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ABSTRACT 

In the present work, the process of grinding is represented through the dynamic 

interactions of the workpiece with the abrasive grits of the grinding wheel. A 

mathematical model (Grinding Dynamic Model with Wheel and Workpiece - GDMWW) 

based on the resulting instantaneous depth of cut is then developed. The proposed model 

utilizes the governing equations of motions for both the wheel and the workpiece in a 

multi-grit grinding process. The cutting action is represented through the interactions of 

the wheel and the workpiece motions on each other. The parameters for the proposed 

multi-body dynamic model can be easily identified from simple experimentations (e.g., 

modal tests). 

Using the identified parameters, simulations with the proposed dynamic model are 

carried out for stable grinding processes. These simulation results are first verified 

against experimental observations obtained from grinding of soda-lime glass. 

The dynamic model is then utilized to investigate the regenerative effects, e.g., 

surface regeneration, mode coupling and velocity dependence. The effects of such effects 

on stability characteristics of ceramic grinding processes are investigated and possible 

remedies are suggested. 



CHAPTERl 

INTRODUCTION 
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Over the past decade, many new high strength materials capable of withstanding high 

temperatures have been introduced. Typically, these high strength alloys, intermetallics 

and ceramic matrix composites are also very hard. Accordingly, one relies on finishing 

operations such as grinding for producing precision parts from such advanced materials. 

Precision components require strict adherence to geometry, tolerance, and finish while 

maintaining the desired level of strength. And finishing operation, such as grinding may 

constitute a significant portion - typically, 25-50 percent (S. Malkin, 1989) of the total 

cost of fabricating such precision components. The geometric precision of the finished 

part is primarily governed by the instantaneous depth of cut. In addition to this, the 

instantaneous depth of cut within a single chip formation can also significantly affect the 

extent of surface and sub-surface damage, thus influencing the strength of the finished 

ceramic part (Bu and Chandra, 1993). A ceramic grinding process typically involves 

very high cutting speeds, which makes it prone to various induced instabilities. These 

instabilities may be caused by self-excitations as well as regenerations due to (i) 

workpiece surface waviness, (ii) mode coupling and (iii) velocity-dependence, etc. 

Accordingly, a dynamic model based on the instantaneous depth of cut is developed 

in the present work. Both grinding wheel and workpiece motions as well as their 

interactions are accounted for in the proposed model. The dynamic model is then used to 
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investigate the effects of various regenerative effects, such as those due to surface 

waviness, mode coupling, and velocity dependence etc., as well as other self-excited 

phenomena. 

The numerical results obtained from the present dynamic model are first verified 

against experimental observations. The implications of regenerative effects on stability 

characteristics of grinding dynamics are then investigated and possible modifications in 

process design are suggested to enhance such stability limits. 



CHAPTER 2 

BACKGROUND 
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There exists a sizable body of literature on the dynamics of machining processes. 

Smith and Tlusty (1991) have classified the cutting process in order of increasing 

complexity and accuracy as 1) the average rigid force static deflection model, 2) the 

instantaneous rigid force model, 3) the instantaneous rigid force, static deflection model, 

4) the instantaneous force with static deflection feedback model, and 5) the regenerative 

force, dynamic deflection model. They also explain the validity, applications, and 

limitations of each model. It has been observed that interactions between the tool and the 

workpiece motions significantly influence the cutting force characteristics. This may alter 

the nature of the governing differential equations and give rise to self-excited vibrations. 

Tobias (1965) and Tlusty (1967) have carried out some fundamental studies on the 

interactions between the machine tool structure and the cutting process to investigate the 

influence of structural dynamics of the machine on the cutting dynamics. Gurney and 

Tobias (1962) have investigated regenerative machine tool chatter based on the harmonic 

response locus of the machine tool structure. They utilize the instantaneous depth of cut 

and present their results graphically. Albrecht (1961, 1965) has studied the dynamics of 

machining processes using analytical and experimental approaches. He investigated the 

effects of the workpiece surface waviness due to previous operations as well as the effect 

of the ploughing force due to tool wear. It has been observed that the ploughing force can 
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contribute significantly to inducing instability in a cutting process. Long and Lemon 

(1965), in their investigation of machine tool chatter, focuses on the phase difference 

between the tool motion and the cutting force and explore its significance on induced 

instabilities. Kaneko et al (1984) have carried out analytical and experimental studies of 

self-excited chatter of the work held at one end on a lathe. They use a two-degrees-of

freedom system and investigate the effects of phase difference and regenerative effects on 

the development of chatter. Wu and Liu (1985) have developed a detailed mathematical 

model of chatter in turning operations. Their model is based on the instantaneous depth 

of cut and includes the effects due to the ploughing force. It may be observed from their 

investigations of various regenerative effects, such as surface waviness, mode coupling, 

velocity dependency etc., that an accurate determination of the instantaneous depth of cut 

is crucial for investigations of induced instabilities. Marui et al (1988a, b, c) have 

experimentally investigated the characteristics of the primary and regenerative chatter 

vibrations in single point turning processes. The phase lag between the cutting force and 

chatter displacement is investigated under various cutting depths, cutting velocities and 

rake angles. They have also observed that the dynamic variations of the cutting velocity 

and the rake angle make the spindle - workpiece system more prone to instabilities. 

Klamecki (1989) has also studied the cutting dynamics during a single point turning 

operation on an asymmetric workpiece using a single degree-of-freedom lumped 

parameter model with nonlinear stiffness. It has been observed that the directional 
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dependence of the system stiffness significantly influences the dynamic response as well 

as the development of induced instabilities. Zhang and Kapoor (1991a, b) have 

developed models for correlating the surface finish parameters with machining conditions 

as well as workpiece material characteristics. Their work include the mathematical 

formulation of the random excitation of a surface profile and a procedure for the 

construction of three - dimensional topography. 

Various researchers have also investigated the dynamics during surface milling and 

end- milling operations. Hahn et al (1968) have developed a linear differential equation 

with periodic coefficients and employed the classical Mathieu equation (Nayfeh and 

Mook, 1979) to investigate the limits of stability in a general milling process. Sridhar et 

al (1968) have also formulated the governing equations of milling dynamics using a state 

variable representation. Tlusty and Ismail (1983) and Ismail and Bastami (1986) have 

developed a two dimensional governing equations of motion to investigate the induced 

instabilities in surface as well as end milling with slender cutters. Their results show that 

the development of chatter is predominantly influenced by the workpiece surface 

waviness and mode coupling effects. Tlusty and Ismail have also pointed out that the 

interference of undulations in subsequent cuts playa significant role in the development 

of induced instabilities. Tlusty (1986) has carried out frequency domain as well as time 

domain simulations of high speed milling processes and investigated the lobes of stability 

limits. He has observed that chatter is primarily developed in plunge milling through 
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regeneration due to workpiece surface waviness from previous cuts. Lee and Kapoor 

(1986) have simulated the cutting process dynamics using a finite element structural 

model for a face milling operation. Montgomery and Altintas (1991) have developed an 

accurate model of the cutting dynamics during end milling, They consider the variations 

in surface, chip thickness and structural dynamics in determining the milling forces. 

The dynamics of a surface grinding process may be conceived as a very high speed 

surface milling operation with large negative rake angles for the grits. Hahn (1959) has 

utilized a similar concept to develop the governing equations of motion for the spindle

wheel-work interactions in a flexible cylindrical grinding system. It has been observed 

that pulsation in the normal force on a grinding wheel might be produced by gyroscopic 

moments in addition to those produced by rotary damping of the spindle and instability 

due to the direct effects of rotary damping occurred at speeds well over the critical 

velocity. From the analytical point of view, Thompson (1971, 1973, 1974, and 1977) has 

used a single degree of freedom model with regenerative and wear relations on the wheel 

and the workpiece to predict the onset of instabilities. 

EI-Wardani et al (1987) has proposed a model for prediction of grinding chatter, 

considering the wheel and workpiece regeneration as well as wheel loading and its elastic 

characteristics. Their results show the effects of wheel loading and its stiffness on the 

onset of instabilities in surface grinding. Liao and Shiang (1991) have carried out 

numerical simulations in frequency domain for the external cylindrical plunge grinding 



19 

process. Both forced and self-excited vibrations were investigated. Their results show 

that lobes develop on the circumferences of the workpiece and the grinding wheel under 

workpiece regenerative chatter conditions. Thompson (1973, 1974, 1977, 1986a, 1986b, 

1988, 1992), in a series of papers, have also investigated the regenerative effects in 

cylindrical grinding processes. His model uses doubly regenerative effects from both the 

wheel and the workpiece from a geometric consideration and utilizes assumed analytical 

functions to represent the interaction force. 

Furukawa and Lee (1982) have carried out experimental investigations of the 

dynamic characteristics of a cylindrical grinding process in the presence of waviness on 

the workpiece periphery. Their results indicate that there is a phase lag between the inner 

and the outer modulation of the work- waviness and this phase lag significantly affect the 

development of chatter vibrations. Furukawa and Lee (1988) have also investigated the 

effects ofthe machine stiffness on the spark-out time and stability limits. 
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CHAPTER 3 

THEORY OF GRINDING DYNAMICS 

3.1 MA THEMA TICAL BACKGROUND IN GRINDING DYNAMICS 

Grinding process is the process of chip formation and the process of material 

removal during the generation of surfaces using a machine tool. This grinding process 

can be explained by cause and effect, based on the input variables and the output states: 

the causes which are the inputs to the process are the nominal depth of cut ao, the width 

of cut b, the grinding speed v, etc., and the effects which are the output from the process 

the cutting force F, actual depth of cut a, the temperature in the cutting zone, etc. 

Typical representation of the causal input-output relation is the grinding force 

which is described as 

F(t) = F[ a(t ),b(t), v(t ),y(t), K(t)] (3.1) 

where the force is assumed to be the function of instantaneous depth of cut a(t), 

the width of cut b(t), the grinding speed v(t) and the constant K(t). K(t) is the constant 

depending on the machining conditions such as the physico-mechanical properties of the 

materials of the workpiece and the cutting edges of the tool, the cutting fluid employed, 

etc., as well as perturbation factors. All the variables in the grinding process are function 

of time t; thus, the process may be described as a multivariable dynamic system. 
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The dynamic grinding force is then varied around the nominal operating point due 

to variations in other grinding variables such as a, b, and v. The changes in a, b and v are 

usually occurred due to i) kinematics of the surface generation, ii) vibrations transmitted 

through the machine tool and workpiece from the several external sources, iii) the 

presence of the moving masses with mechanical unbalance within the machine tool, and 

iv) the intrinsic chip forming and removing process. 

In Figure 3.1, given vibrations yet), the depth of cut a, the width of cut b and the 

grinding speed v varies with time as related to nominal (or regulated) values ao, bo and Vo 

through the grinding process I and II. The variations are denoted as l1a, I1b and I1v in the 

figure. Then, the resulting grinding force will be 

F(t) = Fo + M(t) (3.2) 

where Fo represents the steady state component in the force. 

The positive sense of y(t) is chosen to be that which increases the distance 

between the tool and workpiece. Therefore, the increase in y(t) will decrease in the 

magnitude of force M(t). 

~a 

!--~_-___ -~~-. __ -I_ -_--- - r. ~ • ____ ~~~}=~~ 
Figure 3.1 Variations inside the grinding process 
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3.2 INNER AND OUTER MODULATION IN GRINDING PROCESS 

Figure 3.2 shows that the instantaneous depth of cut a(t) is evaluated based on the 

inner modulation and outer modulation. An outer modulation is due to the self-excited 

vibrations manifested in the previous cut. Qs is the spindle speed and Vw is the workpiece 

speed. The effect of variations in the inner and outer modulation leads to regenerative 

self-excited vibrations. 

.y 
cutting grit I 

~ 
outer modulation 

_ l1y(t-7) _ 
inner modulatio~ ~ .... ", .... - .. . . .. 

y(t) I ~--~--~X 

Vw 
.... ----- workpiece 

Figure 3.2 Inner and outer surface modulation for surface grinding 

The variation in instantaneous depth of cut will then be written as, 

~a(t) = ~y(t - T) - y(t) (3.3) 
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where the time delay T is introduced, because it is assumed that there is a phase 

difference between both amplitude modulations, and f1 represents the overlap factor. 

The overlap factor f1 can be differently defined as 

1. f1 represents the ratio between the amplitude of the relative 

displacement between tool and workpiece in a previous cut and the same magnitude in a 

current cut. 

2. If the amplitude of chatter vibrations is assumed to be directly 

proportional to the dynamic grinding force i1F, f1 may be considered as the ratio between 

the amplitudes of the grinding force due to outer and inner, respectively, and 

3. When the grinding force is considered proportional to the width of chip 

as it happens in orthogonal cutting, f1 can be expressed as 

(3.4) 

in which b i and bo represent the inner and the outer width of cut, respectively. 

The overlap factor f1 can be specified for any machining process as 

f1 = 1 in milling, end mill, twist drill, or in orthogonal turning 
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f.1 E [0,1] in grinding 

The time delay T is expressed for different machining process (Chiriacescu 1990) 

as 

T = 2n/ Q s for the lathe tool 

T = 2n/ Q s z for multiple cutting tool 

where Q s is the angular speed of spindle and z number of cutting edge. 

3.3 SELF -EXCITED VIBRATION (CHATTER) AND REGENERA TlONS 

In the presence of self-excited vibrations, the relative displacement between the 

grinding wheel and the workpiece varies harmonically with a frequency near the one of 

natural frequencies of the system involved. 

A ceramic grinding process typically involves very high cutting speeds, which 

makes it prone to various induced instabilities. These instabilities may be caused by self

excitations as well as regenerations due to 

(i) workpiece surface waviness, 

(ii) mode coupling and 

(iii) velocity-dependence, etc. 
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It is well known that the overlap of surface waves on the work surface during 

successive cuts may induce regenerative effects in the cutting process as it is discussed in 

Sec. 3.2. The variation of uncut chip thickness produces a continuous variations in the 

grinding forces. 

The mode coupling is a mechanism associated with situations where the relative 

motion between the tool and the workpiece in one direction influences the relative motion 

in other directions. This effect can also occur when the principal modes of the vibratory 

system are closely matched. 

The velocity-dependent effect is due to a self-excited vibration based on negative 

slope of the variation of the grinding force with respect to the grinding speed. The 

difference in the average magnitudes of the grinding force generated during total 

vibrations causes net energy to be fed into the system, and eventually results in dynamic 

instability. A thorough understanding of such induced instability phenomena is essential 

for the development of effective and efficient high speed grinding processes. 

3.4 LINEAR GRINDING DYNAMIC SYSTEM 

Assuming that the grinding force depends on the instantaneous depth of cut a;, 

the system motions (x; and x;) and the grinding constants (Kg; and Cg;), Equation (3.1) 

can be expressed as 
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(3.5) 

where XI = X, X2 = y, M) = x and M2 = Y for two dimensional system. It is 

assumed that the Kg; (i = 1,2) is related to the displacements in X and y, while C gi (i = 1, 

2) is related to the velocities x and y. 

The stationary state Ro for each variable in Equation (3.5) is expressed as 

(3.6) 

By expanding Equation (3.5) into Taylor series, then 

(3.7) 

For i = 1 and 2, 

(3.8a) 

(3.8b) 

C - [aM] . c _ [aM] 
K-'- ax 'J,.'V- a· 

II" Y II" 

(3.8e) 

Therefore, the grinding forces in Equation (3.7) in the thrust (x) and the normal 

(y) directions are used in this study. 
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CHAPTER 4 

APPLICATION TO CERAMIC GRINDING PROCESSES 

From the vibration theory, if the mass matrix m has nonzero off-diagonal 

elements, the system is called dynamically coupled system and the stiffness matrix k has 

nonzero off-diagonal elements, the system is called statically coupled system. Therefore, 

the dynamic behaviors of the system have often been described by either coupled system 

or both ways, depending on inertial nature of the system under consideration. In the 

present work, the system is modeled with the statically coupled system by neglecting the 

inertial torque of the grinding wheel system. Through modal analysis, the dynamic 

parameters of the system such as mass matrix m, damping constant matrix c, and stiffness 

matrix k are found for individual system components such as the grinding wheel structure 

and the workpiece system. 

4.1 FORMULATION OF GOVERNING EQUATIONS OF MOTION 

A mathematical model of the grinding system is developed in this section. The 

effects of the machine tool structure as well as the chip formation process are 

incorporated. A linear lumped dynamic model (GDMWW - Grinding Dynamic Model 

with Wheel and Workpiece) is developed by considering the wheel and the workpiece 

individually as systems with two-degrees-of-freedom. Based on the experimental 
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observations from modal tests and identification of the stiffness matrix, the governing 

equations of motion are formulated in terms of the principal modes. 

Normally, the motion of the wheel and the workpiece can be conveniently 

described in terms of Cartesian coordinates Xi and Yi (i = I, 2) in two dimensional 

configuration space. However, to facilitate insights into the physical nature of the system 

dynamics, it is more advantageous to represent the motion of a body with respect to its 

principal directions. 

The GDMWW system is shown schematically in Figure 4.1. It consists of the 

grinding wheel and the workpiece in two dimensional space. With respect to an inertial 

coordinate system (xy), fixed in the space, the mass ml of the wheel is located at a 

distance R J from the origin; while the mass m2 of the workpiece is at a distance R2• The 

mass of an individual body is lumped at its center of mass. The origins of the Cartesian 

coordinates for the wheel and the workpiece are denoted by OJ and O2, respectively. 

During a single pass, OJ and O2 are fixed in the laboratory frame at the initial positions of 

the wheel center of mass and the workpiece center of mass, respectively. It is assumed 

that the workpiece is moving with a constant velocity Vw and the wheel is rotating with an 

angular velocity Qs' 
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Figure 4.1 A schematic diagram of surface grinding model "GDMWW" 
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The dynamic model GDMWW is developed by treating the wheel and the 

workpiece as individual bodies. The dynamic response is described by independent state 

variables (XI> Yb X2, Y2) representing the machine structure with the grinding wheel and the 

workpiece. 

The principal directions which is the one of structural natural modes are denoted 

by LIPI for the wheel and L2P2 for the workpiece system, respectively. The coordinate 

configuration of LIPI for wheel system and L2P2 for workpiece system are shown in 

Figure 4.2. The principal directions for each system are characterized by the angle 81 and 

82, respectively and the angles are evaluated from the one of natural modes when they are 

projected onto the Cartesian coordinate system. In Figure 4.2 (a, b), LIPI coordinate 

system has the unit vectors CI and C2, and L2P2 coordinate system has the unit vectors C3 

and C4. The relations between LIPI coordinates and XY coordinate, as well as that 

between L2P2 coordinates andXY coordinates, respectively, can be written as 

(LP)j = T j (XV), i = 1,2 (4.1) 

where (LP)j = [L j pl and (XY)j = [X j Y l. Transform matrices T j is written as 

_ [ cosS; sin S ; ] . _ 
T;-. , 1-1,2 

-smS; cosS; 
(4.2) 

-I T where T; = T; . 
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(a) Wheel (b) Workpiece 

Figure 4.2 Coordinate relations of the wheel and workpiece system 

As the dynamic behaviors of both the wheel and the workpiece are described in 

the principal directions, Figure 4.3 shows the typical motions of the wheel and the 

workpiece with respect to the principal directions. 

The governing equations of motion for the grinding process in a laboratory 

referenced Cartesian coordinate system XY may be written as, 

mn + co + ku = F (4.3) 

where, m, c and k are 2 x 2 matrices and the vector u j in XY system is [Xj yl. 

This expression is applied to the wheel and the workpiece system. 
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l~~ o I 

Figure 4.3 Dynamic behavior of the grinding system 

In state space form, Equation (4.3) for two degrees of freedom system is written 

as 

(4.4) 

where, 

. [xl x= 
x 4xl 

(4.5) 

and the state space matrix A is 

(4.6) 
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where the elements m-1k and m-1c are determined from the impulse response tests 

which described in Chapter 5. 

We assumed that the dynamic system is statically coupled so that there is no 

coupled inertia in the mass matrix m and that the stiffness k and the damping matrix c are 

symmetric. Therefore, the spatial parameters m, c and k can be written as 

(4.7) 

and the principal modes are obtained using its eigenvectors. 

Given m, c and k in Equation (4.7) and Equation (4.3), the equations of motion 

for each dynamic body are expressed as, 

(4.8) 

Here, the coupling effects arise from the stiffness matrix, damping coefficient 

matrix and the dependence of the grinding force on the instantaneous depth of cut. The 

principal direction angle f) is not changed during the process because the angle is the 

static property of the given dynamic system. Along the principal direction, the equation 

of motion for the wheel and the workpiece are expressed 

(4.9) 
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When the resulting grinding force is used, the force FL in Equation (4.9) is written 

as Equation (6.8) and (6.9) in Chapter 6. 

(4.10) 

The instantaneous depth of cut aCt) is measured in the vertical direction y in the 

negative sense. The detailed expressions and values for mass matrix mL, damping matrix 

CL and stiffness matrix kL are presented in Appendix A. 

Intermittent contacts between the wheel and the workpiece occur often in a 

grinding operation. When there is no contact between the wheel and the workpiece, the 

effective dynamic parameters such as damping constants and stiffnesses are changed 

accordingly and the cutting force drops to zero instantaneously. At that instant, the 

system remains in a state of free vibration. 

Many researchers have proposed different types of expressions for modeling 

grinding force (e.g., Tobias 1961, Matsubara 1984, Zhang and Kapoor 1987). In the 

present work, a two-dimensional model is considered and cutting force variations due to 

tool vibrations in the transverse direction are neglected. 

Using the expression in Equation (3.7), the grinding forces in each direction can 

be formulated as, 
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(4.11a) 

(4.11b) 

where kgx and kgy are the grinding parameters in each direction, and Cgx and cgy are 

the penetration constants related to penetration rate by the cutting grit; while aU) 

represents the instantaneous depth of cut. The parameters kgx and k gy; Cgx and cgy are 

determined from the experimental observations. Cgx and cgy represent the parameters 

depending on the instantaneous relative velocities between the tip of grit and the grinding 

point on the workpiece and are also called "grinding damping" in this study. It is 

observed from experiments that these parameters are functions of instantaneous depth of 

cut aCt), spindle speed Qs and the table speed Vw-

The experimental estimates of the grinding parameters kg and cg are also found in 

Zhang and Kapoor's work (1987). Considering the width of the cutting grit, the grinding 

stiffness can be written as, 

N 
[-2 xm] 
m 

(4.12) 

where the instantaneous width of cut be may be expressed in terms of the 

instantaneous depth of cut (shown in Figure 6.2) as 

(4.13) 
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where wb represents the width at the base of cutting grit (here, wb=O.118 inches is 

used) and hd is the height of cutting grit (here, hb=O.067 inches is used) and the 

configuration of the grit is shown in Figure 5.1 b. 

4.2 Ev ALUA TION OF INSTANTANEOUS DEPTH OF CUT 

The dynamic characteristics of a grinding system modulates the nominal depth of 

cut. Accordingly, the instantaneous depth of cut can be significantly different from its 

nominal value. This instantaneous depth of cut determines the cutting forces at that 

instant, which in turn, determines the dynamic responses. Thus, the dynamic responses 

of a grinding system are influenced, to a large extent, by the instantaneous depth of cut. 

Many researchers have modeled the instantaneous depth of cut in milling processes using 

theoretical predictions (e.g., Smith and Tlusty, 1991 and Wu, 1985). Furukawa (1981) 

and El-Ward ani et al (1987) have also observed the instantaneous depth of cut in plunge 

grinding experimentally as well as theoretically. 

The instant depth of cut in a multi-grit surface grinding operation is investigated 

in the present study. The ground surface after each grit passed over the workpiece are 

represented in the geometric space. The possible conditions of no grinding based on the 

relative motions between the wheel and the workpiece system are also investigated. A 

multi-body dynamics approach is pursued for this purpose and variations, even within a 

single chip formation process, are investigated. 
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Figure 4.4 shows the schematics of a multi-grit grinding wheel that we used for 

experimentation and simulations. The first grit to engage is assumed to be located 

initially at ao degree from the vertical axis. The angular position of the k th grit may now 

be expressed as, 

as, 

31t k-l 
~=--all-21t-,k= 1, ... ,Ng 

2 Ng 

(4.14) 

where Ng represents the total number of grinding grits on the wheel. 

01 
--------- I -------

Dc 

(a) (b) 

Figure 4.4 Configuration ofa multi-grit grinding wheel: (a) configuration of 
a multi-grit grinding wheel and (b) schematic diagram of grit contacts 

Therefore, the position in the Cartesian coordinates of each cutting grit is defined 
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P;' = [(~, + h,,) cos( Q.,. +0 k) + xl]1 + [(~, + h,,) sin( Q s +0 k) + YI]J (4.15) 

where Q s is the spindle speed, rs is the radius of the wheel disk and hd represents 

the height of an individual grinding grit; XI and YI are wheel displacements in the XY 

coordinate system. 

Nominal depth of cut a" is defined in Figure 4.4b as, 

(4.16) 

where, d is the nominal clearance between the core circle of the wheel and the 

workpiece. In order to obtain an expression for the instantaneous depth of cut, both 

wheel and workpiece motions are first studied individually. Their interactions are 

considered to obtain the instantaneous depth of cut during a surface grinding operation. 

4.2.1 GRINDING MECHANISM 

Intuitively, the grinding occurs whenever the grit interferes with the surface of 

the workpiece. Whether the grit touches the workpiece or not is determined from the 

relative instantaneous positions of the workpiece and the tip of grit. 

Figure 4.5 shows a schematic representation of the relative motions between the 

wheel and the workpiece. 



,Y2 , \(r. 
displacedL:-w-o..,.rk-p,-ie-ce----re""""'fi,-er-lence surface 

Figure 4.5 Diagram for depth of cut for overall motions by the wheel and 
workpiece 
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Dc is the fixed distance between the centers of the wheel and the workpiece during 

a grinding path. Considering wheel motion only, the instantaneous depth of cut can be 

expressed as 

(4.17) 

It is also observed that the instantaneous depth of cut can be zero, if 

abs{min[ D~~]} - YI < Dc - rw' When the wheel looses contact, it is subjected to a free 

vibration and dynamic parameters such as cutting stiffness and the corresponding 

damping constant are considered to be zero at that instant. 
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Considering workpiece motions only in Figure 4.5, the instantaneous depth of cut 

may be written as, 

(4.18) 

No grinding will occur if the displacement abs (-Y2) of the workpiece is greater 

than the nominal depth of cut ao' 

Combining the results of both wheel and workpiece displacements, the 

instantaneous depth of cut can be defined as, 

(4.19) 

If the relation abs{min[ D~]} - Yl < Dc - (rw - Y2) is satisfied, the wheel looses 

contact with the workpiece. 

4.2.2 INSTANTANEOUS DEPTH OF CUT 

The instantaneous depth of cut during chatter vibrations may be varied, by 1) the 

relative displacements between the wheel and the workpiece, 2) the surface regenerations 

on both the wheel and the workpiece and 3) the elastic deflection <>c due to contact 

between the cutting grit and the workpiece. Considering these three effects, the 

instantaneous depth of cut can be written as: 
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(4.20) 

where y;(t) (i=1,2) represents the current surface configuration, and y;(t-1) 

represents the surface configuration formed in the previous grinding path. The elastic 

deflection Dc in Equation (4.21) iny direction is only considered as 

(4.21) 

where F is the grinding force in y direction. 

Defining Ytdr which is the relative displacement with time delay effect, as 

(4.22) 

the instantaneous depth of cut can be written as 

(4.23) 

Therefore, the cutting force in Equation (3.13) can be written as 

(4.24a) 

(4.24b) 

If no grinding conditions which are explained by Equation (4.17), (4.18) and 

(4.19) occur, the resulting grinding force will be set to zero and the state of free vibration 

is assumed. 



CHAPTERS 

EXPERIMENTATION 

5.1 PREPARATION FOR EXPERIMENTATIONS 

In this study, two types of experimentations have been performed such as 

42 

Force measurement to identify the grinding parameters kgx and kgy; Cgx and 

cgy in Equation (4.24) and the equivalent elastic stiffness Kc used in Equation (4.21), and 

2 Impulse response test in order to obtain modal parameters such as mass 

matrix m, damping matrix c and stiffness matrix k for the wheel and workpiece from 

modal analysis. 

An aluminum disk for grinding wheel (Figure 5.la) has been designed to use 8 

grits. For grinding grits, diamond wheel dressers with 114 carat manufactured by 

Washington Ltd. are used and its model number is 2085-5112 (Figure 5.1 b). 

Measurements of grinding forces have been carried out on a milling machine (Van 

Norman No. 12) using the grinding wheel in Figure 5.1. Soda-lime glass (its size, 

2"(L)x2"(W)xO.5"(W» is used for the workpiece in this research and its mechanical 

properties are listed in Table 5.1. The workpiece is mounted on the dynamometer 

(Kistler 92578) which is firmly fixed with the table bed. 



6" 

3" 

- 0.625" 
1.25" 

. «(~i) 

1." DiaQ .. .y 
\, 1/4" keyway 
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:.--.-
2" 
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I~-·-J 

3/8" 

(b) 

Figure 5.1 Configuration of grinding wheel: (a) A disk for grinding wheel and (b) 
diamond wheel dresser for grinding grit 
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Table 5.1 Mechanical properties of the workpiece, sodalime glass 

Modulus of Elasticity (Young's) 7.2 x 1010 Pa 10.4 x 106 psi 
Modulus of Rigidity (Shear) 3.0 x 1010 Pa 4.3 x 106 psi 
Bulk Modulus 4.3 x 1010 Pa 6.18 x 106 psi 
Poisson's Ratio 0.23 
Specific Gravity 2.53 
Density 2530 Kg/mJ 158 Lb/Fr' 
Coeff. of Thermal Stress 0.62 mPa/°C 50 psifDF 
Thermal Conductivity 0.937 W·mlm2°C 6.5 btu·in/HroF·Ft2 

Specific Heat 0.21 
Coefficient Linear Expansion 8.9 x 10-6 strain/DC 4.9 x 10-6 strain/oF 

Hardness (Mohr's Circle) 5-6 
Refractive Index 

(Sodium D Line) 1.523 

l/lm 1.511 

2/lm 1.499 
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5.2 Ev ALVA TIONS OF GRINDING PARAMETERS 

In order to obtain the grinding parameters described in Equation (3.8) and 

Equation (4.24), two types of test modes are established. 

The first test mode is to measure the grinding force for a specified depth of cut, 

varying table speed. This test has been performed for several different depths of cuts 

from 0.001 inch to 0.005 inch. By doing these tests, the relationship between force and 

table speed at a specified depth of cut is investigated. 

The second test mode is set for measurements for grinding force for several 

different depths of cut, varying the spindle speed. By the second test mode, the 

relationship between the grinding force and the spindle speed for a given depth of cut is 

found. 

Typical results are shown from Figure 5.2 to Figure 5.5, and the trends of 

variations in force with the process conditions can be easily observed. Figure 5.2 shows 

that the grinding force Fx in thrust direction (.X) is slightly increased with depth of cut and 

the table speed at the spindle speed Q s = 1465 rpm. In Figure 5.3, the normal grinding 

force Fy is similarly varied at different grinding conditions with Fx at the same spindle 

speed. It is observed that these patterns of variations in the grinding force are commonly 

occurred for different table speeds between 0.375 inch/min and 14 inch/min. 
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In Figure 5.4 and Figure 5.5, the depth of cut and the spindle speed are varied 

with the fixed table speed at vlV = 14 inch/min. Therefore, Figure 5.4 and Figure 5.5 show 

how the thrust grinding force Fx and normal grinding force Fy are varied with various 

grinding conditions, provoded the table speed V IV = 14 inch/min. Both figures indicate 

that the grinding forces at the lower spindle speeds are little higher than the forces at the 

higher spindle speeds. As the spindle speed is increased, the grinding force is gradually 

decreased and then after a certain speed the magnitude of force is increased for the 

operating speed ranges between 175 rpm and 1465 rpm. 

Since the table bed of the machine is always operated to move with the speed V IV' 

it is proposed that the grinding force is the function of depth of cut and the spindle speed 

in this study and the expressions for grinding force in the normal and thrust direction are 

proposed in Equation (3.8 c, d) as 

(3.8 c) 

Cgx = [a~] ; Cgy = [a~] (N.s/m) 
ax II" ay II" 

(3.8 d) 
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Figure 5.2 Thrust grinding force Fx at spindle speed Q s = 960 rpm 

Table 5.2 Grinding parameter Kgx (N/m) inX direction at spindle speed Q s= 960 rpm 

RPM Depth cut Table speed (inch/min) 

linchl 0.375 1.5 2 3.875 5 10.875 14 

960 0.001 8.3578c+003 6.5046e+003 2.5325 e+003 3.6718 e+003 1.7690 c+003 1.8927c +004 1.1947 c+004 

0.002 7.6772c+003 7.2 1 26c+003 1.41 73c+003 3.7598c+003 4.803Ic+OO3 1.2744e+004 3.1102c+003 

0.003 4.9567c+003 5.744Ic+003 1.7953c+003 8.6 I 42c+003 4.88 I ge+003 1.0961c+004 1.0650c+004 

0.004 S.9212c+003 3.5787c+003 1.6874e+004 2.681Ie+OO3 2.2677c+004 9.5787c+003 2.4512c+004 

0.005 3.05 I 2c+003 1.2299c+004 1.8543c+004 1.8287c+004 3.0118e+004 1.6508c+004 1.9638c+004 
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Figure 5.3 Normal grinding force Fy at spindle speed Q s = 960 rpm 
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Table 5.3 Grinding parameter Kgy (N/m) in Y direction at spindle speed Q s= 960 rpm 

RPM Depth cut Table speed (feet/min) 

linchl 0.375 1.5 2 3.875 5 10.875 14 
960 0.001 6.8469+003 2.666c+004 1.5318c+OO4 3.71I3e+004 2.6739c+004 3.6994c+004 4.8596c+OO4 

0.002 6.8110c+003 2.5894c+OO4 1.7602c+OO4 3.029Ie+004 2.6350c+004 3.2213c+004 4.8787c+OO4 

0.003 6.8858c+003 9.1693e+003 2.7965e+OO4 1.6779c+004 8.29 I 3e+003 2.5673c+004 5.0 I 97c+003 

0.004 2.S268c+003 9.7992c+003 1.0697e+OO4 2.2760e+004 4.568Ic+004 5.88 I 9c+003 1.5783c+OO4 

0.005 1.7972e+004 7.5866e+003 3.6575e+OO3 1.4846e+004 9.4606e+003 2.3587c+004 1.4551 c+OO4 
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Figure 5.4 Thrust grinding force Fx at table speed Vw = 14 inch/min 

Table 5.4 Grinding damping Cgx inX direction at table speed Vw = 14 inch/min 

table speed =14 ipm 

depth of cut linchl 

0.001 0.002 0.003 0.004 0.005 

175 -I. 7960E-0 I -1.4634E-0 I -1.IOS9E-01 -1.8789E-0 I -I.S18IE-OI 

270 -6.52ISE-02 -S .92IBE-02 -B.42BBE-02 -B.1489E-02 -I.IS41 E-O I 

385 -S.9977E-04 -2.6986E-02 -S.6342E-02 -3.7234E-02 -S.2976E-02 

490 9.0234E-03 -2.332BE-02 -3.4SS6E-02 -2.9899E-02 -1.6297E-02 

960 -2.0903E-03 1.3759E-02 1.934SE-02 1.6570E-02 9.I057E-03 

1465 I.OO28E-02 -1.01I3E-02 -4.8970E-03 6.8824E-03 4.189IE-02 
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Figure 5.5 Normal grinding force Fyat table speed Vw = 14 inch/min 

Table 5.5 Grinding damping Cgy in Y direction at table speed Vw = 14 inch/min 

table speed =14 ipm 

depth of cut linchl 

0.001 0.002 0.003 0.004 0.005 

175 -7.1103E·02 ·1.0013 E·O 1 ·1.0289E·0 1 • 1.1 276E·01 .1.1 946E·0 1 

270 ·5.2214E·02 ·7.2674E·02 ·7.5851 E·02 ·8.2676E·02 ·1.0257E·OI 

385 ·3.2575E·02 -4.4 1 69E·02 -4.742IE·02 ·5.1026E·02 -4.7972E·02 

490 .1. 773 7E·02 ·2.2683E·02 -2.5591 E·02 ·2.6703E·02 -1.I227E·02 

960 1.2515E·02 2.0387E-02 2.3842E·02 2.8673E·02 1.1 593E·02 

1465 ·2.0992E·02 -3.0258E-02 -1.I165E·02 ·9.4699E·03 3.8762E·02 
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5.3 IMPULSE RESPONSE TEST: MODAL ANALYSIS 

System identification deals with obtaining the process parameters of the dynamic 

system, based on observed data. For this purpose, an impulse response test is mainly 

used in practice to identify the dynamic system matrices such as mass matrix m, damping 

matrix c and stiffness matrix k. Since this study deals with the grinding wheel and the 

workpiece as individual dynamic model, m, c and k for both dynamic components are 

obtained from the impulse response test. 

It is necessary to investigate the effective wheel and effective workpiece system in 

the study of GDMWW. Three reference locations for the impulse response test are 

selected in Figure 5.6: 1) headstock over the spindle, 2) grinding wheel disk on the arbor 

and 3) workpiece on the table bed. 

Figure 5.6 Locations for impulse tests; 1) Headstock, 2) Wheel-Arbor and 
3) Workpiece 
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By hammering the three locations in turn, impulse responses are measured in 

three components (x, y and z) at each place. Knowing hammer forces, the transfer 

functions between the responses and the impulse forces in three axes can be evaluated by 

Fast Fourier Transform (FFT) algorithm or 

2 Auto-Regressive (AR) model or Auto-Regressive Moving Average 

(ARMA) model 

In this study, FFT is often used for comparisons with the results from using AR or 

ARMA. Using FFT is usually difficult to find the modal for multiple-degree-of-freedom 

system where the dynamic characteristics for one of degree-of-freedom affect the 

dynamic characteristics for the other degree-of-freedom. It is needed for the special 

techniques to deal with the problem and the techniques are not discussed here. 

In parametric model, the data model is usually written as 

A(q )y(t) = B(q )u(t - nk) + C(q )e(t) (5.1) 

where A(q), B(q) and C(q) are defined in the delay operator l as 

(5.2) 
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and 

where nc = 0 for AR and nc:f. 0 for ARMA model. Further discussions on the 

parametric system identification can be referred to MA TLAB documents. 

When the dynamic equation is written in the state form as Equation (4.4), the 

modal vectors provides us with the state matrix, for p degree-of-freedom dynamic system 

(5.3) 

where the matrix size for the diagonalized eigenvalue matrix (spectral matrix) JL 

and the size of the state matrix A are 2px2p, I is a pxp identity matrix, and the submatrix 

A21 and A22 are pxp, respectively. A21 and A22 represent for, 

(5.4) 

The modal matrix M (2px2p) is given by 

(5.5) 
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where I; (pxl) represents the eigenvector of A and 11; is the eigenvalue related to I; 

mode. The eigenvalue 11; is obtained from the spectrum estimates in either discrete or 

continuous time analysis. The inverse matrix of M can be written as 

LII LI2 

M-I = 
L21 L22 

(5.6) 

L2pl L2p2 

where Lil and Li2 are 1 xp row vectors. Then, Equation (5.4) can be written as 

2p 

"'" 2 il -k = mL."IlJiL = mA21 (5.7) 
i=1 

2p 

"'" 2 i2 -c = m L." Ili I;L = mA22 (5.8) 
;=1 

In theory, the solution of Equation (4.4) can be written as 

[Xl = eAI [Xl + J' eA(/-")[ 0 ]dV x x (J 0 m-IF(v)' 
(5.9) 

where the first term in the right-hand expression represents the transient response 

and the second term is the steady state response. It is better to let the transient part die 

out and get the steady state data. The steady state response, say xs(t) and x.,(t), can be 

predicted from the equation above as 
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(5.10) 

where 

I 

b;(t) = f e-/l'''u(v)1v (5.11) 
o 

The impulse force can provide both the spatial model and the modal model in at 

least one test. If the impulses of strength.li, h, ... ,h are applied at p locations, with at 

least one of them nonzero, then the impulse force is expressed by the impulse strength 

8(t) as 

(5.12) 

and 

biCt) = 1 (5.13) 

Then, the equation for impulse response can be written as 

[~.I'l = e
A/

[ ~1 1 
X,I' m F 

(5.14) 

Therefore, at t = 0, the desired p equations can be written as 
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2p 

mi,,(O) = mLl;s;ll; = F (5.15) 
;=1 

where S; represents the scale of the mode at i. Therefore, Equation (5.7), Equation 

(5.8) and Equation (5.15) will complete the process to identify m, c, and k. 

To do this, AR model has been obtained from the measured data and the 

parameter model has been changed into continuous time domain to produce state model 

A for further analysis in continuous time domain, which is in Equation (4.4) and Equation 

(4.6). For this study, the following identification procedure among Pandit's illustrations 

is chosen. 

1. Using AR model, the eigenvalues (in discrete or in continuous time 

model) and the natural frequencies are obtained. The relation between the discrete 

characteristic roots Ai and continuous characteristic roots Pi is given by 

(5.16) 

2. The data used for modeling is then written as 

/I 

XI = 2>;("-;) -x (5.17) 
;=1 

where Ci is the constant corresponding to the discrete time eigenvalue Ai and X 

represents the average for the data series X. Therefore, in order to evaluate Ci (or Si in 
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Equation (5.15» for p degree-of-freedom dynamic system in discrete time, Equation 

(5.17) can be written as 

(

"=2
P 

I J 
X, = ~Ci(Ai) - X at t = 0, -1, ... , -(2p-l) (5.18) 

Therefore, Equation (5.18) will form the linear algebraic equations for Cj when the 

values for the negative time steps are assumed to be zeros. For example, ifp = 3, 6 linear 

algebraic equations will be available in Equation (5.18). 

3. Then, the scaled mode Ij for each mode is evaluated as shown in Equation 

(5.19), using the scale obtained from the previous step. 

4. Modal matrix M in Equation (5.5) for state space matrix A and its inverse 

matrix in Equation (5.6) are then obtained; therefore, Equation (5.4) results in the 

submatrix A21 and A 22• 

5. Mass matrix m is first obtained from Equation (5.15) using the known 

impulse force. Cosecutively, k and c are obtained from Equation (5.7) and (5.8). 

In the following section, the brief result for indentification of machine structure, 

the effective wheel and workpiece dynamics are presented. 
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5.4 IDENTIFICATION OF GRINDING SYSTEM 

Although, the dynamic system in this study represent the two dimensional 

modeling approach, the actual experimentations have been performed in the three 

dimensional space. Figure S.7a and 5.7b show the spectrum for x, y and z directions 

when the impulse force Fx (138.72 N for 0.0012 seconds) is applied. This transfer 

functions are simulated with AR model by setting na = 27, nb = 5 and nk = 2 in Equation 

(5.1) and (5.2) for each data set x, y and z. Figure 5. 7b represents the phase between the 

applied force and the responses (here, accelerations in all three directions). 
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Figure 5.7 Transfer function plots for the machine structure when Fx (= 138.72 N) is 
applied: (a) magnitude plot and (b) phase plot 
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It is assumed from all the spectrum plot that the first three modes are considered 

as the system modes. In table 5.6, the results for their natural frequencies, damping 

ratios, and the scales from Equation (5.18) are listed. 

Table 5.6 
frequencies 

Dynamic characteristics for machine structure: eigenvalues and natural 

mode eigenvalues Ili damp. ratio natural freq. ICjl Lcj
O 

{; Wj (rad/sec) 
x -1.24473e+002± 2.6398e+OO3i 7.7469e-002 2.6428e+OO3 3.2215e-OOI 74.1454 

-2.2836e+002± 4.8135e+003i 4.738ge-002 4.8 1 8ge+003 3.3355c-001 10.4450 

-1.0548e+002± 5.9223e+OO3i 1. 7808e-002 5.9233e+003 7.7390e-001 54.4351 

y -1.2456e+002± 2.7776e+003i 7.4800c-002 2.7804e+003 4.2620e-OOI 74.2127 

-1.4387e+002± 4.7917e+003i 5.001Ie-002 4.7938e+OO3 2.9785c-001 -170.9438 

-1.6834e+002± 5.9100e+OO3i 1.8473e-002 5.9124e+003 7.850Ie-001 54.4302 

z -1.3382e+002± 2.6043e+003i 7.131ge-002 2.6077e+003 1.5261 e-OO 1 -105.7106 

-2.2483e+002± 4.8051 e+003 i 5.6077e-002 4.8109e+OO3 1.5140e-OOI 10.5296 

-1.2184e+002± 5.9289e+003 i 2.0546c-002 5.9302e+003 4.9394e-001 -34.7719 

From the table, the mode shape liSj in Equation (5.15) is expressed as ICilexp(L Ci)' 

The eigenvalues for three data sets (x, y and z) are little differently appeared and the 

differences among them may be caused by modeling error of the data set. Using 6 linear 

algebraic equation for Cj for each data set from Equation (5.18), Cj are evaluated. For 

mode shape lpj, each ith amplitude of Cj and its phase from the table and will form the 

following: 

[

0.32215eJ74.l454] 
lisl = 0.4262eJ74.2127 ; 

0.1 526e-Jlo5.7106 [ 

0.3336eJIO.445] 
13s3 = 0.297ge-J170.9438 ; 

0.1 514eJI0 .5296 [ 

O.773ge.i54.43SI ] 

isss = 0.7850e)S4.4302 (5.19a) 

0.49394e-)34.7719 



61 

(5.l9b) 

Scaling them so that the first element of each mode is one, the modal matrix M 

with the scaled vector Ii and the eigenvalue f.1i is obtained. The state matrix A is then 

evaluated from Equation (5.3). 

The mass matrix m is evaluated as 

_ [21.42 
mm- 0 

o 

o 
25.178 

o 
~ 1 (kg), 

13.268 

(5.20a) 

Using Equation (5.7), Equation (5.8) and Equation (5.21a,b), the damping matrix 

Cm and the stiffness matrix km for the spindle machine structure are obtained as 

[

10.070 -5.626 -1.2331 
Cm = - 5.626 6.021 -1.806 x 102 (N s/m) 

-1.233 -1.806 12.591 

(5.20b) 

[ 

52.l78 -8.0060 -5.52901 
km = -8.0060 26.316 -8.4520 x 107 (N/m) 

-5.5290 -8.4520 41.529 

(5.20c) 
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Figure 5.8(a,b) shows the spectrums of the effective wheel system. The data is modeled 

using na == 29, nb == 5 and nk == 2 for AR model defined in Equation (5.1) and Equation 

(5.2) for three output (impulse accelerations) and single input (impulse force). The 

impulse force is applied in x direction for Figure 5.8. 

Table 5.7 shows the dynamic characteristics for the grinding wheel system. The 

eigenvalues are detected from the dominant three modes for 3 degree-of-freedom model. 

Three modes are identified from three responses. It is observed that the natural 

frequencies are well separated each other. Based on the procedure described in the 

previous section, the mass matrix ms, damping matrix Cs and stiffness matrix ks for the 

effective wheel system are identified in Equation (5.21). 

Similarly, for the workpiece system, the spectrums are shown in Figure 5.9(a,b). 

When the impulse force F= in z direction is applied to the workpiece, three accelerations 

from the workpiece are measured. The used orders for data are na = 29, nb = 5, and nk == 

2 for each data set. The mass matrix mw, damping matrix Cw and stiffness matrix kw for 

the effective wheel system are identified in Equation (5.22). It is observed that the lowest 

natural frequency (about 820 rad/sec) is far from the second mode natural frequency 

(about 4800 rad/sec) and the third natural frequency (about 5900 rad/sec) as it is seen in 

Table 5.8. 
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Figure 5.8 Transfer function plots for the wheel system when Fx (= 180.08 N) is 
applied: (a) magnitude plot and (b) phase plot 



Table 5.7 Dynamic characteristics for the wheel system: eigenvalues and natural 
frequencies 

eigenvalues Jli damp. ratio natural freq. le;I Lcj
O 

mode ~ Cl)j (rad/sec) 
x -1.I91Ic+001+ 1.I033c+003i I .0794c-002 1.1034c+003 2.1336e-003 95.\08 

- I .3686c+002± 2.6480c+003i 5.1615c-002 2.65 15c+003 2.7140e-001 56.392 

-1.0256c+002± 3.018ge+003i 3.3954e-002 3.0206c+003 1.6777e-00 1 90.086 

Y -1.93 15e+001+ 1.0994c+003i I. 7567e-002 1.0995C+003 1.872c-002 95.909 

-1.2925c+002± 2.6253C+003i 4.917Ie-002 2.6285c+003 I. 0 116c-00 1 -123.27 

-7. 1 848c+00 1 ±3.0 1 94c+003 i 2.3789c-002 3.0202c+003 2.2392e-00 1 -91.013 

z -3.3213c+001+ 1.0907c+003i 3.0436e-002 I. 0912c+003 3.1652e-003 -85.728 
I .4250e+002+ 2.5951c+003i 5.4828e-002 2.5990C+003 3.1243e-001 56.9296 
-1.0745c+002+ 3.0005c+003i 3.5787e-002 3.0025c+OO3 I. 7853e-00 1 87.410 
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The mass matrix ms, damping matrix Cs and stiffness matrix ks for the wheel 

system are obtained as 

[

10.121 

ms= 0 

o 

o 
2.035 

o 
~ ] (kg) 

1.202 

[

19.812 -1.899 -2.337] 

Cs = -1.899 48.574 -3.678 x 102 (N·s/m) 

-2.337 -3.676 29.714 

[

13.451 -2.3688 

ks = -2.3688 14.822 

-1.4300 -1.9881 

-1.4300] 
-1.9881 x 106 (N/m) 

9.7190 

(5.21a) 

(5.21b) 

(5.21c) 



WORKPIECE TRANSFER FUNCTIONS:Fz = 200.55 (N) 

20r-----------~--------------------~----------~ 
x -Direction
Y - Direction- _. 

Z - Direclion---····· 

'8 -20 
c 
jij 
Cl 

-40 

-60~----------~--------~----------~----------~ 

180 

10 1 10 2 10 3 10 4 10 5 

10 1 10 2 

Frequency (rad/sec) 

(a) 

10 3 

Frequency (rad/sec) 

(b) 

10 4 10 5 

65 

Figure 5.9 Transfer function plots for the workpiece system when Fz (= 200.55 N) is 
applied: (a) magnitude plot and (b) phase plot 
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Table 5.8 Dynamic characteristics for the workpiece system: its eigenvalues and natural 
frequencies 

mode 

x 

y 

z 

eigenvalues p; damp. ratio natural freq. ICil 
S; co; (rad/sec) 

-4.3120e+001± 7.7271 e+002i 5.5717e-002 7.7392e+OO2 2.670ge-001 

-1.6875e+002± 4.7452e+OO3i 3.5539e-002 4.7482e+003 5.4592e-002 

-1.2955e+002± 5.6079e+OO3i 2.3096e-002 5.6094e+OO3 2.5228e-OOI 

-3.0680e+001± 8.2834e+OO2i 3.70 I 2e-002 8.2891e+OO2 4.0582e-002 

-1.4633e+002± 4.7918e+OO3i 3.0523e-002 4.794 I e+003 1.6 I 6ge-002 

-1.0181 e+002± 5.6073e+OO3i 1.8 I 54e-002 5.6082e+OO3 8.0324e-002 

-3.9742e+001± 8. I 875e+002i 4.8483e-002 8. I 972e+002 2.0881 e-002 

-1.0256e+002± 4.7317e+OO3i 2.167Ie-002 4.7328e+OO3 4.4204e-OOI 

-1.2249e+002± 5.5365e+OO3i 2.2119c-002 5.5379e+OO3 1.4374e-002 

The mass, damping and stiffness matrices are obtained as 

[

11.10 0 

mw = 0 5.25 

o 0 

[ 

163.93 

Cw = -8.82 

-23.98 

-8.82 

319.61 

-14.75 

00 ] (kg) 

29.62 

-23.98] 
-14.75 x 10 (N/m) 

956.21 

[

23.759 -1.171 -0.599] 
kw = -1.171 16.296 -1.834 x 107 (N s/m) 

- 0.599 -1.834 2.012 

L cia 

8.3518e+001 

7.2761e+OOI 
I. I 957e+002 

1.2401e+OOO 

1.3556e+OO2 
1.8581e+OOI 

1.5393e+002 

9.1617e+001 
1.6614e+002 

(5.22a) 

(5.22b) 

(S.22c) 
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Based on the dynamic model GDMWW in two dimensional space, the dynamic 

matrices m, c and k are selected as 

for the wheel, 

[
10.121 0] [1981.2 -233.77] [13.451 -1.430] 6 m = . c = . Ir = x 10 (5.23) 

5 0 1.202' 5 -233.73 2971.4 ,~ -1.430 9.719 

and for the workpiece, 

m = . c = . k = x 10 5 24 
[
11.10 0] [1639.3 -239.80] [23.759 -0.599] 7 

w 0 29.62' w -239.80 9562.1 'W -0.599 2.012 (.) 

5.5 EVALUATION OF EQUIVALENT ELASTIC STIFFNESS Kc 

From the dynamic theory, the wheel and the workpiece are at equilibrium at 

displaced position due to due to contact between two bodies. This situation can be 

observed for the steady state of grinding from Equation (4.8). In that expression under 

steady state conditions, the equilibrium state Xss = {xss' Yss} T are obtained by setting the 

velocities and the accelerations zeros and is then expressed as 

(5.25) 

Therefore, the grinding force may become less in magnitude than we expected due 

to reduced depth of cut by displacement Yss. For considering this fact, the elastic 
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displacements for the wheel and the workpiece system should be counted for evaluating 

the instantaneous depth of cut. 

For the workpiece, assuming that the workpiece material is homogeneous, the 

static stiffness Kw can be deduced from the elastic modulus described in Table 5.1 with 

the known width of cut from Equation (4.13) as 

(5.26) 

where Ew is the elastic modulus of the workpiece and be is the width of cut 

defined in Equation (4.13). As for the wheel, the wheel consists of the grinding grit and 

the aluminum disk. During this study, the static stiffness of the wheel itself is not 

measured. However, the stiffness can be approximately obtained. Because we measure 

the dynamic parameters of the wheel on the spindle machine structure, we can think of 

the measured data in Equation (5.21) as the effective dynamic properties. Assuming that 

the wheel is connected with the machine structure which was identified in Equation 

(5.20), the static stiffness Ks of the wheel itself can be evaluated as 

k -I k-I K-1 
.I" = 11/ + .I" (5.27) 

Therefore, Ks is numerically obtained as 

K = xlO [ 
13.807 -1.468] 6 

5 -1.468 9.952 
(5.28) 
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Due to the resulting force F between two bodies, a certain amount of displacement 

8e (= Yss) between the wheel and the workpiece remains in a certain level during dynamics 

as explained in Equation (5.25). Therefore, 8e is formed by adding 8s of the wheel 

displacement and 8s of the workpiece displacement. Since both dynamic bodies are 

subjected to the same grinding force, the equivalent elastic stiffness Ke in y direction can 

be obtained as 

1 1 1 
-=-+-
Kc K.. 1(. 

(5.29) 

For a specific case of the depth of cut 0.005 inch (0.127 mm), the width of cut be 

is 0.0088 inch (0.2236 mm) and Kw = 633.6e+06 (N/m). In Equation (5.28), the stiffness 

Ks in y direction is 9.952e+06 (N/m). Therefore, the equivalent elastic stiffness Ke is 

obtained from Equation ( 5.29) as 

Kc = f\,Kw = 9.7981e+06 (N/m) 
K\.+Kw 

(5.30) 
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Most simulations in this study have been performed using MATLAB. The 

dynamics of the overall grinding process with dynamic cutting conditions have been 

studied. A closed loop grinding process is also simulated. For simulations, the grinding 

points on the workpiece should be understood. Along the length of workpiece, the 

number of grinding points NWC has been established. By making NWC nodes on the 

workpiece, the coordinates for each grinding point as well as the coordinates for grinding 

grits are identified during vibrations. Then, the problem is to keep the x coordinate of the 

nodal points with the same x coordinate of the grit in grinding position. To solve this 

kind of problem, the coordinates of the grinding point are modeled to adjust its 

coordinates using a linear interpolation. In this study, the dynamics from the grinding 

wheel disk with four cutting grits is simulated. For easy comparisons with 

experimentations, the same numerical integration time step .::\t = 140e-06 seconds with the 

sampling time for data acquisition is used during simulations. 

6.1 SIMULATED GRINDING MECHANISM 

One of issues on modeling the process is to generate the nominal depth of cut and 

the instantaneous depth of cut described in Section 4, Table speed Vw in the thrust 
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direction (x) and the displacements of the wheel and the workpiece during vibrations are 

considered in the modeling. 

Figure 6.1 shows the geometric relation between the grinding wheel and the 

workpiece. In the figure, Rs represents the radius of the wheel disk, Hd is the height of 

grinding grit, de is the clearance between the disk and the top of the workpiece. The 

workpiece is moving by the table speed VW' The maximum table speed is 14 (inch/min) 

for Van Norman No. 12 milling machine that we used and the minimum speed is 0.345 

(inch/min). 

I de 
""""----=== .!.-="-----,

,.------!.Jii--"----, -T 
I 

Figure 6.1 Process setup 

In Figure 6.2, it is shown that when the table moves with VW , the projected contact 

length onto the workpiece surface is increased by Lwe (Figure 6.2) from the case when the 

table speed is zero. Ls is the projected contact length on the surface when Vw = O. Then, 

the increased length Lwe can be expressed as 
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(6.1) 

where, Tc is the contact time for when the table does not move. 

Figure 6.2 Contact length during table feed 

Figure 6.3 shows the single grinding chip formation for each grinding grit. Once 

the grit 1 is fully swept over the workpiece with vw, the successive grits cannot grind the 

same contact length for the 1 st grit. Full contact line AB is formed after the grit 1 passes 

and removes the workpiece and moves to the left for this specific case. Then, as the 

second grit enters the grinding region, the grit may instantly experience nothing to 

remove until the grit gets the bottom surface to start grinding. If there is enough 

displacements on either x or y, the grit may contact the surface before or after the 

expected grinding point. This situations will happen for all the successive grits. 

Therefore, the successive grits may not start grinding with the same position for the 

previous one and the grinding may be delayed for short time until any grit gets the 
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contact with the workpiece. If Ts is the time for one revolution of the grinding wheel, the 

time between the grits is represented by 

where, Ng is the number of grinding grits. 

A 

___ --.!~ grit 2 

___ "'.~ grit 3 

___ ....... ~ grit 4 

Vw 
~--

Figure 6.3 Single grit chip formation and grinding pass 

(6.2) 

6.2 POSITION IDENTIFICATION FOR GRIT AND THE NODES OF THE 

WORKPIECE 

One issue for modeling the process in this study is to keep the information on the 

coordinates between the grits and the grinding points. The grit in grinding position will 

instantly get the information on the coordinates where the grit contacts the workpiece and 
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will determine the difference between its own coordinates and the one of the node 

involved in grinding on the workpiece. If the grit gets the contact with workpiece in 

between two grinding points, the node which has the smaller identification number 

between two grinding points is adjusted its coordinates so that a grit can grind the 

modified grinding point. Therefore, the coordinates for all the grits and the grinding 

points are evaluated in time and geometric space to determine the instantaneous depth of 

cut. 

The identification number for each grit is entitled in clockwise and then, x 

coordinates and y coordinates are evaluated as, from Equation (4.15) 

x - coordinates of grits = D~(I) 

Y - coordinates of grits = D~~ (I) (6.3) 

where k= 1, 2, ... , Ng and Ng is the total number of grits. Then, it is determined 

which grit is in grinding, by finding the grit which has minimum vertical coordinate (y). 

If more than two grits have the same y value, the grit with the smallest x coordinate will 

be chosen to grind. 

As for the grinding points on workpiece, if there is a difference in the position 

between the grit and the indexed grinding point on the surface of the workpiece, the 

difference is corrected by adjusting the coordinate of the node on the surface of the 
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workpiece. The workpiece is divided into NWC nodal points along its length of the 

workpiece and their coordinates can be expressed as, 

W;"(i,t)=[L w i-I V,.l+X,]I+[W;:(t-Llt)+Y2]J (6.4) 
NWC-I -

for i = 1, 2, ... , NWC 

where Lw is the length of the workpiece, Vw is the table speed, (X2' Y2) is the 

displacements due to vibration and L1t is the integration time step. Y coordinates of all the 

nodes initially start from the ungrounded surface and will be updated every time for all 

nodes. The program for position identification for the grit and the workpiece is listed in 

Appendix B. 

Based on Y coordinate of the approaching grit and the indexed nodes on 

workpiece, grinding or no grinding is determined. Figure 6.4 shows the relation between 

the grit and the node on the workpiece. If the vertical position of the approaching grit is 

lower than that of the ith node on the workpiece and the x coordinates of the grit and the 

node i of workpiece are coincident, non-zero value of the instantaneous depth of cut is 

evaluated. However, if the Y coordinate of the grit is above the node i, the depth of cut is 

set to zero. Unfortunately, the x coordinate of the node is often not coincident with that 

of the grit. That is, the tip of grit may enter the middle of two nodal points of the 

workpiece. This is shown in Figure 6.4b. In that case, it is needed to adjust the node i to 
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keep the x coordinate of the grit using an interpolation technique. Then, the node i gets 

the new coordinate. 

As long as any grit is not in touch with the surface of the workpiece, all the nodes 

keep their current coordinates and the process signals zero instantaneous depth of cut. 

When the case al and the case a2 occur, the node i shifts to the right to keep the x 

coordinate of the grit and is indexed by t. 

The case al evaluates the depth of cut as zero and keep the own y coordinate. The 

case a2 evaluates the non-zero depth of cut based on the surface aty coordinate of node i/ 

and y coordinate of the grit, and the y coordinate of the node i / gets the y coordinate of the 

grit. 

For the case bi and case b2, the workpiece keeps the current coordinates of the 

node i and evaluates the depth of cut in the same manner. The case bi gets the zero depth 

of cut and keeps the own y coordinate; the case b2 produces the non-zero depth of cut and 

the y coordinate of the node i is changed into the y coordinate ofthe grit. These situations 

are evaluated every time. 
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j-1 j' j+1 

-----.----------.-.---.-----work surface 

Case a1 Case a2 

(a) 

grit above the worksurface 

""~ ,"",re ... 
- ----.------~--.-----

j-1 j+1 

j-1 .~~_ j+1 

work su!~---,-·---

grit below the worksurface 

Case b1 

(b) 

Figure 6.4 Relation between the grit and the node of the workpiece: (a) when the 
grit is not coincident with the x coordinate of node i and (b) when the grit is at the x 
coordinate of node i 
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Figure 6.5 shows the simulated surface variations in finished workpieces for a 

stable grinding operation (spindle speed = 960 rpm, wheel diameter = 8 inches with 4 

grits, table speed = 14 inch/min, nominal depth of cut = 0.005 inches). The surface 

profile in Figure 6.5 is obtained using the nominal depth of cut. 

Figure 6.6 shows the surface profile obtained with instantaneous depth of cut for 

the same grinding operation. Experimentations are also conducted with the same process 

parameters using diamond grits and workpieces made of soda lime glass. Both surface 

profiles are taken after 0.2733 seconds since the simulation started. During that time, the 

workpiece was ground by 1.62 mm along the length. Figure 6.6 shows that during 

0.2733 seconds, the maximum instantaneous was 0.17753 mm when the nominal depth of 

cut 0.127 mm. 
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Surface Profile by Nominal Depth of Cut 

o 1~ jl'111~ 11~ I~i fll llj ~l\ liII ~1 ~\I ~IV ~~~1~111 jV~j ~~i 
: -00635 ~I I /1 I I, 11 . I II 1 II /1) 
"0 I I ~I /_ 1 I 1__ ~ V 
:5 -0.127 ·nominal dePthofC~ mm (0.005 inch) 
c-
Ol 

't:I 

-0.1905 

o 0.28 0.56 0.84 1.12 1.4 1.68 

workpiece length, mm 

Figure 6.5 Simulation for surface profiles for nominal depth of cut 
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Surface Profile by Instantaneous Depth of Cut 

o II 

E -0.0635 E 
:i 
u -0 

:a 
G> 

't:J 

-0.17753 

-0.1905 max. instantaneous depth of cut = 0.17753 mm 

o 0.28 0.56 0.84 1.12 1.4 1.68 

workpiece length, mm 

Figure 6.6 Simulation for surface profiles: instantaneous depth of cut model 
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6.3 SIMULATION OF GRINDING PROCESS 

For the simulation of the overall grinding process, Equation (4.9) is used. From 

the natural modes, the identified principal angles ()I = 9.950 and ()2 = 89.40 using their 

first mode are obtained. The proposed closed loop surface grinding process is shown in 

Figure 6.7 and the sub-blocks are presented in Appendix A. 

The first block "FX_FY" is to form the individual grinding forces based on the 

instantaneous depth of cut and the relative velocities between the wheel and the 

workpiece. For instant values of kgx' kgy, cgx and Cgy, the following relations are obtained 

by interpolation of the experimental values from Table 5.2 to Table 5.5 for process 

conditions of the spindle speed Qs = 960 rpm and table speed Vw = 14 inch/min: 

kgx(a)=1.2883e+007 a3 + 1.7971e+004a2 -2.9251e+002 a-l.4876e+OOO (6.5a) 

kgy(a) = 9.0033e+007 a3 -9. I 500e+005 a2 + 3.2333e+003 a -1.5246e+OOO (6.Sb) 

cgx<a) = -1.7732e+005 a3 + 9.9432e+003 a2 -4.6197e+OOI a + 4.5952e-002 (6.5c) 

cgy(a) = 1.5148e+006 a3 -6.6621e+003 i + 7.9516e+OOO a -2.5363e-002 (6.5d) 

Then, the grinding forces are obtained as Equation (4.24a,b). 



L.:}--__ ~ 

Clock 

normal 
depth of cut 

no grinding 

RELATIVE 
MOTIONS 

Relative Dis lacement in Y 

Figure 6.7 Uncontrolled closed-loop grinding process 
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In the block "FORCE", the grinding forces are evaluated from the situation 

whether the grinding is occurring or not. If the block "Position Block" is producing zero, 

the grinding force is set to zero; otherwise, the forces have non-zero values. 

In the block "FXY2LP", the resulting grinding force is obtained using Equation 

(4.24a) and (4.24b) as 

(6.6) 

and the angle 17 between the force Fx and Fy in Figure 4.2 is evaluated as 

(6.7) 

Therefore, by projecting the force Fanta L and P, the grinding force F L in 

Equation (4.9) for the wheel dynamics are obtained as 

(6.8) 

Similarly, the grinding force F L for the workpiece dynamics in LP coordinates is 

(6.9) 
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Then, the block "Gm(s)" represents the wheel dynamics and the workpiece 

dynamics which are presented in Appendix and its individual dynamic equation of 

motion is expressed as 

(6.10) 

where the individual matrices are written in Appendix. 

In the block "LP2XY", the displacements are transformed into XY coordinates. 

The block RELATIVE MOTIONS calculates the relative displacements as 

(6.11) 

These vibrational displacements will be fed back into the instantaneous depth of 

cut in Equation (4.11). Thereafter, new grinding force will be evaluated. The vibrations 

(x), YI' X2 and Y2) are also transferred to the block "POSITION BLOCK" to evaluate the 

grit positions and the workpiece positions, and based on the relations given in Equation 

(4.19) it will determine whether there is grinding or not. Therefore, in case of no 

grinding, the grinding force is set to zero. 

To investigate the behavior of the transfer function in each direction, the 

measured and the simulated results from AR model have been performed using 2048 

data. The measured amplitude and phase of the accelerance in the frequency domain, in 

X and Y directions, respectively, are shown in Figures 6.8 and 6.10 and the simulated 
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outputs are in Figure 6.9 and Figure 6.11. It may be observed that the simulated and 

experimentally obtained locations of the highest amplitude compare quite well in the 

frequency domain. Especially, the phase diagrams are well matched near the resonance. 

The comparisons between the measured and the simulated transfer functions are listed in 

Table 6.1 for resonance and Table 6.2 for the static gains. 

Figures 6.12a and 6.13a show the simulated accelerations, while their 

corresponding experimentally measured values are displayed in Figures 6.12b and 6.13 b. 

It may be observed from these figures that the simulated and experimentally measured 

accelerations compare quite well in the time domain, based on the amplitudes. 

Simulated and experimentally obtained grinding forces are represented in Figures 

6.14 and 6.15. Figures 6.14a and 6.14b compare the simulated and experimental grinding 

forces in the X direction, and the grinding forces in Y direction are shown in Figures 

6.15a and 6.15b. It may be observed from these figures that the simulation captures the 

force peaks very effectively. Other minor force variations present in the experimentation 

due to various noises are not captured in the simulation, because there is no applied 

grinding force between the successive grits. 
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Table 6.1 Comparisons of the resonance frequencies between the measured data 
and the simulated data 

Resonant Freq. Measurements Simulations 
(rad/sec) (rad/sec) 

Model [na nb nk] [2653] [262 1] 
x 2330 2326 

Y 2443 2547 

Table 6.2 Comparisons of the static gains for accelerance between the 
measured data and the simulated data 

Measurements Simulation 
static gain (dB) static gain (dB) 

x 1. 146ge-002 (-36.66 dB) 5.0472-002 (-25.94 dB) 

Y 1.211ge-002 (-38.33 dB) 1.4953e-002 (-36.51 dB) 
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Simulated Acceleration in Y Direction 
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Figure 6.14 Comparisons in thrust grinding forces (Fx) between (a) simulation 
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CHAPTER 7 

REGENERATIVE INSTABILITIES IN GRINDING 

Chatter is normally identified by chatter marks, by characteristic noise and by the 

undulated or dissected chip. For glass-ceramic material, since it is hard to recognize the 

chatter mark visibly, SEM (scanning electron microscope) observation is often used. The 

frequency of chatter vibrations is often occurred near a dominant mode of the natural 

vibrations of the mechanical structures involved. 

Tobias (1961) specified for two types of chatter in machining process: Type A 

chatter occurs when the amplitudes x lies in the plane perpendicular to the cutting 

direction, regardless of whether the amplitudes are co-directional with the feed or 

perpendicular to it. In the Type B chatter, the amplitudes have a component co

directional with cutting speed and the disturbance x also brings about a change in the 

angular velocity dn, = x / R which did not occur in Type A chatter. Then, the work 

presented in this paper may belong to Type A chatter problem, because the variations in 

the angular speed is not modeled. 

Then, the stability issue on the dynamic model GDMWW can start with 

considering the principal modes between the effective wheel and the effective workpiece 

system. The vibration associated with machine tools is either self-excited or forced 

(Sweeney 1971). Self-excited vibration is spontaneous and causes poor work-surface 
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finish, increased tool wear and lower production rates. It is the result of interaction 

between the grinding force dynamics and machine tool structure dynamics and the energy 

during the process keep driving the tool or workpiece. 

In the experimentation, the surface regeneration is occurred due to the phase 

difference between the surface modulations by the multi-grit wheel. When a grit is 

engaged in a steady state cut, there is no dynamic excitation and the static stiffness only 

of the machine tool structure is important. When the grit contacts some irregularity in the 

work surface, the wheel vibrates relative to the workpiece so that the motion alters the 

depth of cut and the variations in grinding force is imposed on the steady grinding force. 

This dynamic force instigates further dynamic variation of grinding force which in turn 

oscillates the structure and leads to the self-excited vibration. 

The instability conditions for regenerative ceramic grinding using FRF 

(Frequency Response Function) is obtained in this section. In Section 3, the grinding 

process is considered in the principal modes. Figure 7.1 show the schematic grinding 

process in the direction. During chatter, the grinding stiffness varies with the 

instantaneous depth of cut as it is explained in Equation (6.5) so that the stability of the 

process is the main concern in varying grinding conditions. For chatter analysis, the FRF 

between the grinding force F and Y direction, where the instantaneous depth of cut is 

measured, is investigated. 
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The directional factor of the resulting grinding force in the wheel and the 

workpiece system is obtained by taking a unit vector F and projecting it onto LP and then 

onto Y direction. 

In turning or grinding, the overlap factor /1 is introduced so that the chip thickness 

can be expressed generally by regenerative effects. For turning and grinding, /1 :5:1.0 and 

/1 = 0 is possible. The variation in depth of cut D.a(t) from Equation (4.23) is 

D.a(t) = y(t) - J.ly(t - ~) -8 c (7.1) 

where the last two terms in this expression represents the instantaneous variations 

in depth of cut, /1 is overlap (regenerative) factor and Tg is TsCtime for one revolution)INg 

(Number of total grinding grits). 
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From (4.24b), the dynamic grinding force dFy in y direction which is thought of 

the y component force of the resulting grinding force F is written as 

(7.2) 

This chip thickness variation (regenerative effect) effect occurs with single-edged 

grit (lathe tools or grinding wheels) when the grit traverses a surface on the workpiece 

from which it has taken a previous cut. 

In this study, it is the dynamic component of the grinding force dFx and dFy which 

oscillate the machine tool structure. Therefore, at any frequency ro, the amplitude of 

dynamic grinding force must maintain the relative motions x(t) and y(1) in order for the 

chatter conditions to exist. Then, from the characteristic response, the relation between 

the y(l) and dFy can be written as 

y(t) = -dF)t)HFYUro) (7.3) 

where HFy is the frequency response function between y(t) and dFy(t). The 

negative sign shows that the dynamic grinding force component dFy is opposite in phase 

to the vibration y(t) as well as Fit). We may also say that F(t) = -dFit), because the 

motions at the interface between the wheel and the workpiece are motivated only by the 

part of dynamic force. From the characteristic harmonic response (FRF), to maintain any 

vibration yet), dFy must be equal to F(t) in magnitude. 
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Referring to the grinding force iny direction in Equation (7.3), OR in Figure 7.2 

represents K;;(t), RN represents for cy y due to 90° phase shift between the displacement 

and velocity, and NQ represents KyJiy(t-Tg). At the threshold of stability, the vibration 

maintains at the limit of amplitude itself. In order words, if the current surface amplitude 

remains at the previous surface amplitude indefinitely, the system is at the borderline 

stability. 

(7.4) 
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Figure 7.2 Descriptive frequency response function of surface grinding process 

At an excitation frequency ill (rad/sec), yet) lags F(t) by phase angle y: In Figure 

7.2, the characteristic representation may be thought of as a vibratory system at the limit 
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of stability because, at any frequency OJ, the vibration y(t) is maintained by the excitation 

force Fit) and neither increases nor decays. 

According to Sweeney (1971), the phase angle between the surface modulations is 

a function of chatter frequency ro and the time take for the grit to travel one grit pitch. 

The regeneration of waviness on the workpiece surface is supposed to occur by 

subsequent grits. Therefore, the phase angle <1> is written as 

(7.5) 

where OJ is the chatter frequency in rad/sec, Qs is spindle speed in rad/sec, Ng is 

the number of grits. Therefore, for the experimentation in this study (Qs = 100.53 

rad/sec, Ng = 4 and OJ = 2547) in y direction from Table 6.2 , the phase angle is 

evaluated as 

,!, __ 2n2547 
'I' 39.8 (radian) 

4·100.53 
(7.6) 

and is equivalent to 127.372 degrees. 

The chatter vibration is self-induced and it draws its excitation energy from 

grinding process itself and hence from the machine drive. At the threshold of stability, 

the dynamic component of grinding force is just sufficient maintain the vibration between 
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the wheel and the workpiece. The self-excited machine tool vibration depends on i) the 

dynamic characteristics of the machine tool structure and ii) the dynamic characteristics 

of the grinding forces. 

It is observed that the scale used for the dynamic grinding force construction is 

not related to the scale for the receptance plot in terms of y(t). Therefore, when the unit 

t;xcitation force is applied for the simplicity, let the OR be unit length. This means that 

NQ is equal to /1. Then, using the phase lag angle r which defines the phase angle 

between the applied grinding force and the response, the following geometric relations 

are derived as 

(7.7) 

and 

[ 

2 ]112 
( ~: OJ + f'Sin~) + (1- f'cos~)' (7.8) 

where (J) is the chatter frequency. This expression represents the instability 

conditions of regenerative grinding. To obtain the stability lobes accordingly, two kind 

of stability charts are considered when 
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1. Stability for a chatter frequency co: the experimentation and simulation 

shows that the natural modes in x and y are closely located around 2326 ~ 2330 rad/sec 

(in x - direction: thrust direction) and 2443 ~ 2547 rad/sec. This results is similarly 

shown for Q s = 153 rad/sec (1460 rpm) with the same table speed (14 inch/min) and the 

depth of cut (0.127 mm). However, it is interesting to know when the machining 

structure is changed and the resonant frequency during the machining process is supposed 

to be changed. The results from using different overlap factor are shown in the chart. 

2. Stability for different ratio between the grinding parameters kg;, and cgy : 

this problem can be considered because Table 5.3 shows that there is the negative value 

in Cgy when the instantaneous depth of cut is decreased. In fact, during chatter vibrations, 

the smaller (or greater) depth of cut than the nominal depth of cut is often occurring. In 

that case, the parameter Cgy will instantly get the negative value and will affect the 

vibrations. Knowing the natural frequency at 2547 rad/sec, the stability for the different 

C OJ 
ratio r = ~ is investigated. 

k~ 

For stability chart, the following data are used for Figure 7.3: 

Spindle speed Qs = 100.53 rad/sec (960 rpm) 

Depth of cut ao = 0.127 mm (0.005 inch) 



103 

Table speed Vw = 5.927 mm1sec. (14 inch/min.) 

Phase angle <l> = 127.4 degree from Equation (7.6) 

Grinding constants kgy = 1.4551e+004 (N/m) 

Grinding damping constant cgy = 3.8762e-002 (N s/m) 

In Figure 7.3, it is clearly observed that the absolute stability region (upper 

portion of the curve) for J1 =1 is very small. The stable region becoming larger with 

decreasing the overlap factor J.1. Under the grinding process conditions in this study, the 

phase angle (jJ between the surface modulations is obtained as 127.4 degree and the angle 

is indicated in the chart. Based on the stability chart, the process is seemed to be in 

unstable region, because the force kgy ao for nominal depth of cut is evaluated as kgyao = 

1.4551e+004xO.127 11000 (N/m)(mm)(mlmm) = 1.85 (N). Its inverse is then obtained as 

0.541 (lIN). 

Figure 7.4 and Figure 7.5 show the second type of stability chart. For 

c ro 
constructing the charts, the ratio r = ~ is used in Equation (7.8). The general ratio 

kgy 

between -1 and +1 is simulated in Figure 7.3 and Figure 7.4. For this study, the ratio is 

678.5e-06 using the simulated chatter frequency 2547 rad/sec and the ratio is positive. 

Figure 7.5 also show that our grinding process is in the instability region. However, the 
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real grinding process and the simulation for a short time seem to be stable. The 

difference may be caused from using Equation (7.5) for the phase angle between the 

surface modulations by Sweeny. 

To show the chatter vibrations, keeping all the grinding process conditions except 

the nominal depth of cut which ao is 0.05 inch (1.27 mm) are used. According to the 

nominal depth of cut, new value for kgy for the nominal depth of cut is obtained from 

Equation (6.5b) as 132453.48 (N/m). Then, kgflo = 168.22 (N) and its inverse is 0.006. 

Therefore, assuming the same phase angle, the inverse value is enough for the process to 

be unstable, based on the charts in Figure 7.3, 7.4 and 7.5. Figure 7.6 shows the resulting 

surface profile after 5.6 seconds and the figure indicates that the instantaneous depth of 

cut is going to increase. The maximum depth of cut at the end of simulation is 1.68 mm, 

compared to the nominal depth of cut 1.27 mm. In the figure, the mark A is the early 

ground part and the mark B is the newly ground surface as the workpiece moves from the 

right to the left. 
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Ground Surface for Chatter Vibrations 
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Figure 7.6 Simulation of ground surface for chatter vibration for aD = 1.27 mm, Q s = 960 

rpm, v IV = 14 inch/min 
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If the width of cut which can be expressed is considered in the stability problem 

the relation in Equation (4.13) for width of cut, If there is no penetration effect, the 

dynamic grinding force is written as 

(7.10) 

At the limit of stability, the open-loop transfer function Gmy is 

G (. ) -1 
1IIy Jm = k' b. (1 _ -)$) 

w hm e 
(7.11 ) 

and (7.12) 

where j¢ = Tg s and s is the Laplace variable. Taking real number, the width of 

cut is obtained as 

(7.13) 

However, if the penetration rate term exists, the grinding dynamic force in the 

frequency domain can be written as 

Therefore, the width of cut at the stability limit is obtained as 
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(7.15) 



CHAPTER 8 

CONCLUSION AND DISCUSSION 
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In the surface grinding for a ceramic material, the information on interactions 

between the grits and the workpiece takes an important role in determining whether the 

grinding process has been perfonned in plastic deformation or in fracture mode. The 

grinding force as interactions is detennined based on the grinding parameters such as 

instantaneous depth of cut, table traverse speed and wheel speed. 

In grinding experiments with soda-lime glasses, it is observed that the grinding for 

the depth of cut between 0.001 (inch) and 0.005 (inch) is mainly perfonned in the fracture 

mode. Figure 8.1 shows the 3-dimensional ground surface of the workpiece for the 

nominal depth of cut 127 pm which was taken from SEM observation. For the grinding 

operation in this study (test mode 3, Appendix C), SEM analyses show that the roughness 

average (Ra) is 15.69 pm, RMS (Rq) value is 19.70 pm, and the difference in the peak to 

valley calculated over the entire measured array (RJ is 136.76 11m. Figure 8.1 and 8.2(a) 

also show that there are lots of fractures along the grinding path as well as next to the 

grinding path which are marked by dark color. Figure 8.2(b) shows the comparison result 

between the simulation and the measurement of the ground surface profiles along the 

horizontal line (x direction) which is marked with thick line in Figure 8.2(a). The 

simulated surface is introduced in the figure from the distance between 0.28 mm and 
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0.8924 nun in Figure 6.6. The simulated result for Rt which represents the difference 

between the peak. and valley is shown as 177.53 pm which is rather greater than the 

simulated value Rt = 136.76 flm. Therefore, the chatter is quite concerned in this grinding 

mode for the nominal depth of cut of 127flm and grinding is performed by the fracture 

type of mode which is not a desired situation for finishing operations. In Appendix C, the 

results from experimentations and simulations in different test modes are shown for their 

time domain and frequency domain. it is observed that the simulation results obtained 

from the proposed model compare well to experimental observations. 

With the dynamic grinding process model GDMWW proposed in this study, the 

dynamic behaviors are investigated using the principal directions which are recognized as 

one of the natural system modes. This direction is proposed and used by several people 

such as King (1985), assuming that the instantaneous uncut chip thickness is formed in 

that direction. Accordingly, the proposed model GDMWW in the study has been 

formulated and it shows the relatively good comparisons with the experimental 

observations in terms of the acceleration, grinding force in time domain result and 

transfer functions between the acceleration responses and the grinding forces in frequency 

domain which are presented in Chapter 6. 

Based on the results, two dimensional model for this specific ceramic grinding 

process seems to be well matched. However, the proposed model produces is subject to 
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greater amplitude than the real process as shown in Figure 8.2b. The tendency of greater 

amplitude in vibrations which might lead to instability can be explained in Figure 6.8 

where there exists a 180 degree phase lag between the response and force at zero 

frequency. Long (1965) explained this situation by introducing digging-in type of 

instability: if there exist 180 phase lag, the instantaneous depth of cut is becoming larger 

because the force is 180 degree out of phase with the response so that the grit tends to 

penetrate more into the workpiece. 

Another observation is that the chatter frequency in Table 6.1 from the 

experimentation and simulations is close to the one of natural mode from the spindle 

machine structure where the natural frequency is at 2607.7 rad/sec in Table 5.6. The 

obtained chatter frequency from grinding is at around 2443 rad/sec (measurement) and 

2547 rad/sec (simulation) in table 6.1. Therefore, the chatter frequency either from 

measurement or simulation is lower than the structural natural mode. By Lemon (1965), 

the lower chatter frequency is expressed by the phase. He said if the initial phase is -180 

degree, then the chatter frequency is to be below the natural frequency. 

As for the regenerative instability, two kinds of stability charts are introduced 

from the FRF analysis: 1) stability chart I and (b) stability chart II in Chapter 7. 

However, the estimated phase angle between the inner and outer surface modulations in 

doubt to draw the conclusion for stability using the suggested charts in Chapter 7. 
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However, knowing the exact information on the phase will lead us to evaluate the proper 

grinding conditions. 

Therefore, this research shows that knowledge of dynamic parameters is essential to the 

proper application of the grinding process and further of the stability theory explaining 

the regenerative instability in machine - tool operations. 
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Figure 8.2 Comparisons of surface profiles:{a) surface contour in 2-dimension and (b) 
comparison between the measurement and simulation 
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APPENDIX A 

PROCESS BLOCKS FOR SIMULATION 

[]--~----~ .~= ·-~:~~=~~=~-:l·J~[.jjJ 
In. p_arl ·.~arce_kg Oemux Ii - Qulparl 

[~iJ ~--~~ ~~Jdft~ ]---- --~9 
Inpari2 tarce_cgx Fy Scape2 

[ -2[·---~-~J MATlAB-~J---.ji[ .. 1. Funclian --- Qulparll 
Inparll - farce_cgy 

Block: FORCE 

BLOCK:FXY2FLP 
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BLOCK:Gm(s) 

[ _~1~~ ______ ~ __ ~~_,~---_-j.~~~11 __ ( )_ -'J 
in 1 I ~---I - ,--- - --1 P1 1---- 2 

[_il-- wheel dynamics ~';;:'2 

U sing Equation (4.2), the dynamic parameters for governing equations of motion 

in Equation (4.9) and (6.10) are written as 

_ [mx cosS i -mx sinS i] 
m e -

.1 my sinS i my cosS i 

[
kT cosS i - kxy sinS i 

ke = 
.1 ky sinS i - kxy cosS i 

-C.T sinS i - c.Ty cosS i] 
C Y cosS; + c.Ty sinS i 

-kx sinS i - k.Ty cosO i] 
ky cosS i + kxy sinS i 

where i = 1,2 and 1 represents for the wheel and 2 is for the workpiece system. 
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BLOCK: LP2XY 

BLOCK: Position Block 

in_5 



APPENDIXB 

SIMULATION PROGRAMS 

Matlab Program Data File "SYSPODAT.M" 

disp('loading syspodat...') 
echo on 
% This data file is provided for GPROCESS.M and SURF ACE.M program 
echo off 
% Values for Variables used in Program and Its Description 
ao 
convl 
Dc 
dt 
Hd 
Kc 
Lc 
Ls 
Lwc 
Lwg 
Nc 
Ng 

= 0.005*convl 
= 2.541100 
= Hd - ao 
= 140e-06 
= 0.969*convl 
= 30.885e+06 
= rs*Thetac 
= 2*rs*sin(Thetac/2) 
=vw*Tc 
=vw*Tg 
= 11 
=4 

;% nominal depth of cut 
;% conversion factor from inch to m 
;% clearance between the wheel and the work surface 
;% integration time step 
;% height of cutting grit tip 
;% equivalent elastic stiffuess 
;% contact length 
;% horizontally projected length for contact length 
;% table move during the contact time 
;% table displacement during Tg 
;% cutting points 
;% Number of cutting grit 
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nk =20 ;% number of output vector for geometric space 
representation 
NTend=900 
NWc =250 
oms = 2*pi*rpm/60 
oms = 2*pi*rpm/60 
rpm =960 
Rs = 3.0*convl 
rs =Rs+Hd 
Rw = 0.25*convl 
setang = 5 
Tc = Ts*Lc/(2*pi*rs) 
Tg = TslNg 
theta_l = 43.8*piI180 
theta_2 = 22.9*piI180 
Thetac = 2*acos(1-ao/rs) 

;% end of simulation time 
;% nodes on the workpiece surface 
;% angular speed ofthe grinding wheel 
;% angular velocity of wheel 
;% wheel rpm 
;% radius of wheel 
;% total effective radius of the wheel 
;% half width of the workpiece 
;% initial cutting grit position 
;% contact time 
;% time difference between the cutting grits 
;% modal direction for the wheel 
;% modal direction for the workpiece 
;% contact time 



Ts = 2*pi/oms ;% time for wheel rotation 
vw = 14/60*convl 
WL =2*convl 

;% table speed inch/min to m1s 
;% length of workpiece 

disp('Done') 

Matlab Program File "SURF ACE.M" 

function ad =surface(t,xs,ys,xw,yw) 
% 
% Function AOIA simulates for Dynamic Positions of Grits and Nodes of Work 
% SURF ACE and determines whether the grinding is occuring or not. 
% IF AD (on Return) = 0 => No grinding 
% IF AD > 0 Grinding is occurring 
% 
% CopyRight Hakin Kim, 9/19/1994 

jj = sqrt(-I) 
Ref line = -(Rs + dc) 

% 
% Initial Coordinates of Grits 
% 
for i=I:Ng 

end 

% 

Ang_g = pi*(Ng-i)/2 - setang 
gritx(i) = rs*cos(Ang_g) + xs 
grity(i) = rs*sin(Ang_g) + ys 
grit(i,l) = gritx(i) + jj*grity(i) 

% Initial Coordinates of Workpiece 
% 
for i = I:NWc 

;% definition of complex 
;% reference level 

;% Angle of each grit 
;% initial x coord 
;% initial z coord 
;% space represent. 

workx(i) = WL*(i-l)/(NWc-l) - vw*t;% initial x-coord 
worky(i) = ReCline ;% initial z-coord 
work(i,l) = workx(i) + jj*worky(i) ;% space represent. 

end 

121 



% k = tldt; % it is used for simulating surface profile (positions of grit and nodes) 
% 
% Find which grit is in minimum y-coord. 
% and Its index 
% 

ysmin = min(grity) ;% min y-coord. among grits 

% 

indxg = find(grity=ysmin) 

if(length(indxg) == 1) 
indxg = indxg; 

elseif(length(indxg)=2) 

end 

indxl = indxg(l); 
indx2 = indxg(2); 
if(gritx(indxl) < gritx(indx2)) 

indxg = indx 1 ; 
elseif(gritx(indx2) < gritx(indx 1)) 

indxg = indx2; 
end 

% Grit Path due to Grinding for Each Cutting Grit 
% with repect to Relative Displacement of the Workpiece 
% due to Table Speed 
% 

xsmin = gritx(indxg); 
indxw = max(find(workx <= xsmin)); 
if (ysmin<=worky(indxw)) 

[ad, workx, worky] = wherewk(indxw ,xsmin,ysmin, workx, worky); 
workx(indxw) = xsmin ;% change x-coord. 
worky(indxw) = ysmin ;% change y-coord. 

% c~~ =~ 
elseif (ysmin > worky(indxw)) 

ad =0; 
% cut(k) = ad; 

end 
% cut(k) = ad(k); 
% 
% Coordinates of Grits 
% 

for i=l:Ng 
Ang_g = oms*t + pi*(Ng-i)/2 - setang ;% Angle of each grit 
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gritx(i) = rs*cos(Ang_g) + xs 
grity(i) = rs*sin(Ang_g) + ys 

% Geometric representation «x,y),t) 
% grit(i,k) = gritx(i) + jj*grity(i) 

end 
% 

;% x coordinate 
; % z coordinate 

% Division of Workpiece and Coordinates for each division 
% 

for i = I:NWc 
workx(i) = workx(i) - vw*t + xw 
worky(i) = worky(i) + yw 

% Geometric representation «x,y),t) 
% work(i,k) = workx(i) + jj*worky(i); 

if (cei1(k/nk)=fix(k/nk)) 
jk = fix(k/nk) + 1; 

;% position of workpiece 
;% top surface of workpiece 

work(ijk) = workx(i) + jj*worky(i); 
end 

end 

function [ydiff,rework,imwork] = wherewk(index,xsmin,ysmin,rewGrk,imwork) 
% WHEREWK 
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% Given grit which is in minimum position, search for the position of workpiece at the 
% current time 
% 
% 
% 
% 
% 

xsmin 
ysmin 
rework 
imwork 

x coord. for a grit in minimum y 
y coord. for a grit in minimum y 
x coord. for each node on the workpiece 
y coord. for each node on the workpiece 

% CopyRight Hakin Kim, 9/1911994 

% chech ifthere is the node of workpiece which is exactly at the same x-coord with xsgrit 
% and find out the nodes for workpiece which has less than equal to xsmin and select 
% the highest node index 

if (xsmin -= rework(index)) 
index! = min(find(rework > xsmin)) 
xwdiff = rework(indexl) - rework(index) 
ywdiff = imwork(indexl) - imwork(index) 
xrell = xsmin - rework(index) 
ywi = imwork(index) + (ywdiff/xwdift)*xrell 

% define the instantaneous difference between the grit and 
% workpiece in y-direction 



ydiff = ysmin - ywi ; 
imwork(index) = imwork(index) + xwdiff 
rework(index) = rework(index) + ydiff 

elseif (xsmin = rework(index» 
ydiff = imwork(index) - ysmin 
imwork(index) = ysmin 

end 

;% new X-coord. 
;% new Y - Coord. 
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;% change y-coord. 
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APPENDIXC 

RESULTS FROM DIFFERENT GRINDING TEST MODES 

Table C-l. Grinding conditions for each test mode 

Test mode Grinding conditions 
depth of cut spindle speed table feed 

(}lm) (rpm) (inch/min) 

1 50.800 385 5 
2 101.600 960 10 
3 127.000 960 10 

Table C-2. Maximum depth of cut for each test mode 

Test mode Maximum depth of cut (.um) 
desired measurement simulation 

1 50.800 62.510 58.811 
2 101.600 110.075 126.080 
3 127.000 136.762 177.530 

Table C-3. Chatter frequencies for each test mode 

Test mode Chatter frequency (Hz) 
measurement simulation 
fx fy fx fy 

1 886 863 821 927 
2 891 2333 783 2620 
3 2330 2443 2326 2547 
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Table C-4. Maximum grinding force for each test mode 

Test mode Maximum grinding force (N) 
measurement simulation 

Fx Fy Fx FI 
1 1.625 1.817 1.512 1.756 
2 3.166 3.481 3.909 4.937 
3 3.751 6.922 4.312 7.721 
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TEST MODE 1: OUTPUT PLOTS FOR MEASUREMENTS AND SIMULATIONS 
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Simulated Grinding Force In X Direction 
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BODE PLOTS: xlFx (measurement) BODE PLOTS: xlFx (simulation) 
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BODE PLOTS: ylFy (measurement) 
BODE PLOTS: ylFy (simulation) 
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TEST MODE 2: OUTPUT PLOTS FOR MEASUREMENTS AND SIMULATIONS 
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Instant Surface Profile by Nominal Depth of Cut 
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