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PREFACE

Che lo studio dei nodi abbia un aspetto liberatorio € una teoria che non ho mai
visto scritta nemmeno in una nota a pié di pagina. Eppure, forse che non si parte
da un nodo e, maneggiandolo con precauzione, osservandolo come il meccanismo
di una cassaforte, non si studiano le mosse necessarie per ridurlo ad un semplice,
inutile pezzo di corda?

Il nodo ha una storia varia e una dualita complessa, ma al giorno d’oggi dopo
secoli di catene, le attuali rese piu’ forti e sottili da vincoli mentali, morali e
sociali, il nodo richiama immagini non amate. Si e perduto il senso del lavoro
umano: tessuti fatti di nodi, lavori nei campi, I'animale guidato dal contadino,
I’asino costretto a portare il basto, I'acqua issata a fatica dai pozzi, le vele di
grandi navi piene di carichi e di esploratori.

Ci sono libri che esaltano i nodi, simboli di progresso, di unione. Eppure,
diciamoci la verita, questi nodi noi li vogliamo sciogliere. Tutte queste teorie
matematiche alla fin fine ruotano attorno ad un’idea fissa: capire il nodo e disfarlo,
comprendere quando due nodi sono uguali e usare la stessa tecnica per vanificarne
lo scopo, compilare un catalogo di tutit i nodi del mondo al fine di distruggerli
sistematicamente.

E allora via le catene, via le vele, via le navi alla deriva, liberi asini e buoi a
calpestare 1 campi, liberi gli uomini dalle vesti, liberi i capelli delle donne; cadono
gli impiccati col culo per terra e urlano “Mamma, sono ancora vivo!”, volano i
rocciatori nel nulla trasformandosi in aquile, piove I’acqua nei pozzi ritornando
alla terra.

Si sciogliessero anche i nodi del cuore e quelli, pit subdoli, nella testa della
gente, aveemmo raggiunto una grandissima scoperta.
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ABSTRACT

The Heisenberg Model of the integrable evolution of a continuous spin chain
can be used to describe an integrable dynamics of curves in R3.

The role of orthonormal frames of the curve is explored. In this framework
a second Poisson structure for the Heisenberg Model is derived and the relation
between the Heisenberg Model and the cubic Non-Linear Schrodinger Equation is
explained.

The Frenet frame of a curve is shown to be a Legendrian curve in the space of
orthonormal frames with respect to a natural contact structure. As a consequence,
generic singularities of the solution of the Heisenberg Model and topological in-
variants of the curve are computed.

The lamily of multi-phase solutions of the Heisenberg Model and the corre-
sponding curves are constructed with techniques of algebraic geometry. The rela-
tion with the Non-Linear Schrodinger Equation is explained also in this context.

A formula for the Backlund tranformation for the Heisenberg Model is derived
and applied to construct orbits homoclinic to planar circles. As a result singular

knots are obtained.
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Chapter 1 Introduction

The story of this thesis begins in Italy, in my country (just a coincidence!) at
the turn of the century [Ric91]. It begins with another thesis by Luigi Da Rios,
a student of Tullio Levi Civita. In his work he studied the motion of an isolated
vortex filament in an indefinite domain filled with an incompressible inviscid fluid.
A region of vorticity in a fluid or a gaseous medium is a region where the velocity
field possesses a rotational component. When the vorticity is non-zero only in the
interior of a thin tube, (skilled smokers are able to produce a variety of examples),

two ideas come to mind to start understanding the motion of the filament:

o The shape of the filament can be approximated by a curve in space, assum-
ing that its thickness vanishes and that its internal structure is irrelevant.
Therefore its motion can be described only in terms of the position vector ¥

of an abstract curve.

o When the filament is curved, ncarby segments create a potential field which
causes the vortex to move. To simplify the model even more, one remembers
that at each point every curveis approximated by a circular arc, and assumes
the potential to be local. In this limit, the velocity field of ¥ at one point

will depend only on the value of its curvature at that point.

This effort of simplification creates a remarkable equation which, in its more
| >

modern formulation, has the following form [Ham65, Bet65],

— = kb. (L.1)
Here k is the curvature of %. and b is its binormal vector; both are functions of
time and of the arclength parameter. Its form reflects directly the main feature of

the physical approximation: regions of greater curvature move with a larger speed.

Thinking once more of smoke rings, smaller rings travel faster through the air.
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Figure 1.1, The complex structure of the space of knots

Marsden and Weinstein [MW83] showed that the Filament Equation (1.1) has
a natural hamiltonian formulation which can be derived from the Euler equations
for a perlect fluid.
If Cis a “point”™ in the phase space M of equation (1.1), that is an arclength
parametrized curve, a tangent vector to A at C is a smooth choice of normal
vectors along the curve (Fig. 1.1). Thinking of the normal plane at a point along
4 as the plane of complex numbers, we can endow it with a notion of “multiplication
by 2" and induce a skew-symmetric operation J on tangent vectors in the following
natural way (x is the cross product in R%)

Ji(s) = ‘12_7(3) x @(s), @€ TeM. (1.2)

as

The Marsden-Weinstein Poisson bracket on C*(A) is defined by

(roy=[dr-gdg  rgecm (13)

(df,dg are the gradients of f.g and - is the scalar product in R®). A Poisson
bracket associated with a skew-symmetric operator J assigns hamiltonian vector
fields Jdf to functions f (functionals on the space of curves in this case). The

velocity field kb of the Filament Equation can be rewritten in the form

(l_‘f " d*3

ds ds?’



i.e. it is the hamiltonian vector field for the hamiltonian functional
dy
HIC) = /Hnm_l) (1.4)

the length of the curve C.

In the early * 70’s, before the hamiltonian formulation of the Filament Equation
had been explored, Hasimoto [Has72] found a change of variable which recognized
equation (1.1) as a completely integrable soliton equation. The Hasimoto trans-
formation

H:F— o= ket [Tl (1.5)

maps ¥ to the complex function v of the curvature & and the torsion 7. The
function ¥, which completely determines the shape of the filament, is a solution of

the cubic focussing non-linear Schrédinger (NLS) equation.
: Lo .
ey + 7)-|'1/,'| i = 0. (1.6)

The NLS equation can be rewtitten as a hamiltonian system on the space of
complex-valued functions 4
S6H

1/)[:,]-(-5—"]'—1 (1.7)

with Hamiltonian H ] = /D[él/_w[’ss + é'lﬁ21/'2](l'zt, (D the spatial domain). The
Jp2 ;
symplectic operator J is multiplication by i and serves to define a Poisson bracket
on pairs of functionals of «» [FAS0]. The geometric aspect of the complete inte-
grability of the NLS equation translates into the existence of an infinite sequence
of symplectic operators, whose associated hamiltonian flows pairwise commute.
Magri [MagT8] related the ordering in the hierarchy of Poisson structures to the
existence of a Recursion operator R which takes one Poisson operator (and the

corresponding bracket) into another

Ridy=Juy n=0,1,2, .. (1.8)
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It is tempting to suggest (([MWS83] did) that the Hasimoto transformation should
carry the operation of “multiplication by 7” on the normal planes to the curve into
the “multiplication by 7” on complex functions. This would imply that the map
‘H sends the Marsden-Weinstein bracket to the natural hamiltonian structure for
NLS.

A few years ago Langer and Perline [LP91] showed that the relation between the
two hamiltonian structures is more subtle. They computed the differential of the

Hasimoto map and discovered the formula
dH(h7t + gb) = R*(h + ig)e"fs rdu (1.9)

Where hﬁ-}-gg is a tangent vector to M at 4 written with respect to components of

the Frenet frame (¢, 17, b) of the curve. Two observations can be made about (1.9):

e The choice of framings of the curve is important. This sounds like a side
comment at this stage, but will become the main theme of chapter 2 of this
work. If, instead ol choosing the [renet frame as a basis for TM, we choose

the strange looking frame
(/': ‘IT, l—") — (,': (_‘—ifs T([(l‘ﬁ’ e-—ifs rdui)')’ (110)

then we have the correspondence (hii + g0) — h + ig, and dH becomes the
square of the recursion operator with no need to introduce the gauge term
et/ 7 Later we will show that the orthonormal frame (i,,7) arises in a
very natural context (see the description of ch.2 in this introduction and ch.2

itsell).

e H is a Poisson map; that is it maps Poisson brackels to Poisson brackets (and
therefore preserves the fundamental property of integrability). Moreover
there is a shift in Poisson structures: the Marsden-Weinstein Poisson bracket

is mapped to the fourth Poisson bracket for the NLS equation.
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In this thesis we study a dynamical system which is intermediate between the
Filament Equation and the Non-Linear Schrédinger equation. Since the arclength
is locally preserved by the approximated vortex filament dynamics, we can differ-
entiate both sides of equation (1.1) with respect to the arclength parameter and
derive the evolution equation of the unit tangent vector i. We are interested in

closed curves, so we will study the equation

di’ P A2
— = [ X =,
dl ds?

7(0,1) = (2. 1)

17| = (L.11)

with periodic boundary conditions. This equation was derived by Lakshamanan
[Lak77] and it is known as the Continuous Heisenberg Model (HM). It describes the
evolution of the continuum approximation of a discrete chain of spins interacting
just with their nearest neighbors (the analogue of the localized interaction for
the vortex filament dynamics). It is related to the NLS equation via a gauge
transformation which is defined in chapter 4 and which is given a new interpretation
as a consequence of the results in chapter 2 (section 2.2.5).

It is of interest to study (l.11) in the context of the integrable evolution of
curves for several reasons. We present these reasons while outlining the content of
the various chapters.

Chapter 2. The unit tangent vector of an arclength parametrized curve lives
on the 2-dimensional unit sphere. As anticipated earlier, this chapter justifies the
assertion that the choice of frames is important. For the Heisenberg Model it
is most natural to introduce orthonormal frames adapted to the sphere, since £
evolves on S?. The choice of a frame becomes the choice of a unit tangent vector
field along the curve traced out by i. In other words, let 7352 be the circle bundle
of 5%, i.e. the space of all unit tangent vectors at some point. Then the frame of

a curve is a lifting of the associated spherical {-curve into the circle bundle.
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As a first consequence of this set-up we show that the Frenet frame is always a
lifting to a Legendrian curve. In order to do this, we construct a natural contact
structure on 7352 and show that the velocity field of the Frenet lifting is contained
at every point in the distribution of contact planes. The applications of this result
presented here are a classification of the generic singularities of the spherical i-
curve and a description of the invariants of the curve in R® which are related
to topological invariants of the corresponding Legendrian curve in 735%. This
approach promises a better understanding of the topology of the surface swept out
by the Legendrian curve in time [Eli94] and the possible discovery of new invariants
of 4 associated to invariants of Legendrian knots [Ben89]. But this is for future
work (see conclusions in ch. 5).

The frame introduced in equation (1.10) becomes completely natural in this
context: it is the horizontal lifting with respect to the canonical invariant con-
nection on 77352, Its expression allows us to give a geometrical interpretation of
the relation between HM and NLS and to construct a Poisson map between the
respective phase spaces. We show that there is a shift in Poisson structures, as
there is one between the Filament Equation and the NLS equation, and that the
differential of this map takes the Marsden-Weinstein bracket for HM to the second
bracket for NLS. We also show that the origin of the second Poisson operator for
the NLS equation is related to a natural symplectic operator on the space of loops
in SO(3, R).

Chapter 3. Another characteristic feature of completely integrable equations
is the presence of an infinite numbér of invariants: enough for the equation to
be “solvable”. The notion of integrability for a PDE is an infinite-dimensional
analogue of the integrability of finite-dimensional hamiltonian systems. This re-
quires that the constants of motion are in involution, or in other terms that their

associated flows pairwise commute. Moreover their gradients need to be linearly



16

independent. A list of such invariants for curves which solve the Filament Equation

was given in [LP91]. The first few are

f(ls, /T(ls, /k?d.s, /k%ds. (1.12)

An infinite number of constraints forces the solutions to live on a much smaller (but
still infinite-dimensional in general) subset of the phase space. Finite-dimensionality
appears in a special, but large, class of solutions. They are the “/N-solitons” which
move without change of shape in unhounded domains, or the N-phase solutions
in the periodic (and quasi-periodic) problem. When performing numerical exper-
iments on an equation which “looks” integrable, these solutions are the ones to
look for: they interact non-linearly in a particle-like manner. Another character-
ization of the N-phase (or soliton) solutions is that they are critical points of a
linear combination of the first N + 1 constants ol motion (the phases are related to
Lagrange multipliers). Elastic curves, extremizing the total squared curvature, are
2-phase solutions. The closed elastica in /2% are special curves: planar circles and
torus knots [LS84]. In this chapter we construct N-phase curves. The form of the
pair of linear systems associated to the Heisenberg Model suggests a simple way
to construct the position vector of the curve in terms of the eigenfunction matrix.
The eigenfunction for the Lax pair of the Heisenberg Model associated to an N-
phase solution can be constructed from a set of data on a hyperelliptic Riemann
surface with a technique analogous to the one developed by Krichever [Kri77] and
extended in Previato [Pre85] to the cubic NLS equation. The effect of normalizing
the eigenfunction at a point different from its essential singularity leads to our
construction of a gauge translormation which relates HM and NLS.

Chapter 4. We get to the “last” (concerning just this introduction) main fea-
ture of integrability: Backlund transformations. Typically, whenever a system is
completely integrable, Backlund transformations, conservation laws and an inverse

spectral transform are present as three aspects of the same phenomenon [WSK75].
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A Backlund formula for the Heisenberg Model is derived and applied in this chap-
ter, which is the most experimental. The Backlund transformation is used in two
contexts: symmetries and instabilities of N-phase curves. The theoretical papers
of [EFM87a, EFMS87b] taught us that two variations of the basic transformation
can be applied to a given potential to create solutions with very different features.
On one hand an iterated Béacklund transformation constructs a large family of sym-
metries of the original solution. On the other hand we can construct homoclinic
orbits of higher and higher dimensions. Analytically the only example we were able
to work out in complete detail was the Bicklund transformation of a planar circle.
The homociinic orbits to the planar circle are all immersed knots, with transversal
intersections which persist during the time evolution, as many as the number of
fundamental instabilities of the original solution. Homoclinic orbits are dynamical
separatrices in phase space: the fact that we observe singular knots suggests that

they might play a role in distinguishing knots which are not ambiently isotopic.
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Chapter 2 Orthonormal Frames

2.1 Introduction

If the filament equation describes the evolution of an arclength parametrized
curve in R3, then the continuous Heisenberg Model describes the corresponding
evolution of its unit tangent vector. However, in the course of this chapter we will
explain why, in order to understand the geometry of the solution space of the HM,
we need to consider not just the unit tangent vector, but orthonormal framings of
the original curve.

The space of unit tangent vectors of space curves is the 2-dimensional sphere
of radius 1. The space of their orthonormal frames is its unit tangent bundle 7;.52.
Then, for a given curve in R?, choosing a [rame means choosing a way to lift the
spherical curve described by the unit tangent vector into the bundle. This chapter
studies two such liftings.

(a) The horizontal lifting associated to the canonical connection on 7352 is the
geometrical realization of the gauge transformation from the HM to the cubic NLS
equation and of the corresponding shilt in Poisson structures. It also suggests
where the second Poisson structure for NLS comes from.

(b) The lifting to the Frenet frame ol the original curve is a Legendrian sub-
manifold of 73.5? with respect to a natural contact structure. This realizes the
curve on the sphere as the image of a Legendre map (i.e as a wave front) and en-
ables us to describe its generic singularities. Legendrian curves possess Legendrian
invariants; we compute a few of them and relate them to total geodesic curvatures
of associated spherical curves.

We organized the chapter in the following way. Sections (2.2.1) and (2.2.2)
introduce the circle bundle and its canonical connection. Section (2.2.3) constructs

the contact structure in 7;.5? and proves a result about the correspondence between
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Legendrian curves and curves in R3. Section (2.2.4) presents the spherical curve
as a wave front and describes its generic singularities. Section (2.2.5) defines the
horizontal lifting and interprets the gauge transformation between HM and NLS.
Section (2.2.6) compares the Poisson structures of HM and NLS and discusses
the origin of the second Poisson structure for NLS. Section (2.2.7) concludes the
chapter by computing a few invariants of Legendrian curves.

Before turning our attention to frames we briefly characterize the spherical
curves which are of interest Lo us.
They are described by the tangents of closed differentiable curves in R3, which are
parametrized according to arclength. We define the phase space for HM to be the

space of loops in the 2-sphere S?, i.e.

-

P={l:8 -5 secksh}. (2.1)

The requirement that the original curve in /23 be closed restricts the consideration

to those loops on S% whicli satisfy the “zero mean condition”:

P2,
/ f(w)du = 0. (2.2)
0

This is obtained by writing the position vector ¥ of the curve as the antiderivative
of ¢ with respect to the arclength parameter s, J(s) = /s t{u)du, with sq a base
point on the circle. The condition F(s + 27) = F(s) fobl? every fixed s becomes
condition (2.2) for the unit tangent vector .

Remark: The space Py of zero-mean loops is preserved by the HM dynamics, in

d o (L di
L nwdu = / i &Y g =o0.
7 t{u)du A (I X (lu) du =0

We also observe that simple (i.e. non sell-intersecting) closed curves in Py possess

fact

the following geometric characterization: il A is the area of the portion of the

sphere enclosed by #{S') and 7 is the torsion of the curve in R* with tangent
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vector 7, then

2r = A + f{gl T(s)ds. (2.3)

In order to show this, we need one definition and one theorem.

Definition 1 Let c(x) be a reqular oriented curve which lies on an oriented surface
and @ be ils arclength paramcier. The geodesic curvature of ¢ at = is the length of

the tangential component of ¢ () (in other words, il is the covariant derivative

of c'(z)).

For an arclength parametrized curve {{2) on the sphere, its geodesics curvature

can be expressed as k, = 1" - (t xt').

Theorem 1 (Gauss-Bonnet) [fC is a closed simple curve on the unit 2-sphere

which bounds a region D, and k, is ils geodesic curvature, then

21 = | dw + / k, dz, 2.4
4 /D ap ’ ' ( )
where dw is the area form on the sphere.

Let s be the arclength parameter for the corresponding curve in R3.

. . o .o .d
Then, using the Frenet equations for the [rame (Z,7,b) we obtain £ ' = k.nTsi,
) de
- - - (ds\” ds I T ds
" = (=k*T+ krd){ == ) . with =—— = —. Therefore k, = - = 7= and (2.3
( + kT )<d:r> with = A.- icrefore ky r T anc (2.3)
follows. 1

Consequence : The area enclosed by the curve {{S!) is locally preserved by the

time evolution (since the total torsion is a conserved quantity).

2.2 The Frame Space

The Heisenberg Model describes the evolution of the unit tangent vector to

the curve and it also describes the dynamics of its orthonormal frames. For this



reason, we take the natural configuration space for orthonormal frames to be the
unit tangent bundle to the 2-sphere 7,.52.

In this section we describe two geometrical structures on 77382, The first
. is the canonical connection, which is a distribution of horizontal planes invariant
under the left action of the rotation group SO(3, R). The second is a left-invariant
contact structure, i.e. a maximally non-integrable distribution of planes in 77752
which is “adapted” to the Irenet frames of curves (but it is independent of any
particular curve!) in the [ollowing sense: we show that, for a given a curve in
R3, its [renet frame describes a curve in 7;3.5% which has the property of being

Legendrian, i.e. tangent to the contact distribution at each point.

2.2.1 The Circle Bundle of S*

We start with recalling a few facts about the 2-dimensional sphere and its

associated circle bundle. The unit sphere
S = {”Z' ER| at+al+al= 1} (2.5)

is an example of a symnetric homogeneous space. Given a connected Lie group
G and a nontrivial group automorphism o such that o? = Id (involutivity), the
associated symmetric homogencous space is the orbit space G/ H, where H is the
identity component of the set of elements h € (i which are invariant under the
action ol a, i.e. o(h) = h.

In the case of the sphere, (i is the Lie group SO(3, R) of rotations in R3.

* Let T' = < : 1 ) and define o to be “conjugation by T”: a(g) = T"'¢T, for

C ¢ . . N . *
g € SO(3,R). Then H is the subgroup of all elements of the form b = < ) )
and we have the identification H = SO(2, R).
There exists a natural diffeomorphism between S? and the symmetric homogeneous

space SO(3, R)/SO(2, R). In fact, we can construct a transitive action of SO(3, R)
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on S? as follows. Let {ej, €3, €3} be the standard orthonormal basis in B2, and let

us define the map

§:50(3,R) — §? (2.6)

g — g-es.

Since the elements of H fix the vector ez, 6 induces a diffeomorphism between
SO(3,R)/SO(2, R) and S2.
Moreover, if p: SO(3, R) — SO(3, R)/SO(2, R) = S? is the canonical projection,
¢ induces the involution o,(pz) = po(x), Va € SO(3, R), for which the origin
o = pe is an isolated fixed point.

We now define the circle bundle of S? as the space of all unit tangent vectors

to the sphere:
7;5'2 = {(;l?,’ll) LT E 52. (IS T135’27 ”’U” = 1} ) (27)

where || - || is the euclidean norm in R3.
The following properties will be used later:

1) 1t is called “circle bundle” because there is a natural action of the unit circle
which “fixes” the base point .« and rotates v in the tangent plane to S? at . We

have the following smooth map

‘gl X Tl Sz . Tl S"z (

o
[0s]
~—

h (2, v) — (@, hv).

This action is free, i.e. with no fixed points.

2) We introduce the bundle projection 7 : T;.5% — S2, n(a,v) = @ such that
7T_1(SL') = St

3) We can always construct a local cross section, i.e. we can find a neighborhood

U of each point & € S? and a smooth unit vector field e(U) (for example, we can
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take the vector field 5%/”%” where (u,v) is a local coordinate system). Given
such a vector field we define the map ¢ : U x S' — #=Y(U) by ¢(z, k) = (z, he(z)).
Since the S!-action is free and e(z) is smooth and never zero in U, ¢ is smooth
and invertible, and so is ¢!,

4) The previous observations define a principal fiber bundle with fiber S! and
base S2?. The fact that there does not exist a non-vanishing vector field on S? (and
therefore a global cross-section) says that 7;.5? is a non-trivial bundle.

5) There exists a transitive and free action of SO(3, R) on 7;S5% given by the
map ¢ - (x,v) = (gx,gv), g € SO(3, R), which identifies the space of orthonormal

frames with the circle bundle of the 2-spheve: SO(3, R) = 7,5%.

2.2.2 The Canonical Connection

We summarize the notion of a connection in a principal fiber bundle and the
construction of the invariant connection for 7;.5%. The content of this section can
be found in various references, ([KN63] is comprehensive, see also ch.7 in [ST67]
for a discussion of the circle bundle of a 2-dimensional Riemannian manifold).

As in R™ there is a natural way to parallel-translate vectors and to compare
tangent vectors at different points, likewise in a general manifold, a choice of a
connection prescribes a way to translate tangent vectors “parallel to themselves”
and provides us with an intrinsic meaning of directional derivative.

In the case of a principal bundle
G — P
|7
M
with structure group (i over a manifold A/, we best explain the role of a connection
when thinking of lifting a vector field v € T'M 1o a vector field © € TP in a unique
way. Ior each p € P let (i, be the the subspace of T,P consisting of all the

vectors tangent to the vertical fiber. The lifting of v will be unique if we require
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D to lie at each point in a subspace of T, P complementary to G,. A smooth and
G-invariant choice of such a complementary subspace is called a “connection” on

P, more precisely,

Definition 2 A connection on P is a smooth assignment of a subspace

H, CT,P, Vp e P such that:
1) TP,=G,® H,
2) Hyp = (Ly)H, VpeP geG

(L, is the left-translation in G).

Given a connection, the horizontal subspace H, is mapped isomorphically by
drn onto Ty, M. Therefore the lifting of v is the unique horizontal & which projects
onto v.

There is an equivalent way to assign a connection by introducing a Lie algebra
valued l-form ¢ (the connection form). If A € ¢ (the Lie algebra of G), let A*
be the vector field on P induced by the action of the 1-parameter subgroup e*4.
Because the action of ¢ maps each fiber into itself, A™ is tangent to the vertical
fiber at each point.

It X € T,P, ¢(X) is the unique A € g, such that A" is equal to the vertical

component of X. Then ¢(X) = 0 if and only if X is horizontal.
Proposition 1 A connection 1-form ¢ has the following properties:

(1) ¢(A") = A

(2) (Ly)*¢=cad(g)p, Yg€ G (ad is lhe adjoint representation of G).

The first follows immediately [rom the definition; for a proof of the second property
see [IKNG3].
We are now ready to construct an invariant connection on 7752, As discussed

in the previous section, S? = SO(3, R)/SO(2. R) is a symmetric homogeneous
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space. We consider the decomposition of the Lic algebra g = so(3, R) given by the

automorphism of ¢ induced by o (denoted with the same letter o),
g=h@k, (29)

where h = {X € g| X = X} is the subalgebra of the invariant subgroup H =
SO(2,R), and k= {X €¢g| o X = -X}.

Let 0 be the canonical 1-form of SO(3, R), i.c. the left-invariant g-valued 1-form
defined by

O(A) = A, for A€ g, (2.10)
then (see [KNG3])

Theorem 2 The h-component ¢ of the canonical 1-form 8 of SO(3, R) defines a

left-invariant connection in T;S%.

Proof: Because of the left invariance of # we can just consider a vector field X
on 7;5% which is a left-invariant vector field for SO(3, R). Then ¢(X)=0 if and
only il X € k, and if ¥ € /i then ¢(Y) = Y. Moreover, since 0 is left-invariant
under the action of SO(3, ), then it is invariant with respect to the action of its
subgroup H = SO(2, R) = S'. Therelore ¢ has the properties (1) and (2) of a

connection form and it is invariant under the {ull action of SO(3, R). 1

Remarks:

(1) If we identify g = T.((), the subspace k corresponds to the horizontal sub-
space at the identity. From the left-invariance of the connection and the definition
of & it follows that the connection is invariant under the automorphism o, which
is an involution of the whole bundle. This will play some role when defining a
contact structure on 7 .52,

(2) (Structure equations) Let (V| [, [Z;) be the canonical basis for so(3, R)

such that V' spans the vertical space b, and (14, I23) span the horizontal subspace



k. We have

VB = [0, [V,Ey]=—E\, [Ey, E))=V. (2.11)
Setting
0= ¢V +CU1E1 + Lu';_)Eg, (212)

and using the Maurer-Cartan equation, which expresses the exterior derivative of

this invariant form as
L 1 A .o .
dO(NY) = =S0([X,Y]). X,V ey, (2.13)
we obtain the structure equations for the dual basis (¢,w;,ws)

dp = —w Aw, (2.14)

dw; = ¢ A w,y dwy = —¢ A wy. (2.15)

(3) If the Riemannian metric on S? is the standard one inherited from restricting
the euclidean metric in /3 to 52, then the invariant connection constructed above
coincides with the Riemannian connection on the frame bundle of §? (the unique
connection which leaves the metric invariant and has zero torsion).

The invariance comes from the left (and right) invariance of the metric in R3.

Moreover, since the connection is invariant with respect to the induced involution
) ) . . P « .

o, on S?, also the torsion tensor is invariant under o,. At the fixed point o of the

involution o we have
T(XN,)Y)=0,(T(c,X,0,)))=-T(-X.-Y)=-T(X,Y), VX, Y eT,5S%

So 7" is 0 at one point and therelore everywhere. Since the Riemannian connection
is unique, it must coincide with the one constructed above.

(4) We can give an invariant definition of the l-forms w;, we by using the
Riemannian structure, the left-invariance of the connection and the isomorphism

dr 2 Hiy — Tp.S* between the horizontal subspace H at (x,v) and the tangent
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space to the 2-sphere at .

At the point o we can identify T,5? with the horizontal subspace k. Then E,
and I5 are identified with the orthonormal basis e; and te; of T,52%, where ie; is
obtained by rotating €; by 90° within the tangent plane.

Then for ¢ € T(o,e,)715%, wil(,,,) (1) and w2, ) (t) are the components of the
projection dm(t) relative to the orthonormal basis (e;,7e1), we have for example
wll(o,e,) (1) =< dm(t),e; >. The left invariance of w;z by S!-action allows one to
define them for all tangent vectors at o, which are of the form v = he; for some
h € S'. The left invariance of the metric under the full group action defines them

everywhere. Finally we have

W |(ew)(t) =< dr(t),v >, wa@w(t) =<dr(t),iv>, t€ T(l.,u)']'lSz. (2.16)

2.2.3 The Contact Structure and the Legendrian Lifting

We can now define a contact structure on 7;.5% and show that there exists a
1-1 correspondence (up to some trivial symmetries) between curves in R3 with
nowhere vanishing curvature and Legendrian curves in the contact manifold 7; 52.

A contact manifold A is an odd-dimensional manifold together with a smooth
I-form a whose kernel defines a maximally non-integrable distribution of hyper-
planes in TM. This means that there does not exist an integral surface for the
distribution, i.e. a surface which is everywhere tangent to a given plane of the
distribution. The measure of the degree of non-integrability is given in terms of

the exterior derivative of the 1-form da, the non-degeneracy condition is
daNa #0 (2.17)

The canonical example to keep in mind is * together with the 1-form
a = dz — yda. The form da A a = dx Ady A d= is the volume form in R? and does
not vanish at any point, therelore the kernel of a is a non-degenerate distribution

of 2-planes.
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In fact, all the contact forms looks like the canonical one in an appropriate

local coordinate system; i.e. all contact manifolds locally look alike:

Theorem 3 (Darbouz) Given a non-degenerate contact form a on a (2n + 1)-
dimensional manifold, there exists a set of local coordinates x = (xq,...,Ty),

¥ = (Y1,..,Yn) and z, such that & can be writlen locally as
o =dz — ydr. (2.18)

A distribution of contact planes in 7°7;.52 is introduced by means of the 1-form
wq which, together with w, and the connection form @, forms a basis for 77,52 .

We recall its definition: for y € 7,735 dr(y) is its projection onto 1352 Then
Wolgy (¥) =< dm(y),iv > . (2.19)

The contact planes are the kernel of ws,
Ly = {y € T Ti5* [ waly) = 0}, (2.20)

L(z,y) contains the tangent line to the vertical space, therefore the contact dis-
tribution is everywhere transversal to the horizontal distribution defined by the
Riemannian connection. The non-degeneracy property follows from the first strue-
tural equation
dwy = —¢ AN wy (2.21)
which gives
dwy ANwy = —p Awy A wy, (2.22)
_which is non-degenerate since w; A wy is the pull-back of the area form on S2.
Because wy is a left-invariant form on 7'7,.5%, the distribution of planes is left-
invariant with respect to the action of SO(3, R). We can also look directly at the

definition of wy: <, > is an invariant metric, dom commutes with the left (and

right) action of SO(3, R), therefore (L,)"wy = w2, Vg € SO(3, R).



We now consider a differentiable curve (s) on R3, such that s is its arclength
. . . Ay
parameter and such that its curvature is nowhere vanishing, i.e. Iz # 0 at every
4]

s € [0,27]. In this case we can define its Frenet frame (£, 7, b) which satisfies the

Frenet equations

di’
ds
dn 7
ds
db

ds

where & and 7 are respectively the curvature and the torsion of 4(s). The tangent
vector I(s) to ¥(s) describes a smooth curve ¢ on the surface of $2. We show that
¢ has a unique lifting (up to a discrete involution of 77.5%) to a curve ¢, in 7; 5%

which is everywhere tangent to the contact distribution.

Definition 3 A Legendrian curve in a contact manifold is a curve which is tangent

to a given plane of the conlact distribution at each point.

Remark: For a 3-dimensional contact manifold, Legendrian curves are the maxi-

mal integral manifolds of the distribution.

The intuitive argument : the idea behind our assertion is very simple. The
invariant 1-forms (¢,w;,ws) were defined first at the identity element of SO(3, R),
then left-translated by the group action and defined everywhere in 7352, 1t is clear
that the kernel of wq is given by the left translations of vector fields of the form
U = aV+bFE,, with some coeflicients a and b. Representing the elements of ille Lie
algebra so(3, R) by skew-symmetric matrices, such vector fields have the following

form in an appropriate basis

[/

-« 0 b . (2.

O]
o
—
~—
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We compare the form of U with the form of the matrix entering in the expression
of the Frenet equations (2.23) and conclude that the meaning of these equations
is that their solution curve in SO(3, R) is Legendrian. On the other hand any
left-invariant vector field on SO(3, R) of the same form as U defines the Frenet
equations of a curve with curvature ¢ and torsion —b. Therefore our Legendrian
lifting of the curve described by { is nothing but the lifting to the Frenet frame of
the corresponding curve 4.

The formal proof :

Existence: we define the lifted curve to be é,(s) = (i{s),7(s)) € 7,52, where
di, df .
n o= ; —/|l==|l is the unit normal of the curve . We need to show that & is
ds

ds

Legendrian with respect to the contact structure. i.e. that its tangent vector
field lies in the distribution of planes. In order to compute the tangent vector
to ¢ at ¢r(s), we work locally in a coordinate patch U C S? and use the map
¢ Ux 8" — 7Y (U) to identify #=1({/) with the product space U x S'. Then

there exists a smooth function ¢ : [0,27] — R, such that
en(s) = (i{s), h(s)), with h(s) = ¢®) g S1, (2.25)

g . . . . .
If — is the unit tangent vector field on S and » : B — S! is the exponential map

0o I 16 l 16 9
. dhds, (dY déC
r(a) = €, then — = —d ( ) B

ds (_l;”

following expression
dey, di, . dé N
()= (E(*)’E(”‘)})'Z) .

. . (/(\.'1‘ . . , . oy
I'he second component of —= is tangent to the vertical fiber and so is annihilated

ds
by the projection dr. The tangent vector I to the curve satisfies the Frenet equation
di’ . ) . .
l—(a) = k(s)n(s) € T[(s)b‘), where k(s) is the curvature of ¥ at s. Therefore we
ds
have

e Therefore the tangent vector has the
ds

(2.26)

(2.27)

i ((/&l(b)> = k(s)it(s).

ds
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Since 7 = b, the binormal vector to ¥, we obtain
d . Y o
wgl(m) (d—ch(s)) =< k(s)7(s),b(s) >= k(s) < 7i(s),b(s) >= 0. (2.28)

This shows that the lifted curve &, is Legendrian.

uniqueness: suppose that there exists another Legendrian lifting

é(s) = (i(s),#(s)) € T15? such that 7 0 é = c. Then, §(s) = eP)ii(s) for a

smooth function 4 : [0,27] — R, and
&(8) = (cs), ePBIN(s)) = (c(s), /B (2.29)

The tangent vector to & at & (s) is

de,, . dt’ o\ [(dp | db d
—E(S) = (E(b)’ (I + (Ts) (3)%) ; (2.30)

so the choice of a different lifting just modifies the vertical component of the tangent
vector field and dm “sees” the same vector, i.e. dr(dé,/ds) = dn(dér/ds) = k.
Moreover, since é& is Legendrian. we have the equation

l : .
0= w2|(m) (ﬁ) =k < T, ¢"ii >=k < ii(s). - sin(B)7 + cos(B)iR >= —ksin(f),

ds
(2.31)

which is satisfied if # = 0 or 7. Correspondingly we have the two liftings ¢; and
& = (1, —7).
Remark: ¢, and ¢, are related by the following involution j : 78?2 — 7,52,
J(a,v) = (x, —v) which preserves the contact structure. In fact, for ¢t € Ti,,)7h 52,
e w2l () = wol(p_y) (di(1)) =< dmodj(l), —v >= — < dn(t),v >= — wa,,, (2).
Therefore, il ¢ belongs the contact distribution, so does dj(¢).
This involution is the bundle involution induced by the group automorphism o
discussed in the previous section. In lact o acts like the map v — —v on the
vertical fiber which is a subspace of the contact planes.

We choose the lifting corresponding to /4 = 0 and call it the “Frenet lifting” of

the curve ¥ into 7,52



On the other hand, if we have a Legendrian curve in 7,52, its velocity field satisfies
the Frenet equations (2.23) for some &k and 7 and its projection onto S? can be
regarded as the unit tangent vector to some arclength parametrized curve ¥ in R3,

unique up to a translation. We summarize all these observations in the following

Proposition 2 There exisls « left-invariant contact structure on the frame space
SO(3, R) such that the Frenel lifting of every curve in R® with nowhere vanishing
curvature s a Legendrian curve. Conversely, every Legendrian curve in SO(3, R)

descends to a curve in R3, unique up to rigid motions.

2.2.4 A Remark on Legendrian Singularities

In the Legendrian framework we can state what are the generic singularities of
the curve described by the unit tangent vector of a space curve. In fact, we can
conclude that the curve swept out by f'is a wave front.

A wave front is abstractly defined in the lollowing way. Let P be a contact
manifold which is the total space of a Legendrian fibration (all whose fibers are
Legendrian submanifolds), let L be a Legendrian submanifold. The projection of
L onto the base manifold is called a Legendrian map and its image the wave front
of L.

In our case, the total space is the bundle 7,;5% with the contact structure as-
sociated to the l-form wy. Clearly the S'-fibers are Legendrian submanifolds, in
fact they have maximal dimension (1, in the 3-dimensional case) and every ver-
tical vector is annihilated by dr and thus belongs to the kernel of w,. Therefore
(715%,wq, ) is a Legendrian fibration and 7 a Legendrian map. From this obser-

vation and Proposition 2 we can conclude that

Corollary 1 The curve described by the unil tangent vector of an arc-length

paramelrized curve in R® is the wave front of « Legendrian map.
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Legendre curve X

Cdu—t

A
2=F(x.q), p=dF/dq

9
Z
. front
q

Figure 2.1, The semicubical cusp and its generating function

A singularity of the front is a critical point for the projection 7. In Arnol’d’s

discussion of Legendre singularities, our situation is the simplest one. We have the

following result (see [ANS0])
Proposition 3 The generic singularities of planar fronts are
o semicubic cusps [the Legendrian curve is tangent to the vertical fiber] and

o points of transversal sell-intersections [the Legendrian curve is branched over
the singular poini]
These singularities are stable to small deformations of the Legendrian curve and
of the base manifold.
Unlike projections of space curves onto a 2-dimensional plane, whose only generic
singularities are self-intersections (cusps can be removed by small deformations),
cusps appear generically and are stable singularities of Legendrian maps. To ex-

plain the cusp formation (and its stability) we can use the fact that locally all

contact manifolds look the same and take as a representative an example in which
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the normal form of the singularity is readily computed. Such an example is the
contact manifold J!(M, R) of all the 1-jets of functions on a manifold M. The 1-jet
of a function f is the “beginning” of its Taylor series: f(z) = z+p(z —¢q) + ... .
J1(M, R) has coordinates (z,p,q) (z is the value of the function, p its derivative
at the ¢ € M) and the natural contact structure given by the form dz — pdg.Then,
the 1-graph of a function f, i.e. the set L = {z = f(q),p = le—j;} is a Legendrian
submanifold. It is also clear that the fibration = : J! — J°, given by the projection
on the coordinate plane (z,¢), is a Legendrian fibration (since the vectors tangent
to the vertical fiber belong to the contact planes).

The classification of the singularities of = (points where dr vanishes) is then
reduced to the study of families of curves in the base manifold (z,q). A family
of functions on the base manifold z = [F(«, ¢}, depending on the parameter z, is

called a generating function for the Legendre submanifold L if

oF OF
L={(zp,q) | T stl.2=Fla,q),p= =, =0}. (2.32)
dq’ Oz
The first two conditions just say that = = F'(«,q) is the image of L via the Legen-

drian projection. The third condition is less intuitive and is related to the stability
of the family (with respect to small variations of the parameters). This becomes
clear in the following physical picture: suppose that z parametrizes a curve of point
light sources in the base manifold (z, ¢). Let I"(x, q) be the time of propagation of
the signal from 2 to ¢. Then the condition for the minimum time of propagation
of light to he equal to =z is = = F(x, ¢q), %g = 0: this defines the front. For a planar
front with a caustic singularity, the generating family is given by F(z, q) = 2®+qa,

which is the front of the Legendrian submanifold L
z==2% p=a, ¢=-=32% (2.33)
L is a smooth curve in the (=, p, ¢) space, but its projection has a semicubical cusp

at the origin (see fig. 2.1). Observe that small perturbations of the generating

family will not remove the cusp. which is thercfore a generic singularity.
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Remark: The time evolution causes the front to move, so its singularities may
change. Singularities of moving fronts are classified as singularities of fronts one
dimension higher (time has been added). In the simplest case of planar fronts,

swallowtails appear in space-time as generic singularities.

2.2.5 Horizontal Lifting, Natural Curvatures, Gauge Trans-
formation

In this subsection we look at the horizontal lifting of the curve ¢(s) = #(s) to the
bundle 7152, We will rediscover the natural curvatures introduced in [LP91] and
we will give a geometric interpretation of the gauge transformation which relates
HM and the cubic NLS and which is described in chapter 4 (section 4.2).

Given the curve ¢(s) = f(s) in 52, we define the unique horizontal lifting
éo = (£, 7) with #(0) = 7(0) (so that the Frenct lifting and ¢&, agree at s = 0). Its
construction is very similar to the one of the Legendrian lifting. In a local patch,
¥(s) can be written as §(s) = e/PE)H) for a smooth real function B(s); here

¢, = (1, ¢%) is the Frenet lifting. The tangent vector field of &, is

dé L [d3  dé\ O
2 = [k, & +—] =1, (2.34)
ds ds =~ ds) da
where e is, as before, the unit tangent vector to the vertical fiber S?.
da
Then &, is horizontal (i.e. it lies in the horizontal distribution) if and only if
g db
ds —  ds’ 5
In the remark following Lemma | of section 2.2.6 we will show that =T We
; s
then obtain (taking count of the initial condition)
A(s) = —/‘ 7(u)du. (2.35)
0

The corresponding horizontal lifting is given by

Co(s) = (t_‘(s),e‘ift)’ ’(“)"'“ﬁ,) = (F(.s),cos(/(;s Tdu)i — sin(/

0

S

Tdu)iﬁ) . (2.36)
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It defines a new orthonormal framing of the curve

i = cos(/s Tdu)i — sin(/éi Tdu)E (2.37)
0 0

= sin(/os rdu)i + cos(/ Tdu)b. (2.38)
0

<)

This is the “natural frame” defined in [LP91] (see [Bis75] for some history and
discussion}; it is indeed “natural” in the sense that it corresponds to the lifting of
a parallel vector field along {s) to the orthonormal frame bundle with its canonical
connection. The natural frame varies along the curve according to the following

system of linear equations

a = k cos(/s Tdu)d + /\fsiu(/s rdu)tv

ds 0 0

di s ~

_ = —NK S A3 2.

- ks cos( /0 rdu)i (2.39)
dv . -

o= —k sm(/0 Tdu)t.

Correspondingly, the components of the projection of the vector field tangent to

the horizontal lifting with respect to @ and @ are called the “natural curvatures”,

ke = wil; (dco) =< /\rfi,cos(/s Tdu)i — sin(/s rdu)iil >= kcos(/s Tdu)
° >t ds 0 0 0
¢ s s s

ky = ws; ((co) =< l.'ﬁ,cos(/ Tdu)ii + sin(/ Tdu)it >= ksin(/ Tdu).
°ds 0 0 0

Now we can interpret the gauge transformation which relates HM and NLS in
a geometric way: the procedure described above defines a map from curves in 5?

to curves in the complex plane
[ i{s) — w(s) = A'(s)e"foy rdu (2.40)

The real and imaginary component of the complex function 3 are the components
of the projection of the horizontal vector field onto T,-(S)SZ. If I'satisfies the Heisen-
berg Model equation, then the complex function y(s) = /\:(s)eifo- e 35 a solution

of the cubic non-linear Schrodinger equation.
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Thus, for frozen ¢ the gauge transformation is the composition of the parallel-
transport of a vector #(0) along the curve I with the projection of the tangent

vector field onto the tangent space to S2.

Remarks:

(a) If we decide to parallel transport a different vector (there is a whole circle
of choices) the change is reflected in a constant phase factor. The corresponding
complex function is of the form ¢ = Jeci Jo 7% [0 some real constant Bo, which’
is still a solution of NLS. So, making a particular choice means quotienting out the
phase symmetry of the NLS solution.

(b) A “natural frame” (a choice of a parallel vector field) is always defined,
even when the curvature k(s) vanishes, unlike the Frenet frame. In fact, once the
initial vector £{(0) is chosen, its parallel lifting is unique.

We notice that while the Frenet lifting of a closed curve is always closed, the
horizontal lifting need not be. Its holonomy is the element of the fibre S* which

takes the initial value of the lifted curve to its value at s = 27. We have
hol(é,) = e v, (2.41)

Therefore the condition for a closed lifting (or for trivial holonomy) is that the

torsion must be quantized,
fr(lu —rj for j € Z. (2.42)

Observe that all the closed liftings of parallel vectors along a solution of HM
correspond to periodic solutions ol the NLS equation, since ¥(27) = '1/)(0)6"35‘ rdu,
a general lifting corresponds instead to a quasi-periodic solution. In particular, if
the curve 7 itself lives on a sphere of radius r, its total torsion vanishes [Car76]

and therefore it has a periodic “natural frame”.
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2.2.6 Comparison between the HM and NLS Phase Spaces

We have seen that the horizontal lifting of a closed curve in 5% to 7; 5% is a map
from the circle into 77.5% which is “not quite” closed, and that the failure to be
closed is measured in terms of the total torsion of the corresponding curve in R3.
Since the HM flow leaves the total torsion invariant, we restrict our attention to one
of the spaces £(S?) = {F: St— 82| $rdu= ‘27rk}. In this case every horizontal
lifting is a loop in SO(3, R) and the corresponding complex-valued function % is
periodic.

We need some notation. Let £(S0(3, R)) be the loop space of the group SO(3, R);
let £,(SO(3, R)) be the set of all loops horizontal with respect to the direct vector
space decomposition so(3,R) = h @ k defined in the previous sections, and let
U = {1 : ST — C} be the space of periodic complex-valued functions. Moreover,
since the lifting is defined up to the choice of an initial unit tangent vector, we

introduce the quotient space W/S!. In what follows we explain the diagram
L,(SOB,R) & ¥

T |-

LS5, /St
where the maps H; and H, are defined as follows:

(1) In a local product representation
H(l) = (e i) (2.43)

is the horizontal lifting of the curve described by {.

(2) TFor every element O € L,(SO(3, R))

Ha(O) = wy (Oh‘l(_[l—(—)—) + 1wy (O_l@) (2.44)

ds ds

is the complex function built out of the components of the left invariant tangent

field of O with respect to the basis ([7), I+3) of the horizontal subspace k.
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Firstly, we compute the differential of dH; and show that the natural Poisson
structure on £(SO(3, R)) induces a Poisson structure on £(.5%) which is compatible
with the Marsden-Weinstein bracket.

Secondly, we compute the differential of the composed map 7o H = moHy0H,
following a procedure contained in [LP91], where a compact expression is given for
the differential of the Hasimoto map. We will show that dH can be expressed
in terms the second symplectic operator for the NLS equation, which is now
interpreted as coming from the natural Poisson structure on the loop space of
L(SO(3, R)). As a consequence we recover that the gauge transformation (the
map H) sends the Marsden-Weinstein Poisson structure for HM into the second
Poisson structure for NLS, and that there is a corresponding shift in the hierarchy

of hamiltonian vector fields.

We recall a few facts about Poisson brackets.

Definition 4 A Poisson brackel on a manifold M is « bilinear skew-symmetric
operation which endows the space of smooth functions on M with a Lie algebra

structure; i.e. it s a bilincar map
{,}: C(M)xC¥(M) — M (2.45)
which possesses the following propertics:
(7) {fi9} = ={g9, f} (Skew symmetry)

() {fogh} =g{f h}+{/9} (Leibnitz rule)
(i) {fA{g. R} +H{n{) g} + {g.{h, F}} (Jacobi Identity).

If there is an inner product <, >, on cach tangent space T,, M, (i.e. M is
a Riemannian manifold) then a skew-symunetric linear operator J(m) on tangent

vector fields induces a skew-symmetric bilincar map in the following way

{[.gtm) =< V[ Ng>(m). me M. (2.46)
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(condition (72) is then automatically satisfied).
Remark: If the operator J is associated with a non-degenerate Poisson bracket
defined as in (2.46), then it induces a symplectic structure on M (condition (7:7)
is equivalent to the closure of the 2-form < J-, >).
Examples:
(a) On £(S?) we introduced the Marsden-Weinstein Poisson structure associated
with the operator
Jp XN =0x X [€8% XeTL(S?), (2.47)
and with the inner product
. I -
< XY >y (1) = _)—/ <X,V > (s)ds (2.48)
27 Jo

(< X,Y > is the scalar product in R23).

(b) On Q = L(S0(3, R)) we can define a natural Poisson bracket (see [Pre82]).

Let L(2) = Map(S?, R) & so(3, R) be the Lie algebra of 2. Then, for X, Y in
L(€?), we introduce the bilinear form
I 1 op2r dX
S(X,Y) = —/ <&y s ds, (2.49)
27 Jo ds

where < X|Y >= %TT(XY) is the standard inner product on so(3, R). Integration
by parts shows that S{ , ) is a skew-symmetric form. The Leibnitz rule follows

. . d . - .
directly from the fact that J = — is a derivation. We need to check the Jacobi

as

identity. To this end, we verify that the 2-form § is closed. We compute
dS(X,) Y. Z) = X-S(V.Z2)+Y - -S(Z2, X))+ Z-S(X,Y)
— S(X.Y].Z) = S([Z, X],Y) = S([Y, Z], X). (2.50)

Since the form is left-invariant, its derivative in the direction of any left-invariant

vector-field vanishes, and we are left with

2mr
dS(X,Y,Z) = -—l-/ (<YLZ,X] >+ < XY, Z] >+ < Z',[X,Y] >)ds.
0

2
(2.51)



We now use the left-invariance of the inner product on so(3, R) to write

<YN[Z,X]> = <Y [Z,X]> -<Y][Z2,X]>-<VY[Z,X]> (252)
= <YV [Z2,X]> -<Z[X,)Y]>-< X|[V,Z] >.

Inserting this relation into equation (2.51) we find that dS = 0.

The second Poisson structure for HM: given the map H;, we compute the
pull-back of the natural Poisson structure on £(S0(3, R)) to £(S?%). In order to
do that we need to understand how the action of the differential dH; carries vector

fields on £(S5?) to vector fields on L£(SO(3, R)).

Remark: In general, if [ : A/ — N is a smooth map, then an explicit formula for
its differential can be obtained from the definition of a tangent vector field as a
directional derivative along a curve.
Let g : N — R be a function on N, then go f : M — R is a function on M.
A vector field V € TM acts on it and gives the number V{g o f] (the directional
derivative of g o f along ¥'). Then the differential of f is defined by the following
expression:

A (V)lgl = Vigo /1. (2.53)
In order to compute the diflerential of H; we need to derive some variational

formulas.

Lemma 1 Consider a family of spherical curves Hw,s) : (—¢,€) x S1 — 5% rep-
resenting the unit tangent vectors of a family of space curves v(w, s). Let k and v

be the curvature and lorsion of v(0,s). If W = (lt—‘/(/wl is the variation vector

(0:3)
field along the curve I (belonging lo TpoqS? at each s € §), then the variation of

k and T along W are

Wk) = < _;—’w, i > (2.54)
as
(/ - -
Wir) = — (< VaW.b>) + k< W.b> (2.55)
(s
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= k7l be the velocity field of the curve {. V commutes

(0,3)

with the variation W, i.e.

, . dfr
Proof: Let V = &

0=[W,V]=Vykit) = ViaW = W(k)7 + kVwii — kVW. (2.56)
Therefore,
W(k
Vwit = VaW — #ﬁ, (2.57)
and
(k
(W] = — " /‘(‘/")ﬁ. (2.58)

Now we observe that k? =< ki, kii >; we differentiate this expression in the

direction of W, use the commutation relation (2.56) and obtain
2UW (k) =2 < Vi (kit), kil >=2h < VigW, @ >=2k < VW, @ > .

In summ ary,

W(k) = k< VilW,id> (2.59)
W,7] = — < VaW,i>i (2.60)
Vil = ValW— < ValW,ii > it =< VW, > b. (2.61)

As for W(r) we write 72 =< 7'5, b >, where Th = Viaft. Using the chain rule and

formula (2.56) we compute

WW(r) = 2r < Vi (Viaii), b >

= 21 < (anvw + Viwwa + R(W, /\:ﬁ)) i b> . (2.62)
We have used equation
VxVyZ —VyNxZ -V xyZ = R(X,Y)Z, (2.63)

where R(X,Y") is the Riemann curvature tensor. For the unit sphere (which has

constant sectional curvature equal to 1) R(.X,Y") has the form



R(X,Y)Z =< Z,Y > X— < Z,X > Y. Therelore,

(2.63)

W(r) < ViaVwit + kW— <7, W > ki, b >

C2) < Vi (< VaW, 5> 8), 5> +k < W, B> (2.64)
= k(< VaW,b>)+ k< W,b>

= ;—l < VaW,b> +hk < W,b>.

(s

Remark: In our situation 7@ represents a point in the vertical fiber over ¢ in 7,52,
As has been discussed in section 2.2.3, in a local representation we can identify @
with an element € of S! for a smooth real function 3. Then, the action of the
vector field W on 7 can be written as Vil ~ W(/J")a%, where 8_aa is the unit
tangent vector field along the vertical fiber. We can compare this expression with
formula (2.61) and observe that b is a unit vector tangent to the fiber at 7. Then §
can be identified with —505 and we deduce that W(3) =< V¥, b>. In particular,
d

if W =V = ki, the velocity field of the curve, we have V(3) = T
ds

Next we construct the pull-back of the natural Poisson structure on £(S0(3, R))

=T.

to £(S%). It is defined through the following pulled-back 2-form
Qp(ViW) = Sy, (dH(V), dH (W), V.W € T|L(S?). (2.65)

We now write the explicit expression of the dilferential dH,; we abuse the notation

slightly and work again in a local product representation, then
Hi(I) = (f =il T"'"/”) el xS,

We use the definition (2.53) (the function ¢ is taken to be the components (%)

in the product representation) and the remark at the end of Lemima 1 to compute

dH, (W) = (W‘]/V((,—if’r+iﬁ))



W[+ W) o

(2.65)

(W, W)+ < Vi, b >)0_aa> (2.66)
<IV (= < VaW, B> — / k< W,B> dut < Vi, b >)—)
= (w (—/ E<W.E> dut o)

’ ’ Jda

with ¢ a constant of integration. Then the pull-back of S to TL(S?) has the

following expression

2T {1\ o 3 i
QV, W) = ‘)—17; (< (l‘ WS k< Vb >/ k< W, b> du) ds
F4 0 as
L 2= dV s -
— - - . V4 . .74 g 92
- 27r/0 <= Ab/ k< VB> du,W > ds. (2.67)

We have shown that © is a second Poisson structure on T'L(S5?) associated with

the following operator:

LAV) = ViV — kb [/ k< ViE>dute|.

dW . ~ . .
Remark: T has in general a component along ¢, which we subtracted in the

ds
. . dW dw . - d . ..
expression of the linear operator (—— < —,t > t = (¢t x —)(t x W) is still
ds ds - ds

a skew-symmetric operator). Equivalently, in the loop space of SO(3, R), the

d , . .
operator 7 takes a horizontal vector field to a vector field which has in general a
ds

vertical component. The Poisson bracket is on the other hand well-defined on the

restriction of £{SO(3, R)) to horizontal loops, in fact expression (2.67) shows that

W

ds

product with a vector field tangent to the sphere.

the component of in the direction of { is annihilated when taking the inner

The constant of integration ¢ can be chosen so that Ly is a skew-symmetric

operator. Letting Py (s) be any primitive of & < W, b >, the correct choice is
1 .
¢ = ;)—('P(O) + P(27)), corresponding to the operator

<

LAV) = ViV — %AE(/ +/) k< V,5> du (2.68)
Z 4] 2T
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In fact, let I(W) = %]\75 (/ + ) k < W,b > du. We just need to check that
0 27
I is a skew-symmetric operator with respect to the inner product on TL(S?).

Integration by parts gives

2r 2r - 8 8 -
i/ <V,I(W)>dc=i/ k<v,b></ + >/c<W,b> du ds
271 Jo 2r Jo 0

2T
1 s s . 27 1 27 =
= — Y V. ¥ _ v 4
=Py (s) (/0 + %)l. <W, B> da| =5 [Tk < W B> Py(e)ds

L cw ) L e ews d
= o [ k< WS (P + PrO)ds = o= [Tk < W, 5> Py(s)ds

’ 2m o s $ - 2r
= L k<W,b></ -+ >k<\/,l)> (lu:—;—l— <I(V),W > ds
271' 0 0 27 27r 0

In order to understand the relation between the two Poisson operators J; and
Ly, we observe that we can rewrite the right-hand side of the Heisenberg Model

equation with respect to two different hamiltonian decompositions. In fact, let

et VT T S
/. _ 52 s - _— = S 9
Vo = S £—1x B Tt —kb (2.69)
ds  As
o
i = —— = =kt+ ki + krd (2.70)
0s?

be the gradients of the first two conserved quantities (see [FA80] for a derivation of

the generating function of the conservation law by means of the inverse scattering

transform)
o 9% 91

1 2r L % == .t 1 2m

Iy = — 97— ds g = — Tds (2.71)
27 Jo ot al 27 Jo

ds s

Lo of or INEL

]1 = T - .—(13 = - /\?2(18. (2.72)
2r Jo Os Os 2w Jo

Then we can write the evolution equation as

dr
di

Ix Lp(0x Vo) (2.73)
= JVi. (2.74)

In other words, the operators Jy and Ny= (J - L - J); have a hamiltonian vector

field in common. In Appendix A. we check that Jyand Ky are compatible Poisson
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operators in the sense described by Magri [Mag78] (i.e. J + K defines a Poisson
bracket). As a consequence, Jy and K have in common an infinite sequence of
hamiltonian vector fields {J;Vi} which are associated with an infinite family of

conservation laws. We summarize this discussion in the following
Proposition 4 The Poisson operator
1 s s
KV =V:V + 31\77'77 </ +/ ) < V kit > du, (2.75)
Z 0 2T

and the Marsden-Weinstein Poisson operator define a bihamiltonian structure for

the HM equation. The corresponding recursion operalor
Ry= I\',-Jt.‘l (2.76)
generates the hierarchy of commuting hamiltonian vector flelds
TV = (RAF IV (2.77)
The relation with NLS: next we compute the differential of the map = o H

and show its relation to the second Poisson structure for NLS. We first recall the

following results which can be found in [Mag78] and [FAS0):

Theorem 4 There exist two compalible symplectic operators for the periodic NLS

equation:
Jo = i¢ (2.78)
- (l(}b
¢ = /‘ — ) 2
Kud (Is 1 (/ / > oh)du, (2.79)

with respect to the inner product
1 2 .
< 1,2 >, = S / (d102 + d102)du @y, D2 € TV, (2.80)
2T J0

The associated recursion opcralor R = N, J7' generales the following infinite hi-

erarchy of Polsson structurcs

{fLg}y =< R"IV[.Ng>. [g€W. (2.

o
o s]
ot
~—
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Using once more the chain rule and the variational formulas for & and 7, we

compute the differential of H and obtain
dH(W) = W(k)e S ™ 4 ik ( / ’ W(r)du) ¢i [ (2.82)

l/ /| - .8 s -
- (<£(—}K,ﬁ>+i<f-l—}—li,b>)e'f i [T < W > duticp
S as

¢ is a constant of integration, and since the kernel of dr contains vector fields of

the form cy, we can write equivalently

1% W - e ' $ s -
dH(W) = | < -d—,ﬁ >4+ < (————,b > gl [l rdu + 11/) (/ + ) < W, kb > du.
ds ds 2 0 2

(2.83)
We write W = gl + ho on the basis of the natural frames and introduce the
complex vector field y(W') = g + ih. Using the evolution equation (2.39) for the

components of the natural frame, we can rewrite the above expression as

{ 1 s s B
AH(W) = Zn(W) + 7 ( /0 + /2 ) (W) — G(W)bldu.  (2.84)

The right-hand side is nothing but the second Poisson operator for the NLS equa-
tion K acting on the tangent vector n( W ); we can then write the following formula

for the differential of h = 7 o H:
dh = dmo Ky o, (2.85)

This expression contains two pieces of information. On one hand, given our previ-
ous discussion about the origin of the second Poisson structure for HM, we find a
connection between the second Poisson structure for NLS and the natural Poisson
bracket on £L(S0(3, R)). Moreover, with a few more steps we can show that (2.85)
realizes the known fact that there is a shift in Poisson structures between HM and
NLS (see for example [IFAS0]).

We check that /i is a Poisson map and carries the Marsden-Weinstein Poisson

bracket into the second one for NLS. Two formulas are needed (their derivation is
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a one line computation, in a similar context see [LP91]:

V(foh)ly = db*(V)lyy, [fe¥/S (2.86)
noJoy* = J, (2.87)

-

where ™ indicates the adjoint with respect to the inner product. The shift in

Poisson structures (see (2.81)) is shown by the following computation:

let f,g € W/S?, then

{foh,goh}i) =< JV([oh),V(goh)> (i) (2.88)
= < Jdh*V[,dh*Vg > (h(i))
= < dhJdh*V [,Vg > (h(I))
= <droRN¢J¢ o K™ odr V[, Vg > (h(1))
= < KJN=dr™V /[, dz"Vg > (h(i))
= < R*V(for),V(gor)> (H(i))
= {fomgorha(H(D) = {[.g}2(h(D)). (2.89)

Thus, we can view NLS and M as the same hamiltonian system, but with respect

to two different Poisson structures which belong to the same hierarchy.

2.2.7 Invariants of Legendrian Curves

An invariant of a Legendrian curve is an integer-valued function whose value
does not change if the curve moves staying Legendrian.

The Legendrian liftings of the curve £ € S? remain Legendrian during the
time evolution. Therefore any of their invariants is preserved in time until the
projection of the Legendrian curve onto the base manifold acquires a singularity.
As a consequence, a Legendrian invariant of a lifting of I’ to 7;.5? is an invariant of

the corresponding curve in 13,
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Next we compute the Maslov index of the Frenet lifting of £. We will define
it and place it in a more general context while we compute it for the special case
that interests us.

Let us consider the manifold 7;5% & SO(3, R), together with its tangent vector
fields (E1, [2, V) and the associated dual basis of 1-forms (wq,ws, ¢) introduced in
Section (2.2). The structure equations (2.14),(2.15) guarantee that each element
of the dual basis defines a contact structure on 7;.52.

The contact distribution of 2-planes associated with w, is given at each point by
By = span{(E,,V)}. Then (B, dw,) is a symplectic vector bundle of rank 2, i.e.
a vector bundle B, — 7,.5? together with a symplectic form on each fiber, which
varies differentiably with the base point.

Let now ¢ be a Legendrian curve, and let ¢/ be its unit tangent vector field. Then
Ly = span{c'} is a Lagrangian subbundle ol By, (it is of maximal dimension 1
and therelore the symplectic form dw, vanishes on it). The subspace generated by
E, defines another Lagrangian subbundle Lo = span{E;}|..

Given two Lagrangian subbundles Ly, L; of a symplectic vector bundle (M, £, w),
we associate an invariant class and an integer in the following way (see [Vai87]):
Let J be a complex structure on £ which induces a positive metric
g(X,Y) =w(JX,Y). Then, in a local trivialization I/ C M of the bundles Lo, L,

we can define two fields of unitary frames

] N o 0
wh= 5 eh = ide). a=0,1 (2.90)

where {e}} is an orthonormal basis of L,,a = 0,1 with respect to g. Then the two

subbundles are related through their unitary frames
w' = uV A (2.91)

with Ay a unitary matrix. Taking a covering {{/} of M, since a change of or-

thonormal bases is realized by multiplication by an orthonormal matrix, we obtain
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a total mapping A(Lo,L1) : M — U(n)/O(n). The mapping A(Le, L1) has the

following invariant
(Lo, L) = Det* (A(Lo, L1)) : M — S! (2.92)

(Det? is the square of the determinant, well defined since orthogonal matrices have
determinant £1). The degree of the map ¢(Lo, L1) associates an invariant to any

closed curve in M, we state the following result (for the proof see [Vai87]):

Proposition 5 ‘The Maslov cluss of (Lo, L;)

mi(Lo, L1) = (Lo, L1) (fl‘f ) € H'(M, R), (2.93)

2Tz

and the Maslov index of a curve c: §' — M

771201” = v/;?”I?.(Lo, Ll) = deg(¢(Lo,L1),c) (294)

are respectively an integral cohomology class and an integer number independent

of the complex structure J.

Back to our example: here the Lagrangian submanifolds are defined by the Legen-
drian curve ¢, therefore its Maslov index will be an integral invariant of the curve

itsell. On B, we define the complex structure
JE, =V, JV=-[. (2.95)

Then dwq(J-, ) defines a positive metricon By, (it can be checked directly using the
expression dwy; = —¢ Aw;). The orthonormal bases for Ly and L; are the vectors
¢ = cos()E, + sin(0)V and E; respectively. Then Jc' = —sin‘(a)El + cos(O)V,
ul = '\/l_E(El —1V) and

u® = e, (2.96)
Therefore, the Maslov index of the curve ¢ is twice the rotation number of the

- ~ L .od g )
angle 0. For the Frenet lifting ¢; = (¢,7), with —¢; = (kn,7=—), we obtain

ds Jev
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o _ kit
N

. Twice its degree is the Maslov index of ¢;:

2r (]
m(cs) = ‘2/0 Ea,rcta.n(r/k)d:c. (2.97)

Remark: We observe that the Maslov index is twice the total geodesic curvature
of the spherical curve described by the normal vector %, which is now seen to be a
Legendrian invariant.

Similarly, we can compute the Maslov index of a closed horizontal lifting
¢ = (1, e“ide"v'z') of a curve with § 7du = 27k. An analogous computation (the
symplectic vector bundle is now span{(E}, F2)}), shows that that the Maslov index

of ¢, is twice the total torsion
2m
m(c,) = ‘2/ Tdu, (2.98)
0

and that the quantization of the Maslov index coincides with the condition for the

lifting to be closed. In summary,

Proposition 6 The Maslov index of a closed Legendrian curve in the contact
manifold (T 5%,w;) is twice the total geodesic curvature of the unit normal of the
corresponding curve in B3,

The Maslov index of a closed Legendrian curve in the contact manifold (7152, w;)
is twice the total torsion of the associated curve in R3.

Both are invariants of the curve in R® and are preserved by the HM flow. In partic-
wlar, the total torsion is preserved for all times, while the total geodesic curvature

is locally preserved since k can vanish during the evolution.



Chapter 3 Construction of N-phase Curves

3.1 Introduction

In this chapter we consider the class of N-phase solutions of the HM.

From the point of view of the integrable theory they are the analogues of the
N-solitons in the case of quasi-periodic boundary conditions. They are dense in the
space of all periodic potentials; they lie on low-dimensional sets which topologically
are N-tori in function space and which foliate the phase space in a way similar to
a finite-dimensional integrable system. Moreover formulae for N-phase solutions
can be constructed explicitly.

The corresponding curves are also interesting from a geometric point of view.
They are critical points of the geometric invariants (7 7, [Z7 k2, " k*r, ... , and
they promise to be rather special curves. In the trivial case of 1-phase curves, we
have planar circles. The next case is much more interesting: the critical points of
the total squared curvature are the elastic curves. The closed elastica in R® have
been classified by [LS84], who showed that they lie on tori of revolution and belong
to the class of torus knots. The evolution of an elastic curve under the filament
flow is trivial: it is the composition of a rigid translation and a slide motion along
itself (which therefore does not change the knot type).

In the next section we construct a large family of quasi-periodic solutions of
HM and the corresponding curves using methods of algebraic geometry. We find
the construction itself interesting, since it gives another way to interpret the gauge
transformation between the HM and the NLS equation.

The chapter is structured in the following way: section (3.2) deals with the
construction of N-phase curves. We start with deriving the expression of the posi-
tion vector in terms of the eigenfunction of the associated linear problem (section

(3.2.1)). Section (3.2.2) reviews a method of construction of the eigenfunction
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which uses Riemann surface techniques. Section (3.2.3) discusses the normaliza-
tion of the eigenfunction. Section (3.2.4) constructs the N-phase curves.

In the second part of this chapter we discuss the role of the squared eigenfunc-
tions. Section (3.3) relates the squared eigenfunctions to the Frenet frame of the
curve. We also construct an infinite hierarchy of commuting flows, and write down

the generating function for the conserved quantities.

3.2 N-Phase Curves

We will be working with matrices rather than vectors. The unit tangent vector

(t1,t2,¢3)7 is represented by the hermitian matrix
. ts ty — ity o2
= . N .‘D = Id 3.1
5 ( [1 + ltg —tg ) ( )
Then the HM is rewritten in the following form
s 1., 9*S

— = —|[S§, =—|. 2
at Qi[ ’0;1:2] (3.2)

Equation (3.2) is the compatibility condition of the following pair of linear systems

3—[: = iASF (3.3)
OF . 8 . o

o= (NS = NZZ9)F .
T (2iA 52 (3.4)

where [ is an auxiliary complex-valued vector function and A is the spectral pa-

rameter.

3.2.1 The Reconstruction of the Curve.

Instead of taking the anti-derivative of the tangent vector, we derive a formula
for the position vector of the curve in terms of the eigenfunction of the associated
linear problem. In the context of N-phase solutions, this provides one with a very
direct way to obtain the curve. A similar formula (involving the NLS eigenfunction)

can be found in [A.S8§].
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We start with the following result:

Proposition 7 The solution of the linear problem

oF
oz

=3t

=1AS

is analytic in A € L for an analytic initial condition F(m = 0).

The conclusion follows from standard ODE theory. Below we write a proof
which malkes use of the boundedness of the matrix §.

Proof: Given the analytic initial data £(0) = ¥52, F{” A we construct the solu-

tion of the following sequence of coupled linear systems using Picard’s iteration,

W G, (3.6)

da
Go=F® | Gu0)= " k=1,2,...

The outcome is the following formal series for the solution F of (3.5),

M:(ixm>ﬂm, (3.7)
1=0
with

Ro=1d, Ry = /' / (s /“E@g@h”mb (3.8)

S is bounded in norm, for example in the {'-norm

2
IISIh = ?1(11\22 |Sik] = /52 + s34 [ss] < 1 +2V2. (3.9)
Tt =

For ||S]1 £ C, C some positive constant, we have

T k-1 Ckak
< ¢* l ' Sp ..o dsy = 3.
nmm_clhé A sy oo dsy = <, (3.10)
and
N’ _ e
< Z Rl Al < Z = exp(C'|A|x), (3.11)
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which shows the convergence of the formal series and thus the analyticity of the

eigenfunction.

Let ® be the fundamental solution matrix of (3.5); because it is analytic with
respect to the eigenvalue parameter, we can differentiate both sides of the linear
system with respect to A and evaluate them at A = 0, obtaining the following

formula for S:

. d 0P
ML L N (3.12)
0:1’ 0/\ A=0 o
This expression is a perfect derivative since the eigenfunction at A = 0 is

constant in x and t, so we can integrate it with respect to 2 and obtain the
hermitian matrix I' which represents the position vector of the curve,

.00

re [7 5(s)ds = —iss

oL, (3.13)

A=0

We have just discovered that both the position vector of the curve and its
tangent vector can be expressed in terms of the eigenfunction matrix of the asso-
ciated linear problem and its xz-derivative. In the next section we construct the
fundamental solution of the linear system for the Heisenberg Mode!l in the space
of quasi-periodic functions. We follow a construction by Krichever which uses

methods of algebraic geometry.

3.2.2 The Baker-Akhiezer Function

Quasi-periodic solutions are associated to a set of data on a Riemann surface.

We start with a hyperelliptic Riemann surface ¥ of genus ¢ described by the
equation
29+2
yr =TT (A= N). (3.14)
=1

We mark the two points 0o, oo, which are permuted by the involution 7(\,y) =

(X, —y) exchanging the two shects.
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We also choose a set of g + 1 distinct points D = {P,, ... Py41} placed in a generic
position (a non-special divisor) and not containing cox.

Let A(P) : £ — CU{oo} be the hyperelliptic projection to the Riemann sphere;
it can also be seen as one of the meromorphic functions on ¥ whose pole divisor is

004 + co_. In neighborhoods of cos we choose the local parameters kg such that
(ke)™' = £(A(P))! (3.15)

at ooy respectively.

The main idea of Krichever is to construct a function #(A) on ¥ which is
uniquely defined by a prescribed behavior at its singularities and which turns out
a posteriori to solve to a pair of commuting linear systems. The compatibility
condition, i.e. the zero curvature representation of these two linear operators will
be a completely integrable non-linear equation for the coefficients. So, the con-
struction of such a function provides one both with the non-linear equation, an

initial condition and its solution.

Definition 5 A Baker-Akhiezer function associated to (X, D,004) is a function

() which:

e is meromorphic everywhere excepl at 0oy and whose poles on ¥\{coy} are

contained in D,

o has an essential singularily al ooy which locally is of the form
(k) ~ constexp(p(k)), with p(k) an arbitrary polynomial with complex co-

efficients.
For our purposes, we recall the following result ([Kri77]),

Proposition 8 Suppose that the following technical condition holds:
Condition A: The divisor Py+- - - + Py — o004 —oo_ is not linearly equivalent

to a positive divisor,
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Then, if p(k) = ihx 4+ Q(k)t, and & and t are complex parameters with |z|, |t|
sufficiently small and Q(k) is a given polynomial, the linear vector space of Baker-
Akhiezer functions associated to (3,D,ky) is 2-dimensional and it has a unique
basis P!, ¥? with the following normalized expansion at coy:

Yh(e, b, A) = explikew + Q(k)1) <§: Q;{i(w,t)k;") » J=1,2 (3.16)

n=0

with (:(}—*- =1, (" =0, Cg+ =0, ¢~ =1.

Remarks:

We malke two remarks belore proving the proposition.

1) For a non-special divisor of degree d (a formal integer linear combination of
points on ¥ counted with multiplicity) the Riemann-Roch formula (see for example
[GH78] for the proof), states that the dimension h°(D) of the linear space of

meromorphic functions on ¥ whose pole divisor lies in D is

o {, 45
2) Condition A means that there exists no non-constant meromorphic function
with pole divisor P, + ... + P, which vanishes simultaneously at ooy and at
oo_.
Proof:

(1) Uniqueness: Suppose there are two functions ¥; and W, which satisfy
the prescription; then their ratio W, /W, is a meromorphic function (the essential
singularities mutually cancel) whose poles are contained in the zero divisor of W,.
The condition of “non-speciality” assures that the dimension of the space of such
functions is 2(= ¢ + 1 — ¢ + 1, according to the Riemann-Roch formula). For
the normalization, since h°(D — ooy ) = h%(D — co_) = 1, we can choose two such
functions vanishing at oo, and at co_ respectively; because h°(D ~oop —oc_) =0

(Condition A), they must be independent.
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(2) Existence: We follow an argument given in ([Pre85]) and exhibit a pair of
independent functions on ¥ with the correct singularities. Functions on a Riemann
surface are built as ratios of Riemann Theta {unctions (a nice survey of the features

which are relevant in this context is in ([Dub8l1]). Let
a1y oo ylgy by, ooy by, (3.18)
be an arbitrary homology basis for the Riemann surface ¥ and
Wiy e Wy, fuw‘, =6 ij=1, g (3.19)

be ¢ normalized holomorphic differentials.

We construct the period matrix B,
By, =j§w]~, L= 1y g (3.20)
by
which defines the Riemann Theta function

0(z) = > expir(<n,Bn>+2<n,z>), zel’ (3.21)
ne€Z9
and we choose a base point Py € %.

The essential behavior at oo is introduced by means of the unique normalized

differentials of the second kind 5 and ¢, which satisfy the following conditions:

1) 7 and ¢ have a single pole at oo with local expansions
N~ dky, C ~dQ(ks) (3.22)

(these are dictated by the polynomial dependence of the exponent on the local
parameter).

2)(normalization)
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We can now build the following function of P € &

- PP\ O(A(P)+ Uz + Wt - K — A(D))
V= exp (” SN C) WAP) - K —AD)y B

In this expression K is the Riemann constant and
9 9 P
ASPY=> [ & (3.25)
k=1 k=1 Fo
is the Abel map. A associates a divisor $°7_, P on T to a point of Jac(X) = TI\A,
where A is the 2¢g-dimensional lattice spanned by the columns of (Id; B).
The vectors U and W are introduced to make v a well-defined function on
Y. The only indeterminacy is the path of integration which can be modified by
adding any integer combination of homology cycles. This produces the overall
factor (taking count of the vanishing condition for 5 and ¢)
g
exp (Z [mk (;z:j{ 7+ l,f C) — g (2l + I,Wk)]) . (3.26)
k=1 by, by,

This is 1 if we define the components of the “frequency vectors” U and W to be

l%=£n, H@:ﬁ(. (3.27)

At last we are left to choose the pole divisor D of degree g + 1 and to fix the

given by

normalization. As discussed above, two independent functions are uniquely picked
by requiring that one vanishes at ooy and the other at co_; for this purpose we

introduce the following

Definition 6 Dy is the unique positive divisor which is linearly equivalent to D —

[ O XN

The choice D = Dy and D = D_ in formula (3.24) gives two independent func-
tions, whose poles arc in Dy and D respectively. In order to make the pole divisor
be D we multiply »* by a meromorphic function g4 () whose zeros lie in Dy + oo

and whose poles lie in the original divisor D.
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We finally obtain the correct Baker-Akhiezer functions
P P AP+ Uz + Wit — K — A(Dy))
ey — _ (oo .
1/) = €exp ($(~/};0 n T]:i; ) + t(/Po C Ci )) O(A(P) — ]" — A(D;{:))
O(A(0z) — K — A(Ds)) . _9+(P)
0(A(cos) + Uz + Wit — K — A(Dy))  gx(o0s)

The constant terms 7$° and (}° in the expansion of the argument of the exponential

(3.28)

at oot have been subtracted to make the leading coefficient of the meromorphic

part of the eigenfunction matrix be the identity.

In the following section we will understand better the importance of the normal-
ization at oco: different normalizations produce different (but gauge related) Lax

pairs and so different associated non-linear equations.

3.2.3 The Normalization

Given the unique basis of the vector space of Baker-Azkhiezer functions guar-
anteed in the previous theorem, we can build unambiguously a function and a
corresponding pair of linear operators which will be identified with the Lax pair

for the Continuous Heisenberg Model. We have the following result:

Proposition 9 If Q(k) = 2ik? and W(x,t,\) is the matrviv of Baker-Akhiezer

i) ) , (3.29)

Sfunctions
o PR vi(e,
Lot A) = ( Pi(e,1,0) 2 (e,

then the columns of the matrix

o~ o

B, b, \) = Ve, 1,0)" U, 1, \) (3.30)

are linearly independent simultancous solutions of the following pair of linear sys-
tems
or
du

= JASF (3.31)
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ar oS

= = (21025 — A 5 S)F, (3.32)

where the matriz S is independent of A and is given by

S(act) = W(x,1,0)" oaW(a,t,0), (3.33)

with o3 = ( (1) _01 )

Observation: the value of ¥ at A = 0 defines the normalization of the eigen-

function at ¢ the essential singularities. We have in fact
\lim' O(a,t, ) = W(x,1,0)7" (3.34)

We can then interpret the gauge transformation as a change in the point at which
the Baker-Akheizer eigenfunction is normalized.
This also shows that the potential S is the leading term in the asymptotic

expansion in A of the matrix of squared eigenfunctions,
S(a,t) = \lim Oa,l, A)oyd(a, i, A)~". (3.35)
A= OO

This fact will be useful later on, when explaining the relation between squared
eigenfunctions and orthonormal frames.

The proof of Proposition (3) is contained in the following lemma,

Lemma 2 Given the Baker-Akhiezer matriv function ®(a,t,A) normalized as in
Proposition 2, there exists a unique pair of matriz differential operators L, and L,

of the following form

b= e =S e 2 (3.36)
1= - aldt aatil" 2= 5 AR a(l?/j’ '

such that ®(x,t, A) solves simultaneously the lincar systens

)4
Lo = b, L,d = %‘/—’ (3.37)
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Proof:

In order to determine the coefficients of the linear operators L; and L, we
consider the behavior of both columns of ® at oco4.

We define the quantity A(z,t) = ¥~!(z,¢,0) and look at an expansion for ¢

(in the global coordinate /\) of the form

. - exp (iAx + 21A%t) 0
O(,1, ) ~ < (z,1) +,§ Xo(z ) ( ; exp (ke — 20070)
(3.38)

The operator L; is uniquely determined by the requirement

_ o] exp (iAa 4 21 \%1) 0 o

(L1 — M d)d(z,t,A) = O(X) ( 0 exp (—ihe — 2i0%) | ° (3.39)
In fact, by substituting expression (3.38) in equation (3.39) and requiring that the
O(1) and O(A) terms are equal to zero, one finds the following recursive system of

equations:

U1 = —'[:ACT:}A_I (340)
Up = XA = U ALAT — il X o3 A7 (3.41)

which determines Uy and U as functions of A and Xj.

Since ®(z,t,0) = Id, the multiplicative term Up in the expression of L; must
vanish. We check this in the following way.

We consider the matrix of normalized Baker-Akhiezer functions ¥(x,t, A} con-

structed in Proposition 2 and its asymptotic expansion at oo

Yt )] ~ <1d+ ”ZI L . l)) ( (-xl)(/,\.l~0+ 2iA21) exp(—i/\;(LJ' iy ) ’
(3.42)
Because ® is obtained by normalizing W as in (3.33). then Z, = A7 X, n= 1. ...
If we substitute the asymptotic expansion of W into an equation of the same form
as (3.39), we can show that W satisfies the following linear eigenvalue problem,

W
105%"_(05/10; )= AW, (3.43)
x
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In particular, the coefficient A~!(z,t) = W(x,(,0) satisfies (3.43) at A = 0 which

we rewrite as

dA-1
dz

We now solve for Up in the system (3.41), use equation (3.44) and obtain

—_ Z.[Zl,a'g]/l_l = (. (344)

dA-1
dz

Uy=—-A < — i[Zl, 0’3]A_1) =0. (345)

The coefficients of Ly are determined in the same way. The requirement

6) 1 c(i,\.v+2i,\2t) 0 )
(L2 - ﬁ')q)(:l"v l*’\) - O(:\‘) ( 0 (_(,‘,\_1._*_2,"\2” ) ) (346)

together with the asymptotic expansion (3.38), determines the following recursive

system of equations for the coefficients V;:

‘/2 = —Qj.‘lU;;.“—] (347)
Vi = 2X147 215 A, A7 — iV, X oy AT (3.48)
Vo = Ai—Vi(Ay +iX104) = Va(Aur + 20X 1005 — Xo). (3.49)

In order to simplify the expressions for V| and V, we use the the equation for the
time evolution of U{a,t, A), which we can derive by substituting the asymptotic

expansion of ¥ in the time linear system (3.36),

. 0*W av . i . . oV
_QZGBW_FQ[ZI»0-3]0‘3%',"27‘{2%03]_21[41~03]031103_2034110‘3 = - (350)

o’
Observing that also A='(w.f) = W(r.1.0) satisfies equation (3.50) (which is A
independent), and inserting the expression for its time derivative in (3.49), we

obtaln

\2 —21‘/‘0";5:\—] (J:)J.)

Vi = —i(AoyAl), (3.52)
W o= 0. (3.53)
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For this choice of U;’s and Vs the right hand side of the relation

1 ( exp(idz + 20A%1) 0

(L; = Ad)B(w,t,3) = O(5) . exp(—ite — 2iA%) ) . (3.54)

gives a pair of Baker-Akhiezer functions such that the leading coefficients of their

asymptotic expansions vanish at coy. By uniqueness, they must be identically

zero. Therefore ®(z,t, A) solves simultaneously the equations
(L; — Md)®(a,t,A) =0, j=1,2 (3.55)

which, after introducing the quantity S = AoyA~'. are equivalent to the linear

system for the Continuous Heisenberg Chain.

3.2.4 The Theta Function Representation of the Knot.

In the previous section, we built a basis of Baker-Akhiezer eigenfunctions for
the linear problem of the Heisenberg Model and we expressed the potential §
purely in terms of the leading term of the expansion of its meromorphic part at
A= oo

We now derive an expression for the corresponding N-phase curves. It is clear
from what we have discussed so far that the Baker-Akhiezer function for the Heisen-
berg Model is specified by ¢ + 1 poles, two essential singularities over co and its
normalization at 0; it is also clear that normalizing at a different point (so far as it
does not coincide with one ol the poles or the zeros) will affect neither the essential
singularity nor the divisor of the meromorphic part.

Moreover if the pole divisor D is in general enough position, the condition A
can be replaced by the following equivalent.

Condition A’: The divisor Py + ... + Py — 04 = 0_ is not linearly equivalent to

a positive divisor,
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Here 0, and 0. are the two points on & over A = 0 which are exchanged by the
hyperelliptic involution: 0_ = 7(04)

Condition A’ and D being non-special assure that, among the meromorphic
functions with poles in D, there is only one which vanishes at 0, and just one
which vanishes at 0_ (this gives the existence of two distinct functions with poles
in D), but there exists no non-constant function which vanishes at both points
(this guarantees the independence of the two and so the ability to realize any
normalization at A = 0).

We introduce the following quantities:

1) DY (resp. D), the unique effective divisor which is linearly equivalent to

D —0_ (resp. D —04).

2) hy(P), a meromorphic function whose divisor is (hs) = DY + 05 — D.

By an argument identical to the one described in Proposition 2, we obtain the

following result,

Proposition 10 The linear problem associated to the Heisenberg Model is solved

by a vector function with the following componcnts

P P N O(AP) + Uz + Wt — K — A(DY
# = oxp ((/P n—nim(/,_)og—@z)) : (0)(;(}))“:,\._Ang))( £)).
O(A0L) - K — A(DY)) h(P)

- ; : . 3.56
0(A0L) + U+ Wi - K — A(DY)) he(04) (3.56)
Moreover, the corresponding eigenfunction matrix
ot (P) ot (T(P)) q =7
O(P) = , 3.5
(7 (</>-(P) o (+(P)) (357)

is normalized to be the identity matriv al A = 0.

9 en - - . . R 0
In (3.56) (n,¢, Fo,&) are the same as in Proposition 2 the terms 9 = [p*

. Ou » . . . .
and ¢ = [p* ¢ are introduced to give the wanted normalization at A = 0.
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Finally we construct the N-phase curves. We use the reconstruction formula

derived in section 3.1
OP(x. 1. )
aA A=0

The derivatives of the entries of ® are given in terms of the following functions

I'a,t) = —2 (3.58)
(and by the sheet information)
OpE| J . 0 +
—_— = ai:c+bit+ —*IOgO(A(P)—*—(”‘*‘ I’Vt —_ 1\ —A(D:t)) +(‘ N
oA |\ apP P=0
A= =03
(3.59)
where the ¢*’s are constant in @ and ¢ depending on the Riemann surface data,
ag = x7(0), and by = +¢(0).
We show that both coefficients of the lincar terms in x and ¢ are zero. Let A be
real for simplicity (we are just interested in what happens at A = 0). In this case
it can be shown that the fundamental solution ¢ of the spatial linear problem is a

unitary matrix. We introduce the transfer matrix
T, A) = d(a+ 27, M)d~ (e, \) (3.60)

which takes the solution at a given a to its value after the translation by one spatial

period. It can be shown [FA80] that its trace
AN = Tr [T V)] (3.61)

is an invariant both with respect to @ and {, and that it determines the spectrum
of the spatial linear operator. If we define the Floquet Eigenfuncltions by means of

the following formula,
dE(a,\) = exp(ép(/\);z')‘/_"i(a', A), (3.62)

where _fi(;zr, A) are bounded, periodic [unctions, it is casy to check the following

relation between the Floguet exponent p(A) and A(\):

e
o LR (3.63)
dX T 2m /AT ‘
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By comparing the expression of the Baker-Akheizer eigenfunction with the one for
the Floquet eigenfunction, we can identify the differential 7 with the derivative of

the I'loquet exponent,

70 = 20y, (3.64)
d\

Now we use the symmetry of the solution with respect to the transformation A —

—A. From the linear system we see that
O(x, =) = O(—a,A) (3.65)
and thus ©(0, —A) = ®(0, \) and ¢(27, =) = ¢(—27. A); lor real A we deduce
T2r,-A) =T '2r,A) = 17 (2%, \). (3.66)
Since the trace of a unitary matrix is real, we have
A(=X) = A(N), AeR (3.67)

So, A()) is an even function of A and therefore the Floquet exponent p = g

vanishes at 0. As regards the coeflicient b, we use the same symmetry property
do do
and deduce that —(z,—-)) = ——
(l/\( ) d\

the eigenmatrix. This formula must be valid {or all times, therefore for ¢t ~ oc, the

(—a, ), where ¢ is any of the components of

leading order terms give bt = —0t. It follows that b = 0.
Finally we obtain the following compact lormula for the components of the
matrix of the position vector.
. . d : , :
Iy = —i—log 0(A(L) + e + W) . (3.63)
ar r=u
=Ux
where we absorbed the information about the divisor and the Riemann constant

in the initial condition.
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3.3 Squared Eigenfunctions and Frames

The role of the squared eigenfunctions is explored here. Their linear equations
will lead to the generalization of the evolution equation for S to an infinite sequence
of commuting flows. As a consequence of the asymptotic behavior of the squared
eigenfunctions, we can relate the coefficients of the asymptotic expansion to the
components of the Frenet {rame of the correspondent curve. The coefficients of the
asymptotic series in A turn out to be the vector fields of the integrable hierarchy.
We give a formula for the generating function of the conservation laws.

We define the matrix of squared eigenfunctions
Q. A) = d(a b N)aad~ (. b A). (3.69)
and recall its asymptotic expansion at A = oc

1 |
Q=5+7Qi+ 50 . (3.70)

Remark: the fact that the leading coeflicient of the asymptotic expansion @y = S
is the solution of the non-linear equation plays an important role in what follows,
It is responsible for two facts: 1) The evolution equation for S arises in a very
natural way from the hierarchy of hamiltonians flows. 2) It allows us to find the
relation between the coefficients of the expansion of ( and the Frenet frame.

We adjoin an infinite sequence of flows to the pair of linear systems associated
with M.

For a matrix X € sl(2.(") which can be expressed as a formal power series of
the form

N

X= 5 XA N<c. (3.71)

= =2
we define X; to be
N

Xi =) XA = XA+ 00 4 L X, (3.72)

=1
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We observe that the pair of of linear systems can be rewritten as

O, = iAQod

O, = 2(N\Q),5. (3.73)

(P is the eigenmatrix constructed in the previous section). In order to show that,
we substitute the asymptotic expansion (3.70) in the first equation of the linear

system,

Q. = [IAS.Q]
QO = [2A%S — AS,.S.Q), (3.74)

and obtain in particular

QOJ' = 7[Q03Ql]
Qr: = iQo,Qrra] k=12, ... (3.75)

Also observe that, since o3 = /d, the following must hold

= Q" = Id+ $(5Qi+QiS) + 15(5Q2 + @S + QD)
+ (5@ + Q35+ Q1Q2 + Q201) + ... (3.76)

This gives the infinite set of relations

-1
-1
~—

Z Q:Q; =0 k=1.2. ... (3.

i+y=k

The first few are given below

i
o

SQ, + Q)8
SQr+ Q25 +QF = 0 (3.78)

SQz+ Q35S+ Q@2+ @20, = 0
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To show that 2:\25 — AS,S = 2i(A\?Q)4 is a direct computation. From (3.75),

using the relations (3.77), we get
Sy = 2150, (3.79)

Since 5? = Id, we have

2(N2Q), = 2i(N2Qo + AQ1) = 2i(\2S + %i.s;,S) =2\ — AS,.S.  (3.80)

¢

If we set ¢, = a,iy = t, we can write the following infinite hierarchy of flows in
which no distinguished role is played by the original space variable x and by the
time ¢,

—iQ,, = n[(\"Q)4+. Q). n=1.2.3 ... (3.81)

We show that (3.81) gives an infinite sequence of commuting hamiltonian equations
for the potential S.

We consider the corresponding eigenvalue problems
¢, = AQud
—i®,, = n(A"Q)+® (3.82)

and impose commutativity of the flows at each level,

d? 2

P = q
dadt, di, dr

b, n =23, .., (3.83)
obtaining the equations

Qor, = nQu_1n (3.84)
Qs i[Qo, Qrat], k=0, ... ,n—2. (3.85)

(3.85) is a subset of the equations (3.75) which we can use to re-express the right-

hand side of the evolution equations for (), = 5 and thus obtain

Si,o=m[S,Q.]. n=1.2 .. (3.86)
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It is an easy check to derive the original non-linear equation (HM) for n = 2.
Notice that these equations are an infinite hierarchy of hamiltonian flows with the

following hamiltonian densities

4

Fu(S) = S50 (3.87)

2
We show the commutativity of these flows directly, it is interesting that this leads

to a sequence of zero-curvature conditions. We compute the quantity

& ¢ o dn@y)  d(mQm)
B S§=i5 - - dn,y ! m]] - 2.
dtndlms dt pdt, 1 [b’ di, di, inQn, MQm] (3.88)

By substituting the asymptotic expansion for @) into the evolution equations (3.81)

we obtain

k=0 \y=0

) 20 k
—1 Z thn/\"k =n Z (Z[Ql’ Qn+k—j]) /\_k, (3.89)
k=0
which gives, for m < n,

d(n@n)  d(mQn)

dt.. al. = nm Z [st Qn+m—j] = mm|Q., Qm]’ (3.90)

J=m+1

equivalent to the zero curvature equations

d(n@,) dmQ,
di,, dt,,

) —i[nQ,.mQ.,] =0, (3.91)

and to the commutativity of the corresponding fows.

We now find the relationship between the squared eigenfunctions and the Irenet
frame of the curve associated to S.

Since S = Qg is the hermitian matrix which represents the unit tangent vector

to the curve, its a-evolution is the first one of the [renet equations.

ds ,
— = kN, (3.92)
dx

where & is the curvature of the curve and N is the unit normal. By comparing
with the first of the sequence of equations (3.8G), we get

KN = i[5.04] (3.93)
kB = )l[[s EN) = 2[5,]5.Qu] = 20, (3.94)
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We have obtained the following expression for the frame in terms of squared eigen-

functions,

T=Qo , N=—| Qo] , B= _@ (3.95)

20, /3Tr(Q3) 3 Tr(Q1)
with & = /2Tr(Q?).

If we re-express the @'s in terms of the frame and the curvatures, we already
have

k
Q= 33- (3.96)

Using (3.96) and the Frenet equation for B to obtain

2.dQ),y (lk B o
EE‘(‘;— — 1‘2(1 = 1[ 621], (-3.94)

Substituting the expression for —Q— and using the constraints (3.77), we derive the
following
dk

1,45
Q2 = —§k25 /\E V + A,TB (398)

Observe that Qo = 5, @1 and @7 are the first three vector fields of the integrable
hierarchy, expressed in terms of the frame (compare their expression to the one
appearing in [LP91]); iterating the procedure we obtain them all.
Now we can express the Hamiltonian densities (3.87) in a more {ransparent
way in terms of the curvature and the torsion of the curve and their derivatives.
Y Q=0 k=12, ..., (3.99)
i+i=k

we can rewrite the densities [ (@) as

Fi.(Q) = —[7 (QoQr). h=1.2, . (3.100)

Using the set of relations (3.77) and the expressions for the Qs in terms of the

frame, we write the first few,

Lo
o= 31"('5(21)=
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Fy = Tr(SQy) = —%TT(Q?) = —%Iﬁ (3.101)
3 3. 3
F3 = 51'7‘(SQ3) = —57 7'(Q1Q2) = —1—6'sz

which agree with the ones listed in [LP91].
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Chapter 4 Backlund Transformations,
Immersed Knots

4.1 Introduction

In this chapter we present an application of Backlund transformations to the
curve dynamics described by the HM equation.
A Bécklund transformation takes a solution S of the non-linear equation and a

solution of the linear systems

%—g = wSF (4.1)
7 95 .
()0_{; = (228 — I/%S)F (4.2)

at the pair (S, v), and creates a new solution S(1),

Let us assume that S is a N-phase solution as defined in ch.3. In [EFM8T7b]
two different types of Backlund transformations are discussed:

(I) (type 1) If éis a single Baker-Akheizer eigenfunction at a general v € C,
then the new solution S{!) is periodic in 2 and is an N-phase solution.

(II) (type 2) If éis a general complex linear combination of Baker-Akheizer
eigenfunctions then, for a generic v, S} may not be periodic. However, if v is a
double point of the spectrum of (4.1) (these notions will be defined in a specific
example later on), then S is a homoclinic orbit of S.

For the general treatment of these facts we refer to [EFM87b]. We will present
here the simplest example ol Bicklund transformations of a planar circle and give
the necessary definitions in the course of the illustration.

The two distinct types of Backlund formula suggest two ideas when thinking
of the corresponding curves.

(I) The type 1 transformation is a symmetry of the family of N-phase solu-

tions to which S belongs; therefore iterated Backlund transformations of type 1
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should exhaust the symmetries of the corresponding class of curves. In the case
of the planar circle we find that the vector field corresponding to an infinitesimal
Backlund transformation is a Killing field (i.e. the generator of an infinitesimal
rigid motion).

(ITI) The type 2 transformation generates homoclinic orbits and can be used
to produce dynamics bifurcations of knot types. In our example immersed knots
with stable self-intersections bifurcate from (degenerate) multiple copies of a planar
circle.

In section 4.2 we give a derivation of the Béacklund formula for HM, which
makes use of the gauge transformation between HM and NLS and of the Backlund
transformation for the NLS equation. In section 4.3 we apply this result to de-
generate planar circles, and discuss the outcome of the two types of Béacklund

transformation.

4.2 The Backlund Formula.

In order to derive a Backlund formula we begin with the observation that an
appropriate gauge transformation will reduce the linear problem for the HM to
the linear problem for the focussing cubic nonlinear Schréodinger equation. Fol-
lowing [[FA80], we introduce a unitary matrix V' which satisfies the following two

conditions:

VSVt = a3, (4.3)
av 0 i

V! = 4 4 4
Ox ‘ < g 0 ) ’ (4.4)

where ¢ is a complex-valued function of (x,1).

Then, if F* solves the linear problem for HM

) -
—_— =1/ Ab', o £ .r
T tAS ] (4.5)
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at (5, A), the vector Fivs & V F solves the spatial linear problem for the NLS equa-

tion

aggs = [i/\o—3+i ( 2 g )} Fus (4.6)
at (¢, A).

The Béacklund transformation for the Nonlinear Schrodinger Equation is ob-
tained by means of the following procedure (sce [SZ87]):

Let (¢4, %_) be two independent solutions of the linear system (4.6) at (¢, v).

We construct the following quantities

7,1_)‘ = c+?ﬁ+ + et (4.7)
1~ >

Nys = ; 4.8
NS ( b Py (4.8)

1t /\ - O -
Gns = Nps ( 0 v \_ b ) Nys~h. (4.9)

Then

Fd(a, 0.\ v) = Gus(N v, ) Fs(,t, M) (4.10)

solves equation (4.6) at (Q(1), A), where
_ ¢1¢2
— ,/)_—
6112 + |p2[?

is the corresponding new solution of the NLS equation. The relation (4.10) be-

QW = ¢+ 2(v 4.11
q

tween the old and the new NLS eigenfuctions, together with the change of gauge
which carries (HM) to (NLS), allows one to obtain the Bicklund formula for the
Heisenberg Model with no dependence on the gauge transformation. This is stated

in the following:

Proposition 11 (HM Bicklund Transformation) Let ¢ = c1éy +c_¢_ be a
complex linear combination of linearly independent solutions of equation (4.5) al

S, v). We construct the matrix of gauge transformation
b o o

=
comgy=n[ 7T 0 )N 4.12
0 G-\

o
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with
$1 —¢o
N = - . 4.13
< ¢2 & ) (4-13)
Then, if I solves the linear system (4.5) at (A, S),
FO(z,1,A,v) = G(\, v, ) F(z,t, ) (4.14)

solves (4.5) at (A, SMW). The new solution S)) of the Heisenberg Model is given
by the Bdicklund formula

SM (. t) = U e, t;v)S(x, U (2, t;v), (4.15)
with
=N € _ -1 g0 2
U=N\ ( 0 e-if ) N7 e B (4.16)
Remarks:

1) U is a unitary matrix, hence the solution S!) is hermitian and has zero

trace (and its determinant is 1). The corresponding vector S ¢ R3 is obtained

—

by a pointwise rotation of the original solution S by an angle § = ﬁ, depending

only on the eigenvalue parameter v, around the instantaneous axis of rotation

( 2Re(1d2) _ 2Im(didr) |1 [>~|dof? )T
[B112+]6212 7 [d1l2+]d2[2° (12 +[h2[?

2) If v € R, then S = S and the Backlund transformation is the identity. If

v is complex, the eigenfuction @ is in general quasi-periodic unless v belongs to a
discrete set of values for which ¢ is spatially periodic. We will discuss this case in
the next section.

Proof:

We use the gauge translormation to pull the NLS-Béacklund formula back to the
Heisenberg Model. Given the eigenvector Fiys = VI for the NLS linear system at
(¢, A), the Backlund transformation produces the eigenvector 13,(\,% corresponding
to the pair (Q(), A). This can be expressed as () = VIVF where V(1) is the new

gauge matrix. On the other hand V(1) solves the linear system for NLS at the new
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potential Q) and at the point A = 0, that is V() = Gns|r=0V. Therefore the

new eigenfunction for the Heisenberg model is given by
F® = V-1Gxs reolins = V7' Gns™ r=oGrnsV F (4.17)

The important point is that /(1) is independent of the gauge transformation and
so does not depend on the NLS eigenfunctions.

In order to see this, let v» = V. Since V is a unitary matrix of determinant 1,
the following identity is true

N e A i
TRETE O P 1= WV

Taking é to be a complex linear combination ¢ = c+$+ +c ¢ of independent
eigenfunctions of the linear system (4.5) we obtain the expression (4.14) for the
new eigenfunction.

Given F(), we can write the expression for the new squared eigenfunction
QW = G(NQG(MN). (4.19)

SM) is the dominant term of its asymptotic expansion at A = co. For large A we
obtain

QWA ~ U™'SU + 0(=), (4.20)

> ] =

which completes the proof. '

4.3 Application: Symmetries and Singular Knots.

Firstly, we use the formula for the reconstruction of the curve in terms of
the fundamental solution of the linear problem and derive an expression for the
Bécklund transformed curve. Secondly, we compute a single Backlund transfor-

mation of types 1 and 2 for the simplest (1-phase) solution.
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The fundamental matrix of the linear problem (4.5) at (S™), A) (normalized to

be the identity matrix at @ = 0) is
dM(a,1,0) = G710, \)G(z, \)®(z,t, A), (4.21)

where @ is the fundamental solution of (4.5) at (.5, A). Using formula (3.13) derived

at the beginning of ch.3, we compute the matrix of the position vector of the curve

(1) __dG(0) dG(x) do(z) _
e = LA P dr o dr [
= r(x,t)+s]2|0 [V(x,t) = V(0,2)] (4.22)

where V = NogN~!, v = |v|¢if.

The expression (4.22) shows that the Backlund transform is the identity at a
real eigenvalue v (8 = 0), and that it generates bounded solutions (not necessarily
periodic in ) for a general complex v. The following boundedness argument for

the norm of the position vector of the curve follows easily from expression (4.22):

Proposition 12

Hm(v)| _ = | Im(v)|
< IF0) < o17\Y)] (4.2
E S 1T < IT( + B (4.23)

T -2

where || ]| is the Buclidean norm in R3. Therefore the new curve is confined to the
interior of a sphere lfugl({—il > max, ||[I'(z)]], while it is confined to the interior of
a spherical shell zj%’%l'@ < maxy [[T(2)].

This reproduces a result which Sym et al. ([JPAS6]) obtained by reconstructing

the curve from homoclinic orbits of the NLS equation.

4.3.1 Example: The Planar Circle.

The simplest solutions which possess homoclinic instabilities are planar circles.

Their tangent vector-fields are fixed points of the Continuous Heisenberg Model,
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so the corresponding reconstructed curve can be chosen to be time-independent.
We start with & copies of a circle lying in the (x,y) plane with non zero curvature
k € Z. If z denotes the arclength parameter, the matrix corresponding to the unit

tangent vector is
~ 0 e—ikz
So(z,t) = .
0(7’7 t) etLJ 0 (4 24)
The properties of the level set on which the solution Sy resides can be studied

by means of the discriminant A(S, A) of the linear operator

: 1
Li($,)) = — ( é ? ) ?z(I +4AS, (4.25)

which was introduced at the end of section 3.2. We describe the relevant properties
of A(S,A) without proofs. These are contained in [EFM87a, EFM87b] and the
references therein.

We construct the fundamental solution matrix ®(z;S,A) with the following
properties:

LS, 00 = 0

. _ 1 0
O(0;5,4) = ( 01 ) . (4.26)
The spectrum of the operator L, is defined by means of the Floquet discriminant
A(SA) = tr [®(a + 27, 2; S, A)]. (4.27)

It can be shown that A(S,A) is analytic in both S and A.
For a fixed A, the corresponding discriminant A(S, A) is a constant of motion
and therefore it can be used to define the level set corresponding to a given solution.

We recall the following results:

Theorem 5 IfS solves the Continuous Heiscnbery Model then, for all A,

iA(S(l),/\) =0 (4.28)
dt
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Theorem 6 The spectrum of Ly is given by
o(Li)={A e C| A(S,)) € R, —2 < A(S5,)) <2} (4.29)

In the complex plane we distinguish the following special points of the spectrum:

1) critical points A.:

%A(S,/\) T 0, (4.30)
2) periodic (antiperiodic) points Ay:
AS A2y, = £2, (4.31)
3) multiple points A,
A5 Ve, = *2 (4.32)
cl(f\A(S’ A) Aot =0

The periodic (antiperiodic) points are associated with periodic (antiperiodic) eigen-
functions. Therefore the Backlund transformation at one such point produces a
solution which is periodic in .

The multiple points (we will consider only double points) indicate that the level
set is saddle-like and the corresponding homoclinic instabilities can be constructed
by means of Backlund transformations. Here we consider the simplest type of

homoclinic instabilities produced by a single iteration of the Backlund formula.

The Baker eigenfunctions f{or the linear problem at (So, A) are

_9 A ,—%kr - —-!'L.’L'
T —iS(x42)t T35 € _AS(x+2At e 2
Sh )( Tk G = B e ] (433)

with 6 = V&% + 4)2.
The discriminant for the solution Sy can be computed from the corresponding

fundamental solution matrix; we obtain

A(So, A) = A(k, ) = (=1)*2cos(67) (4.34)
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C-plane

® = simple points

® = multiple points

= spectrum

Figure 4.1, The spectral configuration of the planar circle

Thus the spectrum is given by
o(So,\)={Ae€C|cos(ér)€ R} =R U{ip|peR, —k/2< p < k/2} (4.35)

The critical points are the set of zeroes of

d ) 1A
ﬁ = — S)]]((S?T)—I‘\/_‘ﬁ‘z‘ = 0 i (436)

All of thiem are multiple points. The origin A = 0 is a point of infinite multiplicity,

and the complex double points are given by
Ay = :i:%\/k2 —-n? n=12..,k=1

The spectral configuration of the level set of Sg is shown in figure 4.1:

We now apply the results of the previous sections and construct the Backlund
transformed solutions. We compute the two types of Backlund transformations
mentioned in the introduction. They both produce solutions belonging to the level

set of Sg.

Type 1: we take ¢ to be a single Baker eigenfunction evaluated at the eigenvalue

v. We obtain a periodic solution for every choice of ¥ € C, which belongs to the
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same class of solutions as Sp.

For ¢ = (Z+ we obtain the family of planar circles

t -tk
Wy =( 9 &€
r (:U) - ( _%ezka: 0 )

Im(v) 4w =16 — k|2 4v(6 — k)e=ik* (4.37)
RGP +15—FD) \ 49(5 — k)e*s  a[u]? — |6 — k[? :

+

which is parametrized by the complex parameter v. As Im(») — 0 we obtain a

family of vector fields of the form

— -

Viz,v) = c(¢)(0,0,1)7 + ¢y(r) S (4.38)

(the ¢;’s are constant depending on ») which is a family of Killing fields for the
circle (a linear combination of a rigid translation and a rotation). We already see
in this simple case that the Backlund transformation is associated to a group of
symmetries of the level set of the solution Sy.

Type 2: we take & = c_d_ + cr+(§+ to be a general complex linear combination of
Baker eigenfunctions. The resulting solution is homoclinic to the original circle,

and it is periodic in z if v is one of the complex double points:
. i ,
V=g, = :i:;\/kz —-n? n=12.,k—1

In this case, introducing the complex parameter cy/c. = pe’’, we obtain the

following formula;:

IO, 1) = ( 0 e ) L ( fla.t) = F(0,0)  glw,0) = 9(0,] )
_Le, ’ 0 Hn (/(l,l)——g(O,t _(I(/L’t)_j(07[))
(4.39)
with
oy _ 1 (i)
M) = 2y kh(t) + Sppa? sin(na + 0)
ol ik cos(na + 0) + et sin(na +0) .
a,t) = —2—c¢ — dp,pm -
9w 1) ke Hn 0 hh(t) + 8ppen? sin(ne + 0) ¢

hit) = a,sinh(nput) + b, cosh(nut), (1.40)
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and a, = (k+n)+ (k—n)p? and b, = (k 4+ n) — (kK — n)p®. Observe that
limg 1o T2(@,t) = o(z), thus the new solution is a homoclinic orbit of the original
circle. Figures 4.2 and 4.3 illustrate the cases k = 6,n =5 and k = 5,n = 2.
They are time frames of the evolution of orbits homoclinic to degenerate circles
(a 6-fold circle and a 5-fold circle respectively). The resulting curves are singular
knots which have points of self-intersection which persist throughout the evolution.
The number of such “stable” points of sell-intersection is the order of the complex
double point appearing in the Backlund formula. We can see how the resulting
curve does not belong to the same class as the original solution. We conjecture that
these dynamical separatrices play a role in distinguishing different special classes

of knot types.
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t=-23, t=-13

t=-T1, t=-

t=0, t=+5

Figure 4.2, Evolution of the Bécklund transformation of a 6-fold planar circle,
k=06n=5p=10=0
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t=-25, t=-11

t=0, t=-+3

Figure 4.3, Evolution of the Backlund transformation of a 6-fold planar circle,
k=5n=2p=10=nr/4
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Chapter 5 Conclusions

There are several ways to explain the wealth of interest that the dynamics
of curves and surfaces modeled by soliton equations has arisen in recent years
[Ham65, Lam80, Lak77, A.S585, GP92, LP91, NSW92, DS94].

1) A unifying attitude: many phenomena can be described by the same equa-
tions. Soliton equations appear ubiquitously in the description of non-linear phe-
nomena, which include non-linear optics, hydrodynamics, plasmas, biological struc-
tures, solid-state physics and matrix models in quantum field theory. Many of these
integrable equations enter also in the description of the differential geometry of sur-
faces and curves: a case is the vortex filament dynamics we have studied. Other
examples include the dynamics of vortex patches and the differential geometry of
constant negative curvature surfaces.

2) A need of deeper understanding of certain phenomena: often simplicity
means that we can access a much richer set of information. The understanding of
the fundamental structures of simplified models can provide a roadway to the study
of more complex situations. Examples are the modelling of chaotic dynamics, the
study of singular limits of PDE’s, the theory of large amplitude perturbations of
integrable systems.

3) The idea that we can use the relation between the integrability of certain
evolution equations and the geometry (or the topology) of curves and surfaces
to attack open problems both in soliton theory and in differential geometry or
topology. One example is the case of knot theory. Knots have been studied mainly
as “static objects”: one handles a knot, lists the moves necessary to unknot it
and classify it. On the other hand a simple, but rich dynamics on the space of
closed curves, which adds extra structure and possesses special classes of solutions,

should be a powerful tool to provide some kind of classification of knots and their
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invariants.

One of the main themes of this area of research has been the relation be-
tween the dynamics of curves described by IFilament Flow-type of equations and
well-known soliton hierarchies. Successful insights have ranged from finding the
correspondence between models of curve dynamics and particular integrable equa-
tions [Ham65, Lam80, GP92, DS94], to a deeper exploration of the corresponding
Poisson geometry [LP91].

This work starts from these general motivations and considers one soliton
equation which has been mentioned in connection to integrable curve evolution
[LP92, Lak77], but not investigated in depth. It is the Continuous Heisenberg
Model of the evolution of the unit tangent vector to the curve, which provides a
bridge between the Filament Flow on curves in R® and the evolution of a complex
wave function under the NLS flow. We studied it for periodic boundary conditions,
corresponding to closed curves.

We found it to be a very rich model, because it provides us with a more natu-
ral framework to study questions regarding the geometry of the space of curves in
connection with integrability. To mention a couple of advantages, it is very nat-
ural to reconstruct a curve from its tangent vector and to find conditions on the
tangent vector for the corresponding curve to be closed (the “zero mean” condition
discussed in ch. 1). For the NLS equation we do not know which subspace of its
solutions corresponds to closed curves; moreover the reconstruction of the original

curve means solving an inverse problem.

5.1 Poisson Geometry

The reconstruction and characterization of closed curves are minor advantages

with respect to the ones we carned while studying the Poisson geometry of the

Heisenberg Model. In our setting, Poisson geometry deals with Lie algebra struc-
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tures on the tangent space to the solution manifold. In the case of curves, Poisson
brackets are defined on the space of frames. The naturality of the Heisenberg
Model is a consequence of our ability to construct a general framework (the cir-
cle bundle 7;.5% to the 2-sphere) in which frames arise as liftings of the solution
curve into a principal bundle over S2. The lifting to curves everywhere tangent
to the horizontal subspaces of the canonical connection on 7;.5? defines a Poisson
map between the phase space for HM (loops in 5?) and the space of solutions of
NLS (complex functions on S!). This map provides an interpretation of the gauge
transformation between HM and NLS and a natural correspondence between their
Poisson structures. There is no need of the reparametrization operator introduced
by Langer and Perline [LP91]; moreover, the use of the frame corresponding to the
horizontal lifting as a basis for the vector fields allows one to identify vector fields
for HM with complex vector fields for NLS in a direct way. The Poisson map be-
tween HM and NLS given by the horizontal lifting possesses a natural factorization
through a Poisson map between £(5?) and the loop space of SO(3, R). In terms
of this Poisson mappings the meaning of the second Poisson structure for NLS be-
comes transparent. It is related to the natural Poisson structure on the loop space
of SO(3, R). It would be interesting to know if this is a more general feature of
soliton equations; that is, whether their Poisson structures become “simpler” and
more natural when they can be viewed as reductions from a loop group setting.
An open direction within this framework is the role of the recursion operator at
the level of the differential geometry of curves. The recursion operator takes one
hamiltonian vector field to the next one of the integrable hierarchy, therefore it is
a generator of the infinite number of symmetries of the solution. Its relation with

the symmetries of the corresponding curve needs to be explored.
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5.2 Contact Geometry

Another advantage of the Heisenberg Model framework which we constructed
is that it is natural to build a (in fact several) contact structure on the frame
bundle which is adapted to the Riemannian structure on S2. Bearing in mind the
fundamental role of the rotation group SO(3, R) we chose the canonical invariant
metric on 52 and built the corresponding canonical connection on 71.5%. We showed
that one of the elements of the corresponding basis of 77, 5% defines a left-invariant
contact structure with respect to which the curve described by the Frenet frame
of the original curve in R*® (the Frenet Lifting in ch. 2) is a Legendrian knot. As
an application of this result, we showed that the curve described by the tangent
vector is a wave front. As a consequence, its generic singularities can be easily
classified to be cusps or points of sell-intersection.

Legendrian knots are more “rigid” than usual knots, being constrained to be
everywhere tangent to a distribution of planes; moreover, their invariants provide
a refinement of the invariants of knots. Regarding this question, invariants of the
Legendrian knot described by the Frenet frame are invariants of the original curve.
We computed the Maslov index and found that it is related to geodesics curva-
tures of associated spherical curves. It is interesting to have obtained geometric
invariants from topological invariants of related Legendrian curves. There is more
to explore in this direction. On one hand the computation of other invariants,
such as the Thurston-Bennequin invariant [Ben89] and their relation with the con-
served quantities of the integrable equation. On the other hand, a Legendrian
curve evolving in time in SO(3, R) sweeps out a surface which is foliated by Leg-
endrian curves. Eliashberg suggests a way to study its topology through the study

of the singularities of the Legendrian foliation [E1i94].
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5.3 Integrability

In chapter 3 we found that we do not need to make use of the gauge transfor-
mation between HM and NLS in order to construct N-phase solutions of HM. Or
more practically, we find that the gauge transformation amounts to a normalizing
factor at the essential singularity of the Baker-Akheizer eigenfunction which we do
not even need to compute. IFrom a linear system which is fundamentally equivalent
to the one for NLS, we constructed the general family of N-phase solutions. We
can now hope to plot the corresponding curves. The one-phase solutions are al-
ready interesting: cylindrical coordinates have been constructed in R® which show
that they lie on tori of revolution [LS84]. There is no reason why the higher genus
ones should reside on such simple surfaces, but their structure should be special
since they are critical points of the higher geometric invariants.

Frames were explored more in this chapter, in conjunction with the role of
squared eigenfunctions, which were shown to generate the hierarchy of commuting
vector field. The squared eigenfunctions should be some sort of universal framing of
the solution curve parametrized by the complex spectral parameter. Compatibility
of the linear system should mean that the evolution of this family of nearby curves

completely determines the integrable dynamics of the framed curve.

5.4 Singular Knots

In the last chapter we constructed a Backlund transformation for the HM.The
simplest example of the Backlund transformation of a planar circle indicates that
we could use it to explore the symmetries of higher genus solutions (this will be a
numerical study, formulae become involved unless one manages work in an abstract
setting). The Béacklund formula applied to the construction of homoclinic orbits
suggests a relation between the dynamical separatrices and the the separatrices

of different knot types. There is a hope of understanding the existence ol self-
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intersections and their persistence in time in terms of the Pliicker coordinates and of
the degree theory of corresponding complex algebraic curves [GH78]. The Backlund
formula for the planar circle defines a rational homogeneous curve (coordinatized
by (sinw,cosx, 1)), whose degree can be expressed in terms of the mode number n
and of the integral curvature of the original circle. The degree should provide us

with an invariant of the corresponding knot.
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APPENDIX A

We check the compatibility of the following Poisson operators

KW::WW+k%/ /) (ki) du (A1)
2r
JV = IxV, (A.2)

The requirement that the operator Jp+ K defines a Poisson bracket with respect
to the inner product

2r
<mW>m=}/xﬂwa V,W € T-L£(S?), (A.3)
0

T

is equivalent to the following coupling condition shown by Magri [Mag78]

< Jp(, Kpb), x > + cyclic permutalions (A.4)
= — < Ki(¢,Jp),x > + cyclic permutations, Y (¢, x) € TFL(S?).

The notation L indicates the Gateaux derivative of L, defined to be
, d
Lu(vaw) = FZZ (Lu+cwv)|c=0‘ (A-5)

Using definition (A.5) we compute

§

TS, Kp) = Viah x ¢+ - Mnx@(/ )¢4mmw (A.6)

2

We have

< Ji(é, Wpib), x > (A.T)

27
= o= [ [(Fhe x o) vk st o) ([T ) w (b )i ds.
27 Jo 2 2

Since ¢, 1, x belong to the span of 7 and b, then the term (kit x ¢) - x (and its

cyclic permutations) vanishes. Moreover

(Vip x @) -\ + .. = Via(sh x ¢+ x)
— X V- v x¢ Viax +Viay X ¢+ Viao x x - = 0.



94

Therefore, the left-hand-side of the coupling condition (A.4) is identically equal to

0. Analogously, we compute

’ 1 d
< Ki(¢,Jr),x > % A d—‘t(T/’X{)'X-i-

([ L)oo B[4 [ fieeon] o

The show first how to deal with the terms containing the double integral. When

we add the cyclic permutations, we obtain three terms of the form

1 per1dt J
§~/0 5(13 (/ /271_) [ d)) ﬁ(t X ¢):| duds
1 2m 1 (lt '8 5 ( .

B ﬁ/o 2ds (/0 +/%> E(‘ﬁ'll x p)duds

2r P
- Lprld X(¢- T x p)ds. (A.8)

2r Jo 2ds
On the other hand, integrating by parts we rewrite

1 o dqb 1 g2 dt

5o g fx D) xds = —o— [ g Tx ). (A.9)
Therefore
- 1 g2 dt
Kp($,Je0)x >+ === [T X6 Tx 9)ds + o (A10)

Writing ¢ = ai + b, = cit + db, y = efi + [b, we compute

T di di’ -
T TX )+ el Tx @)+ T gl X X)
= k{e(bc — ad) + claf — eb) + a(ed - ¢f)} = 0. (A.11)

Therefore also the right-hand-side of the coupling condition (A.4) vanishes.
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