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ABSTRACf 

In this paper, the mathematics associated with simultaneous measurements of two 

parameters arising in the remote sensing of the atmosphere are cast in a form that permits 

the explicit solution for the eigenvalues and eigenfunctions. These eigenvalues and 

eigenfunctions are then used to deal with the ill-posed nature of the problem and ultimately 

to solve for the unknown atmospheric particle size density based on the information in both 

sets of measurements. The physical setting for this problem involves the measurement of 

optical transmission and the angular scattering of intensity. Using the Fraunhofer 

approximation and the van de Hulst anomalous diffraction approximation, the mathematics 

reduces to the inversion of Fredholm integral equations of the first kind in the special case 

known as a Mellin convolution. These equations are shown to be bounded and self

adjoint. Unfortunately, their inverse is seen to be unbounded and consequently the 

problem is ill-posed. The formulation of these equations to yield consistent, bounded, self

adjoint operators whose eigenfunctions and eigenvalues can be determined and addressing 

the ill-posed nature of the problem by exploiting the multisource data form the heart of this 

research. 



17 

1. INTRODUCTION 

The mathematical equations associated with a set of optical measurements arising in 

the remote sensing of the atmosphere are cast in a fonn that pennits measured data from 

different sources to be combined in a novel fashion as a part of the solution process. This 

solution process is greatly complicated by the ill-posed nature of the equations being 

considered. Understanding and addressing this difficulty is the central mathematical theme 

of this effort. 

1.1 Overview of the Physics and Mathematics 

The physical setting for this problem involves the examination of optical phenomena 

that occur as light passes through a scattering atmosphere that is optically thin. This 

atmosphere is assumed to be composed of spherical particles (or aerosols) whose size 

number density function in the atmosphere is to be detennined by both optical 

measurements and a priori knowledge. The mathematical setting arising from modeling the 

physics associated with the optical measurements centers around the study of Fredholm 

integral equations of the first kind (FIE!). These FIEI are a generalization of a class of 

operators that includes integral transforms (such as the Laplace transform) and 

convolutions. The general fonn of the inhomogeneous operator equation of interest is 

b 

K[t](x) = g(x) = f k(x,r)f(r)dr 0.1) 
a 

where KlfJ(x) is the operator, k(x,r) is the kernel, f(r) is the unknown to be detennined, 

and g(x) is the measured data. Note that we seek to solve the inverse problem (solve for 

f(r), given g(x» as opposed to a direct problem (where we would be solving for g(x), 

given f(r». Consequently, this process of solving for f(r) is generally called inversion. 
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In the particular case being examined here, it will be shown that the form of the FIE 1 

has the special property that the arguments of the kernel appear as a product. Thus, we will 

be looking at Equation (1.1) for the special case where k(x,r) = k(xr). This form for the 

FIEI is known as a Mellin convolution and our solution will depend on this special 

property. An associated Mellin transform also will appear as a part of the solution although 

not in the usual way. The Mellin transform and convolution will be reviewed in Section 3. 

Thus, based in part on various measured properties of sunlight passing through and 

being scattered by the atmosphere, we seek to determine the size density of the (presumed 

spherical) particles that scatter the light. The physics relating particle size and index of 

refraction to the scattering properties of light was theoretically determined for the case of 

spherical particles much smaller than the wavelength of the observed light by Rayleigh 

(1871). The general solution for single scattering by spherical particles of any size was 

derived by Mie (1908). Note that the assumption of spherical particles, besides simplifying 

the physics, allows us to characterize the atmospheric particle size density by using the 

radius of the particle as a parameter. Thus, the basic physics of the problem is well known 

for spherical, homogeneous, and isotropic particles. This physics and the resultant 

mathematical models will be summarized in Section 2. 

The concept of a well-posed problem (and consequently an ill-posed problem) was 

initially formulated by Hadamard (1902). Briefly (and still somewhat intuitively), a 

problem is well-posed if a unique solution exists that depends continuously on the 

measured data. This concept, along with its impact on the inversion of FIEls, will be 

discussed in considerably more detail and rigor in Section 4. Hadamard felt that ill-posed 

problems could not be physically meaningful. This belief persisted generally until the age 

of the high-speed digital computer. Much of mathematics has concerned itself with 

existence and uniqueness results. The problem of the solution depending continuously on 

the data really became an obvious difficulty when the numerical solutions of many 
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significant problems in mathematical physics were found to require the inversion of ill

conditioned matrices. Subsequently it became widely known that many important 

problems of mathematical physics were inherently ill-posed, contrary to Hadamard's earlier 

opinion. This discovery has led to a flurry of recent activity to address the problem. 

Stakgold (1979, p. 308), states 

"In a perfect world (Kf = g) would have one and only one solution for 

each g ... and the solution f would depend continuously on the "data" g .... If 

this were always true, there might result a sharp drop in the employment of 

mathematicians ... " 

This research will present a method for inverting an FIE 1 arising in the physical 

setting discussed briefly above. A key component of this research will be the method of 

incorporating multisource data. After further setting the physical foundations in Section 2, 

discussing the mathematical foundations in Sections 3 and 4, and presenting the particular 

method of solution to be employed in Sections 5 and 6, the analytical and numerical results 

that are the main product of this research will be presented in the final part of Section 6. 

Section 6 will conclude with a summary of the research and make recommendations for 

future studies. 

1.2 The Physical Experiment 

The application of the work being performed is to determine the atmospheric particle

size density based on various measured properties of transmitted and scattered light. This 

density will ultimately be used in the determination of optical parameters for input to 

various radiative-transfer or climate models. Many types of remotely sensed optical 

measurements have been made in an attempt to solve for this unknown particle-size 

density. This work will concern itself with optical measurements that allow the 

determination of the direct solar spectral transmission (or equivalently the optical depth) and 

the scattering angular phase function. In particular, the latter measurement will be confined 
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to scattered intensity in the solar aureole region that is characterized by intense small angle 

(or forward) scattering as opposed to large angle (or "blue sky") scattering. These 

measurements are illustrated in Figure 1. It will be seen in Section 2 that both 

measurements can be mathematically modeled as Mellin convolutions 

b 

g(X) = f k(xr)f(r)dr 
a 

BLUE 
SKY 

OBSERVER ~ 

,. 
,. ,. ,. 

VSOURCE 
,. ,. 

" " INCIDENT PLANE PARALLEL FLUX DENSITY 
" , ,. 

FIGURE 1. Multisource Data. 

The spectral transmission and solar aureole intensity measurements are not 

universally sensitive to all particle sizes and involve other problems such as sensitivity to 

modeling assumptions that ultimately lead to consideration of various combinations of 

simultaneously collected data; that is, multisource data. For instance, the blue-sky angular 

measurements of scattered intensity that allow us to determine the scattering angular phase 

function will be relatively sensitive to molecular-induced (Rayleigh) scattering as will the 
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direct solar spectral transmission measurement. On the other hand, the angular phase 

function determined from the solar-aureole scattered intensity measurement will be more 

sensitive to larger (relative to the wavelength at which the measurement was taken) 

particles. The first problem is how to coordinate data from these measurements to optimize 

the resultant available information about the atmospheric particle size density. Of equal 

importance, however, is the methodology used in the inversion process as one addresses 

the ill-posed nature of the problem. Does one invert the FIE! arising from each data source 

separately and then somehow combine the result, or can one do a single combined 

inversion? The problem will thus involve the use of multisource data. For this research, 

the data will include direct solar spectral transmission and solar aureole angular intensity 

measurements. Further, experimental design questions that involve the proper selection of 

measurement parameters such as wavelength and angle will arise. These questions will 

also have to be addressed based on the mathematical models presented in the material to 

follow. 

1.3 Assumptions Required for the Mathematical Model 

Numerous assumptions are required to permit a tractable mathematical formulation of 

this problem. These assumptions, some of which were mentioned above, will be further 

discussed throughout the text as required. In this section, the assumptions will be 

reviewed to permit a more unified view. The light being measured is assumed to have as 

its sole source plane-parallel, i.e., nondivergent and collimated, natural (or unpolarized) 

waves arriving from the sun. The incident intensity (or related flux density) at the top of 

the atmosphere is assumed to be known and constant with respect to time. Note that the 

radius of the sun is about 0.7 X 109 meters while the distance from the earth to the sun is 

149.6 X 109 meters. Thus, the maximum angle between (presumably collimated) wave 

fronts of light coming from the sun will be roughly 0.0093 radians, which is approximately 
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a O.5-degree collimation error due to the size of the sun. In most cases, the plane-parallel 

assumption is justified. 

The atmosphere is assumed to be composed of homogeneous and isotropic spherical 

particles that scatter (but neither emit nor absorb) light. It is further assumed that the 

atmosphere can be modeled as a series of homogeneous incrementally thin, flat layers and 

is horizontally homogeneous. The scattering particles are assumed to have some unknown 

size distribution in the atmosphere. The total number of particles in incrementally thin 

layers is allowed to vary with altitude, but the shape of the particle-size density function is 

assumed constant. For n'(r,z) representing the atmospheric particle size density function 

(number of particles in an incrementally thin layer at height z per unit volume per unit 

particle radius r), the above assumption means that there are functions c(z) and n(r) such 

that 

n'(r,z) = c(z)n(r) ( 1.2) 

c(z) will be referred to as the atmospheric altitude number concentration function [particles 

per unit volume] while n(r) will be called the atmospheric particle size density shape 

function [per unit radius]. It will be assumed that the atmosphere has a maximum height 

(Zr meters) above the earth (z = 0 meters). 

The columnar particle size density is defined as 

ZT ZT 

nc(r) = J n'(r,z)dz = n(r) J c(z)dz = C n(r) (1.3) 

o 0 

where 
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ZT 

C = f c(z)dz (1.4) 
o 

is the total particle columnar concentration [particles per unit area]. Thus nc(r) is the 

particle size density in an atmospheric column [particles per unit cross sectional area per 

unit particle radius]. 

Many other assumptions are frequently made about the aerosol particle-size density as . 

a part of the solution process. These assumptions are so intimately related to the solution 

process itself that they will be discussed only at that point. The atmosphere is assumed to 

be sufficiently optically thin that light can be singly scattered out of the incident plane

parallel solar-flux density but is not likely to be rescattered back into the beam. This 

assumption has the implication that the measurement cannot be made at near horizontal 

angles due to the very long atmospheric paths and the potential for multiple scattering. 

Further, scattering events are assumed to be independent. Liou (1980, p. 141) defines this 

assumption to mean "that particles are sufficiently far from each other and that the distance 

between them is much greater than the incident wavelength. Thus, it is possible to study 

the scattering by one particle without reference to the other ones. Consequently, intensities 

scattered by various particles may be added without regard to the phase of the scattered 

waves." This implies that the phases of the scattered light from each particle will be 

random. A minimum and maximum scattering particle size is assumed. The range of 

particle radii for a visible measurement is from rmin (=0.04) to rmax (=10) micrometers. 

Finally, the index of refraction of the particles is assumed to be known, real, and constant 

(at least in some average sense). 
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1.4 Coordinate System 

The coordinate system used in the discussion of the measurements being made is 

shown in Figure 2. The z-axis is positive downward while the x-y plane is parallel to the 

atmospheric stratification layers. Hence, the y-axis is positive out of the page (toward the 

viewer) as seen in Figure 2. The polar and azimuthal angles 8 and <I> are measured relative 

to the positive z-axis and the x-z plane, respectively. The incident unpolarized plane 

parallel beam falling on the atmosphere is characterized as moving in direction (80, <1>0). 

Clearly, we can align the x-axis so that an incident beam lies in the x-z plane. That is, 

<1>0 = O. The incident beam is then characterized by (80, <1>0 = 0) as shown in Figure 2. If 

the scattering particle lies at the origin of this coordinate system, the scattered beam is 

characterized by the angle (8t. <1>1). Define the angle E> as the angle between the incident 

beam and the scattered beam, E> ~ O. It can be shown that 

cos E> = cos ()o cos ()l + sin ()o sin ()l cos( tPl - tPo) 

= cos ()o cos ()l + sin ()o sin ()l cos tPl 



INCIDENT 
BEAM 

Note that the Z axis faces down and the 

X - Y axis are oriented so that G>o = 0 

(incident beam lies in the X - Z plane). 
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FIGURE 2. Coordinate System. 
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since CPo = O. Clearly CPo = 0 also implies that there is a cone of constant 0 as shown in 

Figure 2. This cone must intercept the x-z plane. Hence, there exists in the cone of 

constant 0 a particular set of values (81, CPl = 0) such that 

cos 0 = cos (Jo cos (Jt + sin (Jo sin (Jt = cos( (Jo - (Jt ) • 

If we establish a sign convention for 8 1 and 80 (positive counterclockwise), then 

8 = 181 - 80 I. For unpolarized incident plane parallel light and spherical particles, we 
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will see that the scattering angular phase function P(0, A) is constant over this cone of 

constant 0. For simplicity, we will consider the case <1>0 = <1>1 = 0 and 0 = S. 

1.5 Summary 

This research will consider measured data that will allow us to determine the 

atmospheric scattering angular phase function and the optical depth. These measurements 

are both modeled as FIE 1 of the Mellin convolution type. The multisource measurement 

equations at the n = p + q discrete measurement points (Xl, ... , XP' ~l' ... , ~q) will take the 

form 

b 

g(XI) = f K(Xlt)f(t)dt 

a 

b 

g(xp) = f K(xpt)f(t)dt 

a 

b 

g(XI) = f K(Xlt)f(t)dt 

a 

b 

g(xq ) = f K(xqt)f(t)dt 

a 

The goal is to solve for the unknown f(t) (which is directly related to the atmospheric 

particle size density) based on the multisource measured data g and g. The approach to be 

described herein is to fIrst determine the eigensystems associated with each of the kernels K 

and ft The unknown f is then expanded using one of the systems (say the system with 

kernel K). Substituting this orthogonal expansion for f back into this set of equations 
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allows us to solve for f(t) using the multisource data. It also allows for the selection of 

measurement parameters to greatly increase the numerical stability of the solution process. 
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2. A TMOSPHERIC PHYSICS 

The FIE1 arise out of two optical measurements: First is a measurement of the 

variation of the transmitted flux density (Le. see Figure 1) of the directly viewed solar disk 

as a function of the wavelength of light (spectral transmission); and second measures the 

variation of the scattered intensity as a function of the viewing angle relative to the sun for a 

fixed wavelength. For reasons to be discussed later, this latter measurement is confined to 

small angles (Le. the solar aureole) in which several approximations (such as sin x = x) do 

not introduce significant errors. As mentioned in Section 1.3, there are numerous other 

assumptions including singly scattered light; that is, the atmosphere is sufficiently optically 

thin that light scattered out of a beam is not likely to be rescattered back into the beam. 

These measurements were illustrated in Figure 1. The relationships between these 

measurements and the unknown atmospheric particle size density are well known (see for 

example Mie (1908), van de Hulst (1957), Chandrasekhar (1960), or Liou (1980». In 

Sections 2.1-4, a brief overview of these relationships will be presented. This will lead to 

a summary of the general measurement equations in Section 2.5. In Sections 2.6 and 2.7, 

the van de Hulst anomalous diffraction, Fraunhofer, and small angle approximations will 

be discussed. This will lead to a statement of the approximate measurement equations 

(Section 2.8) and the reformulated measurement equations (Section 2.9). The reformulated 

equations are the ones used in the inversion process. Finally, a model particle size density 

shape function and measurement noise will be discussed in Sections 2.10 and 2.11. 

2.1 Optical Depth (t(A.,z)) 

Understanding how the FIE 1 arises in the physical setting is assisted by examining a 

simplified physical model. It is emphasized that the equations of interest also arise in much 

more complicated settings. The model, shown in Figure 3, uses a plane-parallel, 

horizontally homogeneous atmosphere. The total height of the atmosphere is taken as zT 
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and the measurement is taken at height z. In practice, this measurement is usually taken at 

the surface of the earth which is z = O. It is further assumed that an incrementally thin 

layer, dz, of the atmosphere is totally homogeneous (not just horizontally homogeneous). 

The atmosphere is assumed to be temporally stable and neither emitting nor absorbing. 

These last assumptions confine our interest to most of the visible spectrum and a small part 

of the infrared spectrum for this derivation. The atmosphere is assumed to be composed of 

isotropic homogeneous spherical particles. This assumption allows us to use Rayleigh and 

Mie scattering theory and to characterize the particle size in the atmosphere by a single 

parameter (radius). The only source of light radiation is the sun and this radiation is 

assumed to be arriving as plane-parallel beams. 

The ultimate application of the work performed is to determine the columnar particle

size density nc(r) along the radiation path based on various measured properties of the 

radiation. The properties that can be directly measured are the intensity, I(A,8,<I>,z), and the 

flux density, F(A,z), where A is the wavelength of the light, (8,<1» represent the beam 

direction in the polar coordinate system described in Section 1.4, and z is the height at 

which the measurement is being taken. The intensity is the power per unit wavelength 

passing through a unit perpendicular area per unit of solid angle. * Intensity is a directional 

quantity corresponding intuitively to brightness. The flux density is the power per unit 

wavelength passing through a unit area within some limit of solid angle. Flux density is 

the quantity that a detector in an optical system would measure." Let us consider the 

special case of direct solar viewing in the visible spectrum as shown in Figures 3 and 4. 

The plane parallel wave fronts arriving from the sun are assumed to be moving in the 

direction (80, <1>0). In this work, due to symmetry considerations and a judicious selection 

of the polar coordinate system, we can take <1>0 = 0 as seen in Section 1.4. To the 

* Intensity is measured in W /(m2osroJ.U11) and is sometimes called radiance. 
*" Flux density is measured in W/(m2oJ.l.m) and is sometimes called irradiance. 
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assumptions made previously, add the assumption that light can be scattered out of the 

incident beam but cannot be rescattered back into the beam. In an incrementally thin layer 

(of thickness dz) in which the atmosphere can be considered horizontally and vertically 

homogeneous, the particle-scattering cross section for incident light at wavelength t.. and a 

spherical particle of radius r is O's(t..,r). It provides the constant of proportionality needed 

to determine the change of intensity (or flux density for a plane parallel beam) of a beam, 

I(t..;80;1j>0;z), traversing a sourceless medium at altitude z with thickness dz containing a 

density n'(r,z) of randomly distributed particles of radius r. That is 

[

r
max 1 F (A,z)dz 

dF /10 (A,z) = f (1s(A,r)n'(r,z)dr --,f.L~o!....--__ 

r . /10 
nun 

(2.1) 

where 1.1.0 = cos 80 and dz is the incremental path length traversed by the plane parallel 
1.1.0 

radiation arriving from direction (80,1j>0 = 0) as it passes through the layer whose thickness 

is dz. 

The (dimensionless) optical depth at wavelength t.. and height z, t(t..,z), is defined as 

r max ZT r max ZT 

-r(A,z)= f f (1s(A,r)n'(r,z' )dz' dr= f (1s(A,r)n(r)dr f c(z' )dz' 

r min Z Z 

ZT 

It was seen in Equations (1.3) and (1.4) that for z = 0, f c(z')dz' = C and Cn(r) = nc(r). 

o 

We'll set 
r max r max 

-rO(A) = -r(A,O) = f (1s(A,r)nc(r)dr = f nr2Qs(A,r)nc(r)dr (2.2) 
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where Q,(1c, r) = ("'~~~ r)}, the dimensionless particle scattering efficiency, and <o(1c) is 

the total atmospheric optical depth. Note that with this definition of t(A., z), it follows that 

rmax 

d-r(A,r) = - f (Is(A,r)n' (r,z)dr dz (2.3) 

Incorporating this result into Equation (2.1) with boundary conditions FI1O(A.,zT) = Fso' the 

known incident flux density from direction (80, <1>0) at the top of the atmosphere and 

t(A.,zT) = 0, then Equation (2.1) becomes 

dF
II 

(A,z)+F
II 

(A,z)d'l'(A,z) =0 
r-o r-o 110 

and we find that 

_ 1'(II.,z) 

110 

When the measurement height z is taken to be 0, t(A., 0) = to(A.) and 

_1'0(11.) 

F 110 (,1,0) = F So e 110 

(2.4) 

Assuming no sources other than the sun, a similar derivation for the intensity would yield 

_ 1'0(11.) 

1(,1, 0o,f/Jo,O) = 1(,1, Oo,f/Jo,zT)e 110 
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The result outlined above is the well-known Beer's Law. It is formulated here with 

an optical depth defined in terms of a particle scattering cross section (or scattering 

efficiency) and a columnar particle size density. There are two important points to be 

observed in this derivation. First, a knowledge of the solar constant Fso and a 

measurement of the flux density at the bottom of the annosphere allows us to determine the 

optical depth toeA). Thus the optical depth will be the data in this experiment. Second, the 

optical depth is an FIE1 with the particle-scattering cross section, O"s(A, r), as the kernel 

and the columnar aerosol size density, nc(r), as the unknown. It has the form 

rrnn 

'roOl) = f (}s(A,r)nc(r)dr (2.5) 

2.2 Optical Depth Kernel 

The kernel of the optical depth has some special properties that need to be considered. 

The kernel is derived based on the interaction of an incident plane electromagnetic wave 

with a homogeneous isotropic sphere of known index of refraction. Based on Maxwell's 

equations, the electrical and magnetic vectors obey the vector wave equation. The solution 

of this vector equation in spherical coordinates is determined based on the solution of the 

scalar wave equation with boundary conditions at the surface of the sphere and at arbitrarily 

large distances from the sphere. The far-field approximation of this solution is used to 

determine O"s(A, r). In the discussion in Section 2.1, it was seen that the FIE 1 kernel can 

also be expressed in terms of the scattering efficiency: 

(2.6) 

This kernel takes the form (after Liou, 1980, p. 138): 
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(2.7) 

where an and bn are the scattered wave coefficients (Mie coefficients) and m = m(A) is the 

relative index of refraction of the sphere (assumed real here). Define x = 2m as the size 
A 

parameter, and assume m(A) = m is constant. Let the spherical Bessel functions of the first 

and third kind be denoted as 

_ ~ 7!X (2) ~n(x) - 2 H n+1I2 (x) 

where In+l/2(X) is a Bessel function, H~211/2 is a Hankel function of the second kind, and 

y = mx. Then the scattered wave coefficients are 

(
21Cr )_ ( )_If!'n(Y)lfIn(x)-mlfln(Y)lf!'n(x) 

an -,m -an x,m -
A If!' n (Y)~n (x) - IfIn (y)~' n (x) 

(2.8) 

(2.9) 

Note that the prime indicates the derivative with respect to the argument: 'I"(x) = d'l'(x)/dx. 

Based on Equations (2.6)-(2.9), we can now see that the scattering efficiency Qs(A, r) is 

indeed a function of the ratio x = 2m. 
A 

Equation (2.5) for the optical depth can now be expressed as 
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(2.10) 

For k = 2n, the wave number, the size parameter defined above is simply x = kr. Thus, 
"A 

we get the optical depth in the form 

'max 

= ~ J h(kr)nc(r)dr 

(2.11 ) 

'min 

where 

(2.12) 

2.3 Scattering Angular Phase Function P(0,"A) 

In Section 2.1, we considered direct solar viewing and determined the atmosphere's 

optical depth as a function of wavelength based on a knowledge of the incident plane

parallel solar flux density Fso and the measured flux density at the earth's surface 

(FIlO("A,O)). We saw in Section 2.2 that this led to an FIE1 with a special kernel. Let us 

now consider a blue sky or (angular) aureole measurement. The geometry of this case is 

shown in Figure 5. The discussion in Section 1.4 and the coordinates shown in Figure 2 

lead to an assumption that our measurement is made with <1>1 = 0 (and hence 0 = 8). This 

can be generalized with little added complexity. In this case, we are measuring the intensity 

at a fixed wavelength observed at some measurement angle (81,<1>1 = 0). The intensity 
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observed at the bottom of an incremental layer of thickness dz located at altitude z is 

composed of previously scattered radiation I(A.,8},<I>l = 0, z) arriving from direction 

(81,<1>1 = 0) and some fraction of singly scattered radiation that was scattered into direction 

(81.<1>1 = 0) in the layer dz. 

As seen in Equation (2.4) of Section 2.1, the plane-parallel flux density arriving at 
_ -r(A..z) 

altitude z out of direction 80 is F f.1o (Il, z) = Fso e f.1o . Let POI be the fraction of the 

scattered incident plane-parallel flux density per unit solid angle that appears in the direction 

designated by 81 in Figure 5. Then the intensity added in this increment into the direction 

81 toward the observer is 

-r(A.,z) r 
--- max d 

P01Fs e f.1o J Cis(ll,r)n'(r,z)dr.-!.. 
o ILl 

rmin 

(2.13) 

where III = cos 81. Thus, as in Section 2.1, the change in intensity in the incremental layer 

between altitudes z and z - dz is 

-r(A.,z) r 
--- max d 

-POlFs e f.1o f Cis(ll,r)n'(r,z)dr.-!.. 
o ILl 

rmin 

Use of Equation (2.3) for the differential optical depth leads to 
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This well known differential equation can be simplified by the use of a multiplication factor 
1'(A,z) 

e J11 to get 
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d I (A, OJ, ¢J., z)e III = 01 So e 110111 
[ 

r(..t,z)] P F _r(..t,Z)(111-110) 

d'r(A, z) J.ll 
(2.14) 

For 110 '# Ill, the solution is 

(2.15) 

where A is a constant to be determined by the boundary conditions. At first glimpse, the 

case 110 = III (or cos 80 = cos 81) might seem vacuous. However, the geometry 80 = -8} 

is a meaningful measurement geometry as can be seen in Figure 5. In this case, we get 

from Equation (2.14) 

Hence, 

r(..t,z) _ r( ..t,z) 
P F T(A ) --

I(A,(J},<p},z)= a} So ,z e III +Be III 
J.l} 

(2.16) 

The constants A and B in Equations (2.15) and (2.16) can be determined from the 

boundary conditions. These conditions are I(A,8}'$I,Zr) = 0 and 't(A,Zr) = 0; that is, the 

optical depth at the top of the atmosphere is zero and the intensity arriving at the top of the 
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atmosphere from direction (81,<1> 1) is zero. These boundary conditions yield that 

A = POlFs 110 and B = 0. We conclude that 
o 111 -110 

110 * 111 

(2.17) 
'l'(A.,z) 

~ F r(A ) --
I( '1 8 A. ) = 01 So ,Z PI 

/l., 1, '1'1, Z e 
111 

110 = 111 

The implication of this result is that a measurement of the flux density FIlO(A,Z) as 

discussed in Section 2.1 (to get the optical depth t(A,Z)) and a measurement of intensity 

I(A,81,<I>I,Z) can be used to determine POI. POI is the scattering angular phase function 

p(e,A) for the case in which light arriving from (80,0) is scattering into the observed 

direction (8 I ,0). That is, 

cos e = cos 80 cos 81 + sin 80 sin 81 cos( ¢I - ¢O) = cos 8 

We will examine the form of this function in Section 2.4. For the measurements taken at 

the bottom of the atmosphere (so that t(A,Z) = tOeA)), we get for 110 * Ill. 

110 * III (2.18) 

110 = III (2.19) 
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2.4 Kernel for Scattering Angular Phase Function 

The theoretical form of the experimental data POI = P(8,A.) will be presented in this 

section. POI will be shown to be an FIE 1 with a complicated kernel. Recall that POI is the 

fraction of the scattered flux density arriving from direction (80, <1>0 = 0) that appears per 

unit solid angle in direction (81,<1>1 = 0) toward the observer. POI is defined for a column 

of particles and thus is not a function of altitude z. The POI term has been theoretically 

determined by Mie (1908) and described in numerous other sources (see for example 

van de Hulst (1957». 

For the case being discussed here, Herman (1961) has examined the form of the 

particle angular scattering function. For a particle of radius r illuminated by an unpolarized 

beam of unit flux density arriving from direction (80,<1>0 = 0), the intensity appearing in 

direction (8 1,<1> I = 0) is 

(2.20) 

It has units Of[sr :iitlcle]. The intensity functions il and i2 are defined as 

. ~ { 2n+1 [ (2nr I., (2nr) ]}2 ll(O,r,A)= ~ n(n+1) an T,m rn(cosO)+bn T,m vn(cosO) (2.21) 

i2(8,r,A)= f { 2n+1 [bn(_27r_r,m llln(coso)+an(_27r_r,m)vn(coSO)]}

2 

(2.22) 
n=1 n(n+1) A r A 

( 
ll) P~ (cos 8) J.ln cos (] = .....:.::...;...---'-

smO 
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d [ 1 ] dpl (cos 0) . vn(cosO) = - Pn(cosO) = n (-SIn 0) 
dO dcosO 

and P~(cos 8) is the associated Legendre polynomial. The an and bn tenns are the scattered 

wave coefficients defined in Equations (2.8) and (2.9) of Section 2.2. The intensity 

functions are clearly a function of the size parameter x = 2~r = kr. This functional 

relationship can be denoted as 

and 

So 

il (O,r,ll) = il (O,kr) 

S(O,kr) = -4[il (O,kr) + i2(0,kr)] 
2k 

(2.23) 

To determine POI, we observe in Equation (2.13) that the column along (81,<\>1 = 0) in the 

incremental layer between z - dz and z has intensity scattered in the direction of the observer 

of magnitude 

-r(A,Z) r 
--- max d 

P01Fs e 110 f O"s(ll,r)n' (r,z)dr"":' 
o )11 

rmin 

(2.24) 

Similarly, we observe that S(8,r,A) is defined in Equation (2.20) such that Equation (2.24) 

must equal 



42 

-r(A.,z) r 
--- max d 

Fs e 110 f S«(J,r,A)n' (r,z)dr-=-
o f.ll 

rmin 

(2.25) 

From Equations (2.24) and (2.25), we see that 

r max r max 

POI f O"s(A,r)n' (r,z)drdz = f S«(J,r,A)n' (r,z)drdz (2.26) 

rmin rmin 

Integrating both sides from z = 0 to Z = ZT and solving for POI yields 

rmax 

f S«(J,r,A)nc(r)dr 

(2.27) 

where we have used Equations (1.3) and C2.2) to get ncCr) and 'toCA). Hence, using the 

wave number k = 21t formulation in Equation C2.23), we see that 
A 

C2.28) 

Once again, we have an FIE1 involving the unknown ncCr) and data that comes out of the 

optical measurement defined in Equation C2.18). Note that with this definition, 

4n 
f PC0,A)dQ=1 

a 
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where the notation indicates integration over all 41t steradians. 

2.5 Summary of Measurement Equation 

The calculations in Section 2.1-2.4 leading to Equations (2.11) and (2.28) have 

shown that our multisource measurements lead to a pair of FIE 1 s: 

(2.29) 

and 

1 'max 

P(8,k) = 2 J {[it (8,kr) +i2(8,kr)]}nc(r)dr 
2k '((k) 

'min 

(2.30) 

The measurement geometry from which this set of equations arises was shown in Figures 3 

and 5. The actual n equations derived from the multisource measurement are 

(2.31) 

(2.32) 
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where p + q = n is the total number of measurement. It is emphasized that the p optical 

depth equations for wave numbers k1 to kp (Equation (2.31)) are data derived from the 

spectral transmission measurements described in Equation (2.4). Similarly, the q scattering 

angular phase function equations for angles 81 to 8q and fixed wavelength k (Equation 

2.32) are data derived from the angular scattering measurements described in Equations 

(2.18) and (2.19). These p + q = n equations are to be solved for the common unknown 

columnar particle size density ne(r). 

2.6 Van de Hulst Anomalous Diffraction Approximation 

The general kernels shown in the FIE1s of Section 2.5 are so complex that it is 

difficult to understand their behavior and properties and also time consuming to compute 

numerically. In particular, any special properties that these kernels have that might be 

exploited in the solution of the equations need to be determined. In fact, we have already 

mentioned a very important property in the case of the optical depth kernel. We have seen 

that it contains a function, h(kr) = (kr)2Qs(kr), whose independent variable is a product 

called the particle size parameter (x = k r = 2 ~ r) 

We will consider the van de Hulst anomalous diffraction approximation for the 

scattering efficiency in this section and the Fraunhofer approximation for the intensity 

functions in Section 2.7. Fymat (1978) and Coulson (1988) list a number of forms for this 

approximation as well as an outline for the conditions under which it is valid. These 

conditions include a real index of refraction (no absorption) m such that m - 1 is much less 

then 1 and a large (relative to 1) size parameter x = kr. The scattering efficiency, Qs, can be 

approximated in the following two forms: 

[ ]

1/2 
Qs(kr) = 4 7r H 3/2(2(m-1)kr) 

4(m -l)kr 
(2.33) 
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where "3/2 is the Struve function of order 3/2. A second (and equivalent) form of the 

approximation can be derived by noting that 

( 
P )1/2( 2 J (2 )1/2( . COS p ) 

"3/2(P) = 2" 1+ p2 - trp sm p+-p- (2.34) 

Letting p = 2kr(m - 1) and substituting Equation (2.34) into (2.33) yields 

Qs (p) == 2 - i sin p + ~ (1- cos p) 
p p 

(2.35) 

Figure 6 is a comparison of this approximation with points of the actual scattering 

efficiency from Equations (2.6) and (2.7). The numerical calculations for the actual Mie 

coefficients were verified by data in Penndorf (1957). Equations (2.33) and (2.35) show 

that Qs is known analytically in terms of simple trigonometric functions (at least to the 

degree that this approximation is valid). 
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From Equation (2.33), the kernel for the optical depth can be approximated by 

(2.36) 
a 3/2 = 2 (bkr) H 3/2 (bkr) 
k 

where 

4n ( n )1/2 (2n)3/2 
a = b3/2 4(m - 1) = b2 

b = 2(m-1) 

For all applications in this paper, it will be assumed that m = 1.5 and thus b = 1. Using 

Equation (2.36) in Equation (2.29), the optical depth measurement equation becomes 

rmax 

r(k)= ka2 f (bkr)3/2H3/2(bkr)nc(r)dr (2.37) 

rmin 

Equation (2.37) clearly shows the form of the dependence of the kernel on the size 

parameter x = kr and gives a simple form for the kernel. 

2.7 Fraunhofer and Small Angle Approximations 

The Fraunhofer approximation is useful in the solar aureole measurement equation for 

the case where the particle is large relative to the wavelength illuminating it. This means 

that the particle size parameter x = kr = 21t r would be large relative to 1. Liou (1980), 
A. 

Fymat (1978), and Hodkinson (1966) discuss this approximation. We also assume 

initially that 81 and 80 are almost equal, so that 8 = 81 - 80 is small and sin 8 == 8. In this 

case, we take 
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. «() k) . «() k) .«() ) 2 4 Jf(xsin ()) 
II ,r + l2 ,r = l ,x == x 2 

(xsin ()) 

(2.38) 

So we have from Equation (2.30) that 

r max 

I f 2 2 P«(),k) == 2 4 (rk()) J1 (rk())nc(r)dr 
k () r(k) 

rmin 

(2.39) 

Figure 7 is a comparison of the Fraunhofer approximation with the sum of the scattering 

angular phase intensity functions seen in Equations (2.21) and (2.22). The numerical 

calculations of the intensity functions were also compared with data published in Coulson 

(1988) and Shipley and Weinman (1978). In Equation (2.39), the independent variables in 

the kernel can be represented as a function of a product (rk8). Hence, we are once again 

dealing with a Mellin convolution. 

8.1 

8.05 r--__ __ 

9 (rad) 

7.95 "'-
7.9 J 12 (x9) /, 

20 
(x9)2 

, 
7.85 

7.8 
, 

FIGURE 7. Comparison of the Fraunhofer Approximation With 
Points of the Sum of the Intensity Functions i l + i2 for x = 2 and 
m = 1.33. 
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Note that the small angle approximation for the sine is not actually required to put the 

kernel in the proper form although it is necessary for the Fraunhofer approximation. Let 

z = sin e, then 

. «() k) . «() k ) =:? 4 Jf(xsin (}) 2(xz)2 J2( ) 
11 ,r + 12 ,r - _x . 2 - 4 1 xz 

(xsm ()) z 

Then the FIEl becomes 

'max 
1 f 2 2 P(z,k) == 2 4 (rkz) J1 (rkz)nc(r)dr 

k z r(k) 
'min 

(2.40) 

Examination of this Fraunhofer approximation has again given us a simple analytical model 

for the kernel. This model helps to understand the kernel's behavior in the cases in which 

the approximation applies. Even more important to what is to follow, for the case of 

forward scattering, we have discovered that the kernel approximation once again contains 

the independent variable in a product form. 

2.8 Approximate Multisource Measurement Equations 

Based on the van de Hulst anomalous diffraction approximation and the Fraunhofer 

approximation discussed in Sections 2.6 and 2.7, we are left with 

(2.41) 

for the optical depth data and 
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1 'max 

P(z,k) == 2 4 f (rkz)2 ir(rkz)nc(r)dr 
k z r(k) 

'min 

(2.42) 

for the solar aureole measurement. This leads to the following set of n = p + q 

measurement equations: 

(2.43) 

Recall that a and b are defined in Section 2.6 and are not functions of z = sin e, r, or k 

(unless the index of refraction varies with k). Note further that the solar aureole 

measurements could be made at more then one wave number k, which would lead to an 

obvious modification in the equations above. Henceforth, we assume this measurement to 

be made at the single wave number leo. 

The next step in this process is to properly parameterize Equations (2.41) and (2.42). 

The natural dimensionless parameter in this problem is the particle size parameter 
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x = 2; r = kr. Since the angular measurements represented by Equation (2.42) are made 

at one wave number leo, we can let t = kor. Then dt = leodr and Equation (2.42) becomes 

(2.44) 

Since the goal is to simultaneously solve Equations (2.43), the same parameterization of 

Equation (2.41) is required. The k = 2; seen in Equation (2.41) represents a collection 

{k}, k2, ... , kp } as seen in Equation (2.43). The leo discussed above could be one of the 

values of this collection or it could be a distinct value. In either case, Equation (2.41) can 

be expressed as 

(2.45) 

The physical nature of ndr), the particle size density, is such that the function is zero 

(or modeled as vanishingly small) for r sufficiently small or sufficiently large. Hence, our 

measurement equations can be expressed as 

(2.46) 

and 

(2.47) 
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In practice, we will see that a less stringent condition involving how ne(r) converges to 0 as 

r goes to 0 or 00 will suffice. 

2.9 Summary of the Reformulated Measurement Equations 

For reasons (discussed in detail in Section 4.4 and 5.5-6) that involve the consistency 

of the equations, the existence of the solutions, and the necessity for bounded operators, 

the above equations need to be refonnulated. Let us consider the unknown to be 

where td is sometimes called a profiling factor. We will see that d must satisfy 3 < d < 4. 

To work a concrete (and convenient) example, let us assume d = 7/2. We will now be 

working with refonnulated equations that have as an unknown 

(2.48) 

Let II = bk and v = z= sin () == (). Then using Equations (2.46) and (2.47), we can define 
ko 

the refonnulated measurement equations as 

and 

3 00 

ko-c(k) J -2" f )d H(u) = 2 3/2 = (ut) 3/2 (ut) (t t 
ab u 0 

00 

G(v) = kgzl/2 P(z,ko )-c(ko) = f (vt)-3/2 ihvt)!(t)dt 
o 

(2.49) 

(2.50) 
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This will be discussed in detail in Section 5.6. Recall from Section 2.6 that b = 2(m - 1). 

We will assume that the index of refraction of the scattering particles is m = 1.5. Thus, 
k 

b = 1.0 and u = k
o
' 

Figures 8 and 9 contain plots of the kernels seen in Equations (2.49) and (2.50), 

respectively. Clearly, H(u) and G(v) are still data derived directly from the measurements. 

The unknown particle columnar size density n{ ~) = 1" 7/2f(t) can be found once f(t) is 

known. 

0.1 

0.08 --1S! 0.06 (I') 
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FIGURE 8. The Kernel for the Refonnulated Optical Depth 

Measurement. 
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Phase Function Measurement. 

2.10 Atmospheric Particle Size Density Shape Function Model 

54 

In Section 1.3, the atmospheric particle size density (n'(r,z», the atmospheric altitude 

number concentration function (c(z», the columnar particle size density (nc(r», the 

atmospheric particle size density shape function (n(r», and the total particle columnar 

concentration (C) were discussed. Coulson (p. 80) states" ... for practical purposes, the 

bulk of the natural aerosol, in terms of total mass, number density, and radiative effects, is 

in the size range 0.04 to 10 ~m radius." Other authors make other selections ranging from 

0.01 to 100 ~m for the minimum and maximum particle sizes. For a measurement in the 

visible and perhaps near infrared (0.4 to 1 Ilm wavelength), this corresponds to a size 

parameter (x = kr) range from about 0.25 to 157. In this section, we will look at model 

shape functions that will be used for a test of this inversion procedure. 
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The Gamma Distribution (see Liou, (1980), Smith (1993), or Coulson (1988» is 

defined as 

f3a+l r a 
n'(r,z) = c(z) e-fJr 

f'(a + 1) 
(2.51) 

where a and ~ are positive parameters and 1 is the gamma function. From Equation (1.3), 

we see that 

f3a+l r a 
n (r) = Cn(r) = C e -fJr 

C f'(a+l) 
(2.52) 

Based on the Deirmendjian (1969) haze H model described in Smith (1993), we can define 

n(r) with a = 2 and ~ = 20 L.l~]' Then 

3 2 
() 20 r -20r n r = e 

1(3) L~] (2.53) 

where r has units [~m]. As required, n(r) has been normalized in the sense that 
00 

f n(r)dr = 1. The peak (mode) for this density is readily seen to occur at rm = 0.1 ~m. 
o 

This density function is shown plotted in Figure 10. The function n(r) has some favorable 

convergence properties for large and small r. It is easy to show that 

and 

lim n(r) = 0 as r2 
r-')o 
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FIGURE 10. Atmospheric Particle Size Density Shape 
Functions From the Deirmendjian Haze H Model. 

Referring back to Equations (2.48), (2.52), and (2.53) we see that for t = kor 

203 ( t )2 -20~ 
!(t)=Ct7/2 - - e ko 

f(3) ko 

[ 
~art ] 

m .f1m 
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(2.54) 

provided ko has units ~m-l. Recall that ko is the wave number at which the angular 

scattering measurements are taken. If ko = 10.47 [~] (which corresponds to 

A = 0.6 ~m), and for convenience C = 1 [m-2], then 
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it (t) == 36. 489tll12 e -1.91t (2.55) 

This function is shown plotted in Figure 11(a). It has its peak at t = 2.88. For a choice of 

ko = 8.3776 [llm-1] (corresponding to a wavelength of Ao = 0.75 Ilm), we see from 

Equation (2.54) that our unknown becomes 

(2.56) 

This function is plotted in Figure 11 (b). It has a peak value at t = 2.304. For 

ko = 5.0 [llm-1], our unknown becomes 

(2.57) 

This function has a peak at t = 1.375. It is shown plotted in Figure 11(c). 
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(a) ko = 10.47 and n(r). 

FIGURE 11. Reformulated Unknown. 
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2.11 Measurement Noise Model 

The noise model used is a pseudorandom number generator that will generate a 

number uniformly between [-s, +s] where s > O. This zero mean process has a standard 

deviation of 

s 
aN = .{3 = O. 5773s (2.58) 

The amplitude of s is selected based on the measurement amplitude (say H(u». The signal

to-noise ratio SIN for a measurement whose amplitude is H(u) is 

s _ [H(u)f _ 3[H(u)f 
N - ~ - s2 

If ~ = 100, it follows that 

.{3 
s = -H(u)= 0.1732H(u) 

10 

(2.59) 

(2.60) 

For a ~ = 100 process, a random number from the interval [-0.1732 H(u), 0.1732 H(u)] 

will be added to the true measurement. That is, the noisy measurement is HN(U) = H(u) + 

R[ -0.1732, 0.1732] H(u) = R[O.8268, 1.1732] H(u) where the notation R[ -0.1732, 

0.1732] signifies a random number selected from the designated interval. An arbitrary 

S . h N = So reqUIres t at 

s= IT H(u) 
~so 

(2.61) 

Another way to look at noise is to consider the noise standard deviation as a 

percentage of the measurement amplitude. Consider a random number distributed 

uniformily in the interval [1 - E, 1 + E] (to be designated R[1 - E, 1 + ED. Then the noisy 

H(u) is R[l - E, 1 + E] H(u). This has a mean value of H(u) and a standard deviation 

equal to 
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So the ratio of the standard deviation to the amplitude of the data H(u) is just ~. A 1 % 

noise process occurs when 

e -J3 = 0.01 

That is, E = 0.01732. Equation (2.61) shows that this is equivalent to a ~ ratio of 10,000. 

This latter percentage method appears in the inversion literature and will be used in the 

studies to follow. 
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3. THE MELLIN TRANSFORM 

The Mellin transform, its properties, and its relationship to the Fourier transform will 

be seen in Section 5 to be an important part of this problem. This section has three 

purposes: First, the Mellin transform and its operational properties will be reviewed; 

second, the relationship between the Fourier and Mellin transform will be demonstrated; 

and finally, the Mellin transforms of the reformulated measurement equations will be 

presented for later use. A summary of the pertinent aspects of this transformation will be 

presented in Sections 3.1-3.6. The relationship to the Fourier transform will be covered in 

Sections 3.2-3.4. In Section 3.7, the transform will be applied to the kernels from Section 

2.9. Finally, Section 3.8 is a summary of the asymptotic properties of the Bessel and 

Struve functions that are being used in this study. It is emphasized that the intent of this 

section is to summarize the properties of the Mellin transform and show that it can be 

viewed in terms of the Fourier transformation theory. Thus, justification for theoretical 

questions about the Mellin transform can be addressed through reference to Fourier theory. 

The following summary material on the Mellin transform is taken from texts by Morse and 

Feshbech (1953), Erdelyi (1954), Zemanian (1987), Stakgold (1979), Okikiolu (1971), 

Taylor (1961), Churchill (1958), Apostol (1964), Abramowitz (1968), and Aseltine 

(1958). 

3.1 Definition 

The Mellin transform is highly suited for use with Fredholm integral equations of the 

first kind whose kernels have independent variables that always appear in a product form. 

This type of equation is known as a convolution of the Mellin type. For suitable real f(x) in 

L2 (0,00) the Mellin transform is defined as 

00 

Fm(s) = J !(x)xs-1dx = M[J(x)](s) 

o 
(3.1) 
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Throughout this discussion the notation M[f(x)] will be used unless the presence of the 

independent variable is required for clarity. 

The transform exists for a range of s in which the integral is finite. Letting 

s = v + iro, v and ro real, and noting that Ixi(J) I = 1, then the Mellin transform exists for 
00 

all s = v + iro whenever f t(x)x V-Idx exists. In this discussion, the case v = 1/2 will be 

o 

of particular importance. The reason for this will be seen in Section 4.4. 

3.2 Relation to the Fourier Transform 

For any value of s, the Mellin transform is related to the Fourier transform by a 

simple change of variables. Following Morse and Feshbech (1953), for s = ik let x = eZ• 

Then dx = e7-dz and for any f such that x-I f(x) E LI (0,00) 

00 I 00 

Fm(s)= f t(ez)(ezy- eZdz= f g(z)eszdz 
-00 -00 

where 

Note that for s = ik and x-I f(x) E LI (0,00), g(z) ELI (-00,00). Thus for s = ik [or k =-

is], -00 < k < 00 

Fm(s) = ~2n:G(-is) (3.2) 

where the classical Fourier transform is for g ELI (-00,00) n L2 (-00,00) 



00 

G(k) = ~J g(z)eikzdz = F[g](k) 
-y2n 

-00 
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(3.3) 

Theorems valid for Fourier transforms can now be applied to the Mellin transform. This 

includes both operational properties and sampling considerations. 

3.3 Fourier Integral Theorem 

Consider the implications for the form of the inverse Mellin transform based on 

classical Fourier transform considerations in L2 (-00, 00). Note that in the material to follow 

after this section, we will usually be in Ll (-00,00) n L2 (-00, 00) 

Theorem (after Morse and Feshbach (1953» 

Let g(x) E L2 (-00, 00) and 

1 +a 
G(k,a) = r.=t= J g(x)eikxdx 

-y2n 
-a 

Then there exists G(k) E L2 (-00, 00) such that 

lim {jIG(k,a)-G(k)12dk}~O 
a~oo 

-00 

where G(k) is seen in Equation (3.3) for g(x) E Ll (-00, (0) n L2 (-00, 00). Further, if 

then 

1 a . 
g(x,a) = r;:;-:: J G(k)e-lkxdk 

-y2n 
-a 
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lim { jlg(x,a) - g(x)1
2 dx} -7 ° 

a~oo 
-00 

Parseval's formula holds and the mapping g -7 G is isomorphic from L2 (-00, 00) to 

L2 (-00,00): 

+00 +00 

fIG(k)12 dk = flg(x)12 dx (3.4) 
-00 -00 

3.4 The Mellin Integral Theorem 

The important results required in this work are best stated in a specialization of a 

theorem by Okikiolu (1971). 

Theorem (Okikiolu) 

If the function f(t) is such that rl/2f(t) ELI (0, 00) and f(t) E L2 (0,00), then for 

-00 < ro < +00 

1) Fm(~ +iro )=""2n jg(8)e-i
{t)fJd8 

-00 

(3.5) 

= ""2nF[g](-ro) 

where g(S) = e-9/2f[e-9], -00 < S < 00 

2) M[f(X){~ + iro ) 

can be extended to a bounded operator from L2 (0, 00) to L2 (-00, 00). 
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(3.6) 

and the isometry extends to all L2 (0, 00) 

2 
00 a (1 . ) 1 (1 ) - -+l(O 

4) lim J f(t)-- J Fm -+im t 2 dm dt=O 
a~oo 2n b 2 
b~ooo -

5) If 

converges for almost all ° < t < 00, then 

00 (1 . ) 1 1 - -+l(O 

f(t) = - J F (-+im)t 2 dm 
2n m 2 

(3.7) 
-00 

We'll let Q = (f(t) E L2 (0,00) : t-1/2f(t) E L1 (O,oo)}. 

3.5 Selected Mellin Integral Theorem Proofs 

To indicate how these theorems can be demonstrated, proofs for the relationship between 

the Mellin and Fourier transfonn for s = ~ + iro (Equation (3.5) and the Mellin Parseval-like 

formula (Equation (3.6)) will be provided. 

The demonstration of Equation (3.6) depends on the relationship between the Fourier 

transform and Mellin transform for the case s = ~ + iro as seen in Equation (3.5). This 

latter result will be shown first. 
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Proof: 

Since rl/2f(t) E LI (0, 00), we saw in Section 3.1 that Fm(~ + iro) exists. From 

Equation (3.1) 

00 1 

Fm(±+iCO )= f f(t)ti(lJt-2dt 
o 

Let t = e-9 where -00 < e < +00. Then d t = -e-9 de and 

00 ° 
Fm(± + ico )= ff[e-O]e-i(lJ°e-2dO 

-00 

00 

= fg(O)e-i(lJ°dO 
-00 

= .v2nF[g](-co) 

where g(e) = e-9/2 f[e-9] and F[g](+ro) is defined in Equation (3.3). We can use Equation 

(3.3) rather than the more general definition seen in Section 3.3 because f E Q implies 

g E Ll (-00,00) n L2 (-00,00). This important result is easy to demonstrate. For f such 

that t-1/2f(t) E Ll (0,00), consider 
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00 

Ilt-1/2 f(t)III = flt-l12 f(t)ldt 
o 

00 

= fle012 f[e-O]I(e-O)dO 
-00 

00 

= flg(O)ldO = Ilg(O)IIt 
-00 

where, as above, t = e-9 and g (8) = e-9/2 f[e-9]. We will prove below that g € L2 (-00,00). 

This demonstrates Equation (3.5). So the existence of Fm(1/2 + iro) implies the existence 

of ~ 21t F[g]( -00) for g as defined above. Note that this means by Parseval's formula that 

IIF[g](-m)lb = IIF[g](m)lb = Ilg(t)lb 

provided g € L2 (-00,00). This is true since g(t) = e-t/2f[e- l ] implies that 

-00 -00 

o 

where x = e- l and we've assumed f € L2 (0,00). So g € L2 (-00,00) means IIF[g]1I2 exists 

also. 

To demonstrate Equation 3.6, consider 



68 

= -v2n IIF [g](m)lb 

(by Parseval' s formula) 

1 

= ~{Ilf(t)12 dt r 
= -V2n llf(t)lh 

where as above, t = e-9, 0 < t < 00. 

3.6 Special Properties 

Several important properties of the Mellin transform are stated without proof (see for 

instance Zemanian (1987) or Erdelyi (1954». For a and b denoting constants, 

M[af(x)] = aF m(s) 

M[J(ax)] = a-sFm(s)fora > 0 

M[xa f(x)] = F m(s + a) 

M[J(1/ x)]=Fm(-s) 

The ratio and product forms of the convolution are respectively: 

(3.8) 
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and (3.9) 

M[ xa I i f(Y)k(XY)dY] = Fm(I - s-a+b)Km(s +a) 

Hence, the Mellin transfonn space separates FIEls with this special convolution fonn in 

their kernels just as the Fourier transfonn separates the standard convolution. Since the 

equations of interest in this work are convolutions of this type, it is not surprising that the 

Mellin transfonn would be of interest. 

Finally, it is of interest to note that the Mellin transfonn has operational properties that 

make it useful in solving the Euler differential equation 

dn dn-l 
n Y n-l Y 

x dxn + alx dxn- l + ... +any = 0 

In particular 

is readily seen to reduce the solution of the Euler differential equation to finding the roots of 

an algebraic equation. 
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3.7 Examples 

In practice, the Mellin transform of a function like Ji(z) is found in tables (e.g. 

Erdelyi (1954)). Thus, 

(3.10) 

where B(s, t) is the Beta function, r is the gamma function, and -2 < Re(s) < + 1 is the 

range of existence for the transform. Note that 

and 

B(s,t) = r(s)r(t) 
r(s+ t) 

00 

r(s) = f e-xxs-1dx = M[e-x] 
o 

r(s + 1) = sr(s) 

Putting these factors together, we get 

Then, 

(3.11) 

(3.12) 

(3.13) 
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The source of the requirement that -2 < Re(s) < + 1 is based on considerations for the 

existence of the transform integrals. It is known that (see Haberman (1983)) 

and 

Then for some sufficiently large a > O. 

00 

will converge if 

00 00 

J .!.xS-1dx = J x s- 2dx 
x 

a a 

converges. For this integral to exist, Re(s - 2) < -1, and thus Re(s) < + 1. Similarly, as 

x -7 0, consider 

a a J x 2x s- 1dx = J xs+1dx 

o 0 

For this to converge, Re(s + 1) > -1 or Re(s) > -2. Combining these results, the Mellin 
2 

transform of J 1 (x), 
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00 

M[J;(x)] = f J;(x)xS-1dx 
o 

exists for -2 < Re(s) < + 1. 

Applying the operational properties seen in Equations (3.8) and the result seen in 

Equation (3.10) to the kernel found in Equation (2.50), it is immediately seen that 

(3.14) 

where -~ < Re(s) < +~. Using a similar approach with x-2 "3/2(X) (see Equation (2.49), 

we see first that 

(3.15) 

where - ~ < Re(s) < - ~. The operational properties of the Mellin transform then give us 

that 
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(s-2)-1 (S-2 3) {[ 3J7r} -2 2 r -2-+"4 tan (s-2)+i"2 

Hm(S)=M[X H3/2 (X)]= rG-T) 

for - ~ < Re(s-2) < - t. Thus 

(3.16) 

where -~ < Re(s) < +~. 

3.8 Asymptotic Properties 

The following asymptotic properties are listed for future reference: 

J;(x) -7 0 as x2 as x -7 0 

2 1 J 1 (x) -7 0 as - as x -7 00 

x 

"3/2(x) -70 as x 5/2 as x -7 0 

"3/2(X) -7 00 as xl/2 as x -7 00 



4. THE FREDHOLM INTEGRAL EQUATION OF 
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In Section l, there was an overview of the study being presented in this paper. 

Section 2 was a detailed look at the physics that concluded with various fonns of the 

measurement equations to be simultaneously solved. Section 3 discussed the Mellin 

transfonn and gave pertinent examples whose importance will be seen in Sections 5 and 6. 

In this section, there will be a discussion of the mathematics associated with this problem. 

The goal will be to give a clear definition of what is meant by an ill-posed problem and to 

characterize in mathematical tenns the FIEl being studied here. 

4.1 Overview 

It should be clear at this point that the mathematics of this discourse revolves around 

the inversion of a Fredholm integral equation of the first kind (FIEl). The equations being 

examined are of the fonn 

b 

g(y) = f k(x,y)f(x)dx 

a 

where g is the data, k(x,y) is the (known) kernel and f is the unknown that we seek. 

Examples of FIEls serve to illustrate the importance of this equation in mathematical 

physics. They include transforms (such as the Fourier, Mellin, and Laplace) and 

convolutions arising in optics, mechanics, and almost all areas of physics and engineering. 

To understand the problem being addressed here, we first fonnulate the mathematics 

in a Banach or Hilbert space setting where the difficulties encountered in solving the FIEl 

can be more clearly understood and resolved. A Banach space is a complete nonned linear 

(vector or function) space. The nonn will be designated IItll. An example of a Banach 
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space is the function space Co(a,b) composed of all continuous and real valued functions. 

The Co(a,b) norm is defined as 

11/110 = supremuml/(x)1 
a~x~b 

(4.1) 

We have already encountered two other examples of Banach spaces. These are Ll(a,b) and 

L2(a,b). The Ll(a,b) norm is 

b 

11/111 = f I/(x)ltit (4.2) 
a 

and the L2(a,b) norm is 

[
b ]112 

1I/Ib = ! I/(x)1
2 

tit (4.3) 

The functions in these last two Banach spaces are those real or complex valued functions 

whose norms (using Lebesque integration) are finite. 

A final example of a Banach space is the space £2 consisting of elements comprised of 

an infinite collection of real num bers (designated a = (ao, aI, a2, ... ) and a norm 

(4.4) 

A Hilbert space (defined here for a function space consisting of real or complex 

valued functions with a finite norm) is a complete linear space with an inner (or scalar) 
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product and the natural nonn. The inner product will be designated < f, g >. The notation 

f* designates the complex conjugate of f. The natural nonn is IIfll = < f,f>I/2. The Banach 

space L2 can be extended to a Hilbert space L2 by defining the inner product 

b 

< f,g >2= f f(x)g * (x)dx (4.5) 

a 

Neither of the first two Banach spaces mentioned above (Co(a,b) and Ll(a,b» can be 

extended to a Hilbert space. The nonn gives the functions in the space a sense of closeness 

and convergence whereas the inner product gives the functions in the space a sense of angle 

or orthogonality. The Hilbert space L2 is separable; that is, it contains a dense set with a 

countable basis. We will assume a separable Hilbert space (usually L2(a,b» throughout 

this paper. 

We can fonnulate our problem in tenns of an operator K mapping a function f E F 

into a function g E G where F with nonn IIfllF and G with nonn IIgliG are some Banach or 

Hilbert spaces. The mapping looks like 

b 

g(y) = Kf = f k(x,y)f(x)dx 

a 

where F is the space of possible solutions and G is the space of possible measurement data. 

As mentioned in Section 1, this is the inverse problem, and the solution process is called 

inversion. A direct problem would be to determine an unknown g E G from data f E F. We 

can now consider our problem in tenns of operators on function spaces. Our primary task 

in this section is to characterize the operator K and the function spaces F and G. 
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Mentioning several other standard definitions and theorems will be helpful. These 

can be found in detail in numerous sources including Stakgold (1979), Taylor (1961), and 

Hille (1972). A bounded linear mapping is one where a constant M such that 

IIKflIG ~ MllfllF exists for all f E F. A linear mapping is continuous if and only if it is 

bounded. Hence, only boundedness of operators needs to be considered. An operator K 

is compact (or completely continuous) if whenever (fn) is a bounded sequence in F, the 

sequence (gn = Kfn) has a convergent subsequence in G. A compact operator must be 

bounded. The converse, however, does not hold. If the mapping K is one-to-one, we 

define an inverse K-l that maps the range of K to the domain. For Kf = g mapping f E F to 

g E G, we define K-l as K-l g = f. K-l is bounded provided K can be bounded away from 

zero. That is, provided there exists m > 0 such that IIKflI > m IIfll 'V f in the domain. By the 

end of this section, the measurement equations will be shown to be bounded, self-adjoint 

operators whose inverse exists but is unbounded. 

4.2 III-Posed Problems 

The three questions that must be answered affirmatively to have a well-posed problem 

of mathematical physics are 

1. Does at least one solution exist (existence)? 

2. Is this solution unique (uniqueness)? 

3. Does the solution depend continuously on the data (stability)? 

A negative answer to any of these questions means that the problem is mathematically 

ill-posed. As mentioned in Section 1, the concept of well-posed and ill-posed problems 

was initially formulated around 1900. The fact that physically meaningful problems could 

be mathematically ill-posed was slow to be recognized. Stakgold (1979, p. 58) states, 

"Until recently it was sound dogma to require that every 'real' physical problem be well

posed. However, it is now understood that ill-posed problems occur frequently in practice 
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but that their physical interpretation and mathematical solution are somewhat more 

delicate." The problem of solving a certain class of FIE!s (or any operator equation that is 

equivalent to such an FIE!) is seen below to be ill-posed mathematically. This problem is 

in part a reflection of the sensitive nature of the underlying physics (e.g. the measurement 

being taken is not really very sensitive to the unknown being sought). 

Returning to the three questions asked to determine if a problem is well-posed, the 

existence and uniqueness of solutions are questions addressed throughout classical 

mathematics. These questions involve the determination of the conditions under which the 

inverse operation K-I exists. K-I will exist if and only if Kf = 0 has only the solution 

f = o. Stability is literally a matter of the solution depending continuously on the data. 

Since for operators, continuity and boundedness are equivalent, it is clear that for Kf = g to 

be stable, we must have that K-I is a bounded operator. K-I will be bounded only if the 

operator K is bounded away from zero; that is, only if a constant M exists such that IIKfll ~ 

Mllfll. We will see in the material to follow that this is not the case for the operators under 

consideration in this work. 

The purpose of this discussion is to examine the nature of ill-posed problems. It 

would be helpful to examine some examples in a reasonably rigorous mathematical setting. 

A Fourier cosine series representation on [0, 1t] with exactly known real coefficients 

(designated a = (ao, aI, a2, ... » is expressed 

gI(X) = ~ + - L ancosnx ~
oo 

'V 1C 1C n=l 

Let g2 be defined by the same Fourier cosine series with coefficients including some 

arbitrarily small error (in an 12 norm sense). Specifically, let c = (CO, ct, C2, ... ) where 

Cn = an + fin, n > 0, £ is an arbitrarily small real number, and CO = ao. Then 
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The exact and approximate coefficients (the data) are arbitrarily close together in an 12 

sense: 

For gl and g2 in the Banach space of real continuous functions CoCO, 1t), however, the 

solutions are arbitrarily far apart: 

IIg2 - glilo = sug~~~mlg2 (x) - gl (x)1 

= [2 supremum f (~)cosnx = e [2 f 1 y;; O~x~tr n=l n Y;; n=l n 

where we have taken x = 0. This sum is unbounded given any E > 0. Thus if we consider 

12 to be the space of possible data and Co to be the space of possible solutions, we see that 

no matter how close in an 12 sense our coefficients (data) a and c, we can never guarantee 

that our solutions are arbitrarily close in a Co sense. This demonstrates the well-known 

fact that for functions in CoCO, 1t), a Fourier series with approximate coefficients is 

numerically unstable. If instead we took the space G to be contained in L2(O, 1t), we will 

see below that this problem would be well-posed. This example also illustrates the 

important fact that a problem ill-posed for one selection of domain and range spaces could 

be well-posed in a different selection. As proof for this example, consider 
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Noting that the normalized set of functions, [ .In ,.J! cos nt] n = 1, 2, ... , forms an 

orthononnal basis in L2 (0, 1t) and by applying Parseval's identity, this becomes 

[ 
00 ]1/2 [00 2]112 

= 1lCn-ai = 1 (:) 

Since this can be made arbitrarily small, the problem is well-posed in this pair of Hilbert 

spaces. 

Let us now return to the inverse problem of solving an FIEL Consider again 
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b 

g(y) = Kf = f k(x,y)f(x)dx 
a 

where y E (a,b) and a and b are finite. We further assume that the kernel k(x,y) is 

continuous and has continuous first partials. We assume that g(y) E G c L2 (a,b) and 

consider the two examples where f(x) E F can be contained in either Co (a,b) or L2 (a,b). 

We then show that in both examples (that is, in either the Co or the L2 norm) this inversion 

problem is unstable and hence mathematically ill-posed. First consider F c Co (a,b). Let 

gl (y) = Kfl and f2(X) = fl (x) + N sin rox where Nand 00 are arbitrary positive numbers. 

Then 

b 

g2(y) = Kf2 =gl(y)+Nf k(x,y)sinmxdx 
a 

Clearly 

11ft - f2110 = supremumlft(x)- f2(x)1 = supremumlNsinm xl = N 
a~x~b a~x~b 

while 

2 JI/2 ! k(x,y)sinmxdx dy 

The smoothness assumptions on the kernel k(x,y) and that we can select 00 to be arbitrarily 
b 

large mean that f k(x,y) sin ooxdx and hence Iigl - g21i2 can be made arbitrarily small 
a 
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given any choice ofN. Since N can be selected as large as desired, however, it is clear that 

no matter how close gl and g2, f1 and f2 cannot be made arbitrarily close. 

As opposed to the Fourier series example, changing the space F to be contained in 

L2(a,b) does not make this problem well-posed. This can be seen by noting that 

This can be made arbitrarily large for any selection of ro > 0. 

In terms of an unbounded K-I, we in essence have shown above that we are not able 

to bound K away from zero. For fn = N sin ronx where ron = n, N = W. and g = Kf, 

we find that IIKfnll2fllfnll2 = IIgnll2lllfnll2 can be made arbitrarily small for functions IIfnll2 that 

converge to 1. Hence, there is no c > ° such that IIKfnll2 > c IIfnll2. Alternately, we showed 

above that the sequence (N sin ron x) is bounded. However, Kfn ~ ° as n ~ 00. For 

(a,b) = (0,00) and k(x,y) = k(xy) = k(u) ELI (0,00), this result is known as the Riemann-

Lebesque Lemma. 

The traditional methods for solving ill-posed problems fall into two categories. The 

first category is to restrict or redefine the data and solution spaces to make the problem 

well-posed. We were able to do this in the cosine series example. When this cannot be 

done, the problem falls into the second category and is genuinely ill-posed. It is finally 

noted that in applied mathematics, we are not always able to change the Banach or Hilbert 

space setting at will. This setting is frequently determined by the method by which the 

measurement error is specified and can be determined by physical or instrumental 

considerations beyond the control of the mathematician. 
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4.3 Special Properties: Convolutions of the Mellin Type 

We showed in Section 2 that the measurement equations could be formulated such 

that the kernels had the special property in which the independent variable was the product 

of two arguments; that is, we saw in Equations (2.49) and( 2.50) that the mathematical 

model for the two measurements took the form 

and 

00 

H(u) = J (ut)-2 H3/2(ut)f(t)dt 

o 

00 

G(v) = J (vt)-3/2 ir( vt)f(t)dt 

o 

(4.6) 

(4.7) 

We mentioned in Section 3 that the Mellin transform was highly suited to use with 

Fredholm integral equations of the fIrst kind whose kernels have independent variables that 

always appear in a product form. Equations taking the general form 

00 

hex) = J k(xy)f(y)dy 

o 

are known as convolutions of the Mellin type. We saw further in Equation (3.9) that the 

Mellin transform of a Mellin convolution took the form 

(4.8) 



84 

Taking a = b = 0 in this equation, we see that 

Hence, the Mellin transform separates FIE 1 s with this special convolution form in their 

kernels just as the Fourier transform separates the standard convolution. 

Based on this property, we might use this very simple result to solve the Equations 

(4.6) and (4.7). It certainly appears that our solution can be found from 

or 

(4.9) 

where we have used the special properties seen in Equations (3.8). As pointed out in 

Section 4.2 the problem of solving the FIEI is inherently ill-posed and this unfortunate fact 

must somehow be dealt with. Changing the form of the solution does not make the 

numerical instabilities inherent in this problem disappear. Here the instability will manifest 

itself when the ratio of the Mellin transform of the (noisy) data (Hm) to the kernel (Km) 

becomes large and noise dominated. This will occur when Km becomes vanishingly small 

or goes to zero while the noisy Hm is non zero and relatively large. As in all ill-posed 

problems, ancillary information must be used as an inherent part of the solution process. 

The form of this information must be taken into account before deciding on the best method 

of solution. We could for example simply truncate the solution for values of the Mellin 
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frequency s that might cause problems. The effect of this process on our solution's fidelity 

and exactly when to truncate the solution are not really apparent from the form of the 

solution seen above. In Section 5, we examine an equivalent form of the solution in which 

the actual source of the instabilities is explicitly displayed as well as review possible 

methods of solution. 

4.4 Bounded Operators 

Stakgold (1979) defines and discusses Hilbert-Schmidt kernels and the 

corresponding (FIEl) operators. 

Definition 1 

A kernel k(x,y) for which 

b b 

J J Ik(x,y)1
2 
dxdy < 00 (4.10) 

a a 

is a Hilbert-Schmidt kernel. These kernels are shown in Stakgold to be compact and hence 

bounded. 

In the examples considered in this study, a = 0, b = 00, k(x,y) is real and 

nonnegative, and k(x,y) = k(xy). We readily show that integral operators with kernels of 

this form (Mellin convolutions) are not Hilbert-Schmidt. Let u = xy and du = ydx. Then 

00 00 00 00 

J J Ik(xy)1
2 

dxdy = J J Ik(u)1
2

(du / y)dy 
o 0 0 0 

00 00 

= f (dy / y) f Ik(u)1
2 

du 
o 0 
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This is clearly unbounded. Thus Mellin convolutions with (a,b) = (0, 00) are not Hilbert

Schmidt operators. However, for a and b finite and k(u) E L2(a,b), the Mellin convolutions 

are readily seen to be Hilbert-Schmidt and hence compact. 

In fact, the Mellin convolutions under consideration originally (Section 2.8) were not 

even bounded operators. In Section 2.9, these operators were reformulated. We'll show 

here that these reformulated Mellin convolutions are bounded operators. To accomplish 

this, we need the Parseval-like formula for Mellin transforms seen in Equation (3.6). 

Theorem: 

Let k(x) and f(x) be in L2 (0,00) and x-1/2k(x) and x- 1/2f(x) be in Ll (0,00), then the 
00 

Mellin convolution .J k(xy)f(y)dy is a bounded operator. 
o 

Proof: Recall from Section 3.4 that n = [f(t) E L2 (0, 00) : f- 1/2f(t) E L} (0, oo)}. Thus, 

we've assumed that f and k are in n. 

To show that the Mellin convolutions under consideration are bounded operators, we 

must show that for 

00 

g(x) = f k(xy)f(y)dy = Kf(x) (4.11 ) 

o 

there exists finite M > ° such that 

or equivalently that 

2 
00 00 00 

f f k(xy)f(y)dy dx ~ M2 flf(xf dx 

o 0 o 
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From Equation (3.9), we saw that the Mellin transfonn of the Mellin convolution seen in 

Equation (4.11) is 

(4.12) 

for values of s such that the transfonns all exist. Letting s = 1/2 + iro, -00 < 0) < +00, this 

equation becomes 

(4.13) 

provided each of these Mellin transfonns exists. We know from Section 3.1 and Equation 

(3.9) that they will exist provided 

00 00 

f !(t)t- I /2dt and f k(t)t-l/2dt 

o o 

all exist (and this has been assumed). From the Schwarz inequality, Equation (4.13) yields 

Since f and k E L2(O, 00), Equation (3.6) shows that 
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and 

So 

(4.14) 

where IIk(x)lI~ = M2 exists since k E L2 (0,00). But as seen in Equation (3.5), Om (triw) 

=...; 21t F[h](-ro) where h(8) = e- 9/2 g[e-9]. So 

and F[h](ro) E L2 (-00,00). We've seen above that rl/2 g(t) E LI (0,00). So h(8) E LI 

(-00,00) as seen in Section 3.5. We have now shown that h (8) E LI (-00,00) and 

F[h(8)](w) E L2 (-00,00). Using the fact that Fourier transforms are isometries on L2 

(-00, 00), it follows that 

h(8) e LI (-00,00) n ~(-oo,oo) 

and from considerations seen in Section 3.5 we get g(t) E n. 

Thus, Mellin convolutions under consideration are bounded operators mapping 

functions f(t) from n onto n provided the kernel k(x) is such that 

X- I/2k(x) ELI (0,00) 

and 
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k(x) E L2 (0,00) 

(or equivalently k E 0) 

To show k(x) E L2(0,00), consider 

o 

for the reformulated operators under consideration. Referring to Section 3.8 and Section 

2.9, we see that the two reformulated kernels have asymptotic behavior as follows: 

(X)-3/2 ilex) -7 ° as (x)l/2 for x -7 ° 

(X)-3/2 flex) -7 ° as (x)-5/2 for x -7 00 

00 

In Sections 5.7 and 5.8, we will see that x- I/2k(x) ELI (0,00). Clearly f Ik(x)12dx will 
o 

exist and hence these operators are bounded. 

4.5 Self-Adjoint Operators 

In this section, we show that the Fredholm integral equations of the first kind under 

consideration are self-adjoint in L2 (0, 00). For Mellin convolutions, the proof requires that 
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the operators are bounded (as seen above) and that the real valued kernels have the property 

that k(xy) = k(yx). Then 

< K!,g >= I [I k(XY)!(Y)dY}(X)dx = I !(yH k(yx)g(x)dx ]dY 

=< [,K * g >=< [,Kg> 

and we conclude that K = K* and the operator is self-adjoint. 

4.6 Operator Classification and Properties 

In this section, we have seen that for f and k in n, the Mellin convolutions under 

consideration are bounded and self-adjoint. In Section 5, we will find the real eigenvalues 

and eigenvectors of these operators. It will be shown that the eigenvalues A.~, 0 < ro < 00, 

are real, non-zero, and asymptotic to zero. That is, 

Further, the eigenfunctions p~ (t) form a complete orthogonal set for f(t) En. That is, as 

will be seen in Section 5.2.5, 

00 00 

[(t) = f a~p~(t)dm+ f a~p~(t)dm (4.15) 

o 0 

almost everywhere where for 0) > 0 

00 

+ J + + am = [(X)Pm(x)dx =< [,Pm >2 
o 
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and 

To show K is one to one and that K-I exists, assume the contrary. That is, assume there is 

f(t) '* 0 such that Kf = O. Express f as in Equation (4.15). Then 

00 

= J {Ata~p~(x) + A~a~p~(x)}teo 
o 

= g(x) =0 

Since f(t) '* 0, at least one am '* O. Suppose a~, '* O. Then since the p~ (x) are orthogonal 

(as seen in Section 5.2.4), 

00 00 

J J {Ata~p~(x) + A~a~p~(x)}deop~,(x)dx 
o 0 

00 

= Ata~, = J g(x)p~,(x)dx = 0 
o 

But 'A! > 0 => a:, = O. This contradicts the assumption that a~, '* O. A similar 

arguement establishes that all a~, '* O. Hence, f(t) = 0 and our operators are 1-1. 



92 

A similar argument can be used to show that K-I is unbounded. From Section 4.2, it 

was noted that K-I is bounded if and only if K can be bounded away from zero. That is, if 

there exists M > 0 such that 

IIKflh ~ Mllflh 'Vf 

where f e L2 (0, 00) and rl/2[(t) eLl (0,00). Suppose there is such an M > O. Select 0)0 

such that IA~I < M. This can always be done since A~ -7 O. Let ret) be such that some 

a~ > 0 for 0) ~ 0)0' Such a f must exist since the space under consideration is complete. 

Let 

00 

jet) = J a;p;(t)dm 
roo 

Then 
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00 00 2 

IIKjll~ = f f k(xy)j(y)dy dx 
o 0 

2 
00 00 00 

= f f k(xy) f a~p~(y)drody dx 
o 0 GOo 

2 
00 00 

= f f A~a~p~(x)dm dx 
o GOo 

2 
00 2 00 

S; f IA~o I J a~p~(x)dm dx 
o GOo 

But IA~ol < M. Hence 

contrary to assumption. Thus K cannot be bounded away from zero and our operator has 

an unbounded inverse. 

In Section 4, it has been shown that each operator under consideration is bounded and 

self-adjoint with an unbounded inverse. 
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5. EIGENSYSTEMS FOR MELLIN CONVOLUTIONS 

After a brief overview of this work in Section 1, we saw in Section 2 several forms 

of the measurement equations to be simultaneously solved. These included the exact forms 

(Sections 2.2 and 2.4), approximate forms (Sections 2.6 and 2.7), and the reformulated 

equations (Section 2.9). In Section 3, we reviewed the Mellin transform and calculated this 

transform explicitly for the reformulated measurement equations seen in Section 2.9. In 

Section 4, we saw that the reformulated measurement equations were bounded self-adjoint 

operators. We also saw that both the exact and approximate equations for the optical depth 

were Mellin convolutions and that the reformulated measurement equation for the scattering 

angular phase function was also a Mellin convolution. We saw the reason for the 

reformulated equations; the reformulated operators were shown to be bounded whereas the 

original were unbounded. 

We will present in Section 5.1 an overview that indicates some of the major 

approaches that have been used to solve equations of this kind. In Section 5.2, special 

emphasis will be given to the approach and results of McWhirter and Pike (1978) since 

their solution for the eigenfunctions and values will be an integral part of this work. In 

Sections 5.3 and 5.4, there will be some further discussion of the eigenfunctions and 

values for the reformulated measurement equations. In Sections 5.5 through 5.9, we will 

develop the eigenvalues and eigensystems for the two sets of equations. By the end of this 

chapter, we will be in a position to describe our major result-the use of multisource data 

to address the ill-posed nature of this problem. This theory and the supporting numerical 

results will be the topic of the sixth and final section of this paper. 
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5.1 Introduction and Survey 

In this section, a general overview of the literature including material to give historical 

perspective will be presented. As mentioned in Section 1.1, Hadamard (1902) is generally 

credited with distinguishing between ill- and well-posed problems of mathematical physics. 

His definition of a well-posed problem is stated in Section 4.2. However, he failed to 

realize that a physically meaningful ill-posed problem could and; in fact, frequently does 

arise. Examples exist in the literature from areas such as geophysics, optics, spectroscopy, 

gravimetries, atmospheric physics, and many other areas. An early paper on ill-posed 

problems was published in the Soviet Union by Tikhonov (1943). As described in 

Morozov (1984), Tikhonov set forth the concept of narrowing the definition of the domain 

of the operator (i.e., the solution space in our case) to yield an operator " ... well posed in 

the Tikhonov sense." This has also come to be known as conditionally well-posed. This 

early work of Tikhonov addressed the theoretical possibility of the problem being recast in 

a conditionally well-posed sense but did not address the problem of how to find the 

solution. 

Most of the activity in actually solving these ill-posed problems started around 1960. 

Phillips (1962) suggested a method using contraints to overcome the instability found in 

solving FIE 1. Twomey and Howell (1963) discussed the inherent instability found in the 

inversion process for the problem of ozone vertical distribution in atmospheric physics and 

Twomey (1963, 1965) extended the work of Phillips to address this problem. Twomey's 

work on constrained inversion is of particular interest because it examined problems in 

atmospheric physics. Tikhonov (I963a, 1963b) was proposing a similar approach that he 

called regularization (some authors now call this approach Tikhonov-Phillips-Twomey 

regularization to acknowledge the independent work). His work focused more on the 

theoretical aspects of the problem of converting an FIE 1 into a Fredholm integral equation 
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of the second kind whose solution could be shown to approximate that of the FIE1 of 

interest. Much theoretical and algorithm research has been conducted using contraints and 

regularization to solve these problems. It is covered in great detail from the Soviet 

viewpoint in Tikhonov (1977) and more recently by Morozov (1984). Groetsch (1984) is 

an excellent modern (readable and evenhanded) overview of the Tikhonov-Phillips

Twomey regularization theory. 

From a more operational viewpoint, Twomey (1977) gives an overview of many 

approaches to inversion as well as examining many experimental and practical 

considerations. These include numerous iterative methods. Bertero et al. (1988) examined 

a singular system approach to the inverse problem with discrete data. They also give a 

review of the major approaches to resolving the instability inherent in this problem. 

Numerous statistical approaches have also been attempted including one by Strand and 

Westwater (1968) using a least square error process that can be used with Twomey's 

constrained linear inversion method. Other statistical approaches include methods like that 

of Heintzenberg et al. (1981) in which one attempts to duplicate the data based on an 

iterative least square error to determine the unknown particle size distribution. 

Recent trendy approaches include the use by Elden and Schreiber (1986) of a systolic 

array with a custom design to execute a Tikhonov-Phillips regularization. Vemuir and Jang 

(1992) have proposed a neural network to solve the problem. 

Many works have investigated the use of transform or orthogonal function 

approaches. These are of great interest because of their close relationship to the main work 

in this paper. Fymat (1978) examined a transform method to solve separately both of the 

measurements being studied here. Koo and Hirleman (1992) did a survey of transform 

methods for forward scattered light using the Fraunhofer approximation and compared the 

major five integral transform methods including an approach similar to the work of Fymat 

mentioned above. Ben-David, Herman, and Reagan (1987) used a set of orthogonal 
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functions based on a library of known particle distribution functions or a priori knowledge 

of the potential particle distributions. They used this expansion in conjunction with other 

contraints where required. 

From the viewpoint of the work being reported in this paper, McWhirter and Pike 

(1978) derived the eigenvalues and eigenfunctions associated with Mellin convolutions. 

They used these to develop an inversion technique separately applicable to each of the 

inversion problems mentioned in Section 2. This extremely important work and its 

implications will be discussed in great detail in Sections 5.2-4 and applied in Sections 5.5-8 

to the multisource data case. Although the eigensystem developed by McWhirter and Pike 

is used as a part of the solution process derived in this paper, their actual method of 

inversion is not used. Bertero and Pike (1983) applied the theory of McWhirter and Pike 

(1978) to the single source problem of determining particle size distributions using the 

Fraunhofer approximation as described by Equation (2.50). Parallel but similar results that 

I have derived for use in the multisource data case are presented in Section 5.8. Similarly, 

Viera and Box (1985) applied the theory of McWhirter and Pike (1979) to the single source 

anomalous diffraction approximation case seen in Equation (2.49). The parallel but similar 

results for the multisource data are found here in Section 5.7. They also discuss the more 

general case of using singular systems rather than eigensystems. The result reported in this 

paper for multisource data is readily extendible to this singular system case. 

Shaw (1979) attempted to use multisource optical scattering and spectral transmission 

measurements to do a single inversion. His approach was to compute a weighted 

quadrature and solve these linear equations using a constrained solution and Lagrange 

multiplier approach. O'Neill and Miller (1984) used multisource scattering and spectral 

transmission data from simultaneously taken measurements. They did a separate inversion 

and then used a somewhat subjective method to reconcile the different solutions in a 

fashion that would reproduce the original measured data within some error bounds. 
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At this point, the question of why we would be interested in another inversion scheme 

to add to the galaxy of existing schemes might be asked. It is important to clearly 

understand that the major result of this work is not simply a new inversion scheme. 

Instead, it is the use of multisource data as a part of the powerful eigenfunction approach to 

be discussed below. The significance of this work is that it can be used in conjunction with 

virtually any stabilization approach or can be used as it stands. It also provides a method 

for selecting experimental parameters to stabilize the solution process. This important 

perspective on the results of this paper will be elaborated on at the end of Section 6. 

5.2 McWhirter and Pike Summary 

McWhirter and Pike (1978) have found analytical expressions for eigenfunctions and 

eigenvalues for operator equations of the form 

00 

g(z) = K!(z) = f k(zt)!(t)dt 

o 
(5.1) 

whose kernel k E L2 (0,00) has the additional property that its Mellin transform Km(s) exists 

for Re s = l That is that k(z) possesses the property that 

00 

is finite. The space Q = {f E L2 (0, 00 : 1" 1/2 f(t) E Ll (0, oo)} is the key Hilbert space. It 

was seen in Section 4 that the operator K maps the set of f E Q onto Q for any k E Q. 

In this section, the results from McWhirter and Pike that are important for this work 

will be reviewed and summarized. There are several additions or modifications that have 

been added for use in this work. These will be clearly identified. In Section 5.2.1 to 



99 

5.2.3, the eigensystems are discussed in detail. All proofs in these sections are expansions 

or clarification of McWhirter and Pike's work. For this work, the important results from 

these sections are that for 0} 2: 0 and the kernel k(z) € Q seen in Equation (5.2) real valued 

the eigenfunctions are 

p~(z) = (1rZ)-1/2[ cos( o~m) )cos(m In z) + sin( o~m) )sin(m In Z)] 

p~(z) = (1rZ)-I12[sin( o~m) )cos(m lnz) - cos( O~m) )sin(mln z)] 

where the angular phase function 8(0}) is 

and 

8(ro) = arctan ({J(m»). 
a(m) 

00 

a(m)= f k(z)z-1/2cos(mlnz)dz 

o 

00 

{J(m) = f k(z)z-1/2 sin(mlnz)dz 

o 

In a very simple but important observation in what is to follow, I have noted that the double 

angle formulas yield a simpler and for more insightful form for p~(z): 

p~(z) = (1rz)-1/2 cos( o~m) - mlnz) 
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p~(z) = (nz)-1/2 sin( e~w) - Wlnz) 

It is hard to overemphasize how much this almost trivial observation has propelled my 

method of solution. The related eigenvalues take the fonn 

In Section 5.2.4, the orthogonality of these eigenfunctions in L2 (0,00) is developed in a 

generalized sense. In Section 5.2.5, it is shown that this set of eigenfunctions is complete 

for the set of f(t) E L2 (0, 00) such that 

OOf dt 
If(t)1 r: < 00 

o -vt 

Again, these discussions are amplifications or clarification of McWhirter and Pike's work. 

The reader can accept this summary and skip the rest of Section 5.2 or refer back as 

needed. 

5.2.1 Eigensystem 

McWhirter and Pike solve for eigenfunctions pi(z) and eigenvalues A; in the 

equation 

00 

f + + + k(zt)Pi(z)dz = A"SPi(t) (5.2) 

o 

For Km(s) = M[k(z)](s), they show that 
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(5.3) 

and 

(5.4) 

whenever Km(s) and Km(1-s) both exist. This result is readily verified by substitution of 

Equations (5.3) and (5.4) into Equation (5.2). The index s is the complex valued Mellin 

frequency domain independent variable. Notationally, the independent variable s is being 

treated as an index at this point. It is emphasized that the eigenfunctions and eigenvalues 

are expressed in terms of the Mellin transform of the kernel. This suggests that if the 

kernel is known explicitly, the eigenfunctions and eigenvalues can also be found explicitly. 

McWhirter and Pike go on to show that the special subset of this collection of 

eigenfunctions, for which s = t + iro and ro ~ 0, forms a complete orthogonal basis for the 

space of f E L2 (0,00) functions satisfying 

00 

f If(v)lv-1
/
2dv < 00 

o 

The proofs will be shown below. We've seen in Section 4 that for k E L2 (0, 00) and z-l/2 

k(z) E Ll (0,00), Km (1/2 + iro) exists and the Mellin convolution seen in Equation (5.1) is 

a bounded and self-adjoint operator. Letting s = t + iro and using the notation 

+ (z) - PV2+iro(Z) 
Pro - 2(lrA:~)1/2 

- (z) - Pl/2+iro(z) 
Pro - 2i(lrA:t)1/2 

+ + 
Am = AI/2+iro 
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it is readily seen from Equation (5.3) that for z > 0 this subset of the eigenfunctions can be 

expressed in the form 

[ J
l/2 [ J1

/
2 

+ _ Km(~+im) z-(1I2+i(O) + Km(l-~-im) zl/2+i(O-1 

p(O(z) - 1/2 
2( 7rA~) 

(5.5) 

= Re[[ KmG+iro)r ,-(1/2+j.,)] 

(1CX~ )1/2 
(5.6) 

where from Equation (5.4) 

(5.7) 

The constant devisor 2( 1CA~ )1/2 is for convenience of form since these eigenfunctions can 

not be normalized in a standard sense. Note that the derivation of this last fonn for the 

eigenfunctions relies on the fact that z > 0 is real and the kernel is assumed to be real. This 

permitted us to use the fact that 
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where (a + ib)* = a - ib. It also clearly shows that in this case the eigenfunctions (as well 

as the eigenvalues) are a real valued continuum of functions. Similarly, 

(5.9) 

(5.10) 

5.2.2 Symmetry 

The fact that A~ = A~m and Equation (5.8) yields 

= 

Re([ Km(±+iW )r (z-1I2-iaJ)' r 

= p~(z) sinceRe(a + ib)* = a 

A similar argument and the fact that Im(a + ib)* = -b yields 
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Therefore, as McWhirter and Pike stated, p~(z) = ±p~ro (z). It follows that ro can be 

confined to non-negative real values: w ~ O. 

5.2.3 Eigensystem for a real valued kernel 

As noted above, the eigenvalues and eigenfunctions are real valued. In the 

expressions above, however, they are expressed in tenns of complex valued quantities. It 

is convenient when doing numerical computations and in proving the completeness of the 

set of eigenfunctions for s = i + iro, (() ~ 0, to express the real valued eigenfunctions and 

eigenvalues in tenns of real valued functions. This representation also leads to a novel 

(i.e., different from those appearing in the literature) method for characterization of the 

eigensystems associated with the operators. As above, assume the kernel k(z) is a real 

valued function of the real variable x > O. Let 

and 

These quantities can be computed explicitly for the case where the kernel k is real: 

00 

= f k(z)z-I/2(cos(mlnz)+isin(mlnz»dz 

o 
= a(m) + i[3(m) 

(5.11) 

(5.12) 



Thus, as McWhirter and Pike stated, 

and 

Clearly 

00 

a(ro) = f k(z)z-l/2cos(rolnz)dz 

o 

00 

[3(ro) = f k(z)z -1/2 sin(ro In z)dz 

o 
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(5.13) 

(5.14) 

(5.15) 

In a polar representation of Km(t + ioo ), the quantity At, is simply the modulus. 

The argument is 

8(00) = arctan ([3(ro) J. 
a(ro) 

In this form 

Further 

(5.16) 
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Multiplying these last two equations together as seen in Equation (5.6) yields 

Similarly, 

Re[( KmG+iOJ)t Z-1/2-i"'] 
p~(z) = _.!::....-_-(--+-)"""'1/=-2---.....:::!. 

1l'Aro 

= (1l'Z)-I12[ cos( 8~OJ) )COS(OJ In z) + sin( 8~OJ) )sin(OJ In Z)] (5.17) 

=(1l'Z)-I12COs(8~) -OJlnz) (5.18) 

_ Im[( KmG+iOJ)t z-1/2-i"'] 
Pro(z) = -=----( -+-)-=-1/=2----= 

1l'Aro 

= (1l'Z)-1/2[ sin( f)~) )COS(OJ In z) - cos( 8~O) )sin(OJ In Z)] (5.19) 

= (1l'Z) -1/2 sin( 8~OJ) - OJ In z) (5.20) 

Equations (5.18) and (5.20) explicitly show the forms of the eigenfunctions and their 

relationship to a phase term 8(ro). The recognition of the importance of this phase term in 

characterizing the eigenfunction marks a departure from the work of McWhirter and Pike. 

This new approach will be examined in substantially more detail in Sections 5.3 and 5.4. It 

is worth noting that based on Equations (5.13), (5.14), and (5.16), the quantity 8(ro) can 
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readily be computed numerically. Equation (5.15) shows that Il~ is also readily 

computable. 

5.2.4 Orthogonality 

These eigenfunctions are orthogonal (in a distributional sense) but are not 

normalizable. This is readily seen in the demonstration of the orthogonality. This 

demonstration is given in some detail here since the proof presented in the paper is 

painfully brief and contains several errors. This discussion will use p~ (z) in the form 

seen in Equations (5.5) and (5.9). We will see that these equations can be related to results 

in Fourier theory to get orthogonality. Consider that for z E (0, 00) 

00 

< z -1/2+iw ,z -1/2 +iw' >2 = f z -l/2+iw z -1/2-iw' dz 

o 

Let z = eX and note that dz = eXdx. Then, the Fourier integral theorem (see Haberman 

(1983) or Stakgold (1979)) shows that the Dirichlet kernel is such that 

). +R 
1/2 ' 1/2" 1m f . ., < z - +zw ,z - +IW >2= R ~ 00 e-IWXe'W x dx 

-R 
(5.21) 

= 2no( w - w'), w;;::: 0, w';;::: ° 

where o(ro - ro') is the delta function. It is important to emphasize that the orthogonality is 

understood in the sense that 

e+R 

R~oo f z-I/2+iWz-I/2-iw'dz=2no(w-w') 

e- R 
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Clearly, this exact same result holds for <z-1/2-iro, z-1/2-iro'>2. Since O)? 0 and 0)' ? 0, it 

follows that 

< z-I/2+iOJ ,z-I/2-iOJ' >2=< z-I/2-iOJ ,z-I/2+iOJ' >2= 0 (5.22) 

Noting that the p~ are real and hence that [p~(z)]* = p~(z), it is seen from Equation (5.5) 

that for 0) > 0 and 0)' ;::: O. 

< p~(z),p;'(z) >= (_1 )7 
4n 0 

Equation (5.7) shows that 

It then follows that for 0) > 0 
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= c5( m - m'), m > 0 

For (0 = 0 and (0' ;::: 0, 
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2K1/2(.!.) 
= m 2 {[K1/2(.!.+im')+K1/2(~-im')]2n8(m')} 

( 
'I + + )1/2 m 2 m 2 

4n /\,OA co' 

= 28( m') 

since Km(i) = Ab. Similarly 

< p~(z),p~'(z) >= 8(m - m'), m> 0 

= 28{m'), m = 0 

and for ro > 0 
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< p~(z),p~,(z) >=< p~(z),p~,(z) >= 0 

Clearly, as stated above, the eigenfunctions are not nonnalizable in a standard sense 

because of the nature of the delta function derived from the inner product. As in the 

Fourier theory case, these orthogonality results must be interpreted in a distributional 

sense. 

5.2.5 Completeness 

As above, this development follows that found in McWhirter and Pike (1978) and is 

included to indicate the ties between the Fourier and Mellin theory. Consider the set of 

functions f(t) in L2 (0, 00) such that rIl2 f(t) ELI (0,00) (e.g. f E .0). We will show below 

that they can be expressed almost everywhere in tenns of the eigenfunctions: 

00 00 

I(t) = f a~p~(t)d{JJ+ f a~p~(t)dOJ (5.23) 

o 0 

where a~ is simply the projection of f(t) onto the eigenfunctions: 

00 

+ f + + aro = I(x)pro(x)dx =< I,pro >2 OJ> 0 (5.24) 

o 

Since x- I/2 f(x) ELI (0,00), examination of p~(x) in Equations (5.18) and (5.20) show 

that these projections exist. 
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For real kernels, it was shown in Equations (5.17) and (5.19) that the eigenfunctions 

p~(t) can be expressed as real valued functions ofreal variables. Thus, Equation (5.23) 

can be expressed as 

j (t) = (1ft r 1/2 I a;',; ( cos( I1~W) )<OS( win t) + Sin( 11~ ) )sin (w In t) )dW 

+( 1ft) -1/2 I a;;{ Sin( 11<;) )<OS( win t) - cos( I1~W) )sin (w In t) )dW 

= {2(t)-l!2 j C(m)cos(mlnt)dm+ (2(t)-1/2 j S(m)sin(mlnt)dm(5.25) y; 0 y; 0 

where 

C(m) = ~( a~ cosc~~m») + a~ sin( 9~»)) (5.26) 

and 

S(m) = ~( a~ sin( 9~m») -a~ cos( 9~m»)) (5.27) 

Letting t = eY and In(t) = In(eY) = y, then 

j(eY) = e-Y/2 [ ~I C( w) cos(llly)dw + ~I S( w )sin( Illy )dw ] (S.28) 

or finally 
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ey/2 !(eY) = (27 C(ro)cos(roy)dro + (27 S(ro)sin(roy)dro v;o v;o (5.29) 

At this point, it has been shown that if f(t) can be expressed as seen in Equation (5.23), 

then ey(2 f(eY) can be expressed as seen in Equation (5.29). We will interpret the two tenns 

on the right in Equation (5.29) as Fourier sine and cosine integrals. 

Recall that any function get) can be expressed in tenns of an even and odd function: 

get) = ge(t) + go(t). Further, it follows from the Fourier integral theorem that for gEL} 

(-00,00) n L2 (-00,00) 

and 

ge(t)= f2jc'(ro)Cosrotdro v;o 
(5.30) 

in the same sense that was discussed in Section 3.3. The C '(00) and S'(oo) correspond to 

Fourier cosine and sine transfonns of ge(t) and go(t), respectively. These will exist 

uniquely provided ge and go E L} (-00,00) n L2 (-00,00) which will certainly be true if g E 

L} (-00,00) nL2 (-00,00). That is 

00 

flg(t)ldt < 00 
-00 -00 

In Equation (5.29), let g(y) = ey/2 f (eY). Then g E L2 (-00,00) is equivalent to 



-00 

As usual, set t = eY dt = eY dy. Then 

00 2 00 

JeYlf(eY)1 dy=Jlf(t)12dt<00 
-00 0 

(Since we have assumed f(t) E L2 (0,00).) Note further that for the same substitution 

00 00 

Jlg(y)ldy = JleY!2 f[ ey]ldY 
-00 -00 

00 

= Jlf(t)lt-1/2dt < 00 

o 

(Since we have assumed 1"1/2f(t) E L1 (0,00». So g(y) E LI (-00,00) n L2 (-00,00). 
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The following summarizes the arguments above: Let f(t) E L2 (0,00) and r1/2f(t) ELI 

(0, 00). Then 

(1) For g(t) = ey/2f(eY), it follows that g(t) ELI (-00,00) n L2 (-00,00) 

(2) g(t) can be expressed as the sum of odd and even functions: 

ge and go are also in LI (-00,00) n L2 (-00,00) 

(3) g(t) can be expressed as the sum of Fourier sine and cosine integrals: 
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(5.31) 

~oo ~oo 
= - f c (m)cosmtdm+ - f S(m)sinmtdm 

1l'o 1l'o 

almost everywhere C'(ro) and S'(ro) are the unique Fourier cosine and sine transforms. 

(4) We have seen (Equation (5.29» that 

00 00 

g(t) = et/2 f[e t
] = f C(m)cosmtdm + f S(m)sinmtdm 

o 0 

Where the C(ro) and S(ro) were defined in Equations (5.26 and 5.27) 

Since Fourier transforms are isomorphisms in L2 (-00,00), it follows that C(ro) = 
C'(ro) and S(ro) = S'(ro) whenever C(ro) and S(ro) exits. Since the a! and ao exist, the 

C(ro) and S(ro) exist. p~(t) is thus complete on the space f(t) such that t-1/2f(t) E L} (0,00) 

and f(t) E L2 (0, 00); that is, f E Q. 

5.3 Discussion of the Eigenfunctions 

The Fourier Integral Theorem used in Section 5.2 above and discussed in Section 4 

in one form states that when f(x) satisfies the Dirichlet conditions and f(x) E L} (-00,00) 

then 

lim +R +00 
f(x+) + f(x-) 1 R f -irox f f( ) +irotd d ~---'---'O--_ = - -7 00 e t e t m 

2 21l' 
-R -00 

The continuum of orthogonal functions, e-iroX, has a very simple dependence on both the 

frequency, ro, and the independent variable x(or t). This is because the real and complex 
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parts of e-irox are simply sinusoidal (e-irox = cos rox - i sin rox) and the frequency 

dependence modulates these parts in a well-known and simple fashion. 

In the case under consideration, the situation is substantially more complex. The set 

of orthogonal eigenfunctions being used consists of 

(5.32) 

and 

p;;'(t) = (m)-1/2 sin( 9~W) - wlnt) (5.33) 

where the phase function 9(ro) depends in a complex manner on the kernel k(x) of the 

Mellin convolution under consideration. The dependence takes the form (see Equations 

(5.11) through (5.14) and (5.16)) 

9(w) = arctan (5.34) 

where 

1C 1C 
-- < 9(w) < +-

2 2 

For fixed ro> O. consider the asymptotic properties of these eigenfunctions. Once ro 

is fixed, the e~ro) term is simply a phase shift in the bounded sine and cosine functions. As 

t ~ 00, the p~(t) both converge to zero asymptotically as t-1/2. The fact that t appears as a 
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natural logarithm in the argument of the sinusoids in p~ means also that the frequency 

becomes arbitrarily low as t grows larger. Continuing with a fixed ro > 0, consider next the 

asymptotic properties as t ~ O. Recall that In 1 = 0 and In t ~ -00 as t ~ O. Hence, it is 

clear that both p~ (t) will have increasingly high amplitudes and frequency oscillations as 

t ~ O. Samples of this behavior will be seen later (see for instance Figures 14, 17, and 

18). 

For co = 0, the fact that 8(0) = 0 (as can be seen in Equation (5.34» yields 

(5.35) 

and 

(5.36) 

5.4 Discussion of the Eigenvalues and Phase 

McWhirter and Pike (1978), characterize the role of the eigensystem in the following 

manner: "The eigenfunctions may be regarded as basic element of information which retain 

their identity under the action of the integral operator 

00 

J k(x,y)pro(y)dy = Il ropro(x) 

o 

but are scaled in magnitude by the eigenvalue Aro. The larger the Aro the more efficient is 

the transmission of the corresponding information element through the integral. Elements 

for which Aro is sufficiently small are transmitted so weakly that they become lost in 

noise." Thus the information content of these integral operators can be characterized by the 

largest usable co before the ratio of the projections of the noise contaminated data onto the 

eigenfunctions (the generalized Fourier coefficients) to the eigenvalues become noise-
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limited. In this sense, McWhirter and Pike (1978) continue, "The faster Ac.o decays to any 

given noise level, the less information can be extracted from the equation." 

Although we have a complete orthogonal set for the space of f(t) e L2 (0,00) such that 

t-1/2f(t) e L1 (0,00) and our null space contains only the null element, this discussion shows 

that many of the eigenfunctions cannot be used, because, for sufficiently large 0), the 

eigenvalues become so small that the ratio 

00 

J(g(x) + n(x»)p~(x)dx 
+ + 

o = < g, Pm >2 + < n, Pm >2 

At A~ A~ 

(where g(x) is the true experimental data and n(x) is the measurement noise), becomes 

noise dominated. That is, A~ ~ ° while < n, p~> may not. Since the eigenfunctions are 

orthogonal, the more eigenfunctions used, the more information potentially available. Put 

another way, eigenfunctions that cannot be used due to the above considerations are in 

essence a part of the operator's null space. 

Recall that this paper is examining a mathematical model based on a series of 

measurements of the scattering phase function and the optical depth. These two types of 

measurements each have a different kernel and hence a different set of eigenfunctions and 

eigenvalues. However, examination of the eigenfunctions, p~(t) seen in Equations (5.32) 

and (5.33) shows that the only influence of the kernels on these functions, aside from the 

largest usable 0), occurs as a phase shift in the form of e~c.o). The implication here is that 

this phase term is the only thing that distinguishes the eigenfunctions associated with the 

two measurement equations. Further, the p~ and the p~ eigenfunctions differ only in the 

fact that they have a i phase shift. Thus, all the eigenfunctions associated with each type of 

measurement will differ only in phase. Since other authors have not attempted to combine 
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measurements and use orthogonal functions to address the ill-posed nature of this problem, 

the importance of this phase term has not been investigated. 

5.5 Measurement Equation Reformulation Overview 

In this section and the one to follow, the process of reformulating the measurement 

Equations (2.46) and (2.47) to get Equations (2.49) and (2.50) will be discussed. The 

requirements on the kernels to insure bounded, self-adjoint operators are seen in Sections 

4.4 - 4.5 to be k E Q; that is: 

(1) z-l/2 k(z) ELI (0,00) 

(2) k(z) E L2 (0,00) 

In Section 3.1, it is seen that the fIrst requirement is equivalent to requiring that Km(1/2 + 

iro) exist. The two original kernels seen in Equations (2.46) and (2.47) are 

and (5.37) 

In Section 3.8 the asymptotic behavior of Ji(z) and "3/2(Z) was described as z -7 0 and 

z -7 00 Clearly kl(Z) and k2(Z) are unbounded as z -7 00 and there is no hope for bounded 

operators. The strategy for reformulation was described briefly in Section 2.9. The 

columnar particle size density nC<r) must have no atmospheric particles whose radius is 

very large or infInitesimally tiny. Thus, nc(r) must have very strong convergence as r -7 0 

and r -7 00. Consider for instance the model in Equations (2.52) and (2.53). This 

behavior of nc(r) allows the selection of a reformulated unknown 
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where t = kat" and ko = ~: is the wave number at which the angular scattered intensities are 

measured. In this manner a factor of rd is incorporated into the kernels kl and k2 seen in 

Equations (5.37). That is, our reformulated kernels become 

and 

The goal of Section 5.6 is to select a suitable d. From Section 3.8, it is seen that 

and 

k4(z) = z2-d Jt(z) -) z2-dz2 = z4-d as z -) 0 

5.6 Reformulation of the Measurement Equations 

(5.38) 

As described in Section 2.9 and shown in Sections 4.4 and 4.5, the measurement 

equations must be recast to ensure that the operators are bounded and self-adjoint and the 

unknowns are consistent. In Section 5.5 the two requirements to accomplish this were 

stated as were the asymptotic properties of the reformulated kernel. To insure requirement 
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0), that z-1/2k(z) ELI (0, 00), we will examine the range of existence for the Mellin 

transforms of the kernels k3(Z) and k4(z) seen in Equations (5.38) to insure that s = k + iro, 

-00 < ro < 00 is in this range. The motivation for taking this approach is the Km (~ + iro ) 

is needed to compute the eigensystems as seen in Section 5.2. In this section we will justify 

the reformulation sketched out in Section 2.9. 

The two unreformulated kernels of interest were seen in Equation (5.37). The 

operational properties of the Mellin transform in Section 3.6 show that M[xdk(x)] = Km(s 

+ d). Thus, the domain of existence for the Mellin transforms of x3/2H3/2(X) and x2Ji(x) 

can be simply determined by examining the domain of existence of the transforms for 

H3/2(X) and Ji(x) and computing the required transform from the operational properties. 

In Section 3.7, we saw that M[H3/2(X)] exists for - ~ < Re(s) < -~. For the kernel 

x3/2H3/2(X) shown above, the range of s for which the transformation exists becomes - ~ 

< Re( s+~) < - ~ or -4 < Re(s) < -2. This clearly does not contain s = t + iro as required. 

Similarly, M[Ji(x)] exists for -2 < Re(s) < + 1. Again based on the operational 

properties, M[x2 Ji (x)] is defined for -2 < Re(s + 2) < + 1 or -4 < Re(s) < -l. As 

previously, this domain does not contain s = ! + iro. It is thus clear that both measurement 

equations need to be reformulated. Specifically, this means that the kernels of these 

equations, x3/2H3/2(X) and x2Ji(x), must be reformulated so that their transforms exist 

within a domain of Re(s) that contains s = t + iro. As seen in Section 5.5, the approach 

taken is to consider a new unknown 

Absorbing some of the powers of t = kor into ne(r) to create a new unknown f(t) will shift 

the range of existence of our kernels. Thus M[x-dx3/2H3/2(X)] exists for -4 < Re(s - d) < 
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-2 or -4 + d < Re(s) < -2 + d. Similarly, M[x-dx2Ji(x)] exists for -4 < Re(s - d) < -1 or 

-4 + d < Re(s) < -1 + d. To satisfy the requirement that the range of validity must contain 

s = ~ + iro, d must satisfy 5/2 < d < 9/2 in the first equation and 3/2 < d < 9/2 in the 

second equation. Thus, common reformulation requires that 5/2 < d < 9/2. The first of the 

requirements that our reformulated operators are consistent, bounded and self-adjoint is 

thus met. 

Taking d = ~ (which is clearly in the proper range) yields a consistent unknown in 

both measurement equations. This is 

The measurement equations can then be recast as seen in Sections 2.8 and 2.9. Starting 

with Equation (2.46) 

for the spectral transmission measurement. If we let u = ~, we can now define H(u) as 

k3t(k) oof -2 
H(u) = °2 3/2 = (ut) 83/2 (ut)f(t)dt 

ab u 0 
(5.39) 

Similarly, starting with Equation (2.47), 
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00 

1 f -3/2 2 = 3 1/2 (tZ) J1 (tz)!(t)dt 
koz -r(ko ) 0 

for the angular scattering measurement. Letting v = z = sin e == e, we can now define G(v) 

as 

00 

G(v) = kgvl/2p(v,ko )-r(ko ) = f (vt)-3/2 ifcvt)!(t)dt 

o 
(5.40) 

The second requirement stated in Section 5.5 was that k(z) E L2 (0, 00). To verify this, 

consider the asymptotic behavior seen in Equation (5.38). Ignoring constants, select a 

sufficiently small and b sufficiently large such that 

and 

These integrals clearly exist. A choice of d = 7/2 guarantees that Km (~ + i ro ) exists and 

k E L2 (0,00) for both kernels. Clearly, H(u) and G(v) are data that can be derived 

directly from the measurements and the experimental parameters. Further, Equations 

(5.39) and (SAO) are bounded, self-adjoint operator equations with a removable singularity 
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at the origin and for which the method of solving for the eigensystem described in Section 

5.2 is valid. The kernels z-2H3/2(Z) and z-3/2Ji(z) are shown plotted in Figures 8 and 9 of 

Section 2. 

5.7 The Reformulated Optical Depth Eigensystem 

In this section the eigensystem for the reformulated optical depth (Equation (5.39)) is 

determined. As mentioned in the overview (Section 5.1), Viera and Box (1985) used a 

similar analytic eigenfunction system to invert the optical depth equation. The major 

differences here include the formulation of the problem so that the multisource 

measurement unknowns are consistent and characterization using the phase term. Equation 

(3.15) shows that 

5 1 
where - 2 < Re(s) < - 2' The operational properties of the Mellin transform were used to 

get Equation (3.16) 

for - ~ < Re(s) < + ~. Given the consideration in Section 5.7, it comes as no surprise that 

the range of Re(s) contains the interval s = ~ + iro. 
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Sections 5.2.4 and 5.2.5 shows that an orthogonal basis complete for f E L2 (0,00) 

such that t-1/2 f(t) E L1 (0,00) determined from the eigensystem can be computed based on 

this Mellin transform of the kernel evaluated at s = k + iro. The Mellin transform in this 

case becomes 

[( 
1 ]] [n( 1. 1)] 
-+iltJ - + IltJ --

1 . _ ,(1/2+im)-3r 2 2 -± tan 2 2 2 

Hm(i + IltJ ) - [ (.!..]] 11 2 + IltJ 
r--

4 2 

.. h( 7rltJ) . lsm-
Noting that tan( l7rltJ ) = 7r~ and using the relationships (see Abramowitz(1968)) 

2 cosh-
2 

and Equation (3.13), we get 



But 

. 1 
lW--2 2 .. h( lUll) .../2n: r(im) = l sm -----:-

(3 - im )(1- im) 2 iW-.!. n: 
2 2 

'~ , h( n:m) r(im) =l -sm - --~~-

n: 2 (im - 3)(im -1) 

(im-2)r(im) (' 2)r(' 3) ---'----'---'---'--- = lm - lm -
(jm - 3)(im - 2)(im -1) 

since r(im) = (im - 1) (im - 2) (im - 3) r(im - 3), We are finally left with 
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(5.41) 

Noting that H:(~ + im ) = Hm(~ - im ). Equation (5,7) shows that the eigenvalues are 

From Abramowitz (1968) we know that 



( )

1/2 
Ir(1 + irol = l(iro)(iro -l)(iro - 2)(iro - 3)r(iro - 3)1 = ,nro 

smhnro 

This can be used to yield the final fonn for the eigenvalues 
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, h( nro) sm - {2 
A~(ro)=± 2 2 (5.42) 

~sinh(nro) ~ro(ro2 +1)(ro2 +9) 

Consider the behavior of A~(ro) as 0) ~ 0 and 0) ~ 00, It is clear that as (J) ~ 0, 

, h(nro) 
sm -2- [Sinh(nro)]1/2 
---"nro---'---<-~ 1 and nro ~ 1 , Therefore 

2 

As 0) ~ 00 

and 

+ l~ A/i(ro) ~ ±- - as ro ~ 0 
3 2 

, (nro) e
'U1J

/
2 

smh - ~--
2 2 

eTrw/2 
[sinh(nro)]1/2 ~ ----,{2=2-

Hence as 0) ~ 00, 

and 

sin{"f) ~ _1_ 

~sinh(nro) ..J2 
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As seen in Equations (5.18) and (5.20) the eigenfunctions associated with real 

kernels can be expressed as 

and (5.43) 

Equation (5.16) shows that the phase tenn is 

Equation (5.41) shows that the real and imaginary parts of Hm(t + iro ) are 

Re[ Hm(~+ im )] = {!sinh( n; ){-mRe[r(im -3)]+ 2Im[rUm- 3)]} 

and 

Based on these computations, the phase is 
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O {
-ltJIm[rUltJ - 3)] - 2 Re[r(iltJ - 3)]} 

h(ltJ) = arctan --~~-~-~......:..--~ 
-ltJ Re[rUltJ - 3)] + 2 Im[rUltJ - 3)] 

(5.44) 

The 1l~(ltJ) and the O~(ltJ) are both readily computable quantities. Figure 12 is a plot of 

the eigenvalues Il";; (ltJ) while Figure 13 is a plot of the angular phase function Oh(ro). 
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FIGURE 12. Eigenvalues Ilt(ltJ) for the Kernel z-2H3/2(Z). 
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FIGURE 13. Angular Phase Function Oh(ro) for the Kernel z-2H3/2(Z). 



Figure 14 shows the eigenfunctions ph~(t) for 0) = 3. 
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FIGURE 14. Simple Eigenfunctions ph~(t) for the Kernel 

z-2H3/2(Z). 

5.8 The Reformulated Scattering Phase Function Eigensystem 
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Next consider the reformulated scattering phase function (Equation (5.40)). Bertero 

and Pike (1983) were the first to use the analytic eigenfunction approach for the single 

scattering phase function measurement. Their formulation of the problem was slightly 
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different due to the harsher requirements of multisource data inversion mentioned in 

Section 5.7. 

We saw in Equation (3.14) that 

h I R ( ) 5 A . .. . h h' . 1. 0 w ere - 2 < e s < + 2 . gam, It IS no surpnse t at t IS range contams s = 2 + 1(0. nce 

again the Mellin transform of the kernel must be evaluated at s = ~ + iro. This is seen to be 
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_ 2ia>(-i(O)(1- i(O)f(-i(O)r(~ + T) 
- 4(~ -i~)(~_ i~r r3(~_ i~) 

_ 4(2ia> )(0«(0 - 3i)(1 + i(O)2r(-i(O)r4(~ + T) 
- (9+ru2)(1+ru2)l (±+ i~r 

Some additional simplification can be achieved by recalling from Abramowitz (1968) that 

(5.45) 
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Then we are finally left with 

The eigenvalues are found from Equation (5.7): 

~ ± 4m( ,h 9)11
2 

(1 + m
2 )Ir(im lllr(t + ~~J COSh

3( T ) 
n3(9 + ( 2

)( 1 + ( 2
) 

Again, referencing Abramowitz (1968) and Equation (5.45) we note that 

r(im) = n 
( )

1/2 

I I msinh(nm) 

So 

(5.47) 



As 00 ~ 0, we note that cosh ~ro ~ 1, ~ sinh 1tOO ~ ~, and 

+ 4 
A;g(m)~±-

3n 

Similarly, as ro ~ 00, 

Our final task is to find 8g(oo). Again, using Equation (5.16) we must compute 

From Equation (5.46), we see that 

Im[ 2i{J)(m - 3i)(1 + im)2r(-im)r4(~ + T)] 
R{ 2i{J)(m - 3i)(1 + im)2r(-im)r4(~ + i~)] 
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(5.48) 

;';(m) and 8 g(oo) are plotted in Figures 15 and 16. Figure 17 are plots of sample 

eigenfunctions pi(t) for ro = 5. Figure 18 shows the behavior of pi(t) for 00 = 5 near 

the origin. 
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FIGURE 15. Eigenvalues ,t;(CO) for the Kernel z-3/2Ji(z) 
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FIGURE 16. Angular Phase Function 9g(ro) for the Kernel 

z-3/2Ji(z). 
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FIGURE 17. Sample Eigenfunctions Pi<l) for the Kernel 

z-3/2Ji<z). 
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FIGURE 18. Sample Eigenfunctions p;(t) Behavior Near the 

Origin. 

5.9 Summary of the Eigensystems 
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As noted in Sections 5.3 and 5.4, the eigenfunctions p~(t) associated with each 

distinct Mellin convolution take the form 

p~(t) = (lU)-1/2 cos( 8~(J)) - (J) In t) 

and (5.49) 

p~(t) = (lU)-1/2 sin( 8~(J)) - (J) In t) 

differing only in the angular phase term 9(ro) (equal to 9g(ro) for pg~(t) and 9h(m) for 

ph~(t)). Thus, the eigensystems are completely specified by determining the eigenvalues 

and the angular phase functions. 

From Equations (5.42) and (5.44) of Section 5.7, it was seen that the eigenvalues 

and the angular phase function for the reformulated optical depth equation are 
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±.J2 sinh( lUlJ) 
Il~(m) = 2 

~m( m2 + 1)( m2 + 9)sinh(nm) 

and 

(J 
{
-m Im[rUm - 3)] - 2Re[rUm - 3)]} 

h (m) = arctan ---=-.:..--~-----=----=---~ 
-m Re[rUm - 3)] + 2 Im[rUm - 3)] 

Similarly, from Equations (5.47) and (5.48) of Section 5.8, the eigenvalues and angular 

phase function for the reformulated scattering phase function are 

and 

(Jg(m) = arctan 
Im[ 2iW(m - 3i)(1 + im)2r(-im)r4(~+ if)] 
Re[2iW(m-3i)(1+im)2r(-im)r4(~ + i~)] 

Examination of the eigenvalues seen above and in Figures 12 and 15 show that they are 

asymptotic to but not equal to zero. This behavior clearly suggests the difficulties with the 

inverse that lead to this problem being ill-posed. 
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6. METHOD OF SOLUTION FOR MUL TISOURCE DATA 

We have now reached the point where we can solve the multisource measurement set 

described in Section 2 for the common unknown. Recall that the major difficulty that we 

are attempting to overcome is the ill-posed nature of the equations being solved. The 

unbounded inverse operator requires us to come up with some scheme, usually involving a 

priori information, that will somehow limit the set of potential solutions and hence, 

overcome the inherent instability in the inversion. In the survey found in Section 5, we 

saw numerous methods (and types of a priori information) that have been used to solve for 

the unknown based on single measurements. Also described were methods for doing 

separate inversions (and hence separate stabilizations) for each data source of the 

multisource data and then combining them in some kind of weighted average to get a better 

estimate of the unknown. The major innovation in this work is the expression of the 

multisource data in a form that allows a single inversion using the eigensystems associated 

with the kernels. This approach uses the multisource data as an integral part of the 

stabilization process and thus reduces the requirements for a priori knowledge. What is 

more, the approach allows for an examination of the measurement parameter's influence on 

the stability of the inversion. This yields a powerful tool that enables the design of the 

experiment to optimize information content and stability. 

6.1 Multisource Measurement Equations 

The refonnulated measurement equations seen in Equations (2.49) and (2.50) lead to 

a set of p + q = n simultaneous equations to be solved for a common unknown: 

f(t) = t 7 12nc( -do) This set of equations is seen to be 



00 

H{ud = f (Ultr2H3/2{Ult)!(t)dt 
o 

00 

H(Up ) = f (Uptf
2H312(UPt)!(t)dt 

o 
00 

G(Vd = f (Vltr
3
/
2/f(vlt)f(t)dt 

o 

00 

G(vq ) = f (vqtf3/2/l(vqt)f(t)dt 
o 
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(6.1) 

Recall that each H(uj) and G(Vj) represent a known (but noisy) data point corresponding to 

some measurement parameter (Ui or Vj). 

6.2 Orthogonal Function Description 

The discussion in Section 5 indicates that the unknown f(t) can be approximated by a 

finite discrete summation of the orthogonal eigenfunctions in the same sense that this is 

done in the Fourier theory. That is, for some set of Mellin frequencies {ffij, j = 0, 1,2, ... 

N}, we get 

N N 
f(t)= (J)N L a~.ph~.(t)+ (J)N L a~.ph~.(t) 

N J J N J J 
}=O }=1 

(6.2) 

where the coefficients are found from 

00 

+ f + + aw.= !(t)phw.(t)dt=<!,ph'W.> , (J)j'>O 
J J J 

(6.3) 

o 
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and ph~. (t) are the eigenfunctions for the refonnulated optical depth equation as described 
J 

in Equation (5.43). This fonnulation, of course, shows an immediate problem; we cannot 

compute the values of the coefficients a~. because they depend on the unknown. 
J 

However, if we could in some way detennine these a~. independent of Equation (6.3), 
J 

we could use Equation (6.2) to detennine the unknown f(t). 

6.3 Linear Equations for Inversion 
+ If we now substitute Equation (6.2) into (6.1) (and recall that phOj. (t) are 

J 

eigenfunctions for the first p equations seen in (6.1», we end up with 

(6.4) 

where Il~ (m i) are the eigenvalues seen in Equation (5.42) and 
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(6.5) 

where i = 1, 2, ... q. 

Equation (6.4) is a set of p + q = n linear equations in 2N + 1 unknowns (a~j)' If 

we can solve for these a~. we can use them in Equation (6.2) to determine the common 
J 

unknown f(t). One approach is to require n = 2N + 1 and then solve the n x n matrix 

equation 

G(Vq ) 

_ mN 

N 

However, an even simpler form for 11~. (vi) can be found. Note that 
J 

(6.6) 
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(6.7) 

Similarly, 
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[
8h(m')-8 (m.)] [8 (m.) ] + cos J 2 g } (1l't)-1/2 sin g 2 ) - mln t 

[

8h(m.) - 8 (m .)] 
=sin } 2 g } pg~j(t) (6.8) 

[
8h(m')-8 (m.)] 

+cos J 2 g } pgwj(t) 

Substituting Equation (6.7) into Equation (6.5) it follows that 

(6.9) 

where we have used the fact that Ag( mj) = -)l~( m j) and that pg~j are eigenfunctions for 

Equation (6.5). Similarly, substituting Equation (6.8) into Equation (6.5) yields 
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(6.10) 

If we examine the implications of Equations (6.9) and (6.1 0) in the matrix seen in Equation 

(6.6), it is clear that the invertability of this matrix depends heavily on the behavior of the 

eigenvalues It ~ ( m j) and It~ ( m j) and the phase functions e g ( m j) and e h ( m j ). The 

matrix seen in Equation (6.6) becomes 

(6.11) 

Noting from Section 5.3 that when COo = 0, Sh(O) = Sg(O) = 0, and pg;;(Vj) = 0, we see 

that 

ph; (ui) = (11:U;)-1/2 

pg;(Vj) = (11:Vj)-1/2 

i = 1,2, ... ,p 

j = 1,2, ... ,q 

This leads to a simplification of the first column of Equation (6.11). We are left with 
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Incorporating Equations (6.9) and (6.10) into Equation (6.4) gives a more complete picture 

of the form of the equations to be solved then the elements of the matrix seen in Equation 

(6.12). The n equations are 

where i = 1, 2, ... , P and (6.13) 
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where k = 1,2, ... , q. All tenns in the matrix seen in Equation (6.12) can be readily found 

from Equation (6.13). A quick look at the set of n = p + q equations in n = 2N + 1 

unknowns seen in Equations (6.13) shows that all quantities are readily computable. In 
+ + 

fact, the Sg, Sh, A:g, and A"h required have already been seen in Sections 5.7-9. The 

eigenfunctions can also be computed once the experimental parameters and the set of ro are 

selected. 

Further reflection shows the power of this result for use in addressing the ill-posed 

nature of this problem. For one thing, the eigenvalues appear explicitly. The fact that these 

become vanishingly small is the major difficulty in the inversion. In the matrix seen in 
+ + 

Equation (6.12), it is clear that if the Ag (roN) and the Ah" (roN) are vanishingly small, two 

columns of the matrix will in essence be zero. An early step in the solution process is to 
+ + 

select our maximum ro, (ON, so that at least one of the quantities Ah (roN) or Ag(roN) is not 

"too small." How small is "too small" depends in part on the noise in the measurement. 

Next, we clearly can see the advantage of our multisource measurement approach. 

The final q rows of the matrix in Equation (6.12) and the first p rows are seen to differ only 
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if the eigensystems characterized by the eigenvalues and phase terms differ. The more 

"diverse" the multisource measurements (as "measured" by the differences in the 

eigenvalues and phase), the more "independence" there will be in the flrst p and last q rows 

of the matrix seen in Equation (6.12). Figure 19 is a plot of the difference 8h (0) - 8g (0). 

(
Oh(m)-O (m)] (Oh(m)-O (m)] 

Figure 20 shows the plots of cos 2 g and sin 2 g • Figure 20 

indicates that for the Mellin domain frequency 0) larger than 4 increased stability problems 

might be expected. This is due to the zero crossing of the cosine and the reduced rate of 

change for the sine at 0) == 4.4. 
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FIGURE 19. The Difference Between the Angular Phase 
Functions: 8h(0) - 8g(0). 
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6.4 Stabilization and Solution 
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The first step in the stabilization and solution process involves the selection of the 

maximum Mellin domain frequency roN and the frequency domain resolution L\ro = ~. 

Several factors must be considered. Recall from Sections 5.7 and 5.8 that the eigenvalues 
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t..~ (ro) and t..! (co) both go to zero as ro-5{2 as ro ~ 00. This is at the heart of the ill-posed 

nature of this problem since, as pointed out in Section 5.4, very small eigenvalues mean 

that the information content contained in the associated eigenfunction will be lost in the 

experimental noise. In fact, the unknown coefficients for f(t) in the solution method 

employed by McWhirter and Pike (1979), Bertero and Pike (1983), and Viera and Box 

(1985) solve for the unknown coefficients using equations of the form 

00 + 
+ 1 J + < g p;:, > a- = g(x)p- (x)dx = ~'-=-=-Ul_ 
m A±(CO) m A±(CO) o 

when g(x) is the measured data. For noisy data (g(x) + n(x», the coefficients become 

noise dominated as (0 ~ 00. That is, < g, p~ > converges to zero and 

+ + + 
± _ < g + n, Pro > _ < g, Pro > < n, Pro > 

am - + - + + + 
Am Am Am 

(6.14) 

± 
becomes dominated by the noise factor < n'~lI) > Since t..~ become smaller as ro grows, 

All) 

the noise in a~ is amplified for larger roo The authors mentioned above have done analysis 

on this effect and it will not be repeated here since our emphasis is on the role of the 

multisource data and the experimental design. Suffice it to say that a noise model must be 

considered when selecting roN as a part of the solution process. 

Another factor to be considered in the selection of (ON is the information content 

expected in the unknown. Of course, we don't know the unknown. However, based on 

previous measurements or models, we should have some model or set of models that we 

believe represent the unknown that is being measured. We can then determine the 
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infonnation content in these models by computing ideal a~ from Equation (6.3). The roN 

and N can be selected sufficiently large that the reconstruction off(t) seen in Equation (6.2) 

is as accurate as desired. Of course, this process is limited by the validity of the a-priori 

modeling in predicting the unknown, the considerations involving A,± (ro) ~ 0 and the 

measurement noise discussed above. For example the results of Ben-David, Hennan, and 

Reagan (1988) could be examined to detennine Mellin frequency domain infonnation 

content. Again, this paper is focusing on the use of multisource data so this latter path has 

not been pursued. 

The unknown model f1 (t) seen in Section 2.10 was analyzed for Mellin frequency 

domain information content. The coefficients for f1 (t) from Equation (2.55) were 

computed from 

00 

+ f + + am= f1(t)phm(t)dt=<h,phm> , m>O 
o 

These are seen in Table 1 for OON = 8 and .100 = ~N = 1. 
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Table 1. Actual Coefficients for the Unknown 
f1 (t) seen in Equation (2.55). 

00 
+ 

am am 

0 25.4202 

1 36.6639 -28.5378 

2 11.3303 -33.8059 

3 -4.59373 -22.856 

4 -8.42692 -10.2198 

5 -6.16107 -2.5743 

6 -3.03126 +0.301315 

7 -1.04868 0.736414 

8 -0.206584 0.462383 

Figure 21 shows a reconstruction of f1(t) plotted with the original f1(t) for OON = 4 and 

.100 = 1. Figure 22 shows a plot of reconstructions of f1 (t) with OON = 4, .1ro = 0.5 versus 

.100 = 1. This illustrates that increasing the frequency domain resolution beyond .1ro = 1 

has little influence on the fidelity of the reconstruction. However, smaller .1ro (and larger 

N) does strongly influence the stability of the solution process! Figures 23 and 24 show 

the reconstruction versus f1 (t) for roN = 5 and roN = 6, .100 = 1. For OON = 8, .1ro = 1, the 

reconstruction was not visibly different from the original f1 (t). Figure 25 is a plot of the 

reconstruction and the difference between f1(t) and the reconstruction for this case. 

This brief numerical study illustrates the fidelity of the reconstruction for various 

maximum Mellin domain frequencies OON and for .100 = 1 or 0.5. Of course, in a real 

experiment we wouldn't know f1 (t) and would have to conduct a similar study on a model. 

As mentioned above, a Mellin frequency domain analysis of the pseudo-empirical 

eigenfunctions found by Ben-David, Herman, and Reagan (1988) would be one potential 
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approach. However, the purpose here is to explore the use of multisource data. Hence, 

we conclude that an roN = 8 yields an excellent reconstruction while 0lN = 4 still yields a 

reasonable reconstruction. 

45 
"tIIIt-- f (t) 

30 

15 
~I--- RECONSTRUCTION 

FIGURE 21. Actual fl(t) Versus Reconstruction for roN = 4, 

.1ro = 1. 
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FIGURE 22. Comparison of the Reconstructions for 
roN = 4, .1ro = 1 and .100 = 0.5. 
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FIGURE 23. Comparison of the Reconstruction and fl (t) 

for OON = 5, 800 = 1. 
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FIGURE 24. Comparison of the Reconstruction and fl (t) 

for roN = 6, 800 = 1. 
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FIGURE 25. Plots Showing the Reconstruction and the 
Difference Between the Unknown and the Reconstruction for 

roN = 8, ~ro = 1. 
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+ 
As mentioned above, the measurement noise and the amplitude of the Ah (roN) and 

+ 
the Ag (roN) must also be considered. We recall from Section 5.2 that the amplitude of 

these eigenvalues is a very important factor in determining the information content available 

in the measurement. Plots of A; (00) and A~ (ro) were seen in Figures 12 and (15. Table 2 

below lists the eigenvalues explicitly for the frequencies being considered. They are down 
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more than an order of magnitude at ro = 4. 
",~(l) 

Since -+- is about 10, Equation (6.14) 
"'h(4) 

suggests that the noise in a: could be amplified by 10 relative to the noise in ai. 

Examination of the values of a~ and a~ in Table 1 indicates that the actual situation is worse 

then 10. Recall from the concluding remark in Section 4.3 that the Mellin domain 

frequency ro = 4 appears to be the point where stability problems will start. This is 

strongly reinforced with this examination of the eigenvalues. 

Table 2. Eigenvalues ~ and ",;. 

ro 
",+ 

h 
",+ 
'g 

0 0.4117 0.4244 

1 0.2141 0.2635 

2 0.0875 0.1254 

3 0.0430 0.0652 

4 0.0242 0.0375 

5 0.0150 0.0235 

6 0.0100 0.0158 

7 0.0070 0.0111 

8 0.0051 0.0081 

For the balance of this section, a "naive" inversion will be attempted. This will 

illustrate the solution process as well as the problems encountered in solving this type of 

equation. Consider an inversion based on the seventeen measurement parameters shown in 

Table 3. This measurement has eight spectral transmission measurements (p = 8) and nine 

angular scattering measurements (q = 9). The 17 x 17 matrix A corresponding to this 
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measurement is computed using Equation (6.12) (see Equation (6.13) for more details of 

the elements in the matrix A). The condition number for this matrix is found (see Strang 

(1986» from 

(6.15) 

Table 3. Measurement Parameters for a Hypothetical Multisource Measurement. 
Spectral transmission Angular 

Scattering 

{~ x 106] 
k 

A[/lm] u = ko 8 [rad] 

0.4 15.71 1.500 0.017 

0.45 13.96 1.333 0.035 

0.5 12.57 1.200 0.052 

0.55 11.42 1.091 0.070 

0.6 10.47 1.000 0.087 

0.65 9.67 0.923 0.105 

0.7 8.96 0.857 0.122 

0.75 8.38 0.800 0.140 

0.157 

ko=1O.47[~ x 106=/lm- 1] 

O>max = 8 

p=8 

q=9 

Condition = 1 x 108 
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where the notations indicate the maximum eigenvalues of the indicated matrices. There will 

be substantial discussion in Section 6.5 on the selection of the measurement parameters to 

reduce this condition number as a part of the design of an experiment. From Equation 

(6.15), we find that the condition number for this 17 x 17 matrix is 1.04 x 108. This 

number is disastrously large and indicates that the associated matrix is quite ill-conditioned. 

To illustrate the magnitude of this stability problem, consider the "noiseless" measurement 

data found from integrating the actual unknown fl(t) in the measurement equations as seen 

in Equation (6.1). The data is shown plotted in Figure 26. Of course, this data is not truly 

noiseless. It contains small errors from the process of numerical integration . 

• • 
• 

• \ • 
H(uj) • G(Vj_s) 

\ • • • 
• • • • 

• 
• 

9 
2.5 5 7.5 10 12.5 15 

FIGURE 26. Sample Data for Parameters Seen in Table 3. 

As stated above, we will denote the 17 x 17 matrix found from Equation (6.12) or 

(6.13) as A and the data vector will be defined as 
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G(Vq ) 

The vector of unknowns is 

The matrix equation to be solved as seen in Equation (6.6) is denoted 

d =Aii (6.16) 

Of course, the elements of the matrix A were actually calculated from the more complete but 

equivalent form shown in Equation (6.13). The unknown vector ii is readily found by 

calculating the inverse matrix A-I. That is 
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The large condition number for A predicts trouble at this point. Substituting the elements 

of a found above into Equation (6.2) yields the estimate of the unknown fl(t) shown 

plotted versus the actual fl(t) in Figure 27. Note that in all plots to follow, the dots 

represent data points from the reconstruction while the solid line represents the unknown. 

The matrix A is so highly ill-conditioned that the numerical integration errors from 

calculating a are sufficiently large that they are already degrading the computed solution. 

The degradation is further illustrated by comparing Figure 27 with the ideal 

reconstruction shown in Figure 25. The gravity of the problem when noise is added is 

shown in Figures 28 and 29. Figure 28 is a sample reconstruction using the noise model 

from Section 2.11. The noise level used has a standard deviation (0') of 5.77 x 10-5%. 

This infinitesimal level of noise has made the inversion marginal at best for small particles. 

Higher noise levels lead to unrecognizable results. Figure 29 shows a plot of the unknown 

f 1 (t) with ± 1 0' bounds calculated from 20 reconstructions using data with a noise level 

whose 0' = 5.77 x 10-5%. 

40 
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---~ 
-20 

-40 

-60 

FIGURE 27. Reconstruction of the Unknown fl (t) With 
"Noiseless" Data Using the Parameters in Table 3. 
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FIGURE 28. Sample Reconstruction of the Unknown f1(t) With 
Noisy Data (0" = 5.77 x 10-5%) Using the Parameters in Table 3. 
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FIGURE 29. One Standard Deviation Bounds on the Unknown 
f1(t) for 20 Reconstructions With Noisy Data (0" = 5.77 x 10-5%). 
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The heart of this research will be the use of the multisource data and the selection of 

the measurement parameters to improve the condition number of the matrix being inverted 

while maintaining the information content of the solution. This process is the topic of 

Section 6.5. 



162 

6.5 Experiment Design 

The core of this research involves the use of multisource measurement data to 

stabilize the inversion for f(t) as illustrated in Equation (6.1). The actual equations being 

solved were seen in Equation (6.13) and in matrix form in Equation (6.16). The 

measurement parameters available for use in this stabilization process are the p wave 

numbers (kl, k2, ... , kp) for the spectral transmission measurement, the q angles (81, 82, 

... , 8q) for the angular scattering measurement, and the wave number ko at which the 

angular scattering measurements are taken. Also, the Mellin domain frequencies (cot. CO2, 

.. , ffiN) that control the information content of the reconstruction and noise sensitivity are a 

parameter to be determined. 

The goal is to select the parameters in a fashion that stabilized the inversion (by 

improving the condition of the matrix (from Equation (6.15)) to be inverted while 

maintaining a sufficient information content to permit an accurate reconstruction. It is 

important to recognize that "less is better." That is, a large number of measurements (large 

N) and a high maximum frequency CON yield a far worse estimate of the unknown than 

relatively smaller N and roN. We need to make a wise choice of the required information 

content and a few carefully selected measurements! 

To illustrate the process, select roN = 4 and N = 4 (so .1co = CO; = 1). Initially, let 

ko = 10.47, p = 5, q = 4, and thus n = 2N + 1 = P + q = 9. Table 4 shows these initial 

parameters. The 9 x 9 matrix A for this case has a condition number 8.2 x 1()4. This is a 

big improvement over what was seen in Section 6.4 but it is still not very good. Let us 

examine the condition number of this 9 x 9 matrix as a function of the parameter p (where p 

is the number of spectral extinction measurements and q = 9 - p) and the range of k and e 
are flxed as seen in Table 4. The results of this study are plotted in Figure 30. Clearly p = 
3 and q = 6 is a much better choice given the flxed range of the parameters k and 8. The 
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condition number is 2503. This suggests that we should take more angular scattering 

measurements and shows quite a dramatic improvement in performance from that seen for 

the parameters in Table 4. Note that there is also a local minimum at p = 6 and q = 3. 

Table 4. Initial Measurement Parameters for a Sample Inversion. 
k 

u = leo "-[/lm] v = e [radians] 

1.5 

1.231 

1.043 

0.906 

0.8 

0.4 

0.4875 

0.575 

0.6625 

0.75 

leo = 10.472 

p=5 

q=4 

Condition: 8.2 x 1 ()4 

0.017 

0.064 

0.110 

0.157 
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FIGURE 30. LoglO [Condition] for ffimax = 4, N = 4, and p as the 
Variable. 

Table 5. Measurement Parameters for a Sample Inversion 
Whose Matrix has Condition = 1920. 

k 
u = ~ A[Jlm] v = e [radians] 

1.5 0.4 0.017 

1.2 0.5 0.035 

1.0 0.6 0.052 

0.070 

0.087 

0.105 

ko = 10.472 

ffiN=4 

p=3 

q=6 

Condition: 1920 
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The role of the wave numbers can also be explored. Figure 31 shows that for fixed 

Amin = 0.4 Ilm (where A = 2k1t) the optimal Amax = 0.65 Ilm. The condition number here 

is 2373. Similarly for fixed 8min = 0.0174 (10), Figure 32 shows that 8max = 6° yields an 

optimal condition number of 1973. So smaller angles are better for stability. Figure 33 

shows a plot of the optimal Amax for the case roN = 4, N = 4, 8max = 6°. This is a 

reexamination of the plot shown in Figure 31. Here, we see Amax = 0.6 is a slight 

improvement over Amax = 0.65. The condition number is 1920. Table 5 shows the 

suggested measurement parameters at this point in the iterative process of designing the 

experiment for maximum stability and information content. 

As a review of the process to this point, we started with the parameters seen in Table 

3 with a condition number of 1 x 108. So far, we have found a set of parameters in Table 5 

whose matrix has a condition number of 1920. Figure 34 shows a plot of a sample 

reconstruction using the parameters in Table 5 and a noise whose standard deviation cr = 

0.5%. Figure 35 shows the one standard deviation bounds computed from 20 

reconstructions with data whose noise level had a standard deviation of 0.5%. Figures 34 

and 35 should be compared with Figures 28 and 29 (keeping in mind that Figures 28 and 

29 had cr = 5.77 x 10-5% and Figures 34 and 35 had cr = 0.5%). Recalling that t = kor and 

.1,0 = 2n = 2n = 0.6J1m, Figure 35 shows a reasonable reconstruction down to a 
ko 10.472 

radius of r = 2.5 = 0.24J1m. 
10.472 
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FIGURE 31. LoglO [Condition] for ffimax = 4, N = 4, P = 3, q = 6, the 
Max A. as a Variable. 
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FIGURE 32. LoglO [Condition] for ffimax = 4, N = 4, P = 3, q = 6, and 

the Maximum Measurement Angle 8max as a Variable. 
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FIGURE 33. LoglO [Condition] for Olmax = 4, N = 4, P = 3, 

q = 6, 8max = 6°, and "-max as a Variable . 
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FIGURE 34. Sample Restoration of the Unknown f1 (t) With 
Noisy Data (0' = 0.5%) Using Parameters in Table 5. 
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FIGURE 35. One Standard Deviation Bounds on the Unknown 
f1(t) for 20 Reconstructions and With Noisy Data (a = 0.5%) 
With Parameters From Table 5. 
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Next, consider an alternate choice of the parameter ko (the wave number at which the 

angular scattering measurements were taken). Starting with the measurement parameters 

shown in Table 5 and taking ko as a parameter, the plot of condition versus ko is shown in 

Figure 36. For ko = 8.3776 x 106 [mol] (A. = 0.75 11m), we find a condition number for 

the matrix of 1261. Figure 36 shows that the condition number continues to decrease with 

decreasing ko. If the parameter space is not confined to the bounds seen in Table 3 a 

condition number of 672 is eventually found at ko = 5.0. Table 6 contains the parameters 

associated with the new measurement space for ko = 8.3776. It is a 34% improvement in 

condition number over the data shown in Table 5. Small perturbations around the 

parameters shown in Table 6 did not lead to further improvement although an exhaustive 

study was not performed. 



"ci 
c: 
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u 

Table 6. Measurement Parameters for a Sample Inversion 
Whose Matrix has Condition = 1261. 

k 
u = ko A[llm] v = e [radians] 

1.875 0.4 0.017 

1.5 0.5 0.035 

1.25 0.6 0.052 

0.070 

0.087 

0.105 

ko = 8.3776 

OlN=4 

p=3 

q=6 

Condition: 1261 

4000 • 
3500 
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2500 

2000 • 
1500 • 
1000 - ~ - • -

FIGURE 36. Condition Number for the Matrix Whose Parameters are Seen in 
Table 5 With leo as the Variable. 
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Figure 37 shows the ideal restoration of f2(t) (from Equation (2.56» based on the 

computation of the required coefficients ~ in Equation (6.2) directly from the unknown 

f2(t). It shows the maximum potential information content associated with the choice (ON = 

4, N = 4. Figure 38 is the restoration based on the "noiseless" data and the parameters in 

Table 6. As in Figure 27, this data is not truly noiseless due to small numerical errors from 

the integration. Figure 39 is a sample restoration with a noise whose standard deviation is 

0.5%. Figure 40 shows the ± one a bounds on f2(t) calculated from twenty 

reconstructions based on the parameters in Table 6 and 0.5% noise. Figure 41 is like 

Figure 40 except that the noise level was 1 %. Comparing Figures 40 and 41 and Figure 35 

(and noting that the scales are different), we see an improvement in stability for the larger 

particles (greater than 0.35 11m) but a loss for the smaller particles. This is due to the fact 

that a measurement taken at A.o = 2rc = 0.75J1m is less sensitive to the small particles then 
ko 

one taken at Ao = 0.6 11m. This consideration shows an inherent dilemma. Figure 36 

indicates more stability for smaller ko (larger Ao). However, the physics indicates that 

measurements taken at the larger Ao will be less sensitive to small particles. 
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FIGURE 37. Restoration of the Unknown f2(t) From the Actual ~ 

20 

15 --~ 10 

5 

-5 

• 
FIGURE 38. Restoration of the Unknown f2(t) From "Noiseless" 
Data Using the Parameters in Table 6. 
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FIGURE 39. Sample Restoration of the Unknown f2(t) Using Noisy 
Data (0' = 0.5%) Using the Parameters in Table 6. 
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FIGURE 40. One Standard Deviation Bounds on the 
Unknown f2(t) for 20 Reconstructions With Parameters 

From Table 6 and With Noisy Data (0' = 0.5%). 
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FIGURE 41. One Standard Deviation Bounds on the Unknown 
f2(t) for 20 Reconstructions With Parameters From Table 6 and 

With Noisy Data (cr = 1 %). 
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To further pursue this point, we saw in Figure 36 that the condition was at a 

minimum for ko = 5.0 [f..lm-l] (or Ao = 1.26 f..lm). This is outside the original bounds of 

our measurement set in Table 3. As mentioned, this choice of ko will not be good from a 

physics perspective because the measurements become less sensitive to small particles as 

the ko gets smaller. However, using ko = 5.0 [f..lm- l ] and the parameters in Table 7, we 

find that the matrix has a condition number of 672. For ko = 5.0, we use the f3(t) seen in 

Equation (2.58). 

Figures 42 and 43 show one standard deviation bounds on the unknown f3(t) for 20 

reconstructions with parameters from Table 7 with noisy data (cr = 0.5% and cr = 1 %, 

respectively). These plots should again be compared with Figures 29, 35, 40, and 41. 

This restoration is not too bad when one considers the difference in scales on each of the 

plots. However, the major mismatch caused by making a measurement at Ao = ~ = 

1.26 f..lm to detect particles whose radius is in the 0.1-0.5 f..lm range (see Figure 10) 

explains why the improved condition number fails to converge to an excellent solution. 
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The point mentioned above that the condition is important but not the whole story is 

emphasized. 

Table 7. Measurement Parameters for a Sample Inversion 
Whose Matrix has Condition = 672. 

k 
u = ko A[~m] v = e [radians] 

3.124 0.4 0.017 

2.513 0.5 0.035 

2.094 0.6 0.052 

0.070 

0.087 

0.105 

ko = 5.0 

CON =4 

p=3 

q=6 

Condition: 672 
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FIGURE 42. One Standard Deviation Bounds on the Unknown f3(t) 
for 20 Reconstructions With Parameters From Table 7 and With 

Noisy Data (0' = 0.5%) . 
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FIGURE 43. One Standard Deviation Bounds on the Unknown f3(t) 
for 20 Reconstructions With Parameters From Table 7 and Noisy Data 

(0' = 1%). 
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The roles of Olmax = roN, N, and ~ro (where ~ro = Ol~ ) have been alluded to in 

various spots in this study. Recall that OlN is the maximum Mellin domain frequency used 
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in the reconsconstruction. The number of Mellin domain frequencies used in the 

reconstruction is 2N + 1 (roo = 0, ± 0)1, ... ± O)N) and the frequency domain increment is 

~ro. In Section 6.4, the ideal reconstructions were computed for roN = 4, 5, 6, and 8 (see 

Figures 21-25). It was seen that for this particular particle size density shape function, 

~O) = 1 was a satisfactory spacing and the quality of the reconstruction graded from 

acceptable at ffiN = 4 to excellent at ffiN = 8. It is emphasized that this conclusion applies to 

this particle size density model only. 

Let us return to the parameters seen in Table 5 and examine the influence of ~ro on 

the condition. We saw in Section 6.4 that under the best of circumstances ~O) = 0.5 did 

not improve the quality of the restoration. For maximum information content in the 

reconstruction, we would like to have ~O) as small as possible without driving up the 

condition number. Figure 44 is a plot of this condition number versus ~O). Select ~ro = 

1.2 (Condition = 471) as a reasonable compromise between condition number and small 

~O). Figure 45 is a plot of the one standard deviation bounds for the unknown fl (t) and 20 

reconstructions based on noisy data (0' = 0.5%). Figure 46 is a similar plot for 0' = 1 %. 

Both of these plots use the other parameters seen in Table 5. Figure 45 is directly 

comparable to Figure 35. This result is quite good. 
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FIGURE 44. Condition as a Function of .100 for the Measurement 
Parameters Seen in Table 5. 
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FIGURE 45. One Standard Deviation Bounds on the Unknown 
f} (t) for 20 Reconstructions and With Noisy Data (cr = 0.5%) With 
Parameters From Table 5. 
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FIGURE 46. One Standard Deviation Bounds on the Unknown 
fl (t) for 20 Reconstructions and With Noisy Data (0' = 1 %) With 
Parameters From Table 5. 

6.6 Concluding Remarks 
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The research discussed in this paper started with an attempt to find a way to use 

multisource measured data to solve for a common unknown. The sought after solution 

process was to take into account the ill-posed nature of the equations associated with the 

multisource measurement. It was further hoped that a way could be found to combine this 

multisource data prior to the inversion process. Thus, a single inversion using multisource 

data would be used to stabilize the inversion of this ill-posed problem. These goals have all 

clearly been achieved as illustrated in Equations (6.13) and (6.16). In this set of equations, 

all parameters that control the stability of the solution process have been solved for and 

explicitly displayed. Perhaps the most important contribution of this work was not an 

explicit goal at the start of the research. It is the method illustrated in Section 6.5 for 

designing the multisource measurement program with the ill-conditioned nature of the 

problem as a major driver. 
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Of course, other factors must also be considered in the design of the experiment 

beside the stability of the inversion process. For example, it was seen at the end of Section 

6.5 that the condition number of the matrix to be inverted was quite good for ko = 5 

(Ao = 1.26 /lm). However, this long wavelength is not suitable for resolving small 

particles and this is reflected in the sample inversions seen in Figures 42 and 43. 

Consequently, a short wavelength (ko = 10.472 or Ao = 0.6) would be a compromise 

allowing a better resolution for small particles at the cost of a higher condition number. 

This shorter wavelength was able to resolve well down to around 0.25 micron-sized 

particles. Other factors to be considered include the requirements for the measurement to 

be taken at a small angle and wavelength limitations due to sensor design or atmospheric 

absorbtion. 

An integral part of the experimental design is the required information content in the 

unknown. That is, the selection of the maximum Mellin frequency roN, the number of 

frequency terms N, and the frequency interval ~ro. This infonnation content determines 

the fidelity of the reconstruction. However, it is limited by the fact that the condition 

number goes up as the number N gets larger and the ~ro gets small. There is a limited 

range of these parameters that provide viable reconstructions. For an unknown with high 

Mellin frequency content and a lot of structure in the Mellin domain frequency spectrum, it 

may be very difficult to get an accurate reconstruction using any method. 

It consistently seems to help the condition number to select more angular 

measurements than spectral measurements. For this unknown, there is little benefit in 

going to very fine ~ro. This is due to the smooth nature of the Mellin domain spectrum as 

seen in Table 2. The quality of the reconstruction for large roN is really very poor. This is 

due to the small eigenvalues associated with these large values. 

There are numerous additional studies that could be pursued in light of the results 

here. One could redo this study for a singular value decomposition. This would remove 
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the requirements on the matrix being square (p + q = 2N + 1) but would lead to increased 

numerical complexity. Another study would be to perform a thorough multi-dimensional 

optimization. This could use more structured multidimensional optimization algorithms 

rather then the iterative approach seen here. This could also yield some ranking of the 

sensitivity of the condition to various measurement parameters. Another factor that could 

be further optimized is the reformulation. Other choices of the factor d seen in Section 2.9 

could broaden the eigenvalue spectra and increase the information content 

From a fundamental physics perspective, it is certainly possible to consider 

experiments with large angles (bigger than say 10 degrees). Recall that the approximations 

used herein require small angles. Equation (6.5) could be modified to use the actual Mie 

equations (as seen in Equation (2.30)) to compute the true 11 (as seen in Equation (6.5)) 

instead of the Fraunhofer approximation. Large angles could then be readily used in the 

study. However, the penalty would be a very large amount of integration that would be 

quite time consuming. This might be partially offset by using the Fraunhofer 

approximation for small angles and the Mie equations for large. Certainly it would also be 

worth looking into other particle size distributions and of course investigating other new 

areas where there is a potential for improving the measurement by using multisource 

information. 

There has been some work in the area of sampling theory (see Ostrowsky et al. 

(1981)). A very rigorous approach to sampling theory would be an interesting study. This 

has not yet been fully developed in the literature. Also, unequal sampling intervals might 

lead to some improvements. Different functions to control how we truncate and hence 

reduce Gibbs phenomena and aliasing problems could also be explored. Another 

possibility that should be examined is to use this method for designing an experiment but to 

use some other regularization scheme to do the actual inversion. 
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Clearly, the work reported in this paper has answered some questions but raised other 

questions and possibilities. It has produced novel results: A method for combining 

multisource data to solve for a common unknown using orthogonal function theory without 

subjective scaling and a method for designing a multisource measurement program that 

addresses both the information available in the solution and the stability of the solution 

process This far exceeds the scope of the original question that started this task. 
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