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ABSTRACT 

The Dirichlet problem for harmonic maps from the disk into the 2-sphere is 

a natural, non-linear, generalization of the classical Dirichlet problem. In this 

context, harmonic maps arise as critical points of the energy functional. 

For any boundary condition, i : aD -t 52, the space of extensions of maps 

to D splits into count ably many relative homotopy classes. For boundary values 

which are rational functions of ei8 , it is known there are finitely many homotopy 

classes which contain energy minimizing (and hence harmonic) extensions. It is 

conjectured that every harmonic extension is a local minimum for the energy, and 

this view guides much of what follows. 

This work focuses on the particular case i( ei8 ) = (cos nO, sin nO, 0). Here there 

are precisely n + 1 relative homotopy classes which contain energy minimizing 

extensions. The structure of the space of harmonic extensions is studied via the 

symmetries which act on the space of extensions of i. When n = 1 or n = 2, 

this symmetry approach gives an alternative proof to the existence of harmonic 

extensions in the required classes. Furthermore, by using a symmetry condition, a 

geometric description of a non-conformal harmonic extension is given. 

In this setting, there is a continous 5 1-action on the space of extensions. Maps 

which are invariant under this action are called rotationally invariant. It is shown 

that every harmonic rotationally invariant extension must be either holomorphic or 

a.ntiholomorphic. From this result, it is shown that there exist continuous families 

of harmonic maps in certain homotopy classes. 

Additional topics which are studied include the finite time blow up of the heat 

equation for harmonic maps-a geometric description is offered, and two numerical 

approaches to minimizing the energy in a relative homotopy class: discretizing the 

heat equation and a direct minimization algorithm. 
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Chapter 1 Int.roduction 

1.1 Background 

This work is concerned with several issues relating to uniqueness, existence and 

symmetry in the Dirichlet problem for harmonic maps from the disk into a sphere. 

A complex-valued function, u, defined on the unit disk in the plane ie harmonic 

if it satisfies Laplace's equation: 

~u= o. 

Let au = UI8D. If the boundary values of the map u are prescribed by au = I, 
then we obtain the classical Dirichlet problem: 

flu = 0, au=I (1.1) 

It is one of the basic results of analysis that this problem has a unique solution for 

a very large class of boundary data. 

Solutions to the Dirichlet problem arise as critical points of the energy func

tional. We define the energy of the map u by 

(1.2) 

The natural domain for E is the Sobolev space Wi{Dj C) (the space of L2 func

tions from D to C whose first derivatives are also in L2). We define the space of 

extensions of the boundary condition I by 

a-i(J) = {u E wilau = I a.e.} (1.3) 

The class of Wi maps is a linear space. The energy, E, is then a real-valued 

function of this manifold, and we define u E Wi to be (weakly) harmonic if the 

differential of E at u vanishes: 

dElu = 0 (1.4) 
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The Dirichlet problem may be generalized by replacing the complex numbers 

with a Riemannian manifold, N. The energy of a map 

u:D-+N 

is still defined by equation (1.2). Again, the natural domain for the energy func

tional is the space of WI maps on D with values in N. We will define this space 

and discuss some of its properties in section 3.4. For the sake of this informal 

discussion we refer to the space of admissible maps simply as Map(D; N). 

In comparing this boundary value problem to the classical one, there are strik

ing differences that result from different curvature conditions imposed on N. When 

N is complete and has everywhere non-positive sectional curvature, the Dirichlet 

problem (when phrased correctly) has a unique solution. On the other hand, when 

N has positive sectional curvature, uniqueness no longer holds, and the problem is 

not well understood. 

Suppose that the sectional curvature of N is non-positive. Then the Dirichlet 

problem: 

dElu = 0, au = 'Y (1.5) 

has a unique solution provided: 

1. 'Y is in the image of the natural boundary operator: 

a: Map(D; N) -+ Map(aD; N) (1.6) 

2. The connected component of a-1(J) to which u belongs is prescribed. 

For a detailed account of the Dirichlet problem in this case, see [10]. 

If 7r2(N) = a (e.g. if N is a constant curvature surface with positive genus), then 

a-I(J) is connected, and the Dirichlet problem can be interpreted as a continuous 

cross-section 

M ap( D; N) .-- Image( a) ~ M ap( a D; N) (1.7) 
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for the boundary map (1.6). Hence, we have existence and uniqueness, essentially 

extending the classical results to this setting. 

In general, 8-1(,) may have many connected components-two extensions are 

in the same component if they are homotopic to each other relative to the boundary 

condition, ,. Thus, statement (2) above says that every relative homotopy class 

of extensions contains a harmonic representative. 

Now suppose that the space N is simply connected, compact and has positive 

curvature (e.g., N is a sphere). There is a topological obstruction to uniqueness 

for any type of Dirichlet problem. The difficulty is .that a cross-section as in (1. 7) 

cannot exist. To see this observe that the space Map(Dj N) is contractible (since 

D is contractible). If a cross-section existed, it would imply that M ap(Dj N) 

is topologically the product of Map(8Dj N) and Map(S2j N), both of which are 

(infinitely) non-trivial in terms of their algebraic topology. (Note that a map 

defined on D mapping 8D to a single point can be viewed, topologically, as a map 

defined on S2j the space Map(S2jN) arises as the fiber of the constant map in 

Map(8Dj N).) 

In this paper we will investigate this nonuniqueness in the simplest possible 

case, specifically when N = S2 with the standard metric. 

Given any map of the boundary, the space of extensions splits into countably 

many relative homotopy classes. Lemaire [13] has shown that if , is a constant 

map, then the only harmonic extension of, is the trivial extension to the same 

constant. Thus only the class of extensions homotopic to the constant map contains 

a harmonic representative. Furthermore, this map is the absolute minimizer for 

the energy. 

On the other hand, Brezis and Coron [2], and Jost [12] have all shown that if 

, is not constant, then there exist at least two harmonic extensions which are in 

distinct homotopy classes. These harmonic extensions are known to minimize the 
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energy within their respective homotopy classes. 

Soyeur [17] has investigated which homotopy classes contain energy minimizing 

extensions. He showed that if 'Y is a rational function of ei9 , then there is a finite 

sequence of homotopy classes containing energy minimizers. Soyeur also showed 

if 'Y is not rational, then there are infinitely many classes that contain energy 

minimizing extensions. The result on rational boundary maps can be viewed as 

an extension of Lemaire's result for the constant boundary case. 

The issue of uniqueness within a given homotopy class is an entirely different 

matter. It is unknown, for example, if there exist harmonic extensions which do 

not minimize the energy in their homotopy class (i.e. unstable harmonic maps). 

There are many related problems in geometry where unstable objects do exist: the 

Dirichlet problem for maps from the disk into 8 n , n ;::: 3; the theory of minimal 

surfaces; and Yang-Mills theory in four dimensions. However, for maps into 8 2, 

we believe that every _harmonic extension is a local minimum for the energy. We 

state this as a formal conjecture: 

Conjecture 1.1.1 Every harmonic extension minimizes the energy in its respec

tive homotopy class. 

We are not claiming there is uniqueness within a given homotopy class. Indeed, 

we will see that many classes can contain entire families of harmonic maps at the 

minimum energy level. However, attempts to construct higher energy harmonic 

extensions fail and this forms part of the basis for our conjecture. In addition, this 

conjecture guides much of the work that follows. It helps to bind several seemingly 

disjoint lines of investigation, as well as providing motivation for this study. 

1.2 The Problem 

We approach the Dirichlet problem by considering a particular boundary map. 

Specifically, let 



14 

,(eiB
) = (cos nO, sinnO, 0). 

This map wraps the boundary of the disk n times around the equator of 8 2• If 

we identify 8 2 with the extended complex plane, C = C U {oo}, by stereographic 

projection from the north pole, then the map may be written as ,(z) = zn. 

Our goal here is to describe the set of harmonic extensions for this particular 

boundary condition. Soyeur's result tells us that there are exactly n + 1 homotopy 

classes which contain energy minimizing harmonic maps. We will investigate the 

structure of these maps by analyzing the symmetries which act on the space of 

extensions of ,. (By definition, a symmetry is a transformation on the space of 

extensions which leaves the energy invariant.) 

By constructing extensions that are invariant under particular symmetries, we 

can give an alternative proof to the existence of harmonic extensions in some 

homotopy classes. For the cases n = 1 and n = 2 we obtain the harmonic maps in 

all the homotopy classes prescribed by Soyeur's results. 

The map, admits two conformal harmonic extensions: 

The first is holomorphic and the second is antiholomorphic. These maps are in 

distinct homotopy classes. Thus there exist (at least) n - 1 other classes that 

contain non-conformal harmonic extensions. In certain classes, we are able to give 

a geometric description of these maps. In particular, we accomplish this when 

n = 2 by considering extensions which are invariant under certain symmetries. 

We also show the existence of continuous families of non-conformal harmonic 

extensions. This follows from the observation that all extensions which are rota

tionally invariant are confined to two of the homotopy classes. Hence, rotations 
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act on the minimum energy set in the other n - 1 classes to produce continuous 

families. In the case n = 2, there is precisely one homotopy class that contains 

non-conformal energy minimizing harmonic maps. We study this class in some 

detail, and we are able to give a geometric description of the structure. 

The class of extensions which are rotationally invariant is also studied. Here 

we are able to prove a uniqueness result: 

Theorem 1.2.1 The only rotationally invariant harmonic extensions of I are the 

holomorphic and antiholomorphic extensions. 

To prove this, we use the recent regularity result due to Helien [11]: Every weakly 

harmonic map from a surface into a sphere is actually smooth. In particular, 

Helien's result applies to maps from 8 2 to itself; however, in this case harmonic 

maps are known to be either holomorphic or antiholomorphic. 

This uniqueness result is the key to the failure of a standard method of attempt

ing to construct non-stable harmonic extensions. The set of rotationally invariant 

extensions that are also invariant under a reality symmetry has count ably many 

components. By minimizing the energy over one of these components we would 

expect to obtain a harmonic map. However, this cannot happen by our uniqueness 

result. We point out that this type of procedure was used successfully by Bor [3] in 

constructing non-self dual connections in Yang-Mills theory. On the other hand, 

there is a result of Taubes [19] which asserts that every connection which satisfies 

a certain 80(3) symmetry is either self-dual or antiself-dual. 

Extensions of this type also serve to illustrate two of the phenomena associated 

with this problem: spheres "popping off," and finite-time blow-up of the heat 

equation for harmonic mappings. By considering rotationally invariant extensions 

we are able to present a clear picture of an energy minimizing sequence "jumping" 

to another homotopy class. This idea is then used to give a geometric explanation 

to Chang, Ding, and Ye's [6] result on finite time blow up of the heat equation. 
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Finally, we consider the problem of finding the minimum energy level in a 

given homotopy class by numerical methods. We are particularly concerned with 

computing the energy of a non-conformal harmonic map and comparing it to the 

area of the map. We study the intermediate homotopy class in the case n = 2, 

using two entirely different methods: discretizing the heat equation and directly 

minimizing the discrete energy. The correlation between the two methods is very 

high. In addition, the direct method is non-symmetry-preserving. This indicates 

that the symmetric harmonic maps in this class are in fact stable. 

There is a vast amount of literature dealing with harmonic maps. We refer 

the reader to the two extensive survey articles by Eells and Lemaire [7, 8] for any 

additional information. 

The organization of this paper is as follows: Chapter 2 discusses the energy 

functional and weakly harmonic maps. We prove a theorem that gives a sufficient 

condition to be able to extend a harmonic map on the disk to a weakly harmonic 

map on 8 2 • We introduce holomorphic and antiholomoprphic maps and prove 

they minimize the energy functional in their homotopy classes We also give a 

brief discussion of the second variation formula. Chapter 3 deals specifically with 

maps into 8 2 • This includes a description of how the distinct homotopy classes 

are indexed, and the relationship between area and energy. We then discuss the 

boundary condition ,(z) = zn. This includ=s a description of how the various 

symmetries act on the space of extensions. Particular attention is paid to the case 

n = 2. Chapter 4 deals with the associated evolution problem and the phenomenon 

of spheres popping off. Here we attempt to offer an explanation of Chang, Ding 

and Ye's [6] result on finite time blow up of the heat equation. Chapter 5 describes 

numerical techniques and results. 
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In this chapter we give the basic definitions concerning harmonic maps into 

Riemannian manifolds. 

We state and prove a sufficient condition for when two harmonic maps can be 

"glued" together to form another harmonic map. 

We also define and discuss a natural parametrization for the relative homotopy 

classes of extensions for a given boundary condition. 

When the target manifold is Kahler (or almost Kahler) we have the concept of 

holomorphic and antiholomorphic maps. In this setting we adapt an argument due 

to Lichnerowicz [14] to prove that a holomorphic or antiholomorphic extension is 

the unique energy minimizer in it respective homotopy class. 

We finish the chapter with a discussion of the second variation formula for 

harmonic maps into S2. 

2.1 Weakly Harmonic Maps 

Given a map from the unit disk into a Riemannian manifold, u : D -+ N, we 

define its energy, in a coordinate-free manner, to be the real-valued functional: 

E(u) = ~ fv (du /\ *du) (2.1) 

Here the differential du is viewed as a I-form on D with values in the pull-back 

bundle u-1T Nj the * is the Hodge operator acting on forms in Dj and ( , ) is the 

Riemannian inner product on N. Hence du 1\ *du is a 2-form on D with values in 

u-1T N ® u-1T N. Applying the inner product to these values gives a real-valued 

2-form on Dj thus the energy is well-defined. 

The natural space of mappings for which the energy functional is meaningful 

are those whose first derivatives are square-integrable. Thus we consider maps in 
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the space Wl(Dj N). This space is defined by the usual Sobolev spaces as follows: 

let N be differentially embedded in some Euclidean space Rq, then 

Wl(Dj N) = {u E Wl(Dj Rq) I u(z) EN for almost every ZED} (2.2) 

A map u E WI is weakly harmonic if it is a critical point for the energy 

functional: 

dE lu= o. (2.3) 

This means that the differential of E is zero when applied to any element of the 

tangent space of WI at the point u. The tangent space is interpreted as the space of 

smooth sections of the pull-back bundle u-1T N which vanish on aD. The sections 

of u-1T N are vectorfields along the image of u. 

Let v be a section of u-1T N. Then the vector field v determines a variation of 

the map u by setting 

Conversely, given a smooth variation {Ut} of u with Uo = u and aUt = auo. we 

obtain a section of u-l TN by setting 

v = dd I Ut· 
t t=o 

Now, let v E u-1T N, with av = O. Let {Ut} be the variation of u associated to 

v. Then the derivati,ve of the energy functional in the direction of v is given by 

dElu(v) = ~ Lo E(ut) = Iv (V'v A *du). (2.4) 

where V' denotes the covariant derivative in the bundle u-1T N. Thus u is weakly 

harmonic if 

Iv (V'v A *du) = O. (2.5) 

A recent regularity result due to Helein states 
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Theorem 2.1.1 (Helein) Every weakly harmonic map in Wt is actually smooth. 

Using this result, and integrating by parts in equation (2.5) gives 

Since v is arbitrary, we see that a harmonic map satisfies 

V*du = O. (2.6) 

In general equation (2.6) is a non-linear elliptic system of partial differential 

equations in the components of u. In local coordinates, equation (2.6) takes the 

form 

where fp-r denotes the Christoffel symbol of the manifold N. 

In order to obtain certain uniqueness results, we need to know when a harmonic 

map on the disk can be extended to the entire sphere to give a weakly harmonic 

map. Let C denote the extended complex plane. We have the following result. 

Theorem 2.1.2 Assume Ut : D ~ Nand U2 : C\D ~ N are both extensions of 

'Y : aD ~ N. If Ut and U2 are harmonic on their respective domains, and if 

aUt aU2 - = ar on r = 1, ar 
then the map U : C ~ N given by 

( ) 
_ { Ut (z) 

U z - ( ) 
U2 Z 

is harmonic. 

if Izl ~ 1 
iflzl > 1 

Proof. By Helein's regularity result it suffices to show U is weakly harmonic. Let 

v E u-tT N be any variation of u. We must show that J6(Vv 1\ *du} = O. Now 

consider the derivative of the energy at the map u. 

~ (Vv 1\ *du) = lim { f (Vv 1\ *dut) + 1 (Vv 1\ *dU2)} it ,-0 i 1zl:5l-' Izl~t+' 
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In the expression on the right, the first integral may be written as follows: 

Observe that the last term vanishes since Ut is harmonic. There is a similar state

ment for the integral involving U2. Hence applying Stoke's theorem gives 

Now, along Izl = 1 ± f the Hodge star operator gives *dr = (1 ± f)dO and *dO = 

-(1 ± f)dr. Thus, 

. {i ([ aUt aUt ] ) = hm v 1\ (1 - f)~dO - (1 - f) ~O dr 
f-O /Z/=t-f ur u 

iZ,=l+f ( v 1\ [(1 + f) ~:2 dO - (1 + f) ~~2 dr] ) } 

When f tends to 0, the terms involving dr will cancel since ~ = ~ along r = 1. 

Hence the condition 

k (\7v 1\ *du) = 0 

is equivalent to 

J (v, aUt _ aU2)dO = O. 
lIz/=t ar ar 

Therefore, U is weakly harmonic (and hence smooth harmonic) if and only if 

2.2 Holomorphic Maps 

In this section we consider maps from the disk into a Kahler manifold, N. 

In this setting it makes sense to speak of holomorphic or antiholomorphic maps. 

There are several equivalent definitions for a map U : D -. N to be holomorphic. 

Indeed, if J represents the complex structure on TN, then U is holomorphic if 
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An alternative definition involves the following construction: Let E be any 

Riemann surface, and let u : E --. N. We complexify du) TE and TN to obtain 

The complex structure on E is given by the * operator, which we extend in a 

complex-linear fashion to TCE. We also extend the J operator, giving the complex 

structure on N, to TC N. 

We decompose TCE = Tl,oE EEl TO,l E into the ±i-eigenspaces of the * operator. 

Similarly, we write TC N = Tl,oNEElTo,lN, where the summands are theeigenspaces 

of J. This enables us to write dCu as a 2 x 2 matrix: 

where it is understood that au (resp. au) vanishes on antiholomorphic (resp. 

holomorphic) tangent vectors. 

Thus, we can write 

~u = (au + au) + (au + au) . 

Next we extend the inner product on TN complex-bilinearly to TC N. Now, as 

forms we can write 

~(du A *du) = ~ {(au A *au) + (au A *au) + (au A *au) + (au A *au)} 

= (au A *au) + (au A *au). 
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We define the holomorphic energy of u and the antiholomorphic energy of u to 

be 

Ea(u) = k (au /\ *au) 

This gives E(u) = Eh(U) + Ea(u). 

We point out that this decomposition of the energy is defined when the domain 

is any Riemann surface with or without boundary. If the domain has no boundary, 

then the difference Q(u) = Eh(U) - Ea(u) is an invariant for the smooth homotopy 

class of u. Before proving this theorem, we need the following result. 

Proposition 2.2.1 Let ~ be any Riemann surface, and let N be a compact Kiihler 

manifold without boundary. If u : ~ -. N, then Q( u) = IE u"wN , where wN is the 

Kahler form on N. 

Proof. We use the fact that the * operator is given by multiplication by i on ~. 

Hence 

Q(u) = k(au/\*au)-(au/\*au) 

= k (au /\ iau) - (au /\ (-i)au) 

= k wN (au /\ au) + wN (au /\ au) 

= ku"
wN 

Theorem 2.2.1 (Lichnerowicz) If u : ~ -. N and a~ is empty, then Q(u) 

depends only on the smooth homotopy class of u. 

Proof. By the previous proposition, Q( u) = IE u"wN . 

Let {Ut} be a smooth variation of u with Uo = u, t E [0,1]. Then, 
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Now, we use the standard relationship between the exterior derivative, the Lie 

derivative, and the interior product to write 

a * N L N d (. N) . (dwN) at utw = !!;t-w = ~~w - z~ . 

Since dwN = 0 (because N is Kahler), we have 

UiWN - u~wN = 101 

d (i~wN) dt = da, 

where a(v) = fJwN (W,v) dt. Hence, 

Q( ut} - Q( uo) = h uiwN - u~wN 

= hda 

= faE a = 0 

because BE is empty. / / 

We now adapt this construction to maps defined on the disk. Let'Y : aD - N. 

Fix an extension, Uo, of 'Y. Now, given any extension, u, of 'Y, we define a map 

u * Uo : S2 _ N, given by 

Here we have identified S2 with the extended complex plane, C = C U {oo}, 

by stereographic projection from the north pole. 

Two extensions of 'Y, U1 and U2 are homotopic relative to the boundary if there 

exists a continuous deformation of one into to the other which leaves the boundary 

fixed. We have the following proposition: 
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Proposition 2.2.2 Let Ul, U2 : D -+ N be extensions of /. Then Ul and U2 are 

relatively homotopic if and only ifQ(ul) = Q(U2)' 

Proof. First observe that Q(u*uo) = Q(u)-Q(uo). Now, iful and U2 are relatively 

homotopic extensions of /, then Uo * Ul and Uo * U2 are homotopic maps C -+ N. 

Hence 

Having established this proposition, we can now give a uniqueness result for 

holomorphic or antiholomorphic extensions. 

Proposition 2.2.3 If Uo : D -+ N is a holomorphic (resp. antiholomorphic) 

extension of / : aD -+ N, then it is the unique energy minimizer in its relative 

homotopy class. 

Proof. Assume Uo is holomorphicj hence Ea(uo) = O. Let Ul be in the same 

relative homotopy class as uo. We have E(uo) = Eh(UO) = Eh(uo) - Ea(uo) = 

Q(uo) = Q(ut} = Eh(Ut} - Ea(Ul) :::; Eh(Ut} + Ea(Ul) = E(ut}. 

If E(uo) = E(UI), then UI is also holomorphic. In this case, we would have 

Uo = Ul since a holomorphic map is uniquely determined by its boundary values. / / 

2.3 The Second Variation 

In this section we include a brief discussion of the second variation formula for 

harmonic maps. 

The second variation is defined on pairs of sections of the pull-back bundle, 

u-1T N. The index of a harmonic map is defined to be the dimension of the 

maximal subspace on which the second variation (or Hessian) is negative definite. 

A local minimum for the energy has index zero. 
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Let u E a-1({) be harmonic, and let U",t be a smooth two-parameter variation 

of u with Uo,O = u, and aU",t =;. If 

w = %tl U",t, 
t=o 

then v,w E r(u-1TN), and we define the Hessian to be 

H(v, w) = a~~tl E(u",t). 
(",t)=(O,O) 

(2.7) 

The following formula is due to R. T. Smith [16]: 

Theorem 2.3.1 Suppose U is harmonic. Then 

H(v, w) = k ("\Juv, "\Juw) + trace(R(du, v)du, w), (2.8) 

where "\Ju is the induced connection in the bundle u-1T Nand R(· ,.) is the Rie-

mannian curvature tensor on N. 

In order to check that a harmonic map is a local minimum it suffices to verify 

that the associated quadratic form H(v,v)? o. 
Now we specialize formula (2.8) to the case N = S2. We make use of the 

following facts: 

1. "\JUv = dv - (u,dv)u, where (-,.) denotes the inner product on TS2 induced 

from the standard inner product on R3 (i.e., covariant differentiation is sim

ply Euclidean differentiation followed by projection onto T S2). 

2. For X, Y, Z E T S2, we have R(X, Y)Z = (Y, Z)X - (X, Z) Y. 



3. For v E u-1TS2, we have (u,v) = 0 and (u,u) = 1. 

4. From (3), we have (ux, v) = -(u, vx) and (ull,v) = -(u, VII). 

Now, from (1) above we have 

(V'UV, V'uv) = (vx - (vx, u}u, Vx - (vx, u)u} 

+ (VII - (VII' u), VII - (VII' u)u}. 

Expanding and using (3) and (4) gives 

(V'UV , V'uv ) = (vx, vx) - 2(vx, U}2 + (vx, U}2 

+ (vy, vy) - 2(vx, u}2 + (vx, U}2. 
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Now, using 8v = 0, integrating by parts and collecting terms we have that the first 

term in the integral (2.8) is 

Next we consider the curvature term in formula (2.8). 

In trace(R(du,v)du,v) = In (R(ux, v)ux, v} + (R(ull,v)ull,v) 

= In (ux, V}2 + (u y, v}2 -luxl2 lvl2 - lu ll121vl2 

= In (u, vx )2 + (u, Vy}2 - (luxl2 + luyI2)lvI2. (2.10) 

Combining equations (2.9) and (2.10) gives 

H(v, v) = In (-vxx - Vyy, v) - (luxl2 + luy I2)lvI2. (2.11) 

Now, let ~v = Vxx + VYII' and define the energy density of u to be e(u) = ~(luxI2 + 
luyI2). We thus obtain 
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Proposition 2.3.1 Let u : D ~ 8 2 be harmonic. Ifv E f(u- 1T82 ), with av = 0, 

then 

H(v,v) = !n(-t:.v - 2e(u)v,v). (2.12) 

We define the Jacobi operator by Ju(v) = -t:.v - 2e(u)v. Then we may write 

H(v,v) = JD(Juv,v). Our conjecture that every harmonic map into 8 2 is a local 

minImum may be rephrased in terms of the operator Ju : 

Conjecture 2.3.1 Ifu: D ~ 8 2 is harmonic, then J u is a non-negative operator. 

We point out that there is an interesting relationship between the form of J u 

and the harmonic map equation for u. Indeed, if u : D ~ 8 2 is harmonic, then u 

satisfies -t:.u - 2e(u)u = O. 

We saw in the previous section that a holomorphic map is the unique energy 

minimizer in its homotopy class; hence, for all v E f( u-1T 8 2), we have H( v, v) > O. 

It is not at all apparent from equation (2.12) that J u is a strictly positive operator 

when u is holomorphic (at least to us). Indeed, the integrand is not positive in 

a pointwise sense; thus the positivity of the Hessian represents an inequality that 

depends in some non-trivial way on the u being holomorphic. 

Finally, we point out the general form of the second variation (2.8) shows that 

every harmonic map into a manifold with non-positive sectional curvature is a local 

minimum for the energy. Indeed, up to a positive scalar, ·~he curvature term has 

the opposite sign to the sectional curvature of N at each point in the image of u. 

Thus, for all admissible variations, H(v,v) ~ O. 
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Chapter 3 Maps into S2 

In this chapter we consider the Dirichlet problem for maps into 82~ 

We will frequently identify 8 2 with the extended complex plane C = C U {oo} 

by stereographic projection from the North pole. We endow C with the metric 

induced from 52. 

We begin by collecting together the relevant formulas from chapter 2 and writ

ing them explicitly in the case of maps into 8 2 • Following this, we begin a system

atic study of the Dirichlet problem for the specifc case of the boundary condition 

"Y(z) = zn. Geometrically, this map wraps the boundary of the disk n times around 

the equator of the sphere. 

Symmetry plays a key role in all that follows. Working from symmetry con

siderations we will prove a uniqueness result for rotationally symmetric maps, we 

will establish the existence of continuous families of harmonic maps, and we will 

describe the strucure of the harmonic maps within those families. 

We will also use a symmetry argument to prove the existence of harmonic 

maps in certain homotopy classes-thus giving an independent proof of Soyeur's 

existence theorem. 

Finally, we will observe that a standard method for constructing unstable har

monic maps fails in this setting-adding weight to the conjecture that all harmonic 

maps into 8 2 are local minima. 

3.1 Preliminaries 

We will be discussing maps from the unit disk into the sphere 
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In this context, the energy of a map u : D _ 8 2 may be written as 

(3.1) 

If we regard u as a map into C, then its energy is written as 

(3.2) 

where we have used z = x + yi and z = x - yi as coordinates on D. 

Let "Y : aD - 8 2 be given. We assume that "Y is the trace of some map in 

Wl(Dj 8 2). That is we assume "Y admits a finite-energy extension. The space of 

all WI extensions of "Y is denoted by 

(3.3) 

An important feature is that the space a-1b) splits into countably many homo

topy classes: two maps Ut, U2 E a-1b) are homotopic if there exists a smooth 

deformation between them which leaves "Y fixed. 

Since 8 2 is Kiihler, we may index the relative homotopy classes of a-1b) by 

the invariant expression Q(u) = Eh(U) - Ea(u). Here, however, we slightly modify 

the definition of Q(u) by dividing it by 471" (this has the advantage of giving a 

geometric meaning to Q which does not depend on 71"). 

For a map u : D _ 8 2 we have 

Q(u) = Iv U· (u x x uy) dx dy. (3.4) 

The above expression counts the number of times (with sign and multipiicity) that 

the image of u covers the sphere. Geometrically, the formula for Q is obtained by 

integrating the pull-back of the area form on 8 2 over the disk. 

If u is viewed as a map into C, then the integral Q is written as 

(3.5) 
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where, again, we have used z = x + yi and z = x - yi as coordinates on D. 

Let us take an example. If u(z) = z, then a computation yields Q(u) = 1/2 

(if u is viewed as a map into 8 2, then it is just stereographic projection onto the 

lower hemisphere-hence the image of u covers exactly one-half of the sphere). 

More generally, if u(z) = zn, then Q(u) = n/2. 

There is an important relationship between Q and the E. 

Theorem 3.1.1 Let u : D --+- C, then 41rIQ(u)1 ~ E(u). Equality holds if and 

only if u is holomorphic or antiholomorphic. 

Proof. From proposition 2.2.2, 

with equality only if Ea(u) = 0 or Eh(U) = O. / / 

3.2 Symmetries of the Space of Extensions 

We now begin our investigation of the harmonic extensions of ,(z) = zn. 

The energy functional is invariant under conformal automorphisms of the do

main and under orthogonal transformations of the range. 

The group of conformal automorphisms of the disk, A, is generated by the 

group 

P8U(1, 1) = { (~ !): lal2 -lbl 2 = I} , 
where a, b, c, and d are complex, and T E P8U(1, 1) acts on D by 

T( ) _ az + b z - _ , 
bz+ a 

and the order 2 group generated by conjugation: conj(z) = z. The structure of A 

is that of a semidirect product. 
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We are viewing the disk as a Riemannian manifold rather than as a complex 

manifold, which is why we are allowing conjugation. Harmonic maps are defined 

without reference to an orientation. 

The orthogonal transformations of 3 2 come from the restriction of the orthog

onal group, 0(3), acting on R3. 

The groups 0(3) and A act on Wl(Dj 3 2 ) by composition on the left and the 

right: 

If we identify 3 2 with C, then the elements of 0(3) <"ct on C by composition 

with stereographic projection 7r : 3 2 -+ C. 

Our goal here is to determine the stability group, G = (0(3) x A)-y, of the 

space 8-1 (-y) ~ Wl(Dj C), where i ~ Wl/2(8Dj C) is given by i(Z) = zn. 

The elements of G will be called symmetries. We will denote the symmetries 

as ordered pairs (M, T), where M E 0(3) and TEA. These pairs act by 

((M, T).u)(z) = M(u(T-1z) 

(Note that it is necessary to act by T-l in order to have a true group action.) 

We now show that G is generated by three distinct symmetries-two discrete 

symmetries and one continuous symmetry. Before stating the result, we need some 

notation: r denotes reflection with respect to the unit circle, Rot( ¢» is multiplica

tion by eie/> in either the domain or range, and id represents the identity element 

of any group under consideration. 

Proposition 3.2.1 The group G = (0(3) x A)-y is generated by the following 

elements: 

de! ( 'd) T = r,z (3.6) 
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del ( . .) p = COn], Con] (3.7) 

R,p d;j (Rot(n¢), Rot(¢)) (3.8) 

Proof. First observe that elements of .A preserve the boundary of D. Indeed, if 

Izl = 1, then IT(z)1 = 1 for all T E P8U(I, 1); also Izl = 1 if Izl = 1. 

Now, the image of; lies in the x-y plane; hence we only need to consider those 

elements of 0(3) that preserve this plane. These elements have the form: 

where A E 0(2). 

Now, let s = (M, T) E G, and suppose that M has the form 

By composing s with T we obtain the symmetry TS = (r 0 M, T) and roM has 

the form 

Thus in classifying the symmetries we may assume the elements of 0(3) have this 

form. 

Furthermore, we can assume that A E 80(2). Indeed, if A 1. 80(2), then 

just multiply by p. Hence given (M, T) E G we may assume M is a rotation 

in the x-y plane. Thus, if s = (Rot(n¢), T) E G, then for z E aD we have 

(s.u)(z) = ein,p(Tz)n. Setting this equal to zn and solving for Tz gives Tz = e-i,pz. 

Therefore s = R,p (3.8). / / 

These symmetries act on the relative homotopy classes. The symmetry u 1-+ 

R,p'U clearly preserves the homotopy class of'U since it is a continuous deformation. 

The symmetry 'U 1-+ p.'U also preserves the relative homotopy classes. This follows 
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directly from computing Q(p.u) and observing that Q(p.u) = Q(u). Thus, both p 

and rotation by cP act on a given homotopy class. 

The symmetry T on the other hand does not fix most classes. Indeed, r is 

reflecting the image of the map u through the equator of the sphere. We have the 

following proposition. 

Proposition 3.2.2 [Iu E {)-l(-y}, then Q(r.u}= - Q(u}. 

Proof. From equation (3.5) we have 

Q(r.u) = ~ L (1 + /~.U/2)2 (/(T.U)z/2 -/(r.u)z/2) dz dz 

= ~ L (1 + /:/u/ 2 )2 (I (i) J -I (i) J) dz dz 

= 1 r /u/
4 

(1-(U)zI2 1-(u)z12) dzdz 
;: JD (1 + /U/2)2 fi2 - fi2 

= ~ L (1 + ~U/2)2 (/UE/
2 

- /uz/
2
) dz dz 

= -Q(u). 

Geometrically, this should be clear since T reflects the image of u through the 

equator, reversing the orientation and, hence, the signed area. / / 

Notice that T is an involution (i.e r2 = id), so that r simply interchanges a 

pair of homotopy classes. However, if Q(u) = 0 then Q(r.u) = 0, so r leaves this 

class invariant. 

Next we consider extensions of 'Y which are invariant under one or more of the 

three symmetries. We consider each of the symmetries separately. 

Suppose that u E a-1(-y) and that u = T.U. Then for all zED we have 

u(z) = l/u(z). This gives /u(z)/ = 1; thus any map invariant under r maps D 

onto its boundary. Any such map cannot even be continuous. However, it is 
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known that any harmonic map is smooth; thus there do not exist any harmonic 

maps invariant under T. 

A continuous extension can satisfy u = p.u. This symmetry will be used to 

"pick out" certain harmonic maps within a continuous family. 

An extension which satisfies u = R,pu for all tP is called rotationally invariant. 

We will have a lot to say about these extensions throughout the rest of this paper. 

3.3 Rotationally Invariant Extensions 

In this section we use polar coordinates on the disk. 

An extension of I which is rotationally invariant is determined by its values 

on any ray from the origin to the boundary of the disk. In particular, if u is 

rotationally invariant, then u(rei9 ) = ein9u(r). Thus we know the map u as soon 

as we know its values along the positive part of the real axis. We have the following 

propositions concerning maps which are rotationally invariant. 

Proposition 3.3.1 If u E 8-1(/) is rotationally invariant, then u(O) = 0 or 00. 

Proof. Since u(rei9 ) = ein9u(r), putting r = 0 gives u(O) = ein9u(0) for all (). 

Hence u(O) = 0 or u(O) = 00. / / 

Proposition 3.3.2 If UbU2 E 8-1(/) and U1(0) = U2(0), then ttl and tt2 are 

homotopic (i.e. Q(U1) = Q(tt2))' 

Proof. Observe that two continuous maps from the unit interval into the 2-sphere, 

f, 9 : [0,1] -+ C are homotopic relative to the endpoints of the interval, {O, I}. This 

follows because 8 2 is simply connected. Let f (resp. g) be the restriction of ttl 

(resp. U2) to the interval [0,1]. The homotopy between f and 9 extends naturally to 

give a homotopy between ttl and tt2 which leaves the boundary condition fixed. / / 

The map I admits two distinguished extensions: 
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ua(z) = ::;. 

Z 
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The first is holomorphic and the second is antiholomorphic. Observe that these two 

maps are interchanged by the symmetry T. Writing these maps in polar coordinates 

gives 

which shows that both of these extensions are rotationally invariant. Note that 

Uh(O) = 0 and ua(O) = 00. By the above proposition, every rotationally invariant 

extension is homotopic to either Uh or Ua• 

We are now in a position to give a uniqueness result for harmonic extensions 

which are rotationally invariant. 

Theorem 3.3.1 If U E a-I (-y) is harmonic and rotationally invariant, then 

U = Uh or U = Ua. 

Proof. Define a map w: C\D -t C by 

The map w is harmonic on C\D. Furthermore, on aD we have U = wand 

U r = wr • Thus by theorem (2.1.2) the map from C to itself obtained by gluing 

U and w together is a weakly harmonic. By Helien's regularity result, the map is 

smooth harmonic, but the only harmonic maps from C to itself are holomorphic 

or antiholomorphic. Thus U = Uh or Ua depending on whether u(O) = 0 or 00. / / 

These results allow us to assert the existence of continuous families of harmonic 

extensions. Indeed, Soyeur's result on the existence of energy minimizers applied 

to the map I becomes 
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Theorem 3.3.2 (Soyeur) A relative homotopy class of extensions contains an 

energy-minimizing-harmonic map, u, if and only ifQ(u) = ±k, where k = 0,1, ... n/2, 

when n is even; or Q(u) = ±(2k - 1)/2, where k = 1,2, ... (n + 1)/2, when n is 

odd. 

We have seen that all rotational invariant maps are in the classes -n/2 and n/2. 

Thus given a harmonic map in any other homotopy class, we can act on it by 

rotations to produce a continuous family of harmonic maps. We will have more to 

say about these families, particulary in the case n = 2. 

3.4 The Structure in the Case n = 2 

We now consider the boundary map ,( z) = z2. There are three homotopy 

classes that contain energy minimizers. The holomorphic and antiholomorphic 

extensions are Uh(Z) = Z2 and ua(z) = 1/22 respectively. We have Q(Uh) = 1 and 

Q(ua ) = -1; since these maps are conformal, they both have energy 471". Note that 

Uh and Ua are the unique minimizers within their respective homotopy classes. 

Proposition 3.4.1 The maps Uh and Ua are the absolute minimum energy exten

sions of ,. 

Proof. Let U E 8-1(,), and suppose Q(u) = k. Then by theorem (3.1.1) we have 

E(u) ;::: 471"1kl. The only case not covered here is k = O. For this we need to observe 

that any extension in the class k = 0 must map the disk onto the entire sphere. 

Since the energy must be strictly greater than the area in this class, we would have 

Q(u) > 471". 

Now, to see that maps in the class k = 0 are surjective, suppose that Q(u) = 0, 

and that u is not surjective. Since u must map entirely on to the upper or lower 

hemisphere, we assume without loss of generality that u misses a point in the upper 

hemisphere. Then, topologically, u is simply a map into the complex numbers 
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which may be contracted to a map into the disk. Thus u is homotopic to Uh, but 

Q(Uh) = 1, which is a contradiction since Q is a homotopy invariant. / / 

Next we discuss the class where Q(u) = O. In the same way that rotational in

variance requires that an extension have Q( u) = ±1, there is a symmetry condition 

that assures Q( u) = O. 

Proposition 3.4.2 Suppose u E a-t(-y} satisfies T.U = Rt,u, thenQ(u}=O. 

Proof. Let u E a-t(-y) satisfy T.U = Rt,u. The extension Rt,u can be obtained 

from u by a continuous deformation, hence Q(Rt,u) = Q(u). On the other hand, 

we have seen that Q(T.U) = -Q(u) (by proposition 3.2.2). Thus the hypothesis 

gives Q(u) = -Q(u), so Q(u) = o. / / 
We will show by construction that there exists extensions satisfying T.U = Rt,u. 

For now, we assume that they do exist. We are thus able to prove 

Proposition 3.4.3 There exists a harmonic extension u E a-t(-y} with Q(u) = o. 

Proof. Write S = R;lT.U = Rt,T.U, and consider the set 

a-t(')f = {u E a-1(-Y)ls.u = u}. 

Let {un} be an energy minimizing sequence in a-1(-y)s. Any bounded set in 

Wl(Dj S2) is weakly compact. Hence there exists a subsequence, still denoted 

by {un}, that converges weakly to some wt map u. We may also assume the 

sequence converges to u in L2 (since the natural inclusion W t <-+ u:o = L2 is 

compact), which implies that u actually takes values in S2. Since for all n we have 

S.un = Un, and S acts continuously on Wl(D; S2), then we must have S.U = u. 

Hence u E a-1hf, and so Q(u) = o. / / 
A priori, this harmonic extension may not minimize the energy in the class 

Q(u) = 0 (i.e. the map may be a saddle point). Indeed, minimizing over the 
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fixed point set of a group action is a standard procedure for constructing unstable 

critical points. However, our numerical results in chapter 5 show that maps in 

a-1(-y)s are stable. This symmetry construction gives an alternative to Soyeur's 

existence proof of harmonic maps in the class Q( u) = o. 
We can apply a different symmetry argument to the classes Q(u) = ±1. Indeed, 

let {un} be an energy minimizing sequence of rotationally invariant extensions in 

the class Q(u) = 1. There exists a subsequence that has a weak limit, u which is 

also rotationally invariant; hence Q(u) = ±1. In either case, simply apply T to u 

to obtain a harmonic map in the other class. Thus, we have established existence 

of harmonic maps in the same homotopy classes predicted by Soyeur's theorem. 

Soyeur's proof uses a type of compactness argument to show that the weak limit 

of a minimizing sequence in certain homotopy classes cannot escape to another 

homotopy class. Our argument obtains the same topological restrictions by using 

geometrical constraints. 

Next we show that there do exist extensions which satisfy T.U = R1ru. In 

addition, we will also require u to be p-invariant. These two conditions imply that 

we must construct an extension u : D --t C that satisfies 

1 
u(-z) = = 

u(z) 

u(z) = u(z). 

Note that equations (3.9) and (3.10) together imply that 

u( -z)u(z) = 1 

(3.9) 

(3.10) 

(3.11) 

If we put z = -iV, then equation (3.11) becomes U(iy)2 = 1; hence u(iy) = 
±1. Now, the boundary condition, ,(z) = Z2, implies that u(±i) = -1. So by 
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continuity, the entire imaginary axis is mapped to -1: 

u(iy) = -1 for all Y E [-1, IJ (3.12) 

This observation is the key to our construction. 

We begin by making a conformal change of coordinates in the domain. We 

identify the disk with upper hemisphere of S2 by stereogrphic projection. Let S~ 

denote this hemisphere. Note that aD is identified with as~ by the identity map. 

Next, we use spherical coordinates, (0, <p), in both the domain and the range, where 

o measures the angle in the y-z plane, and <P measures the angle to the positive 

part of the x-axis. In these coordinates, as~ corresponds to 0 = 0 and 0 = 11'. 

The boundary condition, /, corresponds to the map <p f-+ 2<p. This is well-defined 

for 0 ~ <p ~ 1l' /2, since 0 ~ 2<p ~ 11'. For values of <p greater than 1l', we set 

(0,11' + a) = (0 + 1l', 11' - a). 

Using this coordinate system, the boundary condition extends naturally to a 

map u : S~ -+ S2 given by u( 0, <p) = (0, 2<p). This extension of / is very easy to 

picture geometrically: each point, (00 , <Po) travels a distance of <Po units along the 

the great circle passing through the points <p = 0, <p = 11', and (00 , <Po) (i.e. the 

great circle through (1,0,0), (-1,0,0) and (00 , <Po)). Observe that the half-circle 

<p = 1l' /2 is mapped to the point <p = 11'. This corresonds to the imaginary axis in 

D being mapped to -1. 

To see that this extension has the required symmetries we consider it as a map 

u : D -+ C. The map constructed above, restricted to the part of S~ that lies in 

the first octant, corresponds to a map defined on the part of D that lies in the first 

quadrant. Viewing the range as C, the image of u restricted to the first quadrant 

is the upper half of D, where the imaginary axis has been mapped to -1. Next we 

obtain a map defined on all of D by using the required symmetries. Extend u to 

D intersected with the fourth quadrant by requiring u(z) = u(z). Finally, extend 

u to the left half of the disk by requiring that u(z) = l/u( -z). The result is a 
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smooth map whose expression in spherical coordinates is given above. We must 

have Q( u) = 0 since the map satisfies the required symmetries by construction. 

If we regard u as a map u : D -+ C, then 

u(z) = 8(?R(Z))2 - (1 + Iz12)2 + i(8?R(z)s«z)) , 
(1 + Iz12)2 - 4?R(z)(1 -lzI2) 

where ?R(z) is the real part of z and S«z) is the imaginary part of z. 

(3.13) 

If we regard u as a map into S2, then, in rectangular coordinates, its three 

component functions are given by the following: 

8x2 

Ul(X,y) = (1 2 2)2 -1 +x +y 

(3.14) 

The map just constructed is not harmonic, though it is quite "close" to be

ing so. Since u is a rational function, its energy may computed exactly. We have 

E( u) = 1611"/3. This value was obtained with the aid of Mathematica, and was con

firmed by a separate calculation using spherical coordinates. Previous estimates, 

based on topological observations, showed that the minimum energy was in the 

interval (411",811"]. We investigate the actual minimum energy value numerically. 

(See chapter 5) 

We obtain a harmonic extension with the same symmetries by taking a min

imizing sequence as remarked earlier. Starting from this harmonic map, we may 

act on it by rotations, u 1-+ R",u, to obtain a circle of maps in the class Q( u) = O. 

Since rotations commute among themselves and with the symmetry T, we see that 
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each map in the circle satisfies Rrru = T.U. On the other hand, only two of the 

extensions are p-invariant. 

To get a feel for the geometry of the map u, we consider the image of circles 

in D. We view u as mapping into C by stereographic projection. Figures 3.1, 3.2, 

3.3, 3.4 and 3.5 show the image of various concentric circles about the origin. The 

arrow on each graph indicates the direction of increasing O. Also, in each graph, 

notice how the curve intersects -1 twice; these points are the images of 0 = 7r/2 

and 0 = 37r /2. 
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3.5 Construction for higher values of n 

We may generalize the construction of the previous section to the boundary 

map ,(z) = zn, for n > 2. The map is simply given by (O,</» ~ (O,n</». 

To picture this map divide the upper hemisphere into n parts by the curves 

</> = j1r/n, where j = 1,2, ... n. The part corresponding to j = 1 is mapped over 

the upper hemisphere, sending the curve </> = 1r/n to a single point; the next part 

(j = 2) is mapped over the lower hemisphere; etc. Each of the curves </> = j7l-jn 

is mapped to one of the points </> = 0 or </> = 1r. Now, to compute Q(u) observe 

that each hemisphere covered by the image contributes ±1/2. Because of the 

twist that occurs as the image passes through </> = 0 and </> = 1r, all the upper 

hemispheres contribute 1/2, while the lower hemispheres contribute -1/2. Hence 

if n is even, we will have Q(u) = O. Furthermore u satisfies R7ru = T.U, and again 

we have the existence of a harmonic map in this class. When n is odd, we obtain 

a smooth extension in either the class Q(u) = 1/2 or Q(u) = -1/2. These maps 

are interchanged by T. 
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Chapter 4 The Heat Equation 

The heat flow for harmonic maps has been used to establish existence of so

lutions to the Dirichlet problem under various hypotheses. The original existence 

proof by Eells and Sampson [9] for harmonic maps into negatively curved spaces 

used heat equation methods, as well as the extension to the Dirichlet problem into 

negatively curves spaces by Hamilton [10]. For a complete discussion of the heat 

equation see [4, 18]. 

For the heat equation on the disk, it was generally believed that the solution 

should exist globally in time. That is that the solution should not develop any 

singularities in finite time. However, this belief is false. In 1991, Chang, Ding, 

and Ye [6] constructed examples of initial data for which the solution to the heat 

equation develops singularities in finite time. 

Their examples fit into the framework of our paper. We explain their result 

in the context of symmetries and attempt to offer a geometric explanation of the 

phenomenon. We work in the setting of rotationally invariant extensions, and we 

make strong use of our uniqueness result for these types of maps. 

4.1 Preliminaries 

Before discussing the heat equation, we recall some earlier work and we recast 

it into the form required for this material. 

Fix, : aD - C to be ,(z) = zn. Any rotationally invariant extension of, 

has the form u(rei8 ) = g(r)ein8 , where 9 : [0,1] - C, with g(O) = 0 or 00 and 

g(l) = 1. Now if we also require u to be p-invariant (see section 3.2), then the 

function 9 must take its values in Ii = R U {oo}. 

Recall that the only harmonic rotationally invariant extensions of, are Uh(Z) = 

zn and ua(z) = l/-zn. Writing these as uh(rei8 ) = gh(r)ein8 and ua(re i8 ) = 
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ga(r)ein9 , we see that gh(r) = rn and ga(r) = l/rn. Observe that both Uh and 

u a are p-invariant. 

Now, we wish to consider the set of rotationally p-invariant extensions of "Y 

when regarded as maps into 8 2 • The boundary condition takes the form 

"Y(O) = (cos nO, sinnO, 0). 

Let 9 : [0,1] -+- R U {oo}, with g(O) = 0 and g(l) = 1. An extension of the form 

u(rei9 ) = g(r)ein9 , when regarded as a map into 8 2 , has the form 

( 
2g(r) 2g(r). g(r) - 1 ) 

u(r,O) = 1 + g(r)2 cos nO, 1 + g(r)2 sm nO, g(r) + 1 . 

It is convenient to express these maps in terms of a new function f as follows: 

u(r,O) = (cosn8sinf(r), sinnOsinf(r), -cosf(r)), (4.1) 

where f : [0,1] -+- R with f(O) = 0 or rr and f(l) = rr/2 + 2rrk, for some integer 

k. Every rotationally, p-invariant extension of "Y can be written in the form of 

equation (4.1). Note that we have simply put 

1 -g(r) 
f(r) = arccos ( ). 

l+gr 

Now, let u(r,O) be as in equation (4.1), with f(O) = O. When 0 = 0, we obtain 

a path on 8 2 from the point (0,0, -1) to the point (1,0,0) given by 

u(r,O) = (sin f(r), 0, - cos f(r) ). 

We call this path the generating curve for the map u. This path is confined to the 

great circle lying in the x-z plane. 

Given any two such maps, they are homotopic through rotationally, p-invariant 

extensions if and only if their generating curves are homotopic in 8 1 relative to the 
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end points. Thus the space of rotationally, p-invariant extensions with 1(0) = ° 
splits into countably many connected components indexed by the integer k. In a 

sense we are indexing the components by a "winding number". Positive values of 

k correspond to generating curves which start at the South pole, (0,0, -1), make k 

revolutions in the counter-clockwise direction, and end at (1,0,0); negative values 

of k correspond to clockwise revolutions. Note that only the class k = ° contains a 

harmonic extension, namely Uh. We also have a similar description if we consider 

those extensions of the form (4.1) with 1(0) = 7r and 1(1) = -~ + 27rk. 

If we take inital data in a component with k f. 0, then any sort of energy

minimizing-deformation must blow-up. In this context, the term blow-up means 

that for any energy-minimizing-deformation {It} of 10, there exists some time 

t = T (or t = 00) where 

limsuplaal/ = 00. 
t-T r 

Blow up is realized geometrically by the process of a sphere "popping off" (or 

"bubbling off"). Informally, a sphere pops off at ro E D if there is a sequence 

tn -+ T and a family of neighborhoods {Vn } of ro, with diam(Vn ) -+ 0, such that 

82 C un(Vn), where Un is the unique rotationally invariant extension determined 

by Itn' see equation (4.1). 

The following example specifically shows the phenomenon of a sphere popping 

off: 

Consider the sequence of piecewise linear functions {lk}, where /k : [0, 1] -+ R 

and for k ~ 2 we have 

{ 
-k7rr if ° ~ r ~ t 

Ik(r) = 2(;~1)(r -1) + -i7l" if i < r ~ 1 

Associated to this sequence, we have the sequence {ud of maps Uk : D -+ 8 2, 

where Uk is given by equation (4.1). Observe that for all k, Uk(O,O) = (0,0, -1), 

uk(l/k,O) = (0,0,1), and u(l,O) = (cosnO,sinnO,O). Observe that because 
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U(l/k,O) = (0,0,1), the disk of raduius 11k is being mapped onto the entire 

sphere. When k = 00, a sphere has popped off. At the singularity, if we redefine 

f(O) by requiring f to be continuous, we find that f(O) = 7r (i.e. the origin is now 

being mapped to the north pole instead of the south pole). Thus we now have a 

map in the k = 0 component of the homotopy class containing ua • 

Thus we have a sequence {Uk} converging uniformly on compact subsets of 

D\ {O} to a map in another homotopy class. This shows that the relative homotopy 

classes of extensions are not weakly closed. 

This example also shows that the energy functional is not continuous with 

respect to weak convergence. Indeed, for each k, E(Uk) > 6n7r (because the image 

of Uk covers 3n hemispheres-the upper hemisphere is covered twice), but the weak 

limit has energy close to 2n7r. 

Before discussing the heat equation, we summarize the the topological situation 

in which we are working. 

1. There are two homotopy classes of rotationally invariant extensions: those 

that map the origin to the south pole, and those that map it to the north 

pole. 

2. If we restrict to rotationally invariant extensions that are also p-invariant, 

then each class in (1) above is divided into connected components indexed 

by the integers. 

3. In each of the two homotopy classes there is precisely one component (k = 0) 

which contains a harmonic extension (namely Uh and ua ). 

In the next section we define the heat equation for rotationally, p-invariant 

extensions of i. We then describe the evolution of the heat flow in terms of the 

topology outlined above. 
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4.2 Finite Time Blow Up 

The heat equation for harmonic maps is given by the following initial-boundary 

value problem. Given, : D -I- S2, find u : D x [0, +00) -I- S2 satisfying 

u(z, t) = ,(z) Vz E aD, vt E [0,00) (4.2) 

u(z,O) = uo(z), 

where Uo is the initial extension of ,. 

It is known that equation (4.2) admits a unique classical solution u that solves 

the problem on D x [0, T), where T E (0,00] is the maximal existence time of u. 

If T < 00, then we say the solution to (4.2) blows up in finite time. 

Let the boundary condition be given by 

,(z) =,(ei£l) = (cosnO,sinnO,O). (4.3) 

Consider an initial condition which is rotationally, p-invariant: 

uo(r,O) = (cosnOsinfo(r),sinnOsinfo(r),-cosfo(r)), (4.4) 

where fo: [0,1]-1- R, with fo(O) = 0 and fo(l) = 7r/2 + 27rk, for some k E Z. 

It was shown by Chang and Ding [5] that if Uo has the form (4.4), then the 

solution to equation (4.2) has the symmetric form 

u(r,O,t) = (cosnOsinf(r,t),sinnOsinf(r,t),-cosf(r,t)), (4.5) 

with f(O, t) = 0 and f(l, t) = fo(l). 
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Actually, Chang and Ding showed this when n = 1. However their result, as 

well as the result for general n, follows from symmetry considerations. Indeed, 

the heat equation must preserve invariance under any symmetry. Since Uo is ro

tationally invariant and p-invariant, the solution to (4.2) must have the form of 

equation (4.5). 

When n = 1, equation (4.2) can be reduced to the following problem in terms 

of f(r, t): 

af _ J, ~f _ sin2f(r) 
at - rr + r r 2r2 

f(r, 0) = fo(r) 

f(O, t) = 0 (4.6) 

7r 
f(l, t) = '2 + 27rk 

We are now in a position to state the theorem on finite time blow-up. 

Theorem 4.2.1 (Chang, Ding, Ye) The solution to equation {4.6} blows-up in 

finite time if and only if k -1= O. 

Of course, since f determines the solution u of equation (4.2), this result implies 

that the solution to (4.2) also blows up in finite time. 

We illustrate theorem 4.2.1 by numerically modelling the evolution of the so

lution to equation (4.6) for several different initial conditions. The procedure is 

standard. We partition the interval [0,1] into n equal subdivisions by defining 

rj = j In, for j = 1,2, ... n. The r-derivatives at each rj are computed using finite 

centered differences. If we know f(rj, t), then we compute the values of f at time 

t + ~t by f(rj, t+~t) = f(rj, t) + ~t (Jrr + ~fr - 8in22~(r») .The endpoints are held 

fixed, that is f(O, t) = 0 and f(l, t) = ~ + 27rk for some value of k. The time step, 

~t, is chosen on the order of (1/n)2. A more detailed discussion of the numerical 
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techniques involved is given in chapter 5, where the two-dimensional heat flow is 

studied. 

Now, using the above procedure with n = 100, we illustrate theorem 4.2.1 when 

k = -1. In this case, the initial condition is homotopic to Uh, however, it is not in 

the same component as Uh. We take a specific inital condition: 

-311' 
fo(r) = -2-r. 

Let f( r, t) be the solution to (4.6). Figure 4.1 shows the graph of f at various stages 

of the flow. Note that the derivative becomes larger and larger. We can also "see" 

a sphere popping off by observing how the pre-image of -11' moves towards zero. 

The solution to the heat equation may be continued past a blow up time. 

Indeed, if T < 00 is a blow up time, then we re-define f(O, T) by the requirement 

that f(r, T) be continuous. In the case of the example shown in figure 4.1, we need 

to define f(O, T) = 11'. We may then "start" the heat equation again and observe the 

flow. The result is that the heat equation admit!: a global weak solution. If f(r, t) 

represents a global weak solution, then it is smooth except for finitely many points 

{(O, td, (0, t2 ), ••• (0, tm )}. At each time tk a sphere pops off and the solution jumps 

to another component. The number of blow up times is completely determined 

by the value of k in equation (4.6). Indeed, in our example with k = -1, there is 

one sphere that pops off after which the solution is in a component contaiuing a 

harmonic map, U a • Once the solution has jumped to the new component, it will 

converge to U a as t -+ 00. 

Now let us consider an example where more than one sphere must pop off to 

get to a component containing a harmonic extension. Let the initial condition be 

given by 

511' (11' ) fo(r) = 2"r = '2 +211' rj 
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so k = 1. Observe that the image of Uo covers the sphere 2 1/2 times. We illustrate 

the evolution of J(r, t) in figure 4.2. 

Note how quickly the first sphere pops off. We can observe the second sphere 

attempting to pop off by tracking the pre-image of 211". 

The general rule for how many spheres must pop off (equivalently, how many 

blow up times exist) is given as follows. 

1. If k ;::: 0, then there are 2k blow up times. 

2. If k < 0, then there are 21kl - 1 blow up times. 
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For the boundary condition that we are considering, t = 00 is never a blow up 

time. Informally, the reason is that the heat equation should take infinite time to 

totally relax the energy. When the last sphere pops off, the solution is finally in 

a component containing a harmonic map and it still must flow to minimize the 

energy completely. 

Finite time blow up of the heat equation seems very natural in the cases in 

which more than one sphere must pop off. Indeed, since the spheres seem to pop 

off one at a time, one of them must go first. 

Finally, we discuss the case in which t = 00 can be a blow up time. Modify 

equation (4.6) by taking the boundary condition to be f(1, t) = 21f'k, for some 

integer k. In this case we are discussing the Dirichlet problem for maps from the 

disk into S2 with constant boundary conditions (aD is being mapped to the south 

pole). Now, it is known [13] that the only harmonic extension must the constant 

map. Hence applying the heat equation to the initial condition fo(r) = 21f'r, we see 

that two spheres must pop off. The first pops off in finite time. The second will 

not pop off until t = 00. The reason is that when the second sphere does pop off, 

the solution will be a constant map (which is the harmonic extension) and thus we 

should not reach this point until t = 00. The evolution of fo is shown in figure 4.3. 
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Chapter 5 Numerical Methods 

In this chapter we discuss some numerical aspects of the Dirichlet problem. 

We approach the problem of minimizing the energy within a homotopy class by 

two different methods: the heat equation and direct minimization. (For a different 

approach, see [1].) 

In particular we focus on the intermediate class of extensions in the case ,( z) = 
Z2. This is the class whose minimum energy extensions are harmonic, but are not 

conformal. We know that these maps must map onto all of 8 2 , and hence they 

have area at least 47r and energy strictly greater than 47r. The difference between 

the energy and the area measures (in some sense) the extent to which the map 

fails to be conformal. 

In section 3.4, we proved the existence of a harmonic map in this class satisfying 

the symmetry T.U = R,.u. It was not clear if this map represented the minimum 

within the homotopy class, or if it was perhaps an unstable (saddle) critical point. 

By using a numerical scheme that is non-symmetry preserving, we have a strong 

indication that harmonic maps with symmetry are indeed stable. 

5.1 COIr.tputing the Energy 

If U is a smooth extension of ,( z) = Z2, then the energy, in polar coordinates, 

is given by 

1 r 1r r ( 1) E(u) = 2' Jo Jo lu r l2 + r21uol2 rdrdO. (5.1) 

To approximate the energy numerically, we divide the disk into cells. Fix an 

integer n. Let rj = j In, for j = 0,1, ... ,n, and let Ok = 27rkln, for k = 0,1, ... ,n. 

We denote the value of u at (rj, Ok) by Uj,k' Note that Uj,k is a vector quantity 

with unit norm. 
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Next we use the data about U at the lattice points to create a piecewise con

tinuous function for which we can compute the energy exactly. This wiil give us 

an approximation to the actual energy of u. For each cell, we define a continuous 

function 

hk : [0,1] x [0, 1] ~ R;1 

by using bilinear interpolation: 

hk(e,1]) = (1- e)(1-1])Uj-1,k-1 + e(l -1])Uj,k-1 + (1 - e)1]Uj-1,k + e1]Uj,k 
(5.2) 

Let Ej,k be the energy of hk. This may be computed exactly; hence the 

approximate energy of U is E = Lj,k Ej,k' 

To compute Ej,k, we must compute 

/.' J.' W£~'I' + :, la£~.1') rdrdO, (5.3) 

where r = rj_1 + .6.re and 0 = Ok_1 + .6.01]. We rewrite the integrand explicitly in 

terms of e and 1] by using 

ark ark 1 _1_, =_1_,_ 
aO a1].6.0 . 

A (somewhat lengthy) computation yields the following expression for Ej,k, 

Vlhen j ~ 2: 
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Ej,k 

(5.4) 

where 

x = Uj-i,k-l - Uj,k-l - Uj_l,k + Uj,k 

Y = Uj,k-l - Uj-l,k-l 

Z = Uj_l,k - Uj-l,k-l' 

The formula is less involved when j = 1 because the natural logarithm terms 

vanish and because Z = O. Thus we have 

(5.5) 

As remarked earlier, the energy of this piecewise-continuous approximation to 

U is given by summing all the Ej,k' As the value of n increases, we obtain better 

and better approximations to the actual energy of u. 

To get a measure of the accuracy of this procedure consider the extension of 

')'(z) = Z2 constructed in section 3.4. This map is given in polar coordinates by 

u(r,O) = (ul(r,O),u2(r,O),u3(r,O)), where 

Ul(r,O) 
8r2 cos2 0 

= -1 
(1 + r2)2 

u2(r,O) 
8r2 cos 0 sin 0 

= (1 + r2)2 

u3(r,O) 
4r cos 0(1 - r2) 

= (1 + r2)2 
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II n Eo II 
20 5.1837611" 
40 5.2954311" 
80 5.3238511" 
160 5.3310011" 

Table 5.1, Bilinear interpolation 

The energy of this map is exactly 5.33311". Table 5.1 shows the computed value 

of the energy for different values of n. Note that the approximate value for the 

energy is always less than the actual energy. This follows because we are replacing 

U by /i,k which is the minimum energy map from [0,1] x [0,1] into R3 with the 

prescribed values at the vertices. This also points out why further refinement of 

the grid neccessarily increases the energy. Thus our scheme for approximating the 

energy is a monotonically increasing function of n. 

In the next two sections we will consider different methods for minimizing or 

relaxing the energy of the map u (the initial extension). However, for any set of 

discrete values, Uj,k, we will always compute the energy by the procedure described 

above. 

5.2 The Heat Equation 

Our first attempt to minimize the energy involved discretizing the heat equa

tion: 

(5.6) 

Since the heat equation preserves symmetries, we solve the problem only on 

the half disk. That is, we treat the imaginary axis as boundary conditon. Recall 

that the entire imaginary axis is mapped to the point (-1,0,0). 
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Let tlt denote a small change in time. If we know U at time t, then we update 

the values of U by 

We use centered finite differences to discretize the expression tlu + IV'u12u. That 

is we set 

Uj+1,k - Uj-l,k 
U r = 2~r 

Uj+1,k - 2Uj,k + Uj-l,k 

Urr = (tlr)2 ' 

with similar expressions for the () derivatives. 

We sweep through the entire grid using this updating procedure to compute new 

values of Uj,k from the old values. After computing all the new Uj,k, we normalize 

by setting Uj,k = uj,k/luj,kl, thus obtaining a map with values in S2. 

In order to obtain stability in the code, the time-step size must be chosen on 

the order of the square of the mesh size: tlt ~ (1/n2)2. Informally, the reasoning 

behind the choice of tlt is as follows: We view the discrete heat equation as an 

operator with arguments Uj,k. Updating the values on the grid at each time step 

corresponds to iterating this operator. To obtain convergence, we must make 

sure the corresponding fixed-point problem converges: hence, we require that the 

operator have eigenvalues of norm less than one. Observe that when r is small 

(j=1), it is on the same order as tlr. Thus, near the origin, certain terms in the 

discrete heat equation contribute terms on the order of tlr-4. The value of tlt 

is chosen to negate the effects of the ~r-terms. Table 5.2 shows the results we 

obtained. 

If we assume the final energy as a function of n has the form 
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II n t::..t Eo 
10 1.0 X 10-4 5. 177641l' 4.761861l' 
20 6.25 X 10-0 5.293991l' 4.902931l' 
40 3.9 X 10-( 5.323471l' 4.939031l' 

Table 5.2, The heat equation method on the half disk. 

then Co represents the energy as n tends to infinity. We can use the data in 

table 5.2 to extrapolate an approximation to Co. Suppose Eoo(n) = Co + ~, then 

Eoo(2n) = Co +~. Solving these two equations simultaneously yields 

(5.7) 

Using the data for n = 10 and n = 20 gives Co = 4.95001l'; the data for n = 20 and 

n = 40 gives Co = 4.951061l'. We will confirm this result using another method in 

the next section. 

5.3 The Direct Method 

Here we take a completly different approach to minimizing the energy. The 

approach is that of direct minimization. Once again, we work only on the half 

disk-this has the effect of forcing the symmetry condition to remain intact. 

Given the n2 vector quantities Uj,k, we compute the energy by E = 2:: Ej,k, 

where Ej,k is given by equations (5.5) and (5.5). Each Uj,k has three components 

(U)~, u)~l, u)~l); hence we may view E as a function of 3n2 variables. 

We wish to minimize E subject to the constraint IUj,kl = 1. We use the method 

of Lagrange multipliers to find new values of the vector IUj,kl in terms of the values 

of U at the verticies adjacent to (j, k). Consider the equation 
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II n II 
10 4.757217r 
20 4.9024811" 
40 4.9388011" 

Table 5.3, The direct method on the half disk. 

This equation can be solved for u~:l, where>. is chosen to satisfy IUi,kl = 1. 

From equations (5.1)-(5.5), we observe that Ui,k appears in the expression for 

Em,n only if (j, k) is a vertex of cell (m, n). Hence, 

BE 
-w=E 
BUi,k p,q=-l,O,l 

The outcome is that the new value of u~:l is a weighted average of the values 

the eight neighboring vertices, the coefficients being complicated expressions that 

depend only on j: 

(i) _ "'" (") (i) Ui,k - L... ap,q J Ui+p,k+q' (5.8) 
p,q=-l,O,l 

where ao,o(j) = 0 for all j. 

Having computed new values of un for i = 1,2,3, we nomalize by setting 

u(i) = u(i) flU" kl. J,k J,k J, 

Observe that we are constantly using new information as we sweep through the 

lattice. The results using this method are shown in table 5.3. 

Using equation (5.7) we use the data in table 5.3 to extrapolate the value of 

the energy as n tends to infinity. Using the energy values for n = 10 and n = 20 

gives Co = 4.950911"; the energy for n = 20 and n = 40 also gives Co = 4.950911". 

This is a very accurate agreement with the values of Co obtained using the heat 

equation method. 
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Table 5.4, The direct method on the whole disk (non-symmetry preserving). 

The next step is to extend the direct minimization method to the entire disk. In 

this way, we will not be forcing any symmetry conditions. Since the direct method 

is non-symmetry preserving, this type of code can be used to check for stability of 

maps satisfying Rtru = T.U. The only difficulty in extending the method is dealing 

with the origin of the disk. The updating scheme for the value of Uo,O is entirely 

different from any other point since the origin has far more than eight neighboring 

vertices. 

Solving the equation (note that UO,k all represent the same point) 

8E =0 
8u o,o 

for Uo,O yields 

(i) 1 ~ (i) 
Uo 0 = - L...J U1 k' 

, n k=l • 

So the new value at the origin is just the arithmetic mean of all its neighboring 

vertices. As usual, after updating the value, we normalize it to obtain a vector of 

unit length. The results for n = 20 and n = 40 are shown in table 5.4. Again, 

using the data in table 5.4 and equation (5.7), we extrapolate to obtain a better 

approximation to the actual energy. Using the given values we get Co = 4.951011". 

The seemingly large discrepencies between the energy values in tables 5.3 

and 5.4 are due to the differences in the size of /).() in the two codes. Using 

n = 40 on the whole disk is roughly the same as using n = 20 on the half disk. 

The results of these runs strongly suggest that the symmetric maps in the class 

Q(u) = 0 are in fact the minimum energy extensions in that class. 
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Chapter 6 Summary and Future Directions 

The literature on harmonic maps (and on the non-linear Dirichlet prolem) is 

filled with existence-type results given under various hypotheses. A complete clas

sification of the space of harmonic extensions for a non-trivial boundary condition 

seemed to be a worthwhile endeavor. The results obtained here are a step in that 

direction. 

Central to the work presented here, is the conjecture that every harmonic exten

sion from D ~ 8 2 is stable. Several results obtained here offer evidence in support 

of this claim. In particular, we have the result on uniqueness of rotational invariant 

harmonic extensions. The space of rotationally invariant extensions which are also 

invariant under a reality conditon splits into countably many connected compo

nents. It is somewhat surprising that each of these components does not contain 

a harmonic map. On the other hand, it is precisely this uniqueness result which 

lead to the phenomena of finite time blow-up of the heat equation for harmonic 

maps and the notion of spheres bubbling (or popping) off. 

Evidence is also supplied through the numerical results presented in chapter 5. 

The extensions under consideration were obtained under an imposed symmetry 

conditions. The numerical scheme employed introduced pertubations into the 

extensions. Nevertheless, the scheme converged to a map satisfying the same 

symmetries-strongly indicating that the symmetric harmonic maps constructed 

are indeed stable . 

. Also of interest is the construction and geometric description of a non-conformal 

harmonic map (chapter 3). The energy of this map may be compared to the area 

on 8 2 covered by its image. This difference measures the extent to which the 

harmonic map fails to be conformal.In the example studied here, this difference 

is approximately .9511". One goal is to interpret this number as some meaningful 
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geometric quantity. 

Finally, for the boundary condition considered in this work, symmetry consider

ations playa key role. The existence of continuous families of harmonic extensions 

follows from a symmetry argument, as well as the existence of energy minimizing 

extensions in certain homotopy classes. One long term goal is to understand the 

general role of symmetry in causing non-uniqueness, both for the case of 8 2 and 

for more general manifolds. We believe that for a generic boundary condition, the 

minimum energy extension in any relative homotopy class is unique. Furthermore, 

for a generic boundary condition, the absolute minimum energy extension should 

be unique as well. In this case, we could view the minimum energy as a function 

of the boundary condition. What would be the leading term of such a function? 

There are certainly many more questions to ask, as well as numerous directions 

of investigation in which to proceed. Understanding the Dirichlet problem for a 

class of simple boundary conditions would be a good start. Hopefully this paper 

has provided some insight into the fea.tures of this problem. 
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