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ABSTRACT 

A nonlinear stochastic finite element-based procedure is developed for reliability 

analyses of structures. The procedure is based on the First Order Reliability Method. The 

failure criteria of structures are expressed in tenns of the ultimate and serviceability state 

functions. The adjoint variable method is used to fonnulate the computation of the 

gradient vector. The assumed stress-based finite element method is used to compute 

nonlinear structural responses and the corresponding response gradients for steel frames. 

Nonlinearities due to geometry, material and partially restrained connections are 

considered in the procedure. A computational model based on the Richard model is 

developed to address the uncertain properties of partially restrained connections. The 

material properties, geometric properties, connections parameters and external loads are 

considered as random variables. Several observations with design implications are made 

from numerical examples. Frames designed considering strength may not be acceptable 

when serviceability is considered. The presence of partially restrained connections changes 

the stress distribution in frames and makes frames more flexible so that serviceability could 

become the governing limit state. It is essential to properly consider the presence of 

partially restrained connections in the analysis and design of frames. The proposed method 

can be used as an alternative to the Gurrently available methods to design a structure and 

evaluate the corresponding reliability. 

As an extended study, an efficient finite element-based procedure is also 

developed for estimating nonlinear responses of complex two or three dimensional steel 
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frames with partially restrained connections under dynamic and seismic excitations. The 

hysteretic behavior of partially restrained connections are modeled by using the Masing 

rule combined with the Richard model to describe the loading, unloading and reverse 

loading paths for connections. Numerical examples show that this procedure is accurate 

and efficient compared with other existing nonlinear methods. 



1.1 General Remarks 

CHAPTER 1 

INTRODUCTION 

14 

The major objective in structural design is to assure the safety and serviceability of 

the system within the constraint of economy. However, most of the planning and design of 

structural systems are accomplished without the benefit of complete information. 

Therefore, many decisions are made invariably under conditions of uncertainty. 

The safety of a structural system depends on the loads or the load combinations it 

will be subjected during its lifetime, the load-carrying capacity (strength and serviceability) 

of the structure or its components, and the mechanical models chosen to represent this 

structure or its components. It is difficult to predict exactly the intensity of the loads that 

may act on a structure. The in-place strength of a structure or its components is 

determined by structural parameters such as structural geometry, material properties, 

sectional properties and boundary conditions. The precise values of these parameters are 

difficult to predict because of uncertainties introduced during manufacturing, fabrication 

and construction processes. Mechanical models, derived from incomplete information and 

lack of understanding of structural behavior, can not represent exactly the behavior of 

structures. Thus, all of the aforementioned factors should be considered in the context of 

uncertainty. The absolute assurance of the safety of a structural system is not possible. 

The safety of a structural system is achieved, traditionally, through the use of load 

factors, capacity reduction factors and by making conservative assumptions during the 

design process. The adequacy or inadequacy of the applied safety margin is often defined 

on the basis of subjective judgment. This subjectivity makes it difficult to quantify the 
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underlying risk or reliability. Realistically, the safety of a structure can be stated in terms 

of the probability of the survival of a structure under given load conditions. Structural 

reliability analysls makes it possible to quantify, probabilistic1y, the safety of a structure. 

The concept of reliability has two applications. In a design process, it can be used 

to derive quantitative information about the performance of a system in terms of the 

probability of failure or survival. It also provides a rational quantitative measure in 

decision making for inspection, maintenance and rehabilitation. 

Although the idea of reliability analysis has generally been accepted for a long 

time, the level of knowledge required to implement it in a practical structural design has 

not been available until recently. A large amount of research has been conducted to 

produce practical methods for the quantification of the reliability of structures and their 

usage in designs. Some of these methods have been successful and have resulted in the 

improvement of design approaches. However, most of these methods can be only applied 

to simple structures where the relationships among loads, load effects and resistance can 

be expressed explicitly. When fmite element method (FEM) was introduced to this area, it 

triggered a new reliability analysis method which can be used for complex structures. This 

new approach is referred to as the Stochastic Finite Element Method (SFEM). 

The development of SFEM is important because it enables standard mechanical 

models to be used in a probabilistic analysis. So far, the practically desirable SFEM 

considering the nonlinearities in structures is not available because of numerical and 

efficiency difficulties. As the ultimate load is approached, structures become unstable and 

their geometry deviate quite noticeably from their undeformed shape, producing geometric 

nonlinearity. Furthermore, the stress-strain behaviors of the materials are expected to 

exhibit nonlinear characteristics which will lead to material nonlinearity, e.g., when some 
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of the structural elements yield. For the steel frames with partially restrained (PR) 

connections, the connections will exhibit nonlinear response almost from the start of 

loading. Generally, traditional linear elastic analysis where the equilibrium and kinematic 

relationships are expressed with respect to the undeformed geometry of the structure will 

not be appropriate. Instead, a second-order analysis where the equilibrium and kinematic 

relationships are expressed with respect to the deformed geometry of the structure will be 

necessary to account for the geometric and material nonlinearities. A corresponding 

reliability method should be developed for the analysis of nonlinear structures. 

The purpose of this study is to develop a stochastic finite element method for 

reliability analysis of nonlinear two or three dimensional (2D or 3D) frames with partially 

restrained connections. As an extended study, an FEM-based analytical procedure is also 

developed for dynamic analyses of steel frames with PR connections. 

1.2 Objectives And Scope 

The objectives of this study were undertaken in two phases: 

Phase I 

1. To develop a unified SFEM algorithm for the reliability analysis of nonlinear 

structures. The assumed stress field FEM is implemented in the algorithm for reliability 

analyses of nonlinear 2D and 3D steel frames. The explicit expressions for the 

derivative matrices at element level are derived and coded in a general-purpose finite 

element program. 

2. To develop a computational model to consider the uncertainties in PR connections. 

This model can be used in reliability analyses of frames with PR connections. 
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Phase II 

3. To develop an FEM-based analytical procedure to study the dynamic and seismic 

behavior of nonlinear steel frames with PR connections. A computational model is 

developed to consider the hysteretic energy dissipation behavior of PR connections. 

1.3 Organization 

This study is presented in seven chapters. In Chapter 2, the existing literature on 

structural reliability methods and stochastic finite element methods is reviewed. The 

structural analysis methods related to this study are also discussed. The importance of 

considering PR connections in structural analyses is identified. 

In Chapter 3, the governing equations and formulas for nonlinear beam-column 

elements based on the assumed stress method are summarized. 

In Chapter 4, a unified stochastic finite element algorithm is developed for the 

reliability analysis of nonlinear structures. The algorithm can be implemented in both 

displacement-based and stress-based finite element procedures. This algorithm is 

applicable to both linear and nonlinear problems. 

In Chapter 5, the proposed unified stochastic finite element algorithm is 

incorporated with the assumed stress field FEM. Specific formulas are derived for steel 

frames. A computational model to consider the uncertainties in PR connections is 

proposed. Using the proposed method, uncertainties in PR connections can be 

incorporated in the proposed stochastic finite element algorithm and make the reliability 

analysis of frames with PR connections possible. 
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In Chapter 6, an FEM-based analytical procedure to study the dynamic and seismic 

behavior of nonlinear steel frames with PR connections is proposed. A computational 

model is developed to consider the hysteretic energy dissipation of PR connections. 

Chapter 7 contains the summary and conclusions of this study, with suggestions 

for further studies. 



2.1 Introduction 

CHAPTER 2 

LITERA TORE REVIEW 

19 

For decades, theory and practical methods for reliability analyses have been 

developed and have resulted in the improvement of structural design approaches. This 

chapter reviews the development of reliability methods. The structural analysis methods 

for nonlinear structures and frames with partially restrained connections which are related 

to this study are also discussed. 

2.2 Methods for Reliability Analysis 

The safety of a structure, which is judged according to various performance 

requirements, is a function of the loads it is subjected to and its load-carrying capacity. 

Because of the uncertainties involved, the quantification of such safety should be stated in 

terms of the probability of failure (or survival). 

This concept is illustrated in Figure 2.1 for two variables, load effect Q and 

structural resistance R. Both Rand Q are random variables; their stochastic variation is 

characterized by the probability density functions IR(r) and IQ(q). If a performance 

function, relating to a criterion of performance of the structure, is defined as 

g(R,Q)=R-Q (2.1) 
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JlR R,S 

Figure 2.1 Qualitative idea of reliability 

The failure state can be denoted as g(R,Q) < O. In Fig. 2.1, the area of overlap between the 

two curves - the shaded region - provides a qualitative measure of the probability of 

failure. Mathematically, the probability of failure for this performance function may be 

calculated as 

PI = P(R < Q) = P{g(R,Q) < O}= JJ fR,Q(r,q)drdq (2.2) 
n 

where fR,Q(r,q) is the joint probability density function of the two variables and .Q is the 

failure region. 

In reality, the reliability of a structure may involve multiple variables. In particular, 

the structural resistance R and load effect Q may, respectively, be functions of several 

other variables. For such cases, a generalized performance function of the multiple random 

variable problem can be defined by 
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(2.3) 

where X is a set of n physical basic random variables of the structure, and the function 

g(X) determines the performance or state of the system. Failure is defined by the event 

g(X) < 0, g(X) > ° identified a safe state, and the limiting performance requirement is 

defined as g(X) = 0, which is the limit state of the system. The failure probability may be 

calculated as (Ang and Amin 1968; Benjamin and Lind 1969; Cornell 1969; Freudenthal 

1947, 1956, 1962, 1966; Moses and Kinser 1967; Shinozuka and Itagaki 1966) 

P, = p[g(x) < 0]= lI;o;(x)dx 
g(;o;)<O 

(2.4) 

where Ix(x) is the joint probability density function of multivariable X. If some of the 

basic random variables are discrete, the integration over the corresponding densities is 

substituted by a summation over finite probabilities. 

The primary purpose of reliability computation methods is to evaluate the 

multidimensional integral in Eq. (2.4). The calculation of the multidimensional integral 

requires the knowledge of the joint density function Ix ( x). In practice, this information is 

often unavailable or difficult to obtain due to insufficient data. Furthermore, even when the 

required density function can be specified, the exact evaluation of the probability of 

failure, generally requiring the numerical integration of Eq. (2.4), may be impractical. For 

practical purpose, alternative methods to evaluate the probability of failure are necessary. 

In practice, the available information or data may be sufficient only to evaluate the 

first and second moments; namely, the mean and variances of the respective random 

variables (and perhaps the covariance's between pairs of variables). Therefore, practical 
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measures of reliability must often be limited to the functions of these first two moments 

leading to the second-momentformulation (Cornell 1969; Ang and Cornell 1974). 

There are several methods using the second-moment formulation approach. All 

these methods can be grouped into two types, namely, first- and second-order reliability 

methods (FORM and SORM) depending on the first- or second-order approximation of 

the performance function of interest. The performance functions of interest can be linear 

or nonlinear functions of the basic variables. The FORM can be used when the 

performance function is a linear function of uncorrelated normal variables or when the 

nonlinear performance function is represented by the first-order (linear) approximation. 

The SORM estimates the probability of failure by approximating the nonlinear 

performance function, including a linear performance function with correlated nonnormal 

variables, by a second-orderrepresentation. They are discussed below. 

2.2.1 First Order Reliability Method 

The early formulations of the second moment reliability measure started out from 

the concept of a performance function g(x) where x is the vector of random physical 

variables (Freudenthal 1956; Cornell 1969; Rosenblueth and Esteva 1971). For example, if 

Rand Q could be identified as resistance and load effect respectively, the performance 

function can be represented by Eq. (2.1). Its mean and variance may readily be determined 

as 

(2.5) 

and 
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(2.6) 

Assuming that both Rand Q are statistically independent nonnally distributed random 

variables. 

The event offailure is R < Q, or g < O. Therefore, the probability of failure is given 

by 

(2.7) 

where <D is the cumulative distribution function of a standard nonnal variable and the 

reliability index is defined as 

(2.8) 

This concept can be generalized to multiple random variable problems. It is clear 

that Eq. (2.8) works only when the perfonnance function is a linear function of basic 

random variables. But the concept is applicable to the case with nonlinear performance 

function by the linearizing the perfonnance function at the mean of random variables using 

Taylor series expansion (Mean Value First Order Second Moment Method). Equation 

(2.3) can be used to represent a general perfonnance function. A Taylor series expansion 

of the perfonnance function about the mean values gives 

(2.9) 
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where the derivatives are evaluated at the mean values of the random variables X. 

Truncating the series at the linear terms, the first-order approximate mean and variance of 

g(X) are obtained as 

(2.10) 

and 

(2.11) 

If the variables are statistically independent, the variance is simply 

2 "(ag J Cig z ~ aX
j 

Var{X;) (2.12) 

By using Eqs. (2.10) - (2.12), the reliability index ~ can be evaluated by using Eq. (2.8). 

It soon became clear, however, that the general applications of the reliability index 

as defined above were not justified due to lack of formulation invariance (Ditlevsen 1973; 

Veneziano 1974). The obvious weakness of the concept was its failure to be constant 

under different but "mechanically equivalent" formulations of the same performance 

function. The early ambiguous reliability index definition was then replaced by a 

geometrical definition (Hasofer and Lind 1974): the reliability index is the shortest 

distance in the reduced variable space from the mean to the failure surface if the random 

variables in the problem are uncorrelated. 

This concept can be explained with the help of Fig. 2.2. Consider the linear limit 

state function consisting of two variables as 
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R-Q=O (2.13) 

Note that both R and Q need not be nonnal variables. A set of reduced variables is 

introduced as (Ang and Tang 1984) 

(2.14) 

and 

(2.15) 

Substituting these in Eq. (2.13), the following expression can be obtained 

(2.16) 

In the space of the reduced variables, this new fonn of the limit state equation can 

be represented as shown in Fig. 2.2. The safe and failure regions are also shown. From 

Fig. 2.2 it is apparent that if the failure line (limit state line) is closer to the origin, the 

failure region is larger, and if it is farther away from the origin, the failure region is 

smaller. Thus the position of the limit state surface relative to the origin is a measure of 

the reliability of the system. 

The distance from the (linear) failure line to the origin, 0, is in itself a measure of 

reliability which can be shown to be 
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(2.17) 

Note that this is the same as the reliability index defmed by Cornell (1969) in Eq. (2.8) for 

nonnal variables R and Q. 

Q' 

g(R,Q)=O 

g(R,Q)<O Limite State 

Failure State 

R' 

g(R,Q»O 

Safe State 

Figure 2.2 Reliability Index: Linear Function 

In general, the perfonnance function of interest could be a nonlinear function of 

more than two random variables. Hasofer and Lind's concept can be generalized in such 

case by introducing the set of uncorrelated reduced variables as 

(2.18) 

The distance from a point X· =(X;,X~,. .. ,XJ on the failure surface g(X) = 0 to the 

origin of X' can be shown as 
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~ '2 '2 (" ,)112 d=~= XI +,,+Xn = X X (2.19) 

The point on the failure surface, (x': ,x'; '''''X':), having the minimum distance to the 

origin may be detennined by minimizing the function d, subject to the constraint g(X) = O. 

This is known as the design point or checking point. By using the method of Lagrange 

multipliers (Shinozuka 1983), the minimum distance can be obtained by using the iteration 

strategy as 

(2.20) 

where the derivatives (a~.,). are evaluated at « .x·; ..... x-;l. The updated design point 

is given by 

,* ·A Xi = -aip, i=l,2, .. ,' n (2.21) 

where 

(tt1 
n (ag I L-, 

i=1 ax i • 

(2.22) 
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are the direction cosines along the coordinate axes X'i' In the space of the original 

variables, the design point is 

The concept is shown graphically in Fig. 2.3. 

X' 2 

g(X»O 

g (X) <0 

(Design Point) 

g (X) =0 

X' 1 

Figure 2.3 Reliability Index: Nonlinear 
Perfonnance Function 

(2.23) 

The Hasofer-Lind approach discussed previously does not include distribution 

infonnation of basic random variables, even if it is available. The Hasofer-Lind reliability 

index can be exactly related to the failure probability if all the variables are nonnally 

distributed. If the variables are not nonnally distributed, as is common in structural 

problems, it is difficult to relate P to the actual probability of failure. Rackwitz and Fiessler 

(1978) suggested that this problem may be solved by transfonning the non-nonnal 
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variables into equivalent normal variables. The method proposed by Rackwitz and Fiessler 

equated the cumulative distribution function (CDF) and the probability density function 

(PDF) of the non-normal variable and the equivalent normal variable at the checking point. 

This scheme gives the mean value Il Z. and the standard deviation aZ. of the equivalent 

normal distribution as 

(2.24) 

and 

(2.25) 

where Fi and Ii are the non-normal distribution and density functions of Xi respectively, 

and <I> and <l> are the distribution and density functions of a standard normal variable. With 

this transfonnation, the space of the reduced variables is now the space of standard normal 

variables; hence the ~ value calculated by Eq. (2.20) can still be used to evaluate the 

probability of failure. 

Chen and Lind (1982) proposed an extension of the Rachwitz-Fiessler algorithm 

by using a three parameter equivalent normal distributions. A scale factor was used to 

match the slope of the probability density function at the checking point, in addition to the 

matching of PDF and CDF. This results in a more accurate determination of the equivalent 

normal distributions, due to the use of three parameters. 

The Rackwitz-Fissler method and the Chen-Lind method are also called as the 

First Order Reliability Method (FORM) and have been used extensively in the literature. 
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The procedures described above assume implicitly that the basic random variables 

Xl' X2, ... , Xn are uncorrelated or statistically independent. In general, the basic variables 

may be correlated. The correlated variables may be transformed to a set of uncorrelated 

variables by diagonalizing the covariance matrix (Ang and Tang 1984; Der Kiureghian and 

Liu 1986; Ayyub and Haldar 1984; Hohenbicher and Rachwitz 1981; Johnson and Kotz 

1976; Rosenblatt 1952; Shinozuka 1983). Using reduced variables X' which can be 

calculated by Eq. (2.18), the covariance matrix is simply the matrix of the correlation 

coefficients (C') of the original variables X. The uncorrelated variables Y may be obtained 

as 

Y=T'X' (2.26) 

where T is an orthogonal transformation matrix. T will be orthogonal if it is composed of 

the eigenvectors corresponding to the eigenvalues of the correlation matrix C. That is, T 

is such that 

T'C'T = [A] (2.27) 

in which [A] is the diagonal matrix of the eigenvalues of C'. Due to this transformation, the 

variances of the uncorrelated variables are the eigenvalues of the correlation matrix of the 

original variables. Alternatively, the transformation can also be expressed as 

(2.28) 

where L is a lower triangular matrix obtained from the Cholesky decomposition of the 

correlation matrix C'. If the original variables are non-normal, their correlation coefficients 

would change on transformation to equivalent normal variables, before orthogonalization. 
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Theoretical models for the computation of the transformed correlation matrix C' are 

tedious; hence Der Kiureghian and Liu (1986) developed semi-empirical formulae for fast 

and reasonably accurate computation of C'. In general, a vector of correlated, non-normal 

variables can be transformed to a set of uncorrelated normal variables by using the 

Rosenblatt transformation, if the joint density function of the variables is available. 

In practice, one might encounter situations where the information available is more 

than the fIrst and second moments yet is short of the full distribution information. Some 

examples are: 

• the marginal distributions or the partial joint distributions of some of the variables 

might be available; 

• bounds may be specifIed on some of the variables; 

• higher moments of some variables might be known. 

Der Kiureghian and Liu proposed methods to compute the reliability in such situations. 

2.2.2 Second Order Reliability Methods 

The FORM use a linear approximation to the limit state in the standard normal 

space. If the limit state or a transformation of the limit state is highly nonlinear, the error in 

computing the failure probability could be significant. This problem motivated the use of 

second order approximations to the limit state. Two types of approximations have 

resulted: 

1. The failure surface is approximated locally be a quadratic surface at the design 

point(Breitung 1984; Der Kiureghian, Liu and Hwang 1987; Fiessler, Newmann and 

Rackwitz 1979; Hohenbichler et al. 1987); and 
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2. The failure surface is approximated globally by a set of tangent hyperplanes, Le. by a 

polyhedral surface (Ditlevsen, 1984; Hohenbichler, 1982; Madsen et al., 1986). 

Although the second order methods promise more accuracy, they are quite 

complicated and time-consuming. They use second-order partial derivatives of the 

performance function which might be difficult to evaluate for complex structures. Hence 

further research is required in order to develop simple Second Order Reliability Methods 

(SORM). 

2.3 Stochastic Finite Element Method 

The reliability methods described previously can only be applicable to simple 

problems with closed-form performance functions. For example, the performance function 

of a bar under axial tension may be written as 

g(x)= P-A F g y (2.29) 

where P is the tensile force, Ag is the area of cross-section of the bar and Fy is its yield 

strength. In this case, the performance function is expressed explicitly in terms of the basic 

variables P, Ag and Fy. Therefore, the FORM described previously can be used to 

evaluated the probability of failure. However, for more complex structures, the 

performance function is not available in a closed-form. It may only be available in an 

implicit or algorithmic form, such as a finite element code. Several computational 

approaches have been proposed during the past decade for the reliability analysis of 

structures with implicit performance functions. They can be divided into three categories, 

on the basis of their essential philosophy, as (1) Monte Carlo Simulation (MCS) method, 

(2) response surface approach, and (3) stochastic finite element method. 



33 

Using the MCS method, one would generate a large number of artificial sets of the 

basic variables which satisfy the prescript distribution information. For each set, the load 

effects and the failure status corresponding to a performance function is evaluated by 

using a deterministic analysis procedure, for example, a finite element method. The failure 

probability is then estimated by taking the ratio of the number of simulations with failure 

to the total number of simulations. 

The drawback of the MCS method, clearly, is the large number of repeated 

computations that are required and this number would depend on the magnitude of the 

failure probability and the accuracy required in its estimation. Since the failure probability 

for a ordinary structure is small (of the order 10-3 or smaller), a large number of 

simulations (e.g. at least more than 10,000) would be necessary to achieve reasonable 

accuracy. It means that the finite element analysis should be executed more than 10,000 

times if the FEM is used as the structural analysis method to obtain information on the 

underlying risk. It is apparent that alternative approaches are needed if reliability 

calculations for complex structures are to become practical. 

The response surface approach constructs a first- or second-order polynomial 

approximation for the performance function of interest through (1) a few selected 

simulations in the neighborhood of the most likely failure point, and (2) regression analysis 

of these results. The closed-form (polynomial) expression thus obtained is then used to 

search for the design point and the failure probability is computed using FORM or SORM, 

as described earlier. Although the idea of polynomial approximation of the limit state is 

conceptually simple and applicable to a wide variety of problems, it could end up requiring 

many deterministic analyses. 
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A considerable amount of progress has been made in the area of FEM. Nowadays, 

the FEM is the most versatile method for structural analyses, as it can easily handle 

complex loading, boundary conditions and geometry of structures, and it can give insight 

into the stress redistribution of structures. It can also handle nonlinear problems 

effectively. As stated earlier, the use of SFEM to calculate reliability of complex nonlinear 

structures has become very attractive. There are two main strategies of SFEM: (1) 

perturbation approach and (2) reliability approach. They are discussed below: 

2.3.1 Perturbation Approach 

The perturbation method generally starts from the governing equations of the 

problem. The governing equation could be differential equation (Nakagiri and Hisada 

1982; Liu et al. 1986) or potential energy formulation (Lawrence 1989; Ghanem and 

Spanos 1989). The stochastic quantities involved in this approach are expanded. The mean 

state is usually chosen as the expansion point. Because the random variables are treated as 

measurable functions (Loeve 1977; Ghanem and Spanos 1989) or deterministic 

perturbation variables (Yamazaki 1988; Liu 1986; Nakagiri and Hisada 1982), it is 

possible to formulate the perturbation equations and solve them using the deterministic 

finite element method procedures. The aim of this method is to compute the first and 

second moments of the response quantities. The Perturbation method can be extended for 

application to reliability analysis by using the mean-centered perturbation method (Hisada 

and Nakagiri 1985). Different methods are used to expand the quantities involving the 

basic random variables. The first order Taylor series (Handa and Anderson 1981) and the 

second order Taylor series (Hisada and Nakagiri 1985; Liu et al. 1986) expansions are 

commonly used to expand the quantities which are the functions of random variables. The 
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Neumann expansion method (Shinozuka and Nomoto 1981; Spanos and Ghanem 1988; 

Yamazuki et al. 1988) has also been used to treat the random field of material properties. 

The results obtained by the perturbation method can theoretically approach any accuracy 

level depending on the order of the perturbation. However, this involves the computation 

and assembly of higher order partial derivative matrices and increases the complexity and 

size of the problem. Hence, higher-order approximations should be used only if they offer 

significant improvement in the results. The perturbation method has the advantage of 

being applicable to a large variety of problems. But this method generally does not use the 

distribution information of random variables. Acceptable results are generally obtained 

only for small random fluctuations in structural and material properties if lower order 

perturbation is used. 

2.3.2 Reliability Approach 

The reliability approach (Der Kiureghian and Ke 1985, 1987; Mahadevan and 

Haldar 1989a, 1989b, 1991) using the finite element model is based on the basic concept 

of reliability analysis method (FORM/SORM) discussed in the previous sections. To 

implement such an approach, the matrix formulation of FORM/SORM should be 

developed. In the context of FORM and SORM, the failure surface of the problem is of 

interest. This approach starts with a performance function which represents the failure 

surface of the problem. The function can be expressed in an n-dimensional standard 

Gaussian random variable space for 1Z basic random variables by transforming the basic 

random variables into the uncorrelated standard normal space. An iteration algorithm is 

used to locate the design point (the most likely failure point) on the limit state function 

using the first or second order approximation. During each iteration, the structural 
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response and the response gradient vectors are calculated using finite element models. 

Once the point is located, the distance from this point to the origin in the standard normal 

space can be calculated and corresponding probability of failure can be obtained. Since the 

approach is based on FORM or SORM, its accuracy depends on the properties of the 

performance function and the basic random variables involved. The transformation 

techniques stated previously for non-gaussian and/or correlated random variables can still 

be used. Since the reliability approach has many advantages, it is used in this study. 

2.4 Structural Analysis Methods 

Structural engineering has such a long history that a complete review of structural 

analysis methods is impractical and unnecessary. Only are methods related to the nonlinear 

analyses used in this study discussed in this section. The computational models for 

partially restrained connections are also discussed. 

2.4.1 Nonlinear Structural Analysis 

Structures designed using the Load and Resistance Factor Design (LRFD) concept 

are expected to behave nonlinearly at the ultimate state since the changes in the geometry 

and/or material properties at this stage could be quite noticeable. If the flexibility of the 

connections is considered, nonlinear behavior of the structure is expected even at a very 

early stage of loading. All these nonlinearities will cause the configuration of a structure 

deviates quite noticeably from its undeformed configuration. In such cases, linear analyses 

are obviously inappropriate and nonlinear structural analyses should be used. 
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The effects of geometric nonlinearity give rise to the secondary moments which 

caused by the axial force acting either through the lateral displacement of the member 

relative to its chord (P - B ) or through the relative lateral displacement of the two ends of 

the member ( P -l:!. ), and the [mite rigid body deformation with small to moderate relative 

rotation of a member. Material nonlinearity arises when yielding occurs or if the stress

strain behavior exhibits a nonlinear characteristic. For steel structures, material 

nonlinearity arises when yielding spreads through the cross-section (plastification) and 

along the member length (plastic zone) as the moment in the cross-section increases from 

the initial yield moment My to the full plastic moment Mp. Depending on the degree of 

accuracy one desires, two models are generally used to consider the material nonlinearity 

in frame analyses. The fIrst model, known as the concentrated plasticity (plastic hinge) 

model, ignores the progressive yielding that takes place in the cross-section and in the 

member. The second and more sophisticated model, known as the distributed plasticity 

(plastic zone) model, takes into consideration the spread of yield in the cross-section and 

along the member length. Considering the complexity of the problem and the usual 

practice in the profession, the plastic hinge model will be considered in this study. 

The essential computational problem of material nonlinearity is that equilibrium 

equations must be expressed in terms of material properties that depend on the strains, but 

the strains are not known in advance. The key to solve material nonlinearity problems is to 

properly define a constitutive relationship and the yield criterion in tracing the unknown 

strain-stress path. Various yield criteria have been suggested for metals. The simple and 
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frequently used yield criteria are the Tresca criterion and the Von Mises criterion (Owen 

and Hinton 1980). The Tresca criterion states that yielding begins when the maximum 

shear stress reaches a value of the maximum shear stress occurring under simple tension. 

Von Mises suggested that yielding occurs when the distortion energy equals the distortion 

energy at yield in simple tension. The concept of Von Mises criterion is used in this study 

in the form of the interaction equation of nodal forces. 

Unlike a linear analysis in which the solutions can be obtained in a rather simple 

and direct manner, a nonlinear analysis often entails an iterative type procedure to obtain 

solutions (Bergan et al. 1978; Bergan 1980; Chahes and Churchill 1987; Clough and 

Penzien 1975; EI-Zanaty and Murray 1983; Hibbitt et al. 1970; Kam 1988a, 1988b; 

Kassimali 1983; Lee 1988; Mallett and Marcal 1968; Meek and Tan 1984; Nedergaard 

and Pedersen 1985; Orgden 1983; Powell 1969; Remseth 1979; Yang and McGuire 

1986a, 1986b; Yoshida 1986; Zienkiewicz 1979). This is due to the fact that the deformed 

geometry of the structure is not known during the formulation of the equilibrium and 

kinematic relationships. Thus, the analysis usually proceeds in a step-by-step incremental 

manner. The deformed geometry of the structure obtained from a preceding cycle of 

calculations is used as the basis for formulating the equilibrium and kinematic relationships 

for the current cycle of calculations. In the application of the beam-column or finite 

element approach to nonlinear structural analyses, one has to update the stiffness matrix. 

constantly in order to take account of the nonlinear effects that are present. Since the 

equilibrium configuration of the structure changes constantly, it is therefore necessary to 
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cany out the analysis in a series of load increments. The equilibrium and kinematic states 

of the structure at the end of one load increment are used to formulate the stiffness 

relationship for the solution of the next load increment. Thus, the solution of a nonlinear 

problem is obtained by a series of linearized analyses. 

There are various solution schemes available for the solution of nonlinear 

problems. The four most commonly used schemes are: (1) the load control method, (2) 

the displacement control method (Argyris 1965; Pian and Tong 1970; Zienkiewicz 1971), 

(3) the arc length control method (Wempner 1971; Riks 1979; Ramm 1980; Crisfield 

1983; Forde and Stiemer 1987), and (4) the work control method (Karamanlidis et al. 

1980; Yang 1984). Both the arc length control method and the work control method are 

superior to the others in that they can be used for problems that exhibit limit point, 

snapthrough and snapback behavior. The arc length method is used in this study. 

Most of the currently available finite element-based nonlinear analysis techniques 

for frames are based on an assumed displacement field. Conventionally, either the total 

Lagrangian or updated Lagrangian formulation (Bathe 1982; Bathe et al. 1975; Kani and 

McConnel 1987) is used. In this approach, the Hermitian functions are employed to 

incorporate the transverse as well as axial deformations of an element, and the appropriate 

nonlinear terms are retained in the strain-displacement relationships. In order to capture 

the effects of change in the axial length of an element due to large deformations, several 

elements are needed to model each member. The necessity for a large number of elements 

coupled with the use of a numerical integration scheme to obtain the tangent stiffness 

matrix for each element several times during the analysis makes this approach 

uneconomical. 
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Alternatively, the assumed stress-based fmite element method (Kondoh and Atluri 

1987; Shi and Atluri 1988; Haldar and Nee 1989) can be used to derive an explicit fonn of 

the tangent stiffness satisfying joint equilibrium and displacement compatibility. In this 

approach, the stresses of an element can be obtained directly. The method is efficient and 

economical because of this feature, as well as the use of fewer elements in describing a 

large defonnation configuration, and because it needs no integration to obtain the tangent 

stiffness. The subject has been discussed in great detail in the literature. It gives accurate 

results and is efficient compared to the displacement-based approaches. 

2.4.2 Frames With Partially Restrained Connections 

The importance of end restraint provided by partially restrained connections has 

long been recognized. Several important static test results on connection rigidity and their 

implications for structural behavior have been reported in the literature (Ackroyd 1987; 

Agerskov 1976; Altman et aI. 1982; Ang and Morris 1983; Astaneh 1989; Attiog et al. 

1988; Azizinarnini et al. 1987; Bailey 1970; Beedle and Christopher 1964; Barakat and 

Chen 1990; Basu and Lee 1989; Blandford 1988; Brown 1986; Chen and Lui 1987; Cheng 

and Juang 1986; Cook and Gerstle 1987; Davison et al. 1987; Frye and Morris 1975; 

Gerstle 1988; Gerstle and Ackroyd 1990; Goto and Chen 1987; Goverdhan 1983; Grundy 

1985; Jones et al. 1982; Kato 1982; Kawashima and Fujimoto 1984; Kishi and Chen 1986, 

1989; Kom and Galambos 1968; Krishnamurthy et al. 1979; Lewitt et al. 1966; Lindsey 

1987; Lindsey et al. 1985; Lipson 1977; Lui and chen 1987; Moncarz and Gerstle 1981; 

Nethercot et. al. 1987; Patel and Chen 1984; Popov 1985; Romstad and Aubramanian 

1969; Shing et. al. 1989; Stelmack et al. 1986; Tucker and Bennett 1990; Yu and 

Shamugam 1986). 
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Here at the University of Arizona, a series of studies was conducted under the 

guidance of Dr. Richard on PR connections (Abul-Hamayel 1985; Almusallaill 1991; 

Blewitt and Richard 1985; Chmielowiec 1987; EI-Salti 1992; Hamm 1984; Risa 1986; 

LaMantia 1988; LeBouton 1987; Richard and Abbott 1975; Richard et. al. 1980; Sandford 

1988). 

Flexible behavior of a connection is commonly described by the relationship 

between the moment, M, transmitted by the connection and the relative angle of rotation 

between connecting members, a. The relationship between M and a can be shown in Fig. 

2.4. In practice, the moment-rotation curves (M-a) are nonlinear over the complete 

loading range, as shown in Fig. 2.5. Some of the important reasons for this nonlinear 

behavior are local yielding of some of the components of the connections, modes of 

contact of the beam and column during deformation and local buckling, and stress 

concentration of the flanges and web. The commonly used PR connections are shown in 

Fig. 2.6. 

Several analytical expressions have been proposed by many researchers to 

represent the M-a curve. These include the piece wise linear model (Razzag 1983), the 

polynomial model (Frye and Morris 1975), the exponential model (Lui 1985), the B-Spline 

model (Jones et. al. 1982), the Richard model (Richard and Abbott 1975). Some of the 

linear, bilinear and piecewise linear models are simple to use; however, they may produce 

numerical difficulties due to abrupt changes in the stiffness. The polynomial model could 

produce negative connection stiffness unless the terms in the model are selected 

appropriately. 
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e 

Figure 2.4 Moment and relative rotation of a PR connection 
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Richard and EI-Salti (1992), developed the PRCONN program, which allows a 

designer to predict the behavior of a wide variety of steel framing connections (36 

composite and noncomposite connections) by generating M-8 data and fitting them with 

four-parameter Richard curves. The predictability of these curves is found to be very 

good. 

Several approaches have been proposed for incorporating connection flexibility 

into frame analyses (Ackroyd and Gerstle 1983; Goto and Chen 1987; Jones et al. 1980; 

Lui and Chen, 1987; Monforton and Wu 1963; Nee and Haldar 1988; Nethercot et al. 

1987; Romstad and Aubramanian 1969; Yu and Shanmugam 1986). They can be put into 

two categories: 

1. Connection element approach. This approach is equivalent to adding a 

rotational spring to the member ends. The stiffness of a structure can be 

obtained by the usual assembly method. 

2. Matrix transformation approach. This approach generates a flexibility matrix 

with the moment degrees of freedom for a connection. The static condensation 

method is used to get the modified element stiffness matrix which incorporates 

the stiffness contributed by connections in a normal element stiffness matrix. 

Most of these methods consider the in-plane properties of PR connections only. 

Celikag and Kirby (1987) reported some experiment results of out-of-plane behaviors of 

connections. Blandford (1990) proposed an analytical approach to solve 3D frames with 

geometric and connection nonlinearities using the Richard model. Similar analytical 

approaches were reported by Al-Bermani and Kitipomchai (1992) with Liu and Chen's 

exponential model, and Hsieh and Deierlein (1991) with the Richard model to solve both 

geometrically and materially nonlinear frames with PR connections. 
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The connection element approach is used in this study and the out-of-plane 

behavior of connections is considered. 

2.5 Summary 

Structural reliability analysis methods were reviewed flrst considering the form and 

complexity of the performance function in this chapter. For the reliability analysis of 

complex structures, the performance functions are usually implicit functions of the basic 

random variables. For this class of problems, the commonly used reliability analysis 

method may not be directly applicable and the SFEM-based approach appears to be 

efflcient. When the reliability method is used, the stochastic flnite element method is a 

combination of the FORM/SORM reliability analysis method and the deterministic flnite 

element method. The deterministic analysis methods for nonlinear structures are also 

discussed in this chapter. Sources of nonlinearities in structural analyses are identifled. 

Methods to consider geometric and material nonlinearities and the presence of PR 

connections are discussed. The beam-column approach using the assumed stress method is 

used to analyze geometrically and materially nonlinear problems with PR connections in 

this study. The material behavior is considered to be elastic-perfectly-plastic. The 

flexibility of connections of a steel frame has a signiflcant effect on the structural behavior 

and should be considered in any realistic analytical procedure. 
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CHAPTER 3 

ASSUMED STRESS FIELD FINITE ELEMENT METHOD 

The assumed stress-based FEM (Kondoh and Atluri 1987; Shi and Atluri 1988; 

Haldar and Nee 1989) is used in this study since it has many advantages over the assumed 

displacement field FEM as discussed earlier. The essential elements of this fonnulation 

required for the development of the SFEM proposed are summarized in this chapter. 

3.1 3-D Elastic Beam-Column Element 

A 3-D beam-column element in its arbitrary position is shown in Fig. 3.1, where 

"A" over a variable indicates that it is a defonned coordinate. From Fig. 3.1, the 

relationship between the member undefonned local coordinates (X 'j, e'J and the global 

coordinates (Xj,ej ) can be derived. 

Using the vector analysis head-to-tail rule, one obtains 

r} r 

DX I DX2 DX3 
/ / / e,} 

e'2 = 
_DX2 DXI 0 e2 =TOl ·e j 

e'3 -DXI ~IDX3 
/1 

-DX2 ·DX3 !J. e3 

l /'/1 /'/1 / 

(3.1) 

where DXj are the coordinate differences between node 2 and node 1 in the global 

coordinate i; 1 is the initial length of an element and can be estimated as 

(3.1a) 
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Figure 3.1 Kinematic relationships of undeformed and defonned coordinates to the global 
coordinates for a 3-D beam-column element in arbitrary position 
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and II is defined by 

[ 
2 2 ]1/2 II = (DXI ) +(DX2 ) (3.1b) 

TOI is a rotational matrix which relates the global and undeformed local unit basis. 

Similarly, from Fig. 3.1, the rotational matrix relating the global (e) and the 

deformed local (e) unit basis can be shown to be 

(3.2) 

where 

(3.3) 

and uj is the relative displacement of node 2 and node 1 of an element in the global 

coordinate. Land L1 can be estimated by using Eq. (3.1a) and (3.1b), respectively, but 

replacing the DXj 's by DXj's. 

Under the assumption of small relative deformations, the total axial deformation, 

H, of an element can be obtained as (L -I). The rotational matrix, Tit can be expressed in 

terms of H, L, and L1 in differential form as 



50 

(3.4) 

Since the initial member length 1 is a constant, aLjauj =aHja~. When the initail 

position of an element is parallel to the global X 3 coordinate, the matrices TOl and TI will 

not exist since II = 0 and LI = O. They need some modifications. 

Proceeding similar to the previous case and referring to Fig. 3.2, Eq. (3.1) can be 

modified as 

(3.5) 

In this particular case, DX I = DX 2 = 0 and DX 3 = l, but in order to be consistent 

with the derivation shown before, DXI and DX2 are kept in Eq. (3.5). 

A rotational matrix, T2 , similar to Tl can also be developed in this case. The 

differential form of T2, similar to Eq. (3.4) can be written as 
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2 

x~ ,e~ 

x; ,e~ 

1 

(a) Before deformation 

L 

(b) After deformation 

Figure 3.2 Kinematic relationships of undeformed and deformed coordinates to the global 
coordinates for a 3D beam-column element parallel to the X3-coordinate. 
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(3.6) 

The relative rotation of an element, S;, can be obtained by subtracting the rigid 

rotation from the total rotation. They can be expressed as 

as· (T.) as -I V3 
2 = 0 2j' j + tan -z -

+VI 

as' (T.) as -I V2 
3 = 0 3;' j + tan -z -

+VI 

(3.7) 

(3.8) 

(3.9) 

where as; are the relative rotations of node a (a = 1 or 2), and aSj are the total rotations 

of node a; To is the rotational matrix and is either Eq. (3.1) or Eq. (3.5) depending on the 

initial position of the element; and 

(3.10) 

Once the relative rotations are obtained, the curvatures can be expressed as 

dS~ 
Kj = d.' i=1,2,3. 

• 
(3.11) 
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Figures 3.3 (a) and (b) show the free-body diagrams of the projections of an 

infinitesimal length of a large deformed element on the X I - X 2 and XI - X3 planes, 

respectively. In Fig. 3.3(a), taking the linear and angular momentum balance about the X I' 

X 2' and X 3 coordinates and neglecting higher-order terms, one obtains 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

Taking the derivative of Eq. (3.15) with respect to X I once more, one obtains 

(3.16) 

In the same way, referring to Fig.3.3(b), one obtains the linear and angular 

momentum balance equations as 

(3.17) 
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Figure 3.3 Projection of a free-body diagram of a 3D beam-column element 
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(3.18) 

Taking the derivative of Eq. (3.18) with respect to XI once more, one obtains 

(3.19) 

The trial functions N and MI can be chosen to satisfy Eq. (3.12) and Eq. (3.14) 

completely. M 2 and M 3 can be chosen to satisfy only the moment and distributed load 

relationships ofEq. (3.16) and Eq. (3.19), that is 

(3.20) 

and 

(3.21) 

The member axial force can have the following form 

(3.22) 

where n is a constant and satisfies the homogeneous solution of Eq. (3.12), and Np is the 

particular part of Eq. (3.12). The moment in the Xl-direction (in fact, it is torsion) can be 

obtained from Eq. (3.14). It is a constant of magnitude MI = mi' M2 and M3 can be 

estimated from Eq. (3.20) and Eq. (3.21), respectively. They are 
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(3.23) 

(3.24) 

where M p, and M P3 are the particular solutions of Eq. (3.20) and Eq. (3.21), 

respectively, and the homogeneous solutions are the linear combination of the moments at 

node 1 and node 2. 

Let 0' denote the internal force vector which is the homogeneous solution of Eq. 

(3.22) through Eq. (3.24), that is 

(3.25) 

The homogeneous solutions of Nand M j (j = 1, 2, 3) can be expressed in a 

matrix form as 

n 

N rl 0 0 0 0 

~l 
ml 

A Jo 1 0 0 0 I~ MI 
A 

2~ 
= B·O' (3.26) 

M2 lO 0 I-XIII XIII I-~III x~/J A 

00 0 0 1111:3 M3 

2111:3 

The test functions can be chosen as the variation of the homogeneous solutions of 

N and Mj (j= 1,2,3). They are 

on=v (3.27) 

(3.28) 
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and 

i=20r3 (3.29) 

For a linear material, when the reference axis of an element coincides with the 

neutral axis, the complementary energy desity funciton, We, can be written as 

(3.30) 

where A is the cross-sectional area, Ii is the moment of inertia with respect to axis i, J is 

the polar moment of inertia, E is Young's modulus, and G is the shear modulus. 

The complementary energy density equation must satisfy the condition of 

compatibility of deformation and momentum balance throughout the length of the 

element. It also must satisfy the force equilibrium equations at each node. The derivative 

of Eq. (3.30) with respect to IV would yield the axial deformation H can be obtained as 

(3.31) 

where v is the test or weighting function as defined in Eq. (3.27). 

Similarly, the derivative of We with respect to moments would yield the curvatures. 

Integrating the curvatures along the length of the element, the relative rotation angles e; 
can be obtained. They can be expressed as 

(3.32) 
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(3.33) 

and 

(3.34) 

where ~h ~2' and ~3 are the test or weighting functions as defined in Eq. (3.28) and Eq. 

(3.29). 

Equations (3.31)-(3.34) are known as compatibility equations. Note that moments 

£12 and £13 completely satisfy Eq. (3.20) and Eq. (3.21); however, they do not fully 

satisfy the angular moment balance equations (3.18) and (3.19). Thus, the weak fonn of 

the angular moment balance equation is 

(3.35) 

and 

(3.36) 

There are six forces in each node of a 3D beam-column, namely, internal axial force eN), 

transverse shear forces (Q2,Q3)' and moments (£11'£12,£13), Under conditions of small 

relative rotations (at «1), the Rat tenns can be neglected in Eq. (3.15) and Eq. (3.18). 

Hence, the shear forces Q; (i = 2,3) and bending moments £1; (i = 2,3) have a relationship 

as 
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(3.37) 

and 

(3.38) 

In some nodes, external forces F/s may be present. Thus, the joint equilibrium equations 

for the structure in the global coordinate can be written in a general form as 

LT'.P+F=O (3.39) 
elements 

where 

r -T; 0 0 :1 ' l 0 
-T; 0 

T = 
0 0 T' 

~J Ic 

0 0 0 

(3.40) 

Tic can be either Tl or T2 depending on the initial position of the element. P is an internal 

nodal force vector for each element and can be expressed as 

(3.41) 

and F is an external nodal force vector for each element and can be written as 

(3.42) 

The nodal displacement vector d in the global coordinate for each element is denoted as 
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(3.43) 

The left superscripts in Eqs. (3.41), (3.42) and (3.43) represent the node number 

and the right subscripts represent the directions of the global coordinates. 

If the variation of the global displacement vector is selected as the test function for 

the joint equilibrium equation, i.e. V = ad, then the weak form of the equilibrium equation 

at a joint can be expressed as 

LVt.Tt.P=O (3.44) 
elements 

Neglecting the momentum balance equations (3.35) and (3.36) since their contribution is 

expected to be negligible (Atluri 1980), and combining Eqs. (3.31)-(3.34) and (3.44), it 

can be shown that 

~ {rl J' aWe ~ lJ [(2 *2 I 01 ) J' aw" ~ ] eI~ts vH - 0 aN vdXI + 81 IlI- 81 III - 0 aMI IlldXl 

(3.45) 

Let vector W be denoted as 

(3.46) 

Let vector U represent the axial deformation (H) and the relative rotation 8; , that is, 
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(3.47) 

With these notations, Eq. (3.45) can be rewritten as 

L[-J~W" B.ocraX1 +U' ·ocr+BD' +T'.P] =0 (3.48) 

By taking the increment of Eq. (3.48), the tangent stiffness matrix can be obtained 

(Haldar and Nee 1988). The tangent stiffness matrix can be expressed as 

(3.49) 

where Amy is the elastic property matrix and can be expressed as 

f_I 0 0 0 0 o 1 
lEAl 

0 0 0 o I I 0 GJ I 
10 0 _I_ I 0 0 3EI2 6EI2 

~cr =1 0 0 I _1_ 0 0 I 6EI2 3EI2 I (3.50) 

10 0 0 0 _1_ 
6i:/ 3 I 3EI3 

lo 0 0 0 1 
3i:/3 J 6EI3 

A~do is the transposed matrix; if the element is not parallel to X3 axis, A~do can be 

expressed as 
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r -dB 0 -1 oH oLt 1 oH oLt 1 oLt 
-I d"l OUt -I oUj OUt T OU3 OUt TOU2 1 OU2 

I-OH 0 -1 oH oLt 1 oH oLt -1°Lt 1 oLt 
OUi -I OU3 oUi T OU3 oUi -I OUt T OUt 1 
-oH 0 l~ -1~ 0 0 1 oUj 1 L 1 L 

1 0 -i1H oLt 0 i1H oLt 0 
1 OUt OU2 oUj OUt 1 

1 0 -oH -oLt 0 oH oLt 0 oUi OUt oU3 oUi 
1 0 -oH 0 0 -Lt 0 

~do =1 OU3 L 
1 

1 
oH 0 1 oH oLt -1 oH oLt -1 oLt 1 oLt 

1 OUt T OU3 OUt -I oUj OUt -I oUi T oUi 

1 oH 0 1 oH oLt -1 oH oLt 1 oLt -l oLt 1 

1 
oUi 7 OU3 OU2 -I OU3 oUi T OUt -I OUt 

1 oH 0 -1~ 1 Lt 0 0 
(3.51) 

1 OU3 1 L TT 1 

1 0 i1H 0 
-oLt 

0 -oH oLt 1 

1 
OUt OU2 OU3 OUt 1 

0 oH 0 oLt 0 -oH oLt 

l OU2 OUt dU,i:;z, J 
0 fJH 0 0 0 OU3 

and if an element is parallel to the X3 coordinate, A~do can be expressed as 



At _ 
~do-

o -dB 
dUI 

O -dB 
d~ 

o -dB 
dU3 

o 

-1 ~ 
-I L 

1 dB d~ 
I dUI dll2 
1 dB d~ 
I dUI dU3 

o 
-d~ 

dfi:3 
d~ 
dll2 
1~ 
IL 

o -1 aN d~ 
-I dUI dU2 

o 

l ~ 

o -1 dB d~ 
-I dUI dU3 

o 
o 
o 

l~ 
1 L 

-1 dB d~ 
-I dUI dll2 
-1 dB d~ 
-I dUI dU3 

o 
o 
o 

-1 ~ 
-I T 

1 dB d~ 
I dUI dU2 
1 dB d~ 
I dUI clU3 

o 
d~ 
dU3 
-d~ 
dU2 

Addo can be derived from following expression 

IlT' . P = Addo . /)J) 

o 
1 d~ 
I clU3 
-ld~ 
-I dll2 

o 
o 
o 

The internal force vector R can be expressed as 

where R(J can be shown to be 

o l 
1 d~ I 
I df4 I 
-1 d~ 
-I dU2 

o I 
o I 
o I 
o I 

I 
I 
I 

-~ I 
dH Ld~ I 
dUI dll2 J 
dH d~ 
dUI dU3 
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(3.52) 

(3.53) 

(3.54) 



R = (J 

and 

!!!...-H 
EA 

m) 2J\. ~. 
GJ -(01 - I) 

I I~l 2~1 
-- --+--
El2 3 6 
I I~l 2~1 

El2 -6-+-3-

I I~l 2~1 
El3 -3-+-6-

I I~l 2~1 
L El3 -6-+-3-

Rdo =TI.p 
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~. 
2 

(3.55) 
~. 

2 

~. 
3 

~. 
3 

(3.56) 

The relationship between the increment of internal nodal force /),.(1 and the 

increment of global displacement /)J) can be expressed as 

(3.57) 

The commonly used linear iterative strategy for solving nonlinear structural 

problems can be expressed as 

K (n) wen) = F (n) _ R (n-I) (3.58) 

where K(n), W(n) and F(n) are the global tangent stiffness matrix, the increment of global 

displacement vector and external load vector at the nth iteration, respectively, and R(n-J) is 

the internal force vector at the (n-l)th iteration. K(n) can be assembled from Eq. (3.49) and 

R(n-J) can be assembled from Eq. (3.54). 
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Both of the standard and modified Newton-Raphson method with the arc-length 

procedure can be used to solve the Eq. (3.58). Since the tangent stiffness matrix and the 

internal force vector are all in explicit forms, Eq. (3.58) can be solved efficiently. 

3.2 Plasticity Effects In 3-D Beam-Column Element 

In addition to the elastic stress-strain relations, the plastic stress-strain relations 

should be incorporated in the constitutive equations if the yield condition is satisfied. As 

discussed earlier, the concentrated plasticity behavior is modeled as a plastic hinge and is 

considered here for economical reasons. For the elasto-plastic analysis, the following two 

additional assumptions are made: 

1. The plastic deformations are developed only at the plastic hinges of an element. The 

material is still linearly elastic except at plastic hinges. 

2. An elastic-perfectly-plastic material model is assumed. 

Several criteria of yielding which are expressed in terms of stress components or 

nodal forces have been widely used in plane and space structures. Since the nodal forces 

can be directly obtained from the analysis, yield criteria in terms of nodal forces are used. 

It is assumed that when the combined axial force, torsion, and bending moments satisfy a 

prescribed yield function at a location along the length of the beam, a plastic hinge will 

occur instantly at that location. This can be expressed as 

(3.59) 

where lp is the location of plastic hinge along the length of the member. 

In the case with biaxial bending, torsion and axial forces, the yield function! can be 

expressed as the following form 
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J=( N)2 +( MI)2 +(M2)2 +(M3)2 -1=0 
No MIO Mzo M30 

The incremental form of the yield function can be written as 

(3.60) 

The additional axial deformation of an element due to the presence of plastic hinges can be 

expressed as (Kondoh and Atluri 1987; Shi and Atluri 1988; Haldar and Nee 1989) 

H = L t{),}L-I-_, 
P allplastichingcs oN xt- p 

(3.61) 

where D.'A. is a scalar factor of proportionality. Similarly, the additional relative rotation 

due to the presence of plastic hinges can be expressed as (Kondoh and Atluri 1987; Shi 

and Atluri 1988; Haldar and Nee 1989) 

e~i = L D.'A. :-.o~ I x.=l' i = 1, 2, 3. 
all plastic hingcs aMi p 

(3.62) 

Incorporating the plastic effects into the elastic compatibility equations, one can obtain the 

plastic compatibility equations as follows 

(3.63) 

(3.64) 



67 

(3.65) 

and 

(3.66) 

By combining the plastic compatibility equations (3.63)-(3.66) and the nodal equilibrium 

equation (3.44), a weak fonn similar to Eq. (3.45) can be obtained. The plastic tangent 

stiffness matrix K p and internal force vector R can be obtained as 

(3.67) 

and 

(3.68) 

All the parameters in Eqs. (3.67) and (3.68) except Vp' Cp and Ra were explained earlier. 

They can be expressed as 

(3.69) 

C ' = (V' A-IV )-IV-I A-I 
p p'Aaa p p ~a (3.70) 

and 



Hp 

e:1 . " e pz (1- XI II) . " 
epzX1/I 

e:3 (1- i 1 /l) 

e:3X1 /l 

All these parameters were defmed earlier. 

3.3 Finite Element Formulas for 2-D Structures 
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(3.71) 

The formulas for 2-D elements can be derived from those for 3-D elements. The 

large deformation of a 2-D beam-column element, as shown in Figure 3.4, subjected to 

both axial force and bending moment can be considered as the superposition of the 

following two conditions: 

1. The axial deformation and relative rotation (e·) of a member due to axial force and 

bending moment with respect to the undeformed configureation, and 

2. The arbitrarily large rigid rotation (9) of the member relative to the undeformed 

configuration. 

Considering the above two steps together, the total rotation angle (8) at each node of the 

element then can be expressed as 

(3.72) 

Under the assumption of small relative rotation, the total axial deformation of the member, 

H, can be approximately shown to be 
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(3.73) 

where I is the original length of a member; and ul and Uz are the relative displacement of 

node 1 and node 2 of an element in the global coordinate, that is, uj = zU j - lUj , in the Xl 

and X2 coordinates, respectively. And one has 

Figure 3.4 Kinematic relationships between deformed local and global 
displacements for a 2-D beam-column element 
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2 A 

Q 

Figure 3.5 Nodal forces of a 2-D beam-column element 

Figure 3.6 Free body diagram of a deformed 2-D element 
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- liz tan9=--
l+~ 

(3.74) 

Referring to Figs. 3.5 and 3.6 and using the sirnilarprocedures as those in section 3.1, the 

tangent stiffness matrix of a 2-D beam-column element can be expressed as same as Eq. 

(3.49), where Aoo is the elastic property matrix and can be expressed as 

r 
;A 0 0 

I I 
~G =1 0 3EI 6EI 

l o_l_l 
6EI 3EI 

(3.75) 

where A is the cross-sectional area; E is the Young's modulus; and 1 is the moment of 

inertia of the cross section. A~oo is the transformation matrix and can be shown to be 

r 
-cose 

sine sinel -- ---
I I 

-sine 
cose cose ---

I I 

0 -1 0 
~ - (3.76) 00-

sine sine 
cose 

I I 

l m:e 
cose cose ---

I I 

0 1 

Addo is the geometric stiffness matrix which can be expressed as 
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C1 C2 0 -C1 -C2 0 

C2 dl 0 -C2 dl 0 

0 0 0 0 0 0 
Addo = 

-C1 -C2 0 c1 C2 0 
(3.77) 

-c2 -dl 0 c2 dl 0 

0 0 0 0 0 0 

where 

(sin et m2 -ml 
(-sin ecose) 

c1 =n + . 
I I I 

(-sin ecose) 
c2 =n---

I
--

m2 -mi. (cosey 

I I 

m2 - mi .. (sin ecose) 

I I 

where cr = [n ~ ~r is the homogeneous solution of the internal force vector. 

The internal force vector of a 2-D beam-column element can be expressed as same as Eq. 

(3.54), where 

(3.78) 
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Rdo is the homogeneous part of the internal nodal force vector which can be shown to be 

- 11Iz-~ -
-ncosa I sin a 

-nsin e + I1Iz ~~ cose 

-~ 

ncose+ I1Iz ~~ sin e 

n sin e I1Iz - ~ cos e 
I 

All the parameters were defined earlier. 

(3.79) 

When the material nonlinearity is considered, the yield function for a 2-D beam-

column element has a general form as 

f(fI,M,cr,) = 0; (3.80) 

where fI and M are the axial force and bending moment, respectively; cry is the yield 

stress of an element; and I p is the location of a plastic binge along the length of an 

element. 

The presence of plastic binges in a frame is expected to increase the axial and rotational 

deformation. Thus, the elasto-plastic tangent stiffness K p and the elasto-plastic internal 

force Rp of the element can be shown to be as same as Eqs. (3.67) and (3.68) (Kondoh 

and Atluri 1987; Haldar and Nee and 1989), where 



V= p 

_ af 
aN 

_ a~ (1- XI) 
aM I 

_ a~ (XI) 
aM I 

cl = (VI .A-I • V )-1. VI .A-I 
P p CICI P P CJCJ 

and 
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(3.81) 

(3.82) 

(3.83) 

where H p is the additional axial elongation and e~ is the additional relative rotation due to 

the plastic hinges. All other parameters were defmed earlier. Thus, considering either 

Eqs. (3.49) and (3.54) or Eqs. (3.67) and (3.68), depending on the elastic or inelastic state 

of the material, the effect of material nonlinearity can be incorporated in the analysis. It 

must be pointed that the basic simplicity of the algorithm is not lost even when the 

material and geometric nonlinearities are considered simultaneously. 

3.4 Summary 

The assumed stress-based fmite element formulas for 2-D and 3-D beam-column 

elements are discussed in this chapter. This approach can be used to analyze large 

deformation, geometric and material nonlinear structures. Plastic hinge model is used to 
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derive the tangent stiffness matrix of the element explicitly. It possesses the following 

features: the tangent stiffness matrix can be expressed in an explicit form, fewer elements 

are needed to capture the nonlinear deformation, and the numerical integration to obtain 

the tangent stiffness matrix can be eleminated completely. The approach is efficient 

compared with the displacement-based FEM. 



4.1 Introduction 

CHAPTER 4 

A UNIFIED NONLINEAR STOCHASTIC 
FINITE ELEMENT METHOD 
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Safety evaluation of structures considering their realistic behavior is becoming an 

important challenge to our profession. In general, structural perfonnance can not be 

expressed in a closed form in tenns of basic random variables, maldng the safety 

evaluation a very complex task (Mahadevan and Haldar 1992). In spite of significant 

advances in analytical capabilities and design philosophies, the safety evaluation of 

nonlinear structures has yet to be undertaken in a comprehensive way. 

To evaluate the safety of nonlinear structures, a stochastic finite element-based 

algorithm is very desirable, since the FEM has the ability to address very complex 

problems and use highly developed computer technology. Also, the different sources of 

nonlinearities in structural systems can be incorporated routinely. Such an algorithm 

needs the value and the gradient of the perfonnance function at each iteration point. The 

value of the perfonnance function can be simply obtained from deterministic analysis, 

and its gradient vector can be evaluated by computing the partial derivative of each 

quantity using the basic principle of the FEM. A stochastic finite element-based 

algorithm is proposed in this chapter to account for the reliability evaluation of nonlinear 

structures. Either assumed displacement- or stress-based FEM can be implemented in this 

algorithm leading to stochastic finite element methods. 
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4.2 Optimization Algorithm 

The starting point of a reliability analysis using FORM is the limit state function 

representing the failure surface. In this context, G(x,u,s) is defined as the limit state 

function, where vector x denotes the set of basic random variables pertaining to a 

structure (e.g. loads, material properties and structural geometry), vector U denotes the set 

of displacements involved in the limit state function and vector s denotes the set of load 

effects (except the displacement) involved in the limit state function (e.g. stresses, internal 

forces). The displacement U can be expressed as U = QD, where D is the global 

displacement vector and Q is a transformation matrix. In general, x, U and s are related 

through a transformation which is available in an algorithmic sense, e.g., a finite element 

code. 

For a specified failure criterion, the performance function G(x,u,s) > 0 defines the 

safe state, G(x,u,s) < 0 defines the failure state, and G(x,u,s) = 0 denotes the limit state 

surface. 

For reliability computation, it is convenient to transform the variables x, U and s 

into the standard normal space Y=Y(x,u,s) such that the elements of Y are statistically 

independent and have a standard normal distribution. Since the joint probability density 

function in the standard normal space is rotationally symmetric about the origin and it 

decays exponentially with the square of the distance from the origin, this function can be 

approximately replaced by its tangent hyperplane at the point nearest to the origin, 

denoted the design point, and the reliability index p = ~ y' y , is the minimum distance from 

the origin (where the vector y is a particular value of Y, the vector of basic variables 

transformed to the space of reduced variables). Thus, the first-order estimate of the 

failure probability is given by 
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P, = J J(y)dy == <1>(-13) 
G(y)SO 

(4.1) 

This idea can be restated as follows: 

1. Transformation of the basic variables x, u, s and the performance function G into the 

standard normal space Y. Eqs. (2.25)-(2.29) can be used for this purpose. 

2. Determination of the nearest point, y., from the origin to the limit state surface 

G(y) = 0 , where G(y) = 0 is the limit state in the reduced variable space. 

3. Determination of the reliability index as the distance 13 = ~y.T y. and the failure 

probability as P f = <1>(-13) , where <1>(.) is the standard normal cumulative probability. 

Therefore, to determine the reliability index 13 becomes the key to determining the 

failure probability. To fi.,d the reliability index 13, y can be formulated as a constrained 

optimization problem 

Minimize 13 = ~ y' y 

Subject to G(y) = 0 (4.2) 

The objective function in Eq. (4.2) may be simplified by removing the square root, without 

changing the problem. Thus the optimization problem becomes 

Minimize z = yty 

Subject to G(y) = O. (4.3) 

The objective function here is of pure quadratic form. It is convex, and its gradient 

is simply y. For complex structures and nonlinear problems, the response is not available 

explicitly in terms of the basic variables, except in an algorithmic form such as a finite 

element code. For such structures, therefore, an optimization algorithm needs to be 
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fonnulated that minimizes z without actually solving the limit state equation. Several non

linear programming algorithms are available in the literature, and can be used to solve this 

problem. These are: the gradient projection method, the combined penalty method, the 

augmented Lagrangian method, etc. These algorithms are general and are globally 

convergent. Since the algorithm for reliability analysis would involve the finite element 

analysis of the stru~ture several times, the features of high speed and minimum storage are 

very desirous. In this study, an algorithm based on the Rackwitz-Fiessler method 

(Rackwitz and Fiessler 1978; Der Kiureghian and Ke 1985) and the iteration strategy is 

used. Instead of solving the limit state equation explicitly for ~, this algorithm linearizes 

the perfonnance function at each iteration point and uses the infonnation on the gradient 

to find the next iteration point. 

The proposed algorithm can be explained with the help of Figs. 4.1 and 4.2. 

Consider first the linear perfonnance function shown in Fig. 4.1. Since the limit state is not 

available in a closed-fonn, the starting point Yo (usually the vector of mean values of the 

random variables) may not be on the limit state G(y) = 0, but on a parallel line G(y) = k. 

Hence the optimization algorithm has to start from a point Yo which may not be on the 

limit state and converge to the minimum distance point y* on the limit state. The linear 

perfonnance function may be expressed as 

(4.4) 



G(y) = 0 G(y) = k 

Figure 4.1 Optimization Algorithm for 
Linear Perfonnance Fucntion 
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where a = [a\ a2 ]' is the gradient vector of the perfonnance function. The vectors Yo 

and y* denote the distance from the origin to the lines G(y) = 0 and G(y) = k, respectively. 

Therefore, we have following expressions 

(4.5) 

(4.6) 

From Eqs. (4.5) and (4.6), one obtained 

(4.7) 

Therefore, y* can be expressed in tenns of Yo as 
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(4.8) 

Since the perfonnance function is linear in this case, its gradient is constant and the 

distance to the limit state surface from the origin can be obtained in one step. 

Equation (4.8) can be generalized for a nonlinear perfonnance function shown in 

Figure 4.2 as 

(4.9) 

where VG(Yi) is the gradient vector of the perfonnance function at YI , the ith iteration 

point. 

G(y,)=c, 

G(y,t,)=c,t' 

Y, 

Figure 4.2 Optimization Algorithm for Non
Linear Perfonnance Function 
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Since the perfonnance function is nonlinear, the gradient is not constant but varies 

from point to point. Hence, instead of an one-step solution with linear perfonnance 

function, the point of minimum distance has to be searched through the recursive fonnula 

given in Eq. (4.9). This fonnula can be geometrically interpreted using Figure 4.2. At each 

iteration point, the perfonnance function is approximated by the tangent at the point, that 

is, the perfonnance function is linearized with G(y) and VG(Yi) corresponding to Yo and 

a in Eq. (4.8) exactly. The next iteration point YI+J is computed the same way as in the 

linear perfonnance function case. If the perfonnance function was linear, YI+l would 

exactly correspond to y*. However, since the perfonnance function is nonlinear, the 

gradient at Yi+J is different from that at Yi. Therefore it is again linearized and another 

iteration point YI+2 is computed. The algorithm proceeds until convergence is obtained. 

The following convergence criteria is used 

1. If Yi - YH ::;; B, stop; 

2. If G(Yi) - G(Yi-l ) ::;; E, stop. 

where both Band E are small quantities. 

Compared to the other nonlinear optimization algorithms identified earlier, the 

algorithm just described has the advantage that it requires the least computation at each 

step. The next iteration point is computed using a single recursive fonnula that requires 

infonnation only about the value and the gradient of the perfonnance function. The 

storage requirement is therefore minimal. The algorithm is also found to converge fast in 

many cases. For these reasons this algorithm is used in this study. 

Rearranging Eq. (4.9) the following iteration scheme can be obtained for searching 

the design point 
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(4.10) 

where 

VG( ) = [aG(Y) aG(Y)]' 
Y a' ... , ::h. 

Y1 vYn 
(4.11) 

and (Xj is the unit vector nonnal to the perfonnance surface in the direction away from the 

origin. It can be estimated as 

a.= 
I 

VG(yJ 

IVG(Yj)1 
(4.12) 

The implementation of the FORM in the reliability estimation requires the 

evaluation of the gradient of the limit state function VG(Yj)' Using the chain rule of 

differentiation, this gradient can be shown to be 

(4.13) 

where Jj,j are the Jacobians of transfonnation and all other variables were described 

earlier. 

The evaluation of the quantities in Eq. (4.13) will depend on the problems under 

consideration (linear or nonlinear, 2-D or 3-D, etc.) and the perfonnance functions used. 

These quantities will be derived in detail in the following sections. 
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4.3 Performance Function G And Its Partial Differentials 

As stated earlier, the safety of a structure needs to be evaluated with respect to 

some predetermined performance criteria. The performance criteria are generally 

expressed in the form of state functions which are functional relationships among all the 

load effects and resistance-related parameters. Two types of state functions can be 

considered for civil engineering-related structures: the state function of strength which 

defmes safety against extreme loads during the intended life of the structure, and the state 

function of serviceability which defines the functional requirements. 

4.3.1 Two Dimensional Structures 

Almost all members in a structure are subjected to both bending moment and axial 

load. According to the Load and Resistance Factor Design (LRFD) manual, the following 

interaction equations should be checked to satisfy the strength requirement for 2-D 

members 

(4.14) 

and 

(4.15) 

where cp and cpb are the resistance factors; Pu is the required tensile/compressive strength; 

Pn is the nominal tensile/compressive strength; Mux is the required flexural strength; and Mn 

is the nominal flexural strength. 

For the reliability evaluation, the strength state function can be expressed as 



(
Pu 8 MUJ<) G(x u s)=10- -+-- . 

" . P 9M ' 
n /IX 

G(x,u,s) = 1.0 _ (Pu + MUJ< ) ; 
2Pn M/I% 

if Pu < 0.2 
<l>Pn 

where P" and MUJ< in Eqs. (4.16) and (4.17) are unfactored load-effects. 
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(4.16) 

(4.17) 

Expressions of ~G, ~G and dG can be derived from Eqs. (4.16) and (4.17). As 
oX oU dS 

one can see, both G functions do not contain any displacement component explicitly. 

dG dO . 
Therefore, dU =0 for both Eqs. (4.16) and (4.17). In order to calculate dX' the basIC 

random variables need to be defined. The Young's modulus E, area A, yield stress Fy, 

plastic modulus Zx and the moments of inertia of a cross section I along with the external 

load F, are considered to be basic random variables in this study. Therefore, the following 

expression can be shown to be 

dG [dO dG dG dO aG] 
dX = dE dA ai dZx dFy 

From LRFD manual, one obtains 

Pn = AP"r (compression) or Pn = AFy (tension) 

and 

(4.18) 

(4.19) 

(4.20) 



where 

for Ac ::;; 1.5, 

for Ac > 1.5, 

and 

A = KI [F; 
c neVE 
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(4.21) 

F = [0.877]F 
cr 1..2 Y 

c 

(4.22) 

(4.23) 

where A is the gross area of member (in2); Fy is the specified yield stress (ksi); E is the 

modulus of elasticity (ksi); K is the effective length factor; I is the unbraced length of 

member (in) and r is the governing radius of gyration about plane of buckling (in). 

Using Eqs. (4.19)-(4.23) and the chain rule, the following results can be obtained: 

Compression Members 

P 
For the case -" ~ 0.2 , 

(I>Pn 

if Ac ::;; 1.5, ao = P,. (_1..2 In 0.658) . 
aE PE C ' 

n 

ao P - = -" (1 + t: In 0.658)' aA AP C , 
n 

ao = PuAc In 0.658 . 
al P,J ' 



aG _ P,. . 
aE - PnE' 

aG =0' 
aA ' 

aG _ P,. . 
ai- p,.1' 

aG _ 8 MU% • 
azx -"9 MnxZx ' 

P 
For the case -" < 0.2 , 

(j>Pn 

aG =~(_'),} InO.658)' 
aE 2PE c , 

n 

aG = ~ (1 + A.2 In 0.658)' 
aA 2PA c ' 

n 

aG = p,.'A.c In 0.658 . 
al 2PJ ' 

aG _ MU% • ----, azx MnxZx 
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if A. t > 1.5, 

Tension Members 

ao _ P,. . 
aE - 2p,.E' 

ao =0' 
aA ' 

ao _ p,. . 
ai- 2P,.l' 

ao _ Mux . ----, azx MnxZx 

p 
For the case -" ~ 0.2 , 

<l>Pn 

ao =0' aE ' 
ao _ p,. . 
aA - AP

n
' 

ao =0' 
aI ' 
ao 8 M _= ___ ux_; 
azx 9 MnxZx 

p 
For the case -" < 0.2, 

<l>Pn 

ao =0' aE ' 
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aa _ p.. . 
aA - 2APn' 

aa =0. 
al ' 

aa _ Mu;c • ----, 
aZ;r MnxZ;r 
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To calculate the partial differential ~~, the following expression can be used 

aG [aG aa] -=---as apu aMu 
(4.24) 

p aG 1 
When -" <0.2, -=--

<l>Pn apu 2Pn 

aG 1 
and --=--

aMu Mn 

4.3.2 Three Dimensional Structures 

According to the Load and Resistance Factor Design (LRFD) manual, the 

following interaction equations should be checked to satisfy the strength requirement for 

3-D members 

(4.25) 

and 



if P,. < 0.2 
'!>p" 
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(4.26) 

where <I> and Q>b are the resistance factors; P
Il 

is the required tensile/compressive strength; 

Pn is the nominal tensile/compressive strength; M/U and Mlly are the required flexural 

strength with respect to x-axis and y-axis, respectively; and Mnx and Mny are the nominal 

flexural strength with respect to x-axis and y-axis, respectively. 

For the reliability evaluation, the strength state function can be expressed as 

G(x,u,s) = 1.0--1!..-- --..!!!.+~ ; P 8(M M) 
Pn 9 MIU Mny 

G(x,u,s)=1.0- _u +--..!!!.+_ ; 
(
PM Muy ) 

2P" MIU Mny 

if P,. ~ 0.2 
'!>p" 

where Pu and M/U in Eqs. (4.27) and (4.28) are unfactored load-effects. 

(4.27) 

(4.28) 

Now, one can derive aG, aG and aG from Eqs. (4.27) and (4.28). Notice that ax au as 

both G functions do not contain any displacement component explicitly. Therefore, aG =0 au 

for both Eqs. (4.27) and (4.28). In order to calculate aG, the basic random variables are ax 
defmed as the Young's modulus E, area A, yield stress Fy, plastic modulus, Zx and the 

moments of inertia of a cross section J, Ix and Iy along with the external load F in this 

study. Therefore, the following expression can be obtained 



aG [aG aG aG aG aG aG aG aG] 
ax = aE aA aJ a/x aI, azx az, all, 

As stated in LRFD manual, Po can be evaluated by using Eqs. (4.19)-(4.23), 

and 

all parameters here were defined earlier. 
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(4.29) 

(4.30) 

Using similar procedures in previous section for 2-D structures, the following 

results can be obtained: 

Compression Members 

Assume x-axis is the governing direction. The formulations for the case which y-

axis is the governing direction can be derived accordingly. 

P 
For the case _u ~ 0.2, 

(j>Pn 

if Ac ~ 1.5, aG = Pu (_A2 In 0.658) . 
aE PE c , 

n 

aG P - = _u (1 + 'J.! In 0.658)' 
aA AP c , 

n 

fJG =0' 
fJJ ' 

aG = PuAc In 0.658 ; 
a/x Pix 



aa =~0.658),!(1+A.~100.658)+_8_(Mux. + MuyJ. 
aF, P"~r 9Fy Mru; Mlly 

aa _ p.. . 
aE - p,.E' 

aa =0. 
aA ' 

aa =0. 
aJ ' 
aa _ p.. . 
aT. - Pix' 

aa =0. 
al ' y 

aa 8 Muy -=---azy 9 MIlYZy 

p 
For the case _u < 0.2, 

<j>PIl 

aa =~(_').} 100.658). aE 2PE c , 

" 
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aG = ~ (1 + A.~ 100.658); 
aA 2PnA 

dG = 0; 
aJ 

aG _ P,.A.c 100.658; 
aI - 2P,/x x 

aG =.0; 
aly 

aG M/U. 
azx = MnxZx ' 

aG Muy . 
azy = MnyZy , 

M Muy 
aG =~0.658"~(1+A.~ 100.658)+ Mnx~ + MnyFy . aF 2Pn~r y 

aG =0; 
aA 

aG =0; 
aJ 

aG pu • 

aI= 2Pix ' x 
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Tension Members 

p 
For the case -" ~ 0.2, 

<l>Pn 

aG =0' 
aE ' 

aG _ P" . 
aA - AP

n
' 

aG =0' 
aJ ' 

aG =0' 
al ' x 

aG =0' 
al ' 

y 

aG 8 M _= ___ ux_. 

azx 9 MnxZx ' 

aG _ 8 M"y . 
az

y 
-9 MnyZy , 

p 
For the case -" < 0.2 , 

<l>Pn 
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aa =0' 
aE ' 

aa _ P" • 
aA - 2APn' 

aa =0' 
aJ ' 

aa =0' 
aI ' x 

aa =0' 
aI ' 

'I 

To calculate the partial differential aa, one has the following expression as 

aG [aG aG aG] -= -----as ap., aMux aMu'l 

where 

p 
For the case _" ~ 0.2, one has 

(PPn 
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(4.31) 
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p 
For the case -" < 0.2, one has 

<j>Pn 

aG 1 aG 1 aG 1 -=-- ,--=--- and --=--. 
ap,. 2Pn iJMu Mm iJMUY Mny 

4.3.3 Serviceability State Function 

For the serviceability criterion, the following state function is used in this study 

G(x,u,s) = 1.0-'O/'OlimiJ (4.32) 

where 0 is the calculated displacement component and OlimiJ is the allowable maximum 

value of the displacement component. 

From Eq. (4.32), one has 

aG = aG =0 
ax as (4.33) 

and 

aG =[aG 0] 
au a'O 

(4.34) 

aG 
where ----ao - '0 limit • 

Although the actual '0 limit values chosen in design offices are varied in a certain 

range, the following two serviceability design criteria are used very commonly: 

1. Vertical deflections at the midspan of the beam under live load should be less than or 

equal to _1_ of the span of the beam. In this case, '0 lim it _ _ 1_ ; 
360 360 
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2. Side-sway at the top of the frame should be less than or equal to .xOO of the height 

of the frame. In this case, 3limit = %00 . 

Both criteria are used in this study. 

4.4 Evaluation of Jacobians and Adjoint Variable Method 

To evaluate the gradient va, the four Jacobians in Eq. (4.13) need to be 

computed properly. Because of the triangular nature of the transformation, J,." and its 

inverse are easy to compute. Since s is not an explicit function of the basic random 

variables x, as discussed in section 4.3, the expression of J •. " = 0 can be obtained. The 

Jacobian of the transformation J •. D and J D.", however, is not easy to compute since s, D 

and x are implicit functions of each other. The adjoin variable method (Arora and Haug 

1979; Ryu et al1985) is used in this study to compute the product of the second term in 

Eq. (4.13) directly rather than evaluating its constituent parts. 

From Section 4.2, the following expression can be obtained 

(4.35) 

The equilibrium equation of a structural system can be expressed as 

",(x,D) = 0 (4.36) 

For linear problems, Eq. (4.36) becomes 

",(x,D) == KL(x)D-F(x) = 0 (4.37) 
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where KL(X) is a linear stiffness matrix that is a function of only x. 

For nonlinear problems, Eq. (4.36) becomes 

'!'(x, D) = K S (x, D)D - F(x) = 0 (4.38) 

where KS(x,D) is the secant stiffness matrix that is a function of basic variables x and 

displacement vector D and F(x) is the same item as F(n) in Eq. (3.58), where the 

superscript n is the number of total iterations. 

Differentiating Eq. (4.36) with respect to x, one obtains 

Substituting Eq. (4.38) into Eq. (4.39), and rearranging, one obtains 

where 

K = a[ K' (x, D)D] 
aD 

and 

(4.39) 

(4.40) 

(4.41) 

(4.42) 
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where "-" over a variable indicates that it is to be held constant during partial 

differentiation. 

For linear problems, K in Eq. (4.41) vanishes and Eq. (4.40) reduces to 

L - -
K J D .% =R; where R (4.43) 

Notice the difference between the gradient calculation for linear and nonlinear responses in 

Eqs. (4.40) through (4.43), the following key points should be discussed at this stage: 

1. The coefficient matrix KL for the linear case is the same as in Eqs. (4.37) and (4.43). 

In addition, it does not depend on the displacement vector D for the linear case. 

Therefore, KL remains constant for all loading cases. However, the coefficient 

matrices in Eqs. (4.38) and (4.40) are different for the nonlinear problems. In Eq. 

(4.40), the coefficient matrix is evaluated at the final state D. In addition, the matrix 

depends on D, so it is different for each loading case. 

2. Both Eqs. (4.40) and (4.43) are linear with respect to the solution variable J D.% • This 

implies that nonlinear equation solver is not needed in the gradient calculation phase. 

3. A decomposed form of the coefficient matrix KL in Eq. (4.43) is available from the 

structural analysis phase. However, the availability of the coefficient matrix 

(K S + K) in Eq. (4.40) depends on the analysis method used. Since tangent stiffness 

approach is used in this study, the matrix (K S + K) can be identified (Ryu et al 1985) 

as the tangent stiffness matrix K(n) in Eq. (3.58), where the superscript n is the 

number of total iterations. 
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4. The matrix R must be calculated for use in Eqs. (4.40) and (4.43). For both linear and 

nonlinear analyses, the calculation of R requires the value of a~~X) . If externally 

applied loads are not included in the basic random variable vector, R will be equal to 

zero. Otherwise, F does depend on x and aF(x) can be calculated since explicit ax 
dependence of F on basic variables is known. The second tenn in R is different for 

a(KLv) 
linear and nonlinear responses. For the linear case ax can be easily calculated by 

considering each finite element of the system where explicit dependence of the finite 

element stiffness matrix on design variables is known. For the nonlinear case, 

a(KS(X,V)D) 
calculation of depends on the type of the solution algorithm being ax 
used. Notice that in Eq. (3.58), W = 0 at the final step when the iterative procedure 

is convergent. Therefore, one will get KS(x,D)D= R(n-l) , where superscript n is the 

number of total iterations. 

5. Tangent stiffness matrix is symmetric except when nonassociated flow rule of plasticity 

is used. 

In order to calculate Eq. (4.35), an adjoint variable vector A. is introduced. 

Premultiplying Eq. (4.40) by the transpose of an adjoint variable vector A., and rearranging 

one obtains 

(4.44) 

If A. is now selected to satisfy the adjoint equation 
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(4.45) 

then Eqs. (4.44) and (4.45) yield 

(4.46) 

Thus A'R in Eq. (4.46) can be substituted into Eq. (4.13) to eliminate the corresponding 

term . 

Similar procedure is applied to the linear case of Eq. (4.43) and the adjoint 

equation is obtained from Eq. (4.45) by neglecting K as 

(4.47) 

The adjoint equation Eq. (4.45) is of the same form as Eq. (4.40). Therefore the numerical 

procedures discussed above can be used to solve for the adjoint variable A.. The solution 

algorithm consists of the following steps: 

1. Assume initial values of basic random variables x to start the iteration. Usually the 

mean values of the basic random variables are chosen. 

2. Transform the original basic random variables x to equivalent uncorrelated standard 

normal variables at the iteration point using Eqs. (2.25)-(2.27). 

3. Use finite element method to compute the performance function and its gradient at the 

iteration point. The adjoint variable method can be used for this purpose. 

4. Find the new iteration point using Eq. (4.10). 
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5. Check the convergence criteria Yi - Yi-I $; 0 and/or G(Yi) - G(Yi_l) $; e. Repeat steps 

2 through 5 until the convergence criteria are satisfied. 

6. Detennine the reliability index p = ~y.T y" and the failure probability PI = cjl(-P) , 

where cjl(.) is the standard nonnal cumulative probability distribution function. 

4.5 Sensitivity Analysis 

It is important to recognize that not all the random variables have equal influence 

on the reliability of the structure. Hence a measure needs to be developed that quantifies 

the influence of each of the basic variables on the reliability index. Using this measure, it is 

possible to ignore the randomness in those variables which have insignificant influences on 

the failure probability and achieve the computational efficiency in stochastic fmite element 

analyses. 

In Eq. (4.12), a is defined as a unit vector which is nonnal to the perfonnance 

surface in the direction away from the origin. Hence the vector a provides infonnation 

about the influence of the basic variables in the convergence towards the design point. In 

other words, if the component of a along the direction of one variable is high, that 

variable has a greater influence on the detennination of the design point and the reliability 

index. Thus, the vector a can be used to measure the sensitivities of the reliability index 

with respect to the basic variables. However, a is computed in the y-space; a sensitivity 

measure with respect to the stochastic variations of the original variables is of interest. 

Using Eq. (4.13), a sensitivity vector S(x,u,s) can be obtained as 

S(X,U,s) =J J,,,a (4.48) 
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where the Jacobian J,.% is evaluated at the checking point. 

To compare the components of the vector S(x,u,s), it is essential to standardize 

the variations in each. of the basic variables. This is achieved by nonnalizing each 

component of the gradient vector by the corresponding standard deviation of the basic 

variable. An unit sensitivity vector can be introduced as (Der Kiureghian and Ke 1988; 

Mahadevan and Haldar 1989) 

(4.49) 

where c; is the matrix of standard deviations. If all the basic variables are nonnally 

distributed, the matrix of standard deviations of the original variables may be used as C;. 

However, if the basic variables are non-nonnal, equivalent nonnal standard deviations at 

the checking point have to be used. 

The components of C; may be referred to as sensitivity indices corresponding to 

the basic variables. During an SFEM-based reliability analysis, if certain components of C; 

remain consistently small through the flrst few iterations, the randomness in the 

corresponding variables may be ignored in subsequent iterations. These variables are 

approximated by their values at the latest iteration point and are considered deterministic 

for future computations. This significantly reduces the size of the problem since only a few 

variables have significant influences on the reliability of a structure. 

4.6 Summary 

A unified nonlinear Stochastic Finite Element-based algorithm has been developed 

in this chapter for the reliability analysis of complex structures in which the state function 
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is not available as a c1osed-fonn expression in tenns of the basic random variables. The 

algorithm is applicable for both linear and nonlinear structures. The algorithm does not 

depend on the explicit solution of the limit state equation; instead, it uses the infonnation 

about the gradient vector of the perfonnance function to converge to the design point. 

The adjoint variable method is used to fonnulate the computation of the gradient vector. 

Strength and serviceability limit states are considered from the LRFD point of view. The 

sensitivity indices are used to improve the computational efficiency. 



CHAPTERS 

RELIABILIlY EV ALUA TION OF NONLINEAR FRAMES 
USING ASSUMED STRESS FIELD-BASED SFEM 

5.1 Introduction 
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In the previous chapter, a stochastic finite element-based algorithm was 

developed for the reliability analysis of structures. Theoretically, the algorithm can be 

incorporated with either the displacement-based or stress-based finite element methods. 

Since the cost and efficiency are two important aspects of reliability evaluation using the 

SFEM, the efficiency of the deterministic finite element method (FEM) plays a very 

important role in the success of the SFEM, particularly in capturing the nonlinear 

behavior of the structures. Deterministic evaluation of the nonlinear responses of frame 

structures using displacement-based and stress-based FEMs have been discussed earlier 

in Chapter 2. It has been pointed out that the assumed stress-based FEM is very efficient 

in calculating nonlinear responses of structures. Since SFEM-based study is expected to 

be computationally more demanding than conventional deterministic FEM, the desirable 

features of the assumed stress-based FEM need to be exploited to the fullest extent. An 

efficient SFEM is developed in this chapter by incorporating the assumed stress-based 

FEM in the algorithm developed previously to evaluate the reliability of structures. This 

procedure considers the nonlinearities due to geometry, material and PR connections. It 

is specifically applicable to steel frames. 
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5.2 Reliability Analysis of 2-D Nonlinear Frames with PR Connections 

If the linear iterative strategy for solving nonlinear structural problems can be 

expressed by Eq. (3.58), one can obtain the following expression by using the adjoint 

variable method as stated in the previous chapter 

(5.1) 

where of/ax can be calculated by the method described in Section 4.4, and aR(n-l) lax 

can be derived from Eq. (3.54). 

The evaluation of J.,D in Eq. (5.1) needs to be discussed here. Normally, when the 

strength state functions are considered, the internal force vector 0' is the only contribution 

of the load effect s and can be expressed as s = AO', where A is the transformation matrix 

with constant elements. Thus, one obtains 

(5.2) 

where d is the nodal displacement vector in the global coordinate for the element and can 

be defined as 

(5.3) 

The relationship between the increment of internal nodal force ilO' and the 

increment of global displacement ill) can be expressed as 

(5.4) 
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As stated earlier, the iteration strategy is used for nonlinear problems in this study. Once 

the algorithm converges, /)J) and /).CJ become zero vectors and Eq. (5.4) becomes Ra = O. 

Thus, the relationship between (J and d can be shown to be 

(5.5) 

where 

(5.6) 

The derivative of the internal forces CJ with respect to the displacements d becomes 

(5.7) 

where 

an = EA [-(I + ul ) -u2 

ad 1 L L 
o o ] (5.8) 

-2 (5.9) 

1 2 ] (5.10) 
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In order to calculate i)R(n-l) lax in Eq. (5.1), one can rewrite Eq. (3.54) as 

(5.11) 

where R Aa = A~~Ra and can be expressed as follows 

EAH n---
I 

RAa = ml + 2~1 (2Ia* +2a*) (5.12) 

m2 - 2~1 ea* +22a*) 

Since Rdo and A~do are not functions of basic variables, the derivative of R with respect to 

x can be expressed as 

(5.13) 

The evaluation of Eq. (5.13) depends on how the basic variables are selected. It 

will become a non-zero matrix if Young's modulus E, area A, yield stress Fy and the 

moments of inertia of the cross section I are considered to be basic random variables. By 

considering the elastic and elasto-plastic nonlinear cases, Eq. (5.13) can be calculated as 

discussed below. 

Elastic Nonlinear Case 

In the elastic nonlinear case, aRAa/ax for a beam-column element can be shown to 

be 
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iJRAa = [iJRAa iJRAa iJRAa 0] 
iJx iJE iJA iJI 

(5.14) 

where 

(5.15) 

iJ:~a =[ _E~ 0 o J (5.16) 

(5.17) 

Elasto-Plastic Nonlinear Case 

Since the plastic hinge model is used in this study, when the combined axial force 

and bending moments of an elastic-perfectly-plastic material model satisfy a prescribed 

yield function at a node of an element, a plastic hinge is assumed to occur instantaneously 

at that location. VpC; becomes unity and Kp becomes a zero matrix. Therefore, it can be 

shown that 

iJR=o 
ax (5.18) 

Thus, all the quantities required for the computation of VG(y) in Eq. (5.13) for a 

2-D frame are now available in very simple explicit forms considering geometric 

nonlinearity and elasto-plastic material behavior. By using Eqs. (5.2) and (5.7)-(5.10) as 

well as Eqs. (5.14)-(5.18), Eq. (5.1) can be solved explicitly. Substituting Eq. (5.1) into 
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Eq. (5.13), the gradient of the perfonnance function can be calculated. Thus, the reliability 

of 2-D frames then can be calculated by the procedures described in Section 4.4. 

5.3 Reliability Analysis of 3-D Nonlinear Frames with PR Connections 

The procedure to derive the corresponding fonnulas for 3-D frames is similar to 

that for 2-D frames. Eq. (5.1) can still be used to calculate the gradient of the perfonnance 

function and Eq. (5.2) can still be used to evaluate the Jacobian J •. D • For a 3-D frame, the 

displacement vector d becomes 

d [ I I I 10 10 10 2U 2U 2U 20 20 20]1 
=UI U2 U3 123 123 I 23 (5.19) 

and correspondingly, the relationship between cr and d which can be derived from Eq. 

(5.4) becomes 

n EAH 

m l GleO; _10;) 

1m2 1 -2EI (210. +20·) 2 2 2 
cr= 

2m 
--

2EI eO· +220·) 2 I 2 2 2 
(5.20) 

1m 
3 

-2EI (210. +20·) 3 3 3 

2m3 2EI CO· +220·) 3 3 3 

where ao; were defined by Eqs. (3.7)-(3.9). 

Thus, the derivative of the internal forces with respect to the displacements becomes 

(5.21) 

where 
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-(DX, +u,) 

-(DXz +uz ) 

-(DX3 +U3 ) 

0 

0 

an AE 0 
(5.22) -=-

(DX, +u,) ad Ll 

(DXz +uz ) 

(DX3 +u3 ) 

0 

0 

0 

0 

0 

0 

-(To)11 

-(TO)12 

am, = GJ -(To)'3 
(5.23) ad I 0 

0 

0 

(To)11 

(To),z 

(To)'3 



a1mz -2Elz --=--ad I 

aZmz 2Elz --=--ad I 

3 (TO)l1 C;1 - (To )31 C;z 

C;; + C;~ 
3 (TO)IZC;1 -(TO)32C;Z 

C;; + C;~ 
3 (To )13 C;1 - (To )33 C;z 

C;; + C;~ 
2(TO)ZI 

2(To)zz 

2(To)23 
-3 (TO )l1C;1 -(TO)31C;Z 

C;~ + C;~ 
-3 (TO)IZC;1 - (TO)32 C;z 

C;; + C;~ 
-3 (TO )13C;1 - (TO)33C;Z 

C;; + C;; 
(TO>Z1 

(To)zz 

(TO)23 

3 (TO)l1 C;1 - (To )31 C;z 

C;; + C;; 
3 (TO)IZC;1 -(TO)32C;Z 

c;t + C;; 
3 (To )13 C;1 - (To )33 C;z 

C;; + C;; 
(TO)ZI 

(To )22 

(To )23 
-3 (TO)l1 C;1 - (To )31 C;z 

C;; + C;~ 
-3 (TO)12 C;1 - (TO)32 C;z 

C;~ + C;; 
-3 (TO)13C;1 - (TO )33C;Z 

C;~ + C;; 
2(To)21 

2(To)22 

2(To)Z3 
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(5.24) 

(5.25) 



a1m3 = -2EI3 

ad I 

a2m3 2EI3 --=--ad I 

3 (To )21 C;2 - (TO)l1 C;3 

C;~ + C;~ 
3 (To )22 C;2 - (To )12 C;3 

C;~ + C;~ 
3 (TO)23 C;2 - (To )13 C;3 

C;~ + C;~ 
2(To)31 

2(To)32 

2(To)33 
-3 (To hI C;2 -(TO)11C;3 

c;~ + C;~ 
-3 (To )22 C;2 - (To )12 C;3 

C;~ + C;; 
-3 (To)23 C;2 - (To )13 C;3 

C;; + C;; 
(TO)31 

(Toh2 

(TO )33 

3 (To )21 C;2 - (TO)l1 C;3 

C;~ + C;; 
3 (To )22 C;2 - (To )12 C;3 

C;~ + C;; 
3 (To)23 C;2 - (To )13 C;3 

C;~ + C;; 
(To )31 

(To )32 

(To )33 
-3 (To )21 C;2 - (TO)l1 C;3 

C;~ + C;; 
-3 (Toh2c;2 - (TO)12C;3 

C;~ + C;; 
-3 (To)23C;2 - (TO)13C;3 

C;~ + C;; 
2(To )31 

2(TO)32 

2(To)33 
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(5.26) 

(5.27) 
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and 

All other parameters were defined in Section 3.1. 

To calculate aR(n-l) lax, Eq. (5.11) should be considered for 3-D elements. In this 

case RAG can be expressed as 

(5.28) 

and the derivative of R with respect to x can still be expressed by Eq. (5.13). As 

mentioned before, the evaluation of Eq. (5.13) depends on how the basic variables are 

selected. It will become a non-zero matrix if Young's modulus E, area A, and the moments 

of inertia of a cross section J, 12, 13 are considered to be basic random variables. By 

considering the elastic and elasto-plastic nonlinear cases, Eq. (5.13) can be calculated as 

discussed below. 



Elastic Nonlinear Case 

In this case, aRACJ / ax for a 3-D beam-column element can be shown to be 

where 

-EH 
o 

aRACJ 1 0 
--=-

aA I 0 

o 
o 

o 
-Gee: _Ie:) 

o 
o 
o 
o 
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(5.29) 

(5.30) 

(5.31) 

(5.32) 



o 
o 

dRAa 1 2E(21e;+2e;) 
dl

2 
= 1 -2Eee; +22e;) 

o 
o 

o 
o 
o 
o 

2E(21 e; +2e;) 
-2Eee; +22e;) 

Elasto·Plastic Nonlinear Case 

As discussed in Section 5.2, Eq. (5.18) can still be used for a 3-D element. 
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(5.33) 

(5.34) 

All the quantities required for the computation of VG(y) in Eq. (5.13) for a 3-D 

frame are now available in a simple explicit form considering geometric nonlinearity and 

elasto-plastic material behavior. 

5.4 Consideration of Uncertainties in Connections 

The responses of a frame structure are greatly influenced by the mechanical 

properties of its connections. Deterministic predictions of connection behavior, based on 

either empirical formulations or single test data, are likely to overestimate the values of 

strength and stiffness of connections (Rauscher and Gerstle, 1992). The uncertainties in 

the PR connection should be considered in reliability analysis procedures since the 
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uncertainties in the connections will contribute to the uncertainty in the structural 

responses. Mahadevan and Haldar (1989) attempted to consider the uncertainties of 

connection behavior in a linear SFEM. Since the moment-rotation curves of connections 

are nonlinear over the complete loading range, a method to incorporate the uncertainties 

of connections in the nonlinear SFEM is very desirable. In the this section, a methodology 

is proposed to incorporate the uncertainties of connections in the proposed nonlinear 

SFEM. 

Computation Model of Connection behavior 

The consideration of PR connections will introduce another major source of 

nonlinearity into the analysis algorithm. Therefore, the expressions for the tangent stiffness 

discussed in previous sections needs to be modified appropriately. 

As stated in Chapter 2, the predictability of the Richard model was found to be 

very good and the four parameters in the model are related to the physical response of the 

connection. The Richard model is use in this study. This model can be represented by the 

following expression 

(k-k ~ 
(5.35) 

where M is the connection moment; e is the connection rotation; k is the initial or elastic 

stiffness; kp is the plastic stiffness; Mo is the reference moment and N is the curve shape 

parameter. These parameters are shown graphically in Fig. 5.1. 
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M 
k 

Increasing N 

e 

Figure 5.1 Defmition of M-e Curve by Richard Model 

The tangent stiffness of the M-e curve, K(e), can be shown to be 

(5.36) 

For numerical analyses, an ordinary beam-column element is used to represent a 

flexible connection, except that its stiffness needs to be updated iteratively. The stiffness 

and the current Young's modulus of an element are functions of the relative rotation e. 

The stiffness of a connection can be represented by 

K(e) = E(e)1Il (5.37) 
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where E(O) is the current Young's modulus expressed as a function of O. Knowing K(O), 

the moment of inertia I, and the element length I, the current Young's modulus E(O) can be 

evaluated. 

Computational Model for Connection Uncertainties 

In practice, parameters in a typical moment-rotation curve are estimated from 

experimental results using a curve-fitting technique. Therefore, the deterministic moment

rotation curves do not account for the scatter in the connection behavior. Rauscher and 

Gerstle (1992) reported a study which provides statistical information for the degree of 

reliability of strength and stiffness for one connection type. The nominally identical 

framing connection (double-web angle connection) specimens from different sources were 

tested under identical conditions. Fig. 5.2 shows monotonic moment-rotation curves 

obtained from 24 bearing-type bolted connections in 12 specimens from six different 

fabricators. The range of rotational behavior is considerable. Fig. 5.3 shows moment

rotation curves from 22 friction-type bolted connections of 11 specimens. The nonlinearity 

was found mainly due to yielding of the outstanding angle legs, and bolt slip occurred only 

under rotations well in excess of admissible values. Fig. 5.4 shows 12 moment-rotation 

curves for friction-type bolted connections furnished by one fabricator. The consistency in 

the initial stiffness can be observed in Fig. 5.4. However, the considerable scatter in the 

occurrence of bolt slip which accounted for the onset of softening of these connections 

can also be noticed. 
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Figure 5.2 Bearing-type bolt connection response (Rauscher and Gerstle 1992) 
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Figure 5.3 Response of 22 friction-type bolted connections (Rauscher and Gerstle 1992) 
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Figure 5.4 Response of 12 friction-type bolted connections· (Rauscher and Gerstle 1992) 

The discussion clearly indicates that a considerable amount of scatter is expected in 

the connection behavior and this should be considered in reliability analyses. Thus, a 

computational model need to be set up to address the scatter phenomenon properly. In 

this study, a stochastic computational model is presented to account for the scatter in the 

connection behavior by considering the four parameters in the Richard model, namely k, 

k p' M 0 and N, to be random variables. The stochastic properties of these four parameters 

can be obtained through experiments and practices. This concept can be illustrated in Fig. 

5.5. The parameters of k, kp, Mo and N are included in the basic random variable vector. 
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M 
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(:) 

Figure 5.5 Setting Stochastic Parameters in Richard Model 

In order to use connection elements to incorporate uncertainties in the connection 

behavior, a:;a in Eq. (5.13) should be considered for connection elements, as discussed 

below. 

2-D Frames 

Considering the stochastic parameters in connection elements in Eq. (5.14), one 

has following expression for connection elements 

(5.38) 
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Considering the major-axis rotational flexibility of a connection element, the 

components in Eq. (5.38) can be expressed as 

(5.39) 

where ~j = k, kp' Mo and Nand 

(5.40) 

dK(9) -(N+2)a N -1 1 
--= + 

dkp [1 + aN fN+lllN 
(5.41) 

dK(9) (N + l)a N (k - kp ) 

dMo = [1 + a N fN+l)/N Mo 
(5.42) 

(5.43) 

where 

(5.44) 

Once Eq. (5.38) is calculated, the rest of the steps are same as those for ordinary 

beam-column element. 
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3-D Frames 

For 3-D frames, the out-of-plane behavior of the connections needs to be 

considered properly. Therefore, both major- and minor-axis rotational flexibility of 

connections are considered in the present work. 

Denoting k, kp, Mo and N as the four parameters representing the major-axis 

rotational flexibility of a connection element, and k', k' P' M' 0 and N' as the four 

parameters representing the minor-axis rotational flexibility of the connection element, Eq. 

(5.38) can be modified to include the stochastic information on both major and minor axes 

as follows 

(5.45) 

The components in the major-axis direction in Eq. (5.45) can be shown to be 

(5.46) 

where ~i = k, kp' Mo and N. 

The components in the minor-axis direction in Eq. (5.45) can be shown to be 

(5.47) 

where ~'i = k', k' p' M' 0 and N'. 
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Eqs. (5.40)-(5.44) can still be used to determine a~~~) or a~~~) by substituting the 

corresponding set of four parameters for major and minor axes. 

5.5 Reliability Analysis of Linear Structures 

Consider the displacement response D of a linear structure under the static loads is 

given by 

KD=F (5.48) 

where K is the linear global stiffness matrix and F is the global load vector. 

With the adjoint variable method discussed in Section 4.4, an auxiliary vector A. is 

introduced. From Eqs. (4.46) and (4.47), the following expression can be obtained 

'1 , (aG aG ) '1 ,-
II. KJn" = -:;-Q+-=;-I.D Inx = II. R 

• oU oS' • 
(5.49) 

The above expression can also be expressed as (see Note 4 in Section 4.4) 

, (aG aG ) _ aF a[KD] 
A. KJnx = -:;-Q+-::;-I.D In", -:1--:1-

• oU us' oX uX 
(5.50) 

where ", . .," over a variable indicates that it is to be held as a constant during partial 

differentiation operation. 

Is.D in Eq. (5.50) can be calculated by using Eq. (5.2) and Eqs. (5.7)-(5.10). As 

mentioned in Section 4.4, if externally applied loads are not included in the basic random 

variable vector, the term ~~ in Eq. (5.50) is a zero-matrix. Otherwise ~~ can be 
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calculated as explicit dependence of F on basic random variables is known. The term 

a[KD] 
-- can be expressed explicitly as ax 

a[KD] _ [a[KD] a[KD] a[KD]] --- ---_ ... _-
ax ax! aX2 aXm 

(5.51) 

where m is the total number of basic random variables. For any variable Xh the following 

equation can be obtained 

(5.52) 

aK in Eq. (5.52) can be calculated at the element level, and then assembled ax; 

together at global level. Since the stiffness matrix for an element can be expressed by Eq. 

(3.49), the following expression can be obtained 

(5.53) 

where n is the total number of elements in the system. 

For a 2-D element, A~~ is the inverse of the equation of Eq. (3.75) which can be 

shown to be 

A~ = 7[~A 4~1 -~EI] 
o -2EI 4EI 

(5.54) 
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Therefore, if E, A and 1 are included in the basic random variable vector, the following 

expressions can be derived 

aA~ ::::;! 0 41 -21 I [A 0 0] 
aE 1 0 -21 41 

(5.55) 

aA~CI =! 0 0 0 I [E 0 0] 
aA 1 0 0 0 

(5.56) 

aA~CI =! 0 4E -2E I [0 0 0] 
al 1 0 -2E 4E 

(5.57) 

For a 3-D element, A~~ is the inverse ofEq. (3.75) which can be shown to be 

EA 0 0 0 0 0 

0 GJ 0 0 0 0 

A-I =! 0 0 4EI2 -2E12 0 0 
CICI 1 0 0 -2E12 4EI2 0 0 

(5.58) 

0 0 0 0 4EI3 - 2E13 

0 0 0 0 - 2E13 4EI3 

If E, A, 12 and 13 are included in the basic random variable vector, the following 

expressions can be derived 



A 0 0 

o 2(1~!1) 0 

aA-1 1 
~=-

0 0 412 

aE 1 0 0 -212 

0 0 0 

0 0 0 

EOOOOO 
000000 

aA -I 1 0 0 0 0 0 0 (J(J _ 

M-ioooooo 
000000 

000000 

000000 

OGOOOO 
aA~~ 1 0 0 0 0 0 0 
a:J=ioooooo 

000000 

000000 

00 0 0 

00 0 0 

0 

0 

-212 

412 

0 

0 

00 

00 
a-A-1 1 0 0 
~=-

4E -2E 0 0 

a12 I 0 0 -2E 4E 00 
00 0 0 00 

00 0 0 00 
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0 0 

0 0 
0 0 

0 0 
(5.59) 

413 - 213 

- 213 413 

(5.60) 

(5.61) 

(5.62) 



129 

0000 0 0 

0000 0 0 

oA-1 1 0000 0 0 
~=- (5.63) 

013 I 0000 0 0 

0000 4£ -2£ 

0000-2£ 4£ 

oA-1 oK 
Once a 00 's are detennined, - can be evaluated using Eq. (5.63). Its 

Xj oXj 

assembling procedure will be very similar to the assembling procedure of the global 

stiffness matrix in regular FEM. By using Eqs. (5.51) and (5.52), the right-hand side of 

Eq. (5.50) can be calculated. Substituting Eq. (5.50) into Eq. (5.13), one can obtained the 

gradient of the perfonnance function which is the key in reliability analysis of structures. 

Thus, the proposed SFEM procedure outlined in Section 4.4 can be used for reliability 

analysis of linear structures without any difficulty. 
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5.6 Numerical Examples 

The proposed methodology needs verification at this stage in terms of its accuracy, 

efficiency and robustness. Several examples are given in the following section for this 

purpose. 

Example 5.1 

A frame, shown in Fig. 5.6, is considered in this example. The geometric 

dimensions of the frame are shown in the figure. The following load combinations as 

suggested in LRFD guidelines are considered to select the size of the members: (1) l.4D; 

(2) 1.W + 1.6£; (3) 1.2D + 0.5£ + 1.3W; and (4) 0.9D - 1.3W, where D, £ and Ware the 

dead, live and wind load, respectively. Beams are assumed to have adequate lateral 

supports to develop the plastic moment capacity of the member. 

D+L 

I111I11111111111111111111111111111111111 

b c cl T 
.p 
4-

Ln ..-. 

0. e J 
I- 30 ft ·1 

Figure 5.6 One Story Frame in Example 5.1 
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Using the nominal values of the loads given in Table 5.1, the frame is analyzed and 

designed, and W16 x 67 is found to be adequate for all three members of the frame. The 

probabilistic descriptions of all the basic variables required for the reliability analysis are 

listed in Table 5.1. The reliability of the frame is then evaluated using the SFEM 

proposed. Different load combinations are considered for the strength limit states. For the 

serviceability limit state as suggested in the Unifonn Building Code (International 

Conference of Building Officials 1991), the permissible displacement at the top of the 

frame is considered not to exceed h/400, where h is the height of the frame. Thus, for this 

example, o'f:!~ is equal to 0.45 inch (1 inch = 2.54 cm). Similarly, the allowable vertical 

deflection at C, the midspan of the beam, is considered to be 1/360 under unfactored live 

load as suggested in the LRFD code, where I is the span of the beam. In this case o'f:!!.;ction 

is equal to 1.0 inch. 

Table 5.1 Description of Basic Random Variables In Example 5.1 

Variables Nominal Values MeanINominal C.O.V. Distribution 

E (ksi) 29000.0 1.00 0.06 Lognormal 

A (in2) 19.7 1.00 0.05 Lognormal 

I (in4) 954.0 1.00 0.05 Lognormal 

Z,,(in3) 130.0 1.00 0.05 Lognormal 

F/ksi) 36.0 1.05 0.10 Lognormal 

D (kips/ft) 3.0 1.05 0.10 Lognormal 

L (kips/ft) 1.1 1.00 0.25 Type I 

W (kips) 6.5 0.78 0.37 Type I 

Note: 1 ksi = 6895 kN/m2, 1 in = 0.0254 m, 1 kip = 4.45 kN, 1 ft = 0.305 m. 
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First, the frame is analyzed assuming all the members are connected rigidly. The 

reliability indices of the frame corresponding to the strength and serviceability limit states 

are calculated using the proposed SFEM considering the linear and nonlinear behavior of 

the frame. The results are listed in Tables 5.2-5.9. Monte Carlo simulations are also 

conducted to verify the analytical results. Considering the magnitude of the failure 

probability, 10,000 Monte Carlo simulations are used here for verification. The results of 

Monte Carlo simulations are close to those of the proposed SFEM's. For comparison 

purpose, the reliability indexes at various locations are summarized in Table 5.10. 

For the simple one story frame structure considered in this example, the linear and 

nonlinear behaviors are not expected to be considerably different. The reliability indexes 

are similar between the linear and nonlinear analyses. This is expected. However, for the 

strength limit state, the reliability indexes corresponding to the nonlinear analysis are 

greater than those in the linear case since the nonlinear analysis results in lower internal 

stresses. It is interesting to note that the reliability indexes corresponding to the 

serviceability limit state are much higher than the strength limit state. It indicates that the 

strength limit state is the governing limit state and the structure is expected to develop 

strength failure first. The structure is stiff enough not to develop an excessive drift or 

deflection problem. Also, in this particular case, the linear analysis is more conservative 

than the nonlinear analysis. 



Table 5.2 Linear Analysis of FR Frame 

Strength Limit State (Beam at d), Load: D + L 

Variables Sensitivity Index Initial Point 

E (ksi) -0.0005 29000.0 

A (in2) -0.0084 19.7 

I (in4) -0.0015 954.0 

Zx(in3) -0.3649 130.0 

F/ksi) -0.7474 37.8 

D (kips/in) 0.3673 0.2625 

L (kips/in) 0.4163 0.0917 

W(kips) 

Performance 0.3610 
Function 

Reliability 4.39 
Index 

Monte Carlo 
Simulation 

Number of iteration = 4 
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Final Point 

28945.26 

19.65 

952.60 

122.72 

29.87 

0.2925 

0.1218 

0.0008 

3.10 

2.82 



Table 5.3 Nonlinear Analysis of FR Frame 

Strength Limit State (Beam at d), Load: D + L 

Variables Sensitivity Index Initial Point 

E (ksi) -0.2907 29000.0 

A (in2) -0.0168 19.7 

I (in4) -0.2342 954.0 

Z%(in3) -0.3384 130.0 

F/ksi) -0.6928 37.8 

D (kips/in) 0.3412 0.2625 

L (kips/in) 0.3865 0.0917 

W(kips) 

Performance 0.3593 
Function 

Reliability 4.02 
Index 

Monte Carlo 
Simulation 

Number of iteration = 5 
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Final Point 

27325.57 

19.62 

916.62 

122.77 

29.92 

0.2923 

0.1215 

-0.0004 

3.31 

3.09 
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Table 5.4 Linear Analysis of FR Frame 

Strength Limit State (Column at d), Load: D + L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0011 29000.0 28942.58 

A (in2) -0.0192 19.7 19.63 

I (in4) -0.0017 954.0 952.58 

Zx(in3) -0.3019 130.0 124.50 

F,(ksi) -0.6426 37.8 31.47 

D (kips/in) 0.4496 0.2625 0.2959 

L (kips/in) 0.5417 0.0917 0.1294 

W(kips) 

Performance 0.3337 -0.0001 
Function 

Reliability 3.49 2.78 
Index 

Monte Carlo 2.88 
Simulation 

Number of iteration = 4 



Table 5.5 Nonlinear Analysis of FR Frame 

Strength Limit State (Column at d), Load: D + L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3487 29000.0 27142.20 

A (in2) -0.0359 19.7 19.57 

I (in4) -0.2727 954.0 913.64 

Zx(in3) -0.2695 130.0 124.56 

F/ksi) -0.5736 37.8 31.53 

D (kips/in) 0.4031 0.2625 0.2956 

L (kips/in) 0.4885 0.0917 0.1293 

W (kips) 

Performance 0.3322 -0.0001 
Function 

Reliability 3.04 3.08 
Index 

Monte Carlo 2.91 
Simulation 

Number of iteration = 5 

136 
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Table 5.6 Linear Analysis of FR Frame 

Serviceability (Drift at b), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.2183 29000.0 27628.31 

A (in2) -0.0051 19.7 19.68 

I (in4) -0.1769 954.0 926.07 

Z,,(in3) 

F/ksi) 

D (kips/in) 0.0044 0.2625 0.2631 

L (kips/in) 0.0035 0.0917 0.0928 

W(kips) 0.9597 5.07 32.33 

Performance 0.8071 -0.0009 
Function 

Reliability 12.84 5.96 
Index 

Number of iteration = 4 
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Table 5.7 Nonlinear Analysis ofFR Frame 

Serviceability (Drift at b), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0275 29000.0 28362.17 

A (in2) -0.0007 19.7 19.68 

I (in4) -0.1609 954.0 914.29 

Zx(in3) 

Fy(ksi) 

D (kips/in) 0.0086 0.2625 0.2633 

L (kips/in) 0.0068 0.0917 0.0956 

W (kips) 0.9865 5.07 29.44 

Performance 0.7989 0.0008 
Function 

Reliability 12.54 5.47 
Index 

Number of iteration = 6 
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Table 5.8 Linear Analysis of FR Frame 

Serviceability (Deflection at c), Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.2099 29000.0 27281.36 

A (in2) -0.0041 19.7 19.66 

I (in4) -0.1709 954.0 915.22 

Z.(in3) 

F/ksi) 

D (kips/in) 

L (kips/in) 0.9627 0.2625 0.3098 

W(kips) 

Perfonnance 0.7326 -0.0003 
Function 

Reliability 11.06 4.71 
Index 

Number of iteration = 4 
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Table 5.9 Nonlinear Analysis ofFR Frame 

Serviceability (Deflection at c), Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0444 29000.0 28582.86 

A (in2) -0.0009 19.7 19.67 

I (in4) -0.1569 954.0 917.87 

Z,,(in3) 

Fy(ksi) 

D (kips/in) 

L (kips/in) 0.9866 0.2625 0.3235 

W (kips) 

Performance 0.7322 -0.0009 
Function 

Reliability 11.02 4.77 
Index 

Number of iteration = 5 
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Table 5.10 Reliability Indexes ofFR Frame 

Limit States Location ~ (Linear Analysis) ~ (Nonlinear Analysis) 

Strength Beamatd 3.10 3.31 

Column atd 2.78 3.08 

Serviceability Drift at b 5.96 5.47 

Deflection at c 4.71 4.77 

The flexibility of connections is considered next. Both beam-ta-column 

connections at band d are considered to be partially restrained. Three M-6 curves for the 

connections, shown in Fig. 5.7, are considered representing different amounts of rigidity in 

the connections. Curve 1 represents high rigidity, Curve 3 represents very flexible 

behavior and Curve 2 represents intermediate rigidity. The probabilistic descriptions of 

the four parameters of the Richard model are listed in Table 5.11 for all three cases. The 

frame with two flexible connections is again analyzed using the proposed algorithm. The 

results are listed in Tables 5.12-5.23. 

Table 5.11 Description of Stochastic Parameters of Connections 

Random Variables Mean 1 Mean 2 Mean 3 C.O.V. Distribution 

k (k-in/rad.) Ix 107 1.3x106 5xlOs 0.15 Normal 

k/k-in/rad.) Ix 106 lxlOS lx104 0.15 Normal 

Mo(k-in) 4500.00 4000.00 3000 0.15 Normal 

N 0.50 1.00 1.5 0.05 Normal 
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Table 5.12 Nonlinear Analysis of Frame with PR Connection 

Strength Limit State (Beam at d), Curve 1, Load: D + L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.2983 29000.0 27167.19 

A (in2) -0.0180 19.7 19.61 

I (in4) -0.2396 954.0 913.16 

Z",(in3) -0.3437 130.0 122.16 

F/ksi) -0.7040 37.8 29.31 

D (kips/in) 0.3220 0.2625 0.2928 

L (kips/in) 0.3684 0.0917 0.1225 

W (kips) 

k (k-in/rad) 0.0023 1.0 X 107 1.0012 X 107 

kp (k -in/rad) 0.0086 1.0 X 106 1004579 

Mo (k-in) 0.0078 4500 4518.77 

N -0.0011 0.5 0.4999 

Performance 0.3743 -0.0007 
Function 

Reliability 
4.33 3.55 

Index 

Monte Carlo 3.19 
Simulation 

Number of iteration = 5 
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Table 5.13 Nonlinear Analysis of Frame with PR Connection 

Strength Limit State (Beam at d), Curve 2, Load: D + L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3304 29000.0 27055.23 

A (in2) -0.0113 19.7 19.64 

I (in4) -0.2691 954.0 910.05 

Z .. (in3) -0.2175 130.0 125.11 

Fy(ksi) -0.4442 37.8 32.33 

D (kips/in) 0.4285 0.2625 0.3022 

L (kips/in) 0.6209 0.0917 0.1541 

W (kips) 

k (k-in/rad) 0.0054 1.3 x 106 1303595.00 

kp (k-in/rad) -0.0099 1.0 x lOS 99495.58 

Mo (k-in) -0.0450 4000 3907.79 

N 0.0502 1.0 1.0086 

Perfonnance 0.3706 -0.0003 
Function 

Reliability 2.99 3.42 
Index 

Monte Carlo 3.19 
Simulation 

Number of iteration = 5 
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Table 5.14 Nonlinear Analysis of Frame with PR Connection 

Strength Limit State (Beam at c), Curve 3, Load: D + L 

Variables Sensitivity Jndex Initial Point Final Point 

E (ksi) -0.3151 29000.0 27558.61 

A (in2) -0.0085 19.7 19.65 

I (in4) -0.2580 954.0 921.36 

Zx(in3) -0.2187 130.0 126.20 

Fy(ksi) -0.4442 37.8 33.51 

D (kips/in) 0.4667 0.2625 0.2949 

L (kips/in) 0.5554 0.0917 .' 0.1272 

W(kips) 

k (k-in/rad) 0.0376 5.0 x lOS 507346.00 

kp (k-in/rad) -0.0032 1.0 x 1Q4 9987.68 

Mo (k-in) -0.1043 3000 2877.83 

N 0.2245 1.5 1.544 

Performance 0.2881 0.0008 
Function 

Reliability 2.05 2.60 
Index 

Monte Carlo 2.71 
Simulation 

Number of iteration = 6 
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Table 5.15 Nonlinear Analysis of Frame with PR Connection 

Strength Limit State (Column at d), Curve 1, Load: D + L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3607 29000.0 27021.79 

A (in2) -0.0372 19.7 19.56 

I (in4) -0.2818 954.0 911.03 

Zx(in3) -0.2757 130.0 124.27 

Fy(ksi) -0.5870 37.8 31.21 

D (kips/in) 0.4024 0.2625 0.2968 

L (kips/in) 0.4546 0.0917 0.1272 

W (kips) 

k (k-in/rad) 0.0017 1.0 x 107 1.0007861 X 107 

kp (k-in/rad) 0.0070 1.0 x 106 1.003327 X 106 

Mo (k-in) 0.0061 4500 4513.11 

N -0.0011 0.5 0.4999 

Performance 0.3339 -0.0009 
Function 

Reliability 3.10 3.19 
Index 

Monte Carlo 3.01 
Simulation 

Number of iteration = 4 
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Table 5.16 Nonlinear Analysis of Frame with PR Connection 

Strength Limit State (Column at d), Curve 2, Load: D + L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3832 29000.0 26473.98 

A (in2) -0.0404 19.7 19.52 

I (in4) -0.2988 954.0 899.05 

Z;r(in3) -0.2723 130.0 123.15 

F/ksi) -0.5830 37.8 30.00 

D (kips/in) 0.3479 0.2625 0.2989 

L (kips/in) 0.4693 0.0917 0.1415 

W (kips) 

k (k-in/rad) -0.0036 1.3 x 106 1297253 

kp (k-in/rad) 0.0120 1.0 x lOs 1006995 

Mo (k-in) 0.0574 4000 4133.91 

N -0.0590 1.0 0.98852 

Performance 0.3884 -0.0009 
Function 

Reliability 3.93 3.89 
Index 

Number of iteration = 4 
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Table 5.17 Nonlinear Analysis of Frame with PR Connection 

Strength Limit State (Column at d), Curve 3, Load: D + L 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3743 29000.0 25773.49 

A (in2) -0.0402 19.7 19.47 

I (in4) -0.2914 954.0 883.62 

Z .. (in3) -0.2244 130.0 122.51 

F/ksi) -0.4873 37.8 29.24 

D (kips/in) 0.3412 0.2625 0.3115 

L (kips/in) 0.5889 0.0917 0.2017 

W (kips) 

k (k-in/rad) -0.0214 5.0 x lOs 491690.00 

kp (k-in/rad) 0.0025 1.0 x 1Q4 10019.70 

Mo (k-in) 0.0516 3000 3120.14 

N -0.1387 1.5 1.45 

Perfonnance 0.4732 -0.0002 
Function 

Reliability 5.35 5.18 
Index 

Number of iteration = 4 
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Table 5.18 Nonlinear Analysis of Frame with PR Connection 

Serviceability (Drift at b), Curve 1, Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0198 29000.0 28873.81 

A (in2) -0.0002 19.7 19.68 

I (in4) -0.0163 954.0 951.17 

Z .. (in3) 

F/ksi) 

D (kips/in) 0.0121 0.2625 0.2654 

L (kips/in) 0.0095 0.0917 0.0965 

W (kips) 0.9995 5.07 27.43 

k (k-in/rad) 0.0002 1.0 X 107 10001607.00 

kp (k-in/rad) -0.0088 1.0 X 106 993197.00 

Mo (k-in) -0.0052 4500 4481.88 

N 0.0040 0.5 0.5005 

Perfonnance 0.7963 0.0001 
Function 

Reliability 11.52 5.17 
Index 

Number of iteration = 5 
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Table 5.19 Nonlinear Analysis of Frame with PR Connection 

Serviceability (Drift at b), Curve 2, Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0418 29000.0 28516.79 

A (in2) -0.0004 19.7 19.67 

I (in4) -0.0344 954.0 943.05 

Z%(in3) 

F/ksi) 

D (kips/in) 0.0385 0.2625 0.2714 

L (kips/in) 0.0314 0.0917 0.0943 

W (kips) 0.9949 5.07 22.49 

k (k-in/rad) 0.0153 1.3 x 106 1312274.50 

kp (k-in/rad) -0.0109 1.0 x lOS 99300.52 

Mo (k-in) -0.0393 4000 3898.46 

N 0.0541 1.0 1.01 

Performance 0.7734 -0.0003 
Function 

Reliability 9.44 4.47 
Index 

Number of iteration = 4 
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Table 5.20 Nonlinear Analysis of Frame with PR Connection 

Serviceability (Drift at b), Curve 3, Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0501 29000.0 28594.92 

A (in2) -0.0004 19.7 19.67 

I (in4) -0.0414 954.0 944.79 

Zx(in3) 

Flksi) 

D (kips/in) 0.0779 0.2625 0.2728 

L (kips/in) 0.0661 0.0917 0.0936 

W(kips) 0.9573 5.07 18.82 

k (k -in/rad) 0.0495 5.0 x lOs 515159.88 

kp (k-in/rad) -0.0044 1.0 x 10" 9973.10 

Mo (k-in) -0.0776 3000 2857.43 

N 0.2457 1.5 1.58 

Perfonnance 0.7318 0.0008 
Function 

Reliability 7.07 4.06 
Index 

Number of iteration = 4 
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Table 5.21 Nonlinear Analysis of Frame with PR Connection 

Serviceability (Deflection at c), Curve 1, Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0499 29000.0 28418.50 

A (in2) -0.0010 19.7 19.67 

I (in4) -0.0406 954.0 941.00 

Z,,(in3) 

F/ksi) 

D (kips/in) 

L (kips/in) 0.9979 0.0917 0.3125 

W (kips) 

k (k-in/rad) -0.0028 1.0 x 107 9980580.00 

kp (k-in/rad) -0.0056 1.0 x 106 996921.69 

Mo (k-in) -0.0062 4500 4483.45 

N -0.0005 0.5 0.4995 

Perfonnance 0.7264 -0.0005 
Function 

Reliability 10.49 4.61 
Index 

Number of iteration = 4 
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Table 5.22 Nonlinear Analysis of Frame with PR Connection 

Serviceability (Deflection at c), Curve 2, Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0417 29000.0 28546.91 

A (in2) -0.0008 19.7 19.67 

I (in4) -0.0340 954.0 943.84 

Z%(in3) 

F/ksi) 

D (kips/in) 

L (kips/in) 0.9977 0.0917 0.2836 

W (kips) 

k (k-in/rad) -0.0135 1.3 x 106 1288437.13 

kp (k-in/rad) -0.0033 1.0 x lOs 99817.38 

Mo (k-in) -0.0337 4000 3924.47 

N 0.0201 1.0 1.0032 

Perfonnance 0.6908 0.0045 
Function 

Reliability 8.86 4.16 
Index 

Number of iteration = 4 
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Table 5.23 Nonlinear Analysis of Frame with PR Connection 

Serviceability (Deflection at c), Curve 3, Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0374 29000.0 28711.46 

A (in2) -0.0006 19.7 19.67 

I (in4) -0.0305 954.0 947.50 

Zx(in3) 

Fy(ksi) 

D (kips/in) 

L (kips/in) 0.9936 0.0917 0.2404 

W (kips) 

k (k-in/rad) -0.0200 5.0 x 105 494515.9 

kp (k-in/rad) -0.0002 1.0 x 104 9999.205 

Mo (k-in) -0.0575 3000 2905.193 

N 0.0815 1.5 1.5224 

Performance 0.6392 0.0014 
Function 

Reliability 7.10 3.66 
Index 

Number of iteration = 4 
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Figure 5.7 The M- e Curves for Connections 

For comparison purpose, the reliability indexes at various locations are 

summarized in Table 5.24. The reliability indexes for the strength and serviceability limit 

states using Curves 1,2 and 3 are listed as ~l, ~2 and ~3, respectively, in Table 5.24. 

Table 5.24 Reliability Indexes of PR Frame 

Limit States Location ~1 ~2 ~3 

Strength Beam* 3.55 3.42 2.60 

Column atd 3.19 3.89 5.18 

Serviceability Drift at b 5.17 4.47 4.06 

Deflection at c 4.61 4.16 3.66 

* Location for the beam: at d for the first two cases and at c for the third one. 
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The behavior of the frame with rigid and PR connections can be compared at this 

stage by examining the results listed in Tables 5.10 and 5.24. When PR connections are 

considered, the reliability indexes for both the strength and serviceability limit states 

changed significantly. For the strength limit state, this is expected since a redistribution of 

moments is expected due to the presence of the flexible connection. In this particular 

case, the bending moment at c went up while the bending moment at d went down due to 

the presence of the PR connections. The design moment for the beam is shifted from d to 

c as the rigidity of the connections decreases gradually. It is also very interesting to note 

that as the rigidity of the connections decreases, the reliability indexes for the strength 

limit state went down for the beam and went up for the column, making the beam more 

prone to failure than the columns. Thus, for the frame under consideration, the lower 

rigidity in the connections has a beneficial effect on the column and a detrimental effect on 

the beam. The increase in the spread of the reliability indexes between beam and columns 

indicates inefficiency in the design as the rigidity in the connections is lowered. 

The reliability indexes according to the serviceability criterion, however, started 

going down as the rigidity of the PR connections decreased. This is also expected since 

the presence of PR connections lowered the overall stiffness of the frame and the 

serviceability criterion became as important as the strength criterion. If the flexibility in 

the connections is significant, the frame needs to be reanalyzed and redesigned since 

significant changes in the design loads are expected. 

Using curve 3, the frame is redesigned and W16x89 is selected for the beam and 

W14x53 is selected for the columns. The reliability of the frame is then estimated for both 

limit states and is shown in Table 5.25. In this case, the serviceability became the 

controlling limit state. All four reliability indexes are very similar, indicating a very 
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efficient design. The example clearly demonstrates that if the flexibility in the PR 

connections is significant, the frame must be redesigned. The assumption that the 

connections are rigid, which is routinely used in the profession, is not appropriate. 

Furthermore, frames with PR connections should be investigated very thoroughly for the 

serviceability limit state. To amplify this point, the following example is considered. 

Table 5.25 Reliability Indexes of the PR frame after Redesigning 

Limit States Location /3 

Strength Beam ate 3.07 

Column atd 3.12 

Serviceability Drift at b 2.86 

Deflection at e 3.91 

Example 5.2 

A two-story frame, shown in Fig. 5.8, is considered in this example. The 

geometric dimensions of the frame are shown in the figure and the nominal values of loads 

are given in Table 5.26. Using the LRFD code, a W18x55 is selected for the beams and a 

W14x68 is selected for the columns. The probabilistic properties of all the basic variables 

are given in Table 5.26. 
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Figure 5.8 Two Story Frame in Example 5.2 

Both the strength and serviceability limit states are considered in this example. For 

the serviceability limit state, the permissible lateral displacement at the top of the frame is 

again considered not to exceed h/400, i.e. 0.72 inch for this example. And the allowable 

vertical deflection at midspan of the beam is again considered to be 1/360 under unfactored 

live load, i.e. 0.8 inch for this example. 

First, the frame is analyzed assuming all the members are connected rigidly. The 

reliability indices of the frame corresponding to the strength and serviceability limit states 

are listed in Table 5.27-5.34, considering the linear and nonlinear behavior of the frame. 

For comparison· purpose, the reliability indexes at various locations are summarized in 

Table 5.35. This case is similar to Example 5.1, in which the reliability indexes according 
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to the strength limit state for the nonlinear case appear to be higher than the linear case, 

indicating that the nonlinear analysis results in lower internal stresses. The reliability 

indexes for the linear and nonlinear cases for the serviceability limit state are also found to 

be very similar since the structural defonnation may not be significantly different in both 

cases. For simplicity, all the columns are assumed to be the same size. The example 

indicates that the bottom column size may need to be increased to satisfy the selViceability 

requirement, although it is adequate from the strength point of view. 

Table 5.26 Description of Basic Random Variables In Example 5.2 

Variables Nominal Values Mean/Nominal C.O.V. Distribution 

E (ksi) 29000.0 1.00 0.06 Lognormal 

Ab (in2) 16.2 1.00 0.05 Lognormal 

[b (in4) 890.0 1.00 0.05 Lognormal 

Z; (in3) 112.0 1.00 0.05 Lognormal 

A C (in2) 20.0 1.00 0.05 Lognormal 

r (in4) 723.0 1.00 0.05 Lognormal 

Z~ (in3) 115.0 1.00 0.05 Lognormal 

F,(ksi) 36.0 1.05 0.10 Lognormal 

D (kips/ft) 3.0 1.05 0.10 Lognormal 

L (kips/ft) 1.1 1.00 0.25 Type! 

W(kips) 12.82 0.78 0.37 Type I 



Table 5.27 Linear Analysis of FR Frame 

Strength Limit State (Beam at d), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0004 29000.0 28945.44 

Ab (in2) -0.0096 16.2 16.15 

[b (in4) -0.0689 890.0 878.36 

Z; (in3) -0.3530 112.0 105.23 

AC (in2) -0.00002 20.0 19.98 

r (in4) 0.0668 723.0 730.50 

Z~ (in3) 

Fy(ksi) -0.7272 37.8 29.26 

D (kips/ft) 0.3441 0.2625 0.2942 

L (kips/ft) 0.4034 0.0917 0.1255 

W (kips) 0.2368 10.0 12.57 

Performance 0.3906 0.0001 
Function 

Reliability 4.90 3.46 
Index 

Monte Carlo 3.19 
Simulation 

Number of iteration = 4 
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Table 5.28 Nonlinear Analysis of FR Frame 

Strength Limit State (Beam at d), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3036 29000.0 26955.55 

Ab (in2) -0.0195 16.2 16.12 

[b (in4) -0.3033 890.0 837.64 

Z; (in3) -0.3156 112.0 105.16 

A c (in2) -0.0006 20.0 19.98 

r (in4) 0.0587 723.0 730.44 

Z; (in3) 

Flksi) -0.6509 37.8 29.16 

D (kips/ft) 0.3011 0.2625 0.2938 

L (kips/ft) 0.3520 0.0917 0.1249 

W (kips) 0.2725 10.0 13.73 

Perfonnance 
0.4038 -0.0009 

Function 

Reliability 4.63 3.92 
Index 

Number of iteration = 5 
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Table 5.29 Linear Analysis of FR Frame 

Strength Limit State (Column at d), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0013 29000.0 28940.66 

Ab (in2) -0.0016 16.2 16.18 

[b (in4) -0.0575 890.0 880.52 

Z! (in3) 

A C (in2) -0.0172 20.0 19.92 

I" (in4) -0.0549 723.0 717.35 

Z; (in3) -0.3063 115.0 109.21 

Fy(ksi) -0.6458 37.8 30.42 

D (kips/ft) 0.4107 0.2625 0.2990 

L (kips/ft) 0.5314 0.0917 0.1386 

W (kips) 0.1774 10.0 11.55 

Perfonnance 0.3780 -0.0004 
Function 

Reliability 4.29 3.30 
Index 

Monte Carlo 3.16 
Simulation 

Number of itemtion = 4 
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Table 5.30 Nonlinear Analysis of FR Frame 

Strength Limit State (Column at d), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3565 29000.0 26828.32 

Ab (in2) -0.0013 16.2 16.18 

[b (in4) -0.0564 890.0 880.02 

Z! (in3) 

A C (in2) -0.0311 20.0 19.87 

r (in4) -0.2263 723.0 693.62 

Z; (in3) -0.2751 115.0 109.37 

F/ksi) -0.5797 37.8 30.62 

D (kips/ft) 0.3730 0.2625 0.2982 

L (kips/ft) 0.4900 0.0917 0.1383 

W (kips) 0.1631 10.0 11.54 

Perfonnance 0.3672 -0.0007 
Function 

Reliability 3.64 3.56 
Index 

Monte Carlo 3.24 
Simulation 

Number of iteration = 6 

162 



Table 5.31 Linear Analysis of FR Frame 

Serviceability Limit State (Drift at b), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.1611 29000.0 28414.45 

Ab (in2) -0.0019 16.2 16.18 

[b (in4) -0.0651 890.0 883.34 

Z! (in3) 

A C (in2) -0.0006 20.0 19.97 

r (in4) -0.0705 723.0 717.22 

Z~ (in3) 

Fy(ksi) 

D (kips/ft) -0.0025 0.2625 0.2611 

L (kips/ft) -0.0020 0.0917 0.0879 

W(kips) 0.9822 10.0 18.48 

Performance 0.4797 -0.0002 
Function 

Reliability 2.66 1.93 
Index 

Monte Carlo 1.90 
Simulation 

Number of iteration = 3 
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Table 5.32 Nonlinear Analysis ofFR Frame 

SelViceability Limit State (Drift at b), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0263 29000.0 28846.29 

Ab (in2) -0.0003 16.2 16.18 

Ib (in4) -0.0111 890.0 887.80 

Z; (in3) 

AC (in2) -0.0033 20.0 19.98 

I" (in4) -0.0647 723.0 717.85 

Z; (in3) 

F,(ksi) 

D (kips/ft) 0.0095 0.2625 0.2633 

L (kips/ft) 0.0075 0.0917 0.0921 

W (kips) 0.9974 10.0 18.23 

Performance 0.4690 0.0009 
Function 

Reliability 2.40 1.86 
Index 

Monte Carlo 1.89 
Simulation 

Number of iteration = 6 
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Table 5.33 Linear Analysis ofFR Frame 

Serviceability Limit State (Deflection at b), Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.2086 29000.0 27398.26 

Ab (in2) -0.0015 16.2 16.18 

[b (in4) -0.1098 890.0 867.70 

Z; (in3) 

AC (in2) -0.0089 20.0 19.94 

r (in4) -0.0538 723.0 713.61 

Z~ (in3) 

F,(ksi) 

D (kips/ft) 

L (kips/ft) 0.9703 0.0917 0.2875 

W (kips) 

Perfonnance 0.7047 -0.0001 
Function 

Reliability 9.74 4.40 
Index 

Number of iteration = 4 
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Table 5.34 Nonlinear Analysis ofFR Frame 

Serviceability Limit State (Deflection at b), Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0717 29000.0 27942.51 

Ab (in2) -0.0005 16.2 16.18 

[b (in4) -0.0377 890.0 876.75 

Z! (in3) 

A C (in2) -0.0070 20.0 19.95 

I" (in4) -0.0429 723.0 716.24 

Z~ (in3) 

F/ksi) 

D (kips/ft) 

L (kips/ft) 0.9958 0.0917 0.3028 

W (kips) 

Perfonnance 0.7044 -0.0007 
Function 

Reliability 9.71 4.41 
Index 

Number of iteration = 4 
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Table 5.35 Reliability Indexes of the FR Frame 

Limit States Location ~ (Linear Analysis) ~ (Nonlinear Analysis) 

Strength Beamatd 3.46 3.92 

Column atd 3.30 3.56 

Serviceability Drift at b 1.93 1.88 

Deflection at c 4.40 4.41 

The flexibility of connections is considered next. All four beam-to-column 

connections at b, d, f and g are considered to be partially restrained. For this example, 

Curve 3 in Fig. 5.7 is considered to represent the M-8 curve. The frame with PR 

connections is again analyzed using the proposed algorithm. The reliability indexes for the 

strength and serviceability limit states are listed in Tables 5.36-5.39. For comparison 

purpose, the reliability indexes at various locations are summarized in Table 5.40. It can 

be observed that the reliability indexes for both limit states changed significantly. For the 

strength limit state, the presence of the PR connections reduces the bending moments at 

the connections and increases the bending moments at the midspan of the beams. This is 

expected because of the redistribution of bending moments. The reliability indexes for the 

strength limit state went down for the beams and went up for the columns, making the 

beam more prone to failure than the columns. 
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Table 5.36 Nonlinear Analysis of Frame with PR Connections 

Strength Limit State (Beam at d), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3193 29000.0 27339.11 

Ab (in2) -0.0114 16.2 16.15 

[b (in4) -0.2420 890.0 857.35 

Z; (in3) -0.2332 112.0 108.03 

A C (in2) -0.0004 20.0 19.97 

r (in4) -0.0177 723.0 720.19 

Z: (in3) 

F/ksi) -0.4764 37.8 32.64 

. D (kips/ft) 0.4454 0.2625 0.2983 

L (kips/ft) 0.5703 0.0917 0.1367 

W (kips) 0.0023 10.0 9.42 

k (k-in/rad) 0.0212 500000 504749.30 

kp (k-in/rad) -0.0015 10000 9993.10 

Mo (k-in) -0.0955 3000 2871.57 

N 0.1568 1.50 1.535 

Perfonnance 0.3233 0.0009 
Function 
Reliability 2.58 2.99 
Index 
Monte Carlo 3.04 
Simulation 

Number of itemtion = 5 
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Table 5.37 Nonlinear Analysis of Frame with PR Connections 

Strength Limit State (Column at d), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.4036 29000.0 25440.68 

Ab (in2) -0.0007 16.2 16.18 

[b (in4) -0.0732 890.0 871.71 

Z; (in3) 

A C (in2) -0.0357 20.0 19.79 

r (in4) -0.2460 723.0 676.24 

Z~ (in3) -0.2684 115.0 106.92 

F/ksi) -0.5712 37.8 27.75 

D (kips/ft) 0.2850 0.2625 0.3040 

L (kips/ft) 0.4118 0.0917 0.1575 

W (kips) 0.2357 10.0 14.71 

k (k-in/rad) -0.0262 500000 489500.5 

kp (k-in/rad) 0.0027 10000 10021.89 

Mo (k-in) 0.1247 3000 3299.59 

N -0.2217 1.50 1.411 

Performance 0.4728 0.0008 
Function 
Reliability 5.50 5.34 
Index 

N umber of iteration = 4 
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Table 5.38 Nonlinear Analysis of Frame with PR Connections 

Serviceability Limit State (Drift at b), Load: D + L + W 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0131 29000.0 28930.66 

Ab (in2) -0.0002 16.2 16.18 

Ib (in4) -0.0046 890.0 888.73 

Z! (in3) 

AC (in2) 0.0003 20.0 19.98 

r (in4) -0.0523 723.0 720.84 

Z~ (in3) 

F/ksi) 

D (kips/ft) 0.0642 0.2625 0.2642 

L (kips/ft) 0.0512 0.0917 0.0937 

W(kips) 0.9451 10.0 11.75 

k (k-in/rad) 0.0909 500000 504536.03 

kp (k-in/rad) -0.0037 10000 9996.35 

Mo (k-in) -0.1466 3000 2956.05 

N 0.2597 1.50 1.51 

Perfonnance 0.1756 0.0078 
Function 
Reliability 0.63 0.67 
Index 
Monte Carlo 0.68 
Simulation 

Number of iteration = 6 
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Table 5.39 Nonlinear Analysis of Frame with PR Connections 

Serviceability Limit State (Deflection at c), Live Load Only 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0526 29000.0 28627.29 

Ab (in2) -0.0002 16.2 16.18 

Ib (in4) -0.0336 890.0 883.64 

Z; (in3) 

A e (in2) -0.0021 20.0 19.97 

Ie (in4) -0.0189 723.0 719.69 

Z~ (in3) 

F/ksi) 

D (kips/ft) 

L (kips/ft) 0.9948 0.0917 0.2315 

W (kips) 

k (k-in/rad) -0.0390 500000 489700.6 

kp (k-in/rad) 0.0001 10000 10000.36 

Mo (k-in) -0.0340 3000 2946.03 

N 0.0586 1.50 1.5155 

Performance 0.6195 0.0014 
Function 
Reliability 

6.625 3.526 
Index 
Monte Carlo 

3.24 
Simulation 

Number of iteration = 4 
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The reliability indexes for the serviceability limit state went down significantly. 

This is expected since the presence of PR connections lowers the overall stiffness of the 

frame. However, the importance of the PR connections in the design of flexible multistory 

buildings is quite evident by observing the drop in the reliability indexes for the 

serviceability limit state. This simple example clearly indicates that the flexibility in the PR 

connections must be considered appropriately, particularly for the design of flexible 

structures. The serviceability limit state could be the most important limit state in this 

case. The structure may need to be re-analyzed and redesigned considering the presence 

of PR connections. 

Table 5.40 Reliability Indexes of the PR Frame 

Limit States Location ~ 

Strength Beam at c 2.99 

Column at d 5.34 

Serviceability Drift at b 0.68 

Deflection at c 3.53 

Example 5.3 

A three-dimensional frame, shown in Fig. 5.9, is considered. The geometric 

dimensions of the frame are shown in the figure. Section W16 x 67 is used for all 

members of the frame. The frame is analyzed by using the stochastic fmite element 

algorithm proposed. The probabilistic descriptions of basic variables of the structure which 

are required for this analysis are listed in Table 5.41. 
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Both the strength and serviceability limit states are considered in this example. 

According to the UBC code, the drift at the top of column should not be more than h/400 

where h is the height of the frame. Thus, for this example, a Umil is 0.45 inches. 

Figure 5.9 3-D Frame Structure in Example 

First, the frame is analyzed assuming its members are all connected rigidly. The 

results of linear and nonlinear analyses of the frame for strength limit state are listed in 

Table 5.42 and Table 5.43, respectively. Table 5.44 and Table 5.45 list the corresponding 

results for the serviceability limit state. The reliability index of the strength limit state in 

the nonlinear case is higher than that in the linear case. The reliability index of the 

serviceability limit state is almost the same in both cases. 



174 

Table 5.41 Description of Basic Random Variables 

Random Variables Mean C.O.V. Distribution 

E (ksi) 29000 0.06 Lognonnal 

A (in2) 19.7 0.05 Lognonnal 

12 (in4) 954 0.05 Lognonnal 

13 (in4) 119 0.05 Lognonnal 

Z. (in3
) 130 0.05 Lognonnal 

Zy (in3
) 35.5 0.05 Lognonnal 

Fy (ksi) 37.8 0.10 Lognonnal 

V (kips) 27.0 0.15 Lognonnal 

H (kips) 7.5 0.15 Lognonnal 
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Table 5.42 Linear Analysis ofFR Frame, Strength of Beam 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.0001 29000.00 28947.31 

A (in2) -0.0041 19.70 19.67 

12 (in4) -0.0002 954.00 952.83 

13 (in4) -0.0002 119.00 118.85 

Zx (in3
) -0.1609 130.00 127.18 

Zy (in3
) -0.1700 35.50 34.69 

Fy (ksi) -0.6678 37.80 31.69 

V (kips) 0.4897 27.00 32.22 

H (kips) 0.5093 7.50 9.02 

Perfonnance 0.3246 0.0003 
Function 

Reliability Index 3.38 2.57 

Monte Carlo 2.56 
Simulation 

Number of Iteration = 4 
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Table 5.43 Nonlinear analysis of FR Frame, Strength of Beam 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3723 29000.00 27218.43 

A (in2) -0.0069 19.70 19.66 

12 (in4) -0.1425 954.00 934.27 

13 (in4) -0.1496 119.00 116.42 

Zx (in3
) -0.1426 130.00 127.31 

Zy (in3
) -0.1488 35.50 34.74 

Fy (ksi) -0.5880 37.80 31.99 

V (kips) 0.4903 27.00 32.67 

H (kips) 0.4359 7.50 8.88 

Performance 0.3259 -0.0002 
Function 

Reliability Index 3.61 2.76 

Monte Carlo 2.82 
Simulation 

Number ofIteration = 4 
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Table 5.44 Linear Analysis of FR Frame, Serviceability 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.3562 29000.00 27216.93 

A (in2) -0.0006 19.70 19.68 

12 (in4) -0.0162 954.00 950.58 

Z. (in3
) 

Zy (in3
) 

Fy (ksi) 

13 (in4) -0.2813 119.00 114.12 

V (kips) -0.0043 27.00 26.65 

H (kips) 0.8909 7.50 10.89 

Performance 0.3317 -0.0001 
Function 

Reliability Index 4.01 2.89 

Monte Carlo 2.91 
Simulation 

Number of Iterations = 4 
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Table 5.45 Nonlinear Analysis ofFR Frame, Serviceability 

Variables Sensitivity Index Initial Point Final Point 

E (ksi) -0.1274 29000.00 28317.35 

A (in2) -0.0002 19.70 19.68 

12 (in4) -0.0161 954.00 951.98 

13 (in4) -0.2680 119.00 114.36 

Z. (in3
) 

Zy (in3
) 

Fy (ksi) 

V(kips) -0.0039 27.00 26.66 

H(kips) 0.9549 7.50 11.17 

Performance 0.3139 -0.0008 
Function 

Reliability Index 3.92 2.88 

Monte Carlo 2.91 
Simulation 

Number of Iterations = 4 
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The flexibility of connections is considered next. For the simplicity of the 

discussio~, only one connection A, as shown in Fig. 5.9, is considered to be a partially 

restrained, while all the others are rigid. For illustration purposes only, connection A is 

assumed to be represent the major axis rotational flexible behavior. The M-9 curve for 

this connection is shown in Fig. 5.10. The probabilistic descriptions of the four parameters 

of the Richard's model to represent connection A are listed in Table 5.46. The three

dimensional frame with one flexible connection is again analyzed by using the proposed 

algorithm. Results for both the strength and serviceability limit states are listed in Tables 

5.47 and 5.48, respectively. For this example, the reliability index corresponding to the 

strength limit state is much higher than that of the serviceability limit state. 

Table 5.46 Description of Stochastic Parameters of Connection A 

Variables Mean C.O.V. Distribution 

k (kips-in/rad.) 633000.00 0.15 Normal 

kp (kips-in/rad.) 53000.00 0.15 Normal 

Mo (kips-in) 1000.00 0.15 Normal 

N 0.70 0.05 Normal 
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Table 5.47 Frame with PR Connection, Strength of the Beam 

Variables Sensitivity Index Initial Point Final Point 

k (kips-in/rad.) -0.0001 633000.00 632966.13 

kp (kips-in/rad.) -0.0000 53000.00 52999.68 

Mo (kips-in) -0.0001 1000.00 999.96 

N -0.0000 0.70 0.70 

E (ksi) -0.4328 29000.00 26471.33 

A (in2) -0.0079 19.70 19.65 

12 (in4) -0.1661 954.00 925.93 

13 (in4) -0.1693 119.00 115.44 

Zx (in3
) -0.1663 130.00 126.17 

Zy (in3
) -0.1690 35.50 34.44 

Fy (ksi) -0.3390 37.80 35.23 

V (kips) 0.5866 27.00 36.10 

H (kips) 0.4910 7.50 9.55 

Performance 0.3021 0.0007 
Function 

Reliability Index 3.05 3.45 

Monte Carlo 3.19 
Simulation 

Number of Iterations = 5 
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Table 5,48 Frame with PR Connection, Serviceability 

Variables Sensitivity Index Initial Point Final Point 

k (kips-in/rad.) -0.0164 633000.00 628995.25 

kp (kips-in/rad.) -0.0016 53000.00 52966.52 

Mo (kips-in) -0.0121 1000.00 995.35 

N -0.0033 0.70 0.70 

E (ksi) -0.1842 29000.00 28118.45 

A (inl) -0.0008 19.70 19.68 

12 (in4) -0.0089 954.00 951.72 

13 (in4) -0.1464 119.00 116.60 

Z. (in3
) 

Zy (in3
) 

Fy (ksi) 

V (kips) 0.0016 27.00 27.28 

H (kips) 0.9717 7.50 10.76 

Perfonnance 0.2877 -0.0004 
Function 

Reliability Index 2.23 2.57 

Monte Carlo 2.61 
Simulation 

Number of Iterations = 4 
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Figure 5.10 The M- e curve of connection A 

Considering the example of the three-dimensional frame with rigid connections and 

with one flexible connection, several important observations can be made. Considering the 

rigid frame and the strength limit state design criterion, the reliability index for the linear 

analysis appears to be smaller than that for the nonlinear analysis. In this particular case, 

the nonlinear analysis represents a safer design. When the serviceability limit state is 

considered, the reliability indexes for the linear and nonlinear analyses are almost identical. 

However, in this case, the strength limit state is controlling the design. Furthermore, both 

limit states give very similar reliability indexes, indicating an very efficient design. 

The situation changes significantly when even one partially restrained connection is 

considered. For the strength limit state, the reliability index goes up. This is expected since 

the redistribution of moments is to expected due to the presence of the flexible connection. 

However, the reliability index for the serviceability limit state goes down significantly. This 

indicates that the serviceability limit state controls the design in this case. This behavior is 

totally opposite to the case where all the joints are rigid. Furthermore, the reliability 
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indexes for both the limit states are quite different, indicating that the design is no longer 

efficient. 

5.7 Summary 

A Stochastic Finite Element-based algorithm was developed in this chapter for the 

reliability analysis of nonlinear complicated structures in which the performance function is 

not available as a closed-form expression in terms of the basic random variables. The 

assume stress-based FEM was used to improve the efficiency of the algorithm. The 

corresponding matrix form of the First Order Reliability Method was derived. The 

algorithm does not depend on the explicit solution of the limit state equation; instead, it 

uses the information about the gradient vector of the performance function to converge to 

the design point. The basic principle of the Stochastic Finite Element Method has been 

used to formulate the computation of the gradient vector, through the computation of the 

partial derivatives of the stiffness matrix, load vector etc. The proposed method has been 

applied to the reliability analysis of 2-D and 3-D framed structures. Several important limit 

states are considered, and the results of the numerical examples show the desirability of 

the proposed method. The use of sensitivity indices is observed to improve the 

computational efficiency. Finally, a procedure using the proposed algorithm has been 

developed for the reliability analysis of frames with uncertain connection rigidity. 



CHAPTER 6 

ELASTO-PLASTIC DYNAMIC AND SEISMIC ANALYSIS 
FOR LARGE DEFORMED FRAMES 

WITH PARTIALLY RESTRAINED CONNECTIONS 

6.1 Introduction 
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Nonlinear large defonnation dynamic or seismic response analysis of real 

structures is becoming increasingly important. Standard design codes, e.g., the Load and 

Resistance Factored Design (LRFD) codes proposed by the American Institute of Steel 

Construction, Inc., have suggested the use of such procedures. Conceptually, both 

material and geometric nonlinearities must be considered in any large defonnation 

nonlinear analysis procedure. Furthennore, in the analysis of steel structures in particular, 

the joint flexibility needs to be incorporated appropriately. It has been established in the 

profession, both theoretically and experimentally, that all connections used in current 

practice possess stiffness which fall between two extreme cases of fully rigid and ideally 

pinned. These connections are partially restrained (PR) in nature and could be highly 

nonlinear even when low level loads are applied. Thus, the inelastic dynamic and seismic 

response of steel frames considering geometric and material nonlinearities in the presence 

of PR connections needs proper consideration. 

In developing such an advanced analysis procedure, some important issues must be 

addressed. In the nonlinear seismic response analysis of steel frames, all major sources of 

energy dissipation must be undertaken explicitly. It has been generally accepted that a 

structure can survive earthquakes if the structural energy absorption capacity is greater 

than the seismic input energy (Kuwamura and Galambos 1989). It can also be postulated 
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that the presence of PR connections in a frame will reduce its stiffness; at the same time, 

however, this will increase the energy dissipation capacity, altering both the stiffness and 

damping characteristics of the structure. It is also very important to model the loading 

and unloading behavior and its variation with time at the PR connections. This is expected 

to produce hysteretic damping in the structure and could be one of the principal sources of 

energy dissipation in structures, resulting in significant changes in the structural response. 

Extending the concept proposed by Uang and Bertero (1990) for frames with PR 

connections, the input seismic energy needs to be dissipated into kinetic energy that 

includes the rigid body movements of the structures, the viscous damping energy, the 

irrecoverable hysteretic energy, the recoverable elastic strain energy and the irrecoverable 

energy dissipation in the flexible connections. 

The success of any sophisticated analysis procedure considering all these factors 

depends upon the efficiency of the numerical analytical procedure employed. It has been 

proved that the assumed stress-based finite element algorithm is very efficient and the 

flexibility of the connections can be introduced into the algorithm without losing its basic 

simplicity (Shi and Atluri 1992). The aim of this chapter is to propose such an efficient 

analytical procedure to evaluate the nonlinear time domain large deformation dynamic and 

seismic response of frames with PR connections using the assumed stress-based FEM. 

6.2 Dynamic Governing Equation 

The commonly used linear iterative strategy for solving static nonlinear structural 

problems can be expressed at time t + M as 

(6.1) 
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where 'K(n) is the global tangent stiffness matrix of the nth iteration at time t, 1+I!.1l:!J)(n) is 

the incremental displacement vector of the nth iteration at time t + llt, 1+I!.IF(n) is the 

external load vector of the nth iteration at time t + llt and l+llIR(n-l) is the internal force 

vector of the (n-l )th iteration at time t + llt. 

In the dynamic and seismic analyses, the static equilibrium equation can be 

modified by adding inertia, damping and seismic force vectors to Eq. (6.1). The 

equilibrium equations for the nonlinear dynamic analysis can be expressed as 

(6.2) 

where M is the mass matrix, 'C is the viscous damping coefficient matrix at time t, and 

I+lll D;n) is the seismic ground acceleration vector of the nth iteration at time t +!!t. All 

other terms in Eq. (6.2) were described earlier. 

The parameters in Eq. (6.2), namely, M, K, C and R need to be evaluated at this 

stage. The procedures used in this study to evaluate these parameters are discussed briefly 

in the following sections. 

The mass matrix of the system M in Eq. 6.2 can be expressed as 

(6.3) 

where m is the total element number, and Me is the mass matrix of an element. 

Superscript e represents the quantities at the element level. Me can be evaluated in a 

standard way. Either a lumped-mass matrix or consistent-mass matrix can be used for this 

purpose. 
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The global tangent stiffness matrix K and the internal force vector R are the 

assemblage of the element tangent stiffness matrices K;"s and internal force vectors R;"'s, 

respectively, and can be expressed as 

". 

K= LK;' and (6.4) 
i=1 

As mentioned earlier, explicit expressions for the tangent stiffness matrix and the 

internal force vector are developed for each beam-column element using the assumed 

stress method at the nth iteration and at a given time t. Kt and R;' in Eq. (6.4) can be 

calculated by either Eqs. (3.49) and (3.54) or Eqs. (3.67) and (3.68), depending on 

whether the material nonlinearity is considered or not. 

6.3 Partially Restrained Connections 

The Richard model discussed in Chapter 5 can still be used to express M-9 curves 

for PR connections here. The Richard model discussed earlier considers only the 

monotonically increasing loading parts of the M-9 curves. The unloading and reloading 

behavior of the M-9 curves is also essential for any nonlinear seismic analysis. This subject 

was addressed very recently in the literature (Colson 1991; Deierlein 1991; EI-Salti 1992; 

Hsieh 1990). The essence of all these studies is that the monotonic loading behavior and 

the Masing rule can be used to theoretically develop the unloading and reloading parts of 

the M-9 curves. 

To consider the unloading and reloading behavior at the PR connections, the 

monotonic loading behavior and the Masing rule (Jayakumar and Beck 1988) are used to 
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theoretically develop the unloading and reloading parts of the M-e curves in this study. A 

general class of Masing models can be defmed with a virgin loading curve defined by 

f(M,e)=o (6.5) 

and its unloading and reloading curve can be described by the following equation 

(
M-M* ~)_ 

f 2 ' 2 -0 (6.6) 

where (M' ,eo) is the load reversal point. 

If the instantaneous stiffness of the initial loading curve is 

dM =K(M e) 
de ' 

(6.7) 

then the instantaneous stiffness of the unloading and reverse loading curve is given by 

dM =K(M-e
O 

M-e*) 
de 2' 2 

(6.8) 

Denoting (Ma, ea) as the load reversal point, as shown in Fig. 6.1, and using the Masing 

rule, the unloading and reverse loading behavior of M-e can be represented as 

(6.9) 

and 
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(6.10) 

If (Mb, 8b) is the next reversal point, as shown in Fig 6.1, the reloading relation between M 

and 8 can be obtained simply by replacing (Mo' 8) with (Mb, 8b) in Eqs. (6.9) and (6.10). 

Thus, the proposed method uses Eqs. (5.35) and (5.36) when the connection is 

loading, and Eqs. (6.9) and (6.10) when the connection element is unloading or reverse 

loading. This represents a hysteretic behavior at the PR connections. 

Figure 6.1 Loading, Unloading and Reverse 

Loading Model of PI~. Connections 
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In a three-dimensional representation of a structure, the rotational flexibility of PR 

connections for both the major and minor axes need to be considered appropriately. As 

discussed earlier, in this study, the current major axis Young's modulus E(O) can be 

evaluated by using the Richard model. To evaluate the current minor axis Young's 

modulus in 3-D structural analyses, the same model is used, except the minor axis K(03) 

and 13 values are used instead. 

In the proposed algorithm, therefore, the tangent stiffness of the structure is 

developed considering loading, unloading and reloading as appropriate at PR connections. 

6.4 Damping 

The damping matrix e in Eq. (6.2) is considered to be viscous in this study. For 

mathematical simplicity, the effect of non-yielding energy dissipation is generally 

represented by equivalent viscous damping varying between 0.1 % to 7% of the critical 

damping (Leger and Dussault 1992). The effect of viscous damping on the seismic 

response will be influenced by the mathematical model selected for its representation. The 

damping can be modeled using mass-proportional, stiffness-proportional or Rayleigh 

damping computed from either the initial elastic or the tangent inelastic system properties. 

It can be expressed as follows 

'e = aM +"1'K + /;Ko (6.11) 
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where M is the mass matrix, 'K is the tangent stiffness matrix, Ko is the initial stiffness 

matrix and ex, ,,(, ~ are proportional constants which can be evaluated from the natural 

frequencies of the structure (Leger and Dussault 1992). The use of both the elastic 

stiffness and the tangent stiffness is a very rational approach in estimating energy 

dissipated by viscous damping in a nonlinear seismic analysis. 

As stated earlier, the presence of PR connections will not only alter the stiffness 

characteristics but also the damping characteristics of the structure. As PR connections 

are loaded, unloaded and reloaded during seismic excitations, they are expected to 

dissipate a considerable amount of hysteretic energy. In the proposed algorithm, the 

energy dissipation at the PR connections is considered by tracing this loading, unloading 

and reloading behavior. 

Elasto-plastic material nonlinearity is also considered in this study. Thus, when an 

element yields, it will also dissipate the energy produced by another form of hysteretic 

loop. Energy dissipation due to the e1asto-plastic material behavior is also considered in 

the proposed algorithm. 

6.5 Numerical Procedures 

All the parameters required to solve the governing equation of motion, Eq. (6.2), 

are now available in explicit form. Equation (6.2) can be solved by the direct integration 

technique. This equation is satisfied only at discrete time steps which are ~t apart (Liu 

and Lin 1979). 
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Newmark's method (Bathe 1982) is used to derive the nonlinear governing 

equations due to its accuracy and stability. Using this method, the displacement and 

velocity vectors and damping effects within each time step ~t can be expressed as 

(6.12) 

(6.13) 

where 11 and p are parameters which can be determined to obtain integration accuracy and 

stability (Warburton 1984). In this study 11=1/2 and P=l/4 are assumed. For these values, 

the acceleration is considered to be constant in the interval M. 

From Eq. (6.13), the acceleration at time HM at the nth iteration can be obtained. 

Substituting the acceleration obtained from Eq. (6.13) into Eq. (6.12), the velocity at time 

HM at the nth iteration can be derived. 

It is assumed that the displacement and dynamic force vector of the nth iteration at 

time t+M can be expressed in incremental form as 

(6.14) 

(6.15) 

Substituting Eq. (6.4) into Eq. (6.2), manipulating and assembling similar terms together, 

and using Eqs. (6.14) and (6.15), the resulting governing equation is 
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(6.16) 

where 

(6.17) 

and 1+f1lm(n) is the increment of the relative displacement vector of freedom. lKo is the 

dynamic tangent stiffness matrix and can be shown to be 

(6.18) 

1+
f1I

F(n-l) and 1+
f1I
M(nl are the modified external force and its incremental vector, D D 

respectively. The modified external force vector can be expressed as 

(6.19) 

In Eq. (6.16), 1+f1IR(n-l) is the internal force vector of the system. 

The term I+f1tp(n-l) in Eq. (6.19) is the modified force vector contributed by the 

displacement, velocity and acceleration at time t and displacement at time t+~t, and can be 

written as 

t+f1lp(n-ll = M[JI'D+ f3 1D+ f4ljj- fl '+flt D(n-ll]+IKp[fsID+ f61D+ f7 ljj - fs '+f1t D(n-ll] 

(6.20) 

The incremental external force term 1+f1IMbn) can be shown to be 

(6.21) 
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The fi,'s are constants and can be evaluated in tenns of 1'\, p, a, 'Y and dt as (Haldar and 

Nee 1989) 

f. =(_1 -1)+1'\a(-1 _1. tt 
4 2P 2P 1'\ r 1'\ a 

is =PM 

1 1'\ a 
f =-+--a 

3 PM P 

Eq. (6.16) now can be solved by the modified Newton-Raphson method. Once the 

displacements are obtained, the member forces can be calculated accordingly. 

6.6 Numerical Examples 

The proposed methodology needs verification at this stage in tenns of its accuracy, 

efficiency and robustness. Several examples are given in the following sections for this 

purpose. 

In all these examples, a two-story three dimensional space frame structure as 

shown in Fig. 6.2 is considered. The frame is subjected to a unifonnly distributed gravity 

load of 130 Ib/ft2 (626 kglm2) and the lateral load due to seismic loading. To proportion 

the initial sizes of the members, the structure is subjected to lateral loads according to the 

Unifonn Building Code for Zone 4. With the given gravity and lateral loads, the frame is 

designed and the beam and column sizes are found to be W14x193 and W14x132, 

respectively. 
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Example 6.1 

For verification purposes, the structure is initially considered to have rigid or fully 

restrained (FR) connections and all the supports are assumed to be ftxed. The frame is 

subjected simultaneously to the first 5 seconds of the three components of the 1940 EI 

Centro earthquake motions. The N-S component is applied along the major axis of the 

frame. The damping is assumed to be proportional to the mass only for this illustration, 

i.e., C = 0.51M (2% of critical damping in the first mode). The nonlinear responses of the 

frame are evaluated using the proposed method. The structure behaved elastically in this 

case, i.e., no plastic hinges formed in the structure. The three responses at Point A are 

shown in Figure 6.3. The same structure is evaluated by ANSYS computer program for 

verification purposes. ANSYS is developed using the assumed displacement-based finite 

element method. The responses calculated by the proposed method and ANSYS are very 

close to each other. In fact, several problems were solved by ANSYS and the proposed 

method for comparison. The results obtained were always very similar. This indicates 

that the proposed algorithm is very accurate. However, to compare the efficiency of the 

two computer programs, the CPU time used by the two methods was noted for this 

particular example. The proposed method is signiftcantly faster than ANSYS. It is quite 

obvious that the proposed algorithm is very efficient and accurate. 
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Figure 6.2 Geometry and Material Properties of a 3-D Frame 
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Example 6.2 

The verified computer program was then used to study the changes in the behavior 

of the same structure due to the presence of PR connections. The consideration of PR 

connections is expected to represent the structure in a more realistic way. In this 

illustrative example, each PR connection is assumed to have the same major axis M-8 

curve, as shown in Fig. 6.4. The minor axis M-8 curve for the PR connections is also 

shown in Fig. 6.4, which is assumed to be the same for all the PR connections. However, 

the major and minor axes M-8 curves can be different for each PR connection. Although 

the M-8 curves are assumed to be the same for all the PR connections, each PR 

connection will follow its own hysteretic loop depending upon the deformation history at 

that particular connection. The damping is again considered to be proportional to the 

mass only, i.e., C = O.S1M for comparison purposes. The structure is then excited by the 

same seismic forces as in Example 6.1. The three responses of point A are again plotted 

in Fig. 6.5. The structure did not develop any plastic hinge in this case also. 

By comparing Figs. 6.3 and 6.5, it can be observed that the dynamic behavior of 

the structure is somewhat different. It must be pointed out that the structural behavior 

will depend on the type of PR connection used. In this study, Double Web Angles, Top 

and Seat type connections were used. These can be considered close to the FR 

connection. Since the structural behavior is dependent on the type of PR connection used, 

no general conclusion can be made at this time. 
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Figure 6.4 M-8 curves for connections in Examples 6.2 and 6.3 
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Figure 6.5 Seismic responses of node A in PR frame for Example 6.2 
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The type of nonlinear algorithm proposed here should be used to predict the 

structural behavior just before structural failure. A properly designed structure is not 

supposed to collapse due to a design earthquake. However, if the structure is subjected to 

an earthquake greater than the design earthquake, the structural behavior can be studied 

with the proposed algorithm. This is discussed below. 

Example 6.3 

In order to study structural behavior when subjected to earthquakes greater than 

the design earthquake, the structures considered in Examples 6.1 and 6.2 are considered 

again. The structure with FR connections is considered first. The intensity of the seismic 

motions considered in Example 6.1 is first scaled up by a factor of 1.2 and then by a factor 

of 1.5. The results are shown in Figs. 6.6 and 6.7, respectively. In the first case, the first 

plastic hinge is formed at about 2.54 sec, and the maximum response is found to be 

2.57cm. This is about 1.2 times that of Example 6.1. However, for the intensity factor of 

1.5, the structure failed at 4.02 second developing a failure mechanism formed by plastic 

hinges in beams and columns. The displacement response at point A is shown in Fig. 6.7. 

The structure with PR connections, as in Example 6.2, is considered next. When it 

is subjected to an earthquake with a intensity factor of 1.2, it did not develop any plastic 

hinge; however, the maximum response is found to be 2.68cm as shown in Fig. 6.8. When 

the intensity factor is increased to about 1.22, the displacements of the structure at point A 

are shown in Fig. 6.9. The frame collapses at 3.48 second developing a failure mechanism 

formed by plastic hinges in columns. 

Some general observations can be made from these example. The behavior of a 

structure with PR connections is highly dependent on the type of PR connections used. 
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Properly designed structures, with or without PR connections, are expected to survive the 

design earthquake. However, it is observed here that the structure with FR connections 

survived more severe earthquakes than the structure with PR connections. The structure 

with FR connections may develop plastic hinges in beams and columns before failure. The 

frames with PR connections may develop plastic hinges in columns only. 

These examples clearly indicate that if PR connections are present in a real 

structure, they must be considered appropriately, particularly for the dynamic and seismic 

analyses of structures. The structure needs to be redesigned to satisfy the design 

conditions due to the presence of the PR connections. The overall structural 

configurations, including consideration of lateml bracing, may need to be reevaluated. A 

sophisticated analytical algorithm such as the one proposed here needs to be used for this 

purpose. 
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6.7 Summary 

The dynamic and seismic governing equations of the assumed stress-based FEM 

for both geometrically and materially nonlinear analyses are derived in this chapter. The 

viscous damping and hysteretic damping from both loading-unloading behavior of PR 

connections and plastic hinges are also considered in the proposed algorithm. Masing rule 

is used to described the behavior of PR connections in both major and minor directions. 

Several examples are considered to show the applicability and accuracy of the proposed 

algorithm. It is suggested that PR connections must be considered in analysis and design 

procedures appropriately since the presence of PR connections will change the behavior of 

structures, particularly when structures undergo dynamic and seismic excitations. 
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A nonlinear stochastic finite element algorithm is developed for reliability analysis 

of two and three dimensional frames. Geometric and material nonlinearities and the 

nonlinear behavior of partially restrained connections are considered. The material 

properties, geometry, connections parameters and external loads are considered as random 

variables. The uncertain properties of partially restrained connections is modeled by 

treating the four parameters in the Richard model as random variables. The adjoin variable 

method is used in a searching procedure to locate the design point. The matrix form of the 

First Order Reliability Method is derived for the reliability analysis. The assumed stress 

field-based finite element method is used to compute the structural response and response 

gradients efficientl~'. Two types of practically performance functions, that is, strength and 

serviceability, are considered. Several numerical examples are given to illustrate the 

application of the proposed method. Monte Carlo simulation is used to verify the results of 

the SFEM-based reliability analyses. 

A finite element-based procedure for estimating nonlinear responses of complex 

two or three dimensional frames with partially restrained connections under dynamic and 

seismic loading is also developed. The method is developed using the assume stress-based 

finite element method in which the tangent stiffness can be expressed in an explicit form 

and fewer elements are needed to model a structure. These features make proposed 

procedure very efficient. The Masing rule combined with the Richard model is used to 
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model the loading, unloading and reverse loading behavior of partially restrained 

connections. The viscous damping, hysteretic damping in partially restrained connections, 

and the hysteretic damping at the plastic hinges are all considered in the proposed 

procedure. Several numerical examples are given to demonstrate the accuracy of the 

proposed method in dynamic and seismic analyses of structures emphasizing the 

importance of considering the presence of PR connection. 

7.2 Conclusions 

On the basis of the results of the present study, the following conclusions may be 

drawn: 

1. The stochastic finite element method proposed here appears to be a robust and 

efficient procedure for the probabilistic analysis of nonlinear complex structures, 

especially when geometrical and material nonlinearities as well as the nonlinearity of 

partially restrained connections are to be considered. 

2. Since cost and efficiency are very important aspects of reliability evaluation using the 

SFEM, the efficiency of the deterministic finite element method plays a very important 

role in the success of the SFEM, particularly in capturing the nonlinear behavior of the 

structures. It has been pointed out that the assumed stress-based FEM is efficient in 

calculating nonlinear responses for structures, since the tangent stiffness can be 

expressed in an explicit form, fewer elements are needed to model the structure, and 

the numerical integration to obtain the tangent stiffness can be eliminated. completely. 

Furthermore, consideration of special features like the flexibility of the connections can 

be introduced into the algorithm without losing its basic simplicity. These desirable 

features of the: assumed stress-based FEM have been exploited in the proposed SFEM. 
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3. In some cases, for frames designed to satisfy the LRFD codes, the reliability indices 

are similar for the linear and nonlinear analyses. From the strength point of view, the 

reliability indices corresponding to the nonlinear analyses are greater than those in the 

linear cases since the nonlinear analysis results in lower stresses resultants. 

4. It is essential to properly consider the presence of PR connections in the analysis and 

design of frames. When PR connections are considered, the reliability indices for both 

the strength and serviceability limit states changed significantly. For a strength limit 

state, this is expected since a redistribution of moments in expected due to the 

presence of the PR connections. For the frames considered in the examples, the lower 

rigidity in the connections has a beneficial effect on the columns and a detrimental 

effect on the beams. The reliability indices according to the serviceability criteria, 

however, started going down as the rigidity of the PR connections decreased, since the 

presence of PR connections lowered the overall stiffness of frames and the 

serviceability criteria become as important as the strength criteria. 

5. The use of sensitivity indices in the SFEM-based reliability analysis is found to offer 

valuable information about the influence of various parameters on the reliability index. 

Based on the sensitivity indices, it is desirable to ignore the randomness in those 

variables which have very low sensitivity, after the first few iterations. This improves 

the computational efficiency of the algorithm. 

6. The SFEM proposed here can be used routinely for the design of structures as an 

alternative to. the currently available methods. This method can be used for the 

reliability analysis of the actual structures. On the other hand, it can also be used to 

determine or verify the load and resistance factors in codes. 
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7. For dynamic or seismic analyses of structures, the partially restrained connections 

should be considered in the evaluation of structural response. It has been verified here 

that the nonlinear behavior of a PR connection can be represented by a connection 

element. The only difference between an ordinary beam-column and a connection 

element is that the stiffness of the connection element should be updated iteratively 

according to a prescribed moment-rotation relationship. 

8. For dynamic or seismic analyses of structures, the Richard model can be used to 

represented the initial loading path of the moment-rotation relationship for a PR 

connection. The Masing rule can be applied to model unloading and reverse loading 

paths of a PR connection. This hysteretic behavior should be considered in any realistic 

structural analysis. 

9. Compared with fully restrained frames, an increase in frame drift under dynamic or 

seismic loading can be observed if connection flexibility is taken into account. The 

presence of PR connections may not cause failure of a structure due to insufficient 

strength. Ductility constraints may be more important in that case. 

7.3 Suggestions For Further Studies 

Based on the results of the present study, the following topics need to be 

addressed in future research: 

1. The present study is applicable to the reliability analysis of skeleton structures. 

Applications to other types of structures with more complex geometry, loading and 

boundary conditions, such as plates and shells, need to be studied. 

2. The uncertainties in the behavior of partially restrained connections are addressed in 

this study by introducing four random variables. The description of stochastic 
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properties for these four parameters needs more statistical information on connection 

behavior. For this purpose, a large number of experiments need to be done in the 

future. 

3. Dynamic problems usually involve more uncertainties. A pseudo-static representation 

of dynamic loads may not be appropriate to account for these uncertainties. The 

dynamic loads may be modeled as time-dependent random processes in addition to 

being spatially distributed fields. The stochastic analysis of such problems in the 

context of SFEM needs to be investigated. 
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