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ABSTRACT 

In this dissertation a finite element procedure using 

the Disturbed State concept constitutive models is proposed 

for the thermomechanical analysis of electronics packaging 

problems. 

First, microelectronics packaging types and the 

problems facing the electronics industry are discussed. 

Next, the literature in the field of constitutive models and 

the finite element procedures available for microelectronics 

packaging materials and interfaces is reviewed. 

The previous formulation of the Disturbed State 

Concept is modified so that different stresses and different 

strains are allowed in the intact and the fully adjusted 

parts of the material. Furthermore, the thermo 

elasto-viscoplastic with disturbance constitutive model is 

improved to handle the continuous temperature change and the 

hold time. These last features enhance the model so that it 

can be used in a finite element code to simulate the 

behavior of the microelectronics packaging materials and 

interfaces in temperature cycling. 

A new finite element procedure is developed to 

implement the improved Disturbed State Concept formulation. 

The finite element procedure includes a wide range of 

material models, starting from the linear elastic to thermo 

elasto-viscoplastic with disturbance. 
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In order to eliminate the finite element mesh 

sensitivity encountered in strain-softening materials, a new 

procedure is proposed. The Disturbed state Average strain 

method reduces or eliminates the finite element mesh 

sensitivity. This is proved through a number of example 

problems. 

The proposed finite element procedure is verified 

against a number of sets of experimental data obtained from 

the literature. 



1.1 General 

CHAPTER 1 

INTRODUCTION 

Constitutive modeling and the finite element method 
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have had a significant impact on the engineering design 

process during the past twenty years. The finite element 

method is the most commonly used numerical analysis method 

for the design of engineering systems. Microelectronics 

packaging is a relatively new field, though it is growing 

rapidly. As the quest for smaller electronic products with 

faster and more powerful chips continues, the design of 

microelectronic packaging becomes more challenging every 

day. One of the most challenging aspects of the 

semiconductor device design for the electronics industry is 

the prediction of the thermal fatigue of the joints and the 

interfaces within these devices. Because of a low heat 

dissipation, earlier and slower computer chips did not face 

serious thermal stress problems. But the new generation of 

fast integrated circuits creates a relatively significant 

amount of heat. Reliable and competitive design of these 

devices requires a thorough understanding and prediction of 

the structural behavior of the system under thermal and 

mechanical loadings. In this dissertation a (material) 

nonlinear finite element code, including unified 

constitutive models for materials and joints, has been 

developed for the analysis of microelectronic packaging 
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problems. The material models and the finite element 

program presented in this dissertation are applicable and 

have been used for other systems including geomaterials, 

concrete and ceramics. 

1.2 An Overview Of Microelectronics Packaging 

The following review is adapted from Tummala and 

Rymaszewski [1989]: 

The packaging of electronic circuits is the science and 

art of establishing interconnections and a suitable 

operating environment for predominantly electrical circuits 

to process or store information. It is one of the least 

understood and yet one of the most important and challenging 

technologies in the information processing industry. The 

package in general contains some or all the following items: 

electrical circuit components, resistors, capacitors, 

diodes, and transistors. In order to make an electrical 

circuit, the components mentioned above need to be 

interconnected with each other to perform a special 

function. The circuit needs electrical energy to operate. 

The electrical energy is consumed and converted into thermal 

energy within the circuits. Because all circuits operate 

best within a limited temperature range, packaging must 

offer an adequate means for removal of heat ge'",-=rated in the 
• 



circuit. As a result, the package must provide four major 

functions: 
- signal Distribution 

- Power Distribution 

- Heat Dissipation 

- Mechanical support and circuit protection 

As a rule, more than one packaging level is required for a 

variety of reasons. First, the integrated circuit chip 

needs encapsulation with the four functions listed above. 
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At least one more level [(Printed Circuit/Wiring Board, (PCB 

or PWB)] is needed because the total circuit bit count 

required may exceed which is available on a single 

first-Ievel-package. Further, there may be components which 

cannot be readily available on a single first-Ievel-package, 

such as capacitors, high-power precision resistors, 

inductors, mechanical switches etc. There may also be a 

need for pluggable features. Therefore, as a general rule, 

several packaging levels will be present (see Fig. 1.1). 

They are often referred to as packaging hierarchy. The 

number of levels within a hierarchy may vary, depending on 

the degree of integrating and packaging need. 

The pinout requirement is one of the key driving 

parameters for all levels of packaging: chips, chip 

carriers (modules), cards, boards, etc. 



BOARD -
3rd Level 
Package 

CARD -
2nd Level 
Package 

GATE -

-.~--. . 
-. , 

MODULE '- -. - " '0 -. -. 
1st Level 'CHIP 
Package ' 

Figure 1.1 Electronic Packaging Hierarchy, 
After Turnmala and Rymaszewski [1989] 
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Dramatic reductions are required in pad spacing to 

accommodate the needs of the increasing integration. Many 

solutions have evolved for connecting the chip modules to 

the printed circuit boards, such as Wirebond, Tape 

Automated Bonding (TAB), and the newer design Surface Mount 

Technology (SMT) which is also known as Flip-Chip or 

Controlled Collapse Chip Connection (C4). 

Among all the technology options, Surface Mounted 

technology (SMT) is the fastest growing one, especially for 

the newer designs, Figs. 1.2 and 1.3. SMT provides more 

space for interconnections, thereby increasing the 

interconnection density. In this research, special 

attention is paid to interfaces/joints in Surface Mount 

Technology (SMT) connections. Solder joints in 

microelectronic packages, in particular SMT connections, are 

subject to fatigue due to thermal cycles. 

The main reason for the above occurrence is the 

coefficient of thermal expansion mismatch between the bonded 

assemblies, like the leadless ceramic chip carrier, the 

first level packaging and the printed wiring board (PWB) , 

the substrate, Fig 1.3. 

During its design life, the solder joint experiences a 

wide range of temperature variations, which may vary between 

-2SoC and 8So C. 



Wirebond 

-'-TT~ -- -LC. 

tPower 

Flip·Chip (C4) 

Heat 
Removal 

TAB 

tPower 

Figure 1.2 Packaging Levels and Interconnection 
Technologies, After Tummala and Rymaszewski 

[1989J 

Figure 1.3 Surface Mount Technology (C4) connection. 
The upside Chip (Flip Chip) is aligned to the 
substrate and all joints are made 
simultaneously by reflowing the solder, After 
Ohshima [1982]. 
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The connected components (the chip carrier and the 

substrate) have different coefficients of thermal expansion 

(CTE) and different material properties. Because of the CTE 

mismatch, different elongations and contractions take place 

in the components. since these bonded components cannot 

deform freely, they experience relative motions during which 

shear and bending stresses are induced on the solder joint 

assembly. 

As a result of the temperature cycles, the solder joint 

experiences elastic, plastic (time independent) and 

viscoplastic (time dependent, creep and relaxation) 

deformations. Eventually these deformations cause the 

accumulation of microcracking and damage in the solder joint 

material due to internal microstructural changes. When the 

damage energy exceeds the crack initiation energy of the 

material, the initiation of cracks becomes inevitable. If 

the material had initial cracks due to manufacturing 

defects, such cracks could influence the microcracking 

process and could propagate. Consequently, the solder joint 

starts to lose its effective strength and effective area, 

which may lead to failure. 

1.3 statement of the Problem 

The accurate prediction of the mechanical behavior of 

microelectronic packages by means of numerical methods (such 

as the finite element method), is highly desirable for their 
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competitive, reliable and low-cost design and manufacturing. 

Presently in the microelectronics industry, due to a lack of 

a finite element program with proper material models, most 

of the thermo-mechanical cycling tests are conducted 

experimentally, Hall and Sherry [1986]. These experiments 

can be costly and may often be unreliable. The only 

information these tests provide is the number of temperature 

cycles that are needed to fail a chip. The failure of the 

chip does not however give any information concerning what 

and where the problem is in the package. Furthermore, the 

results of these experiments do not provide any information 

on the stress distribution and the microcracking (damage) 

progress zones in the package. Hence these tests are 

limited in their usefulness. There is therefore a need 

within the electronics industry for a finite element 

procedure which contains a family of unified constitutive 

models for materials and interfaces. Such a program would 

enable the electronics industry to design and manufacture 

competitively. 

1.4 Scope of Research and Objective 

In this thesis a unified constitutive modeling theory 

called the Disturbed state Concept (DSC), whose idea was 

originally proposed by Desai [1974, 1992], is formulated and 

implemented in a general purpose nonlinear finite element 

program. In the context of the implementation of the DSC in 
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the finite element program, the Disturbed state Average 

strain Method is proposed to eliminate the finite element 

method mesh sensitivity for strain softening materials. In 

the finite element method, the crack width is limited by the 

element size in the mesh. When a mesh is refined as the 

element size gets smaller, the width of the cracks gets 

smaller. The energy required to propagate the crack is 

directly proportional to the width of the crack. In the 

limit, when the element size is very small, the cracks 

propagate and the material fails with zero energy. The 

proposed procedure eliminates or significantly reduces the 

discretization effects explained above, which are usually 

encountered in the finite element analysis of the strain 

softening materials. The proposed procedure is discussed 

in chapter five. The effectiveness of this procedure is 

proven with two different case studies in chapter five, 

(e.g. compare Figs. 5.5 and 5.14). 

The objective of the finite element program developed 

herein is to enable the engineer to understand the 

thermo-mechanical behavior of materials and interfaces. It 

is also to enable him/her to design a microelectronic 

package for thermal and mechanical loads. With this finite 

element program the engineer will be able to perform a 

finite element analysis taking into consideration inelastic 

(time-independent irreversible) deformations, creep 
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(time-dependent irreversible) deformations, fatigue (cycles 

to failure), microcracking, damage and the cycles to failure 

behavior of the materials. In this dissertation the 

following constitutive models are implemented in a 

displacement based nonlinear finite element program. The 

user of the finite element program can select the model(s) 

needed for the specific problem in hand. 

• Linear elastic 

· Nonlinear thermo elastic 

· Classical elasto-plastic 

Classical thermo elasto-plastic 

Elasto-plastic 

Thermo elasto-plastic 

Elasto-plastic with disturbance 

· Thermo elastic-plastic with disturbance 

· Elasto-viscoplastic 

· Elasto-viscoplastic with disturbance 

Thermo elasto-viscoplastic 

• Thermo elasto-viscoplastic with disturbance 
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Thus the proposed procedure allows for a hierarchical 

development and selection of models from the general the DSC 

to linear elastic one. 

At this time the procedure is based on plane strain, 

plane stress and axisymmetric two-dimensional idealizations. 

All constitutive models implemented in the computer 

program are based on the Disturbed state Concept (DSC). The 

new formulation of the DSC allows for different stresses and 

strains to occur in the fully adjusted (FA) part and in the 

relative intact (RI) part of the material. Previous 

formulations of the DSC have assumed that strains in the 

intact part and in the fully adjusted (damaged) part to be 

equal, yet it assumed the stresses to be different, with an 

assumed ratio between them, Armaleh and Desai [1990]. This 

formulation is improved so that both stresses and strains 

can be different in the relative intact part and in the 

fully adjusted part of the material. This new formulation 

can allow for the introduction of an internal characteristic 

length into the constitutive model. It also allows for the 

introduction of relative motions between the RI and FA parts 

due to strain differences in the two parts. Allowing for 

different strains in the different parts of the material 

enables us to account for the energy dissipation which may 

occur due to the relative motion. This capability is found 



to be effective in reducing the finite element mesh 

sensitivity in strain softening materials. 
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The DSC involve the Hierarchical Single Surface (HiSS) 

family of material models, developed by Desai and coworkers 

[1980], for the development of constitutive models for the 

response of the RI and FA parts. The constitutive models 

are modified or improved for implementation in the finite 

element program. The linear elastic model is modified to 

thermo nonlinear elastic, the elasto-plastic model is 

modified to thermo elasto-plastic, and the thermo 

elasto-viscoplastic model developed by Chia [1994] is 

improved to handle continuous temperature change and 

hold-time. As stated above, the general formulation of the 

DSC allows a hierarchical reduction of the models from the 

general DSC to the linear elastic. 

After the implementation of the constitutive models, a 

finite element algorithm is developed for the solution 

scheme of the thermo elasto-viscoplastic with disturbance 

material model. Both local and global convergence criteria 

are introduced for the creep and relaxation behavior. 

satisfying the yield function at each Gauss point (F 0 or 

F = tolerance) involves local criterion and checking the 

viscoplastic flow norm involves global criterion. 

In order to verify the models, a number of case studies 

are considered and numerical predictions are compared 
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against test data. For a real microelectronic package case, 

Hall and Sherry's [1986J test data for a leadless ceramic 

chip carrier attached by a Pb40/Sn60 solder joint to a 

printed wiring board is analyzed by using the finite element 

procedure. The reason for using this test data was that it 

appears to be one of the few good quality test data 

available. It is in fact one of the most widely used 

benchmark experiment data in the industry. Another test 

data used in order to verify the finite element procedure is 

that of Guo, cutiongco, Keer and Fine's [1992J test data. 

These authors performed uniaxial extension experiments on a 

Pb36.37/Sn63.20/SbO.31 solder alloy specimen. The 

thermomechanical fatigue experiments were conducted in both 

isothermal condition (25°C and 80°C) and in temperature 

cycles (from 25°C to 80°C). The results of these 

experiments are also backpredicted in this study by using 

the finite element procedure. 

One of the goals of this research is to show that the 

a unified material model can simUlate the behavior of the 

chip substrate systems under thermal cycles. The research 

proves that the thermomechanical elasto-viscoplastic 

behavior of solder joints can be predicted by using the 

finite element procedure with the unified constitutive 

models. 



1.5 Summary of the Chapters 

Chapter two presents a state-of-the-art review of all 

constitutive models and the analysis methods used for the 

electronics packaging problems. 
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Chapter three contains the formulation of the Disturbed 

State Concept. A comprehensive explanation of the 

fundamental theory is also included in this chapter. 

In chapter four, finite element implementation of the 

DSC material models is presented. The sulution algorithms 

and the time integration scheme are also explained in 

detail. 

Chapter five addresses the issue of the finite element 

mesh sensitivity in strain softening materials. The 

Disturbed State Average strain Method proposed to eliminate 

the mesh sensitivity, is presented in this chapter. 

Chapter six includes the verification and application 

of the material models that are implemented in the finite 

element program. 

Chapter seven presents the conclusions inferred from 

the results of this research as well as the recommendations 

for the future research. 



2.1 General 

CHAPTER 2 

LITERATURE REVIEW 

Microelectronics packaging is a relatively new field. 
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Therefore, the literature in this field is rather limited. 

There are a few nonlinear material models and the 

commercially available finite element programs, which 

usually are not coded specifically for electronics packaging 

materials. 

A detailed review of the available literature in the 

field of microelectronics packaging material models is given 

in Basaran [1992a] and [1992b). In this chapter some of the 

material models will be discussed briefly. 

2.2 Analysis Methods and Constitutive Models 

The greatest challenge to the successful implementation 

of the surface mount technology is the end product life 

expectancy imposed by solder joints. The most critical 

material characteristic in surface mount applications is the 

thermal expansion mismatch between the chip carrier and the 

substrate. The expansion mismatch can lead to failed solder 

joint interconnections which terminates the functionality of 

the electronic device. Currently, in the electronics 

industry a number of methods and constitutive models are 

used to design and predict the behavior of solder joints in 



microelectronics packaging. Some of the these methods are 

summarized below. 

38 

The Beam Analysis Method is one of the methods used in 

the electronics industry, Turnrnala and Ryrnaszewski [1989]. 

This method is based on a linear elastic material model. 

The method starts by simplifying the geometry to that of the 

two beams joined by a symmetric pair of interconnections and 

separated by a distance of 2L, Fig. 2.1. A uniform 

temperature rise is applied to this system. Because of the 

symmetry of the structure, only one-half of the system is 

analyzed. It is assumed that a quasi-symmetric array of 

interconnections always produces a neutral point near the 

geometric center, around which unconstrained expansion is 

linear with distance. This method assumes that the material 

properties for all parts are linear elastic. The linear 

beam theory is used for the analysis of the system. 

If unconstrained by the interconnections, each beam 

would expand freely, see Fig. 2.2(b), by a distance of 

(L ~T a) where L is the length of the beam, ~T is the 

temperature change and a is the coefficient of thermal 

expansion. In addition to its linear extension, the top 

beam is assumed to warp to a radius of curvature R. Based 

on these assumptions, the analysis proceeds to calculate the 

shear force of F given in Eq. (2.2), which is exerted on 
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A = Element Cross Sectional Area 
E = Elastic Modulus 
G Shear Modulus 
t = Element Thickness 
I = Elment Cross sectional Moment of Inertia 
a. Coefficient of Thermal Expansion 
h = c Interconnection Height 
L = Beam Length 

Figure 2.1 Idealized Two-Beam Structure 
After Tummala and Rymaszewski [1989] 



1 1 
~--------L--------~I (a) 

1------L(1 +a2T)------; (b) 

Y2 (c) 

(d) 

Figure 2.2 Thermal Response of Half of Idealized 
structure. a) Room Temperature b) Elevated 

Temperature Beam Unconstrained c) Elevated 
Temperature Beam Constrained d) Magnified View 
of the Interconnection. After Tummala and 
Ryrnaszewski [1989) 
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the solder joint due to the thermal gradient. In 

order to find the shear stresses in the solder joint, the 

following approximate solution method is used. The joint is 

segmented into a stack of radially symmetric disks, each of 

which may shear, stretch or compress, but always remain 

plane. Figure 2.3(a) shows the undeformed shape and Figure 

2-3(b) shows the assumed deformed model of the 

interconnection. The weakest assumption in the idealization 

is that every plane horizontal section in the joint remains 

plane during the deformation, Tummala and Rymaszewski 

[1989]. Based on these assumptions, the shear stress in the 

joint is calculated by using the basic strength of 

materials' rules, which leads to the following equation, 

shear stress = F (2.1) 

where (2.2) 

l/R(hc ) is the change of curvature along the height of the 

interconnection, see Fig. 2.2(a), and T is the temperature 

rise. The subscript 1 is for beam one, 2 is for beam two 

and c is for the interconnection in Fig. 2.1, where the rest 

of the notation used in Eq. (2.2) is also defined. 
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Figure 2.3 Approximate stress Model for Radially 
symmetric Interconnection a) Undeformed b) 
Deformed. After Tummala and Ryrnaszewski [1989] 
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After the shear stress is defined, the lifetime, i.e. number 

of cycles to failure, of the solder joint is determined from 

the empirically developed curves. Such curves are obtained 

by means of accelerated stress testing of the packages. 

Accelerated stress testing is a test conducted at a stress 

higher than that encountered in normal operation, for the 

purpose of producing a measurable effect, such as a fatigue 

failure, in a shorter time than the experienced at operating 

stresses. The curve gives the number of cycles required to 

fail a solder joint at a given stress level. By entering 

this curve with the stress value obtained from the Beam 

Analysis Method, the number of cycles to failure can be 

determined. "similar simplified models have been used 

frequently in the literature, which provide good qualitative 

and fair quantitative representation of the elastic exact 

solution", Tummala and Rymaszewski [1989]. 

Suhir [1991] has proposed a stress analysis model to 

assess the stresses in solder joints caused by thermal 

contraction mismatch between a low expansion flex-circuit 

and a high expansion rigid substrate. The author has shown 

that the application of a flex-circuit can result in 

significant stress relief for solder joints. This is due to 

the fact that the force acting upon a joint cannot exceed 

the buckling force for the adjacent portion of the 

flex-circuit. 
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Suhir [1991] has provn that the strains in solder joints 

interconnecting flex-circuits to rigid substrates can be 

made very small, thereby resulting in a substantially longer 

fatigue life of the interconnection. The following equation 

is proposed for the shearing stress in solder joints in the 

case of a buckled flex-circuit 

t - 7t
2
E k (!!.) 3 ( 2 • 3 ) - 12( l-u2) wla a 

where t = shear stress, E = Young's modulus, v = Poisson's 

ratio, h = flex-circuit thickness, w = width, a = dimension 

of the horizontal cross-section of joint, k = buckling 

factor. 

Another method that is used in microelectronic 

packaging design is the finite element method. Recently 

published papers show that there is considerable research 

being conducted to use the material nonlinear finite element 

method for packaging design. Most of the finite element 

analysis programs use Von Mises or Tresco type classical 

plasticity material models, Lau et al [1987] and simon et. 

al. [1989]. On the other hand elastic-viscoplastic models 

are usually based on a multi-variable linear regression 

analysis, Pan [1991]. 



Coffin-Manson curves are very commonly used to predict 

thermal fatigue lifetime,Oshida and Chen [1991], Tien, 

Hendrix and Attarwala [1991], Oasgupta, Oyan, Barker and 

Pecht [1992] and Lau, Rice and Avery [1987]. Some of the 

most advanced state-of-the-art constitutive models and the 

finite element programs that they are implemented in are 

presented below. 

Knecht and Fox [1990] proposed a model for Pb/Sn 

eutectic solder. This model is based on empirical data in 

shear and it is generalized to three-dimensions. Three 

strain components are considered: elastic, time dependent 

plastic and steady-state creep. A continuum mechanics 
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approach is adopted for predicting the solder behavior. The 

general form of the constitutive equation is given by, 

(2.4) 

where the resulting equation for steady-state creep rate as 

a function of stress and temperature is 

(2.5) 

where C1 = 8.31, C2 = 1.12, OHGs = activation energy for 

grain boundary creep (0.5 eV), OHMC = activation energy for 

matrix creep (0.84 eV), k = Boltzman's constant (8.63x10- 5 

eVjK), T = temperature (Kelvin), t = shear stress (MPa), y 
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= shear strain rate (per second), nGB= grain boundary creep 

exponent (2), nMC= matrix creep exponent (7. 1) • 

The elastic component is obtained by using the effective 

shear modulus which is given by, 

_1_=_1_+_1_ 
G,J! GIOMIT G'tnJCiu" 

(2.6) 

and the time independent plastic strain component is given 

by, 

Ytime-independent = _~_ + (...!..) n 
G,J! ~p (2.7) 

The yield surface used in the model is based on the Von 

Mises criterion and is the function of J 2D the second 

invariant of the deviatoric stress tensor, Sij ,only. The 

capabilities of this model are, therefore, rather limited. 

The model was implemented in the ABAQUS general purpose 

finite element program. The mesh sensitivity of the results 

with the increasing the number of elements is reported by 

the authors. This might be due to the fact that the program 

may not allow for microcracking and damage behavior. 

The constitutive model developed by Zubelewicz, Guo, 

cutiongco, Fine and Keer [1991] is micromechanically based 

for crystalline materials, such as the Pb96.5jSn3.5 solder. 

The overall stress and strain rates for the crystalline 

materials with an internal structures are considered. It 
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has been shown that these measures are related to 

kinematical constraints which govern the evolution of the 

internal structure, such as the development of slip or shear 

bands within the grains and on the grain boundaries, growth 

of voids or microcracks. In the model, the overall stress 

rates and plasticity velocity gradients replace the 

traditionally used pairs of stress, strain, or stress, 

velocity gradients. The weight of the constitutive model 

is transferred to the microscopic level by considering a 

representative constant volume. The matrix is assumed to be 

linear elastic, plastic sliding is considered in a power-law 

ferm, and microcracking, hardening and recovery parameters 

are considered at the micro level. Using the virtual work 

principle the formulation is then transferred from the micro 

level to the macro level. The authors assume a 

characteristic stress to be the overall stress smeared over 

the characteristic volume. The constitutive equation is 

given by 

(2.8) 

where Tlo, (,0 = evolution functions which are dependent on, 

the size of the characteristic volume, {O} = plastic 

deformation rate, [E] = fourth order elastic modulus tensor 



[M] and [K] = fourth order tensors based on material 

properties and ~= a function of material parameters and 

slip plane. 

The constitutive equation is composed of two terms. 
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The first represents the non-viscous elastic-plastic 

behavior of the crystalline material at the current state of 

the internal structure. The second term includes the 

viscoplastic evolution of the internal structure and 

themicroviscosity of the material. The model performs well 

in predicting the number of cycles to failure versus plastic 

strain range domain. The model is developed for a single 

purpose and therefore implementation of it in a finite 

element program needs further research and development. 

Subrahmanyan, wilcox and Li [1989] proposed a damage 

integral approach to the thermal fatigue of solder joints. 

In this method the stress is calculated by using state 

variable constitutive relations for inelastic deformations. 

The fatigue damage rate is described with a phenomenological 

crack growth law expressed in terms of a nominal stress 

intensity factor. The material parameters for this crack 

growth law are determined from isothermal fatigue data. In 

this approach the fatigue damage rates are numerically 

integrated to predict the time or the number of cycles 

required to reach a chosen failure criterion. The authors 
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propose the following equation to determine the operative 

stress for the solder joints loaded in shear, 

(2.9) 

where X= total applied displacement rate 

(2.10 ) 

s= total stiffness, (2 . 11) 

Sm= assembly or testing machine stiffness, h = height of 

the solder joint, G = Shear modulus of the solder material 

A = area of the solder joint, P = loading applied, 

Y= inelastic shear strain rate and t = shear stress rate 

The rate of crack growth is expressed as a power function of 

the nominal stress intensity factor K according to 

de = v. Kr 
de 

(2.12) 

where dc/dt is the time rate of change in the crack length c 

and v' is a rate parameter for crack growth given by 

(v~ exp(-QIR1) (2.13) 



where v' o is a thermal component of the crack growth rate 

parameter, Qcis the activation energy for crack growth, 

R = gas constant, T = absolute temperature (Kelvin), r = a 

crack growth exponent and 

K = 'tN JC Y(c) (2.14 ) 

'tN = nominal shear stress = :0 ' Ao = area of the undamaged 

solder, Y(c) = geometric correction factor 

The total time to fatigue failure t f is determined by 

integrating Eg. (2.12), 

f
C! dc = fol! dt v~ exp(-QclR1) 't;" 
CI [Y(c)F( 

(2.15 ) 
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where c j and cfare the initial and final crack lengths. 

Finally, the authors assume that the fatigue damage per 

cycle is nearly constant throughout the life, that the total 

damage integral is simply the product of the cycles to 

failure, Nt, and the damage integral over a single cycle, 

fllV 
F=Nf 0 dtv~ exp(-QcIR1)'C;" (2.16 ) 
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where F = the crack length integral characteristic of the 

initial flaw size and failure criterion and n = the loading 

frequency. 

The authors simulate a number of test data using this 

proposed model. The backpredictions are very good. the 

only weakness of this method is that it may not be adaptable 

to the finite element formulation as is. 

Another constitutive model is proposed by Kashyap and 

Murty [1981J. This model is based on the tests the authors 

conducted on Pb-Sn eutectic alloy solder. The model is 

based on the high temperature steady state deformation 

behavior of the material for a wide range of grain size. 

The constitutive equation is given by, 

(2.17) 

where A = dimensionless constant, Doexp(-QIR7) = diffusion 

coefficient, b = Burger's vector, p = grain size exponent, 

n = stress exponent and kT = Kelvin temperature. 

This model is based on micromechanics, hence, has limited 

use for the finite element method implementation. The 

authors conclude that "experimental results of region II 

[superplasticitYJ do not support any of the existing models 

of superplasticity". Furthermore, it is not a unified 
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material model. It does not allow for damage and cycles to 

failure capabilities. 

Darveaux and Coworkers [1991] have proposed another 

constitutive model for Pb/Sn solders. 

(2.18 ) 

where A and B = constants characterizing the micromechanism 

of creep, G = shear modulus, b = Burger's vector, Q = 

activation energy for creep, T = temperature, n = stress 

exponent, K = total spring constant comprising of the 

machine and the sample assembly, h = height of the solder 

joint, Ao= area of the solder joint and to = initial shear 

stress 

This model performs well for the specific stress path 

from which the material constants are obtained. However, 

the performance of this model for different stress paths 

may be limited, because the model was obtained in an 

empirical way. The model is one-dimensional, and its 

usefulness for multidimensional problems may be therefore 

limited. 

Pan [1991] has proposed a constitutive model for the 

plastic deformation in solder joints induced by thermal 



cycling. This model considers elastic, plastic and creep 

components of the total strain. 

(2.19) 

It also uses hyperbolic sine representation to fit the 

steady-state creep data, 

8 =A(sinh Bcr)n(d)m exp(-QIR1) (2.20) 

where 8= creep strain rate, cr= stress, d = grain size, 

Q apparent activation energy, R = gas constant, 

T absolute temperature (Kelvin), A and B = material 

constants, n = stress exponent and m = grain size exponent 

The experimental results in this research are used to 

find the constants for the hyperbolic sine function. The 
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model performs well for the same stress path as the one from 

which constants are obtained and yet for different stress 

paths it is unlikely to give realistic predictions. As a 

result, it is more of a curve fitting approach than a 

constitutive model. Furthermore, it does not include the 

degradation of the material and cycles to failure 

capabilities as part of the constitutive matrix. This model 

has also been implemented in ABAQUS program. 

Ishikawa and Sasaki [1992] have proposed a constitutive 

model for the Pb40/Sn60 solder to characterize the room 
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temperature behavior of the material. Hence it has limited 

use in predicting the temperature cycling behavior. It 

combines Von Mises yield surface with the kinematic 

hardening which is given by, 

(2.21) 

where Cijkl = plastic-deformation-induced anisotropy tensor, 

cry = stress tensor, aij = coordinate of the current center 

in the stress space, R = flow stress and K= hardening or 

softening parameter 

Pao and coworkers [1991] have proposed a modified 

version of the Knecht and Fox model. The total strain rate 

is given by 

y lolal = Ye + Y pi + Y cr (2.22a) 

(2.22b) 

1 

where 'to = ['t exp(UI1)] ('2-'1) (2.23) 

(2.24) 

A, m, CIf C2f 't , U, k, QC1 nl and n2 are material constants. 



This model performs fairly when a different stress path 

which is other than that from which the material constants 

are obtained. This model was implemented in ABAQUS. The 

authors backpredicted Hall and Sherry [1986] experimental 

data of temperature cycling. The results differ from the 

test data noticeably, see Fig. 6.16. 

Finally, Lau and Coworkers [1987] proposed a material 

model based on von-Mises yield surface. This model does 

not include creep and relaxation type time dependent 

features. The total strain is given by the following 

equation, 

(2.25a) 

(2-25b) 

where ~:C/2 = total strain amplitude, ~f,eI2 = elastic strain 

amplitude, /If,pI2 = plastic strain amplitude, f,f= fatigue 

ductility coefficient, c = fatigue ductility exponent, 

crt = fatigue strength coefficient, b = fatigue strength 

exponent, E = modulus of elasticity and N = cycles to 

failure. 

This model is however often used for the analysis of 

the microelectronic packaging and it can give fairly good 

results for the prediction of stress concentration. 

55 



56 

Most of the existing constitutive models and the finite 

element programs that the models are implemented in do not 

perform adequately for stress paths other than those from 

which the material constants are obtained. Almost all of 

the existing constitutive models are not unified to account 

for all the material characteristics in a unified manner. 

They are designed usually by using empirical methods for a 

given stress-strain curve under specific stress paths. In 

almost all the models, temperature dependency, cycles to 

failure and damage in the material are not treated as an 

integral part of the constitutive model. In spite of the 

extensive literature search, it was not possible to identify 

a material model in which damage and cycles to failure are 

included in the constitutive matrix. Furthermore, there 

were few results that included satisfactory predictions of 

experimental results. 

Some state-of-the-art finite element programs require 

that the stress analysis and the damage analysis be 

conducted separately, because often the latter is not 

available in the same code. Further, almost all the finite 

element programs used for microelectronic packaging design 

are usually not coded with the specific needs of 

microelectronics packaging in mind, particularly temperature 

cycling. One of the most commonly used finite element 

programs for electronic packaging is ABAQUS. This program 
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was originally intended for linear elastic and nonlinear 

analysis with classical models. Users often have to 

implement their own nonlinear material model, which is 

appropriate for their need. This process can create 

significant obstacles to the implementation of an advanced 

material model. Most of the new powerful material models 

require appropriate solution techniques and integration 

schemes, which cannot easily be implemented in a commercial 

general purpose program. 

The review of the existing literature reveals that 

there is a need for a finite element procedure which uses 

unified constitutive models and which is specifically coded 

for electronics packaging problems. This is one of the main 

goals of this research. There are other problems facing the 

electronics industry which are not in the scope of this 

dissertation but part of the ongoing research in Desai's 

electronics group. One of these problems is the 

determination of the material constants needed for the 

finite element analysis. This subject is discussed briefly 

in the following section. 

One of the main problems in the material modeling for 

Pb/Sn is the determination of Young's modulus. Knecht and 

Fox [1990] show that considerable variations exist in the 

published values of the elastic moduli of Pb40/Sn60 solder. 

For example, the quotes of 12.4GPa, 14.8GPa, 30.0GPa and 
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43.4GPa have been reported for the room temperature elastic 

modulus of Pb40/Sn60 solder alloy. Solomon [1989] discusses 

in detail how structural compliance in test fixtures 

influences the measurement of the elastic properties of thin 

joints. Hall and Sherry [1986] report that during the 

manufacture of a solder joint, complex metallurgical 

reactions can occur between the solder and the base 

material, and the grain size of the solder will be 

determined by the thermal conditions required for the 

assembly. The authors further indicate that, the 

intermetallic compounds can form at the solder/base metal 

interfaces or within the bulk solder and can significantly 

change the mechanical properties and behavior of the solder. 

Another problem faced in the modeling of the Pb/Sn 

solder joint behavior is that most of the testing on this 

material is performed on bulk solder specimen. The size of 

bulk test sample is large relative to the solder 

microstructure, Hall and Sherry [1986]. But, in solder 

interfaces, the size of the joint relatively is not much 

bigger than the solder microstructure, "The specimen size 

versus the microstructure size ratio effects may be 

important", Hall and Sherry [1986]. In this case the bulk 

solder experiment results provide an indication of the 

performance capabilities of the solder alloy, but not of the 



actual mechanical property nor of the behavior of a solder 

joint in an electronic package. 

2.3 Finite Element Method Algorithms for strain Softening 
Materials 
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It is well known that the finite element method with a 

continuum material model does not provide a unique solution 

for the strain softening materials. As the element size in 

the mesh gets smaller, the energy required to fail the 

material decreases. Therefore, the results obtained from 

the finite element method differ significantly for each 

discretization. There are a number of methods in the 

literature so as to eliminate this mesh sensitivity. out of 

all of these methods none of them are successful in 

eliminating this problem; they only reduce it to a certain 

extent. Furthermore, because of their complexity, none of 

these methods appear to have been yet implemented in a 

commercial general purpose finite element program. 

Some of the proposed methods are: 

Crack Band Model, Bazant [1982a] 

Nonlocal continuum with Local Strain, Bazant and 

Pijaudier-Cabot [1987] 

Cosserat continuum Models, Muhlhaus and Vardoulakis 

[1987] 

Gradient Theory Models, Aifantis [1984] 
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2.3.1 Crack Band Model 

The basic idea of this model is to first prescribe a 

certain minimum admissible width, we' of a crack band (or a 

damage band) that represents a material property. The 

second part of this idea is, to adjust the softening 

stress-strain relation so as to achieve the correct energy 

dissipation by the crack band in case the crack band width 

in the finite element discretization is too small. The crack 

band width is defined by, 

(2.26) 

where d is the maximum size of aggregate and n is a constant 

number. When we is too small the element size, h, needs to 

be made larger than the crack band width. The softening 

stress-strain relation for the crack band model is modified 

so as to ensure that the energy dissipated by a crack energy 

of width, h, is about the same as the actual crack 

dissipated by a crack band of width, we . 

2.3.2 Nonlocal continuum with Local strain 

Among these methods, the nonlocal continuum concept 

based models appear to be the most popular one. The concept 

of a nonlocal continuum was conceived and was for a long 

time studied for elastic materials with heterogeneous 



microstructures by Kroner [1967], Krumhansl [1968], Kunin 

[1968], Beran and McCoy [1970], Levin [1971], Eringen and 

Edelen [1972] and Eringen and Ari [1983]. A partially 
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nonlocal model, called the nonlocal continuum with local 

strain, was proposed by Bazant and Pijaudier-Cabot [1987]. 

In this approach the usual constitutive relation for strain 

softening is simply modified by calculating all the state 

variables that characterize strain softening from the 

nonlocal rather than the local strain. All that is 

necessary to change in a local finite element program is to 

provide a subroutine that delivers at each Gauss integration 

point, each loading step, and each iteration the value of 

the nonlocal strain. The nonlocal strain is calculated by 

averaging the strain for a characteristic volume (or area). 

This volume (or area) is determined by the characteristic 

length of the material. In other words the area where the 

strain is averaged has the length and width of the 

characteristic length of the material. The procedure used 

to measure the characteristic length for a material is given 

in the following section. The nonlocal damage needs to be 

calculated from the nonlocal strain or the nonlocal damage 

must be calculated from the local strain by the averaging 

procedure. If the strain softening is due to the 

degradation of yield limit, Lp, either the local yield limit 

must be replaced by the nonlocal the yield limit or the 
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value of the effective plastic strain from which the yield 

limit is calculated must be replaced by its spatial average. 

This method reduces the finite element mesh sensitivity 

to a certain extent. And yet the averaging procedure in 

this remains quite complex while the averaged volume is not 

constant over the material. The averaged volumes overlap in 

the material. As a result we can see how the 

implementation of this method in finite element can be quite 

complicated. 

2.3.2.1 Measurement of Characteristic Length of Nonlocal 
continuum. 

Bazant and Cedolin [1989] propose the following 

equation for the characteristic length: 

(2.27) 

where L is the characteristic length of a material, Gf is 

the fracture energy which represents the energy dissipation 

over the width of the localization band and Wsis the energy 

dissipation per unit volume of a uniformly strained 

specimen. 

The authors, Bazant and Cedolin [1989], report that the 

characteristic length, in particular Gf and Ws ' can be 

determined from an uniaxial tension test. The procedure for 

the test and for the formulation are given in Bazant and 

Cedolin [1989], which will be outlined briefly. 
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As proposed by the authors, Bazant and Cedolin [1989], 

the test can be performed by gluing a set of parallel steel 

rods to the specimen sides with epoxy. The rods must be 

considerably thinner than the maximum aggregate size, so as 

not to alter the nonlocal properties of the material. The 

specimen should be as thin as it can be cast, so as to avoid 

localization in the transverse direction. The replacement 

of thin rods by a steel sheet is not suitable, because the 

sheet would interfere with the Poisson's effect. 

The basic condition of this test is that the slope of 

the load-displacement curve of the specimen with the steel 

rods must always be positive, since this guarantees absence 

of localization. The characteristic shape of the 

load-displacement curve is shown in Fig. 2.4. The dashed 

straight line 03 represents the response of the steel rods 

without concrete. The response of concrete is represented 

by the difference in the ordinates of curve 012 and line 03. 

After concrete has been completely damaged, the response of 

the specimen must approach the straight line 03, as 

sketched. The strain-softening response of concrete begins 

at the point at which the tangent is parallel to 03. 

Using this method, the authors found that for a typical 

concrete (fc= 21GPa) the characteristic length is given by 

L=2.7do (2.28) 

where do is the maximum aggregate size. 
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Figure 2.4 Load Displacement Curves for Restrained concrete 
specimen (Solid Curve) and for Steel Bars Alone 
(Dashed Line), After Bazant and Cedolin [1989] 
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2.3.3 COSSERAT CONTINUUM MODEL 

Muhlhaus and Vardoulakis [1987] were the first to 

recognize that the Cosserat continuum approach introduces a 

length scale in the continuum description and that the rate 

boundary value problem remains elliptic after .the onset of 

shear banding, de Borst[1994]. In the Cosserat model, which 

was originally proposed by Cosserat and Cosserat [1909], 

both the continuum model and the constitutive description 

are changed when compared to the classical plasticity 

theory. The Cosserat continuum concept allows for both 

particle displacements and particle rotations. 

At any material point of the Cosserat continuum a 

nonsymetric stress tensor O"ij and a couple stress tensor mi 

are defined, Fig. 2.5. Intergranular tractions ti are 

defined through an equivalent stress tensor which in turn is 

related to the Cauchy stress and coupled stress 

(2.29) 

where Li is the intergranular traction nj unit directional 

vector for an surface e ij is the unit vector for global 

coordinate system and R is the moment arm 

Note that when the coupled stresses are eliminated the 

stress type becomes Cauchy stress, Tang [1992]. 
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Figure 2.5 stress and Couple stresses Acting on the Faces 
of a Material Element in a Cosserat continuum, 
After Tang [1992] 
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The advantage of this method is that if the incremental 

stress-strain relation is symmetric, the structural tangent 

stiffness matrix also re~ains symmetric. Thus is not the 

case for the nonlocal continuum and is not necessarily for 

the case the gradient-dependent models, de Borst [1994]. 

A distinct disadvantage of the Cosserat continuum is 

that it is only effective as a regularization method if the 

grain boundary sliding is the dominant carrier of the 

inelastic deformation (mode-II failures). In cases in which 

there is no pure shear the regularization mechanism is 

weak. Then, the deficiencies of the classical continuum are 

remedied only partly, de Borst [1994] 

2.3.4 Gradient Theory Model 

It was shown that, Aifantis [1984], that the inclusion 

of the second order gradients into the strain energy 

function prevents a loss of ellipticity of the governing 

equilibrium equations in the case of static problems. Yet 

the gradient theory model allows for the description of the 

localized deformations beyond the bifurcation point when the 

material is well into the softening regime, Tang [1992]. 

The essential feature of the gradient plasticity theory 

is not only that the yield function depends upon the stress 

cr'j and an equivalent inelastic strain measure, i, but that 



there is also a dependence upon gradients of inelastic 

strain. e.g .. the Laplacian: 

(2.30) 
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When it is further assumed that the dependence upon the 

gradient term is linear the simplest possible case is 

obtain8d. When this concept is applied to the 

Drucker-Prager yield function, it takes the following form, 

de Borst [1994J 

(2.31) 

where J 2D is the second deviatoric stress invariant, p is 

the hydrostatic pressure, c is the material parameter which 

depends on the gradient influence. 

de Borst and Muhlhaus [1992J applied this model to a 

biaxial test. Eight node quadrilateral elements with four 

integration points have been used. The results given in de 

Borst [1994] show that the mesh w~th 72 elements gives a 

different response than the mesh with 288 and 1152 elements. 

We can therefore infer that the method does not eliminate 

the finite element mesh sensitivity. 

The reviewed models reduce the finite element mesh 

sensitivity to a certain extent. Yet they do not eliminate 
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it completely, de Borst and Muhlhaus [1992J, Bazant and Lin 

[1988J. Furthermore, the implementation of these models is 

rather cumbersome, as is acknowledged by Bazant [1994J ("the 

original version of the nonlocal approach led to certain 

numerical difficulties and resulted in a cumbersome 

imbricate structure of the finite element approximation") 

and their effectiveness is limited as stated by de Borst 

[1994J ("A distinct disadvantage of the Cosserat continuum 

is that it is only effective as a regularization method", 

"Additional terms in rate-dependent models can not be 

obtained directly from experiments"). Therefore, there 

exist a need for a simple yet effective method to eliminate 

the finite element mesh sensitivity problem in strain 

softening materials. This is one of the goals of this 

research. The proposed method is discussed in detail in 

chapter five. 
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CHAPTER 3 

THE DISTURBED STATE CONCEPT 

3.1 Background 

The idea for this theory was originally proposed by 

Desai [1974] in order to characterize the behavior of the 

over-consolidated clays. Desai postulated that the response 

of an over-consolidated soil can be expressed in terms of 

its response in its normally consolidated state (curve 1 

Fig. 3.1) as the reference state, with the influence of 

over-consolidation (curve 2 Fig. 3.1) being treated as 

disturbance. This idea has been generalized to the 

Disturbed State Concept (DSC) adopted herein. 

3.2 Introduction 

"The Disturbed State Concept is a unified modeling 

theory for the characterization of the mechanical behavior 

of material and interfaces (joints)", Desai [1992]. This 

theory allows for the incorporation of the internal 

microstructural changes and the resulting mechanisms in a 

deforming material. When a material is subjected to 

external excitation or loading microstructural changes take 

place inside the material. Initially, the material is for 

the most part in the relative intact (ri) state. As the 

external disturbances increase the material transforms 

"from the intact state, trough a process of conscious self 
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Figure 3.1 Observed stress-strain Behavior As composed Of 
Behaviors Of Normally Consolidated Soil And Of 
Part causing Overconsolidation , After Desai 
[1974] 
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adjustment, to the fully adjusted or critical state", Desai 

[1992] . Essentially, externally applied energy causes a 

state transformation inside the material so that the 

material transforms from the intact state to the fully 

adjusted (critical) state. Henceforth, at any given time 

the material is composed of randomly distributed clusters of 

the material in intact and in fully adjusted (critical) 

states. Consequently, the observed response of the material 

is defined by a combination of the response of the intact 

part and the response of the fully adjusted part of the 

material. The response of the intact part and the response 

of the fully adjusted (critical) part are the reference 

responses of the material. An analogy given by Desai 

explains the main idea behind the DSC very clearly; 

"consider a cube of ice which melts under a given 

temperature includes a mixture of ice and water. In the 

fully adjusted state it becomes water. The behavior of the 

mixture can be expressed in terms of its two reference 

responses for ice and for water", Desai [1992]. "The 

deviation of the observed response from the reference 

response constitutes the disturbance that is caused due to 

applied forces and is affected by factors such as friction, 

anisotropy, microcraking, damage, fracture, and creep.", 

Desai [1992]. 
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Engineering materials are usually inhomogenous and 

often involve flaws and discontinuities. When a material is 

subjected to an external disturbance such as a load, a 

temperature change, or an environmental load, the response 

of the material will not be the same at every point in the 

material. This is due to the discontinuities witin the 

material. The stresses and strains will be different at 

different parts of the material. Therefore, the material 

cannot be treated as though it were a continuum. And the 

continuum mechanics laws can only be applicable for the 

continuum parts such as the intact part, rather than for the 

entire domain of the material. To be able to use the 

continuum mechanics laws for a discontinuous medium with 

scattered continuum parts, we have to redefine certain 

variables which are used with the continuum material 

assumption. "It is necessary to introduce the 

discontinuous nature of the material by incorporating 

'finite' or nonlocal zones as influenced by a characteristic 

dimension which is dependent on the properties of particles 

or clusters of particles that constitute the material", 

Desai [1992]. The transformation of the material from the 

intact state to the fully adjusted state is defined through 

a disturbance function D, Fig. 3.2. 
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Figure 3.2 Schematic View of Material Response in DSC 
After Armaleh and Desai[1990] 
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As the volume of the fully adjusted (critical ) material 

increases the volume of the intact part decreases. 

At any given time and in any given direction the ratio 

of the area of the material in the fully adjusted state to 

the total area of the material, in a given direction is 

equal to the disturbance D for that direction. Now the 

reference states and the disturbance function will be 

explained in detail. 

3.2.1 Intact state of the Material 

This material state is the one which excludes the 

influence of the factors that are considered as causing the 

disturbance. "For example, if microcracking and subsequent 

softening is considered as the disturbance, the response of 

the material without microcracking can be treated as the 

intact state", Desai [1992]. The intact state of the 

material may vary with respect to the initial hydrostatic 

pressure, the initial density, the manufacturing procedure 

and some other intrinsic factors. Therefore, the intact 

state is a relative definition. The intact state can be 

determined experimentally or by approximation. If the 

intact response is obtained by experiments the material must 

be tested under different initial conditions such as 

densities and hydrostatic pressures. The intact response 

for the same material will be different at each hydrostatic 

pressure and density of the material. Hence, the intact 
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response may be expressed as a function of the mean pressure 

and the material density. For the highest possible density 

of the material at a very high hydrostatic pressure the 

intact response will approach an asymptotic value. For the 

approximate intact response of the material the linear 

elastic, the nonlinear elastic or the continuously hardening 

elasto-plastic responses may be used. It is assumed that 

deviation of the response from the elastic or the 

continuously hardening elasto-plastic response is caused by 

the disturbances such as microcracking, anisotropy and 

friction in the material. 

Another approximate procedure is, the elimination of 

the characteristics which cause the material to degrade. " 

For example, a set of parameters in the Hierarchical single 

Surface plasticity model, 81 , defines the nonassociative 

(frictional) behavior of granular material. The response of 

the material without the parameter that defines the 

frictional part of the behavior, the Hierarchical single 

Surface plasticity model, 8
0

, can describe the reference 

intact state behavior. When the associative plasticity 

model, 8
0 

is used to represent the intact response, the 

introduction of the disturbance function (D) into the 

constitutive equation leads to an effect similar to the use 

of nonassociative plasticity for frictional granular 
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materials. One of its manifestations is that the plastic 

strain increment shows deviation from normality with respect 

the yield surface", Katti and Desai [1991]. 

3.2.2 Fully Adjusted state of the Material 

The fully adjusted state (fas) of the material is an 

asymptotic state in which the material may no longer be 

further disturbed. At this state the disturbance (or 

disorder) is at its maximum and the material cannot 

transform into another state. The fully adjusted state of 

the material in the Disturbed state Concept can be 

considered similar to the equilibrium state of the material 

according to the second law of thermodynamics. "The 

equilibrium state is the state of maximum entropy [which is 

measure of disorder in a system] thermodynamically and the 

most probable state statistically", Halliday and Resnick 

(1962]. In the fully adjusted state the material may be 

assumed to carry one of the following loads: a) Can not 

carry any load and it has zero strength like a void in the 

classical continuum damage model Kachanov [1986], hence, 

e Se les: 0 
crij = ij = 3crkkUij = ij (3.1) 
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where crC jj is the stress tensor for the fully adjusted part 

(fas), S\j is the deviatoric stress tensor in the fas, O"\k 

is the hydrostatic stress tensor for the fas, 0ij is the 

Kronecker delta function, Olj= 1 when i=j and Olj= 0 when i # 

j and Q jj is the zero tensor. 

b) Can carry hydrostatic stress but no shear stress at all 

(like a constrained liquid) 

(3.2) 

c) Can carry hydrostatic stress and shear stresses that is 

reached up-to that point, but cannot carry any additional 

shear stresses. The material will deform in shear with zero 

volume change, similar to the Modified Cambridge Clay Model 

critical state, Roscoe and Burland [1968]. 

(3.3a) 

(3.3b) 

hence Sij:;t:O but dSij = 0 (3.3c) 

and the relationship between the second invariant of the 

deviatoric stress tensor and the first invariant of the 

stress tensor is given by 

(3.4) 

where m is defined in Fig. 3.3. 
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~D 

Figure 3.3 Schematic J1vs.jJw Curve for the Fully Adjusted 

(Critical) Material 
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3.2.3 Disturbance Function 

The disturbance in the material is defined by the 

ratio of the area (or volume) of the fully adjusted 

material to the total area (or volume) of the material. In 

general, the disturbance will be a tensor, Di' but in the 

case of isotropic materials, such as Pb/Sn solder and most 

metals, it can be assumed to be a scalar in a weighted 

sense. In general, 

(3.5) 

where lij is the second order tensor of direction cosines, 

Ac is the fully adjusted area in direction j and A is the 

total area in direction j. Equation (3.5) allows us to have 

different disturbances in different directions in the 

material. Moreover, it also allows for interaction between 

the disturbances in different directions in the material. 

This last feature may be necessary for initially anisotropic 

materials, which does not have the same response in every 

direction. 

The disturbance in the material can be expressed in 

terms of internal variables such as the trajectory of the 

plastic (viscoplastic) strains or plastic work, density, 

shear wave velocity, interface roughness, temperature, 
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number of cycles experienced or entropy [a measure of 

disorder]. The progress of the disturbance in the material 

may be represented by one of the following functions and 

some material internal variables for these functions. 

A Weibull type exponential function from statistical 

theory of strength, Kachanov [1986]. 

A function of the energy dissipated in the system, Ang 

and Kwok [1987], chia [1994] and Dasgupta et al. [1992]. 

A function of the disorder (entropy) of the system from 

statistical mechanics and thermodynamics, Valanis [1994] 

Muhlhaus [1994]. 

The functions mentioned above have a similar form. 

They are all exponential functions. The constants for these 

exponential functions are obtained by experiments. A 

typical function for disturbance (D), shown in Fig. 3.4 (for 

Du=l) is given by 

(3.6) 

where Du is the ultimate disturbance in the material and 

it is a material constant, A and Z are material constants 

and ~D is the trajectory of plastic (viscoplastic) 

deviatoric strain given by 
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Figure 3.4 Schematic of Disturbance Function vs. Trajectory 
of Plastic Deviatoric Strain. 
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(3.7) 

where deP
ij is the increment of deviatoric plastic strain. 

For practical problems, however, Du= 0.95 is involved. 

3.3 Disturbed state Concept Formulation 

The equilibrium of forces in a material subjected to 

an external force requires that the following equation be 

satisfied, 

Fa = F' + FC (3 • 8 ) 

where Fa is the total applied force, Fi is the force 

carried by intact part and FC is the force carried by the 

fully adjusted part. The equilibrium in terms of stresses 

can be obtained by dividing the equilibrium of forces by the 

total area 

po pi AI pc AC -=--+-A AI A AC A (3.9) 

The total area of the material is equal to the sum of the 

intact and critical parts's areas 

(3.10) 

where A is the total area, Ai is intact area and AC is the 

fully adjusted area. 
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A 

Figure 3.5 Equilibrium of Forces in a Material composed of 
Intact and Fully Adjusted Parts 
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For the sake of simplicity the disturbance for 

initially isotropic materials can be defined as a scalar 

given by the following ratio 

D
_ AC 
- A (3.11) 

Equation (3.11) shows that the value of 0 can be between 0 

and 1. 

Using equation (3.10) and equation (3.11) we can write 

the following relationship between the total area of the 

material and the area of the intact part and the fully 

adjusted part 

~=A-AC=l_D 
A A (3.12) 

substituting Eq. (3.11) and Eq. (3.12) in Eq. (3.9) yields 

the following equation, 

crij = (1 - D) cr~ + D crij. (3.13 ) 

where, crif is the average (observed) stress tensor for the 

material, crij is the stress tensor for the intact part and 

cr~ is the stress for the fully adjusted part. 

Differentiation of Eq. (3.13) with respect to cr~) 

yields 

dcrif = (I - D) dcrij + D dcr~ + dD (crij - crij) 

where d denotes increment. 

and D 

(3.14 ) 
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Using the incremental theory of plasticity, the 

increment of stress can be written in the following form: 

A i ieep Ai 
u(J ij = ijkl uekl (3.15 ) 

where is the elasto-plastic (or elasto-viscoplastic) 

constitutive tensor for the intact part and de~l is the 

incremental total strain tensor for the intact part. 

For the fully adjusted part 

A c ceep A C 
ueJij = ijkl uekl (3.16) 

ceep 
where ijkl is the elasto-plastic (or elasto-viscoplastic) 

constitutive tensor for the fully adjusted (critical) part 

and deZ, is the incremental total strain tensor for the 

fully adjusted (critical) part. 

Assume that the strain in the intact part of the 

material is different from the strain in the fully adjusted 

part. Also, assume that the strain in the fully adjusted 

part will usually be greater than that in the intact part. 

Based on these assumptions we can propose the following 

relationship: 

(3.17) 
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(3.18) 

where WijkJ is a tensor containig coefficients for relative 

motion between the intact and fully adjusted parts, OJ is 

the tensor containing disturbance functions and 

I ijkJ is the unit tensor. 

Equation (3.17) assumes that the relative strain 

between the intact part and the fully adjusted part may be 

different in every direction. Since the disturbance 

function, D, changes from 0 to 1 Eq. (3.12) assumes that at 

the early stages of loading the relative motion is as small 

as is D. As the disturbance in the material increases so 

does the relative motion. If we assume that the initially 

isotropic material, such as most metals (e.g. a Pb/Sn solder 

alloy) in temperature loading, the disturbance tensor Dj 

and the relative motion tensor a ijk1 may be taken as a 

scalars as D and a, respectively. Consequently, if we 

sUbstitute Eq. (3.17) in Eq.(.16), the following equation 

results: 

(3.19 ) 

where a is the scalar coefficient for the relative motion. 
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substituting Eq. (3.19) in Eq. (3.14) yields 

(3.20) 

In order to write Eq. (3.20) in a succinct yet 

conventional constitutive equation form we need to derive 

the term "dO" in terms of, de~l' the incremental total 

strain in the intact part. The disturbance is a function of 

the trajectory of the deviatoric plastic strain, hence 

(3.21) 

The trajectory of the deviatoric plastic strain is a 

function of deviatoric plastic strain which is in turn a 

function of temperature and time: 

(3.22) 

Taking partial differential of the deviatoric plastic strain 

trajectory ~D with respect to deviatoric plastic strain, 

temperature and time yields 

d'E,D de"y Of,D de"y --aB+ --dt de"y de de"y dl (3.23) 
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where, e denotes temperature and t denotes time. Here the 

disturbance is a function of the deviatoric plastic strain 

trajectory and the deviatoric plastic strain trajectory is a 

function of the deviatoric plastic strain which in turn is a 

function of temperature and time. Since our formulation is 

in terms of the trajectory of the deviatoric plastic strain 

the derivatives of the disturbance with respect to plastic 

strain, temperature, and time do not appear explicitly in 

Eq. (3.21). 

The trajectory of the deviatoric plastic strain is 

defined as 

I 

d(,D = I[ de~ de~y (3.24) 

Using the associative flow rule and the normality rule of 

the incremental plasticity theory, we can write the 

following relationship between the increment of the total 

plastic strain and the yield surface F as Hill [1950] 

dff=A~ 
IJ UUij 

(3.25) 

In the similar form, we obtain the volumetric plastic 

strain as 

(3.26) 
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where A is a positive scalar factor of proportionality and 

8ij is the Kronecker delta, 8if = 0 when i =I: j, 8ij = 1 when i =j 

If the material is nonassociative, the yield surface 

function F in Eqs. (3.25) and (3.26) would be replaced by 

the plastic potential function (Q). The deviatoric strain 

is the difference between the total strain and the 

volumetric part of the strain, therefore 

(3.27) 

substitution of Eq. (3.25) and Eq. (3.26) in Eq. (3.27) 

yields 

(3.28) 

and sUbstitution of Eq. (3.28) in Eg. (3-24) gives the 

following equation 

(3-29a) 

(3.29b) 
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For the third term in Eq. (3.29b) the Kronecker delta has 

the following special value: 

(3.30) 

The second term in Eq. (3.29b) can be reduced to the 

following form: 

*/01' i = k (3.31a) 

*/01' i:1= k (3. 3lb) 

substitution of Eq. (3.30) and Eq. (3.3lb) in Eq. (3.29b) 

finally yields the following equation: 

(3.32 ) 

For the hierarchical single Surface Do model, A can be 

derived by following the procedure given in Desai and 

Siriwardane [1984]. 

(3.33) 
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The derivative of the disturbance with respect to the 

trajectory of the deviatoric plastic strain can be written 

as 

(3.34a) 

(3.34b) 

Substitution of Eq. (3.33) in Eq. (3.32) and then 

sUbstitution of Eq. (3.34b) and Eq. (3.32) in Eq. (3.21) 

yields the following equation: 

(3.35) 

Equation (3.35) can be written in the following form: 

(3.36) 

where, Rst is given by the following equation: 
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RSI = [ I] 
~C' ..2L_£E ~~ 2 
iJomn mnpqOOpq a.;(oomnlJam,,) 

(3.37) 

SU~5titution of Eq. (3.36) in Eq. (3.20) leads to the 

following incremental constitutive equation: 

(3.38) 

or Eq. (3.38) can be written in the succint form as 

(3.39) 

where the effective constitutive tensor for the DSC is given 

by 

(3.40) 

Equation (3.40) for the DSC includes the effect of 

disturbance over the discontinuous material by modifying the 

observed stress tensor cr",]. If the disturbance were not 

included would be reduced to the intact or to the 

continuum formulation. This formulation also allows for the 

relative motions within the material, Fig. 3.6. 

Furthermore, it allows for the inclusion of the internal 



moment in the material, because the stresses in the two 

parts are different, Fig. 3.6. 
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If we study Eq. (3.40) we realize that the first term 

gives us the continuum damage mechanics formulation, 

Kachanov [1986]. The second term in the equation accounts 

for the relative motion within the material and thus enables 

us to account for the energy dissipated within the material 

due to the different strains in the intact part and critical 

part of the material. The third term in Eq. (3.40) 

indicates different stresses in the two parts and includes 

an internal moment effect. The third term can also be 

interpreted as the equivalent interaction of microcracks. 

The term Rst can be treated as an implicit moment arm for 

the internal moment, which exists due to (crc
ij - cri

ij ) the 

stress difference. The material parameters Rst and cr can be 

interpreted to relate to characteristics length and 

localization dimensions in the constitutive model. The moment 

term in this constitutive relation may be considered similar 

to the introduction of the moment in the Cosserat continuum, 

but differs due to the fact that this moment is 

intrinsically included in the constitutive model. Whereas 

in Cosserat continuum the moment is introduced in the 

equilibrium equations. 
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Figure 3.6 simulation of Relative Motion and Action of 
Relative stresses, After Desai [1992] 
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3.4 constitutive Models 

3.4.1 General 

In this section the individual constitutive models for 

the intact part and the fully adjusted parts will be 

developed. 

It is well known that when materials are subjected to 

an external load they undergo deformations. When the 

external disturbance is removed, some of the deformations 

may be recovered and some may remain permanently. 

Reversible deformations are called elastic deformations, and 

irreversible deformations are called plastic or inelastic 

deformations. If the irreversible deformations are time 

dependent, meaning that if they take place over a period of 

time, e.g .. creep, they are called viscoplastic 

deformations. The amount of deformations may be calculated 

by modeling the materials by means of the continuum 

mechanics laws. The DSC assumes that materials are 

discontinues in nature. Therefore, we use the continuum 

mechanics laws for the intact part of the material. 

In order to simplify the formulation of the material 

behavior, we idealize stress-strain behavior into certain 

categories. Figure 3.7 depicts some of the idealized stress 

strain behavior. 



Physical Model Stress-Strain Idealization 

Perfectly elastic 

a 

w1~J&' P 

Rigid, perfectly plastic e 

a 

Rigid, linear strain hardening e 

J$;)&""~ • P 

Elastic, perfectly plastic 

a Softening 

,~ 

Elastic, linear strain hardening 
e 

Figure 3.7 Idealized stress-strain Models, Desai and 
Siriwardane [1984] 
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3.4.2 Theory of Plasticity 

Experiments show that some materials, such as steel, do 

not experience any plastic deformations up to a certain 

level of loading. Yet as soon as the stress level reaches a 

certain limit these materials yield. If the loading 

continues beyond the yield point the material flows and 

undergoes plastic deformations in addition to the elastic 

ones already occurring. 

Beyond the yield point materials also experience 

hardening. If the material is stressed beyond the yield 

point A to point B ,in Fig. 3.8, and then unloaded to point 

C, it may behave elastically during unloading from B to c. 

If the material is reloaded again from C to B, it may behave 

elastically until it reaches point B. Even though the 

initial yield point was A, the new yield point becomes B, 

which is higher than A. This behavior is called hardening. 

In order to be able to formulate elastic-plastic or 

elastic-viscoplastic behavior of a material, therefore, we 

have to define 

A yield criterion 

A flow rule 

A hardening rule 

A softening criterion 
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Figure 3.8 Hypothetical stress-strain Curve for Metal Under 
Simple Tension, After Desai and siriwardane[1984] 
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3.4.2.1 yield criterion 

A yield criterion can be defined as the limit of 

elastic deformations. In a one-dimensional case the yield 

criterion is easily visualized in the stress-strain curve, 

Fig. 3.8, e.g. point A. However, in a three-dimensional 

case the yield criterion needs to be defined by means of a 

mathematical function which includes the effects of all the 

stress components, a ij , and the hardening parameter a, which 

is an internal scalar variable 

F = F(a 11, a22, a33, a12, al3,a23, Ci) (3.41) 

Equation (3.341) can also be expressed in terms of the 

principal stresses, a j (i=1,2,3), and the direction cosines 

,n i (i=l, 2 , 3) , : 

(3.42) 

If the material is isotropic, and if it does not have any 

preferred directions, the yield criterion can be expressed 

in terms of the principal stresses and the hardening 

parameter as 

F = F(a 1, a2, a3, a) (3.43) 
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Equation (3.43) can also be expressed in terms of the stress 

invariants, 

(3.44) 

or 

F = F(Jl, Jw, J3D, a.) (3.45) 

where J 1 , J 2 and JJ are the first, the second and the third 

invariants of the stress tensor, 0ij , respectively, and J 2D , 

and JJDare second and third invariants of the deviatoric 

stress tensor, Sij , respectively. 

3.4.2.2 Flow Rule 

When the material reaches the yield criterion, the 

material experiences microstructural changes. During this 

process, the material particles slide and rollover each 

other to settle at new locations, thus causing permanent 

deformation. This is called plastic flow. In the 

incremental theory of plasticity the direction of the 

plastic strain, which occurs as a result of the plastic 

flow, is defined through a flow rule. According to this 

flow rule, the plastic strain vectors are orthogonal to a 

plastic potential function (Q). The increment of plastic 

strain is given by 

deP. = ')..:.3 
IJ VUlj 

(3.46) 
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Equation (3.46) is referred to as the normality rule. 

For some materials, the plastic potential function can be 

the same as the yield function. Such materials are 

considered to follow the associative flow rule. For some 

other materials however the plastic potential function (Q) 

and the yield function (F) are different. Such materials 

are considered to follow the non-associative flow rule. 

3.4.2.3 Hardening Parameter 

Hardening is defined by varying yield function during 

plastic deformation. Two hypotheses have been proposed to 

define the degree of hardening. One hypothesis assumes that 

hardening depends only on the plastic work and that it is 

independent of the strain path, Hill [1950J. The second 

hypothesis assumes that the plastic strain trajectory is a 

measure of hardening. In this dissertation the second 

hypothesis is used. 

There are four types of hardening, Fig. 3.9, Desai and 

Siriwardane [1984J. 

1- Perfect plasticity: This is the simplest 

assumption of hardening. According to perfect plasticity, 

the yield surface does not change at all and hardening is 

zero. 



G2 G2 

(a) (b) 

(c) (d) 

FIGURE 3.9 Hardening Types, a) Perfect Plasticity 
b)Isotropic Hardening c) Kinematic Hardening 
d) Anisotropic Hardening, After Desai and 
Siriwardane [1984] 
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2- Isotropic hardening: The yield surface maintains 

its shape, while its size increases symmetrically, 

controlled by the plastic deformations. 

3- Kinematic hardening: The shape and size of the 

yield surface remain the same. However, the yield surface 

can translate in the direction of the plastic strain 

increment in the stress space without rotation, Ishlinski 

[1954], Prager [1956]. 
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4- Anisotropic hardening: The yield surface changes 

its shape. The material as a result, will have different 

yield limits in different directions. However, the shape of 

the yield surface will still be controlled by the plastic 

deformations. 

3.4.2.4 Softening criterion 

Some materials, after hardening and reaching a maximum 

stress value, begin losing their strength, Fig. 3.10, the 

tangential stiffness matrix ceases to be positive definite, 

in which case the stress-strain curve is descending, the 

material is said to be strain softening. The causes of such 

strain softening are both microcracking and void formation. 

These disturbances may cause instabilities in the material. 

Hadamard [1903] has shown that as a result of the 

non-positive definite elastic stiffness matrix, the wave 

propagation speed in the material is imaginary in the 

softening zone. 
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Hardening 
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Figure 3.10 Schematic Diagram of the Stress-Strain Behavior 
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This hypothesis is also true for the tangential stiffness 

matrix of an inelastic material. The imaginary wave 

propagation speed renders the dynamic differential equation 

of motion to elliptic. The differential equation for a 

material with a positive definite stiffness matrix, however, 

is hyperbolic. Consequently the dynamic 

initial-boundary-value problem becomes ill-conditioned. 

Due to the imaginary wave speed, strain softening has 

been considered an inadmissible property of a continuum and 

some researchers have argued that strain softening simply 

does not exist, Read and Hegemier [1984] and Sandler [1984J. 

This statement can be true, though only on the microscale. 

"strain softening does not exist in the heterogeneous 

microstructure at SUfficient resolution. It is merely an 

abstraction, a necessary expedient way to model the material 

on the macroscale. It would be impossible for an analyst to 

take the vast number of microcracks into account 

individually", Bazant and Cedolin [1991]. Therefore, strain 

softening is not a true material property but is rather a 

performance of a structure. This structure is made up of 

microcracks, voids, joints, scattered continuum intact parts 

and interfaces. There are a number of models to characterize 

the strain softening behavior of materials, such as the 

continuum damage model, Kachanov [1986] ,the parallel bar 

model (or the lattice model) Krajcinovic [1989], A good 



review of some of the available methods is presented in 

Krajcinovic [1989]. 
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In the Disturbed state Concept softening is defined 

by means of disturbance, D, in the material. The observed 

softening response is defined to be a deviation, D, with 

respect to the intact response of the material, Fig. 3.2. 

The material at any point contains intact and fully adjusted 

parts. The average response is defined in terms of the 

response of the intact part and the response of the fully 

adjusted part. The response of the intact part never 

softens and remains hardening or elastic continuously. 

Therefore, according to DSC even though the observed 

behavior may be softening, some parts (intact) of the 

material continue to harden, see Fig. 3.2. Furthermore, if 

it is assumed that the fully adjusted material can carry 

hydrostatic stress, the stiffness of the material does not 

reduce to zero even when Du = 1. These features enable the 

DSC to handle softening as a structural performance of a 

discontinuous medium rather than a material property of a 

continuum material. 

3.4.3 stress-Strain Relationship 

For a linear elastic material, the state of stress is a 

function of the current state of strain only. After the 

removal of the load, the material returns to its original 



configuration. For such materials, the stress-strain 

relationship can be expressed as: 

where cr jj is the second order stress tensor, C~I is the 

fourth order elastic constitutive tensor and Ekl is the 

second order strain tensor. 
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In the case of nonlinear elastic materials, the stress 

strain relationship can be represented in an incremental 

form as 

(3.48) 

where dcr jj is the increment of stress tensor C~l is the 

tangential thermo elastic stress-strain tensor and dEkl is 

the increment of strain tensor. 

For elasto-plastic materials, the state of stress is a 

function of the current state of strain and the stress-path 

followed to reach that strain. This stress-path dependency 

requires us to define the incremental stress-strain 

relationship as 

(3.49) 



where CepO ceO cP 
Ijkl = iJkl - Ijkl , C~kl 

CeJij 
stress-strain tensor and Ijkl 

is the tangential plastic 

is the tangential thermo 

elasto-plastic stress-strain tensor. 
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In addition to the fundamental concepts, of the theory 

of plasticity discussed above, there are four conditions 

formulated by Prager [1949] that must be satisfied in any 

constitutive model. 

1- Condition of continuity: In order to avoid any 

discontinuities in the stress-strain relationship, it is 

assumed that neither the stress path tangential to the yield 

surface (neutral loading) nor the stress path directed 

towards interior of the yield surface (unloading) causes 

plastic deformations. 

2- Condition of Uniqueness: For a given infinitesimal 

increment of surface traction, the resulting increments of 

stresses and strains (both elastic and plastic) are unique. 

3- Condition of Irreversibility: Because of the 

irreversible nature of plastic deformations, the work done 

on the plastic deformations will be positive 

dWP = Cilj de~ > 0 (3. 50) 

4- Condition of consistency: The yield criterion will 

be satisfied as long as the material is in a plastic 

condition (dF = 0). Hence, loading from a plastic state will 

lead to another plastic state. 
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3.5 Theory of Viscoplasticity 

The theory presented below is based on Perzyna's [1966] 

theory of quasi-static elasto-viscoplasticity, which is 

similar to the theory of elasto-plasticity and also uses the 

concept of yield function. All irreversible deformations 

take place over a period of time. The concept of 

instantaneous irreversible permanent strain which is the 

basis for the theory of plasticity does not agree with any 

of the experimental observations. Hence the theory of 

plasticity is used only as a convenient mathematical 

assumption. For some materials, such as Pb/Sn solder alloy, 

the viscous feature is distinct. Such materials: as a 

result, cannot be modeled by the plasticity theory described 

earlier. "A viscoplastic material is similar to fluid, but 

it differs such that it can carry shear stress even when it 

is at rest, but when stress intensity reaches the yield 

condition, the material flows with viscous stresses 

proportional to the excess of the stress intensity over the 

yield condition." Malvern [1969J. 

The one-dimensional rheological model depicted in Fig. 

3.11 may be used to explain the concept of viscoplastic 

material. The following explanation for this rheological 

model is adapted from Owen and Hinton [1980]. The slider 

block in Fig. 3.11 which simulates the plastic component 

becomes active only when the total applied stress exceeds 



some yield value (Y). When an instantaneous load cr is 

applied only an elastic deformation takes place at the 

elastic spring. The excess (cr - Y) stress during the 

instantaneous application is carried by the dashpot. 
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Therefore, the excess stress (cr - Y), which is carried by 

the dashpot, will cause plastic strains. The accumulation 

of viscoplastic strain will stop when all of the excess 

pressure (cr -Y) on the dashpot has been released. It is 

noteworthy that the rheological model in Fig. 3.11 becomes 

an elastic perfectly plastic model when the dashpot is 

eliminated. 

The total strain can be written as the sum of the 

elastic, ee, and viscoplastic, e~, components as 

(3.51) 

The stress in the linear spring is equal to the total 

applied stress and is related to the elastic strain by 

(3.52) 

where cr is the total applied stress, E is the elastic 

Young's modulus and ee is the elastic strain in the spring. 



(J 

CTd = CT - CTr" E.p 

E. 

Inactive if 

up<Y 
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Figure 3.11 One-dimensional Rheological Elasto-Viscoplastic 
Model, After Zienkiewicz and Corrneau [1972] 
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The stress level in the friction slider depends on 

whether or not the threshold or yield stress, Y, has been 

reached. The onset of viscoplastic deformations is governed 

by a uniaxial yield stress O'y. The stress level for 

continuing viscoplastic flow depends on the strain-hardening 

characteristics of the material. The stress level for 

viscoplastic yielding at any stage is given by, 

y= °' +Hevp 
y (3.53) 

where Y is the current yield stress, cry is the virgin yield 

stress and H is the slope of the strain hardening portion 

of the stress-strain curve after removal of the elastic 

strain component, Fig. 3.12. 

The stress in the friction slider is 

crp=a , if O'p < Y 

(3.54) 

crp = y , if 

The stress in the viscous dashpot, O'd' is related to the 

viscoplastic strain by 

(3.55) 
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Figure 3.12 Elastic, Linear strain Hardening stress-strain 
Behavior, After samtani [1990] 
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where ~ is the viscosity coefficient and dt is the time 

increment. The force equilibrium requires that 

(3.56 ) 

Before the onset of viscoplastic yielding e~= 0 and a = a p • 

substituting Eq. (3.53) and Eq. (3.55) in Eq. (3.56) gives 

d vp a + H e VP + II_E_ = a 
Y ,... dl (3.57) 

sUbstituting Eq. (3.51) and Eq. (3.52) in Eq. (3.57) and 

multiplying each term by the Young's modulus, E, results in 

H Ee+ ~E 1fi =H a+E (a-ay)+ ~ ~~ (3.58) 

which is a first order differential'equation defining the 

time-dependent relationship between stress and strain under 

viscoplastic conditions. Let's define a fluidity parameter, 

y, such that 

y = t (3.59) 

sUbstitution of Eq. (3.59) in Eq. (3.58) and rearranging 

yields the following equation: 

(3.60 ) 
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where E = ~ +EvP , hence 

(3.61) 

Equation (3.61) defines the viscoplastic strain rate in 

terms of the portion of stress which is in excess of the 

steady state yield value. 

In order to obtain the closed form solution to Eq. 

(3 . 58) under a constant stress 0' = O'A' we need to, first, 

substitute Eq. (3.59) in Eq. (3.58) to yield 

(3.62) 

The solution to this first-order differential equation is 

given by, Owen and Hinton [1980] 

(3.63) 

The form of the response is shown in Fig. 3.13(a). Following 

an initial elastic response, the strain in the model attains 

the steady state value indicated in the exponential fashion. 

The case of a perfectly viscoplastic material in which 

H = 0, can be obtained by taking the limit as H tends to 

zero in Eq. (3.63) and applying L'Hopital's rule. This 

results in 
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E = cr; +(O'A -O'y)y t 

This response is shown in Fig. 3.13(b). 

(3.64) 

In this case it is 

seen that a steady state condition is not achieved and that 

viscoplastic deformation continues indefinitely at a 

constant strain rate. The different behavior shown in Figs. 

3.13(a) and 3.13(b) arise from the fact that for a strain 

hardening material the viscoplastic yield stress increases 

according to Eq. (3.53) until it reaches the applied stress 

level O'A at which stage the viscoplastic strain rate 

becomes zero. On the other hand, for a perfectly 

viscoplastic material there is always a stress imbalance of 

0' A - cry in the system which does not reduce and consequently 

steady state conditions cannot be achieved. 

This simple uniaxial model can be generalized to the 

multiaxial case. A good survey of different viscoplastic 

models is given by Samtani (1990). 

The viscoplastic materials exhibit two types of 

behavior, stress relaxation and creep, under different 

loading conditions. creep is the time-dependent increase in 

plastic strain that occurs when the material is loaded under 

a constant stress condition. (see Fig. 3.14). stress 

relaxation is the time-dependant decrease in stress that 

occurs when the material is loaded under constant strain 

(see Fig. 3.13) 
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Time. t 

(a) 

Strain,E 

H'=O 

E 

Time. t 

(b) 

Figure 3.13 strain Response with Time for the Model in 
Fig. 3.11 due to Constant Applied Load a) Linear 
strain Hardening Material b) Perfect Plasticity 
After Owen and Hinton [1980] 
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Figure 3.14 stress Relaxation Behavior of Viscoplastic 
Materials 
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3.6 comparison of Plasticity and Viscoplasticity 

The traditional plasticity theory excludes the time

rate effect and assumes that the all inelastic deformations 

occur instantaneously. The exclusion of time from material 

behavior prediction can be justified in certain 

circumstances, such as when a material at unchanging room 

temperature is subjected to a static loadi~g, Zienkiewicz 

and Cormeau [1974]. Furthermore, to exclude the time-rate 

effect, the room temperature should not be close to 0.5 Ty, 

where Ty is the melting temperature of a material. Under 

these conditions classical plasticity may predict the 

material behavior adequately. The creep and relaxation 

processes reach the maximum levels near the 0.5 Ty • 

Metals and microelectronic packaging interconnection 

materials in particular exhibit creep and relaxation at near 

room temperature. A typical microelectronic packaging 

interface material, Pb40/Sn60 in particular, has 183 0 C 

melting temperature. For this material creep and relaxation 

reach their near maximum levels around 91° C. This 

temperature is within the operating temperature of most 

semiconductor devices. Moreover, microelectronic packaging 

materials are subjected to temperature cycling loads over a 

long period of time. The dominant thermomechanical load on 

the system is cycling shear strain due to a coefficient of 



thermal expansion mismatch between layers connected by a 

solder joint. The classical plasticity models therefore 

cannot be used alone to model the behavior of 

microelectronics packaging interface materials. 
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Another advantage of the viscoplasticty model is that 

it is simpler when compared to the classical plasticity 

procedure. Zienkiewicz and Corrneau [1974] have shown that 

"The viscoplastic model can be used to generate plasticity 

solutions in a simple manner" , furthermore," it 

[viscoplasticity solution] allows the treatment of 

non-associated plasticity and strain softening situations 

which present diffuculties in conventional plasticity". 

Viscoplasticity can be used to solve time dependent 

plasticity problems as well as to solve time independent 

elasto-plastic problems in a more efficient way by 

overcoming some of the difficulties inherent in the 

classical plasticity formulation. In viscoplasticity 

algorithm the stress level is allowed to exceed the yield 

condition (F >0). The viscoplastic solution tends to the 

yield condition as the steady state is achieved in the 

system. This is feature eliminates the need for rather 

complicated drift correction strategies required in the 

plasticity algorithms, samtani [1991]. Moreover, several 

researchers, e.g. Zienkiewick and Cormeau [1972] and others, 

have further argued that the viscoplastic model is indeed 
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physically more realistic than any purely plastic one in 

which instantaneous plastic flow is assumed. Hence, the 

viscoplasticity algorithm can be used for classical 

elasto-plastic problems, even with trivial time-rate 

effects. At the steady-state, when viscous flow in the 

material stops, the viscoplastic solution becomes identical 

to the traditional plasticity solution. Also, by assuming a 

zero yield stress, viscoelasticity problems can be solved by 

using the theory of viscoplasticty. 

3.7 Hierarchical Single Surface (HiSS) Models 

Desai [1980] proposed the development of the 

Hierarchical Single Surface (HiSS) concept for the 

development of constitutive models. The HisS approach for 

constitutive modeling allows for the progressive development 

of models of higher grades corresponding to different levels 

of complexities. The basic model, 0
0

, relates to 

isotropically hardening material that obeys the associative 

plasticity rule. Models of higher grades, exhibiting 

isotropic hardening with non-associative plasticity, 01 , and 

non-associative response (due to factors such as friction 

and kinematic hardening), O2 , are obtained by superimposing 

modifications or corrections onto the basic 0
0 

model. 
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In this dissertation the following material models were 

improved, such that they can handle continuous temperature 

change and hold time (in the case of viscoplastic model) and 

implemented as part of the DSC formulation in the finite 

element program. 

- Thermo-plastic model, Oe 

- Thermo-viscoplastic model, Ov~ 

3.7.1 Associative Model, 00 

This model is the most basic of the hierarchical single 

surface family of constitutive models, other models are 

constructed by modifying this one. 

The yield function for HisS is expressed by means of 

three invariants (JJ' J 2D , J 3D ) and a hardening parameter, a., 

that is based on plastic strain trajectory: 

(3.G5a) 

and (3.65b) 

where Pa is the atmosphel-ic pressure, J'J is the first 

invariant of the stress tensor, R is the bonding stress 

(tension or compression), y, ~ and m are material constants 
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associated with the ultimate envelope, m is -0.5 (for most 

materials) and n is the material constant associated with 

the phase change, at which point the material transits from 

the contractive to dilative state. Schematic plots of the 

yield surface F are shown in Figs. 3.15 and 3.16. The 

stress ratio Sr is given by 

.fi7 I.S Sr = -2-J3D.r2D (3.66) 

The hardening function a expressed in terms of the plastic 

strain trajectory is given by 

(3.67) 

where a1 and ~l are material hardening constants and ~ is 

given by 

( )

0.5 

~ = f df,~. df,~ 3.68) 

where deP;j is the increment of the plastic strain tensor. 

At the first load step in the finite element method the 

hardening parameter a is calculated in the following way. 
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Figure 3.15 Plot of yield Function in JI-JJw Space, After 
Chia [1994] 
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Figure 3.16 Plot of yield Function in octahedral Space, 
After Desai [1987] 
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The initial value of the hardening function is obtained by 

substituting J 1 , J 2D ; J 3D and Sr which are computed from 

initial or insitu stresses. Hence, with F =0 

(3.69 ) 

and (3.70) 

The detailed procedure of obtaining these material constants 

is given in Desai [1987]. 

The 80 model obeys the associative flow rule. Hence 

the yield function (F) is chosen to be the potential 

function (Q) 

(3.71) 

The expression A is obtained as Desai [1984]. 

(3.72) 

According to the incremental theory of plasticity the 

total strain can be decomposed into an elastic component and 

a plastic component. 
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(3.73 ) 

and 

(3.74) 

The elastic stress-strain relationship is given by Hooke's 

law 

(3.75) 

sUbstitution of Eg. (3.72) in Eg. (3.71) and then Eg. 

(3.71) in Eg. (3.74) and then sUbstitution of Eg. (3.74) in 

Eg. (3.75) yields 

where the elastic-plastic matrix takes the form 

C
ep ce . ijk} = ijk} -

c' -EL...E£. C· 
i.Jmn eamn eauv uvkl 

1 
of C. of of (OF OF) 2 

eapq pqst east - ~ east east 

3.7.2 Associative Thermo Plastic Model,be 

(3.76) 

(3.77) 

For the thermo elasto-plastic case the yield condition 

and material constants are expressed as function of 

temperature, hence F is expressed as 
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F= ~~ - [Y(8) e~~») 2 -ii(8) e~~») n(O)] [1- P(8) Sr]m (3.78) 

where 8 is the ambient absolute temperature in degree 

Kelvin. In order to express the functional dependence on 

temperature in a unified manner, various parameters are 

expressed as, Chia [1994] 

( 0 )Py 

y(8) = Y300 300 

a(8) = ;(~;~J 

( 
0 )Pn 

n(8) = 11300 300 

( 
0 )PE 

£(8) = £300 300 ( 
0 )Pv 

v(8) = V300 300 

(3.79) 

where are y(8), P(8), v(8), R(8) temperature dependent 

material parameters, a(8) is the hardening parameter, E(8) 

is the temperature dependent elastic Young's modulus 

temperature v(8) is the temperature dependent Poisson's 

ratio, aT is the temperature dependent coefficient of 



130 

thermal expansion and p is the exponent, (3000K is 

equivalent to 27°C room temperature). 

The constitutive matrix for this model can be derived 

in a manner similar to that for the, 00 model. The only 

difference is that additional partial derivatives with 

respect to temperature are needed. This model was developed 

by Chia [1994] where the detailed derivation is given. 

Hence, the incremental constitutive relation is given by 

where 

dcr if = C~ dekl - Ej cId 

aF 
I il<1ij 

n··=--
IJ II~II 

(3.80) 

(3.81) 

(3.82) 

(3.83) 

(3.84) 

nij= unit vectors on the yield surface (F) directed outward 

(3.85) 



3.7.3 THERMO ELASTO-VISCOPLASTIC MODEL, OVP9 

3.7.3.1 Background 
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The viscoplastic models in the HiSS family were 

developed by Desai and Zhang [1987] and samtani and Desai 

[1991]. These models did not include the thermal effects and 

were used for various geomechanical applications. Chia and 

Desai [1993] improved the viscoplastic model so that it 

could handle isothermal effects and could be used for 

metals. In this dissertation the model, o~ is enhanced so 

that it can handle non-isothermal condition involving 

continuous temperature changes and hold-time. The last two 

features are needed in order to be able to simulate the 

temperature cycle experiments conducted on microelectronic 

packages. 

3.7.3.2 Formulation 

For the sake of simplicity in this formulation vector 

and matrix notation will be used instead of the tensor 

notation. This is due to the fact that the number of 

sub/superscripts is large and may cause confusion. 

Assuming small strains, the total strain increment for 

the thermo-elasto-viscoplastic continuum problem can be 

decomposed into three parts as 

(3.86) 
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where {de} is the total strain increment vector, {dee} is 

the elastic strain increment vector, {des} is the thermal 

elastic strain increment vector and {de~} is the thermo 

viscoplastic strain increment vector. Elastic strain 

increment vector is given by the Hooke's law as 

(3.87) 

where [Ces ] is the thermo elastic constitutive matrix and 

{dcr} is the total stress increment vector. 

The thermo viscoplastic strain is defined in terms of 

its rate, which depends on the current state of stress and 

current temperature. The thermo viscoplastic strain rate 

with an associative flow rule, which means that the 

viscoplastic strain vector is orthogonal to the yield 

surface, F, is given by Perzyna [1966] as 

where, r(e) is a material fluidity parameter and is a 

function of temperature a~d 'P(~) is a positive 

monotonically increasing function determined from 

(3.88) 

experimental data and Fa is reference stress state, e.g .. 

uniaxial yield stress. 
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The yield function F is now given by 

F = Jp~ _ [Y(9) e~~l) 2 _ a(9)e~~l) nce
l
] (1- ~(9) Sr)m (3.89) 

where a is the hardening function 

(3.90) 

and (3.91) 

All material constants are temperature dependent and are the 

same as previously given in the thermo-elasto-plastic yield 

surface for the 88 model. It is assumed that 

thermoviscoplastic flow occurs for values of F > 0 (plastic 

region) and hence, there is no viscous flow in the elastic 

region (when F< 0) • 

The ~ function is given by, 

(3.92) 

in which the flow function can be chosen as a power law, 

such as 
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(3.93) 

or 

where M and N are material constants. In this dissertation 

Eg. (3.93) was used. 

Having defined the thermo viscoplastic strain rate, we 

can now define the thermo viscoplastic strain increment for 

a time increment ~tn =tn.! - tn by using a time integration 

scheme in which, n is the time step number, Owen and Hinton 

[1980]: 

(3.95) 

h 
. vpO 

were !>n = viscoplastic strain rate at time step n 

in Eq. (3.95) X can take on different values, e.g. 

X=O for Euler's Explicit scheme, 

X = 0.5 for Crank-Nicholson' s Semi-Implicit scheme 

X = 1.0 for Fully-Implicit scheme. 

The difference among these integration scheme is the 

stability consideration, Hughes and Taylor[1978]i for 



instance the Euler's Explicit scheme is consistent, but 

conditionally stable, Crank-Nicholson's semi-implicit 
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scheme is consistent and unconditionally stable and 

Fully-Implicit scheme is consistent and unconditionally 

stable. Equation (3.95) requires the thermo-viscoplastic 

strain rate at the time step (n+1). The strain rate at time 

step (n+l) can be obtained by expressing Eq. (3.88) in 

Taylor's series. For the sake of simplicity, the higher 

order terms in the Taylor's series can be ignored, because 

the increments are small thus making the effects of the 

higher order terms are negligible. Hence, 

(3.96 ) 

where {dan} is the change in stress during time increment, 

~tn , d8n is the change in temperature during time increment 

~tn 

{IV = { 1 1 1 0 0 0 } (3.97) 

In Equation (3.96) the matrix containing the derivative of 

the viscoplastic strain rate with respect to stress is 

define,' as [Gj]n and the derivative of the viscoplastic 

strain rate with respect to temperature is defined as [G2 ]n 

are defined as 
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(3.98) 

substitution of Eq. (3.98) in Eq. (3.96) leads to: 

(3.99) 

substitution of Eq. (3.99) in Eq. (3.95) yields 

(3.100) 

terms cancel in Eq. (3.100) 

(3.101) 

Now, we define the thermal elastic strains as follows: 

(3.102) 

Having defined all the strain components using Eq. 

(3.86), Eq.(3.87) and Eq. (3.102) we can now write 

(3.103) 
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substitution of Eq. (3.101~ in Eq. (3.103) yields 

(3.104) 

Collecting "{dan}" terms on the left hand side yields 

where [I] = 

1 000 0 0 
o 1 0 0 0 0 
o 0 1 000 
000 1 0 0 
o 0 0 0 1 0 
o 0 000 1 

Equation (3.105) can be written as: 

(3.105) 

(3.106) 

(3.107) 
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We can define the effective thermo elastic-viscoplastic 

constitutive matrix as 

(3.108) 

using matrix operation rules we can write: 

(3.109) 

substitution of Eq. (3.109) in Eq. (3.107) yields: 

{dan} = [ C~vpO]( {den} - Mn{ f;~} - Mn X aU n[G2]n {7} - ctraUn{7}) 

(3.110) 

(3.111) 

where [CnevPoJ-_ effective elasto-viscoplastic constitutive 

matrix and {den} is the increment of effective strain. Note 

that later on in this disseratation "effective strain" term 

refers to the definition given in Eq. (3.111) and it should 

not be confused with other definitions in mechanics. 
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3.8 Special Cases of the Disturbed State Concept Formulation 

By eliminating certain variables from the general 

formulation of the Disturbed State Concept we can obtain 

various material models. This process will be explained in 

this section. 

3.8.1 Thermo Elasto-viscoplastic with Disturbance 

Based on Eq. (3.38) we can now write 

where 

(3.112) 

(3.113) 

Assuming that the fully adjusted material does not carry any 

additional shear stress, but can carry hydrostatic stress 

and shear stress that has been reached up to the point where 

material transformed from the intact to the fully adjusted 

state. Hence, 

(3.114) 

1 000 0 0 
o 1 0 0 0 0 

where [1] = o 0 1 000 
o 0 000 0 

(3.115) 

o 0 0 0 0 0 
o 0 0 0 0 0 
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[I] is for the following order of strain vector 

(3.116) 

3.8.2 Thermo Elasto-Viscoplastic 

In this case D = 0 and dD = , hence Eq. (3.112) reduces 
to 

(3.117) 

(3.118) 

3.8.3 Elasto-Viscoplastic with Disturbance 

In this case the material model is isothermal. All 

exponents for the material constant temperature functions 

piS must be zero. 

{dcr a } n = [(1 - D)[iCevp ] + D(1 + a)[ccevP ] + {crc - cri}{R}]n {dEi} n 

(3.119) 

(3.120) 

(3.121) 

where [1] is def ined previously by Eq. (3.115) 

3.8.4 Elasto-Viscoplastic 

In this case there is no disturbance in the material, 

hence D = 0 and dD = o. Also the material model is 
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isothermal, thus making all the temperature functions' 

exponents for material properties are zero. 

(3.122) 

where (3.123) 

3.8.5 Thermo Elasto-Plastic (continuous Yielding) with 
Disturbance 

Here 

(3.124) 

(3.125) 

(3.126) 

and [I] is defined by Eg. (3.115) 

3.8.6 Elasto-Plastic (Continuous Yielding) with Disturbance 

In this case all thermal function exponents become 

zero. Hence 

(3.127) 



where [IJ is defined by Eg. (3.115). 

3.8.7 Thermo Elasto-Plastic (Continuous Yielding) 

In this case D = 0 and dD = 0 

3.8.8 Elasto-Plastic (Continuous Yielding) 
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(3.128) 

(3.129) 

(3.130) 

(3.131) 

In this model all material thermal function exponents, 

and disturbance D and dD, are zero. 

(3.132) 
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(3.133) 

3.8.9 Classical Thermo Elasto-Plastic 

In classical plasticity the yield surface is circular 

in the octahedral space and there is no hardening. These 

conditions require that we set the hardening function, a, 

and the ultimate yield surface parameters g and b to zero. 

The yield function takes the following form 

(3.134) 

In the this form the yield function is similar to Von Mises 

criterion. Also the classical plasticity does not take the 

disturbance in the material into account, hence, D and dD, 

are zero. 

(3.135) 

(3.136) 
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3.8.10 Classical Elasto-Plastic 

The only difference between this material model and the 

classical thermo elastic-plastic case is that in this case 

the isothermal room temperature material parameters are 

used. yield function is again given by, 

(3.137) 

the constitutive relation is given by 

(3.138) 

(3.139) 

3.8.11 Nonlinear Thermo Elastic 

Here the nonlinearity is only due to change in elastic 

modulus with respect to temperature, E=E(q). For this case 

the disturbance parameters D and dD are zero, which yields 

the following equation. 

(3.140) 

where (3.141) 
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For elastic case [Gdn = 0 , hence, the constitutive equation 

reduces to 

(3.142) 

3.8.12 Linear Elastic 

For the linear elastic case the stress is a function of 

the strain only. Therefore we do not need to write the 

constitutive equation in the incremental form. Eliminating 

temperature dependency of the nonlinear thermo elastic model 

provides us with the linear elastic model. 

(3.143) 

where [eel is obtained by substituting [Gdn=O in Eq.(3.141) 



CHAPTER 4 

FINITE ELEMENT METHOD IMPLEMENTATION OF THE DSC 

4.1 Finite Element Method 

The finite element method is a numerical analysis 

procedure for the solution of differential equations 

governing physical problems. 
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The principle of virtual work requires that for a 

compatible system to be in equilibrium, the sum of the 

virtual work due to the virtual displacements (which satisfy 

the essential boundary conditions) imposed on the system 

must be zero, Bathe [1982], that is 

Iv {ef:} T {L aO}dV = Is {eU} T {DdS + Iv {oU} T {X}dV + Li {oUi} T {Pi} 
(4.1) 

where, {Of:} is the of the virtual strains, {LaO} is the 

vector of total average stresses given by 

(4.2) 

{aa} is the vector of average stresses due to loads, {aao} 

is the vector of initial average stresses due to 

manufacturing or initial testing, {OU} is the vector of 

virtual displacements, {T} is the surface traction vector, 

{X} is the vector of body forces, {Pi} is the nodal 
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concentrated load vector and superscript "T" denotes the 

transpose of a vector. 

The internal virtual work, the left side of Eq. (4.1), 

is equal to the actual stresses {Lcra
} acting on the virtual 

strains {ds}T (which correspond to the imposed virtual 

displacements), 

{ds} T (4.3) 

The external work, the right side of Eq. (4.1) is equal 

to the actual forces {T}, {X} and {Pi} acting on all of the 

displacements {DU}. 

The definition of coordinate axes and displacement 

components used in this dissertation are as follows. 

{U} {u v w} (4.4a) 

(4.4b) 

where the coordinate axes x, y and z and displacement 

components u, v and ware defined in Fig. 4.1. 
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Y, v 

x,u 

z ,w 

Figure 4.1 Definition of Coordinate System and Displacement 
components for a Three Dimensional Body 
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In the finite element method, the continuum is 

discretized into an assemblage of individually distinct "m" 

number of elements. Hence, Eq. (4.1) must be written as a 

sum of the integrations over the volume and the areas of all 

"m" number of finite elements. 

L f {8e(m)}T{Lcra}(m) d0m) = L f {8lJf.m)}T{r<m)}dS(m)+ 
m I""') m s(m) 

(4.5) 

where the sub and superscript "m" denotes at an element. 

These discrete finite elements are interconnected at nodal 

points on the element boundaries. The displacements within 

each element are approximated in terms of the nodal 

displacements using the interpolation functions, Fig. 4-2, 

as follows: 

(4.6) 

where {U(m)} is. the vector of displacements within an element 

[N 1m
)] is the matrix of interpolation (or shape or basis) 

functions for an element and {q} is the vector of nodal 

displacements in the global coordinates. 



D 

Figure 4.2 Shape Functions (Serendipity Family) for 
Quadratic Element, After Zienkiewicz [1986] 

150 



151 

Monotonic convergence of a finite element solution 

depends on the selection of these approximation functions. 

To achieve monotonic convergence the approximation functions 

must be complete and compatible, Desai [1979]. The 

completeness of an approximation function means that the 

displacement functions of the element must be able to 

represent the rigid body displacements and constant strain 

states. The rigid body displacements are those displacement 

modes that the element must be able to undergo as a rigid 

body without stresses developing in the material. The 

number of element rigid body modes is equal to the 

difference between the number of element degrees-of-freedom 

and the number of element straining modes. The constant 

strain state occurs when the number of elements in the mesh 

is increased, in the limit as each element size approaches a 

very small size the strain in each element converges to a 

constant value. 

In order to satisfy the completeness requirement, 

polynomial expansion chosen as the approximation function 

must include all the terms up to the first order polynomial 

term. For example consider the following polynomial for 

one-dimensional displacement approximation, 

11 = U I + U2X + U3X2 + U4X3 + ........ + unxn (4.7) 

In this polynomial 
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when x = 0, U = al allows for the rigid body mode. 

when x = 0, : = a2 allows for the constant strain state 

The requirement of interelement compatibility means 

that the approximation functions must be en
-

1 continuos 

across the elements and en continuous within the element 

where n is the order of the highest derivative in the 

balanced differential equation (functional) or the total 

potential of the problem. If a differential equation has a 

derivatives through order 2n, its corresponding functional 

(balanced differential equation) has derivatives through 

order n. 

Furthermore, it is preferred that the approximation 

functions be isotropic or geometric invariant, which means 

that the function does not have preferred direction. 

Using strain-displacement transformation matrix we can 

represent the strains within an element in terms of the 

nodal displacements as 

(4.8) 

where {e(m)) is the vector of strains within an elements, 

[B 1m
)] is the strain-displacement transformation matrix for 

an element. It is obtained by differentiating and combining 

rows of the matrix [N 1m
)]. 
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substitution of Eqs. (4.2), Eq. (4.6) and Eq. (4.8) in Eq. 

(4.5) yields 

{8q} TLm fMm) [B(m)]T {(jQ} (m)tfVCm) = {oq} T[ Lm fs(m) [Ns(m)]T {p.m)}ds(m)+ 

+Lm fMm) [N(m)]T{x<m)}d0m) + L{Pj } - Lm Jv[B(m)]T{ (j~}(m)d0m) ] 

(4.9) 

where [NS
] is a matrix of interpolation functions for 

surface displacements. It is obtained by substituting the 

constant coordinate value of the surface in [NJ. 

In equation (4.9) {oq}T cancels from both sides because it 

is arbitrary. Now, define the right hand side (R.H.S.) as a 

generalized load vector. 

(4.10 ) 

using Eg. (4.10), Eg. (4.9) can be written as 

(4.11 ) 

These are equilibrium equations of finite elements. 

For a time dependent problem, the equilibrium is satisfied 

at any time step n. Hence 
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(4.12 ) 

A time dependent problem can be solved by using a 

step-by-step time marching scheme. 

In a time marching scheme, we assume that on the time 

scale we move with increments of ~tn and that during a time 

step the main variable displacement changes with respect to 

time. We also assume that the solution for the previous 

time step n is known. The equilibrium of the system at time 

step (n+1) is then given by: 

( 4. 13 ) 

In equations (4.12) and (4.13) the integral is carried out 

at element level and the summation is carried out at global 

level. For the sake of simplicity, superscript and 

summation index "m" will be dropped from now on. Since the 

solution is known at time step n, we can write the following 

relationship between the stress vector at time step n+1 and 

time step n 

( 4. 14 ) 

where {cr~+I} is the average stress vector at time step n+1, 

{cr~} is the average stress vector at time step n, and {dcr~} 

is the stress increment vector for time step n. 



Substitution of Eq. (4.14) in Eq. (4.13) yields: 

where EJ [Bf{O'~} dV= internally equilibrated load, 
v 

{Qn+d - LJ[Bf{O'~} dV = out-of-balance load vector 
v 
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(4.15 ) 

For a nonlinear problem Eq. (4.15) may not be satisfied 

with just one iteration. It takes more than one iteration 

to reduce the out-of-balance load vector to zero. Hence, 

iterations are needed. Using the Newton-Raphson Iterative 

procedure, which will be discussed in the next section, Eq. 

(4.15) can be written as 

Ef [Bf {drO'~}dV = {Qn+d - ~f [Bf {rcr~}dV (4.16 ) 
v v 

where superscript "r" is the iteration number. 

The nodal displacements after each iteration are given by 

(4.17) 

For each iteration, Eq. (4.6) is solved, which yields an 

increment in displacements {Orqn }. Iterations continue until 

a criterion is satisfied. This criterion usually depends on 

the type of analysis being undertaken. For an 
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elasto-plastic analysis the criterion can either be a norm 

of the displacement increments compared to the total 

displacement at first iteration such as {dq~} < lO-s{q!} or it 

can be the norm of out-of-balance-load vector compared to 

the initial load vector for that load increment. For 

elasto-viscoplastic analysis the criterion is usually the 

viscoplastic strain rate. criterion for termination of 

iterations for different types of analysis is discussed in 

detail later in this chapter. 

Now we need to define the increment of the average 

stress vector, {drcra
n } which has contributions from the 

intact part and the fully adjusted part of the material. 

According to the Disturbed state Concept the increment of 

the average stress vector {dcra
} is given by, Eq. (3.20) 

(4.18a) 

Equation (4.18a), which is an equilibrium equation, 

must be valid for any given time step n 

{dcr~} = [(l-Dn){dcr~} +DII{dcr~} + {cr~ -cr~}dDII] 

where D is a scalar measure of the disturbance in the 

system, given by 

(4.18b) 

(4.19) 
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Note that Eq. (4.18b) does not contain derivative with 

respect to time, because the disturbance is a function of 

the trajectory of plastic strains. The trajectory of 

plastic strains in turn is a function of time. The 

trajectory of plastic strain differential includes the time 

derivative. Hence, the time derivative is intrinsically 

included in the differential of the disturbance. This 

subject is discussed in chapter 3 in detail, e.g. see Eq. 

(3.23), hence it is not proven here mathematically. 

substitution of Eq. (4.18b) in Eq. (4.16) leads to 

L f(I - Dn)[Bf {drcr~ }dV + L f Dn[Bf{d'"cr~}dV-
v v 

-L f [B]T {'-lcr~ - r-Icr~}dDn dV = {Qn+l}- L f [Bf {r-Icr~}dV 
V V 

(4.20) 

where n indicates load/temperature increment number and r is 

iteration number. The incremental stress vector for the 

intact part is given by, 

(4.21) 

where [iCe~a n] is the thermo elasto-viscoplastic 

constitutive matrix for the intact part and {dB~} is the 

effective strain vector for the intact part defined by Eq. 

(3.111) 
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The incremental stress vector for the fully adjusted 

part is given by 

(4.22) 

where [CCevpEl
n ] is the thermo elasto-viscoplastic 

constitutive matrix for the fully adjusted part given by 

(4.23) 

where [I] is obtained by eliminating appropriate terms on 

the diagonal of the matrix [I], depending on the type of the 

representation for the fully adjusted part: 

100 0 0 0 
o 1 0 0 0 0 

[1] = o 0 1 000 
(4.24) 

000 1 0 0 
o 0 0 0 1 0 
o 0 0 0 0 1 

In the special case where the fully adjusted material can 

only carry mean pressure but no shear stress at all, such as 

in the case of PbjSn solders, there can only be three 

pr icipal stress components, au, a22 and a33 which mayor may 

not be equal, on the fully adjusted state. If they were to 

be assumed equal each component must be equal to 
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(4.25) 

{dB C
} is the effective strain vector for fa part, given by 

(4.26) 

a is the relative motion coefficient defined in Eq. (3.18) 

{cr In} is the intact part total stress vector at time step n 

{cr Cn}is the fully adjusted part part total stress vector 

at time step n. substitution of Eq. (4.21) and Eq. (4.22) 

in Eq. (4.20) leads to 

+Lf[B]Tr-lcr~ - r-lcr~}dDn dV= {Qn+I} -LHB]T{"-lcr~}dV (4.27) 
v v 

Equation (4-27) can be written as 

= {Qn+r} - L IrB]T r-lcr~}dV - L f[Bf r-lcr~ - r-lcr~ }dDn dV (4.28) 
v v 

Now define the effective constitutive matrix for the DSC as 
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(4.29) 

According to Eq. (3.110), the effective increment of strain 

vector for thermo elasto-viscoplastic case is given by 

(4.30) 

Using the relationship we established, in Eq. (4.8), 

between the nodal displacement vector and the strain vector 

via the strain-displacement transformation matrix, we can 

write the following equation for the incremental form of 

this relation: 

{dre~} = [B] {drq~} (4.31) 

where superscript i denotes intact material. 

substitution of Eqs. (4.29), (4.30) and (4.31) in Eq. (4.27) 

leads to 

= {Qn+I} - fv[Bf {'-lcr~}dV - f[B]T {,....lcr~_,....l cr~}dDn dV (4.32 
v 

Note that viscoplastic strain rate and [G2 J in Eq. (4.31) 

are both for the intact part. In these terms, the 

superscript i is dropped for the sake of clarity. 

Rearrangment of Eq. (4.32) yields 
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-f[B]Tr-l(j~ - ,....l(j~}dDndV+JMn[Bf[,....lL~J{,....lf;;re}dV 
V V 

+J M X dS n [Bf[rL~Vp6J[""'lG2]n {l}dV 
v 

+J aT dSn[Bf[rL~VpSJ{I}dV 
v 

(4.33) 

Now, define the global stiffness matrix as, 

[rKn] = f [Bf[rL~p6J[B] dV 
v 

(4.34) 

and the right hand side of Eq. (4.33) as {F}, which finally 

leads to 

(4.35) 

Equation (4.35) will be solved at every iteration and from 

its solution we obtain nodal displacement increments {oq} 

Then, the total nodal displacement is obtained as 

(4.36) 

and by using the following relation we obtain the total 

strain increment vector as 
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(4.37) 

We then obtain the stress increment for the intact part and 

the fully adjusted parts. For the former we have 

(4.38) 

if it is assumed for the PbjSn solder alloy that the fully 

adjusted part does not carry any shear stress. Furthermore, 

the hydrostatic stresses on the intact part and the fully 

adjusted parts are assumed to be equal. This leads to the 

following simplification in the stress calculations for the 

fully adjusted part of Pb/Sn solder alloy 

{ dcr~} = {dS~} + t~ {J} (4.39) 

where the deviatoric stress increment is zero {dSC
n}= 0 

and hydrostatic stress increment is equal to the intact part 

hydrostatic stress d!f =djl , hence 

(4.40) 

where (4.41) 

and { J} T = { 1 1 1 0 0 0 } (4.42) 

Then we calculate the hardening parameter from 



163 

(4.43) 

where ~ = f [ { de vpO } { de vp9 } ] o.s (4.44) 

The plastic strains are obtained by subtracting the elastic 

strains and the thermal strains from the total strains as 

(4.45) 

(4.46) 

Using the hardening function and the new state of stress at 

r we can calculate the yield function as 

F hD [(J1)2 _(J,)n][l p.%J r1.SJm • = - - y - - ex. - - fJ- 3D J2D 
(pQ)2 Po Pa 2 

(4.47) 

We also need to compute the disturbance in the system, which 

is defined by 

(4.48) 

where A, Z and Duare material constants and 

SD = f [ { de vp9 } { de vp9 } ] o.s (4.49) 
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The plastic deviatoric strains are calculated by subtracting 

the volumetric part of the plastic strains from the total 

plastic strains: 

(4.50) 

the unit vector {I} in Eq. (4.50) is given in (4.42). 

After obtaining the stress increments and the disturbance 

we can obtain the average stress increment for the material 

from Eq. ( 3 • 20) 

{d(j~} = (l-Dn) d(j~ +Dn d(j~ +({(j~} - {(j~}}dDn (4.51) 

Then total average stress is obtained as 

(4.52 ) 

In a viscoplastic analysis the arrival at the steady state 

condition for the viscoplastic case is checked by inspecting 

the thermal viscoplastic strain rate, in particular the 

following term, 

(4.53 ) 
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is calculated at each iteration r at all Gauss (integration) 

points and the iteration process is halted as soon as this 

quantity becomes tolerably small. This is given by the 

following criterion: 

.1t,..1 ~ ,..1i:'1' 

--:G;:;..--xlOO ::; TOLERANCE ~ 1 
.1t1 ~ Ii:vp 

(4.54) 

G 

where lE~ is the viscoplastic strain rate after the first 

iteration, summation indice G is for Gauss point and 

tolerance is usually taken around 0.01, Owen and Hinton 

[1980] . 

If the viscoplastic effects such as creep or 

relaxation are ignored and elasto-plastic model is used the 

convergence is checked by a norm of the out-of-balance load 

vector, which is given in Eq. (4.119). The details of the 

solution procedure is given in the following section. 

4.2 Solution Methods 

The equilibrium equations of the finite element 

method, Eq. (4.35), are nonlinear because the stiffness 

matrix [KJ is a function of unknown displacement {q} and its 

derivatives. There are a number of methods that can be used 

for the solution of this equation. Some of these methods 
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are discussed briefly below. The definitions of the methods 

were adopted from, Desai and Abel [1972], Owen and Hinton 

[1980], Zienkiewicz [1986] and Bathe [1982]. 

4.2.1 Method of Direct Iteration 

In the method of direct iteration successive solutions 

are performed, in each of which the previous solution is 

used to predict the current stiffness matrix. 

(4.55) 

If the process is convergent in the limit as number of 

iterations tends to a higher number, the solution {q} tends 

to the exact solution. It is necessary to calculate the 

stiffness by the slope of the secant to the 

force-displacement (F-q) curve at each iteration. The 

iterations are stopped when a criterion such as a norm of 

nodal unknowns, or a norm of viscoplastic strain rate 

reaches a tolerance. The procedure is explained 

diagramatically in Figs. 4.3 and 4.4. Figure 4.3(a) shows 

the convergence path for initial trial value which is below 

the exact solution for the convex, which is an arc with a 

focus on the right side of the curve, stress-strain 

relation. 
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Figure 4.3 Direct Iteration Method for a Single Variable 
Problem, a) Low Initial Solution b) High Initial 
Solution, After Owen and Hinton [1980]. 
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Figure 4.4 Direct Iteration Method for a Single Variable 
Problem a) Low Initial Solution b) High Initial 
Solution, After Owen and Hinton [1980] 
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Figure 4.3(b) shows the convergence path for initial trial 

value which is above the exact solution for the convex 

relation. Both the high and low initial trial solutions 

produce monotonic convergence path for convex stress-strain 

relation. Figures 4.4(a) and 4.2(b) show that the method is 

unsuitable for problems with a concave, which is an arc with 

a focus on the left side of the curve, stress-strain 

relationship. Both low and high initial trial solutions 

produce convergence paths which oscillate around the true 

solution. Although the solution nonmonotonically converges 

in concave case in Fig. 4.2 in a one-dimensional problem 

with a only one unknown displacement case, in multi-degree 

of freedom problems the coupling of stiffness terms is 

likely to lead to instability of the iterative process. A 

disadvantage of the direct iteration method is that 

convergence of the solution scheme is not guaranteed and 

cannot be predicted at the initial solution stage, Owen and 

Hinton [1980]. 

4.2.2 Newton-Raphson Method 

During any step of an iterative process of solution 

the equation 

(4.56 ) 
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will not be satisfied unless convergence is assumed. A 

system of residual forces can be assumed to exist, so that 

{\l'} = [rK]{rq} -{r-lF}:;i:O (4.57) 

If an approximate solution {q} ={rq} is reached, an improved 

solution can be obtained by using the Taylor's series for 

Eq. (4.57). 

= 0 (4.58) 

where {r+lq} = {rq} + {Nq} (4.59) 

(4.60) 

where [KT({q})] is the tangential stiffness matrix. By 

sUbstituting Eq. (4.60) in Eq. (4.58) the improved value of 

{r'lq} can be obtained by computing 

{~rq} = -[rK ~{q})]-l {\l'({rq})} (4.61) 

The process is illustrated in Fig. 4.5. The process is 

usually convergent in the vicinity of the solution, but if 

the initial guess is not close the solution may diverge, 

Zienkiewicz [1986]. 
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Figure 4.5 Newton-Raphson Method a) Convergent 
b)Divergent, After Zienkiewicz [1986] 
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4.2.2.1 Modified Newton-Raphson Method 

In order to eliminate the need to update the 

tangential stiffness matrix at every iteration an 

approximation can be made to update the tangential stiffness 

matrix after certain number of iterations. This method is 

more economical but convergence is slower. The process is 

depicted in Fig. 4.6. 

4.2.3 Incremental Methods 

4.2.3.1 Generalized Newton-Raphson Method 

None of the methods discussed so far is guaranteed to 

converge in all circumstances. An incremental procedure may 

be necessary to obtain converging solutions. Furthermore, 

the analysis of nonlinear problems in solid mechanics must 

proceed in an incremental manner since the solution at any 

stage may not only depend on the current displacements of 

the structure but also on the previous stress path that 

followed to get to that point. Consequently the problem can 

be linearized over an increment of load and the stiffness 

matrix is assumed constant for the increment. With this 

modification the method is identical to Newton-Raphson 

method for that increment. Solution starts from a trial 

value of {qo} of the unknowns. 
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Figure 4.6 Modified Newton-Raphson Method, After Desai and 
Abel [1972] 



'rhe tangential stiffness [KTl corresponding to this 

displacement is determined and the residual forces 
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(out-of-balance force) {~} are calculated by Eq. (4.57). 

The increment of displacement is calculated by Eq. (4.61). 

An improved approximation of the displacement is obtained 

by Eq. (4.59). This iterative process is continued until a 

user defined convergence criterion is reached. The 

convergence criteria are discussed in detail later in this 

chapter. 

4.2.4 The Initial stiffness Method 

In all the methods discussed so far the tangential 

stiffness matrix, [KT ] , needs to be updated at every 

iteration or at certain intervals if Modified Newton-Raphson 

is used. In the initial stiffness method a complete 

equation solution is needed only at the first iteration. 

Subsequent approximations to the nonlinear solution is 

performed by 

(4.62) 

where [K~] is the initial tangential stiffness matrix. 

since the same stiffness matrix is used at each stage, 

the subsequent solution merely requires the reduction of 

the right hand side terms together with a back substitution. 
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This method has the advantage of significantly reducing the 

computational cost. But the convergence rate is slow. 

Therefore, the optimum algorithm is generally provided by 

updating the stiffness matrix after certain number of 

iterations. This process is the Modified Newton-Raphson 

method. 

In this dissertation the incremental Newton-Raphson 

method for elasto-viscoplastic problems and incremental 

modified Newton-Raphson method for elasto-plastic problems 

are used. That is because the viscoplastic algorithm 

requires the calculation of viscoplastic strain rate which 

in turn requires the calculation of the stiffness matrix at 

every iteration. consequently, the use of modified 

Newton-Raphson for viscoplasticity case does not have an 

added advantage. 

4.3 Element Stiffness Matrices 

In this dissertation two-dimensional finite elements 

are used with the following idealizations: 

Plane stress 

Plane strain 

Axisymmetric 

We will now discuss these idealizations briefly. 
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4.3.1 Plane stress Idealization 

In a structure, (Figs. 4.7a, 4.7b), if the thickness, 

h, is small when compared to the two other dimensions it 

can be assumed that when the system is subjected to 

in-plane (x-y plane) loading out of the six component 

can be 

ignored. This idealization is used for membranes and for 

the in-plane action of beams and plates. For this 

idealization the stress and strain vector takes the 

following form. 

ta} =UJ and {e} = { :: } = { j ~ } 
Yry o/+-ar 

(4.63) 

where cr, e denote for normal stress and strain, respectively 

L ,yare used for shear stress and strain, respectively, u 

is the displacement in the x direction and v is the 

displacement in the y direction. 

Assuming that the material is linear, elastic and 

isotropic the behavior can be expressed by using the 

Hooke's law, 
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Figure 4.7 Plane stress Idealization, After Desai [1979] 
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Figure 4.8 Plane strain Idealization, After Desai [1979] 
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Figure 4.9 Axisymmetric Idealization, After Desai [1979] 
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. , (4.64) 

(4.65 ) 

where E is Young's modulus and v is Poisson's ratio 

4.3.2 Plane strain Idealization 

In a structure, (Fig 4.8a, 4.8b) if the thickness, h, 

is large when compared to two other dimensions it can be 

assumed that when the system is subjected to in plane 

(x-y plane) loading, out of the three components (u, v, w) 

of displacements z direction displacement w can be 

ignored. This idealization is used to represent a slice 

(with one unit of thickness) of a structure under the x-y 

plane loading. This idealization leads to the following 

elastic stress-strain components and relationships: 

VOl 
1 ~v I~V {e} 

. , 

(4.66) 
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ex (l-v2) 

{ } [ 

I 

;~ = [D]{a} =-E- -(~~v) ez = 0 

(4.67) 

4.3.3 Axisymmetric Idealization 

If an axisymmetric structure as in Fig. 4.9 is 

subjected to axisymmetric loading the stress components 

will be independent of the circumferential coordinate 9. 

This idealization leads to the following stress and strain 

components. 

1 
aaaozr ) = [Cj{e} = ~EI 

(l+vXI-2v) 

'tr.z 

I-y y y 0 
y I-y y 0 

{e} y y I-v 0 
0 0 0 1-2v 

2 

(4.68 ) 

1 ~J= 
Ou 

I 0 or -y -y 
!! -y I -y 0 r 

=[D]{a}=k {a} (4.69) Ow -y -y I 0 7ii 
Ou+Ow 0 0 o K 
i7z Or G 

The elastic constitutive matrices given above are used in 

the construction of the thermo elasto-viscoplastic or 

thermo elasto-plastic matrices. 
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4.4 Isoparametric Finite Element Formulation 

A finite element formulation in which the same 

interpolation functions are used for describing the 

deformations in the element and the geometry (coordinates) 

of an element is called the isoparametric finite element 

formulation, Irons and Zienkiewicz [1968]. In this 

dissertation four-node and eight-node isoparametric 

elements have been used, Fig. 4.10. 

The following (serendipity family) interpolation function 

is used for the eight-node quadrilateral element: 

Ni = ~ (1 ±s) (1 ±t) (s± t-1) (4.70) 

The following interpolation function is used for the 

four-node element: 

Ni = i (I ± s) (I ± t) (4.71) 

The interpolation function takes the value unity at the 

degree-of-freedom and it is zero for all other 

degree-of-freedoms. 

4.5 Numerical Integration 

To evaluate the terms in the Eq. (4.33) we need to 

perform numerical integration. For this purpose 

Gauss-Legendre formulation is used. 
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Figure~.ll Four Gauss Integration Point Coordinates in a 
Quadrilateral Element, After Desai [1979] 
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According to this integration method the global 

stiffness matrix 

[K] = Iv [Bf [UvpG] [B] dV (4.72) 

is evaluated in the following way: 

(4.73) 

where i is the integration point number in s direction, 

n is the total number of integration points in the s 

direction, j is the integration point number in t direction 

m is the total number of integration points in the t 

direction, t ij is the thickness of the element at the 

integration point, Wi' Wj are the weighting functions, Fig. 

4.11, [Bi](s,t») is the strain-displacement transformation 

matrix evaluated at the Gauss integration point, [L~Vp9(s,t)] 

is the effective thermo elastic-viscoplastic constitutive 

matrix evaluated at the Gauss point and detJij(s,t) is the 

determinant of the Jacobian matrix at the Gauss point. 

The Jacobian matrix [J), which relates the natural 

coordinate derivatives to the local coordinate derivatives, 

is given by 
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{
O} [ariJyUz]{o} as as as as ik 

t = [JH!} = ~ £ ! t 
or or Or Or iJz 

(4.74) 

All other integrals in Eq. (4.33) are evaluated in the same 

manner. 

4.5.1 Order of Gauss Integration 

The choice of the order of numerical integration is 

important, for two reasons. First, a high order integration 

may lead to all matrices being evaluated more accurately, 

though it increases the cost of analysis. Second, an 

integration order lower than required may give inaccurate 

results yet it may be economical. In general, the 

integration order required depends on the the finite 

element type. For example, considering an element 

stiffness matrix, if the order of numerical integration is 

too low, the matrix can have a larger number of zero 

eigenvalues than the number of physical rigid body modes. 

Hence, for a successful solution of the equilibrium 

equations of the element assemblage, it would be necessary 

that the deformation modes corresponding to all zero 

eigenvalues of the element be properly restrained in the 

assemblage of finite elements, because otherwise the 

structure stiffness matrix would be singUlar, Bathe [1982]. 

For integration order n, [the number of integration points 



in one directionJ the order of sand t integrated exactly 

is (2n-1), Bathe [1982]. Hence for the eight-node 

rectangular element the stiffness is a function of fifth 

order of sand t, 
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[K] =j(s4, (4), ( 4 • 75) 

Therefore, the required integration order is 3x3. On the 

other hand the displacement based finite element 

formulation overestimates the strain energy, and stiffness 

of the structure. By using a lower integration order we 

would not evaluate the stiffness matrix exactly. 

Consequently,by using a reduced integration order we can 

eliminate the error due to overestimated stiffness. In 

many cases reduced integration leads to better results, 

Pugh, Hinton and Zienkiewicz [1978], Doherty, Wilson and 

Taylor [1969J, Zienkiewicz, Taylor and Too [1971J. In this 

dissertation reduced integration (2 X 2) is used. 

4.6 Computational Algorithms 

In this section computational algorithms are 

explained step by step. 

4.6.1 Thermo Elasto-Viscoplastic with Disturbance 

step 1. Initialization: The problem will begin from known 

or assumed initial conditions: 
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Set (time) t = 0, (time step) n = 0, (iteration step) r = 0 

{e} = {eo} 

Calculate the initial hardening parameter and trajectory of 

plastic strains using Eqs. (3.69) and (3.70). 

a.- - 2D .J. 
[ 

J ](J ) 2-n 
o - Y Jf(l-PSr)m P a 

(4.76 ) 

(4.77) 

Calculate the initial stiffness matrix [K], and the initial 

forces (right hand side) from the initial stresses. Now 

Compute (4.78 ) 

Step 2. Determine ,1tn+l, set r qn+I} = {q J and {rcrn+d = {cr n}· 

Step 3.Increment the temperature, dq, and external loads, 

{Q},if there are any. 

Step 4. Calculate the new global force vector which is 

given by 

{F~~D = {Q} n+l- 2: f[B]T r-lcr~}dV -2: f[BY {l'-lcr~_1'-1 cr~ }dD~ dV + 
v v 

+ 2: f ,1tn [Bf[ r-lL~vp9]{ rE~} dV +2: f M X aBn[BV[1'-1 L~vp9] [G2]n {I}dV 
v v 

+ 2: f a.T d8 n [BV [r-l L~VP9] {1}dV 
v 

(4.79 ) 

Step 5. Calculate the global stiffness matrix at iteration 

at step r 

r-1 Kn] = 2: f [Bf [r-l L~vpo ] [B) dV 
v 

(4.80) 
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Step 6. Solve the equilibrium equation 

(4.81) 

Step 7. Calculate the total strain increment for the 

intact part 

{d'E~} = [B]{d'q~} (4.82 ) 

Step 8. Calculate the total strain increment for fully 

adjusted part 

{d'E:'} = (l +a) {d'E~} (4.83) 

a values 0.0, 0.1 and 0.7 were used in this disseration. 

Step 9.Calculate the average strain, and then the nonlocal 

strain 

The average strain is given by Armaleh and Desai [1990), 

IdrE~} = 'dr/~~,} +*u}[r-lf)n'd'E~'} +(1_,-1 Dn){d'E/d+ 

+' dD n ({,-lEn - (,-IE/v})] 

and the nonlocal strain is given by 

m 

2: d£~ 
,c:Q_~ 
uEn - m 

where m is the number of Gauss points in the parent 

element. 

(4.84a) 

(4.84b) 
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step 10. Calculate the stress increments and total stresses 

Intact part: 

{rcr~} = {r-Icr~} + {drcrD 

Fully adjusted part: 

l-aTaB{1}] (4.85a) 

(4.85b) 

For the PbjSn material the fully adjusted part stress 

increment will be 

(4.86a) 

(4.86b) 

step 11. Calculate the hardening parameter and yield 

function 
_ GI 

a=~ (4.87) 

(4.88) 

(4.89) 

The Gauss point is in the elastic region if (F < 0) and it 

is in plastic region if (F >0) . 

Step 12. Calculate Average Stress 



step 13. Calculate increment of disturbance D and 

disturbance, using the average strains. 

r D n = D 1/ (1 - e -AS~n ) 
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(4.90) 

(4.91a) 

(4.91b) 

step 14. Perform the secondary iteration for the solution 

of the equilibrium equations. Go back to step 4 to resolve 

the equilibrium equation with the new value of dD and the 

average stress. Iterate this procedure until dD change in 

dO value is less then a tolerance: 

(4.92) 

If small load (temperature) steps are used dD value can be 

taken from the previous iteration without significant loss 

of accuracy. The solution time will be significantly 

shorter, Desai and Woo [1990]. 

step 15. Update displacements, local strains ( average, 

intact and fully adjusted) and stresses as 

{ r q,,} = {r q ,,_I } + { dr q n } (4.93a) 

{'E,,} = rE,,-d + {drEn} (4.93b) 
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(4.94) 

(4.95) 

step 16. Calculate the viscoplastic intact strain rate as 

(4.96) 

step 17. Check Convergence Criterion 

a) Global Convergence criterion 

[
L: I {&::rll] 
L: I {&:f}l x!OO < TOLERANCE (4.97) 

Tolerance is a user specified value, usually taken as 0.01. 

b) Local convergence criteria 

(4.98) 

Tolerance is a user specified value usually, taken as 

0.00001. 

- If the convergence criterion is satisfied or hold time is 

reached 

and if there is no more load (temperature) increment 

terminate the execution and exit the program. 

- If the convergence is satisfied or hold time is reached 



and if there are further load (temperature) increments go 

to step 22. 

- If Convergence is not satisfied or hold time has not 

expired go to step 18. 

step 18. Print the results for the current iteration. 

step 19. Calculate the new time step using Eg. (4.108) 

below for the next iteration r+1. 
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step 20. Calculate residual forces and pseudo loads (terms 

on the R.H.S. of the Eg.(4-33» 

step 21. Go to step 4 

step 22. Set time step to initial time step. 

step 23. Calculate residual forces and pseudo loads 

Step 24. Go to step 3 

4.6.2 Thermo Elasto-Plastic with Disturbance Model 

The following algorithm was adopted from Desai, 

Sharma, Wathugula and Rigby [1991] to include thermal 

effects and disturbance. 

step 1. Initialize parameters, calculate the initial 

hardening parameter. 

Step 2. Increment loads (temperature) 

Step 3. Calculate the global force vector, R.H.S. of 

Eg. (4.33). Note that when the viscoplastic strain rate is 

taken as zero the R.H.S. of Eg. (4.33) reduces to the 

elasto-plastic case. 
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step 4. If not in elastic regime, (i.e •• F > 0) compute 

the [C] matrix and [K] matrices, if in elastic zone (i.e •• F 

<0 ) use [C]=[Ceq
]. 

step 5. Solve for the incremental displacement using dD 

from the previous step for the first iteration of the 

current load step. After solving for the increment of 

displacement {~q}, the value of dD for the present step can 

be calculated and used to obtain {~q} again, thus obtaining 

more accurate value by iteration. The details of this 

iteration procedure was discussed in the foregoing thermo 

elasto-viscoplastic with di.stur::'ance computational 

algorithm section. Hence, the same details are not 

repeated again, since the purpose of this section is just 

to highlight the main differences between the thermo 

elasto-plastic and thermo elasto-plastic algorithms. 

Step 6. Compute strain increments at the Gauss points. 

step 7. Compute the incremental stress change and the total 

stress at the Gauss points, Eqs. (3.15), (3.19), (3.124) 

and (4.94). 

step 8. Using hardening parameter a and stresses, 

calculate the yield function (F), check whether the Gauss 

point is subjected to loading or unloading. The 

possibilities are examined by checking whether unloading, F 

<= 0 or loading F >0. 
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- If F<= 0 the point experiences elastic loading/unloading. 

Go to step 9. 

If F > 0, the point is loading elasto-plastically. Go to 

step 10 

step 9. If F<= 0, the state of stress is inside the yield 

surface, and the material is in the elastic regime, set the 

constitutive matrix to elastic and go to step 2. 

step 10. If F>O, check if the Gauss point is in the elastic 

regime (F < 0) at the start of the current increment. 

step 11. If the material was elastic at the start of the 

current increment and has yielded during their increment we 

have to find the stress point at which the material become 

plastic. 

step 12. Divide the strain increment into m (e.g. m =10) 

subincrernents. The subincrement of the strain is desirable 

to improve the accuracy. For each subincrement, calculate 

the total stress and the new hardening parameter. 

step 13. Check if F <= Tolerance (0.00001). If yes go to 

step 16 other wise go to step 14. 

step 14. Apply the drift correction, described later, until 

F<= 1.E-5 is satisfied. The stress vector at the end of 

each correction is set to the stress at rth subincremenet. 

the drift correction is performed in an iterative manner. 

step 15. Calculate the new constitutive matrix, Eq. (3.125) 



step 16. Apply the next strain sub increment and calculate 

the stresses. Go to step 13. When all strain 

subincrements are applied go to step 17. 

step 17. set the stress vector at the end of the 

sub increments and hardening parameters to the global nth 

increment stress vector. 

step 18. Calculate the disturbance 
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step 19. Repeat the above procedure for all Gauss points. 

step 20. Check for convergence and if the criterion, which 

is discussed in detail later in this chapter, is not 

satisfied calculate the out-of-balance load vector, go to 

step 4. 

step 21. If convergence is satisfied go to step 2 

4.7 Time Integration and critical Time Step Limits in 

Viscoplasticity 

It is widely known that accuracy of the numerical 

solution can deteriorate significantly with the increase of 

the time step length, Zienkiewicz and Cormeau (1974). 

Also the selection of the integration scheme is important 

for the accuracy of the solution. The time integration 

scheme 

vp [ . vp vp ] 
.18n = Mn (1 - X)8n + X 8n+1 (4.99) 
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The integration is unconditionally stable for X>= 

0.5 Owen and Hinton [1980]. Unconditional stability 

implies that the integration scheme is numerically stable. 

In other words, the integration converges to a stable value 

but it may not guarantee accuracy of the converged value. 

Therefore, in order to ensure convergence to an accurate 

solution ~ limit must be placed on the size of the time 

step increment even when X>= 0.5. 

When X < 0.5 the time integration scheme given above 

is conditionally stable, Owen ~nd Minton [1980]. 

Therefore, the integration scheme is stable for the time 

step increment values ~t less than a critical value. 

Consequently, to be able to use the integration 

scheme given above for any value of X and ensure convergence 

to an accurate solution we have to select the appropriate 

critical time increment. 

Several researchers have proposed theoretical 

time-step limits based on the yield criterion used in the 

constitutive model. Cormeau [1975] proposed the following 

theoretical time-step limit criterion for a specific form 

of viscoplastic flow rule and for explicit time 

integration. For associated viscoplastic solution with 

metallic creep law the limiting value for one-dimensional 

case is given by 
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(4.100) 

where cry is the yield stress r is the fluidity parameter 

and E is the Young's modulus. 

Cormeau [1975] also proposed critical time step limits 

for some classical plasticity yield surfaces. For 

instance, for Drucker-Prager associated viscoplasticity, he 

proposed the smaller of the following two time steps: 

4(I+v) J3Jw 
M::::; 3yE -~- (4.101) 

/:it ::::; (I+V){I-;v)Fo (3-sinljl)2 

yE~ ~(I-2v){3-sin Id+6(1 +v)sin2", 
(4.102) 

where (4.103) 

and <1>= viscoplastic flow function is given by 

<<I>(~) >=0 if F< 0 

< <I>(~) >= <I>(~) if F ~ 0 (4.104) 
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Fa = reference yield strength and W = internal friction 

angle. The stability for the von Mises material 

(associative) is simplY given by Cormeau [1975J 

111 < 4(1+v) Fo 
- 3y£ ~' 

(4.105) 

this criteria is obtained by substituting W=O in the 

Druger-Prager time step limit. For the Mohr-Coulomb type 

materials (associative) the time step limit is given by 

111::; (l+vXI-2v)Fo I 

yE( 1-2v+sin 21j1 ]~ 
(4.106) 

For the Tresca case the above expression is specialized by 

inserting \jl = 0, as 

111 < (l+v) Fo 
- y£ ~' 

(4.107) 

Mohr-Coulomb and Tresca yield criteria give critical time 

step values in the range of 0.5 to 0.75 of those obtained 

by the Drucker-Prager and von Mises yield criteria, Cormeau 

[1975]. 

Some researchers, e.g. Zienkiewicz and Cormeau [1974], 

Owen and Hinton [1980], tried to use empirical rules for 

various yield surfaces other than those given above. Some 

schemes employ constant time step, whereas others employ 

variable time step for each interval. Zienkiewicz and 
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Cormeau [1974] proposed to relate the critical time step 

limit to the anticipated changes of viscoplastic strain. 

They limit the maximum increment of a scalar measure of 

the viscoplastic strain to a certain fraction of total 

accumulated strain at all integration points in the system. 

Therefore At must be computed at all Gauss integration 

points and the least value should be used for the next 

step. The scalar measure of the viscoplastic strain is 

obtained by the second invariant of the strain tensor. 

(4.108) 

where d8~ is the maximum increment of effective 

viscoplastic strain and 

viscoplastic strain tensor given by 

![('VP)2 ('VP)2 (VP)2] l[('VP) ('vp) ('Vp)] 3 Ex + 8y + Ez + '3 YYZ + Yzx + yxy 

(4.109) 

1 = time increment parameter and En= total accumulated 

strain given by 

(4.110) 

Hence the time limit can be written as 
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At ~ 't dC~ 
Cn 

(4.111) 

"For explicit time marching scheme accurate results have 

been obtained for the time increment parameter 't value in 

the range of 0.1 to 0.15 for contained, which means that 

all around well supported structure (e.g. see Fig. 5.3), 

problems. But near collapse, lower values in the range of 

0.01 to 0.005 were found necessary", Zienkiewicz and 

Cormeau [1974]. 

A further limit is generally imposed relating the 

variation of time step between successive time intervals. 

Zienkiewicz and Cormeau [1974] have proposed 

(4.112) 

Another empirical time step limit was proposed by Owen and 

Hinton [1980] as 

(4.113) 

where 8 ii first invariant of total strain tensor, 8 ij and 

~:= first invariant of viscoplastic strain rate tensorln 

this dissertation criteria given by Egs. (4.111) and 

(4.112) are used. 
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4.8 Convergence 

There are two sufficient and necessary conditions for 

convergence, one of them is stability and the other one is 

consistency, strang [1986]. In numerical terms, these 

requirements mean that convergence for a series of numbers 

say Xl' X2 , X3 ' •••• Xkto a number X is defined by 

(4.114) 

In simple words, convergence is obtained if residual 

Yk = Ilxk -xii approaches zero as k ~ 00, Furthermore, if we can 

find constants p >= 1 and c > 0 such that 

(4.115) 

we say that convergence is of order "p". If p=1 the 

convergence is linear, Bathe [1982]. 

In material nonlinear finite element analysis, 

convergence is checked using a number of criteria. Usually 

these check procedures are different for viscoplasticity 

and plasticity. These procedures are discussed in this 

section. 

4.8.1 Viscoplasticity 

4.8.1.1 Global Convergence criteria 
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Convergence to a steady state solution in viscoplastic 

problems can be monitored by checking the viscoplastic 

strain rate during each time step. Owen and Hinton [1980] 

proposed a procedure based on a global convergence check 

only. In particular, it is assumed that steady state 

conditions have been achieved if 

(4.116) 

where m denotes the total number of elements in the finite 

element mesh. The multiplication factor 100 on the left 

hand side allows the specified tolerance factor (TOLERANCE) 

to be considered as a percentage term. The criterion given 

above states that the steady state conditions are deemed to 

have been achieved if the sum of the absolute values of the 

strain increments for any time step is less than or equal 

to TOLERANCE times the corresponding value for the first 

time step. For practical purposes a value of TOLERANCE = 1 

is generally adequate. The norm of viscoplastic strain is 

defined by means of second invariant of the viscoplastic 

strain rate tensor given by Eg. (4.109) 
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m 
61n ~ ~{&~}{&~} 

TOLERANCE (4.117) 

4.8.1.2 Local Convergence criterion 

In viscoplasticity problems the convergence criteria 

could also be based on the local considerations. Consider 

F i(J1,JW,J3D,a.) ::; 0 (4.118) 

as proposed by samtani [1991]. In this criterion 

Fi is the value of the yield function at the i~ Gauss 

integration point and TOLERANCE is a user specified value. 

When this criterion is satisfied it is assumed that 

viscoplastic flow reaches the steady state at that Gauss 

integration point. since this is a local criterion that 

is satisfied at a Gauss point, the viscoplastic flow will 

keep on occurring in a body until each and every 

integration point satisfies the convergence criterion. 

When convergence is satisfied at an individual integration 

point it means that this integration point is at the a 

steady state condition. However, this does not mean that 

the whole body has achieved the steady state condition. 

For the entire system to achieve the steady state condition 
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it is necessary that each and every integration point 

satisfy the convergence criterion simultaneously. 

4.8.2 Plasticity 

In plasticity models convergence is checked by a norm 

of the out-of-balance load vector or a norm of increments 

of displacements. We require that the norm of the 

out-of-balance load vector be within a preset tolerance of 

the original load increment for that load step. 

Out-of-balance load vector corresponds to a load vector 

that is not yet balanced by the element stresses, and 

hence, an increment in the nodal point displacements is 

required. The updating of the nodal point displacements 

in the iteration is continued until the out-of-balance 

loads and incremental displacements are small, e.g. 

TOLERANCE (4.119) 

Where N is the total number degrees of freedom, r is the 

iteration number and n is the load step number. 

{\fit} = {Q;} - J[BjT{ aQ}dV - J dD [B]T({ ere} - {a i
}) dV (4.120) 

V V 
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Convergence could also be based on the displacement 

increments in each iteration. One possible method is to 

compare each individual nodal value with the corresponding 

value obtained from the previous iteration. Then, provided 

that this change is negligibly small for all nodal points, 

convergence can be assumed to have occurred. The following 

global convergence criteria may be used, Bathe [1992]. 

~ TOLERANCE (4.121) 
i=1 i=1 

where N denotes the total number of degrees of freedom 

the problem and r denotes the number of iteration. 

According to this criterion convergence is assumed to have 

occurred if the difference in the norm of the displacement 

between two successive iterations is less than or equal to 

TOLERANCE multiplied by corresponding norm for iteration 

=1. In practice 1% TOLERANCE is adequate for most 

structural mechanics problems, Bathe [1982]. 

Another convergence criterion is the one that 

combines both stresses and displacements. The increment 

in internal energy during each iteration (i.e. the amount 

of work done by the out-of-balance loads on the 
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displacement increments) is compared to the initial 

internal energy increment as, Bathe [1982] 

(4.122) 

where {~q~}T= transpose of the vector containing the 

displacement increments for load step n iteration rand 

{~~}= out-of-balance load vector for load step n iteration 

r. 

In this disseratation criteria given by Eqs. (4.116), 

(4.118) and (4.119) are used. 

4.9 Drift Correction Procedure 

This strategy is based on the method proposed by 

Potts and Gens [1985] and implemented with a number of 

modifications HisS models by Wathugula and Desai [1990] 

and Desai and Woo (1990] and Desai et al.(1991]. 

In the displacement based finite element formulation, 

displacement increments are obtained from the solution of 

the equilibrium equations. Using these increments we 

obtain the strain increments and eventually stress 

increments are obtained. During the application of the 

load increments part, of the finite elements may yield and 

others may be elastic. For any load increment it is 

necessary to determine what Gauss points are elastic, and 



which points are producing plastic deformations and then 

adjust the stresses and strains until the yield criteria 

are satisfied. 
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The drift correction is performed on the intact part 

of the material only as it is defined using the plasticity 

model. Because the fully adjusted material stresses can 

not travel towards the outside the yield surface. All the 

stress and strain vectors used in the drift correction 

scheme formulation belong to the intact part. 

If the Gauss point is in the elastic region we can 

find the stress increment by using the Hooke's law: 

{dcr} = [Ce6 ]{de} (4.123) 

If the stress point is in the plastic region, the 

tangential constitutive matrix is used to predict the new 

stress state. 

(4.124) 

But this equation does not provide the actual stress 

increment which the material can carry. This is easy to 

visualize, Fig. 4.12, in a one-dimensional uniaxial 

stress-strain curve. When the stress state is at point 0 

the tangential constitutive matrix is used. Multiplying the 

total strain increment with the tangential [C] matrix 

predicts the stress increment along A-C. 
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Stress 
yield point 

~----1C 

~ 
strain increment 

Strain 

Figure 4.12 Schematic Stress-strain Curve 
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But the material stress is actually at point B. The 

remaining portion A-B, must effectively be eliminated 

(redistributed) in some way. That is, point A must be 

brought to the current yield point B by allowing plastic 

deformation to occur. If the state of stress is outside 

the yield surface it must be brought back to the yield 

surface. The amount by which F=O is not satisfied is 

called the drift, which should be reduced to an acceptable 

level. 

One way of reducing the drift is by applying small 

subincrements by dividing the stress increment into n 

increments. This method is called sub increment 

method,Desai and Faruque [1984]. Accordingly 

d({il(j}={~} (4.125) 

An alternate drift correction scheme is based on the 

following equation, Wathugula and Desai [1990] and Desai 

and Woo [1990]. It is assumed that the stress at a Gauss 

point is originally on the yield surface, that is 

F( { (j } , a. ) = 0 (4.126) 

after a stress increment, the yield condition is no longer 

satisfied, that is 

F( {cr} + {ilcr}, a. + ila.) :;t: (4.127) 
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This equation gives the amount of drift, (Fig. 4.13), to be 

corrected. Here the incremental stress {~cr} and 

corresponding strains {~E} are called prediction. The stress 

point can be brought back to the yield surface via 

different routes. The return can be along the direction of 

the plastic flow, or along the direction of the total 

strain increment. Potts and Gens [1985] proposed a method 

to take into account the change of yield surface as well as 

the movement of the stress point. 

Let's introduce corrections {dcr} and {d~} in to Eg. 

(4.127) such that as a result of the correction the drift 

is eliminated. Then 

FT{cr} + {~cr} + {dcr} , ~+~~+d~] = 0 (4.128) 

if we expand the last equation into Taylor's series 

F[({a} + {ila}), u+ilu] + aF I {d } + 
a{ cr} {cr }+{ Llcr} ,(Hlla a 

+ aFI du= 0 aa. {cr }+{ Llcr },a+~a 

(4.129) 

During the drift correction process {~E} is assumed to 

remain constant, therefore, 



... ......... .... . 

Figure 4.13 Drift of yield Surface, After Woo and Desai 
[1991] 
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Hence 

Using Hooke's law 

using the associative flow rule 

{deP} - A. 8F 
- {oo} 

211 

(4.130) 

(4.131) 

(4.132) 

(4.133) 

substitution of Egs. (4.131) and (4.133) in Eq. (4.132) 

leads to 

(4.134) 

On the other hand, the plastic strain trajectory is given 

by 

dt, = J { deP } {deP } 

Substitution of Eq. (4.133) in Eg. (4.135) 

(4.135) 

(4.136) 

Substitution of Eg. (4.136) and Eg. (4.134) in Eg. (4.129) 

leads to 
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(4.137) 

Solving Eg. (4.137) for A yields 

(4.138) 

Using Eg. (4.138) we can obtain the corrections as 

and (4.139) 

Using (4-129) we can obtain the corrected stress 

{ cr} + {i1cr} + { do- (4.140) 

and the corrected plastic strain trajectory, and yield 

surface, Fig. 4.14, through 

(4.141) 

In the Taylor's series, expansion the higher order terms 

were ignored. Therefore, the correction procedure should 

be repeated until the error is less than certain tolerance. 

Number of iterations will depend on how far the stress 

state has drifted away from the yield surface. Therefore, 
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in the elasto-plastic analysis it is not advisable to adopt 

large loading steps. 

We use the elasto-plastic constitutive matrix to 

predict the stress increment. This process is called 

elasto-plastic prediction. If we instead use the elastic 

constitutive matrix to predict the stress increment, then 

the process is called elastic prediction. "It can be 

proven that if the elastic prediction is made and we apply 

a single iteration of drift correction, the result is 

equivalent to making an elastic-plastic prediction", Desai 

and Woo [1991]. 

To speed up the iteration process during the drift 

correction and to prevent the possibility of having 

negative 

stresses in geomaterials the strain increment is further 

divided into smaller increments. 

In this dissertation elastic-plastic prediction is 

used. 
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Figure 4.14 Drift correction, After Woo and Desai [1991] 
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CHAPTER 5 

MESH SENSITIVITY OF THE FINITE ELEMENT METHOD 

5.1 Introduction 

It is known that the displacement based finite element 

method using continuum material models is sensitive to the 

discretization in the case of strain softening materials. 

In other words, the method does not converge to a unique 

solution for these materials. 

Most materials may not crack only at one point, like 

the Griffith crack in the Griffith-Irwin fracture mechanics 

theory, Krajcinovic [1989]. There also occurs distributed 

microcracking. If a material experiences smeared 

microcracking and if there is a load drop after the peak 

stress has been reached, the material is called a softening 

material. The finite element analysis results for this 

material will be different for the same boundary value 

problem for different levels of fineness in the mesh. There 

are different explanations for the sensitivity of the finite 

element method to the discretization of the material. One 

of the explanations is given in Bazant and Cedolin [1989]. 

According to these authors, the material is assumed to crack 

when the maximum principal tensile stress reaches the 

materials' strength limit. Rice [1968] has shown that as 

the crack size gets smaller the load (energy) needed for 
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further propagation of the crack gets smaller as well. 

Energy dissipated in a material during the propagation of 

its cracks is directly proportional to the load needed to 

propagate the crack. The crack size is also proportional to 

the element size in the finite element mesh. This is due to 

the fact that, in the finite element method global stiffness 

matrix, there is an interaction between two elements if 

these two elements share a node. If two elements in the 

mesh do not have a common node, there will not be a common 

entry in the stiffness matrix. Therefore, in the finite 

element method the crack cannot be wider than a single 

element, but can be as long as the mesh. Say if the element 

size is smaller than a grain of the material, there is not 

an entry in the global stiffness matrix for the stiffness of 

the neighbouring grain. This phenomenon, the single element 

wide crack, is called the localization of the crack band. 

When a mesh is refined; as in the limit of a very fine mesh, 

an arbitrarily small load will suffice to propagate it, 

because the energy needed to propagate the crack is 

proportional to its width. This numerical result obtained 

from the finite element method is physically incorrect. 

Furthermore, as the mesh is being refined the energy 

dissipated is found to approach zero, Fig. 5.1. Therefore, 

as the element size gets smaller, the energy dissipated 

during the cracking process is not represented properly in 



Dissipated 

energy 

Nonlocal Continuum 

Local Continuum 

Number of elements 

Figure 5.1 Energy Dissipated by Failure, After Bazant 
[1985b] 
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the finite element method. This is because in reality the 

crack is not confined to one single element. Usually the 

smeared crack crosses over several elements, as opposed to 

the finite element method in which the crack band localizing 

into a band of elements a single element wide. The stresses 

in the element just in front of the crack band increases as 

the mesh size decreases. In the limit the structure is 

incorrectly indicated to fail with zero energy dissipation. 

This localization of the crack into a single element wide 

band prevents the solution from converging to a unique 

solution. It further leads to the localization of the 

strains. As a result of this localization the strains and 

stresses may vary significantly from one element to another, 

even though these elements may be just one element away from 

each other. Therefore, finding a uniform state of strain 

which satisfies all the field equations and boundary 

conditions in the finite element method may become 

impossible. The strain may become nonuniform and localize 

into a relatively small one-element wide failure zone. 

This localization is driven by the release of strain energy 

from an unloading region outside the localization zone. In 

static problems, the localization presents itself as a 

problem of bifurcation of the equilibrium path. This main 

(or primary) path, which preserves the uniform strain field, 

becomes impossible and secondary path, which produces 
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localization, must be followed by the system. The 

localization after the bifurcation state can represent 

either an instability, in which it happens at a constant 

load, or it can represent stable bifurcation at an 

increasing load, Bazant and Cedolin [1989]. The bifurcation 

concept used in the above explanation is similar to the one 

used in the buckling of columns. When a column is subjected 

to an axial load, it will remain in its original 

configuration until a critical load is reached. Once that 

critical point is reached, there are two paths it could 

follow. The column could either carry more load by staying 

in the original form, or it could buckle and carry more or 

less load in the new buckled form. If it continues to carry 

an increasing load, it is stable buckling; if the carried 

load decreases; it is unstable buckling. 

5.2 Nonlocal continuum 

In order to reduce this localization phenomenon, 

several models were proposed. Starting from the obvious 

fact that the energy dissipation during failures due to a 

strain localization must be finite, Eringen [1965] and 

Kroner [1967] proposed that a realistic continuum model 

could be developed with some property that limits the 

lo'calization to a region of a certain minimum size. This 

continuum model is called the nonlocal continuum concept. 
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The simplest way to prevent the crack from localizing into a 

relatively small region is to require that the size of the 

softening region not be less than a certain size of the 

material. The nonlocal continuum is a continuum for which 

the constitutive relation for a point involves some 

variables obtained by averaging over a neighborhood of this 

point. The average (nonlocal) strain is defined as 

~~~~ 
r~~ 

(5.1) 

where E(S) is the local strain in the tributary area of 

point "SIt, (e.g. the Gauss integration point in the finite 

element method), a = weight function for point P, V is the 

volume of the material and the accent mark over E denotes 

the spatial averaging operator. The coordinate x is defined 

in Fig.5.2 for a typical averaging area. In equation (5.1) 

the integral may be considered to extend over the entire 

volume of the structure. The weight function is used for 

controlling the effect of the localization between two 

separate areas. As the simplest form of the weight 

function, one may consider a to be 1 within a certain 

representative volume Va centered at point P, (ABeD in Fig. 

5.2) I and a to be 0 outside this volume. 
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In order to implement the proposed concept in the 

finite element method using DSC material models local model, 

which uses Gauss point strains, element constitutive 

matrices can be replaced with a nonlocal DSC model, where 

Gauss point strains are averaged for one area (e.g. the area 

given by ABCD in Fig. 5.2). Based on this concept and the 

Disturbed state material models, the following procedure is 

proposed to reduce or eliminate the localization effects in 

the finite element method. 

5.3 Disturbed state Average strain Method 

This method is based on the nonlocal continuum concept 

described above. In this method the nonlocal strain is used 

to calculate the constitutive matrix. In the finite element 

method the strains are obtained at the Gauss points. These 

Gauss point strains are called the local strains. In order 

to apply the nonlocal continuum concept to the finite 

element method, we need to average the Gauss point strains 

for one area, (ABCD in Fig. 5.2). Using Eq. (5.1) we can 

average the strains and find the new strain value for that 

given area. This new strain value no longer represents a 

local Gauss point, but instead represents a collection of 

Gauss points. Hence, the new averaged strain value is 

called the nonlocal strain. 
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When the average strain for an area is calculated, the 

following distribution function may be used, 

a = 1 if Ix - sl < L 

a = 0 if Ix - sl > .L 

where L is one half the length of the averaging area, 

(5.2) 

s is the coordinate of point P at the center of the area 

where the strain is averaged, Fig.5.2, and x is the 

coordinate of any point, Fig. 5.2. 

The nonlocal strain value is also used in the 

calculation of the disturbance in the material. Using the 

nonlocal strain for the disturbance computation prevents the 

disturbance from localizing into a single element wide zone. 

This is because the disturbance in the material is defined 

by the deviatoric plastic strain trajectory. Hence when we 

nonlocalize the strain by averaging, we indirectly also 

nonlocalize the disturbance in the material. Using the 

constant weight function and the constant averaging area 

over the material regardless of the discretization enables 

the mesh to have a constant strain energy. The proof of 

this can be seen by comparing Figs. 5.5 and 5.14, (presented 

later in this chapter). The strain energy is defined by the 

area under the stress-strain curve. In figure 5.5 

(presented later in this chapter) the area under the 
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stress-strain curve for 64 element mesh is different than 

256 element mesh. On the other hand the area under the 

stress-strain curve for both the 64 element mesh and 256 

element mesh is the same in Fig. 5.14. Therefore, the 

strain energy is the same regardless of whether the mesh has 

64 elements or 256 elements. 

The free energy per unit volume is given by Krajcinovic 

[1989] as 

(5.3) 

Using the local strain values in Eq. (5.3) yields different 

free energy values for different finite element meshes. The 

main idea of the Disturbed state Averaging procedure is to 

keep this free energy value independent of the 

discretization process, Bazant [1985a), Fig.5.1 In order to 

achieve this, the strains are averaged in such a manner that 

the energy of the system remains constant. This averaging 

procedure is further used so that the averaged areas do not 

overlap, see Fig. 5.2. Overlapping areas would introduce 

spurious energy into the system, which cannot be explained 

physically. Calculations are still performed at the Gauss 

integration points. This procedure therefore does not pose 

any mathematical problems to the integration process in the 

finite element method. The only requirement in this 

proposed method is that is that every Gauss point belong to 
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one area. For the calculation of the plastic constitutive 

matrix the nonlocal strain and the nonlocal disturbance are 

used. 

The Disturbed state Average strain method is 

implemented in a finite element program using the DSC 

material models. One possible advantage of using the DSC 

material models for a finite element mesh sensitivity 

problem is that the DSC allows to account for the relative 

motion within the material. It further takes into account 

the free energy available in the fully adjusted part of the 

material. Both of these capabilities do not exist in 

continuum damage models. The implications of allowing for 

the relative motion within the material between the intact 

part and the fully adjusted part and considering the free 

energy of the disturbed portion of the material increases 

the strain energy of the mesh. 

The free energy of a system is given by Eq. (5.3). [C) 

is the stiffness matrix of the material and for the 

continuum damage models proposed by Kachanov [1986) and 

Krajcinovic [1989) 

(5.4) 

where [Co) is the virgin stiffness matrix 

On the other hand, the stiffness tensor of the material 

in the DSC is given by Eq. (3.40) as 
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(5.5) 

where the definition of the terms is given in chapter 3. 

When we calculate the free energy of the system using Eq. 

(5.3) by using the stiffness matrix given in Eq. (5.5) 

instead of the one given in Eq. {5.4}, we are adding two 

extra terms into the free energy equation. The increase in 

the value of the free energy is given as 

.1'l' = 'l'vsc- 'l'conllmwm = t felT [D(l +a)+ {crc -cr'}{R}] {e'} 

(5.6) 

As discussed previously, the main cause for the finite 

element mesh sensitivity is that the finer mesh 

underestimates the actual free energy of the material. 

Therefore, the increase in the free energy of the material 

given in Eg. (5.6) may help to reduce the drawback of the 

finite element method. Furthermore, in continuum damage 

mechanics, when the damage parameter D approaches I, the 

energy of the system converges to zero. This however is not 

the case for the DSC effective constitutive matrix. In 

particular, when the disturbance D is 1 in the continuum 

damage mechanics the material stiffness is zero on the 

contrary in the DSC at this stage the stiffness is not zero. 

In the DSC the fully adjusted material may further carry a 
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hydrostatic load and the shear stress that is reached up to 

that point. The DSC model therefore is considered to be a 

more realistic characterization of the real behavior (and 

free energy) of the material than the continuum damage model 

characterization is. Because of these features the DSC may 

be a better alternative in reducing the mesh sensitivity of 

the finite element method. 

The value of the relative motion coefficient a used in 

Eq. (5.5) may be determined by means of experiments. At the 

time of this research, unfortunately, such test results are 

not available. 

One experimental method to determine the relative 

motion coefficient may be as follows: In an unconfined 

uniaxial compression test of a concrete specimen, several 

strain gages may be placed on the anticipated shear band and 

several strain gages may be glued onto the part that is 

expected to stay intact. strain readings from all of these 

gages would most probably be different from one another. 

Using a linear regression analysis, the ratio of the damaged 

part strain readings to the intact part strain readings may 

give a measure of the relative strain within the material. 

This experiment should most definitely be repeated for 

several concrete specimens before any conclusion is reached. 

In this dissertation 0.1 and 0.7 are assumed for a. 
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It needs to be emphasized here that the main reason for 

the reduction in the finite element mesh sensitivity is the 

averaging procedure of the Disturbed state Average strain 

method. The free energy of the material is defined at the 

element level. Using the DSC material models by themselves 

cannot therefore reduce the finite element mesh sensitivity, 

in the local DSC formulation, see Fig. 5.5 (presented later 

in this chapter). The reason for this is that, the local 

formulation cannot accnunt for the interaction among the 

cracks in the shear band and thus cannot prevent the crack 

from localizing into a single element wide band. Only the 

Disturbed state Averaging procedure formulation can. Even 

though the DSC formulation increases the free energy of the 

material because of the way finite element global stiffness 

matrix is assembled, the free energy of an element is 

different for different discretizations. In other words, if 

one element mesh is divided into sixteen elements, the 

summation of the free energy of the sixteen elements, in the 

softening zone, does not add up to a single element free 

energy, (e.g. see Fig. 5.5). This phenomenon becomes more 

distinct in the softening regime than in the hardening 

regime because discontinuous nature of the material becomed 

more dominant during the softening. 

In the preceding part it is claimed that the Disturbed 

state concept even when Du = 1 the strain energy increment 
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does not become zero for any element size. This claim can 

be proved analytically as follows; 

The strain energy of a material can be calculated by 

(5.7) 

where the first integral is over the volume of the material 

and the second integral is over the range of the average 

strain experienced by the material. 

Equation (5.7) yields the total strain energy of a 

material. Let's assume a parent element size L x L x 1, 

(unit thickness). The volume of this element is 

V=U 

and the differential volume is given by 

dV= f2LdL 

Substitution of Eg. (5.9) into Eg.(5.7) leads to 

Define 

(5.8) 

(5.9) 

(5.10 ) 

(5.11) 

where A is the total area (L x L) of the parent element. 

Equation (5.11) is the definition of the nonlocal average 
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strain given by the nonlocal theory, Eq. (5.1). Subtitution 

of Eq. (5.11) into Eq.(5.10) yields 

(5.12 ) 

The average stress in DSC is given by 

(5.13) 

substitution of Eq. (5.13) into Eq. (5.12) yields 

(5.14) 

Taking the first differential of Eq. (5.14) yields 

the second term in Eq. (5.15) is second order, and it is 

relatively small compared to the first term. Hence it can 

be ignored for the sake of simplicity. Substitution of Eqs. 

(3.15) and (3.17) in Eq. (5.15) leads to 

dU = 2A f::",a, {[( I - D) [C'] + D(I +roD)[CC] + ({ ae } - {a' }){R}] {dc:'} } T{dE G
} 

(5.16) 
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Let us take a derivative of the differential of the 

strain energy Eq. (5.16) with respect to disturbance. 

(5.17) 

substituting Eq. (5.11) in Eq. (5.17) leads to 

=2S:
nal t {[(1+2roD)[CC]-[Ci]]LdL {deQ}}T {de i }+ 

+2 S:nal S: {{ aC} - {a i
} VLdL {deQ} (5.18) 

define the differential moment and the moment in the 

material by the following definitions 

dM = [ { daC
} - {da i

}] dL (5.19) 

M = ({ aC
} - { ai 

} ) dL (5.20) 

substituting Eqs. (5.19) and (5.20) in Eq. (5.18) leads to 

(5.21) 

Let us define the averaging area (parent element) side 

length in terms of the largest grain (or aggregate) size of 

the material, in which case the following equation can be 

written 
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L=k8 (5.22) 

where k is the parent element to grain size ratio and 0 is 

the diameter of the largest aggregate (or grain) in the 

material. The smallest possible value of k is a material 

constant and it has to be determined experimentally for each 

material, (some researchers have shown that k is 2.7 for 

concrete). From Eq. (5.22) we can deduce that the parent 

element can be any size large than the minimum size 

(k8)X(ko). Substituting Eq. (5.22) in Eq. (5.21) leads to 

(5.23) 

Equation (5.23) will always be non-zero for all values of 8 

other than zero 8 = o. 

5.4 Case Studies 

Two types of problems are studied with this proposed 

method. The first one is a three sides confined problem 

which is restrained in the x and y direction on all sides 

except for the top side where displacement is applied, 

Fig. 5.3. The second one is a two sides confined problem 

which is restrained in the x and y directions on the bottom 

and the left side only, Fig. 5.4. This latter problem can 
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exhibit increased localization and severe softening 

behavior. softening is found to be more dominant when the 

cracks easily propagate because of the configuration of the 

boundary conditions. In the three sides confined problem, 

however the softening is not distinct because the material 

is confined on all three sides. The cracks cannot form as 

easily because of the confinement. When only one side is 

confined, the cracks can easily form and propagate, because 

of the lack of confinement on the right side. The 

difference between the two confinement configurations is 

easily noticeable when the stress-strain curves are compared 

for both problems. The stress in the material drops with a 

sharp slope right after reaching the peak stress in the two 

sides confined problem, e.g. see Fig. 5.14 (shown later in 

this chapter). However, in the case of three sides confined 

problem the load drop is barely noticeable, e.g. see Fig. 

5.8, (presented later in this chapter) 

The mesh in both problems is discretized into 4, 16, 64 

and 256 elements. The details of these problems will be 

discussed later in the chapter. 

The strains are averaged over a square area. The 

average strain (or nonlocal strain) is obtained by averaging 

the strains for all the Gauss points inside the square area. 

When an element ,e.g. element 3 in Fig. (5.4), is 
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further subdivided into greater number of elements, (into 

16, 64 and 256) the square area (element 3) is kept constant 

and the strains are averaged for the same square area. 

Square areas, (e.g. element 1, 2, 3 and 4 in Fig. 5.4) do 

not overlap. 

In order to prove the effectiveness of the proposed 

method, two case studies are conducted. For this purpose 

two concrete blocks are used. The experiments were 

previously conducted by van Mier [1984] on concrete cubes 

under strain controlled conditions. In order to 

characterize the behavior of the intact part of the material 

8
0 

(the associative elasto-plastic continuously yielding) 

HisS model is used. The fully adjusted part of the material 

is assumed to carry hydrostatic stresses, but no shear 

stress at all. It is assumed that the hydrostatic stresses 

in the intact part and the fully adjusted part are equal. 

Hence, the constitutive matrix for the fully adjusted part 

is obtained by deleting the terms associated with the shear 

strength of the material in the constitutive matrix of the 

intact part. The HisS 8
0 

model material constants for this 

concrete were obtained by Frantziskonis [1986]. This 

experimental results and material parameters were also used 

by Desai and WOO [1992J for finite element mesh sensitivity 
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study. The yield surface for 00 model is given by Eg. 

(3.65) as, 

(5.28) 

where and S - .f27J - rl.S 
r - 2 3DJID 

Definition of other terms are given in chapter 3. 

The elastic and plastic material properties are given below: 

Elastic material constants 

Young's modulus and Poisson's ratio: 

E= 37000 MPa, v=0.25 

Plastic Material Constants 

Ultimate yield surface parameters: 

y =0.06784, ~ = 0.7553, m=-0.5 

Phase change parameter: 

n= 5.237 

Hardening parameters: 

a 1 = 4.614E-l1 'TJ 1 = 0.8262 

Disturbance parameters: 

Du=0.875 A= 688 Z= 1.502 

As is shown in Figs. 5.4 and 5.5 the blocks are subjected 

to 50 steps of prescribed displacements at the rate of a 



0.001 m displacement increment at every load step. The 

concrete blocks are modeled as plane strain. 
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In order to study the finite element mesh sensitivity, 

the meshes shown in Fig. 5.3 and in Fig. 5.4 are subdivided 

into 4, 16, 64, and 256 elements. For each case the 

following curves are plotted at Gauss point 3 of element 3 

in Figs. 5.3 and 5.4. When the tributary area of point P is 

subdivided, there are more than one Gauss points in that 

area. Therefore, the strains for all those Gauss points are 

averaged to keep the tributary area of Gauss point 3 of 

element 3 in Figs. 5.3 and 5.4 constant. This rule applies 

to all other Gauss points in other three areas shown in 

Figs. 5.3 and Fig. 5.4. 

1- crx vs. Ex 

2- cry vs. Ey 

3- T,,)' vs. y,,"'/ 

4- 11 vs. c,' where II = Ex + Ey + c: 

5- J! vs. 11 where JI =cr" + cry + cr: 

6- JJ2D vs. JI2D 

where Jw = i[(crx-cr)2 +(cry-aJ2+(crx-cr,)2] + cr~ + cr~ + cr! 

and 
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7- Force vs. Displacement along the element side with nodes 

17, 18 and 19. Force is evaluated by integrating cry along 

that edge. In the following pages the results are presented 

for both case studies shown in Fig. 5.3 and Fig. 5.4. 

In order to show the effectiveness of the method 

proposed in this chapter, the cry vs. &y plot is presented 

for the local DSC formulation in Figure 5.5. In the local 

DSC formulation, the strains and stresses are calculated in 

the Gauss integration points and no averaging 

(nonlocalization) procedure is applied. When the averaging 

procedure is not applied the Gauss point strains and 

stresses are called local strains and local stresses. This 

is due to the fact that there is no interaction between two 

finite elements if they don't share a node. In other word 

in the global stiffness matrix there is no entry 

(off-diagonal term) for interaction of two elements, even if 

these two elements are two adjacent grains. As a result 

the cracks forming inside the elements do not interact and 

thus the cracks cannot be wider than the width of one 

element, Bazant and Cedolin [1991]. This is not physically 

possible. since most of the time a crack is wider than 

several elements and the small microcracks form into a 
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shear band by means of interaction. In the local finite 

element formulation (where strains are not averaged) this 

wide crack formation and the interaction of cracks is not 

possible. As is seen in Fig. 5.5, the results are 

significantly different for the 64 element.and the 256 

element meshes. When we study Fig. 5.5, we realize that 

close to the peak stress the mesh sensitivity is not 

noticeable. This is due to the fact that the material is in 

the hardening regime and significant crack formation has not 

occured. 

Just after the peak stress the mesh sensitivity becomes 

noticeable, see Fig. 5.5. The peak stress for the finer 

mesh is lower than for the coarser mesh. Shortly after the 

peak stress, the finer mesh shows a sharp drop in the 

carried load. The free energy of a material is defined by 

the area under the stress-strain curve. In the case of the 

finer mesh beyond the peak stress point and before the 

minimum stress point, this area is smaller than the coarser 

mesh free energy area. In the finer mesh the energy 

required to propagate the cracks formed in the elements, is 

less than the energy required to propagate the cracks in the 

coarser mesh. The stress level after reaching a minimum 

value remains almost constant for the coarse mesh and starts 

increase for the finer mesh. This difference is also due to 

different discretizations of the material. 



241 

Desai and Woo [1992] have proposed that averaging the 

stresses obtained from the local DSC formulation in an 

element reduces the localization effects to a certain 

extent. The results for this study are given in Desai and 

Woo [1993]. Fig. 5.6 shows the averaged ayvs. Ey plot for 

element three of this procedure for the three sides confined 

problem subjected to prescribed displacements at nodes 17, 

18 and 19 in Fig. 5.3. In this method the values of the 

stresses are averaged over the entire element. When an 

element is subdivided into more elements, the stresses are 

averaged for all the elements that are inside the original 

element that is subdivided. It may be noted in Fig. 5.6 

that the mesh dependence is not significant in the prepeak 

regions and that it is reduced in the post peak region 

Figures 5.7 to 5.13 show the results for three sides 

confined problem with the coefficient of relative motion as 

a=O.1. Figures 5.14 to 5.19 show the results for the two 

sides confined problem with the coefficient of relative 

motion as a=O.1. Figures 5.20 to 5.24 show the results 

for three sides confined problem with the coefficient of 

relation motion as a=0.7. Figures 5.25 to 5.30 show the 

results for the two sides confined problem with the 

coefficient of relative motion as a=O.7. As the results 

indicate, the finite element mesh sensitivity is 
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significantly reduced in both cases. The plots show that in 

the case of the three sides confined problem, the difference 

in the results for different meshes is not noticeable. In 

the case of the two sides confined problem, there is little 

difference between the results from the different meshes in 

the postpeak region. 

It is shown that the effect of localization on the 

finite element results is eliminated for the three sides 

confined problem and that it is significantly reduced for 

the two sides confined problem. 

The main advantage of this procedure over other 

nonlocal continuum models is that the averaging procedure is 

simple, yet very effective. The averaged area remains 

constant part of the mesh and there is no overlapping among 

the averaged zones. Keeping the area in which the strains 

are averaged constant allows us to have a constant free 

energy for a given volume of the material. The only 

modification that is needed to implement the procedure 

proposed in this dissertation is a subroutine that provides, 

at each Gauss point the value of the averaged (nonlocal) 

strains. The simplicity of the weighing function used in 

this method makes it easy to implement. The nonlocal 

continuum on which the method is based is well established 

and extensively studied theory. Therefore, the method 



proposed herein is only a modification to the previously 

proposed procedures. 
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Figure 5.27 cr y vs. cy in Element 3 at Gauss Point 3, Two 
Sides Confined Problem with a = 0.7 



14 

12 

(? 10 
c.. 
6 

8 

6 

4 

2 

o 

, 
f 

I 
~ 

266 

..iB!iI3i. 

~ "' R 
I~ 

1 
~ 

~ 

\ 
~ 
~ 

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016 

Yxy 

-- 4 Elem. -+- 16 Elem. 0 64 Elem. -a- 256 Elem. 

Figure 5.28 ~~ vs. y ~ in Element 3 Gauss Point 3, Two 
Sides Confined Problem with cr = 0.7 



70 

60 

50 

"i? 40 a.. 
6 
,.... 30 .., 

20 

10 

o 
.= .~-= ~~ 

267 

~ 

J 

d 
J~ 

7 
. ,.,,; ~ 

,.".,-= = 

-0.120 -0.100 -0.080 -0.060 -0.040 -0.020 0.000 0.020 

-- 4 Elem. --+- 16 Elem. 0 64 Elem. ~ 256 Elem. 

Figure 5.29 J 1 vs. Il in Element 3 at Gauss Point 3, Two 
Sides Confined Problem with a = 0.7 



35 

30 

Cd 25 
a. 
::E 

20 

b: 15 

10 

5 

o 

268 

! 

! 

~ 

\ , 
~ 
~ -~ 

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012 0.0014 0.0016 

-- 4 Elem. --+- 16 Elem. 0 64 Elem. -e- 256 Elem. 

Figure 5.30 ~ Vs.~I2D in Element 3 at Gauss Point 3, Two 
Sides Confined Problem with a = 0.7 



269 

120 

~ 
, 

r l 
100 

J 

f 
z 
~ 80 ...... 

60 

t 
+ \ 

l~. 

40 

20 

o 
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 0.050 

V (m) 

- 4 Elem. -+- 16 Elem. 0 64 Elem. --a- 256 Elem. 

Figure 5.31 Fy vs. v in Element 3 at Nodes 17, 18 and 19 Two 
Sides Confined Problem with a = 0.7 



270 

0.02 

0 

-0.02 

-0.04 

-0.06 
> 
~ 

-0.08 

-0.1 

-0.12 

, 
k... , 

~ ~. 
~ 

~ 
~ , 

~~ 
-0.14 

0.000 0.005 0.010 0.015 0.020 0.025 

-- 4 Elem. --+- 16 Elem. 0 64 Elem. -e- 256 Elem. 

Figure 5.32 11- ey in Element 3 at Gauss Point 3, Two 
Sides Confined Problem with a = 0.7 



271 

CHAPTER 6 

VERIFICATIONS AND APPLICATIONS 

6.1 Introduction 

In this chapter the material models that were 

implemented in the finite element program are verified 

against test data or analytical solutions. The verification 

process is presented in a hierarchical manner, starting from 

the simple linear elastic model to the most advanced thermo 

elasto-viscoplastic with disturbance model. This order is 

opposite of the one used for the derivation in the DSC 

formulation because in the derivation process the purpose is 

to show that the most elaborate model can be reduced to the 

simplest elastic model by eliminating certain terms. 

Logically then it is necessary to start with the most 

advanced model. In the verification process however it is 

easier for the user of the computer program to start from 

the simplest model and then to go to the most elaborate one. 

All these material models can be obtained from the effective 

constitutive matrix of the Disturbed State Concept, Eq. 

(3.40), by eliminating relevant terms for specific version 

of the model. This elimination process is demonstrated in 

Chapter 3, section 8 and thus it is not repeated here. A 

step in the finite element analysis of a system is the 



determination of the material constants and is discussed 

next. 

6.2 Determination of Material Constants 
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Most verifications are performed on Pb40/Sn60 and 

Pb37/Sn63 eutectic solder (tin/lead) alloy material. The 

tin/lead alloy is the most commonly used solder material in 

the electronic packaging interconnections, Frear et ale 

[1994]. The Disturbed state Concept material constants are 

related to the strategic states during the deformation of 

the materials, (e.g. ultimate yield surface, phase change, 

etc.). In order to obtain the material parameters for the 

Pb/Sn solder alloy, a number of experimental results under 

different loading or stress paths, temperatures and initial 

conditions are needed. Unfortunately, such test results are 

not easily available, because they can be expensive and in 

some cases are proprietary information that is not 

published. Therefore, the material constants are obtained 

from the isothermal monotonic uniaxial tension and shear 

test data which is available, Chia [1994]. In this study 

plasticity constants, (which are defined below), for the 

Pb40/Sn60 solder alloy were determined by Chia [1994] using 

two sets of test data reported by Riemer [1990] based on a 

1985 R&D report prepared by westinghouse for the Air Force 

Wright Aeronautical Laboratories and Skippor, Harren and 
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Botsis [1992]. These experimental results are given in the 

literature at different temperatures with different strain 

rates. The monotonic stress-strain curves of bulk solder 

reported by Riemer [1990] are given at six different 

temperatures from -65°C to 125°C and for two different 

strain rates (0.002/sec and 0.0002/sec). The data reported 

by Skipor, Harren and Botsis [1992J gives the stress-strain 

curves for Pb40/Sn60 solders at three different temperatures 

(-40°C, 20°C and 100°C) and for four different strain rates 

(O.l/sec, 0.02/sec, O.OOl/sec and O.OOOl/sec). 

During the determination of the material constants 

certain assumptions were made due to a lack of test data, 

Chia [1994]. These assumptions are as follows: 

1- It is assumed that the Pb40/Sn60 solder alloy does not 

experience significant volume change during plastic 

deformations. 

2 - The magnitude of the mean stress has negligible 

influence on the shear strength. In other words, it is 

assumed that the angle of friction is very small. 

3 - The Bauschinger effect in the stress-strain hysteresis 

loops is negligible. 

4 - The ultimate parameter ~ is adopted as zero. When ~ 

approaches zero, the yield surface approaches a cylindrical 

cone that is similar to the extended von Mises criterion. 
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5- In determining the bonding stress the value of JJ2D at 

zero confining pressure is assumed to be about 95% of the 

value of (p;;) 
uLTIMATE 

6 - The phase change parameter n is assumed to be 2.1. This 

value is similar to the one reported for saturated soils, 

Desai, Wathugula, and Matlock [1990]. Saturated soils 

exhibit an incompressible response similar to metals. 

7 - The tension and the compression ultimate stress of 

Pb40jSn60 are equal. 

6.2.1 Elastic Constants 

The value of Young's modulus, E, can usually be 

obtained from the unloading portion of a stress-strain 

curve. A wide range of elastic modulus values (from 12.4 

GPa to 43.4 GPa) for Pb40jSn60 have been reported in the 

literature, Knecht and Fox [1990]. In this research E = 

23.45 MPa is used for (300 0 K room temperature) unless noted 

otherwise. 

The Poisson's ratio for the Pb40jSn60 solder alloy 

varies between 0.3 and 0.4 at the room temperature. The 

room temperature (300 oK ) value of Poisson's ratio was 

adopted as 0.4, Pan [1991J. 

6.2.2 Plasticity constants 

6.2.2.1 Ultimate Parameters 
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The ultimate parameter y is determined from the yield 

function F at the ultimate state, at which the hardening 

function a approaches zero. It is given by Chia [1994] as 

(6.1) 

where terms are defined in Eg. (3.65). The other ultimate 

parameter ~ which controls the shape of the yield surface 

in the principal stress space is assumed to be zero. When ~ 

is zero, the yield surface takes the form of a cylindrical 

cone in the principal stress space. 

6.2.2.2 Phase Change parameter 

The phase change para·meter n can be determined by the 

state of stress at which the volume change de/ is zero. At 

this point the first derivative of the yield criterion F 

with respect to mean pressure J 1 is zero, hence n is given 

by Chia [1994] as 

(6.2) 

Due to a lack of sufficient test data, the phase change 

parameter is assumed to be 2.1. Since it is assumed that 

the Pb40/Sn60 solder alloy is an incompressible material, 

for other incompressible materials, such as saturated soils, 
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this parameter varies between 2 and 3. That n =2.1 is 

therefore a reasonable assumption. 

6.2.2.3 Hardening Function 

The isotropic hardening rule is used in this research. 

This is consistent with the earlier assumption that the 

yield response of Pb40/Sn60 is the same in both tension and 

compression. The hardening rule is adopted by Chia [1994] 

as (6.3) 

where ~ can be either the trajectory of the thermo plastic 

strain or the thermo viscoplastic strain. When the material 

constants a 1 and ~1 are determined, it is assumed that the 

confining pressure is small about 0.1 MPa. Furthermore, the 

transverse strain components &1 and 8 2 are determined by 

assuming that the Pb40/Sn60 solder is incompressible during 

plastic deformation. The values of a 1 and ~1 can be 

determined from the Ina vs. ln~ plot, (given by Eq. (6.4) 

below), and by using the least square method: 

(6.4) 

6.2.2.4 Bonding stress 

The bonding stress can be determined from a uniaxial 

tension test. Due to a lack of sufficient available test 
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data, an empirical approach is used to estimate the value of 

the bonding stress R. The ultimate stress invariants (J1 )Ult 

and (J 2D)ult are estimated from stress-strain curves of a 

given uniaxial test by assuming a small magnitude of 

confining pressure, e.g. 0.1 MPa. For a uniaxial stress 

path when the confining pressure is zero, the second 

invariant of the deviatoric stress tensor J 2D is equal to 

1/9 a fl where a f is the uniaxial failure strength. Using 

these two confining stress states (0.0 MPa and 0.1 MPa) I an 

ultimate envelope in the J I vs. J 2D space can be obtained. 

This ultimate envelope is then extended to the negative side 

of the J I axis. The negative value of the J I is called the 

cut-off stress which is also called the bonding stress R 

given by Chia [1994J as 

(6.5) 

where (J 1 ) ult and (J2D) are obtained from the asymptotic 

ultimate stress state. The value of J 2D at zero confining 

pressure is assumed to be about 95% of the value of (JeD) ultl 

Chia [1994]. 

6.2.2.5 Viscous Parameters 

The procedure for finding the fluidity parameter r, 

and flow function exponent N is lengthy. since it is given 

in great detail in Samtani [1991] and Chia [1994J I the 
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details are not repeated here. The fluidity parameter r is 

given as 

r= t{i:'P}{i;'P} 

{~}{~} 

and the flow function exponent N is found by a linear 

regression from experimental data by a curve fitting 

procedure. In this research creep data reported by Pan 

(6.6) 

[1991] for Pb40jSn60 is used and N is found to be 2.67, Chia 

[1994]. 

6.2.2.6 Disturbance Function Parameters 

In this research DSC constants A and Z are obtained 

from the test data of the Pb40jSn60 solder joint in shear 

reported by Solomon [1989]. The disturbance function used 

in this dissertation is 

(6.7) 

The ultimate disturbance parameter Du is assumed to be 1, 

however, the limiting value of Du is 0.95. The actual value 

of ultimate disturbance constant Du must be found by 

experiments in the laboratory. 
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The relation between the ~D and D can be expressed by 

taking the logarithm of both sides in Eq. (6.7) which leads 

to 

In[-ln(l-D)]=lnA+Zln[~D(N)] (6.8) 

In Solomon [1989] a load drop parameter ~ , which is 

analogous to the disturbance parameter D, is proposed as a 

function of the number of cycles. writing Eq. (6.8) for 

each cycle leads to a set of simultaneous equations. 

Constants A and Z can be obtained by solving these 

simultaneous equations, Chia [1994]. 

The material properties for Pb40/Sn60 obtained by using 

the procedures summarized above are given in Appendix A. 

Step-by-s~ep procedures for obtaining these material 

constants are given in Chia [1994]. 

6.2.3 Temperature Dependence of Material Constants 

Almost all material constants are temperature 

dependent. Due to a lack of sufficient test data for a wide 

range of temperatures, the available data is extrapolated 

using the following function for all material constants, 

except for Young's modulus in some cases), 

(6.9) 
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where "a" is any material constant, a 300 is the value of the 

material constant at room temperature (300 0 K) and Pa is the 

temperature function exponent for material constant "a". 

The reasons for using different functions for elastic 

modulus is discussed later in this chapter. Appendix A 

gives temperature dependent functions of various material 

constants. 

6.3 Linear Elastic 

The Pb40/Sn60 solder alloy block shown in Fig.6.1 is 

subjected to prescribed displacements in the x direction at 

the top of the specimen. The finite element mesh used in 

the analysis is depicted in Fig. 6-2. The prescribed 

displacements are applied at nodes 17, 18, 19, 20 and 21. 

The displacements are applied with increments of O.Olmm at 

each step and a total of ten displacement increments are 

applied. The block is fixed at the bottom in the x and y 

directions at nodes 1,2,3,4 and 5 and it is free at all 

other nodes, Fig. 6.2. The ambient room temperature is 27° 

C, with no change during (isothermal) testing. In this 

verification and in a number of others four element 

discretizations are mostly used. Use of coarse mesh for 

this purpose has been reported previously by Pao, Chen and 

Kuo [1991J, Riemer [1990J and Desai and WOO [1993J; these 

authors use single element mesh in their papers. 
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Figure 6.2 Finite Element Mesh Used for Elastic 
Analysis of Pb40/Sn60 Eutectic Solder Alloy 
Block Subjected to Shear strain. 
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In the DSC formulation elastic material behavior is 

characterized by assuming the disturbance D to be zero. 

This assumption leads to the average response and to the 

intact material response becoming identical. It is assumed 

that when the material is linear elastic, the entire 

material is intact and no fully adjusted part exists. 

The stress-strain analytical response of the solder 

alloy block shown in Fig. 6.1 is obtained based on Hooke's 

Law, which is given as 

G=7 
where G is the shear modulus, which is given as 

G-_E _ 
- 2(1+v) 

t is the shear stress given as 

Fx 
t=

II 

(6.10) 

(6.11) 

(6.12) 

Fx is the in-plane force in the x direction, A is area and y 

is the shear strain given by 

y=~ (6.13) 

where h is the height and u is the prescribed displacement 

shown in Fig. (6.1). The following material constants were 

used in this analysis: 

The elastic modulus E= 23.45GPa, and Poisson's ratio v =0.4 
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Analytical results for shear stress vs. finite element 

analysis predictions are given in Fig. 6.3. The finite 

element results are obtained by averaging the shear stresses 

at nodes 9, 10, 11, 12 and 13. The analytical results are 

computed by using Eg. (6.10) for the same nodal points. For 

a comparison purposes, the analytical solution, the linear 

elastic material model and the thermo elastic material 

results are plotted on the same figure. The results show 

that the linear elastic stresses are higher than the thermo 

elastic model stresses. This is due to the fact that 

Young's modulus value decreases with an increasing 

temperature. The results compare well with the analytical 

solution. The difference between the finite element 

analysis prediction and the analytical solution results are 

due to the coarse mesh. The finite element results approach 

the analytical results as the number of elements in the mesh 

is increased. 

6.4 Thermo Elastic 

The Pb40jSn60 solder alloy block shown in Fig. 6.1 is 

also used for this verification. The finite element mesh 

used for this model is the same as the one used for the 

linear elastic case, which is shown in Fig. 6.2. The 

in-phase temperature change, from 27°C to 120°C, and the 

prescribed displacements, from O.Omm to O.lmm, in the x 
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direction are applied at nodes 17, 18, 19, 20 and 21. The 

displacements are applied with increments of O.Olmrn at each 

step and ten prescribed displacement increments are applied 

in total. The temperature increments of 9.3°C at each step 

are applied. In-phase means that at each prescribed 

displacement increment of O.Olmm, the temperature is also 

incremented by 9.3°C concurrently. The applied displacement 

versus the temperature change is given in Fig. 6.4. The 

block is fixed at the bottom in both the x and the y 

directions at the nodes 1, 2, 3, 4 and 5. The material 

constants are functions of the temperature and they are 

given by (see Table A.2) 

E = 23.45 (3~O)-o·292 MPa and v = 0.4(3~O)O.14 (6.14) 

where 8 is the current temperature in Kelvin degrees (27°C 

is 300oK). The analytical solution for this material model 

was also obtained using Eq. (6.10). The only difference is 

that the shear modulus is a function of the temperature. At 

every increment of shear strain the new shear modulus was 

calculated from Eq. (6.14) and Eq. (6.11) which was used to 

calculate the increment of shear stress. In this model itis 

assumed that there are no plastic strains; hence there are 

no disturbances in the material. The average response of 

the material in the DSC formulation therefore is 

characterized by the intact response of the material. 
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The finite element results are obtained by averaging 

the shear stresses at nodes 9, 10, 11, 12 and 13. The 

analytical results are computed by Eq. (6.10) for the same 

nodal points. The comparison between the analytical results 

obtained using the Hooke's law, and the finite element 

predictions are shown in Fig. 6.3. 

If we study Fig. 6.3, we notice that as the strain 

increases, which was incremented concurrently with the 

temperature, the shear stress in the thermo elastic material 

drops below the elastic material stresses. This is due to 

the fact that the elastic modulus of the material degrades 

with the increasing temperature which in turn leads to a 

smaller stress response. The deviation between the 

analytical results and the finite element results is due to 

The fact that the finite element method is a numerical 

analysis procedure in which the deformation of the material 

is approximated by means of approximation functions. Hence 

the results in the finite element method are approximate, 

not exact. 

6.S Elasto-viscoplastic 

In order to verify this material model, the isothermal 

uniaxial tension experimental data reported by Riemer [1990] 

is used. The displacement controlled tests were performed 

on the Pb37jSn63 bulk solder at room temperature (27°C). 



The details of the testing procedure and the size of the 

specimen used in the experiment are not given in the 
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above mentioned paper. But, because the stress-strain 

relationship of a material is independent of the specimen 

size, the dimensions of 2mm X 2mm X Imm are assumed in the 

finite element analysis. The specimen is fixed along the 

bottom edge, both in the x and the y directions. In the 

finite element mesh the nodes 1, 2, 3, 4 and 5 were fixed in 

the x and the y directions, Fig. 6.5. 

The intact part of the material is characterized by 

elasto-viscoplastic model. 

The following material constants are used in this 

analysis: 

Young's modulus E = 23.45GPa, Poisson's ratio v = 0.4 

Ultimate parameter y = 0.00082, state change parameter 

n=2.1, hardening parameters a 1= 0.24 and ~1=0.394, bonding 

stress R=217.47 MPa, fluidity parameter f=1.8 and viscous 

flow function exponent N = 2.67 are used. 

These material constants are for Pb40/Sn60, but the material 

used in the experiment is Pb37/Sn63. Hence, the parameters 

involve an approximation, yet it is assumed that the affect 

of approximation on the results is negligible. 
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Figure 6.5 Finite Element Mesh Used for Elasto-Viscoplastic 
Analysis of Pb37/Sn63 Solder Block Subjected to 
Uniaxial Tension 
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In the finite element analysis the loading is applied in 

the form of prescribed displacements in the y direction, 

Fig. 6.5, with increments of 0.0004mm at each step and with 

total of fifteen load steps applied. The original tests 

were also conducted in a displacement controlled 

environment, hence the finite element analysis is performed 

in a similar fashion. 

The actual time history of the loading applied in the 

experiments is not given in the paper. But it is assumed 

that the hold time during the displacement increments is 

zero. This is consistent with the information given in the 

paper. Riemer [1990] states that the purpose of these test 

is to find the material constants of the Pb37/Sn63 solder 

alloy material but not to observe the time-dependent 

creep/relaxation behavior. The comparison of the 

experimental stress-strain data (at 27°C ) versus the finite 

element prediction is given in Fig. 6.6. The plotted finite 

element results in Fig. 6.6 are the average axial stresses 

at nodes 9, 10, 11, 12 and 13. The results show a good 

correlation between the test data and the backprediction. 

Hence we can say that the assumptions made are reasonable 

and that the constitutive model characterizes the material 

behavior accurately. 
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6.6 Thermo Elasto-Viscoplastic 

Pao et al. [1991] reported analytical predictions for 

pure shear test results on a Pb37/Sn63 solder block. The 

authors mention using the Runga-Kutta method, ( which is a 

differential equation solution procedure), in order to 

calculate the shear stresses for increments of shear strain. 

No information is given in the paper about the mathematical 

model used to characterize the viscous behavior of the 

material or about details of the procedure used in the 

analytical study. The size of the specimen is also not 

given in the paper. As discussed before, the stress strain 

behavior of materials is independent of the specimen size. 

Therefore, the dimensions of 2mm X 2mm X 1mm shown in Fig. 

6.7 are assumed. 

The intact part of the material is modeled with the 

thermo elasto-viscoplastic model. 

The material used in the study by Pao, Chen and Kuo 

[1991] is Pb37/Sn63. This material is different from the 

material parameters that are available (Pb40/Sn60) to us. 

It is assumed therefore that the effect of using the 

material parameters from a different though similar solder 

alloy may be ignored. The following material constants were 

used: (Table A.2 and A.5) 

( 
9 ) -2.95 

elastic modulus (MPa) , E = 23.45 300 Poisson's ratio 

( )

0.14 

V = 0.4 3~O ,state change parameter n= 2.1 
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Thickness=lmm 

Figure 6.7 Finite Element Mesh Used for Thermo 
Elasto-viscoplastic Analysis of Pb40jSn60 Solder 
Alloy Block Subjected to Shear Strain 



hardening parameters a1 = O. 000024C~o) -2.578 and 111 = 0.394 

thermal expansion coefficient aT = 3. X 10-6C~o) l/ oK 

bonding stress R=217.47C~o)-2.95 fluidity parameter /sec, 

( )

6.185 

r = 1. 8 3~O , viscous flow function exponent N =2.67. 

In a viscoplastic analysis the time step is critical 
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for the stability of the solution. In this analysis and in 

all others a variable time step is used. The variable time 

step is calculated by two criteria, Eqs. (4.111) and 

(4.112), given in chapter four. The initial time step is 

0.00001 sec. 

The specimen is fixed at the bottom in both the x and y 

directions in Fig. 6.7. Hence, in the finite element 

analysis the nodes 1,2,3,4 and 5 were fixed in the x and y 

directions. 

The prescribed displacements and the temperature 

increments are applied in-phase. There were fifteen 

displacement steps. 

The displacement increments of 0.002 rom in the x 

direction, Fig. 6.7, are applied at nodes 17, 18, 19, 20, 

and 21. The temperature is incremented from 27 0 C to 1000 C 

with increments of 4.87°C. 

The finite element results versus the analytical 

predictions is given in Figs. 6.8a and 6.8b. The analytical 

solution was adopted from the plots given by Pao et ale 

[1991). Figure 6.8a shows the average shear stress in 
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solder block versus the temperature in Celcius. The 

average shear stress was obtained by averaging the shear 

stress at nodes 9, 10, 11, 12 and 13. Figure 6.8b depicts 

the shear stress versus the applied shear strain. If we 

study the figures, we realize that at the peak stress level 

there is a difference between the finite element predictions 

and the analytical results. This can be due to the use of 

different material properties instead of those actual 

material'. The actual material is Pb37/Sn63, but we used 

Pb40/Sn60 material constants. The rest of the curve is back 

predicted quite well. 

6.7 Elasto-Viscoplastic with Disturbance 

This material model is used to backpredict the 

isothermal experiment results reported in Guo at al. [1992J. 

The authors studied the isothermal fatigue of a 

Pb36.37/Sn63.2/SbO.31 solder under total strain-controlled 

tests. 

The solder was chill-cast into an water-cooled aluminum 

mold in order to make fatigue test samples. 

The authors report that the microstructure and 

mechanical properties of the Pb37/Sn63 alloy are sensitive 

to precipitation and microstructural aging, because of the 

decreasing solubility of Sn in Pb and Pb in Sn upon cooling. 

Therefore, a standard heat treatment and an aging procedure 
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prior to fatigue testing were adopted to ensure the 

reproducibility and reliability of the results. The 

specimen was machined after cooling, was annealed for two 

hours at 150°C and was followed by air cooling and then 

aging at 25°C, approximately one week before testing began. 

cutiongo and Jeannotte [1990] reported that the number of 

cycles to failure versus the aging changes little after a 

week of aging at 25°C. The specimens 12mm X 12mm X 6.4mm in 

the gauge section, were polished with 6mm and then 1mm 

diamond paste. 

The isothermal fatigue testing was performed in air 

under uniaxial total strain control with the total strain 

range up to one perc~nt, Fig. 6.9. The temperature was 

controlled using heated grips developed by Lawson [1987] and 

was monitored with a thermocouple attached to the gauge 

section. Two pieces of 3mm X 6mm 600 grit abrasive papers 

were glued onto the side of the gauge section to act as pads 

for the knife edges of the 0.3 inch MTS extensometer. This 

would prevent cracks from developing under the knife edges 

of the extensometer. 

Based upon the description given above, the specimen is 

fixed at the bottom and the extension is applied at the top. 

In the finite element meshes, Figs. 6.10a and 6.10b, nodes 1 

to 5 and 1 to 25 are fixed in both the x and the y 

directions, respectively. All other nodes are free. The 
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intact part of the material is modeled with an 

elasto-viscoplastic with disturbance option from the DSC 

family of material models. It is assumed that the fully 

adjusted part of the material does not carry any shear 

stress at all, but hydrostatic pressure only. 

The experiments were conducted in isothermal 

conditions, hence the material constants used for this 

analysis are also isothermal: 

At the temperature of 25DC: 
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Elastic modulus E = 15GPa (obtained from unloading portion 

of the test data), Poisson's ratio v = 0.4, ultimate 

parameter y= 0.00082, state change parameter n = 2.1, 

hardening parameters, a;=0.000024, ~1=0.394, bonding stress 

R=217.47 MPa, fluidity parameter r = 1.B/sec, flow function 

exponent N=2.67, Damage parameters, Du=l, A=0.102, Z =0.676 

At the temperature of BoDe : 

Elastic modulus E = 9GPa (obtained from unloading portion of 

the test data), Poisson's ratio v = 0.409, ultimate 

parameter y = 0.000B1, state change parameter n = 2.1, 

hardening parameters, a;=0.0000045 and ~1=0.394, bonding 

stress R=108.0 MPa, fluidity parameter r = 4.92/sec, flow 

function exponent N=2.67, Damage parameters, Du=l, A=0.128 

and Z =0.676. 
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In order to use the material parameters for an 

isothermal test at a given temperature (in this case 2SoC 

and 80°C), the user can enter the material parameters at 

specific temperature material constants and can also give 

the material constant temperature function exponents (Pi) 

terms as zero. For an isothermal finite element analysis, 

using the material parameters for that temperature gives 

more accurate results. The material constant temperature 

functions given in appendix A are obtained from limited test 

data and are extrapolated for temperatures outside the 

available range. Such extrapolation introduces additional 

errors in the results. Even when material constants are 

available for a wide range of temperature values, it is 

unlikely that their temperature variations will fit an 

analytical curve exactly. When using a linear regression 

procedure a curve has to be fitted. Therefore, even when 

the case temperature function of the material constants is 

available, it is recommended that the user employ the 

isothermal material constants at the specific temperature 

values and take the temperature function exponents as zero 

for an isothermal finite element analysis. 

In this analysis and in all case studies, variable time 

steps were used. A variable time step means that the time 

step is dependent upon the criteria given by Eqs. (4.111) 

and (4.112) and that it changes at every time step. The 



reason for using this method is discussed in chapter four 

and thus is not be discussed here again. The initial time 

step of 0.00001 seconds is used. 
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The nodal displacement history used in the test is 

given in Fig. 6.9. The test was run under·total strain 

controlled conditions. A total strain controlled test means 

that during the experiment, the strain is applied in 

increments and stresses are determined accordingly. The 

experiment starts from 0.14 percent strain as in Fig.6.9. 

This strain is an elastic thermal strain (L ~8a), where L 

is the length of the specimen = 12mm, ~8 is the temperature 

difference between the room temperature and the temperature 

at which the total strain of the material is zero and a 

is the coefficient of thermal expansion. The total applied 

strain starting from 0.14 percent is increased up to 1 

percent. The time for this ramp of 0.14 percent to 1 

percent total strain is 120 seconds. After reaching the 1 

percent total strain the total strain is decreased to zero 

percent and then brought back to 0.14 percent, which is the 

original strain at the beginning of the test. In Guo et ale 

[1992J the authors do not mention any hold time during the 

testing, we can surmise therefore that no hold time need to 

be introduced into the finite element analysis. 
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The finite element meshes used for modeling are given 

in Figs. 6.10a and 6.10b. The reason for using two 

different sets of meshes is to show that the finite element 

procedure proposed herein does not suffer from mesh 

sensitivity. The subject of discretization effects is 

discussed in chapter five and thus is not discussed again in 

this chapter. 

Figure 6.11a shows comparison of isothermal (25°C) test 

data versus the finite element predictions for the average 

axial stress (cry) vs. axial strain (Ey) and Fig. 6.11b shows 

this comparison for the isothermal 80°C test. The average 

axial stress (cry) in the finite element analysis is obtained 

by averaging the axial stresses (cry) at the nodal points in 

the middle of the specimen, namely nodes 9 to 13 in 4 

element mesh and at the corresponding nodes in the 144 

element mesh. The results show that the isothermal uniaxial 

tension behavior of the material is predicted well. Small 

differences at the extreme points could be attributed to 

several different causes. The material tested, for example 

is different from the material constants used in the finite 

element analysis, except for the elastic modulus, which is 

obtained from the unloading portion of the stress-strain 

curves in Guo et ale [1992]. The plastic material constants 

are for Pb40/Sn60, but the material tested is 
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Pb36.37/Sn63.7/SbO.31. Hall and Sherry [1986] reported that 

the addition of Sb into a solder alloy changes the viscous 

features of the material. 

An important feature of this experiment is that it 

shows how the viscous effects are important for Pb/Sn solder 

alloy materials. If we study the applied total strain 

history, we realize that only tension is applied to the 

specimen. On the other hand, if we study the stress strain 

curve, we realize that in addition to tension, the material 

also experiences compression during the testing, see Figs. 

6.lla and 6.11b. This behavior is due to the fact that the 

viscosity effects are significant. Since we are controlling 

the total mechanical strain, the material is experiencing a 

stress relaxation. Even though there is no significant hold 

time, the material is viscous so that by the time we get to 

the maximum total applied strain, the material starts 

relaxing. During unloading which occurs around 0.9 percent 

strain, the total axial stress cry is zero, see Figs. 6.11a 

and 6.11b. continuing with the unloading and reducing the 

initial tension introduces compression on the system. This 

behavior cannot be captured with elasto-plastic material 

models due to lack of viscous features in them. 
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6.8 Thermo Elasto-viscoplastic with Disturbance 

In order to verify this option of the Disturbed state 

Concept, two sets of experimental data one by Guo et al. 

[1992] and another one by Hall and Sherry [1986] are used. 

The specimen used in the first one is a Pb36.37/Sn63.2 

/SbO.31 solder alloy block and the second one is a Pb40/Sn60 

solder interconnected leadless ceramic chip carrier package 

on a printed wiring board. 

6.8.1 Pb36.37/Sn63.2/SbO.31 Solder Alloy Block 

Guo and coworkers [1992] have studied the 

thermomechanical cycling fatigue of Pb36.37/Sn63.2/SbO.31 

solder alloy bulk specimen with the dimensions of 12mm X 

12rom X 6.4 rom in total mechanical strain controlled tests. 

The specimens for the thermomechanical fatigue cycling tests 

were prepared in the same manner for the isothermal test 

which is described in section 6.7. 

repeated here. 

That information is not 

Guo and coworkers [1992] report that the 

thermomechanical fatigue tests were performed with 120 

second ramp times from 25°C to 80cC. The total applied 

strain for thermomechanical fatigue tests consist of two 

parts, the mechanical and the thermal strains. For an 

in-phase thermomechanical fatigue test from 25DC to 80DC the 

initial thermal strain is 0.14 percent and the total 
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mechanical strain range is, therefore, the total applied 

strain range minus 0.14 percent. The applied displacement 

time history is given in Fig.6.9 and the applied total 

mechanical strain vs. temperature history is given in Fig. 

6.12. The temperature increments and displacement 

increments are concurrent, hence, at every increment of 

displacement, the temperature is also incremented. Time 

increments are 1 second in duration and the displacement 

increments were 1/120th of the total displacement applied, 

Fig. 6.9. Simply speaking the ramp between the origin and 

the peak strain is divided into 120 loading steps. 

The finite element meshes used for this analysis are 

given in Figs. 6.10a and 6.10b. The specimen was fixed at 

the bottom during the tests. In the finite element analysis 

the nodal points 1 to 5 in the 4 element mesh, Fig. 6.10a, 

and the nodal points 1 to 25 in the 144 element mesh, Fig. 

6.l0b, are fixed in both the x and y directions. 

In the finite element analysis, the intact portion of 

the material is modeled with the thermo elasto-viscoplastic 

with disturbance option. The fully adjusted part of the 

material is modeled with the assumption that it does not 

carry any shear stress at all, but it does carry 

hydrostatic pressure. The following material parameters are 

used in this case study: 
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Figure 6.12 Applied Total Mechanical strain vs. Temperature 
History Used in the Uniaxial Tension 
Experiment on Pb36.37/Sn63.2/SbO.31 Solder 
Alloy, After Guo, Keer and Fine [1992] 



Elastic modulus E = 15.2 - 65.5 TeC) GPa is adopted because 

Clech and Augis [1987] used this function given by Harper 

[1970] to analyze Hall and Sherry [1986] test data. 

( )

0.14 

Poisson's ratio v = 0.4 3~0 ultimate parameter 
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( )

-0.072 

Y = 0.00082 3~0 ' state change parameter n =2.1, hardening 

( )

-2.578 

parameters a1 = 0.000024 3~O ' and 111 = 0.394, 

( )

0.24 

coefficient of thermal expansion ur=3.0 3~O 10~ 

bonding stress R = 217.47C~0) -2.95 ,Disturbance parameters 

( ) 

1.55 

D,,=l, A=0.102 3~0 and Z= 0.676. The variable time step 

scheme is used in this case study with initial time step 

being 0.00001 sec. 

Figure 6.13 shows the comparison between the test data 

and the finite element analysis prediction. The average 

axial stress (cry) in the finite element is calculated by 

averaging the axial stresses at the nodes in the middle of 

the specimen (e.g. in the case of the 4 element mesh these 

nodes are 9, 10, 11 and 12). 

The deviation of the backpredictions from the test data 

may be attributed to the fact that different material 

properties (Pb40jSn60) are used to backpredict the 

Pb36.37jSn63.20jSbO.31 solder alloy material behavior. It 

is reported by Hall and Sherry [1986] that the addition of 

Sb enhances the creep properties. The finite element 

results do not simulate the spike behavior of the material 
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near the zero strain. This behavior may have been due to an 

experimental reading error. We can surmise this because 

similar tests, such as the one reported by Hall and Sherry 

[1986J do not exhibit such a spike. The authors, however, 

suggest that the spike near zero may be due to a strain rate 

effect on the flow stress of the solder material. 

The temperature variation of the material properties is 

yet another source of error, with Young's modulus being 

influential material constant. In appendix A, the 

temperature variation of the elastic modulus for Pb40/Sn60 

( )

-0.292 

is given as E = 23.45 3~0 GPa, Chia [1994]. Use of this 

variation gave a different back prediction. The value of 

Young's modulus used in this study is found by calculating 

the elastic modulus from the isothermal stress-strain 

curves, at 25°C and BO°C, and by using a function reported 

by Clech and Augis [1987] and Harper [1970]. 

Using two temperature points to define a function is of 

course not very accurate. Yet because of lack of test 

data, this compromise had to be made. This compromise did 

introduce further errors into the finite element analysis 

results. Yet despite this a review of Fig. 6.13 reveals that 

the backprediction can be considered to be satisfactory. 

The area inside the test data stress-strain curve and the 

area inside the finite element analysis stress-strain curve 

are almost the same. Knowing that the free energy of a 
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system is defined by the area under the stress-strain curve, 

we can claim that the free energy of the system is 

accurately represented in the finite element simulation. 

This is a necessary feature for a finite element procedure 

to be able to simulate the temperature cycling behaviour of 

microelectronic packaging materials and interfaces. 

6.8.2 Leadless Ceramic Chip Carrier Package 

The second test data that is used to verify the 

material model is reported by Hall and Sherry [1986]. The 

authors tested an 84 I/O, O.64mm pitch (pitch being center 

to center distance between rows of solder bumps) leadless 

ceramic chip carrier (90 to 98 percent alumina) which is 

mounted on a printed wiring board (FR4, polymide epoxy 

glass) by a Pb40/Sn60 eutectic solder joint. The tested 

assembly is depicted in Fig. 6.14. Because of the symmetry 

of the structure, only one-half of the system is shown. A 

succinct description of the leadless ceramic chip carrier 

can be summarized as two plates joined by an array of 

leadless interconnections (i.e. solder bumps) characterizing 

surface-mount technology and flip-chip bonding with the 

solder dominant terminal material. In surface mount 

technology, the terminals (i.e. the pins and wires) do not 

go through the body of the printed wiring board through a 

hole. This technology provides greater space for 

interconnections, but is susceptible to thermal fatigue due 
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L ----------~~ 

a coefficient of thermal expansion 

H height of the solder joint 

L = distance from the center to the center of solder joint 

Figure 6.14 Schematic section of a Leadless Ceramic Chip 
Carrier (LCCC) Solder Attached to a Printed 
Wiring Board (PWB) I After Hall and Sherry [1986] 
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to a coefficient of thermal expansion mismatch between the 

two joined plates. A graphical description of the leaded 

and the leadless interconnections is also given in Figs. 1.2 

and 1.3. 

The package shown in Fig. 6.14 was subjected to a 

temperature cycling between -25°C and 125°C. The 

temperature cycle versus time change used in this study is 

given in Fig. 6.15. The testing was conducted in a 

temperature controlled chamber. In order to measure the in 

plane shear strain in the solder joint, strain gages were 

used. The strain gage readings are used to calculate both 

the shear force and the shear displacement in the solder 

joint. The geometric and material properties for the 

leadless ceramic chip carrier and the printed wiring board 

are given in Table 6.1. 

The overall dimensions of the assembly are given in 

Figs. 6.16a and 6.16b, which also depict the finite element 

discretization of the package. Because of the structure's 

symmetry, only one half of the package is analyzed. 

Furthermore, this figure is to scale and hence, the solder 

joint is not clearly visible. The magnified view of the 

solder joint finite element discretization is given in Fig. 

6.16b. In the finite element analysis, the intact part of 

leadless ceramic chip carrier and the intact part of the 

printed wiring board are modeled as thermo elastic 
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Table 6.1 Material Properties and Geometry of Leadless 
Ceramic Chip Carrier and Printed wiring Board 

(Units are given both in British and (S1) system.) 

84 I/O LCCC on PWB Interconnected by Pb40/Sn60 Solder Joint 
Pb40/Sn60 Solder Alloy Joint 

pitch (center-to-center spacing): 0.025" (0.635mm) 

size of solder joint square pattern: L=0.65" (16.51mm) 

land area of solder joint: A=2.4E-4in2 (0.1548mm2
) 

height of solder joint: h=0.008" (0.2032mm) 

elastic modulus of solder joint: E=15.158-65.5 T (OC) (GPa) 

E=2. 2x10 6-9. 5xl03T (DC) (psi) 

Poisson's ratio of solder joint: v=0.4 (T(OK)/300)O.14 

Leadless Ceramic Chip Carrier (LCCC) 

leadless ceramic chip carrier thickness: hc=0.02" (0.508mm) 

elastic modulus of ceramic: Ec=37000ksi (254.93GPa) 

Poisson's ratio of ceramic: V= 0.3 

coefficient of thermal expansion of ceramic: U c=5.4E-6/oC 

unit weight of ceramic:~= 0.1406 lb/in3 

Printed Wiring Board (PWB) 

PWB thickness: hp=O.058" (1. 4732mm) 

coefficient of thermal expansion: u p= 8.9E-6/oC 

elastic modulus: Ep=1.78E+6 psi (12.26GPa)Poisson's ratio: 

v = 3.6, unit weight: Yg= 0.065 lb/in3 
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materials. Because the elastic materials do not experience 

plastic deformations, the leadless ceramic chip carrier and 

the printed wiring board do not have any fully adjusted 

parts. 

The intact part of the solder joint is modeled as a 

thermo elasto-viscoplastic with disturbance material model. 

The fully adjusted part is assumed to carry no shear 

stresses but hydrostatic stresses only. The assembly is 

modeled using plane strain idealization. The following 

material parameters are used in the analysis: 

Elastic modulus E = 15.2 - 65.5 T (OC) GPa if T>= 27°C 

Clech and Augis [1987], Harper [1970]. E = 15.2 GPa if T < 

27°C. The reason for using constant Young's modulus for T < 

27° C is that Hall and Sherry [1986] test data does not show 

much variation in unloading modulus in this particular 

( )

0.14 

temperature zone. Poisson's ratio v = 0.4 3~0 , ultimate 

( )

-0.034 

parameter y = 0.00082 3~0 , state change parameter n = 

( )

-2.578 

2.1, hardening parameter a, = 0.000024 3~0 and 111 = 0.394 

( )

0.24 

coefficient of thermal expansion ur=3.0 3~0 10-6 , bonding 

( )

-2.95 

stress R=217.47 ? , viscous constants, fluidity 

( 
0 ) 6.185 

parameter, r = 1.8 300 /sec and flow function exponent 

N = 2.67. Disturbance function parameters, Du=1.0, Z=0.676 

( ) 

1.55 

and A = O. 102 3~(J are used. 
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The variable time step scheme was used and the initial 

time increment is 0.00001 sec. 

The actual boundary conditions of this assembly are not 

given in the paper by Hall and Sherry [1986]. The same test 

results are however used by Pao, Chen and Kuo [1991) in 

order to compare the material model they proposed. Hence, 

in this study the boundary conditions are adopted from Pao 

et ale [1991]. The assembly, both the leadless ceramic chip 

carrier and the printed wiring board, is fixed in the x 

direction at the axis of symmetry, and further the bottom 

node at the axis of symmetry is also fixed in the y 

direction, Fig. 6.16a. 

The only loading that is applied on this assembly is 

the temperature change. Due to the coefficient of thermal 

expansion mismatch between the ceramic chip carrier and the 

printed wiring board, different elongations take place in 

these two plates. Consequently, the solder joint is 

subjected to shear strains. 

The comparison of the finite element results versus the 

test data for the first cycle is given in Fig. 6.17a. The 

test data for the subsequent cycles is not available 

therefore comparison is presented for the first cycle only. 

The shear stress shown in the figure is the average shear 

stress calculated at the middle of the solder joint, i.e. at 

the one half height. In order to show the effectiveness of 
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the Disturbed state Concept material model results from Pao 

et al [1991] are also plotted in Fig. 6.17a. Pao et al.'s 

[1991] finite element results are obtained by implementing a 

modified version of the Knecht and Fox [1990] constitutive 

model in the ABAQUS finite element program. Both Pao et 

al. 's [1991] and Knecht and Fox [1990] models are discussed 

in chapter two. The DSC results show a good correlation 

between the experimental results and the finite element 

predictions. The main difference is that the finite element 

analysis results show 5 MPa shear stress and 0.015 shear 

strain in the solder joint at 125°C. There are a number of 

reasons for this deviation: One of them is that at this 

temperature, the solder is almost liquid with a zero shear 

strength, however the function we use to characterize the 

elastic modulus and Poisson's ratio yields a shear modulus 

of 2.4 GPa. using a zero shear strength in the finite 

element formulation is not numerically possible. Another 

problem is that these experimental results are not used to 

determine the material parameters. Some of the experiment 

results reported by Riemer [1990], which are used in this 

study to determine the material parameters, at 125°C, show 

that the material does carry shear stress at that 

temperature. The qualitative trend in this finite element 

prediction is similar to the test results. Furthermore, the 

area inside the loop in Fig. 6.17a is almost identical to 
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the area inside the test data. This means that the material 

model is capable of characterizing the free energy of the 

material. 

Figures 6.17b to 6.17f show response of the solder in the 

following temperatures cycles upto 2000th cycle. The 

average disturbance in the material at the end of the first 

cycle is relatively low, around 0.002. Therefore, the 

average response and the intact response of the material are 

almost identical at the first cycle. At the end of the 

tempearture cycle in Figs. 6.17 the state of stress does not 

return to zero. This is due to the fact that in the 

experiments conducted by Hall and Sherry [1986] there was a 

two hour hold time at the -250 C temperature. This hold 

time is not included in the finite element results plotted, 

hence the relaxation on the stresses during these two hours 

is responsible for this diference. Yet the finite element 

analysis is started from zero stress condition for each 

cycle. 

Figures 6.18 depicts the average disturbance progress 

in the solder joint versus the number of cycles. Average 

disturbance in the solder joint is obtained by adding up D 

values at all Gauss points and dividing the sum by the 

number of the total Gauss points in the mesh. Hall and 

Sherry [1986] and Pan [1991) report that the solder joint 
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Figure 6.17e Thermo Elasto-viscoplastic with Disturbance 
Finite Element Analysis Results for Temperature 
Cycles 1100, 1200, 1300, 1400, 1500. 
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Figure 6.17f Thermo Elasto-viscoplastic with Disturbance 
Finite Element Analysis Results for Temperature 
Cycles 1600, 1700, 1800, 1900, 2000. 
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failed at 346th temperature cycle. If we study Fig. 6.18 we 

realize that the disturbance experiences a sharp turn around 

350 cycles. This result is incompliance with the 

experimental observation. 

FIgure 6.19 show the energy density per cycle versus 

the number of cycles. Energy density of the solder joint is 

obtained by integrating the area inside each of the 

hysteresis loops shown in Figs. 6.17a to 6.17f. Again we 

can observe that energy density of the solder joint 

experiences a sharp turn around 350 cycles,which is near the 

failure reported by Hall and Sherry [1986). 

Figure 6.20 shows the accumulated energy density of the 

solder joint. Accumulted energy density of the solder joint 

is obtained by simple summation of the energy density per 

cycle, shown in Fig. 6.19. Accumulated energy density 

increases almost linearly upto 350 cycles, after which it 

starts to increase at a decreasing rate. If we study the 

curve we notice that the solder accumulates more energy in 

the first 350 cycles than the next 1650 cycles. Accumulated 

energy density in the first 350 cycles is about 450 KPamm/mm 

and in the next 1650 cycles it is about 330 KPamm/mm. 

Figures 6.21a to 6.21(1) show the disturbance, D, 

distribution in the solder joint at the end of typical 

temperature cycles, upto 2000th cycle. If we study the 

figures we see that the upper right corner is the point at 
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Figure 6.21a Distribution of Disturbance in the Solder Joint 
at the End of the 1st Thermal Cycle 
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which the concentration of D initiates indicating 

microcracking, localization and crack propagation. This 

result is consistent with the crack propagation sequence 

reported by Hall and Sherry [1986] and Pan[1991]. 

Eventually, The disturbance propogates along the upper side 

of the solder and it reaches the maximum value, on that side 

while the bottom side experiences relatively lower 

disturbance. After about 350 temperature cycles almost all 

elements along the ceramic inteface the Pb40jSn60 has the 

value of 0>=0.9. Thus if 0=0.9 is considered to be the 

critical value at and after which the complete uppers ide can 

be considered to have micrcracks and thus the solder has 

failed. This result is consistent with the observed value 

of cycles to failure equal to about 346. Furthermore, Fig. 

6.21i to Fig. 6.21e indicate that the zone with 0=> 0.9 only 

increases sligtly, thereby shows that a relatively stable 

energy dissipation has been reached after the failure. 

The results presented in Figs 6.17 t po 6.20 assume 

that the solder and the package remains attached. This 

latter assumption may not be necessarily true. Therefore, 

the results presented for cycles after 350th are based on 

the assumption that the package is still in one piece. In 

this study the elastic modulus reported in appendix A and 

provided by chia [1994] is not used. The reason for this, 

as discussed in chapter two, is that there is a wide 
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spectrum of values reported for the Pb40jSn60 solder alloy 

elastic modulus. Therefore, in this study the function 

reported by Clech and Augis [1987] and Harper [1970] is used 

instead, because the same function is used by Clech and 

Augis [1987] to analyze Hall and Sherry [1986]. 

6.9 Thermo Elasto-Plastic 

The strain controlled uniaxial extension test data on 

Pb37jSn63 as reported by Riemer [1990J, is back predicted 

using this material model. The dimensions for the specimen 

are not given in the paper. Therefore, the dimensions of 

2mm X 2mm X 1mm are assumed. Since the material 

stress-strain relationship is independent of the specimen 

size, the assumed dimensions should have no effect on the 

results. 

In the finite element analysis, the intact part of the 

material is modeled with the thermo elasto-plastic model. 

The fully adjusted part is modeled so that it does not carry 

any shear stress, but mean pressure only. The following 

material constants are used for this analysis: 

( )

-0.292 

Elastic modulus E = 23.45 3~0 , Poisson's ratio 

( )
0.14 ( ) -0.34 

V = 0.4 3~0 ' ultimate parameter y = 0.00082 !!. 

state change parameter n = 2.1, hardening parameters 

(e) -5.5 
al = 0.0000024 300 and 111 = 0.615 , 



coefficient of 

bonding stress 

( )

0.24 

thermal expansion a.T = 3.0 10-6 3~0 10 K 

(e) -1.91 
R = 240.67 3iiO The actual boundary 
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conditions imposed on the specimen during the experiment are 

not given in the paper. Hence it is assumed that the 

specimen is fixed at the bottom in both the x and the y 

directions, Fig. 6.5. The finite element discretization is 

shown in Fig. 6.5. 

In the finite element analysis, the prescribed 

displacement increments are 0.0004 mm and are applied at 

nodes 17, 18, 19, 20 and 21 in the y direction. The 

displacements are incremented until the total strain in the 

material has reached 0.3 percent. 

The comparison of the axial stresses (cry) obtained by 

the experiment and the finite element analysis are given in 

Figs. 6.22a, 6.22b and 6.22c for -6SoC, SO°C and 100°C, 

respectively. The axial stress in the finite element mesh 

is calculated by averaging the cry values at nodes 9, 10, 11, 

12 and 13. The finite element analysis results compare very 

well with the test data. When comparing the results for the 

three different temperatures, we notice that the material 

behavior is almost elastic continuously hardening at -6SoC 

and SOuc, but the material becomes elastic perfectly plastic 

at 100°C. The ultimate stress of this material, Pb/Sn, is 

obviously directly proportional to the 



351 

50 

45 

40 

35 
Cii' a. 30 
~ - 25 

>< 20 t:> 
15 

10 

5 

-/.-/' ~ 
.,....-: ~ 

// 
W 

~ 
/ 

~ 
~ 

/ 
V o 

0.00000 0.00050 0.00100 0.00150 0.00200 0.00250 0.00300 

-- Finite Element -+- Test Data (-65 C) 

Figure 6.22a Thermo Elasto-Plastic Finite Element Analysis 
Results vs. Uniaxial Extension Test Data for 
Pb37/Sn63 Solder Alloy Block at -65°C 



352 

25 

" 
l-

f 
/ V 

20 

'@' 
a. 15 
~ 

5 I 
V o 

0.00000 0.00050 0.00100 0.00150 0.00200 0.00250 0.00300 

&y 

-- Finite Element -+- Test Data (50C) 

Figure 6.22b Thermo Elasto-Plastic Finite Element Analysis 
Results vs. Uniaxial Extension Test Data for 
Pb37/Sn63 Solder Alloy Block at 50°C 



9 

8 

7 

t? 6 
a. 
6 5 

; 4 

3 

2 

1 

o 

h 
ff 

I 
1/ 

353 

i-. ! 
I 

I 
! 

ff 
I 

0.00000 0.00050 0.00100 0.00150 0.00200 0.00250 0.00300 
ey 

-- Finite Element -+-- Test Data (100C) 

Figure 6.22c Thermo Elasto-Plastic Finite Element Analysis 
Results vs. Uniaxial Extension Test Data for 
Pb37jSn63 Solder Alloy Block at 100°C 



354 

temperature. Yet, for all temperatures beyond a critical 

stress point, the stress-strain curve experiences a sharp 

turn and continues to harden albeit slightly, for around 

room and below room temperatures. When studying the 

stress-strain curves in Figs. 6.22a, 6.22b and 6.22c we also 

realize that the assumption made for the fully adjusted part 

of the material is quite realistic. If we assume that, 

beyond the sharp turn point in Figs. 6.22a, 6.22b and 6.22c 

the material is in asymptotically approaching the fully 

adjusted state, we can see that the material in this region 

carries little additional shear stress, though it continues 

to carry mean pressure. In the definition of the fully 

adjusted state (fas) we also assume that fas is an 

asymptotic state, then this region of the stress-strain 

curve is asymptotic as well. As the material approaches 

the asymptotic state, it carries less and less additional 

shear stress (no hardening) and at the asymptot the 

additional shear stress carried becomes zero. 

One interesting result to note is that at 1000 , the 

material reaches this asymptotic state quite early in the 

stress strain response. At 100°C the material does not 

carry any additional shear stresses after reaching the peak 

stress. Therefore we can infer that the fully adjusted 

behavior of the material is clearly exhibited jn the 100°C 

stress-strain curve. Overall the comparison of the finite 



element results to the test data show that the Disturbed 

state concept is quite effective in characterizing the 

material behavior in all regions of the stress-strain 

relationship through quite a quite wide range (-65DC -

100DC) of temperatures. 

6.10 Elasto-Plastic with Disturbance 
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This option of the Disturbed state Concept is also used 

in chapter five for finite element mesh sensitivity studies 

on concrete. This constitutive model is verified by 

backpredicting the experimental data reported by van Mier 

[1984] using 4, 16, 64 and 256 elements. The strain 

controlled experiments were performed on cubic concrete 

specimens with no confining pressure. The material 

constants of the concrete for the DSC HiSS 00 model were 

determined by Frantziskonis and Desai [1986] from the test 

results published by van Mier [1984]. These material 

constants for the concrete are as follows: 

elastic modulus E = 37000MPa, Poisson's ration v = 0.25, 

state change parameter n=5.237, ultimate parameters 

y =0.06784 and p =0.7553, hardening parameters a1=4.614E-11, 

~ J= 0.8262. The disturbance function for this finite 

element analysis is obtained from the same test data that is 

back predicted. The reason for this is that another goal of 
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this particular study is to show that the DSC average strain 

method converges to the accurate unique solution. Therefore 

study is repeated with 4, 16, 64 and 256 elements. The 

following D function is used in this analysis. 

(6.15 ) 

The intact part of the material is modeled as 

elasto-plastic and the fully adjusted part is assumed to 

carry mean pressure only. Figure 6.23 shows the finite 

element mesh. The specimen is fixed at the bottom, left 

corner. In the finite element analysis the specimen is 

subjected to 100 prescribed displacement increments at the 

top. The displacement increments are 0.5 rom each. 

Figures 6.24 and 6.25 present a comparison between the test 

data and the finite element analysis back predictions. It 

can be seen that the model provides good predictions for 

both the stress-strain and the volumetric responses. The 

study is repeted using 4, 16, 64 and 256 elements to show 

that the DSC Average strain Method eliminates mesh 

sensitivity and converges to a unique correct solution. 

6.11 Discussion of the Results 

The finite element results presented in this chapter 

prove that the DSC constitutive models characterize the 
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material behavior satisfactorily. Comparing the computer 

analysis results with the experimental data is a widely 

accepted method of showing the effectiveness of a finite 

element procedure. Unfortunately, direct material 

properties are not available for solder types with different 

Pb, Sn. combinations. The Pb40jSn60 material constants 

therefore are used for all solder alloy types. This 

assumption may be responsible for the deviation of the 

finite element predictions from the experimental data. 

Another difficult aspect in the selection of the material 

properties is the Young's modulus. Values ranging from 12 

GPa to 49 GPa have been reported for Pb40jSn60 in the 

literature, Knecht and Fox [1990]. 

This is due to the fact that the elastic modulus is 

dependent upon the test conditions, the load application 

rate and the manufacturing process of the solder alloy. 

Since Young's modulus is not available in the test results 

used in this study an average value (E= 23.45 GPa at 27° K) 

is used, unless otherwise specified The analysis results 

are sensitive to the elastic modulus value. A small change 

in Young's modulus (about 10 percent) can cause a 

significant change in the finite element analysis results, 

even though the qualitative behavior stays the same. 

Therefore, to be able to use the finite element procedure 

effectively, the material parameters must be obtained by 
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experimental means for the particular solder under 

consideration. Poisson's ratio is widely reported to be 0.4 

for a Pb/Sn solder. 

It is possible that the variations in the elastic 

modulus may be due to a different grain size of Pb/Sn solder 

alloys. Hall and Sherry [1986] suggested that "in 

temperature cycle experiments the thermal fatigue life of 

solder joints is strongly dependent on grain size". The 

material parameters therefore may be defined for a given 

grain size rather than just for the ratio of Pb and Sn in 

the solder alloy. Solder alloys can be manufactured with a 

controlled grain size. But unfortunately there is no 

published standard grain size for solder alloys. Hence in 

this dissertation the results are presented independently of 

the grain size. 

Another problem faced in this study is in using 

material parameters, obtained from experiments conducted on 

bulk solder alloy specimens for microlevel solder joints. 

As some authors have shown, Hall and Sherry [1986], the 

behavior for bulk specimens is different from that for a 

solder joint with relatively few grains of solder. The best 

example of this problem can be realized by comparing the 

test results reported by Riemer [1990] with those of Hall 

and Sherry [1986]. Riemer's [1986] test data was obtained 

on bulk solder using the Pb37/Sn63 solder alloy specimen. 
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These experiment results show that the material carries a 

shear stress at 125°C at the strain rate of 0.002/second, 

and carries a shear stress at 100°C at the strain rate of 

0.0002/second. On the other hand Hall and Sherry's [1986] 

test conducted on an actual leadless ceramic chip carrier 

attached with a Pb40/Sn60 solder joint to a printed wiring 

bord shows that the material carries no shear stress beyond 

100°C. obtaining material properties from Riemer's [1990] 

test data and using tham to backpredict Hall and Sherry's 

[1986] experiments obviously causes a problem, especially in 

the high temperature zone. This is one of the problems 

faced in this research in the high temperature regions. 

Another problem encountered in the high temperature 

region of thermomechanical fatigue cycling is that when the 

shear stresses become zero, the material is essentially in a 

liquid state. This state of the material causes numerical 

difficulties in the finite element procedure. Since the 

shear stiffness cannot be reduced to zero numerically, but 

can only be reduced to lower level so that it does not cause 

numerical difficulties, yet it is good enough to simulate 

the material behavior satisfactorily. 

Another assumption made in this study may have been 

responsible for some of the differences between the finite 

element results and the test data. It is assumed that 

coarsening of PbjSn solder material does not affect the 
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stress-strain behavior in temperature cycling. All of the 

test data used in this study is obtained from monotonic and 

isothermal experiments conducted on Pb40/Sn60 solder. It is 

known, however, that the solder alloys coarsen during 

temperature cycling loading thus changing their matrix of 

microstructure, Pan [1987]. 

Another important piece of information needed in the 

backprediction process is the time history of the loading, 

and the hold-time. A Pb/Sn solder alloy, when compared to 

other metals, is a highly viscous material around the room 

temperature, Hall and Sherry [1986]. Time rate effects are 

therefore significant. Unfortunately, most of the reported 

test data either does not contain this information or it is 

incomplete, as Guo et al.'s [1992] paper. In these cases an 

assumption is made regarding the time history and the 

hold-time of the experiments. This is another factor 

effecting accuracy of the back predictions compared to test 

data. 

In spite of the above problems faced in finite element 

analysis backpredictions, the results show that both 

quantitative and qualitative trend of the behavior is 

bacpredicted satisfactorily. This is due to the powerful 

modeling capabilities of the Disturbed state Concept. For 

example, Hall and Sherry's [1986] test data for the -25°C to 

125°C thermal cycling has been backpredicted by Pao, Chen 
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and Kuo [1991] by using a modified version of the Knecht and 

Fox [1989] constitutive model for Pb/Sn implemented in the 

ABAQUS. The backprediction depicted in the paper by Pao, 

Chen and Kuo [1991] reveals that the maximum stress in the 

test data is 450 psi (3.1 MPa) whereas the maximum stress 

backpredicted by the model is 1100 psi (7.6 MPa). On the 

cooling side the minimum stress recorded in the experiment 

is -2200psi (15.2 MPa) while the backprediction is 

-3600psi, (24.8 MPa) and between these maximum and minimum 

stresses the backpredicted behavior deviates from the 

experimental data at every point except the very beginning 

points of the test. On the other hand the performance of 

the Disturbed state concept model is given in Fig. 6.18 with 

the ABAQUS results discussed earlier. Excluding the high 

temperature region, the backprediction follows the test data 

more closely. This is believed to be due to the fact that 

the Disturbed state Concept material model is able to 

characterize the microstructural behavior more accurately. 

The comparison of the DSC material models with respect to 

other material models in the literature and the advantages 

of DSC are discusses in chapter two, and hence, they are 

not repeated here. 

One important strength of the DSC is that in the cyclic 

behavior, the area inside the stress-strain curve, which is 

strain energy of the system, is well simulat~d. This is a 



significant and essential feature for thermal cycling 

simulation of boundary value problems. 
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As is reported in the literature by Pan [1991], Hall 

and Sherry [1986] the failure of the solder joint initiates 

at the corner of point. The picture shown in Fig. 6.121a to 

6.211 captures this behavior quite well. The upper right 

corner of the solder joint has the highest disturbance 

accumulation. Usually this type of information cannot be 

obtained from the accelerated temperature cycling tests 

conducted in the industry. This is one of the benefits of 

performing finite element analysis in addition to 

accelerated temperature cycling tests. 

The study also shows that due to the highly viscous 

nature of PbjSn solder alloys, the elasto-viscoplastic 

formulation is a better characterization for a PbjSn solder 

than the elasto-plastic model. This statement is best 

proven by the finite element analysis of the uniaxial 

extension tests conducted by Guo et al. [1992]. Even though 

only tension is applied on the specimen, it still 

experiences tension and compression at different stages of 

the test. This simulation would not have been possible had 

we used elasto-plastic material model. 

Another observation of this study is that the 

temperature dependent stress reduction process has a 

significant impact on the solder joint mechanical response. 



366 

Thermal effects, therefore, are significant on the material 

model used and also on the finite element procedure results. 

In all finite element analyses, a plane strain 

idealization is used. In experiments the actual stress 

distribution is probably much more complex and 

three-dimensional. 

We have to mention that in the literature there are 

material models proposed which match the test data exactly. 

In most of these papers the material constants are obtained 

from the experiments they backpredict and the 

backpredictions is for a point (as in the continuum 

mechanics constitutive equation) not for a boundary value 

problem with the finite element method. It is well known 

that most constitutive models perform well in backpredicting 

the stress-strain curve that the material constants are 

obtained from. But only a few select constitutive models 

perform well when they are implemented in a numerical 

analysis procedure such as the finite element method and 

then applied to a boundary value problems. 

One of the major benefits of having a finite element 

program that can simulate the thermal cycling test is that 

it can be used in conjunction with the experiments in order 

to reduce the cost of the testing and to better understand 

the behavior of the materials and interfaces. The tests 

usually do not provide any information about the location of 
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the failure in the solder joint. The finite element 

procedure can provide this information, as in Figs. 6.21a -

6.211. As is discussed in the preceding pages, finite 

element results are sensitive to the material properties and 

once they are identified properly, the computer program can 

also be used to predict the material behavior in any stress 

path desired. And finally, the finite element analysis can 

be used for conditions that can not be easily created in the 

laboratory such as the cyclic behaviour of the solder joint 

beyond failure. 
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CHAPTER 7 

CONCLUSIONS 1'.ND RECOMMENDATIONS 

7.1 Conclusions 

In this dissertation a finite element procedure based 

on the Disturbed state Concept material models is proposed 

for the thermomechanical analysis of electronic packaging 

problems. It has been shown that the thermomechanical 

behavior of microelectronic packaging materials and 

interfaces can be represented by proper constitutive models 

and can be used in finite element analyses. Using the 

finite element procedure proposed herein, accelerated 

thermal cycling tests can be simulated. 

The Disturbed state Concept allows characterization of 

the material behavior to be represented in terms of two 

reference states of the material, namely the relative intact 

and the fully adjusted states. Furthermore, the Disturbed 

state Concept also allows us to have different stresses and 

strains in both the intact part and the fully adjusted parts 

of the material. Because of the differential strain in the 

material, we are able to account for the relative motions in 

the material. Considering the relative motion within the 

material provides us with a more accurate characterization 

of the "diffusion" the process than the conventional 

continuum damage mechanics models do. The DSC effective 

constitutive matrix, Eg. (3.40), is in general form. By 
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eliminating certain terms in this matrix,a whole range of 

material models can be obtained hierarcically and used in 

the finite element analysis from the simplest linear elastic 

to the more complicated thermo elasto-viscoplastic with 

disturbance material model. As a result, the user can 

choose any simple to advanced material models depending upon 

his/her specific needs. 

Even though the main theme of this dissertation is 

microelectronic packaging, the DSC and the finite element 

procedure presented herein are not just applicable to 

packaging materials and interfaces only. The DSC is a 

unified and general material modeling approach. It has been 

used for geomaterials, ceramics and concrete. As long as 

the material constants are available, the finite element 

procedure can be used for any material. The verifications 

in Chapter 6 prove that the DSC and the finite element 

procedure presented herein perform very well. The results 

of this research can be instrumental in making more accurate 

predictions of the mechanical behavior of microelectronic 

packages and interconnections in particular. As a result, 

finite element simulations of the semiconductor device 

behavior under thermal cycling stresses may be beneficial 

and leat to design and manufacturing of semiconductor 

devices in a competitive and reliable. 
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Solder alloy material (Pb/Sn) has a low melting 

temperature and exhibits viscous effects at the room 

temperature. Because of this thermo elasto-viscoplastic 

analysis of the solder joints is essential. Elasto-plastic 

analysis alone cannot simulate these time dependent viscous 

effects. 

Material properties used in this dissertation are 

obtained from experimental results published in the 

literature. Most of the time, a complete description of the 

test setup and conditions in which the tests were run are 

not available. Therefore, when the material constants are 

obtained, certain assumptions are made. The accurate 

determination of the material constants is crucial to the 

analysis. The finite element results are sensitive to the 

material parameters. The results are as good as the 

material parameters used. 

In this dissertation, as a part of the Disturbed State 

Concept, an averaging procedure is proposed to eliminate the 

finite element mesh sensitivity in strain-softening 

materials. It is shown that when this procedure is 

implemented in a finite element program, the mesh 

sensitivity of the results is eliminated or is reduced 

significantly. The procedure is simple and yet effective. 

The method uses the Gauss point strains to calculate the 

nonlocal strains. This is proved to be effective when 
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compared to other nonlocal continuum based methods, where 

crack cen~er stresses are used to calculate the average 

stresses. In the displacement based finite element method, 

strains are more accurately calculated than stresses. 

Averaging the strains therefore proves to be more efficient. 

7.2 Recommendations 

The following items are recommended for further 

research in this field: 

1 - Material constants should be obtained from experiments 

for further verification of the material models and the 

finite element procedure. 

2- The relative motion coefficient used in this dissertation 

is an assumed value. This parameter should be obtained in 

the laboratory by placing strain gauges on the shear band of 

the material and another strain gauge on the intact part of 

the material. The ratio of these two strains is defined as 

the relative motion coefficient in the material. 

3- For temperature cycling simulations, the variation of the 

material constants with respect to temperature change is 

needed. The available data in this field is very limited. 

It is recommended that the same tests be run with 10°C 

intervals and that the material parameters be obtained as a 

function of temperature, between -25°C and 125°C. 
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4- High temperature (over 90°C) material parameters reported 

in the literature. Accurate determination of the material 

parameters in this region is important for thermal cycling 

test simulations with the finite element code. 

5- Young's modulus value for Pb40/Sn60 eutectic solder alloy 

varies between 12GPa and 48.5GPa in the literature. 

Developing a method to determine this material constant 

accurately would be a significant contribution to th~ field 

of mechanics of solder alloys. 

6- The material parameters for solder alloy should be 

determined from cycling experiments conducted on actual size 

electronic packages instead of only monotonic loading on a 

bulk specimen. 

7 - Material constants for solder alloy should be defined 

for grain size and tin/lead content both rather than just 

for tin/lead content. 

8- The finite element procedure presented in this 

dissertation does not have the capability of changing the 

mesh refinement or adaptive mesh refinement in the high 

disturbance zones of the material. Adding this capability 

would significantly enhance the program. 
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Table A.l Elastic Constants of Solders Proposed by Pan 
[1991], After Chia [1994] 

Temperature Young's Poisson's Yield Coefficient 
Modulus Ratio Strength of Expansion 

(0 K) (MPa) (AIPa) (x10- 6 jK) 

218 47,966 0.3516 43.20 24.1 
238 46,892 0.3540 37.51 24.6 
258 45,779 0.3565 32.05 25.0 
278 44,377 0.3600 29.86 25.2 
295 43,251 0.3628 29.10 25.4 
323 41,334 0.3650 22.96 26.1 
348 39,445 0.3700 HAO 26.7 
373 36,854 0.3774 12.31 27.3 
398 34,586 0.3839 9.35 27.9 
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Table A.2 Material Constants for Pb40/Sn60 Solders at 
Different Temperatures (8 = 0.0002/sec) Obtained from Riemer 

[1990] Test Data, After Chia [1994J 

Temperature 208 oK 273 oK 298 oK 348 oK 
Ultimate Parameter 

7 0.00083 0.00082 0.00082 0.00081 
State Change 

I Parameter, n 2.1 2.1 2.1 2.1 
Hardening Parameter 

a1 (xl0-4 ) 0.298 0.16 0.024 0.0454 

'11 0.269 0.332 0.568 0.452 
'71 (average) 0.394 0.394 0.394 0.394 

Young's Modulus, E 

I (GPa) 26.097 24.105 23.495 22.455 
Possion's Ratio. /I 0.38 0.395 0.3996 I 0.408 

Thermal Expansion 
Coefficient, QT (IrK) 2.75 2.93 2.995 3.11 

(10-6) 

Yield Stress, O'y 34.483 27.586 22.414 

I 
14.483 

(MPa) 
Bonding Stress, R 433.795 284.583 217.473 

I 
lI6.5it 

(MPa) 

fJ 
7(fJ) = 7300 ( 300)-0.072, 7300 = 0.00082 

R(fJ) = R300(3~0)-2.95, R300 = 2li.473 M Pa 

E(fJ) = E (1...)-0.292 
300 300 ' . E300 = 23.45 GPa; 

fJ QT(O) = Q300(_)0.24 
T 300 ' 

fJ /1(0) = 'M (_)O.H 
'000 300 ' 

373 0 /( __ 

o.oOOl!! 

2.1 

I 

0.11 
0.349 
0.394 

22.005 
0.412 

3.16 

8.277 

73.899 

1/300 = 0.4 
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Table A.3 Material constants for Pb40/Sn60 Solders at 
Different Temperatures (8 = 0.002/sec) Obtained From Riemer 

[1990] Test Data, After Chia [1994] 

Temperature 208 oK 273 oK 348 oK 373 oK 
Ultimate Parameter 

'"1 0.00083 0.00082 0.00082 0.00081 
State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
al (XIO-6 ) 8.3 2.93 1.25 0.195 

'11 0.431 0.553 0.626 0.849 
'11 (average) 0.615 0.615 0.615 0.615 

Young's Modulus, E 
(GPa) 26.097 24.105 22.455 22.005 

Possion's Ratio, II 0.38 0.395 0.408 0.412 
Thermal Expansion 

Coefficient, QT (1;0 K) 2.75 2.93 3.11 3.16 
(10-6 ) 

Yield Stress, O'y 37.241 31.724 20.690 15.172 
(MPa) 

Bonding Stress, R 395.456 288.168 175.196 122.105 
(MPa) 

Cl(O) = Cl300( ~ r 5
•
5

, 0:300 = ~ 
300 ~~I 

'"1(0) = '"1300 ( 3~0)-0.03~, '"1300 = 0.00082 

R(O) = R300 ( 3~0)-1.91, R300 = 240.67 M Pa 

E300 = 23.45 CPa; 
o 

11(0) = '''' (_)O.H 
'.00 300 ' 11300 = 0.4 
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Table A.4(a) Material constants for Pb40/Sn60 Solders with 
Different strain Rates, (Temperature=-40°C), obtained From 

Skipor et ala [1992]Test Data 
After Chia [1994] 

Strain Rate O.l/sec 0.01/ sec O.OOl/sec 0.0001/ sec 
Ultimate Parameter 

I 0.00083 0.00083 0.00082 0.00082 
State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
al (xlO-4 ) 1.46 0.8 0.62 0.57 

771 0.189 0.13 0.24 0.245 
771 (average) 0.2 0.2 0.2 0.2 

Bonding Stress, R 599.45 550.98 348.278 311.856 
(MPa) 

Young's Modulus, E = 25.934 GPa 

Passion's Ratio, /I = 0.386 
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Table A.4(b) Material Constants for Pb40/Sn60 Solders with 
Different strain Rates, (Temperature=20°C), obtained From 

Skipor et al [1992] Test Data, After Chia [1994] 

Strain Rate 0.1/ sec 0.01/ sec 0.001/ sec O.OOOI/sec 
Ultimate Parameter 

'/ 0.00083 0.00082 0.00082 0.00082 
State Change 
Parameter, n 2.1 2.1 2.1 2.1 

Hardening Parameter 
a1 (xlO-4 ) 1.1 1.07 0.97 0.31 

TJ1 0.162 0.355 0.166 0.148 
T}1 (average) 0.21 0.21 0.21 0.21 

Bonding Stress, R 412.22 276.02 236.21 229.97 
(MPa) 

Young's Modulus, E = 19.934 CPa 

Possion's Ratio, /I = 0.398 
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Table A.4(C) Material Constants for Pb40/Sn60 Solders with 
Different strain Rates, (Temperature=1000C), Obtained From 

Skipor et al. [1992] Test Data, 
After Chia [1994] 

Strain Rate 0.1/ sec O.Ol/sec 0.001/ sec O.OOOI/sec 
Ultimate Parameter 

I 'Y 0.00082 0.00082 0.00081 0.00080 
State Change 

I Parameter, n 2.1 2.1 2.1 2.1 
Hardening Parameter 

a1 (x10-4 ) 0.6 0.56 0.32 0.029 
1]1 0.214 0.25 0.34 0.66 

1]1 (average) 0.37 0.37 0.37 0.37 
Bonding Stress, R 238.46 216.39 

I 
134.67 88.865 

(MPa) 

Young'sModulus, E = 11.934 GPa 

Possion'sRatio, 1/ = 0.415 
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Table A.S Viscous Constants for Pb40jSn60 Solders at 
Different Temperatures, Obtained From Pan [1992] Test Data, 

After Chia [1994] 

Temperature 293°K 3 13 oK 333°K 373°K 393°K 

Fluidity 
Parameter 0.578 2.058 3.475 4.61 6.96 

In(f) 
Constant 2.665 2.645 2.667 2.448 2.74 

N 
(average) 

2.67 2.67 2.67 2.67 2.67 

( )

6.185 

r = r 300 3~0 r 300 = l.8/sec 



381 

Table A.6 DSC Disturbance Function D Constants for Pn40/Sn60 
Solders at Different Temperatures, Obtained From Solomon 

[1989] Test Data, After Chia [1994] 

Temperature 223°K 308°K 398°K 423°K 

plastic 
strain 0.103/0.307 0.04/0.082 0.022/0.1 02 0.036/0.097 

Z 0.7329/0.8697 0.5214/0.6031 0.697310.5914 0.6612/0.7224 
average 0.676 0.676 0.676 0.676 

A 0.056/0.072 0.188/0.1298 0.0496/0.146 0.197/0.169 

( ) 
us 

A =A 30o 3~O A300 = 0.102 

Disturbance function D = (I _e-Ast) 
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