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ABSTRACT 

Compton scatter in the object is an unsolved problem in single-photon emission 

computed tomography (SPECT). Current correction schemes in SPECT can be divided into 

three categories: those correction schemes that examine the spatial contribution of scattered 

photons, those schemes that examine the energy signature of scattered photons, and those 

techniques that examine both the spatial and energy aspects of detected photons. Our 

approach to scatter correction most closely resembles those in the third category. 

The SPECT systems that have been developed at the University of Arizona (UA) are 

stationary systems which consist of modular gamma cameras that view the object through a 

multiple-pinhole coded aperture. Characteristic of the UA SPECT systems is that the 

system response function (position-sensitive point-spread function) is measured; measuring 

the response function allows us some flexibility in our choice of the detector space in which 

we work. 

In a typical scintillation-camera system, the photomultiplier-tube (PMT) response to a 

gamma-ray interaction is used to estimate the interaction position and energy of the 

absorbed gamma ray. We call this estimate the pixel-space data. We could also use the 

digitized PMT signals directly as our data. Using PMT signals directly we avoid the 

possibility of misestimating the spatial and energy coordinates of scintillation events. We 

have proved that reconstructions from PMT -space data are of at least comparable quality to 

reconstructions from data in pixel space. 

In order to quantitate the difference between PMT and pixel spaces, we performed 

simulation studies and used the signal-to-noise ratio (SNR) of the ideal observer as our 

image quality metric. We simulated the projection of photons scattered zero to four times, 

and detected the simulated flux with cameras of different energy resolution and with the 
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modular camera. We found that for the detection of a small cold tumor in a uniform 

background, the energy resolution of the simulated camera changed the SNR very little and 

there was little difference between the SNR from data in PMT and pixel spaces. 
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14 

The goal of medical imaging is non-invasive examination of the internal processes and 

structures of the human body. This first became possible in 1895 with the discovery of the 

x-ray by Wilhelm Conrad Rontgen. In fact, one of the Rontgen's first experiments was to 

examine the anatomy of his own hand (Christensen, 1972). Though we know now that x

rays are not completely innocuous, the use of radiation in the x-ray region of the spectrum 

has become an important medical diagnostic tool. 

The radiology department 

We are all familiar with the diagnostic utility of planar x-ray images such as 

Rontgen's image of the bones in his hand. Most people have had an x-ray image of a 

broken bone, or have had a dental x-ray image taken. Planar x-ray imaging has been used 

medically since the early part of the century. To produce an x-ray image, an x-ray source 

irradiates the body part of interest; the x-rays are differentially attenuated according to the 

atomic number and density of the tissue upon which the radiation is incident. After passing 

through the object of interest, the radiation excites an x-ray sensitive phosphor which in 

turn exposes a film. The film can then be processed and the inverse of the exposure 

(photographic negative) can be displayed as an x-ray image. Bone attenuates the incident x

rays more than soft tissue which attenuates more than air. So, for example, an x-ray image 

of the hand shows light areas (low x-ray exposure of the film due to high attenuation) in 

regions of the film covered by bony areas of the hand and darker regions (higher exposure) 

in regions of connective tissue. Radiation that completely misses the hand exposes the film 

the most, and in these regions the film is the darkest (very little attenuation). 
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One problem with planar x-ray images is that the 3D distribution of attenuator in the 

patient is projected onto a single plane. For the hand image this is not a serious problem; 

however, if we were looking for a cancerous growth in the chest, for example, the thickness 

of attenuator--bone, tissue and air--that the radiation must pass through would affect 

detection and impede diagnosis. In order to facilitate diagnosis in cases of thick attenuator, 

tomographic, or slice-imaging, techniques have been developed. 

Tomography 

Ingenious tomographic systems were developed soon after Rontgen's initial discovery 

of the x ray (Macovski, 1983). Most of these systems were motion tomographic systems in 

which the x-ray source and film recorder moved in opposite directions. The motion of the 

source and detector' produced an image in which one plane of the object (parallel to the 

detector plane) was in focus and all other planes were out of focus. With the advent of 

modern digital computers, axial tomography, the imaging of slices transverse to the long axis 

of the patient, has become popular. In axial tomography, single planes of the object are 

truly isolated; other planes of the object do not appear out of focus. The most common 

modern form of medical tomography is transmission computed tomography (TCf), 

~ommonly known as computerized axial tomography (CAT). 

TCf imaging is very similar to planar x-ray imaging; an external x-ray source is used 

to illuminate the patient and the attenuated flux is detected. Usually, however, the detected 

flux is stored digitally, and projections of the object are collected at many angles around the 

slice of interest in order to determine the distribution of attenuator in that slice. Following 

data collection, a mathematical operation, typically implemented on a digital computer, is 

necessary to reconstruct the distribution. TCf is typically able to resolve structure in the 

object on the order of a millimeter. 
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Planar x-ray imaging and TCT both involve x-rays, ionizing radiation that has been 

shown to be a potential health risk. Two other types of tomography common in the 

radiology department that use more benign radiation are magnetic-resonance imaging (MRI) 

and ultrasound imaging. MRI, also known as nuclear magnetic resonance (NMR) imaging, 

takes advantage of the permanent magnetic moment of the hydrogen atom to image 

hydrogen density (mainly in the form of water) in the patient. The normally randomly 

oriented magnetic moments of hydrogen are partially aligned by a strong, uniform magnetic 

field. The aligned magnetic moments can be excited out of alignment with the field by an 

oscillating rf pulse. The decay of the individual moments back into alignment with the 

uniform field can be detected and used to infer the spatial distribution of hydrogen. The 

spatial resolution of MR images rivals that of TCf. However, it has not been shown that 

strong magnetic fields are as biologically damaging as ionizing radiation, making MRI a 

compelling alternative in terms of patient safety. 

Ultrasound relies on the relatively slow velocity of acoustic radiation in the body, 

1.5x103 mis, compared to electromagnetic radiation, about 108 mis, to image differences in 

acoustic impedance. Because sound waves travel so slowly, the time difference between 

emission by the acoustic transducer and return to the transducer (acting as a microphone) 

can be used to determine the distance to the reflection point; the direction to the reflection 

is determined by the direction of propagation of the source wave. Sound waves in the 

frequency range used, 1-3 MHz (Macovski, 1983), are highly attenuated by gas and cannot 

penetrate bone, making chest and brain imaging with ultrasound impractical. On the other 

hand, the benign nature of sound waves makes ultrasound an attractive option for prenatal 

imaging. 

A common thread in planar and TCf imaging, MRI, and ultrasound is that they 

primarily image anatomy -- the spatial variation of the atomic number or density of the 
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medium is the parameter probed by the detection system. Another aspect of the patient that 

would be interesting to image is physiology--how well does the organ of interest function. 

MRI, TCf and ultrasound tell, with exquisite detail, the density variations of the patient, 

but cannot indicate whether the patient is alive or dead. To be sure, motion can be 

detected; in fact, rhythmic motion of the lungs or heart often poses problems to these 

imaging modalities. But this is anatomic motion; we are interested in determining whether 

or not the brain, or liver, or heart muscle is functioning. The branch of radiology that is 

primarily responsible for imaging physiology is called nuclear medicine. 

Nuclear medicine 

In nuclear medicine, the source of radiation used for imaging originates within the 

patient. A "carrier compound", a biologically significant molecule or a colloid, can be tagged 

with (attached to) a radioactive tracer. Or the carrier can be a radioactive isotope of an 

atom that is incorporated into a biologically significant molecule. The carrier compound is 

administered to the patient through injection, inhalation, or ingestion. The biologically 

significant molecule is used by active cells in the body; the colloid may collect in a 

compartment, or block the normal flow to an region of the patient. Depending on the type 

of study, there is increased or decreased uptake of the radioactive material in the region of 

the patient that we are trying to image. The radiotracer goes along for the ride with the 

carrier. Thus, there will be a local increase (or decrease) of radioactivity in the region that 

we are trying to image. 

Both planar and tomographic images can be obtained in nuclear medicine. There are 

two distinct types of tomography in nuclear medicine, differentiated by the type of tracer 

used and fine points about the detection process. The two modalities are called positron 

emission tomography (PET) and single-photon emission computed tomography (SPECT). A 
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characteristic of nuclear medicine images compared to the anatomical imaging methods 

discussed earlier is the poor spatial resolution of nuclear medicine. While it is not 

uncommon to attain sub-millimeter resolution in the transverse plane in MRI or TCT, the 

best resolution that can be obtained at the present in PET or SPECT is no better than 

5-10 mm. 

In PET, the tracer that is used decays by emitting a positron, a positively-charged 

anti-electron. The emitted positron is immediately annihilated by an electron, resulting in 

the emission of two gamma rays in (nearly) opposite directions. The detection task is to 

record pairs of events that originated with a single positron-electron annihilation. The 

imaging system is typically a ring of gamma-ray detectors surrounding the patient. An 

exciting aspect of PET imaging is that many of the atomic nuclei necessary for life as we 

know it, including nitrogen, oxygen and carbon, have isotopes that are positron emitters. 

These isotopes can be incorporated into simple biological compounds -- the tracer becomes a 

part of the biologically important compound -- allowing a wide range of imaging 

possibilities. A disadvantage of PET is that a cyclotron is necessary to make these isotopes, 

and the building and maintenance of a system capable of creating and detecting positron 

emitters is very expensive. 

In SPECT imaging, only one gamma ray is emitted per decay of the source isotope. 

To image these high-energy photons requires a different detection system than the 

coincidence electronics necessary in PET. The simultaneous emission of oppositely directed 

gamma rays in PET allows electronic collimation of detected events; only those events 

striking the detector ring simultaneously are used to form the image. Since SPECT involves 

but one photon per decay, collimators made from high-atomic-number material are used to 

form an image of the source distribution on the detector. Specifics of SPECT detector 

systems will be outlined in the following chapter. SPECT systems are not nearly as 
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expensive to operate as PET systems, and SPEer is a much more common clinical-imaging 

modality than PET. 

Preview of coming events 

One of the biggest problems in SPECT imaging is scattered radiation, gamma photons 

that are emitted from some point in the patient and interact one or more times in some other 

region of the patient before finally exiting the body and being detected. The overall effect 

of scatter on the final image, or estimate, of the distribution of radioactivity is blurring and 

loss of contrast. The blurring is not pleasing from a subjective image quality standpoint, 

and it also diminishes the ability of SPECT to be used in an important area--quantitation of 

activity distribution. It might be important in patient care to know exactly the differential 

uptake between healthy and diseased tissue. Until the effects of scatter are accounted for, 

and accounted for accurately, quantitation of the radioactivity distribution is not possible in 

SPEer. 

Before we can discuss scatter, we need to understand more of the imaging process. In 

Chapter 2 we shall discuss the gamma-ray interactions, detectors, and reconstruction issues 

necessary to understanding SPEer. Conventional cameras and imaging will be discussed, as 

well as the modular cameras and imaging techniques used at the University of Arizona. We 

shall also discuss scatter, and the effects of scatter on SPECT imaging will become apparent. 

We shall follow this introduction to SPEer with a discussion in Chapter 3 of some of the 

ways researchers have modelled the scatter problem, and some of the techniques used to 

combat the effects of scatter. 

In Chapter 4 we shall introduce our own attempt at dealing with scatter--use of the 

PMT signals directly in SPEer reconstruction. We shall set up the problem, introduce an 

experimental system to test the technique, and discuss the results of the experiments. Part 
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of this discussion will involve attempting to decide which of two data sets is better. "Which 

is better?" is a deceptively complex question; in order to answer it, one must be very 

specific in specifying the task and an observer for the task. In Chapter 3 we shall consider 

many competing attempts to correct for scatter, and we shall find that claims are often made 

that "this method is the best," without adequate justification. Unfortunately, the 

experimental techniques of Chapter 4 are not sophisticated enough to give us quantitative 

answers to these image-quality questions. 

In Chapter 5, we shall attempt to answer some image-quality questions in regald to 

scatter. A model of the scattering problem will be developed and computer simulation will 

be used to generate noise-free data. A proposed image-quality metric will be used on the 

simulated data to test how signal-detection performance is affected by scattered photons. 

The model allows many different system parameters to be changed, simulating different 

detector geometries, and the possible uses of scattered photons to enhance image quality is 

investigated. Finally, in Chapter 6, a discussion and general direction for future research 

will be presented. 
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CHAPTER 2 

GAMMA DETECTORS AND SPECT 

The imaging task in nuclear medicine consists of three components: introduction and 

localization of a radioactive tracer in the patient, detection and reconstruction of the 

radionuclide distribution, and analysis of the reconstruction (diagnosis). Our interest is in 

the second component--detection and reconstruction of the gamma-photon flux from the 

patient. We shall consider this component to be subdivided into 3 processes: interaction of 

radiation with matter, image formation and image detection. 

Interactions between photons and matter 

A beam of high energy photons passing through a slab of material of low atomic 

number (Z) is attenuated as photons are removed from the beam. To quantify this 

attenuation, consider the experimental set up shown in Fig. 2.la. A pencil beam of 

monoenergetic radiation passes through a slab of attenuating medium of thickness x. A 

small detector is placed collinear with the beam on the other side of the slab. The detected 

flux, 41d, will be less than the incident flux, 410 as photons are absorbed or scattered out of 

the beam. The incident and detected flux are related by Beer's Law 

41d = 41oe-I'x. (2.1) 

The linear attenuation coefficient, I' [cm- I ], is characteristic of the medium and is a function 

of the energy of the incident flux. 

Consider next the experiment shown in Fig. 2.lb. Here the beam has a much larger 

cross section. Scattered photons are now detected with the unscattered, and the detected 

flux is higher than in the first experiment. The artificially high 41d results in an 

underestimation of I' which is typically referred to as I'efc. Alternatively, the increase in the 
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Fig. 2.1 Geometry for experimentally determining the linear attenuation coefficient (top), 
and a geometry that demonstrates the concept of the build-up function (bottom). 
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measured flux is accounted for with a build-up function, p, 

wd = woe-JleffX = pwoe-Jlx • (2.2) 

The build-up function is a function of the energy and width of the beam, the thickness of 

the sample, and the size and energy resolution of the detector (Johns and Cunningham, 

1983). Use of the build-up function will be one of the first scatter-correction techniques 

discussed in the next chapter. 

The linear attenuation coefficient is characteristic of the material and is comprised of 

contributions from three processes: pair production (which we shall callI£PP), coherent and 

incoherent scattering (/18C), and photoelectric absorption (~). The total linear attenuation 

coefficient can be expressed as the sum of three components (Barrett and Swindell, 1981) 

/1tot = ~ + /18C + I£PP . (2.3) 

Often the attenuation properties of a material are expressed as the mass attenuation 

coefficient, (/1/p), which is the linear attenuation coefficient divided by the density of the 

material. The attenuating properties of a material can also be expressed in terms of the 

collision cross section, a [cm- l ]. The collision cross section represents the effective area an 

attenuating particle presents to the incident beam. Thus a material with a volume density of 

N attenuating particles per cm3 would have a linear attenuation coefficient of /1 = Na. 

We shall now discuss the components of Eq. 2.3. Most of the following description of 

the interactions of photons with matter was distilled from either Barrett and Swindell (1981) 

or Johns and Cunningham (1983). 

Photoelectric effect 

In the photoelectric effect, an incident photon interacts with a bound electron in the 

medium and the incident photon is destroyed. All of the incident photon's energy, less the 

electron's binding energy, is imparted to an ejected photoelectron. The linear attenuation 



24 

coefficient for the photoelectric effect for an interaction with a single electronic shell goes 

as 

kpZn 
~ - A(hvo)3 ' 

(2.4) 

where k is a constant dependent on the electron shell in which the interaction takes place, p 

is the density of the medium, A and Z are the atomic weight and number, respectively, and 

hllO = Eo is the energy of the incident photon. The exponent n varies from 3.0 to 3.8 as Z 

decreases. The probability of interaction is greatest if the incident photon energy is just 

greater than the binding energy of the electron in that shell. If the energy of the incident 

photon is less than the binding energy of the electron, k = 0 and no interaction occurs with 

electrons in that shell. The photoelectric effect is of primary interest in scintillators because 

the incident photon deposits nearly all of its energy locally. We shall discuss the 

photoelectric effect with regard to scintillators in more detail later. 

Scatter -- coherent and incoherent 

There are two principal scattering interactions -- coherent and incoherent. In 

coherent, or Rayleigh, scattering, an incident photon interacts with the electron cloud of an 

atom, and the electromagnetic field of the photon induces a net vibration of the same 

frequency in the electron cloud, which in turn causes emission of radiation of that same 

frequency. Coherent scattering is primarily in the forward direction, and the probability of 

this type of interaction is very small above 100 keY in materials with atomic number on the 

order of that of tissue. Usually, coherent scattering is ignored in the analysis of SPECT 

systems, and that tradition will be continued here. 

Another scattering interaction between an incident photon and an electron is 

incoherent or Compton scatter. In a Compton interaction, the photon interacts with a free 

or bound electron in an inelastic collision. For an interaction with a free electron, the 



photon is scattered through an angle 0 with a change in energy given by 

.!... _ 1.. = _1_ (I-cosO) 
E' Eo moc2 ' 

where Eo is the initial photon energy, E' is the photon energy after the interaction, and 

moc2-511 keY is the rest energy of the electron. The collision cross section, which 
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(2.5) 

determines the probability that an incident photon will undergo a Compton scatter (Barrett 

and Swindell, 1981), is given by the Klein-Nishina formula: 

where 

oC = 30'0 [2(1+a)2 + In(1+2a) (L l+a) - 1+3a 1 
4 a2(1+2a) a 2 a 2 (1+2a)2' 

0'0 !::! 6.65 X 10-26 cm2, 

hllo 
a= --

moc2 ' 

and the superscript C represents Compton scatter. 

The angular distribution of scattered photons is not isotropic as shown by the 

differential scaltering cross section, 

[
doC] r02 ( a2(I-COSO)2) l+cos20 
dO 8 = T I + (1+cos20)[1+a(1-cosO)] [1+a(1-cosO)]2 

The differential scattering cross section tells us the probability of scattering into the 

(2.6) 

(2.7) 

differential solid angle dO about the angle 0 in a medium with one scatter site per unit area. 

Equation 2.5 is plotted in Fig. 2.2. Note that for higher-energy photons (larger a's), 

forward scatter (0 !::! 00) is preferred over other directions, and as we decrease the energy of 

the incident photon, the probability of backscatter (0 !::! 1800) gradually increases. 

We are especially interested in the scattered photon if the Compton event occurs 

within the patient, since the scattered photon can still be detected. A Compton event that 

occurs in the patient results in a deposition of energy (via the recoil electron) in the patient 

and escape of a gamma ray of lower energy than the incident gamma ray. The emphasis in 

later chapters will be on the implications of the detection of events that have Compton 
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Fig. 2.2 Differential scattering cross sections as a function of energy and scattering angle. 
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scattered in the patient and attempts to eliminate or correct the effects of such events on a 

SPECT reconstruction. 

Pair production 

In pair production, a photon is annihilated by the field of an atomic nucleus, and a 

positron and an electron are created. The rest mass of a positron or electron is 511 ke V. 

Thus the incident photon must have an initial energy of at least 1.02 meV for this type of 

interaction to occur. This dissertation does not involve gamma rays in the energy regime 

above 1 MeV, and we shall not discuss pair production further. 

The total mass attenuation coefficient and the contribution due to the photoelectric, 

Compton, and pair-production processes for water and lead are shown in Fig. 2.3. Except 

for bone and air, the human body is approximately the density of water. We can see that 

Compton scatter dominates in the energy range in which we are interested. 

Detection 

So far in the imaging process, we have a distribution of gamma-ray sources and we 

have discussed the interactions of the photons on their way from point of origin until they 

exit the object. We now turn our attention to the next stage of the imaging process, 

detection of photons after they exit the object. For our purposes, the detection stage can be 

decomposed into three processes -- collimation, scintillation and amplification. 

Collimation 

We are interested in imaging sources of radiation of wavelength 10-1 nm to 

2xlO-3 nm (12-600 keV). Conventional optics fails us in this energy regime. We cannot 

refract or redirect gamma rays that have an energy of over -20 keV and must instead use a 
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Fig. 2.3 The mass attenuation coefficient for the three dominant competing processes in 
matter: (I-'/p)pe, photoelectric effect; (l-'/p)C, Compton scattering; (l-'/p)PP, pair 
production. The top graph is the attenuation coefficient for water, the bottom 
graph is for lead. 
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photon-selection technique. The photon-selection principle is displayed in Fig. 2.4 for two 

types of aperture, the pinhole and the parallel-hole collimator. 

Imagine a distributed source of radiation. Gamma rays are emitted into 471' steradians. 

If we place a thick slab of highly attenuating material (lead, tungsten, etc.) between the 

object and camera, no gamma rays will be recorded. By placing a pinhole in the slab, we 

can select a small fraction of the incident photons to pass through to the detector and build 

up an image. The pinhole aperture acts in the same manner as the aperture in a pinhole 

camera. The image is inverted and magnified. If the pinhole were infinitely small, the 

spatial resolution in the image plane would be perfect and all planes parallel to the camera 

face would be imaged equally well. But the infinitely small pinhole has the disadvantage 

that no photons will pass through it. The sensitivity of the aperture, defined as the ratio of 

the number of photons passing through the aperture to the number emitted, can be increased 

at the expense of sacrificing resolution. 

An alternative to the pinhole collimator, a parallel-hole collimator, is shown in Fig. 

2.4b. In a thick, dense slab of attenuator, an array of long, thin bores are separated by 

attenuating septa. A parallel-hole collimator allows only those photons whose paths are 

nominally perpendicular to the collimator face to be detected. The resolution of the 

parallel-hole collimator is increased, at the expense of sensitivity, by decreasing the bore's 

diameter and increasing its length. Variations of the parallel hole collimator include the 

convergent and divergent beam collimators, multiple-bore collimators whose bores are all 

aimed at a common point. The parallel hole collimator can be considered a convergent beam 

collimator whose focus is at infinity. 
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Scintillation 

One important method for detection of gamma photons can be considered to be a 

three-stage process: (I) convert the gamma energy to optical energy via the photoelectric 

effect, (2) convert the optical photons to an electrical impulse and (3) amplify and store the 

impulse, typically digitally. A scintillator converts the gamma photon to a shower of optical 

photons, and a photomultiplier tube (PMT) converts optical photons to an (amplified) 

electrical signal. A simple counting detector of this design is shown in Fig. 2.5. 

The scintillator of choice in most gamma cameras is thallium-activated sodium iodide, 

NaI(Tl). NaI scintillates efficiently at liquid-nitrogen temperatures; the introduction of 

thallium activation sites allows the crystal to scintillate at room temperature (Hine, 1967). 

All three types of gamma-ray interactions in matter discussed earlier can occur in a 

scintillator. The most interesting type of interaction in a scintillator is the photoelectric 

event. We do not often work with energetic enough gamma rays to be concerned with pair 

production in a scintillator. After a Compton scatter in the scintillator, the scattered photon 

may escape the crystal, resulting in a detection of an apparently low-energy event, or the 

scattered photon may be absorbed elsewhere in the crystal. In a photoelectric interaction, 

most of the gamma-ray energy is deposited locally, and a fraction of the energy is converted 

to optical photons which can be easily detected. Compton and pair production interactions 

are not as interesting as photoelectric events and we shall not discuss them further. The 

mass attenuation coefficient for each of these types of interaction in NaI(Tl) as a function of 

gamma-ray energy is shown in Fig. 2.6. 

In NaI(Tl), the photoelectric effect usually involves an interaction between the 

incident photon and a K-shell electron of an iodine atom (Hine, 1967). The newly excited 

electron is referred to as the secondary electron. The energy imparted to the secondary 

electron is that of the gamma ray less the binding energy of the electron, 29 ke V if an 
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Fig. 2.5 Simple arrangement of scintillator and PMT that could be used as a non-imaging 
gamma-ray detector. 
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Fig. 2.6 Mass attenuation coefficients «p./p)pe, (p./p)C and (p./p)PP) for NaI(Tl) as a 
function of energy. 
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iodine K-shell electron is involved. The secondary electron loses its energy by exciting 

electrons into the conduction band of the crystal. The excited electrons combine with holes 

to form excitons; the excitons migrate to thallium impurity sites where their return to the 

ground state is accompanied by either luminescence or phonon emission (Birks, 1964). The 

efficiency of optical photon production gives, on average, 37.7 optical photons per keY loss 

by the secondary electron (Holl et ai, 1988). The peak of the emission spectrum is 420 nm 

(Hine, 1967). 

The emission of optical photons is isotropic. The crystal is transmissive to its own 

luminescence and has an index of refraction, n=1.85, which is higher than that of the exit 

window or PMT. The surface of the exit window of the scintillator is typically roughened 

to minimize total internal reflection, allowing more photons to escape the crystal. To further 

enhance collection efficiency of optical photons, the other surfaces of the crystal are 

roughened and coated with a compound such as MgO or Al20 3 to enhance diffuse 

reflection. The optical photons escape the crystal through the quartz or Pyrex exit window. 

The entire assembly is hermetically sealed to protect the highly hygroscopic NaI(Tl) from 

moisture. 

Amplification 

The next stage in the detector chain is the PMT. A PMT converts optical photons to 

electrical impulses. An optical photon interacts with the photo emissive material on the inner 

surface of the entrance window of the PMT, the photocathode, creating a photoelectron. 

The photoelectron is pulled away from the photocathode by a strong electric field and 

collected by the first in a chain of dynodes. The surface of the dynode is an efficient 

secondary-electron emitter and emits several electrons for each incident one. After 

amplification by n dynodes, the current is collected by the anode of the PMT. The signal 
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out of the PMT is an electrical impulse that is proportional to the number of photoelectrons 

and thus proportional to the energy of the gamma-ray photon that interacted in the 

scintillator. The amplification by the dynodes allows detection of the very weak scintillation 

pulses from NaI(TI). A more complete description of PMT physics can be found elsewhere, 

for example Csorba (1985). 

If we were interested in only the detection and counting of gamma rays, Fig. 2.5 

would be our detector, and our task would be complete. We have converted the gamma rays 

to electric signals and can count the number of events that hit the detector. But to image a 

radioactive distribution, we need to determine the position at which the the gamma ray 

struck the camera. Often we are also interested in the energy of the event, either to reject 

gamma rays from other peaks of an isotope with multiple decays, or to distinguish between 

events due to photons that have scattered in the object and those that have not. In the next 

two sections we shall describe some of the issues involved in imaging gamma photons with 

traditional Anger cameras and the novel modular camera designed at the University of 

Arizona. 

Anger camera 

H. Anger developed a gamma camera in the mid 1950's using an array of PMT's 

coupled to a large scintillation crystal (Anger, 1967). Cameras built using similar principles 

are referred to as Anger cameras. The Anger camera is still the basic design for cameras in 

SPECf imaging 4 decades later. Anger's original design is shown in Fig. 2.7, a camera with 

7 PMTs; the design principle can be used in cameras with many more PMTs. 
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Fig. 2.7 Cross-sectional view of an Anger camera (top) (from Aarsvold, 1993) and a 
schematic representing the weighting technique used to estimate the position of 
gamma-ray interaction (see Eq. 2.8). 
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Position and energy estimation 

Figure 2.7, which shows a block diagram of the PMT placement in the Anger camera, 

is instructive in illustrating the position-estimation technique developed by Anger. The 

interaction of the gamma ray in the scintillator has created a shower of optical photons. 

These photons are emitted isotropically from the scintillation site. The PMTs are spaced 

away from the exit face of the camera by the lightguide, and hence a number of PMTs will 

"see" the scintillation flash. The PMT closest to the gamma interaction subtends a larger 

solid angle than the other tubes and thus collects more photons than the other tubes. All 

tubes will collect some optical photons; the number collected by a PMT, and thus the output 

signal generated, will be related to a PMT's position relative to the scintillation event. Let 

us designate the interaction on the camera face with Cartesian coordinates (p, q), and the 

estimate of the interaction position as (e, il). In Anger's approach, the estimated interaction 

position is a linear weighting of the PMT signals in two orthogonal directions: 

7 

e = I ~ Vi' ~ = KPi , 

i=l 
7 

ft = I Pi Vi' Pi = Kqi , 

i=l 

(2.8) 

where Vi is the output voltage of the ith tube, (Pi,qi) is the position of the center of the ith 

tube, and K is a constant. In modem Anger cameras, the Anger-arithmetic approach to 

position estimation is augmented with look-up tables to correct.for response non-

uniformities and to increase spatial resolution. 

"-
An estimate of the energy of the incident gamma ray, E, can be determined from the 

PMT signals as the sum of the output from each tube, 

7 
A \"" 
E=K' L Vi' 

i=l 

(2.9) 
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where K' is a constant. Energy determination is important to discriminate between valid 

scintillation events and scintillation events due to cosmic rays, noise in the PMTs, gamma 

rays that Compton scatter in and escape from the crystal, etc., which we shall call bad, or 

invalid, events. These invalid events will corrupt the eventual reconstruction. An especially 

detrimental type of invalid scintillation event is due to a gamma ray that Compton scatters 

in the object and is detected. The problems associated with gamma rays scattered in the 

object in SPECf imaging are the focus of Chapters 3-5. 

Energy spectrum 

A representative energy spectrum, a histogram of the FS from a set of events, from a 

scintillation camera is shown in Fig. 2.8. The detected gamma rays emanate from a 140 keY 

point source in a scattering medium. This energy corresponds to photons from 99mTc, an 

isotope of Technetium; 99mTc will be used in most of the examples and all of the 

experiments in this dissertation. There are 3 important points to note about the curve; the 

energy resolution, the Compton continuum, and the contribution due to photons that have 

Compton scattered in the patient. A measure of the energy resolution is the full width at 

half maximum (FWHM) of the photopeak. The energy resolution is an experimental 

quantity that can be considered to be a manifestation of the variance of the energy 

estimation and varies as the square root of the gamma ray energy. The region of the 

spectrum associated with the emission energy of the source is referred to as the photopeak. 

It is representative of the number of photoelectrons released when a gamma ray that deposits 

all of its energy in the scintillation crystal, either in one photoelectric interaction or after a 

combination of Compton and photoelectric interactions. 

By contrast, if a gamma ray has a Comptor1 interaction in the crystal and then escapes 

the crystal, the recoil electron can create a shower of optical photons in the scintillator and 
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Fig. 2.8 The energy spectrum from a scintillation camera. Salient points are the finite 
width of the photopeak, the overlap of Compton events in the object with 
photo peak events and the Compton continuum due to Compton scatter in the 
scintillator. 
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the signal will appear in the Compton continuum region of the spectrum. The maximum 

energy that can be imparted to an electron in the crystal by a Compton event would be due 

to an interaction in which the gamma ray is backscattered (0 = 1800 in Eq. 2.3). Backscatter 

in the crystal puts an upper limit on the Compton continuum. That upper limit is called the 

Compton edge. If the gamma ray Compton scatters in the crystal and then is absorbed 

elsewhere in the crystal, the energy signal will appear in the photopeak region of the 

spectrum. 

In the next chapter, we shall frequently mention the energy window of a gamma 

camera. We are interested in photons that have not scattered in either the patient or the 

detector. In Fig. 2.8, it is easy to discriminate photopeak events from events that have 

Compton scattered in the camera--anything below 50 keY can be rejected. But notice that 

photons that scatter in the object contribute to the entire spectrum. In order to reject as 

many Compton events as possible, we need to set the acceptance threshold close to the 

photopeak. The lower window threshold is often called the baseline energy setting. Often, 

an upper threshold is used as well to discriminate photopeak events from higher energy 

events. The upper and lower thresholds are often symmetric about the photopeak. The 

region between the thresholds is referred to as the energy window. 

Modular camera 

An alternative to the Anger camera, the modular camera developed at the UA 

(Milster et ai, 1984; Milster, 1987; Milster et ai, 1987) is shown in Fig. 2.9. It consists of a 

10x10xO.5 cm3 NaI(Tl) scintillator, a 1.9 cm thick quartz lightguide and an array of four, 

5 cm square PMTs. Unlike the Anger camera which can have as many as 100 PMTs, the 

modular camera has only 4. The data path following detection of a scintillation event by the 

PMTs, shown in Fig. 2.10, differs from the data path of the Anger camera in that the 
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Fig. 2.9 Modular camera developed at the University of Arizona. The NaI(Tl) scintillator 
measures IOxlOxO.5 cm3 and the quartz lightguide is 1.9 cm thick. 
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Fig. 2.10 Schematic of the data path in the modular camera. 
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signals are digitized before position estimation. The modular camera also uses a probabilistic 

approach to position estimation, instead of the Anger arithmetic discussed above. 

Position estimation 

We assume that the number of photons produced by a scintillation flash is a Poisson 

random variable (RV). We can also assume that the detection by a PMT of these photons is 

a binomial selection of the Poisson RV (Barrett and Swindell, 1981), thus the number of 

photoelectrons obeys a Poisson distribution. In addition, we assume that the number of 

photoelectrons detected by each PMT is independent of the number detected by the other 

three. The Poisson and independent assumptions can be formally stated as 

d 

P(nanbncndlpq) = p({~}lpq) = n p(~lpq) 
i=a 

d - ( )~ -i\ (p,q) = n Ilj p,q e 
(~!) 

i=a 

where nj is the number of photoelectrons collected by PMT i, p and q are camera 

coordinates of the gamma interaction, and P(Iljlpq) is the probability of detecting nj 

photoelectrons at position (p,q). The function ~(p,q) is the average number of 

photoelectrons collected by PMT i as a function of camera face coordinate and will be 

referred to as the mean detector-response function (MDRF). 

The Poisson and independent nature of the detection process may not be good 

assumptions. Hansen (1988) found that the variance in the number of detected 

(2.10) 

photoelectrons was not identical to the mean, indicating that the number of photoelectrons is 

not a Poisson RV. Furthermore, Hansen found the variance to be position dependent. 

Marcotte (1993) experimentally tested the variance and covariance of the photocathode 

responses and found position-dependent correlations between tubes. Without independence, 
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P({Dj)lp,q) would not be separable, and without the Poisson we would need a more general 

probability distribution, including cross-correlations, between the tubes. Experiments to 

determine what type of function is a good approximation to the PMT response for the 

modular camera are ongoing and are beyond the scope of this dissertation. 

When a gamma ray interacts in the scintillator of the modular camera, a set of four 

digital signals, which we shall refer to as the set (A, B, C, D), is produced. We need to use 

these signals to estimate the position and energy of the detected event. This estimate must 

be made very fast; the maximum count rate of the camera is -100,000 cts/s. We chose to 

use a maximum-likelihood estimate of the position and to implement the estimation as a 

look-up table (LUT). 

The LUT is a many-to-one mapping from (A,B,C,D) to (j),Ct,E); each possible 

combination of A, B, C, and D is mapped to some position and energy. In order to keep 

the size of the LUT reasonable, it was necessary to use a digitization of no more than 5 bits 

per PMT. At five bits per PMT, the LUT would need to have 220 (-1 million) entries; if 

we were to increase the number of bits per tube by one, we would need -16 million entries 

in the LUT per camera. Each entry in the LUT represents a detector position; if the 

camera face is discretized into 642 pixels, we need 2 bytes per entry in the table. That 

means we would need a 2 megabyte (MB) LUT for each camera if we digitize the PMT 

response to 5 bits and a 32 MB LUT if we digitize to 6 bits. We shall discuss imaging 

systems incorporating the modular camera shortly; considering that we shall need many 

modular cameras in an imaging system, 5-bit digitization was chosen to reduce memory 

costs. 

There is a problem with digitizing the PMT signals to 5 bits each. We have previously 

mentioned that the number of photoelectrons liberated by a scintillation event is a Poisson 

RV, a characteristic of which is that the variance is equal to the mean. A linear digitization 
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to 5 bits of this signal is too coarse for low means and too fine for higher means. But we 

have already said that we cannot afford to digitize the PMT response any more finely. A 

square-root transformation can be used to convert a Poisson RV to a distribution with a 

constant variance (Anscombe, 1948), allowing us to first digitize the signal to 8 bits and then 

transform the data to 5 bits without losing too much information for low means. The 

square-root mapping is implemented by a hardware LUT. 

The 5-bit PMT signals are related to the number of photoelectrons interacting at the 

photocathode of each PMT, the set {llj}; the 5-bit signals need to be corrected for the 

square-root compression to make (A, B, C, D) proportional to {nj}. A maximum-likelihood 

(ML) estimator is used to estimate the interaction position for the detected (A, B, C, D): 

P(ABCDlpq) = max at (fj,a) . (2.11) 

The ML position is computed for each possible (A,B,C,D) in an off-line estimation step, 

and the (fj,a) estimates are stored on a look-up table (LUT) in memory. When a 

scintillation event occurs, the (A, B, C, D) signals are converted into an address, or index, 

into the table, and the estimated interaction point for that set of signals can be found. 

Energy estimation 

Energy estimation in the modular camera is also different from that used in an Anger 

camera. The MDRF is measured for a specific energy, Eo, and so it is implicit that (fj,a) is 

the ML estimate of the position for an incident gamma ray of energy Eo' Instead of energy 

windowing as in an Anger camera, a probability threshold is used to discriminate between 

probable photopeak events and those events that are more likely to be due to an interaction 

of higher or lower energy. The probability threshold is incorporated into the ML estimation 

of the LUT by rejecting those signals which fall below some empirical threshold, Pth' If 



P(ABCDlpq) < Pth, then (A,B,C,D) is rejected as being the response to an unscattered 

photon of energy Eo' We call this type of energy discrimination likelihood windowing. 

Semiconductor detectors 

An alternative to the scintillator/PMT detector is a semiconductor detector. 
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Semiconductors detectors eliminate the middle step in the scintillation detectors described 

above by converting gamma rays directly to an electrical signal. This electric signal can then 

be used to estimate the energy of detected event. Typically, individual semiconductor 

detectors are small and position estimation is not necessary. Semiconductor detectors can 

offer better energy resolution than scintillator detectors, and we shall explore some of the 

consequences of the energy resolution of semiconductors benefits in Chapter 5. In this 

section we investigate how semiconductor detectors work. We shall use zinc cadmium 

telluride (ZnCdTe) as a specific example of a semiconductor detector in what follows. 

Figure 2.11 shows a schematic of a typical semiconductor detector and the mass attenuation 

coefficients for ZnCdTe. 

As with a scintillator, the principal gamma-ray interaction of interest in a 

semiconductor is a photoelectric interaction. The energetic electron resulting from the 

absorption of a gamma ray loses energy by three competing processes (Saffer, 1993): 

creation of hole-electron pairs (promotion of an electron from the valence band to the 

conduction band), creation of phonons, and creation of photons. We are concerned with 

only the first process, creation of hole-electron pairs. For ZnCdTe at room temperature, an 

average of Eo/4.43 eV hole-electron pairs are produced for each incident gamma ray of 

energy Eo' The energy difference between the conduction and valence bands, known as the 

energy band gap, in ZnCdTe at room temperature is 1.47 eV; the difference between 
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Fig. 2.11 Geometry of a semiconductor detector (top) and mass attenuation coefficients 
for ZnCdTe (bottom). 
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1.47 and 4.43 eV reflects the effects of the processes that compete with the production of 

hole-electron pairs. 

Used as a photon detector, a slab of semiconductor will have electrodes placed at 

either end and a uniform electric field applied. The effect of the field is to attract, or 

collect, the holes and electrons created after the photoelectric interaction. As the charge 

carriers migrate to opposite ends of the crystal, the charge separation produces a voltage 

change at the electrodes, and this voltage change can be used to determine the energy of the 

incident gamma ray. 

The number of hole-electron pairs created after a photoelectric interaction is a 

random variable with a mean value (ii) proportional to the gamma-ray energy and a variance 

(uJ) which a small fraction of the mean. The semiconductors used as gamma-ray detectors 

are more efficient converting gamma-ray energy to charge carriers than scintillators are in 

converting gamma rays to carriers (optical photons), so the normalized variance (oCjii) of the 

number of carriers is much smaller for a semiconductor than for a scintillator. The relation 

between the mean and variance of the number of carriers is known as the Fono factor (F): 

uJ = Fii. For a scintillator, we assume that F ~ 1 and describe the number of carriers 

(photons) as a Poisson random variable; for a semiconductor, F « 1. 

If all of the charge carriers were collected for each photoelectric event, the only 

ambiguity in the determination of the photon energy would be due to statistical fluctuations 

in the number of charge carriers created for each gamma ray absorbed. But it is not, in 

general, possible to collect all of the charge carriers; carriers can be trapped by impurities or 

defects in the crystal and thus fail to contribute to the voltage signal. Trapping effects are 

expressed as the drift time, Th for holes and Te for electrons, the average time that a charge 

carrier can drift in the electric field before being trapped. 
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Holes and electrons migrate across the semiconductor at different velocities. This 

velocity, called the drift velocity (vd), is often expressed as the product of the mobility of 

the charge carriers, I-'h for holes or I-'e for electrons, and the field across the crystal, 

Ed = (V d )/L, where V d is the applied potential and L is the distance between the 

electrodes. The product of the carrier mobility and the mean free time, I-'h Th or I-'e Te , is 

often used as a figure of merit for a semiconductor -- a higher I-'T product means that more 

of the charge will be collected. The I-'T product is a function of, among other things, the 

purity of the crystal, and improves as crystal-growth technology advances. For presently 

available ZnCdTe, I-'h Th is approximately 2 orders of magnitude less than I-'e Te. 

The difference in the magnitude of the I-'T product for holes and electrons implies that 

the total collected charge wiIl be a function of where in the crystal the photoelectric event 

occurs. Many more holes will be collected if the event occurs closer to the cathode than the 

anode; the reverse is true for electrons, but since l-'eTe »l-'hTh' the position dependence is 

not as severe for electrons. The efficiency of charge collection, the number of collected 

charges divided by the number created, is described by the Hecht relation (Barber et ai, 

1991): 

e(z) = ~ [l-'eTe(l-e-(L-II)/(Pe1"eEd» + I-'pTp(l-e-II/(Pp1"pEd»)], (2.12) 

where z is the depth of interaction as shown in Fig. 2.11. The probability of 

photoelectrically absorbing a photon of energy Eo in an incremental length dz at depth z can 

be expressed as 

_lIpt (E ) 
p(z)dz = ~(Eo) e 0 dz, (2.13) 

where I-'t is the total linear-attenuation coefficient and ~ is photoelectric-absorption 

coefficient of the semiconductor. 

The effect of carrier trapping on the pulse-height spectrum is plotted in in Fig. 2.12 

for 4 different incident gamma-ray energies using typical ZnCdTe parameters. The peak of 
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Fig. 2.12 The effects of charge-carrier trapping in ZnCdTe for four different gamma-ray 
energies. The detector parameters used in the simulation were: 

L = 0.15 em 
I-ih Th = 1.75xlO-6 cm2/V 
l-ieTe = 2.27xlO-3 cm2/V 

Ed = 1000 V /cm. 
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the curve is lower as the incident energy increases indicating that the detector has less 

stopping power for higher energies. The curves are zero below 50 keY because we have not 

modelled Compton events that scatter in the detector and escape. Figure 2.13 shows a 

simulated energy spectrum of a ZnCdTe detector for a 140 keY source. This should be 

compared to Fig. 2.8, the spectrum from a scintillation detector. 

Tomography 

We are interested in two-dimensional (20) tomographic imaging in this dissertation. 

The apertures (parallel-hole collimator and pinhole collimator) and cameras (Anger camera 

and modular camera) described so far allow us to collect planar images -- 10 projections of 

the 20 distribution of radiotracer. To get tomographic images, we need more information, 

many different projections of the object, and an additional processing step, image 

reconstruction. We shall discuss reconstruction of the acquired data first, then describe two 

systems for collecting the projection data. 

Two important processes in tomography, projection and backprojection, are shown in 

Fig. 2.14. In SPECT, projection is the process of recording the gamma flux from an object 

through an aperture and onto a detector. We shall deal exclusively with 10 projections of 

20 radionuclide distributions (objects) in this chapter. Backprojection is the process of 

(computationally) smearing the projected data back through the aperture into the 20 area 

known as the object space. The only information that we can get from one projection is 

that the gamma rays originated somewhere along the line defined by a detector

pixel/aperture combination. Many views (projections) of the object are necessary to localize 

the activity to a region smaller than that line. 
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Fig. 2.13 Simulated energy spectrum for a CdTe detector and a 140 keY source. Only 
photoelectric events were simulated. The stochastic flucuations in the number of 
charge carriers created were included in the simulation. The low-energy tail is 
due to trapping of charge carriers. The simulated detector had the same 
parameters as in Fig. 2.12. 
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Fig. 2.14 Two principles of tomography -- projection (top) and backprojection (bottom). 
A single point source can be localized if viewed from as few as two projection 
angles. 
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Radon-trans/orm viewpoint 

The forward problem in SPECT is projection of the radionuclide distribution onto the 

detector. Consider f(r) to be the 20 distribution of radioactivity and >..,,(p) to be the 10 

projection of the activity distribution at an angle cp relative to the object's coordinate system. 

The detected unscattered radiation at detector coordinate p must have originated along a line 

through the object, a line defined by the detector coordinate and collimator. We can 

represent this line as a line delta function, 6(p-r·ft), and thus write the projection as 

>..,,(p) = J:J~2r f(r) 6(p-r·ft) 

= R 2{f(r)} . (2.14) 

The unit vector ft is parallel to the axis parameterizing the projection. The integrals over 

infinity imply integration over all of 20 space; actually the integrals are bounded by the 

compact support of any real object. The geometry for Eq. 2.19 is shown at the top of Fig. 

2.15. Equation 2.14 is known as the two-dimensional Radon transform after pioneering 

work by J. Radon in the early 1900's. The Radon transform relates the activity distribution 

to its projection along a line. The 6-function in the Radon equation sifts out one of the 

dimensions of the integral, making it a 10 integral. 

Throughout this dissertation we shall use upper-case script letters to denote operators, 

such as R for the Radon-transform operator or F as the Fourier-transform operator. The 

subscript on the operator indicates the dimension of the transform (lO, 20, etc.); with no 

superscript, the forward transform is assumed, while a superscript of -1 indicates an inverse 

transform. 

Equation 2.14 describes an idealized detector system. It is impossible to collect 

projection data that measure infinitely thin line integrals through the object; the best that 

we can hope for with a real detector and aperture is a narrowly confined cone through the 
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Fig. 2.15 Central slice theorem -- the great triangle. The coordinate system for the 
Radon transform is shown at the top. The central slice theorem states that the 
ID Fourier transform of a projection of a 2D function is one line through the 
2D Fourier transform of the function itself. 



56 

object. Also, the real detectors that we shall consider will be discrete; the p variable will 

actually be a set of discrete, contiguous pixels. As a measured quantity, the projection will 

also include m.easurement noise. Any projection measured for a finite time will be one 

example of the ensemble of possible noisy projections. All of these factors that cause the 

ideal description of the projection to diverge from reality will be ignored in the following 

discussion. 

To solve the inverse problem -- determination of the the object distribution of 

radiotracer from its projections -- we appeal to the central-slice theorem, shown 

diagrammatically in Fig. 2.15. The central-slice theorem states that the 10 Fourier 

transform of a projection of a 20 function is one line through the 20 Fourier transform of 

the function itself. To prove the central slice theorem, let us examine the Fourier transform 

of a projection: 

00 00 

= J J d2r f(r)e2lri(r'n)v = F 2{f(r)},=vn . 
-00 -00 

(2.15) 

The final line of Eq. 2.15 indicates that after taking the 20 Fourier transform of fer), we 

are to substitute vft for the 20 frequency vector p; v is the 10 frequency parameterizing the 

10 Fourier transform of the projection. The unit vector ft is orthogonal to the lines of 

projection and is the direction along which we sample the 20 Fourier transform of the 

object. Equation 2.13 can be written in operator notation to express the central slice 

theorem concisely: 

(2.16) 

The central slice theorem relates the 10 Fourier transform of a projection to the 20 

transform of the object, but we want to reconstruct the entire object. We have said that we 
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need many projections of the object to reconstruct the activity distribution. The use of 

these projections can be seen by examining the 2D Fourier transform of the object in polar 

coordinates 

00 11' 

= J Ipldp Jd9 F(p) e2l1i,.r . 
-00 0 

(2.17) 

If we substitute 1Ii1. for p, v for p and r/J for 9, we can use the central slice theorem to rewrite 

Eq. 2.15 as 

fer) = J~r/J [JOOIIII At,6(v)e2l1iIlP dill .' 
o -00 p=r'D 

(2.18) 

This is a solution to the inverse problem -- determination of the activity distribution from 

line integrals through it. 

Equation 2.16 implies a six-step process to get the object distribution from the 

projection data: 

I) lD projection of fer) 
2) lD Fourier transform 
3) filter by 1111 
4) ID in~erse Fourier transform 
5) p = r'n -- backprojection 
6) repeat for all angles r/J -- !dr/J 

Step 5, p = r·iI., is the ubiquitous backprojection step, and is mathematically what we were 

doing when we smeared the projection data along the lines of projection Fig. 2.14. The 

algorithm outlined in the above 6 steps is commonly referred to as filtered backprojection 

(FBP). Filtered backprojection gives a method that exactly recovers the object from a 

continuum of projection angles around the object. The complete data set (>\t,6(p)} for a 

distribution fer) is given by sampling in p and r/J according to either {-oo S p < 00, 0 s r/J < 11'} 

or {O < P < 00, 0 s r/J < 211'} because of the redundancy of the projection operator. 
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Equation 2.18 represents a perfect imaging situation, but most actual imaging systems 

will be a discrete approximation to Eq. 2.18 and will include noise in the measurements. As 

mentioned above, the projections collected by systems that we shall consider will be discrete. 

Furthermore, we can't sample the object in a continuum of angles, but must sample a subset 

of the continuum; thus in step 6 the continuous angle 4> becomes the discrete angle 4>j. 

Finally, though the object is a continuous distribution of activity, we will reconstruct it on a 

discrete grid. The issues of sampling, etc., involved in discretely measuring and 

reconstructing a continuous distribution are beyond the scope of this dissertation. For more 

details on these issues, the interested reader is encouraged to consult Barrett and Swindell 

(1981), Macovski (1983), or Rosenfeld and Kak (1982). 

Linear algebra viewpoint 

Above, we considered the forward problem in SPECT to be parallel line integrals 

through the object and found a solution to the inverse problem to be the FBP algorithm. A 

more general view of the forward problem would be to consider a general projection 

operator of the form 

g(p) = H (fer)} 

= J ~2r h(p;r) fer) . (2.l9a) 

The operator H {.} projects the object into detector space; H {.} is a generalization of Eq. 

2.11. The variable p represents the polar coordinate of the detector response. The response 

function h(p;r) is characteristic of the detector system used to collect the projection; for the 

parallel-projection case discussed above, the response function is the delta function of Eq. 

2.13. The function g(p) represents the 10 detector response to the activity and is more 

general than the parallel projection >'.p(p}; for example, g(p} could represent the detector 
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response through a pinhole collimator. The integral over infinity is over all of 2D space 

bounded by the compact support the object. 

In Eq. 2.l9a, the detector position and the object's distribution of activity are both 

continuous variables, and H {.} is a continuous-to-continuous mapping between the spaces 

spanned by p and r. Though we have implied in Eq. 2.l8a that the detector is continuous, 

an actual detector is often a discrete array of pixels sampling the object at a discrete set of 

angles. We can represent the discrete detector element at (Pi ,q,j) as gm and write the 

imaging equation as 

(2.l9b) 

The transfer function hm(r) represents the contribution of all possible points in the object 

space to pixel gm. The ordered set of detector responses to the object can be written as the 

vector g. 

In most reconstructions, the estimate of the activity distribution will be a discrete 

function of position. This necessitates a discrete-to-discrete version of Eq. 2.l9b. To 

formulate the discrete-to-discrete version of the imaging equation, we can first approximate 

fer) as a sum of basis functions: 

N 

fer) ~ I fn clIn(r) . 

n=l 

(2.l9c) 

In the situations that we shall consider, clIn(r) will represent a small cube of activity, or 

voxel, and fn represents the integrated activity in the nth voxel. Equation 2.19b can then be 

rewritten as 

N 

gm ~ I Hmn fn' 

n=l 

(2.19d) 

where Hmn represents the contribution of the nth voxel to the mth pixel. The imaging 
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equation can then be rewritten as 

g= Hf. (2.20) 

We shall call H the system response matrix, or H matrix. 

The j'h column of the H matrix represents the detector response to activity in the jlh 

voxel of the discretized object space. The i'h row of H represents the sensitivity of detector 

pixel i to activity in the object. The i'h row of H can be displayed as a discrete object; this 

type of display indicates the regions of object space to which the i'h detector pixel is 

sensitive. For the parallel-line projections discussed above, sequential rows of H displayed 

this way would be adjacent parallel lines through the object space. For a pinhole aperture, 

sequential rows would not be parallel, but would form a fan through the object. 

We want to find a solution to the problem posed by Eq. 2.20; given an H matrix and 

detector response g, what was the object f that produced the data? At first glance, the 

"-
solution is simple -- invert the H matrix and the solution is f = H-lg. Unfortunately, H-l 

does not exist in most cases, because H is not generally a square matrix. Theoretically, we 

have the flexibility to make H square by our choice of discretization of f(r) and g(p); 

practically, we are constrained by the detector size and resolution and the desired 

reconstructed resolution, and H is not generally invertible. 

"-
Without H-l, we have a number of options available for reconstruction of f from g, 

two of which, the pseudoinverse and an iterative reconstruction, we shall discuss in Chapter 

4. The pseudoinverse, H+, is an approximation to H-l and can be found numerically using 

a technique known as singular-value decomposition (SVD). The mathematics of the SVD 

are discussed in appendix A. Iterative reconstructions start by making an initial estimate of 

the activity distribution and then systematically changing the estimate in such a manner to 

force the projection of the estimate to agree better with the collected projection data. The 
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iterative techniques typically loop through the object many times, iterating on the solution 

until an acceptable agreement with the data is found. 

Convergence time is the main drawback of the iterative algorithms; iterative 

reconstructions tend to be very computer intensive and often take longer than the filtered

backprojection algorithm. On the other hand, the linear-algebra point of view allows one to 

easily incorporate non-ideal aspects of the imaging system into the reconstruction. Physical 

parameters of the detector such as the non-uniform response of the camera or position

variant response of the collimator, and aspects of the object such as non-uniform 

attenuation, are examples of system characteristics that can be easily worked into the H 

matrix but are not as easily tractable in a FBP reconstruction. 

SPECT data-collection systems 

We have skipped one crucial step in this presentation of the SPECf problem -

collection of projection data suitable for SPECf reconstruction. We have been introduced to 

the components necessary for data acquisition, cameras and apertures, and in this section we 

shall bring them together and describe the systems used to collect the ).'s and g's of the 

previous discussion. We shall refer to a camera and aperture combination as a detector in 

the following text. 

The parallel line integrals through an object that are necessary for an FBP 

reconstruction can be collected by a detector consisting of a scintillation camera that views 

the patient through a parallel-hole collimator. This detector rotates about the patient to 

collect the angular samples. This is the most common detector for SPECf imaging. To 

increase collection efficiency (ratio of the number of collected photons to the number 

emitted) and decrease the time necessary to collect a data set, systems with 2, 3, and even 4 

detectors have been developed. In all of these systems, motion of the detector is necessary 



to get the angular samples, and the camera face must be large enough to fit an entire 

projection. 
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An alternative to the rotating detector above would be a stationary system comprised 

of modular cameras. A drawing of a prototype of such a system is shown in Fig. 2.16. This 

system consists of 16 modular cameras arranged in a ring around the object space. Between 

the cameras and the object space is a ring of highly attenuating material pierced by a linear 

array of pinholes. The system shown is a 2D tomographic system with dimensions suitable 

for cardiac imaging. Prototypes based on this design have been built and discussed 

elsewhere (Roney, 1989; Rogers, 1990). In these multiple-pinhole systems, each camera 

views the object through a number of pinholes and, in general, the pinhole images overlap; 

overlap of the pinhole projections is called multiplexing. This type of an aperture is called a 

multiple-pinhole coded aperture (MPCA). The properties of such apertures have been 

discussed in detail elsewhere, for example Simpson and Barrett (1980) and are not the point 

of this dissertation. The experiments done in this work, the subject of Chapter 4, use an 

aperture similar to that in Fig. 2.16. 

A benefit of a stationary MPCA SPECT system is that it can collect the full set of 

views of an object necessary for SPECT reconstruction simultaneously. No motion is 

necessary to collect g. With a stationary MPCA system, dynamic SPECT becomes possible. 

Rotating SPECT systems can move as fast as a few seconds per complete projection 

collection; the limiting time in a stationary MPCA system is determined by the number of 

collected photons per frame. An MPCA system can be built to surround the object, more 

efficiently collecting emitted photons than even a multi-headed rotating-detector system. 

Perhaps the most important aspect of the MPCA systems built at the VA is that the 

discrete H matrix is fully measured. A point source of radioactivity is stepped through the 

object space, and the response from the full set of detectors is collected for each object 
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Camera Can 

Fig. 2.16 Prototype MPCA SPECT system suitable for cardiac imaging (from Rogers, 
1990). 



64 

voxel. The H matrix thus incorporates all of the mechanical aberrations of the imaging 

system. The effects of attenuation and scatter (to be discussed shortly) can be explicitly 

measured for lab objects. For a real object, the H matrix can be measured in air and the 

parameterized effects of scatter and attenuation can be used to modify H to get an accurate 

model of the forward problem. 

A disadvantage of MPCA SPECT is that, since we do not have parallel line integrals 

through the object, we cannot use FBP as our reconstruction tool. We are forced to use the 

pseudoinverse or iterative reconstructions mentioned above and discussed in more detail in 

Chapter 4. All of the experimental work done in this dissertation involved the MPCA 

SPECT paradigm. 

Resolution issues 

One characterization of an imaging system is the point spread function (PSF). One 

problem with the PSF is that it can have many different definitions. Consider, for example, 

the systems described by 

g(r) = J 00 d2r' h(r-r') f(r') (2.21a) 

and 

g(r) = J 00 d2r' h(r;r') f(r') , (2.21b) 

where h(r-r') and h(r;r') are the PSF's for shift-invariant and shift-variant systems, 

respectively. Equation 2.21 b could be written with the I D parameter p replacing the 2D 

vector r; this PSF could be used to characterize a SPECT system mapping a 2D (object) 

space to a ID (detector) space (Eq. 2.l9a). The shift-invariant PSF of Eq. 2.21a cannot be 

used to describe a SPECT system. 
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A further ambiguity in the definition of the PSF is the space in which we examine 

PSF. In either Eq. 2.21a or 2.21b, we could keep r' fixed and examine h(·) as a function of 

r; this would represent the detector response to a point in the object space and can be 

considered the PSF in detector space. In terms of the linear-algebra view of SPECT, the 

PSF in detector space is a column of the H matrix. We could also examine h(·) with r fixed 

as a function of r'; this would tell us what parts of object space are "seen" by a point in 

detector space. We refer to this latter case as the PSF in object space; it is a row of the H 

matrix. When referring to the PSF of any system, we must be careful to specify the 

whether the PSF is shift variant or shift invariant, and if the PSF is shift variant, we must 

specify which space (object/detector) the PSF is being examined. 

Spatial resolution of the gamma camera 

The spatial resolution of a gamma camera, often called the intrinsic spatial resolution, 

is a function of a number of physical parameters. The physical parameters affecting the 

resolution include size and quality of the scintillation crystal, treatment of the reflecting and 

transmitting surfaces, quality and arrangement of the PMT's, and the number of 

photoelectrons produced per gamma-ray interaction. The accuracy of the position

estimation scheme, Anger arithmetic in the Anger camera or ML estimate in the modular 

camera, is a function of the the camera's physical parameters. We shall use'the full width at 

half-maximum (FWHM) of the PSF as our definition of resolution. It is often a good 

approximation to assume that this PSF is shift invariant. The PSF is often measured with a 

tightly collimated beam of gamma rays. 
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Collimator resolution 

The spatial resolution of a parallel-hole collimator or pinhole collimator can be 

calculated from the FWHM of the respective PSFs examined in 2D object space. Barrett 

and Swindell (1981) give the resolution of the pinhole collimator as 

Sz + S1 
0ph =~h--

S2 

and of the parallel-hole collimator as 

where 
S1 = source-to-aperture distance, 
Sz = aperture-to-camera distance = Lb + Lg , 

dph = diameter of pinhole, 
Lb = collimator bore length, 

(2.22) 

(2.23) 

Lg = spacing between collimator exit face and camera entrance face, 
Db = collimator bore diameter, 

z = source to collimator distance, 

are shown in Fig. 2.4. Notice that for each aperture, the resolution varies with distance (z 

or S1)' but that in planes parallel to the camera the resolution is constant. This indicates that 

the PSF examined in detector space is shift invariant in planes parallel to the detector space, 

and shift variant as a source is moved perpendicular to the detector face. The shift 

invariance of the collimator PSF in planes parallel to the camera will be exploited in some of 

the scatter-correction techniques of Chapter 3. 

The PSF of the aperture is broadened by an effect referred to as septal penetration. 

Not all detected photons pass through the open areas of a parallel-hole or pinhole collimator; 

a percentage of the detected flux passes through the attenuating septa between bores of a 

parallel-hole collimator or through the edges of a pinhole. This widens the' effective 

diameter of the pinhole and reduces the effective bore length of the parallel hole collimator, 

increasing the width of the associated PSF. 
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Geometrical resolution 0/ a SPECT system 

The PSF of a SPECf system is harder to define than the PSF of the camera or 

aperture independently. In the rotating-detector paradigm, the only point in object space 

for which the PSF is constant for all angles is a point on the axis of rotation for a circular 

detector orbit. Points on the edge of the object have a narrow PSF when the detector is 

close and a wider PSF when the detector is further away. That the PSF varies with angle, 

but is shift invariant in planes parallel to the camera, leads to a technique known as 

averaging 0/ opposing views whereby the PSF from views separated by 1800 for a point in 

the object space are averaged in an attempt to make the PSF less shift variant. The use of 

this technique will be discussed more in the next chapter. 

Not only is the PSF of a SPECf system shift variant, but the PSF is a function of the 

object as well as the imaging system. We shall discuss attenuation and scatter in the context 

of SPECf imaging shortly; both of these processes modify the system PSF as a function of 

the object's size and spatially variant electron density. Because of the PSF's dependence on 

the object, the overall system PSF is often decomposed into geometrical components 

(dependent on camera and collimator parameters) and object-dependent components 

(depending on contributions from scatter and attenuation). A general equation relating the 

3D object distribution to a 2D projection could be written as 

g(p,q) = J d3r [hg(p,qlr) + h.p(p, CII r)1'{f(r) + J d3r' f(r') ~ed(r,r')}, (2.24) 
S(r) S(r') 

where hgO and hspO are the geometric and septal-penetration components of the shift

variant PSF including attenuation, ~ed ( .) is a scatter kernel that incorporates the effects of 

scatter and attenuation in the object, and the integrals are bounded by the support of the 

object, S(r). For a slice imaging system, we could write 
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g(p) = J d2r [hg(plr) + h.p(plr»)· [f(r) + J d3r' f(r') ~ed(r,r')l ' (2.25) 
S(r) S(r') 

where the outer integral is over a slice of the object, but the scatter component must be 

integrated over the volume of the object. 

Problems in SPECT 

One of the goals of nuclear medicine is quantitation of activity. Radiological 

modalities such as TCT and MRI produce images with exquisite anatomical maps of the 

patient on a much finer scale than SPECT. The benefit of SPECT is in its ability to image 

physiology, a benefit that would be enhanced if it were possible to know exactly the activity 

in specific regions of interest with respect to the background. Quantitative SPECT is not 

possible now. The two main culprits are non-uniform attenuation and scatter in the patient. 

Attenuation 

Attenuation is detrimental to quantitative SPECT because the detected intensities do 

not reflect the absolute activity along the line of site of the detector. Looking back at Eq. 

2.1, if we know the value of the attenuation coefficient along the line of flight of a gamma 

ray, we can determine the incident flux. In transmission computed tomography (TCT), the 

initial and final flux are known and the attenuation coefficient is to be found. In SPECT, 

two quantities are unknown -- the concentration of radiotracer and the attenuation 

coefficient. This seems like an impossible problem to solve, and in fact very little exists on 

the simultaneous determination of the radiotracer concentration and attenuation coefficient. 

The effect of ignoring attenuation, assuming that p. = 0, in a FBP reconstruction of 

uniformly active disk is shown in Fig. 2.17. Here we see an apparently diminished activity 
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Fig. 2.17 Effect of attenuation on the reconstruction of a uniform disk phantom. 
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Reduced estimate of activity in the center of the phantom reflects increased 
attenuation of photon flux from center of the object to all detector pixels. 
Activity at the edge is highly attenuated only for detector pixels on the opposite 
side of the phantom but virtually unattenuated for nearby pixels, resulting in a 
higher activity estimation. 



profile in the center of the object; photons originating from this region of the object are 

attenuated most severely. 
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The inverse problem for parallel-beam SPECf with a known uniform attenuator has 

been solved; a good overview of the solution can be found in Soares (1994). Application of 

this theory to non-uniform attenuators is an approximation. Many researchers have 

developed algorithms to approximately solve the case of a non-uniform attenuator. For an 

overview of some of the techniques, the curious reader is encouraged to consult Gordon and 

Herman (1974), Kay and Keyes (1975), or Budinger and Gullberg (1977). Many of these 

techniques use a transmission scan and some prior knowledge of the attenuation coefficients 

of the tissues therein as an estimate of the spatially varying attenuator. A very common 

technique (indeed a technique used in most of the papers of the next chapter) that is used is 

attributed to Chang (1978) and will be the only method discussed here. 

The method developed by Chang iteratively corrects a reconstruction for the effects 

of uniform attenuation. Chang's method is often used with a non-uniform attenuator as an 

approximate solution. First a filtered backprojection reconstruction of the projection data is 

performed. A uniform attenuation map is then used to create a correction image map. 

Each voxel in the image map is the sum of the attenuation from that voxel to each detector 

in the system. The reconstruction is divided by the image map to form the corrected image. 

If a better reconstruction is desired, the image can be reprojected and subtracted from the 

original projections to form error projections which can be reconstructed and scaled and 

subtracted from the first-pass result of division by the image map. The process can be 

repeated until a satisfactory reconstruction is produced, though typically only the initial pass 

is performed. 
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Scatter 

The energy spectrum shown in Fig. 2.8 is the detector's response to a monoenergetic 

source of gamma rays. The spread of the detected energy can be considered to be the PSF 

of the energy response of a gamma camera. In Chapter 5 we shall display some 2D PSF's in 

which one dimension is the spatial response and the other is the energy response. For now, 

we consider the effect that the upper and lower energy-window thresholds have on the 

spatial PSF. 

Figure 2.8 indicates that it is impossible to set an energy threshold that completely 

eliminates photons scattered in the object from the data. Perhaps it is easiest to visualize 

how the inclusion of these scattered photons in the projection data corrupts the PSF by 

looking again at MPCA SPECf. Detected photons are assumed to have originated along a 

line in the object defined by a detector-pixel and pinhole combination. A scattered photon 

violates this assumption because the it could have originated anywhere in the object and 

scattered into the line of sight of the detector pixel. The scattered photons manifest 

themselves in the PSF as long, low-amplitude tails, as in Fig. 2.18. The length and 

amplitude of the tails is dependent on the position in the object. If we consider that a 

reconstruction is a convolution of the shift-variant, object-space PSF with the object, we 

can see that these tails affect the contrast and resolution over the whole image; a hot spot in 

one region will contribute scattered counts to distant regions in the reconstruction. As we 

raise the baseline threshold of the energy window, the magnitude of these tails is reduced, 

but the amplitude of the central, unscattered portion of the PSF is reduced, as well. 

The remainder of this dissertation will be devoted to scatter correction in SPECf 

imaging. Chapter 3 will be devoted to a review of current scatter-correction techniques in 

SPECf; in Chapter 4 we shall present our own attempt at scatter correction. 
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Fig. 2.18 Characteristic long tails of the scatter contribution to the detector-space PSF. 
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CHAPTER 3 

A SURVEY OF SCAITER-CORRECTION TECHNIQUES 

There are many different approaches to scatter correction in single-photon emission 

computed tomography (SPECT), probably more techniques than there are researchers 

working on the problem, and in Chapter 4 we shall make our own contribution. In this 

chapter we review the relevant literature and discuss some of the different techniques. This 

is not an exhaustive review, but will feature many of the more prominent methods of 

SPECT scatter correction. 

Scatter-correction techniques in SPECT imaging can be categorized many ways. We 

shall separate the myriad of scatter-correction techniques in SPECT according to the data 

that are collected for each method. We shall delineate three categories of techniques--those 

that use a single energy window, those that use several (2-4) energy windows, and those that 

use the full energy spectrum. This categorization lumps together methods that operate in 

projection space with those that operate in reconstruction space. In all of the correction 

schemes, the general idea is to use some additional information about the object and the 

acquisition system, either a-priori information or additional collected data, to modify the 

projections (or the reconstruction) to reflect the effects of Compton-scattered photons. 

Throughout this chapter we shall refer to the energy spectrum of gamma rays incident 

on a detector. A typical energy spectrum is shown in Figure 2.8. That figure represents the 

response of a scintillation camera to a point source in a uniform scattering object. None of 

the scatter-correction techniques that we shall consider use detected events below the 

Compton edge. The important message of Figure 2.8 is that poor energy resolution of a 

detector causes scattered photons to be included with unscattered (primary) photons in the 

photopeak window. This is the biggest obstacle to be overcome in SPECT scatter correction. 
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Unless otherwise noted, all of the scatter-correction techniques in this chapter operate 

with data from a camera with energy resolution comparable to the energy resolution shown 

in Figure 2.8. We consider scatter correction for only detectors consisting of a scintillation 

camera viewing an object through a parallel-hole collimator. We shall also be concerned 

with gamma rays from one radionuclide, Technetium (99mTc), with a gamma emission at 

140 keY. Most of the scatter-correction techniques are based on data from Technetium, but 

the techniques can be easily modified to correct data from other isotopes and energies. 

Preliminaries 

Before we begin to investigate various scatter-correction techniques, we need to 

discuss some terminology and concepts as they apply to the scatter-correction literature. 

The point-spread function (PSF) is a common metric of the quality of an imaging system, 

and as we saw in Chapter 2, we need to be very careful about how we define the PSF. 

Monte-Carlo (Me) simulation is used to estimate the magnitude of the scatter problem. 

Phantom objects are used as known test objects to evaluate the quality of correction 

techniques. The scatter fraction (SF), the ratio of scattered counts to unscattered counts, is a 

common measure of the presence of scattered photons in a data set. 

System models 

In Chapter 2 we saw a general expression for a projection including scatter in a slice 

imaging system 

g(p) = f d2r{hg ( P1 r) + h8P ( P1 r)}{f(r + f d3r' f(r) ~ed(r-r'~' 
S(r) S(r') T 

(2.25) 

We can gain some insight into some of the approximations made in the scatter literature by 

decomposing the above integral into the sum of three terms 



75 

g(p) = J d2r hg(plr) f(r) + J d2r hap(plr) f(r) + 
S(r) S(r) 

J d2r [hg(r) + hsp(r)) J d3r' f(r) ~ed(r-r') 
S(r) S(r') 

= [ hg(plr) + hsp(plr) + hac(P1r)] ** f(r) , (3.1) 

where 

The first two terms in the sum are dependent on the camera and collimator while the third 

term is also a function of the object. 

A common simplification that is made in the scatter literature is to ignore the 

dependence of the PSFs on the position in the object; hx(plr) is replaced with hx(p). With 

that simplification, the system response is written as 

(3.2a) 

Equation 3.2a is often referred to as the parallel model of an imaging system (Beck et al., 

1968). Another common model for the system response in the scatter correction literature is 

the serial model (Ehrhardt et al., 1972), 

htot(p) = [ hg(p) + hap(P)] * 11med(p) . (3.2b) 

We can see that the serial model of the imaging system is identical to the parallel model if 

we substitute 11med(p) = 6(p) + hsc(p). 

Ignoring the object-space dependence and the shift variance of the PSF is not 

mathematically correct; in fact, Eq. 3.1 cannot be written to incorporate either Eq. 3.2a or 

3.2b. But in the earliest (and simplest) scatter-correction techniques, Eqs. 3.2 are common 

simplifications. As scatter-correction techniques become more sophisticated, innovative 

schemes are implemented to retain the object dependence and shift variance of the PSF. 
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Line-spread fwzction 

Often in the scatter-correction literature, we see references to the line-spread function 

(LSF) of a system instead of the PSF. We must be careful not to confuse the LSF referred 

to in the scatter literature with the LSF of an optical system. In an optical system with a 

rotationally symmetric PSF, the response to an infinitely thin, infinitely long line source in 

the object plane completely characterizes the system response and is often used as an 

efficient method of determining the system response. In a SPECT system, the LSF is often 

used as a substituJe for the PSF. 

In a 20 SPECT systems, the LSF is measured by placing a line source in the object 

space parallel to the axis of rotation of the system, parallel to the camera face, and 

perpendicular to the projection slice, as in Fig. 3.1. The line is not infinitely long but is 

much longer than the width of the projection slice. In a 20 SPECT system we are 

interested in the point spread only along the projection slice. A single slice of the LSF is 

often substituted for the (IO) PSF. 

The LSF is often used as a measure of the scatter contribution to the system. Photons 

that originate from source positions above and below the slice of interest can scatter into the 

projection and be detected. If the line that is used to measure the LSF is the same length as 

the uniformly scattering object for which the LSF is being measured, then the LSF (which 

is shift variant as a function of distance from the camera) fully characterizes scatter for that 

object (see Fig. 3.1). But most objects that are interesting to image are not semi-infinite 

cylinders of homogeneous material. Nonetheless, for slice imaging systems, the LSF is often 

used to partially account for the effects of out-of-plane scatter. 

Unless otherwise noted, the PSF will refer to the response in detector space to a point 

source in the object space and will be a 20 function of the detector-pixel coordinate and a 

30 function of the coordinate of the point source. Similarly, the LSF will refer to the 
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Fig. 3.1 The geometry of an LSF-measurement experiment in SPECT. In aSPECT 
system, the line source is oriented parallel to the axis of rotation of the system, 
parallel to the camera face, and perpendicular to the projection slice; the LSF is 
the ID projection of the source. If the LSF is measured on a fine grid in the 
object-slice plane, then the set of LSFs accurately accounts for scatter from any 
axially symmetric object that fills the same volume as the cylinder. 
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detector-space response to a line source oriented parallel to the axis of rotation of the 

SPECT system and camera face and perpendicular to a projection slice. The line source will 

be assumed to be much longer than the width of a projected slice. The LSF is a function of 

one camera coordinate and two object-space coordinates. Of course, for an axially 

asymmetric object, the PSF and LSF must also account for the projection angle. The PSF 

must be a 3D function in object space, dependent on two camera coordinates (p,q) and the 

projection angle I/J; the LSF is a function of p and I/J. 

Averaging of opposing views 

We have mentioned that the PSF (or LSF) of a parallel-hole collimator is a function 

of the distance from the collimator face to the source position. A common method of 

attempting to eliminate the shift-variance of the PSF is called averaging of opposing views 

(Axelsson, et al., 1984; Glick, et ai, 1989; Coleman, et al., 1989). Opposing views are the 

two projections of the object collected 1800 apart in a rotating-camera SPECT system. The 

resolution of a parallel-hole collimator falls off with distance, but in planes parallel to the 

detector face, the response is approximately shift invariant. The premise of the opposing

views technique is that, by averaging projections taken from opposite sides of the patient, 

the spatial variance of the collimator can be approximately averaged out. 

Glick et al. (1989) and Coleman et al. (1989) performed studies in which they 

examined the LSF in detector space as the line source was placed at various positions in a 

water-filled tank. They then averaged opposing views of the measured LSF, and tested to 

see if the averaged response was invariant with position of the source. Both papers 

compared arithmetic and geometric means of the opposing views and found that averaging 

lessened the shift variance in planes perpendicular to the camera (as the source was moved 

toward and away from the camera). Coleman found that the geometric mean generated a 
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better approximation to a shift-invariant LSF, although the nonlinear nature of the 

averaging precluded the geometric mean from being used as part of a linear reconstruction. 

Glick was interested in applying the LSF to filter reconstructed images (as opposed to 

filtering the projections before reconstruction) and found that the shift variance of the LSF 

was very dependent on the type (and accuracy) of the attenuation correction used in the 

reconstruction. Axelsson et al. (1984) and Msaki et al. (1987, 1989) used an arithmetic 

average in similar experiments and found the LSF to be nearly LSI except in regions within 

a few centimeters of the edge of the phantom. 

Monte-Carlo simulation 

A common tool in the analysis of complex physical systems is a technique known as 

Monte-Carlo (Me) simulation. The premise behind Me simulation is that a complex 

problem can be evaluated by randomly sampling the probability laws that govern the 

underlying processes. One of the earliest applications of this method was used by W.S. 

Gossett to calculate Student's t-distribution (Raeside, 1976). With the development of 

powerful computers since Gossett's time, many complex problems are treated with Me 

analysis. The accuracy of the treatment depends on the accuracy of the model, the number 

of samples used, and the quality of the random-number generator. 

One trick that is often implemented in Me analysis is the use of variance-reduction 

techniques that allow the simulation to estimate a solution more quickly. Variance-reduction 

techniques bias the probability laws governing the physical processes involved in the 

calculation so that fewer samples of the probability laws are needed and a faster 

convergence of the simulation to an acceptable estimate of the mean solution is produced. 

The faster convergence comes at the expense of the accuracy of the variance and other 
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statistics of the solution. A more complete treatment than we have presented here of 

Monte-Carlo methods and variance-reduction techniques can be found in Raeside (1976). 

Monte-Carlo simulation of scatter allows one to precisely track photon histories. 

Typically, millions of photons are simulated to be emitted from the object toward the 

detector. All possible types of interactions are considered between points of origin and 

detection. Of the detected photons, scattered and unscattered photons can be stored 

separately. Since the exact history of each photon is known, photons can be differentiated 

according to how many times they scattered before detection. We shall refer to the number 

of times a photon has scattered as the scatter order; we shall often refer to single scatter and 

higher-order scaLter, photons that have scattered 2, 3, or more times. 

Often the detected photons are combined to form three data sets: pure-scattered 

photons, pure-primary (unscattered) photons, and scatter-plus-primary photons. The first 

two of these data sets are artificial--no camera with finite energy resolution can absolutely 

discriminate the primary flux from scatter flux. The artificial data are useful tools to test 

the ability of scatter correction techniques to separate scintillation events due to scattered 

photons from those due to unscattered photons. A scatter-correction scheme that could 

decompose scatter-plus-primary data into data that match the pure-scatter and pure

primary data would be considered an excellent scatter-correction scheme. 

There is a plethora of papers on MC simulations of the forward problem in SPECT, 

almost as many different simulations as scatter-correction techniques. Many of the earlier 

papers, such as Beck et al. (1982), Chan and Doi (1983), and Floyd et al. (1984), describe 

the procedure for simulating scatter in the object only. Atkins (1978) discusses the problem 

in detail. Recent simulation papers include interactions in the scintillation crystal 

(Ljungberg and Strand, 1989) and in the collimator. 
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Testing of scatter-correction algorithms is one impetus for simulation. Another is the 

development of scatter correction algorithms. Often in this chapter we shall see the need for 

the scatter-free PSF, or the need for a data set with better spatial and energy resolution than 

is possible with a conventional gamma camera. It is often easiest to get these data via 

simulation. 

Phantoms 

Scatter-free data are often compared with scatter-corrupted data by the use of 

phantom measurements. A phantom in nuclear medicine is an enclosed volume of fluid into 

which a radioisotope can be introduced. The fluid is typically water, which has 

approximately the same scattering cross section as tissue. A uniformly active phantom, 

called a flood phantom, is often used to test whether the sensitivity of a detector is uniform 

over the active area of the detector. Phantoms with more complex activity distributions are 

often used to test the spatial resolution of an imaging system. We shall discuss two specific 

phantoms in Chapter 4. 

Often the projection of a point source located in air is compared to the projection of 

a point source placed in a uniform, water-filled phantom; the first PSF is an estimate of the 

scatter-free PSF, and the second is an estimate of the scatter-corrupted PSF. Measurements 

such as these are often used to validate a MC simulation. 

SCalter fraction 

The scatter fraction (SF) is usually defined as the ratio of the sum of scattered counts 

in a projection to the sum of all counts in a projection. But other interpretations of the 

scatter fraction abound: "pixel" is often substituted for "projection", and pixel can refer to 

projection pixel or to a pixel in the reconstructed image. (From here on, we shall use voxel 
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instead of pixel to refer to an element of the object or reconstructed image, and reserve 

pixel for an element of detector space; the literature typically does not make this 

distinction.) Or the scatter fraction might refer to the ratio of the number of scattered 

counts to the number of unscattered counts (in a pixel, voxel, or projection). We shall 

specify the definition of scatter fraction in the specific applications in which we encounter 

it. 

The scatter fraction is often used as a metric of scatter-correction performance; a 

good scatter-correction technique aims for a scatter fraction of zero (SF = 0). There are two 

principal ways that the scatter fraction is determined; via Me calculation and by a water

tank measurement. In the simulation, scattered and unscattered photons are recorded 

separately and the SF can be found by proper combination of the data sets. In the water

tank technique, the projection of a point source is measured with the source in air and 

measured again with the source immersed in a water bath. The ratio of the sums of these 

data sets, with proper corrections for source strength and attenuation, gives the SF. The 

source can be moved to different positions in the object space to estimate the SF as a 

function of position. The SF, like the PSF, varies with position in the object, but like the 

PSF, the position variation is often ignored. The scatter fraction is sensitive to system 

parameters such as the collimator, intrinsic resolution of the detector, energy window, 

radioisotope, etc. 

Generic outline of a scatter paper 

The remainder of this chapter will be a review of a number of common approaches to 

scatter correction in SPECI'. The generic outline of a scatter-correction paper is: 

a) propose a scatter-correction algorithm; 

b) simulate a projection data set from a favorite phantom and isotope, keeping 
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separate the three data sets mentioned above (scatter only, scatter plus primary, 

and primary only); 

c) operate on the data using the algorithm from (a); 

d1) compare the "corrected" data with the projections of the unscattered photons 

saved from (b), 

do!) or reconstruct the "corrected" projections and the unscattered-only projections 

and compare the images. 

If the comparisons in (d) are favorable, a real projection data set is collected and "corrected", 

and uncorrected reconstructions are compared to the corrected reconstructions showing that 

this scatter-correction algorithm improved some parameter (SNR, contrast recovery, spatial 

resolution, etc.) of the image. All of the scatter-correction techniques use some figure of 

merit to quantify the benefits of the correction. In scatter correction, the metrics are 

typically contrast recovery, especially for small, low-contrast lesions; quantitative accuracy; 

and in the case of simulated data where there is a gold standard, root-mean-square (RMS) 

error of the reconstruction. 

Simple techniques used to deal with scatter 

The first simple method to deal with scatter was implied in the discussion of the 

energy window in Chapter 2--as the lower threshold of the photopeak window is raised, 

fewer scattered photons are accepted by the detector. Of course, as seen in Figure 2.8, it is 

impossible to set the threshold high enough to eliminate all scattered photons. And by 

raising the threshold, more of the unscattered photons are eliminated from the data and the 

signal-to-noise ratio (SNR) suffers. 

Beck et al. (1968) developed a figure of merit that included camera sensitivity and the 

square of the modulation transfer function (MTF) to optimize the baseline setting of a 
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camera for specific applications in planar imaging. (This figure of merit is very similar to 

the SNR to be discussed in Chapter 5.) In the discussion that followed the paper, Beck 

stated that it is better to err on the low side, i.e., set the energy threshold low, accepting 

more scattered photons, than to set the threshold too high and reject too many unscattered 

photons, implying that the loss of unscattered counts is not balanced by the rejection of 

scatter when a high baseline setting is used. Usually, a symmetric energy window centered 

on the photopeak is used. For example, using 99mTc and a ±lO% energy window accepts 

photons with an apparent energy of 126-154 keY. We shall present results of another study 

investigating the trade-off between counts and scatter sensitivity in Chapter 5. 

Another simple method for scatter correction that was hinted at in the previous 

chapter is the use of build-up factors. This technique really falls into the category of 

attenuation correction. This method uses a linear attenuation coefficient that is less than the 

physical value of tissue in an attenuation-correction scheme. The basis for the use of a 

lower attenuation coefficient is the difference between the narrow- and broad-beam 

attenuation coefficients (Johns and Cunningham, 1983). For a detector with poor energy 

resolution viewing a source in a scattering medium, scattered photons will be included in the 

detected flux, resulting in a higher signal than predicted by the narrow-beam linear 

attenuation coefficient. This build-up of signal is a function of the energy of the source, 

the energy resolution and field of view of the detector, and the geometry of the scattering 

medium. We can take these effects into account by using an effective attenuation 

coefficient, 1';;£< 1'0. Harris et al. (1984) reported linear attenuation coefficients between 

0.1 and 0.12 cm- l depending on the width of the acceptance window for a cylindrical, 

water-filled phantom (1'0 == 0.15 cm- l ). 

Attenuation-correction schemes that use the narrow-beam I'c tend to over-correct for 

scatter; in the corrected image, the dip in Figure 2.17 is replaced with a hump. This hump 
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is an example of the shift-variance of the scatter response. There is a higher probability of 

scattering from a point in the center of a convex object than from a point at the edge 

because a central point is surrounded by scattering medium while photons from an edge 

region have scattering medium only to one side. We know from Fig. 2.18 that there is a 

higher probability of scattering from a point near the source point than from a point farther 

away. Thus, the projection of scattered photons from a convex object has more counts in 

the center of the projection than at the edges. Using a smaller attenuation coefficient masks 

this shift-variant contribution of scatter by under-compensating for attenuation. Use of the 

build-up function does not constitute a scatter-correction method per se, but is a method to 

make attenuation-corrected images look more pleasing. 

The SF is often used to determine the build-up function (Knesaurek, 1992). One 

problem with the method of build-up factors is that the factor is dependent on the patient 

geometry just as the SF is. Thus a new set of build-up factors must be generated for each 

patient. Knesaurek (1992) used a phantom-measurement technique to calculate and model 

the SF. In this experiment, the SF was fit to a linear function of depth. The method 

proposed by Knesaurek provides a technique for estimating the SF for a system/patient 

combination without having to resort to time-consuming Me studies. The author claimed 

that this method was a sensitive way to determine the SF except in surface regions of the 

object. Surface regions of a scatterer are a problem for all scatter-correction techniques. 

Scatter-correction techniques using a single energy window 

The principal idea behind techniques that use a single energy window is that the 

scattered photons in a projection (or reconstruction) can be described by a different PSF 

than the unscattered photons, thus the contribution of the scattered photons can be 

diminished by a deconvolution-type operation. There are four categories of correction 
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schemes that use a single energy window, three of which are virtually identical to each 

other. The three methods that are very similar are known as the deconvolution method, the 

deconvolution-subtraction method, and the restoration-filtering method. While these three 

methods use a spatially invariant PSF in the deconvolution, a fourth method uses a PSF that 

is parameterized according to the position within the patient. We shall refer to this fourth 

method as the parameterized-PSF technique. 

The deconvolution method 

The deconvolution method assumes that two shift-invariant PSFs describe the 

deviation of a measured projection from the ideal (uncorrupted by finite resolution) 

parallel-line projection. The perfect parallel-line projection due to only unscattered 

photons, '\(p), can be related to the measured projection, >-meas(P), by convolving >.(p) with 

functions representing the primary PSF (blurred by the camera and collimator resolution, 

septal penetration, etc.), hprim (.), and the scatter PSF, hscat (.): 

(3.3) 

(Depending on the application, ~p ( .) from Eq. 3.2 can be incorporated into hscat ( .) or 

Ilprim(· ).) Equation 3.3 represents a 10 projection and the variable p represents the 10 

detector coordinate. The PSF expressed in Eq. 3.2 has no dependence on the depth of the 

source in the object, but we know that the PSF is a function of distance from the collimator 

and that hscat (-) is also dependent on the boundaries of the object. Averaging of opposing 

views is often used to mitigate the shift-variance of the PSF; the deconvolution method 

ignores the boundary influence on the PSF. 

We can solve for the desired quantity in Equation 3.2, ,\(p), in the Fourier domain: 

(3.4) 
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where A(v) is the ID Fourier transform of the projection ).(p), and H(v) is the transform of 

h(p). 

Msaki et al. (1989) studied the deconvolution method. In their work, hscat(p) was fit 

with a exponential function, Ae-Blpl, which incorporated degradations due to septal 

penetration and scatter. Finite resolution of the camera and collimator were ignored by 

representing hprim(p) with a delta function. The aim of this correction was not to get the 

perfect projection, but to find a projection blurred only by the camera and collimator 

response. The parameters for the exponential were found by measuring the response to a 

point source positioned in air and in water. The tails of the difference of these projections 

were fit to an exponential function. 

Floyd (1985a) used the deconvolution method to deconvolve simulated data. In this 

work, the deconvolving function was incorporated in the filter function used in filtered 

backprojection. This made implementation very easy and raised an important point about 

the cost of scatter correction. Cost can be defined in many ways: two important costs in 

scatter correction are the time and effort involved in system calibration or parameterization, 

and cost in terms of reconstruction time. Another cost in scatter correction is the 

introduction or amplification of noise in the data or reconstruction. In Floyd's technique, 

the cost added to the reconstruction time is negligible, though a potentially costly 

characterization of the system is needed. If it was necessary to compute hscat (-) for each 

patient geometry, Floyd's method would be prohibitively costly from the system 

characterization standpoint. Floyd et al. did not address the cost question in terms of noise. 

Floyd found that the scatter filter was dependent on the slice thickness, acquisition 

energy window, energy resolution, density distribution of the scattering medium, and the 

position of the point source used to estimate the PSF. In general, the first three items are 
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constant for a camera but must be calibrated. The last two points, inhomogeneity of the 

object and shift invariance of the PSF, plague all scatter-correction techniques. 

In the earliest scatter-correction papers that explored the deconvolution method, a 10 

convolution was performed on the projection slices. Of course, scatter is a function of all of 

the object, not just those points in a slice; a point source in one slice makes a scatter 

contribution to all other slices. Ignoring the contribution of the scatter PSF to other slices 

was found to be a weakness in these early papers, and in later papers, PSFs that were 20 

functions of the detector coordinates were used in equations similar to Eq. 3.2 to deconvolve 

full-camera projections. A 20 deconvolution can also be used to deconvolve the 

reconstructed slice image; in these cases, an LSF or a single slice of the PSF can be 

reconstructed to obtain a 20 filter function in object space. Filtering that is performed on 

projections is called pre-reconstruction filtering, while filtering done on the reconstructed 

images is referred to as post-reconstruction filtering. 

Deconvolution subtraction 

A virtually identical method to the deconvolution is known as the deconvolution-

subtraction method which approximates the filter as 

F -l{ F 1{6(p)} } _ _' -B'/p/ 
1 F 1{6(p)} + F l{Ae-B/p/} - 6(p) A e (3.5) 

where A' ~ A « I and B' ~ B. In the deconvolution-subtraction method, first the 

measured projections are convolved with an experimentally derived filter function, and then 

the modified projection is subtracted from the raw projection. Instead of a mono-

exponential function, hacat ( .) can also be approximated with a low-amplitude Gaussian 

function. 
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In a series of papers, Axelsson et al. (1984) and Msaki et al. (1987, 1989) investigated 

the deconvolution-subtraction method. In the earliest paper, a ID function was used to 

correct the projections on a slice-by-slice basis. Correction based on a line source 

measurement turned out to be a function of the length of the source. To correct for this 

source-length dependence, the problem was recast as a 2D convolution with a radially 

symmetric PSF with an exponential profile fit from measurements of a point source. 

Restoration filtering 

Restoration-filtering techniques are just an alternative name for the deconvolution 

method. Restoration filtering is a technique used to sharpen the resolution of a 

reconstruction, either by de convolving a reconstruction or deconvolving the projections. 

These two options are known as post-reconstruction and pre-reconstruction filtering, 

respectively. Restoration filtering techniques usually focus on the geometrical and septal 

penetration components of the system response, but the filters can be modified to include 

correction for the blurring due to scatter. The work by Coleman et al. (1989) and Glick et 

al. (1989), mentioned in the context of averaging of opposing views, was in the realm of 

restoration filtering. As with all of the deconvolution techniques that use a single PSF, 

finding a PSF that is approximately shift-invariant is of paramount importance. 

Quantifying the effects of deconvolution 

Rolland et al. (1989, 1991) and Rolland (1990) explored another aspect of the 

deconvolution question--does deconvolution of an image improve the contrast of an image 

enough to aid in lesion detectability. Lesion detectability refers to the ability of an 

observer, human observer or machine observer, to detect a region of reduced (or enhanced) 

activity relative to the background. Rolland et al. modelled an imaging system characterized 
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by a PSF that had a shQI')) central core and long, low-amplitude tails, much like aSPECT 

system PSF including scatter. They then tested to see whether the 2D deconvolution of the 

images helped the humans ability to discriminate tumors from background and found that 

deconvolution did help in the lesion detection task. This paper showed that post-

reconstruction filtering with the proper PSF enhances lesion detectability. 

Parameterization of the PSF 

All of the deconvolution-type scatter-correction methods discussed thus far either 

ignored the shift-variance of the scatter PSF or tried to make the effect less severe by 

averaging the variation away. Our first example of a method that uses a shift-variant PSF is 

a technique offered by Ljungberg and Strand (1990, 1991). This was a ID correction that 

used Me-derived scatter LSFs in the correction. It was a three-step correction technique 

that corrected for attenuation and scatter in the context of a filtered backprojection 

reconstruction. 

The first step in this correction scheme was simulation of LSFs on a regular grid in a 

uniform, cylindrical phantom. The LSFs were simulated and stored before projection data 

are collected. Projections of a real object were collected and reconstructed by filtered 

"-
backprojection (FBP). Let us designate the reconstructed image as f o(x, y). The simulated 

"-
scatter LSFs were scaled by f o(x, y) to calculate the scatter projection and then the scatter 

projection was subtracted from the original projection. An attenuation-density map, 

derived from the reconstructed emission image or a separate transmission image, was 

projected to calculate an attenuation-correction array for the original projection data. The 

scatter-corrected projection was further corrected with the attenuation-correction array and 

the corrected projection was reconstructed again. Although a transmission scan could be 

used in this method, it could be used only for the attenuation correction since the scatter 
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LSFs were simulated in a uniform phantom and account for the variation of scatter with 

position, not for a spatially varying scatter density. In order to account for a scattering 

cross-section that varied spatially, the simulation of the scatter LSFs would need to be done 

for each patient. 

Ljungberg et al. dealt with the shift-variant PSF by simulating hBcat (') for selected 

voxels and interpolating the function at intermediate voxels. That approach required storing 

a large number of PSFs, which consumed a large amount of data storage. A potentially 

more judicious use of resources would be to parameterize the PSF according to position in 

the object, allowing one to generate the appropriate response for any given voxel. Frey and 

Tsui (1990, 1991, 1993a) and Frey et al. (1993b, 1993c) have developed a parametric model 

for hscatO that uses the sum of a Gaussian and two half-Gaussians. (A half Gaussian is a 

Gaussian function evaluated only to one side of the mean.) 

In the parameterization by Frey et aI., the full Gaussian represented the response in 

the central portion of the PSF, and the half-Gaussians represented the long, asymmetric 

tails. The parameters of the Gaussians were fit from simulated data. Gaussians were used 

to fit the PSFs because the authors felt that exponential models of the scatter PSF were 

deficient in two areas: exponentials do not easily fit the rounded peak of the PSF, and the 

exponential models do not fall to zero quickly enough. The parameters of the Gaussians-

amplitude, mean and variance--were found to be related to parameters of the object, 

notably the source depth in the phantom and the distance between the source and the edge 

of the phantom. The ability to model the response depended on the collimator used. 

Unlike the PSF models used by Msaki et al. or Floyd et al. that were incorporated 

into FBP reconstructions, the parameterized models developed by Frey et al. were used in an 

iterative reconstruction. The system response matrix, H, was calculated for unscattered 

photons only. Scatter was incorporated into H in the reconstruction by convolving the 
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detector response to each voxel with the appropriate scatter-response function. Simulation 

of the scatter response for each point in the object would be time and storage intensive. By 

parameterizing the scatter response based on object constraints, the scatter response can be 

calculated on the fly during the reconstruction and storage of the correction parameters 

takes less space. In the series of papers from this group, the correction progresses from 10 

response functions used in a slice reconstruction to 20 functions used in a volume 

reconstruction. 

The real benefit of the parameterized response functions developed by Frey et al. was 

a technique used to generate the response function for a specific patient geometry. Even for 

a uniform attenuator, the boundaries of the object playa significant role in the shape of the 

response functions. There is a time cost involved in having to do a new simulation for each 

patient geometry. Frey and Tsui (1993a) have an interesting approach to the patient

specific scatter-PSF problem. The approach is based on a construction they call the 

equivalent-slab phantom (see Figure 3.2). 

To explain the equivalent slab concept, it is easiest to examine the case of a 10 

correction (single-slice reconstruction). (We shall use the LSF instead of the PSF to describe 

the imaging properties of the system to be consistent with the reference.) A line source of 

activity was simulated in a semi-infinite, water-filled tank; the tank was infinite in 

directions parallel to the camera face with a finite thickness in the direction orthogonal to 

the camera face. The line source was parallel to the camera face and perpendicular to the 

projection slice. The scatter LSF for the slab, lecat,Blab(-)' was parameterized as a function 

of the depth of the line in the phantom (d), the distance from the line to the camera (D), 

and a function of the offset from the projected source position (p). There are two steps 

necessary in order to use the scatter L.SFs to determine the scatter response to a 
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convex-shaped object determination of the effect of different combinations of d and D 

than those simulated, and the effects of the edges of the objects. 

Frey et al. assumed that the scatter LSF of the slab could be found by convolving the 

geometrical LSF, Ii·), with the LSF of a line at depth d in a scattering medium, Iscat (·), i.e. 

(3.6) 

where the arguments indicate that Iacat,slab(p;D,d) is a function of p, parameterized by D 

and d, while the geometrical component of the LSF is parameterized only by the distance to 

the collimator and the slab-scatter component is parameterized only by the depth in the slab. 

If the scatterer was moved further from the camera but the source remained at the same 

depth in the slab (D changes but d remains the same), the scatter LSF could be written as 

(3.7) 

The function lscat,slab(p;d) is not simulated. Instead, the scatter LSF for the slab object with 

a particular camera and collimator is simulated for certain combinations of D and d; then 

l(p;D',d) can be found as 

{ 
Lg(V;D')} 

Iscat,Blab(p;D',d) = F ~1 Lscat,Blab(V;D,d)· L ( D) , 
g v, 

where L(·) is the lD Fourier transform of 1(·). 

Actual objects that were to be imaged were not, of course, semi-infinite slabs; in 

(3.8) 

order to use the scatter LSFs for a patient geometry, it was necessary to use the scatter LSF 

to determine the scatter contribution from an object with a convex boundary. Frey et al. 

(l993b) claimed that "99% of photons scattered through an angle larger than 800 will be 

rejected by energy discrimination" in a camera with a 20% energy window and 11% energy 

resolution. This meant that for any convex object, an equivalent slab could be found for 

any parameter triplet (p, D, d). For every voxe! in an object, D and d were defined; to get 

the scatter contribution to the LSF, the equivalent slab for each p needed to be found, and 
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the contribution of 18cat,slab(P;0, d) was summed into the total LSF. This process amounted 

to a number of table look-ups during the reconstruction. The scatter LSFs needed to be 

calculated just once since they are dependent on only the camera characteristics. Freyet al. 

claimed that this method of parameterizing worked well throughout an object except in 

regions near the edges in which the slope (relative to the camera) of the object profile was 

large. 

The above explanation was for a 20 SPECf system. In their series of papers, Frey et 

al. modified the technique from a 10 correction to a 20 correction. The 20 method is 

virtually identical to the 10 correction presented above. 

A similar approach to the parameterization issue was offered by Beekman et al. 

(1993). In this paper the scatter kernel was modelled as a zeroth-order modified Bessel 

function of the second kind; this kernel was convolved with a Gaussian to get hacat, Blab ( .). 

The parameterized PSF involves nine adjustable parameters. Line source measurements were 

used to determine the parameters; determining the scatter PSF from the LSF measurements 

is the origin of the Bessel function. As in the work of Frey et ai, hscat (-) was convolved 

with the geometrical response function to determine the full scatter response. 

The parameterized form of the scatter PSF was a 20 function--whole projections, not 

just slices, were deconvolved. As in the work of Frey et ai, the LSFs were simulated in a 

slab phantom and the equivalent-slab concept was used to determine the response to convex 

shaped objects. The parameterization was investigated for various energy-window widths 

and source positions and was found to be lacking only when the source was near the far 

boundary in a region of high object slope. Again, this model did not take into account 

variation in object density. 
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Scatter-correction techniques using several (2-4) energy windows 

Although the energy resolution of a gamma camera is so poor as to preclude simple 

rejection of low-energy (scattered) photons, it does not mean that the rest of the spectrum is 

useless. Over thirty years ago, multiple energy windows were used to partially correct for 

the effects of scatter in rectilinear scanners (Ehrhardt and Oberly, 1972; Bloch and Sanders, 

1973; Wagget et al., 1978). The central idea behind using more of the spectrum is that there 

is a spatial relationship between scattered photons detected in the photopeak window and 

scattered photons that are detected in a lower-energy, "scatter" window. A projection 

including only events that fall into the scatter window looks like a 10w-pass-filtered 

projection of events in the photopeak window. Presumably, regions of high counts in the 

scatter projection correspond to regions of high scatter counts in the photopeak projection. 

Subtracting the two images gives an estimate of the unscattered counts. 

Dual-window scatter correction 

The first use of two energy windows to correct for scatter in SPECf is attributed to 

Jaszczak et al. (1984). In this work, two data sets were collected: what will be referred to as 

A 

the primary, or photopeak, data set in the energy range E = 127-153 keY (±1O% of 140 keY) 

A A 

and a scatter data set in the range E = 92-125 keY. (E indicates that these energy ranges are 

the camera's estimates of the photon energy; the actual energy of the detected photons can 

lie outside these ranges.) These windows are shown in Figure 3.3. The two sets of 

projection data sets were reconstructed separately, and the final, scatter-free image was 

obtained as 

A A A 

f(x,y) = fpw(x,y) - k'fsw(x,y) (3.9) 

where the subscripts pw and sw refer to the photopeak-window and scatter-window 
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Fig. 3.3 Spectral windows for the dual-window (DW) scatter-correction algorithm. 
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respectively, and the arguments (x, y) indicate that the subtraction is done in object (or 

reconstruction) space. 
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There are two controversies about dual-window (OW) subtraction as described by Eq. 

3.9. First, the method assumes that the scatter flux detected in the photopeak window has a 

spatial correlation with the flux in the scatter window. How correlated the fluxes in the two 

windows are is not clear. The other controversy is about the value of k, called the scatter 

multiplier. 

Jaszczak et al. empirically determined the scatter multiplier by collecting projections 

of a point source in air and in water and comparing the counts in certain regions of interest 

(ROI's) between the air-only and the OW-subtraction reconstructions. The optimal value of 

k, the value which best matched the counts in the ROJ's between the air-only and scatter

corrected images, was found to be 0.5. Floyd et al. (1985b) used a Me simulation to study 

the optimal value of k and they determined the optimal value to be 0.57. This is actually an 

average value; as the point source was moved to different locations in the phantom, the 

multiplier varied from 0.51 to 0.6. 

Floyd et al. also compared the shape of the reconstructed LSF from photons collected 

in the two windows. In this case, LSF is defined as the reconstruction of a line parallel to 

the axis of rotation of the imaging system; the 20 reconstruction of this line should be a 

point in the image. Floyd et al. found that a trace through the image reconstructed with 

counts from only the scatter window was similar to the trace through the image 

reconstructed using only scattered photons that fell within the photopeak window. These 

traces also showed that the scatter window underestimated scatter in the photopeak window 

in the central, peaked region of the image and overestimated scatter in the tails. 

The reason for the discrepancy is probably the effect of forward scatter. Remember 

from the differential scattering cross-section that forward scatter is more probable than 
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other scattering directions. Scattered photons in the photopeak window are predominantly 

forward scattered; spatially, forward-scattered photons will be localized in the area around 

the unscattered projection. The scatter window will have fewer forward scattered photons, 

leading to an underestimation of scatter in the central peak and on overestimation of the 

tails. That the LSF images are not identical for the two data sets may indicate that this is 

not a valid representation for the compensation of scatter; that the LSF images are so similar 

is proof enough to the authors that the technique is valid. 

Mas et al. (1989) used the dual-window technique in an iterative reconstruction and 

had to do the subtraction in projection space to maintain consistency as the iterations 

progressed. Liang et al. (1992) used the projection-subtraction version in a 3D 

reconstruction that compensates for attenuation as well. Koral et al. (1990, 1991) 

investigated the differences in quantitation for pre- and post-reconstruction subtraction. 

Koral et al. found that the difference in the reconstructions depended on the reconstruction 

algorithm used and on the imaging task. 

The paper by Koral et al. introduced another question about the determination of the 

scatter multiplier--what ROI should be used in the determination of k? Koral et al. were 

interested in the quantification of small, hot lesions in a reconstruction while the work of 

Jaszczak's et al. involved contrast recovery of cold lesions in a hot surrounding medium. 

This distinction is important in terms of the ROI that each group used to determine the 

scatter multiplier. Contrast recovery in cold lesions implies that the long, low-amplitude 

tails of the scatter PSF must be accounted for; the ROI used to determine k was widened to 

include these tails. Koral et al. argued that in the quantification of hot lesions the ROI used 

to determine k is a tight region around the projection (or reconstruction) of a small, hot 

object. The difference in size of the ROI produced scatter multipliers on the order of l.l to 

1.3 in the work of Koral et al., compared to 0.5 for Jaszczak et al.. If Koral et al. increased 
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the ROI such that more counts from the tails are included, the scatter multiplier approached 

Jaszczak's value. 

Koral et al. went on to find that the scatter multiplier was, to first order, independent 

of background activity but dependent on the boundaries of the scatterer. They found that 

the scatter multiplier decreased as the size of the object was increased. They was also found 

that the scatter multiplier for the tomogram-subtraction technique (post-reconstruction 

subtraction) was slightly larger than the multiplier required in the projection-subtraction 

technique. Most OW subtraction papers leave the exact value of the multiplier an open 

question and indicate that the value of k can change with the purpose of the study. Most 

papers also quote a value closer to that of Jaszczak et al. (0.5-0.6) than that of Koral et al. 

(1.1-1.3). 

As with the simple deconvolution scatter-correction methods, the reconstruction cost 

of the OW technique is minimal. At worst, the OW technique requires twice the collection 

and reconstruction time as an uncorrected image. For a camera that can collect two energy 

windows simultaneously the collection time is no different than the time required for a 

regular scan. If the projections are scaled and subtracted instead of the reconstructions, 

there is very little difference between this method and an uncorrected reconstruction. 

Validation 0/ the DW method--the scatter kernel 

Smith et al. (l992a) attempted to validate the assumptions behind the OW subtraction 

method. Where the work of Floyd et al. compared reconstructions of the LSF from the two 

windows, Smith et al. compared the two windows in object space using what were called 

scatter kernels. The scatter kernel is a row of the H matrix in which only photons that have 

scattered are included. The H matrix is a mapping from object space to image space; one 

row of H indicates the contribution of all voxels to a detector pixel. Using Me simulation 
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to generate projection data, Smith et al. compared the scatter kernel from the scatter 

window with the scatter kernel from the photopeak window for all detectors in a projection 

slice. 

To quantify the comparison, a correlation coefficient, Cj, was defined and calculated 

for each pixel in the lD projection. The average correlation coefficient was found to be 

0.87; Cj was larger (better correlated) at the edges than in the center of the projection. It is 

not clear if the scatter kernel included scatter from out-of-plane sources. 

An optimal scatter multiplier was also calculated from the scatter- and photo peak

window kernels. The optimal scatter multiplier varied by a few percent as a function of 

position in the projection. The average value of the scatter multiplier was 0.42 (which is 

smaller that the value reported by Jaszczak et al. or Koral et al.). Calculation of the scatter 

multiplier on a pixel-by-pixel basis allowed pre-reconstruction scatter correction to be done 

with a shift-variant scatter multiplier (shift-variant in projection space), or scatter 

correction could be done with an average scatter multiplier. Reconstructions after each type 

of correction were compared using contrast recovery in selected ROI's as the comparison 

metric. No difference was seen in these reconstructions. 

Smith et al. made another interesting observation. Reconstructions from two 

combinations of the projection data g and the H matrix were performed. One 

reconstruction used a g and H combination that had no scatter simulated. The other 

reconstruction used the same H, but a g that initially included scatter but was corrected 

using the DW technique. No difference was seen between these reconstructions. This 

implies that instead of striving to include a proper model for scatter in H (as the shift

variant PSF models do), it may be as efficient to correct g and use a scatter-free H matrix. 

Not including scatter in H may result in reconstruction algorithms that are faster than 
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algorithms that include scatter. Preprocessing g may be a faster scatter-correction scheme 

than modelling scatter in H. 

Optimizing the windows 

For a 99mTc source, the single-backscatter peak is at 90 keY. The spatial distribution 

for singly scattered photons should not be too different from that of unscattered photons in 

this region of the spectrum, because backscattered photons that are detected are not laterally 

displaced too far from the projection of the source point. Higher-order scatter has a lower 

probability of detection than single scatter, and the response peaks at lower energies with 

lower spatial resolution. Of course these photons are all mixed together in a projection data 

set. By setting the scatter window cutoff just above the backscatter peak for single scatter, 

one can keep the spatially correlated single-scatter events and reject most of the higher

order, less spatially correlated events. Singh and Home (1987) and Singh et al. (1988) 

investigated the optimal thresholds for the two windows used in the DW subtraction method. 

The experiment done by Singh and Home featured a single, collimated germanium 

(Ge) detector, SxS mm2 by 6 mm thick, with 1 keY energy resolution (at 140 keY) with 

which they collected samples of the projections from a nonuniformly scattering object. 

Data were collected with the Ge detector at three points along a projection: in the middle of 

the projection, a few centimeters to the side of the middle, and slightly in from the edge of 

the projection. These samples of the projection gave samples of the spatially varying 

spectrum of the scattering phantom. The exquisite energy resolution of the detector allowed 

them to assume that most detected events below 139 keY were due to photons that had 

scattered in the phantom, and most events above 139 keY were due to unscattered photons. 

To simulate the energy resolution of a scintillation camera, the semiconductor spectra 

were convolved with Gaussians. Projection data sets were manufactured from the energy-



blurred Ge-detector responses, and photopeak and scatter windows were chosen. This 

simulation allowed Singh and Home to investigate the scatter-correction technique, 

including optimal window placement, as a function of the energy resolution. 
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The optimal scatter multiplier was found by a least-squares fit between the true 

unscattered counts (as defined by the original Ge-detector response) and the unscattered 

response as determined by DW correction. The optimal scatter multiplier was found for 

different sizes of the photopeak and scatter windows. The SNR of the projection, defined 

as the ratio of mean counts to variance in the photopeak window, was used to compare 

energy window settings. A 2D parameter space, whose axes were the widths of the two 

windows, was investigated to find the optimal window settings (highest SNR). The optimal 

windows were found to be a 28 keY photopeak window (£=126-154 keY) and a 32 keY 

scatter window (£=93-125 keY). The optimal scatter multiplier was found to increase by a 

factor of 1.4 as the simulated camera's energy resolution was degraded from 7% to 15%, and 

decreased by as much as a factor of 2 as the number of counts in the projections varied by 

an order of magnitude. 

This technique did not consider the whole spectrum since it was limited to detected 

events of 80 keY or above. The possibility that events of energy less than 80 keY can 

improve detection was not investigated; the implicit assumption was that these events have 

scattered through too great a total angle to have a positive influence on the projection. The 

authors also pointed out that the scatter fraction is position-dependent; any method that uses 

one scatter multiplier for the whole projection or reconstruction certainly ignores this 

difference. 

Another look at the optimal window settings is provided by Logan and McFarland 

(1991). They measured the response of a scintillation camera to point sources placed at 

different depths in a phantom filled with water and in an air-filled phantom. Data were 
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collected in many narrow energy bins across the photopeak region of the spectrum; this 

experiment did not include a scatter window. From the measurements of the spectrum, 

Logan and McFarland determined that the scatter contribution to the photopeak portion of 

the spectrum varied very little with depth (distance from the phantom edge to the source), 

suggesting that the photopeak region of the spectrum could be divided into two non

symmetric windows in such a manner that the counts in the lower window could be thought 

of as a direct estimate of the scatter contribution in the upper window. To get an estimate 

of the unscattered counts in the upper region, the counts in the lower window could be 

subtracted directly from those in the upper window. In other words, by dividing the 

photopeak into two asymmetric regions and using these as the windows in OW correction, 

the scatter multiplier could be forced to unity. 

An example of the windows chosen by Logan and McFarland is shown in Figure 3.4. 

This technique almost amounts to incorporating the scatter multiplier in the camera 

hardware, and for this reason it may be difficult to implement improvements like a spatially 

variant scatter-multiplier. An advantage of using photons in only the photopeak region to 

estimate the scatter contribution is that it eliminates the argument that the spatial 

distribution of lower-window events in the original OW method have no relation to the 

spatial distribution of the scatter photons in the photopeak window. 

MUltiple photopeak-window techniques (DPW. TPW. TPW+) 

A technique similar to the work of Logan and McFarland, called the dual-photopeak

window (OPW) method, was proposed by King et al. (1992). Like Logan and McFarland, 

OPW uses two contiguous windows spanning the photopeak. But in OPW, the windows are 

symmetric and a regression relation is inferred relating the ratio of the counts in the two 

windows to the scatter fraction. The SF is then used to estimate the scatter contribution to 
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Fig.3.4 Spectral windows for Logan and McFarland's dual-window method. 
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the photopeak window. The relations take the form 

(3.11 ) 

(3.12) 

where the scatter fraction is calculated for each projection pixel. The parameters A, B, and 

C are pixel-independent and are fit from PSF measurements of a point source placed in air 

and in water. (I have left out a low-pass filtering step that keeps the noise in low-count 

regions of the scatter window from debilitating the correction.) The energy windows for 

DPW are shown in Figure 3.5. 

King et al. proposed that DPW is a better method than that of Logan and McFarland 

because DPW keeps more counts and thus improves the SNR of the projection. In a later 

paper, Hademenos et al. (l993) tested the DPW technique by simulating the scatter response 

to a point source imbedded in a simple phantom and found that the scatter distribution 

estimated by the DPW method matched the scatter PSF very well for points throughout the 

object. In another paper, de Vries and King (l993), looked at non-symmetric windows to 

alleviate instabilities in the technique. One of the instabilities in the technique was an 

underestimation of the scatter contribution in large phantoms. The best results were with 

two 15% energy windows abutted 10.5 keV below the photopeak. A slightly inferior though 

easier to implement set of windows was suggested as the optimum (5% lower and 15% upper 

abutted at 132.5 keY) settings for clinical use. 

Another multiple-window method that used only photons falling within the photopeak 

window was proposed by Ogawa et al. (l99l). We shall refer to this method as the triple-

photopeak-window (TPW) method. The TPW technique used a broad energy window (28 

keY) centered on the photopeak and two smaller, side windows (2 keV) abutted to each end 



CIJ ..... 
s::::: 
::l o 
U 

50 100 

c (" 1\.) (1 SF(iJ. a) 
tScorr P.4 = - SF(iJ. a) + 1 

Fig. 3.5 The dual-photopeak window (DPW) scheme. 

up cr 
win ow 

140 keY 

107 



108 

of the photopeak window. These windows are shown in Figure 3.6. The scatter 

contribution to the photopeak was modelled to be a linear function of the counts in the 

upper and lower windows: 

Cts "" [(Cts) - (ets) 1 W
main 

scat - W left Wright 2 ' 
(3.13) 

where left and right refer to the windows on either side of the photopeak and W is the 

window width. The left and right windows were used to discriminate scattered photons 

when isotopes that emit more than one energy were used; in the case of 99mTc, the counts in 

the upper window are assumed to be very close to zero and are ignored, and the method 

reverted to a simpler model of non-symmetric DPW. A disadvantage of this method over 

DPW is the assumed linear fit of the scatter spectrum in the photopeak window. In Logan 

and McFarland (1991) or Floyd et al. (1984) and others, the scatter contribution in the 

region of the photopeak does not appear to be linear. (That is not to say that the non linear 

model proposed by King et al. is correct.) 

Chugo and Ogawa (1993) proposed a method that used four energy windows: the 

three from TPW and a fourth, non-contiguous window below the other three (111-120 keY 

in the paper). We shall call this approach TPW+. The windows that are used in TPW+ are 

also shown in Figure 3.6. This method uses more of the spectrum than TPW and uses a 

more complicated algorithm to determine the scatter contribution to the photopeak. 

Chugo and Ogawa assumed that the true scatter component of the photopeak region 

(sum of the three abutted windows), Tpp,scat can be found by MC simulation for a simple 

phantom. If we let left, right, main, and ref refer to the three components of the photopeak 

region and the reference window respectively, two ratios can be defined: 

(3.14a) 
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Fig. 3.6 Triple-energy window (TPW) and triple-energy window plus (TPW+) scatter
correction schemes. 
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T R = pp,8cat 
Z Ctsref (3.14b) 

The parameter Rl is the ratio of scattered counts in the left window to those in the scatter 

window (assuming that the left and right windows are symmetric about the photopeak and 

the response is Gaussian so that the left and right windows have the same number of 

photopeak counts); Rz is the ratio of true scatters in the photopeak region to the number of 

scatters in the reference window. The parameter Rz is used to fit coefficients of a quadratic 

expression that relates Rl to the number of scattered counts in the photopeak region, i.e.: 

A A 
Ctsprim = Cts1eft + Ctsmain + Ctsright - Ctsscat • (3.l4c) 

This method gets away from the linear approximation of TPW, but the quadratic 

relationship seems tenuous at best and the technique has the disadvantage of necessitating 

measurement of four energy windows and a MC calibration step. 

Scatter-correction techniques that use the full energy spectrum 

An obvious extension of the multiple-window techniques of the previous section 

would be scatter-correction techniques that utilize the full energy spectrum. To say "full 

spectrum" is not quite right--many of the methods in this section do not use photons of 

energy less than 90 keY. The difference between these methods and those mentioned 

previously is that these methods bin the detected events into many small energy windows, 

and re-bin the collected counts into energy bins representing scattered and unscattered 

photons. Whereas the previous techniques tried to reject (raising acceptance threshold) or 

subtract (deconvolution, DW subtraction) scattered photons, these techniques try to use some 
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of the information in the region of the spectrum below the photopeak to improve the SNR 

of the data set. 

Energy-weighted acquisition (EW A) 

The scatter-correction techniques discussed thus far have dealt with the scatter 

problem in two separate domains--the spatial and energy domains. The multiple-window 

techniques rejected events based on the scatter contribution to different portions of the 

energy spectrum. Deconvolution methods used one energy window and tried to describe the 

spatial distribution of scattered photons. The spatial and energy domains are combined in a 

technique developed by Siemens Gammasonics (Halama et aI., 1988; DeVito et ai., 1989; 

Hamill and DeVito, 1989; DeVito and Hamill, 1991) called energy weighted acquisition 

(EWA). 

The acquisition electronics of a gamma camera typically respond to detected photons 

with a step function in energy and a delta-function spatially. Detected events that have an 

estimated energy above some threshold are counted with a weight of one in one detector 

pixel. In the case of DW subtraction, the response in the energy domain is double lobed; if 

the event falls into the upper window it is given a weight of 1, but if the event falls in the 

lower window it gets a weight of -k (and all other events get a weight of zero). 

Deconvolution techniques ignore the spectral response but assume a broad spatial response 

for all photons in place of the delta-function. (Actually, neither the DW or deconvolution 

correction schemes implement the correction on a photon-by-photon basis, preferring 

instead post-acquisition correction algorithms.) 

Instead of the delta-function (position estimate) and step-function (energy estimate) 

responses of the gamma camera to detected photons, EW A uses weighting functions 

parameterized both spatially and spectrally. The spectral component weights events that 
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could be due to unscattered events positively, and those events that are most likely from 

scattered photons negatively. It is not, however, a trinary weighting as in the DW technique. 

Events are allowed a continuum of weights which roughly follow the unscattered spectrum 

as in Fig. 3.7. In fact, the weights are greater than one for events whose apparent energy is 

above the photopeak. The energy weights are specific to a collimator, detector, and isotope. 

The spectral weights were used to modify the PSF obtained by the projection of a 

point source in an anthropomorphic phantom (DeVito and Hamill, 1991). A set of modified 

PSFs were created, indexed by energy; the modified PSFs are called energy-response 

junctions. The energy-response functions were radially symmetric and accounted for 

collimator and camera blur and position uncertainty due to the possibility that the detected 

photon may have been scattered in the object. Events with apparent energy of 140 keY or 

higher got sharply peaked weightings. Lower energy events got a broader response with 

negatively weighted tails. 

To understand the shape of the energy-response functions, consider Figure 3.8. A 

126 keY event has a probability of being due to an unscattered photon because of the finite 

energy resolution of the scintillator. The event also has a probability of being due to a 

scattered photon, possibly scattered through a large angle. The energy-response function has 

to take into account all of these probabilities. The unscattered response is sharply peaked, 

with an amplitude reduced by the probability that this represents an unscattered event; a 

126 keY event is less likely to be the response to an unscattered photon than a 154 keY 

event and should be given less weight. The scattered response is broad, of low amplitude, 

and negative; it encodes the desire to reject scattered events. The energy-response function 

can be thought of as the sum of these two responses. As the detected energy decreases, the 

energy-response functions have a wider central lobe and stronger negative tails. 
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Fig. 3.7 Weighting function for events of differen~ apparent energy in the energy
weighted acquisition scheme. Events with E greater than the gamma-ray energy 
(140 keY here) are more likely to be unscattered than scattered and are given a 
weight greater than one. Events with very low estimated energy are more likely 
to represent scattered photons and are given negative weights. 
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Fig. 3.8 Components of an energy-weighting function for a photon of estimated energy of 
126 keY in the energy-weighted acquisition (EWA) scatter-correction scheme. 
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The weighting functions developed for EWA were spatially invariant; a photon from 

the edge of the object had the same weighting function as one from the center. The 

weighting functions were 21-pixel arrays (a 5x5 grid missing the comers). The processing 

in EWA was done in hardware via a weighted acquisition module (WAM), a black box 

between the acquisition electronics and post-processing computer. The W AM module stored 

a number of characteristic weighting functions indexed according to energy and derived 

from measurement of the projections of a point source in the center of a scattering medium. 

There have been a couple of interesting analyses of the effects of EWA. Wirth (1989) 

invented a metric called the effective energy resolution (EER), which matched a profile 

through the PSF (in projection space) after scatter correction, to profiles of the projection 

of a point source using different simulated energy resolutions. The energy resolution 

corresponding to the simulated PSF which came closest to the "corrected" PSF became the 

EER. The effective energy resolution using EWA turned out to be 4%. 

Jaszczak et al. (1991) offered an analysis of the noise propagation through acquisition 

and reconstruction that may be beneficial in the development of filters for EW A. They 

showed that the variance and noise power spectrum were changed with EW A with respect to 

conventional collection, but it was not clear what effect these changes had on image quality. 

Holospectral imaging (HI) 

Another scatter-correction technique that uses more of the scatter spectrum to 

improve SPECT is holospectral imaging (HI) (Gagnon et al., 1989). The term "holospectral", 

meaning the "whole spectrum", is a bit misleading; most references to this technique 

incorporated only those events above the Compton continuum (although it could be argued 

that this constitutes the whole useful spectrum). In the paper by Gagnon et al., projection 

data were collected in 10-16 energy bins per pixel. The collected energy bins formed a 
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basis system representing the projection distribution from the object, a basis in which the 

the bins were correlated. The premise behind holospectral imaging is that these data could 

be rotated into another orthogonal basis where the binning is uncorrelated (except for 

statistical noise). In the new basis it is assumed that the unscattered (and small-angle 

forward-scattered) photons lie along the principal axis, and scattered photons can easily be 

discriminated from the unscattered photons. Thus, all of the collected events in a broad 

energy range are used to determine the unscattered portion of the spectrum. 

In the n-dimensional (nO) energy space (n = 10 to 16), each detected photon lies along 

one of the axes--each photon falls into one of the n bins. After the collection of many 

photons, each pixel of the detector has some contribution from all n bins. In the nO energy 

space, the pixel will be represented by a vector in a direction determined by the relative 

number of counts in each bin; the length of the vector is determined by the sum of the 

counts over all bins. The contribution of all N pixels of the detector is a distribution of N 

points in the nO space. For three bins and three pixels, this concept is shown in Figure 3.9. 

The premise behind HI is that because of the poor energy resolution of the 

scintillation camera, there is some correlation between pixels in the original nO space. The 

goal of HI is to rotate the energy axes in such a manner as to uncorrelate the energies. This 

is done by diagonalizing a sample covariance matrix of the energy via principal-component 

analysis. In the rotated space, each pixel has the same number of energy bins describing its 

flUX; each of the new bins is a weighted combination of the old bins. 

The holospectral claim is that in this new basis, the Compton-scattered photons lie 

along the axis associated with the second-largest eigenvalue and these photons can be easily 

filtered out. The reasoning proceeds along the following lines. In the absence of scatter and 

noise, all of the events would lie along a line in the original nO energy space. For a detector 

with perfect energy resolution, this line would be an axis of the energy space; there would 
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Fig. 3.9 A three-energy, three-pixel representation of holospectral imaging (HI). Top 
three curves are the detector-space PSF at three different detected energies. In 
the bottom plot, pixels Pl' P2' and P3 are displayed as vectors in a 3D energy 
space. The processing in HI rotates the energy axes so as to form a basis in 
which the principal axis represents unscattered photons only. 
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be no counts at any other energy. For a detector with finite energy resolution, and a 

number of bins across the photopeak, we get events along some line in the nO energy space. 

The inclusion of statistical noise can be thought of as a "fuzzing-out" of the line; the line 

becomes an ellipsoid, the minor axes of which are related to the variance of the noise. 

Finally, scatter can be thought of as a low-frequency contribution to the imaging system (as 

in the deconvolution methods). In some sense, scatter is not structureless like noise, and 

must have some preferred direction in the rotated energy space. The claim is that scatter 

must lie along the second most-dominant axis in the new nO space. Any points in the 

rotated space that are further from the principal axis than the statistical noise represent 

Compton scatter in the object and can be filtered out. 

In two papers by Gagnon et al. (1991, 1992) the premise that low energy regions of 

the spectrum have valuable information was investigated, mostly via MC simulation. In 

both papers, accepted photons were categorized as good or bad, depending on how well the 

estimated position of a scintillation event corresponded to the actual emission position in the 

object. Interactions in the object, collimator, and camera were all considered. In general, 

photons that scattered in the object but were still detected were bad, while unscattered 

photons are good, but the classification was tricky. For example, photons that did not 

scatter in the object but did scatter in the crystal and then escaped, depositing some of their 

energy in the "correct" pixel, would be considered good, while photons which scattered 

multiple times in the crystal and deposited their full energy, but whose position was 

misestimated, would be considered bad. Percentages of good and bad photons were given as 

a function of crystal thickness, object size, etc. With this classification scheme, the authors 

demonstrated that scatter is a more complicated problem than deconvolution or OW methods 

suggest, and the authors implied that whole-spectrum techniques that attempt to remove 

energy correlations are the way to beat scatter contamination. 
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Factor analysis of dynamic structures (FADS) 

A competitor to HI in innovative use of the full energy spectrum is called factor 

analysis of dynamic structures (FADS) (Mas et al., 1990). FADS is typically associated with 

image sequences of a dynamic process, such as the frames of a "movie" of a beating heart. 

In the case of scatter correction, a sequence of images at different detected energies is 

treated as a dynamic set of images, with the time interval replaced by energy bin. 

The technique is very closely related to HI. Data are collected in multiple energy 

bins, and the principal components of the sample covariance matrix of the set of images are 

found. Only the two components associated with the largest eigenvalues are kept. These 

eigenvectors are assumed to represent the Compton events and Compton-plus-unscattered 

events. Again the "spectra" in "factor space" are filtered and reprojected onto the original 

data to get the final data set. 

The primary complaint that the FADS promoters have against HI is that HI requires 

an arbitrary number be used to filter out Compton-scattered events in the rotated energy 

space. On the other hand, HI promoters complain that a model of the perfect spectrum is 

necessary for the filtering in FADS, a priori information that must be assumed, or 

determined by simulation, and is not necessary for HI. 

Mas et al. also comment that neither HI or FADS takes into account the spatial 

variation of scatter in a projection. The covariances are used to minimize correlations of the 

energy spectra for pixels. It would seem that the sample covariance for a structured 

projection (e.g. a planar projection of the skeleton; bone scans are used as example objects 

in Gagnon et al.) would be biased by the structure in the object. In some sense the 

covariance should be done for a featureless object; then only spectral correlations are 

analyzed. (Of course, then each pixel is identical in the absence of noise; the representation 

in energy space degenerates to a point.) 
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Spectral jitting 

Koral et al. (1988, 1991) use a large number (32) of narrow (2 keY) energy bins to fit 

the Compton contribution to the photopeak window. The fitting is in the same spirit as 

DPW or TPW, but uses a more complex function for the fit. In Koral et al. (1988) two 

fitting methods are used: an iterative peak erosion method based on work by East et al. 

(1982), and a least-squares fit to a cubic polynomial. The cubic fit was found to be superior 

to the peak-erosion fit and is the only method that will be reported here. 

For the polynomial fit, the spectral model, g, consists of an unscattered component, 

gprim' and a Compton-scatter component, ~8cat' 

~ = b'gprim + ~Bcat 

where 

(3.15) 

and i refers to the energy bin (1 SiS 32). The measured projection, g, is used to fit the 

coefficients (aO- 3 ' b). The unscattered spectrum, gprim' is necessary for this fit; it is 

measured separately for the simple phantoms considered. This fitting could be done on a 

pixel-by-pixel basis; in order to achieve better counting statistics, the pixels in a region of 

interest, 4x4 or 4xl6 pixels in the projection, are summed together. There is no justification 

given for the cubic fit to the scatter spectrum. The necessity of a scatter-free spectrum 

obviously detracts from this method if it is to be used as a scatter-correction technique. The 

point of these papers is to indicate that it is possible to estimate the scatter contribution to 

the photopeak window; the authors do not offer a generalization of the method for clinical 

scatter correction. 

Wang and Koral (1992) followed the fitting papers and offered a correction method 

based on many narrow energy channels. The estimated spectrum from a scattering object 

was modelled as a convolution of the source's spectral signal, s(E), and the energy response 
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" of the camera, r(E, E), as 

(3.16) 

The camera-response function was assumed to be a Gaussian with a variance which was a 

function of the apparent energy of the event 

(E.E') = 2.35jr_ (_ 5.53(E-E)2 "2] r, " exp 2E . aE 11" r 
(3.17) 

If the energy spectrum is discretized into bins, this imaging equation can be written in 

matrix form as g = Rs. The rows of the transfer matrix R represent discrete spectral 

responses to gamma rays of different energies. There can be no energy greater than the 

photopeak in the source spectrum--the system of equations is over-determined and the 

classic least squares solution is 

(3.18) 

(NOTE: I don't think that equation (3.17) is correct; substituting c5(E'-Eo) does not give a 

[ " 1 . . ,,(E-Eo)2 . . . 
Gaussian response, mstead geE) oc exp - " . As the equation IS wrItten, the rows 

aE2 
are Gaussians, but the matrix version of the convolution should have Gaussians as the 

columns. The above function is very close to a Gaussian; the peak is in the same place and 

the shape is very similar. The matrix is overdetermined; there should be more detected 

energy bins than source energy bins, but if the rows are to be Gaussians, that would argue 

for underdeterminedness. I think that the there is a mistake in the equation, and that 

mistake is propagated by calling the rows "Gaussians". The point of the paper does not 

change; the mechanics of finding a solution may change a bit.) 

There are, of course, problems with this simple solution. Narrow energy windows 

give a better estimate of the spectrum than wide windows, but narrow windows have few 

counts, and noise in the energy bins increases as the bin widths are made narrower. Wider 



122 

windows also prohibit eliminating all scatter from the photopeak window. The ill-posed 

nature of the problem demands regularization of the inverse. And, in the earlier papers 

(Koral el ai, 1988; 1991), the unscattered spectrunl was found to have long, low-energy tails 

due to the physics of the detection process. The exact shape of the photopeak should be 

included in the inverse. 

For the above reasons, the discrete deconvolution-like problem was recast as a 

deconvolution-fitting problem. The R matrix was replaced with a similar matrix that 

represented wide bin widths in the scatter region of the spectrum. A final column that 

represented the measured, non-scattered spectrum was included to incorporate the actual 

camera response in the window that is being fit. And a smoothing parameter was included 

in the algorithm to guarantee that the inverse existed. 

The only a priori information that this method needs is an estimate of the scatter-free 

spectrum. There is an ad-hoc smoothing parameter involved in the regularization. The 

computation of the inverse, though time consuming, can be done for different smoothing 

parameters beforehand, speeding up the algorithm. Of the full spectrum methods, this one 

seems to make the most sense, with the fewest unjustified assumptions. 

Eskin el al. (1994) use a method similar to that of Wang and Koral to determine the 

incident energy spectrum on a semiconductor detector. The method proposed by Eskin at al 

involves an in-depth simulation of the processes that broaden the spectrum and uses the 

expectation-maximation algorithm to determine the incident spectrum given a measured 

spectrum and a model of the detection process. Eskin el al. found that the technique 

worked well even with few detected counts. 
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Single-view SPECT using spectral information 

This technique probably cannot be categorized as scatter correction, but instead as an 

innovative use of scattered photons in a severely limited-angle SPECT system. Gunter et al. 

(1990) and Gunter (1992) set up the SPECT problem as a mapping from one 30 space, 

(x, y, z) coordinates in object space, to another 30 space, (e, ft, E), the estimated coordinates 

and energy of the event in detector space. They assume that the mapping from object to 

detector space can be modelled by the convolution relation 

00 00 

I(i det' E) = f dzJ d2robj K(i det -robj ,E,z) f(robj ,z) + n(i det ,E) . (3.19) Jo -00 

In this equation, f(·) is the object radioactivity distribution, n(·) is additive Poisson noise in 

" the detector, r det is the (estimated) 20 detector coordinate, robj is the 20 coordinate in 

planes parallel to the camera face, K(') is the imaging kernel, and 1(·) is the detected flux. 

The imaging kemellumps together all the factors that contribute to the imaging 

process, e.g. scatter in the object, collimator blur and septal penetration, spatial and energy 

resolution of the scintillator, etc. It is assumed that the kernel is shift-invariant in planes 

parallel to the camera face, and for the semi-infinite objects used in the study, this is a 

valid assumption. The convolution is transformed to a matrix multiplication if we take the 

20 Fourier transform in the shift-invariant planes. The depth (z), energy, and spatial 

frequency are discretized, and we have a set of matrices. For each spatial frequency we 

have a matrix relating the image at different energies to depths in the phantom. The idea 

then is to invert this set of equations and get the source distribution; the solution of choice 

for Gunter is eigenanalysis. 

In the first paper a linear reconstruction was used, regularized by truncating the 

singular-value spectrum at a level consistent with statistical noise. In the inverse, it was 

found that only two information channels were above the noise, and these allowed only poor 
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depth discrimination; it could only be determined that a point source was within 4 cm of the 

surface or further than 4 cm from the surface. (Paper II does a good job displaying the 

singular-value spectra and associating the singular values to physical aspects of the imaging 

situation.) A regular, low-frequency pattern was also apparent in the reconstructions due to 

including only the low-spatial-frequency singular vectors. 

In the second paper, a nonlinear reconstruction algorithm was investigated. It was the 

same linear algorithm for low spatial frequencies; high frequencies were included by using 

the information available in only the peak-energy channel. Thus, if there were no counts in 

the peak-energy channel at position rdct' there could not be a source anywhere directly 

below rdet (within the acceptance angle of the collimator). By using information only from 

the peak, the low frequency pattern from the first paper, which was assumed to be due to 

trying to fit scatter with only low-frequency spatial frequencies, was eliminated. The new 

algorithm provided depth resolution on the order of 4 cm and eliminated the blurring in the 

linear algorithm. 

The conclusions of the authors was that this is not a viable SPECT paradigm as a 

stand-alone reconstruction, but if the energy information could be incorporated into a 

"standard" reconstruction, it may have some value. Probably it has the most value as an 

attenuation-correction algorithm. Gunter does comment that the test phantoms used were 

very simple, and it is not clear how applicable the algorithm is for more complicated source 

distributions. 
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Chapter 4 

RECONSTRUCTION DIRECTLY FROM PMT SIGNALS 

In Chapter 2, we learned the rudiments of single-photon emission computed 

tomography (SPEer), and we learned about the operating principles of the modular camera. 

In Chapter 3, we explored some of the more common approaches that have been used to 

combat the effects of scatter in SPEer systems. In this chapter we bring scatter and the 

modular camera together. We shall adopt a scatter correction technique characterized by 

modelling the forward problem as accurately as possible by measuring the H-matrix, the 

position-sensitive point-spread function (PSF). Accurate modelling of the forward problem 

is not a very novel approach; many of the scatter-correction techniques of the previous 

chapter simulated the SPEer system response, including scatter, and used that accurate H 

matrix in a reconstruction to correct for scatter effects. We shall measure H for a detector 

system consisting of stationary cameras and a multiple-pinhole coded aperture (MPCA), 

instead of simulating the response of rotating, parallel-hole-collimator systems. We shall 

restrict ourselves to two-dimensional (20) SPEer imaging; earlier we noted that scatter is a 

30 problem, and restricting ourselves to 20 imaging will be a weakness of these 

experiments. 

But arduous system calibration is not enough to categorize our approach as a novel 

assault on the scatter problem in SPEer. Our innovation is the detector--more precisely, 

the form of the data taken from the detector. The physical detector will be the modular 

camera, a scintillation camera, but the detector response that we shall use will be the 

(digitized) photomultiplier-tube (PMT) response to a scintillation event. The use of the 

PMT signals directly is in contrast to typical systems that use the PMT response to estimate 

the interaction position and energy of the photon that gave rise to the PMT response. Use 
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of the PMT signals directly will enable us to easily characterize the scatter contribution to 

the PSF and incorporate that characterization in a reconstruction. 

PMT space 

In Chapter 2 we discussed the operation of the modular camera in detail. For the 

discussion here, it is important to remember that the response to a gamma-ray interaction in 

the scintillator is a set of four digitized PMT signals which we refer to as A, B, C and D. 

The PMT signal is conventionally used to estimate the apparent energy and position of 

interaction of the photon associated with the scintillation event. The key here is estimate; 

the PMT signals contain all of the information we can know about the scintillation event, 

though it may be harder to decipher the PMT description of the event than the position and 

energy estimate derived from the PMT representation. We shall refer to the PMT stage of 

the camera response as the ABCD response, or the response in PMT space. The estimated 

position and energy of the interaction, (e, a, E), is in pixel space. Figure 4.1 shows the data 

path of the modular camera and gives a block-diagrammatic description of the difference 

between PMT and pixel spaces. PMT space can be considered to be a four-dimensional 

(40) detector space describing the camera's response to a scintillation event, and can be 

compared to the 3D, pixel-space representation. An of the following will be directed at the 

modular camera, but could be applied to any scintillation camera. 

Advantages 0/ PMT space 

The data path in SPECf from a radiotracer density in the patient to the 

reconstruction of this distribution consists of a series of estimations. The energy of the 

gamma ray and the position of interaction on the camera face are estimated from the set of 

PMT signals to form the projection data set. The projections are corrected for attenuation 



20 

2'" detector 
bins 

bits ABeD space 

optional 
post-processing 

step 

2'" element 
look-up table 

(LUl) 

Fig. 4.1 Data path of a modular camera. This is the same figure as 2.10 except that 
here ).ve have explicitly shown the transformation from ABCD values to 
(p, q, E) values. The ABCD values are accumulated in the same physical 
memory as the LUT would occupy were we to collect in pixel frame mode. 

127 



128 

and scatter of the primary radiation utilizing some a priori information about the effects of 

scatter and attenuation on the projections. Finally, an estimate of the spatial distribution of 

tracer is made from the manipulated projections. Any errors in the first step, position and 

energy estimation, that are not accounted for in the inverse process, reconstruction, will 

propagate through to the estimate of the activity distribution. Errors in the second step, 

scatter and attenuation correction, will propagate through to the final image as well. We 

hope that using the PMT data directly will provide a more accurate model of the forward 

problem and thus diminish errors in the final image. 

Consider the deconvolution approach to scatter correction by analogy. The premise in 

scatter correction by deconvolution is that the camera accurately estimates the position of 

the gamma interaction but cannot estimate the energy well enough to reject scattered 

photons. In the reconstruction, inclusion of scattered photons results in misplacement of 

activity. The error in detection has propagated through to the reconstruction. What if the 

position estimation were as inaccurate as the energy estimate? The error in the 

reconstruction would be worse. When we work directly with the digitized PMT signals, we 

avoid introducing into the data any additional errors of position and energy estimation, 

errors that propagate through to the reconstruction. 

In the modular camera, resolution and sensitivity are degraded as we move from the 

center to an edge of the camera. A flood image, the image of a point source infinitely far 

from the camera, is not uniform for a modular camera. In Chapter 2 we mentioned possible 

sources of error in the position-estimation scheme of the modular camera. Inaccurate 

calibration and invalid assumptions about the independent and Poisson nature of the 

scintillation response are a few of the error sources. The response to a gamma ray is first 

digitized to 32 bits (8 bits per tube), then compressed to 20 bits (5 bits per tube) for the 

look-up table (LUT) and finally a 12 bit signal (642 pixels on a camera) characterizes the 



129 

event. Has any information been lost in this data compression chain? Is the ML estimate of 

position and likelihood windowing accurate, and does it compensate for any information loss 

in the data-compression steps? 

In Chapter 5 we shall use a figure of merit, the signal-to-noise ratio (SNR) of the 

ideal observer, to quantitate the difference between PMT space and pixel space. In this 

chapter we investigate the possibility of using the PMT signals in a reconstruction and 

qualitatively compare those reconstructions to reconstructions from data in pixel space. 

Using the rawest form of data possible, the data in PMT space, eliminates position

estimation errors by not attempting to estimate the interaction position and energy of the 

incidenf gamma ray. 

In PMT space, we need to re-examine some of the principles of SPECT 

reconstruction. Backprojection, for example, is a hard operation to visualize if we try to go 

from a 4D detector space to a 2D object space. Reconstruction now hinges on knowing the 

system-response function, H. Without H, we have no way of relating an ABCD response to 

a voxel location. An ABCD value and pinhole (or collimator bore) combination defines a 

line through the object space; that line is harder to visualize than it would be if the detector 

were a pixel instead of an ABCD value. Of course, if H is measured, the connection can be 

made, and a reconstruction can be performed. If the elements of a column of H and g are 

binned ABCD values, then backprojection can be thought of in linear-algebra terms as the 

operation Ht g; the Ht operator will backproject any data vector no matter what detector 

space g and the columns of H represent. Obviously, any data manipulation in the linear

algebra viewpoint of SPECT must still be applicable, regardless of the detector space. 

But how is PMT -space related to scatter correction? As we have said, we shall 

measure the H-matrix for an MPCA SPECT system. The scatter response can be 

incorporated into H by measuring H with the mapping source immersed in a scattering 
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medium. If the medium in which H is measured and the object have the same spatial 

distribution of scattering material, H and g will be consistent in their incorporation of 

scatter and attenuation. The reconstruction of this data will be a test of how well we can 

estimate the object distribution in the case where H models the forward process as 

accurately as possible. If data are collected (and reconstructed) in both PMT space and pixel 

space, the effects of improper position and energy estimation in the pixel-space approach 

can be studied. Presumably, the reconstructions from data in PMT space will be superior to 

reconstructions from data in pixel space. 

The method outlined above will be valid only if H can be measured in a medium that 

is exactly the same as the object. But what about the bigger picture--how can PMT space 

be used in cases where we cannot measure the scatter component of H explicitly, as in 

patient imaging? The connection between PMT space and scatter correction is made by 

exploiting the linearity of the PMT response as a function of the energy of the gamma rays. 

A photon scattered in the object has less energy, and thus generates fewer photoelectrons in 

the scintillator, than an unscattered photon. The magnitude of the PMT response to a 

scattered photon is thus lower than the response to an unscattered photon that interacts at 

the same position in the crystal. If (a, 6, c, d) is the mean response of the camera to a 

scintillation event at (p, q) and energy E, the response to an event at the same position with 

energy E' would be [i )<a, 6, c, d). With this model of the PMT response, we need only 

the H-matrix measured in air and a good estimate of the scatter flux from a point in the 

object to model the H-matrix that includes scatter. Here flux refers to the spatial and 

energy distribution of photons leaving a scattering object; the estimation of that flux will be 

one focus of Chapter 5. 

This dissertation will not include incorporating a scatter model in an H-matrix 

measured in air. We shall focus on full characterization of the H-matrix in PMT space to 
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determine if there are any benefits to working in PMT space. Two factors that affect the 

quality of the reconstructions are the accuracy of the forward model and unbiased data 

collection. We propose a mode of attack on each of these factors. By collecting the system 

matrix in a scattering medium, we can accurately model the scatter and attenuation of 

primary photons. By using the PMT signals directly as our data set, we can eliminate any 

bias in the estimate of (f), Ct, E). 

Disadvantages of PMT space 

The use of PMT data does not come without cost. The major cost is the storage space 

required for PMT space data compared to more conventional pixel-space storage. We have 

mentioned that conversion of an ABeD value to (f), Ct, E) can be considered to be estimation, 

but we can also consider it to be data compression. The H-matrix in PMT space (HpMT) is 

much larger than that in pixel space (Hpix)' 

One can think of the 220 (4 PMT's, 5-bit quantization) possible ABeD combinations 

per camera as individual detectors. Many of these combinations are not very likely to occur, 

but there are still many more detectors than the 642 detectors in pixel space. The conversion 

from PMT space to pixel space maps many ABeD values to a single detector pixel. The 

pinhole projection of a point source in pixel space is compact, but we can't assume the same 

about the projection in PMT space. It is probable that each ABeD value gets hit once or 

not at all. Having many bins with but one count each is one of the reasons that the data in 

PMT space are so much more unwieldy than the same data in pixel space. 

Many bins with few counts is the cause of another problem with working in PMT 

space, a problem that was not apparent until some experiments were carried out. The 

problem involves adequately estimating the H-matrix, especially if it includes scatter, in 

PMT space. To do the reconstruction, we need a good model of the forward process and 
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assume that we achieve that goal by measuring the point response at all allowed voxel 

locations. What we have been referring to as the H matrix is really the average H matrix--

each column of the average H matrix is the average detector response to a voxel-sized 

distribution of activity in the object space. What we will use in our reconstructions is an 

A 

estimate of the H matrix. We can refer to the estimate of the H matrix as HpMT if we 

A 

estimate the H matrix in PMT space, and ~ix if it is measured in pixel space. Because 

there are so many more "bins" in PMT space than in pixel space, we need many more events 

A A 

per column of HpMT to adequately estimate HpMT than we need events in ~ix to estimate 

Hpix ' This problem will be discussed in more detail at the end of this chapter. 

A final problem with PMT space regards visualization of the data. It is hard to 

imagine what is going on in 40; the "projections" in PMT space are not easily displayed as 

an image. Though it would seem that the projection of a pinhole ought to be a compact 

blob in 40, it is hard to verify the shape of the projection in PMT space. In order to 

display and analyze projection data, we shall introduce a construction referred to as the ID 

camera. The prototype imaging system for single-slice SPECT that we shall discuss next is 

perfect for 10-camera analysis. 

The 10 camera has 2 PMTs and can only discriminate events in one direction, p, as in 

Fig. 4.2. The locus of possible estimated positions of unscattered photons, p, is a fat, fuzzy 

arc in the 20 space whose axes are the magnitude of the response of the two PMT's to a 

scintillation event. The arc represents the set of possible PMT signals resulting from 

photopeak events in the camera; as the likelihood threshold (see Chapter 2) is raised, such 

that the camera only accepts events closer to the mean response, the width of the arc 

narrows. As a collimated source is moved along the camera face from left to right 

(increasing p), the A signal sharply increases and then decreases, while the B signal does the 

opposite, tracing out the locus shown in Fig. 4.2c. Lower-energy events lie on similar loci 
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Fig. 4.2 The one-dimensional gamma camera. a) Schematic of the ID camera consisting 
of a scintillator, light pipe and 2 PMTs. b) Mean detector response for the two 
PMTs as a function of position. c) Correlation plot of the ID camera; the axes 
are the response of each tube. As a collimated source is moved along the face of 
the camera from left to right, photopeak events fall in the shaded region of the 
correlation plot. 
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Fig.4.2 The one-dimensional gamma camera (cont). d) Image in pixel space from a 
modular camera viewing a point source through a three-pinhole array. e) PMT 
space representation of (d) transformed to the ID camera whose axes are (a+c) 
and (b+d). 
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closer to the origin. The modular camera can be (approximately) reduced to a 10 camera 

by summing the responses of pairs of PMT's. From Fig. 4.2, one could imagine an artificial 

camera consisting of (A+B) and (C+O) which has resolution in only the q direction, or 

(A+C) and (B+O) which has resolution in the p direction. The latter construction will be 

used in the analysis of the experiments in the discussion portion of this chapter. 

Experimental SPECT system 

The experimental work in this chapter closely follows a 20 MPCA SPECT system 

designed and analyzed by Roney (1989). A drawing of the prototype system that we shall 

be discussing is shown in Fig. 4.3. The single-slice SPECT system consists of 16 cameras 

arranged in a ring with the edges of the cameras in contact. Between the cameras and the 

object space is a ring of 16 aperture plates, each aligned with a camera. Between the 

aperture and cameras lie horizontal lead slats (not shown in Fig. 4.3, see Fig. 4.4a). The lead 

slats serve to define a slab in the object space, the only slab in which H is measured and the 

only slab containing radioisotope in the phantom objects that we considered in this work. 

Each aperture plate has a linear array of pinholes that project the slab defined by the slats to 

a line through the center of each camera face. If this design were to represent a multiple

slice, 20 SPECT system, there would be pinhole arrays above and below the line shown, and 

multiple slices of the object could be collected simultaneously. 

Pinhole code and subslicing 

The reconstructed resolution of a SPECT system is a function of a number of system 

parameters, one of which is the amount of angular sampling. The amount of angular 

sampling increases as we increase the number of pinholes in a coded aperture. In an MPCA 

SPECT system, the inclusion of more pinholes often leads to increased multiplexing, or 
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center of object space 
to aperture 
sl=8.1cm 

aperture to camera 
S2 = 19.7 cm 

Fig. 4.3 Experimental setup. At the top is a perspective drawing of the prototype 2D 
SPECT system showing a closed ring of 16 cameras and a pinhole aperture 
viewing a single slice of the object. At the bottom is a top view of the system. 



camera 

slat 
collimator 

camera 

slat 
collimator 

------

center of 
object 

center of 
object 

137 

Fig. 4.4 Slat collimator and subslicing. The top two drawings illustrate the converging 
lead slats that define a slab region of the object viewed by the detectors through 
the coded aperture. In the bottom two drawings a third slat has been placed 
between the outer slats dividing the irradiated detector area into an upper and 
lower region. Both detector subslices see approximately the same region of the 
object space. A different pinhole code can then be used for the top and bottom 
subslices, increasing the angular sampling of the system. 
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overlap of pinhole projections. In a coded aperture, two other factors affect the amount of 

multiplexing; they are magnification and the size of the object. 

Magnification goes roughly as S2/S1' where Sl is the distance from the center of the 

object space to the aperture and S2 is the distance from the aperture to the camera face (see 

Fig. 4.3). The quantity (Sl+S2) is fixed for the system that we are considering by our choice 

of 16 cameras in a contiguous ring. Based on optimization of system parameters (Roney, 

1989), Sl and S2 were chosen to be 19.5 cm and 8.1 cm respectively. These distances are 

measured along a line from the center of the object space to the center of a camera. 

The size of the object also influences the degree of multiplexing; all other system 

parameters being fixed, the projection of a smaller object will be less multiplexed than the 

projection of a larger object. It is not clear what degree of multiplexing can be tolerated in 

a system. One approach to designing an aperture is to try to incorporate as many pinholes as 

possible in the aperture (to get the most angular samples) with the least multiplexing of the 

projection of an average object. 

A method that Roney (l989) and Rogers (l990) used to increase the angular sampling 

without increasing the multiplexing in a 2D-MPCA-SPECf system was a subslicing 

approach, displayed in Fig. 4.4b. In the two-subslice case, a third slat is placed between the 

two slats that define the object slice. The three slats are arranged such that approximately 

the same region of the object projects to different regions of the camera; the projection slice 

is divided into subslices. A different pinhole code can be used with each subslice, or the 

pinholes in a single-slice array in which each detector is illuminated by exactly two pinholes 

(a duplexing array) can be staggered between each subslice so that we effectively have two, 

non-multiplexed arrays of detector pixels viewing the object. (Detector subslicing in PMT 

space is harder to imagine.) 
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The term "pinhole array" is slightly misleading; "slot array" would be more correct. As 

seen in Fig. 4.5, the pinholes were actually slots 6 mm tall by 1 mm wide. The aperture 

blanks were 7 mm thick, and each slot had a 450 taper on the object-space side of the 

aperture. Because of septal penetration, the effective pinhole width was slightly wider than 

1 mm. 

Two arrangements of pinholes, or pinhole codes, were used in this work and are 

shown in Fig. 4.5. The first consisted of 48 pinholes evenly spaced around the active 

detector area of the ring. The outer 5 mm of each edge of each camera was inactive so the 

pinholes were evenly spaced over the active 10 cm of the camera face projected to the 

aperture. The pinholes alternated between upper and lower subslice. Each camera had 

three pinholes associated with it; alternate aperture plates were identical to each other. Work 

by Aarsvold (1993) suggests that uniform pinhole placement is detrimental in MPCA 

tomography. A version of a non-uniform array suggested by Aarsvold is the pseudo-

random aperture shown in Fig. 4.5b. This aperture had 64 pinholes and non-uniform 

multiplexing. Again, pairs of aperture plates--5 pinholes on one plate, 3 on the other--were 

repeated around the ring. 

Estimation of the PSF 

"-
We collected HpMT by moving a point source of radioactivity through the object 

space, stopping and collecting the point-source projection on a regularly spaced grid of 

voxel positions. The movement was done with a robot controlled by the acquisition 

electronics. "Point source" is, of course, a misnomer. Two different sources were used as an 

approximation to the point source: a 5 mm diameter sphere and a 1.5 cm tall cylinder of 3 

mm diameter. The spherical source was used in early tests of the system. It has been 

conjectured that the source dimensions used to map H should match the size of the voxel 
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Fig. 4.5 48- and 64-pinhole coded apertures. The 48-pinhole aperture (3 pinholes per 
aperture) is a uniformly spaced array in which the pinholes alternate between 
subslices. The two aperture plates are repeated 8 times around the ring. The 
pinhole spacing for the 64-pinhole aperture is not uniform. This pinhole code is 
loosely based on a 57-element dilute uniformly redundant array. 
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used to represent the object activity in the reconstruction. In our system, the slice thickness 

through the object (defined by slat placement) is approximately 1.5 cm. That would suggest 

that the optimal mapping source be rectangular, 1.5 cm tall with a cross sectional area equal 

to the voxel spacing. The grid spacing and object-space dimensions varied and will be 

indicated with the reconstructions. 

As mentioned earlier, the PSF can be measured in air to get an estimate of the 

primary (unscattered) flux, or the point source can be moved through a water tank to 

estimate the PSF for scattered and unscattered photons. A cylindrical tank (22.3 cm 

diameter, 10 cm height) was used to collect data in the latter case. The projections of the 

object were collected with the object in the same tank. The water tank was positioned such 

that there was an equal amount of scatterer above and below the object slice of interest. 

The H matrix was not measured for any slice but that seen directly through the aperture. 

Thus photons that originated outside of this slice and scattered into it were not measured; 

this is consistent with the object since we had only planar isotope distributions. Not 

including out-of-plane scatter will prove to be the bane of these experiments. 

Emulation 

Only 4 of the 16 cameras shown in the system of Fig. 4.3 were available for the 

following experiments, which led to the development of an emulation of the SPECf system. 

Figure 4.6 may elucidate the emulation concept. Imagine the 4 cameras at our disposal as 4 

contiguous cameras in the MPCA SPECf system of Fig. 4.3. If we image the object four 

times with a quarter-turn rotation between each image, we can collect a full projection of 

the object as if we had all 16 cameras. 

"-
We still need to measure an H-matrix for this system, and H must account for the 

missing cameras. By measuring the H-matrix for 4 cameras and properly concatenating the 
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Fig. 4.6 Measurement of an H matrix for the emulation system. The numbers 1-9 
represent the detector response to each voxel. A column of the H matrix used for 
reconstruction is a concatenation of 4 of the columns of the measured H matrix. 
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measured columns of H, we can emulate the measured system matrix of a system with 16 

cameras. The emulation works only for a measured object space that has four-fold 

symmetry. 

The emulation aspect of this experiment is fortuitous from a data-handling standpoint. 

A 

The H matrix is only one-quarter as large as it would be if we had all 16 cameras. And 

emulation does not artificially enhance system performance compared to a real, 16-carnera 

system, either. In fact, emulation can only hurt system performance. As mentioned 

previously, uniform or repetitive pinhole spacing is thought to be detrimental to system 

performance, and at the very least the emulation system repeats every four cameras. (The 

aperture repeats every 2 cameras as seen above.) Any mechanical defect or electronic 

instability in the system will be repeated 4 times and lead to 4-fold symmetric artifacts in 

the reconstruction. 

Data compression 

Our data-handling requirements were reduced by the emulation aspect of the 

experiments. Two other techniques that were used to compress the data were a window 

table that eliminated from consideration ABeD values that are unlikely to appear in H or g, 

and a count threshold that threw out detector bins with fewer than some preset number of 

counts. 

Each possible ABeD value, over 4 million possibilities for the four-camera system, is 

an address in the acquisition computer's memory. When a photoelectric event occurs, the 

address of the corresponding ABeD value is incremented by one count. It is completely 

impractical to store the response of all 4 million ABeD locations for each voxel; most 

locations are zero anyway. But to compress the projection data, we need to search over all 
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4 million possibilities to find the non-zero ones. That search takes a long time, and the 

point source used in the estimate of H is constantly decaying. 

A 

Of the 4 million possible ABeD values, only about 10% are used by HpMT for the 

single-slice aperture described previously. The data compression routine would run much 

more quickly if we could search over only those probable locations. We can implement an 

intelligent search by putting the locations most likely to be accessed in a table, and using this 

table to search only the most likely locations when we collect data. This table, called the 

A 

window table, is collected and stored before either H or g is collected. A flood source placed 

in the object space and irradiating the cameras for a sufficient amount of time is used to 

"hit" all possible ABeD values that would be addressed by a spatially complex source. The 

window-table measurement can be made with the flood-source in the same water tank used 

in the measurement of Hand g so that the window table includes scatter. The valid 

locations, all the non-zero addresses after collecting the flood projection, are stored as a 

A 

table in memory. After projection of a voxel of H, or the projection of one view of g, is 

acquired in histogram mode, the acquisition computer looks in the window table to see 

which addresses might contain viable data, and only these addresses are searched for non-

zero counts. Valid data will not be missed with this method if enough photons are collected 

in building the window table. 

A 

Another compression step that can be used to reduce the size of H is the count 

threshold. The.count threshold determines how many counts must be at an ABeD location 

A 

for that location to be included in H A threshold of I keeps all events, including 

background radiation. A higher threshold decreases the probability of including random 

background, but also estimates the scatter contribution to the PSF less completely. The 

count threshold makes a tremendous difference in the amount of storage required for the 

PSF. Since storage space is at a premium, the threshold level ultimately determines how 
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well H is estimated. If the threshold is set too high, we get few counts in the scatter portion 

of the PSF; if the threshold is set too low and we limit the total number of collected 

photons, we get few counts in bins representing unscattered photons. Because of disk space 

1\ 

considerations, if the object space has too many voxels it is possible that an H collected with 

a low threshold does not estimate even the unscattered flux very well. For many of the 

experiments the count threshold was set to 2 counts (any ABCD location with 2 or more 

counts was kept). 

Using the look-up table (LUT) for a camera and the window table, we can find the 

(fl, a, E) representation of H and g from the compressed ABCD data. Having both data sets 

(flPMT and gPMT and i\ix and gpix) is important if we want to compare PMT space with 

pixel space. Reconstructions can be performed on data from either space, data that 

originated with a common H and g. These reconstructions can be compared to see if there 

is any difference in the reconstructions from data in the two detector spaces. 

Phantoms 

Two Lucite phantoms were used as objects in these experiments. Phantoms are sealed 

containers that can be filled with radiotracer-laced fluid. Drawings of the phantoms are 

shown in Fig. 4.7. The Picker thyroid (Fig. 4.7a) is a well-known phantom from planar 

nuclear medicine. The active region of the phantom is approximately 6 cm by 7 cm. The 

"hot" lobe of the phantom is 1.8 cm thick; the cold lobe is half that. Viewed from above, 

the partial-volume effect makes the phantom appear to have twice the concentration in one 

lobe as the other. Our imaging system will view the phantom from the side but will not be 

able to discriminate the top half from the bottom half; as far as the system is concerned, the 

phantom has a different density of tracer in each lobe. There are four lesions of different 
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Fig. 4.7 The two phantoms used in the experiments. A digital representation of the 
thyroid phantom is shown at the top. The brighter part of the image are the 
regions with more activity. A line drawing of the resolution phantom is shown at 
the bottom. In this case, the dark disks represent regions of the phantom that 
contain no activity. 
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diameter in the phantom; three of the lesions have no activity and the fourth is a hot lesion 

in the cold lobe of the phantom. 

The other phantom has a binary activity distribution and was built in our lab. The 

resolution phantom, Fig. 4.7b, was developed to test the resolution of reconstructions using 

the scatter PSF's. The detection of a cold lesion in a hot surrounding bath is a hard task for 

a SPECT system; it is an especially hard task for a scatter-corrupted data set with 

characteristic long scatter tails on the PSF. An estimate of the reconstructed resolution 

would be given by the size of the smallest disk recovered in the reconstruction. 

Reconstructions 

Two reconstruction algorithms were used with the experimental data. Both are linear-

algebra approaches to SPECT reconstruction. The first method is an iterative-least-squares 

algorithm. The second method, singular-value decomposition (SVD), directly finds a 

pseudoinverse of the system matrix; the pseudoinverse can then be used to estimate the 

object activity that gave rise to the data. In the first part of this section, we shall give a 

brief review of these methods. The following is not meant to be a comprehensive guide to 

SPECT reconstruction, but a short explanation of methods used in this work. More 

complete treatments of these methods can be found in (Barrett 1991; Menke 1989; Aarsvold 

1993). In the following discussion of reconstruction algorithms, we shall simplify the 

" " notation by using the average H matrix; it is understood that either HpMT or ~ix is to be 

used in the actual reconstruction. 

In the second part of this section we shall present some experimental images. One 

thing to keep in mind as we discuss reconstruction techniques and experimental results is the 

dimensions of the H-matrix which we are trying to invert. The object space used in these 

. " experIments was on the order of 642 voxels. In the emulated system, the rows of HpMT 
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span a total of 4 million detectors; about 10% of these are likely to be accessed. That means 

that HPMT has dimensions on the order of 400,000 rows by 4000 columns. 

Iterative-least-squares reconstruction 

We wish to solve an overdetermined system of linear equations, g = Hf. A common 

solution to this problem is the least-squares (LS) solution. To find the LS solution, we start 

by defining an error term, the error (in data space) between the measured data g and the 

data predicted by the projection of the estimated solution, f: 

error == g - Hf . (4.1) 

The LS approach is to minimize the L2 norm of the error, a function that we shall call the 

The LS problem has an optimal solution given by Menke (1989) as 

f = (HtH)-1Ht g . 

(4.2) 

(4.3) 

Equation 4.3 is valid as long as (Ht H)-1 exists, which it usually does for an overdetermined 

problem but it may not for HtH; if the inverse does not exist, an approximate solution can 

be found using the pseudoinverse. 

Let us assume for the moment that we cannot estimate the inverse of HtH and prefer 

instead to take an iterative approach to solving the LS problem. In iterative LS, we start 

"-
with an initial estimate of the source distribution, f init, and iteratively perturb each voxel of 

f by some fraction of that voxel's estimated activity, accepting perturbations that reduce 

ELS . This process is repeated until an acceptably low energy is reached, at which point we 

assume that the algorithm has found an acceptable estimate of the source distribution. We 

refer to the process that attempts to minimize ELS as the iterative-least-squares (ILS) 

algorithm. 
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Often the ILS algorithm will converge to a more satisfactory solution if we try to 

solve a weighted-LS problem. The energy function in the weighted-LS problem, EWLS ' is 

given as 
A A 

EWLS = (g - Hf)tW-l(g - Hf) . (4.4) 

A 

Two common choices for the weighting matrix are diag(g) or diag(Hf). (The notation A = 

diag(x) indicates that the matrix A is diagonal with element Aii = Xj and [A -l]ii = l/Xj.) If 

we assume that the detector pixels obey Poisson statistics and that gj ~gj, then weighting the 

reconstruction with diag(g) can be considered to be equivalent to weighting the error in the 

estimated data with the variance of the counts in that bin. Weighting with diag(Hf) weights 

the energy with the variance of the estimated detector counts. We chose to weight the 

A 

reconstruction with Wii = (Hf)j + p. The parameter p keeps regions of the object space that 

are outside of the active regions of the object from dominating the energy. 

The weighted-least-squares solution is the same as the maximum-likelihood (ML) 

solution if we assume that the detector pixels obey Poisson statistics and make a Gaussian 

approximation to the Poisson. For a derivation of the ML solution, the interested reader is 

encouraged to see Roney (1989), Rowe (1991), or Aarsvold (1993). 

The ILS reconstruction often exhibits a spatially random, high-frequency noise. To 

approach a more pleasing solution, we often include a damping, or smoothing, term in the 

energy. While EWLS is an energy function in data space, the smoothing term is an energy 

function in estimate (reconstruction) space. We used a nearest neighbor smoothing that 

A A 

penalized a proposed perturbation to f j if the perturbation made f j too different from its 

neighbors: 

\ I\. 1\ I\. '" 

AEdamp,j = a L «fj+f) - fn)2 - (fj - fn)2 (4.5) 

nfNj 

where the sum is over the 8 nearest neighbors of voxel j. 
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For each voxel of the reconstructed object, the reconstruction attempts to minimize an 

energy, EWDLS ' which is the sum of the damping term (Eq. 4.5) and the weighted least-

squares term (Eq. 4.4): 

EWDLS,j = EWLS,j + Edamp,j . 

The reconstruction algorithm loops over voxel index, searching for a solution that minimizes 

the weighted LS and the damping energies. At each voxel, we could choose the 

perturbation f that minimizes 

EWDLS,j = 

N 

M [gj - ( I Hik(fk + f'Okj»J 

I ;=1 

i=1 (I Hik(fk H:'Okj»j 

k=1 

where 0kj is the Kronecker delta function. We chose to use a sub-optimal perturbation and 

fixed the perturbation size at fj = ±'Yf\, 0 < 'Y < 1, accepting the perturbation direction that 

reduces the energy the most. Since the perturbation size is a fraction of the voxel activity, 

the activity is never allowed to fall below O. 

There are a number of adjustable parameters in the energy functions of the WDLS 

algorithm outlined above, including the starting estimate, the stopping point, the smoothing 

weight and perturbation fraction. Typically the perturbation fraction 'Y is no greater than 

0.25 nor less than 0.05 and can be reduced as the algorithm converges to an agreeable 

reconstruction. The smoothing parameter, a, is typically chosen to produce reasonably 

smooth results. Another aspect of the algorithm that can be manipulated is the starting 

value of f. In most cases, the backprojection, Ht g is used as the initial guess, though a 

properly scaled, uniform image can also be used. It is often found that the better the initial 

guess, the less time the reconstruction will take to converge. 
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SVD reconstruction 

The amount of CPU time necessary for the WDLS algorithm to converge to an 

acceptable reconstruction is dependent on the number of detector bins; the more bins, the 

" longer it takes to loop through detector space for one perturbation of f. The SVD 

reconstruction is appealing because it can be formulated to be almost independent of the 

length of the columns of H, and once the SVD has been calculated for H, any data vector 

can be reconstructed very quickly. One disadvantage of the SVD reconstruction is that there 

is no positivity constraint; the reconstruction will allow estimated voxel activity to fall below 

zero, a physically unrealizable situation. A brief review of the mathematics behind the SVD 

is given in appendix A. 

We chose to find the object-space singular vectors and use Eq. A.5 as our 

reconstruction: 

(A.5) 

An advantage of using the object-space singular vectors is that the length of the u's is 

independent of whether we work with data from PMT space or pixel space. One possible 

advantage of data from PMT space is that theoretically there will not be any null vectors in 

" " object space because there are many more rows in HpMT than in ~ix' In pixel space, the 

number of voxels and detector bins are more nearly equal; we would expect the rank (R) of 

the H matrix to be less in pixel space than in PMT space. 

Regularization of the singular-value spectra is analogous to the damping term in the 

ILS algorithm. All singular values below >'J are set to zero. The regularization index, J, was 

" determined for each reconstruction by looking at images representing the inclusion in f of a 

singular vector at a time, and (qualitatively) evaluating the point at which the image quality 

began to falter. 
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Experimental Results -- 48-pinhole aperture 

The 48-pinhole aperture (see Fig. 4.5) and 5 mm spherical mapping source were used 

in pilot studies to prove the feasibility of reconstruction from data in PMT space. The 

object space used in this study, a square 12.6 cm on a side measured on a 35x35-pixel grid, 
",' . 

was large enough to accommodate only the thyroid phantom. The H matrix was measured 

with a point source in air (no scattering medium), and H was not corrected for radioactive 

decay of the mapping source. The PSF took approximately 5 hours to collect; by the end of 

the collection, the source had decayed to -65% of its activity at the beginning of collection. 

This is a significant decrease in source activity and it needs to be corrected; these data were 

collected to prove ilie feasibility of reconstructions from PMT space and we ignored the 

decay of the source. The decay of the source will not be seen in the reconstructions because 

4-fold emulation hid the count-rate differences between the beginning and end of the 

acquisition of H. Typical reconstructions are shown in figures 4.8 to 4.10. 

Figure 4.8a shows a sequence of SVD reconstructions of the thyroid phantom from 

data in PMT space. The frames are the reconstruction as J (Eq. A.5) increases in steps of 25 

included singular vectors; i.e., each successive image includes 25 more singular vectors. As J 

increases, we include, in general, higher spatial frequencies in f. This can be seen in Fig. 

4.8b which shows every 25th singular vector from data in PMT space. The subjective image 

quality improves as we include more singular vectors until some threshold is reached and the 

image quality decreases after that threshold is crossed. Examination of the singular vectors 

in the region of this threshold shows that the vectors appear to get "noisy" around this point. 

The region of the singular-value spectrum in which the singular-vector quality deteriorates 

may represent the point at which inaccuracies in the estimate of H begin to appear in the 

singular vectors. 
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Fig. 4.8a SVD reconstruction of the thyroid measured on a 35x35 voxel grid using the 
48-pinhole aperture. The data used in the reconstruction were in PMT space. 
Each successive image (left -> right, top -> bottom) represents 25 more object
space singular vectors included in the reconstruction. The images have been 
clipped to allow only positive pixel values. As the singular value index increases 
beyond -300, the singular vectors become more and more noisy and the relative 
image quality decreases. 
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Fig. 4.Sb Some of the object-space singular vectors used in the reconstruction of figure 
Fig. Sa. The images are of singular vector 25n, where 11 increases as we move 
left-right and top-bottom. As the singular value index increases beyond -300, 
the singular vectors become less and less structured. 
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The measured H matrix is an estimate of the system PSF. We would need an infinite 

number of counts to get a perfect estimate of a column of H. We do not have an infinite 

1\ 

number of counts per column; the more counts that we have, the better that H estimates H. 

In the case where H accurately models H (an infinite number of counts per voxel, or a 

simulation), we would expect to be able to use many more of the singular vectors than the 

300-400 that we have been able to use in these reconstructions (Aarsvold, 1993). Inability to 

use more of the singular vectors may be an indication that the noise inherent in 

decomposing an H measured with a finite number of photons is a major factor in 

1\ 

determining the rank of H Of course, we do not have a noise-free data set either; noise in 

g also degrades the reconstruction. 

Figure 4.9 is a display of images from the LS reconstruction of the thyroid phantom; 

each successive image represents more iterations of the reconstruction algorithm. The data 

were from PMT space. The algorithm started with a regularized SVD reconstruction 

(J = 300) as the initial estimate of the radioactive distribution. The SVD estimate was 

clipped at zero counts to enforce positivity; estimated activities below zero in the SVD 

image were set to zero. The smoothing and perturbation fraction parameters were varied to 

determine values which produced the best qualitative reconstructions. The LS reconstruction 

acts to smooth the initial estimate, filtering out high-frequency variations and losing some of 

the resolution of the reconstruction. Note that the smallest cold lesion disappears as the 

reconstruction progresses; this is a manifestation of the smoothing term of the 

reconstruction. If the smoothing coefficient (0:) in Eq. 4.6 is made smaller, then we do not 

lose the smallest disk but the reconstruction is more noisy and less visually appealing. 

Figure 4.10 compares the "best" SVD reconstruction for data from the two detector 

spaces. (Best in this sense indicates that for each data set J was chosen such that the 

reconstruction was qualitatively better than the reconstruction using a higher or lower value 
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Fig. 4.9 Least-squares reconstruction from same data set as Fig. 8. Each successive image 
(left to right, top to bottom) represents 3 iterations of the reconstruction. The 
two lobes of the phantom can be seen, as can three of the four lesions. The 
initial estimate used in the reconstruction was a clipped SVD reconstruction. 
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Fig. 4.10 Comparison of SVD reconstructions from data in PMT space (top) and pixel 
space (bottom) of the thyroid phantom. The PMT -space reconstruction was 
truncated (regularized) at J = 210 while the pixel-space reconstruction was 
terminated at J = 150. 
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of J.) The pixel-space data that was used was an estimate of (e,a) from each ABeD value; 

likelihood windowing was used to reject counts that were not likely to be photopeak events, 

but no estimate of the energy of the incident photons was made. There is no significant 

difference in the reconstructions from data in the two spaces. It is interesting to note that 

the singular vector cutoff was higher in PMT space (J = 210) than pixel space (J = 150). 

Experimental results -- 64-pinhole aperture 

Based on the success of the experiment outlined above, a more ambitious experiment 

was undertaken--reconstruction of the resolution phantom. The 64-pinhole aperture (ref. 

Fig. 4.5) was used, and the cylindrical mapping source replaced the sphere. The object 

space was increased to a IS.9-cm diameter disk. The object space was the circle inscribed 

within a 63x63-pixel square. The time necessary to collect H increased, and the time used 

for the collection of the projection of each voxel was increased as the acquisition progressed 

to account for isotope decay. 

Figures 4.11 through 4.13 show some results from a PSF collected with the parameters 

described above. All of the results are for a PSF measured in the water tank; scatter and 

attenuation are explicitly included in H. Images of the resolution phantom as the LS 

reconstruction iterates are shown in Fig. 4.11. Reconstructions from data in both PMT and 

pixel space are shown. The improvement and subsequent degradation in image quality is 

apparent as the reconstruction progresses. There is no apparent difference between 

reconstructions of data from the two spaces. 

Figure 4.12 and 4.13 are SVD reconstructions of 4 data sets: three projections of the 

resolution phantom with different numbers of counts and a projection of the thyroid 

phantom. In PMT space, the resolution-phantom projections had 24 million counts, l.l 

million counts, ISO thousand counts; there were 3.5 million counts in the thyroid-phantom 
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Fig. 4.11 Five iterations of the LS reconstruction from data in PMT space (top) and 
pixel space (bottom) of the resolution phantom. The smoothing coefficient a 
was different for each reconstruction. The iterations shown are 0, 8, 15, 25, 
and 50 in PMT space and 0, 20, 40, 50, and 64 in pixel space. The images 
have not been clipped or filtered. Clipping of high gray levels or low pass 
filtering would help the uniformity of the reconstruction. 
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a) unclipped reconstructions b) clipped reconstructions 

Fig. 4.l2 SVD reconstruction for 4 data vectors for the 63x63-voxel object space and 
64-pinhole coded aperture. a) The images in the left column are reconstructions 
from data in PMT space, the right column from data in pixel space. The top 
row is from a data set containing 24 million ABeD events (14 million pq 
events). The data in the second row had l.l million (0.6 million) events; 180 
thousand (l00 thousand) in the third row. The thyroid data set had 3.5 million 
(2 million) events. The regularizer (1) was the same for all three data sets. The 
images have not been clipped; the darkest parts of an image represents negative 
activity. b) Same as (a) except the negative values have been clipped to zero 
(and the gray scale remapped). 
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a) unclipped reconstructions b) clipped reconstructions 

J = 420 340 J = 420 340 

280 260 280 260 

280 260 280 260 

500 500 500 500 

Fig. 4.13 SVD reconstruction for 4 data vectors for the 63x63-voxel object space and 
64-pinhole coded aperture. The reconstructions are from the same data as Fig. 
4.12, but in these images the "best" J (regularization) has been used for each 
reconstruction; in Fig. 4.12, the same J was used for each data vector. The J 
used for each reconstruction is given in the table below the images. 
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projection. The LUT windows-out events, so in pixel space, the data vector had 14 million, 

600 thousand, 100 thousand, and 2 million counts respectively. The truncation point for the 

included singular vectors (J) is the same for each reconstruction in Fig. 4.12. The truncation 

point was determined by inspection of the PMT -space, high-count, resolution-phantom 

reconstruction and determining the (ad hoc) optimum reconstruction. In Fig. 4.13, J is 

different for each reconstruction. The truncation point was decreased as the number of 

counts in g decreases. In both figures, reconstructions are shown both clipped at zero counts 

and unclipped. The clipped reconstructions display a seemingly higher resolution than those 

that are unclipped. Again, there is not a large difference between PMT and pixel space in 

the reconstructions. It was hoped that the low-count reconstructions would show a 

noticeable difference between spaces. This is not the case. 

Comparison of PMT and pixel space 

It is difficult to use the reconstructions of either the thyroid or resolution phantoms to 

make any quantitative comparison of PMT and pixel space. One might be tempted to use 

the singular-value spectra to compare the two data sets in the same manner that MTF is 

used to compare optical systems. This would be a mistake. As mentioned in the appendix, 

we can compare the singular-value spectra only for systems with identical singular vectors. 

We should not expect that the singular vectors from imaging systems viewing the same 

object space and differing only in detector space be identical. For instance, a 

transformation from PMT space to pixel space may change our imaging matrix from one 

that is overdetermined to one that is underdetermined. Only if the rank of H is less than 

the number of voxels is it possible for the two systems to share the same singular vectors 

(and that is not a sufficient condition). 
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Figures 4.14 and 4.15 show the first 64 eigenvectors in object space for the two data 

sets. The first few, up to about index 16, appear to be identical between the two data 

spaces. Many of the singular-vectors from one system appear to be slightly rotated singular 

vectors from the other system. Although the rest of the singular vectors look very similar, 

closer inspection reveals that there no identical pairs between the two systems. This result 

precludes comparison of the singular value spectra. 

It was a disappointment that reconstructions from data in PMT space did not display 

marked improvement from those in pixel space. We shall discuss some possible reasons for 

that in the next section. These disappointing results have a bright side from the perspective 

of the ML look-up table. We have shown that for these experiments, there is no SUbjective 

loss in image quality when we use the ML LUT to estimate the apparent position and 

energy of the gamma-ray interaction compared to using the PMT signals directly. For these 

experiments, we have shown that position estimation does not sacrifice useful information 

contained in the PMT signals. 

The images show that SPECf reconstruction directly from PMT signals is possible and 

produces images of (at least) the same relative quality as reconstructions from data in 

traditional detector space. There are high costs to pay when we work in PMT space, those 

of increased data storage demands and longer reconstruction times, and we have not 

attempted to address those concerns here. But it is our unwavering belief that computer 

power will eventually catch up with whatever outlandish problem we can dream up, and 

that belief keeps us from abandoning projects because they are not computationally 

competitive solutions at the present. 
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Fig. 4.14 The first 64 object-space singular vectors determined from an H measured in 
PMT space. 
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Fig. 4.15 The first 64 object-space singular vectors determined from an H measured in 
pixel space. These are very similar to those from Fig. 14, but a close 
examination reveals few identical matches. 
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Discussion 

In the following chapter we shall develop an image-quality metric that will allow us to 

quantify the differences between pixel space and PMT space. In this section, we shall look 

more closely at the scatter component of the PSF in PMT space and see if this examination 

helps to understand the similarity of the reconstructions from data in PMT and pixel spaces. 

A 

We have assumed throughout this chapter that H is a good estimate of H. The 

estimated H matrix is probably a good estimate of the average system response only for 

unscaltered data collected in pixel space. In the lab, H is limited by collection time per 

voxel and disk storage space, preventing collection of the infinite number of photons 

necessary to get a noise-free estimate of H. An assumption made by both reconstruction 

schemes that we have implemented is that the number of events in every bin of a column of 

H approximates the mean number in that bin from that voxel. With a finite number of 

photons collected, it might be possible to make that approximation for unscattered photons 

A 

in PMT space. The many-to-one mapping from PMT to pixel space indicates that fIpix may 

A 

be a better estimate of Hpix than HpMT is of HpMT for unscattered photons, but what about 

scattered photons? 

Remember from Chapter 3 that the scatter component of the PSF in pixel space is 

characterized by long, low-amplitude tails. The scatter PSF has the same form in PMT 

A 

space, though it is harder to visualize. If we want to include scatter in our H by 

measurement, we need to get a good estimate of these long tails. 

To investigate how well the PSF is estimated, 2 projections of a point source were 

collected. The first projection contained over 57 million events, presumably a good 

representation of the mean detector response to a point at that voxellocation. The second 

A 

data set had less than 80 thousand events, an estimate of a column of H To compare these 

two projections, we chose to transform the 4D, PMT -space data to a 2D data set 
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representing the 10 camera (Fig. 4.2). The data in PMT space for the 10 camera can be 

displayed as an image whose axes are the summed responses, (A+C) and (B+O). This 

transformation produces a data set that is capable only of distinguishing events along the p-

axis of the camera, the axis along which the pinhole array lies. Figure 4.17 shows 

projections of the point source for two of the cameras in the imaging system transformed 

into 10 camera space. 

The position coordinate that the 10 camera can discriminate lies along an arc in the 

projection image. We shall refer to the direction from a point on the arc to the origin as the 

radial direction. The two projections shown in figure 4.17 are views of the point source 

through two consecutive aperture plates from the 64-pinhole array. The first plate has 5 

pinholes and the second has 3 pinholes. The pinhole projections show up as blobs in the 

images. 

The effect that we want to look for in the 10-camera images is scatter. Lower 

energy photons that interact at position p on the camera will be represented in the radial 

direction, toward the origin of the detector space (upper left corner of the image). It is hard 

to see anything in that region of the image because the unscattered events dominate the gray 

scale of the image. In the lower half of Fig. 4.17, the 10-camera images have been 

monotonically transformed to highlight the scatter portion of the projection. The 

A 

transformed images support the hypothesis that a column of H is a poor estimate of the 

scatter tails, the inner, radial region of the image. 

But poor estimation of the average system response is not the whole explanation for 

not achieving the expected benefit of PMT space compared to pixel space. An obvious 

extension of the above experiment would be to collect another high-count projection 

without a scattering medium and compare the scatter portion of this projection to the 

projection of a point in a scattering medium. This comparison is made, for the raw and 
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Fig. 4.17 One-dimensional camera "projections" of a point source measured in a water 
tank. The two unique aperture sections of the 64-pinhole aperture are shown. 
The left column is data from a 57 million count projection, the right from 
projection with 76 thousand counts. The top two rows are mapped with a 
linear gray scale. The bottom two rows have been mapped through a 
logarithmic gray-scale transformation to amplify the scatter contribution. The 
logarithmic mapping is done by transforming the pixel value as loglO(cts + I). 



169 

transformed-gmy-Ievel images in Fig. 4.18, including a profile through the transformed 

images from the two data sets. The interesting aspect of the projections and traces is that 

they are so similar. The "scatter component" of the scatter-free data set is almost identical 

to the scatter component of the projection collected with the source immersed in a water 

A 

tank. The similarity of these curves is an indication that H measured in water does not 

A 

include many more scattered photons than H measured in air. We are misguided to expect 

any benefit to reconstructing from data in PMT space if PMT space is supposed to 

characterize scatter better than pixel space because there is not a significant amount of 

scatter in the data. 

One miscalculation of the experiments we have discussed is the assumption that we 

can cast an inherently 3D problem as a 2D problem. The only scatter that was considered in 

the experiments of this chapter involved photons that originated and scattered in a 1.5-cm 

thick slab of the object space. This accounts for only a small percentage of the scatter 

possibilities for a volume source distribution. We only measured H in a plane; allowing 

activity outside that region in f(r) would have resulted in out of field activity that would not 

have been consistent with our set of equations. Measuring H for the full volume would 

have been possible in pixel space; as it was, we pushed the limits of our present data-

handling capability measuring the single slab in PMT space. A mdially smaller, 3D object 

space would have been a better experiment with which to chamcterize scatter in PMT space. 

In a sense, we tried to reconstruct an object that was large in the wrong dimension, large 

radius instead of an axially extended object. Although we did not prove the advantages of 

operating in PMT space, we have shown that SPECf imaging is possible under that 

paradigm and with a properly focused experiment we might expect to see an advantage. 
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Fig. 4.18 One-dimensional camera "projections" for a point source measured in a water 
tank (left column) and in air (right). One section of the aperture is shown. 
The top row is mapped through a linear gray scale map, bottom row is 
through a logarithmic map. A profile from the upper left corner of each 
image through the middle pinhole is shown at the bottom. The logarithmic 
mapping is done by transforming the pixel value as IOglO(cts + 1). 
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CHAPTER S 

SCA ITER AND DETECTABILITY 

In this dissertation we have examined some of the techniques that other researchers 

have used to correct for the effects of Compton scatter (Chapter 3), and we have introduced 

our own method of scatter compensation, direct reconstruction from PMT signals (Chapter 

4). We have not yet examined which scatter-correction techniques give better results, nor 

have we tried to quantify the effects of scatter on image quality. In the previous chapter, 

we would have liked to have been able to compare our results from data in PMT space to 

data in pixel space in a manner more objective than qualitatively comparing the 

reconstructions. 

Another question about scatter that we have not examined is to ask whether any 

useful information is lost when we ignore a large portion of the spectrum -- the portion of 

the spectrum due to scattered photons. Many of the scatter-correction techniques mentioned 

in Chapter 3 involved elimination of scattered photons from projection data or a 

reconstruction. Elimination of scattered photons is based on a widely held belief that scatter 

is bad; a scattered photon (low-energy event) may represent activity that is not in the field 

of view of the detector, and including this photon in the projection may corrupt the 

reconstruction. Many of the multiple-window scatter-correction techniques attempted to 

use the region of the spectrum dominated by scattered events to estimate the number of 

scattered counts in the photopeak region, but only one technique (Gunter, 1992) tried to use 

scattered photons in a reconstruction. 

We try to reject scattered photons because the poor energy resolution of scintillation 

cameras prohibits any easy discrimination of scattered from unscattered photons. But with 

berter energy resolution, so that photons could be better classified as scattered or 

unscattered, it may be found that scattered photons contain valuable information. Better 
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energy resolution is achievable with semiconductor detectors, and gamma cameras utilizing 

semiconductor detectors are in the future of nuclear medicine (Barber et ai, 1993, 1993b; 

Rogulski, 1994). With better energy resolution, scatter-correction strategies will change, and 

one possible change could be a re-evaluation of the assumption that scatter is bad. We want 

to answer the question: is there useful information in the scatter spectrum? 

Our problem is to quantify the effects of Compton scatter on a projection data set; we 

shall approach this problem from an image-quality standpoint. According to Barrett et al 

(1993), there are three components necessary for defining image quality: an imaging task, an 

observer for the task, and a class (or classes) of objects that are to be imaged. There are 

two generic types of imaging tasks: classification tasks, an example of which would be to 

classify images as "normal" and "abnormal," and estimation tasks, which involve estimating 

some parameter of interest in the image. We shall consider a classification task -- the 

detection of a lesion in a uniform background. 

In most cases of practical interest, the observer would be a human; the human 

examines the image and decides whether he (or she) thinks that the signal is present or not, 

or estimates the parameter of interest. Often when we analyze system performance we use 

machine observers, mathematical algorithms that classify the images or estimate the desired 

parameters. One machine observer that is often used is the ideal observer. The performance 

of the ideal observer, how well it can classify or estimate, sets an upper bound on the 

performance of all other observers for a specific imaging task. The ideal observer optimally 

uses all available information about the task to form a decision. Often a correlation between 

ideal-observer performance and human-observer performance is found or inferred; we shall 

not attempt to do that here. We are concerned with only the effects of scatter on the ideal 

observer's performance. 
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As an example of the need to carefully define an image-quality metric, consider the 

reconstructions in the previous chapter. It was not clear which reconstructions, those from 

data in PMT space or those from data in pixel space, were superior. The comparison was 

complicated by the reconstruction; it was not clear if the reconstruction algorithm did a 

better job with one data set than the other. A "cleaner" comparison of the data of the data 

can be made in projection space, and that is what we shall do here. An auxiliary question 

would then be to determine whether or not a reconstruction algorithm could be found to 

take advantage of the data in PMT space (if PMT -space data are indeed superior to pixel

space data). 

The objects 

The objects that we chose to discriminate between for our image-Quality experiments 

were a uniformly radioactive right-circular cylinder of radius rc and infinite length, and an 

identical cylinder containing a small spherical region (tumor) of reduced activity at the 

center of the cylinder as in Fig. 5.1a. We denote the signal-absent object as fo(r) and the 

object with signal present as f1(r). The activity density in the spherical tumor was 90% of 

the activity in the background, and the radius of the tumor was O.1rc' The cylinder was 

20 cm in diameter and its axis was located 16 cm from the face of the camera. 

We chose to image these objects with a gamma camera through a parallel-hole 

collimator, with the axis of the cylinders coincident with the axis of rotation of the SPECf 

system. (The collimator had a bore length of 4.1 cm and a nominal bore diameter of 

0.25 cm.) We denote the projection data from the uniform cylinder go and that from the 

cylinder with the sphere g1' (As in previous chapters, g is a vector representing the discrete 

projection data.) The imaging task is to determine whether g is the projection of the signal

absent object or the signal-present object. This choice of objects and imaging system 
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Fig. 5.1 Simulated imaging system used for the discrimination task. Shown at the top is 
a camera, parallel-hole collimator and object f1(r} -- an infinitely long, 
uniformly radioactive cylinder with a low-contrast sperical lesion at the center; 
the other object, fo(r}, is the same cylinder without the lesion. The cylinders 
are modelled to be infinitely long in the y direction (axis of rotation of the 
SPECT system). At the bottom is shown an actual object used in the 
simulations -- the infinte cylinder has become an infinite slab in the x and y 
directions. 
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represents a low-contrast signal-detection task. Low contrast indicates that there is a small 

difference in the mean signal from the two objects. 

In the following section we shall see that our machine observer will need to have 

access to the mean data vector, g; we shall get this data via simulation of the projection 

process. (This notation signifies that gj is the mean number of counts in the irh detector 

bin.) In order to decrease the calculation time necessary to simulate the data, we changed 

the imaging system slightly. The symmetry of the imaging system (the imaging system 

includes the object) with respect to the axis of rotation indicates that projections at all 

angles are identical. Thus it is necessary to project the object only once. Since we were 

only going to simulate one projection" of the object, we made a major simplification to the 

object model -- extension of the cylinder into an infinite slab parallel to the camera face 

and of thickness 2rc in the z direction (the direction perpendicular to the camera face) as in 

Fig.5.lb. The small spherical region of reduced activity density is then located in the 

center of the slab. 

The cylinder-to-slab simplification makes the calculation of the scattered flux from 

the object simpler, at the expense of a simulation that no longer mimics reality. The infinite 

slab does not exist, and although an approximation to a semi-infinite slab could be built to 

experimentally verify these simulations, SPECf acquisition on an infinite (or even semi

infinite) slab is impossible. So the task technically reduces to a discrimination task for 

planar imaging. 

Detectability Metric 

We have defined two of the three components necessary for image-quality analysis 

(Barrett et ai, 1993) -- the objects and the task -- and now need to discuss how the third 

component, the observer, affects image quality. Our task is to determine whether g is the 
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projection of an object containing a tumor (signal) or the projection of an identical object 

without the tumor. The ability of the observer to perform this task will be our measure of 

image quality. The binary task that we are considering belongs to a category of 

classification tasks known as signal-known-exactly, background-known-exactly (SKEjBKE) 

tasks. 

The machine observers that we consider classify the data by calculating a discriminant 

function. A general discriminant function for the SKEjBKE task is a scalar test statistic 

).(g). The machine observer classifies the data by calculating the test statistic and comparing 

it to a threshold; if ).(g) is greater than the threshold, the data are said to be from an object 

with the signal present, while if ).(g) is less than the threshold, the object is said to be from 

the signal-absent class (Barrett et ai, 1992). 

The ideal Bayesian observer is often used as a machine observer because it sets an 

upper limit on the performance of all other observers (Barlow, 1957). The test statistic that 

the ideal observer calculates is the log-likelihood ratio: 

(5.1) 

where Hj is the hypothesis that the the data is from class j (j = 0 is the signal absent class 

and j = I is signal present), and p(gIHj) is the probability density of g given that it was 

produced from an object in the j-th class. 

The ideal observer requires knowledge of the probability laws governing the data. In 

the SKEjBKE paradigm, the only variability in the data is measurement noise. For the 

imaging situatjon that we have discussed, the noise is Poisson: 

N -g.. g. 
e JI g..' 

p(gIHj ) = 11 gj t (5.2a) 

i=1 

where gjj is the mean number of counts in the ,-th detector bin of the projection from an 
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object in the jth class. We can combine Eqs. 5.1 and 5.2a, take the logarithm and simplify 

to get an expression for the log-likelihood ratio: 

,(g) - ~ [ -(gd.) + g,In[:: II (5.2b) 

To simplify Eq. 5.2b further, we can define two new quantities: the average data vector, 

g = t(gl + go), and the difference data vector, L\g = gl - go' Equation 5.2b can then be 

rewritten (Abbey, 1994) 

II (5.2c) 

Finally, if we make the low-contrast approximation that L\iVgj is much less than one, and 

we eliminate terms that are independent of the data, we can write the test statistic as: 

N 
L\gj 

== Igj 

i=l 
gj 

(5.3) 

where the superscript t denotes a matrix transpose, and K is the covariance matrix.; in our 

case, K = diag(g) since we have assumed that all detector pixels are independent. In the 

final step, we have used the Taylor's series expansion of In U ~~) and kept terms of order 

less than three. Had we assumed that the measurement noise was Gaussian instead of 

Poisson (Eq. 5.2a), we could also have derived Eq. 5.3. 

Equation 5.3 can be interpreted as a prewhitening matched filter. The difference 

term, L\g = gl - go' is the signal that the observer is trying to discriminate; the inner 

product L\gt g will have a large value if the signal is present, and a smaller value if the 
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signal is absent. If we rewrite the final line as (K -i Ag) t K -t g, we see that the operator 

K -t serves to normalize the data (and signal) to unit variance. 

An alternative to the ideal Bayesian observer is an observer called the Hotelling 

observer. The test statistic for the Hotelling observer can be written (Barrett el ai, 1992) 

where Pj is the probability of occurrence of the }-th class. The matrix S2 is the average 

covariance matrix, defined as: 

I 

S2 = I Pj (g - &j)(g - &j)t)j , 

j=O 

(5.4) 

(5.5) 

where the angular brackets denote the ensemble average over all objects in the }-th class and 

all noise realizations. For the SKE/BKE object, if we assume that the two object classes 

share the same covariance matrix, the test statistic for the Hotelling observer is identical to 

that for the ideal Bayesian observer. The Hotelling observer has the advantage that it does 

not need to know the detailed probability law of the data to calculate the test statistic. 

We can measure the ability of an observer to perform the discrimination task by 

calculating the signal-to-noise ratio (SNR) of the test statistic: 

SNR2 = I ("I H l ) - ("IHo) 12 
. tvar("IHo) + tvar("I Hl ) , 

(5.6) 

where ("IHj) is the mean of the test statistic under each hypothesis and var("IHj) is the 

variance of the test statistic under each hypothesis. Using Eqs. 5.6 and either 5.3 or 5.4, it 

can be shown that the SNR is given by 

N 
SNR2 = I H~li - SOi)2 

i=l HOi + Hli 

N 
= I (ASj)2 

i=1 &j 
(5.7) 

where we have assumed in the last line that the variance is the same for either object class. 
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Equation 5.7 is the SNR for either the ideal observer or the Hotelling observer for the 

discrimination task that we are considering in this chapter. Note that SNR2 increases 

linearly with counts in the image; if we scale the number of counts in 80 and g1 by a, the 

numerator of Eq. 5.7 scales as a2 while the denominator goes as a. 

A metric of image quality similar to Eq. 5.7 was developed by Beck, et al. (l973). 

Beck et al. were interested in dividing the energy spectrum into many energy bins (20 bins 

in the range 60-140 keY) and assigning different weights to each bin. This approach is a 

forerunner of energy-weighted acquisition discussed in Chap. 3, except that the optimal 

weights for Beck et al. were all positive. Beck et al. used their metric to detect a small 

tumor in a uniform background and to detect sinusoidal structures; both of these image

detection cases were for planar imaging. It was found that for the sinusoidal objects, the 

SNR of low-spatial frequencies was improved substantially by including photons from the 

entire spectrum. 

The SNR of the ideal observer is a measure of its ability to discriminate between the 

data from the two object classes we discussed earlier. In order to calculate the SNR, we 

need only to have access to the mean data (no noise) from an object in each class. We can 

use the SNR to rank imaging systems in their ability to discriminate between the two classes 

objects. For example, we could calculate the SNR for data in PMT space and compare that 

to the SNR from data in pixel space to get a quantitative answer to our question of whether 

or not there is any advantage to working with data in PMT space. Or we could calculate the 

SNR from cameras with different energy resolutions to measure the benefit of energy 

resolution on discriminability. 
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The scatter problem 

We have discussed the imaging task, object, and observers, and need now to 

determine the data to be used in the calculation of the SNR. There are two parts to the 

determination of the data: calculation the flux of photons incident on the camera and 

estimation a data vector from that flux. We need the mean (scatter) data from the object in 

order to calculate the performance of the observers as discussed above. Noise-free data are 

impossible to collect experimentally. For that reason we found it necessary to simulate the 

projection operation including scatter. In what follows, we shall develop the forward 

problem for Compton scatter and introduce two approaches to determining the contribution 

of scattered photons to the projection data. 

Forward model for single scatter 

Our model of Compton scatter will be nearly identical to that of Clough (1986) and 

similar to the model used by a Ying-Lie (1984). Clough's model was used to correct for 

scatter in a reconstruction based on filtered backprojection and made assumptions that made 

the inverse problem easier. We are not interested in the reconstruction process here, but 

seek only to construct an accurate model of the forward problem. We are interested in 

calculating the full spectral response (complete energy spectra for all detector coordinates) of 

a gamma camera to a spatial distribution of radioactivity. 

The forward problem for single scatter is outlined in Fig. 5.2. Consider a differential 

volume d3ro of an extended source f(ro) in a scattering medium; the source is defined in 

units of emitted photons per second per unit volume. The number of photons per second 

incident on a differential area element daac at a distance R=lro -rac I from the source is given 

by 
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Fig. 5.2 Diagram of the forward problem for single Compton scatter. 
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(5.8) 

The probability that a photon from the source Compton scatters in differential length dlac is 

given by the product of the differential length, the linear attenuation coefficient for 

Compton scatter, 1'0, and the probability that the photon has not been removed from the 

beam before reaching daac 

(5.9) 

The number of photons per second scattering out of the differential volume element defined 

by d3rac = d~c dIsc is given as 

dNac = dNr P(scattering in disc) = f(fo) d3ro ~Z 1'0 dlac e-JitotR 

f( ) d3ro ° _JltotR d3 = fo 4'nRz I' e rac . (5.10) 

The probability of scattering into the differential solid angle defined by a differential 

detector element, dOd' is given by the differential scattering cross section, [ doC!~;, E)]8 ' 

weighted by the number of scatterers per unit volume, no(fsc )' The number of photons per 

second originating at fo and scattering into the differential solid angle dn about the angle 0 

at fac is then 

[
doC (fac ,E)] I 

dNo = dNac no(fac) dn C dOd 
d 8 I' 

d3ro _ totR [doC(fac,E>] 
= f(fo) 471'Rz e JI no(fac) dO 8 dOd d3rac' (5.11) 

The differential solid angle subtended by a differential area element on the detector is 

dad 
dOd -liz' fd -fac 

The probability that a photon passes through the collimator and reaches the entrance 

face of the scintillator can be expressed as the average probability of transmission 

P ( ").5L [. [2br'] . [2br']] avg transmISSIOn = D 2 clrc -D •• clrc -D ' _ I' , I 
11' D b b r - I'd - rac 

=.5L [2b~r'] 
71'D6 'Y Db ' 

(5.12) 
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where ~r is the collimator packing fraction, the ratio of open area of the collimator to the 

L 
total area of the collimator; b = -L b ; Db and Lb are the bore diameter and bore length of 

b+z 

the collimator, respectively; circ (:0] represents a function that has a value of one within a 

radius of ro and zero beyond that radius; r;c is the projection of rac into the detector plane; 

and rd is the projection of rd into the camera plane. Note that the average transmission is a 

function of the difference between the scatter position and the detector position projected 

onto the detector plane; we have reflected this shift invariance in 'Y( .) with the variable 

lu' = Ird - r;cl. The calculation of the average collimator transmission parallels closely the 

derivation of the average collimator PSF in Barrett and Swindell (I 981) and is detailed in 

Appendix B. 

Finally, the photons pass through a length of attenuator R2 = Irac -rb I on their way 

from the scattering site to the detector (rd); rb is the position on the object's boundary at 

which the gamma ray exits. If we divide the number of photons per second incident on a 

differential area element of the detector by the differential area and integrate over the 

scattering volume, we can write an expression for the flux incident on a differential area of 

the detector originating at a differential volume of the object as 

Implicit in Eq. 5.13 is the loss of energy of a photon as it scatters through an angle O. 

As we saw in Chapter 2, the energy loss is given by the Compton scattering relation, 

J... = l... + _1_( 1 - cosO) 
E' Eo mc2 ' 

where Eo and E' are the initial and final energies of the photon, respectively, and 

(2.5) 



mc2 ~ 511 keY. For the geometry in Figure 5.1, the angle 0 is given by 

(fd - fecHfec - fo) 
cosO = -:-='----=='-;-:--=-....:;-

Ifd - fscllrac - fol 

Numerical implementation of forward model 
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(5.14) 

Equation 5.6 represents a model for only singly scattered photons originating from a 

single point in the object. In order to calculate the flux from an extended object, we need 

to integrate over all possible source positions. We can rewrite Eq. 5.13 as 

where the superscript indicates the scatter order, ar=lfd-facl is the distance from the final 

scatter site to the detector, and we have introduced the scatter kernel: 

V( E) = -I'totll'ac-I'ol Do(fac) [doC{fac,E)] 
l\.' fac,fo' e 471'R2 dO e (5.16) 

Multiple scatter can be considered to be a cascade of single scatters. For two scatters, we 

would need to include another scatter kernel in Eq. 5.15 

00 

dci> J2} (fd' E) = Loo d3ro f(fo) 

(5.17) 

where 

Higher-order scatter could be included in similar fashion. The flux from successive scatter 

orders can then be summed to calculate the total scatter flux. Note that the differential 
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collision cross section is a function of energy and will thus be different with each scatter. 

Note also that inclusion of another order of scatter involves another 3-dimensional (3D) 

integration. We need to integrate over all possible scatter sites for each order of scatter. 

Calculating the integral for more than one scatter per photon is very computer intensive. 

On the other hand, it is fairly straightforward to calculate the flux incident on the 

camera for 0 or I scatter. We can fix the source position, fo' scatter position, fac' and 

detector position, fd' and calculate: (I) the attenuation to the scatter site; (2) the interaction 

probability; (3) the probability of scattering in the direction of fd; (4) the attenuation 

between the interaction point and the object edge; and (5) the solid angle profile at fd' For 

each source position we need to do this calculation for all possible scatter sites in the object. 

To get the total projection from the object, we need to repeat the above procedure for all 

possible source positions. 

Monte-Carlo implementation of forward problem 

There is another way to integrate the scatter function -- Monte-Carlo (MC) 

simulation. For the scatter problem, the MC algorithm involves following the history of a 

large number of photons that originate in the phantom at a source point, following them as 

they interact in the phantom until they escape and are detected. The trajectory and 

interactions of a photon are determined by randomly sampling the probability laws that 

govern the physical processes. After simulating many photon trajectories, a good estimate of 

the scattered flux on the detector can be obtained. 

MC simulation has the advantage that for a complicated, multi-dimensional integral, 

an approximate solution can be found more quickly than by performing the corresponding 

numerical integration of the same function. However, in order to speed up the convergence, 

mathematical tricks called variance-reduction techniques are used. These techniques bias the 
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probability laws such that each generated photon gets detected, and weight the detected 

photon according to how much "cheating" was done to ensure detection. Variance-reduction 

techniques increase the speed of the algorithm if we want to estimate the mean of the 

integral, the mean of the photon flux in this case, but higher-order statistics of the process 

are not preserved. 

The effects of variance reduction depend on the application of the simulated data. If 

the Me simulation is being used to evaluate an integral, variance reduction helps the 

calculation to converge faster with little effect on the solution. But if the Me technique is 

used to simulate a random variable, the effect of variance reduction on the statistics of the 

simulated data may be debilitating to the results. The metric of image quality that we 

developed above requires the mean number of detected photons as its data. Noisy data from 

a Me simulation will affect the performance of the observer. Variance reduction will help 

us to get the mean solution more quickly, but unless we throw enough photons, we will still 

get a noisy estimate of the mean. 

Of the two methods for solving the forward problem, numerical integration and Me 

simulation, numerical integration is our preferred solution because numerical iritegration can 

give us a truly noise-free data set. However, numerical integration is more time consuming 

as we include more orders of scatter in our simulations. For our present time and computer 

constraints, we found that it was possible to estimate the unscattered and singly scattered 

flux with numerical integration, but we had to resort to Me simulation for the estimation of 

the contribution to the flux of higher order scatter. We used an independently verified 

algorithm, SIMIND (Ljungberg and Strand, 1989), to calculate the contribution to the flux 

from higher-order scatter. The unscattered and singly scattered results from each solution 

can be compared, though its not clear which should be considered the most accurate. 
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Generating the projection data 

To generate the projection data needed to calculate the SNR of the ideal observer (Eq. 

5.17), we used the Me simulation and numerical integration as discussed earlier. Before 

describing the techniques used to generate the simulated flux from the objects, it will be 

instructive to compare the results of the two types of calculation. We shall also discuss an 

interesting result of the Me simulation--the significant contribution to the flux of high-

order scatter. 

Comparison of numerical and monte-carlo projections 

It is necessary to compare the results of the Me simulation to those of the numerical 

integration even though it is not clear which can be considered the better solution. We 

chose as our comparison metric a scatter fraction (SF) definition that includes only singly 

scattered photons. We can compare only unscattered and singly scattered photons because 

the numerical integration calculates only those two components of the flux. 

In Fig. 5.3, we compare the scatter fraction (SF) as a function of depth in the slab 

attenuator for both integration methods. SF is defined here as 

SF = ----------------

J JEmaxd2rd dE (~(O)(rd,E) + ~(l)(rd,E») 
Ad Emin 

(5.18) 

where the superscripts on ~ refer to data sets representing photons that have been allowed 

to scatter exactly once or not at all, and the outer integral is bounded by the area of the 

detector. The graph shows that the numerical integration estimates the scatter fraction 

within 2% of the Me estimate of the scatter fraction at all depths except very near the edge 

of the slab close to the camera. Relative to the Me data, the numerical integration seems to 
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Fig. 5.3 Comparison of the scatter fractions for the Monte-Carlo calculation (stars) and 
numerical integration (solid line). Scatter fraction is defined in Eq. 5.18 and only 
involves primary and singly scattered photons. 
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underestimate slightly the scatter contribution far from the camera and overestimate the 

scatter contribution as the source approaches the camera. 

We do not know the source of the discrepancy between the two calculations. The 

variance-reduction techniques employed by the MC program may have some depth 

dependence. The numerical-integration method makes some approximations about the path 

length from the scatter site to the edge of the phantom; these approximations increase the 

speed of the calculation but could introduce a depth-dependent error. We decided that the 

minor discrepancies between the MC code and numerical integration were unlikely to affect 

the SNR calculation. 

As a further comparison of the two simulation methods, single-scatter spectra are 

compared in Fig. 5.4. The plots are spectra from a point source in the center of the slab 

phantom; the top curve is a single-pixel's spectral response (for a pixel directly above the 

point source), and the bottom curves are the sum-pixel spectra. The spectrum, S(E), is 

determined from the flux by integrating over some area on the detector face: 

(5.19) 

To calculate the sum-pixel spectra, the integral is over the entire detector area; to calculate 

the single-pixel spectra, a small area of the detector, usually directly above the source, 

bounds the integration. Only singly scattered photons are shown in each spectrum. In each 

plot, the two spectra are scaled to the same total counts. The spectra show that the two 

calculations give very similar results. 

The contribution from higher-order scatter 

To investigate the shape and magnitude of the flux due to multiply scattered photons, 

we simulated the flux from a point source in the center of the slab phantom. The simulated 
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Fig. 5.4 Comparison of single-scatter spectra for the Monte-Carlo calculation and 
numerical integration. At the top is shown the single-pixel spectra of a point 
source. At the bottom is shown the sum-pixel spectra of a point source. "Single
pixel" and "sum-pixel" spectra are defined in the discussion preceding Eq. 5.19. 
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slab was 20 cm thick with its center 12 cm from the entrance face of the collimator and was 

simulated to be uniformly filled with water (I'c = 0.15 cm- l ). The collimator was simulated 

to have a bore length of 4.2 cm and a nominal bore diameter of 0.25 cm. The collimator 

bores were assumed to be hexagonal, and the effects of septal thickness and septal 

penetration were ignored. Point-spread functions were simulated for point sources at 

different depths in the object. This was done with only the MC simulation; the numerical

integration program calculated the flux for only unscattered and singly scattered photons. 

Two representations of the results of these simulations are shown in Figs. 5.5 and 5.6. 

In Fig. 5.5 we have plotted the integrated flux for each order of scatter simulated (0 to 4 

scatters) as a function of depth in the phantom. Clearly, there is a substantial contribution 

to the total flux from photons that have scattered 2-4 times. In fact, the integral of photons 

that have scattered just once is in all cases less than the integral of photons that scattered 

2-4 times. 

The significant contribution of multiply scattered photons to the flux contradicts 

figures in the scatter literature that indicate that only about 5% of the counts in a projection 

are from scatter of order greater than one (Floyd, 1984). The reason for the discrepancy is 

clear in Fig. 5.6. The literature typically cites scatter fractions of events in the energy

acceptance window 0/ the camera. We can see from Fig. 5.6 that as the scatter order 

increases, the peak of the spectrum is at a lower energy, and the bulk of the photons have a 

lower energy. If we had just integrated in the region around the photo peak, the typical 

acceptance region for a gamma camera, we would have had much less of a contribution 

from higher-order scatter. 

Figure 5.6 also shows that the scatter spectra do not vary slowly as a function of depth 

in the scattering medium. The shape of the spectra for singly scattered and even doubly 

scattered photons changes dramatically with depth. The spectra for the highest scatter 
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Fig. 5.5 Scatter contribution to the detector-space PSF as a function of depth in slab. Slab 
was simulated to be 20 em thick (-10 em < z < 10 em) with its center located 
12 em from the collimator face. All of the counts for each scatter order (0-4 
scatters) were summed for 13 depths in the phantom. 
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Fig. 5.6 Contributions to the scatter portion of the PSF examined in detector space at 3 
depths in the slab. Since the PSF is rotationally symmetric in (p, q), one spatial 
coordinate and the energy dependence are shown for each PSF. The columns 
represent different orders of scatter; the rows are for point sources at different 
distances from the camera. The top row is the contribution from photons that 
have scattered I (first column) to 4 (fourth column) times for a point in the slab 
close the camera. The middle row is for a point in the middle of slab (z=O). The 
bottom row is for a point source located far from the camera (z=-IO). Each plot 
is independently normalized. 
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Fig. 5.6 (continued) 
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orders displayed, 3 and 4 scatters, maintain their general shape as depth changes; the major 

change in the spectrum is a shifting of more counts out of lower-energy bins as the source 

gets deeper in the phantom. Perhaps the most surprising aspect of the spectra of photons 

twice scattered is the pronounced peak that occurs at about 90 ke V, the backscatter peak of 

the singly scattered photons. That the spatial extent of the photons that have scattered twice 

is so narrow in this region of the spectrum supports one hypothesis of this work--that there 

is information about the spatial distribution of the source even at low energies. 

Simulating the flux from fir) and flr) 

We used the numerical integration program to estimate the contribution to the flux 

due to unscattered and singly scattered photons and the MC simulation to determine the 

contribution due to higher-order scatter. We would like to avoid the MC simulation 

altogether; the noise in the data due to simulating a finite number of photons would bias the 

results of the SNR study too much, we felt. But numerical integration of high-order scatter 

is too computer intensive, and we are forced to use some MC-simulated results. 

Unfortunately, since we are interested in the whole energy spectrum (above the 

Compton edge), high-order scatter makes a significant contribution to the flux. And the 

high-order scatter exhibits more spatial resolution than might be expected. The significant 

contribution and spatial resolution of high-order scatter are unfortunate because these 

characteristics prevent us from fitting the high-order scatter contribution to the flux to 

slowly varying functions of position and energy. This fitting would allow us to avoid the 

problems of the noisy MC simulation. One of the reasons that we chose to simulate the slab 

object instead of the cylinder was to mitigate the effects of the noisy, MC-simulated data. 

We shall see how this was accomplished shortly. 
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In order to calculate the performance metric of Eq. 5.17, we need to determine the 

flux from two object distributions, a uniform slab object and what we shall call the 

difference object. The difference object, Af(r) = fo(r)-f1(r), can be considered to be the 

object that gives rise to the data in the numerator of Eq. 5.17, Ag, and represents the 

difference between the slab object and an identical object with a small, low-contrast tumor 

in the center. We could simulate the slab and the slab with the tumor; it is computationally 

more efficient to simulate the slab and difference objects. 

The most straightforward method of generating the response of an imaging system to 

a complicated object distribution is to determine the PSF of the imaging system and 

convolve that PSF with the object distribution. Of course, it is important to determine what 

PSF to use in such a scheme. The PSF that we shall use will be the flux at the camera face 

from a point source in the scattering medium integrated for a suitable exposure time: 

T 

h(rd-r~,E;zo) = fo dt cPd(rd,E;ro) . (5.20) 

For the semi-infinite objects that we discussed earlier, the PSF is shift-invariant for sources 

in planes parallel to the camera face and shift-variant as we move a point source toward (or 

away from) the camera. Thus the PSF that we need must be four-dimensional--a function 

of position and energy in the camera plane (rd-r~, E) and distance in the phantom from the 

camera (zo)' (The vector r~ is the source position ro projected into the plane of the camera 

face; z is the perpendicular distance to the camera.) 

The PSF is strongly influenced by the boundaries of the object. In Chapter 2, we saw 

that the boundaries of the object are the bane of most deconvolution scatter-correction 

techniques. For both of the objects in our study, the only boundaries that we need to 

consider are the upper and lower boundaries of the scattering medium. Since the PSF is 

shift-invariant in planes parallel to the camera, we chose to generate a set of 3D PSF's for 
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the infinite slab, each PSF in the set representing a different depth in the object. A PSF in 

the set can be considered to be the PSF representing a thin "sub-slab" of the object. If the 

object is discretized into the same set of thin sub-slabs, a 2D convolution can be used to get 

the response from that section of the object as 

00 00 

~Zi(rd,E) = J J d2r~ h~(rd-r~,E) fZi(r~) , 
-00 -00 

(5.21) 

where the subscript Zj indicates the ith sub-slab parallel to the camera face. This can be 

done for all i sub-slabs; the flux from all sub-slabs can be summed together to determine 

the flux from an object. 

This linear-systems approach to determining the flux from an extended object is fine 

when we use a numerically-integrated PSF which is noise-free, but the Me-simulation will 

give us a noisy PSF, and convolution with a noisy PSFmay lead to erroneous results. The 

problem of noisy PSF's determined from Me simulation was alleviated somewhat by the 

choice of a slab object for fo(r) as explained below. 

There is no spatial variation of the spectrum from the slab object. The response to a 

slab object is given by 

00 

~z.(E) = J d2rd bz.(ro-rd,E) . 
1 1 

-00 

(5.22) 

The fluctuations of the Me projections (due to a finite number of photons thrown in the 

simulation) are not a problem for the projection from the slab object since the fluctuations 

will be averaged away by integrating the spatial response at each energy. 

The difference object does have a spatial variation of its spectrum; we do not average 

the noisy projections in this case by integrating spatially. We still have smooth PSF's from 

the numerical integration, but we need a new approach to determine the contribution to the 

projection from higher-order scatter. We decided to simulate the difference object with as 
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many counts as possible and use this simulation directly as our estimate of the contribution 

of higher-order scatter rather than try to estimate the PSF and convolve with a noisy PSF. 

Simulating higher-order scatter for the difference object via MC simulation was not a very 

satisfying approach because of the noise inherent in the simulation. But MC simulation was 

the only approach that seemed computationally feasible, and by simulating as many photons 

as possible, we hoped to keep any errors introduced by noisy data to minimum. 

We compared the MC simulation of the difference object to the numerical projection 

of the difference object to check agreement between the two methods of calculation. Sum-

pixel spectra for both methods of calculation are shown for single scatter in Fig. 5.7. As 

with Fig. 5.3, the two methods of calculation display very similar results. 

The detector response 

In earlier sections, we developed the forward model for scatter propagation and two 

techniques for calculating the flux incident on a detector, MC and numerical techniques. It 

is necessary to integrate this flux to obtain counts in detector pixels -- a transformation of 

4> j(rci,E) to gj,klm' (The subscripts represent the projection in bin (k,l,m) of the ph 

object.) We can model the detection process in two steps. The first step is the estimation of 

position and energy. The second step is to integrate the continuous position and energy 

variations into discrete detector bins; this step is where we incorporate the energy window 

discussed in Chapters 2 and 3. 

A general expression describing the incorporation of spatial and energy resolution in 

our flux. calculation is 

T 00 

cI>j(fJ,a,E) = J dt J dE J d2rd p(fJ,a,Elrci,E) 4> j(rci,E) , 
o 0 Ad 

(5.23) 

where Ad is the area of the detector and p(fJ, a, EI r d , E) is the probability that a photon of 
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Fig. 5.7 Sum-pixel spectra for the difference object comparing the Me and numerical
integration methods. Only single scatter is included in the sum. 
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energy E incident on the camera at position Td will be "detected" at position (~, a) with 

energy E. Thus, p(~,a,EITd,E) represents the spatial and energy resolution of the detector. 

We can express the binning process as 

(5.24) 

where the indices (k=l-+K,l=l-+L,m=l-+M) represent one bin of the data vector gj; go is 

the signal-absent object and g1 is the signal-present object. In the following sections we 

discuss the specifics of Eqs. 5.23 and 5.24 for a scintillation camera, a semiconductor 

camera, and for the modular camera. 

Scintillation-detector response 

For the simulation of the scintillation-detector response and the semiconductor

detector response, we assumed that p(~, a, EITd' E) was separable into a spatial component 

and an energy component 

(5.25) 

Furthermore, we assume that p(~,aITd) could be represented by a delta function; we have 

assumed perfect spatial resolution. Energy resolution and spatial resolution are not 

physically independent effects, although often they are treated separately in characterizing a 

camera. We assumed perfect spatial resolution because we are interested in studying the 

effects of energy resolution alone; a more general treatment would incorporate some finite 

spatial resolution. 

The simulated scintillation detectors were assumed to absorb all of the incident gamma 

photons. This is a good approximation for NaI(Tl) scintillators that are more than 1 cm 

thick. As discussed in Chapter 2, the energy resolution of a scintillation camera can be 

expressed as a Gaussian with a variance proportional to the incident energy. We can model 



the scintillation-camera's energy response in Eq. 5.25 as 

p(EIE) = 2!0' e-(E-E)2/2aZ , 
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(5.26) 

where the energy resolution is determined by the variance, 0'2 ex E. The energy resolution of 

a scintillator is often quoted as the full-width at half maximum (FWHM) of the energy 

response at some energy; for a Gaussian response, the FWHM is equal to 2.350'. Single-pixel 

and sum-pixel spectra simulating cameras of different energy resolutions are shown in Fig. 

5.8. 

In Chapter 4 we classified scatter-correction techniques according to how the energy 

response was binned -- single energy bins, a few (2-4) energy bins, and techniques that 

used many bins over the whole energy spectrum. For our SNR studies, we considered two 

extreme binning strategies. The first type of binning integrates some portion of the energy 

spectrum into a single energy bin: 

(5.27) 

Equation 5.27 indicates that we are to include all photons of apparent energy greater than 

A A 

E'nun into one image; E'nun is the baseline window energy that we discussed in Chapters 2 and 

3. Figure 5.9 displays traces through g1 (=go-t.g) for a simulated energy resolution of 1l.75 

keY FWHM at 140 keY and displays the effects of scatter as we lower Emin , the lower 

energy threshold for accepting or rejecting detected photons. The traces have been 

normalized to the same maximum and the magnitude of the tumor has been increased for 

display purposes. Notice that the projection through the center of the tumor increases in 

intensity as more scattered photons are allowed in the projection. Also notice that the edges 

of the tumor become slightly less sharp as Emin decreases. From Fig. 5.6, we know that the 

broadening of the edges is due to tails of the PSF as we include more scattered photons. 
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Fig. 5.8 Single-pixel (top) and sum-pixel spectra (bottom) for scintillation cameras with 
different simulated energy resolutions. The y-axis has been truncated, cutting off 
some of the counts in the top curve, in order to show the spectra better for 
poorer-resolution simulations. 



1.05 

1.00 

(j) 
-+-' 
C 0.95 
::J 
0 
U 0.90 

V 
OJ 

.r::::! 0.85 
0 

E 
I- 0.80 
0 
C 

0.75 

0.70 
0 16 32 

pixel 

Emin (estimated) 

-- 140 keY 
- - 120 keY 

100 keY 
- - - 80 keY 

48 64 

203 

Fig. 5.9 Traces through the center of gl as the minimum energy of the energy window is 
decreased. The simulated energy resolution for this camera was -12 keY. Since 
the images are rotationally symmetric, a trace across the center of the image at 
each energy is shown; each trace has been scaled to have the same maximum. 
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The other binning strategy that we used was to have a number of narrow energy bins 

A 

that span the spectra -- AE = I keY in equation 5.24. The upper and lower energy 

thresholds and the bin width determines how many energy bins there are in g, 

Semiconductor-detector response 

As we saw in Chapter 2, the model for semiconductor-detector energy resolution is 

more complicated than that for a scintillation detector. Unlike the Gaussian resolution of a 

scintillator, the semiconductor detector has a characteristic energy spectrum as in Fig. 2.8. 

For the semicenductor, p(EIE) is a function of the efficiency of charge-carrier collection (as 

expressed by the Hecht relation, Eq. 2.12) and the stochastic fluctuation in the number of 

charge carriers created. 

The semiconductor material that we simulated in our experiments was zinc cadmuim 

telluride (ZnCdTe), a material of considerable recent interest (Barber, et al., 1993b). In Fig. 

5.10 we show simulated single-pixel and sum-pixel spectra from a small spherical source in 

the center of a slab phantom. We have ignored Compton scatter in the detector just as we 

did for the scintillator; photons that interact in the detector are assumed to deposit all of 

their energy in one pixel. We varied two detector parameters, detector bias and thickness of 

the detector, in order to simulate detectors with different performance characteristics. We 

kept the I1T products constant I1hTh = 1.75x10-6 cm2/V, l1eTe = 2.27xlO-3 cm2/V. 

As with the scintillator, we used two binning schemes with the semiconductor data --

one large energy bin and a set of many small energy bins. One important difference 

between the semiconductor simulations and the scintillator simulations was that the 

semiconductor did not absorb all of the incident photons. The semiconductors have been 

simulated to be of the same thickness as realizable detectors. For the thickest detector 
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Fig. 5.10 Single-pixel (top) and sum-pixel spectra (bottom) for a semiconductor camera 
from a small spherical source in a scattering medium. The single-pixel spectrum 
is for a detector pixel located directly above the point source. The JJT products 
for all simulations of ZnCdTe were: JJhTh = 1.75xlO-6 cm2/V, 
/-Ie Te = 2.27xlO-3 cm2/V. 
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simulated, about 72% of the incident photons (at 140 keY) were photoelectrically absorbed; 

for the thinnest detector, the absorption was about 27%. This means that the simulated 

scintillation detector will always record more total counts than the simulated semiconductor 

for the same incident flux. 

Modular-camera response 

We want to simulate the modular camera response in order to make a statement about 

the quantitative difference between PMT space and pixel space. In order to do that we need 

to simulate the whole detection process -- Eqs. 5.23 and 5.24 must be modified to 

incorporate the PMT response. We can model the modular camera response as 

T 00 

gj,ABCD = J dt J d2rd J dE p(ABCDlrd,E) ~i(rci,E) . 
o Ad 0 

(5.28) 

The camera response, p(ABCDlrci,E), is similar to the mean detector-response function 

(MDRF) discussed in Chapter 2 except that here the MDRF includes the PMT response to 

energies other than the energy of the mapping source. In Chapter 4 we discussed how the 

MDRF could be scaled to represent the PMT response to different energies if we assume 

that the PMT responds linearly with energy; that is the assumption used in these simulations. 

Notice the binning operation is included in Eq. 5.28; gj,ABCD is the 5-bit PMT response in 

this case. 

We can get from PMT space to pixel space by the use of the look-up table (LUT) 

discussed in Chapters 2 and 4: 

gj,klm = I p(~katEmIABCD) gj,ABCD . (5.30) 

ABCD 

The probability p(t\atEmIABCD) is the LUT; it is a function that takes a value of one if 

(ABCD) is likely to be due to an event at (~k' at) and energy Em and a value of zero 
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otherwise. In our simulations of the modular camera, we only used one energy bin -- the 

LUT only mapped likely photopeak events. 

SNR results 

In the remaining figures of this chapter (Figs. 5.11-5.18), we present the results of the 

SNR study for simulated semiconductor detectors and simulated scintillation detectors, 

including the modular camera. For each type of detector we calculated the SNR for the two 

binning strategies described above -- we shall refer to the results from the two binning 

strategies as the single-window SNR and the multiple-window SNR. In the single-window 

case all energy bins above the minimum energy are summed into a single image with KL 

A 

pixels. In the multiple-window case, ~E = 1 keY (Eq. 5.24), and the ideal observer is 

presented with M images, each with KL pixels, with which to calculate the SNR. 

The multiple-window SNR represents the best performance that an ideal observer can 

achieve with the projection data. Thus the multiple-window SNR forms an upper bound on 

the observer performance for our signal detection task. Any linear combination of energy 

windows (e.g., dual-window subtraction), linear filtering (e.g., deconvolution), or other 

linear manipulation of the energy bins will result in a performance less than the multiple-

window SNR using the same energy range. 

In all of the following studies, the integrated unscattered flux from the slab object, 

T 

total unscattered counts = J dt J d2rd ~ O(rd, E), 
o Ad 

was simulated to be 7 million photons; including scatter, the integrated flux contained 

approximately 24 million photons. The scintillation detector had an efficiency of 100% --

all incident photons were detected. This is a good approximation for NaI(Tl) of thickness 
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greater than 1 cm. The efficiency of the semiconductor was always less than 100% for 

unscattered photons. 

Note that the SNR (Eq. 5.7) increases with the number of counts in the projection 

and as also increases as the contrast between signal and background increases. Twenty-four 

million is a huge number of counts in a single projection; we should expect that the 

corresponding SNR will be very large and use the SNR only as a metric for comparing 

systems. If we simulated fewer counts we would get a more reasonable value for the SNR, 

but the rank ordering of the systems would be unchanged. Note also that since the incident 

flux is the same for all of the simulate detectors, all of the SNR plots can be compared to 

each other. 

Scintillation-detector SNR for a single energy window 

Three-dimensional and contour plots of the SNR as defined by the ideal observer for 

a scintillation camera with a single energy window are shown in Fig. 5.11. The plots are 

" functions of Enun and energy resolution. The energy resolution is given as the FWHM at 

140 keY of the Gaussian used in Eq. 5.26. For each energy resolution, the counts in the 

" energy range Enun to the end of the simulated spectrum are summed into a single image. 

We see that the best SNR is found for the highest resolution camera, for an energy window 

• A 
that Includes the whole photopeak. As Enun drops below the photopeak, the SNR decreases. 

A 

As Enun is lowered, more scattered photons are included in the image decreasing the image 

contrast, and the ability to discriminate the tumor is reduced. 

A graph of the maximum of the SNR as a function of energy resolution is shown in 

Fig. 5.llc. One of the surprising results shown in Fig. 5.lIc is that the SNR increases so 

slowly as the energy resolution improves. For example, an improvement in energy 

resolution from 10 keY FWHM to I keY FWHM results in only a 4% increase in SNR for 
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SNR for a scintillation camera using a single energy window. At the top is a 
contour plot of the SNR. At the bottom is a 3D plot of the SNR (note that the 
axes have been rotated from the top curve). On the next page is the maximum 
SNR for each energy resolution. 
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this task. This is a surprising result from the point of view that better spatial resolution 

helps in many imaging tasks. However, Wagner et al (1981) showed that for certain 

SKE/BKE imaging situations, the SNR of the ideal observer wru; influenced more by the 

total number of collected counts than by the detector system resolution. We shall comment 

further on Wagner's study at the end of this chapter. 

We can view the SNR study described by Fig. 5.11 as a method of determining the 

optimal baseline setting for the energy window in a gamma camera (see Chapters 2 and 3 

regarding the baseline setting). Two parameters that are often used to set the baseline 

energy are the contrast of the signal to background and the ratio of total counts in the signal 

to the total counts in the background. Figures 5.l2 and 5.l3 are plots of these factors. 

Figure 5.l2 displays the contrast, defined as 

Contrast = ma.xpq (5.31 ) 

where ma.xpq (.) indicates that we pick the pixel with the most counts in the image formed 

" by summing up the portion of the spectrum from Emin to the end of the simulated 

spectrum. The above definition of contrast gives us the ratio of counts in the center of the 

" lesion to the counts in the background as a function of Emin and resolution. Figure 5.l2 

" shows that the contrast monotonically increases as Emin increases, but the contrast is almost 

" independent of the energy resolution, except when Emm is within the photopeak region. 

The contrast reflects the changes in the (spatial) width of the PSF (examined in detector 

space as Emin and energy resolution change). With poorer energy resolution, the unscattered 

photons (narrow spatial contribution to the PSF) are mixed with scattered photons (wider 
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spatial contribution) and the contrast decreases. As more of the spectrum is included in the 

image, more counts are included in the tails of the PSF, regardless of the energy resolution. 

Another contributor to the SNR is the ratio of the sum of the counts in the region of 

interest of the two images. Figure 5.13 is a plot of the ratio of the sum of the counts in the 

tumor to the sum in the background, 

Sum = ------------ (5.32) 

A • 
as Emm and the resolutIOn changes. We see in Fig. 5.13 that the ratio of the sums is highest 

for the high-resolution simulation, and that as more scattered photons are included in the 

images, the sum ratio decreases. 

As the minimum-energy threshold decreases, the sum plot shows a hump reminiscent 

of the hump in the SNR plot, but the SNR is not simply a scaled version of the sum plot, 

nor is the SNR simply a product of the sum and contrast plots. The SNR plot shows that 

there is more to the detection question than just the contrast of the image or the sum of the 

counts in it. 

Scintillation-detector SNR for multiple energy windows 

Figure 5.14 shows the SNR for 4 different energy resolutions as the observer is 

allowed to consider more (independent) images of lower energy in its calculation of the 

SNR. This SNR differs from Fig. 5.11 in that here the observer is allowed to use each 

energy bin separately, whereas for Fig. 5.11 many energy bins were summed together into 

one image. That the plots are monotonically increasing is no surprise--there is some useful 
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Fig. 5.14 SNR for a scintillation camera using many energy windows and 4 different 
simulated energy resolutions. 
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information in each energy bin if the bins can be examined separately; even the energy bins 

representing highly scattered photons contribute modestly to the SNR. 

The kink in the curves of Fig. 5.14 at -90 keY represents the contribution of single-

backscatter photons. The FWHM of the PSF examined in detector space of photons that are 

scattered through an angle of -1800 and are detected is approximately the same as the 

FWHM of the PSF for unscattered photons. The high spatial resolution of this region of the 

spectrum means that this region contributes more to the SNR than nearby regions. As the 

energy resolution decreases, the backscatter peak in the spectrum is washed out, and the 

contribution of backscattered photons is spread over a larger region of Emin . 

What is surprising about the curves of Fig. 5.14 is that there is again very little change 

in the SNR with energy resolution. Improving the energy resolution from 14 keY, a 

reasonable energy resolution for a scintillation camera, to I keY, an outstanding energy 

resolution, results in only a 6% increase in performance for this task. The difference in 

performance is virtually constant as a function of the number of energy bins used by the 

observer, except near the photopeak. That the curves are so flat after 125 keY, an average 

"-
3% increase in SNR as we include 70 more energy bins (Emm decreases from 125 keY to 

55 keY) in the SNR calculation, indicates that the region of the spectrum below the 

photopeak is not all that useful in this task. 

Semiconductor-detector SNR for a single energy window 

Figures 5.16 and 5.17 show the SNR for a semiconductor detector using a single 

energy window. All of the semiconductors were simulated with a Gaussian energy 

resolution (representing the stochastic creation of carriers) of 2% FWHM at 140 keY. We 

changed two of the parameters of Eq. 2.12, the Hecht relation, in order to simulate 

semiconductors with different characteristics. The semiconductor parameters that we chose 
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Fig. 5.15 Changes in the effects due to carrier trapping as a function of detector thickness 
and field. The #J.T products for all simulations of ZnCdTe were: 
#J.h Th = 1.75xlO-6 cm2/V, #J.e Te = 2.27xlO-3 cm2/V. 
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to vary were the detector thickness, L, and the applied potential, V d. Thus the 3D SNR 

" plots have Emm as one axis and either V d or L as the other axis. The changes in the 

spectrum of mono-energetic gamma rays as a function of V d and L are shown in Fig. 5.15. 

In Fig. 5.16 we see the effect that changing the thickness of the semiconductor crystal 

has on the SNR for a single energy window. This curve is remarkably different from the 

SNR plot for the scintillation detectors for a single energy window (Fig. 5.1 1) -- we do not 

see the ridge that we saw in the plots of the SNR for a scintillator with a single energy 

window. In the case of a semiconductor, the SNR seems to be mostly a function of the 

number of photons absorbed. As the thickness of the crystal increases, more gamma rays 

" are absorbed, and as Emm decreases more counts are included in the image. Including the 

lower-energy, scattered photons with their poor spatial resolution increases the SNR. 

The behavior of the semiconductor SNR as the lower energy-window threshold 

decreases can possibly be understood by examination of the spectra in Figs. 5.12 

(semiconductor sum-pixel spectrum) and 5.7 (scintillator sum-pixel spectrum). Compared to 

the scintillator spectrum, there are very few counts in the photopeak region of the 

semiconductor spectrum; the long tails due to poor charge-carrier collection push many 

counts into the lower-energy region of the spectrum. These counts are necessary for the 

SNR calculation, and, even though the spatial resolution decreases, these counts continue to 

improve the SNR. 

A similar SNR curve is seen for the case where the detector thickness is held constant 

and the applied potential varies (Fig 5.17). In contrast to detector thickness, the applied 

potential has very little effect on the SNR. Again we see that the SNR is a function mainly 

of the number of counts in the image. 
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Semiconductor-detector SNR for many energy windows 

Figure 5.18 shows the SNR for the semiconductor detector using many energy 

windows. As we saw for the scintillator, the SNR increases monotonically as the observer is 

allowed to use more and more energy bins. As before, the observer does better using 

individual bins than it does when the energy bins are summed into a single image. And, as 

with the single-window SNR, the SNR is best for the detector that collects the most 

photons, in this case the thickest detector, even though that detector may have the poorest 

energy resolution. 

SNR in PMT space compared to pixel space 

The simulated flux that was used in the above SNR studies can also be used to 

compare PMT space with pixel space. The mean detector-response function (MDRF) of 

one modular camera was used to generate the PMT response to the scatter flux. Then the 

look-up table (LUT) from the same camera was used to generate the pixel-space response 

from the ABCD data. The SNR can be calculated using Eq. 5.13. For the data in PMT 

space, the SNR was found to be 19.8; for the data in pixel space, the SNR was found to be 

18.4. 

The SNRs for the modular camera can be compared with the single-window SNR 

results for the scintillation camera (Fig. 5.11). If we compare the pixel-space SNR to Fig. 

5.11, we might assume that the modular camera has an energy resolution on the order of 

16%. But we need to remember that p(eqE~ABCD) includes the spatial resolution of the 

modular camera, while we approximated p(eftlpq) with a delta function for the other 

scintillation cameras. By including non-ideal spatial resolution for the modular camera, we 

have decreased its performance in comparison to the other simulated scintillation cameras. 
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The SNR in PMT space is very close to the SNR in pixel space. Perhaps this helps to 

explain our results in Chapter 4 -- we did not see any difference in reconstructions from 

data in these two spaces because there is very little difference in the projections. This result 

also indicates that the LUT produces an accurate mapping of the flux to detector 

coordinates for this task. Chen (1994) has found that the LUT for the modular camera does 

a good job rejecting scattered photons incident on the center of the camera, and a poor job 

rejecting scattered photons that interact near the edges of the scintillator. For our task, the 

signal is in the center of the detector; if we had a signal closer to the edges, the SNR might 

be somewhat lower. 

Discussion 

It is important whenever one develops (or uses) a metric of image quality to be very 

specific about the situations in which the results applies. In this chapter, we have developed 

a discriminant for a SKE/BKE task. Specifically, we have tried to measure the ability of an 

imaging system to detect a small, low-contrast lesion in a uniform background field. What 

we found, that the energy resolution of the detector has little bearing on the ability of the 

ideal observer to discriminate the lesion from the background, is applicable only for this 

specific imaging task. 

Wagner et al (1981) found a similar result with regards to spatial resolution. Their 

task was to determine whether or not an image was composed of two slightly overlapping 

Gaussian blobs or a single blob when the blobs were "viewed" through different apertures. 

For this task, it was found that the total number of counts were the biggest influence on the 

SNR, and an aperture with a large open area was superior to a pinhole. Myers et al (1990) 

showed that this result is a consequence of the task considered -- detection of a signal on a 
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uniform background. If a non-uniform, or lumpy, background was considered, the pinhole 

size for optimal SNR was found to be related to the signal size. 

Our concern in this dissertation has been the effects of Compton-scattered radiation 

on SPECf imaging systems. In this chapter, we have been specifically concerned with the 

effects of energy resolution on scatter corruption. It could be argued that the detection task 

that we have attempted is to some extent immune to the debilitating effects of Compton 

scatter. The long scatter tails of the detector-space PSF have very little effect in a uniform 

phantom; however, in a spatially varying background, the so-called lumpy background 

problem, the long scatter tails may have a pronounced effect. 

In the previous chapter, we found that it was a mistake to ignore the scatter 

contribution due to photons that scatter into the field of view of the detector from other 

regions of the object. In this chapter, we have found that energy resolution does not playa 

major role in the SNR of a lesion in a uniform background, but we suspect that this result 

may not be applicable to a more realistic imaging task in which the background varies. 
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In this dissertation, we have been concerned with the effects of Compton scatter in 

single-photon emission computed tomography (SPECT). First, we reviewed popular scatter

correction techniques from the literature. Then we introduced our own approach to scatter 

correction, the use of photomultiplier tube (PMT) signals directly in aSPECT 

reconstruction. Using the PMT signals directly allowed us to more accurately characterize 

the scatter flux, and we performed some experiments to test the feasibility of this approach. 

Finally, we developed a figure of merit to quantify the effects of scattered photons on 

simulated gamma cameras of different energy resolution. 

PMT space 

We introduced PMT space in Chapter 4. By using the PMT signals from the camera 

directly as our detectors, instead of estimating the interaction position and energy of a 

gamma-ray event, we hoped to be able to characterize the incident flux better, especially the 

flux from scattered photons. We built a prototype experimental system and investigated 

PMT space. We found that it was possible to reconstruct images from data in PMT space 

that were of comparable quality to images reconstructed from data in pixel space. But we 

were not able to prove that PMT space held any benefit over pixel space. 

We hypothesized two reasons for not finding any difference between the PMT -space 

reconstructions and the pixel-space reconstructions. One reason that we did not see an 

improvement in the PMT-space reconstructions was that our system did not include out-of

plane scatter, photons that originated in parts of the object that the camera does not see 

directly and scattered into the detector's field of view. Follow-on experiments should 
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collect data from a three-dimensional object, instead of the large-area 2D objects used in 

our experiments. 

The other problem with the PMT -space experiments was that the measured H matrix 

in PMT space was probably not a good estimate of the average H matrix necessary for 

reconstruction. Our ability to estimate H was limited by storage requirements in PMT space. 

This is a problem that probably cannot be solved without simulating H. From our 

experience, it would be very difficult to collect enough photons for each column of the H 

matrix to accurately estimate the scatter component of the H matrix. But we routinely 

measure the mean detector-response function (MDRF) of each camera; the MDRF maps 

pixels to PMT space for photopeak events. We could easily calculate the projection of the 

pinholes onto the camera face and use the MDRF to map the calculated flux into PMT 

space. This would allow us to calculate the average H matrix instead of relying on measured 

estimates of it. 

The simulation algorithms of Chapter 5 could be used to calculate the scatter 

contribution to the average H matrix. As we mentioned in Chapter 4, we could then use the 

linearity of the PMT response as a function of energy to calculate the scatter response in 

PMT space. The programs used in Chapter 5 to calculate the scatter flux could be easily 

modified to calculate the scatter contribution for a system that uses a multiple-pinhole coded 

aperture instead of a parallel-hole collimator. It might even be possible to use symmetries 

of the pinhole and object to numerically integrate double scatter instead of relying on 

monte-carlo simulation. If it were possible to generate an average H matrix that included 

scatter in PMT space, we might be able to see a benefit to working in PMT space. 

One of the recent modifications to the modular camera is electronics that would allow 

us access to the 8-bit PMT signals instead of the 5-bit signals used in this work. We might 

expect to see an improvement in the PMT-space results if we used the 8-bit signals. 
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However, it would be impossible to work with PMT-space data in the same manner that we 

did in Chapter 4 if we had 8-bit PMT signals. We would not be able to bin the 32-bit PMT 

response -- we cannot afford that much memory. At 8 bits we would be forced to operate 

in list mode, a data-collection mode in which each event is appended to a list in the order in 

which it is detected; events which produce identical ABCD values would not be grouped 

together in a common bin. Thus, a data set that consists of 10,000 events would need only 

10,000 32-bit memory locations, instead of sparsely populating 232 memory locations. We 

could still calculate the average H matrix for 8-BIT PMT signals, but we would need to 

reformulate the reconstruction process to account for a g that has zero or one count in each 

bin. 

Scatter and detectability 

In Chapter 5 we defined an image quality metric, the signal-to-noise ratio (SNR) of 

the ideal observer, and investigated how the value of the metric changed as detector 

parameters, principally energy resolution, changed. We found that for the task considered, 

detection of a known signal on a uniform background, the energy resolution of the detector 

changed the SNR by only a few percent. For this task and this figure of merit, if the ideal 

observer had access to all detector bins independently, the main contribution to the SNR was 

the number of counts, not the energy resolution. 

It needs to be stressed again that these results apply to this specific task--we might 

get very different results if we were to consider a task that involved a spatially varying 

background. The long tails of the point-spread function (PSF) examined in detector space 

means that regions of activity in the object can be seen throughout the projection; the 

uniform background masked this effect. Any future work should include studying the 
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effects of spatially varying backgrounds. We would expect to see some advantage to using 

higher energy resolution in those cases. 

One possible use of the techniques developed in Chapter 5 would be evaluation of 

some of the scatter-correction techniques that we discussed in Chapter 3. The ultimate test 

of a scatter-correction technique would be to see how well the human observer does with a 

corrected image compared to an uncorrected image. Often, we use a machine observer to 

mimic human performance, and for certain tasks and observers that can be done. In 

Chapter 5 we investigated the relative image quality only in projection space, and it is not 

clear how the multiple-energy-window data sets are to be reconstructed in order to interpret 

them in reconstruction space. We could certainly look at all of the techniques mentioned in 

Chapter 3 that operated in projection space to see which, if any, changed the SNR of the 

ideal observer. 
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Appendix A: Singular-value decomposition 

Singular-value decomposition is often used in the analysis of imaging systems, 

especially imaging systems in which the transfer function, H, is not shift-invariant and 

cannot be represented by a square matrix. In this appendix we shall investigate the SVD 

properties of a real MxN system matrix, H. For a more complete treatment of singular 

value decomposition the interested reader is encouraged to consult Barrett et al (198?). 

Any MxN matrix can be written as the product of three matrices 

H = VAU t • (A.I) 

The columns of U [NxN] are called the singular vectors in object space; they represent 

functions that can be projected (operated on by H) and backprojected (operated on by W) 

with no change but in scale, 

1 :s i :s N. 

Singular vectors associated with unique singular values are orthogonal to each other, 

Uj 'Uj = bjj , and they form a basis that spans the N-dimensional space. Similarly, the 

columns of V [MxM] are the singular vectors in data space, functions that can be 

backprojected and projected with no change but in magnitude 

HHt v · = )..2v· 
J J J ' 

I :s j :s M. 

(A.2) 

(A.3) 

The matrix A [MxN] is non-zero only on the diagonal; the non-zero elements ).j are 

the singular values. There are only as many non-zero singular values (including 

degeneracies) as the rank of H. The singular vectors associated with the zero-valued 

singular values are said to be in the null space of the imaging system. Object-space singular 

vectors that lie in the null space represent objects that cannot be imaged by the system; 

HUn = 0 for these objects (singular vectors). Similarly, the data-space singular vectors 

represent data sets that contribute nothing to the object, Htvn = O. 
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The singular values are usually ordered in order of decreasing magnitude. A graph of 

the singular values as the index increases is referred to as the singular-value spectrum. The 

singular-value spectrum is often mistakenly compared to the MTF of an imaging system. 

There is a significant flaw in this comparison. 

The singular vectors form a complete basis in either object or detector space, just as 

complex exponentials form a complete basis describing a linear, shift-invariant (LSI) system. 

But the complex exponentials are invariant from system to system--the singular vectors are 

not. We can use the MTF of different systems to compare systems because the MTF 

represents the system's response to a common function. But the singular vectors can vary 

from system to system so the singular-value spectrum represents something different to each 

system. Furthermore, while the MTF represents increasing spatial frequencies as the index 

increases, it is not necessarily true that smaller singular values represent singular vectors of 

higher spatial frequency. 

One might be tempted to use the singular value spectrum to make some quantitative 

statement about the quality of an imaging system in the same manner that the MTF is used 

to quantitate an imaging system's performance. This would be a mistake. For LSI systems, 

the singular vectors are the Fourier basis set, and thus the singular-value spectra can be 

compared. For a non-LSI system, the singular-value spectrum is similar to the MTF of a 

system in the sense that the both represent how well basis functions are attenuated by the 

system, but unlike the Fourier basis, the singular vectors vary from system to system. The 

only systems whose singular-value spectra can be compared are those with identical singular 

vectors. 

Though we cannot directly compare systems using the singular values, we can use the 

SVD to invert the imaging problem. The inverse can be written using only the object-space 

singular vectors as 
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(A.4) 

where A-2 == A-1A-l. Equation A.4 assumes that the rank of A is N; often this will not be 

the case. As we said earlier, there are as many non-zero singular vectors as the rank of H; 

we shall call the rank R. If R is less than N, then only the first R columns of U are 

included in equation A.4. 

Numerical precision of the computer (and algorithm) used to calculate the SVD 

complicates the inverse further. A numerical SVD routine can find N singular vectors, even 

if N > R. Obviously we could use just the first R of these singular vectors, but as the 

magnitude of the singular vectors decreases, machine precision and noise in g limits how 

many of the first R we should use. Limiting the effect of small, possibly imprecise singular 

vectors is called regularization. One possible regularization would be to replace all singular 

values below some threshold with O. This is the regularization that we chose to implement 

in our reconstructions. 

Equation 4.l1 can be rewritten in summation form as 

f = I [f: (ut g)i ?t]Uj 

j=l i=l J 

(A.5) 

The notation indicates that the ith component of the jth object-space singular vector is 

scaled by the ith component of the backprojection; this product is summed over all i voxels 

and is used to scale the jth object-space singular vector. The outer sum is over the rank of 

H; we can regularize the reconstruction by truncating the summation at J. All singular 

values that are less than.Aj are set to zero. 
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Appendix B: Average transmission of a parallel-hole collimator 

This derivation of the average transmission of a collimator closely follows the 

derivation of the average PSF of parallel hole collimator in Barrett and Swindell (1982). We 

start with the simple geometry of an ideal parallel-hole collimator shown in Fig. B.l. The 

septa between collimator bores are infinitely attenuating in this analysis -- septal penetration 

will not be considered. 

We can model a bore of the collimator as two circle functions separated by a (vertical) 

distance Lb: 

top of bore: circ ( 2~: I ] 

bottom of bore: circ (2~: ] 

where Db is the diameter of the bore, and rd and rd are two-dimensional (2D) vectors in the 

exit- and entrance-plane of the collimator, respectively. The function circ(rjro) is defined 

to have a value of one if r s ro and a value of zero otherwise. 

The transmission through the collimator bore will be the relative overlap of the two 

circle functions as seen from an object point r, 

. (2I rdl]. (2l rdl ] transmission = Clrc Db Clrc --0;:- . (B.1) 

We can relate r to rd and rd in Fig B.l as 

X'd - r rd - rd 
---= 

z Lb 
,z Lb 

rd = --L-rd + --L-r = ard + br 
z+ b z+ b 

and rewrite Eq. B.l dependent only upon the source and exit-plane positions: 

.. . (2l rdl] . (2Iard+brl ] transmISSIOn = cnc Db Clrc Db . (B.2) 

Equation B.2 describes the transmission through one bore. A collimator can be described as 

having K bores, each with its center located at a shift position rk' 
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Fig. B.I The geometry for the calculation of the average transmission of a parallel-hole 
collimator. At the top is a two-dimensional (2D) view of a collimator and 
camera. At the bottom is an enlarged 3D diagram of a single collimator bore 
which displays the geometry used in the calculation. 
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The collimator transmission described by Eq. B.2 is not shift invariant as a function of 

r as shown in the top of Fig. B.2. We can determine the average transmission of the 

collimator by laterally shifting the collimator and averaging the transmission over all shifted 

positions. (This is equivalent to shifting the source and detector planes together and leaving 

the collimator fixed.) The shifting and averaging can be expressed by shifting the 

arguments of each term of Eq. B.2 by an amount R, summing over all of the bores of the 

collimator, and integrating over a disk of radius Rm: 

K 
I f ~ (2Ird-rk -RI) (2Iard+br-rk -RI) (transmission) = 7rR~ R d2R L circ Db circ Db . (B.3) 

m k=l 

In the limit that Rm goes to infinity, each term of the sum contributes identically to the 

integral, if we have assume an that we have a collimator of infinite extent. Equation B.3 

can thus be rewritten 

4a...f f (2Ird-RI) (2Iard+br-RI) (transmission) = 1ri5t R d2R eire Db eirc Db ' 
m 

(BA) 

where we have determined the number of bores (K) in the infinite collimator to be 

K = ~f(2Rm/Db)2, and Qpf is the collimator packing fraction, the ratio of open area of the 

collimator to total area. 

We can see the form of Eq. BA more clearly if we make the substitution R' = R - rd 

and rewrite Eq. BA as 

4a f f (2R') (2Ib(r-rd )-R'I ) (transmission) =:i5t R d2R circ Db circ Db ' 
m 

(B.5) 

where we have also recognized that b = I-a and have made the substitution 

(a- I)rd + r = b(r-rd). Equation B.5 is the autocorrelation of two circ functions evaluated at 

a shift of b(r-rd): 
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collimator 

Fig. B.2 The transmission of a parallel-hole collimator. At the top is shown the 
transmission of a parallel-hole collimator to two point source positions. Note that 
the transmission is not shift invariant. At the bottom we show the average 
transmission of a parallel-hole collimator, Eq. B.6. 
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( ..) 3L [. (2br'] . (2br']] transmiSSIOn = D 2 eIre -D ** eIre -D ' 
11" b b b r = Ird - rl 

= 4apf 'Y (2b~r] 
1I"D6 Db· 

(B.6) 

Equation B.6 is plotted at the bottom of Fig. B.2. 
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