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Abstract 

Extrasolar planets orbiting nearby stars induced small perturbations to the apparent 

position of the star against a reference. The same perturbations, however, can be induced 

by the propagation of light through the Earth's turbulent atmosphere. The differential cen

troid motion between a target star and a reference star of small angular separation, a dou

ble star system, has been investigated. 

We have verified the theory of differential centroid motion in the 2 - 20 arcsec sep

aration regime as a function of aperture diameter and integration time. We have con

ducted a comparison of the traditional centroid differencing technique of planet detection 

and an alternate technique using the cross-correlation of the two short-exposure speckle

grams to form a separation estimate. The speckle cross-correlation technique can exceed 

the differential centroid technique in precision, but is a strong function of the effective 

thickness of the turbulent atmosphere. Even so, we have determined that the atmosphere 

will allow an 8 meter diameter telescope to achieve standard errors sufficient to detect the 

presence of Jupiter-sized planets in orbit about Sun-sized stars at 10 pc at a 5 sigma confi

dence with regular observations of 20 minutes in length when rO = 20 cm at A=0.9 f..Lm. 

Achieving this precision in practice will require unprecedented control of systematic 

errors. 

Also with the motivation of unprecedented angular resolution astrometry, we have 

developed a new theory and experimentally verified a piston-phasing technique for array 

telescopes that resulted in a diffraction-limited image from a 6.87 meter baseline imaging 

array at a wavelength of 2.2 microns, the highest resolution image ever obtained to date of 

a star from the ground. 
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Finally, we have demonstrated the feasibility and utility of predicting centroid 

motion over a 6.87 meter baseline imaging array. We have shown how spatial information 

improves the prediction compared to temporal information alone, particularly in poor see

ing conditions. We have verified that for moderate conditions at the MMT site, simple 

delta rule training of a linear predictor yields excellent results and that the complexity of a 

two-layer perceptron neural network based predictor is not necessary. 



Chapter 1 

Introduction 
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Light propagating through the Earth's atmosphere is distorted by random fluctua

tions in the index of refraction of air. These fluctuations are induced by thermal gradients 

that arise from a variety of natural and human-made sources. The consequences of this 

distortion effect a variety of endeavors involving the propagation and detection of optical 

radiation upon the Earth's surface. 

The classical curse of atmospheric turbulence is a degradation of both the achiev

able resolution, typically 0.5 to 1.0 arcseconds, and resultant signal-to-noise level of astro

nomical images collected with ground-based telescope. These limits determine what level 

of detail can be seen of distant galaxies or low-Earth orbiting satellites. They also affect 

the ultimate imaging ability of aircraft and missile-mounted optical systems viewing hori

zontally along the ground. 

Emerging technologies, however, are also limited by the index fluctuations in the 

atmosphere. Communications systems based upon free-space propagation of laser light 

are hampered by wedges of differing index of refraction in the atmosphere which bend the 

laser beam away from its target receiverl. A one arcsecond (asec) deviation in the direc

tion of a laser beam will cause a 50 cm deviation at a distance of 100 km. These links 

promise to improve communications bandwidth and reduce electronic interference for 

devices ranging from weather satellites to personal cellular telephones, but must overcome 

the difficulties of atmospheric tilt variations. 

The range of important scientific and technological issues currently under consid

eration that can benefit from an investigation of the limitations imposed by the Earth's 
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atmosphere on beam wander and image degradation is large. This dissertation addresses 

aspects of atmospheric turbulence common to all of them. One application, however, that 

is particularly exciting and timely is that of searching for and studying planetary systems 

surrounding other stars. 

There is currently under construction a new generation of large, lightweight tele

scopes, ranging in diameter from 6.5 - 10 meters. These colossal instruments have the 

potential to revolutionize astronomy and yield the highest resolution information concern

ing our universe ever obtained if the blurring effects of the atmosphere can be compen

sated. 

1.1 Indirect extra-solar planet search 

The nature of the planets has been a central pondering of religious, philosophical, 

and mythological thought throughout recorded history. The complementary questions of 

the existence and abundance of planetary systems in orbit about stars other than our own 

have existed for nearly as long, with Galieo's discovery of the major satellites of Jupiter 

marking the beginning of modem scientific study. Despite this long history, and the 

importance of these questions to our understanding of human origin, the challenges posed 

by the great distances to other stars prevented the confirmed discovery of extrasolar plan

ets. The spectacular success in the mechanized exploration of our own solar system, in the 

1970's and 80's focused even more attention upon the question of extrasolar planets. 

In 1988, a NASA Solar System Exploration Division science working group, 

building on previous studies, was charged with the formulation of a comprehensive strat

egy for the detection and study of planetary systems orbiting stars other than our own. 

The culmination of this group's efforts was a week-long workshop in January 1990 meet-
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ing, themed "Toward Other Planetary Systems." This first TOPS workshop resulted in a 

three-phase plan, presented for consideration to NASA, recommending a staged program 

of observation and technological development2• The motivation for this program was 

given in boost in 1991 with a National Academy of Sciences identification of extrasolar 

planetary study as a key opportunity for the 1990's3. While the TOPS plan called ulti

mately for large space- or moon-based observatories, to be built well into the next cen

tury, it's first phase, TOPS-O, emphasized the advancement of existing ground-based 

indirect observational techniques. 

Indirect observation of extrasolar planets is based upon the effect of the planet's 

orbit upon the apparent motion of the parent star. Two broad categories of indirect detec

tion exist, radial velocity spectroscopy and imaging astrometry. The spectroscopic tech

nique utilizes the Doppler shift of electromagnetic radiation emitted by sources moving 

toward or away from an observer. As the parent star enjoys the perturbation to its motion 

induced by companions, it moves away from and toward the Earth along the line of sight. 

This motion shifts the electromagnetic spectrum down and up in frequency. By measuring 

these frequency shifts, details concerning the nature of the companions can be gleaned. 

Several concerns and ambiguities of this technique can be addressed through supplemen

tal observations2• 

Imaging astrometry utilizes the reflexive motion of the star about the star-planet 

barycenter to determine the orbital parameters of the companion. In the presence of a sin

gle companion, the star would appear to follow an elliptical orbit with an period equal to 

that of the planet and a semimajor axis of, 



e = Mp (.!...)2/3 
r MS 

23 

(1) 

where M p is the mass of the planet, M S is the mass of the star, P is the orbital period of 

the planet, and r is the distance of the system from Earth. With r in parsecs (pc) and P in 

years, e has units of arcseconds. 

If our solar system were viewed from directly above the ecliptic plane at a distance 

of 10 pc, the presence of Jupiter would result in a perturbation of the Sun's position with 

amplitude 0.5 milliarcseconds (mas) and a period of 11.9 years. One second of arc, abbre-

viated arcsec or asec, is equivalent to 113600 of a degree or 4.8 Ilrad. A Uranus-sized 

planet would induce an 84 microarcsecond (!las) perturbation at that distance, while an 

Earth-sized plane would induce a mere 0.3 Jlas motion. 

Within 10 pc there exists some 300 candidate stars, with 200 or so known to exist 

as part of a double star system and 100 known to be single2• Alth.ough planet formation is 

not theoretically possible in some very close double star pairs, the majority of these stars 

are believe capable of having complicated planetary systems such as our own. 

Atmospheric turbulence degrades the precision with which astrometric measure-

ments can be made from ground-based instrumentation. The improvement of ground-

based astrometric techniques called for in the TOPS-O plan requires more detailed under-

standing of the atmospheric limitation to astrometric precision. Chapters <3>-<5> of this 

work investigates this limitation. 
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1.2 Direct ex1ra-solar planet search 

Direct imaging of extrasolar planets poses a tremendous technological challenge. 

The greatest difficulty, however, does not lie in instrumental resolution. The Sun-Jupiter 

distance, when viewed from 10 pc, is more than 0.5 asec. This can be resolved with a tele

scope of aperture of 0.5 meters using visible light, either in space, or ground-based with 

full adaptive optics correction. The limitation to direct imaging is the contrast between 

the light from the parent star and that of the planet. Diffraction and scattering of starlight 

by the collecting telescope, and scattering by Zodiacal light in the target system2, yields a 

ratio of starlight to planetlight for optical and near-infrared wavelengths in a Sun-Jupiter 

system at 10 pc of approximately 10 9. Despite this, techniques have been proposed to 

eliminate each of these deleterious contrast effects, including one approach of pushing 

ground-based adaptive optics to the limit. Adaptive optics provides the opportunity for a 

revolution in infrared and optical astrometry, of which direct planet detection is only one 

application. 

1.3 Adaptive optics and speckle techniques 

The need for adaptive optics has been recognized for centuries. Ever since early 

telescopes grew larger than 10 cm, observers have been aware of this limiting aspect of 

atmospheric turbulence. Isaac Newton described the deleterious effect of atmospheric tur

bulence in 1730, but saw no solution to the problem, although he recognized the possible 

benefits of a mountain-top observatory5. For centuries, the overwhelmingly accepted 

approach to dealing with atmospheric aberrations was simply to suffer them. Telescopes 

became more powerful in their light-collecting capability, but aside from advances in 

dome construction, there was no progress toward improved angular resolution. 
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Newton's suggestion of rising above atmospheric turbulence was revitalized with 

the advent of space flight. Civilian efforts in this vein have proceeded for over 30 years 

and culminated with the deployment and correction of the Hubble Space Telescope (HST). 

With a mission cost of over $2 billion, however, this project demonstrated the difficulty 

and expense of launching a 2.3 meter telescope into low Earth orbit and served to empha

size the high cost of space-based astronomy to the public. 

Meanwhile, through a series of advances beginning in 1970 with Labeyrie's real

ization that short exposure specldegrams contain information out to the diffraction-limit6, 

postprocessing of short-exposure speckle images became the workhorse high-angular-res

olution imaging technique. Throughout the 1970's and 80's, small aperture optical inter

ferometry also excelled, achieving unprecedented angular resolutions at optical 

wavelengths7. Both of these techniques, however, suffer severe signal-to-noise ratio limi

tations when viewing moderate to faint stars. 

By the early 1990's, several technological and political factors had contributed to a 

resurgence in techniques of adaptive correction of ground-based optical instruments. 

Advances in computing power had reached a point where it was feasible to perform the 

many calculations necessary to sense and correct incident wavefronts before the ever

evolving atmospheric aberrations could significantly change. Simultaneously, optical fab

rication methods had advanced to allow the construction of a new generation of continu

ous and segmented telescopes. At the time of the HST repair mission, a 6.5 meter 

continuous-facesheet lightweight honeycomb sandwich mirror had already been cast by 

the University of Arizona8• The angular resolution theoretically achievable with this and 

other new telescopes provides unprecedented incentive to ameliorate the effects of atmo-
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spheric turbulence. The high cost of the HST invoked a reconsideration of less expensive, 

ground-based techniques. Finally, in 1992, the United States military declassified much of 

the results obtained in its AO program, begun in earnest in the early 1980s9• As of this 

writing, the effect of this declassification, along with renewed cooperation between the 

military and academia, continues to reverberate around the civilian, and particularly the 

university, communities. 

These impetuses have brought adaptive optics into the forefront of modem instru

ment design. At a recent meeting on the future of astronomical telescopes and instrumen

tation held in Kona, Hawaii, adaptive optics capabilities of one form or another were 

under consideration to be incorporated as user facilities for almost every major new astro

nomical telescopelO. 

The explosive growth of efforts in adaptive optics raises a need to understand the 

behavior of the turbulent atmosphere in a way that is complementary to the recent call for 

advancement in indirect astrometric techniques for planet detection. Chapters <6> and <7> 

contain the results of two investigations into adaptive optics techniques and limitations. 

1.4 Outline of this work 

Before new imaging astrometry and adaptive optics systems can be intelligently 

designed, more information concerning the nature of atmospheric imaging and beam 

direction with large telescopes is required. Our goal in this work has been to collect and 

interpret a portion of the required information that shall allow system engineers to develop 

realistic requirements for the coming generation of adaptive optics instrumentation. 

We begin the discussion of atmospheric turbulence with a review of turbulence 

theory and atmospheric imaging in Chapter <2>. In Chapters <3> through <5> we present 



27 

the details of an investigation of the limitations to astrometry and guide star tracking from 

the ground. We review and present original simulation and experimental results for a 

powerful, but little-used, astrometric technique, speckle cross-correlation, that is expected 

to excel when implemented with new 6.5-10 meter telescopes. We also present first-time 

experimental verification of the dependence of astrometric error upon aperture diameter, 

in both the photon-noise-limited and atmosphere-limited regimes. Original experimental 

results for the improvement in double star separation measurement as a function of inte

gration time is similarly presented. Finally, we discuss first-time quantitative evidence of 

the degree of dome seeing at the Steward Observatory 2.3 meter telescope atop Kitt Peak. 

We then tum to a discussion of new adaptive optics techniques for array tele

scopes, including an experimental implementation of a new technique of phasing multiple 

telescope imaging arrays in Chapter <6>. Finally, in Chapter <7>, we present the results of 

an experimental effort to measure and predict the image motion for each element of an 

array of telescopes through machine learning. 

This work has been part of the ongoing research effort in adaptive optics at Stew

ard Observatory under the direction of J.R.P. Angel. This dissertation represents the 

author's contribution to a much larger successful research effort. 
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Atmospheric Imaging Theory 

2.1 The nature of atmospheric imaging 
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The unprecedented theoretical imaging resolution offered by the new 6.5-10 meter 

class of optical telescopes will only be realized if the degrading effect of Earth's atmo-

sphere can be eliminated. The tremendous gains to be had by compensating an 8 meter 

telescope at visible wavelengths is demonstrated in the simulated images of Figure <2-1 >. 

a) 1.28 asec c) 

Figure 2-1 Simulated monochromatic images, 1.28 asec x 1.28 asec field, A. =0.5 11 m: a) 

Typical short-exposure point spread function when imaging with an 8 m telescope through 

the turbulent atmosphere, b) Diffraction limited image of fully-corrected Hubble Space 

Telescope (2.4 meter diameter), c) Diffraction limited image of an 8m telescope. See the 

Appendix for a discussion of the simulation technique 

Typical seeing conditions at excellent astronomical sites limit the uncorrected long-expo-

sure spatial resolution of large telescopes to greater than approximately 250-750 mas, as 

shown in Figure <2-1 >a. The broken speckle pattern is the result of phase perturbations 
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induced in the wavefront by random index fluctuations in the atmosphere. In poor seeing 

conditions, the limit to resolution may as large as 3000 mas or more. 

The theoretical angular Rayleigh resolution of an unobscured 8 meter circular tele

scope, however, is 69.2 mas at an observing wavelength of 2.2 microns and 15.7 mas at a 

wavelength of 0.5 microns II, as shown in Figure <2-1 >c. For comparison the theoretically 

perfect image from the Hubble Space Telescope at this wavelength is 54.7 mas, as shown 

in Figure <2-l>b. 

Using the next generation of large telescopes, the potential exists to perform higher 

resolution imaging from the ground than from the HST in space. An important step in the 

development of adaptive optics systems, however, is formulating a better understanding of 

the nature of atmospheric turbulence and the limitations of guide star tracking and astrom

etry. 

2.2 The causes of optical turbulence 

Electromagnetic radiation propagating through the Earth's turbulent atmosphere 

suffers random phase perturbations due to spatial variations in the index of refraction of 

air, as depicted in Figure <2-2>. Light from a distant unresolved source arrives above the 

Earth's atmosphere as a spatially coherent complex amplitude field. Propagation through 

the Earth's atmosphere, however, induces aberrations into this wavefront. These aberra

tions arise from variations in the index of refraction of air caused by temperature and 

humidity fluctuations. An excellent review of the atmospheric physics that causes these 

variations can be found in Reference <12>. 
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Figure 2-2 . Schematic representation of starlight incident upon a collecting telescope, 

after propagation through the Earth's atmosphere. 

2.3 Atmospheric imaging terminology 

To describe the nature of atmospheric imaging, we introduce several quantities that 

we shall refer to frequently throughout the remainder of this work. 

2.3.1 Refractive index structure constant 

The mean-squared phase fluctuation between two points on an optical wavefront 

can be described by the structure function, 

(2) 
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where ( ... ) indicates an ensemble average. In the presence of atmospheric turbulence, 

we might expect the mean-squared phase fluctuations of the wavefront to increase with 

increasing separation. An example of this would be if the atmosphere differed by a ran-

dom step in index over each small separation or. In this case, we would expect the index 

structure function to obey, 

(3) 

where the constant C determines the overall amplitude of the fluctuations. 

KolmogorovI3 and Tatarski 14 showed that a more realistic description of the index 

fluctuations present in the atmosphere is given by, 

(4) 

where C~ describes the strength of turbulence. This quantity, the refractive index struc-

ture constant, is fundamental to the description of the vertical distribution of turbulence 

and is often given in terms of the phase fluctuations induced upon a wavefront passing 

through an infinitesimal thickness of atmosphere, C~ (h) dh. 

2.3.2 Fried's coherence parameter 

A quantity closely related to the refractive index structure constant is Fried's 

coherence parameter, given by1S 

ro = (0.423 k2 sec (~) f C~ (h) dh) -315 (5) 
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where k = (2n) fA is the optical wavenumber and ~ is the observing angle from zenith. 

r 0 is a description of the overall strength of turbulence in the entire atmosphere and has 

the physical interpretation of being the scale size over which the wavefront remains coher-

ent. It is a function of the observing wavelength, 

r oc: (1...) -3/5 = A 615 
o /..,2 

(6) 

For A = 0.5 Jl m, r 0 typically ranges from 5 to 20 cm. Long exposure images taken under 

conditions of r 0 = 10 cm have a FWHM (full-width at half-maximum) of approximately 1 

arcsecond. In this paper, r 0 values shall always be given for wavelength 0.5 Jl m, unless 

otherwise noted. 

Tatarski 14 showed that the spatial structure function for the phase of a wavefront 

perturbed by Kolmogorov turbulence can be written over the range extending from the 

inner scale of turbulence to the outer scale12 by, 

D (x) = 6.88 (~)513 
~ ro 

(7) 

where D ~ is the mean-squared phase difference between two points separated by a dis-

tance, x, in units of rad2 . Beyond the outer scale of turbulence the phase fluctuations no 

longer increase. The size of the outer scale depends upon the observing site and atmo-

spheric conditions. The size of the outer scale remains a point of research and debate. 
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2.3.3 Isoplanatic angle 

Similarly, one can define an angle over which wavefronts from difference sources 

encounter approximately the same atmospheric phase perturbations. Here, we specify two 

wavefronts to be "approximately the same" when the mean-squared phase difference 

between them is equal to 1 rad2 . This is occurs at an angle known as the isoplanatic 

angle, 90 , and is given byl2, 

90 = (2.91 k 2 sec8/3 (~) f C~ (h) h5/3 dh )-315 (8) 

80 differs from r 0 in that whereas the former depends upon the vertical distribution of tur

bulence, the latter depends only upon the total aberration, independent of height. The 

isoplanatic angle is typically a few arcseconds at an observing wavelength A. = 0.5 J.LmI2. 

This definition of isoplanatic angle is most frequently used in the context of the 

angular distance from a science object an adaptive optics guide star can be located and 

continue to provide "good" wavefront information. More specifically, if phase corrections 

are applied to one wavefront that were measured using a second wavefront, propagating 

from a point 80 arcsec on the sky away, the residual mean-squared phase aberration 

would be 1 rad2 • We shall see in Section <3.4.2> that this definition ofisoplanatic angle is 

not the only one possible. 

2.3.4 Effective turbulence height 

In general, we can relate the isoplanatic angle and the Fried's parameter by defin-

ing an effective turbulence height, h, where, defining h as height above the ground, 



Then we have, 

it. = (J h5/3 C~ (h) dhJ 3/5 
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(9) 

(10) 

For the case of a single thin phase screen at altitude z, we have 

C~ (h) = C; 0 (h - z) , where 0 is the Dirac delta function, and h = z. In this case the 

shear, ax = 9z, at the phase screen in the directions of the two stars must be less than 

order r 0 to remain with the isoplanatic angle. For the case of two thin phase screens, one 

at altitude z and the other at ground level, that have a combined effective turbulence char-

121 acterized by rO' we use Cn2 (h) = - C 0 (h -z) + - C2 0 (h- 0) . 2 nl 2 n2 

2.3.5 Strehl ratio 

Often in the discussion of atmospheric imaging and adaptive optics, we are called 

upon to quantitatively describe the deleterious effects of turbulence anci subsequently the 

degree of success to which this aberration has been corrected. One measure of quality of 

the near-diffraction-limited image is the Strehl ratio, defined as the ratio of the peak. irradi-

ance of an image to the peak irradiance of the image that would be formed by that optical 

system in the absence of all aberration (i.e. diffraction-limited). Mathematically, the 

Strehl ratio, SR, is given by, 
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.>0. 

SR = _1_(_0)_ 
.>0. 

(11) 

Iperfect (0) 

For small phase errors, Ll < 1 rad 2 , the Strehl ratio can be approximated as, 

SR = e-6. (12) 

where Ll is the mean-squared wavefront error in rad2 . 

2.3.6 Kolmogorov-Zernike residuals 

The spatial frequency spectrum of Kolmogorov turbulence can be expanded in 

terms of the Zernike polynomials, a set of basis functions orthonormal over the unit circle 

often used in the description of classical aberrations of optical systems. The lowest order 

Zernike terms correspond to piston, tip, tilt, and defocus. For a complete description of 

the Zernike basis set, see References <11> and <16>. Noll17 has carried out this expansion 

in detail, but for our purposes here, we are interested in one result from his work, as fol-

lows. 

For a low order adaptive optics system, Noll showed that the residual mean-

squared wavefront error after the correction of the first N Zernike terms for a filled-aper-

ture telescope is given in Table <2-1 >. We see that an overwhelming majority of the total 

mean-squared phase error occurs in the lowest order Zernike terms. The tip and tilt terms 

result in a mean-squared phase error ~~~~ = 19.5 times that of the focus term. 

It is because of the large reduction in mean-squared phase error that can often be 

achieved through correction of only the lowest order wavefront aberrations that we pro-
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N 

1 (no correction) 1.0299 (~ y/3 

2 (tip corrected) 

3 (tip and tilt corrected) 0.134 (~y/3 

4 (tip, tilt, and focus corrected) 0.111 (~ y/3 

Table 2-1 Residual mean-squared phase aberration after the correction of the first N 

Zemike terms (not including piston). 

ceed to investigate the lowest order atmospheric phase errors in the remainder of 

this dissertation. 
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Astrometry is the science of measuring the position and motion of celestial bodies. 

The determination of proper motion, distance, orbital motion, rotational motion, mass, 

size, and age of celestial bodies all require a careful study of position. Guide star tracking 

for adaptive optics systems and ground-to-space beaming of communication lasers are 

other forms of the same astrometric problem. 

The difficulty in achieving high astrometric precision from the ground arises from 

the anisoplanatism of the turbulent atmosphere. The turbulence-induced wavefront distor

tions for two different propagation paths are not identical, resulting in a space- and time

variant point spread function for direct imaging. The consequence of this anisoplanatism 

is the introduction of an uncalibratable error in any astrometric estimate of object separa

tion. Given careful control of systematic errors, this fundamental atmospheric limitation 

determines the precision of the measurement. 

The construction of new, larger telescopes has provided improved precision, as 

will be discussed in Sections <3.3.1> and <3.3.2>. However, traditional astrometric meth

ods are limited by the atmosphere in a way that does not show much improvement with 

increasing telescope aperture. There is the potential for very high accuracy with large tele

scopes if advantage can be taken of the following factors: First, the differential atmo

spheric distortion of images of closely adjacent stars is less with larger aperture; second, 

the diffraction limit is sharper, and third, photon statistics are improved. 
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In this Chapter, we shall first review the state-of-the-art of astrometric measuring 

techniques, including previously and recently derived theory concerning the nature of the 

gain to be expected through the use of new large telescopes. We indicate the presence of 

two distinct limitations of astrometric precision, one being the atmosphere and the other 

detector and photon noise. Following, we shall describe the relatively overlooked tech

nique of speckle astrometry, and indicate why recent advances in detector technology and 

computing power, in addition to larger telescope construction, promise to elevate this 

technique into a widely-used approach for astrometric measurement at very-narrow field 

angles, especially at excellent observing sites. 

3.2 Previous techniques and results 

Because astrometry has such varied applications, there has been an extensive his

tory of the development of techniques to measure celestial positions to better accuracy18. 

The most fundamental method of determining the position of a celestial object is to com

pare its position in the sky to an established reference frame composed, usually, of a set of 

known reference stars. Traditionally, photographic plates were used to establish image 

centroid measurements. Photographic plate techniques in 1980 reported precisions that 

were typically 23 mas per plate19, limited primarily by film grain nonlinearities2o• 

With the conversion from photographic plate to charge-coupled device (CCD) 

detectors, many errors associated with plate use were eliminated so that today atmospheric 

anisopla!latism ultimately limits achievable astrometric precision. An observational pro

gram at the Kitt Peak National Observatory 4-meter telescope in 1983 reported 1 mas 

standard errors for the positions of faint (m,v = 16) stars after several nights of observa-

tion, utilizing a low QE, relatively high-noise CCD.21 The current state-of-the-art preci-
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sion achievable through narrow-angle imaging astrometry at large filled-aperture 

telescopes has recently been given at normal astronomical sites as 2-3 mas in a one hour 

integration and 0.5 degree field-of-view22• 

In 1977, McAlister suggested an alternative to traditional astrometry performed 

through the measurement of star centroid 10cations23. The principle underlying this tech

nique is to measure the separation of two components of a double star by calculating the 

location of the peak of the cross-correlation of two short-exposure star speckle images. 

For two components of a double star pair with separation of order the isoplanatic angle, 

the cross-correlation is a highly peaked function superimposed upon low, broad back

ground. The peak is due to superposition of similar speckle patterns at the true star separa

tion. This peak has a width approximately the same as that of individual speckles, 

determined by the telescope diffraction limit. The low, broad, background results from the 

overlap of non-corresponding speckles in the two patterns that occurs at separations other 

than the true separation. The width of this background is approximately the width of the 

cross-correlation of the atmospheric long-exposure point spread function, or seeing disk. 

Whereas, in long-exposure relative astrometry, the quantities to be calculated are 

exact centroids of seeing disks, the cross-correlation methods involves the calculation of 

the centroid of the one-speckle-wide cross-correlation peak. The speckle cross-correlation 

method is superior to that of conventional relative astrometry in that utilization is made of 

high spatial frequencies not present in the long-exposure image. However, it breaks down 

at angular separations at which the speckle patterns become decorrelated. 

McAlister demonstrated separation measurement standard errors of 2 mas in each 

direction for a 1.6 asec double star averaged over 50 short exposure speckle observations 
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with the 3.8 m stopped pupil of the KPNO Mayall reflector23• When a set of such determi

nations were later compared to previously accurately known orbits24, he and DeGioia 

demonstrated residual errors of 0.3 ± 5.7 mas, indicating the absence of serious system

atic errors in speckle astrometry. However, since then speckle techniques applied to dou

ble stars have been used almost exclusively to resolve very close double star pairs with 

separations smaller than the seeing disk. 

The atmospheric limitation to astrometry based up the cross-correlation of two vis

ible speckle grams with nearly identical instantaneous point spread functions has, to our 

best knowledge, received little attention since its original suggestion by McAlister23, 

although McKechnie25 has investigated correlations of infrared speckle grams. At infra

red wavelengths, however, conditions are typically such that (D/To) ::; 3 and a single 

speckle is dominant. We wish to consider here more developed speckle distributions 

which occur when using short observing wavelengths. 

Lohmann and Weigelt26 derived an expression for the peak strength of the cross

correlation of two specldegrams. They showed the peak strength depended upon the 

square of the overlap area from We two projections of the telescope aperture upward onto 

a thin turbulence layer. The peak strength of the cross-correlation peak is further discussed 

in Section <4.5>. 

Optical interferometers, however, have provided the highest precision measure

ments of astrometric position to date. In 1993, Colavita reported27 an astrometric accu-

racy of 21 J.las/ Jh, where h is time in units of hours, using the 12-m baseline of the 

Mark ill interferometer on Mt. Wilson for a very-narrow-angle observation of a Gem, a 
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3.28 arcsec double star pair with mv = 1.9 and 2.9 in conditions of r 0 = 23.9 cm at A = 

0.55 J.lm. This results, however, included the subtraction of a photon-noise bias that is 

always present in the small (5 cm diameter) apertures of the interferometer. For later com-

parison, we shall here present this result in a different manner, namely that the astrometric 

precision in a 4-sec measurement before bias correction was approximately 0.76 mas. We 

shall compare Colavita's result with the experimental results of this work in 

Section <5.2.4.3>. 

3.3 Differential centroid astrometry 

The most common form of astrometric measurement conducted with large tele-

scopes today generates an estimate of the separation of two stars by calculating the cen-

troid positions of each star individually and then forming their difference. The two-

dimensional centroid of a pixelated CCD image is equivalent to the "center of gravity" of 

the image. For an M x N pixel image, the centroid coordinates are given by, 

N-IM-l 

" "x. I .. £.. £.. l lJ 

i=O j=O 
x=-----

N-l M-l 

L L Iij 
i=O j=O 

N- 1 M- 1 

L L Yj1ij 
i=O j=O 

y=-----
N-l M-l 

L L Iij 
i=O j=O 

(13) 

(14) 
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where x. and y. are the x- and y-coordinates and / .. is the value of the signal read out of 
l J lJ 

the i, j th pixel. 

The calculation of a centroid position is subject to many pitfalls. Uncorrected sky 

background or detector response variations can bias the centroid calculation. Electronic 

interference in the CCD control electronics can also introduce errors, as can spurious cos-

mic ray events that induce spikes in the CCD image. For these reasons, considerable care 

must be taken in the reduction of CCD data28• Fundamentally, however, photon and detec-

tor readout noise limit the calculation of a centroid position. This will be discussed in 

Section <3.3.2>. Although techniques to minimize the effects of noise, primarily in an ad 

hoc fashion, have been implemented by others29, we have not introduced such complica-

tions to this work. 

The centroid of an image has been shown to be equivalent to the line integral of the 

wavefront tilt taken around the perimeter of the collecting aperture in the absence of 

scintillation3o• Mathematically, 

x = ~2,( \jI(x,y) E ·d} 
knR j x 

(15) 

where k is the propagation wavenumber, 2n/A, R is the aperture radius, \jI (x, y) is the 

wavefront phase at the entrance pupil, Ex is the unit vector in the x -direction, and d~ is 

the differential line segment along the integration contour. A similar expression can be 

written for the y-direction. The important implication of Equation < 15> is that phase vari-

ations within the aperture do not affect the resultant centroid. The difference in the cen-

troid locations of two stars depends only upon the integrals of the phase around the 
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aperture perimeter. We shall show in Section <3.4.2> how speckle techniques can extract 

additional information useful in estimating astrometric positions from the phase informa-

tion within the pupil. 

3.3.1 Theory of atmosphere-limited measurements 

We consider first the case in which atmospheric turbulence is the limitation on the 

differential centroid measurement. Noise-limited differential centroid measurements shall 

be considered in Section <3.3.2>. 

The atmospheric limitation to differential centroid astrometry has been the subject 

of investigation for many years and enjoys a well-developed theoretical treatment. 

Lindegren31 and Shao and Colavita32 calculated that the standard error in an astrometric 

measurement based upon centroid differences exhibits differing behavior in two distinct 

angular regimes. They showed that the variance in a differential centroid double star sep-

aration measurement is given by, 

{ 

D-4/3 82 fdh C~ (h) h2 V-I (h) t-1I2 

(j2 = 5.25 x 
82/3 fdh C~ (h) h2/3 V-I (h) t-1I2 

D D 8«- t»-
h* V 

D (8h) 8»- t»--h V 

(16) 

where D is the telescope diameter, 8 is the stellar separation, C~ (h) is the vertical tur-

bulence strength profile, V-I (h) is the vertical wind speed profile, and h is the mean tur-

bulence height. When evaluated using standard C~ (h) and V-I (h) profiles31 , 

Equation <16> yields, 
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{ 

113 -112 { 1.458 t 8»D14300 t»300 8 
0' = arcsec,'. 

x 540D-2/38t-1I2 8«DI4300,t»DI14 
(17) 

where D is in meters, 8 in radians, and t in seconds. Han33 experimentally verified the 

validity of this equation in the traditional narrow-angle regime, 8 » D I Ii . Gatewood34 and 

Colavita27 noted the experimental existence of differing behavior in the very-narrow-angle 

regime, 8« D I h * , and, recently, more detailed investigations of this regime have been 

made by Sivaramakrishnan35• We note, however, that little experimental consideration has 

been given to the detailed verification of each of the dependencies in 

Equations <16> and <17>. 

Sandler, et.al. have calculated the magnitude of the centroid error resulting from 

differential tilt in the context of adaptive optics36. Defining the x-direction as the direction 

connecting the two stars under observation and the y-direction as normal to the x-direc-

tion, Sandler, et. al., found that the instantaneous differential centroid errors, 0' x and 0' y 

are given in units of radians by, 

( A)(D)-1I6( 8 ) O'x = 0.217 15 rO 8
0 

(18) 

( A)(D)-1I6( 8 ) O'y = 0.125 15 rO 8
0 

(19) 

where the domain of validity, 8::;; 0.5 (D I r 0) 80 , depends linearly on aperture diameter, 

D. This is the uncertainty in the double separation derived from energy centroids of indi-

vidual snapshots. 
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We can relate the Sandler, et. al. result for instantaneous centroid errors to those 

derived by Lindegren for centroid integrations3l • Lindegren considers only motion in the 

direction joining the two stars (direction x in Sandler, et. al.). So, beginning with 

Equation <18>, we proceed, assuming for now that the error in the centroid determination 

reduces as (1 I JFrJ t -112 , where N is the number of independent measurements per 

second. We shall discuss the validity of this assumption in Section <5.2.5>. Further, we let 

the atmospheric phase aberrations remain fixed and move across the pupil at the mean 

wind velocity of v. If we then assume that independent measurements can be obtained 

approximately every Dlv seconds, we find that the multi-exposure centroid error can be 

represented as 

(20) 

Now, evaluating Equation <20> using the assumptions of Lindegren, namely the Hufnagel

Valley turbulence model36 (which yields rO = 0.18 meters and 90 = 1.5 arcseconds at A = 

0.5 microns) and an average wind speed v = 14 rn/s, we find 

(j = 590 D -2/3 9 t -112 (21) 

where, following Lindegren, we have normalized Equation <21> to yield (j in arcsec, 

given 9 in radians. Lindegren's result (his Equation 35a) for the same domain of validity 

is 

(j = 540D-2/3 9 t-1I2 (22) 



46 

To within a constant of order unity, we have recovered Lindegren's result with quite rea-

sonable assumptions. 

To get an idea of the order of magnitude to be expected from Equations <18> 

and <19>, we compute two simple examples. Consider the astrometric calculation of the 

centroid position difference of a double star pair of 4.0 arcsecond separations under condi-

tions of single-layer and two-layer atmospheric models, as discussed in Section <2.3.4>. 

The results from Equations < 18> and < 19> for these examples are presented in Table <3-1>. 

Telescope 
Total O'x O'y 

Atmospheric Model diameter 

(m) 
observir:.g time (mas) (mas) 

Single thin phase screen 10km Instantaneous 15 9.0 
4.0 

above telescope, r 0 = 13.2 cm, 1.0 sec 4.2 2.5 

Instantaneous 6.6 3.8 
80 = 0.85 asec, A = 0.5 microns 8.0 

1.0 sec 2.6 1.5 

Two thin phase screens (0 and 10 Instantaneous 10 5.9 
4.0 

km heights), r 0 = 13.2 cm (total), 1.0 sec 2.8 1.7 

Instantaneous 4.3 2.5 
80 = 1.7 asec, A = 0.5 microns 8.0 

1.0 sec 1.7 1.0 

Table 3-1 Fundamental atmosphere-induced uncertainty in classical astrometric centroid 

measurement for a 4.0 arc second double star system. 

In calculating the uncertainty in the astrometric measurement after one second of 

observing time, we have again assumed that v / D independent measurements can be 

obtained per second, but in this case we have used a value for wind speed taken from an 

extensive study on atmospheric conditions in Southern Arizona37, v = 25 m1s. We find that 
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the improvement in astrometric precision with increasing telescope diameter is rather 

modest, D-2/3 , as was noted by Shao and Colavita32• The speckle cross-correlation tech-

nique, however, enjoys greater rewards with increasing telescope aperture as we shall dis-

cuss in Section <3.4>. 

3.3.2 Theory of noise-limited measurements 

Equations <18> and <19> assume a photon-noise-free estimation of the centroid 

position. Sandler36 also showed that the error due to photon noise in a centroid calculation 

is given by, 

A. 1 
O'photon = (X (D) w 15 SNR (23) 

where w is the FWHM of the image in units of A.I D, SNR is the signal-to-noise ratio for 

the measurement and depends upon number of collected photons and the readout noise per 

pixel from the background and detector. For photon-noise-limited detection, SNR - D -1 , 

and for readout-noise-limited detection, SNR - D -2 . (X (D) is a parameter that depends 

upon Dlro. In the region ofconcem in this paper, (X (D) - (Dlro) -1/3. 

Therefore, in the regime where non-atmospheric noise dominates the centroid 

measurement, 

(j - DY x (24) 

where y ranges from -4/3 for photon-noise-limited to -7/3 for readout-noise-limited cen-

troiding. 
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3.4 Speckle cross-correlation astrometry 

The speckle cross-correlation approach takes advantage of information concerning 

the wavefronts arriving from closely paired stars that is not utilized by the differential cen

troid calculation. Namely, it exploits the additional information that the wavefronts have 

passed through some portion of identical atmosphere. Whereas the centroid calculation 

depends only upon the integral of the wavefront phase around the pupil (see 

Section <3.3», the speckle cross-correlation utilizes the entire common wavefront phase. 

The concept of using the cross-correlation of specklegrams as an astrometric mea

sure is shown in Figure <3-1>. Here, we demonstrate the result of calculating the cross

correlation of two specklegrams in real space. The location of the sharp peak of the cross

correlation, relative to the location of the autocorrelation of one image, yields an estimate 

of the double star separation. The exact location of the correlation peak is found by fitting 

two Gaussians, one for the broad function and the other, for the sharp peak, giving the sep

aration estimate. 

3.4.1 Wavefront sampling of the atmosphere 

Consider the cylinder of atmosphere sampled by a stellar wavefront that is col

lected by a large, centrally-obscured telescope. The base of this cylinder is the telescope 

primary mirror while the top of the cylinder can be considered as that altitude above which 

turbulent variations in index of refraction contribute little or no aberration. This altitude 

differs, but is frequently taken as the altitude of the tropopause38, typically 10 km above 

sea level. 

A second cylinder, defined by a nearby stellar object, shares some common vol

ume with the first cylinder, defined by the original object. The volume of this overlap is a 
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Real-space speckle cross-correlation 

A component B component 
(52 mas/pixel, A. = 0.9 Jlm, 0" CrB , D= 2.3 m, 7.33 asec separation) 

Cross-correlation Bi-Gaussian fit 

Figure 3-1 Pictorial description of real-space cross-correlation demonstrating broad back

ground of non-corresponding speckles capped with arising from corresponding speckles 

in the two images. The location of the sharp peak of the cross-correlation, relative to 

the location of the autocorrelation of one image, yields an estimate of the double 

star separation. The exact location of the correlation peak is found by fitting two Gauss

ians, one for the broad function and the other, for the sharp peak, giving the separation 

estimate. 
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function of the object separations and the diameter of the collecting mirror. As the object 

separation is increased, less atmosphere volume remains common to both incident wave-

fronts, as shown in Figure <3-2>. For this perspective view, the ratio of the telescope diam-

Figure 3-2 Three views of the volume of atmosphere sampled by both wavefronts reach

ing a ground-based centrally-obscured telescope from a double star pair. The ratio of 

pupil diameter to column height is greatly exaggerated. The separations moving from left 

to right correspond to pupil shearing of 0,10, 0.25, 0.50, 0.75, 1.0, and 1.25 

pupil diameters at the top of the column. 
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eter to the height of the sampled columns was been exaggerated, by approximately a 

factor of several hundred for a modem large telescope. 

If we consider a 2.3 meter telescope and a 10 km maximum height of turbulence, 

the six angles shown in Figure <3-2> correspond to double star separations of 4.7, 11.9, 

23.8, 35.6, 47.6, and 59.3 arcseconds. The percentage of common volume relative to 

either cylinder for this example is 95%, 76%, 58%, 48%, 36%, and 30% respectively. 

Thus, even at separations of 25 arcseconds, the two wavefronts sample a portion of identi

cal atmosphere, so we expect there to be residual correlation of star images at this separa

tion. The specific vertical distribution of turbulence, of course, influences the amount of 

correlation. This shall be discussed in Section <5.2.6>. 

The situation becomes even more promising for larger telescopes. As the tele

scope aperture is increased, the common volume sampled by the two incoming wavefronts 

increases, approximately as the pupil diameter squared for small double star separations. 

Thus, the new generation of large telescopes shall be able to utilize this correlation of 

wavefront aberration more thoroughly, and over unprecedented angular separations. 

3.4.2 High-spatial-frequency correlation theory 

The fundamental difference between the differential centroiding technique and the 

speckle cross-correlation technique is that the speckle cross-correlation technique utilizes 

high-spatial-frequency information present in the short-exposure point spread function 

that differential centroiding does not. Consider that in the atmosphere-limited case the 

precision of the centroid separation estimate of two stars is the same for a long-exposure 

image, as described by Equation <17>, and for an average of many independent short

exposures, as described by Equation <18>. The centroid difference of a long-exposure 
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image of a double star is equivalent to the average of many short-exposure centroid differ

ences. The speckle cross-correlation, however, depends critically upon the additional 

information present in the short-exposure image that is not present in the long-exposure. 

The cross-correlation of a long-exposure image, then, is not equivalent to the average of 

the cross-correlation of many short-exposure images. In the noise-limited case, however, 

we expect there to be no fundamental difference between the techniques, as the same 

amount of information is used in the calculation of the centroid difference and the speckle 

cross-correlation. 

In terms of image spatial frequency content, we can identify the source of addi

tional information for the speckle technique as the high-frequency tail of the cross-spec

trum, which we shall now develop. 

Consider the imaging convolution relation, 

(25) 

which relates an image I (d) to an object 0 (~) through the point spread function 

S (d - ~, ~) , which depends on the direction of observation. Due to the turbulent nature 

of the atmosphere, both S (d - ~,~) and I (d) are random functions. Hence, we con

sider the image energy spectrum when describing the stochastic process of atmospheric 

imaging. 

The image energy spectrum is then given by, 
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or, using 9 = a -a' and C (9) as the object autocorrelation function, rewrite, 

The quantity in expectation brackets, (S if, ~) S* (J, a'» is known as the cross-spec-

trum, and is the product of the optical transfer functions (OTFs) in two directions a and 

a'. The OTF, S ()) is given by, 

(28) 

where we have adopted a normalized pupil plane coordinate, t1 = i/A.. 'P is the COID-

plex wavefront amplitude at the telescope aperture and P is the aperture transmission 

function, 

P (A) = { 

We can then write, 

where 

is the fourth order pupil overlap and 

1 inside the aperture 

o outside the aperture 
(29) 

(30) 

(31) 
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(32) 

is the fourth order moment of the wavefront. Assuming 'P 1 and 'P 2 obey Gaussian statis-

tics, we can write39 

(33) 

where 

2 .. *" B .. (f) = ('P. (a) 'P. (a+f» 
U l ) 

(34) 

is the correlation function for atmospheric turbulence. Assuming a Kolmogorov atmo-

sphere, it has been shown 12 that, 

( 
AI!I J5/3 

-3.44 r 
= e 0 (35) 

3.4.2.1 Thin atmosphere 

For a single frozen turbulence layer at altitude h, the cross-correlation for two 

wavefronts separated by G is given by, 

(36) 

We can now write, 

(37) 
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where, since A if, 'f') varies negligibly over the width of B 12 ' we have made the approx-

imation that 

2 ... (' Sh) B12 (f) = (j 0 f - T (38) 

where 0 represents the Dirac delta function, and (j is the coherence area. 

For both ~ and IShlAI much smaller than the diffraction cutoff frequency, 

DI'A, we can make the further approximation, 

(39) 

, 
where T if) is the diffraction-limited transfer function. 

Thus, the speckle cross-spectrum can now be expressed as, 

(40) 

which represents information extending to the diffraction-limited cutoff, attenuated by the 

anisoplanicity factor T (SkIA) . 

An example of the speckle cross-spectrum, following Fried40, is shown in 

Figure <3-3>. The low frequency portion of these curves corresponds to the first term in 

Equation <40>, while the high-frequency tails correspond to the second term. We have 

normalized the spatial frequency axis to the cutoff frequency of the diffraction-limited 

telescope. The curve for Dlro = 10 represents a medium-sized telescope while that for 
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Figure 3-3 Example of speckle cross-spectrum for Dlro = 10 and 100. The spatial fre

quency scale has been normalized to the diffraction cutoff frequency Ie = DIA.. Due to 

the normalization, the high-frequency tail for the larger aperture (Dlro = 100) 

is suppressed, but represents significant preservation of information out to the diffraction 

limit. 

D I r 0 = 100 represents a next generation large telescope. Fried showed that the strength 

of the high-frequency portion of Equation <40> behaved as, 

'I. (9h) (ro)2 'I. (j.5 T(j) T T ex D T (f) (41) 
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Although the high-frequency tail of the large telescope curve appears suppressed 

compared to the smaller aperture, this is only an artifact of the normalization. The large 

aperture curve shows that information is preserved in the cross-spectrum out to the dif-

fraction limit of the telescope. This high frequency information is utilized by the speckle 

cross-correlation technique as the telescope aperture is increased. The calculation of the 

image centroid differences does not utilize this information. 

3.4.2.2 Thick atmosphere 

For a thick atmospheric model, composed of a series of atmospheric layers at alti-

tude hj' we replace Equations <35> and <36> with 

{ (
A. )5/3/, Gh./ 5/3} - 6.88 - 1' __ 1 

B
1
; () = II e rO,j A. (42) 

j 

where rO . is Fried's parameter for layer j alone, as discussed in Section <2.3.2>. The 
,J 

product in Equation <42> can be rewritten into the exponent, 

I / 9h /5/3) 

(

A. )5/3 -t (r 0) -5/3 'I' - "/ 
- 6.88 -; 

o r-5/3 o 
= e 2 '" B 12 (j) (43) 

This can be generalized for a continuous atmosphere into, 



2 "-
B 12 (f) = e 

jdh C;(h) / f'- ~/5/3 
- 6.88 ( ~ yl3 .::,.0--

00
----

fdh C,J(h) 

° 
In this case, the approximation in Equation <38> becomes 

where 
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(44) 

(45) 

(46) 

The function cr (9) determines the strength of the high-frequency tail of the cross-

spectrum and in tum is related to the degree to which the speckle cross-correlation tech-

nique shows astrometric improvement over the centroid differencing technique. By sub-

stituting Equation <44> into Equation <46> and performing the integration, it can be shown 

(47) 

for small values of 181 , where we have introduced the effective atmospheric thickness, 

(48) 
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Equation <47> shall be further discussed and plotted in Section <4.7>. 

It is apparent that the coherence parameter cr (G) will fall to zero for angles 

greater than that angle RoddierA1 has defined as the atmospheric isoplanatic angle, 

(49) 

This definition results in an isoplanatic angle for speckle interferometry that is 

greater than that described for adaptive optics40• l:!.h is a description, not of the effective 

height of the turbulence, but of the effective thickness of the turbulence. This dependence 

upon turbulence thickness, not height, is a fundamental difference between speckle 

astrometry and centroid astrometry. 

3.4.3 Speckle holography 

In order to facilitate the calculation of the speckle cross-correlation, we chose to 

perform our calculations in frequency space. By processing the data using speckle holog

raphy we obtain the tracking record of the cross-correlation peak as a by-product of the 

speckle reconstruction. 

Speckle holography, first proposed by Bates, Gough, and Napier42, requires simul

taneous specklegrams for the object of interest and a nearby (within the isoplanatic angle) 

reference source. The technique, described by Hege43
, is facilitated by integration of the 

cross-spectral image computed from the simultaneous specklegram pairs. The output of a 

speckle holography reconstruction is known as a cross-spectral image, and is nothing 

more than the noise-filtered cross-correlation of an object and a reference, in our case the 
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two specklegrams of the double star. The cross-spectral image is defined as the inverse 

Fourier transform 

i = FT-1 -(
SR*J 

xs RR* (50) 

where S = FT(s) and R = FT(r) are the complex two-dimensional Fourier spectra of 

the specklegram, s, and the corresponding reference PSF, r, respectively. FT-1 represents 

the inverse Fourier transformation and * represents complex conjugation. Physically, the 

numerator, SR* , is the Fourier transformation of the cross-correlation of the image and 

reference components, and the denominator, RR* , is the power spectrum for short-expo-

sure imaging. If the short exposure image is of a double star, 

s = a ** PSFa + b ** PSFb , where ** represents convolution, and its Fourier spec-

trum is S = A Ra + B Rb . Ifboth components are unresolved, then A and B are complex 

scalars representing the double component intensities in their real part, and the star posi-

tions in their complex part. Ra and Rb are the optical transfer functions (that is Fourier 

transforms of the PSFs) for components a and b respectively. If, for example, the refer-

ence OTF is R = R b , then 

(51) 

or 



i = a ** I + b 8 (r- rb ) xs xs 

where lxs is the cross-spectral response function 

I = FT-1 ~ 
[

R R*J 
xs R R* 

b b 
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(52) 

(53) 

In the perfectly isoplanatic case Ra = Rb in which case the double star is recovered 

exactly. The effect of partial anisoplanicity is to broaden the response function lxs (low-

pass filtering due to loss of coherence at high spatial frequencies) and to shift the location 

of the response (wave-front tilt differences). 

Primot and Fontinella44 and Gonglewski et al.45 have shown the benefits of averag-

ing the numerator and denominator independently in accumulating the self-calibrated 

average cross-spectral image, 

[ 
(SR*)] 

(i \ = FT-1 --
xs' (RR*) 

(54) 

and thus it is this form of the speckle holographic reconstruction that we have imple-

mented for this work and that is discussed in the results of Chapter <5> 
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Astrometric Simulation Results 

4.1 The philosophy of simulations 
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In order to investigate the approximate behavior of the centroid difference and 

speckle cross-correlation astrometric techniques when applied to double star systems, we 

conducted a series of simulations of imaging two components of a double through the tur

bulent atmosphere. Through control of the simulations, we were able to isolate the effects 

of various imaging parameters from one another. This is generally not possible in experi

ments on the sky, where the finite number of possible target objects necessarily lie scat

tered throughout the multidimensional imaging parameter space. For example, it is 

possible in simulations to study the degradation in astrometric precision as two identical 

stars are "moved" apart with increasing separations. On the sky, in order to determine the 

effects of increasing angular double star separation, we must observe many different stel

lar pairs. In doing so, we must also concern ourselves with different stellar magnitudes 

and zenith angles, and, for very high precision work, changes in telescope aberrations, 

flexure, temperature, and many other issues of calibration that we shall return to in 

Section <5.4.1>. 

4.2 Simulation setup 

Although a detailed description of the atmospheric imaging model is presented in 

the Appendix, we shall briefly review here those parameters for which the simulation code 

provides a switch, knob, or volume control. In Chapter <2>, we discussed the theory 

behind imaging through the turbulent atmosphere. We showed that the nature of the opti

cal aberrations induced in a stellar wavefront can be reasonably described as arising from 
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a stack of thin turbulence layers. Each of these layers can be described physically by its 

altitude and wind velocity, and optically by its Fried parameter, rO.' The details of the 
I 

generation of turbulent phase screens having the correct value of r O. are presented in the 
I 

Appendix. 

The resulting phase fluctuations aberrating an incident wavefront is then repre-

sented as the sum of fluctuations from each layer, along the line of sight to the star in ques-

tion. Double star images were generated by simulating one component to be directly 

above the telescope pupil, and the other component off-axis. The wavefront from the off-

axis star was calculated by summing the contributions from each atmospheric layer, along 

the slant direction toward the star. This is implemented by shifting the center of the wave-

front coordinates by an amount proportional to the layer height. 

Throughout these simulations, the effects of image scintillation have been ignored. 

It has been previously shown 14,46.47 that the relative irradiance fluctuations decrease as 

D-7/3 due to the averaging effect of large apertures. In this case, a large aperture is 

defined as D» (1t A h) 112, where h is the height of the turbulence inducing amplitude 

fluctuations, A is the observing wavelength, and D is the aperture diameter. For A = 0.9 

J.l m, and h = 20 km, this condition yields D »23 cm. Since the astrometric centroid 

error due to scintillation diminishes more rapidly than that due to atmosphere phase errors 

(Equations < 16>-< 19», we ignored image scintillation. 

An example of a simulated double star pair is shown in Figure <4-1>. The parame-

ters for this simulation were for an 8 meter collecting telescope, observing a 2 arcsec dou-

ble star pair, for a 40 msec exposure, in an observing band of 0.1 micron width having a 
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mean wavelength A = 0.5 microns, through two layers of turbulence, one at an altitude of 

10 kIn and one at ground-level, both having an r o. of 13.2 cm, in the presence of 9 e1ec-
I 

trons of detector readout noise. 

. ~. 

2.0 arcseconds 

Figure 4-1 An example of simulated double star images using an 8.0 meter telescope at a 

wavelength of 0.5 microns. Detailed parameters are described in Section <4. I>. 

Needless to say, the description of these simulations can be quite complicated. We 

shall, for the remainder of this work, describe only those simulation parameters that are 

relevant to the particular investigations. For example, when reporting on simulations of 

atmosphere-limited astrometric uncertainty, we shall not describe the detector noise 

parameters used. For each such investigation, we either deliberately eliminated parame-

ters from the calculation (set them to zero), or determined them irrelevant to the simula-

tion. This determination was often made after incrementing a parameter and observing no 

change in simulation result. 
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4.3 Astrometric error vs. double star separation 

The applicability of the cross-correlation technique to the search and study of plan-

etary systems depends upon the availability of double stars (or single stars with an 

assumed stationary reference, such as a distant galaxy). It is therefore important to ana-

lyze the degradation of the cross-correlation as a function of double star separation. For 

this reason, and also to compare the astrometric precision of centroid differencing and 

speckle cross-correlation, we performed a series of simulations of imaging through a vari-

ety of atmospheric turbulence models. 

The first model that was considered was a single turbulent layer positioned 10 kilo-

meters above the collecting telescope. Such conditions would be encountered occasion-

ally at a well designed telescope, with no aberrations or dome seeing, at an excellent 

observing site with no ground layer turbulence. The second model considered consisted 

of an atmosphere wherein the turbulence was divided evenly between two thin layers, one 

at a height of 10 km above the telescope, and one at the ground. The two layer turbulence 

model yields on-axis imagery similar to that of a single screen of effective r 0' given by 

(55) 

where r o. for a single layer is the value of Equation <5>, where the integral is taken over 
I 

only that layer. Thus two layers of r 0 = 20 cm yield the same structure function as a sin-

gle layer of r 0 = 13.2 cm. For these simulations, no detector or photon noise was 

included. 
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For each of these two models, we generated 12 simulated speckle realizations for 

each of seven star pairs of various separations, ranging from 0.5 to 30.0 arcseconds. We 

then calculated the differential separation between these stars using centroid differencing 

and using the speckle cross-correlation technique. Other simulation parameters used here 

were a 4 m telescope, i\. = 0.5 microns, and rO = 13.2 cm. Figure <4-2> summarizes the 

astrometric uncertainty results. We have plotted the rms uncertainty in the double star 

separation as a function of double star separation. Each of the four plots shown contain 

three curves. In each plot, the uppermost curve is the theoretical energy centroid motion, 

Equations <18> and <19>. Very near to this in each plot is the rms energy centroid uncer

tainty resulting from the simulations. The lowermost curve in each plot is the rms speckle 

cross-correlation uncertainty. 

The results of this simulation are amazing. Curves C1 and C2 indicate that, if the 

atmosphere were to be so cooperative to manifest all of its turbulence into a single thin 

high turbulent layer, the uncertainty in a noise-free measurement of a 3 arcsecond double 

star pair through a 4.0 meter telescope could be as little as 0.1 mas per specklegram pair! 

Averaging of many realizations would then lead to astrometric uncertainties on the order 

of a microarcsecs. 

Figure <4-2>, however, also demonstrates the sensitivity of the speckle cross-corre

lation technique to the thickness of atmospheric turbulence. The two-layer model yields 

precisions very similar to, or slightly worse than, centroid differencing. The agreement of 

the centroid differencing results and the theoretical results of Equations <18> and <19> 

build confidence that the simulations were behaving reasonably. 
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Figure 4-2 Uncertainty in double star separation measurement for a 4 meter telescope, r 0 

= 13.2 cm, A = 0.5 f..Lm. Labels on curves refer to: A = theoretical centroid errors, B = 
simulated centroid errors, C = simulated speckle cross-correlation errors; 1 = one layer 

atmosphere model, 2 = two layer atmosphere model. The solid curves in these Figures are 

drawn to indicate general trends. 

4.4 Centroid differencing vs. speckle cross-correlation 

A new series of simulations of atmospheric imaging with a 2.3 meter telescope at 

0.9 f..L m were conducted using two simple models of atmosphere, one in which all the tur-

bulence was contained in a thin layer at 10 Ian altitude, and the other in which half of the 
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turbulence was at 10 km and half at the ground layer. Thus, the thick atmosphere model 

has twice the value of the adaptive optics isoplanatic angle, 80 , as the thin atmosphere 

model. r 0 in both models was equal to 10 cm at 0.9 J.1 m wavelength, representing poor 

seeing conditions, although results similar to those presented below have been noted for 

simulations of better seeing conditions. The frame-by-frame errors in separation estimate 

for differential centroiding and speckle cross-correlation are shown in Figure <4-3> for the 

case of imaging a 7.0 arcsec separation double star pair through these two model atmo

spheres. 

Several conclusions can be drawn from this simulation. First, the differential cen

troid error is seen to be smaller for the thick atmosphere than for the thin atmosphere, con

sistent with the increased value of 80 and Equation <18>. For the thick atmosphere the 

speckle cross-correlation technique is considerably worse than centroid differencing tech

nique. However, we also note that the error in the speckle cross-correlation is more 

strongly and inversely dependent upon the thickness of turbulence. In the case of a single 

thin layer, the speckle cross-correlation precision once again far surpasses that of the cen

troid differencing. 

4.5 Cross-correlation strength vs. double star separation 

In order to further understand the above cross-correlation results, we considered 

the peak normalized ensemble average cross-correlation value resulting from the simula

tions described in Section <4.3>. The speckle cross-correlation accuracy appears to depend 

strongly upon the thickness of the distorting atmospheric layers. The strength of the 

cross-correlation peak above the seeing background is an indication of how the isoplanic-
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Figure 4-3 Comparison of frame-by-frame separation estimate for a) a thin one-layer 

atmosphere (!:ih = 0) and b) a thick two-layer atmosphere (!:ih = 5 km) for a 7.0 arcsec 

star pair, with rO = 13.2 cm. From Equation <49>, we expect the correlation to drop rap-

idly for effective atmospheric thickness 8h > 1 km. 
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ity of the two images degrades with double star separation. The degradation of peak 

cross-correlation value with double star separation for our two models is shown in 

Figure <4-4>. Data presented in Figure <4-4> are for a 4 m telescope, A. = 0.5 microns, and 

Two phase layers 

lo-2~~~~~~~~~--~~~ 

10-1 100 10 1 10 2 

Double Star Separation 
(arc sec) 

Figure 4-4 Cross-correlation strength vs. double star separation for a 4 meter telescope, r 0 

= 13.2 em, A. = 0.5 J.Lm, and all turbulence at 10 km or half at 10 km, half at surface. 

r 0 = 13.2 cm. From this Figure it is apparent that the peak correlation value is sensitive to 

the detailed distribution of turbulence with altitude. Thus, the thickness of the turbulent 

atmospheric layer becomes of primary importance for this technique, determining the 

peak correlation value and thus the ultimate limit to which this technique can be used in 

the presence of photon and detector noise. The case of two equal strength layers of turbu-

lence (one high, one low) represents the worst case for the cross-correlation technique, 
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because in this case, the projection of the telescope pupil on the two layers shears most 

rapidly with double star separation. Isoplanicity between the two images is lost approxi

mately when the projection of the pupil onto the upper phase screen is sheared by r 0 with 

respect to the projection of the pupil onto the lower phase screen. In Figure <4-4>, the sim

ulation results are plotted as points with error bars. The error bars indicate uncertainty in 

the simulation result due to the relatively few number of image pairs, 12, that were used 

for each point. 

4.6 Astrometric error vs. telescope diameter 

Figure <4-5> summarizes the results of simulations using increasing telescope aper

ture, for a 4 arcsecond double star and the two model atmospheres considered in Sections 

<4.3> and <4.5> above. The interpretation of these simulation results is two-fold. First, 

when the effective thickness of the optical turbulence is small, it is possible to achieve 

unprecedented astrometric precision in the determination of double star separation using 

the cross-correlation technique. For a 4 meter telescope, a "thin" atmosphere can yield 

0.30 mas accuracy from a single specldegram pair. For an 8 meter telescope the single 

specldegram accuracy can be less than 0.10 mas. Second, the sensitivity of the cross-cor

relation technique precision to the thickness of the atmospheric turbulence is again appar

ent. Real atmospheric conditions should result in precisions between those of the two 

atmospheric models indicated. Data collected during an experimental program at Kitt 

Peak, to be described in Chapter <5>, verify this result. 

Numerical results of separation measurement error as a function of pupil diameter 

are presented in Table <4-1>. We see that in the one phase screen simulation, the uncer-
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Figure 4-5 Uncertainty in the measurement of the separation of a 4 arcsecond double star 

vs. telescope diameter in two directions for r 0 = 13.2 cm, A. = 0.5 Jl m, and two models of 

turbulence. Labels on curves refer to: A = theoretical centroid errors, B = simulated cen

troid errors, C = simulated speckle cross-correlation errors; 1 = one layer atmosphere 

model, 2 = two layer atmosphere model. 

tainty in the speckle cross-correlation decreases more rapidly than D -2. This is signifi-

cantly stronger dependence than for classical differential astrometry. Heuristically, the 

speckle cross-correlation scaling is determined by the accuracy with which one can deter-
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Telescope 
Total O"x O"y 

Atmospheric Model diameter 

(m) 
exposure time (mas) (mas) 

Instantaneous 0.31 0.30 
Single thin phase screen 10km 4.0 

above telescope.ro = 13.2 cm, 
1.0 sec 0.088 0.085 

Instantaneous 0.056 0.045 
90 = 0.85 asec. A. = 0.5 microns 8.0 

1.0 sec 0.022 0.018 

Instantaneous 8.0 5.7 
Two thin phase screens (0 and 10 4.0 

Ian heights), r a = 13.2 cm (total). 
1.0 sec 2.6 1.6 

Instantaneous 3.4 2.0 
90 = 1.7 asec. A. = 0.5 microns 8.0 

1.0 sec 1.4 0.80 

Table 4-1 Fundamental atmosphere-induced uncertainty in speckle cross-correlation 

measurement for a 4.0 arcsecond double star system. 

mine the location of the cross-spectral peak. For more infonnation on the speckle cross-

spectrum. see Section <3.4.2>. This uncertainty is given approximately by 

width of cross-spectrum 
0" ::::: r==:=============== 

cc ,Jvolume of cross-spectrum 
(56) 

The width of the cross-spectrum is detennined by the diffraction limit of the col-

lecting aperture and decreases as D-I . Lohmann and Weigelt26 have shown that the peak 

value of the cross-spectrum increases approximately as D4 for small double star separa-

tions. This implies that the volume of the cross-spectral peak increase as D2. The speckle 



74 

cross-correlation uncertainty, therefore, is expected to improve approximately as 

D-IJ~2 = D-2 

The results of Table <4-1> can be directly compared to those presented in Table <3-

1>, which contained results for differential centroid measurement. We note that for the 

thin atmosphere, speckle cross-correlation yields superior results to differential centroid

ing, while for the two-layer atmosphere, the results are comparable. We shall tum to a 

more detailed investigation of this next. 

4.7 Astrometric error vs. turbulence height and thickness 

Given the above results, a more detailed investigation of the exact dependence of 

the differential centroid and speckle cross-correlation techniques was undertaken. The 

goal of these experiments was to determine the dependence of our separation measure

ment errors on two atmospheric parameters, the effective, or mean, height of turbulence, 

given by Equation <9> and the effective turbulence thickness, given by Equation <48>. 

First, we modelled an atmosphere in which the mean turbulence height was main

tained at 10 kIn above the collecting telescope, but the effective turbulence thickness was 

increased. Here, we simulated a 2.3 meter telescope, observing a 7.33 arcsecond double 

star pair at 0.9 microns wavelength using 100 image pairs. The parameters for the atmo

sphere are presented in Table <4-2>. We define the effective turbulence thickness of an 

atmosphere consisting of N equal-turbulence layers as the rms variation in the height of 

the turbulence strength, 
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ro of ro of 
Effective Effective 

Altitude of Altitude of 
turbulence turbulence 

Layer 1 Layer 1 Layer 2 Layer 1 
height thickness 

IOkm 2S.1 cm 10km 2S.1 cm IOkm Okm 

llkm 2S.1 cm 9km 2S.1 cm IOkm 1 km 

12km 2S.1 cm 8km 2S.1 cm IOkm 2km 

13km 2S.1 cm 7km 2S.1 cm IOkm 3km 

14km 2S.1 cm 6km 2S.1 cm IOkm 4km 

ISkm 2S.1 cm Skm 2S.1 cm IOkm Skm 

Table 4-2 Model parameters for investigation of astrometric error dependence upon 

atmospheric turbulence height and thickness. 

~h = 
L (ro;/3( hi -n)2) 

L( ro;/3) 

where hi is the height of the ith turbulent layer and n is the mean turbulence height, 

(S7) 

(S8) 

The standard error in the measurement of the separation of these double stars 

resulting from these simulations are presented in Figure <4-6>. 

We can extract from this plot some very useful information. First of all, as pre-

dicted by the theory of Section <3.3>, the centroid difference technique yields the same 

uncertainty independent of turbulence thickness. The scatter of the differential centroid 
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Figure 4-6 Standard error for differential centroid and speckle cross-correlation as a 

function of effective turbulence thickness for a 7.33 arcsec star pair with constant average 

turbulence height of IOkm and other parameters as per Table <4-2>. 

uncertainties for the different models reflects the finite statistics of the simulation. Sec-

ond, we again find that the speckle cross-correlation depends strongly on turbulence thick-

ness. In this case, however, we can now put some quantitative measure on the relative 

performance of the centroid difference technique and the speckle cross-correlation tech-

nique. For a zero-thickness atmosphere, the improvement of speckle cross-correlation 

over differential centroiding is a factor greater than 5. This is reminiscent of the relation-

ships shown in Figure <4-2>. For an effective thickness up to 1 km, there is little degrada-

tion of the speckle cross-correlation technique. For larger effective thicknesses, however, 
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the error increases nearly linearly, equalling the uncertainty of centroid differencing near a 

thickness of 2.5 km. By the time the turbulence has obtained a thickness of 5 lan, the 

speckle cross-correlation technique yields an error twice that of centroid differencing. 

This last result is also physically sensible, for when the amount of correlation 

between speckle grams has gone to zero, the cross-correlation of two independent speckle

grams to yields only a broad background function, without the sharp correlated-speckle 

peak. This background function is broader than either of the input specklegrams and 

could therefore be expected to have a maximum value than moves through a larger range 

of values than the centroid difference of the star pair. 

We can now relate these simulation results back to the theoretical development 

present in Section <3.4.2.2>. There we presented the dependence of the high-frequency 

content of the cross-spectrum in terms of the effective turbulence thickness. We now 

present a plot of the function in Equation <47> evaluated for the same parameters that went 

into the simulation of Figure <4-6>, namely a double star pair of 7.33 arcsec and a value of 

rO = 17.5 cm. This curve is plotted in Figure <4-7>. We see an excellent correspondence 

between the loss of the high-spatial-frequency information with increasing turbulence 

thickness apparent in Figure <4-7> and the degradation of the astrometric precision of the 

speckle cross-correlation technique observed in Figure <4-6>. The high-spatial-frequency 

information is seen to be lost for effective turbulence thicknesses greater than approxi

mately 2.5 km. Similarly, the speckle cross-correlation technique degrades rapidly for 

thicknesses greater than 2.5 km. Since the high-spatial-frequency information is not avail

able in the case of an atmosphere of thickness greater than this, the speckle correlation 

technique cannot help but perform worse than centroiding. 
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Figure 4-7 Plot of normalized coherence parameter from Equation <47>. Note the corre

spondence between the loss of the high-frequency content of the cross-spectrum and the 

degradation of the speckle cross-correlation astrometric result in Figure <4-6>. 

Another very similar set of simulations were conducted, but with the additional 

feature of a more physically plausible distribution of atmospheric turbulence. For these 

simulations, one layer of turbulence was held at 10 km, while the second layer was moved 

from 10 km to the ground. Once again, we simulated a 2.3 meter telescope, observing a 

7.33 arc second double star pair at 0.9 microns wavelength using 100 image pairs. The 

atmospheric parameter for these simulations is shown in Table <4-3>. 

The standard error in the measurement of the separation of these double stars 

resulting from these simulations are presented in Figure <4-8>. The interpretation of 

Figure <4-8> is similar to that of Figure <4-6>, with the exception that now, as the mean tur-
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ro of rO of 
Effective Effective 

Altitude of Altitude of 
turbulence turbulence 

Layer 1 Layer 1 Layer 2 Layer 1 
height thickness 

IOkm 25.1 cm lOkm 25.1 cm lOkm Okm 

IOkm 25.1 cm 8km 25.1 cm 9km lkm 

IOkm 25.1 cm 6km 25.1 cm 8km 2km 

IOkm 25.1 cm 4km 25.1 cm 7km 3km 

IOkm 25.1 cm 2km 25.1 cm 6km 4km 

IOkm 25.1 cm Okm 25.1 cm 5km 5km 

Table 4-3 Model parameters for a more realistic investigation of astrometric error 

dependence upon atmospheric turbulence height and thickness. 

bulence height is decreased, the differential centroid error also decreases. This is consis-

tent with the theoretical decrease in error due to the increasing value of eo' 

Given these results, we can turn around and ask the following question: Given that 

a site has a 10 Ian altitude layer of turbulence described by r 0' to what level must the 

dome seeing and ground layer turbulence be controlled, assuming Kolmogorov turbu-

lence, to yield an effective turbulence thickness of 2.5 km? Solving Equations 

<57> and <58> for a two-layer atmosphere with turbulence at height ho and hI' we have, 

(59) 

We are interested in the situation in which the ground layer has much weaker turbulence 

than the upper layer. So, using the approximation that ro5/3 »T05/3 , we rewrite, 
1 0 
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Figure 4-8 Standard error for differential centroid and speckle cross-correlation as a func

tion of effective turbulence thickness for 7.33 asec pair with parameters as per Table <4-3>. 

From Equation <49>. we expect a loss of correlation for effective turbulence thicknesses 

J).h > 1.7 kIn. We see the simulation agrees well with theory. 

(60) 

or. 

(61) 
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Setting hI = 10 km, hO = 0 km, and I1h = 2.5 km, and the high level turbulence, r 0 = 
1 

0.20 meters, we findr 0 = 1.06 meters. Thus, in order for the atmosphere to be "thin" in 
o 

the sense that speckle cross-correlation exceeds differential centroiding in this example, 

the dome and ground layer seeing must be characterized by a Fried parameter larger than 

1.06 meters. The approximation used in deriving Equation <60> is seen to be a posteriori 

justified, since we have ro5/3 = 14.6 m -5/3 much larger than ro5/3 = 0.91 m -5/3. 
1 0 

In order to achieve the excellent performance typified by Figure <4-3>a, we would 

like the effective turbulence thickness to be less than 1 km. For the same parameters as 

above, this leads to r 0 > 3.17 meters. 
o 

Due to the symmetry in Equation <59>, the same excellent astrometric results could 

also be expected from a model atmosphere dominated by a ground layer, with little or no 

high altitude turbulence. 

4.8 Astrometric error vs. SNR 

In Section <4.6>, we demonstrated that as the diameter of a telescope is increased, 

the astrometric precision of the centroid difference and speckle cross-correlation tech-

niques improve. There, we argued that the cause of this improvement was twofold, due to 

both an increase in the diffraction-limited resolution and an improvement in signal-to-

noise-ratio. 

We can separate these two effects by considering a telescope of fixed diameter 

observing many double star pairs, each of the same angular separation, but varying in their 

apparent magnitude. 
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Simulations of exactly this type were conducted, using a 2.3 meter telescope, a 7.3 

arcsecond double star, a single layer atmosphere at 10 kIn, with an rO = 16.6 cm at an 

observing band centered on 0.9 microns having a width of 0.1 microns. An exposure time 

of 40 millisec was chosen, along with a detector readout noise of 7 electrons rms and a 

total system efficiency of 0.2. Typical noisy images are presented in Figure <4-9>. The 

Figure 4-9 Typical images used in simulation of the degradation of each astrometry tech

nique in the presence of noise. The parameters for these images are described in the text. 
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nine images here represents apparent magnitudes decreasing by one, from 4th to 12th, as 

one moves left to right across the mosaic and top to bottom. 

We have chosen to present the results of these simulations in terms of a relative 

noise error factor, because we are interested in comparing the degradation of the two 

astrometric techniques in the presence of increasing noise, independent of other parame-

ters. We define this noise error factor as the relative error in the astrometric measurement 

in the presence of noise compared with that in the absence of photon- and detector read-

noise. The resulting astrometric error as a function of average number of photoelectrons 

per pixel is shown in Figure <4-10>. 
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Figure 4-10 Results of simulations of astrometric measurement of double stars in the 

presence of photon and detector readout noise. The detector read noise for these simula

tions was 7 electrons rms. 
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Rather than represent the results in terms of apparent magnitude (and the many 

associated observing parameters), we instead chose to plot the astrometric error as a func

tion of the average number of photoelectrons per pixel. This is simply the total number of 

photoelectrons generated divided by the number of pixels used in the centroid calculation 

and cross-correlation, in these simulations, 4,096. 

We find that the centroid calculation degrades more rapidly in the presence of 

noise than does the cross-correlation. This is understandable through the following argu

ment. The centroid calculation of Equations <13> and <14> is a weighted summation. 

Those pixels far from the center of the array win have any variations due to noise ampli

fied by their pixel location. In the cross-correlation, however, each pixel enters into 

Equations <13> and <14> in the same manner, irrespective of its location. 

As the SNR gets very low, the cross-correlation becomes meaningless, however, as 

the cross-correlation peak of purely noisy images can occur at any point within the array. 

At this level of noise, the centroid calculation is also meaningless as the denominator of 

Equations <13> and <14> diverges in the presence of zero-mean detector noise. 
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Astrometric Experimental Results 

5.1 Initial experiments 
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In order to verify the theoretical predictions presented in Chapter <3> and the sim

ulation results presented in Chapter <4>, observations were made at the 2.3 meter Univer

sity of Arizona telescope atop Kitt Peak in Southern Arizona. The experimental program 

was conducted by a team consisting of the author, Dr. Keith Hege, Mr. Matt Cheselka, 

Mr. David Wittman, and Dr. James Beletic. Instrumentation was designed and integrated 

by the author, using elements of Dr. Hege's existing speckle interferometry camera system 

and new components fabricated by Mr. Ivan Lanum and Mr. Jeff Urban in the Steward 

Observatory machine shop. 

5.1.1 Instrumentation 

As an initial test of astrometric theory, observations of several representative dou

ble star systems were made on 11-12 Nov 92 at the Steward Observatory 2.3 m reflector. 

A Lora! low-noise 800 lines x 1200 pixelslline CCD was used in an approximately f/50 

focal plane, somewhat over-sampling the diffraction limit of the telescope aperture at 

0.5 J.L m. This resulted in a rectangular field of view of about 25 arcsec along the detector 

diagonal. A Uniblitz shutter provided accurate short exposure control, and on-chip cross

line image shifting with the shutter closed allowed multiple short exposure images (speck

legrams) in a single slow-scan read cycle. The detector read noise was about 9 e- per pixel 

nns. The observing bandpass was defined by optical filters and the spectral cut-off of the 
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silicon detector. From the observations of the orbital positions predicted from five pub

lished orbits 15, the CCD image scale was computed to be 18.3 ± 0.6 mas/pixel. 

Due to the long readout time of the large format Loral chip (more than 1 minute to 

read out the entire 1200 x 800 array), changes in the CCD controller software was neces

sarily to improve the data collection rate. The microcode was updated to perform several 

non-destructive pixel shifts prior to an actual readout. Typical operation consisted of 

exposing a 200x800 region near one edge of the chip, then performing an internal shift of 

200 pixels, allowing another 200x800 subarray to be exposed, and so on. In this example, 

6 short exposures could be taken very rapidly, perhaps 20 millisecs per exposure, before 

the one minute readout. The reprogramming of the microcode was carried out primarily 

by D'nardo Colucci with last minute reprogramming performed at the telescope by the 

author and Mr. David Wittman 

5.1.2 Data preparation and processing 

For each multi-exposure frame of data the dark background was subtracted and the 

subrasters containing the double star images were extracted. Typical short-exposure 

frames of the two double star components are shown in Figure <5-1>, which contains back

ground-corrected frames composing a sequence of four 30 ms specklegrams for I.l. -Cyg 

(4.78 mag and 6.09 mag components separated by 1.9 arcsec). 

5.1.3 Speckle holography results 

An example of the estimated double star separation based upon the speckle holog

raphy technique is plotted in Figure <5-2> for the 24 specklegram sequence of I.l.-Cyg 

obtained over an interval of about 9 minutes during 12 Nov 92 3:51:31 to 4:00:17 VT. 
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)1.9 asee 

Figure 5-1 Sequence of four 30 msec exposures of J.l-Cyg (1.9 arc second separation) with 

900 run (center) 1100 run (width) filter. 
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Figure 5-2 Tracking record of the x- and y- centers (centroids) of a 5x5 pixel subraster 

centered on the peak of the cross-spectral image component A = a**lxs' of 

Equation <52>, for Jl-Cyg observed with 900 nm 1100 nm filter. 

Individual exposure times were 30 msec. The two curves in Figure <5-2> demonstrates the 

level of variability induced by the turbulent atmosphere in the measured double star sepa-

ration. The two curves are for cross-correlation peak motion in the x- and y-directions 

(upper curve for y-direction). 

The determination of the exact location of the speckle cross-correlation peak was 

determined from data integrations performed using the speckle holographic procedure 
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described in Section <3.4.3>. An example of the self-referenced cross-spectral reconstruc-

tions, computed using one of the unresolvable image components of the double star as the 

reference point-spread function (PSF), for J.l-Cyg, is shown in Figure <5-3>. The sequence 

shows the results of 1, 2,4,8, and all 20 frames processed in figures a), b), c), d), and e) 

respectively. The plate scale in this image is 18.3 mas/pixel, yielding 2.45 pixels across 

the FWHM of the diffraction-limited PSF. The autocorrelation of the fainter component 

image, used as the PSF estimate, with itself (seen right) is always a single-pixel delta func-

tion. The cross-spectral response (left), lxs' increases in signal-to-noise ratio as more 

frames are processed. 

An estimate of the double star separation is determined by calculating a least-

squares fit by a Gaussian function to a 5 x 5 subraster centered on the cross-spectral image 

reconstruction peale. We then used the width of the Gaussian and the mean-squared fit 

error to form 

d d . dir . 2 stan ar error ill x - ectlOn = () x = (j x Gaussian C (62) 

where £2 is the mean-squared error of the fit. A similar definition gives () y' Thus, in Fig-

ure <5-3>, the standard error decreases with increasing number of frames processed, due to 

higher signal-to-noise of the reconstruction and a correspondingly better fit. 

From the results in Figure <5-3>, we find that the standard deviations from the 

mean (x, y) separations are 1.19 mas in x and 2.21 mas in y. The mean cross-spectral 

response of the 24 specldegram result for the J.l-Cyg A response is shown in Figure <5-4> 

(left). Figure <5-4> (right) shows a similar cross-spectral integration of 62 specldegrams 
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1.8 asec 

a) 

b) 

c) 

d) 

e) 

Figure 5-3 Self-referenced cross-spectral image of Jl-Cyg observed with 900 run / 100 run 

filter. Right) the perfectly deconvolved PSF reference and left) the resultant deconvolved 

PSF for the binary companion 1.9 asec away. The sequence shows I, 2, 4, 8, and all 20 

frames processed for Figures a), b), c), d), and e) respectively. 
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Figure 5-4 (Upper left): Long-exposure image of J.L-Cyg A (900 run / 100 nm filter). 

(Lower left): Cross-spectral response function for J.L-Cyg A, self-calibrated by J.L-Cyg B. 

(Upper right): Long-exposure image of l; -Cnc AB (600 nm 160 nm filter.) (Lower right): 

Cross-spectral response function for resolved binary star component I; -Cnc AB (-.65 

asec), self-calibrated with l; -Cnc C. Same scale for all four images. 

for y-And (2.26 mag KO and 4.84 AO separated by 9.2 arcsec) observed with a 60 run 

bandpass at 600 nm over an interval of about 7 minutes, 11 Nov 92 11:50:23 to 11:57:46 
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UT. This is to our knowledge, one of the highest signal-to-noise ratio reconstructions of a 

9.2 arcsec double star using a 10% filter to date. This result illustrates the performance of 

the algorithm near the limits of isoplanicity at a shorter wavelength, but reveals the sensi

tivity of the cross-spectral imaging method in detecting the -1 mag fainter component of 

the resolved S -Cnc BC image in this short integration. The characteristic tendency of par

tially compensated imaging to yield a sharp, nearly diffraction limited, response superim

posed on a diffuse, nearly seeing extent, noisy background is illustrated. 

5.1.4 Comparison with theory 

The results of our complete analysis of this initial observing run are summarized in 

Table <5-1>. In this table, we present data concerning the star pairs observed, including 

their measured separation, e, visual magnitude, the observing bands, and integration 

times. We then compare the measured standard error per specklegram with the centroid 

astrometry standard error predicted for these objects under similar atmospheric conditions 

by Equations < 18> _and < 19> for classical differential astrometry. To evaluate Equations < 18> 

and <19>, we used a value of ro = 0.07 meters, 80 = 0.85 asec. 

For this initial work, we calculated the standard error per specklegram as the total 

standard error from the speckle reconstruction times the square-root of the number of 

observations that went into that reconstruction. This assumes that the error in our separa

tion estimate improves as the square root of the number of frames used in the reconstruc

tion. This Validity of this assumption is discussed in Section <5.2.5>. 

The standard errors achieved for Jl-Cyg and S -Ori are comparable or less than the 

standard errors originally reported by McAlister for a 1.6 asec double star taken at a 3.8 
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Experimental 
Theoretical 

Filter 
Speckle 

Centroid 

e Visual Center/ 
Cross-correlation 

t Errors 
Object 

(asec) Mag. Width (ms) 
Errors 

(nm) 
O'x O'y O'x O'y 

(mas) (mas) (mas) (mas) 

610/100 30 15 11 5.6 3.2 
J.l-Cyg 1.91 4.78/6.09 

900/100 30 4.8 6.0 5.2 3.0 

613/30 10 8.8 6.9 6.6 3.8 

S-Ori 2.24 1.88/4.02 600/60 10 7.2 13 6.6 3.8 

900/100 20 4.3 5.2 6.2 3.6 

S-Cnc 
6.02 5.6/6.2 600/60 10 60 32 18 10 

(A-C) 

S-Cnc 
5.77 6.0/6.2 600/60 10 62 31 17 9.8 

(B-C) 

50 210 170 23 13 
l;-Cep 8.13 4.4/6.5 900/100 

100 41 43 23 13 

'Y-And 140 68 27 16 
9.19 2.3/5.5 600/60 30 

(A-B) 20 11 27 16 

'Y-And 
9.7 2.3/6.3 600/60 30 66 28 29 17 

(A-C) 

Table 5-1 Summary of observational speckle cross-correlation results and comparison to 

classical centroid differential astronomy theoretical predictions. 

meter telescope l . McAlister reported 2 mas in each direction with 50 frames, or 14 mas in 
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each direction per specklegram. We credit this improvement, at a smaller telescope, due to 

the superior quality of our detector. 

We note that the speckle cross-correlation technique has, in an initial observing 

run, yielded experimental standard errors of similar magnitude to the theoretical centroid 

astrometry standard errors. The results are sensitive, however, to the instantaneous quality 

of the speckle gram correlation. The most striking example of this can be seen in the 

results for l'-And (A-B), where two data sets, taken only minutes apart, result in widely 

different standard errors. The better correlation between specklegrams present within the 

second data set is obvious from visual inspection of the data. These results are consistent 

with a predominantly two-layer atmosphere that is briefly dominated by a single layer of 

turbulence. A thorough comparison of the experimentally measured atmospheric cross

spectrum with the theory of Section <3.4> is presented in Section <5.2.4.1>. 

5.2 Detailed experiments 

Our initial success in determining some the atmospheric limit to double star sepa

ration measurements led us pursue a more detailed experimental program. Our primary 

improvement in instrumentation came through a collaboration with Dr. James Beletic of 

the Georgia Technical Research Institute (GTRI). Dr. Beletic provide for our use a fast 

readout, low noise CCD array for use as a speckle camera. 

Two night of observation were made at the 2.3 meter telescope at Kitt Peak on the 

nights of 7-8 June 1993. The observations were conducted by the author, Dr. E. K. Hege, 

and Dr. Beletic. 
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5.2.1 Instrumentation 

In order to reimage the Cassegrain focus of the 2.3 meter telescope onto the GTRI 

detector, a new optics relay box was designed and constructed. The relay allowed for 

rapid change of magnification and made available 8 different plate scales ranging from 30 

to 200 mas/pixel at the focal plane. The particular magnifications afforded by the optical 

design are shown in Table <5-2>. The number of plate scales used at the telescope was 

Plate Scale 
Configuration 

(mas/pixel) 

1 196 

2 131 

3 97 

4 88 

5 66 

6 52 

7 44 

8 33 

9 27 

Table 5-2 Available plate scales for speckle astrometry experiments during June 1994 

observing run. 

kept to four. Most work used a single plate scale, however, so unless otherwise noted, all 

observations reported in this paper were recorded at a design plate scale of 52 mas/pixel. 

The actual plate scale realized on the sky was very close to this, as was determined by the 

calibration procedure described in Section <5.2.2>. 
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An example of the optical layout for a relay configuration is shown in Figure <5-5>. 

-'-' ... -'''- -' 
I 

I r" 
r' 

I I 

-' -' -' 

III 
II -:> +0.010 

---j r 0 ..... 75 0.000 

I 
I 
" u 
u 

Figure 5-5 Example of optical layout used for Cassegrain focus relay. Represented is a 

rectangular box with milled grooves, into which positioning plates can be slid, holding a 

variety of optical elements. In this configuration, light propagating away from the Casseg

rain focus (far left of ray paths depicted) is intercepted by a collimating lens, a spectral fil

ter, and is reimaged onto the CCO with an overall magnification of 5.5. The lenses were 

mounted into threaded barrels that allowed for exact positioning. 

Represented in this Figure is a rectangular box with milled grooves, into which can be slid 

a variety of optical elements. In this configuration, light propagating away from the Cas-

segrain focus (far right of ray paths) is intercepted by a collimating lens, a spectral filter, 
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and is reimaged onto the CCD with an overall magnification of 5.5. A photograph of the 

relay box (and the author) is presented in Figure <5-6> . 

Figure 5-6 The optical relay box and the author contemplate the atmospheric limitations 

to high-angular-resolution imaging astrometry. 

The reimaging lenses were mounted into threaded barrels that allowed for exact 

positioning relative to the interchangeable mounting plates. An demonstration of the easy 

interchangeability of relay lens configurations is shown in Figure <5-7>. Also available 

were a series of pupil masks, that were positioned at the reimaged pupil location, seen in 
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Figure 5-7 Demonstration of the interchangeable relay lens scheme. 

Figure <5-5>, for several experiments to be described below. A digital photograph of the 

mounted optics and auxiliary masks is presented in Figure <5-8> . 

Unless otherwise noted, all observations were made in a bandpass defined by a 

longpass filter with cutoff of 850 nm on one side (IR.85), and the natural quantum effi

ciency falloff of the silicon detector on the other. Our observing wavelength and plate 

scale led to near critical sampling at the 52 mas/pixel plate scale. The effects of sampling 
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Figure 5-8 Photograph of a mounted reimaging lens and auxiliary pupil masks. 

on speckle cross-correlation, however, was not subject to investigation in these experi

ments. 

The camera and data recording system consisted of 420x420 pixel MITlLincoln 

Labs frame transfer CCD, previously described by Beletic48• During these observations, 

the CCD was typically readout at 1 million pixels/sec at a readout noise of approximately 

7 electrons rms. Due to a failure of the mechanical interface, the camera shutter was not 

used. The effects of not correcting dispersion on the differential measurements obtained 



100 

are small compared to the differential wavefront errors induced by the atmosphere and the 

loss of the camera shutter, as will be discussed in the context of calibration issues in 

Section <5.4.1>. 

The data recording system allowed for real-time recording of a 14-bit data stream, 

fed by a fiber optic cable, directly to VHS tape. The CCD control software allowed the 

flexibility of reading out the entire 420 x 420 chip, or a user-defined subarray. Data was 

taken in both modes, frequently defining a 64 x 64 or 90 x 90 subarray about each of the 

double star components. Periodically, as the telescope tracking errors led to the wander

ing of the components too near the edge of the subarray, a paddle control was used to 

recenter the stars by small adjustments in the telescope pointing. Due to the lack of a shut

ter, our integration times were determined by the readout time of the portion of CCD that 

was being read out, with 64 x 64 subarrays reading out fastest, a 90 x 90 array taking 

nearly twice as long, and so on. 

5.2.2 Data preparation and processing 

In order to form an estimate of the separation of each double star pair based upon 

centroid differences, the recorded specklegrams were first flat-fielded and dark-fielded. 

Then the centroids were calculated, typically in a subarray centered upon each star. For the 

closer double star pairs, instances in which light from one star contaminated the subarray 

of its companion were identified and those image pairs discarded. The centroid differences 

were then rotated from the camera coordinates to those joining the star pair. 

Experimental determination of our plate scale for star separations less than 15 arc

seconds was made using the known orbit49 of l; Her. For double star pairs of separation 
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larger than 15 arcseconds, we calibrated the plate scale against the object itself, using a 

known orbit, when available49, and the most recent information when notSO,SI. 

Figure <5-9> shows a portion of a typical time-series of the differential centroid 

separation estimate of a double star pair. 
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Figure 5-9 A typical time-series of separation estimate based upon differential centroid

ing for (J CrB , a 7.33 arcsec double star pair. Gaps in the time series are due to telescope 

tracking errors moving the stellar images out of fixed readout subarrays. 

We also note that the speckle cross-correlation error is sensitive to the contrast of 

the speckle data. Several of our data sets were taken with exposure times> 40 millisec-

onds due to a failure in the camera shutter. The frame-by-frame correlation of these speck-

legrams resulted in the broad Gaussian swamping out the speckle correlation peak. 
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5.2.3 Isoplanatism experiment 

The fIrst experiment we shall consider here is a determination of the astrometric 

precision with which double star separations can be measured using differential centroid 

and speckle holographic techniques. The goal of this experiment is to determine the atmo

spheric limitations to astrometric precision as a function of separation, test the applicabil

ity of theoretically derived relations of Section <3.3> and verify the behavior of these 

techniques predicted in Sections <3.4> and <4.7> for viewing through a thick atmosphere 

5.2.3.1 Differential centroid error vs. double star separation 

A partial summary of the differential centroid results from the two nights of obser

vation are presented in Table <5-3>, where 8 is the separation of the double star pair, 0' x is 

the uncertainty in the direction between the stars, and cry is the uncertainty in the direction 

orthogonal to the vector joining the stars. In order to compare these results with the theory 

of Equations <18> and <19>, we need to account for the variations in seeing during the two 

nights of observation. Using Sandler's derived dependance of error on seeing, we form 

O"x and O"y as the astrometric uncertainties, normalized to a constant value of r 0' namely 

20 cm at 0.9 J.lm. This scaling for rO assumes a linear relationship betweenro and 80, so 

that O"x - r5/6 . These normalized values, along with Sandler's predictions are shown in 

Figure <5-10>. 

From Figure <5-10>, see that the experimental astrometric precision falls within a 

range of values consistent with the Mauna Kea and Modified Mauna Kea models used by 

Sandler, et. al. 36. The residual variation of the data from linearity in this Figure is a mea-
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6 ro (Jx (Jy (5' (J' 
Object m l ,m2 

x y 

(asec) (cm) (mas) (mas) (mas) (mas) 

~ Her 1.54 3.1,5.6 21 -- --- --- ---

p Her 4.16 4.6,5.6 24 10 9 12 10 

sao 65569 6.07 7.3,9.1 7 26 21 11 9 

(JCrB 7.33 5.8,6.7 18 17 16 15 14 

(J CrB 7.33 5.8,6.7 10 22 15 12 10 

£Equ 10.5 6.0,7.1 12 36 24 22 14 

(X. CVn 19.4 2.9,5.5 9 87 57 48 31 

1( Her 28.4 5.3,6.5 11 82 53 48 32 

61 Cyg 29.9 5.2,6.0 20 42 31 42 31 

Table 5-3 Summary of differential centroid observational results. e is the double star 

separation, m l' m2 are the visual magnitudes, r 0 is taken from long exposures, (J x and 

(J y are the raw uncertainties of the separation estimate, (J'x and (J'y are the uncertainties 

scaled to a constant r 0 value = 20 cm at 0.9 J.l m. 

sure of the validity of the normalization assumption, that 60 is linearly related to r o' This 

thin-atmosphere approximation is not valid in the real atmosphere and the variation of the 

data in Figure <5-10> is a measure of its failure. 

We can conclude that Sandler's formulae, Equations <18> and <19>, and, corre-

spondingly, Lindegren's very-narrow-angle formula, Equation <16>, have the correct 

dependence upon star separation, e, and that this dependency is approximately linear. 
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Figure 5-10 Differential centroid error versus double star separation, normalized to con

stant ro = 20 cm, in the direction a) parallel to and b) perpendicular to the vector joining 

the double star pair. Also shown for comparison are predictions made by Sandler's theory 

for two atmospheric models36, representative of two typical seeing conditions atop Mauna 

Kea in Hawaii. 

5.2.3.2 Speckle cross-correlation error 

Next, we compare the behavior of the frame-by-frame separation estimates based 

upon centroid differences and the cross-correlation of individual speckle patterns. The 

estimate of the double star separation based upon the cross-correlation can be found 

frame-by-frame through a brute-force cross-correlation of subarrayed data, typically 
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extended a total of 21 pixels of offset in each direction. Calculated this way, the cross-cor

relation consists of a sharp correlation peak superimposed upon a broad background. The 

peak has width of order of the diffraction limit of the telescope, while the background has 

a width of approximately an arcsecond, corresponding to the cross-correlation of the see

ing cloud. A least-squared fit of a sharp Gaussian riding atop a broad Gaussian function is 

then made to the cross-correlation and the location of the center of the sharp Gaussian is 

used to form an estimate of the double star separation. 

Although the real-space cross-correlation yields physical insight, we chose to per

form the cross-correlation in frequency space, using speckle holography, as previously 

described by Hege43 and Dekany52. In addition to being much faster, speckle holography 

has the property of removing the seeing cloud background from the cross-spectral image, 

allowing a more precise fit than the brute-force real-space cross-correlation. Speckle 

holography was discussed in Section d.4.3>. 

Figure <5-11> shows a sample of the time-series for the two separation estimates. 

We note that the two time-series are well correlated, indicating that the same fundamental 

differential motion of the double star pair is being measured. The cross-correlation uncer

tainty is seen to be slight larger than that for differential centroiding. This is consistent 

with our simulations for a relatively thick turbulence profile for the atmosphere described 

in Section <4.7>. From this results, we can estimate the effective turbulence thickness for 

the observation of (j CrB to be approximately 2.5 km. 

5.2.3.3 Conclusions 

We have found that the dependency of differential centroid precision upon object 

separations follows the general description of the theory described in Section <3.3>. The 
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Figure 5-11 Experimental comparison of frame-by-frame separations estimate for () CrB , 

a 7.33 arcsec double star pair, r 0 = 10 cm. Comparison of this curve with Figure <4-3> 

shows the real atmospheric behavior is between that for the thin atmosphere model and the 

thick atmosphere model. 

effect of detector and photon noise sources was not significant in these experiments as the 

entire 2.3 meter aperture of the observing telescope was used. 

We have also verified the importance of multi-layer modelling of atmospheric tur-

bulence when considering the design requirements and performance predictions of natural 

guide star trackers. In the case of speckle holography, the failure of the single-layer 

model, if applied to the real atmosphere, would be extensive, while for centroid differenc-

ing, the failure would not be complete but significant enough to impact design of future 

adaptive optics instruments. 
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5.2.4 Aperture diameter experiment 

By using an aperture mask at a pupil image, we were able to investigate the depen

dance of astrometry error with aperture size under both atmosphere-limited and noise-lim

ited conditions. In both cases, aperture diameters of 2.3, 2.0, 1.5, and 1.0 meters were 

utilized. Data collected when stopping the telescope down to 1.0 meter, given a 30" diam

eter secondary obscuration, was found to be non-symmetric. It is believed that a small 

misalignment of the mask location led to a somewhat crescent-shaped, rather than annular, 

pupil. 

Two double star pairs were observed using this range of aperture diameters, one in 

which the astrometric measurements were readout-noise limited and the other in which 

atmospheric turbulence limited the measurement precision. 

5.2.4.1 Noise-limited case 

Table <5-4> summarizes the results of an experiment using the 4.1 arcsecond dou

ble star pair, p Her, (magnitude 4.6/5.6) where O'x and cry are the standard errors in the 

astrometric separation measurement made using centroid differences. These results are 

displayed in Figure <5-12>. The observing bandpass for this experiment was approxi

mately 9001100 nm and the exposure time was 48 milliseconds. The number of photo-

electrons entering into each centroid calculation was on the order of 2 10 6 , but the 

distribution of readout noise over the 64 x 64 pixel subarray overwhelms this signal. 

Least-squares power-law fitting of this data yields curves shown in Figure <5-12> 

and described by, 
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Aperture 
rO O'x O'y 0" 0" 

(~y Diameter x y 

(m) 
(cm) (mas) (mas) (mas) (mas) 

2.3 24 10 7 11.7 8.2 0.011 

2.0 18 16 12 14.6 11.1 0.008 

1.5 20 22 18 22 18 0.019 

1.0 15 67 55 52 43 0.023 

Table 5-4 Results of aperture experiment for p Her, mag 4.615.6, separation 4.1 arcsec. 

O"x and O"y are the raw uncertainties scaled to a constant value of r 0 = 20 cm. 

1 
0.1 

o Parallel 
o Perpendicular 

1.0 
Telescope diameter (m) 

10.0 

Figure 5-12 Aperture dependence of standard errors, O"x and O"y' for differential centroid 

measurement of noise-limited double star separation estimate of p Her. 
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O'x fit = 47.7 D-1.76 [mas] (63) 

O'y fit = 38.9 D -1.86 [mas] (64) 

This aperture dependence is consistent with that described in Section <3.3.2> for 

centroid measurements dominated by measurement noise, falling between the D-4/3 

dependence expected of purely photon noise-limited measurement and the D-7/3 depen

dence expected of purely readout noise-limit measurement. We therefore conclude that 

these measurements are measurement noise-limited rather than atmospheric turbulence 

limited. Extrapolation of these curves to larger telescope diameters would be expected to 

pass from the measurement noise-limited regime into the atmosphere-limited regime. 

This transition is discernible in the slight curvature of the curves in Figure <5-12>. 

We can also examine the speckle cross-spectra for the image data described in 

Section <5.2.4.1> and compare them with the cross-spectra predicted by Equation <40> and 

the theoretical prediction of Figure <3-3>. The cross-spectra for the 1.5,2.0, and 2.3 meter 

aperture diameter measurements of p Her, normalized to unity, are shown in Figure <5-

13>. Due to a fabrication error, the 1.0 meter aperture configuration resulted in a vignetted 

annular pupil (30" central obscuration), leading to asymmetries in the cross-spectrum. 

Because of this we ignore the 1.0 meter cross-spectrum data in this Section. 

In data taken through good seeing conditions, more high-frequency information is 

available in the cross-spectrum for use in extremely precise astrometric separation mea

surements. Perhaps a better view of this result is shown through a radial average of the 

cross-spectrum, normalized to unity modulation and to unity cutoff frequency, shown in 

Figure <5-14>. 
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.. 
8.08 cycles / asec 

Figure 5-13 Experimentally measured cross-spectra for apertures of diameter (left to right) 

1.5, 2.0, and 2.3 meters and rOof 20, 18, and 24 em, respectively. The scale of these 

cross-spectra are 0.337 cycles per arc sec per pixel (A. = 0.9J.1m), 

We find that the experimental results for the 1.5 meter and 2.0 meter apertures are 

only in qualitative agreement with astrometric theory leading to Equation <40>. The gen-

eral behavior is to yield higher values for the normalized cross-spectrum for higher values 

of rol D, as seen from Table <5-4>. Equation <41>, however, predicts that the value of the 

high-frequency portions of these curves depend upon (roID) 2. From Table <5-4>, we 

find the ratio of this quantity for the 1.5 m and 2.0 m data sets to be 2.2, while from 

Figure <5-14>, we find this value to be - 1.4 at f = 0.6 fe . Some of this discrepancy can 

be explained by the fact that Fried's theory does not account for a central obscuration in 

the entrance pupil of the telescope. This will differentially effect the 1.5 m and 2.0 m data, 

increasing the value of the normalized cross-spectrum for the 2.0 m relative to the 1.5 m 
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Figure 5-14 Radial average profile of the curves in Figure <5-13>, nonnalized to the cut

off frequency for each aperture. The curve for the 2.3 meter aperture exhibits effects of 

aliasing when computing the cross-spectrum with an FFf. 

(due to a larger fraction of area lost to the obscuration by the 1.5 m pupil). A further pos-

sibility is that for this analysis, we considered the average values of r 0 for each data set. 

As the cross-spectrum is a strong function of r 0 ' periods of good seeing53 could contribute 

significant high-frequency information for the 2.0 m data, even though the average r 0 for 

the set was relatively low. 

The curve for the 2.3 meter data disagrees strongly with theory, but this is an arti-

fact of aliasing when calculating the cross-spectrum using FFI' routines. This is a refiec-
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tion of the fact that the plate scale for this experiment was 0.052 asec 1 pixel, somewhat 

insufficient to sample the 0.081 asec diffraction-limited Airy disk at the Nyquist criterion. 

5.2.4.2 Atmosphere-limited case 

Table <5-4> summarizes the results of an experiment using the 19.4 arcsecond dou-

ble star pair, a. CVn. These results are displayed in Figure <5-12>. 

Aperture 
rO O'x O'y 0" 0" 

Diameter x y 

(m) (cm) (mas) (mas) (mas) (mas) 

2.3 11 87 57 49 32 

2.0 11 106 70 62 41 

1.5 14 114 79 84 58 

1.0 11 222 160 131 94 

Table 5-5 Results of aperture experiment for ex. CVn, mag 2.915.5, separation 19.4 

arcsec. O"x and cr'y are the raw uncertainties, Ci x and 0' y' scaled to a constant value of r 0 

=20cm. 

This data was recorded through approximately a 900/100 nm filter, with an expo-

sure time of 160 milliseconds. Due to the long exposure time, this data is not dominated 

by detector and photon noise as was the data for p Her presented in Section <5.2.4.1>. 

The number of photoelectrons entering into each centroid calculation for the fainter source 

in this case was on the order of 10 7 , enough to make the atmosphere the limiting factor. 

Least-squares power-law fitting of the data in Figure <5-12> yields curves 

described by, 
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Figure 5-15 Aperture dependence of standard errors, 0" and 0" ,for differential centroid x y 

measurement of atmosphere-limited double star separation estimate of a CVn. 

0' = 131.2 D-1.l2 [mas] 
x fit (65) 

0' = 94.1 D-1.21 [mas] 
y fit (66) 

These results are consistent with the -7/6 ( = -1.16) power law prediction in Sec-

tion <3.3>, and verify, for the first time, the applicability of Equation < 16> to telescope aper-

tures of 1.0 to 2.3 meter diameter. 
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5.2.4.3 Conclusions 

We have, for the first time, verified the applicability of atmospheric theory con

cerning the dependence of differential image motion for two objects separated by an angle 

small compared with the shear between the two columns of atmosphere sampled in the 

two directions toward the objects. We have note the existence of two regimes, one in 

which the atmospheric turbulence limits the error and the other where detector and photon 

noise limit the error, and found these regimes to be both easily realizable in typical short

exposure imaging. 

5.2.5 Astrometric averaging experiment 

Our third experiment considered is an investigation of the improvement in astro

metric precision that can be gained by observing a given double star pair through time. 

Were the astrometric errors induced by the atmosphere and noise to obey Gaussian statis

tics, we would expect the improvement in the astrometric precision to go as the square 

root of the number of successive exposures. Because there is a finite correlation time to 

the atmosphere, however, the improvement will not in general follow this behavior. A 

determination of the improvement in precision that does occur in nature is the goal of this 

Section. 

In order to describe the astrometric limitations imposed by atmospheric turbulence 

on imaging systems as a function of the total observation time, we begin with a descrip

tion of one statistical tool that has proven useful in the astrometric literature, the Allan 

variance. 
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5.2.5.1 Allan variance and Allan standard deviation 

Let ~ (t) be a random variable representing the separation of a double star pair as 

observed from the ground. To make an astrometric measurement, we form an estimate of 

the true separation as a function of ~ (t) , 

to+T 

~ = ~ f ~ (t') dt' (67) 

to 

In order to describe the uncertainty of this estimate, we form the Allan variance, 

(68) 

where () indicates an ensemble average over independent to. The Allan variance 

describes the variation in the estimate, ~, as a function of the averaging time, T. 

In the case of the cross-correlation result, the Allan variance is computed similarly, 

with the modification that ~ (t') in Equation <67> represents an estimate formed by the 

speckle holographic reconstruction of an ensemble of specklegram pairs. Thus, if 5 sec-

onds of data go into each speckle holography reconstruction, a single new cross-correla-

tion estimate of the double star separation is made every 5 seconds. 

5.2.5.2 An example of random noise 

As an example of the application of the Allan variance, we generated a synthetic 

time series by drawing numbers between 0 and 1 from a uniform probability density54. 

This time series is shown in Figure <5-16>. 
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Figure 5-16 Synthetic time series generated by sampling from a uniform probability den

sity ranging from 0 to 1. 

The Allan variance calculated for the time series in Figure <5-16> is plotted in Fig-

ure <5-17>. The Allan variance for this time series generally follows a lIT power law, as 

would be expected for random noise. Note that A(1) yields the variance of the uniform 

distribution, namely, b/12 = 0.083, where in this case, b, the width of the uniform distri-

bution is equal to 1.0. The variability about the lIT power law demonstrates the uncer-

tainty due to a finite number of realizations entering the ensemble average of 

Equation <68>. A plot of the Allan deviation for this series would decrease at approxi-

mately 11/2. 
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Figure 5-17 Plot of Allan variance vs. averaging period, T, for the synthetic time series in 

Figure <5-16>. The variability about the lIx power law demonstrates the uncertainty due 

to a finite number of realizations entering the ensemble average of Equation <68>. 

It is important to note the variability, or "noise", in the determination of the Allan 

variance, particularly as fewer and fewer samples enter into the ensemble average of 

Equation <68>. If we assume each member of the ensemble average independent, an 

assumption addressed in Sections <5.2.5.3> and <5.2.5.4>, we can gauge the SNR of the 

Allan variance determination as J (N - 1) , where N is the number of members of the 

ensemble. Thus, we shall plot each Allan variance or deviation out to a value of 
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T = T such that the SNR = 1. Care should be taken in interpreting behavior in those 
max 

T 
regions where SNR <= 5, that is, where T> ;~x. 

5.2.5.3 Results - Atmosphere-limited case 

Each of the time-series for the differential centroid estimate and speckle cross-cor-

relation estimate of double star separation has been analyzed in terms of its Allan standard 

deviation, the square root of the Allan variance, in discrete time form. A summary of the 

values of the Allan variances for T = 5 seconds is presented in Table <5-6>, along with 

these Allan variances normalized to r 0 = 20 cm as described above. The data from 

Table <5-6> are displayed in Figure <5-18>. This Figure shows that in only 5 seconds of 

observation, excellent precision in the separation estimate can be obtained, particularly 

when seeing is good. 

Figure <5-19> shows typical Allan deviations for a 7.3 arcsec pair in moderate see-

ing and a 19.4 arcsec pair in poor seeing. From the discussion in Section <5.2.4>, we 

determined data from these two objects to be precision-limited by atmospheric turbulence 

and not detector and photon noise. 

We notice that the astrometric precision of the 7.3 arcsecond pair is extraordinary, 

reduced to 1 mas after only 60 seconds of observation. This is the precision required to 

detector Jupiter-size planets at 10 pc, as discussed in Section <1.1>, and was obtained in 

good, but not superb seeing conditions. 

Given a white-noise spectrum for the error in the separation estimate, we would 

expect the Allan deviations to decrease as T-1I2 for times greater than the atmospheric 



119 

Object 
e rO O'A (T=5 sec) O"A (T = 5 sec) 

ml ,m2 
(asec) (cm) (mas) (mas) 

~ Her 1.54 3.1,5.6 21 0.6 0.6 

P Her 4.16 4.6,5.6 24 2.0 2.3 

sao 65569 6.07 7.3,9.1 7 4.1 1.7 

O'CrB 7.33 5.8,6.7 18 1.7 1.6 

O'CrB 7.33 5.8,6.7 10 5.1 2.8 

EEqu 10.5 6.0,7.1 12 7.6 4.9 

aCVn 19.4 2.9,5.5 9 12 6.0 

1C Her 28.4 5.3,6.5 11 16 9.5 

61 Cyg 29.9 5.2,6.0 20 8.0 8.0 

Table 5-6 Summary of differential centroid observational results. e is the double star 

separation, ml' m2 are the visual magnitudes, ro is taken from long exposures, 0' A is the 

raw Allan deviation (square root of the Allan variance) of the separation estimate, O"A is 

the Allan deviation scaled to a constant r 0 value = 20 cm at 0.9 J.l m. 
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Figure 5-18 Allan deviation as a function of double star separation for T = 5 seconds. 
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Figure 5-19 Allan deviations for a) (j CrB, a 7.3 arcsec pair in moderate seeing and b) 

ex eVn, a 19.4 arcsec pair in poor seeing. Note that the Allan deviation for (j CrB is less 

than 1 mas for t = 60 seconds. Both curves exhibit T-1I2 behavior for times greater than 

the atmospheric tilt correlation time. Large excursion at large T values are due to poor sta

tistics in the ensemble average of Equation <68>. 

tilt correlation time. For T > 0.2 seconds in the 7.3 arcsec case and T > 0.1 seconds in the 

19.4 arcsec case, we see this is approximately true. We note that for some longer integra-

tion times, the Allan deviations actually increase slightly before resume their descent. 

This is due to low-frequency components in the separation estimate time series that will be 

discussed in Section <5.2.5.4>. 

Large excursions in these curves at large T are due to small statistics in the ensem-

ble average in Equation <68>. In both cases, the speckle cross-correlation deviation is 

worse than the differential centroid deviation, once again consistent with our simulations 

of a thick turbulence profile. In the case of the 19.4 arc sec pair and poor seeing, where 

there is little correlation, the cross-correlation estimate yields much worse results at first, 

but quickly averages to an Allan deviation similar to that of the centroid difference for 
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times greater than approximately 80 seconds. The large uncertainty at smaller values of T 

is a consequence of small numbers of frames entering into the speckle holographic recon-

structions. 

5.2.5.4 Results - Noise-limited case 

In order to investigate the behavior over long integration times, we measured the 

separation of the double star sa065569 almost continuously over a period greater than 15 

minutes. The time series for this measurement is shown in Figure <5-20> The small gaps 

6.30 -0 
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as -s:::: 6.10 .2 

115 .... 
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Figure 5-20 Plot of separation estimate of double star s<1.065569 covering over 15 minutes. 

in the data arise from the recording of data to tape in several shorter duration intervals, 

separated by time that no data was being recorded. The Allan deviation of this time series 

is shown in Figure <5-21>. Although the SNR of the Allan variance determination rapidly 

degrades, we still see that an astrometric precision of approximately 4 mas is achieved 

after 60 seconds of observation. 
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Figure 5-21 Allan deviation for the 15 minute observation of sao65569, separation 6.07 

arcseconds, shown in Figure <5-20>. 

From the detailed shape of these curves, we can determine quite a lot concerning 

the nature of the differential centroid measurement. We recognize three distinct regions of 

the Allan deviation curve, 0.05 sec < T < 1 sec, 1 sec < T < 25 sec, and T > 25 sec. By fit-

ting a power law to each of these regions, we find, 

0.05 sec < T < 1.0 sec A (T) = 0.013 1 0.28 (69) 

1.0 sec < T < 20.0 sec A (T) = 0.012 1 0.18 (70) 

20.0 sec < T < 224 sec A (T) = 0.057 1 0.67 (71) 
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The astrometric precision represented by the Allan deviation decreases somewhat 

slowly at first, but there is not the obvious residual correlation in the differential tilt of the 

atmospheric wavefront over shortest time scales that is apparent in Figure <5-19>. This is 

the primary difference between the noise-limited and atmosphere-limited cases, that the 

noise-limited data begins averaging away uncertainty right away. 

The slope of the curve, however, does slowly increase, reaching a locally maxi-

mum negative slope of -0.33 in the range 0.8 sec < T < 1.0 sec. This indicates some resid-

ual correlation at small T. Thus, although the data is noise-limited, the effects of the 

nature of the turbulence are still apparent. 

5.2.5.5 Evidence of systematic errors 

In Figure <5-21>, the slope of the Allan deviation slows significantly for 1.0 sec < T 

< 20 sec. This flattening of the Allan deviation curve is indicative is low frequency oscil-

lations in the separation estimate for sa065559. The source of these oscillation is a sys-

tematic effect due to residual response variations in the CCD detector, even after flat-

fielding and sky subtraction. 

Figure <5-22> shows a small portion of the separation estimate for sao65569 taken 

from Figure <5-20> and the corresponding absolute position of the centroid for the brighter 

component of the double star pair. We calculate the normalized correlation coefficient of 

these two time series, 

(72) 



124 

Separation 
10 

\ .......... 
"-l 

Q) 
>< 's.. 
'-' 0 

Q,) 

c:a 
u 

cr.J 

-10 

Absolute position 

-20 
100 200 300 400 500 

Time (exposures) 
(330 frames = 20 sec) 

Figure 5-22 Absolute position and separation estimate for sao65569. The absolute posi

tion on the CCD and the separation estimate are correlated at 95% confidence, indicating 

non-flatness of the CCD response after fiat-fielding. 

where (Jfg is the cross-correlation of the two time series, and (Jf and crg are the standard 

deviations of the two time series. The resulting p was found to have a value of -0.025. 

Though this value is smail, we can perform a significance test upon it to determine if p = 

-0.025 is likely to have occurred by chance55• We form the hypothesis that this coefficient 

could have arisen by chance. Assuming both the separation estimate and the absolute 

position on the chip obey normal statistics, we form the statistic, 

1 2! 
t = (N-2) 2(_P_)2 

1- p2 
(73) 
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where N is the number of samples. This statistic can be shown to obey the Student t-dis

tribution with N -2 degrees of freedom54• The interpretation of this statistic is that if t is 

large compared to 1, the hypothesis is unlikely. For N = 10,000, we find t = 2.8 for the 

correlation between the separation estimate and absolute position. Using standard tables 

for the Student t-distribution54, we find we must reject the hypothesis at 95% confidence. 

Thus, we conclude there exists a systematic correlation between separation estimate and 

absolute position on the chip. 

Furthermore, we can estimate the magnitude of this effect by comparing the mean 

separation estimate when the double star pair was on different portions of the CCD. We 

find, for a mean absolute position difference of 30 pixels, a difference in the mean separa

tion estimate of 15 mas. This magnitude of systematic error is similar to the level at which 

the Allan variance of Figure <5-21> flattens. Finally, the time scale of the absolute motion 

of the double star on the CCD is in the 1 - 20 sec range, commensurate with the time 

scales that the flat in the Allan variance occurs. 

Note that for the data sets considered in Figure <5-19>, the absolute motion of the 

double star on the CCD was constrained to lie within a 64 x 64 pixel subarray (see 

Section <5.2.1», while for the data used in Figure <5-21>, larger subarrays were read out, 

allowing the absolute position of the double star on the CCD to range over some 30-40 

pixels. 

5.2.5.6 Conclusions 

We have investigated the improvement in the astrometric estimate of double star 

pair separation made by both averaging successive short-exposure centroid values and 

averaging speckle holographic reconstruction positions. We have demonstrated that root 
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N improvement is obeyed in our experimental data, for time intervals exceeding the corre

lation time of the atmospheric tilt motion, approximately 0.2 sec for the data presented in 

Figure <5-19>. 

We have also shown the effect of systematic errors that influence the astrometric 

precision obtainable with a real system. We shall discuss systematic errors in more detail 

in Section <5.4.1>. 

Despite our approach of not minimizing systematic errors in these experiments, we 

have still achieved unprecedented astrometric precision in the separation measurement of 

double stars in the 2 - 20 arcsec range, including one observation of a 7.3 arcsecond pair 

resulting in 1 mas precision after only 60 seconds of observation. 
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5.2.6 High pupil I Low pupil experiment 

Under normal operating conditions, the wavefronts from two stellar sources arriv

ing at the entrance pupil of a telescope have sampled different portions of the optical tur

bulence layers at high altitude and nearly identical portions of the optical turbulence layers 

near the ground. We crafted an experiment in which this usual method of imaging a dou

ble star pair was compared to a method of imaging with a geometry in which the wave

fronts from a double star pair were forced to sample the same portion of high altitude 

turbulence, and different portions of turbulence near the ground. 

Using a 27.6" double star pair, K Her, and inserting an appropriate mask at a plane 

conjugate to the turbulence at 10 km (above sea level), we collect only that light from each 

star passing through a 30 inch diameter "window". This geometry is depicted in 

Figure <5-23> We shall refer to the configuration as the high-pupil configuration. Given 

this geometry, any optical turbulence occurring near 10 Ian is sampled identically by the 

incident wavefronts and therefore does not contribute to the differential image motion. 

The differential image motion is dominated by differences in the wavefronts induced by 

low altitude turbulence. 

Conversely, by removing this first pupil stop, and replacing it with a stop conjugate 

to the telescope primary, we reestablish the conventional imaging geometry for K Her, 

only with the entrance pupil reduced to 30 inches in diameter. This geometry is shown in 

Figure <5-24> We shall refer to this configuration as the low-pupil configuration. 

5.2.6.1 Results 

The measurement separation estimates for these two configurations are shown in 

Figure <5-25> It is clear from this Figure that the high-pupil configuration resulted in a 
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Figure 5-23 Schematic of observing geometry that minimizes impact of high altitude tur

bulence on differential image motion. The pupil mask only passes that light from each 

star passing through the same portion of 10 km altitude turbulence. We refer to this as the 

"high pupil" configuration. 
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Figure 5-24 Schematic of observing geometry that minimizes impact of low altitude tur

bulence on differential image motion. The pupil mask only passes that light from each star 

passing through the same portion of ground-layer turbulence. We refer to this as the "low 

pupil" configuration. 
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Figure 5-25 Separation estimates of 1C Her as measured through a) the high pupil config

uration of Figure <5-23> and b) the low pupil configuration of Figure <5-24>. 

larger variation in the estimate of the double star separation. This implies the presence of 

stronger turbulence at low altitudes than at high altitudes during this observation. The 

numerical results from Figure <5-25> are tabulated in Table <5-7>. Theoretically, one could 

determine from these rms centroid differences a value of r 0 that would be representative 

of the 10 kIn and 0 kIn layers of turbulence by inverting Equations <19> and <20> and 

invoking the thin-layer approximation to turbulence. Unfortunately, the approximate 

forms of Equations <19> and <20> are not strictly valid at the large angular separations 
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RMS differential centroid motion 
378 mas 

observed through high pupil configuration 

RMS differential centroid motion 

observed through low pupil configuration 
210 mas 

Estimate of r 0 for ground layer 14.8 cm 

Estimate of r 0 for 10 km layer 30.0cm 

Table 5-7 Differential centroid results for two observations of 1( Her using the optical 

configurations of Figures <5-23> and <5-24>. The larger differential motion in the high

pupil configuration indicates the dominance of low altitude turbulence. 

involved in this experiment. The dependency of the differential centroid error on r 0 in the 

thin-layer approximation, however, remains valid, namely that cr; - ro5/3. It is possible, 

therefore, to estimate values of r 0 in the two layers as follows. From the long exposure 

images, we determine that the value of ro for the entire atmosphere is 12.6 cm. Then the 

ratio of the rms differential centroid motion for the high-pupil observation to that for the 

low-pupil observation gives us following set of equations: 

2 
cr x high pupil 

0'2 
x low-pupil 

( ) -5/3 
ro ground layer (378)2,.. 

= ( )-5/3 = 210 = ",.24 
r 0 10km layer 

(75) 

Equations <74> and <75> can be solved to yield the estimate of r 0 shown in Table <5-7>. 

An important caveat to these derived numbers, however, is that they depend upon an 
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assumption of Kolmogorov turbulence, which is known to be an inaccurate description of 

atmospheric turbulence inside the telescope dome. 

In order to verify that this two-layer description of atmospheric turbulence is rea

sonable, we performed a simulation of a two-layer atmosphere using the values of r 0 from 

Table <5-7>. These simulations were for a 27.6 arcsec pair, covered 2.5 seconds worth of 

observation at 40 Hz frame rate, and included the effects of detector- and photon-noise 

appropriate for a pair of 6th magnitude stars. The resulting RMS differential centroid 

enor for the low-pupil configuration was 184 mas, not 210 mas, but within 13%. The fact 

that the Kolmogorov model underestimates the differential centroid error in the low-pupil 

configuration is indicative of either an overestimate of the relative strength of the ground 

layer turbu!cnce to that of the high altitude turbulence or the presence of a non-Kolmog

orov atmospheric turbulence spectrum, particularly one with an excess of focus (differen

tial tilt) aberration relative to the amount of tilt aberration. This second possibility is 

consistent with a finite outer scale model of the high altitude turbulence and would imply 

that finite outer scale effects are present on the order of the beam separation at an altitude 

of 10 km, namely 1.3 meters. We believe that uncertainties arising from the thin-layer tur

bulence assumption and uncertainty in the exact altitude of the high level turbulence are 

sufficient to explain the approximately 10% discrepancy between our simulation and data. 

5.2.6.2 Evidence of dome seeing 

Further information concerning the structure of the high- and low-level turbulence 

can be gained from an analysis of the spectral content of the time series of Figure <5-25>. 

Portions of the spectral densities of the two time series representing the lowest temporal 

frequency components are presented in Figures <5-26> and <5-27>. The high-pupil config-
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Figure 5-26 Low frequency portion of power spectral densities of image separation esti

mate shown in Figure <5-25>a) for the high-pupil experiment. Note the presence of sig

nificant long period variations not present in Figure <5-27>. This is evidence of dome 

seeing at the 90" telescope. 

uration result has present significant spectral components at frequencies ranging from 

1 Hz down to 3.6 mHz, the limit of this observation. There is, in particular, a spectral 

component centered at 8.0 mHz (a period of 12.5 seconds) that stands out. By integrating 

the spectral density under this feature, we determine that this spectral component has a 

variance of 0.0027 asec2 over a 0.012 Hz integration. This results in an rms fluctuation of 

52 milliarcsec for that feature alone. The variance of the high pupil configuration over the 

range of 0 to 0.1 Hz is 0.0127 asec2 , while the variance for the low pupil configuration in 
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Figure 5-27 Low frequency portion of power spectral densities of image separation esti

mate shown in Figure <5-25>b) for the low-pupil experiment. 

the same integration is 0.00091 asec2 . Extending this integration over 0 to 1.0 Hz, the 

high pupil configuration has a variance of 0.038 asec2 , while the low pupil configuration 

has a variance of 0.0064 asec2 • This yields an rms fluctuation for the high and low pupil 

centroids of 195 and 80 mas respectively. Clearly there is significant low frequency varia-

tions of the centroid motion induce at very low altitudes. 

We can ask what magnitude of focus aberration across the entire 2.3 meter aperture 

would result in this level of differential tilt, 195 mas. In other words, approximating the 
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30" subapertures in Figure <5-23> as point-like, we have that the differential tilt error is 

simply the change in derivative of the focus term between the subapertures, 

( 60 in) 
4 W020 90 in = 195 mas (76) 

where 60 inches is the center-to-center spacing of the subapertures. Solving this equation 

for the focus amplitude, W020 ' we find that the differential tilt is consistent with a focus 

term in the dome turbulence of approximately, 

( 0.195)( 1 )( 1) 
W 040 == 206264.8 0.9 10-6 .4 == 0.39 waves (77) 

peak-to-valley at the observing wavelength of 0.9 microns. 

We conclude from this that the high pupil configuration samples turbulence that 

has considerable low frequency content that the low pupil configuration does not. This is 

most readily explainable by slowly evolving dome seeing effects. We believe this to be 

the case since the correlation time for turbulence in the free atmosphere is much shorter 

than 10-100 secl2• 

5.3 Conclusions 

We have experimentally investigated the fundamental limitations to astrometry in 

the very-narrow-angle regime. We have found that centroid difference errors agree with 

theory in this regime and afford the possibility of sub-milliarcsecond standard errors with 

large telescopes. From the experimental results of Figure <5-12> and Table <5-5>, we 

believe an 8 meter aperture can achieve a standard error of 5 mas in the measurement of 

the separation of a 19.4 asec double star pair with r 0 = 20 cm from single 160 msec expo-
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sures. From the experimental results of Figure <5-19>, we find that this astrometric error 

can be expected to decrease to 0.1 mas in approximately 4 hours of observation. This 

level of precision would allow the detection of Jupiter-sized planets in orbit about one 

component of the double star system at a distance of 10 pc at a 5 sigma confidence level. 

From the experimental results of Figures <5-10> and <5-19> and Table <5-4>, we 

find that for a 4.1 arcsec separation pair, we expect an 8 meter aperture telescope to 

achieve standard errors sufficient to detect the presence of Jupiter-sized planets at lOpc at 

a 5 sigma confidence in a mere 20 minutes when r 0 = 20 cm at A =0.9 J.l m. These pre-

dictions are based upon experimental evidence but may, in fact, be pessimistic in the new 

large telescopes can exploit advantages of exceeding the outer scale of turbulence, beyond 

which atmospheric phase fluctuations no longer increase with the 5/3 power of the aper

ture (see Section <2.3.2». 

We find that an 8 meter telescope, observing a 4 arcsec double star pair is expected 

to achieve astrometric precision using centroiding techniques that are comparable to the 

previously reported astrometric precision of the Mark m interferometer (see 

Section <3.2». Based on our experimental findings, we expect the filled-aperture tele-

scope to achieve 0.62 mas precision in a 4 sec observation for r 0 = 43 cm at A = 0.9 J.l m, 

compared with 0.76 mas reported for the interferometer for r 0 = 23.9 cm at A = 0.55 J.lm. 

The additional advantage of the filled aperture telescope bringing more stellar objects into 

the atmosphere-limited regime (not noise-limited) should not be underestimated, allowing 

the extension of planetary search to fainter sources. 

We have also demonstrated in simulations that the speckle cross-correlation tech

nique can yield errors even smaller than centroid differences, but the performance of this 
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technique on the sky depends critically upon the thickness of the atmospheric turbulence 

profile. For data taken at Kitt Peak, we found the actual behavior of the speckle cross-cor

relation technique equal to or slightly worse than for centroid differencing and conclude 

that the turbulence was not constrained to a high thin layer of turbulence. 

We have also determined that a single layer model of atmosphere turbulent is inad

equate to describe the actual situation of anisoplanatic imaging through the atmosphere. 

An extensive body of literature concerning atmospheric imaging based upon single layer 

modelling is brought into question by this result. 

Finally, we have detected and quantified significant low level, probably dome, see

ing at the Steward Observatory 90" telescope. The magnitude of this seeing effect has 

been shown to correspond to as much as 113 wave (0.9 microns) P-v. This level of dome 

seeing is unacceptable at a world-class observatory and should prompt Steward Observa

tory to consider amelioration of this problem. 

5.4 Future work 

Our experience at Kitt Peak has highlighted the need to perform very high preci

sion astrometry from excellent observatory sites. In particular, sites frequently dominated 

by a single thin layer of turbulence would be natural choices for the next step in the exper

imental determination of the ultimate precision of the speckle cross-correlation technique. 

The condition of an optically thin atmosphere has, to our best knowledge, not been a pri-

mary driver for telescope site selection56.57 and we suggest that more consideration be 

given to turbulence thickness in future site selection surveys. 
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5.4.1 Astrometric calibration 

It is now apparent that extreme levels of astrometric precision are possible with 

ground-based imaging telescopes. To achieve this unprecedented precision, unprece

dented efforts to control systematic errors will be required. The measurement of a 1.0 mas 

error corresponds to 1150 of a pixel in the experiments described above. This level of 

instrumental stability is challenging but not insurmountable with modem low vibration 

athermal design and environmental control. This level of systematic error control has 

already been achieved by scientists at Jet Propuision Laboratory58. The narrow-band 

imaging for speckle cross-correlation makes the calibration of CCD imagers considerably 

easier than for broad-band centroid measurements, at the cost of reducing the number of 

available candidate parent stars. Scale, orientation, and detector tilt must be carefully 

monitored. Fortunately, instrumentation need only be stable over periods of hours, while 

changes in the course of years can be calibrated on the sky. 

5.4.1.1 Self-calibration on the sky 

Due to the short observing times required to make a detection of a Jupiter or even 

Uranus-size planet possible at lOpe, only seconds or minutes, a systematic study can be 

performed by rapidly switching between perhaps 100 double stars on the sky, with an 

observing frequency of twice per year. Changes in instrumentation over periods of 

months could be calibrated away, as we expect that the average change in all the double 

star separations would be zero. With 100 similar binaries, not all of which are expected to 

contain planetary systems, we expect the sky-calibration could be done to a SNR of 

greater than 10. 
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5.4.1.2 Dispersion 

Dispersion elongates the individual speckles and follows the relations9, 

dz:::: 3.0 tan (z) [mas/nm] (78) 

where z is the zenith angle. Since all of our observations were made with a zenith angle 

less than 38 degrees, the maximum elongation was approximately 200 mas for a narrow

band 100 nm width filter. Typically, however, our zenith angle was 15 degrees or less, 

resulting in an elongation of less than 100 mas. 

Fortunately, dispersion induced by the atmosphere effects both sources in very 

similar ways. The differential effect of dispersion between the two stars is given, for the 

worst-case geometry, by 

o (dz) :::: 3.0 sec2 (z) OZ [mas/run] (79) 

where oz is the angular separation of the pair in degrees. For a 6 arc seconds pair at a 

zenith angle of 15 degrees, the differential error is less than 50 J.las. Moreover, this is a 

static error over short time scales and does not effect the results concerning the time-vari

ability of the atmospheric phase fluctuations presented here. Over the course of an entire 

night or between successive nights of observation, however, changes in dispersion due to 

changing zenith angle or atmospheric conditions will become a greater source of errorS8• 
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Chapter 6 

Array Phasing Techniques 

6.1 Introduction 

Previously, in Chapter <2>, we noted that low spatial frequencies of atmospheric 

turbulence are specially troublesome to astronomers because the phase distortions they 

cause have large amplitude. When imaging with dilute aperture array telescopes such as 

the Multiple Mirror Telescope (MMT), control of average phase errors, also known as pis

ton errors, between individual telescopes is essential to recovering the diffraction-limited 

resolution afforded by the full telescope array. 

We have developed the theory underlying one technique of piston correction for 

array telescopes based upon the Fourier transform of the instantaneous point spread func

tion. Although this technique has been previously suggested60•61 , we present the first ever 

mathematical treatment. We also present the first results from a successful demonstration 

of this technique, leading to the recovery of the diffraction limit of the 6.87 meter MMT at 

near infrared wavelengths on an astronomical object. We have also performed an analysis 

of the noise limitations of the technique never before considered. 

6.2 Piston errors and imaging arrays 

Since the amplitude of turbulence increases with spatial scale, large scale turbu

lence is particularly troublesome, and it must therefore be removed with the highest rela

tive accuracy. One of the main goals of our adaptive optics program at the MMT has been 

the development of ways to reconstruct phase errors across large scales, taking advantage 

of the telescope's 6.9 m baseline. The approach taken in this investigation has been the 

exploitation of the coherence of natural starlight, which permits interferometric methods 
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to be used to measure the shape of the wave front directly over large distances. Interfer-

ometry has particular value in the case of segmented mirrors such as the MMT, because it 

allows direct measurement of the phase errors between segments despite the discontinui-

ties in the wave front. 

The MMT is shown schematically in Figure <6-1>. It consists of six 1.83 m seg-

O+ELI 
+AZ 

<E'-------- 6.9 M 

Figure 6-1 The pupil of the MMT consists of six 1.83 m apertures mounted on a 5.04 m 

diameter circle. For the present experiments, only the five highlighted apertures were 

used. 

ments mounted on a circle 5.04 m in diameter. A coherent phased focus is provided by 

beam combining optics which permit the path lengths of the six beams to be varied inde-

pendently. Under typical seeing conditions at the siteS6, corresponding to ro of 15 cm at 
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0.5 JllIl, or 90 cm at 2.2 J.IlD.,62 correction of wave front slope errors (tip and tilt) across 

each segment and mean phase errors (piston) between segments is sufficient to recover 

diffraction-limited imaging at 2.2 J.IlD., with resolution of 0.07 arcsec and high Strehl 

ratio.63 

For reasons discussed in Section <6.5>, our piston phasing technique requires 

breaking the symmetry of the MMT pupil, so the results presented in this paper were 

obtained using only the five mirrors highlighted in Figure <6-1>. With no aberration, the 

point spread function of this array appears as shown in Figure <6-2>, with a bright central 

peak containing 25% of the energy, surrounded by twelve weaker peaks. In good seeing, 

Figure 6-2 Simulation of diffraction-limited point spread function for the array of mirrors 

shown in Figure <6-1>. 

the short exposure images formed by the individual apertures are nearly diffraction-lim-

ited, but the continuously-changing wave front slope, different for each aperture, causes 
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rapid image motion, and the images do not remain stacked in the focal plane. In addition, 

piston errors cause continuous motion of the interference peaks in regions where the 

images do overlap. 

The effects of correcting tilt and piston errors separately are quite different. 

Removal of the slope errors stabilizes the stacking of the individual images, but the inter

ference pattern will continue to vary rapidly as the piston errors change. In tlIe long expo

sure, the effects of interference are blurred out, and the image resembles the Airy function 

for a single aperture. Correction of piston errors stabilizes the interference pattern, but 

does not constrain the image motion. The width of the integrated image is the same as the 

uncorrected image, but a fraction of the energy forms a fully diffraction-limited compo

nent, which is superposed on a broad halo. Results of experiments with this correction 

scheme are reported in Section <6.9>. 

6.3 Atmospheric phase data 

By blocking the light from the other mirrors, two aperture interference fringes can 

be formed in the MMT focal plane. By measuring the phase of these nearly-sinusoidal 

fringes, we can determine the fluctuation in piston between these two mirrors as a function 

of time. Figure <6-3> illustrates a portion of phase data taken with a 6.16 m baseline at 

2.2 J.l m wavelength, and 100 Hz sampling rate. 

6.4 Recovery of piston errors from far-field images 

Although the median seeing at the MMT site is very good, it is not so good as to 

eliminate the need for direct piston sensing in an adaptive wavefront compensator. That 

is, the typical wave front errors between individual mirrors are large enough that it is not 
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Figure 6-3 Phase fluctuations across a 6.16 m baseline at 2.2 IJ.In wavelength, recorded at 

100Hz. 

possible to extrapolate the shape of the wave front in the gaps between mirrors solely on 

the basis of local slope measurements64• To measure the piston errors between mirrors, we 

rely on interferometry in the wavelength range 1.65 J.llIl to 3.5 IJ.In. 

The derivation of piston errors can be understood intuitively by considering the 

simple case of interference from just two apertures. Young's fringes with a well-defined 

spatial frequency and orientation are observed in the focal plane. In Fourier space, the 

fringes define a point whose position is determined by the vector separating the two mir-

rors, and whose phase is directly the piston error between the mirrors. The amplitude at 

that point is related to the brightness of the source, and the fringe contrast in the image. 

In the theoretical development of the Fourier transform technique that follows, ref-

erence is made to the notation described in Figure <6-4>. Consider an M-mirror pupil con-
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Figure 6-4 (Left) The MMT pupil with simulated Kolmogorov turbulence phase errors, 

defining the notation of Section <6.4>. (Center) The image fOf!Iled at the focal plane at 2.2 

J.llll. (Right) The modulus of the Fourier transform of the focal plane image. 

sisting of circular mirrors of diameter D having centers at coordinates Rex, where IX = 

1,2, ... ,M. The mirrors are non-overlapping, so the distance between them is greater than 

D. We can describe the incoming optical wave front at point r in the telescope entrance 

pupil as 

Uo (~) = Yo i w (r-Rex) /P ex/(tex · (~-Rex) )il>jit(r) (80) 

ex=1 

where 10 is the uniform illumination across each mirror, P ex is the mean phase or piston, 

lex is the tilt (measured in radians/meter) of the wave front for mirror ex, and w (r) is the 

aperture transmission function, 
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(81) 

The assumption of uniform illumination (no scintillation) is justified in the case of the 

MMT since the typical linear deviation of a ray caused by the turbulence is a few centime-

ters (one arcsec over 10 kIn is 4.8 cm), which is much smaller than D. 

Throughout the following analysis, phase and piston values are assumed to vary 

without limit; that is, the arithmetic is not done modulo 21t. This becomes important in the 

real world where one must use filters of finite bandpass, and one must maintain the phase 

within the coherence length of the filter. It is not then sufficient to correct the phase to an 

arbitrary integral number of wavelengths. 

Because the image from a single aperture of the rvIMT site is often characterized 

by a mirror diameter to seeing parameter ratio, Dlro, =2 at 2.2 J.1ID. wavelength,56 we are 

usually justified in ignoring the effect of higher order phase aberrations, <l>fit (r) appear-

ing in the last term of Equation <80>. In this regime, the wave front across each telescope 

suffers primarily from tilt alone. Thus at the MMT, the nature of a short-exposure far-field 

interference pattern depends primarily upon the relative piston and tilt values between 

telescope wave fronts. 

The electric field at point ~ in the combined focal plane of the mirrors is given by 

the Fourier transform of Equation <80>, 

(82) 
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where A is the sensing wavelength, andfis the telescope focal length. 

The irradiance measured by a detector at the combined focus is then65 

* I(i) = U (i) U(i) (83) 

or 

(84) 

In Equation <84>, the function A (i) is the field for a diffraction-limited single mirror 

(85) 

which is given by the Airy function 

A (i) 

2J (1t Dlil) 
1t D2 1 Af 

=-------
4 1t Dlil 

(86) 

--V 

The function A (.~) is independent of (X since we assume that each mirror is focused to the 

center of the optical axis. Each Airy pattern is displaced by an amount 

Equation <84> shows that the illumination of the far-field detector contains a DC 

term, consisting of the superposition of the individual mirror point spread functions with 

random offsets, plus an interference term depending on both the tilts and the pistons of the 

mirror wave fronts. The goai of tip/tilt/piston adaptive correction of array teiescopes is to 
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measure and compensate for the M-I pistons and 2M tilts, which will then transform 

Equation <84> into the illumination for a coherent phased array. 

The key to piston determination from far-field data is provided by the expression 

for the Fourier transform of the image, 

(87) 

The function F (V) can then be written using the convolution expression for the incoher-

ent optical transfer function, 

(88) 

Using Equation <80>, 

F(V) = IOLe-ila'Ra/~' (R~+I..J¢) ei(Pa-P~) Jw("-R(l)w("-Rf3-A.ft)ei(la-}~) '~d" (89) 
cx,f3 

where we have ignored the fitting error terms in Equation <80>. Next, let us examine the 

contribution to F (V) from a single pair of mirrors (a, ~) forming a non-redundant base-

line. To do so, we calculate the value of the Fourier transform at the spatial frequency cor-

responding to the baseline separation of mirrors a and ~, Va.13 = ta.131 O.!) , where 

(90) 

where we have made the substitution ~' = ~ - Ra., and we have used the fact that 
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w (Ra. - R13) = 0 for a :;c ~. We define the relative piston and tilt errors as 

Within Equation <90>, we recognize the modulus of the complex fringe visibility,39 

(91) 

and so write, 

(92) 

The quantity J.1<X13 will playa central role in our analysis of measurement noise to come. 

Using Equation <81>, J.1a.13 can be evaluated, yielding 

(93) 

Note that J.1.a.~ is a strong function of the rms tilt error between mirrors, as shown in Fig-

ure <6-5>. 

In our analysis so far, we have neglected the residual fitting error across each mir-

ror. The fitting error is the wave front error which remains uncorrected by a perfect correc-

tion of tilt and piston. It is given, in units of rad2, byI7 

2 (D)5/3 
aftt = 0.13 ro . (94) 
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Figure 6-5 Variation of fringe visibility Il with relative tilt. 
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The effect of this error is to reduce the value of 1l<x13 by the factor expl-crAt) ' which can 

be a significant degradation in fringe contrast for D / r 0 ~ 2 . 

6.5 Pupil redundancy 

We have shown, then, that the desired piston difference AP al3 for mirrors ex and ~ 

can be derived from Equation <92>: 

(95) 

The measurement in Equation <95> corresponds to a non-redundant baseline, for which no 
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other term F.yo in Equation <89> contains power at the frequency VaJ3 . However, for 

redundant array geometries like the MMT, there will be other pairs of mirrors 'Y, ~, which 

have the same baseline separation. For the case of two redundant pairs, Equation <92> 

becomes the phasor addition of two terms 

(96) 

The result of Equation <96> is that one cannot uniquely determine the piston differences 

/1p aJ3 and /1p yo directly from the data, without extra information. Additional information 

can be gained from a variety of techniques. For example, light from one of the redundant 

pairs can be split off and made to interfere alone. As another possibility, a form of phase 

diversity, using an in-focus and an out-of-focus image, can be utilized to break. the redun-

dancy. The full six aperture pupil of the MMT contains too much redundancy to be solv-

able at all using Equation <95>. In our experimental verification of this technique, we 

worked with the partially redundant pupil of Figure <6-1>, which is a compromise between 

conserving photons and having sufficient non-redundancy to solve for all phases unambig-

uously. 

6.6 Error associated with Fourier transform piston phasing 

The ultimate applicability of this technique of piston phasing for array telescopes 

lies in its sensitivity to noise sources ever present in the wavefront sensing system. 

6.6.1 Measurement errors 

Signal fluctuations arising from photon noise and those induced by the detector 

and electronics (primarily readout noise), lead to uncertainty in the recovery of relative 



152 

telescope piston values through the use of Equation <95>. The measurement noise will in 

tum influence the accuracy of the piston reconstruction applied to the adaptive mirror. 

Since we want to push the Fourier transform technique to the faintest possible guide stars, 

and tailor new ifu-Tared detectors to the requirements of piston wave front sensing, it is 

important to understand the sensitivity of the measurements. 

We can rewrite Equations <87> and <95> to give the measured piston differences 

/1p (X~ in terms of the measured Fourier transform 

(97) 

where we have replaced the integration over focal plane coordinate X with a summation 

over detector pixels (i,j) . We wish to know the response of /1p(X~ to a small, first-order 

change in the measured irradiance, OJ ... That is, we let I .. -7 I .. + 0/ .. , and compute the 
I] IJ I] IJ 

corresponding change 11(X~. Expanding Equation <97> in a Taylor series, keeping only the 

first-order terms, we have 

of 
11 A = "" ~O/ .. 

(x.., ~ol.. IJ 
I,] IJ 

so that the expected variance of the piston-difference change is 

We assume that the irradiance variations due to noise are uncorrelated pixel to pixel 

(98) 

(99) 
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( OJ .. 00kZ> = 0'20 .. kl 
lJ n lj, 

(100) 

where 0'; = N + n2 is the noise variance, consisting of a Poisson term, N, the number of 

photoelectrons generated, and a camera noise term, n2, the squared readout noise per pixel. 

Performing the derivatives in Equation <99>, we have 

where we have used S .. = sin {2n(VIVA ·x .. )} and C .. = cos {2n(VIVA ·x .. )}. The 
lj ""I-' lJ lJ ""I-' lJ 

sine-cosine terms in Equation <101> average to zero, and substituting Equation <100>, we 

find 

(102) 

The quantity on t.lJ.e left-hand side of Equation <102> is identified as the mean-square 

uncertainty in the piston difference. From here on, we shall refer to this quantity as O'~p • 

From Equation <102>, we see that O'!J..p depends inversely upon the fringe contrast, 

J.L, so that small values of J.L will produce noisy piston differences. Equation <93> gives the 

dependence of J.L<x~ on the relative tilt, Llt<x~, between mirrors. The rms value of this tilt 

can be calculated using the expected value of tilt from Kolmogorov theory.17 In the 

absence of any adaptive tilt correction, we can estimate the magnitude of the tilt error 

from 
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lilt I = 5.37(D)5/6. 
a13 rms D ro (103) 

Equation <103> assumes that the Ilrs are uncorrelated, which is not strictly true. 

Thus, Equation <103> represents an upper bound to the actual tilt error. Without tilt con-

trol, we find 3 radians rms tilt for D / r 0 = 1, leading to an expected fringe visibility of 

0.31. 

If an adaptive tilt loop is closed simultaneously with the piston loop, however, the 

relative tilt is corrected, leading to near unity fringe visibility for DlrO = 1, and an nTIS 

measurement noise value 3 times smaller than the case without tilt correction. For 

D I r 0 = 2, the expected fringe visibility is 0.13 and the reduction in rms measurement 

noise through use <?f a perfect tilt control loop is 8. Thus the advantage to implementing a 

simultat"1eous tilt control loop for use with the Fourier transform piston phasing method is 

very significant, corresponding to 1 to 2 magnitudes in effective source brightness. 

Figure <6-6> plots the rms measurement error as a function of the number of photo-

electrons per pixel, N, for a family of detector readout noise levels. The current Steward 

speckle camera used in the adaptive instrument has been found to have approximately 

300 e- rms readout noise per pixel. Figure <6-6> makes apparent the reduction in measure-

ment uncertainty, and correspondingly the increase in sky coverage, to be gained from 

even modest improvements in infrared detector technology. 

6.6.2 Reconstruction errors 

In the absence of measurement noise, phase closure provides the best means of 



155 

Photoelectrons per pixel 
10000 1000 100 10 0.1 

........ 
I/) 

~ 5e-
:a 
It! 

...::. 10 
1.0 
0 
1.0 
1.0 
Q) 

~ 

~ 
Q) 

E1 
Q) 
1.0 0.1 ;:l 
I/) 

It! 
Q) 

::a 
0.01 

6 8 10 12 14 16 18 
Stellar magnitude. K band 

Figure 6-6 Variation in measurement noise with stellar magnitude for three different levels 

of detector read noise. We have assumed 10 ms exposure time, 30% system throughput, 

andDlro= 1. 

reconstructing the true pistons, p, from the phase differences, IIp (X~ obtained from the 

Fourier transform of the image. Consider a three mirror non-redundant pupil. The mea-

sured piston differences are llP12' llP23 , and llP31 , from which we seek estimates, 

1l<1» (X~' that minimize the error 

(104) 

while satisfying the closure sum II c:P 12 + II c:P 23 + II <1» 31 = o. Minimizing Equation < 104> 

subject to this constraint leads to the solution for three mirror closure, 

(105) 
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(106) 

(107) 

or in matrix notation, 

[

2 -1 -1~ 
LlcP = ~ -1 2 -1 Llp. 

-1 -1 2 

(108) 

This reconstruction technique leads to a reduction in the uncertainty of our estimate of the 

piston difference LlcP between any two mirrors compared to the originally derived values 

LlP . For a fully redundant pupil, we are trying to find M-1 relative piston differences from 

M(M-1)12 baselines. If the measurement errors are uncorrelated and have the same mean 

squared value for all baselines, then we reduce the uncertainty by a factor of {2(M-1)/ 

In the case of five mirrors, the development is similar. We derive an estimate of the 

piston differences that best fits the measured data in the least squares sense. The five mir-

ror derivation begins by writing 

(109) 

analogous to Equations <95> to <97>, for adjacent mirrors a. and /3. 

In the case of a pupil with more than three mirrors however, we can further con-

strain the derived pistons. In the same manner as for the three mirror closure phase, we 
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know that the sum of phase differences around the edge of the pupil must be zero, that is 

(110) 

We can write the square of the residual closure error as 

(111) 

Minimizing R2 with respect to the <P ex s gives 

-2 -1 0 1 2 
2 -2 -1 0 1 

cP= 1 2 -2-1 0 Ll~. (112) 

0 1 2 -2-1 
-1 0 1 2 -2 

Substituting in Equation < 109> gives the final closure result 

(113) 

where Llp ex/3 = -Llp/3o:. For the M mirror case, this gives us a further improvement in the 

uncertainty in the derived pistons of a factor { 11M} 112. 

6.7 Improved and optimal reconstructors for noisy data 

The closure solution, Equation < 113>, is the best that one can do for bright sources, 

adaptive tilt control, and small residual phase fitting error over each of the mirrors. How-

ever, even with tilt control, the use of dim guide stars or seeing worse than D/ r 0> 1 leads 
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to significant values of ()~p . In order to maintain accurate reconstructions as the level of 

noise increases, we must supplement the measurements I:!.p <X 13 with information about the 

noise level, and statistical properties of the wave front. Information about the level of 

noise in the data can be found by looking at the amplitude of the Fourier components, and 

weighting the corresponding phase values accordingly. 

We shall consider in this section three alternative techniques for extending the use-

ful function of the Fourier transform piston derivation to faint guide stars. The first tech-

nique, originally derived heuristically by M. Lloyd-Hart. To make stronger use out of high 

SNR piston values, we weight the terms of the piston reconstruction by a function of the 

complex fringe visibilities. The function is chosen to discredit phase differences derived 

from poor visibility fringes relative to those derived from fringes with good visibility. 

Thus, we can modify the simple closure relation, Equation <109>, as follows 

where 

(115) 

Note that in the case of equal visibilities associated with all piston difference measure-

ments, this reconstruction technique reduces to that of the simple closure described above. 

A second method of improving the reconstructor performance in the presence of 

noise can be taken from optimal linear estimation theory66 and allows for the inclusion of 
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a priori information concerning the noise level and the statistics of the process being cor

rected. Using a Wiener filter, we can inform the reconstructor about the data and atmo

spheric wave front so that it can make the best use of the measurements. 

Given the measurement vector 

(116) 

the optimal least-squares weights are given by the Wiener solution66 

cPw = [W]d (117) 

where 

(118) 

The matrix, [W], is the product of two matrices, the first having elements 

(119) 

where P is the true wave front piston. The terms in Equation <119> involving 11131 average 

to zero because the noise is assumed to be a zero mean Gaussian process. The remaining 

terms involve the piston covariance matrix, which has elements 
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(120) 

where is the piston structure function, given by 

2 
for Kolmogorov turbulence, and 0' is the 

p 

mean square pisto!! ~Ta1ue for a single mirror. The term Y (x) represents a correction to the 

Kolmogorov structure function for the finite size of the apertures. For the values of 

/tex13/ / D used in the present work, we find numerically the results in Table <6-1 > 

1.38 0.68 

2.38 0.82 

2.76 0.85 

Table 6-1 Numerical determination of function Y l/tex13/ / D ) . 

For mirrors which are small compared to their baseline separation, D« Ita131 ' 

Y (Ita13/ / D) --7 1 and the above expression becomes 

(P P ) = 0'2 _ 3.44( It a131 )5/3 
ex 13 P r o 

(121) 

Similarly, the matrix to be inverted on the right hand side of Equation <118> has the ele-

ments 

(122) 
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which may also be evaluated using Equation <121>. It should be noted that the matrix 

whose elements are given by Equation <122> does not possess an inverse for (j~p = 0, 

due to the rank deficiency caused by the invariance of the measurement vector, a, under 

the addition of an arbitrary overall piston. For finite (j~p, however, the inverse is well 

behaved. For small, but finite (j~p, which is identically the case of a bright source, the 

Wiener reconstruction matrix approaches the simple closure matrix described above. 

In implementing Equations <119> to <122>, we have found that point-aperture 

approximation is not accurate enough to establish the true covariances of the mean phase 

values across the MMT pupil, where DI/tal3/ == 0.3 to 0.7. Therefore in the comparison 

to follow, we have computed the piston-measurement and measurement-measurement cor

relation matrix elements numerically. 

The final reconstruction technique we consider is a combination of the non-linear 

amplitude weighting and optimal linear reconstructors derived above. We again are moti

vated by the desire to discredit those piston measurements which are known to have asso

ciated with them low values of fringe visibility. We also wish to maintain the 

improvements in the case of high noise achieved by the Wiener filter. 

We therefore form the piston difference estimate as in Equation <114>, but now 

using the values J.l' for the estimate Ll<I> a~ where 

(123) 

and w.y3, a is the element of the Wiener reconstruction matrix, W, from Equation <117>, 
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that multiplies the piston measurement I1pyo in the estimation of cI> (X. 

6.8 Improved reconstructor simulation results 

Each of the above technique has been implemented through simulations. A com-

parison of these methods with each other and the simple closure reconstructor derived 
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above is given in Figure <6-7>. This graph was plotted assuming D1ro = 1, 30% system effi

ciency at 2.2 ~ with 20% bandpass, 10 ms integration time, and a detector with 30 e- per 

pixel rms noise. Wave front slope was assumed to be removed perfectly, leaving only the 

effects of piston error to be corrected. The plot shows that, as expected, the Wiener filter 

performs better than the closure methods, since the Wiener filter contains information 

about the statistics of the wave front which the closure matrix does not. Furthermore, the 

addition of noise weighting by Fourier amplitude improves performance significantly in 

both cases, in terms of the corrected Strehl ratio, and in the case of the Wiener filter, in 

terms of the limiting magnitude. Our experiments to date have relied upon amplitude 

weighted closure; Figure <6-7> shows the improvement that could be expected were we to 

implement the weighted Wiener filter. 

6.9 Experimental verification of the piston phasing technique 

Following the theoretical development of the above piston reconstruction tech

niques, it was essential to demonstrate real time array phasing at a large astronomical 

array telescope. During an observing run at the MMT in May 1992, the method of ampli

tude weighted closure was used to stabilize the relative piston errors between five of the 

six apertures of the telescope.67 

6.9.1 Instrumentation 

Real-time adaptive control of piston errors is a problem well suited to the existing 

adaptive optics instrument tested at the Multiple Mirror Telescope6o,68,69,7o. The MMT AO 

system has been under development for several years and has benefited from the efforts of 

many graduate students, including the authors. 
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The configuration of the instrument as used for these piston reconstruction experi-

ments is shown schematically in Figure <6-8>. Just after the pseudo-Cassegrain focus of 

Six-element. 
adaptive mirror 

~ Ad~pti~e - ~i;r~r -
I commands 

Telescope Cassegrain 
focal plane 

~ 20 cm f/3 parabola 

NICMOS 
wide field 
camera 

.----11.._'11 < __ Mirror with 

Transpuler 
wavefronl 
compuler 

Ii' Ii' 
I 

I Image dala 

Lenslel 
Array 

-----------

cenlral pinhole 

----, 

Pupil imaged 
onlo lenslel 
array (on;y 2 
beams shown) I 

I 
I 
I Image data I 

-----------------------------~ 

Figure 6-8 The MMT adaptive instrument mounts at the Cassegrain focus of the telescope. 

Three cameras are used for wave front slope control (CCD), piston control (speckle cam

era), and infrared wide-field imaging (NICMOS camera). In the piston reconstruction 

experiments, data from the speckle camera was fed to a computer which reconstructs the 

piston differencing using the amplitude weighted closure algorithm described in 

Section <6.7>, and sends commands to the adaptive mirror. 

the telescope, the beam is folded to a parabola which collimates the light, and reflects it to 

the adaptive mirror, positioned in the focal plane of the parabola, just in front of an image 

of the entrance pupil. After a second reflection off the parabola, the light is brought to a 
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corrected focus. The central 5 arcsec of the field is transmitted through a hole in the mid

dle of a mirror which folds light in the rest of the field to a 128x128 NICMOS2 array via 

reimaging optics. This camera is used to record long exposure images in the corrected 

field of view around the reference star, at 2.2 J.1IIl wavelength. 

Visible light from the star is transmitted through a dichroic beam splitter, and a 

smalllenslet array images each of the six beams separately onto a small format CCD. 

Image centroids computed from the output of the CCD directly provide wave front slope 

information for each of the six beams. The infrared light is reflected from the dichroic to a 

62x58 indium antimonide speckle camera,71 with 300 e- per pixel rms read noise, and 

imaged at a plate scale of 0.04 arcsec/pixel at 2.2 J.1IIl wavelength. We can read 26><20 

pixel subarrays from this camera at a rate of up to 100 Hz, which is quite adequate for 

adaptive control in the near infrared. 

Images from both the speckle camera and the CCD are transmitted to the wave 

front computer. This is an array of 21 transputers, manufactured by !nmos, running at a 

sustained speed of 25 Mfiops. After reconstruction of the wave front, a series of digital-to

analog converters and power op-amps is used to drive the PZT actuators of the adaptive 

mirror. 

In the case of piston control, six parameters of the wave front are corrected. These 

are the four relative piston errors, and the global wave front tilt, determined from the cen

troid position of the combined focus infrared image. This has the effect of slightly improv

ing the FWHM of the corrected image. 

To find the required adjustments to the adaptive mirror a 26><20 pixel subarray is 

read from the speckle camera, in a non-destructive mode. The centroid of the image is 
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used to locate an 1Ix11 box containing the bulk of the energy. This is transmitted, along 

with the centroid coordinates to the wave front computer, which computes the Fourier 

transform of the I21-pixel image. Finally, actuator values are calculated on the basis of the 

centroid location and the Fourier components. 

Because the wave front distortion changes rapidly with time, the delay between 

sensing the wave front and moving the adaptive mirror (the 'servo lag') must be no more 

than about 20 ms at 2.2 !J.ID. wavelength. For the results of Section <6.9.2>, 10 ms exposures 

were read out at a 100 Hz rate. Readout. computation of the Fourier transform and recon

structed wave front, and setting the adaptive mirror took an additional 13.4 ms, giving a 

total of 23.4 ms between beginning an integration and making a correction on the basis of 

the image. Since a new cycle was started every 10 ms, successive cycles were overlapped. 

6.9.2 Results 

The star y Draconis, which has a K magnitude of -1.3, was imaged in the K' photo

metric band (2.2 J.I.IIl ± 0.12 !J.ID.). The success of the piston phasing techniques is illustrated 

in Figure <6-9>. Figure <6-9>a) shows a 20 second integration, 26x20 pixels in size, com

posed of 2,000 consecutive 10 ms frames with no adaptive correction. The image has a 

typical seeing-limited profile with FWHM of 0.78 arcsec. Contributions to the width 

include alignment and figure errors in the telescope optics (0.46 arcsec), 60 and residual 

stacking error in the five beams (estimated to be 0.2 arcsec). The atmospheric component 

is thus 0.6 arcsec, which corresponds to TO = 74 cm (13 cm at 0.5 !J.ID. wavelength), in good 

agreement with values calculated from the phase fluctuations derived from the individual 

stored frames. This is somewhat worse than the median value of about 90 cm observed at 

the MMT site. Three new exposures were taken immediately afterwards, with integration 
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a) 

b) 

Figure 6-9 Images of a star at 2.2 )lID wavelength (K magnitude -1.3). a) A 20 s exposure 

with no control. The FWHM is 0.78 arcsec, and their is no high spatial frequency informa

tion. b) A 50 s exposure with adaptive piston control showing clearly the diffraction-lim

ited beam profile of the telescope superposed on a broad uncorrected halo. 

times of 10 s, 20 s, and 20 s. These have been added, with no post-processing except to 

correct for the detector flat-field response, to obtain Figure <6-9>b). There is a strong dif-

fraction-limited component present in this image, on top of the expected broad halo. The 

resolution of the central core is 0.073 arcsec vertically, and 0.082 arcsec horizontally, the 

asymmetry arising because of the shape of the pupil. 

The power of the technique can be appreciated by comparing Figure <6-2> with 

Figure <6-10>, which shows the corrected image with the seeing halo fitted and subtracted, 
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Figure 6-10 The image of Figure <6-9> b), with the halo fitted and subtracted. The image 

has also been repixelized at 0.013 arcsec/pixel, using a bicubic spline fit, for comparison 

with Figure <6-2> 

repixelized at 0.013 arc sec/pixel. Another representation of this result is shown in 

Figure <6-11>, which is a slice through one row of Figure <6-10>. 

With perfect correction of the aberrated wave front, this portion of the image 

would contain all of the energy, and the halo would disappear. In fact, it contains only 

4.5% of the total energy. The reduction is caused by five distinct sources of error in the 

corrected wavefront tabulated in Table <6-2>.: 

These errors were derived from various data taken at the telescope. Alignment and 

figure error have been previously determined by the adaptive optics group.60 The tilt error 

was computed from the rms image motion of a single beam under the same seeing condi-

tions. Piston versus time plots were computed for the uncorrected data of Figure <6-9> a) 

and used to find the error due to servo lag. The value of 70 computed from these data sets 
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Figure 6-11 A horizontal cut through the center pixel of Figure <6-10>. 

Error 

Uncorrected tilt errors 

Optical alignment and figure errorO 

Residual high frequency atmospheric aberration 

Servo lag 

Detector read noise 

RMS magnitude 

(waves at 2.2 Jl m) 

0.360 

0.141 

0.123 

0.054 

0.002 
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Table 6-2 Residual error sources limiting the energy in the core of Figure <6-10> to 4.5% 

of the total energy in Figure <6-9> b). 

was used to calculate the residual atmospheric aberration from Equation <94>. Finally, the 

error caused by read noise was found by propagating the signal-to-detector noise ratio of 

the data through the wavefront reconstructor. 

By far the largest error is due to the uncorrected wave front slopes over the indi-
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vidual apertures. Simulations indicate that if simultaneous tip/tilt control were applied 

under otherwise identical conditions, the energy in the diffraction-limited component 

would increase by a factor of almost three to 13.3%.67 Correcting slope errors is essential 

for imaging with high contrast and Strehl ratio. 

6.10 Extension to fainter sources 

We have achieved direct imaging at the diffraction limit of the MMT in the near 

infrared with adaptive control of only six parameters of the wave front. There remains 

much to be done however before our adaptive optics system can become truly a user 

instrument. The concentration of light, and the limiting magnitude of the required refer

ence star must both be improved. 

The infrared speckle camera, with its high read noise, limited us to stars brighter 

than K magnitude 7 under good seeing conditions. The results of Section <6.7> demon

strate that roughly a magnitude of improvement can be obtained immediately simply by 

using the amplitude weighted Wiener filter wave front reconstructor rather than amplitude 

weighted closure. In addition, one could replace the current speckle camera with a 

256><256 NICMOS3 array, which has only 30 e- per pixel rms read noise. It is possible to 

read a small rectangle from such a detector repeatedly, while cycling non-destructively 

and very rapidly through the rest of the array. After some integration period, the entire 

array can then be read out. This would enable us to use the camera as both the wave front 

sensor and the science imager. The lower noise will allow reference stars 2.5 magnitudes 

fainter to be used. 

We believe we can push the technique to reference sources at least as faint as K of 

11 at the MMT using infrared light, at which point a great number of possible scientific 
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applications becomes available.68 This magnitude estimate agrees with the simulations 

summarized in Figure <6-7>, which shows the limit for the phasing technique to be around 

12 to 13. The simulations did not include the effect of servo lag, however, which will 

reduce the limit by about a magnitude. 

The use of a fast, small-format CCD detector under development72 opens up the 

exciting prospect of using the Fourier transform phasing technique to do extremely high 

resolution imaging at visible wavelengths. With a readout noise of as small as 1 electron 

rms, we believe that Fourier transform technique can be pushed to magnitudes as faint as 

V magnitude of 14 using the current configuration of the MMT. 

6.11 Future implementations of the piston phasing technique 

The technique of piston phasing for array telescopes developed here has direct 

application to planned astronomical facilities. Full adaptive correction of the Large Binoc

ular Telescope (LBT), a co-mounted pair of 8.4 meter diameter mirrors already under con

struction on Mt. Graham in southern Arizona, would recover the diffraction limit of the 

full 22.8 meter baseline, yielding a diffraction limited resolution of 20 milliarcseconds at 

2.2 micrometers. Piston and tilt phasing alone would recover the diffraction limit of 31 

milliarcseconds in L band (3.4 micrometers) under good seeing conditions (ro > 2 

meters). At shorter wavelengths, residual fitting errors would prohibit recovering the dif

fraction limit as discussed in Equation <94>. Although higher order corrections are neces

sary for apertures this large, the piston phasing technique can be performed independently 

of the high order corrections. A typical AO configuration could consist of a fast tip/tilt/pis

ton mirror to correct low order aberrations and a many actuator deformable mirror to cor

rect higher order aberrations. 
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Although still only a design study, a redeployment of the existing MMT mirrors in 

the Adaptive Steerable Imaging Array (ASIA) would be a perfect application of the piston 

phasing technique. One concept for ASIA consists of seven 1.83 meter mirrors comounted 

an a 25 meter diameter pointable truss (see Figure A-<4». This size for individual mirrors 

retains the advantage that tip/tilt and piston correction can recover the diffraction limit, 18 

mas at 2.2 ~ m wavelength. 



Chapter 7 

Prediction of atmospheric wavefront aberrations 
through machine learning 

7.1 Adaptive correction lag errors 
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Historically. one of the greatest challenges for adaptive optics has been the closed-

loop bandwidth requirements imposed by the ever-changing atmosphere. The atmo-

spheric aberrations measured at one time persist in the atmosphere for a very short period 

of time. on the order of 1 to 10 msec. depending on wavelength and seeing conditions. 

The total wavefront error resulting from the application of an outdated wavefront 

information is given in radians squared by36 

Ll . = (Bt)5/3 
time t o 

(124) 

where ot is the lag time and to is the atmospheric correlation time. which can be defined 

as. 

(125) 

where v w is an effective turbulence weighted wind velocity. 

v = [f v 5/3 (h) C~ (h) dhJ 3/5 
w f C~ (h) dh 

(126) 
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The component of this mean-squared error due to atmospheric tilt can be derived 

beginning with Equations <18> and <19>, then substituting for 6 and 60 with ot and to' 

and taking the two-directional mean-squared average, yielding, 

(127) 

in angular units. This Equation is valid in the domain (at/to) ::;; 0.5 (D/ r 0) . 

Adaptive corrections must be performed on time scales much less than to, or oth

erwise, some attempt must be made to predict the state of the atmospheric turbulence at 

the time the corrections will be applied, based upon information gathered a fraction of a 

second prior. 

7.2 Previous work 

Short-time scale prediction of the aberrations induced by the turbulent atmosphere 

has received surprisingly little attention, given the severity of the lag errors always present 

in an adaptive optics system that requires finite time between measuring the atmospheric 

wavefront and applying a correction. Jorgenson and Aitken73 recently considered tip and 

tilt prediction for a single 1.83 meter MMT telescope in good seeing using machine learn

ing techniques. They also considered prediction of the mean phase (piston) between two 

apertures of the MMT separated by 2.52 meters. They found that short-term prediction 

(up to 100 ms) was possible, and that the degree of improvement depended strongly upon 

the strength of turbulence. In addition, using wavefront sensor data from the COME-ON 

adaptive optics systems, operating on the 3.6 mESO telescope at La Silla, Chile74, the 
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same authors demonstrated75 that using data from the 20 sub apertures sampled at 116 Hz, 

a three-layer, error backpropagation network could yield predictions that reduce the mean

squared centroid motion of all the subarrays by a factor as large as 6.9. This result was 

found in poor seeing conditions; in good seeing they found only 14% improvement. 

Angel76 also suggested the use of the delta rule to form an optimal wavefront reconstruc

tion matrix, given Shack-Hartmann sensor subarray centroid values as training inputs. 

Similarly, Lloyd-Hart considered simulations of delta-rule training for piston reconstruc

tion from tilt data. 

This work differs from that previously conducted in three important ways. We 

consider the prediction of tip and tilt values of all six of the MMT mirrors simultaneously, 

using real telescope data. The simultaneous consideration of multiple telescope data 

allows prediction to incorporate both spatial and temporal information. We present the 

learned prediction weights and demonstrate their variation in different conditions of see

ing. Finally, we extend the prediction of individual wavefront sensor motions for the six 

mirror array to the prediction of the defocus aberration tenn over the entire 6.9 meter 

diameter of the MMT. The technique presented here can easily be extended to the predic

tion of low order Zernike terms through spherical aberration. 

7.3 On-the-sky machine learning 

Given the ever-changing nature of atmospheric turbulence, we seek a prediction 

scheme that is both accurate and can be rapidly updated as conditions at the telescope site 

change with time. When the seeing conditions are poor, the coherence time, to' is short, 

and we expect attempts at prediction to be marginally successful, as little or no use of prior 
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information can be made, because the sampling time represents several to' and the atmo

sphere turbulence has decorrelated. However, under those conditions described by a long 

atmospheric coherence time, to' we expect prediction of wavefront tip and tilt values will 

be more successful, as greater coherence can be exploited. 

The requirements that we have described can be satisfied by a number of adaptive 

signal analysis techniques 79. In this Chapter, we shall consider two of the simplest and 

fastest in terms of computation time, a linear predictor trained by the delta rule and a sim

ple two-layer perceptron artificial neural network predictor trained through backpropaga

tion. 

Our training of atmospheric predictors presented below was conducted in postpro

cessing, but there is no reason to believe these techniques would be difficult to implement 

in future adaptive optics systems. We envision the atmospheric prediction to be an inte

gral component to any adaptive optics reconstruction technique, with the reconstruction 

matrix enjoying constant learning as new information concerning the current nature of 

atmospheric turbulence is measured by the wavefront sensor. A system that is initialized 

to perform traditional wavefront reconstruction lagging behind the evolving wavefront 

can be turned on and, with only changes in the control algorithm, immediately begin pro

viding improved adaptive optics results. Running at 100 Hz, a wavefront sensor can pro

vide 50,000 training exemplars, enough to optimize the predictor, in 8 minutes on the sky. 

As new target objects were acquired, with differing atmospheric conditions, zenith angles, 

and brightness, the real-time adaptive predictor could very rapidly reoptimize the recon

struction/prediction matrix. 
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M 

Figure 7-1 Graphical representation of the fully interconnected linear predictor discussed 

in Section <7.4>, with 12m inputs and 12 output nodes. Not all connections are shown. 

7.4 Adaptive linear prediction 

Consider the linear predictor, 

y = M~ (128) 

where the components of y are the tip and tilt centroid values for the 6 mirrors of the 

MMT (see Section <6.2» and the components of ~ are the past N tip and tilt centroid val-
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ues for the same 6 mirrors. Graphically, we can depict this matrix multiplication as shown 

in Figure <7-1>. Explicitly, we have, 

x~,n-l 
tlP 

xl .. n-l 
tlP 

yO .. n x 5 .. n- 1 
up tlP 

yl .. n x~,n-2 
tlP tlP 

Y= y5 .. n }= x5 .. n-2 (129) 
tlP tlP 

yO,n 
tilt 

XO .. n- 3 
Elp 

y5,n x 5 .. n - m 
tilt tip 

xO, n-l 
tilt 

x 5,n-m 
tilt 

where the notation xgpJ3 and xi:tf represents the centroid measurement for mirror a. at 

time ~ in the tip and tilt directions respectively. The predictor considers the centroid val-

ues measured from the past m short exposures. The value of m, and therefore how far 

back the predictor looks, is chosen by the user, but the network training itself may deter-

mine that too-old data should not be considered by finding a matrix weight near zero, as 

will be discussed below. 

The optimal linear predictor will consists of the matrix M that minimizes the error 

function 
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(130) 

where a is the vector of centroid values that actually occur at time n. In other words, a is 

the desired output of the predictor. The function E represents a hyper-parabola, having a 

second order dependence upon each of the matrix elements M ij' Minimization of E 

could be performed in a single matrix operation after sufficient atmospheric statistics are 

accumulated (see the discussion of optical filtering in Section <6.7». However, for the 

case of atmospheric prediction, the minimum of E varies with changing atmospheric con-

ditions. We therefore chose to adaptively update the values of the elements of M in order 

to track this minimum. 

7.4.1 Delta rule weight training 

We begin with a choice of M that represents the case of not performing prediction 

at all. That is, we chose the 12m x 12 matrix, 

M = 

1111110 

o 0 0 0 0 0 0 
o 
o 

o 0 000 000 

(131) 

as our initial matrix, and update each matrix element M ij after each new measurement of 

12 centroids, according to, 

n+ 1 n 
M .. =M .. +.6.M .. 

lJ lJ lJ 
(132) 

where the change term, 
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~M .. = E(y.-d.)x. 
IJ J J I 

(133) 

is proportional to the prediction error and E is a constant that determines the learning rate. 

As the training proceeds, the error of each prediction will decrease, resulting in a smaller 

~M ij as well. The matrix weights will converge to the minimum of E. As long as data is 

being recorded, the matrix weights will continually adjust to maintain an optical linear 

solution. 

Notice that the training procedure will drive those weights connecting outdated 

and useless centroid measurements to zero as it minimizes the prediction error. Later, if 

the coherence time of the atmosphere increases, these weights will be resurrected by the 

delta rule. 

7.4.2 Momentum 

In order to decrease training time, it has been found that the inclusion of an addi-

tion term in the weight update Equation < 132> that retains information about previous 

changes to the weight vector, 

n+ 1 n n n-l 
M .. =M .. +~M .. +~~M .. 

IJ lJ IJ IJ 
(134) 

where Jl. is a coefficient know as the momentum and typically has a value from 0.1 - 0.5. 

In addition, the inclusion of a momentum term during the training of the two-layer percep-

tron, to be discussed in Section <7.5.1>, helps that solution avoid local minima during min-

imization of the error function of Equation <138>. 
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7.5 Adaptive nonlinear prediction 

The delta rule is mathematically assured of arriving at the optical linear solution 

for the matrix M. There has been evidence, however, that nonlinear techniques can be 

more successful in the prediction of time series exhibiting behavior similar to atmospheric 

centroid series 80. A convenient framework for the formation of a nonlinear predictor is 

through the training of an artificial neural network. 

An artificial neural network is a representation of an array of simple processors 

connected by matrix weights that has been the subject of considerable research in recent 

years. We shall present here a mathematical description of a neural network known as a 

two-layer perceptron and describe an adaptive updating algorithm known as backpropaga-

tion. For a more complete description of neural networks and backpropagation see Refer-

ences <60>, <81>, <82>, and <83>. 

7.5.1 Two-layer neural network 

We consider an artificial neural network possessing an architecture shown in Fig-

ure <7-2>. The prediction of the 12 centroid outputs is made by taking as the input to the 

neural network the 12m previous centroid measurements plus a single constant input, 

used to define a threshold value. These inputs are then propagated to the hidden layer by 

performing a matrix multiplication with the initial layer of weights, 

(135) 

Each hidden nodes then perform a nonlinear operation on its input. For the j th hidden 

node, this is given by, 
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L M 

Figure 7-2 Graphical representation of the fully interconnected nonlinear predictor, with 

12m + 1 inputs and 12 output nodes. Not all connections are shown. 

(136) 

The final prediction is then made through a second matrix multiplication to form, 

(137) 

where we have used the same notation as in Equation <129>. 
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7.5.2 Backpropagation weight training 

The matrix weights, L.. and M 'k are trained through a procedure similar io that 
lJ J 

for the linear predictor of Section <7.4>. We again seek to minimize the error metric, E, 

defined as the sum of the squares of the prediction errors, 

(138) 

In the case of the nonlinear network, however, E is no longer a simple hyper-parabolic 

function of the layer weights. It can be shown82 the correct change to each matrix element 

is given by, 

ilL .. = tIL .. x. hC!ut( 1- hC!ut) ~ ilM 'k 
lJ lJ l J J £..i J 

k 

(139) 

(140) 

The backpropagation algorithm is intrinsically a gradient descent search and as such is 

susceptible to trapping by local minima. This phenomenon was witnesses on several 

occasions in the training of nonlinear predictors described below. Inclusion of a momen-

tum term, such as in Equation <134>, improves the situation by forcing weight values 

through local minima. The results presented were found to be obtainable from several 

varied initial conditions and are therefore taken as representing a global solution to the 

error function minimization. 

7.6 Experiments at the :MMT 

During the nights of 31 May - 5 June 1994, observations were made at the MMT 

using the adaptive optics instrument described in Section <6.9.1> and Dr. Beletic's CeD 
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camera system described in Section <5.2.1>. Observations were made of several stars, but 

for this investigation, we consider only two data sets, one made of a binary star pair 

HR561O, having visual magnitude 7.2 and 7.2 and separation 9.9 arc sec, with a shutterless 

recording rate of 29.1 Hz, and the other of the binary HR5415, having visual magnitude 

7.1 and 7.6 and separation 25.4 arcsec, with a shutterless recording rate of 20.2 Hz. Each 

of the 6 beams of the MMT were destacked to allow individual centroids to be calculated 

for each telescope. An example of the data recorded in this manner is presented in 

Figure <7-3>. In this Figure, we see the 6 spots, from each of the 6 MMT telescopes, for 

each of the two components of the double star. Despite the double nature of these objects, 

in the consideration to follow only those images fonned by the fainter of the two binary 

components is considered. An investigation of additional infonnation that could be uti

lized by the wavefront predictor using multiple natural or laser guide stars (exploiting a 

upwind beacon, for example) is a natural extension of this work. 

From images such as Figure <7-3>, centroid values were calculated within a 

16 x 16 pixel subarray centered upon the long-exposure average of all frames after field 

rotation had been subtracted. An example of the tracking record for a single MMT mirror 

in one direction is shown in Figure <7-4>. An entire data set consists of 12 such time 

series, for 6 mirrors in each of 2 directions. The number of photoelectrons entering into 

each of the centroid calculation was on the order of 50,000, and the readout noise per pixel 

was approximately 7 e- rIDS (at a readout rate of - 1 Mpixellsec), yielding high SNR 

results. 
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Figure 7-3 Example of double star images of the destacked MMT. The object in this 

image is HR5415. Raw data from HR.561O has similar format, but differs somewhat in 

seeing quality. 

7.7 Linear predictor results 

7.7.1 Comparison of temporal and spatiotemporal predictors 

As a simple first experiment, we consider the comparison between a linear, delta-

rule based, predictor utilizing only temporal centroid information for a single mirror, and 
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Figure 7-4 Centroid values for a) HR5415 (sampled at 20.2 Hz) and b) HR5610 (sampled 

at 29.1 Hz) from a single MMT mirror in one direction. 
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one utilizing both spatial and temporal information from all 6 MMT mirrors. In the tempo

ral case, the time series of the centroid measurement for each mirror alone is used to pre

dict the centroid value for that mirror. No information is shared between the six individual 

mirrors in forming the centroid prediction for anyone of them. In the spatiotemporal case, 

previous centroid measurements from all mirrors are used to predict the centroid value for 

a given mirror. 

The form of both linear predictors is similar to that shown in Figure <7-1>, but the 

temporal predictor does not enjoy full interconnection. iiI both cases, we took as inputs 

the 12 centroid values measured for the past 7 exposures and output the 12 centroid pre

dictions. Therefore, for the spatiotemporal case, we train 7 x 12 x 12 = 1,008 weights. 

For the temporal case, we connect only the past 7 centroid values to each of 12 outputs, 

for a total of 7 x 12 = 84 weights. 

The first data set consisted of 5000 images ofHR5610 recorded at 29.1 Hz with a 

value for rO = 18 cm (A. = 0.5 11m ) calculated from the FWHM of the long-exposure 

image. From this centroid data, we find that the one dimensional rms centroid error result

ing from a 34 msec lag is 0.0013 asec2 . Then, using Equation <127>, we can estimate the 

value of to to be 6.4 msec. We note, however, that we are using Equation <127> under 

assumptions which are near the limit of it's applicability (namely that the sampling time is 

approximately 5 times the coherence time). Using Equation <125>, we calculate a turbu

lence weighted wind speed of 8.8 rnIs. 

The data set was divided into 4000 images used to provide training exemplars and 

1000 images used to provide a verification set of centroid values never shown to the net

work. The training data was presented sequentially to the network to simulate real-time 
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on-the-sky training. Weight adjustment was performed after each presentation with a 

learning rate, £, of 0.0001 and a momentum, Jl, of 0.5. The quantity of interest is the 

mean-squared centroid error when predicting the centroid positions for all 6 mirrors and 

both directions 34 msec (one exposure time) into the future using the verification set. The 

training error on the verification set as a function of iteration for the two training cases is 

shown in Figure <7-5>. Also shown in this Figure are the corresponding mean-squared 
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Figure 7-5 Verification error as a function of training iteration for HR561O. If this training 

had been conducted on-the-sky, 50,000 iterations would correspond to just under 30 min-

utes. This time, however, could be decreased with an optimal choice of £, which was not 

sought here. 
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error that would apply to an AO system whose centroid correction lagged 34 and 68 msec 

behind the wavefront measurement. 

We find, then, that the addition of spatial information improves the predictor per

formance for the dilute aperture and large baseline of the MMT. This is the first such dem

onstration of wavefront prediction using real data for apertures of the size of the MMT. 

The delta-rule training procedure was applied to a second data set, consisting of 

3145 images of HR5415 recorded at 20.2 Hz with a value of TO = 13.4 cm 

(A = 0.5 J.lm ), where TO was again calculated from the FWHM of the long-exposure 

image. From this centroid data, we find that the one dimensional rms centroid error result

ing from a 50 msec lag is 0.0059 asec2 . Then, using Equation <124>, we can estimate the 

value of to to be 4.1 msec. Again, we note that we are using Equation <127> under 

assumptions which are just beyond it's domain of Validity (in this case, the sampling time 

is approximately 12 times the coherence time), so care must be taken in the use of the cal-

culated value of to. Using Equation <125>, we calculate a turbulence weighted wind 

speed of 10.0 m1s. 

This set was divided into a 2500 image training set and a 645 image verification 

set. Weight adjustment was performed after each presentation with a learning rate, c, of 

0.0005 and a momentum, J.l, of 0.5. The corresponding training curves for this data set 

are shown in Figure <7-6>. From these Figures, we note several conclusions. First, the 

poorer seeing for the data set HR5415 leads to much larger centroid errors, as can be seen 

by comparing the 34 msec lag curve for HR5610 and the 50 msec lag curve for HR5415. 

The mean-squared lag error for HR5610 was - 0.0013 asec2 while that for HR5415 was 
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Figure 7-6 Verification error as a function of training iteration for HR5415. If this training 

had been conducted on-the-sky, 10,000 iterations would correspond to less than 9 minutes. 

- 0.0059 asec2 , a factor of 4.5 larger. This is the result of the strong squared and 5/3 

power law dependencies of in Equation <127>. 

Second, the importance of utilizing all available spatiotemporal information is 

greater for the larger lag time and poorer seeing ofHR5415 than for HR561O. This can be 

seen by noting the relative improvement over temporal information alone for the two data 

sets. For HR5610 temporal information yields an improvement in MSE of 15% while 

spatiotemporal information yields 22%. For HR5415, temporal information yields an 

improvement in MSE of only 6% while spatiotemporal information yields 23%. This 

level of improvement, though modest, has been achieved using data that is sampled at 15-
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25 time the coherence time of the atmosphere. In other words, the predictor has been 

shown to be able to utilized coherence present in the wavefront over scales of greater than 

I meter. 

7.7.2 Temporal prediction weights 

The prediction weight vectors arising from the delta-rule training can be inter-

preted with physical significance. The converged predictor weights for the two data sets 

considered are shown in Figure <7-7>. We find that for HR561O, the prediction consists 

0.5 

0.0 

HR5415 
HR5610 

-0.5 L...--L---L._.L.---l.----'-_.L.---l.---L_.L......--l.---L_.L......---I----L--I 

0.0 0.1 0.2 0.3 
Time into the past (sec) 

Figure 7-7 Converged prediction weights using temporal information alone. Errors repre

sent sample standard deviation of results of training linear network on different portions of 

the time series in Figure <7-4>. 
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approximately of the last measured value and small contributions from former measure

ments. This is consistent with the short prediction time and good seeing conditions of that 

observation. The atmospheric tilt is changing on time scales small compared to the expo

sure time. For HR5415, however, the poorer seeing conditions and longer prediction time 

lead to the stronger incorporation of past centroid measurements, although still small. The 

HR5415 prediction weights are reminiscent of analytic weights previously calculated for 

phase prediction87, but the analytical description of the optimal linear predictor for a given 

data set, appropriate for use if the atmospheric conditions do not vary rapidly, involves 

complicated functional forms and does not lend itself to simple parameterization91 • 

7.7.3 Spatiotemporal prediction weights 

The prediction weight matrix resulting from the delta-rule training utilizing full 

spatiotemporal information can be displayed graphically as shown in Figure <7-8>. These 

weights make intuitive sense, that the predicted centroid value for a given mirror depends 

most strongly upon the most recent value for that mirror and decreasingly upon measure

ments of that mirror centroid made further into the past. 

There is also evidence that the delta rule incorporates useful spatial information. 

As an example, from Figure <7-8>, we see that the prediction of the centroid value for mir

ror 3 depends not only upon the past history of mirror 3, but also uses the centroid value of 

mirror 2 at t -4. This would indicate that the phase aberration above mirror 2 propagates 

to a position above mirror 3 in four exposures, or 200 msec. This would be consistent 

with a wind blowing from mirror 2 toward mirror 3 with a speed of 12.6 mfs, which is 

similar to the turbulence weighted wind velocity of 10.0 mfs calculated in Section <7.7.1>. 
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Mirror 1 Mirror 2 

Mirror 6 Mirror 3 

Mirror 5 Mirror 4 

Mirror ., 

123456 

Figure 7-8 Network weights for prediction of centroid values for HR5415 from spa

tiotemporal information from all mirrors. Bright matrix elements represent large weight 

values. The maximum weight value shown is 1.12; the minimum -0.19. The background 

value represents a weight value of zero. The prediction for mirror 3 depends strongly 

upon the most recent measurement of mirror 3, upon the past history of mirror 3, and upon 

the measurement of mirrors 1 and 2 at t -3 and t -4 respectively. 
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Due to the complex nature of the prediction weights, however, one must be careful when 

describing the turbulence structure in terms of a single weighted wind speed. 

7.8 Nonlinear neural network predictor results 

7.8.1 Comparison with linear spatiotemporal predictor 

Next, we used the HR5415 data set to train a two-layer nonlinear predictor using 

the backpropagation algorithm, as discussed in Section <7.5>. We carried out the training 

procedure using a series of different initial conditions and momentum values, not wanting 

to bias the training process which may be susceptible to trapping by local minima. 

A comparison of the training curves for the one- and two-layer networks is shown 

in Figure <7-9>. In this case, both algorithms were given a training rate, £, of 0.0001 and a 

momentum, Jl., of 0.8, with the two-layer network having 12 hidden nodes Both algo

rithms were initialized with small random weights chosen uniformly over (-0.1,0.1). 

The ultimate performance of the two-layer network was nearly identical to that of 

the linear network. The same trained prediction performance levels were found for 12, 20, 

and 40 hidden nodes, and for momentum values ranging from 0.1 to 0.8. Whether we 

began with the initial conditions of all weights small and random or with the initial 

weights set up to give, at first, the simple lag algorithm. Furthermore, we found that for all 

initial conditions the trained prediction weights were such that the effects of the nonlinear

ity of Equation <136> were hardly utilized - the nonlinear predictor tended toward a linear 

solution. 

For the HR5415 data set considered here, the additional complexity of the neural 

network did not decrease the prediction error for the data set under consideration com

pared to the delta-rule trained linear predictor. This is consistent with Jorgenson's result, 
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Figure 7-9 Training curves for two-layer and one-layer network architectures for centroid 

prediction ofHR5415. 

that in situations of good seeing, linear prediction is as good as any technique73• Although 

this implies that a nonlinear architecture is not required for centroid prediction at the best 

astronomical sites under good conditions, the nonlinear predictors may still have an 

advantage over linear predictors in poor seeing conditions or poor observing sites. 

7.9 Zernike focus prediction 

Finally, by considering the use of the individual MMT mirrors as a 6-element 

wavefront sensor for a 6.87 meter diameter wavefront88, we can consider prediction of low 

order Zernike aberration terms. The MMT geometry is such that we cannot uniquely dif-
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ferentiate between low order and higher order Zernike terms have the same symmetries, 

but here we are concerned with a demonstration of Zernike phase prediction. 

For an example, we consider the Zernike terms exhibiting only radial variations. 

This is dominated by defocus, but also includes spherical aberration. We calculate the 

individual mirror centroid displacements in the radial and azimuthal direction of the array, 

and form a focus estimate as a linear combination of the radial displacements alone88• We 

again trained on the HR5415 data set to predict individual centroid values using a delta

rule trained linear predictor, in the same manner as in Section <7.7>, but now calculated the 

lagging and predictive focus error resulting from those centroid values. The resulting lag

ging and predictive focus errors, normalized to the lagging error, are shown in Figure <7-

10>. We see that the focus prediction follows the centroid prediction closely. Other low 

order Zernike aberrations are expected to be improved in a similar manner. Note that 

training on the aberration values themselves provides an alternative learning paradigm, 

but since we are here considering adaptive correction with a segmented mirror, we choose 

to train on wavefront sensor measurements directly. 

7.10 Conclusions 

We have demonstrated the advantage of implementing a predictive wavefront cen

troid sensor for adaptive optics programs at the MMT. We have demonstrated that a sim

ple delta-rule trained linear predictor could improve our mean-squared centroid errors by 

over 20%, even when trained upon centroid data sampled at 5-10 to. The predictor is able 

to exploit residual coherence over spatial scales exceeding 0.5 meters. Furthermore, we 

believe this predictor could be implemented on-the-sky, to follow the ever-changing atmo-
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Figure 7-10 Focus error for lagging and predictive system resulting from centroid-based 

training on HR5415 data set. 

spheric conditions. Training has been shown to occur on the time scale of minutes, so that 

nearly continuous optimization of the predictor matrix weights can occur. 

We have also shown that spatial information spanning the entire 6.87 meter base-

line is useful in centroid prediction. This is the first demonstration of the usefulness of 

information from so large a spatial scale for centroid prediction. 

We have also shown that in typical seeing conditions at the MMT site, the addi-

tional complexity of a two-layer perceptron-based neural network predictor does not show 

improvement over the delta-rule trained linear predictor. This appears to be irrespective of 

the particulars of our training technique, although the possibility remains that some advan-



198 

tage may be realized by the neural network under conditions different than those consid

ered in these data sets. 

Finally, we have demonstrated that an adaptive predictor, continuously updated on 

local tilt variations, also yields prediction of low order Zernike aberration terms. The pre

dicdve filter can be easily incorporated into a more general wavefront reconstruction algo

rithm for more complex wavefront sensor geometries or continuous facesheet adaptive 

mirrors. 



Appendix 

Simulations of atmospheric imaging 

A.I Multi-layer atmospheric modeling 
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The experimental results of this dissertation have demonstrated the importance of 

detailed multi-layer atmospheric modelling to accurate, dependable simulations of atmo

spheric imaging and adaptive optics correction. We present in this Appendix information 

concerning the multi-layer software model developed by the author as a tool for the simu

lation of theoretical results of Chapter <3> presented in Chapter <4>. 

The simulation of atmospheric imaging begins with the representation of an inci

dent stellar wavefront by it's phase value at a regular square grid of sample points. The 

phase retardation and advancement of various points on the wavefront relative to one 

another as the light passes through the optical turbulence is represented by changing the 

phase values contained in the array. For our multi-layer atmospheric model, phase 

changes are applied individually for each layer the wavefront passes through in order. The 

optical path difference (OPD) for any array point in this model was taken as the additive 

sum of the OPD from each layer. This approach ignores scintillation, variations in ampli

tude that arise through propagation between purely-phase layers. For the large telescopes 

considered in this work, it can be shown that the effects of scintillation are small12• The 

experimental agreement with our simulations discussed in Chapter <5> also give a post 

facto justification to this simplifying assumption. 

Each layer in the atmospheric model is assigned an altitude and wind velocity 

according to the particular physical characteristics of the atmospheric conditions under 

investigation. The optical properties of each layer are characterized by a value of r 0 ' 
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along with an inner and outer scale size, for the turbulence. 

The actual OPD values across the phase screen are generated through the summa-

tion of discreet two-dimensional sine functions, each possessing a random phase value at a 

chosen origin and an amplitude resulting in the entire screen obeying Kolmogorov statis-

tics. The generation of the phase map is made only over a user-defined aperture, which 

may represent filled, dilute, or segmented telescopes. Statistics of the wavefront over 

each subaperture are also recorded. 

Mathematically, the OPD at grid point (i,j) is given by, 

(141) 

.....:.. 
where <l>k is the randomly chosen phase, x .. is the physical position corresponding to grid 

lJ 

...... 
point (i, j) ,tk is the wave vector and A k is the amplitude of component k. The value of 

...... 
tk is chosen by sampling those frequencies corresponding to spatial scales between the 

inner and outer scale of turbulence uniformly on a logarithm scale. Thus, each decade of 

spatial frequency provides, in our case, 30 discreet two-dimension sine components 

...... 
toward the formation of the OPD. The orientation of tk is the plane is chosen from a uni-

form distribution of all compass headings. The amplitude of sine component k is chosen 

to obey the Kolmogorov power spectrum, namely, 

(142) 

The overall scaling of the component amplitudes was cn0sen to yield the Kolmogorov 
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structure function14 for mean-squared phase difference in rad2 at separation x, 

(
D J5/3 

D<p(x) =6.88 '0 (143) 

The logarithmic sampling of frequency components avoids difficulties in other wavefront 

simulation techniques89 that undersample the lowest spatial frequencies. 

A.2 Atmospheric models 

For our investigations, we most often compared the imaging properties of a single 

turbulent layer at high altitude with those of a two-layer atmosphere, where one layer was 

at high altitude and the other low. Our simulation code also allows for more detailed 

atmospheric models, up to 10 layers in all. 

Two popular atmospheric models built into the software are the Mauna Kea and 

Modified Mauna Kea models. The distribution of C~ (h) for these models is shown in 

Figure A-d>. We refer the reader to Reference <36> for a complete description of these 

models. 

A.3 Detector and photon noise 

Having detennined the OPD variations of the wavefront at the ground level, the 

level of the telescope entrance pupil, we propagate the wavefront to the image plane, 

assuming a perfect optical system, using Fraunhoffer propagation65, implemented through 

a Fast-Fourier-Transform (FFT) (see for example Reference <84». Taking care to mini-

mize aliasing effects, the user may specify the plate scale of generated image. The sample 

spacing of the OPD map is a conjugate function of the image plate scale (finer plate scale 
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Figure A-I C~ (h) profiles for Mauna Kea (MK), Modified Mauna Kea (MMK), and 

Hufnagel-Valley atmospheric models (from Reference <36». 

yields coarser wavefront sampling for a given array size). 

The radiometry of the image is calculated after taking into account the stellar mag-

nitude, the observing wavelength and filter bandpass, the collecting area, the optics effi-

ciency, and the detector quantum efficiency. 

After the noise-free image has been generated, the effect of detector and photon 

noise is added. This is accomplished by adding to each pixel of the image a value sampled 

from a Gaussian distribution of zero mean and t • .mable width for detector noise and from a 

Poisson distribution of mean and width equal to the noise-free irradiance value for that 

pixel. These distributions were generated beginning with the standard uniform distribu-

tion and making the appropriate change in random variable54• 
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A.4 Time evolution of images 

The atmospheric model allows for time evolution of the wavefront by translating 

the static phase screen across the pupil in order to simulate the influence of a constant 

wind. Each atmospheric layer may be allowed to propagate at its own speed, differentiat

ing the fast upper level winds from slower ground winds. Although this method is a rea

sonable approximation, the formulation of more appropriate techniques for describing the 

time evolution of the atmosphere remains an active field of research. 

One possibie alternative to the frozen turbulence model is to propagate each sine

wave component along it's own k-vector at it's own velocity. In such an approximation, 

no portion of the simulated wavefront retains a fixed relationship with any other portion, 

very different from the frozen phase screen hypothesis. In test cases, this seemed to make 

the evolution from good instantaneous seeing to bad less oscillatory and more like obser

vations made at the mountain. 

A.5 Multi-wavelength imagery 

The simulation code also allows for the formation of finite optical bandwidth 

imagery. In its default mode, the code generates a monochromatic image, but uses a finite 

bandwidth in the radiometric calibration. The user has the option of generating several 

monochromatic images at differing wavefronts and adding them together (prior to the 

introduction of noise) to simulate the effect of finite bandwidths. Thus, white light speck

legrams can be well approximated through the use of only a few wavelength bands. An 

example of this difference is shown in Figure A-<2>. 
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a) 

b) 

Figure A-2 Examples of a) monochromatic image (A. = 0.9 J..Lm) and b) white-light 

image. for a 2.3 meter telescope. r 0 = 10 em at A. = 0.5 J..L m. 
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A.6 Anisoplanatism studies 

By differentially shifting the atmospheric layer phase screens, a simulation can be 

made of anisoplanatic effects. For a given object angular separations, the amount of shift 

necessary for each layer is proportional to that layer's altitude. For small angles, the 

effects of refraction are negligible and the decorrelation of the atmospheric phase model 

can be investigated. An example of binary star simulations is shown in Figure <4-1>. 

A.7 Adaptive correction 

The simulation code also has the capability of applying corrections to the incident 

wavefront to simulate the effects of adaptive optics systems. Up to 7 Zernike modes can 

be corrected (perfectly) over each subaperture and the subaperture geometry can be arbi

trary defined. For the case of segmented mirrors, however, tip/tilt and piston correction is 

likely to be all that is required. The higher order corrections allow for simulation of com

plete AO systems on large telescopes such as the Large Binocular Telescope (LBT), as 

demonstrated in Figure A-d>, where in c) and d) we demonstrate best-fit correction of 7 

Zernike modes over each 8.4 meter aperture. 

A.S Computing performance 

This simulation code has been benchmarked to generate a single monochromatic 

image from a 2.3 meter telescope, using a two-layer atmospheric model, including detec

tor and photon noise, at a plate scale of 50 mas/pixel over a 128 x 128 array, in about 

1 second. The most time consuming algorithm is the generation of the phase screens, par

ticularly if many layers and/or wavelengths are used. 
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Figure A-3 Example of Zernike correction for the Large Binocular Telescope, a pair of 

8.4 meter telescopes set 14.4 meters apart, for A = 6.2 /lIn, ro = 3.5 m. a) Uncorrected 

wavefront. b) Uncorrected image. c) Seven Zernike term corrected wavefront. d) Seven 

Zernike term corrected image (plate scale = 18 mas/pixel). 

A.9 New applications 

This code has recently been used to simulate images from the proposed ASIA tele-

scope array86 with the intent of testing new image reconstruction techniques. As an exam-

pIe of the complicated PSFs that may be generated by the simulation code, we present and 

example of the ASIA imaging problem in Figure A-<4>. 
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a) b) 

Figure A-4 Simulation of uncompensated imaging with ASIA, and array of seven 1.83 

meter apertures arranged on a 25 meter diameter mount for A = 1.2 J.1 m, r 0 = 30 cm. 

a) Simulated wavefront over array. b) Resultant image (plate scale = 5 mas/pixel). 
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