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PREFACE 
This thesis is divided into three parts. Each part deals with a different subject 

of my graduate work in the University of Arizona. The binding part of all three 
parts is the use of spectral methods to solve problem that arise in different areas 
of applied mathematics. 

The reader will soon realize that we use the same approach on all problems. 
We first try to draw some conclusions that come from the theory of the particular 
area and when theory is not developed for our particular problem we try to use 
other methods to shed some light into the problem. 

Due to the structure of this work, the introduction is going to be short and 
will try to list the commonalities and the differences of the different problems. 
The same is true for the conclusions chapter. However, each individual chapter 
will have an extended introduction and conclusions sections that will refer to the 
particular literature of the subject in question. 
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ABSTRACT 

This thesis investigates three problems of applied mathematics. The problems 

are unrelated to each other. It is the underlying theory that gives them a common 

denominator. 

The first part of the thesis examines the behavior of a chaotic system when one 

adds diffusion to it. More specifically we examine a system of three reaction diffu

sion equations (with one spatial dimension) where the reaction term is the usual 

Lorenz system. We are interested in the dynamics of this system with periodic 

boundary conditions as the diffusion parameter goes to zero. We prove that the 

system admits an invariant region, and has a unique solution for all initial data in 

the invariant region. We study the stability of the trivial solution and discover a 

sequence of simple bifurcation points. We follow the new solutions numerically and 

sketch a diagram in parameter space for a fixed value of the diffusion parameter 

and different values of the Lorenz parameter p. We construct asymptotic expan

sions to understand the basic dynamics of the equations. We discuss the difficulties 

of creating a consistent asymptotic expansion. Finally we present an efficient and 

accurate way to simulate the evolution of the system numerically. 

The second part offers a novel way to solve numerically Maxwell's equations in 

a two dimensional parallel periodic waveguide. The method we propose is spec

trally accurate in the direction of propagation and second order accurate in the 

other directions. It really is a variant of a well known and used method called the 

Finite Difference Time Domain (FDTD) method. We calculate the eFL condition 

for the method and do a phase error analysis for errors occurring due to the finite 

differencing in the non periodic and temporal directions. We conclude that the 

phase error is mainly due to the spatial discretization in the transverse direction. 

We discuss two different ways to extract the frequency w from a numerical simu

lation for a given wavenumber {3. Our results show excellent agreement with cases 
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where the answer is known either analytically or experimentally. 

The last part of the thesis presents a new way to approach turbulent flows. 

The idea is to write an equation for the Probability Density FUnction (PDF) of 

a dynamical system with noise. If one assumes that the PDF depends on a finite 

number of parameters, we seek for ordinary differential equations for the time 

evolution of these parameters. We present the theory and its implementation on 

an one, three and five dimensional example. We also discuss its implementation 

for the N avier-Stokes equations in two dimensions for a periodic box and channel 

flow. We point out the advantages and disadvantages of various PDFs and discuss 

how one can use variations of a PDF for the needs of a particular problem. 
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Chapter 1 Introduction 

Nonlinear phenomena have been the center of interest for scientists and engi

neers for the last decade, mainly because of the increased power of modern com

puters. The modeling of such phenomena became more sophisticated and gave 

results that resembled reality more closely. 

The mainstream approach of an applied scientist these days employs some 

theoretical machinery that establishes general properties of the model such as 

existence, uniqueness and stability of solutions, some asymptotic theory to extend 

solutions where analytical methods fail, and finally numerical techniques to explore 

models that would otherwise be impossible to approach. 

This thesis uses all three methods to model and study three different problems. 

Although the problems we investigate come from various fields of science, it is the 

methodology we use that makes them similar. 

The first problem we address is a model of a chemical reaction. One can think 

of the concentration of three reactants and their time evolution as the quantities of 

interest. Since the primary processes in such a problem are reaction and diffusion, 

the model equations are called reaction-diffusion equations. The model we study 

here does not correspond to any particular process (as far as we know); it just 

borrows machinery developed to investigate similar problems. 

The original idea was to verify that equations exhibiting temporal chaos, will 

also exhibit spatiotemporal chaos if one adds a diffusion term to them. Once this 

claim was established, there would have been several more questions to answer. As 

we will show in the next chapter, we could not give decisive evidence to support 

this claim. If anything, our results support the contrary. To investigate our original 

proposition we seek properties of the equations that would 1elp us to build our 

model more intelligently. We do numerical studies using the same parameters that 
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produce temporal chaos. These studies show that our model has a rich structure, 

and that answering our question would not be as simple as we originally thought. 

The stability of steady states is now crucial to determining what happens as we 

go closer and closer to the system that we know exb~bits chaos. We use numerical 

techniques and asymptotic theory to study st~ady states. 

The second problem we try to model comes from electromagnetism. We wish 

to study second harmonic generation in parallel waveguides. Asymptotic theory 

shows that if we have two waves, with almost identical frequencies, traveling in a 

nonlinear medium, it is possible to generate a new wave of twice the frequency. 

We want to sketch a dispersion relation diagram such that for each frequency w 

we get an accurate estimate of the wavenumbers of the original wave and its sec

ond harmonic. Although this problem sounds benign, there are difficulties arising 

at the numerical level rather than the modeling one. We are interested in con

structing waveguides using materials with nonlinear properties. This is enough to 

render our equations virtually unsolvable with any analytical technique, except in 

rare and uninteresting cases. As a consequence, we have to rely heavily on nu

merical techniques. Since the range of frequencies, and consequently the range of 

wavenumbers, we are interested in, is very small we need answers with at most .1% 

error. A simple study shows that we cannot reach this goal with conventional tech

niques and one has to resort to specialized signal processing methods to address 

this difficulty. 

The final problem we will discuss is closely related to the study of turbulence. 

We want to find an approximate expression for the Probability Density Function 

(PDF) of a random variable that satisfies a deterministic ordinary differential equa

tion plus a noise term. We first want to test this approach on a small number of 

ODEs and, once the theory shows promising results, we can address the problem of 

turbulence. The modeling stage of this method is almost identical for low dimen-
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sional examples as for turbulent flows. We test several different PDFs and compare 

the results. Obviously, there is a large gain in choosing the PDF intelligently. One 

saves a lot of modeling time as well as implementation time. Although the mathe

matics behind this approach are not very hard to grasp, the implementation stage 

involves a lot of tedious algebra. By choosing the right PDF, one can cut down 

the time spent in writing equations. In the end, once we have a working model we 

can compare the results of the model to direct numerical simulations and see how 

well we capture the basic features of the dynamics. 

The naming conventions between chapters are far from uniform. This is be

cause each chapter comes from a different field of science, where well established 

terminology and notation exists. We decided in favor of switching notation from 

chapter to chapter to be consistent with literature in the field. This is after all 

applied mathematics, and we are supposed to adapt to other people's thinking 

processes! There has however been an effort to be consistent throughout each 

chapter. 

This chapter is by no means an introduction to the background of the problems 

we study. Because of the uniqueness of this thesis - in the variety of topics attacked 

- we decided to have a separate introduction at the beginning of each chapter that 

covers the background, and the significance of each project in more detail. 

The purpose of this chapter is to acquaint the reader with the topics that 

follow and explain briefly how they can all be studied using the same tools of 

applied mathematics. It would be no surprise to us to see more theses in applied 

mathematics addressing various diverse subjects in the years to come. 
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This chapter is concerned with what happens to a system of ODEs that exhibits 

chaotic behavior, when we add diffusion terms to it. Specifically, the system of 

PDEs we are interested in is: 

Ut = K,Uxx + O'(v - u) 

Vt = K,Vxx + (pu - v - uw) (2.1) 

Wt = K,Wxx + (-{3w + uv) 

with periodic boundary conditions in [0,1]. 

Note that when K, = 0 the system reduces to the Lorenz equations which 

behave chaotically for certain values of the parameters 0', p, (3. When K, is small 

enough, we expect weakly correlated chaos over small scales, in the sense that 

points close to each other should be more correlated than points far apart, and 

averages over the whole space domain should be allowed since our system should 

behave stochastically. 

Our motivation comes from a work of Kraichnan [8], [20] where he suggests 

that an evolution equation for the mapping of the Probability Density Function 

to a gaussian is a very promising approach to describe reaction-diffusion equations 

that behave stochastically. More related work on the subject can be found in [4], 

[22]. But first we need to find a potential reaction-diffusion equation(s) that has 

stochastic properties. 

The rest of this chapter studies such a problem. The first part concentrates on 

the properties of a system of equations of the form 

d 
dtu+Au=f(u). 
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We show that when A = -K,!:::t. and f has an invariant region then the solution of 

the equation exists for all time and is unique. Then we study the stability of the 

steady states. 

The next section tries to find an asymptotic expansion for the steady state in 

the limit of small K,. We propose two different expansions. 

The first one tries to get a handle on the solution using a new parameter A, 

where A = 1 corresponds to (2.1). For A = 0 we know an exact solution. We want 

to expand about the known solution and let A -+ 1. This expansion is a regular 

perturbation one and presents no problem in the developing stage. 

The second method works in the large p, cr regime, and is a singular perturbation 

expansion. The small parameter is K, and one has to pay special attention in finding 

the relation between p, (J and K,. Our results seem to agree well with the numerically 

computed steady state. 

Finally we present briefly our numerical algorithm. Since the problem has 

periodic boundary conditions, one can use spectral techniques to solve it. We use 

a split step method with two parts. We are able to treat both parts "exactly", and 

we will explain what this means, so the only error in this method comes from the 

splitting of the operator. One can show that this error is of the order h3 , where h 

is the time step. 

The theoretical results are based on methods that are well known and used in 

the literature. A comprehensive and thorough treatise of these aspects of reaction

diffusion equations can be found in [31, 14]. The subject of PDF closures, although 

tangent to our discussion here, has been addressed by a lot of researchers in the 

field. A notable reference is [28]. On the subject of pattern formation in reaction

diffusion equations there is a vast amount of work [25, 34, 11, 24, 12, 13]. 
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2.2 Theoretical Results 

In this section we will try to use the notion of the invariant set to prove exis

tence of solutions. Then we appeal to a result by Henry [14] to prove uniqueness. 

Finally we will discuss the stability of steady states and give conditions so that 

the equations decay to a spatially homogeneous steady state. 

Let us consider the equation 

dy 
dt + Ay = f(t, y), y(to) = Yo, t > to (2.2) 

with periodic boundary conditions, where we assume that A is a sectorial operator 

(c.f. [14]) so that the fractional powers of Al = A + aI are well defined, and the 

spaces X a = D(Al) (D(·) is the domain of·) with the graph norm IYla = IA1yl 
are defined for a;::: o. We assume f maps some open set U in R x X a into X, for 

some a in 0 :5 a < 1, and f is locally HOlder continuous in t and locally Lipschitz 

in y on U. In our case U = [0,00) x H~er([O, 1]) x H~er([O, 1]) x H~er([O, 1]) where 

H;er([O,l]) = {g: 9 E H2([0, 1]), g(O) = g(l), g'(O) = g'(l)}. 

2.2.1 Existence of an Invariant and Absorbing Set 

We will show here that for the system (2.1) there exists an invariant set. First 

we give the definition of an invariant region: 

Definition 1 A closed subset E E R n is called an invariant region for the local 

solution defined by (2.1), if any solution u(x, t) having all its boundary and initial 

values in E, satisfies u(x, t) E E, 'V x E [0,1] and tit E [0,8). 

We introduce the Lyapunov functional 

One can easily show (as in [32]) that the Lie derivative of (2.2) for /'i, = 0 is strictly 

negative, i.e. dV / dt :5 c5 along orbits of the ODEs for all initial conditions outside 
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v :::; c + €. Therefore all orbits that lie outside this ellipsoid enter the region in 

finite time and remain inside thereafter. We will use this functional to show that 

the PDE also has an invariant region defined by 

E = {u: G(u) = V(u) - c:::; O}. (2.3) 

In all cases considered in the rest of this chapter 

We see that G is strictly convex, meaning that d2Gu (7], 7]) > 0, where 

2 3 3 82G 
d Gu (7],7]) = L L 8 .8 . TJi'f/j 

i=l j=l U, U, 

In this case d2Gu (7], 7]) = 2(PTJ~ + (JTJ~ + (JTJn· 

Let us assume for a moment that there is a solution of (2.1) with periodic 

boundary conditions that has its initial data and boundary conditions in E but 

is not in E for all time t. Then there must a time to and a point Xo E R such 

that for t :::; to and x E R, G(u(t,x)) :::; 0 and for any € > 0, there is a t', with 

to < t' < to + € such that G(U(t', xo)) > O. 

So if we assume that 

G(u(t, xo)) < 0 for 0 ::::; t < to and G(u(to, xo)) = 0 (2.4) 

imply 

8G(u(t, x)) 0 ( ) 
at < at to,xo, (2.5) 

then E must be invariant. In other words if we show that a solution that starts 

inside E cannot escape the invariant set when it gets to the boundary, then E must 

be an invariant set. 

The formal theorem we will prove is 

"'0, 
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Theorem 1 Let E be defined by (2.3) and suppose that for all t E R+ and for 

every Uo in 8E, dG(f) < O. Then E is invariant for 2.1), for every K. 

Proof. It suffices to show that if (2.4) hold then (2.5) follows. We have 

8G(u) at = dG(ut) = dG(K U:z;:z; + f) = KdG(u:z;:z;) + dG(f). 

We will first show that dG(u:z;:z;) < 0 at (to, xo). 

Define h(x) = G(u(x, to». Then h(xo) = 0, and h'(x) = dG(ux(x, to». If 

h'(xo) > 0, then h(x) > 0, for x> xo, if Ix-xol is small enough. Thus G(u(x, to» > 

o for x close to xo, and so G(u(x, t» > 0 for It - tol < €, for some €. In particular, 

G(u(x, t» > 0 for some x and some t < to. This violates our assumption (2.4). 

Now if h'(xo) < 0, then h(x) > 0, for x < xo, if Ix - xol is small enough. Thus 

G(u(x, to» > 0 for x close to xo, and so G(u(x, t» > 0 for It - tol < €, for some 

€. In particular, G(u(x, t» > 0 for some x and some t < to. This also violates our 

assumption (2.4). The only alternative is h'(xo) = o. 
If h"(xo) == d2G(u:z;, u:z;)+dG(uxx) > 0 then h(x) > 0 for Ix-xol < 8. This leads 

to a contradiction similar to the one in the paragraph above. Thus h"(xo) ~ O. 

We now use the fact that E is convex. Since dG(ux(to, xo» = 0, and the set is 

convex, it follows that d2G(ux, ux) > 0 at (to,xo). Hence, 

Now we need to show that dG(f) ~ 0 and the proof is complete. This is the 

same as proving that dV / dt is nonpositive on the surface of the ellipsoid V = c. 

The argument is the same as in [32]. 

Finally we have 

8G(u) at = KdG(u:z;:z;) + dG(f) < dG(f) ~ 0 

and this completes the proof. D 
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2.2.2 Existence and Uniqueness 

The existence and uniqueness of a solution is established by using a usual fixed 

point argument. We first recast equation (2.2) as 

t 

u(t) = e-A(t-tO)UO + J e-A(t-s)f(s, U(s)) ds, 
to 

where Uo E U. Then as described in Henry [14] one invokes a contraction mapping 

argument to prove local existence and uniqueness. 

Suppose now that we know an a priori bound on Iluolioo for all time t. We 

use the local existence theorem to construct a solution in an interval 0 ~ t ~ 7. 

Now taking U(7) as initial data, we use the same theorem to get a solution for 

7 ~ t ~ 7 + 71 where 71 = 71(llu(7)lloo). Repeating this process will get us a 

solution for all time. Thus all we need to get a solution for all time is an a priori 

bound on the sup-norm of the initial data. This is where we can use the existence 

of an invariant set for our problem. Since the invariant region :E is bounded we 

have an estimate of the supremum of any initial data uo(to) that starts in:E. Hence 

we conclude that a solution exists for all time to ~ t < 00. 

2.2.3 Decay to a Spatially Homogeneous Solution 

Sometimes we can simplify (2.2) by dropping the Laplacian term. The theorems 

that follow are proved in general for Neumann boundary conditions in [31]. We 

will prove them for periodic boundary conditions on a three dimensional torus T3 

with fundamental domain O. A preliminary result follows. 

In what follows <','> denotes the usual L2 inner product, I . I the L2 norm, 

o is a smooth bounded domain in Rn, Hk(O) the space defined by: Hk(O) = 
{f: Dnf E L2(0), 0 ~ n ~ k}, where D denotes derivative in the distributional 

sense. 
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Theorem 2 Let Y E HI(n). Then if J.L2 is the smallest positive eigenvalue of-~ 

on n with periodic boundary conditions, the following inequalities hold: 

lV'ul2 ~ J.L21u - fil2 where fi = ! u 
n 

l~ul2 ~ J.L21V'uI2 ifu E H2(0) 

(2.6) 

(2.7) 

Proof. It suffices to prove the result for C2(0) functions and then by approxima

tion arguments we can show that it is also true for H2(n) functions. So suppose 

that u = (U
I
,U

2
,U3) E C2(n). Let {7Pk} be a complete orthonormal system of 

eigenfunctions of A = -~ on 0 (1Pk is periodic 'Vk), and let {J.Lk} be the corre

sponding eigenvalues. Then 1PI = 1 is the principal eigenfunction corresponding 

to the eigenvalue>. = O. So 

so that 

00 

-~u = L akJ.Lk1Pk' 
k=2 

lV'ul2 - ! <V'u,V'u>=! <u,~:>-! <u,~u> 
n an n 
00 00 

- L J.Lka~ ~ J.L2 L a~ = J.L21u - fil2 
k=2 k=2 

since fi = In < u, 1PI >= al and the integral over the boundary is zero because if 

we picture 0 as an N-dimensional hypercube, then for each side there is another 

one with the property: u and aul an are the same on both of them. The only 

difference is a sign which is due to the opposite outward normals. So the integral 

over these two sides is 0, hence the integral over ao is also zero. This completes 

the proof for (2.6). 

To show inequality (2.7) we write: 
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since .,pl = 1, al = In < ~U,.,pl >= Ian du/dn = 0, so that 

! 00 a2 1 00 1 
lV'ul2 = - <u,~u>= E....! ~ - Ea~ = _1~uI2. 

n . k=2 f.Lk f.L2 k=2 f.L2 

This completes the proof. o 
Define a parameter v by 

(2.8) 

where>. is the smallest positive eigenvalue of -~ on 0, d is the smallest eigenvalue 

of D and 

M = max{ldf(u)I : u E E}, 

where 1·1 is some norm. E is an invariant region of the system, hence M is bounded. 

Theorem 3 Consider equation {2.2} on o. Assume that it admits a bounded 

invariant region E. If v is positive then there exist constants Ci > 0, 1 ~ i ~ 4, 

such that the following hold for t > 0: 

• lu(·, t) - u(t)12 ~ C2e-IIt, where 

and u satisfies 

with 

u(t) = I~I ! u(x, t) dt (101 = measure of 0) 
n 

dO _ 
dt = f(u) + g(t), u(O) = I~I ! uo(x) dx, 

n 

If D is a diagonal matrix then the second conclusion can be strengthened to 
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Proof. We will prove the first assertion and refer the reader to [31] for a proof of 

the rest of them. Define 

Then 

¢/ = J (Ux , (Ut)x) = J (Ux , (Ii:Uxx) + x) + J (Ux , fx) = 
u u u 

= - J (uxx , Ii:Uxx) + J (ux, dfu(ux)) ~ 
u u 

~ Ii: J IUxx l2 + M J lux l2 ~ 
U U 

~ -J.L21i: J lux l2 + M J lux l2 = 
U U 

= 2(M - J.L21i:)¢J(t) = -2v¢J(t). 

So 
t 

¢J(t) ~ ¢J(O) - 2v J ¢J(s) ds. 
o 

It follows from Gronwall's inequality [14] that 

¢J(t) ~ ¢J(O)e-2/1t 

We use the sup-norm to get: 

M = max{2a,p+ 1 + lui + Iwl,/3+ lui + Ivl} 

which is equivalent to: 

M = max{2a,3p+ 1 + ~,3P+ 1 + {§p,p+ {§p,p +~} 
where 

P2p2 
c=--

13-1 

o 
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for the typical choice of parameters. (See Sparrow [32] for further details on this). 

Also, /12 = 411'2 and d = K.. 

This means that for large enough diffusivities everything decays to the homo

geneous solution, or alternatively that once we fix the diffusivity, in order to see 

anything different from the spatially homogeneous solution we have to allow the 

interval to get sufficiently large. For u = 10, p = 28, f3 = 8/3 we get: M = 141 

and K.c ~ 3.57. The critical value of K. is much larger than the one we observe nu

merically and this is due to our estimate being based on the fact that the solution 

never leaves the ellipsoid V = c. 

For the particular choice of the parameters we know that there exists a strange 

attractor so we may use this information to improve our estimate. The steady 

state of (2.1) must be on this attractor so we may restrict our domain to this set. 

In that case, the largest eigenvalue of the linearized matrix provides a measure of 

Idf(ul. Figure (2.1) shows the eigenvalues of 

(2.9) 

as functions of time. We notice that the largest one goes up to 16. Hence K.c ~ 0.4. 

Furthermore, if 11 > 0 then the theorem above shows that there is no noncon

stant solution of the system: 

K.O;U + f(u) = O. 

The df;c3\y to the spatially homogeneous solution can also explain why we see 

the same patterns on different scales when we decrease K.. In Fig. (2.2) the middle 

part is almost flat and the reason is that the interval is not large enough to support 

solutions other than the spatially homogeneous one. When we make K. = 10-4 then 

there is a stable non-homogeneous solution and the system settles down to it. (see 

Fig. (2.3)) 
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Figure 2.1, The real part of the eigenvalues of B for n = 0, a = 10, p = 28, f3 = 8/3, 
t = 10 ... 210. 2 is the continuation of 1. A and B denote the two eigenvalues that 
are either real or imaginary. 
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Figure 2.2, Solution of (2.1) for K, = 0.01. From left to right: t = 0, t = 1, t = 10, 
t = 100. (A) represents u(x), (B) v(x) and (C) w(x) 
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Figure 2.3, Solution of (2.1) for", = 10-4• From left to right:t = 0, t = 2, t = 20, 
t = 200. (A) represents u(x), (B) v(x) and (C) w(x) 
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2.2.4 Stability of steady state solutions 

One of the most important studies for any dynamical system is the stability of 

steady states. We first give some theoretical results to set up the problem. 

Theorem 4 Let A be a sectorial linear operator and f defined as in the beginning 

of section 2.2 and let Uo be an equilibrium point. Suppose f(t, Yo + z) = f(t, Yo) + 

Bz+g(t,z) whereB is a boundedlinearmapfromXQ toX and Ig(t,z)1 = o(lzIQ) 

as IzlQ -+ 0, uniformly in t > 7, and f(t, y) is locally Holder continuous in t, locally 

Lipschitz in y, on U. If the spectrum of A - B lies in {Re A> p,} for some p, > 0, 

or equivalently if the linearization 

dz 
-+Az=Bz 
dt 

is uniformly asymptotically stable, then equation 2.2 has the solution Xo uniformly 

asymptotically stable in XQ. More precisely, there exist p > 0, M ~ 1 such that if 

to > 7 and lUI - uolQ :5 p/2M then there exists a unique solution of 

du 
dt + Au = f(t, u), t > to, u(to) = UI 

existing on to :5 t < 00 and satisfying for t ~ to : 

It is easy to see that B is given by (2.9). The spectrum of P = K.tl + B consists 

of discrete eigenvalues only (since we work on a periodic domain). In the case 

of steady states bifurcating off the Uo = Vo = Wo = 0 solution, matrix P can be 

simplified. Let us write P in Fourier space for this case 

P= ~ Pk (~: ), 

k=-N/2+1 Wk 

where Uk, Vk, Wk are the Fourier coefficients of the kth mode of the solution and 

P
k 

= ( -4K.k
2
;2 - u -4K.k~7r2 _ 1 ~ ) . (2.10) 

o 0 -4K.k27r2 - f3 
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k Pk 
0 1.0 
1 1.449848 
2 2.986418 
3 6.170785 
4 11.938078 
5 21.597474 

Table 2.1, Bifurcation points in P for different Fourier modes. The other parameters 
are: f3 = 8/3, K = 0.01, (J' = 10. 

Note that the eigenvalue A = -4Kk1r2 - f3 never becomes zero, so any bifurcating 

solutions would have to come from the 2 x 2 submatrix 

By demanding that A = 0 be an eigenvalue of this matrix we arrive at the following 

equation 

The different branches that emanate from the trivial solution are due to destabi

lization of Fourier modes as the value of p increases. It is easy to check that in all 

cases A = 0 is a simple eigenvalue. Table 2.1 gives the values of p that each Fourier 

mode loses stability. Note that the bifurcation of the ODEs (K = 0) at p = 1 is 

captured in this analysis. We traced backwards the steady state in figure 2.2 and 

found that it was born from P2' This was to be expected since the main structure 

of u(x), v(x) looks like cos47rx. Note that at p = 28 the solution that starts off 

the P2 branch is the only stable one. 

2.3 Asymptotic Analysis 

We present here two different methods to analyze equations (2.1) asymptoti. 

cally. The main reason for trying to perform such an analysis in the first place 
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is that our numerical experiments do not show any irregular behavior even for 

very small values of K, and we would like to understand why. Using the machinery 

of asymptotic analysis one can reveal the important features of the problem and 

perhaps understand what keeps all the steady solutions from becoming unstable 

as K, decreases. 

There are two ways one can approach the problem. Since the parameter that 

multiplies the highest derivative goes to zero we can treat it as a singular pertur

bation problem, or we can make the observation that 

u = u cos(cx), v = V cos(cx), w = Wo + WI cos(2cx) 

solves the system: 

K,Uxx + u(v - u) = 0, 

K,Vxx + pu - v = 0, 

K,Wxx - f3w + uv = 0, 

and rewrite our original equations as 

K,Uxx + u(v - u) = 0, 

K,Vxx + pu - v - >.uw = 0, 

K,Wxx - f3w + uv = 0, 

(2.11) 

and expand around>. = O. Eventually we want>. = 1 which is not small, but we 

will do it anyway! Note that now the perturbation is no longer singular. 

2.3.1 The regular perturbation problem 

Numerical experiments (see figure 2.2) show that the mean part of the uv term 

should balance the mean part of - f3w. We would like to incorporate this feature 

to our expansion so we will decompose w(x) into a mean part plus fluctuations. 



The series we will use are: 

00 

U(X) = L Anun(x), 
n=O 
00 

v(x) = L Anvn(x), 
n=O 
00 

w(x) = L An-lwn(X), 
n=O 
00 

W(X) = L Anwn(x). 
n=O 
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where bar denotes the mean part and tilde the fluctuation. System (2.11) then 

gives (to leading orderl ): 

K,UO.,., + u(Vo - UO) = 0 

K,Vo.,., + (p - wo)Uo - Vo = 0 

-{lWl + UOVo = 0 

(2.12a) 

(2.12b) 

(2.12c) 

(2.12d) 

Equations (2.12a,2.12b) are linear constant coefficient ones. The solution should 

have the form: 

where C± are complex constants, I-L± are the eigenvalues of the matrix and (ut, 
Vo±) the corresponding eigenvectors of 

which are: 

-(0- + 1) ± v(u + 1)2 + 4u(p - 1 - wo) 
J.L± = 2 . (2.13) 

1 We assume that 'IV-I = o. 
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We want I-£± ~ 0 so that the solution remains bounded and periodic. This leads to 

(u - 1)2 
W < + p. 0_ 4u (2.14) 

Furthermore, Wo ~ P -1, must hold for 1-£+ 2: 0 (1-£- is always negative so C_ must 

be 0.) 

Moreover the functions must be periodic in [0,1] so 

where n EN. This determines Wo 

- 1 16~21r4n4 4 2 2U + 1 
Wo = P - - - ~1r n --

u u 

We can now check if Wo meets the requirements and indeed it does. Finally the 

solution is 

u - C u.+ e2mrix 
O,n - + O,n 

v - C v;+ e2mrix 
O,n - + O,n 

Without loss of generality we can assume that U6:n = 1. Then equation (2.12c) 

gives: 

Equation (2.12d) has a homogeneous solution that is not periodic in [0,1] so we 

will set it to zero. The particular solution of (2.12d) is: 

_ C!(u + 4~1r2n2) 4mrix 
Wo = e 

(16~1r2n2 + (3)u 

0(>') : 

~Ul"", + U(VI - Ul) = 0 

~Vl"", + (p - WO)Ul - VI - uo(wo + WI) = 0 

(2.15a) 

(2.15b) 

(2.15c) 

(2.15d) 

"'r 
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We will only consider the particular solution of (2.15). We notice that equation 

(2.15b) has two nonhomogeneous terms in the nullspace of (2.12a,2.12b). The 

solution of (2.15a,2.15b) is 

C! (0" + 47r2x:n2) 6i-II"nX 
Ul = e 

327r2x:n2 (167r2x:n2+,8) (0" +407r2 x:n2 + 1) 

C! (0" + 47r2 x:n2
) (0" + 367r2 x:n2

) 6ill'nx 
~= e 

327T2 x:n2 (167T2 x:n2 +,8) 0" (0" + 407T2 x:n2 + 1) 

Equation (2.15c) gives: 

and equation (2.15d): 

ct (0" + 47r2 x:n2
) (0" + 207r2 x:n2

) 8ill'nx 
--~--~~~~~~~--~~~~~~~--~--~--7e 
167r2 x:n2 (1671"2 x:n2 +,8) (6471"2 x:n2 +.8) 0" (0" + 4071"2 x:n2 + 1) 

We can now try and compare the steady state one gets from the numerical simu-

lation and that predicted from the asymptotics. Figure (2.4) shows one particular 

case. We see that the method captures most of the characteristics of the steady 

state. Nevertheless, the asymptotics fail to describe the dynamics of the system 

quantitatively. This is mostly due to pushing ,\ to a value that is no longer small. 

This should come as no surprise. It is fortunate that such a "naive" approach 

manages to capture the correct behavior of the system. It is worth mentioning 

here that ,\ = 0 is (almost) the exact solution of the equations near the bifurcation 

point P2. 

2.3.2 The singular perturbation problem for large p and u 

Consider the steady state equations corresponding to (2.1). Our numerical 

results suggest that U and v should be the same2 (to leading order) so we will use 

this in our scaling. First we assume that u(x), v(x) ~ .,fP, w(x) ~ P and3 0" = sl. 

Then we introduce a new independent variable ..,fK,~ = pax, and we set: 

2for u ~ p 
3If we 100£ at figure 2.5 it is apparent why we set w(x) ex: p. 
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Figure 2.4, The A asymptotic expansion for p = 500, CT - 100,.B - 8/3, K, -

0.01, C+ = 28.61337, n = 4 



37 

500 

<w> vs rho -G-

450 

.13 

400 

,13 

350 

,13 

300 
EI' , 

250 
EI' 

200 
£f 

150 
S 

100 ,13 

50 , 

0 
50 100 150 200 250 300 350 400 450 500 

Figure 2.5, The mean value of w(x) as a function of p 



where 

u(~) - vpU(~) 

v(O - YPV(~) 

w(~) _ p - C2 pZ + p'YW(~) 

U(~) - UO(~) + €Ul(~) + €2U2(~) + ... , 

V(~) - Vo(~) + €Vt(~) + €2V2(~) + ... , 

W(~) - WO(~) + €Wl(~) + €2W2(~) + ... 

and € = pf'l. The original equations (2.1) transform to: 

-U" = sp6-2a(v - U) 

- V" = c2 pz-2aU _ p-2aV - p'Y-2aUW 

-W" = _/3pl-'Y-2a + c2/3pz-'Y-2a - /3p-2aW + pl-'Y-2aUV 

To leading order we want: 

8 - 2a > 0 

Z - 2a = 0 

'Y + 2a = 1 

Z>'Y 

'f/= 0 mod a 
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(2.16) 

One of the possible combinations is: a = 'Y = 1/3, 'f/ = -1/3, Z = 2/3, 8 = 1. If 

we carry out the substitutions we get the following system: 

-U~e - S€-l (V - U) 

-V~e - c2U - €UW - €2V (2.17) 

-W~e - -/3 + uv + €/3c2 - €2/3W 
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Uo = Va 

0(1) : 

-Uoee - s(Vi. - ud 

-Vaee - C
2UO 

The solution of the second equation is: 

Vo(e) = A since + B cos ce. 

The periodic boundary conditions are satisfied only when c = 2n7r€..JK,. Let A = 
C cos l/>o, B = Csinl/>o. Then: 

If we substitute these expressions into the third equation we need C = v'21J to 

satisfy the b.c. So finally we get: 

-U1e( - s(V2 - U2) 

-V1e( - C
2U1 - UoWo 

- Wl(( - {3c2 + Uo VI + VOU1 

The second equation can be written as: 
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It is easy to see that there will be secular terms in the solution of the above 

equation. We will choose Cl to cancel them. This forces Cl to be: 

. 13 c4 

Cl = ----. 
8c2 8 

Then the first order corrections satisfy the following equations: 

1 
U1 - VI + -Uo(( s 

f3[iP 
Vi(( + C

2Vl - -~ sin3(c{ + 4>0) 

Wi" - -(3c' - ~sin(ct; + 4>0) [2Vi - c'V? sin(ct; + <Po)] 

The solution is: 

c2(l- 8)# 13# c2[iP 
U1 (~) = 28 sin,), + Bl cos')' + 64& sin 3')' - 8 sin ')' 

c2(l- 8)# f3[iP 
Vi(~) = 28 sin,),+B1 cos,),+ 64& sin3')' 

13 (c2 13 c2(l- 8)) BIV2P . 
WI (~) = 4c2 -; + 128c4 - 8 cos 2')' + 4c2 sm 2, -

where,), = c{ + 4>0. 

O(€2) : 

132 

512c4')'2 cos 4')' + C2, 

-U2(( - 8(V3 - U3 ) 

-V2(( - C
2U2 - UOWI - U1WO - YO 

- W2(( - - f3Wo + Uo V2 + U1 Vi + U2 Vo. 

Again we see that the solution for V2(~) will have secular terms. So we pick Bl 

and C2 to cancel these terms. Equating all sin,), and all cos, terms, we get that 

Bl is arbitrary and 

c4 13 3132 

C2 = - 8 2 - 88 (13 - 138 - 1) + 1024c6 - 1. 
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Finally the solution up to O(e) is: 

fiiP c2(1- shfiiJ 
U({) = 2{3psin'Y + pl/6 sin'Y + 

. 2s 

-., 

One can try to plot the results up to O(e) and check if they match the results· 

from the simulations. (see Fig. (2.6).) The discrepancy between the numerical 

and asymptotic solutions is due to our choice of scaling. Nevertheless, it seems 

that we get the right answer both qualitative ly and quantitatively. 

2.4 Numerical Methods 

2.4.1 The Evolution Problem 

In order to solve the time dependent equations we utilize the special properties 

of the system. In particular the linear part of (2.1) is easily solved exactly in the 

Fourier space and the nonlinear part is equally easily solved exactly in the real 

space. So to advance the solution h we apply h/2 of the linear part L (in Fourier 

space), h of the nonlinear part N (in real space) and finally h/2 of L again. It is 

easy to show using a formal Taylor expansion that 
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Figure 2.6, Lines A, B, C denote the numerically calculated solution and lines D, 
E, F, the solution predicted from the asymptotic analysis. The parameters are 
p = 500, (J = 100, {3 = 8/3, K, = 0.01, cPo = 7r /2, Bl = 0.1 
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where [L, N] = LN - N L. 

The Discrete Fourier Transform formulation we use is: 
N/2 

u(x) ~ L uke-27rik/p 
k=-N/2+1 

where p is the period. The linear part of the equations in Fourier space becomes: 

! ( ;: ) = (-; ~1 ~) ( ;: ) - 4~k27l"2 ( ;: ) (2.18) 
Wk 0 0 - (3 Wk Wk 

To solve (2.18) we take advantage of the fact that the third equation of the system 

decouples and that for 2 x 2 matrices etB = J(t)! + g(t)B. Let: 

B = (-(]" a ) 
p -1 

Then 

(2.19) 

where 
-(a + 1) ± v(a - 1)2 + 4ap 

A± = 2 

A sketch of the derivation of equation (2.19) is given in Appendix B. The solution 

of (2.18) can be written as: 

( 
Uk(t) ) _ -4/tk2 7r2 t tB ( Uk(O) ) 
Vk(t) - e e Vk(O) 

Wk(t) = wk(O)e-(411:k27r2+.B)t. 

The nonlinear part of the equations in real space is: 

The solution is: 
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This algorithm can be easily coded up and is highly vectorizable. Another 

advantage is that it is trivial to go to more than one space dimension. 

The method we just describe is "exact" in the sense that we solve the linear 

and nonlinear parts exactly. The errors come in the splitting of the operators: one 

has to be careful not to take too large time steps when transient behavior is of 

interest. 

2.4.2 Tracking Steady States 

Almost all the work we did to seek and follow bifurcations of the time indepen

dent problem was a straightforward implementation of the methods discussed in 

a paper by Keller [18]. The paper is very explicit and we do not feel the need to 

reproduce any of the results. Our discussion will focus on the intricacies of writing 

the system in a form that facilitates the detection and continuation of bifurcating 

branches. 

The first thing that comes to mind is to write a finite difference approximation 

of the equations that incorporates the boundary conditions and try to solve a 

variation of 

Gu(u, p + 6p) 6u(p + 6p) = -G(u, p + 6p), 

using 

u(p + 6p) = u(p) + 6p d~~). 
The problem with the finite difference setup of the problem is that it is only 

valid to mth order, assuming that one uses an mth order polynomial to approxi

mate the solution. Thus any bifurcation to a sine or a cosine will be missed unless 

one uses a lot of points to discretize the interval [0,1]. 

This is apparent in the analysis of Huff [15]. His analysis shows a very rich 

bifurcation diagram but fails to identify some bifurcations that emanate from the 

trivial solution for p > 1. His analysis uses finite differences, and although he has 
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fifty grid points for each component to discretize between zero and one, (which is 

adequate to capture the dynamics for the diifusivity he is using) he still fails to 

detect some bifurcations. In the problem Huff is discussing, there must be a family 

of bifurcation points 

with k = 1,2, ... that start from the trivial solution. The first values for (J = 10, 

{3 = 8/3, and K, = 0.01 (which are the parameters he uses) are: 1.1095, 1.4343, 

1.9771, 2.7371, 3.7141, 4.9084, 6.3197, 7.9482, 9.7938. 

A different approach is to consider the Neummann or Dirichlet problems and 

disregard the bifurcations of half periods. Such an approach would work with both 

the finite difference approximation and the periodic one that we will discuss next. 

The best way to discretize a periodic problem, in terms of accuracy, is of course 

to write it in terms of a Fourier basis which happens to solve the eigenvalue prob

lem for the Laplace operator. Although this approach guarantees better results, 

the treatment of the nonlinear terms makes its implementation cumbersome. In 

order to write the jacobian matrices for the Newton-Raphson methods, one has 

to write the convolutions of the nonlinear terms explicitly. Forming the matrix 

is a error-prone procedure. Nevertheless, one gets excellent agreement with the 

time evolution simulations and the Jacobian matrix is less singular than the finite 

difference approach. Figure 2.7 shows the bifurcation diagram for all the branches 

that are born from the trivial solution. 

2.5 Conclusions 

We have given evidence that for some values of the parameters (2.1) is regular. 

Our analytical results show that for large diffusivities the system decays exponen

tially fast to the spatially homogeneous solution. Furthermore, for a certain region 

in the parameter space the time independent solution is stable. 
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Our asymptotics for large p and (J give us the same solution (up to leading 

order) as the numerical experiments. 

The most interesting and unexpected result is that our numerical results suggest 

that even the smallest diffusivity turns a chaotic system such as the Lorenz system 

into a completely stable and "nice" one. This behavior is also confirmed by our 

numerical analysis of the steady states. 

It is interesting to note here that on a similar system of equations Klevecz et 

al. [19] reported that they saw pattern formation and even chaotic behavior. The 

main difference between the system that we examined here and their equations is 

that they replaced the Laplacian operator with a finite difference approximation 

with fj"x = 1 and solved the finite difference problem. Furthermore their grid was 

not very fine and this explains the deviation of their results from ours. 

In any case, the Lorenz equations coupled with diffusion gives very interesting 

and unexpected results. I found myself digging in books ranging from function 

analytic topics to asymptotic methods to numerical analysis texts. There were 

people who were unimpressed, expecting a behavior like that from the system. 

To the best of my knowledge, though, there is no study in the literature that 

encounters such a behavior, and in principle it is not one to be expected. 

This chapter began with some interesting results from the theory of semilinear 

parabolic equations. We showed that there is an invariant and absorbing region 

for system 2.1, a solution exists, it is unique, and exists for all time if one starts 

inside the invariant region. The solution decays to a spatially homogeneous one 

if the diffusivity is large enough, and there is a rich bifurcation diagram for this 

system. Almost all of these results are not new. They come from the general 

function theory of reaction-diffusion equations. 

The second part of this chapter is also based in the general theory of asymptotic 

expansions. However, the idea of treating the equations as a regular perturbation 
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problem, instead of the typical singular problem approach is new. The motivation 

for this approach is coming from the shape of the numerical solutions and from 

the way we do the numerics. 

The numerical scheme we propose is also based on an old idea, but the particular 

splitting of the operator is novel. One can always solve the linear part of the 

equations exactly, but it is not often that one can do the same on the nonlinear 

part. One can argue that we can get the same accuracy by using a fourth order 

integration scheme. The error, which will be dominated by the splitting of the 

operators is not going to get any worse by adding a higher order one. The argumeI;lt 

we have is that no numerical integrator can achieve the level of vectorization and 

parallelization we get by treating the nonlinear terms exactly. Going to higher 

dimensions makes the problem worse for a numerical intergration scheme where it 

poses no problem in our approach. 

Finally we discovered during the development of the bifurcation tracking code 

that although using a quick and dirty finite difference approach is completely legit

imate, taking the time to write a more accurate representation of the differential 

operators pays off at the end. 

• ~. t 
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Chapter 3 EM waves in periodic structures 

3.1 Introduction 

Second harmonic generation is a technique to create or, better, transfer power 

from a laser shining at a particular frequency to a higher harmonic of this frequency. 

Frequency doubling is important for telecommunications and optical data storage 

applications. 

The problem has an engineering and a mathematical side. The engineering 

considerations pose the real limitations so we will address these questions first. 

Second harmonic generation can be viewed as a special case of three wave 

interaction. As Yariv shows [37], when we consider a nonlinear medium whose 

electric polarization field P is not directly proportional to the electric field C, 

but rather proportional to the square of c then the governing equations for the 

amplitude of the electric field have the general form 

de· 
-' = c· ve· + fj·c,e (3.1) dt "m 

where i, 1, m are cycled through 1, 2, 3, and we assumed that all Ci fileds have only 

one component, hence the scalar equations. These equations have been extensively 

studied in the literature and one can easily show as in [27, 26] that system (3.1) 

resonates when WI + W2 + W3 = 0, where Wi is the phase of each wave. In our case 

we assume that WI = W2 = W and W3 = 2w. 

For each phase W there is a wavenumber (3(w) == {3w A simple and illuminating 

calculation shows that when the system is slightly out of phase then the conversion 

efficiency drops as sin2 !:1{3/ !:1{32, where !:1{3 = 2{3w-{32w' Yariv [37] has an extensive 

discussion. This observation leads us to the conclusion that we need a very accurate 

w-{3 diagram so as to minimize the discrepancy in !:1{3. 

For optical storage applications, the type of frequencies we are interested in 

are around 350 THzj the light at the second harmonic is visible and blue. To 
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construct materials with quadratic nonlinearities as the model dictates, engineers 

use sophisticated methods. These methods essentially manufacture media with the 

specified properties. The size of these structures are of the order of micro meters. 

The margin of error from the manufacturing point of view has to be very low to 

achieve any conversion efficiency. 

In order to balance the dispersion due to the nonlinearity of the medium we use 

a periodic structure. Periodic structures have the ability to (moderately) amplify 

the power of the signal so that the the wave is not degraded as it travels through the 

guide. The material we have in mind for our model is potassium titanyl phosphate 

(KTiOP04 or KTP) because of its broad phase matching tolerances. 

Nevertheless, this approach has its own problems. The usual way of solving a 

problem on the computer is divided into three parts. The first step is to formulate 

the problem mathematically. The second step is to find a suitable method to solve 

it. By suitable, we mean a method that is accurate and stable. The final step is 

to interpret the method in some sort of code that the computer can understand. 

Ideally, these steps are not dependent on one another. However, the new gener

ation of computers introduces difficulties that are different from the ones people 

encountered before. The trend in scientific computing today is parallel and vector 

processing. This implicitly assumes that the code you are using is parallelizable 

and vectorizable. Furthermore, the designers of these machines do not have spe

cific applications in mind when they build their machines. As a result, the user 

has to conform to rules that are not necessary and in some cases annoying. In 

this new order, it is the rules that dictate the method that one is going to use and 

consequently the mathematical formulation of the problem. 

In what follows we will present the problem bearing in mind that we are going to 

use a highly parallel computer to solve it. This means that we will try to formulate 

the problem in a way that is easy to divide into a possibly large number of small 



51 

tasks that are independent of one another and can be executed simultaneously. 

3.2 Statement of the Problem 

The actual structure consists of a substrate and a guiding layer on top of it. The 

layer is uniform in one direction and has periodically placed grooves on another. 

In order to model this configuration we assume that there are two plates, parallel 

to the structure, extending to infinity. These plates are placed far enough from the 

guiding layer to safely assume that the tangential fields on the plates are effectively 

zero. As a result we will assume that the plates are perfect electric conductors. 

We assume that the structure of the plates is uniform in the y direction (see 

figure 3.1) and this reduces the problem to two dimensions. We also assume that 

the structure is periodic in the z direction which, without loss of generality, is the 

direction of propagation. 

The period in the direction of propagation is p, the distance between the plates 

is d, the permittivity of the substrate is n~ub€O' and the permittivity of the inho

mogeneity varies as 

( nru' + ,snerfc ( x ~ h) )' <0, h:5. Y :5. I + h. 

The air-substrate interface is distance h from the upper plate. We will choose our 

parameters to be the same as the laboratory ones, for direct comparison of our 

results. 

The notation we will use here is different from that in the other chapters; this 

area is developed by physicists and engineers and we adopt their conventions. 

A wave propagating between two plates with no sources obeys Maxwell's equa-
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fJ1) 

v.x'H= fJt' 
aB 

Vxe=-fJt' 

V·'D = 0, 

V·B=O, 
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where 'D is the electric displacement, B the magnetic induction, 'H the mag

netic field intensity and e the electric field intensity. We will not elaborate on 

Maxwell's equations, but let us just say that the first three are known as Gauss's 

law, Ampere's circuital law and Faraday's law of induction respectively [17]. The 

last equation states that magnetic lines of flux form closed loops. 

For materials other than ferroelectric and ferromagnetic, we assume field in

tensities weak enough that in the presence of an electric or magnetic field, the 

electric or magnetic polarization is directly proportional to the magnitude of the 

field. Hence, 

'D = Ee, B = p,'H. 

The two-dimensional tensors E, p, are the electric permittivity and the magnetic 

permeability tensors, respectively. In our case p, = /Lol and E = €(x, z)l where 

1 is the identity tensor, JLo the permeability of vacuum or air and €(x, z) a peri

odic function in z with period p that may have discontinuities in the x direction. 

Furthermore, we drop the dependence in y, since our waveguide is uniform in that 

direction. 

With these assumptions, Ampere's and Faraday's laws become 

ae =! V x 'H, 
fJt € 

{JJ-l 1 
-=--Vxe. 
fJt JLo 
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or, in scalar form, 

The six equations decouple to a pair of systems of three equations. Note that the 

first, third and fifth equations depend only on ex, ez and ?-ly. Since we have a 

magnetic field component in a transverse direction, we will call this system Trans

verse Magnetic (TM) with a subscript z to denote the direction of propagation. 

Similarly the other three equations constitute the T Ez model. Both systems are 

linear and hyperbolic and can be treated similarly. We concentrate on the T M z 

model. 

(3.2) 

We assume that the two plates are perfect electric conductors. The boundary con

ditions are then Ez = 0 on the plates and Ez(O, y) = Ez(p, y), 'Vy, where p is the 

length of the fundamental domain of periodicity in x. With these boundary con

ditions, the theory of electromagnetism states that a solution to the T Ez problem 

exists and is uniquely defined. 
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3.3 The Numerical Method 

In this section we describe a method to calculate the dispersion relation w = 

w(13) where w is the frequency and 13 the wavenumber of the traveling wave. We 

want to solve a system of equations with periodic coefficients. Floquet theory [16] 

says that the solution can be written as: 

£(x, z, t) = e-j,BoZE(x, z, t) 

1i(x, z, t) = e-j,BoZH(x, z, t) 
(3.3) 

where 130 is called the characteristic exponent, and H, E are periodic functions in 

z with period p. Although Floquet theory guarantees the form of the solutions, it 

does not provide a constructive proof for the evaluation of 130' As a consequence, 

the characteristic exponent is generally not known analytically and one has to 

resort to numerical methods to find it. 

We have two choices for how to calculate the dispersion relation. We can either 

prescribe a frequency wand solve an elliptic eigenvalue problem for 130, or we can 

pick a wavenumber 130 and solve an initial value problem for w. 

The first approach can be very costly especially if one needs accuracy. More 

specifically, a rule of thumb says that one needs about twenty nodes per wavelength 

to sufficiently resolve the dynamics in a numerical simulation. Furthermore, the 

equations are vectorial and not scalar, meaning that one has to allocate space for 

all three components of the fields. These considerations lead to systems of tens of 

thousands of unknowns that make solving an eigenvalue problem in a reasonable 

amount of time impossible with present day computers. 

We describe here an implementation of the second approach. We will concen

trate on the TMz model, but the treatment of the TEz model is similar. We will 

build the equations starting from the continuous model and discretizing one vari

able at a time. Before we do that, though, we must get equations for the periodic 

functions E and H. If we substitute equations (3.3) into the T M z system (3.2) we 
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get: 

8Ex 1 (8 .) -=-- --J{Jo H, at € . 8z Y 

8Ez 18Hy --=---, at € 8x 
(3.4) 

8H
y 

= ..!.. (8Ez _ (!... _ if3o) Ex) . 
at J.Lo 8x 8z 

Let us denote Em(z, t) = E(mt1x, z, t), and similarly for H. The system above 

can be viewed as a set of hyperbolic equations both in x and t. For the time being 

we will concentrate on x. Since the continuous system is hyperbolic, we will use. 

a leapfrog method to calculate x derivatives. Leapfrog methods are A-stable (or 

weakly stable) for hyperbolic systems [30, 7]. In our case, this property means that 

the discrete system will mimic the conservation properties of the continuous one. 

One problem that arises now is that we only know boundary information about Ez , 

i.e. Ez(O, z, t) = Ez(d, z, t) = O. It turns out that this is not a problem. Love's field 

equivalence theorem [9] states that we only need to know the tangential component 

of the electric field E on interfaces to define the solution uniquely. Since knowing 

Ez on the boundaries is enough to solve the problem with no ambiguities, we do 

not want to prescribe boundary data for the the other fields (to avoid redundancy, 

and/or over determining the problem). Going back to (3.4) and using the above 

ideas we get: 

1 

8E';+'2 1 ( 8 . a ) Hm+~ = -- - - J/Jo Y , at € 8z 

(3.5) 

Finally, we can use the same trick for the time discretization. We have to keep 

in mind that we are using a centered difference scheme, so all fields have to be 

'., 
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properly aligned. The fully discrete equations for the T Mz model are: 

1 1 1 H:+2,n+ (z) _ H:+2,n(z) _ 
tl.t -

_ Z Z z Z .f.l Em+2,n+2 1 (Em+l,n+~( ) _ Em,n+~() ( 8 ) 1 1) 
- - - - -JIJO x 

fLo tl.x 8z 

E:+~,n+~(z)_E:+~,n-~(z) 1 (8 .f.l)Hm+~,n() (3.6) 
= -- - - JIJO Y z tl.t € 8z 

+ 1 1 +1 1 Er:,n 2(Z) _ Er:,n- 2(z) 1 H: 2,n(z) - H:-2,n(z) 
-tl.t € tl.x 

where Em,n(z) = E(mtl.x, z, ntl.t). We calculate the derivatives with respect to z 

in Fourier space, noting that differentiation in physical space is multiplication in 

Fourier space. More specifically, let 

N/2 
Em,n(z) = L Er;,ne2j 7rkz/p • 

k=-N/2+l 

Then 
8Em,n(z) 

-
8z 

N/2 2· k L ~ Er;,n e2j7rkz/p. 

k=-N/Hl P 

Finally let us note that since € is a function of x, z, and we advance the solution 

in physical space, the method is pseudospectral in z and not spectral. 

Also note that we choose the x discretization so that the discontinuities of € in 

the x direction appear only when we advance Ez • The value of € on the interface 

is defined as 

where €l, €2 are the values of permittivity on the two sides of the interface. This 

particular choice of € is discussed and justified in [6]. 

The algorithm itself uses a leap frog method in time and x on a half staggered 

grid, (see figure 3.2). We chose this differencing in t, x because our equations are 

hyperbolic, leading to eigenvalues on the imaginary axis. 
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Figure 3.1, A schematic of the waveguide. 

E z 
~ 

Ex X 

Hy z 
y 

=-

Figure 3.2, Location of each component of the equations on the grid. Note that 
only Ez touches the boundary. 
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Another fact that is easy to realize is that the numerical algorithm formally 

requires O(N210g N) calculations to advance a time step. This is because a Dis

crete Fourier Transform takes O( N log N) operations for an array of size N, so for 

M arrays of size N it takes O(MNlogN) calculations. Finally, since the method 

vectorizes and parallelizes aggressively, it takes O(log N) calculations to advance a 

time step on a M x N processor machine. The code has been successfully tested on 

a eM-2DD with 64K processors giving excellent vectorization and parallelization. 

3.3.1 Stability 

We now turn our attention to the error analysis of the scheme. More specifically, 

we study the stability of the scheme, in the von Neumann sense, and the phase 

error of the approximation. Due to the nature of our method, we expect to get 

a more restrictive condition from the phase error analysis than from the stability 

analysis. 

Let us assume a dependence of the form 

We substitute the above expressions in equations (3.6) and eliminate the constants 

A, B, C. This leads to the equation 

;:, (~- 1)' + (C;k -i1)' + 2(1 - :;<>~X) ) ~ = O. 

We seek a sufficient condition between t:l.t, t:l.y, {3, k so that I~I < 1. After some 

algebra we get the following condition 
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where v is the maximum velocity in the computational domain, and is defined as 

{ ) -1/2 
€minJ.lO • 

So the problem reduces to finding the value of k that maximizes the quantity 

This function attains its maximum when k = -N/2, and since p = N/j.z, the 

Courant-Friendrichs-Lewy condition is 

3.3.2 Phase Error Analysis 

In order to study the phase error of the method we will use a geometry in 

which we can solve analytically for the dispersion relation. {See Figure (3.3)). The. 

problem consists of two regions with two different values of €. First we calculate the 

exact solution and the corresponding dispersion relation. Then we do the same for a 

finite difference approximation of the x derivatives and calculate another dispersion 

relation. Finally we discretize in time and compute the dispersion relation of the 

fully discrete case. Let us note that the electric and magnetic fields in this analysis 

are not the periodic functions of z we get when we factor out the e-j{Jz dependence, 

but the original fields {what we used to call E, 1l in (3.3)). 

Let us start with the analytical case. Assuming a time harmonic variation ejwt , 

the relevant equations in phasor notation are: 

E _lJfHy 

x - W€ {)z 

e - _1. 81ly 

z - W€ {)x (3.7) 

H = -.L ({)ex _ {)ez ) 
y WJ.lo {)z {)x 



The solution in both regions will have the form: 

where 

1-l~i) = cos (m;x) (A~i)e-jPiZ + A~i)eiPiZ) 

&~i) = ~;i cos (m;x) (A~i)e-jPiZ _ A~i)eiPiZ) 

&(i) = jm7r sin (~) (A(i)e-jPiZ + A(i)eiPiZ) 
Z dwf.i d 1 2 

The boundary conditions are: 

1-l~l){X, z = a) = 1-l~2)(X, z = a) 

&~l)(X, z = a) = &~2)(X, z = a) 

1-l~l)(X, z = O)e-jPop = 1-l£2) (x, z = p) 

&~l)(X, Z = O)e-jPop = e~2)(x, z = p) 
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(3.8) 

(3.9) 

(3.10) 

If we substitute (3.8) into (3.10) we get a linear homogeneous system of four 

equations for A~l), A~2), A~l), A~2). In order to have nontrivial solutions we need to 

set the determinant 

M [ ((,81 f.2 + (32f.d2 e2jPla - ((31 f.2 - (32f.l)2) ej (2P2+PO)P -

- 4(31 (32f.1 f.2ei((Pl +P2)a+P2P) (e2j{Jop + 1) + 

+ (((31f.2 + (32f.d2 - ((31f.2 - (32f.1)2 e2j{Jl a) ej (POP+2{J2a)] 

equal to zero, where 

(3.11) 

Note that M is always nonzero so we can omit it. The first term in the square 

brackets of (3.11) can be rewritten as 

(((31 f.2 + (32f.1)2 e2j{Jl a - ((31 f.2 - (32f.d2) ej (2{J2+{JO)P = 

(3.12) 
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Similarly the third term of (3.11) can be expressed as 

(U~1 €2 + /32€1)2 - (/31 €2 - /32€d2 e2j/ha) ei ({1oP+2fha) = 

= 4/31/32€1€2ei({11a~{JOP+2{12a) [COS/31a - j~ sin/31a] (3.13) 

where 

f:l. = /31€2 + /32€1 
/32€1 /31€2 

We now substitute (3.12), (3.13) into (3.11), factor and eliminate terms that cannot 

be equal to zero. This gives us the following equation 
• ~. r 

( cos /31 a + j ~ sin /31 a) e2i{12(p-a) - 2ei{J2(p-a) cos /3oP + (cos /31 a - j ~ sin /31 a) = 0 

which leads to the dispersion relation 

(3.14) . 

We now turn to the semi-discrete case where only x is approximated by finite 

differences. System (3.7) now becomes 

(3.15) 

Combining all three equations one gets 

82 Em Em+! - 2Em + Em-l 
W 2€H Em + _z_ + z z z = 0 

,...0 z 8z2 f:l.x2 (3.16) 

with E~(z) = E:-r(z) = 0, M being the number of points in the x direction. The 

tridiagonal matrix of the third term has well known eigenvalues and eigenvectors. 

See for example Smith [30]. Let Am be the mth eigenvalue and em the corresponding 
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eigenvector. Then we may write 

where 
m • mk7r 

ek =sm M 
and 

4 . 2 m7rflx 
Am = flx2 sm 2d 

If we substitute these expressions in (3.16) we get the following relation 

(3.17) 

The boundary conditions of (3.16) are given by (3.10). This leads to the same kind 

of analysis as in the analytical case. The dispersion relation is given by the same 

equation (3.14) but fl and w obey (3.17) instead of (3.9). 

Suppose that we keep flo constant. Then the semi discrete analysis will produce 

a value of w, say w(flx). A wave corresponding to the analytical solution will travel 

with phase velocity w/flo where the "semi discrete" one will travel with velocity 

w/flo. The error in the phase velocity is (w - w)/flo and consequently the error in 

phase is (w - w)t and grows linearly in time. 

One can show that if we write the fully discrete version of the T Mz model, the 

phase error from treating time discretely is O(w3 flt3) and hence does not contribute 

as much as the error from discretizing in x. We will not do that here, but we will 

give a sketch of how one can show something like that. The equation we need to 

analyze should turn out to be 

(3.18) 
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The analysis is the same as in the semi discrete case and the dispersion relation 

should be 
'"'2 4. 2 m7r~X 4€ijlO. 2 
f3i + ~X2 sm 2d = ~t2 sm n7r ... 

At this point we should mention that we did not consider any phase errors from 

the z direction. One should be careful though and say that this is only true if € is 

constant. A (periodic) variation in € means that certain multiplications are now 

convolutions. Our method is pseudospectral in the sense that we do not calculate 

convolutions directly, but rather transform, multiply and inverse transform. This 

approach introduces aliasing errors that can be estimated and eliminated if oile'" 

uses a large enough set of Fourier modes, or uses dealiasing techniques, (see for 

example [7]). 

3.4 Post Processing of the Data 

A typical problem we would like to solve would have p = 5jlm, d = 8.4jlm, 

h = 1.4jlm, a = 2.5jlm, 1 = 4jlm, f30 = 13.71 x 106m-I, nsub = 1.85, ~n = 0.025. 

For this choice of parameters w should be between 350 to 355 THz. To see that 

we use the dispersion relation for a homogeneous guide 

to guess the frequency. A typical resolution of the numerical scheme will have 

64-256 points in the z direction and 400 points in the transverse direction. The 

goal is to find two waves such that for a given f3, their frequencies ware almost 

integer multiples. 

In order to calculate w, we can either place probes at different locations of 

computational domain and create a time series from the recorded vales, or calculate 

the inner product of the initial condition with the field at later times and again 

create a time series. 
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A simple calculation shows that for the parameter values we chose above the 

time step Dot should be less than 6 x 10-17 to satisfy the numerical stability con

straints. This, in turn, means that to locate a frequency up to four significant 

digits, one needs 

Dow = _1_ '" 3 5 X lOll N Dot '" . , 

or N ~ 50, 000 points. Although this calculation is possible, it would take around 

four hours on a CONVEX C240 using two cpus. We should keep in mind that this 

calculation will only add one "dot" on our w-{3 diagram, and several more would 

be needed to have a clear picture of the dispersion curves. 

The signal processing engineers have faced this problem for quite some time on 

different circumstances, and there are quite a few methods to improve the accuracy 

of the predicted frequency. We discuss some of them and give a more complete 

picture of the ones we used. 

3.4.1 Direct Evaluation of Fourier Integrals 

The first method we will discuss is based on calculating Fourier integrals. We 

want to estimate 
N~t 

I(w) = J P(t)e!wt dt, 
o 

where P is only known at t = nDot, 0 ~ n ~ N. Since we seek the frequency of a 

highly oscillatory function, any integration rule would give disastrous results due 

to cancellation errors in the numerics. 

There is an extensive discussion on how to avoid problems like that in [29]. 

What they basically suggest is to approximate P(nDot) with cubic Lagrange poly

nomials. If one does that, then I(w) can be evaluated analytically in each subin

terval. Then one has to take into account the fact that Pn is not periodic in the 

interval [0, N Dot], so special care must be paid on how to interpolate near the end

points. To enhance the resolution of the method, one can pad the time series with 
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zeros, thus effectively decreasing the size of 6.w in Fourier space. 

Since we know that for a homogeneous waveguide with permittivity €, the 

frequency of the traveling wave is .given from the relation 

we can get upper and lower bounds on the frequency 

where €min, €max are the smallest and largest values of € in the substrate. By using 

any extremum finding routine between these two values of w one can pinpoint the 

exact frequency. Note that in this approach the frequency is a continuous variable. 

3.4.2 Frequency Decimation and MEM Algorithms 

Probably the easiest way to predict the frequency is "frequency decimating". In 

this method, one replicates the data points so periodicity is preserved. The Nyquist 

frequency is then reduced to half, and consequently one makes a prediction with 

half the margin of error. In principle, this method could be repeated forever, thus 

giving the desired frequency with excellent accuracy. The problem, though, is 

that we may use more points, but we use the same information, and there is a 

(information theoretic) limit on how much we can reduce uncertainty from a given 

number of points. 

Another approach is to approximate the Discrete Fourier Transform by a con

tinuous transform, and then locate the maxima of the continuous one. One chooses 

the interpolating function so that the uncertainty from the prediction is minimized. 

This problem can be rephrased in a probabilistic framework as finding a maximum 

likelihood estimator. The mathematics involve solving a Lagrange multiplier prob

lem for the probability distribution function and the results are summarized in [29]. 

The method is widely known as Maximum Entropy Method (MEM). The problem 
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with MEM is that the answer is good modulo a phase difference, which in our case 

would be of the order of THz. This drawback nullifies all the advantages of the 

method, since we fail to fulfill our· primary goal. 

3.4.3 The Use of Adjacent Bins 

Yet another method to process the data is to use power spectrum estimation. 

This method is based on the same principles as the DFT approach, but the analysis 

is more sophisticated. We first use a "windowed" Fourier Transform to reduce the 

"leakage" of one mode to adjacent ones. Then we use an approach first suggested 

by Feit and Fleck [10], that is capable of locating the frequency using far fewer 

time steps than the DFT method and give far more accurate answers than MEM. 

We give an outline of the method and refer the reader to the original paper for 

further details. 

We assume that we have an idea of the profile of the mode whose frequency 

is in question. We can do that by approximating the grading of the guide with 

a uniform one varying in the transverse direction only and calculating the mode 

profile for this problem. In any case, the method we propose is not sensitive to 

the profile of the approximation, so any crude but intelligent approximation of the 

mode should suffice. It should be noted though, that if one knows the shape of the 

mode profile fairly accurately, then a lot of time is saved by skipping the transient 

part of the dynamics where the system tries to settle down to a steady state. 

In contrast to the straightforward approach of placing probes at certain places 

in the computational domain and finding the frequency of the resulting time se

ries, we evaluate the inner product (Ez(x, z, t), E;(x, z, 0)), where Ez(x, z, 0) is the 

ini tial approximation of the profile. At the end of the calculation we have a time 

series with the following property: If our guess were exact then the series behaves 

like IEz(x, z, O)l2eiwt . The advantage of this approach is that in a guide that sup

ports more than one traveling wave, we gather data that involve only the wave of 



67 

interest, rather than contaminating them by the rest of the modes. 

Now, instead of taking the Discrete Fourier Transform (DFT) directly, we will 

multiply the time series by the window function 

27rt 
w(t) = 1 - cos NAt' 

and then take the DFT. This reduces the leakage to adjacent modes considerably 

[29]. The frequency we are interested in, is located at one bin in Fourier space and 

if it is not an integer multiple of N~t' is has leaked to the adjacent bins. 

Let Pw be the power spectrum (see [29]) of the data multiplied by w(t). We 

know that 
ej27rt/Nt:..t + e-j27rt/Nt:..t 

w(t) = 1- 2 . 

If the correct frequency f happens to be equal to k / NAt for some k between zero 

and N /2 then we do not need to do anything else and the problem is solved. This 

is because f = k / N At and the answer is exact. In general though, this is not the 

case. The DFT will have a maximum at some bin k and the adjacent bins will 

contain part of the spectrum. Then, in terms of 8 = k - f N At 

where 

Nt:..t 

L(6) 1 / ei27r6t/Nt:..t dt-
= Nt:.t 

o 
Nt:..t 

__ 1_ / ej27r6t/ N t:..t e j27rt dt _ 
2N t:.t 

o 
Nt:..t 

__ 1_ ! ej27r6t/Nt:..t e-j27rt dt. 
2N t:.t o 

We should mention here that -1/2:5 6 :5 1/2. After some algebra we get 

L(6) = F(8) - ~(F(8 + 1) + F(6 - 1)), 

(3.19) 
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where 
ei21r6 - 1 

F(6) = 27rj6 . 

Now note that 

(6 + 1)(6 + 2)L(6 + 1) = (6 - 1)(6 - 2)L(6 - 1) (3.20) 

and 

~k+l = L(6 + 1) = R. 
PWk-l L(6 - 1) 

(3.21) 

Combining equations (3.20) and (3.21) we get 
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- 3r8 + 2 = 0, (3.22) 

where 
l+R 

r= 1-R' 

Note that R is always positive and if R > 1 then the true frequency f is between 

k/ND.t and (k+1/2)/ND.t. Similarly if R < 1 then (k-1/2)/ND.t::; f < k/ND.t. 

The relevant solution of (3.22) is 

{ 
3r - ..j9r2 - 8 R < 1 

26= 
3r + ..j9r2 - 8 R > 1 

and the approximation to the correct frequency f = (k - 8) / N D.t. 

3.5 Results 

We used a Connection Machine CM-200 and a CONVEX C240 for debugging, 

testing and running the code. All postprocessing was done either on the CONVEX 

or SUN workstations. We tested our results for the case of inhomogeneity with 

a constant permittivity. In such a case it was noted by Li and Burke [23] that 

the frequency of the wave agrees very well with the wave one gets from a slab 

waveguide with neff being the weighted average of the indices of the substrate 
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and the inhomogeneity. The initial condition is a mode profile of a slab waveguide 

in the transverse direction, multiplied by a periodic function in the direction of 

propagation. We use 64 to 256 nodes in the x direction and 401 in the y direction. 

We let the program run for about 8,000 time steps and then calculate the integral 

using the first and last methods of the previous section. Our agreement with the 

predicted analytical values are within 0.1%. 

There are two tests one can perform to check the accuracy of the numerics. We 

know analytically the answer for the set up of the phase error analysis configura

tion. We also know from Li and Burke [23] that the frequencies for the configuration 

of figure (3.1) agree very well to those of a slab waveguide with index of refraction 

the weighted average of the index of refraction of the two dimensional problem. 

Tables 3.1, 3.2 compare the results from the phase error analysis configuration. 

We note here that we augmented the original data by padding zeros at the end 

of the array. This way we reduce the size of each bin and make the calculations 

more accurate. It is interesting to point out that the Fourier Integral algorithm 

converges faster to the correct w but the Feit and Fleck algorithm gives more accu

rate results at the end. We tested for small and large refractive index differentials 

in the substrate to test the robustness of the schemes. Both results agree very 

well with the analytical values and indicate that this approach to charting an w-f3 

diagram is very reliable. 

For the second test case we know that there are two modes in the structure. 

We therefore accumulate two sets of data. We assume that the waves will be close 

to the TE modes in a slab waveguide, so we project against the first two modes of 

a slab waveguide with the same geometry. Table 3.3 summarizes the results from 

the runs with the error function profile. As we can see, the two frequencies are 

within 0.4 THz. The time step is set to 0.8 of the CFL condition. 
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Figure 3.3, Geometry of the parallel waveguide for the phase error analysis. 

w = 167.2937THz 
€l = 22€O 
€2 = 32€o 

# time steps FF % ReI. Diff. FI % ReI. Diff. 
512 171.0297THz 2.233 167.9507THz 0.393 
1024 165.9302THz -0.815 166.7077THz -0.350 
2048 168.4816THz 0.710 167.5932THz 0.179 
4096 167.2091 THz -0.051 167.3289THz 0.021 
8192 167.2121 THz -0.049 167.4787THz 0.111 
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Table 3.1, Comparison between analytical and numerical values of w. The param
eters are p = 5J,Lm, d = 8.4J,Lm, a = 2.5J,Lm, flo = 13.71 x 106m-I • FF stands for 
the Feit & Fleck algorithm, FI for Fourier Integral algorithm. Case I 
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w = 220.7615THz 
€l = 1.852€o 

€l = 1.8752€o 
# time steps FF % ReI. Diff. FI % ReI. Diff. 

512 217.5784THz -1.442 219.2897THz 0.667 
1024 222.6733THz 0.866 221.2659THz 0.289 
2048 220.1254THz -0.288 220.4855THz -0.125 
4096 221.3993THz 0.289 220.8243THz 0.028 
8192 220.7623THz 0.000 220.7572THz -0.002 

Table 3.2, Comparison between analytical and numerical values of w. The param
eters are the same as in table 3.1. Case II. 

Slab Model Feit & Fleck 
(3(x106m 0

1 ) Mode w(THz) w(THz) % Difference 
6.75 ™o 173.518 173.308 -0.121 
13.71 ™o 351.633 351.627 -0.002 

TMI 352.805 352.839 +0.10 
20.815 ™o 533.540 533.680 +0.064 

TMI 534.437 534.655 +0.041 
TM2 535.868 536.045 +0.033 

26.405 ™o 676.692 676.966 +0.040 
TMI 677.437 677.740 +0.045 
TM2 678.658 678.986 +0.048 
TM3 680.287 680.601 +0.046 

Table 3.3, The characteristic wave numbers and corresponding frequencies for the 
case of figure 3.1. 
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3.6 Conclusions 

We present a robust, accurate and fast method to solve the problem of deter

mining propagation constants in two dimensional periodic parallel waveguides. We 

test our method in various geometries and got consistently accurate results. Fur

thermore, the numerics for a particular run do not take more than ninety minutes 

on a CONVEX C240. 

To solve our problem, we propose a "mixed" method. We use a Fourier pseu

dospectral collocation method in the periodic direction and the well known, and 

studied in this context, second order finite difference approximation in the other 

direction. The choice to keep the differencing in the transverse direction is mainly 

to avoid problems with the severe discontinuities in that direction. Although in 

some cases the discontinuities in the direction of propagation can be as severe as 

the ones in the other direction, our results demonstrate that this does not affect 

the stability of the numerical scheme nor the postprocessing stage. It might be 

interesting to investigate if a pseudospectral code in both directions would work 

as well as this one. 

We use a centered finite difference scheme to advance in time and we calculate 

the Courant-Friedrichs-Lewy condition for it. We also calculate the phase error 

due to the finite differencing in the transverse and time direction. We conclude 

that these errors are not important, at least for the time intervals that we are 

working with. It is worth mentioning here that we do not use any dealiasing 

technique to compensate for the errors occurring in the convolutions of f and the 

dependent variables. We argue that we use enough modes so that the upper part 

of the spectrum of these convolutions is effectively zero. 

Although the postprocessing part of the data seems easy and trivial, it turns 

out that it plays a crucial role in the accurate determination of frequencies w. We 

compare two methods. The first is based on an algorithm proposed by Feit and 
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Fleck and the second on direct Fourier integral evaluations. We are inclined to 

use the Feit & Fleck one for better accuracy. However, this decision assumes a 

very good idea of the mode profile. If the time series we process contains only one 

frequency, the Feit & Fleck algorithm will almost certainly pick it up with better 

accuracy than the Fourier Integral algorithm. However, if the series contains two 

or more frequencies, and all of them correspond to the same or consecutive bins, 

the Feit & Fleck algorithm will do a poor job. On the other hand, since the Fourier 

Integral approach is based on evaluating an integral as a continuous function of the 

frequency, it stands a better chance to differentiate between multiple frequencies. 

Finally, inspired from the recent advances in signal processing, and more specif

ically from the introduction of multiresolution analysis, we think that our problem 

is a perfect candidate for testing these theories. The reason is that wavelets, the 

product of the multiresolution analysis, have the property of increasing resolution 

where the fields develop sharp gradients, and thus representing them with accuracy 

and detail. The problem we examine in this chapter does have sharp gradients and 

should be a nice application of this theory. This is a direction for future research 

that we hope will be as rewarding as our present results. 
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Chapter 4 Parametric Probability Distribution 
Function Closures 

4.1 Introduction 

In this chapter we model noisy dynamical systems. We will study systems that 

can be written as the sum of a deterministic part plus a noisy part. This idea is 

certainly not new, and has been first described by Hopf, (see for example [33]) but 

has been little used. 

The idea is to approximate the Probability Distribution Function (PDF)' 0(' 

the system by a PDF with an explicit (or implicit) functional form, containing 

a finite number of time dependent parameters. Projecting the PDF evolution 

equation onto a set of test functions determines the parameters' evolution. The 

PDF remains the object of primary interest. The relation between the ingredients' 

of the model - the form of the PDF and the test functions - and the predictions 

is kept in plain view. A large variety of statistical models may be constructed 

by this method, which gives great freedom to build in desirable properties like 

realizability, maximum likelihood, conservation laws and other specific properties 

of the deterministic system. 

More specifically, we want to derive equations that describe the evolution of a 

deterministic set of equations perturbed by gaussian noise. One has two choices of 

where to add noise. We may include it in the boundary conditions or in the right 

hand side of the equations. We will use the latter. 

Since any flow can be written in Lagrangian variables as a very large set of 

ordinary differential equations, we can apply this method to study flows that orig

inally were deterministic but in this context can be thought of as turbulent. The 

method of obtaining equations for the stochastic model is explained in great detail 

in [2]. Here we will only give a summary of it and present some examples before 
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we turn our attention to its application to fluids. 

Let 
dz 

. dt = f(z, t) 

be a deterministic dynamical system, x = (Xl"'" Xn ), with initial condition z(O) = 

zeD) . 

The noisy version of the same system is described by the stochastic differential 

equation: 

dZ dt = f(Z, t) + V2N(t), (4.1) 

with initial condition Z(O) = zeD), where N(t) is normally distributed a-correlated 

noise with mean zero and standard deviation one. Suppose that the random 

variable Z(t) is distributed according to the PDF 'P(x, t). Then 'P satisfies the 

Kolmogorov-Fokker-Planck equation: 

(4.2) 

where 

The initial condition is 

'P(x,O) = a (x - zeD») , 

and we assume that 'P(x, t) - 0 as Ixl- 00. 

Although equation (4.2) is linear, it cannot be solved analytically in general. 

We will approximate 'P(x, t) by P(al(t), ... , aN(t), t) where N is a small number, 

to get an idea of the main characteristics of the original problem. We will derive 

equations for the "parameters" ai(t), solve for the evolution of those parameters 

and thus get an expression for P. Although this method will not yield significant 

results for transient values of the parameters, it can give insight, once the ai have 

settled down. 
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To derive equations for the parameters we will use test functions 

'l/Jp(x; all ... ,aN), P = 1, ... , N 

to project equation (4.2). More specifically let 

('l/Jp ) = ! 'l/Jp(X; a)P(x; a) anx 
Rn 

Then 

(4.3) 

N ow we make a simple change of variables to get equations for the parameters. 

Equation (4.3) becomes 

(4.4) 

Now if we let 

then equation (4.4) becomes 

dar -1 (( 8 8
2 

) ) 
dt = Mrp Ii 8Xi + Kij 8xi8xj 'l/Jp . (4.5) 

We will use equation (4.5) in all following sections to demonstrate the application 

of the theory. 

Before we address a flow problem that would consist of many equations, we 

will first see how the theory applies to low dimensional systems of equations. 
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4.2 Introducing Noise to a Deterministic Dynamical Sys
tem 

In order to make comparisons· of the theory with the actual behavior of the 

dynamical system we need a way to introduce noise in a computer simulation. Let 

z' = f(z). 

A Forward Euler implementation of this system gives 

(4.6) 

To add zero mean, 0 correlated noise, with unit variance, we first let Ur, Ur ·be'·· 

two uniformly distributed random variables and note that 

Nf = V-21n Uf cos 27rU: 

N: = V-21n Uf sin 27rU: 

are normal random variables with zero mean and unit variance, (see [29]). Let 

N = (N1,N2 ). 

Equation (4.6) now becomes 

(4.7) 

The parameter r;, here plays the role of diffusivity. The reason for the noise being 

"centered" at the n + 1 time step is so that we enforce the 0 dependence on time. 

Note that the mean of equation (4.7) gives 

where the variance is 

If the variance is to depend linearly on the timestep (like the numerical method 

would suggest) then A = Vr;,At. Equation (4.7) is then 

zn+l = zn + Atf(zn) + Vr;,AtNn+l. 



4.3 One Dimensional Example 

We will present different PDFs for 

dx 3 
dt = x -x . 
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(4.8) 

The deterministic equation has three fixed points: 0, ±1. x = 0 is an unstable 

fixed point and x = ±1 are stable fixed points. We will first discuss the case of 

one gaussian, then two gaussians and finally some "Aspen" closures (see [2, 3J for 

details). For reference we include here a histogram of the PDF we obtained nu

merically after simulating (4.8) using the method described in the previous section 

for K, = 0'2 = 1. 

Note that in this case one can solve for the steady state of equation (4.2) 

analytically. The solution is 

-00 

This is exactly the behavior in figure 4.1. 

4.3.1 One Gaussian 

The Gaussian in question has the form 

1 
P(x) = rrc=e 

y27r0' 

The test functions we will use are x and (x - Jl)2. The matrix M is 

M=(~ ~) 
and the equations that describe the evolution of the parameters Jl, 0' 

dJl 3 
dt = Jl - Jl - 3JlO', 

dO' 2 
dt = -60'2 - 2(3Jl - 1)0' + 2K,. 

(4.9) 
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2 3 

Figure 4.1, The Probability Distribution Function corresponding to the dynamical 
system (4.8) for K, = 1. The plot is a histogram from a direct simulation. Note the 
characteristic quartic or double well shape. 
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If '" = 0 then u = 0 and system follows the dynamics of the deterministic system. 

Furthermore, when '" is small and the interval of interest is also small, then the u 

equation can be approximated by . 

~~ = 2(1 - 3J.L2)u + 2", = 2 (d~ (J.L - J.L3) + '" ) . 

The fixed points of (4.9) are 

( ) _ (0 1 + VI + 12"') 
J.L, u -, 6 ' 

( 
1 ± v'r:-1---;::6~"') 

(J.L, u) = ±v'1 - 3eT, 6 . 

It is easy to see that J.L = 0 is linearly unstable, for u :5 1/3 and stable for u > 1/3. 

Notice that if the latter is true then there is only one fixed point and it is stable. 

This behavior alone is inconsistent with the the true dynamics of (4.8). In figure 

(4.2) we show the time evolution of equations (4.9) for", = 1. 

4.3.2 Two Gaussians 

The PDF in question is 

The test functions are x, x2 , x3 and X4. The parameters for which equations are 

sought are J.L(i), U(i), i = 1,2. The matrix M is 

but the quantities 

o 
1/2 

3J.L(1) /2 
3( eT(l) + J.L(1)2) 

1/2 
J.L(2) 

(3(U(2) + J.L(2)2))/2 
2J.L(2)(3eT(2) + J.L(2)2) 
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Figure 4.2, The mean p, and variance (J'2 evolution for the one dimensional model 
using one gaussian only. The dynamics of p, fail to capture any of the behavior of 
the deterministic system. 



82 

for p = 1, ... ,4 are too large to include here. We only plot the evolution of 

the equations in figure (4.3) and just comment that one can easily get analytical 

expressions for the right hand sides using a symbolic manipulation package like 

MACSYMA. 

Notice that the means do have the right behavior, and the one whose initial 

condition is larger converges to the +1 steady state and the other one goes to the 

-1 steady state. Comparing these results with the ones from the one gaussian case 

shows clearly that knowing something about the original dynamical system and 

using that information in constructing the PDF gives better results than using the 

first thing that comes to mind. 

This is exactly where the numerical simulation of the noisy dynamical system 

comes in. We want to choose the PDF we will use such that it allows for the 

basic features of the numerics to be present. We will use this idea throughout this 

chapter. 

4.3.3 Aspen Model 

One can use a more sophisticated PDF to model the system. The idea is to 

specify a PDF through a random variable that follows its statistics. Let x = 
f3( rp> + Crp>\ where rp> are standard normally distributed random variables 

and c is distributed according to 

This random variable C can be thought of as taking the value "( with probability 

1/(1 + 1'2) and the value _,,(-I with probability "(2/(1 + 1'2). This idea was first 

explored by Bayly in [3]. Notice that (C)Pc = 0, (C2 )pc = 1, (C3)pc = "( - 1'-\ 

(C4 )pc = 1'2 + ,,(-2 - 1. The PDF in this case is 

p = ~Pc(C = c) e-(rP>2 + .,P>2)/2. 
271" 
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Figure 4.3, The means J1.1, J1.2 and variances O'~, O'~ evolution for the one dimensional 
model using two gaussians. This is the best fit to the double well shape of the 
correct PDF of figure 4.1. 



The parameters are f3, 'Y. We choose the test functions x2 and X4. We have 

(x2) = 16f32 = 8, 

(x4) = 3f34(3465('Y2 + 'Y-2 
- 1) + 31) = Q. 

The equations for 8, Q are 

d8 
- = 28 - 2Q + 211: 
dt 

dQ = 4Q 64915654267 83 _ 18304229 Q8 _ 14144 Q2 2 8 
dt + 1912064 22407 693 8 + 1 11: 
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This model is similar to the one gaussian one. If c = 0 we have the one gaussian 

case. One can use a symbolic package to get the fixed points of these equations. 

The relevant ones must be positive. For I\, = 1 we get a complex pair, a negative 

and a positive one. The root of interest is 

(8, Q) = (0.2171595376742455,1.2171595376742455). 

Note that we do not gain any information about the mean of the system. This is 

a consequence of the way we constructed the PDF. All odd moments are identically 

zero. One can improve this model slightly and do get information on the mean. 

Let us consider x = J-L + f3 (rp) + C7](2)3). We use x, x2, X4 as our test functions. 

We get 

(x) = J-L = M 

(x2) = 16,82 + J-L2 = 8, 

(x3) = J-L (48f32 + J-L2) , 

(x4) = 93,84 + 10395,84(c4) + 96f32J.L2 + J.L4 = Q, 

(
x6 ) = 301157588784 

- 11611119420M283 - 72530688Q82 

354816 (8 - M2) + 
16797869274M48 2 + 161464320M2Q8 - 10825441596M68 

+ 354816 (8 - M2) + 
-1810432Q2 - 85312768M4Q + 2625305423M8 

+ 354816 (8 - M2) 

(4.10) 
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The last of the equations above follows from the previous ones and the fact that 

(C6) = (C4)2 + (C4) - 1. The system of equations we must solve is 

dM =oM _ 38M 2M3 
dt +, 
dB dt = 28 - 2Q + 2~, 
dQ 
dt = 4Q - 4(x6

) + 12~B. 

The steady state of this system for ~ = 1 is 

M =0.642, 

8 = 0.608, 

Q = 1.608, 

and 'Y = 1.461. The solution does follow the right dynamics but still does not see 

both maxima of the PDF. 

The final PDF we will use has the form x = AJ-L + f3 (rp) + C1}(2)3), where a is 

a random variable that follows the PDF 

1 1 
P{A = a) = 26{a - 1) + 2"6{a + 1). 

We use x 2, X4, x6 as test functions. 

(x2
) = 16f32 + J-L2 = 8, 

(x4
) = 93f34 + 10395f34(c4) + 96f32 J-L2 + J-L4 = Q, 

(x6) = J-L6 + 240f32J-L4 + 1395f34J-L2 + 690f36 + 155925f34J-L2(C4) + 34459425f36(c6
) + 

+ 155925f36(C4) = H. 

The analysis proceeds in the same manner as before. This last model should 

perform as well as the two gaussian model. 
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4.4 Three Dimensional Example 

The right hand side of the system is 

Note that if lIi = 0, ai 2:: 0, 'Vi, then this system describes the motion of a rigid 

body under rotation. Furthermore, the quantity 

2 + 2 + 2 E = Xl X 2 X3 

2 

is conserved if al + a2 + a3 = 0. Since we add noise to the original system (or 

alternatively increase the energy), we need the damping terms to keep the system 

from blowing up. 

4.4.1 One Gaussian 

The PDF has the form 

P(x) = N(JL, E) 

where 
(x - JLfE-I(x - JL) 

1 
N(JL, E) = e 2 Vdet(27rE) 

The matrix E is symmetric positive definite. We will use Xi - J-ti, (Xi - J-ti)(Xj - J-tj) 

as the test functions where i = 1,2,3, j = i, ... , 3. The matrix M is again the 

identity matrix (as in the one dimensional case). The equations for the parameters 
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dj.J,l 
dt = al(E23 + j.J,2j.J,3) - Vl~l 

dj.J,2 
dt = a2(EI3 + j.J,1j.J,3) - V2j.J,3 

dj.J,3 
dt = a3(E12 + j.J,1j.J,2) - V3j.J,3 

dEll T = 2a1T - 2aIj.J,I(E23 + /-t2j.J,3) - 2VIEll + 2Kll 

dE12 T = al (j.J,2 E23 + j.J,3E22) + a2(j.J,IE I3 + /-t3E U) - (VI + v2)EI2 + 2KI2 

dE13 T = al(j.J,3E23 + j.J,2E33) + a3(j.J,lE I2 + /-t2E ll) - (VI + v3)E13 + 2K13 

dE22 T = 2a2T - 2a2/-t2(E13 + /-tl/-t3) - 2V2E22 + 2K22 

dE23 T = a2(/-tlE13 + j.J,3Ell) + a3(/-t2E 12 + /-tIE22 ) - (V2 + v3)E23 + 2K23 

dE33 T = 2a3T - 2a3j.J,3(E12 + /-tlj.J,2) - 2V3E33 + 2K33 

where 

Bayly in [2] has shown that a gaussian closure has the property that if the initial 

conditions satisfy Eii ;::: 0 then there is always a realizable solution. This closure 

does not give very good results. The solution does not settle down and this is 

because the original system does not go to a steady state that looks like a gaussian. 

Instead, numerical experiments show that the steady state seems more like the sum 

of two gaussians. 

4.4.2 Two Gaussians 

We pursue the same idea here as in the one dimensional case. The values of 

the parameters we use are picked to simplify the problem. We choose K,i,j = 0 for 

i =f:. j. We are interested in cases such that V2 = V3, K,22 = K,2 = K,3 and a2 = a3. 

As we see in figure 4.4, the steady state distribution is not gaussian, but might be 
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x 
x • ~. r 

x 

Figure 4.4, Results of a direct simulation for ~l = 1, ~2 = ~3 = 0.01, 111 = 
0.1, 112 = 113 = 1. One can think of the PDF as a solid in space where each 
point has a different intensity depending on the probability of realizing the triad 
(Xl, X2, X3). Here we look at slices for different values of Xl. The horizontal and 
vertical coordinates of the graph are X2, X3 respectively. Both X2 and X3 range 
between -10 and 10. The slices are taken at Xl = -7, -5, -3, -1, 1, 3, 5, 7. 
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the sum of two gaussians. The figure shows that there is a significant correlation 

between X2 and X3, whereas the cross correlation between Xl and X2 or Xl and X3 

is negligible. These observations will help us to narrow the space of parameters. 

Let us look for a Probability Distribution Function that looks like: 

where JL = (J.tl, 0, 0) and 

( Ell 
0 E~3 ), I:(l) = ~ I:22 

I:23 I:22 

( Ell 
0 -~23 ). I:(2) = ~ I:22 

-I:23 I:22 

Note that we have four parameters, so we need four test functions. We choose x~, 

x~, XIX2X3, Ix14 • If one follows the same method as before, it is easy to construct 

equations for the evolution of the parameters. The fixed point that we get is 

J.tl = 0.0303584, 

I:u = 9.81843, 

I:22 = 0.0190323, 

I:23 = -0.297522. 

The determinant of the covariance matrix I: is not positive, so that there is at 

least one negative eigenvalue. This in turn means that although the closure has 

a fixed point, it does not lead to a realizable configuration. This is not surprising 

since we did not build any constraint for positive definiteness into our model. 

Since this simple example does not give us satisfactory results, there is no 

reason to believe that a more complicated one with more degrees of freedom will 

achieve anything better. Furthermore, a full model with all parameters free would 
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result in eighteen (or nineteen) parameters, hence eighteen test functions. Just the 

symbolic inversion of an 18 x 18 matrix M is algebraically very time consuming, 

with doubtful results. Let us just.mention that nevertheless we have constructed 

that model and that the matrix M has determinant 0 for subtle reasons that we 

cannot fully understand. 

In certain cases it is easy to identify the source of singularity of M. If we use 

Xi, XiXj, XiXjXk for i ::; j ::; k we get nineteen test functions. We can either drop 

one of them or introduce one more parameter. We choose the latter. The PDF we 

will use has the form 

The whole procedure of constructing the matrix M carries through. The matrix 

itself is again too large to list here, and consequently the right hand sides of the 

equations of the parameters are too large too. Instead of listing the matrix let us 

draw our attention to some possible problems that can occur when trying to invert 

it. 

Note that by selecting the order of the test functions and the parameters, the 

matrix is divided in large blocks that have similar entries. More specifically, we 

choose the test functions to appear in increasing power order and the parameters 

as j.tP), ~U), j.t~2), ~W, a. Note that if a = 1 corresponds to the one gaussian 

case and in this context makes the matrix singular. Using this ordering the matrix 

looks like 

( 

M (l) 
a 1 

M = aM~l) 
c(1) 

(1- a)M?) b ) 
(1 - a)M~2) b~ 

C(2) d 
(4.11) 
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where 
1 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 
0 .0 1 0 0 0 0 0 0 

2/1-~i) 0 0 1 0 0 0 0 0 
M(i) - (i) (i) 

0 0 1 0 0 0 0 1 - /1-2 J.Ll 
(i) 

0 (i) 0 0 1 0 0 0 J.L3 J.Ll 
0 2 (i) 

/1-2 0 0 0 0 1 0 0 
0 (i) 

J.L3 
(i) 

/1-2 0 0 0 0 1 0 
0 0 2 (i) 

/1-3 0 0 0 0 0 1 

M~i) are full matrices, 

_ (1) (2) (1) ~(2) (1) (1) (2) (2») .. _ .. 
b1 - /1-1 - /1-1 '''''~ij - ij + J.Li /1-j - J.Li J.Lj , Z,J -1,2,3, z:::; J. 

One can show (see Keller [18]) that the inverse of M is closely related to the inverse 

of 

(
aMp) (1 - a)M~2) ) 
aM~I) (1 - a)M~2) 

which in turn depends on the invertibility of M1(1), M~2). MP) is lower triangular 

and invertible, so we only need to examine M~2). This matrix consists of elements 

of the form 
8(XiXjXk) 8(XiXj Xk) 

8 (2)' E(2) 
J.Li 1m 

i 5:j 5: k E {I, 2,3}\(i,j, k) = (3,3,3) and 15: m. 

Since we are using gaussians, 

Note that 
8(xn (1)2 (1) 2) -m- = 3a(/1-i + Eii ) = 3a(xi N(#,(l),~(1», 
8p'i 

and similarly for /1-~2). Now if /1-i(l) = J.L~2) and E~Y = E~;) then it is not hard to 

see that two rows of the matrix will be multiples of one another. 

Furthermore, if a -+ 1 then the matrix M becomes more and more singular; 

two gaussians are trying to become one. 

-., 



4.4.3 Aspen Closure 

The random variables we use are 

~1 = f31(TJf!) + C1J~2)1J~2»), 

~2 = f32(TJ~1) + CTJ~2)TJ~2»), 

6 = f33(TJ~1) + CTJ~2)TJ~2»). 
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The random variable c is defined as before. We have four parameters and we use 

~l, ~1~26 as our test functions. We get 

(~;) = 213; = 8i , 

(~1~2~3) = f3d32f33{C3) = T. 

The equations for 8i and T are 

(4.12) 

This closure does work for initial conditions close to the correct values of 8i , T, 

(see figure 4.5) but it can also blow up for certain values of the parameters. The 

fixed points of the system are 

S . _ aiT + l'i.i ,- , 
1Ii 

2(111 + 112 + 113) T = (IT aiT + l'i.i _ 4T2) t 1Ii . 
3 i=1 1Ii i=1 T + l'i.dai 

(4.13) 

Let us note that we want 8i ~ O. Furthermore, we have 1Ii ~ 0 and l'i.i ~ O. 

Equations (4.12) have an interesting behavior. Suppose that 1'i.2 = 1'i.3 = O. Then 

we can distinguish two cases 

a2a3 > 0 Then since 82 ~ 0, we have a2T ~ 0 and similarly a3T ~ O. Then T has 

the same sign as a2, a3. 
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Time evolution of parameters 
6.5 

6.0 
/A ________ 

!to 'f~ 
5.5 / ~--A_A 

5.0 / 
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I 4.0 

~ I 3.5 
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C\J 
3.0 

Vl 
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Vl 
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-.5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Time 

Figure 4.5, Time evolution of the system (4.12). A, B, C, D are 81, 82 , 83 , T 
respectively. 
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a2a3 < 0 Then by the same argument as above a2T 2:: 0, a3T 2:: O. Hence T = O. 

The fixed points (4.13) become 

. ~l 

81 = -, 82 = 83 = T = O. 
vI 

The dynamics are all gathered in the first mode. There is no energy 

transfer between the first mode and the other two. 

To modify the model so that no set of initial parameters leads to blow up, let 

us consider a variant of the system above. Suppose that ~i are given by 

where 

~l = A.Bl(1JF) + C1J~2)1J~2»), 

6 = A.B2(1J~1) + C1J~2)1J~2»), 

~3 = A.B3(1J~1) + C1J~2)1J~2»), 

1 a 
P(A = a) = -1-8(a - 1) + -1 -8(a + a). 

+a +a 

In words, we get .Bi with probability 1/(1 + a) and a.Bi with probability a/(1 + a). 

We now have four parameters, and we will use a, ~1~26, lel4 as test functions. 

Note here that 

We have 

(A) = 1- a, 

(A2}=1-a+a2, 

(A3) = 1 + a + a2 + a3. 

(~;) = 2.B;(A2) = Si, 

(~1~26) = .Bl.B2.B3(C2) (A3) = T, 

(leI4
) = (3(.Bt +.Bi + .Bi) + 2(.B;.Bi + .Bi.Bi + .Bi.B;))(c4)(A4) = Q. 
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Parameter Direct Simulation Aspen Closure 
81 3.04 1.4 
82 0.53 0.65 
83 0.18 0.22 
T -0.34 -0.43 
Q 36.7 14.3 

Table 4.1, Comparison between values of the parameters from a direct simulation 
of the three dimensional model versus the Aspen closure. al = 2, a2 = -1.5, 
a3 = -0.5. 

The equations for the parameters are 

The reason the last equation of (4.14) has no dependence on ai is because we 

assume a} + a2 + a3 = O. Another way to say the same thing is: Since lel 2 is a 

conserved quantity for the original system, with zero dissipation, then Ie 14 is also 

a conserved quantity. Note that the first term multiplying Q of the same equation 

is always negative if 1I} > 0, 8i > O. Moreover, the same term is greater than -4 if 

lIi < 1 for i = 1,2,3. Table 4.1 gives a comparison between actual values and the 

ones we get from the steady state of the Aspen closure, (see figure 4.6). Note that 

although the model does not agree with the direct simulation very closely, it does 

capture the trends of the various moments. We should keep in mind that this is 

only a five parameter system and that the actual PDF probably depends on many 

more parameters than we use here. The values of 8}, 8 2, 83, T, Q give in turn 
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Time evolution of parameters 
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Figure 4.6, Time evolution of the system (4.14). A, B, C, D E are 81, 82, 83 , T, 
Q respectively. 
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(31 = 0.96, (32 = 0.65, (33 = 0.38, , = 0.68, a = 0.62. 

4.5 Five Dimensional Example 

The example we study here was first proposed in [5]. The equations are 

( 4.15) 

where i = 1, ... ,5 and we assume that the indices cycle through one to five. Bender 

and Orszag [5] use this system as an example of a system with random trajectories. 

We will only consider an Aspen Closure here and will sketch how to approach the 

problem. It is worth mentioning that equations (4.15) preserve the quantity lel2• 

Analogously to the three dimensional Aspen closures, define artificial random 

variables by 

a (1) C (2) (2») ~i = J.1.i + Pij TJj + jklTJk TJI • 

We will restrict ourselves to Cjkl ¥= 0 only when (j, k, l) E {(I, 2, 3), (2,3,4), (3,4,5), 

(4,5,1), (5,1, 2)} = S and their permutations. Note that in this problem we keep 

the terms for the means, in contrast to the three dimensional example. Let us 

define the quantities ei as follows 

el = C451TJi2)TJ~2) + C512TJ~2)TJ~2) + CI23TJ~2)TJ~2), 

e2 = C512TJ~2)TJ~2) + CI23TJ~2)TJ~2) + C234TJ~2)TJi2), 

e3 = CI23TJF)TJ~2) + C234TJ~2)TJi2) + C345TJi2)TJ~2), 

e4 = C234TJ~2)TJ~2) + C345TJ~2)TJ~2) + C 451 TJ~2)TJ~2), 

e5 = C345TJ~2)TJi2) + C 451 TJi2)TJ~2) + C512TJ~2)TJ~2). 

Then the artificial random variables we use are 

5 

~i = J.1.i + E (3ij(TJ~I) + ej). 
;=1 
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Note that 

(ei) = 0, 

(eiej) = 36ij , 

(et) = 0, 

(e~ej) = 0, 

(eiejek) = h'ijk - 'Yijl), 

where (i,j, k) E S. The first and second moments are 

(~i) = J.Li, 

(~i~j) = J.LiJ.Lj + 4{3ik{3jk' 

The higher order moments have more complicated formulas, but their evaluation 

is straightforward. We have 35 parameters, (10 C's and 25 (3's) so we need 35 test 

functions. We will use the third order monomials ~i~k~k since they are exactly 35. 

The implementation is the same as in the three dimensional model. The algebra 

though becomes much more involved. At the end we arrive at equations that give 

the time evolution of the {3's and the C's. We have not been able to get the 

program to converge. This might be either a flaw of the model or a numerical bug! 

4.6 Application to fluids 

We will use the tools and the insight we built in the previous sections to address 

the closure problem in fluids. Before we do that though, we will first present 

a method to simulate a two dimensional incompressible fluid in a channel or a 

periodic box. We will then use the discretization provided by the method to 

formulate the closure problem for a gaussian PDF. Our results are valid for both 

the channel flow and the periodic box. 
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4.6.1 Governing Equations of a fluid 

We all know that when we slowly open the tap, the water flows regularly: we 

say that flow is laminar. As we open the tap further, the flow starts to develop 

irregularities, until a point where there is no longer any visible structure, and we 

say that the flow is turbulent. Although we experience turbulence in situations 

ranging from our water tap to airplane flights, nevertheless this phenomenon is far 

from being understood and adequately modeled. Some introductory material on 

modeling turbulence appears in [36, 21]. 

In order to understand some of the difficulties that arise in describing turbu

lence, let us start with the Navier-Stokes equations. The mass conservation and 

the momentum equations for incompressible fluids is (see Batchelor [1]) 

v·u=o, 
Du 
Dt = F - VP+v~u, 

(4.16) 

(4.17) 

where P is the kinematic pressure, v is the kinematic viscosity, F the external 

force per unit mass, and u the velocity field. 

Suppose now that we want to use this model to get some information about 

turbulence. Specifically, we want to calculate mean values and properties of fluctu

ating values for a turbulent flow. The main difficulty appears in the total derivative 

DIDt of equation (4.17). This term contains a nonlinearity, namely u· Vu, and 

this term makes the equation unsolvable except in some trivial cases. 

4.6.2 Two Dimensional Flows 

In two dimensions, equations (4.16,4.17) have an even simpler form. Taking 

advantage of the form of (4.16) 

au av_ o ax + ay - , 
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we choose 

u= (~~,-~~). 
If we know substitute in (4.17), take the curl of the equation and use w = V x u, 

we get 

Dw 
Dt = vD:.w. (4.18) 

Since u lies in the two dimensional space spanned by i,j, its curl has only a k 

component. Let us write then w = wk. Equation (4.18) becomes 

Dw 
Dt = vD:.w. (4.19) 

Furthermore, we have 

Finally equation (4.19) becomes 

(4.20) 

This is the form of the momentum equation that we will use for the rest of this 

chapter. Notice that we have not used any boundary conditions yet, so this for

mulation is not restricted by them. 

4.6.3 Channel Flow 

We assume periodicity in the x direction and walls with no slip in the y di

rection. The computational domain will be (0,27r) x (-1,1). More specifically the 



boundary conditions are: 

1/J(0, y, t) = 1/J(27r, y, t), 

1/Jx(O, y, t) = 1/Jx(27r, y, t), 

1/J(x, -1, t) = Gil 

1/J(x, +1, t) = G2, 

1/Jy {x, -1, t) = 0, 

1/Jy {x, +1, t) = 0. 

101 

We will use a Fourier basis in the periodic direction and a Chebychev basis in the 

transverse one. Let 

N/2-1 M 

1/J{x, y, t) = L L 1/Jke-iklXTk2(y) 
kl=-N/2 k2=O 

where Tk2 (y) is the k2th order Chebychev polynomial. Furthermore, let us use an 

implicit Euler method to treat the linear parts of equation (4.20) and an explicit 

third order Adams-Bashforth formula to handle the nonlinear terms. The discrete 

equation becomes 

Ll1/Jk+
1 

- Ll1/J~ = lILl2~/.n+l (23 p,n _ 16 p,n-l ~p,n-2) 
Llt 'fIk + 12 k 12 k + 12 k 

or 

(1 - lILltLl)Ll~/.n+l = Ll"I.n + Llt (23 p,n _ 16 p,n-l + ~p,n-2) 
'fIk 'fIk 12 k 12 k 12 k 

where 

p,n = (81/J(X, y, nLlt) 8Ll1/J(x, y, nLlt) _ 81/J{x, y, nLlt) 8Ll1/J(x, y, nLlt)) 
k 8x 8y 8y 8x k • 

The Fourier transforms of the nonlinear terms are computed in a pseudospectral 

fashion to decrease computational time. 
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4.6.3.1 Implementation 

Since derivatives of functions in Chebychev space do not produce diagonal 

operators, one has to decide how ·to solve the resulting systems of equations for 

the Chebychev coefficients of 'I/J. The system under consideration is 

(-vflto; + (2k~vflt + 1)8; - k~(vfltk~ + 1)) 'l/Jkl (y) = Tkl (Y), (4.21) 

with boundary conditions 

'l/Jkl(-l) = C1 

'l/Jkl (+1) = C2 

'l/JYkl (-1) = 0 

'l/JYkl (+1) = 0 

for kl = - N /2, ... , N /2 -1. In Chebychev space the second and fourth derivatives' 

coefficients can be written (see [7]) as 

nl,(2) _ .!. ~ (2 2)01, 
o/k2 - en P~2 p P - n o/k2' 

p+n even 

The boundary conditions are translated to 

M 

L 'l/Jk2 =C1 
k2=O 

M 

L (-1)
k2

'I/Jk2 = C2 
k2=O 

M 

L k~'l/Jk2 = 0 
k2=O 

M 

L (-1)k2k~'l/Jk2 = 0 
k2=O 

. ~. t 
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A straightforward way to update the solution is to solve the N linear systems in 

Chebychev coefficients. One can do the time consuming LU decompositions once, 

store the matrices and then solve for the 'l/JkS at each step with an operation count 

of O{N M2). The space requirements for such a procedure are O{N M2). It is worth 

mentioning that the code parallelizes in the kl direction, in other words on an N 

processor machine, it would take O{M2) operations to solve for the coefficients. 

One can cut this time in half by observing that the expressions of the y deriva

tives involve either odd Chebychev polynomials or even ones and no mixed terms 

are present. Furthermore one can see that the boundary conditions can be rewrit

ten to involve only odd or even polynomials as well. For a detailed discussion see 

[7]. This cuts the computational time in half since the operation count is now 

O{2N{M/2)2). 

One can do better than that by using some properties of the Chebychev poly

nomials. The fourth order differential equation can be transformed to an integral 

equation, whose matrix in the Chebychev basis is pentadiagonal, (the technique is 

described in appendix C). 

4.6.4 Periodic Flow 

As our first problem we will consider equation (4.20) subject to periodic bound

ary conditions. We assume a periodic box with equal sides of length 271'. 

4.6.4.1 Implementation 

The implementation of a numerical scheme for a periodic box is different from 

that for channel flow, mainly because a Laplacian operator becomes a diagonal 

operator in the transform space if both directions are expanded in a Fourier basis. 

We will use a Fourier Galerkin method in both directions to solve the problem. 
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More specifically, let 

N/2 M/2 

'l/J(X) = L L 'l/Jke- ik.x 

kl=:""N/2+1 k2=-M/2+l 

be a Discrete Fourier Transform (OFT) of the streamfunction 'l/J(x), where x = 

(x, y), k = (kl' k2)' Then (4.20) can be written as 

We rewrite this equation as 

We can now use our favorite ODE solver to solve for each k. A forward Euler 

method, for example, would look like: 

or 
'l/Jn+l _ -lIlkI2at'l/Jn Fke-lIlkl2at 

k - e k - Ikl2 

We said nothing here about the convolution terms. The easiest way to treat 

those is to use a pseudospectral method. It is important though to either dealias 

the convolutions or make sure that the energy is confined in the lower part of the 

spectrum. 

4.6.5 A Gaussian Closure 

The governing equation is: 

(at - v~)w = -u· Vw + N(x, t), 

where N(x, t) is 8 correlated in time white noise. 



105 

We use Backward Euler for the time discretization: 

The coefficient in front of N(x) comes from the following analysis. Let us try 

to solve 

where N is noise, using a backward Euler method: 

The variance of (4.22) satisfies 

If the second term of the right hand side is to have an O(~t) contribution, A must. 

be v'Ki, 
Now we go back the the original equation. Let us decompose the vorticity w 

into a mean and a fluctuating part, i.e. w = W + w. Then the mean part obeys the 

following equation: 

Note that terms like (un. V wn ) vanish identically because the brackets denote 

ensemble average, in this particular case, (wn ) == 0, by definition. We need an 

expression for the second and third terms of the right hand side of this equation. 

To this end we will consider 

(un(X)Oewn(e)) = (OyiPn(x)oxi ( _~()-¢jn(e)) = 

= -Oyo{~esn(x, e). 



So 

Similarly 

(ijnw;) = [8x87]~~sn(x, e)ll . 
~=x 

Finally we get the following equation for the mean part: 

We now turn to the fluctuating part. w satisfies: 

and 

(I - v~t~x)wn+l(x) = wn(x) - ~t (unw; + vnw;) -

-~t (ftnw; + ijnw;) + -/AtNn+l(x) 

(1 - v~t~E)wn+l(e) = wn(e) - ~t (unw{ + vnw~) -

-~t (ftnw{ + ijnw~) + -/At~+l(e) 
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(4.23) 

(4.24) 

We multiply equations (4.23) and (4.24) and take averages. We use the fact that 

the noise at the n + 1 time step is uncorrelated to any quantity from the nth time 

step, so that averages of Nn+l times on is zero. The equation for Sex, e), the 

covariance matrix, is: 

(1 - v~t~x)(1 - v~tLl~)LlxLlEsn+l = ~xLl~sn -

-Llt~x~~ (un(e)8e + vn(e)87] + un(x)8x + vn(x)8y) sn -

-Llt [( -w{(e)87] +w~(e)8e) Llx - (w;(x)8y +w;(x)8x) ~E] sn + 

+Llt(Nn+l(X)Nn+l(e» + O(~t2). 

For periodic flow we require periodicity of ijJ = -Llw as well as of Sex, e). 
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4.7 Conclusions 

This chapter started with a very simple example that illustrated all different 

ways to construct a PDF and it became increasingly more demanding and leading 

towards fluids. 

The idea of using a Parametric Probability Distribution Function Closure is 

applied in this chapter in all kinds of problems, first to show its versatility and 

then to demonstrate the freedom one has using this theory. The main ad hoc choice 

is of the shape of the random variable. This proves crucial in many ways down the 

road. The question of realizability is the first that has to be answered, before going 

any further. Then there are certain properties that certain random variables are 

guaranteed to have, like consistency (with the dynamical system) with zero noise, 

or consistency in the limit of small noise. Gaussian random variables, for example, 

are guaranteed to have both. On the other hand, the equilibrium statistics of most 

dynamical systems are not described by gaussians. 

The one dimensional example is an easy showcase of what we said in the pre

vious paragraph. Although the one gaussian has a lot of nice properties, it fails 

to capture the correct dynamics. The two gaussian model does capture the right 

behavior, but we cannot prove a priori that the equations we will get have for 

example the CSN (Consistency with Small Noise) property. 

The three dimensional example first serves as an example that the sum of to 

gaussians is not always a good approximation to the PDF. Although the parameters 

of the two gaussian random variable converge to a steady state, that state fails to 

be realizable since we get a negative variance. Bruce Bayly introduced the concept 

of an artificial random variable to solve this problem and the resulting equations 

for the parameters enjoy some nice properties. A particular choice of parameters 

leads to a vanishing triple moment for the system, whereas another one leads to 

an estimate for the triple moment that is proportional to the large scale forcing. 
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This behavior also appears in turbulent flows, and therefore is a desirable property 

to have. 

We borrow the five dimensional model from an example of chaotic behavior in 

[5, Bender & Orszag]. We expect some Aspen closure to work just as well as it 

does in the other cases, since this model and the three dimensional one share some 

nice features. They both have quadratic nonlinearities and preserve energy in the 

sense that L:i=l xl is constant along orbits. 

Finally we address the question of using this theory in fluids. Although the 

basic mechanism is the same, the problem becomes computationally difficult. We . 

first summarize a fast and accurate method to simulate two dimensional flows in 

a channel or a periodic box. Then we construct an one gaussian closure using 

PPDF. It is easy to see that in order to simulate the simplest and crudest model of 

the theory, one needs very large amounts of memory, and time. We use the same 

techniques to convert the differential equations to a numerical difference scheme as 

we did for the modeling of flows. We have not run any "production runs" of this 

model but we would not be very optimistic about the results! An Aspen closure 

for fluids would produce fewer equations than the one gaussian model and would 

probably give better estimates. 

.. , 



APPENDIX A The Reaction-Diffusion 
Program 
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The following program implements the algorithm discussed in the second chap
ter to solve the Lorenz equations coupled with diffusion. It is written in FORTRAN 
and was successfully compiled and executed on various UNIX platforms as well as 
Thinking Machines Corporation's Connection Machine 200 and an IBM compatible 
personal computer. The program is written in an extended version of FORTRAN 
77 that the CONVEX 240 recognizes. The main difference is the use of end do to 
end a do statement. 

c 
c This program uses a spectral method to solve a set 
c of reaction difussion equations. The linear part 
c of the operator acts for h/2 to the (vector) function. 
c Then the nonlinear part acts for h and finally 
c the linear part acts for h/2 again. This way we 
c get O(h A 3) error in time, and since spectral methods 
c are highly accurate in space also, we get (in principle) 
c a very fast scheme. 
c In our case (difussion with Lorenz coupling) the linear part 
c part can be solved exactly in the Fourier space and the 
c nonlinear part can be solved exactly in the real space. 
c The output of one operation is the input of the next one. 
c 
c This program is based on a 2-d code. 
c 
c George Sohos (10/03/91) 
c Revised on 10/07/91, 11/13/91 
c 

program diflorfourier1d 
parameter (pi=3.14159265358979323844,nmax=1024) 
implicit double preCision (a-h,o-z) 
dimension u(nmax+2),v(nmax+2),w(nmax+2) 
dimension expbdt(2,2),expbdu(2,2),work(2*nmax) 
double precision kappa,iden(2,2),initb(2,2),11,12 
real*4 temp3,temp4,temp5,inittime,dat(nmax,2),class 
real*4 work1(nmax+3*(101+1» 
character temp1*10,temp2*10,meanfile*10 
logical mean,output,readfile 
common /block1/ sigma,rho,beta,kappa,mean 



c 

common /wrk/ work 
data sigma,rho,beta /10.0,28.0,2.6666666666/ 
data «iden(i,j),j=l,2),i=l,2) /1.0,0.0,0.0,1.0/ 

c Define the constants 
c 

num=iargcO 
dt=1.0e-3 
tend=50.0 
n=nmax 
kappa=1.0d-2 
interval=20 
inittime=O.O 
mean=.false. 
output=.true. 
readfile=.false. 
meanfile='meansln' 
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call getopt(dt,initime,mean,readfile,output,tend,n,rho.sigma. 
& kappa,interval.meanfile) 

c 

open(unit=ll.file='parameters') 
write(ll.l)sigma,rho,beta,kappa.tend,dt,n.interval,inittime 
if (mean) write(ll,*)'Mean is saved.' 
if (output) write(ll,*)'Integration results are saved.' 
close(l1) 
a=O.O 
b=1.0 
dx= (b-a)/dble (n) 
tstart=O.O 
tpast=tstart 

c Initialize the Fourier transform. 
c 

call drc1ft(u,n,work,-3,ier) 
c 
c Assign u,v,w their initial values. 
c 

if (.not.readfile) then 
do i=l,n 



c 

dummy=dexp(-40.0dO*«i-1)*dx-O.5dO)**2) 
u(i)=O.1*dummy+sqrt(beta*(rho-1.0)) 
v(i)=u(i) 
w(i)=O.1*dummy+rho-1.0 

end do 
else 

do i=l,n 
read(*,2)temp3,temp4,temp5 
u(i)=db1e(temp3) 
v(i)=db1e(temp4) 
w(i)=db1e(temp5) 

end do 
end if 

if (output) then 
write(*,'(f12.6)')sng1(tpast) 
write(*,2)(sng1(u(i)),sngl(v(i)),sng1(w(i)),i=l,n) 

end if 

c initb is the matrix B 
c 

c 

initb(l,l)=-sigma 
initb(l,2)=sigma 
initb(2,l)=rho 
initb(2,2)=-1.0 

c s is the diffrence of the two eigenvalues of matrix B 
c s=11-12, 11>12 
c 

s=dsqrt«sigma-1.0)**2+4.0*rho*sigma) 

c 
c Calculate exp(Bt) 
c 

11=(-sigma-1.0+s)/2.0 
12=(-sigma-1.0-s)/2.0 
expl1t=dexp(11*dt/2.0dO) 
exp12t=dexp(12*dt/2.0dO) 
quanta=-(12*expl1t-11*exp12t)/s 
quantb=-(exp12t-expl1t)/s 
do i=l,2 
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c 

do j=1,2 
expbdt(i,j)=quanta*iden(i,j)+quantb*initb(i,j) 

end do 
end do 
exp11t=dexp(11*dt) 
exp12t=dexp(12*dt) 
quanta=-(12*exp11t-11*exp12t)/s 
quantb=-(exp12t-exp11t)/s 
do i=1,2 

do j=1,2 
expbdu(i,j)=quanta*iden(i,j)+quantb*initb(i,j) 

end do 
end do 

c Integrate forward. Stop every INTERVAL steps. 
c 
c 
c Do INITTIME first. 
c 

c 

if (mean) open(unit=12,file=meanfile) 
nsteps=int(inittime/dt) 
temp=interval 
interval=nsteps+1 
do k=1,nsteps,interval 

call linstp(u,v,w,n,nmax+2,dt/2.0,expbdt) 
do 1=1,interval-1 

call nlnstp(u,v,w,n,nmax+2,dt) 
call linstp(u,v,w,n,nmax+2,dt,expbdu) 

end do 
call nlnstp(u,v,w,n,nmax+2,dt) 
call linstp(u,v,w,n,nmax+2,dt/2.0,expbdt) 

end do 

c Output every INTERVAL after the initial transient time. 
c 

nsteps=int«tend-inittime)/dt) 
interval=temp 
do k=1,nsteps,interval 

call linstp(u,v,w,n,nmax+2,dt/2.0,expbdt) 
do 1=1,interval-1 
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c 

call nlnstp(u,v,w,n,nmax+2,dt) 
call linstp(u,v,w,n,nmax+2,dt,expbdu) 

end do 
call nlnstp(u,v,w,n j nmax+2,dt) 
call linstp(u,v,w,n,nmax+2,dt/2.0,expbdt) 
if (output) then 

write(*,'(f12.6)')sngl(inittime+k*dt) 
write(*,2)(sngl(u(i»,sngl(v(i»,sngl(w(i»,i=l,n) 

end if 
end do 
if (output) then 

write(*,'(f12.6)')sngl(inittime+k*dt) 
write(*,2)(sngl(u(i»,sngl(v(i»,sngl(w(i»,i=l,n) 

end if 

if (mean) close(12) 

stop 
1 format(lx,'The parameters for this run are:'//lx,'Sigma=', 

& e12.6/1x,'Rho =',e12.6/1x,'Beta =',e12.6/1x,'Kappa=', 
& e12.6/1x,'The final time is:',e8.2,' and the time step:', 
& e12.6,'.'/lx,'This is a ',i3,'-point line.'/lx, 
& 'Output is saved every ',i3,' steps after time reaches' 
& ,e12.6/) 

2 format(4(lx,f12.6» 
end 

c This subroutine performs dt of the linear part of the equations 
c 

c 

subroutine linstp(u,v,w,n,n2,dt,expbdt) 
parameter (pi2=9.86960440108935861856,nmax=1024) 
implicit double precision (a-h,o-z) 
dimension expbdt(2,2) 
dimension u(n2),v(n2),w(n2),work(2*nmax) 
double precision kappa 
common /block1/ sigma,rho,beta,kappa,mean 
common /wrk/ work 

c Do the 1D Fourier transform 
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c 

c 

call drclft(u.n.vork.+l.ier) 
call drclft(v.n.vork.+l.ier) 
call drclft(v.n.vork.+l.ier) 

c Do dt of the linear part 
c 

c 

if (mean) vrite(12.'(3(lx.e12.6))')sngl(u(1)).sngl(v(1)). 
$ sngl(v(1)) 

do mode=1.n/2+1 
factor=dexp(-kappa*(mode-l)**2*dt) 
alr=u(2*mode-l) 
a1i=u(2*mode) 
a2r=v(2*mode-l) 
a2i=v(2*mode) 
u(2*mode-l)=factor*(alr*expbdt(1.1)+a2r*expbdt(1.2)) 
u(2*mode)=factor*(ali*expbdt(1.1)+a2i*expbdt(1.2)) 
v(2*mode-l)=factor*(alr*expbdt(2.1)+a2r*expbdt(2.2)) 
v(2*mode)=factor*(ali*expbdt(2.1)+a2i*expbdt(2,2)) 
v(2*mode-l)=v(2*mode-l)*factor*dexp(-beta*dt) 
v(2*mode)=v(2*mode)*factor*dexp(-beta*dt) 

end do 

call drclft(u,n,vork,-l.ier) 
call drclft(v.n,vork,-l,ier) 
call drclft(v,n,vork,-l,ier) 

return 
end 

subroutine nlnstp(u,v.v,n,nmax,dt) 
implicit double precision (a-h,o-z) 
dimension u(nmax) ,v(nmax) ,v (nmax) 

c Do dt of the nonlinear part 
c 

do i=l.n 
caillornln(u(i),v(i),v(i),dt) 

end do 
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c 

return 
end 
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c This subroutine performs one step forward for the nonlinear part 
c of the Lorenz-diffusion system. x, y, z contain the initial 

. c values. On return they contain the new values 
c 

c 

subroutine lornln(x,y,z,dt) 
implicit double precision (a-h,o-z) 

c bi, b2, b3 are the initial conditions 
c 

c 

bi=x 
b2=y 
b3=z 

c Calculate the new values 
c The first statement is redundant. 
c 
c x=bi 

y=b2*dcos(bi*dt)-b3*dsin(bi*dt) 
z=b2*dsin(bi*dt)+b3*dcos(bi*dt) 
return 
end 

The reason for this particular structure of the subroutines that evaluate the lin
ear and nonlinear steps is to ensure vectorization. Although we do not understand 
the reasons, this layout does vectorize well. 
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APPENDIX B Derivation of Equation 2.19 

Let 

B=(~ ~). 
We know from the Cayley-Hamilton theorem that 

B2 - (a + d)B + (ad - be)! = O. 

Since 

eBt = f (B~)n, 
n=O n. "" 

it stands to reason that we should be able to express eBt in terms of ! and B. 

Suppose that 

eBt = /(t)! + g(t)B. 

Since eBt = ! at t = 0 we need /(0) = 1, g(O) = O. Moreover, (eBt )' = BeBt . 

Hence (eBt)' = B at t = 0, so 1'(0) = 0, g'(O) = 1. 

We assume that 

where 

/(t) = aueA+t + a12eLt, 

g(t) = a21eA+t + a22eA-t, 

-(a + d) ± v(a - d)2 + 4bc 
A± = 2 

are the eigenvalues of B. This is also an intuitive assumption. Using these forms 

of / and 9 and the conditions they have to satisfy we get 
A_ 



117 

APPENDIX C Equations for the Coefficients of 
4.21 

Suppose that we want to solve the following general boundary value problem: 

(C.l) 

with 1/I(±l), 'I/J'(±l) given. We can recast (C.l) as 

Y Yl Y Yl Y2 Y3 

1/1 = f f Al'I/J dY2dYI + f f f f A2'I/J + j dY4dY3dY2 dYI + 
-1-1 -1-1 1 1 

The equations for the coefficients of Chebychev polynomials are now ready to be 

discovered! The construction is straightforward but tedious. 

To illustrate the method, let us use it to derive coefficients for the second order 

problem: 

'I/J" = A'I/J + j, (C.2) 

with boundary conditions 'I/J(±l) given. This problem has also been addressed by 
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[7] in a slightly different way. Their method though would not work on a fourth 

order problem. 

The main idea is to turn a differential equation into an integral equation, when 

using Chebychev polynomials, because differential operators are full matrices in 

Chebychev basis, while integral operators are sparse. The quantitative way to 

express the statement above is that it take O(N2) t.o solve a differential equation 

problem, while it takes O(N) to solve the same problem written as an integral 

equation, (see also [35]). 

Equation (C.2) becomes 

N ow assume that 

x Xl 

'I/J(X) = ! ! )..'I/J(X2) + f(X2) dX2 dXl + 
1 -1 

00 

'I/J(x) = L 'l/JiO)Tk(x), 
k=O 
00 

f(x) = L f~O)Tk(X). 
k=O 

We now use two identities from the theory of Chebychev polynomials: 

Tk+l(X) = 2xTk(x) - Tk- 1(X), 

2Tk(X) = k: 1 T~+l(x) - k ~ 1 T~_I(X). 
and substitute (CA) into (C.3). The terms of interest are 

X Xl T
k
+

2 
1 1 1 ! !Tk(X2) dx2dx

l = 4(k+l)(k+2) - 4k (k+l + k_l)Tk + 
-1 1 

(CA) 

Tk - 2 3( _l)k 
+ 4(k - l)(k - 2) - (k - 2)(k - l)(k + l)(k + 2) + 

Tl +To 
+ (k-l)(k+l)' 
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and 

+ (k - 1)(k + 1)" 

At this point we have eliminated the integrals from the right hand side of (C.3). 

Now multiply (C.3) by ll(x)w(x), where w(x) = (1 - X 2)-1/2 and integrate from 

-1 to 1. After some algebra, and after using the orthogonality property of the 

Chebychev basis, we get 

• l = 0 

5 1 13 
'l/Jo = -'4('x'l/Jo + fo) - "3('x'l/JI + fd - 16 ('x'l/J2 + h) + 

N ( 3(-I)k 1 ) 
+ {; (k - 2)(k - l)(k + l)(k + 2) + (kl)(k + 1) (,X'l/Jk + fk) + 

+ 'I/J(I)+'I/J(-I) +'I/J(-I)-
2 

1{ 2 5 - - -2('x'l/Jo + fo) - -('x'l/JI + fl) - -(,X'l/J2 + h) + 
2 3 8 

N (3(1-(-I)k) 2) } 
+ E (k - 2)(k - l)(k + l)(k + 2) + (kl)(k + 1) ('x'l/Jk + fk) , 

• l = 1 

• l = 2 

·'or 
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• l = 3 

• l = 4 

• l ;:::: 5 
1 ( WI-2 2Wl Wl+2 ) 

WI ="4 l (l - 1) - (l - 1)( l + 1) + l (l + 1) . 



121 

REFERENCES 

[1] G. K. Batchelor. An Introdu~tion to Fluid Dynamics. Cambridge University 

Press, 1967. 

[2] Bruce J. Bayly. Parametric probability distribution function closures. Re

quests for copies of this work should be addressed directly to the author. 

[3] Bruce J. Bayly. A three-mode cascade model. According to BJB this is work 

done at the Aspen Center for Physics, hence the name Aspen closures for all 

closures that share the same basic idea as in that manuscript. 

[4] Bruce J. Bayly. Notes on mapping-correlation closure for scalar reaction

diffusion system. Requests for copies of this work should be addressed directly 

to the author, May 1991. 

[5] Carl M. Bender and Steven A. Orszag. Advanced Mathematical Methods for 

Scientists and Engineers. McGraw-Hill, Inc., 1978. 

[6] Andreas C. Cangellaris. Numerical stability and numerical dispersion of a 

compact 2-D /FDTD method used for the dispersion analysis of waveguides. 

IEEE Microwave and Guided Wave Letters, 3(1):3-5, January 1993. 

[7] C. Canuto, M.Y. Hussaini, A. Quarteroni, and T.A. Zang. Spectral Theory 

in Fluid Dynamics, volume 16 of Springer Series in Computational Physics. 

Springer Verlag, 1988. 

[8] Hudong Chen, Shiyi Chen, and Robert. H. Kraichhnan. Probability distribu

tions of a stochastically advected scalar field. Phys. Rev. Letters, 63(24):2657-

2660, December 1989. 

[9] Robert E. Collin. Field Theory of Guided Waves. IEEE Press, New York, 

2nd edition, 1991. 



122 

[10] M. D. Feit and Jr. J. A. Fleck. Computation of mode properties in optical fiber 

waveguides by a propagating beam method. Applied Optics, 19(7):1154-1164, 

April 1980. 

[11] Martin Golubitsky and David G. Schaeffer. Singularities and Groups in Bifur

cations Theory, volume 51 of Applied Mathematical Sciences. Springer Verlag, 

1985. 

[12] Patrick S. Hagan. Target patterns in reaction-diffusion equations. Advances 

in Applied Mathematics, 2:400-416, 1981. 

[13] Patrick S. Hagan. Spiral waves in reaction-diffusion equations. SIAM Jour

nal, Applied Mathematics, 42(4):762-786, 1982. 

[14] Dan Henry. Geometric Theory of Semilinear Parabolic Equations, volume 840 

of Lecture Notes in Mathematics. Springer Verlag, 1981. 

[15] Michael James Huff. A bifurcation analysis of the lorenz system with diffusion. 

Master's thesis, University of Texas at Austin, August 1992. 

[16] E. L. Ince. Ordinary Differential Equations. Dover Publications Inc., New 

York, 1956. 

[17] J. D. Jackson. Classical Electrodynamics. Wiley, 2nd edition, 1989. 

[18] Herbert B. Keller. Numerical solution of bifurcation and nonlinear eigenvalue 

problems. In P. H. Rabinowitz et al., editor, Applications of Bifurcation The

ory, pages 359-384. Academic Press, 1977. In the part that explains how 

to solve the system Ax = y where A is an n x n matrix with the following 

structure 

A=(~ ~), 
and A is an (n - 1) x (n - 1) there is a typographical error. On page 377 

OAn = Ph - C'hZh 

dh - C'hYh 



123 

should replace (6.4c). 

[19] Robert R. Klevecz, James Pilliod, and James Bolen. Autogenous formation 

of spiral waves by coupled chaotic attractors. Chronobiology International, 

8(1):6-13, 1991. 

[20] Robert H. Kraichnan. Stochastic modeling of isotropic turbulence. In 

Lawrence Sirovich, editor, New Perspectives in Turbulence, pages 1-54. 

Springer Verlag, 1991. 

[21] M. T. Landahl and E. Mollo-Christensen. Turbulence and Random Processes 

in Fluid Mechanics. Cambridge University Press, 1988. 

[22] C. E. Leith. Mapping closure for linear diffusion of a homogeneous random 

scalar. Requests for copies of this work should be addressed directly to the 

author, June 1991. 

[23] L. Li and J. J. Burke. Linear propagation characteristics of periodically seg

mented waveguides. Optics Letters, 17:1195-1197, September 1992. 

[24] Ehud Meron. Pattern formation in excitable media. Physics Reports-Review 

Section of Physics Letters, 218(1):1-66, 1992. 

[25] J. D. Murray. Mathematical Biology, volume 19 of Biomathematics Texts. 

Springer Verlag, 2nd edition, 1993. 

[26] A. C. Newell. Rossby wave packet interactions. Journal of Fluid Mechanics, 

35(2):255-271, 1969. 

[27] Alan C. Newell and Jerome V. Maloney. Nonlinear Optics. Addison Wesley, 

1992. 

[28] S. B. Pope. Pdf methods for turbulent reactive flows. Prog. Energy Combust. 

Sci., 11:119-192, 1985. 



124 

[29] William H. Press, Brian P. Flannery, Saul A. Teukolsky, and William T. Vet

terling. Numerical Recipes in C, The Art of Scientific Computing. Cambridge 

University Press, 2nd edition j 1992. 

[30] G. D. Smith. Numerical Solution of Partial Differential Equations: Finite 

Difference Methods. Oxford University Press, New York, 3rd edition, 1985. 

[31] Joel Smoller. Shock Waves and Reaction-Diffusion Equations, volume 258 of 

Comprehensive Studies in Mathematics. Springer Verlag, 1983. 

[32] Collin Sparrow. The Lorenz Equations: Bifurcations, Chaos and Strange At

tractors, volume 41 of Applied Mathematical Sciences. Springer Verlag, 1982. 

[33] M. M. Stanisic. The Mathematical Theory of Turbulence. Springer Verlag, 

2nd edition, 1988. 

[34] Roger Temam. Infinite-Dimensional Dynamical Systems in Mechanics and 

Physics, volume 68 of Applied Mathematical Sciences. Springer Verlag, 1988. 

[35] Laurette S. Tuckerman. Transformations of matrices into banded form. Jornal 

of Computational Physics, 84:360-376, 1989. 

[36] David C. Wilcox. Turbulence Modeling for CFD. DCW Industries, Inc, 1993. 

[37] Amnon Yariv. Quantum Electronics. John Wiley & Sons, 2nd edition, 1975. 


