INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in cne exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

A Bell & Howell information Company

300 North Zeeb Road. Ann Arbor, Ml 48106-1346 USA
313:761-4700 800.521-0600






Order Number 9517582

Patterns, fishing and nonlinear optics

Geddes, John Bruce, Ph.D.

The University of Arizona, 1994

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






Patterns, Fishing and Nonlinear Optics

by

John Bruce Geddes

A Dissertation Submitted to the Faculty ol the
GRADUATE INTERDISCIPLINARY
PROGRAM IN APPLIED MATHEMATICS

In Partial Fulfillment of the Requirements
For the Degree of

DOCTOR OF PHILOSOPHY
In the Graduate College

THE UNIVERSITY OF ARIZONA

1994



THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE

As members of the Final Examination Committee, we certify that we have

read the dissertation prepared by  John Bruce Geddes

entitled Patterns, Fishing and Nonlinear Optics

and recommend that it be accepted as fulfilling the dissertation

requirement for the Degree of Doctor of Philosophy
Jerome Moloney ] Date

\

//4/ K%Vém /C{;\/M Lol 7/23/?%

Nlchﬁi rc/o}an’l NZ/Z Dat; /Z% /C} ¢

Robert Indik Date

Date

Date

Final approval and acceptance of this dissertation is contingent upon
the candidate's submission of the final copy of the dissertation to the
Graduate College.

I hereby certify that I have read this dissertation prepared under my
direction and recommend that it be accepted as fulfilling the dissertation
requirement.

— e O \\%Q\ 5/23/9

Dissertation Director e M 1oney Date




STATEMENT BY AUTHOR

This dissertation has been submitted in partial {fulfillment of requircments
for an advanced degree at The Universily of Arizona and is deposited in the Uni-
versity Library to be made available to borrowers under rules of the library.

Brief quotations from this dissertation are allowable without special per-
mission, provided that accurate acknowledgment of source is made. Requests for
permission {or extended quotation from or reproduction of this manuscript in whole
or in part may be granted by the head of the major department or the Dean of the
Graduate College when in his or her judgment the proposed use of the material is
in the interests of scholarship. In all other instances, however, permission must be
obtained {rom the author.

SIGNED: j(«ﬁ 44 0{_?_(/"/(,1’5/((/"\]
U




ACKNOWLEDGMENTS

For as much as I wished it to be true, no dissertation writes itself, so I would
like to pay tribute to mysell for writing this “thing” which does not even begin
to touch on the discoveries that I have made during this journey. For those who
helped me get here, my heart-felt gratitude goes out

To Sandy Caldwell, a teacher, you gave me a dream.

To all those I have worked with over the years, in particular all those at ACMS,
both present and past. Most special thanks go to: Jerry Moloney for support and
for having faith. Rob Indik for years of patient teaching and fine malt whiskies.
Willie Firth for inspiration, a canny mind and a canny soul.

To my family for your love, your support and your belief. To my mother and
father. To my brothers and sisters. To my nieces and nephews. You have each
given me a precious gift, a part of you.

To Alice for the road we travelled, and to the Watson family for your open
arms and love.

To my {riends back in Scotland: Lorna Donald for your {riendship, your dreams
and your rainbow smile. Graeme Harkness for a precious [riendship on a bumpy
road. Heather Brownlee for incredible perseverance and inspiration.

To the dancing fools: Dave Ropp — the Disco king, Marshall “madman” Mundt,
April “Luminescent” Watson, Kristin “of the sea” Welton, Patricia “no-sweat”
Evans, Richard “relax and eal haggis” Brazier, Charles “Je suis fada” Dachs.
When we dance, our hearts sing!

To Mark Hays for your [riendship and that cigarette after my defense. To Aric
Hagberg for that day. To Kerry Jo Stanley for love, tears, pain and joy. To Nita
Rado for “Une soupe aux herbes sauvages”, a friend and a sculptress to be. To
David Hocheiser for late-night milk-shakes. To Bernadette Thomas for existing.
To Margarita for being who you are. To Ardyth Watson for our discovery ol “The
Puzzle Tree”, and the courage to be me. To my incredible friend Randy, for your
honesty, your love and your worst-case scenarios.



DEDICATION

In memory of my mother

Barbara Baird Davidson

1932-1991
Time, Sand,
running rapids, tracing slowly,
crashing boulders, intricate patterns,
spraying foam. rainbows of gold.
Water,

slowly sucking
back the
shingle of life.



TABLE OF CONTENTS

LISTOF FIGURES . . . . . .. . . .. e 8
ABSTRACT . . . . . . e e 12
Chapter 1 Fishing . . . . .. ... ... ... ... ... ... ... 13
Chapter 2 Patternsen Général . . . ... ... ... ... ... ... 16
Chapter 3 Patterns in Nonlinear Optics . . . .. ... .. .. .... 53
3.1 Introduction . . . . .. ... L 53

3.2 Review of pattern formation in passive nonlinear optical systems 55

3.2.1 [Experimental papers . . . ... ... ... ...... 56

3.2.2 Theoretical papers . . . . ... ... L. 63

3.3 Derivation of model equations . . . ... ... ... .. ..... 70

3.3.1 Counterpropagating laser beams . . . . . .. .. ... T4

3.3.2  Propagation in a nonlinear cavity . . .. .. ... .. 7

Chapter 4 Patterns due to Counterpropagating Laser Beams .. 79
4.1 Introduction . . .. . . . ... ... . e 79

4.2 Basic model and equations . . ... ... ... L. Sl

4.3 Linear analysis . . . . . .. . .. ... .. e 84

4.3.1 Linear equations . . . . ... ... ... ... 35

4.3.2  Threshold curves . . .. ... ... . o0 36

4.3.3 Syminetry of linear solutions . . . . . ... ... ... 90

4.3.4 TFirst curvecrossed . . . . ..o oL 90

4.3.5 Adjoint solutions . . . ... ... L L. 91

4.4 Weakly nonlinear analysis . . . . .. ... ... ... ....... 92

44.1 Theory . . . . .o 92

4.4.2  One transverse dimension . . . . . .. .. .. .. ... 95

4.4.3 Two transverse dimensions . . . . .. .. ... .... 98

4.5 Numerical simulations . . . . .. .. ... ... ... 103

4.6 Conclusions . . . . . .. ... L 109
Chapter 5 Polarisation Patterns in a Nonlinear Cavity . . . . . . . 12
51 Introduction . . . . . ... L 112

5.2 Basic model and equations . . .. ... ... 114

5.3  Spatial stability of symmetric solutions . . . .. ... ... ... 119

5.4 Pattern formation . . . .. ..o L Lo 124

55 Conclusions . . . . . . . . 135



TABLE OF CONTENTS — Continued

Chapter 6 Numerical Methods . . . . . .. ... ... ......... 137
APPENDIX A Counterpropagating Patterns . . . .. .. ... ... 164
Al Model equations . . . . ... .. ... ... 164
A2 Linearanalysis . . . . . ... .. ... ... ... .. ... 165
A.3 Weakly nonlinear analysis . . . . .. ... ... ... ....... 167
APPENDIX B Polarisation Patterns . . . .. .. ... ........ 169
B.1 Model equations . . . . ... .. ... ... 169

REFERENCES . . . . . . ... 170



LIST OF FIGURES

Figure 2.1, Convection rolls in the Rayleigh-Bénard experiment. . . . . .. 18

IMigure 2.2, Growth rate ¢ as a function of wavenumber k for various values
of the stress parameter €, showing the classification into types I, Il and I1[. 22

Figure 2.3, (a) Neutral stability curve, defined by equation (2.7), showing
that the system becomes unstable at € = 0 to a wavenumber k.. (b) Annulus
of modes which become unstable for € > 0. The shaded annular region has
width v/ and is centered on a circle of radius k. . . . . . . .. ... 20

Figure 2.4, Ideal patterns formed by a single roll (a), a superposition of two
perpendicular rolls (b) and a superposition of three rolls at 120 (¢). The
corresponding arrangement of modes on the critical circle is shown in (d)-(f). 28
Figure 2.5, Phase portrait of the two-mode amplitude equations (2.51 ),
where R denotes the roll state and S denotes the square state. . . . . . ... 40
Figure 2.6, Hexagon-Roll phase space, showing amplitude of roll state R
and hexagon state I as a function of the stress parameter €. Solid lines
denote stable states, dashed lines denote unstable states. . . . . . ... ... 45

Figure 2.7, Stability boundaries from the amplitude equation (2.80 ), show-
ing wavenumber k versus stress parameter €. N denotes neutral stability

curve; I8 denotes Eckhaus curve; and 7 denotes Zig-Zag curve.. . . . . . .. 5l
[Figure 3.1, Nonlincar Kerr medium of length L, centered at z = 0, illumi-
nated by counterpropagating beams [Fand B. ... ... ... ..... .. T4

Iigure 3.2, Cavity configuration in either ring or Fabry-Perot geometry. E;
1s the input field and E is the internal cavity field. . . ... ... ... ... 77

Figure 4.1, Nonlinear Kerr medium ol length L, centered at z = 0, illumi-
nated by counterpropagating beams [fand B. .. .. ... ... ... ... 8l

Iigured.2, Threshold intensity lor sell-focusing (D > 0) and self-defocusing
media (D < 0). The solid lines represent neutral curves deflined by I, = 0

while the dashed lines represent those defined by [, = 0. ST
FFigure 4.3, Hexagon-Roll phase space, showing amplitude of roll state R
and hexagon state 1 as a function of the stress parameter . Solid lines
denote stable states, dashed lines denote unstable states. . . . . . . ... .. 941

IYigure 4.4, Roll amplitude for a sclf-defocusing medium (£ < 0) with
(/ = 2. The numerical points are obtained by simulation in one transverse
dimension, while the analytical curve is obtained from equation (4.51 ). . . 98



LIST OF FIGURES — Continued

Figure 4.5, The quadratic coeflicient o as a function of ¢ for a sell-focusin
’ ]

medium (D > 0). If DG <0,theneo=0. . ... ... ... .........
Figure 4.6, The cubic coefficient v as a function of the angle 0 between the
two modes Ay and Aj, for a self-defocusing medium with G =2. . ... ..

Figure 4.7, Square amplitude for a self-defocusing medium (D < 0) with

g )y 2q p

(G = 2. The numerical points are generated by simulation in two transverse

dIMensions. . . . . . ... e e

m

[igure 4.8, Typical patterns generated by numerical simulation. The solid
lines represent the neutral curves in the (D, G) plane. Each pattern repre-
sents the amplitude of the forward field I as it exits the Kerr slab. Gray
scale, from white (high intensity) to black (low intensity), is used. These
patterns were each generated for |G| = 2 at 10 % above the linear instability
threshold. . . . . . . . . . . e

Figure 4.9, Interleaved threshold curves in a self-focusing medium (G = 1)
showing the lowest order even (solid) and odd (dashes) modes as a function
of scaled transverse wavenumber (8k*). The lowest threshold occurs at & =
ke (fundamental hexagon) and the wavenumber {or the harmonic hexagon
(k = /3k.) is shown also. The fundamental and the harmonic are phase-
matched. . . ... o

Figure 4.10, Near field intensity contours showing alternation between har-
monic (a) and fundamental (b) hexagons for a self-focusing medium (D > 0).
The relevant bifurcation diagram is sketched in (¢), where the solid dots rep-
resent the minimum of the resulting periodic solution. . . . . ... .. ...

Figure 5.1, Cavity configuration in either ring or Fabry-Perot geometry. E;
is the input field and E is the internal cavity field. . . . .. ... ... ...
Figure 5.2, Normalised cavity intensities /4 and [_ as a function of the
dimensionless pump intensity /,. (a) Response curves for B = 3/2, 0 = 1.
(b) Response curves for B = 2/3, 0 = 2. The curves labeled by [, = I_ give
the response of the symumetric solution which is mono-valued for 0 < /3, as
in (a), and is multi-valued for 0 > /3, as in (b). The other curves give the
response of the asymmetric solution which form a closed loop in (b), but do
not in (a). Note that the pump intensity scale is logarithmic in (b) in order
to demonstrate that the loop closes. . . .. .. ... .. ... ... ... ..

9



LIST OF FIGURES — Continued

Figure 5.3, (a) Neutral stability curves for both the symmetric mode (S-
mode) and the antisymmetric mode (A-mode) in a self-focusing medium
(n =1,B =3/2,0 = 1). (b) Neutral stability curve for the antisymmetric
mode (A-mode) in a self-defocusing medium (np = =1, B = 3/2,0 = 1).

Figure 5.4, The amplitude of the roll solution versus relative distance above
threshold. The solid dots are obtained by numerical simulation of equations
(5.3), in one transverse dimension, while the solid line is the solution deter-
mined by equation (5.35). . . . .. ... Lo o

Figure 5.5, Near field intensity of right-circularly polarised field 7, in a
sell-defocusing medium (5 = —1) with B = 2,0 = 1. (a) Stable roll pattern
at 10 % above threshold using plane-wave pump. (¢) Corresponding stable
roll pattern obtained at the same stress level using a super-Gaussian pump.
Notice that the rolls tend to align normal to the boundary. The pattern
shows two grains of rolls separated by a grain boundary close to the edge of
the domain of excitation. (b) Meta-stable pattern obtained at 50 % above
threshold, showing underlying roll structure with various defects, including a
roman arch and several dislocations. (d) Corresponding meta-stable pattern
obtained at the same stress level using a super-Gaussian pump. Notice the
beautiful roman arch at thetop. . . . . .. ... ... ... ... ... ..

Figure 5.6, (a) Meta-stable near field intensity of right-circularly polarised
field I for B = 2,0 = 1, at 50 % above threshold, consisting ol rolls and
defects. (b)-(f) Temporal evolution when the stress is decreased to 10 %
above threshold showing that the convex disclination (roman arch) loses
stability and eventually forms straight parallel rolls. . . . . .. .. ... ..

Figure 5.7, Stable labyrinthine patterns formed in a self-defocusing medium
with B =3/2,0 = 1 at 50 % above threshold. (a) Near field intensity in the
y-component of the field using a plane-wave pump. (b) Near field intensity
in the y-component of the fields using a super-Gaussian pump. . . ... ..
Figure 5.8, Near field intensities in the right-circularly polarised wave in
a self-defocusing medium with B = 3/2,0 = 1, using a plane-wave pump.
(a) Stationary labyrinthine pattern obtained at 50 % above threshold. (b)-
m .. L ol ] POIRY
(d) Temporal evolution when stress parameter is increased to 225 % above
threshold, showing front propagation and coarsening. . . . . .. ... .. ..

10



LIST OF FIGURES — Continued

Figure 5.9, Near field intensities in the right-circularly polarised wave in a
self-defocusing medium with B = 3/2,0 = 1, using a super-Gaussian pump.
(a) Stationary pattern obtained at 50 % above threshold. (b)-(d) Temporal
evolution when stress parameter is increased to 225 % above threshold,
showing front propagation and coarsening.. . . . . . .. .. ... ... ...

Figure 6.1, Numerical grid used in solving the CP equations (4.1). The
horizontal axis is z while the vertical axis is t. The lorward propagating field
I" moves along the characteristic ér = {+z, while the backward propagating
field moves along the characteristic €5 = ¢ — z. The time-step equals the
grid-spacing, Al =Az. . . ...

Figure 6.2, Division of nonlinear slab into N thin slices. (a) Fields undergo
only nonlinear phase-shifts in thin slice (hatched areas) and diffraction in
regions of empty space (white areas). (b) Fields undergo only diffraction in
thin slices of empty space (white areas) and nonlinear phase-shifts in thicker
slabs (hatched areas). . . . .. .. ... .. . . L L

Figure 6.3, Organisation of computational domain into a chequerboard,
consisting of two independent grids, white and hatched, which may result
in a mesh-drift instability. . . . .. ... ... ... ..

Figure 6.4, Near field amplitudes of forward flicld and backward field at one
point in the transverse plane, as a function of position in the nonliner Kerr
slab. The original twenty-one point grid decouples into two grids, one of
which is denoted by ¢, and the other by O. Notice that the evolution of the
fields on each grid issmooth. . . . . . ... ... ... .. ... ...

Figure 6.5, The real (solid line) and imaginary (dotted line) parts of 3
versus 0. . L L L

11

134

152

153



12

ABSTRACT

Motivated by a conversation with my brother, a deep sea fisherman off the east
coast of Scotland, I review the concepts which unily the topic of pattern lormation
in nonequilibrium systems. As a specific example of a pattern-forming system, 1
go on to examine pattern formation in nonlincar optics and I discuss two non-
linear optical systems in considerable detail. The first, counterpropagating laser
beams in a nonlinear Kerr medium, results in the prediction and numerical ob-
servation of hexagonal patterns in a sell-focusing medium, and of square patterns
in a sell-defocusing medium. Furthermore, a novel Hopl bifurcation is obscrved
which destabilises the hexagons and an explanation in terms ol a coupled-amplitude
model is given. The other system, namely the mean-field model of propagation in
a nonlinear cavity, also gives rise to hexagonal patterns in a sell-focusing medium.
By extending this model to include the vector nature of the clectric field, polar-
isation patterns arc predicted and observed for a sell-defocusing medium. Roll
patterns dominate close to threshold, while farther from threshold labyrinthine
patterns are found. By driving the system very hard, a transition to a regime
consisting of polarisation domains connected by fronts is also observed. Finally,
numerical algorithms appropriate for solving the model equations are discussed
and an alternative algorithin is presented which may be of use in pattern-forming

systems in gencral.
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I
Fishing

One evening I spoke with my brother, a North sea fisherman, off
the east coast of Scotland. He asked me:

“What exactly are you doing at university John?”
I told him, rather self-assuredly:

“I’'m studying pattern formation in nonlinear optics”
to which he replied, as is his way, by asking me:

“What sort of patterns are you studying, and what on
earth is nonlincar optics?”

Taken slightly aback by these questions, which were simple yet
fundamental, I stuttered:

“Oh, hexagons mostly, and you nced high-powered
laser beams”

to which he replied:
“Oh, I sce”
IFeeling less than secure in my knowledge I quickly hung-up.

This dissertation has only one goal — to answer my brothers simple questions.
When we spoke that evening, it was shocking to me that I could not convey, in
the simplest terms or definitions, anything about a subject which I had studied for
several years. His lack of scientific knowledge is no excuse, nor should we pretend
that that we do not speak the samme language. The only difference between he and
[ is that he casts nets on the sea, whercas I throw equations around on the board.
We both fish for gold.

This chapter is a briel overview rather than an introduction. Chapter two
will deal with the subject of pattern formation in its most general terms, with

an cemphasis on universality and genericity. The contents of chapter two reflect
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my interpretation of the tremendous body of work that exists concerning pattern
formation. There arc several papers from which I have gleaned my information.
Perhaps the most comprehensive of these is the excellent, but somewhat over-
whelming review article by M. C. Cross and P. C. Hohenberg [1]. They cover a
vast range of pattern-forming systems, and try to present topics in a universal
manner, with some success. With approximately one thousand relerences, it is
anything but a “quick” read. More details on pattern-forming dynamics, though
still at an elementary level (for the most part), can be found in the lecture notes
of A. C. Newell [2]. These notes present in more detail the essential mathematical
tools and ideas that are used in the study of patterns and there is no shortage of
questions for the reader. As an introduction to the practicalities of the subject
these notes are unrivaled. The last paper I wanl to mention is another review
article by A. C. Newell, T. Passot and J. Lega [3]. This paper, though at a more
technical level, again appeals to universality, and attempts to bring the reader up
to date on the latest developments in the field.

The best way to absorb general concepts is through specific examples, and there
is no shortage of physical systems which exhibit patterns. The original experiments
by H. Bénard [4] on fluid convection in 1900 (followed by Lord Rayleigh [5] in 1916)
focused most of the attention on fluid systems. In the last decade, there has been a
considerable increase in interest in pattern lormation in nonlinear optics, a subject
that was only born in the 1960’s with the advent of the laser. (The book on
nonlinear optics by R. W. Boyd [6] presents the subject of nonlinear optics {rom
a physicists viewpoint, while the book by A. C. Newell and J. V. Moloney [7]
presents the subject with a mathematical {lavour.) In chapter three I will present
a briel review of the literature on pattern formation in passive nonlinear optical
systems, and derive the governing equations for two specilic passive optical systems,

namely, counterpropagating laser beams in a nonlincar medium, and propagating



fields in a nonlinear cavity. These systems will be studied, in considerable detail, in
chapters four and five respectively. Finally, in chapter six, I will discuss the various
numerical methods that I have used in computing solutions to the model equations.
There are no general conclusions because, as cach chapter will demonstrate, the

subject of pattern formation in nonlinear optics is wide open.
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“Your words, not mine, but I suppose so. But don’t you use computers

and math symbols and stuff?”
« ) LN N I . . d P H Toatl Vad
Aye, but don’t you use charts, radars and satellite navigation?

Although the concepts may be the same, I am not about to discuss the fishing
patterns of the North sea. The types of patterns I shall address are those that
occur in the physical sciences. Iixamples of such patterns include: sand ripples
on beaches, desert dunes, and the bottom of shallow streams; the regular grooves
that weathered rock can often display; the dimple structures on a beer can being
compressed from above (a steady hand is required!); on the surface of a saguaro
cactus; the formation of stripes (or rolls) when a thin layer of fluid is heated from
below; the expanding waves and spirals that two competing chemicals may display;
and the appearance of regular spatial structures across laser beams in nonlinear
optical systems.

This is the [ramework in which I will operate and this chapter will hopefully
demonstrate that many vastly differing physical systems can be understood from
a universal point of view. One might say that their dillerences serve to illuminate
those aspects which they share in common. As to the definition of what a pattern

is, the answer comes with observation. To quote a friend and colleague:
{ pattern is like pornography — you know it when you sce il.!
A pattern is like pornography — you know it when you sce il.

The canonical example of a patlern-forming system is that of Rayleigh-Bénard
convection, shown schematically in Figure (2.1). An ideal [luid is placed between
{lat horizontal plates, infinite in extent and perfect conductors of heat. When a
small temperature differential (A7") is applied, the fluid is at rest and a linear
temperature profile connects the bottom plate to the top. The fluid is in a spa-

tially uniform state and this state, known as the conduction state, represents the

'from R. A. Indik, inspired by Senator Jesse Helms comment on pornography “I may not be
able to define it, but I know it when I sec it”
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[igure 2.1: Convection rolls in the Rayleigh-Bénard experiment.

equilibrium state of this system. The reader might already object. I would. After
all, I have already used words like “ideal”, “infinite” and “perfect”, but these are
not important here. In a real fluid, with real conducting plates, of finite extent,
the fluid would still find itself in an equilibrium state for small AT'. The problem is
that the applied mathematician might find it difficult to write such solutions down,
so we (meaning the community) follow the rule: if it isn’t important then simplify
as much as possible. In fact, more often than not the trick is to realise when
the problem has become over-simplified, at which point an injection of realism is
required.

The ingredient which makes the above system interesting is the existence ol a
control parameter through which the spatially homogeneous equilibrium state may
lose stability. The control parameter is composed of important physical quantities
related to the system in question and often-times represents a balance between
external stresses or forces and internal dissipative mechanisms. For example, in
Rayleigh-Bénard convection the control parameter is known as the Rayleigh num-

ber R
agANT'd®

Kl

R =

and represents a balance between the destabilising buoyancy force and the sta-

bilising dissipative force. It is composed of the relevant physical constants and
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parameters for this fluid system, that is, the thermal expansion coeflicient «, the
acceleration of gravity g, the kinematic viscosity v, the thermal diffusivity x, the
plate separation d and the external temperature differential AT

The spatially uniform conduction state loses stability as R is increased past
some critical value R.. The fluid enters a convective state because thermal ex-
pansion (driven by AT') overcomes the dissipative effects of thermal conduction
and viscosity. The result is an instability to a modulation with finite wavelength
A¢, which is of the order d, the only length scale in the problem. It is convenient,
to characterise this instability by the inverse of the wavelength k., |k¢| = 27/,
which defines the wavenumber of the modulation. If the plates are much wider than
the modulation wavelength ., then saturation of this instability often leads to the
convective roll pattern shown figuratively in Figure (2.1) although, depending on
the exact experimental configuration, superpositions of rolls forming squares and
hexagons are also possible. If the plate width is comparable to the modulation
wavelength A, then the boundaries will play a very important role in the satura-
tion of the instability. This ellect may be parameterised by the aspect ratio, which
is the ratio of the length of the spatial domain to the modulation wavelength. For
the rest ol this chapter, and for most of this dissertation, I will concentrate on
systems which are large aspect ratio.

Rayleigh-Bénard convection is the canonical example of a pattern-forming sys-
tem because it possesses most of the features and behaviours that many other
pattern-forming systems display. For example, in the absence of some external
stress or forcing, many macroscopic systems are typically in an equilibrium state,
which may be spatially uniform. Increasing a control parameter results in the spa-
tially homogencous cquilibrium state losing stability to a finite wavenumber k..
This wavenumber defines a basic spatial scale ol the pattern and may be related to

the physical properties ol the system. In Rayleigh-Bénard convection this is rather



easy because only one length scale exists, but in many cases it is a formidable task.

Instability of the equilibrium state to a finite spatial scale is a precursor for
pattern formation, and thus the concept of linear stability or, il you like, lincar
instabilily ol the equilibrium state is a unifying theme for a vast range ol physical
systems. To discuss this in more detail, I will suppose that the physical system

under consideration may be described by some microscopic equation,
0,U = F(U,0d,,V,...,R), (2.1)

which represents a system of possibly n nonlinear partial diflerential equations for
real functions U = (Uy(x, z,1),..., Un(x, 2,t)), governed by the control parameter
R. Furthermore, 1 will suppose that this system possesses several symmetries,
namely, it should be translationally invariant in both space (x) and time (), and
rotationally invariant in the x-plane. [ have broken out the dependence of F on
space into two components: V represents the gradient along x which denotes the
transverse planc in which the pattern forms; and 9, represents derivatives in the
longitudinal direction, which is thick enough to support pattern formation in the
transverse plane but thin enough to support only a few “modes” in the longitudinal
direction, {or example, across the plates in Rayleigh-Bénard convection.

Suppose that U = U, satislies

f(ch,v,(r):,...,R):O, (

o
o
~

[or all values of the control parameter R. This defines the equilibrium state of
equation (2.1), which T will assume to be spatially uniform. To investigate its
stability, expand equation (2.1) about U, and keep only linear terms in U to give
_ 6%

__6—U—jU_

f),, U = L:U ) L‘,‘J .
=Ueq

where L(Ueq, V, 0:, ..., R) is translationally invariant. The natural representation

of U(x, z,1) in the transverse plane is in terms of the Fourier modes, exp(ik - x),
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while the longitudinal structure is captured by certain “shape” functions u,(z).

The solutions to the linearised equations (2.3) take the form
U(x, z,t) = exp(M)u,(z) exp(ik - x) + c.c, (2.4)

where u,(z) is compatible with the boundary conditions on U. Only non-trivial
solutions (U # 0) of this form are intercsting, and they only exist for certain
complex eigenvalues A, (k,R). By decomposing A, (k,R) = o,(k,R) + iw,(k,R)
one may identily o, as the growth rate of the perturbation to Uy, and w, as the
perturbation frequency.

The equilibrium state, U = U,,, will lose stability when the growth rate
on(k, R) becomes positive. The region where o,(k,R) > 0 is known as the unstable
domain and its boundary, defined by o,(k,R) = 0 (except in some special cases),
is called the set of neutral stability surfaces R,, = R(k,n). The point or set ol
points on these surfaces for which R is minimal over n and k are called the critical
poini(s) (ke, Re). Generically, there will be only one such ke. If there is more than
one k for which R is minimal then there is a degeneracy. Such degeneracies often
reflect the symmetries ol the original system.

Choose the eigenvalue A, (k, R) with the largest real part, and call it A(l, R) =
o +ww. Suppose that the dependence of £ on R is such that lor R < R, (k) < 0
and for R = R, o(k) = 0 for some k = k.. Deline a reduced control parameter,
or stress parameter &, as

e=(R-R.). (2.5)

Figure (2.2a) shows the dependence of o on k and ¢, in one transverse dimension.
FFor ¢ < 0 the equilibrium state is stable and o < 0, whercas for ¢ = 0 the instability
sets in (o0 = 0) at a wavenumber k = k.. For ¢ > 0 there is a band of unstable
wavenumbers for which the equilibrium state is unstable. The instability can be

of two types: stationary if w(k.) = 0 or oscillatory il w(k:) # 0 for ¢ = 0. The
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Figure 2.2: Growth rate ¢ as a function of wavenumber k for various values of the
stress parameter ¢, showing the classification into types I, I and III.

stationary periodic instability (k. # 0,wy = 0) is known as type I, while the
stationary oscillatory instability (k. # 0,w # 0) is known as type I.

Other classes of instability exist. If o(k = 0) = 0 for all € then one has the
situation depicted in Figure (2.2b). The critical wavenumber is k. = 0 and for
¢ > 0 there is an unstable band, of width /€, so that any pattern will occur on a
long length-scale near threshold (¢ = 0). Again the instability may be stationary
(w = 0) or oscillatory (w # 0). The last class ol instability is shown in Figure
(2.2¢), where the maximum growth rate always occurs at k = 0. As a result
intrinsic pattern formation will be minimal because there is no intrinsic length-
scale.

In summary then, pattern-forming systems may be classified in terms of the
value of k. near ¢ = 0. [or example, type | is spatially periodic with k. = O(1),
type IIT is uniform with k. = 0 and type II is somewhere in between with an
unstable band 0 < k < /. Each class may be further subdivided depending
on the temporal instability: stationary if wy = 0 and oscillatory if wy # 0. This
classification makes sense when the final state is governed by the initial instability

ol the equilibrium state.



Assume for the rest of this chapter, and most of this dissertation, that we
(meaning you and me) have a system which becomes unstable, at ¢ = 0, to a finite
wavenumber k¢, through a type I instability. What happens next? What type of
pattern forms? Is it stable? What is its long-term behaviour? What are its defects?
All of these questions require us (still you and me) to find solutions to the governing
nonlinear partial differential equations, which is either an impossible task, quite
a formidable task, or rather easy. If one is very fortunate (and graduate students
typically aren’t), exact nonlinear solutions may exist and be casily obtainable.
Unfortunately, many of the solutions that we are interested in do not fall into this
category. More often than not however, the equilibrium state is easy to compute.
How then does one find other solutions? Two main options exist, well, three really.

The first option is a recourse to numerical simulations, which even for the expe-
rienced computationalist can often be a very time-consuming task. But, speaking
for myself, it is usually the first thing to do because, if you are careful and thorough,
it can give quick insight into the types of solutions that may arise. Furthermore,
many effects that are very complicated to even formulate on paper may be included
without too much extra trouble. Complicated boundary conditions are an example
of this.

The second option, which should preferably go hand in hand with the first,
involves calculating solutions on paper. As I mentioned above, exact nonlinecar
solutions are rarely obtainable. Analytical solutions can be obtained however by
operating in a regime where solutions may be calculated perturbatively. There are
two main regimes where this is possible, which are termed as near threshold and

Jar from threshold.
o Necar Threshold ([z] <« 1)

In this regime, € & 0, deviations from the homogencous solution are “small”

and the spatial and temporal modulations of the basic patiern are “slow”. (‘This






appropriate [8].

The third option is to quit school, science and academia, travel the world
for years, pontificating in coffee shops, ruminating on trains, philosophising on
bicycles, to finally return home and write ten volumes (or more) about life and
how pointless it all is. 1 am sure that most graduate students completing their
Ph.D consider this option.

In this dissertation I am going to concentrate on deriving and discussing ampli-
tude equations because [ will mostly be concerned with determining which pattern
is selected close to threshold. For concreteness, consider a system in two transverse
dimensions which becomes unstable, for R > 0, to a finite wavenumber k = k,
through a type I instability (see ligure(2.2a)). Furthermore, assume that the
system is both translationally invariant and rotationally invariant. Rotational in-
variance implies that the instability is actually to a circle in k-space, with radius
k.. Under these assumptions, an unstable mode may be writien, in the vicinity of
threshold, as

U =uexp(ik-x+0ot) + cc, (2.6)

with growth rate,

olk,R)=¢e— (K* = k})2+..., (2.7)

where & = lk| and ¢ ® R — R.. Equation (2.7) accurately captures the growth
rate when the system is very close to threshold (¢ < 1) and the ncutral stability
surface (o = 0), or neutral stability curve in this case, is shown in Figure (2.3a).
Increasing € through e=0 means that U = U, becomes unstable to any Fourier
mode with wavenumber k, |k| = k.. How about its direction? As far as lincar
instability is concerned, the system cannot distinguish one direction from the next,
a direct result of rotational degeneracy. To incorporate this degeneracy one should,

in principle, include all possible modes with |k| = £..






configuration exists).

In practice, a two-step process is adopted to incorporate both of the above
effects. Tirstly, ignore the finite bandwidth effect and consider only the effect
of rotational degeneracy. To incorporate the continuum of modes that lie on the
critical circle is a difficult task. One approach is to replace the continuum of modes
with N discrete modes arranged on the critical circle. In this case the solution may
be written as

N
U=u) Ajexp(ikj-x)+cc; |kj| =k, (2.9)

J=1
where each mode is defined by its wavenumber k; and complex amplitude A;. Any
two modes, k; and k;, subtend an angle of 0;; defined by k; - k; = k2 cos0;;. The
first part of the two-step process usually consists of deciding which conliguration
of modes is preferred, while ignoring the finite bandwidth effect. This is still a
formidable task because in theory all possible configurations of modes must be
considered.

Il this were true in practice, we would all pack up and go home, well, at least [
would. Fortunately, only a few combinations of modes typically arise, and this is
true in many of the fields in which patterns are observed. One such special subset
of all possible combinations are known as the regular patterns, and are defined
when all nearest neighbour modes subtend the same angle, that is, ¢ = 360/N.
These regular distributions of modes are shown in the Fourier domain in IMigure
(2.4d-) for N=1,2 and 3 while Figure (2.4a-c) shows the corresponding solutions
in real space. The rcgular patterns for N=1,2 and 3 are therefore the roll, the
square and the hexagon. These are the most commonly observed regular patterns,
in the context of type I instabilities.

Assume for the moment that perturbation analysis has revealed that a roll
solution is the preferred configuration, as shown in Figure (2.4a,d). This deflines

a basic pattern al a given length-scale. Slow modulations of this pattern in both
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under consideration are contained within the real constants g, 79, £o and v which
set the temporal, spatial and amplitude scales.

Starting from a given set of governing microscopic equations, there are several
ways of deriving this amplitude equation. Since the critical modes vary on temporal
and spatial scales which are much slower than those associated with the other
modes, one may introduce multiple scales in both space and time to formally
separate the fast and slow evolution scales. An alternative method is to make use
of mode projection techniques, which emphasises the idea that the critical modes
are active, while the other modes are passive, that is, they are slaved to the active
modes. In either case, the form of the equation is generic and may be written down
with only a cursory knowledge ol the system under consideration. TFor example,
the linear terms may be determined by expanding the growth rate o(&,R) about

the critical point (k;, Rc). A Taylor expansion gives

o do | 00 2
o(k,R) = o(ke,Re)+ OR‘“{ Re) + ?A‘“’ L)+78R2 (B~ R
(2.12)
1 0% d'o
+ g gra| (k" prgp| (= Re)(k =k

The first and third terms are identically zero because the expansion is about the

critical point where o(k., R¢) = 0 and (9o /0k)|, = 0. Thus,

i Lo 1 9*c 2
o(k,R) = IR|, (R=Re)+ 557 C(R~Rc) n 5?70(/ k)
(2.13)
0o
" mwkfR_RMk—hyhn

What are the leading order terms in this equation? The system is close to threshold
so that R—R. = € is small. Equation (2.7) shows that the unstable band has width
(k* — k2)* = O(e) which may be re-written as (k — k¢)2(k + k.)* = O(e). Since

ke is O(1) one can see that (k= k.)* = O(¢). The leading order contributions are
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therefore (assuming all derivatives are O(1))

Jdo 1 9%

o(k,R) = 81? (R—Re) -+ STE)

(k— k.)* + O(e?) (2.14)

which is of the form of equation (2.7). The first of these terms is just the growth
rate of the unstable mode. The second term is more complicated, and its actual
contribution depends on which modes one includes.

The amplitude equation (2.11) was written down under the assumption that
the solution consists of a pure roll in the x-direction, k. = (4, 0). Consider
wavenumbers k close to this, say, k = k. + q = (ke + ¢z, ¢y), which are within
the unstable annulus. For such a wavenumber, the second term of equation (2.14)

becomes
(¢2+q) 1 (2+q2).,
TR C

What are the leading order terms in this expression? Clearly the wavenumber of

(k= ko) = gz + 2+ ... (2.15)

the roll, k, may vary by as much as ¢, = O(¢!/?) and ¢, = O(e'/*) and still remain
within the unstable annulus (see Figure (2.3b)). With this choice of scaling the
leading term at O(e) is

(k= k) = (go + 02 (2.16)
c | ch . 2.

The wavenumber q represents a small change in the wavenumber of the roll, k..

This can be identified in real space with corresponding slow modulations in both

x and y, that is, ¢, < —idy and ¢, & —idy so that

(k — ke)? = —(0x A 0% )? (2.17)
The growth rate close to threshold becomes
do , 1 0% )
: - , .. 2.18
o(k,R) = IR —(R-R) - 5 )/‘2(()\ 2/"6 ()) )+ (2.18)

The slow scales in x and y are set by the scales of ¢ and ¢, and thus X = &'/?a,

Y = &'y represent slow spatial scales of the roll. This equation is precisely the

linear terms that appear in the amplitude equation (2.11), after a rescaling by «.
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The presence of different scales in x and y is, on first examination, slightly con-
fusing. After all, the system was assumed to be spatially isotropic and rotationally
degenerate and thus no distinction could be made as to what is x and what is y.
The pure roll solution breaks this symmetry however, and it is natural that x and
y should assume different scaling orders since the pure roll solution clearly favours
one direction over another. This is not necessarily the case for solutions which
consist of patches of rolls, or for other planforms, such as squares and hexagons,
because each of these patterns have more than one dominating direction. In these
cases it is harder to decide on appropriate spatial scales and it seems reasonable to
malke no distinction in scales which would result in a spatially isotropic amplitude
equation [11].

To conclude this general discussion of the form of the amplitude equation, 1
would like to add that the nonlinear term of equation (2.11) may also be written
down by inspection. Translational invariance in space implies that il U(x,() is a
solution, U(x +x') is also a solution. From equation (2.10) this implies invariance

of the amplitude equation under the transformation
A — Aexp(ik. - X)), (2.19)

and the lowest nonlinear term to do so is |A[*A. Higher order contributions will
arise, and may be pure amplitude terms (e.g. [A['A) or may include spatial deriva-
tives (e.g. O:|A*A).

Although the form of the amplitude equation is generic, and may be written
down by inspection, the coefficients may only be obtained by getting out your pen
and paper (or computer algebra program), and deriving. Earlier in this chapter, [
said that there were several ways to derive amplitude equations fromm a governing
set of microscopic equations. The techniques 1 will describe here involve introduc-
ing slow spatial and temporal scales, and choosing an appropriate scaling of the

amplitude ol the most unstable mode. This is known as weakly nonlinear analysis
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because the system is assumed to be weakly nonlinear so that the solution should

be dominated by the most unstable mode determined from linear analysis.
Continuing the general exposition, assume that there exists a set of microscopic

equations, given in equation (2.1). Expand this system about the equilibrium

solution Ugq to give
oU = LU+ AN(UJU...|U), (2.20)

where the linear operator £(V, 0., ..., R) was defined in equation (2.3), and {/V;}
is a sequence of nonlinear termns of order (i+1), that is, N} = N (U|U), N,y =
N2(U|U|U) and so forth. The coeflicients, A;, of the nonlinear terms are real.
Assume that the linearised problem exhibits a type I instability at a wavenumber

k, [k| = k¢, when R = R.. Solutions at threshold take the form
U(x,z,0) = u(z)exp(ik - x) +cc ; [k| =k, (2.21)

where u(z) captures any longitudinal structure present, and may be parameterised
by the transverse wavenumber k. For 12 > R, all linear modes with |k| = k. grow.
One expects this growth to become saturated by the nonlinear terms to form a
finite amplitude state. The goal of this next section is to determine what type
of pattern constitutes this finite amplitude state, and this goal will hopefully be
attained by carrying out the two-step process described earlier in this chapter.
Firstly, the finite bandwidth effect will be ignored and the preferred pattern will
be determined by deriving the appropriate amplitude equations, by means of weakly
nonlincar analysis. Secondly, the finite bandwidth of modes will be re-introduced
in order to determine the stability of the sclected planforn.

Wealkly nonlinear analysis proceeds by expanding the field U in an asymptotic

series depending on the stress parameter &,

N
o
N
~

U(Xa :7{') = Z /l”(S)U“(X, < [) ) ( :

n=0
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where the members of the series are determined by the nonlinear balances and yo(€)
is chosen to balance the linear growth rate with the leading nonlinear correction.
The zeroth-order solution, Ug, is taken to be a linear combination of the Fourier
modes which lie on the critical circle, each with their own amplitude A;,

N
Ug(x, z,t) = up(z) Y Ajexp(ik;-x)+c.c ; |kj| = ke . (2.2

i=1

(sl
~—

To make allowance for the slow temporal dynamics, the mode amplitudes A; are
assumed to depend on multiple scales in time, A; = A;(1Y,72,15,...), defined by

T; = ai(e)t, such that
O = al(e)i)T, + ag(s)(?qv,z + 0'3(5)8'1*3 +... (22‘1)

How does one go about choosing the asymptotic series {g, } and {a,}? The choice
is guided by both experience and a desire to derive an amplitude equation of a
certain form, and is usually justified, or adjusted, after an attempt is made al a
derivation. In general, the growth rate dictates the temporal scales, while the order
of the nonlinearity that saturates the linear growth dictates the amplitude scales.
I will consider three distinct regimes of behaviour: only cubic nonlinear terms are
present, that is, A; = 0 and A, = O(1); both quadratic and cubic nonlinear terms
are present with A} = O(1) and Ay = O(e'/?); both quadratic and cubic terms are

present with Ay = O(1) and A\, = O(1).
o Only cubic nonlinearity (A; =0, Ay = 1)
In this case the general set ol microscopic equations read
2 U = LU + N(U[U|U). (2.25)

This system becomes unstable at R = R., with growth rate is proportional to

e = (R — R.)/R., so that T} = el. Assuming the amplitude saturates at cubic
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order then the appropriate amplitude scale is po = €!/2. Under these assumptions
the asymptotic expansions take the form

U = ?Uyg+¢eU, 42U, +...

J, = 60]’1 + 63/281'2 + 628713 +...
The lincar operator £ and nonlinear operator NV, are expanded about the solution

Uy at threshold R=R.. This takes the form

2
z=£0+e£1+‘;—,£2+..., (2.27)
where
aL 0*L
=Ly Li= 2| s Ly=22 2.2
CO L e=0 £l 85 oo ) 2 082 o ( 8)
and
No(U|UJU) = 32N, (U |Ug|Up) + O(&?) . (2.29)
Now collect all the terms at each order in € to obtain at first order
O('?) : LUy =0. (2.30)

This is the linearised problem revisited, with a general solution given by equation
(2.23). This solution constitutes the null-space of £y. Belore continuing I would
like to define the adjoint operator to Ly because the null-space of the adjoint linear
problem will play an important role in deriving the amplitude equations. Formally,
one needs to define a space in which the operators exist, and one needs to define
an inner product on this space also. Let’s dispense with formalities, and define the

adjoint operator by [12]
< LoU,V >=< U, L'V >, (2.31)

where the brackets <> will denote an appropriate inner-product. Il the adjoint,

operator exists, its null-space is the solution of

LAV =0, (2.32)



along with adjoint boundary conditions (if there are any).

At second order the following equation must be solved
O(E) LUy =0. (233)

This equation is identical to the one at first order and the solutions are just the
null-space of Lo. If I choose U; = U then [ may define a new variable, U, =
e"/2Uq + Uy, and continue the solution process using U,ey. The same result may
be obtained by simply setting U, = 0, which I do for convenience.

At third order, the following system arises
O(e%?) : LoUy = 91, Uy — L,Ug — Ny(Uy|Up|Uy) . (2.34)

Before solving this equation one should ask: “Can this equation be solved?” In
fact, the amplitude equations for the A;’s capture the conditions under which
equation (2.34) may be solved or, in other words, the solvability conditions give
rise to the amplitude equations. How does this come about?
To answer this question, I will take you on a slight detour. Consider the
following equation
d*y

] +y = cos(wa) . (2.35)

The null-space of ¢*/da* +1 consists of the [unctions, A cos z+ Bsina. The general
solution to this equation for |w| # I has the form

y(v) = Acosa+ Bsina + cos(e) (2.36)

l—w?’
and the amplitude y therefore remains bounded for all x. If |w]| = 1, the general

solution has the form

1
y(x) = Acosa + Bsina + S sina , (2.37

4

o
[
_i
~—

and thus y — oo as @ — oo, that is, the amplitude becomes unbounded. The

term asina, whose amplitude grows with x, is said to be a secular term. It
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appears because the inhomogeneous term, cos z, ol equation (2.35) is a solution of
the homogeneous problem, and thus drives the system on resonance. In general,
secular terms always appear whenever the driving term is itsell a member of the
null-space of the homogeneous problem. This type of idea may be posed formally
in terms of the Iredholm alternative, which indicates when the equation LU = NV
may be solved in a particular space of solutions. In the simplest terms this equation

may be solved if A is perpendicular to the null-space of the adjoint, that, is,
<N, V>=0 (2.38)

for all V satisfying £AV = 0. This is known as the solvability condition.

You may be asking how all this relates to pattern selection? The answer is
simple. Equation (2.34) is of the form LU = A and for a solution to exist all
components in A should be perpendicular to the null-space of the adjoint, that is,

V. Using the general solution Uy in equation (2.23) gives the following

CoUQ = UOZ (8’1‘1 A_j(iik"x -+ C.C) — ﬁﬂloz (Ajcik".x -+ C.C)
7 J

- ./VQ(U()lU()lllo) Z (A,,LA,,A(I Gik"’+"+".x -+ Am/lp,

mpq

u]- cikm—}-p—‘l'x (2.39)

f,

+ Ay A et X g g Ax As pRmor-aX c.C) :

where Kpqptg = ki + kp, + k. The null-space ol Ly consists of terms of the form
exp(ik; - x), and thus any driving term of the same form will be resonant. All of
the lincar terms are ol this form. Some of the nonlinear terms are also resonant,
and arise from some special [our-wave mixing combinations. The nonlinear terms
contribute in several ways: modal inleraction where p = ¢ #m = j, p = m #
q=jand m = ¢ # p = j, and modal self-inleraction where p=q=j. The modal

interaction terms take the form

exp(ik; - x) exp(ek, - x) exp(—ik, - x), (2.40)
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and contributes 6/1]-2/1,,/1;. The modal self-interaction terms take the form
Pp#£I

exp(ik; - x) exp(ik; - x) exp(—ik; - x) , (2.41)

and contributes 34;A4;A7. To avoid secular terms in the solution of equation (2.39)
all of these driving terms must be perpendicular to the null-space of the adjoint,
V. To ensure this, project equation (2.39) against the adjoint. The following
amplitude equations result
N
1001, Ai = pA; — Z*/UIAJ'PA; si=1,...,N (2.42)
j=1
where the coefficients are given by

To =< Up,V >
=< ;C]U(),V > (2’13)
7i; = — < Ma(uo]uglug), v >

The cubic coefficients, 7;;, depend on the angles between the modes k; - k; =
cos¥;;. The diagonal terms are all equal, that is, vi; = 7;;, and [ will assume
that 4;; > 0 for all .. Furthermore, if chiral symmetry holds (0 — —0), and [ will
assume that it does, the cubic coeflicients are symmetric, that is, v;; = ;. For
completeness, multiply equation (2.42) by &, rescale the amplitudes {A;} by /2
and remember that 9, = edy,. Thus the standard form,

N
T()(?g/‘l‘ = /LEA,‘ — Z ’)’,’lej,'zA,' s @ = l, AN ,1‘\7 y (2.44)
=1
is recovered.

The amplitude equations derived above describe the interaction of N Fourier
modes on the critical circle, in the absence of a quadratic nonlinearity. In general,
the amplitudes {A;} are complex and may be written as A; = «;exp(id;). The
amplitude equations (2.44) are phase-invariant and thus the arguments {¢;} arc

arbitrary. As a result, a rcal version of the amplitude equations can be written,



without loss of generality (as the phrase goes)
N
To0ha; = jlea; — Z ’y,-ja?ai yi=1,...,N. (2.45)
—

The finite bandwidth effect has been ignored in the meantime and the question
of pattern selection can be addressed by considering which distribution of energy
among the modes {«;} will be [avoured. In theory, this is straight-forward because

equation (2.45) forms a gradient system,

ToOwt; = —% cr=1,..., N, (2.46)

with the potential function V(ay,...,ay) defined by,
HEN 5 LRash g .
V= ——é—;ai + 1 ;; Vij i . (2.47)
This function is bounded below, lor sufliciently large a;’s, il

N N

Yoy 7ija?(1,]2~ > 0.

i=15=1

—
D

2.48)

[Furthermore, the derivative of the potential function reads,

[S%]

N
QY =-10 (9;)? <0, (

=1

49)

and thus V can be regarded as a Lyapunov function [13]. This function deflines a
surface in n-space, whose critical points (VV = 0) correspond to the fixed points of
equation (2.45). The critical point with lowest, value of ¥ is guaranteed to be locally
stable and the dynamics of (2.46) will naturally move towards this minimum,
provided the initial conditions lie within its basin of attraction. Other types of
critical points may exist, such as other local minima, local maxima, saddle points,
e.t.c. The type of cach critical point can be determined, at least in principle, by

evaluating the Hessian matrix H,

s OV .
Hy = (0(1,‘(7([1)0 ’ (

NS
[ 14
—
=
-
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at the critical point. This requires a knowledge ol the stationary solutions of

equation (2.45), which fall into three main categories:
o Uniform equilibrium solution where ¢; =0 for all 2 =1,...,N.
o Mixed-state solutions where «; # 0 for some ¢, or combination of ¢’s.
o Pure-state solutions where a; # 0 for all 2.

As an explicit example, consider the case of two perpendicular modes, which
constitutes a square pattern in real space. The two-mode amplitude equations may
be written as

Today = peay — (lay|* + vlaq]?)a,
(2.51)
100wty = pieay — (|“2l2 + ’)’|(t1|2)a2

where the diagonal term 4y, = 722 has been scaled to unity by scaling the ampli-
tudes by 1/\/711, and v = ¥12/711- This system has three kinds of lixed points

given by:
o Uniform equilibrium state given by ¢; = 0 for 2z = 1, 2.
o Mixed-state solutions given by @y = R, aa = 0 or ¢; = 0, ¢y = R with
amplitude B = £, /ptg. This defines the roll solutions.

HE

o Pure-stale solution given by a; = 5, ay, = S with amplitude S = + s
L+~

This delines the square solution.

[l ¢ < 0 then the equilibrium solution is the only stable solution. IFor ¢ > 0 the
value of the Lyapunov function for the uniform solution, the roll solution and the

square solution may be compared:

-\2 -2
V(Uniform) =0 ; V(Roll) = —(/’:) 7 V(Square) = —3&&)— (2.52)

and the dynamics fall into three separate regimes:
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selected. Stationary solutions of the N-mode amplitude equations are defined from

equation (2.45) by,

N
ai(pe =Y yija) =0, (2.53)
=1
for cach i=1,...,N. This may be used in the Lyapunov {unction (2.47) to give,
N N
JE 1 2 -
V= —-TZ(L?—{- Z;LEZ(LI- , (2.54)
< i=1 1=1
N
or in terms of the mean-square amplitude, N2, = Za?,
=1
peNa?
V=-—. (2.55)

4
Thus, the greater the mean-square amplitude, the lower the value of V. Since the
dynamics are gradient, the pattern with the lowest mean-square amplitude will
therefore be selected.

An alternative approach to establishing a pattern selection criterion was first
used by Schluter et. al. [14]. This approach consists of linearising the amplitude
equations (2.45) about any equilibrium solution, and determining which solution
is stable. The result depends on the matrix elements 7,5, and the authors showed
that if v;;(2 # J) > ~ii then rolls are the only stable solution. Thus, any initial
distribution ol energy in the N-modes will collapse into one mode, which defines a
roll solution.

Now I would like to turn your attention back to the somewhat more general
case where both quadratic and cubic nonlincarities are present. As mentioned
carlier in this chapter, two distinct regimes are possible, depending on the scale of

the nonlinearities.

In this case, the general set of microscopic equations read

OU = LU + M N, (U[U) -+ N3(U|U|U) . (2.5

NS
faba |
<
~—
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=

Again the growth rate is proportional to ¢, so that Ty = et. This may be balanced,
simultancously, against both the quadratic and cubic terms by again choosing
fto = €'/2. The asymptotic expansions take the same form as belore

U = 61/2U0+6U1 +53/2U2+...

(2.57)
0, = €0 +&*0p, +e*or, + ...
The operators are expanded about Up to give
L = Lo+l +0(P)
M(UJU) = M (Ug|Up) + O(e%?) (2.58)

J\fg(UlUlU) = SS/QJVQ(UOIUOIU()) -+ 0(62) .

There are no changes at. first order in the solution process and because A} = O(g'/?),
there are also no changes at second order. At third order, however, there appears

an additional term arising from the quadratic nonlincarity,
O(¥2) : LoUs = 81, Ug — £1Up — AN (U[Uo) — Na(Uo|Uo|Us) . (2.59)

Does this new term contain any resonant components? Il so, they must be removed
otherwise they will lead to secular terms in the solution of equation (2.59). The
new quadratic term has the form

NMi(Uo[Uq) = Ni(uolug) 3 (Asddje™ser™ 4 s 5e™-r% 4 c.c) (2.60)

L)

and resonant terms may arise if
k; + k; + k;=0. (2.61)

Since all of these wavevectors must lie on the critical circle, this is only possible
when they mutually subtend an angle of 120 degrees. 'This corresponds to the
hexagon showun in IMigure (2.4). Note that equation (2.61) defines an hexagonal

pattern in this case because the unstable modes lic on a circle of radius k.. This
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critical circle was a direct result of rotational degeneracy and thus equation (2.61)
may deline other planforms depending on the geometry of the physical system.
For example, a cylinder being compressed {rom above may form diamond patterns
because its symmetry gives rise to two unstable circles which, instead of being
centered at the origin, are centered at some kg and meet tangentially at the origin.
The triad of wavevectors that fulfill the condition of equation (2.61) correspond to
a diamond pattern in this case [15] .

The amplitude equations remain unchanged, but for the case of N=3n (n =
1,2,...), which contain a new resonant term that is quadratic in amplitude. After

re-scaling they read
ToalAi = ,lt&‘Ai + O'ile;AT — Z 'YilejI'zAi ;1= L....,.N, (..),().2)
J

where k; + k; + ki = 0. Chiral symmetry implies that the quadratic coefficient,

oij1, is independent of index. It is given by
g = —'/\1 < ./V‘](U()lll()),v > . (263)

The coefficient, Ay, is a fudge factor whose sole purpose is to keep the algebra
clear. It is the inner-product, < V(.|.),v >, that sets the scale of the quadratic
nonlinearity. If it is of O(g!/?), then the asymptotic expansion of equation (2.56)
makes sense and all the terms in equation (2.62) are at the same order.

The amplitude equations for an hexagonal planform, k; + ko + ks = 0, may be
written in the form

7‘00¢Al = /LE/I[ -+ O'/LEA;; - (I/11|2 -+ ’)’(I/lg,z -+ I/l3|2))/11
Toh Ag = peAy + o AT A — (|A]* + v([AL[* + [As]?)) As (2.64)
T()a[/l;; = /LE/‘;} + O'/lTAE — (l/l;;|2 + ’7('/11,2 -+ l/‘glz))/lg

and were discussed in detail by Ciliberto et. al. [16]. I have rescaled cach ampli-

tude by making the transformation A; — A;/ /. Furthermore, chiral symmetry

implies that yj2 = 113 = 21 = 723 = 731 = Y32 and so [ set v = v, /7.
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In contrast to the amplitude equations which arise in the absence of an hexago-
nal resonance, this system is not phase invariant. In fact, the phases are correlated
such that the total phase ® = ¢; + ¢2 + ¢p3 must be either 0 or 7. The solution as-
sociated with ® = 7 exists for pe > 0, but is always unstable. Assuming therefore
that the total phase ® = 0, the amplitudes may be taken to be real, again without

loss of generality. This system is again gradient, with potential function given by,

m

'y;ja?a,j- — oaaqas . (2.65)
1

~,

I 2 2
V=_7;Gi+
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1
The only change from before is the addition of a new term, cajaqas, resulting from
the resonant hexagonal interaction. This system is still Lyapunov, and again pat-
tern selection is reduced to a question of determining the minima of the Lyapunov
function V. Again the fixed points of the dynamical system (2.64) are required.
The amplitude equations for an hexagonal planform possess lour kinds ol sta-

tionary solutions:

o Uniform equilibrium state, defined by «; = 0 for = 1,2,3. It is stable for

€ < 0, and unstable for ¢ > 0.

o Roll states, defined by ¢y = R = &\/iig, a» = 0, ag = 0, or any circular
permutation. They are unstable for € < g9 = o%/u(y — 1)2, and stable for

g > E9.

o Hexagonal states, defined by @, = ay = ay = [I, where [ is a solution ol
(L+29)H? — ol — e = 0. The exist for ¢ > ¢, = —a*/du(l + 7). The
upper branch is stable only for ¢; < ¢ < g5 = o*(v + 2)/pu(y — 1)?; the lower

branch is always unstable.

o Mixed-state solutions, defined by @y = R, «u = R, ay = U, or any circular

permutation. The amplitudes are given by R = :i:\/(/ti —U%)/(1 + ) and

U=oc/(y—1). They exist for ¢ > ¢y and are always unstable.
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Figure 2.6: Hexagon-Roll phase space, showing amplitude of roll state R and
hexagon state H as a function of the stress parameter €. Solid lines denote stable
states, dashed lines denote unstable states.

These solutions are summarised in Figure (2.6). The bifurcation to the hexago-
nal branch is transcritical, and the region of transcriticality extends below thresh-
old until &1 = O(c?) = O(e). Cubic saturation turns this branch back over, and
leads to an hexagonal amplitude at threshold (e = 0) of O(c?) = O(e). The hexag-
onal branch eventually loses stability to rolls, at eg = O(0?) = O(¢). This clearly
demonstrates the importance of the scale of o.

The above results indicate that, in the context of the N=3 amplitude equations,
hexagonal patterns are sclected close to threshold. One can go further and say that
hexagonal patterns are generically selected close to threshold, assuming ol course
that o # 0. To sce that this is indeed the case, evaluate the Lyapunov function
(2.65) at the fixed points of (2.64) to give

W

) 1
V= —TIV(I,;'”S - o (2.66)

where k; -+ k; -+ k; = 0. Hexagonal patterns clearly give the lowest value ol the

Lyapunov function close to threshold and will therelore be generically selected
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provided that ¢ # 0. 1 will discuss the special case of o = 0, after visiting the last

regime of behaviour, namely where the quadratic coefficient o is O(1).
o Ay =1, =1
In this case, the general microscopic equations read
2, U = LU + N,(U|U) + N,(U|U|U) . (2.67)

The growth rate, which is proportional to &, must again be balanced against the
leading order nonlinear contribution, which is M(U|U) in this case. The appro-
priate choice of scales is 177 = et, o = €. The asymptotic expansions take the
form

U = 5U0+€3/2U1+52U2+...
(2.68)
O = 5(?7’1 -+ 63/20]'2 + 52(?'1‘3 + ...

The operators are expanded about Ug to give

L = /:,() + EL‘,l + 52/.:2 + 0(63)
J\fl(UlU) = 62,/\[1 (UOIUO) -+ 63(N01(U0|U1) + J\fl()(Ul IUU)) + O(S“) (269)

No(U[U|U) = e3N3(Uo[Uo|Uo) + O(e") .

At first order in € the equations read

O(e) : LUy =0 (2.

o
~1
o
=

Again, the general solution is given by cquation (2.23).

At second order in ¢ the following equation arises
LoU; = —=£,Ug — 97, Uy + N, (Up|Uy) (2.71)

This can only be solved after the secular terms have been removed. The resulting

solvability condition reads

100, A = pA; + m’l}/l,‘ (2.

o
-1
o
~



where the coefficient are given by

To =< Ug,V >
p =< Liug,v > (2.73)
o= — < Ni(uglug),v >

If ¢ # 0 and is of order one, there is no sense of balance here. This equation
correctly captures the transcritical nature of the bifurcation, but it fails to saturate
at this order. Cubic saturation does not come into play until the next stage in
the solution process, and thus there can be no simultaneous balance between the
linear, quadratic and cubic terms. The amplitude at threshold will be O(1) and
the expansion it therefore invalid. In this case, weakly nonlincar analysis is not
an appropriate technique because the system is no longer weakly nonlinear close
to threshold. Which pattern is selected then? Following the arguments presented
in the previous section, one would expect hexagons to dominate, at least close to
threshold, because they define a finite amplitude state (order one in this case). [
do not know if this can be proved in a general sense, but it seems to be borne out
by experience.

FFinally, I would like to consider the case where, for some reason, the quadratic
cocelficient o is zero, even though the quadratic nonlincarity N is present. This is
true when the driving terms of equation (2.71) are automatically perpendicular to
the null-space of the adjoint. This may happen accidentally, that is, by a particular
combination of parameters, or may be forced by some general symmetry of the
governing equation. One such symmetry, immediately evident from the amplitude
equation of (2.64), is the [ollowing. If the system is invariant under inversion, that
is, A; = —A;, then o = 0. If this is the case, the appropriate choice of scales are
Ty = et and pp = €'/*. The equation at first order is the same as cever, but the

equation at sccond order reads

O(e) : LoUy + Ni(Ug|Uy) = 0 (2.74)



48

This equation, minus any resonant terms, must first be solved. A particular solu-
tion may be written as
U = uy(zk) ) AiAjelin® e e (2.75)
ij
where the parameterisation of u; by k has been explicitly included.

This particular solution of equation (2.74) contains all non-resonant compo-
nents. Not only does it include contributions away from the critical circle & # k.,
it also includes modes which lic on the critical circle, but which arc automatically
perpendicular to the null-space of the adjoint. Assume, for the moment, that this

solution may be calculated explicitly. Then the equation at third order in € reads

0(63/2) . L‘,()Ug = (?1'] U() — /.:lU() — (JV()[(UUIUI) +JV[()(U|IUO))

- JVQ(U()'U()|U0)
Once again, all secular terms must be removed, which gives rise to the following

amplitude equation (after re-scaling)
N )
T Ai = pedi = Y i AP A (2.77)
=1

where the coeflicient are as before, except the cubic coeflicients have an additional

contribution
Y = — < /\ﬁz(llu|uo|uo),v > —-< Jvon(llullln) + NMio(uy|ug),v > . (2.78)

Larlier in this chapter, much earlier in fact, I wrote down the generic amplitude
equation that described a type I instability to a state consisting of straight, parallel
rolls. Since then, I have concentrated on deriving the generic amplitude equations
describing a pattern consisting of possibly N modes. This systen is Lyapunov, and
thus the pattern with lowest energy is sclected. This is based on the assumption
that the finite band of modes excited above threshold, which I have ignored, does

not alfect the patiern selection criterion. Rather, it will govern the spatial stability
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of the selected planform. Since I am unsure as to how to proceed in general, assume
new that the selected planform consists of straight parallel rolls. As before, the
amplitude equation including the finite bandwidth effect reads

?

2k,

100 A = peA + €49, — =—02)2A — 4|A]PA (2.79)

The derivative terms may be obtained by making the scaling assumptions X =
e%z and Y = e'/1y, as discussed earlier. For convenience, assume v > 0, rescale
x by o, y by §(1,/2, t by 70/u, and A by 1/./p7. The result is
?
Ll
A simple nonlinear steady-state solution of (2.80) is

A(x) = Agexp(iqa) (2.81)

with amplitude

Ap= (e =) (2.82)

=2

Note that the roll wavenumber is now k = & X = (k. 4+ ¢) %X, and the variation ¢ in
wavenumber k is assumed to lie within the unstable band.

The stability of this solution may be tested by assuming that
A(x,t) = (Ax + ag.() exp(iQ - x) + a— (1) exp(—iQ - x)) exp(iqz) (2.83)
Replacing into the amplitude equation (2.80) and lincarising gives
day = —(p* + Ug)ag — pPaz (2.84)

where
Y i .
P=c—q° (2.85)
and

Ug = (g% Q) + Qy/2k:)" — ¢ (2.86)
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The growth rate of the perturbation is

1 .1 i/ ‘
—p" = (U +U2) £ (" + Uy = U (2.87)

0y(Q) =

and for every q, the region where 0,(Q) < 0 for all Q is known as the stability

balloon, or the “Busse” balloon.
The neutral stability curve may be recovered by setting Q = 0so that & = k.+q¢.

(2.88)

In this case

0,(Q) = —p* £

and is thus deflined by
(2.89)

e =qy = (ky — k)

This marks the onset of the nonlinear solution (2.81) and the limit of stability of

the uniform solution A = 0.

The Eckhaus stability curve, which corresponds to instability along the roll, can
be found by considering perturbations such that @, = 0. Then Uy + U_ = 2Q*
and Uy — U_ = 4¢Q,. Thus

0,(Qe) = —(e = ¢*) = Q% £ (e — ¢*)* +14°Q3)'/* (2.90)
Instability will set in il ¢* > ¢% where
0p = a5 /3 (2.91)
or in terms of the total wavenumber k
‘ ky —k)? e
(kg — k) = LY——) == (2.92)
;; !3
If ¢* > ¢i, then the fastest growing wavenumber is
(2.93)

3, U
Quax = W((l —&/3)(e +¢7)

and Quax — 0 as ¢ — g, that is, the instability occurs {irst at long wavelengths.
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Figure 2.7: Stability boundaries from the amplitude equation (2.80), showing
wavenumber k versus stress parameter €. N denotes neutral stability curve; IS
denotes Iickhaus curve; and 7 denotes Zig-Zag curve.

Finally, the Zig-Zag stability curve, which corresponds to instability perpen-
dicular to the roll, can be found by considering perturbations such that @, = 0.

Then Uy + U~ =2((¢ + Q2/2k:)* — ¢*) and Uy — U~ = 0. Thus
a)(Qy) = ¢* = (¢ + Q3/2k,)? (2.94)

Instability will set in if ¢ < 0, with fastest growing wavenumber

2
‘U max

= —2k.q (2.95)

and again Quax — 0 as ¢ — ¢z = 0, that, is, the instability again occurs first at
long wavelengths.

These stability results are summarised in Figure (2.7). In one dimension, sta-
bility ol the roll solution is limited by the Eckhaus instability which corresponds to

the growth of a perturbation along the roll. In two dimensions, the stability region



92

is further reduced by the Zig-Zag instability which corresponds to the growth of
perturbations perpendicular to the roll.

The goal of this chapter was to introduce you to the concept of patterns, and
to some of the techniques that have been developed for their study. The themes
that I have emphasised include: linear instability; basic length-scale; multiple scales
in lime and space; amplitude equations. The ideas and methods, presented here
in generality, will be applied, in chapters four and five, to a few specific pattern-
forming systems that arise in nonlinear optics. To this end, I had better tell you

(and my brother) what nonlinear optics is all about.
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Patterns in Nonlinear Optics

3.1 Introduction

The general requirements for pattern formation, presented in the last chap-
ter, include translational symmetry, reflection symmelry and possibly rolational
symmetry, symmelry-breaking bifurcation to a finite length-scale; spalial coupling;
nonlinearity; and aspect-ratio. Many physical systems possess these propertics and
satisly these requirements, and thus the ideas presented in the previous chapter
are universal in the sense that they do not depend on the specific properties of
a given system. What the previous chapter did not deal with were features that
real patterns possess or are influenced by, and in general this depends in detail on
the particular properties of the system under consideration. There are, however,
several concepts that real systems share, such as defects and boundary effects, and
[ will have the opportunity to mention these here.

If the ideas of pattern formation are universal, why bother with a chapter
on patterns in nonlincar optics? Why not concentrate on studying model systems
and model equations, ad nauseum? Why has pattern formation in nonlinear optics
been receiving more and more attention in the past couple of years? There are, of
course, a plethora of answers to these simple questions, depending on who you ask.
Personally speaking (and that is all 1 can do), there are several advantages and
disadvantages to addressing the question of pattern formation in a rcal physical
context. [ will begin with one of the disadvantages, which is that it can become
very difficult to disseminate one’s results and decide which system property is
producing which effect. This is the advantage of model systems and equations,

which are built in block-form to reproduce the various ellects that real systems



exhibit. Adding new terms to existing model equations has become an industry in
itself because, as one might expect, every addition reveals an ever deeper, possibly
more complex, layer of behaviour. Perhaps one of the greatest advantages ol
modeling real systems as opposed to model systems lies in the fact that the real
world can conjure up many more variations, modifications and scenarios than the
theoretical scientist can. This is particularly true in nonlinear optics, because the
field is driven by the promise of applications and devices.

Nonlinear optics, which might be defined as the study ol the interaction of
intense light with matter, was born with the invention of the laser in the 1960’s.
To be more precise, nonlinear optics requires light which is intense enough to
exploit the inherent nonlinearity of matter. When the laser was invented, such
interactions required large intensities, but nowadays systems with such high degrees
of nonlinearity are being used and have only modest, power requirements. Perhaps
the day will arrive when we can sit at home, get out our flashlight, a couple of

lenses and a little black box of nonlincarity, and watch patterns form on the walls.

It

—

a sense, nonlinear optics is no diflerent from any other pattern-forming sys-
tem. The incestuous coupling between matter and light provides nonlinearity, while
spatial coupling is provided by diffraction, which describes the natural desire of
light to spread. In convection problems, patterns are formed by the sell-interaction
of fluid under heating, while in nonlinear optics, patterns are formed by the inter-
action of laser beams with nonlinear media. In the previous chapter, I made the
assumption that the pattern would form from an initially uniform state, and given
this initial flat state, I introduced the concept of aspect-ratio, which relates the
extent of the transverse domain to the critical wavelength of the pattern-forming
instability. In nonlincar optics, the laser beam provides a “piggy-back”™ for the
pattern, and is certainly not a uniform planc-wave (k = 0). In fact, typical lasers

can operate with a variety ol transverse profiles, and often times the beam is Gaus-



sian. This immediately leads to finite-beam effects, which may be equivalent to
having a stress parameter profile. If the Gaussian beam is very wide with respect
to the pattern-forming wavelength, then locally it is approximately translationally
invariant, and the ideas of the previous chapter may be applied. In general, the
Gaussian beam can only be considered to possess rotational and reflection sym-
metry, and pattern selection is dictated by the breaking ol these symmetries, as
opposed to the breaking of the translational symmetry of a flat, uniform state. If
the beam tapers off gradually then it can display coexistence of different patterns
which should exist and be stable at diflerent values of the stress parameter.

In this dissertation, I am going to concentrate wholly on pattern formation
in passive nonlinear optical systems. The definition of passive is casy: a passive
system is a system that is not active. Though there is no absolute definition of
passive systems or active systems, examples of active systems include lasers and
amplifiers, where the medium is in an “inverted” state and the ficlds are seeded
by the process of spontaneous emission. On the other hand, in passive systems,
the medium plays the role ol intermediary, allowing for the exchange of energy

between fields, and may absorb some in the process.

3.2 Review of pattern formation in passive nonlinear op-
tical systems

Pattern formation in nonlinear optical systems has attracted so much atten-
tion in the last few years that there have alrcady been several reviews written on
the subject. Most of the carly work (pre-1990) on transverse effects in nonlincar
optical systems was reviewed by N. B. Abraham and W. J. IMirth in a special is-
sue for the Jouwrnal of the Oplical Sociely of America (JOSA B) [18], which also
contains a large number ol original papers. The most current review of nonlincar

optical systems is due to appear as a special issue ol Chaos, Solilons and IFrac-



tals, edited by L. A. Lugiato [19]. In the interim, the subject has been a topic of
many conferences (and presumably many theses), and the subject of the forty-first
Scottish universities summer school in physics was Nonlinear dynamics and spatial
complexity in optical systems [21]. It is appropriate for me to review the literature
on patterns in nonlinear optics, but this is not meant to be definitive nor complete
(I will leave such reviews to those with far greater experience). I will concentrate
entirely on passive systems and, in particular, only on those passive systems which
are relevant to this dissertation. This should present a fairly complete review of the
experimental results which have been reported in the literature (there just aren’t
that many), but will only include a limited number of the theoretical papers. By
the time you read this (whoever you are), this will already be hopelessly out of
date because there are quite a number of papers, both experimental and theoreti-
cal, which are in the process of being published. Still, it will help to set the stage

for the theoretical work in chapters four and five.

3.2.1 Experimental papers

In the context ol passive systems, the experiments of Grynberg el. al. [22]
on counterpropagating laser beams in Sodium vapour (published in 1988) was the
spark that set fire to the relatively new field of pattern formation in noulinear
optics. They (meaning the authors of that paper) reported the observation of
a transverse instability when two counterpropagating laser beams interact with
an atomic vapour, namely Sodium. The laser was pulsed (pulse-width ~ 0.5ps),
and detuned on the self-focusing side of the D2 resonance line of Sodium. The
instability, which preserved the polarisation state of the input beams, appeared
as a conical emission around the pump beams axis, and corresponded to a ring
in the far field with emission angle ~ 7 x 107 radians. They also obscrved the
break-up of this ring (under which conditions is not clear) into a set ol six coherent

beams that formed a hexagon in the far field. The ring was also shown to break-



up into two spots symmetric with respect to the pump beams, when one of the
pump beams was tilted at a slight angle (~ 107 radians) with respect to the
other. Whether or not the hexagonal far field emission corresponded to a near
field array of hexagons, or whether the two-spot far field emission corresponded to
near field rolls is unknown because no near field images were shown (if they were
even obtained), nor was the beam width given. It is most probable, however, that
the beam widths were only wide enough to accommodate a few spots and thus
pattern selection would likely have been determined by boundary eflects, but this
is all conjecture on my part.

Another experiment which demonstrated pattern formation was published by
A. L. Gaeta el. al. [23] in 1989. Using a pulsed laser source, they show the
formation of far field hexagons using counterpropagating laser becams in a cell
containing CS;. This experiment is rarcly cited in the literature, because the
mechanism responsible for the instability is Stimulated Brillouin Scattering which
couples the electric fields to an acoustic wave in the medium through the process
of electrostriction. In the same year, J. Pender and L. Hesselink [24] reported on
a new type of conical emission when laser beams interact with a sodium-sceded
flame. They found a far ficld ring when the flame was excited by cither a single
pump, or a double pump, tuned close to the D2 resonance line (589 nm). The laser
was pulsed (pulse-width ~ 3.5 ns), and was weakly focused to a beam width of
4mm. The ring appeared at an angle of about 1° and a quick calculation reveals a
critical wavelength of ~ 0.03 mm (k. = ko/0). If this far field ring was evidence of
pattern formation in the near field then there may have been room on the beam
for a decent number of spots.

In the following year (1990), J. Pender and L. Hesselink [25] reported on a set
of follow-up experiments, where they again used cither a single pump beam or two

counterpropagating pump beams, tuned close to the D2 resonance line of Sodium.
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The laser was pulsed (pulse width ~ 3.5 ns), and the instability preserved the
polarisation state of the input beams. Their far field emission ring (~ 1°) would
break into an hexagon when either a weak probe was directed into the flame at the
angle of the ring, or spurious reflections in the flame were present. They observed
this phenomenon on both sides of resonance, and with either single or double pump
beams, though they did report that the hexagon was sharpest for the double pump
beam experiment on the self-focusing side. As in their previous experiment, the
beam width was dmm and it is likely that they had enough room on the beam to
accommodate a large number of spots.

In a not too-dissimilar experiment, D. Gauthier et. «l. [26] (1990) reported
the observation of an instability due to counterpropagating laser beams in Sodium
vapour (a follow-up to an carlier experiment in 1988 by D. J. Gauthier, M. S.
Malcuit and R. W. Boyd [44]). In contrast to the experiment of Pender and
Hesselink, they used cw beams (beam width ~ 0.55 mm) and the instability in this
case appeared in the orthogonal polarisation to the pump beams. For detunings
close to the DI resonance, they showed a four-lobed structure in the far field,
though they were mostly interested in demonstrating bistability in this system.
They did not report on the emission angle and showed only far field patterns.
In the same year, M. Kreuzer, W. Balzer and T. Tschudi [28] reported on the
formation of spatial structures in an optical system containing a nematic liquid
crystal as the nonlincar element. They demonstrate a sequence of metastable
patterns, which usually end up in a state with six-fold symmetry. This experiment,
is somewhat different {rom the ones discussed above, because it was performed in
a Ilabry-Perot resonator cavity. As such, it is not clear to me il the images they
show are a result of spontancous symmetry breaking of the laser beam or if the
transverse cavity modes become involved. The system was, however, operating in

a bistable regime, similar to the experiment ol Gauthier ef. al. [26].
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Interpretation of these early reports on pattern formation is rather difficult
because the authors were mainly interested in displaying novel, nonlinear optical
phenomena, and interest in patterns was secondary. As a result, important physical
parameters were not always reported, for example, beam width or emission angle.
These two physical characteristics are important because the ratio of beam width to
spatial pattern scale (defined by the emission angle) defines the aspect-ratio of the
system. When these characteristics were reported, however, the ratio of beam size
to spatial pattern scale was in general only large enough to accommodate a small
number of spots on the beam, that is, small aspect-ratio systems, and thus pattern
formation was more than likely governed by finite-beam eflects. This is certainly
true in the experiments ol A. Petrossian el. al. [29], who reported in 1992 on
pattern formation for counterpropagating laser beams in Rubidium vapour. This
was the first paper to really devote itself to a careful investigation of patterns,
and the authors presented bifurcation diagrams summarising the observations as
a function of both laser frequency and intensity. The instability was studied using
cw laser beams tuned nearly resonant with the 55;/, — 5P/, transition of atomic
Rubidium, and the emission was observed in the orthogonal polarisation to the
pump becams. Depending on laser intensity and frequency, a variety of patterns
were observed including rings, hexagons, rolls and a “242” spot configuration.
Near field pictures were also presented, and show quite clearly that the system was
“small”, with about nine spots for the hexagonal case, and five rolls. They did
not show near field pictures of the “242” spot configuration, but suggested at a
conference [30] that this did not correspond to a square pattern because there was
no phase correlation between the two sets of spots. They also point out that the
far field was often much more clearly delined than the near field, and suggest that
this might be due to rapid evolution of the phase.

One of the major difficultics encountered in the first experiments was providing
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a wide enough beam to support a large number of near field spots. The limiting
factor was the power that could be supplied by the laser beam versus the nonlinear-
ity that could be provided by the material. In the case of counterpropagating laser
beams this was particularly restrictive. A [urther difficulty was the experiment
itsell, which was complicated to model and interpret. This lead to both theoreti-
cal work and experimental work on a less complicated system, namely an optical
feedback mirror system, which consisted of a pump beam propagating through a
thin slice of nonlinear material, and a single feedback mirror. The first report of
an experiment on such a system also appeared in 1992 by R. Macdonald and H.
J. Eichler [31], their nonlincar element being an hybridly-aligned nematic liquid
crystal. They reported the observation of hexagons in both the near field and
far field. Unfortunately, the authors were limited to a beam width of 2mm, in a
system with critical wavelength ~ 0.4mm, and therefore the number of spots was
again very small.

In the following year (1993) there were more reports of pattern formation in
optical feedback mirror experiments. M. Tamburrini c¢f. «l. [32] performed an
experiment using a cw laser beam propagating through a thin homeotropically-
aligned liquid crystal film in the presence of a single feedback mirror. Hexagonal
patterns were reported, with measurements in both the near field and the far
field. Typical transients would last about one minute, and the resulting patterns
would remain stable for several hours afterward. The hexagons were stable up to
20% above threshold, alter which penta-hepta delects were observed and then an
apparently chaotic pattern. Again the beam width to pattern wavelength ratio was
such that the beam could only accommodate up to about a dozen spots. In a follow-
up experiment, I. Ciaramella, M. Tamburrini and . Santamato [33] reported
on hexagonal pattern formation when the single feedback mirror of the above

experiment, was replaced with a “virtual” mirror, thus simulating a “negative”
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mirror-to-cell distance. They observed steady-state hexagonal pattern formation,
after initial transients lasting about thirty seconds, for laser intensities larger than
some threshold value, and also report that no stationary state is reached when the
system is stressed about 20 % above threshold.

In another experiment using a liquid crystal light valve under optical feedback,
I5. Pampaloni, S. Residori and . T. Arecchi [34] reported on experimental evidence
of the transition between hexagons and rolls (see chapter two and S. Ciliberto el.
al. [16]). They show both near field and far field pictures of patterns consisting of
rolls and of hexagons. In particular, they demonstrate how the finite-width of the
Gaussian beam manifests itsell by showing a near field picture consisting of rolls
in the central portion of the beam, and hexagons on the trailing edge where the
“stress parameter” is not as large. They also show both “positive” and “negative”
hexagons, the latter being obtained by a 180° image rotation within the [eedback
loop.

Still in 1993, there appeared the first report of pattern formation using beams
wide enough so that the system could be said to be large aspect-ratio. B. Thiiring,
R. Neubecker and T. Tschudi [35] reported on their experiment using a liquid
crystal light valve system under optical feedback. Though their liquid crystal light
valve system is an hybrid device, it provides an eflective optical Kerr nonlinearity
with a very large coeflicient of nonlinearity. In one experiment, using a beam width
of only 4mm they observed hexagonal structures consisting of only a small number
of spots which, when pumped harder, gave way to optical turbulence or meltiny.
In another experiment using a 15mm beam, they show a beautiful near field image
of their beam with a central region consisting of about, one hundred spots arranged
in an hexagonal array (which looks equilateral to me), surrounded by rolls which
taper off and disappear at the edge of the beam. Interestingly, in some places they

disappear parallel to the beam edge while in others it looks as though they fade
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tiotemporal instabilities in a Fabry-Perot resonator filled with Sodium vapour, but
I find their paper too confusing for me to make any sense of it.

In this last year (1994), the reports of pattern formation in passive nonlinear
optical systems has continued. I*. T. Arecchi, A. V. Larichev and M. A. Vorontsov
[39] gave experimental evidence for polygon-type patterns in an optical feedback
system consisting of a nonlinear resonator and a liquid crystal light valve. Ior
a small beam they obscrved patterns that were composed of a small number of
spots arranged on the beam in the form of a polygon. When they opened the
aperture up, however, they found a beautiful example of rolls exhibiting a large
number of defect structures. In this system, the rolls were normal to the boundary,
but they only showed one tantalising picture ol pattern formation in this regime.
In a follow-up paper, I&. Pampaloni el. al. [10] gave more details on boundary-
induced optical pattern formation, showing the formation of polygonal patterns
with symmetry determined by the aperture width.

More recently, G. Grynberg, A. Maitre and A. Petrossian [41] reported on
the generation of cross-polarised flowerlike patterns generated by a laser beam
transmitted through a cell of rubidium atoms with a single feedback mirror. They
showed pictures of {lowerlike structures composed of varying number of petals,
and suggest that pattern selection in this system is associated with the strong
saturation of nonlinearity. I am not able to comment on this because [ don’t know
enough aboul this optical pumping nonlinearity, but it is certain to lead to further

investigation and experiments.

3.2.2 Theoretical papers

In contrast to the experimental results that have been reported to date, there
is no shortage of theoretical papers on the subject of pattern formation in passive
systems. Tor the remainder of this review section, I will present a briel overview

of the papers that have dealt with three of the most popular systems: a nonlincar
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medium interacting with counterpropagating laser beams; a thin nonlinear medium
with feedback mirror; and a cavity containing a nonlinear medium. In particular,
[ will concentrate on papers which deal with transverse instabilities in the planc
(x) perpendicular to the direction of propagation (z). Many papers have appeared
dealing with analogous instabilities in the time domain, but [ won’t deal with those

here.
Counterpropagating laser beams in a nonlinear medium

The considerable interest in this system over the last decade has been driven by
a number of factors. I"irstly, the interaction is conceptually very simple, yet leads
to a vast spectrum ol predictions and behaviours. Secondly, counterpropagating
waves are present in many optical or opto-electronic devices, and it is important,
to determine the stability characteristics of such devices.

Several instabilities, associated with different effects, have been predicted and
observed. The three main instability mechanisms are: instability associated with
a scalar field which is termed, somewhat misleadingly, as amplitude instability in
the literature; instability associated with the vector nature of the electric field
which is termed as polarvisation inslability, because the instability appears in the
orthogonal polarisation to the pump beams; and instability associated with the
finite response time of the medium. Most of the theoretical papers to appear
have been devoted to the study of scalar ficlds in instantancous media, and I will
concentrate on these here. Most of the carly work, however, revolved around plane-
wave instabilities (I = 0) due to the vector nature of the field or the finite response
time of the medinm. For example, plane-wave instabilities were predicted in 1984
by Y. Silverberg and [. Bar-Joseph [42], and were associated with the material
response time. In 1987, A. L. Gaeta ef. al. [13] showed that counterpropagating
waves in an isotropic Kerr medium should become unstable at k = 0, through

a polarisation instability (they also included the finite material response time).
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More recently, W. J. Firth and C. Penman [45] (1992) presented a detailed analysis
including both diffraction and dispersion, while a full treatment of amplitude and
polarisation instabilities (including the finite response time of the medium) was
presented by C. Penman, W. J. Iirth and C. Paré [46], and by A. L. Gaeta and
R. W. Boyd [47], both in 1993.

Concentrating now on the scalar, instantaneous case, S. N. Vlasov and V. [.
Talanov [48] (1979) were the first to perform a linear stability analysis of the
counterpropagating system, in which they predicted a finite-IX instability. The
experimental observation of hexagons by Grynberg el. al. [22] in 1988 stimulated
further interest and, shortly thercafter, several theoretical papers appeared on the
subject. The first was by G. Grynberg [19], who gave a physical explanation for
the formation of hexagonal patterns in terms of phase-matching requirements. The
other papers, one by W. J. Firth and C. Paré [50] in 1988, and the other by G.
Grynberg and J. Paye [51] in carly 1989, both showed the neutral stability curves
for this system. IFirth and Paré also presented the results of the first computer
simulations (one transverse dimension), showing Gaussian beams developing deep
spatial modulations, in accordance with the lincar stability analysis predictions.

A few years later (1990), W. J. Firth, A. itzgerald and C. Paré [52] published
a more detailed analysis of the system (including dispersion), and showed more
simulations of Gaussian beams in one transverse dimension. At the same time,
G. G. Luther and C. J. McKinstrie [53] published a paper dealing with the more
general topic of the transverse modulational instability of collinear waves, to which
the counterpropagating beam system belongs. (Sce also the Ph.D thesis ol G. G.
Luther [54].) In the same year, C. Penman, W. J. Firth and C. Paré [55] considered
the modulational instability of counterpropagating beams in a Kerr medium di-
vided into thin slices, and showed that the division of the continuous Kerr slab into

slices could lead to spurious instabilities. This has important consequences with
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respect to numerical simulations, and will be discussed in the chapter on numerical
methods. In 1992, the first report of numerical evidence for hexagonal patterns
was published by R. Chang el. al. [56]. The simulations were performed for a
self-focusing nonlinearity, and showed stable hexagonal pattern formation on the
central portion of a Gaussian beam, after an initial transitory period during which
far field ring structures were observed. They suggested that the ring emissions ol
Pender and Hesselink [24, 25], and Grynberg ef. al. [22], may have been a result
of using pulsed laser beams. Numerical simulations also revealed a penta-hepta
defect pair when the beams were slightly misaligned. Later that same year, J-Y.
Courtois and G. Grynberg [57] reduced the counterpropagating equations to a sim-
pler model, and derived amplitude equations to show analytically that hexagons
should be expected for a self-focusing Kerr medium. Their reduction, which in-
volved removing the longitudinal dependence of the fields, results in an equation
which is similar to thal relevant to propagation in a nonlinear cavily, and I will
discuss this later.

This year, J. B. Geddes ef. «al. [58] published a detailed weakly nonlincar
analysis of the [ull counterpropagating equations, predicting hexagons in a scll-
focusing medium and squares in a self-defocusing medium. This was confirmed by
computer simulation, the results of which also showed evidence of a Hopf bifurca-
tion, close to threshold, which destabilised the hexagonal pattern, and gave rise to
a dynamic interaction between the fundamental hexagon and one of its harmonics.
An explanation for this plhienomenon, in terms of a coupled amplitude model, is

due to appear as part of the upcoming special issue of Chaos, Iractals and Nalwre

[59].

Thin nonlinear medium with a feedback mirror
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The difficulties inherent in analysing the counterpropagating system motivated
W. J. Firth [60] (1990) to suggest a simpler system', one which would display
the same features as the counterpropagating system, yel be analytically tractable.
This system consists of a thin slice of Kerr medium, coupled to a single feedback
mirror. In analogy with the counterpropagating case, pattern formation arises
because the phase modulation on the beam provided by the nonlinear medium
would be converted by diffraction to amplitude modulation, and so forth. e
considered that the Kerr effect was provided by photoexcitation, with relaxation
time 7, and diffusion length [p, and showed that there would be either a static
or dynamic instability to a [inite wavenumber, depending on the ratio ol 7 to the
round-trip time 7 to the mirror.

These predictions were confirmed by simulation in 1991, where G. D’Alessandro
and W. J. Firth [61] showed hexagonal pattern formation close to the instability
threshold, and more turbulent patterns further from threshold. The following year,
the same pair [62] published a detailed weakly nonlinear analysis ol the problem,
predicting hexagonal pattern formation. They also showed the results of more nu-
merical simulations and, in particular, they carelully studied the transition {rom
stable hexagons to more turbulent states, which they describe as being states of
spatio-temporal chaos. As they increase the stress parameter, the spots which
compose the regular hexagonal pattern start to wobble, and move around. Fur-
ther [rom threshold, the spots become more free to move, and do so, yet retain
elements of an hexagonal symmetry. ISven further from threshold, the spots move
around very quickly and lose any trace of symmetry. The experimental paper of
R. Macdonald and H. Eichler [31], which appeared later that year, would seem to

provide experimental evidence lor pattern formation in this system.

e told me that he sat down one weekend, worked it all out, submitted the paper on the
monday and had it accepted by the wednesday!
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The simplicity of this system, from both an analytical and experimental view-
point encouraged further work, particularly on the effects of boundaries and finite
beams. I'. Papoll et. al. [63] studied these effects in detail, and developed a theory
based on symmetry arguments. They predict that the primary bifurcation of the
Gaussian beam is to a succession of polygonal figures, and that secondary bifurca-
tions may lead to rotating patterns, which they confirmed by numerical simulation.

These predictions were later verified experimentally by Pampaloni et. al. [40].
Patterns in a passive ring cavity

It has been known for quite some time that a nonlinear cavity driven by a
coherent input field can show a number of non-equilibrium phase transitions, in-
cluding optical bistability, and transverse pattern formation. The appearance of
the book Optical bistability: Controlling light with light, by H. M. Gibbs [64] in
1985 testified to the rapid growth of the field of optical bistability, which was
driven by its potential application to all-optical devices. As in a laser system,
many bistable devices consist of a nonlincar medium within an optical resonator,
except passive bistable devices are excited only by the incident light field. The
literature on bistability and related phenomenon is huge, and I will concentrate
only on the papers relevant to this dissertation.

The possibility of transverse instability of the internal field of a passive ring
cavity has been considered by several authors, in a few different regimes. D. W,
McLaughlin, J. V. Moloncy and A. C. Newell showed in 1985 [65] that a plane-wave
or quasi-plane-wave could become unstable to perturbations ol a finite wavelength.
This result was based on the assumption that the cavity could be described by
an infinite dimensional map of the circulating field, and was followed in 1988
by more detailed analysis by A. Quarzeddini, H. Adachihara and J. V. Moloney
[66], showing pattern formation in one transverse dimension on the surface of

a Gaussian beam. A few years later (1990), J. V. Moloney el. al. [67] extended
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their computations to include a second transverse dimension, and published a paper
showing that metastable patterns could appear across a broad laser beam. Pattern
formation in this system leads to an interaction between saturated solitary-wave
ringlike structures énd filaments.

If the evolution of the field within the cavity is very slow with respect to the
round-trip time ol the cavity, then the mean-field limit may be applied. This
amounts to assuming that the change in cach pass of the cavity is so small that
it can be averaged out and an equation for the field at the output of the cavity
can be written instead. I. A. Lugialo and R. Lelever [68] (1987) wrote down
the appropriate equation, and showed that this mean-field cavity equation could
exhibit a finite-IC instability, providing numerical evidence in one transverse dimen-
sion. In the following year, I.. A. Lugiato and C. Oldano [69] published a careful
analysis and reduction of the appropriate equations describing a cavity (ring or
FFabry-Perot) filled with two-level atoms, and showed that the equations could be
reduced to the mean-ficld cavity equation of Lugiato and Lefever.

The first paper dealing with pattern formation in the mean-field cavity model in
two transverse dimensions was published in 1992 by W. J. Iirth et. al. [72]. They
showed, by mecans of weakly nonlinecar analysis, that the uniform state becomes
unstable in a self-focusing medium to the formation of hexagons, and provided nu-
merical evidence ol hexagonal pattern formation. They also showed a penta-hepta
defect when the system is stressed further from threshold. Ior a self-defocusing
medium they suggest that because the pattern-forming instability coincides with a
bistable regime, stationary transverse patterns will not be observable because the
instability will simply drive the system from the lower branch to the upper branch.

In the above papers, the implicit assumption that the internal field in the cavity
preserves the polarisation state of the input field was made. More recently (1994),

several authors have turned their attention to the possibility of a polarisation in-
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stability in this system. A. P. Sheppard and M. Haclterman [73] have reported on
the possibility of a new class of dark circularly symmetric solitary wave solutions
in a sell-defocusing medium, which form polarisation domains. J. B. Geddes el.
al. [74] have extended the mean-field cavity model to include the [ull vector nature
of the electric field. There are now two possible sources of instability, one of which
corresponds to the scalar instability and leads to hexagonal pattern formation in a
sell-focusing medium, the other one corresponding to a polarisation instability giv-
ing rise to rolls and more exotic structures in a self-delocusing medium. Analogous
studies have been made for dispersive ring cavities [75], or [or ring interferometers
where polarisation cffects are replaced by the directions of propagation around the

cavity [76].
3.3 Derivation of model equations

The review presented above, though not complete, demonstrates that the field
ol pattern formation in nonlinear optics is very active. It is time to turn your at-
tention from this general review to a few specific systems, which will be presented
in chapters four and five. T'wo systems will be considered in some detail: counter-
propagating laser beams in a nonlinear Kerr medium and polarisation patterns in
a nonlinear cavity in the mean-field limit. Before doing so, I would like to spend
the rest of this chapter setting up the model equations in generality, discussing as
[ do so the various approximations that must be used.

As ever, the appropriate starting point is Maxwell’s equations, in the absence of
free charges, no current flows and no magnetisation. The equations for the electric

and magnetic intensity fields E and H and the clectric and magnetic induction
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fields D and B are given by,

0B
VXE——E—, V'D——O,
(3.1)
VXH:B—D, V-B=0.
ot

These equations are complemented by the following constitutive relations,
B=yuyH 6K D=c¢E+P, (3.2)

where P is the clectric polarisation and jpeg = 1/¢%.
The field equations (3.1) may be combined with the constitutive relations (3.2)
to give an equation in terms of E and P,

) | O’°E 0°P
L) DS E) = jg—— .
v ¢ JL2 V(V-E) = o ot?

(3.3)
This equation, known as the wave equation, describes the evolution of the electric
field E, and its coupling to the medium, whose propertics are captured by the
electric polarisation P.

Assume now that the polarisation P may be expanded in a power series in
terms of the electric field E, and that the polarisation at time ¢ depends only
on the instantancous value of the clectric field.? Under these assumptions, the
polarisation may be written as,

P = ¢V E4+coxP: EE+cqy®:EEE+...

(3.4)
p) + PO L PO 4

i

The constant y is known as the lincar optical susceptibility, while v and
are known as the second- and third-order nonlincar optical susceptibilities. IFor
general vector fields (Y is a second-rank tensor, v is a third-rank tensor and

so forth. In media which possess inversion symmetry (liquids, gases, amorphous

“This implies through the Kramers-Kronig relations that the medium is both lossless and
dispersionless.
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solids, and many crystals), the second-order susceptibility x(* vanishes identically.
The second-order polarisation P® will not be considered any further in this dis-
sertation.

If the electric field is centered at some frequency w, then both it and the electric

polarisation may be written as

E = Eexp(—iwl) + c.c
(3.5)
P =Pexp(—wt) + c.c.
where E and P are the electric field and electric polarisation envelopes. From now
on I will drop the™, and Il and P are understood to be the envelopes. Replacing

(3.5) into the wave equation (3.3) gives the following equation for the envelopes,

n? .0 . o

VE + = Ziw +w? |E—-V(V-E) = —pu’P® | (3.6)
¢

where the background index ol refraction ng is defined by n3 = 1 + v, Note that

this is to lowest-order in time.

Consider now an isotropic Kerr medium. The third-order nonlinear polarisation

for such a system is particularly simple, and may be written in the form [78],
(3) . (3) * B - :
PY =3ecoxiin (AE-EE + 7(E -EYE" ) (3.7)

where the coelficients A and B are given by,

(3)

3 3 ‘
A= (X(u?zz + X(lz)rz) and B = ————2’\‘,1221 , (3.8)
O NEl
X1t X111
and are related by the simple formula,
B

The 81 possibly independent elements of &) have been reduced to only three
independent elements by isotropy. For a Kerr nonlinecarity this number is reduced

3 3 . -
to two because X'(l'z)l?. = \'(“)2.2, and the coellicients A and 3 capture this ellect.
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The values of A and B depend on the specific physics being considered: A = 1/4,
B = 3/2 for molecular orientation; A = 2/3, B = 2/3 for nonresonant electronic
response; A =1, B = 0 for electrostriction.

The wave equation for a field centered at frequency w, in the presence of an
isotropic Kerr nonlinearity, is therefore

2
V2E+ 710 97w0—),+w2 E-V(V.-E)=

(3.10)

3‘0 \11)1

(1(13 E*)E+ (E E)E)

2
This is a [ull vector equation in three-space (x,z) and is rather difficult to solve,
so some approximations are in order.

Assuming that the ficld E propagates mostly along the z-axis, one can make
a systemalic scaling ol the transverse and longitudinal directions, in powers ol
the beam waist ol the ficld and the diffraction length respectively. M. Lax, W.
II. Louisell and W. B. McKnight [79] showed that to lowest order the field
purely transverse and that the term V(V - E) can be ignored. The first-order
correction to this is a longitudinal component to the field. T will use the zeroth-
order approximation throughout, though it should be borne in mind that any
transverse instability will necessarily introduce a component of the field which is
not, parallel to the z-axis. Still, the paraxial approximation will be effective as long
as this angle is “small”

Under this approximation, the wave equation (3.10) becomes

f) Ix ‘ Y 3
v E + U A),wi + w'l E — _.jw"'/\/(“)“
ol ¢?

3

<A(E-E )E + - (E- 13)13) (B

This equation forms the basis for both models that will be considered in this disser-
tation, and is valid under all of the conditions and assumptions that I have made

so far, that is: lossless and dispersionless media; instantancous material response;






with wavenumber kg = wny/c. The left-hand side of equation (3.11) becomes,

2 Ja
( zwzn 0_1 + V2 I+ H,/bo_a_) exp(ikoz)
n? or 2 Ot 9=
VB 4 Qv tetE) =4 4 (3.13)
2iwn} 0B OB .
( T + V2 B — 2iky ()z) exp(—ikoz) ,

where V2 is the Laplacian operator in the transverse plane x, that is, V4 = 92403
To obtain this equation, the counterpropagating ficlds [ and B are both assumed
to be slowly varying in z so that the second-order derivative terms in z may be

ignored. This approximation is valid whenever
o*r or 9*B oB
'0o——1| and & |ho—==] . 3.14
2, ,a~ | | 0 a:, ( )
Since the fields are scalar, the driving terms on the right-hand-side of equation
(3.11) collapse to the usual scalar Kerr term, [£]*/2. For the counterpropagating

fields of equation (3.12), this takes the form
|E[PE = (FF"+ BB" + I'B~e**” + BIme %07 )(['e™® 4 Bemho7) - (3.15)

Notice that the lorm of the nonlinearity has lead to driving terms at £2iky.
These are known as “grating terms” because they arise from the short, wavelength
(~ 7/ko) index grating that is sct-up by standing-wave interference of the coun-
terpropagating fields [ and B. These gratings will only exist if the material
diffusion length {p is short enough to permit their lormation, otherwise they may
be “washed-out”. To make allowance for this possibility, I will multiply them by a
factor o = 1/(1 4 4k3l3), which may take on values between 0 and | (il kylp < 1
then o — 1, while if kolp > 1, b — 0) [46]. The nonlinear term of equation (3.15)

becomes,

(L") + (L + )| BJ*) IF exp(ikoz)
EFE =y + (3.16)
(B + (1 + W) EF*) Bexp(—ikoz) .
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Note that this is obtained by projecting the nonlinear terms of equation (3.15) onto
exp(+ikoz). The terms at exp(£3ikoz) project to zero because they have rapidly
varying phase compared to the terms at +£¢. Replacing both equation (3.13) and
equation (3.16) into equation (3.12) gives the following coupled evolution equations

for the counterpropagating fields I and B:

no or  or 2 3/\0,\1111 2 4 2\ 7
= — h ’
000 1O = iR+ 2 g 1y i)
(3.17)
ngdB 0B 3/v0\1111 2 2
22— V B +i—————(|B L+ W)|F|9)B
S o 2Ao timg e (B L+ IFT)
The dimensionless form of equation (3.17) is more convenient and reads
r ' .
aa_tJr %_ = AVAE £iD(|F]? + G|B)F
" (3.18)
B 0B e . .
%T“ = = igVAB+iD(IB+GIPP)B,

where z has been scaled to the slab thickness L, and / to the transit time noL/ec.
The diffraction parameter 8 = L/2kowd, where wy represents some characteris-
tic scale in the transverse direction. The control parameter D scales Kerr eflect
(3/\'0,\/(1::)“/'277,8), slab thickness, and field amplitude into a single parameter ol non-
linearity, such that a single field of unit amplitude expericnces a sell-phase shift
of D radians in traversing the slab. Il the medium is self-focusing (,\’(13,)“ > 0)
then D > 0, while if the medium is sell-defocusing (,\/ﬁ)“ < 0) then D < 0. The
remaining parameter, ¢ = | + &, relates the sell- and cross-phase modulations.
Physically, G takes values between | and 2, but all real values can be analysed in

a single [ramework. Equation (3.18), along with the boundary conditions,
F(x,z=—=1/2,1) = I'y(x,1) and B(x,z = +1/2,1) = Bo(x, 1), (3.19)

lorms the model system for counterpropagating waves in a nonlinear Kerr slab,

and will be studied in chapter four.
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where T' and R are the transmission coelficient and reflection coefficient of the
mirror respectively. The parameter & is the cavity detuning parameter, which
accounts for the detuning between the circulating cavity field and the ncarest
longitudinal cavity mode.

One may expand the field E in terms of the emptly cavity modes exp(ik,, =),
kn, = 2rm/L, and derive coupled mode equations. In the single longitudinal
mode approximation, only the mode nearest the field [requency w is retained, and
the equations are projected onto this mode. TFor the ring-cavity this amounts to
assuming that the dominant dependence in the z-direction is of the form exp(¢k.z).
In the mean field limit, any further dependence of the field E on z is removed, and
an equation including only spatial and temporal derivatives may be derived. The
generalisation of the mean-field model of Lugiato and Lefever reads

oE

a

B

= —(1 +ig0)E + E; + iaV2E + iy (A(E "E)E+ (B E)E") (3.21)

where 0 is the cavity detuning parameter, ¢ measures the relative strength of trans-
verse diffraction, and 5 = +1(—1) indicates self-locusing (sell-defocusing). This
forms the basis of the model that will be used in chapter five to investigate polarisa-
tion patterns in a nonlincar cavity. As mentioned earlier, this mean-field model of
a nonlinear cavity may be identified [72] with a model [or the counterpropagating

beam system proposed by Courtois and Grynberg [57)].
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Patterns due to Counterpropagating
Laser Beams

4.1 Introduction

Many nonlinear optical systems incorporate counterpropagating beams, espe-
cially those based on Fabry-Perot etalons, as are most lasers and bistable devices.
As discussed in the previous chapter, counterpropagating beams may become un-
stable even in the absence of a cavity. The scalar instability (fields preserve initial
polarisation state) was observed and studied experimentally in Sodium vapour by
Grynberg el. al. [22] and by Pender and Hesselink {24, 25], with obscrvations
of hexagons in self-focusing media. Experimental observations of the polarisation
instability were reported by Gauthier el. al. [26], who showed a far field [our-lobed
structure, obtained in an experiment using Sodium vapour, while Petrossian ¢f. al.
reported on rings, rolls, liexagons and a “24-2” spot configuration in an experiment
using Rubidium vapour.

In parallel with the above experiments, analytical and computer investigations
[19, 50, 51, 52, 56, 57, 45] ol appropriate models lent credence to the hypothesis
that these patterns could be ascribed to sell- and cross-phase modulations of the
counterpropagating ficlds. Analytical results, in the lincar limit, gave thresholds

and characteristic length scales in acceptable agreement with the experiments,
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while simulations in both one [52] and two [56] transverse dimensions confirmed
the linear analysis, and suggested that hexagonal patterns are indeed the natural
[ormation, at least [or self-focusing media.

In this chapter, I am going to devo‘te myself to the study of the scalar instabil-
ity due to counterpropagating laser beams (of equal intensity) in an instantaneous,
nonlinear Kerr medium. By reformulating the previous linear analysis of this sys-
tem [48, 49, 50, 51, 52], I will show that two different pattern-forming modes exist,
indeed co-exist, in this system, and that the system may become unstable to one
or other of these modes, depending on the system parameters. Then, by means
of weakly nonlinear analysis, I will prove that the quadratic coelficient responsible
for hexagonal pattern formation (discussed at length in chapter two) is non-zero
for one of these modes, and identically vanishes for the other. In particular, it
is non-zero for a self-focusing medium, and hexagons would be expected in this
case, and vanishes lor a sell-defocusing medium if short-period index gratings are
present. For the case of a self-defocusing medium, [urther analysis suggests that
almost square patterns might be expected, but the amplitude expansion fails to
saturate at cubic order, and thus nothing further can be said on paper. Saturation
at quintic order is found numerically however, and simulations in two transverse
dimensions give rise to patterns with square symmetry. Chang et. «l. [56] have
alrcady presented numerical results for counterpropagating Gaussian beams in a
sell-focusing medium, but [ will present numerical results using plane-wave fields
and show that in a sclf-locusing medium, the fundamental hexagon may destabilise
(even below threshold) via a Hopl bifurcation, leading to a dynamically exchange of
encrgy between the fundamental hexagon and another, harmonic, hexagon mode.
I'inally, I will present analytical evidence to show that such a scenario can be antici-
pated whenever the harmonic hexagon is weakly damped. This type ol interaction

is similar to phenomena that have recently been observed in chemical patterns
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parameter. The control parameter D scales Kerr effect, slab thickness, and field
amplitude into a single parameter of nonlincarity while the grating parameter G,
which relates the sell- and cross-phase modulations, takes physical values between
1 and 2, but I will analyse all real values in a single framework.

Boundary conditions are all-important in this problem: I assume that the slab is

irradiated from each side by constant input beams, so that the boundary conditions

read:
F(x,z = -%,l) = [p(x) ,
v (4.2)
B(x,z = +%,l) = By(x) .

Stability of any solution pair F, B is then a boundary value problem, not an eigen-
value problem: it requires that all solutions of the linearised equations consistent
with the boundary conditions must be damped in time. This is in marked con-
trast to related propagation problems [81], where stability merely requires that all
cigenvalues of the perturbation matrix have negative real parts.

The counterpropagating fields propagate along separate characteristics, namely,
I propagates along 1 + z, while B propagates along ¢t — z. The invariance of the
model equations (4.1) under phase rotations ol either I or B gives rise to the

following conservation laws for the fields along their respective characteristics:
(O +0.)<|FI*>= (0 —0.)<|B*>= 0 (4.3)

where the <> brackets denote either an integral or an average over transverse
coordinates, while the derivatives are along the characteristics.

For the rest of this chapter I will assume that the input beams are plane-
waves, that is, they are independent of transverse coordinate x. These plane-waves
constitute the uniform equilibrium state that was discussed in chapter two. The

conservation laws (4.3) give rise to the following simple zero-order homogencous
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solution,

Fifz) = Fo(—g)exp (iD(1+ G)(= 4 5))
(4.4)
Bolz) = Bo(—{—%)exp (w(l + G)(é - z)> .
In the analysis and numerical investigations I adopt a scaling such that the input
amplitude is unity and vary D, which is equivalent to varying the input intensity
(or indeed the slab thickness or Kerr coeflicient). Because of the conservation laws
(4.3) and the absence of reflections, instability in this system arises through spatial
redistribution of the optical energy as it traverses the slab due to cross- and self-
phase modulation. This redistribution involves all three spatial dimensions in an
essential way.

[t is the linear, and nonlinear, stability of the unilorm solution (4.4) which I
am going to consider in the following sections. In order to do so I make a change
of variables to a basis most convenient to display the structure and symmetries of
the problem. First set

r=1(l+17),

(4.5)
B = Byl +0b),
along with the boundary conditions,
1
[(z= ’"5) =0,
(4.6)
1
1)(3 = +3) = O .
On replacing (4.5) into (4.1), the following coupled equations arise:
(@ +0) = BV HiD(([+ 7+ 1P) + G+ b+ 13 (1+ 1)
(1.7)

(0 — 0)b = i3V + il)(G’(‘/' + P+ b+ 6"+ |b|2)>(l +b) .
By an appropriate choice of basis, these coupled equations can be written in the

form of the general system that was introduced in chapter two. The basis that is
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most convenient for analytical work consists of linear combinations of f, f*, b, 6%,

and is given by,
[+ =(+07)
v —i([ = [+ (b—b)) .
= = ' ; . 4.8
U <W> S+ 40+ 0%) (4.8)
=i(f = = (b= 7))
Under this transformation, the governing equations (4.7) may be written in the

form,

JO,U + LU = DN, (U|U) + DA,(U[U[U), (.9)

with boundary conditions given by,

1

Vix,z = —;)-{—W(X,z: —é) =0,
) } (4.10)
1 l

W(x,z = 5) -V(x,z = +;) =0.

The detailed form of the operators in (4.9) are shown in Appendix A. The linear
operator £ = 0. — M, M being a matrix which depends on V2, D and G. As
such, £ is a linear operator that possesses translational, rotational and rellection
symmetry in the transverse plane x. The nonlinear operators are of the order
indicated by their arguments, that is, NV} is quadratic while My is cubic. The

matrix J arises from the counterpropagating nature of the fields.
4.3 Linear analysis

In this section we will review the linear stability analysis of (4.9), and present
new results which turn out to play an important role in deciding which plan-
forms our nonlinear system may select. 1t has previously been shown [52] that, in
most parameter regimes, the equilibrium plane-wave state becomes unstable, on
increasing | D], to a transverse perturbation with finite wavenumber, a precursor
for pattern formation. The resulting instability is stationary in the sense that

its temporal frequency is zero. For sell-locusing media (D > 0), all values of (¢



(G # 0) result in such an instability. For sell-defocusing media (D < 0) however,
there is a set of G for which the equilibrium solution first becomes unstable to a
short-wavelength perturbation, which actually coincides with the phase-conjugate
oscillation (PCO) limit [52] of this system. We will only consider values of G' for

which this is not the case.

4.3.1 Linear equations

The linearised equations are obtained by dropping all nonlinear terms in (4.9)
to give

JOU+ LU =0 (4.11)

We look for solutions of the form
U(x,z,t) =u(z)exp(tk-x+Al) , A=0+iw (4.12)
which must satisly the boundary conditions
1 ! 1 ‘
v(z=—§)+w(z=—§):0 , W(:=§)—v(z=~)=() (4.13)

Several authors have previously analysed this problem in great detail [48, 50, 52,
45, 53]. The threshold for instability of the homogeneous solution (4.4) is obtained
by setting ¢ = 0. When the input beams are of equal intensity, the lowest threshold
for instability corresponds to a static instability where w = 0. The instability may
become oscillatory when the pumps are detuned (in amplitude) from one another,
and this case has been considered previously [15, 53]. Here we only consider the
case of equal pump intensities. In this regime we may set w = 0, in which case the
linear equations (4.11) decouple into the form

. N Al M0 . 0 Bk? L
d.u(z) = Mu(z) M_[ 0 Mz} , A[J_[-—'z/vf/ﬁlfz 0 ] L i=1,2
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where ¥? = BEY(BE* + 2D(G — 1)) and 2 = BE*(Bk* — 2D(G + 1)). Notice that

1y or P, may be imaginary. Solutions to this system are of the form

1 1 exp(My(z + 1 0
u(z) = exp(M(z + '2"))‘1(_’5) = M ](g ) exp(Ma(z +

where the ofl-diagonal nature of M; makes explicit exponentiation straight-forward
(see Appendix A):

Bik?
cos(1;z) ?/Tsm('z/)jz)
exp(M;z) = J (4.16)

—ﬁii—? sin(¢;z)  cos(v;z)

On applying the boundary conditions we find that

: l
(exp(My) + exp(Mz))v(—5) =0 (4.17)

Non-trivial solutions exist when det(exp(M,) + exp(M,)) = 0. From Eq. (4.16)
this condition is given by

('I/)l + '/)2

24 2 cos(4hr) cos(vh2) + 7[,— i
2 ’

—)sin(1hy) sin(ihe) = 0 (4.18)
which agrees with previous analysis of this system [52].

4.3.2 Threshold curves

The threshold curves for onset of stationary instability arc given by the solu-
tions of (4.18). To generate neutral stability curves in the Bk* — D planc we choose
a value of k% and find the value of D which solves equation (4.18) for a given value
of (. Due to the transcendental nature of (4.18) we find that there are an infinite
number of neutral stability curves. These curves however split into two groups

because (4.18) may be factorised to give

Hy Iy =0 (1.19)
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Figure 4.2: Threshold intensity for self-focusing (D > 0) and self-defocusing media
(D < 0). The solid lines represent neutral curves defined by H, = 0 while the
dashed lines represent those defined by H, = 0.

where the function H,; is defined by
Hi(p?,2) = %sin(-z/)l/fl) sin(a/2) + cos(1/2) cos(p2/2) (4.20)
o

and Ha(¢3,93) = I (3,47). A group of threshold curves are defined by H; = 0
with the other group of curves defined by s = 0, and they must cross when
Hy = Hy = 0. In Figure (4.2) we plot against k? the lowest value of | D] for which
I1; = 0 and the lowest value of |D| for which Hy = 0, for the key cases of G = 1,2.
The threshold diverges as & — 0, while for large & we find that |DG| — 7/2, which
is equivalent to the standard PCO limit.

As | D| is increased, the system becomes unstable on crossing the lowest curve.
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Instability will therefore occur at the & value that has the lowest value of |D|. We
denote this point in the fk? — D plane as the critical point and label it (842, D.).
Note that in three of the four cases illustrated this value of &. is that of the first
minimum. In the fourth case (D < 0, GG = 1) the lowest threshold occurs in the
large-k domain, and is exactly the PCO limit. As mentioned earlier this case, and
any like it, will not be considered further.

One of the reasons [or considering all real values of GG is that the analysis for
negative G presents no new difficulties. In fact the results are almost identical and
yet the differences are very important. Notice that G — —G = ¥? — 2. Since
i — 3 = H; — H the threshold curves are identical, except that any curve
defined by H; = 0 for positive G will be delined by H, = 0 for negative ¢, and
vice versa.

The crossing points occur when Hy = H; = 0. The difference, Hy — Ho, is given
by

Hy = Hy = (2 2 n(p/2) sin(un/2) = LGBK

tha i h1apy

In general then H; = [y when one or both of the sine terms vanish. This happens

sin(1,/2) sin(1p2/2) (4.21)

if ¢; = 2mm, m=1,2,... and when this is the case
Hy = Hy = cos(tp1/2) cos(1p2/2) (4.22)

If 4; = m then H, = Hy = 0 requires that o; = (2n+ )7, ¢ # 7, n=0,1,2,... Hence
the crossing points are given when both 3, and ¥, are integer multiples ol 7, say
m, n7 where one ol the in,n must be even, the other odd. If DG > 0 then m > n
and m < n il DG < 0. The location of the (m,n) crossing point in the gk* — D
plane is given by (m > n > 0)

(m? — n*)r?

D ,
I 112

M

(m?* —n?)
|G7]

(BE*)?* = 7_%(171,2 + 1+ sgn(D)

)
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A little calculation shows that |D| is smallest for m=n+1, larger differences giving
higher-order modes. These formulae are very useful for checking the threshold
curves generated by (4.18).

We now have all the ingredients to write down the linear solution at threshold.
In particular we will be interested in the linear solution at (842, D.). Away from
the crossing points the null space (N) of (exp(My) + exp(Mz)) is one-dimensional,

and from (4.17) vectors in N are given by
sin;  siny

SRy, (4.21)
cos(1) + cos(1p2)

Using (4.24) the linear solutions are given by (4.15) and the solutions in terms of

v(—3) =

the original basis can be constructed through (4.8). These solutions are defined
at all points in the f4* — D plane which lie on a threshold curve. Determination
of the linear solution at the critical point requires that we know where the critical
point is, and in general this must be computed numerically. There are a few special
cascs, however, where the critical point and thus the linear solution at threshold
can be written down explicitly. Two such special cases can be found in a sell-
focusing medium (D > 0), and are given when G'= +1. In this case, the critical
point is defined by D, = 7 /4, and Bk? = n. For (¢ = 41 the lincar solution reads

—cos(w(z + 1/2))
si11(7r(zv+ 1/2))

u(z)=m | ) (1.25)
0
while for (¢ = —1 it is given by
—1
0

u(z) = (4.26)

cos(m(z+ 1/2))
—sin(w(z + 1/2))
Although the critical point and linear solutions must be calculated numerically for

all other points we can, however, say something in general about the symmetry of

the lincar solutions on the neutral stability curves.
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4.3.3 Symmetry of linear soclutions

The counterpropagating system (4.1) is invariant with respect to reflections
about the mid-plane z = 0. This means that the linearised version of (4.7) is
invariant under exchange of f and b while reflecting about the mid-plane. This
symmetry, although noted earlier [57], has not been taken advantage of in previous
analysis. As we pointed out earlier, away from the crossing points dim(N(exp(M;)

+ exp(Myz))) =1, which allows us to conclude that

1(%,2) = phlx,=2) , bix,2) = pf(x,—=) (1.27)

On applying this symmetry one more time we see that p = £1. In terms ol our

new basis this symmetry takes the form

u(z) = pPu(—z) , P = [(5) _OQ} , Q:h‘l H (4.28)

The possibility of having two values of p, combined with the result that the thresh-
old curves are defined by one of two factors being zero, suggests that the value of
p may depend on which ncutral curve we are on. Indeed this is the case, and we

have proved the following result (sce Appendix A)

It Hy=0 and Hy #0 then p= -1
It H,=0 and f; #0 then p=+I
Therefore the linear solutions have even symmetry (p = +1) when we cross a curve

defined by H, = 0 while they have odd symmetry (p = —1) when we cross a curve

defined by H, = 0.

4.3.4 First curve crossed

We have been able to show that the linear solutions at threshold can be charac-

terised by a symmetry involving the exchange of the counterpropagating fields. On
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one set of curves f(x,z) = b(x, —z) while on the other set f(x,z) = —b(x, —z). As
we increase our stress parameter the system first becomes unstable at (842, D,). U
we know which curve this point lies on then we immediately know about the sym-
metry of the linear solutions at the onset of instability. | It is therefore of interest
to calculate which curve we cross first. We have been able to prove the following

result for G ¢ [-1,1] (see Appendix A)
Il DG >0 then Hy — 0 first. If DG <0 then H; — 0 first. (4.29)

Thus the even mode gives the first minimum (i.e the one closest the optical axis
k = 0) for DG > 0, and the odd mode for DG < 0. Since in most cases this is
also the mode with the lowest threshold D, this has profound consequences for the

nonlinear behaviour and the pattern formation, as we will sce in the next section.

4.3.5 Adjoint solutions

Before proceeding to consider the nonlinear stability of (4.4) we calculate the
adjoint solutions of (4.11), since we will need these in the next section. If we define

the adjoint problem in the usual manner (see chapter two and [12])
<Luu!> = <u, L% > (4.30)
then integration by parts shows that u® must satisfy
L% = (9. + MYt =0 (4.31)

along with the adjoint boundary conditions
) A 2yl A A
i o w \ 179) — w oy U oY — (4 9
(s Yo+ (6 am=o. () - (19 =0 g

Again the solution to (4.31) can be explicitly calculated, and indeed a little algebra

4

reveals that it is possible to write the adjoint in terms of the lincar solutions through

ul(z) = [ ?)“ }(\) } u(—z) , K= [ (J] (l] ] (4.33)



4.4 Weakly nonlinear analysis

In the previous section we saw that there is a critical value of D, above which
the homogeneous plane-wave solution (4.4) becomes unstable to perturbations at
a finite wavenumber. Of course, due to the rotational degeneracy of the problem,
there are a continuum of such modes and in two transverse dimensions these lie
on a circle of radius k.. From a lincar point of view all of these modes are equally
favoured and the final outcome is determined by nonlinear coupling between these
modes. In many physical systems the resulting dynamics is limited to one (rolls),
two (rhombi) or three (hexagons) modes. The goal of this section is to investigate
which configuration is preferred for our system. The techniques were presented in

chapter two, but will be summarised here for completeness.
4.4.1 Theory
Our analysis is restricted to considering the possible planforms near onset where
D=D(l+¢); ek (4.34)

and we proceed by expanding the field U in an asymptotic series depending on the
stress parameter €

U(x,z,0) = Y pa(e) UM (x, 2, 1) (4.35)
=0

where the members of the series are determined by the nonlinear balances and ji4(¢)
is chosen to balance the linear growth rate with the leading nonlinear correction.
The zeroth-order solution U® is taken to be a lincar combination of the Fourier
modes which lic on the critical circle, each with their own amplitude A;
N
0 0 : ap:
U = yf W Ajexp(ik;-x) +ee) 5 |lkg] =k (4.36)
=1
where u@(z), which depends on &, is the longitudinal structure of the neutrally

stable mode. To make allowance for the slow temporal dynamics of these modes
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we allow their amplitudes to depend on multiple time scales so that
0y = edr, + e20r, + ... (4.37)

FFigure (4.2) indicates that above threshold there exists a finite bandwidth of modes
which become unstable. We may include this sideband degeneracy effect by allow-
ing the A;’s to depend on slow spatial scales X and Y but we pay the price in
that the dynamics of the A;’s are described by partial differential equations. The
advantage is that not only do we correctly capture the behaviour near D., but the
partial differential equations that the A; ’s satisly are universal, as discussed in
chapter two. At this point we are primarily interested in the existence of certain
planforms and so we may ignore the finite bandwidth effect, derive a set of ordi-
nary differential equations for the A;’s, and determine which planforms are likely.
If necessary we can then add the envelope structure which allows for transverse
modulations of the amplitudes.

Replacing (4.34), (4.35) and (4.37) into (4.9) gives rise to a set of equations
at each order in €. Ior a given value of ¢, equations for the amplitudes A; are
obtained as solvability conditions which must be applied in order to compute the
iterates UM, UM .. in the expansion (4.35). When the solvability conditions up
to third order are combined (this is the first order which may saturate) we arrive
at amplitude equations which assume the generic form

N
Tg@,/\j = /I,E/lj -+ (IA;‘A:” — Z ‘yﬂ/l[/l;‘/lj 3 J =1,...,.N (4.38)

I=1
and have been derived by many authors in a multitude of physical contexts. The
quadratic coefficient o can only be non-zero when k; -+ k; + k,, = 0 (N=3). In
rotationally degenerate problems (where the critical modes lic on a circle) this
condition may only be satisflied when cach of the three wavevectors mutually sub-
tend an angle of 27 /3, thus lorming an hexagonal planform. If ¢ is non-zero we

know that, sufliciently close to threshold, the quadratic term will initially domi-
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[Figure 4.3: Hexagon-Roll phase space, showing amplitude of roll state R and
hexagon state H as a function of the stress parameter . Solid lines denote stable
states, dashed lines denote unstable states.

nate, leading to hexagonal patterns of transcritical type. This situation is generic
in the absence of further structure or symmetry. However, a symmetry such as the
inversion symmetry A; = —A; may force ¢ = 0. The cubic ters are generically
present, with or without the inversion symmetry, and arise from interactions which
involve three-wave mixing of the lorm k; + k; — k;.

[f the quadratic coefficient is O(g'/?) then we may balance lincar, quadratic
and cubic terms by choosing A; also to be O(/?). In this case the behaviour is
captured by the bifurcation diagram [16] of chapter two (Figure (2.6)), which is
repeated here as IMigure (4.3) for completeness. For ) < ¢ < g3,1 < 0, hexagons
arc the stable state while for € > ¢3 the rolls are stable. In between, ey < ¢ < g4,
the two states may coexist. although one may invade the other.

If, on the other hand, the coeflicient o is O(1) then the suberitical solution which
balances linear and quadratic terms is unstable and there are no small amplitude

stable solutions. Nothing can rigorously be said about the final outcome, although



in many problems the hexagonal branch will turn around and become the stable
solution. Thus a hexagonal pattern is generically preferred close to threshold unless
the inversion symmetry A; — —A; is present.

Before we consider hexagons in more detail, we first look at the case of rolls
(N=1). The reason for this is two-fold. Since this calculation only involves one
mode the algebra is not too involved and we may step through it in order to
highlight certain parts of the solution process. Ior hexagons and rhombi we will not
show the details, only the final result. Furthermore, the only relevant “pattern” in
one transverse dimension is the roll and we will be able to show excellent agreement

between analysis and numerics in this case.

4.4.2 One transverse dimension

In one transverse dimension, the null space of £ is one-dimensional, so we

choose the zeroth-order solution U® to be of the form
U(U)(:IY, 2) = ul®(z; k) (A exp(iker) + c.c) (4.39)

where the roll amplitude A is determined by a nonlincar balance between linear

and cubic terms. To capture this balance we choose jig(e) = ¢'/%, jy(e) = e,
f2(g) = €%/% and so forth. We expand the operators in (4.10) in terms of ¢ (scc
Appendix A) and group the resulting terms at cach order in . At first order we

recover the lincar problem
O'?) : LOVHUO = (9. — M(V*)) U = (1.40)

which has the solution given in (4.39). Al next order we have

Oe) :  LOWVHUD = DN(UOUO)

(1.41)
= DN (uOO)(Aexp(iker) + c.c)?
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and the source terms on the right hand side generate new Fourier components at
both & = 0 and & = 2k.. We therefore seek a solution of the form

U(2,2) = ull(z;k =0)(|A]* + cc)
(4.42)
+ uM(z; k = 2k) (A% exp(2ik.) + c.c)

and for cach Tourier component u(!)(z; k) we obtain the non-homogencous bound-
ary value problem

LO%) uW(z;k) = R(2) (4.43)
where the operators are defined by

LOW%EY =0, — M(k) , R(z) = DN (u®(z; k) u®(z; k) (4.44)

The vector u)(z; k) must satisty the same boundary conditions as the linecar eigen-
vector (4.13). The solution of (4.44) can formally be written as
ul(z; k) = ./51/2 exp(M(k)(z = 2)) R(z') d='
(4.45)

4+ exp(M(k)(z+1/2)) uD(=1/2; k)
If we define the indefinite integral in (4.45) to be J(z3k) = [T, T2, T3, J4]" then

the boundary term, u¥(=1/2; k), is given by the solution of

(1)
@y (M ) = (7 )amn- (7 )omn a

The operator on the left hand side is the linear operator of equation (4.17) which
becomes singular for & = k.. lor & # k. we can invert it and obtain the boundary
term uM(—1/2; k). Thus we have completely determined u(z; &) which gives
us the solution at O(g) through (4.45). Although we can write down the formal
solution, including the exponential in (4.45), there are many details involved and in
general we calculate uM(z; &) numerically. Having solved al O(s) we now proceed

to third order, where the equations read

Oy + Jop, UW 4 £OUD = LOUO L D (N + Ng) + DNy (147)
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At this order we generate source terms at & = k. and & = 3k.. In order
to maintain an asymptotic expansion which is uniformly bounded in space, the
Iredholm alternative [12] requires that the projection of the source terms on the
null space of the adjoint £ must be zero. The only terms that may have non-zero
projection are those with critical wavenumber & = k.. There are both linear (in
A) and nonlinear (cubic) source terms at k = k.. The linear terms arise from
JOr, U and £LMU®O while the cubic terms arise from both My, Mo and Nj.

Projecting these terms against the adjoint, u?(z), leads to the result
7001, A = pA — v]A*A (4.48)

where the coellicients are given by

10 =< Jul® ut >
p=—< LOuO ut > (4.49)
v = D. < Not + Nyo + N, u?t >

Since the adjoint may be conveniently expressed in terms of the lincar solution,
the cocflicients ol the linear terms are easy to write down explicitly, and are given
by

1/2
0 =2p /1/2 (u,go)ugo) — 'ztﬁu)zzf,o)) dz

(4.50)
2 OO (), (0
= ZpDC/ ) (1 = Ghuy 'uy” — (L + Guy'uy’) dz
~1/2
On returning to unscaled units, we obtain the amplitude equation
To A = pe A —y|A*A (1.51)

If v > 0 there is a stable solution of equation (4.51), with amplitude given by
A = /pue/y. In one transverse dimension these rolls are the only possible solution
and in ligure (4.4) we plot the amplitude A obtained from (4.51) along with the
results of numerical simulations on the [ull system (4.1). We only show the result
for a self-defocusing medium with ¢ = -2, but the agreement is also excellent for

other values of ¢ in both self-focusing and self-delocusing media.
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Iigure 4.4: Roll amplitude for a self-delocusing medium (D < 0) with G = 2. The
numerical points are obtained by simulation in one transverse dimension, while the
analytical curve is obtained from equation (4.51).

4.4.3 Two transverse dimensions

We will now consider pattern formation in two transverse dimensions, where
we must examine the stability ol the roll solution to other planforms, such as
rhombi or hexagons. Since transcritical hexagons are expected to dominate, we
first determine when they are possible.

In the original basis the lincar solutions take the form

J

} (Z Ajexp(ek; - x) + c.c) (4.52)
and the amplitudes A; obey
OA; = peA; + o ATAL, + ... (1.53)

Since our linear equations are invariant under reflections aboul the mid-plane

then [b(x, —2), [(x,—=2)]" is also a solution to the lincar problem. We know that
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f(x,2) = pb(x,—z) and hence the A;’s must also obey
O A; = peAj + po ATA,, + ... (4.51)

If p = —1 then it follows that ¢ = 0, which corresponds to the case of the most
unstable mode being odd. As mentioned earlier, this is true for DG < 0 and for
a self-defocusing medium (D < 0,G > 0) the odd mode has the lowest threshold
for G >. 1.3. We are lead to the conclusion that transcritical hexagons arc not
possible in this regime, and we will consider the possibility of rhombic patterns
shortly.

FFor self-focusing media, where the most unstable mode is even, there is no
inversion symmetry and, as shown in Figure (4.5), o # 0. The corresponding values
of o for negative G are negative. Further inspection of Figure (4.5) reveals that o
is O(1) for all . As we mentioned carlicr, this neans we may not simultaneously
balance linear, quadratic and cubic terms and we can say nothing further about
hexagons, except that we expect them to be the stable solutions close to threshold,
an expectation which is borne out by the numerics, as will be shown in the next
section.

We now address the question of pattern formation in a self-defocusing medium,
where we know, [rom the discussion above, that transcritical hexagons are not
possible. If we consider solutions which consist ol a superposition of N sets of rolls
al various orientations then the following equations result (sce chapter two)

N
7'085/1,' = /LEA; — Z%J'lAJ'IZA" s 1= 1, ..,IV (‘1.5
j=1
where the constants -y;; depend on the angle between the modes k; - k; = cos ;.
If chiral symmetry holds (0 — —0) (and it does here) the cubic coefficients are
symmetric, that is, v;; = 7;;.

Consider the problem of two modes which subtend an angle 0. We can always
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Iligure 4.5: The quadratic coeflicient o as a function of (7 [or a sclf-focusing medium

(D >0). Il DG <0, then o = 0.
scale the amplitudes such that vy, = 422 = I, in which case

7'004/1] = [1,5.41 — (|/11|2 + ’)’(())l/lzlz)/ll

7—00[/12 = /LE/lQ — (l/‘glz -+ 7(())!/1]|2)/\2

The general solutions of this system were given in chapter two, but will be sum-

marised here for completeness.

o If v(0) > I for all 0, then rolls are stable with respect to rhombic perturba-

tions.

o If v(0) > —1 for all 4, but v(0) < | for some 0, then the 6 which minimises

~ within this range will be preferred, as it has the lowest Lyapunov value,

o IMinally, il v(0) < —1 for some 0 then this configuration does not saturate at

this order (solutions blow up in (4.56)). To saturate the growth one should
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[igure 4.6: The cubic cocflicient v as a function of the angle 0 between the two
modes Ay and Ag, for a scll-defocusing medium with ¢ = 2.

proceed to quintic order, and one might expect that it will again be the 0

which minimises v that prevails at that order.

Following the procedures outlined in the calculation for rolls, we have computed
the two mode amplitude equations for our system. The only significant difference
is the appearance of new source terms at second order with wavenumber A? =
2k2(1 # cos 0) which present no added complications to the solution process. In
Iligure (4.6) we show the value of the cubic coeflicient 4 as a function of the angle
0 for the physically relevant case of a sclf-defocusing medium with ¢ = 2. We
immediately sce that there is a finite band of 0, centered about 7/2; for which
v(0) < —1. As mentioned above this implies that all planforms with angles in this
range fail to saturate at cubic order. We expect the configuration which minimises
7(0) to dominate at quintic order. Note that 7/2, which would correspond to a
square, does not minimise y(0). However the value of § which does is very nearly
7 /2 and the difference is undetectable in our numerical simulations of (4.1).

The failure of the pattern to saturate at cubic order suggests that the equations
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Figure 4.7: Square amplitude for a self-defocusing medium (D < 0) with ¢ = 2.
The numerical points are generated by simulation in two transverse dimensions.

should be expanded to quintic order - a rather formidable undertaking. We have
not done this but we do obsecrve squares numerically, and indeed they saturate at
quintic order. The amplitude equation for a square planform (A, = Sexp(ig),

Ay = Sexp(igy)), to quintic order, is of the [orm

9,5 = &S + 4|S[2S — 8]S]'S (1.57)

If v> 0,6 > 0 the homogencous solution (S=0) to (4.57) exhibits a subcritical
bifurcation at ¢ = 0 [82]. Subcritical solutions exist for ¢ € [~~%/48,0]. We have
alrcady calculated 4 but, as mentioned above, we have not explicitly evaluated 6.
We do find, however, that (1.57) describes the results of our numerical simulations
very well, if we choose a large value of §. For a sell-defocusing medium, ¢ = 2, we
have v = 0.707 and choosing § = 500 gives excellent agreement with numerics, as
shown in Figure (4.7). In lact the quintic saturation is so strong that the region

of subcriticality is narrower than we can detect numerically.
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4.5 Numerical simulations

Previous simulations in one transverse dimension [52] verified the correctness
of the lincar analysis. As we have just demonstrated, however, it is vital to extend
the simulations into the second transverse dimension. This was recently done for
the casc of Gaussian input beams and self-focusing media, and the spontaneous
appearance of seemingly stable hexagonal patterns in the high-intensity centre of
the beams was confirmed [56).

We have undertaken much more extensive and definitive simulations employing
periodic boundary conditions to simulate plane wave excitation. For self-focusing
media, the results confirm that hexagons are preferred, and persist some way below
the linear instability threshold, much as in the previously discussed systems. I'or
sell-defocusing media, no previous simulations in two transverse dimension have
been published, so the emergence of square patterns (which are rather stable) is
unexpected.

The numerical method used in these computations is discussed in detail in
chapter six. It is a modified beam propagation algorithm, typically on a 64 x 64 x 20
computational grid with a 128 x 128 x 40 grid used as a check. The operator is
split into diffraction and plane wave propagation. The diffraction propagation is
performed spectrally using the fast Fourier transform to convert {rom spatial to
spectral coordinates. The remaining operator is integrated so as to enflorce the
conservation law (4.3) numerically.

In all simulations we initially fill the medium with the homogencous plane-wave
solution (4.4), and apply input plane-waves with low-level random noise across
the transverse plane. We maintain this noise for several transit times otherwise
it would propagate out of the slab in just one transit and the instability would
develop very slowly. We run the simulation long enough for a pattern to emerge

(typically 40 transits) and saturate (about 150 transits), although it may not
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always become stationary (in time). We then explore parameter space by varying
D and restarting the computation, using the final state of the previous simulation
as an initial condition.

The results of our simulations are summarised in Figure (4.8) in the (D, )
plane, together with curves of minimum threshold in cach quadrant. As expected
we observe hexagons for DG > 0 and squares for DG < 0. These patterns were
all obtained at 10 % above threshold with |G|=2. Note that in the third quadrant
the hexagonal pattern is inverted, a honeycomb structure rather than the bright
spots as in the first (physical) quadrant.

For sell-focusing media the hexagons persist below the lincar stability threshold,
as indicated in [Figure (4.3). Indeed for both ¢ = | and (¢ = 2 they [inally losc
stability to the plane-wave solution (4.4) at & 15 % below threshold, which can be
attributed to the large quadratic interaction coeflicient o. One intriguing feature
we have observed in this case is that there is a Hopf bifurcation, on the otherwise
stable hexagon branch, close to the lincar instability threshold. This bifurcation
leads to a dynamic exchange of energy between two types of hexagons. The first
has a wavelength corresponding to k = k. while the other corresponds to k = /3k,.

In fact the harmonic hexagon at k& = v/3k, is driven by the fundamental hexagon

at & = k. through the interaction of the modes A; and A, which vesults in a
wavenumber k = ky + ko, |k| = V3k.. The numerical results show that the

new amplitude is not slaved to the amplitude ol the fundamental hexagon but in
deriving the amplitude equation (4.38) this slaving assumption is implicit since
we take as our linear solution only modes with wavenumber k.. The reason for
allowing modes with £ # k. to become “active” is simple. The intertwinning
neutral stability curves for this system are reproduced in IFigure (4.9) in order to
demonstrate that many wavenumbers are only weakly damped with respect to the

growth of modes at & = k.. A resonant interaction, such as ky -+ ko, allows this
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[igure 4.9: Interleaved threshold curves in a self-focusing medium (G = 1) show-
ing the lowest order even (solid) and odd (dashes) modes as a [unction of scaled
transverse wavenumber (84%). The lowest threshold occurs at & = &, (fundamen-
tal hexagon) and the wavenumber for the harmonic hexagon (k = /3k.) is shown
also. The fundamental and the harmonic are phase-matched.
weak damping to be overcome, hence the Hopl bifurcation.

We may include modes with wavenumber |k| = /3k. as part of our linear so-

lution and write down phenomenological amplitude equations for their interaction

with modes at |k| = k.. The resulting dynamical system is given by

(),A = 2uA+ A2 - 2943 - AB
ot
(I«r)«:)
onB , .
o = 204 — po) B + A?

where A is the original fundamental hexagon mode amplitude and 3 is the am-
plitude ol the & = V3k. harmonic. The parameter j¢ measures the distance above
threshold (D.) and g is the critical value for the harmonic mode relative to g, Ini-
tially, this second mode is strongly damped (po = 0.58) and it eventually becomes
active as jt — py. Note in addition that the cubic term in the first equation does

not. saturate and that saturation arises from the coupling to the sccond equation.
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The quadratic term in the first equation gives rise to the transcritical bifurcation
at D.. This phenomenological model is unsatisfactory in that its parameters are
guessed (v = -0.05) to fit numerical observations rather than being determined
from first principles as is the case in the weakly nonlinear analysis near onset. The
numerically computed dynamic alternation between fundamental and harmonic
hexagons is best captured in the near field output. Figure (4.10a) shows the oscil-
lation when the amplitude of the k& = v/3k. is at its maximum, while Figure (4.10h)
shows the amplitude of this mode at its minimum. The V3k, mode corresponds in
real space to the less bright spots which are situated between the brightest spots
of Iigure (4.10a).

The phenomenological model described above gives rise to a Hopl bifurcation,
as shown in Figure (4.10¢), and captures in essence the behaviour of the full coun-
terpropagating system. This type of behaviour may be more general, however,

and should arise whenever the resonant modes become *

‘active”. T'his may hap-
pen under the scenario described above where the resonant modes are only weakly
damped, or may occur [ar from threshold when the energy being coupled to the
resonant modes is enough to overcome the strong linear damping. The latter sce-
nario has recently been reported on by Gunaratne el. al. [11], and these authors
term the resulting resonant pattern as a “black-eye” pattern.

IFor self-defocusing media all our simulations resulted in the observation of very
stable square patterns. Actually we use the term ”square” rather loosely since our
discrete grid is not capable of discerning a square {rom a nearly-square rhombus.
As mentioned carlicer the squares saturate strongly at quintic order, but the reason

for this is unclear at present.
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4.6 Conclusions

In summary, counterpropagation in a slab of nonlinear material, which is at
the heart of many lasers and nonlinear optical systems, presents a very rich and
challenging problem in the elucidation, interpretation and simulation of spatial
patterns.

Analytical results conform to related systems in certain respects, but the non-
linear behaviour, as yet not fully explored, already displays interesting and unusual
features. The hexagon-square dichotomy is one such: another is the presence of
the Hopl bifurcation, on what would normally be a stable region of the hexagon
branch. Many other features remain to be studied, not least the nonlincar be-
haviour for vector fields in cases where the polarisation instability discussed above
is close enough to the amplitude instability threshold to require a vector field treat-
ment. Matching simulations to experiments will involve still more complications,
such as [inite time response and finite beam width.

On the simulation side, though smooth constant input beams have been shown
to develop spatial or spatio-temporal structures through interaction with Kerr
media, computer simulation is stretched when three, or even lour, independent
variables must be tracked over substantial ranges of these variables. To help both
experimentalists and simulators, there is a need for eflective analytic techniques to
deal with finite, and even narrow, optical beams - small aspect-ratio systems, as
they would be termed in fluids.

Some comments as to optimum conditions for observation of these phenom-
ena are appropriate. This is particularly so for the predicted square patterns,
since the hexagonal structures alrecady have some experimental support in atomic
vapour experiments [22]. Vapours are not likely to show squares, however, because
atomic diffusion is likely to wash out the grating term which is essential for square

formation in the present model.
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Semiconductors are worth considering, because they show very large nega-
tive Kerr coefficients [83]. Again there is a problem in that carrier diffusion will
normally annul the grating, but an interesting way around the problem exists if
quantum-well material is used. In such materials the photo-excited electrons and
holes are confined within wells much narrower than the optical wavelength, and so
if the wells are such that the confinement is in the direction of optical propagation
(which is the normal configuration), then the grating factor should be close to its
maximum value. Transverse diffusion may be quite large in these materials, but
this should not have a significantly deleterious effect on pattern formation, al least
in broad beams.

Many ol the phenomena discussed have close similarities with fluid patterns,
particularly hexagons and their defects. Optics does, however, offer some advan-
tages over fluids. That optics has a speed advantage is sell-evident: optical systems
are often very fast, even embarrassingly so for the purposes of observation. That
fact i1s not particularly relevant to pattern formation, however. Perhaps the most
important advantage of optics over fluids is that most nonlinear optical systems
have, at least in principle, a quantum description, and there is a possibility of
addressing the interface between classical and quantum patterns. For example, it
has recently been pointed out [84, 85], that there is a Heisenberg-type uncertainty
principle between the near- and [ar-field patterns. This ultimately arises from the
optical phase, which is a classical remnant of a quantum variable.

One other potential advantage of optics over fluids is that it may be possible to
form very small-scale patterns. This would be of interest if the objectiveis to apply
the pattern-forming properties to information storage or processing [36]. How,
then, do the patterns described above scale? The transverse scale is determined
by the thickness of the slab, so that small-scale patterns could be achieved by using

very thin slabs. Of course this also requires an increase in intensity to maintain
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the nonlinear phase shift. Interestingly, these two scalings combine in such a way
that the power to generate a pattern with a given number of spots (pixels) is
independent of the scale of the pattern (and is determined just by n, and the
wavelength). Since the timescales will also go down with the length scales, there
is some possibility of using pulsed excitation to achieve pattern formation, e.g.
in semiconductors, il continuous wave excitation is too weak or causes thermal
problems. Ultimately, it may be necessary to go beyond the paraxial limit on
which our model is based, but there is no reason to doubt that wavelength scale

pattern formation may be possible.
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Polarisation Patterns in a Nonlinear
Cavity

5.1 Introduction

In the previous chapter I discussed at great length the problem of pattern
formation due to counterpropagating laser beams in an instantancous, nonlinear
Kerr medium. The major difficulty with that system, from an analytical point
of view, is the infinity of closely-spaced neutral stability curves which make it
difficult to distinguish one effect from the next. In particular, the role played by
the two distinct pattern-forming modes, which is the most interesting aspect of
the counterpropagating problem, is overshadowed by the complicated interaction
between all the other modes.

In this chapter, I will discuss transverse spatial pattern formation in a cavity
filled with an isotropic, nonlinear Kerr medium, and driven by a linearly polarised
input field. My interest in this system was sparked by the realisation that it would
offer similar, yet less complicated behaviour (in some ways) than the counterprop-
agating system. In particular, there are just two pattern-forming modes in this
model, one “symmetric” and the other “antisymmetric”. This captures the essence
of the counterpropagating problem, without the very complicated structure of the

interweaving neutral stability curves. Furthermore, as mentioned in the previous
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chapters, the simplified model for the counterpropagating system proposed by J.-
Y. Courtois and G. Grynberg [57] may be generalised to include the mean-field
cavity equations that will be discussed in this chapter.

It has been known for some time that a nonlinear cavity driven by a coherent in-
put field can show a number of non-equilibrium phase transitions, including optical
bistability [64], and transverse pattern formation [65, 68, 69, 66, 67, 70, 71, 72, 75].
In particular, a mean-field model of a nonlinear cavity [72] was found to give rise
to hexagonal patterns, at least for a self-focusing medium. This mean-field model
was shown to represent a special case of a more general infinite dimensional map
describing transverse coherent structures in optical bistability [66], including the
numerical observation of either filamentary spatial structures or saturated solitary-
wave rings [67].

In this chapter, I will concentrate on pattern formation in a cavity filled with a
self-defocusing medium. A sell-defocusing medium has not hitherto been studied
in much detail for the reason that the parameter regime in which transverse pattern
[ormation occurs coincides with the bistable regime: The instability responsible for
pattern formation then simply serves to drive the system [rom the unstable lower
branch to the stable upper branch. This, however, assumes that the internal field
in the cavity preserves the polarisation state of the input field. In this chapter, I
extend the mean-field model [68] to include polarisation effects, in particular in the
third-order nonlinear susceptibility y) (actually I did this in chapter three). This
extension leads to a pattern-lorming polarisation instability which can occur in
a sell-defocusing medium, withoul accompanying optical bistability. There are in
general two pattern-forming modes, one of which preserves the lincar polarisation
of the field (symmetric mode) while the other does not (antisymmetric mode).
The symmetric mode, which dominates in a scll-focusing medium, gives rise to

hexagonal patterns [72], and is essentially equivalent to the scalar field model
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where E is the positive {frequency component of the vector electric field, and

3
A= (X1122 +/\1212)/X§1)11 , B= )\’1221//\1111 .

For an isotropic medium A + B/2 = 1, and for the Kerr ellect in liquids, A =
1/4,B = 3/2. Atomic vapours, while not Kerr media, are likely to show similar
phenomena. They offer considerable flexibility in both the sign of Y& and the
relative magnitudes of A and B. For example the D1 transition in Sodium vapour
(J = 1/2 0 J = 1/2) yields A = 1/2 4 /4 and B = 1 — /2 in the Kerr
limit, where f is the optical pumping parameter [87]. In previous work linearly
polarised fields were considered, in which case (5.1) reduces to the scalar relation
PO = 360,\1(1?)1,IE|2E, leading to the nonlinear term in the mean-field evolution
equation in [68].

Based on (5.1) we have generalised the mean-field model to allow for ficld
polarisation, and the evolution equation for the electric field becomes (see chapter
three)

oE

B
5= 1+ B 4 By 4 iaVE + iy (A(D B)E + —(E- E)D) (5.2)

where E = £, + &,7 is the (scaled) vector electric field envelope, Ey is the input
field, n = +1(—1) indicates self-focusing (sell-defocusing), 0 is the cavity detuning
parameter, V* is the transverse Laplacian and « mecasures the relative strength
of transverse dillraction. The scaling employed is identical to those in references
(68, 69, 72]. The scalar field model is recovered in the limit of a lincarly polarised
field, lor example, I8 = €&, for arbitrary A and B. Previous work, however, gives
no indication of whether these lincarly polarised solutions are stable.

To proceed we transform the vector equation (5.2) to a circularly polarised

basis defined by
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to obtain the coupled evolution equation

%gf = —(L+in0)Es +1aVEx + & +in (AlEe) + (A+ B)|Exl) €, (5.3)
where we have specialised to the case in which the input field is lincarly polarised
along the x-direction, that is, By = v/2&,2. Equation (5.3) forms the basis of our
model. Note that in the case of pure circularly polarised input (5.3) is identical
to the scalar model up to a rescaling of the field amplitude. Indeed in the latter
case the other circular polarisation can never show an instability, and so a scalar
description suffices.

Before discussing transverse effects, it is appropriate to review the properties of
the plane-wave (homogencous) solutions of (5.3), because these are the states whose
spatial stability we propose to examine. This equation admits both symmetric
(I€+]? = |€-]?) and asymmetric (| ]* # |E_|?) steady-state plane-wave solutions.
The symmetric solutions are given by

Eo

Es = , ) 5.
T L 4ag(0 - 21) (51)
whose intensity /; obeys the following cubic equation

l,=1,(1+ (2, - 0)?) (5.5)
where I, = |&* = [E4]2 = |E-%, L, = |&]% Tt is well known [64] that cquation

(5.5) can yield optical bistability in the curve of output intensity [, versus input
intensity /,. The switching points occur for values of the internal intensity /, such
that 91,/01, = 0, or

I, = 1; <0 + = 3)) . (5.6)
For 0 < /3, the steady-state curve of output intensity [, versus input intensity /,
is single-valued, and displays no optical bistability. An example of this behaviour
is shown in Iligure (5.2a) for B3 = 3/2, 0 = 1. Bistability of the symmetric

solution is only possible if 0 > /3, which is the well known mean-field result, and
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is demonstrated in Figure (5.2b) for B = 2/3, 0 = 2. The symmetric solutions
maintain the linear polarisation state of the input field, which corresponds to
the scalar case previously discussed in references [68, 72]. The minimum cavity
intensity 7; for optical bistability is achieved at 0 = 2 with I, = 0.5. (Note that /;
is the intensity in just one polarisation, which is why the value quoted is just hall
of the usual value.)

In addition to the symmetric solutions, equation (5.3) also admits asymmetric
solutions. Such solutions were previously discussed [76] in the context of optical
bistability in a symmetrically pumped ring resonator, which is formally equiva-
lent to the present model. In that case the asymmetry was with respect to the
propagation direction around the ring cavity, whercas here the asymmetry is with
respect to the two circular polarisations. The authors of [76] considered the planc-
wave model only, so that the present analysis can be considered as the transverse
generalisation of their model, as well as the vector generalisation of [72].

The steady-state plane-wave asymmetric solutions are given by

&

&y = 5.
T T - (ALt (AT DL (5-7)
where the intensities Iy = |€4|? salisly the following coupled equations
o=l (14 (Al + (A + B) Iz = 0)?) . (5.8)

A couple of clever algebraic manipulations (which you can do for yoursell) allows
one to reduce the two coupled third-order equations in terms of 1, and /_ to a

single third-order equation for the sum of the intensities S = [, + [_

9
— Z(c —_— ' AC 2 :
lo=5(5~0) (14 (AS~0)2) , (5.9)

which can be solved for any value of A, I3, 0 and I,. The separate values of 1
and [_ can then be obtained via the following equation in terms of the product of
the intensities P = [, /_

I, =2PB(S - 0). (5.10)
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Iigure 5.2: Normalised cavity intensities [, and /- as a [unction of the dimen-
sionless pump intensity I,. (a) Response curves for B =3/2, 0 = 1. (b) Response
curves for B = 2/3, 0 = 2. The curves labeled by [, = I_ give the response of
the symmetric solution which is mono-valued for 0 < /3, as in (a), and is multi-
valued for 0 > /3, as in (b). The other curves give the response of the asymmetric
solution which form a closed loop in (b), but do not in (a). Note that the pump
intensity scale is logarithmic in (b) in order to demonstrate that the loop closcs.

In practice it is easier to combine cquations (5.10) and (5.9) to give a single

quadratic equation in /4

y l )
IZ— S+ [—35(1 +(AS = 0)*) =0 (5.11)

where S is now a parameter for the solution.
The domain where asymmetric plane-wave solutions are possible may be found

by considering the stability of the symmetric solutions to plane-wave perturbations.
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Such an analysis [76] reveals the following threshold formula

0(B —2) £ /0282 + 4(B — 1)

I, = ,
' 4(B—-1)

(5.12)

Thus, for values of the symmetric steady-state intensity I; between the bounds
given by (5.12), an asymmetric solution is also available. Examples of the asym-
metric solutions are shown in Figure (5.2a) for B = 3/2, 0 = 1, and in Figure
(5.2b) for B = 2/3, 0 = 2 (along with the symmetric solutions). These solutions
are calculated using equation (5.11). In TFigure (5.2b) the asymmetric solutions
form a closed loop, while in Figure (5.2a) they do not. The size of B plays an
important role in determining these response curves. Further inspection of equa-
tion (5.12) reveals that if B > 1, then asymmetric solutions always exist and never
form a closed loop. If, on the other hand, B < 1, asymmetric solutions only exist

when
4(1 - B)
32 ’

and always form a closed loop in this case. For B = 2/3, the minimum value of

0* > (5.13)
0 required happens to coincide with the threshold for bistability, that is, 0 = /3.
Note that if B = 0 then equation (5.12) can never be satisflied and asymmetric
solutions are impossible. The asymmetric solutions break the symmetry between
the two circular polarisations in the input field. The signature of an asymmetric

solution is thus the appearance of a cross-polarised component of the cavity field.
5.3 Spatial stability of symmetric solutions

We now forsake the plane-wave limit, and examine the possible patiern-forming
instabilities of the symmetric plane-wave steady state. We will be primarily inter-
ested in locating regimes in which asymmetric (depolarised) patterns may occur.

The symmetric steady-state plane-wave solution of equation (5.3) obeys:

& =& (L+ig(0=21)) . (5.11)
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To examine the stability of this solution we set
g:i:(xat) = Es (1 —I—’(‘bi(x,l)) ) (515)

which, on substituting into equation (5.3), yields

(%bf — (1 + (0 —naV? —21,)) 4
+ il (A(he + % + [Px?) + (A + B)(bs + 5 + [v[?) (1+1p2) .

Both linear and nonlinear analysis is made more tractable by making a change of

variables to a basis which is a set of four real quantities: U where

Uy (N ST
U | | (s — % b — 9T .
U= Us | — thy + b3 jr— (- + ) (5.17)
Ui —i(thy =Py — (b= — 7))

In this basis, equation (5.16) may be written in the general form ol chapter two
(see Appendix B)

U
((,)—t = LU + V,(U[U) + A5(UJU|U) (5.18)

where the nonlinear terms are at the order indicated by their arguments. The
linear and nonlinear operators are shown in their full glory in Appendix B. The

advantage of this basis is that the lincar operator becomes block diagonal of the

form
_ ‘Cl 0 IR
L= ( 0 L ) ) (5.19)
with elements given by
-1 n(0 —naV* = 21,)
Ly = , (5.20)
—n(0 — aV* = 61,) -1
and
~1 (0 — naV* —21,)
Ly = (5.21)

—)(0 —aV* 4+ 2B — 1)1) —1
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Dropping all nonlinear terms in equation (5.18) leads to the linear problem
U= LU, (5.22)
for which we seek solutions of the form
U(x,t) = uexp(tk-x+ al), (5.23)

where k = (k;,k,) and x = (2,y). TFor such solutions to exist ¢ must be an

eigenvalue of either £, or L2 and thus must satisly one of the following equations:

(0'1 +l)2+(0f~"“615)(0k—‘2[‘:) =0
(5.24)
(oo + 1)+ (0 +2(B—-1)1)0r—21,) = 0,
where 0 = 0 + nak?, oy is an eigenvalue of £, and a5 is an cigenvalue of L,.

Thus there are two possible sources of instability, one from each of the lincar
problems. Furthermore, the eigenvector of £; has zero components along the
directions of Uz and Uy, and thus ;. = _. This corresponds to a symmeiric
mode (S-mode). The eigenvector ol Ly, on the other hand, has zero components
along the directions of U, and U,, and thus 1, = —i_. This corresponds to an
antisymmetric mode (A-mode).

If the S-mode prevails then the field will remain linearly polarised even though
the plane-wave syminetric solution is unstable. This case is identical to that previ-
ously discussed in references [68, 72], that is, the scalar case. The neutral stability
curve, where the S-mode is marginally stable (o, = 0), is given by

l Lo
13=§<ok;t5 (),;_3)

I'his equation is just a generalisation of (5.6) from & = 0 (plane-wave) to arbitrary
k. In particular, for a sell-focusing medium 05 > V3 can always be achieved for
some k, as can the minimum value 0.5 of /5 at 0 = 2. Ior a sell-defocusing medium

(7 = —1), however, 0, < 0, and (5.25) can be satisfied only for 0 > /3, that is, in



122

ppa

the bistable region, indeed with I, already plane-wave unstable, so that (5.25) has
little relevance.

If the A-mode dominates then the instability causes the vector field to evolve
away from the linear polarisation state of the input field. In general it becomes
elliptically polarised. The neutral stability curve, where the A-mode is marginally

stable (o9 = 0), is given by

0u(B —2) + /0282 + 4(B — 1
I, = HB - 2) £ 0.5 ( ), (5.26)
1B -1

which is just a generalisation of equation (5.12) from & = 0 to arbitrary &.

For self-focusing media (n = +1), the neutral stability formulae of equations
(5.25) and (5.26) show that although the system may become unstable to both
the S-mode and the A-mode, the S-mode is always the first to become undamped.
The instability is to a finite wavenumber if 0 < 2, in which case the critical point
is given

0y =0+ak> =2, IF=2. (5.27)

An example of the neutral stability curve is shown in Figure (5.3a) for B=3/2,
0 =1, in which case the S-mode first becomes unstable at k. =1, IS = 1/2. (The
diffraction parameter « is chosen equal to unity for convenience.) Because the
threshold depends only on 0y and not 0 or ak? separately, the effect of variation of
0 is simply to translate horizontally the curves in Figure (5.3a). When the S-mode
curve meets the vertical axis (A = 0) one gets plane-wave optical bistability.

FFor self-defocusing media (7 = —1), both the S-mode and the A-mode may
become undamped. However, the neatral stability formulac show that the S5-mode
is always damped if 0 < /3, that is, no bistability. The system may still become
unstable to the A-mode, with instability to a finite wavenumber il 0 > (2 — 3)/ 3.

In this case, the critical point is given by

9o
()Z':U—(zl\:f::?— , == (5.

[
=

o

=
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Figure 5.3: (a) Neutral stability curves for both the symmetric mode (S-mode)
and the antisymmetric mode (A-mode) in a self-focusing medium (p = 1,8 =
3/2,0 = 1). (b) Neutral stability curve for the antisymmetric mode (A-mode) in
a self-defocusing medium (yp = -1, 8 = 3/2,0 = 1).



124

An example of the neutral stability curve is shown in Iigure (5.3b) for B = 3/2,
0 = 1, where the A-mode first appears at &k, = \/2—/5, I§ = 2/3. (Again the
diffraction parameter is set equal to unity for convenience.) The value of /; at
which the neutral stability curve meets the £ = 0 axis corresponds to the onset, of
the asymmetric solution, as shown earlier in Figure (5.2a). Note that Iigure (5.3h)
matches on to Figure (5.3a) if rellected in the vertical axis. This follows from the
fact that the thresholds depend on nak? only. Increase of 0 will eventually bring
the S-mode curve across the axis to appear in Iigure (5.3b).

To conclude this section on the lincar stability analysis of the symmetric plane-
wave solutions, I will write down the solutions at threshold. The eigenvector
corresponding to the S-mode is given at the critical point, defined in equation

(5.27), by

U® =

O =

(5.29)

(o]

The eigenvector corresponding to the A-mode is given at the critical point, defined

in equation (5.28), by

U = . (5.30)
-1
In both cases, the linear operator is self-adjoint at threshold, so that no work needs

to be done to calculate the adjoint solutions, which will be used in the next section.

5.4 Pattern formation

Lincar stability analysis of the PP equations (5.3) reveals that the system may
become unstable at a finite wavenumber, to either an S-inode or an A-mode. In self-
focusing media the S-mode dominates and so, close to threshold, pattern forming

dynamics will be dictated by this mode. Since this corresponds to the scalar case



previously analysed in [72] we expect hexagons to dominate close to threshold,
and we need not discuss this case further (we hope). On the other hand, a sell-
defocusing medium operating in the monostable regime may become unstable, at
a finite wavenumber, to the A-mode. Thus, at least close to threshold, pattern
forming dynamics will be governed by this mode. The goal of this section is to
determine which pattern is selected in a self-defocusing medium.

The question of pattern selection may be addressed either by direct numerical
simulation of the model equations (5.3), or by weakly nonlinear analysis in the
vicinity of the bifurcation point. We adopt both these approaches. As a first
step, we use the results of simulations in only one transverse dimension to check
the validity and accuracy ol our analytical work. Extending our work into two
transverse dimensions we find that rolls dominate in a self-defocusing medium.
Our simulations indicate that more exotic structures, exhibiting various forms of
defect, exist further from threshold.

As discussed at great length in chapter two, weakly nonlinear analysis takes
advantage of the fact that close to threshold (/; = /) nonlinearitics are weak and
the solution may be expanded in powers of a small parameter ¢ = (/;—1$)/1¢, which
measures the relative distance from threshold. In terms ol €4 the most general
expansion is in terms of a superposition of the modes that lic on the critical circle

N
Er(x,t) = &1 + 'z/)ff)(z Ajexp(ik; - x) +ce)+...), k| = ke, (5.31)

=1
where 'I/J:(:) are the ecigenvectors of the lincarised problem. Using the techniques
discussed in chapter two, we may derive coupled amplitude equations for A;, but
we can immediately rule out the possibility of transcritical hexagons for the fol-
lowing reason. The unstable cigenvector corresponding to the antisynmetric mode
has the symmetry '1,‘)&0) = —'1/’(_0) which means that the amplitude A; has inversion
symmetry, that is, A; — —A;. As discussed previously, this implics that the coel-

ficient of the quadratic term, which is responsible for the formation of transcritical
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hexagons, vanishes identically. Although this system is infinitely more tractable
than the counterpropagating problem, I have not been able to derive the general
N-mode amplitude equations in order to investigate which pattern is selected. Nu-
merical simulations suggest, however, that roll patterns are the natural planform
for this system.

The amplitude equation for a roll pattern, to third order, takes the form of a

Newell-Whitehead-Segel equation (see chapter two)

oA = ped + E(d, — 5%83)%1 —|A]PA. (5.32)

Unlike the counterpropagating beam problem, all of the coeflicients may be explic-

itly evaluated. The lincar coeflicient are given by

o = 2
o= 2 (5.33)
& = 2ak.,
while the cubic coeflicient is
o (2 - B)(BO-2)— B* : (2 —DB)(6 — B(4+30)) (5.31
T B (BO—2)(BO—6) 2B+ (6= B +30)2 =Bty

For a self-defocusing medium with B = 3/2 and 0 = 1, we obtain v = 0.611112.
In only one transverse dimension (x), equation (5.32) reduces to a real Ginzburg

Landau equation which has homogencous solutions of the form

e\
A= <’—) , (5.35)
g

and in I"igure (5.4) we show the roll amplitude determined by equation (5.35) versus
the numerical results of one-dimensional simulations for B = 3/2, 0 = 1. Closc
to threshold (¢ = 0) the agreement is excellent, while as expected the expansion
slowly loses validity as we increase .

It is worth remarking that the one-dimensional model is applicable also in the

time domain, with the diflraction Laplacian re-interpreted as deseribing dispersion,
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Figure (5.5b) and Figure (5.5d) were obtained at 50 % above threshold. At 10
% above threshold, rolls quickly develop after an initial transitory period and
become straight and parallel for a plane-wave pump. To generate Figure (5.5¢)
and Figure (5.5d) we simulated finite-beam excitation (super-gaussian profile). As
well as being physically more realistic, the finite beam nicely illustrates the eflfect
of the boundary of the excited region. Rolls prefer to align perpendicular to the
boundary, but a circular boundary is incompatible with a perfect roll solution.
These patterns are therefore likely to contain delects, even on arbitrarily long time
scales. Iigure (5.5a) shows, for 10 % above threshold, a structure that is almost
identical to that calculated by P. Manneville [17] for fluid convection.

Plane-wave excitation at 50 % above threshold is shown in Figure (5.5b). The
underlying structure consists of rolls, but we see various defects of this pattern,
including a roman arch and several dislocations. In Figure (5.5d) a similar pattern
is found using a super-gaussian pump, and shows a beautiful example of a roman
arch. Again, some of these features are associated with the preferred alignment of
the rolls normal to the boundary of the excitation region. The patterns obtained
al 50 % above threshold are metastable, and continue to evolve on a very slow
time scale.

Although T have scarcely mentioned them in this dissertation, defects play a
very important roll in the dynamics of pattern formation. Current research [88]
suggests that the concave and convex disclination may be the fundamental building
blocks ol all defects. Lor example, the roman arches shown in [Figure (5.5) are
convex disclinations (which have been regularised). T'. Passot and A. C. Newell [8]
have suggested that the convex disclination will be unstable close to threshold, but,
may stabilise further from onset. The patterns shown in Figure (5.5) would scem
to support this idea. The loss of stability of a convex disclination is interesting

and in igure (5.6) we show a few images from a movie obtained by reducing
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shown in Figure (5.7) were obtained by adding noise to the symmetric solution.
They were, however, obtained, in a regime where the symmetric solution is weakly
unstable, via £ = 0, to the asymmetric solution and thus the system may be
bistable. The connection between the & = 0 instability and the formation of
labyrinthine patterns is unclear, and A. C. Newell et. al. [91] have suggested
that there may be a connection between the formation of labyrinthine patterns
and the wide band of unstable eigenvectors that can become unstable further from
threshold. (If you understood any of that explanation you are doing very well.)
The pictures shown so far have been obtained in a regime where the dominating
behaviour is the instability of the symmetric solution to a finite wavenumber.
Linear analysis also revealed that the symmetric solution could become unstable at
k = 0 to the asymmetric solution. As alluded to above, if this asymmetric solution
is stable, then the system may become bistable in the sense that two asymmetric
states arc possible (sce IMigure (5.2)), one with I > [, [_ < [; and the other
with I, < [, 1_ > I,. In general, one or the other will be selected depending
on the amount of noise present. However, front solutions are also possible, which
connect these two states, and we have observed such solutions when we stress
the system far from threshold. In Figure (5.8) we show the results ol simulations
in a sell-defocusing medium, with B = 3/2,0 = 1, at 225 % above threshold,
using a plane-wave pump. The initial condition is the labyrinth pattern obtained
at 50 % above threshold, shown in Iigure (5.8a). When the stress paramecter is
increased, the sections of the pattern with low intensity switch down to the low
state while those with higher intensity switch up to the high state. The images
shown in Figures (5.8b-d) depict the temporal evolution of the resulting pattern,
which coarsens as the domains propagate and straighten into one another. This
coarsening transition is also observed using a super-Gaussian pump beam, as shown

in Figure (5.9). The interface between the boundary and the domain of the up-
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stale is interesting because the boundary is circular, while the domain wall would
rather be straight. When the interface is small, the domain exerts itsell and forces
a straight edge, while it allows the boundary to dominate when the interface is

longer.
5.5 Conclusions

We have demonstrated that the scalar field model of mean field nonlinear optical
cavities is rigorously valid only for circularly polarised input fields. Furthermore,
for linearly polarised input fields and self-defocusing media, the first instability
threshold may involve the generation ol depolarised fields. These may appear with
a finite transverse wave vector, forming patterns. The nature of the instability is
such that these patterns are quite different {rom the hexagons typically seen in
scalar models. Boundary elfects play a critical role, which adds to the interest and
challenge of finding experimental systems which show these features.

While self-defocusing Kerr media with substantial £3 values are not particularly
common, there are several encouraging precedents and variants of our model sys-
tem. On the experimental side, Grynberg and co-workers [29, 41] have observed
depolarised patterns in Rubidium vapour, albeit in experimental configurations
different from the present one. P. La Penna and G. Giuslredi [38] report what
seem to be roll patterns in a cavity containing sodium vapour, though it is not
clear to what extent their configuration relates to the present model.

As well as “direct” experiments, our model may be amenable to demonstration
through its counterpropagation analogue [76], and in one cffective dimension (in
cither manifestation) in the time domain [75]. The full beauty and richness of
the patterns does, however, demand two transverse dimensions. The zoology and
dynamics of the defect structures in this system is a topic in its own right, and

deserves some atiention. The objective here is merely to illustrate the rich variety
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of structures which may be observable in vector-field systems which display pattern

formation.
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VI
Numerical Methods

Form your letters slowly and well:
making things well
is more important than making them.

- A. Machado!

Machado never went to grad school

— J. Geddes?

The subject of this dissertation is the solution, by hook or by crook, of the
governing equations for two nonlinear optical systems, namely the counterpropa-
gating beam problem (CP) and the polarisation pattern problem (PP). The an-
alytical work described in the previous two chapters was inspired and guided by
the numerical solutions of equations (4.1) and (5.2). It is appropriate to include at
this stage a description of the numerical schemes used, the motivation for choosing
them, and the proposal of a technique, known fondly as the BIG algorithm, which
may be of great use in pattern-forming optical systems in general. The goal of this
chapter is therefore to tell you what, why, and how, not necessarily in this order.

The equations governing the evolution ol the clectric field(s) in both model
problems represent a combination of plane-wave propagation, where the field(s)
undergo a nonlincar phase shift (and possibly pumping and dissipation), and
diffraction, which converts the phase shift into an amplitude modulation. The
dynamical response of the nonlincar medium, in both space and time, has been

completely ignored, which amounts to assuming that the material responds both

14

'from “Times Alone”, selected poems of Antonio Machado, translated by Robert Bly. [92]
%in a state of depression.
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instantaneously and “in place”, that is, diffusion of the appropriate charge-carriers
is ignored. Under these assumptions, the spatial coupling of the electric field is
due entirely to diffraction and, as such, the model equations fall into a broader
class of nonlinear partial differential equations which may be termed as dispersion-
dominated. This is in contrast to diflusion-dominated equations which typically
arise in many other fields of science, such as fluid dynamics. The classification of
equations as dispersive or diflusive is helpful because it is the nature of the spa-
tial coupling that often dictates the choice of numerical method, for reasons that
will hopefully become clear. Of course, more accurate models would include both
the spatial and temporal response of the medium and would therefore be mixed
diffusive and dispersive.

When the process responsible for spatial coupling is diffraction, high wavenum-
bers undergo very rapid oscillations. This is in contrast to diffusive problems where
the high wavenumbers experience very strong damping. In either case the fastest
dynamics occur at large wavenumbers, and to accurately resolve these dynamics
one would have to choose a very small time-step, depending on the degree ol spatial
resolution. This is very undesirable and in general unnccessary since there is little
energy in these wavenumbers and, furthermore, they rarely play an active role in
the dynamics. The alternative therefore is to either choose a scheme that cannot
resolve the fastest dynamics, but which approximates it in a sensible way, or to
use a scheme that automatically incorporates the high frequencies. In the diffusive
case it is appropriate to choose a scheme that does not accurately track the lastest
dynamics, but which does damp the high wavenumbers. Such a scheme however is
undesirable in a dispersive setting because it scems inappropriate to use a method
that replaces oscillation with damping. Though this issue is not entirely clear, it
seeins reasonable to use a scheme for dispersive problemis which gets it wrong, but

with the correct limiting behaviour in the sense that the large wavenumbers un-
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dergo oscillations. The other alternative mentioned above, that is, using a scheme
that incorporates the frequencies, is the basis ol the BIG algorithm which I will
discuss shortly.

The model equations (4.1) and (5.2) may be viewed as modifications of the
well-known and extensively studied nonlincar Schrodinger equation (NLS). In fact,
both represent coupled NLS equations, which are counterpropagating for the CP
problem and copropagating for the PP problem, though they are also pumped and
dissipative in the latter case. Typically I use boundary conditions where the field
is either periodic or zero at the edges. It therefore seems reasonable to consider
schemes that are suitable for solving NLS, under these boundary conditions. Since
the nonlinear Schrédinger equation describes a wide range of physical phenomena
it has been the focus of much research effort, and indeed Taha and Ablowitz [93]
have carried out a detailed series of numerical experiments using a wide variety
ol numerical methods. The algorithms used included explicit and implicit [inite
difference methods, such as Hopscotch (explicit) and Crank-Nicolson (implicit),
and a couple of spectral methods, including the split-step Fourier method [94].
They concluded that, under reasonable conditions, the split-step method was the
most eflicient technique.

Before considering the split-step method in detail, T would like to briefly discuss
a more general class ol methods, that is, operator-splitting methods, to which
the split-step algorithm belongs. As an example of such a method, consider the
following equation

Ow = Lyw + Low = (L) + Ly)w (6.1)

where £; and £, are linear operators. The exact solution of equation (6.1) is given
by
w(t + Al) = exp((Ly + L2)AL) w(l) (6.2)

The exponential in the equation above is just a formal way ol saying “solve equation
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(6.1)”. This formalism docs, however, suggest the technique of operator-splitting
for the following reason. If £; and Ly were scalars one could replace the exponential

of the sum, £; + £, with a product of exponentials, that is,
w(t + At) = exp((Ly + L2)AL) w(l) = exp(L2AL) exp(L1AtL) w(t) (6.3)

which would be exact. Although £, and L, arc linear operators in general, one
can still make the same type of splitting, though it will not necessarily be exact.
Formal third-order accuracy in Al can be obtained if one splits the operator as
follows

Al l
ﬁl{) ) exp(L2Atl) cxp(/:l;\ ) w(l) (6.4)

-

w(l + At) = exp(

where w({ 4+ At) denotes the numerical approximation to the exact solution w(l +
At). Equation (6.4) represents, symbolically, the process of advancing the solution
at ¢, w(t), under the action of £y over an half time-step, followed by advancing the
solution a full time-step under £, concluding with another half time-step under
the action of £y. In this way the solution is advanced from ¢ to ¢ + Al.

The local truncation error (LTI)) in making a numerical approximation to an

exact solution is defined by
LTE = Jw(t + At) — w(t + At)| (6.5)

and for the scheme shown in equation (6.4) it is given by

LTE = : : (6.6)

< &

AL S AL
(cxp((ﬁl + L2)Al) ——(zxp(Ll ) exp(L2Al) cxp(Ll )) w

[f T formally expand the exponentials in terms of their power series [95], it is
I )

straight-forward to show that the leading order truncation crror is of the form
LTE = (A1) F(Ly, La)w (6.7)

where F is given by

I C e
Fo= gp o420, [L1, £2]] (6.8)
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This method of splitting has resulted in a scheme that is locally third-order accurate
in time. Note that the approximation is exact if the two operators commute, that
is, [£1,£,] = 0. Indeed, the failure of the two operators to commute measures
the error in the splitting scheme although, strictly speaking, the expansion of the
exponentials is only valid [or compact operators [95].

As I mentioned carlier, the split-step method falls under the category of operator-
splitting methods. This algorithm has been of great use in nonlinear optics, and it
is often relerred to as the beam propagation method in this community [96] since
it typically involves calculating the electric field under free-space diffraction and
then under plane-wave propagation where the spatial coupling is ignored. The
great advantage of this algorithm is that the diffractive part can be solved exactly
in I'ourier space, while the plane-wave propagation can be solved in real space
either explicitly or implicitly, depending on the nature of the problem. In order to

discuss the split-step method in more detail, consider its application to the NLS

equation
Ow =iV + io|w|*w (6.9)
This is of the form of equation (6.1) where £; = iV?, with the exception that

Low = io|w|*w and thus £, is actually a nonlinear operator. However, if onc
assumes that the change in w over one time-step is small, then one can replace
io|w|*w with iVw, where the potential V = o|w|? is held fixed over the one
time-step. Under this approximation £, becomes lincar and equation (6.9) is just
the lincar Schrédinger equation in the presence of a potential. Though V? is
not a compact operator, it corresponds in the Fourier domain to -A%, which is
compact since one can only resolve on spatial scales no smaller than the scale of

the numerical grid. Hence, under these assumptions, cquations (6.7) and (6.8)

make sense for NLS and take the form

LTE = (—Az—[l): |[V2+ 21, [V2, V] o (6.10)
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Since V2 is bounded in the Fourier domain, and il one assumes the amplitudes
remain bounded, then the local truncation crror is bounded and the split-step
method is locally third-order accurate in time. Furthermore, note that the split-
step is exact when diffraction commutes with the potential. This is possible when
the solution w is composed ol one pure [requency component, since the potential
is “flat” in this case. The split-step method is therefore exact when dealing with
single frequencies, and fails to be exact in the presence of multiple frequencies
because ol the wave-mixing that arises {rom the nonlinearity.

The simplicity of equation (6.10) encourages further analysis, and allows one to
estimate the leading order contribution to the local truncation crror. Expanding

the commutators results in the following equation (in one dimension for simplicity)

At)? .
IJPE = £”{)1—) ‘('U) ‘/:U.‘J.‘:F.'L' + ‘MU:L' ‘/;1:.'1.‘1' + 4'“);1,'3: ‘/.IL - ‘l'll)( ‘/.1)2)’ (6 Il )

which is remarkably straight-forward. One can see immediately that il the potential
is “flat” the error will vanish , since V,. = 0 in this case. Of course, in general
the potential is not flat because the solution is seldomly composed of one pure
frequency. Oftentimes however, the solution is composed of a DC-component and
components at both +A&. and —k,, and it is worthwhile to calculate the leading
order error terms for this case. After all, this is precisely the type of solution that
was found for both the CP and PP equations - a {lat background with relatively
weak modulations at +4&. and —A. (at least in one dimension). Thus, I choose a

solution w of the form
w = wy + wy, expiker) + wp_exp(—ik.a) (6.12)

Replacing equation (6.12) into equation (6.11), and recalling that the potential is

given by V = a|wl|?, gives rise to error terms at a variety ol wavenumbers, shown
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below
At)? , , ,
LTE(k =0 = (A1) 4o ktwo|wp, | — 3202 k2 wolwi, |*(wh + 3wy, |*
24 ¢
At)? - o
LTE(k=k) = ( 94) (QO‘Ic‘C‘w(Q)wkC — 160 k*wy, |wi |*(3wh + 2['11);:c|2)>|
1)? ,
LTE(k =2k.) = (A{)l) (34‘7/”12“’0“’12:5 + lG(lesfwngc)‘
) (6.13)
At)? )
LTE(k = 3k) = ( 94) (64‘01“'2“)2(; + 160 k2w} (3wj + |1(ch|2))‘
At)?
LTE(k = 4k.) = (——WT)_ 4802!\'7310011;26}
At)? 5
LTE(k = 5k,) = o—-(Tl)— | 1602w},

Don’t give up yet! Equation (6.13) may not be the most aesthetically pleasing
object mankind has ever beheld, but it will provide some insight. Consider the
situation when wq is O(1), and wy,_ is O(g). Then the leading order error occurs

at k = k. and is given by (selting wo = 1 for convenience)

(A[)3
12

LTE =

\ak:wkc (6.14)
The relevant parameter governing the accuracy is therefore £2A¢, and if one main-
tains this “small”, say O(6), then the global error will be of order §%. As the
amplitudes approach O(1), this is still the appropriate estimate, but the constants
involved will change as the other terms in equation (6.13) become comparable to
the leading order term. As one moves into these higher amplitude regimes more
consideration should be given to this, though in practice it usually suffices to select
a time-step based on the above estimate (and other considerations to appear later).

The form of the NLS equation makes application of the split-step algorithm
to this equation particularly straight-forward. To advance the solution at ¢, w({),
under £; amounts to solving

dw = iVw (6.15)
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which has the following exact solution in the Fourier domain

o Al ,
wi(l + AL/2) = exp(—zkz—é—)wk(t) (6.16)
This is accomplished in practice by taking an FI'T of w(t), multiplying by the pre-
calculated array exp(—ik2At/2), and taking an inverse FFT to obtain w(t+ At/2).

To propagate under £, one solves
O = io|w|*w (6.17)

which also has an exact solution because |w|? is conserved during this step. The

solution becomes

g) (6.18)

)

— . At
w(t + At) = exp(io|w(t + T)IQAL)W('! +
The final stage is another hall-step propagation under £; to give
8 PYAV AN
we(t + At) = exp(—ik T)wk([ + At) (6.19)

To obtain the solution, w(f 4+ At), the main computational costs were four F'IFT’s
and one exponentiation.

In practice, one takes advantage of an operators sell-commutation to combine
two half-steps of £y into a [ull-step of £;. Tor example, to calculate the solution

at t + M AL one writes

w(t+ MAL) = LrBLE (Lt LiA2 LAl LBt EIAY 2 (1) (6.20)

M-—1

Since [L1, L£4] = 0, the £, steps may be combined to produce

Wt + MAL) = a2 gledtoidt A 1)) (6.21)
M-1

Thus to advance the solution [rom ¢ to ¢ + MAL requires a hall-step under £,

followed by alternating full-steps under £, and £y, concluding with a half-step
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under £;. The computational cost is dictated by the FI'I’s and scales as log, V,
where N is the total number of spatial grid points.

[ have not yet discussed the criteria that govern the selection ol the grid-spacing
or the time-step, but I will do so now. Since the spatial derivatives are calculated
by an FI'T, they are approximated to Nth order, where N is the total number
of grid points along a grid line and Az = Ay = L/N is the grid-spacing (the
domain is L x L). To avoid aliasing in space the grid-spacing Az must be chosen
small enough so that there is very little energy at the maximum wavenumber being
sampled, ko = 7N/ L. The choice of k., depends on the distribution of energy
in k-space and the form of the nonlinearity, but if most of the encrgy is located at
k. then, for NLS, choosing Az such that & = 8k, will usually suflice.

As for the time-step selection, there are several considerations. Although the
split-step algorithm is third-order accurate in time, maintaining this accuracy de-
pends on the change in each hall of the propagation being small. It is often true
that the change in one half may nearly cancel the change in the other, but this
docs not allow us to take appropriately large steps in time because the change in
cach individual hall must remain small. This is in fact one of the largest drawbacks
ol the split-step algorithm and one the BIG algorithm will address.

Another restriction on the time-step involves the possibility of time aliasing cr-

rors. The maximum phase-shilt under propagation of £y is k2, AL If k% Al >«

max max
the phase gets wrapped around and energy is aliased [rom large temporal frequen-
cies to lower ones. The possibility of aliasing errors restricts the time-step in a
manner similar to the Neumann condition typical in finite-difference schemes. To
be on the sale side one might choose A2, Al < 7 /2, though this is often too strin-
gent because there is little energy al k.. in the first place. This estimate does

have the advantage of making A2Al < 1, thus ensuring good accuracy. As a final

note on time-step restriction, the propagation under £y may also introduce aliasing
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IMigure 6.1: Numerical grid used in solving the CP equations (4.1). The horizontal
axis is z while the vertical axis is t. The lorward propagating ficld /7 moves along
the characteristic g = ¢ + z, while the backward propagating ficld moves along
the characteristic ég = { — z. The time-step equals the grid-spacing, Al = Az,
errors il o|w|*Al is too large.

The reason for the preceding discussion of the split-step method is that it formns
the basis of the numerical schemes that I (and others before me) have used to solve
both the CP and PP equations. As [indicated in the first few paragraphs ol this
chapter, choosing a numerical method is a difficult task. Even when the choice
is made, implementing the chosen scheme often reveals interesting features and
subtletics that may not have previously been considered. This has been particularly
true in applying the split-step method to the CP equations, and I will now illustrate
some of the difficulties that arosc.

The parallels between the CP equations and the NLS equation make the split-

step method scem particularly inviting, with the main dilficulty being due to the
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counterpropagating nature of the model equations. These equations may be writ-
ten in the form

(")gF = —UC[F + £2F + E3(F,B)
~ (6.22)
O,B == £|B+£2B+£3(13,]7)

where £, = 0., L, = i8V?* and L3(F, B) = iD(|F|* + G|B|*)I'. How should onc
split the operators in equation (6.22)7 The answer is not as clear as for NLS because
ol the two distinct propagation operators, 9, + d. and 9; — 0,. Does one balance
propagation against diffraction, or propagation with nonlinear phase-shifts?
Consider the first option which means grouping £, and £, in the same hallf,
leaving L3 in the other. Advancing the solution under diffraction requires the
solution of the following system of equations
(O + 0:) " = iBV*I
(6.23)
(0, — 9.)B =1i3V2B
Notice that the fields propagate along distinct characteristics, as shown in Figure
(6.1), and that diffraction balances this propagation. The forward propagating
field I moves along the characteristic £ = ¢ + =, while the backward propagating
field moves along the characteristic {g = ¢ — z. An exact solution to equation
(6.23) exists, and in the Fourier domain it reads
Fijpr = exp(—ifk2Az) I

\ (6.24)
Bijy1 = exp(—ifh*Az)Bipy

where the ~ denotes the solutions in Fourier space. Note that propagating the
fields along the characteristics requires Al = Az, so I use these interchangeably.

The other hall of this scheme involves advancing the fields under the nonlinear
part, that is,

Ol = iD(|F']? + G| B I

OB =iD(|B* + G|F|?) B
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and Ls(B, I') = ixB. The splitting error for cach of the ficlds is given by

. (A ., .
LTE(F) = 51 [[L2— Ly + 20, [La— Ly,9]] 7]

(6.27)
(At

LTE(B) 50

(L2 + Lo+ 2x, [L2 + L1, X]] B

Since the commutators are linear these expressions may be further reduced, and a

I Y N
comparison can be made with the error term for NLS (6.10). The local truncation
error for [ can be written as

(AI,)B

LIE(F) = ~50- (V2 + 2, [V2, 9]
- M[az,[vz,rl/,]} 4 (6.28)
(A[/)S

-+

1 [03 — V2 — 2, [02,1/)]] I

with a similar expression lor the local truncation error of B. The first line of this
expression is identical to that obtained for NLS (6.10), modulo the fact that the
potential ¢ = D(|F'|* + G| B]*). The next two lines are additional error terms that
arise {rom this choice of splitting, neither of which identically vanish (though it
may be true that there are cancellations).

An alternative to the splitting method employed above is to group propagation
with nonlincar phase-shilt, that is, group £y and L3 together. Under this splitting
the solution is advanced under diffraction as follows

I =ipv:Ire

(6.29)
B =ipVi
which again may be solved exactly
[y i1 = exp(—ipREAL) Iy
(6.30)

Bijr = exp(—igk2AL) By



The coupling of propagation with the nonlinecar phase-shifts now requires the so-

lution of the following system

(0 + 0.)F = iD(|I")* + G|BI*) I
(6.31)
(0, — 8.)B =1D(|B|* + G|F|*) B
As mentioned earlier, the fields propagate along distinct characteristics, £ and €p
(see Iigure (6.1)), and a solution to equation (6.31) can be written as
il
Fijer = [ jexp (21) .

11,7

(1P +GIBP) dér )
(6.32)
ij+1 ‘ .
Bij+1 = DBipijexp (“)/141 i (|B)* + G|I"*) (l{g)
where the integrals in the equations for I and B are along the respective charac-
teristics. This method of splitting may also be interpreted physically as dividing
the medium into slices, though now the fields undergo only diflraction in the empty
thin slices, while they undergo nonlinear phase-shifts in the thicker slabs (sec I'ig-
ure 2b). Again, this will approach the continuum slab limit as N — oo.

Before discussing in more detail how the integrals in equation (6.32) are calcu-
lated in practice, and any problems that may arise, | would first like to indicate
why might this method ol operator-splitting be more desirable than the one I dis-
cussed earlier. Alter all, they both describe the same physical process of dividing
the slab into N slices. They do, however, approach the continuum limit from op-
posite directions in the sense that one method applies all the diffraction in a thick
layer while the other method applies all the diffraction in a relatively thin layer.
The main motivation for using the latter splitting lies in the accuracy. As shown
in equation (6.28), the local truncation error for the first method of splitting adds
a number of additional terms to the error obtained from regular NLS. The scecond
method of splitting, however, groups together £, and Ly, with the result that the
local truncation error for the [orward propagating field I takes the lorm

(A)?

21

LTI/ = Ly = 2L -+ 20, [Lo, b — L4]] ] (6.:33)



which, after expanding the commutators, can be written as

3
LTE(F) = (A,)j) [Lo = 2L4 + 24, [Lo, )] 7
B (6.34)
At)3
— ( 24) [£2 — 2£1 -+ 27/), [ﬁg,ﬁl]] I

At first glance this might not appear to be any better than before, but it is when

one recalls that propagation () and diflraction (V?) commute so that the terms

involving [Lq, £4] vanish. Hence the local truncation error becomes

(arp

LTE(F) 5

[V? + 20, [V, 9] I
(6.35)
(A1)’
12

<

[0:,[v%,9]] F

which is simply that of the method applied to NLS, plus one additional term.
Hence this method should be more accurate than the former one discussed.

How then to perform the integrals in equation (6.32)7 The form of the non-
linearity again preserves the intensities along the appropriate characteristics, that
is, [ I |* = |Fizyj)? and |Bij41]* = |Big1,;|*. The remaining question is how to
integrate | B|? along the characteristic of I, £, and vice versa. Perhaps the most

obvious choice is to make a trapezoidal approximation to the remaining integrals,

that is,
Ll Az ‘ : . Az : : 2
/i~[,j |BI dér = (1Bl + Bijui?) = T(IBM,.,,‘VHBM,J-I“)
(6.36)
B Az f e e Az
/{m P[P des = = (1l + 150 F) = = (1P + 1Fel)

Il such an approximation is used however, an oscillation may develop in z at the
grid scale and remains present no matter how fine a time-step or spacing is used.
The mechanisi producing this grid-scale oscillation, similar to a phenomenon
known as mesh-drift instability [97] that may arise in finite-difference schemes,

can be understood as follows. Observe from equations (6.32) and (6.36) that the
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IMigure 6.4: Near field amplitudes of forward field and backward field at one point
in the transverse plane, as a {unction of position in the nonliner Kerr slab. The
original twenty-one point grid decouples into two grids, one of which is denoted
by ¢, and the other by O. Notice that the evolution of the fields on cach grid is
smooth.
in Figure (6.4) the near field amplitude of both [ and B, at one spatial point in
the transverse plane, as a function of position in the Kerr slab. Examining the
structure on every second grid point in z reveals that the evolution on cach of the
grids is in fact smooth, as shown in Figure (6.4).

The solution to this grid-scale oscillation is cheap and easy. One need only

replace the trapezoidal approximation to the integrals in equation (6.36) with a
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scheme that couples the grids. Evaluating the integrals using Simpson’s rule gives

t,7+1 AZ ,
/i—lj B der = 6 (I'Bi“’j|2 + 4|Bi—%d+é—'2 + |Bi.j+1|2)
(6.37)

l'J+1 p AZ - P
/i+1j |1 dem = 6 (|14i+1d|2 A gy sl + |Fi,j+1|2)

There is no need to evaluate the backward field B at (i — 3, j + 3) because the
characteristic through this point passes through the point (7,5). Since |BJ|? is
preserved along its characteristic, |Bi_;-,j+,‘3,2 = |B;;]?. The same is true lor the
integral of |F|* from (7 + 1,5) to (4, + 1). Thereflore, advancing the solution under

the nonlincar terms gives
o 7 : 2 e 2 2 2y A%
Fijer = Fimyy exp(iD|Fi-y P Az) exp(iDG(|Bimrj P + 41831 + 1Bisi 1))

(6.38)

. N 1 nl ‘ nl A:
Bijr1 = Big1,jexp(iD|Bigy |2 Az) exp(i DG(| Fi-y ;1 + 4] Fi 5] + |1’i+1,j|2)§")

So far I have not addressed the problem of selecting a step-size in z, which
relates to the time-step selection. The same issues that arose in connection with
solving NLS are also appropriate here. In particular, a step-size Az must be
chosen so as to maintain the change in each half of the propagation small, and to
avoid the possibility ol aliasing errors. The CP equations add a new twist however
because the beam propagation method exhibits a numerical instability which leads
to spurious growth at large wavenumbers. This was shown by Charles Penman,
Willie Firth and Claude Paré [55], though we often term this instability as the
Willie wiggle! They considered the stability of the discretised version of the CP
equations, and calculated the threshold curves for instability of the plane-wave
solution. They found that the threshold curves were modified, depending on the
number of slices chosen along the direction of propagation, that is, the step-size Az.
In particular, there exists in a self-defocusing medium the possibility of instability

at high-£, which is termed as spurious because it is not. present in the continuous



system. In practice, whereas 20 slices are suflicient for a self-focusing medium, 40
slices are required in a self-defocusing medium, which presents a serious increase
in required memory and requires a corresponding decrease in the time-step. To
date, this has been the most important factor in limiting numerical exploration of
parameter space in a self-delocusing medium.

As a final note concerning patiern formation in this system, special attention
must be paid to the role that the numerical grid in the transverse domain may play
in selecting a particular pattern. In particular, G. S. McDonald and W. J. Firth
[98] have shown that using a square grid may lead to square pattern formation
in a regime where hexagons should form. By breaking the square symmetry of
their grid they again recovered an hexagonal pattern. In all of the simulations
reported in chapter four, a non-rectangular grid was used, with grid-spacing in
the y-direction typically 5 % larger than the spacing in the a-direction. Thus, it is
save to conclude that the grid did not force the square patterns reported in chapter
four.

Now [ would like to turn your attention towards the PP equations (5.2), and
in particular towards the numerical algorithm used to solve these equations. |
mentioned earlier in this chapter that the PP equations represent two coupled
NLS equations, in the presence of pumping and dissipation. Thus, the split-step
method is a good candidate, as long as it can incorporate the effects of damping and
driving. It will be easier for me to demonstrate the algorithin on the scalar version
of the PP cquations, the extension to the full system being trivial, particuiarly

since the fields are copropagating. Consider the following scalar equation
Ol = —(ju +i6) 15 + iV E + iy B[P L+ 1, (6.39)

where g is the coeflicient of dissipation, ¢ is the general cavity detuning, v is
the cocllicient of Kerr nonlincarity and £2, is the pump field. Again the question

arises: How should one split the operators in equation (6.39)7 The choice is not
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very difficult, and is motivated by a need to split the operators in such a way
that the change in each half is small. The field £ undergoes O(1) damping and
driving, and it is therefore desirable to include both these effects in one half of the
splitting since they almost cancel each other. Including diffraction in this half as

well requires the solution of the following equation
oL =—(p+i8)E+iVE+E, (6.40)

which has an exact solution in the Fourier domain of the form (for a time-independent.

pump)
(I —exp(—cAl)) -

E(t+ At) = exp(—oAt) (1) + k, (6.41)

o
where o = pt + (6 + A?). As before ~ denotes the solutions in Fourier space.

The nonlinear step, which requires the solution of

ol = ivy|E)*E (6.42)

can also be obtained exactly, since [E[* is conserved. That is,

Lt 4+ At) = exp(iy|E(L)PAL) E(1) (6.43)

Since both halves are solved exactly, the error in this scheme is given by the
splitting error, which has the same functional dependence as for NLS, that is,
kY (ALY, The eriteria for selecting the grid-spacing and time-step are the same as
those for NLS, except the phase change in one step is given by (8 + A*)AL, and so
one must remember to consider the effect of § when choosing At. The extension
of this method to the PP equations is trivial and this algorithm works very well in
practice, though again the restriction on At means that pattern dynamics can be
tracked only over relatively short time-scales. The solution of this difliculty will
be the subject of the rest ol this chapter.

The numerical solution of the CP and PP cquations requires several key in-

gredients: A suitable numerical scheme that will be both accurate and stable; a
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competent programmer and analyst; computer resources. The first two ingredients
are somewhat variable. In general there are a variety ol numerical algorithms that
may be suitable and if one doesn’t work then you can get rid of it and {ry another.
The same could be said of the programmer/analyst, graduate students being par-
ticularly expendable. The last commodity, computer resources, is constrained by
budgetary considerations and can be quite constraining though it has to be said
that computer time usually far exceeds programmer patience.

You may be wondering why patience is an issue. Although I have highlighted
the numerical schemes used to solve the CP and PP equations, I neglected to tell
you how long it takes to run the simulations. There are two distinct phases of
evolution that the numerics must track. In the initial, transitory phase, the fields
evolve away [rom the unstable plane-wave solutions, and become dominated by a
relatively small number of modes, which form a spatial pattern, most often pep-
pered by defects. After this initial period, pattern dynamics are dominated by the
evolution of defects, boundary interactions and the like. To determine whether
defects will persist or annihilate, and their subsequent effect on pattern formation,
one needs to integrate the dynamical equations over very long time periods. Al-
though there is little change in the pattern over short time-scales, one cannot just
take huge time-steps, at least not in the context of the schemes discussed already.
This could result in a loss of accuracy and, more catastrophically, loss of numerical
stability. Furthermore, while the fast scales are explicitly present no numerical
scheme can overcome this problem. Those scales are there, whether one likes it or
not.

The trick, therefore, is to remove the fast scales and numerically solve the
“slow” equations. Fortunately, this is rather simple in nonlinear optics, because
diffraction sets the fast time-scales, and the effect of diffraction (or dispersion) can

be removed by taking advantage ol the lincar dispersion law. The method that |
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am about to discuss was inspired by a first-order method used by L. Shtilman and
G. Sivashinsky [99], though the method to be presented here is second-order. The
details were worked out by R. A. Indik [100] (who proved second-order accuracy),
and implemented on several types of equations by both myself, C. Bowman [101]
and R. A. Indik. I decided to christen this the BIG algorithm because it allows
one to take BIG time-steps.

Consider a partial differential equation of the form
Ou = i Lu + N(u) (6.44)

with periodic boundary conditions, and specilied initial conditions u(a,0) = wug(x).
The linear operator L is expected to contain the diffraction operator (9%), and NV (u)
is some nonlinear function of u (for NLS, V' (u) = i|u|*u).
The BIG algorithm is a spectral-based method, so consider the Fourier trans-
form of (6.44)
O = —iLgwg + (N(u))g (6.45)

where Ly = wy — 6. If £ contains only diffraction, then £, gives the usual
dispersion law for NLS, that is, £ = k% The dispersion law defines the fast

time-scales, which may be removed by transforming to a new variable
O = ug exp(—iLyl) (6.416)
to obtain
dyor = exp(iLit) (N (u)), = exp(eLil) [1(l) (6.47)

where fi = (VM (w)),. Now explicitly integrate equation (6.47) from ¢ to L 4+ Al to
give

t+AL
ve(t + Al) = (L) +/ exp(iLpl"y fr(t") dl’ (6.48)
t

How can one perform the integral in the equation above? At this point, the first

assumption is made. The last scales have been removed and vg is in some sense a
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slow variable. The nonlinear function [ is to be integrated against the potentially
rapidly oscillating term, exp(:¢Lyt’). Let’s assume that (N (w))i is slowly varying

on these time-scales, and approximate fi(¢') over the interval [¢,1 + At] as
[t = (1 — @) fi(t) + afe(t + Atl) (6.49)
where a = (' — ¢)/Al. Introducing equation (6.49) into (6.48) results, after inte-

gration, in the following expression

ot + AL = vit) + S expliLe(t+ S5) (4(0) 1) + BO) [l + AL) (6.50)

& <

where 0 = L At/2. The terms, v and f, arc given by

10) = sin(0) 1 (cos(ﬁ)—sm(a))

0 0 0
6.51)
_osin(0) L[ sin(4)
B(0) = ) + 7 (Los(()) -
Note that I don’t write #(#) = v~(0), because 0 may be complex.
The local truncation error for this scheme is given by
LTE = ¢ (Af)® T min (—1- i) (6.52)
4 = 4 6, 102 ).J4

where ¢ is a complex number, |¢| < 1, and |97 fx] < I. The details of this calculation
are shown in [100]. Note however that this estimate allows us to quantify what we
mean when we say [i(¢') is slowly varying. We mean that |0? fi] is bounded (and
hopefully rather small), an assumption which can be checked in the course ol a
numerical simulation.

Although this scheme was designed to capture the fast-scale oscillations, it
would be ol no use unless it also accurately captured the low-Irequency oscillations
that are also present. ortunately, this is indeed the case and 3 is bounded for

all 0, as shown in Figure (6.5). In particular, this means that the algorithm is
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Figure 6.5: The real (solid line) and imaginary (dotted line) parts of £ versus 0.

locally third-order (globally second-order) accurate for all § or, il you like, for all
frequencies.

The story does not end here however, because equation (6.50) is implicit in
vi(t 4+ At). In the original basis, this takes the form

wp(t 4+ Al) = up(l)exp(—iLLAl)

b 2l exp(=iLi ) (100) D)+ BO) felt + A1)

which is locally third-order accurate if 9?( fi) is bounded. This is the only restric-
tion on the time-step At and if equation (6.53) could be solved exactly, extremely
BIG time-steps could be taken, roughly 100-1000 times the size of Al required for
the split-step method. There is, of course, a snag. Equation (6.53) is implicit in w,
and the solution must be approximated, both accurately and with as little compu-
tational cost as possible, otherwise the reduction in At will be offset by increased
computational time per step.

Consider the following iterative scheme, which is both simple to implement and
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of low computational cost. Define
A .
RHS = ug(t) exp(—iLiAt) + — o‘q)(—?EkAtﬂ) v(0) [r(t) (6.54)

which is calculated once and stored at the beginning of the iteration loop. A simple

iteration scheme is as follows
Wi+ Al (i) :
(t + At) = RHS + — up(—zﬁ;,Ac‘/’ B(0) [ (L + Al) (6.55)

where (7) denotes the jth-iterate. This scheme requires, al every iterate, the
calculation of ui_j)(t + At), transforming back to recal space to calculate ‘/',E_j)(u) and
taking another I'I'T' to compute the new iterate 11(7+ )(I + Al). There is, however,

a major drawback. Consider the relative change in one iteration

uy%) £j+1) Al £J+l) /-k(j)
W = _: CXI)(—ZﬁkAi/()) ( ) m (()5())
k 'k k k
which may be re-expressed as
At Al Al .
— 5| = 5 exp(- 5A—) 1BO)] |(Jac(S))xl (6.57)
JANTS 4
where Aul? = o0t — ) and Jac([f) is the Jacobi [ f. Expanding #(0) and
L=y P ¢ s the Jacobian of {. Expanding 3(0) anc
exp(—8rAL/2) results in
Aufg“) At
— < - |(Jac( /)« (6.58)
A'u,ﬁ.’) 2

and convergence will be ensured if the right hand side is less than unity. For NLS,

the nonlinear term reads f = ¢|u[*u and the Jacobian becomes

. A 2ul? 2
Jac(j):z( ‘, L ~>-‘;lul2> (6.59)

—U

An appropriate estimate lor convergence is thus

AL (jul?), <1 (6.60)



162

which places a severe restriction on the time-step At because (Jul?) is typically
O(1) for some k.

Similar estimates arise when considering this algorithm applied to the CP or
PP equations, and thus the time-step At is limited by the Fourier mode amplitudes
in these systems also. urthermore, the estimate of equation (6.60) is only enough
to ensure convergence. IFast convergence, requiring few iterations, can only be
obtained when this quantity is much less than unity.

There are several alternatives to the above iteration scheme, none of which we
have explored in detail to date. One modification of the above scheme would take
advantage ol existing knowledge about the types of solutions one expects to the
dynamical system in question. IFor example, in the pattern lorming systems studied
in this dissertation the majority ol I'ourier modes have very small amplitude and
the iteration scheme described above could be applied to them, holding the other
modes fixed while doing so. One would then apply a better, though ultimately
more costly technique to the relatively few Fourier modes that have considerable
energy. As an example, one might apply a Secant-type method to the relevant
modes in equation (6.53). The outcome would be a scheme that would require less
computational time than the existing iteration algorithm, although it would have
the disadvantage of requiring “knowledge” of the dynamics in advance.

Application of the BIG algorithm to a pattern forming dynamical system is
straight-forward. R. A. Indik has tested it on NLS, while C. Bowman has ap-
plied it to the Maxwell-Bloch equations. This latter case is a more complicated
undertaking because the lincar operator £ is a non-diagonal matrix which must
first be diagonalised. Still, good accuracy and convergence times were maintained
using time-steps 100 times that predicted by the usual Neumann condition and
even larger time-steps could be used but for the convergence problem highlighted

above.  As for mysclf, I have limited my explorations to the PP equations and
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can use time-steps up to 50 times those required for the split-step method. A
new method of solving the implicit equation (6.53) should increase this by another
factor of 5 or 10.

The prospect of using time-steps 500 times those used in the split-step method
makes the BIG algorithm an attractive prospect, particularly since computations
requiring several hours of CPU time on a Convex or a Cray could now be carried
out on a desktop workstation. This is an exciting possibility if you are interested

in the long-term behaviour ol patterns and their defects.



APPENDIX A

Counterpropagating Patterns

A.1 Model equations

IFor analytical convenience we transform (4.7) into (4.9) through the change of

basis (4.8). The matrix J which premultiplies 9,U is given by

0 7 10
=\7a) =10 Y )

The linear operator £ is defined by

L=0,—-M, M:[M‘ 0 }

0 M,
where the components of M are

M, = 0 AL Y 0 Al
PTAVE=2D(G 1) 0 | 0 TR BVEL2D(G L) 0

(A.3)
The quadratic nonlincar terms in (4.7) transform to give
(G = DUWUy = (1 4+ G)U,Us
1 (I - GYUUy + (3 = GHYUL Uy
/ = = ) ¢
M(UJU) = 5 (G = ), Us — (G +1)UsU, (A1)

(B3=GYUE+ (1 + YU +3(1 + GYUE+ (L4 CHUE) /2
while the cubic nonlincar terms become

[ —(U Uy + U Uy + UsUs + 3U U Uy = 204 U
. l (U[ Ul + UQUQ + (.[4{/[4 + 3[_/3,,[3)(.[1 + 2(_/-3(.[30?4

J\ﬁz(U'UlU) - 1() _(Ulb}[ + (,[3[./3 + 1}'4[/1 + 3[&[]1)[,”1 et 2[/1 l]z[./;;

(UUy 4 UsUs + UyUy + 3U U )Us + 20U, U, U

[ —(U\Uy 4 UyUs + UsUs — Uy Ug)Uy + 20 UL
G (U + U Uy + UyUy — UgUs)Uy = 2U5U5U,
16 | —(UWUyp + UsUs + UsUy — UpUs)Uy 22U, U5 U
L (UaUy + UslUs + Ugly — U Uy )Uy — 20,17, U
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A.2 Linear analysis

The transformation to the new basis, detailed above, allows us to explicitly
construct the solutions of (4.14). For the M; defined in (4.14) we need to calculate

exp(M;z). The ofl-diagonal nature of M; means that
2 _ 2
M: = =31 (A.5)

To make use of this we write exp(M;z) in the form

h2z? it M 323 .
exp(M;z) = (I — -—f)'— + ——j“— - )+ #('zlsz - ;'3, +...) (A.6)
- . ‘.7 7.
which allows us to write
exp(M;z) = cos(th;z) + jz/TJ sin();z) (A7)
J

The final result is

2
cos(1);z) :th sin(i;z) :I (A.8)
Y.

exp(M;z) = 0o
p(M;2) [——/—fk{.;sm('z/rj:) cos(1);z)

Now we prove the result that one group of neutral stability curves (H; = 0) has
solutions which have odd symmetry in z (p = —1) while the other group (H, = 0)

has solutions with even symmetryinz (p = +1). First we will prove that if //; =0

and Hy # 0 then p = —1. To do so we evaluate (4.15) at z = 1/2

exp(My) 0

u(l/2) = { 0 exp( M) } u(—1/2) (A.9)

Using the symmetry in (4.28) we find that

exp(My) 0 o e
[ 0 exp(My) | ™ 1/2) = pPu(-1/2) (A.10)

and on applying the boundary conditions (4.13) we obtain

I
;Q(c.\'p(zl-/ll) —exp(M))up(—1/2) = puyp(=1/2) (A1)
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This is an eigenvalue problem in p and we already know that p = +1. The
corresponding eigenvectors are given in (4.24). Substituting these into (A.11)

results in

sin(ty) + sin(w)z) \p = COS('I/}o)Sin(d)l) 3 cos('z/Jl)Sin(?/)z)

( Py e Py )y

(A.12)

Now we assume that we are on a neutral curve defined by H; = 0, which implies

that
cos(101/2) cos(1p/2) = —1/';—1 sin(th1/2) sin(1h2/2) (A.13)
by
Replacing (A.13) into (A.12) leads, after some algebra, to the result that p = —1.

Note that to use the eigenvectors in (4.24) we had to assume that H, # 0, i.e. we
are not al a crossing point. The corresponding proof that H; = 0 implies p = +1
is very simple. If we make the transformation by — 2 in (A.12) then p — —p.
Since fI} =0 = p=—1then Hy, =0 = p = +1 because 1, — Py = H, — H,.

I'inally in this appendix, we would like to prove the result that on increasing
|D| we first cross a neutral curve defined by H; = 0 if DG > 0 and H; =0 if DG
< 0, for positions sufficiently close to the optical axis (k=0). The proof is outlined
below.

If D = 0 then ¢, =y = Bk* and If; = Hy = 1. Choose k% such that pk? < 7.

Expand the terms in (4.20) for small D and it becomes clear that

2DG .,
Hy~ 1+ o sin®(Bk*/2)
(A1)
2DG .,
1y~ | — sin( Fh* /2
Hy ~ | e sin“(#h*/2)

Il DG > 0 then Hy increases while fly decreases. If DG < 0 then H; decreases
while 1, increases. To prove that the function that is initially decreasing actually
passes through zero first we will show that the functions next meet when they are

both negative. From (4.21) we see that for Hy = H, we require that o; = 2mr,
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m=1,2,... Assuming G ¢ [-1,1] then increasing |DG| (holding G fixed) increases
either 1# or 2 while the other decreases. When the increasing one passes through

2n then I, = H,. Say 1; = 27. At this point we have from (4.21)
H, = Hy = cos(1;/2) cos(1p; /2) = —cos(p;/2) < 0

since ; started out less than 7 and continued to decrease. Thus both H; and
I, passed through zero and the one that started off decreasing must have passed
through zero first. Hence if DG > 0 we have Hy — 0 first while if DG < 0 we
have H; — 0 first.

We have shown which curve we cross for small k, but it could happen that the
curves cross themselves before reaching a minimum. It turns out, however, that a
line from the origin to the first crossing point is tangential, at the point where the
curves cross, Lo the first curve crossed for small k and hence that curve must also
be the minimum. As mentioned in the text, in most cases this is also the curve

with the lowest threshold |D| and thus defines the critical point.

A.3 Weakly nonlinear analysis

In order to calculate the amplitude equations for the counterpropagating system
we need to expand the governing equations (4.9) in terms of the stress parameter

. Given the scalings shown in (4.34), (4.35) and (4.37) we obtain

JOU = J(ebp, + &0, +...)PUO UM 4 )
= &2Jop, U0 4. .. (A.15)

LU = (£LO —e£® 4 )(/PU0 4 UM 85200 1)

= &'/2LOU® 4 £OUWM 4 S22 LOU — £OU®) 4 (A.16)
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DN(UJU) = De(14¢) M((e20@ 4+ UM 4 )|/ UO 4 cUW 4 .)))
= DN (UOUO®)
+ 2D (N (UOUW)Y + M (UDUO)) + ... (A.17)

DNL(UJUJU) = Do(1 +¢€) No((e"20©@ 4. )[(e/2UO 4 . )|(e/2UO 4 )
= 2D N,(UOUOU®) 4. (A.18)

where the important linear term £ is given by

_[omjoe 0
Y 0 OMy/Oe

o
de

_OM

. de

£ =

(A.19)

e=0
The matrix M was given in Appendix A and a simple calculation reveals that

oM, 0 0 ‘
=L@ o] 0
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- 0 0] 9,
T 2D(1=G) 0} 7 Pe

e=0
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APPENDIX B

Polarisation Patterns

B.1 Model equations

As remarked in the text, both lincar and nonlinear analysis is made more

tractable by making a change of variables to the real basis U defined by

U, by + YL+ o+ Y7
U= U, _ —i(thy — L+ o —PT)
Us P+ — (- +97)
Uy —i(hy — by — (- —¢2))
[n this basis equation (5.16) becomes
ou

= LU 4 N, (U|U) + N,(U[|U|U)

The linear operator is block-diagonal in this basis and is of the [orm
(L0
L= ( 0 Lo )
[ = —1 (0 —naV?* —21,)
YT =(0 = aVE = 61) -1

L= ~1 (0 — na¥V* = 21,)
TN =0 = aVE+AB - 1)1,) -] '

The nonlinear operator AV (U|U) is quadratic in its arguments and is given by
BUU, = 2U,U,

el 3O+ Uyl + (1= BYUsUs + UL,
M(UJU) = ER BUyUsy — 20,1,
A1 — B, Uy — BULU,

while the nonlinear operator AV(UJU[U), cubic in its arguments, takes the form

where

and

BU Uy — Uy(UyUy + UsUy + UslUs + (1 — BYU4ly)
Ny(UU[U) = u"ls Un(UUy + Uslly + (1 = BYUsUy + UgUy) — BUSULU,

¢ [3(./1(.[2(./3 - L’J(l/[[]l -*— ([ - /3)(]_3”_) + U;;U.'; ‘l‘ (/4(].))
(1 = BYUU A UplUy ++ UsUy + UglUy) — BU UL
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