method [28]. 

1.4 Preview of Significant Results o 

The second Chapter deals exclusively with the formal classical limit. An 

advection-diffusion Fokker-Planck type equation is developed for the relative dy

namics of two particles (rays) obeying the stochastic Liouville equation for the 

idealized problem described above. This advection-diffusion equation is the formal 

analog of the generalized wave-kinetic equation which will be extensively studied 

in Chapters three and four. The solution in the limit of small initial separations 

is analytically shown to have exponential behavior in the second order moments. 

A Lyapunov exponent is defined to characterize this chaotic behavior. In terms of 

the dynamics of the two particle distribution function in relative phase space, there 

exists a small region that is being filled at an exponential rate. Relating to this, 

and what is perhaps the most significant contribution of this chapter in regards to 

the theme of this dissertation is the establishment of a chaotic boundary, where the 

second moments transition from exponential to power law behavior. In the actual 

limit of zero initial relative separation, these second order moments are related to 

the moments of the ray variational quatities. Straightforward statistical treatment 

of the variational equations confirm the chaotic behavior of the system. It is then 

shown that a physically observable quantity due to the systems chaotic behavior 

is the exponential proliferation of caustics, or focal points in configuration space. 
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In Chapter three, the development of the analytical treatment of waves in 

random media based on kinetic theory is described in the limit of small but finite 

particle wavelength (denoted by Ii). In this light, a generalized Wigner distribution 

function is defined, which in the classical limit is the two-particle distribution 

function. The evolution equation for the mean generalized Wigner function is 

analyzed for small Ii using a unique boundary layer approach (denoted the extended 

quantum notch). This approach allows a connection to be made to the classical 

limit, where deterministic chaos is known to exist. 

In Chapter four, based on the extended quantum notch approach developed 

in Chapter three, the most significant results are brought forth. First, a coherent 

wave boundary layer is established, which when compared to the boundary of the 

chaotic region availed from Chapter 2, yields the "log time" (range), In (Ii-I) noted 

by Berry et. al. [5], and Berry and Balazs [4] in the context of the evolution of 

nonstationary quantum states. It is shown that the amelioration of classical chaos 

occurs on this log range and is due physically to the fact that at this range caustics 

have proliferated to the point where they are separated by less than their typical 

spreading width due to diffraction (O( Ii)). Thus although multiple scattering is the 

dominant physical mechanism for the process, at this log range diffraction effects 

eventually become significant and "smear" the individual caustics out. Second, 

and related to the above, it is shown through asymptotic analysis of the normal

ized variance of intensity fluctuations (scintillation index), that saturation (where 

the statistics of the wave field become Gaussian) is on this log range scale, This 

agrees with physical intuition in respect to the "smearing" noted above. Finally, 

also through asymptotic analysis of the scintillation index, quantum manifesta

tions of classical chaos, dubbed "wave chaos" are analytically predicted. It is 

found that the scintillations decay away from their peak value at an exponential 

rate. Again, intuition agrees in the sense that as caustics proliferate exponentially 
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on the focal range scale (shown in Chapter 2), the effect of "smearing" delineates 

the intensity fluctuations at the same rate, tending to randomize the field com

pletely. It is shown however, that this manifestation is superposed with an ever 

present "coherent forcing" effect, which dominates the physics at ranges at and 

beyond saturation. It is worth noting that this "coherent forcing" effect cannot 

be incorporated in a natural way into traditional semi-classical methods. This 

explains why the Gaussian beam method gives the incorrect asymptotic value of 

zero (instead of unity) for the scintillation index [23]. 

The extended quantum notch method for analyzing the approach to the clas

sicallimit for wave mechanics problems where multiple scattering is the dominant 

physical process qualitatively gives the correct behavior for the scintillation index 

at the peak and saturation. It can be considered as a uniformly valid method 

to mitigate the divergent behavior of the intensity fluctuation statistics inherent 

in the classical advection-diffusion Fokker-Planck equation. It is hoped that this 

method will prove useful in future attacks on similar types of problems, especially 

for those with relaxed conditions on the power spectrum for the potential. 
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Chapter 2 Formal Classical Limit 

This chapter will describe how the formal classical limit of the SPE, Eq. (1.15), 

exhibits chaotic dynamics in phase space. First, starting with the stochastic Liou

ville equation corresponding to Eq's. (1.5), an advection-diffusion Fokker-Planck 

equation will be derived for the evolution of the mean two-particle distribution 

function. The solution of this equation contains all statistical moments which 

qualitatively describe the evolution of a closed loop in phase space. It will be 

shown that for small initial relative separation of two rays, the solution is Gaus

sian, with second moments exponentially growing with range, while for large initial 

relative separations, the solution is also Guassian, but with the second moments 

having power law growth in range. From this, a boundary of a chaotic region is 

determined, separating these two regions widely disparate behaviors. This tran

sitory behavior is shown to imply the growth of "tendrils" [5] on the diffusion 

scale. Associated to the exponential growth is a positive Lyapunov exponent is 

for the process, which is confirmed numerically and by statistically examining the 

variational equations corresponding to Eq's. (1.5). Finally, the solution inside the 

chaotic region is shown to be associated with the exponential proliferation of caus

tics. 

2.1 Fokker-Planck Theory and Solutions 

The ray equations can be analyzed statistically by applying first order smooth

ing (a good, complete description of the method is given by Frisch [13], and an 

illustration of it's usefulness was clearly demonstrated by Besieris and Tappert[7]). 

The one particle (ray) distribution function, which is denoted by hcl(Y, p, x), sat

isfies the stochastic Liouville equation, 

8hcl + p8hcl _ f,
8u8hcl = 0, 

8x 8x 8y 8p 
(2.1) 
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with plane wave initial data, 

( 

/tel(p, O) = t5(p) . (2.2) 

In the context of applying MSP, let flel = (flcl) + t5flcl, where (flcl) represents the 

mean part of ftc!' and t5 /tel represents the fluctuations about the mean. Taking 

the ensemble average of Eq. (2.1) yields 

8 (flel) _ _ 8 (flcl) ~(8u t5f ) 
8 - P a + f8 8 lei· 

X Y P Y 
(2.3) 

Next subtract this result from Eq. (2.1) to obtain (retaining only first order terms 

in t5flel) 

Solving Eq. (2.4) for t5/tel and substitute this into Eq. (2.3) yields 

a(flcl) 
P 8y 

(2.4) 

= f2~ (X dx,(au(x,y) 8u(x + x',y + x'p) 8(flcl(Y + x'p,p,x + x'))) 
8p Jo 8y 8y 8p 

_ 282 (flel(P,X)) lX
d 

,(8u(x,y)8u(x+x',y)) 
-f 8 2 x 8 8 ' p 0 y y 

(2.5) 

where in the last step the assumption was used that (flcl) varies slowly in range and 

crossrange. Also, to simplify the integral expression, the assumption an isotropic 

power spectrum and used a small angle approximation, Ipl ~ 1 was used. Now 

apply the long time Markovian approximation (LTMA) [7]. The spatial correlation 

in range of 8u/8y decays rapidly enough that, for x ~ 1, the limit of the integral 

in Eq. (2.5) may be extended to infinity. Since the initial condition is for plane 

waves and the power spectrum is isotropic, (flcl) must be independent of y and 

the diffusion equation for the mean distribution function is finally arrived at: 

(2.6) 
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with the plane wave initial condition 

(JIcl(p, x = 0)) = 8(p) . (2.7) 

The diffusion coefficient is an 0(1) parameter defined as 

D -looo d ,(8u(x, y) 8u(x + x', y)) 
0- x 8 8 ' o y y 

(2.8) 

or, in terms of the power spectrum, 

(2.9) 

For the Gaussian power spectrum, 

Do = ..;:i/2 . (2.10) 

The solution of Eq. (2.6) is 

(2.11) 

With this solution, all moments can be found. In particular, 

(2.12) 

This result was discovered by Chernov [8] and is in some sense uninteresting in 

that no extreme sensitivity is found. Thus it is seen that chaos cannot be discerned 

on the level of single particle statistics. 

Now examine the relative motion of a pair of particles (rays) in the clas

sical limit (8 = 0) using the above ray equations and first order smoothing. 

Start with the stochastic Liouville equation for the 2-ray distribution function, 

hcl(Yt, PI, Y2, P2, x), 

(2.13) 



subject to the plane wave initial distribution 

For notational convenience define the following operators: 

£(x) 

(nonrandom) , 

(centered random) . 

Equation (2.13) is now expressed as 

8j2cl ( ( )) 8x = L + £ x hcl. 

Proceeding as before, apply MSP and obtain the following closed system: 

8(hcl) 
8x 

88hcl 
8x 

- L(hcl) + (£(x)8hcl) , 

- L8hcl + £(x) (f2cl) . 
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(2.15) 

(2.16) 

(2.17) 

(2.18) 

This system is readily solvable in closed form. Upon solving this system, and 

assuming that the mean pair distribution varies slowly in Yt, Y2 and x, and applying 

LTMA (just as for the one ray distribution), the following evolution equation is 

derived (back in our original notation): 

8~:cl) + (PI 8Yl + P28Y2) (hcl) ~ €2 L ~ (Dii 8(f2~1)), (2.19) 
i,i=I,2 8pt 8PJ 

where the momentum ray diffusion coefficient is 

Dii = [oo(8U(X,Yi)8u(x-X',Yi- X'Pi))dx'. (2.20) 
10 8Yi 8Yi 

Now make the small angle approximation and the assumption that the power 

spectrum is isotropic to significantly simplify the expression for the diffusion coef

ficients. Defining the center of mass coordinates, 

Y = !(YI + Y2), Y = YI - Y2 , 

P = !(PI + P2), P = PI - P2 . (2.21) 
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The diffusion coefficients are then expressed as 

Dll = D22 = Do , (2.22) 

D12 = D21 = looo (8u~~ Y) 8u( x -;j Y - y) )dx' . (2.23) 

Now transform Eq. (2.19) to center of mass coordinates and integrate over the 

mean phase space Y, P to obtain 

8(gcl) + p 8(gcl) 
8x 8y 

(2.24) 

(gcl(Y,P,X = 0)) 

Here (gcl(Y,P, x)) = II dPdY(!2cl(YbPt, Y2,P2, x)) represents the mean relative pair 

distribution function, and 'Dr(Y) = 2[Do - D(y)] is expressed in terms of the power 

spectrum as 

(2.25) 

For large y, 

'Dr(y) -.. 2Do = const . (2.26) 

Then the two rays diffuse independently of one another, and the solution of 

Eq. (2.24) is given by 

(2.27) 

This expression may be used as the boundary conditions as /Y/ -.. 00 for the 

solution of Eq. (2.24) . It may be interpreted in terms of the factorization: 

(2.28) 

For small Y 

(2.29) 

where 

(2.30) 
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For the Gaussian spectrum 

o? = 3Vi/4. (2.31) 

In fact, for all Y 

(2.32) 

The vanishing of 'Dr(y) at Y = 0 means that two particles that initially have zero 

separation and relative momentum will always have zero separation and relative 

momentum, that is, the two particles will have the same phase space trajectories: 

Yl(X) = Y2(X) and Pl(X) = P2(X), This solution is unstable, however, because a 

small (non-zero) initial separation of the particle positions causes exponentially 

increasing separations as range increases. This is the phenomenon of classical 

chaos. 

The solution of Eq. (2.24) appears difficult to obtain analytically, except when 

IYI ~ 1. In terms of (9cl(Y,P,X)), the intensity correlation function is given by 

1 1 
(J(Y + 2"y,x)J(Y - 2"Y'x)) - (h(y,x)) 

-1: (9cl(y,p,x))dp, (2.33) 

where the intensity is J(y,x) = 1~(y,x)12. For small y, Eq. (2.24) becomes 

(2.34) 

This expansion is uniformly valid only when the separation y is initially infinitesi

mal, for otherwise it rapidly grows to become 0(1). For infinitesimal Yo, a closed 

system of ordinary differential equations can readily be derived: 

d(p2) 
- 2€2a2(y2) , (2.35) 

dx 
d(y2) 

- 2(yp) , (2.36) 
dx 

d(yp) 
- (p2) . (2.37) 

dx 
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The solution of this system yields expressions for the second and cross moments 

of the variational quantities defined in the previous section. Namely, 

(j2 _ lim (j2 /y~ 
w YO-->O p 

_ ~v~ {e2l1oX 
- [cos(V3vox) - V3sin(V3vox)] e-IIox

} , 

(zw) - lim (yp)/y~ 
YO-->O 

- ~vo {e2l1oX 
- [cos( V3vox) + V3 sin( V3vox)] e- IIox

} , 

where the Lyapunov exponent Vo is given by 

From Eq. (2.31) for a Gaussian spectrum, 

Vo - (.2/3 A, 

A - (3y'7r) 1/3 /2 ~ 0.87271..., 

and from Eq. (2.38) 

{ 
.1" (VOX)3/2, VOX ~ 1 

(j ~ Va 
z 1 110 X ~ 1 Va e, VOX Q' • 

(2.38) 

(2.39) 

(2.40) 

(2.41 ) 

(2.42) 

(2.43) 

(2.44) 

The large VOX behavior shows the exponential growth characteristic of classical 

chaos. Note that the expression given in Eq. (2.38) was obtained by Malakhov 

et al. in 1977 [21]. Also, a more rigorous derivation of Eq. (2.24), based on the 

probabilistic theorem of Papanicolaou and Kohler, was carried out by Zwillinger 

and White [45], who also arrived at the result in Eq. (2.38). 
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2.2 Boundary of Chaotic Region 

The previous section showed that for small initial relative separation of two 

particles, the solution of the advection-diffusion Fokker-Planck equation exhibits 

exponentially divergent behavior. Here an argument is given to quantify the mean

ing of small initial separations. 

The approximation made in the relative diffusion coefficient, Eq. (2.32), re-

qUIres 

(2.45) 

and, so long as this is true, 

(2.46) 

This establishes a boundary in Yo across which the second moments of the two

particle relative distribution function goes from an exponential to a power law 

behavior. It can be expressed explicitly as 

-/IX 
Ych :::::: e . (2.47) 

Physically this relates to the exponential growth of fine structure, or tendrils in 

phase space. This boundary for the chaotic region will be used to estimate the 

breakdown range for semi-classical theory. 

2.3 Examination of the Variational Equations 

Before proceeding with the derivation of the r.m.s. variation in crossrange, 

it should be noted that the results for the single ray statistical quantities were 

first demonstrated by Chernov [8]. Also it was Kulkarny and White [18] who 

first showed with rigor that the the single ray 'experiment' represents a Gaussian 

random process on the diffusion range scale, x = O( C 2
/
3

). This is the scale of 
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the mean distance to the first focus, and turns out to be the shortest scale where 

exponential sensitivity is found. 

A derivation of a system of equations which describe the evolution of the mean 

of the variational quantities is now performed. Label the phase space variables 

corresponding to Eq's. (1.5) by their initial crossrange position yo: 

y = Y(Yo,x) , P = p(Yo, x) . 

Let 

( ) ay(yo, x) d ( ) az ap(yo, x) 
z = z Yo, x = ayo ,an w Yo, x = ax = ayo . 

Thus the variational equations are 

az(yo, x) 
ax 

aw(yo, x) 
ax 

- w(Yo,x) , 

a2u(y(yo, x), x) 
- -f a 2 z, y 

with plane wave initial condition 

z(YO, O) = 1 , z(O) = 0 . 

Define 

a = Z2 - (a) + 8a , 

b = zz - (b) + 8b , 

(c) + 8c. 

(2.48) 

(2.49) 

(2.50) 

(2.51) 

(2.52) 

The angular brackets, (.), denote the ens em bled average operation, and the random 

fluctuations about this mean are described by 8·. Define also the curvature of the 

potential by 

k(yo, x) - Uyy(y(Yo, x), x) 

~ Uyy((Y) + 8y,x) 

~ Uyy((y),x) = Uyy(Yo,x) , (2.53) 



28 

where in the last step the curvature has been linearized about the mean cross range 

position (y) = Yo, which is valid for ranges on the diffusion scale. 

Taking the first range derivative, the following coupled system is obtained: 

a - 2b, 

b - c - €k( x)a , 

c - -2€k(x)b. 

Apply first order smoothing [13] to first order yields 

80, 28b, 

8b - 8c-€k(x)(a)-€(k(x)8a-(k(x)8a)) , 

8c - -2€k(x)(b) - 2€(k(x)8b - (k(x)8b)) . 

(2.54) 

(2.55) 

It follows from neglecting the higher order terms and expressing the fluctuations 

of a, b, and c in terms of their means that 

(a) - 2(b) , 

(b) - (c) + 2f2 fox (x - x)2(k(yo, x)k(yo, x))(b(x))dx 

+ 2f2 fox(x - x)(k(Yo,x)k(Yo,x))(a(x))dx, 

(c) - 4f2 fox (x - x)(k(yo, x)k(yo, x ))(b(x))dx 

+ 2f2 fox(k(x)(YO,x)k(x)(Yo,x))(a(x))dx . (2.56) 

Finally, apply the long time Markovian approximation (LTMA)[7], which is rea

sonable for ranges on the diffusion scale (x = O(f-2
/
3L) , f « 1), which is 

much greater than the spatial correlation distance L for the power spectrum of the 

medium considered. Eq's. (2.56) then becomes 

(a) - 2(b) , 

(b) - (c) + 2f2,2(b) + 2f2f32(a) , 

(c) - 4f2f32(b) + 2f2a?(a) , (2.57) 
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where the coefficients are 

a? - 10
00 

(k(yo, x - ()k(yo, x ))d( , (2.58) 

f32 - 10
00 

((k(yo, x - ()k(yo, x ))d( , (2.59) 

,./ - 10
00 

(2(k(yo,x - ()k(Yo,x))d( . (2.60) 

The above sytem is closed, and the following ordinary differential equation for (a) 

is easily derived: 

(2.61) 

Rescaling the distance as x ---+ f.2/3x , and defining J.l = f.2/3 yields to leading order 

InJ.l 

d,3(a) = 4 2( ) 
dx3 a a , (2.62) 

The solution is 

(2.63) 

where 

( 

(Z2) ) 
!(x) = (zi) , 

(i2
) 

(2.64) 

and the complex constant coefficients A, B, C are determined from the initial data: 

(2.65) 

The exponent v is defined as 

(2.66) 

and is the desired Lyaponov exponent for our process. The variance of the cross

range variational quantity is shown to be 
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A positive Lyapunov exponent v characterizes classical chaos for the ray dynamical 

system expressed by Eq's. (1.5). The next section isolates conditions for classical 

chaos to occur and explain the physical mechanism which induces chaos for this 

dynamical sytem. 

2.4 Physical Mechanism for Chaos 

By the definition of chaos adopted back in Section 2.1 the Lyapunov exponent 

v must be positive. Thus a necessary and sufficient condition for ray chaos in this 

problem is a 2 > O. In terms of the power spectrum of the medium, S(k,l), where 

l is the crossrange wavenumber and k the wavenumber in range, 

a 2 = 'Trf? i: l4S(k = O,l)df. . (2.68) 

Since S(l, k) 2:: 0, a necessary and sufficient contition for ray chaos is € > 0, and 

S(l,O) > O. Note that the power spectrum must be nonzero for the spatial fre

quency in range of zero (i.e. k = 0). In terms of the resonance condition described 

by Smith, et al. [29] (or [20] for a more general description), a range spatial fre

quency of zero corresponds to an infinite cycling distance for the unperturbed ray 

in the uniform background. Since ocean mesoscale has a continuous spectrum of 

spatial wave numbers is used for the perturbation in the potential, there will in 

general be an infinite number of resonances associated with each ray parameterized 

by initial crossrange for any given range x. Referring back to Eq. (2.58), it is a 

positive mean square curvature in the sound speed potential that admits a positive 

Lyapunov exponent. 

2.5 Chaos and Eigenrays 

Consider a receiver at a fixed range Xe and crossrange Yeo It is desired to 

estimate the number of eigenrays passing through (xr, Yr ). Geometrically, the 
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eigenrays are defined by Y(Yo) = Yr, where y(yo) at Xr is an analytic function of 

the initial crossrange position as long as the fluctuations in the sound speed are 

sufficiently smooth. Mathematically, y(yo) for a given range x should be considered 

as a continuously differentiable function of initial crossrangej it is made up from 

a continuum of rays, each initially distributed along the cross range axis with zero 

momentum. 

The dynamics of Y(Yo) can be summarized as follows: The mean crossrange 

position is Yo, and the r.m.s. position is 

(2.69) 

The mean slope is unity, and the variation in crossrange separation, or r.m.s growth 

of the slope of Y(Yo) is given by 

-.J!... _ 1 ~ eVx ((
a )2)1/2 
ayo ' 

(2.70) 

Note that the averaging is assumed to take place over an ensemble of media, and 

since the media are statistically stationary in crossrange, the results are indepen

dent of crossrange. 

Armed with this statistical description of y(Yo), a theorem describing the growth 

of eigenrays can be established. 

Assertion 1 The number of eigenrays grows exponentially on average, with the 

growth rate given by the Lyapunov exponent. 

Proof: Referring to Figure 2.1, which is an example of the evolution of Y(Yo) in 

range, the formal proof can be elicited. The key to the assertion lies in the as

sumption that the ergodic hypothesis is valid in crossrange. Although the medium 

is statistically stationary, the ergodic hypothesis is only truly valid if the period of 

the medium is extended to infinity (for example, see Yaglom [42]). 
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Figure 2.1, Evolution of Crossrange variation for ranges (a) x = 0, (b) x = 1, 
(c) x=2, (d) x=3. 
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Let (xe, Ye) denote the position where the number of eigenrays are to be counted. 

Clearly the number of times the continuous function y(Yo) crosses Ye at Xe repre

sents the number of eigenrays at (xe, Ye). Each point of the continuous function 

y(yo) on average will assume a value according to the statistical relations noted 

above. Since the mean slope is unity, it follows that the r.m.s. window size, where 

crossings are most probable, is the same as the· r.m.s. amplitude. It then follows 

that, on average, the continuous function y(Yo) will oscillate about the Y = Yo line 

with peak slopes growing according to the r.m.s. slope, ellX
, implying the number 

of crossing will also grow, on average, according to this peak slope growth. Notice 

the emphasis of 'on average'. As can be seen from Figure 2.1, even upon extending 

the period in crossrange to infinity, the clarifier 'on average' must be used since the 

window size defined above for any range x is finite, so that for any given position 

(xe, Ye) ergodicity is not valid. Thus the assertion is truly valid only in the limit 

x -+ 00. The notion 'on average' is meant to imply an average over all crossrange 

positions Ye for a fixed range Xe' 

It should be noted that from the above assertion it follows that the number of 

caustics, where .!!)La a = 0 also grows according to the exponential rate e
llX

, and the 
Yo 

spacing between caustics, ~Yo decreases exponentially according to 

(2.71) 

In the next section evolution equations for the single and two-particle distribu

tion functions will be derived and analyzed, and implications to the above results 

will be discussed. 

2.6 Numerical Experiments, Comparison to Theory 

The numerical model consists of two parts: 1) the generation of a realization of 

mesoscale fluctuations on the axis; and 2) the solution of Eq. (1.5) and Eq. (2.50). 
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Figure 2.2, single realization of the mesoscale structure: The level one contours 
represent 7.5m/s fluctuations in sound speed (using € = 5 x 10-3 ). Both range and 
cross range are in units of the correlation length scale of the eddies, L = O{40km). 

Also, in order to illustrate the proliferation of caustics, the Lagrangian is integrated 

to obtain the eikonal, s, related to the travel time for the rays. 

The method used to generate the mesoscale fluctuations is based on the two 

dimensional convolution of zero mean, unit variance, independent random phases 

with the power spectrum of the medium, in this case a bivariate Gaussian func

tion. The real part of the two dimensional fast Fourier transform (FFT) of this 

convolution then yields a single realization of the medium. To generate the random 

phases a pseudo-random number generator based on a linear congruential method 

[17] was used which supplied uniformly distributed numbers on the unit interval. 

A Box-Miiller transformation was then applied to yield Gaussian random numbers 

on the domain of reals with zero mean and unit variance. This spectral represen

tation method of simulating random media is quite common, and a good review 

of its implementation and characteristics can be found in Shinozuka and Deodatis. 

[27] Note that the medium is modelled with periodic boundaries in both range 
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and crossrangej thus the number of degrees of freedom actualized in the statistical 

averaging will be limited by the periods chosen in relation to the correlation length 

scale L. A fast Fourier transform method was used to calculate both 8uj 8y and 

82uj8y2. To obtain a medium with the desired statistical properties, it is necessary 

to use on the order of ten mesh points per physical unit. The size of the medium 

was based on RAM constraints of the Sun Sparc II workstation used (32 MBs). A 

size of 96 x 96 physical units was chosen with 1024 x 1024 mesh points. A section 

of a single realization is illustrated in Figure 2.2. 

A fourth order Runge-Kutta method was used to integrate the system 

y=p, 

. 8u 
p= -€-, 

8y 
S = p2j2 - €U, 

z=w, 
. 82u 

W = -€8y2Z, 

y(O) = Yo , 

p(O) = 0 , 

8(0) = 0 , 

z(O) = 1 , 

w(O) = 0 . 

The initial condition for a plane wave was represented by uniformly distributing 

1500 rays, each with zero initial momentum along the extent of the crossrange 

axis. A bilinear interpolation scheme was used to evaluate the medium qun.ntities 

between their computational mesh points. The range step used for integrating the 

rays was b.x = 0.09375. A natural connection between the Lyapunov exponent 

derived in the previous section to the variation equations for our system dictates 

that 

( (
8 )2)1/2 

II ..:... }i.~ x-lIn 8:0 . (2.72) 

The complicated behavior of trajectories of 8y j 8yo shown in Figure 2.3 demon

strates the need to compute the expected value of the Lyapunov exponent. The 

quantity in Eq. (2.72) is what was numerically computed, but the first order 

method of smoothing used in the previous section is only exact in the limit of a 
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Figure 2.3, Ten sample paths of the variation in crossrange, Z = ~j the nulls 
represent zero crossings, where caustics of the phase front occur. 
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Figure 2.4, Comparison of Eq. (2.67) with the numerically computed estimates of 
0'; for various values of f. Estimates of v were obtained by fitting the computed 0'; 
curves to straight lines for f2/3x ~ 1, and were scaled by f2/3 in order to compare 
to the analytical estimate Vo = li~-+o v. 

delta correlated medium, so v computed for different values of € and extrapolated 

to € = 0 (See Figure 2.4). The ergodic hypothesis was applied when computing 

v( f), meaning the ensemble average in Eq. (2.72) was taken not only over separate 

realizations, but also spatially averaged using all the initially uniformly distributed 

rays. For € = 5 X 10-4 , a least squares fit for x > 300 yielded vC2
/
3 = 0.8694, 

which is within 0.38% of the theoretical value of A given by Eq. (2.43). 
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Chapter 3 Kinetic Theory of Waves in Random 
Media 

3.1 Introduction 

In the previous chapter the stochastic parabolic ray equations were analyzed, 

and it was shown that the trajectories for two rays in relative phase space initially 

infinitesmally separated diverge exponentially in the mean square sense, thus ex

hibiting deterministic chaos, which was shown by a positive Lyapunov exponent 

for the system as defined in Eq. (2.72). Two methods were used to arrive at this 

result: The first was the direct investigation of the variational equations, and the 

second concerned examining the solution of the two-ray relative advection-diffusion 

Fokker-Planck equation, Eq. (2.24), in the limit of an initially infinitesmally sepa

rated ray pair. The latter approach is considered for the full wave system, starting 

with the stochastic parabolic wave equation, Eq. (1.1). The objective will be to 

obtain an asymptotic solution for the normalized fluctuations of intensity for the 

field. 

Corresponding to the mean two-ray relative distribution function for finite fre

quency is the mean generalized Wigner function, which will be defined shortly. 

Since analysis of the first and second moment wave kinetic equations inspire the 

approximation technique to be used, a discussion of how the solutions of these equa

tions can be obtained is done. The derivation of the evolution equation for the first 

moment is trivial, but is done in Appendix A for completeness. The derivation of 

the second moment is not included however, mostly because it follows exactly as 

done in [6], and the analogous although perhaps more tedious derivation. for the 

generalized wave kinetic equation is included in Appendix B. 

In order to investigate the approach to the limit Ii -I- 0 for the wave kinetic 

equation, an approximation method is applied whereby the wave kinetic equa-
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tion is connected explicitly to the relative diffusion equation valid in the formal 

classical limit. The approach is based on separating the mean generalized Wigner 

distribution function into coherent and incoherent components, and deriving a new 

equation for the evolution of the incoherent component. 

Before starting on the wave kinetic theory, a short review of the Wigner function 

will be done, whose classical analog is the distribution function for a single ray. 

3.2 Review of Wigner Functions 

Historically, the Wigner function was introduced by Wigner himself [40] back 

in 1932, and has been introduced to investigate quantum chaos only recently (see 

[26, 15, 31] for a more descriptive overview). For the wave mechanics setting, the 

Wigner phase space distribution function is defined for a single particle as 

!(Y, pj x) = (27l"1i)-1 I: j(Y, Yj x )eiYP/lidy , (3.1) 

where 

j(Y, Yj x) = ?jJ(Y - Y /2j x )?jJ*(Y + y /2j x) (3.2) 

is the two point density function. Notice that the Wigner function is dependent 

on both the crossrange position, Y, and a momentum variable, p, which is the 

conjugate variable to the crossrange separation, here denoted by y. Since the 

representation of the field in momentum space is the Fourier transform of the field 

in physical space, i.e. 

it is clear that 

;J;(Pjx) = 1: dY?jJ(Yjx)e-ipY/li , 

1: dY!(Y,pjX) - 1;J;(pjx)12
, 

and 1: dp!(Y,pjX) - 1?jJ(Yjx)12. 

(3.3) 

(3.4) 

(3.5) 
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If 'l/J is taken to be a stationary wave function for the time dependent Shrodinger 

equation, then I'l/J(Y; x) 12 and I'l/J(p; x) 12 represent the probability of the particle 

having position Y and momentum p respectively. Thus Eq's. (3.5) show that 

the Wigner function, considered as a phase space distribution function, yields the 

expected probability density functions, when projected onto the chosen space. The 

principle difficulty in ascribing the Wigner function as a phase space distribution 

function lies in the fact that it is not gauranteed positive throughout the phase 

space. Another difficulty arises due to the fact that for the full wave problem, the 

Heisenberg uncertainty relation prevents one from specifying precisely both the 

crossrange Y and momentum p simultaneously. 

For the acoustic problem, 'l/J is related to the complex envelope of the acoustic 

pressure and the Wigner function represents the phase analog of the two point 

density function, 

(3.6) 

where Yl = Y - y/2, and Y2 = Y + y/2. Taking the ensemble average of Eq. (3.1), 

and using the assumption that the medium is stationary in crossrange, yields the 

mean Wigner function 

(f(pj x)) = (27rlitl i: ('l/J(Y - y /2; x )'l/J*(Y - y /2j x ))eiYP/"dy , (3.7) 

where ('l/J(Y -y /2; x )'l/J*(Y +y /2; x)) represents the mutual coherence of the complex 

field 'l/J. Notice that by stationarity this mean Wigner function is independent of 

the crossrange Y, so that the ensemble average operation for the stationary process 

with plane wave initial condition takes the role of projecting the Wigner function 

onto momentum space. Thus the mean Wigner function corresponds directly to 

the distribution function in the classical limit (refer back to Eq. (2.11)), and there 

is certainly no problem in its interpretation. 
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3.3 Diffusion Scaling 

For the moment equations that will be described next, a natural rescaling is 

possible which eliminates f. The scaling is x ~ f2/3X admits f to appear only as a 

ratio of a power of 8. Defining Ii = C 2
/
30 then eliminates €, and the classical limit 

is then Ii ~ O. With this scaling, the validity of the moment equations requires 

x = 0(1), and €2/3 ~ 0, and Ii = 0(1). The approach to the classical limit, 

Ii ~ 0, is then an inner expansion, known to be highly singular. Using this scaling 

Eq. (1.1) takes the form 

8'l/J 1i2 82'l/J ili- = --- + f- I / 3U(f-2/ 3X y).t. 
8x 2 8y2 ' 'f/. 

(3.8) 

Note the limits € ~ 0 and Ii ~ 0 do not commute. The relationship between 8 

and € is illustrated in Figure 3.1. The classical limit Ii ~ 0 should be considered 

as choosing different members of the family of curves parameterized by Ii, such 

that each corresponds to a smaller value of Ii. For each member, slide down to the 

origin. This is the limit f ~ 0 where the potential becomes delta correlated in 

range. 

3.4 First Moment Wave Kinetic Equation 

The fact that we consider only a weakly scattering medium (Le. €koL « 1) 

allows us to derive a simple ODE for the evolution of the mean field, ('l/J). The 

effect of the medium on the field 'l/J over a propagation distance L is to change its 

phase by a small amount (if> ~ €/o « 1); the medium affects a slow change in 

phase in the field over a distance equal to the correlation length scale L. After 

a little effort (c.f. Appendix A) the evolution equation for the mean field can be 

expressed as 

(3.9) 
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Figure 3.1, Family of curves parameterized by Ii illustrating how the classical limit 
is to be approached while incorporating diffusion scaling. 

where 

a - ! 10
00 

(u(y, O)u(y, e))de 

2; 100 

8(0, f)df 
Ii -00 

_ O(Ii-2). 

In order to show explicitly the Ii dependence, define 

(3 = Ii?a . 

The solution of Eq. (3.9) is 

(3.10) 

(3.11) 

(3.12) 

This shows the decay of the coherent wave. The coherent wave boundary layer in 

range is 

(3.13) 
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When Ii ~ 1, the thickness in range of this coherent wave boundary layer is very 

small, and thus the coherent wave is vanishingly small on the diffusion range scale 

x = 0(1). 

For the Gaussian power spectrum, 

(3.14) 

and Eq. (3.12) becomee 

(3.15) 

Note that the mean field vanishes in the classical limit for any x =F O. This shows 

clearly the singular behavior of the classical limit Ii ~ O. 

3.5 Second Moment Wave Kinetic Equation 

In order to anticipate the procedure to be used in this section, it is useful to 

intuitively examine the definition of the mean Wigner function in terms of the 

second moment: 

(f(p; x)) = (21l'1itl i: ('ljJ(Y - y /2; x )'ljJ*(Y + y /2; x ))eiPY/fidy . (3.16) 

If the field quantity 'ljJ is separated into mean and fluctuating parts, then it is 

expected that 

('ljJ(Y - y /2; x )'ljJ*(Y + y /2; x)) ~ ('ljJ)2 + (1') , (3.17) 

where the last term on the righthandside represents the fluctuating part of the sec

ond moment, and will depend on both range x and crossrange y, whereas the first 

term is known explicitly from the solution of the mean field equation. Introducing 

this into Eq. (3.16) yields 

(f(y; x)) - ('ljJ)2~(p) + (21l'1i)-1 i: (1')eipY/ fidy (3.18) 

- (J(p; x ))coh + (J(p; x ))inc , (3.19) 
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where the concept of splitting the mean Wigner function into coherent, (J)coh, and 

incoherent,(J)inc, part is now evident. The coherent part is just 

(J(Pi x)) = e-(3x/h28(p) . (3.20) 

The form of (J)inc can be determined by examining the evolution equation for the 

mean Wigner function. 

The following wave kinetic equation can be derived just as in [6]: 

8~~) = i: W(p - P)(J(Pi x))dp. (3.21) 

The initial condition is 

(J(p, 0)) = 8(p) , (3.22) 

and the scattering kernel is given in terms of the power spectrum of the medium 

by 

W(p) = 2~ 100 

8(0, /) [!8(p -1i£) + !8(p + lie) - 8(p)] dl . (3.23) 
Ii -00 

Since 8(0, l) is an even function of l, the scattering kernel can be expressed as 

W(p) = W1(p) - f3/1i28(p) , (3.24) 

where 
27r 

W1(p) = fi38(0,p/li) , (3.25) 

and 

a - 1: WI (p)dp 

27r 100 

(3.26) - 2" 8(0,l)dl. 
Ii -00 

This shows exactly the same parameter, O(Ii-2 ), that appeared in the first moment 

equation. Inserting Eq. (3.24) into Eq. (3.21), yields 

8~~) = f W1(p - P)(J(pj x))dp - ~ (J(Pi x)) . (3.27) 
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The last term evidently describes the decay of the coherent wave on the second 

moment level. 

Substitution of Eq., (3.19) into Eq. (3.27) yields the equation for the incoherent 

part of the mean Wigner function: 

(3.28) 

This is an inhomogeneous equation for (f(pj x))inc' in which the coherent wave 

acts as a "forcing" term. The initial condition for a plane wave is given by 

(f(pj O)inc = 0 . (3.29) 

Note that since the mean intensity is a conserved quantity normalized to unity, 

the incoherent intensity grows according to 

100 2 

(I)inc = -00 (f(pj X))incdp = 1 - e-/3x/1i • (3.30) 

Thus the intensity is transferred from the coherent waves to the incoherent waves 

at an exponential rate with an e-folding distance proportional to 1i2 • This is the 

coherent wave boundary layer established in the previous section, Xc = O(1i2). 

3.5.1 Small Ii 

For small Ii Eq. (3.28) is not difficult to analyze. The first step is to use the 

uniformly valid approximation for the scattering kernel, 

W(p) = Do6"(p) + O(1i2) , (3.31) 

where the "classical" momentum diffusion coefficient is given by 

Do - ~ J p2Wl(p)dp 

- 7r J R,2S(0,£)d1 . (3.32) 
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Thus the convolution with the scattering kernel to leading order in Ii is a second 

derivative operator with respect to momentum, which represents pure diffusion in 

momentum. From Eq. (3.26), 

W1(p) = !8(p) + 0(1) , (3.33) 

so that the coherent forcing term to leading order is ~e-l1x/1i2, and thus for small 

Ii, Eq. (3.28) becomes 

8(f(Pi x))inc = Do 8
2 
(f(Pi x))inc + 8(p) [te-I1X/1i2] 

8x 8p2 li2 
(3.34) 

On the diffusion range scale (x = 0(1)) for small Ii the coherent boundary 

layer is vanishingly small. The incoherent waves are "forced" during the boundary 

layer transient x = 0(li2), during which interval (f)inc does not diffuse much. This 

justifies the use of the generalized function result 

(3.35) 

Eq. (3.34) is then equivalent to the initial value problem, 

(f(p,O))inc = 8(p) . (3.36) 

The solution is 

(3.37) 

This solution is valid outside of the coherent wave boundary layer: x ~ Xc = O( li2 ). 

In the same region (f(p,X))coh ~ 0, and hence 

x ~ xc. (3.38) 

This in fact is the classical limit. The second moment or mutual coherence function 

in this limit is easily found by Fourier transformation, yielding 

(fA( )) _ _DOy2x/1i2 
y,x - e . (3.39) 
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This is valid for x ~ Xe = 0(li2). The transverse coherence length is then 

Yeoh = O( Ii/ v'x) ~ 1 . (3.40) 

On the diffusion range scale, x = 0(1) 

Yeoh = 0(1i) ~ 1 . (3.41) 

The appearance of li2 in the denominator of the exponent in Eq. (3.39) shows 

again the clearly singular behavior of the classical limit. 

3.6 . Fourth Moment Wave Kinetic Theory 

In terms of the original dimensionless scaling, x = Xph/ L , 8 = (koL)-1 , define 

the finite frequency analog of the two particle phase space distribution function as 

h(Y1,Y2,P}'P2,x) = 11 dy'dY"¢(Y1-y'/2,x)¢*(Yl +y'/2,x) 

¢(Y2 - Y" /2, X )¢*(Y2 + Y" /2, x )ei(plY'+P2yll)/6 • (3.42) 

In the context of waves in random media, this definition should be considered as 

an extension to two particles of the definition given by Besieris and Tappert [6]. In 

Appendix B, using this definition and the stochastic parabolic equation governing 

the propagation of the field 'lj;, a generalized stochastic Wigner equation is derived 

(cf Eq. (B.9)). The correspondence limit, 8 ~ 0, can be shown to be the stochastic 

Liouville equation for the motion of two particles. Thus in the classical limit 

8(Yl - Yr1(x))8(Pl - Prl(x))8(Y2 - Yr2(x))8(P2 - Pr2(X)) 

hcl(Yl, Y1, PI, P2, x) , (3.43) 

where hcl is the two-particle distribution function introduced back in Section 2.1. 

It is clear from the definition given above that the two particle Wigner distribution 

function can be expressed as the product of one particle Wigner functions: 

(3.44) 



Now transform to center of mass coordinates, 

y = Yl - Y2 

P = PI - P2 

Y = !(YI + Y2) 

P = !(PI + P2), 
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and define the mean generalized Wigner phase space distribution function for the 

relative motion of two particles: 

(g(y,p,x)) - i: dP(h(y,Y,p, P, x)) 

- 2~IiJ(g(y,y,x))eiPY/lidy, (3.45) 

where the symmetric fourth moment, independent of the mean crossrange Y for a 

statistically stationary medium, is 

(g(y, y, x)) = (1jJ(Y - y/2 + y/2, x)1jJ*(Y - y/2 - y/2, x) 

1jJ(Y + y/2 - y/2,x)1jJ*(Y + y/2 + y/2, x)) (3.46) 

Easily demonstrated symmetries are 

(g(-y,-y,x)) - (g(y,y,x)) , (3.47) 

(g(y,y,x))* - (g(y,-y,x)) = (g(-y,y,x)) . (3.48) 

It follows that (g) is real: 

(g(y,p, x))* = (g(y,p, x)) , (3.49) 

and that 

(g(-y,-p,x)) = (g(y,p,x)) . (3.50) 

In the Markov limit € -l- 0, the wave kinetic equation for the mean generalized 

Wigner function is (see Appendix B for the derivation) 

8(g) 8{g) J TXT ( -)( ( - ))d-8x+ P 8y= rt'rY,p-pgy,p,x p. (3.51) 
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For a plane wave the initial data is (g(y,p, 0)) = 8(p), which implies that the mean 

Wigner function is not normalizable. The relative scattering kernel is given by 

Wr(y,p) = ~~ f 8(0,£) sin2(£Y/2) [!8(p - Jil) + !8(p + Jil) - 8(p)] d£ . (3.52) 

Eq. (3.51) has not been investigated before. It is the fundamental integro

differential equation which is to be analyzed for small but finite Ii. It turns out 

that by applying a Fourier transform to Eq. (3.51) yields the same fourth moment 

equation originally derived by Shishov [28] and Beran and Ho [1] in 1969.Since 

then many numerical and theoretical attacks have been applied to solve Eq. (3.51), 

notably by Dagdesamanskaya and Shishov [9], Tur [37], Martin and Flatte [22], 

Spivak and Uscinski [30] and Uscinski [39]. The interest in it's solution comes 

from the fact that it contains the evolution statistics for the intensity fluctuations, 

which are one of the readily observable quantities for experiments in the field 

of wave propagation in random media. For this work, intensity fluctuations are 

important as they show wave manifestations of classical chaos. From the solution 

of Eq. (3.51), the normalized intensity fluctuations, or scintillation index is 

a 2(x) _ (11JI(Y,x)1 4)-1 

(§(O,O,x)) -1 = i: (g(O,p,x))dp -1. (3.53) 

Thus, the variance in intensity is determined by evaluating at y = ° the projection 

of the mean generalized Wigner function onto the crossrange coordinate. The 

intensity correlation function, is defined as 

h(y,x) - j(g(y,p,x))dp = (§(y,O,x)) 

- (11JI(Y - y/2,x)1 2 11J1(Y + y/2,x)1 2
) 

This function has odd symmetry: 

h(-y,x) = h(Y,x). 

(3.54) 

(3.55) 

(3.56) 
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Examination of the relative scattering kernel admits two conservation laws to 

be derived. Direct computation reveals 

for n = 0,1 . (3.57) 

The case n = 0 is physically the principle of detailed balance. Defining the flux 

F(y,x) = 1:p(g)dp, (3.58) 

and energy 

(3.59) 

the conserved quantities can now be derived. For n = 0, 

(3.60) 

This implies for the plane wave initial data 

1: dy(h(y,x) -1) = o. (3.61) 

This is known in the literature as Tatarski's conservation law. For n = 1 

(3.62) 

which yields i: F(y, x)dy = 0 . (3.63) 

Thus the integrated flux over crossrange is conserved. This conservation law is 

new. It is clear from the definition of (g) that F has odd symmetry: 

F(-y,x) = -F(Y,x). (3.64) 

The qualitative behavior of both the intensity correlation function and flux can 

be seen in Figure 3.2 and Figure 3.3 respectively, which have been produced by 

numerically solving Eq. (3.51). Appendix C outlines the numerical techniques 
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Figure 3.2, Range dependence of intensity correlation function: the ridge along 
y = 0 shows the behavior of the mean intensity fluctuations, or scintillation index. 
The computational period in both cross range and momentum was chosen to be 30, 
each using 1024 points. The range step used was b.x = 0.05. 
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Figure 3.3, Range dependence of the conserved quantity F(y,x) = J~p(g)dp, 
defined as the flux, from the numerical solution of Eq. (3.51). The computational 
parameters used to obtain this figure are the same as those of Figure 3.2. 
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used to produce these figures. Further examination of the relative scattering kernel 

reveals for large IY I 
Wr(y,p) ~ 2W(p) , (3.65) 

where W(p) is given by Eq. (3.23). Thus for large IYI, (g) does not depend on y, 

and satisfies 

a~~) = 2 J W(p - jj)(g(jj,x))djj. (3.66) 

This equation can be analyzed just like the second moment equation. When x ~ 

Xc = O(1i2), 

IYI ~oo. (3.67) 

It follows that for Ii ~ 1, 

h(y,x) ~ 1 , Iyl ~ 00. (3.68) 

Tur identified the region x ~ 1i2 as that of strong scattering, in agreement with 

the result here [37]. An unanswered question is how large Iy I must be for this to 

hold. The limit indicated in Equation 3.65 is not uniformly valid in p. 

Next, examine how the coherent wave decays. From Eq. (3.52) write 

where 

() 871" / ) • 2(PY) Wr1 y,P - 1i3 S(O,p Ii sm 21i ' 

llr(Y) - J Wr1(y,p)dp . 

The latter equation becomes 

For large I y I 

(3.69) 

(3.70) 

(3.71) 

(3.72) 

(3.73) 
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and for smalllyl 

(3.74) 

where Do is given by Eq. (3.32). For the Gaussian power spectrum, 

() 4y'1r (1 _y2/4) 
Q r Y = fi2 - e (3.75) 

To explicitly show the dependence on Ii, define 

(3.76) 

Putting Eq. (3.69) into Eq. (3.51) yields 

a~~) + p a~~) = J Wr1 (y,p - jj)(g(y,jj,x)) - f3r(Y)/1i2(g) . (3.77) 

Following the same reasoning that was applied to the second moment wave kinetic 

equation, the last term evidently describes the decay of the coherent wave on the 

level of the fourth moment. This suggests the introduction of a coherent component 

of (g): 

(3.78) 

The incoherent component is then defined by 

(g(y,p,x)) = (g(y,p,X))coh + (g(y,p,X))inc' (3.79) 

Then (g)inc satisfies the inhomogeneous equation 

a(g(y;~x))inc + pa(g(Y':~X))inc = Wr(y,p) *p (g(y,p,x) + Wrl(y,p)e-l1r(y)x/1i2 , 

(3.80) 

where the symbol *p denotes a convolution over p. The initial condition is 

(g(y, p, O))inc = 0 . (3.81) 

This equation, which is exact, can be analyzed in the limit of small Ii and will 

be the focus of the next chapter. 
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4.5 5 
x 

Figure 3.4, Coherent forcing boundary and boundary of chaotic region illustrating 
the breakdown range Xb, where diffraction effects prohibit resolvability of caustics 
that are closer than O(/i) in crossrange. 

From Eq. (3.73) and Eq. (3.74), note that 

( ( )) -2{3x/r.2C( ) 9 y,P,X coh = e up, Iyl ~ 1, (3.82) 

and, 

( ( )) 
_DOy2x/r.2 C( ) 9 y,P,X coh = e up, Iyl ~ 1. (3.83) 

Thus, for small Iyl, the coherent wave boundary layer extends to very large values 

of x. Since Do = 0(1), the coherent wave boundary layer thickness in range is, for 

smalllyl, 

(3.84) 
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Decay of the coherent wave requires x ~ xc. On the level of the fourth moment, 

therefore, decay of coherent wave and validity of the classical limit, does not occur 

uniformly in y and in particular it fails for all x at y = O. A sketch of the coherent 

wave boundary layer region (cross-hatched) is shown in Figure 3.4 for small Ii. 

The ridge along the y = 0 axis becomes more and more narrow as x increases in 

accordance with Eq. (3.40), which also follows from Eq. (3.83): 

Ycoh = O( iii v'x) . (3.85) 

Beran and Ho identified this as the coherence radius [2], and it will be denoted as 

the range coherent boundary layer for the rest of the work presented here. 

In order to understand how the classical limit is approached, and how wave 

manifestations of chaos appear, a uniformly valid asymptotic method of solving 

Eq. (3.80) when Ii ~ 1 will by employed in the next chapter. 
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Chapter 4 Asymptotic Analysis 

This chapter will present the most significant contributions of this dissertation. 

By examining Eq. (3.80) as a Green's function problem, and making approxima

tions for small Ii, the semi-classical breakdown range will be found. This range 

can be interpreted to be where wave suppression of classical chaos takes place. 

Continuing with the analysis, a uniformly matched asymptotic function will be 

used to obtain a formula governing the evolution of the intensity fluctuations for 

ranges order one and beyond. This formula shows the correct qualitative behavior 

for the peak and saturation regions. It also shows exponential decay after the 

peak towards saturation, and this is interpreted as a wave manifestation of clas

sical chaos. The saturation regime is shown to be at the breakdown range with 

the error O(Ii/x2
) , which is in agreement with Zavorotnyi's result, based on path 

integral techniques [43]. 

4.1 Extended Quantum Notch and Log Breakdown Range 

The starting point of is Eq. (3.80), the evolution equation for the incoherent 

part of the mean generalized Wigner distribution function. In terms of the associ

ated Green's function, the solution of Eq. (3.80) can be expressed as 

(g(y,p,X))inc = fox dxo i: dpo i: dYoG(y, Yo,P, po, x-xo)Wr1 (Yo, po)e-fJr (YO)XO/1I
2 

, 

(4.1) 

where the causal Green's function G(y,yo,p,po,x - xo) satisfies 

8G 8G 
8x + p 8y - Wr(y,p) *p G = 0, (4.2) 

G(y,p, Yo, Po, 0) = 8(y - yo)8(p - Po) . (4.3) 

The first approximation to make involves applying the long time Markovian 

approximation. For small Ii it is clear that G varies slowly on the diffusion range 



58 

scale compared to the exponentially decaying force term, for almost all Yo -=I o. 
The next approximation involves expanding the scattering kernel for small Ii: 

(4.4) 

As a convolution operator on the space of test functions, this expansion is weakly 

convergent. This is due to the fact that the power spectrum S decays faster than 

any power of crossrange spatial frequency l, and sin2 (ly/2) is bounded for all y. 

It is on purely physical grounds that Gel is expected to have infinitely continuous 

bounded derivatives in p. Then, to leading order in Ii, referring back to Eq. (3.69), 

the source term can then be written as 

The expression for (g) inc is now 

~ f3r(YO)/li2e-fJr(yo)xo/1I28(po) 

a(g(yo, Po, XO))coh 
ax (4.5) 

Now use the leading order term in the expansion of the relative scattering kernel, 

which is independent of Ii. As a convolution operator, it can be expressed as 

(4.8) 

where 'Dr (y) is the relative diffusion coefficient used in the two particle Fokker

Planck equation back in Section 2.1, Eq. (2.25). Using this approximation is 

equivalent to stating 

G f'V Gel as Ii --+- 0 . (4.9) 

Thus 

(4.10) 
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For ranges of order one and beyond, and Ii ~ 1, it is clear that the small Yo 

expansion of f3r(YO) is valid, and Eq. (4.10) can then be expressed as 

(g(y,PjX)}inc = i: dYoGcl(Y,YO,p,PO = O;x)Q(yo,x) , (4.11) 

where the extended quantum notch is defined as 

(4.12) 

The effect of coherent diffractive forcing is now apparent. The extended quantum 

notch mitigates the singularity in the solution of Gel due to the zero in the relative 

diffusion coefficient. The coherent wave activity, on the fourth moment level, is 

expressed by e-{3Y~X/A2. Thus inside the coherent wave boundary layer the diffrac

tive role of Ii will eventually smooth the fine structure inherent in the solution of 

the stochastic Liouville equation. The range at when caustics overlap to such an 

extent that semi-classical methods fail can be determined by where this coherent 

boundary layer, defined by Eq. (3.85), crosses the boundary of the chaotic region, 

Eq. (2.47): 

Xb = O(1n Ii-I) . (4.13) 

This agrees with Berry and Balazs [4]. It is expected that for the waves in random 

media setting this breakdown range cannot be overcome, unlike Tomsovic and 

Heller's case, where regular regions exist for all ranges (time) [36]. 

4.2 Asymptotic Analysis of Scintillation Index 

Continuing with the analysis, define 

Hel(yo,x) = 1: Gel(y = O,Yo,P,Po = O,x)dp. (4.14) 

The scintillation index can then be expressed as 

(4.15) 
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From the analysis of Section 2.1, Hcl(yo, x) can be expressed outside the chaotic 

regime as 

(4.16) 

and inside the chaotic regime as 

H(in) = d(x) 
cl IYol ' 

( 4.17) 

where d( x) is a universal function: 

1 I rl( ) d(x) = e-2" 1/2 ::c , 
J27rfy2(X) 

(4.18) 

fy2 (x) = ~ [e211
::C + 2 cos (Vavx )e- II

::C - 3] (4.19) 

Figure 4.1 illustrates the behavior of d(x). It is straightforward to show that 

for x ~ 1 
(4.20) 

for x ~ 1 

For ranges of order one and beyond, a uniformly valid (in Yo) matched asympotic 

expansIOn IS 

Hcl(Yo,X) = [~~:~ + J3/(87rDOX3)] e-3yV(8Do::c3) . (4.21) 

Substituting this form of Hcl into Eq. (4.15) yields 

u2(x) - I 1(x) + I 2(x) , (4.22) 

100 
1 2/ 3 I 1(x) - 2d(x) _e-3yo (8Do::c )Q(Yo,x)dyo , (4.23) 

0 o Yo 

I 2(x) - J3/(87rDox3) 1: e-3y~/(8Do::c3)Q(yo,x)dyo . (4.24) 

Fortunately, both of the integrals, II and 12 can be evaluated exactly, giving 

I 1(x) - d(x)ln(l+l/r(x;/i)) , 

I 2(x) - 1 - [1 + l/,(x; /i)r1
/

2 
, 

(4.25) 

(4.26) 
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Figure 4.1, The universal function d( x) used to obtain the analytical expression 
for the scintillation index, Eq. (4.28). 



where 
31i2 

/,(Xj Ii) = 8Dof3x 4 

It is clear that in this analysis /' ~ 1, so that 
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(4.27) 

( 4.28) 

where J-l = J8Dof3 13 is an order one constant depending only on the power spec

trum for the potential. 

Eq. (4.28) is the first explicit formula for the scintillation index in the asymp

totic limit Ii ~ 0 that has ever been obtained that correctly approaches saturation 

as x ~ 00. It is the key new result in this dissertation. This expression com

bines classical chaos in the exponential behavior of d( x) with the amelioration due 

to small, but finite Ii. Figure 4.2 displays the behavior of this expression for the 

scintillation index. 

The exponential decay in d( x) does not set in until ranges beyond order one, 

so that the peak is is controlled to leading order by 

(4.29) 

This illustrates the logarithmic divergence of the scintillation index as the classi

cal limit is approached. Beyond the peak, the exponential decay in d(x) due to 

explosive caustic growth dominates until the saturated value of unity is attained. 

This can be interpreted as a wave manifestation of classical chaos. Saturation 

is reached at the range Xs when the error in scintillation index due to first term 

becomes 0(lilx2 ), or 

(4.30) 

To leading order, 

Xs = O(1n (Ii-I)) , (4.31) 

which is the breakdown range found above. It is interesting to note that O( iii x 2 ) 

is the same error estimate for the asymptotic formula Zavorotnyi derived [43]. It 
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Figure 4.2, The scintillation index, as expressed by Eq. (4.28) for several extremely 
small values of Ii. 
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is also interesting to note that the saturation range derived here is in agreement 

with Dashen's result if his argument for possible exponential growth of caustics is 

incorporated, and diffraction corrections are taken into account [10]. The satura

tion range obtained here agrees with intuition. At the breakdown range, caustics 

have proliferated to such an extent that diffractive effects totally "wash out" the 

ability to obtain sharp peaks of high intensity for the wavefield. This is when the 

wave field approaches Gaussian statistics, so that the fourth moment is then the 

products of the second moments. Using the notation of Appendix B, Eq. (B), this 

is expressed as 

(1f;(Ya; X)1f;*(Yb; x)'1f;(yc; X)'1f;*(Yd; x)) ~ ('1f;(Ya; X)'1f;*(Yb; x)) + ('1f;(yc; X)'1f;*(Yd; x)) 

(4.32) 

The second term relates to the ever present coherent forcing on the level of the 

fourth moment, and is represented by (g)coh. Recall the analysis of the second 

moment wave kinetic equation. It was seen that the coherent forcing on the level of 

the second moment was negligible after the short range x = O(1i2). The forcing on 

the level of the fourth moment is seen to extend to all ranges, and plays an essential 

role in obtaining the saturated result for the variance of intensity fluctuations, 

(12) = 2(1). 
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Chapter 5 Discussion 

This dissertation explores the formal classical limit and approach to the classical 

limit of a nonseparable wave mechanics problem. The field of waves in random 

media was used to explore what signatures of the chaotic classical limit persist in 

range. To conclude the work, the main research contributions of this dissertation 

will now be summarized, and some obvious leads to future work will be mentioned. 

5.1 Summary 

The formal classical limit was shown to exhibit chaotic behavior analytically 

and by numerical verification of the existence of a positive Lyapunov exponent. It 

was shown that exponential sensitivity on the short diffusion range scale could only 

be found for the potential considered by examining the two-ray relative phase space 

distribution function. Although the relative diffusion Fokker-Planck type equation 

derived for this process yielded the desired results concerned with deterministic 

chaos, the singularity in the solution due to the zero in the diffusion coefficient 

prevents the intensity statistics to be calculated. This drawback is inherent for 

any strictly classical method. Although the Lyapunov exponent was arrived at 

by considering the rate of divergence of two neighboring ray trajectories in phase 

space in the mean square sense, an assertion was established which connected the 

Lyapunov exponent to the exponential proliferation of caustics. 

For finite frequency, the use of a generalized Wigner function was used to 

explore the approach to the classical limit and investigate the possibility of the 

existence of 'wave chaos'. By applying boundary layer theory to the evolution 

equation for the generalized Wigner function (generalized wave kinetic equation), 

it was demonstrated that outside the coherent boundary layer waves could be 

analyzed classically and the generalized Wigner function behaved just as the two-
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ray relative phase space distribution function. Inside the boundary layer, however, 

diffraction effects dominate the propagation and the classical picture disappears. 

This boundary layer approach can be viewed as a semiclassical approximation in its 

connection to the classical limit. Indeed, just as Nair and White's [23] Gaussian 

beam approximation mitigated the singularity in the relative diffusion Fokker

Planck equation, the extended quantum notch used in this work can be thought of 

as a mitigation of the singularity also. The difference, however, comes in when the 

intensity statistics are calculated. The Gaussian beam method yields incorrectly 

that the scintillation index approaches zero at saturation. The technique used 

here however gives the correct value of unity. This was shown to be due to the 

coherent forcing that exists for all ranges. It seems unlikely that this coherent 

forcing can be incorporated in a natural way into a semi-classical method. Thus 

it is expected that for ranges well beyond O(ln (Ii-I)), semi-classical methods will 

show the scintillation index approaching the incorrect value zero. 

Finally, and relating to the above, the extended quantum notch technique em

ployed here clearly demonstrates the amelioration of classical chaos through diffrac

tive smearing. This smearing effect takes place on a range scale of O(ln (Ii-I), which 

relates to the "log time" that Berry and Balazs [4] noted. This range determines 

when the separation in cross range of individual caustics becomes less than their 

corresponding width, which is proportional to Ii, making them indistiguishable from 

one another. By examining the leading error in the eikonal phase phase using the 

Sommerfield Ansatz, the classical limit can to breakdown (phase errors become 

0(1)) at the range O(Ii-l). This is a best estimate however, and accounting for 

exponential proliferation of caustics, the breakdown range is actually O(ln (Ii-I)). 

Dashen hints at this in his estimate of how saturation is approached [10]. This 

breakdown range is strict for problems in waves in random media, where no tra

jectories in phase space are regular. 
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A wave manifestation of classical chaos was shown to be the exponential rate of 

decay to unity of the scintillation index beyond its peak. It should be pointed out 

however that numerical confirmation would be extremely difficult since, Ii would 

have to be extremely small to enable exponential decay to be measurable. The 

peak in the scintillation index would have to be much greater than 10 (Ii < 10-8 ). 

5.2 Future Work 

Concerning the semi-classical log breakdown range: A Maslov-Chapman type 

computational model can be implemented using the classical Hamiltonian corre

sponding to the parabolic wave equation. Direct comparison to solutions of the 

exact wave equation should yield discrepancies around the breakdown range. The 

issue of how Tomsovic and Heller [36, 35] are able to break through the log time 

barrier can then be addressed. The importance of the breakdown in semi-classical 

methods cannot be overemphasized. Computationally, solving full wave models for 

small Ii is known to be vastly more costly than solving their classical counterparts. 

Preliminary investigations, based on Monte Carlo solution of the stochastic 

wave equation point to discrepancies in the fourth moment wave-kinetic equation. 

If changing the strength of the stochasticity parameter (€) does not alter the Monte 

Carlo solution, then the simulation experiment is well within the regime where the 

Markovian approximation is valid. The generalized wave-kinetic equation could be 

numerically solved with the Markovian approximation relaxed (using Eq. (B.15)) 

and compared to Monte-Carlo simulations solving the SPE. 

5.3 Closing Remarks 

The notion of wave chaos must be addressed. Intuition suggests that wave chaos 

cannot exist for a linear wave equation, no matter how complicated the potential. 

If the period in crossrange is extended to infinity, then statistics of the wave field 
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could be computed by averaging over crossrange using a single realization. Then at 

the saturation distance, the field is fully randomized, and one expects the process 

to then be irreversible. Computationally however, this is not noted. Whereas 

reversibility of the classical limit requires roughly an additional significant figure 

for each unit of range marched, the parabolic wave equation's reversibility depends 

only on resolving the angular spectrum of the wave field, which can be shown to 

depend on (p2) RJ x, which implies only a logarithmic growth in the number of 

significant digits needed. This implies there is no wave chaos. It is only after 

one does the averaging is the wave process irreversible. The somewhat heuristic 

arguments given in this dissertation imply that classical chaos is an artifact of 

taking the highly singular limit of a nonseparable wave equation. 



APPENDIX A Derivation of Mean Field 
Equation 

Start with the parabolic wave equation in two space dimensions: 
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(A.I) 

There exist two small parameters in Equation A.I, 8 = (koL)-l ~ 1, which states 

that the length scale of the inhomogeneities is large compared to the reference 

wavelength, and € = (( ~c)2)1/2 ~ 1, which defines the medium to be weakly 

inhomogeneous. 

Now apply MOSP to Equation A.I: Let 

'I/J = ('I/J) + D.'I/J. (A.2) 

Take mean of Equation A.l: 

(A.3) 

Subtracting Equation A.3 from Equation A.I yields 

(A.4) 

Note since we're considering propagation in an infinite half-space and a statistically 

stationary medium, the mean field must be independent of the crossrange, y. The 

solution to Equation A.4 can be expressed as 

D.'I/J = -i:' r dx'e- i6/ 2(x'-x)oyyu(y, x')('I/J(y, x')) . 
810 

To leading order, 

€ r D.'I/J = -i-g 10 dx' [u(y, x')('I/J(y,x')) + 0(8)] 

(A.5) 

(A.6) 
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Mean Field [100 realizations vs msp, hbar=0.5,eps=0.01,Nx=4096] 
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Figure A.l, The mean field computed from Monte Carlo simulations using € = 0.01, 
Ii = 0.5, and the analytic solution from Equation A.lO (100 realizations used for 
the averaging). 
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Substituting Equation A.6 back into Equation A.3 yields (again, to leading order) 

f.2 (X 
8x (1f;) = - 82 Jo de(u(y,O)u(y,e)) (1f;(y,x - e)) . (A.7) 

Applying the long time Markovian approximation yields 

(A.S) 

where 

a = 100 

de(u(y, O)u(y, e)) . (A.9) 

With diffusion scaling, the solution to Equation A.S can be expressed as 

(A.lO) 

As shown in Figure A.I, Monte Carlo simulations to compute the mean field 

compare where expected to this analytic result. Here a normalized bivariate Gaus

sian power spectrum is used for the potential, so that the attenuation coefficient 

is Vi/1i2. 



72 

APPENDIX B Derivation of Fourth Moment 
Wave Kinetic Equation 

Define the generalised Wigner Phase space distribution function: 

h(YI, Y2, PI, P2; x) = (271"8)-2 J J dy'dy"¢(YI - Y' /2, X )¢*(YI + Y' /2; x) . 

¢(Y2 - Y" /2; x )¢* (Y2 + Y" /2; x) ei(Pl y' +P2y")/8 • (B.l) 

Let 

be the 4-point symmetric density function, where 

Ya = YI - Y' /2 , 

Yc = Y2 - Y" /2 , 

Yb = YI + Y' /2 , 

Yd = Y2 + Y" /2 . 

Since ¢ satisfies the stochastic parabolic wave equation 

it is easily seen that 

(B.3) 

(BA) 

812 = (_1 )2 (~) J' (Xl dy'dy" (_ 82 
£, + dI) pei(PIY'+P2y

lI
)/8 (B.5) 

8x 21f'8 z8 i-oo 2 ' 

where 

U(y', y", Yll Y2; x) = u(Ya; x) + u(Yc; x) - U(Yb; x) - U(Yd; x) . (B.6) 

Integrating the nonrandom portion by parts yields 

812 + 812 + 812 = (_1_)2 (~) fl°O d 'd "V i(PIy'+P2y")/8 
8 PI 8 P2 8 € 2 c . c Y Y pe • x YI Y2 7I"u zu -00 

(B.7) 
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Now substitute Eq.( B.3) back in and manipulate the R.H.S. of Eq.( B.7) as follows: 

J J dy'dy"V(y', y", Yb Y2; x )p(y', y", Yb Y2; x )ei (PIY'+P2yll)/6 

J 1: dy'dy" p(y', y", Yb Y2; x) J 1: dy'dy"V(fj', y", Yb Y2; x )e
i
(PIY'+P2yll)/S • 

_1_100 d ' ip~ (ij'-y')/S • _1_100 d ' ip~(fjll_yll)/S 
2 f: PI e 2 f: P2 e 

ITu -00 ITu -00 , ___ .. , v .. 

6(fj'-y') 6(ijIl_yll) 

- J 1: dp~ dp~ J 1: dy'dy"V(fj', y", YI, Y2; x )ei(fj'p~+yllp~)/S 

h(YI,Y2,PI - P~,P2 - p~;x) 

where the asterisk (*) denotes a double convolution over PI, P2 space. Finally, with 

slight rearrangement, Eq.( B.7) can now be written as 

(B.9) 

the kernel being defined by 

U (YI + y' /2; x) + U (Y2 - y" /2; x) - U (Y2 + y" /2; x)] . 

(B.I0) 

This completes the derivation of the stochastic evolution equation for the gener

alised Wigner function, which, in reference to Beseires and Tappert [6], is named 

the generalised stochastic Wigner equation. Observe thus far no approximations 

were made and this equation merely follows directly from the stochastic parabolic 
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equation and the definition of the generalised Wigner function. In the next sec

tion, the method of first order smoothing is applied to Eq. (B.9) and the evolution 

equation for the first moment of the generalised Wigner function, which is the 

desired generalised wave kinetic equation, is derived. 

B.l First Order Smoothing 

The method of first order smoothing is applied to Eq.( B.9). Splitting the 

Wigner function into mean and fluctuating parts, 

the following pair of equations are obtained: 

(B.11) 

(B.12) 

(B.13) 

Neglecting the higher order terms, the quadrature solution to Eq.( B.13) can be 

expressed as 

812 - fox e(x'-X)[P18Yl+P2 8Y21K: * (h(Yl, Y2, P!'P2; x ))dx' 

- fox dxe-x[P18Yl+p2 8Y21K: * (h(Yll Y2,PllP2; x - x)) 

- lox dxK: * (J2(YI - XPllY2 - XP2,PI,P2;X - x)) . (B.14) 

Substituting Eq.( B.14) into Eq.( B.12) yields the evolution equation for the mean 

Wigner distribution function: 
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(B.I5) 

B.2 Longtime Markovian Approximation 

At this point the assumption that (h) is a slowly varying function of its argu

ments is necessary. Specifically, it is assumed that 

(B.I6) 

It is also assumed that x ~ 1, so that Eq.( B.I5) becomes 

(U( -, -" )U( -, -" -)) Y ,Y ,YI,Y2jX Y ,Y ,YllY2jX - X , 

(B.I7) 

where the definition of the kernel, Eq.( B.IO) has been used. Using the assumption 

that the potential is stationary in the crossrange coordinate Y allows considerable 

simplification of the R.H.S. of Eq.( B.I7). First rewrite the product of potential 

terms using the definition of the potential power spectrum: 

= (U(YI - fj'/2jX)U(Y2 - fj"/2jx - x)) + (U(Y2 - fj"/2jX)U(Yl - fj'/2jx - x)) 

-(U(YI - fj' /2; X )U(Y2 + fj" /2; x - x)) - (U(Y2 + fj" /2; X )U(YI - fj' /2j x - x)) 
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-(U(YI + iJ' /2; x )U(Y2 - y" /2; X - x)) - (U(Y2 - f/' /2; x )U(YI + y' /2; x - x)) 

+(U(YI + y' /2; X )U(Y2 + y" /2; x - x)) + (U(Y2 + y" /2; X )U(YI + y' /2; x - x)) 

+eik[(Yl +!i' /2)-(Y2+ii" /2)]] 

N OW the spatial integrals can be trivially handled: 

(B. IS) 

1000 

dx J 1: dy' dylleiii'(Pl-pD/6eiii"(P2-P~)/6(u(Y', y", Yl, Y2; x )U(y', y", Yb Y2; x - x)) 



Now introduce center of mass coordinates: 

y = YI - Y2 

P=PI-P2 

Y = (YI + Y2)/2 

P = (PI + P2)/2 , 
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(B.19) 

(B.20) 

and integrate over the mean momentum P, and take advantage of the fact that 

the power spectrum is an even function of its arguments. After some algebra the 

final form of the generalized wave kinetic equation is 

8(g) + P 8(g) = 100 

dp'W(p _ p')(g(y,p'; x)) , 
8x 8y -00 

(B.21) 

where the mean generalized Wigner function is defined by 

(g(y,p,x)) = i: dP(h(y,Y,p,P;x)) , (B.22) 

and the relative scattering kernel is 

W(p) = 47rl/li? i: df S(f, O)[8(p + 8f) + 8(p - 8f) - 28(p)] sin2 (fy/2). (B.23) 

Note that the range has been rescaled as x -jo €2/3X , and the parameter Ii = C 2/ 38 

is introduced, effectively removing the dependence on €, which states that the 

evolution fo the generalized Wigner function represents an infinite dimensional 

Markov process. 
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Also note that since the medium is statistically stationary in crossrange the 

mean generalized Wigner function is independent of the mean crossrange Y. 
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APPENDIX C Numerical Techniques 

C.l A Split-Step Method for Solving the Wave Kinetic 
Equation 

A code was developed for solving Eq. (3.51) that is very efficient and accurant. 

A formal sketch of how the algorithm was developed can be initiated by writing 

Eq. (3.51) as 

a(g(y, p,. x)) 
ax 

- (Aop + Bop) (g(y,p, x)) , 

(g(y,p, 0)) - t5(p) , (C.1) 

where 

Aop = -pay, Bop = W(y,p) *p . (C.2) 

Clearly Aop represents the advection operator and Bop represents the nonlocal 

momentum scattering convolution operator. Formally integrating through one 

iteration in the range x yields 

(g(y,p,x+6x)) =exp{(Aop+Bop)6x}(g(y,p,x)). (C.3) 

Now apply a first order Campbell-Baker-Hausdorff expansion, and appropriately 

apply Fourier transformations to diagonalize the operators Aop and Bop to obtain 

(g(y, p, N 6x)) = [,r-;,J exp {-ipp6x },r-y,p,r-;:J exp {-W(y, y)6x}] N (1J(y, y, 0)) . 

(C.4) 

Notice that the initial condition, (1J(y, y, 0)), is in y - y space, and for a plane wave 

is simply unity. For a Gaussian power spectrum the scattering kernel in this space 

is explicitly 

W(y,y) - ~; (exp{-(y-y)2/4} +exp{-(y+y)2/4} 

-2exp(-y2/4)-2exp(-y2/4)+2). (C.5) 
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The algorithm given by Eq. (0.4) is easy to implement. The coordinates y,P are 

made periodic in order to implement fast Fourier transforms, and the solution 

is marched out to the desired range. Integration over y to obtain the intensity 

correlation function and flux is obtained by taking the d.c. component in p space. 

The step sizes 6y and 6p must be chosen small enough to adequately resolve 

the Wigner function. For Ii = 0.25, it was found that 6y = 6p = 0.0293 was 

sufficient. The solution was found to be much less sensitive to the chosen range 

step, and the choice 6x = 0.05 proved quite satisfactory (the solution did not 

change significantly for a smaller range step). The RAM constraint of the Sparc II 

workstation used would not allow accurate solutions to be obtained for Ii smaller 

than 0.25. 

C.2 Monte Carlo Simulations 

Simulations of the evolution of an initially plane wave through a 2D random 

media were explored by numerically solving Eq. (1.1). The medium was modelled 

statistically by a single scale, isotropic, bivariate Gaussian random function, just 

as described in Section 2.6. The rms measure of fluctuations in the media is f, and 

the reference wavelength is denoted by 8. These two parameters, along with the 

correlation length scale, L, determine all the critical numerical parameters for a 

numerical simulation. For what follows it is assumed that the correlation length 

scale of the inhomogeneities is unity. 

The formal development of the algorithm used starts with Eq. (1.1), rewritten 

as 

(C.6) 

where 
A 82 

T=-'20YY' U=w(x,y). (C.7) 

Neglecting the error [O(6X2)] due to Dyson time ordering, formally integrating 
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Eq. (C.6) yields 

{ 
i {x+t::.x ( A A ) } '1f;(y, X + .6.x) = exp -8 Jx T + U dx' '1f;(y, X) . (C.8) 

Using the midpoint rule to evaluate the integral, applying the Campbell-Baker

Hausdorff expansion to first order, and appropriately diagonalizing the free prop

agation operator T gives the desired algorithm: 

'1f;(y,N.6.x) = [.r;J exp{ - ifJp2.6.x/2}.ry,pexp{ - iiu(x + !.6.x,yn]N '1f;(y,O). 

(C.9) 

If the split-step algorythm is implemented properly, time-reversal invariance is 

assured. Note however that time-reversal invariance is not sufficient to insure a 

given accuracy. To check for time-reversal invariance, the complex conjugate of 

the solution is marched out to the desired range, X s , whereby the time- stepping 

is reversed and marched back to the souce range. If the reversed output at the 

source matches the initial condition within a given tolerence (5% was chosen for 

this work), then time-reversal invariance is verified. 

The growth in r.m.s vertical wavenumber is an additional monitoring tool used. 

Analysis of the second moment wave kinetic equation showed that the variance in 

momentum grows linearly with range, as long as the range is sufficiently greater 

than the extent of the coherent boundary layer, O(/i2 ). 

At each range step, the norm the free propagation operator is computed via 

IITII = J'1f;*T'1f;dx / J 1'1f;12dx, (C.10) 

- ~ J 1~:12dx / J 1'1f;1
2
dx. (C.11) 

This quantity is computed for each realization, and then averaged over realizations. 

It is then compared to the analytical result 

( C.12) 



82 

Because the normalization factor in Eqn 0.11 is the conserved quantity of intensity 

and is initially unity (i.e. f 11/112 dy = 1), the actual computation done is simplified 

to 

II 
~ II 1i

2 
M Ny 1 a;jJ 12 T ::::::-L:L: - , 

M Ny m=l j=l ay (C.13) 

where M represents the number of realizations used to make up the ensemble, and 

Ny is the number of points used to uniformly represent the crossrange. Notice 

the factor of 1i2 used in place of 82
• This is just the incorporation of diffusion 

scaling (i.e. x = f.2/3 X ) so that the comparison is made to ('P) = 2Dox, which 

is independent of f.. The tilde's merely signify this transformation. It should be 

noted that the derivative of 1/1 with respect to crossrange is computed via F.F.T.'s 

and is incorporated in such a way as to minimally deter the efficiency of the code. 

The known condition for choosing the Fourier transform size is 

8 
b.y <t;. O( ()) . 

Prms Xs 
(C.14) 

This condition is determined from the Nyquist criterion for resolving the largest 

transverse wavenumber probable in the propagation. From ray theory the rms 

growth in the momentum can be derived to be Prms :::::: f.VX, so that Equation 0.14 

can be expressed in terms of the two parameters as 

8 
b.y = Cl . r::; • 

f.yX 

This suggests we choose the transform size according to 

Py f.Py 
Ny = b.y = c183/2 . 

Regarding the time step: Absolute stability is guaranteed as long as 

b.x <t;. 0 ( 2 8( ) ) , 
Prms Xs 

or 

(C.15) 

(C.16) 

(C.17) 

(C.18) 
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Given Equation C.18 and Equation C.15, and a carefully controlled numerical sim

ulation, the constants Cl and C2 can be determined allowing complete automation 

of the simulation program. Once this is done, the Monte Carlo simulation runs can 

be initiated, which are straightforward, but computationally expensive if anything 

more than the scintillation index is desired. 
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