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ABSTRACT 

We study the semiclassical limit of the 1 + 1 dimensional initial value problems 

in the focusing nonlinear Schrodinger (NLS) hierarchy, and establish a rigorous 

connection of odd flows in this hierarchy to all the members of the Korteweg-de 

Vries (KdV) hierarchy in the same limit. We also demonstrate numerically that 

the microscopic oscillations differ in the limit. These initial value problems are 

closely related to the spectrum of the AKNS operator, which we use to study this 

limit. To examine this spectrum numerically, we introduce a new method for the 

calculation of the AKNS Floquet spectrum, and argue that the canonical auxiliary 

spectrum associated with the NLS flows is intrinsically sensitive to variations of 

the potential. 

We then consider the semiclassical limit of the 2+ 1 dimensional Kadomtsev

Petviashvilli-II (Kp·-II) equation. We present numerical simulations which suggest 

the semiclassical limit exists. Like the NLS flows, the KP-II flow has an invariant 

spectral set, known as the Floquet multiplier curve or Heat curve. To study the 

KP-II flow, we develop a numerical method for calculating the branches of this 

curve for small potentials. 

The numerical integration of these initial value problems employ several new 

temporal integration techniques. We develop preconditioning methods, spectral 

multi-grid methods, and asymptotic corrections for these initial value problems. 

Dissipative techniques which are appropriate for conservative initial value problems 

are developed, as well as variable timestep methods for conservative partial and 

ordinary differential equations. 
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Chapter 1 Integrable System Phenomenology 

1.1 Introduction 

We are interested in simulating and characterizing the long-time and large

scale behavior of certain fully integrable Hamiltonian systems. Specifically, the 

nonlinear Schrodinger (NLS) equation, 

(1.1 ) 

the (complex) modified Korteweg-de Vries (mKdV) equation, 

(1.2) 

and the Kadomtsev-Petviashvilii II (KP-II) equation, 

4UXT - 3(U2
) xx + Uxxxx + 3Uyy = o. (1.3) 

In (1.1-1.2), the upper signs correspond to the focusing versions, and the lower 

signs correspond to the defocusing. We are primarily interested in the focusing 

equations, but will use this upper/lower sign convention when comparing these 

initial value problems. Note that for (1.3), there is the additional restriction on 

the flow, 

JdX U(X, Y,1') = o. (1.4) 

This mean-zero condition is preserved by the KP-II flow. 

The NLS equation arises, for example, as an envelope model of the electric field 

in optical fiber with nonlinear response. The KP-II equation is a shallow water 

model-which should be recognized as a weak two-dimensional analog of the the 

Korteweg-de Vries equation, 

(1.5) 



.... 
............. _-_ .. " 

I 
I 

, .. 
"" , , , , 

I 
I , 

I 
I 

I 
I 

I 
I 

I 
I 

I , , 

---.. .. .... 
"', 

" , , , , , , 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 
\ 

1+-1----1'--1 --~~I L 
... _;---.... Ja~ U E 

15 

Figure 1.1, The effect of the rescaling with c. The dashed line represents a typical 
wave of width L. The rescaled waves-solid line-will he narrow, width Lie, but 
with the same height, and speed. 

Note also the similarity of (1.5) and (1.2). 

Each of these equations are integrable, which is to say they are exactly solvable 

through a series of transformations analogous to the Fourier transform for linear 

constant coefficient equations. In the study of the zero dispersion limit, we will 

use these integrable tools in a fundamental way. 

It is simplest to characterize the long scales we are interested in by rescaling 

the independent variables, 

u(x, y, t) = U (~, ?i,!) , 
e e e 

(1.6) 

where e is a small positive parameter. In terms of these variables, the initial value 

problems (1.1-1.3) become 

. 1 2 1 12 
ZeUt ± 2"£ U xx + U U 0, (1. 7) 

(1.8) 

(1.9) 
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respectively. Note that the NLS and mKdV equations are suitable for complex 

initial data of the form, 

u(x,O) = A(x)exp[~S(x)] , (1.10) 

while we restrict the KP-II initial data to be real. For these restrictions and 

sufficient smoothness, it is known [25] [26] that the initial value problems on a 

periodic domain are well-posed. With both smoothness and decay, the whole line 

problems are also well-posed [25] [26]. The scaling of the complex phase S with c: 

in (1.10) is analogous to the phase of the solution of the linear Schrodinger (LS) 

equation, 
c:2 

ic:ut + 2"uxx - V(x, t)u = 0 (1.11) 

in the limit c: -t O. A solution to (1.11) of the form (1.10) to leading order gives, 

By setting p = Sx, this becomes 

Pt + ax (~p2 + V) = 0 . 

Solving this by the method of characteristics yields, 

X' p, 

p' 

(1.] 2) 

(1.13) 

(1.14) 

(1.15) 

Thus we see the zero dispersion limit of the linear Schrodinger equation recovers 

classical Hamiltonian mechanics. This illustrates two points: the phase scaling 

gives an appropriate balance in the limiting equations, and computing the zero 

dispersion limit of a system can recover important information about the system 

which is not apparent at the microscopic scale. 

Our goal is to recover such macroscopic information from the nonlinear equa

tions (1.7-1.9). To proceed, we listing some of the general properties of these initial 

value problems which we will later require. 
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1.2 Hamiltonian Structure 

The NLS and mKdV initial value problems (IVP's) are in the class of semilinear 

Hamiltonian systems, where semilinear means the terms with the highest order 

derivatives are linear, and Hamiltonian means they can be written as 

cUt = {H,u}, (1.16) 

for a suitable Poisson bracket {".} [21], and Hamiltonian H. For the NLS and 

mKdVequations, (1.7-1.8), this bracket is 

{F, G} = -ifdx (8F 8G _ 8G 8F) 
8u 8u* 8u 8u* 

( 1.17) 

Note that the integration is over the interval [0, Lx] in the periodic problem, or 

the whole line in the whole line problem. In general, a Poisson bracket is bilinear, 

anti-symmetric, and satisfies the Jacobi identity, 

{{X, Y}, Z} + {{Y, Z}, X} + {{Z, X}, Y} = 0, (1.18) 

for all functionals X, Y, and Z. 

For the NLS equation, the Hamiltonian is, 

(1.19) 

In general, Hamiltonians are real-valued polynomials in u and its spatial deriva

tives1 . Writing u( x, t) as 

G(X)(u) = jdx' [8(x' - x)u(:r', t)] , (1.20) 

transforms (1.16) into (1.7). Similarly, the mKdV Hamiltonian is, 

(1.21) 

1 For the KP-II equation, the restriction (1.4) gives a well defined meaning to primitives, 8;nu 
as well as derivatives, so these primitives may appear in Hamiltonian densities. 
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where "c.c." means the complex conjugate of the first terms in the braces. 

A consequence of this Hamiltonian form is the respective Hamiltonians, H, are 

integrals of motion, 

H(u(t)) = H(u(O)). (1.22) 

In general, functionals F( u) are integrals of motion if {H, F} = o. This can be 

seen by the direct calculation, 

c ~ = fdx [~~ cUt + ::'cu;] , (1.23) 

fdx [_i8F 8H + i 8F 8H] 
8u 8u* 8u* 8u 

(1.24) 

{H,F}, (1.25) 

O. (1.26) 

A set of such functionals Fi, where we can take FI = il, are said to be in involution 

with H, provided that {Fi,Fj} = 0 and the set of gradients, 

8Fi 
8u 

(1.27) 

are linearly independent. For example, the NLS and mKdV Hamiltonians are in 

involution. 

The KP-II equation (1.9) is similar to the NLS and mKdV equations in that 

it is also semilinear and Hamiltonian. The Poisson bracket for the KP-II equation 

is defined by 

f f (8F 8G) 
{ F, G} = dx dy 8u ax 8u ' (1.28) 

and the Hamiltonian, 

(1.29) 

Note that, in the space of smooth periodic functions with mean zero in x, ax has 

a natural inverse, 

1
x 

1 11
'3: 1xII 

(a;lu) (x) = dx' u( :r') - -L d:l:" dx' u( x') . 
o x 0 0 

(1.30) 
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The Fourier representation of this operator is division by ik for each mode, except 

the k = 0 mode, which is left as zero. 

1.3 Integrable Structure 

Before the notion of integrable partial differential equations, the scattering 

theory of the stationary linear Schrodinger equation, 

(1.31) 

had been the subject of study due to its application in the determination of nuclear 

potentials. In [42], Gelfand and Levitan showed that u-with sufficiently rapid 

decay-was represented by, and could be reconstructed from, a set of scattering 

data. This data is conceptually three parts; the reflection coefficient, the point 

spectrum, and the norming constants. The first element is the reflection coefficient, 

defined as the value of R(k) for which a nontrivial solution exists to, 

£1jJ _k21jJ , (1.32) 

1jJ -+ e+ikx + R(k)e- ikx as x -+ +00, (1.33) 

1jJ -+ T(k)e+ ikx as x -+ -00. (1.34) 

The second element is the finite set of point spectrum {kj } of £, which are the 

values kj for which an L2 solution exists to 

(1.35) 

Related to the point spectrum, the third element is the norming constants {Cj}. If 

the L2 norm of the eigenfunctions 1jJj is normalized to one, then Cj is defined by, 

.1. -kx 
'f/j -+ Cje as x -+ 00. (1.36) 

Their important result was that, given the data R(k), {kj }, and {Cj}, the potential 

u can be reconstructed through a linear integral transform. In the special case that 

R(k) = 0, an explicit reconstruction can be made. 
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The theory of integrable partial differential equations began when Gardener, 

Green, Kruskal, and Miura [43] noticed that, if the potential u in (1.31) evolved 

according to the Korteweg-de Vries (KdV) equation, 

4ut + 6uux + U xxx = 0, 

then the evolution of the spectral data is simple, 

kj(t) kj(O) , 

Cj(t) - exp(2kJt) Cj(O) , 

R(k,t) exp(2ikJt)R(k,0). 

(1.37) 

(1.38) 

(1.39) 

(1.40) 

They saw that this was a means of solving the initial value problem for the KdV 

equation as a series of steps: computing the spectral data from the initial u(x, 0), 

evolving it according to (1.38-1.40), and then applying the inverse spectral trans

form to recover the solution u at a later time. Not.e that these "spectral coordi

nates" could be used for any flow, but. the general evolution (1.38-1.40) would be 

coupled and nonlinear. 

Lax [45] realized that a scattering operator, X, was tied to a nonlinear equation 

if there was another linear operator, T, whose compatibility condition, 

[X,T] =0, 

was the nonlinear evolution equation. For the KdV equation, 

X - 8;+u- A, 

T !:} 833 8 -Ut - x + '2 u x' 

The pair of operators X and T are now known as the Lax pair. 

(1.41) 

(1.42) 

(1.43) 

The NLS, mKdV, and the KP-II equations have Lax pairs. The respective ... 1:' 

operators are, 

(1.44) 
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(1.45) 

(1.46) 

(1.47) 

(1.48) 

qe + ~qxe + !q2r - i~2 qxx 1 
+ie + !qre - ~(qrx - rqx) , 

(1.49) 

The flows we are interested in are reductions from the general case for the 

NLS and mKdV flows, and a simplified representation of the KP-II Lax pair 

compatibility constraints. Computing [XNLS , TNLS ] = 0 gives the conditions, 

0, 

o. 

Similarly, [XmKdV, TmKdV] = 0 gives the conditions, 

0, 

o. 

(1.50) 

(1.51) 

(1.52) 

(1.53) 

To obtain (1.7) and (1.8) from (1.50-1.51) and (1.52-1.53) requires the compatible 

reduction, 

q - u, 

r ={=u* • 

(1.54) 

(1.55) 

We remark that an alternative Lax pair for the KdV equation is X mKdV and 

TmKdV , but with the reduction, 

q u, 

r -1. 

(1.56) 

(1.57) 
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We will say more about the NLS and mKdV operators in Section 1.4. 

The situation for the KP-II equation is similar. In that case, [XKP , TKP] = 0 

implies, 

3uy + 3euxx - 4wx 

2wy + 2ut + 2e2uxxx - 3uux - 2ewxx 

Eliminating w from (1.58-1.59) results in (1.9). 

0, 

o. 

(1.58) 

(1.59) 

Using the exact solvability provided by the integrable structure of the KdV 

equation, Lax and Levermore studied the behavior of the KdV equation in the 

semiclassical limit, 

(1.60) 

(1.61) 

In the papers [33] [34] [35]. Their approach is now known as Lax-Levermore 

theory. This approa.ch was used again in Jin's dissertation, [41], in the study of 

the defocusing NLS equation in the same limit. In [56], Venakides considered the 

microscopic behavior of the KdV solutions. In [38] Lax, Levermore and Venakides 

review this theory. 

In the KdV and defocusing NLS cases, the spectral transform was used to 

study the limit, where the spectral operators (1.44) and (1.31) are self-adjoint2. 

It was believed that the self-adjoint property of the spectral operators played a 

fundamental role in the passage to the limit. Thus it is interesting to see what 

occurs in the case that the spectral operator is not self-adjoint, such as for the 

focusing NLS and mKdV equations. This is the subject of study in Chapter 2, 

where we connect the zero dispersion limits of the rnKdV and the KdV equations. 

2The defocusing NLS X operator is self-adjoint when written in the form C - e. 
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1.4 The NLS / AKNS hierarchy 

Although (1.7) and (1.8) differ in form, these initial value problems are related 

by their membership in the Zakharov-Shabat (ZS) focusing and defocusing NLS 

hierarchies. As such, they have the distinguishing property that they are exactly 

solvable by the same inverse spectral transform. That is, the defocusing equa

tions are solvable by the defocusing ZS transform, and the focusing equations are 

solvable by the focusing ZS transform. For those unfamiliar with the inverse spec

tral transform (IST) methods, they are an important generalization of the Fourier 

transform method. The 1ST gives exact solutions of some nonlinear evolution 

equations in terms of spectral data, which itself is related to the initial data by a 

linear spectral problem. 

Zakharov and Shabat first discussed the focusing NLS hierarchy in [48] for the 

whole-line initial value problem. Instead of discussing the NLS hierarchy by itself, 

we take the more economical point of view of discussing the AKNS hierarchy. 

Ablowitz Kaup Newell and Segur discuss this hierarchy in [47], which contains the 

NLS focusing and defocusing hierarchies, as well as t.he KdV hierarchy, under a 

simple algebraic reduction. We require the structure of all these hierarchies, so we 

discuss the AKNS hierarchy, and note the proper reductions to the cases we are 

interested in. 

1.4.1 Hamiltonian Structure 

For the AKNS hierarchy, there are two complex scalar fields q and r. For two 

functionals of F(q, r) and G(q, r), the AKNS Poisson bracket is defined by, 

{F,G} = -iJdx [8F8G _ 8F8G]. 
8q 8r 8q 8r 

(1.62) 

The generalized NLS and mKdV equations are given by, 

cUt = {H,u}, (1.63) 



where the generalized Hamiltonians are, 
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(1.64) 

(1.65) 

There is an infinite list of Hamiltonian densities Pi for the AKNS hierarchy, all 

of which are in involution, 

The first few of these are, 

po qr, 
'l,c 

PI - 2(qxr - qrx) , 

P2 -~(E2qxrx - q2r2) , 

(1.66) 

(1.67) 

(1.68) 

(1.69) 

etc. Corresponding to each density Pi and time flow n, there is a local flux density 

/-lin such that, 
8Pi-1 8/-lin 0 --+-= . 
8tn 8x 

(1.70) 

This family of conservation laws is equivalent to the original family of evolution 

equations. As such, the zero dispersion limit problem can be restated as charac

terizing the limits of the conserved densit.ies Pi under the various flows. Since all 

these flows commute, we may consider solving Pi as a function of all the times, t, 

(1.71) 

where only a finite number of ti are nonzero. 

1.4.2 The Lax Pairs 

The central object in the AKNS hierarchy is the spectral problem, 

(1.72) 
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where 

[, = [i~8x -.iq ]. 
ZT -u:;8x 

(1.73) 

The spectral problem (1. 72) can be equivalently written as, 

X'!f;=o, (1.74) 

where 

(1.75) 

The T(n) matrix associated to the NLS equation, has n = 2 and is, TNLS , (1.47) 

above. Similarly T(3) is TmKdV , (1.48). The general T(n) can be viewed as a matrix 

with polynomial dependence on e, q, T and their derivatives in x, where the leading 

order behavior is 

(1.76) 

Setting the coefficients of e on the left-hand-side of (1.41) to zero, starting from 

highest order, defines the remaining coefficients of T(n) up to linear superposition, 

(1. 77) 

for any constant c and j < n. Requiring that the coefficients of ei , j < n, in T(n) 

vanish for q = T = 0 removes this ambiguity3. After matching higher order terms 

in the compatibility condition (1.41), the term independent of e is an evolution 

equation in the potentials q and T, such as (1.50-1.51) or (1.52-1.53)-the AKNS 

hierarchy. The reductions (1.54-1.55) are consistent with all the flows in the hier

archy, and is known as the focusing or defocusing NLS hierarchy. The reduction 

(1.56-1.57) is consistent only with the odd members of the AKNS hierarchy, and 

is known as the KdV hierarchy. 

3For nonzero boundary conditions at infinity, qo, ro, it is appropriate to require the lower T(n) 

terms to vanish for q = qo and r = ro. 
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1.4.3 The Spectral Data 

By construction, the evolution of the potentials q and r by any of the evolution 

equations, [X, T(n)] = 0, leaves the complex parameter e invariant, and allows for 

the simultaneous solution of the linear equations, 

T1jJ O. 

(1. 78) 

(1.79) 

In particular, this is true when e is in the point spectrum of £, and 1jJ(x, t) is the 

corresponding eigenfunction. Thus, the first important. result of this representation 

is that the spectrum of the operator £, is invariant under the AKNS flows. 

Now consider the eigenfunction 1jJ. If the eigenvalue e is in the upper half plane, 

then 1jJ can be normalized by the condition that, 

(1.80) 

as x -jo -00, while 

(1.81) 

as x -jo +00. This defines the value of the (log of the) norming constant X for 

the initial time. A X associated with an eigenvalue in the lower half plane can be 

defined analogously. 

In addition to the spectrum ek and the initial (log of the) norming constants 

Xk, we require the reflection coefficient, R(e), defined for real e through, 

( 1.82) 

as x -jo 00, while 

(1.83) 

as x -jo +00. 
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For q and T with sufficient decay and restricted to satisfy (1.54-1.55), or (1.56-

1.57), such a reconstruction exists and is unique [48] [47]. Thus we know the 

spectral coordinates {ej}, {Xj}, and R( e) completely characterize the potentials q 

and r-at least for the special cases we are interested in. 

1.4.4 Evolution of Spectral Coordinates 

Let us examine how the spectral data evolves under the nth AKNS flow. 

First, the spectrum is invariant, thus, 

As x tends to infinity, the matrix T(n) tends to 

Using this asymptotic form, we deduce that the evolution of X is given by, 

X(t) = X(O) + iCtn • 

(1.84) 

(1.85) 

(1.86) 

The same analysis of the behavior of the solutions for large x as for the Xk yields, 

(1.87) 

For any finite set of times, tn, not zero, the evolution of the spectral coordinates 

become, 

where 

Xk(O) + iP(ek, t) , 

R(O, e) exp (~2p(e, t)) 

00 

p(e, t) = E tnC . 
n=l 

(1.88) 

(1.89) 

(1.90) 

(1.91) 

This simultaneous notation is convenient for talking about conserved densities. 
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1.4.5 Refiectionless Formula 

Conveniently, there is an explicit solution formula for the densities pj-l and 

fluxes f-ljn. The formula applies only when the reflection coefficient, R, is identically 

zero, and is known as the Kay-Moses determinant or N-soliton formula. It is given 

by [39], 

pj-t 

f-ljn = 

82W 
8x8tj' 

82W 
8tn8tj , 

where, for the focusing NLS hierarchy, 

W c2 10g det(I + G), 

G c2BBt, 

Bnm gng':nA mn , 

Anm 
z 

en - e~ , 

gk exp [~Sk] , 

Sk Xk + iekX + iP(ek, t). 

(1.92) 

(1.93) 

(1.94) 

(1.95) 

(1.96) 

(1.97) 

(1.98) 

(1.99) 

A similar determinant formula exists for the defocusing case, but this is the one 

which we require here. Note that, due to the conjugate symmetry of the eigenvalues 

in this case, only the eigenvalues ek in the upper half plane are used in (1.94-1.99). 

For the KdV reduction, the N-soliton formula for the solution in the case of 

reflectionless is also similar to that of the focusing NLS hierarchy, but is given by 

W = 2c2 10g det(I + cB) , (1.100) 

where the definition of B is the same as for W in (1.94- L.99). Note that the point 

spectrum, which lies on the imaginary axis, come in pairs above and below the 

real axis. Because of this symmetry, the determinant formula contains only those 
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spectral points on the positive imaginary axis. Writing the point spectrum on the 

positive imaginary axis as ek = iTlk, the matrix B becomes, 

B - gngm 
nm - , 

TIn + TIm 
(1.101) 

where gk(X, t) is real for the odd numbered flows. 

1.4.6 Summary of the AKNS Hierarchy 

The AKNS hierarchy contains the focusing NLS, defocusing NLS and KdV 

hierarchies which we will use in this section. The focusing and defocusing NLS 

reductions are, (1.54-1.55), which is consistent with all the flows. The KdV reduc

tion is, (1.56-1.57) which is consistent with only the odd flows. 

The AKNS flows have a common set of conserved densities, the first few of 

which are, (1.67-1.69). For a given reduction, all the members of the AKNS 

hierarchy commute and may be solved simultaneously. 

For the focusing NLS reduction, and the special case that R( k) = 0, these 

densities Pi can be written as derivatives of the Kay-Moses determinant, ltV, where 

W is defined by (1.94-1.99). The R(k) = 0 case for the KdV reduction has a similar 

explicit Kay-Moses determinant, W, in (1.100). 

1.5 The KP-II Invariant Set 

For the KP-II initial value problem, we always suppose u is real-analytic, 

periodic, of period Lx in x and period Ly in y, and that. u is of mean zero in x. 

We define the KP-II flow as, 

:.! -1 4ut - 6uux + e uxxx + 3ax U yy = 0 , (1.102) 

where 8;1 is given by (1.30). Under this evolution, u remains real, analytic, peri

odic and mean-zero [25]. Because of this we may write u as 

(1.103) 



where A is real smooth, and periodic. By defining 

w = ~(c:2 Axx + c:Ay) , 
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(1.104 ) 

one can check by substitution that (1.58-1.59) are satisfied. Note that both u and 

ware periodic in x and y. Thus, by choosing the potentials u by (1.103) and w by 

(1.104), then, 

[X,T] =0. (1.105) 

Here and for the remainder of this section, X is .:t'I(P, (1.46), and 7 is 7i<p, (1.49). 

Since, for this choice of u and w, X and 7 are compatible, then the system, 

0, 

7'1/' - 0, 

(1.106) 

(1.107) 

can be simultaneously solved for 'IjJ(x, y, t) for any prescribed 'IjJ(x, 0, 0). Now con

sider the gauge transform, 

'IjJ=G(a)¢, (1.108) 

where 

G(a) = exp(iax~ + iO"y;') , (1.109) 

and a is a pair of complex scalars. 

If X and 7 are compatible, then X(a) and 7(a) are also compatible, where 

X((T) G((TtlXG((T) , (1.11 0) 

- (i(Ty + c:8y) - (i(Tx + c:8x)2 + u, (1.111) 

7(17) G((T)-17G((T) , (1.112) 

-c:8t - (iax + c:8x )3 + .... (1.113) 

Fix t = to, and consider some complex pair a for which, 

X((T)¢ = 0, (1.114) 
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where ¢J(x, y, to) is a periodic function with the same periods as u and w. Note 

that ¢J is analytic since u( x, y, to) is analytic. Since X (7) and T (u) are compatible, 

we may consider ¢J as a function of t, ¢J(x, y, t) where, 

T(u)¢J = 0, (1.115) 

that is, 

(1.116) 

Since u, w, and ¢J are periodic of the same periods, we see that ¢J evolves 

periodically. Since u and ware analytic, ¢J(x, y, t) is analytic for some interval of 

time containing to. Inside this interval, then ,..Y(u)¢J = 0 has a periodic solution

provided that it has a periodic solution at to. Since to is arbitrary, we have the 

result that, 

R(u) = {aIX(a)¢J = O} , (1.117) 

where ¢J is analytic and periodic, is an invariant set of the KP-II flow. We call 

R( u) the multiplier curve, which is known to be a Riemann surface [55]. 

There is a small subset of R( u), called the Dirichlet spectrum, which is defined 

as the set of a in R(u) for which the corresponding ¢J(x, y) takes the value 0 at 

x = y = 0, 

D(u) = {(ax, ay)IX(u)¢J = 0, ¢J(O, 0) = O} . (1.118) 

The sets R(u) and D(u) have two important symmetries which are simple to 

deduce. From the definition of the gauge (1.108), R(u) is invariant under the 

translations, Tk , 

where k = (kx, ky ) is in the dual lattice, i.e., 

(1.119) 

(1.120) 

(1.121) 
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where nl and n2 are integers. Our assumption that U IS real implies R( u) is 

invariant under the conjugate symmetry, T(O'), 

T( 0') = (-0';, -0';) . (1.122) 

We use these symmetries to simplify numerical calculations of the branch points 

of R(u). 

1.6 Numerical Issues 

Despite the prospect of exact solvability via the spectral transform, it is difficult 

to get far without numerical simulations of these initial value problems, as well as 

computing numerical approximations of the spectral transforms. 

We postpone the discussion of the numerical issues associated with the semi

linear Hamiltonian initial value problem, particularly in the zero dispersion limit 

scaling, for Chapter 6. The illustrations in the earlier chapters will indicate some 

of this difficulty, and provide some motivation for the techniques developed. 

A numerical issue unique to integrable systems is the calculation of the spectral 

data of the respective operator X. Calculation of this spectral data is made espe

cially difficult in the zero dispersion limit. For example, Weyl's theorem gives the 

density of spectrum on the real axis for the stationary linear Schrodinger equation 

in this scaling. That is, 
1 

p(k) = N I;8(k - kj ), 

J 

(1.123) 

where N is the number of points in the spectrum, limits to a continuous measure 

on the real axis. 

Numerically it is difficult to deal with the whole-line spectral problem, but 

there is an alternative formulation for periodic potentials. The one-dimensional 

cases which concern us here, the fundamental invariant spectral set is the periodic 

and anti-periodic spectrum of the operator X. 
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For one-dimensional spectral problems, the traditional approach to finding this 

spectrum is to relate the spectral points to the fundamental solution, <1>( XO, Xl, >.) 

of the linear operator X, where>. is the spectral parameter, <1> is normalized to I 

at Xo and the solution is given at Xl. The periodic and anti-periodic spectrum can 

be related to n(>.) = <1>(0, L, >'), through the requirement that it have a +1 or -1 

eigenvalue, respectively. This relation on n( >.) can then be used in a complex root 

finding algorithm to find the values of >. which are in the spectrum. 

Noting that each sample of the root-finder requires the calculation of the fun

damental solution over a period, we see that this is generally inefficient. We re

consider the calculation of the spectral data for the NLS / AKNS spectral operator 

in Chapter 2, where we find an efficient representation of this spectrum as the 

eigenvalues of a nonhermetian matrix. 

A completely different approach is required for the calculation of the spectrum 

of the KP-II equation. We write down a differential algebraic equation (DAB) for 

the motion of the branch points as a function of the "time" parameter I) introduced 

in the KP-II discussion above. By following the branches from the set computable 

at I) = 0, we can reconstruct the invariant set for Ii = 1. For general potentials, 

the solution of this DAE requires a full factorization of a large Jacobian. We have 

found an effective perturbational solution to this DAE which is very efficient, but 

not suitable for large potentials or small values of c. 

1.7 Outline 

The remainder of this dissertation is organized as follows. We discuss the 

zero dispersion limit of the NLS and mKdV equations in Chapter 2, followed by 

the associated numerical spectral transforms in Chapter 3. We similarly discuss 

the zero dispersion limit of the KP-II equation in Chapter 4, and the numerical 

spectral transform for the KP-II equation in Chapter 5. In Chapter 6, we consider 



34 

integration techniques for these and other conservative initial value problems. 

1.8 Summary of Results 

In Chapter 2, we show that the odd flows of the NLS hierarchy correspond to 

the members of the KdV hierarchy in the zero dispersion limit. 

In Chapter 3, we find an method for the numerical calculation of the fixed 

spectral data associated with the periodic AKNS X operator. This representation 

takes O(N3) operations to compute an N-gap representation of the potential. 

In Chapter 4, we find exact solutions to the KP-II equation, and investigate 

the modulational properties of these solutions numerically. 

In Chapter 5, we describe the branch points of the multiplier curve R( u) in 

terms of a DAE, which we solve perturbatively for small values of the deformation 

parameter {j. 

In Chapter 6, we develop an implicit symplectic reversible preconditioned spec

tral multigrid FORTRAN library which is suitable for the integration of semilinear 

Hamiltonian initial value problems. We also discuss several developments in fixed 

and variable timestep techniques which are appropriate for Hamiltonian initial 

value problems. 
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Chapter 2 The Focusing NLS Hierarchy 

2.1 Introduction 

In this chapter, we discuss the zero dispersion limit of the Nonlinear Schrodin

ger (NLS) equation, the modified (complex) Korteweg-de Vries (mKdV) equation, 

and the remaining members of the Zakharov-Shabat NLS hierarchy. Within this 

hierarchy, the NLS and mKdV equations are the most important, and are proto

typical of the general results we obtain. 

Recall from the introduction that the Nonlinear Schrodinger(NLS) and (com

plex) modified Korteweg-de Vries equation are respectively given by, 

2 

iC;Ut + c;2 U xx ± luI 2u 

4ut ± 61uI 2ux + c;2uxxx 

with initial data of the form, 

u(x,O) = A(x) exp [~S(x)] 

0, 

0, 

(2.1) 

(2.2) 

(2.3) 

The upper signs are called the focusing versions, which are members of the focusing 

NLS hierarchy. The lower signs are the defocusing equations, which are members 

of the defocusing hierarchy. The reason for the terms "focusing" and "defocusing" 

becomes apparent if one compares the NLS with the linear Schrodinger equation, 

(2.4) 

By comparison, concentrations in the NLS equation creates it's own potential well 

in the focusing case, and builds potential walls in the defocusing case. By conven

tion, unless otherwise noted, the upper sign of a ± or =F in the following equations 

will correspond to the focusing equations, and the lower sign will correspond to 

the defocusing versions. 
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By zero dispersion limit, we mean understanding the behavior of the solutions 

in the limit, 

€~ O. (2.5) 

The behavior of the defocusing versions of these equations is the subject of Jin's 

dissertation [41]. Ercolani, Jin, Levermore, and MacEvoy consider the focusing 

versions of these equations in the preprint [39]. It is the limiting behavior of the 

focusing equations which we are interested in here. 

To begin, we note that the NLS and mKdV equations share the conserved 

quantities, 

P _ lul2, 
-z€ ( * *) J.l - 2 U U x - uUx • 

(2.6) 

(2.7) 

This may be checked by direct substitution. Using p and J.l as new dependent 

variables, the NLS equation can be written as, 

(2.8) 

(2.9) 

Similarly, but omitting the 0(£) terms for simplicity, the mKdV equation can be 

written as, 

0, 

= o. 

In terms of the initial data (2.3), p and J.l are given by, 

p _ A2 , 

A
20S 

Ox . 

(2.10) 

(2.11) 

(2.12) 

(2.]3) 
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If p and f-l are initially smooth and independent of c, then the initial evolution 

of these fields in the limit c --)0 0 must be described by the respective first order 

systems, (2.8-2.9) or (2.10-2.11), with c set to zero. The characteristics of the 

limiting NLS equations are, 

While for the mKdV equations they a.re, 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

This shows the initial evolution of these systems in the zero dispersion limit are 

hyperbolic (i.e., well posed), in general only for the defocusing equations. An 

exception is the mKdV equation for f-l = 0, for which the evolution is at least 

initially hyperbolic in both the focusing and defocusing cases. 

Having f-l = 0 corresponds to real data-up to a trivial phase factor. Choosing 

f-l = 0 for all time is consistent with the mKdV flow, for which, (2.10-2.11) reduce 

to the Burgers equation, 

(2.18) 

Note that this reduction does not apply to the NLS equation, and marks a sepa

ration of the behavior of the NLS and mKdV flows in the limit. 

So, by rewriting the evolution equation in terms of conserved densities, we can 

find the limiting evolution equations for times near the initial time. Using these, 

we conclude that, in the zero dispersion limit, the focusing evolution is only well 

posed as an initial value problem in the case of the real mKdV equation. This 

calculation gives no control over the evolution beyond the break time of (2.18). 
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Trivially, before the break time of the Burgers equation, (2.18) also describes 

limiting dynamics of the Korteweg-de Vries (KdV) equation, 

(2.19) 

as c ---+ o. That is to say, before the initial break time, the limiting dynamics of 

luI 2 of the mKdV equation, and v of the KdV equation are the same. Our main 

result is that, for all time, the zero dispersion limit of the mKdV equation is the 

same as the zero dispersion limit of the KdV equation, under the identification, 

UKdV = (Um KdV)2 , (2.20) 

when the mKdV initial data is real, smooth, and independent of c. The investiga

tion of the zero dispersion limit of the KdV equation is solved in the papers [~J3] 

[34] [35]. 

The remainder of this chapter is organized as follows. We numerically investi

gate the solution beyond break time, then consider the spectral transform of the 

NLSj AKNS hierarchy in the c ---+ 0 limit. Using the reflectionless formula we ob

tain from that analysis, we connect the limiting dynamics for all time of the mKdV 

equation to the limiting dynamics of the KdV equation for all time. 

2.2 Numerical Solutions 

We proceed by considering some numerical simulations. Due to the ill-posedj

ness of the focusing NLS equation even initially, we leave our attention to the 

special case of real data and the mKdV equation. In fact, the analysis which 

follows will gives the zero dispersion limit of a countable family of initial value 

problems, but the mKdV is of particular interest, and has behavior typical of the 

others in this limit. 

Consider a typical evolution of the focusing mKdV flow, 

(2.21 ) 
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which differs from the canonical form (2.2) only by a scaling of time and the 

assumption that U is real. Our example initial data will be, 

U(x,O) = cos2(x) . (2.22) 

Until the break time, tB ~ 0.49, we expect the Burgers portion of the mKdV 

equation (2.21) to dominate, and then for "something" to happen. Figure 2.1 

presents this initial value problem for c = 0.04. From the initial time to very near, 

O(c), the break time, the solution indeed resembles the solution corresponding to 

the Burgers equation. After this time, the solution develops a modulated periodic 

wave train (a.k.a. "dispersive shock") which propagates away from the initial 

kink. Eventually the shock regions collide, creating more complex modulational 

structures. 

This evolution was for e small, but fixed. Now consider Figure 2.2, where 

evolution of the same initial data as c is varied between e = 0.08, e = 0.04 and 

e = 0.02. 

Notice the structure of the shocks as e is varied. It appears that the width, 

height, and speed of the modulational envelopes remain essentially the same as 

e -t 0, while the oscillations within a given envelope are proportional to lie. This 

suggests a local structure of the N-phase type: 

U = UN (B(a:, t), ~l, ••• , ¢;) (2.23) 

Here, UN is 27r periodic in the arguments ¢t/c, ... , ¢N/e. The 0(1) local frequen

cies and wavenumbers are defined by 

W· J 

The parameters B(xo, to) are constrained to make 

( 01 ON) u(x, t) = UN B(a:o, to), 7' ... '-;- , 

(2.24) 

(2.25) 

(2.26) 
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.~ v 
• J I. U U lJ .. IJ U IS U lJ U U • J I. IJ U U It II .. IJ J. U U U 

Figure 2.1, Time-slices, u(x, t)lt=O.5,l.O,2.0, and contour plot (lower right) u(x, t) = 
const.,O < x < 271",0 < t < 4. u(x,O) = cos2 x. The horizontal axis is x, and the 

vertical axis is either u (slice), or t (contour plot). 
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:~ v 

Figure 2.2, Contour plot, u((x, t) = canst., ° < t < 1.5 (left). Slice, u((x, t)lt=1.s, 
(right). Here, f = 0.08 (top ),0.04 (center) ,and 0.02 (bottom), and u((x, 0) = cos2 x. 
The horizontal axis is x, and the vertical axis is either t (contour plot) or u (slice). 
The graphs have the same scales for comparison. 
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with 

(2.27) 

satisfy the mKdV equation. In other words, UN, is locally a modulated N-phase 

solution of the mKdV equation. 

The calculation of leading order evolution equations for the parameters in the 

modulated solution of the form (2.23) is generally known as Whitham averaging 

[36], where one replaces 

(2.28) 

with 

< P >t + < J >x = 0, (2.29) 

where < . > denotes the spatial average, 

1 1+L 
< f >= lim -L f(x)dx. 

L-+oo 2 -L 
(2.30) 

For a solution that depends on M parameters, the first M conservation laws of a 

system, if they exist, can be averaged to obtain a self-consistent set of evolution 

equations. This idea was applied to the Korteweg-de Vries equation by Flaschka, 

Forest, and McLaughlin [46], and has now been applied to many other integrable 

systems and perturbations of integrable systems. 

Comparison with observations and numerical experiments have shown that the 

Whitham equations, (2.29), do capture the evolution of the solutions in the limit 

e -+ 0 for locally modulated N-phase solutions to dispersive evolution equations. 

Furthermore, our numerical solutions show this modulated structure after the ini

tial break time of the solution. However, the Whitham equations do not capture 

the transitions from one phase type to another in different regions of the solution. 

To capture this behavior, we require global information about the solution of the 

PDE. 



43 

Figure 2.3,8;1 [luI2] (left) and 8;1 [c2lux l2 -luI4
] (right), both at t = 1.5. Densities 

corresponding to c = 0.08, 0.04 and 0.02 are given top to bottom. 
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Consider how the conserved densities Pi evolve. Returning to numerical simu

lations, Figures 2.1 and 2.2 suggests these limits will be strong only before the first 

break time. Figure 2.3 indicates the nature of this weak limit for these densities 

and the same initial data: the primitives of Pi converge pointwise to a limit, while 

the densities themselves oscillate. This indicates the limits of the densities Pi exist 

in a weak sense. Note that Pl(X, t) = 0 for real initial data in the odd flows. 

In the introduction, we gave explicit formulas for the conserved densities for the 

special case that R( k), the reflection coefficient, is zero. Due to the convenience 

of this explicit formula, we proceed by finding a class of initial data for which the 

scattering data has a vanishing reflection coefficient in the limit e ~ O. This is 

how Lax and Levermore proceeded in their analysis of the KdV equation. 

2.3 Lax-Levermore Theory 

As mentioned in the introduction, Lax and Levermore developed a technique 

for describing the global solution of the KdV equation, 

(2.31 ) 

in the limit e ~ O. Their analysis is based on the inverse scattering method of 

solution for the KdV equation. 

Historically, the KdV equation is associated with the stationary Schrodinger 

equation, 

(2.32) 

and is solved by its associated scattering theory. Equivalently, we have noted that 

by identifying, 

q u, 

r - -1, 

(2.33) 

(2.34) 
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in the AKNS hierarchy, the 7(3) flow is in fact the KdV equation. This reduction is 

in general consistent only with the odd flows of the hierarchy, and the corresponding 

reduction is the KdV hierarchy. 

This correspondence is very convenient. For example, flux conservation form 

of the equations are the same, except for the different choice of reduction from the 

general AKNS case. Most notably, 

-u. 

(2.35) 

(2.36) 

Figures 2.4-2.7 give the (approximate) periodic and antiperiodic spectrum of 

the operator C for the values £ = 0.1, £ = 0.05, and £ = 0.02. Note that the 

spectral points accumulate on the imaginary axis. See Chapter 3 for a discussion 

of the periodic spectrum and the numerical calculation of this data. 

The spectral problem for the AKNS operator C in general reduces to, 

(_£20; + qr - e) 1/;2 = i£ r; (i£ox + e) 1/;2, (2.37) 

For the KdV reduction, (2.33-2.34), this is the stationary Schrodinger equation. 

In general, the two eigenvalue problems are equivalent only in the zero dispersion 

limit for q and l' smooth and independent of £. 

This is a useful reduction, since the limiting spectrum of the stationary Schro

dinger operator is well known. In particular, the reflection coefficient R is expo

nentially small for 

qr < O. (2.38) 

For the focusing NLS/mKdV case, this corresponds to choosing, 

(2.39) 

For the KdV case, Lax and Levermore choose, u > 0 and, for simplicity, a single 

hump initial potential. WKB analysis for the remaining spectral data leads to 
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Figure 2.4, Main spectrum of the NLS equation for E = 0.1, and u = cos2 x. 
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Figure 2.5, Main spectrum of the NLS equation for c = 0.05, and u = cos2 
X. 
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Figure 2.6, Main spectrum of the NLS equation for c = 0.02, and u = cos2 
X. 
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Figure 2.7, Main spectrum of the NLS equation for c = 0.01, and u = cos2 X. 
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point spectrum ek which is pure imaginary and defined by, 

(2.40) 

This implies the limiting density of states on the imaginary axis is 

1 1+00 
). 

¢J(TJ) = -~ dx J 2 ' 
7r' -co -qr - TJ 

(2.41 ) 

where TJ = ie· 
Corresponding to an eigenvalue ej = 'lTJj, TJ > 0, the leading order norming 

constants are 

X(TJ) = TJx+(TJ) + l~dx [TJ - VTJ 2 + qr] , 

where x+(TJ) is the right-most solution of 

(2.42) 

(2.43) 

Thus the point spectrum accumulates on the imaginary axis in the limit e -+ 0, 

while the reflection coefficient vanishes. Using this in the Kay-Moses determinant 

formula, we see that the Sk in the W function (1.94) becomes, 

(2.44) 

where, for the odd flows we may write, 

00 

R(t, TJ) = L i2j-l( -1)jTJ2j- 1 
• (2.45) 

j=l 

Thus, when restricted to the odd flows, gk(X, t) is real in the limit. The matrix B 

can be written as 

Bnm = gngm . (2.46) 
TJj + TJk 

Thus B, and G in (1.94-1.99) are real symmetric matrices in this limit. We em-

phasize this is only true when the solution evolves among the odd members of the 

full NLS hierarchy. 



We use this to prove the remarkable fact that 

lim W = limW. 
e-+O e-+O 

where recall, 

W 2C;2 log det(I + c;B) . 
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(2.4 7) 

(2.48) 

(2.49) 

The W is associated with the focusing NLS equations in conservation form (2.6-

2.7), while W plays the same role for the KdV hierarchy. This is the main result of 

this chapter. The significance of this result is that the zero dispersion limit of the 

odd flows of the focusing NLS hierarchy is characterized by the zero dispersion limit 

of the KdV hierarchy, under the identifications of the densities Pi which arise from 

the respective reductions o(the AKNS hierarchy. However, the zero dispersion 

limit of the KdV hierarchy has already been characterized in [33] [34] and [35]. 

This reduces the present problem to the previous problem with a known solution. 

One inequality is easy, 

W c;2 10g det(I + C;2 B2) 

c;2 10g det[(I + C;B)2 - 2c;B] 

< c;2 10g det[(I + C;B)2] 

- W. 

The other is based on the expansion formula, 

det(I + A) = L det As, 
s 

(2.50) 

(2.51 ) 

(2.52) 

(2.53) 

(2.54) 

where S goes over all subsets of indices of the square matrix A, and As is equal 

to A, but retains only the rows and columns in 8. Let 8* denote the index set for 

which det As is a maximum among the contributed terms. Obviously, 

det(I + A) ::; 2N det As •. (2.55) 
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Additionally, if the remaining terms in (2.54) are positive, then 

det As. $ det(I + A). (2.56) 

Using the lower bound inequality (2.56) for A = cB implies, 

(2.57) 

On the other hand, the upper bound implies 

(2.58) 

Using A = c2 B2 yields W* $ W. Thus, we have the inequalities, 

(2.59) 

The total number of eigenvalues N is V(l/c), as a result of the condition (2.40). 

From this we see all the limits of W, W, and W· are equal. 

2.4 Microscopic vs. Macroscopic Limits 

The previous section showed that the limiting dynamics of the KdV and mKdV 

equations are the same for real initial data. That is, under the proper identification 

of the conserved densities, particularly, 

(2.60) 

the weak limits of the conserved densities are the same. This of course does not 

imply the microscopic structures are the same. 

Figure 2.8 illustrates this connection through the use of Fourier mode test 

functions. Note that, although the limiting behavior appears to be the same, the 

microscopic structure is significantly different. 
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-I~ 

Figure 2.8, These are graphs of v - u 2 at t = 1, where u(x, t) and v(x, t) come 
from the mKdV and KdV IVP, with initial data u6 = Vo = 1 + 1/2 cos(t). The top 
row is for E = 0.02 and the bottom form E ~ 0.015, while the left is the real space 
picture and the left is the natural log of the absolute value of the first 400 positive 
Fourier modes. The right figures are more telling, since it shows the peak energy 
of this difference moving into higher modes as E -+ 0, indicating this difference is 
weakly zero in the limit. 
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2.5 Conclusion 

The fact that the zero dispersion limit of the odd members of the NLS focusing 

hierarchy exists is a surprising result. Even more surprising is the connection of 

the limiting dynamics of the odd members to the KdV hierarchy, even though the 

microscopic dynamics appear to be different. 

Clearly the connection in the limit is a result of the joint membership of the N LS 

and KdV hierarchies in the AKNS "super" hierarchy. Since both the focusing and 

defocusing NLS equations are members of this hierarchy, they should be similarly 

connected in the limit. It may be more fruitful to consider the full AKNS spectral 

problem. 



Chapter 3 The NLS Numerical Spectral 
Transform 

The AKNS operator, 
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(3.1) 

plays a fundamental role in understanding the dynamics of the integrable partial 

differential equations in the AKNS hierarchy, and their perturbations. In applica

tions, the numerical computation of the spectrum of this operator has been used for 

the investigation of chaos, modulation theory, wave selection, numerical stability, 

and the study of the zero dispersion limit. The goal of this chapter is to present 

the periodic analog of the whole-line spectral data, and to develop a numerical 

technique for computing it for the focusing NLS reduction of this operator. 

Recall that q = u and 'r = -u* for the focusing NLS hierarchy. This implies 

(3.1) is not self-adjoint. For periodic potentials, the spectral data consists of three 

sets: the main spectrum, which is fixed in time and represents the invariants of the 

flow, and the real and imaginary auxiliary spectrum, which represent the reduced 

dynamics of the flow. We represent the main spectrum as the eigenvalues of a 

nonhermetian matrix. This is the representation we used to generate the spectrum 

in Figures 2.4-2.7 in Chapter 2. It it trivial to extend these results to the full 

AKNS case. 

The auxiliary spectrum is more difficult. Some direct calculations of the sensi

tivity of the auxiliary spectrum associated with the spatially constant solutions, 

u = ae-iwt , (3.2) 

supports the hypothesis that this is an intrinsic feature of the auxiliary spectrum 

for the focusing NLS hierarchy. We do find a representation of these spectral sets 

as a matrix, but this matrix is ill conditioned. 
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This chapter is outlined as follows. First, the canonical spectral data is defined. 

Second, the main spectrum is represented as the eigenvalues of a matrix. Third, 

some exact calculations are done which suggests the auxiliary spectrum is intrinsi

cally ill-posed. Fourth, an ill-conditioned representation of the auxiliary spectrum 

analogous to the main spectrum is constructed. Finally, we draw conclusions. 

3.1 Defining the Spectrum 

In [44], Ablowitz and Ma define the spectrum of the periodic Focusing NLS 

equation, 

. 1 1 12 zqt + 2"qxx + q q = 0 , (3.3) 

where the period of q is L, in three parts. What they (and we) call the main 

spectrum are canonical invariants of the flow. The auxiliary spectrum changes 

with time, but represents the reduced dynamics for the real and imaginary parts 

of q. Although not necessarily real or imaginary themselves, we call these two 

components the real and imaginary auxiliary spectrum. 

The main spectrum is defined in [44] as the values of the complex parameter e 
for which, 

axVi +ieVt qV2 , 

ax ~ - ieV2 - -q*Vi, 

(3.4) 

(3.5) 

has a periodic or anti-periodic solution. The double points, for which there are 

two solutions, are excluded from the spectrum-these correspond to closed gaps, 

which in general would correspond to a pair of spectral points. 

In term of the operator £, (3.1), this can be restated as the periodic and anti

periodic spectrum of £, where the spectral parameter e arises as, 

(3.6) 
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We emphasize that we are interested in the focusing NLS reduction, so that always, 

'" r = -q . (3.7) 

The real auxiliary spectrum are the values of e for which, 

(3.8) 

where ¢>(x, 0 is a solution to (3.4-3.5) which, at Xo, is normalized to 

¢>( Xo, 0 = [ ~ ]. (3.9) 

Note that the R subscripts denote the sum, 

aR(X,O = ~ [a(x, e) + a"'(x, C)] , (3.1 0) 

and similarly, 

(3.11) 

Similar to (3.8), the imaginary auxiliary spectrum are the values of e for which, 

¢>ll(xo + L, 0 - i¢>21(xo + L, 0 = o. (3.12) 

These are not precisely what is stated in [44], which certainly stated (3.]2) 

incorrectly, (3.8) and (3.12) are what they meant. Having these definitions of the 

spectral data associated with the periodic focusing NLS, we take each set in turn 

and transform them into a numerically computable set. 

3.2 The Main Spectrum. 

The main spectrum is the canonical invariant set of the NLS flow, and is the 

most significant of these three sets of spectral data. It also happens to be the 

simplest to compute. 
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The periodic and anti-periodic spectrum are special cases of the Floquet spec

trum of the operator X, which is 

(3.13) 

where 

(3.14) 

By writing, 

(3.15) 

(3.13-3.14) can be written as the periodic spectrum of the operator, 

£(0") = [ iOx.- 0" .-iq ]. 
Z1' -ZOx + 0" 

(3.16) 

Note that the periodic spectrum corresponds to choosing 0" = 0, and the anti

periodic spectrum corresponds to choosing 0" = 7r / L. 

The periodic kernel of £(0") -e can be represented by Fourier transform, giving 

the representation, 

A [-k-O" -iQ ] 
£(0") = iR (k + 0") , 

where, now, Q and R represent the convolution operators, 

(Q~) (k) = 2: q(k -l)~,(l) , 
I 

and 

L fo(k - l)~(l) , 
I 

L - [q(l- k)]* 7P(l). 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

By j(k), we mean the Fourier coefficients of f(x), which are normalized so that 

f(x) = 2: J(k)e27rikf . (3.21 ) 
k 



59 

We assume q is very smooth, so that, 

(3.22) 

for all k and some positive constants C and a. 

Projecting onto a finite number of Fourier modes, C can be approximately 

represented as the complex matrix, 

[ 
-D B 1 
CD' 

where D is the diagonal matrix, 

Dl = k(l) + cr , 

Blm = -iq(k(l) - k(m)), 

and 

Clm - if(k(l) - k(m)), 

-i [q(k(m) - k(l))]* . 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

In (3.24-3.26), 1 and m range over some intervall ... N, and k(m) is a map of the 

first few Fourier modes to this sequence, such as 

k( ) _ 211" { m - l, if m S; Nt , 
m - L m - N - l, otherwise. (3.28) 

Thus the main spectrum is approximated by the union of the spectrum of the 

2N x 2N complex matrix (3.23) for cr = 0 and cr = 11"/ L. 

3.3 Sensitivity of Spectrum 

This is a perturbational calculation which suggest.s the auxiliary spectrum is 

sensitive to variations in the potential u. Specifically, we consider the sensitivity 

of the auxiliary spectrum associated with the constant potential, q. In this section 
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we find the auxiliary spectrum does not in general have a regular dependence on 

the potential. 

The fundamental solution for the linear problem is given by 

where 

D - Iql2 - a2 , 

a - i~ - A, 

A iJ~2 + Iq12, 

8 - e'\(x-y) . 

(3.29) 

(3.30) 

(3.31 ) 

(3.32) 

(3.33) 

Note that <I>y(x) is normalized to the identity at x = y. The condition (3.59) for 

constant q is, 

Enforcing the left condition implies, 

a = -q or - q*, 

or 
c _ .q + q* 
'" - z 2 . 

The right condition, 8
2 + 1 = 0, implies, 

or 

Replacing q with 

q ~ q + 82: v(k)e ikx
, 

k 

(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 

(3.39) 



gives the change to the fundamental solution of 

where 

Here, 

l X1d 
if> [ 0 v(k) 1 iky 

Xo y'J' v(-k)* 0 e , 

1 [ -qav( -k)* IqI2V(k) 1 
A - D -a2v( -k)* q*av(k) , 

1 [ qav( -k)* -a2v(k) 1 
B D IqI2v(-k)* -q*av(k) . 
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(3.40) 

(3.41) 

(3.43) 

(3.44) 

Note that W' is the (approximate) value of the fundamental solution at Xl for the 

perturbed potential and which is normalized to the identity at Xo. The first order 

correction to the branch points is given by 

(3.45) 

where 

(3.46) 

and 

(3,47) 

Substituting and simplifying leads to the expressions, 

DL'ljJk = ik ~ A (1 - e-'\L) [(qa + IqI2)V( -k)* + (q*a + a2)v(k)] (3,48) 

- ik ~ A (1 - e+'\L) [(qa + a2)v( -k)* + (q*a + IqI2)V(k)] , 

and 

DL ~~ = (2a + q + q*)(s -l/s)(i + ~/A). (3,49) 

From this we see all of the class of real auxiliary spectrum, which satisfy the second 

condition S2 - 1 = 0, do not have a regular dependence on the potential. 
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3.4 The Auxiliary Spectrum 

It is interesting to see how this instability appears in the representation of the 

auxiliary spectrum, especially since the sensitivity calculation is only for a special 

case. 

We would like to represent the auxiliary spectral data as the eigenvalues of a 

matrix, just as in the main spectrum. Before we can do this, we must represent 

the spectrum as an infinite-dimensional eigenvalue problem. We then proceed to 

find a truncated representation of this operator. 

To transform the definition, consider the real auxiliary spectral problem, 

[£ - e]¢> = 0, (3.50) 

with the boundary conditions, 

¢>(xo) = [ ~ l' ¢>(xo + L)l1- i¢>(xo + LhR = O. (3.51 ) 

Given ¢>, another solution to (3.50) is 

(3.52) 

Thus the fundamental solution is given by, 

(3.53) 

where <p( Xo, e) is normalized to the identity. Note the relations, 

¢>l(X,e) <Pll(x,e) , (3.54) 

¢>2(X, e) <P 21 (x,e) , (3.55) 

¢>l(X, et <P22(X, C) , (3.56) 

¢>2(X, et -<P12(a:, C) . (3.57) 

In terms of <P, the real auxiliary spectrum is given by, 

1 i 
2i [<Pll(Xl, e) - <P22(Xlle)] - 2 [<P21(Xlle) - <P12(Xl,e)] = 0, (3.58) 
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where Xl = Xo + L. This can be written as 

It is possible to use (3.59) in a complex-analytic root-finding algorithm but this 

is not very efficient. Instead, we would like to transform this condition into a 

standard eigenvalue problem. 

To proceed, consider the boundary value problem, 

[£ - ~]tv = 0, (3.60) 

with the boundary conditions, 

(3.61 ) 

and 

(3.62) 

Writing tv = <Pv, or, 

the solution tv exists provided that, 

Thus the homogeneous BVP (3.60-3.62) has a nontriyial solution if and only if, 

Comparing (3.65) and (3.59), the real auxiliary spectrum can be restated as the 

values of ~ for which, 

[£ - ~]'W = 0, (3.66) 

(3.67) 
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and 

(3.68) 

has a nontrivial solution. This is a standard eigenvalue problem. 

For q = 0, and the inner product, 

l
X1 

t (v,w) = dxv 10, 
Xo 

(3.69) 

the linear spectral problem (3.66-3.68) is a self-adjoint.. Thus the general prob

lem can be represented by the orthogonal basis of the eigenfunctions of the zero 

potential problem. These are, 

(3.70) 

where 

(3.71) 

In terms of this basis, the linear operator £, can be represented by the matrix, 

Here, Unm is given by 

-i ~ {Q(k)(Wn, [~ ei;"x] wm) 

+ q*( -k)(wn' [ei2~~x ~] wm)} . 

To complete the definition of the terms of Mnml we define 

Q~m = (wn, [~ e2~kx ]wm), 

2rrik=.2. L 
_ eLf dx eirr(2k+n+m)f 

2L Jo ' 

{ 

-~exp[27l'iT]' if2k+n+m=0, 
o , if n + Tn is even, 
ex~ 2rrik =t] 
irr(n+m+2k) , if n + Tn is odd, 

(3.72) 

(3.73) 

(3.74) 

(3.75) 

(3.76) 

(3.77) 



and 
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(3.78) 

(3.79) 

(3.80) 

Note that the precedence of the conditions in the definitions are from top to bot

tom. 

To clarify the structure of the matrix representation (3.73), we rewrite the 

action of M by grouping even and odd indices. Note that writing 

(3.81 ) 

is equivalent to 

Tn even = L lvlnmvm + L Mnmvm, (3.82) 
m even m odd 

and 

Tn odd = L Mnmvm + L lvlnmvm . (3.83) 
m even m odd 

Thus by writing, 

(3.84) 

and 

(3.85) 

and similarly for v, the action of M can be written as, 

(3.86) 

or, 

(3.87) 



Here, the matrices Mee, ... ,MoO are defined by, 

M ee = t {) nm <,,2n nm 

-;i {q[-(n + m)]e-21ri
(n+m);?- + c.c.} , 

M ea . { q(k)e
21rik¥- } -z:L . 1) + c.c. , 

nm k 27rZ(k + n + m + 2 
Moe Mea 

nm nm' 

M oo t c 
nm - <,,2n+l U nm 

-;i {q[-(n + m + 1)]e-21ri(n+m+I);?- + c.c.} . 
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(3.88) 

(3.89) 

(3.90) 

(3.91 ) 

By c.c., we mean the complex conjugate of the first part of the expression in 

paren thesis. 

With this form, we may now identify the problem with this spectral represen

tation. A given projection of this linear operator, say by restricting the indices 

to 

Inl < N, 

Iml < N, 

(3.92) 

(3.93) 

leads to a good representations of the operators NIcc, and MOo, since the perturbing 

terms from the zero potential strongly couple terms only near n = m and n = -m. 

Recall our assumption about the potential, q, (3.22), so the off diagonal terms of 

Mce and MOO decay exponentially with distance, where we mean, 

dist((n, m), (i,j)) = min(ln - ii, In + il) + min(lm - ii, 1m + il). (3.94) 

The In + il and 1m + jl arise from the strong coupling of +k and -k modes of the 

solution, which could be removed with another index permutation. 

Contrast this exponential decay with Mea for nonzero q. For each k, these off 

diagonal terms look like a I-Iilbert matrix, 

Mea = E q(k) - q(k)* Hk+I/2 , 

k 27r 
(3.95) 
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where 

H CX = 1 
nm n+m+a (3.96) 

This l/dist decay from the diagonal and the terrible conditioning of the Hilbert 

matrix leads to a poor representation of this linear operator for any given trunca

tion. This is a good indication of the sensitivity of the real spectral data. 

The calculation of the representation of the imaginary auxiliary spectrum is 

completely analogous to the real auxiliary spectrum. Specifically, the imaginary 

spectrum can be restated as the eigenvalues of the homogeneous BVP, 

[C + e]v 

Vl(XO) - iV2(XO) 

Vl(Xl) - iV2(Xl) 

0, 

0, 

o. 

(3.97) 

(3.98) 

(3.99) 

The zero potential problem is again self-adjoint, and has the eigenfunctions, 

and eigenvectors, 

Using the same even-odd representation of the operator, this gives, 

Jkfee = t 8 
nm <,,2n nm 

- 2~ {-iq[-(n + m)]e-21ri
(n+m)=t - c.c.} , 

Jkfeo . { -iq( k )e21rik
=t } 

nm -z ~ 27l'i(k + n + m + ~) - C.c. , 

Jkfoe M eo 
nm nm' 

M- 00 t c 
nm <,,2n+l V nm 

-;i {-iq[-(n + m + 1)]e-21ri(n+m+1)=t - c.c.} . 

(3.100) 

(3.101) 

(3.102) 

(3.103) 

(3.104) 

(3.105) 
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The decay structure of this system is the same as the real auxiliary spectrum, as 

would be expected. The poor conditioning of this natural representation of the 

auxiliary spectrum, and the sensitivity calculation involving the exact solutions in 

the previous section suggest a better representation does not exist. 

3.5 Other Approaches 

Other authors, such as Osborne [32], use the following approach to compute the 

AKNS Floquet spectrum. The fundamental solution (3.53), after the translation 

by a period is called the transfer matTix, and is denoted by O(xo,O, 

(3.106) 

In terms of 0, the operator £ has a periodic (antiperiodic) solution if 0 has an 

eigenvalue of + 1 (-1). In view of the traceless representation of (£ - ~)<I> as, 

(3.107) 

we see that the determinant of the fundamental solution is 1. In particular, then, 

the determinant of 0 is 1, so that the two eigenvalues of 0 are related by, 

This implies the periodic and antiperiodic spectrum occures when 

+2, 

(3.108) 

(3.109) 

(3.110) 

Since the eigenvalues of the transfer matrix are independent of the choice of base 

point Xo, the conditions (3.109-3.110) are also independent of the base point. 

The auxiliary spectrum does depend on the base point. As previously noted, 

the real and imaginary auxiliary spectrum are respectively given by, 

o. 
(3.111) 

(3.112) 
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Fixing the basepoint Xo, the relations, (3.109-3.110) and (3.111-3.112), are 

used in a complex root-finding algorithm to find the respective spectrum!. Since 

each evaluation of the root-finder involves computing the fundamental solution 

of (3.107) over a period, this is generally inefficient, especially in the stiff limit, 

e -Jo 0, which we are interested in. 

3.6 Concluding Remarks 

We have presented an effective method for computing the main spectrum associ

ated with the focusing NLS hierarchy. We could not find a complementary method 

for the auxiliary spectrum which adequately represented the auxiliary spectrum. 

From an elementary calculation involving constant solutions, it appears that this 

is an intrinsic feature of the auxiliary spectrum. 

Since not all NLS potentials evolve with instabilities, this suggests the insta

bility in the spectrum is characteristic of the spectrum, and not the flow itself. 

1 Acutally, (3.109-3.110), is usually grouped by finding the roots of (flu + fl22)2 - 4. 
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Chapter 4 The Kadomtsev-Petviashvilii II 
equation 

4.1 Introduction 

In this chapter, our goal is to study the Kadomtsev-Petviashvilii-II (KP-II) 

equation, 

:x (4ut - 6uux + c2uxxx) + 3uyy = 0 , ( 4.1) 

in the same limit. Our main result is that there is numerical evidence that good 

modulational structure exists in portions of the KP-II phase space. 

In [52], Kadomtsev and Petviashvilii derived (4.1) as a weakly two-dimensional 

generalization of the Korteweg-de Vries (KdV) equation, 

(4.2) 

Note that this version of the KdV equation becomes that of Chapter 1, (1.37), un

der the substitution u -)- -u. We choose this normalization because it is consistent 

with [55]. 

Some important developments of the KP-II equation are in the papers by Finkel 

and Segur [51], Dubrovin [50], Bourgain [25], and Krichever [55]. In [51], Finkel 

and Segur review the KP-II equation as a shallow water wave approximation!. 

The scalar u represents the height of the fluid above the equilibrium. The model 

assumes weak nonlinearity, dispersion, and two-dimensionality, all of which balance 

to this order. Consistency in the approximation demands that, 

1 j+L 
lim 2L u(x,y,t)dx = O. 

L-+oo -L 
( 4.3) 

Physically, this implies u cannot represent an infinite displacement of fluid mass 

above or below the equilibrium level. In [50], Dubrovin gives a method for com

puting exact solutions to the KP-II equation. Finkel and Segur illustrate these 

IThe KP-I equation has U yy -> -Uyy in (/U). We do not consider the KP-I equation here. 
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solutions in [51], which appear to be good models of physical water waves. In 

[25], Bourgain shows the initial value problem for the KP-II equation is well

posed when accompanied by the consistency condition (4.3). In [55], Krichever 

shows the KP-II equation is fully integrable-in principle exactly solvable-when 

periodic boundary conditions and the consistency condition (4.3) are imposed. 

This chapter regards the modulational behavior of exact solutions to the KP-II 

equation. 

4.2 Genus 2 Modulations 

Using the methods described in [50] and [51], we find a periodic 2-phase solution 

of the KP-II equation, 

where 

and 

En 

B(z) = L exp(~nT En + nT z) , 
nEZ2 2 

(0.843i, 0.843i) , 

(0.2299i, -O.2299i) , 

(0.07167825072i, 0.07167825072i) , 

-5.7300124, 

0.4, 

-5.7300124. 

(4.4) 

( 4.5) 

( 4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.]0) 

(4.11) 

This KP-II solution is a periodic solution with periods, 27r /0.843 and 27r /0.2299 

in x and y, respectively. See Figure 5.2 for a contour plot of this solution at t = o. 
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Requiring this solution to remain (Lx, Ly)-periodic imposes the quantization 

condition, 
1 

c =-, 
n 

( 4.12) 

provided that the original periods Lx, Ly of the the c = 1 solution are fixed. For 

c small, the Galilean transformation (or any other symmetry of the solution, for 

that matter), can be applied locally to the solution, 

_( ) ( ) ( 3c(a:,y) ) u x, y, to -+ C x, y + u x - 2 to, y, t (4.13) 

In the short term, this transformation will make the waves of the solution travel at 

different speeds. In the long term, the differing speeds force the waves to accumu

late in some shock regions, at this stage, the scales of the Galilean transformation 

and the waves mix, leading to a new structure to the solution. 

We examine this structure in the sequence of Figures 4.1-4.3. The modulated 

initial data represented in the figures was created by using the parameters (4.6-

4.11) in (4.4), where recall Cl = 0 for the exact solution. To modulate, we replace 

Cl with 

. (271") (271") 
Cl = 0.1 sm Lx x cos Ly Y . (4.14) 

These figures suggest there are regions of modulational stability in the phase 

space of the KP-II equation. 

4.3 Conclusions 

The most serious deficiency in studying the zero dispersion limit of the KP-II 

equation is that the c = 1 equations of motion are not well understood. Numerical 

experimentation, which was primary in motivating the 1+1 dimensional study of 

the zero dispersion limit, is especially difficult and required the development of 

specialized techniques. We have found regions in which modulationallimit appear 

to exist, but have not classified the general posedness of the modulational limit.. 
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Figure 4.1, Contour plots of t = 0 (left) and t 
initial data for c = 0.1, 0.5, and 0.025. 
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cu .... u a.a t.o 

1 (right) for modulated genus 2 
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Figure 4.2, Contour plots of t = 2 (left) and t = 3 (right) for modulated genus 2 
initial data for c = 0.1, 0.5, and 0.025. 
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Figure 4.3, Contour plots of t = 4 (left) and t = 5 (right) for modulated genm; 2 
initial data for e = 0.1, 0.5, and 0.025. 



Chapter 5 The KP-II Numerical Spectral 
Transform 

5.0.1 Introduction 
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In this chapter, we consider the numerical calculation of the spectral transform 

of the KP-II equation. The numerical calculation of this spectrum is fundamen

tal to understanding the KP-II dynamics and its perturbations. As a numerical 

problem, it is especially interesting because no other numerical two-dimensional 

transforms exist in the literature. 

Recall from the introduction that the invariants of the KP-II flow is given by 

the multiplier curve R(u). In this Chapter, we develop a method for computing 

the branch points of this curve by following the branch points from the curve R(O) 

through the deformation, R( 8u), 0 :::; 8 :::; 1. 

We state the deformation as a differential algebraic equation (DAE). We then 

compute an approximate solution to this DAE using formal perturbation theory 

in the parameter 8 to second order. Our results are effective for the asymptotic 

spectrum, and for small potentials, but in general they are insufficient to compute 

the spectrum in the zero dispersion limit or large potentials. 

We have stated in the introduction that the KP-II equation leaves the multiplier 

curve R( u) invariant in time. Recall that R( u) is the set of complex pairs 0' = 
(O'x, O'y), for which there exists a W that simultaneously satisfies 

where, 

Xw 

W(x + Lx, y) 

W(x, y + Ly) 

0, 

exp(iO'xLx)W(x,y) , 

exp(iO'yLy)w(x,y) , 

x = Oy - 8; + u. 

(5.1 ) 

(5.2) 

(5.3) 

(5.4) 
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In (5.4), u(x, y, to) is the initial data to the KP-II flow. We assume u is periodic of 

period Lx in x and Ly in y, is real for real x and y, and is bounded in a thickening 

of the real x and y axis, 

I~xl ~ const, 

I~YI ~ const. 

(5.5) 

(5.6) 

In words, the invariant set are the pairs of complex eigenvalues of the x and y 

period translations operators for which an eigenfunction lies in the kernel of X. 

For only certain pairs (lTx, lTv) will such a function exist, and the union of such 

pairs constitute a curve, which we call R(u). 

From these definitions, it is clear that R(u) is invariant under the dual lattice 

transformations, 

271" 
lTx -+ lTx + Lx ' 

271" 
lTv -+ lTv + L' 

y 

For real u, R( u) is also invariant under, 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

The first symmetry is a consequence of the branching of the log, and the second 

can be seen from conjugation of the equations which define R(u). 

The goal of this section is to present and numerically compute the essential 

parts of this curve. We proceed by giving the analytic properties of this curve, 

which were developed Krichever in [55], then a sequence of transformations and 

reductions to a numerically tractable problem. To date, we only have a pertur

bative solution to the system, which is adequate for small potentials, the O( 1) 

calculation is more difficult computationally, and will be considered at another 

time. 
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5.1 The Zero Potential 

A natural place to start in with u = 0, where \lI takes the form, 

(5.11) 

Substituting, we see the curve for u = 0 is the union of the "fundamental" curve, 

. 2 
uy = zUx ' (5.12) 

along with all its transactions along the dual lattice, (5.7-5.8). Thus, the curve 

for u = 0 is given by the union of quadratics, 

(5.13) 

Unless otherwise noted, indices such as m in (5.13) will range over the dual lattice, 

(5.14) 

where ml and m2 are integers. While the curves em intersect, all the branch points 

are singular. 

For u small, formal perturbation (described below) theory gives no correction 

to this curve for (ux,uy) away from the points of intersection of the curve with its 

translates, which are given by, 

u(n,m) 
x 

u(n,m) 
y 

(5.15) 

(5.16) 

Note that the curves em and en related by mx = nx do not actually intersect, 

hence the singularity in the expression. For two two curves which do share a point 

in common, formal perturbation theory (described below) shows curve is locally 

given by the quadratic relation, 



Here, the primed coordinates are the shifted variables, 

u' x 

u' y 

a - u(n,m) 
x x , 

,.. _ ,..(n,m) 
vy Vy • 
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(5.18) 

(5.19) 

Thus, with a generic real potential, sheet m is connected to sheet n in a locally

but not globally-two-sheeted surface. 

5.2 Branch Points 

The goal of this section is to define, in a computable way, the branch points 

of the curve R(u) under the projection onto the Ux plane, which we take as the 

canonical invariants of the KP-II equation. 

The union of all points (ux , uy) in R(u), which are invariants of motion to the 

KP-II equation, are an uncountably infinite set of invariants for a PDE defined in 

a separable Hilbert space. Thus, these invariants are linearly dependent, in that 

the gradients of the invariants with respect to u form are not linearly independent. 

Since we are interested in (numerically) computing a "canonical" invariant set, 

this presents a computational problem, as "uncountably infinite" represents an 

unreasonable amount of work. 

The analyticity of the curve implies there is only a discrete amount of informa

tion in the curve, which we can take as the branch points of the curve under the 

projection onto the U x plane. These are the points where U y cannot be written as 

a single valued function of U x , i.e., the curve looks locally like, 

u' = a . (u' )2 x y' (5.20) 

or some higher power. 

To find the branch points of R(u), it is convenient to manipulate its definition. 

By writing 

(5.21) 
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the curve can be restated as the pairs (a x, a y) for which the operator, 

(5.22) 

has a periodic function in its kernel. In this representation, we may Fourier trans

form X(k), obtaining, 

where 

[(mx + ax )2 + i(my + ay)] bn,m, 

u(n - m). 

Of course, u is the Fourier transform of the potential u, 

u(x, y) = 2:: u(m) exp(imxx + imyy). 
m 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

Thus, we restate R(u) as the set of complex pairs (ax, ay) for which X has a 

nontrivial kernel. This happens to be a good representation of X(k), since, for 

this class of potentials, U decays exponentially rapidly off the diagonal, while A 

becomes infinite as Inl -t 00. Thus the eigenvectors are asymptotically Fourier 

modes with corresponding eigenvalues of A. 

Now let A be a projected representation of X, 

(5.27) 

Where IIN projects onto a finite number of modes, say 

Inxl < 
211' 
Lx Nx , (5.28) 

Inyl 
211' 

(5.29) < TNy. y 
(5.30) 
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Thus A can be represented by a complex N x N matrix, where 

N = (2Nx + 1)(2Ny + 1), (5.31) 

and A(k) is simply X with the above index restriction. This truncated operator, 

gives a natural truncation of the curve R( u) by RA , 

(5.32) 

where the dependence on (O"x,O"y) in A is implicit. 

We proceed by finding the branch points, of RA, which can be transformed into 

a form which does not essentially depend on the trunca.tion. From the definition 

of X and A, in (5.23) and (5.24), we see that A takes the form, 

(5.33) 

The definition of the branch points of RA, projecting onto the o"x plane, are the 

pairs (O"x,O"y) for which both 

and 

detA = 0, 

oA =0. 
oO"y 

(5.34) 

(5.35) 

To see this, note that A is a polynomial in o"x and O"y, so that det A = 0 is an 

algebraic curve. Near a given point (O"~, O"~), this curve is approximated by, 

8A ( 0) 8A ( 0) -8 o"x - O"x + -8 O"y - O"y = 0, 
O"X O"y 

(5.36) 

Thus, by the implicit function theorem, the curve can locally be written in terms 

of o"x unless (5.35) holds. 

From the form (5.33), we see det(M + iO"y) is the characteristic polynomial for 

M. The branch points occur where the characteristic polynomial and it's derivative 

vanish. That is, these are exactly the places where A is algebraically degenerate, 
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where A has generalized eigenvalues. Thus we can restate the branch points as 

those pairs (ax, a y) for which 

0, 

b</> , 

(5.37) 

(5.38) 

has a nontrivial solution (</>, 'IjJ, b), with </> and 'IjJ linearly independent and b a 

complex scalar. From this representation, it we deduce the branches of the curve 

R(u) are given by (5.37-5.38), with the substitution, 

(5.39) 

Numerically, we deal with the operator A, whose branch points are very close to 

that of X when </> and 'IjJ are well-represented by the t.runcated Fourier basis. 

5.3 Perturbation Solution 

We solve (5.37-5.38) by substituting 

'u, ~ 8u (5.40) 

in the definition of X, (5.4), and, thus, A (5.27). By differentiating in 8, we 

write a differential-algebraic equation for the branch points, which are then solved 

approximately by a series expansion. In this expansion, we have not considered 

some special cases, the most important two being the ,Ij independent potential, for 

which b in (5.38) is identically zero (not. just zero for 8 = 0, which is the general 

case). This was not considered because, essentially, much simpler approaches are 

appropriate for the KdV case, where the spectral transform can be posed as a 

straight-forward eigenvalue problem. The second is the case where, to first order 

in 8, the distance between two splitting branch points is zero. Considering the 

scaling, it is not surprising this is occurs exactly when 

lu(m)1 = 0, (5.41 ) 
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for some Fourier mode m, what else could canonical constants of motion be for 

small periodic potentials? This changes the ordering of the equations, but it is 

nongeneric, and thus do not consider it here. 

The details are as follows. With the substitution (5.40), we have a matrix A 

which depends on two complex parameters, (ax, ay), and the real parameter b, 

each in an analytic way. We hope to find the solution of this equation at b = 1 by 

homotopy, i.e., by writing, 

b( b)¢( b) , 

(5.42) 

(5.43) 

differentiating with respect to epsilon transforms (5.42-5.43) into the differential 

algebraic system, 

0, (5.44) 

= b' ¢ + b¢' . (5.45) 

The system (5.44-5.45) is underdetermined, since given a solution 

(5.46) 

another is given by 

(5.47) 

where Cll C2, and C3 are arbitrary complex functions of b. We choose the normal-

izations, 

¢t ¢' 0, (5.48) 

'lj;t'lj;' 0, ( 5.49) 

'lj;t¢ - o. (5.50) 
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Given a solution which satisfies these constraints, and the original system, the only 

other solutions that satisfy (5.48-5.50) are of the form 

(5.51) 

where, now, Cl and C2 are independent of 8. This way, we can give them any 

convenient normalization at 8 = O. 

We proceed by considering the general perturbation solution of (5.37-5.38) for 

matrix A of the form, 

(5.52) 

where A is a diagonal and U is some general, possibly infinite, matrix. This can 

be thought of as constructing a series solution to the DAE (5.44-5.45), (5.48-

5.50). The first step is to satisfy (5.37-5.38) for 8 = O. This forces the solution of 

(5.44-5.45) to have of the form, 

4>(0) Vtei + V2ek, 

~(O) wlei + W2 ek, 

ux(O) uti,i) 
l' , 

uy(O) uti,i) y , 

b(O) O. 

where 

A _(u(ili) uti,i)) 
J x , y 0, 

Ak(u(ili) uti,i)) 
x , y O. 

Here, the ej are the canonical basis, 

(5.53) 

(5.54 ) 

(5.55) 

(5.56) 

(5.57) 

(5.58) 

(5.59) 

(5.60) 
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and the v and w vectors are undetermined at this order. The first order equations 

come from setting b = 0 in (5.44-5.45), since we are looking for conditions for such 

a smooth homotopy to exist. This gives, 

[%~ O'~ + %~ O'~ + U] q)(0) + Aq)'(O) - 0, 

[:~ O'~ + :~ O'~ + U]1f;(0) + A1f;'(O) = b'(O)q)(O). 

The Fredholm conditions on this system give the constraints 

0, 

b'(O)v, 

where 
, 8A, 8A, 

A = -8 O'x + -8 O'y + U, 
O'x O'y 

and 

In (5.67), 

To satisfy the Fredholm condition, we obtain the constraints 

O'~(O) = 

where 

~oA/; _~oAI; 
OUr OUy OUy OUr 

(0' + Ukk)~oA + (0' -Ujj)aaAk 
(Ix U:r 

(5.61) 

(5.62) 

(5.63) 

(5.64) 

(5.65) 

(5.66) 

(5.67) 

(5.68) 

(5.69) 

(5.70) 

(5.71) 
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..... _-_ ... ' 

Figure 5.1, On the left, two branch points of a curve are created by a small per
turbations of a cross. On the right, a given branch point is propagated through a 
small perturbation. 

Given these constraints, AI takes the form 

Ujk ]. 
-CT 

(5.72) 

If CT is nonzero-the generic case-then the solution can take two forms, ac

cording to the choice of branch of the square root in the definition of CT. Thus, 

this first order correction usually gives the splitting of the branch points which we 

expect from perturbing a highly symmetric state (see Figure 5.1). 

If IUjkl ~ IUkjl, we write v as 

(5.73) 

otherwise, 
(X,Ukj) 

v - -r::::::::::===== 
- JlUkil2 + ICTI2 . 

(5.74) 

When both are defined, the two definitions are mathematically equivalent, up to a 

complex phase, but numerically it is better to use the different formulas when Uik 

is much smaller than Ukj or visa versa. Given v, w is 

w = (v;, -v;), (5.75) 

and 

(5.76) 
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This concludes satisfying the Fredholm conditions for the first order equations. 

Solving for 1/J'(0) and 1/J'(0), yields, for i =F j, k, 

The normalizations (5.48-5.50) give, 

v' aw, 

w' -a*v, 

(5.77) 

(5.78) 

(5.79) 

(5.80) 

where a is undetermined to this order. These are all the constraints sufficient to 

cancel the RHS of (5.37-5.38) to first order in 6. The 0(1) corrections correspond 

to choosing u = 0, and have no information about the potential, the 0(6) correc

tions correspond to the linearization of the equation-as the branch points contain 

no more information than the magnitude of the individual Fourier coefficients. 

Thus the amount of information this perturbational calculation provides is trivial 

without going to higher order. We choose to compute only the next order, 0(62 ), 

corrections to these points. 

Differentiating (5.44-5.45) again in 0, and setting b = 0, the conditions that 

we satisfy the branching conditions to second order are, 

A"</> + 2A'¢/ + A¢/' - 0, 

A"1fJ + 2A'1fJ' + A1f/' - b" ¢ + 2b' ¢' . 

where 

(5.81 ) 

(5.82) 

(5.83) 

The Fredholm solvability condition can be written as the nonhomogeneous 
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linear system, 

BA BA-
0 VI~ VI~ VI 

[ u" ] [ Pnv, + P12
V
'] 

Bu" Duy x 
V BAk V BAk 0 V2 (7" P2I VI + P 22V2 2Bu" 2Bu 

Bl-
y 

BA- b" 
- Pll WI + P 12W 2 . WI~ WI~ -VI -WI 

Bu" Buy 
2b'a P 21 WI + P 22W 2 W BAk W BAk -V2 -W2 

2 Bu" 2 Buy 

(5.84) 

In (5.84), P = 23 - R, where 

R = (5.85) 

(5.86) 

and - is the usual projection operator, 

(5.87) 

Finally, 

S _ '" Uli Uim 
1m - L...J • 

if;j,k Ai 
(5.88) 

The solution of this system, which was computed using the Maple computer algebra 

system, is given by, 

(7" 
Y 

b" 

2b'a -

2VI V2(?}.i BBAk _ ~ BAk) 
UU:z: Uy Buy ou" 

(ViP21 - V~H2)(~ +~) + 2VIV2(P22~ - Pll~) 
2VI V2( ~BA' BAk _ ~ OAk) 

"" Buy 8uy Bu," 

P 2,lW I V I + P 1,2V2W 2 

V2V I 

P 2,lVi + viH,2 

2V2Vl 

(5.89) 

(5.90) 

(5.91) 

(5.92) 

This concludes satisfying the Fredholm conditions for the vanishing to second 

order of (5.37-5.38). Substituting these parameters int.o (5.81-5.82), the second 
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89 

(5.93) 

(5.94) 

where these expressions are only valid for ¢" and 'ljJ" indices other than j or k. 

This concludes the second order perturbational solution to the differential algebraic 

equations (5.44-5.45) with the normalizations (5.48-5.50). 

To approximately solve the spectral problem, we apply this perturbational 

solution to our special case. The first order constraints give 

_ a(j,k) 
y , 

where a(j,k) is given in (5.15-5.16). Note again that, for indices related by, 

(5.95) 

(5.96) 

(5.97) 

there is no solution to these 0(1) constraints. This is as expected, since the the 

branching can only occur near where the original curve, R(O), has intersecting 

sheets. The first order corrections are (setting 6 = 1), 

a~=±ilu(j-k)l. 1 k : 
Jx - 'x 

(5.98) 

and 

(5.99) 

The second order corrections does not in general introduce any further branch

ing. Krichever proves this is true; that the intersections of the two curves en and 

em give rise to either none or two branches, which connect the two sheets. More is 

true: the motion of the branch points are always in the imaginary directions, thus 
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the real parts serve only as a coordinate label. With this in mind, we arbitrarily 

group 

f{(j,k) = 8' (~(j,k) _ a(j,k)) + i~ (~(j,k) _ a(j,k)) ± x x Y y , (5.100) 

where the ± is from the choice of branch, ~(j,k) is the 8 = 1 value of the branch 

point under the homotopy, which we estimate with by perturbation, and a(j,k) is 

is original, 8 = 0 location of the branch. 

5.4 Numerical Computation 

Originally, we intended to solve (5.44-5.45) as a differential algebraic initial 

value problem. The perturbational solution discussed in the previous section was 

intended to construct an estimated solution away from the unstable 8 = 0 point, 

where some choice must be made as to the sign of the principle square root. While 

this in principle will work, it is computationally very expensive, since each timestep 

of the differential algebraic equation would involve the factorization of the Jacobian 

of (5.44-5.45), (5.48-5.50) in terms of the variables, 

x = (</>,1jJ,a,b). (5.101) 

This would involve O(8N3
) floating point operations, which must be repeated for 

the full integration from 8 = 0 to 8 = 1, a number of times depending on the size 

of the "timestep," which we expect to be roughly of the order of the size -flU - k). 

This must be repeated for each splitting branch point, modulo the symmetries, 

(5.7-5.8) and (5.9-5.10). All together, this would involve approximately 

N" L lu(m)1 (5.102) 
m 

floating point operations, where N = {2Nx + 1 )(2Ny + 1). This is an unrealistic 

amount of work. What is required is a better method for partially factoring the 

system. Such an efficient iterative technique probably exists, but we have not 

implemented it. 
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Perhaps surprisingly, the second order perturbation theory is adequate for the 

small potentials-and all the asymptotic spectrum-which we have considered in 

our numerical simulations. The perturbation theory is not sufficient to model the 

scattering data for the the zero dispersion limit. 

The cost of computing the second order estimates of the spectral is is approxi

mately, 

N 2 10gN. (5.103) 

This accounts for the symmetries and the use of discrete Fourier transforms to 

apply the operator U where it appears as an operation. In other words, we replace 

the operator X with the operator 

(5.104 ) 

where :F is the discrete Fourier transform. To avoid aliasing, we only compute the 

spectrum which for indices smaller than 

(5.105) 

(5.106) 

Note that the dual symmetry (5.7-5.8) allows us to take j = O. Geometrically, this 

corresponds to considering the connection the "fundamental" curve Co with Ck. 

The remaining branches are given by applying the dual symmetry, so represents 

no real new information. 

To measure accuracy of the estimate, the approximate solution is substituted 

into 

(5.107) 

(5.108) 
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Figure 5.2, A contour plot of the genus 2 potential corresponding to the example 
solution (4.6-4.11). 

- - -where the approximate perturbational solutions, 4>, 1/; and bare renormalized ac-

cording to 

14>1 1, (5.109) 

I1/; 1 1, (5.11 0) 

4> t 1/; 0, (5.111) 

b 4>t A1/; . (5.112) 

If the sup norm of the residuals are smaller than the desired tolerance, the per

turbational solution is accepted as a sufficiently good approximation to the actual 

spectral data. 

Verifications 

Implementing this approximate numerical direct spectral transform involves nearly 

4,000 lines of fortran code, including two implementations of the method for a "par

ity" check. Each of the order conditions are checked individually, and the overall 



Figure 5.3, The spectrum associated with the genus 2 data given in Figure 5.2. 

bound is computed according to the above criteria. In the code development, the 

curve associated with the vanishing of the determinant of the matrix 

[ 

1 ha hb 1 
8c ax hd 
he 8f (j'y 

(5.113) 

was computed using Mathematica by expanding the determinant in a power series. 

For a given class of genus 2 spectral data, which should have left the scattering 

data fixed, the scattering data of two dissimilar potentials was computed, arising 

in spectrum which was (to the truncation order or the approximation) the same. 

Finally, we verified that the residual error scales wit.h ha. 

5.5 The Intrinsic Nature of Branch Points 

It is worth mentioning that the choice of projection is really not very important 

for computing the invariants of motion of the curve. 

Consider, for example, a curve defined by 

(5.114) 
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Figure 5.4, A contour plot of the genus 2 potential corresponding to the example 
solution (4.6-4.11), with phase shifts in the theta function of at ~ at + 1, and 
a2 ~ a2 + 0.2342323. 
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where crx and cry are complex parameters and det A is analytic in these two vari

ables. Now choose to consider the branching of RA by the projection onto the crx 

plane. As before, the branch points are where, in addition to, 

there is the constraint, 

det A(cr) = 0, 

adetA = o. 
acry 

Now write the determinant as the product of eigenvalues, 

(5.115) 

(5.116) 

(5.117) 

Consider first where the system is algebraically degenerate, i.e., where two terms 

in (5.117) are zero. Then, by the chain rule, this point is one of the branches of 

the curve under the crx projection. 

To go the other way, there is a nontrivial constraint; that 

(5.118) 

implies that 

(5.119) 

This is to exclude eigenvalues which have a higher order zero in cry, such as 

(5.120) 

With this constraint and the primary condition Ai = 0, the second condition, 

o = (5.121) 

(5.122) 

is enough to conclude that A is algebraically degenera.te. 
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Thus, all the algebraically degenerate points of A( (J') are branch points of RA 

under a given projection, and except, for a nongeneric set of coordinates (J', these 

are all the branch points of the curve. 

The "extra" points, if they exist, are given by, 

0, 

o. 

(5.123) 

(5.124) 

For the operator (5.23) and using (J'x as the projected direction, there are only 

algebraically degenerate branch points, since 

(5.125) 

for the operator (5.23). 

5.6 Conclusions 

In principle we could solve the DAE associated with each branch point using a 

standard method such as DASSL [27]. However, for each branch point, the size of 

the system is O(2N), where N is the number of Fourier modes in the representation 

of the potential u. Without special care to solve thiH system without the full 

factorization of this matrix, the standard methods will fail. We feel that such a 

preconditioned method exists, but we have not yet implemented it. 
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Chapter 6 Temporal Integration Techniques 

6.1 Introduction 

This chapter is devoted to numerical integration techniques for the solution of 

the Hamiltonian initial value problem (IVP). The conservative nature of Hamil

tonian systems and the lack of stabilizing dynamics, as for systems with center 

manifolds, leads to some difficulties in the numerical integration of such systems. 

In particular, this chapter contains the integration techniques used for the sim

ulations in Chapter 2 and Chapter 4. Our main result is the development of a 

preconditioned spectral multi-grid library which suitably computes the solutions 

of these semilinear Hamiltonian initial value problems. 

Recall from the introduction that we are interested in simulating and character

izing the long-time and large-scale behavior of certain fully integrable Hamiltonian 

systems. Specifically, the nonlinear Schrodinger (NLS) equation, the (complex) 

modified Korteweg-de Vries (mKdV) equation, and the Kadomtsev-Petviashvilii 

II (KP-II) equation. These are respectively given by, 

. 1 2 1 12 
ZcUt + 2"c Uxx + 'u U 0, (6.1 ) 

Ut + 61uI2ux + c 2,uxxx 0, (6.2) 

4Ux t - 3 ( u2
) xx + c2uxxxx + 3uyy o. (6.3) 

Due to their Hamiltonian structure, these initial value problems are fundamentally 

conservative. Also, even for smooth initial data, the general solution to these initial 

value problems becomes highly oscillatory for small values of veps. 

The simulations in Chapter 2 and Chapter 4 have shown the complex behavior 

of the solution to these initial value problems for small values of c. Some of 

the numerical difficulty of these computations becomes apparent from the linear 



versions of these equations, 

iUt + cUxx 0, 

Assuming a solution of the form 

U = exp(ikx + ily - iwt) , 
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(6.4) 

(6.5) 

(6.6) 

(6.7) 

where the ily component is only necessary for the KP-II equation, the correspond

ing dispersion relations are, 

w(k) 

w(k) 

4w{k,1) 

(6.8) 

(6.9) 

(6.10) 

Suppose the narrowest wave for the unsealed, c = 1, equation can be adequately 

represented by using Fourier modes up to kmax in the x direction and up to [max in 

the y dimension. This same wave requires l/c more spatial modes in the rescaled 

equation (see Figure 1.1). Thus, the largest Fourier modes associated with a given 

care 
1 

k(&) --k 
max - max, 

£. 

and 

1(&) - 1 k 
max - - max· c 

Corresponding to these, we have, 

1 2 
-kmax , 
c 
1 3 

-e kmax , 

(6.11) 

(6.12) 

(6.13) 

(6.14) 
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IWmaxl max{lwII, IW21) , (6.15) 

WI ~k3 + (~ ) 2 l!ax 
c max c kmax ' (6.16) 

1 2 
~ -kmax ' 

c 
(6.17) 

W2 - ~ k3 + (~r l!ax , 
c I c ki 

(6.18) 

~ (~r l!ax, 
c ki 

(6.19) 

(6.20) 

Here, we denote the smallest nonzero mode as kI' i.e., 

(6.21) 

Using kmax and lmax as 16, ki as 1, and c = 0.01, results in the following largest 

linear frequencies, 

25600, 

409600, 

IWmax I > 2560000. 

(6.22) 

(6.23) 

(6.24) 

The size of these eigenvalues prohibit the use of Courant-limited methods of 

integration. Most methods which are not Courant-limited by large imaginary 

spectrum introduce numerical dissipation. However, both the linear and nonlinear 

versions of these flows are conservative, and our scaling is for long-time behavior. 

This considerably restricts the number of suitable methods. 

Furthermore, most methods which are not Courant--limited with step size are 

implicit i
. For the nonlinear flows, this implies each timestep involves the solution 

of a nonlinear algebraic system of size O(N), where N is the number of degrees of 

IThe leapfrog method is not Courant limited for large imaginary spectrum, and is explicit, but 
has no stability region for nonimaginary spectrum. This makes it unsuitable for the nonlinear 
flows. 
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freedom in the representation of the vector u. We take a truncated Fourier basis 

as our numerical representation, and note the total number of Fourier modes in a 

given simulation goes as lie:, lie: and (1/e:)2, respectively. This prohibits the use of 

any stepping method which is not essentially linear in complexity. The integration 

of the nonlinear evolution equations are further complicated by changing time

scales. Taken together, these present a considerable numerical challenge in the 

effective modeling of these initial value problems. 

In this chapter, many of the problems we encounter in the infinite-dimensional 

case can be discussed in terms of a finit.e dimensional example. This allows for a 

more detailed comparison of these algorithms for these smaller problems. 

In Section 6.2 we give a general background for numerical methods and their 

application to Hamiltonian systems. Section 6.3 develops fixed timestep methods 

suitable for semilinear Hamiltonian systems, such as (6.1-6.3). In Section 6.4 we 

develop fixed timestep techniques which turn out to be more suitable for ordinary 

differential equations. In Section 6.5 we develop variable timestep techniques suit

able for Hamiltonian initial value problems, discussed in the context of ordinary 

differential equations. 

6.2 Integration of Hamiltonian Systems. 

6.2.1 Autonomous Initial Value Problems 

Quite generally, we are concerned with the autonomous initial value problem 

i = X(z), (6.25) 

where z and X(z) are in n, the phase space, which we take to be ~n. If X(z) is 

smooth, then the Picard theorem states the solution of this initial value problem 

exists on some positive nonuniform interval of time, and has continuous dependence 

on z and t. If the solution remains bounded on bounded intervals of time, then 
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(6.25) has a solution for all time. We assume this initial value problem exists and 

has continuous dependence on z and t for all time. 

The phase-flow map, written as2 

exp( X) : n -+ n , (6.26) 

transforms the phase space n from initial data of (6.25) to its solution at time l. 

Through a rescaling of time in (6.25), it follows that exp(tX) transforms points 

from initial data to solutions at time t. In other words, exp( tX) is what is often 

referred to as the phase flow or simply flow map for (6.25), which is sometimes 

denoted as 

St = exp(tX). (6.27) 

We will use both notations, usually exp(tX) when which right-hand side is impor

tant to distinguish, and the form St when the context is known. Note that 

z(t) = exp(tX)(z) (6.28) 

satisfies the integral equation, 

z(t) = z + latdsX(z(s)). (6.29) 

This shows that, in general, exp( tX) depends in a nonlinear and nonlocal way on 

the vector field X. 

Since we are considering only autonomous initial value problems, exp(tX) is a 

continuous semigroup under composition in t, i.e., for all real numbers tt and t 2 , 

(6.30) 

In particular, exp( -tX) is the inverse of exp(tX). 

2More generally, one can think of exp : T M x M -t M on some manifold M and correspond
ing tangent space. 
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It is generally not true that, 

exp(hX)· exp(hV) = exp(hY)exp(hX) , (6.31 ) 

for vector fields X and V and real number h. A measure of the difference between 

these two sides is the Lie bracket, 

[X, V] lim h22 [exp(hX) exp(hV) - exp(hV) . exp(hX)] , 
h-O 

(6.32) 

[X, V]j t (Yi 8Xj - Xi 8Yj) . 
i=l 8zi 8zi 

(6.33) 

The Lie bracket is an anti symmetric bilinear map. It also satisfies the Jacobi 

identity [21], 

[[X, V], Z] + [[V, z], X] + [[Z, X], Y] = 0, (6.34) 

for all X, V, and Z. 

The identity, 

exp(hX) 0 exp(hY) = exp(hX + hV), (6.35) 

holds only in the case that [X, V] = o. The expression in the more general case is 

known as the Baker-Campbell-Hausdorff formula, 

exp(hX) 0 exp(hV) = cxp(Z) , (6.36) 

where Z is given by a series, the first few terms of which are, 

Z = 
h2 h3 

h(X + Y) + 2" [X, Y] + 12([X, [X, V]] + [V, [Y,Xm (6.37) 

+ ~: ([[[X, V], V], X] + [[V, [X, V]], X] 

+ [X, [[X, V], V]] + [X, [V, [X, V]]]) + O(h5) . 

We use this expansion in some of our numerical methods. 

The exponential map is a convenient notation for the solution to the au

tonomous initial value problem (6.25). It would be difficult to describe useful 

identities such as the BCH expansion (6.37) without such a notation. 
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6.2.2 The Exponential Map and Numerical Integration 

Numerical integration techniques are maps, 

EXP(h; X) : n --? n, (6.38) 

which are computable and depend on a small parameter h-the timestep. In this 

notation, a numerical method is said to have a pth order error when, at least 

formally, 

IEXP(h; X) - exp(hX)1 = O(hP+I) , (6.39) 

as h --? O. 

For a fixed timestep, h, one can replace the general initial value problem, 

with the reduced problem, 

dz 
ds 

z(O) 

z(l) 

dz 
X(z) , 

dt -

z(O) Zo, 

z(h) Zl, 

hX(zo + z) = X(z), 

0, 

Zl = Zl - Zo. 

(6.40) 

(6.41) 

(6.42) 

(6.43) 

(6.44) 

(6.45) 

(6.46) 

Most fixed timestep integration methods are generalized from (6.44-6.46) by, 

Z --? Z - Zo, 

X(z) --? hX(z) , 

(6.47) 

(6.48) 

(6.49) 

In particular, the timestep h simply scales with the vector field, so that for most 

methods, 

EXP(h; X) = EXP(l; hX). (6.50) 
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For this reason, we sometimes use the abbreviated notations, 

EXP( h; X) = EXP( hX) . (6.51) 

Three examples of approximate exponential maps are the explicit Euler, the 

implicit Euler, and the implicit midpoint rules. Writing W = EXPee(hX)(z), 

W = EXPie(hX)(z), and W = EXPim(hX)(z), each W is respectively defined by, 

W z + hX(z) , 

z W - hX(w) , 

(
z+W) W - z+hX -2-

(6.52) 

(6.53) 

(6.54) 

The implicit and explicit Euler methods are first order approximations, while the 

symmetry of the implicit midpoint makes it a second order approximation. 

The examples (6.52-6.54) are a small set of a very large class of integration 

techniques known as linear one-step techniques [22]. In general, the these one

step methods define WI, ••• ,Wm through the relation, 

m 

Wi = Z + L BijhX(Wi). 
j=I 

(6.55) 

Here, B is an m x m matrix of real coefficients, and, unless B is lower triangular, 

(6.55) is an implicit definition for the Wi. Given the Wi, then the linear one-step 

methods approximate exp(hX)(z) by, 

m 

EXP(h;X)(z) =z+ LCihX(wd. (6.56) 
i=I 

The matrix B and the weights c define the method. For example, the methods 

(6.52-6.54) can be cast in this form by choosing, 

(6.57) 

(6.58) 
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Bie - [ -1 ] , (6.59) 

Cie [ -1 ] , (6.60) 

Bim [ ~ ] , (6.61) 

Cim [ 1 ] . (6.62) 

We are particularly interested in the family of linear methods associated with 

the implicit midpoint rule. These are known as the one-step implicit Runge Kutta 

methods based on the Gauss points. We call these the IRKn methods, where 

n is the truncation order of the method. For example, the IRK2 is the implicit 

midpoint. The IRKll is defined by, 

BIRK4 = [1 tilt ~ ~ 1 
4 + 6 4" 

(6.63) 

and 

CIRK4 = [~ ~]. (6.64) 

For any even nan IRKn methods exist.s, however, the IRK4 is the primary method 

we use. 

For a given point z, and 0(1) time t, one can in principle choose n large enough 

so that, 

w = [EXP(tlnj X)r (z), (6.65) 

is arbitrarily close to w' = exp(tX)(z). The work to compute (6.65) is proportional 

to n, so there is a minimum ho = tlnn which it is computationally impractical to 

go below. Also, since round-off errors increase as h = tin decreases, there is 

an hI for which the actual error increases with decreasing h despite the formal 

truncation error (6.39). For these reasons, numerical methods cannot rely solely 

on truncation order when applied to many problems for which a small enough h 

to ensure accuracy is not attainable. 
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For values of h that are not asymptotically small, other comparisons of the 

exact map and the approximate map must be considered. For example, many 

methods do not preserve the identity 

[exp(X)tl = exp( -X) , (6.66) 

i.e., they do not satisfy, 

[EXP(h; X)t1 = EXP(h; -X). (6.67) 

Methods with this property, such as the IRK methods, are called time-reversible. 

In view of the definitions, (6.52) and (6.53), the explicit and implicit Euler steps 

are inverses of each other, and do not fall in this category. 

6.2.3 The Hamiltonian Initial Value Problem 

Exponential maps associated with Hamiltonian systems have special structures, 

and the general methodology used in the development of the techniques in this 

chapter was to generate numerical approximations to the exponential map that 

preserve some of this structure. 

All the methods are discussed in the context of the standard autonomous Hamil

tonian system, where z = (p, q) E IRn x IRn, 

z=X(z), 

and 

X = J"VH, 

is the vector field associated with the autonomous flow, 

[ 
0 -1 1 

J = +1 0 ' 

H(z) is a, real, smooth, scalar function of z E IR2n, and "V H is its gradient 

"V H = (aH, ... , all) . 
aZ1 aZ2n 

(6.68) 

(6.69) 

(6.70) 

(6.71) 
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The exponential map, exp(tX), associated with such a dynamical system has the 

property that it is symplectic. In general, a map m( z) is symplectic if 

In terms of the differential 2-form, w, 

w = E dPi /\ dqi , 
i 

(6.72) 

(6.73) 

this can be restated as the preservation of this form [21]. One can compute [21], 

k 
w = dp ' /\ ... /\ dp' /\ dq· /\ ... /\ dq· I} Ik II Ik • (6.74) 

For k = n, this is the volume, while for k ~ n, this is a sum of projected areas. 

Thus, symplectic maps preserve volume and this sum of oriented area projections. 

Note that symplectic methods do not in general preserve H exactly. The IRK 

methods are known to be symplectic [5]. 

Even near the identity, me(z) = z + O(c), m(z) is usually not the exponential 

of an autonomous Hamiltonian vector field, 

m(z) # exp(cJV ll). (6.75) 

However, exponential maps of autonomous Hamiltonian vector fields are dense 

near the identity in the sense that-for a given smooth family of symplectic maps 

m(c) which goes to the identity as the parameter c ~ O-there exists an If for 

which exp cJV If = M(c) to any desired order in c as a series [4]. Because of 

this, a useful lie which we use in this section is that any symplectic map is t.he 

exponential map for some Hamiltonian. 

An important class of Hamiltonian systems are also R-reversible, which means 

there exists a map R with the propert.ies R-1 = Rand 

exp( -tX) = Rexp(iX)R. (6.76) 



108 

See Devaney [8] and Sevryuk [14] for the basic theory. For example, Hamiltonians 

of the form 

H(z) = H(p, q) = Ipl2 + V(q) (6.77) 

are reversible with 

R(p, q) = (-p, q). (6.78) 

Any method which is time-reversible, when applied to a R-reversible Hamiltonian 

system, will be R-reversible3 • There are R-reversible methods which are not time

reversible, such as the Runge Kutta Nystrom (RKN) methods [4]. 

6.2.4 Variable Timestep Methods 

A variable timestep method can be constructed from a fixed timestep method 

through 

w(z) = [EXP(T(z)j X)](z). (6.79) 

Note that this is different from 

w'(z) = [EXP(1j T X)] (z). (6.80) 

The former is more natural because the timestep is usually chosen a priori from the 

local behavior of the map. In (6.79) and later, T( z) is the local timestep restriction. 

In words, we first choose a timestep, T(z), according to current position, z, then 

use that timestep to construct a map, which is finally applied to the point z. 

Note that w is generally not time-reversible, symplectic, or R-reversible, even if 

EXP(hj X) has these properties. 

In reality, the timestep depends on the history of the orbit, and should write, 

(6.81) 

When speaking of variable timesteps, we restrict ourselves to the simpler case. 

3This is apparent from the evolution of z = R(z), which can be shown to be Zl = -X(z). 
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6.3 Semilinear Hamiltonian P.D.E. 's 

A Semilinear partial differential equation is a P.D.E. whose highest order terms 

are linear in the dependent variables. For example, the complex Ginzburg-Landau 

(CGL) equation, 

(6.82) 

To be well-posed, the real parts of the parameters a and f3 are nonnegative. Two 

other examples are the modified Korteweg de Vries (mKdV) equation, 

(6.83) 

and the Kadomtsev-Petviashvilii-II (KP-II) equation, 

(6.84) 

These are the initial value problems which were investigated in Chapter 2 and 

Chapter 4. The goal of this section is to construct numerical methods which can 

approximate these solutions in the limit of small dispersion. 

6.3.1 Fourier Truncations 

With periodic boundary conditions, these initial value problems can all be 

written (through a Fourier transform) in the form 

~~ = ;\(k)il + n(u). (6.85) 

For example, the CGL equation in Fourier space can be written this way with 

(6.86) 

and 

(6.87) 
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Put another way, semilinear means the linear beha.vior associated with), dom

inates (at least formally) as k --r 00. We take advantage of this when we go about 

solving the above initial value problems numerically with the implicit Runge-kutta 

methods. 

A very natural truncation of these systems is to replace the Fourier transform 

in the nonlinear term with a discrete Fourier transform. The for an N-mode 

truncation, the truncation error committed in this truncation is proportional to 

the size of the Fourier modes for mode N / n and larger. Here n is the degree of the 

nonlinearity, 2 for the KP-II equation, and 3 for the mKdV and CGL equation. 

It is possible to improve these to errors proportional to the energy in the Nth and 

higher modes only through dealiasing, but we do not employ this method here. 

After this truncation, only a finite number of modes which remain in the prob

lem, and thus becomes of the form, 

z = X(z), (6.88) 

where z is finite dimensional. This transformation of the infinite dimensional PDE 

to a finite dimensional ODE is known as the method of lines. 

We may use any integration method suitable for ordinary differential equations 

on this truncated system. We choose the IRKn methods, given in Section 6.2, 

because of their generic nature, faithful stability, and their ability to generate a 

symplectic map. 

While the work here only used the first two of these methods, the ideas we 

present are essentially the same for any linear implicit one-step method applied to 

a semilinear system. Section 6.3.2 is concerned with an iterative method to solve 

the implicit system such as (6.55). Section 6.3.3 gives a further acceleration of 

these methods with direct multi-grid techniques. Section 6.3.4 addresses changing 

the original system to compensate for known errors in the temporal discretization. 
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6.3.2 Implicit Runge Kutta Preconditioning 

The goal of this section is to describe an iterative method to solve the implicit 

systems 

w=z+hBX, (6.89) 

where B is an n x n constant matrix, h is the timestep parameter, 

(6.90) 

and 

x = (X(wt}, ... , X(wn )) . (6.91) 

We assume that X(w) is of the form, 

X(w) = AW + n(w). (6.92) 

That is, X(w) the (Fourier transform of a) RHS of some semilinear initial value 

problem such as (6.82-6.84), in which we take advantage of the linear term. It is 

not important that A is diagonal in what follows; only that it is time-independent 

and that the operator 

I +aA, (6.93) 

for some complex scalar a, is considerably easier to invert than a full Jacobian. 

Substituting (6.92) into (6.89), 

w = z + hB(AW + n(w)) , (6.94) 

or 

(I - AhB)w = z + hBn(w). (6.95) 

The key to the iteration is the realization that A commutes with itself, and, there

fore, rational polynomials in A. For that reason, the operator 

I -hAB (6.96) 
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can be treated as an n x n matrix equation over a scalar field and the inverse can 

be computed as the matrix inverse of I - xB where x is a scalar and x = h>' is 

substituted in the result. What more, the resulting inverse factors can all be pulled 

into one 1/ det(I - xB) which can be factored, 

d(x) = det(I - xB) = (1 + alx)··· (1 + anx). (6.97) 

Writing M(x) as the adjunct matrix of I - xB, 

(I-XB)-l = dt.'b)M(X) , (6.98) 

then 

(6.99) 

Defining G = hgB, we can write (6.95) as, 

w=gz+Gn(w). (6.100) 

Now consider the iteration 

(6.101) 

which is computable in terms of applications of h>' and (1 + ajh>.)-l. The nice 

feature of the iteration (6.101) is the degrees of the polynomials in M(x) is one 

lower than the degree of the polynomial d(x), so that 

1 
d(x)J\1(x) -7 0, (6.102) 

as x -7 00. From this and the consideration of some representation of >. which 

is diagonal, it it clear that the operator g(h) is compact4 and so G = hgB -7 0 

as h -7 o. Thus, this iteration essentially removes constraints for convergence 

associated with the control of the highest order terms in the initial value problem. 

4So long as the spect.rum of h>' is bounded away from the zeros of d(x) for all h :s; ho. 



In particular d and M for the IRK2 method are given by 

M(x) 

d(x) 

= [~], 
1 

= 1- 2'x, 

and, for the IRK4 method, they are 

where 

M(x) [1- 1
:1; (~-4)Xl 

(1 + ~)x 1 - 1x ' 
46<1 

d(x) - 1 - ~x + 112x2 = (1 - qx)(1- q*x) , 

3+iJ3 
q=---

12 

Note the numerical values 

1V3 
- - - :::::: -0 038675134595 4 6· , 

and 

~- ~:::::: 0.538675134595, 
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(6.103) 

(6.104 ) 

(6.105) 

so that the iteration (6.101) for the 4th order scheme is nearly lower-triangular. 

Because of this, updating the vectors Wj as they are computed in the iteration can 

substantially increase the convergence rate. 

Examples and IRK2. 

The advantage of these ideas might he appreciated t.hrough the example of the 

CGL equation, for which the Courant condition of a typical linear method would 

yield 
h 

IQI(~x)2 < 1. 
(6.106) 
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Due to the faithful stability5 of the IRK methods, they do not have a Courant 

stability condition. The iteration (6.101) for IRK2 becomes 

ws+1 = 1 [z + !:n(WS
)]. 1 _!!:.). n 2 

2 

(6.107) 

To find the convergence constraint for this system, we substitute 

(6.108) 

where we assume w is the actual solution and linearize (6.107) to get a linear map 

for es+1 

es+1 = 1 [!:nl(w)] eS. 
1 _!!). 2 

2 

(6.109) 

Taking L2-norms of each side, we bound the linear operator on the right6 so as to 

guarantee a local contraction map. 

Continuing with our CGL example, we wish to find h so that 

(6.11 0) 

is a contraction. Here,:F is the forward Fourier transform. This leads to the 

timestep constraints, 
1 

h < 31,81 sup lul4 ' 
(6.111) 

for ~, ~ 0, and the two conditions 

1 
h < ~,' (6.112) 

1 

h < 61,81 sup lul4 ' 
(6.113) 

5Faithfully stable linear methods are unstable for the complex scalar equation z = '\Z only 
for au > 0 and stable for lR'\ < O. That is, they faithfully duplicate the stability of the exact 
solution, eAt. 

6Which may in fact be bounded only due to the finite dimensional numerical projection onto 
N Fourier modes. For the CGL case, it is bounded for u smooth. 
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for ~, ~ O. Thus, except for a very weak condition on " the timestep constraint 

is independent of the linear terms. For the mKdV equation (6.83) with real data, 

these timestep constraints are 

1 
h < I I . 2sup u 3 

(6.114) 

whereas the Courant condition for the linear term would be something like 

h 
(~X)3 < 1. (6.115) 

Note that, in both cases, no constraints regarding the spatial discretization oc

curred. This is not always the case, for example the mKdV equation with complex 

data has a local iteration convergence criteria 0(7 

h ~x 
< 187r sup lul4 • 

(6.116) 

While considerably more severe than (6.114), these constraints are mild compared 

to (6.115). 

The convergence constraints for the preconditioned iteration associated with 

IRK2 and the KP-II equation (6.84) are 

h 4~x 
< 37r sup lui' (6.117) 

A Nonlinear SOR Analog. 

The error estimate, (6.109), gives a useful way of defining what we mean by the 

splitting of the right-hand-side into a linear and a nonlinear part, since shifting 

A-? >'+c, 
n(w) -? n(w) - cw, (6.118) 

for any time-independent linear c leaves X in (6.92) invariant. By balancing the 

amount of work invested in inverting I + aA and the cost of evaluating n( w) one 

7There may be a smaller constraint comparable to, say, (6.114), but the same estimates yeilds 
(6.115). 
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can find an optimal c for which the error (6.109) is reduced with the least amount 

of total work. This is an analog of the SOR method for this nonlinear iteration. 

Suppose that the work to compute n( w) was 

ANlnN, (6.119) 

and the total work to invert I + aA was 

(6.120) 

where N is the number of elements in the vectors Wj and M is the number of 

off-diagonal elements of the Jacobian of n'( w) retained in A by shifting8 Suppose 

further that the size of the off-diagonal elements of n' ( w) goes as 

(6.121) 

This would be the case, when the solution is analytic. The NLS, CGL, mKdV and 

KP-II initial value problems preserve this class of init.ial data. 

Using the estimate (6.121), the work per iteration of (6.101) is approximately 

N(Aln N + BM2), 

while the reduction of error per iteration is approximately 

p = e-aM po· 

Thus the work/digit is proportional to 

which has a local minimum for 

N(A In N + BM2) 
ANI - In po 

M = d + J( d2 + ~ In N : 
-d( vT+C - 1), 

(6.122) 

(6.123) 

(6.124 ) 

(6.125) 

8Note that the error estimate and inverse formulas are only correct for time independent A, 
at least over the length of the timestep. For t.his reason the Jacobian should mean some fixed 
reference solution, such as the initial point of the timestep. 



where 

and 

A.lnN 
c = ~B-:--_ 

(d2 

d = Inpo. 
a 

For a small, this is approximately 
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(6.126) 

(6.127) 

(6.128) 

In words, when n'( w) is sufficiently diagonal (i.e, when a is sufficiently large-it 

is it cost-effective to account for the near-diagonal elements of n' in ,\ for an overall 

improvement in the work per digit of the iteration. 

Of course, the simplest choice for c in (6.118) is some constant, for which 

choosing c to minimize the contraction factor is a nonlinear equivalent to the 

successive over-relaxation (SOR) method for linear systems. 

Recall that any iterative scheme for a solution, 

(6.129) 

may be trivially modified by substitut.ing, 

(6.130) 

where .6. is a relaxation parameter. For linear methods, choosing the value of 

.6. which maximizes the convergence rate is called the successive over-relaxation 

(SOR) method [24]. 

6.3.3 The Z3MG Multi-Grid Library 

While the preconditioned iteration method mentioned in the previous section 

works very well for the systems we consider, there is still the matter of choosing 

an initial estimate for the solution. The size of our simulations often require very 
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large timesteps, for example, a wave propagated by the KdV equation may move 

through half it's period in one step. While the combined effects of these methods 

allows the simulation to remain accurate, any polynomial predictor for such a step 

would be worse than nothing. 

Thus the initial iteration for the implicit system (6.95) is chosen by solving the 

same system on a courser grid scale, i.e., with fewer Fourier modes. This is the 

crudest form of the multigrid paradigms, known as the direct method. 

In turn, this is initialized at some coarsest grid sca.le, where the initia.l guess is 

essentially zero, and it is inexpensive to iterate (6.101) to near convergence. 

While this section is by far the shortest, employing the combined ideas of 

Section 6.3.2 and these multigrid ideas for the above systems involve about 3000 

lines of FORTRAN to generate a fixed timestep map for a semilinear initial value 

problem. For this reason, the generic portions of this code has been written in 

the form of a library for general use, and an interested reader should contact the 

author to use this software. 

6.3.4 Asymptotic Corrections 

The numerical computation of some initial value problem can be thought of as 

a perturbation of the original system, 

z = X +c;Y. (6.131) 

For example, when a symplectic integration technique is used to compute an ap

proximation to the exponential map, it is essentially computing the exact expo

nential map for a slightly different Hamiltonian system. More precisely, for any q 

and h there is an if for which 

EXP(hj J'V H) = exp(hJ'Vlf) + O(hq). (6.132) 
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In the case of semilinear systems, we present a way to compute a corrected Hamil-

tonian, 

G(z) = H(z) + O(hP) , (6.133) 

where p is the truncation order of the method, so that G is a better approximation 

to H than fI was. In other words, by understanding the linear part of the system, 

we can compute an asymptotic correction of H, which reduces the errors introduced 

by discretizing time for the large spectrum. 

By way of example, consider the periodic linear KdV equation 

Ut = U xxx , (6.134) 

for which 

z ~ U, (6.135) 

J 
a 

(6.136) ~ ax , 

\IH 8H 
(6.137) ~ -

8u , 

H(u) J 1 2 2"ux dx, (6.138) 

in Section 6.2. By Fourier transform, the solution is given by 

u(k, t) = u(k, 0)e-ik3t • (6.139) 

However, the implicit midpoint rule (IRK2) estimates this as 

(6.140) 

where 

() 
2+'\ ,\ 

PI,I ,\ = 2 _,\ ~ e , (6.141) 

is the Pade (1,1) approximation to the exponential. Now if we define 

(6.142) 
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we would instead get the IVP 

(6.143) 

which the implicit midpoint would estimate as 

u(k, t) = u(k, 0)P1,1(ik£t). (6.144) 

By comparing (6.139) and (6.144), if we define C t.hrough 

(6.145) 

then the implicit midpoint rule for G would correspond to the exact solution for 

If. 

Also, by noting the Pade (1,1) approximation to the exponential is second 

order, we see that 

(6.146) 

Therefore 

(6.147) 

is an asymptotically corrected of If, in the sense that G is a formally small change 

in If, which, when used in place of H for the implicit midpoint rule, results in a 

much better approximation to the exact solution. 

By defining ,.\ = ik£2t and w = exp( -ik3t) the relation (6.145) becomes 

2+'\ 
--=w, 
2-,\ 

(6.148) 

or 

(6.149) 

This inverse formula for ,\ clearly has a problem for w = -1, which would oc

cur even for this example system if the box size is correctly chosen, and happen 

asymptotically as k ~ 00. 



However, the IRK4 step approximates the exponential with 

Solving the relation 

P2,2{iA) = exp{iw) , 

for w real gi ves9 

where 

To compute (6.152) numerically, we define x and y by 

Then x and yare related by 

w 

x 

4ay, 

4 2 3"a . 

VI+x -1 
y=----

x 
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(6.150) 

(6.151) 

(6.152) 

(6.153) 

(6.154) 

(6.155) 

(6.156) 

To compute y for small x, we evaluate (6.156) Ollce, followed by one iteration of 

1 xy2 + 1 
Y-l>- . 

2 xy + 1 
(6.157) 

The expression (6.156) has significant roundoff problems for x small, while the 

second is a Newton iteration which will correct this roundoff to working precision 

in one iteration. Together, they compute y correctly for all x #- o. 
The detail of the final example should indicate which we adopt. For semilinear 

systems, the dispersion relation for the linear term can be modified through the 

above inverse formulas so that they are exact. The above inverse formulas only 

9There are two branches of the solution, and we obviously want the one which has '\(w) = 
w + ... as w - o. 
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modify the dispersion relation on the order of the scheme and only substantially 

for k large, where one expects the linear behavior to dominate. Thus our example 

extended to the full KdV equation would simply replace the KdV Hamiltonian, 

H(u) = J ~u; + u3 dx, 

with 

H(u) = J ~(CU)2 + u3 dx, 

where C is defined in the linear KdV example. 

(6.158) 

(6.159) 

Numerical example demonstrate that it is important not to disturb the sym-

plectic structure of the system, i.e., a perturbation is computed which only modifies 

the Hamiltonian, and creates a Hamiltonian which is near the original one-the 

resonant action of the Pade (1,1) method due to the pole in the inverse formula 

at -1 makes this modification to that method impractical, since restricting the 

timestep according to 

(6.160) 

results in an unacceptably small timeHtep. 

6.3.5 Asymptotic Corrections and Dissipative Systems 

These ideas are also applicable to systems whose spectrum asymptotically lies 

on the negative real axis. However, for these systems the IRK4 step is not suitable 

since the numerator of the Pade (2,2) approximation to the exponential, 

12 + 6;\ + ;\2 
P. (;\) - "" ,\ 

2,2 - 12 _ 6;\ + ;\2 "" e , (6.161) 

has no zeros or poles for >. real, and is asymptotically 1. For this reason, the 

expreSSIOn, 

(6.162) 
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gives no real inverse for '\(w). However, the Pade (3,3) approximation to the 

exponential, 
120 + 60'\ + 12,\2 + ,\3 

P3,3('\) = 120 _ 60'\ + 12,\2 _ ,\3 ' 

which corresponds to the IRK6 method, has a pole at 

[ ]

1/3 

'\0 = 4 - 1 ~6J5 + 22/3 (1 + J5l/3 ~ 4.64437 , 

(6.163) 

(6.164) 

and a zero at -,\0. The interior of the interval [-,\0, '\0] maps monotonically to 

the half line [0,00]. For this reason, the IRK6 has a suitable real inverse to 

(6.165) 

for w real. While the IRK2 method has the same real root and pole structure as 

the IRK6 method, it is a lower order method and does not have a suitable inverse 

for large imaginary eigenvalues. 

6.4 Fixed timestep methods 

For many purposes the linear methods presented in the introduction are effec

tive for numerical integration. For large timesteps or times, we emphasized the 

importance of preserving the properties of the exponential map. 

In this section, we develop a very different idea. Instead of preserving the 

structure of the Hamiltonian phase space, we lift the orbits of interest from the 

Hamiltonian phase space and place them in a system where they exist in a center 

manifold. In this new dissipative environment, many methods which would be 

unsuitable in the Hamiltonian phase space work well here. 

In section 6.4.1, we imbed the Hamiltonian system in a family of dissipative 

systems, labeled by the initial conditions. We simplify the implementation of this 

construction in Section 6.4.2. 



124 

6.4.1 Center Manifold Method 

Consider the Hamiltonian system on R2n, 

i = J'VH, (6.166) 

with flow map 'fit, conserved quantities H.i, and initial data Zoo We wish to modify 

(6.166) so that the orbit 'fit (zo) is inside a center manifold corresponding to Hj(z) = 

Hj(zo). Note that "center manifold" is reserved for regions of phase space for 

which nearby points are attracted to at an exponential rate. We use this formally, 

eventually producing a method whose center manifold has this property. This way, 

the numerical integration of the initial value problem is made more robust. We 

further modify this system by replacing the directions away from the level sets 

of Hj = Hj(zo) by a simple projection map back onto the manifold. The second 

formulation is more practical as a numerical scheme and presents an interesting 

root-finding algorithm which is high-order and does not require the inversion of a 

Jacobian. 

Specifically, we replace (6.166) by 

i = J'V H - 'V F , (6.167) 

where 
1 

F(z) = ~ "2(Hj(z) - Hj(ZO))2 , 
J 

(6.168) 

with flow map Ct. Here Zo is the initial data we are interested following. Since the 

Hi's are preserved by the flow, and F is quadratic in Hj, 'V F = 0 along in the set 

F = 0, which is an invariant set of 'fit, from this we conclude 

(6.169) 

In particular, F(zo) = 0, so 

(6.170) 
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By substitution in (6.167), 

(6.171) 

and, since the gradients of H j are linearly independent, the only minimum of F 

corresponds to F = 0, i.e., the level sets which contain the exact orbit we wish to 

follow. This way, we have lifted the original orbit out of a Hamiltonian system and 

embedded it in a system containing the same orbit, but with F = 0 as a center 

manifold. The numerical integration of the system is more robust in the sense that 

any accurate numerical scheme will allow the orbit to drift only a little from the 

original H j = const. manifold. This is illustrated by the example in JR2: 

1 2 2) H = 2"(Zt + Z2 • 

The only conserved quantity is H itself, so F becomes 

1 2 
F = 2"(H - Ho) , 

where Ho = H(zo), and the Ct-flow given by 

i1 = -Z2 -(H - HO)Zl , 

i2 = +z] -(H - HO)Z2 . 

The phase portrait of Ct for Zo = [1,0] is illustrated in Figure 6.1. 

(6.172) 

(6.173) 

(6.174) 

Numerically integrating this modified system is really only acceptable for small 

systems and a small number of conserved quantities. For large systems the RHS 

of (6.167) would take J times as long to compute as the RHS of (6.166), where 

J is the number of conserved quantities. To correct this, we modify (6.167) by 

realizing that the gradient field \IF is small near the solution we are tracking, so 

we may employ the split-step approximation for Ct : 

(6.175) 

where :Ft is the flow map corresponding to 

Zt = -\IF. (6.176) 
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Figure 6.1, Phase portrait for Ct. 
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Since F(z(t)) is small, O(hP+1) for a order p method, we can still take t large, say 

(l/h)(P+1)/2, and have an accurate decomposition of the flow. Considering the rate 

of decay of F in time, we might as well replace F t by its long-time limit. This 

map, 

P = lim Ft , 
t-+oo 

(6.177) 

we will.refer to as the push-back map, since it moves all points in phase space back 

to F = 0, where the exact orbit lies. Note that the projection moves along lines 

orthogonal to the original flow. Thus, by the Pythagorean theorem, preserving the 

order of the numerical integration scheme for H t • Clearly still, 

(6.178) 

To compute P, we rescale time in (6.176) to obtain the differential equation 

(6.179) 

whose flow-map is Fro By substitution, 

(6.180) 

Clearly if P(z) = w then F(w) = o. This and (6.180) imply 

P(z) = FT(z)(z) , (6.181) 

where 
1 

r(z) = F(Z)2 . (6.182) 

Thus, the infinite time-limit of Ft(z) can be comput.ed as the image of the rescaled 

system FT after a trivially computable time r(z). 

The choice of using Ft instead of F was made t.o avoid singularities in the 
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rescaled system lO
• In particular 

lIa,.1I < (8F)-1 , 
aa. (6.183) 

where II . lion the left is the Euclidean norm on IR 2n and II . lion the right is the 

subordinate matrix norm. 

Note that the drift from the level sets Hj = Hj(zo) will be small for the general 

application of an accurate numerical approximation of 'H t • In particular, if a pth_ 

order method is chosen to integrate the flow 'H t , then the distance away from the 

original level sets of Hj will be O(hP ). This implies a large, 0(1), time may be used 

in the separation, (6.175). Due to the lack of smoothness of the right-hand of the 

interval [0, r(z)], the method employed should not attempt to evaluate the RHS at 

the right endpoint of the interval, such as the standard Runge-Kutta fourth-order 

step. The second order explicit Runge-Kutta would work fine. 

For example, consider a a scalar and F(a) = !(a - ao)2, then our rescaled 

a-flow becomes 

a,. = -sgn(a - ao), (6.184) 

with 

r ( a) = (a - ao) . (6.185) 

Clearly, a method which evaluates the right-hand-side for t = r will be inaccurate. 

In higher dimensions, F(a)t is a cone away from the roots of F. For example, for 

F = Hm. z + b)2, (6.179) becomes, 

m 
z,. = -sgn(m . z - b) Iml 2 • (6.186) 

lOFor F instead of Ft, a square-root singularity would occur at the right endpoint of the time 
interval. 
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More Flies 

No attempt was made to actually implement this method. The problem with this 

method is it essentially computes normal equations for a minimization problem, 

due to the symmetry of the F which the system is adjusted by. Thus the ex

plicit schemes for root-finding which are associated with this problem have are 

conditioned like, 

(6.187) 

where K is the condition number of the original system. For most interesting 

problems this is an unacceptable restriction. 

6.4.2 Projective Manifold Method 

Hamiltonian systems are inherently associated with conservation laws. The fact 

that some functional is conserved restricts the flow to some sub-manifold of the 

entire phase space, as for any system with conserved quantities. For Hamiltonian 

systems, however, more is true, since each conservation law implies a factorization 

or reduction of the Hamiltonian system into a fixed frequency rotation around a 

circle of some diameter, and a dynamical system on a phase space two-dimensions 

smaller than the original. Particularly, if there are enough conservation laws, the 

entire system is reducible, in principle, to motion on products of circles, and lines. 

Numerically, however, these statements are not typically true-even the first 

principle of the conservation of the integral does not usually hold. This can lead to 

unphysical behavior of the solution whenever numerical accuracy does not guar

antee the computed solution lies near the actual solution. For many systems this 

is an unacceptable restriction. Many numerical techniques which account for some 

of the special structure of Hamiltonian systems have arisen, such as 

• From Differential Algebraic Equations (DAE's), methods such as the Baum

garte method for Differential Equations with an Invariant (DEI's) can be 
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used to conserve the integrals of motion. 

• From the Hamiltonian system literature, symplectic integration techniques 

have been developed which are essentially Hamiltonian perturbations of the 

exact Hamiltonian system. 

• In certain cases, integrable Hamiltonian systems have an associated integra

tion method which is itself an integrable system. 

Of all the methods mentioned here, the method we will discuss is most closely 

related to the first, Baumgarte's method. First because it is used in conjunction 

with any integration technique for the system (6.188), and, second, because it is a 

projective technique which attempts to restore the system to essentially the most 

nearby physical state. 

More specifically, we are concerned with the numerical preservation of conserved 

quantities associated with the Hamiltonian initial value problem (IVP) on the 

phase space n = IRN x IRN , 

and 

z 

z(O) 

z 

z 

X(z) , 

zo, 

(p, q) E IRN X IRN , 

dz 
dt ' 

x = JVH = [01 -l]VH = (_ 8H, 8H) o 8q 8p 

(6.188) 

(6.189) 

(6.190) 

(6.191) 

(6.192) 

See [21], and [23] for an introduction. We assume a numerical map for (6.188) 

already exists, called 

S(h) • () () 
t .H-7H. (6.193) 

Here, h is the timestep, and the truncation error c = O(hP ), i.e., 

(6.194) 
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We are concerned here instead about the numerical preservation of presupposed 

Hamiltonians in involutionll , Hj(z), i = 1 ... n ::; N, which under the exact map 

satisfy 

(6.195) 

We take HI = H, Hi(zo) = 0, and assume Hj is smooth and V' Hi =I- 0 on the whole 

of M, defined by 

M = {z I Hi (z) = 0, i = 1 ... n} , (6.196) 

which is the generic case for Hamiltonians in involution. 

By using Hj = const. as a coordinate system away from M, we periodically 

project the orbit back onto the surface of M. This preserves the orbit of Zo under 

the exact map, and we will argue that this projection preserves the order of the 

numerical map. 

Projection 

To account for the periodic projections onto M, we replace St(h) with 

S-(h) - n S(h) 
t - 0 t , 

where II projects points onto M. We generate II by homotopy, writing 

II(z) ;tJ, 

w(O) - z, 

w(1) ;tJ, 

(6.197) 

(6.198) 

(6.199) 

we may impose differential constraintH on w( s) so that w( s) 0 ::; s ::; 1 satisfies] 2, 

llThere is always at least one of these, 1I itself. 
12The form 1 - s is only for definiteness. 

(6.200) 
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Differentiating with respect to the parameter s, we get the n conditions 

(6.201) 

Since the deformation w(s) should cross the orbits of (6.188) orthogonally, as well 

as the alternative time flows13 to the other Hi'S, we have the additional conditions 

dw 
J'VHj • - = O. 

ds 
(6.202) 

These form 2n constraints for dw/ds, which we may write as the underdetermined 

system14 

J'V H1{w) 0 

J'V Hn{w) dw 0 
(6.203) -

'V H1{w) ds -H1{x) 

'V Hn(w) -Hn{x) 

If the gradients of Hi are linearly independent, then dw / ds has a unique solution 

which minimizes15 

11~:112 . (6.204) 

From this we can generate the solution at s = 1 which satisfies (6.200), i.e., it lies 

onM. 

To show the order of truncation of St(h) is preserved when replaced by rrst) , 
note that, for any point z in M, 

(6.205) 

Thus the RHS of (6.203) is also O(c:) on the image of St(h) from any point in M. 

Since rr restricted to M is the identity and differentiable there, it preserves the 

13For each Hamiltonian in involution, the flow dz/dtj = J'V Hj can be thought of as a partial 
coordinate system away from a given initial condition. That is, Hj, tj form a partial (or full when 
N = n) coordinate system for n. In terms of these, condition (6.201) ask that the correcting 
homotopy not change any of the times associated with the family of initial value problems. 

14This is a completely determined system if n = N, i.e., it is a fully integrable system. 
15See [24] for a discussion of the solution of underdetermined linear systems. 
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truncation order of St(h). For essentially the same reason, the homotopy associated 

to II can be computed numerically with a low-order scheme. For example, a method 

with second order truncation will compute II to O(c:2 ). 

All about II. 

The projection as defined-without additional considerations for numerical error 

in it's computation-has particularly pretty behavior in terms of reduction of order 

of the given Hamiltonian system. For each Hamiltonian in involution, including H 

itself, the system can be in principle [21] reduced to the form 

Hj 0, 

<Pj Wj(H) , 

x - W(x). 

Where x lives in a 2(N - n) dimensional phase space, j is J on this smaller 

space, h(x,H) is a new (reduced) Hamiltonian, and the set Hj,<pj,x serve as new 

coordinates of the original phase space ~2N. Each pair (Hj, <pj) can be thought of 

as a point on a circle of the compact case, or a point on a line for the noncom pact 

case, depending on whether the imbedding (Hj, <pj) in ~ 2N is periodic in <Pj or not. 

In either case, the dynamics is reduced to motion on copies of 3 1 or lR 1 crossed 

with a lower dimensional phase space. 

In terms of these coordinates-even though the system is not actually written 

in terms of them-the constraints on n from (6.202) forces II to fix <Pj, and the 

constraints from (6.201) force II to restore the initial value of each Hj • Since no 

other information is known about the system, the minimization constraint forces 

the smallest possible local motion in the homotopy associated with n which uni

formly reduces the values of the conserved quantities II and moves orthogonally to 

the coordinates <p. In particular, for an integrable system, where the dynamics can 
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be completely reduced to linear motion on products of circles and lines, the action 

of II on the product is the same as the action associated with a single circle or 

line: the point is restored to the circle or line without modifying it's current angle 

around the circle or distance along the line, respectively. Most known integrable 

systems are in fact motion on products of circles, for which the harmonic oscillator 

example completely describes the action of the analytic IT. 

The Harmonic Oscillator. 

Consider the Hamiltonian initial value problem on 1R2, 

( 1 (2 2 Hz) '2 Zl + Z2 - 1) , 

Zo [ ~ ] , 

~ [ :~] - [-::]. 
The exact solution of this is 

Z(t) = (cost,sint). 

The projection IT(z) = y is defined by 

w(O) 

w(l) 

[ 

-W2 Wl] dw 
Wl W2 ds 

which in turn defines II as 

z, 

y, 

Z 
IT(z) = / . 

V zf + z~ 

(6.206) 

(6.207) 

(6.208) 

(6.209) 

(6.210) 

(6.211) 

(6.212) 

(6.213) 

That is, IT moves points along the rays from the origin to the unit circle. See 

Figure 6.2 for a pictorial description of s1h
) in this case. 

Clearly from Figure 6.2, the error made in each step is only the phase error 

associated with each timestep. We quantitatively compare the phase error of two 
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Figure 6.2, Point A is the initial condition. Point B is the exact solution after time 
t. Point C is the original numerical approximation to B, C = St(h)(A). Point D is 
the image of C under IT, i.e., D = Slh)(A) = IT 0 s1h)(A). 
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Figure 6.3, The phase error of P2,2 (iw) and PI ,4 (iw) III their approximation of 
exp(iw), i.e., Ei,j(W) = arg Pi,j(iw) - w. 
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Figure 6.4, The ratios of the errors. Solid lines are E2,2 over E4,1, and dashed lines 
are E4 ,1 over E2,2' 

fourth-order linear methods in Figures 6.3 and 6.4, one which gives the Pade (2,2) 

approximation to the exponential 

12 + 6z + Z2 
P2,2(Z) = 12 _ 6z + Z2 ' (6.214) 

such as the implicit Runge-Kutta method based on the Gauss points, and another 

which gives the Pade (4,1) approximation 

24 + 12z2 + 4z3 + z4 

P2,2{Z) = 24 ' (6.215) 

such as the forward Runge-Kutta method. See [22] for an introduction to linear 

methods. We see that the implicit method keeps the phase error the smallest over 

most of the interval. Particularly, Figure 6.4 shows the error is about five times 

smaller in the limit h --+ O. In fact Pade (m, m) approximations of the exponential 

have only a phase error in their approximation of exp(iw), i.e., IP(iw)1 = 1. So, in 

actuality, II does nothing in with this choice of method in this trivial case, since 

the point C of Figure 6.2 already lies on the surface M. 
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Returning to Kepler 

One simple application of this method is to the Kepler problem, which was intro

duced in Section 6.5.2, (6.263-6.264), as a numerical model, where we suggested 

the fault of the reversible method on this example was due to the failure to pre

serve the momentum (6.267) by the recursive modification of the IRK4 timestep. 

We modify the recursive algorithm by, at each crossing of the positive ql axis of 

the q-projection of the orbit, applying this projection to restore the orbit to the 

original invariant manifold, 

ll(z) -- ll(z(O)) , 

A1(z) -- AlI(z(O)). 

(6.216) 

(6.217) 

Since this is a fully integrable case, the projection becomes a standard implicit 

ordinary differential equation. We solve this with a single forward Euler step on 

each pass of the orbit. Our results indicate this is not the source of the error in 

this system, as indicated by Figure 6.5. The same parameters were used for the 

integration as the reversible method in Table 6.2. Note that the cost of the pro

jection is prorated over many integration steps, so we do not modify the timestep 

to account for this extra work. 

Note that, with this projective modification, the Poincare sequence (PS) for the 

Kepler problem should have 1 degree of freedom (since A1 = const., II = const, 

and q2 = 0, for a system in JR4). However, the periodic behavior (of period roughly 

252000 in time, or 80200 in sequence number) in the PS for this projected method 

(see Figure 6.6) indicates this does not completely characterize the sequence, since 

a one-degree of freedom maps cannot exhibit this periodic behavior. For example, 

denoting the first-return map as f(x), for n = 0 through n = 30,000, the map 

appears to be continuous and increasing, f( x) > x for all values 0.5 ::::; x ::::; 4.0. 

The interval n = 50,000 through n = 80,000 contradicts this, because x takes on 
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Figure 6.5, A comparison Poincare return number vs. ]R4 error for the reversible 
rev4 and projected reversible rpm4 methods. Both are based on IRK4. The 
integration time is 1000007r, the eccentricity, e, is 0.1, and only every 1000th return 
is plotted. 
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Figure 6.6, Every 1000th member of the Poincare return sequence for the projected 
reversible method, based on IRK4. The Kepler problem is integrated to time is 
5000007r, with eccentricity, e, of 0.1. 
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the same values, 0.5 ::; x ::; 4.0, yet now f(x) is now f(x) < x. We only recently 

discovered, and have not explained, this periodic behavior. 

The Connection of IT to DAE's 

In the terminology of Differential Algebraic Equations (DAE's), our system is 

known as a Differential Equation (6.188) with an Invariant (DEI), 

(6.218) 

As such, it has been the focus of considerable study, see [27] for an introduction. 

The projection outlined in this paper is closely related to the Baumgarte method 

for DEI's. In the Baumgarte method, the IVP (6.188) is replaced with, 

z X(z) - (~~r A, (6.219) 

H(z) H(z(O)). (6.220) 

Here, {AI,' .. , An} is a set of Lagrange multipliers. By substitution, 

dH = _ (DH) (DH)T A. (6.221) 
dt Dz Dz 

Thus, Baumgarte's method preserves the invarients H by a projection, which is 

inherent in each step. This is highly inefficient in the case that the invarients of 

motion are well-preserved for many integration steps. 

The Connection of IT to Integrable Methods 

Here "Integrable Methods" refers to numerical discretizations of integrable partial 

differential equations, which in turn are themselves integrable. Composing meth

ods with IT differs from integrable numerical techniqueH in that the flow ITSF~) in 

terms of canonical variables would be of the form 

Hj 0, 

Jj - Wj+O(c:), 

(6.222) 

(6.223) 
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whereas integrable methods guarantee linear phase flow corresponding to some 

other integrable Hamiltonian system, i.e., O(c:) close to the original 

Oi -

'1f;i -

0, 

Wj. 

(6.224) 

(6.225) 

At a practical level, the creation of the projection II is generic and compatible with 

a numerical scheme of any order, which is quite different from the case-by-case 

order and scheme considerations associated with integrable numerical techniques. 

6.5 Variable Timestep Methods 

One of the first voids in available techniques for Hamiltonian systems encoun

tered is the lack of effective variable timestep algorithms for their long-time integra

tion. We are interested in the construction of variable timestep techniques which 

have known properties of the exact system, such as the time-reversible property of 

the implicit midpoint method. We present three such methods, which are based 

on fixed timestep maps with the same properties. Care has been taken so that 

the techniques discussed have a complexity which is linear in the dimension of the 

phase space, so they are useful for high-dimensional problems such as Hamiltonian 

partial differential equations, which is our primary int.ended application. 

All the methods in this section have the common goal of approximating the 

global exponential map exp( tX) for some large timel using local approximations 

to exp(Xj)(z), where the Xi's are somehow derived from H and a local timestep 

constraint, 

T(z) , (6.226) 

so that the global approximation to exp( tX) retains one of the following properties . 

• The recursive method of Section 6 .. 5.1 is symplectic (R-reversible, time-re

versible), when based on fixed timestep symplectic (R-reversible, time-re-
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versible) methods . 

• The reversible method of Section 6 .. 5.2 is R-reversible (time-reversible), when 

based on fixed timestep R-reversible (time-reversible) methods . 

• The quilting method of Section 6.5.3 minimizes the volume in phase space 

where introducing variable timesteps violates symplectic or reversible condi

tions. 

Similar to (6.79), the methods we present are based on a family of fixed timestep 

methods, only both the h and X are varied in the composition. 

In this author's opinion, the weakness of typical variable timestep methods 

for Hamiltonian systems arises from the lack of a global exponential map with 

properties similar to the exact map. For example, Section 6.5.4 shows all lin

ear symplectic methods, when applied to a suitable nonlinear Hamiltonian, are 

unstable for a suitable sequence of (arbitrarily small) timesteps. 

6.5.1 Recursive Method 

The recursive method constructs a global approximation to the exponential 

map by recursively applying an approximation known as the split-step identity, 

where each recursion accounts for a finer local timescale. 

By symmetry and the BCH formula (6.37), one may get what is commonly 

known as the split-step [12] approximation to the exponential map, 

exp(hA + hE) = exp(~B) 0 exp(hA) 0 exp(%B) + O(h3
). (6.227) 

By replacing exp(hA) and exp(hB) with some numerical approximation, say 

EXP(h; A), (6.228) 

and 

EXP(hj B), (6.229) 
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respectively, the flow for the sum of two vector fields can be approximated. This 

is typically done because at least one of the maps EXP(hj A) and EXP(hj B) have 

a particularly simple approximation, or are exactly computable. However, we use 

the split-step in another way to generate a variable timestep map. 

Using (6.227) recursively for hX = hXo + ... + hXN gives, 

(6.230) 

etc., 

where }j = Xj + ... + XN, and the truncation of each approximation is O(h3
). 

Notice that all the nonrecursively defined terms in the expansion (6.230), are of 

the form exp(tiXi), where 

ti = t2-i , i = 0, .... (6.231) 

Thus, by splitting X into Xi, whose dynamics are appropriate for a timestep size 

of t2-i, and replacing the exp(tiXi) terms with second order integrators, 

(6.232) 

we can use this expansion to recursively generate a second order numerical map. 

Because this is a composition of fixed timestep maps, the composite will be simplec

tic if the individual maps are. Similarly, from symmetry, the composite map will 

be R-reversible (time-reversible) if the individual maps are R-reversible (time-re

versible). The usual variable timestep methods do Jlot preserve these properties of 

the fixed timestep maps. Finally, and most importantly for our purposes, if most 

of the terms Xi(Z) are zero at any given point, then (G.230) determines a variable 

timestep map. 

For example, in [17] Skeel and Biesiadecki write the separable Hamiltonian, 

H(p, q) = ~p2 + V(q) , (6.233) 
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as 

(6.234) 

Correspondingly, the associated right-hand-side of the Hamiltonian system can be 

written as the sum of three terms, 

X(p,q) Xo + Xl + X 2 , 

Xo [ -~Oft 1 ' 
Xl [ -~:ard ] , 

X 2 = [~]. 

(6.235) 

(6.236) 

(6.237) 

(6.238) 

Note that the exp(tXj) are rigid translations, so there is no need to further approx

imate the maps. Applying the recursion (6.230) to this three-term expansion of the 

right-hand-side gives their method (Skeel and Biesiadecki do not use this language 

to describe their method). This scheme deserves the name "variable timestep" 

because they choose Vhard and Vsoft so t.hat the "hard" part is more expensive to 

compute than the "soft" part, whereas the expansion leads to computing the "soft" 

part twice as often. This leads to an overall saving of computational time. 

The expansion (6.230) is the foundation of our method. We present a general 

algorithm for splitting X into appropriate Xj's, then complicate matters a little 

with two important generalizations: what happens when an infinite number of 

timescales exist, and taking advantage of special structure in the Hamiltonian. 

General Construction of the Recursive Map 

Given a general Hamiltonian H(z), and a timestep restriction T(z), we decompose 

H into a sum of terms so the recursive map (6.230) becomes a variable timestep 

method which preserve the symplectic and reversible properties of the individual 

maps. The idea is to write H = EHj, forcing Hj(z) = 0 unless T(z) ~ tj. This 
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way, the only nonidentity terms in the recursion (6.230) correspond to desired 

timestep lengths. This may be accomplished in many ways. We choose 

(6.239) 

where the c/s sum to one. The following local construction of the Cj'S as a partition 

of unity gives the timescale separation we desire. Write T(z) = ItI2a(z), where here, 

(6.240) 

and construct a decreasing 0 1 ramp function, F(x), whose only nonconstant region 

is in [0,1], such as 

{

I, 
F(x) = (x - 1?(1 + 2x), 

0, 

if x < 0, 
if 0::; x ::; 1, 
if x > 1. 

Then, the desired partition of unity is defined by 

._{ F(a+i)-F(a+i+l), ifi~l, 
c,- I-F(a+l), ifi=O. 

(6.241) 

(6.242) 

Since F( x) is decreasing, Cj (z) ~ 0 and by construction sums to one when T( z) f. O. 

For T bounded away from zero, it is easy to prove that only a finite number of the 

Cj are nonzero. This partition is constructed so that Cj(z) = 0 unless T(z) ~ ltd, 
which gives the desired timestep selection. Also, at most Cj-l(Z), ... ,Cj+1(z) for 

some i can be nonzero at any given point in phase space. Correspondingly, this 

method calls a fixed timestep integrator approximately 3 times as often as a simple 

variable timestep method. 

Remark on Work and Gradients of Cj 

Note that the gradients of the Cj, which enter in the definition of Xj, 

X j = cJ\l H + If J\l Cj , (6.243) 
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are unphysical. That is, they change the direction of the flow-although formally 

to the correct truncation. It is therefore desirable to have smooth Ci to minimize 

this unphysical contribution to the flow. The first observation is the choice of 

normalization of H, i.e., setting 

H(zo) = 0 (6.244) 

for a given initial condition significantly reduces the contribution of this term. By 

choosing a more slowly varying ramp function F(x) in (6.241)-so that F'(x) had 

wider support-the generated partitions {Ci} have smaller gradients. However, in 

this case, the number of Ci(Z)'S which are nonzero at a fixed z becomes larger 

and will increase the computational requirements. One can see the computational 

cost of the method scales as 41, where I is the width of the support of F'( x) 

by the following argument. First, the number of locally nontrivial terms in the 

expansion of X scales with 21 by the definition of Ci. Near convergence, we may 

consider a region of phase space where only Xi-I, ... , Xi+! are nonzero, expecting 

that regions of transition will contribute a negligible amount of additional work. 

Examining the expansion (6.230) we see this leads to the nontrivial composition 

of N fixed timestep exponential maps, where N is the the number of nodes in a 

full binary tree of height 21 + 1, or 

N = 221+1 - 1. (6.245) 

This quickly leads to an unreasonable amount of work for the benefit of variable 

timesteps. 

Modifications 

We present two modifications of the basic algorithm: allowing an infinite number 

of timescales, and accounting for special terms in the Hamiltonian. We introduce 

an infinite number of timescales by simply allowing T(z) -r 0 somewhere in phase 
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space. Since the construction of the partition of unity is local, they carry without 

modification. The analysis of the composite map near a zero of T has not been 

done, though our numerical examples have T( z) = 0 near the orbit we study. 

Hamiltonian systems often have terms which are numerically advantageous to 

take special account of-those which we can model exactly and those that represent 

the fastest dynamics we wish to account for. The linear terms of a semilinear 

Hamiltonian and the Kepler terms of a planetary-motion problem are examples 

which are often both. Suppose we can separate the Hamiltonian into 

H = Hoo +fJH. (6.246) 

Corresponding to Hoo , suppose we also had an approximate map, Eoo(h), for 

exp(hJ\1 Hoo) which was symplectic and had the discrete semi-group propertyl6, 

(6.247) 

We may then treat Hoo as the fastest timescale in the dynamics by decomposing 

only fJH into HI + ... + HN, and writing }j = Xj + ... + XN + Xoo in the recursion 

(6.230). 

With these two generalizations, the expansion (ti.230) can be written more 

carefully as the limit N ~ 00 of S~N), which is defined recursively as 

sIN) = i+I i i+1' ~ ~ < , { 
S (N)E S(N) 'r' N 

Eoo(tN) , Ifz=N. 
(6.248) 

Assuming the consistency condition, Ei(ZO) = Zo if Xi(ZO) = 0, and using the 

semi-group property (6.247) of Eoo , we may recursively define sIN)(z) locally as 

S
(N)( ) _ { Eoo (t2- i )(z) , if Xj(z) = 0, i :s; j :s; N, 
i Z - (N) (N). (6.249) 

(Si+1 EiSi+1 Hz), otherwIse. 

For Hoo = 0, we numerically implement this map as the limit (N = 00) of the 

recursively defined map, 

(6.250) 

16 Eoo is usually the exact map corresponding to H 00' 
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which is both simple to code and computationally efficient. The case for Hoo =f:. 0 

is more difficult, since the simplificat.ion is not so easy. For Eoo the exact map 

corresponding to Hoo , the termination conditions become, 

The nonexact case is more tedious to write down, but requires that the numerical 

expansion of the higher terms not allow Eoo(ti) to pass to a region of phase-space 

which increases the j for which Xj =f:. O. 

Flies in the Ointment 

The accuracy of these methods is poor. For example, our simulations for the Ke

pler problem using Hoo = 0, 1=1 and T = Toh/1 + IIXII, were not very accurate 

using the above symplectic method. Due to the work of, Skeel and Biesiadecki 

[17], we know that this general algorithm can reduce to accurate methods. Also 

Section 6.5.4 gives a good example of how variable timesteps break where this re

cursive method does not. It is not clear what additional features of the breakdown 

of H, the special term Hoo , or of the fixed timestep map E are required so that 

the generated map is both accurate and symplectic. For these reasons, the reader 

is cautioned to use the material of this section more as a paradigm than a method. 

6.5.2 Reversible Method 

A likely cause for the inaccuracies of the recursive method, as outlined above, 

are the extra terms in the vector fields Xi which arise from taking gradients of the 

Xi = ciJV H + [H JVcd. (6.252) 

While the recursive method requires these bracketed terms to remain simplectic, 

the partition function Cj becomes very steep near zeros of T-where the timescale 
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must change often. As noted above, these gradients can be made smoother by using 

a smoother F(x) in (6.241), but only at a higher computational cost. In general, 

these gradients are barely controlled by the timescale ti, and have no relationship 

with the original vector field. For a particular initial value, H can be modified by 

a constant to make the bracketed term initially zero. This helps, but does not fix 

the problem. 

However, the gradients of Ci do not appear in Xi we apply the partition of unity 

to the vector field X, 

(6.253) 

For Hamiltonian systems, the difference in the two vector fields is the bracketed 

term in (6.252). Of course, since the components Xi are not Hamiltonian, there is 

no reason to suspect that the method will be symplectic. 

The modified decomposition of X is an act of desperation, since we removed 

the main motivation for the construction of the map; that the composite map be 

symplectic. Note that the difference in the two vector fields (6.252) and (6.253) 

is the bracketed term in (6.252), and that, along the exact solution, there is no 

difference after shifting H by its initial value, 

H(z) -+ H(z) - H(zo). (6.254) 

The difference in the two decompositions is illustrated in Figures 6.7 and 6.8. 

Figure 6.7 decomposes the vector field associated with the Hamiltonian, 

H(p,q)=p, (6.255) 

into a sum of Hamiltonian vector fields using the Cj to decompose H, where Twas 

chosen so that 

a(p,q) = -q. (6.256) 

Figure 6.8 similarly decomposes this same vector field using the partition directly 

on the vector field. Note the two decompositions are identical along along the line 
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................... 

Figure 6.7, The decomposition of a Hamiltonian vector field, X = (0,1), into a 
sum of three Hamiltonian terms, the graphs are in the square Ipi < 1, Iql < 1. 
In reading order, X, XI, X 2 , and X3 are listed--allother terms are zero in this 
regIOn. 
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Figure 6.8, The decomposition of a Hamiltonian vector field, X = (0,1), into a 
sum of three non-Hamiltonian terms, the graphs are in the square Ipl < 1, Iql < 1. 
In reading order, X, XI, X 2 , and X3 are listed--all other terms are zero in this 
regIOn. 
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p = 0, corresponding to H = O. These figures illustrate very well the cost of the 

Hamiltonian decomposition over the simple scalar decomposition. 

An important observation of Scovel [11], is that this method preserves the R

reversible properties of the fixed timestep maps. Specifically, if the Hamiltonian 

is invariant under an anti-symplectic involution which is an isom~try with respect 

to the Euclidean structure, and the timestep restriction is of the form T{z) = 
T{IX{z)l), then the Xi that we have written down are R-reversible and the method 

preserves R-reversibility if each of the components Ei and Eoo does. For example, 

this method preserves R-reversibility when H = ~p2 + V{q), T = T(IXI) and 

R(p, q) = (-p, q), and the midpoint is used for each Ej • R-reversible integrators 

are discussed in [18] and [13]. See Devaney [8] and Sevryuk [14] for the basic theory 

of R-reversible systems. R-reversibility is an important geometrical structure. 

Sevryuk [14] has shown that R-reversible systems have a KAM type theorem, and 

Birkhoff [2] used R-reversibility in his st.udy of the restricted three body problem. 

R-reversibility has also been investigated in [9], [21], [8], and [10]. 

Higher Order Methods I 

Without an Hoo term, all the vector fields Xi in our expansion are scalar multiples 

of X for these reversible methods. In this case, we can improve the order of t.he 

map (6.230) by refining the splitting approximation [12] to 17 

(6.257) 

The first few terms of q are given by 

e3 

q(ea, eb) = ea - 6[(ba' - b'a)(b' + a') - (a + b)(ba" - b"a)] + O(e5
) , (6.258) 

17This can be seen by considering the Baker-Campbell-Hausdorff formula and noting 

[aX,.8X] = (a/j' - a'.8)X = IX 

for scalar fields a and .8. 
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where prime is defined by 

g' = X· '\Ig. (6.259) 

Following the same construction for a variable timestep map, we arrive at the 

numerical map (6.250), but we now have Eoo = 1 and the Ej's as fourth order 

approximations to exp(qiX), where 
00 

qi = q(tici' tiSi+l) and Si = L Cj . 
j=i 

(6.260) 

For a given Hamiltonian and timestep constraint, these terms are easy to compute 

either analytically or numerically, thus the second order restriction is eliminated 

at the added cost of computing these correcting terms. Note that the gradients of 

Cj show up again, so it would be valuable to have a closed solution for q. 

Higher Order Methods II 

This section simplifies the considerations of the previous one, and discusses a trivial 

way to extend the reversible ideas to arbitrary order methods. Recall from the 

previous section that, 

exp ( h
2
a X) 0 exp(hbX) 0 exp (~a X) = exp(hcX) , (6.261) 

where C is some scalar field with functional dependence on a and b, where C = 
a + b + O(h2). That is, the splitting causes a third-order error in the "real time" 

of the system, but contributes no other error to the flow. 

A trivial way to compute the "real time" is by extending the system to include 

a right-hand-side of the form 

Xo = 1. (6.262) 

This way, the method tracks the real time to the same order as the truncation 

of the methods, and the splitting contributes no other round-off error. Since the 

methods Ei are the only source of error, a high-order method may be used to 

construct a variable timestep map of the same order. 
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I method I To count error 

vts 0.00339 5 x 107 0.00399409 
rev 0.01 5 x 107 0.0147 

Table 6.1, Parameter summary for methods. The count column gives the number 
of applications of implicit midpoint maps to reach time 10,000. 
The error gives the maximum error in the Poincare sequence described below. 

Numerical Comparison 

A standard problem ([17], [4], [6]) to test numerical methods for Hamiltonian 

systems is the two-body, or Kepler, problem with eccentricity e, characterized by 

the Hamiltonian, 

(6.263) 

and initial data, 

Zo = (Po, qo) = (0, P2(0), 1 - e, 0) , (6.264) 

where 

(6.265) 

When projected onto the q-plane, the exact solution is 27r-periodic motion on 

an ellipse of eccentricity e. 

For the numerical methods, we usc the timestep restriction, 

T= To . 
)1 + IIXW 

(6.266) 

We change the parameter To so that a comparable number of applications of the 

fixed timestep exponential map per unit time is used by each method. 

We compare methods by using linear interpolation to extend the discrete nu

mericalorbits to a continuous one, we graph the ]R4 Euclidean distance from the 

exact solution versus return number to the positive ql axis (see Figure 6.9). 

First, we compare the second order "standard" variable timestep method (6.79) 

with the second order recursive method of this section, both based on the implicit 
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Figure 6.9, Illustration of the Poincare sequence. The dashed line represents the 
exact solution corresponding to the initial condition (large grey circle). The solid 
dots are consecutive images of a numerical map, connected by piecewise linear 
interpolants (solid lines). The first and second return points to the positive ql 
axis are represented with crosses; their Euclidean distance from the exact crossing 
(grey circle) is used to compare numerical methods. 
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Figure 6.10, A comparison of implicit midpoint steps vs. JR4-error for the recursive 
nonsymplectic method (solid lines), and a fixed timestep method, both based on 
implicit midpoint. The integration time is 100071", and the eccentricity, e, is 0.3. 

midpoint method. Table 6.1 and shows these methods perform comparably on 

the Kepler problem integrated to t = 10000, with the standard variable timestep 

performing slightly better. This is a disappointing result which is consistent with 

the recent findings of Hut [6]. Hut suggests second order symplectic methods do 

not have a degraded performance when used with standard variable timesteps. We 

have a counter-example to this in Section 6.5.4, but it appears to hold in this case. 

A second comparison of the recursive method to the fixed timestep method 

on the Kepler problem with eccentricity 0.7 is illustrated below, which shows the 

method compares favorably against the fixed timestep method. 

From these calculations we conclude the most effective method for the Kepler 

problem with a large eccentricity is first the standard variable timestep, then the 

reversible method, and last the fixed timestep symplectic method. 

Table 6.2 and Figure 6.11 show the same problem, only where the two methods 

are based on the fourth-order implicit Runge-Kutta (IRK4) method (see Section 6.3 
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I method I To count error 

vts4 0.1 4 x 108 4.486 
rev4 0.5 3 x 107 0.0912898 

Table 6.2, Parameter summary for fourth order methods. The count column gives 
the number of applications of IRK4 maps for time 1000007[". 
The error gives the maximum error in the Poincare sequence. 

for a definition of this method). These results indicate that, despite our efforts, the 

standard variable timestep technique works perfectly well. This is in contrast to 

the conclusions of [3], [4], [5], [6], and [15] that there was a problem to fix. We feel 

this may have to do with the fact that the implicit Runge Kutta methods exactly 

preserve the integral of motion, 

(6.267) 

so long as the timestep is fixed over a single step. The reversible modification does 

not do this, while the standard variable timestep method does. We return to this 

question in Section 6.4.2, where a (nonlinear) projection is developed which forces 

the exact preservation of invariants of motion. 

6.5.3 Quilting Method 

In the same way that the reversiblc! method of Section 6.5.2 was a modification 

of the recursive method of Section 6.5.1, the quilting method discussed in this 

section can be thought of as a modification of the reversible method. 

The quilting method is essentially the recursive method where the smooth ramp 

function used in the generation of the partition of unity {Cj} is replaced by a step 

function. This is not completely true, however, and we choose to describe the 

method from a somewhat distinct point of view compared to the previous two 

variable timestep methods. We use local symplectic (reversible) maps in nonover

lapping regions of phase space in such a way that the structural error-such as the 
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Figure 6.11, A comparison Poincare return number vs. IR" error for the recursive 
nonsymplectic method (rts4), and the standard variable timestep method (vts4). 
Both are based on IRK4. The integration time is 10000011", the eccentricity, e, is 
0.1, and only every 1000th return is plotted. 

failing to be symplectic (reversible )-is restricted to the boundaries of these regions 

(see Figure 6.12). We then go about measuring the size of the error and choosing an 

optimal "quilt" of phase space which minimizes the area where the composite map 

fails to be symplectic (reversible), while adhering to generic timestep restrictions. 

This can all be discussed in the context of a single seam between two approx

imations to the exponential map, say !vII and NI2 • M2 can be defined recursively 

as M3 in some subregion and a fixed timestep map in the remaining region, etc. 

The timestep restriction simply becomes the definition of the boundary between 

these two maps. Thus, consider having two pth order symplectic approximations, 

on n. Construct a map, M by 

M(z) = {!v[t(z), J(z) > 0 
!VI2(z), J(z) < 0 ' 

(6.268) 

(6.269) 
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Figure 6.12, An illustration of the past.ing of two area preserving maps. The 
identity map is used on the exterior of the disk (dashed line), and some deformation 
of the disk on its interior, whose image is the interior of the solid line. The white 
regions are where the pasted map is still area preserving, while in the grey region 
it is two-to-one, and the black regions instead have no preimage. Note that t.he 
sum of the grey and black areas must be equal 
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where f E C l (!1). The only regions where this map is not symplectic is where it 

is not one-to-one or not onto. One-to-one fails in the region 

(6.270) 

and onto fails in 

(6.271) 

Mapping I and I' under Mil we obtain the same size sets: 

(6.272) 

(6.273) 

Defining 

(6.274) 

we see the closer .6. is to the identity near f( z) = 0, the smaller these sets will be, 

thereby minimizing the volume of the sets I and I'. 

by, 

Simply forcing tl = t2 = t implies .6. = 1 + O( lP+l). If Ml and M2 were given 

EXP(h;X) , 

EXP(hj2; X)2 , 

(6.275) 

(6.276) 

then tl = t2 is enforced. This is easy to generalize to many step changing regions 

by applying this idea recursively. Variable methods usually do not choose these 

resonant changes in step size, and doing so is what. we will call the pth order quilting 

method. Note that the Quilting method is not simply changing the timestep by 

factors of two, but requires a matching of the integration time when leaving a 

region of smaller timesteps. 



An Algorithm for the Quilting Method 

By defining locally 

Mj(z) = [EXP(tjnj X)t (z), 

where 

we can define this quilting map with the following a.lgorithm 

begin quilt(t,z) 

local count,N,h,dt 

uses T,EXP 

h=t 

count=O 

N=l 

while (count < N) loop 

dt=min(T(z),t) 

while (h > dt) loop 

count=2*count 

N=2*N 

h=t/N 

end loop 

while (2*h < dt) and (count mod 2 = 0) loop 

count=count/2 

N=N/2 

160 

(6.277) 

(6.278) 



h=t/N 

end loop 

z=EXP(h,z) 

count=colmt+1 

end loop 

end quilt 
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On entry, z is the initial condition, t is the (large) length of time to integrate, 

T (z) returns an upper bound to the timestep, and EXP (h, z) approximates the 

exponential map for initial point z and timestep h. The algorithm does two things: 

it restricts timestep changes to steps only of length t/2i , and it allows this timest.ep 

to increase only when the matching condition, tl = t2 holds. This same condition 

poses no restriction on when the timestep can be decreased. 

6.5.4 A Diabolical Example 

This section discusses an example timestep restriction which-although it has 

nothing to do with saving work-illustrates very well what can go wrong with t.he 

variable timestep scheme (6.79). In this section, we show that, given complete 

freedom with choosing the timestep sequence, we can mess up any symplectic 

integrator when applied to a two-dimensional Hamiltonian system. 

We wish to choose T(z) to make II a growing function of time for (6.79). The 

idea is to choose T{z) small, say ha, whenever H(w(z)) ~ H(z), and large, say 

hI, whenever H(w(z)) > H(z). By choosing ha/hl small enough, errors in t.he 

positive H direction accumulate, since there will only be nonnegligible error when 

the approximate map w increases H. 

Of course, if H is always decreasing or increasing under the numerical map, 
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then we don't have to do anything at all to conclude our method is somewhat 

broken. Thus the variable timestep (6.79) contains schemes which destroy all 

periodic orbits, unless H is exactly preserved under the numerical map. 

Consider a 2-dimensional Hamiltonian system with initial data zoo Suppose 

• The exact orbit associated with Zo, z(t), is bounded and periodic. 

• The method under consideration EXP(hj X), does not exactly preserve H on 

this orbit. 

Then 

• There is a sequence of steps hj which, when used in the method EXP(hj X) 

to integrate this initial value problem, causes H to increase over one period. 

Proof. First, fix h = ho in some method w = EXP(ho, X). Consider the 

compact interior set f!, of the closed orbit correHponding to some initial data, zoo 

Since w is an approximation to the identity, the sets nand w(f!) intersect for ho 

sufficiently small. Since w is volume preserving (equivalent to symplectic in a 2-

dimensional phase-space), the boundaries of f! and w(f!) must intersect, thus there 

are points z where H(z) = H(w(z) along this orbit. Since w does not preserve H, 

there are also points for which H(w(z)) i- H(w). Thus the periodic continuous 

function F(t) = H(w(z(t))) - H(z(t)), has both zero and nonzero values. Let 

z* = z( t*) correspond to the maximum value of F. 

Now we vary h. By choosing a sequence of timesteps, hi, sufficiently small, the 

numerical orbit can be brought arbitrarily close to the point z*, say z', for which 

H(EXP(ho,X)(z')) - H(z') > ~F(z*), (6.279) 

and 

IH(z') - H(z(O))1 < ~F(z*). (6.280) 
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The first is a consequence of the continuity H and the convergence of the method, 

while the second is a consequence of the invariance of H and the convergence of 

the method. Thus, after taking sufficiently small timesteps hi to reach z', taking a 

timestep of ho gives an overall increase in H. After this, another sequence of very 

small timesteps completes the orbit-so that the hi sum to the period, and which 

contribute to an error in H smaller than F(z*)j8. From this we see this sequence 

of timesteps increases H by at least F(z*)j2. Q. E. D. 

By changing F to -F, this also shows sequences of timesteps exist which 

decrease the value of H. This process can be repeated until the conditions of the 

theorem no longer applies, usually at a fixed point or an infinite period orbit. 

Using a smoothed version of this timestep selection, we compare the long-time 

behavior of the fixed timestep, standard variable timestep, and recursive timestep 

scheme. Since the constraint has nothing to do with saving work, it is not surprising 

that the fixed timestep performs the best. However, the recursive method does only 

a little worse than the fixed timestep method, and still demonstrates preserved 

periodic orbits in this worst-case example. The variable timestep method shows 

regular growth of the Hamiltonian, t.he F of our example. Since the timest.ep 

selection criteria does not construct a reversible decomposition, i.e, the Xj's are 

not invariant under the R map, 

R(p,q) = (-p,q), 

the reversible method does not apply to this case. 

The numerical comparisons are based on the system 

Pt -q(l + q), 

p, 

associated with the Hamiltonian 

(6.281) 

(6.282) 

(6.283) 

(6.284) 
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~ 

Figure 6.13, Phase space diagram for example Hamiltonian system, with center 
at (p, q) = (0,0) and saddle at (0, -1). We use the positive q axis as a Poincare 
section to examine the behavior of the numerical maps. 

A phase-space diagram of (6.282) is given in Figure 6.13. The structure of solutions 

is controlled by the anti-clockwise circulation at (p, q) = (0,0), and the saddle at 

(p, q) = (0, -1) with its homo clinic orbit. The basic fixed timestep method used 

to construct the other methods and for comparison is the implicit midpoint map, 

which can be computed explicitly for this example as 

where 

and 

Eh(p, q) = (P, Q) = (p - hQ(1 + Q), 2Q - q), 

Q- - 2q + ~P V'I+€ 
- h2 , 

1 +- £ 4 

+ h 
/2 q '2P 

£= I (1+~;)2' 

(6.285) 

(6.286) 

(6.287) 
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The primary reason for choosing this example is the simple explicit form of 

this map, which eases the construction of a differentiable analog of the diabolical 

discontinuous timestep restriction above. Specifically, 

h( ) = h (h - h )~ [1 R (H(E]i(Z)) - H(Z))] 
Z 0 + 1 0 2 + h7 ' 

where R(x) is a Coo ramp function defined by 

{

-I, 
R{x) = +1, 

tanh( tan{ x)) , 

if x ::; -~, 
if x ~ +~, 
if Ixl < ~. 

(6.288) 

(6.289) 

The scaling h,7 in (6.288) indicates a shortfall in this example. Since the implicit 

midpoint map exactly preserves quadratic invariants, the error in the Hamiltonian 

is small near the point (0,0), which is the point we are interested in. Thus the 

drift in the Hamiltonian will be much slower than what might be expected in a 

more generically nonlinear system. 

To compare numerical methods, wc consider the Poincare section of the systcm 

as the positive q axis. Whenever a map moves a point from the right of the positive 

q axis to the left, the next element of the Poincare sequence is chosen as the point 

on the line-segment between these two points which lies on the axis. For the exact 

solution in continuous time, all the orbits inside the separatrix are periodic, so this 

sequence would be the same point again and again. 

Figure 6.14 compares the Poincare sequence for the initial data, 

(Po, qo) = (0,0.1) , (6.290) 

for integration to time 15,000, using the recursive timestep method or the variable 

method (6.79). Both used the timestep restriction (6.288) with the ratio 

ho = 0.1. 
hI 

(6.291) 

The recursive method used ho = 0.032 and hI = 0.32, while the variable timest,ep 

method used ho = 0.0078 and hI = 0.078. ThiH waH to ensure a comparable 
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Figure 6.14, Graphs of the recursive timestep, rts, and variable timestep, vts, 
Poincare sequences, giving sequence entry vs. q-axis intercept. Only every twenti
eth crossing is added to the sequence. 
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Figure 6.15, Graphs of the recursive timestep, rts, and fixed timestep, vts, 
Poincare sequences, giving sequence entry vs. q-axis intercept. Only every twenti
eth crossing is added to the sequence. 
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number of applications of the implicit midpoint rule was used in both integrations; 

924,572 applications for the variable timestep method, and 786,432 applications 

for the recursive method18• 

Similarly, Figure 6.15 compares the Poincare sequence for the recursive and 

fixed timestep methods, where the fixed timestep uses h = 0.01595, implying 

940,439 applications of Eh to reach the final time of 15,000. As noted before, since 

the timestep restriction made no consideration of saving work, it is not surprising 

that the fixed timestep method fairs better in this comparison, but the difference 

is small, and the most important feature, the preservation of the periodic orbit in 

the exact map, holds true for the recursive method even in this worst-case scenario. 

Thus even the worst-behaved algorithm of this work-the recursive method

has demonstrated merits. This example also illustrates the mechanism which 

causes variable timestep methods to fail for Hamiltonian systems. 

6.6 Conclusions 

Taken together, the tools presented in this chapter provide a powerful set of 

tools for the numerical integration of semi linear Hamiltonian systems. For example 

a 10, ODD-fold speedup over the standard IRK2 method occurred by using together 

• The quilting method of 6.5.3 

• The preconditioned/multigrid IRK4 method of 6.3.2 and 6.3.3 

• The asymptotic corrections of 6.3.4-

On the 27r periodic initial value problem, 

(6.292) 

l8The Ell of (6.285) suffices for the variable timestep method, but the gradients of h(z) which 
occur for the recursive method forces the use of a more generic algorithm. 
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Figure 6.16, A cartoon of where which technique matters in the energy spectrum of 
a given problem. The accuracy of a method constrains the lower spectrum, the mid
dle spectrum has nonlinear constraints from reversible and symplectic properties, 
and the energy in the large spectrum is controlled by the asymptotic corrections. 

for c = 0.02 and a spatial truncation of 2048 Fourier modes. Speedup factors 

between 1,000 and 50,000 occurred for similar initial value problems encountered 

in the earlier chapters. 

Figure 6.16 gives a cartoon as to why these methods work as well as they do: 

thinking of the energy in different eigenmodes, accuracy constraints control the 

modes with "small" eigenvalues, the global constraint:.; of being symplectic and 

reversible control the energy associated with the "medium" eigenvalues, and the 

anti-perturbative techniques control the asymptotic behavior. 
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Chapter 7 Conclusions 

7.1 Summary of Results 

In Chapter 2, we show that the odd flows of the NLS hierarchy correspond to the 

KdV hierarchy in the zero dispersion limit. This is true under the identification 

of the conserved densities provided by the AKNS hierarchy reductions, q = u, 

r = -u* for the focusing NLS hierarchy, and q = u, r = -1 for the KdV hierarchy. 

The microscopic structure of the oscillations for the two hierarchies differ. 

In Chapter 3, we make an alternative representation of the NLS / AKNS periodic 

spectral transform, which allows the fixed spectrum of a potential u to be computed 

in O(N3) operations. We also find the auxiliary spectrum to be an intrinsically 

sensitive to variations of the potential u. 

In Chapter 4, we give numerical evidence that some regions of the KP-II phase 

space have a good modulationallimit. 

In Chapter 5, we compute an approximate spectral transform for the KP-II 

equation, which is suitable for small potentials and has complexity O(N2 10g N). 

In Chapter 6, we develop an implicit symplectic reversible preconditioned spec

tral multigrid FORTRAN library which is suitable for the integration of semilinear 

Hamiltonian initial value problems. 

7.2 Future Directions 

There are many directions in which this work can and should continue. 

Chapter 2 presents many new directions. The general behavior of the AKNS 

hierarchy can be studied, beginning with a characterization of the limiting spec

trum of the general AKNS operator. There must be a connection between the 

focusing and defocusing equations in this limit which should be explored. Fi

nally, a a mezzo-scale theory should be be developed~ which spans the gap of the 
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whole-enchilada Lax-Levermore approach and the purely local Whitham averag

ing approach. 

Chapter 4 is still not done. There is not even a characterization of the asymp

totic spectrum of the KP-II "X" operator. There is no general numerical transform 

to study potentials with even 0(1) values of c. There is no general inverse spectral 

transform. The stability of the KP-II solutions for finite c are not well understood. 

Numerical simulations of the zero dispersion limit is a. difficult way to explore the 

phase space. Many more analytical and numerical techniques are required to study 

this problem. 

Chapter 6 has various extensions. The noted ext.ensions of the preconditioning 

and multigrid techniques to dissipative systems should be implemented and tested. 

The "projection" technique needs to be implemented for an infinite dimensional 

Hamiltonian system. 

Perhaps the most significant extension of the work in this dissertation is the 

extension of the KP-II approximate spectral transform 1.0 a full general transform. 

It is comforting, I suppose, to know there is plenty of work to do. 
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