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ABSTRACT 

Most materials contain micro-scale features e.g., cracks, inclusions, secondary 

phases and their interfaces. The strength and life of macro-scale components fab

ricated from these materials essentially depend on the interactions and evolutions 

of associated micro-features. 

In the first part of this dissertation, a hybrid micro-macro Boundary Element 

Method (BEM) formulation is developed to capture the micro-scale effects, effec

tively and efficiently, within the context of a macro-scale analysis. The micro

scale effects are introduced through an augmented fundamental solution, and the 

effects of macro-scale design considerations on micro-scale evolutions are investi

gated through the hybrid BEM approach. A unit cell model in conjunction with the 

hybrid BEM approach is also developed to obtain effective homogenized material 

properties for these heterogeneous materials. Numerical results obtained from the 

proposed hybrid BEM scheme are compared to existing analytical and numerical 

results. 

Investigation of design sensitivities and optimization with respect to various 

geometric, material and process parameters is the focus of the second part of this 

dissertation. A direct differentiation approach is pursued for this purpose and 

numerical results are presented for small strain elasto-viscoplastic problems. Shape 

optimization is carried out by coupling the standard and sensitivity analyses with 

an optimizer. Numerical results are presented for various homogenized media and 

are also compared to known solutions for this class of problems. 



CHAPTER 1 

INTRODUCTION 

1.1 The Effective Elastic Moduli Of Microcracked Composite Materials 

12 

Fracture mechanics for macro-crack growth processes has been well established 

and successfully applied to fatigue, stress corrosion, hydrogen brittlement, creep, 

and corrosion-fatigue. However, the major gains must come at the microscopic 

level for further advances in understanding of mechanisms of crack nucleation and 

propagation in mechanical components. This is because, firstly, all the :::::11 material 

components contain microdefects such as, cavities and inclusions. That is, materials 

are more reasonably considered as inperfect or pre-damaged. Secondly, the analysis 

itself will lead to a fully understanding about microcrack initiation, mechanisms of 

steady state crack extension and material failure analysis in the micromechanics 

point of view, and bridges the theories of micro- and macro-scopic analyses. 

Microcracks may initiate and grow at low cyclic load (stress) but then arrest and 

become non-propagating fatigue microcracks. AKHURST et al. (1981) has observed 

that near threshold where hydrogen-induced cracking would grow transiently, and 

then arrest. An increase in applied load was necessary to reinitiate cracking. Since 

an increased crack size ( under constant stress conditions) represents a greater 

driving force for crack extension, the explanations are that either the local effective 

stress intensity is being reduced or there is a change in the local fracture criteria. 

Thus, it is essential to demonstrate how microstructure might affect the effective 

stress intensity or local fracture criteria. 

It is well-known that, toward failure life analysis in alloy design, there are 
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usually three different stages: micro crack nucleation and growth to localization, 

steady state macro crack extension, and unstable crack propagation until rupture. 

Among these three stages, the first portion is very important because it stands so 

long that about forty ( low cycle fatigue or high stress-corrosion, for instance. ) to 

even higher than ninety (high cycle fatigue or low stress-corrosion. ) percent of the 

life of specimen belongs to this range. A technological problem of long standing is 

the phenomenon of brittle fracture under high temperature or high loading creep 

conditions. 

The classical explanation of the fracture process is based on the nucleation 

and growth of cavities on grain boundaries normal to the tensile stress. Theoret

ical treatments have been used to consider the diffusional growth of an array of 

spherical cavities. Lately, it has been realized that the cavities can acquire a more 

elongated shape, particularly following cavity coalescence. A substantial fraction 

of the fracture life time can consist of the gradual elongation of these extended de

fects. In addition, engineered components can contain preexisting crack-like defects 

or can develop cracks during service. This has resulted in recent studies of creep

crack growth and damage mechanics analysis in a variety of commercial alloys. A 

new research and brief review toward quantitatively analyzing fatigue crack initia

tion in the range of microcrack nucleation and localization can be found in KE et 

al. (1993). Fatigue life was analytically predicted by assuming that cracks initiate 

when the strain energy density accumulated in a given slip band is equal to twice 

the surface free energy of the material. The theory was verified by experimental 

datas obtained from silver and copper single crystals. 

Both intergranular and transgranular modes of crack growth have been observed 
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from experimental investigations by means of optic and electronic microscope. This 

phenomenon and randomly oriented grains are the major causes of anisotropic mi

cromechanical behavior of engineered material. The theory of continuum damage 

mechanics is based on Weibull's theory (WEIBULL, 1939 or either refer to EGGw

ERTZ, 1984) on considering that the material is statistically isotropic and homoge

neous. The idea of the "weakest link of a chain" is then adopted which is contrary 

to the concept that the failure of one element cause redistribution of load among 

the other elements, with total failure taking place only when the entire system is no 

longer capable of bearing load. From Weibull's theory, formulas are derived to show 

how the rate of the magnitudes of two homogeneous stress fields depends on the 

volumes of the two specimens, how the sizes of the specimen diameters affect the 

stresses at failure and how the ratio of standard deviations of strengths obtained 

on two sizes of specimens depends on the specimen sizes. 

The study of materials containing cracks, cavities and other inclusions has di

verse applications in several fields. For instance, ceramic components and inter

metallics bear various defects and inclusions either through fabrication or modifying 

processes. In recent years, interest in grinding of ceramics has grown rapidly with 

the wide spread use of ceramic components in numerous engineering applications. 

However, these ceramic components are generally very brittle at room temperature. 

In order to improve this property, and enhance the ductility at room temperature, 

using alloys to change the crystal structure is one way to do. The networks of 

microdefects (cavities or inclusions) introduced through alloying can significantly 

affect the final strength and characteristics of the products, and also introduce 

second-phase particles in the matrix. The existence of such defects or inclusions 

and their interactions have been observed to be one of the important factors in 
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determining the macro-failure modes, and can be reflected through the apparent 

moduli of the material. The apparent moduli of various ultrahard ceramic materi

als may also be reduced and controlled by inducting predetermined distributions of 

microcracks and inclusions in such materials. Therefore, the ability to control ap

parent hardness and modulus has very important role for various material removal 

processes. 

Typically, the micro-defects which are considered in ths study, and their spac

ings are of the order of a few micrometers while the overall dimensions of a com

ponent may range from a few centimeters to even a meter. Thus, the computa

tional scheme is required, simultaneously, to provide a detailed representation of 

the underlying mechanics at two widely different scales: a local micro-scale range 

from 10 to 100 pm and a global macro-scale that may range from 10 to 1000 mm. 

Micro-mechanics analyses are required to predict the effective properties and failure 

characteristics of composite materials ( composite stands for the effective medium, 

i.e., the micro cracked solid in this study). The term micro-mechanics here implies 

the use of a model which accounts for explicit interaction at the level of a contin

uous matrix phase and one or more inclusion phases. The macro-scale approach, 

on the other hand, attempts to estimate the effect of microdefects on the over

all macroscopic material properties. Therefore, the micro-scale approach focuses 

on the individual inclusions, defects, and local stresses around them to develop 

theoretical micro-mechanics model, and the macro-scale approach focuses on the 

overall average sense of strain, stress and displacement. Macroscopic homogeneous 

and isotropic properties of the material and the effects of microscopic defects can 

be considered in one analysis by taking the body to be infinite comparing with the 

size of defects leveal. 
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There are many theoretical micro-mechanics models which have been developed 

and applied to predict the effective elastic properties of composite materials , and 

these include the following: 

Differential Method 

Self Consistent Method 

Generalized Self Consistent Method 

Mori-Tanaka Method 

Non-interacting or Dilute Model 

The primary references to the main theoretical models are as follows. The 

Differential Method has a long and interesting history, but it was most effectively 

developed and used by ROSCOE (1952). The Self Consistent Method is credited to 

BUDIANSKY (1965) and HILL (1965). The Generilized Self Consisten Method was 

formalized by CHRISTENSEN and Lo (1979) and referred to as the Three Phase 

Model by them. The Mori-Tanaka Method has had many contributors, but the 

most simplest derivation of it was gaven by BENVENISTE (1987). Finally, the Non

interacting Model has been developed by KACHANOV (1992). 

The Non-interacting Model provides a simple, closed-form solution, but ne

glects the interacting among microdefects. BUDIANSKY and 0 'CONNELL (1976) 

implemented the Self Consistent Method with specific consideration of potential 

energy due to the existence of cracks. For each microcrack, the effect of crack 

interaction is approximately accounted for by embedding each micro crack directly 

in the effective medium, i.e., the medium having as-yet-unknown elastic moduli 

of the micro cracked matrix. The Self Consistent Method overestimates the dam

age effect of microcracking and predicts the vanishing of the elastic moduli of a 
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microcracked solid at a finite value of crack density. The Differential Method, an 

incremental form of the Self Consistent Method, does not exhibit the intuitively 

unacceptable results of the Self Consistent Method. However, it may lead to non

unique solutions for microcracked composite (NORRIS, 1985). The Mori-Tanaka 

Method, when applied to material containing distributed cracks, yields the solu

tion that is coincidentally identical to the Non-interacting solids (BENVENISTE, 

1987). When CHRISTENSEN and Lo first time investigated the Generalized Self 

Consistent Method, a single-phase reinforced composite ( matrix containing one 

phase of cylindrical or spherical reinforcement) was considered. For each inclu

sion, the effect of interactions from other inclusions was approximately accounted 

for by embedding the inclusion in a finite matrix that, in tum, was embedded 

in the composite. For single-phase reinforcements, the inclusion/matrix /compos

ite model provides a closed-form solution. HUANG et al. (1994a) showed that 

the inclusion/matrix/composite model, although used in its eigensolution form by 

CHRISTENSEN and Lo and CHRISTENSEN (1990), falls into the general energy

equivalence framework for composites established by BUDIANSKY (1965). HUANG 

et al. extended the inclusion/matrix/composite. model to multi-phase composites 

and to inclusions of various shapes. HUANG et al. (1994b) proposed an improved 

self-consistent mechanics method for micro cracked solid. The difference between 

the crack/matrix/composite model they presented and that of the non-interacting 

solution is on the order of c5
/ 2 for penny-shaped cracks and c2 for tunnel cracks, 

where f is the crack density. 

It is very important to search for and examine the range of behavior where the 

differences between the various micro-mechanics models are the greatest. KACHANOV 

(1992) was the first to numerically obtain the effective moduli of micro cracked solids 
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based on numerical solutions for a body containing deterministic arrays of cracks. 

Most evalutions before KACHANOV involved comparisons of models with data in low 

volume fraction ranges where the differences between them are not great, and also 

involved oversimplifying assumptions. By generating a number of tunnel crack dis

tributions that correspond to a certain crack density, KACHANOV (1992) provided 

numerical evalutions of several micromechanical models. They discovered that, for 

a two dimensional crack density up to 0.3, the Non-interacting Model can yield 

better-than-expected agreement with the results obtained by numerical solution. 

HUANG et al. (1994b) presented a numerical scheme to obtain the effective moduli 

of microcracked solids. At high crack densities, the convergent numerical solution 

confirms the crack/matrix/composite model which was proposed by HUANG et al. 

(1994b). KACHANOV (1992) used the configuration of an infinite body containing 

a square cell that was embedded with arbitrary randomly distribution of 25 cracks. 

The averaging of crack opening displacements, which was required for calculation 

of the effective moduli, was taken over the cell. Since it was free of cracks out

side the cell in the infinite body, the crack density evaluated from the cell may 

not represent the true crack density of a solid, and it neglected the interacting 

among the cracks outside and inside the cell. In order to ensure the convergence 

of the effective moduli based on the cell model, HUANG et al. (1994b) used the 

configuration of an infinite body containing an inner cell B of size b, in which 25 

cracks are embedded, in turn surrounded by a large cell C of size c, which has 

the same crack density as the cell of size b. HUANG et al.'s approximate method 

improved KACHANOV's approach, but both numerical methods can not analyze the 

true situations accurately. 

In this study, we consider the microdefects as microcracks, in the other words, 
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the purpose of the study is to numerically obtain the effective moduli of microc

racked composite materials. 

The computational techniques in existence today which are ideally suited for 

analysis of complex multi cracks problem in elasticity for a finite or an infinite 

domain, can be placed into: 

1. Finite Element Method, which requires that the entire domain under consid

eration be represented by a mesh, within which the elastic field equations are 

approximated through a system of algebraic equations (FEM). 

2. Boundary Allocation Method (BAM). 

3. Boundary Elememt Method, which requires that only the boundary of the 

domain be discretized, with no approximations necessary in the field itself 

(BEM). 

A finite element numerical analysis using software package ABAQUS and PA

TRAN toward understanding the interacting behaviors of microcracks was recently 

carried out by PIDAPARTI et al. (1993). Singular elements were introduced for each 

of microcrack tips and between crack tip elements and normal elements, numerous 

of transient elements had been set to assure precision numerical results. Although 

a reasonable solution can in principle be obtained by using finite element method, 

in practice, only very limited number of cracks can be considered. Another numer

ical method in carrying out displacement and stress distribution in multicracked 

plates (two dimensional plane strain or plane stress problem) is boundary allo

cation method (BAM). In this method, displacement field and crack tip intensity 

factors are approximated by allocating Westgard's expansion on different boundary 
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points to solve for coefficients of polynomial functions, which makes it inpracticable 

in solving large amount of cracks problems. Boundary element method (BEM), in 

comparison with other existing numerical methods, becomes more efficient and only 

practicable method on condition that fundamental solutions are available. But, us

ing BEM to consider multicracks problem may has its disadvantage because of the 

discretization of cracks. Hu et al. (1993) introduced a discrete unclosed form fun

damental solution on considering crack-existing problems in two-dimensional homo

geneous isotropic plates which improved the treatment of micro cracking problems 

onto such that the preprocessing step in dealing with internal cracks is very much 

released. Toward solving difficulty in anisotropic material, WANG et al. (1993) 

derived a general technique in obtaining fundamental solutions for unit point load 

applied in three dimensional space filled with anisotropic material by introducing 

Radon transform in reducing 3-D Cauchy's equation to one dimensional equation, 

and in the meantime, closed form solution for transversely isotropic material was 

presented. 

Over the last decade or so, several researchers, TVERGAARD (1982), NEEDLE

MAN (1987), FLECK et al. (1989), developed a unit cell approach to investigate 

micro-scale issues such as cavity growth resulting in plastic instabilities, decohe

sion of hard particles from the matrix material, etc., in the context of computational 

mechanics. CHANDRA and TVERGAARD (1993) also used such a unit cell approach 

to investigate cavity nucleation and growth in plane strain extrusion processes. 

Thus, the computational techniques today are capable of analyzing a problem 

at a macro-scale or at a micro-scale. As mentioned above, the use of a micro

mechanics model which accounts for interaction at the level of several defects and 
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an infinite body can bridge two different scales, ffilCro- and macro-, in a single 

analysis. 

The outline of first part of the work given here is as follows. Chapter two 

concerns the general interactions among microcracks, the numerical fundamental 

solution of a microcracked solids for boundary element approach. With these results 

in place, a numerical scheme to obtain the effective moduli of micro cracked solids 

is presented in Chapter three. 

1.2 Shape Optimization In Elasticity and Elasto-Viscoplasticity 

The optimal shape design of solid bodies undergoing small-strain elasto- vis

coplastic deformation is investigated in the second part of this work. In con

ventional practice in the mechanical sciences and engineering, the word 'design' 

typically brings to mind the design of a product - for example, one can think of 

optimal die shape for extrusion; optimal pre-form for forging or optimal design of 

draw beads for sheet metal forming. Other examples are the optimal cooling profile 

for the solidification of a casting of desired shape or optimal shape of a part being 

quenched (where some flexibility exists in the shape of the part); determination 

of the appropriate (optimal) shape and material of a turbine blade for best per

formance in a given environment, in which the thermal and mechanical loads are 

imposed upon it during use. Such designs are best carried out using optimization 

procedures in which typically, one (or more) objective functions are extremized 

without violating certain constraints. 
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A crucial ingredient for the success of this optimization process is the accurate 

determination of design sensitivity coefficients (DSCs). These DSCs are rates of 

quantities, such as displacements, stresses, or temperatures, with respect to design 

variables. These design variables might be parameters that control the shape of 

part or all of the body, material properties, or other suitable quantities. In this 

study, the design variable was chosen as the initial shape of a body. Therefore, 

the objective functions and constraints are typically ftUlctions of stresses and/or 

displacements, which in turn, depends upon the initial shape of a body. 

The stresses and displacements in elasto-viscoplastic problems are time-dependent 

and also depend on the history of the deformation process. In this study, the ob

jective function and constraint values are defined at a fixed time T from the start 

of the deformation process. An optimization process starts with a preliminary de

sign (first guess of the initial shape of the body). An elasto-viscoplastic analysis is 

carried out up to a fixed time T. Next, a sensitivity analysis is carried out up to 

the same time T, and the values of the design sensitivity coefficient are obtained 

at this time. This information (at time T) is input to an optimizer. An optimizer 

uses nonlinear programming to propose a new design (improved initial shape of the 

body) by providing a better value of the objective function without violating the 

constraints of a problem. If the new design is acceptable, the process stops. Oth

erwise, the interative process is continued until an optimal design (optimal initial 

shape of the body) is obtained. 

In addition to successive simulations of an elasto-viscoplastic deformation pro

cess, the work described here has two additional important ingredients. The first 

is the accurate calculation of DSCs, the second is the optimizer. In this work, a 
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computer subroutine, based on the work of SCHITTKOWSKI (1986), has been used 

for this purpose. This work uses a sequential quadratic programming algorithm to 

carry out the optimization process. There are full descriptions of the optimization 

of elastic structures in the books such as BANICHUK (1983), HAFTKA el al. (1990), 

and ZHAO (1991). 

Accurate calculation of DSCs is vital for the success of an optimization process. 

There is rich literature on the subject of calculation of DSCs for linear problems, 

such as linear elasticity. The book by HUANG et al. (1986) gives an excellent sum

mary of research in this area up to that time. Basically, three different approaches 

have been used-the finite defference approach (FDA), the adjoint structure ap

proach (ASA), and the direct differentiation approach (DDA). Also, both finite 

element method (FEM) and the boundary element method (BEM) have been used 

for these analysis by different researchers . 

• The Finite Difference Approach 

Conceptually, this is the simpest approach to the determination of sensitiv

ities. Typically, the current design is analyzed and the design function is 

evaluated. Then, the design parameters are purturbed in succession. For 

each perturbation, the design functional is re-evaluated, and the sensitivity 

of the design functional with respect to the perturbed parameter is obtained 

by finite difference. This approach has been tried by many authors (e.g. 

HAFTKA, 1981 for conduction problems, CHOI, 1987 and HABER, 1987 for 

elastic analyses). The accuracy of this approach depends on the magnitude of 

the perturbation-trucation errors can be significant if the perturbation is too 

large; round-off errors can prove disastous if the perturbation is too small. 
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• The Adjoint Structure Approach 

The adjoint structure approach is an exact approach for the determination 

of sensitivities and does not involve finite differencing. In this approach, an 

adjoint system must be prescribed in addition to the physical system. One 

auxilliary system is defined for each of the design functionals, rather than each 

of the design parameters. The sensitivities of the functionals are calculated 

directly. Many researchers have used this method (e.g., DEMS, 1986,1987). 

A discussion of this approach is available in the book by HUNAG, CHOI and 

KOMKOV (1986) . 

• The Direct Differentiation Approach 

The direct differentiation approach also uses analytical methods to yield ex

pressions for the sensitivities and avoids the use of finite differences. In this 

approach, the sensitivities of all the required fields are obtained with respect 

to design parameters, and these are used to calculate the sensitivities of the 

design functionals via the chain rule. A discussion of this approach, using the 

FEM, is available in the book by HUANG et al. (1986). 

It is obvious that whatever method is used, accurate determination of boundary 

stresses is essential for the determination of their sensitivities. It is well known, 

however (e.g., HUANG and CHOI, 1986, YANG and BOTKIN, 1986) , that accurate 

determination of boundary stresses is virtually impossible from FEM. In order to 

overcome this difficulty, HUANG and CHOI (1986) proposed a domain representation 

of the above problem in which the design sensitivity formulae involve domain rather 

than boundary information. This approach, in addition to making the numerics 

more extensive, has the disadvantage that design velocity field must be prescribed 
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over the domain of the body. 

The boundary element method, on the other hand, is known to be able to 

deliver accurate stress on the boundary of a body (e.g., BREBBIA and WROBEL, 

1984, MUKHERJEE, 1982). While this is true for the usual BEM equations for heat 

transfer and elasticity, the situation improves even further if derivative boundary el

ement formulations, DBEM (e.g. CHOI and KWAK, 1989 for potential, and GHOSH 

et al., 1986 for elasticity) are used. In these formulations, the tangential derivative 

of the potential or the tangential derivative of the displacement field is used as a 

primitive variable, so that the differentiated quantities (i.e., strains and stresses 

for elasticity) are obtained very accurately on the boundary of a body. The DDA 

based on the BEM, therefore, appears to be ideally suited for determination of 

DSCs on the boundary of a body. This approach has been adopted in this study. 

Design sensitivity coefficients for nonlinear solid mechanics problems are of 

primary concern of this work. ARORA and his co-workers ( Wu and ARORA, 

1987; CARDOSO and ARORA, 1988; TSAY and ARORA, 1990), CHOI and his co

workers (CHO! and SANTOS, 1987; SANTOS and CHOI, 1988; PARK and CHOI, 

1990) and TORTORELLI (1988, 1990) have attempted nonlinear sensitivity problems 

with FEM. MUKHERJEE and CHANDRA (1989) presented a BEM formulation for 

shape sensitivities for small-strain elasto-viscoplastic problems, and ZHANG et al. 

(1992a) carried out a numerical implementation for this class of problems. A BEM 

formulation for fully nonlinear problems with both material and geometric nOnlin

earities has been published by MUKHERJEE and CHANDRA (1991), and ZHANG et 

al. (1992b) have published a numerical implementation for these problems. 

The outline of second part of work given here is as follows. Chapter four re-
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views the calculation of DSCs, for small-strain, two-dimensional, elasto-viscoplastic 

problems. Chapter five concerns the shape optimization problems. Optimal shapes 

for cutouts in plates are used as numerical examples. 
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CHAPTER 2 

MICRO-SCALE FUNDAMENTAL SOLUTIONS 

2.1 An Integral Equation Formulation For Micro-Cracked Solids 

A crack is essentially a cut that transmits no traction across it, but allows a 

displacement discontinuity. In micromechanics, cracks can be modeled as contin-

uous spatial distributions of dislocations. For an infinite two-dimensional elastic 

body in the Xl - X2 plane, subjected to an edge dislocation with Burger's vector 

components bl and b2 acting at a point (~, 0), the fundamental solutions at (Xl, X2) 

can be expressed as (READ 1953) 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

where G is the shear modulus, /J is the poisson's ratio, and c is a constant deter-

mined by the rigid body movements. The kernels II through 110 are 
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(2.6) 

(2.7) 

(Xl - e)2 
13 = -(1 - 2v)lnr - 2 

r 
(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 
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crack 

crack 

Figure 2.1: Schematic diagram of a general micro crack system. 

equations (2.1)-(2.15) are for plane strain, for plane stress, replace v by v/(l - v). 

Without mentioning again, the following discussions are all for plane strain. 

A general system containing N cracks embedded in arbitrary orientations in 

an elastic body is considered here. Following the approach of Hu and CHANDRA 

(1993), consider a local tangential-normal coordinate system with original at the 

center of the crack, the normal direction of ith crack denoted by s{i), and the 

tangential direction along the ith crack denoted by t{i). The occupancy of the ith 

crack is denoted as _a{i) < t{i) < a{i). This is schematically shown in Figure 2.1. 

Neglecting any crack closure during the application of the external load, we 

consider the effects of all the cracks on the mth crack. The N cracks are now 

represented by their corresponding distributed dislocations. Summing the effects 

of all cracks according to the equations (2.3)-(2.5), one gets 
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N a(i) . ?= la(i) [Kll (t(m), t(i»)b~')(t(i») + K 12 (t(m), t(i»)b~i)( t(i»)]dt(i) = T
3
(;nO) 

1=1 

m = 1,2, .... ,N (2.16) 

N ~ij . "" 1 [K (t(m) t(i»)b(I)(t(i») + K (t(m) t(i»)b(i)(t(i»)]dt(i) = T(mO) L..J (i) 21 , t 22, s st 
i=l -a 

m = 1,2, .... ,N (2.17) 

Here, TJ~O) and T;;"O) represent the traction components acting at the location of 

mth crack, and the kernels K 11 , K 12 , K21 and K22 are 

K = G {J, sin2 f}(mi) _ 21 sinf}(mi) cosf}(mi) + J, cos2 f}(mil} (2.18) 
11 27r( 1 _ v) 5 1 9 

K = G {[I + I.]sinf}(milcosf}(mil + I (sin2f}(mi) - cos2f}(mi»)} (2.20) 
21 27r(1-v) 5 9 1 

where f}(mi) is the angle between axes t(i) and t(m), and I(t(m), t(i») can be derived 

from I(Xl, X2; 0 by substitutions of Xl, X2, and ~ 
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where t~mi) and s~mi) are translations of the origins of two coordinate systems 

In order to solve equations (2.16) and (2.17) completely for b~i) and b~i), we need 

to evaluate 2N additional constants of integration. Considering the continuity of 

the opening shapes of the cracks, these equations can be obtained as 

i = 1,2, ... ,N (2.22) 

i = 1,2, ... ,N (2.23) 

Equations (2.16)-(2.23) now provide an integral equation representation of micro-

scale effects containing N interacting microcracks in an infinite body. ERDOGAN 

and GUPTA (1973) studied the general problem of bonded materials containing 

a flat inclusion. They formulated the problem as a system of singular integral 

equations that was solved by expanding the solutions in Chebychev polynomials. 

Using a Gauss-Chebychev quadrature, Hu and CHANDRA (1993) reduced these 

integral equations to a linear system of equations consisting of the distribution of 

Burger's dislocation vectors on the cracks. The detailed solution scheme of using 

Gauss-Chebychev quadrature to solve singular integral equations was given by Hu 

and CHANDRA (1993), the discretized versions of equations (2.16) and (2.17) are 

N L E E i [R11 ( v(m,q), u(i,I»)B~i)( u(i,I») + R12( v(m,q), u(i,I»)B~i)( u(i,I»)] = T;;"O), 
i=11=1 

m = 1,2, .... , N (2.24) 
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N L :E:E i [K21 ( V(m,q), U(i,I))B[i)(U(i,I)) + K22 ( V(m,q), U(i,I))B!i)( U(i,I))] = T.(;nO), 

i=11=1 

m = 1,2, .... , N (2.25) 

where we have the substitutions 

and the regular functions B~i)(u(i)), and B~i)(u(i) are defined as 

i = 1, ... ,N 

i = 1, ... ,N 

and 

U(i,l) = cos (212~ 17r) 1 = 1, ... , L 

q = 1, ... ,L-1 

The discretized versions of crack opening continuity equations can be obtained as 

i = 1, ... , N (2.26) 

i = 1, ... ,N (2.27) 
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Utilizing equations (2.24)-{2.27) , the values of B!i) and B~i) ( i = 1, N ) can be 

obtained at L collocation points. 

2.2 Fundamental Solutions for Microcracked Solids 

We consider an infinite two-dimensional elastic body containing N cracks em

bedded in arbitrary orientations subjected to a concentrated point load at the 

location P(Xl, X2) here, as shown in Fig.(2.2). In order to obtain the solution at a 

point q( xl, X2), the problem can be decomposed into two sub-problems. The first 

is a homogeneous problem, in which an infinite body subjected to the same point 

load at point p( Xl! X2) as in the original problem but in the absence of any cracks. 

The second is a purturbed problem, in which crack surfaces are subjected to trac-

tions derived from the homogeneous problem in order to satisfy the traction free 

boundary conditions on the crack surfaces in the original problem. 

For an infinite two-dimensional elastic body subjected to a point load at the 

location P{Xl, X2), the Kelvin solution ( TIMOSHENKO and GOODIER, 1970 ) at a 

point q{XI,X2) can be written as ( i,j=I,2 ) 

(2.28) 

-1 8r 
( ) [{(1- 2v)c5ii + 2r'i r'i }-8 411' 1 - v r n 

-(1 - ')v)(r . n 0 - r 0 no)] 
~ II J 'J , (2.29) 



1---/1 
I / P(Xl.X2) I 

'" , 
1\ '\ /' 1/1 
L ____ J 

I--~I 
I P(Xl.X2) , 

I I + , , 

I I 
L ___ ----.J 

1-------_ Xl 
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Figure 2.2: Schematic diagram of the decomposition for evaluating the augmented 

fundamental solutions of a micro cracked solid 
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where again G is the shear modulus, lJ is the poisson's ratio. Uij(p.q), and Tij(p, q) 

represent the displacements and tractions at the point q in i direction due to unit 

forces acting at the point p in j direction. nj are the components of unit normal 

vector at point q. Eq.(2.28) and (2.29) are for plane strain. 

For the purturbed problem, first utilizing the integral equation formulations 

(2.24)-(2.27) to obtain the values of Burger's vector components b~i) and W) ( 
i = 1,2, ... , N ) at L collocation points. It should be noted that the tractions on 

the crack surfaces are derived from the homogeneous problem, and depend on the 

point load location P(XI' X2) now. With these b~i) and W) results, the fundamental 

solutions of the purturbed problem at a point q( Xl, X2) can be obtained by using 

equations (2.1 )-(2.5), and tractions can be expressed by traction-stress relations 

i = 1,2 (2.30) 

where nj(q) are the components of unit normal vector at point q(XI' X2). 

It should be observed that these fundamental solutions depend on the point 

load position P(XI,X2) and the field point q(XI,X2). Therefore, the unclosed form 

fundamental solution of the purturbed problem can be denoted as Uii(p, q), and 

1'ii(P, q), which represent the displacements and tractions at the point q(Xl> X2) in 

i direction due to purturbed tractions T
3
(;nO), T};nO) , (m = 1,2, ... , N) derived from 

the homogeneous problem which is subjected to a point load at the point p( Xl, X2) 

in j direction. 
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The tmclosed form ftmdamental solutions for an infinite micro cracked solid can 

be written as 

[r .. - u .. + U-.. 
'J - 'J 'J (2.31) 

f: .. - T. .. + T.-.. 
'J - 'J 'J (2.32) 

where Uij and Tij are solutions of the homogeneous problem, and Uij and Tij are 

solutions of the purturbed problem as described above. 

2.3 Micro-Macro BEM Formulation 

A two-dimensional finite body B, has the botmdary aB in the Xl - X2 plane 

containing N cracks embedded in arbitrary orientations is considered here. Using 

Betti's reciprocal theorem (e.g. BANERJEE and BUTTERFIELD, 1981, MUKHERJEE, 

1982 ) or a weighted residual approach ( OKADA et al., 1990 ), a hybrid BEM 

formulation may be developed as (i, j = 1, 2) 

(2.33) 

where Ui and Ti are the comnonents of displacement and traction on the botmdary 

aB respectively. Uij and Tij are the fundamental solutions of a microcracked solid 

as described in section 2.2. A source point P(Xll X2) is inside B and a field point 

Q(Xl,X2) is on the boundary aBo dS(Q) is a line element on the boundary aBo 

A boundary integral equation can be obtained by taking the limit as the internal 
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source point p approaches a boundary point P. This leads to the boundary equation 

(i,j = 1,2) 

(2.34) 

The coefficients C;j arise from the integration of T;ju;. Its value is 1/28;j if the 

boundary 8B is locally smooth at P. Otherwise, it can be proved to be 

(2.35) 

Explicit expressions of C;j for plane strain or for plane stress are available elsewhere 

(e.g. MUKHERJEE, 1982). Alternatively, proper combinations of C;j(P) and 

JaB T;jdS( Q) can be obtained indirectly for general two-dimensional body using 

rigid body modes. In present study, the indirect approach is used to obtain desired 

combinations of C;j(P) and JaB TijdS(Q) in terms of the off-diagonal terms. 

It is important to notice here that equations (2.33) and (2.34) require only dis-

cretization on the boundary 8B, and the effects of the interacting cracks inside 

the body B is captured by the fundamental solutions U;j and T ij . Thus, the tradi

tional advantages of a linear elastic BEM approach for homogeneous problem are 

completely preserved. 

The next step in the BEM formulation is to obtain the internal stresses. To 

achieve this goal, Eq.(2.33) is analytically differentiated at an internal source point 
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(2.36) 

Here, T following a comma denotes differentiation with respect to a source point 

P(Xb X2)' The resulting displacement gradients at the source point can then be 

used in a Hooke's law to determine the internal stress 

(J''' = AUk kO" + G(u· . + U· .) I] ,I) I,] ],1 (2.37) 

where A = 2Gv/(1 - v) is the first Lame constant. 

The differentiated kernels Uij.T and Tij.T must now be evaluated. By directly 

differentiating Eq.(2.31 )-(2.32), these may be written as 

fJ."-1 = U" I-+ (f"I-a), 13, ", (2.38) 

and 

T .. 1- = T .. 1- + t .. I-S), IJ, '3, (2.39) 

Here Uij,T and 1ij,T are the source point derivative of Kelvin kernels which are given 

in BEM books such as MUKHERJEE (1982), or BREBBIA et al. (1984) for three-

dimensional elastic solids. For two-dimensional plane strain, Uij,/ and T;i'/ may be 

written as 

= (2.40) 
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Tij,T = -Tij,/ 

1 ar 
= 411"(1 _ v)r2 {2(r,i c5j/ + r,j c5il - 4r,i r,j r,/) an + 2r,i r,j n/ 

+(1 - 2v)[c5ij n/ + c5j /ni - c5i/nj 

(2.41) 

The kernels Uij,k and '!ij,k depend on the sizes and distributions of the cracks, 

and are in unclosed form, they can not be easily represented in terms of the cor-

responding field point derivatives. Here we only outline a scheme to obtain the 

source point derivatives of displacements, and the derivatives of tractions can be 

obtained similarly. 

First we rewrite equations (2.1) and (2.2) as (i,j = 1,2) 

(2.42) 

where III = 11, 112 = 12,121 = 13 and 122 = 14 defined in Eq.(2.6)-(2.9). It should 

be noted that the kernels Iij do not depend on the source point p when one obtains 

the fundamental solutions of micro cracked solid. Accordingly, the source point 

displacement gradients may be written as 

(2.43) 

Here bj,T may be evaluated from directly differentiation of Eq.(2.16) and (2.17) as 

N a(i) 

~ 1 [K (t(m) t(i))b(i)(t(i)) + K (t(m) t(i))b(i)(t(i))]dt(i) = T(m_O) 
L..J (') 11 , t r 12, 3 r 88 I 
i=l -a I I I I 

m = 1,2, .... ,N (2.44) 
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m=1,2, .... ,N (2.45) 

Since the tractions Tj;nO) and T;;nO) are derived from the homogeneous prob

lem described before, T(m_/o) and T(t
m

/_
o

) can be obtained from the differentiation of 
88 , " , 

Kelvin's solution of tractions as Eq.(2.41). Again, Kij, (i,j = 1,2) do not depend 

on the source point here. 

For efficient computations, Eq.(2.44) and (2.45) can actually be solved by re

taining the same matrix decompositions used for solving Eq. (2.16) and (2.17) and 

modifying the right hand side. 

In order to evaluate the stress intensity factors (SIF) at the crack tip, the stresses 

are evaluated at several points near the crack tip and the SIF is interpolated. It has 

been observed by OWEN and FAWKES (1983) that stress evaluations at O.Ola, 0.04a, 

and 0.16a (a being the half length of the crack) are optimum for this purpose. It 

was also found during the course of the present work that the stress evaluation at 

O.Ola can yield the SIF to within 0.1% of analytical values in many cases, and 

such a scheme is used here to determine the crack tip SIFs. 

For plane stress or plane strain, the stress fields of mode-I crack may be written 

as (i,j = t,s) 

(2.46) 

where 



r=V(t-a)2+ 8 2 

B = tan-1 (_8_) 
t-a 
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in the local tangential-normal coordinate system (t, 8) with original at the center 

of the crack, and the function &&( B) can be found in Fracture Mechanics books 

elsewhere. Also &&(0) = 1, and the mode-I stress intensity factor may be written 

as 

(2.47) 

The crack tip stress intensity factor may then be approximated as 

(2.48) 

2.4 Numerical Implementations 

Numerical implementations of the BEM equations (2.33), (2.34) and (2.36) for 

analyzing planar elastic problems containing N cracks are considered in this section. 

The BEM equation (2.33) ( for boundary traction and displacement) are discretized 

in the usual way. The boundary 8B is subdivided into linear boundary elements. 

The variables Tj and Uj are assumed linear on this boundary. Geometric corners are 

accounted for through zero-length elements ( MUKHERJEE, 1982 ). As mentioned 
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before, no discretization is necessary on the crack surfaces, and the effects of cracks 

are introduced through the augmented fundamental solution. 

All integrations involving kernels Uij and Tij are carried out in the usual way 

which can be found in BEM books such as BREBBIA et al. (1984). The kernels f)ij 

and 1'ij are obtained numerically. It has been found that 6 integration points on 

each crack are enough to obtain the displacements and tractions on the boundary, 

and the more integration points such as 30 are needed when solving the internal 

stresses. In each case, a Gauss-Chebychev polynomial scheme is utilized. The 

performance of such a polynomial scheme for close spacings of interacting cracks 

is obviously an important issue in the present study. In the analysis of singular 

equations, THEOCARIS and IOAKIMIDIS (1977) showed that the numerical scheme 

developed by ERDOGAN et al. (1973) requires only n quadrature points for accurate 

representations of polynomial functions of order 2n. This makes it very effective 

for interacting cracks at close spacings. 

The resulting discretized Eq.(2.34) are of the form 

[AHu} + [B]{T} = 0 (2.49) 

and after switching appropriate columns considering specified boundary condi

tions one obtains 

[K]{x} = {r} (2.50) 

Eq.(2.50) may now be solved easily for unknown displacements and tractions 

on the boundary for a well-posed problem. 
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2.5 Numerical Results 

The proposed hybrid micro-macro BEM scheme is first verified against known 

solutions. For all cases, the stress intensity factors are normalized with respect 

to that for a Griffith crack ( aOV7w), where a is the half crack length and ao is 

the remote stress. For the indentation problem (Test Problem 6) stress intensity 

factors are normalized with respect to P/...!ih, where h is the buried depth and 

P represents the indentation load. The geometries and loading for all the test 

problems are shown in Fig.(2.3a,b) 

Test Problem 1 

A single crack of length 2a at the center of a plate of width 2b and height 2h 

under uniaxial tension is considered first. As shown in Fig.(2.4) the normalized 

mode-I SIFs obtained from the hybrid micro-macro BEM scheme compare very 

well with the predictions reported by TADA et al. (1985). Three different plate 

geometries with h/b = 0.5,1, and 5 are investigated. The results show the inter

acting effects from the boundary faces of the plate. As h/b decreases, the top and 

bottom faces of the plate interact with the crack and increase the SIF, for increas

ing h/b values, the sides of the plate interact with the crack and increase the SIF, 

particularly at large values of a/b. 

Test problem 2 

Two collinear cracks in a square finite plate (2b X 2b) is considered next. As 

shown in Fig.(2.5), the cracks are oflength 2a, with their centers placed at distance 

of b/2 from the left and right edges, respectively. The normalized SIFs obtained 

numerically from the proposed BEM formulation compare very well to those ob-
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tained by LIU and ALTIERO (1991). As the crack size increases, the interactions 

among the inner crack tips (B) become stronger. But the SIF at the outer tip (A) 

also increases due to the interactions between the outer tip and the edges of the 

plate. 

Test Problem 3 

The effects of variations in crack spacing (center distance 2c) for two equal

length collinear cracks are considered next for different plate geometries '.v1t 1:1 -;:lry

ing h/b ratios. Fig.(2.6) and Fig.(2.7) show the variations ofthe normalized SIFs at 

the outer and inner crack tips, respectively, with increasing crack length for three 

different crack spacings of c/b = 0.25,0.5, and 0.75. The aspect ratio of the plate is 

held fixed at h/b = 0.5. As expected, the normalized SIF increases with increasing 

a/b. It is interesting to note, however, that the rise in SIF ( for both tip) with 

increasing alb is the slowest for the case with c/b = 0.5. This is due to the presence 

of the finite geometry. At c/b = 0.25, the crack interactions dominate and cause 

the inner-tip SIF to rise dramatically. The crack-free edge interactions dominate at 

c/b = 0.75 and increase the out-tip SIF. None of these interactions become severe 

at c/b = 0.5 ( comparing with the other two cases ), causing the slowest growth in 

SIFs with increasing a/b. 

Fig.(2.8) and Fig.(2.9) depict the interactions among two equal-length collinear 

cracks and free edges at different crack spacings for a thin strip with an aspect ratio 

of h/b = 5.0. Once again, the slowest growth in SIFs at both outer and inner tips 

with increasing crack length is observed for c/b = 0.5. At very small crack sizes, 

the SIFs at both tips are the smallest for c/b = 0.25. With increasing crack length, 

the SIF at c/b = 0.25 rises dramatically for the inner tip and becomes the highest 
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for alb> 0.14. At the outer tip, this rise is less dramatic, however, the SIF for 

clb = 0.25 still surpasses that for clb = 0.5 for alb> 0.062. 

Test Problem 4 

A Problem involving interactions among two cracks at an arbitrary angle to each 

other is considered next. As shown in Fig.(2.3a), the cracks are of equal length (2a) 

with centers at b/2 from the left and right edges, respectively, in a square plate of 

dimension 2b. The plate is under uniaxial tension. One of the cracks is held fixed 

in its horizontal position while the other is rotated about its center. The nomalized 

mode-I SIFs with increasing crack size ( increasing alb) are shown in Fig.(2.10) 

for the outer tip of the horizontal crack while Fig.(2.1l) shows them at the inner. 

With increasing crack length, the crack-crack interactions dominate at the inner 

tips while crack-free edge interactions dominate at the outer tips. Accordingly, the 

SIFs at both inner and outer tips rise as alb is increased. However, the effects 

of the ralative orientations between the cracks are much more predominant at the 

inner tips. 

Test Problem 5 

LIU and ALTIERO (1991) considered a problem involving offset cracks with 

arbitrary relative orientations. As shown in Fig.(2.3b), the crack length is 2a, plate 

width bla = 9.0, plate height hla = 30, and the offset cia = O.S. It is observed, 

from Fig.(2.12), that the normalized mode-I SIFs obtained from the BEM scheme 

at all four crack tips compare well to those obtained by Lru and ALTIERO over a 

large variation in relative orientation between the cracks. 

Test Problem 6 
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The issue of strength degradation in ceramic grinding operations is considered 

next. The ceramic grinding process is modeled as a moving indentation problem ( 

Hu and CHANDRA, 1993 ). Under steady-state conditions, such a process may be 

repreesented by a system of radial ( normal to the free surface) and lateral ( parallel 

to the free surface) cracks. Such a problem with b/h = 0.1 and 0.5 is considered. 

All radial and lateral cracks are assumed to be of equal size. In ceramic grinding, 

the propagation and eventual upward curvature of lateral cracks aid the material 

removal process with the radial cracks remain as surface defects in the finished 

product and can significantJy so~promise its strength. Accordingly, propagation 

of lateral cracks and retardation of the radial crack represent the dual goal in 

optimizing the quality and efficiency of a ceramic grinding process. Fig.(2.13) show 

the mode-I SIF's for different clusterings (b/h = 0.1 and 0.5) at top A and B and 

tip C of the radial crack, with increasing a/ h for a single point indentation problem. 

Fig.(2.14) shows the comparisons between mode-I and mode -II SIFs at outer tip 

A of the lateral crack. It is observed for tip A and C that the mode-I SIFs increase 

monotonically with increasing a/h and, as expected, the SIF values are higher for 

b/h = 0.1 than for b/h = 0.5. This is due to the fact that b/h = 0.1 represents 

closer clustering of the cracks, which results in stronger crack interactions. As the 

crack length is increased, the outer tip A of the lateral moves farther from the point 

of loading. This causes the mode-I SIF at tip A to reach a maxima and decrease 

afterward with increasing a/h. As observed in Fig.(2.14), however, the mode-II 

SIF continues to increas monotonically. This will cause the lateral crack to grow 

in mode II and eventually curve upward to form a chip. 



47 

b b b b 

h ~ 1~2~li 
b 

A 8 
i A 1,..8 ~I 
1--- ~I b 2a h b 

Test Problem 1 Test problem 2 

b b 

~ ~ 
h 

~~ 
b 

A=8= 
I'" "'1 A 1.,.6 "'1 

2c b 
h b 

Test Problem 3 Test Problem 4 

Figure 2.3a: The geometries and loadings for Test Problem 1, 2, 3, 4. 
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Figure 2.3b: The geometries and loadings for Test Problem 5, 6. 
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CHAPTER 3 

NUMERICAL ANALYSIS OF 

THE EFFECTIVE ELASTIC MODULI OF MICRO CRACKED SOLIDS 

3.1 Unit Cell Model of Microcracked Solid 

The problem of effective elastic property of cracked solids is considered in this 

chapter. It is assumed that the crack surfaces are traction free, any crack closure 

is neglected and the cracks remain open throughout the application of the exter

nal load. The initial inhomogeneity in the material is represented by an infinite 

body, B, consisting of doubly periodic blocks of size b with M cracks of equal size 

arbitrarily distributed within each block. Following BUDIANSKY and O'CONNELL 

(1976), the crack density is defined as 

€ = N < a 2 > (3.1) 

for tunnel cracks in two-dimensional analysis. In the above, N is the number of 

cracks per unit area, a is half the crack length, and ~ . > stands for the average of 

the argument. 

According to this defination, the infinite microcracked body described above 

has the crack densi ty of 

(3.2) 

Hence, the deformations of neighboring blocks in the body B are identical. 
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Thus, in numerical solution, it is only necessary to analyze one of the blocks, i.e. 

unit cell. 

This unit cell is shown in Fig.(3.1) as the region ABCD in Xl - X2 plane. The 

periodicity conditions of the unit cell are such that equilibrium and compatibility 

with the neighboring cells are satisfied. The deformation mode of unit cell is also 

schematicly shown in Fig.(3.1). It is assumed that the rigid body movements 

of the cell are suitably fixed, the unit cell is represented by A' B' C ' D' after the 

deformation. From the doubly periodic boundary conditions, line A' B' must be 

parallel to line D' C' and line A'D' must be parallel to line B' C' . The boundary 

conditions for the unit cell may now be specified as 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

o ~ Xl ~ b. 

referring to Fig.(3.1), BI , B2 , tJ.h and tJ.v represent the small rotation of edge AB, 

the small rotation of edge AD, the extension of the cell in Xl direction and tb~ 

extension of the cell in X2 direction, respectively. 
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Figure 3.1: Schematic diagram of the deformation mode of unit cell 
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The tractions on the boundary must satisfy the doubly periodic conditions and 

the equilibrium conditions as 

(3.7) 

(3.8) 

i = 1,2, 

and 

(3.9) 

(3.10) 

1 fC 
b J

B 
rIdS = O"~ (3.11) 

(3.12) 

where O"~, O"~ and rOO are the external loads at infinite of the body B. 

3.2 Modification of Micro-Macro BEM formulation 

Utilizing the Micro-Macro BEM formulations Eq.(2.34), developed in Chapter 
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2 

Figure 3.2: The numbering scheme of BEM mesh for unit cell 

2, following the same numerical implementation, one obtains the discretized BEN! 

equation as Eq.(2.49). Let's rewrite Eq.(2.49) as 

(3.13) 

Comparing to the normal BEN! mesh, a different numbering scheme for the unit 

cell boundary elements bas been chosen for the reason of convenience, as shown in 

Fig.(3.2). 

Referring Fig.(3.2), the vectors it1, and it2 in Eq.(3.13) are defined as 
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u l 
I 

U~!+I 

U I 
2 

U~!+1 

UI= U2 = (3.14) 

un! 
I 

un 
I 

U nl 
2 

Un 
2 

where uf represents the displacement at node k in the i direction. The boundary 

conditions Eq.(3.3)-Eq.(3.6) can be written as 

(3.15) 

where .6.w is the vector with the components of OI, 02 ,.6.h and .6.v 

(3.16) 

following the same defination, traction vectors 7; and f2 are 

rl 
1 

r nl +1 
1 

rl 
2 

r;!+1 

7;= T2 = (3.17) 

r nl 
I 

rn 
I 

r:nl 
2 

rn 
2 

the boundary conditions Eq.(3.7)-(3.8) can be written as 

(3.18) 
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Substitute Eq.(3.15) and Eq.(3.18) into Eq.(3.13), the discretized BEM equa-

tions may now be written as 

Bll - B12 
=0 (3.19) 

with 

(3.20) 

where A~2 and A;2 are obtained from summation of the matrix A12 and A22 . It can 

be observed that Eq.(3.19) provides 2N equations for a unit cell discretized with 

N boundary nodes. Usually, each boundary node has 4 unknowns, Ui, Ti, (i = 1,2). 

With the doubly periodic boundary conditions, we have 2N unknowns on the half of 

the boundary nodes, but Eqnarray (3.19) has addtional4 unknowns introduced by 

the boundary conditions. In order to solve the total 2N + 4 unknowns completly, 

one needs to add additional 4 equations which can be obtained from boundary 

conditions, Eq.(3.9)-(3.12). The rigid body movements can be fixed by forcing 

arbitrary three components of displacement to be zero in Eq.(3.19). Eq.(3.9)-(3.12) 

are also discretized linearly, and then put together with Eq.(3.19). The resulting 

systems are of the form 
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All + A12 Bll - B12 A~2 0 

A2l + A22 B2l - B22 A;2 0 
itl 

0 Cl 0 _TOO 

Tl = (3.21) 
0 C2 0 -O"~ 

W 
0 C3 0 O"u 

0 C4 0 Too 

Eq.(3.21) can be solved in the usual way. 

3.3 The Effective Moduli of a Microcracked Solid 

Following KACHANOV (1992), the area average strain in a cracked two-dimensional 

elastic solid can be expressed as 

o 1 " . . 
€ = M : 0" + A L) < b > n + n < b > Y2a l 

2 i 
(3.22) 

where the matrix material is assumed to be linear elastic with constant compliance 

MO, and 0" = 0"00, assuming the far field boundary of the body is homogeneous. 

The second part of the above equation represents the singular part of the strain 

due to cracks, in which A is the area of the body, 2ai the ith crack length, the 

displacement discontinuity vector b = u+ - u- and n the unit normal vector to 

the crack. Vectors band n are, variables with different cracks, their directions are 

coordinated by defining the '+' side of the crack boundary as corresponding to the 

positive sense of n. The summation should run over all the cracks in the body. 
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< b > represents the average of b. 

By applying the unit cell model discussed in the section (3.1), one can gets 

a scheme to numerically obtain the effective ( statistically homogeneous ) elas

tic moduli of a microcracked solid which is outlined as following for plane strain 

situation. 

(a). Shear Modulus 

Again, we first modeled the two-dimensional elastic micro cracked body as an 

infinite body consisting of doubly periodic unit cells of size b with M cracks within 

each unit cell. Applying a shear loading, TO, to the infinite body, from Eq.(3.22), 

the shear strain can be written as 

(3.23) 

where a(i) is the half length of the ith crack, we take all the cracks with the same 

length a, n(i) = [n~i), n~i)l is the unit normal vector of the ith crack, and b(i) = 

[bli) ,b~i)l now is the average opening displacement between the top and bottom 

surfaces of the ith crack due to shear loading. (We omit the average signs <> in 

the following) M is the number of cracks in the unit cell, A = b2 is the area of the 

cell. From Eq.(3.2), the crack density of the infinite body can now be represented 

by the crack density of the unit cell as € = !vI a2 jb2 • G is the shear modulus of the 

matrix material. 

By definition, the effective shear modulus of the microcracked material, G, is 
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(3.24) 

(b). Bulk modulus 

Taking the same unit cell model as the one used to obtain the shear modulus 

above, apply a bia..'Cial loading, 0'11 = 0'22 = 0'0 instead of shear loading. From 

Eq.(3.22), the biaxial strain can be written as 

+ _ 2(1 + v)(l - 2v) 0 + 1 ~ [b(i) (i) + b(i) (i)l2 (i) 
/:11 /:22 - E 0' A ~ 1 n1 2 n2 a 

1=1 

(3.25) 

where E is the Young's modulus and v is the Poisson's ratio of the matrix material. 

By definition, the bulk modulus of the micro cracked material, 13, is 

~ _ /:11 + /:22 _ 2(1 + v)(l - 2v) ! ~ [b(i) (i) b(i) (i)l ~ 
B- - 0 - E + A L...J 1 n1 + 2 n 2 0 

0' ~1 0' 
(3.26) 

(c) Young's modulus 

The effective Young's modulus can be obtained similarly by applying a uniaxial 

loading, 0'22 = 0'0 at the infinite of the body, the uniaxial strain in X2 direction in 

the unit cell can be written as 

(3.27) 
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By definition, the Young's modulus of the micro cracked material, iE, is 

1 /:22 1 - v2 2 ~ b(i) (i) a 
E-=O=-E +AL...J2n20 

a ~l a 
(3.28) 

It can be observed that the determination of effective moduli of the micro cracked 

material is then reduced to obtain the average opening displacemens, under the 

corresponding loading described above. One approach which has been proved to be 

very efficient to get these average quantities is obtained by using Betti's reciprocal 

theorem and will be given as following. 

An infinite body, in which M cracks embedded with exactly the same structure 

as they are embedded in the unit cell with, is considered as a reference system. The 

crack surfaces in this reference system are subjected to tractions T~:) and T;~) in the 

tangential and normal directions of the ith crack, (i = 1,2, ... , M). Following the 

same procesure of finding the fundamental solution of mira cracked solids discussed 

in chapter 2, one can easily obtained the displacement and stress fields of this 

reference system. Then by using the Betti's reciprocal theorem to the unit cell 

model and the reference system, one obtains 

(3.29) 

(no sum on t and s above) 

where r is the unit cell boundary, r~i) is the ith crack boundary. Uk, tk are the com

ponents of displacement and traction vectors along the unit cell boundary, which 

can be obtained by solving the micro-macro BEM equation with the doubly peri-
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odic boundary conditions as described above, and ukR
) and 4R

) are the components 

of displacement and traction vectors for the reference system at the position of unit 

cell boundary. They are all knowns. 

Since the average opening displacements of ith crack in the unit cell is 

Eq.(3.29) can be written as 

(3.30) 

where T~:) and TJ;) are the traction components applied to the ith crack surface in 

the reference system. Comparing Eq.(3.24), Eq.(3.26) and Eq.(3.28) with Eq.(3.30), 

one can easily find that by choosing the suitable loading T~:) and TJ!) for different 

remote loading conditions, the average opening displacements can be obtained cor-

respondingly. 

3.4 Numerical Results and Discussions 

A two-dimensional unit cell (b = 1.0), contained M microcracks with the same 

half length, a, randomly distributed in location is considered here. Two orientation 

statistics are assumed: randomly oriented cracks and parallel cracks. For randomly 

oriented cracks, two numbers of cracks !vI are assumed: !vI = 25 and !vI = 50, for 

parallel cracks !vI = 25 is considered only. For each of the cases, crack densities: 

0.1, 0.2, 0.4 and 0.6 are assumed. The Poisson's ratio of the matrix material is 0.3. 
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The lVI microcracks are generated with the help of random number generator, as 

realizations of certain crack statistics. Fig.(3.3) shows some of the generated arrays 

of cracks. 

(1). M = 25 cracks randomly distributed in orientation and location in the unit 

cell is considered first. € = 25a2 is the crack density. With each crack density: 0.1, 

0.2, 0.4 and 0.6, fifteen different crack distributions are generated. If a generated 

crack intersects with others, it is regenerated in order to ensure that there are no 

crack intersections. The shear modulus and in-plane bulk modulus aro; obtabed 

for these fifteen carck distributions at each level of carck density. The shear mod

uli obtained from Eq.(3.24) are presented in Fig.(3.4) for 15 crack distributions 

at crack densities: 0.1, 0.2, 0.4 and 0.6, along with non-interacting solution and 

the crack/matrix/composite model ( HUANG et al., 1994b). A scattering of the 

data is observed. The difference between the numerical solutions and the existed 

models is relatively small at low crack density, and is large at high crack den

sity. The numerical datas obtained now are lower than both non-interacting and 

the crack/matrix/composite solutions which indicates that the interactions among 

microcracks is very important, especially when the crack density is relatively high. 

The bulk moduli, normalized with respect to E/(2(1+v)(1-2v)), are presented 

in Fig.(3.5) for 15 crack distributions at crack density: 0.1, 0.2, 0.4 and 0.6, also 

along with non-interacting solution and the crack/matrix/composite model. 

(2) M = 50 cracks randomly distributed in orientation and location in the unit 

cell is considered next. € = 50a2 is the crack density. With each crack density: 

0.1, 0.2, 0.4 and 0.6, again fifteen crack distributions are generated. The shear 

modulus and the bulk modulus are obtained for these fifteen crack distributions at 
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the same each crack level of crack density as for those with 25 cracks. Fig.(3.6) 

shows the shear modulus versus crack density for fifteen crack distributions at 

each crack density, and Fig.(3.7) shows the bulk modulus, normallized with respect 

to E/(2(1 + v)(l - 2v)), versus crack density for fifteen crack distributions at 

each crack density. The scattering of the datas for both shear modulus and bulk 

modulus are observed, and the scattering ranges at each crack density have very 

well agreements with those obtained with 25 cracks at the same crack density. 

This agreements comfirms that the macroscopic moduli depend on crack sizes and 

numbers though a single parameter-crack density. This agreements also shows the 

good convergency of the present numerical simulation. 

(c). 1v1 = 25 parallel cracks randomly distributed in position in the cell is considered 

next. With each crack density: 0.1, 0.2, 0.4 and 0.6, fifteen crack distributions are 

generated. The coorresponding shear moduli are presented in Fig.(3.8) for these 15 

crack distributions at each crack density level. The Young's moduli, normallized 

by E /(1 - v 2 ), are presented in Fig.(3.9) for thses 15 crack distributions at each 

crack density. Both plots along with the non- interacting solution curve, have the 

scattering data again and have deviation from the non-interacting solution. This 

deviation is relativelt small at low crack density as 0.1, and turns to be large with 

the increasing of the crack density. This is of course, because the interaction among 

cracks is weak when crack density is small. 
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CHAPTER 4 

SHAPE DESIGN SENSITIVITIES FOR 

TWO-DIMENSIONAL ELASTICITY AND ELASTO-PLASTICITY 

4.1 The DBEM Formulation for Plane Strain Elasticity 

81 

A two-dimensional body, B, has the boundary BB in the Xl - X2 plane is con-

sidered here. The well known boundary integral equations for isotropic linear two-

dimensional elastic solids has the form (RIzzo, 1967) 

CjjUj(P) = r [Ujj(P, Qh(Q) - Tjj(P, Q)ui(Q)Jds(Q) (4.1) 
JaB 

where Uj and Tj are the components of the displacement and traction vectors, re-

spectively on the boundary BB of the body B and Ujj and Iij are the Kelvin kernels 

which was written as Eq.(2.28)-(2.29) for plane strain. Based on Eq.(4.1), GHOSH et 

al. have proposed a derivative boundary element method (DBEM) formulation for 

linear elasticity in which the tractions and tangential derivatives of displacements 

( GHOSH et al., 1986 for 2-D problems) or tractions and displacement gradients 

(GHOSH and MUKHERJEE, 1987 for 3-D problems) are the primary variables on 

the boundary of a body. 

The DBEM equations for two-dimensional linear elasticity for a simply con-

nected region B can be written as (GnosH et al., 1986) (i,j=1,2) 

r [Uij(P, Q)Tj(Q) - Wjj(P, Q)~i(Q)Jds(Q) = 0 
JaB 

(4.2) 
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where Uij is the Kelvin kernel as before and, for plane strain, 

Here 'l1 is the angle between the vector reP, Q) and a reference direction and ~i are 

the components of tangential derivative of the displacement (~i = Bud Bs ), with 

s the curvilinear coordinate measured along the boundary BB of the planar body. 

Also, /11 = /22 = 0, /12 = -/21 = 1, v is the Poisson's ratio and 8ij is the Kronecker 

delta as before. It is very important to note that W ij has only a logarithmic 

singularity ( same as Uij) as r goes to zero. It should also be noted for some 

problems with prescribed displacements, on the portion BB1 of BB, prescribed ~ on 

BB1 might lead to loss of uniqueness of the solution obtained from this formulation. 

This can be overcome by appending a constraint equation of the type 

(4.4) 

where A and B are suitably chosen points on the boundary BB. 

It has been shown that the stress components at a regular point on boundary 

BB, for plane strain, can be written in terms of the components of T and ~ as 

(SLADEK and SLADEK, 1986, CRUSE and VANBUREN, 1971) 

(4.5) 

where 
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with 

v 2G 
Cl = (1 _ v)' C2 = 

(1- v) 

Also, ni, ti are the components ofthe unit (outward) normal and (counter-clockwise) 

tangential vectors at a point on BB. 

It is assumed that the shape of the body under study is determined by a finite 

dimensional vector with component bj and the shape changes occur continuously. 

Here,b = (b l , b2 , ... , bn ) represents n design variables. 

Follwing ZHANG and MUKHERJEE (1991), the corresponding DBEM equations 

for first order sensitivities are 

o = ( [Uij(b,P,Q) rj (b,Q) - Wj;(b,P,Q) L (b,Q) ]dS(Q) 
JaB 

+ [Uij (b, P, Q)r;(b, Q)- Wij (b, P, Q)~i(b, Q) ]dS(Q) 

+ [Uij(b, P, Q)Ti(b, Q) - Wij(b, P, Q)~i(b, Q) ] is (Q) (4.6) 

where superscribed" denotes a derivative with respect to a typical component of 

b, and 

.. .. .. 
Uij= Uij,k(b, P, Q)[Xk (Q)- Xk (P)] 

.. .. .. 
Wij= Wij,k(b, P, Q)[Xk (Q)- Xk (P)] 

where ,k denotes a field point derivative as before. 

(4.7) 

(4.8) 

The equation for the first-order derivative of stress at a regular point on DB is 

obtained as 
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(4.9) 

4.2 DBEM Equations For 2-D Elasto-viscoplasticity 

1. The rate form of the DBEM formulations 

The rate form of the DBEM (derivative BEM) formulation for two-dimensional 

elasto-viscoplasticity (or elasto-plasticity) in a simply connected domain was given 

by MUKHERJEE and CHANDRA (1989) as 

o = r [Ujj(b, P, Q)rj(b, Q) - Wii(b, P, Q)Aj(b, Q) ]dS( Q) 
JaB 

+ k 2GUji,k(b, P, q)f~~)(b, q)dA(q) (4.10) 

Here f~~) is the nonelastic strain which must be obtained from a suitable material 

constitutive model. A superposed dot denotes a time derivative. The trace of the 

nonelastic strain, €~~) + €~~) + €~~), is assumed to vanish, but can be restored, if 

desired ( MUKHERJEE and CHANDRA, 1987) 

It should be noted that the domain integral in Eq.(4.10) is O(l/r) singular for 

two-dimensional problems. Using the addition-substraction method, one can write 

the domain integral in Eq.( 4.10) as 

k 2GUjj,k(b, P, q)dA(q) 



= k 2GUii,k(b, P, q)[€~~)(b, q) - €~~)(b, P)]dA(q) 

+2G€~~)(b, P) k Uii,k(b, P, q)dA(q) 

Applying Gauss's theorem, Eq.(4.1O) becomes 

o = r [Uii(b, P, Q)Ti(b, Q) - Wii(b, P, Q)~i(b, Q) ]dS( Q) 
JaB 

+2G€~~) r Uii(b, P, Q)nk(b, Q)dS(Q) 
JaB 

+ k 2GUii,k(b, P, q) [€~~)(b, q) - €~~)(b, P) ]dA(q) 
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(4.11) 

( 4.12) 

The above regularization makes the domain integral in Eq.( 4.12) is completely 

regular. This improved the accuracy of the numerical solutions of the mechanics 

problems. Such regularization of equations has proved to be crucial in the opti

mization process which is discussed later in Section (5.6) of this dissertation. 

As can be seen from equation (4.12), the rates of traction and displacement 

derivative vectors are the primary unknowns on fJB. It can be shown that the 

rates of stress components at a regular point P on fJB can be written in terms of 

the rates of the components of T , a, and en as (i ,j ,k ,1 = 1,2) 

( 4.13) 

where Aiik, etc., are functions of the components of the unit outward normal vector 

n and unit anti clockwise tangent vector t to the boundary fJB at the source point 

P. Explicit expressions for A ijk , etc. are given by ZHANG et al. (1992) and are not 

repeated here. 
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The nonelastic problem also requires that strain and stress rates be obtained 

at internal points as function of time. The form used here, in which the domain 

integrand is O(1/r) singular, is: (i,j, k, r = 1,2; r = 8/8xl(p)) 

Uj,T(b,p) = laB [Ujj,T(b,p, Q)Tj(b, Q) - Wjj,r(b,p, Q)b.;(b, Q) ]dS(Q) 

-2G€~~)(b,p) laB Ujj,k(b, P, Q)nl(b, Q)dS(Q) 

+ fa 2GUjj,kr(b, P, q) [€~~)(b, q) - €~~)(b,p) ]dA(q) (4.14) 

The stress rate components at an internal point are obtained from Hooke's law 

as (i,j,k = 1,2) 

• \. I: G( . .) 2G .(n) 
(T" = "UkkU" + U·· +u·· - € .. I) ,I} I,} },I I} (4.15) 

where ,\ = 2Gv /(1- v) is the first Lame constant. The formulation for plane stress 

is quite analogous and is not described here. 

The modeling of corners on 8B, using comforming boundary elements for elas

ticity problems, has been discussed in detail by ZHANG and MUKHERJEE (1991), 

and the elasto-viscoplasticity case by ZHANG et al. (1992). Eight primary scalar 

quanti ties, Tj-, 6:; , Tt, 6.t ( i = 1,2; - denotes before and + denotes after a corner 

in a counterclockwise sense), are of interest at a corner. If the stress components are 

continuous at a comer, one can write the following three additional scalar equations 

AijkTk + Bijkb.; + Cijkl€kl(n) + Dij€kk(n) 

A+ . + B+ A' + C+ . (n) D+' (n) = jjk Tk + ijkUk + jjkl€kl + jj€kk ( 4.16) 
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With €~j) known at any time from a viscoplastic constitutive model, the global 

system of equations is overdetermined because of one extra equation at each corner. 

The system, however, is consistent, has full rank, and the number of linearly 

independent equations equals the number of unknowns. Regular QR decomposition 

is used to solve this system of equations. 

2. The Sensitivity Equations for Plane Strain 

The first step is the differentiation of equation (4.12) with respect to a design 

variable b ( component of the design vector b). Now, one obtains the equations 

(i,j,k = 1,2) 

o = f [Uij(b, P, Q) Ti (b, Q) - l-Vij(b, P, Q) 6.i (b, Q) ]dS( Q) 
JaB 

+ f [Uij (b, P, Q)fi(b, Q)- Wij (b, P, Q)Lii(b, Q) ]dS( Q) 
JaB 

+ f [Uij(b, P, Q)fi(b, Q) - Wij(b, P, Q)Lii(b, Q) ]d S (Q) 
JaB 

o (n) fa 
+2Geik (b, P) Uij(b, P, Q)nk(b, Q)dS(Q) 

aB 

+2Geik(n)(b, P) f Uij (b, P, Q)nk(b, Q)dS( Q) 
JaB 

+2Geik(n)(b, P) f Uij(b, P, Q) nk (b, Q)dS( Q) 
JaB 

+2Geik(n)(b, P) f Uij(b, P, Q)nk(b, Q)d S (Q) 
JaB 

+ fa 2G Uij,k (b, P, q) [eik(n)(b, q) - eik(n)(b, P) ]dA(q) 

f 0 (n) 0 (n) 
+ J

B 
2GUij,k(b, P, q) [eik (b, q) - eik (b, P) ]dA(q) 

+ fa 2GUji,k(b, P, q) [eik(n)(b, q) - eik(n)(b, P) ]d A (q) (4.17) 
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where (*)= d( )/db, (0) = d/db(,). At the start of a time step, half the sensitivities 

of the rates of .6. i and Ti are to be determined and the rest of the quantities are 

known. The rates of Ti, .6. i , and elj) are known from the solution of the usual 

DBEM problem up to this time, and the sensitivity of the nonelastic strain rate 

is known from differentiating a suitble constitutive model. Formulae for Uii' Wii' 

Uii,k, d 5, d A, nk, and nk are given by ZHANG et al.(1992). Eq.( 4.17) has regular 

domain integrals because of the regularization of Eq.( 4.10). It was found that the 

numerical results for sensitivities from the equations without this regularization are 

not accurate enough for the optimization algorithm to succeed in some cases, while 

those from Eq.( 4.17) are more accurate and lead to convergent optimal solutions 

for the inelastic numerical examples discussed later. 

Derivative of equation (4.13) takes the form: 

(4.18) 

Finally, one must derive an equation for the sensitivities of the velocity gradients 

at an internal point. The resulting equation has the form: 

~i,T (b,p) = f [Ui]'r(b,p,Q);i (b,Q) - Wi]'r(b,p,Q) ~i (b,Q) ]dS(Q) JaB ' , 

+ f [UiiJ (b,p, Q)i';(b, Q)- Wii,r(b,p, Q)6.i(b, Q) ]dS(Q) 
JaB 

+ f [Ui]'r(b,p,Q)i'i(b,Q) - Wi]'r(b,p,Q)6. i(b,Q)]d 5 (Q) JaB ' , 
o (n) f 

-2G€ik (b, q) JIJB Uii,k(b, P, Q)nl(b, Q)dS(Q) 
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-2Geik(n)(b,q) laB Uij,k (b,P, Q)nl(b, Q)dS(Q) 

-2Geik(n)(b, q) laB Uij,k(b, P, Q) nl (b, Q)dS(Q) 

-2Geik(n)(b,q) laB Uij,k(b,P,Q)nl(b,Q)d S (Q) 

+ k 2G Uij,kf (b, P, q) [eik(n)(b, q) - eik(n)(b,p) ]dA(q) 

r 0 (n) 0 (n) + 1B 2GUij,kl(b, P, q) [eik (b, q) - eik (b,p) ]dA(q) 

+ k 2GUij,kl(b, P, q) [eik(n)(b, q) - eik(n)(b,p) ]d A (q) 

(4.19) 

The entire right-hand side of equation (4.19) is known at this stage, so that the 

required sensitivity of the velocity gradient at an internal point, ~j,l- d/ db( Uj,l) , can 

be obtained by a series of function evaluations. The boundary kernels are regular, 

and the domain integrands are 1/r singular. These singular integrals are numer-

ically evaluated by the polar mapping method which was given by MUKHERJEE 

(1982). 

Stress rate sensitivities at an internal point are obtained from a differential 

version of Hooke's law: 

o 0 0 0 0 (n) 
0',,=.\ Ukk S·· + G(u .. + u .. ) - 2Ge" 13 , IJ ',3 "I IJ ( 4.20) 

The sensitivity equations at a corner, across which O'ij andO'~j are continuous, 

have the form 

(4.21 ) 
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3. Constitutive equations 

Viscoplastic constitutive equations are needed to determine e~i) and its sen-

• •• o(n) f t' f' A I r f ch I . d' d . SltIvlty, €ij , as unc Ions 0 tIme. genera lorm 0 su a aw IS lscusse In 

MUKHERJEE (1982)'s book with state variables, which is 

e(n) - 100(17 00 q(k)) 
ij - IJ 1)7 ij 

q.(~) = q(~)(I7°O qF)) 
IJ IJ 'J' IJ ( 4.22) 

where qJ;) are suitably defined state variables, which can be scalars or tensors. 

Differentiating equation (4.22) with respect to a design variable 'b' gives €~;) 

d o(k) • f h . . .. f h d . bl an qik In terms 0 t e sensItIvItIes 0 t e stress an state vana es. 

( 4.23) 

The particular model chosen for the numerical results discussed in chapter 5 is 

due to ANAND 1982. This is a unified elasto-viscoplastic model with a single scalar 

internal variable. The model is described by the equations 

.(n) 3e(n), 
€ .. = --1700 

IJ 217 I) 
(4.24) 

where l7;j are the components of the deviatoric part of the Cauchy stress and 17 is 

the stress invariant defined as 



(J'= 
3 I I 
-(J' .. (J' .. 2 I) I) 

The invariant e(n) is given by the equation 

e(n) = Ae-Q/ KT(!!: )l/m 
S 

together with the evolution equation 

where 

_ [e(n) Q/KT]n 
Se - Sa A e 
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( 4.25) 

( 4.26) 

( 4.27) 

( 4.28) 

Here T is the temperature in degrees Kelvin, Q is the activation energy and K is 

the Boltzmann constant, also A, ho, Sa, m and n are material constants of which 

m and n are, in general, temperature dependent. The particular parameters used 

here are 

Material: Fe - 0.05 carbon steel 

temperature range: 1173-1573 K 

ho = 1329.22M Pa n=0.03 

s=147.6MPa Q/K = 3.28 x 104 K 

G = 2.2615 X 103 M Pav = 0.3 

Also, the initial value of the state variable s(O) is taken to be 47.11 MPa. 
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The sensitivity of the nonelasic strain rate €~;) can be obtained by taking the 

differentiation of Anand's model Eq.( 4.24) as 

( 4.29) 

* 
where O"ij are the sensitivity components of the deviatoric part of the Cauchy stress 

and 0- is the sensitivity of stress invariant. The sensitivities of e(n), sand Sc can 

be obtained from Eq.( 4.26)-( 4.28) . The initial value of the sensitivity of the state 

variable s is set to be zero. 
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CHAPTER 5 

SHAPE OPTIMIZATION OF PLATES WITH CUTOUTS 

5.1 Basic Equations 

1. Parameterization of Cutout Geometry 

The problem here concerns plates of arbitrary shape, in plane stess, with a 

traction-free cutout inside the plate. The plate material can be linear elastic or 

elasto-viscoplastic. With the global Xl and X2 axes centered at the center of a 

cutout. A variety of smooth curves can be presented by the equations ( SADEGH, 

1988-89, LEKHNITSKI, 1968) 

Xl = a( cos 0 + e cos 30) (5.1) 

X2 = a(f3 sin 0 - e sin 30) (5.2) 

where 'a' controls the size, 'e' the shape, and 'f3' the aspect ratio of the smooth 

cutout. 

For example, with f3 = 1, a slight variation of the above equations is 

a 
Xl = -1-( cosO + ecos30) 

+e 

X2 = _a_(sinO - esin30) 
1+e 

(5.3) 

(5.4) 

where (a,O) (when 0 = 0) and (O,a) (when 0 = 7r/2) are points on the curve. 

Considering a fixed and e design variable, e = -0.15, for example, gives a square 

with rounded corners and e = 0, of course, is a circle. 
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2. Objective functions and constrains 

The optimization problem is set up as: 

(5.5) 

subject to the constraints: 

(5.6) 

various choices are possible for the objective function ¢. Two of these suitable for 

the problems discussed in this chapter are: 

(5.7) 

1 fa - 2 ¢2 = -L (O'tt(S) - O'tt) dS 
aBc 

(5.8) 

where aBo is the outer boundary, aBc is the cutout boundary, O'tt is the tangential 

stress on the cutout boundary, att is the mean value of lTtt! and L is the total length 

of the cutout boundary. 

Equations (5.5) and (5.7) express the requirement of minimizing the external 

work done on the body ( on a traction free cutout ), and equations (5.5) and 

(5.8) express the requirement of minimizing the variance of the tangential stress 

on the cutout to be as uniform as possible. It is very important to note that, for 

time-dependent elasto-viscoplastic problems, an objective function is defined here 

as the value of ¢ at a fixed time T from the start of the deformation process. 

The constrains used in these problems are related to bounds on the shape design 
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variables. 

3. The Optimizer Used in The Work 

The subroutine NOONF (available from the IMSL library) has been used to 

obtain optimal solutions in the present study. This subroutine is based on the 

subroutine NLPQL, a FORTRAN code developed by SCHITTKOWSKI (1986). A 

brief description of the algorithm is given below. 

A typical nonlinear optimization problem is stated as follows: 

min~(b), 

subject to: 

hj(b) = 0, for j = 1, ... , m 

gk(b) ~ 0, for k = 1, ... ,p 

b, ~ bi ~ bu , for each component bi of b 

where ~(b) is the objective function, b is the design variable vector with n compo

nents, b, and bu are lower and upper bounds for each component of b, and hj(b) 

and gk(b) are equality and inequality constraints, respectively. 

The sequential quadratic programming algorithm NLPQL uses a quadratic ap

proximation of the Lagrangian and linearization of the constraints to define a se

quence of subproblems. 

Let d k be the solution of a subproblem at kth iterative step. A line search is 

used to find a new design, b k+ll defined as: 
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Equation above has no sum on k, such that the augmented Lagrangian function 

has a lower function value at the new design. Here)..k is the line search or step 

length parameter. 

The iterative process stops when the Kuhn-Tucker optimality conditions are 

satisfied within an acceptable tolerance. 

5.2 Numerical Implementation and Solution Strategy 

Numerical implementation of the standard elasto-viscoplastic problem and the 

sensitivity problem follows the usual practice ( see ZHANG,1992) . The boundary 

DB of the body is subdivided into piecewise quadratic, comforming boundary ele

ments. The variables Ti and Iii and their sensitivities are assuming to be piecewise 

quadratic on the boundary elements. The domain B of the body is divided into Q4 

internal cells. The nonelastic strain rate components, eli), and their sensitivities, . 
as well as the quantity dA / dA, are interpolated on the Q4 internal cells. 

Logarithmically singular integrals are integrated with log-weighted Gaussian 

integration formula. The O(l/r) singular domain integrals regularized by polar 

coordinate mapping method, which was given by MUKHERJEE (1982), and then 

evaluated by Gaussian quatrature on a square. Typical numbers of Gauss points 

used are 20 and 16 for regular and log-singular boundary integrals and 3 x 3 for 

regular and regularized domain integrals. 
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The solution strategy for the standard and sensitivity problems, which involves 

solutions of appropriate equations at the start of each time step, together with 

marching forward in time, is described in detail by ZHANG et al. (1992). Time 

integration has been carried out with fixed time steps. Optimal shape design is 

carried out by coupling the standard and sensitivity analyses with an optimizer, 

as illustrated in Fig.(5.1). For each iteration, values of the objective function, 

constraints, and their sensitivities, at a fixed time T from the start of the simulation, 

are input to the optimizer. The improvements in the shape design are carried out 

in an iterative manner. 

The optimization process, which involves analysis of standard and sensitivity 

problems, solutions of appropriate equations at the start of each step, together 

with marching forward in time is illustrated in Fig.(5.1). Time integration has 

been carried out with fixed time steps. 

Coupling of the optimizer with the mechanics and sensitivity calculations is 

straightforward. One must input the objective function and constraint functions 

at each iteration. Typically these functions depend on quantities such as stress 

or displacement and are, therefore, implicit as well as explicit functions of design 

variable b. The gradients of these functions, with respect to bj , are obtained 

from the sensitivities, such as du / db, by the chain rule of differentiation. It is 

important to note that, for elasto-viscoplastic problems, the above functions and 

their gradients are evaluated at a present time T from the start of the simulation. 

The optimizer used here ( see section 5.1 for detail ) performs very well for the 

problems considered in this work, provided that the sensitivities are obtained with 

sufficient accuracy. 
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Figure 5.1: Solution strategy for elasto-viscoplastic optimization 
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5.3 Results and discussions 

5.3.1 Elastic Shape Optimization 

These numerical examples have been solved to check the performance of the 

computer program against known elastic solutions. 

(a) Minimize external work. 

In this case, the objective function is cPt from equation (5.7) so that: 

* l * l * l * cPl= Tj ujdS + Tj Uj dS + Tiuid S 
8Bo 8Bo 8Bo 

(5.9) 

the plate is square, as shown in Fig.(5.2) and the cutout shape is defined by equa

tions (5.1) and (5.2) with f3 = 1. 'a' fixed, and 'e' the only design variable. A 

quarter of the plate is modeled because of symmetry. Geometrical and loading 

parameters are listed in table 5.1. Uniform biaxial loading, Tt> = T? = 1 MPa, is 

applied to the plate. The constraints used in this problem are: 

-0.15 ~ e ~ 0.10 (5.10) 

* 
The expression for dS IdS on the cutout AB can be obtained from Eq.(5.3) 

Eq.(5.4) and 

is a(Jxi.8+x~,8)lab 
dS = VXi,8 + X~,8 

(5.11) 

where Xi,O = f)x;jf)(), (i = 1,2). Convenient formulae for ni and ni on AB can be 

written as 
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Figure 5.2: Optimal shape design of a cutout in a plate 
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Table 5.1: Geometrical and loading parameters for cutouts in plates 

Problem Parameters 

Elastic Problem (a) L=30m 

a = 2/(1 + eo) = 2.353 

f3=1 

€ == design variable 

r1 = rf' = 1 MPa 

Elastic Problem (b) L=5m 

a=lm 

€=o 

f3 == design variable 

r1 = 4 MPa 

rf' = 3 MPa 

Elasto-Viscoplastic Problem L=5m 

a=lm 

€=o 

f3 == design variable 

r1 = S(t) = 8 + 4t MPa ( t in seconds) 

rf' = 0.75S(t), T=4 seconds 

b.t = 0.28 for 0 ::; t ::; 28j 0.058 for 2 ::; t ::; 48 



1.02 

(5.12) 

(5.13) 

Assuming the design velocities on the lines EA and BC are linear, one gets 

BC: 
* a(L-xl) 
Xl= , 

L-a(l+e) 
a 

(5.14) 
L - a(l + e) 

a 
(5.15) 

L-a(l+e) 

Design velocities and d S IdS are zero on the lines CD and DE in Fig.(5.2). 

The shape of the cutout, at different iterations, is shown in Figure (5.3). The 

converged solution, after seven iterations, is e = -0.01515. The well- known opti-

mal analytical solution for a cutout in an infinite elastic plate (BANICHUK, 1983) 

is a circle with e = o. 

(b) Minimize variance of tangential stress around cutout boundary. 

In this case, the objective function is rP2 from equation (5.8) so that: 

(5.16) 

where: 

* * L 1 fB * 1 fB * 
att= -r/tt + L J

A 
att dS + L J

A 
attd S 
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Initi2.! Shape 

E = 0.0232 

No.2 iteration 

€ = 0.1 
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€ = -0.01515 

Final Shape(7 iterations) 

Figure 5.3: Shapes of Cutout at Different Iterations 
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fB * fB * 
L = } A dS and L= } AdS 

The plate is square, as before. This time, an elliptical cutout boundary is 

modeled as: 

Xl = acosO, x2 = bsinO (5.17) 

with 'a' fixed and b = af3 the design variable. The constraints used in this problem 

are: 

0.3 ~ f3 ~ 1.0 (5.18) 

The results for successive iterations are given in Table 5.2. The convergent 

solution is f3 = 0.756. It is well known BANIClIUK (1983) that the optimal analytical 

solution for a cutout in an infinite elastic plate, in this case is an ellipse with 

f3 = 0.75. 

5.3.2 Elasto-Viscopla,tic Shape Optimization 

As discussed before, demands on numerical accuracy in elasto-viscoplastic prob-

lems are quite stringent, especially for the calculation of the rates of sensitivities 

of stress. 

It has been found useful to add the equation (i=1,2) 
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Table 5.2: Values of f3 and ¢2 at different iterations for the elastic shape optimiza-

tion problem (b) 

Number of iterations f3 = b/a 

1 

2 

3 

4 

5 

1.000 

0.300 

0.814 

0.738 

0.756 

rAidS = 0 
JaB 

¢2(MPa2
) 

2.70200 

15.28900 

0.17960 

0.01720 

0.00098 

(5.19) 

which reflects continuity of the velocity at a point on aB. The addition of this 

equation, together with Eq.( 4.12), has substantially reduced the condition number 

of the stiffness matrix obtained by descretizing Eq.( 4.12) - from 80,000 to around 

900 in one example. Also, inclusion of Eq.(5.18) improves the symmetry of the 

numerical solution in the problems that are physically symmetric. 

(a) A benchmark problem to check the accuracy of numerical resuls agains semi-

analytical solutions. 

An annular circular disc, of inside and outside radii a = 1.0m and b = 1.5m, 

respectively is considered, as shown in Fig.(5.4). Since the time integration can 

be fairly expensive, it appears best, at first, to suddenly apply a large pressure on 
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Figure 5.4: Benchmark problem of a circular disc 
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the boundary of the disc. This suddenly applied external pressure P = 12M Pa. 

The mesh and material model used are exactly the same as those for corresponding 

problem by ZHANG et al. (1992). A semi-analytical solution for this problem is 

also described in detail in that paper. 

The results are shown in Table 5.3, in which an 'analytical' solution ia an exact 

solution for an elastic annular disc while 'semi-analytical' solution is obtained by 

numerical time integration of a system of differential equations governing the elasto

viscoplastic deformation of an axisymmetric hollow disc, finally, 'BEM' refers to 

numerical solutions from the present two-dimensional DBEM approach. 

Numerical results for the sensitivity history are shown in Fig.(5.5). In this 

figure, the 'semi-analytical' solution can be considered exact, and the regularized 

DBEM equations given in this work is the most accurate. 

(b) Elasoto-viscoplastic optimization problems for cutouts in plates 

The problem discussed here is the elasto-viscoplastic version of the elastic opti

mization problem (b) in section 5.3.1. The objective function is now t/12, evaluated 

at a fixed time T in the deformation history, and the elliptical cutout is defined 

by Eq.(5.17) with a fixed and b = af3 the desing variable. The design variable has 

uper and lower bounds as 

0.5 ::; f3 ::; 1.0 (5.20) 

Referring to Fig.(5.1) and table 5.1, a fixed remote loading history, for the period 
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Table 5.3: Comparison of tangential stress att. att. Utt and att around cutout in 

circular disc 

Elastic Elasto-Viscoplastic 

~tt(MPa) att (MPa/m) utt(MPa/s) att (MPa/m - s) 

() BEM Anal. BEM Anal. BEM Semi-Anal. BEM Semi-Anal. 

0 -43.21 -43.2 -69.28 -69.12 207.77 205.01 2081.1 2072.2 

9 -43.19 -43.2 -69.03 -69.12 204.39 205.01 2097.3 2072.7 

18 -43.20 -43.2 -69.26 -69.12 204.97 205.01 2051.1 2072.7 

27 -43.20 -43.2 -69.02 -69.12 202.14 205.01 2070.9 2072.7 

36 -43.19 -43.2 -69.25 -69.12 203.15 205.01 2028.2 2072.7 

45 -43.20 -43.2 -69.02 -69.12 201.38 205.01 2063.3 2072.7 

54 -43.19 -43.2 -69.25 -69.12 203.16 205.01 2028.6 2072.7 

63 -43.20 -43.2 -69.02 -69.12 202.15 205.01 2072.0 2072.7 

72 -43.20 -43.2 -69.26 -69.12 204.99 205.01 2052.4 2072.7 

81 -43.19 -43.2 -69.04 -69.12 204.41 205.01 2099.4 2072.7 

90 -43.21 -43.2 -69.28 -69.12 207.80 205.01 2083.3 2072.7 
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o ::; t ::; T, is applied to the plate. The question is: for what values of (3 ( i.e. shape 

of the cutout) is the tangential stress around the cutout, at time T, as uniform as 

possible? For 7'f #- 7':[" the rate of stress relaxation around the elliptical cutout 

will not be uniform due to the stress concentration, the elasto-viscoplastic solution 

is expected different from the elastic solution. Also, the optimal value of (3 is a 

function of the loading history and the final time T. 

The choice of mesh, especially the internal cell, is crucial for the solution of 

this class of problems. In this work, a fixed mesh is chosen, based on numerical 

experimentation of problems with known elastic and elasto-viscoplastic problems. 

The mesh is shown in Fig.(5.6) and Fig.(5.7). 

With b as the design variable, the sensitivities of geometrical quantities, used 

in these calculations, are as following 

• Boundary 

On BC, CD and DE, 

d S IdS = 0, d A IdA = 0 (5.21) 

OnEA, 

(5.22) 

OnAB, 

Xl = acosO, X2 = bsinO, 
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Figure 5.6: Boundary elements and internal cells used for the elasto-viscoplastic 

problem 
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d S b3X~ d A 1 x~ 
dS = a4x~ + b4xf dA = b - b3' (5.23) 

• Internal points 

Inside the rectangle BCDF, 

(5.24) 

Inside the region BF EA, using a linear assumption for the velocity X2, 

and 

L - bJ1 - xIp/a2 
(5.25) 

where the quantities X2P, etc., are defined in Fig.(5.7). On the line FB, 

(5.26) 

Consider first, shown in Fig.(5.1) and table 5.1. Elastic stress concentrations 

for this problem, at points A and B, can be easily shown to be ( TIMOSHENKO and 

GOODIER, 1970): 

~ (A) - O'l1(A) - ')~ + 025 
O'u - S - ~ a . (5.27) 



114 

(5.28) 

As is well known (BANICHUK, 1983 ), if b/a = r? /ri (here is 0.75), the load ratio: 

at! on ellipse _ 75 
S -1. 

so that the tangential stress O'tt is uniform around the ellipse. This is the optimal 

solution for the elastic problem as discussed before. 

For the elasto-viscoplastic problem, however, the case r? /rf' = b/a does not 

lead to uniform relaxation of stress around ellipse. A useful way to see this is to 

define 'apparent' stress concentrations at points A and B in Fig.(5.1). For the case 

rf' = Sand r? = 0.75S, one gets, for elastic case, 

O'11(A) = 2~ + 0.25 
0'11(00) a 

(5.29) 

Thus, for example, for b/a = 0.75, the aforementioned numbers are 1.75 and 

2.333, so one might reasonablely expect the tangential stress to relax faster at B 

than at A in the elasto-viscoplastic case. 

The central result of this section is presented in Table 5.4. Here, for each value 

of 'b', T = 4 seconds. Table 5.4 shows successive values of /3, starting with the 

circle /3 = 1, for the shape optimization problem for the elasto-viscoplastic case. 

The iterations are seen to converge,at the fifth iteration, to the value /3 = 0.69, 

with a corresponding very low value of ¢2. 
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Table 5.4: Values of /3 and <P2(T) at different iterations for the elasto-viscoplastic 

shape optimization problem 

Number of iteratiobs /3 = b/a ¢2(MPa2
) 

1 1.000 31.566 

2 0.500 14.133 

3 0.724 0.411 

4 0.697 0.318 

5 0.690 0.011 

It is useful to comment further on some of the details of this problem. Table 5.5 

shows the stress concentrations at A and B, for different values of /3, for the elastic 

as well as elasto-viscoplastic, solution at time T. Table 5.6 shows the correlation 

of the 'apparent' stress concentration at A and B to the stress relaxation at these 

points in the elasto-viscoplastic case. It is seen that the point with larger 'apparent' 

stress concentration experiences larger relaxation of stress. 

Figure (5.8) shows the tangential stress concentration around the ellipse, at 

time T, for various values of 'b'. It is seen that the distribution for b = 0.75 is not 

uniform, while that for b = 0.69 is uniform at time T. 
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Table 5.5: Stress concentration at A and B for different values of f3 

Elastic Elasto-viscoplastic 

0'11 (A)/S(O) 0'22(B)/S(0) 0'11(A, T) 0'22(B, T) 

f3 Anal. BEM Anal. BEM BEM BEM 

1.000 2.250 2.380 1.250 1.224 1.619 0.943 

0.500 1.250 1.206 2.750 2.874 1.097 1.627 

0.724 1.698 1.714 1.822 1.885 1.324 1.250 

0.697 1.644 1.653 1.902 1.972 1.298 1.284 

0.690 1.630 1.636 1.924 1.998 1.290 1.294 

Table 5.6: Correlation of stress relaxation at points A and B with the 'apparent' 

elastic strain concentrations at these points 

'Apparent' stress concentration Drop in stress concentration 

Elastic:Analytical Elasto- viscoplastic:BEM 

f3 0'11 (A)/ 0'11 (00) 0'22(B) / 0'22 ( 00) ull(A, T)/Ull(A, 0) U22(B, T)/U22(B, 0) 

1.000 2.250 1.667 0.680 0.770 

0.500 1.250 3.667 0.910 0.566 

0.724 1.698 2.430 0.772 0.663 

0.697 1.644 2.536 0.785 0.651 

0.690 1.630 2.571 0.789 0.648 

0.750 1.750 2.333 0.761 0.675 
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In the first part of the work, microcracking analysis, a hybird micro-macro BEM 

formulation and a unit cell model have been developed for elastic components with 

multiple interacting micro-cracks. The effects of micro-scale features are introduced 

into macro-scale Boundary Element Method analysis through this proposed tech

nique. Numerical examples for multiple interacting carcks prblems show that the 

proposed BEM technique can solve the problems accurately and effectively which 

build up the bases for the success of the numerical scheme to analyze the elastic 

effective moduli of micro cracked solids in Chapter 3. The unmerical results of ef

fective elastic moduli of two-dimensional micro cracked solid presented in chapter 3 

show that the macroscopic moduli of the microcracked material depend on crack 

size and number through a single parameter-crack density, and the microcracks 

interactions are very important which means that using the non-interacting mi

cromechanics model to estimate the effective properties of the material can not 

yield satisfied solutions after crack density larger than 0.1. The initial applications 

to micro cracked solids have been very encouraging and can be developed to prob

lems involving various micro-features such as, secondary phase paticles, interfaces, 

reinforcing fibers, etc .. 

The second part of the work, shape design optimization, for the first time, 

presents numerical results for shape optimal design of elasto-viscoplastic situation. 

The approach combines shape sensitivity analysis and optimization by a sequential 

quadratic programming algorithm. The problem is physically nonlinear, and the 

sensitivities are history dependent. 
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These optimization problems for physically nonlinear materials are extremely 

challenging from a numerical viewpoint. Adaptive meshing and vector and paral

lel programming are expected to be essential for the efficient solution of realistic 

problems with several design variables. The important goal of this research is 

the optimal design of manufacturing processes-such as, the design of optimal die 

shapes for extrusion or optimal pre-form shapes for forging. Sensitivity analysis 

for large-strain large-rotation, elasto-viscoplastic problems, suitable for the design 

of manufacturing processes has been done by ZHANG et. al. (1992). 
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