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ABSTRACT 

This study presents an ab-initio method based on the Discretized Path Integral 

Molecular Dynamics (DPIMD) to simulate the electronic behavior in the following 

systems: (a) an electron in the field of sodium ion, and (b) multi-electron solvation 

in molten KCi at 1300 K. For the first system, a non-local pseudopotential was 

incorporated in the path integral derivation of the quantum amplitude. The resulting 

formalism was then implemented in a molecular dynamics simulation of an electron 

in the field of sodium ion. The obtained amplitude for the electronic states 

considered, namely 3s and 3p, came to an excellent agreement with previous 

computational findings based on Coreless Hartree-Fock method carried by Melius 

and Goddard III [53]. For the second system, the solvation of four, six, and eight 

electrons in molten KCI, at 1300 K, was studied. In this case a successful 

incorporation of exchange in DPIMD was made. Bipolarons were formed in each 

case. However, their electronic charge distribution ranged form two bipolarons with 

some common charge region, to an elongated structure that stretched over the entire 

allowed range of interaction. In each case, the size of the bipolaron was found to be 

-4 A. In this aspect of the study, the results came to an excellent agreement with 

those of Parrinello and Rahman [9], Fois et al [71], and Selloni et al [72]. Apparent 

in the results of this study is the independence of the local ionic structure on the 

electron concentration. This observation is in accord with [71], [72], and 

experimental studies done by Jal [92], and Steininger [93]. 
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CHAPTER ONE 

INTRODUCTION 

Modelling and simulation has become an important means to study the 

physical and chemical properties of materials. With atomistic computer simulations 

we are now capable of solving accurately some statistic.al mechanical problems that 

used to be solved through approximate methods, or unsolvable at all. A reliable 

simulation of a given system could in principle guide experimentalists and assist them 

in understanding some phenomena that would otherwise be unexplained. 

1.1. INTRODUCTION 

Atomistic computer simulation (ACS) originated in 1953 when Metropolis et 

al. [1] used Los Alamos National Laboratories' computer, MANIAC, to simulate a 

liquid system. For several years afterwards, this kind of computer simulation 

remained restricted to the field of physics in general, and statistical mechanics in 

particular. Today, ACS is used in a wide variety of disciplines, such as chemistry, 

biology, biochemistry, engineering, and cosmology. 

ACS is considered as a mean to investigate physical problems [2]. With ACS 

one can predict the properties of real systems, and gain more insight into the 

problem at hand. Investigation of the limitations and applicability of analytical 

theories is most efficiently, and accurately, done through simulation studies [3]. 
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The most widely used techniques in computer simulation are molecular 

dynamics (MD), and Monte-Carlo (MC). MD method is based on solving 

numerically the equations of motion of all the particles in the system. This allows 

the generation of phase-space trajectories of the particles constituting the system. 

From these trajectories one can obtain all the thermodynamical properties of the 

system. Due to the time dependence of the equations of motion, MD can yield a 

wealth of information on the dynamical properties of the system considered. Some 

of the factors that control the accuracy of an MD simulation are the inter-particle 

potential used to calculate the forces, and the size of the time step used to integrate 

the equations of motion. 

MC is a purely stochastic method in which ensemble averages are calculated 

over a large number of configurations. In simple MC methods, due to Metropolis 

et al. [1], one generates these configurations by starting from an initial configuration 

which could be constructed by assigning the positions of all the particles in the 

system. Once an initial configuration is constructed a new configuration of particles 

is obtained by arbitrary varying the position of one of the particles picked at random. 

With certain criteria, usually called the 'acceptance' procedure, one decides if the 

new configuration should be used in the process of calculating averages [3]. For this 

reason, MC technique can not be used to follow the real time dynamics of a given 

system. However, MC is very useful in solving multi-dimensional integral, and is 

simpler to implement, in a high level computer language, than MD. It is also the 

dominant method of simulating canonical and grand-canonical ensembles [3]. 
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These techniques have been applied to study a wide range of important 

problems in materials science and engineering. It is not our intention to give a 

complete survey of the field, but rather a flavor that we hope will demonstrate the 

power of computer simulation and modelling in science and engineering. 

1.2. MATERIALS SIMULATION 

In order to simulate materials accurately one has to solve the quantum

mechanical equations that describe the behavior of the particles that constitute the 

system. To construct these equations and solve them accurately, one needs to define 

exactly the internal interactions among particles, and any external interactions that 

might be influencing their dynamics. For example, in molten metal-metal alkali 

materials, with no external fields, the interactions are the ion-ion, electron-anion, 

electron-cation, and electron-electron. Once these interactions are specified, they are 

entered in the Hamiltonian, and the system of equations is solved. The resulting 

solutions are used to deduce physical and chemical properties of this system. 

However, in the mean time obtaining exact quantum mechanical equations and 

solving them for all the particles in a given material is a formidable task. In practice, 

one is interested in certain, not all, properties pertaining to a given system. In this 

case decoupling the interactions that do not affect the observed property is helpful 

in simplifying the problem. Furthermore, with the aid of some models one can 

reduce the computational work tremendously without jeopardizing the values of the 

studied properties. For example, it is well understood that the chemical properties 
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of a given materials are mainly determined by the interactions of the valence 

electrons. In this case the core electrons, as well as the nucleus could be excluded 

from being implemented directly in the calculations of material properties. However, 

the energy of the valence electrons is dependent on the mentioned entities. 

Therefore, one must somehow include their effects on the valence electrons. 

Fortunately, this could be achieved through the use of what is called the 

pseudopotential. 

Pseudopotential (PS) concept was implemented in our study to mimic the 

effects of the ion on its valence electron. In this case there are two kinds of 

pseudopotentials that can be used: a local PS which is simply a function of position, 

and a non-local PS which is not a function of position only but depends on other 

variables as well. Favoring one over the other depends on the system being 

simulated. In general, non-local PS give more accurate results than the local PS. 

This is due to the fact that a local PS under-represent the properties of an all

electron wavefunction. Non-locality arises because valence electrons feel different 

potentials arising from different angular momentum states in the core region. In this 

case distinct pseudopotentials must be used, in the core region, for each angular 

momentum quantum number. Simulation techniques using non-local pseudo

potentials have been shown to give accurate results pertaining to the calculation of 

lattice constants, phase transition, vibrational frequencies, elastic properties, etc. [4]. 

Non-local pseudopotentials derived from first principles are readily available for most 

elements of the periodic table [5]. Albeit not as sophisticated, local PS are easier to 
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implement in an atomistic simulation of material systems, and are known to give 

reasonable results. 

In one of the two studies that we present here, namely, molten ~-KCll_x at 

1300 K, both kinds of pseudopotentials were used. A local pseudopotential was 

employed to model the electron-cation interaction, and a non-local pseudopotential 

was used to mimic the electron-electron exchange effects. In the other study, an 

electron in the field of sodium ion, a non-local pseudopotential was used to represent 

the electron-cation interaction. 

For each study, MD simulation was carried to solve the equations of motion 

of all the particles involved. Being a technique based on classical mechanical 

principles, MD must be equipped with the right tool that will allow this simulation 

method to describe accurately the behavior of a quantum system. One of the tools 

that are available and which gained popularity in recent years is the path integral 

(PI). The PI technique is a Lagrangian formulation of quantum mechanics developed 

by Feynman in 1948 [6a]. To be more precise, it is the discretized version of the PI 

that we are interested in. 

In order to facilitate the simulation of quantum systems using path integral 

molecular dynamics (PIMD) one can take advantage of the already established 

isomorphism between a quantum particle and a classical system [7]. This 

isomorphism transforms the quantum particle into a classical polymeric necklace of 

P beads. 

The discretized version of the path integral in conjunction with MD technique 
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has been exploited to investigate complex quantum systems at finite temperatures [8]. 

It was also employed to simulate a single electron solvated in a very dilute liquid KCl 

solution [9], hydrated electron [10], aqueous systems [11], excess electron in liquid 

water [12], hydrogen in metals [13], and two electrons with quantum indistinguish

ability in molten KCI solution [14]. 

To the best of our knowledge neither non-local pseudopotential nor exchange 

effects have been implemented in the PIMD calculations. In this spirit, the 

dissertation is divided into two parts. In the first, we present the derivation of the 

path integral in non-local pseudopotential. Incorporation of this technique in MD 

simulation will be applied to study the behavior of 3s and 3p electron in the field of 

a sodium ion. In the second, we discuss and implement quantum exchange, between 

the indistinguishable electrons, in quantum PIMD simulation of multi-electrons 

solvated in molten KCl. The solvation of four, six, and eight electrons will be 

presented. 
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CHAPTER 1WO 

MOLECULAR DYNAMICS SIMULATION 

With the advent of computer technology Molecular Dynamics (MD) has 

become a powerful tool to simulate the behavior of systems at the molecular and 

atomic level. In MD, Newtonian equations of motion of all the particles in the 

system are solved simultaneously, using numerical techniques. The solution to the 

equations of motion at each step of the simulation is used to construct the trajectory 

that the system follows in configuration space. From this trajectory one find averages 

of properties of interest. 

2.1. INTRODUCTION 

Since its birth in the 1950s molecular dynamics has evolved rapidly into a 

mature simulation tool. In addition to numerical solution of analytical equations that 

represent a physical system, MD also provides some insight on phenomena that could 

not have been observed otherwise. For example, analytical theories were not able 

to predict the long-time tail in the velocity autocorrelation function of a liquid. It 

was through MD simulation that this phenomenon was discovered. In an MD 

simulation one can simulate systems and conditions that are physically not yet 

realizable, even with the most advanced technology. For example, extreme pressure, 

vacuum, temperature, and so on. 
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MD simulation also furnishes information about the positions and velocities 

of the particles that constitute the system. From these one can deduce all the 

thermodynamic information about the system in question. This aspect of the 

simulation remains an impossible task to achieve experimentally. 

In the following sections we will present the general structure of an MD 

simulation. The technical details of the method are lengthy, and not necessary to the 

understanding of chapters to come. 

2.2. MOLECULAR DYNAMICS 

Molecular dynamics [15-25] is a deterministic method that uses numerical 

techniques to solve the equations of motion of a system of interacting particles. The 

equations of motion could be expressed in Newtonian, Lagrangian, or Hamiltonian 

mechanics. 

Solving these equations amounts to finding the trajectory that the system 

follows during the simulation. All the thermodynamic information that we need to 

know about the system is encoded in the trajectory. MD allows for the calculation 

of static as well as dynamic properties of the system in question. 

2.3. NUMERICAL INTEGRATION 

Numerous numerical schemes can be used to solve the equations of motion 
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(2.1) 

where Fj is net force on the "i" th particle, and rj is its position vector. The simplest 

numerical technique used in an MD simulation is that of Verlet [18]. The position 

of each particle at time t + At is found by using a Taylor expansion for rj(t + At) and 

rj(t - At). One can then calculate the velocities using the formula 

where At is the time increment. 

[rj(t+At) -rj(t - At)] 

2At 
(2.2) 

In this algorithm, the position of the "i" th particle at time (t + At) is given by: 

F. 
rj(t + At) = 2rj(t) -rj(t - At) + mi. At2, 

I 

(2.3) 

where mj is the mass of the "i" th particle. The above equations are solved for all the 

particles, at each time step of the simulation. However, one cannot solve for the 

position and velocity of particle "i" without first finding the net force which controls 

its dynamics. 
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2.4. FORCES 

The interactions between particles are governed by certain type of inter

particle potentials that are particular to the system of interest. These potentials 

represent several different kinds of interactions. Each interaction potential could 

be obtained using empirical, ab-initio, or semi-empirical techniques. 

In order to construct an empirical potential one chooses a functional form 

which contains some parameters that are found through applying some constraints. 

To be acceptable, the resulting potential must give a reasonable description of the 

interactions involved between particles over their separation distances. In ab-initio 

construction of the potential one chooses an initial configuration of the atom in 

question. Then, an all electron calculation follows to find the wavefunctions and 

their corresponding energy eigenvalues, which are used to construct the potential. 

The force on a given particle is simply the negative of the gradient of the 

potential that the particle sees 

(2.4) 

Usually, for practical reasons, the inter-particle potential is taken to be pair

wise additive, and the force is assumed to be constant over the simulation time step 

at. 
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2.5. ERGODICITY 

A system is said to be ergodic if after a sufficiently long time its trajectory, 

which represents the evolution of the system in phase or configuration space, samples 

all the space accessible to it. 

The size of the time step plays an important role in the ergodicity (more 

accurately quasi-ergodicity) of a given system. The trajectory of the system might 

take a long time covering a particular region of phase space which might not be that 

of lowest energy. If the system stays in the aforementioned region for a period of 

time that is longer than the total simulation time itself then one might falsely think 

that an equilibrium has been reached. One way of telling if an equilibrium state has 

been reached is to carry two reasonably long runs for the same system, starting with 

different initial configurations. If both runs converge to the same state, then 

equilibrium has been achieved. Otherwise, the simulation is not accurate or there 

could have been an ergodicity problem during the run. 

When solving the equations of motion numerically, the choice of the time step 

size has a profound impact on the accuracy of the solution. This is due to the fact 

that round off error in extended numerical integration increases with the number of 

steps. One should then expect that the linear momentum P and the total energy H 

of the system will not remain constants of motion as the simulation proceeds. To 

insure that the change in momentum, ~P, and the change in the total energy, ~H, 

are always very close to zero a relatively small time step is chosen. 
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2.6. SAMPLING PHASE SPACE 

Aside from the size of the time step, the efficiency of MD in sampling phase 

space also depends on the size of the system, the number of degrees of freedom, and 

sometimes on the temperature. In some cases the only way to force a search for low 

energy regions is to raise the temperature of the system so it can overcome the (high) 

energy barrier that separates a low energy region from an even lower one. 

2.7. PERIODIC BOUNDARY CONDITIONS 

When simulating a solid, or fluid, one need not consider all the particles that 

make up the material of interest. Actually, this is computationaly impossible even 

with the most advanced computers available today. However, for the calculation of 

many bulk properties, it will suffice to consider in the simulation a relatively small 

group of particles. The MD calculations are made more realistic by imposing the 

periodic boundary conditions (PBC). The use of PBC will guarantee the translational 

invariance, and eliminate surface effects. The use of PBC in MD demands a periodic 

duplication of the simulation cell in all dimensions of the space considered. For 

example, if one chooses the simulation cell to have a cubical shape, then there will 

be 26 cells surrounding the simulation cell (sometimes called the primary cell). Each 

one of the 26 neighboring cells is called an image cell. In a simulation involving 

PBC one needs to be careful about the conservation of the number, and the linear 

momentum, of the particles in the simulation box. This is done by ensuring that 

when a particle leaves the simulation box through one side, its image enters the 
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opposite side with the same velocity. This is illustrated in figure 1.1. 

Figure 1.1. Periodic boundary condition for an ensemble of particles [25]. 

In the light of PBC, a given particle will not only interact with the particles 

in the primary cell, but also with the ones in the image cells as well. This will 

present computational difficulty, especially when the system that is being simulated 

contains a large number of particles. To minimize the computational effort, one 
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neglects interactions for which the distances between particles are larger than half 

the size of the simulation cell. This is usually known as the spherical cutoff. In other 

words, around each particle in the primary cell one constructs a sphere with radius 

equal to half the size of the simulation cell's side. Only the interactions between 

pairs of particles that reside within the boundaries of this spherical region are 

considered. Clearly, this will insure the proper calculation of forces by avoiding 

coupling of a particle with its artificially constructed image. Moreover, one cannot 

simulate systems in which the particle wavelength exceeds the spherical cutoff value. 

2.S. OPEN BOUNDARY CONDITIONS 

Periodic boundary conditions are not always needed to perform an MD 

simulation. The nature of the boundary conditions chosen depends on the system 

being simulated. For example, when simulating a crystalline material, one must use 

PBC to get reasonable results. This is because PBC reproduce the physical 

translational invariance of the crystal. However, using PBC when simulating one 

particle, nano-clusters, or droplets will lead to erroneous results. This is because the 

PBC overshadow the wall effects, and produce a system that is physically different 

from the one in question. To be more realistic, an MD simulation, in this case, 

should employ no boundaries. We refer to this kind of simulation as an open 

boundary conditions MD. 

One of the systems that we study, namely the sodium ion-electron system, falls 

in this category. In this case, the simulation cell is infinite in size and no periodicity 
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is needed. 

2.9. CONSTANT TEMPERATURE MOLECULAR DYNAMICS 

Most of the practical experiments that are done in the laboratory are either 

done under constant pressure, temperature, or both. One can fix the volume of the 

simulation cell to a constant value, and choose a constant temperature, to realize the 

canonical ensemble. The number of particles is already conserved through the use 

of the PBC. Averages concerning properties of interest are then calculated using the 

canonical ensemble representation. 

How is constant temperature maintained during a simulation? One of the 

earliest, and easiest, schemes that were implemented in MD to maintain constant 

temperature is that of Woodcock [26]. In this method, the temperature T(t), usually 

referred to as the kinetic temperature, is kept equal to the initial temperature To, 

referred to as the thermodynamic temperature, through rescaling the velocities of the 

particles at each time step, or, periodically, every several time steps. The scaling 

factor is [To/T(t)]1/2. One can see that the temperature T(t) could be found using 

the equipartition of energy: 

PIP 
<KE(t» = E -mjv/ = 3-kT(t), 

j~ 2 2 
(2.5) 

where k is the Boltzman constant, 3P is the total number of degrees of freedom in 

three dimensions. The rescaling of the velocities has the effect of decelerating or 
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accelerating the particles uniformly so as to keep the temperature constant. 

Other techniques to maintain constant temperature could be used, such as the 

Nose thermostat [27], and Hoover thermostat [28] which is also known as the Nose-

Hoover thermostat method [29]. These methods fall under what is called the 

extended system method. Another group of methods to keep the temperature 

constant are the constraint methods [26,30]. 

2.10. AVERAGES OF MECHANICAL PROPERTIES 

Statistical mechanics is the bridge that links two different yet related worlds: 

the macroscopic, and the microscopic. Using statistical mechanics, one can get 

macroscopic information from the microscopic behavior of the particles in the system 

of interest. For ergodic systems, time averages are equivalent to ensemble averages. 

These facts make MD an excellent tool to calculate thermodynamic properties of 

a given system. The use of the time dependent trajectory generated in an MD 

simulation to find average values of certain physical properties, such as free energies, 

is facilitated through the relation 

<I> = limit.! r T f[q(t),p(t)]dt, 
T .. ., T Jo 

(2.6) 

where T is the time, f[q(t), p(t)] is some property, while q(t) stands for the 

generalized position coordinates, and p(t) are the generalized momentum 

coordinates. Note that the integrand depends on all the positions and the momenta 
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of the N particles in the system, i.e. f[q(t),p(t)] = f[ql(t), ... ,'hN(t), Pl(t), ... ,P3N(t)]. 

2.11. RADIAL DISTRIBUTION FUNCTION 

The radial distribution function (RDF) plays an important role in the 

characterization of liquid structure. The relative probability of finding a particle a 

distance r from a chosen one, is pg(r)dr, where g(r) is called the RDF of the liquid, 

and p is the density. RDF provides not only stru.ctural information, but also 

thermodynamic ones. This stems from the fact that for pair-wise additive potential, 

all the thermodynamic functions can be written in terms of g(r) [31]. 

RDF can be easily constructed in an MD simulation. This is because of MD 

ability to generate the positions of all the particles in the system at each time step 

of the simulation. From these positions one can sort out the particles that reside in 

a particular region in space, around a specified particle chosen as an origin. To 

construct the RDF one divides the space around each particle, chosen as an origin, 

into spherical shells of inner radius r and outer radius r+ dr. The particles that fall 

within each shell are counted at each time step of the simulation. This counting 

process is carried out over all the particles, with each one of them as center. At the 

end of the simulation run a histogram is generated and normalized to give the 

required RDF. 

2.12. REDUCED UNITS 

In order to increase computational efficiency when calculating different 
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properties of interest, a reduced system of units is usually adopted. In this case all 

dimensional quantities are made unitless. For example, the reduced temperature is 

given by 

using € in our case as 

T· = 5.99x10-6T 

e 2 

€ = ----
47r€ 10-10 ' 

o 

where kB is the Boltzman constant, and €o is the permittivity of free space 

(2.7) 

The fundamental unit of measuring length in our simulation is based on' 

atomic distances. In our case the Angstrom (1 A = 10-10 m) was chosen. In this 

respect, the reduced unit of length is then given by 

(2.8) 

With the above defined reduced units the time unit representation in this case is 

found through the relation 
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[ ]

1/2 

t· = € t, 
MxL2 

(2.9) 

where M is in atomic mass units (1 amu = 1.66 x 10-27kg), and L is in our units of 

length. Using the above relation, the time step unit in our simulation will amount 

to 2.684x10-15 seconds. 
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CHAPTER THREE 

THE PATH INTEGRAL 

Before 1948 the formulation of quantum mechanics was based on either the 

Heisenberg approach or the Schrodinger approach. Both formulations represent the 

energy of a given system through the corresponding Hamiltonian. In 1948, Richard 

Feynman [6] put forth another approach to quantum mechanics which was not based 

on the Hamiltonian, but rather on the Lagrangian. This approach was called the 

path integral formalism of quantum mechanics. 

3.1. MATHEMATICAL TOOLS 

One of the fundamental postulates of quantum mechanics is that to every 

physical observable A corresponds an operator~. While the ease of commuting 

algebra is enjoyed in classical mechanics, this aspect is not generally true when one 

is dealing with quantum mechanical problems. For example, if Xop and Y op are two 

given operators, then one defines the commutator as: 

(3.1) 

In general, [Xop,Yop] does not equal zero unless Xop and Yop commute. Notice 

that [Xop' Y op] is always zero in classical mechanics. 
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The Dirac notation will be employed in the rest of this work. In this notation 

the wave function is written as 

w(r ,t) = (r I w(t»), (3.2) 

and for the time independent case 

(3.3) 

3.2. TIME EVOLUTION OPERATOR (TEO) 

One of the most important operators in quantum mechanics is the time 

evolution operator defined by the following equation [32] 

(3.4) 

where Hop(t) is the time dependent Hamiltonian operator of the system in question, 

and Uop(t2,t1) is the TEO. 

The state of a system at any later time t2 is found by operating on an initial 

state at time t1 using the TEO 

(3.5) 

where 1lJ.1(t2») is the state at a later time t2, and 1lJ.1(t1») is the initial state. If one 
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divides the time interval [t1t2] into intermediate time steps one can use equation 3.5 

to show that 

(3.6) 

where 1y. tJ(l etc. are the intermediate times. 

For conservative systems (Hamiltonian is independent of time) the TEO is 

given by 

_ iHop(/2 -11) 

Uo/t2,t1) = e b 
(3.7) 

This form of the TEO could be obtained by solving equation 3.4. 

3.3. THE FEYNMAN PROPAGATOR 

Based on remarks by Dirac [33], related to the analogy between classical and 

quantum mechanics, Feynman [6] formulated quantum mechanics based on the 

Lagrangian rather then the Hamiltonian. In this formulation the probability 

amplitude of a particle to be at point f2 at time t2• after leaving point fl at time t1• 

is given by [32] 

(3.8) 

where 8(t2-t1) is the familiar step function and is used here to insure that t2 is always 
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bigger than t1• Equation 3.8 is also known as the kernel or the propagator. Using 

the closure property over the position space 

(3.9) 

one can easily show that the kernel of equation 3.8 could written as [32] 

(3.10) 

where (Xi denotes the intermediate stages between the points r1 and r2• In the limit 

of very large N, equation 3.10 is the total contribution to the net probability 

amplitude of all the possible paths (space-time paths) between the two points r2 and 

r1• The above mentioned equation is what is called the path integral in three 

dimensions. 

Using the propagator definition and the closure property over the position 

space (configuration space) one can easily show that 

(3.11) 

where the subscript "0" stands for the initial state. 
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3.4. THE PATH INTEGRAL IN ONE DIMENSION 

In this section we will follow Kleinert's [34] derivation of the path integral in 

one dimensional configuration space. In this derivation one starts by defining an 

infinitesimal time interval propagator 

_ iHopE 

K(n,n-1) = (xn1e -h-lxn_1), (3.12) 

where € = (tf - tj)/(N + 1) is obtained by partitioning the time interval between the 

final (t f) and the initial (tJ states into N + 1 pieces. The Hamiltonian operator Hop 

is taken to have the following form 

(3.13) 

where Top is the kinetic energy operator, and Vop is the potential energy operator. 

Notice that Hop could be a function of time as well as momentum and position 

coordinates. 

It might be tempting to substitute the above expression of Hop into the 

exponential that appears in equation 3.12 to obtain 

(3.14) 

However this procedure does not always hold true because Top and Vop do not 
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generally commute. In order to overcome this difficulty, the Baker-Hausdorff 

formula must be used 

(3.15) 

where ~p is given by 

(3.16) 

One can easily show that, for very large N, the propagator in one spatial dimension 

takes the following form: 

:=:: II dx II 'Pn x N[ .... ]N+l[ .... d] 
n-l L n n-l L 21rh 

(3.17) 
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where Pn is the momentum, and H is the Hamiltonian function. Note that it is not 

necessary to have equal time divisions for the derivation to be valid. It could be seen 

that the terms of higher orders in € were neglected in the derivation. This is because 

if (N + 1) is very large then € is very small and the higher order terms, such as €2, €3, 

etc, go to zero. 

The path integral is then given by [34) 

N [- ]N+l [- d ] PI == lim IT J dxn IT J ~ X 
N-n-l -<0 n-l -<o2'fffl 

It is obvious that equation 3.18 is in phase space. In order to write it in 

configuration (position) space one needs to use Gauss' integral formula to carry out 

the integration involving Pn. The resulting form is then the configuration space 

representation of the propagator in one dimension [34) 

- iHol N+l N [., ] 
<X)e -h-lt ) = lim[~]-2 IT Jdxn x 

N_ 2mfl€ n-1 .:co 

(3.19) 

where m is the mass of the particle, and H = p2/2m + V was assumed. One can 
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notice that the term between the brackets is nothing but the Lagrangian. 

Equation 3.19 is also known as the discretized path integral (DPI) [35-37]. 

One can use the DPI to establish an isomorphism between quantum and classical 

statistical mechanics [7]. This isomorphism, as we shall see later, allows the use of 

classical techniques to calculate equilibrium quantum mechanical properties [38]. 

Also, the DPI is the most suitable tool to perform continuous quantum 

measurements [39]. 

3.5. CLASSICAL PATH VS QUANTUM PATHS 

The path integral formulation of non-relativistic quantum mechanics offers a 

very plausible physical picture for the time evolution of a quantum system from one 

state to another. On following a path, the system passes through intermediate points 

(states). The classical picture is still valid so far. But one major difference between 

the classical picture and the quantum PI approach is that in order to get a complete 

description of the evolution of the quantum state one has to perform the integration 

over ALL possible paths between the initial and final points, whereas, classically only 

one trajectory would give a complete description of the evolution of a classical 

system. 



41 

CHAPTER FOUR 

THE ISOMORPHISM 

One of the most important features of the path integral is that it allows for 

a link between quantum and classical statistics. In other words, an isomorphism 

between classical and quantum mechanics could be established which permits the 

treatment of quantum particles through the well known classical statistical mechanics 

techniques. In this isomorphism the quantum particle is described as a closed chain 

that consists of P beads coupled to each other through harmonic springs. 

4.1. CLASSICAL STATISTICAL MECHANICS 

In classical statistical mechanics, the canonical ensemble's partition function 

for N spinless identical particles is given by 

(4.1) 

where N is the number of particles in the system, h is Plank's constant, H is the 

Hamiltonian of the system, and {3, the inverse temperature, is l/kT ( k is the 

Boltzman constant). In this ensemble, the probability density in phase space is given 

as 
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P(p,q) oc e -PH(p,q) (4.2) 

where p and q are the conjugate momenta and positions respectively. 

All the thermodynamic information about the system can be obtained from 

the partition function. The average value of any function M(p,q), a mechanical 

property, is given by 

M = av 

Je -PH(p,q)M(p,q)dr 

J e -PH(p,q)d r 
, 

where dr is the element of volume in phase space d3Npd3Nq. 

4.2. QUANTUM STATISTICAL MECHANICS 

(4.3) 

In quantum statistical mechanics, phase space is replaced by Hilbert space. 

The representation of the partition function in the canonical ensemble is given by 

Qqs(V,T) = Tr[p] = E (ale -PHopla), 
& 

(4.4) 

where "Tr" stands for the trace which is the sum over diagonal matrix elements, and 

p is the density operator. The sum in equation 4.4 is over a complete set of states 

la) which is assumed to be orthonormal. The density operator is given by the 

following: 
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-PH P = e OP. 
(4.5) 

The density matrix, which is used to obtain all thermodynamic properties of the 

quantum system, in the canonical ensemble [40] is defined as 

(4.6) 

where n is the set of quantum numbers, En is the energy eigenvalue when the system 

is in state n, and 0mn is the usual Kroenecker delta with the following properties: 

0mn = 1 
= 0 

if 
if 

m=n 
m.;.n 

(4.7) 

The quantum statistical partition function can be written as a sum over all "n" 

states available to the system 

(4.8) 

Thermal averages are then obtained using 

(4.9) 

where M is a mechanical property, and (0 1Mopl 0) is the expectation value of Mop. 
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One can use the TEO (time evolution operator) to obtain all the 

thermodynamic properties of a given quantum system. In order to see how this is 

achieved, analytical continuation [36] of the real time interval into the imaginary 

domain is needed. This could be written as 

t - t = -ih{3 2 1 
(4.10) 

which in turn when substituted in the expression for the TEO 

(4.11) 

will give the following: 

-PH Qqm = Tr[e op]. (4.12) 

Equation 4.12 is usually called the quantum mechanical partition function. One must 

keep in mind that the above expression is written in imaginary time and has no 

connection to the real (physical) dynamics of our quantum system. 

4.3. THE ISOMORPHISM 

The discretized path integral (DPI) found an extensive use in the field of 

computational physics. The DPI can be used to establish an isomorphism [7] 

between quantum statistics and classical statistical mechanics. In this sense, 
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equilibrium quantum statistical averages are calculated using the "easier" classical 

statistical mechanics techniques. As mentioned earlier, the partition function in the 

canonical ensemble is given by 

where Hop is the Hamiltonian operator which, if one neglects higher order 

interactions among the particles, can simply be written as 

N N 

Hop = L KE; + L V;j' 
i-I j>i 

(4.13) 

(4.14) 

where N is the total number of quantum particles in the system, KE is the kinetic 

energy, and Vij is the interparticle pair-potential between particles i and j. 

In configurational space representation the trace is written as [7] 

(4.15) 

If the Boltzman factor is rewritten as 

PHop P 

-PH -(-p ) 
e op = e 

(4.16) 
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and P-1 intermediate states are inserted, via the closure relation, in equation 4.15, 

one can easily obtain 

(4.17) 

where € is f3 /P, and r(l) denotes the intermediate state 1 of all the N particles, i.e 

r (l) = (r(l) r.(1) r.(1) r(l» 
1 , 2 , 3 , ••• , N • (4.18) 

For very large P, and/or in the high temperature limit, the Trotter formula which 

reads as 

(4.19) 

allows us to use the asymptotic form of the density matrix [7] 

-!. [V(r) + V(r') I 
~ po(r,r'; €)e 2 , 

(4.20) 
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where 

(4.21) 

is the N free particles density matrix. Notice that the mean of the total potential 

which appears at the endpoints was used. This approximation is expected to 

approach the exact limit in the case of slowly varying potentials [7]. 

Using the periodic boundary conditions 

(4.22) 

the quantum statistical partition function becomes 

p 

II Po (,.<b+l),r(b); €) e -.V(r(b») 
(4.23) 

b-l 

where this equation, without the limit, is equivalent to the partition function of a 

classical NxP particles system. 

The free density matrix element of equation 4.21 can be evaluated using the 

closure relation in k space to get 
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where m is the mass of one particle. One can then substitute equation 4.24 in 4.23 

to obtain the partition function in the classical isomorphism. In this case, the 

partition function is written as 

Q. = ~[ pm l~PJdr(1) ... Jdr(P)x 
(ISm) N! 27r Ji2{3 

. (4.25) 

The above equation is similar to the partition function of a classical system 

consisting of N molecules, with each molecule consisting of P atoms. The term in 

brackets of equation 4.25 is related to the effective potential through the following 

approximation: 
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(4.26) 

Inspecting the isomorphism one notices that the quantum particle "i" is thus 

represented (due to r(l)=r(P+l) by a closed chain that consists of P beads ( 

superscript "b"). The neighboring beads in each chain are connected through 

harmonic springs of constant mP / .e2h 2, The interaction between different chains is 

governed by the second term in the effective potential expression. This term allows 

beads belonging to different chains to interact only if these beads carry the same 

index. 

It is here that we get the full picture of the isomorphism. Now we are able 

to calculate quantum statistical averages by using the canonical partition function of 

a classical PxN particles system. 

4.4. ISOMORPHISM AND MOLECULAR DYNAMICS 

In order to use the isomorphism in molecular dynamics, a kinetic energy term 

is needed to allow the chains to move in phase space (or configuration space). One 

can then define a "pseudo" Lagrangian 

( 4.27) 
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where Mj is an artificial mass of the "i" th bead. The canonical ensemble is still valid 

because we can control the temperature of the chains through the kinetic energy 

term [41]. 

It is clear now that the isomorphism could be utilized to simulate quantum 

systems that consist of one or more particles. In this case each particle will be 

represented by a closed chain of P beads. The classical partition function of the 

beads can now be used to find thermal averages of the quantum system. 

The most prominent computer simulation techniques that implement the path 

integral are Monte Carlo, and molecular dynamics. With these techniques, 

researchers have been able to investigate a variety of quantum systems ranging from 

single quantum particle to many-particle systems. For example, the solvation of an 

electron in a molten salt [9], in water [42], and in ammonia [43] have been 

investigated using the path integral method (PIM). The behavior of fermionic [44] 

and bosonic [45] many-body systems have also been studied with this method. The 

PI may also be used to study the diffusion of hydrogen in metals [13]. 

Exchange interaction among fermions causes difficulties when the PI is used 

to study quantum systems. This is due to the negative weights that result from some 

exchange cycles. However, recently an approximate propagator including exchange 

was proposed by Hall [46]. In this formulation exchange interaction was modelled 

by a pseudopotential (see chapter six). This approach was used to study the 

electronic structure of Na3 + and Na3 clusters at finite temperature [47]. Exchange 

was also considered in simulating two electrons solvated in a molten salt at high 
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temperature [14], and four electrons in a cavity [48]. Particle exchange was 

implemented in the Fourier path integral technique to study atomic clusters of 

interacting spinless bosons, and noninteracting identical particles under the influence 

of harmonic potentials [49]. Quantum exchange and its implementation in the path 

integral will be discussed in further details in chapter six of this dissertation. 
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CHAPTER FIVE 

NON-LOCAL PSEUDOPOTENTIAL IN PIMD 

5.1. INTRODUCTION 

When performing a simulation one would like to reduce the computational 

time without loss of accuracy. For example, when performing a calculation of an 

electronic property of a solid it is easier to consider only the valence electrons in the 

simulation rather than all of the electrons. But in so doing, one must not ignore the 

effects of the core on the valence electrons. The interactions between the core and 

the valence electrons are incorporated in what is called the pseudopotential. These 

interactions are usually non-local. The non-locality in the pseudopotential is 

necessitated by the fact that for most elements, the valence electrons are in different 

angular momentum states. 

Non-local pseudopotentials have been used in quantum Monte Carlo [50], and 

in diffusion Monte Carlo [51] techniques. They have also been used in quantum 

molecular dynamics approaches based on the density functional theory [52]. To the 

best of our knowledge, however, no quantum molecular dynamics path integral 

simulation has been done that implements a non-local pseudopotential. In this 

chapter, we present an PIMD study of the 3s and the 3p (excited) states in the 

potential field of a sodium ion. To avoid the problems that arise when using a non

local pseudopotential, mainly the "fermion disease" arising from the positive parts of 
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the pseudopotential, we report an approximate effective potential that allows the 

simulation of a quantum particle in a non-local pseudopotential. In section 5.2 we 

show how to implement a non-local pseudopotential in the path integral using polar 

coordinates. The pseudopotentials used in this paper are based on the work of 

Bachelet, Hamann, and Schluter (BHS) [5]. These non-singular pseudopotentials are 

derived from first principles. 

In section 5.3 the application and results of our study of the 3s and 3p 

electronic amplitudes in Na are presented. These results are then compared with the 

coreless Hartree-Fock (CHF) potential method used by Melius and Goddard III [53]. 

The chapter ends with a brief discussion of the benefits of using this form of PIMD 

along with a description of current work and expendability of our scheme. 

5.2. PROPAGATOR WITH NON-LOCAL PSEUDOPOTENTIAL 

The spherical symmetry of the potential makes it easier to use polar 

coordinates. The expression for the path integral in polar coordinates has already 

been derived [34, 54,55]. However, the potential that was used in these derivations 

was of a local nature. But electrons with different angular momentum states feel a 

different potential. In this case a non-local pseudopotential must be used to achieve 

accurate results. We present here a method for incorporating a non-local 

pseudopotential into the derivation of the path integral (PI) expression for a single 

electron. 

For a particle moving III a central potential the representation of the 
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propagator, K, based on a Lagrangian formulation of the path integral is given by 

[36,54,55] 

_ iHop'" 

K(r2,rl'f) = (r2le -b-lr
1

) = 
., t. (5.1) 

E E KtC r2,rl'T )Y~(82,<P2) Y tm(81'<Pl)' 
t.=O m=-t. 

where T is the time it takes the particle to go from the initial position r 1 to the final 

position r2• The expression exp(-iHopT Ih) is the time evolution operator of the 

quantum particle, and Hop is the Hamiltonian operator. The ,*, in equation 5.1 

denotes the complex conjugate. 

The amplitude in the radial direction takes the following form [55]: 

3N 

Kt.(r2,rl'f) = lim(41Tl(~>""T x 
N- 21TI €o 

N N-l IU [Rt.(r;,r;-l)]U r/dr;, (5.2) 
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(5.3) 

In equation 5.3, V is the central force potential, €o is 1'IN, and It +1/ 2 (mrhl/i€o) is 

the modified Bessel function. 

The quantum statistical partition function for a single electron may be written 

as 

(5.4) 

where Hop, the Hamiltonian operator for our system, is a sum of the kinetic, local, 

and non-local pseudopotential operators. By substituting l' =-ili,B in equation 5.4, one 

can think of the Boltzman factor, exp( -,BHop), as the time evolution operator of the 

classical particle in imaginary time space. 

Upon introducing (P-l) intermediate states in Q we will obtain the PI 

representation of the partition function 
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(5.5) 

where € = I3/P. 

Equation 5.5 carries an interesting picture. The first term represents the path 

from r1 to r2, the second connects r2 to r3, and so on. Notice that the last term in 

this equation connects fp to r1 thus closing the overall path. In other words, the one 

electron system is now transformed to look like a polymeric necklace consisting of 

P beads. 

With the periodic boundary condition (cyclic condition) 

(5.6) 

we can write the partition function in a more compact form 

(5.7) 

Using the Trotter formula, the propagator could be approximated as follows 

where Top is the kinetic energy operator, V10c is the local potential operator, and VNL 
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is the non-local pseudopotential operator. 

The non-local pseudopotential operator, in the state representation that we 

use in our derivation, is of the form [56,57] 

., t 

VNL = L L Itm)Vt{r)(tml. (5.9) 
t-O m--t 

where It~ stands for the spherical harmonics and (tm! is nothing but the 

projection operator which, when acting on a given function, selects out only the 

angular coordinates. The non-local operator of equation 5.9 can be decomposed into 

a sum of different operators where each has a particular symmetry 

(5.10) 

For example, the operator Vs acts only on orbitals possessing an s symmetry. From 

this it is now clear that a different local potential Vt{r) is needed for different .e's. 

Introducing the closure relation in equation 5.8 we can write the propagator 

as 

(5.11) 

One can then rewrite the propagator in the following manner 
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(5.12) 

Note that in this case V1oc(r) is a function of the position vector r. The free 

particle density matrix, the last term on the right hand .side of equation 5.12, can be 

evaluated. The propagator K then becomes 

(5.13) 

where i.\r is the difference between the two vectors r' and rn+1• In deriving equation 

5.13, the sampling property of the delta function was used. With a series expansion 

we carry on the task of evaluating the term involving the non-local pseudopotential 

operator in equation 5.13. 

The following orthonormality property in spherical harmonics 

(5.14) 
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along with the expression for the kernel [58] 

(rnIVNLIr') = :E :E YtOm(8n, IPn) Vt(rn,r')Ytm(8',IP') , (5.15) 
t m 

is helpful in evaluating the terms in the series. It is a straightforward task to evaluate 

the terms involving higher orders of V NV If P is large, the short time propagator 

may be rewritten in the following manner 

(5.16) 

where 

(5.17) 

Finally, with further manipulation the expression for the propagator takes the 
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form 

(5.18) 

where Vloc acts locally in radial coordinates. 

Using equation 5.18, along with the identities 

(5.19) 

and 

(5.20) 

we can write the partition function for our system in a form that conveys an angular 

momentum dependence 
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where we defined, what we call, a newly modified Bessel function as 

(5.22) 

and 

(5.23) 

In the equations above, 5.20 and 5.21, Pt(cosex) is the Legendre polynomial, and ex 

is the angle between the two position vectors rn and r n+1• 

5.3. APPLICATION AND RESULTS 

5.3.1. Effective Potential 

The summation in the propagator expression, equation 5.18, runs over all the 
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possible values of the angular momentum quantum number. This is inconvenient in 

a computer simulation and certain modifications must be made in order to overcome 

this difficulty. Since the system we are studying is a sodium atom, it is clear that the 

core does not include any angular momentum state higher than one. Thus, for values 

of i that are larger than one, we approximate the non-local pseudopotential by a 

local pseudopotential [52, 53, 59]. With this approximation, the propagator of the 

electron in the field of the sodium ion takes the following form 

. (5.24) 

where the zero order Legendre polynomial Po(cosa) = 1. 

In order to proceed with a molecular dynamics simulation for our quantum 

system, we need an effective potential to describe the interactions of the nodes 

(beads) with each other, and with the sodium ion. It is desirable that the effective 

potential be defined by writing the partition function in a classical form 

(5.25) 
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However, the partition function for our system cannot be put in this form 

without some approximations. This is because the propagator in equation 5.24 

involves positive and negative terms. 

For the case of Na + we define an approximate partition function in the 

following manner 

3P P P 

(
f3 C)- I {[ --Vloc 

QNa+ ~ - 2 J dr .. .drpexp L Ln e p x 
" n~ 

(5.26) 

where the symbols [ ] are merely delimiters and carry no physical meaning, and the 

prime sign over the integral limits it to states which give a positive value for the 

argument of the natural logarithmic function in the integrand. We arrive at equation 

5.26 by neglecting the contribution of the states which give negative value of the 

propagator in equation 5.24. 

These negative values will arise for configurations of states, nand n + 1, such that 

" /2 ::; ex ::; rr. These configurations appear mainly near the core since the large P 

(short time approximation for the path integral) leads to short distances between 

consecutive nodes. Therefore, away from the core we expect our approximation of 
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the partition function to give more accurate results than when the electron is in the 

core. This is because the angle subtended by two consecutive nodes decreases as the 

nodes move away from the core region. It is only when the nodes approach the 

center of the core that some of the angles fall in the range mentioned above, thus 

giving negative propagators. 

Upon inspecting the partition function we can see that the approximate 

effective potential is readily obtained as 

(5.27) 

This potential could be rewritten in the following fashion 

(5.28) 
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Although approximate, equation 5.28 conveys a plausible physical picture. 

The first term stands for the harmonic potential due to the springs linking 

neighboring nodes. The second term stands for the external potential felt by each 

node. The inverse temperature {3 is a large positive number. The number of nodes 

P is also large which in turn makes the angle between the position vectors of two 

neighboring nodes extremely small. The newly modified Bessel function ~(2{3Crnrn+l) 

is always positive and has a maximum value of one as shown in figure 5.1. Thus, the 

third term gives rise to a centrifugal effect (a positive quantity) that is needed to 

keep the valence electron from collapsing into the core region. One can then draw 

the analogy between this effective potential and the components of the regular radial 

effective potential that is encountered in the radial part of the Schrodinger equation. 

Note that this effective potential offers an infinite energy barrier which guarantees 

that states with negative [ ] will never occur in our calculations. 
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Figure 5.1. Plot of the newly modified Bessel function. 

5.3.2. Simulation 

66 

The molecular dynamics simulations were conducted at a constant 

temperature of 1000 K. This temperature is kept constant throughout the simulation 

by using a momentum rescaling thermostat [26]. The total effective force on the 

electron is the vector sum of all the forces acting on the nodes. For the nth node we 
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write 

(5.29) 

The equations of motion were solved using the leapfrog algorithm with time 

integration step At = 1.3x10-17s. The electron was represented by a chain consisting 

of a set of P nodes (beads). Each node has an arbitrary mass of 1 a.u. The 

simulation was conducted twice for each state. In one simulation the electron was 

represented by 384 nodes, while in the other 490 nodes were used. This high number 

of nodes is needed because of the steep repulsive potential that exist in the core 

region. Although these numbers could be over cautious, a large number of nodes is 

still needed in our case since we are using the Trotter expansion without higher-order 

correction terms. Using this version of the Trotter formula, Li and Broughton noted 

the need for 100 to 150 nodes to simulate an electron in the potential field of a 

lithium ion at approximately 1000 K [60]. Each simulation run was carried for 

400,000 time steps. 

In figure 5.2 we show the pseudopotential for f. =0 and f. = 1 in sodium. These 

pseudopotentials are non-singular with their derivation based on a first-principle 

approach by Bachelet, Hamann, and Schluter [5]. One can readily see the steep 

repulsive barrier in the core region for the pseudopotential that corresponds to f. = O. 

By contrast, the pseudopotential for f. = 1 does not show such a steepness in the core 

region. In the absence of a centrifugal barrier, the 3p electron would collapse into 
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Figure 5.2. Non-local pseudopotentials for Na that were generated using BHS 
method. 

5.3.3. Results 

There are two approaches to simulate the electron in the 3s state. The first 

approach relies on sampling the states using the effective potential exactly as it 
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appears in equation 5.28. This means that the pseudopotentials used are those that 

appear in figure 5.2, with no alteration or modification to their values at any position 

of the quantum particle. This is very important if we are to study molecular systems 

where the full non-locality is vital. However due to the attractive nature of the 3p 

pseudopotential in the core region, the 3s electron will be pulled towards the core. 

At 1000 K with P=384 and 490 the approximate distances between two subsequent 

nodes are 0.84 A and 0.74 A respectively. These distances are comparable to the 

core size itself. This means that as the electron approaches the core, we expect to 

have more negative propagators. Neglecting the increasing number of these states 

will weaken the accuracy of the centrifugal effect in the effective potential. In this 

case, the amplitude of the electron will be shifted towards the core as shown in figure 

5.3. In this case, our results agree qualitatively with the 3s amplitude constructed by 

Melius and Goddard III [53] (dashed line) who used the coreless Hartree-Fock 

(CHF) method. 

In order to overcome the above mentioned problem, a second approach can 

be taken to avoid the attractive effects of VI on the 3s electron. In this case, we 

need to make certain that the electron feels only the effects of the 3s 

pseudopotential. This may be achieved by setting VI equal to V 0 in the propagator 

equation. The results of the simulation for this 3s state are also shown in figure 5.3. 

As depicted in the figure, the position of the peak, and the tail region of our results 

agree reasonably well with the CHF amplitude. 
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Figure 5.3. The pseudo-amplitude for the 3s state in Na. This work is shown in 
solid lines. The non-local case (fine line). The local case (heavy line). Melius 
and Goddard III (dashed line). The number of nodes is 384. 

In either approach, the resulting amplitudes for the 384 and the 490 node 

systems came to an exact agreement with each other. This suggests that 384 nodes 

is a satisfactory upper limit for P. The amplitudes shown in figure 5.3 are for the 384 

node system. 
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The noise that appears deep in the core is not inherent to our formulation. Indeed 

the electron density calculated in our simulation vanishes near the origin. The 

amplitude is found by taking the square root of the electron density and then dividing 

the result by r. This division becomes very noisy as r approaches zero. 

For the 3p state, the existence of a core orbital of the same symmetry will 

have a dragging effect on the 3p electron and the electron will eventually get sucked 

into the core. The BHS pseudopotential does not have in this region a sufficient 

repulsive force as seen in figure 5.2. In order to avoid this problem, we loaded our 

effective potential with an artificial potential barrier that prevented the electron from 

moving into the more energetically favorable 3s state. This is accomplished by 

setting Vo(r) in the effective potential to a constant value for all r and equal to the 

maximum difference between the 3p and 3s pseudopotentials in the core region. 

This energy barrier is sufficient to keep the electron from behaving like a 3s state, 

and from wandering into the core region. This will limit the occurrence of the 

negative propagator states, and thus our approximate partition function should give 

the required results. Figure 5.4 depicts the 3p orbit for 384 nodes. 
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Figure 5.4. The 3p amplitude in our case (solid line). Melius and 
Goddard III (dashed line). The number of nodes is 384. 
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As shown in this figure, the 3p amplitude obtained with our formulation agrees very 

favorably with that of the CHF method (dashed line). 

To demonstrate that 384 is a sufficient number of nodes to simulate the 

electron in this excited state, we superimpose in figure 5.5 the amplitude of the 3p 

state using 490 nodes for the electron over that of figure 5.4. The result, seen in 

figure 5.5, shows basically no difference between the two amplitudes. 
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Figure 5.5. The 3p amplitude in the case of 490 nodes superimposed over 
results shown in figure 5.4. 
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The reader should be reminded that we do not anticipate the amplitudes in 

our case to come to a good accord, everywhere in space, with those calculated using 

CHF. This is because of the basic difference between the two approaches. The 

effective potentials used in Melius and Goddard III were derived from CHF orbitals, 
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whereas the BHS pseudopotentials that we use in this paper were obtained based on 

an all-electron calculation using the local density approximation for the exchange and 

correlation potential. However, outside the core region the amplitudes obtained 

using the CHF method coincide accurately with those of Hartree-Fock, and 

minimum-kine tic-energy methods [53]. In this region electronic amplitude is 

anticipated to be method independent thus allowing us to make a valid comparison. 

After the system reached equilibrium we took some snap shots of the 

configurational distribution of the nodes. These shots were then projected onto two 

dimensions to help give a qualitative picture of the electronic distribution in the 

particular orbital state. The spherical symmetry which is characteristic of the s state 

is obvious in figure 5.6. Further, it is interesting to note how the nodes are 

populated away from the origin in figure 5.7, which is characteristic of the p orbital. 
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Figure 5.6. Projected snap shot of the configurational distribution of the 3s 
electron. The number of nodes in this case is 384. The nucleus is at the origin. 
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Figure 5.7. Projected snap shot of the configurational distribution of the 
electron in a 3p state. The number of nodes in this case is 490. The nucleus 
is at the origin. 
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CHAPTER SIX 

ELECTRONS IN MOLTEN POTASSIUM CHLORIDE 

6.1. MOTIVATION FOR OUR WORK 

It should be clear by now that with the discretized quantum path integral 

(DQPI) method a quantum particle is shown to be isomorphic to a large set of 

classical particles interacting with each other through an effective harmonic potential 

[7, 8]. The accuracy of the isomorphism is proportional to the number of classical 

particles, and approaches the quantum limit as the number of these particles 

approachs infinity. At first, this might appear as an inconceivable task, even with the 

most advanced computers. However, the success of the DQPI method as a 

simulation technique of quantum systems springs from the ability of the isomorphism 

to achieve convergence for only a finite number of classical particles, especially at 

high temperature. 

Difficulties, mainly due to exchange, arise when attempting to model a 

collection of quantum particles with the DQPI method. The wave function of a 

collection of quantum particles changes phase upon interchange of particles. While 

indistinguishability of identical particles is easily dealt with in classical statistics, this 

is not so when dealing with interacting quantum particles [7]. The statistical 

representation, through the partition function, of an assembly of quantum particles 
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requires additional terms to account for quantum exchange. Systems of bosonic 

particles lead to positive exchange terms, while negative terms appear in the partition 

function of fermionic systems. Because of the ability to group the partition function 

into a sum involving positive terms only, the properties of many-body bosonic systems 

could be readily calculated [45]. However, in case of fermionic systems the problem 

is by far much more complicated. Up till now, no one has been able to represent the 

partition function of interacting fermions as a sum of positive terms that could be 

easily used in a computer simulation. Monte Carlo calculations involving Fermi 

statistics, show the severity of negative exchange terms on the statistical process [62]. 

This aspect is particularly dominant at low temperatures where longer cycles of 

exchange become very important. At high temperatures, the permutations of 

particles with longer cycles become unimportant, while identity permutations are 

dominant and the number of sampled states with negative weight is small. One can 

then restricts the sampling process to the regions of phase-space that contribute 

positive weights only. This practice appears to give satisfactory results [62]. 

Another approach, for treating exchange at high temperature, relies on an 

effective singular potential restricting phase-space to positive contributions to the 

partition function [14]. Other proposals include the use of pseudopotential to 

account for exchange in weakly degenerate quantum systems [46]. This 

pseudopotential method uses a corrective factor to compensate for the errors usually 

made in neglecting the negative contributions to the partition function. More 

importantly, in [46] exchange is treated as a non-local interaction in imaginary time 
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and space through the introduction of what the author calls "exchange potential". 

In our work an effective potential will be introduced to sample exchange 

between particles. This potential is very repulsive for states that give rise to negative 

weights, and forces almost all of the sampling to occur in the positive regime 

contribution of phase-space. To test the validity of our approach, we implemented 

this potential in PIMD to simulate the behavior of electrons solvated in molten KCI 

at 1300 K. 

6.2. MOLTEN SALTS 

In their molten state, alkali-halide salts form ionic liquids in which the ionic 

structure is completely dissociated. Simple Coulombic forces govern these systems 

imposing on a cation to be surrounded by a shell of 4-6 anions. The reverse is true 

for the anions, i.e. each anion is surrounded on the average by 4-6 cations [63, 64]. 

In this sense molten salts are usually called coulomb-ordered structure with short 

range order. 

Due to their dissociated structure one then expects some electrical 

conductivity to be exhibited by these liquids, in contrast to their insulating role in the 

crystalline state. 

Molten salts found an extensive use in traditional as well as in advanced technology. 

Primary extraction of metals, electrodeposition, refining of metals, high energy 

density batteries, and fuel cell technology are just few examples of the usefulness of 

molten salts. Interest in their thermodynamic, electrochemical, and transport 
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properties have prompted researcher to study molten salts [65]. 

Recent interest in these system stems from strong interest in the fascinating 

area of metal-nonmetal transition and the nature of the electronic states resulting 

form dissolving excess electrons in the molten salt [66]. 

We will focus our attention on molten salt of KCI with variable number of electrons 

dissolved in it. There has been numerous studies done on this kind of metal-salt 

solution. Some of the most recent studies will be presented briefly in order to help 

form a better picture that will aid in the understanding of our findings. 

6.3. METAL-SALT SOLUTION 

6.3.1. One-Electron System 

There has been a great deal of theoretical and experimental studies geared 

toward understanding the metal-salt solutions [66-68]. Of particular interest is the 

effects of increasing metal concentration on the structural and electronic properties 

of these systems [14, 68-72]. In relevance to our work are the theoretical works of 

Parrinello and Rahman [9], Selloni et al [72], and Fois et al [71]. These will be 

discussed in greater details than the experimental ones mainly by Freyland and his 

group [68, 73-76]. 

In the dilute limit, a dissolved alkali metal atom losses its valence electron to 

the melt. The most established picture is that this electron substitutionally takes the 

place of an anion, thus giving rise to a liquid state analogue of the F-center observed 
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in solid state [9, 73, 77]. An F-center structure is shown in figure 6.1 for illustrative 

purposes. It is clear that the coordination of K + around the electron is octahedral. 

Some of the experimental techniques used to study the structure of the 

solvated electrons involve nuclear magnetic resonance [73, 78], and optical absorption 

[68]. Nicalso and Freyland [73] showed that in the dilute limit, localized electronic 

behavior dominates and give rise to a Curie-type paramagnetisim as shown in figure 

6.2. The same type of behavior is demonstrated by F-centers in the solid state. This 

leads to the conclusion that the electrons in the melt form states of localized nature. 

Theoretically this was also confirmed by Malescio and Parrinello [80] who used a 

modified version of Chandler's et al [81] polaron theory. Another theoretical study 

proving the F-center-like nature of the solvated electron was carried by Parrinello 

and Rahman [9]. In their study they used the quantum path integral molecular 

dynamics (QPIMD) technique to simulate an electron necklace solvated in molten 

KCI at 1000 K and 10.4 Kb. In this case the simulation cell contained 150 K+, 149 

Cl- and one electron. 
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Figure 6.1. An F-center: excess electron trapped at an anion vacancy [81]. 
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Figure 6.2. Excess magnetic susceptibility of metal-molten salt solution vs metal 
concentration [76]. 
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While the dynamics of the electron was treated quantumly, the motion of the 

ions was described in a fully classical manner. The ions interaction was modelled 

through the Born-Mayer potential [9] 

(6.1) 

where the subscripts "I" and "J" refer to the ions. Au and Pu are constants taken 

from Fumi and Tosi [82]. The Discretized Path Integral was used to establish an 

isomorphism between the quantum particle and a computationally easier-to-handle 

classical system in which the electron is transformed into a polymeric necklace of P 

beads. By discretizing the electron path one can use, as mentioned in earlier 

chapters, the corresponding classical partition function of the necklace to calculate 

equilibrium thermodynamic properties. 

To monitor the electron-cation interaction a local pseudopotential in the following 

form 

= 
r 

for r> Rc (6.2) 

where the core radius, Re, was set to 1.96 A. A purely columbic potential was 
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to the octahedral picture occurring in the solid state. The electron-cation radial pair 

correlation functions, &:,+(r) is shown in figure 6.3. 
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Figure 6.3. Radial pair distribution function for the e-K+ [9]. 

6.3.2 Two-Electron System 

With increasing metal concentration, F-centers start to aggregate forming dimers, and 

higher order mers. Electron spin resonance experiments by Nicolso and Freyland [74] 

support the appearance of spin-paired states in the non-dilute limit. Their data also indicate 

the formation of metallic aggregates with increasing metal concentration. Although these 

new states seem to appear in the non-dilute limit, F-center states do not totally disappear 
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employed to describe the electron-anion interactions 

for all values of r (6.3) 
r 

From the diamagnetic susceptibility calculation, within the frame of this 

simulation, Parrinello and Rahman showed that the solvated electron localizes in a 

region of root mean square radius of approximately 2 A. This value is consistent 

with value observed for the dimension of the F-center in solid KCl. The electron-

cation pair correlation function shows that the coordination of K+ around the 

solvated electron is mostly tetrahedral, in contrast to the octahedral picture occurring 

in the solid state. The electron-cation radial pair correlation functions, &,+(r) is 

shown in figure 6.3. 
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Figure 6.3. Radial pair distribution function for the e-K + [9]. 
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6.3.2 Two-Electron System 

With increasing metal concentration, F-centers start to aggregate forming 

dimers, and higher order mers. Electron spin resonance experiments by Nicolso and 

Freyland [74] support the appearance of spin-paired states in the non-dilute limit. 

Their data also indicate the formation of metallic aggregates with increasing metal 

concentration. Although these new states seem to appear in the non-dilute limit, F

center states do not totally disappear but are in equilibrium with the newly formed 

states. The drop in the F-center concentration as the metal concentration increases 

is also evident from the sharp drop in the paramagnetic susceptibility as seem in 

Figure 6.2. 

Theoretically, the formation of spin-paired states was confirmed by Selloni et 

al [na] who solved numerically the time dependent Schrodinger equations for two 

electrons solvated in molten KCl. While the electrons are studied quantumly, the 

ions are treated classically. Molecular dynamics along with periodic boundary 

conditions were used to simulate 32 K+, 30 Cl-· and two electrons within the 

condition provided by the Born-Oppenheimer approximation [na]. The Spin

Density-Functional theory was used to study the many-body problem arising form the 

electron-electron interaction. Two different runs were carried. The first involved 

electrons with anti-parallel spins, while in the second run two parallel-spin electrons 

were used. In both cases the same initial ionic configuration was used. 

This study showed that when the two electrons has opposite spin they come 

together in the same spatial region thus forming a spin-paired state (singlet state) 
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which is also called a bipolaron. A polaron is defined as the combination of the 

electron and the distortion field it creates in the ionic structure around it. This case 

is different for two iso-spin electrons which tend to localize away from each other 

forming two distinct F-centers (triplet state). The contour plots of the electronic 

density for both simulation runs are shown in figure 6.4, and 6.5 respectively. In 

these figures, the dark dots stand for the xy projection of the ionic positions. It is 

clear that starting from, almost, the same initial configuration, the two simulations 

evolve to two different final states. 

!' 

Figure 6.4. The formation of the singlet state: Contour plots of the electronic density 
at the beginning (top figure), and at the end of the simulation (bottom figure) [72a). 
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Figure 6.5. The formation of the triplet state: Contour plots of the electronic 
density at the beginning (top figure), and at the end of the simulation (bottom 
figure) [72a]. 

6.3.3 Many-Electron Systems 

As the number of solvated electrons in alkali-alkali halide (Mx-MX1_J 

increases, one eventually enters the metal-nonmetal (M-NM) transition region. 

However, a definite identification of concentration at which the transition takes place 

is not possible. One of the reasons is that the dc electrical conductivity displays a 

continuous behavior over the whole range of metal concentration [66], figure 6.6. 
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Figure 6.6. DC electrical conductivity as a function of metal concentration [66]. 

Before the onset of the M-NM transition, it could be inferred from figure 6.2 

that the bipolaronic states start to aggregate and form clusters as the concentration 

of the added metal increases. This aggregation phenomenon was also pointed out 

theoretically by Selloni et al [72b], who studied a molten KCI system (32 K + and 32-

N Cn with N =2, 4, and 6 electrons, solvated in it, respectively. 
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The results of this study showed that the average total energy per electron 

remains basically unchanged as the number of electrons increases. This implies that 

local electron-ion, and ion-ion structure remains the same with increasing metal 

concentration, x. However, the overall electronic density shows a different structure 

in each case, figure 6.7. 

N=2 

Figure 6.7. Electronic density contour plots: N=2, N=4, and N=6 [72b]. 
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It is clear from the figure above that aggregate formation is evident with 

increasing x. These aggregates form clusters that finally coalesce into an elongated 

percolating structure, which could be the onset of the NM-M transition [72b]. To 

investigate this point further, Fois et al [7lb] simulated 6, and 12 electrons solvated 

in KCI melt. A molecular dynamics density functional simulation was carried. The 

local-density approximation was used to manage the many body electron-electron 

interaction, where ionic dynamics was handled through Newton's equation of motion. 

The simulation box contained lOB K+, and (lOB - N) CI- ions at 1300K. Two 

separate runs were tried, one for x = 0.06 (N = 6), and another for x = 0.11 (N = 12). 

In each case, the temperature of the simulated system was held at 1300 K, and 

adiabaticity was assumed. 

In both cases, the static properties, i.e. local structure, of both systems carne out to 

be identical. Moreover, they carry great similarity to those obtained as well as to 

those in case of two and four-electron systems discussed earlier. In figure 6.B a plot 

of the electron-ion, and ion-ion pair correlation functions are shown. 

However, the electronic charge density distribution shows obvious differences 

in the two cases. It was found that the 12-electron system shows more delocalization 

than that of 6-electron. This is illustrated in figure 6.9. While the 6-electron system 

forms a big cluster with a localized nature consisting of three bipolarons, the case of 

12-electron displays bipolarons joining each other to form an elongated percolating 

structure. This percolative structure for x = 0.11 could be the dominant electronic 

structure at the onset of NM-M transition. 
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Although the above study shows percolating structures for x=O.II, one should 

remember that, for reasons mentioned earlier, a definite transition concentration is 

not defined, yet, for these systems. However, experimentally, a range of 

concentration at which the NM-M transition takes place is documented. Some 

studies show that the NM-M transition, in ~KCIl'x' takes place in the concentration 

range O.I~x~O.2 [83], others propose a higher range, mainly O.2~x~O.3 [75]. Cheiux 
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et al [84] suggests that the NM-M transition region in K-KCI systems is in the range 

of 30 to 50% metal concentration. 

N=12 

Figure 6.9. Contour plots of electronic charge density distribution projected on the 
xy plane [7Ib]. 

6.3.4 Recent Advances 

Recently we incorporated quantum indistinguishability in the QPIMD 

technique to simulate two electrons solvated in molten KCI at 1300 K. Quantum 

exchange was accounted for through a topological effective potential. The results of 

this study were in accord with those of Selloni et al [72b]. This excellent agreement 

between the two methods demonstrated that this approach can successfully describe 

the physics of quantum many-body systems at high temperatures. 
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An advantage of this method over the previous ones is that the time step used 

was on the order of 1O-15S, whereas for the same system in Selloni et al work [72b] 

a smaller integration time step (_1O-17s) was necessary to conserve energy throughout 

the simulation run. 

With increasing number of electrons in a given system, correlation effects 

increase and are essential in understanding the delocalized states that might form. 

Unfortunately an accurate description of this is not possible with density functional 

theory (DFf) or quantum chemistry methods (QCM) which use single-quantum 

orbitals to study the electronic structure [85]. Moreover, the QPI is favored over 

DFf or QCM for two other reasons: (a) in DFf or QCM a limited number of terms 

in the basis set expansion is usually used. This will not give an accurate picture of 

delocalized electronic states. However, in its description of a quantum particle, as 

shown in chapter 3, the QPI uses a complete set of states and thus should be more 

reliable to give an adequate explanation of delocalized electronic states. (c) Some 

of DFf or QCM uses the Born-Oppenheimer approximation which does not allow 

for finite temperature fluctuations. These fluctuations could be important in 

determining electronic states especially in clusters [47]. Whereas, finite temperature 

fluctuations are easily incorporated within the QPI technique. 

However, as is the case with any QPIMD, our method is limited to the 

calculation of thermal equilibrium averages and does not provide a direct route to 

the study of dynamical properties of quantum systems. This problem may be 

alleviated by using analytical continuation [37,86], although this approach, when 
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applied to simulations, could suffer from severe statistical errors [87]. 

Albeit important, dynamical properties are not of interest to us in the present 

work, and focus will be made on the static properties only. In the following section 

we will introduce a method that allows to simulate multi-electron systems, including 

exchange interactions among the electrons. 

6.4. MULTI-ELECTRON SYSTEMS 

6.4.1 Method 

In an external potential, the partition function of an N-body fermion system 

is given by [7] 

3NP N P P 

Z = (~t[ P7 ]-2 Sll II drp) II M[An•n+t1 
N. 2h {3 j=1 ;=1 n=1 

where P is the number of nodes per necklace, N is the total number of particles 

(electrons in our case), m is the mass of the quantum particle, ~(rjG» is the external 

potential, and 'Pjt(rjG)-rj(k» accounts for the coulombic interaction between particles 

j and k. As it is clear from the subscripts, only nodes of the same index on both 

necklaces are allowed to interact through this potential. The term M[An•n+t1 stands 
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for the determinant of an NxN matrix whose elements are given by 

where Top is the kinetic energy operator. The right hand side in the equation above 

is nothing but the free particle density matrix, which could be written as 

In the absence of exchange, the determinant is given by 

N 

M[A]n,n+1 = II A~~1I+1 . (6.6) 
j=l 

where the partition function in this case takes the form 

[ ]

3NP 
IPp' -2- N P 

Z = (-,) 7 III II drp)exp[-~Veff]X 
N. 2h ~ J=l 1=1 
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where Veff is the effective potential which, in this case, accounts for the quantum 

kinetic energy of the nodes belonging to the same necklace and is represented by 

N p. 
V = 't"' 't"' C(/!> _ /-j»2 

elf ~ ~ 1 1+1 
j=1 ;=1 

(6.8) 

where "*" stands for the periodic boundary conditions in the form rp+1 =r1, and 

C=Pm/2h2,e2. This potential is harmonic in nature and connects two consecutive 

nodes on a particular chain through springs of force constant Pm/h2,e2. 

Upon including exchange the problem acquires further complications due to 

the formation of dimers, trimers, and higher order "polymeric" structures that arise 

from 2-cycle, 3-cycle, and n-cycle permutations of particles. These contributions 

appear in the form of extra terms in the partition function, and could cause averaging 

problems, depending on the statistics the system obeys. The severity of these 

contributions, to the partition function, on the averaging process appears when 

studying fermionic systems. This is due to terms with negative weight that appear 

when the permutation cycle length is made up of even number of particles [6b-c]. 

Eventually, these negative terms start to cancel some of the positive contributions 

from other permutations, rendering the statistical process overwhelmed with noise. 

6.4.2 The Effective Potential 

To avoid lengthy mathematical details, and minimize the book keeping, the 
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following notation is adopted throughout the derivation 

(6.9) 

which, as we have seen earlier, is the exponential factor in the probability amplitude 

that electron (1) will, at a later time, reach fj+l having left fj at an earlier time. 

This concept could be readily extended to multi-electron systems. However, before 

we venture further into our study it will be instructive to show the short time 

approximation of the probability amplitudes (simply referred to, below, as probability 

amplitude) for two, and three electrons. 

For two electrons, the probability amplitude, P2e., could be calculated using 

the matrix below 

P2e- oc [11] [12] = [11].[22] :!; [21].[12] 
[21] [22] 

where the permanent (+ sign) is used when dealing with bosonic systems, and the 

determinant (- sign) is used for fermionic assemblies of particles. 

With the above notation, the probability amplitude expression for the two-electron 

system stand for the following 

(6.10) 
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In the above equation the following notation 

d 2 - (TU) _ r(k)2 
jk - ; ;+1 

(6.11) 

was used. Notice the use of the equality sign which is justified by including the 

proportionality constant in the main expression of the path integral as shown in 

chapter 3. In our case exchange is important between the electrons and Fermi 

statistics requires the use of the determinant rather than the permanent. 

Following the steps illustrated above, the probability amplitude for a three-

electron system can be found by evaluating the determinant of a 3x3 matrix 

[11] [12] [13] 

P3e - = [21] [22] [23] 

[31] [32] [33] 

which, in this case, takes the form 

(6.12) 

(6.13) 

The physical picture of the terms in this equation is that 2-cycle exchange 
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contributions are represented in the double sum, whereas the triple sum arises from 

the 3-cycle exchange (j~k~m~j) processes. 

Higher order exchange effects become inevitable with increasing number of 

iso-spin electrons. However, for localized states at high temperature, and for 

situations where the repulsive forces among the electrons are so strong in such a way 

that only two electrons can come within close proximity of each other, higher order 

cycles of exchange are not important and thus could be neglected [46]. In this case, 

the probability amplitude for the N-electron system could be cast in the following 

expression 

N N N-2 2 2 2 2 2 2 L L L e-PC(djk+dkm+dmj-djj-dkk-dmm) (6.14) 
m>k j>k k=l 
m-j 

A close look at this equation reveals that exchange effects could be thus described 

through an effective potential given by the following expression 



N N N-2 

LLL 
m>kj>k k=l 
m~j 

100 

(6.15) 

In order to solve the equations of motion, forces on particles must be 

computed. For particle "j" in state "i", the effective force due to the potential given 

in equation 6.15 is found through the relation 

(6.16) 

which becomes 

(6.17) 

where the "double", and "triple" sum signs used represent the respective sums that 

appear in the equations above. With further manipulation the final form of the 

force, with 2-cycle and 3-cycle exchange, becomes 
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N N 222222 E E 2Cdkme-Pecdjk+dkm+dmj-djj-dkk-dm) (6.18) 
m >k j>k 
m~j 

where "Arg." was used to represent the argument of logarithm that appears in the 

expression of V err. 

Recent study on four electrons in a cavity [48] showed that at 2000 K the main 

contribution (> 80%) to the partition function comes from the identity permutations 

(i.e. particles are not permutated). In this case, the behavior of the electrons is 

mostly that of distinguishable particles [48]. Therefore, for the current simulation 

results, that we present here, only 2-cycle exchange processes are considered, whereas 

the effects of 3-body exchange are currently under investigation. In this case the 

effective potential reduces to the following 

N P 1 P [ N N-1 Ii) (k) U) (k) 1 V
eff 

= CE E (rY) - r~~)2 - - E In 1 - E E e -PC(Ij., -'7., ).(r; -rj ) (6.19) 
j=1 ;a1 {3 ;=1 j > k k=1 

where the first term in the sum comes from the distinguishable particles contribution, 

and the second term describes the 2-cycle exchange processes among the N electrons. 
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We will refer to this term as the exchange potential. It is clear from this term that 

the exchange processes considered in our case are potential independent. This 

aspect was pointed out by Hall [46] To elaborate further, Hall showed that for two 

fermions with same spin, the exchange potential could be put in a form that includes 

non-locality in imaginary time, as well as in space. This non-locality was arrived at 

by carrying, in a sense, a mean field approximation where each node on electron (1) 

interacts with all the nodes on electron (2). In this case the exchange potential is 

given by [46] 

1 ~ ~ [ -[mPa I (,(1) _,(2».(,(1) _,(2» Il]l/P 
1(1 = -- L..J L..J In 1 - e x x y y 

f3 x=l y=l 

(6.20) 

where a is a constant (a:::;l) used to account for the contribution arising from the 

negative dot products in the exponential. 

It is clear that non-locality can easily be invoked in our two-cycle N-particle 

exchange potential. Using the following identity 

(6.21) 

the effective takes the form 

(6.22) 
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where "*" restricts exchange among homo-spin electron pairs. If N electrons are of 

the same spin, then the number of pairs is given by N(N-1)/2. However, in our 

systems half of the electrons have spin up, and the other half is with spin down. 

It is evident that our exchange potential is lacking the weighing factor ex that 

appear in that of Hall. The neglect of this factor is justified a posteriori based on the 

accord of our results with already published studies. Moreover, at the temperature 

of the simulation, 1300 K, we expect the contribution to the partition function from 

states giving rise to negative weights to be minimal, and that most of the important 

configurations have a positive dot products. Although few states entered the negative 

regime in the course of our simulation (negative dot product), their number 

decreased even further upon the onset of equilibrium. The frequency of occurrence 

of these states once equilibrium is established was so low that neglecting them did 

not hinder the statistical process. 

In this case, the effective force on electron "j" in state "i" arising from the 

effective potential V· err<r) could be written in the following manner 

(6.23) 

where "Argt" corresponds to the argument of the logarithmic function with the 
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"triple" sum term discarded. 

6.5. MODEL 

6.5.1 Interaction Potentials 

We conducted MD simulation using the quantum path integral approach on 

systems consisting of 32 K+ and (32-N) Cl-,where N is the number of electrons 

solvated in the molten salt. We considered three systems with values of N =4,6, and 

8 respectively. The temperature of the molten salt was set at 1300 K, and the 

simulation cell was taken to be cubic of edge length L= 13.8 A. The equations of 

motion were solved via a finite difference scheme as described in chapter 2, with a 

time step duration of 2.68xlO-15 seconds. The temperature is maintained constant 

through invoking a momentum rescaling thermostat [26]. We employ one thermostat 

for the ionic species, whereas each electronic necklace is put in contact to an 

individual thermostat. This approach avoids drifts in temperature of the system due 

to transfer of energy between the ions and the electrons, thus maintaining 

adiabaticity [52]. In each case periodic boundary conditions were imposed. 

In order to construct the Hamiltonian that would help in sampling the states, we will 

need to account for the interaction potentials involved in our systems. 

Neglecting polarization effects, the interaction potential between the ions was 

taken to be in the form of Born-Mayer-Huggins type 
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(6.24) 

where ZI' and ZJ are the ionic charges. In our study, the parameters bu, cll> and Pu 

were taken from Sangster and Atwood [88]. The exponential term in the expression 

above represents the repulsion effects due to ion-ion overlap, and the last term stand 

for the attractive behavior due to Van der Waals type forces. 

For the electron-ion interaction we used a local pseudopotential to account 

for the e-cation, and a purely coulombic potential to describe the e-anion interaction. 

These potentials were those that appear in Parrinello and Rahman's [9] work, as 

shown above in section 1. 

The electron-electron repulsion term was taken in its usual coulombic form. 

However, the exchange interaction is embedded in the effective potential which was 

described earlier. 

6.5.2 Dealing With Long Range Forces 

Due to the PBC we are faced with the task of calculating the interactions 

between an ion and all its periodic images. This is due to the long range nature of 

the coulombic potential that govern these interactions. The overall coulombic 

potential is a slowly convergent series and, in our case, is written as 
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Nt Nt -1 Z Z 2 N N-1 P 
"" "" 1 Ie e

2 

Vcoul = E L..J L..J I R R I + E E E E (j) (k) 
1>1/=1 n 1- I+ n j>k k=l i=1 n Plri -~ +nl 

Nt N P Z e 2 

EEEE--'-
1=1 j=1 ;=1 n P I rY) - R I + n I 

(6.25) 

where n is a simple cubic lattice vector, due to the use of PBC, and is given by 

n=nL+nL+nL x y z (6.26) 

with Ilx, I1yo and 11z being integers. 

In order to overcome the slow convergence problem, the Ewald summation 

method was used [89]. The essence of this method is to replace the above series by 

a two-part faster convergent series. It will suffice here to describe the method 

physically [24] leaving out mathematical details. To construct the first part of the 

new series one places Gaussian charge distribution, whose width is controlled by 

some parameter, in such a way that this charge distribution is centered around each 

charge particle, which is treated as point charge, in the system of interest. Also, this 

Gaussian must be of the same magnitude, but of opposite nature as the point charge 

(figure 6.10). With this construction the interactions between neighboring charge 

particles are reduced due to be the screening effects by the Gaussians. The strength 

of the originally long range interaction is thus reduced to a shorter range. In this 

part of the method, the total potential is obtained as a sum in real space over all the 
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particles in the box, and all their images as well. 

In order to recover the original charge neutrality, one follows the same recipe 

given above but this time the each Gaussian charge distribution has the same sign 

as the point charges (figure 6.10). In this case the sum to obtain the potential energy 

is carried in reciprocal space. 

The overall potential energy is then a sum of two series one in real space and 

the other in reciprocal space. It is proven that this sum converges at a faster rate 

than the original one. To obtain the correct results, one needs to subtract the 

reference charge, i.e. the charge around which the potential is being calculated, from 

the overall result (see figure 6.10). 
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Figure 6.10. Pictorial illustration of Ewald's method: (a) a Gaussian charge 
distribution placed at each ion. (b) Point charges (lines) due to ions plus 
Gaussian charge distribution of opposite sign. The reference ion is situated 
at X [81]. 

In our simulations the width parameter, also known as Ewald's parameter, is 

taken to be 5.741/L, where L is the edge of our simulation cell. This value was 

chosen to ensure rapid convergence. The real-space part of the summation was 

truncated at L/2. The coulombic interactions between electrons are calculated using 

the minimum-image criterion. With this choice of the Ewald's parameter, the 

reciprocal-space sum contribution to the overall potential energy is small and is thus 
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neglected [90]. 

6.5.3 Governing Hamiltonian 

In order to calculate averages, time trajectories must be generated. These 

trajectories need not to carry any physical meaning, i.e. have no connection with the 

real dynamics of the actual system. However, the phase-space density in this case 

must satisfy Liouville equation, and that an adequate method to sample states is 

constructed [24]. In this spirit we utilize the micro canonical ensemble averaging 

method to sample classical trajectories generated by the Hamiltonian 

(6.27) 

where mO is an arbitrary mass assigned to each node (1 amu), MI is the familiar ionic 

mass, vertP is the effective potential, defined in equation 6.22, applied to spin-up 

electrons, Verrdown is the same effective potential but this time applied to spin-down 

electrons, ~u(Ru) is the interionic potential as it appears in equation 6.24, 'T'jk(rjG)-
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riCk»~ is the internecklace potential, and ~e_JG)(r/j)-RJ) is the electron-ion potential 

defined in equations 6.2 and 6.3. The use of this artificial mass has no effect on the 

averages, for masses do not appear when calculating static properties [9]. 

6.6 ENERGY 

To calculate the total energy estimator for our multi-electron system one can 

use the partition function Z appearing in equation 6.4, and the following relation 

to write 

<E> a 
= --lnZ = 

a{3 

1 az 
Z a{3 

p ) (N p ,10. (rC!» ) (N P 'P. (ij) _ik») E d;n + E E 't' I + E E Jk I I 

n=l j=l ;a1 P j >k ;=1 P 

(6.28) 

(6.29) 

where the last two terms are the estimators for the potentials involved, and the first 

two terms are regarded as the kinetic energy estimator. 

In its present form, the estimator posses some numerical drawbacks. This is 

due to the fact that it is a difference between two positive quantities, each depending 

directly on P. One thus expects the variance to grow with increasing number of 
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nodes [9]. One therefore should seek to replace <K> by an expression that does 

not depend heavily on P. This could be achieved by employing the virial estimator 

suggested by Herman et al [91]. They found that the potential energy depends 

slightly on P, and that it could be used along with its derivative to replace the above 

expression of <K>. 

In our case the virial estimator takes the form 

. U) 

<K> = 3N + (.! E f, rY). aU(r~ ») 
2/3 2 j=1 i=1 aryl 

I 

(6.30) 

where U(rjG» is the total potential energy felt by necklace 'T' when in state 

"i".excluding the harmonic potential. 
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CHAPTER SEVEN 

RESULTS 

7.1. INTRODUCTION 

In this chapter we present analysis of the simulation runs performed on the 

systems described in section 6.5.1. In order to check for the effect of quantum 

exchange, the simulation of each system was conducted twice. In one we did not 

allow exchange, while in the other the exchange was turned on. The duration of each 

simulation varied depending on how soon the equilibration process took place, and 

certainly on the limited speed of the available computational facility at our university. 

For example, the simulation of the eight-electron system with exchange was run for 

about 25000 time steps after a long period of equilibration process of about 45000 

time steps, which lasted for three weeks. These computer experiments were carried 

on a Silicon Graphics Crimson VGXT computer. 

However, for the case of no exchange, each system was run for a period of 100000 

integration steps. In case of exchange, the four-electron simulation lasted for 100000 

time steps, and that of the six-electron case for 200000 simulation steps. 

We will compare the structural results, along with average kinetic energy per 

electron to already published studies on the same systems, i.e. ~ KCl1_x• As will be 

seen later, our results come to an excellent agreement with those of other workers, 
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hence validating the applicability of the effective exchange potential introduced in 

chapter six, and consequently confirming the usefulness of our method in explaining 

the physics of many-electron systems in the liquid state. 

7.2 STRUCTURAL PROPERTIES OF SOLVATED ELECTRONS 

In order to gain insight into the electronic structure, and the arrangements of 

ions around the electrons, the radial pair distribution function (RPDF), g(r), is used. 

The electron-electron RPDF, &:-e(r), for four, six, and eight-electron are shown in 

figures 7.1, 7.2, and 7.3, respectively. Part (a) of these figures represents the results 

for systems in which no exchange between electrons was allowed, while (b) shows the 

results for the exchange case. It is clear from the shape of these functions that the 

probability of finding an electron at a certain distance increases as the number of 

electrons increases. This is expected because of the constant size of the simulation 

cell. Evident in part (a) of these figures is the formation of grand charge distribution 

where the electrons seem to come together in the same region. In this case, the 

electron-electron distance is governed by the coulomb repulsion, and the e-cation 

attraction. Obviously, the Pauli exclusion principle could be violated at instances 

thus rendering such simulation inaccurate. 

The picture changes completely when exchange is implemented in the 

simulation. In the four-electron case, the RPDF in figure 7.1b indicates an obvious 

non-uniformity in the electronic charge distribution. This two-peak structure is due 

to the formation of two distinct bipolarons. The maximum distance between the 



114 

bipolarons is dictated by the dimensions of the unit cell. For our simulations, this 

distance comes to about half the cube diagonal (-12 A). Whereas, the maximum 

approach distance is controlled through the exchange and coulombic effects. 

According to Selloni et al [72b] a bipolaron is said to be in its bound state if the 

distance between the two electrons is ::; 9 au (-4.76 A). Using this definition, a 

bipolaron in its bound state could be seen in figure 7.1b with intra-electron distance 

of about 3.2 A. One can also see that the two bipolarons are at an average 

separation of 7.5-7.8 A. 
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Figure 7.1. Electron-electron RPDF, &-e{r),for four-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.2. Electron-electron RPDF, &-e(r), for six-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.3. RPDF, &:.e(r), for eight-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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The bound state of the bipolaron in figure 7.2b, and 7.3b is not as obvious as 

it is the case for four electrons. However, a careful look at these functions reveals 

the bound state around 3.2-4 A. In these two cases one notices the difference 

between these figures and figure 7.1b, mainly, the disappearance of the valley 

structure. This is due to the percolation of the bipolarons into elongated structure 

that stretches over the entire allowed interaction range -::;7 A. This structure is 

consistent with Selloni et al [72b] percolating structure for x=0.19, figure 7.4. The 

study of Selloni et al was furnished in chapter six. 

Figure 7.4. Contour plots of the electronic density for six-electron (x = 0.19) 
system [72b]. 
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For the electron-cation RPDF, the no exchange systems show clear 

disagreement when compared to each other. This could be seen in figures 7.5a, 7.6a, 

and 7.7a. For example, the existence of an anion at the position of the minimum 

(about 4 A) for x=O.12S is not apparent in the other two cases. The local structure 

is not preserved as the excess metal concentration increases, and thus this approach 

should be deserted. The local structure dependence on excess electron concentration 

was studied experimentally by Jal [92]. In his study, Jal found that the local structure 

of the pure molten salt is maintained up to x=O.7S. More recently, Steininger [93] 

carried SAXS experiments investigating the local structure order in molten ~ KCl1_x 

over a range of concentrations, including the NM-M transition region. The findings 

of this study indicates the persistence of the local structure with increasing x. 

The consistency in local structure order is restored as the exchange interaction 

between electrons is activated. The plots for the RPDF in this case are shown in 

figures 7.5b, 7.6b, and 7.Th for the four, six, and eight electrons respectively. In 

these figures it is clear that the e-K+ correlation distance extends to about 4 A. This 

value corresponds to the size of the region over which the bipolaron is localized. 

This value is consistent with MD simulation results of Selloni et al [72b] , and Fois 

et al [71b], as shown in figures 7.8, and 7.9. The value obtained from these 

simulations is on the order of 7 au (- 3.7 A). Our value is also consistent with the 

PIMD calculation of Parrinello and Rahman [9], figure 7.10. The quantum method 

corresponding to each of these studies was briefly described in chapter 6. 

Experimentally, Steininger [93] measured the radius of gyration of the embedded 
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charge distribution of electrons (x=O.l1). solvated in molten KCI at 1093 K, to be 3.9 

A. By definition the radius of gyration measures the size of the solvated charge 

distribution of electrons [76]. This value agrees well with the size of the bipolaron 

found above. 
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Figure 7.5. Electron-cation RPDF, &_K+(r), for four-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.6. Electron-cation RPDF, &_Kt(r), for six-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.7. Electron-cation RPDF, &_K+(r), for eight-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.S. Electron-cation RPDF of Selloni et al [72b]. 
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Comparing &oK+(r) in our case to that of Parrinello and Rahman [9], figure 

7.10, a tetrahedral coordination number of cations around the electron is observed. 

In contrast to the solid state case where octahedral coordination is present. 
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Figure 7.10. Electron-cation RPDF [9]. 

Where the minimum in the e-cation RPDF disappears from the results 

pertaining to the six, and eight-electron systems in the no exchange situation, it 

appears consistently at about the same position (-4 A) in all three exchange cases. 

This structure stands for the existence of a Clo at this position which compares well 

to the results of Selloni et al [72b], figure 7.8, and those of Fois et al [71b] in figure 
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7.9. A high probability of finding an anion at ~ 4 A could be seen by overlaying the 

plots for the e-Cl" case, figures 7.l1b, 7.12b, 7.13b, over the corresponding e-K+ 

system in the case of exchange. 
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Figure 7.11. Electron-anion RPDF, &_cl_(r), for four-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.12. Electron-anion RPDF, &.CI.(r), for six-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.13. Electron-anion RPDF, ge_CI_(r), for eight-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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7.3. STRUCTURE OF THE IONIC LIQUID 

Using the RPDF for the ions, one can characterize the structure of the ionic 

liquid for the systems studied in our case. With the above note about the 

independence of the local structure on x, we would expect that both the no exchange, 

and the exchange results to be in good agreement with each other. 

The cation-anion RPDF for the systems considered in both cases is depicted in figure 

7.14, 7.15, and 7.16. 



o 2 

o 2 

468 
Distance (A) 

468 
Distance (A) 

a 

10 12 

b 

10 12 

Figure 7.14. Cation-anion RPDF, gK+_CI_(r), for four-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.15. Cation-anion RPDF, gK+_CI_(r), for six-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.16. Cation-anion RPDF, gK+_CI_(r), for eight-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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It is apparent in these figures that the ionic structure does not change as we 

turn on exchange, and as the electronic concentration increases. These results agree 

favorably with those of pure molten KCL shown in figure 7.17 [71a]. In Fois et al 

the major peak for K+ -Cl- RPDF occurs about 5.5-5.76 au (-3 A). The value at 

which the major peak occurs in our simulation is at about 3 A. Also, the alternate 

ionic structure is preserved in our results as evident from the figures. 
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Figure 7.17. RPDF for molten KCI [7Ia]. 
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In the case of K+ -K+, a qualitative agreement, among our different systems, 

concerning the position of the major peak is apparent about 4 A. This value is 

reasonably consistent with 8.5 au (-4.5 A) calculated by Fois et al [71] as seen in 

figure 7.17. The results of our simulations are shown in figures 7.18, 7.19, and 7.20. 
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Figure 7.18. Cation-cation RPDF, gK+_K+(r), for four-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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Figure 7.19. Cation-cation RPDF, gK+_K+(r), for six-electron system: 
(a) exchange turned off, (b) exchange turned on, 
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Figure 7.20. Cation-cation RPDF, gK+_K+(r), for eight-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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The same could be said about the Cl--CI- RPDF (figures 7.21, 7.22, and 7.23) 

where the main peak, depending on where we define it, falls on the average around 

4.3 A, which comes to a close agreement with 4.5 A found by Fois et al [71]. 

In principle, the results concerning the cation-cation and the anion-anion 

RPDF must come to an exact agreement with each other at all values of r. This is 

not apparent in our simulation as depicted by the figures. This is due to the sluggish 

movement of the ions during the simulation run, whereas the electrons move much 

faster. To smooth these curves it is necessary to run much longer simulations then 

the ones we present here, only then an adequate comparison between the two 

RPDF's over the entire range of r is possible. 
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Figure 7.21. Anion-anion RPDF, gCl_CI_(r), for four-electron system: 
(a) exchange turned off,(b) exchange turned on. 
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Figure 7.22. Anion-anion RPDF, gCl-Cl-(r), for six-electron system: 
(a) exchange turned off, (b) exchange turned on. 

141 



a 

o 

b 

o 

246 
Distance (A) 

246 
Distance (A) 

8 

8 

Figure 7.23. Anion-anion RPDF, gCl_CI.(r), for eight-electron system: 
(a) exchange turned off, (b) exchange turned on. 
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7.4. AVERAGE KINETIC ENERGY 

Due to differences in the choice of the zero of energy, a direct comparison of 

most of our results, pertaining to the values of the different energies involved, with 

Selloni et al [72] and Fois et al [71] is not possible. Within this limitation only the 

kinetic energy in our case can be compared to their results. This is so, because the 

kinetic energy is independent of the zero of energy chosen. 

Below, we tabulate the average kinetic energy per particle (EK/N), where N is the 

number of electrons, obtained in our simulation of the three systems with exchange 

interaction switched on. Also, we present the results of Selloni et al [72b] for 

comparison. 

Time step 100,000 200,000 70,000 

Number of 4 6 8 
electrons 

EJN, Selloni 
et al [73b] 1.2 1.2 not studied 

EJN, 
our Study. 1.2 1.1 1.4 
(exchange) 

EK/N, 
our study 0.9 0.9 0.8 
(no exchange) 

Table I. Average kinetic energy per particle (EK/N) compared to Selloni et al 
[72b]. All values for EljN are in eV. 
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It is clear that the average kinetic energy per particle values calculated, for 

the systems in which quantum exchange was permitted, agree very well with those of 

Selloni et al [72b] with a difference of 0.8%, and 5% respectively. The uncertainty 

in our results was 0.04 eV. It is clear from the table that the results for the no 

exchange case are smaller than their counterpart. The increase in kinetic energy is 

due to the quantum effects of localization that forces the electron to gain kinetic 

energy, while at the same time loses potential energy. This picture is consistent with 

Heisenberg uncertainty principle. When exchange is neglected the electrons are 

delocalized because of the electron-electron repulsion, but the extent of this 

de localization is restricted by the presence of the attractive forces due to the cations, 

and the repulsive forces from the anions. 

7.5. SNAP SHOTS 

After each system reached equilibrium we took some snapshots of the 

configurational distribution of the nodes. When the electrons are treated as 

distinguishable particles, the shots in figures 7.24, 7.25, and 7.26 indicate the 

formation of a single charge density region in which electrons are less localized. 

However, the two, three, and four distinct charge distribution regions could be 

recognized in the snapshots offour (figure 7.27), six (figure 7.28), and eight (figure 

7.29) electrons when same-spin electrons are allowed to exchange. These structures 

correspond to two, three, and four bipolarons with a localized nature, as discussed 

previously. 
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Figure 7.24. Snap shot of the four-electron system without exchange: electrons 
(small dots), cations (big dots), and anions (circles). 
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Figure 7.25. Snap shot of the four-electron system with exchange: electrons 
(small dots), cations (big dots), and anions (circles). 
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Figure 7.26. Snap shot of the six-electron system without exchange: electrons 
(small dots), cations (big dots), and anions (circles). 
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Figure 7.27. Snap shot of the six-electron system with exchange: electrons 
(small dots), cations (big dots), and anions (circles) 
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Figure 7.28. Snap shot of the eight-electron system without exchange: electrons 
(small dots), cations (big dots), and anions (circles). 
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Figure 7.29. Snap shot of the eight-electron system with exchange: electrons 
(small dots), cations (big dots), and anions (circles). 
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CHAPTER EIGHT 

CONCLUSION AND FUTURE WORK 

8.1. ON NON-LOCAL PSEUDOPOTENTIAL IN PIMD 

In order to be able to perform PIMD of molecular system, one needs to 

incorporate non-locality in the path integral. We have illustrated a method for the 

incorporation of non-local pseudopotentials into the path integral using polar 

coordinates. An approximate effective potential deduced from the derivation was 

implemented in an open boundary molecular dynamics simulation. The system 

simulated was a single valence electron of sodium in its 3s and 3p states. The 

electronic 3s amplitude calculated using our formulation is in qualitative agreement 

with amplitudes obtained through other methods such as the coreless Hartree-Fock 

method. In order to keep full non-local effects, which is very important in molecular 

systems, and improve the accuracy of the method, a corrective factor may be 

incorporated in our effective potential to account for the neglect of the negative 

propagator states in the core region. This aspect will be the subject of a future work. 

The simplicity and the ease of numerically implementing our formulation 

makes it attractive in the case of atoms or ions with a single valence electron and a 

maximum angular momentum state e = 1 in the core. For elements which fall into 

this category, different pseudopotentials must be incorporated into our equations. 
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Such pseudopotential data is tabulated by Bachelet, Hamann, and SchlUter [5]. The 

extension of our method to incorporate d states is straightforward, but requires some 

book keeping. This extension is currently under investigation. We are working on 

calculating the 3s and 3p energies to compare them with those obtained using other 

techniques. Also, we are using our derivation to study the behavior of an electron 

in the field of a lithium ion. The initial results are very encouraging. 

For systems with more than one valence electron, with a maximum of i = 1 in 

the core, our derivation obviously does not hold. This is because of 

indistinguishability which must be incorporated into the path integral. Problems 

arising from the Fermi statistics are anticipated here due to the negative terms that 

are carried in the partition function. One way to overcome this difficulty is to use 

our effective potential which was developed in chapter six. However, cycles of 

exchange longer than two might be needed depending on the system. 

8.2. ON ELECTRONS IN MOLTEN POTASSIUM CHLORIDE 

We have shown that at high temperature, multi-electron systems can be 

effectively simulated using the PIMD technique. In our formalism, exchange between 

quantum particles, electrons in this case, is accounted for through an effective 

potential that is non-local in imaginary time and space. 

For the systems investigated, the unpolarized and polarized four, six, and 

eight-electron showed the formation of a bipolaronic complexes and a grand charge 

distribution, respectively. The results, for the exchange case, also showed the 
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formation of an elongated structure, that extends over the entire allowed range of 

interaction, as the number of electrons increased. These structures are suggested to 

occur at the onset ofNM-M transition [71b]. Moreover, in all cases the bound state 

of the bipolaron was on the order of 3.2-4 A. However, the results for the same 

systems, but with exchange turned off, did not show the formation of bipolarons, or 

the elongated structures for that matter. The disagreement in the electronic structure 

in both cases suggests that, at 1300 K, exchange among electrons must be included 

if an accurate simulation of I<x-KCl1_x is to be achieved. This suggestion is also 

supported by the fact that the local distribution of ions around the electrons was 

preserved in all three systems when exchange was turned on, while the no exchange 

cases failed to describe the local ionic structure around the solvated electrons. 

The RPDF for the ions, in both exchange and no exchange cases, came to an 

agreement with each other as expected. In this case our results showed the 

persistence of the ionic molten salt structure with increasing number of solvated 

electrons. 

Calculation of time averaged properties, namely the average kinetic energy 

per particle EN' was in good agreement with those of Selloni et al [72b]. The 

localization of the electrons in the exchange case is also evident through the value 

of EK, which is larger than the corresponding no exchange value. This quantum 

correction is a manifestation of the uncertainty principle. The smaller kinetic energy 

in the no exchange systems is due to the non-localized nature of the electrons. 

The results obtained in our simulation were compared with other studies such 
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as: (a) quantum molecular dynamics technique that employs a direct integration of 

the time-dependent Schrodinger equation [71, 72], (b) the PIMD method which was 

used to study one electron solvation in molten KCl [9], and (c) experimental findings 

[92, 93]. The excellent agreement between our results and these methods 

demonstrates that our approach can successfully describe the physics of quantum 

many-body systems at high temperatures. 

In contrast to the methods of Fois et al [71] and Selloni et al [72] which 

require small integration time steps (- 10-17 s) to maintain adiabaticity, the fictitious 

dynamics in the PIMD necessitates only a step of the order of 10-15 s. Other 

advantages of the Plover these methods were alluded to in section 6.6. The use of 

the PI method is, however, limited to the calculation of thermal equilibrium 

properties and does not provide a direct route to calculate the dynamical properties 

of the quantum particles. This problem may be alleviated by using analytical 

continuation [37, 86], although it suffers from severe statistical errors [87]. 

However, much can be learned from the application of the PIMD to simulate 

materials. Currently our formalism is being applied to study the electronic structure 

of liquid sodium. Unfortunately, two-cycle exchange processes are not sufficient to 

. describe reasonably the electronic behavior. This necessitated higher cycles of 

exchange to be implemented in the effective potential. Preliminary results indicate 

that three-body exchange cycles are sufficient to correct for the two-body exchange 

results [94]. 

We propose to study other systems representative of alkali-alkali halide 
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solutions such as Na-NaBr, K-KI, and K-KBr. One important feature of the Na

NaBr system is that, in the dilute limit, the electrons are obseIVed to localize into 

atomic-like states [94, 96], contrary to the F-center picture obseIVed in K-KCI 

systems. 
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