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ABSTRACT 

The polarization properties of volume holograms are investigated theoretically and 

experimentally. Various coupled wave theories are applied to investigate the polarization 

characteristics of volume holograms in differ.e~t diffraction regimes, and first-order two

wave coupled theory is used to predict a series of useful polarization dependent optical 

devices. An effective medium theory treatment of volume holograms is developed to 

treat gratings with periods much smaller than the wavelength. Rigorous coupled wave 

theory is used to explore experimentally obtained results and verify theories explaining 

the deviation of the real behavior of volume holograms from their ideal behavior. Volume 

holograms are fabricated in dichromated gelatin as polarization modifying optical 

components. 
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Chapter One 

Introduction 
The history of the volume hologram is a relatively short one. The first volume 

hologram was created only a century ago by Gabriel Lippmann using his unique process 

of color photography [Lippmann 1894]. Lippmann's method was to image a scene onto a 

photographic plate backed by a reflective surface. The reflective backing created a 

standing wave which was recorded by the photographic emulsion. Thus Lippman's 

photograph was a reflection hologram. In 1948, the holographic process was first 

conceived by Denes Gabor [Gabor 1948] as a method of microscopy. His method 

involved placing a small object directly in the path of a reference wave and recording the 

interference between the reference wave and the light scattered from the object. Gabor 

received the Nobel Prize in Physics in 1972 for his discovery. However, his method had 

the undesirable feature of generating multiple diffraction images. This problem was 

solved fourteen years later when volume holography was invented by Iurii Nikolaevich 

Denisiuk in 1962 [Denisyuk 1962]. Denisiuk's method was a generalization of 

Lippmann's process and involved placing the object on the side of the holographic 

recording medium opposite the reference wave. His method generated a high number of 

interference fringes within the photographic medium, and the diffraction process was 

dominated by Bragg diffraction [Bragg 1912]. Because most of the diffracted energy 

went into the desired diffraction order, the undesired diffraction images which disturbed 

Gabor's process were suppressed. In 1962, Emmet N. Leith and Juris Upatnieks took 

advantage of the extended coherence length of lasers to record holograms with an off

axis geometry. Since then, the production of high quality volume holograms has been 
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possible, and considerable research has been conducted to obtain high efficiency 

holograms. 

1.1 The Volume Hologram 

To understand the polarization properties of volume holograms, it is necessary to 

understand what is a volume hologram. A hologram is a record of the amplitude and 

phase of an electromagnetic wave along a surface. The surface can be of any arbitrary 

shape, but generally it is planar. As yet, there are no materials which alone respond to 

the phase of an electromagnetic wave. All known optical materials interact with the 

intensity of the wave. Thus recording a wave front directly in a photographic material 

discards the phase information. However, coherent interference between two waves is 

dependent on the relative phases of the waves. Denes Gabor realized that a photographic 

medium in conjunction with a reference wave of know characteristics would generate a 

record of the amplitude and phase of an arbitrary object wave. He named this record 

"hologram", meaning "whole picture." Thus, a record of the amplitude and phase of an 

arbitrary wavefront can be optically generated by interfering the wave front reflected from 

an object with a known reference wave front in a photographic medium. The reference 

wave is usually a plane wave or a spherical wave. Upon illumination of the hologram 

with the reference wave, the hologram will reconstruct the object wave. There are other 

methods of generating planar holograms, most notably computer generated holography 

[Lee 1992], but these will not be discussed as t.he interest here is in volume holograms. 

A volume hologram is a holographic recording in a three-dimensional volume as 

opposed to on a two-dimensional surface. Figure 1.1 shows a two-dimensional hologram 



Fig 1.1 Surface (left) and volume (right) holograms 
and the planes waves which generate them. 

20 
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and a three-dimensional volume hologram. Volume holograms have different diffraction 

characteristics than two dimensional holograms, and the transition from surface 

diffraction to volume diffraction is indistinct [Gaylord 1981]. Volume diffraction is 

characterized primarily by three things: high diffraction efficiency, sensitivity to 

reconstruction wavelength and angular misalignment, and dependence of the diffraction 

efficiency on the polarization state of the reconstruction wave. Due to the three 

dimensional nature of the wave front record, volume holograms are generally produced 

optically. It is also possible to generate diffractive elements which exhibit volume 

diffraction characteristics by cascading a series of planar holograms [Nordin 1992]. For 

the purposes of this dissertation, the volume diffractive elements are assumed to be 

optically generated. 

1.2 Coupled Wave Theory 

The study of polarization characteristics is the next logical step in the study of 

volume holograms and follows the progression of the study of refraction. In classical 

optics, the first fact established was the angle at which a plane wave is refracted by a 

planar interface. The physical law governing the angle of refraction, Snell's Law, was 

empirically determined by Willebrord Snell van Royen in 1621. The analogous physical 

law governing diffraction from a planar grating, the grating equation, was discovered by 

Josef von Fraunhofer in 1821. Once the direction of the refracted light wave is known, 

the next point of interest is the energy cou{'led into the wave. In wave optics, the 

physical laws governing the energy transfer are the Fresnel formulae, discovered in 1823 

by Augustin Jean Fresnel. In volume diffractive optics, analogous equations were 
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developed by Sir Chandrasekhara Venkata Raman and N.S. Nagendra Nath in 1936 and 

are known as coupled wave theory. As with the Fresnel formulae, coupled wave theory 

predicts that the energy transfer is dependent on the polarization state of the incident 

wave. This volume hologram characteristic is investigated in this dissertation, in the hope 

of producing useful devices that exploit the polarization phenomena of planar-grating 

volume holograms. The Fresnel formulae also predict that waves reflected from and 

transmitted through a boundary will have polarization dependent phases. Similarly, 

coupled wave theory also predicts that for a volume hologram the reflected and 

transmitted diffraction orders will have polarization-dependent phases. This aspect of 

volume hologram diffraction is also explored in this dissertation. 

Other diffraction analysis methods are available for the analysis of volume 

holographic gratings. These include the optical path method [Raman 1935], the beam 

propagation method [Yevick 1982], the boundary diffraction method [Sheridan 1994], 

the finite-element method [Delort 1993], and the modal model [Li 1993b]. Useful 

reviews of volume grating diffraction theories have been presented by Charles Elachi 

[Elachi 1976], Pierre Russell [Russell 1981], and Thomas Gaylord [Gaylord 1985]. 

1.3 Effective Medium Theory 

Rigorously solving the coupled wave equations is numerically intensive, so 

approximate methods are used when possible. If the period of the grating is much smaller 

than the wavelength of the incident wave, th~n a useful approximate method know as 

effective medium theory allows the hologram to be treated as a birefringent medium. The 

theory was first developed by Ottavanio Fabrizio Mossotti in 1850 for treating spheres 
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imbedded in a continuous surrounding medium under a static field. In 18n, John William 

Strutt, Third Baron Rayleigh, applied effective medium theory for analyzing the 

conductivity of cylindrical objects regularly embedded in a host medium. Effective 

medium theory was first used to derive the optical properties of a composite material in a 

time varying field in 1904 by James Clerk Maxwell Garnett. In 1935, Dirk Anton George 

Bruggman presented the modern treatment of effective medium theory. The first 

application of effective medium theory to analyze a grating is unclear, as a grating can be 

seen as a two material composite (air and glass). However, the treatment can probably be 

attributed to Sergei M. Rytov, who presented an analysis of finely stratified media in 

1955. To the best knowledge of the author, the effective medium theory has not before 

been applied to volume holograms. In this dissertation, the effective medium treatment is 

used to calculate the form birefringence of a volume holograms with the intent of 

developing simple holographic waveplates. 

1.4 Model Parameters 

A problem facing optical engineers using any volume holographic diffraction 

models is obtaining the correct parameters to use in the calculations. Many researchers 

have presented values for the various hologram parameters, butdiscrepancies between the 

theoretical results and experimental results have always been present. The permittivity of 

a hologram has a considerable effect on its performance and is one of the most difficult 

parameters to obtain. Various experimental m~thods for determining the parameters were 

investigated and compared in order to select the best techniques for characterizing 
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volume holograms. Parameters that must be determined include the thickness, the bias 

permittivity, the permittivity modulation, and the fringe angle. 

1.5 Hologram Fabrication 

In order to perform the characterization, it is necessary to fabricate a variety of 

volume holograms. Because of the high diffraction efficiency achievable and the relatively 

low cost of the medium, dichromated gelatin is used as the holographic medium. Since 

no commercial source of dichromated gelatin holographic plates exists, it is necessary to 

manufacture one's own holographic plates. To this end, a variety of methods for coating 

a dichromated gelatin solution on a glass substrate were investigated, including the 

gravity settling method, bar coating, spectroscopic plate adaptation, and spin coating. 

Ultimately, thick, uniform films were obtained using a modified photoresist spin coater. 

Then, the effects of various types of gelatin on hologram quality were investigated as 

were a variety of development techniques. Considerable experimental work was 

performed to obtain high quality holographic emulsions. However, most of the work has 

already been presented by my collaborator, Tae Jin Kim, in his master's thesis [Kim 1991], 

and the interested reader is directed there for further information. 

1.6 Polarization Components 

Once the holographic medium is well characterized, high quality volume 

holographic polarization components can be created, including a variety of polarization 
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beam splitters and waveplates. Most of the polarization beam splitters presented in this 

dissertation have not before been fabricated in a volume material. Owing to the small 

periods required for the polarization beam splitters, they have yet to be fabricated as 

surface relief gratings. The waveplates have been fabricated for the first time in a volume 

material similar to the work done by Norbert Streibl using surface relief gratings [Cescato 

1990]. Additionally, polarization independent gratings can be fabricated. These may be 

useful as input couplers for substrate mode devices [Kostuk 1990]. 

Some of these polarization devices were created in dichromated gelatin and 

compared to similar diffractive devices which are realized with surface relief gratings. 

The devices were chosen for fabrication based on the following observation: the 

absorption of the construction waves by the dichromated gelatin emulsion during 

exposure causes a gradient in the bias permittivity of strongly modulated holograms. 

Since only unslanted transmission holograms can be Bragg matched throughout the 

hologram if the bias permittivity is not constant, the research presented here concentrates 

on these types of gratings. 

1.7 Original Contributions 

Novel work presented in this dissertation includes: 

1) use of first-order two-wave coupled wave theory to predict a new class of 

holographic polarization beam splitters, 

2) creation of one of these polarizatioq beam splitters in dichromated gelatin, 

3) use of first-order two-wave coupled wave theory to predict a new polarization 

independent grating input coupler, 
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4) a comparison of the various experimental methods for determining the 

permittivity of a volume hologram, 

5) the application of effective medium theory to volume holographic gratings, 

6) development of the integral approach to effective medium theory, and 

7) the creation of a quarter-wave retarding zeroth-order volume holographic 

grating. 



Chapter Two 

Coupled Wave 
Analysis of Volume 
Holograms 

27 

A volume hologram functions by a process of coherent scattering called 

diffraction. The scattering may be caused by variations in either the permittivity or the 

absorption of the holographic medium. The fundamental equation governing the 

diffraction from a periodic object is the grating equation. Other diffraction equations, 

such as the Bragg condition or the Floquet condition, can be obtained from the grating 

equation. Consider the infinite, two dimensional grating shown in Fig. 2.1. The dots 

represent point scatterers which scatter light identically. If the coherence length of the 

wave illuminating the grating is long enough, the light scattered from each point will 

interfere, adding constructively only in certain directions. For plane wave illumination, 

the grating equation expresses this mathematically: 

A 
sin(e m)= sin(e inc )+m_O , 

nA 
(2.1) 

where n is the index of refraction of the medium surrounding the grating, AO is the free 

space wavelength of the illumination wave, A is the period of the grating, m is an integer 



• • • • tt 

f----I 
A 

normal 

e 
m 

incident 

• • • • • 

diffracted 
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called the diffraction order, Sine is the angle of incidence with respect to the normal to the 

grating, and Sm is the diffraction angle of the mth diffraction order. The grating equation 

expresses the physical condition that for each diffraction order, every scattering point 

scatters in phase with every other scattering point. In Fig. 2.2, the scattering points 

scatter in phase if the distance from point A to point B plus the distance from point B to 

point C is an integral multiple of the wavelength of the incident plane wave. The 

scattering process itself may introduce a phase shift in the scatter waves, but since all the 

scatterers are identical the phase shifts may be neglected. 

If the grating is three dimensional instead of two dimensional, then the condition 

for constructive interference is more restrictive. A three dimensional grating can be 

considered a stack of two dimensional gratings, and the light scattered from each grating 

in the stack must constructively interfere with the light scattered from all other stacks. 

This can be seen in Fig. 2.3. The optical path difference OPD of the wave which scatters 

at point A and travels to point B and the wave which travels from point A to point C and 

then is scattered must be an integral number of wavelengths. The only angles of 

incidence Sine for which this is true are the angles for which the angles of incidence and 

diffraction are the same. This condition was first mathematically expressed by Sir William 

Lawrence Bragg and is known as Bragg's Law [Bragg 1912]: 

2nA sin(S B,m ) = mt.. (2.2) 

where SB,m is the mth Bragg angle. Bragg's Law is a special condition of the grating 

equation for which the angle of incidence equ~s the angle of diffraction and for which the 

grating normal is parallel to the fringe planes (perpendicular to the grating vector). 
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addition of waves scattered from a 
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Fig. 2.3 Three dimensional geometry governing Bragg 
diffraction. 
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The grating equation and the Bragg condition are the most important equations 

governing the performance of volume holograms. The various theories used to describe 

the diffraction characteristics of volume holograms use them as a starting point for the 

derivation of their equations. The most useful method for solving volume hologram 

diffraction problems is coupled wave analysis. A variety of treatments of the diffraction 

problem are possible using coupled wave analysis depending upon the approximations 

each technique requires. 

2.1 The Coupled Wave Equations 

There are various coupled wave solutions to the problem of volume diffraction. 

The solutions differ primarily in the number of waves retained in the solution and the 

approximations made to the coupled wave equations. Though the solution methods may 

differ, the methods make many of the same assumptions about the diffraction medium. 

All coupled wave methods assume that the diffraction medium is bounded by parallel 

planar surfaces and is unbounded in the directions tangential to the surfaces. The 

permittivity of the hologram must be periodic and must have a component which varies in 

a direction tangential to the hologram surface. Such a medium is pictured in Fig. 2.4. It 

is also generally assumed that grating parameters are constant. The grating parameters 

include the grating period A, the grating slant angle 4>, the hologram thickness t, and the 

Fourier series coefficients [Bracewell 1986] of the relative permittivity Ej: 

E,(r)=EO+ ~>j ,cos(Kj ·r). 
j (2.3) 
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Fig. 2.4 Slanted volume hologram with a periodic 
pennirtivity modulation showing coordinates 
for coupled wave analysis. Note that x,y, and 
z are coordinates within the hologram while 
X, Y, and Z are coordinates outside the 
hologram. 
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According to the Floquet theorem [Brillouin 1946], the electric field inside a 

continuous periodic medium can be expressed as a superposition of an infinite number of 

plane waves. Utilizing the vector Floquet condition [Moharam 1983], the fields within 

the grating region can be expressed as an infinite sum of inhomogeneous plane waves 

[Gaylord 1985]. Within the grating, the propagation vector of the mth diffracted order km 

is equal to the propagation vector of the field illuminating the grating kine plus integer 

multiples of the grating vector R: 

(2.4) 

where m is an integer corresponding to the mth diffraction order. The propagation vector 

of the illumination is defined as: 

(2.5) 

where nine is the index of the medium of incidence, AD is the free space wavelength of the 

wave illuminating the grating, and k is a unit vector which points in the direction of 

propagation. The grating vector is defined as: 

_ 27t A 

K=-K 
A ' (2.6) 

where A is the period of the grating and K points in the direction normal to the fringes. It 
. 

is interesting to note that the grating equation can be obtained from the Floquet theorem. 
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The coupled wave expansion can be obtained by utilizing the Floquet theorem. 

This expansion was first obtained by Floquet as a general solution to Mathieu's equation 

[Brillouin 1946]: 

(2.7) 

where Co and C) are arbitrary constants and A is the period of the sinusoidal variation, 

and can be extended to arbitrary one-dimensional periodic functions. The general 

solution is an infinite series: 

'¥= 'L,Sme-i(k"",-mK)r • 

m 
(2.8) 

The solution was generalized to three dimensions by Felix Bloch and is commonly used to 

calculate electron wave functions in crystals [Bloch 1928]. 

By employing the vector Floquet condition, the electric field within the hologram 

region is expressed as: 

Egrat {z} = 'L,Sm (z). e -i(k.m >X + ky>Y) , 
(2.9) 

m 

where the z-direction is defined to be normal to the hologram surface, x and yare 

mutually perpendicular unit vectors directed tangential to the hologram surface, and the 

grating vector K is in the x-z plane (Fig. 2.~). The Floquet theorem is applied in the 

tangential direction (x-direction) and yields the tangential components of each wave of 
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the expansion k
Xm 

in terms of the tangential component of the incident wave kx.., and 

integer multiples of the tangential component of the grating vector Kx: 

kx =kx -mKx' 
m me (2.10) 

Note that since the amplitude coefficient of the electric field of the mth diffracted wave 

Sm(z) is a function of z, the z-component of the exponent has been absorbed into the 

amplitude coefficient: 

(2.11) 

Once the coupled wave expansion has been made for the field in the grating 

region, the expansion can be substituted into either the scalar Helmholtz wave equation 

[Jackson 1975a] or Maxwell's equations [Jackson 1975b]. At this point, a set of 

differential equations is obtained that describe the development of the field within the 

grating region as a function of depth into the hologram. This set of equations is what is 

generally called the coupled wave equations. The most common solutions are detailed 

below. 

2.2 Coupled Wave Solutions 

The coupled wave equations can be solyed in a variety of ways. Depending on the 

approximations made in order to realize a solution, there are four established methods for 

solving the coupled wave equations: the first-order two-wave technique, the second-order 
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two-wave technique, the first-order multiple-wave technique, and the second-order 

multiple-wave technique. Two main approximations are of concern for each of the 

solution methods. The first and most straight forward decision is whether to retain just 

two diffracted waves, the zeroth and first transmitted orders, or to retain many 

transmitted and reflected diffraction orders. To justify retaining only two waves, it must 

be assumed that the hologram is "thick" [Gaylord 1981] and that it is reconstructed near 

the Bragg angle. The second approximation concerns whether Maxwell's equations are 

solved exactly or approximately within the hologram region. If Maxwell's equations are 

solved approximately, the second order field derivatives in the Helmholtz equation are 

neglected. A variety of approximations concerning the hologram and the surrounding 

media must be made to justify neglecting the field derivatives. 

Of the four solutions, the most often used is first-order two-wave analysis. 

However, only second-order multiple-wave analysis can provide an exact solution. With 

the increasing availability of powerful personal computers, the exact solution is becoming 

more popular. 

2.2.1 First-order two-wave technique 

In 1969, Herwig Kogelnik [Kogelnik 1969] presented the first coupled wave 

solution for slanted sinusoidally modulated volume holograms by inserting the coupled 

wave expansion (Eq. 2.8) into the scalar Helmholtz wave equation: 

(2.12) 
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Taking the pennittivity modulation to be much smaller than the average pennittivity and 

the medium surrounding the hologram to have the same index as the hologram, Kogelnik 

could neglect the second derivatives of the coupled wave equations because the field 

variation in the direction normal to the hologram would be slow. Assuming a thick 

hologram, a sinusoidal pennittivity modulation, and near Bragg incidence allowed 

Kogelnik to retain only two diffraction orders. These assumptions allowed him to derive 

a single equation describing the diffraction efficiency of a volume transmission hologram 

and a single equation describing the efficiency of a volume reflection hologram. These 

equations are quite useful and provide intuition into the diffraction process. 

In 1991, Hans Dieter Tholl [Tholl 1991] extended Kogelnik's analysis to include 

non-sinusoidal pennittivity variations and multiple diffraction waves. Tholl's analysis 

accounts for the effects of the form birefringence of the grating and the dependence of the 

grating strength for the TM polarization on the permittivity profile. 

2.2.2 Second-order two-wave technique 

In 1977, Jin Au Kong [Kong 1977] extended Kogelnik's analysis by including the 

second derivatives of the coupled wave equations while still assuming that only two 

diffraction orders exists. However, Kong's analysis is only applicable to unslanted 

gratings. Mikhail Vasnetsov, et. al. presented a second-order two-wave analysis in 1985 

that is applicable to gratings with slanted fringes [Vasnetsov 1985]. The solution takes 

the form of two forward traveling and two backward traveling waves and can be cast in 

the form of a 2x2 polarization transfer matrix. [Chateau 1993]. Second-order two-wave 

analysis has the advantage that it accounts for Rayleigh's [Strutt 1907] and Wood's 

anomalies [Wood 1902, Hessel 1965] and that it is accurate at grazing incidence. 
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Additionally, the 2x2 matrix form of the theory is quite useful for investigating the effects 

of thick substrates on the diffraction process. Kogelnik's theory will not handle this 

because first order theory cannot account for backward traveling waves. The rigorous 

coupled wave technique can calculate the effects of thick substrates, but requires much 

more computation. 

2.2.3 First-order multiple-wave technique 

In 1936, Sir Chandrasekhara Venkata Raman and N.S. Nagendra Nath [Raman 

1936] analyzed acousto-optic diffraction with a coupled wave expansion in a sinusoidally 

modulated medium by neglecting the second order derivatives and retaining several 

waves. Their solution yielded the electric field amplitudes of the diffracted waves in 

terms of a series of Bessel functions. By assuming that the number of diffraction orders 

was "not too great," that the period was large compared to the wavelength, and that the 

modulation was small, the amplitude of the mth diffraction order is described simply by a 

single Bessel function of order m. 

2.2.4 Second-order multiple-wave technique 

In the 1980's, researchers presented a series of papers that extensively developed 

rigorous coupled wave analysis. In the rigorous coupled wave solution, the coupled wave 

equations are solved exactly while approximating the field within the grating by a finite 

number of plane waves. Initially, M.G. ¥oharam and Thomas Gaylord provided 

solutions for slanted holograms with arbitrary periodic permittivity modulations 

[Moharam 1981], for arbitrarily incident waves [Moharam 1983], and for cascaded 
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gratings [Moharam 1982]. Later, Elias Glytsis and Thomas Gaylord extended the theory 

to include anisotropic gratings [Glytsis 1987] and superimposed gratings [Glytsis 1989]. 

Instead of keeping just two diffraction orders, they kept an arbitrary odd number 

of orders in their calculations. Strictly, an infinite number of diffraction orders must be 

retained for an exact solution. However, since the number of orders propagating outside 

of the grating region is finite, the infinite series can be truncated. As the number of orders 

retained increases the solution converges to the correct one. For a volume hologram, one 

generally keeps two or four orders more than the propagating diffraction orders. The 

number of propagating diffraction orders is easily calculated, so retaining enough orders 

to assure a correct solution is generally not a problem. In general, the rigorous coupled 

wave solution is powerful and converges quickly. However, Li and Haggans [Li 1993] 

showed that, for metallic lamellar surface-relief gratings, rigorous coupled wave analysis 

must include many evanescent orders for the solution to converge. They attributed this 

problem to the poor representation of a rectangular permittivity profile by the Fourier 

series expansion used in rigorous coupled wave analysis. For volume holograms, 

however, the permittivity profile is generally well represented by five or fewer Fourier 

expansion terms. Therefore, the rigorous coupled wave technique is well suited to 

volume hologram diffraction analysis. 

2.3 Rigorous Coupled Wave Technique 

Rigorous coupled wave analysis is us~d extensively in this dissertation as a tool 

for exploring different diffraction regimes, for predicting the behavior of different 

holographic optical elements, and for verifying effective medium calculations. Although 
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rigorous coupled wave analysis has been described by other authors, a brief (and 

hopefully insightful) description is included here for completeness. 

As mentioned earlier, the Ploquet expansion contains an infinite number of waves. 

Clearly, it is impossible to numerically solve an infinite number of coupled differential 

equations. Generally, the coupled wave equations are calculated in the grating region in 

series form and then limited to a finite number of equations before solution. Unlike the 

other coupled wave solutions, the rigorous coupled wave solution is not obtained by 

entering the electric field expansion into the scalar wave equation. Instead, Maxwell's 

equations are used directly on expansions of both the electric and magnetic field. This 

increases the number of equations to solve by a factor of two, but decreases the order of 

the differential equations by one, from second order to first order. The increase in 

complexity is more than offset by the ability to use state-variable analysis [Blackman 

1977] to solve the coupled wave equations. 

The coupled wave expansion of the fields in the grating is inserted into the vector 

relations of Maxwell's equations (MKS units): 

Ampere's Law 

- - a - -
v x H grat - at D gral = J gral ' (2.13) 

and Faraday's Law 

- - a -
VxE gral + at Bgral =0, (2.14) 
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where ii is the magnetic field vector, fi is the dielectric field vector, J is the electric 

current density, and 8 is the magnetic induction (8 =/lii for a linear medium). Assuming 

that the grating is non-magnetic, that the fields are time harmonic with angular frequency 

co and time convention e+jcot, that there are no sources, and that the magnetic permeability 

/l is constant and equal to the permeability of free space /lo, then Maxwell's vector 

equations become: 

(2.15) 

and 

(2.16) 

where £~ is the permeability of free space, and E(X,Z) is the complex permittivity defined 

by: 

E,(X,Z) = c,(x,z)+ jJ..a(x,z). 
co (2.17) 

For this dissertation, the volume grating will be assumed to be non-absorptive and the 

second term on the right of Eq. (2.17) will be zero. The justification for this assumption 

is that high efficiency gratings are most desirable, and the highest diffraction efficiency is 

obtained from non-absorptive gratings. 

If the field expansions in the grating region are designated by: 

Egnu = L [SxJz)x + Sy," (z)v + SzJz)i 1 e-j(km'i') 

m 
(2.18) 

and 
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(2.19) 

then the field expansions (Eqs. 2.18 and 2.19) and the permittivity expansion (Eq. 2.3) 

can be substituted into Eqs. (2.15) and (2.16). 

First, consider just the left side ofEq. (2.16): 

Calculating the derivatives of the electric field yields: 

(2.21) 

(2.22) 

and 

dE,,,,=~[(dS'._jmK S )x+(dSv._jmKS )v+(dS"_jmK S )Z}-J(k.f) , 
dZ ..;.- dZ 1. 'm dZ ' V. dZ l '. (2.23) 

where the z-dependence of the coefficients has been suppressed (i.e. S, (z) = s, ). 
m m 

Consider now just the x-components of Eq. (2.16): 

"[-'kS _(as y,,+. KS )}-j(kon.f)=_.ro"u -j(km·f) (2.24) 
£.J J y Zm a J m Z Ym J . £.J 'on e , 
m Z C m 
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where c is the speed of light in a vacuum. Since the exponents on each side of the 

equation are the same, the summation can be dropped and each order m of the x

component can be treated individually: 

(2.25) 

To eliminate the term describing the dependence on the normal component (z

component) of the electric field on the right side of Eq. (2.25), consider just the z

component of Eq. (2.15): 

(2.26) 

Entering the field and permittivity expansions into the above equation yields: 

(2.27) 

where OJ is one when i equals zero and zero otherwise. Recalling the definition of the 

propagation vector, Eq. (2.4), it is evident that the arguments in the exponents on both 

sides of Eq. (2.27) will be equal when: 

kine - mK = k inL. - (p - i)K . (2.29) 
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(2.31) 

and the summation on the field has been dropped. Finally, Eq. (2.24) can be written in 

terms of only the tangential field components: 

(2.32) 

where am is the mth coefficient of the Fourier expansion of inverse of the permittivity 

[e(x,z)]-'. Truncating the series to include an odd number of terms, Eq. (2.32) can be 

written in matrix form: 

(2.33) 

where 

s S,. U U\' X-(II-nll • -(11-1)12 X-in-Ull . -(11-1112 (2.34) 

S = s ,Sy = S,. ,'Ox = u ,'Oy = u,. x Xn .11 Xo .11 

S S\' U U,. .t.(n-1I12 .+(11-1112 X.(II_Il/2 . t(,H)/2 

_(n-I) K 
:2 :: 0 

(2.35) 

K = Z 
0 

0 + (II-I) K 
:! ! 
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eo 1e_1 1e_2 1e_3 
(2.36) 

1el eo 1e_1 
E= 

1el eo 1e_1 

+e3 +e2 +el eo 
k 0 

X_(n_l)ll (2.37) 

k = x kxo 

0 k 
X.,(n-1)11 

and 

n = odd integer. (2.38) 

There are n orders retained. where the diffraction order m belongs to the range: 

_ (n -1) ~ 111 ~ + (n -1) . 
2 2 (2.39) 

Expressions similar to Eq. (2.33) can be derived for each of the tangential electric 

and magnetic field components. The four sets of equations (one each for Sx' Sy. Ux' and 

Uy) can be written together in matrix form: 

K, 0 ~k ,e-Iok 1 - 1- ---k oE- ok +1 k 
(2.40) k' , k ~ -' n 0 

S'j 
0 0 

[S, 0 K, 1 - 1-- -~k Of-10 k 
S, 0 

-k of-ok -Ik 
d IG) y v n a k' , o Sy 0 

dz 
- =-) 1 - - 1 - - _ U, U, --k,ok, -krok,-koE K, 0 
U, k" k Uy 

0 
_ 1 - - 1- -

k"E--k, ok, --k ok 0 K, 
ko k ' , 

(J 

where 

(2.41 ) 
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and In is an identity matrix of size n x n. 

It should be noted from the set of equations in Eq. (2.40) that there is no coupling 

between the x-components and the Y-components when ky is zero. In this case, called 

nonconical incidence, the fields of the TE and TM polarizations are decoupled. In 

general, however, the solutions are coupled and energy will be coupled between the TE 

and TM polarizations of the incident and diffracted beams. 

Eq. (2.40) can be written compactly as: 

d - - --V{z) = M· V{z). 
dz (2.42) 

Such a set of equations can be solved using the state-variable method [Blackman 1977] 

by calculating the eigenvalues and eigenvectors of the state matrix, M. The solution can 

be expressed as: 

V(z) = W .~(z)·C, (2.43) 

where C is a 4·n x 1 vector of unknown constants which are determined by the boundary 

conditions, W is a matrix of the eigenvectors of M , 

o 
(2.44) 

~(z)= 

o 

and Am is the mth eigenvalue of M corresponding to the mth eigenvector in W. 
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The unknown constants, C, are determined from the boundary conditions. The 

boundary conditions are obtained by matching the tangential electric and magnetic fields 

at boundaries between the hologram and the surrounding media. At the boundary 

between the hologram and the incidence medium Zo (Fig. 2.4) the tangential wave 

components of the electric field within the hologram are matched with the sum of 

tangential wave components of the reflected waves and the incident beam: 

(2.45) 

for the x-components of the field and, 

(2.46) 

for the v-components of the field where 

o 
(2.47) 

o 
o (2.48) 

~(z)= e-j(O)K,z 

o 

and Rx and Ry are the amplitude coefficients of the reflected electric field in the x and y 

directions, respectively. The electric field of the incident plane wave is known and is 

given by: 
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E- [E ~ E . E ~l~-j(k, .... i) 
inc = incx X + incy Y + incz Z .f (2.49) 

Applying Eq. (2.16) to the given electric field in the incident medium, a similar set 

of boundary equations can be derived for the tangential magnetic field: 

(2.50) 

for the tangential components in the x-direction and, 

(2.51) 

for the tangential components in the v-direction where 

o (2.52) 

k = 
z"" 

o 

kine is the magnitude of the wave vector in the incidence medium 

(2.53) 

nine is index of refraction of the incidence medium. Note that kz,"c is the z-component of 

the propagation vector of the incident plane wave which travels in the positive z-direction 

while kz is a diagonal matrix of the z-components of the propagation vectors of the 
me 

reflected diffraction orders which travel in the negative z-direction. 
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Similar sets of equations can be derived to match the tangential fields at the 

boundary zl between the hologram and the substrate: 

and 

where 

k = z,.,., 

o 

o 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

(2.58) 

Finally, two more sets of equations are available expressing the propagation 

property of plane waves that the electric field is directed perpendicular to the direction of 

propagation: 

kinc·R=O, (2.59) 

and 

k,ran.'f = 0, (2.60) 

where 

kinc = k, + ky + kz , 
11'10' (2.61) 

k ,ran = kx +ky +kz , 
tra" (2.62) 
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(2.63) 

and 

(2.64) 

The boundary matching equations yield lO'n equations to solve for the lO'n 

unknowns- 3·n unknowns each for Rand T and 4'n unknowns for C. Standard matrix 

methods such as Gaussian elimination can be used to solve the complete set of equations: 

-i. 0 0 

0 -i 0 

w,X(zo} I- I-
0 0 -k k'ky kn ,~ 

n 

I- I-
--k 0 k

n 
k, ko l,~ 

-I. 0 0 

0 -t 0 

w·I(z,} 0 0 
I- I-

--k k]L ky & I" .. 

I- I--k 0 ko k, ko "0. 
0 k, I k, I k,,, .. 0 

0 0 k, I k, I k" .. 

£,.80 (2.65) 
£,.80 

C f- ';- E,_ + :' E,_ ~' R, o 0 

k k 
Ry ....!=..£ +....!=..£ 

R, 
ko '- ko '. 0 

= 0 
T, 0 
Ty 0 
T, 0 

0 
0 

where 0 is a n x 1 column vector of zeros and go is an n x 1 column vector which has a 

value of 1 in the (n+ 1)/2 th row and is zero everywhere else. 

Since Gaussian elimination requires N3 operations to yield a solution, where N is 

the rank of the matrix, the overall computation time can be reduced by expressing R and 

T in terms of C and then solving just for c: 

(2.66) 

where 



and 

~(zo) 0 

J1= 
~(zo) 

~(ZI) 
0 ~(ZI) 
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(2.67) 

(2.68) 

(2.69) 

(2.70) 

(2.71) 

The dimensions of matrices Ji and K are 4'n x 4·n, while Kine and K tran are matrices of 

dimensions 2'n x 4·n. The vector ~4n has dimensions 4'n x 1. 

Note that though Eq. (2.66) is given without derivation, it is implicit in the work 

of M.G. Moharam and T.K. Gaylord [Moharam 1981], the originators of the rigorous 

coupled wave technique. The reduced rank solution is obtained by lIsing Eqs. (2.45) and 

(2.46) to express Rx and Ry in terms of Sx and Sy. Rz can be expressed in terms of Rx 

and Ry using Eq. (2.59) and then in terms of Sx and Sy using Eqs. (2.45) and (2.46). 

Similarly, Tx, Ty, and Tz can be expressed in terms of Sx and Sy using Eqs. (2.54), (2.55), 

and (2.60). Once all the boundary conditions are expressed in terms Sx and Sy, they can 

be expressed in terms of t using Eq. (2.43) and Eq. (2.66) is obtained. Once the 

eigenvector weightings t are calculated from the recast boundary condition equations 
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(Eq. 2.66), R and T can then be calculated from C using the original boundary condition 

equations (2.45, 2.46, 2.59, 2.54, 2.55, and 2.60). 

If the amplitude of the incident wave is normalized to one, then the diffraction 

efficiency for each order can be calculated by taking the time average of the ratio of the 

normal component of the Poynting vector for each order to the normal component of the 

Poynting vector of the incident wave. This enforces conservation of energy and expresses 

the fact that energy flows only in the normal direction across a boundary. For the mth 

transmitted wave, this is expressed as: 

(2.72) 

and for the mth reflected wave it is: 

(2.73) 

It is necessary to take the real components of the ratios because orders retained may be 

evanescent. In that case, the normal component of the propagation vector is imaginary. 

Such waves do not propagate, and taking the real component of the ratio ensures their 

diffraction efficiencies are zero even if they have non-zero coefficients of reflection and 

transmission. 

Since rigorous coupled wave analysis yields the amplitude coefficients of 

transmission and reflection, one can also calculate the phase difference between 

orthogonal polarizations for each order. Following the usual convention, the polarization 

directions are indicated by the direction of vibration of the electric field with respect to 

the plane of incidence. By definition, the transverse electric TE direction for the mth 

order will be: 
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(2.74) 

where N is a unit vector normal to the surface and km is a unit vector in the direction of 

propagation of the mth order. In the case of normal incidence, the TE direction is defined 

to be in the +y-direction. The orthogonal direction is the transverse magnetic TM 

direction, defined as: 

(2.75) 

The TE direction is normal to the plane of incidence and the TM direction is 

contained within the plane of incidence. Since the electric field of the mth reflected order 

is given by the field vector Rm , the components of the mth order in the TE and TM 

directions are given by: 

R =(rn.R)fE TErn m' (2.76) 

and 

(2.77) 

Similar expressions are obtained for the mth transmitted order using f m • Once the 

TE and TM components are determined for a particular order, the electric field vector of 

the order can be expressed as: 

(2.78) 

where 



and 

The phase difference ~<i>TM-TE in the mth order is then given by: 

~<PTM-TE = <PTM -<PTM • m m m 

2.4 Rigorous Coupled Wave Analysis of Cascaded Gratings 
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(2.79) 

(2.80) 

(2.81) 

An assumption required for rigorous coupled wave analysis of grating diffraction 

is that the grating parameters (permittivity and grating vector) must be constant 

throughout the hologram. If the grating parameters are not constant, then the state-

variable solution cannot be used. For real holograms, however, the parameters do vary. 

To numerically analyze volume holograms in which the grating parameters vary, the 

holograms can be approximated by a series of sub-holograms each with constant grating 

parameters equal to the average of the actual parameters over the sub-hologram volume 

[Glytsis 1987]. The only limitation is that the tangential component of the grating vector 

be identical for each sub-hologram. For example, consider the hologram with the 

permittivity shown in Fig. 2.5. In this hologram, the bias permittivity is increasing as a 

function of depth into the hologram while the sinusoidally permittivity modulation is 

decreasing exponentially with depth. Figure 2.6 shows a four layer approximation to the 

hologram. If the variation in the parameters is strong, many layers may be required to 
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adequately represent the hologram. For a dichromated gelatin hologram, ten layers is 

usually sufficient to yield efficiencies and phases accurate to three decimal places. The 

accuracy is determined by performing a convergence analysis [Li 1993a]. 

There are two ways to solve the cascaded grating problem with rigorous coupled 

wave analysis. For both methods, the eigenvectors and eigenvalues for each layer are 

calculated. In one method, the multiple holograms are characterized by a single 

equivalent hologram using a recursion relationship which matches the tangential electric 

and magnetic fields at the interlayer boundaries [Glytsis 1987]. This involves a 

considerable amount of matrix multiplication involving taking the inverses of the 

eigenvector matrices. The accumulation of numerical round-off errors makes solving the 

system problematic. A more straight forward method is to solve for the fields at the 

internal boundaries as well as at the external boundaries of the hologram stack. This 

requires solving a much larger system of equations, but it is more numerically stable than 

the other method. This method is used in this dissertation to analyze volume holograms 

with varying grating parameters. Recently, a modification to the recursion method was 

proposed to overcome the numerical instabilities [Chateau 1994]. However, the work 

presented in this thesis was performed before the modified method had been made 

public, and it is not considered here. 

The solution of the cascaded grating problem is again obtained by applying 

Gaussian elimination to a simple set of equations to calculate the unknown weighting 

functions, 

(2.82) 

where 
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Fig. 2.5 Example of a hologram with permittivity 
modulation decay and permittivity variation 
as a function of depth Z into the hologram. 
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Fig. 2.6 Ten hologram layer approximation to a hologram 

with exponentially decaying permittivity modulation 

and exponentially saturating permittivity. 
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CI (2.83) 
C2 

CIL = 
CLol 
CL 
B4n (2.84) 
0 

B4nL = 
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I 

and L is the number of layers. The vectors are of size I x 4·n·L, and the matrix is of size 

4·n·L x 4·n·L. w1 is the eigenvector matrix of the 1 th layer (l ~ 1 ~ L), Il is a vector 

of the eigenvalue of the 1 th layer, zl-l is the z-coordinate of the front surface 1 th 

layer, and zl is the z-coordinate of the rear surface of the 1 th layer. Once the vector of 

unknown coefficients, elL' has been calculated, the electric field vectors of the reflected 

and transmitted diffraction orders can be determined using the method of the previous 

section. The first n elements of elL are used for calculating the reflection coefficients, 

and the last n elements of elL are used for calculating the transmission coefficients. 
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If the period of a volume holographic grating is small relative to the wavelength of 

the wave illuminating it, all non-zero diffraction orders of the grating will be evanescent. 

Only the zeroth transmitted and reflected diffraction orders will propagate outside the 

grating region. Such a grating is termed a zeroth order grating [Haggans 1993] or an 

ultra-high spatial frequency grating [0 no 1987]. Due to the asymmetry of the grating 

region, waves polarized perpendicular to the grating fringes are transmitted with a 

different phase than waves polarized parallel to the fringes. Additionally, the asymmetry 

causes a difference in the reflectivities of the two polarizations. This behavior is called 

form birefringence [Born 1987b, Gluch 1992] and can be characterized using effective 

medium theory as a difference in perrnittivities for the two polarizations. Novel devices 

have been proposed which take advantage of the form birefringence of periodic structures 

including waveplates [Cescato 1990], anti-reflection coatings [Raguin 1993], and prisms 

[Haidner 1992]. Since high quality volume holographic gratings are inexpensively and 

conveniently realized in emulsions such as photopolymers and dichromated gelatin, some 

of these devices may be fabricated in volume materials. 

Effective medium theory [Bom 1987] is an approximate theory applicable to 

gratings in the quasi-static regime, the limit in which the ratio of the grating period to the 

wavelength approaches zero. Effective medium theory has previously been applied to the 
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optical properties of surface relief gratings [McPhedran 1982, Haggans 1993], 

microscopically structured thin mITIS [Smith 1989, Hodgkinson 1993], and volume 

composite materials [Bruggeman 1935]. Due to mathematical similarities, effective 

medium theory can also be applied to calculate the effective DC electric conductivity, 

heat conductivity, diffusivity, and magnetic permeability of composite materials [Hashin 

1962]. 

In this dissertation, effective medium theory is applied for the first time to volume 

holograms. Analytical expressions are derived which yield the effective ordinary and 

extraordinary permittivities of a birefringent medium which behaves equivalently to a 

sinsoidally modulated volume hologram in the quasi-static limit. The limits of validity of 

the quasi-static approximation is investigated as the wavelength to grating period ratio is 

decreased. For holograms having periods smaller than one-tenth of the reduced 

wavelength of the reconstruction wave, effective medium theory agrees well with 

rigorous coupled wave theory. Additionally, numerical results are obtained for holograms 

having non-sinusoidal permittivity modulations. 

The complex coefficients of transmission and reflection can be calculated exactly 

using the rigorous coupled wave theory (RCWT) of diffraction. However, RCWT has 

several disadvantages. Rigorous diffraction theories yield numerical solutions which do 

not provide the intuition of the analytical solution of effective medium theory. Also, 

rigorous solutions are computationally intensive, while EMT allows simpler birefringent 

thin mm calculations to be performed [Mansuripur 1990]. For gratings having periods 

slightly below the cutoff period (the period at which a given volume grating becomes a 

zeroth order grating), the quasi-static approximation is invalid and RCWT, which is 

accurate for all wavelength to period ratios, must be used. 
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3.1 Ordinary and Extraordinary Permittivities of Volume Gratings 

In its simplest optical form, effective medium theory concerns the continuity of the 

electric and dielectric field vectors at an interface between two media [Born 1987b]. At 

an interface, the tangential component of the electric field vector Ell and the normal 

component of the electric displacement vector 0.1 are continuous [Jackson 1975c]. 

Viewed along the grating vector, a sinusoidally modulated volume hologram can be 

considered as an infinite stack of infinitesimally thin dielectric slabs of varying permittivity 

(Fig. 3.1). For effective medium analysis then, the interfaces of concern are the interfaces 

within the grating between the infInitesimally thin slabs. It should be emphasized the that 

the tangential and normal directions defined within the grating for effective medium 

theory are not the same as the directions usually defmed as normal and tangential to the 

interface between the hologram and the surrounding medium. Therefore, the tangential 

direction is tangential to the fringe planes, and the normal direction is normal to the fringe 

planes. 

If the spatial variation of a medium's permittivity is small relative to the 

wavelength of an incident wave, the spatially varying field components, 0" and E.1, can 

be replaced with their spatial averages, 0Il and E 1.' This is the quasistatic approximation. 

Consider the planar volume hologram shown in Fig. 3.2. Assume that the permittivity 

varies spatially in a periodic fashion: 

£(r) = £(r + AX) , (3.1) 

where A is the period of spatial variation, and x is a unit vector in the direction of the 

variation. The permittivity of the hologram can be described by a Fourier series: 



e(x) A 

x 

substrate 

Fig.3.1 Example of the nonnal and tangential field 
directions for effective medium analysis 
of a volume hologram. The normal direction 
is nonnal to the fringe planes and the 
tangential direction is parallel to the fringe 
planes. 
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substrate 

Fig. 3.2 Slanted volume hologram with sinusoidal 
permittivity modulation showing orientation 
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of the normal.l and tangential II field directions 
for effective medium analysis. Note that x,y, 
and z are hologram coordinates while X,Y, and 
Z are substrate coordinates. 



E(r)=E O+ LEi ·cos(iK·r), 
i 
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(3.2) 

where E() is the bias permittivity, Ei is the magnitude of the ith Fourier component of the 

permittivity expansion, and K is the grating vector. The grating vector is defined as: 

- 21t A 

K=-K, 
A 

(3.3) 

where A is the period of the grating, and K is directed normal to the fringe planes. As 

the figure indicates, the grating fringes in general may be slanted relative to the normal to 

the hologram's surface. 

The grating vector is an axis of symmetry within the hologram. A plane wave 

traveling normal to the grating vector encounters an equivalent medium independent of 

azimuth angle. The azimuth angle ~ is defined in the ordinary plane relative to the 

extraordinary plane (Fig 3.3). Thus the grating vector is analogous to the optic axis of a 

uniaxial crystal. In crystal optics, waves polarized perpendicular to the optic axis are 

ordinary waves, and waves polarized perpendicular to ordinary waves are extraordinary 

waves. By analogy, waves polarized perpendicular to the grating vector are termed 

ordinary waves, and waves polarized perpendicular to ordinary waves are termed 

extraordinary waves. The effective permittivities encountered by the ordinary and 

extraordinary waves will be appropriately called the ordinary and extraordinary 

permittivities. 

To calculate the ordinary permittivity, one applies the continuity of the tangential 

component of the electric field and calculates the average of the tangential dielectric field 

by integrating the tangential dielectric field over a single period of the grating: 



surface normal 

, , , 
optic axis 

Fig. 3.3 Unslanted zeroth order grating showing 
ordinary and extraordinary planes and 
extraordinarily incident wave. 
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(3.4) 

where the tangential electric displacement vector is given by: 

(3.5) 

Since the tangential electric field vector is continuous, the average tangential dielectric 

field is given by: 

_ I II 

DII = EII - f e(r)dr. 
Ao 

(3.6) 

Equation 3.6 can be rewritten as: 

(3.7) 

where the permittivity for a wave propagating parallel to the grating vector ell is given by: 

I II 

ell =-f e(r)dr. 
Ao 

(3.8) 

For any hologram having a periodic permittivity, the permittivity can be 

represented as a Fourier series. Since each element of a Fourier series is a sinusoidally 

varying term with a frequency which is an integer multiple of the fundamental frequency 
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(21t1 A) of the permittivity variation, all of the spatially varying components integrate to 

zero: 

(3.9) 

Thus, the effective permittivity for waves propagating parallel to the grating vector is 

equal to the zeroth-order term of the Fourier expansion: 

(3.10) 

It should be emphasized that the result expressed in Eq. (3.8) is independent of the 

permittivity profile. 

To calculate the extraordinary permittivity, one applies the continuity of the 

normal component of the displacement field to the quasistatic approximation. The 

spatially varying normal component of the electric field vector is approximated by its 

spatial average. Calculating the average of the normal electric field by integrating the 

normal electric field over a single period of the grating: 

(3.11) 

where the normal electric field is given by: 

(3.12) 
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Since the nonnal component of the displacement field vector of an optical wave is 

continuous across an interface, the average nonnal electric field is given by: 
_ 1 A 1 
E.1 = D.1 - f -( ) dr. 

A 0 E r 
(3.13) 

Equation 3.12 can be rewritten as: 

E - D.1 .1- , 
E.1 

(3.14) 

where the permittivity for a wave propagating perpendicular to the grating vector E 1. is 

given by: 
1 1 A 1 
-=-f-dr. 
E.1 AoE{r) 

(3.15) 

In general, the integral in Eq. (3.15) cannot be evaluated analytically. However, in 

the special case of a hologram with a sinusoidally varying permittivity, the integral can be 

evaluated and yields a simple equation relating the extraordinary permittivity to the zeroth 

and first order permittivities. 

3.2 Sinusoidally Modulated Volume Holograms 

Calculating the extraordinary effective permittivity E 1. of a sinusoidally modulated 

volume hologram is not as simple as calculating the ordinary effective permittivity Ell. 

The hologram's permittivity is given by: 

E(r)=Eo +E 1 ·cos(K·r), (3.16) 
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and the integral expressing the extraordinary effective permittivity is then: 
I I A I -=-J dr. 

c.l Aoco+cl·cos(K·r) 
(3.17) 

To simplify the integral, a change of variables is useful: 
I rA dr 1 r2'It dx 

c.l = AJo co+cl.cos(K.r) = A·KJo cO+c1,cos(x) (3.18) 

To evaluate the integral, one can use the following identity [Gradshteyn 1980]: 
21t dx It dx 

J [b r l = 2· J [b r l ' o C+ ,cos(x) 0 c+ ·cos(x) 
(3.19) 

which allows the definite integral to be evaluated using [Gradshteyn 1980b]: 

lit cos(nx)dx 1t (.Jl- a2 _I)n = ~. , [,,2<1,/1;::0], 
o I+a·cos(x) l-a 2 a 

(3.20) 

where 'a' is a constant and n is an integer. The integral in Eq. (3.17) can be rewritten to 

it the form of Eq. (3.20) by using Eq. (3.18) and letting n = 0 and a = C I/EO: 

J dr =-2_.1 dx . 
o Eo +c1 ·cos(K·r) K·co ol+(cl/co)'cos(x) 

(3.21) 

Finally, an analytic result for the integral is found: 

1 1 dr I' 2 7t 1 

A 0 Co +c 1 ·cos(K· r) = A' K·co . ~l-(cl/cot = ~c~ -c~ , 
(3.22) 

and the extraordinary permittivity c.l is: 
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(3.23) 

Since the extraordinary permittivity is smaller than the ordinary permittivity, a sinusoidally 

modulated zeroth order hologram in the quasi-static limit is optically similar to a negative 

uniaxial crystal. 

3.3 Comparison of EMT and RCWT for Sinusoidally Modulation Holograms 

The ordinary and extraordinary permittivities determined by effective medium 

theory can be used to predict the performance of zeroth order gratings in the quasi-static 

regime by standard geometrical optics methods [Fu 1994]. Consider an unslanted, 

zeroth-order volume hologram in dichromated gelatin, as illustrated in Fig. 3.3. Assume 

the hologram is 8.8 ~m thick and sits upon a glass substrate of index 1.54. Let the bias 

permittivity EO of the hologram at 0.6328 ~m be 1.8496, which corresponds to a bias 

index of 1.36 [Campbell 1994]. Also let the permittivity modulation E} be 0.25, which 

corresponds to index modulation Lln of about 0.09. This is approximately the maximum 

permittivity modulation achievable in dichromated gelatin. According to an EMT analysis 

of the hologram. the ordinary and extraordinary permittivities are respectively: 

Ell = Eo = 1. 8496, (3.24) 

and 

(3.25) 
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These pennittivities correspond to a form birefringence (~ == n 1. - nil) of -6.2546x 1 0-3, 

where n 1. is the extraordinary index of refraction (n 1. = -VE 1.) and nil is the ordinary index 

of refraction (nil = -VEil). 

To establish the limits of validity of the effective medium approximation, EMT 

calculations are compared to RCWT calculations. It is assumed that the RCWT 

calculations are exact to at least eight decimal places. The RCWT analysis will be 

performed repeatedly on the zeroth order hologram described above for different grating 

periods in order to detennine at which period the EMT approximation becomes valid. 

Additionally, the slant angle <!> of the hologram (Fig. 3.4) will be changed in some cases to 

decide if the EMT calculations are valid for slanted volume holograms. 

3.3.1 Normal Incidence 

Since double refraction can be neglected at incidence normal to the surface of an 

unslanted grating, the form birefringence of a volume grating can easily be calculated 

from the TM-TE phase shift ~cp predicted by RCWT by using: 

(3.26) 

where Ao is the free-space wavelength of the incident wave, ~ is the birefrigence, and t is 

the thickness of the volume grating. RCWT predicts a phase shift of -31.286° (-0.54604 

radians) at a reduced wavelength of 0.6328 11m for an 8.8 11m thick volume hologram 

with a period of 4.6529xlO-2 11m (A = A/1O). This phase shift corresponds to a 
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Fig.3.4 Volume hologram with slanted fringes 
(<t> :;t: 90°) and a conically incident wave 
(8 :;t: 0°). The slant angle is the angle 
between the grating vector K and the 
surface normal (+Z axis). 
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birefringence of -6.2493xlO-3. Thus at normal incidence on an unslanted grating, EMT 

and RCWT agree to less than 0.1 % for a hologram having a period of one tenth of the 

wavelength. The plot in Fig. 3.5 shows the variation in the TM-TE phase shift as a 

function of grating period. The abscissa is scaled by the wavelength within the hologram 

and extends from one-tenth the wavelength (A = A. / 10) to the cutoff period (A = A.). The 

cutoff period is defined as the period below which only the zeroth diffraction orders 

propagate for the given reconstruction geometry. At normal incidence on an unslanted 

volume hologram, the cutoff period is equal to the wavelength of the incident wave 

divided by the substrate index. For this calculation, the substrate is index matched to the 

bias index llbias of the hologram, so the cutoff period is equal to the wavelength within 

the hologram (A = A. = A.o!nO). The variation at periods smaller than those shown is 

negligible. 

3.3.2 Extraordinary Incidence 

For this analysis, the substrate has an index of 1.54, and the cover has an index of 

1.0. The plane of incidence contains the optic axis K and the surface normal Z (Fig 3.3). 

This type of incidence is termed extraordinary incidence (0=0). Figure 3.6 shows the 

phase difference ~<p between the TM and TE polarizations of the transmitted beam as a 

function of incidence angle ex. for several different grating periods of the unslanted volume 

hologram described above. The dotted line is the phase shift of the equivalent birefringent 

thin fIlm determined using EMT, and the solid lines are the phase shifts determined using 

RCWT. The thin fllm calculations were performed using a commercially 

availablecomputer program [Mansuripur 1990]. To determine the limit of the grating 

period for which effective medium theory is applicable, rigorous coupled wave theory is 
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used to model the phase difference as a function of incidence angle of the wave 

transmitted by the volume hologram as the period of the grating is decreased. Figure 

3.6(a) corresponds to a grating that has a period equal to one half the wavelength. As 

can be seen in the figure, the phase difference calculated by RCWT is much different from 

the phase difference calculated using the birefringeI.lt thin mm model. At a period of one 

quarter of the wavelength, the RCWT calculations are similar but not equal to the EMT 

calculations, as seen in Fig. 3.6(b). At a period equal to one tenth the wavelength of the 

incident wave, the RCWT calculations match the EMT calculations to within 3%, as 

shown in Fig. 3.6(e). Finally, at a grating period equal to one twelfth of the wavelength, 

the match between RCWT and EMT is good to within 1 % at up to 800 incidence (Fig. 

3.6(f)). 

3.3.3 Ordinary Incidence 

The ordinary plane is parallel to the fringe planes. It contains the surface normal 

and is perpendicular to the plane containing the grating vector (Fig. 3.3). Ordinary 

incidence is defined as incidence from within the ordinary plane. Figure 3.7 shows the 

TM-TE phase shift predicted by EMT and by RCWT for an unslanted hologram having a 

period of one tenth the wavelength. The substrate has an index of 1.54, and the cover has 

an index of 1.0. The calculations agree to within 0.2% for angles of incidence up to 800
• 

As a rule, the effective medium approximation is better in the ordinary plane than in the 

extraordinary plane. 
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3.3.4 Conical Incidence 

Generally, the incident wave is not confined to the ordinary or extraordinary 

planes (Fig. 3.3) nor is the grating vector restricted to being perpendicular to the surface 

normal (Fig. 3.4). It must be determined if the limit of validity of the effective medium 

approximation changes when the incident wave is conically incident or when the grating 

vector is arbitrarily oriented. Consider two example cases of the variation of TM-TE 

phase shift with respect to angle of incidence. In the first case, the grating vector remains 

parallel to the hologram surface (<I> = 90°), but the plane of incidence is rotated 45° 

relative to the extraordinary plane (8 = 45°). In the second case, the plane of incidence is 

rotated 45° relative to the extraordinary plane (8 = 45°), and the grating vector is rotated 

45° relative to the surface normal (<I> = 45°). The first case is plotted in Fig. 3.8 for a 

period of one tenth the wavelength, and EMT is found to be accurate to within 1%. The 

second case is plotted in Fig. 3.9. As with the unslanted case, the substrate has an index 

of 1.54 and the incident medium is air. To match the EMT and RCWT calculations to 

within 1 %, the grating period must be approximately one-twelfth the wavelength or less. 

3.4 Rectangularly Modulated Volume Holograms 

Consider recording a square wave profile in dichromated gelatin. The square 

wave permittivity takes on two values: 

(3.27) 

and 
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(3.28) 

The fill factor'Y of region A is given by: 

(3.29) 

where A = tA + tB is the period of the grating, tA is the width of the region of 

permittivity eA, and tB is the width of the region of permittivity eB (Fig. 3.10). 

The permittivities describing the form birefringence of a binary grating are given 

by [Born 1987b]: 

_ __ E-"lA_' E ..... o,--_ 
E.L = 

Y'Eo +(i-Y)'EA 

for the extraordinary polarization, and by: 

for the ordinary polarization. 

(3.30) 

(3.31) 

It is useful to maximize the form birefringence as a function of the ftIl factor. The 

permittivity difference, Ae = E -L - Ell ' can be used as a measure of the form birefringence. 

One can calculate the optimal fill factor 'Yopt by differentiating the permittivity difference 

with respect to the fill factor and setting the result equal to zero, yielding: 

(3.33) 
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which can be solved for 'Yopt: 

(3.34) 

In terms of the bias index and index modulation, the optimum fill factor is given by: 

(3.35) 

Using the optimum fill factor we can solve for the optimum ordinary and 

extraordinary permittivities: 

(3.36) 

and 

E.L=~' (3.37) 

Inserting the expressions for EA and EB into the above equations yields the effective 

permittivities in terms of the characteristic parameters of the gelatin, E() and E 1 : 

(3.38) 

and 

(3.39) 

The optimum permittivity difference ~Eopt is then: 
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(3.40) 

For comparison, the difference in the ordinary and extraordinary permittivities of a 

sinusoidally modulated medium is: 

(3.41) 

yielding the interesting result that the optimum rectangular permittivity profile has twice 

the permittivity difference of a sinusoidal profile: 

(3.42) 

The form birefrigence Pform is nonlinearly dependent on the permittivity 

difference, so the birefringence must also be calculated for comparison. The birefringence 

is calculated as the difference of the square roots of the effective permittivities: 

Pfonn = JE; -~. (3.43) 

A comparison for a maximally modulated volume hologram in dichromated gelatin is 

detailed in Table 3.1. Note that the hologram with the rectangular permittivity profile has 

nearly twice the birefringence as has a hologram with a sinusoidal profile. 



Sinusoidal Rectangular 

Bias Permittivity 1.8496 1.8496 
Permittivity Modulation 0.2720 0.2720 
Fill Factor N/A 0.5370 
Ordinary Permittivity 1.8496 1.8697 
Extraordinary Permittivity 1.8295 1.8295 
Ordinary Index 1.3600 1.3674 
Extraordinary Index 1.3526 1.3526 
Birefrigence -0.0074 -0.0148 

Ratio 1.9946 

Table 3.1. Comparison of fonn birefringences of a sinusoidally modulated 

and a rectangularly modulated volume hologram. 

3.5 Triangularly Modulated Volume Holograms 
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Consider recording a triangular permittivity profile in dichromated gelatin. The 

triangular permittivity would change linearly with distance between two values: 

(3.44) 

and 

(3.45) 

where the pennittivity at any point in the first half period (0 ::; x ::; N2) is given by: 

(3.46) 
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Since the average of the permittivity function in the first half-period is equal to the 

average in the second half-period, the average over an entire period is equal to the 

average in the first half-period. Therefore, the ordinary permittivity is given by: 

1 A/2 

ell =- f e(x)cb:. 
A/2 0 

(3.47) 

Evaluating the integral shows that the ordinary permittivity is equal to the bias 

permittivity: 

(3.48) 

To calculate the extraordinary permittivity, the inverse of the permittivity function 

is averaged over a half-period of the grating: 

1 Al2 cb: 
·1 f 

e.l = A/2 0 e(x) . 
(3.49) 

Evaluating the integral yields the extraordinary permittivity: 

e.l= ( ) ( ). In Eo +E 1 -In Eo -E 1 
(3.50) 

Although it is not obvious from the above equation, the extraordinary permittivity is less 

than the ordinary permittivity. 
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For comparison, we calculate the form birefringence of a dichromated gelatin 

hologram with maximum permittivity modulation. Figure 3.11 shows the form 

birefringences for a sinusoidally modulated grating, a triangularly modulated grating, and 

a rectangularly modulated grating as a function of permittivity modulation. The triangular 

profile has less form birefringence than the sinusoidal profile which has half the form 

birefringence of the optimum rectangular profile. 



Q,) 
~ = -0.6 
Q,) 

~ = ..... 
~ 

Q,) 

.:= -0.9 

= e 
J-I 
o 
~ -1.2 

Co = 1.85 

--Sinusoidal profile 

Triangular profile 
..... _ ..... Optimum rectangular profile 

-1.5 L...--'---'-_~-'-----L._"'---'-----L._"'---L..----L_....L...---'--.I 

89 

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 

Permittivity Modulation (c1) 

Fig. 3.11 Dependence of form birefringence on permittivity 

modulation for zeroth order gratings having 

sinusoidal, triangular, and optimum rectangular 

permittivity profiles. 



Chapter Four 

Polarization 
Properties of Ideal 
Holograms 

90 

Volume holograms are useful alternatives to surface relief gratings as microoptic 

polarization devices. Though more sensitive to environmental conditions, volume 

holograms can record gratings with finer structure than can be created lithographically, 

and volume materials allow more flexibility on the reconstruction angle. The most 

efficient volume recording medium, dichromated gelatin, has a maximum resolution 

greater than 10,000 lines per mm. Gratings with periods down to 0.1 /lm can be 

recorded. The ability to record small period gratings may not be an important feature for 

devices used at long wavelengths, but at short wavelengths many diffractive polarization 

devices can only be realized as volume holograms. 

Most interesting polarization properties occur for gratings having a period to 

wavelength ratio (Nt..) on the order of one·or less. For ratios on the order of one, the 

grating is in the Bragg regime and the energy of the incident wave can be strongly 

diffracted into a single order. Interesting polarization effects can be obtained in the first 

diffracted order because the diffraction efficiency is dependent upon polarization state of 

the incident wave. Gratings in the Bragg regime should be analyzed with rigorous 

coupled wave theory. For ratios much less than one, the grating is in the quasistatic 
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regime and no energy can be diffracted out of the incident wave because all non-zero 

diffraction orders are evanescent waves. Gratings in the quasistatic regime can be 

analyzed with effective medium theory. For gratings with period to wavelength ratios 

much greater than one, the grating is in the scalar regime and standard Fourier methods 

can be used to analyze it. 

4.1 Bragg Gratings 

The polarization properties of gratings in the Bragg regime are most strongly 

influenced by the difference in the diffraction efficiencies of waves polarized in the 

extraordinary plane and perpendicular to the extraordinary plane. The extraordinary 

plane is the plane containing the surface normal and the grating vector, as illustrated in 

Fig. 4.1. To fully model the polarization properties of a volume hologram, rigorous 

coupled wave theory or modal theory should be used. However, an intuitive 

understanding of the polarization dependence of the diffraction efficiency can be obtained 

from Kogelnik's two-wave coupled wave theory. Consider a lossless, unslanted volume 

transmission hologram with a sinusoidal permittivity modulation described by: 

E{X)=E" +E1·cos{K·x), (4.1) 

where it is assumed that the grating vector is parallel to the x-axis of the coordinate 

system. Kogelnik derived the equation for the diffraction efficiency of such a volume 

hologram illuminated at the Bragg angle (9B): 

(4.2) 
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y z 

Fig. 4.1 Volume hologram with slanted fringes (<t> -:j::. 90°) 
and a conically incident wave (8 -:j::. 0°). Shown 
also are the ordinary and extraordinary planes. 
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where nl is the index modulation [nr==Et/(2-YEQ)), t is the hologram thickness, Ao is the 

free-space wavelength of the incident light, r is the polarization vector of the incident 

light, and s is the polarization vector of the diffracted light. Note that Sa is the angle of 

the incident wave with respect to the grating plane inside the hologram. 

On Bragg, the parameters n 1 ,t, ~, and Sa are fixed for a given volume hologram, 

and the diffraction efficiency equation can be written: 

(4.3) 

where C is a constant proportional to the grating strength (r = E 1 t I ~) and equal to: 

(4.4) 

Clearly, the diffraction efficiency is influenced by the angle between the incident 

polarization vector and the diffracted polarization vector. 

In Kogelnik's analysis, the plane of incidence contains the grating vector. In this 

case, a TE polarized incident wave is polarized parallel to the grating planes and is 

diffracted into a TE polarized wave. A TM polarized incident wave is polarized parallel 

to the plane of incidence and is diffracted into a TM polarized wave. Hence, if the 

incident wave is TE polarized, then the polarization vectors of the incident and diffracted 

waves are parallel, and if the incident wave is TM polarized, then the polarization vectors 

are separated by twice the Bragg angle: 

(4.5) 

and 



94 

(4.6) 

For a given grating, the diffraction efficiencies of the TE and TM polarized beams are 

given by: 

(4.7) 

and 

(4.8) 

Kogelnik himself pointed out that the TM diffraction efficiency would be zero for a 

grating with a Bragg angle of 45° [Kogelnik 1969] and such a grating would function as a 

polarization beam splitter if the TE efficiency was 100% [Stojanoff 1988]. 

4.1.1 Holographic Polarization Beam Splitters 

In the design of most holograms, the angles of incidence and of diffraction are 

chosen by the designer and the efficiencies are dictated by the above equations. 

Alternately, the designer could choose the efficiencies desired, and then the Bragg angle is 

dictated by the Eqs. (4.7) and (4.8). Indeed, any combination of efficiencies can be 

obtained if the designer can accept the interbeam angle 28B which yields the desired 

efficiencies. 

For instance, a simple polarization beam splitter can be obtained by choosing a 

Bragg angle at which one polarization can be diffracted with 100% efficiency while 

simultaneously the other polarization is diffracted with 0% efficiency. Since the 

diffraction efficiency of the TE polarization always leads the diffraction efficiency of the 
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TM polarization, the first holographic polarization beam splitter design occurs· when the 

first TM peak and the first TE minimum simultaneously occur for the same grating 

strength [Rallison 1992, Huang 1994]. Referring to the Eqs. (4.7) and (4.8), this 

condition can be satisfied if: 

and 

C= rt, 

1 
C,cos(28s)=rt.- . 

2 

(4.9) 

(4.10) 

The cosine of twice the Bragg angle must equal 112, which indicates that the Bragg angle 

of this particular polarization beam splitter must be 30°. The diffraction efficiency of this 

volume hologram versus the permittivity modulation is plotted in Fig. 4.2. 

All the possible holographic polarization beam splitter solutions can be 

summarized as follows: 

Solution TE Efficiency TMEfficiency 

90° PBS 100% o 

TMmaximum o 100% 

TEmaximum 100% o 

where a is a positive odd integer and E is a positive even integer such that: 

~ ~ _ even odd < 1 
rTM 'sTM ---,--- • 

odd even 

o 

OlE 

E/O 

(4.1l) 
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The Bragg angles for the different holographic polarization beam splitter solutions can be 

summarized in Table 4.1: 

Numerator 
Denominator 0 1 2 3 4 

0 
1 45 

'" 

3Q ,.' 2 45 -.. -
3 45 24.09 
4 45 )7,76' , j)otj' -
5 45 33.21 18.43 

Table 4.1 Bragg angles of possible polarization beam splitting holograms. 

The numbers across the top of the table appear in the numerator of the fraction in Eq. 

(4.11), the numbers on the left appear in the denominator of the fraction in Eq. (4.11), the 

TM maximum solutions are shaded, the TE maximum solutions are not shaded, and the 

Bragg angles are given in degrees. 

Note that the Bragg angle, and hence the interbeam angle, decreases as the ratio 

of the diffraction peak number to the diffraction zero number approaches one. In 

practice, it is difficult to over modulate a volume holographic medium past the second 

peak in the TE efficiency. Accordingly, only the 45° and 30° Bragg angle PBS holograms 

are readily achievable. If very thick volume holographic recording media with low 

recording absorption could be obtained, then more PBS hologram solutions could be 

realized. 
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4.1.2 Polarization Independent Diffraction 

For planarized optical systems. designers have often chosen to use an input 

coupler which diffracts a normally incident beam at 45° in the substrate so that the 

diffracted beam will be confined to the substrate by total internal reflection [Kostuk 

1993]. For such a hologram, the diffraction efficiencies of the TE and TM polarizations 

cannot simultaneously be 100%. To maintain the polarization state of the incident beam. 

the hologram is fabricated so that the efficiencies are both equal but not 100%. This type 

of input coupler has two faults. One is that the efficiencies are not 100%. and the other is 

that the performance of the hologram is very sensitive to variations in the thickness and 

permittivity modulation of the hologram. If either of the values deviates from the design 

values. then one polarization is diffracted with greater efficiency while the other is 

diffracted with lesser efficiency. and the polarization state of the incident beam is not 

maintained (Fig. 4.3). If the desired interbeam angle is small (aB < 18°). then the peak of 

the TM efficiency shifts much closer to the peak of the TE efficiency, and the input 

coupler is less sensitive to variations in the permittivity modulation [Chamberlin 1990]. 

However, if the Bragg angle is allowed to be a free parameter, the designer can 

choose to construct a hologram for which a peak of the TE diffraction efficiency curve 

simultaneously occurs with a different peak of the TM diffraction efficiency curve. Since 

the TE efficiency curve leads the TM efficiency curve, the first 100% efficient 

transmissive input coupler occurs when the first TM peak and the second TE peak occur 

at the same grating strength. For this particular input coupler, the following conditions 

must be satisfied: 

3 
C=-lt 

2 
(4.12) 



~ 
CJ 

= ~ ... 
CJ ... 

t:: 
~ 

= Q ... ... 
CJ 
~ 
~ 

t: ... 
~ 

1.0 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

---------- TE diffraction efficie~cy 
........ TM diffraction efficiency 

1.2 .. 

:E 
e-.1.I 

I=" 
- 1.0·· 
~ 

rt 0.9 

0.8 .. 

0.7 I-.....--'-~--'--~-'-----'~---'-~...J 
0.080 0.085 0.090 0,095 0.1 00 0.105 0.110 

Permittivity Modulation (£1) 

o.o~~~~~~~~~~~~~~~~~~~~ 

0.00 0.03 0.06 0.09 0.12 0.15 0.18 0.21 0.24 

Permittivity Modulation ( £1 ) 

Fig. 4.3 Diffraction efficiency versus permittivity modulation 

for a 45° interbeam angle input coupler hologram. 

Inset shows variation of diffraction efficiency ratio. 

99 



and 

1 
C,cos(28 B )= -7t 

2 

100 

(4.13) 

The cosine of twice the Bragg angle must be equal to one third, which indicates that the 

Bragg angle for this input coupler is equal to 35.26°. As long as the designer can tolerate 

a 70.52° interbeam angle, then a high quality diffractive input coupler can be achieved 

(Fig. 4.4). 

If the argument to the equation describing the TM efficiency Eq. (4.8) is divided 

by the argument to the equation describing the TE efficiency Eq. (4.7), then a simple 

equation giving the Bragg angles at which polarization independent diffraction occurs can 

be obtained: 

2p -1 
cos(28)= ™ 

D 2PTE- 1' (4.14) 

where PTM is a positive integer indicating the TM efficiency peak which will 

simultaneously occur with the TE efficiency peak given by PTE' Some of the solutions are 

summarized in Table 4.2. 

Numerator 
Denominator 1 3 5 

1 
3 35.26 
5 39.23 26.57 
7 40.89 32.31 22.21 

Table 4.2 Bragg angles for polarization independent diffraction. 
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Note that the given Bragg angles increase when matching a peak in the TM 

efficiency with increasingly higher order peaks in the TE efficiency, and note that the 

Bragg angle decreases when a high order TM peak is matched with the next higher order 

TE peak. Because of limitations in the achievable thickness and index modulation of a 

dichromated gelatin hologram, polarization independent diffraction is difficult to realize 

for Bragg angles other than the 35.26° solution. 

4.1.3 Phase Shifts in the Diffraction Orders 

In any given diffraction order, a phase shift may occur between the TE and TM 

polarizations. It has been shown in the preceding chapter on volume holograms in the 

quasistatic regime that a volume hologram behaves similarly to a negative uniaxial crystal 

with its optical axis parallel to the grating vector (perpendicular to the grating fringe 

planes). In the Bragg regime, holograms also exhibit birefringence. For a typical 

unslanted hologram in dichromated gelatin operating at the first peak in the TM 

efficiency, the phase shift is around 5° or less (Fig. 4.5). At the mth Bragg angle 9mB, 

which can be derived from the Bragg equation and is related to the first Bragg angle by: 

sin(9 rnB) = m· sin(9 n)' (4.15) 

the birefringence is less than the birefringence at the first Bragg angle (Fig. 4.6). This is 

because the ray at the mth Bragg angle makes as smaller angle with the grating vector 

than the ray at the first Bragg angle. The birefringence is maximum if the incident ray is 

perpendicular to the grating vector and zero if it is parallel to the grating vector. 
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For slanted holograms, the phase effects in the first order are similar. Figure 4.7is 

a plot of the phase shift in the + I st diffraction order for 30° Bragg angle PBS hologram 

which is now 30°. For incidence at either of the Bragg angles (0° and 60° in this case), 

the phase effects are the same. Compared to the unslanted case, the phase effects of the 

slanted hologram are slightly larger for a given permittivity modulation. However, 

because a slanted hologram is effectively thicker [Moharam 1978] and diffracts more 

strongly than an unslanted hologram, the phase shift of a slanted hologram for a 

permittivity yielding a certain diffraction efficiency is less than the phase shift of an 

unslanted hologram with the same diffraction efficiency. In the first diffracted order, as in 

all the orders, the phase shift varies approximately linearly with hologram thickness and 

quadraticly with permittivity modulation. 

Also of interest are the characteristics of the TM -TE phase shift at angles different 

from the Bragg angle. In Fig. 4.8, the phase shift in the first order is plotted for incidence 

angles ±So about the Bragg angle of 30°. At first the variation appears quite strong, but 

the range of phase shifts varies by only 0.02° over the ±5° detuning. Rapid changes in the 

phase shift occur at transition points where the diffraction efficiencies of either of the 

polarizations passes through zero. The amplitude coefficients of diffraction vary in a 

quasi-sinusoidal fashion for thick holograms. The phase shifts of an order appear as 180° 

jumps as the efficiency goes to zero because the electric field vector is changing sign as it 

passes through zero. Since a plane wave traveling in a volume hologram is analogous to 

an electron traveling in a crystal, the transition points can be thought of as photonic stop

bands [Gupta 1993]. 



106 

aincidence = 0°, 60° 
-2 

..... 
Coi-I ..... 
..= 
00 -4 1.0 

Q,) 
fI.I 
~ 

..= O.S 
~ 

~ 
~ -6 0.6 

I 

~ 0.4 ~ 
: 

-S 0.2 
: 

0.0 -I"-....----r--.....---f-L-.....---.-......-~~__, 
0.00 0.03 0.06 0.09 0.12 0.15 

-10~~--~--~--~--~--~--~--~--~~ 

0.00 0.03 0.06 0.09 0.12 0.15 

Permittivity Modulation 

Fig. 4.7 TM-TE phase shift in the +lst diffraction order versus 

permittivity modulation for a slanted 30° Bragg angle 
PBS hologram. 



107 

-2.235 .---_r__--r--~-__r_-_r-_,..-__,r__-r__-_r______, 

-2.240 

~ •• -2.245 

-= 00 
<lJ 
fI.l 

"'= -= -2.250 

~ 

-2.255 

-2.260 

.... 1.0 
~ 

= 0.8 Q,I .-~ 
E 0.6 ~ 

= 0 0.4 .-... 
~ 
C':I 

0.2 ~ 
~ 0.0 

25 

--, , , , 

26 27 

TE , -, , , \ 

, , 
--, , , , 

28 29 30 31 32 33 34 35 

Incidence Angle (deg) 

Fig. 4.8 TM-TE phase shift in the +lst diffraction order versus 

incidence angle for an unslanted 30° Bragg angle 

PBS hologram. 



108 

4.1.4 Polarization Devices at Conical Incidence 

Kogelnik's equations for the diffraction efficiency of thick transmission gratings 

have proven useful for predicting the existance of PBS holograms and other holographic 

polarization components. Strictly, Kogelnik's equations cannot be used for conically 

incident waves. However, by projecting the incident wave vector into the extraordinary 

plane and performing calculations in terms of ordinary and extraordinary polarizations 

instead of TE and TM polarizations, Kogelnik's analysis can be used for approximating 

the diffraction characteristics of waves conically incident on volume gratings. 

Unfortunately, cross coupling of energy between orthogonal polarizations degrades the 

performance of certain polarization components, particularly PBS holograms. 

Using Kogelnik's first-order two-wave coupled wave theory, a PBS hologram can 

be designed for nonconical diffraction. If the grating is rotated about the surface normal 

(o;tO), then the plane of incidence will no longer be parallel to the extraordinary plane. 

The angle of incidence a. will not change due to the rotation, but the angle between the 

incident wave vector and the fringe planes will change. Because of this, the angle of 

incidence must be changed to maintain Bragg incidence. The change of incidence angle 

to maintain Bragg at conical incidence is illustrated in Fig. 4.9. As the incident wave is 

rotated out of the extraordinary plane, it's angle of incidence must increase to satisfy the 

Bragg condition. 

For incidence in the extraordinary plane, one can determine the required grating 

period ApBS of a volume holographic polarization device by using Bragg's equation given 

the bias index nbias' free-space wavelength A.a, and Bragg angle 8B,PBS: 

A pBS = . ~ )' 2 ·Ilbias • sln\8 B.PBS 
( 4.19) 
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Fig. 4.9 Diagram showing angles of incidence 
of a conically incident wave and of its 
projection into the extraordinary plane. 
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The desired Bragg angle is obtained by considering Kogelnilc's two-wave coupled wave 

theory for unslanted volume holograms: 

(4.20) 

as was shown in section 4.1. 

If the plane of incidence is rotated about the surface nonnal (this is equivalent to 

rotating the hologram about the surface normal), then the angle of incidence will have to 

be changed to maintain Bragg incidence. The new angle can be calculated by keeping the 

x-component of the incident propagation vector constant. The component of the incident 

wave vector parallel to the tangential component of the grating vector is given by: 

(4.21) 

where a is the angle of incidence and 0 is the angle of rotation of the plane of incidence 

about the surface nonnal relative to the extraordinary plane. 

For nonconical incidence (0:#)), the x-component of the wave vector of a Bragg 

incident wave is equal to: 

k 21tninc' ( ) 
~xw =-A,-osln anofIConical • (4.22) 

To maintain the same x-component of the wave vector for conical incidence (0:;e0), the 

angle of incidence must change according to: 

. ( ) _ sin( UnoncolUcai) 
Sin UcolIJcai - (';:') cos u 

(4.23) 
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For example, if the extraordinary plane incidence angle is 30° for an index matched 

unslanted PBS hologram and the hologram is rotated 45°, then the incidence angle must 

increase to 45° to maintain Bragg incidence. The projection of the incident wave vector 

into the extraordinary plane must be unchanged in order to maintain Bragg incidence. 

Another way to view this problem is that the angle between the wave vector and 

the fringe plane should be 30° at Bragg incidence. Since the grating vector is 

perpendicular to the fringe plane, the angle between the wave vector and the fringe plane 

is the complement of the angle between the wave vector and the grating vector. This 

angle can be found by taking the dot product of the wave vector and the grating vector: 

cos(90 -9 8) = kine' KKral = sin( ex.) cos(o) . (4.24) 

If the incidence plane rotation 0 is 45° and the desired Bragg angle is 30°, then the 

incidence angle ex. that satisfies Eq. (4.24) is 45°. 

An additional important consideration is the rotation of the diffraction plane 

relative to the plane of incidence for conically incident waves. Consider the grating 

equation: 

k. = k. +mK, 
m lI1e (4.16) 

where it is assumed that the grating vector is parallel to the x-axis of the coordinate 

system and that the surface normal is parallel to the z-axis. Since diffraction only occurs 

in the extraordinary plane, the component of the wave vector perpendicular to the 

extraordinary plane will be unchanged: 
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k. =k . 
'dLfT m Vme (4.17) 

The tilt om of the diffraction plane of the mth order relative to the extraordinary 

plane is given by: 

(4.18) 

The tilt will be nonzero for conically incident waves, and will vary from order to order. 

Accordingly, in general the TE and TM polarization directions of a conically diffracted 

wave will not be parallel to the TE and TM polarization directions of the incident wave. 

It seems then that Kogelnik's equations, which describe the TE-to-TE and TM-to-TM 

diffraction efficiencies of extraordinarily incident waves, are not useful for conically 

incident waves. However, Kogelnik's equations do provide a fair approximation of the 

ordinary-to-ordinary and extraordinary-to-extraordinary diffraction efficiencies of 

conically incident waves. So for conically incident waves, the polarizations best used to 

characterize the waves are defined in terms of the grating instead of the plane of 

incidence. 

For instance, consider a wave conically incident (0=45°) on a PBS hologram. 

Rigorous coupled wave calculations show that the maximum of the extraordinary 

diffraction efficiency occurs at the same thickness as the minimum of the ordinary 

diffraction efficiency, as predicted by Kogelnik's equations. Unfortunately, the hologram 

does not diffract extraordinarily polarized light with 100% efficiency nor does it pass 

ordinarily polarized light with 100% efficiency. This is displayed in the plot in Fig. 4.10, 

which shows that the best contrast achievable is approximately 35: 1. The contrast X is 
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defined as the ratio of the intensity of the desired polarization in a particular order to the 

intensity of the undesired polarization: 

x = 11 de-'ired • 

11 undesired 
(4.25) 

The cause of the deviation of the diffraction efficiencies of the conical incidence 

case from the efficiencies of the non-conical incidence case is due to cross coupling of the 

diffraction energy between the ordinary and extraordinary polarizations. This is displayed 

in the plot in Fig. 4.11, which shows the TE and TM diffraction efficiencies of the PBS 

hologram for an incident beam which is completely TE polarized. Clearly, energy is being 

coupled from the TE polarization into the TM polarization. It is interesting to note that 

for the reconstruction geometry of the figure, the plane of incidence is tilted +450 relative 

to the extraordinary plane while the plane of diffraction is tilted -450 relative to the 

extraordinary plane. Thus, the TE polarization of the incident wave is parallel to the TM 

polarization of the diffracted wave. 

4.2 Zeroth Order Gratings 

If the period of a hologram is small compared to the wavelength of the incident 

light, the incident light interacts with the hologram as if it were a birefringent material. 

This regime is called the zeroth order regime and is characterized by the absence of any 

non-zero propagating diffraction orders. The condition for all diffracted orders being 



0.8 

0.2 

.I 

, 
i 

i 
! 

! 
/ 

j 

/ 
/ 
; 

! 
/ 
i 

/ 
/ 

i 
! , 

i 
! 
/ 

i 

j 

.I 
/ 

--TE diffraction efficiency 

- - - - - TM diffraction efficiency 
.... -.... Total diffraction efficiency 

,'/ ........ , 
:, 

:' \ 

\ 
., 

j 
,7 
I 

incident wave completely TE polarized" 

\ 

\ 

115 

0.0 L..:./_L--....Ioo;;:;~L---'---JL...-....J..-----l __ ....:;.a..-.----'_....J..-..::....o::.&""---.J 

0.00 0.05 0.10 0.15 0.20 0.25 

Permittivity Modulation 

Fig. 4.11 Diffraction efficiency of a TE polarized conically 

incident wave into the TE and TM polarizations 

of the + 1st diffraction order. 

0.30 



116 

evanescent is readily seen by considering the grating equation: 

km = kincidenl + m . Kgrating . . , (4.26) 

The grating equation states that inside the hologram the tangential component (x, 

in this case) of the wave vector of the mth diffracted order is equal to the tangential 

component of the incident wave vector plus integer multiples of the tangential component 

of the grating vector. If the tangential component of the mth diffracted order inside the 

hologram is greater than the magnitude of the wave vector in the surrounding medium, 

then the mth order will be evanescent. In mathematical terms: 

(4.27) 

If the hologram is unslanted, then at normal incidence the evanescence condition is quite 

simple: 

A. o 
A grating < -- , 

Ilsurr 
(4.28) 

where Ao is the free space wavelength and nsurr is the greater of either the substrate index 

or the cover index. Generally, the substrate is glass and the cover is air. At conical 

incidence on a slanted volume grating, the evanescence condition is: 

A grat < . () (>:.) 
lI,urr -nine SIn ex. COS\u 

(4.29) 
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Note that a hologram with a period smaller than but near AoInsurr may still be 

diffractive at an oblique angle of incidence. If the period of the hologram is made smaller 

than 1J2nsurr, then no diffraction can occur for any angle of incidence. In practice, a 

period near or below AJ1.5nsurr is used. For larger periods, obliquely incident beams, 

though not satisfying the Bragg condition, are strongly effected (in the polarization sense) 

by diffraction into non-zero orders. 

4.2.1 Characteristics Near the Cutoff Period 

The cutoff period is the period at which a grating becomes zeroth order for a 

particular reconstruction wavelength and angle. Effective medium theory can be used to 

analyze zeroth order gratings if the period is much smaller than the wavelength 

(A<Ao/IO), but rigorous coupled wave theory must be used for periods near the cutoff 

period. 

Rigorous coupled wave theory shows a variation in form birefringence with 

grating period as the period nears the cutoff period. The plot in Fig. 4.12 shows the 

dependence of the phase shift of a volume hologram on the grating period. The dashed 

curve is twice the phase shift of a 9 Jlm thick hologram while the solid curve is the phase 

shift of a 18 Jlm thick hologram. Note that the phase shift is not linear with hologram 

thickness. Also noteworthy is the rapid change in retardation as the grating period 

approaches the cut-off period. Effective medium theory predicts a phase shift of -91.5° 

independent of the grating period for a hologram with the same bias index and 

permittivity modulation. To achieve the maximum form birefringence, a period 

approximately 5% less than the cut-off period is optimal at normal incidence. However, 

to allow a useful angular tolerance for the incident wave, periods less than 60% of the 
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Fig. 4.12 TM-TE phase shift versus grating period for periods 

slightly below the cutoff period of a 18 flm thick 

zeroth order grating. Shown also is twice the phase 

shift of a 9 flm thick grating. 
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cutoff should be used. This is shown in Fig. 4.13 which displays the phase shift as a 

function of incidence angle for a zeroth order grating with a period equal to the cut-off 

period for normal incidence (Acutoff = Ao/nbias). The diffraction efficiency in the first 

order is less than 10% over the range of angle shown, but the effect on the phase shift 

especially near 0° incidence is appreciable. The Bragg angle for this grating is 30°. Also 

shown is the phase shift for a grating which is zeroth order at all angles of incidence [A = 

Ao/(2nbias)]. The phase shift is relatively insensitive to angle of incidence and is more 

smoothly varying. 

4.2.2 Characteristics in the Quasistatic Regime 

As seen in Chapter Three, gratings in the quasistatic regime behave as negative 

uniaxial crystals and can be approximately modeled with effective medium theory. The 

ordinary permittivity is for electric fields polarized perpendicular to the grating vector and 

the extraordinary permittivity is for electric fields polarized parallel to the grating vector. 

For sinusoidally modulated unslanted volume holograms, effective medium theory yields 

simple expressions for the ordinary and extraordinary permittivities: 

(4.30) 

and 

(4.31) 

where EO is the DC permittivity and E\ is the permittivity modulation as defined before for 

a volume hologram. Taking the birefringence p to be equal to the extraordinary refractive 
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index minus the ordinary refractive index, the birefringence of a sinusoidally modulated 

volume hologram in the quasistatic regime is: 

(4.32) 

Substituting for Ell and E.L yields: 

(4.33) 

Applying the binomial expansion to the extraordinary refractive index: 

( 
2 2)1/4 (2)114 J ( 2)-3/4 ~ E -E = E -- E E + ... n I 0 4 0 I (4.34) 

J E2 -n ___ I + ... 
- () 4 EJ/2 

() 

and assuming that the quantity E l2/E(J2 is much less than one, the form birefringence of a 

volume hologram is approximately given by: 

(4.35) 

where nO = ...JEQ, and nl ::::: Y2 EJ/no. As presented by Kogelnik in 1969, the latter relation 

is the definition of index modulation used by most holographers: 

.J r;:- 1 E ·cos{Kx) n{x}=Eo +£1 ·cos{Kx} = vEo + 1,Je; + ... 
2 Eo 

(4.36) 

::::: no + III cos( Kx}. 
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Kogelnik preferred to calculate diffraction efficiencies in terms of index modulation, 

however in this thesis calculations are done in terms of permittivity modulation. 

Permittivity modulation is used since strictly it is the permittivity modulation which 

couples energy between diffraction orders and since the definition of index modulation 

becomes awkward if the permittivity or permittivity modulation are spatially varying. 

For dichromated gelatin, £1 saturates at about 0.3 while £0 decreases to a 

minimum near 1.36, so the approximation is good to within 1 %. Assuming a volume 

hologram is recorded in dichromated gelatin at an exposure level which saturates the 

permittivity modulation £1, effective medium theory predicts a birefringence of 

approximately -5.41-10-2. For comparison, the achievable birefringences for several 

volume holographic media are presented in Table 4.3. 

Medium Bias Index Index Modulation Birefringence 

dichromated gelatin 1.360 0.100 -5.41 E-02 
rehalogenated silver halide 1.640 0.040 -1.49 E-02 
du Pont HRF-325 1.527 0.035 -1.50 E-02 
du Pont HRF-600 1.543 0.061 -2.56 E-02 
du Pont HRF-700 I 1.522 0.060 -2.59 E-02 

Table 4.3. Possible form birefringences of common volume holographic media. 

Rigorous coupled wave theory can be used to exactly calculate the birefringence 

of a zeroth order volume grating. Assuming a bias refractive index of 1.36 and a 

permittivity modulation of 0.3, rigorous coupled wave theory predicts a birefringence of -

5.40-10-2 for a hologram with a period of 0.42 Ilm illuminated at a wavelength of 0.6328 

Ilm. In comparison, the effective medium theory calculation differs from the rigorous 

coupled wave theory calculation by less than 1 %. As the wavelength to period ratio 

increases, effective medium theory more accurately predicts the phase shift. The plot in 
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Fig. 4.14 shows the quadratic variation of phase shift with permittivity modulation for 

zeroth order grating at normal incidence with a period just slightly smaller than the cut-off 

period. 

The plot in Fig. 4.15 shows the form birefringence as a function of hologram 

thickness. The form birefringence is calculated as if the hologram were truly a uniaxial 

crystal using the equation: 

(4.37) 

where t is the thickness of the hologram, Ao is the wavelength of the incident light, and Ll<l> 

is the TM-TE phase shift calculated by rigorous coupled wave theory. As the plot shows, 

the form birefringence is not a true birefringence such as that of a uniaxial crystal as the 

phase shift is not linearly dependent upon the thickness of the medium. 

A second lesser effect of the form birefringence of volume holograms in the zeroth 

order regime is the polarization dependent thin mm behavior of the holograms. Since the 

holograms have polarization dependent permittivities, the transmissivity of the holograms 

will be polarization dependent due to coherent interference between waves reflected at 

the hologram surfaces. The plots in Fig. 4.16 show the TE and TM transmissivities as a 

function of permittivity modulation for a beam incident from air on a volume hologram 

atop a glass substrate. The straight lines are the transmissivities of a 18 flm [tIm of index 

1.36 atop a glass substrate and of a glass substrate alone. Effective medium theory 

predicts that the transmissivity for the TE polarization should be the same as for an 

unmodulated mm no matter what the permittivity modulation and that the transmissivity 

for the TM should vary with permittivity modulation. As can be seen in the figure, 

effective medium theory does not agree with the rigorous coupled wave theory 
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Fig. 4.16 TE and TM transmissivities of a zeroth order volume 

hologram versus permittivity modulation as calculated 

by RCWT and EMT. Also shown is the transmissivity 

of the bare substrate. The period is 1.5 times smaller 

than the cutoff period. 
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Fig. 4.17 TE and TM transmissivities of a zeroth order volume 
hologram versus permittivity modulation as calculated 
by RCWT and EMT. The period is 10 times smaller 
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For all volume holographic media the permittivity modulation is necessarily 

nonconstant [Liu 1993] due to absorption of the recording beams during construction. 

Since the bias index of dichromated gelatin and some photopolymers is dependent on the 

permittivity modulation [Salter 1991, Campbell 1995], the bias permittivity is also 

nonconstant. For media which require wet processing, such as silver halide and 

dichromated gelatin, the grating parameters may also vary due to fIlm shrinkage (or 

swelling) [Buchinskaya 1991, Belendez 1992] and due to nonuniform diffusion of the 

processing chemicals into the holographic emulsion. Thus, any real volume hologram will 

have varying grating parameters and should be analyzed accordingly. 

5.1 Coupled Wave Theory of Real Holograms 

In Chapter Two, a method was derived for applying rigorous coupled wave theory 

to volume holograms which have nonconstant grating parameters. Dichromated gelatin 

(OCG) has been used for the experiments presented in this dissertation, so the 



130 

calculations presented in this section will be for the DCG model. Other models exist for 

other volume holographic recording media, but the lessons learned in studying DCG are 

useful for understanding the properties of the other media. The model used is a 

combination of models variously proposed to describe fringe structure within a DCG 

hologram. First, it will be assumed that the permittivity modulation for transmission 

holograms decays exponentially into the hologram due to absorption of the recording 

beams. Additionally, it will be assumed that the permittivity modulation exponentially 

saturates with increasing exposure. Finally, it will be assumed that the bias permittivity 

(the 'DC' or average permittivity) will be linearly dependent on the permittivity 

modulation. It is difficult to differentiate between the various causes of deviations from 

ideal diffraction characteristics. For this reason, the three aspects of the model will be 

treated separately though in general they do not appear individually. 

5.1.1 Permittivity Modulation Variations 

Volume holographic media absorb energy from the construction waves during the 

recording process. Neglecting any dynamic effects during construction and assuming 

linear absorption. the amplitude E of the recording waves decays exponentially: 

(5.1 ) 

where K is the absorption coefficient of the recording medium. and a. is the angle of 

incidence within the holographic medium. For a transmission hologram constructed from 

two plane waves. the exposure e: in the medium then has the form: 
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E:(x,Z) = I(x,z)t (5.2) 

where 't is the time duration of the exposure. I(x,z) is the intensity of the electric field 

within the hologram: 

I(x,z) = Io(z) + Ll/(z)cos(K. f) (5.3) 

where 

I ( ) - E2 -2KZ/COSQ""j + E2 -2KZ/COSQ"f 
o Z - o.nbje O.refe , (5.4) 

and 

(5.5) 

The subscripts obj and ref refer to the object wave and the reference wave, respectively. 

Assuming the permittivity modulation is linearly dependent on the exposure, the 

permittivity modulation decays exponentially with depth into the hologram: 

(5.6) 

where E\ is the magnitude of the permittivity modulation at the front surface of the 

hologram (z=O), and the permittivity decay constant K: is linearly related to the absorption 

coefficient K. 

Many researchers have analyzed the effect of the decline in permittivity 

modulation due to absorption during the recording stage [Kermisch 1969, Owen 1980] 

using two-wave coupled wave theory. Using Kogelink's two-wave coupled wave theory, 

it can be shown that at exact Bragg incidence an unslanted hologram with permittivity 

modulation variations can be modeled as an equivalent uniformly modulated hologram 
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[Kermisch 1969, Syms 1983]. The equivalent hologram has a permittivity modulation EI 

equal to the spatial average of the varying permittivity modulation of the actual hologram: 

(5.7) 

where t is the thickness of the hologram. For a nCG hologram, the average permittivity 

modulation is given by: 

(5.8) 

Using rigorous coupled wave theory, it can be shown for cases in which Kogelnik's 

equations are not valid that the equivalent hologram model is legitimate. 

At non-Bragg incidence, the cascaded grating approach described in Chapter 2 is 

required to give accurate results. This can be seen in Fig. 5.1. At Bragg incidence, single 

layer and ten layer approximations to a hologram with an exponentially decaying 

permittivity modulation yield the same diffraction efficiencies. At non-Bragg incidence, 

the single layer model does not accurately describe the diffraction efficiencies, while a 

convergence analysis indicates that the ten layer model is accurate to within 1 %. The 

hologram is a slanted 45° input coupler hologram, and the variation in the permittivity 

modulation with depth is given by El(z) = 0.162 e-O.12·z, where the decay constant is in 

units of [).lm]-l [Chateau 1993a]. The permittivity modulation of the single layer 

hologram is 0.1 which is equal to the average of the permittivity modulation of the real 

hologram. Each of the ten layer approximation gratings has a permittivity modulation 

equal to the average of the real permittivity over the thickness of the subhologram. The 
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Fig. 5.1 TE and TM diffraction efficiencies for an ideal 

hologram with a permittivity modulation of 0.1 

and for a hologram with an exponentially decaying 

modulation which has an average of 0.1. 
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thickness of each subhologram is chosen so that permittivity modulation varies equally as 

much within the depth of the subhologram. 

5.1.2 Bias Index Variations 

The problem of bias index variations has also been treated by a number of 

researchers [Au 1987, Owen 1980]. For unslanted holograms, variations in the bias index 

are not significant. For slanted holograms, variations in the bias index prevent Bragg 

matching throughout the hologram and severely degrade the performance. This can be 

seen by considering Bragg's equation and Snell's law simultaneously. For efficient 

reconstruction, a volume grating must be reconstructed at the Bragg angle aB: 

2nbi""A sin(a 8) = 1..0 . (5.9) 

According to Snell's law, a beam incident at an angle a on the grating will refract at a 

boundary to an angle a' in the transmittent medium: 

(5.10) 

In general, expressions derived for refraction into and propagation through isotropic 

media cannot be applied to anisotropic media such as volume holograms. Tills will be 

shown later in Chapter Seven. However, it can be shown using rigorous coupled wave 

theory that at Bragg incidence, a wave will refract in and out of a hologram as if the 

hologram were an isotropic layer with an index equal to the bias index. 
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In a slanted volume hologram, the grating vector makes an angle $ with the 

surface normal. Correspondingly, the fringe makes an angle 90°-$ with the surface 

normal. The Bragg angle is defined relative to the fringe. Inside the hologram, a wave is 

incident on Bragg if it makes an angle a.'=(900-$)±aB with the surface normal. On 

Bragg, a wave can be refracted out of the hologram into the surrounding medium using 

Snell's law. Since a hologram is a passive, linear optical system, time reversal applies and 

one can calculate the angle a. in the incident medium which will correspond to Bragg 

incidence in the hologram: 

(5.11) 

Since the Bragg angle aB is nonlinearly dependent on the bias index, it is unclear from Eq. 

(5.11) that an incident wave which is on Bragg for one bias index will also be on Bragg at 

a different bias index. This can be clarified by rewriting Eq. (5.11) to obtain: 

(5.12) 

cos$ + . $ 

tan[sin-I(~)l sin , 
2nbiasA 

which clearly shows that the incidence angle must be changed to maintain Bragg 

incidence if the bias index changes (Fig. 5.2). Note that Bragg incidence is maintained for 

any bias index if the hologram is unslanted ($=90°): 

(5.13) 
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permittivity 

k 
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k' ref 

Fig. 5.2 Example of dephasing in a volume hologram 
with a varying bias permittivity. The hologram 
is Bragg matched at the front surface but not 
Bragg matched at the back surface. 
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In this case, the change in the Bragg angle and the change in the wavelength (A,=A,oInbias) 

exactly cancel and Bragg incidence is maintained throughout the hologram (Fig. 5.3). 

This provides justification for considering only unslanted dichromated gelatin gratings in 

the Bragg regime. 

Strictly, a hologram with a varying permittivity cannot be modeled as a single 

hologram with a constant permittivity Eo equal to the spatial average of the varying 

permittivity: 

(5.14) 

However, the differences between the diffraction efficiencies calculated using a single 

layer model and a ten layer model are slight for an unslanted hologram (Fig. 5.4). Note 

that the differences are minor even at non-Bragg incidence. The effective Bragg angle 

can be obtained by using the square root of the equivalent permittivity in Bragg's Law: 

sin(8 B)= ~. 
2A Eo 

(5.15) 

For analysis of slanted holograms with nonconstant permittivities a cascaded 

hologram approach is required. Generally, a one layer model is not a good approximation 

for modeling the diffraction of a slanted hologram with varying permittivity [Owen 1980, 

Au 1987]. If the permittivity varies more than 5% over the thickness of the hologram, 

diffraction efficiencies determined using a single layer coupled wave model will differ 

significantly from a more accurate ten layer model (Fig. 5.5), which better approximates 

the varying permittivity. 
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Fig. 5.3 Example of maintaining Bragg matching in an 
unslanted volume hologram with varying 
bias pemlittivity. 
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Fig. 5.5 TE and TM diffraction efficiencies versus angle 

of incidence for a slanted 30° Bragg angle 

PBS hologram with a varying permittivity 

given by E(Z) = 2.37 - 0.246 exp(-0.12*z). 
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5.1.3 Grating Vector Variations 

Rigorous coupled wave theory can be applied to the analysis of holograms in 

which nonlinear shrinkage or swelling in the direction normal to the hologram causes the 

fringes to bend but maintains the fringe spacing in the tangential direction. Examples of 

linear and nonlinear shrinkage are shown in Fig. 5.6. Nonlinear shrinkage causes the 

normal component of the grating vector to vary as a function of depth. Au et. al. showed 

that holograms in which the normal component of the grating vector varies behave 

similarly to holograms with bias permittivity variations. 

If the grating vector varies in the tangential direction, the permittivity modulation 

is aperiodic. Floquet's theorem is then invalid, and coupled wave theory cannot be used 

to analyze the problem. A tangentially aperiodic permittivity modulation would result if 

the recording waves were not planar. However, with planar recording waves, an 

aperiodicity would only result from nonlinear shear (Fig. 5.7). Since, a typical 

holographic emulsion is on the order of 10 /lm thick while a typical hologram is on the 

order of 1 cm wide, it is unlikely that the shear at some point in a tangential plane of the 

hologram would be different than the shear at another point in the plane. Therefore, 

coupled wave theory should be applicable. 

5.2 Effective Medium Theory of Real Holograms 

In the quasistatic regime, there are no diffracted waves and maintaining Bragg 

incidence is meaningless. Therefore, it is easy to account for variations in the bias 

permittivity, permittivity modulation, period, and slant angle by modeling the volume 



(a) 

(b) 

Fig. 5.6 (a) Volume hologram showing linear 
shrinkage. (b) Volume hologram showing 
nonlinear shrinkage 
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(a) S 
I4-l 

(b) + Sex) 
I ~ 

Fig. 5.7 (a) Volume hologram showing linear shear. 
(b) Volume hologram showing nonlinear shear. 
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grating as a stack of thin birefringent films. Since the effective medium calculations 

presented require that the permittivity vary periodically, holograms subjected to nonlinear 

shearing cannot be treated. However, as stated in the previous section, it is unlikely that 

significant nonlinear shearing can occur. One characteristic of volume gratings that must 

be analyzed is the effect of saturation of the permittivity modulation with increasing 

exposure, which causes the permittivity profile to become non-sinusoidal. 

Effective medium theory can be applied to volume holograms with non-sinusoidal 

permittivity modulations. However, in general analytic results are not available for the 

effective extraordinary permittivity E.l because the integral which defines the 

extraordinary permittivity cannot necessarily be evaluated. Permittivity modulation 

saturation results in a nonlinear relationship between the exposure and the permittivity 

modulation and therefore non-sinusoidal modulations result though the exposure is 

sinusoidal. The dependence of the permittivity modulation of a DCG volume hologram 

on exposure e has been described as a saturating exponential [Blair 1989, Chang 1979, 

Case 1976]: 

~E(X) = ~Emax[l- exp(- e(x))] , 
e"ot 

(5.16) 

where ~Emax is a constant that relates to the maximum permittivity modulation and esat is 

a saturation constant. At low exposures (e(x) « E:sat)' the permittivity modulation is 

linearly dependent on the exposure. To see this, expand the exponential in a series: 

o 3 4 
t I x- x x 

e' = +X+-+-+-+··· 
2! 3! 4! 

(5.17) 
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This yields a power series expression for the permittivity modulation: 

[ 1 ( ) ( )2 II e:{X) 1 e:{X) 
&(X}=.1E max 1- 1+ --- +- -- + .... 

e:.w, 2 e:."" 
(5.18) 

Neglecting terms greater than the linear term, the permittivity modulation will be 

accurately described to within 4% if e(x) is smaller than 1.1.1 e sat' Thus at low exposures, 

the permittivity modulation is approximately linearly proportional to the exposure: 

(5.19) 

If a grating is formed by the interference of two plane waves, the exposure varies 

sinusoidally: 

e(x) = e J +e2 +2.JeJ ·e2 ·cos(K ·x) (5.20) 

where e 1 is the exposure for beam one, e 2 is the exposure of beam two, and K is the 

grating vector (K = k\ - k2). Letting e 1 + e 2 = ebias and 2~(ele2) = Lle, the exposure 

can be expressed as: 

e(x) = eMus + Lle· cos(K' x) (5.21) 

Thus the permittivity modulation for a low exposure grating is given by: 

LlE ] LlE(X) "" ~[ehiU.' + Lle· cos(K' x) 
era, (5.22) 
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and is linearly dependent on the exposure. 

At higher exposure energies, the permittivity modulation saturates and is not 

proportional to the exposure. Luckily, an exponential with a sinusoidal exponent can be 

expanded as a weighted series of harmonics of the sinusoid [Abramowitz 1972]: 

w 

exp{hcos(O)} = lo(h) + 2 L/n(h)cos(nO) (5.23) 
n~1 

where h is a constant, n is an integer, and In(h) is the nth modified Bessel function 

[Arfken 1985]: 

(5.24) 

i is equal to (-1 )Y2, and In(h) is the nth order Bessel function of the first kind and is given 

by: 

1 It 
In(h) = - J cos(hsin(S)-nS)dS, 

7t 0 

(5.25) 

when n is a positive integer. Generally, the modified Bessel functions are calculated from 

the ordinary Bessel functions which are tabulated in mathematical programs. However, 

the modified Bessel function of the nth integer order can also be calculated by integral: 

1 It 
I" (z) = - J elCOS(O) cos(nS )dS • 

7to 
(5.26) 
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where n is a positive integer. 

Starting with the expression for the permittivity modulation: 

~E(X) = ~EmiIX [I-exp(- e bhU ).exp(_~_e_.c_os....:.(_K_'x~))l 
e III/ e ,," 

(5.27) 

and using the Bessel function expansion: 

(5.28) 

yields the permittivity modulation as a Fourier series. Note that an additional DC term in 

the permittivity expansion appears as the permittivity modulation saturates. The terms of 

the permittivity expansion are now expressed in a form useful for coupled wave analysis: 

~ 

Lle(x) = Lle 0 (LlE:) + L Lle n (LlE:)cos(nK . x). (5.29) 
n=1 

where 

(5.30) 

and 

(5.31) 

The components of the permittivity modulation expansion for a DCG hologram 

that has the maximum permittivity modulation of 0.424 and a saturation constant of 720 

mJ/cm2 are plotted in Fig. 5.8 as a function of exposure. The plot shows that the 

fundamental term of the modulation peaks at an exposure near 550 mJ/cm2 and then 

decreases. The plots in Fig. 5.9 show the nearly sinusoidal permittivity modulation at the 
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relatively low exposure of 100 mJ/cm2. The second harmonic of the fundamental is small 

and the higher harmonics are negligible. However, the plots in Fig. 5.10 show that the 

higher harmonics are not negligible at higher exposures. The permittivity modulation 

clearly shows saturation effects at 700 mJ/cm2. 

To accurately model a volume hologram in dichromated gelatin, the constants 

~~ax and E:sat must be determined. At a recording wavelength of 514.5 nm, Blair et. al. 

[Blair 1989] found the maximum permittivity modulation to be ~~ax ::::: 0.12 and the 

saturation constant to be E:sat ::::: 1000 mJ/cm2 for a 25 ~m thick gelatin emulsion 

sensitized with 2% ammonium dichromate. Performing a least squares fit of Blair's 

equations to Case and Alfemess's [Case 1976] data for a 16 ~m thick emulsion sensitized 

with 5% ammonium dichromate indicates a maximum permittivity modulation equal to 

0.23 and a saturation constant equal to 600 mJ/cm2. When fitted with Blair's equations, 

Chang and Leonard's data [Chang 1979] indicates a maximum permittivity modulation 

equal to 0.424 and a saturation constant equal to 720 mJ/cm2 for a 15 ~m thick gelatin 

emulsion sensitized with 10% ammonium dichromate. The saturation parameters ~Emax 

and E:sat are highly dependent on the types of gelatin and development processes used. 

However, in general the saturation constant decreases and the maximum permittivity 

modulation increases as the percentage of ammonium dichromate increases. 

To determine the effect of permittivity modulation saturation on the form 

birefringence of a zeroth order hologram, the parameters fitting Chang and Leonard's data 

will be used. Additionally, it is assumed that the bias permittivity is decreased as the 

permittivity modulation increases, as was seen by Case and Alfemess and also by Salter 

and Loeffler [Salter 1991]. Because the permittivity modulation in DCG is due to the 

creation of microscopic vacuoles in the gelatin, increasing the permittivity modulation will 

decrease the bias permittivity. It is believed that the voids are created to relieve the stress 
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on the DCG fIlm caused by its rapid dehydration when it is abruptly plunged into 

isopropyl alcohol during development. The gelatin is hardest in the areas of the greatest 

local exposure and less voids are formed in those areas than in the unexposed areas 

[Phillips 1993], as is shown in Fig. 5.11. In that case, the permittivity takes on the 

tollowing form: 

(5.32) 

where Ebase is the permittivity of the gelatin when uniformly exposed but not developed. 

It is assumed that the base permittivity Ebase is equal to 2.37 (nbase==1.54), which is 

slightly larger than the permittivity of the unexposed gelatin, Eunexp == 2.34 (nunexp == 

1.53). 

The effect of permittivity modulation saturation on the ordinary and extraordinary 

permittivities is shown in the plot Fig. 5.12 versus the exposure energy density. The 

effective permittivity for both polarizations decreases as the exposure is increased, as can 

be seen in the fIgure. The plot in Fig. 5.13 shows that the extraordinary permittivity 

decreases at a greater rate than the ordinary permittivity until the exposure slightly 

exceeds the saturation constant. Extensive numerical analysis indicates this characteristic 

is independent of the maximum permittivity modulation. This implies that the maximum 

birefringence of a DCG hologram is obtained by exposing the hologram slightly (-5%) 

past its saturation constant. Additionally, since the maximum permittivity modulation is 

dependent on the concentration of ammonium dichromate in the gelatin, the maximum 

concentration should be used when making birefringent optical components. 

Waveplates have been fabricated in DCG to examine the validity of the theory. 

Figure 5.14 shows the phase shift versus exposure of a normally incident wave 
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modulation causing air vacuoles. 
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Fig. 5.14 Measured TM-TE phase shift versus exposure for 

a zeroth order hologram at normal incidence. 
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transmitted through a zeroth order hologram. Shown also is the theoretical phase shift 

determined using effective medium theory and the saturating permittivity modulation 

model. Figure 5.15 shows the TM-TE phase shift versus exposure measured for two 

different wavelengths. At 632.8 nm, the permittivity modulation saturates before a 

quarter wave of retardation can be obtained. However, quarter wave retardation is 

obtained at a shorter wavelength of 457.9 nm. Generally, measurements are taken in the 

saturation regime because phase retardation is maximum. Phase shift measurements 

indicate that the linear regime is in the 10-80 mJ/cm2 exposure range for a 10% 

ammonium dichromate emulsion exposed at 457.9 nm (Fig. 5.16). 
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Chapter Six 

Methods for 
Determining Model 
Parameters 

To accurately model the diffraction characteristics of a volume hologram, ten 

parameters must be known: 

1) illumination wavelength 

2) angle of incidence 

3) incidence plane tilt 

4) index of incidence medium 

5) index of transmittance medium 

6) hologram thickness 

7) grating period 

8) fringe slant angle 

9) bias permittivity of hologram 

10) permittivity modulation 



161 

Obtaining values for the first five parameters is straight forward. The first 

quantity, the illumination wavelength, can be either a free value determined for example 

by using a spectrometer to filter a broad band light source, or it can be fixed to a constant 

value determined for instance by using a particular type of laser. The second two 

parameters, the angle of incidence and the incidence plane tilt, are generally free values 

determined by the researcher. The fourth and fifth parameters, the indices of the incident 

and transmittent media, are fixed by the choice of substrate and cover media and are 

generally easy to measure. 

The parameters describing the hologram, however, are typically difficult to 

measure. The physical thickness of the holographic medium can be determined, but the 

grating may not occupy the entire thickness of the medium. The grating period and fringe 

slant angles depend on the index of the medium before exposure and on the amount of 

shear and swelling (or shrinkage) of the emulsion during processing. Because the 

hologram formation and amplification processes are generally unknown, the bias 

permittivity and permittivity modulation are also unknown quantities. Thus, without 

destroying the hologram, it is very difficult to determine its parameters. 

Often, an experimentalist can obtain the correct diffraction characteristics through 

trial and error. This is particularly true if few diffraction properties are of importance. 

Many times, only the angle of diffraction and the diffraction efficiency of a single 

polarization component are of interest. In that case, it is relatively simple to obtain the 

proper hologram without characterizing the holographic medium. However, if more 

constraints are put upon the performance of the hologram, obtaining the proper hologram 

through experimental trial and error is extremely time consuming. Such would be the 

situation if constraints were put upon both the TE and TM diffraction efficiencies. In this 

case, a suitable hologram can be obtained in a timely manner only if test holograms can be 
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completely characterized. In this chapter, methods of determining the hologram 

parameters will be presented and evaluated. 

6.1 Determining the Thickness 

The usual method of measuring the thickness of a volume hologram is to use a 

contact profilometer such as an Alphastep or Talysurf. A razor blade is used to carefully 

scratch through the hologram to the substrate, removing a column of material about 3 mm 

wide and 10 mm long. The thickness of the fIlm can then be measured by scanning the 

profilometer stylus across the groove. A typical measurement appears as in Fig. 6.1. 

This method has several drawbacks. First, the measurement destroys the 

hologram. Second, the substrate must be hard enough that the razor blade does not 

gouge it. If substrate material is removed, the profilometer measurement will be difficult 

to interpret. Finally, the measurement yields only the physical thickness of the 

holographic emulsion. If the hologram is wet processed during development, the portion 

of the hologram along the exposed surface of the emulsion may be destroyed and the 

remaining portion will not have the same thickness as the emulsion [Sjolinder 1981]. 

A profilometer measures along a line approximately a centimeter long. Thus, it is 

an awkward tool for measuring the uniformity of the hologram thickness. A useful way 

of measuring thickness uniformity is by using the emulsion to form a lateral shearing 

Murty interferometer [Malacara 1978b]. Such an interferometer is pictured in Fig. 6.2. 

An example of a typical interferogram of a dichromated gelatin emulsion is shown in Fig. 

6.3. 
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Fig 6.2 Murty lateral shearing interferometer 
used to measure uniformity of dichromated 
gelatin emulsion. 
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Fig. 6.3. Typical interlerogram of a dichromated gelatin 
emulsion obtained with a Murty interferometer. 
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For more sensitive uniformity measurements, an atomic force microscope can be 

used to scan a small portion of the hologram. Fig. 6.4 shows a surface relief grating 

formed on the open surface of a volume hologram during development. The surface 

reticulation is less than 100 om and can be neglected if the hologram is sealed with a 

cover glass. 

6.2 Determining the Grating Period 

Due to shear and shrinkage of the emulsion between exposure and reconstruction 

of the hologram, the grating period A is also generally unknown. However, the 

component of the period tangential to the hologram surface At can be determined by 

measuring the Bragg angle and applying the grating equation: 

~einc AI (sina inc + sin a "lff )= mAo, (6.1) 

The grating period can be calculated from its tangential component and the fringe slant 

angle <1>: 

A = AI sin<1>. (6.2) 

Therefore, determining the grating period is linked to determining the slant angle, which 

in tum is tied to determining the bias permittivity. 
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6.3 Determining the Slant Angle 

If the hologram does not shrink or shear during processing, the slant angle can be 

determined from the construction geometry and the pre-exposure fllm index. However, 

usually some amount of shrinking or shearing occurs during processing. For dichromated 

gelatin, the emulsion swells due to absorption of water during development [Billard 1989] 

and shrinks due to removal of ammonium dichromate during development and removal of 

water during post-development baking. Often, the shrinkage is controlled by adjusting 

the amount of ammonium dichromate in the emulsion so that after processing the 

shrinkage and swelling compensate and the fllm is nominally the same thickness. 

However, the number of chromium ions bound to the emulsion during exposure depends 

on the exposure intensity, so the adjustment must be determined for each type of 

hologram made. Additionally, other hologram characteristics such as permittivity 

modulation, fllm hardness, and scatter are dependent on the concentration of ammonium 

dichromate. So it is not always convenient to use a concentration which does not change 

the emulsion thickness. 

Mechanical stresses created during coating may be relieved during processing and 

cause the fllm to shear. Since the dark reaction in dichromated gelatin is strongly 

temperature dependent, the film cannot be heat annealed to remove the stresses. The 

shear is generally small, but may be significant relative to the thickness of the emulsion. 

For instan~e, a shear of 1 11m on a 10 11m thick emulsion can cause a fringe slant angle 

change of over 5°. 

Theoretically, the slant angle can be calculated by making two Bragg angle 

measurements. The Bragg equation for an ideal grating in a medium of different index is 

[Moharam 1983]: 
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( )

"2 nJt =sin(a)cos(O)sin(</»+ ~-sin2(a) COS(</». 
2A E~ E~ 

(6.3) 

where m is the diffraction order, Ao is the freespace wavelength, A is the grating period, E 

inc is the permittivity of the incidence medium, a is the angle of incidence, 0 is the tilt of 

the incidence plane, </> IS the fringe slant angle, Eo is the bias permittivity of the hologram. 

The reconstruction angles a and 0 are known from the reconstruction geometry. 

The wavelength and the permittivity of the incidence medium are also usually known. It 

appears that there are three unknowns, the period A, the bias permittivity EO, and the slant 

angle <1>. However, as stated in the previous section the period is related to its component 

tangential to the surface At by the slant angle: 

A = AI sin</>, (6.4) 

and the tangential component of the grating period can be determined experimentally. 

Since there are actually only two unknowns, the slant angle and the bias permittivity, 

measuring the Bragg angle for two different incidence conditions will yield enough 

information to determine the unknowns. 

To derive an equation that will yield one of the unknown quantities with two 

Bragg angle measurements, the following substitutions are useful: 

L = II/A. .,- ./C' 21\, CU," 

DE sin(a.)cos(O ~ 

A Esin2(a.), 

and 

(6.5) 
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The Bragg equation can then be rewritten as: 

Lm = Dsin 2(tj> )+.J R- A sin(<j> )cos(tj», (6.6) 

where the unknowns are now R and <j>. Squaring both sides and rearranging yields: 

( )

2 
Lm - Dsin2 (tj» 

R=A+ . 
sin(tj> )cos(tj> ) 

(6.7) 

This equation can be applied in two ways. One way is to measure the first order Bragg 

angle for two different incidence plane tilt angles. The other way is to measure the Bragg 

angles for two different diffraction orders having the same incidence plane tilt angle. 

6.3.1 Measurement by Changing the Incidence Plane Tilt 

For this method, R, Lm and <j> remain constant during the measurements, but A 

and D are dependent on the incidence plane tilt o. If we let the subscripts 1 and 2 denote 

measurements taken for incidence plane tilt angles of 01 and 02, respectively, the terms on 

the right side of Eq. 6.7 for the two solutions can be equated: 

( 
L- D, sin2(<j> ))2 (L- D, sin2(tj> ))2 

A,+ =A,+ - , 
sin(tj> )cos(tj> ) - sin(tj> )cos(tj> ) 

(6.8) 

where L is equal to L\. Equation (6.8) can be rewritten in terms of sin2<j> only: 
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Additional effort allows a sin2«1> term to be dropped from both sides: 

(6.10) 

Rearranging yields sin2«1> in terms of the known quantities: 

(6.11) 

Substituting for the AI. A2• DI• and D2 and reducing yields «1> in terms of measurable 

quantities: 

(6.12) 

Once «1> is known. Eo can be calculated using: 

(6.13) 

As an example of using this method. consider a volume hologram with the 

following parameters: 

index of incidence medium 

index of transmittance medium 

wavelength 

1.00 

1.54 

0.63281lm 
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angle of incidence (Xl and (X2 

incidence plane tilt 0° and 25° 

hologram thickness 8.8 Jlm 

grating period 0.8373 Jlm 

slant angle 65° 

bias permittivity 2.13 

permittivity modulation 0.15 

If rigorous coupled wave theory is used to calculate the efficiency of the Oth 

transmitted order as a function of angle of incidence, Bragg incidence occurs at angles of 

-14.7° and -16.1 ° for incidence plane tilts of 0° and 25°, respectfully. If these values are 

used in the slant angle equation, a slant angle of 62.7° is calculated. The value of the 

slant angle used in the calculations is 65°. The difference between the actual and 

calculated values of the slant angle is due to the nonlinearity of the slant angle equation. 

The resolution used for the rigorous coupled wave calculations is 0.1°, typical of the 

resolution that can be obtained experimentally. According to Eq. (6.3), the actual Bragg 

angles are -14.69° and -16.11 0. Thus an error of only 0.01° in determining the Bragg 

angle changes the slant angle calculation measurably (Fig. 6.5). 

For undermodulated gratings [nElt / (2noAocos8B) < 7tl2], finding the angle for 

first order Bragg incidence is usually straightforward. However, for overmodulated 

gratings, it can be difficult to determine Bragg incidence from the diffraction efficiency 

response (Fig. 6.6). Because of problems in determining the Bragg angle and the 

sensitivity of the slant angle calculation, this method is not practical. For example, Fig. 

6.7 shows the measured Oth order TE diffraction efficiency for an overmodulated 
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volume hologram. The Bragg angles cannot be identified with sufficient accuracy to 

reliably calculate the slant angle. 

6.3.2 Measurement by Changing the Diffraction Order 

There are two possibilities for measuring the slant angle by measuring the Bragg 

angle for different diffraction orders. One way is to measure the ±lst order Bragg angles, 

and another is to measure the 1st and 2nd order Bragg angles. In the first case L_I = -LI 

and the slant angle equation is quite similar to the previous slant angle equation: 

(6.14) 

In terms of the measured quantities, the equation becomes: 

(6.15) 

As might be expected, this equation is as nonlinear and sensitive as the slant angle 

equation for the conical incidence Bragg angle measurement. 

For the second case L2 = 2L I and the numerator of the slant angle equation is a 

constant: 

(6.16) 

In terms of the measured quantities, the equation becomes: 
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(6.17) 

This equation has the benefit of being much less nonlinear than the previous two 

slant angle equations (Fig. 6.8). For the test case shown, a 0.1 ° uncertainty in the Bragg 

angle yields only a 0.35° uncertainty in the slant angle. Unfortunately, it is uncommon for 

a hologram to have a permittivity modulation which allows both the 1 st and 2nd order 

Bragg angles to be identified. This problem can be seen in Fig. 6.9, which shows 

calculations of the angular dependence of the Oth order diffraction efficiency for the same 

hologram with three different permittivity modulations. The 1st and 2nd order Bragg 

angles, -14.69° and +9.04°, respectfully, can be identified for a slightly overmodulated 

hologram (£1=0.15), but cannot be identified for an undermodulated (£1=0.08) or a 

greatly overmodulated (£1=0.25) hologram. Figure 6.10 shows the measured angular 

dependence of the Oth order TE diffraction efficiency of a slightly undermodulated 

volume hologram. The angle corresponding to the -1 st diffraction order is easily 

identified. but the angle of the -2nd order is indistinct. 

An additional problem occurs when the period of the grating is small and the 2nd 

diffraction order is evanescent at the measurement wavelength. This problem can be 

overcome if a shorter wavelength source is used for the slant angle measurements. The 

slant angle is independent of the wavelength. so it can be calculated at one wavelength 

and then used in conjunction with a Bragg angle measurement at another wavelength to 

yield the bias index at that wavelength. Overall. though. this method has been of limited 

usefulness. 
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6.4 Determining the Bias Index 

The Bragg angle of a hologram shifts due to index change, fIlm swelling, and film 

shear [Belendez 1992]. Swelling (or shrinkage) can be determined by directly measuring 

the fIlm thickness before exposure. and after development, and the index of the 

holographic fIlm before exposure can be measured using standard techniques. However, 

shear is difficult to isolate, and as a result, it is difficult to determine the reconstruction 

index of a holographic optical element (HOE) by simply observing the shift of the Bragg 

angle. The index after development must be measured directly to characterize the Bragg 

shift. Researchers have attempted to measure the index directly and have obtained values 

ranging from 1.20 to 1.71 [Pawluczyk 1990, Chang 1992, Rzhevskii 1990, Shankoff 

1968, Billiard 1989, Salter 1991, Kim 1993, Sweatt 1978]. In general, this range of index 

values is too large to accurately design an HOE. 

In this section, typical methods for index measurement are investigated which 

assume that the hologram's index is constant throughout the emulsion. In a real 

hologram, the emulsion's index varies along the bisector of the propagation vectors of the 

construction beams. After development, the index at the incident surface of a 

dichromated gelatin hologram differs from its values at different depths within the 

emulsion because of absorption of the recording beams during exposure. The exact 

variation of the index with emulsion depth has not been measured, but the average index 

has been determined. Rigorous coupled wave theory verifies that the average index can 

be obtained by a method reported by Richard Rallison [Rallison 1992] that uses the 

diffraction characteristics of a particular hologram to determine the index. 
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Because the index varies spatially, the term bias index will be used to specify the 

mean value of the index as a function of depth in the hologram. If the permittivity of the 

hologram is expanded as a Fourier series: 

E(r) = Eo(Z)+ LE j (z)cos(K j • r), 
j 

(6.18) 

then the bias refractive index no is defined as the square root of the zeroth order 

permittivity term: 

(6.19) 

The term average index is not used because no can vary as a function of depth, and it may 

be unclear whether the average is taken over the depth of the hologram, over a plane 

parallel to the surfaces of the hologram, or both. A hologram with constant parameters, 

particularly the permittivity expansion terms Ej, is defined as an ideal volume hologram. 

In section 6.4.2, an analysis of ideal holograms is presented. In section 6.4.3, the 

permittivity expansion terms Ej are allowed to vary with depth in order to correspond 

more closely to the conditions in actual holograms. 

6.4.1 Bragg Shift 

To determine the nature of the Bragg shift, we develop a set of equations similar 

to that of Belendez. Consider the volume hologram in Figs. 6.11(a) and (b). When a 

volume hologram swells or shrinks between exposure and reconstruction, the angle of the 
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Fig. 6.11 (a) Volume hologram showing shrinkage and 
shear between construction and reconstruction. 
(b) Fringe rotation due to shrinkage, shear, and 
shrinkage and shear (from left to right). 

183 



184 

fringe planes to the surface nonna! <I> may change. The slant angle rotation is expressed 

by: 

(6.20) 

where the subscripts rand c denote reconstruction and construction, respectively. The 

rotation factor (msw) is the inverse of the ratio of the reconstruction thickness to the 

construction thickness: 

1 
m =

sw T' (6.21) 

In the presence of shear effects due to the film processing, the slant angle changes 

according to: 

tan {<I> J+tan(o) m - -~';":""---,.-'--"-

.tJ - tan (<I> J ' 
(6.22) 

where the tangent of the shear angle 8 is defined as the tangential shear s over the 

construction thickness tc: 

tan(o)=!... . 
te 

(6.23) 

In the presence of both shear and swelling, the rotation factor is simply the 

product of the individual rotation factors for swelling and shear: 
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(6.24) 

Measurement of the Bragg angle yields the quantity m-nclnc [Belendez 1992] 

where nc is the bias index at construction and nr is the bias index at reconstruction, and 

directly measuring the ftlm thickness change will yield T. However, one cannot 

differentiate between a shear and an index change without measuring one of the 

parameters directly. It is important to differentiate the two if an application puts 

requirements on the diffraction efficiencies of both the TE and TM polarizations. For 

example consider Fig. 6.12. There is an unlimited combination of bias permittivities (EO = 
nr2) and slant angles <Pr which yield 100% TM diffraction efficiency, but only one 

combination which simultaneously yields zero TE diffraction efficiency. 

6.4.2 Index Accuracy Requirements 

It is useful to determine the accuracy to which the bias index must be measured in 

order to design a typical holographic optical element. Fig. 6.13 shows a plot of the 

reconstruction angle versus bias refractive index for various rotation factors 111 for a 

slanted hologram (<Pc = 50°) without shear (s = 0). In this case, the refractive index must 

be controlled to within ± 0.03 to satisfy a ± 1 ° accuracy requirement on the 

reconstruction angle of the diffracted beam. The index tolerance decreases for increasing 

grating vector slant angles. 

Because thick volume holograms are angularly selective, the tolerance for bias 

index can be even smaller in order to maintain a given tolerance on the diffraction 

efficiency. Consider an unslanted volume hologram that has a period equal to the reduced 
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wavelength of the reconstruction wave (A = A.o I nbias)' At the appropriate permittivity 

modulation (Fig. 6.14), this hologram diffracts TM polarized light with 100% efficiency 

and TE polarized light with 0% efficiency, functioning as a holographic polarization beam 

splitter (PBS). To maintain an extinction ratio (the ratio of the intensity of a polarization 

in the desired output relative to its intensity in the undesired output) requirement of 

200:1, the tolerance on the index is ±O.02. 

6.4.3 Standard Index Measurement Techniques 

Techniques for measuring a volume hologram's bias index can be divided into two 

categories: standard methods and grating methods. Grating methods account for the 

existence of the grating within the hologram while standard methods neglect the effect of 

the grating. The standard methods can be further subdivided into surface measurement 

methods and volume measurement methods. Surface techniques evaluate the index only 

at the surface of the hologram, while volume techniques account for the phase shift due to 

propagation through the medium. Both categories assume that the grating does not 

introduce birefringence and that the bias index of the volume hologram is constant with 

hologram depth. Previous investigations suggest that the value of the bias index varies as 

function of depth into the emulsion [Kim 1992, Rallison 1992, Sjolinder 1981]. 

6.4.3.1 Surface index measurement techniques 

The surface index techniques include measurement of the Brewster angle 

[Pawluczyk 1990, Billiard 1989] and the critical angle [Shankoff 1968, Sweatt 1978]. 
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Table 6.1 gives the results of measurements using these techniques along with the results 

obtained using the volume methods described later in this paper. 

Method Index Precision 

Surface Brewster 1.54 0.0074 
TIR 1.49 0.003 

Interferometry 1.46 0.01 

Volume Resonance 1.50 0.01 
PBS 1.36 0.01 

Table 6.1 Measured indices for a polarization 

beam splitting hologram. 

The surface index of an isotropic material can be found by varying the angle of 

incidence of a plane wave upon a flat surface of the material and measuring the angle at 

which the TM reflectivity is minimum. The minimum occurs at Brewster's angle and can 

be used to determine the surface index by applying Brewster's Law [Born 1986c]. 

However, this technique is inaccurate if used to measure the bias refractive index of a 

volume hologram. 

To see why this is true, consider the calculations shown in Fig. 6.15, which shows 

the TM reflectivity versus angle of incidence for an unslanted volume hologram having a 

sinusoidal permittivity modulation and for an isotropic fUm with the same thickness and 

index. Both cases are modeled using rigorous coupled wave theory. The isotropic ftlm 

modeled is identical to the volume hologram, except that it has no permittivity 
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modulation. For each case, the incident medium is air and the substrate is index matched 

to the film. The minimum of the solid curve occurs at the Brewster angle of an interface 

between air and an isotropic medium of index 1.538. For the interface between air and 

the hologram, the minimum of the dashed curve corresponds to a pseudo-Brewster angle 

[Azzam 1989] at 56.520. Applying Brewster's Law [Born 1986c]: 

n 
tan(0BrCWsrer) =---l!:i!!!.. 

nine 

(6.25) 

to the pseudo-Brewster angle determined by rigorous coupled wave theory (RCWT) 

predicts a bias index of 1.512, a difference of 0.026 from the actual bias index (no = 
1.538). This indicates that the Brewster angle technique does not yield an accurate 

enough value for the bias index of an ideal volume hologram given the requirements from 

section 6.4.2. 

Another method of measuring the surface index of a material is determining the 

angle of incidence at which a beam propagating inside a medium is totally internally 

reflected at the interface with a medium of lesser index. This angle is the critical angle 

[Hecht 1988]. Consider Fig. 6.16, which shows the TE and TM transmissivities versus 

angle of incidence for a fIlm of bias index 1.538 on a substrate of index 1.70. The lower 

pair of curves is for 5.2/lm thick unslanted volume transmission hologram with sinusoidal 

permittivity modulation and a period of 0.17 /lm, and the upper pair of curves is for an 

isotropic film with the same index. The period is purposefully chosen to be small so that 

the Bragg angle for the 0.5145 /lm wavelength incident wave is near the critical angle. As 

indicated, RCWT predicts the same critical angle for both cases. Though it is not shown 

here, RCWT predicts the same critical angle regardless of the slant angle of the hologram 

or the magnitude of the permittivity modulation. Hence, the surface index of a volume 
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hologram can be calculated from the critical angle using the total internal reflection 

equation: 

. (n ) nrrnn sIn ¢eritical = --, 
nine 

(6.26) 

where ntran is equal to nbias and nine is given. 

6.4.3.2 Volume index measurement techniques 

Techniques for determining the refractive index within a hologram include the 

modified interference method [Kim 1993, Sweatt 1978] and the thin ftlm resonance 

method [Cooke 1984, Syms 1990]. Each technique accounts for the phase shift due to 

propagation within the hologram. In addition, the thin film. resonance method accounts 

for Fresnel reflections at the surfaces of the hologram. 

In the modified interference method, a trench is cut into the emulsion and filled 

with a calibrated index matching oil. The ftlm. is then covered with a cover glass and 

placed in one arm of a Twyman-Green interferometer [Hecht 1988], as shown in Fig. 

6.17. The interference pattern is observed to see if the fringes in the trough match the 

fringes in the hologram area. If the fringes do not match, the oil is removed with ethyl 

ether and an oil with a different index is tried. Ambiguities may occur when the qth fringe 

within the oil filled trench region matches the (q+m)th fringe of the surrounding hologram 

region. Mathematically, this is expressed as: 

OPL! - OP~ = mA 12 , (6.27) 
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where regions 1 and 2 are the trench and hologram regions, respectively, and m is an 

integer. The factor of 112 is due to the two pass nature of the testing system. The optical 

path length (OPL) of a region is given by: 

2nl2 t, 
OPL1.2 = i )' 

cos,81.2 

(6.28) 

where 8 1•2 are the angles of the propagation vectors with respect to the surface normal, 

n 1.2 are the index of the oil in the trench and the bias index of the hologram, and tr is the 

thickness of the hologram. 

Since the optical path lengths do not change equally as a function of angle of 

incidence, coincidental fringe matching will occur only for certain angles of incidence. To 

eliminate ambiguities in the fringe matching, the fllm is rotated during measurement. As 

the hologram rotates, the relative direction of the shift in the fringe patterns indicates 

whether the index matching oil has an index that is higher or lower than the hologram 

index. 

The above analysis incorrectly assumes that the optical path length of a ray 

traversing a volume hologram is the same as for a ray traversing an isotropic fllm with the 

same bias index. Figure 6.18 shows the phase delays for TE and TM polarized waves 

after a single pass through an unslanted volume hologram as a function of angle of 

incidence. The phase delay is defined as the difference between the phase accumulated in 

one pass through a volume hologram minus the phase accumulated in one pass through an 

isotropic ftlm of the same thickness and bias index. The wavelength is 0.6328 11m. and 

the hologram has a thickness of 8.8 11m. a bias index of 1.36, and a period of 0.465 11m. 

At angles much smaller than the Bragg angle, 42.8° in Fig. 6.18. the volume hologram TE 

propagation phase shift is nearly the same as that for an isotropic film. but at other angles 
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the difference can be considerable. Thus, RCWT shows that the modified interference 

method should be used only for a TE polarized wave incident on an ideal volume 

hologram at an angle of incidence much smaller than the Bragg angle. 

The thin fIlm resonance method can be used to determine the refractive index by 

measuring the intensity of the zeroth order beam reflected from a fIlm as a function of 

angle of incidence. Interference between waves reflected from the front and back 

surfaces of the film creates a resonance in the total reflected intensity, and theoretical 

calculations can be fitted to the intensity measurements to yield the fIlm thickness and 

index. Typically, only Rs or Rp is measured, where Rs and Rp are the TE and TM 

reflectivities given by: 

(6.29) 

and 

(6.30) 

The amplitude coefficients of reflection, rs and rp' are given by Airy's formulas [Yeh 

1988]: 

and 

where 

r = rOI., + 'i2s exp(-j20) 

, l+rol.' 1j2s exp(-j20) 
(6.31) 

(6.32) 
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lib cos(8 n) -lin cos(8 h) 

rab = , 
P II" cos(8 n ) + II" cos(8,,) (6.33) 

lin cos(8 n) -II" cos(8,,) 
rab = , 

. J II" cos(8,,) + lib cos(8 b) (6.34) 

and 

(6.35) 

The subscripts 'a' and fbI take on the values 0,1 and 1,2 where 0,1, and 2 refer to the 

incident medium, film, and substrate medium, respectively. The angles 8 j are between the 

surface normal and the propagation directions in the media 0,1,2. 

Figure 6.19 shows the TE transmissivities and reflectivities versus angle of 

incidence for a volume hologram and for an isotropic film with the same thickness and 

bias index. RCWT indicates that the thin fIlm resonance equations are most accurate for 

TE polarized waves at angles much larger than the Bragg angle. Performing a best least 

squares fit of Airy's formulas to the RCWT calculations of the intensity of the reflected 

wave yields an bias index of 1.370 and a thickness of 8.64 !lm. The actual parameters 

used for the RCWT calculations were 1.36 for the bias index and 8.8 !lm for the 

thickness. This fit is within the tolerance of ±O.02 for the bias index (Fig. 6.14). If the 

thickness is set to 8.8 !lm, to match the RCWT results the best fit for the bias index is 

1.356. Both fits are satisfactory for the conditions put on the diffraction angle and 

diffraction efficiency of an ideal hologram. 

6.4.3.3 Comparison of the standard techniques 

The experimental results for measuring the bias index of a volume hologram with 

the methods presented are listed in Table 6.1. Each measurement was performed on a set 
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of six equivalent holograms in dichromated gelatin. The sample to sample variation in the 

measured index was less than 0.01 for each method. The Brewster angle was measured 

on the open surface of the hologram and yielded an index of 1.54. The critical angle was 

measured on the substrate surface, and an index of 1.49 was calculated. For the volume 

techniques, the measurements ranged from 1.46 to 1.50. The range of index values (1.46 

to 1.54) is greater than the ±O.02 tolerance determined in Section 6.4.2. In Section 6.4.5, 

it will be shown that a more accurate measurement of the bias index is 1.36, a value 0.1 

smaller than the smallest value measured using the standard techniques. 

One possible source of error in these methods may be neglecting the form 

birefringence of the volume hologram. Because of the permittivity modulation, a wave 

polarized parallel to the fringe planes (the ordinary polarization) and a wave polarized 

perpendicular to the fringe planes (the extraordinary polarization) will encounter different 

refractive indices. This is shown in Fig. 6.18, in which TM-TE phase difference 

calculated using RCWT is approximately 15° for a wave normally incident on an 

unslanted volume hologram. The birefringence is defined to be the extraordinary index 

minus the ordinary index, and measurements show it to be on the order of -0.01 or less 

for a typical dichromated gelatin hologram. Since the birefringence is within the 

established tolerance for the index, it can generally be neglected. 

The measurement techniques also do not account for the index variation as a 

function of depth into the hologram. For example, consider a hologram in which the 

permittivity modulation decays exponentially [Chateau 1993]. If the hologram is an 

unslanted volume hologram with a sinusoidal permittivity modulation, the permittivity is 

given by: 

(6.36) 
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where the z-direction is normal to the hologram surface and the x-direction is parallel to 

the surface. The zeroth and first order permittivities are given by [Salter 1991, Chateau 

1994]: 

(6.37) 

and 

(6.38) 

Figure 6.20 shows the zeroth order permittivity Eo and the first order permittivity 

modulation El as a function of depth into the hologram, with Ea = 2.335, Eb = 0.03, Ec = 

0.273, and a = 0.12 [Chateau 1993]. RCWT requires that the hologram parameters 

remain constant within the hologram. In order to account for the variation of the 

permittivity with depth, the hologram is modeled as a stack of ten hologram layers, with 

each layer having constant parameters [Glytsis 1987]. For this hologram, the bias index 

varies by 4% through the depth of the grating. Figure 6.21 shows the RCWT calculations 

of the intensity of a TE polarized beam reflected from the hologram. The spatially 

averaged bias index of the hologram is 1.472 and the thickness is 8.8 11m. The best least 

squares fit of the most accurate method from the previous section (Airy's formulas, Eqs. 

(6.31) - (6.35)), to the RCWT calculations yields an index of 1.464 and thickness of 

11.32 11m. The calculated index is close to the known value, but the thickness is off by 

28%. If the film thickness is fixed at 8.8 11m, then the best fit index is 1.458. 
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6.4.4 Grating Index Measurement Method 

To obtain the true bias index of a volume hologram, a method must account for 

the spatial variation of the permittivity of the medium. Richard Rallison recently 

proposed a method that takes advantage of the diffraction characteristics of an unslanted 

polarization beam splitter (PBS) hologram that diffracts TM-polarized light with 

maximum efficiency and TE-polarized light with minimum efficiency (Fig. 6.14) at a 

Bragg angle of aB = 30°. For an unslanted volume hologram, the period will not change 

with swelling, and shear should be negligible [Belendez 1993]. A series of holograms 

with different periods can then be made, and Bragg's Law [Syms 1990]: 

(6.39) 

where A is the period of the grating and m is the diffraction order, is applied to determine 

the index using the grating period that yields the best polarization selectivity. 

The analysis described above is for an ideal hologram, but it can be shown using 

RCWT that this method is also applicable to unslanted holograms in which the bias index 

varies with depth into the hologram. In this case, the method determines the bias index 

spatially averaged over the depth of the hologram. For example, consider the PBS 

hologram described above and let the bias permittivity and the permittivity modulation of 

the hologram vary according to Eqs. (6.37) and (6.38). If Ea, Eb' and a are chosen so that 

the spatial average of the bias index is 1.36, then according to RCWT, the TE and TM 

diffraction efficiencies will be the same as for an ideal grating with a bias index of 1.36. 

The Bragg angle for an ideal hologram of bias index nbias is equal to the Bragg angle of a 
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hologram with spatially averaged bias index n bias(z) = nbias' and so Rallison's method 

yields the spatially averaged bias index of an unslanted volume hologram. 

Rigorous coupled wave analysis was used to examine the accuracy of methods 

used to measure the bias refractive index of volume holograms. Comparison of 

calculations using RCWT and other theories indicates that the best method for measuring 

surface index is to determine the critical angle of the hologram. The best volume method 

is the thin fIlm resonance method, but it can be inaccurate in the presence of variations of 

the bias index with depth into the hologram. Efficiency measurements of polarization 

selective test holograms provide a value for the spatially averaged bias index of a volume 

hologram, but require the additional inconvenient step of making a series of test 

holograms which may not correspond to the actual hologram being designed. Rallison's 

method is the most accurate since it includes the effects of variation of the index with 

depth and of the birefringence caused by the grating. The range of values in Table 6.1 

indicates a strong variation in the bias index with depth into the hologram and a 

considerable difference with the results obtained using Rallison's method. 

6.5 Determining the Permittivity Modulation 

For most analyses presented in the optics journals, the permittivity modulation is 

calculated from Kogelnik's equations after measuring the diffraction efficiency of the 

hologram [Shankoff 1968, Chang 1979, Belendez 1992]: 

. ,( 1tn1 t A A) 11 = sm- res . 
A. o cose o 

(6.40) 
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Unfortunately, the index modulation n\ and the Bragg angle 9B are related to the bias 

permittivity Eo and the slant angle <p. So calculating the permittivity modulation can only 

be done after the bias permittivity and the slant angle are known. Also, Kogelnik's 

equation is valid only if the holographic medium is index matched to the substrate and the 

cover. Fresnel reflections and interference between multiply reflected beams cause the 

diffraction efficiency to vary considerably from Kogelnik's predictions (Fig. 6.22) if the 

hologram is not index matched to the surrounding media. The resonance problem can be 

overcome if second-order two-wave theory is used to fit experimental data [Chateau 

1994]. Alternatively, a multiple reflection Kogelnik analysis [Chateau 1993b] can be 

applied if a short coherence length source such as a filtered thermal source is used instead 

of a long coherence length source such as a laser. 

Another problem with using Kogelnik's analysis is that it is only valid for 

sinusoidally modulated holograms. Often the permittivity modulation is saturated to 

achieve the proper diffraction characteristics. If a hologram is exposed beyond the linear 

exposure range, the nonlinear response will result in higher order harmonics [Case 1976, 

Chang 1979, Blair 1989], and therefore first-order two-wave analysis strictly cannot be 

used. However, reasonable results can often be obtained be retaining only the 

fundamental component of the permittivity modulation £\ (£\ = 2nbiasn\). This can be 

seen in Fig. 6.23, which shows the calculated difference in diffraction efficiencies of a 

highly saturated volume hologram with only the fundamental term or the fundamental and 

five harmonics retained in the calculation. The saturation constant esat for the medium is 

720 mJ/cm2 and the exposure is 750 mJ/cm2. In this case the difference between 

retaining and not retaining the harmonics is only 4%. If the permittivity modulation 

differs more significantly from a sinusoid, then Tholl's extension [Tholl 1991] to 
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Kogelnik's analysis should be used and a numerical solution will be necessary to fit the 

harmonics of the permittivity modulation. In general, the permittivity modulation will not 

be sinusoidal nor will the hologram be index matched to the surrounding media, so some 

form of data fitting will be necessary. 
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Chapter Seven 

Final Comments 

This dissertation has shown that first-order two-wave coupled wave theory is 

useful for predicting the existence of polarization selective and nonselective gratings. 

These gratings can be produced in volume holographic media such as dichromated 

gelatin. Because of variations in the bias permittivity inherent to modulation mechanism 

in dichromated gelatin, only unslanted volume holograms produce suitable polarization 

components in the medium. 

To produce any type of unslanted holographic polarization component, the bias 

index of the medium must be determined. The usual techniques for determining the index 

of a hologram assume that the medium can be modeled as an isotropic layer. 

Experimental measurements and rigorous coupled wave calculations have shown that the 

anisotropy due to the permittivity modulation cannot be ignored. As a result, 

measurements made using the standard techniques give erroneous results for the bias 

permittivity. The sole exception is measurement of the critical angle for total internal 

reflection from a volume hologram. 

A second issue when using materials such as dichromated gelatin (and perhaps 

also the du Pont and Polaroid photopolymers) is variation in the bias permittivity with 

depth into the hologram. Applying Kogelnik's theory to experimental data has shown that 

in the particular case of an unslanted volume hologram with nonconstant bias permittivity, 

the diffraction characteristics can be accurately modeled if the average of the bias 

permittivity is known. Measurements of the bias index obtained by fabricating 
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holographic polarization beam splitting holograms yield a value for the average bias 

permittivity much smaller than is determined using other methods. Clearly, a method 

which accounts for the presence of the grating within the emulsion is required. 

Overall, however, the exact variation in the bias permittivity has not been 

determined. Recently, researchers have fit a ten layer second-order two-wave model to 

measurements of the angular variation of the diffraction efficiency [Chateau 1993a], but 

only permittivity modulation variations were included. The potentially stronger effects of 

bias permittivity variations have not yet been determined by data fitting. To precisely 

determine the parameters of a hologram, it is suggested that a mUltiple layer model be 

used for data fitting the TE and TM diffraction efficiencies. It is further suggested that at 

least the bias permittivity, permittivity modulation, slant angle, and period of each layer be 

free variables. This, however, will be computationally intensive. 

Quicker results could be obtained by measuring the TM-TE phase shifts in the 

zeroth order transmitted beam and using a multiple layer birefringent thin mm model to fit 

the slant angles and effective ordinary and extraordinary permittivities of each layer. 

From the effective permittivities, the bias permittivity and permittivity modulation could 

be calculated. The permittivity data would not necessarily be directly useful because the 

measurements would probably be made at a wavelength other than that for which the 

grating will be used. However, a measure of the variation in the bias index could be 

obtained. Also, given the slant angle measurements, a simple diffraction angle 

measurement would allow all of the hologram parameters to be calculated (assuming 

linear shrinkage). A problem with this method is that a laser would have to be used with 

a wavelength much longer than the period of the grating. For Bragg gratings, the period 

of the grating is on the order of the wavelength. In the visible. most Bragg gratings will 
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have a period smaller than 111m. Therefore, a laser with a wavelength of at least 10 11m 

should be sufficient. 

It has also been shown in this dissertation than volume holographic material are 

suitable for making waveplates. Quarter-wave retardation has been obtained at 457.9 nm 

in a 8.8 11m thick emulsion. Accordingly, it is expected that half wave retardation should 

be achieved at 632.8 nm in a 25 11m thick emulsion. Measurements also confirm the 

prediction by effective medium calculations of a quadratic dependence of the effective 

birefringence on the permittivity modulation for a sinusoidally modulated grating. 

Comparison of measurements with effective medium calculations additionally support the 

saturating exponential model for the permittivity modulation of a dichromated gelatin 

hologram. 

It is hoped that this dissertation has shown that volume gratings can be used to 

perform a variety of polarization transformations on plane waves. With these simple 

building blocks, it is hoped that small, robust integrated optical circuits may be realized 

for laser based applications such as optical data storage and optical interconnects. 
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